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Preface to “Polynomials”

The importance of polynomials in the interdisciplinary field of mathematics, engineering, and
science is well known. Over the past several decades, research on polynomials has been conducted
extensively in many disciplines.

This book is a collection of selected and refereed papers on the most recent results concerning
polynomials in mathematics, science, and industry. There are so many topics related to polynomials
that it is hard to list them all; some relevant topics include but are not limited to the following:

o The modern umbral calculus

o Orthogonal polynomials, matrix orthogonal polynomials, multiple orthogonal polynomials

e Matrix and determinant approach to special polynomial sequences

o Applications of special polynomial sequences

e Number theory and special functions

e Asymptotic methods in orthogonal polynomials

e Fractional calculus and special functions

e Symbolic computations and special functions

o Applications of special functions to statistics, physical sciences, and engineering

We hope that this book is timely and will fill a gap in the literature on the theory of polynomials
and related fields. We also hope that it will promote further research and development in this
important area.

We also thank the authors for their creative contributions and the reviewers for their prompt and

careful reviews.

Cheon Seoung Ryoo
Editor
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Abstract: In this article, we introduce the parametric kinds of degenerate type Fubini polynomials
and numbers. We derive recurrence relations, identities and summation formulas of these
polynomials with the aid of generating functions and trigonometric functions. Further, we show
that the parametric kind of the degenerate type Fubini polynomials are represented in terms of the
Stirling numbers.

Keywords: Fubini polynomials; degenerate Fubini polynomials; Stirling numbers

MSC: 11B83; 11C08; 11Y35

1. Introduction

In the last decade, many mathematicians, namely, Kargin [1], Duran and Acikgoz [2], Kim et al. [3,4],
Kilar and Simsek [5], Su and He [6] have been studied in the area of the Fubini polynomials and
numbers, degenerate Fubini polynomials and numbers. The range of Appell polynomials sequences is
one of the important classes of polynomial sequences. The Appell polynomials are very frequently used
in various problems in pure and applied mathematics related to functional equations in differential
equations, approximation theories, interpolation problems, summation methods, quadrature rules,
and their multidimensional extensions (see [7,8]). The sequence of Appell polynomials A;(w) can be
signified by means either following equivalent conditions

d

%A](w) = ]‘A]‘,l (w), Ag(w) #0,w= n+ i eC, ] € N, (1)

and satisfying the generating function

z z2 Z" ol bl
A(2)e™ = Ao(w) + Ar(w) 37 + Ao (w) 7 + -+ An(w) 5+ = ;)Aj(w)jj/ )
=

where A(w) is an entirely real power series with Taylor expansion given by

2

A(w) = Ag(w) + Al(w)% + Az(w)% 4o Aj(w)

Zl

].7"1'"'/ AO#O'

The well known degenerate exponential function [9] is defined by
[
eZ(z) = (1+puz)r, e,,(z) = e,ll(z), (n €R). 3)
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Since )
lim (1 + pz)* = €%
u—0

In [10,11], Carlitz introduced the degenerate Bernoulli polynomials which are defined by

T (14 pz) ¥ Zﬁ] )5, (neC), )
(I+pz)k =1

=y (] 1
Binin) wz@( ) )ﬁw(u) (%) . ®

When n =0, B;() = B;(0; 1) are called the degenerate Bernoulli numbers, (see [12-15]).

so that

From Equation (4), we get

.E limy, 9 ﬁj(ry;y)% = lim;, 9 — = — (1 +puz)r
j=0 (I+puz)F -1

(6)
= = Z Bj ( ) g
where B;(1) are called the Bernoulli polynomials, (see [9,16]).
The Stirling numbers of the first kind [3,14,17]) are defined by
j P .
=Y 16 )i (7 2 0), @)
i=0

where (7)o = 1,(17); = n(n —1)--- (5 —j+1),(j > 1). Alternatively, the Stirling numbers of the
second kind are defined by following generating function (see [4,5])

z_ 1y X j
(e : 1) =Y (i) 5 ®)
J: iz J:

The degenerate Stirling numbers of the second kind [17] are defined by means of the following
generating function

11'<(1+VZ ) 252,4], ©)

Itis clear that
lim S, ,(j, i) = S2(j, ).
u—0

The generating function of 2-variable degenerate Fubini polynomials [3] are defined by

1 7
T (1+ pz) ”_Z i 8) = K (10)
1=4((T+pz)r 1) ‘
so that
/ ‘
Z( > z;x(g( )] iu:
=0
When 77 = 0, F;,(0;¢) = Fj,(¢), F;,(0;1) = F;,, are called the degenerate Fubini polynomials

and degenerate Fubini numbers
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Note that
© [
limy, o ¥ Fju (¢ ) = limy 0 ———————(1+ pz)¥
J'ZO 1-8((14pz)F 1)
(11)
= e = ZF(U/ )]u
where Fj(?]; ¢) are called the 2-variable Fubini polynomials, (see, [1,18]).
The two trigonometric functions e”* cos ¢z and e”7* sin {z are defined as follows (see [19,20]):
ok
Zcosfz = Z Cr(n, & k' , (12)
k=0
and .
> z
e sin ¢z = k;)sk(q, C)k—!, (13)
where
] k 2j 22j
=3 (5 i, (14)
=0\ 4
and

(5]
Z < 2]+1 ) (71)j’7k72].71€2j+1' (15)

Recently, Kim et al. [16] introduced the degenerate cosine-polynomials and degenerate
sine-polynomials are respectively, as follows

ef(z) cosA Z(:)C]# 1,¢ ]', (16)
and
eji(z) sinf, (2 =) Siu(né ]x' (17)
=0
where )
(5 j ; )
Cium&) =3 ). < Z ) p (= 1)R RS (1, 2K) () i s (18)
k=0i=2k
and .
(] S\
Sund) =) ¥ (j )u’z“(1>k¢2k“sl<i,zk+1)<n>;i,,,. 19)
k=0 i=2k+1

This paper is organized as follows: In Section 2, we introduce degenerate complex Fubini
polynomials with degenerate cosine-Fubini and degenerate sine-Fubini polynomials and present
some properties and their relations. In Section 3, we derive partial differentiation, recurrence relations
and summation formulas, Stirling numbers of the second kind of degenerate type Fubini numbers and
polynomials by using a generating function, respectively.

2. A Parametric Kind of the Degenerate Fubini Polynomials

In this section, we study the parametric kind of degenerate Fubini polynomials by employing
the real and imaginary parts separately and introduce the degenerate Fubini polynomials in terms of
degenerate complex polynomials.
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The well known degenerate Euler’s formula is defined as follows (see [16])

ei,"“o =e) ey icz = efl (cosy, &z + isiny €z), (20)
where . ) . .
el (z)+e;'(z el (z)—e, ' (z
cosyz = M, siny, z = M 1)
Note that
lim e, = €%, lim cos, z = cosz, limsin, z = sinz.
u—0 u—0 u—0
Using (8), we find
OIS SRRk @
T plep(@) D" &t j
and ;
1 7t
- z +i&; (23)
e e LR WAL LT

From Equations (22) and (23), we obtain

& Fu(n+ig; ) + Fu(y —ig;p) 21
mey(m) cosy (8z) :];:J (11 16 0) - (1 — i P)%, (24)
and b i) .
1 S = i 0) — F; —ig
We,,(qz) siny (¢z) :];:J o\ Y N 1] Y % 25)

Definition 1. For a non negative integer n, let us define the degenerate cosine-Fubini polynomials (? (1,8 p)

and the degenerate sine-Fubini polynomials F (17,(3 ) by the generating functions, respectively, as follows

1 Y@, P
1 _ p(ey (Z) _ 1)6‘14(772) COS,V (‘:Z) - ]g Fj,y (77! g/ p)ﬁr (26)
and
1 7
W%(’?Z siny (8z) = ): )(1,8:0) i 27)

It is noted that

(c) . (s) Ny .
FJ':P‘ (0,0;1) =F Ff:l‘ (0,0;1) =0, (j > 0).

I
The first few of them are:
F &) =
EO(1,8p) =1+ p,
) (,80) = —pn + 12 — 8 +p — pup + 2110 + 207,
ES)(1,80) = 212 — 3pn® + 1° — 358 + 3u&® + p — 3up + 2% + 3 — 6ju7p

+31%p — 3870 + 6p — 6j1p” + 6170 + 6,
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and

E§)(1,80) =0,

(1. &p) =&,

ES)(1,6p) = 29 — pe? +22p,

F)(1,80) = —3umg + 3128 — 3une — &% + 2128 + 380 — 3ucp

+61Gp — 3pg0 + 630
Note that limﬂ_m J# (17 Gp) = F (77,5 p), lim, o F ”‘ (17,§ p) = F (77,5 p), (j > 0), where
(17 &p) undF (17,@ ) are the new type of Fubini polynomials.

From Equations (24)—(27), we determine

c Fiy(n +i;p) + Fu (1 — i 0)
(1, 8p) = 22 P o 1 , (28)

and
Fiu(n +i;p) — Fiulyy — ig;
), 85) = n+ig;p) i n—iGe) 29)

Theorem 1. The following result holds true

Fu(+ig;0) = é}( >(ZC), ruFru (1)

(30)
j
E (i ) 7]"'15] ryprll(P)
and
]
]y( 15.0 ZO( i > / r lg)] ryFrV(q P)
(31)

r=0
where (N)ou =1, (N)ju=n0+u) - +pu(iG-1),G=>1).

Proof. From Equation (26), we derive

o0 i
])::0 MURRS P) = SmEonen e (2)
= rEOFW( )%jgo(lg)”l]'

o j i X
:jgo (VZO < 5" > (“:)j ryFrV(r//p)>

Similarly, we find

T
I ™
7N
~ =
~—
—
=

+

R
—

=

<

-

=

—~
=

)

=
~—
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which implies the asserted result (30). The proof of (31) is similar. [

Theorem 2. The following result holds true
) = £ (1) Eocuind
i 1,60 R ri ) Cj—ru 11,

4 i [
=y ¥ <] >u’2q(1)'762[’5“)(r12¢7)F,-r,ﬂ(ﬂ;p),

q=0r=2q r

S ] j S
En&p) =1 ( ! ) ES(0)S1(1,2)

(2 -
-y ¥ (J )H'qu(l)qCZq*ls( (1,29 + 1)Fi_p, (m; ).
=0 r=2g+1 \ T

Proof. From Equations (26) and (16), we find

)

L Ff,;,)(’% C;P)% = W‘f’y(ﬂz) cosy(¢z)

j=0
- (£ ro) (go Ciult 5)7?’)

< < )F,S;B(p)c,-r,yw,c)) g,
1

T=p(en(z)—1) ¥ (7z) cosy(8z) =

Nk
JIf ngi
= =

]

On the other hand, we find

NI~

034 fq (112150 (1,05

r=

(©)
Fy

gm

o

j

(i > (’r ) w2 (=1)182180 (r,29)EC), (1 p))

012

j=0 \r=04=0

w (18w [
; (Z y <] >Hr2q(—1)’7§2‘15( (r,2q)F;— ,ﬂq;p)) %’

q=0r=2q \ T
Therefore, by Equations (34) and (35), we obtain (32). The proof of (33) is similar.

Theorem 3. The following relation holds true

Cin(n,8) = E(,&0) —p 1 ( ]r > (DruE), (1,50) +EL (1,50),

and .
j

Sin(n,©) = F5 (.&p) —p X ( ! ) (Do uES)  (1,G0) + ) (1,8p).

r=0

Proof. In view of (16) and (26), we have

e (12) cosy(€2) = [1— i (n60)5

(32)

33)

(34

(35)

(36)

(37)
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00 i i oo r

j z/
ZC,M,- ; mép p):,y ’erP)],;()ry%

+p2 o MP

Mz

j=0 : j=0r

. j
Ok, PZZ( ) {01,605

+pZ i Mp

On comparing the coefficients of both su:les, we get (36). The proof of (37) is similar.

3. Main Results

In this section, we derive partial differentiation, recurrence relations, explicit and implicit summation
formulae and Stirling numbers of the second kind by using the summation technique series method.

We start by the following theorem.

Theorem 4. For every j € N, the following equations for partial derivatives hold true:

d
F ]y(ﬂép) 1,4(11,59)
3
% ”,(WCP) 1,4(77,69)
9.
F E 1, 650) = JE) (1, 50),

9. e
% ,,, V1,860) = ]Fj(,)l/},(mé;p)-

Proof. Using Equation (26), we see

= 9 p @, gy Z _ 0 eulz)eosu(Cz) & e Zf“
];l 811F (qlglp)]' aﬂl—p(@}l(z)_l) ZOF]H (17 ’:P)
—ZF o vép)( ZnP 1,,(17,69)

proving (38). Other (39), (40) and (41) can be similarly derived. O

Theorem 5. For j > 0, the following formula holds true:

11‘0;)(1 > H (1 )C]_W(U'é)_rz;‘)<5f )qz%)zq(q)wC] ry(’?z‘:)
and ,
] ] =)
fg(i)m(l JERN >=y_20< i )qgozw)wsj o 1,0)

(38)

(39)

(40)

(41)

(42)

(43)
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Proof. We begin with the definition (26) and write
> 2 1
eu(nz) cosy(¢z).

Oy & =
L e = @

Let
: =l = L (14 )
(1 ol ) wl b — 11 H2) "
)y Zk(k)r//\> o
k=0
3y E(n,80)% = P ( r pq(q)w) . <j)_:0 Ciuln, g)%)
(45)

=
- I (z <]> L elg mcjw(n,s)) s

j=0 \r=0

N

<

Now, we observe that, by (44), we get

: (1 (1 >1ipip”’<1fp>i'

I—p 1+ yz)% j=0
Then, we have
LES 0 e0% =15 L R (1) & (5’5 cj,m,é),{)
=0 N (46)
- ﬁEo <ri0 ( ]r > Erp (1*/’) CJ’”(W'€)> %
Therefore, by Equations (45) and (46), we get (42). The proof of (43) is similar. [
Theorem 6. For j > 0, the following formula holds true:

Cin(1,8) = ELS)(1,60) — pELS) (7 + 1,8 0) + pESS) (1, &), 47)

(48)

and
Si(,8) = F) (0, &0) — pES) (1 +1,80) + pFL) (1, G ).
Proof. We begin with the definition (26) and write

e (12) c08,(22) = 15t (G (72) cosy(22)

1 (172) cosy (62) (en(2)-1)
= 6{7772(3,,(2‘)‘712) - 1fpe(“e},z(z)fl)ei‘ (UZ) COSV(GZ).

pEC) 4 @0,z 2
E\(1+1,80) +pF, (méfp)] T

211477/ 1 Z{”‘ 1,8:0) —

Finally, comparing the coefficients of %, we get (47). The proof of (48) is similar. [
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Theorem 7. For j > 0and p1 # py, the following formula holds true:

j .
> ( ! )Fj(cii,u('h'gl?Pl)Fq(,C;)(772,52;92)

q=0 q

(49)
- Pzﬁ%}(m+']2,§1+§2}P2)*P1 Fr(z,t,z('71+’72/§1+§2;f71)
B p2—p1 4
and .
j i .
)y < ! > F) 01,8000 Bl (12,823 02)
=0\ 4
q (50)
_ PzF/»(f;,)('?ﬁﬂz/CHCz;Pz) —orE (. G+ P1)
- p2—p1
Proof. The products of (26) can be written as
o o= (c) 2 c) b4 (7712) Cosy(glz)ey(’hz) Cosy(ézz)
F, ,C1; - F ,G2;
L X Bk 80 g R0 202) o1 = () = D)1 o) 1)
00 j ' Z]
XX FC .”,(’71/51,,01) o (172,823 02)
j=0 \g=0 Jt
_ 2 eu(n+m)z)cosu((§1+82)2)  p1 eu((m1 +12)2) cosu((61 +82)2)
P2 = p1 1—p1(eu(z ) 1) 02— p1 1—z(en(t) = 1)
B p21:]'(,;)(771 +112, 81+ 82502) — Ple(,:,) (n+m2,81+8201) \ 2
a P2 — 1 it
By equating the coefficients of % on both sides, we get (49). The proof of (50) is similar. [
Theorem 8. For j > 0, the following formula holds true:
(c) .
PES (1 +1,80) = (1+ )5 (1,80) — Cip(1,), (51)
and
PFS) (1 +1,860) = (1+ ) (1,8p) = S (1, ©)- (52)

Proof. Equation (26), we see

gm

£ o150 - 50 50] § = £ o -1

= 3 [HES — et conu(@2)]

_ 1% [pl) . j
=iz [FS) (cyi) = Cun,©)] .
Comparing the coefficients of 5{ on both sides, we obtain (51). The proof of (52) is similar. []
paring il P

Corollary 1. The following summation formula holds true

© L[
Fjrl‘ (7]""1/6/{7) = E < > ] r‘u(’]'gf )( )7]4!

r=0
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and ‘
) Lo e
E+180) =) | | ESun8e) (D

Ik =

Theorem 9. For j > 0, then

j
O+ ap) = ( )

7 p@
I = r> = ,}l(ﬂ,gp)( e

and

o ] i
ES i +a,80) = ) < ]r ) EC)(1,60) (@)1 4

Proof. Replacing # by 7 + a in (26), we have

(14 ,80)% = tmyen( 1+ a)z) cosy(22)

gm

= Tl =T p(E:(Z%l)ey(qz) cosy (8z)ey(nz)

-r E018)3 E @)y

[N A B R . y
N jgo (rzo < r ) Ff’/ﬂ(ﬂ’é’P)(“)r’F’> 7‘,

On comparing the coefficients of z in both sides, we get (53). The proof of (54) is similar. [

Theorem 10. For j > 0, the following formula holds true:

]k
o (1,80) = ZZ( ) oSt (k6 )E, ,(0,Ep), (55)

k 0

jo ok ;

B n,&0) = Y ) < g ) (1S5 (e ), (0, ). (56)
k=0g=0

Proof. Consider (26), we find

z 1
’7/5 P W[% (z) = 1+1]"cosyu(¢z)

[v]z

=0

! i < 1 > (en(z) —1)7cosy(8z)

=@ 0 5 g
= ; z 3 3 (2) i
el )qgo(ﬂ)quqsy (k)5
-Er0sn; (Lo en) i
j=0 I =0 \4=0
—Z<ZZ<L>(W) S (k) F (ocp)> z
j=0 \k=04=0 J!

10
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On comparing the coefficients of z in both sides, we get (55). The proof of (56) is similar.

Theorem 11. Let j > 0, then

]' .
Fen,g0) = Y ( , > Cirp1,€ ZP K152, (1, K),

and

] .

r

o

7=l

Proof. Using definition (26), we find

=)

= ey("lz) COSV@Z) Z pk(ey(z) -

k=0

[eS)

> zf 1
Z (1,8 P W%(W) cosy (8z)

1)k

= ey(nz) cosy(&z) Y okt Y 52,;1(7/’();
k=0 r=k .

=0 '

r=0k=0

o (] ; j
LHS—Z(Z('Z‘)C] U 77/ Zpk'szy(rrk)>7’

j=0 \r=0

Equating the coefficients of % in both sides, we get (57). The proof of (58) is similar.

Theorem 12. For j > 0, the following formula holds true:

j .
l:f(,;)('7+”"§?P) =) ( ; )CJ YA

q=0

j .
Fj(/;l)(ﬂJra,g;p):Z(z )S] a (n,¢ Zp klszy(q+tx,k+a)

q=0
Proof. Replacing 7 by 7 + a in (26), we see

2 1
Z ,,17+a<§p) =1

eu (17 +a)z) cosy (Gz)ey (1) Z P(

= e, ((17 + a)z) cosy (Ez)ey (rt) Zp Ek'SZF q,k)

k=0

8

j=0 z]O k=0

11

Zpkk'szy(qw k+a),

1)

—pleu(z) -

eu(( + )z) cosy (§z)

_ 1)k

20
7

=k

2
2 ]}lﬂg ZP Zk'52;1q+0l,k+lx)q

(57)

(58)

(59)

(60)
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e .2
:Oﬁ,y(riﬂ,é,p)ﬁ

w [ [ g j
=) (E ( ] ) Ciqu(n,6) ZPkk!Sz,;t(q+“’k+u)> %
k=0 :

n=0 \g=0 q

-

Comparing the coefficients of %’ in both sides, we get (59). The proof of (60) is similar. [

4. Conclusions

In this paper, we study the general properties and identities of the degenerate Fubini polynomials
by treating the real and imaginary parts separately, which provide the degenerate cosine Fubini
polynomials and degenerate sine Fubini polynomials. These presented results can be applied to
any complex Appell type polynomials such as complex Bernoulli and complex Euler polynomials.
Furthermore, we show that the degenerate cosine Fubini polynomials and degenerate sine Fubini
polynomials can be expressed in terms of the Stirling numbers of the second kind.
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1. Introduction

Special functions play a very important role in analysis, physics, and other applications,
and solutions of some differential equations or integrals of some elementary functions can be expressed
by special functions. In particular, the family of special polynomials is one of the most useful and
applicable family of special functions. The Konhauser polynomials which were first introduced by
J.D.E. Konhauser [1] include two classes of polynomials Y (x;k) and Z§(x; k), where Y} (x; k) are
polynomials in x and Z%(x; k) are polynomials in x¥, > —1 and k € Z. Explicit expressions for the
polynomials Z (x; k) are given by

n

wron  T(a+kn+1) A(n x
Zitok) = D S () ey

kr

)

where I'(+) is the classical Gamma function and for the polynomials Y (x; k), Carlitz [2] subsequently
showed that

vk = Yy e (D) (R, @

where (), is Pochhammer’s symbol of a as follows:

_Joa(a+1)(a+2)...(a+n—-1), n>1,
QF { 1, n=0. ®)
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It is easy to verify that the polynomials Y (x; k) and Z%(x; k) are biorthogonal with respect to the
weight function w(x) = x*e~* over the interval (0, o), which means

/(; XY (k) Z] (x; k)dx = w&zj, 4)

wherea > —1,k € Z* and (5,7 is the Kronecker delta.
The Laguerre polynomials L5 (x) are defined as (see, e.g., [3])

£y = Hetntl) i(&)’(”)r("i’ )

rn+1) 5 r)T(a+r+1)

For p,q € N, we can define the general hypergeometric functions of p-numerator and
g-denominator by

qu X, 02,...,&p x| = i (0(1)71(062)n---(0ép)11 x;:, (6)
B1, B2, ---.Bq =0 (B)n(B2)n - - (Bg)n n!
such that §; #0,—-1,-2,...;j=1,2,...,q. Then, according to [3], we can rewrite L% (x) as
wroy (@1, -n
Ly(x) = — = 1h MISREIE @)

For k = 1, we note that the Konhauser polynomials (1) and (2) reduce to the Laguerre Polynomials
L%(x) and their special cases; when k = 2, the case was encountered earlier by Spencer and Fano [4] in
certain calculations involving the penetration of gamma rays through matter and was subsequently
discussed in [5].

On the other hand, the matrix theory has become pervasive to almost every area of mathematics,
especially in orthogonal polynomials and special functions. The special matrix functions appear in
the literature related to statistics [6], Lie theory [7], and in connection with the matrix version of
Laguerre, Hermite, and Legendre differential equations and the corresponding polynomial families
(see, e.g., [8-10]). In the past few years, the extension of the classical Konhauser polynomials to
the Konhauser matrix polynomials of one variable has been a subject of intensive studies [11-14].
Recently, many authors (see, e.g., [15-18]) have proposed the generating relations of Konhauser matrix
polynomials of one variable from the Lie algebra method point of view and found some properties
of Konhauser matrix polynomials of one variable via the Lie algebra technique; they also obtained
operational identities for Laguerre-Konhauser-type matrix polynomials and their applications for the
matrix framework.

Some studies have been presented on polynomials in two variables such as 2-variables Shivley’s
matrix polynomials [19], 2-variables Laguerre matrix polynomials [20], 2-variables Hermite generalized
matrix polynomials [21-24], 2-variables Gegenbauer matrix polynomials [25], and the second kind of
Chebyshev matrix polynomials of two variables [26].

The purpose of the present work is to introduce and study 2-variables Konhauser matrix polynomials
and find the hypergeometric matrix function representations; we try to establish some basic properties
of these polynomials which include generating matrix functions, finite sum formulae, and integral
representations, and we will also discuss the fractional integrals of the 2-variables Konhauser
matrix polynomials.

The rest of this paper is structured as follows. In the next section, we give basic definitions and
previous results to be used in the following sections. In Section 3, we introduce the definition of
2-variables Konhauser matrix polynomials for parameter matrices A and B and some generating matrix
relations involving 2-variables Konhauser matrix polynomials deriving the integral representations.
Finally, we provide some results on the fractional integrals of 2-variables Konhauser matrix polynomials
in Section 4.

16
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2. Preliminaries

In this section, we give the brief introduction related to Konhauser matrix polynomials and recall
some previously known results.

Let CN*N be the vector space of N-square matrices with complex entries; for any matrix A € CN*N,
its spectrum ¢ (A) is the set of all eigenvalues of 4,

a(A) =max{Re(z) :z € 0(A)}, B(A) =min{Re(z):z € (A)}. (8)

A square matrix A € CN*N is said to be positive stable if and only if B(A) > 0. Furthermore, the

identity matrix and the null matrix or zero matrix in CN*N will be symbolized by I and 0, respectively.
If ®(z) and ¥(z) are holomorphic functions of the complex variable z, which are defined as an open
set Q) of the complex plane and A is a matrix in CN*N with ¢(A) C Q, then, from the properties of the
matrix functional calculus [27,28], we have
D(A)F(A) = ¥(A)D(A). )
Furthermore, if B € CN*N is a matrix for which o(B) C Q and also if AB = BA, then
®(A)¥(B) = ¥(B)D(A). (10)
Let A be a positive stable matrix in CN*N. Then, I'(A) is well defined as

T(A) = /Ooo ATty (11)

where t4~1 = exp((A — I) Int). Then, the matrix Pochhammer symbol (A),, of A is denoted as follows
(see, e.g., [29-31]):

_ —_r-1
() = { ;1(A+ D.(A+(n—1)I) =T YAT(A+nl), n =1, 12)
/ n=0,
The Laguerre matrix polynomials are defined by Jodar et al. [8]
(AA) _ n (71)k/\k 1k
Ly (X) _k:ZOk!(n*k)!(A+I)n[(A+I)k] ’ (13)

where A € CN*N is a matrix such that —k ¢ (A), Vk € Z*, (A + I); are given by Equation (12) and
A is a complex number with Re(A) > 0.

Forp,geN,1<i<p 1<j<q,if A, Bj € CN*N are matrices such that B+ kI are invertible
for all integers k > 0, the generalized hypergeometric matrix functions are defined as [32]

Ay, Az, Ay x
By, By,...,By

" _ p et (A0 (B

n>0

It follows that, for A = 1 in (13), we have

A+1),

—nl,
i = A -

F
151 A+I'x

. (15)

For commuting matrices A;, B;, C;, D;, E; and F; in CN*N, we define the Kampé de Fériet matrix
series as [32]

17
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myny,ly A,B,C . _
My, ny,ly D,E,F ;XY
(16)
my ny I ny 1 myn
Z H(Ai)m+n H 1_[ H[ m+n] H[ m] H [T
mr=0i=1 i=1 i=1 men:

where A abbreviates the sequence of matrices Ay, ...., Ay, etc. and D; + kI, E; + kI and F; + kI are
invertible for all integers k > 0.
If A € CVN*N js a matrix satisfying the condition

Re(z) > -1, Vzeo(A), 17)

and A is a complex numbers with Re(A) > 0, we recall the following explicit expression for the
Konhauser matrix polynomials (see, e.g., [11])

2 (1 = LA+ B2 D) iz’o(_l)rc) T A+ (kr+ DD (A0, (18)
and
, 1 n r r A—‘r( +1)I
YA () = = ; ; ( )(ST)n (19)

which are biorthogonal with respect to matrix weight function w(x) = xe~* over the interval (0, ).

3. 2-Variables Konhauser Matrix Polynomials

In this section, we first introduce the 2-variables Konhauser matrix polynomials with parameter
matrices A and B; then, we get the hypergeometric matrix function representations, generating
matrix functions, finite summation formulas, and related results for the 2-variables Konhauser matrix
polynomials.

Definition 1. Let A, B € CN*N be matrices satisfying the condition (17). Then, for k,1 € Z, the 2-variables
Konhauser matrix polynomials Z,(,A’B’)"p) (x,y,k,1) are defined as follows:

I'(A+ (kn+1))T(B+ (In+1)I)
(n!)?

i ’“rg’f)ks(py) A+ (ks + )T B+ (Ir + 1)1,

ZiP (1) =

n
L
=0

(20)

where A and p are complex numbers with Re(A) > 0 and Re(p) > 0.

Remark 1. Furthermore, we note the following special cases of the 2-variables Konhauser matrix polynomials
ABAp) (

Z,(, x,y,k,1) as follows:

i. Lettingl =1, B=0andy = 0in (20), we get the Konhauser matrix polynomials defined in (18);
ii. Lettingk =1=1and p = 1in (20), we get the 2-variables analogue of Laguerre’s matrix polynomials

LB (x,y) as follows:

ZEABAD (3 11,1) = (A+ I() (B+ 1), i ”i’ Jrts /\x)s(y)r [(A+Ds(B+D)] 5 @)

iii. Lettingk =1 =1, B=0andy = 0in (20), we obtain the Laguerre’s matrix polynomials EEA’A)(X)
defined in (13);
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iv. Letting A=wa € C'1and B = B € C'*1in (20), we find the scaler 2-variables Konhauser polynomials
(see, e.g., [33]);
o. Letting A =wa € C'*1, and B = 0 in (20), we find Konhauser polynomials defined in (1).

3.1. Hypergeometric Representation

Now, by using (16) and (20), we obtain the hypergeometric matrix function representations

(ABAp) _ (A4 DB+ Din 11 —nl L AX kY
Zi " (uyik ) = (n1)2 R NCTES N Ry 2 e

where A(k; A) abbreviates the array of k parameters such that

Ak a) = (A A AXEZDL sy 23)

and F,},l is defined in (16).
Remark 2. If A € CN*N is q matrix satisfying the condition (17), letting B = 0 and y = 0 in (22), we obtain

—nl AX g

(A0,A) (7)
Ak;A+T) "k

28 (x,0;5) = AT Din

- =z (x;k), (24)

1Fk

where Z,(iA’)‘) (x; k) are Konhauser matrix polynomials in [11] and 1 Fy. is hypergeometric matrix function of

1-numerator and k-denominator defined in (14).

Remark 3. If A € CN*N is a matrix satisfying the condition (17),letk =1, B = 0and y = 0 in (22), then
we get

A+1),

2 1) = | nl O

Y Y
AR =Ly (x), (25)

where L2 (x) are the Laguerre’s matrix polynomials defined in (15).

3.2. Generating Matrix Relations for the 2-Variables of Konhauser Matrix Polynomials

Generating matrix relations always play an important role in the study of polynomials, first, we
give some generating matrix relations for the 2-variables of Konhauser matrix polynomials as follows:

Theorem 1. Letting A, B € CN*N be matrices satisfying the condition (17), we obtain the explicit formulae of
matrix generating relations for the 2-variables Konhauser matrix polynomials as follows:

Y 28,y kDA + Dyl (B + D] 7 (")
n=0
(26)

N (=

t
— F ;
¢ 0% Alp;B+1)

— —Ax
Al A+ 1) ;(k)k} of

where oFy and oF; are hypergeometric matrix functions of 0-numerator and k, I-denominator as (14), A(k; A+ 1)
and A(1; B+ I) are defined as (23), and the short line "—" means that the number of parameters is zero.
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Proof. From Equation (20), we have

ABAp

Zy (6, D[(A+ Dia] “H(B 4 Din] " (n!t™)

ngki

3
Il
S)

I (_py X ks Ir
y S O A (B + D] e @)

I
e
p’%:

n=0 r=0s=0
0 1 0 ks 0 (_1\r Ir
=3 Oy G ey GO 5 gy,
n=0""s=0 : r=0 :
by using
k—
(A = K" () (), (AEE=D)
we get

=0

0 © [ k _ 1\ Ir _
-3 0D CRER A e WA e o

=

— oo - . k
e otk { akarn k)
This completes the proof. [

For a matrix E in CN*N, we can easily obtain the following generating relations for the 2-variables
Konhauser matrix polynomial similar to Theorem 1

(E)al(A+ D)) ' [(B+ D)In] ! (n!t")

agk

n=0

29)
—E t Axg bt pyy

=(1-t)"Ef - (&7
(A=8"h, AGA+T),AMLB+I) )
where F,g’p are defined in Equation (16), A(k; A + I) and A(I; B 4 I) are defined as Equation (23).

Corollary 1. Letting A, B € CN*N be matrices satisfying the condition (17), the following generating matrix
relations of the 2-variables Konhauser matrix polynomials hold:

Y 2B (x,y, b, TV (A (nk+ 1)DT ™ (B+ (nl + 1)1 (n!t")
n=0

SETADTREED o | a1 (_kAx)} OFI{A(Z;;JH) Sy

where oF and oF; are hypergeometric matrix functions of O-numerator and k,I-denominator as (14).

20
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Corollary 2. Letting A, B, and E be matrices in CN*N satisfying the condition (17), we give explicit formulae
of matrix generating relations for the 2-variables Konhauser matrix polynomials as follows:

(E)uZS B (e, y, b, DTY(A + (nk + 1)) (B + (nl + 1)1) (n!t")

agk

- E tA t @1)
_(1_n-Ep-1 -1 1 - X PY i
= A=) I (A+ DB+ DR AKGA+T),ALB+I)’ t—l( k) 1( I )}
Considering the double series,
2 [(m+m)?_aBn, _ _
3 3 LR A0 2, (A + D) (B + Dl 4 m)) e
== nlm!
= Y mZEPM) ey K 1T ((A 4 D] (B4 D) Ry | ,-‘f] (2
n=0 -
= Y w1 ZBM (e y, K, D [(A + D) (B4 Din) ™ (o + 7)™
n=0
Now, by making use of Theorem 1, we find
2 [(m+n))?_(ABA, _ _
3 3 LI B0 2, ){(A 4 D) LB + D 4 )]
= = nbm!
N (33)
_ L o+T - TNk - L TPYNI
e OF A(k,AJrI) /( k )(UJ’_T) 0FI|:A(Z,B+I)/( 1 )(UJ’_T)
Here, Equation (33) may be regarded as a double generating matrix relations for (20).
Remark 4. For A in CN*N, lettingk =1, B = 0and y = 0in (33), we have
2 (m+n
3 (" TV A+ D] ML)
n=0
_ i (=1)"m![(A+ 1)) 1x" —(n+1)I, "
= (n—m)n! Y i—m+1)17
Moy (4n—1 1 (34)
o (—a) (A4 D] 1)
n;m];() m!(n —m)nl(n —m+1);!
o @ ) (n+1);(A+1),]71¥
T

we find generating matrix relations of the Laguerre’s matrix polynomials.
3.3. Some Properties of the 2-Variables Konhauser Matrix Polynomials

For the finite sum property of the 2-variables Konhauser matrix polynomials Z,SA’B’A’P ) (x,y,k,1),
we get the generating relations together as follows:

etOFk{ (kA+I) (_);(xw) t} oF

= 1wttt { o ;(Axw)kt} oFy

Ak A+T) K

21
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and L b
E Zy - (xw,yw,k,k)[(A + I)kn}fl[(B + I)kn]ili’nl’l!

r=0
© 1 _ wkntn 0 (A, (36)
B,A - _
= (X ) (28 o kb (At D) (B + Dol 0.
n=0 n=0
By comparing the coefficients of " on both sides, we have
Z(A’B’A’p)(xw yw, k, k)
n gk 1_wkrtr B B ABA 37)
Z 7)')[(A+I)kr] U[(B+ Dio) ™ (A + Din(B+ DinZ5 ™ (x,,k, ).

The integral representations for the 2-variables Konhauser matrix polynomials are derived in the
following theorem.

Theorem 2. Letting A,B € CN*N e matrices satisfying the condition (17), and, i

il <1
then we have the integral representation of the 2-variables Konhauser matrix polynomials Z,SA’B’A’P ) (x,v,k1)
as follows:

Z(A,B,/\,p)(x k1) = I'(A+ (kn+1))T(B+ (In+1)I)
T (n!)2(27i)? (38)
/ /  (py)FH)e e AT (B g,
c1Jeo

where c1, ¢y are the paths around the origin in the positive direction, beginning at and returning to positive
infinity with respect for the branch cut along the positive real axis.

Proof. The right side of the above formulae are deformed into

T(A+ (kn+1 B+ (In+1)I 1)ras(Ax Ir
(A+( )(n)!)§ VZ(:)SE +r's') "(oy)

(39)
y L/ (At gy o L/ o (B o 4,
27t 2711 Je, !
and using the integral representation of the reciprocal Gamma function, which are given in [34]
1 1 .
@) = 2 / SRt (40)

where c is the path around the origin in the positive direction, beginning at and returning to positive
infinity with respect for the branch cut along the positive real axis. Thus, from Equation (40), we obtain
the following integral matrix functional

I YA+ (kn+1)I) = %/ efp= (At kD) gy (1)

By Equation (41), we can transfer (39) to
I'(A+ (kn+1)[)T(B+ (In+1)I)
(n!)? h
3o 5 s OO o1y s 4 1) 0 (B4 (k4 1)1) “2)

Ig!

=0 5—=0 r.s:
A,B,A,

=z

Xy, k).
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This completes the proof of the theorem. [

4. Fractional Integrals of the 2-Variable Konhauser Matrix Polynomials

In this section, we study the fractional integrals of the Konhauser matrix polynomials of one and
two variables. The fractional integrals of Riemann-Liouville operators of order y and x > 0 are given
by (see [35,36])

(WP = 5o [ =0 0, Re() >0 43)

Recently, the authors (see, e.g., [28]) introduced the fractional integrals with matrix parameters
as follows: suppose A € CN*N is a positive stable matrix and y € C is a complex number satisfying
the condition Re(y) > 0. Then, the Riemann-Liouville fractional integrals with matrix parameters of
order i are defined by

1 X
F(x4) = —— / (x — ) 1AdL, (44)
T(u) Jo

Lemma 1. Supposing that A € CN*N is a positive stable matrix and y € C is a complex number satisfying
the condition Re(y) > 0, then the Riemann—Liouville fractional integrals with matrix parameters of order y are
defined and we have (see, e.g., [28])

1" (x40 = (AT (A + pl)xAT =0 (45)

Theorem 3. If A € CN*N is q matrix satisfying the condition (17), then the Riemann—Liouville fractional
integrals of Konhauser matrix polynomials of one variable are as follows:

I [(Ax)f‘sz‘/” (x,k)] =T YA+ (kn+ p+ DDT(A + (kn + 1)) (Ax)AHHZATD 6y, (a6)

where A is a complex numbers with Re(A) > 0,and k € Z.

Proof. From Equation (44), we find

"X x_ 71
(A0 474 (x, )] :/' (=) HAZAN (1, k)dt

0 T(p)
TA+(kn+1)I) & (1) x . -1
= Lo’ ](A+(kr+1)1)./0 M)A (A (x— ) ar 47)

=T(A+ (kn+1)I) Zn:

and we can write
P [(A)AZ ()] = T A+ (ot + DIDT(A + (kn + DD A) A Z (). 38)
|

The 2-variables analogue of Riemann-Liouville fractional integrals I"# may be defined as follows

Definition 2. Letting A, B € CN*N be positive stable matrices, if Re(v) > 0 and Re(u) > 0, then the
2-variables Riemann—Liouwville fractional integrals of orders v, y can be defined as follows:

v, B 1 Xy v _
I "[xAyB} = W/O /0 (x —u)' " (y — o) uoBdudo. (49)
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Theorem 4. Letting A, B € CN*N be matrices satisfying the condition (17), Re(A) > 0, Re(p) > 0, then, for
the Riemann—Liouville fractional integral of a 2-variables Konhauser matrix polynomial, we have the following.

(A (o) P2y (ke )]

=T YA+ (kn+v+1))r!

(B+(In+pu+1)DT(A+ (kn+1)I) (50)
T(B+ (In+ 1)I) (Ax) A+ (oy) B ZA VAR (3 1)
where A and p are complex numbers and k,1 € Z*

Proof. By using Equation (49), we obtain

I [0 o) 2 ey, )] =

() -
/ / (x—u))"” ! (o(y — v))yfl(Au)A(pv)BZ,SA’B’A’p)(u, v,k,1)dudo
By putting u = xt and v = yw, we get

) (ABAp) - (Ax)A+VI(py)B+],LI
(A (oy) P2 (o k)| = S

< 0P -n) " pa-w

from definition (20), we have

(52)
) pl Z,SA’B’A’P) (xt, yw, k, 1) dtdw,

1 [ (Ax) (o) 2P (., 1)

(A + (kn + D)DT(B+ (In + 1)) (Ax)A+1 (oy) 1
(2T ()T (k)
$ 5 Codess (o)

N (A+ (ks+1)D)T!
r=0s=0 .

y /Ol(At)AJrksI(/\(l _ t))l/—ldt /Ol(pw)mm(p(l _ w))yfldw/

[ (1) o) P2y P (k1)
T(A+ (kn+1))T(B+ (In+1)
(n!)2T (v)T (p

54
- ks Ir
Z Jres r'/\sJ'C) O E 1A 4 (ks v+ DTN B + (17 + e+ 1)),

(53)
(B+ (Ir+1)I).

and

I) (/\x)A+VI (py)B“"
)
i

We thus arrive at

[ (Ax) 2 (oy) P2 (e, 1) |
YA+ (kn+v+1)DT Y B+ (In+p+1)DT(A+ (kn+1)I) (55)
(B (1 +1)1) (Ax) 4 (py) P Z ) oy e 1)

This completes the proof of Theorem 4. [
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Abstract: We provide a realization of fractional supersymmetry quantum mechanics of order r,
where the Hamiltonian and the supercharges involve the fractional Dunkl transform as a Klein
type operator. We construct several classes of functions satisfying certain orthogonality relations.
These functions can be expressed in terms of the associated Laguerre orthogonal polynomials and
have shown that their zeros are the eigenvalues of the Hermitian supercharge. We call them the
supersymmetric generalized Hermite polynomials.

Keywords: orthogonal polynomials; difference-differential operator; supersymmetry

1. Introduction

Supersymmetry relates bosons and fermions on the basis of Z,-graded superalgebras [1,2], where
the fermionic set is realized in terms of matrices of finite dimension or in terms of Grassmann
variables [3]. The supersymmetric quantum mechanics (SUSYQM), introduced by Witten [2], may be
generated by three operators Q_, Q and H satisfying

Qi =0, [Q+H =0 {Q,Q}=H (1)

Superalgebra (1) corresponds to the case N = 2 supersymmetry. The usual construction of Witten’s
supersymmetric quantum mechanics with the superalgebra (1) is performed by introduction of fermion
degrees of freedom (realized in a matrix form, or in terms of Grassmann variables) which commute
with bosonic degrees of freedom. Another realization of supersymmetric quantum mechanics,
called minimally bosonized supersymmetric quantum [1,4,5], is built by taking the supercharge
as the following Dunkl-type operator:

Q =0xR+0(x),

where v(x) is a superpotential.

The fractional supersymmetric quantum mechanics of order r (FSUYQM) are an extension of the
ordinary supersymmetric quantum mechanics for which the Z,-graded superalgebras are replaced by a
Zr-graded superalgberas [3,6,7]. The framework of the fractional supersymmetric quantum mechanics
has been shown to be quite fruitful. Amongst many works, we may quote the deformed Heisenberg
algebra introduced in connection with parafermionic and parabosonic systems [3,4], the C,-extended
oscillator algebra developed in the framework of parasupersymmetric quantum mechanics [8], and the
generalized Weyl-Heisenberg algebra W related to Z;-graded supersymmetric quantum mechanics [3].

Mathematics 2020, 8, 193; doi:10.3390 /math8020193 27 www.mdpi.com/journal /mathematics
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Note that the construction of fractional supersymmetric quantum mechanics without employment
of fermions and parafermions degrees of freedom was started in [4,9,10]. In particular, the idea of
realization of fractional supersymmetry in the form as it was presented in [3,8] was initially proposed
in [4] and also in [9]. In this work, we develop a fractional supersymmetric quantum of order r without
parafermonic degrees of freedom. We essentially use a difference-differential operators generated from
a special case of the well known fractional Dunkl transform. We then investigate the characteristics of
the (r)-scheme.

The paper is organized as follows. In Section 2, we discuss some of basic properties of the
fractional Dunkl transform and we define the generalized Klein operator. In Section 3, we present a
realization of the fractional supersymmetric quantum mechanics and we construct a basis involving
the generalized Hermite functions that diagonalize the Hamiltonian. In Section 4, we define the
associated generalized Hermite polynomials and we provide its weight function and we show that the
eigenvalues of the supercharge are the zeros of the associated generalized Hermite polynomials.

2. Preliminaries

Recall that the fractional Dunkl transform on the real line, introduced in [11,12], is both an
extension of the fractional Hankel transform and the Fourier transform. For 0 < |a| < 7, the fractional
Dunkl transform is defined by:

ei(v+1/2)(am/2—a) . 242 1
FEF(E) = Joe

(2[sin(a)])" /2T (v + 1/2) sinw
where
& = sgn(sin(x))
and
Ex) = Foagali) + 57 Funaliv),
Jo(x) = T +1)(2/2)" Ju(x).

Notice that ], (x) is the standard Bessel function ([13] Ch. 10) and I'(x) is the Gamma function.
It is well known that, for v > 0, the function &, (Ax ) is the unique analytic solution of the following
system that can be found in [14]:

{Y,/S,/()\x) —irE(Ax), @
=1,

€(0)

where Y, is the Dunkl operator related to root system A; (see ([14] Definition 4.4.2))), which is a
differential-difference operator, depending on a parameter v € R and acting on C®(R) as:

da v
Yo =4 Z(1-R), ®)
where R is the Klein operator :
(Rf)(x) = f(=x). )
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The operator Y, is also related by a simple similarity transformation to the Yang—Dunkl operator
used in Refs. [1,4,10]. The corresponding Dunkl harmonic oscillator and the annihilation and creation
operators take the forms [15]

1, 1, 1 a2 v d 1,
H, = EYV + Ex =342 ridx + (1 R) + 2x , (5)
1 1
A-=—Y,+x), Ayr=—(-Y,+x). 6
\/E( v ) + \/E( v ) (6)
They satisfy the (anti)commutation relations
[A-, Ay] =1+2vR, RZ=1, {AL,R} =0, [1,AL]=]1, R]=0. 7)

The generators 1, A, R, and relations (7) give us a realization of the R-deformed Heisenberg
algebra [1,10]. In [9,13], the authors show that the R-deformed algebra is intimately related to
parabosons, parafermions [13] and to the osp(1|2) osp(2]2) superalgebras.

From now, we assume that v > 0. The adjoint Y; of the Dunkl operators Y, with domain S(R)
(the space S(RR) being dense in L?(R, |x|? dx)) is —Y, and therefore the operator H, is self-adjoint, its
spectrum is discrete, and the wave functions corresponding to the well-known eigenvalues

/\n:n-&-v-l-%r n=0,12--- ®)
are given by
_ 42
1Pn ( )= 1/2 x/ZH( )( ), 9)
where 1 1
T = PTG+ DT ST 4 v+ ), =012,

2
(v)

[x] denotes the greatest integer function and Hy'’(x) is the generalized Hermite polynomial introduced

by Szeg6 [15-17] and obtained from Laguerre polynomial LSTV) (x) as follows:

HY (x) = (—1)m22mi L 2)(x2)1,
HY, () = (—1)m22 i 12 (x2),

It is well known that for v > 0, these polynomials satisfy the orthogonality relations :
/H W) () x|Pe dx = Yubum. (10)

We define the generalized Klein operator K as a special case of the fractional Dunkl transform F
corresponding to & = 27” That is,

2
K=F . 11)

It is well known that the wave functions l[JS/> (x) form an orthonormal basis of L2(R, |x|?” dx) and
are also eigenfunctions of the Fourier-Dunkl transform [11,12,15]. In particular, the generalized Klein

operator K acts on the wave functions ¢£lv) (x) as:

Kipu(x) = €¥¢£1V)(X), e =er.
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Let us consider the Z,-grading structure on the space L?(R, |x|? dx) as
r—1
LA(R, |x|* dx) = D L}(R, |x[** dx), (12)
j=0

where LJZ(R, |x|?"dx) is a linear subspace of L?(R, |x|?’dx) generated by the generalized
wave functions

{ngi)ﬂ-(x) in=0,1,2---}

Forj=0,1, -, r—1, wedenote by IT;, the orthogonal projection from 12 (R, |x\2" dx) onto its
subspace L]Z(R, |x|?¥ dx). The action of IT; on L2(R, |x[* dx) can be taken to be

Hklpv(aﬁrj(x) = 5kjl/’;(1:)+j(x)~
It is clear that they form a system of resolution of the identity:
Iy +1L1 +---+1L,1 =1, H,‘Hj = (51']'1_[,', H; = H] (13)

Note that the orthogonal projection I is related to the Klein operator K by
1 =1 I
Il = - K
i =5 l);) Er

3. Fractional Supersymmetric Dunkl Harmonic Oscillator

In this section, we shall present a construction of the fractional supersymmetric quantum mechanics
of order r (r =2, 3, ... ) by using the generalized Klein’s operator defined in Equation (11). Following
Khare [6,7], a fractional supersymmetric quantum mechanics model of arbitrary order r can be
developed by generalizing the fundamental Equations (1) to the forms

QL=0, [HQ:«]=0 Q' =0Qy,
Q2 =Q Q. +Q7%Q:Q +++Q QiQ2+Q QL
We introduce the supercharges Q_ and Q as:

1 1
= Z0EN0-Th), Q=5

and the fractional supersymmetric Dunkl harmonic oscillator H, by

Q- (1—=TIo)(=Yy +x) (14)

1 1, &
Hy=—(r— 1)§Y3 +(r— 1)53‘2 =Y &Il oy, (15)
k=0

where

k
(r l)gr 2k) Jr2]/[27'+( 41)
and recall that [.] denotes the greatest integer function. Obviously, the operators Q- and #, with
common domain S(R) are densely defined in the Hilbert space L?(R, |x|? dx) and have the Hermitian
conjugation relations

~1
O = IR, k=0,---,r—1, (16)

Hy =My, QL =0Q. 17)
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Furthermore, they satisfy the intertwining relations valid fors =0, --- , r — 1:
I,Q- = Q-TLi4y, Q1L = T1s11Q+, HIls = I H,. (18)
Proposition 1. The supercharges Q- are nilpotent operators of order r.
Proof. By making use of the following relations
Y, IL =11,_1Y,, xIL =TI qx, (19)
we can easily show by induction that

o — {;4" (1-gFir), if1<k<r-1, 0)

ifk=r.
Since Q4 = Q*, wealsohave Q', =0. [

The first main result is

Theorem 1. The Hermitian operators Q—, Q4 and H, defined in Equations (14) and (15) satisfy the
commutation relations:

() Qi=0 [H,Q:]=0, Q' =Qy,
(il) QT%Hy = QT1Q+ + Q7204 Q- +- - +Q-Q4 QT + Q4 QT

Proof. From the commutation relation (7), we can show by induction that

AcAR = AR AL — 9 AT, k>, (1)
where
8 — k, if k is even, 22)
k+2vR, ifkisodd.

Combining this with Equation (20), we obtain, for, k =1,--- ,r — 2:

Q:Q! = ATH(AA4 =0,
Q'Qr = ATPALALTL
QUFQuQE = ATE(ALAL ) (T, 2 411, q).

Additionally, a straightforward computation shows that

r—1 _
Y 6 = =1 ol
k=1 2
Thus, we get
r—1 r—2 r—1
Y QO = AT [(r— 1) A AL (T2 + 1T, q) — (Y %) T2 — () 8) TT,q]
k=0 k=1 k=1
= Q2 [(r—1)A- Ay — ©41T,—5 — oIl q]. (23)
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From Equation (13), we easily see that

r—1
(Hr—Z + Hr—l) Z O Il -1 =0,
k=2

and combining with Equation (23), we get

r—1

) QU = Q.

k=0
It remains to prove that [H,, Q—] = [H,, Q+] = 0. Observe that fork =0, --- , ¥ — 1, we have

2 (=DF -1 2r+ (1)1
R At M AR A
and then, fork =0, --- , r — 2, we have
O~ (r—1)(1~20R) = Oy, (1)
which leads to
r—2
Q M, = {(r ~1A_A;+1-20R-Y @kHr,k,z}A,(l — L)
k=0
r—=2
= {(7 —1DA- AL =) ®k+1nr—k—2}(1 —IL_1)A-
k=0
= H,Q-.

Finally, we have obtained [H,, Q—] = 0, and since the operator H, is self-adjoint and Q+ = Q*,

we conclude that [H,, Q+] =0. O

Proposition 2. For even integer r, the fractional supersymmetric Dunkl harmonic oscillator H, has r /2-fold
degenerate spectrum and acts on the wave functions 1[]2") (x) as:

Mol () = A (x), s=0,1,...r—=1, n=0,1,2,...

where

Apr = (r=1)(nr+v+ %) +(=1)°vr, s=0,...,r—1
Proof. From ([15] [formulas (3.7.1) and (3.7.2)]), the creation and annihilation operators A, and A_

act on the wave functions ¥y, , ; as:

A s = fnr s+ 0= (<)) sy,

Aty = Jnr s+ 10v(1— (“) )¢l 1.

Then, the supercharges Q_ and Q take the value

Q s = /(i + s+ V(1= (“1)) /2 Phyery s = Lo 1 =1, 5)
Qs =\ (1 + s+ 14Hu(1 = (“)5 1)) /2 9l gy, s =0, 7 =2, 26)
QJPZr = 0' Q+lp1(/11+1)771 =0. (27)
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A straightforward computation shows that

Hl/lph’r#rs = /\Wler+SI s=0,---,r—1,
where Ay = (r — 1) (nr + v+ ") + (=1)vr. O
4. Supersymmetric Generalized Hermite Polynomials

4.1. Associated Generalized Hermite Polynomials

Starting form the following recurrence relations for the generalized Hermite polynomials

(2 (2)},

Hf[i)l(x) = ZxH}SV)(x) —2(n+v(1- (71)n))H£le(x) 28)
H"(x) =1, HY(x) = 2x,

given in [15-17], one defines, for each real number c, the system of polynomials H,(,V) (x,¢) by the
recurrence relation:

HY, (x,¢) = 2xHY) (x,¢) = 2(n + c + v(1 — (=1)")) HY, (x,¢), (29)

n+ n

with initial conditions
Héw (x,c)=1, Hiv)(x,c) = 2x. (30)

Now, assume that
c>0, c+2v>-1. (31)

By Favard’s theorem [16], it follows that the family of polynomials {Hﬁlv) (x,¢)} satisfying the
recurrence relation (29) and the initial condition (30), is orthogonal with respect to some positive
measure on the real line. We shall refer to the polynomials {H,Sw (x,c)} as the associated generalized
Hermite polynomials. As shown in ([18] Theorem 5.6.1)(see also [19-21]), there are two different
systems of associated Laguerre polynomials denoted by LY (x,¢) and ) (x,¢). They satisfy the
recurrence relations:

@n+2c+v+1-x)LY (x,0) = (n+c+ 1)L£l’/+)1(x, o)+ (n+c+ v)Lifi)l(x,c), (32)

e =1, 10(xe) = 2 )
and

@n+2c+v+1-x)LY(x,0) = (n+c+ 1)£,(1Vll(x,c) +(n+c+ V)Efﬁl(x,c), (34)

Eév)(x,c) =1, Egv)(x, c) = % (35)

Recall the Tricomi function ¥ (a, ¢; x) given by

¥(a,c;x) = %ﬂ) /0 T el L e tgy, R(a), R(x) > 0.
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By [18], the polynomials LE,V) (x,c) and ﬁfiv) (x, c) satisfy the orthogonality relations

v o [¥(e, 1 —v;xe™ )| 72 (v+c+1)

W) (v) _ n

/0 Ln (x/C)Li’ll (X,C)x e F(C+1)F(V+C+l) dx - (C+1)n 511111/
® () ) v [¥le,—v;xe ™)[72 . (v4c+1),

/0 Ly (x,¢)Ly’ (x,c)x"e T+ T e+1) dx = c+ D S,

when one of the following conditions is satisfied:
v+c>-1, ¢>0 or v+c>-1, c>-1
The monic polynomial version of H}(x, c) is given by
HE,V)(x, c) = 2_”H,SU)(x,c), n=0,1,---,
and satisfies
Hf:ﬁl(x, c) = xHE,V)(x,c) — %(n +c+v(l— (71)”))H('/21(x,c),
H(_Vl)(x,c) =0, ’Hév)(x,c) =1.
It is easy to see that the polynomial (71)”’){?> (—x, ¢) also satisfies (38). Thus,
H (—x,0) = (-1)"H (x,c).
Thus, by induction, we write them in the form
Hgl)(x,c) =5,(x?) and Hg:ﬁ](x,c) = xQ,(x?),

where S, (x), Qn(x) are monic polynomials of degree .

(36)

(37)

(38)

(39)

Theorem 2. Let ¢ > 0and v > —c/2. The associated generalized Hermite polynomials H,SU) (x,¢), defined

in (29), have the explicit form:

HY (x,0) = (~1)"22" (1 +¢/2), L5 P (3%, ¢/2),
HY) 1 (x,0) = (<1221 (14 ¢/2)ux Ly T2 (32, ¢/2),
and the orthogonality relations

e [¥(e/2,1/2 = v;x%e )| 2
I(1+c/2)[(v+c/2+1/2)

/]R HﬁLV)(x/ C)Hi(;)(x/ c) |x|21/3 = Cn Oum,

where

- 2%+ c/2) (v +c/24+1/2),  if n=2k
" 2421 po/2) (v 4c/2+3/2), if n=2k+1.

34
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Proof. It is directly verified that the polynomials S, (x), Q. (x) given in (39) are orthogonal as they
satisfy the recurrence relations

Supi(x) = (x—(@2n+c+v+1/2))Su(x) = (n+c/2)
x(n+c¢/2—-1/2+v)S,_1(x),
S—l(x) = 0 SO(X) =1,
and
Qui(x) = (x—=@n+c+3/2+v))Qu(x) — (n+c/2)big)

x(n+(1+0¢)/2+v)Qu-1(x)
Qi(x) = 0, Qox)=1.

From Equation (32), we see that the polynomials S, (x) satisfy the same recurrence relation as (—1)" (1 +
c/z)nﬁ(ﬁ”” (x,¢/2), so that

Su(x) = (=1)"(1+¢/2)u Ly P (x,0/2). (41)
A similar analysis shows that
Qu(x) = (=1)"(1 +¢/2)uLy P (x,¢/2). (42)

In view of Equations (41) and (42), the explicit form of the associated generalized Hermite polynomials
is given by

HY (x,¢) = (=1)"22"(1 4 ¢/2), L5 V2 (x2,¢/2), (43)
Hi 4 (x,0) = (<1)"277 (14 ¢/2)xLl 2 (22,¢/2). (44)

From Equations (36) and (37), we deduce that the system #};(x, c) satisfies the orthogonality relations

[¥(c/2,1/2 —v;x%e )| 72

) (v) 2v ,—x2 _
/]R H, (er)Hm (X,C) |x| e r(1+c/2)r(v+c/2+1/2) = Cn Onm, (45)
with
2%+ e/u(vte/241/2),  if n=2k,
2% (1 /) (v +c/24+3/2), if n=2k+1.
O

4.2. Supersymmetric Generalized Hermite Polynomials

In the sequel, we assume that r is an even integer and we consider the Hermitian supercharge
operator Q, defined on S(R), by

1
V2

From Equation (14), we have

Q= —=Y,(IL_; —ITg) + —= (2~ Iy — IT,_y).

S

1
Q= 7(Q— +Q4),
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so it has a self-adjoint extension on L?(R, |x|?dx). Furthermore, it acts on the basis %, as

QIPZVH = ug”hp;r-m—l + agi)ller-f—s-H' s=1,---,r—1,

v gy v () g (46)
lenr =@ lpm+lf le(nJrl)rfl = arfllp(nJrl)rfl’

where

aﬁ") = \/(nr+s+v(lf(fl)5))/2, s=1,---,r—1

On the other hand, by (46), we see that the operator Q leaves invariant the finite dimensional
subspace of L?(R, |x|*'dx) generated by ¢, s =0, 1, ---, r — 1. Hence, Q can be represented in

this basis by the following r x r tridiagonal Jacobi matrix A,W

o 4" o
ag’” 0 uén) 0
A — 0 aé”) 0 ug")
) o
“@2 0 ”@1
o 4" o

It is well known that, if the coefficients of the subdiagonal of some Jacobi Matrix are different
from zero, then all the eigenvalues of this matrix are real and nondegenerate [16]. We introduce the
normalized eigenvectors ¢; of the supercharge Q

Qs = xs¢s, s=0,---,r—1 (47)

that can be expanded in the basis ¢,,, 4, k=0,1,---,r—1,as

r—1
bs = Y WOspr(X) Y, (48)
k=0

where the coefficients pj obey the three-term recurrence relation [22]

ol pr1 (%) + ") praa (x) = xpi(x),

p-1(x) =0, po(xs) =1,

Hence, they become orthogonal polynomials. We denote by P;(x), the monic orthogonal
polynomial related to py(x) by
Pe(x) = hypr(x), (49)

where
e =al" .. ol (50)

and satisfying

XPy(x) = Pea(x) + 5 (k+ nr +v(1 — (~1}) By (x), k=0, 71,
P,l(x) = 0, PQ(X) =1.

)
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From the three terms recurrence relations (51), the polynomials Py(x) can be identified with the

associated generalized Hermite polynomial 7-[,,((” (x,¢), namely,

P(x) = H,Ew (x,nr).

It is well known from the theory of orthogonal polynomials that the eigenvalues of the Jacobi
matrix Aﬁ”) coincide with the roots of the characteristic polynomial 7-[51/) (x,nr) [16,22]. The weights

ws defined in (56) are given by the following formula
I
A, (s, ) (R s )

ws = (52)

where (H,V))/(x, nr) denotes the derivative of HSV) (x,nr), hy is defined in Equation (50) and x,,,; >

-+« > Xy, are the zeros of Hﬁv) (x, nr). For more detail, we refer to [16]. Then, it turns out that

r—1
¢s = E ul(cg)lpnr+k/ (53)
k=0
where )
H (xs,
ug) hy k(x5 mr) 0<s k<r—1. (54)

I (R, () (M) (s, r)) 2

Since both bases {1k, k =0,--- r—1} and {¢5, s =0, - - r — 1} are orthonormal and all the
coefficients are real, then the matrix (ukz) ) is orthogonal and hence the system { "H}((V) (x)} becomes
orthogonal polynomials:

r—1
Y weHY (x) 1Y (xs) = e /1. (55)
s=0

We call supersymmetric generalized Hermite polynomials the orthogonal polynomials, denoted

by Hg’w (x), extracted form the orthogonal function ¢;:

r—1
HYY (x) = Y HY (xo,nr)HY) (), N = nr+s, (56)
k=0

nr+k
and we obtain the following:

Theorem 3. The supersymmetric generalized Hermite polynomials H%’V) (x) satisfy the orthogonality relations

[ G lxe dx = b, (57)

where oN = Yur/Ws fors =0, --- r—1land N = nr +s.

Proof. From Equations (10) and (56), we obtain
© ) amr(w) 2w, 22 ) )
/ Hnr+s(x)Hn/r+s/(x) |X| e dx = 5nn’ Z Hk (XS/ HT’)Hk (xs’/nr)'anJrk
J—o00 k=0

r—1
= Surur Y, B (xo, nr )Y (g, )
k=0
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and, from ([18] Theorem 2.11.2), we obtain the dual orthogonality relation for {H](cw (x)}:

r—1 Y ” nr+k T nr+k+1 Fu4 1
ZHI<< )(xS)ng )(xs’)[ . 2y = ’ 2) = 055/ Ws (58)

k=0 BT v+ )

and, finally,

[ B o) 3P dx = sy

n'r+s’
O
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Abstract: The empirical logarithmic Colebrook equation for hydraulic resistance in pipes implicitly
considers the unknown flow friction factor. Its explicit approximations, used to avoid iterative
computations, should be accurate but also computationally efficient. We present a rational approximate
procedure that completely avoids the use of transcendental functions, such as logarithm or non-integer
power, which require execution of the additional number of floating-point operations in computer
processor units. Instead of these, we use only rational expressions that are executed directly in the
processor unit. The rational approximation was found using a combination of a Padé approximant
and artificial intelligence (symbolic regression). Numerical experiments in Matlab using 2 million
quasi-Monte Carlo samples indicate that the relative error of this new rational approximation does not
exceed 0.866%. Moreover, these numerical experiments show that the novel rational approximation
is approximately two times faster than the exact solution given by the Wright omega function.

Keywords: hydraulic resistance; pipe flow friction; Colebrook equation; Colebrook-White experiment;
floating-point computations; approximations; Padé polynomials; symbolic regression

1. Introduction

The Colebrook equation [1] for turbulent flow friction is implicitly given with respect to the
unknown Darcy flow friction A, as shown in Equation (1):

1 251 1 &
i ‘2'1°g10(1e—e'— * m) @
where:

A—Darcy flow friction factor (dimensionless)
Re—Reynolds number, 4000 < Re < 108 (dimensionless)
e—relative roughness of inner pipe surface, 0 < & < 0.05 (dimensionless)

As a PhD student at the Imperial College in London, Colebrook developed his empirical equation
based on the data from his joint experiment with his supervisor, Prof. White [2]. They experimented
with flow of air through pipes with different roughness of the inner pipe surface. The experiment by
Colebrook and White was described in a scientific journal and published in 1937 [2], while the related
empirical equation by Colebrook was published in 1939 [1].

Compared with some other experimental findings [3], the Colebrook equation fits the friction
factor within a few dozen percent of error [4]. The Colebrook equation over the last 80 years has
been seen by the industry as an informal standard for flow friction calculation and has been very
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well accepted in everyday engineering practice. Based on the Colebrook equation, Moody developed
a diagram that was used before the era of computers for graphical determination of turbulent flow
friction [5]. Today, such nomograms have been replaced by explicit approximations, which introduce
some value of error [6,7], or by iterative methods [8-10].

In a central computer processor (CPU), transcendental functions such as logarithmic, exponential,
or functions with non-integer terms require execution of numerous floating-point operations,
and therefore they should be avoided whenever possible [11-18]. Praks and Brki¢ [19] recently
developed a one-log call iterative method, which uses only one computationally demanding function,
and even then only in the first iteration (for all succeeding iterations, cheap Padé approximants are
used [20,21]). Based on that approach, few very accurate and efficient explicit approximations suitable
for coding and for engineering practice have been constructed [22]. In addition, the same authors
developed few approximations of the Colebrook equation based on the Wright w-function, which are
among the most accurate to date [23-25]. On the other hand, they contain one or two logarithmic
functions, depending on the chosen version [23,24] (these procedures are based on the previous efforts
by Praks and Brki¢ for symbolic regression [26] and by Brki¢ with Lambert W-function [27-29]).

In this communication, we make a step forward and we offer for the first time a procedure for the
approximate solution of the Colebrook equation based only on rational functions. The presented novel
rational approximation procedure introduces a relative error of no more than 0.866% for 0 < ¢ < 0.05
and 4000 < Re < 10% (as used in engineering practice). The rational approximation procedure is suitable
for computer codes (open-source code in commercial Matlab 2019a is given in this communication,
and in addition, it is compatible with freeware GNU Octave, version 5.1.0).

After introductory Section 1, Section 2 of this communication gives a short overview of
mathematical methods used for the proposed rational approximation procedure. Section 3 describes
the rational approximation procedure in detail (including error analysis), Section 4 provides software
code along with the algorithm to be followed for the rational approximation approach, while Section 5
contains concluding remarks.

2. Mathematics Behind the Proposed Approximation

Our rational approximation approach is based on Padé approximants [20,21], symbolic
regression [30,31] and although not used directly, it is inspired by the Wright w-function, a cognate of
the Lambert W-function [32]. To avoid detailed explanations about the Lambert W-function [33], here it
should be noted that in this context it is used to transform the Colebrook equation from the shape
implicitly given in respect to the unknown flow friction factor to the explicit form [23,24,27-29,34,35].

2.1. Padé Approximants

The ratio of two power series with properly chosen coefficients of the numerator and denominator
can approximate very accurately various functions in a narrow zone around the chosen expanding
point. For the expressions in the numerator and denominator, Padé approximants [20,21] use rational
functions of given order instead of serial expansions. So, in other words, the Padé approximants
can estimate functions usually in a narrow zone as the quotient of two polynomials, often has better
approximation properties compared with its truncated Taylor series. Being a quotient, the Padé
approximants are composed of lower-degree polynomials, where the degree of polynomials can be
chosen according to needs. We use Matlab 2019a in order to generate the needed Padé approximants
as replacements of the logarithmic function in our rational approximation approach. We do not
use expressions with non-integer exponents, because according to Clamond [10], in the software
interpretation it is evaluated through one exponential and one logarithmic function (for example
B¥ = ¥ (B) where x is in most cases a non-integer). The computational complexity of an algorithm
describes the amount of resources required to run it, for example the execution time. Winning and
Coole [13] performed 100 million calculations for each mathematical operation using random inputs,
with each repeated five times, and found that the most efficient operation for addition requires 23.4 s.
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According to them, relative effort for computation referred to addition-1 as a reference for the following
values: logarithm to base, 10-3.37; fractional exponential, 3.32, cubed root, 2.71; natural logarithm,
2.69; cubed, 2.38; square root, 2.29; squared, 2.18; multiplication, 1.55, division, 1.35; subtraction, 1.18.

2.2. Symbolic Regression

Symbolic regression is a machine learning approach for finding approximate functions based on
evolutionary or genetic algorithms [36]. To avoid imposing prior assumptions on the model, symbolic
regression has the ability to search through the space of mathematical expressions to look for an
approximate function that best fits a given dataset [31].

We used Eureqa [30], a symbolic regression engine, to obtain our final model. HeuristicLab [37],
a software environment for heuristic and evolutionary algorithms, including symbolic regression,
can be used instead.

3. Routine Based on Polynomial-Form Expressions

3.1. Replacement of Logarithmic Function

The Colebrook equation can be accurately approximated using a rational approximation procedure,
as shown in Equation (2):

1
— =~ —0.8686:(C1 + C2 2)
i )
where:
0.5994 0.0007232 5
= 0.02087-r — 0.07659- - - —0.00007489- 0.1391
G ’ P = o+ 3846 mt
G =p(r)-793
() - Ml 27)-27) -1
r) =
P r(r-(37+27) +27) + 3
251p0 e
r= 2777.77~( Re + ﬁ)
2600-Re 0.0001165-Re
= —13.58: 4.227
Fo 657.7-Re + 214600-Re-¢ 4 12970000 3:58¢+ 0.00002536-Re + Re-¢ + 105.5 *

Consequently, Equation (2) contains only rational functions, where:

(1 + ( rational approximation of ln(zi%-\% + ﬁ),

G a rational function that corrects error caused by Padé approximant p(r);

GO shifted Padé approximant p(r), where the shift —7.93 ~ 1(0.00036) where 0.00036 & 5b=s;
r argument of p(7);

p(r)  Padé approximant of In(r) of order /2,3/ at the expansion point 7 = 1;

Po starting point;

L L _ m
and where: ﬁ ~ yavsssoos ~ —0-868, as logy(c) = R

Function {; approximates the required logarithmic function ln(%~\%X + 3%71), while ¢y corrects
its error, as r is not always close to the expansion point, because of the large variability of input
parameters of the Colebrook equation (Equation (1)). The rational function (; and also the starting
point pg were found by symbolic regression software Eureqa [31], whereas the shift —=7.93 in (; was
found in order to minimize the error of the Padé approximation of p(r) =~ In(r) for the Colebrook
equation, as In(0.00036-r) ~ In(r) — 7.93, where 0.00036 ~ W1777 Variable precision arithmetic (VPA)
at 4 decimal digit accuracy is assumed for {; and for pg. The Padé approximant p(r) is given in
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Horner nested polynomial form generated in Matlab 2019a. It is of order /2,3/, which means that the
polynomial in numerator contains a monomial of highest degree 2, while the denominator of degree 3.
Any other suitable Padé polynomial of any other degree in any other form that can substitute the
natural logarithm around the needed expansion point can be used, but in such cases, the rational
approximation procedure should be tested again, because these changes can affect the value of the
final relative error and its distribution.

3.2. Error Analysis

Distribution of the relative error for the proposed rational approximation procedure, Equation (2),
is given in Figure 1. The maximal relative error goes up to 0.866% for 0 < ¢ < 0.05 and 4000 < Re
< 108 (as used in engineering practice). The highest error using 2 million input pairs found by the
Sobol quasi-Monte Carlo method is for Re = 71987 and ¢ = 3.1711-1077 [38]. The Colebrook equation is
empirical and it follows logarithmic law, so for the procedure with only rational functions, this level
of error is acceptable [39]. For example, Pimenta et al. [7] classify the approximation of Sonnad and
Goudar [40] with relative error of up to 3.17%. With two logarithms and one non-integer power,
this method [40] belongs to the group of approximations with higher performance indexes and precision.
Brkié [6] estimates the relative error of Sonnad and Goudar [40] to be up to 0.8%, which is similar
error compared with the rational approximation approach presented here; the same methodology as in
Brki¢ [6] is used for Figure 1.

§ | 0.84%<6<0.866%—>5,,,,=0.866% | 0.42%<6<0.84% Relative roughness: &
0 -
3 YT T 10°¢
g | T N A
| H T To.2%<6<0.84% =
S NN 10
| R ) ™ 1\
o 0.42%<5<0.84% -+ “ ‘ |
o IR .| ’ * 107*
e -t IAN | -
| e 0%<8<0.82% ||
Tt +——4 1 1 +—4 +—4 +—4 +—t +— +—+ + +—+ + 10'3
1]Eq(2) o
l | | [
10* 10° 10® 107 10°

Reynolds number: Re

Figure 1. The distribution of the relative error for the proposed rational approximation.

The error in the proposed rational approximation can be possibly reduced by optimizing numerical
values of parameters using a genetic algorithms [41] approach with the methodology described by Brki¢
and Cojbasic [42]. However, the presented rational approximation approach has too many numerical
parameters, meaning such an optimization would be very complex. Further simplifications rather
should go in the direction of simplification of py, (; and Cp, but keeping the same or increasing accuracy.

3.3. Computational Costs

The efficiency of the proposed procedure is tested using 2 million input pairs found by the Sobol
quasi-Monte Carlo method [38]. The tests were performed using Matlab R2019a. The tests revealed
that Equation (2) needs 0.56 s to calculate the friction factor A for 2 million input pairs, or for the
Reynolds number Re and the roughness of the inner pipe surface ¢. On the other hand, the exact
solution given by the Wright w-function [23] implemented by the Matlab library “wrightOmegaq” [43]
took 1.1 s for the same 2 million the tested pairs.
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Our novel rational approximation of the Colebrook equation given with Equation (2) is
approximately two times faster than the exact approach using the Wright w-function [23], as the speed
ratio is 1.1/0.56-1.96. On the other hand, the approach with the Wright w-function [23] gives the
exact solution, which requires two logarithms and one Wright w-function, while this communication
presents a rational approximation.

4. Software Description

The presented rational approximation approach for solving Colebrook’s equation for flow friction
was thoroughly tested at IT4Innovations, National Supercomputing Center, VSB-Technical University
of Ostrava, Czech Republic.

4.1. Algorithm

The simple algorithm of the rational approximation of the Colebrook equation is presented in
Figure 2. The algorithm contains only one branch and is without loops.

Re ¢
_ 2600-Re _ - . 0.0001165-Re
pO B 657.7-Re+214600-Re-e+12970000 1358 £+ 0.00002536-Re+Re-e+105.5 +4.227
2.51-pg £
=2777.77 - ( —)
" Re 371

T (@-Al-r+2n)-27)—11
T r(-Br+27)+27)+3

=p—1793

0.5994 0.0007232

o ¥ 3846 — 0.00007489 -2 + 0.1391

¢, = 0.02087 -7 — 0.07659 - p —

P —
(—0.8686 - (¢, + 7))

Figure 2. Algorithm of the proposed rational approximation of the Colebrook equation.
4.2. Open-Source Software Code

The code is given in Matlab format, which is compatible with the freeware GNU Octave, but it
can be easily transposed in any programming language (input parameters: R is the Reynolds number
Re, K is the relative roughness of inner pipe surface ¢; output parameter; L is the Darcy flow friction
factor A):

x = (2600*R)/(657.7*R + 214600*R.*K + 1.297e+7)—-13.58*K
+ (1.165e-4*R)/(2.536e-5*R + R*K + 105.5) + 4.227

Yo = 251%/R + K/3.71; 1 = yg*2777.77
pr = (£HE(114 + 27) — 27) — 11)/(e* X3 + 27) + 27) + 3)
ky = @(r) 0.02087*r— 0.07659*pr— 0.5994/(pr + 3.846) — 7.232e-4./r—7.489%e-5*."2 + 0.1391
x = —0.8686*(ky (r) + pr — 7.93)
L=1/x"2
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5. Conclusions

We provide a novel rational approximation procedure for solving the logarithmic Colebrook
equation for flow friction. Instead of transcendental functions (logarithms, non-integer power) that
are used in the classical approach, in this communication, we replace the logarithm with its Padé
approximant and a simple rational function, which was found using artificial intelligence (symbolic
regression), in order to minimize the error. Although the new rational approximation may seem
unintelligible to human eyes, results of 2 million input pairs found by the quasi-Monte Carlo method [38]
confirm that the relative error of this new approximation does not exceed 0.866%, which is acceptable
for the empirical Colebrook law [44] (trade-off between model complexity and accuracy [45,46]).
Consequently, numerical experiments on 2 million of quasi-Monte Carlo pairs indicates that the rational
approximation presented here provides for Colebrook’s flow friction model a useful combination of
Padé approximants and artificial intelligence (symbolic regression).
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Notations

The following symbols are used in this Communication:

A Darcy, Darcy-Weisbach, Moody, or Colebrook flow friction factor (dimensionless)
Re Reynolds number, 4000 < Re < 108 (dimensionless)

€ relative roughness of inner pipe surface, 0 < ¢ < 0.05 (dimensionless)
(1 +C  rational approximation of ln(%~% + ﬁ)

C1 a rational function that corrects error caused by Padé approximant p(r)
G shifted Padé approximant p(r)

r argument of p(r)

p(r) Padé approximant of In(r) at the expansion point r

Po polynomial starting point

log1o logarithm with base 10

In natural logarithm

e exponential function

3} Wright w-function (Wright omega function)
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1. Introduction and Motivation

Divisor functions, Euler ¢-function, and M&bius y-function are widely studied in the field of
elementary number theory. The absolute Mobius divisor function is defined by

U(n) := |} du(d)].

dln

Here, n is a positive integer and y is the Mobius function. It is well known ([1], p. 23) that

p(n) = Y ()%,

dln

where ¢ denotes the Euler ¢-function (totient function). If 7 is a square-free integer, then U (n) = ¢(n).
The first twenty values of U(n) and ¢(n) are given in Table 1.

Table 1. Values of U(n) and ¢(n) (1 <n < 20).

n 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20
Un) 1 1 2 1 4 2 6 1 2 4 10 2 12 6 8 1 16 2 18 4
p(n) 1 1 2 2 4 2 6 4 6 10 4 12 6 8 8 16 6 18 8

Let Uy (n) :=n, U (n) := Uy (n) and Uy, (1) := Uy—1 (U (n)), where m > 1.

Next, to study the iteration properties of Uy, () ( resp., ¢,y (1)), we say the order (resp., class)
of n, m-gonal (resp., m’-gonal) absolute Mobius ( resp., totient) shape numbers, and shape polygons
derived from the sum of absolute Mobius divisor (resp., Euler totient) function are as follows.

Mathematics 2019, 7, 1083; doi:10.3390 /math7111083 49 www.mdpi.com/journal /mathematics
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Definition 1. (Order Notion) To study when the positive integer Uy, (n) is terminated at one, we consider
a notation as follows. The order of a positive integer n > 1 denoted Ordy(n) = m, which is the least positive
integer m when Uy, (n) = 1 and Uy,_1 (n) # 1. The positive integers of order 2 are usually called involutions.
Naturally, we define Ordy (1) = 0. The first 20 values of Ordy(n) and C(n) + 1 are given by Table 2. See [2].

Table 2. Values of Ordy(n) and C(n) +1 (1 < n < 20).

n 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20
Ordy(n) 0 1 2 1 2 2 3 1 2 2 3 2 3 3 2 1 2 2 3 2
cCmn)y+1 0 1 2 2 3 2 3 3 3 3 4 3 4 3 4 4 5 3 4 4

Remark 1. Define go(n) = n, p1(n) = ¢(n) and ¢x(n) = ¢(¢x_1(n)) for all k > 2. Shapiro [2] defines the
class number C(n) of n by that integer C such that ¢c(n) = 2. Some values of Ordy(n) are equal to them of
C(n) 4 1. Shapiro [2] defined C(1) +1 = C(2) + 1 = 1. Here, we define C(1) +1 =0and C(2) +1 = 1.
A similar notation of Ord(n) is in [3].

Definition 2. (Absolute Mobius m-gonal shape number and totient m'-gonal shape number) If Ordy(n) =
m — 2 (resp., C(n) +1 = m’, we consider the set {(i,U;(n))li = 0,...,.m —2} (resp., {(i, p;(n))|i =
0,..,m" —2} and add (0,1). We then put V,, = {(i,U;(n))][i=0,..m—2}U{(0,1)} (resp., Ry, =
{(i, 9i(n))]i=0,..,m" —2}U{(0,1)}). Then we find a m-gon (resp., m’-gon) derived from Vy, (resp., Ry).
Here, we call n an absolute Mobius m-gonal shape number (resp., totient m’-gonal shape number derived from
U and Vy, (resp., ¢ and R,,) except n = 1.

Definition 3. (Convexity and Area) We use same notations, convex, non-convex, and area in [3]. We say that
n is an absolute Mobius m-gonal convex (resp., non-convex) shape number with respect to the absolute Mobius
divisor function U if {(i, U;(n)) |i = 0,...,m —2} U{(0,1)} is convex (resp., non-convex). Let A(n) denote
the area of the absolute Mobius m-gon derived from the absolute Mobius m-gonal shape number. Similarly,
we define the totient m'-gonal convex (resp., non-convex) shape number and B(n) denote the area of the totient
m'-gon.

Example 1. If n = 2 then we obtain the set of points Vo = R, = {(0,2),(1,1),(0,1)}. Thus, 2 is an absolute
Mobius 3-gonal convex number with A (2) = 1. See Figure 1. See Figures 2—4 for absolute Mobius n-gonal
shape numbers and totient n-gonal shape numbers with n = 2,3,4,5. The first 19 values of A(n) and B(n) are
given by Table 3.

Figure 1. U(2) = ¢(2).
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A(3)=B(3)=2

(0,1)

Figure 2. U(3) = ¢(3).

(2,1)

Figure 3. U(4) and ¢(4).

Figure 4. U(5) and ¢(5).

Table 3. Values of A(n) and B(n) (2 <n < 20).

noo2 4 6 8 9 10 11 12 13 14 15 16 17 18 19 20
An) % 3 i 705 o B o1 B o Lo o23 Yoy B
B(n) 3 3 " L ow ¥ 18 ¥ a1 % 18 ¥ u F 32 4
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Kim and Bayad [3] considered the iteration of the odd divisor function S, polygon shape, convex,
order, etc.

In this article, we considered the iteration of the absolute Mobius divisor function and Euler
totient function and polygon types.

Now we state the main result of this article. To do this, let us examine the following theorem.
For the proof of this theorem, the definitions and lemmas in the other chapters of this study have
been utilized.

Theorem 1. (Main Theorem) Let py, ..., pu be Fermat primes with p1 < p2... < pu,
Fo:=A{p---,pu},
t
F11={HP1‘|P1'€F0, 1§t§5},
i=1

r
B = {Hlpz‘; | pi; € Fo, 1< Py <Pip--- < Piy < Pus rS”}(Ff)UFl)'
=

If Ordy(m) = 1 or 2 then a positive integer m > 1 is

an absolute Mobius 3-gonal (triangular) shape number, ifm=2ormeF
an absolute Mobius 4-gonal convex shape number, ifmeFy—{3tormek
an absolute Mobius 4-gonal non-convex shape number, otherwise.

Remark 2. Shapiro [2] computed positive integer m when C(m) +1 = 2. Thatis, m = 3,4,6. Let C(m) +1 =
1 or 2. Then

(1) If m = 2,3 then m are totient 3-gonal (triangular) numbers.
(2) Ifm = 4,5 then m are totient 4-gonal non-convex numbers.

2. Some Properties of U(n) and ¢(n)

It is well known [1,4-14] that Euler ¢-function have several interesting formula. For example,
if (x,y) = 1 with two positive integers x and y, then ¢(xy) = ¢(x)¢(y). On the other hand, if x is a
multiple of y, then ¢(xy) = y¢(x) [2]. In this section, we will consider the arithmetic functions U(n)
and ¢(n).
Lemma 1. Let n = pi'p32 - - - pi’ be a factorization of n, where py be distinct prime integers and e, be positive

integers. Then,
p

u@m) =[1(pi-1).

i=1

Proof. If n = p{'p% - - - p}’ is an arbitrary integer, then we easily check

U(n) = |} u(d)d

dln

=[1=p1=p2— = prtpip2t ..+ (=1)"p1p2.ps|
=P =D (p2=1)(pr—1).

This is completed the proof of Lemma 1. [
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Corollary 1. If p is a prime integer and « is a positive integer, then U(p) = p — 1 and U(p*) = U(p).
In particular, U(2"%) = 1.

Proof. Itis trivial by Lemma 1. [
Corollary 2. Let n > 1 be a positive integer and let Ordy(n) = m. Then,

Uy (n) > U (n) > Uy (n) > - > Uy (n). (1)
Proof. Itis trivial by Lemma 1. [

Remark 3. We compare U (n) with ¢(n) as follow on Table 4.

Table 4. U(n) and ¢(n).

U(n) p(n)
n=ppy (pr=1)-(pr=1) (P =P ) —pr )
n =2k 1 2k—1
sequences Uy (n) > Uy (n) > Uy (n) >+ @o(n) > @1 (n)>q¢y(n)>---

Lemma 2. The function U is multiplicative function. That is, U(mn) = U(m)U(n) with (m,n) = 1.
Furthermore, if m is a multiple of n, then U(mn) = U (m).
Proof. Let m = p{'pS..pf and n = q{lqurzl..qf be positive integers. Then p{,p7, ... p;" and

q{l,q?, - q{s are distinct primes. If (m,n) = 1 and also p|m, pn, q|n, and gm by Lemma 1, we note that

U(mn) = T] (4—1)

ty|mn
=[Im-1D]l@-1)

pilm qsln
=U(m)U(n).

Let m be a multiple of n. If p;|n then p;|m. Thus, by Lemma 1, U(mn) = U(m). This is completed
the proof of Lemma 2. O

Remark 4. Two functions U(n) and ¢(n) have similar results as follows on Table 5. Here, n|m means that m
is a multiple of n.

Table 5. U(n) and ¢(n).

(mn)=1 n|m
U(mn) U(m)U(n)  U(m)
p(mn) — @(m)g(n)  ne(m)

Theorem 2. Forall n € N — {1}, there exists m € N satisfying Uy, (n) = 1.

Proof. Letn = p{'p72...pY", where py, ..., pr be distinct prime integers with p; < pp < ... < p;.

r

We note that U(n) = [T (p; — 1) by Lemma 1.
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If r =1 and p; = 2, then U(n) = 1 by Corollary 1.
If p; is an odd positive prime integer, then U(p{) = p; — 1 by Corollary 1.
We note that p; — 1is an even integer. Then there exist distinct prime integers g; , ..., q;; satisfying

o
pi—1=2ig" gl

i

where f;, > 1,]; > Tand q;) <--- < g;,. Itis well known that g;, < P’El < p’Tfl.
By Lemma 2, we get
Up(p') = U(p; —1) = U(gy,) -~ U(q;,)- @

By using the same method in (2) for 1 <i; <'s, we get

r

Up(n) =U([T(pi—1))

i=1

r
oli+h+.. 4l Hq?il ...q?“”>
I Iy

[
(e

](-12) < q](-zz) <. < q](.kz). It is easily checked that g

Using this technique, we can find [ satisfying

1 _
2) < max{—‘h“2 s —q”‘z ! }.

with g i

Ui = (407 1) (g0 1) =2 [T

u=1
J(xl,) < 100.
By Appendix A (Values of U (1) (1 < n < 100)), we easily find a positive integer v that Uy (n") = 1
for 1 < n’ < 100. Thus, we get U, (U;_1(n)) = 1. Therefore, we can find m = v+ [ — 1 € N satisfying
Un(n) =1. O

with g

Corollary 3. Foralln € N — {1}, there exists m € N satisfying Ord(n) = m.
Proof. Itis trivial by Theorem 2. [

Remark 5. Kim and Bayad [3] considered iterated functions of odd divisor functions S,,(n) and order of n.
For order of divisor functions, we do not know Ord(n) = oo or not. But, functions Uy, (n) (resp., ¢;(n)),
we know Ord(n) < oo by Corollary 3 (resp., [15]).

Theorem 3. Let 1 > 1 be a positive integer. Then Ordy (n) = 1if and only if n = 2¥ for some k € N.
Proof. (<) Let n = 2%, It is easy to see that U (n) = Uj (n) = 1.

(=) Letn = p{'p72...p}" be a factorization of 1, and all p, are distinct prime integers. If Ord, (n) =
1, then by using Lemma 1 we can note that,

I=p1—-1)(p2—1)...(pr—1). ®)
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According to all p, are distinct prime integers, then it is easy to see that there is only exist p; and
that is p; = 2. Hereby n = 2 for some k € N.
This is completed the proof of Theorem 3. [

Remark 6. If k > 0 then 2% is an absolute Mibius 3-gonal (triangular) shape number with A (2") =
% (2" — 1) by Theorem 3.

Theorem 4. Let n, m and m' be positive integers with greater than 1 and let Ordy (n) = mand C(n) +1 = m’.

Then, A(n),B(n) € Zifand only ifn =1 (mod 2). Furthermore,

2 Ui (n 1 +n) — 4)

and

i Piln) + 5 (14 1) - )

Proof. First, we consider A(n). We find the set {(0, Uy (1)), (1, Uy (n)),..., (m, Uy (n))}. Thus,
we have

(U]( )-‘rl,lz(ﬂ))-i—...‘l'1

An) = ;

(U () + Uy () + 3 (U1 () + Un (1) = m
L) U () 43 (14 m)

(I+n) (mod 1).

Il
NI= S N\H

Similarly, we get (5). These complete the proof of Theorem 4. [

3. Classification of the Absolute Mébius Divisor Function U () with Ordy(n) = 2

In this section, we study integers n when Ordy(n) = 2. If Ordy(n) = 2, then n has three cases
which are 3-gonal (triangular) shape number, 4-gonal convex shape number, and 4-gonal non-convex
shape numbers in Figure 5.

34(0,3)

(2,1) (2,1)

0,1)

T T T T T T T T T T T
1 2 3 0 1 2 3 0 1 2 3

Figure 5. 3-gonal (triangular), 4-gonal convex, 4-gonal non-convex shapes.
Theorem 5. Let py, ..., py be Fermat primes and ey, ..., e, be positive integers. If n = 2Xp{ip?...p77, then
Ordy(n) = 2.

Proof. Let
pi=2""4+1 (1<i<r) 6)
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be Fermat primes. By Corollary 1 and Lemma 2 we have
U (n) = U (25 pptr)
U () U () U (p5) U ()

=(Pp1—1(p2—1).(pr—1)
_ 22"’1 22"’2 ".22”17

=2f

Thus, we can see that U (n) = Uy (n) = 2" and Uy (n) = U (U; (n)) = U (2') = 1. Therefore, we get
Theorem 5. O

The First 32 values of U(n) and ¢(n) for n = 2Xp{p2...p;" are given by Table A2 (see Appendix B).
Remark 7. Iterations of the odd divisor function S(n), the absolute Mobius divisor function U (n), and Euler
totient function ¢(n) have small different properties. Table 6. gives an example of differences of (), Ux(n),
and Si(n) withk = 1,2.

Table 6. ¢y (1), Ux(n), and S(n) withk = 1,2.

Function f U(n) @(n) S(n)
fn) =1 n =2k n =2k n =2k
(k>0) (k=0,1) (k>0)
fo(n) =1 n=2kpipy n = 2k3k n =2k .. .qs
(k> 0) (k1=0,1) (k=0)
p; : Fermat primes (k =0,1) g; : Mersenne primes
(Theorem 5) ([2], p- 21) ([3], p- 3)

Lemma 3. Let n = p; be Fermat primes. Then 3 is an absolute Mobius 3-gonal (triangular) shape number and
pi (5 3) are absolute Mobius 4-gonal convex numbers.

Proof. The set {(0,3),(1,2),(2,1),(1,0)} makes a triangle. Let p; = 22" + 1 be a Fermat primes
except 3. We get U (p;) = 22"". So, we get

A={(022"+1),(1.22"), 21,01}

Because of (22mi +1- 22mi> < (221”" — 1) , the set A gives a convex shape. This completes the
proof Lemma 3. O

Lemma 4. Let p; be Fermat primes. Then 2™ p; and p!" are absolute Mobius 4-gonal non-convex shape
numbers with my, my (> 2) positive integers.

Proof. Let p; = 22" + 1 be a Fermat primes. Consider

2m1pi _ (Pz _ 1) — 2ml . 22”’{ _ 221‘"“ and (pl o 1) 1= 22”’1’ 1

So, 2™ p; — (pi —1) > (p; — 1) — 1. Thus, 2™ p; are absolute M&bius 4-gonal non-convex shape
numbers. Similarly, we get p; — (p; —1) > (p;—1) — 1.
Thus, these complete the proof Lemma 4. [

56



Mathematics 2019, 7, 1083

Lemma 5. Let py,...,pr be Fermat primes. Then 2py ... p, are absolute Mobius 4-gonal non-convex
shape numbers.

Furthermore, if m, ey, . . . e, are positive integers then 2" p{' ... py" are absolute Mobius 4-gonal non-convex
shape numbers.

Proof. The proof is similar to Lemma 4. [

Lemma 6. Let r be a positive integer. Then

T . T .
[1(2% +1) —2]T2* +1=0.
i=0

i=0

Proof. We note that

r . 2rtl oo
1 - l 1 T
[1(+1) =5 —— and ] ="
ol x—1 L
i=0 i=0
Let f(x) := [T, (22" +1) —2[T_y2% + 1. Thus f(2) = 0. This is completed the proof of

Lemma 6. [
Corollary 4. Let f; € Fy. Then f; is an absolute Mobius 3-gonal (triangular) shape number.
Proof. Itis trivial by Lemma 6. [

Remark 8. Fermat first conjectured that all the numbers in the form of f, = 2% +1 are primes [16].
Up-to-date there are only five known Fermat primes. That is, fo =3, fi =5, fo =17, f3 =257, and
fa = 65537.

Though we find a new Fermat prime pe, 6th Fermat primes, we cannot find a new absolute Mobius 3-gonal
(triangular) number by

4
i=0 i=0

) , 4 . /
(22’ +1) x (22’ +1> 2 <H22’> 22 41>0. @)

r
Lemma 7. Let p1,pa, ..., pr, pt be Fermat primes with p1 < pp < ... < pr < ppandt >5.Ifn =[] p; €
i=1

Fy then n x p; are absolute Mobius 4-gonal convex shape numbers.

Proof. Let p; = 22" 41 be a Fermat prime, where k is a positive integer. We note that r < 5 and
pr = 22 11> 22 £ 1. In a similar way in (7), we obtain

pro--prpr=2(p1 =1 ...(pr =D (pr — 1 +1=

it i 2 (8)
(i) e

By Theorem 5, Ordy(n % py) = 2. By (8), n x p; is an absolute Mobius 4-gonal convex shape number.
This completes the proof of Lemma 7. [

Lemma 8. Let py, po, ..., pr, pt be Fermat primes with p1 < pp < ... < py < pt.

Then m = p{l e p{j" are absolute Mobius 4-gonal non-convex shape numbers except m € Fy U F{ U F,.
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Proof. Similar to Lemmas 5 and 7. [

Proof of Theorem 1 (Main Theorem). It is completed by Remark 6, Theorem 5, Lemmas 3 and 4,
Corollary 4, Remark 8, Lemmas 7 and 8. [J

Remark 9. If n are absolute Mobius 3-gonal (triangular) or 4-gonal convex shape numbers then n is the regular
n-gon by Gauss Theorem.

Example 2. The set V3 is {(0,3),(1,2),(2,1),(0,1)}. Thus, a positive integer 3 is an absolute Mobius
3-gonal convex shape number.

Similarly, 15, 255, 65535, 4294967295 are absolute Mobius 3-gonal convex numbers derived from

Vis = {(0,15),(1,8),(2,1),(0,1)},
Vass = {(0,255), (1,128),(2,1),(0,1)},
Viessas = {(0,65535), (1,32768), (2,1),(0,1)},

Vinosoe720s = { (0,4294967295), (1,2147483648), (2,1), (0,1)}.

Remark 10. Let Min(m) denote the minimal number of m-gonal number. By using Maple 13 Program, Table 7
shows us minimal numbers Min(m) about from 3-gonal (triangular) to 14-gonal shape number.

Table 7. Values of Min(m).

m Min(m) PrimeorNot m Min(m) PrimeorNot
3 2 prime 9 719 prime
4 5 prime 10 1439 prime
5 7 prime 11 2879 prime
6 23 prime 12 34,549 prime
7 47 prime 13 138,197 prime
8 283 prime 14 1,266,767 prime

Conjecture 1. For any positive integer m (> 3), Min(m) is a prime integer.
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Appendix A. Values of U(n)

Table A1. Values of U(n) (1 < n < 100).

n 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20
um) 1 1 2 1 4 2 6 1 2 4 10 2 12 6 8 1 16 2 18 4

n 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36 37 38 39 40
Um) 12 10 22 2 4 12 2 6 28 8 30 1 20 16 24 2 36 18 24 4
n 41 42 43 44 45 46 47 48 49 50 51 52 53 54 55 56 57 58 59 60
Um) 40 12 42 10 8 22 46 2 6 4 32 12 52 2 40 6 36 28 58 8

n 61 62 63 64 65 66 67 68 69 70 71 72 73 74 75 76 77 78 79 80

60 30 12 1 48 20 66 16 44 24 70 2 72 36 8 18 60 24 78 4
n 81 82 8 84 8 8 87 8 8 90 91 92 93 94 95 96 97 98 99 100

U(n) 2 40 82 12 64 42 56 10 8 8 72 22 60 46 72 2 9% 6 20 4

s

Appendix B. Values of n = 2Kp; py...p;, U (1), ¢(n)

Table A2. Values of n = 25pypy...p;, U (1), ¢(1n) with Ordy(n) = 2.

n u (n) @(n) n U (n) ¢(n)
3 2 2 40=2%x5 4=22 16 =24
5 4=22 4=22 45=32x5 §=2% 24=2%x3
=2x3 2 2 48 =2%x3 2 16 =24
9=32 2 6=2x3 50 =2 x 52 4=22 20=2*x5
10=2x5 4=722 4=22 51=3x17 32 =25 32=25
12=2%2x3 2 4=22 54 =2x3% 2 18 =2 x 32
15=3x5 §=2% §=2% 60=22x3x5 8=23 16 =24
17 16 =24 16 = 24 68=22x17 16=2* 32=2°
18 =2 x 32 2 6=2x3 72 =23 x 32 2 24=2x3
20=22x5 4=22 §=2% 75 =3 x 52 §=2% 40=2%x5
24=23x3 2 8 =23 80=2*x5 4 =722 32 =25
25 =52 4=22 20=22x5 81 =3* 2 54 =2 x 3%
27 =38 2 18 =2 x 32 85=5x17 64 =26 64 =26
30=2x3x5 8§=2% §=2% 90=2x32x5 8=2% 24=23x3
34=2x17 16=2* 16 =24 96 =25x3 2 32=2°
36 = 22 x 32 2 12=22x3 100=22x5 4=22 40=2%x5
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1. Introduction

The moments of the Poisson distribution are a well-known connecting tool between Bell numbers
and Stirling numbers. As we know, the Bell numbers B, are those using generating function

(efil) 00 tﬂ
e =Y Bnﬁ.
n=0 :

The Bell polynomials B, (A) are this formula using the generating function

(see [1,2]).
Observe that

Bu(A) = i AiSy(n, i),
i=0

where S, (n,i) = Fl Yi_o(—1)7!(})I" denotes the second kind Stirling number.
The generalizéd Bell polynomials B, (x, A) are these formula using the generating function:

00 n
Y Bt A) =MD, (see o)
n=0 :

In particular, the generalized Bell polynomials B, (x, —A) = E [(Z+x—A)"],A,x e R,n € N,
where Z is a Poission random variable with parameter A > 0 (see [1-3]). The (r, §)-Bell polynomials
Gn(x,r, B) are this formula using the generating function:

Mathematics 2019, 7, 736; doi:10.3390 / math7080736 61 www.mdpi.com/journal /mathematics
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)

" Bt_1)x
F(t,x,1,B Z W (x,7, B =ert+(€ V3, ()

(see [3]), where, B and r are real or complex numbers and (r, ) # (0,0). Note that B, (x +r, —x) =
Gn(x,7,1) and B, (x) = Gu(x,0,1). The first few examples of (r, §)-Bell polynomials G, (x,r, B) are

Go(x,r,B) =1,

Gi(x,1,B) =r+x,

Gy(x,r,B) = 24 Bx +2rx + %2,

Gs(x,7,B) = r> 4 B?x + 3Brx 4 3r%x + 3Bx% + 3rx® + 15,
Gy(x,1,B) = r* + BPx + 4B%rx + 6pr2x + 4rx + 7p%x% 4 12prx>

+ 6r2x% + 6Bx° + 4rx> 4 1%,
Gs(x,7,B) = r° + B*x + 58%rx + 108%r%x 4+ 108r3x + 5rx 4+ 158%x2 4 358772
+30Br2x% + 107°x2 4 256%x% + 30Brx> + 102> 4 108x* + 5rat + 2°.
From (1) and (2), we see that

<)

(ePt—1)%
Z (x, r,ﬁ) e 1)§ert

S (ent) (20

Y

Compare the coefficients in Formula (3). We can get
n n X P
Gutor ) = 1 () BB/ (n 20,
k=0
Similarly we also have
n n B
Gulx+wr,) = Y- () G, BB 0/ BB

k=0

Recently, many mathematicians have studied the differential equations arising from the generating
functions of special polynomials (see [4-8]). Inspired by their work, we give a differential equations by
generation of (r, §)-Bell polynomials G, (x,r, B) as follows. Let D denote differentiation with respect
to t, D? denote differentiation twice with respect to t, and so on; that is, for positive integer N,

DNF = (%)NF(t,x,r,ﬁ).

We find differential equations with coefficients a;(N, x, 7, B), which are satisfied by

<%>NF(f,x,l’,ﬁ) —ao(N,x,1, B)E(t,x,1,B) — - — an (N, x,1, B)ePNE(t, x,1, ) = 0.

Using the coefficients of this differential equation, we give explicit identities for the
(r, B)-Bell polynomials. In addition, we investigate the zeros of the (r, 8)-Bell equations with
numerical methods. Finally, we observe an interesting phenomena of ‘scattering” of the zeros of
(r, B)-Bell equations. Conjectures are also presented through numerical experiments.
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2. Differential Equations Related to (R, f)-Bell Polynomials

Differential equations arising from the generating functions of special polynomials are studied by
many authors to give explicit identities for special polynomials (see [4-8]). In this section, we study

differential equations arising from the generating functions of (r, f)-Bell polynomials.

Let .
F=F(txrpB) = Z x,r,ﬁ)—— -1 x,7,Be€C.
Then, by (4), we have
d 9 rt+(ePt—1)%
B
DF = BtF(t x,1,B) = 3 (e
- ”*'(Eﬁt_l)% (r + xePt)
_ rt+( pt_ D5 b (r+5)t+(eﬁ'71)%
=rF(t,x,r,B) +xF(t,x,r+ B, B),
D?F = rDF(t,x,r,B) + xDF(t,x,7 + B, B)
= 2F(t,x, r,B) 4+ x(2r+ B)F(t,x,r+ B, p) + x2F(t,x,7 + 2B,B),
and

D3F = r*DF(t,x,1,B) + x(2r + B)DF(t,x,7 + B, B) + x*DF(t, x,7 + 2B, B)
=3F(t,x,1,B) + x (r2 + (2r+/3)(r+/3)> F(t,x,r+B,B)
+ x%(3r 4+ 3B)F(t, x,r 4+ 2B, B) + x°F(t,x,7 + 38, B).

We prove this process by induction. Suppose that

N
DNF =Y a;(N,x,r,B)F(t,x,r+iB,B), (N =0,1,2,...).
i=0

is true for N. From (7), we get

M=

Il
o

DNT'F = Y a;(N, x,7, B)DF(t,x,r +iB, B)

a;(N,x,r,B) {(r +iB)F(t,x,r +ip, B) + xF(t,x,r + (i+1)B,p)}

Il
™=

Il
o

a;(N,x,r,B)(r +iB)F(t,x,r +iB, B)

Il
™=

i
o

+x %ai(N,x,r,ﬁ)F(t,x,V +(i+1)B,B)

I
™=

(r+iB)a;(N,x,r,B)F(t,x, v+ 1B, B)

N+1

+x Y ai1(N,x,7,B)F(t,x,r+iB,B).

i=1

i
o

From (8), we get
N+1
DNTIE =Y a(N +1,x,1,B)F(t,x,7 + i, ).
i=0
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We prove that

k+1
DFF = Z a;(k+1,x,7,B)F(t,x,r+iB,B).
i=0

If we compare the coefficients on both sides of (8) and (9), then we get
ag(N+1,x,7,B) =rag(N,x,1,B), ani1(N+1,x,7,B8) =xan(N,x,7,B), (10)
and
a;(N+1,x,7,8) = (r+iB)aj_1(N,x,7,B) + xa;_1(N,x,r,8),(1 <i < N). (11)

In addition, we get
F(t,x,r,B) = ap(0,x,r, B)F(t, x,1,B). (12)

Now, by (10), (11) and (12), we can obtain the coefficients a;(j, x, 7, B)o<ij<n+1 as follows. By (12),
we get
ap(0,x,7,B) = 1. (13)

It is not difficult to show that

rE(t,x,r,B) + xF(t,x,r + B, B)
= DF(t,x,7,B)
! (14)
= Za[(l,x,r,‘B)F(t,x,rJrﬁ,ﬁ)
i=0
=ao(1,x,7,B)E(t,x,1,B) +a1(1,x,v,B)F(t,x,r+ B, B).
Thus, by (14), we also get
ao(L,x,7,B)=r, ay(Lx,r,B)=x. (15)
From (10), we have that
— _ _ N _ L N+1
ag(N+1,x,7,B) =rag(N,x,r,8) =--- =r"ap(l,x,r,B) =r""", (16)
and
a1 (N +1,x,7,8) = xan(N,x,7,8) = --- = xNay (1, x,r, 8) = 2N 11, (17)
Fori=1,2,3in (11), we have
N
a(N+1,x7,B)=x Z(r+[ﬂ)kao(N—k,x,r,ﬁ), (18)
k=0
N-1
a(N+1,xrB) =x) (r+ 28)ay (N — k,x,1,B), (19)
k=0
and
N-2
a3(N+1,x,1,B) =x Z (r+ 3/3)ka2(N —k,x,r,B). (20)
k=0
By induction on i, we can easily prove that, for 1 <i <N,
N—-i+1
a;(N+1LxrB)=x Y (r+if)a; 1(N—kxr,B). (21)
k=0
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Here, we note that the matrix a;(j, x, 7, B)o<; j<Nn1 is given by

1 r 72 s pN+1
0 x x(2r+p) x(32+3rB+p?)

0 0 K2 x2(3r +3B)

0 0 0 x3

0 0 0 0 oo xNH1

Now, we give explicit expressions for a;(N+1,x,r,B). By (18), (19), and (20), we get

n(N+ 151 B) = x 3 (4 B)ao(N — k1%, 6)

k1=0
N
= Y r+pth,
k=0
N-1
a(N+1,x,r,B)=x ) (r+2B)*2a; (N —ky, x,7, B)
ka=0
N—1N-1-k
=x? Z Z (r+ B)¥(r 4 2p)k2rN—R=k =1,
k=0 ky=
and
as(N+1,x,7,B)
N—2
=x Z (r+3/3)k3u2(N — k3, x,r,B)
k3=0

N-2 N—2—kz N—2—k3—k;
=Y, Y L (gt paN i
k3=0 k=0 k=0

By induction on i, we have

a;(N+1,x,7,B)
N—it1IN—itl—k;  Neitl—kj——ky [ i _ . (22)
=x ) Yoo Y TTe+ 1Bk | PN=iH1I-Liz ki,

k=0  ki1=0 k1=0 1=1

Finally, by (22), we can derive a differential equations with coefficients a;(N, x, r, ), which is
satisfied by

(%>NF(1‘,X,I’,5) —ag(N, x,7, B)F(t,x,7,B) — - - - — an(N, x, 7, B)ePNE(t, x, 7, B) = 0.

Theorem 1. For same as below N = 0,1,2, ..., the differential equation

N .
DNF = Z a;(N, x, r,‘B)e’/StF(t, x,1,B)
i=0

has a solution
F=F(txr,B) = - DE,
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where
ao(N,x,r,B) =1V,

an(N,x,7,8) = xN,

N—i N—i—k; N*i*ki*‘“*kz ; .
a(N,x,rp)=xY Y - Y <H(r+l/3)kl> PN=i=Tig k.
=

=0 k;_1=0 k=0

=

(1<i<N).
From (4), we have this

o\ N o £k
DNF=(<=) FtxrB) =YY G 7, B) . 23
() Fexnp= & ounterpig (23)

By using Theorem 1 and (23), we can get this equation:

ZGHNXfﬁ) = DNF
N .
= (Z a;(N, x, r,ﬁ)elﬁt) F(t,x,1,B)
i=0
N Ztl o) i
= LN p) (120( 5) l!) <mzo Gul, r,mm) (24)
N ok k ke k
=L a(Nxrp) (kz(mzo () e cm<x,r,/s>k!>
k
= Z <Z )3 ( ) (i)"a (N,x,r,ﬁ)cm(x,r,5)>,i,
k=0 \i=0m=0
Compare coefficients in (24). We get the below theorem.
Theorem 2. Fork,N =0,1,2,..., we have
N k
Genlar )= L X (5) 48,1, 8)Gn(xn ), (25)
i=0m=0

where
ao(N,x,r,B) =N,

an(N,x,r,B) = %N,

N-—i N—i—k Nfsz,‘~4<fk2 i L
a;(N,x,1,B) = Xl Z Z H(r + Z,B)k’ pN=i=Yi kl,
1=

0 k=0 =1

(1<i<N).

By using the coefficients of this differential equation, we give explicit identities for the
(r, B)-Bell polynomials. That is, in (25) if k = 0, we have corollary.

Corollary 1. For N =0,1,2,..., we have

N
Gn(x,7,B) =Y ai(N,x,r,B).
i=0
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For N =0,1,2,..., it follows that equation

N .
DNF— Y a;(N,x,r,B)e'P'F(t,x,7,8) = 0
i=0

has a solution

F=F(t,x,r,p) =5,
In Figure 1, we have a sketch of the surface about the solution F of this differential equation. On

the left of Figure 1, we give =3 < x <3,—-1 <t <1,and r = 2, = 5. On the right of Figure 1, we
give 3<x<3,-1<t<l,andr=—-3,=2.

R

% NS
SRR 20R
Pltox, o, B) 7.3 s r, B 13
5
- X
.".::
1
Figure 1. The surface for the solution F(t, x,r, B).
Making N-times derivative for (4) with respect to t, we obtain
) N ) N rt(eP—1)% > "
<&> E(t,x,r,B) = 5) ¢ P = ZOG"HN(x’r’ﬁ)ﬁ' (26)
"=

m
By multiplying the exponential series e = Y00 _ x™ % in both sides of (26) and Cauchy product,
we derive

et 9 NF(t x,1,B) = i (fn)"’ﬁ i Gun(x, 7 &
ot s X, T, - = m+N\A T,

Bl
By m! m!

(o) m m (27)
=¥ (L () onatnnp ) o

m=0 \k=0
By using the Leibniz rule and inverse relation, we obtain

e (3) Fta = = (1) (2) s
o )
= 2 Z <IZ> nNikaJrk(x - n,r,ﬁ) Lm
m=0 \k=0

m!’
tm
So using (27) and (28), and using the coefficients of i gives the below theorem.

Theorem 3. Let m,n, N be nonnegative integers. Then

k";’o <’:> ()" ¥ Gy (7, ) = 3 (D”Nﬁkcm*k(x b

(29)
k=0
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When we give m = 0 in (29), then we get corollary.

Corollary 2. For N =0,1,2,..., we have

N
Gn(x,rB) =) <IZ>nN’ka(xf n,r,B).

k=0
3. Distribution of Zeros of the (R, B)-Bell Equations

This section aims to demonstrate the benefit of using numerical investigation to support
theoretical prediction and to discover new interesting patterns of the zeros of the (r, 8)-Bell equations
Gn(x,r,B) = 0. We investigate the zeros of the (r, §)-Bell equations G,(x,, ) = 0 with numerical
experiments. We plot the zeros of the B,(x,A) = 0 forn = 16,r = —5,-3,3,5, = 2,3and x € C
(Figure 2).

In top-left of Figure 2, we choose n = 16 and r = —5,8 = 2. In top-right of Figure 2, we
choose n = 16 and r = —3, B = 3. In bottom-left of Figure 2, we choosen = 16 and r = 3, = 2.
In bottom-right of Figure 2, we choose n = 16 and r = 5,8 = 3.

Prove that G, (x,7,B),x € C, has Im(x) = 0 reflection symmetry analytic complex functions
(see Figure 3). Stacks of zeros of the (r, B)-Bell equations G, (x,r, ) = 0 for 1 < n < 20 from a 3-D
structure are presented (Figure 3).

On the left of Figure 3, we choose 7 = —5 and = 2. On the right of Figure 3, we choose r = 5
and B = 2. In Figure 3, the same color has the same degree n of (, 8)-Bell polynomials G, (x,r, §). For
example, if n = 20, zeros of the (r, B)-Bell equations G, (x,r, ) = 01is red.

1.8 1.5
[ ]
1 1
0.5 Y 0.5} {
L4 |
mE @0 O 000 | nx o 0 0 0 0 0ol
[ ] 1
-0.5 [ J -0.5
=1 ~1,
[ ]
-1.5 -1.5
-60 -40 -20 0 -60 -40 -20 0
Re (x) Re (x)
2 2
1.8 1.5
1 1
0.5 0.5
Im(x) o—@ o O 0 0000 !~ (x o L o O 0 000D |
-0.5 ~0.5
-1 -1
=1.B -1.5
~60 -40 -20 0 -60 -40 -20 0
Re (x) Re (x)

Figure 2. Zeros of G,(x,r, ) = 0.
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Figure 3. Stacks of zeros of G, (x,r,B) = 0,1 < n < 20.

Our numerical results for approximate solutions of real zeros of the (r, §)-Bell equations
Gn(x,r,B) = 0 are displayed (Tables 1 and 2).

Table 1. Numbers of real and complex zeros of G (x,r, ) = 0

D r=-5p=2 r=5p=2
egree 1
Real Zeros Complex Zeros Real Zeros Xomplex Zeros

1 1 0 1 0
2 0 2 2 0
3 1 2 3 0
4 0 4 4 0
5 1 4 5 0
6 0 6 6 0
7 1 6 7 0
8 0 8 8 0
9 1 8 9 0
10 2 8 10 0

Table 2. Approximate solutions of G (x,7,B) = 0,x € R.

Degree n X
1 —5.000
2 —9.317, —2.683
3 —13.72, —5.68, —1.605
4 -1821, -9.01, -377, -1.010
5 —228, —126, —64, —261, —0.655
6 —274, -163, -93, —47, -185 —0434
7 -320, -200, -120, -71, -35, —134, —-0.291

Plot of real zeros of G, (x,r, ) = 0 for 1 < n < 20 structure are presented (Figure 4).

In Figure 4 (left), we choose r = 5 and p = —2. In Figure 4 (right), we choose r = 5 and B = 2.
In Figure 4, the same color has the same degree n of (r, §)-Bell polynomials G, (x, r, B). For example,
if n = 20, real zeros of the (r, B)-Bell equations G, (x,r, B) = 0 is blue.

Next, we calculated an approximate solution satisfying G,(x,7,) = 0,r = 5, = 2,x € R.
The results are given in Table 2.
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Figure 4. Stacks of zeros of G, (x,7,) = 0,1 < n < 20.
4. Conclusions

We constructed differential equations arising from the generating function of the (r, )-Bell
polynomials. This study obtained the some explicit identities for (r, §)-Bell polynomials G, (x,r, 8)
using the coefficients of this differential equation. The distribution and symmetry of the roots of the
(r, B)-Bell equations Gy, (x,r, ) = 0 were investigated. We investigated the symmetry of the zeros of
the (r, B)-Bell equations G, (x,r, B) = 0 for various variables r and B, but, unfortunately, we could not
find a regular pattern. We make the following series of conjectures with numerical experiments:

Let us use the following notations. R, (,,,4) denotes the number of real zeros of G, (x,7,B) =0
lying on the real plane Im(x) = 0 and Cg, (4, ) denotes the number of complex zeros of G, (x,, ) = 0.
Since 7 is the degree of the polynomial G, (x,r, B), we have Rg,(xr,p) =1 = CG,(x,,p) (see Table 1).

We can see a good regular pattern of the complex roots of the (r, f)-Bell equations G, (x,r, ) =0
for r > 0 and B > 0. Therefore, the following conjecture is possible.

Conjecture 1. Forr > 0and > 0, prove or disprove that

Ch,(xy) =0

As a result of investigating more r > 0 and B > 0 variables, it is still unknown whether the conjecture 1 is
true or false for all variables r > 0 and B > 0 (see Figure 1 and Table 1).

We observe that solutions of (r, §)-Bell equations G, (x,r,8) = 0 has Im(x) = 0, reflecting
symmetry analytic complex functions. It is expected that solutions of (r,)-Bell equations
Gu(x,7,B) = 0, has not Re(x) = a reflection symmetry for a € R (see Figures 2—-4).

Conjecture 2. Prove or disprove that solutions of (r, B)-Bell equations Gn(x,r, B) = 0, has not Re(x) = a
reflection symmetry for a € R.

Finally, how many zeros do G,(x,r, ) = 0 have? We are not able to decide if G,(x, 7, f) = 0 has
n distinct solutions (see Tables 1 and 2). We would like to know the number of complex zeros Cg, (xr,p)
of Gu(x,r,B) =0,Im(x) # 0.

Conjecture 3. Prove or disprove that G, (x,r, ) = 0 has n distinct solutions.

As a result of investigating more 1 variables, it is still unknown whether the conjecture is true
or false for all variables 7 (see Tables 1 and 2). We expect that research in these directions will make
a new approach using the numerical method related to the research of the (r, §)-Bell numbers and
polynomials which appear in mathematics, applied mathematics, statistics, and mathematical physics.
The reader may refer to [5-10] for the details.
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1. Introduction

The classical Bernoulli and Euler polynomials are defined by means of the following generating
functions:

> " by

LB () = e (1 <27) 0
and:

= t" 2 xt

n;)En (x) il (It| < m), )

see [1-10] for details about the aforesaid polynomials. The Bernoulli numbers B, and Euler numbers E,
are obtained by the special cases of the corresponding polynomials at x = 0, namely:

B, (0) := By and E,, (0) := E,. (3)

The truncated exponential polynomials have played a role of crucial importance to evaluate integrals
including products of special functions; cf. [11], and also see the references cited therein. Recently, several
mathematicians have studied truncated-type special polynomials such as truncated Bernoulli polynomials
and truncated Euler polynomials; cf. [1,4,7,9,11,12].

Mathematics 2019, 7, 431; doi:10.3390 / math7050431 www.mdpi.com/journal/mathematics
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For non-negative integer m, the truncated Bernoulli and truncated Euler polynomials are introduced
as follows:

pm

i Byn (x) t—n' = (o [1]) 4
=0 nl ot _ ):]r_n:—ol ;ll
and: .
i Emn (%) ti, S (£ [71). ®)
=0 nl et 41— ]r_n:—ol%

Upon setting x = 0 in (4) and (5), the mentioned polynomials (B, (x) and E,, (x)), reduce to the
corresponding numbers:
B (0) := By,u and Ey (0) := Epy (6)

termed as the truncated Bernoulli numbers and truncated Euler numbers, respectively.

Remark 1. Setting m = 0 in (4) and m = 1 (5), then the truncated Bernoulli and truncated Euler polynomials
reduce to the classical Bernoulli and Euler polynomials in (1) and (2).

The Stirling numbers of the second kind are given by the following exponential generating function:
0 _ 1)k
Y So(nk)— = —r (cf. [2-5,7,8,10,13]) @)

or by the recurrence relation for a fixed non-negative integer ¢,

4
=Y S () (1), ®)

n=0

where the notation (x),, called the falling factorial equals x (x — 1) - - - (x — p + 1); cf. [2-5,7-10,13], and see
also the references cited therein.
The Apostol-type Stirling numbers of the second kind is defined by (cf. [8]):

> o (ret—1)F
Z(]Sz(n,k:/\)m =
n=l

(AeC/{1}). ©)

The following sections are planned as follows: the second section includes the definition of the
two-variable truncated Fubini polynomials and provides several formulas and relations including Stirling
numbers of the second kind with several extensions. The third part covers the correlations for the
two-variable truncated Fubini polynomials associated with the truncated Euler polynomials and the
truncated Bernoulli polynomials. The last part of this paper analyzes the results acquired in this paper.

2. Two-Variable Truncated Fubini Polynomials

In this part, we define the two-variable truncated Fubini polynomials and numbers. We investigate
several relations and identities for these polynomials and numbers.
We firstly remember the classical two-variable Fubini polynomials by the following generating

function (cf. [2,3,5,6,10,13]):
" B ext
F"(x’y)ﬁ Tl-y(et—1)

e

(10)

n=0
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When x = 0 in (10), the two-variable Fubini polynomials F, (x,y) reduce to the usual Fubini
polynomials given by (cf. [2,3,5,6,10,13]):

= t" 1

It is easy to see that for a non-negative integer n (cf. [2]):

1 1
F, <X,—§> =Ey (x)r Fy <—§) =Ey (12)
and (cf. [3,5,6,10,13]):
n
Ea(y) = Y Sa(n,p) piy". (13)
u=0
Substituting y by 1 in (11), we have the familiar Fubini numbers F, (1) := F, as follows
(cf. [2,3,5,6,10,13]):
SR 1
H;O Fis =5 (14)

For more information about the applications of the usual Fubini polynomials and numbers,
cf. [2,3,5,6,10,13], and see also the references cited therein.
We now define the two-variable truncated Fubini polynomials as follows.

Definition 1. For non-negative integer m, the two-variable truncated Fubini polynomials are defined via the
following exponential generating function:

£ ot

Z Finn (X,y) - = . . (15)
n=0 nto1y (et —-1- Z}':Ol %)

In the case x = 0in (15), we then get a new type of Fubini polynomial, which we call the truncated
Fubini polynomials given by:
" -

Fun (y) — = ml —~. (16)
ngo mn n! 17y<€t717 rn—lqi)

j=0 j!

Upon setting x = 0 and y = 1in (15), we then attain the truncated Fubini numbers F,, ,, defined by
the following Taylor series expansion about t = 0:

o p pm

Z Fm,n* = L (17)
im0 M2y b

The two-variable truncated Fubini polynomials F, , (x,y) cover generalizations of some known
polynomials and numbers that we discuss below.

Remark 2. Setting m = 0 in (15), the polynomials Fy, , (x,y) reduce to the two-variable Fubini polynomials
F, (x,y) in (10).
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Remark 3. When m = 0 and x = 0 in (15), the polynomials Fy, , (x,y) become the usual Fubini polynomials
Eu (y) in (11).

Remark 4. In the special cases m = 0,y = 1, and x = 0 in (15), the polynomials Fy, ,, (x,y) reduce to the familiar
Fubini numbers F,, in (14).

We now are ready to examine the relations and properties for the two-variable Fubini polynomials
F, (x,y), and so, we firstly give the following theorem.

Theorem 1. The following summation formula:

n n B
Fun () = X () s )37 i
holds true for non-negative integers m and n.

Proof. By (15), using the Cauchy product in series, we observe that:

Y Fun () o = n e
mn \ X, - = -
n=0 n! 1-y (e’ -1- ]’.”:’01 %)
[ tn S} tn
= E o nt_
r;) mn (¥) n! Z n!
(o) n n) . tn
= 2 Z Fm/k (y) AT,
1=0k=0 (k n!

which provides the asserted result (18). O

We now provide another summation formula for the polynomials Fy, , (x,y) as follows.

Theorem 2. The following summation formulas:

Fnn (x+2,y) = Z (Z) Fux (x,y) "k (19)
k=0
and: .,
Fun (2,9 = 12 () Fos ) 27 o)
k=0

are valid for non-negative integers m and n.
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Proof. From (15), we obtain:

5 o i (vt
Fm,n (x’y) L m! __plxtz
=0 n! 1-y (ef -1- }":’01 j—],)
tm
_ Weﬂ ot
1oy (-1 m )

n o tVl

Fun (X,y) n Z Z'—
" n=0

n!

Il
e

3
Il
o

1

n

n it
(k>Fm,k (x,y) 2" kﬁ

Il
e

n=0k=0
and similarly:
5 o i (x+2)t
Fm/n (X,y) R m! ¢ x+z
n=0 n! 1-y (et -1- ]’7’:’01 ;l,)
[ee] n [ee] n tn
= ZFm,n(y)ﬁZ(x‘Fz) l

3
Il
=)

[ :

Il
gk
1=

P
> 3

N
\g‘i
g
—
<
N
=
+

S
o

=
L

It
o
=~
1l
o

which yield the desired results (19) and (20). O

We here define the truncated Stirling numbers of the second kind as follows:

i\ k
N Gt =¥ )

,1;052’"1 (n, k) e (21)

Remark 5. Upon setting m = 0 in (21), the truncated Stirling numbers of the second kind Sy, (n, k) reduce to the
classical Stirling numbers of the second kind in (8).

The truncated Stirling numbers of the second kind satisfy the following relationship.

Proposition 1. The following correlation:

Sam Ok 1) = 57 3 ()2 (5 S =5, @)

holds true for non-negative integers m and n.
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Proof. In view of (8) and (21), we have:

Zm 1 tf)k_H
j=0 /!

o #
Z S2/m (ﬂ,k+l) — =

n=0 n! (k+l)
1
/ i
_ K (6’*1 ):;"&;) (eff1 Z}"Olj)
(k+1)! k! 1
1'k! o -~ "
- kH'n[%)Szm )HZOSW(”");
k! & & o
= k+[|22< )SZm Sk)SZm(nfsl) ',
n=0s=0

which gives the claimed result (22). [J

We present the following correlation between two types of Stirling numbers of the second kind.
Proposition 2. The following correlation:
k 1
Spq(n,k) =25 ( n,k: 3 (23)
holds true for non-negative integers m and n.

Proof. In view of (8) and (21), we have:

> 1 d—1-1)F
Z Sa1(n,k) P (T)
k
2 (fel - 1)
- k!

= 2kisz<nk;1>ﬂ
) 2) n!
which presents the desired result (23). O

A relation that includes Fy,, (x) and Sy, (1, k) is given by the following theorem.

Theorem 3. The following relation:

1 +
Furim (x 2(" ’”) KIS, (1, k) (24)

is valid for a complex number x with |x| < 1 and non-negative integers m and n.
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Proof. By (16) and (21), we see that:

2 bt :
Pmn(x)* = o
’ n! 14
n=0 1—)(( E}moj)
k
pm o mlt/
= et —1— -
B ,20])

_ k
= %k;x k! Z SZ,m (n,k) W
0 0 n—+m
= Z 2 k'SZ m 71 k —
=i !
which implies the desired result (24). [
We now state the following theorem.

Theorem 4. The following identity:

Fl n+1 =n Z xkk'Sz <71 k: )

k=1

holds true for a complex number x with |x| < 1 and a positive integer n.

Proof. By (9) an (16), using the Cauchy product in series, we observe that:

S gt t
L 1'"(’“)5  1—x(et —2)

k
ok (%er71> K
_ |
thk. i 2
k=0 :
tn+1

= ZZxkk'Sz<nk )

n!’
n=0k=0 :

which provides the asserted result (25). O
We now provide the derivative property for the polynomials F, , (x,y) as follows.

Theorem 5. The derivative formula:

J
aFm,n (X, y) = nFm,nfl (x/ y)

holds true for non-negative integers m and a positive integer n.
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Proof. Applying the derivative operator with respect to x to both sides of the equation (15), we acquire:

[ " d L”,exf
o Fun (x,y) ) =
x <,;J mn n! ox 1_y( ):]m 01 ;l)

pm

and then:

> 0 " b J
Z gFm/n (%) PTE ! 7 —xEXt
- . — t m—

n=0 1-y (e 1-— ):] o0 7 )

fT'l"lext

1*y(€t*1 ):;noljz)t

tn+1
= Zan X, Y)

which means the claimed result (26). [

A recurrence relation for the two-variable truncated Fubini polynomials is given by the following
theorem.

Theorem 6. The following equalities:
Fun(x,y) =0 (n=0,12,---,m—1)

and:

" n+m x" (n+m)!
Fonm (x,y) = % Z(] ( s >Fm,s (x,y) - 1 +y% (27)
s—

hold true for non-negative integers m and n.

Proof. Using Definition 1, we can write:

2 g (1 y(iﬂ 1)>iF (x)
- i mmn \ X, —
m! j=m /! =0 n!

) g )
= Z;)Fm,n(x/y)n'y[z Zan Xy Zan xy :|
P !

i s

N
Il

t]er )

20]+m Zan xy Zanxy :|
=

Il
L1
&

X

=

<
—

Because of:

) tj+m 0 tn =] + tn+m
Z - Zan x]/ ZZ(H m) m/;(x]/)(

=0 (G+m)t = n=0;=0 n+m)l’
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we obtain:

tVl‘FWl

ix" = Zanxy yii( >m;(x/)m

n=0 o n=0 n=0j=0

oo tn
+y ) Enn (%) al
n=0
Thus, we arrive at the following equality:

5] n Fm . , n
Z Funn (%,y) — Z (yZ (ﬂ-*]-m> (n]+();g') N nTm!) s

n=0 n=0 j=0

Comparing the coefficients of both sides of the last equality, the proof is completed. [J

Theorem 6 can be used to determine the two-variable truncated Fubini polynomials. Thus, we provide
some examples as follows.

Example 1. Choosing m = 1, then we have Fy o (x,y) = 0. Utilizing the recurrence formula (27), we derive:

n

’iy(n+1).

y n
F1n+1(xl 77y2< >Fls xry)

Thus, we subsequently acquire:

2y Zx
(1+y)? 1+y

3 2y2 72xy7 5
F1,3(x,y)—1+y<(1+y)z 1ty %2 .

Furthermore, choosing m = 2, we then obtain the following recurrence relation:

o n+2 " (n+2)(n+1
F2n+2 xy 1+]/Z< )Fzs X_l/) +y()2#

which yields the following polynomials:

Bo(xy) = Bi(xy) =0,
1
Fz,z (x,y) = *m/
3x
Fs(xy) = ity
6x 3
Fa(xy) = v+ <ﬁ+x> .

By applying a similar method used above, one can derive the other two-variable truncated Fubini
polynomials.
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Here is a correlation that includes the truncated Fubini polynomials and Stirling numbers of the
second kind.

Theorem 7. For non-negative integers n and m, we have:

Fuun (x,3) = 22()Fm (1) S (1K) (x) - 28)

Proof. By means of Theorem 1 and Formula (8), we get:

Fun (x,y) = Y ( )an u (y) x"

u=0

= f()an u 252 (u,k) (

u=0
which completes the proof of this theorem. [

The rising factorial number x is defined by (x)(”) =x(x+1)(x+2)--- (x+n—1) for a positive
integer n. We also note that the negative binomial expansion is given as follows:

(x+a) "= i (fl)k (nJrI]iil)xku’"’k (29)

for negative integer —n and |x| < g; cf. [7].
Here, we give the following theorem.

Theorem 8. The following relationship:

an xy Z

HM:

( )sz (LK) Fupt (=K ) (1) (30)

holds true for non-negative integers n and m.

Proof. By means of Definition 1 and using Equations (7) and (29), we attain:

> Fu (i) oy = 2 ()
mn \X,Y) — =
o n! 1-y (e —1-2g' )

f'"

- x+k—1> K
= 1—e")
1—y<ef—l 27’01§7)1<Z(;)< (

B tm i (ef 1) o

1— y( 172]”'01;’)%0

- i (x)® i Fun (—k,y) . E ;052 (n,k);l'

k=0 n=0

[e) [e+] n tn
= mn— k,y) Sz (L k —
poCl nO(g() (=) Sa ))n!
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which gives the asserted result (30). [

Therefore, we give the following theorem

Theorem 9. The following relationship

yZ( ) mn—k (2Y) Fus1x (% Z( > etk (x,y) 25
no "=n—-1
bl

@D
k )Fm,nfl—k (Z/ y) xk

holds true for non-negative integers n and m
Proof. By means of Definition 1, we see that:

m+1
xt t

1 F_q m t] i ) t”
— = —yle—1- 10 (%,
(m+1)| y ] 0] = m+ 1 y
m 1 t] 0 t"
= <1y<et1 Z m+1,n x:y)*,
j=0 ] n=0 m
t”’ oo n
Yo ;)inln(x'y)m
Thus, we get:

m+1 0
xt t

tVI tm
Y 2 Fm,n (Z,y) — =
(m+1)! =

n
n!

t
Y B (1Y)
n=0

tm 0 tl/l 0 tl'l
—y% Z Fn (Z,y) Pl Z Ensan (X,

n=0 n=0
and then:

0;( ) ma—k (2,Y) X k%:ié( > itk (%,Y)Z ktn'
*yZyZ< ) mn—k (2Y) Fnsix (X, 9) v

K Y)
which provides the claimed result in (31). O

[7e

n

Here, we investigate a linear combination for the two-variable truncated Fubini polynomials for
different y values in the following theorem

Theorem 10. Let the numbers m and n be non-negative integers and yy # y». We then have
min! ML (n+m> Y2Fun—k (X1 + X2,2)
IoE Fusnam—ic (X1, Y1) Fe (2, y2) = =

(11+m)! = k m,n+m-—, m

Y1Fmu—k (x1+x2,11) (32)
Y2—W1

83



Mathematics 2019, 7, 431

Proof. By Definition 1, we consider the following product:

%ex]t %exzt
_ f 1 _ym—1#t _ ¢ m—1 t/
L=y (e —1-D05 4) 1=wa (e —1- 1051 1)
2" o(xi+xa)t 2" o(xi+x)t
__ (mt)? _hn (m!)?
A e ()
which yields
(=S tl’l
Z Z < ) mn—k xlryl) mk(XZryZ)
n=0k=0
) tn+m t11+m
= yz—yl ; mn x1+x2,yz) ! yz_ylrlZLan x1+X2,y1) Tt
Thus, we get:
0 tn
Z Z ( ) mn— k(xlryl) mk(x2/y2) !
o:; - y tVH—WI
= Z ( an(X1 +x2,y2) — —n Fnln(x1+x2'y1)> g

which gives the desired result (32). [

3. Correlations with Truncated Euler and Bernoulli Polynomials

In this section, we investigate several correlations for the two-variable truncated Fubini polynomials
Fun (x,y) related to the truncated Euler polynomials E, , (x) and numbers E,,, and the truncated
Bernoulli polynomials By, (x) and numbers By, ;.

Here is a relation between the truncated Euler polynomials and two-variable truncated Fubini

polynomials at the special value y = 7%.

Theorem 11. We have: 1
Fm,n <xr _§> = Em,n (X) . (33)

Proof. In terms of (5) and (15), we get:

I 1\ ﬂext

Z Fm,n (X,*E> E = ; . m! ™

n=0 ! 1+7<€71 210]>
21" pxt

m!

€t+1 Zm 14

j=0 !
[ee]
Z m,n

tﬂ

which implies the asserted result (33). [

84



Mathematics 2019, 7, 431

Corollary 1. Taking x = 0, we then get a relation between the truncated Euler numbers and truncated Fubini
polynomials at the special value y = — 3, namely:

1
Fm,n (_§> = Em,n' (34)

Remark 6. The relations (33) and (34) are extensions of the relations in (12).
We now state the following theorem, which includes a correlation for F, ;; (x,y), Fuu (v) and Ey, ().

Theorem 12. The following formula:

nim! "1 n4+m
Fun (vy) = 7( )F,z ) Bt (2) (35)
mn (n+m)! = 2 ! m mn+m

n'm! n n—+m j ]

T 2 (" )lzzo(,)Fm,;(y)Em,f_mx)

is valid for non-negative integers m and n.

Proof. By (5) and (15), we acquire that:

m m 14
> r " - %E“ Zin‘ Z]m() ;v
Z mn (%, ) o m—1 16 ot m—1 4 zﬂ
= Loy (et —1-xrgl ) el +1- 2,0,. i
1m! & " & t" t/
= S 2 Fun @) 5 ) Bun (%) <_Z].!+1>
n=0 n=0 j=m

n n — ol ]+m
(lzo(l>Fm,l(y)Emn l > (Z ]+m >
n t”—m
= (12 (1>Fm/1 (y) Em,n—l (x)> n

SEECIE D)

which completes the proof of the theorem. [J

We finally state the relations for the truncated Bernoulli and Fubini polynomials as follows.
Theorem 13. The following relation:

n'm!
(n+m)!

™=

Fm,n (xr y) =

0 <n +l m) kgo <ll<> Fout (9) B (%) (36)

is valid for non-negative integers m and n.
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Proof. By (5) and (15), we acquire that:

14
- " e il R
Z Fm,n (x/y) E - m—1 t/ m—1 ti m
=0 17y< 7172}0]) ng]v m!
m! & th = @t
= tTnZFm,n(y)ﬁ mn Z*
n=0 " n=0 j=m ]

which means the asserted result (36). [

4. Conclusions

In this paper, we firstly considered two-variable truncated Fubini polynomials and numbers, and we
then obtained some identities and properties for these polynomials and numbers, involving summation
formulas, recurrence relations, and the derivative property. We also proved some formulas related to
the truncated Stirling numbers of the second kind and Apostol-type Stirling numbers of the second kind.
Furthermore, we gave some correlations including the two-variable truncated Fubini polynomials, the
truncated Euler polynomials, and truncated Bernoulli polynomials.
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A
Abstract: Let 1 < a < b < ¢ < d and &) = (1, Va, Vb, /e, \/E) be a weighted sequence

that is recursively generated by five weights 1,1/a, Vb, /¢, Vd. In this paper, we give sufficient
conditions for the positive quadratic hyponormalities of W,(,) and Wy, ), with & (x) : Vx, &5 and

a (Y, %) /Y, VX, ).

Keywords: positively quadratically hyponormal; quadratically hyponormal; unilateral weighted
shift; recursively generated
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1. Introduction

Let H be a separable, infinite dimensional, complex Hilbert space, and let £(7{) be the algebra
of all bounded linear operators on . An operator T in £(#) is said to be normal if T*T = TT*,
hyponormal if T*T > TT*, and subnormal if T = N|,, , where N is normal on some Hilbert space K 2 H.
For A,B € L(H),let [A, B] := AB — BA. We say that an n-tuple T = (Ty, ..., T,;) of operators in L(H)
is hyponormal if the operator matrix ([T]-*, T] )ijl is positive on the direct sum of 1 copies of H. For
arbitrary positive integer k, T € L£(H) is (strongly) k-lyponormal if (I, T, ..., T¥) is hyponormal. It is
well known that T is subnormal if and only if T is co-hyponormal. An operator T in £(7#) is said to be
weakly n-hyponormal if p(T) is hyponormal for any polynomial p with degree less than or equal to 7. An
operator T is polynomially hyponormal if p(T) is hyponormal for every polynomial p. In particular, the
weak two-hyponormality (or weak three-hyponormality) is referred to as quadratical hyponormality
(or cubical hyponormality, resp.) and has been considered in detail in [1-9].

Let {e, }},_, be the canonical orthonormal basis for Hilbert space /2 (Z. ),and let & := {a, }3_, be
a bounded sequence of positive numbers. Let W, be a unilateral weighted shift defined by Wye,, :=
apeyi1 (n > 0) . Itis well known that W, is hyponormal if and only if a,, < a1 (7 > 0) . The moments
of W, are usually defined by ¢ := 1,7; := a2 -a? | (i > 1).1tis well known that W, is subnormal if

and only if there exists a Borel probability measure y supported in {0, (| We ||2] , with |W, || € supp g,

Mathematics 2019, 7, 212; d0i:10.3390 /math7020212 89 www.mdpi.com/journal /mathematics
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such that [10] v, = [ #'dp (t) (Vi > 0). It follows from [11] (Theorem 4) that W, is subnormal if and
only if for every k > 1 and every n > 0, the Hankel matrix:

Tn Tn+1 TYn+2 Yntk
Yn+1  TYnt2 Yn+3 0 Yntk+1
A(nk):= | Tnt2  Tn+3 Tn+d 0 Yntk+2 | > 0.
Yn+k  Ynt+k+1  Vn+k+2 Yn-+2k

A weighted shift W, is said to be recursively generated if there exists i > 1and ¢ = (¢o,..., ¢i—1) €
C! such that:
Tn = Qi1Vn—1++Qovn—i (n2=1),

where 7, is the moment of W, i.e., 70 :=1,7; := a3 - ~, (i > 1), equivalently,
”‘_(le'f‘q)é +"'+# (n=1i).
-1 M1 ®—iga

Given an initial segment of weights a : g, ..., ay (k > 0), there is a canonical procedure to
generate a sequence (denoted &) in such a way that Wj is a recursively-generated shift having « as
an initial segment of weight. In particular, given an initial segment of weights & : /a2, Vb, v/c with
0 <a<b<c weobtain ¢y = ”bb(c Y and Q1 M

In[12,13], Curto-Putinar proved that there ex1sts an operator that is polynomially hyponormal, but
not two-hyponormal. Although the existence of a weighted shift, which is polynomially hyponormal,
but not subnormal, was established in [12,13], a concrete example of such weighted shifts has not been
found yet. Recently, the authors in [14] proved that the subnormality is equivalent to the polynomial
hyponormality for recursively-weighted shift W, with a : /X, (\/E, Vb, \ﬁ) " Based on this, in this
paper, we have to consider the weighted shift operator with five generated elements.

The organization of this paper is as follows. In Section 2, we recall some terminology and
notations concerning the quadratic hyponormality and positive quadratic hyponormality of unilateral
weighted shifts W,. In Section 3, we give some results on the unilateral weighted shifts with recursively
generated by five weights &[5 := (l Va, Vb, /e, Vd ) (I <a<b<c<d). InSection 4, we consider
positive quadratic hyponormalities of W, with weights & : /%, &5) and & : /¥, /X, &j5). In Section 5,
we give more results on the positive quadratic hyponormality for any unilateral welghted shift W,.
In Section 6, we present the conclusions.

2. Preliminaries and Notations

Recall that a weighted shift W, is quadratically hyponormal if Wy + sW2 is hyponormal for any
s € C[2],ie, D(s) := [(Wy +sW2)*, W, +sW2] > 0, forany s € C. Let {e;}$2, be an orthonormal
basis for H, and let P, be the orthogonal projection on VI, {¢;}. For s € C, we let:

Du(s) = Pu[(Wy +sW2)*, Wy + sW2]P,
[ qo To 0 e 0 0 i
% {h 1 s 0 0
07 @ - 0 0
0 0 0 In—-1 Tn-1
L 0 0 0 Tn—1 qn |
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where:
R 2 ., s
et =upt s o, re=ws,
L2 2 2.2 2 2
Up = = 0 = Mgy O 2= g q — O p_q/
20,2 2 2
wp = (A —aj_q)°, fork >0,

and w_j = a_p := 0. Hence, W, is quadratically hyponormal if and only if D, (s) > 0 for every s € C
and every n > 0. Hence, we consider d, (-) := det D, (-), which is a polynomial in ¢ := |s|* of degree
n + 1, with Maclaurin expansion d, (t) := Zlf‘jol ¢ (n,i) . Tt is easy to find the following recursive
relations [2]:

do (t) = 4o,

di (1) = qoq1 — |rol*,

dui2 (8) = Guiadn1 () = [raa [du (£) (12 0).

Furthermore, we can obtain the following;:

c(0,0) = up, c(0,1) =0y,
c(1,0) = wuqug, c(1,1) = uyvg + ugvy — wo, ¢(1,2) = vy0p,
and:
c(n+2,i) = upac(n+1,i)+vpoc(m+1,i—1) —wyc(ni—1)

(n>0,and0<i<mn-+1).

In particular, for any n > 0, we have:
c(n,0) = uguy -+ uy, c(n,n+1) =00y vy

Furthermore, we can obtain the following results.

Lemma 1. Let p := vy (ugv1 — wp) + v (U102 — wy) . Then, for any n > 4, we have:
c(nn) = wupc(n—1,n)+ (uy_105 —wy_1)c(n—2,n—1)

rivnvn_l 043 (U100 — Wivg) € (1,1 + 1) + 00,1 - - - U3p.
i=

Lemma 2. Let T := ug (11102 — wy) . Then, for any n > 4, we have:

c(nn—1) = wupc(n—1,n—-1)~+ (uy_10y —wy—1)c(n—2,n—2)
n—3
+ ) OnUn1- 043 (Ui110i42 — Wiy1) € (i,1) +0u0y 1 - 03T,
i=1

Lemma 3. Foranyn > 5and 0 <i < n — 2, we have:

c(ni) = wupc(n—21,i)+ (upy_10y —wy_1)c(n—2,i—1)
n—3
Z UnUp—-1-""0j43 (14]'+1?Jj+2 — w]ur]) c (],] +i—n+ 1)
j=1

+0p0y 105 (i =1+ 5,0) (Ui—pt60in47 — Wi—nye) -

To detect the positivity of d, (t), we need the following concept.
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Definition 1. Let « : ag, a1, ... be a positive weight sequence. We say that Wy is positively quadratically
hyponormal if ¢ (n,i) > 0 forall n,i > 0with0 <i<n+1,andc(n,n+1) > 0foralln > 0[2].

Positive quadratic hyponormality implies quadratic hyponormality, but the converse is false [15].
In addition, the authors in [15] showed that the positive quadratic hyponormality is equivalent to the
A
quadratic hyponormality for recursively-generated weighted shift W, with a : \/x, <\/ﬁ, Vb, ﬁ)
(here, 0 <x<a<b<o).

3. Recursive Relation of W&[S]

Given the initial segment of weights « : 1,1/, Vb, \/e,Vdwith1l < a < b < ¢ < d, we obtain
the moments:
Yo=m11=1 12=4a, y3=ab, ys=abc, 5= abcd.

Yo 71 2
W= mn |- i= | V=] 713 |,
72 3 Y4

and we assume that Vp, Vi, V; are linearly independent, i.e.,
det (Vo, i, Vz) = det A(O,Z) #0.

Then, there exist three nonzero numbers @g, ¢1, ¢z, such that:

73 Y0 T 72
Yo | =P | M | TP Y2 | te2| U3
75 T2 3 Y4

A straightforward calculation shows that:

ab(ab? — 2abc + bc? + acd — bed)

$o = a%2 —2ab + ab® + bc —abc '

—ab(ab — ac — be + bc + cd — bed)

o= a? — 2ab + ab? 4 bc — abc
_ b(a®—ab—ac+abc+ cd — acd)

2 = a2 —2ab +ab? +bc —abc

Thus:
Tnt1 = Q0Yn—2+ P1Yu-1+ $27n (n>5),
ie.,
=gty PO (n>5). (1)
n—1 an—lan—Z

By (1), we can obtain a recursively-generated weighted shift, and we set it as &[5. In this case,
we call the weighted shift operator Wi with rank three.

Proposition 1. W with rank three is subnormal if and only if:
(MH1<a<y,

@e> o (“;:132 +1),

@d>t (“bi”)z +a> .

Proof. See [16], Example 3.6. [
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Proposition 2. If Wi, with rank three is subnormal, then ¢y > 0, 1 < 0and @ > 0.

Proof. By Proposition 1, we know that:

F1 : =ab*>—2ab+bc+a> —abc <0,
Fo @ =ab*+bc® —2abc + acd — bed < 0.
Thus, @ > 0. Since:
2 F1
ab—ac—bc+bc+c(1—b)d < (c—D) - <0,
and: r
a* —ab —ac+abc+c(1—a)d < (c—a) b—l <0,
we have ¢1 < 0and ¢, > 0. The proof is complete. [J
Proposition 3. Let ”Z—;l = By (n >5). Then:
Bu=— LR %)
n — .
1025+ 90 + PoPn—1
Proof. Since:
Uy = 0~
P1 Po
= ——5———Up1— 55— (Up—1+ Up_
CERT I

91 Po @0
= - + Uy 1— 55— 5 Up_2
2 2 2 2 2 n 2 2 2 n—zs
— 1% —2%—3

SO:

1 = — 1 + %0 Up—1 %0 Un—2
N a2 a2 a2 a2 a? u a2 a2 ot ou
n—1%n-2 n—1%n-2%n-3 n n—1%“n-2%n-3 1
+

_ 91 + Po 0 Up—2 | Up
- 2 2 2 2 2 2 2 2 :
X182 T T S o L L R Un

Thus, we have:

n—1"n-2 n—1%1-2%-3 n—1"n—
2 2 2
X1 2% -3

102 5+ @0+ Pout

ﬁn = -
0 0
<a2 4);2 +,X2 go 2 +a2 az(pzaz 3ﬁn—1>
e

Thus, we have our conclusion. [

. : . * * 0
Since limy,_se0 uc% =12, we let limy,_c0 Bu := B*, and by (2), we have * = fm; hence:
s_ 1 9140, 1 2 4_ 2 32
P =2 a0t T g (9} —49092) L* —2001 L% — 3¢5, ®)
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4. Main Results

First, we give the following result (cf. [11], Corollary 5).

Proposition 4. Let W, be any unilateral weighted shift. Then, W, is two-hyponormal if and only if 0y :=
UV — W > 0, Vk € N.

It is well-known that if W, is two-hyponormal or positively quadratically hyponormal, then W,
is quadratically hyponormal. By Proposition 4 and Lemma 1~3, we have the following result.

Theorem 1. Let W, be any unilateral weighted shift. If W, is 2-hyponormal, then W, is positively
quadratically hyponormal.

4.1. The Positive Quadratic Hyponormality of Wyy)

Leta (x) : v/x, &[5 with 0 < x < 1, and we consider the following (1 + 1) x (1 + 1) matrix:

up +vpt  J/wpt 0 0
Vwot  up vt Jwgt 0
D, = 0 Vwit  up 4ot 0 4)
. Wyt
0 0 Wyt upy 4 out

Letd, = detD, = Y/ ¢ (n,i) . Then:
Lemmad4. c(n,i) >0,n=0,1,2,and 0 <i<n+1
Proof. Infact, c(1,1) =x(a—x)>0,¢(2,1) =ax(1—x)(b—1) >0, and:

c(2,2)

ax ((ab—1)— (b—1)x)
ax ((ab—a) — (b—1)x)
ax(a—x)(b—1)>0.

Vv

Thus, we have our conclusion. [
Lemma 5. Assume that 0y := uyv 1 — wy > 0 for k > 2. Then, forn > 3,0 < i < n+ 1, we have:
c(n,i) > uyc(n —1,i) + vy - - - v3[vpc(l,i —n+1) —wyc(0,i — n+ 1)].
Proof. Forn =3,0 <i <4,

c(3,i) = uzc(2,i)+vsc(2,i—1) —wpe(l,i—1)
u3c(2,i) 4+ (upvy—wr)c(1,i — 1) + v3[vpc(1,i — 2) — wic(0,i — 2)]
u3c(2,1) + v3lvpc(1,i — 2) — wqc(0,i — 2)].

%

By the inductive hypothesis, we have our result. [

Thus, if 6 := vk — wy > 0 for k > 2, then by Lemma 1~3 and Lemma 5, for n > 3, we have:
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vy - 020(1,2), for i=n+1,
c(n,i) > upc(n —1,n) + v, - v3p, for i=mn,
) upe(n—1,n—1)+0v,---v3t, for i=n-—1,
upc(n —1,i), for 0<i<n-2,

wherep =ax(b—1)(a—x) >0, T=x(a(b—a)— (ab—2a+1)x). Therefore, when n > 3, we have:

c(n,n+1)>0,
c(n,n) > upc(n—1,n) +v,---v30 >0,
c(n, i) > uy--ujpc(i+1,i) (n>3,0<i<n-—2).

To complete our analysis of the coefficients ¢(n, 1), it suffices to determine the values of x for

which c(n,n—1) >0 (n > 3).

Lemma 6. c(n,n —1) > 0 (for any n > 3), if ¢(3,2) > 0,¢(4,3) > 0and A, = vov102Unlty_1 +
UpUy—_10 + 00y—1T > 0 (n > 5).

Proof. For n > 4, by Lemma 2, we have:

c(n,n—1) upc(n—1,n—1)+ v, - 03T

>
> un[unflc(n —2,n— 1) + U1 USP] +Up 03T,
and since c(n —2,n — 1) = v, - - - vy, we get:

c(n,n—=1) > uy(y_10y_2 09+ 0y_1--030) + Uy V3T

If n > 5, we can factor v,_p - - - v3 to get:

c(n,n—1) > vy_p---0v3(VoV1VULUY—1 + UnVp—10 + VnVy_1T)

= Up_p--- '03An.

Hence, we have our result. [

Let:
Xy :=sup{x:c(n,n—1)>0in Wy} (n > 3).

By direct computations, we have:
aby +a(b—a)vs+a(ab—1)us
0p+a(b—1)us+ (—2a+ab+1)v3’

a(ab—1)03+a(uy+04) 02+ (a* (b— 1) ug + v4a (b — a)) v3 + a®busuy
a(b—1)63+ 046 + ((ab—2a+1) vy + uga (b — 1)) vz + auguy '

X3

X4y =
For n > 5, a calculation using the specific form of vy, v1,v2, p and T shows that:

Ay = [aPbuyu,_q +a*(b—Duyv,_q +a(b —a)v,0,_4
— (aupuy—1 +a(b—1)uyv,_1 + (ab+1—2a)v,v,_1) x]x,
it follows that:

_aPbuyuy g + a* (b — Duyv,_q + a(b — a)v,v,_q
aunity 1+ a(b—Vuyv,_1+ (ab+1—2a)v,0, 1"

Xn
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Letz, := Z—: (un # 0). Then, forn > 5,

a?b+a?(b—1)zy_1 +a(b — a)zuzy 1

T a(b—1)zy— 1+ (ab+1—2a)zuz, 1 ©®)
Lemma 7. limy 02y = K:= (1+ %) <(p2 - %ﬁ*) , where B* as in (3).
Proof. Since: ¢ 0
2 1 0
“+1:(P2+*+ (7125),
" a7 a2a?
from which it follows that: o
0
“%“314—1 = g0y + @1 + 2
n—1
Thus: ( )
U1+ Uy
O = @2 (it + 1ty ) — PO T2 - > 5 ©6)

AR
Thus, we have (for n > 5):

zn = @2(1+ Bu) — ﬁﬁn(l + Bu-1)-
n—1"n-3

Since a2 — L2, we have:
. . * _ @ *
Jim 2= (14 6°) (92— 367)
Thus, we have our conclusion. [

Let:
a?b+a*(b— 1)z +a(b — a)zw

f(Z,ZU) = a+ﬂ(b*1)z+ (abJ,»l 72&)270.

By Lemma 7 and the fact in [2] (p. 399), if z, is increasing, then we know that {xn}n25 in (5) is
decreasing and inf,,>5 x, = f(K, K). Thus, we have the following result.

Theorem 2. Assume that W&m with rank three is subnormal. Let a (x) : /X, 5], and let:

hi = sup{x: Wi (x) be positively quadratically hyponormal}.

Ifzy := 2t (n > 5) is increasing, then:

Un

2 201 _ K2
h;zmin{l,x3,x4, a*b+a*(b—1)K+a(b—a)K },

a+a(b—1)K+ (ab+1—2a)K?

where:

a6, +a(b—a)vs+a(ab—1)u3

s h+ab—1)uz+ (—2a+ab+1)0v3’

Y a(ab—1)03+a(us+04) 02+ (a2 (b— 1) ug +a (b — a) v4) v3 + a’buzuy
L a(b—1)03+v40p + (a(b—1)ug+ (ab—2a+ 1) vy) v3 + auzuy

K = (1+p) (o2 5p).
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Remark 1. By (6), we know that if B, is increasing, then so is z,. Hence, our problems are as follows.

Problem 1. Let « := {a, }5_, be any unilateral weighted sequence. If Wy is subnormal, is B, increasing or
not? In particular, what is the answer for subnormal Wi, with rank three?

A

Example 1. Let a (x) : /X, (1, V2,v/3,V4, \/5) .Then, 9 = 6,91 = —18,¢2 =9, 12 ~ 6.2899, and
K~ 32118, x3 = 17 ~ 0.94444, x4 = 28 ~ 0.90763, f (K, K) = 0.77512. We obtain I Z 0.77512. That is,
if0 < x 5 0.77512, then W,y is positively quadratically hyponormal. Numerically, we know that B, and zy
are all increasing. See the following Table 1.

Table 1. Numerical data for B, and z, in Example 1.

n 7 8 9 10 11 12

Bn 1.9851 2.3929 2.6008 2.6882 2.7218 2.7343
zy 25597  29.120 30909 31.660 31949  32.056
n 13 14 15 16 17 18

Bn 2.7389 2.7406 2.7412 2.7414 2.7415 2.7415
zy,  32.096 32.11 32116 32117 32118 32118

4.2. The Positive Quadratic Hyponormality of Wy, 1)
Let a(y,x): /¥, ﬁ,&[5]. We also consider the matrix as in (4), and let d, = detD, =
Yo e (n,i) #. Then:
c(1,1) = xy(l—y) >0,
c(2,1) = y(x—y)(a—x)>0,
c(2,2) = xy (ufaerxyfxz) >xy(l1—y)(a—x)>0,

and:

c(3,1) > wusc(2,1) >0,
c(32) = y((xfa)<x272x+ab)y+x((1fa)x2+a(lfb)x+u(ubfl)>>,
c(3,3) > wuzc(2,3)+vs30 > 0.

xy(1—y)(a—x)>0,
T = y(<2x—x2—u>y+x(a—l)),
we can similarly show that c¢(n,n —1) > 0 for all n > 3, if ¢(3,2) > 0,¢(4,3) > 0 and

1)K (a—
y< (;i(;i élfgﬁﬁf:;ﬂw where K = (1+ g*) (4)2 - ﬁ*) Thus, we have the following result.

Theorem 3. Let a (y, x) : /Y, VX, &5). If zp 1= 1 (n > 5) is increasing, and:

Un

(1) 0 < x < min {a - m/ ﬂb(ﬂ_l)_\/ab(ﬂ_:zfl‘flbﬂb;(z;uf)_ﬂﬁzaz_us_ab(:) } ,

97



Mathematics 2019, 7, 212

(2)0 <y <min{x, f1 (x), f2 (x), f3 (x)}, where:

~ xf(a(@b—1)+a(l—b)x—(a—1)x?)
Al = (a—x) (ab—2x + x2) ’

_ _xpl (x) wz .
f2 (x) = P2 (x) , th:

= (a2b + bc — a* — abc) x2 + (a®b — 2ab + a® — ab*c + abc) x
+ (ca2b2 —2a%b + 2a%b — cab),

+ (a%b — 3a%b — a® + cab® + 2cab) x + a*b (a — bc),
x((a—1)K®+ (a — x) K+ ax)

frlx) = (a—2x+x2) K2+ (a—x) xK + x3’ K=(1+p) ((PZ_%IS*)’

then Wiy, is positively quadratically hyponormal.

x(K*+(2—x)K+2x)

Example 2. Leta =2,b=3,c=4,d=5.1f0 <x <2— V2 =~ 0.58579, y < 12K 22K
with K ~ 32.118, then W,y x) is positively quadratically hyponormal. See the following Figure 1.

Yio

0.6
0.4

0.2

0.0
00 01 02 03 04 05 06 07 08 09 1.0

Figure 1. A subset of the region of positive quadratic hyponormality of Wy, ) in Example 2.

5. More Results

From the above discussions, we obtain the following criteria for any unilateral weighted shifts.

Proposition 5. Let a (x) : /X, 1,v/a,v/b, /¢, Vd, \/&5, /&g, ..., and & : 1,3/a,v/b, /¢, Vi, \ /&5, \/%g, . .-

be subnormal weighted shifts. Let:
hy = sup{x : Wy(x) be positively quadratically hyponormal}.

Ifzy = = (n > 5) is increasing and z, — K (as n — co), then:

2 2(h — _ 2
h;Zmin{l,x3,x4, a*b+a*(b—1)K+a(b—a)K }’

a+a(b—1)K+ (ab+1—2a)K?
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where:

a6, +a(b—a)vz+a(ab—1)u3
0p+a(b—1)uz+ (—2a+ab+1)ovs’
a(ab—1)05+a(us+v4) 0+ (a2 (b — 1) ug +a (b — a) vs) v3 + a?buzuy
a(b—1)03+ 040, + (a(b—1) ug+ (ab —2a+ 1) v4) v3 + auzuy ’

X3

X4 =

By Proposition 5, we can have the following results, but we omit the concrete computations.

Example 3. (1) Let « (x) : /%, \/E, \/g, \/g,. ... Then, hy = % (cf. [11], Proposition 7).
(2) Let a (x) : /%, \/5, \/g, \/g, ... Then, hy = 2 (cf. [15], Theorem 3.7).

A
(3) Let a (x) : /3, 1, (ﬁ, V21, \/12.1) . Then, hi Z 0.16682.

(4) Let a (x) : VX, \/ 325 - 1 2;1:11. Then, hy = 3 (cf. [16], Example 3.4).

6. Conclusions

In this work, we study a weighed shift operator for which the weights are recursively generated

by five weights. We give sufficient conditions of the positive quadratic hyponormalities. Next, it is
worth studying the cubic hyponormality, semi-weak k-hyponormalities, and so on.
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Abstract: In this paper, we study a class of nonlinear Choquard equation driven by the fractional
Laplacian. When the potential function vanishes at infinity, we obtain the existence of a ground state
solution for the fractional Choquard equation by using a non-Nehari manifold method. Moreover, in the
zero mass case, we obtain a nontrivial solution by using a perturbation method. The results improve
upon those in Alves, Figueiredo, and Yang (2015) and Shen, Gao, and Yang (2016).

Keywords: variational methods; fractional Choquard equation; ground state solution; vanishing potential
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1. Introduction

In this paper, we deal with the following nonlocal equation:

{( Ayu+ V) = (fax REGdy) QS ), in RN, "

u € D2(RN),

where N>30<s<10<pu<N,VecCRN00w)Qc CRN,0O®),fc CRR)and
fo f(s)ds. The fractional Laplacian (—A)? is defined as

(=A)’u(x) = CnsP.V. . %d% u e S(RN),

where P.V. denotes the principal value of the singular integral, S(RN) is the Schwartz space of rapidly
decaying C* functions in RN, and

2%5sT(N + )

CN,s = ﬂN/izr(l — S) .

(—A)* is a pseudo-differential operator, and can be equivalently defined via Fourier transform as

FU=8)ul(€) = [§*F[u](8), ue SRY),

Mathematics 2019, 7, 151; doi:10.3390 / math7020151 www.mdpi.com/journal/mathematics
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where .Z is the Fourier transform, that is,

1

Ful() = W

/]RN e %y (x)dx, ue S(RN).

The fractional Laplace operator (—A)® is the infinitesimal generator of Lévy stable diffusion processes,
and appears in several areas such as the thin obstacle problem, anomalous diffusion, optimization,
finance, phase transitions, crystal dislocation, multiple scattering, and materials science, see [1-5] and
their references.

Recently, a great deal of work has been devoted to the study of the Choquard equations, see [6-14]
and their references. For instance, Alves, Cassani, Tarsi, and Yang [7] studied the following singularly
perturbed nonlocal Schrédinger equation:

1
||

—Au+ V(x)u =2 { * F(u)} f(u), inR?,
where 0 < p < 2 and ¢ is a positive parameter, the nonlinearity f has critical exponential growth in
the sense of Trudinger-Moser. By using variational methods, the authors established the existence and
concentration of solutions for the above equation.
In [6], Alves, Figueiredo and Yang studied the following Choquard equation:
—Au+V(x)u= (ﬁ *F(u))f(u), inRN. @
u € H'(RN).

Under the assumption V(x) — 0 as |x| — oo, the authors obtained a nontrivial solution for (2) by
using a penalization method.

In the physical case N =3, =1, V(x) = 1and F(t) = %, (2) is also known as the stationary Hartree
equation [15]. It dates back to the description of the quantum mechanics of a polaron at rest by Pekar
in 1954 [16]. In 1976, Choquard used (2) to describe an electron trapped in its own hole, in a certain
approximation to the Hartree—Fock theory of one-component plasma [11]. In 1996, Penrose proposed (2)
as a model of self-gravitating matter, in a programme in which quantum state reduction is understood as a
gravitational phenomenon [15].

In addition, there is little literature on the fractional Choquard equations. Frank and Lenzmann [17]
established the uniqueness and radial symmetry of ground state solutions for the following equation:

(=A)Zu+u = (]x| V= [uP)u, inRN.

D’Avenia, Siciliano, and Squassina [18] obtained the existence, regularity, symmetry, and asymptotic
of the solutions for the nonlocal problem

(=A)u + wu = (|x| 7" [u|P)|ulP~2u, inRN,
In [19], Shen, Gao, and Yang studied the following fractional Choquard equation:

(~A)u+u= (x| "+ F(u))f(u), in RV, @)
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where N > 3,5 € (0,1), and y € (0,N). Under the general Berestycki-Lions-type conditions [20],
the authors obtained the existence and regularity of ground states for (3). The authors also established the
Pohozaev identity for (3):

N-2s A2 N 2 72N7;4/ .
3 /]RN‘( A)2uldx + 3 /RNM dx = —5 .RN(M « F(u))F(u)dx.

Motivated by the above works, in the first part of this article, we study the ground state solution for
(1). We assume

(I  V(x),Q(x) >0forallx € RN,V € C(RN,R) and Q € C(RN,R) N L*®(RN,R);
() if {A,} C RN is a sequence of Borel sets such that meas{ A, } < ¢ for all n and some & > 0, then

2N
li x)]2N-rdx = 0 unif lyinn e N;
lim i 5(0) [Q(x)] uniformly in

(II)  one of the below conditions occurs:

Q o (mN
s el (RY), 4
or there exists p € (2,2¥) such that
%
i
% =0, |x| = oo, ()
=P
[V(x)]==
where 2§ = % is the fractional critical exponent;
(F1) E(t) = o(|t] %" ) as t — 0if (4) holds; or F(t) = o([t| " 2" ) as t — 0if (5) holds;
2N—p

(F2) F(t) =o(|t|™2)ast — oo;
(F3) f(t) is nondecreasing on R;
(FH lim 0= 1o

t

It is necessary for us to point out that the original of assumptions (I)=(III) come from [21-23].
The assumptions can be used to prove that the work space E is compactly embedded into the weighted
Lebesgue space L} (RV), see Section 2 and Lemma 1.

Now, we can state the first result of this article.

Theorem 1. Suppose that (I), (II), (I11) and (F1)-(F4) hold. Then (1) has a ground state solution.

Remark 1. Since the Nehari-type monotonicity condition for f is not satisfied, the Nehari manifold method used
in [24] no longer works in our setting. To prove Theorem 2, we use the non-Nehari manifold method developed by
Tang [25], which relies on finding a minimizing sequence outside the Nehari manifold by using the diagonal method
(see Lemma 8).

In the second part of this article, we consider the following fractional Choquard equation with zero

mass case:
(=8 = (e +F(w)) f(w), inRY, ©
u € D% (RN),
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where N >3,0 < s < 1,0 < u < min{N, 4s}. The homogeneous fractional Sobolev space D%?*(RN), also
denoted by H*(RN), can be characterized as the space

2 (mNY 2¥ N Ju(x )|2
D’ (R)_{MGL (R /]RN/RN y‘N+25 G —dxdy < 400 .

f € C(R,R) satisfy the following Berestycki-Lions-type condition [19,20]:

(F5)  Fisnot trivial, thatis, F # 0;
(F6)  there exists C > 0 such that for every t € R,

tf ()] <

(F7)
FO) _ py FO)

taO ‘ ‘ t—0c0 m 5

The second result of this paper is as follows.
Theorem 2. Suppose that f satisfies (F5)—(F7). Then (6) has a nontrivial solution.
Remark 2. Notice that the method used in [13] is no longer applicable for (6), because it relies heavily on the
constant potentials. In the zero mass case, we use the perturbation method and the PohoZaev identity established

in [19] to overcome this difficulty.

In this article, we make use of the following notation:

|| - ||, denotes the usual norm of LP(RR®);
e (,C;,i=1,2,- -, denote various positive constants whose exact values are irrelevant;

0(1) denotes the infinitesimal as n — +o0.

2. Ground State Solutions for (1)

Set )‘2
— ll
DSZ(RN) {u € Lz RN /]RN /RN |N+25 dXdy < +oo} ’

endowed with the Gagliardo (semi)norm

[u] == </]RN /]RN y‘N+2)5|2d dy)l/z.

From [5], we have the following identity:
2 _ CAVEy 20 — % g 2
WP = [ 8)iuPax = [ eI # @),

From [26], D*?*(RN) is continuously embedded into L% (RN). Then, we can define the best constant
§>0as

S:= sup (f]RN |”‘2;dx) %

weps2(®N) Jpn |[(—=8)2ul?dx’
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Let

E:= {u € D2(RN) : /

RN

V(x)uldx < +00} .

Under the assumptions (I)-(III), following the idea of ([21], Proposition 2.1) or ([22], Proposition 2.2),
we can prove that the Hilbert space E endowed with scalar product and norm

1

(1,9) = [ [C-o)su(-m)5o+ Vs, Jull = ( [ 1(-8)3uP + vrullax)

is compactly embedded into the weighted space L}(RN) for every g € (2,2¢), where K(x) =
[Qx)PN/N1) and

L} (RV) := {u :meas{u} < ooand /]I.QN K(x)|ulTdx < 00} , Vg >2.

Lemma 1. Assume that (I)~(III) hold. If (K1) holds, E is compactly embedded in L], (RN) for all g € (2,2%). If
(K2) holds, E is compactly embedded in Lk, (RN ).

Proof. If (K1) holds, then
= S lQE) ™ e Lo@®Y).

Given ¢ > 0 and fixed q € (2,2%), there exist 0 < ty < t; and C > 0 such that
K(2)[£]7 < eC(V (x)[H? + [£%) + CK(2)X[to.r) (IED [t VE € R.

Hence,

/ o KO uffdx < €CW(w) + CK(x) /A iy KX V< E, @)

where
_ 2 21
W(u) = ./RN V(2)|ul dx+/lRN |u|% dx

and
A={xeRN:50 < [u(x)] <1}

Let {v, } be a sequence such that v, — v in E, then there exists a constant M; > 0 such that
/RNH(—A)%MZ + V(x)|on[?dx < My and /RN loa|%dx < My Vn €N,
which implies that {W(v,)} is bounded. On the other hand, setting
An={x € RN 150 < |ou(x)| <1},

we have
5% A| < / log|Edx < My Vn €N
J Ay

and so sup |A;| < 4oc0. Therefore, from (II), there is r > 0 such that
neN

: €
K(x)dx < — Vn e N. 8
/A,mB;‘(o) (x) * s%‘ n ®)
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Combining (7) and (8), we have

K(x)|v,|7dx < eCMy +s¥ / K(x)dx < (CMj +1)e Vn € N. )

B (0) FuBS(0)

By g € (2,2%), we have from Sobolev embeddings that

i Idx = q
nlgl)r}}oo‘ 5. 0) K(x)|vy|Tdx ./BY(O)K(x)k;\ dx. (10)

Combining (9) and (10), we have

lim K(x)|vn\‘7dx:/RNK(xHU\”dx,

n—+oo JRN

which yields
vy — vin LY (RY) Vg € (2,2).

Next, we suppose that (K2) holds. For each x € RV fixed, we observe that the function
() = V(X)) P +157P ¥t >0

2p
has C,V(x)% -2 as its minimum value, where

2- 2%-p

e P

_ p72>2g72 <P*2>2§‘*2

c _(7 + .
P\ -p 2 —p

CoV(x)Z2 < V()P +t57F ¥x e RN and t > 0.

Hence

Combining this inequality with (K2), given e € (0,Cp), there exists 7 > 0 large enough such that
K(x)[t]P < e(V(x)|t]?+ |¢/%) Yt € Rand |x| > 7,

leading to
K(x)|ulPdx < / v 2 4 |u|®)dx Yu € E.
./Bf(o) (x)]ul _5.35(0)( () u] + Jul*) u

Let {v, } be a sequence such that v, — v in E, then there exists a constant M, > 0 such that
/ V(x)|on|?dx < My and / |on|%=dx < My ¥n €N,
RN RN

and so, .
/ ( )K(x)|w,\”dx <2eM, Vn eN. (11)
BE(0

Since p € (2,2%) and K is a continuous function, we have

i K rd :/ K(x)[o|Pdx. 12
Jim [ K@= [ Kool )
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From (11) and (12), we have

lim K(x)|vn\"’dx:/RN K(x)|v|Pdx.

n—+co JRN

Therefore
oy — vin LR (RY).

O

Lemma 2. (Hardy-Littlewood-Sobolev inequality, see [26]). Let 1 < r,t < oo, and y € (0,N) with 1 + 1 =

— K. Ifp € L'(RN) and yp € LY(RN), then there exists a constant C(N, i, r,t) > 0, such that

/]RN RN y|u)d"dy§ CN Dl 1l

Lemma 3. Assume that (I)~(III) and (F1)—(F3) hold. Then for u € E

/ Q) QY)E(u(x))F(u(y))
BN JRN [x =yl

dxdy‘ < +oo,

and there exists a constant C1 > 0 such that

Q(x u(y))v
/RN . (v) |(x u(x ;‘)’{( () (y)dxdy' <Gilloll, ¥o € E.

Furthermore, let {u,} C E be a sequence such that u, — u in E, then

Q(x) Q) [F(un (%)) F (1 (y)) — F(u(x))F(u(y))] dxdy = 0

;}EIJO,RN,RN |x—y‘l‘
and
i [ [ QUOQWIE( ) (W) (1) = )] gy
n—oo JRN JRN [x — y|¥
Proof. Set

B 2, if (K1) holds,
"] p, if (K2) holds.

By (F1), (F2), Lemma 2, Holder inequality and Sobolev inequality, we have

2N
(ZN in) 2N—u
+ |u| N dx

[ KIF) R < €1 [ Koo )"

<G /RN K(x)|u|Pdx + Cy /]RN |u|% dx
< Ga(|lull + (%), YueE
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and

2N
+ |u| Nz |v|2N-Fdx

2N
;s(zw ;l) 2N N— ],H»25:|

[ Kol F5ax < €1 [ ko) I

B2N—p)—2N  B(2N—p)—2N 2N 2N
§C4/ [K(x)] PONZI [ 2870 [K (x) | PN [o] PNF dx

2N(N+2s

(
G5 [l o]

N—p)—2N ) 2N
< Co |l 55 o ) ST o, w0

Applying Lemma 2 and (17), we have

Q) Q) F(u(x))F(u(y))
/RN RN |X ]/VI dxd]/‘

2N—pu

<G

L K(an(u)\%dx]

BN—p)
<G [Huu ¥

22N—p)
e = ] Vi e,

which yields (13) holds. Similarly, we have

/ Q) Q) F(u(x))f(u(y))o(y) dxdy’
RN JRN |x —y|"

2N ZW 2N 2N
/RN K(x)|F(u)| 27 dx] [/RN K(x)|f (u)0] 7 dx] , Vuo€eE,

< G

which, together with (17) and (18), implies that (14) holds.
Similar to ([21], Lemma 2), by (F,), (F3), and Lemma 2, we have

lim [ K(x)|F(un) — F(u)| ™ 7 dx = 0, hm/ )f (1) |77 1ty — 1| T dx = 0.

n—oo JRN
Combining (18), (20), and (21), we deduce that (15) and (16) hold. [
The energy functional ® : E — R given by

1 2 2
— 2 P
Z.RN|( A)2ul dx+2/ X)lufdx /RN RN |x —y[*

By Lemmas 2 and 3, @ is well-defined and belongs to C!-class. Moreover, we have

D(u) :=

(D (u),v) = /]RN( A)du( Zvdx+/ x)uvdx

_/ " QUIQWIEm)) fFuW)oW) 4o vy v e E
RN JRN [x =yl e '

Lemma 4. Assume that (F1)—(F3) hold. Then, forall t > 0 and 71, 7> € R,

2

I(t, 1, 2) := F(t1y)F(ta) — F(11)F(2) +

[F(n)f(n)w + F(w2)f(r1)u] > 0.
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Proof. Firstly, it follows from (F1) that f(0) = 0. By (F3), we have
f(t) >0, VT >0, f(1r)<0,Vr<0; F(r)>0,VreR

and
)7 > / () , VT ER. (25)

It is easy to verify that (24) holds for t = 0. For T # 0, we have from (25) that

{@} _f@r-F@ 26)

T T2 =

For every 71, o € R, we deduce from (F3) and (26) that
il(t, T, Tz)

dt
— Tt {ngl)f(trz)Jr t; Fltm) — 21)

>0, t>1,
<0, 0<t<],

which implies that [(t, 7y, 72) > (1,7, 2) = 0forallt > 0and 7y, » € R. O

Lemma 5. Assume that (I)—(I1I) and (F1)—(F4) hold. Then
D(u) > d(tu) + 1_27tz<<1>’(u),u>, Yu €E, t>0. (27)
Proof. By (22), (23), and (24), we have
1-£,
D(u) — O(tu) — T(@ (u),u)
= 3 Joo o Ty ) Fltu(y) = F(u()) (o)

17t2
+

(F(u(x))f (u(y))u(y) + F(u(y)) f (u(x))u(x)) | dxdy

)
2 /RN /1RN y|}l dxdy
>0, Vu€eeE, t20.

|
Corollary 1. Assume that (I)—(I11I) and (F1)—(F4) hold. Let

N = {u e E\{0} : (@ (u),u) = 0}.

Then
D(u) = rgaOXQD(tu), VueN.
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Lemma 6. Assume that (I)—(I11) and (F1)—(F4) hold. Then, for any u € E \ {0}, there exists t,, > 0 such that
tyu € N.

Proof. Let u € E\ {0} be fixed. Define a function {(t) := ®(tu) on (0, 0). By (22) and (23), we have

) =0 - [, [, QD) ()t

dxdy =0
—tueN.

By (19), we have for u € E

1 AN-2p AN-2p .
gllull = Cs |l ™% + [Juf[ =" |, if (K1) holds,
D(u) > _— AN-2p (28)
Hlull — C | el %™ -+ fuf) 7= } if (K2) holds,
which implies that there exists pg > 0 such that
b := inf ®(u) > 0. (29)
l[ull=po
Therefore, }in& ¢(t) =0and {(t) > 0 for small t > 0. By (F4), for t large, we have
—
1e 1/ Q(x)F(tu(x)) Qy)F(tu(y)) |u(x)u(y)|
t) =~ - = dxdy| < 0. 30
)= (1= fo fo Sttt e e o

Therefore rr[1ax) {(t) is achieved at some t,, > 0 so that {'(t,) =0and t,u € N. O
te (0,00

Lemma 7. Assume that (I)—(I1I) and (F1)—(F4) hold. Then

inf ®(u):=c= inf maxP(tu)>0.
ueN ueE\{0} >0

Proof. Corollary 1 and Lemma 6 imply that

c= inf max®(tu).
ueE\{0} £0

By (22) and (29),

> inf @(ﬂu>: inf ®(u) > 0.
ueb\{oy  \ flufl llull=po
]

Next, we will seek a Cerami sequence for ® outside A by using the diagonal method, which is used
in [25,27,28].

Lemma 8. Assume that (I)—(I1I) and (F1)—(F4) hold. Then there exist {u,} C E and c* € (0,c| such that

®(un) = ¢, (14 un) | (un) | =0, (31)

asmn — oo,

110



Mathematics 2019, 7, 151

Proof. Forc = ijI\l/’f @, we can choose a sequence {v;} C A such that

c§¢(vk)<c+%, keN. (32)

By (29) and (30), it is easy to verify that ®(0) = 0, ®(Tvx) < 0 when T is large enough, and ®(u) >
d > 0 when ||u|| = po. Therefore, from Mountain Pass Lemma ([29]), there is a sequence {u,, s} such that

(1) — cx € [0, sup P(tvp)], (1 + [lugnl)lI (xn) | =0, k€N, (33)
te[0,1]

By Corollary 1 and {v;} C N, we have
@(to) < P(vx), Vit=0. (34)

It follows from (34) that ®(vx) = sup ®(tvy). Hence, by (32)—~(34), we have
te[0,1]

1
D) > i€ et ), (0 ) ) 0, ke,

Then, we can choose {1} C N such that

D) € [Surc+ 1 )o (L i )I Ct)| < K EN
Let ug = g, k € N. Therefore, up to a subsequence, we have
@(un) = c* € [do,c], (14 [[unl) | @ (un) || — 0.
|
Lemma 9. Assume that (I)—(I1I) and (F1)—(F4) hold. Then, the sequence {u, } satisfying (31) is bounded in E.

Proof. Arguing by contradiction, suppose that ||u,|| — co. Let v, = HEHH’ then ||v,|| = 1. Passing to a

subsequence, we have v, — v in E. There are two possible cases: (i). v = 0; (ii) v # 0.
Case (i) v = 0. In this case

(x)Q(y)F(2v/c* + 1v,(x))F(2v/c* + 1o, (y))

JRN [ — y[#

dxdy‘

2N % (35)
=G |:/]RN K(x)‘F(Z\/mvn(x))\de}

=o(1).
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Combining (27), (31), and (35), we have

c+0(1) = D(uy)
T _ 2V +1 2
- i (2 H{; +1”") - 1 ( g“"“ ) <<I)/(un)/ ”n)

= ®(2Vc* +1v,) +0(1)
=2(c"+1)+o0(1),

which is a contradiction.
Case (ii) v # 0. In this case, since |uy| = |vn|||ttn]| and u,/||un|| — v ae. in RN, we have
lim |un(x)| = oo for x € {y € RN : v(x) # 0}. Hence, it follows from (22), (31), (F4), and Fatou’s

lemma that
c*+o(1)7 . D(uy)
n—00 H”nHZ T o H”nH2
Q) F(ita(x)) Q) F (1a(y)) [0n(x)0u(y)]
tin [ [ \un< I @) -y
x+kn)F(“n( ))Q(y+kn)F( n( ) |Un(x)7’n(y)|
/RN/RN e )] tn (9] ey Y

This contradiction shows that {u,} is bounded in E. [

Proof of Theorem 1. In view of Lemmas 8 and 9, there exists a bounded sequence {u,} C E such that
(31) holds. Passing to a subsequence, we have 1, — u in E. Thus, it follows from (22), (23), (31), and
Lemma 3 that

() QW) F (un(x)) f (un (y)) [t (y) — u(y)]
|x =yl

i =l = (@) en =)+ [ [ 2 =o(1),

which implies that ®' (1) = 0 and ®(u) = ¢* € (0, c]. Moreover, since u € N, we have ®(u) > c. Hence,
u € E is a ground state solution for (1) with ®(u) =c¢ > 0. O

3. Zero Mass Case

In this section, we consider the zero mass case, and give the proof of Theorem 2. In the following,

we suppose that (F5)—(F7) and p < 4s hold. Fix g € (2, %\] —L), by (F7), for every € > 0 there is Cc > 0

such that
2N
F()H < ([t 4 [H18F) + Celtld, [F(1)] < e(|t2 + [t 7F) + Celtlt, Vi€ R, (36)

To find nontrivial solutions for (6), we study the approximating problem

(=A)’u+eu= ( L * F(u )) f(u), inRN, (37)
u € H¥(RYN),
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where ¢ > 0 is a small parameter. The energy functional associated to (37) is
1 5012 (u(y)
— — 2
D (u) 2 NH( A)2u)? 4 eu?] 2/N/N ‘ y|” — o dxdy. (38)

By using (F5)—(F7) and Lemma 2, it is easy to check that ®; € C!(D%*(RN),R) and @, €
Cy(H*(RN),R) for every e > 0. Moreover, for every e > 0,

(P (u),v) = RN[(_A)% u(—A)%0 + euvl dx—f/lRN ./]RN \x yﬁ‘)) (y)dxdy (39)

In view of ([19], Proposition 2), for every ¢ > 0, any critical point u of @, in H¥(RN) satisfies the
following PohoZaev identity

N —2 s N 2N — F
Pe(u) : = = S./RN\(fA)Zu|2dx+§s/ |u|2dx — ”/RN /}RNWMW w0

=0.
For every e > 0, let

Me: = {uc H(RV)\ {0} : ®L(u) =0},
Te: = {y € C([0,1], H*(RY)) : 7(0) = 0, ®¢(7(1)) < 0},
ce : = inf D t)).
e:= Inf max e(7(1))
Lemma 10. For every e > 0, (37) has a ground state solution u, € H¥(RN) such that 0 < ®¢(ue) = iﬁf e = Ce.
Moreover, there exists a constant Ko > 0 independent of € such that ¢ < Ko for all ¢ € (0,1]. ‘

Proof. In view of ([19], Theorem 1.3), under the assumption (F5)-(F7), for every ¢ > 0, (37) has a ground
state solution 1, € H*(RN) such that 0 < ®;(u,) = i\l}fcbg = ¢.. Lety € I'y, since @g(u) < ®;(u) for

u € H¥(RN) and ¢ € (0,1], we have y € T; for e € (0,1], and so

ce < max O (y(t)) = Pe(7(te)) < P1(y(fe)) < max @1(y(£)) := Ko, Ve € (0,1],
te[0,1] te[0,1]

where t. € (0,1). O
Lemma 11. There exists a constant Ky > 0 independent of € such that

[e] > Ky, Vue € M. (41)
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Proof. Since (®;(u;),u:) = 0 for u; € M, from (F6), (39), and Sobolev inequality, we have
e’ = [, \(—Aﬁusﬁdx < / M8) b + enlax

(e (%)) f (ue (y) ) e (y)
_/RN/]RN \x—ylf‘ dxdy

N-—p 2N—p

2N ZW 2N TN
< ([ FaiFsax) T ([ 1fua)
N—p
<G (/ \ug\%dx>

< CSTE ) T2, Ve € M,

which, together with (2N — 1) /(N — 2s) > 1, implies that (41) holds. [

The following lemma is a version of Lions’ concentration-compactness Lemma for
fractional Laplacian.

Lemma 12. ([18]) Assume {uy } is a bounded sequence in H*(RN), which satisfies

lim su 1, (x)|2dx = 0.
n—>+ooyeﬂg\, By(y) n

Then u, — 0in L1(RN) for g € (2,2%).

Proof of Theorem 2. We choose a sequence {¢,} C (0,1] such that e, \, 0. In view of Lemma 10, there
exists a sequence {ug, } C M, such that 0 < @, (ue,) = inf D¢, = ¢, < K. For simplicity, we use uy,

instead of u,,. Now, we prove that {u,} is bounded in D*?(RN). Since P, (1) = 0 for u, € M,,, it
follows from (38) and (40) that

Ko > ¢, = q)s,,(un) - ZN Pen( 71)
1 N —2s ' 1 N (42)
- 3 s |+ [3 - s el
2 2(2N —up) 2 22N —p)

Thus, {u,} is bounded in D¥*(RN) and L2(RN). If

6= 11rn sup [un|2dx = 0.
 yerN /B1y

Then, by Lemma 12, for g € (2, N 2’; ), we have

AN _2Ng_
/ [ty |NFdx — 0, / |1t |N-rdx — 0.
JRN JRN
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Therefore, by (36) and Sobolev embedding for D¥?(RN), for every e > 0 there exists Ce > 0 such that

N » 2Ng.
<e / [0 | NF 4 |1y | ) dx +C€/ [t | NP dx
RN RN

< eC+o(1).

I/RN P () |77 dx

By the arbitrariness of €, we get
2N
/RN |E ()| 77 dx — 0. 43)

Combining (36), (43), and Lemma 2, we have

[ F(un(x))f(”n(y))”"(y)dxdy‘
RN JRN

x =yl
2N—p

2N 22}7&” 2N 2N
< ([ 1Fm) ) ([ )

=o0(1).

(44)

Notice that {u,} is bounded in L?(RVN), we have from (44) and u, € M., that [u,]> = o(1).
This contradicts (41). Thus, we get & > 0. Passing to a subsequence, there exists a sequence {y,} C RN
such that

)
/ |un\2dx > .
By yn(yn) 2

Let i1, (x) = uy(x + y,). Then
¢’é,,(ﬁn) =0, D¢, (fn) = ce,

and s
/ |t [2dx > 2. (45)
/By, yn(0) 2
Passing to a subsequence, we have i, — ug in D*?(RN). Clearly, (45) implies that ug # 0. By the
standard argument, uy € D%?(RN) is a nontrivial solution for (6). [

4. Conclusions

In this work, we study a class of nonlinear Choquard equation driven by the fractional Laplacian.
When potential function vanishes at infinity and the Nehari-type monotonicity condition for the
nonlinearity is not satisfied, we prove that the fractional Choquard equation has a ground state solution
by using the non-Nehari manifold method. Unlike the Nehari manifold method, the main idea of our
approach lies in finding a minimizing sequence for the energy functional outside the Nehari manifold by
using the diagonal method. Moreover, by using a perturbation method, we obtain a nontrivial solution in
the zero mass case.
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Abstract: In recent years, intensive studies on degenerate versions of various special numbers and
polynomials have been done by means of generating functions, combinatorial methods, umbral
calculus, p-adic analysis and differential equations. The degenerate Bernstein polynomials and
operators were recently introduced as degenerate versions of the classical Bernstein polynomials
and operators. Herein, we firstly derive some of their basic properties. Secondly, we explore some
properties of the degenerate Euler numbers and polynomials and also their relations with the
degenerate Bernstein polynomials.

Keywords: degenerate Bernstein polynomials; degenerate Bernstein operators; degenerate Euler
polynomials

1. Introduction

Let us denote the space of continuous functions on [0, 1] by C[0, 1], and the space of polynomials
of degree < n by P,,. The Bernstein operator B, of order 1, (n > 1), associates to each f € C[0,1] the
polynomial B, (f|x) € P,, and was introduced by Bernstein as (see [1,2]):

() = Y- () () ek -t

k=

n ok @
= Zf(;) ko (%),
k=0
(see [1-14]) where
Bia(x) = () ¥ —0)"%, (nk € Z20) @

are called either Bernstein polynomials of degree 1 or Bernstein basis polynomials of degree .
The Bernstein polynomials of degree 1 can be defined in terms of two such polynomials of degree
n — 1. That is, the k-th Bernstein polynomial of degree n can be written as

Bk,n(x) = (1 - X)Bk,nfl (x) + ka—l,n—l(x)/ (k/n € N)' 3)
From (2), the first few Bernstein polynomials By , (x) are given by

Bpi(x) =1—x, By1(x) =x, Boa(x) =(1— x)?, Bia(x) =2x(1—x),
Bzrz(x) = le BO,3(x) = (1 - x)3r Bl,3(x) = 3x(1 - x)zf
Bos(x) = 3x%(1 —x), Bas(x) =5,---.
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Thus, we note that

= x(xF1) = x i (k,ill)Bi,n(x)

n ) Bitin+1 (X)
i+1
(%)
("

For A € R, L. Carlitz introduced the degenerate Euler poynomials given by the generating function
(see [15,16])

Bij 1041 (X)-

n

2 X i
1+AtW:Z 4)

(1+A0F +1

When x = 0, &, = &,1(0) are called the degenerate Euler numbers. It is easy to show that
limy_,o &, 1 (x) = Ex(x), where E;(x) are the Euler polynomials given by (see [15-18])

o tn
=) En(x) @)
n=0 n
For n > 0, we define the A-product as follows (see [8]):

(oa =1 (ua =x(x =A)(x =21) -+ (x = (n = 1)A), (n 2 1), (6)

Observe here that limy _,o(x), 2 = x", (n > 1).
Recently, the degenerate Bernstein polynomials of degree n are introduced as (see [8])

Bia(611) = () ial = M, (€ 01, mk>0), )

From (7), it is not difficult to show that the generating function for By, (x|A) is given by (see [8])

71

1 1x had
H(x)k,At"(lJrAt X Z x|A 8)

By (8), we easily get lim,_, By, (x|A) = By ,(x), (n,k > 0).

The Bernstein polynomials are the mathematical basis for Bézier curves which are frequently
used in computer graphics and related fields. In this paper, we investigate the degenerate Bernstein
polynomials and operators. We study their elementary properties (see also [8]) and then their further
properties in association with the degenerate Euler numbers and polynomials.

Finally, we would like to briefly go over some of the recent works related with Bernstein
polynomials and operators.

Kim-Kim in Ref. [19] gave identities for degenerate Bernoulli polynomials and Korobov
polynomials of the first kind. The authors in Ref. [20] introduced a generalization of the Bernstein
polynomials associated with Frobenius—Euler polynomials. The paper [21] deals with some identities
of g-Euler numbers and polynomials associated with g-Bernstein polynomials. In Ref. [22], the
authors studied a space-time fractional diffusion equation with initial boundary conditions and
presented a numerical solution for that. Both normalized Bernstein polynomials with collocation
and Galerkin methods are applied to turn the problem into an algebraic system. Kim in Ref. [23]
introduced some identities on the g-integral representation of the product of the several g-Bernstein
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type polynomials. Grouped data are commonly encountered in applications. In Ref. [24], Kim-Kim
studied some properties on degenerate Eulerian numbers and polynomials. The authors in Ref. [25] give
an overview of several results related to partially degenerate poly-Bernoulli polynomials associated
with Hermit polynomials.

2. Degenerate Bernstein Polynomials and Operators
The degenerate Bernstein operator of order n is defined, for f € C[0,1], as
k. (n "k
Bn,/\(flx) = Zf(;) k (x)k,A(l_x)n—k,/\ = Zf(;)Bk,n(x‘/\)r )
k=0 k=0

where x € [0,1] and 1,k € Z>.

Theorem 1. For n > 0, we have

By, (f10) = f(O)(Dua, Bua(f11) = fF(1) (D

and

n—1
Bua(1x) = (D, Bua(xlx) = x Y (1A (n = 1)x(1), 140, (12 1),
k=0

where (x)y =x(x—1)--- (x —k+1), (k>1), (x)o = 1.

Proof. From (9), we clearly have
n n
Bua 1) = 3 (1) (01 = 2 (10)
k=0
Now, we observe that

o
n x 1-—x
A

Y (1)M% — (14A0F = (1405 (1 +20)

n=0
0 ! e m
= (Z(X)m;!) (Z(lx)m,Afm> (11)

1=0 m=0

-y (i (l) () (1 —x>n_m) -

n=0 \I=0

Comparing the coefficients on both sides of (11), we derive

s = 3 () al = 20 1)
1=0
Combining (10) with (12), we have
Bua19) = 1 () (0051~ 2o = Mo, (12 0) (13)
k=0
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Furthermore, we get from (9) that for f(x) = x,

Bua(ef) = 3 & (1) (061 = 2)noi

k=0

- (11 @ra = i

Il
B
R

) (n ; 1) (V) (1= x)p_1-ga(x —kA)

k=0

(14)

n=lin—1 k
= noiy— (m=1A X —X)p_1—
x(D)y-120—(n—1) k;) ( k )( N o |

=x(1)p-1,0 — (= 1)AB, 1 2(x]x).

From (14), we can easily deduce the following Equation (15):

By (x|x) = x(1)-10 — (n = DA{x(1)—21 — (n = 2)AB, 2 (x|x)}
= x(Dp_1p — x(n = DA1)y_g 0 + (=1)*(n — 1) (n = 2)A*B, 5 (x|x)
=x(1)p—1,0 — x(n = DA(1)y20
+ (=1)%(n = 1) (n = 2)A*{x(1)y_31 — (n — 3)AB, 3 (x[x)}
= x(1)n10 = x(n = DA(D)2p + (=1)*(n = 1) (n = 2)A%x(1), 31 (15)
+ (=1’ —1)(n—=2)(n = 3)A’B, 3, (x|x)

n—1
=x Y (=)A= 111k
=0
O

Let f, g be continuous functions defined on [0, 1]. Then, we clearly have
B (af + Bglx) = aBy (%) + BBaa(g]x), (n>0), (16)

where «, B are constants.
So, the degenerate Bernstein operator is linear. From (7), we note that

Boi(x|A) =1—x, Byg(x|A) = x, Bop(x|A) = (1 — x)2 —AM1—x),
Bio(x[A) = 2x(1 — x), Bpo(x|A) = 2% — Ax.

It is not hard to see that

i n)\tn' (1+/\t)]7%:(1+)\t)%(]+)\t)*%
(o) l o) m
- (Z(Du?,) (2 (x)""A:n'>
=0 : m=0 :
= go (lio <7) (Dn-1a (1) (x); A) %
This shows that we have
(I=x)pp = zi(:) (7) (Vyopp (1) (%) 2, (n>0). a7)
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Theorem 2. For f € C[0,1] and n € Zx(, we have

Bua(710 = & (1) @nes & (1) 0" Oy o

m=0

Proof. From (9), it is immediate to see that

n

Bua(f10) = £ FCBea(l) = 1 70 () 09hal1 = e
k=0 =0
B

We need to note the following:

BT -(2)C7) o

and

(x)k+j,—)\
(x+ (G +k=1)A)kr

(x)j,-r =
Let k + j = m. Then, by (19), we obviously have
n\ (m—k\ _(n\(m
k j T \m)\k)
Combining (18) with (19)—~(21) gives the following result:

k

Bur(710 = & (1) @nes - (1) 0" Oy o

|

Theorem 3. Forn,k € Z>q and x € [0, 1], we have

a1 = L0 (1) (1) s e s Do

i=k

Proof. From (7), (17), and (20), we observe that
Bia(611) = () (a1 = 90
n—k —k .
(:) (Vi Y (n . >(*1)I(x)i,—/\(l)n—k—1’//\

i—o \ 1

Yoo\ (n—k (),
2 (=1) (k)( ; )(x)k+i,—)\ (x+(k+ikjl)/\)m(1)nfk7i,/\

2
|

iz
= g{(—l)kk <Z> (?::) (x)i,—)t(er((ixzik?M)k,/\(l)n—i,A
-2 () ()0 e O
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3. Degenerate Euler Polynomials Associated with Degenerate Bernstein Polynomials

Theorem 4. For n > 0, the following holds true:

1 2, ifn=0,
2( ) n— /A51A+5m—{ f

0, ifn>0.

Proof. From (4), we remark that

e () (5

2( 51/\ ), Z nAZ (23)

n=0
n

E(E )

The result follows by comparing the coefficients on both sides of (23).
O

HMS HMS
=

From Theorem 4, we note that
" n
Eop=1,Ep=-Y (l) (Du—ipa&rp, (n>0).

=0

From these recurrence relations, we note that the first few degenerate Euler numbers are given by

1 1 1 3
Sop=1 &a=—5, &a1=54 &a= g —A2, &) = —*7\+3/\3,
1 1 22
Esp=—5+ §A2 1204, Er = —5/\ - 75)\3 + 60A°.

Theorem 5. For n > 0, we have
Exn(1—x) = (—1)"&, _A(x).
Especially, we have
Enn(2) = (=1)"Ey-a(=1), (n 20).

Proof. By (4), we get

ad n 2 —X X
Y Euall =) = —— o (1+A0'T = (1A
n=0 w14+ A7 +1 (1+A)"T+1
:nzzogn,fft(x)(_ nm'
Comparing the coefficients on both sides of (24), we have
Ein(1—x) = (=1)"E,_a(x), (n>0). (25)
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In particular, if we take x = —1, we get
Enn(2) = (1)"&y-a(=1), (n 20). (26)
O
Corollary 1. For n > 0, we have

gn,}\(z) = (1)n,/\ + gn,}v

Proof. From (4), we have

> t 2 2
Enp(2); = ————(1+Ab)f
n=0 (14 AT +1
2

= A+ A (1A +1-1)
(1+AH)7F +1

1 2 1 (27)
=2(1+At)% — T (1+ A7
1+ A)x +1
= 2 (2(1)11/\ - Z <7> (1)11—I,AEI,A> Pl
n=0 =0 :

Thus, by (27), we get
n n
£00(2) = 2002 = 1 () Duc1812 = 200+ Ena, (0 20)
1=0

O

Theorem 6. Forn > 0,k > 1, we have

Proof. From (4), we easily see that
n

Ep(x) =Y <7> Ea(X)n_ip, (n>0).

1=0
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Now, we observe that

2 At 2 (AR 1D AT
(1+A)T +1 (I+A0)% +1
:2(1+At)%7;1(1+/\t)%
(I+At)x +
x-1 x-2 2 x=2
=21+At) 7 =2(14+At) 7 + ——————(1+At) %
A+ A7 +1 (28)

BRI PE

1+ 0% +1

=201+ AT —2(1+A)T +2(1+ AT —2(1+ A1) T
2
(1+ AT +1

=21+ AT —2(14+A)T +2(1+A8)'T —

1+ A1),

Continuing the process in (28) gives the following result:

) i k .
Eap(x) - =2} (-1 1+ A1) T L) — 2 A
- ! im 1+AH)T +1
n=0 1 (1+At)x + 29)
P (2 e i) B ) an
A0\ iz aC (1+At)7 +1
The desired result now follows from (4) and (29).
O
Theorem 7. For n,k > 0, we have
1 n+k
Binss(10) = 30 (1) Ena@ =)+ E10(1 - 1),
Proof. In view of (8), we have
1x 1t
(x)k,/\(l + At) = k E Bkn x‘)\ 2 Bk n+k (n+k) e (30)
n
On the other hand, (30) is also given by
L & t"
(a1 +2A) T =} (a1 =X @1
n=0
From (30) and (31), we have
1
()AL = x) 0 = WBk,nJrk(xM)r (n,k>0). (32)
n

126



Mathematics 2019, 7, 47

Now, we observe that

(%) 2

(a1 +ADT = T = (14 AT (1 + AT +1)
(1+ AT +1
= Wka ( 2 a4 — 2+ At)l/\x> (33)
(1+AH)7 +1 (1+AH)7 +1
= (x)% (;0(&1,/\(2 —x) + &1~ x));) :
By (31) and (33), we get
(x)k,)t(]- - x)n,)t = (x)zk,A (gn,A(Z - X) + gn,)\(]- - X)), (n=> 0) (34)

Therefore, from (32) and (34), we have the result. [

4. Conclusions

In 1912, Bernstein first used Bernstein polynomials to give a constructive proof for the
Stone-Weierstrass approximation theorem. The convergence of the Bernstein approximation of a
function f to f is of order 1/, even for smooth functions, and hence the related approximation process
is not used for computational purposes. However, by combining Bernstein approximations and the
use of ad hoc extrapolation algorithms, fast techniques were designed (see the recent review [14] and
paper [13]). Furthermore, about half a century later, they were used to design automobile bodies at
Renault by Pierre Bézier. The Bernstein polynomials are the mathematical basis for Bézier curves,
which are frequently used in computer graphics and related fields such as animation, modeling, CAD,
and CAGD.

The study of degenerate versions of special numbers and polynomials began with the papers
by Carlitz in Refs. [15,16]. Kim and his colleagues have been studying various degenerate numbers
and polynomials by means of generating functions, combinatorial methods, umbral calculus, p-adic
analysis, and differential equations. This line of study led even to the introduction to degenerate
gamma functions and degenerate Laplace transforms (see [26]). These already demonstrate that
studying degenerate versions of known special numbers and polynomials can be very promising and
rewarding. Furthermore, we can hope that many applications will be found not only in mathematics
but also in sciences and engineering. As we mentioned in the above, it was not until about fifty years
later that Bernstein polynomials found their applications in real-world problems.

With this hope in mind, here we investigated the degenerate Bernstein polynomials and operators
which were recently introduced as degenerate versions of the classical Bernstein polynomials and
operators. We derived some of their basic properties. In addition, we studied some further properties
of the degenerate Bernstein polynomials related to the degenerate Euler numbers and polynomials.
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Abstract: In this paper, we study differential equations arising from the generating functions of
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1. Introduction

Numerous studies have been conducted on Bernoulli polynomials, Euler polynomials, tangent
polynomials, Hermite polynomials and Laguerre polynomials (see [1-13]). The special polynomials
of the two variables provided a new way to analyze solutions of various kinds of partial differential
equations that are often encountered in physical problems. Most of the special function of mathematical
physics and their generalization have been proposed as physical problems. For example, we recall that
the two variables Hermite Kampé de Fériet polynomials Hy (x,y) defined by the generating function
(see [2])

ad " 2
L Hnlxy),y =" = F(txy) M)
= n!
are the solution of heat equation

2

J d
@H,,,(x,y) = @Hn(x,y), Hy(x,0) = x".

We note that H, (2x, —1) = H,(x), where H,(x) are the classical Hermite polynomials (see [1]).
The differential equation and relation are given by

02 9 9 02
ZyQ tago—n Hu(x,y) = 0and @Hn(x,y) = @Hn(x,y),

respectively.
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By (1) and Cauchy product, we get

3 " (x1+x2) 4yt
— X X
E H,l(xl—i-xz,y)ﬁfe 1)y
n=0 :
[ee]

xlr Z (2)

0 (g (7) Hlm,y)x;f) .

By comparing the coefficients on both sides of (2), we have the following theorem:

I
Ms

3
Il
o

e

n

Theorem 1. For any positive integer n, we have

n
Hy(x1 + %2,y Z < >HI x1,y)x L

The following elementary properties of the two variables Hermite Kampé de Fériet polynomials
H,(x,y) are readily derived from (1).

Theorem 2. For any positive integer n, we have

21 (%, 1)
1) Hulxyi+y2) —”'ZW’

n

@ Hn) =Y (§) H@H,-(-xy ),
1=0

(3) Hu(x1+x2,y1+12) = Z( >H1 x1, 1) Hu—1(x2,42)-

Recently, many mathematicians have studied differential equations that occur in the generating
functions of special polynomials (see [8,9,14-16]). The paper is organized as follows. We derive the
differential equations generated from the generating function of Hermite Kampé de Fériet polynomials:

N
(%) F(t,x,y) —ao(N,x,y)F(t,x,y) —--- — aN(N,x,y)tNF(t,x,y) =0.

By obtaining the coefficients of this differential equation, we obtain explicit identities for the
Hermite Kampé de Fériet polynomials in Section 2. In Section 3, we investigate the zeros of the
Hermite Kampé de Fériet polynomials using numerical methods. Finally, we observe the scattering
phenomenon of the zeros of Hermite Kampé de Fériet polynomials.

2. Differential Equations Associated with Hermite Kampé de Fériet Polynomials

In order to obtain explicit identities for special polynomials, differential equations arising from
the generating functions of special polynomials are studied by many authors (see [8,9,14-16]). In this
section, we introduce differential equations arising from the generating functions of Hermite Kampé de
Fériet polynomials and use these differential equations to obtain the explicit identities for the Hermite
Kampé de Fériet polynomials.

Let

F=F(txy) = = ity — Z Hy(x,y ', x,y,t €C. (3)
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Then, by (3), we have
) — iF(t %,y) = 9 (ext+yf2) _ oty (x +298)
at 7 ot
= (x+2yt)F(t,x,y),
e)
r® = EF(l)(t, x,y) = 2yE(t, x,y) + (x + 2yt) FD (£, x,)
= 2y + x> + (4xy)t + 4y22)F(t, x,y),
and

]
@) = 2@
F atF (t,x,y)

dxy + 820 F( x,y) + 2y + x* + (4xy)t + 422 FU (¢, x, )
6xy + x3)F@ (1, x,y)

+ (82 + 4x%y 4 4y? + 2x%y)tE(t, x, )

+ (4xy? + 8xy?) 2 E (L, x, ).

= (
= (

If we continue this process, we can guess as follows:
o\ N .
N = (5) F(t,x,y) = Y ai(N,x, y)F'E(t,x,y), (N =0,1,2,...).
i=0

Differentiating (4) with respect to t, we have

FIN+T) _ aF()

t

a;(N, x, y)tiF(l) (t,x,y)

I
M=
M=

Il
o
Il
<}

a;(N, x,y)it’;lF(t, x,y) +

ai(N,x,y)it " VF(x,y) + Y ai(N, x, y)# (x + 2yt) F(t, x, v)

I
M=
M=

Il
o
Il
o

I
M=
M=

Il
o
Il
o

ia;(N, x,y)t’;lF(t, x,y) + ) xa;j(N, x,y)tiF(t, x,Y)

N .
+ ZZya,-(N, X, y)ETIE(t, ¥, )

i=0
N-1 ) N )
= ) (i+1)aia (N, x, ) E(t,x,y) + ) xa;(N,x,y)F'F(t,x,y)
i=0 i=0
N+1

+ 2yai_1 (N, x, y)I'E(t, x,v).
i-1

Now, replacing N by N + 1 in (4), we find
N+1 _
FINFD = ¥ (N + 1, x,y)'F(t, x, ).
i=0
Comparing the coefficients on both sides of (5) and (6), we obtain
ao(N +1,x,y) =a1(N,x,y) + xao(N, x,y),
an(N +1,x,y) = xan(N, x,y) + 2yan-1(N, x,y),
an+1(N+1,x,y) = 2yan(N, x,y),
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and

a;i(N+1,x,y) = (i+1)a;1(N,x,y) + xa;(N,x,y) + 2ya;_1 (N, x,y), (1 <i <N —1).

In addition, by (4), we have
F(t,x,y) = F(O>(t, x,y) =ao(0,x,¥)F(t, x,y),
which gives
ap(0,x,y) = 1.
It is not difficult to show that
xF(t,x,y) + 2ytF(t, x,y)
=FD(t,x,y)
1
=Y ai(Lx,y)F(t,x,y)
i=0
=ao(1,x,y)F(t,x,y) + a1 (1, x,y)tF(t, x,y).

Thus, by (11), we also find
ao(1,x,y) =x, a1(1,xy) =2y.
From (7), we note that

ag(N +1,x,y) = a1 (N, x,y) + xaog(N, x, ),
ao(N,x,y) = a1 (N —1,x,y) + xap(N — 1,x,y),...

N
a(N+1,xy) =Y x'a;(N—ixy) +xV,
i=0

any(N+1,x,y) = xan(N, x,y) + 2yan—1(N, x,y),
an-1(N,x,y) = xay_1(N = 1,x,¥) + 2yay (N = 1,x,y),...
an(N+1,x,y) = (N+ 1)x(2y)N,

and
an+1(N +1,x,y) = 2yan (N, x, ),

an(N,x,y) =2yan_1(N —1,x,y),...
ans1(N+1,x,y) = 2N

Fori = 11in (8), we have

N N
m(N+1,xy)=2)" xFay(N —k,x,y) + (2y) ) xFag(N —k,x,y).
k=0 k=0

Continuing this process, we can deduce that, for1 <i < N —1,

N N
ai(N+1,xy) = (i+1) ) *aia(N—kxy) + (2y) ) ¥a (N =k x,y).
k=0 k=0
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Note that here the matrix a;(j, x, ¥ )o<ij<n+1 is given by
1 x 2y+x* 6xy+a°
0 2y 2x(2y)

0 0 (29)? 3x(2y)?

(N +1D)x(2y)N

00 0 0 (2y)N+1

Therefore, we obtain the following theorem.

Theorem 3. For N =0,1,2,..., the differential equation
(o)
F :<$> F(t,x,y) = <Z (N, x,y)t > F(t,x,y)

F= F(t,x,y) — exr+ytz/

has a solution

where
ao(N, x,y) = Zxal —1-kxy)+xN

an-1(N,x,y) = Nx(Zy)

an(N,x,y) = (2y)",
N N

G(N+1xy) = (i+1) Y o (N —kxy) + (29) Y (N~ kx,y),
= k=0

(1<i<N-2).

Making N-times derivative for (3) with respect to f, we have

AN a\N xt+yt? . £
(5) Fern=(5) = & ooy (1)

m=0

tm
By Cauchy product and multiplying the exponential series ¥ = Y- ov_ x™ i in both sides of (18),

we get
e (2 NF(f X, Y) )3 (—")m*tm i Huin(x,y) *m
ot T = m! = e m!

)i ( by () vt y)) -

For non-negative integer m, assume that {a(m)},{b(m)}, {c(m)}, {c(m)} are four sequences
given by

(19)

M§

Yot Y b, Y e, Y e
a(m b(m)—;, c(m)—, c(m)—.
m=0 m=0 ! m=0 m! m=0 m!
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m m

If Y oo c(m) iy Yo—o C(m) = 1, we have the following inverse relation:

— 3 (™Veb(m -k b(m) = 3 (™) e(k)a(m — k). 20
o(m) = 32 () ctptm 1) = o0m) = 3 (1 )etkya0n 1 (20)

By (20) and the Leibniz rule, we have

o (5) ex = 1 (V) (5) e
kZO o . (21)
5 (E () men),
m=0 \k=0

m!

1

tﬂ
Hence, by (19) and (21), and comparing the coefficients of o gives the following theorem.
Theorem 4. Let m,n, N be nonnegative integers. Then,

é (7:) (=n)" FHy i (x,y) = i <N> WNTKH, (= n,y).

k=0 k
If we take m = 0in (22), then we have the following:

Corollary 1. For N =0,1,2,..., we have

N

o) = 3 ()t =),

k=0

For N =0,1,2,..., the differential equation

riN) = (%)NF(t,x,y) = < ai(N,x,y)ti> F(t,x,y)

i=0
has a solution

F=F(t,xy) = e

Here is a plot of the surface for this solution.

In Figure 1 (left), we choose —3 < x < 3,—1 <t < 1,and y = 3. In Figure 1 (right), we choose
—3<x<3,-1<t<l,andy = —3.

oS,

T

R
L 7

Figure 1. The surface for the solution F(t, x, y).
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3. Zeros of the Hermite Kampé de Fériet Polynomials

By using software programs, many mathematicians can explore concepts more easily than in
the past. These experiments allow mathematicians to quickly create and visualize new ideas, review
properties of figures, create many problems, and find and guess patterns. This numerical survey is
particularly interesting because it helps many mathematicians understand basic concepts and solve
problems. In this section, we examine the distribution and pattern of zeros of Hermite Kampé de
Fériet polynomials H,(x, y) according to the change of degree 1. Based on these results, we present a
problem that needs to be approached theoretically.

By using a computer, the Hermite Kampé de Fériet polynomials H,(x,y) can be determined
explicitly. First, a few examples of them are as follows:

Ho(x,y) =1,

Hy(x,y) = x,

Hy(x,y) = x* +2y,

Hz(x,y) = x> + 6xy,

Hy(x,y) = x* + 1227y + 12,

Hs(x,y) = x° 4 20x%y + 60x1/?,

Hs(x,y) = x° 4 30x*y + 180x2y% 4 120y°,

Hy(x,y) = x7 + 42x%y + 420x3y* + 840xy°,

Hs(x,y) = x® + 56x%y + 840x%y? + 3360x%y> 4 1680y*,
Hy(x,y) = x° +72x"y + 1512x°y* + 10,080x°y® + 15, 120xy*,

) = x10 49028y + 2520x6y2 4 25,200x*y> + 75,600x2y* + 30,240y°.

=
o
—
=
<

Using a computer, we investigate the distribution of zeros of the Hermite Kampé de Fériet
polynomials Hy(x,y).

Plots the zeros of the polynomial H,(x,y) forn = 20,y = 2,—2,2+i,—2+iand x € C are
as follows (Figure 1). In Figure 2 (top-left), we choose n = 20 and y = 2. In Figure 2 (top-right),
we choose n = 20 and y = —2. In Figure 2 (bottom-left), we choose n = 20 and y = 2 + i . In Figure 2
(bottom-right), we choose n =20 and y = —2 — 1.

Stacks of zeros of the Hermite Kampé de Fériet polynomials H, (x,y) for 1 < n < 20 from a 3D
structure are presented (Figure 3). In Figure 3 (top-left), we choose y = 2. In Figure 3 (top-right),
we choose y = —2. In Figure 3 (bottom-left), we choose y = 2 + i. In Figure 3 (bottom-right), we choose
y = —2 —i. Our numerical results for approximate solutions of real zeros of the Hermite Kampé de
Fériet polynomials H, (x,y) are displayed (Tables 1-3).

The plot of real zeros of the Hermite Kampé de Fériet polynomials H,(x,y) for 1 < n < 20
structure are presented (Figure 4). It is expected that H,(x,y), x € C,y > 0, has Im(x) = 0 reflection
symmetry analytic complex functions (see Figures 2 and 3). We also expect that H,(x,y),x € C,y <0,
has Re(x) = 0 reflection symmetry analytic complex functions (see Figures 2—4). We observe a
remarkable regular structure of the complex roots of the Hermite Kampé de Fériet polynomials
Hy,(x,y) for y < 0. We also hope to verify a remarkable regular structure of the complex roots of the
Hermite Kampé de Fériet polynomials Hy (x,y) for y < 0 (Table 1). Next, we calculated an approximate
solution that satisfies Hy(x,y) = 0, x € C. The results are shown in Table 3.
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20 20 - 20

In(x) mx) o — 000 eesesssesesseee — ()

Re (x) Re (x) Re (x)

-20 -10 10 20
Re (x)

Figure 2. Zeros of Hy(x,y).

Im(x)
9

20
15
n
10
s
0,
-10

Figure 3. Stacks of zeros of H,(x,y),1 < n < 20.
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Table 1. Numbers of real and complex zeros of Hy (x, —2).

Degreen Real Zeros Complex Zeros
1 1 0
2 2 0
3 3 0
4 4 0
5 5 0
6 6 0
7 7 0
8 8 0
9 9 0
10 10 0
11 11 0
12 12 0
13 13 0
14 14 0

29 29 0
30 30 0

Table 2. Numbers of real and complex zeros of Hy(x,2).

Degreen Real Zeros Complex Zeros
1 0 1
2 0 2
3 0 3
4 0 4
5 0 5
6 0 6
7 0 7
8 0 8
9 0 9
10 0 10
11 0 11
12 0 12
13 0 13
14 0 14
29 0 29
30 0 30
o o ® © © 6 06 06 0600 006 06 06 0 o o ®{20
® © o o 06 ¢ o o L] L] o O o o L
o o o o L] o O L
L) ® © 6 6 6 6 06 06 06 06 0 0 0 o o LJ
L] ° L] L]
L) e o o o o o e O L 15
L] L] ° L] L]
L) ) e o o L] L]
L] ° ° L]
) L) L]
e o ° 10
L) L) L)
° °
L)
°
5
o
10 0 10

Figure 4. Real zeros of H,(x, —2) for1 < n < 20.
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Table 3. Approximate solutions of H,(x, —2) = 0,x € R.

Degree n x

1 0

2 —2.0000, 2.0000

3 —3.4641, 0, 3.4641

4 —4.669, —1.4839, 14839, 4.669

5 —-5.714, 2711, 0, 2711, 5714

6 —6.65, —3.778, —1.233, 1.233, 3.778, 6.65

7 —-7.50, —4.73, -2.309, 0, 2309, 473, 7.50
8 -83, -56, -327, -1.078, 1.078, 3.27, 5.6, 83

4. Conclusions and Future Developments

This study obtained the explicit identities for Hermite Kampé de Fériet polynomials H(x,y).
The location and symmetry of the roots of the Hermite Kampé de Fériet polynomials were investigated.
We examined the symmetry of the zeros of the Hermite Kampé de Fériet polynomials for various
variables x and y, but, unfortunately, we could not find a regular pattern. However, the following
special cases showed regularity. Through numerical experiments, we will make the following series
of conjectures.

If y > 0, we can see that H,(x,y) has Re(x) = 0 reflection symmetry. Therefore, the following
conjecture is possible.

Conjecture 1. Prove or disprove that H(x,y),x € Candy > 0, has Im(x) = 0 reflection symmetry analytic
complex functions. Furthermore, Hy(x,y) has Re(x) = 0 reflection symmetry for y < 0.

As a result of investigating more n variables, it is still unknown whether the conjecture is true or
false for all variables n (see Figure 1).

Conjecture 2. Prove or disprove that H,(x,y) = 0 has n distinct solutions.
Let’s use the following notations. Ry, () denotes the number of real zeros of H,(x,y) lying on
the real plane Im(x) = 0 and Cy, () denotes the number of complex zeros of Hy(x,y). Since 1 is the

degree of the polynomial Hy,(x,y), we have R Hy(xy) =" — CH,(xy) (see Tables 1 and 2).

Conjecture 3. Prove or disprove that

R ) on, if y<o,
Hy(xy) — O, lf y > 0/

_J 0 i y<o
L2 if y>0.
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