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4. Experiment Validation

The experiments were carried out in the large-scale cross-sectional wave flume of Zhejiang
University Ocean College in Zhoushan in December 2017. The flume was 75 m in length, 2 m in height,
and 1.8 m in width, as shown in Figure 11a; the AUH was preadjusted to neutral buoyancy and then
placed in the flume. A diagrammatic sketch of the wave-flume cross-section within the AUH is shown
in Figure 11b. There was a wave maker at the end of the flume that could generate regular and irregular
waves within a 0.5–5.0 s wave-period range and 0.02–0.6 m wave-height range. The waves in frequency
range of 0.2–1.0 rad/s were made in the experiment to simulate a moderate sea state for recovering
AUH in waves. The perspective view of the wave flume is shown in Figure 11c. The simulations of the
wave flume and AUH with discrete panels, boundary conditions, and wave propagation direction for
validation study is as shown in Figure 11d.

  
(a)  (b)  

  
(c) (d) 

Figure 11. (a) AUH set in experiment wave flume in lateral view; (b) diagrammatic sketch of AUH in
wave flume in frontal view; (c) wave flume with total length of 75 m; (d) simulation model of the wave
flume and AUH.

The purpose of this experiment was to verify the accuracy of the numerical calculation results of
the AUH wave force. Water depth h was 1.2 m, and distance hS from bottom to the center of gravity
was 0.6 m. Wave period Tw was set as 1, 1.5, 2, 2.5, 3, 3.5, 4, 4.5, and 5 s, and wave height Hw was
set as 0.1 and 0.2 m. A WT901BLE-type attitude sensor was used to record AUH motion angle and
angular-velocity information. Sensor measurement stability was 0.05◦, and output frequency was
10 Hz.

The rolling angle of the AUH for different wave periods and heights was measured. Figure 12a–c
shows the rolling angles of AUH change over time in three conditions: (1) Tw = 2s, Hw = 0.2m,
(2) Tw = 2.5s, Hw = 0.2m, and (3) Tw = 5s, Hw = 0.1m. The rolling-angle response was more regular
in high-frequency waves when compared to that in low-frequency waves.
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(a) 

 
(b) 

 
(c) 

Figure 12. AUH rolling response in regular waves.

At the same time, AUH Numerical Simulation 1 in the restricted flume was conducted as shown in
Figure 13. The boundary conditions were set in accordance with the experiment. Due to ANSYS-AQWA
being potential-based hydrodynamic-simulation software, damping influence was neglected. Damping
has great influence on the rolling motion of the AUH, i.e., viscous damping forces playing an important
role while the AUH is in the condition where the lower wave frequency implies the greater wavelength
encountered. The factor of damping was taken into account in Numerical Simulation 2, which increased
the accuracy of the numerical simulation of the rolling direction. The improved effectiveness is obvious
especially at low frequencies, as in Table 4. The proposed damping term for the vertical axisymmetrical
AUH can be expressed as

Dcritical = 2
√

mK = 2
√
(Ixx + ΔIxx)KRoll (16)

where Dcritical represents critical damping; Ixx represents rolling inertia mass; KRoll represents rolling
stiffness matrix; and K and ΔIxx represent the stiffness of corresponding degrees of freedom and added
mass inertia mass, respectively.
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Figure 13. Comparison of RAO variations in roll versus wave frequency using the panel methods and
experiment data.

Table 4. Comparison between experiment data and numerical results.

Frequency (Hz) Experiment Data (◦/m) Study 1 (◦/m) Error 1 Study 2 (◦/m) Error 2

1 32.3 26.3 18.6% 24.3 14.13%
0.67 45.6 52.5 15.1% 49.3 8.11%
0.5 36.8 42.6 15.8% 41.6 13.04%
0.4 34.3 37.1 8.2% 35.9 4.67%
0.33 34.1 44.1 29.3% 38.3 12.32%
0.29 82.2 79.4 3.4% 89.3 9.97%
0.25 75.2 98.2 30.6% 82.3 9.44%
0.22 45.5 62.7 37.8% 49.9 9.67%
0.2 35.4 46.2 30.5% 38.3 8.19%

Average error 21.03% 9.95%

A comparison between numerical results of the AUH rolling RAO and the experiment data is
shown in Figure 13 and Table 4. The overall trend of the AUH motion RAO in rolling was relatively
consistent. From Table 4 we know that in wave-frequency range 0.2–1.0 Hz, the average error of the
AUH rolling RAO was 21% in different wave frequencies, and minimum error was 3.4% in 2.9 Hz.
Within the limits of experimental error and sensor precision, viscous force was not considered in the
numerical calculation. Thus, the tolerance error was acceptable to prove the numerical results as a
valid and rational. Study 1 was further optimized, and the results of Study 2 were more accurate by
adding the damping term, as shown in Equation (16). This process reduced the error from 21.03% to
9.95%.

5. Conclusions

This study analyzed the hydrodynamic interaction of a new type of underwater robot,
the AUH, in locations near a host ship using the computational fluid dynamic ANSYS-AQWA solver,
a potential–based panel method. The simulation results of the investigated AUH–Ship interactions
are significant to practical works, including research on automated ship recovery and launch systems
to be used in advance for AUH operations in waves. This research can significantly enhance the
efficiency of AUH homing automation to host ships in waves. The 6-DOF RAOs of an AUH at various
distances from the host ship were predicted, and a suitable location area for AUH launch and recovery
was determined.

The host ship exerted significant influence on AUH motion performance in sway and pitch.
The influence of the host ship on interactive AUH hydrodynamic disturbances was determined in terms
of 6-DOF RAOs. The RAOs of the AUH at different velocities were successfully predicted for enhanced
adaptive controllability of homing automation. A specific location for optimizing AUH seakeeping
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performance during recovery and launch operations in long-crested irregular waves was analyzed
in the time domain using the P–M wave-spectrum model to observe good positions. Simulation
results showed that the sea condition with a wave frequency of 1 rad/s should be avoided due to the
resonance phenomenon. AUH oscillation amplitude was the smallest at X = 3 m, Y = −2.4 m, Z = −2 m,
and X = 10 m, Y = −2.4 m, Z = −2 m; these positions should be selected as an appropriate location for
launch or recovery.

Experiment validation of the dish-type AUH motion RAO during roll and pitch was carried
out. Numerical analysis of motion RAO in roll with a proposed damping model was compared to
experiment data in the wave-frequency range of 0.2–1.0 Hz, resulting in average errors being reduced
from 21.03% to 9.95%, verifying the accuracy of the adopted method. Comparisons between numerical
results and experiment data showed that the tolerance error was acceptable to prove that the numerical
results were valid and rational. In the future, AUH behavior induced by sensors and controllability in
short-crested irregular waves will be further studied. An experimental study of the designed AUH
configurations mounted with different aquatic transducer lengths, to achieve an acceptable trade-off
between hydrodynamic optimization and acoustic navigation, will be carried out in future research
and for practical applications.
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Nomenclature

\ Velocity potential

U AUH speed
–Ux AUH sailing at a constant speed U
φ Perturbation potential induced byAUH presence
SB Body boundary
U · n Normal velocity on the AUH boundary
SH Sea-bottom boundary
ωE Wave-encounter frequency
φI Velocity potential of incident wave
φD Diffraction power of multifloating system
φR1 Radiation potential of floating body 1 in multifloating system
φR2 Radiation potential of floating body 2 in multifloating system
Re{} Real part of amount in {}
Hw Wave height
X2Y2Z2 Position of AUH in body-fixed coordinates
hS Distance from bottom to center of gravity
CG, CB Center of gravity, center of buoyancy
AUH Autonomous Underwater Helicopter
AUH–Ship Study on hydrodynamic interaction between AUH and Ship
ζ Wave height

ξ Bottom clearance coefficient
T AUH height
RAO Response amplitude operator
χ Wave encounter angle
Sζ Seaway spectrum
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Sr Response spectrum of r in 6-DOF of surge, sway, heave, roll, pitch, and yaw
U’ Wind speed at height of 19.5 m
ηi Magnitude of i-DOF of floating body
t Nearest vertical distance between AUH and slope
Tw Wave period
Dcritical Critical damping
Ixx Rolling inertia mass
KRoll Rolling stiffness matrix
K Stiffness of corresponding degrees of freedom
ΔIxx Added mass inertia mass
BG Vertical distance between the CB and CG
RAO Response Amplitude Operator
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Abstract: An autonomous underwater hovering vehicle (AUH) is a novel, dish-shaped,
axisymmetric, multi-functional, ultra-mobile submersible in the autonomous underwater vehicle
(AUV) family. Numerical studies of nonlinear, asymmetric water entry impact forces on symmetrical,
airborne-launched AUVs from conventional single-arm cranes on a research vessel, or helicopters or
planes, is significant for the fast and safe launching of low-speed AUVs into the target sea area in the
overall design. Moreover, a single-arm crane is one of the important ways to launch AUVs with high
expertise and security. However, AUVs are still subject to a huge load upon impact during water
entry, causing damage to the body, malfunction of electronic components, and other serious accidents.
This paper analyses the water entry impact forces of an airborne-launched AUH as a feasibility study
for flight- or helicopter-launched AUHs in the future. The computational fluid dynamics (CFD)
analysis software STAR-CCM+ solver was adopted to simulate AUH motions with different water
entry speeds and immersion angles using overlapping grid technology and user-defined functions
(UDFs). In the computational domain for a steady, incompressible, two-dimensional flow of water
with identified boundary conditions, two components (two-phase flow) were modeled in the flow
field: Liquid water and free surface air. The variations of stress and velocity versus time of the AUH
and fluid structure deformation in the whole water entry process were obtained, which provides
a reference for future structural designs of an AUH and appropriate working conditions for an
airborne-launched AUH. This research will be conducive to smoothly carrying out the complex tasks
of AUHs on the seabed.

Keywords: autonomous underwater vehicle (AUV); airborne-launched AUV; autonomous
underwater hovering vehicle (AUH); water entry impact force; computational fluid dynamics
(CFD); two-phase flow

1. Introduction

Abundant mineral resources, power sources, and biological resources are conserved in the ocean,
which is meaningful for economic development [1]. Because of the dark and hypoxic environment
underwater, the need for an unmanned machine to replace people to complete underwater inventions
is imperative. Autonomous underwater vehicles (AUVs) have a wide range of applications in oceanic
geoscience, and they were created to accomplish resource exploration tasks on the seabed, including
energy exchange, pipeline inspection, and roaming the deep-sea seabed [2]. AUVs have revolutionized
our ability to detect and image the seabed with the real-time ability to exchange high-resolution,
oceanographic, photomosaic information at abyssal depths [3–5]. However, conventional axisymmetric,
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torpedo-shaped AUVs have poor maneuverability when swaying and yawing because the added
mass and added moment of inertia of the slender body dominates, which causes unstable AUV
motions due to the occurrence of the Munk effect. In addition, motion instability in heave situations
results from inefficient surface control in low-velocity conditions. Thus, the conventional horizontal,
axisymmetric AUVs cannot effectively and efficiently accomplish unplanned super-mobile hovering
tasks, for example, random landing and launching on the seabed, random hovering at some specified
oceanic depth, providing services for a submarine mobile observation network, exploring submarine
resources, connecting submarine operating point data in a specified smaller seabed area, and so on.

An autonomous underwater hovering vehicle (AUH), with a vertical, symmetric structural design,
is a novel, dish-shaped, multi-functional, ultra-mobile submersible in the AUV family. AUHs are subject
to high demands, for example, high-level and autonomous functionality, enhanced maneuverability
in horizontal and vertical planes, adaptive landing and launching on the seabed, and the need to
easily hover in the deep sea. The disk-shaped AUH was proposed at the Ocean College of Zhejiang
University in 2016 to greatly enhance the motion stability during heaving, enable the AUH to hover in
the deep sea, and improve the maneuverability of conventional, slender AUVs in yawing and swaying,
including an enhanced anti-flow ability in the deep sea [6,7].

The structural design of the AUH is shown in Figure 1. This AUH could transmit data between
base stations on the deep-sea bottom to communicate with scientific research ships near the free surface.
The conceptual design of the AUH includes a symmetric, disk-shaped hull form, a pressure hull of
15 MPa, an energy power system, a control system, a navigation system, a communication system, and
mission payload technology, e.g., recovering, landing, and launching models. The mission payload
technology design in this study, i.e., airborne-launched technology, can enhance the effectiveness and
efficiency of AUH missions. Thus, the study of the water entry impact forces on the disk-type AUH
hull, with different water entry velocities and attitudes from a certain height, shall be carried out in
this paper.

 

Figure 1. Conceptual design of the disk-type autonomous underwater hovering vehicle (AUH).

Research on launch and recovery systems for AUVs is significant to aid in the overall design
process and guarantees successful, smooth deployment and operation of the AUH from the free surface
to the deep sea [8]. The AUH hull was mounted with precise sensors, which were often damaged and
lost from excessive water impact forces when the AUH was deployed and launched.

Traditionally, two main methods of AUV deployment are often adopted, i.e., a shore-based
deployment or deployment by a scientific research ship [9]. Shore-based deployment technology is
relatively mature; however, this needs excellent hardware support and good sea weather. Deployment
by a scientific research ship is more difficult and brings about great uncertainty under atrocious sea
conditions and other restrictions. Deployments by a scientific research ship include several forms:
Deployment of a scientific research ship, an underwater vehicle (UV), and/or an unmanned surface
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vehicle (USV). An automated launch and recovery system for AUVs from an unmanned surface vehicle
was proposed by Edoardo and Manhar [10].

Scientific research ships can be mounted with several launch and recovery devices, including
conventional crane forms, A-shaped cranes, dedicated single-arm cranes, sliding cranes, and integrated
cranes. Conventional forms are advantageous because of their simple structures and low costs; however,
the operation is complex, and they are not as safe. A-shaped cranes have been widely adopted because
of their simple operation. Dedicated single-arm crane systems are very safe, as shown in Figure 2.
They greatly simplify operation processes and save costs [11]; however, time-consuming deployment
and its inefficiency to quickly launch multiple AUVs to target sea areas are its weaknesses. Sliding-type
crane systems are mainly used to continuously lay equipment or different types of remotely operated
vehicle (ROV) cables. An integrated layout and recovery system operates, more or less, independently
from the scientific research ship and has a high safety factor. Deployment of AUVs is better from a
submarine than from a scientific research ship; however, recovering the AUVs is difficult. USV- and
UV-based deployments need further improvement in order to be practical and reliable [10].

  

  

Figure 2. Conventional launching and recovery system of a single-arm crane.

In particular, airborne launch methods that use planes or helicopters to quickly launch AUVs into
target sea areas have received more attention by scientists and strategists recently [11–21]. Scholars
have conducted a lot of research to investigate water entry impact forces, trajectory deflection, and
damage to an airborne-launched AUV, especially when the maximum impact loads occur in the initial
entry stages [11].

Xia et al. [15] studied the water entry impact forces of an inclined, axisymmetric, slender body
with a horizontal velocity and multiple degrees of motion freedom on the free surface. The effects of
horizontal velocity, angle of attack, and inclined angle on the motion characteristics of the axisymmetric
slender body were studied. A circuitous phenomenon was found when the angle of attack was greater
than 22◦.
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Wang et al. [17] established an oblique water entry impact model, coupled with dynamic ballistic
models, which was based on the theory of potential flow and the precise shape of the coupling surface
between the fluid and the solid.

Qiu et al. [18] carried out simulations of the water entry impact forces on axisymmetric bodies,
which was based on water entry dynamics and ballistic theories, to obtain the maximum impact
load. The initial water entry conditions and the relationship between water entry impact loads
were simulated. The simulation tests implemented relevant water entry processes for the revolution
bodies (e.g., flat head, cone head, and round head), using commercial computational fluid dynamics
(CFD) software FLUENT technologies, including dynamic mesh, user-defined functions (UDFs), and a
mixture (MIXTURE) process model. The effects of velocity and head shape on the impact load and
shape of cavitation were studied.

Qi et al. [19] presented the impact load of an AUV model under various water entry conditions as
well as the varied rules of axial and radial forces during water infiltration through experiments and
viscous CFD simulation methods. Reference data on the structural design and projection conditions of
the AUV were provided.

Shi et al. [20] designed an inlet cap for an AUV and analyzed the influence of the buffer cap’s
structural design, material density, buffer distance, water flow velocity, and buffer effect of initial buffer
on the water entry angles.

Ma et al. [21] implemented experimental investigations and analyzed the vertical water entry of
a sphere. During water entry, the velocities, accelerations, and drag coefficients of the spheres were
studied. The investigated results showed that the motion trajectory of the spheres presented highly
nonlinear characteristics and notable fluctuations of the motion parameters, which were proportional
to the entry speed.

In this paper, research on simulated water entry impact forces of an airborne-launched disk-type
AUH based on the CFD method was implemented. The creative AUH hull form was different from
the above water entry geometric shapes in literature. The STAR-CCM+ CFD Reynolds-averaged
Navier–Stokes (RANS) solver was adopted to simulate air-launched AUH dynamic motions with
different water entry speeds and immersion angles using the STAR-CCM+ volume of fluid (VOF)
method, overlapping grid technology, and user-defined functions (UDFs). The simulation analysis
was carried out under different water entry speeds and angles of the launched AUH in calm sea
conditions. The variations of load and velocity of the disk-type AUH versus different states were
obtained, i.e., in different initial free-fall velocities and water entry immersion angles. This study can
provide an important reference for the disk-type, vertical, axisymmetric body of the AUHs to improve
the structural design and adapt to the launching conditions, and it can enhance the effectiveness and
efficiency of AUV deployments in order to smoothly carry out more complex tasks on the seabed.

2. Configuration of the AUH

In this paper, research on simulated water entry impact forces of the hung, air-launched AUH
was carried out. The main parameters of the AUH are shown in Table 1, and the disk-shaped AUH
prototype in the test pool is shown in Figure 3. Both Earth-fixed and body-fixed coordinates were
established to describe the water impact loads and motion of the AUH, as shown in Figure 4. In the
body-fixed coordinates, the hydrodynamic forces (surge, sway, and heave) and moments (roll, pitch,
and yaw) exerted on the AUH in six-degrees of freedom can be designated as X, Y, Z, K, M, and N,
respectively. The impact forces on the AUH were estimated in the body-fixed coordinate in this study,
including the surge force (expressed in terms of X-force) and heave force (expressed as Z-force).
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Table 1. Main parameters of the disk-shaped AUH.

Main Parameters Symbol Unit Quantitative Values

Diameter of the hull L m 1.0
Height of the hull d m 0.45

Weight W Kg 136.45
Service speed v m · s−1 0.5144~1.5432

Density of fresh water ρwater kg ·m−3 1000.00
The viscosity coefficient of freshwater movement γr Pa·s 8.887× 10−4

Density of air ρair kg ·m−3 1.00
Aerodynamic viscosity γa Pa·s 1.85508× 10−5

Run length Lr m 0.40
Reynolds number Re / 3.46× 105

 

Figure 3. ZJU (Zhejiang University) AUH physical prototype.

Figure 4. Earth-fixed and body-fixed coordinates.

3. Numerical Simulation of the Impact on Water Entry

This section describes the basic principles of solving the Navier–Stokes (N-S) equation by using
the k − ε model. It also introduces the setting to calculate the AUH water domain and boundary
conditions (BC).
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3.1. N-S Governing Equations and Turbulence Models

Reynolds-averaged Navier–Stokes (RANS) equations were solved by a numerical method using
the software STAR-CCM+ as follows [22]:

∂(ui)

∂xi
= 0, (1)

∂(ρui)

∂t
+ ρuj

∂ui
∂xj

= ρFi − ∂P∂xi
+
∂
∂xj

(
μ
∂ui
∂xj
− ρu′i u

′
j

)
, (2)

where ui denotes the component of the average speed, u′i denotes the turbulent fluctuation velocity
component relative to the hourly average flow velocity, Fi denotes the component of the mass force,
P denotes the pressure, μ is the fluid dynamic viscosity coefficient, and ρu′i u

′
j denotes the Reynolds

average stress.
The RANS equations are the current focus of computational fluid dynamics research. This method

introduces fewer assumptions and is a method to calculate the viscous flow field with higher accuracy.
Since RANS equations are not closed by themselves, a supplementary equation needs to be introduced
to close it. Three of the most popular two-equation turbulence models, i.e., k− εmodel, k−ωmodel,
and k− τmodel, have been introduced in the literature [23]. In this paper, the k− ε turbulence model
and the STAR-CCM+ CFD solver were integrated with the volume of fluid (VOF) method, overlapping
grid technology, and user-defined functions (UDFs) to simulate different situations of the disk-type
AUH immersing into water, including varying the water entry velocities and angles of the AUH.

The two-equation turbulence model k− ε, i.e., turbulent kinetic energy k and turbulent dissipation
rate ε, is expressed as follows [24]:

k =
u′i u
′
j

2
=

1
2

(
u′2 + v′2 + w′2

)
(3)

ε =
u
ρ

⎛⎜⎜⎜⎜⎜⎝∂u′j∂xk

⎞⎟⎟⎟⎟⎟⎠(∂u′i∂xk

)
. (4)

In the two-equation turbulence model k− ε, the corresponding transport equation can be expressed
as follows: ⎧⎪⎪⎪⎨⎪⎪⎪⎩

∂(ρk)
∂t +

∂(ρkui)
∂xi

= ∂
∂xj

[(
μ+

μi
σk

)
∂k
∂xj

]
+ Gk + Gb − ρε−YM + Sk

∂(ρε)
∂t +

∂(ρεui)
∂xi

= ∂
∂xj

[(
μ+

μi
σε

)
∂ε
∂xj

]
+ G1ε

ε
k (Gk + G3εGb) −G2ερ

ε2

k + Sε
(5)

where Gk denotes generation of turbulent kinetic energy; k is caused by the average speed gradient; Gb
denotes generation of turbulent kinetic energy caused by buoyancy; YM is the contribution of pulsatile
expansion in compressible turbulence; G1ε, G2ε, and G3ε denote the empirical constants; σk and σε
denote the Prandtl numbers corresponding to the turbulent kinetic energy k and dissipation rate ε,
respectively; and Sk and Sε denote the user-defined source items.

The VOF method was adopted to tackle the problem of free surfaces. Both the liquid phase (water)
and the gas phase (air) above the free surfaces are treated clearly by putting forward a (liquid) volume
fraction α1 and gas volume fraction α2. The combined volume fraction of both phases should satisfy
the conservation property. A conservation equation was solved to transport the volume fraction of one
of the phases in this study. The density, ρ, and viscosity, μ, at any point are acquired by averaging
volume phases as follows [25]: {

ρ = αρwater + (1− α)ρair
μ = αμwater + (1− α)μair

. (6)
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A single momentum equation was solved for the whole domain, resulting in a shared velocity
field for both phases. The VOF defines a step function, α, equal to unity at any point occupied by
water, and zero elsewhere, such that for volume fraction α, three conditions are considered as follows:

α =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
1
0

0 < α < 1

if
if
if

cell
cell
cell

is
is

contains

full
full
both

of
of

water

water
air

and air
. (7)

The VOF method adopted to treat two-phase flows has been given in detail in Hirt and Nichols
(1981) [26]. Tracking the interface between air and water is completed by solving a volume fraction
continuity equation as follows:

∂α
∂t

+ Uj
∂α
∂xj

= 0. (8)

3.2. Boundary Conditions

As shown in Figure 5, the computational domain for a steady, incompressible, two-dimensional
flow of water with physically specified boundary conditions (BC) was identified. Two compounds
were modeled in the flow field: Liquid water and air above the free surface of the calm sea. The AUH
model was 1.0 m in diameter and 0.45 m in height. The coordinate origin was arranged at the center
of gravity (CG) of the model. The computational domain was rectangular with the dimensions of
25.0 m × 3.0 m × 10.0 m, and the overset area near the AUH, where STAR-CCM+ overlapping grid
technology was implemented, had the dimensions of 2.0 m × 1.0 m × 1.0 m. The velocity inlet was
specified at 5.5 m upstream of the AUH bow. The pressure outlet was specified at 9.5 m downstream
of the AUH. The initial height of the AUH model was specified as 0.5 m above the free surface, and the
water depth was set as 6.0 m.

 

Figure 5. Computational domain for a steady, incompressible, two-phase flow of water and air with a
free surface.

3.3. Meshing the Computational Domain

The CFD meshes could be divided into two categories: Structured meshes and unstructured
meshes [27]. A hybrid mesh integrates structured and unstructured meshes to increase the mesh
density near walls. In this paper, six hexahedron meshes were adopted by using a cutting mesh
generator, and the total number of cells was 1.0× 106. The encryption process of meshing the AUH
required a minimum mesh size of 7.5× 10−3 m to ensure an accurate solution for the turbulence model
that could meet y+ values greater than 30 [28]. It is worth mentioning that, to clearly simulate the
variable process of AUH immersing into the water, meshing encryption at the air–water interface
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needs to be arranged, and connatural and miscellaneous dimensions need to be activated in the cutting
mesh generator. The generated meshes of the two-phase flow and AUH are shown in Figure 6.

  
(a) (b) 

Figure 6. Mesh generations of the two-phase flow and AUH; (a) mesh of computational domain;
(b) mesh partition of the AUH surface.

4. Simulation Results

This chapter introduces the water inflow process of AUH. It analyzes the changes to load and
velocity in all directions during the AUH water inflow, and it analyzes the maximum load of the AUH
at different velocities and at different water inlet angles.

4.1. Impact Force Load of the Water Entry Process

In this paper, the k− ε turbulence model and the VOF method simulation technique in STAR-CCM+
software were adopted to simulate different situations of the AUH immersing into water from 0.5 m
above the surface at different initial velocities. Figure 7a,b shows the two-phase flow simulation of
the AUH water entry at an initial velocity of 3 m/s with different immersion angles: 30◦ and 60◦,
respectively. Distribution of the volume fraction of water to air is shown in the CFD simulation results
(Figure 7). A time-varying, deformable cavity formed, and free surfaces were captured while the AUH
was immersed into the water with immersion angles of 30◦, 45◦, 60◦, and 90◦. The initial velocities
of the AUH were set to 3–8 m/s. In summary, since the forces acting on the symmetric, disk-type,
non-spinning, inclined AUH after the impact are dictated by the cavity’s dynamics, they are also
affected by free surface conditions in cases where the cavity forms asymmetrically. The asymmetric
degree of the formed cavity is highly correlated with the water entry velocity and immersion angle of
the AUH.

Figure 8a–d shows that the surge force (X-force) changes under different immersion conditions
during the initial AUH free fall, where the surge impact force on the AUH was measured with the
body-fixed coordinates. When the AUH immersed into the water, the surge force reached the maximum
value and then slowly decreased to a stable value. At the same immersion angle, the greater the initial
velocity was, the greater the impact on the AUH. At the same initial speed, with an increase in the
immersion angle of the AUH, the impact force on the AUH decreased. Notably, at the highest initial
velocity of 8 m/s, the impact momentum of the surge on the AUH was smaller when the immersion
angle was 90◦, whereas a lower immersion angle of 30◦ caused a prominent impulsive force on the
disk-type AUH.

Figure 9a–d shows the variations of the heave force (Z-force) in body-fixed coordinates versus
different immersion angles over time. These results were similar to those of the surge force changes
during the initial free-falling period; thus, the heave force is negligible. After the value reaches its
peak, it decreases gradually over time until steady-state conditions are reached. In the case of the same
immersion angle, a greater the initial velocity causes a greater impact force on the AUH. For different
immersion angles with the same velocity as in Figure 9, a greater immersion angle causes a smaller
impact force on the AUH. Therefore, a greater immersion angle can decrease the force of the impact on
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the AUH in surge and heave, which can be conducive to the floating state of the AUH when the AUH
immerses into water.

 
(a) 

(b) 

Figure 7. Two-phase flow simulation of the AUH at an initial velocity of 3 m/s with different immersion
angles of 30◦ and 60◦. (a) Immersion angle: 30◦, initial velocity: 3 m/s; (b) immersion angle: 60◦, initial
velocity: 3 m/s.
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(a) (b) 

  
(c) (d) 

Figure 8. The variations of surge loads versus initial velocities of 3, 5, and 8 m/s at different immersion
angles of 30◦, 45◦, 60◦, and 90◦ over time. (a) Immersion angle: 30◦; (b) immersion angle: 45◦;
(c) immersion angle: 60◦; and (d) immersion angle: 90◦.

  
(a) (b) 

 
(c) (d) 

Figure 9. The variations of heave loads versus initial velocities of 3, 5, and 8 m/s at different immersion
angles of 30◦, 45◦, 60◦, and 90◦ over time. (a) Immersion angle: 30◦; (b) immersion angle: 45◦;
(c) immersion angle: 60◦; and (d) immersion angle: 90◦.
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4.2. Variations of the AUH Water Entry Velocity

Figure 10a–d shows the speed changes under different immersion conditions. There was an initial
acceleration process for a very short period because this is the free-falling motion of the AUH. The
greater the initial velocity, the shorter the free-fall duration was; the greater the immersion angle, the
shorter the free-fall duration was. Subsequently, as the AUH head entered the water, the velocity of
the AUH decreased over time, and the greater the initial velocity, the greater the speed reduction. For
instance, when the immersion angle of the AUH was at 30◦ and the AUH hull was completely immersed
in water, the velocity reduced by 7.0, 4.3, and 2.7 m/s at 8, 5, and 3 m/s, respectively. The smaller the
immersion angle, the greater the maximum vertical velocity that could be achieved. The larger the
immersion angle, the smaller the vertical velocity change was, and the AUH quickly stabilized.

  
(a) (b) 

  
(c) (d) 

Figure 10. The variations of falling velocity in heave versus initial velocity (water entry velocity: 4.34,
5.90, and 8.59m/s) and immersion angles over time. (a) Immersion angle: 30◦; (b) immersion angle: 45◦;
(c) immersion angle: 60◦; and (d) immersion angle: 90◦.

4.3. Maximum Load Analysis

Figure 11 shows the peak values of the impact surge loads on the AUH at different immersion
angles. At the same angle, the initial velocity was directly proportional to the surge load. When the
AUH immersion angle approached 30◦ and the initial velocity was 8 m/s, the load was up to 4000 N,
which would seriously impact the safety of the AUH and would even cause electronic components
to fail. At the same initial velocity, the smaller immersion angle caused a greater surge load to be
experienced. Therefore, the results suggest that, to avoid a small immersion angle and a greater speed
to decreasing the damage, the AUH structure should be mounted with precise sensors.
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Figure 11. Variations of surge loads versus velocity at different immersion angles.

5. Conclusions

In this paper, viscous CFD two-phase flow simulations of a novel, vertical, axisymmetric AUH
launched into water were carried out based on STAR-CCM+ VOF, UDF, and overlapping grid
technologies. Numerical analyses of the axisymmetric impact forces on the disk-type AUH in the
vertical plane were implemented with different water entry velocities and immersion angles. The
deformable free surface and flow structure, from entry of the inclined AUH structure, were captured
in a numerical tank, and the cavity around the AUH was found to form in a highly asymmetric way.
The asymmetric degree of the formed cavity is highly correlated with the water entry velocity and
immersion angle of the AUH.

In summary, the following conclusions are drawn:

(1) The total process of the AUH, with a traditional single-arm suspension or air-launched into
the water, is accompanied by some significant phenomena such as surface uplift, splashing,
asymmetrical cavity formation, and so on. The numerical stress analysis and maximum peak
impact loads of the vertical axisymmetric hull body is emphasized in this paper. The variations
of surge and heave loads versus initial velocities of 3, 5, and 8 m/s at different immersion angles
of 30◦, 45◦, 60◦, and 90◦ over time was studied.

(2) While the AUH with an improved single-arm suspension was immersed into the water, a peak
impact load occurred. As the water depth increased, the impact decreased until a stable value was
reached. The impact load of the AUH decreased with an increasing water entry angle, and the
greater the initial falling velocity of the AUH was, the greater was the load that was experienced.
In these simulations, the maximum peak impact loads on the AUH in surge and heave appeared
at the initial velocity 8 m/s and immersion angle 30◦, approaching 4000 N and 104 N, respectively.
These quantities shall be used as a reference for the structural strength design of the AUHs.

(3) While the immersion angle of the air-launched AUH with a single-arm suspension immersed
into the water decreased, the surge peak load increased. Thus, the dish-shaped AUH hull form
should not have a small immersion angle into the water. Nevertheless, the silent phenomenon of
acoustic transducers may appear when the water entry angle is 90◦. In the trade-off study, these
results suggest that the appropriate water entry immersion angle for the AUH should be 45◦. The
desired immersion angle will provide further design reference for air-launching transmitters of
the AUHs.

Improvements will be made in future studies, including experiments with the same conditions
as the numerical simulation. Based on a fabricated AUH, water entry impact force data on
airborne-launched AUH, or on the air-launched AUHs using an improved single-arm suspension, will

146



Symmetry 2019, 11, 1100

be collected in a sea trial to compare with the numerical simulation results. In addition, current and
wave effects on launched AUHs will be considered in future work.
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Abstract: The basic motivation of this investigation is to develop an innovative mathematical model
for electro-osmotic flow of Couette–Poiseuille nanofluids. The power-law model is treated as the base
fluid suspended with nano-sized particles of aluminum oxide (Al2O3). The uniform speed of the
upper wall in the axial path generates flow, whereas the lower wall is kept fixed. An analytic solution
for nonlinear flow dynamics is obtained. The ramifications of entropy generation, magnetic field,
and a constant pressure gradient are appraised. Moreover, the physical features of most noteworthy
substantial factors such as the electro-osmotic parameter, magnetic parameter, power law fluid
parameter, skin friction, Nusselt number, Brinkman number, volume fraction, and concentration are
adequately delineated through various graphs and tables. The convergence analysis of the obtained
solutions has been discussed explicitly. Recurrence formulae in each case are also presented.

Keywords: electroosmotic flow; power law fluid; nanoparticles; MHD; entropy generation;
convergence analysis; residual error

1. Introduction

Conventional fluids like glycol, acetone, kerosene and water have low heat transfer characteristics
and play an important role in laboratories and industrial engineering applications. Several experiments
and procedures have been demonstrated to improve heat transfer characteristics. A significant
contribution of boosting the heat transfer ability of fluids in an industrial process by the insertion of
nanoparticles into the fluids was found. The pioneering work of Choi [1] led to the discovery that heat
transfer rate and higher thermal conductivity can be enriched by a combination of base fluids and
nanoparticles. Later, Xuan [2] experimentally investigated the enrichment of thermal conductivity in
nanofluids. Some core developments have been collated in references [3–9].

Further, power-law fluids have attracted the attention of many scientists as the description of
power-law fluids happens to be the best description of fluid behavior (with right choice of power-law
index) of shear-dependent fluids. There are several more models that better describe the range of shear
rates, but they do so at the cost of simplicity. For this reason, the power law is used to describe fluid
behavior as compared to other fluid models. Recently, Ouyang et al. [10] proposed a two-dimensional
squirmer model for power law fluids. They concluded that the selection of power law relation is the
best choice to demonstrate the rheological properties of three sorts of fluids, namely: (i) Newtonian,
(ii) shear-thickening, and (iii) shear-thinning fluids. Also, the exact velocity at the bottom region of
shear rate cannot augur the basis of the power law model. After overcoming the insufficiency of
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power law, it cannot be used to find the exact velocity profile for the shear rate of the bottom and zero
regions [11]. Also, power law fluid in some cases is used to describe non-Newtonian fluids [12,13]

Electro-osmotic flow, also known as electro-osmosis flow, is used in microfluidic devices and
electronically controlled fluid flow or any other fluid conduit. Zhao et al. [14] have invoked
electro-osmotic flow in a channel with the power law model. Das and Chakraborty [15] investigated
the impact of non-Newtonian fluid on electro-osmotic flow. Several attempts regarding electro-osmosis
flow can be found in references [16–19].

It is well known that magnetic fluids have significant utilization in applications such as heat
transfer, cancer therapy, opto-electronic devices, sensors, cooling of nuclear reactors, liquid metal
flow control, high temperature plasmas, solidification of binary alloys, drying processes etc. [20–25].
In addition, a number of researchers have conducted promising investigations on nanoparticles.
Examples include the work of Malvandi et al. [26] who have studied MHD mixed convection with
nanoparticle migration and Yousif et al. [27] who publicized magnetohydrodynamics (MHD) Carreau
nanofluids with internal heat source/sink radiation. Further, magnetic nanofluids also exhibit interesting
properties that are used in various microfluidic applications, dipolar nanoparticles, magnetic fluid
hyperthermia and magnetic resonance imaging [28–31]. The existing literature bears witness that
magnetic fluids with nanoparticles exhibit several interesting structural characteristics depending on
the applied magnetic field strength. As a result, several studies have also been undertaken on MHD
rheological fluids [32–34].

In recent years, prominent authors have been inspired to study entropy generation by various
applications, such as diffusion and Joule heating. Entropy is caused by irreversible processes of a
system and can be reduced only when it interacts with some other system whose entropy increases in
the process. Bejan [35] studied the entropy generation for a flow system and discussed the main ideas
to control the energy loss in flow problems and enhanced the ability of the system. Zeeshan et al. [36]
discussed the radiative and electro-magnetohydrodynamic effects of a titanium dioxide/water based
nanofluid on entropy generation. Ranjit and Shit [37] presented the effects of entropy generation with
MHD on electro-osmotic flow. Numerical analysis for entropy generation on nanofluids with the
suspension of nanoparticles (such as copper, Al2O3 and TiO3) in water as a base fluid, which passes
through wavy walls, was conducted by Cho et al. [38]. Different researchers have devoted their efforts
to explore the impact of entropy generation to real world problems [39–43].

Thus far, the simultaneous effects of entropy generation, MHD and electro-osmosis on power law
nanofluid flow has not been studied. In order to fill this gap, the next section is devoted to developing
a mathematical formulation of the problem, which comprises mass, momentum, and energy equations.
The situation becomes difficult as the resulting equations are not only nonlinear, but also coupled.
The analytical findings are developed by a homotopic tactic [44] that has been used effectively for the
last two decades [45–50].

The acquired results satisfied the governing equations and boundary conditions. The physical
features involve parameters which are adequately determined through various graphs and tables.

2. Problem Design

2.1. Physical Considerations

Incompressible and steady nanofluids pass through horizontal parallel plates as illustrated in
Figure 1. The wall at y = a moves with constant velocity U∗ while the second wall remains stationary
at y = −a. B0 is uniform transverse magnetic field, ξ1 is zeta potential at lower wall, ξ2 is zeta potential
at upper wall, ψ is electric double layer potential and 2a is the total width of the channel.
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Figure 1. Schematic representation of electro-osmotic flow of the physical problem.

2.2. Electrical Potential Distribution

During the process of electro-osmotic flow (EOF), the separation of ions takes place and an
electrical double layer (EDL) forms adjacent to the channel walls, thereby developing electric potential
distribution. The electric potential ψ within the channel, described by the Poisson–Boltzmann
equation [51] in the Cartesian co-ordinate system, can be calculated as:

∂2ψ

∂x2 +
∂2ψ

∂y2 = −ρe(y)
ε

(1)

For small values of electrical potential ψ of the EDL, the Debye–Hückel approximation can be
applied and Equation (1) becomes:

∇2ψ = κ2ψ, κ2 =
2n0zv

2e2

εkBT̂
. (2)

The plates of the channel are made of different materials and have different zeta potentials.

ψ = ζ1 at y = −a and ψ = ζ2 at y = a. (3)

The electrical potential under the action of Equation (3) can be explored as:

ψ(y) =
ζ1Sinh(κ(a− y)) + ζ2Sinh(κ(a + y))

Sin(2aκ)
(4)

The electric double layer effects are produced by the external field relation E = (Ex, 0, 0) and charge
density of nanoparticles. The external electric force ρeE, also called the electro-kinetic force [52,53],
is generated outside of the charge particle. Along with ρe(y), electric charge density is defined as:

ρe(y) = −εκ2
(
ζ1Sinh(κ(a− y)) + ζ2Sinh(κ(a + y))

Sin(2aκ)

)
(5)

where ε, κ, n0, zv, e, kB and T̂ are the relative permittivity of the medium, Debye parameter, ion density of
bulk liquid, valence of ions, electron charge, Boltzmann constant and absolute temperature, respectively.
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2.3. Power Law Model

In the current study, the following power law fluid model [54] is used:

τ = μn f

(
∂u
∂y

)n−1(
∂u
∂y

)
=

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
μn f

(
∂u
∂y

)n
for ∂u∂y > 0

−μn f

(
−∂u∂y

)n
for ∂u∂y < 0.

(6)

where τ is shear stresses, n is the power-law or flow behavior index of the fluid and μn f is the viscosity
of the nanofluid [55] and is defined along the consistency index δ as:

μn f =
(
123φ2 + 7.3φ+ 1

)
μ f (7)

and the viscosity of the base fluid in the current discussion is taken as:

μ f = δ

(
∂u
∂y

)n−1

. (8)

One signifies a Newtonian fluid for n = 1 whereas n < 1 and n > 1 respectively denote the
shear-thinning and shear-thickening of fluids.

To estimate the shear stresses of a fluid, we will illustrate further investigations with shear-thinning
properties. Thus, shear stress for the non-Newtonian power-law model can be written as:

τ = δ
(
123φ2 + 7.3φ+ 1

)(∂u
∂y

)(
∂u
∂y

)n−1

. (9)

2.4. Governing Equations

The electro-osmotic flow occurs in the channel due to the movement of an upper wall, whereas the
flow around the channel of the walls is generated because of an applied electric field. The governing
equations for the current flow phenomenon are:

∇.V = 0 (10)

(V.∇)V =
1
ρn f

(−∇p + ∇.τ+ Body f orce) (11)

(V.∇)T = αn f∇2T +
1(

ρCp
)
n f
σn f

J2 +
1(

ρCp
)
n f

Γ (12)

where V, T and Γ correspondingly represent velocity, temperature and viscous dissipation. The body
force contains magnetic, electrical and buoyancy effects.

Body f orce = (J×B)︸�︷︷�︸
Lorentz force

+ ρeE︸︷︷︸
External Electric force

+ (ρβ)n f g(T − Tw)︸���������������︷︷���������������︸
Buoyancy force

(13)

and

Γ = μn f

(
∂u
∂y

)2

. (14)

Under the application of Lorentz force, it produces the following Joules heating effects.

1
σn f

J2 = σn f B0
2u2 and J×B =

(
−σn f B0u, 0, 0

)
(15)

152



Symmetry 2019, 11, 1038

The governing Equations (10) and (12) in components form after omitting the axial heat conductions
at the walls and in the fluid [54] and become:

∂p
∂x

= μn f
∂2u

∂y2 − σn f B0
2u + (ρβ)n f (T − Tw)g + ρe(y)Ex (16)

u
∂T
∂x

= αn f
∂2T

∂y2 +
σn f B0

2(
ρCp

)
n f

u2 +
μn f(
ρCp

)
n f

(
∂u
∂y

)2

. (17)

The associated boundary conditions are:

(At upper wall) : u = U∗, k f
∂T
∂y = 0 at y = a

(At lower wall) : u = 0, −k f
∂T
∂y = qw at y = −a

⎫⎪⎪⎬⎪⎪⎭ (18)

The effective density, heat capability, and thermal and electrical conductivities of a nanofluid [55]
are respectively given by:

ρn f

ρp
=

[
(1−φ)ρ f

ρp
+ φ

]
(19)(

ρCp
)
n f(

ρCp
)
p

=

⎡⎢⎢⎢⎢⎢⎢⎢⎣(1−φ)
(
ρCp

)
f(

ρCp
)
p

+ φ

⎤⎥⎥⎥⎥⎥⎥⎥⎦ (20)

kn f

k f
=

(
4.97φ2 + 2.72φ+ 1

)
(21)

σn f

σ f
=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣1 +
3
(
σp
σ f
− 1

)
φ(

σp
σ f

+ 2
)
−

(
σp
σ f
− 1

)
φ

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦. (22)

The following dimensionless transformations

y = ay, u = umu, U∗ = umU, p = ρ f um
2p(a/um)

n, θ = T−Tw
qwa/k f

,

ρe = −
(
εζ1/a2

)
ρe, κ = κ/a, ψ = ψ/ζ1

⎫⎪⎪⎬⎪⎪⎭, (23)

Transform Equations (16) and (17) by using (23) in the dimensionless form as:

(
123φ2 + 7.3φ+ 1

)
n
(
∂u
∂y

)n−1
∂2u
∂y2 −A4M2u + A3Grθ+ βuρe −ReP = 0, (24)

(
4.97φ2 + 2.72φ+ 1

)∂2θ

∂y2 + Br
(
123φ2 + 7.3φ+ 1

)(∂u
∂y

)n+1

− B1γuA4 + BrM2u2 = 0. (25)

u = U, ∂θ
∂y = 0 at y = 1 (Upper wall)

u = 0, ∂θ
∂y = −1 at y = −1 (Lower wall)

⎫⎪⎪⎬⎪⎪⎭. (26)
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In which

Gr =
(ρβ) f gqwa3

δk f um

(
a

um

)n−1
, Re =

ρ f uma
δ

(
a

um

)n−1
, M2 =

σ f B0
2a2

δ

(
a

um

)n−1

Br = δum
2

qwa

(
a

um

)1−n
, UHs = − εζ1Ex

δ

(
a

um

)n−1
, βu = UHs

um
, γ =

k f uma
α f qw

∂T
∂x ,

ρe(y) = κ2
(

Sinh(κ(1−y))+RζSinh(κ(1+y))
Sin(2κ)

)
, α f =

(ρCp) f
k f

A4 =
σn f
σ f

, A3 =
(ρβ)n f

(ρβ) f
, B1 =

(ρCp)n f

(ρCp) f
, Rζ = ζ2/ζ1.

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
. (27)

where κ is the electro-osmotic parameter, ρ is density, μ is dynamic viscosity, β is volumetric volume
expansion, Gr is Grashof number and Cp is specific heat. Assume that um = −

(
a2/2μ f

)
∂p/∂x is the

maximum velocity between two plates, and βu is the ratio between electro-osmotic velocity UHs and
maximum velocity of the fluid. Thermophysical properties of alumina and the base fluid polyvinyl
chloride (PVC) are illustrated below in Table 1.

Table 1. Physical properties of PVC [56] and Al2O3 [52].

Properties Cp (J kg−1 K−1) β × 10−5 (K−1) ρ (kg m−3) k (W m−1 K−1) μ (Ns m−2)

Al2O3 765 8.5 × 10−1 3970 40 - - - - -

PVC

2% 4117.56 21.9 1006.24 0.586 0.0015
3% 4085.34 21.8 1010.25 0.579 0.00107
4% 4053.12 21.8 1014.27 0.572 0.00114
5% 4020.9 21.8 1018.29 0.718 0.00114
6% 3988.68 21.8 1022.31 0.559 0.00116
7% 3956.46 21.7 1026.33 0.552 0.00119

2.5. Thermophysical Relations

Skin friction is defined as:

C f =
2τw

ρ f u2
m

and τw = δ
(
123φ2 + 7.3φ+ 1

)(∂u
∂y

)(
∂u
∂y

)n−1

; y = ±a (28)

Moreover, in the present study, different concentration of alumina particles (Al2O3) are used in the
polymer solution of polyvinyl alcohol in water; consequently, different values of τ in correlation with
nanoparticle volume fraction φ for different concentrations of polyvinyl alcohol are listed in Table 2.

Table 2. Properties of the power-law equation and PVC solutions [56].

PVC (%) Consistency Index δ Power Index n Shear Stress

2 0.00494 0.790 τ = 0.00494
(
123φ2 + 7.3φ+ 1

)
(∂u/∂y)0.790

3 0.00925 0.764 τ = 0.00925
(
123φ2 + 7.3φ+ 1

)
(∂u/∂y)0.764

4 0.01557 0.734 τ = 0.01557
(
123φ2 + 7.3φ+ 1

)
(∂u/∂y)0.734

5 0.02170 0.718 τ = 0.02170
(
123φ2 + 7.3φ+ 1

)
(∂u/∂y)0.718

6 0.02616 0.691 τ = 0.02616
(
123φ2 + 7.3φ+ 1

)
(∂u/∂y)0.691

7 0.03033 0.663 τ = 0.03033
(
123φ2 + 7.3φ+ 1

)
(∂u/∂y)0.663

Hence, the coefficient of skin friction in the dimensionless form for both walls is:

C f =
2

Re

(
123φ2 + 7.3φ+ 1

)(∂u
∂y

)n

at y = ±1. (29)
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2.6. Heat Transfer Rate

The Nusselt number is defined as:

Nu =
ah
k f

and h =
qw

Tw − Tm
(30)

Here, h is heat transfer coefficient, qw is wall heat flux and Tm is bulk mean temperature, which is
given by:

Tm =

∫
ρ f uTdA∫
ρ f udA

. (31)

The mean temperature in the dimensionless form becomes:

θm =
k f (Tm − Tw)

qwa
. (32)

Therefore, the Nusselt number is:

Nu = − 1
θm

. (33)

2.7. Entropy Generation

The entropy generation of local volumetric rate can be defined as:

SG =
kn f

T2
w

(
∂T
∂y

)2

+
μn f

Tw

(
∂u
∂y

)2

+
σn f B2

0u2

Tw
+
ρe(y)Ex

Tw
. (34)

The characteristic entropy generation can be expressed as:

S0 =
q2

w

k f T2
w

, (35)

By using the transformation given in Equation (23), the non-dimensional total entropy generation
may be expressed as:

Ns =
SG
S0

=
(
4.97φ2 + 2.72φ+ 1

)(∂θ
∂y

)2

+
Br
Ω

⎛⎜⎜⎜⎜⎝(123φ2 + 7.3φ+ 1
)(∂u
∂y

)n+1

+ A4M2u2 + βuρeu

⎞⎟⎟⎟⎟⎠, (36)

where M, Br, βu, ρe and Ω are respectively the magnetic field, Brinkman number, volumetric volume
expansion, dimensional electric charge density, and dimensionless temperature difference. These
parameters are defined as:

M2 =
σ f B2

0a2

K

(
a

um

)n−1
, Br = Ku2

m
qwa

(
a

um

)1−n
, βu = UHs

um
,

ρe = −(εζ1/a2)ρe, Ω =
qwa

k f Tw

⎫⎪⎪⎪⎬⎪⎪⎪⎭. (37)

Be =
Entropy due to heat transfer

Total entropy geeration
(38)

Be =

(
4.97φ2 + 2.72φ+ 1

)(
∂θ
∂y

)2

(4.97φ2 + 2.72φ+ 1)
(
∂θ
∂y

)2
+ Br

Ω

(
(123φ2 + 7.3φ+ 1)

(
∂u
∂y

)n+1
+ A4M2u2 + βuρeu

) , (39)
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3. Discussion of Results

3.1. Analytic Solution

In this section, we intend to find the analytical solutions by means of the homotopy analysis
method [57]. We chose the initial guesses u0, θ0 and linear operators £1, £2, [58] as:

u0(y) =
1
2
(1 + y)U, θ0(y) =

1
4

y(y− 2). (40)

£1 =
d

dy

(
du
dy

)
, £2 =

d
dy

(
dθ
dy

)
. (41)

The deformation equations of homotopy for the zeroth-order are established as:

(1− ξ)£1[θ(y, ξ) − θ0(y)] = ξ�uN1[u(y, ξ), θ(y, ξ)],
(1− ξ)£2[θ(y, ξ) − θ0(y)] = ξ�θN2[u(y, ξ), θ(y, ξ)]

}
(42)

For ξ = 0 ξ = 1
u(y, ξ) : u0(y) u(y)
θ(y, ξ) : θ0(y) θ(y)

⎫⎪⎪⎪⎬⎪⎪⎪⎭ (43)

The nonlinear operators N1, N2 are can be written as:

N1[u(y, ξ), θ(y, ξ)] =
(
123φ2 + 7.3φ+ 1

)
n
(
∂u(y, ξ)
∂y

)n−1
∂2u(y, ξ)
∂y2 −A4M2u(y, ξ)+

A3Grθ(y, ξ) + βuρe −ReP,

N2[u(y, ξ), θ(y, ξ)] =
(
4.97φ2 + 2.72φ+ 1

)∂2θ(y, ξ)
∂y2 + A4BrM2(u(y, ξ))2+

Br
(
123φ2 + 7.3φ+ 1

)(∂u(y, ξ)
∂y

)n+1
− B1γu(y, ξ)

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
. (44)

The solution for velocity and temperature up to mth-order approximation can be expressed as:

u(y) = u0(y) +
m∑

l=1

ul(y) ,θ(y) = θ0(y) +
m∑

l=1

θl(y). (45)

The best solutions for solving coupled differential equation can be presented as below at 20th
order approximations:

u(y) = C1 + C2y + C3y2 + C4y3 + C5y4 + C6y5 + C7y6 + C8y7 (46)

θ(y) = D1 + D2y + D3y2 + D4y3 + D5y4 + D6y5 (47)

The constants C1 to C8 and D1 to D6 are specified in Appendix A.

3.2. Convergence Inspection

As pointed out by Liao [59], the convergence of homotopic results can be controlled by the
auxiliary parameters �u and �θ. In Figures 2 and 3, it is observed that the minimum error for the
velocity and temperature profiles can be achieved at �u = −0.5 and �θ = −0.65.

In addition, the residual error norms have been utilized to further ensure the accuracy of the
obtained series solutions. The residual errors of the velocity and temperature profiles for two succeeding
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approximations of temperature Eθ and velocity Eu up to the 20th order iteration as given in Table 3 can
be obtained by the following expressions:

Eu =

√√√
1
21

20∑
i=0

(u(i/20))2 and Eθ =

√√√√
1

21

20∑
j=0

(θ( j/20))2. (48)

 

Figure 2. Graph of residual error for �u.

 

Figure 3. Graph of residual error for �θ.

Table 3. Residual error of series solutions when Gr = 3.1556, Br = 1, Re = 442.956, β = 1, M = 0.1 and ρe = 1.

Order of Approximation Time Eu Eθ

05 8.2651 9.8020 × 10−3 9.8561 × 10−3

10 29.3761 9.3023 × 10−3 7.6511 × 10−3

15 62.4216 2.3452 × 10−3 2.2438 × 10−3

20 100.0125 1.0411 × 10−3 1.9624 × 10−3
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3.3. Graphical Illustration

The current research is about flow and entropy on a magnetized power law nanofluid along the
horizontal walls. The effects of the nanofluid can be determined at the same pressure with the electric
body force and the motion of the upper plate. Flow and entropy generation on the magnetized power
law of a nanofluid in the horizontal channel are studied systematically. The lower wall is heated,
and the upper wall maintains the temperature. The influence of different important parameters such
as Grashof number, electro-osmosis, Reynolds number, magnetic field, Brinkman number, entropy
generation, nanoparticle volume fraction and Bejan number on temperature and velocity distributions
were illustrated graphically in Figures 4–23. By using different parameters, we get different results
which can be explained as n = 0.764 (PVC 3%), φ = 0.03, M = 2, βu = 0.3, γ = 10, κ = 8, Gr = 2.366,
Re = 442.956 and Br = 1.

The impact of M on temperature and velocity is demonstrated in Figures 4 and 5. They show that
when the magnetic parameter increases, the velocity profile decreases while the temperature profile
increases. When one applies a magnetic field on electrically treated nanofluid, then it produces a
force opposite to the flow direction. Consequently, the Lorentz force increases the magnetic parameter
which opposes the fluid flow, and due to that, the velocity distribution decreases and the temperature
distribution upsurges. The effects of volume fraction φ on temperature are depicted in Figure 6.
The temperature profile increases by increasing the φ volume fraction. Various concentrations of
polyvinylchloride (PVC) on temperature and velocity are illustrated in Figures 7 and 8. From Figure 7,
it is observed that the velocity distribution rises with the increase of PVC. The temperature for various
values of PVC are portrayed in Figure 8. It can be seen that temperature is a decreasing function
between the channel. Figure 9 shows the effect of βu on velocity profile. βu can be expressed as the
ratio of UHs and um of a nanofluid. Figure 9 shows that flow of a channel exceeds and gains its high
value. Figure 10 reveals a minute change for increasing values of the electro-osmotic parameter for
velocity and temperature. The effects of the electro-osmotic value of κ on temperature and velocity
profile are shown in Figures 11 and 12. It can be seen from Figure 11 that by increasing κ, the velocity
profile increases. This is due to a larger value of κ for the velocity profiles that display EDL layers.
The effect of electro-osmotic κ on temperature is illustrated in Figure 12, which gives the deficiency
of the Joule effect. It is also noted that if the pseudo-plastic increases in electro-osmotic parameter κ,
it results in a notable increase in temperature. The effect of Br on temperature is shown in Figure 13.
It is perceived that by increasing Br, the temperature decreases, from which we conclude that Br
increases as compared to bulk mean temperature. The effect of Brinkman number with respect to
volume friction is expressed in Figure 14. It is perceived that for a developing Brinkman number with
respect to volume fraction, the Nusselt number increases. Results indicate that temperature increases
for higher values of nanoparticle volume fraction. The influence of UHs and um of nanofluid βu and κ
on the Nusselt number are shown in Figure 15. It is seen that near the heated wall, the Nusselt number
reduces; this is because first heat is moved to the fluid and then transferred into a separated plate.

The entropy generation profiles for various important parameters such as volumetric volume
expansion β, magnetic field M, dimensionless temperature parameter BrΩ−1, and Brinkman number Br
are illustrated in Figures 16–21. The impact of M on entropy generation is displayed in Figure 16. It can
be observed that when M increases, the entropy generation decreases on the left side with minimum
energy loss at y = −0.25; after this, increasing behavior is detected. The effect of β on entropy generation
is depicted in Figure 17, where it can be observed that when β is increasing, the entropy generation is
also increased. The energy loss on the upper wall is comparatively greater when compared to the lower
wall. The significance of Br on entropy generation in Figure 18 shows that when Br increases, entropy
generation decreases on the left side and has minimum energy loss at y = 0; after this, an increasing
trend on the left side is seen. The influence of BrΩ−1 on entropy generation is given in Figure 19 and
it is observed that entropy generation decreases on the lower wall and has minimum energy loss at
y = 0.15. Figure 20 shows that when the electro-osmotic parameter increases, entropy generation also
increases. From Figure 21, it is observed that when Rζ increases, the entropy generation at the lower
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wall decreases, but after y = 0, it increases at the upper wall. Figure 22 shows that when the magnetic
parameter increases, Bejan number also increases. It is observed that there is a dominant effect on the
lower as well as the upper wall. Figure 23 shows that when BrΩ−1 increases, the Bejan number also
increases. It is noted that the Bejan number shows a dominant role on the upper wall.

The impact of the different parameters on skin friction such as the electro-osmotic parameter, the
ratio between UHs and um, volume concentration, Brinkman number, and magnetic field are given in
Table 4. It is found that by increasing the Brinkman number and the magnetic parameter, the skin
friction decreases.

 

Figure 4. Performance of M on velocity.

 

Figure 5. Performance of M on temperature.
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Figure 6. Performance of φ on temperature.

 

Figure 7. Performance of PVC concentration on velocity.
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Figure 8. Performance of PVC concentration on temperature.

 

Figure 9. Performance of βu on velocity.
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Figure 10. Performance of βu on temperature.

 

Figure 11. Effect of the electro-osmotic parameter on velocity.
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Figure 12. Performance of the electro-osmotic parameter on temperature.

 

Figure 13. Performance of Brinkman number Br on temperature.
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Figure 14. Performance of Br w.r.t φ on Nusselt number.

 

Figure 15. Performance of κw.r.t βu on Nusselt number.
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Figure 16. Performance of the magnetic parameter on entropy generation.

 

Figure 17. Performance of β for various values on entropy generation.
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Figure 18. Performance of Brinkman number Br on entropy generation.

 

Figure 19. Performance of BrΩ−1 on entropy generation.
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Figure 20. Performance of κ on entropy generation.

 

Figure 21. Performance of Rζ on entropy generation.
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Figure 22. Performance of the magnetic parameter on Bejan number.

 

Figure 23. Performance of BrΩ−1 on Bejan number.
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Table 4. Coefficient of skin friction C f with M, Br and βu along n = 0.764 (PVC 3%).

β M Br Cf−h1 Cf−h2

0.1 0.1 0.0 0.00317506 0.00388072
0.2 0.00317497 0.00388079
0.3 0.00317489 0.00388087
0.4 0.00317481 0.00388095

0.0 0.00317423 0.00388169
0.5 0.00317428 0.00388157
1.0 0.00317443 0.00388152
1.5 0.00317468 0.00388148

0.0 0.00317506 0.00388072
1.0 0.00317512 0.00388066
2.0 0.00317518 0.00388060
3.0 0.00317524 0.00388054

4. Conclusions

In this work, the effects of entropy generation on power law nanofluid through a horizontal
channel in a way that one wall is movable and the other is stationary are presented. The impact of a
mixed convection magnetic field and an electrical double layer has combined for momentum conduct.
Flow is produced in an axial direction by the movement of the upper wall. The important findings are:

• When the magnetic parameter and nanoparticle volume fraction are increased, then the velocity
of the nanofluid decreases whereas the temperature profile is increased.

• Velocity profile is increased for increasing PVC while a decrease in temperature is detected.
• Temperature and velocity demonstrate similar behavior for increasing values of κ and the ratio

between UHs and um.
• It is observed that C f increases at the heated wall against higher Brinkman number and volume

fraction while the reverse behavior is noted for the increasing ratio between UHs and um. The same
phenomena are observed for the cases of electro-osmotic and magnetic factors.

• Skin friction is improved with increasing values of κ and the ratio between UHs and um, whereas
it decreases with the increase in Brinkman number, volume fraction and the magnetic parameter.

• The Nusselt number escalates for a snowballing magnetic parameter but de-escalates
with the increasing ratio between UHs and um, volume fraction, Brinkman number and
electro-osmotic factors.

• The entropy generation increases with an increase of volumetric volume expansion β, magnetic
field M and κ, while it decreases with an increase of BrΩ−1 and Brinkman number.

• A dual behavior of entropy generation is noted for decreasing and increasing values of Rζ.
• The Bejan number escalates by snowballing values of both BrΩ−1 and magnetic elements in direct

relation with each other and is depicted for both of them.
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Abstract: The solutions for velocity and stress are derived by using the methods of Laplace
transformation and Modified Bessel’s equation for the rotational flow of Burgers’ fluid flowing
through an unbounded round channel. Initially, supposed that the fluid is not moving with t = 0
and afterward fluid flow is because of the circular motion of the around channel with velocity ΩRtp

with time positively grater than zero. At the point of complicated expressions of results, the inverse
Laplace transform is alternately calculated by “Stehfest’s algorithm” and “MATHCAD” numerically.
The numerically obtained solutions in the terms of the Modified Bessel’s equations of first and
second kind, are satisfying all the imposed conditions of given mathematical model. The impact
of the various physical and fractional parameters are also indeed and so presented by graphical
demonstrations.

Keywords: Burgers’ fluid; velocity field; shear stress; Laplace transform; modified Bessel function;
Stehfest’s algorithm; MATHCAD

1. Introduction

Fluids can be divided into two types i.e., Newtonian and non-Newtonian fluid. The Newtonian
fluids are simple and ideal. In real life there is no exitance of Newtonian fluids but water and air
consider as Newtonian fluid. However, the non-Newtonian fluids are complicated and cannot be
solved easily. The fluid motion within a cylinder has a wide application in the field of physics,
engineering and specially in the food industry. In (1923), Taylor presented the results of stability of
fluid in rotating cylinders [1]. Stephen Childress, in 2009 talked about the lift and drag in ideal fluids
in two-dimensional, Stoke’s flow and gas dynamics [2]. Waters and King [3] discussed the Oldroyd-B
fluid in a circular tube by taking Poiseuille flow into account. The investigation of basic unsteady pipe
flow and viscoelastic upper-convected Maxwell fluid in uniform circular cross section, is available
in [4]. They used the Fourier Bessel series to obtain the closed form solutions. The exact solutions
of different fluids in circular cylinders (may be finite and infinite) can be obtained by applying the
Laplace transformation on the system. There has been published a number of papers on this idea.

The action of circular cylinder and pressure gradient for both translational and rotational flows
for viscoelastic fluids discussed in [5]. Fox and Macdonald [6] focussed on differential analysis of one
dimensional and steady state flow of incompressible and non viscous fluid. He also discussed the flow
of fluid through pipes and channels. Fetecau [7] worked on unidirectional unsteady flow through an
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infinite pipe for Oldroyd-B fluids. For analytical solutions, an expansion theorem of Steklov is used
with a no slip condition. The viscoelastic fluids have many exertions in various fields of industry, also
in bio engineering. Ting [8] and Srivastava [9] find out the analytical solutions of non-Newtonian
fluids for second grade and Maxwell fluids respectively. Sherief et al. [10] considered an infinitely
magnetic insulating circular cylinder for the steady one-dimensional flow of an incompressible MHD
fluid. The slip boundary conditions are applied on velocity and they calculated the results for the
micro rotation, ratio of flow and skin coefficients.

The Helical flow is the composition of translation and rotational motion, is applicable in vascular
hydrodynamics and biomedical engineering. Many papers have been published on this type of flow.
The general solutions of some helical flow corresponding to the second grade fluid are seems in [11].
The analytic solutions of same fluid for unsteady flow has been derived by Hayat et al. [12]. In rotating
circular cylinder, Fetecau [13] obtained the analytical solutions for the helical flow of Oldroyd-B fluid.
In the same domain, the solutions of Maxwell and second grade fluids are available in [14,15].

Fractional calculus plays a very important rule in the field of fluid mechanics. Podlubny [16]
discussed the differential equations of fractional model. The elements of fractional model defines
viscoelastic fluids of special kind. Now a days, such models frequently [17,18] commonly encounter in
our daily lives. The analytical solutions of generalized second grade fluids are available in [19]. Exact
solutions of generalized Burgers’ fluid in annulus of circular cylinders and helical flow of Burgers’
fluid, in terms of fractional derivatives, are found in [20,21] respectively. Whereas the analysis of
velocity and stress field, vortex sheet of same fluid by considering the fractional anomalous diffusion
by Xu et al. [22]. Song and Jiang [23] studied the five parametric constitutive equations with fractional
derivatives of linear viscoelastic Jeffreys model. For the applications, they consider the Sesbania
gel and Xanthan gum and get the satisfactory results. Tan et al. [24] and Xu et al. [25] applied a
fractional derivative model to Maxwell and generalized second grade fluids between two parallel
plates. Abdullah et al. [26] considered the fractional Maxwell fluid in a boundless circular pipe
with velocity f t. To obtained the solutions for velocity and shear stress they applied the Laplace
transformation and modified Bessel equation. To find out numerically inverse Laplace transformation
MATLAB is used by them.

In this article, the solutions for Burgers’ fluid in rotating pipe like domain are determined. Here,
a Laplace transformation technique was used to study fluid motion in a circular domain. The variable
of time is removed with the help of a Laplace transform and modified Bessel functions to convert
the complex equations into simple algebraic equations. The derived results are complicated so that
inverse Laplace transformation were difficult to apply. So “Stehfest’s algorithm” [27] and “MATHCAD”
software was used to find the numerical solutions for the Burgers’ fluid in circular domain. Graphs
were drawn to elaborate the influences of fluids on velocity against different parameters. The results
and discussions of all parameters are given at the end that shows the consistency in obtained results.

2. Governing Equations

Here, the formulation of velocity V and the extra-stress S for the fluid under consideration are
as [28]

V = V(r, t) = F(r, t)eθ, S = S(r, t) , (1)

where eθ is the unit vector of the cylindrical coordinates system and F(r, t) is the component of velocity
along eθ. The initial conditions for the fluid at rest position are, as in [28];

V(r, 0) = 0, S(r, 0) = 0. (2)
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The governing equations for the motion of Burgers’ fluid are [29](
1 + λ1

∂

∂t
+ λ2

∂2

∂t2

)
∂F
∂t

= ν

(
1 + λ3

∂

∂t

)(
∂2

∂r2 +
1
r

∂

∂r
− 1

r2

)
F(r, t) , (3)

(
1 + λ1

∂

∂t
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∂2

∂t2

)
Q(r, t) = μ

(
1 + λ3

∂

∂t

)(
∂

∂r
− 1

r

)
F(r, t) , (4)

where μ is the coefficient of viscosity, ν = μ/ρ is kinematic viscosity, ρ is constant density of the fluid,
λi (i = 1, 2, 3) new material constants and Q(r, t) = Srθ(r, t) 	= 0 shear stress. By altering the inner time
derivatives with the fractional derivatives in Equations (3) and (4), the governing equations for the
fractional derivative of Burgers’ fluid (FBF) can be obtained as

(
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t + λ2α
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(
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)(
∂
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− 1

r

)
F(r, t) , (6)

where α and β are the fractional parameters such as 0 ≤ α ≤ β ≤ 1. The Caputo fractional derivative is
defined as [16,18]

Dα
t f (t) =

⎧⎪⎨⎪⎩
1

Γ(1−α)
d
dt

∫ t
0

f (τ)
(t−τ)α dτ, 0 ≤ α < 1;

d
dt f (t), α = 1,

(7)

where Γ(·) is the gamma function. When α , β → 1, Equations (5) and (6) reduce to Equations (3) and
(4), because D1

t f = d f
dt .

3. Imposing Condition and Geometry

Initially, (when t = 0) the FBF is at rest in an infinite circular pipe with radius R(> 0) as shown
in Figure 1. After time t = 0+, the pipe suddenly starts to rotate about its Z-axis having the angular
velocity Ωtp. According to mathematical situation, appropriate initial and boundary conditions are

F(r, 0) =
∂F(r, 0)

∂t
= 0 , τ(r, 0) = 0 ; r ∈ [0, R], (8)

F(R, t) = RΩtp ; t > 0, p ∈ N , p > 0, (9)

where Ω denotes the angular constant and N is the set of natural numbers.

Figure 1. Geometry of the problem.
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3.1. Velocity Field Due to Rotating Circular Pipe

By applying the Laplace transform to Equations (5) and (9),

∂2F(r, s)
∂r2 +

1
r

∂F(r, s)
∂r

−
[

1
r2 + a(s)

]
F(r, s) = 0, (10)

and

F(R, s) =
RΩp !
sp+1 , (11)

where

a(s) =
s(1 + λα

1sα + λ2α
2 s2α)

ν(1 + λ
β
3 sβ)

.

Also F(r, s) and F(R, s) are the Laplace transforms of the functions F(r, t) and F(R, t) respectively.
By applying the variable transformation z = r

√
a(s) in Equation (10)

z2 ∂2F
∂r2 + z

∂F
∂r

− (12 + z2)F = 0. (12)

The above Equation (12) is the modified Bessel equation of order 1. So, the general solution of this
equation is given by the successive equation

F(z, s) = C1 I1(z) + C2K1(z), (13)

where C1 and C2 are constants and I1, K1 are the modified Bessel functions of first and second kind
of order 1. For a finite solution at r = 0(z = 0), the constant C2 should be zero i.e., C2 = 0. So,
Equation (13) implies

F(z, s) = C1 I1(z). (14)

The value of C1 is calculated from Equation (14) by taking Equation (11) into account

C1 =
ΩRp!

sp+1 I1(R
√

a(s))
. (15)

Therefore the Equation (14) implies

F(r, s) =
ΩRp!
sp+1 × I1(r

√
a)

I1(R
√

a)
. (16)

The solution in Equation (16) is in the complex form of the first and second kind of Bessel functions.
Normally, it is difficult to find out the solution of such complex expressions with an ordinary inverse
Laplace transformation. However, an alternately inverse Laplace of Equation (16) was numerically
calculated by using the “Stehfest’s algorithm” [27]

fn(x) = ln(2)x−1
2n

∑
i=1

ai(n)F(i ln(2)x−1), n ≥ 1, x > 0, (17)

where ai(n) are coefficients defined as follows

ai(n) =
(−1)n+i

n!

min(i,n)

∑
s=[ (i+1)

2 ]

sn+1 nCs
2sCs

sCi−s, n ≥ 1, 1 ≤ i ≤ 2n, (18)

and “MATHCAD” software.
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3.2. Shear Stress Due to Rotating Circular Cylinder

By taking the Laplace transform of Equation (6)

Q(r, s) =
√

b(s)
[

∂F(r, s)
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− 1
r

F(r, s)
]

, (19)

where
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.

Putting Equation (16) into (17) and after taking the few steps of simplification,

Q(r, s) =
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I1(R

√
a)

[√
aI0(r
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a)− 2

r
I1(r

√
a)
]

. (20)

Again it is in a complicated form. So “Gaver Stehfest’s algorithm” and “MATHCAD” software
were used for the inverse Laplace transformation of the result given in Equation (20) .

4. Results and Discussions

In this article, the main goal is to establish the numerical technique to develop the solutions of the
Burgers’ fluid for the rotational flow of Burgers’ fluid within cylindrical domain. The expressions
of velocity and shear stress are found for an incompressible non-integer order model of the Burgers’
fluid in a circular pipe. The Laplace transformation is used to establish the solutions. As there
are complicated expressions in Equations (16) and (20) with respect to the Laplace transformation,
it was not easy to find out final results by using direct inverse Laplace on Equations (16) and
(20). Although, “MATHCAD” is used along with the “Stehfest’s algorithm” instead of the inverse
Laplace transformation to find out the numerical results. The numerical solutions for Oldroyd-B,
Maxwell, second grade and Newtonian fluids are also derived with generalization of main results
i.e., Equations (16) and (20). To determine the impact of physical parameters, the graphical illustrations
are made. The behaviour of time on the velocity field and stress is shown in Figures 2 and 3. These
figures show that the influence of velocity and stress depending upon the parameters r, λ1, λ2, λ3, α, β, ν

and μ. Figures 2 and 3 show that the velocity and shear stress increase with respect to the increase in
the dependent variable t with fixed values of other dependent parameters. Similarly, a clear increase
in velocity and stress can also be seen in Figures 4 and 5 for r with respect to the time variable t while
fixing the other dependent parameters. It is also observed from Figure 4 that velocity has linear
relation for r with respect to t.

Figure 2. The aspect of velocity F(r, t) for various values of t and fixed values for Ω = 1, R = 1, p =

1, s = 1, α = 0.3, β = 0.7, ν = 0.053, n = 12, λ1 = 5, λ2 = 20 and λ3 = 55.
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λ λ λ α β ν μ

λ λ λ α β ν μ

λ λ λ α β ν μ

Figure 3. The aspect of stress Q(r, t) for various values of t and fixed values for μ = 0.010, Ω = 2.5, R =

1, p = 1, s = 1, α = 0.3, β = 0.7, ν = 0.053, n = 12, λ1 = 5, λ2 = 20 and λ3 = 55.

Figure 4. The aspect of velocity F(r, t) for various values of r and fixed values for Ω = 1, R = 1, p =

1, s = 1, α = 0.3, β = 0.7, ν = 0.053, n = 12, λ1 = 5, λ2 = 20 and λ3 = 55.

λ λ λ α β ν μ

λ λ λ α β ν μ

λ λ λ α β ν μ

Figure 5. The aspect of stress Q(r, t) for various values of r and fixed values for μ = 0.09, Ω = 1.5, R =

1, p = 1, s = 1, α = 0.3, β = 0.7, ν = 0.053, n = 12, λ1 = 5, λ2 = 20 and λ3 = 55.

Also, to uncover the aspects of other physical and fraction parameters on velocity and stress the
graphs drawn and presented in Figures 6–17. All the graphs for velocity and stress in Figures 6–17
are plotted for concerned parameter against the change factor “time”. One can say that the fractional
parameter α, relaxation parameters λ1 and λ2 have decreasing behaviour for velocity and stress with
respect to t. This fact can be observed in Figures 6–9, 12 and 13 respectively. Whereas, the velocity and
stress are also increasing functions for the retardation parameter λ3, fractional parameter β, viscosity μ

and ν with respect to time t as shown in Figures 10, 11, 14–17. Figures 2–17 make it possible to check
the point to point variations, increment or decrement in two parameters (among which the graphs are
made) for velocity and stress profile.

Finally, the comparison among the different generalized cases of Burgers’ fluid are made in
Figure 18 for velocity function against time t. The results of these generalized cases are derived by the
implementation of the “Stehfest’s algorithm” and “MATHCAD” to Equation (16). It is observed that
the second grade fluids have more velocity as compared to other Newtonian and non-Newtonian fluid
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cases of this model while taking the same values of different dependent parameters and variation in
time t. The Oldroyd-B fluid behaves as like the second grade fluid but have less velocity as compared
to the second grade fluid’s velocity. Similarly, Figure 18 also shows the behaviour of velocity for
Newtonian and Maxwell fluids. The Maxwell fluids have minimum velocity for this flow model
with prescribed conditions among all the Newtonian and non-Newtonian cases. As a description it is
clearing that in all the Figures 2–18, the units of the material constants are SI units. The comparison of
solutions that obtained from two different methods analytically [29,30] and numerically (derived from
Equations (16) and (20)) are given in Tables 1 and 2 for two different cases Maxwell and Newtonian
fluids. These tables showing clearly that two different methods for the same problem have the same
results. Which shows the consistency of our numerical technique and results for fractional model of
Burgers’ fluid with already published literature [29,30].

Figure 6. The aspect of velocity F(r, t) for various values of λ1 and fixed values for Ω = 1, R = 1, p =

1, s = 1, α = 0.3, β = 0.8, ν = 0.013, n = 12, r = 0.8, λ2 = 20 and λ3 = 55.

λ λ λ α β ν μ

λ λ λ α β ν μ

λ λ λ α β ν μ

Figure 7. The aspect of stress Q(r, t) for various values of λ1 and fixed values for μ = 0.09, Ω = 2.5, R =

1, p = 1, s = 1, α = 0.3, β = 0.8, ν = 0.013, n = 12, r = 0.8, λ2 = 20 and λ3 = 55.

Figure 8. The aspect of velocity F(r, t) for various values of λ2 and fixed values for Ω = 1, R = 1, p =

1, s = 1, α = 0.2, β = 0.7, ν = 0.013, n = 12, r = 0.8, λ1 = 5 and λ3 = 55.
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λ λ λ α β ν μ

λ λ λ α β ν μ

λ λ λ α β ν μ

Figure 9. The aspect of stress Q(r, t) for various values of λ2 and fixed values for μ = 0.09, Ω = 1.2, R =

1, p = 1, s = 1, α = 0.2, β = 0.7, ν = 0.013, n = 12, r = 0.8, λ1 = 5 and λ3 = 55.

Figure 10. The aspect of velocity F(r, t) for various values of λ3 and fixed values for Ω = 1, R = 1, p =

1, s = 1, α = 0.2, β = 0.8, ν = 0.013, n = 12, r = 0.8, λ1 = 5 and λ2 = 20.

λ λ λ α β ν μ

λ λ λ α β ν μ

λ λ λ α β ν μ

Figure 11. The aspect of stress Q(r, t) for various values of λ3 and fixed values for μ = 0.09, Ω =

1.2, R = 1, p = 1, s = 1, α = 0.2, β = 0.8, ν = 0.013, n = 12, r = 0.8, λ1 = 5 and λ2 = 20.

Figure 12. The aspect of velocity F(r, t) for various values of α and fixed values for Ω = 1, R = 1, p =

1, s = 1, β = 0.7, ν = 0.013, n = 12, r = 0.8, λ1 = 5, λ2 = 20 and λ3 = 55.
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λ λ λ α β ν μ

λ λ λ α β ν μ

λ λ λ α β ν μ

Figure 13. The aspect of stress Q(r, t) for various values of α and fixed values for μ = 0.09, Ω = 1.2, R =

1, p = 1, s = 1, β = 0.7, ν = 0.013, n = 12, r = 0.8, λ1 = 5, λ2 = 20 and λ3 = 55.

λ λ λ α β ν

λ λ λ α β ν

λ λ λ α β ν

Figure 14. The aspect of velocity F(r, t) for various values of β and fixed values for Ω = 1, R = 1, p =

1, s = 1, α = 0.3, ν = 0.013, n = 12, r = 0.8, λ1 = 5, λ2 = 20 and λ3 = 55.

λ λ λ α β ν μ

λ λ λ α β ν μ

λ λ λ α β ν μ

Figure 15. The aspect of stress Q(r, t) for various values of β and fixed values for μ = 0.09, Ω = 1.2, R =

1, p = 1, s = 1, α = 0.3, ν = 0.013, n = 12, r = 0.8, λ1 = 5, λ2 = 20 and λ3 = 55.

Figure 16. The aspect of velocity F(r, t) for various values of ν and fixed values for Ω = 1, R = 1, p =

1, s = 1, α = 0.3, β = 0.8, n = 12, r = 0.8, λ1 = 5, λ2 = 20 and λ3 = 55.
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Figure 17. The aspect of stress Q(r, t) for various values of μ and fixed values for Ω = 2.5, R = 1, p =

1, s = 1, α = 0.3, β = 0.8, ν = 0.013, n = 12, r = 0.8, λ1 = 5, λ2 = 20 and λ3 = 55.

Figure 18. Comparisons of fluid velocity for different fluid models for same value of parameters.

Table 1. Comparison of exact solutions [30] and numerical solutions (obtained from “Stehfest’s
algorithm”) for the fractional order derivative model of the Maxwell fluid.

r Exact w(r,t) [30] Numerical V(r,t) Error

0 0.000 0.000 0.000
0.02 0.029 0.029 0.000
0.04 0.058 0.058 0.000
0.06 0.087 0.087 0.000
0.08 0.115 0.116 −0.001
0.10 0.145 0.145 0.000
0.12 0.174 0.174 0.000
0.14 0.203 0.203 0.000
0.16 0.233 0.233 0.000
0.18 0.262 0.263 −0.001
0.20 0.292 0.292 0.000
0.22 0.322 0.322 0.000
0.24 0.352 0.352 0.000
0.26 0.383 0.381 0.002
0.28 0.414 0.411 0.003
0.30 0.444 0.441 0.003
0.32 0.475 0.473 0.002
0.34 0.506 0.503 0.003
0.36 0.538 0.534 0.004
0.38 0.569 0.565 0.004
0.40 0.601 0.596 0.005
0.42 0.632 0.628 0.004
0.44 0.664 0.661 0.003
0.46 0.695 0.694 0.001
0.48 0.727 0.725 0.002
..... ..... ..... .....
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Table 2. Comparison of exact solutions [29] and numerical solutions (obtained from “Stehfest’s
algorithm”) for the fractional order derivative model of the Newtonian fluid.

r Exact w(r,t) [29] Numerical V(r,t) Error

0 0.000 0.000 0.000
0.02 0.023 0.023 0.000
0.04 0.046 0.046 0.000
0.06 0.069 0.069 0.000
0.08 0.093 0.092 0.001
0.10 0.116 0.115 0.001
0.12 0.139 0.138 0.001
0.14 0.162 0.161 0.001
0.16 0.185 0.185 0.000
0.18 0.208 0.208 0.000
0.20 0.232 0.232 0.000
0.22 0.255 0.256 −0.001
0.24 0.279 0.280 −0.001
0.26 0.304 0.304 0.000
0.28 0.329 0.329 0.000
0.30 0.354 0.354 0.000
0.32 0.379 0.379 0.000
0.34 0.405 0.404 0.001
0.36 0.431 0.430 0.001
0.38 0.458 0.456 0.002
0.40 0.484 0.482 0.002
0.42 0.511 0.509 0.002
0.44 0.538 0.536 0.002
0.46 0.564 0.564 0.000
0.48 0.591 0.592 −0.001

5. Conclusions

The flow of incompressible Burgers’ fluid with leading equations in the terms of Caputo
non-integer order derivatives is studied. The under consider flow is flowing through the circular
channel of infinite length. The numerical solutions for velocity and stress has been drawn by utilizing
the Laplace transformation along with the modified Bessel’s function. After the analysis of result
following fruitful remarks are observed:

• The ordinary fluid have less velocity as compared to fractional order derivative fluid models.
This result can be verify from the graph of fractional parameter α available in Figure 12, which
has decreasing altitude when the velocity is increasing.

• The velocity of the fluid increases for Burgers’ fluid model as fluid becomes more thick in this
model.

• The graph of the parameters β, λ3, ν, t, r, and μ showed an increase/upward in behaviour with
increase in velocity and stress function.

• The parameters λ1, λ2 and α are behaving opposite to the influence of velocity and shear stress.
• The fractional Burgers’ fluid is flowing faster than the Maxwell and Newtonian fluids.
• Our obtained solutions given in Equations (16) and (20) derived from “Stehfest’s inversion

algorithm” and the exact solutions given in [29,30] are equivalent.
• In future, authors will try to study the fluid motion by considering the effects of temperature and

magnetic field.
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Abstract: Two-dimensional advection–diffusion processes with memory and a source concentrated in the
symmetry center of the domain have been investigated. The differential equation of the studied model is
a fractional differential equation with short-tail memory (a differential equation with Caputo–Fabrizio
time-fractional derivatives). An analytical solution of the initial-boundary value problem has been
determined by employing the Laplace transform and double sine-Fourier transforms. A numerical
solution of the studied problem has been determined using finite difference approximations. Numerical
simulations for both solutions have been carried out using the software Mathcad.

Keywords: Advection–diffusion; fractional derivative; concentrated source; integral transform

1. Introduction

Partial differential equations with time-fractional derivatives are suitable to describe complex
problems in chaotic dynamics, signal processing, wave propagation, classical and continuum
mechanics [1–6]. These equations admit the non-local memory effects; therefore, the fractional
models can eliminate the disadvantage of classical models that cannot satisfactorily describe some
complex processes such as anomalous diffusion.

In recent years, fractional advection–diffusion equations were intensively studied due to their
multiple applications in many practical problems such as transport of pollutants in air and water,
contaminating streams in groundwater, migration of pollutants in rivers and seawater, and tracer
dispersion in porous media.

Bhrawy and Baleanu [7] developed an efficient Legendre–Gauss–Lobatto method to solve
the advection–diffusion equation with a space-fractional Caputo derivative and non-homogeneous
initial-boundary conditions. The advection–dispersion equation with a fractional order dependent on
time and the Coimbra derivative was numerically solved by Abdelkawy et al. [8]. Zhuang et al. [9]
numerically solved the advection–diffusion equation with derivatives of variable fractional order
and a nonlinear source. They presented the explicit and implicit Euler approximation, fractional
method of line, matrix transfer technique and the extrapolation method. Fazio et al. [10] have
analyzed the advection–diffusion equation with the time-fractional Caputo derivative by using a
finite difference method with non-uniform grids. They obtained an accuracy method compared
with the classical discrete fractional formula for the time-fractional Caputo derivative. Time–space
fractional advection–diffusion equations with Riesz derivatives have been numerically investigated
by Arshad et al. [11]. A fractional advection–diffusion equation with a nonlinear source has been
studied by Jannelli et al. [12]. They obtained a numerical solution and an analytical solution
based on the Mittag–Leffler functions. Using the finite volume element method, Badr et al. [13]
have studied the fractional advection–diffusion equation with the time-fractional Caputo derivative.
Stability of the method has been analyzed. Pimenov [14] has numerically investigated the fractional
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advection–diffusion equation with heredity. Singh et al. [15] have obtained analytical solutions for the
fractional advection–dispersion equation by employing the q-fractional homotopy analysis transform
method. Using the integral transform method, Avci and Yetim [16] have found the fundamental
solutions of the fractional advection–diffusion with fractional derivatives of the Atangana–Baleanu type.
Fundamental solutions for the Dirichlet problem of the two-dimensional fractional advection–diffusion
equation with short-tail memory have been studied by Mirza and Vieru [17]. Using the Laplace
transform and the sine–cosine Fourier transform, Mirza et al. [18] have determined analytical solutions
for the fractional advection–diffusion equation in the one-dimensional case and with boundary
conditions of Robin-type. Interesting fractional diffusive processes have been investigated by Hristov
in [19–21]. Povstenko and Klekot [22] and Povstenko and Kyrylych [23] have studied the fractional
advection diffusion equation with several boundary conditions. It is important to underline that the
time–space fractional advection–diffusion equation could be solved with the Monte–Carlo method as a
limit of continuous-time random walks [24].

In this work, the analytical and numerical study of two-dimensional advection–diffusion processes
with short-tail memory and with the source concentrated in the symmetry center of the geometric
domain is carried out.

The mathematical model is described by a fractional differential equation with the time-fractional
Caputo–Fabrizio derivative. An analytical solution of the initial-boundary value problem has been
determined by employing the Laplace and finite sine-Fourier transforms. A numerical solution of the
studied problem has been determined using finite difference approximations. Numerical simulations
for both solutions have been carried out using the software Mathcad and a good agreement is found.

2. The Statement of the Problem

Let us consider the two-dimensional advection–diffusion process with memory and the
time-dependent concentrated-source in a finite domain:

D =
{
(x, y), a ≤ x ≤ b, c ≤ y ≤ d, a < b, c < d

}
with the border ∂D.

The mathematical model is described by the following time-fractional advection–diffusion
equation [7,9]:

CFDαt u(x, y, t) + k1
∂u(x,y,t)
∂x + k2

∂u(x,y,t)
∂y − ε1

∂2u(x,y,t)
∂x2 − ε2

∂2u(x,y,t)
∂y2 = f (x, y, t),

0 < α ≤ 1, k1, k2 ≥ 0, ε1, ε2 > 0, (x, y) ∈ D.
(1)

where u(x, y, t) is the field variable representing the solute concentration,
→
v = k1

→
e x + k2

→
e y is the

constant fluid velocity (the drift velocity), ε1, ε2 are the dispersion coefficients in the x-direction and
y-direction, respectively and f (x, y, t) represents the sources/sinks.

The operator CFDαt (·) denotes the time-fractional Caputo–Fabrizio derivative defined as [25]:

CFDαt u(x, y, t) = h(α, t) ∗ .
u(x, y, t),

h(α, t) =

⎧⎪⎪⎨⎪⎪⎩ M(α)
1−α exp

( −αt
1−α

)
δ(t), α = 1,

, 0 ≤ α < 1,

.
u(x, y, t) = ∂u(x,y,t)

∂t ,

(2)

where “∗“ denotes the convolution product and δ(t) is Dirac’s distribution. In the above definition, the
function M(α) is so called the normalization function, which should satisfy conditions M(0) = M(1) = 1.
In the present paper, for simplicity, we will consider for the normalization function M(α) ≡ 1, α ∈ [0, 1].

The following properties of the Caputo–Fabrizio operator immediately result from Equation (2):

CFD0
t u(x, y, t) = u(x, y, t) − u(x, y, 0), CFD1

t u(x, y, t) =
∂u(x, y, t)
∂t

, CFDαt C = 0, C = const. (3)
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The Laplace transform of the Caputo–Fabrizio derivative is given by:

L
{
CFDαt u(x, y, t)

}
= L

{
h(α, t) ∗ .

u(x, y, t)
}
= L

{
h(α, t)

}
L
{ .
u(x, y, t)

}
=

sL
{
u(x, t, t)

}− u(x, y, 0)
(1− α)s + α . (4)

The fractional advection–diffusion equation (Equation (1)), is studied along with following initial
and boundary conditions:

u(x, y, 0) = ψ0(x, y), (x, y) ∈ D, (5)

u(x, y, t) = ψ1(x, y, t), t > 0, (x, y) ∈ ∂D, t > 0, (6)

Making the transformation:

u(x, y, t) = e f0(x,y)ϕ(x, y, t) +ψ0(x, y), f0(x, y) =
k1x
2ε1

+
k2y
2ε2

, (7)

Equation (1) becomes:

CFDαt ϕ(x, y, t) +
1
2

⎛⎜⎜⎜⎜⎝ k2
1

ε1
+

k2
2

ε2

⎞⎟⎟⎟⎟⎠ϕ(x, y, t) − ε1
∂2ϕ(x, y, t)
∂x2 − ε2

∂2ϕ(x, y, t)
∂y2 = F(x, y, t) + G(x, y), (8)

where
F(x, y, t) = f (x, y, t) exp(− f0(x, y))

G(x, y) =
[
ε1
∂2ψ0(x,y)
∂x2 + ε2

∂2ψ0(x,y)
∂y2 − k1

∂ψ0(x,y)
∂x − k2

∂ψ0(x,y)
∂y

]
exp(− f0(x, y)).

(9)

After transformation (7), the initial and boundary conditions become:

ϕ(x, y, 0) = 0, (x, y) ∈ D, (10)

ϕ(x, y, t) = F1(x, y, t) + G1(x, y), (x, y) ∈ ∂D, t > 0, (11)

where
F1(x, y, t) = ψ1(x, y, t) exp(− f0(x, y)), G1(x, y) = −ψ0(x, y) exp(− f0(x, y)). (12)

3. Analytical Solution of the Problem

The solution of the problem described by Equation (8) and conditions (10) and (11) will be
determined by using the integral transform method.

Applying the Laplace transform to Equation (8), using Equation (4) and Equation (10), we obtain
the transformed equation:

[1 + β(1− α)]s + αβ
(1− α)s + α ϕ(x, y, s) − ε1

∂2ϕ(x, y, s)
∂x2 − ε2

∂2ϕ(x, y, s)
∂y2 = F(x, y, s) +

1
s

G(x, y), (13)

where β = 1
2

(
k2

1
ε1

+
k2

2
ε2

)
and ϕ(x, y, s) =

∞∫
0
ϕ(x, y, t)e−stdt, F(x, y, s) =

∞∫
0

F(x, y, t)e−stdt are the Laplace

transforms of functions ϕ(x, y, t), F(x, y, t), respectively.
Equation (13) has to satisfy the boundary condition:

ϕ(x, y, s) = ϕ1(x, y, s), (x, y) ∈ ∂D,
ϕ1(x, y, s) = F1(x, y, s) + 1

s G1(x, y).
(14)
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Now, we apply this to Equation (13), the double sine-Fourier transform with respect to variables x
and y defined as [26]:

ϕ̃(n, k, s) =

d∫
c

b∫
a

sin
[

n(x− a)π
b− a

]
sin

[
k(y− c)π

d− c

]
ϕ(x, y, s)dxdy, n, k = 1, 2, . . . (15)

A direct calculation leads to the following relationships:

d∫
c

b∫
a

∂2ϕ(x, y, s)
∂x2 sin

[
n(x− a)π

b− a

]
sin

[
k(y− c)π

d− c

]
dxdy = H̃1(n, k, s) −

( nπ
b− a

)2
ϕ̃(n, k, s), (16)

where

H̃1(n, k, s) =
nπ

b− a

d∫
c

[
ϕ1(a, y, s) − (−1)nϕ1(b, y, s)

]
sin

[
k(y− c)π

d− c

]
dy (17)

b∫
a

d∫
c

∂2ϕ(x, y, s)
∂y2 sin

[
n(x− a)π

b− a

]
sin

[
k(y− c)π

d− c

]
dydx = H̃2(n, k, s) −

(
kπ

d− c

)2

ϕ̃(n, k, s) (18)

where

H̃2(n, k, s) =
kπ

d− c

b∫
a

[
ϕ1(x, c, s) − (−1)kϕ1(x, d, s)

]
sin

[
n(x− a)π

b− a

]
dx. (19)

Applying the double sine-Fourier transform to Equation (13), using the relationships (16)–(19)
and notations

ank = 1 + (1− α)
[
β+ ε1

(
nπ
b−a

)2
+ ε2

(
kπ
d−c

)2
]

bnk = α
[
β+ ε1

(
nπ
b−a

)2
+ ε2

(
kπ
d−c

)2
]
, n, k = 1, 2, . . . ,

Ψ̃(n, k, s) = F̃(n, k, s) + 1
s G̃(n, k) + ε1H̃1(n, k, s) + ε2H̃2(n, k, s),

(20)

the transform ϕ̃(n, k, s) is written in the following form:

ϕ̃(n, k, s) =
(1− α)s + α

anks + bnk
Ψ̃(n, k, s). (21)

Now, we will write Equation (21) in a suitable form which, after inversion, satisfies the initial and
boundary conditions (10) and (11). To do this, we consider the following auxiliary functions:

vi(y, t) = [gi(y, t) − gi(d, t)]H(y− c) + [gi(y, t) − gi(c, t)]H(d− y)−
−gi(y, t)H(y− c)H(d− y); i = 1, 2, y ∈ [c, d],

(22)

wi(x, t) = [hi(x, t) − hi(b, t)]H(x− a) + [hi(x, t) − hi(a, t)]H(b− x)−
− hi(x, t)H(x− a)H(b− x); i = 1, 2, x ∈ [a, b],

(23)

where
g1(y, t) = F1(a, y, t) + G1(a, y), g2(y, t) = F1(b, y, t) + G1(b, y),
h1(x, t) = F1(x, c, t) + G1(x, c), h2(x, t) = F1(x, d, t) + G1(x, d),

(24)

and

H(z) =
sign(z)[1 + sign(z)]

2
=

{
0, z ≤ 0
1, z > 0

, (25)

is the Heaviside step unit function.
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With the above functions, we define:

θ1(x, y, t) =
b− x
b− a

v1(y, t) +
x− a
b− a

v2(y, t) =
x[v2(y, t) − v1(y, t)]

b− a
+

bv1(y, t) − av2(y, t)
b− a

, (26)

θ2(x, y, t) =
d− y
d− c

w1(x, t) +
y− c
d− c

w2(x, t) =
y[w2(x, t) −w1(x, t)]

d− c
+

dw1(x, t) − cw2(x, t)
d− c

, (27)

θ3(x, y, t) = h1(a, t)H(b− x)H(d− y) + h1(b, t)H(x− a)H(d− y)+
h2(a, t)H(b− x)H(y− c) + h2(b, t)H(x− a)H(y− c),

(28)

The function θ(x, y, t) defined by

θ(x, y, t) = θ1(x, y, t) + θ2(x, y, t) + θ3(x, y, t), (29)

satisfies the following properties:

θ(a, y, t) = g1(y, t), θ(b, y, t) = g2(y, t), θ(x, c, t) = h1(x, t), θ(x, d, t) = h2(x, t) (30)

Applying the Laplace transform and double sine-Fourier transform to functions (26)–(28), we
obtain:

θ̃1(n, k, s) = a−(−1)nb
nπ P1k(s) +

1−(−1)n

nπ P2k(s),

P1k(s) =
d∫

c
[

¯
v2(y, s) − ¯

v1(y, s)] sin
[

k(y−c)π
d−c

]
dy,

P2k =
d∫

c
[b

¯
v1(y.s) − a

¯
v2(y, s)] sin

[
k(y−c)π

d−c

]
dy,

(31)

θ̃2(n, k, s) = c−(−1)kd
kπ Q1n(s) +

1−(−1)k

kπ Q2n(s),

Q1n(s) =
b∫

a
[

¯
w2(x, s) − ¯

w1(x, s)] sin
[

n(x−a)π
b−a

]
dx,

Q2n(s) =
b∫

a
[d

¯
w1(x, s) − c

¯
w2(x, s)] sin

[
n(x−a)π

b−a

]
dx,

(32)

θ̃3(n, k, s) =
[
h1(a, s) + h1(b, s) + h2(a, s) + h2(b, s)

](1− (−1)n

nπ

)⎛⎜⎜⎜⎜⎝1− (−1)k

kπ

⎞⎟⎟⎟⎟⎠(b− a)(d− c) (33)

respectively,

θ̃(n, k, s) = a−(−1)nb
nπ P1k(s) +

1−(−1)n

nπ P2k(s) +
c−(−1)kd

kπ Q1n(s) +
1−(−1)k

kπ Q2n(s)+

[h1(a, s) + h1(b, s) + h2(a, s) + h2(b, s)]
(

1−(−1)n

nπ

)(
1−(−1)k

kπ

)
(b− a)(d− c).

(34)

The function ϕ̃, given by Equation (21), can be written as:

ϕ̃(n, k, s) = θ̃(n, k, s) +
1

anks + bnk
Ψ̃1(n, k, s), (35)

where
Ψ̃1(n, k, s) = [(1− α)s + α]Ψ̃(n, k, s) − (anks + bnk)θ̃(n, k, s). (36)

Applying the inverse Laplace and Fourier transforms, we obtain the solution

ϕ(x, y, t) = H(t)θ(x, y, t)+

4
(b−a)(d−c)

∞∑
n=1

∞∑
k=1

sin
[

n(x−a)π
b−a

]
sin

[
k(y−c)π

d−c

] t∫
0

exp(−(t−τ)bnk/ank)
ank

Ψ̃1(n, k, τ)dτ.
(37)
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Using the property (30), it is easy to see that function (37) satisfies boundary condition (11). The
solution for the classical advection equation is obtained by making α = 1 into Equations (20) and
(35)–(37).

4. Particular Case: A Time-Dependent Concentrated Source in the Center of Domain D

In this section, for the source f (x, y, t) and for the initial and boundary conditions, we consider:

f (x, y, t) = γ0δ
(
x− a+b

2

)
δ
(
y− c+d

2

)
exp(−pt), p ≥ 0,

u(x, y, 0) = ψ0(x, y) = γ0 exp( f0(x, y)), (x, y) ∈ D, γ0 = const.,
u(x, y, t) = ψ1(x, y, t) = 2γ0 exp( f0(x, y)), (x, y) ∈ ∂D, t > 0.

(38)

The physical significance of the above source f (x, y, t) is that of a source of intensity γ0 exp(−pt)
concentrated in the center

(
a+b

2 , c+d
2

)
of the rectangular domain D.

Using (38), Equations (9), (11), (12) and (14) lead to:

F(x, y, t) = γ0δ
(
x− a+b

2

)
δ
(
y− c+d

2

)
exp(−pt− f0(x, y)), G(x, y) = − βγ0

2 ,
F1(x, y, t) = 2γ0, G1(x, y) = −γ0, ϕ1(x, y, t) = γ0.

(39)

By using ϕ1(x, y, s) = γ0
s in Equations (17) and (19), we have:

H̃1(n, k, s) = γ0
s

d−c
b−a

n[1−(−1)n][1−(−1)k]
k ,

H̃2(n, k, s) = γ0
s

b−a
d−c

k[1−(−1)n][1−(−1)k]
n .

(40)

Using the “sifting” property of the Dirac distribution [27]

b∫
a

f (x)δ(x− c)dx =

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩
1
2 f (c+), c = a,
1
2 [ f (c−) + f (c+)], c ∈ (a, b),
1
2 f (c−), c = b,
0, c ∈ (a, b).

(41)

we find that the double sine-Fourier transform of the functions

F(x, y, s) = γ0
s+pδ

(
x− a+b

2

)
δ
(
y− c+d

2

)
exp(− f0(x, y)),

G(x, y) = −βγ0
2 ,

(42)

are given by

F̃(n, k, s) = γ0
s+p sin

(
nπ
2

)
sin

(
kπ
2

)
exp

(
− k1(a+b)

2ε21
− k2(c+d)

2ε22

)
,

G̃(n, k) = −βγ0
2

(b−a)(d−c)
knπ2 [1− (−1)n][1− (−1)k].

(43)

Since sin
(

mπ
2

)
=

(−1)m−1
2 im+1, i2 = −1, m ∈ N, the function F̃(n, k, s) is written as

F̃(n, k, s) =
−γ0

s + p
exp

⎛⎜⎜⎜⎜⎝−k1(a + b)
2ε2

1

− k2(c + d)
2ε2

2

⎞⎟⎟⎟⎟⎠ [1− (−1)n][1− (−1)k]

4
in+k. (44)

By using Equations (40) and (43) in the third equation (20), we obtain:

Ψ̃(n, k, s) = [1−(−1)n[[1−(−1)k]
4 ×[

2γ0
s

2ε1(nπ)
2(d−c)2+2ε2(kπ)

2(b−a)2−β(b−a)2(d−c)2

(kπ)(nπ)(b−a)(d−c) − γ0γ1in+k

s+p

]
,

(45)
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where

γ1 = exp
(
−k1(a + b)

4ε1
− k2(c + d)

4ε2

)
In the considered particular case, Equations (22)–(24) and (31)–(34) become:

g1(y, t) = g2(y, t) = γ0, v1(y, t) = v2(y, t) = −γ0H(y− c)H(d− y),
h1(x, t) = h2(x, t) = γ0, w1(x, t) = w2(x, t) = −γ0H(x− a)H(b− x),

(46)

θ1(x, y, t) = −γ0H(y− c)H(d− y), θ2(x, y, t) = −γ0H(x− a)H(b− x),
θ3(x, y, t) = γ0H(b− x)H(d− y) + γ0H(x− a)H(d− y)+

γ0H(b− x)H(y− c) + γ0H(x− a)H(y− c).
(47)

The transformed Laplace–Fourier of the function (47) are given by:

θ̃1(n, k, s) = θ̃2(n, k, s) = − 1
sγ0(b− a)(d− c) 1−(−1)n

nπ
1−(−1)k

kπ ,

θ̃3(n, k, s) = 4
sγ0(b− a)(d− c) 1−(−1)n

nπ
1−(−1)k

kπ ,

θ̃(n, k, s) = 2
sγ0(b− a)(d− c) 1−(−1)n

nπ
1−(−1)k

kπ .

(48)

Function Ψ̃1(n, k, s) given by Equation (36) can be written as:

Ψ̃1(n, k, s) = Cnk
1

s + p
+ Dnk

1
s
+ Enk, (49)

where

Ank = [1− (−1)n][1− (−1)k]

Bnk =
1

(b−a)(d−c)

[
2ε1(nπ)

2(d− c)2 + 2ε2(kπ)
2(b− a)2 − β(b− a)2(d− c)2

]
,

Cnk =
1
4γ0γ1[(1− α)p− α]in+kAnk,

Dnk =
γ0Ank

2(nπ)(kπ) [αBnk − 4(b− a)(d− c)bnk],

Enk =
Ank

4(nπ)(kπ)

[
2(1− α)γ0Bnk − 8γ00(b− a)(d− c)ank − (1− α)γ0γ1(nπ)(kπ)in+k

]
,

(50)

and transform (35) becomes:

ϕ̃(n, k, s) = θ̃(n, k, s) +
1

ank

1
s + bnk/ank

[
Cnk

s + p
+

Dnk
s

+ Enk

]
(51)

Applying the inverse Laplace transform and the inverse Fourier transform to function (51), we
obtain:

ϕ(x, y, t) = H(t)θ(x, y, t) + 4
(b−a)(d−c)

∞∑
n=1

∞∑
k=1

1
ank

{
Enk exp

(−bnkt
ank

)
+

t∫
0

exp
(−bnk(t−τ)

ank

)
(Dnk + Cnke−pτ)dτ

⎫⎪⎪⎬⎪⎪⎭ sin
(

n(x−a)π
b−a

)
sin

(
k(y−c)π

d−c

)
,

(52)

where the function θ(x, y, t) is given by

θ(x, y, t) = γ0[H(x− a) + H(b− x)][H(y− c) + H(d− y)]−
γ0H(x− a)H(b− x) − γ0H(y− c)H(d− y).

(53)

Using the property

ϑ(t) = H(t− α1) + H(α2 − t) −H(t− α1)H(α2 − t) ≡ 1, t ∈ [α1,α2], (54)
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it is found that θ(a, y, t) = θ(b, y, t) = γ0 for y ∈ [c, d], respectively θ(x, c, t) = θ(b, d, t) = γ0 for
x ∈ [a, b]; therefore, function (53) satisfied boundary condition (14). Now, to return to the concentration
u(x, y, t), the function ϕ(x, y, t) given by Equation (52) will be replaced into transformation (7).

Figures 1–4 have been plotted to highlight the variation of the non-dimensional concentration
ϕ(x, y, t) versus the fractional parameter α.

 
Figure 1. Profiles of function ϕ(x, 1.2, t) for different values of the fractional parameter α, y = 1.2, t =
0.5 and t = 1.0.

 

Figure 2. Profiles of surface ϕ(x, y, 1) for α = 0.3 and their sections with the planes y = 1.2 and
x = 0.74, respectively.
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Figure 3. Profiles of surface ϕ(x, y, 1) for α = 0.5 and their sections with the planes y = 1.2 and
x = 0.74, respectively.

Figure 4. Profile of kernel h(α, t) for two values of the time t.

To draw these graphs we have used the following values of the parameters: a = 0.5, b = 1.0, c =
1.0, d = 1.5, p = 0.25, γ0 = 4, ε1 = ε2 = 0.2, k1 = 0.25, k2 = 0.5.

In Figure 1, we show the plotted curves ϕ(x, 1.2, 0.5) and ϕ(x, 1.2, 1.0) for different values of the
fractional parameter α ∈ {0.3, 0.5, 0.7, 1.0}. It is observed from Figure 1 that the values of concentration
ϕ decrease with the fractional parameter and have a peak (maximum/minimum) in the central area of
the geometrical domain D = [a, b] × [c, d].

In Figures 2 and 3, we show the plotted surfaces ϕ(x, y, 1) for the fractional parameters α = 0.3
and α = 0.5, respectively, along with the sections through planes y = 1.2, x = 0.74.
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For small values of the fractional parameter, the concentrationϕ has maximum values in the central
area of the rectangular D = [a, b] × [c, d]. If the fractional parameter increases, the concentration has a
minimum in the same area. This behavior is due to the kernel of the time-fractional Caputo–Fabrizio
derivative (see Figure 4) which, for t = 0.5, increases for α ≤ 0.55 and decreases for α > 0.55. Therefore,
at small values of the fractional parameter, the weight function in the fractional derivative has bigger
values and the influence on the concentration is stronger.

5. Numerical Solution

In this section, based on the finite difference approximation of the derivatives, we develop a
numerical scheme to the problem formulated in Section 2 of the paper.

We consider Equation (8) along with the initial and boundary conditions (10) and (11), with
(x, y, t) ∈ [a, b] × [c, d] × [0, T], T > 0. The discrete sets of nodes are defined as:

xi = a + ihx, i = 0, 1, . . . , N1, hx = (b− a)/N1,
yj = c + jhy, j = 0, 1, . . . , N2, hy = (d− c)/N2,
tn = nht, n = 0, 1, . . . , N, ht = T/N.

(55)

The numerical estimation of the solution ϕ(x, y, t) of Equation (8) in the point (xi, yj, tn) is denoted
by ϕn

i, j = ϕ(xi, yj, tn). The initial and boundary conditions (10) and (11) are written as:

ϕ0
i, j = ϕ(xi, yj, t0) = 0, i = 0, 1, . . . , N1, j = 0, 1, . . . , N2,

ϕn
0, j = ϕ(a, yj, tn) = F1(a, yj, tn) + G1(a, yj) = Pn

0, j, j = 0, 1, . . . , N2, n = 1, 2, . . . , N,

ϕn
N1, j = ϕ(b, yj, tn) = F1(b, yj, tn) + G1(b, yj) = Qn

N1, j, j = 0, 1, . . . , N2, n = 1, 2, . . . , N,

ϕn
i,0 = ϕ(xi, c, tn) = F1(xi, c, tn) + G1(xi, c) = Rn

i,0, i = 0, 1, . . . , N1, n = 1, 2, . . . , N,
ϕn

i,N2
= ϕ(xi, d, tn) = F1(xi, d, tn) + G1(xi, d) = Sn

i,N2
, i = 0, 1, . . . , N1, n = 1, 2, . . . , N,

(56)

Using the following approximation for the first time-derivative:

∂ϕ(xi, yj, t)
∂t

∣∣∣∣∣∣
t=tk

=
1
ht

[
ϕ(xi, yj, tk+1) −ϕ(xi, yj, tk)

]
=

1
ht

(
ϕk+1

i, j −ϕk
i, j

)
, k = 0, 1, . . . , N − 1, (57)

the time-fractional Caputo–Fabrizio derivative, in the point t = tn, can be approximated by:

CFDαt ϕ(x, y, t)
∣∣∣
(xi,yj,tn)

= 1
1−α

tn∫
0

∂ϕ(xi,yj,t)
∂t

∣∣∣∣∣
t=τ

exp
(−α(tn−τ)

1−α
)
dτ =

n−1∑
k=0

1
1−α

tk+1∫
tk

∂ϕ(xi,yj,t)
∂t

∣∣∣∣∣
t=τ

exp
(−α(tn−τ)

1−α
)
dτ =

n−1∑
k=0

1
(1−α)ht

(
ϕk+1

i, j −ϕk
i, j

) tk+1∫
tk

exp
(−α(tn−τ)

1−α
)
dτ =

n−1∑
k=0

an,k

(
ϕk+1

i, j −ϕk
i, j

)
, n = 1, 2, . . .N,

(58)

where

an,k =
1
αht

[
exp

(−α(tn−tk+1)
1−α

)
− exp

(−α(tn−tk)
1−α

)]
, α ∈ (0, 1), n = 1, 2, . . . , N, k = 0, 1, . . . , (n− 1) (59)

It is known [28,29] that Equation (58) approximates the time-fractional Caputo–Fabrizio derivative
with an error of order O(h2

t ).
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The space derivatives of the second order are approximated by:

∂2ϕ(x,y,t)
∂x2

∣∣∣∣
(xi,yj,tn)

= 1
h2

x

(
ϕn

i+1, j − 2ϕn
i, j + ϕ

n
i−1, j

)
, i = 1, 2, . . . , N1 − 1, j = 0, 1, . . . , N2, n = 1, 2, . . .N,

∂2ϕ(x,y,t)
∂y2

∣∣∣∣
(xi,yj,tn)

= 1
h2

y

(
ϕn

i, j+1 − 2ϕn
i, j + ϕ

n
i, j−1

)
, i = 0, 1, . . . , N1, j = 1, 2, . . . , N2 − 1, n = 1, 2, . . .N.

(60)

Using the approximation formulae (58) and (60), Equation (8) is written as:

n−1∑
k=0

an,k

(
ϕk+1

i, j −ϕk
i, j

)
+ βϕn

i, j + β1

(
ϕn

i+1, j − 2ϕn
i, j + ϕ

n
i−1, j

)
+

β2

(
ϕn

i, j+1 − 2ϕn
i, j + ϕ

n
i, j−1

)
= Hn

i, j, i = 1, 2, . . . , N1 − 1, · · · j = 1, 2, . . . , N2 − 1, n = 1, 2, . . .N,
(61)

where
β1 =

−ε1

h2
x

, β2 =
−ε2

h2
y

, Hn
i, j = F

(
xi, yj, tn

)
+ G

(
xi, yj

)
(62)

For n = 1, Equation (61) becomes:

d1,0ϕ
1
i, j + β1

(
ϕ1

1+1, j + ϕ
1
i−1, j

)
+ β2

(
ϕ1

i, j+1 + ϕ
1
i, j−1

)
= H1

i, j, (63)

where d1,0 = a1,0 + β− 2(β1 + β2).
Making j = 1 and i = 1, 2, . . . , N1 − 1 into Equation (63), we obtain the following algebraic system:

MX1 + M0X2 = D1
1, (64)

where M is a square matrix of order (N1 − 1) whose elements are given by:

M0,k = d1,0δ0,k + β1δ1,k, k = 0, 1, . . . , N1 − 2,
Mi,k = β1δi,k+1 + d1,0δi+1,k+1 + β1δi+2,k+1, i = 1, 2, . . . , N1 − 2, k = k = 0, 1, . . . , N1 − 2,

(65)

so,

M =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

d1,0 β1 0 0 0 . . . 0 0 0
β1 d1,0 β1 0 0 . . . 0 0 0
0 β1 d1,0 β1 0 . . . 0 0 0
. . . . . . . . . . . . . . . . . . . . . . . . . . .
0 0 0 0 0 . . . β1 d1,0 β1

0 0 0 0 0 0 . . . β1 d1,0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
(66)

the matrix M2 is the diagonal square matrix of order (N1 − 1) with elements M1i, j = β2δi, j, i, j =

0, 1, . . . , N1 − 2, δi, j =

{
0, i � j,
1, i = j,

is the Kronecker delta and X1, X2 D1
1 are the column-matrices.

X1 =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
ϕ1

1,1
ϕ1

2,1
. . .

ϕ1
N1−1,1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠, X2 =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
ϕ1

1,2
ϕ1

2,2
. . .

ϕ1
N1−1,2

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠, D1
1 =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
D1

11
D1

12
. . .

D1
1N1−1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠,

D1
11 = H1

1,1 − β1P1
0,1 − β2R1

1,0,
D1

1i = H1
i,1 − β2R1

i,0, i = 2, 3, . . . , N1 − 2,
D1

1N1−1 = H1
N1−1,1 − β1Q1

N1,1 − β2R1
N1−1,0.

(67)

The algebraic system (64) has (N1 − 1) equations with 2(N1 − 1) unknown functions.
Making j = 2, 3, . . . , N2 − 2 and i = 1, 2, . . . , N1 − 1 into Equation (63), we obtain the algebraic

system:
M0X j−1 + MX j + M0X j+1 = D1

j , (68)

199



Symmetry 2019, 11, 879

where
D1

j1 = H1
1, j − β1P1

0, j,

D1
ji = H1

i, j, i = 2, 3, . . . , N1 − 2,

D1
jN1−1 = H1

N1−1. j − β1Q1
N1, j.

(69)

Making j = N2 − 1 and i = 1, 2, . . . , N1 − 1 into Equation (63), we obtain the algebraic system:

M0XN2−2 + MXN2−1 = D1
N2−1, (70)

where
D1

N2−11 = H1
1,N2−1 − β1P1

0,N2−1 − β2S1
1,N2

,
D1

N2−1i = H1
i,N2−1 − β2S1

i,N2
, i = 2, 3, . . . , N1 − 2,

D1
N2−1N1−1 = H1

N1−1.N2−1 − β1Q1
N1,N2−1 − β2S1

N1−1,N2
.

(71)

The algebraic systems (64), (68) and (70) can be written as a unique algebraic system of (N1 −
1)(N2−1) equations with (N1−1)(N2−1)unknown functionsϕ1

i, j, i = 1, 2, . . . , N1−1, j = 1, 2, . . . , N2−
1, namely ⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

M M0 0 0 0 . . . 0 0 0
M0 M M0 0 0 . . . 0 0 0
0 M0 M M0 0 . . . 0 0 0
. . . . . . . . . . . . . . . . . . . . . . . . . . .
0 0 0 0 0 . . . M0 M M0

0 0 0 0 0 0 . . . M0 M

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

X1

X2

X3

. . .
XN2−2

XN2−1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
=

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

D1
1

D1
2

D1
3
. . .

D1
N2−2

D1
N2−1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
(72)

The solution of system (72) gives the values of function ϕ(x, y, t) in points (xi, yj, t1) for i =
1, 2, . . . , N1 − 1 , j = 1, 2, . . . , N2 − 1.

The numerical procedure is continued in a similar way for n = 2, 3, . . . , N when Equation (61) is
written in the equivalent form:

dn,n−1ϕ
n
i, j + β1

(
ϕn

i+1, j + ϕ
n
i−1, j

)
+ β2

(
ϕn

i, j+1 + ϕ
n
i, j−1

)
= Gn

i, j, i = 1, 2, . . . , N1 − 1, j = 1, 2, . . . , N2 − 1, (73)

where

dn,n−1 = an,n−1 + β− 2(β1 + β2), n = 2, 3, . . . , N,

Gn
i, j = Hn

i, j + an,n−1ϕn−1
i, j −

n−2∑
k=0

an,k

(
ϕk+1

i, j −ϕk
i, j

)
, i = 1, 2, . . . , N1 − 1, j = 1, 2, . . . , N2 − 1.

(74)

Finally, the proposed numerical procedure gives the values of the solution ϕ(x, y, t) in grid points
(xi, yj, tn), i = 1, 2, . . . , N1 − 1, j = 1, 2, . . . , N2 − 1, n = 1, 2, . . . , N.

To compare the numerical values obtained with the analytical solution, respectively, by the
numerical method, we have considered the following particular problem:

F(x, y, t) = 5000 exp
(
− k1x

2ε1
− k2 y

2ε2

)
, G(x, y) = 0, (x, y, t) ∈ [0, 0.05] × [0, 0.05] × [0, 0.1],

F1(x, y, t) = 0, G1(x, y) = 0,ϕ(x, y, 0) = 0,
k1 = k2 = 0.5, ε1 = ε2 = 2,

(75)

In this case, the double Fourier transform of the function F(x, y, t) is:

F̃(n, k) =
nπ(b−a)

[
exp

(−ak1
2ε1

)
−(−1)n exp

(−bk1
2ε1

)]
(

k1
2ε1

)2
(b−a)2+(nπ)2

×

kπ(b−a)
[
exp

(−ck2
2ε2

)
−(−1)k exp

(−dk2
2ε2

)]
(

k2
2ε2

)2
(d−c)2+(kπ)2

,

(76)

200



Symmetry 2019, 11, 879

and the analytical solution is given by:

ϕ(x, y, t) = 4α
(b−a)(d−c)

∞∑
n=1

∞∑
k=1

F̃(n,k)
bnk

sin
[

n(x−a)π
b−a

]
sin

[
k(y−c)π

d−c

]
+

4
(b−a)(d−c)

∞∑
n=1

∞∑
k=1

F̃(n,k)[(1−α)bnk−αank]
ankbnk

sin
[

n(x−a)π
b−a

]
sin

[
k(y−c)π

d−c

]
e−

bnkt
ank .

(77)

The values of function ϕ(x, y, t) at the instant t = 0.01, obtained with the numerical method and
with expression (77) given in the Table 1, are in good agreement.

Table 1. Values of function ϕ(x, y, 0.01).

x
y1 = 0.005 y2 = 0.010 y3 = 0.015

Numerical
Solution

Equation
(77)

Numerical
Solution

Equation
(77)

Numerical
Solution

Equation
(77)

0.005 0.080 0.081 0.129 0.130 0.158 0.159
0.010 0.129 0.130 0.214 0.216 0.267 0.270
0.015 0.158 0.159 0.267 0.270 0.338 0.340
0.020 0.174 0.175 0.297 0.299 0.379 0.381
0.025 0.179 0.181 0.307 0.309 0.391 0.394
0.030 0.174 0.175 0.297 0.299 0.378 0.381
0.035 0.158 0.159 0.268 0.269 0.338 0.340
0.040 0.125 0.120 0.213 0.215 0.267 0.270
0.045 0.080 0.081 0.129 0.130 0.158 0.159

x
y4 = 0.020 y5 = 0.025 y6 = 0.030

Numerical
Solution

Equation
(77)

Numerical
Solution

Equation
(77)

Numerical
Solution

Equation
(77)

0.005 0.174 0.175 0.179 0.181 0.174 0.175
0.010 0.297 0.299 0.306 0.309 0.297 0.299
0.015 0.378 0.380 0.391 0.394 0.379 0.381
0.020 0.424 0.427 0.439 0.441 0.424 0.427
0.025 0.439 0.441 0.455 0.457 0.438 0.442
0.030 0.423 0.426 0.438 0.441 0.423 0.426
0.035 0.377 0.380 0.391 0.393 0.377 0.380
0.040 0.296 0.298 0.306 0.308 0.296 0.299
0.045 0.174 0.175 0.179 0.181 0.174 0.175

x
y7 = 0.035 y8 = 0.040 y9 = 0.045

Numerical
Solution

Equation
(77)

Numerical
Solution

Equation
(77)

Numerical
Solution

Equation
(77)

0.005 0.158 0.159 0.128 0.130 0.080 0.081
0.010 0.267 0.269 0.213 0.215 0.128 0.130
0.015 0.338 0.340 0.267 0.269 0.158 0.159
0.020 0.377 0.380 0.296 0.298 0.174 0.175
0.025 0.390 0.393 0.306 0.308 0.179 0.180
0.030 0.377 0.380 0.296 0.299 0.174 0.175
0.035 0.337 0.340 0.266 0.269 0.157 0.159
0.040 0.266 0.269 0.212 0.214 0.128 0.129
0.045 0.157 0.159 0.128 0.129 0.079 0.081

6. Discussion and Conclusions

A two-dimensional advection–diffusion process with short-tail memory and concentrated source
situated in the symmetry center of the geometrical domain has been investigated.

The studied mathematical model is described by a fractional differential equation with a
time-fractional Caputo–Fabrizio derivative with exponential kernel.

201



Symmetry 2019, 11, 879

Analytical solutions of the proposed initial-boundary value problem were obtained using the
integral transform method (Laplace and finite Fourier transforms are employed).

Numerical solutions of the studied problem have been determined using finite difference approximations.
Numerical simulations for both analytical and numerical solutions have been carried out using

the software Mathcad.
The fractional order of the Caputo–Fabrizio derivative has a significant influence on the pollutant

concentration. For small values of the fractional parameter, the concentration has maximum values in
the central area of the geometrical domain. If the fractional parameter increases, the concentration
has a minimum in the same area. This behavior is due to the memory kernel of the time-fractional
Caputo–Fabrizio derivative.
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