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Preface to ”Advances in Laser Produced Plasmas

Research”

The world of laser matter interaction has known great and rapid advancements in the last

few years, with a considerable increase in the number of both experimental and theoretical studies.

The classical paradigm used to describe the dynamics of laser produced plasmas has been challenged

by new peculiar phenomena observed experimentally, like plasma particles’ oscillations, plume

splitting and self-structuring behavior during the expansion of the ejected particles. The use of

multiple complimentary techniques has become a requirement nowadays, as different aspects can be

showcased by specific experimental approaches. To balance these non-linear effects and still remain

tributary to the classical theoretical, views on laser produced plasma dynamics novel theoretical

models that cover the two sides of the ablation plasma (differentiability and non-differentiability)

still need to be developed.

Plasma is a strongly nonlinear dynamic system, with many degrees of freedom and other

symmetries which are favorable for the development of ordered structures, instabilities and

transitions (from ordered to chaotic states). For instance, even the simple analysis of a transient

plasma generated by laser ablation on a pure metallic target was by means of the Langmuir probe

method, which showcases the presence of an oscillatory behavior at short expansion times (<1 μs),

characterized by two oscillation frequencies and a classical behavior for longer evolution times.

Complex space- and time-resolved analysis is often implemented to showcase the evolution of the

main plasma parameters, like the electron temperature, plasma potential, or charged particle density.

Complementary optical emission spectroscopy investigations, which are of a non-invasive nature,

are implemented for the analysis of plasma with a more complex composition (rocks, metallic alloys

or biocompatible materials). Here, the focus changes to the exited species presented in the plasma

and on parameters like overall expansion velocity or temperature and individual atomic or ionic

velocity and temperatures. The values of the plasma parameter can be correlated with the physical

properties of the samples, achievable by implementing several surface investigation techniques, such

as X-ray diffraction (XRD), EDX, AFM and optical microscopy. The correlation can also be extended

for the pulsed laser deposition process, where the properties of the plasma can have an important

impact on those of the thin film, and therefore clear correlations between the properties of the thin

deposited film and the intrinsic properties of the laser produced plasma are required. This is still

a hot topic in the laser ablation community, and here, it is tackled by generating thin films from

Ni60Ti40 in various deposition conditions. In situ plasma monitoring was implemented by means of

space- and time-resolved optical emission spectroscopy, and ICCD fast camera imaging. Structural

and chemical analyses were performed on the thin films, using SEM, AFM, EDS, and XRD equipment.

Thus, the achievement of some correlations on how the deposition parameters influence the chemical

composition of the thin films was investigated.

From a theoretical perspective, innovative theoretical models were developed on the backbone

of a classical Lorenz system. A mathematical representation of a differential Lorenz system was

transposed into a fractal space and reduced to an integral form by operating with the Lorenz variables

simultaneously on two manifolds, generating two transformation groups, one corresponding to

the space coordinates transformation and another one to the scale resolution transformation. The

Lorenz system was further adapted to describe the dynamics of ejected particles as a result of laser

matter interaction in a fractal paradigm. The simulations were focused on the dynamics of charged

ix



particles, and showcase the presence of current oscillations, a heterogenous velocity distribution and

multi-structuring at different interaction scales. Furthermore, we attempt to improve on an already

established approach to simulate the dynamics of laser ablation plasmas several approaches in the

fractal paradigm of motion. Theoretical models were built for the description of laser-produced

plasma dynamics expressed through fractal-type equations. The calibration of such dynamics was

performed through a fractal-type tunneling effect for physical systems with spontaneous symmetry

breaking, or by using various mathematical operational procedures: multi structuring of the ablation

plasma by means of the fractal analysis and synchronizations of the ablation plasma entities.

This revealed both the self-structuring of laser-produced plasma in two structures based on its

separation on different oscillation modes and the determination of some characteristics involved in

the self-structuring process. The mutual conditionings between the two structures are given as joint

invariant functions on the action of two isomorph groups of SL(2R) type, through the Stoler-type

transformation, explicitly given through amplitude self-modulation. The blend of the empirical proof

of peculiar dynamics of laser produced plasmas in both free expansion and pulsed laser deposition

conditions, with diverse theoretical approaches which make them an important collection of results

in low temperature plasma and laser ablation communities.

Maricel Agop, Stefan Andrei Irimiciuc, Viorel-Puiu Paun

Special Issue Editors
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Abstract: An innovative theoretical model is developed on the backbone of a classical Lorenz
system. A mathematical representation of a differential Lorenz system is transposed into a fractal
space and reduced to an integral form. In such a conjecture, the Lorenz variables will operate
simultaneously on two manifolds, generating two transformation groups, one corresponding to the
space coordinates transformation and another one to the scale resolution transformation. Since these
groups are isomorphs various types isometries become functional. The Lorenz system was further
adapted to describe the dynamics of ejected particles as a result of laser matter interaction in a fractal
paradigm. The simulations were focused on the dynamics of charged particles, and showcase the
presence of current oscillations, a heterogenous velocity distribution and multi-structuring at different
interaction scales. The theoretical predictions were compared with the experimental data acquired
with noninvasive diagnostic techniques. The experimental data confirm the multi-structure scenario
and the oscillatory behavior predicted by the mathematical model.

Keywords: Lorenz system; fractal analysis; laser produced plasmas; plasma structuring; ionic oscillations

1. Introduction

Laser ablation embodies a series of phenomena with a complex interconnection between them [1].
For the better understanding of this physical process there have been multiple diagnostics techniques
implemented which showcased the particle removal process [2], particle dynamics after ejection [3],
plasma formation and expansion [4–6], etc. Complementary, theoretical aspects of the process have
been steadily showcased in the past 30 years [7–9]. The difficulty in developing theoretical models for
a multi-physics process like laser ablation comes from the combination of different elements from laser
physics, solid state physics and plasma physics. Thus, an appropriate theoretical approach should be
able to transition different interaction scale (ns or fs for the laser beam, fs or ps for the laser matter
interaction and microsecond for the plasma expansion) and still keep a connective link between them.

The development of theoretical models that can accurately describe the ablation process has
been a main direction for the understanding the underline phenomena and their interdependencies.
A robust model needs to contain as input variables, laser properties, the nature of the material, ejection
of the material and formation of a transient plasma. This is a difficult task as the majority of the
existent theoretical approaches focus on particular sequences of the laser ablation. Therefore, we found
classical theoretical approach that focused on ultra-short laser interaction with dielectric material or
metals [10], ns-laser ablation [11], thermal evaporation of material, particle ejection mechanisms and

Symmetry 2019, 11, 1135; doi:10.3390/sym11091135 www.mdpi.com/journal/symmetry1
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plasma formation or expansion. In the past decade there have been some proposals based on a fractal
paradigm [12–14]. These attempts were focused on the behavior of the laser produced plasma, mainly
on peculiar results like multiple structuring during expansion [6], particle oscillations [5] and temporal
and spatial distribution of some plasma parameters [13]. The advantage of representing the laser
ablation process in a multifractal space is given by the ease with which we can transition between
different interaction scales and different sequences of the process. This was shown for a laser produced
plasma on a single element [13] and multi-component target [12]. The core premise of the model is a
hydrodynamic description of the plasma plume expansion, without an explicit involvement of the
experimental parameters.

In this paper we develop a mathematical model starting from classic Lorenz system and we
transpose it in nondifferential (fractal) representation. From such a perspective, Lorenz type variable
will depend both on space coordinates and scale resolutions. Consequently, every variable will act as a
limit of a family of functions which are non-differentiable for null scale resolutions and differentiable
for non-null scale resolutions; every variable will operate simultaneously on two manifolds, one
generated by the space coordinates’ transformation group and another one generated by the scale
resolution transformation group; these two groups are isomorphs, so that various types of isometries
can be applied (embeddings, compactizations, etc.). The system will be solved in a fractal space.
The final aim of this development is the understanding the dynamics of a laser produced plasma
with a multi-component structure, generated on a complex target. The solution allows the simulation
of particle velocity distribution across a wide range of scale resolutions; the charge particle spatial
distribution, showcasing the formation of a space charge double layer at the interface between plasma
structure; and charged current temporal trances at various scale resolutions. The theoretical predictions
are compared with experimental data extracted from a laser produced plasma on a chalcopyrite target
by means of Intensified Coupled Charged Device (ICCD) fast camera imaging and optical emission
spectroscopy. The theoretical simulations are confirmed by the experimental data.

2. Mathematical Model

2.1. Route to Non-Differentiability

Non-linearity and chaoticity are fundamental attributes of a Lorenz type system. Usually, the
classical models built to describe the Lorenz type dynamics, are developed on the presumption of
differentiability and integrability at all scale resolutions. The successes of these approaches need
to be understood sequentially, on domains in which the differentiability and integrability are still
respected. The differential and integral mathematical procedures fail when we attempt to describe
nondifferentiable dynamics of Lorenz type system.

In order to describe the non-differentiable dynamics of a Lorenz type system and attempt to remain
tributary to the well-established differentiable and integral mathematical procedures, it is necessary
to introduce the scale resolution both in the variable and differentiable equations describing such
dynamics. All the variables are describing a Lorenz type system from a non-differentiable perspective,
which depends on both space-time coordinates and the scale resolution. Consequently, instead of
operating, for example, with a single variable described by a nondifferentiable function, we will operate
only with the approximations of this function obtained by mediating it at various resolution scales.
This special function will act as a limit of a family of functions which are non-differentiable for zero
scale resolution and differentiable for non-zero scale resolutions.

This way of describing nondifferentiable dynamics of a Lorenz type system implies both the
generation of a new geometry of movement and a new class of Lorenz type models (which we will
refer to as fractal/multifractal Lorenz systems). According to these geometric studies for which the
movement laws, invariants of the space time coordinates’ transformation are integrated over the
scale resolutions which are invariant of the scale resolution’s transformation. If we further admit
that these geometric structures are based on the concept of multifractality, then the holographic
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implementation of movement—seen through scale relativity theory with an arbitrary fractal dimension
or through operational procedures in the description of physical systems [14]-becomes essential when
describing the dynamics of non-differentiable Lorenz type systems. However, both ways presented
above imply the definition of nondifferentiable dynamics of a Lorenz type system on continuous but
nondifferentiable curves. Therefore:

(i) Any variable used to describe the dynamics of a nondifferential Lorenz type system will be
described through multifractal mathematical functions dependent on both the spatial and temporal
coordinates, and on the scale resolution.

(ii) The laws describing these dynamics are invariant with respect to the spatial coordinates and
temporal transformation, and the scale resolution transformation.

(iii) The constraints on the Lorenz type system dynamics, described through continuous and
differentiable curves of a Euclidian space, are replaced by the dynamics of a system lacking any
constraints, and being described by continuous and nondifferentiable curves in a multifractal space.

(iv) Between any two points in the multifractal space there is an infinity of curves describing the
dynamics of a systems (its geodesics). The indiscernibility between these curves is a natural
property of multifractalization through stochasticization; meanwhile, their discernibility is the
result of a selection process based on the principle of maximum informational energy [14].
From such a perspective, any Lorenz type system with dynamics described by continuous and
differentiable curves has hidden dissipative information (lacks memory). Otherwise, Lorenz
type systems described by continuous and nondifferentiable curves have explicit information
(presents memory).

Scale Resolutions

Let us consider a multifractal function (representing any of the variables describing the dynamics
of a Lorenz type system) f (u), defined in the closed interval u ∈ [a, b]. Let us also consider the set of
values for the u variable:

ua = u0, u1 = u0 + μ, . . . , un + nμ = ub. (1)

We will define f (u,μ) as the broken line connecting the points:

f (u0), f (u1), . . . , f (un). (2)

Then f (u,μ) becomes a μ-scale approximation.
Let us now consider f (u,μ), the μ-scale approximation of the same multifractal function. Since

f (u) is self-similar virtually everywhere, if μ and μ are considered small, the approximations f (u,μ)
and f (u,μ) lead to the same result when multifractal phenomena are investigated. Comparing
these two situations, there is an infinitesimal increase/decrease dμ of μ that would correspond to an
increase/decrease dμ of μ, only in the case of scale contraction or dilatation. In that case, the following
relationship is satisfied:

dμ
μ

=
dμ
μ

= dρ. (3)

Therefore, the rational for the scale μ+ dμ and dμ needs to be constant. In these conditions we can
consider the infinitesimal transformation of the scale as:

μ′ = μ+ dμ = μ+ μdρ. (4)

by performing such a transformation, in the case of f (u,μ), it results in:

f (u,μ′) = f (u,μ+ μdρ). (5)

3
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Furthermore, if we use stop at the first approximation of the function we get:

f (u,μ′) = f (u,μ) +
∂ f
∂μ

(μ′ − μ). (6)

Meaning,

f (u,μ′) = f (u,μ) +
∂ f
∂μ
μdρ. (7)

Moreover, we note that, for a fixed arbitrary μ0,

∂ln
μ

μ0

∂μ
=
∂(lnμ− lnμ0)

∂μ
=

1
μ

, (8)

so that Equation (7) can be rewritten as:

f (u,μ′) = f (u,μ) =
∂ f (u,μ)

∂ ln
(
μ

μ0

)dρ. (9)

In the end we will obtain:

f (u,μ′) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
1 +

∂

∂ ln
(
μ

μ0

)dρ

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
f (u,μ). (10)

which showcases the dilatation/contraction operator:

Ô =
∂

∂ ln
(
μ

μ0

) . (11)

Equation (11) also showcases the fact that the intrinsic variation of the scale resolution is not in μ

but on ln
(
μ

μ0

)
.

2.2. Non-Differentiable Lorenz Type Systems

Let us now consider the classic Lorenz system [15,16] described in a non-dimensional coordinate
system by the differentiable equations:

dX

dT
= σ

(
X −Y

)
.

dY

dT
= −rX −Y −XZ.

dZ

dT
= −bZ + YX.

(12)

In Equation (12) the variables are obviously differentiable and can be integrated. According to the
paradigm presented above, when we consider the non-differentiable and non-integrable variables, the
system of Equation (12) becomes a multifractal Lorenz type system. For this to occur, the variable needs
to be dependent both on the spatial and temporal coordinates, and on the scale resolution. Moreover,
the affine parameter T which characterizes the trajectories in the space phase (X, Y and Z) needs to
be dependent on the resolution scale. Using such a hypothesis, the variables X, Y and Z will operate

4
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simultaneously on two manifolds, one generated by the space-time coordinates’ transformation group
and another one generated by the scale resolution transformation group. Since these two group are
isomorphs, or in an extremely restrictive case self-morphs, embedding type isometries, self-embedding
isometries, compactization type isometries, etc., become functional.

A possible embedding scenario can be performed through scaling:

X→ X
ε

, Y =
Y
σε2 , Z =

Z
σε2 , T = εT. (13)

with,
ε = ln

μ

μ0
. (14)

In Equations (13) and (14), ε can functionally be dependent on only one fractal dimension, DF,
following the relationship ε = ε(DF). In that case, using Equation (12) we will describe the dynamics
of a mono-fractal Lorenz type system. We can find another case of ε which can be dependent on a
singularity spectrum fα following the relationship ε = ε( fα). In that case, Equation (12) describes the
dynamics of a multifractal Lorenz type system.

The scaling Equation (13) specifies the fact that, simultaneously with the contraction in the space
phase attributed to a mono-fractal or multifractal dynamics of a Lorenz type system, the dilation of
time takes place. As such, the classical Lorenz system (12) through (13) and (14) becomes a multifractal
Lorenz type system described by the following system:

dX
dT

= Y − εσX.

dY
dT

= X − εY −XZ.

dZ
dT

= XY − εbZ.

(15)

either through ε = ε(DF) or ε = ε( fα).
In this system the dynamics variables X, Y and Z are multi fractal functions, as they depend not

only on the space-time coordinates but also on the scale resolution. Therefore, instead of working with
X, Y and Z variables, which are described by non-differentiable functions, we will operate only with
approximations of these functions obtained by their averaging at various scale resolutions given by
Equation (14). Any of the variables X, Y or Z will behave like limits of a family of functions, which
are non-differentiable on null scale resolutions (ε→ 0 , and μ = μ0) and differentiable on nonzero
scale resolutions (ε � 0). In these conditions the movement laws given by Equation (15), regardless
of any coordinate transformations, can be integrated with the scale laws, regardless of any scale
resolution transformations.

In such context, a further in-depth study of the systems dynamics needs to be done for the case in
which the scale resolution is null, thus for the case in which Equation (15) defines a non-differential
system. Let us consider that in Equation (15) the scale resolution in null, thus the restriction ε→ 0 is
satisfied. Then Equation (15) takes the following form:

dX
dT

= Y.

dY
dT

= X −XZ.

dZ
dT

= XY.

(16)

5
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2.3. Motion Integration

The system in Equation (16) presents some interesting features, such as the phase space volume
associated to the dynamics of the system being conserved, since it satisfies the relationship:

∂
∂X

(
∂X
∂T

)
+
∂
∂Y

(
∂Y
∂T

)
+
∂
∂Z

(
∂Z
∂T

)
= 0 (17)

This means that through the restriction ε→ 0 , describing the transition from a differentiable
Lorenz type system to a non-differentiable Lorenz type system, the system evolves from a dissipative
one to a non-dissipative one. The non-differentiable Lorenz type system admits two integrals of the
motions. The first is:

X2

2
−Z = k1 = const. (18)

This relation is obtained by multiplying the first equation from (16) with Y and further substituting
the term XY through the third equation of Equation (16) and finally integrating the result. The second
movement’s integral is:

1
2

Y2 −Z +
1
2

Z2 = k2 = const. (19)

Relation (19) is achieved by multiplying the second equation from Equation (16) with Y, substituting
the terms XY and XYZ with the third equation from Equation (16), and finally integrating the result.
Let us further note that the dynamics introduced through a non-differential Lorenz type system are
described analytically through elliptic functions. In order to showcase this, let us consider the square
of Equation (16) using Equations (18) and (19), written as:

.
X

2
= Y2 = 2k2 + 2Z−Z2 = 2k2 +

(
X2 − 2k1

)
−

(1
2

X2 − k1

)2
. (20)

It reveals the elliptic integral: ∫
dX√
P(X)

=
1
2

∫
dT. (21)

with
P(X) = −X4 + 4X2(1 + k1) + 4

[
2(k2 − k1) − k1

2
]
. (22)

Admitting that the P(X) polynom can be written as:

P(X) =
(
u2

1 −X2
)(

X2 − u2
2

)
,

where u2
1 and u2

2 have the following expressions:

u2
1,2 = 2

[
(1 + k1) ± (1 + 2k2)

1/2
]
. (23)

The integral (21) becomes: ∫
dX[√(

u2
1 −X2

)(
u2

2 −X2
)] =

i
2

∫
dT. (24)

Furthermore, by using the substitutions:

w =
X
u2

, s =
u2

u1
(25)

6
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the integral (24) takes the Legendre form:

dw√
(1−w2)(1− s2w2)

=
iu1

2

∫
dT. (26)

The solution to that integral is the Jacobi elliptic function sn,

w = sn
[ iu1

2
(ΔT); s

]
(27)

or in its original coordinates:

X = u2sn
[ iu1

2
(ΔT); s

]
. (28)

From here, through Equation (18) we will get the expression for Z:

Z =
u2

2

2
sn2

[ iu1

2
(ΔT); s

]
− k1. (29)

while by using Equation (19) we can obtain the expression for Y:

Y1,2 = ±
⎧⎪⎪⎨⎪⎪⎩2(k2 − k1) + k2

1 + u2
2(1 + k1)sn2

[ iu1

2
(ΔT); s

]
− u4

2

4
sn4

[ iu1

4
(ΔT); s

]⎫⎪⎪⎬⎪⎪⎭
1/2

. (30)

Now, the expressions for X, Y and Z can be simplified even more if we take into account
the relationship:

sn
[ iu1

2
(T − T0); s

]
= i

sn
[ iu1

2
(ΔT); s′

]

cn
[ iu1

2
(ΔT); s′

] . (31)

cn is a Jacobi elliptical function, s is the modulus of the elliptical functions cn and sn and s′ is the
complementary modulus s′2 = 1− s2a and ΔT = T − T0.

In the following we will attempt to implement the solution gained by Lorenz system to a
well-known system covering the ejection and dynamics of particles.

3. Plasma Modelling

The fractal representation of phenomena like laser produced plasma has a simplified elegance,
as it confines all the complex intricate behaviors in a handful of parameters. This is a great advantage
when attempting to simulate a wide range of behaviors for multiple external conditions, spatial
and temporal coordinates, etc. However, the interpretation of the obtained results requires a direct
correspondence between the compact fractal parameters and real, measurable plasma parameters.
Given the description of our three normalized functions (X, Y and Z) they define complex functions
that will be used further to describe formation and evolution of the ejected particles at different scale
resolutions. Therefore, in our paradigm: X will define the particle distributions, Y will define the
charged particle current as a function and Z will define the charge density fluctuations induced by
some unbalances of the transient electrical field during expansion, and can be associated with the ratio
between the kinetic and thermal energy of the ejected particles. Let us note that we will operate with
the previous functions and parameters as normalized quantities. Since the Laser Produced Plasmas
(LPP) dynamics are described through continuous and non-differentiable curves (fractal curves with
different degrees of fractality), we had to operate in this situation with what we call the singularity
spectrum. If in the system the dynamics are characterized by only one fractal dimension then we are
dealing with mono fractal dynamics. If for a system (which is the case for laser produced plasmas)
we deal with simultaneous dynamics with various fractal dimensions, then the role of the singularity
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spectra is not only to showcase the variation domain of these dimensions but also the characteristic
classes associated by defining the strange attractors.

In Figure 1a,b we have represented the particle velocity distribution at various scale resolutions
and at various moments in time. We can see from the two representations that the evolution of the
plasma in time, implies the presence of families of particles defined by specific scale resolutions and
velocity distributions. With an increase of the scale resolution we see that the fractal image of the
laser produced plasma showcases the appearance of a one particle distribution centered on a relatively
high velocity, at low resolutions scale and a consistent increase number of distributions centered
around lower velocities. The presence of multiple structures in laser produced plasma has been
previously attested and reported as a direct result of the multiple ejection mechanism and plasma
interaction with the background gas. We note that the presence of multiple ejection mechanisms [17–20]
(Coulomb explosion, explosive boiling, phase explosion, etc.) will lead to the presence, within the
plasma volume, of particles or plasma structure defined by different fractalization and scale resolutions.
The simulations also showcase a transition from quasi mono-energetic particles ejected through a
single ablation mechanism to an amalgam of particles with different energetic distributions specific to
each ejection mechanism involved.

In Figure 1b we represented the particle distribution with the scale resolution for various moments
in time. As the plasma evolves we see the presence of multiple distribution sites centered across
low (s < 0.3) and high (0.4 < s < 1) resolution scales. This suggests that the first ejected particles
(ΔT = 40) are defined only by one scale resolution, characteristic of the Coulomb explosion mechanism.
For longer period of time, when the thermal mechanism is dominant, we see multiple distributions
centered on higher values of the scale resolutions. Therefore, our simulations capture the ejection of a
series of particles with different kinetic energies and fractalizations. As such, we can now define a
scale resolution for each of the ejection mechanisms (~ 0.2 for Coulomb Explosion, ~0.6 for Explosive
Boiling and ~1 for the removal of complex structures) ensuring a wide covering of our theoretical
model, transcending the Coulomb temporal scale, up to the explosive boiling ejection scenario and the
ejection of clusters and more complex structures.

Figure 1. (a) Particle velocity distribution for various scale resolutions, (b) particle distribution with
the scale resolution distribution at various moments in time.

In Figure 2a we have represented the charge density fluctuations induced by some unbalances with
respect to the plasma volume (ξ). We can see that for short moments of time we observed a separation
of the charges. The obtained distribution in the fractal space resembles the double layer distribution
in the case of classical plasma physics [18]. As the time evolves, the double-layer-like distribution
moves towards higher distances, and for longer moments of time a secondary one appears. This
behavior is in line with the transient double layer scenario published by Bulgakova [20]. The charge
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separation that occurs during the Coulomb explosion will act as a driving force behind the expansion
of the particles. The double layer formed during the particle expansion will lead to the acceleration
of ions and the deceleration of the electron. This exchange will induce some current oscillations [21]
with the frequency depending of the nature of the material, and thus on its fractality. The formation
of the second plasma structure, expanding with a lower velocity and being described as having a
different temperature [22], will also lead to the formation of a double layer between the fast structure
and slow structure [20]. This phenomenon was showcased by us in Figure 2a, where we can see the
appearance of a second signature of the double layer in the charged particle distribution at a later
evolution time. The intensity of the function represented in Figure 2a increases with the increase of
time and we can see that at longer expansion time, where the formation of a second plasma structure
becomes visible, another more intense double layer forms. This result was expected, as the multiple
structures formed within the plasma volume suffered a spatial and temporal expansion. In order to
maintain the composed global shape and to compensate the loses, particle density, with an increase in
the separation between the two structures, of the electrical field defining the double layers increase
their amplitudes. In Figure 2b, we have represented the particle current evolution in time for various
scale resolutions. We noticed that the particles present an oscillatory dynamic, as was previously
reported by [23] and experimentally proven in [24] and [25]. The frequency changes with the scale
resolution, thus we deduce that each component of the plasma might present a different oscillatory
behavior dictated by the characteristics of the double layer formed in the area separating the structures.

 

Figure 2. (a) Charged particles’ distribution at various moments in time, (b) charge particle current
induced by fluctuation current at the resolution scale.

4. Experimental Confirmation

In order to verify if our theoretical assumptions can have experimental correspondents we
investigated by means of ICCD fast camera imaging and space-and-time-resolved optical emission
spectroscopy of a plasma generated by an ns laser beam on a Chalcopyrite mineral target.
The experiments were performed in fixed external conditions (laser fluence 5 J/cm2 and background
pressure of 10−2 Torr). The choice of the relatively simple mineral comes from its composition, having
elements with different physical properties (S, Cu and Fe) which will allow a better showcase of
phenomena like: particle separation, ionic oscillations and plume splitting. Further details on the
experimental set-up can be found in [6,12].

In Figure 3a we have represented the spatial distribution of spectral region 420–430 nm after a
time delay of 650 ns. This region is significative for our laser produced plasmas as it contains all the
elements composing the target (Cu I-II, Fe I-II and S II). We noticed that the atomic emission lines
can be found only for short distance while the ionic lines start and end emission at considerably
longer distances. This result confirms other findings from literature and underlines the separation
of the plasma components into fast and slow [26], respecting the ejection mechanism behind each
species. In Figure 3b we have plotted the spatial distribution of representative emission lines for all the
atomic and ionic species. Due to the difference in expansion velocities between ionic (S II-15.4 km/s,
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Fe II-14.3 km/s and Cu II-11.4 km/s) and atomic species (Fe I-6.2 km/s and Cu I-4.4 km/s), the ions can
be seen expanding at longer distances with respect to the target surface. The slightly increased velocity
of S ions compared with Fe or Cu ones is a direct consequence of the acceleration in the double layer
generated through Coulomb expansion [27]. We also notice periodic fluctuations (oscillations) on the
spatial distribution of all the ionic species. The period of these oscillation are of approximately 900 kHz
in good agreement with other reports of ionic oscillations in laser produced plasmas [21,24,28]. The first
attempts for the comprehension of this “peculiar” behavior was based on the formation of single or
multiple double-layers in the very vicinity of the target. This picture was the main focus to a long series
of papers reporting on charge separation in laser-produced plasma, mainly from the 1980s [29,30].
Eliezer and Hora [23] gathered, in a very comprehensive manner, the state of the art regarding the
double and multiple layers in laser-produced plasmas. One of the remarkable results reported are
experimental proofs with double-layer electric fields of 105–106 V/cm and widths of 10–100 Debye
lengths. In the past few years, three other theoretical approaches where proposed. One based on the
fractal model developed as the interaction between two fractal structures [5,31], and their corresponding
interface (generally, this interface delineates the double layer), with the second ones being on differential
physics [28]: a collisional model based on the plasma ion frequency and electron-ion collision rate in
the context of the Lieberman’s model for plasma immersion ion implantation, and finally, one based
on the AC Josephson effect. So, at this point there is no real consensus for the real mechanism behind
the oscillatory behavior but intense theoretical and experimental work is undergoing to shed some
light on it.

Figure 3. (a) Spatial mapping of Cu, S and Fe emission after 650 ns, (b) bi-dimensional representation
of atomic and ionic emission.

To verify how the distribution of the compositional species within the plasma volume would affect
the overall behavior of the laser produced plasma, we recorded the overall emission of the plasma at
various moments in time. In Figure 4a we show a representative image of the plasma at a time-delay
of 650 ns. If we perform cross section across the main expansion axis (centered around the orthogonal
direction on the target in the impact point), three areas are more visible as the time delay increases.
The first area seen at a larger distance corresponds to an ion rich area (confirmed by the data presented
in Figure 3b) expanding with 16 km/s; the second one corresponds to an atomic rich area (~6 km/s);
and the emission maxima corresponds to the maxima of the atomic emission. The last area has a small
intensity and it is in the proximity of the target. It corresponds to the emission from atomic species
colliding with clusters and microdroplets ejected from the target. This emission was not seen in the
spectra’s resolved measurements but remains a trademark of a strong thermal mechanism and the
ejection of clusters and nanoparticles [32]. The difference in expansion velocity is a signature of the
fundamental ejection mechanism behind each structure. The first structure contains mainly ions and it
is induced during Coulomb explosion. The second structure contains mainly atomic species ejected by
the thermal mechanism which require a longer incubation time (up to a few ns), thus displaying a
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lower velocity. The third structure mainly contains nanostructures, or clusters ejected directly from the
target and expanding with a significantly lower velocity (generally found in the order of hundreds of
m/s).

Figure 4. (a)ICCD fast camera image of a LPP Chalcopyrite collected after 650 ns, (b) cross section for a
series of images extracted at various time delays.

The experimental data extracted from a plasma generated on chalcopyrite mineral by irradiation
with an ns laser beam confirms the theoretical projections presented in Section 3. The temporal
separation the plasma components based on their inner properties accurately reflects the separation
based on the resolution scale of each type of ablation mechanism and the presence of multiple
distribution on the scale resolution representation. One of the most important results is the prediction
and confirmation of ionic oscillations by using invasive techniques. The oscillatory behavior coupled
with heterogenic dynamics of different ions is well in line with the image depicted by other groups [20,33]
and by our group in past papers [5,13,31]. In this paper the oscillatory behavior and the double
layer-like distribution appear as natural solutions to the initial paradigm which translated the initial
complex Lorenz system from laser to target to plasma. As such, we were able to build a robust
theoretical model that can contains the set of parameters for the laser, target and the projection of the
particle dynamic after ejection as solutions to the initial system.

5. Conclusions

A non-differential Lorenz system was built by projecting a differential Lorenz system on a fractal
space. Simulations are performed for a wide range of scale resolutions showcasing the appearance of
multiple distribution centered on different velocities attributed to the various plasma formed through
different removal mechanisms. Current oscillations were also predicted as a result of the appearance
of multiple double layers during expansion.

The theoretical simulations were confronted with experimental data extracted by means of ICCD
fast camera imaging and space and time resolved optical emission spectroscopy of a complex plasma
generated by ns-laser ablation on a chalcopyrite sample. Space and time resolved measurement revealed
an oscillating behavior seen in the emission of the Cu, Fe and S ions. The ions were found to expand
with various velocities specific to each species present in the plasma. The ICCD imaging revealed the
split into two structures (fast and slow) expanding with different velocities. The values were found
consistent with the ones of the individual species seen through spectrally resolved measurements.
The experimental data is in good agreement with the major predictions made by the theoretical model
based on the Lorenz system.
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Abstract: The dynamics of a transient plasma generated by laser ablation on a Mg target was
investigated by means of the Langmuir probe method and fractal analysis. The empirical data
showcased the presence of an oscillatory behavior at short expansion times (<1 μs) characterized
by two oscillation frequencies and a classical behavior for longer evolution times. Space- and
time-resolved analysis was implemented in order to determine main plasma parameters like the
electron temperature, plasma potential, or charged particle density. In the motion fractal paradigm,
a theoretical model was built for the description of laser-produced plasma dynamics expressed through
fractal-type equations. The calibration of such dynamics was performed through a fractal-type
tunneling effect for physical systems with spontaneous symmetry breaking. This allows both the
self-structuring of laser-produced plasma in two structures based on its separation on different
oscillation modes and the determination of some characteristics involved in the self-structuring
process. The mutual conditionings between the two structures are given as joint invariant functions
on the action of two isomorph groups of SL(2R) type through the Stoler-type transformation, explicitly
given through amplitude self-modulation.

Keywords: laser ablation; charged particle oscillations; Langmuir probe; fractal analysis; Lie groups;
joint invariant functions

1. Introduction

The fundamentals of laser–matter interactions have been at the core of developing a wide range
of applications such as pulsed-laser deposition, material processing, or even medical applications.
In the past few years, a great deal of interest has been given to fundamental aspects of high-power
laser–matter interaction, especially in the context of the development of unique infrastructures that can
generate novel applications. Pulsed-laser deposition has gained a lot of attention in the past 10 years
as one of the best techniques to produce complex films with relatively complicated stoichiometry [1–3].
The technique has a proven flexibility in terms of the deposition geometry [4] and target or background
gas nature [5,6]. Great advancements have been made toward understanding the fundamental aspects
of laser ablation for a better control of the thin-film deposition technique.

In the past years, the focus has also been on high-power laser interaction with materials, especially
in the context of the development of a new generation of high-power lasers and their potential
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applicability in technological development and nuclear physics. Regardless of the application aims or
the fluence regime used, there are several diagnostic techniques that can showcase the fundamental
dynamics and behaviors of laser-produced plasmas. Over time, a wide range of investigation
techniques have been developed like optical emission spectroscopy [7–9], mass spectrometry [10],
or Langmuir probes [11–14] (LP), and these have been implemented to highlight phenomena like
plasma structuring [15,16], molecule formation [17,18], elemental distribution in complex plasmas,
and ejected particle behavior in various conditions. Out of all the techniques presented in the literature,
LPs have shown great versatility being implemented for a wide range of materials [11,19] and various
irradiation conditions [10,20]. The LP method presents itself as a relatively simple diagnostic tool for
plasma investigations, consisting of submerging a metallic electrode (of cylindrical, plane, or spherical
geometry) in the plasma in order to record the ionic and electronic current or a mixture of the two
currents, as selected by the applied voltage. The technique was first developed for steady-state
discharge plasmas presenting local or global thermodynamic equilibrium. Laser-produced plasma
(LPP) has a transient nature, with all its parameters presenting a complex spatial distribution and
temporal dependence and being largely highly directional. The LP theory has been adapted for LPP by
sampling the charged particle temporal traces and considering, besides the thermal movement, the drift
movement of the ejected particle [10,11]. LP techniques offer insight into the ejected particle dynamics
from a small plasma volume and, thus, can be implemented for axial and angular measurements, and it
can easily be adapted for a wide range of diagnostics geometries. In the time-resolved approach to
LP diagnostics, it can offer information from a wide set of plasma properties (electron temperature,
plasma potential, charged particle density, collisions frequency, etc.) during the plasma expansion.

The flexibility of the technique allowed for some exciting findings. Charged particle oscillations
were evidenced with the use of a single cylindrical probe [21], heated probe [12], and multiple
probe [22,23] configurations. Their nature is often debated with some reports presenting their roots
in the dynamics of a plasma structure generated by electrostatic mechanisms [24], or induced by the
transient double layers generated through plasma structuring [25]. Other novel theoretical approaches
have been presented either in the framework of a fractal theoretical model [12,26] or built around
Lorenz-type systems [27]. The complete behavior of plasma charged particles can be accounted
for in the framework of the aforementioned fractal paradigm with the oscillatory behavior being
explained through the presence of dissipative [12] or dispersive [26] effects, and the classical behavior
is better showcased in the compact fractal hydrodynamic model [28]. The fractal paradigm proposes
that every dynamic variable describing laser ablation plasma systems acts as the limit of families of
functions. These functions can be differentiable for a non-zero scale resolution and non-differentiable for
a null-scale resolution. The method is well-adapted for LPP dynamics, where the analyses conducted
at a finite resolution scale imply the development of a new theoretical paradigm and new geometries.
The motion curves can be seen as geodesics in the fractal space and forming a fractal fluid, where the
ejected particles (the entities of the fluid) are replaced by their geodesics.

In this paper, we report on some novel results obtained by implementing the electrical diagnosis
of laser ablation plasma produced on a Mg target. The Langmuir probe method was used to describe
the behavior of laser-produced plasmas generated at different laser fluences and different measurement
distances. A non-differentiable theoretical model based on a fractal interpretation of laser-produced
plasma dynamics was used. The model is built around the interactions between the multiple plasma
structures generated by laser ablation. In such contexts, the joint invariant functions on the action of
two groups of SL(2R) type are given as mutual conditionings between the plasma substructures.

2. Experimental Setup

A schematic view of the experimental setup is presented in Figure 1. The experiments have been
performed in a stainless-steel vacuum chamber pumped down to 2 × 10−5 Torr residual pressure.
The radiation from a Quantel Brilliant, Nd-YAG nanosecond laser (355 nm-3rd harmonic, pulse
width = 5 ns, 10 Hz repetition frequency, variable fluences) was focused by a f = 30 cm lens onto

16



Symmetry 2020, 12, 292

a magnesium target (the spot diameter at the impact point was approximately 0.3 mm) placed in
the vacuum chamber. The magnesium target rotated during the experiments and was electrically
grounded from the vacuum chamber. Before each measurement, a surface-cleaning procedure was
implemented in order to remove the oxide layer present at the surface of the target.

 

Figure 1. Experimental setup.

The ionic and electronic currents were collected from the ablation plasma plume using
a tungsten-heated cylindrical Langmuir probe with a 0.25 mm diameter and 3 mm length. The probe
was heated in order to avoid deposition of the target material on the probe, thus keeping constant the
collecting area of the probe during measurements. In order to explore the dynamics of the expanding
plasma, the probe was placed at different distances (1.5, 2, 2.5, and 3 cm) with respect to the target,
in the maximum expanding direction of the plume. The Langmuir probe was also biased by voltages
on a range of values between −5 and +10 V with a stabilized dc power source. Transitory signals were
recorded by a digital oscilloscope and transferred to a PC for further analysis.

3. Langmuir Probe Measurements

For a bias of ±5 V applied on the Langmuir Probe, we are able to collect the saturation ionic and
electronic currents, displayed in Figure 2a,b, for two different fluences characterizing 2.45 mm3 plasma
volume at 2 cm with respect to the target surface. By recording the saturation charge currents, we are
assuring the collection of global ionic and electronic charge ejected as a result of the ablation process
coupled with the ionization and neutralization process occurring during expansion of the laser-produced
plasmas. We can distinguish different features for both saturation currents. The electronic current has
a longer lifetime induced by the increased collision rate and the higher diffusion rate of the electrons as
opposed to the ions. For the same applied voltage, the ionic Mg species have a lifetime of 3 μs while the
electrons present almost twice as much, approximately 6 μs. There is, however, a recurring oscillating
feature that can be found on all collected signals regardless of the applied voltage. The choice to
represent here only the temporal trace for the saturation currents is supported by their higher amplitude
and a better highlight of the smaller features, like the oscillatory part of the signal, noticeable below
1 μs. In the inset of Figure 2a,b we can see a zoomed in view of the oscillatory regime. We observe
that for higher fluences, the first oscillatory maximum is reached at a shorter expansion time, with no
significant increase in the amplitude of the current. The results indicate an increase in the kinetic
energy of the ejected particle as induced by the increase in laser fluence, while the overall ejected
charge remains quasi-constant. The oscillatory behavior has been previously reported for a wide range
of materials, in classical or more complex ablation geometries [12,21–23].
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Figure 2. Temporal traces of the electronic (a) and ionic (b) current collected 2 cm from the target.

The nature of these oscillations is accepted, in some differentiable theoretical models, to be induced
by the transient double layer forming as a result of the electrostatic ejection mechanism. This assertion
would mean that the charged particles will oscillate with a frequency induced by the experimental
conditions, as previously reported by our group in [11,12,28]. By performing fast Fourier transform
(FFT) analysis on the collected signals, we observed two oscillation frequencies. These values showcase
the strong dependence on the laser fluence (Figure 3a,b) and measurement distance (Figure 3c). The first
oscillation frequency is of the order of tens of MHz (ranging from 15 up to 20 MHz), while the second
one is of the order of a few MHz (ranging from 1 to 10 MHz). The results are in good agreement with
our previous reports on Ni LPP, where we found values ranging from 5 up to 20 MHz or with those
reported on a wider range of metals reported in [25]. The second oscillation frequency is induced by
the splitting of the laser-produced plasma during expansion into two plasma structures expanding
with different velocities and the appearance of a secondary transient double layer, which will accelerate
the slower plasma structure [29,30]. Each plasma structure is characterized by a unique oscillation
frequency. With the increase in the laser fluence, we notice an increase in the oscillation frequency
(5%–50% depending on the measurement distance), which indicates the generation of a stronger
electrical field generated through Coulomb explosion, followed by saturation for fluences higher than
80 J/cm2. The observed oscillations are damped after approximately 1 μs. This can also be seen from
the oscillation frequency evolution with the measurement distance where we notice a decrease of about
25% for both measured frequencies. Admittedly, the laser fluence values are much higher than those
used in the pulsed-laser deposition or material processing applications, where we can find reports of
fluences below 5 J/cm2 [1–6], depending on the irradiation conditions and the nature of the thin film
envisioned in each report. However, the results become relevant for the fundamental new generation
of high-power laser–matter interactions.

The Langmuir probe theory is reportedly limited only for longer expansion times where
the theoretical assumptions are met. For transient plasma and laser-produced plasma in general,
the temporal evolution of some of the parameters (Te, Vp, ni) is determined by evaluating all the
recorded I–V characteristics, in the hypothesis that in the moments of time selected for analysis,
the plasma has properties imposed by LP theory. This hypothesis cannot always be verified, as the
implementation of the technique induces some limitations. In the incipient part of the evolution (<1 μs)
and in the proximity of the target (few mm), the probe-collecting surface is significantly larger than the
measured plasma volume; therefore, LP theory is no longer valid, as the measurement electrode must
not impact the plasma around it. In these special space−time coordinates, data reveals the presence of
a complex oscillatory regime of the ionic and electronic temporal traces, which are also part of our
reported results in this paper [11].
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Figure 3. Oscillation frequency evolution with laser fluence (a,b) and measurement distance (c).

This allows us to characterize the temporal evolution of some plasma parameters like electron
temperature, plasma potential, or ionic density. In order to achieve that, we implemented the
methodology used in [11]. Briefly, consecutive bias potentials (in 50 points) ranging from −5 to +10 V
were applied on the heated probe, and the plasma currents were collected from a well-defined plasma
volume. The probe was moved at various distances with respect to the target’s surface. An example is
given in Figure 4. As anticipated in the previous paragraphs, all signals follow a similar pattern with
an oscillatory part for short evolution times followed by a classical decreasing trend.

For a time-span of 6 μs using a step of 1 μs, we reconstruct the I–V characteristics for each moment
in time. In Figure 5, we have presented representative characteristics describing the LPP at various
distances after 1 μs (Figure 5a) and, for a fixed distance of 2.5 cm, the reconstructed characteristics
at different moments in time (Figure 5b). We notice that for an instant temporal sequence, the axial
dependence of the I–V characteristics is not significant; however, there is a substantial shift toward
positive floating potential. This is due to the spatial distribution of the two sets of charges during
expansion. The electrons generally have a more uniform distribution in the plasma; however, in light
of the electrostatic ejection mechanism, the first electrons ejected will spatially occupy the position
in front of the ejected ions. Although during expansion, there are other phenomena that need to be
considered like ion neutralization, secondary ionizations, or molecule formation [18], this shift in the
floating potential showcases the change in the ion-to-electron ratio within the plasma volume for a fixed
moment in time (1 μs).The spatiotemporal evolution of all main plasma parameters considered here
(electron temperature and plasma potential) follow a classical quasi-exponential decrease. To determine
the aforementioned plasma parameters, we treated the I−V characteristics following the procedure
from [10,11]. Briefly, by applying a logarithm procedure to the I−V characteristic curve, we will obtain
a distribution that is defined by a linear increase, an inflection point, and a saturation region. The slope
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of that linear increase will define the electron temperature while the inflection point will be the plasma
potential (Figure 5e). Details on this procedure can also be seen in [10–12].

 

Figure 4. Temporal traces of the ionic and electronic currents recorded for a laser fluence of 56 J/cm2 at
2.5 cm from the target.

The increase in the laser fluence leads to higher electron temperatures and plasma potentials
(Figure 5c,d). The highest values found here are Te = 1 eV and Vp = 9.3 V for the measurements
performed at 1.5 cm and a laser fluence of approximately 114 J/cm2, while the lowest are found for
28 J/cm2 with the values decreasing with almost one order of magnitude: Te = 0.1 eV and Vp = 2 V.
For a fixed distance, the time-resolved analysis reveals important changes in both shapes of the I−V
characteristics. These changes are induced by the decrease in all the plasma parameters as indicators
of the laser-produced plasma expansion, particle density, and particle energy losses, showcased in the
inset of Figure 5b where the temporal evolutions of Te and Vp are presented.

The influence of the laser fluence over some plasma parameters is generally known. A higher laser
fluence usually leads to the ejection of a higher density of particles with a higher kinetic and thermal
energy. For our conditions, we synthesized the data in Figure 6a where we present the evolution of
the ionic density with the laser fluence at various distances, and in Figure 6b, where the evolution of
the ion drift velocity is presented. The results are in line with other reports where the same increase
followed by a saturation regime can be seen. The ion drift velocities were determined by plotting the
evolution of the ionic current maxima as a function of space and time. The slope of that representation
defines the drift velocity.

The overall effect of the laser fluence depicted in Figures 3 and 6 is to enhance the oscillatory
movement of the charged particles, increase the current densities, and, overall, increase the kinetic
movement of the plasma. The kinetic enhancement of the LPP reaches a saturation regime, however,
where neither the particle density nor expansion velocities increase. This could mean that the energy is
lost on expelling large structures (clusters and nanoparticles). The result is in line with our previous
results reported in [12] where the presence of a third plasma structure was seen in the particle velocity
distribution at high laser fluence. The interaction between the two plasma structures and their unique
signatures in the ionic and electronic saturation currents is still to be understood. The subtle difference
in plasma plume dynamics at high fluence as opposed to the usual lower values used in applications
such as PLD still needs to be investigated by other experimental techniques and cemented through
comprehensive theoretical modeling.
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Figure 5. Evolution of the I−V characteristics in time (a) and space (b); plasma potential (c) and
electron temperature (d) evolution with distance and laser fluence and an example of the logarithmic
representation of the I–V characteristic (e).
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Figure 6. Ionic density (a) and velocity (b) evolution with the laser fluence.

4. Mathematical Model

4.1. Ablation Plasma as a Fractal Medium

Ablation plasma behaves like a fractal medium induced by the collisions process between its
entities (electrons, ions, neutrals), with the results of the interactions taking the form of excitations,
ionizations, or recombination [12,26,27]. Such an assumption can be theoretically sustained by this
typical example: Between two successive collisions, the trajectory of the plasma particles is a straight
line that becomes non-differentiable at the impact point. Considering now that all the collision impact
points form an uncountable set of points, the trajectories of plasma particles become continuous but
nondifferentiable curves, i.e., a fractal. Some follow-up clarifications from a mathematical and physical
point of view need to be made: (i) If the laser-produced plasma expands at a lower background
pressure (a lack of collisions between the ejected particles), it mimics a pre-fractal and approximates
a fractal-sparse set [31]; (ii) if the ablation plasma expands at higher background pressures (an expansion
rich in collisions), it mimics a fractal-dense set.

In such a context, fractal theories of motion [31–34] become functional for describing the dynamics
of ablation plasma. Significant advancements for the implementation of a fractal paradigm to a classical
physical system has been done in a series of papers [35–37], especially for the problem of the
Schrodinger representation of fractal type [38–41]. The fundamental hypothesis of our model is that
the dynamics of all ablation plasma entities can be characterized by fractal motion curves. These
continuous but non-differentiable curves display the property of self-similarity at every point, which
can be translated into a property of holography (every part reflects the whole). We can further use
“holographic implementations” of the dynamics of any ablation plasma entity, for example, through
special fractal-type fractal “regimes” (i.e., describing dynamics by using fractal-type equations at
various scale resolutions).

The merit of developing theoretical models based on a fractal paradigm has been shown consistently
by our group in the past 12 years. Our approach comes as an alternative to classical approaches in
an attempt to offer a general model that can be adapted for various specific processes that need to be
investigated. The model is complex and uses non-differentiable mathematics and is strongly linked
to concepts from fractal physics. However, classical approaches to describe laser-produced plasma
dynamics present some limitations. Theoretical models used to describe the laser ablation plasmas
define either the first moments of LPP formation and one-dimensional expansion that occurs for small
distances and short evolution times (dominated by laser-target interactions and fundamental particle
removal mechanisms), or the later stages of expansion (a few μm after the laser pulse, starting from
a few mm from the target), where the LPP has a three-dimensional expansion that is often described
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using classical hydrodynamics. Due to these major discrepancies in the space−time interaction and
expansion scales, significant complications arise in developing a unique model that can cover all the
complex phenomena involved in laser ablation. One of the domains of theoretical physics that has,
at its core, the scale dependences of dynamic parameters is scale relativity theory (SRT) [31–34]. In SRT,
the complete set of equations required to describe the dynamics of certain systems needs to contain the
movement equations and those related to the non-differentiable processes. The non-differentiability
indicates that for a plasma medium, the plasma entity evolution is defined by fractal curves (moving
in a straight line between two collisions, and becoming nondifferentiable at the impact point) with
the geodesics of fractal entities replacing the dynamics of plasma entities. In such a context, we can
approximate the ablation plasma plume dynamics with that of a fractal fluid without interactions.
The fractal hydrodynamic model [23] has been used in our group in recent years to describe the
self-structuring of the ablation cloud during expansion and the evolution of the plasma parameters [27].

With respect to connections between the plasma parameters and those defined by the model,
over time, we reported some clear relations. In [28], we give direct relations between the electron
temperature and the fractal potential, ion density, normalized fractal entities density, electron thermal
velocity, and non-differentiable velocity, and between the Debye length and the normalized specific
length. In [11], we study the relationship between the fractalization degree given in the model and the
heterogeneity of the ablated cloud in terms of particle sizes and properties.

4.2. Scale Covariant Derivative and Geodesics Equations

Let us now consider the scale covariance principle (the physical laws applied to the dynamics of
the laser-produced plasmas are invariant with respect to scale resolution transformations [31–34]) and
postulate that the transition from standard (differentiable) plasma physics to fractal (non-differentiable)
plasma physics can be implemented by replacing the standard time derivative d/dt by the
non-differentiable operator d̂/dt [35–37]:

d̂
dt

= ∂t + V̂l∂l +
1
4
(dt)(

2
DF

)−1Dlp∂l∂p, (1)

where
V̂l = Vl

D −Vl
F,

Dlp = dlp − id
lp

,
dlp = λl

+λ
p
+ − λl−λ

p
−,

d
lp
= λl

+λ
p
+ + λl−λ

p
−,

∂t =
∂
∂t , ∂l =

∂
∂Xl , ∂l∂p = ∂

∂Xl
∂
∂Xp , i =

√−1, l, p = 1, 2, 3.

(2)

In the above relations, V̂l is the complex velocity, Vl
D is the differentiable velocity independent of

the scale resolution dt, Vl
F is the nondifferentiable velocity dependent on the scale resolution, Xl is the

fractal spatial coordinate, t is the non-fractal time with the role of an affine parameter of the motion
curves, Dlp is the constant tensor associated with the differentiable-non-differentiable transition, λl

+ is
the constant vector associated with the forward differentiable-nondifferentiable physical processes, λl− is
the constant vector associated with the backward differentiable-nondifferentiable physical processes,
and DF the fractal dimension of the movement curve. For the fractal dimension, we can choose any
definition, for example, the Kolmogorov-type fractal dimension or Hausdorff−Besikovici-type fractal
dimension [42]. However, once chosen and becoming operational, it needs to be constant and arbitrary:
DF < 2 for the correlative physical processes; DF > 2 for the non-correlative physical processes [31–34].

Now, the non-differentiable operator plays the role of the scale covariant derivative; namely, it is
used to write the fundamental equations of ablation plasma dynamics in the same form as in the classic
(differentiable) case. Under these conditions, accepting the functionality of the scale covariant principle,
i.e., applying the scale covariant derivative, Equation (1), to the complex velocity field, Equation (2),
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in the absence of any external constraint, the geodesics equation of the ablation plasma takes the
following form [32–34]:

d̂V̂i

dt
= ∂tV̂i + V̂l∂lV̂i +

1
4
(dt)(

2
DF

)−1Dlk∂l∂kV̂i = 0. (3)

This means that the fractal local acceleration ∂tV̂i, the fractal convection V̂l∂lV̂i, and the fractal
dissipation Dlk∂l∂kV̂i of any ablation plasma entity balance themselves at any point of the motion

fractal curve. Moreover, the presence of the complex coefficient of viscosity type 4−1(dt)(
2

DF
)−1Dlk

in the laser-produced plasma (LPP) dynamics specifies that it is a rheological medium. Therefore,
the plasma structures have memory, as a datum, by their own structure.

If the fractalization in the dynamics of LPP is achieved by Markov-type stochastic processes,
which involve Lévy-type movements [31,42] of the plasma entities,

λi
+λ

l
+ = λi−λl− = 2λδil, (4)

where λ is a coefficient associated with the differentiable-nondifferentiable transition and δil is
Kronecker’s pseudo-tensor.

Under these conditions, the geodesics equation takes the following simple form:

d̂V̂i

dt
= ∂tV̂i + V̂l∂lV̂i − iλ(dt)(

2
DF

)−1
∂l∂lV̂i = 0. (5)

For irrotational motions of the ablation plasma entities, the complex velocity field V̂i takes the
following form:

V̂i = −2iλ(dt)(
2

DF
)−1
∂ilnΨ. (6)

Then, substituting Equation (6) in Equation (5), the geodesics equation (Equation (5)) (for details,
see method from [42–44]) becomes a Schrödinger-type equation at various scale resolutions:

λ2(dt)(
4

DF
)−2
∂l∂lΨ + iλ(dt)(

2
DF

)−1
∂tΨ = 0. (7)

The variable Φ = −2iλ(dt)(2/DF)−1 ln Ψ defines, through Equation (6), the complex scalar potential
of the complex velocity field, while Ψ corresponds to the ablation plasma state of fractal type. Both
variables, Φ and Ψ, have no direct physical meaning, but possible ”combinations” of them can acquire
it if they satisfy certain conservation laws.

Let us make explicit such a situation for Ψ. For this purpose, we first notice that the complex
conjugate of Ψ, that is, Ψ, satisfies through Equation (7) the following equation:

λ2(dt)(
4

DF
)−2
∂l∂lΨ − iλ(dt)(

2
DF

)−1
∂tΨ = 0. (8)

Multiplying Equation (7) by Ψ and Equation (8) by Ψ, subtracting the results, and introducing
the notations,

ρ = ΨΨ, J = iλ(dt)(2/DF)−1
(
Ψ∇Ψ −Ψ∇Ψ

)
, (9)

we can obtain the conservation law of the states density of fractal type:

∂tρ+ ∇J = 0. (10)

In Equation (10), ρ corresponds to the states density of fractal type and J corresponds to the states
density current of fractal type.
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4.3. Ablation Plasma Behavior through a Special Tunneling Effect of Fractal Type

In the following, we will perform an application of the mathematical model previously
mentioned by analyzing one-dimensional (1-D) stationary dynamics in physical systems with
spontaneous symmetry breaking in the form of a tunneling effect of fractal type. The results will
be corelated/calibrated with the dynamics of an LPP from the perspective of generating two plasma
structures, as well from the perspective of some essential characteristics of these structures.

Let us consider the following equation of fractal type [32–34]:

λ2(dt)(
4

DF
)−2
∂l∂lΨ + iλ(dt)(

2
DF

)−1
∂tΨ − U

2
Ψ = 0, (11)

which has an external restriction in the form of the scalar potential U. For the moment, the scalar
potential is not explicitly defined.

In the 1-D stationary case, Equation (11) becomes

λ2(dt)(
4

DF
)−2
∂zzΨ(z, t) + iλ(dt)(

2
DF

)−1
∂tΨ(z, t) − U

2
Ψ(z, t) = 0. (12)

If the scalar potential U is time-independent, ∂tU = 0, Equation (12) admits the stationary solution
(for details on the method, see [42–44]):

ψ(z, t) = θ(z)exp

⎡⎢⎢⎢⎢⎢⎢⎣− i

2m0λ(dt)(
2

DF
)−1

Et

⎤⎥⎥⎥⎥⎥⎥⎦, (13)

where E is the fractal energy of the plasma entity, θ(x) is the stationary state of fractal type of the
plasma entity, and m0 is the fractal rest mass of the plasma entity. Then, θ(x) becomes a solution of the
fractal non-temporal equation:

∂zzθ(z) +
1

2m0λ2(dt)(
4

DF
)−2

(E−U)θ(z) = 0. (14)

In the following, we will assume that the behavior of the LPP, such as self-structuring in two
different substructures (Coulomb and thermal) based on the plasma plume separation on different
oscillations modes, can be mimicked by spontaneous symmetry breaking. The mathematical procedure
will imply the use of Equation (14) for a scalar potential U characteristic to the spontaneous symmetry
breaking (see Figure 7). From the theory of spontaneous symmetry-breaking systems [31,42], the shape
of the effective potential is already well-known and has the following expression:

Ve f (z) = V0

[(
z
z0

)
− 1

]2

, V0 = const, z0 = const.

The exact integral of the stationary Schrödinger equation of fractal type,

∂zzθ(z) +
1

2m0λ2(dt)(
4

DF
)−2

⎛⎜⎜⎜⎜⎝E−V0

[(
z
z0

)
− 1

]2⎞⎟⎟⎟⎟⎠ = 0,

is not achievable. The determination of the eigenfunctions and eigenvalues {θ, E} can be attained only
by successive approximations, order by order, in the framework of stationary perturbation theory,
starting from the 0 order, from the following eigenfunctions and eigenvalues:

{
ϕn(z), En = 2m0λ(dt)(2/DF)−1

(
n +

1
2

)}
n∈N

,
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of the fractal harmonic linear oscillator. To avoid this setback, a simplifying hypothesis can be
introduced considering some approximations, as the equation cannot be integrated in a closed form.
The following statements can be made:

(i) At |z| = 2|z0|, Ve f is much larger than V0, which means to the right of z0, and to the left of −z0,
the increase in the effective potential is fast enough so that it can be approximated with two infinite
vertical walls at z± l, with l ≥ z0 (mandatory);

(ii) Because E0 is placed below half of the local maxima V0 and, at |z| = 0.5|z0|, Ve f is already
higher than V0/2, the same thought process can done in z± d, with d < z0 (mandatory), by placing in
each of these points a vertical wall of V0 height. Therefore, V(∞) for U ≡ V(z) becomes a condition for
the spontaneous symmetry breaking, as well as for U’s symmetry.

Figure 7. The effective potential in the case of the tunneling effect of fractal type for a physical system
with spontaneous symmetry breaking (where E0 is the fundamental energy level, V0 is the height
of the potential barrier, z = 2d is the width of the potential barrier, and z = l − d is the width of the
potential well).

In these conditions, Equation (14) takes the following form:

d2θα
dz2 +

1

2m0λ2(dt)(
4

DF
)−2

[E−Vα]θα = 0, α = 1, 3. (15)

For each of the three regions, the solutions of Equation (15) are

θ1(z) = C+eikz + C−e−ikz,
θ2(z) = Beqz + Ce−qz,
θ3(z) = D+eikz + D−e−ikz,

(16)

with

k =

⎡⎢⎢⎢⎢⎣ E

2m0λ2(dt)
( 4

DF
)−2

⎤⎥⎥⎥⎥⎦
1
2

,

q =

⎡⎢⎢⎢⎢⎣ V0−E

2m0λ2(dt)
( 4

DF
)−2

⎤⎥⎥⎥⎥⎦
1
2

,

(17)

and C+, C−, B, C, D+, D− are integration constants.
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Due to the infinite potential in the two extreme regions, |z| > l, the state function of fractal type,
z = ±l, implies

θ2(−l) = C+e−ikl + C−eikl = 0,
θ3(l) = D+eikl + D−e−ikl = 0.

(18)

As the states density of fractal type, |ψ|2, is not altered by the multiplication of the state function
of fractal type in the form of a constant phase factor of fractal type, the two equations for C± and D±
can be immediately solved by imposing the forms,

C+ = A
2i e

ikl, C− = −A
2i e
−ikl,

D+ = D
2i e
−ikl, D− = −D

2i e
ikl,

(19)

so that θ1,3 are given through simple expressions:

θ1(z) = Asin[k(z + l)],
θ3(z) = Dsin[k(z− l)].

(20)

These, along with ψ2, lead to the concrete form of “alignment conditions” in z = ±d:

θ1(−d) = θ2(−d), θ2(d) = θ3(d),
dθ1
dz (−d) = dθ2

dz (−d), dθ2
dz (d) = dθ3

dz (d),
(21)

namely,
e−qdB + eqdC = Asin[k(l− d)],
qe−qdB− qeqdC = kAcos[k(l− d)] in z = −d,
eqdB + e−qdC = −Dsin[k(l− d)],
qeqdB− qe−qdC = kDcos[k(l− d)] in z = d.

(22)

Due to the algebraic form of the two equation pairs, in order to establish the concrete expression
of the “secular equation” (for eigenvalues E of the energy), Δ[E] = 0, we avoid calculating the 4th
order determinant, Δ[k(E), q(E)], formed with the amplitude coefficients of fractal type, A, B, C, D, by
employing the following: We note, with ρ, the ratio C/B, and we divide the first equation with the
second one for each pair. It results in

e2qdρ+1
e2qdρ−1

= − q
k tg[k(l− d)],

e−2qdρ+1
e−2qdρ−1

=
q
k tg[k(l− d)],

(23)

which leads to the equation for ρ:

e2qdρ+ 1

e2qdρ− 1
+

e−2qdρ+ 1

e−2qdρ− 1
= 0. (24)

We find
ρ2 = 1,

which implies
ρ− = −1, ρ+ = 1. (25)

For ρ+ = 1, the amplitude function of fractal type, θ2(z) � cosh(qz), is symmetric, similar to the
states of fractal type with regard to the (spatial) reflectivity against the origin. Then, the permitted
values equation of the fractal energy of these states, ES, has the following concrete form:

tan[kS(l− d)] = −coth(qSd)
qS

kS, (26)
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where

kS =

⎡⎢⎢⎢⎢⎣ ES

2m0λ2(dt)
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)−2
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1
2

,
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⎡⎢⎢⎢⎢⎣ V0−ES

2m0λ2(dt)
( 4

DF
)−2
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1
2

.

(27)

For ρ− = −1, the amplitude function of fractal type θ2(z) � sinh(qz), so the states of fractal type
will be antisymmetric, and the permitted values equation, EA, becomes

tan[kA(l− d)] = − tanh(qAd)
qA

kA, (28)

where

kA =

⎡⎢⎢⎢⎢⎣ EA

2m0λ2(dt)
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)−2
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1
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,
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⎡⎢⎢⎢⎢⎣ V0−EA

2m0λ2(dt)
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DF
)−2
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1
2

.

(29)

Now, some consequences are notable: The presence of the barrier (of finite height V0) between
−d and d leads to the splitting of the fundamental level E0 into two sublevels, ES, EA, accounting for
the two states of fractal type, symmetric and antisymmetric, respectively, in which the system can
be found. In the following, the above results will be calibrated to the LPP dynamics given by our
experimental data. Therefore:

(i) At a global scale resolution, it can be seen as a self-structuring of the laser ablation plasma
through its separation on two oscillation modes. We distinguish a Coulomb oscillations mode,
corresponding to the fast structure, and a thermal oscillation mode, corresponding to the slow structure.
The identification of the plasma structures, at a certain scale resolution, can be performed by assuming
that the quantity ΔE = |EA − ES| is small compared to the plasma potential E0, i.e., ΔE << E0, which
implies the fact that qA,S are very close to

q0 =

⎡⎢⎢⎢⎢⎢⎢⎣ V0 − E0

2m0λ2(dt)(
4

DF
)−2

⎤⎥⎥⎥⎥⎥⎥⎦
1
2

, (30)

and also considering that
coth(q0d)
tanh(q0d)

=

(
eq0d + 1
eq0d − 1

)2

> 1, (31)

with d > 0. This indicates that the fast structure is induced by the anti-symmetric energy state EA, while
the slower structure is induced by the symmetrical one ES.

Potential barriers V0 − EA and V0 − ES are attributed to the double layers. In the empirical reality,
the increase in the laser beam energy will lead to an increase in the intensity of the acceleration field
during the Coulomb explosion [24] and, subsequently, of each of the two double layers; in the fractal
geometry, this will be assimilated with the V0 − E0 parameters.

(ii) Assuming the functionality of the scale resolution superposition principle [32–34], at a global
scale resolution (overall plasma plume), the following fractal equations are valid:

EA = 2m0λ(dt)(
2

DF
)−1 fA,

ES = 2m0λ(dt)(
2

DF
)−1 fS,

(32)

where f A is the characteristic frequency of the Coulomb oscillation modes and f s is the characteristic
frequency of the thermal oscillation modes. As EA > ES, the oscillation frequency of the Coulomb
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mode will always be higher than that of the thermal oscillation mode, as it was shown experimentally
in Figure 3.

(iii) At a global scale resolution, Equations (26) and (28) with the restrictions,

kA(l− d) << 1, qAd ≈ q0d << 1,
kS(l− d) << 1, qSd ≈ q0d << 1,

l >> d,
(33)

take the following approximate form:

EA ≈ ES ≈ (V0 − E0) +
6m0λ2(dt)(

4
DF

)−2

l2
, (34)

or even a simpler form, by multiplying with 1/2m0λ(dt)(
2

DF
)−1:

fA ≈ fS = f ≈ f0 +
3λ(dt)(

2
DF

)−1

l2
, (35)

where the following notations have been used:

f = EA

2m0λ(dt)
( 2

DF
)−1

=
ES

2m0λ(dt)
( 2

DF
)−1

,

f0 = V0−E0

2m0λ(dt)
( 2

DF
)−1

.
(36)

This leads to the value of f decreasing with the increase in l and increasing with the increase in
the (V0 − E0). In such a context, according to our previous considerations, the theoretical model at

a local scale resolution λA(dt)(
2

DF
)−1 and λs(dt)(

2
DF

)−1 can describe the experimental behavior of the
laser-produced plasmas presented in Figure 3.

(iv) In our model, the parameter λ(dt)(2/DF)−1 corresponds to the scale resolution. The parameter
can be defined as:

λ(dt)(2/DF)−1 = ξ(dt)(2/DF)−1u(dt)(2/DF)−1,

where ξ(dt)(2/DF)−1 is the mean free path and u(dt)(2/DF)−1 is the expansion velocity of the laser ablation
plasma. As the mean free path is inversely proportional to the collision cross-section, the collision
cross-section has a functional dependence on the laser fluence. Therefore, through Equation (36),
the oscillation frequency increases with the increase in the laser fluence.

(v) Considering that the energies from Equation (32) are of kinetic nature, EA =
m0v2

A
2 and ES =

m0v2
S

2 ,
coupled with the fact that the separation of the plasma plume on the two oscillating modes can be

expanded at local scale resolutions, λA(dt)(
2

DF
)−1 and λS(dt)(

2
DF

)−1, respectively, from Equation (32):

fA =
v2

A

4λA(dt)(
2

DF
)−1

, fS =
v2

S

4λS(dt)(
2

DF
)−1

, (37)

where vA is identified as the velocity of the fast structure and vS is the velocity of the slower
one. Particularly, for the ablation plasma dynamics associated with the scale transitions such as
correlative-non-correlative processes (the fractal dimension of the movement curves has the value DF
= 2 [31]), Equation (37) becomes

fA =
v2

A
4λA

, fS =
v2

S
4λS

. (38)
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Moreover,

λA =
kTe

mvA
,λS =

kTe

mvS
, (39)

where k is the Boltzmann constant, Te is the electron temperature, and m is the atomic mass of the
ions. vA is the ion−electron collision frequency at Coulomb-scale resolutions, and vS is the collision
frequency at thermal-scale resolutions, causing Equations (38) with (39) to become

fA =
mvAv2

A
kTe

, fS =
mvSv2

S
kTe

. (40)

Let us now perform a numerical evaluation of Equation (40) using the experimental data as
input parameters. The experimental data were presented in the previous section and the simulated
results are synthesized in Table 1. We notice a good correlation between the experimental data and the
simulated ones. Small discrepancies can be seen for the second structure at larger distances where the
experimental data are noisier and the values can be affected by errors. In addition, this representation
showcases once again the versatility of the fractal theoretical approach, as once the model is calibrated
onto a specific measurement, it can offer results in very good agreement with the empirical data.

Table 1. Comparison between the experimental and theoretical values of the ionic oscillating frequency
for the first (a) and second (b) plasma structure.

(a) 1st Structure Experimental Data (MHz) 1st Structure Simulated Data (MHz)

Fluence (J/cm2) 1 cm 2 cm 2.5 cm 3 cm 1 cm 2 cm 2.5 cm 3 cm

28 17.5 ± 0.2 15 ± 0.8 13 ± 0.5 7.6 ± 0.6 18.5 ± 0.3 16.1 ± 0.1 13.5 ± 0.2 9.4 ± 0.2
57 19.5 ± 0.3 16.8 ± 0.6 13.5 ± 0.7 8.5 ± 0.7 21.7 ± 0.2 18.2 ± 0.4 14.2 ± 0.6 10.6 ± 0.35
85 21 ± 0.7 19 ± 0.4 18 ± 0.5 16.3 ± 0.1 22.4± 0.05 20.2 ± 0.6 17.7 ± 0.5 16.3 ± 0.2

115 22 ± 0.1 19.26± 0.2 18.5 ± 0.3 17.3 ± 0.2 22.8 ± 0.5 20.9 ± 0.3 18.4 ± 0.2 17.4 ± 0.1

(b) 2nd Structure Experimental Data (MHz) 2nd Structure Simulated Data (MHz)

Fluence (J/cm2) 1 cm 2 cm 2.5 cm 3 cm 1 cm 2 cm 2.5 cm 3 cm

28 7.8 ± 0.1 6.5 ± 0.3 2 ± 0.4 1.2 ± 0.6 7.4 ± 0.6 6.44 ± 0.1 2.4 ± 0.3 2.2 ± 0.1
57 8.4 ± 0.2 7.2 ± 0.1 5.6 ± 0.1 4.58 ± 0.2 8.68 ± 0.6 7.28± 0.04 5.68± 0.05 4.35 ± 0.05
85 9.5 ± 0.4 9.3 ± 0.5 9 ± 0.3 8.2 ± 0.2 8.96 ± 0.6 9.08 ± 0.1 8.78± 0.04 8.14 ± 0.04
115 10 ± 0.5 9.8 ± 0.5 9.3 ± 0.4 8.6 ± 0.3 9.12 ± 0.6 9.36± 0.06 8.99± 0.05 8.4 ± 0.2

4.4. Mutual Conditionings of the Plasma Structures through Joint Invariant Functions

The fact that the presence of two plasma structures can be explained through the self-structuring
of the plasma plume on two oscillation modes shows the mutual conditionings between these two
structures. In order to characterize these conditionings, we must assume, according to the empirical
proof presented in Figure 2, that the two plasma structures are characterized by two differential
equations of dampened oscillator type for the charged particle densities. By using the group properties
of these differential equations (invariances of SL(2R) type, algebras of Lie type, etc. [43]) and the Stoka
theorem [41], we will build the joint invariant functions on the two isomorph SL(2R)-type groups.
These functions will describe the mutual conditionings between the two plasma structures. Following
this, let us consider the Lie algebra base associated with the SL(2R) group given by the infinitesimal
generators [32,34]:

A1 =
∂
∂h

+
∂

∂h
, A2 = h

∂
∂h

+ h
∂

∂h
, A3 = h2 ∂

∂h
+ h

2 ∂

∂h
, (41)

and its commutation relations:

[A1, A2] = A1, [A2, A3] = A3, [A3, A1] = −2A2, (42)

where h is a complex amplitude and h is its complex conjugate. We assume that this group would
characterize the Coulomb structure behavior.
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Let us also consider the Lie algebra base associated with the SL(2R) group given by the infinitesimal
generators:

B1 =
∂
∂y

+
∂

∂y
, B2 = y

∂
∂y

+ y
∂
∂y

, B3 = y2 ∂
∂y

+ y2 ∂
∂y

, (43)

and its commutation relations:

[B1, B2] = B1, [B2, B3] = B3, [B3, B1] = −2B2, (44)

where y is a complex amplitude and y is its complex conjugate. We assume now that this group would
characterize the thermal structure behavior.

The above-mentioned groups are isomorphic, i.e., the joint invariant functions F at the actions of
these groups will be obtained as solutions of Stoka’s equations [43]:

AlF + BlF = 0, l = 1, 2, 3, (45)

or, in a more explicit way,
∂F
∂h + ∂F

∂h
+ ∂F
∂y + ∂F

∂y = 0

h∂F∂h + h∂F
∂h

+ y∂F∂y + y∂F∂y = 0

h2 ∂F
∂h + h

2 ∂F
∂h

+ y2 ∂F
∂z + y2 ∂F

∂y = 0

(46)

The rank’s system is 3; therefore, only one independent integral exists. This is the cross-ratio
generated by means of the following relation:

h− y
h− y

:
h− y

h− y
= σ, (47)

where σ is real and positive. Now, any joint invariant function here is a regular function of this
cross-section. In particular, for σ = tanhτ with τ arbitrary, through Equation (47), z is connected to h by
means of the following relation:

y = u + vh0, (48)

with
h = u + iv
h0 = −i cosh τ−e−iαsinhτ

cosh τ+e−iαsinhτ
Δτ = 0

(49)

where Δ is the Laplace operator and α is real. Equations (48) and (49) establish a relation between
the current density amplitude of the two plasma structures. Moreover, through Equation (49),
we showcase a self-modulation in amplitude of the ionic current density through the Stoler-type
transformation [44,45]. We showcase Stoler-type transformations with an important role in the theory
of coherent states, meaning on the charge ionization/neutralization processes [43,44]. The possibility
to use Stoler-type transformation for the analysis of laser-produced plasma dynamics has more
profound implications. The existence of coherent states implies that the individual ejected particles are
coherent (through the double-layer characteristic to each laser ablation plasma structure), and there
is a connecting tissue amongst the ablated particle cloud. This aspect of the laser-produced plasma
was empirically showcased by our group in [10], where we show that at all laser ablation scales,
there are mathematical functions connecting series of materials, a property that is inherent to a fractal
model. As the particularity of a fractal model is the use of zoom in/zoom out processes, we can still
find a coherence between the plasma structures (Coulomb or thermal). This is seen experimentally as,
although the individual values differ for each structure, the overall trends are respected regardless of
the nature of the structure. Another important role is played by the ionization/neutralization processes.
The ionization processes are directly connected to the collisions during expansion, accounted for in
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the framework of our fractal model through the fractalization degree and the dependences presented
in Equation (36). Our mathematical approach is, therefore, a complex one accounting for the main
processes occurring during the expansion of the laser-produced plasma, and, through an adequate
calibration of the model, we can offer a quantitative analysis of the oscillatory phenomena.

5. Conclusions

Transient plasmas generated by ns-laser ablation on an Mg target at high irradiation fluences were
investigated by means of the Langmuir probe method and fractal analysis. The electrical investigations
revealed the presence of a dual structure for the ionic and electronic saturation currents. An oscillatory
behavior was observed for short evolution times and a classical quasi-exponential decrease was
observed for longer times. Two oscillation frequencies were found in all irradiation conditions: A few
tens of MHz and a few MHz. Each frequency is associated with an individual plasma structure. Space-
and time-resolved investigations were performed, revealing an exponential decrease in the main plasma
parameters during expansion coupled with an increase in the plasma potential at high measurement
distances. The effect of the laser fluence on both oscillatory and classical plasma parameters was
investigated. Similar empirical evolutions were found to be described by a steep increase followed by
saturation at higher fluences.

The dynamics of laser-produced plasmas were described through the fractal theory of motion
given by Schrödinger regimes of fractal type. The calibration of such dynamics through a fractal-type
tunneling effect for physical systems with spontaneous symmetry breaking allows the self-structuring
of laser-produced plasma in the two structures (Coulomb and thermal substructures) based on its
separation on different oscillations modes, as well as the determination of some characteristics involved
in the self-structuring process: The evolution of the structure’s oscillation frequencies with the target
probe distance, and with the laser fluence, the average values of these frequencies. The mutual
conditionings between the two structures were given as a joint invariant function on the action of
two isomorphous groups of SL(2R). Their isomorphism implies structure amplitude self-modulation
through Stoler-type transformation (i.e., through charge generation/neutralization processes).
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Abstract: Several surface investigation techniques, such as X-ray diffraction (XRD), EDX, and
optical microscopy, were employed in order to describe the mineral contents in several geomaterials.
Space and time resolved optical emission spectroscopy was implemented to analyze the plasma
generated by the laser–geomaterial interaction. The values of the plasma parameters (velocity and
temperature) were discussed with respect to the nature of the minerals composing the geomaterials
and the morphological structure of the samples. Correlations were found between the excitation
temperatures of the atomic and ionic species of the plasmas and the presence of calcite in the
samples. A mathematical model was built to describe the dynamics in ablation plasma using various
mathematical operational procedures: multi structuring of the ablation plasma by means of the
fractal analysis and synchronizations of the ablation plasma entities through SL (2R) type group
invariance and in a particular case, through self-modulation in the form of Stoler type transformations.
Since Stoler type transformations are implied in general, in the charge creation and annihilation
processes, then the SL (2R) type group invariance become fundamental in the description of ablation
plasma dynamics.

Keywords: optical emission spectroscopy; laser ablation; petrographic analysis; fractal model;
group invariance

1. Introduction

One of the new emerging applications of laser ablation is laser-induced breakdown spectroscopy
(LIBS) with implementation in environmental science, space applications or food industry [1]. LIBS
can analyze a wide range of samples spanning from metals, semiconductors, glasses, biological tissues,
plastics, soils, and plants, to thin layer paint coatings or electronic materials [2]. From the perspective
of analyzing geo-materials [3] this technique has its advantages: Fast to no preparation of samples
which also means no special sample preparation skills are required, potential for in situ analysis, small
sample size requirements, the samples can be in a solid [3], liquid or gas state [4], and sensitive to
light elements as H, Be, Li, B, C, N, O, Na, and Mg [5]. Successful applications of the LIBS technique
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to the analysis of range of metallic targets (aluminum alloys, iron-based alloys, copper-based alloy,
precious alloys) and a summary of good practices were discussed in the works of Palleski et al. [6].
The performance of such a technique is strongly dependent on the complex processes involved during
plasma formation and expansion, as the study object for LIBS is the strong emitting laser induced
plasmas. As such differential absorption by the material and by the particle vapor, or the matrix
effect [7] can strongly affect the properties of the resultant plasma (usually confined to a few mm from
the sample and expanding with high velocities). The matrix effect issues are shown to be overcome by
different sample preparation techniques (i.e., in the form of pressed pelletized powder [8] or, with much
better results, fused glass), however these are breaking on the main advantage of LIBS—reduced time
consuming sample preparation—which is lost and the operational costs are higher due to the special
equipment needed. The implementation of LIBS technique on soils needs also to consider the influences
of compression force, moisture, and total content of easily ionized elements on line intensities and
electron density were studied and because dramatic changes occur, the recommendations were to use
dry samples as much as possible and observe plasma as early it can be done in order to minimize the
matrix effects on results [9].

In case of qualitative elemental analysis and to simultaneous deal with the complexity of data,
statistical methods like partial least squares discriminant analysis [10,11] (PLSDA) are used to obtain
information about unknown samples.

The practicality of the technique is often shown in the little preparation of the diagnostics
apparatus itself with approaches like calibration free LIBS (CF-LIBS) [1] which manages to produce
closer values than Monte Carlo simulated annealing optimization method (MC-LIBS) [12] with respect
to a standard measurement. Aside their many advantages there are still some important drawbacks
to this approach, mainly the need for accurate plasma parameters of the investigated area. Real
experimental conditions have proven a deviation from ideal conditions (optically thin, in LTE and
spatio–temporal homogenous). Therefore, errors are introduced by experimental aberrations and
inaccuracy of spectral data, and it was found that they are contributing to the overall uncertainty on the
quantitative results more than theoretical parameters (inaccuracy of measurements of detector spectral
efficiency weighs more on the results than a typical uncertainty in the electron density value) [13].
As the LIBS shifts to non-ideal plasmas, one major issue is self-absorption in thick plasmas in CF-LIBS,
this phenomenon was investigated, and correction procedures were developed to ensure the reliability
of results. A recursive algorithm was created to consider the non-linear self-absorption effects occurring
in the plasma and this extended the range of application of the CF-LIBS method [14].

For CF-LIBS the presence of local thermodynamic equilibrium (LTE) is imperative as such
estimation of electron density and plasma temperature, have a huge impact on the overall result,
especially with strong heterogeneity in the ratio of the emitted lines. A special attention needs to be
given to Boltzmann plot method implemented for each composing element, which for complex minerals
and geomaterials can be an arduous job, thus the need of combining different types of investigations
for both accurate plasma parameter determination and elemental identification. Data fusions of LIBS
results with complementary methods of analysis like Raman and reflectance spectroscopy, X-Ray
fluorescence were performed on iron ore, and remote sensing instrument suite was integrated in the
Mars 2020 Rover [11]. There are other approaches like LIBS as quantitative analysis for materials located
relatively far away from the LASER source. This requirement comes mandatory when dealing with
potentially dangerous or out of reach radioactive or extraterrestrial materials. Mineral discrimination
can also be performed with the help of PLSDA statistical method [11].

Another domain of actual and acute interest is the detection of explosive residues using LIBS in
standoffmode of operation. Organic and inorganic explosive residues placed up to 30 meters behind
transparent barriers (polymethylmethacrylate and glasses) were successfully detected without false
positives with 8 shots as long as the laser beam energy can go through the barrier and part of the
plasma light can be collected [15].
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In this work we use a combinatorial plasma diagnosis approach in order to expand the quantity
of information provided by LIBS. The approaches are used for mineral identification purposes, with
the aim here, being the investigations of the relationships between plasma parameters in terms of
temperature and velocity, and the nature of minerals. For this purpose, four geomaterials previously
collected from various locations within the Northern Hemisphere were analyzed. For all minerals
we implemented step-by-step investigation methods that expanded from polarized light microscopy,
EDX spectroscopy and X-Ray Diffraction Spectroscopy. The techniques allowed the identification of
the composing minerals and offered information about the heterogeneity of the investigated samples.
Finally, the samples were irradiated with high power ns beams, and the light emitted from the
laser induced plasma was investigated through space-and time-resolved investigation techniques.
The complementary investigation methods used here, aid us in founding a strong possible correlation
between parameters like excitation temperature or expansion velocity with the abundance of calcite
structure. Also, a mathematical model to describe the ablation plasma dynamics using various
mathematical operational procedures (fractal analysis, group invariance, differentiable geometry in
Lobacewski, etc.) is built. From such a perspective the SL (2R) type group invariance can become
fundamental in describing complex phenomena in laser ablation plasmas.

2. Materials and Methods

2.1. Samples Details

Coordinates of the places from where the samples were collected are given below along with the
potential expectations in terms of composition, structure, and formation, information taken from the
literature review. This cannot reflect or aspire to fully describe our particular samples but will provide
a sense of perspective to each subsequent analysis. As most of the investigated geomaterials are found
to present a wide range of minerals which could characterize an entire geographical area it becomes
important not only to know the structure of our samples but also to get information on an entire family
of rocks that could possibly be found in the vicinity of our collected samples.

Sample #1—the collected sample was taken from Petra, Jordan [16], Coordinates: 30◦20′11.8′′ N
35◦25′59.3′′ E. Petra area is located in the Western Jordan, in a large rift valley which extend from Gulf
of Aqaba, northwards along the Wadi Araba to the Dead Sea and the Jordan Valley. The sample from
Petra is assigned to the Umm Ishrin Formation, part of a larger sequence called the Ram Group of
Cambrian age. The sediments are deposited on the igneous, crystalline basement rock formed during
the Precambrian that are exposed in the mountains outside the rift valley. Red Cambrian sandstones
are about 300 m thick [16]. The Umm Ishrin Formation consists of medium-to-coarse-grained,
well to moderately sorted, poorly cemented quartz arenites, with minor amounts of siltstone and
mudstone [17,18]. The color is generally reddish brown, with hues of red, orange, yellow and white,
due to the presence of iron oxides, mainly limonite. The mineralogical composition of red sandstones
consists mainly of quartz (up to 95%), and then, in small amounts, feldspar and micas [18,19]. It is
considered to be of fluvial origin [19].

Sample #2—the collected sample was from Bowen Island, British Columbia, Canada (42◦46′50.9′′N
0◦27′22.7′′W). Bowen Island is located on the west flank of the Coast range batholith of British Columbia,
at the junction of Howe Sound and the Gulf of Georgia. The rocks from Bowen Island are of igneous
origin, of an extrusive and intrusive nature. In the main, the rocks consist of a volcanic assemblage
of great thickness, made up of flows, breccias, agglomerates and tuffaceous sediments cut by basic
porphyry dykes [20]. Most of the rocks from the island belong to the Bowen Island Group of Lower
Jurassic age [21], consisting of mafic to intermediate volcanic rocks (basalts and andesite) formed as
lavas, shallow intrusions, volcanic ash deposits, interbedded with volcanoclastic sandstone, siliceous
argillite, chert and tuff, and intruded by sills and shallow level intrusions. Because they are resistant to
erosion, they can form prominent hills. The volcanic formation is deformed and form tight east trending
folds, being intruded by granodiorite and monzonite of Middle and Late Jurassic age [22]. On the
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eastern part of Bowen Island, where the sample was collected, massive meta-basalt flows and sills,
and andesitic feldspar porphyry intrusions are found [22]. On Bowen Island, dark green, fine-grained
andesites are composed of albitized plagioclase and hornblende, variably altered to opaque minerals,
epidote, and calcite. These rocks are locally interbedded with thinly laminated to massive fine-grained
siliceous tuff [17]. The volcanic sequence and Jurassic structures are cut by a north-trending quartz
feldspar porphyry stock of rhyodacite composition.

Sample #3—the collected sample was taken from a reddish formation near Pico Anayet [18], 2575
m, Pyrenees, Spain (42◦46’50.9” N 0◦27’22.7” W). The Anayet Massif is an E–W axis mountain range
located in the central segment of the Pyrenean axial zone (northern Spain), displaying an extensive
sedimentary record of Stephanian–Permian deposits. This large outcrop of late-hercynian materials is
surrounded by Devonian slates, Lower Carboniferous greywackes, and several types of pyroclastic
rocks (deformed during the Hercynian orogeny). The Permian deposits are represented by several
thousand meter-thick series of continental sediments, volcanoclastic and volcanic sediments [23].
The continental detrital deposits between Stephanian and Lower Triassic have been described as
post-Hercynian molasses [23]. These deposits have been classically divided in four main detrital
groups, mainly composed of arenites (sandstones), conglomerates and lutites, with three basic volcanic
episodes interbedded [24].

Sample #4—the collected sample was taken from the top of Pico Collarada, 2886 m, Pyrenees, Spain
(42◦42′51.88′′ N, 0◦28′14.81′′ W). The analyzed sample was collected from the Pyrenees Mountains
area, about 17 km north of Jaca (Spain). The Pyrenean orogenic belt resulted from the collision between
the Iberian and the European plates from Late Cretaceous to Miocene times. The Pyrenees consists
of an Axial Zone, composed of Paleozoic rocks—granitoids and metamorphic rocks, bounded by
the North Pyrenean and South Pyrenean zones, where Mesozoic and Cenozoic rocks—clastic and
carbonate rocks, are found [25]. The Paleogene sequence from the southern side of the Pyrenean orogen
consists of Paleocene to Eocene light-coloured massive limestones, turbidites (Lower–Middle Eocene
flysch) and coastal, non-marine deposits [26] (Upper Eocene–Lower Oligocene molasse). The turbidite
systems (Lutetian) are built up by a succession of sandstones and mudstones including carbonate
megaturbidites [27].

2.2. Characterization Methods

X-ray diffraction (XRD) analyses were performed using a Bruker D8 Advance diffractometer
equipped with a Cu Kα anticathode. The XRD spectra were recorded from 5◦ to 65◦ 2θ degree (40 kV,
40 mA). The ICDD Database PDF-2/Release 2012 was used to specify the values of the reflection
peaks. Optical microscopy analyses were performed on a Zeiss AxioLab microscope. A scanning
electron microscope model Vega LMH II–Tescan®, coupled with an EDX detector, model Quantax
QX2-Bruker-Roentec® allowed the recording of the micrographic analyzed area and the spectrum in
order to investigate the structure distribution and elemental composition. The EDX analyses were
performed on an area of 1 mm2 for each sample. For an individual analysis and the determination of
the standard deviation, 10 experiments were performed on each area of the experimental samples.

Optical emission spectroscopy analysis was performed using the experimental set up described
in [28,29]. The second harmonic with λ = 532 nm of a 10 ns Nd: YAG pulsed laser beam (Brilliant
EaZy) was focused by a f = 40 cm lens on the samples. The spot diameter at the impact point was
around 700 μm while the laser fluence was 19 J/cm2. The samples were placed in a vacuum chamber
where the pressure (5·10–2 Torr) was maintained using a 300 L/m dry scroll pump (Agilent TriScroll
300). The formation and dynamics of the plasma plume were studied by an intensified ICCD camera:
PI-MAX3, 1024i with a gate time of 30 ns, placed orthogonal to the plasma expansion direction, coupled
to a Princeton Instruments Acton 2750 monochromator (with a resolution of 0.2 nm). Two experimental
approaches were considered: In the first one the overall emission of the plasma was studied by ICCD
fast camera imaging (each image was averaged over 20 events) while in the second one the spectrally
resolved emission was recorded (with each spectrum being averaged over 1000 events). For the later,
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a step-and-glue procedure was used to record the global emission spectra (gate width of 2 μs and
a gate delay of 100 ns) in a 300–700 nm spectral range from a 600 μm wide plasma volume centered
on the main expansion direction. The recording of each spectrum was preceded by the collection of
the background noise and the subsequent subtraction of it from the data. During the experiments the
targets were continuously moved to ensure fresh surfaces and to overcome the heterogeneity of the
investigated rocks.

3. Results and Discussions

3.1. Structural Investigations

For the identification of individual minerals found in the four samples, a series of complementary
surface techniques was considered. Optical microscopy in polarized light is a fast analyzing technique
which can be used to identify the individual minerals of the rocks and offers a general idea about
the heterogeneity of the surface which is one of the main factors that has to be considered before
a technique like LIBS is implemented. The results of these investigations are presented in Figure 1a–d.

 
Figure 1. Optical microscopy and polarized microscopy images of all the investigated samples.
Bio—bioclasts; Cal—calcite; Ep—epidote; Opq—opaque mineral; Pl—plagioclase; Qtz—quartz; Qtz(m)
—metamorphic quartz; Zeo—zeolites. ((a) Sample #1—Quartz sandstone, (b) Sample #2—Spilite,
(c) Sample #3—Sandstone, (d) Sample #4—Extraclastic bioclastic limestone).

Sample #1 (Figure 1a) is identified as a sedimentary rock [16]—quartz sandstone—that contains
sand-sized grains (0.063–2 mm). The quartz grains (SiO2) can be composed of single crystal or can be
polycrystalline (fragments of quartzite—a metamorphic rock). All grains are moderately rounded.
The carbonate cement (calcite—CaCO3) fills the spaces between the quartz granules. Some limonite
(FeO(OH)·nH2O) staining can be observed, which causes the reddish color of the rock, the full picture
is completed with some traces of Kaolinite (Al2Si2O5(OH)4) observed only on XRD (Figure 2a).

Sample #2 (Figure 1b) is a basalt (spilite), an extrusive igneous (volcanic) rock. Spilite is an igneous
rock produced when basaltic lava reacts with seawater, or is formed by hydrothermal alteration
when sea water circulates through hot volcanic rocks. Under the microscope, the sample rock is
composed of phenocrysts of plagioclase and very rare relict pyroxenes in a fine-grained holocrystalline
groundmass made up of plagioclases, epidote (Ca2(Fe3+, Al)3(SiO4)3(OH)), opaque minerals, and
iron oxides/hydroxides. Different types of alteration can be observed: primary feldspar has been
transformed into albite (NaAlSi3O8); pyroxenes and plagioclases have been replaced by other minerals
such as epidote/zoisite (in thin sections, some “nests” of epidote/zoisite surrounded by a microlitic
mass consists of the same minerals could be observed); secondary minerals as the result of alteration
could be commonly chlorite (Mg5Al(AlSi3O10)(OH)8) and iron oxides/hydroxides (hematite, limonite).
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Cavities filled with secondary minerals (probably zeolites, phillipsite—[(K,Na,Ca)1-2(Si,Al)8O16·6H2O])
could be observed in thin sections. Actinolite (Ca2(Mg,Fe)5Si8O22(OH)2) (observed only on XRD,
Figure 2b) is a secondary mineral as a fine-grained alteration product of pyroxene.

Figure 2. X-ray diffractogram of the (a) Sample #1—Quartz sandstone. Minerals: quartz, calcite, kaolinite
(inset), (b) Sample #2—Basalt (Spilite) Minerals: albite (plagioclase feldspar), epidote, clinochlore,
actinolite, phillipsite, (c) Sample #3—Sedimentary rock. Minerals: quartz, calcite, kaolinite, muscovite,
clinochlore, (d) Sample #4—Bioclastic limestone. Minerals: quartz, calcite, orthoclase.

Sample #3 (Figure 1c) is a sandstone rock containing grains of detrital quartz (SiO2), embedded
in a matrix of carbonates, clay minerals and iron oxides/hydroxides. Due to its reddish-brown color
and its composition, the sample could be a sandstone (formed in a continental environment). X-ray
diffraction analysis revealed the presence of mainly quartz and calcite (CaCO3), and small amounts of
kaolinite (Al2(Si2O5)(OH)4), muscovite (KAl2(AlSi3O10)(OH)2), clinochlore (Mg5Al(AlSi3O10)(OH)8)
(Figure 2c).

Sample #4 (Figure 1d) identified as extraclastic bioclastic limestone and could be described as
a bioclastic grainstone. The extraclasts are represented mainly by angular–slightly rounded quartz and
orthoclase (KAlSi3O8—potassium feldspar, Figure 1d) grains, with a micritic-microsparitic cement
(calcite crystals are 5–10 μm in size). The fossil remnants consist mainly of foraminifera fragments
(benthic and planktonic).

XRD measurements were performed on powders obtained from various areas of the samples.
The obtained X-ray diffractograms are presented in Figure 2a–d and the identified crystalline structures
are listed in Table 1. These results confirm the presence of the previously mentioned minerals in all
samples. This confirmation allows us to have a better understanding of the interactions between the
laser beam and the target and how the overall ablation process is affected by the presence of such wide
spread of minerals.
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Table 1. Minerals confirmed by the X-ray diffraction (XRD) data base and their indicative.

Rocks Confirmed Minerals from XRD Database

Sample #1
PDF 01-070-7244 SiO2 Quartz

PDF 00-058-2001 (Al2Si2)5(OH)4 Kaolinite 1A
PDF 00-005-0586 CaCO3 Calcite

Sample #2

PDF 00-073-2147 Ca2Fe0.33Al2.67Si3O12OH Ca Fe (Epidote)
PDF 00-046-1427 (K,Na)2(Si,Al)8O16*4H2O (Philipsite)
PDF 00-019-0749 Mg5Al(Si3Al)O10(OH)8 (Clinochlore)

PDF 00-001-0739 NaAlSi3O8 (albite)
PDF 00-080-0521 Ca2(Mg,Fe)5Si8O22(OH) (Actinolite)

Sample #3

PDF 01-070-7344 SiO2 Quartz
PDF 00-024-0027 CaCO3 Calcite

PDF 01-078-2110 Al4(OH)8(Si4O10) Kaolinite
PDF 01-070-1869 K0.77Al1.93(Al0.5Si3.5)O10(OH)2 Muscovite-2M2

PDF 00-007-0078 (Mg,Fe,Al)6(Si,Al)4O10(OH)8 Clinochlore

Sample #4
PDF 01-083-1762 Ca(CO3) Calcite

PDF 01-070-7344 SiO2 Quartz
PDF 01-083-1324 K0.59Ba0.19Na0.33(Al0.18Si2.82O8) Orthoclase

The data base indicatives of the minerals which fit with the XRD peaks are shown in Table 1.
The chemical composition and distribution of the main elements were analyzed by EDX (Table 2).

The results revealed the presence of metallic atoms in all samples which correspond to the elements
found in the more complex minerals observed by XRD. However, for Sample #1, traces of Ti and Mg
were noticed which can be considered as impurities due to the environment and natural conditions.
Similar discussion can be made for all samples as all of them present a more heterogeneous distribution
of elements on the surface.

Table 2. Results from EDX measurements depicting each sample elemental configuration and the
respective error bar for each element.

Sample #1 (Petra)
Sample #2 (Bowen

Island)
Sample #3 (Pico Anayet)

Sample #4 (Pico
Collarada)

Element At % Element At % Element At % Element At %

Si 19.14 ± 0.25 Si 21.97 ± 0.25 Ca 31.85 ± 0.2 Ca 24.62 ± 0.3
Ca 5.78 ± 0.1 Fe 6.50 ± 0.13 Fe 1.33 ± 0.1 Si 17.98 ± 0.2
C 1.74 ± 0.1 Al 9.31 ± 0.16 C 0.27 ± 0.05 Al 2.84 ± 0.1
Al 2.14 ± 0.12 Mg 5.03 ± 0.11 Si 1.00 ± 0.08 Mg 0.93 ± 0.08
Ti 0.23 ± 0.05 Ba 0.68 ± 0.1 Al 0.6 ± 0.05 K 4.39 ± 0.1
Fe 0.68 ± 0.05 Ca 2.04 ± 0.11 Mn 0.67 ± 0.06 Fe 0.81 ± 0.06
Mg 0.53 ± 0.05 K 1.63 ± 0.08 K 1.47 ± 0.08 C 0.34 ± 0.05
O 69.71 ± 1.1 Na 0.73 ± 0.07 O 62.77 ± 1.2 O 48.06 ± 1.0

Cl 0.58 ± 0.05
P 1.05 ± 0.07
C 1.13 ± 0.05
O 49.27 ± 1.0

Two of the most important elements in the earth’s crust are silicon (Si) and calcium (Ca), which are
part of the various minerals (silicates, quartz, respectively calcite), so we focused on the concentrations
of these two elements. From Table 2 it can be observed that Sample #2 contains the lowest concentrations
of calcium (~6%) while Sample #3 contains the lowest concentration of Silicon (1%) and the highest
concentration of calcium (~32%). Thus it is safe to assume that Sample #2 may contain very low
concentration of calcite and Sample #3 contains low concentrations of silicates but high concentration
of calcite. Sample #2 contains high concentrations of silicon (~18%), iron (~6.5%) and aluminum (~9%)
which points to the inclusion of significant quantities of alumino-ferro-silicates.
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For all investigated samples we performed an estimation analysis related to the micro porosity of
the surface. We determined micro-porosities between 4 and 12% across all samples’ surfaces (Sample
#1—12%, Sample #2—4.7% Sample #3—9.23%, Sample #4—4.9%). The porosity was determined over
an average of 10 surfaces of 1 mm2, with the mention that throughout the surface of the samples the
values of micro porosity were similar. These differences in the porosity of the targets could be expected
to influence the values of the expansion velocities of the laser produced plasmas.

3.2. Optical Investigations of Laser Produced Plasmas

3.2.1. ICCD Fast Camera Imaging

When a laser beam impinges onto a surface the beam energy is absorbed by the target. For the case
of homogenous materials, the energy is transferred to the electrons which are the first species ejected
from the target by means of Coulomb explosion, while the rest of the target goes through various
phase changes from solid–liquid–vapor, thus completing the ablated cloud which represents the object
of study for LIBS. As expected for the case of our samples the beam energy will be absorbed differently
by the various minerals presented in the target. These phenomena can lead to a complex ablation
process which is harder to be analyzed than in the case of samples of single elements or even minerals.

The general LIBS technique is used for the identification of elements from a sample. More
information (in terms of plume center-of-mass velocity and wave front dynamics) can be obtained by
acquiring ICCD images at various delays. This approach was implemented in the study of simple [29]
or complex targets [30], in controlled conditions.

The fast camera imaging is suitable for transient phenomena investigation. In the case of laser
produced plasmas (LPP), it is necessary to have an adequate triggering system as LPP generally have
a lifetime of a few μs [31]. Each recorded image is generally described by a series of parameters:
resolution (which is given by the CCD detector and the optical system), time-delay (the moment of
time, with respect to the trigger signal, at which acquiring starts), and the gate width (or integration
time). In this case the initial moment (t = 0) is considered to be the “laser beam—target interaction
moment”. In order to have a good temporal resolution the gate width is usually of a few ns and it
can increase towards longer evolution time where the plume is more rarefied and the emission is
weaker. After their recording the images are transferred to the computer where they can be further
analyzed. In order to estimate the expansion velocities, bi-dimensional images (“snapshots”) of the
laser-produced plasmas were recorded at constant laser fluence (19 J/cm2) at various moments in time
with respect to the laser beam (Figure 3). During the expansion, the LPP increases its volume and the
center-of-mass, estimated as the maximum emission intensity zone, shifts towards higher distances
as the recording time is changed. This leads to the conclusion that the expansion velocity is constant
during the whole lifetime of the plume.

Figure 3. ICCD camera images, on a range of 1 μs, of laser produced plasmas generated by nanosecond
laser ablation of mineral samples and a detail of the three-plasma structure (inset).
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The cross-section on the expansion direction of the recorded images (Figure 4) shows more clearly
the presence of two maxima which were attributed to two plasma components [32]. Due to the
difference in their expansion velocities, in literature they can be found as the fast structure (or the “first
structure”) and slow structure (or the “second structure”) [30]. Each of the two plasma structures
expands with constant, yet different velocities. The velocity of each structure was determined by
distance over time representation of the maximum intensity characteristic to each structure, method in
line with the theoretical view of the laser produced plasma expansion at low pressures. The constant
nature of the expansion is given by the linearity, respect for all the investigated plasmas.

Figure 4. Cross section on the ICCD snapshot collected at 550 ns of the laser produced plasmas (LPP)
generated on Sample #2.

The plume splitting behavior has been experimentally reported by several groups [33,34] and it is
considered as a result of the different ejection mechanisms involved in the ns-laser ablation process.
Therefore, the first—fast structure of the plume is ascribed to the electrostatic ejection mechanism
(Coulomb explosion), while the second—slow structure corresponds to the thermal mechanisms (phase
explosion, explosive boiling, evaporation). Our results show the presence of a third plasma structure
(inset Figure 3), for samples #2, #3, and #4, described by a small emission region in the proximity of the
target. In literature this structure is attributed to the presence of clusters, nanoparticles or molecules
and it has its origin in the Knudsen layer which is usually characterized by black body radiation [35–37].
The structures observed in this study can be compared to the structures observed in ablation on Ni, Al,
stainless-steel [28,29] or more complex targets like GeSe chalcogenide glasses [30].

For the samples #1 and #2 the expansion velocities of the first structure of the order of tens of km/s
(Sample #1—11 km/s, Sample #2—13.5 km/s) while for the second structure we found velocities the
order of a few km/s (Sample #1—4 km/s and Sample #2—6.5 km/s).

Although the velocity of second structure of the plasma plume generated on Sample #3 and #4
is in line with the values of the previous samples (Sample #3—3 km/s and Sample #4—6 km/s), for
the first structure we found relative low velocities (Sample #3—8 km/s and Sample #4—9 km/s) most
probable related to the nature of the mineral in each sample which could enhance the thermal ablation
mechanism in the detriment of the electrostatic ones. This aspect of the laser-produced plasma is
consistent with other reported results on pure metals or other complex materials [30] and it is important
for the LIBS techniques as the most part of the emission is given by this second thermalized structure.
For the second structure, in the case of nanosecond laser ablation, the emission is enhanced by the
absorption of the laser beam tail by the ejected particle cloud.

With respect to the expansion velocity values of the first and second plasma structures, the highest
ones were found for the plasma generated on Sample #2 (Figure 5), the one that contains almost
no Calcite. The lowest velocities were observed for the plasma plumes of Sample #3—the one that
contains very low concentrations of Quartz. All the other plasmas (generated on sample with both
Calcite and Quartz) were found to be expanding with intermediate velocities. We note however that
no correlation was observed between the porosity of the target and the estimated velocities. Samples
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#2 and #4 presented similar porosities but strong differences in expansion velocities for each of the two
plasma structures. A similar observation can be made for Samples #3 and #1 where for approximately
similar porosities, consistent differences in the expansion velocities were observed.

Figure 5. Plasma structure velocities for Sample #1, #2, #3, and #4 and their dependence on the
abundance of calcite structure.

A possible explanation for this behavior can result by analyzing the energy transfer during
laser-target interaction. For samples where, strong bonds like C=O or Ca-O are present, more of the
incident laser energy is used on breaking the bond, leading to some relatively slower plasmas. This is
the case for Sample #1, #3, and #4. These differences can be seen as a signature of the petrographic
origins of the investigated rocks: Sample #2 is part of the magmatic rock family, while the other three
samples belong to the sedimentary family—Sample #1 and Sample #3 are sandstones while Sample #4
is a bioclastic limestone.

3.2.2. Optical Emission Spectroscopy

The Optical Emission Spectroscopy technique [38] can help to determine the nature of the
ejected particles through the energetic levels by identifying the wavelength and by using specialized
databases [39]. The profile and intensity of the spectral lines can also provide information regarding
the interactions between the ejected particles (e.g., Stark broadening [40]) and the internal energy of
the plasma (i.e., electron temperature and electron density). For the plasma generated on each target,
the global emission spectra were collected using a gate width of 2 μs. The experimental configuration
ensures the collection of 600 μm plasma slice centered on the main expansion direction, thus providing
a global characteristic in both a spatial and temporal perspective. This was done in order to collect
all the emission lines regardless of their flight time [31]. For each of the sample we have identified
atomic and ionic species characteristic for Ca, Si, Al, Mg, C, and O. Samples #2 and #3 have revealed
the presence of their elements like K, Cl or S (see Figure 6). Most of the emission lines correspond to
the elements identified with the EDX and XRD techniques, as discussed in the previous section. Thus,
a qualitative comparison can be done between the LIBS signal and the EDX measurements. We notice
that the evolution trends observed from EDX follow the LIBS signal changes, as such the increase
in Ca amount by a factor of 17 in the target would lead to an enhancement of the Ca line intensity
by a factor of 19. For the case of Si, an increase by a factor of 26 would only lead to an increase of
a factor of 6. Finally, for all the other elements which were fund in significant smaller amounts (such
as Al or Fe) an 8 times higher concentration would lead to an increased emission lines intensity of
approximately 8 times. We observe that although the ratio is not always kept, especially for Si or
lighter elements like K, most of the elements follow the changes from the target. At this moment,
a quantitative proportionality is difficult the be achieved between the LIBs signal and the EDX data,
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given the complex process involved in both investigation techniques. However, under LTE the LIBS
line intensity depends on the concentration of neutrals and singly ionized species, which allow us to
tentatively use a qualitative comparison between the two techniques.

Figure 6. Global emission spectra collected at 1 mm from the target with a 2 μs gate width, gate delay
of 100 ns, and laser fluence of 19 J/cm2 of all the investigated samples (Sample #1 (a), Sample #2 (b)
Sample #3 (c), Sample #4 (d)).

Most if not all plasma diagnostics techniques are valid under the assumption of the presence of
a local thermodynamic equilibrium (LTE). However, in the case of transient plasmas all the plasma
parameters such as electron temperature and particle density have a steep decrease in both time
and space and thus the equilibrium has to be understood in a dynamic mode. There are different
approached to estimate the limit of LTE with the most common one being the McWhirter criterion [40]:

Ne(cm−1) ≥ 1.6× 1012ΔE3(eV)Te
1
2 (K)

The above relation provides a real threshold above which we can assume LTE and implement
the investigation techniques to further determine the excitation temperatures. Particularly we found
1.23 × 1015 cm–3 for Sample #1, 1.5 × 1015 cm–3 for Sample #2, 1.25 × 1015 cm–3 for Sample #3 and finally
1.18 × 1015 cm–3 for Sample # 4.

Once established the limit for which LTE model can be applied, the electron density can be
estimated from the Saha-Eggert equation [41]. The relationship connects the plasma ionization
equilibrium temperature to the proportion of population of two successive ionization states:

ne = 4.83 · 1015 I∗g+A+λ∗
I+g∗A∗λ+ T1.5

e e−
V++E+−E∗

kBTe

where the (*, +) superscripts represent the neutral excited atom and the singly charged ion, respectively,
I is the emission intensities of a spectral line of λ wavelength (nm), T is the ionization temperature
(expressed in K), which is taken as the excitation temperature in LTE conditions, V+ is the first ionization
potential, and E is the energy of the upper level of the transition. By implementing the Saha-Eggert
equation we found a series of global ne values for our plasmas that characterizes the 600 μm wide
plasma volume throughout its evolution: 1.5 × 1016 cm–3 for Sample #1, 5.5 × 1016 cm-3 for Sample #2,
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8.2 × 1016 cm–3 for Sample #3 and respectively 1.6 × 1017 cm–3 for Sample #4. The electron density
exceeds the LTE limit with about one order of magnitude, thus, within our experimental conditions of
laser fluence, background pressure and acquisition parameters, all the investigated plasmas respect
the McWhirter criterion for LTE.

The excitation temperature of the plasma can be simply calculated from [41] using the intensity
ratio of two spectral lines characterizing the same species (ion or atom), with the specific spectroscopic
data (E, A, f) can be found in various databases (e.g., [39]). We note however that there are some
reserves regarding the latter parameters, which can lead to significant uncertainties. In order to
minimize the errors regarding the values of the oscillator strengths, it is suitable to use not two but
a series of atomic lines with different upper excitation levels. The Boltzmann plot method represents
the logarithmic function of the line intensity versus the upper level energy:

ln
(

Ikiλ

gkAki

)
= ln

(
N0

hc
4πZ(T)

)
− Ek

kbTe

The slope of this representation will give the excitation temperature, and its linearity or the
deviation from it can be considered as an indication of LTE validity (an example can be seen in Figure 7).

Figure 7. Representative Boltzmann plot for the Ca atoms representing the plasma generated on
Sample #2.

The values of the excitation temperature were found to be in a range of 0-1 eV for the atomic
species (i.e., Ca in Sample #1-6264 K, Sample #2-9976 K, Sample #3-6496 K and Sample #4-5800 K) and
of about one order of magnitude higher for the ions (i.e., Ca in Sample #1-39440 K, Sample #2-15080 K,
Sample #3-32480 K and Sample #4-41760 K). These discrepancies were previously reported by our
group in [30,42,43] were they were related to the differential heating of the plume by the incoming laser
beam. However, in the LTE conditions we would expect that regardless of the nature of the atom/ion
investigated the plasma temperature should have the same values. For all the investigated atoms
the values of the temperatures are almost the same (within a 5% error margin), while for the ions the
discrepancies are higher. For the identified metallic species (Fe, Al, Ti, Mg) in the plasmas we found
electron temperature between 3480 K and 5800 K through all the investigated plasmas while for lighter
elements like Ca, C, Si or K we found significantly increased temperature (from 6264 K for Ca up to
19,720 K for K). The excitation temperatures were found to be relatively close to the ones reported for
laser produced plasmas on copper (13,200 K to 17,200 K) or lead (11,700 K to 15,300 K) [44], while for
studies on a Silicon plasma [45] it was reported that the electron temperatures varied between 6000 K
to 9000 K.

The plasmas generated on Sample #1, #3, and #4 (all sedimentary rocks) present the highest values
for the excitation temperature for the ionic species of Ca and Si, with respect to the other investigated
plasma. This is in line with the structure observed through EDX investigation, as all three targets have
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a significant larger concentration of Ca. The result also correlates well with the values of the expansion
velocity of the first plasma structure, determined through ICCD fast camera imaging. On the other
hand, the plume generated on Sample #2 (volcanic rock) presents the highest values for the neutral
species, having the highest expansion velocity for the second plasma structure. In literature [30,42,43]
the first plasma structure contains mainly ions, while the second and the third one contains mainly
neutral species. This view over the nature of the plasma components it is also confirmed by our
experimental results. The spectral investigations revealed that the temperature for the ionic Ca is much
lower than the ones of ionic Ca for the other samples. This could be related to the nature of Sample
#2—a magmatic rock that has almost no Calcite in it versus the other samples which are sandstones.

The experimental data showcased that the properties of the LPP strongly depend on the nature
of the rocks. Nevertheless, the nature of the rocks includes multiple variables as composition of
minerals, elemental composition of each mineral, physical properties of the rock resulted from the
mechanisms of mineral formation across time which were addressed in our study by performing
XRD and Optical microcopy. However, not only the quantity of Calcite microcrystals are directly
responsible for low velocity plasma plumes as there are other aspects to be considered like porosity of
the rock, degree of impurity on the sample, crystallinity, grain size, hardness, coherence, and moisture
or reflectivity of the target. The state of the sample is one major aspect that needs to be considered in
order to have a better control on the LIBS process. Thus, the extension towards quantitative analysis
in terms of atomic or ionic temperature and expansion velocity becomes a strong tool in material
investigations and understanding how the history of the target affects the laser matter interaction
process and subsequently the LIBS technique.

4. Mathematical Model

4.1. Fractal Analysis

Ablation plasma behaves like a fractal medium taking into account the collision processes amongst
the ejected particles. Indeed, between two successive collisions, the trajectories of the plasma particles
are straight lines, that become nondifferentiable in their impact points. Considering that all the
collision impact points are an uncountable set of point, it results that the trajectories of the plasma
particles become continuous but non-differentiable curves (fractal curves). Since in these conditions the
non-differentiability (fractality) appears as a fundamental property of the ablation plasma dynamics it
seems necessary to construct a corresponding non-differentiable plasma physics model, for example in
the form of fractal hydrodynamics model [46]. The mathematics behind this model as well as some
applications of the model were development in a systematic manner by our group in [28,29,46,47].
In the following, a fractal analysis will prove a multi-structuring of the ablation plasma in the form of
Coulomb, thermal and cluster structures. Let us consider the solutions for the fractal hydrodynamic
equations system in the following form [48]:

V = VD + iVF =
v0α2 +

(
λ
α

)2
xt

α2 +
(
λ
α

)2
t2

+ iλ
(x− v0t)

α2 +
(
λ
α

)2
t2

(1)

ρ =
1

(π)2
[
α2 +

(
λ
α

)2
t2
]1/2

exp

⎡⎢⎢⎢⎢⎢⎢⎢⎣−
(x− vt)

α2 +
(
λ
α

)2
t2

⎤⎥⎥⎥⎥⎥⎥⎥⎦ (2)

λ = μ(dt)(
2

DF
−1), i =

√−1 (3)
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In Equations (1)–(3) x is the fractal space coordinated, t is the non-fractal temporal coordinate,
having the role of an affine parameter of the movement curve, V is the complex velocity field, VD is the
real component, independent on the scale resolution dt,

VF = −λ lnρ

is the imaginary component dependent on the scale resolution, ρ is the state density, μ is a coefficient
associated to the fractal-non-fractal transition, V0 is the initial velocity, α is the Gaussian parameter
characterizing the initial energy distribution and DF is the fractal dimension of the movement curves.
For the fractal dimension we can choose and use either Kolmogorov relation, either Hausdorff–Besikovici
relation etc. [49,50]. Once chosen it needs to be constant and arbitrary: DF < 2 for corelative processes,
DF > 2 for non-corelative processes, etc. [49]. We would like to remind that through the variable x, t,
V, ρ and through parameters: α, μ, dt, DF and V0 we will be able to showcase various dynamics of
multiple ablation plasma structures.

The solutions (1) and (2) can be simplified through the normalizations:

x
α
= ξ,

V0t

α
= τ,

VD

VD0
= VD,

VF

VF0
= VF,

ρ

ρ0
= ρ,

(
λ
αV0

)
= θ, V0 = VD0,

λ
α
= VF0, ρ0 =

1
α
√
π

(4)

Then VD, VF, ρ become:

VD =
1 + θ2ξτ

1 + θ2τ2 (5)

VF =
θ(ξ− τ)
1 + θ2τ2 (6)

ρ =
1

(1 + θ2τ2)1/2
exp

⎡⎢⎢⎢⎢⎣− (ξ− τ)2

1 + θ2τ2

⎤⎥⎥⎥⎥⎦ (7)

From Equations (5) and (7) the state current density at differentiable scale resolution takes the form:

JD = ρVD =
1 + θ2ξτ

(1 + θ2τ2)3/2
exp

⎡⎢⎢⎢⎢⎣− (ξ− τ)2

1 + θ2τ2

⎤⎥⎥⎥⎥⎦ (8)

while, the state current density at fractal scale resolution takes the form:

JF = ρVF =
θ(ξ− τ)

(1 + θ2τ2)3/2
exp

⎡⎢⎢⎢⎢⎣− (ξ− τ)2

1 + θ2τ2

⎤⎥⎥⎥⎥⎦ (9)

During the expansion of a laser produced plasma we can identify three important moments
(chronologically): The Coulomb explosion moment, the thermal ejection moment and the cluster
formation moment. Each of these moments are defined by three different types of ejection mechanism
which lead to the formation of three independent plasma structures [34,36,42,43]. In such a context
the dynamics of fast plasma structure generated though Coulomb explosion mechanism would be
described by relations (5), (7) and (8) while the dynamics of the slow structure generated through
thermal ejection mechanisms are given by relations (6), (7) and (9). The reasoning behind this association
is given by the fact that the nondifferentiable behavior of the laser ablation plasmas is induced through
the collision process between the ejected particles in each plasma structure. In Figure 8 we have shown
the 3D representation of states current density at differentiable and fractal resolution scale for different
degrees of fractalizations, which is identified with the real particle density. With the increase of the
fractalization degree we observe a change in the slope defining the velocity of the differentiable part of
the current. This can be read as an increase in the thermal velocity of the particle as this component is
induced by thermal mechanism. On the other hand, the particle current at a fractal resolution scale,
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induced by Coulomb mechanisms, will present two components. These components are generated by
a double layer formed in the initial stages of ablation. The fractality degree has little contribution to
the spatio–temporal evolution of this component, although at a higher resolution scale we observe
a better separation between the two components of the current.

(a) (b) (c) 

(d) (e) (f) 

Figure 8. 3D representation and contour plot of the differentiable (a–c) and fractal (d–f) particle density
for various degrees of fractalization (θ = 0.1, 1, 5).

In order to describe the dynamics of the third substructure, containing mainly clusters and
nanoparticles, we will postulate that the specific momentum at the global scale resolution is null. This
means that at the differentiable scale resolution the velocity is equal and of opposite sign with the
velocity at a fractal scale resolution.

VD = −VF = λ(dt)(
2

DF
−1)
∂x(lnρ) (10)

In these conditions the conservation law of the state density:

∂tρ+ ∂xx(ρVD) = 0

takes the form of a fractal diffusion equation:

∂tρ = λ(dt)(
2

DF
−1)
∂xxρ (11)

The solution of this equations has the following expression [40]:

ρ(x, t) =
a(

4πλ(dt)(
2

DF
−1)t

)1/2
exp

⎡⎢⎢⎢⎢⎢⎢⎣−
(x− b)2

4λ(dt)(
2

DF
−1)t

⎤⎥⎥⎥⎥⎥⎥⎦ (12)
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where a and b are integrationn constant. In such a context the velocity takes the form:

v =
x− b

2t
(13)

while the states current density is:

j =
a(x− b)(

16πλ(dt)(
2

DF
−1)

)1/2
t3/2

exp

⎡⎢⎢⎢⎢⎢⎢⎣−
(x− b)2

4λ(dt)(
2

DF
−1)t

⎤⎥⎥⎥⎥⎥⎥⎦ (14)

Now, we calibrate the structure that contains mainly clusters with the dynamics of the other two
structures in order to admin a normalization by imposing the restrictions: a ≡ 1 and b ≡ 0. We can find:

ρ =
1

(4θτ)1/2
exp

[
− ξ

2

4θτ

]
(15)

V =
VD

V0
=
ξ
2τ

(16)

J =
ξ

(4θτ)1/2τ3/2
exp

[
− ξ

2

4θτ

]
(17)

In Figure 9 we have represented the 3D representation of current density for various degrees
of fractalization depicted through θ. The three ranges of values were chosen for the fractalization
degree in order to cover the full range of ablation mechanism seen experimentally: Coulomb explosion,
thermal evaporation, and explosive boiling. The range of fractality degrees which are specific for each
ablation mechanism were defined in our previous work. Here we confirm that the range remains
constant regardless of the nature of the target.

g g

Figure 9. 3D representation and contour plot of the global particle density for various degrees of
fractalization (θ = 0.7 (a), 5 (b) and 50 (c)).
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In Figure 9 we see the space-time representation of the particle current density. The contour plot
representation attached to the 3D representation shows that the maxima shifts during expansion. This
behavior was seen experimentally through ICCD fast camera imagining (Figure 3). As the current
maxima characteristic for each ablation mechanism shifts, it defines a unique slope which describes
the expansion velocity of each structure. For the particles ejected through Coulomb explosions which
are described by a low degree of fractalization a steep slope is defined and thus a high expansion
velocity. The particles are mainly visible in the first moments of expansion. For those ejected through
thermal mechanism we notice a different slope with a longer life-time and a bigger spatial expansion
(characteristics of a reduced expansion velocity). The last structure is formed mainly by nanoparticles
and clusters and it is defined by a high fractalization degree. We notice that the maximum of the
particle current holds its value at small distances even for a long expansion time. This is a well-known
trait of this complex structure. If we perform a small calculation by using the initial conditions of our
experiments and impose them onto the fractal analysis we can estimate the expansion velocities of each
plasma structure. We find for the first structure velocities of 18.7 km/s, for the second structure 2.5 km/s,
while for the last structure 710 m/s. The results are in line with the values reported in literature. Thus,
the fractal analysis is a robust one and can be implemented on a wide range plasma regardless the
nature of targets.

4.2. Group Invariance Analysis

In the one-dimensional stationary case, the fractal hydrodynamic equation system becomes [48]:

∂xxu + k2
0u = 0 (18)

where
u = ρ1/2, k2

0 =
E

2m0λ2 (19)

E is an integration constant having a signification of the plasma entity energy and m0 the rest mass of
the entity.

The general solution of Equation (18) takes the following form [50]:

u = hei(k0x+Φ) + he−i(k0x+Φ) (20)

where h is a complex amplitude, h is the complex conjugate of h and Φ is the initial phase. Thus,
h and h and Φ label each entity of the ablation plasma structure that has a general characteristic the
Equation (18) and consequently the same k0.

In such a context, can an a priori connection between the entities of the ablation plasma be
established? Since (18) has a “hidden” symmetry in the form of a homographic group, we can answer
to this question positively. Indeed, the ratio of two independent linear solution of (18), τ0, is a solution
of Schwartz differential equation [51]:

{τ0, x} = d
dx

( ..
τ0
.
τ0

)
− 1

2

( ..
τ0
.
τ0

)2

= 2k2
0 (21)

.
τ0 =

dτ0

dx
,

..
τ0 =

d2τ0

dx2

The left part of Equation (21) is invariant with respect to homogeneous transformation:

τ0 ↔ τ′0 =
a1τ0 + b1

c1τ0 + d1
(22)

with a1, b1, c1, d1 real parameters. The set of transformations (23) corresponding to all possible values
of the parameters is the group SL (2R). Therefore, the ablation plasma structure of all the entities having

51



Symmetry 2019, 11, 1391

the same k0 is in the bi-univocal correspondence with the transformation of the group SL (2R). This
allows the construction of a “personal” parameter τ0 for each entity of the ablation plasma structure
separately. Indeed, we choose as “guide” the general form of the solution of (21) which is written in
the form:

τ′0 = m + n tan(k0x + Φ) (23)

where m, n andΦ are constant and characterizes an entity of the ablation plasma structure. By identifying
the phase from Equation (23) with one from Equation (20) we can write the “personal” parameter of
the entity as:

τ′0 =
hτ0 + h

τ0 + 1
, h = m + in, h = m− in, τ0 ≡ e−2i(k0x+Φ) (24)

The fact that (24) is also a solution of Equation (21) implies, by explicating Equation (22) the group
of transformation [51]

h′ = a1h + b1

c1h + d1

k′ = c1h + d1

c1h + d1
k (25)

This group work as a group of “synchronization” among the various entities of the ablation plasma
structure, process to which the amplitudes and phases of each of them obviously participate, in the
sense that they are also connected. More precisely, by means of the group (25), the phase of k is only
moved with a quantity depending on the amplitude of the entity of the ablation plasma structure at the
transition among various entities of the ablation plasma structures. But not only that, the amplitude of
the entity of the ablation plasma structure is also affected from a homographic perspective. The usual
“synchronization” manifested through the delay of the amplitudes and phases of the entities of the
ablation plasma structure must represent here only a totally particular case.

The infinitesimal generator of the group (25)

L̂1 =
∂
∂h

+
∂

∂h
, L̂2 = h

∂
∂h
− h
∂

∂h
, L̂3 = h2 ∂

∂h
+ h

2 ∂

∂h
+

(
h− h

)
k
∂
∂k

(26)

satisfies the commutation relations:
[
L̂1, L̂2

]
= L̂1,

[
L̂2, L̂3

]
= L̂3,

[
L̂3, L̂1

]
= −2L̂2 (27)

Thus, the structure of the group (25) is given by Equation (27) so that the only non-zero structure
constants should be:

C1
12 = C2

23 = −1, C2
31 = −2 (28)

Therefore, the invariant quadratic form is given by the “quadratic” tensor of the group (25)

Cαβ = CμανC
ν
βμ (29)

where summation over the repeated indices is understood. Using Equations (28) and (29), the tensor
Cαβ is:

Cαβ =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝
0 0 −4
0 2 0
−4 0 0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠ (30)

meaning that the invariant metric of the group (25) has the form:

ds2

f
= Ω2

0 − 4Ω1Ω2 (31)
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with f an arbitrary constant factor and

Ω0 = −i

⎛⎜⎜⎜⎜⎝dk
k
− dh + dh

h− h

⎞⎟⎟⎟⎟⎠, Ω1 =
dh(

h− h
)
k

, Ω2 = − kdh

h− h
(32)

three differential 1-forms, absolutely invariant through the group (25). In these conditions, the metric
(31) becomes:

ds2

f
= −

⎛⎜⎜⎜⎜⎝dk
k
− dh + dh

h− h

⎞⎟⎟⎟⎟⎠
2

+ 4
dhdh(
h− h

)2 (33)

A particular case of ablation plasma entities synchronization is the one induced through the
parallel transport of direction in a Levi-Civita sense [51]. Then, in the space of variables

(
h, h, k

)
the

differential 1-form Ω0 is null, Ω0 = 0, or in the space of variables (m, n, Φ):

dΦ = −dm
n

(34)

In such a situation the metric (33) can be reduced to the Lobacewski plane metric in Poincare
representation:

ds2

f
=

dhdh(
h− h

)2 =
dm2 + dn2

n2 (35)

Then the functionality of a variational principle of Matzner-Misner type associated to the
Lagrangian built with the metric (35) implies the “field equations” [51,52]:

(
h− h

)
∇2h = 2∇h∇h

(
h− h

)
∇2h= 2∇h∇h (36)

The solution are as follows:

h = m + in = −i
cos hΨ − e−iχ sin hΨ
cos hΨ + e−iχ sin hΨ

(37)

with
∇2Ψ = 0 (38)

and χ real and arbitrary, which means that for m and n we have the following expression:

m =
2r sin Φ

1 + r2 + 2r cos Φ
, n =

1− r2

1 + r2 + 2r cos Φ
(39)

r = tanhΨ

Admitting that for χ a continuous variation, the solution (20) with the restriction (34) implies the
synchronization of the ablation plasma structure entities in the form of self-modulation in amplitude
through transformations of Stoler type [48,51]. Taking into consideration the meaning of such
a transformation it results that the self-modulation in amplitude is realized through “annihilation” and
“creation” of charges, i.e., through recombinations and ionizations.

5. Conclusions

Various samples with different geomorphological backgrounds collected from the Northern
Hemisphere were investigated. Optical microscopy and XRD analysis were used to identify the
minerals present in the rocks while EDX measurements revealed the composition of the samples.
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The dynamics of laser induced plasmas on the four samples were investigated by means of ICCD
fast camera imaging and optical emission spectroscopy. The images showed for three samples the
split of the ejected cloud into three distinct structures. Optical emission spectroscopy allowed the
identification of all the elements from the target and confirmed the results obtained by EDX and XRD.
The Saha-Eggert equation was used to determine the electron density and the McWhirter criterion
was used to verify if the local thermodynamic equilibrium conditions were met. All the investigated
plasmas presented electron densities above the LTE threshold. The Boltzmann plot method was used
to determine the excitation temperatures. Important differences were found between the values of
each species and their corresponding ions, result discussed in the framework of selective heating by
the incoming pulse.

The values of the global plasma structure and those of the individual species temperatures, were
connected to the presence of calcite in the samples. Other aspects like target porosity were found to
play a smaller role in the plasma plume dynamic. The samples with highest velocities were presenting
low concentration of calcite while the sedimentary rocks were presenting low expansion velocities and
high excitation temperatures, in line with effects of a strong thermalized ablation process.

A mathematical model to describe the dynamics in ablation plasma using various mathematical
operational procedures is developed: multi structuring of the ablation plasma, by means of the fractal
analysis and synchronizations of the ablation plasma entities through SL (2R) group invariance and
in a particular case through self-modulation in the form of Stoler type transformations. The model
proves that during the synchronization phenomena not only the amplitudes but also the phases are
affected from a homographic perspective. A self-modulation through a Stoler type transformation is
initiated functionalizing charge creating/annihilation processes.
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Abstract: The optimization of the pulsed laser deposition process was attempted here for the
generation of hydroxyapatite thin films. The deposition process was monitored with an ICCD
(Intensified Coupled Charged Device) fast gated camera and a high-resolution spectrometer. The global
dynamics of the laser produced plasma showed a self-structuring into three components with different
composition and kinetics. The optical emission spectroscopy revealed the formation of a stoichiometric
plasma and proved that the segregation in the kinetic energy of the plasma structure is also reflected
by the individual energies of the ejected particles. Atomic Force Microscopy was also implemented to
investigate the properties and the quality of the deposited film. The presence of micrometric clusters
was seen at a high laser fluence deposition with in-situ ICCD imaging. We developed a fractal model
based on Schrödinger type functionalities. The model can cover the distribution of the excited states
in the laser produced plasma. Moreover, we proved that SL(2R) invariance can facilitate plasma
substructures synchronization through a self-modulation in amplitude.

Keywords: pulsed laser deposition; plasma diagnostic; hydroxyapatite thin film; plasma structuring;
SL(2R) invariance

1. Introduction

In the past few years, hydroxyapatite has drawn significant interest in the research community
as well as the medical community for use in synthetic bones substitutes. Although hydroxyapatite
(HA) is already used as part of fillers for treating various bone defects, their application can be
restricted due to brittle fracturing of ceramic components [1]. Alternatively, due to their better
physico-chemical, mechanical, and biological properties, titanium alloy or even titanium are widely
used for load bearing applications such as bone plates, screws, and artificial joints. In literature there
are reported implementations of a vast range of deposition techniques with the aim to obtain high
quality hydroxyapatite coatings [2,3]. The stand out technique which gave the most promising results
was proven to be Pulsed Laser Deposition (PLD) [3]. PLD is a multivariable technique which can offer
the possibility of tailoring the composition, structure, and properties of the generated film simply by
adjusting some of its control parameters (laser pulse geometry, laser fluence, wavelength or repetition
frequency, target-substrate distance, substrate temperature, deposition time, etc.) [4]. The PLD
technique has been advanced as an alternative to other more established and classical methods, and
has an added advantage of enabling complete stoichiometric transfer from the target to the substrate.
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PLD technique also possesses the ability to form desired film thickness, morphology, and composition
by varying the deposition parameters. This method moreover offers a wide range of possibilities
in terms of the nature of the irradiated targets and physio-chemical and biological properties single
substrates for functional coatings. Some of the most outstanding results of hydroxyapatite (HA)
coatings were reported for HA coated Ti, which reduced the fixation period to 3–6 months [3]. Although
the advantages of PLD technique are well known, the tailoring of the technique can be time and
resource consuming. An alternative approach is envisioned to understand the fundamental kinetics of
the ejected particles and their influence over the properties of the thin films. This approach is based
on implementation of in situ plasma characterization techniques. The diagnostics techniques have a
proven record of showcasing various aspects of the laser produced plasmas with direct implications
for pulsed laser deposition technology [5].

In this paper, we report the in-situ investigations of a transient plasma generated on a
hydroxyapatite target during the pulsed laser deposition process. ICCD (Intensified Coupled Charged
Device) fast camera imaging and optical emission spectroscopy are implemented to showcase different
facets of the phenomena. The thin film deposited is investigated by using surface analysis techniques
and reveals the best deposition conditions. A fractal model is developed based on Schrodinger type
functionalities that can attest to various dynamics seen in HA laser produced plasma.

2. Experimental Set-Up

The experiments were performed using the installation presented in detail in reference [5]. Briefly,
plasma was generated by irradiation of the hydroxyapatite target with a pulse generated by an Nd:YAG
(10 ns, 10 Hz, 532 nm) laser, with an energy per pulse of 80 mJ and 40 mJ. The target used was a
disk-shaped (1 cm in diameter) HA sample and was placed on an XYZ precision displacement system
and constantly shifted during irradiation to provide new surfaces for each irradiation occurrence.
All the experiments were performed at a background pressure of 10−2 Torr.

The samples of HA deposited by using PLD with thicknesses of 500 nm (P1) and 1000 nm (P2)
were analyzed by using atomic force microscopy. The results were obtained on Park NX10 equipment.
Two flexion scanning systems for XY and Z axes, respectively, were used that were independent
for the sample and for the tip of the probe. These systems involved horizontal and orthogonal XY
scanning with a reduced residual arc, movement outside the plane with less than 1 nm over the
entire scan range, and the Z linearity deviation of the scanner being less than 0.015% over a full scan
range. During the analysis of the surface morphology, experiments were performed using the Pin On
module to determine the mechanical properties of the layers. The experiments were performed on
the following equipment: Scanning Electron Microscopy (SEM) and Atomic Force Microscopy (AFM)
for the analysis of the surface of the thin layers and Energy Dispersive X-Ray Spectroscopy (EDS)
for chemical determinations. AFM analyses on EasyScan 2 equipment used a non-contact cantilever.
Scans were performed on 12 and 50 μm squares, and the results were obtained in the forms of 2D
and 3D, while surface roughness parameters were also provided. The images show a smooth surface
with a roughness with nanometric values (around 1 nm), which in some areas show larger particles of
material (these are in the order of micrometers according to SEM analyses).

3. Fast ICCD Camera Measurements

To track the global evolutions of the transient plasmas produced by laser ablation on the
hydroxyapatite target, the technique of ICCD fast camera imaging was implemented. The role of
these investigations was to determine the structure, to study the dynamic collective behavior of the
ejected particles, and to understand the effect of the target on the global dynamics of the laser produced
plasmas. Figure 1 shows snapshots of the laser produced plasma on a hydroxyapatite target recorded
at various moments in time with respect to the laser-target impact moment. It can be observed that,
during expansion, the plasma increases its volume and the position of the area with high emissivity
(estimated as the center of mass) moves towards higher distances. In this work, the investigations
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were performed at low pressure and thus according to reference [6], this displacement was defined by
a linear function, which translates as an expansion with a constant velocity. The slope of this linear
representation defines the global expansion velocity of the plasma. With the increase of the background
gas pressure there are reports [7] that show significant changes in the plasma dynamics: increased
optical emission coupled with a confinement in the target region with an overall kinetic behavior being
described in this case by a “drag” type function [8].

Figure 1. ICCD fast gated camera snapshots of laser produced plasmas on hydroxyapatite samples
(gate width10 ns exposure and a laser fluence of 5 J/cm).

Figure 2 shows an image of the ablation plasma recorded after 350 ns from the interaction of
the laser pulse radiation with the target and a cross section on the main expansion axis (where the
separation in three structures is highlighted) and on a series of three axes parallel to the target surface
(where the symmetry of the plasma with respect to the transverse axis is highlighted). The important
feature highlighted by these images is the presence of a plasma separation process in three structures:
the first structure (fast structure), the second structure (slow structure), and the existence of a third
structure defined by small volume, high emission intensity, and low expansion velocity. The latter
structure is usually known in the literature to describe the excitation of heavier and more complex
objects ejected from the target such as clusters, molecules, or nanoparticles. This phenomenon was
also observed for metals [9] or graphite [10] plasmas and was found numerically in a hydrodynamic
fractal model [11]. Various reports from literature show that the observed structures move at constant
speeds of the order of 104 m/s for the first structure, 103 m/s for the second structure, and hundreds
of m/s for the thirds structure. Here, the experimental results show a good agreement between the
obtained values and other reported in the literature [5–10]. The generated plasma is characterized by a
global expansion speed of 4.5 km/s for the slow structure, 17 km/s for the fast structure, 300 m/s for the
cluster structure.

Let us note that although the exact values are in line with others reported in the literature, it is
worth underlining that these values need to be understood on a case to case scenario because the
expansion velocities values strongly depend on the experimental conditions, nature of the material,
and laser properties. Our group recently shown some dependencies between the expansion velocity
and the atomic mass [9]. We also reported on the particle energy distribution in laser produced plasmas
on complex targets [6,7] and on the heterogenic energy distribution in ablation plasmas.

The general assumption over the separation of laser produced plasmas into multiple components
is that it comes as an effect of the interactions between the plasma particles and those of the background
gas [10]. However, given the high vacuum conditions in which our experiments were performed,
the plasma separation process may be related to the different ejection mechanisms that are seen in
the case on nanosecond laser ablation. Thus, the fast structure is due to the presence of electrostatic
mechanisms, such as the Coulomb explosion [9], while the slow structure is due to the presence of
thermal mechanisms (such as phase explosions [12]). The results also show the presence of a third
component of the plasma (identified in Figure 2 through zone 1). This is present in the vicinity of the
target and has expansion speeds of 300 m/s. Figure 2 shows that the structure has a small angular
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distribution, compared to the classical structures, and is defined by a strong emission. These properties
are characteristic, according to the results of the specific literature [13,14], and involve the dynamics of
nanoparticle clusters or molecules that can be found in plasma in the Knudsen layer region.

Figure 2. The image of a hydroxyapatite plasma recorded with the fast-gated camera after 300 ns and
the corresponding cross sections.

4. Optical Emission Spectroscopy

The recording of the global emission by fast photography only gives a preliminary image of the
dynamics of the plasma, and is not able to highlight the individual contributions of each species present
in the plasma. For the purpose of separating these contributions, a temporal and spatially resolved
spectral study was performed using the optical emission spectroscopy technique. In order to have
an overview of the species present in the plasma, a global spectrum was recorded (using a relatively
high integration time of ~1 μs). The results are shown in Figure 3. Based on the recorded spectra, the
nature of the species present in the plasma can be identified using the authorized databases [15]. In the
spectra, we have identified characteristic lines for the atoms and ions of the Ca species. The abundance
of lines per each species is not stoichiometric, with the main lines corresponding to the Ca species.
This is due to the difference in mass between Ca, O, and P, coupled with strong differences in collision
frequency and discrepancies in the energetic levels of each ablated species [13]. This type of experiment
manages to highlight very well the complex nature of hydroxyapatite, as shown in Figure 3. In this
figure, it can be observed that the global emission spectrum has predominantly characteristic lines Ca,
for which we have found correspondences for both atoms and ions.
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Figure 3. Global emission spectrum, acquired with a gate width of 1 μs at 50 ns across the main
expansion axis.

To determine the excitation temperature of the species present in the plasma, we used the
Boltzmann method [11,13]. In Figure 4 it can be seen that the representations for atoms and ions are
described by linear decreases over a wide range of energies, which can be attributed to the energetic
levels excited in the plasma. The presence of this type of dependence indicates the existence of a local
thermodynamic equilibrium. Moreover, we opted to represent the ionic and atomic species separately
in order to observe any heterogeneity in the energy of the ejected species. By analyzing the optical
emission spectra and implementing the aforementioned Boltzmann plot method, we determined the
excitation temperatures for Ca I (~0.3 eV), Ca II (~1.58 eV). Recent studies published by our group
relating to laser ablation of metals show an inverse proportionality relationship between the global
values of the excitation temperatures and the atomic mass of the elements [9]. Of course, one can
comment on the validity of the global value of the excitation temperature in the context of the fast
variation of plasma parameters. In literature [6,7,10] it was reported that the space time evolution of
the temperature is defined by an increase for small distance and short evolution times followed by a
decrease of the excitation temperatures specific to atoms and ions as the plasma expands. This behavior
faithfully follows the global emission distribution of plasmas. An important aspect highlighted by our
study is the differences found between the excitation temperatures of the atoms and ions in the same
plasma. This result can be regarded as an effect of the differential heating by the ns laser pulse.
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Figure 4. Boltzmann representation for Ca atoms (a) and ions (b) in HA-plasma. (where λ is the
transition wavelength, Aki is he Einstein coefficient of the k-i transition, gk the statistical weight of the
upper level).

In order to be able to differentiate between the individual contributions of each species, the
space-time evolution of the emission lines characteristic to the plasma atoms and ions was followed.
The results of these studies are shown in Figure 5, where the characteristic signals are shown for Ca
I (396.15 nm) and Ca II (546 nm). The first emission spectral lines detected after the laser pulse are
those of the ions (sign of a high expansion velocity). These are followed by the lines corresponding to
the atoms. Such an analysis allows the investigation and separation of the dynamics of the ejected
particles after determining their expansion velocity.

 
Figure 5. The comparative spatial-temporal evolution of the emission lines corresponding to Ca I atoms
(396.15 nm)—(a) and Ca II ions (546 nm)—(b).

At the same time, we can see that the spatial profiles are structured into two main groups: a fast
one, represented by the spectral lines of the ions, and a slower one, due mainly to the contribution
of the neutrals. Such behavior may be related to the temporal evolution of the plasma recorded by
fast photography with the ICCD camera. The velocity analysis of these groups confirms that the first
structure observed by fast photography consists mainly of ionic species, while the second structure
consists of neutral atoms.

In order to determine the expansion velocity of the individual species and then to compare
with the global speeds presented above, the spatial evolutions of the intensities of the respective
species were represented at different time points (Figure 6). It is observed that the emission maximum
undergoes a displacement to greater distances with the evolution of the plasma. By representing
this spatial-temporal variation and fitting with a linear function (Figure 6b), the expansion velocities
of atoms (Ca I—8.7 km/s) and ions (Ca II—16.3 km/s) were determined. The evolution of plasma
species velocities highlights a link between the degree of ionization and the expansion velocity. This
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dependence specifies the influence of the fundamental particle ejection mechanisms. In general, atomic
species are removed by thermal mechanisms that impose an inverse proportional time link between the
velocity and the square root of the atomic mass. Plasma ions do not have the same type of dependence,
most of them being removed by electrostatic mechanisms, which can account for the difference in
expansion velocity between the two species.

 
Figure 6. The comparative spatial distribution of Ca atoms and ions recorded after 50 ns (a) and the
dependence of the maximum emission in space-time for the two species (b).

The heterogeneity of the ablated ions and atoms could seen from an energetic perspective, with
significant kinetic and thermal energies recorded for the Ca atoms and ions coupled with the structuring
in three plasma structure with distinct inner composition. All these factors would effectively affect
both the quality and the stoichiometry of the HA film. In the following section (Sections 5 and 6), we
tested this statement by employing surface analysis techniques to characterize the films generated in
the conditions discussed in the Sections 3 and 4.

5. Surface Investigations of Hydroxyapatite Thin Films

Figure 7 shows the results obtained by scanning the surfaces of the two samples: P1 (500 nm) and
P2 (1000 nm). Sample P1 was obtained by depositing with a fluency of 2.5 J/cm2, and sample P2 with a
fluency of 5 J/cm2, for 10 min. 2D micrographs were made on a surface of 50 × 50 μm2, see Figure 7a
for sample P1 and Figure 7c for sample P2. In both scans, a fine surface of the realized layer is observed
in a zone covered by droplets of material, with a higher density of drops in the case of sample P2.

The 2D images (Figure 7b,d) show the state of the surface of the thin layer and the distribution of
the larger particles of distant material on the surface of the thin layer. From what is observed, sample
P2 shows more droplets of material on the surface with larger dimensions and a higher roughness
(and a value of 30 nm) [16]. These finding are in line with the ICCD fast camera imaging results, where
we noticed the presence of a third plasma structure containing clusters and nanoparticles. Even after
reducing the fluence, we still noticed a small density of clusters on the films, meaning that the lower
density of the sample induces naturally clusters in the laser produced plasmas.

SEM analyses (Figure 8) were performed by using SEM VegaTescan LMH II equipment, as well as
a secondary electron (SE) detector and a 30-kV electron cannon supply voltage. The thin films were
analyzed in high vacuum using a layered support on carbon-band glass support. In the images, the
formation of a layer with a good structural homogeneity and with the appearance of larger particles of
material can be observed [17].
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Figure 7. AFM images of HA thin layers deposited by PLD (a,b) for the sample surface P1 and (c,d) for
the sample surface P2.

 
(a) (b) 

Figure 8. SEM images of the surface of surface layers of HA deposited by PLD for sample P1 (a) and
for sample P2 (b).

For sample P2, the droplets of material, generally round in shape, show dimensions from 100 nm
to 3 μm. On an area of 200 μm2, an average number of 35 particles, of which only one had a diameter
greater than 2 μm, was identified. On sample P1, there were much less particles on the homogeneous
surface of the layer, with dimensions also between 100 nm and 2 μm.

EDS analyses were performed on Bruker equipment using the Element List analysis mode.
The analysis mainly followed the evolution of the Ca: P ratio obtained on the thin layer compared to
the HA target used in the ablation process, with the value of 1.67 [3]. The elements identified on the
HA layers, were O, Ca, and P. Table 1 shows the results of the chemical analysis on the two thin films
of HA obtained by laser ablation. The results were obtained by mediating 10 chemical compositions
taken from 10 different surfaces. Due to the very small dimensions of the layers obtained (<1 μm), the
main element obtained is the oxygen that is also part of the target compound HA. The ratios obtained
between Ca and P are very good compared to the ratio between them in the HA target. We can thus say
that, for a bio-compatible material such as HA, the stoichiometric transfer takes place at low fluences
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(<2.5 J/cm2), a result confirmed by similar values found in the literature [18]. For high fluency, as
mentioned above, the layer has high roughness and has nano- and micro-metric structures. In the case
of the higher fluency, a deviation from the target stoichiometry is observed. Based on this in order
to obtain stoichiometric transfer on the deposition of thin layers of HA through laser ablation, it is
desirable to use a relatively small fluence.

Table 1. Composition of the component elements of the HA thin layers obtained by laser ablation, for
P1 and P2.

Sample
O Ca P

Ratio Ca:P
wt.% at% wt.% at% wt.% at%

P1 97.87 98.87 1.32 0.71 0.78 0.42 1.69
P2 97.29 98.56 1.73 0.92 0.98 0.52 1.77

EDS error (%) 1.5 0.2 0.1

6. Mechanical Properties of Thin Layers

6.1. Analysis of the 500 nm HA Layer (P1)

Analysis of the morphology of the deposited layer showed that it is composed of a basic
homogeneous layer, but also has some larger formations of materials such as hydroxyapatite (which
helps to anchor the layer in contact with the biological material). The formations have heights of up to
100 nm and the deposited layer has surface fluctuations of up to 20 nm.

The mechanical properties (adhesion [nN], deformability [nm], and modulus of elasticity [GPa])
are shown in Figure 9 on the selected surface. The homogeneity of the distribution of adhesion
and of the modulus of elasticity shows that a layer with good properties and characteristics close to
those of the massive material was obtained. Hydroxyapatite is a ceramic material whose plasticity is
recognized [16,19], but in the form of a thin layer, it can borrow from the characteristics of the substrate.

Figure 9. Analysis of the mechanical properties of the 500 nm HA layer (P1).
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6.2. Analysis of the 1000 nm HA Layer (P2)

In the case of the larger 1000 nm layer, here we can find a number of larger HA particles. These
can be considered as a separate material because they have different dimensions from the base layer.
In height they do not exceed 150 nanometers but are large enough (1–2 μm in diameter) to influence
the characteristics of the base layer.

Figure 10 shows an analysis of the mechanical properties of the HA layer (1000 nm). The particles
of material increased, rising from 200 nm in height. The adhesion force increased compared to the
500 nm layer shown in Figure 10, reaching values of 40 nN. The drops of HA material do not have an
additional adhesive force because they are less attached to the substrate.

Figure 10. Analysis of the mechanical properties of the 1000 nm HA layer (P2).

The drops of material that were formed after the base layer had a lower modulus of elasticity (see
Figure 10) compared to the base layer, which led to a differentiation of the properties of the ceramic
material. The susceptibility to deformation was higher for the droplet material and at higher values for
the material with a thickness of 1000 nm, compared to materials with a thickness of 500 nm.

7. Theoretical Model

The merit for the use of a complex theoretical model that can cover a wide range of behavior of
transient plasmas has been shown by our group in the past few years in a series of papers that cover:
dissipative or dispersive phenomena, particle heterogeneity in laser produced plasma on metallic
alloys, oscillatory behavior of charged particles, plasma self-structuring, and stoichiometry issues
during the pulsed laser deposition process. The fractal paradigm was proven to be a proper media for
the development viable theoretical models used to describe laser produced plasmas complex dynamics.
In the following section (Section 7), we focus on studying the dynamics of the laser ablation plasma in
a nondifferentiable regime of the Schrodinger type at various resolution scales.

Let us first consider the movement equation (geodesics equation) of the ablation plasma structural
units [20]:

dV̂l

dt
= ∂tV̂l + V̂l∂lV̂i − ň(dt)(

2
DF

)−1
∂l∂

lV̂i (1)
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where

∂t =
∂
∂t

, ∂l =
∂

∂xl
, ∂l∂l =

∂

∂xl
∂

∂xl
(2)

V̂i = Vi − iUi, i =
√−1. (3)

In relations (1)–(3), xl is the fractal spatial coordinate, t is the nonfractal temporal coordinate
with the role of an affine parameter of the movement curve, V̂i is the complex velocity, Vi is the scale
resolution independent real part of V̂i, Ul is the scale resolution (dt) dependent imaginary part of V̂i,
ň is the “diffusion coefficient” associated with the fractal nonfractal transition, and DF is the movement
curve fractal dimension. For DF we can choose any accepted definition: the Kolmogorov definition,
the Haussdorff-Besikovici definition, etc. [21]. However once one definition is accepted, it has to
be constant.

Let us consider that the particle ejection as a result of the laser-target interaction is defined through
an irrotational movement of the ablation plasma structural units. Then:

V̂i = −2iň(dt)(2/DF)
−1
∂i lnΨ (4)

where Ψ is the fractal state function, while lnΨ is the scalar potential of the complex velocity field.
In these conditions by substituting (3) in (1) and following the procedure from [20], we obtain the
Schrödinger equation of fractal type (free of any constraints):

ň2(dt)(
4

DF
)−2
∂l∂lΨ + iň(dt)(

2
DF

)−1
∂tΨ = 0. (5)

In the case of external constraints given by the scalar potential U, the Schrödinger equation of
fractal type becomes:

ň2(dt)(
4

DF
)−2
∂l∂lΨ + iň(dt)(

2
DF

)−1
∂tΨ − U

2
Ψ = 0. (6)

If we consider a simplified version of this approach by considering the stationary one-dimensional
case (i.e., for Ψ (x, t)→ χ(x) through the method from reference [20]), restricted by a potential barrier
represented in Figure 11, we can find:

∂2χ

∂x2 +
(V0 − E)

2m0ň2(dt)(4/DF)−2
χ (7)

where χ = χ(x) is the fractal stationary state function, E0 is the fractal energy of the ablation plasma
structural unit [22] and the m0 is the rest mass of the same structural unit.

Figure 11. External scalar potential for the fractal type tunneling effect.
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The potential barrier in this case will differentiate between two possible states of the ejected
particles in during the expansion (emissive and non-emissive). In this way, we will be able to
discriminate between the particles that are recorded using the investigation techniques discussed in the
previous sections (Sections 3 and 4) and those who are not measured explicitly. In such a context, by
implementing the method from reference [23], we can find the two coefficients that can be associated
with the optical emission process, one describing the excited states of a family of structural units
described by the same fractalization degree (I), while the second coefficient defines a different family
of states describing the non-excited states of the plasma (N):

N =

(
X2 + Y2

)2

(Y2 −X2)2 + 4Y2X2coth2(Y)
(8)

I =
4X2Y2

4X2Y2 + (X2 + Y2)2sinh2(Y)
(9)

with

X =

⎡⎢⎢⎢⎢⎣ E

2m0ň2(dt)(4/DF)−2

⎤⎥⎥⎥⎥⎦
1/2

a (10)

Y =

⎡⎢⎢⎢⎢⎣ V0 − E

2m0ň2(dt)(4/DF)−2

⎤⎥⎥⎥⎥⎦
1/2

a. (11)

In Figure 12 we have represented the evolution of the I coefficient for different X-Y fractal
coordinates. The Y parameters were used to specify the fractalization of the simulated structural units.
We noticed that for various values of the Y (fractalization values attributed to different species in
the laser produced plasma), distribution maxima were shifted to higher values of X. This particular
behavior was showcased through ICCD fast camera imaging where we saw the global emission spatial
distribution presenting multiple maxima characterizing different plasma structures (Figure 2) which
were rich in one specific type of particle species (fast structure-ions, slow structure-atoms, last structure-
clusters). Each structure, containing different particles, in the fractal paradigm will automatically be
defined by a different fractalization degree.

Figure 12. Modeling of the distribution of the excited states species of the laser produced plasma in the
framework of a fractal paradigm.
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Therefore, in order to accurately describe the plasma expansion in this representation, we need
to account for the functionality of the scale superposition principle. This means that the dynamics
of any complex system (here—laser produced plasmas) at a global scale resolution can be identified
with the cumulative action of the dynamics at various local scale resolutions. In such a context,
we considered the spectral emission representation (I) in a fractal representation for various scale
resolutions and fractalization degrees (Figure 13). As a result, we could reconstruct the global
distribution by convoluting the three distributions. The cumulative action also implied the interaction
between the plasma substructures. Since Equation (7) is invariant with respect to the SL(2R) group [24],
the interactions between the plasma substructures (Coulomb substructure, Thermal substructure,
and Cluster substructure) were mathematically defined through the Stoka type procedure [25,26].
These procedures specify synchronizations amongst the structure though self-modulation in amplitude
according to the results from reference [27]. These phenomena imply Stoler type transformations
from a mathematical point of view [28]. These transformations [27,28] led to synchronization
between the substructures of the laser ablation plasmas being achieved through charge creation and
annihilation mechanisms.

 
Figure 13. Selection of laser produced plasma entities spectral emission based on various
fractalization degrees.

8. Conclusions

The process of deposition of thin films by laser ablation of hydroxyapatite was studied. Two
complementary techniques were implemented: fast camera photography, and both spatially and
temporally resolved emission spectroscopy. The fast camera photography allowed the identification of
the plasma structures expanding with different velocities and having different geometries. Optical
emission spectroscopy allowed the determination of the excitation temperatures of each component of
the plasma (Ca, P, and O) and revealed a heterogeneity in the distribution of the internal energy of the
plasma. Spatial-temporal evolution of the emission of Ca atoms and ions was also tracked and the
expansion velocities of each species were determined.

Two thin layers were deposited under low and high fluency conditions. Complementary surface
investigation techniques (SEM, AFM, and EDX) were implemented in order to find the right route for
obtaining a thin film with complete stoichiometric transfer. For the high fluency, films with nano- and
micrometric-sized structures and a small deviation from the stoichiometry due to these structures were
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obtained. Therefore the optimum conditions for smoother stoichiometric films were found to be at a
fluence of 2.5 J/cm2. We developed a fractal model based on Schrödinger type functionalities. The model
can cover the distribution of the excited states in the laser produced plasma. Moreover, we proved that
SL(2R) invariance can enable plasma substructure synchronization through self-modulation.
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Abstract: The properties of pulsed laser deposited of Ni60Ti40 shape memory thin films generated in
various deposition conditions were investigated. In-situ plasma monitoring was implemented by
means of space- and time-resolved optical emission spectroscopy, and ICCD fast camera imaging.
Structural and chemical analyses were performed on the thin films using SEM, AFM, EDS, and
XRD equipment. The deposition parameters influence on the chemical composition of the thin films
was investigated. The peeled layer presented on DSC a solid-state transformation in a different
transformation domain compared to the target properties. A fractal model was used to describe
the dynamics of laser produced plasma through various non-differentiable functionalities. Through
hydrodynamic type regimes, space-time homographic transformations were correlated with the global
dynamics of the ablation plasmas. Spatial simultaneity of homographic transformation through a
special SL(2R) invariance implies the description of plasma dynamics through Riccati type equations,
establishing correlations with the optical emission spectroscopy measurements.

Keywords: nitinol; pulsed laser deposition; in situ plasma monitoring; thin films; fractal modelling;
SL(2R) invariance; homographic transformations; Riccati equation

1. Introduction

Due to the demand of applications in the field of engineering, the new materials are kept
in a developing state in order to improve their performance, but also for creating new functions.
Among these, there is a group of materials that are able to respond to a special stimulus through the
alteration of the encircling physical and chemical features. These stimuli include the temperature
(thermo-receptive materials), tension or pressure (mechanical-receptive materials), current or electrical
tension (electro-receptive materials), magnetic field (magneto-receptive materials), change of the pH,
of the solvent, or humidity (chemical-receptive materials) and light (photo-sensitive materials) [1–3].

Such a special class of materials are the shape memory alloys (SMA) that possess a range of
desired properties, especially a high mechanical capacity in comparison with their weight, through
which is developed the ability of recovery, a deformation produced by a massive transformation and a
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deformation due to heating and cooling, pseudo-elasticity (super elasticity), high capacity of damping,
high chemical corrosion resistance, and bio-compatibility (in the case of alloys based on Ti and Fe) [4–6].

In the past few years shape memory alloy thin films were proven promising with high performance
in the field of applications of micro-electric mechanical systems (M.E.M.S) because they can be
implemented through standard techniques of lithography or depositing, fabricated at an industrial
scale [7]. The thin layers of shape memory alloys need only a small amount of thermic capacity to
heat or cool, which is why the answer time is substantially reduced and the working speed increases
considerably. The effective power capacity on a volume corresponding to a layer obtained from an alloy
with shape memory exceeds the one of the classic mechanisms proposed for micro-activation [8–10].
The transformation process of a bulk alloy with shape memory in thin film is accompanied by numerous
important changes at the level of the mechanical, physical, chemical, electric, and optical properties
such as the load resistance, elastic module, hardness, and attenuation capacity, regaining the initial
form, electric resistivity, thermic conductivity, thermic expansion coefficient, surface rugosity, vapors
permeability, and the dielectric constant, etc.

This transformation can be used in designing and fabricating micro-sensors and micro-actuators.
However, due to the lack of a complete understanding of the AMF layers, combined with the difficulty
of controlling the depositing parameters, these films have not benefitted of too much attention in the
MEMS technology of production, in comparison to other technologies of obtaining the micro-actuators.
Thin films based on Ni-Ti are the most SMA used materials under thin film form, and they are obtained
through the atomization method. There are also depositing methods: laser ablation, depositing
with ions fascicle, plating with jet of ion plasma, the plasma atomization and the blitz evaporation,
but with certain inherent problems such as the lack of uniformity of the layer thickness and the
composition’s lack of uniformity, low coating speed, or low handling and incompatibility with the
process performed by MEMS, etc. The depositing processes through laser ablation surpass the majority
of these problems [11–14]. The transformation temperatures, behavior of shape memory, and the
super-elasticity of the pulverized layers of Ni-Ti are sensitive at the most metallurgical factors (the
alloy composition, contamination, thermic-mechanical treatments of re-annealing and ageing), at the
atomization conditions (co-atomization with multi-aims, the target, the gas pressure, the distance
from the target to the sub-layer, the depositing temperature, obliquity sub-layer, etc.), as well as to
the application conditions (loading conditions, temperature of the environment, heat dissipation,
heating/cooling speed, mechanical loading speed) [15,16]. The shape memory effect involves the
crystallographic transformation thermo-elastic with reversible stage or the martensitic transformation
from the initial stage of high temperature to that final stage of low temperature [17–22]. Generally
speaking, there are 2 types of martensitic transformation, one with a single stage A→M and the other
with 2 stages A→R→M, where A is the austenitic phase of high temperature, R is the rhombohedral
intermediary phase, and M is the martensitic phase of low temperature. The experimental results
presented an in-depth presentation of the efficiency of the pulsed laser deposition process towards
obtaining shame memory alloy thin films and the effect of the deposition conditions on the properties
of the thin film.

In this paper we report the experimental results on the deposition of thin films with special
properties using Nitinol targets (shape memory alloy). Also, there are followed aspects about with
the target behavior, and the transmitted plasma during the depositing and created thin layers. A
fractal model used to describe the dynamics of laser produced plasma through various functionalities
of non-differentiable type was established. Hydrodynamic type regimes by means of space time
homographic transformations were corelated with the global dynamics of the ablation plasmas. In
such a context, spatial simultaneity of homographic transformation through a special SL(2R) invariance
implies the description of plasma dynamics through Riccati type equations can be used to describe the
dynamics of ablation plasma seen through the optical emission spectroscopy measurements.
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2. Experimental Set-Up

The properties of the thin films and the plasma investigation were performed using an Nd: YAG
laser (λ = 266, 355 or 532 nm, pulse width 5 ns) working at a 10 Hz repetition rate. The laser beam
was focused with lens with a focal distance f = 35 cm, on a target NiTi placed in a vacuum chamber
(p = 10−2 Torr). The NiTi alloy (nitinol60) was acquired from the firm Saes Getters [17], in softened
state. The estimated diameter in the impact point was almost 400 μm. The energy laser fascicle was
monitored continuously using a joule meter Ophir. The energy used usually was of 30 mJ/impulse,
that leads to a typical intensity of the laser of 6 GW/cm2.

The target of shape memory alloy is moved in the XY plan with a micrometer manipulator in
order to expose a new area towards the laser fascicle (to obtain a uniform ablation, the target was
rotated and translated simultaneously). The formation and dynamics of plume were studied with an
intensified camera ICCD (PI MAX, 576_384, with minimum gate of 2 ns) placed perpendicularly on the
direction of expansion of plasma, Figure 1a.

The spectral composition of plasma formed in the ablation process depends on the chemical
composition of the sample, which was analyzed with a high resolution spectrometer. This technique
reaches a high potential of using as analysis method in real time of the chemical elements.

In the case of analysis of the metallic ablated materials it was used an identification of the base
spectral lines through the analogy with those identified in the NIST library [18]. The spatial–temporal
dynamics of the transitory plasmas generated through laser ablation of high fluency with pulses
at nanoseconds was analyzed using optical methods (optical emission spectroscopy and ICCD fast
camera imaging), the analysis figure being presented in Figure 1b.

 

(a) (b) 

Figure 1. (a) Experimental deposition and analyze system and (b) time-distance analyze of the
metallic plume.

Throughout the experiment, the substrate was maintained in a fixed position at room temperature.
The target was fitted on a support of 45◦ that would direct the plasma of metallic ablated material
towards the substrate. There were deposited a series of thin films from targets of Nitinol at two different
distances between target and substrate (2 and 4 cm) using energies of laser of 40, 80, 100 mJ and two
different deposition times (45 and 90 min). Given the substantial set of different deposition conditions
attempted, a total of 30 samples were generated. In-situ plasma investigation was also implemented
by means of both global and space- and time-resolved optical emission spectroscopy analyses. The
global investigations focused on recording the overall emission of the plasma to analyze the overall
dynamics of the ablated particle cloud while local investigations were performed by means of optical
emission spectroscopy where the kinetics and thermal energy of individual species was investigated.

Usually there are two routes to achieve a shape memory crystallin thin films: one using a heated
substrate and a second with post annealing heat treatment. Because the films deposited at high
substrate temperatures (400–600 ◦C) are crystalline, they do not require any post-annealing treatments.
However, initial tests have revealed that the heated substrate route was not resulting in high quality
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films, as the thin films became unstable at high temperatures and the growth of the thin film was
accompanied by the formation of precipitates due to interfacial chemical reactions; also, these layers
were more susceptible to cracking. Due to these reasons, in this case we chose to do a post deposition
heat treatment of annealing by heating the layers to 800 ◦C in Ar atmosphere and cool them in air in
order to crystalize the thin film structure.

The behavior of the shape memory materials that present transformations in a solid state was
investigated in initial form and also of thin layer form through differential calorimetry on equipment
DSC Maya 200 with a heating speed of 10 K/min in the atmosphere of Argon. The chemical analysis
of the thin layers was performed through EDS analysis (detector Bruker: energy resolution up to
100 kcps count rate, use a self-calibrating P/B-ZAF analysis, minimum 90 nm diameter spot for analyze)
and XRD (X’Pert Pro MRD, Scan-Continous, Start Angle: 20, End Angle: 120, Step size: 0.0131303,
Time per step: 61.20, Scan speed: 0.05471, Number of steps: 7616, 45 KV, 40 mA, Anode X-ray Tube:
Cu, 20:20–90) and the surface was analyzed through electron microscopy (SEM VegaTescan LMH II,
work in a high vacuum of approximately 1 × 10−2 Pa, electron gun work 1–30 kV, 100,000×, 15.5 mm
WD, SE detector and program VegaTC) and through atomic force microscopy (Nanosurf EasyScan 2
equipment, maximum Scan range: 110 μm, maximum Z-range: 22 μm, drive resolution Z: 0.34 nm,
drive resolution XY 1.7 nm, XY-Linearity Mean Error: <0.6%, Z measurement noise level (RMS, Static
Mode) 0.4 nm (max. 0.55 nm)).

3. Experimental Results

3.1. The Analysis of the Nitinol Target after the Ablation Process

The state of the surface of shape memory material that is used as a target in the process of
depositing through laser ablation is presented in Figure 2 with the highlight of the traces left by the
laser fascicle in Figure 2a and the thermic affected area in Figure 2b.

  
(a) (b) 

Figure 2. The state of the alloy surface NiTi after the laser exposure (a) perspective, (b) detail of area of
ablated material.

We can observe an area of approximately 200 μm around the traces left by the laser, thermally
affected by the laser action constituted from welded compounds of circa 1–3 μm. The action of laser
in the contact area is characterized by a release of material on a surface of 314 μm2 for a diameter of
20 μm as we can observe in Figure 2a. The surface affected by the laser beam was chemically analyzed
on an area of 0.4 mm2 by 10 t and the average of the values of identified chemical elements was of Ni:
47% wt., Ti: 41.5% wt. s, i O:11.5. The apparition of a high percentage of oxygen can be observed, a
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fact that signals a pronounced oxidation of the surface after the laser exposure with a decrease of the
content of Ni that transformed at the surface in oxides. Another important aspect worth noting here is
the fact that the heat affected area is large and there is a lot of redeposited material on the edges of the
ablation crater. The presence of huge droplets on the targets is also a signature of the dominant effect
induced by thermal ablation mechanisms, as opposed to the electrostatic ones. This is especially the
case of explosive boiling, during which the ejection of large parts of materials can occur. This could
translate into a high density of clusters or nanoparticles on the deposited films.

3.2. In-Situ Plasma Monitoring during Pulsed Laser Deposition of NiTi by Means of OES and ICCD Fast
Camera Imaging

The central idea behind in-situ plasma monitoring during pulsed laser deposition of thin films is
to potentially asses the quality and properties of the desired films by understanding the fundamentals
of the deposition process. In order to obtain this, we performed in-depth characterization of irradiated
target, resulted transient plasma and the thin films. One of the general accepted technique for in-situ
plasma monitoring is optical emissions spectroscopy due to its non-perturbative nature. This approach
is usually completed by ICCD fast camera imaging. Therefore, in order to understand the structure
and the dynamics of the laser produced plasma, we employed a global to local approach. Global
investigations involved ICCD fast camera imaging and the local ones the space and time resolved
optical spectroscopy with the focus being on individual excited states seen in the ablation plasma.

The general dynamics of plasma (plume) resulted after the interaction between the laser fascicle
and the target from Nitinol was analyzed through ICCD imaging of the laser produced plasma, with a
gate width of 30 ns, for different moments of time. In Figure 3 there are presented some snapshots
from the expansion of plasma in the precinct at different periods of time (from 25 to 1000 ns) after the
impact between the laser fascicle and the target.

 

Figure 3. ICCD images of laser produced plasmas on NiTi shape memory target.

Starting with the first image where the plume was recorded at 200 ns after the interaction moment
between the laser beam and the NiTi target (seen as Δt = 0), that the laser produced plasma has a
quasi-spherical shape that increases in volume as it expands. At later moments, we noticed a split of the
ablated cloud into three distinct structures (Figure 4). This separation is justified by the constituents of
plume. The process was observed also in other studies [23,24] and can be attributed to a heterogeneity
in the velocity of the ejected particles based on their nature and the ejection mechanisms involved.

The first structure, also known as the fast structure, is generated by electrostatic mechanisms
(Coulomb explosion) and describes high energetic particles (mainly ions in various ionization states);
the second structure is generated by thermal mechanism and usually describes a strongly atomized
structure moving with a lower velocity, and the third structure, which is also of thermal nature and
contains a heavier, more complex structure with a considerably lower expansion velocity [25]. In order
to characterize the behavior of plume we estimated the velocities per each species by plotting the
displacement of the maximum emission area in space and time. The values found were 1.6 km/s for
the third structure, 2.8 km/s for the second one, and for the first one 5 km/s. The obtained value for the
third structure is relatively high, meaning the ejected clusters have relatively high energy and there is
a strong possibility of a high density of clusters on the deposited films. On the other hand the fast
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structure have a lower velocity in comparison to other reports from the literature, a sign that the forces
driving the Coulomb explosion ejection mechanism are secondary to the thermal ones.

  

Figure 4. ICCD image of a laser produced plasma on NiTi recorded after 700 ns (a) and the cross section
on the main expansion axis of the plume (b).

For the analysis of the contributions of the metallic species, which can be found in the plasma
obtained from the NiTi target, a spectroscopic study was performed focusing on their evolution in
space and time. The first global spectra of plasma for an area of 0.2 mm2 from the plasma at a distance
of 5 mm to the target surface was recorded in the 300–510 nm spectral range. In Figure 5 an example of
spectra emitted for the NiTi sample is presented. Using appropriate databases [18] we identified all
the emission lines observed empirically. We noticed both atomic and ionic Ti lines, and only atomic
species of Ni. The abundance of Ti with respect to the Ni lines seen in the spectra can be explained by
the lower evaporation heat and lower melting point of Ti coupled with an atomic radius almost three
times higher than the Ni one. A higher atomic radius will translate into a higher collision cross-section
of Ti, which in term could lead to the showcase of more excited states.

 

Figure 5. Global spectra for the TiNi laser produced plasma recorded with a gate width of 2 μs.

By performing space and time resolved optical emission spectroscopy and following the emission
lines for the Ti and Ni atoms, we can determine according to the algorithm presented in [14] the
expansion velocity of each species. We obtained for the Ni atom a velocity of 2.7 km/s, while for the Ti
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atoms a velocity of 5.7 km/s. We noticed that these velocities are close to the ones obtained by ICCD
fast camera imaging. Thus, we can conclude that the splitting of the plume, in this case, is based on the
nature of its components, as opposed to the mechanisms involved in the ablation process [14]. This
is in good agreement with the high thermal effected area on the sample and with the mostly atomic
emission lines observed, meaning that thermal mechanisms are dominant. With a dominant thermal
ejection scenario, the composing particles of the ablated cloud will be separated on the basis of the
individual thermal properties. This will result in a fast structure containing mainly Ti species, and a
second structure mainly containing Ni species.

We further used the well-known Boltzmann plot method [14] to determine the individual excitation
temperature of the two atomic species (Ni I and Ti I). For Ti I species we found an excitation temperature
of 6500 K, while for Ni we found a relatively lower value of 7200 K, values determined at a distance of
0.5 mm from the target. This difference is in line with the differences in the thermal properties of the
two components.

3.3. The Analysis of the Thin Layers Obtained through Laser Ablation from Targets with Shape Memory (NiTi)

The accurate control of the ratio Ni/Ti in the Ni-Ti films has an essential importance. The problems
that may occur as seen through the plasma monitoring techniques is the differential evaporation of the
two components from the target, coupled with the large scale non-uniformity of the PLD generated
films, as well as structural changes to the target during the deposition process. In order to prevent
these drawbacks, we implemented a combinatorial approach with the use of the NiTi target and
simultaneously of a Ti sample to compensate the depleted Ti concentration from the films.

The resulted thin films were investigated by means of EDX technique. Selective spectra from the
target and the thin films are presented in Figure 6. We observed a few peaks corresponding to the Ti
and Ni species in the target and we have seen their corresponding peaks in the films with a reduced
intensity. Due to this correspondence of the peaks, we can conclude that from a qualitative point of
view, the stoichiometry of the ablated material is transferred to the substrate.

  

Figure 6. The spectra of energies realized on the EDS detector. (a) thin layer from NiTi and (b) target
of Ni-Ti.
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In order to determine the optimal conditions of depositing, but also to study the influence of
the distance between the target and substrate on the properties of the films, we performed the study
depicted in Figure 6. With this aim, areas of 0.4 mm2 were analyzed from two samples obtained in
different experimental conditions. The results obtained (in m/weight and atomic percentages) are
presented in Table 1. The analyses were realized on a surface of approximately 1 mm2 (Figure 7), which
can contain various concentrations of clusters on their surfaces.

 

Figure 7. SEM image of the investigated thin surface and the zonal spread on which there were realized
chemical analyses.

In Figure 7 it is specified the propagation direction of the material plasma from the target placed
parallel with the sub layer of Si. The chemical analysis 1, 4, and 7 were selected on larger surfaces to
determine the influence of the particle distribution within the plasma plume on the formation and
development of the thin film. In the table is placed the chemical composition of target (Ni40Ti) used in
the pulsed laser deposition process as reference value. We observed an area where we could achieve
quasi-complete stoichiometric transfer in areas 4–6, situated in the center of the thin film, meaning
that in the center of the plume keep the stoichiometry of the target while in the wider regions of the
plasma some depletion of the Ti can occur. This result is in good agreement with those presented
in [14] where it was shown that lighter elements are distribution mainly on the outer range of the
plasma, as opposed to the heavier ones which are centered around the main expansion axis.
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The standard variation of the Ni and Ti elements, from the base material (target), were determined:
Ni: ±0.2 and Ti: ±0.1. In the case of TiNi thin film (sample a) positioned at a distance of 40 mm to
the NiTi target, it was observed good stoichiometric transfer is achieved for almost all areas, most of
them in the same experimental conditions in which sample B (20 mm) was also produced. The average
atomic variation was in this case much lower than in the majority of the performed experiments,
indicating a stoichiometric transfer according to the requirements of obtaining thin films with shape
memory and with a percentage value higher than the data reported in the field of growing thin films
through other methods such as thermic atomization.

In order to investigate the NiTi films formed on the Si base we used the XRD technique. Using
this method, we could preserve equivalence between the base material (target with shape memory)
and the material obtained on a substrate of Si. In Figure 8 a part of the XRD analyses performed on the
obtained thin films is presented. Figure 8a highlights the characteristic peaks of a shape memory alloy
NiTi in martensitic state at the room temperature. According to the database of the analysis equipment
(ICC Database) [26], we established the main characteristic peaks of this material and the compound
phases with their properties. In Figure 8b the spectrum obtained on a thin film is presented, for the NiTi
alloy transported through laser ablation in amorphous state where we can find the majority of the thin
layers obtained through laser ablation. Furthermore, we analyzed thin film through X ray diffraction,
but after we applied a treatment of re-annealing of re crystallization, the result being presented in
detail in Figure 8c.

0

Figure 8. XRD analysis of (a) NiTi target, (b) TiNi thin film and (c) detail of specimen on heat treated
TiNi thin film.

82



Symmetry 2020, 12, 109

We observed numerous peaks specific to crystallized NiTi alloy. The size of the peaks was very
low because the tests were performed in difficult conditions given by the reduced thickness of the layer
(around 200 nm). The apparition of the peaks B2 and B19 characteristic to the austenitic and martensitic
phase (in a very high percentage) were observed. After the annealing treatment, the material had a
structure transformed to martensite. The formation of precipitates was not reported after the annealing
treatment [27]. The appearance of untransformed phase: B2, Figure 8c, was connected to the very fast
formation of an Ni-rich layer near the oxide surface during the heat treatment.

In the case of shape memory films deposited under vacuum, the chemical composition of the new
layers was influenced by the substrate temperature. Our results suggest that the chemical composition
of a Nitinol layer can be precisely controlled without involving the substrate temperature using pulsed
laser deposition but considering the distance between the target and substrate, and the orientation of
the substrate contact surface with the plume.

3.3.1. Calorimetric Study

The removal of the samples from the Si layer was performed through debarking, and after the
mass analyses the samples with the mass between 4 and 32 mg were investigated. Among these, only
on the TiNi thin film crystallized through thermic treatment and with a net mass of 4 mg, an intern
endotherm mass appeared around the temperature of 333 K (60 ◦C). The variation of the temperature
flow in the case of this sample is presented in Figure 9.

Figure 9. The variation of the heat flow depending on temperature of the exfoliated layer of NiTi.

All the other DSC analyses did not present transformations in the analysis area TC- 473 ◦C, but
there is the possibility that will be taken into consideration in the future, for this domain to be too
small and the transformation temperatures to be shifted even to negative temperatures in the case of
NiTi alloys.

3.3.2. Surface Analyses

The condition of the surface of shape memory alloys is very important given that the relief
state of the martensitic phase plays a major role in manifesting the shape memory effect [28]. We
observed a pleated relief, characteristic for the martensitic variants, with an accurate arrangement of
these and similar spatial dimensions with those resulted through SEM electronic microscopy. Also, a
characteristic height of the profile with an average of 262 nm and a width of 2 μm of the martensitic
plates is highlighted. The state of the thin film surface deposited through laser ablation from the target
of Nitinol on the TiNi thin films (sample A) is presented in Figure 10 where we observe a typical relief
to the variants of martensitic plates. The analyzed area does not contain large formations of material.
The relief of the deposited thin layer is very low with an average value of 92.9 nm, Figure 10c a thermic
treatment of partial recrystallization and annealing at 1073 K.
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Using the specialized soft Vega TC of the scanning microscope, we followed morphologically the
state of the surface of the material layer. In Figure 11 it is presented the state of the thin layer obtained
through PLD from NiTi targets where we can notice the apparition of the characteristic drops of the
depositing process through laser ablation. Depending on the depositing parameters and the ablated
material, different morphologies of the thin layer surface presented. Only formations larger than 1 μm
were analyzed, the rest being considered a part of the layer or too small to influence the characteristics
of shape memory thin layer realized. All samples were investigated on the same material surface and
in the same experimental conditions.

 
(a) (b) (c) 

 
(d) (e) (f) 

Figure 10. The AFM analysis of the thin layer surface on the sample A 14 after depositing (a) topography,
(b) topography 3D and (c) linear topography. The AFM analysis of the thin layer surface on the sample
B after depositing (d) topography, (e) topography 3D and (f) linear topography.

From the microstructural dimensional analysis (Figure 11) of the thin layers we observed that on
the sample B were noticed 17 large particles (with an average of 2.62 μm) and the rest small particles
under 1 μm (it is mentioned that the tests took place in all the cases on the surface of 115 × 115 μm).
On the sample A there were observed 8 large particles with an average of 1.43 μm and the rest smaller
than a micron. After the crystallization process normally, the grains grow isotopically until they press
on each other or until they reach the layer surface or the substrate.

In the case of the layers obtained for a distance of 2 cm between target and substrate, the
following values were obtained: at 40 mJ→ 30 large particles with an average of 1.56 μm, at 80 mJ
→ approximately 50 large particles with an average of 2.39 μm and at the 100 mJ→ appeared only
7 particles with an average of 2.02 μm.
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(a) (b) 

  

(c) (d) 

Figure 11. SEM microscopies for the sample A (a) 2D and (b) 3D for sample B (c) 2D and (d) 3D.

The influence of material drops on the properties of the submicronic layer deposited is given
generally by differences of chemical composition that appear among these. In the case of shape memory
alloys transformed in thin layers, it is essential to establish the behavior of the two materials that
assemble the final layer (the layer and the material drops), the influence of the drops on the general
properties of the thin layer, the increase or decrease of the number of micrometric droplets. For this
reason, in the future we will pursue the investigation of these characteristics in order to increase the
quality of thin layers with special properties.

4. The Dynamics of Transient Plasmas Generated by Laser Ablation of Memory Shape Alloy in a
Fractal Paradigm

The laser-produced plasmas are non-differentiable (fractal) media induced by the collisions
between the composing structural units (atoms, clusters, nanoparticles, etc.). The behavior of such
a medium can be explicitly described in the Fractal Theory of Movement through dynamics on
continuous and nondifferentiable curves (fractal curves [29,30]). In the following we will specify
several types of nondifferentiable dynamics (either through hydrodynamic type regime at various
scale resolutions, or through Schrodinger type regime at various scale resolutions) which will later be
calibrated to the experimental results presented in the previous section.
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If we further assimilate the ablation plasma with a complex system, the dynamics of its structural
units can be described through the scale covariant derivative [30]:

d̂
dt

= ∂t + V̂l∂l − iλ(dt)(
2

DF
)−1
∂l∂

l (1)

where
V̂l = Vl − iUl, i =

√−1 (2)

∂t =
∂
∂t

, ∂l =
∂

∂Xl
, ∂l∂

l =
∂2

∂Xl

(
∂

∂Xl

)
(3)

In (1)–(3) Xl is the fractal spatial coordinate, t is the nonfractal temporal coordinate having
the role of an affine parameter of the movement curves, V̂l is the complex velocity, Vl is the real,
differentiable, component of the velocity, independent of the scale resolution dt, Ul is the imaginary
(nondifferentiable) component of velocity, dependent on the scale resolution, λ is the “diffusion
coefficient” associated to the fractal-nonfractal transitions and DF is the movement curve fractal
dimension. For the previously defined fractal dimension we can choose any accepted definition: in a
Kolmogorov sense, in a Haussdorff-Besikovici etc. [31]. However, once one definition is accepted it has
to be constant throughout the study: DF < 2 for correlative type processes, DF < 2 for uncorrelated
type processes etc.

The movement equation (geodesics equation) can be derived by implementing the scale covariance
principle [29]. Then, through (1) and (2) it results:

d̂V̂i

dt
= ∂tV̂i + V̂l∂lV̂i − iλ(dt)(

2
DF

)−1
∂l∂

lV̂i = 0 (4)

This means that in any point of the movement trajectory the fractal acceleration, ∂tV̂i, the fractal
convection, V̂l∂lV̂i, and the fractal dissipation, ∂l∂

lV̂i are reaching an equilibrium.
For the particular case of the irrotational movement:

V̂i = −2iλ(dt)(2/DF)−1∂ilnΨ (5)

where Ψ is the fractal state function and lnΨ is the complex scalar potential of the complex velocity
field, the movement Equation (4) takes the from of Schrödinger equation of fractal type [30]:

λ2(dt)(4/DF)−2∂l∂lΨ + iλ(dt)(2/DF)−1∂tΨ = 0 (6)

Moreover, by writing Ψ in an explicit manner:

Ψ =
√
ρ exp(is) (7)

where
√
ρ is an amplitude and s is a phase, the movement Equation (6) with the following substitutions:

Vl = 2λ(dt)(
2

DF
)−1
∂ls

Ul = λ(dt)(
2

DF
)−1
∂llnρ

(8)

can be simplified by separating the dynamics of the ablation system on scale resolution. We obtain the
equation system of fractal hydrodynamics:

∂tVl + Vl∂lVl = −∂lQ (9)

∂tρ+ ∂l
(
ρVl

)
= 0 (10)
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with Q the specific fractal potential:

Q =
UlUl

2
+
λ(dt)(2/DF)−1

2
∂lUl = −2λ2(dt)(4/DF)−2 ∂l∂

l√ρ√
ρ

(11)

Equation (9) defined the specific momentum conservation law, while Equation (10) defines the
state density conservation law. The specific fractal potential is a measure of the fractalization of the
movement trajectory.

In the unidimensional case, the equation system of the fractal hydrodynamics:

∂tV + V∂xV = 2λ2(dt)(4/DF)−2∂x

(
∂x∂x

√
ρ√
ρ

)
(12)

∂tρ+ ∂x(ρV) = 0 (13)

with Vx ≡ V and adequate initial and boundary conditions admits the analytical solution:

V =
V0α2 + μ2xt
α2 + μ2t2 + iλ

(x−V0t)
α2 + μ2t2 (14)

ρ =
(π)−1/2

[α2 + μ2t2]1/2
exp

[
− (x−V0t)
α2 + μ2t2

]
(15)

μ =
λ(dt)(

2
DF
−1)

α
(16)

in (14)–(16) V0 is the initial velocity of a Gaussian packet described by ρ(x, 0) = ρ0 exp [−(x/α)2].
In such a context, using the second relation (8), the nondifferentiable velocity Ux ≡ U, has the

expression:

U = αμ
x−V0t
α2 + μ2t2 (17)

From (17) and (14) it results the space-time homographic transformation:

x =
UV0α2 + αμVV0t

μαV + μ2Ut
(18)

Since at a differentiable resolution scale the following constriction is satisfied V
U � μα−1t, (18)

takes the following form:

x �
α2

λ(dt)(
2

DF
−1)

UV0

V
+ V0t (19)

which specifies a linear relationship of x = x(t) type, having an unrestricted term of invers

proportionality with the fractalization degree λ(dt)(
2

DF
−1). In the following we will calibrate the

theoretical model on the real dynamics of the laser produced plasma. Therefore, if we associate the
fractalization degree with the nature of the atoms composing the target, through (19) the theoretical
model can be corelated with the technique used to determine the expansion velocity from the ICCD
fast camera imaging results.

Let us rewrite the homographic transformation under the following form:

x(t) =
αt + β
γt + δ

(20)
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Since the optical emission spectroscopy measurement implies a “spatial simultaneity”, dx = 0,
then this restriction can be expressed through differential form:

dt = Ω1t2 +Ω2t +Ω3 (21)

whereΩ1,Ω2,Ω3 are the differential 1-forms of the SL(2R) algebra:

Ω1 =
αdγ− γdα
αδ− βγ , Ω2 =

αdδ− δdα+ βdγ− γdβ
αδ− βγ , Ω3 =

βdγ− βdα
αδ− βγ (22)

If there is a continuum parameter θ towards which the 1-forms are total differentials:

Ω1 = a1dθ, Ω2 = 2a2dθ, Ω3 = a3dθ (23)

with a1, a2, a3 constants (21) can pe reduced to a Riccati type equation:

dt
dθ

= a1t2 + 2a2t + a3 (24)

Let us know find the solution of (24) for a specific case:

A
dt
dθ

= t2 − 2Bt −AC (25)

where we sued the following notations:

A =
1
a1

, B = −a2

a1
, AC = −a3

a1
(26)

with a1 > 0. Admitting now that the roots of the following polynom:

P(t) = t2 − 2Bt −AC (27)

are given by the relation:

t1 = B + iAk, t2 = B− iAk, k =
C
A
−

( B
A

)2
(28)

The homographic substitution:

z =
t− t1

t− t2
(29)

transforms (25) in:
dz
dθ

= 2ikz (30)

The solution of this equation takes the following form:

z(t) = z(0)exp(2ikθ) (31)

or even more:

t =
t1 + r exp(2ikθ)t2

1 + r exp(2ikθ)
(32)

where r is a real constant specific to this particular solution. Using the relation (28), solution (32) in real
terms becomes:

z = B + Ak
[

2r sin(2kθ)
1 + r2 + 2rcos(2kθ)

+ i
1− r2

1 + r2 + 2rcos(2kθ)

]
(33)
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which will specify a self-modulation of the k characteristic through a Stoller type transformation [32].
In Figure 12a,b we represent the 3D and contour plot representation of Re((z− B)/A as a function of r
and 2kθ for a scale resolution given by the maximum value of k. If we manage to calibrate this fractal
representation onto the dynamics of laser produced plasmas, we have to identify the Re((z− B)/A
with the overall spectral emission of the plasma (in non-dimensional coordinates), with 2kθ being the
non-dimensional time and r being a non-dimensional specific length of the plasma (considered to the
distance across the main expansion axis). We can see in Figure 12 that the for the overall emission of
the plasma, a self-structuring phenomenon occurred. Each of the self-generated patterns characterizes
a plasma structure which is generated by means of different ablation mechanism. Therefore, each
structure will be characterized by a different fractalization degree. The connection between generation
of self-structuring patterns and each observed plasma structure underlined the connection between
the ablation mechanism and the fractalization degree was previously reported by our group [33].

 

Figure 12. 3D (a) and contour plot (b) representation of Re((z− B)/A assimilated with the global
spectral emission of laser produced plasmas.

5. Conclusions

In order to obtain thin layers that can keep the properties of the bulk material, depositing technique
through laser ablation was proposed. The NiTi targets oxidized in the impact area during the depositing
process, impacting the particle removal mechanism during the ablation process. The plasma produced
by laser ablation split during expansion in three structures. Each structure expands with different
velocities correlated with the abundance of specific species presented in each structure. The kinetic
properties of the structures were corelated with the individual kinetic and thermal properties of the Ti
and Ni species. The chemical composition of the deposited layer depended of the distance of placing
of the sub layer from the target and of the incidence angle between the material plasma and sub layer.
The experimental results suggest that the chemical composition of a Nitinol layer can be precisely
controlled without involving the substrate temperature using pulsed laser deposition considering the
distance between the target and substrate, and the orientation of the substrate contact surface with the
plume. The number of droplets on the deposited thin film decreased with the distance between the
target and sub layer, and value of the laser fluence. Stoichiometric transfer was achieved for a series
of samples.

A fractal model for describing the laser produced plasma dynamic, through various non-differential
functionalities, was developed. Non-differentiable functionalities used for describing the laser
produced plasmas dynamics through hydrodynamic type regime could be reduced to space-time
homographic transformation. Transformations were correlated with the technique used to determine
the global dynamics through ICCD fast camera imaging. Spatial simultaneity of the homographic type
transformation implies through a special SL(2R) invariance dynamics defined through Riccati type
equations. Such dynamics were correlated with optical emission spectroscopy measurements.
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