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we estimate the convergence rates of time for this problem by using our FIM-SCP with the discretization nodes
M = 20 and step sizes Δt = 2−k for k ∈ {4, 5, 6, 7, 8} which are tabulated in Table 7. We observe that these rates
of convergence for the �∞ norm indeed are almost linear convergence O(Δt) for the different values α ∈ (0, 1).
Then, we also calculate the computational cost in term of CPU time(s) as shown in Table 7. Figure 3a,b depict
the numerical solutions u(x, t) at different times t and the surface plot of u(x, t), respectively.

Table 5. Comparison of the exact and numerical solutions for Example 2 for α = 0.8 and M = 50.

x u∗(x, 0.02)
EPM-CHT [13] FIM-SCP Algorithm 1

u(x, 0.02) Ea u(x, 0.02) Ea

0.02 0.256906 0.256321 5.84566× 10−4 0.256913 6.7146× 10−6

0.04 0.260159 0.259566 5.93809× 10−4 0.260173 1.3390× 10−5

0.06 0.263463 0.262860 6.03243× 10−4 0.263483 2.0005× 10−5

0.08 0.266817 0.266204 6.12874× 10−4 0.266844 2.6539× 10−5

0.10 0.270223 0.269601 6.22707× 10−4 0.270256 3.2970× 10−5

Table 6. Comparison of the error norms L2 and L∞ for Example 2 with α = 0.8 and Δt = 1/M.

M EPM-CHT [13] FIM-SCP Algorithm 1

L2 L∞ L1 L2 L∞

5 4.2568× 10−2 7.0345× 10−2 3.6257× 10−4 1.8745× 10−4 1.1494× 10−5

10 4.2708× 10−3 6.3200× 10−3 1.4701× 10−4 5.1150× 10−5 2.1754× 10−5

20 1.1366× 10−3 1.9300× 10−3 2.9688× 10−4 7.2352× 10−5 2.1754× 10−5

25 7.8890× 10−4 1.4410× 10−4 3.7153× 10−4 8.0893× 10−5 2.1754× 10−5

50 2.7690× 10−4 6.6400× 10−4 7.4421× 10−4 1.1440× 10−5 2.1755× 10−5

Table 7. Time convergence rates and CPU time(s) for Example 2 by FIM-SCP with M = 20.

Δt α = 0.1 α = 0.5 α = 0.9

‖u∗ − u‖∞ Rate Time(s) ‖u∗ − u‖∞ Rate Time(s) ‖u∗ − u‖∞ Rate Time(s)

2−4 3.25× 10−3 1.0396 0.2123 1.22× 10−2 0.9895 0.2128 1.88× 10−2 1.0299 0.2052
2−5 3.39× 10−3 1.0106 0.3159 6.05× 10−3 0.9951 0.3192 9.44× 10−3 1.0150 0.2836
2−6 4.25× 10−3 1.0037 0.4858 3.01× 10−3 0.9976 0.4624 4.74× 10−3 1.0075 0.4753
2−7 4.41× 10−3 1.0015 1.4507 2.91× 10−3 1.0089 1.4495 2.37× 10−3 1.0037 1.4213
2−8 4.50× 10−3 1.0007 4.7479 3.35× 10−3 1.0037 4.3760 1.18× 10−3 1.0019 4.5449

(a) u(x, t) at different times t (b) Surface plot of u(x, t)

Figure 3. The graphical solutions of Example 2 for ν = 1, M = 40, and Δt = 0.001.
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4.2. Algorithm for Two-Dimensional Time-Fractional Burgers’ Equation

Let L1 and L2 be positive real numbers, Ω = (0, L1) × (0, L2), and α ∈ (0, 1]. Consider the
two-dimensional time-fractional Burgers’ equation with a viscosity ν > 0,

∂αu
∂tα

+ u
(

∂u
∂x

+
∂u
∂y

)
− ν

(
∂2u
∂x2 +

∂2u
∂y2

)
= f (x, y, t), (x, y) ∈ Ω, t ∈ (0, T], (22)

subject to the initial condition
u(x, y, 0) = φ(x, y), (x, y) ∈ Ω, (23)

and the boundary conditions

u(0, y, t) = ψ1(y, t), u(L1, y, t) = ψ2(y, t), y ∈ [0, L2], t ∈ (0, T],

u(x, 0, t) = ψ3(x, t), u(x, L2, t) = ψ4(x, t), x ∈ [0, L1], t ∈ (0, T],
(24)

where f , φ, ψ1, ψ2, ψ3, and ψ4 are given functions. As ∂
∂x (

u2

2 ) = u ∂u
∂x and ∂

∂y (
u2

2 ) = u ∂u
∂y , we can

transform (22) to

∂αu
∂tα

+
∂

∂x

(
u2

2

)
+

∂

∂y

(
u2

2

)
− ν

(
∂2u
∂x2 +

∂2u
∂y2

)
= f (x, y, t). (25)

Let us linearize (25) by imposing the iteration at time tm = m(Δt) for m ∈ N and Δt is an arbitrary
time step. Thus, we have

∂αu
∂tα

∣∣∣
t=tm

+
∂

∂x

(
um−1

2
um
)
+

∂

∂y

(
um−1

2
um
)
− ν

(
∂2um

∂x2 +
∂2um

∂y2

)
= f m, (26)

where f m = f (x, y, tm) and um = u(x, y, tm) is the numerical solution at the mth iteration. Next,
consider the fractional order derivative in the Caputo sense as defined in Definition 2, by using (12),
then (26) becomes

m−1

∑
j=0

wj(um−j − um−j−1) +
∂

∂x

(
um−1

2
um
)
+

∂

∂y

(
um−1

2
um
)
− ν

(
∂2um

∂x2 +
∂2um

∂y2

)
= f m,

where wj =
(Δt)−α

Γ(2−α)

[
(j + 1)1−α − j1−α

]
. The above equation can be transformed to the integral equation

by taking twice integrations over both x and y, we have

m−1

∑
j=0

wj

∫ y

0

∫ η2

0

∫ x

0

∫ ξ2

0
(um−j − um−j−1)dξ1dξ2dη1dη2 +

1
2

∫ y

0

∫ η2

0

∫ x

0
(um−1um)dξ2dη1dη2

+
1
2

∫ y

0

∫ x

0

∫ ξ2

0
(um−1um)dξ1dξ2dη2 − ν

∫ y

0

∫ η2

0
umdη1dη2 − ν

∫ x

0

∫ ξ2

0
umdξ1dξ2

+ xg1(y) + g2(y) + yh1(x) + h2(x) =
∫ y

0

∫ η2

0

∫ x

0

∫ ξ2

0
f (ξ1, η1, tm)dξ1dξ2dη1dη2, (27)

where g1(y), g2(y), h1(x), and h2(x) are the arbitrary functions emerged in the process of integration
which can be approximated by the shifted Chebyshev polynomial interpolation. For r ∈ {1, 2}, define

hr(x) =
M−1

∑
i=0

h(i)r T∗i (x) and gr(y) =
N−1

∑
j=0

g(j)
r T∗j (y), (28)

where h(i)r and g(j)
r , for i ∈ {0, 1, 2, ..., M − 1} and j ∈ {0, 1, 2, ..., N − 1}, are the unknown values of

these interpolated points. Next, we divide the domain Ω into a mesh with M nodes by N nodes along x-
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and y-directions, respectively. We denote the nodes along the x-direction by x = {x1, x2, x3, ..., xM} and
the nodes along the y-direction by y = {y1, y2, y3, ..., yN}. These nodes along the x- and y-directions
are the zeros of shifted Chebyshev polynomials T∗M(x) and T∗N(y), respectively. Thus, the total number
of grid points in the system is P = M × N, where each point is an entry in the set of Cartesian product
x × y ordering as global type system, i.e., (xi, yi) ∈ x × y for i ∈ {1, 2, 3, ..., P}. By substituting each
node in (27) and hiring Ax and Ay in Section 3.2, we can change (27) to the matrix form as

m−1

∑
j=0

wjA
2
xA2

y(u
m−j − um−j−1) +

1
2

AxA2
ydiag(um−1)um +

1
2

A2
xAydiag(um−1)um

−νA2
yum − νA2

xum + XΦyg1 + Φyg2 + YΦxh1 + Φyh2 = A2
xA2

yfm.

Simplifying the above equation yields

Kum + XΦyg1 + Φyg2 + YΦxh1 + Φyh2 = A2
xA2

yfm + w0A2
xA2

yum−1 − s, (29)

where each parameter contained in (29) can be defined as follows.

K = w0A2
xA2

y +
1
2 AxA2

ydiag(um−1) + 1
2 A2

xAydiag(um−1)− νA2
y − νA2

x,

s = ∑m−1
j=1 wjA

2
xA2

y(u
m−j − um−j−1),

X = diag(x1, x2, x3, ..., xP),

Y = diag(y1, y2, y3, ..., yP),

hr = [h(0)r , h(1)r , h(2)r , ..., h(M−1)
r ]# for r ∈ {1, 2},

gr = [g(0)r , g(1)r , g(2)r , ..., g(N−1)
r ]# for r ∈ {1, 2},

fm = [ f (x1, y1, tm), f (x2, y2, tm), f (x3, y3, tm), ..., f (xP, yP, tm)]#,

um = [u(x1, y1, tm), u(x2, y2, tm), u(x3, y3, tm), ..., u(xP, yP, tm)]#.

From (28), we obtain Φx and Φy, where

Φx =

⎡⎢⎢⎢⎢⎣
T∗0 (x1) T∗1 (x1) · · · T∗M−1(x1)

T∗0 (x2) T∗1 (x2) · · · T∗M−1(x2)
...

...
. . .

...
T∗0 (xP) T∗1 (xP) · · · T∗M−1(xP)

⎤⎥⎥⎥⎥⎦ and Φy =

⎡⎢⎢⎢⎢⎣
T∗0 (y1) T∗1 (y1) · · · T∗N−1(y1)

T∗0 (y2) T∗1 (y2) · · · T∗N−1(y2)
...

...
. . .

...
T∗0 (yP) T∗1 (yP) · · · T∗N−1(yP)

⎤⎥⎥⎥⎥⎦ .

For the boundary conditions (24), we can transform them into the matrix form, similar the idea
in [21], by employing the linear combination of the shifted Chebyshev polynomials as follows,

• Left & Right boundary conditions: For each fixed y ∈ {y1, y2, y3, ..., yN}, then

u(0, y, tm) =
M−1

∑
n=0

cm
n T∗n (0) := tlT

−1
M um(·, y) = ψ1(y, tm) ⇒ (IN ⊗ tlT

−1
M )um = Ψ1 (30)

u(L1, y, tm) =
M−1

∑
n=0

cm
n T∗n (L1) := trT−1

M um(·, y) = ψ2(y, tm) ⇒ (IN ⊗ trT−1
M )um = Ψ2 (31)

• Bottom & Top boundary conditions: For each fixed x ∈ {x1, x2, x3, ..., xM}, then

u(x, 0, tm) =
N−1

∑
n=0

cm
n T∗n (0) := tbT−1

N um(x, ·) = ψ3(x, tm) ⇒ (IM ⊗ tbT−1
N )P−1um = Ψ3 (32)

u(x, L2, tm) =
N−1

∑
n=0

cm
n T∗n (L2) := ttT

−1
N um(x, ·) = ψ4(x, tm) ⇒ (IM ⊗ ttT

−1
N )P−1um = Ψ4 (33)
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where IM and IN are, respectively, the M × M and N × N identity matrices, T−1
M and T−1

N are,
respectively, the M × M and N × N matrices defined in Lemma 1, P is defined in (6), and the other
parameters are

tr = [1, 1, 1, ..., 1M−1],

tt = [1, 1, 1, ..., 1N−1],

tl = [1,−1, 1, ..., (−1)M−1],

tb = [1,−1, 1, ..., (−1)N−1],

Ψi = [ψi(y1, tm), ψi(y2, tm), ψi(y3, tm), ..., ψi(yN , tm)]# for i ∈ {1, 2},

Ψj = [ψj(x1, tm), ψj(x2, tm), ψj(x3, tm), ..., ψj(xM, tm)]# for j ∈ {3, 4}.

Finally, we can construct the system of iterative linear equations from Equations (29)–(33) for a
total of P + 2(M + N) unknowns, including um, g1, g2, h1 and h2, as follows,⎡⎢⎢⎢⎢⎢⎣

K XΦy Φy YΦx Φx

IN ⊗ tlT
−1
M 0 0 · · · 0

IN ⊗ trT−1
M 0 0 · · · 0

(IM ⊗ tbT−1
N )P−1 ...

...
. . .

...
(IM ⊗ ttT

−1
N )P−1 0 0 · · · 0

⎤⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎣
um

g1

g2

h1

h2

⎤⎥⎥⎥⎥⎥⎦ =

⎡⎢⎢⎢⎢⎢⎣
A2

xA2
y(f

m + w0um−1)− s

Ψ1

Ψ2

Ψ3

Ψ4

⎤⎥⎥⎥⎥⎥⎦ . (34)

Thus, the approximate solutions um can be reached by solving (34) in conjunction with the
initial condition (23), that is, u0 = [φ(x1, y1), φ(x2, y2), ..., φ(xP, yP)]

#, where for all (xi, yi) ∈ x × y.
Therefore, an arbitrary solution u(x, y, t) at any fixed time t can be estimated from

u(x, y, t) = tyT−1
N (IN ⊗ txT−1

M )um,

where tx = [T∗0 (x), T∗1 (x), T∗2 (x), ..., T∗M−1(x)] and ty = [T∗0 (y), T∗1 (y), T∗2 (y), ..., T∗N−1(y)].

Example 3. Consider the 2D time-fractional Burgers’ Equation (22) for (x, y) ∈ Ω = (0, 1)× (0, 1) and
t ∈ (0, 1] with the forcing term

f (x, y, t) = (x2 − x)(y2 − y)
[

2t1−α

Γ(2− α)
+ t2(x + y− 1)(2xy− x − y)

]
− 2νt(x2 + y2 − x − y),

subject to the both homogeneous of initial and boundary conditions. The analytical solution of this problem is
u∗(x, y, t) = t(x2 − x)(y2 − y). For the numerical test, we pick ν = 100, α = 0.5, Δt = 0.01, and M = N = 10.
In Table 8, the solutions approximated by our FIM-SCP Algorithm 2 are presented in the space domain Ω for
various times t. We test the accuracy of our method by measuring it with the absolute error Ea. In addition,
we seek the rates of convergence via �∞ norm of our Algorithm 2 with the nodal points M = N = 10 and
different step sizes Δt = 2−k for k ∈ {4, 5, 6, 7, 8}, we found that these convergence rates approach to the
linear convergence O(Δt) as shown in Table 9 together with the CPU times(s). Also, the graphically numerical
solutions are provided in Figure 4.

Table 8. Exact and numerical solutions of Example 3 for α = 0.5, M = N = 10 and Δt = 0.01.

(x, y) t = 0.25 t = 0.50 t = 0.75 t = 1.00

u(x, y, t) Ea u(x, y, t) Ea u(x, y, t) Ea u(x, y, t) Ea

(0.2,0.2) 0.00641 6.73× 10−6 0.0128 9.52× 10−6 0.0192 1.17× 10−5 0.0256 1.35× 10−5

(0.4,0.4) 0.01442 1.70× 10−5 0.0288 2.41× 10−5 0.0432 2.95× 10−5 0.0576 3.41× 10−5

(0.7,0.7) 0.01104 1.25× 10−5 0.0221 1.77× 10−5 0.0331 2.16× 10−5 0.0441 2.50× 10−5

(0.9,0.9) 0.00203 1.90× 10−6 0.0041 2.68× 10−6 0.0061 3.28× 10−6 0.0081 3.79× 10−6
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Algorithm 2 The numerical algorithm for solving two-dimensional time-fractional Burgers’ equation

Input: α, ν, x, y, T, M, L1, L2, Δt, φ(x, y), ψ1(y, t), ψ2(y, t), ψ3(x, t), ψ4(x, t) and f (x, y, t).
Output: An approximate solution u(x, y, T).

1: Set xk =
L1
2
[

cos
( 2k−1

2M π
)
+ 1
]

for k ∈ {1, 2, 3, ..., M}.

2: Set ys =
L2
2
[

cos
( 2k−1

2N π
)
+ 1
]

for s ∈ {1, 2, 3, ..., N}.

3: Compute X, Y, P, tx, ty, tl , tr, tb, tt, IM, IN , TM, TN , T−1
M , T−1

N , Ax, Ay and u0.

4: Calculate the total number of grid points P = M × N.

5: Construct xi and yi in the global numbering system for i ∈ {1, 2, 3, ..., P}.

6: Set t0 = 0 and m = 0.

7: while tm ≤ T do

8: Set m = m + 1.

9: Set tm = mΔt.
10: Set s = 0.

11: for j = 1 to m− 1 do

12: Compute wj =
(Δt)−α

Γ(2−α)
[(j + 1)1−α − j1−α].

13: Compute s = s + wjA
2
xA2

y(u
m−j − um−j−1).

14: end for

15: Compute K, Ψ1, Ψ2, Ψ3, Ψ4 and fm.

16: Find um by solving the iterative linear system (34).

17: end while

18: return u(x, y, T) = tyT−1
N (IN ⊗ txT−1

M )um.

Table 9. Time convergence rates and CPU time(s) for Example 3 by FIM-SCP with M = N = 10.

Δt α = 0.1 α = 0.5 α = 0.9

‖u∗ − u‖∞ Rate Time(s) ‖u∗ − u‖∞ Rate Time(s) ‖u∗ − u‖∞ Rate Time(s)

2−4 3.69× 10−3 0.99950 0.9472 3.68× 10−3 0.99969 0.9694 3.68× 10−3 0.99994 0.9947
2−5 1.83× 10−3 0.99950 1.3985 1.82× 10−3 0.99969 1.5196 1.83× 10−3 0.99994 1.6522
2−6 8.97× 10−4 0.99949 3.7041 8.94× 10−4 0.99969 4.0292 8.96× 10−4 0.99994 4.4597
2−7 4.32× 10−4 0.99947 13.718 4.29× 10−4 0.99968 12.710 4.32× 10−4 0.99994 12.606
2−8 2.00× 10−4 0.99943 39.703 1.97× 10−4 0.99965 43.573 1.99× 10−4 0.99994 40.684

(a) u(x, y, t) at different times t (b) Surface plot of u(x, y, 1)

Figure 4. The graphical solutions of Example 3 for ν = 100, M = N = 15, and Δt = 0.01..
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Example 4. Consider the 2D Burgers’ Equation (22) for x ∈ Ω = (0, 1)× (0, 1) and t ∈ (0, 1] with the
homogeneous initial condition and the forcing term

f (x, y, t) =
6t3−α(1− x2)2(1− y2)2

Γ(4− α)
+ 4t6(1− x2)3(1− y2)3(x2y + xy2 − x − y)

−0.4t3
[
(y2 − 1)2(3x2 − 1) + (x2 − 1)2(3y2 − 1)

]
,

subject to the boundary conditions corresponding to the analytical solution given by Cao et al. [14] is u∗(x, y, t) =
t3(1− x2)2(1− y2)2. By picking the parameters ν = 0.1, α = 0.5, and M = N = 10, the comparison of error
norm L2 between our FIM-SCP via Algorithm 2 and the discontinuous Galerkin method combined with finite
different scheme (DGM-FDS) presented by Cao et al. [14] are displayed in Table 10 at time t = 0.1. We can see
that our method gives a higher accuracy than the DGM-FDS at the same step size Δt. Next, we provide the CPU
times(s) and time convergence rates based on �∞ norm of our algorithm for this problem in Table 11. Then, we
see that they converge to the linear rate O(Δt). Finally, the graphical solutions of this Example 4 are provided in
Figure 5.

Table 10. Error norms L2 between DGM-FDS and FIM-SCP of Example 4 for M = N = 10.

Δt α = 0.7 α = 0.8 α = 0.9

DGM-FDS [14] Algorithm 2 DGM-FDS [14] Algorithm 2 DGM-FDS [14] Algorithm 2

0.0001 1.46× 10−4 3.0477× 10−7 1.46× 10−4 7.2386× 10−7 1.48× 10−4 1.6700× 10−6

0.00005 7.83× 10−5 1.2387× 10−7 7.76× 10−5 3.1525× 10−7 7.79× 10−5 7.7930× 10−7

0.000025 4.28× 10−5 5.0314× 10−8 4.23× 10−5 1.3726× 10−7 3.97× 10−5 3.6361× 10−7

Table 11. Time convergence rates and CPU time(s) for Example 4 by FIM-SCP with M = N = 10.

Δt α = 0.1 α = 0.5 α = 0.9

‖u∗ − u‖∞ Rate Time(s) ‖u∗ − u‖∞ Rate Time(s) ‖u∗ − u‖∞ Rate Time(s)

2−4 1.76× 10−4 1.1426 0.9535 1.76× 10−4 1.1426 1.0627 1.75× 10−4 1.1428 1.0036
2−5 9.08× 10−5 1.0666 2.0538 9.08× 10−5 1.0666 1.7050 9.06× 10−5 1.0667 1.6107
2−6 4.61× 10−5 1.0323 4.3500 4.61× 10−5 1.0323 4.5234 4.60× 10−5 1.0323 3.9589
2−7 2.33× 10−5 1.0159 12.655 2.32× 10−5 1.0159 12.406 2.32× 10−5 1.0159 11.924
2−8 1.67× 10−5 1.0079 42.025 1.17× 10−5 1.0079 39.778 1.16× 10−5 1.0079 41.899

(a) u(x, y, t) at different times t (b) Surface plot of u(x, y, 1)

Figure 5. The graphical solutions of Example 4 for ν = 0.1, M = N = 15, and Δt = 0.01.
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4.3. Algorithm for Time-Fractional Coupled Burgers’ Equation

Consider the following coupled Burgers’ equation with fractional time derivative for α ∈ (0, 1]

∂αu
∂tα

=
∂2u
∂x2 + 2u

∂u
∂x

− ∂(uv)
∂x

+ f (x, t), x ∈ (0, L), t ∈ (0, T]

∂βv
∂tβ

=
∂2v
∂x2 + 2v

∂v
∂x

− ∂(uv)
∂x

+ g(x, t), x ∈ (0, L), t ∈ (0, T]

(35)

subject to the initial conditions
u(x, 0) = φ1(x), x ∈ [0, L],

v(x, 0) = φ2(x), x ∈ [0, L],
(36)

and the boundary conditions

u(0, t) = ψ1(t), u(L, t) = ψ2(t), t ∈ (0, T],

v(0, t) = ψ3(t), v(L, t) = ψ4(t), t ∈ (0, T],
(37)

where f (x, t), g(x, t), φ1 (x) , φ2 (x), ϕ1 (t), ϕ2 (t) , ϕ3 (t) , and ϕ4 (t) are the given functions.
The procedure of using our FIM for solving u and v are similar, we only discuss here the details
in finding the approximate solution u.

We begin with linearizing the system (35) by taking the an iteration of time tm = m(Δt) for m ∈ N,
where Δt is a time step. We obtain

∂αu
∂tα

∣∣∣
t=tm

=
∂2um

∂x2 + 2um−1 ∂um

∂x
− ∂(vm−1um)

∂x
+ f (x, tm),

∂βv
∂tβ

∣∣∣
t=tm

=
∂2vm

∂x2 + 2vm−1 ∂vm

∂x
− ∂(um−1vm)

∂x
+ g(x, tm),

where um = u(x, tm) and vm = v(x, tm) are numerical solutions of u and v in the mth iteration,
respectively. Next, let us consider the fractional time derivative for α ∈ (0, 1] in the Caputo sense by
using the same procedure as in (12), by taking the double layer integration on both sides, we obtain

m−1

∑
j=0

wα
j

∫ xk

0

∫ η

0
(um−j − um−j−1)dξdη = um(xk) + 2

∫ xk

0

∫ η

0

(
um−1 ∂um

∂ξ

)
dξdη

−
∫ xk

0
(vm−1um)dη +

∫ xk

0

∫ η

0
f (ξ, tm)dξdη + d1xk + d2, (38)

m−1

∑
j=0

wβ
j

∫ xk

0

∫ η

0
(vm−j − vm−j−1)dξdη = vm(xk) + 2

∫ xk

0

∫ η

0

(
vm−1 ∂vm

∂ξ

)
dξdη

−
∫ xk

0
(um−1vm)dη +

∫ xk

0

∫ η

0
g(ξ, tm)dξdη + d3xk + d4, (39)

where wγ
j = (Δt)−γ

Γ(2−γ)

[
(j + 1)1−γ − j1−γ

]
for γ ∈ {α, β}, and d1, d2, d3, and d4 are arbitrary constants of

integration. For the nonlinear terms in (38) and (39), by using the same process as in (15), we let

q1(xk) :=
∫ xk

0

∫ η

0

(
um−1 ∂um

∂ξ

)
dξdη =

∫ xk

0
um−1umdη −

∫ xk

0

∫ η

0
T′(ξ)T−1um−1umdξdη,

q2(xk) :=
∫ xk

0

∫ η

0

(
vm−1 ∂vm

∂ξ

)
dξdη =

∫ xk

0
vm−1vmdη −

∫ xk

0

∫ η

0
T′(ξ)T−1vm−1vmdξdη.
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For computational convenience, we express q1(xk) and q2(xk) into matrix forms as

q1 = Adiag(um−1)um −A2diag(T′T−1um−1)um := Q1um, (40)

q2 = Adiag(vm−1)vm −A2diag(T′T−1vm−1)vm := Q2vm, (41)

where T′ is defined in (17) and other parameters obtained on (40) and (41) are

Q1 = Adiag(um−1)−A2diag(T′T−1um−1),

Q2 = Adiag(vm−1)−A2diag(T′T−1vm−1),

um = [u(x1, tm), u(x2, tm), u(x3, tm), ..., u(xM, tm)]#,

vm = [v(x1, tm), v(x2, tm), v(x3, tm), ..., v(xM, tm)]#,

qi = [qi(x1), qi(x2), qi(x3), ..., qi(xM)]# for i ∈ {1, 2}.

Consequently, using (40), (41), and the procedure in Section 3.1, we can convert both (38) and (39)
into the matrix forms as

m−1

∑
j=0

wα
j A2(um−j − um−j−1) = um + 2Q1um −Adiag(vm−1)um + A2fm + d1x + d2i,

m−1

∑
j=0

wβ
j A2(vm−j − vm−j−1) = vm + 2Q2vm −Adiag(um−1)vm + A2gm + d3x + d4i.

Rearranging the above system yields[
I + 2Q1 −Adiag(vm−1)− wα

0A2
]
um + d1x + d2i = s1 − wα

0A2um−1 −A2fm, (42)[
I + 2Q2 −Adiag(um−1)− wβ

0 A2
]
vm + d3x + d4i = s2 − wβ

0 A2vm−1 −A2gm, (43)

where I is the M × M identity matrix and other parameters are defined by

s1 = ∑m−1
j=1 wα

j A2(um−j − um−j−1),

s2 = ∑m−1
j=1 wβ

j A2(vm−j − vm−j−1),

fm = [ f (x1, tm), f (x2, tm), f (x3, tm), ..., f (xM, tm)]#,

gm = [g(x1, tm), g(x2, tm), g(x3, tm), ..., g(xM, tm)]#.

The boundary conditions (37) are transformed into the vector forms by using the same process as
in (19) and (20), that is,

tlT
−1um = ψ1(tm) and trT−1um = ψ2(tm), (44)

tlT
−1vm = ψ3(tm) and trT−1vm = ψ4(tm), (45)

where tl = [1,−1, 1, ..., (−1)M−1] and tr = [1, 1, 1, ..., 1]. Finally, starting from the initial guesses

u0 = [φ1(x1), φ1(x2), φ1(x3), ..., φ1(xM)]# and v0 = [φ2(x1), φ2(x2), φ2(x3), ..., φ2(xM)]#,

we can construct the system of the mth iterative linear equations for finding numerical solutions.
The approximate solutions of u can be obtained from (42) and (44) while the approximate solutions of
v can be reached by using (43) and (45):⎡⎢⎣ I + 2Q1 −Adiag(vm−1)− wα

0A2 x i

tlT
−1 0 0

trT−1 0 0

⎤⎥⎦
⎡⎢⎣ um

d1

d2

⎤⎥⎦ =

⎡⎢⎣ s1 − wα
0A2um−1 −A2fm

ψ1(tm)

ψ2(tm)

⎤⎥⎦ , (46)
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and ⎡⎢⎣ I + 2Q2 −Adiag(um−1)− wβ
0 A2 x i

tlT
−1 0 0

trT−1 0 0

⎤⎥⎦
⎡⎢⎣ vm

d3

d4

⎤⎥⎦ =

⎡⎢⎣ s2 − wβ
0 A2vm−1 −A2gm

ψ3(tm)

ψ4(tm)

⎤⎥⎦ . (47)

For any fixed t, the approximate solutions of u(x, t) and v(x, t) on the space domain
can be obtained by computing u(x, t) = txT−1um and v(x, t) = txT−1vm, where tx =

[T∗0 (x), T∗1 (x), T∗2 (x), ..., T∗M−1(x)].

Example 5. Consider the time-fractional coupled Burgers’ Equation (35) for x ∈ (0, 1) and t ∈ (0, 1] with the
forcing terms

f (x, t) =
6xt3−α

Γ(4− α)
and g(x, t) =

6xt3−β

Γ(4− β)

subject to the homogeneous initial conditions and the boundary conditions corresponding to the analytical
solution given by Albuohimad and Adibi [25] is u∗(x, t) = v∗(x, t) = xt3. For the numerical test, we choose
the kinematic viscosity ν = 1, α = β = 0.5 and M = 40. Table 12 presents the exact solution u∗(x, 1) and the
numerical solutions u(x, 1) together with v(x, 1) by using our FIM-SCP through Algorithm 3. The accuracy is
measured by the absolute error Ea. Table 13 displays the comparison of the error norms L∞ of our approximate
solutions and the approximate solutions obtained by using the collocation method with FDM (CM-FDM)
introduced by Albuohimad and Adibi in [25]. As can be seen from Table 13, our FIM-SCP Algorithm 3 is
more accurate. Next, the time convergence rates based on �∞ and CPU times(s) of this problem that solved by
Algorithm 3 are demonstrated in Table 14. Since the approximate solutions u and v are the same, we only present
the graphical solution of u in Figure 6.

Algorithm 3 The numerical algorithm for solving 1D time-fractional coupled Burgers’ equation

Input: α, β, x, L, T, M, Δt, φ1(x), φ2(x), ψ1(t), ψ2(t), ψ3(t), ψ4(t), f (x, t) and g(x, t).
Output: The approximate solutions u(x, T) and v(x, T).

1: Set xk =
L
2
[

cos
( 2k−1

2M π
)
+ 1
]

for k ∈ {1, 2, 3, ..., M}.

2: Compute x, i, tl , tr, tx, A, I, T, T′, T, T−1, u0 and v0.

3: Set t0 = 0 and m = 0.

4: while tm ≤ T do

5: Set m = m + 1.

6: Set tm = mΔt.
7: Set s1 = 0 and s2 = 0.

8: for j = 1 to m− 1 do

9: Compute wα
j = (Δt)−α

Γ(2−α)
[(j + 1)1−α − j1−α].

10: Compute wβ
j = (Δt)−β

Γ(2−β)
[(j + 1)1−β − j1−β].

11: Compute s1 = s1 + wα
j A2(um−j − um−j−1).

12: Compute s2 = s2 + wβ
j A2(vm−j − vm−j−1).

13: end for

14: Calculate Q1, Q2, fm and gm.

15: Find um by solving the iterative linear system (46).

16: Find vm by solving the iterative linear system (47).

17: end while

18: return u(x, T) = tx(T∗)−1um and v(x, T) = tx(T∗)−1vm.
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Table 12. Comparison of exact and numerical solutions of Example 5 for α = β = 0.5, M = 40.

Δt x u∗(x, 1) u(x, 1) Ea(u) v(x, 1) Ea(v)

0.005 0.2 0.2 0.200014 1.3637× 10−5 0.200014 1.3637× 10−5

0.4 0.4 0.400024 2.4030× 10−5 0.400024 2.4030× 10−5

0.6 0.6 0.600028 2.7782× 10−5 0.600028 2.7782× 10−5

0.001 0.2 0.2 0.200001 1.2398× 10−6 0.200001 1.2398× 10−6

0.4 0.4 0.400002 2.1845× 10−6 0.400002 2.1845× 10−6

0.6 0.6 0.600003 2.5250× 10−6 0.600003 2.5250× 10−6

0.0005 0.2 0.2 0.200000 4.4002× 10−7 0.200000 4.4002× 10−7

0.4 0.4 0.400001 7.7529× 10−7 0.400001 7.7529× 10−7

0.6 0.6 0.600001 8.9611× 10−7 0.600001 8.9611× 10−7

Table 13. Comparison of error norms L∞ of Example 5 for α = β = 0.5, M = 5 and t = 1.

Δt CM-FDM [25] FIM-SCP Algorithm 3

L∞(u) L∞(v) L∞(u) L∞(v)

0.03125 3.96243489× 10−4 3.96243489× 10−4 2.0275× 10−4 2.0275× 10−4

0.015625 1.46199451× 10−4 1.46199451× 10−4 7.3260× 10−5 7.3260× 10−5

0.0078125 5.30198057× 10−5 5.30198057× 10−5 2.6297× 10−5 2.6297× 10−5

0.00390625 1.90424033× 10−5 1.90424033× 10−5 9.3967× 10−6 9.3967× 10−6

0.001953125 6.80038150× 10−6 6.80038150× 10−6 3.3472× 10−6 3.3472× 10−6

Table 14. Time convergence rates and CPU time(s) for Example 5 by FIM-SCP with M = 20.

Δt α = β = 0.1 α = β = 0.5 α = β = 0.9

‖u∗ − u‖∞ Rate Time(s) ‖u∗ − u‖∞ Rate Time(s) ‖u∗ − u‖∞ Rate Time(s)

2−4 1.41× 10−3 1.1426 0.3901 1.41× 10−3 1.1426 0.4008 1.40× 10−3 1.1427 0.4801
2−5 7.26× 10−4 1.0666 0.4064 7.26× 10−4 1.0666 0.4292 7.25× 10−4 1.0667 0.4895
2−6 3.69× 10−4 1.0323 0.8505 3.69× 10−4 1.0323 0.9028 3.68× 10−4 1.0323 0.8715
2−7 1.86× 10−4 1.0159 2.5623 1.86× 10−4 1.0159 2.4748 1.86× 10−4 1.0159 2.7062
2−8 9.32× 10−5 1.0079 8.8157 9.32× 10−5 1.0079 8.2575 9.32× 10−5 1.0079 8.4962

(a) u(x, t) at different times t (b) Surface plot of u(x, t)

Figure 6. The graphical solutions of Example 5 for α = β = 0.5, M = 40, and Δt = 0.001.

Example 6. Consider the time-fractional coupled Burgers’ Equation (35) for x ∈ (0, 1) and t ∈ (0, 1] with the
forcing terms

f (x, t) =
[

Γ(4)t−α

Γ(4− α)
+ 1
]

t3sin(x) and g(x, t) =
[

Γ(4)t−β

Γ(4− β)
+ 1
]

t3sin(x)
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subject to the homogeneous initial conditions and the boundary conditions corresponding to the analytical
solution given by Albuohimad and Adibi [25] is u∗(x, t) = v∗(x, t) = t3sin(x). For the numerical test, we
choose the viscosity ν = 1, α = β = 0.5 and M = 5. Table 15 provides the comparison of error norms L∞

between our FIM-SCP and the CM-FDM in [25] for various values of Δt and M, it show that our method is
more accurate. Moreover, Table 16 illustrates the rates of convergence and CPU times(s) for M = 20. Figure 7a,b
show the numerical solutions u(x, t) at different times t and the surface plot of u(x, t), respectively. Note that
we only show the graphical solution of u(x, t) since the approximate solutions u(x, t) and v(x, t) are the same.

Table 15. Comparison of error norms L∞ between CM-FDM and FIM-SCP for Example 6.

M Δt
CM-FDM [25] FIM-SCP Algorithm 3

L∞(u) L∞(v) L∞(u) L∞(v)

5 1/4 2.38860019× 10−3 2.38860019× 10−3 1.3600× 10−3 1.3600× 10−3

5 1/16 3.68124891× 10−4 3.68124891× 10−4 1.5995× 10−4 1.5995× 10−4

5 1/32 1.33717524× 10−4 1.33717524× 10−4 5.3813× 10−5 5.3813× 10−5

3 1/128 2.16075055× 10−3 2.16075055× 10−3 2.7726× 10−3 2.7726× 10−3

4 1/128 1.41457658× 10−4 1.41457658× 10−4 1.6397× 10−4 1.6397× 10−4

5 1/128 4.69272546× 10−5 4.69272546× 10−5 1.7565× 10−5 1.7565× 10−5

Table 16. Time convergence rates and CPU time(s) for Example 6 by FIM-SCP with M = 20.

Δt
α = β = 0.1 α = β = 0.5 α = β = 0.9

‖u∗ − u‖∞ Rate Time(s) ‖u∗ − u‖∞ Rate Time(s) ‖u∗ − u‖∞ Rate Time(s)

2−4 1.18× 10−3 1.1427 0.4041 1.18× 10−3 1.1427 0.3873 1.18× 10−3 1.1427 0.3982

2−5 6.11× 10−4 1.0667 0.4902 6.11× 10−4 1.0667 0.4468 6.11× 10−4 1.0667 0.4245

2−6 3.11× 10−4 1.0323 0.8941 3.11× 10−4 1.0323 0.8829 3.11× 10−4 1.0323 0.8873

2−7 1.57× 10−4 1.0159 2.5981 1.57× 10−4 1.0159 2.6828 1.57× 10−4 1.0159 2.4627

2−8 7.91× 10−5 1.0079 7.9922 7.91× 10−5 1.0079 8.3994 7.90× 10−5 1.0079 8.2681

(a) u(x, t) at different times t (b) Surface plot of u(x, t)

Figure 7. The graphical results of Example 6 for α = β = 0.5, M = 40 and Δt = 0.001.

5. Conclusions and Discussion

In this paper, we applied our improved FIM-SCP to develop the decent and accurate
numerical algorithms for finding the approximate solutions of time-fractional Burgers’ equations
both in one- and two-dimensional spatial domains and time-fractional coupled Burgers’ equations.
Their fractional-order derivatives with respect to time were described in the Caputo sense and

128



Mathematics 2019, 7, 1201

estimated by forward difference quotient. According to Example 1, even though, we obtain similar
accuracy, however, it can be seen that our method does not require the solution to be separable among
the spatial and temporal variables. For Example 2, the results confirm that even with nonlinear FDEs,
the FIM-SCP provides better accuracy than FDM. For two dimensions, Example 4 shows that even
with the small kinematic viscosity ν, our method can deal with a shock wave solution, which is not
globally continuously differentiable as that of the classical Burgers’ equation under the same effect of
small kinematic viscosity ν. We can also see from Examples 5 and 6 that our proposed method can be
extended to solve the time-fractional Burgers’ equation and we expect that it will also credibly work
with other system of time-fractional nonlinear equation. We notice that our method provides better
accuracy even when we use a small number of nodal points. Evidently, when we decrease the time
step, it furnishes more accurate results. Also, we illustrated the time convergence rate of our method
based on �∞ norm, we observe that it approaches to the linear convergence O(Δt). Finally, we show the
computational cost in terms of CPU time(s) for each example. An interesting direction for our future
work is to extend our technique to solve space-fractional Burgers’ equations and other nonlinear FDEs.
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Abbreviations

The following abbreviations are used in this manuscript.

CM-FDM collocation method with finite difference method
DGM-FDS discontinuous Galerkin method with finite different scheme
EPM-CHT expansion method with Cole–Hopf transformation
FDE fractional differential equation
FDM finite difference method
FIM finite integration method
FIM-SCP finite integration method with shifted Chebyshev polynomial
PDE partial differential equation
QBS-FEM quadratic B-spline finite element Galerkin method
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Department of Mathematics, Technical University of Cluj-Napoca, str. Memorandumului 28,
RO-400114 Cluj-Napoca, Romania; Adrian.Holhos@math.utcluj.ro
* Correspondence: Daniela.Rosca@math.utcluj.ro

Received: 13 May 2020; Accepted: 12 June 2020; Published: 17 June 2020

Abstract: We construct a new volume preserving map from the unit ball B3 to the regular 3D
octahedron, both centered at the origin, and its inverse. This map will help us to construct refinable
grids of the 3D ball, consisting in diameter bounded cells having the same volume. On this 3D
uniform grid, we construct a multiresolution analysis and orthonormal wavelet bases of L2(B3),
consisting in piecewise constant functions with small local support.

Keywords: wavelets on 3D ball; uniform 3D grid; volume preserving map

1. Introduction

Spherical 3D signals occur in a wide range of fields, including computer graphics, and medical
imaging (e.g., 3D reconstruction of medical images [1]), crystallography (texture analysis of crystals) [2,3]
and geoscience [4–6]. Therefore, we need suitable efficient techniques for manipulating such signals,
and one of the most efficient technique consists in using wavelets on the 3D ball (see e.g., [4–10] and
the references therein). In this paper we propose to construct an orthonormal basis of wavelets with
small support, defined on the 3D ball B3, starting from a multiresolution analysis. Our wavelets will
be piecewise constant functions on the cells of a uniform and refinable grid of B3. By a refinable
(or hierarchical) grid we mean that the cells can be divided successively into a given number of smaller
cells of the same volume. By a uniform grid we mean that all the cells at a certain level of subdivision
have the same volume. These two very important properties of our grid derive from the fact that it is
constructed by mapping a uniform and refinable grid of the 3D regular octahedron, using a volume
preserving map onto B3. Compared to the wavelets on the 3D ball constructed in [8,10], with localized
support, our wavelets have local support, and this is very important when dealing with data consisting
in big jumps on small portions, as shown in [11]. Another construction of piecewise constant wavelets
on the 3D ball was realized in [7], starting from a similar construction on the 2D sphere. The author
assumes that his wavelets are the first Haar wavelets on the 3D ball which are orthogonal and symmetric,
even though we do not see any symmetry, neither in the cells, nor in the decomposition matrix. Moreover,
his 8× 8 decomposition matrices change in each step of the refinement, the entries depending on the
volumes of the cells, which are, in our opinion, difficult to evaluate and for this reason they are not
calculated explicitly in [7]. Another advantage of our construction is that our cells are diameter bounded,
unlike the cells in [7] containing the origin, which become long and thin after some steps of refinement.

The paper is structured as follows. In Section 2 we introduce some notations used for the
construction of the volume preserving map. In Section 3 we construct the volume preserving maps
between the regular 3D octahedron and the 3D ball B3. In Section 4 we construct a uniform refinable
grid of the regular octahedron followed by implementation issues, and its projection onto B3 . Finally,
in Section 5 we construct a multiresolution analysis and piecewise constant wavelet bases of L2(B3).
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2. Preliminaries

Consider the ball of radius r centered at the origin O, defined as

B
3 =

{
(x, y, z) ∈ R

3, x2 + y2 + z2 ≤ r2
}

and the regular octahedron K of the same volume, centered at O and with vertices on the
coordinate axes

K =
{
(x, y, z) ∈ R

3, |x|+ |y|+ |z| ≤ a
}

.

Since the volume of the regular octahedron is 4a3/3, we have

a = r 3
√

π. (1)

The parametric equations of the ball are

x = ρ cos θ sin ϕ,

y = ρ sin θ sin ϕ, (2)

z = ρ cos ϕ,

where ϕ ∈ [0, π] is the colatitude, θ ∈ [0, 2π) is the longitude and ρ ∈ [0, r] is the distance to the origin.
A simple calculation shows that the volume element of the ball is

dV = ρ2 sin ϕ dρ dθ dϕ. (3)

The ball and the octahedron can be split into eight congruent parts (see Figure 1), each part being
situated in one of the eight octants I±i , i = 0, 1, 2, 3,

I+0 = {(x, y, z), x ≥ 0, y ≥ 0, z ≥ 0}, I−0 = {(x, y, z), x ≥ 0, y ≥ 0, z ≤ 0},

I+1 = {(x, y, z), x ≤ 0, y ≥ 0, z ≥ 0}, I−1 = {(x, y, z), x ≤ 0, y ≥ 0, z ≤ 0},

I+2 = {(x, y, z), x ≤ 0, y ≤ 0, z ≥ 0}, I−2 = {(x, y, z), x ≤ 0, y ≤ 0, z ≤ 0},

I+3 = {(x, y, z), x ≥ 0, y ≤ 0, z ≥ 0}, I−3 = {(x, y, z), x ≥ 0, y ≤ 0, z ≤ 0}.

Let Bs
i and Ks

i be the regions of B3 and K, situated in Is
i , respectively.

Figure 1. The eight spherical zones obtained as intersections of the coordinate planes with the ball B3.

Next we will construct a map U : B3 → K which preserves the volume, i.e., U satisfies

vol(D) = vol(U (D)), for all D ⊆ B
3, (4)
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where vol(D) denotes the volume of a domain D. For an arbitrary point (x, y, z) ∈ B3 we denote

(X, Y, Z) = U (x, y, z) ∈ K. (5)

3. Construction of the Volume Preserving Map U and Its Inverse

We focus on the region B
+
0 ⊂ I+0 where we consider the points A = (r, 0, 0), B = (0, r, 0),

C = (0, 0, r) and the vertical plane of equation y = x tan α with α ∈ (0, π/2) (see Figure 2 (left)).
We denote by M its intersection with the great arc ÃB of the sphere of radius r. More precisely,
M = (r cos α, r sin α, 0). The volume of the spherical region OAMC equals r3α/3.

B(0, r, 0)

M (r cosα, r sinα, 0)

α

O

C(0, 0, r)

A(r, 0, 0)
B′
(
0,

L√
2
,0
)

M’

β

O

C′
(
0,0,

L√
2

)

A′
( L√

2
,0,0

)

Figure 2. The spherical region OAMC and its image OA′M′C′ = U (OAMC) on the octahedron.

Now we intersect the region K
+
1 of the octahedron with the vertical plane of equation y = x tan β

and denote by M′(m, n, 0) its intersection with the edge A′B′, where A′ (a, 0, 0) , B′ (0, a, 0) (see Figure 2
(right)). Then m + n = a and from n = m tan β we find

m = a · 1
1 + tan β

, n = a · tan β

1 + tan β
.

The volume of OA′M′C′ is

V(OA′M′C′) = OC′ · A(OA′M′)
3

=
a
3
· OA′ · n

2
=

a3 tan β

6(1 + tan β)
.

If we want the volume of the region OAMC of the unit ball to be equal to the volume of OA′M′C′,
we obtain

α =
π

2
· tan β

1 + tan β
, whence tan β =

2α

π − 2α
.

This give us a first relation between (x, y, z) and (X, Y, Z):

Y
X

=
2 arctan y

x
π − 2 arctan y

x
.

Using the spherical coordinates (2) we obtain

Y =
2θ

π − 2θ
· X. (6)

In order to obtain a second relation between (x, y, z) and (X, Y, Z), we impose that, for an arbitrary
ρ̃ ∈ (0, r] the region

{
(x, y, z) ∈ R

3, x2 + y2 + z2 ≤ ρ̃2, x, y, z ≥ 0
}

of volume
πρ̃3

6
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is mapped by U onto

{
(X, Y, Z) ∈ R

3, X + Y + Z ≤ �, X, Y, Z ≥ 0
}

of volume
�3

6
.

Then, the volume preserving condition (4) implies � = a · ρ̃/r, with a satisfying (1). Thus,

X + Y + Z =
a
r

√
x2 + y2 + z2

and in spherical coordinates this can be written as

X + Y + Z =
aρ

r
. (7)

In order to have a volume preserving map, the modulus of the Jacobian J(U ) of U must be 1, or,
equivalently, taking into account the volume element (3), we must have

J(U ) =

∣∣∣∣∣∣∣
X′

ρ X′
ϕ X′

θ

Y′
ρ Y′

ϕ Y′
θ

Z′
ρ Z′

ϕ Z′
θ

∣∣∣∣∣∣∣ = ρ2 sin ϕ. (8)

Taking into account formula (7), we have

J(U ) =

∣∣∣∣∣∣∣
X′

ρ X′
ϕ X′

θ

Y′
ρ Y′

ϕ Y′
θ

a/r − X′
ρ −Y′

ρ −X′
ϕ −Y′

ϕ −X′
θ −Y′

θ

∣∣∣∣∣∣∣ =
∣∣∣∣∣∣∣

X′
ρ X′

ϕ X′
θ

Y′
ρ Y′

ϕ Y′
θ

a/r 0 0

∣∣∣∣∣∣∣ =
a
r

∣∣∣∣∣X′
ϕ X′

θ

Y′
ϕ Y′

θ

∣∣∣∣∣ .
Further, using relation (6) we get

J(U ) = a
r

∣∣∣∣∣ X′
ϕ X′

θ
2θ

π−2θ · X′
ϕ

2θ
π−2θ · X′

θ +
2π

(π−2θ)2 · X

∣∣∣∣∣ = a
r

∣∣∣∣∣X′
ϕ X′

θ

0 2π
(π−2θ)2 · X

∣∣∣∣∣ = 2πa
r(π − 2θ)2 XX′

ϕ.

For the last equality, we have multiplied the first row by −2θ/(π − 2θ) and we have added it to the
second row. Then, using the expression for J(U ) obtained in (8) we get the differential equation

2X′
ϕ · X =

rρ2

πa
(π − 2θ)2 sin ϕ.

The integration with respect to ϕ gives

X2 = − r(π − 2θ)2

πa
ρ2 cos ϕ + C(θ, ρ),

and further, for finding C(θ, ρ) we use the fact that, for ϕ = π/2 we must obtain Z = 0. Thus,
for ϕ = π/2 we have

X2 = C(θ, ρ), so Y =
2θ

π − 2θ

√
C(θ, ρ), and

Z =
aρ

r
− X −Y =

aρ

r
− π

π − 2θ

√
C(θ, ρ).

Thus, Z = 0 is obtained for

C(θ, ρ) =
a2ρ2

π2r2 (π − 2θ)2,
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and finally, the map U restricted to the region I+0 is

X =

√
2

π2/3 · ρ(π − 2θ) sin
ϕ

2
, (9)

Y =

√
2

π2/3 · ρ · 2θ sin
ϕ

2
, (10)

Z = π1/3ρ
(
1−

√
2 sin

ϕ

2
)
. (11)

In the other seven octants, the map U can be obtained by symmetry as follows. A point (x, y, z) ∈
B3, can be written as

(x, y, z) = (sgn(x) · |x|, sgn(y) · |y|, sgn(z) · |z|), with (|x|, |y|, |z|) ∈ I+0 .

Therefore, if we denote by (X, Y, Z) = U (|x|, |y|, |z|), then we can define U (x, y, z) as

U (x, y, z) = (sgn(x) · X, sgn(y) ·Y, sgn(z) · Z). (12)

Next we deduce the formulas for the inverse of U . First, from (6) we obtain

θ =
πY

2(X + Y)
,

and from (7) we have
ρ =

r
a
(X + Y + Z) = π−1/3(X + Y + Z).

Adding (9) and (10), after some more calculations we obtain

sin
ϕ

2
=

X + Y√
2(X + Y + Z)

,

and further

cos ϕ =
Z(2X + 2Y + Z)
(X + Y + Z)2 , sin ϕ =

X + Y
X + Y + Z

√
2−
(

X + Y
X + Y + Z

)2
.

Finally, the inverse U−1 : K → B3 is defined by

x = π−1/3(X + Y)

√
2−
(

X + Y
X + Y + Z

)2
cos

πY
2(X + Y)

, (13)

y = π−1/3(X + Y)

√
2−
(

X + Y
X + Y + Z

)2
sin

πY
2(X + Y)

, (14)

z = π−1/3 Z(2X + 2Y + Z)
(X + Y + Z)

. (15)

for (X, Y, Z) ∈ K
+
0 , and for the other seven octants the formulas can be calculated as in (12).

4. Uniform and Refinable Grids of the Regular Octahedron and of the Ball

In this section we construct a uniform refinement of the regular octahedron K of volume vol(K),
more precisely a subdivision of K into 64 cells of two shapes, each of them having the volume
vol(K)/64. This subdivision can be repeated for each of the 64 small cells, the resulting 642 cells
of volume vol(K)/642 being of one of the two types from the first refinement. Next, the volume
preserving map U will allow us the construction of uniform and refinable grids of the 3D ball B3 by
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transporting the octahedral uniform refinable 3D grids, and further, the construction of orthonormal
piecewise constant wavelets on the 3D ball.

4.1. Refinement of the Octahedron

The initial octahedron K consists in four congruent cells, each situated in one of the octants
I+i ∪ I−i , i = 0, 1, 2, 3 (see Figure 3). We will say that this type of cell is T0, the index 0 of T0 being the
coarsest level of the refinement. For simplifying the writing we denote by N0 the set of positive natural
numbers and by Nn = {1, 2, . . . , n}, for n ∈ N0.

X

Y

Z

O

A
B

C

D

M
N

P

Q R

Figure 3. Left: one of the four cells of type T0 constituting the octahedron. Right: each cell of type T0

can be subdivided into six cells of type T1 and two cells of type M1.

4.1.1. First Step of Refinement

The cell T0 = (ABCD) ∈ I+0 ∪ I−0 , with A(a, 0, 0), B(0, a, 0), C(0, 0, a), D(0, 0,−a) (see Figure 3),
will be subdivided into eight smaller cells having the same volume, as follows: we take the mid-points
M, N, P, Q, R of the edges AC, BC, AB, AD, BD, respectively. Thus, one obtains t1 = 6 cells of type
T1 (MQOP, MQAP, NROP, NRBP, ODQR and COMN), and m1 = 2 other cells, OMNP and OPQR,
of another type, say M1. The cells of type T1 have the same shape with the cells T0. Their volumes are

vol(T1) = vol(M1) =
vol(T0)

8
.

Figures 4 and 5 also show the eight cells at the first step of refinement.
Similarly we refine the other three cells situated in I+i ∪ I−i , i = 1, 2, 3, therefore the total number

of cells after the first step of refinement is 32, more precisely 24 of type T1 and 8 of type M1.

136



Mathematics 2020, 8, 994

Figure 4. The subdivision of a T cell.

Figure 5. The first step of the refinement: the cell T0 is divided into two cells of type M1 (yellow) and
six cells of type T1: two red, two blue and two green.

4.1.2. Second Step of Refinement

A cell of type T1 will be subdivided in the same way as a cell of type T0, i.e., into six cells of type
T2 and two cells of type M2. Their volumes will be

vol(T2) = vol(M2) =
vol(T0)

82 .

Therefore, from the subdivision of the 6 cells of type T1 we have 36 cells of type T2 and 12 cells of
type M2.

For a cell (OMNP) of type M1, which is a regular tetrahedron of edge �1 = a
√

2/2, we take the
mid-points of the six edges (see Figures 6 and 7). This will give four cells of type T2 in the middle and
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four cells of type M2, i.e., regular tetrahedrons of edge �2 = a
√

2/22. From the subdivision of the two
cells of type M1 we have 8 cells of type T2 and 8 cells of type M2.

Figure 6. The four cells of type T of the subdivision of a cell of type M.

Figure 7. The subdivision of a cell of type M1 into four cells of type M: the four tetrahedrons at the
corners and four cells of type T in the middle, forming an octahedron.

In conclusion, the second step of subdivision yields in I+0 ∪ I−0 t2 = 44 cells of type T2 and
m2 = 20 cells of type M2, each having the volume vol(T0)/64, therefore the total number of cells after
the second refinement will be 4 · 82, more precisely 76 of type T2 and 80 of type M2.

4.1.3. The General Step of Refinement

Let mj and tj denote the numbers of cells of type Mj and Tj, respectively, resulted at the step j
of the subdivision, starting from one cell of type T0. At this step, each of the tj−1 cells of type Tj−1 is
subdivided into 6 cells of type Tj and 2 cells of type Mj, and each of the mj−1 cells of type Mj−1 is
subdivided into 4 cells of type Tj and 4 cells of type Mj. This implies

tj = 6tj−1 + 4mj−1,

mj = 2tj−1 + 4mj−1,

or (
tj
mj

)
= A

(
tj−1

mj−1

)
= A2

(
tj−2

mj−2

)
= . . . = Aj

(
t0

m0

)
,
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with t0 = 1, m0 = 0 and A =

(
6 4
2 4

)
. After some calculations we obtain

Aj =
1
3

(
2j(22j+1 + 1) 2j+1(22j − 1)

2j(22j − 1) 2j(22j + 2)

)
, whence

tj =
2j

3
(22j+1 + 1), mj =

2j

3
(22j − 1),

the total number of cells of K+
1 ∪K

−
1 at step j being tj + mj = 8j, and 4 · 8j for the whole octahedron K.

Each of the cells of type Tj and Mj has the volume vol(T0)/8j.

4.2. Implementation Issues

Every cell of the polyhedron is identified by the coordinates of its four vertices. We have two
types of cells, which will be denoted by T and M.

A cell of type T has the same coordinates x and y for the first two vertices. The z coordinate of
the first vertex is greater than the z coordinate of the second vertex and the mean value of these z
coordinates gives the value of the z coordinate of the third and fourth vertices of T.

A cell of type M has two pairs of vertices at the same altitude (the same value of the z coordinate).
At every step of refinement, every cell T is divided into 6 cells of type T and two cells of

type M. Suppose [p1, p2, p3, p4] is the array giving the coordinates of the four vertices of a T cell.
The coordinates of the vertices of the next level cells are computed as follows

next level cell number 1 :
1
2
[p1 + p1, p1 + p2, p1 + p3, p1 + p4],

next level cell number 2 :
1
2
[p2 + p1, p2 + p2, p2 + p3, p2 + p4],

next level cell number 3 :
1
2
[p3 + p1, p3 + p2, p3 + p3, p3 + p4],

next level cell number 4 :
1
2
[p4 + p1, p4 + p2, p4 + p3, p4 + p4],

next level cell number 5 :
1
2
[p1 + p3, p2 + p3, p3 + p4, p1 + p2],

next level cell number 6 :
1
2
[p1 + p4, p2 + p4, p1 + p2, p3 + p4],

next level cell number 7 :
1
2
[p1 + p2, p1 + p3, p1 + p4, p3 + p4],

next level cell number 8 :
1
2
[p1 + p2, p2 + p3, p2 + p4, p3 + p4].

The cells 1–6 are of type T and the cells 7 and 8 are of type M (see Figure 4).
Every cell M consists in 4 cells of type T and 4 cells of type M. Suppose [p1, p2, p3, p4] is the

array giving the coordinates of the four vertices of the cell M and let pk =
(

pkx, pky, pkz

)
, k = 1, 2, 3, 4.

We rearrange these four vertices in ascending order with respect to the z coordinate. Let [q1, q2, q3, q4]

be the vector [p1, p2, p3, p4] sorted ascendingly with respect to the z coordinate of the vertices, i.e., q1z ≤
q2z ≤ q3z ≤ q4z. Similarly, let [r1, r2, r3, r4] be the rearrangement of vertices p1, . . . , p4 such that
r1x ≤ r2x ≤ r3x ≤ r4x. Let, also, [s1, s2, s3, s4] be the array of rearranged vertices with respect to the y
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coordinate in ascending order. The coordinates of the vertices of the cells at the next level are computed
as follows:

next level cell number 1 :
1
2
[q3 + q4, q1 + q2, r3 + r4, s3 + s4]

next level cell number 2 :
1
2
[q3 + q4, q1 + q2, s3 + s4, r1 + r2]

next level cell number 3 :
1
2
[q3 + q4, q1 + q2, r1 + r2, s1 + s2]

next level cell number 4 :
1
2
[q3 + q4, q1 + q2, s1 + s2, r3 + r4]

next level cell number 5 :
1
2
[p1 + p1, p1 + p2, p1 + p3, p1 + p4]

next level cell number 6 :
1
2
[p2 + p1, p2 + p2, p2 + p3, p2 + p4]

next level cell number 7 :
1
2
[p3 + p1, p3 + p2, p3 + p3, p3 + p4]

next level cell number 8 :
1
2
[p4 + p1, p4 + p2, p4 + p3, p4 + p4].

To verify whether a point p = (px, py, pz) is inside a cell with vertices [p1, p2, p3, p4], we compute the
following numbers:

d1 = sgn

∣∣∣∣∣∣∣∣∣
p1x p2x p3x px

p1y p2y p3y py

p1z p2z p3z pz

1 1 1 1

∣∣∣∣∣∣∣∣∣ , d2 = sgn

∣∣∣∣∣∣∣∣∣
p1x p2x px p4x
p1y p2y py p4y
p1z p2z pz p4z
1 1 1 1

∣∣∣∣∣∣∣∣∣ , d3 = sgn

∣∣∣∣∣∣∣∣∣
p1x px p3x p4x
p1y py p3y p4y
p1z pz p3z p4z
1 1 1 1

∣∣∣∣∣∣∣∣∣ ,

d4 = sgn

∣∣∣∣∣∣∣∣∣
px p2x p3x p4x
py p2y p3y p4y
pz p2z p3z p4z
1 1 1 1

∣∣∣∣∣∣∣∣∣ , d5 = sgn

∣∣∣∣∣∣∣∣∣
p1x p2x p3x p4x
p1y p2y p3y p4y
p1z p2z p3z p4z
1 1 1 1

∣∣∣∣∣∣∣∣∣ .
We calculate v = |d1|+ |d2|+ |d2|+ |d3|+ |d4|+ |d5|. If |d1 + d2 + d3 + d4 + d5| = v, then for v = 5
the point p is in the interior of the cell, for v = 4 the point p is on one of the faces of the cell, for v = 3
the point p is situated on one of the edges of the cell, and for v = 2 the point p is one of the vertices of
the cell. If |d1 + d2 + d3 + d4 + d5| �= v, the point p is located outside the cell. Since the vertices pk are
different we have v ≥ 2.

4.3. Uniform and Refinable Grids of the Ball B3

If we transport the uniform and refinable grid on K onto the ball B3 using the volume preserving
map U−1, we obtain a uniform and refinable grid of B3. Figures 8–10 show the images on B3 of
different cells of K.

Besides the multiresolution analysis and wavelet bases, which will be constructed in Section 5,
another useful application is the construction of a uniform sampling of the rotation group SO(3),
by calculations similar to the ones in [3]. This will be subject of a future paper.
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Figure 8. Left: a cell of M in red and a cell of T type in green from the octahedron Middle and right:
the corresponding cells of the ball.

Figure 9. Left: the image on the ball of the positive octant; Right: the same image rotated.

Figure 10. The image on the ball of the cells of the octahedron corresponding to Figure 7.

5. Multiresolution Analysis and Piecewise Constant Orthonormal Wavelet Bases of

L2(K) and L2(B3)

Let D = D0 = {D1, D2, D3, D4} be the decomposition of the domain K considered in Section 4.1,
consisting in four congruent domains (cells) of type T0. For D ∈ D, let RD denote the set of the eight
refined domains, constructed in Section 4.1.1. The set D1 = ∪D∈D0RD is a refinement of D0, consisting
in 4 · 8 congruent cells. Continuing the refinement process as we described in Section 4, we obtain a
decomposition D j of K, for j ∈ N0, |D j| = 4 · 8j.

For a fixed j ∈ N0 we assign to each domain Dj
k ∈ D j, k ∈ Nj := N4·8j , the function ϕ

Dj
k

: K → R,

ϕ
Dj

k
= (2

√
2)j 2√

vol(K)
χ

Dj
k
,
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where χ
Dj

k
is the characteristic function of the domain Dj

k. Then we define the spaces of functions

Vj = span{ϕ
Dj

k
, k ∈ Nj} of dimension 4 · 8j, consisting of piecewise constant functions on the domains

of D j. Moreover, we have ‖ϕ
Dj

k
‖L2(K) = 1, the norm being the usual 2-norm of the space L2(K).

For Aj ∈ D j = {Dj
k, j ∈ Nj}, let Aj+1

k , k ∈ N8, be the refined subdomains obtained from Aj. One has

ϕAj =
1

2
√

2

(
ϕ

Aj+1
1

+ ϕ
Aj+1

2
+ . . . + ϕ

Aj+1
8

)
,

in L2(K), equality which implies the inclusion Vj ⊆ Vj+1, for all j ∈ N0. With respect to the usual inner
product 〈·, ·〉L2(K), the spaces Vj are Hilbert spaces, with the corresponding usual 2-norm ‖ · ‖L2(K).
In conclusion, the sequence of subspaces Vj has the following properties:

1. Vj ⊆ Vj+1 for all j ∈ N0,
2. closL2(K)

⋃∞
j=0 Vj = L2(K),

3. The set {ϕ
Dj

k
, k ∈ Nj} is an orthonormal basis of the space Vj for each j ∈ N0,

i.e., the sequence {Vj, j ∈ N0} constitutes a multiresolution analysis of the space L2(K). Let Wj denote
the orthogonal complement of the coarse space Vj in the fine space Vj+1, so that

Vj+1 = Vj ⊕Wj.

The dimension of Wj is dim Wj = 28 · 8j. The spaces Wj are called wavelet spaces and their elements
are called wavelets. In the following we construct an orthonormal basis of Wj. To each domain Aj ∈ D j,
seven wavelets supported on Dj will be associated in the following way:

ψ�
Aj = a�1 ϕ

Aj+1
1

+ a�2 ϕ
Aj+1

2
+ . . . + a�8 ϕ

Aj+1
8

, for � ∈ N7,

with a�j ∈ R, � ∈ N7, j ∈ N8. We have to find conditions on the coefficients a�j which ensure that the
set {ψ�

Aj , � ∈ N7, Aj ∈ D j} is an orthonormal basis of Wj. First we must have

〈ψ�
Aj , ϕSj〉 = 0, for � ∈ N7 and Aj, Sj ∈ D j. (16)

If Aj �= Sj, the equality is immediate, since supp ψ�
Aj ⊆ supp ϕAj and supp ϕAj ∩ supp ϕSj is either

empty or an edge, whose measure is zero. If Aj = Sj, evaluating the inner product (16) we obtain

〈ψ�
Aj , ϕSj〉 = 〈a�1 ϕ

Aj+1
1

+ a�2 ϕ
Aj+1

2
+ . . . + a�8 ϕ

Aj+1
8

, ϕAj〉

=
1

2
√

2
(a�1 + a�2 + . . . + a�8).

Then, each of the orthogonality conditions

〈ψ�
Aj , ψ� ′

Aj〉 = δ�� ′ , for all Aj ∈ D j,

is equivalent to a� ′1a�1 + a� ′2a�2 + . . .+ a� ′8a�8 = δ�� ′ , �, � ′ ∈ N7. In fact, one requires the orthogonality
of the 8× 8 matrix M =

(
aij
)

i,j with the entries of the first row equal to 1/(2
√

2).
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A particular case was considered in [12], where the authors divide a tetrahedron into eight small
tetrahedrons of the same area using Bey’s method and for the construction of the orthonormal wavelet
basis they take the Haar matrix

1
2
√

2

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 1 1 1 1 1 1 1
1 1 1 1 −1 −1 −1 −1
1 1 −1 −1 0 0 0 0
0 0 0 0 1 1 −1 −1
1 −1 0 0 0 0 0 0
0 0 1 −1 0 0 0 0
0 0 0 0 1 −1 0 0
0 0 0 0 0 0 1 −1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
Alternatively, we can consider the symmetric orthogonal matrix⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

c c c c c c c c
c a b b b b b b
c b a b b b b b
c b b a b b b b
c b b b a b b b
c b b b b a b b
c b b b b b a b
c b b b b b b a

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
,

with

a =
±24−√

2
28

, b =
∓4−√

2
28

, c =
1

2
√

2
,

or the tensor product H ⊗ H ⊗ H of the matrix

H =
1√
2

(
1 1
1 −1

)
, which is

1
2
√

2

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 1 1 1 1 1 1 1
1 −1 1 −1 1 −1 1 −1
1 1 −1 −1 1 1 −1 −1
1 −1 −1 1 1 −1 −1 1
1 1 1 1 −1 −1 −1 −1
1 −1 1 −1 −1 1 −1 1
1 1 −1 −1 −1 −1 1 1
1 −1 −1 1 −1 1 1 −1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
or, more general, we can generate all orthogonal 8× 8 matrices with the entries of the first row equal to
1/(2

√
2) using the method described in [13], where we start with the well known Euler’s formula for

the general form of a 3× 3 rotation matrix. It is also possible to use different orthogonal matrices for
the wavelets associated to the decomposition of the cells of type T and M.

Next, following the ideas in [14] we show how one can transport the above multiresolution
analysis and wavelet bases on the 3D ball B3, using the volume preserving map U : B3 → K

constructed in Section 3.
Consider the ball B3 is given by the parametric equations

ξ = ξ(X, Y, Z) = U−1(X, Y, Z) = (x(X, Y, Z), y(X, Y, Z), z(X, Y, Z)) ,
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with (X, Y, Z) ∈ K. Since U and its inverse preserve the volume, the volume element dω(ξ) of B3

equals the volume element dX dY dZ = dx of K (and R3). Therefore, for all f̃ , g̃ ∈ L2(B3) we have

〈 f̃ , g̃〉L2(B3) =
∫
B3

f̃ (ξ)g̃(ξ) dω(ξ)

=
∫
U (B3)

f̃ (U−1(X, Y, Z)) g̃(U−1(X, Y, Z)) dX dY dZ

= 〈 f̃ ◦ U−1, g̃ ◦ U−1〉L2(K),

and similarly, for all f , g ∈ L2(K) we have

〈 f , g〉L2(K) = 〈 f ◦ U , g ◦ U〉L2(B3). (17)

If we consider the map Π : L2(B3) → L2(K) induced by U , defined by

(Π f̃ )(X, Y, Z) = f̃
(
U−1(X, Y, Z)

)
, for all f̃ ∈ L2(B3),

and its inverse Π−1 : L2(K) → L2(B3),

(Π−1 f )(ξ) = f (U (ξ)), for all f ∈ L2(K),

then Π is a unitary map, that is

〈Π f̃ , Πg̃〉L2(K) = 〈 f̃ , g̃〉L2(B3), (18)

〈Π−1 f , Π−1g〉L2(B3) = 〈 f , g〉L2(K). (19)

Equality (17) suggests us the construction of orthonormal scaling functions and wavelets defined
on B3. The scaling functions ϕ̃

Dj
k

: B3 → R will be

ϕ̃
Dj

k
= ϕ

Dj
k
◦ U =

{
1, on U−1(Dj

k),
0, in rest.

(20)

and the wavelets will be defined similarly,

ψ̃�
Aj = ψ�

Aj ◦ U .

From equality (17) we can conclude that the spaces

Ṽ j := span {ϕ̃
Dj

k
, k ∈ Nj}

constitute a multiresolution analysis of L2(B3), each of the set {ϕ̃
Dj

k
, k ∈ Nj} being an orthonormal

basis for the space Ṽ j. Moreover, the set

{ψ̃�
Aj , � ∈ N7, Aj ∈ Dj}

is an orthonormal basis of W̃j.
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6. Conclusions and Future Works

The 3D uniform hierarchical grid constructed here can find applications in texture analysis
of crystalls, by constructing a grid in the space of 3D rotations, using the technique used in [3].
A comparison of these grids is subject of a future paper.

Another interesting topic which we are going to approach in the future is to compare our wavelets
with other 3D wavelets on the ball, listed in the introduction.
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Abstract: In this article, we present a simple method for network visualization. The proposed method
is based on distmesh [P.O. Persson and G. Strang, A simple mesh generator in MATLAB, SIAM Review
46 (2004) pp. 329–345], which is a simple unstructured triangular mesh generator for geometries
represented by a signed distance function. We demonstrate a good performance of the proposed
algorithm through several network visualization examples.

Keywords: Network; graph drawing; planar visualizations

1. Introduction

Since the formation of society, the relationships between its components have been significant.
These relationships become more complex as society progresses; in addition, the components of
society have also diversified. In sociology, a bundle of relationships is referred to as a network,
which became a central concept in sociology in the 1970s. In a modern society called an information
society, we have information regarding networks that has been transformed into concrete data. With a
vast amount of information, information visualization has been used to analyze network and is gaining
popularity. Techniques for information visualization have evolved, and they vary depending on
the type of data [1–4]. Among the methods, visualization using graphs is one of the most helpful
for understanding data and their relationships. The authors in [5] showed various graphs used
in information visualization including tree layouts, H-tree layouts, balloon layout, radial layout,
hyperbolic trees, fisheye graphs, and animated radial layouts (see Figure 1 as an example of network
plot). Furthermore, toolkits for information visualization such as Prefuse, Protovis, and GUESS
have been developed and widely used [1,6–8]. In several studies, nodes represent subjects, such as
people and businesses, whereas edges represent relationships, such as friendships and partnerships.
The scope of a network is not limited to people and institutions: if something is in an interactive
relationship, we can call it a network, and networks can be also graphically identified by data. Network
visualization is therefore being used in a variety of fields. For example, analysis for social and personal
networks [9], pharmacological networks [10], biological networks [11,12], financial networks [13],
and street networks [14] have been actively conducted.

Mathematics 2020, 8, 1020; doi:10.3390/math8061020 www.mdpi.com/journal/mathematics147
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Figure 1. Example of a circular network. Reprinted from Salanti et al. [15] with permission from
PLoS ONE.

Automatically drawing a network diagram requires algorithms. One of such algorithms is a
classical force-directed algorithm that employs straight-edges. The force-directed algorithm treats
edges as springs [16]. This algorithm turned the graph representation problem into a mathematical
optimization problem. In other words, by reducing the energy generated by the spring system, we can
find the equilibrium of the graph. The force-directed method has advantages such as simplicity to
use and a good theoretical basis. As a result, many new methods of graph representation have been
developed based on the method. As a typical example, Kamada and Kawai introduced an ideal distance
for drawing graphs [17]. Let {X1, X2, . . . , Xn} be n-vertices and assume that they are spring-connected.
The total energy of the spring is then expressed as follows:

E =
n−1

∑
i=1

n

∑
j=i+1

kij

2
(|Xi − Xj| − lij)2,

where lij is the desirable length of the spring between Xi and Xj, kij is a parameter representing the
strength of this spring, and | · | is the Euclidean norm. The desirable length represents the final length
after executing the algorithm, and the strength of the spring refers to the tension of the spring keeping
certain distance. The best graph is determined by minimizing E . Please refer to [17] for more details
about the algorithm and parameter definition. Another approach for automatically drawing a network
diagram is based on the algorithm presented by Hall [18]. The main idea of this algorithm is to find
the position of nodes {X1, X2, . . . , XN} which minimizes

E =
N

∑
i<j

aij|Xi − Xj|2, (1)

where aij ≥ 0 is the connection weight between Xi and Xj. This algorithm is suitable for application
to a structured data such as polyhedron [19]. However, it may not work well on actual data [20].
Rücker and Schwarzer et al. [20] introduced a method of automatically drawing network diagrams
using graph theory and studied network meta-analysis. Furthermore, the algorithm was applied to a
variety of examples from the literature. Another representative method for drawing network diagrams
is the stress majorization [21]. The objective function is defined as follows:
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E =
N

∑
i �=j

wij(|Xi − Xj| − dij)
2, (2)

where wij is the weight between Xi and Xj, and dij is an ideal distance. For additional details about the
algorithm, please refer to [21]. This algorithm was applied to real networks related to diseases and
implemented by using the function netgraph in the R package netmeta [20].

We propose a simple algorithm for network visualization based on the distmesh algorithm [22]
in this paper. The proposed method employs a distance dij, which is given by a reciprocal of weight
wij, hence the computing process is essentially simple. Furthermore, the position of nodes is renewed
proportionally by the net force, which is based on the gradient, therefore one can obtain an optimal
diagram to the given data. A two-step stopping criterion is applied to further maximize the visual
effect of the network diagram. Compared to other methods based on the gradient to optimize total
level of movements, for instance, the force-directed method, the stress majorization method, etc.,
our proposed algorithm is simple to implement.

The contents of this article are organized as follows. In Section 2, the proposed algorithm is
described. In Section 3, specific examples of network visualization are presented. Conclusions are
presented in Section 4.

2. Numerical Algorithm

2.1. Distmesh Algorithm

A brief introduction to the distmesh algorithm [22], which is employed to generate the triangular
mesh in domain with the level set representation, is presented in this section. We define the level set
representation in the two-dimensional domain which imposes that the interface structure is treated as
the zero-level set. The following procedure depicts the whole algorithm of the distmesh. A function
ψ(x, y) =

√
x2 + y2 − 1 is adopted to a sample level set description. Figure 2 depicts the overall

process of distmesh algorithm quite in detail.

Step 1. Generate the random nodes X0 in domain.
Step 2. Generate a level set function ψ in the bounding box which includes the domain. The boundary

of domain is regarded as the zero-level set.
Step 3. Perform the Delaunay triangulation with Xn if the maximal arrangement of nodes is greater

than certain level. If n = 0, an initial Delaunay triangulation is accomplished. For the next
step, compute the net force F in order to update the position of nodes.

Step 4. Renew the position of nodes to Xn+1/2 by adding ΔtF.
Step 5. Push back the nodes that are pushed out to the boundary into the interface using the

following equation

Xn+1
i = χ(Xn+1/2

i )

(
Xn+1/2

i − ∇ψ(Xn+1/2
i )

|∇ψ(Xn+1/2
i )|2 ψ(Xn+1/2

i )

)
, (3)

where χ(Xn+1/2
i ) is 1 if Xn+1/2

i is placed outside of the boundary; otherwise 0.
Step 6. Repeat Step 3–5 until the level of the total movement of nodes is less than a given tolerance.
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Figure 2. Schematic illustration of generating the distmesh. (a) Generated random nodes in the domain.
(b) Signed distance function ψ in bounding box. The boundary of domain is regarded as the zero-level
set. (c) Net force F in current triangulation. (d) Arrangement of nodes via ΔtF. (e) Projection of the
nodes located outside ψ > 0 into the boundary ψ ≈ 0 using Equation (3). (f) Final result of unstructured
mesh by using the distmesh algorithm.

Using the distmesh algorithm, triangular mesh generation can be performed nonuniformly on
domain of various shapes. The following Figure 3 is an example of such generated mesh.

Figure 3. Example of nonuniformly generated mesh: the airfoil.

2.2. Proposed Algorithm for Network Visualization

The proposed algorithm for network visualization seeks to find {X1, X2, . . . , XN} that minimize
the objective function

E =
N

∑
i<j

wij||Xi − Xj| − dij|2, (4)
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where wij and dij are the weighting value and the desired distance between nodes Xi
and Xj, respectively. The proposed algorithm is based on distmesh [22], which is a simple
unstructured triangular mesh generator for geometries represented by a signed distance function.
Let {Xn

1 , Xn
2 , . . . , Xn

N} be given node positions at iteration n. For simplicity of exposition, we assume
0 ≤ wij ≤ 1. We then propose the following distance function:

dij = d(wij) =
1

wp
ij

, for wij > 0, (5)

where p is a constant. Let minW be the minimum positive value of wij, i.e.,

minW = min
1≤i,j≤N

wij>0

wij.

As shown in Figure 4, by setting the minimum distance minD = 1 when wij = 1 and the maximum
distance maxD when wij = minW, we obtain

p = − ln(maxD)

ln(minW)
. (6)

Figure 4. Illustration of distance function dij related to weighting value wij. minD = 1 and maxD are
set to appear when wij = 1 and wij = minW, respectively.

Figure 5a,b show repulsive and attractive forces at nodes Xn
i and Xn

j when |Xn
i − Xn

j | < dij and
|Xn

i − Xn
j | > dij, respectively.

(a) (b)

Figure 5. Two possible forces at nodes Xn
i and Xn

j : (a) repulsive force and (b) attractive force.

We loop over all the line segments connecting two nodes and compute the net force vector Fn
i at

each node point Xn
i :

Fn
i =

N

∑
j=1, j �=i

wij>0

(|Xn
i − Xn

j | − dij)
Xn

j − Xn
i

|Xn
j − Xn

i |
.
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Then, we update the position of the node points as

Xn+1
i = Xn

i + ΔtFn
i , for 1 ≤ i ≤ N, (7)

where Δt is an artificial time step. Upon updating the position of the node points, the network diagram
is drawn automatically. The iterative algorithm has reached an equilibrium state if√√√√ 1

N

N

∑
i=1

|Fk
i |2 < tol1 (8)

after k iterations.
As a concrete example, we consider three points X1, X2, and X3. Assume that the weighting

matrix between Xi and Xj is given as

W =

⎛⎜⎝ 0 2 4
2 0 1
4 1 0

⎞⎟⎠ .

We scale the matrix W by dividing the elements by the maximum value among elements and
redefine W as

W =

⎛⎜⎝ 0 0.5 1
0.5 0 0.25
1 0.25 0

⎞⎟⎠ .

Let X0
1 = ( 3

4 , 3
√

3
4 ), X0

2 = (0, 0), and X0
3 = ( 3

2 , 0), where the superscript 0 denotes the starting index.
Here, we use Δt = 0.3, minD= 1, maxD= 2, minW= 0.25, and tol1 = 0.01. Consequently, we get
p = 0.5 and ⎛⎜⎝ d12 d13

d21 d23

d31 d32

⎞⎟⎠ =

⎛⎜⎝
√

2 1√
2 2

1 2

⎞⎟⎠ .

Figure 6a indicates the position of the three points with red markers, and the non-zero elements of
W are represented by gray lines. In particular, the values of each element is expressed by the thickness
of the line. The red arrows are net force vectors F0

1, F0
2 and F0

3. Using these net force vectors, we update
the positions as

X1
1 = X0

1 + ΔtF0
1, X1

2 = X0
2 + ΔtF0

2, X1
3 = X0

3 + ΔtF0
3,

which are shown in Figure 6b. Figure 6c–e show the network diagrams after 2, 3, and 6 iterations,
respectively. The equilibrium state of the network diagram is obtained after 10 iterations as shown in
Figure 6f. Even though the nodes are initially arranged in an equilateral triangle with sides of length
1.5, the network diagram in equilibrium is drawn according to the given weights.
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(a) (b)

(c) (d)

(e) (f)

Figure 6. Schematic of the proposed algorithm. (a) initial condition, (b) after 1 iteration, (c) after
2 iterations, (d) after 3 iterations, (e) after 6 iterations, and (f) equilibrium state after 10 iterations.

3. Numerical Results

In this section, we present the generation of a network diagram with more data to confirm the
efficiency and robustness of the proposed method. Specifically, we select 19 nodes and 19× 19 matrix
W, which are given in Appendix A. The matrix is created based on the dialogue between the characters
in William Shakespeare’s play, ‘The Venice Merchant’. Each element wij of the matrix is the cumulative
number of conversations between person i and person j. The parameters used are Δt = 0.01, minD = 1,
maxD = 2, and tol1 = 0.01. The value of p is then approximately 0.1879. Figure 7 shows process of
the network visualization by our proposed method. The equilibrium state of the network diagram
appears after 1985 iterations.

After 1985 iterations, each node is appropriately located according to the weights between the
nodes in the network. This means that even if the nodes are initially randomly arranged, the network
diagram is well drawn by our distance function. While the network plot is drawn, we can see that the
objective function E is decreasing. As shown in Figure 8, E decreases and converges as time goes by.
This shows that our proposed method has a mathematical basis for drawing the network diagram.
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Figure 7. Snapshots of the network visualization process for ‘The Venice Merchant’: (a) initial condition,
(b) after 20 iteration, (c) after 40 iterations, and (d) equilibrium state after 1985 iterations.

Figure 8. E decreases and converges while each node is moving.

However, the equilibrium state network diagram is not visually good. This is due to the nodes
(9, 13, 15, 16, 17, 18) that have only one connection. Therefore, we further update the location of the
nodes that have only one connection while fixing the other nodes. Let Ωs be the index set of the nodes
having only one connection. We compute the net force vector Fn

i at each node point i ∈ Ωs as follows:

Fn
i =

N

∑
j=1, j �=i

wij>0

Xn
i − Xn

j

|Xn
i − Xn

j |
.
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Then, we temporally update the node points as

X∗
i = Xn

i + ΔtFn
i for i ∈ Ωs, (9)

where Δt = 10 is used. Finally, we set

Xn+1
i = Xn

j + dij
X∗

i − Xn
j

|X∗
i − Xn

j |
for i ∈ Ωs and Xn+1

i = Xn
i for i /∈ Ωs, (10)

where Xn
j is the unique node connecting X∗

i . We define that the equilibrium state of the second step
has been attained if √

1
|Ωs| ∑

i∈Ωs

|Xk+1
i − Xk

i |2 < tol2 (11)

after k iterations, where |Ωs| is the counting measure. Here, tol2 = 0.002 is used. Therefore, the second
step effectively rotates the node that has only one connection around the connecting node so that the
overall distribution of the nodes is scattered.

Figure 9 illustrates the process of updating the position of nodes (red makers) that have only one
connection. Figure 9a–d shows the network in the equilibrium state of the first step, after 1 iteration of
the second step, after 2 iterations of the second step, and in the equilibrium state of the second step
after 75 iterations.
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Figure 9. Updating the position of nodes with only one connection: (a) Equilibrium state of the
first step, (b) after 1 iteration, (c) after 2 iterations, and (d) equilibrium state of the second step after
75 iterations.

Next, we consider another example ‘Romeo and Juliet’ which is a play written by William
Shakespeare. Matrix W is defined by counting the number of conversations between 27 characters.
The parameters used are minD = 1, maxD = 3, and tol1 = tol2 = 0.002, and then the value of p is
approximately 0.2493. In particular, time step Δt = 0.2 and Δt = 10 are used in the first step and the
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second step, respectively. Figure 10a–c illustrate the character network at the initial condition, after the
first step, and after the second step, respectively. From the results, we can find the main characters and
relatively small parts.
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Figure 10. Snapshots of network visualization for ‘Romeo and Juliet’: (a) the initial condition, (b) after
230 iterations of the first step, and (c) after 20 iterations of the second step.

4. Conclusions

In this paper, we have proposed a simple method based on distmesh for network visualization.
We have demonstrated the good performance of the proposed algorithm through network visualization
examples. We can provide the MATLAB source code of this method for the interested readers. In future
work, we plan to investigate effective network diagrams for character networks from novels and movies.
We may further speed up the computation of the proposed method by using a Gauss–Newton–secant
type method [23].
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Appendix A

In this appendix, we provide the MATLAB source codes for network visualization. The following
code is for ‘The Merchant of Venice’. The code for ‘Romeo and Juliet’ is available on the following website:

http://elie.korea.ac.kr/~cfdkim/codes/
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Listing A1: Matlab Code for the network visualization.

% The f i r s t s tep
c l e a r ;

W=[ 0 21 24 16 0 0 0 2 0 7 4 5 0 0 0 0 0 0 1
21 0 27 32 0 0 0 0 0 2 0 11 2 3 2 0 0 0 0
24 27 0 40 0 0 7 0 12 6 0 2 0 5 0 0 0 0 2
16 32 40 0 36 3 0 7 0 0 0 10 0 0 0 3 13 2 0
0 0 0 36 0 2 0 0 0 0 0 4 0 0 0 0 0 0 0
0 0 0 3 2 0 15 0 0 0 0 4 0 0 0 0 0 0 0
0 0 7 0 0 15 0 0 0 0 0 0 0 3 0 0 0 0 0
2 0 0 7 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 12 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
7 2 6 0 0 0 0 0 0 0 9 0 0 0 0 0 0 0 0
4 0 0 0 0 0 0 0 0 9 0 0 0 0 0 0 0 0 0
5 11 2 10 4 4 0 0 0 0 0 0 0 0 0 0 0 0 0
0 2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 3 5 0 0 0 3 0 0 0 0 0 0 0 0 0 0 0 0
0 2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 3 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 13 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 ] ;
N= s i z e (W, 1 ) ; rand ( " seed " , 3 7 7 3 ) ; t =rand (N, 1 ) ;
xy =[ cos (2∗ pi∗ t ) , s i n (2∗ pi∗ t ) ] ; W=W/max(max(W) ) ;
minW=min ( min (W(W>0) ) ) ; minD=1; maxD=2; p=−log (maxD) /log (minW) ;
f o r i =1:N
f o r j =1 :N
i f W( i , j ) >0
d ( i , j ) =1/W( i , j ) ^p ;
end
end
end
dt = 0 . 0 1 ; t o l = 0 . 0 1 ; n=0; e r r o r =2∗ t o l ;
while e r r o r ≥ t o l
n=n+1; F = zeros (N, 2 ) ;
f o r i =1 :N
f o r j = i +1:N
i f W( i , j ) >0
vt = xy ( j , : )−xy ( i , : ) ;
F ( i , : ) = F ( i , : ) + ( norm ( vt )−d ( i , j ) ) ∗vt/norm ( vt ) ;
F ( j , : ) = F ( j , : ) − ( norm ( vt )−d ( i , j ) ) ∗vt/norm ( vt ) ;
end
end
end
xy = xy + dt∗F ; e r r o r =norm ( F ) / s q r t (N) ;
i f n==1 || mod( n , 1 0 ) ==0 || error < t o l
f i g u r e ( 1 ) ; DrawNetwork ( xy ,W) ; pause ( 0 . 1 )
end
end

% The second step
z=f ind (sum(W>0) ==1) ; M=length ( z ) ;
f o r k =1:M
s ( k ) =f ind (W( z ( k ) , : ) >0) ;
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end
xy0=xy ; n=0; dt = 1 0 . 0 ; t o l = 0 . 0 0 2 ; e r r o r =2∗ t o l ;
while e r r o r ≥ t o l
n=n+1; F = zeros (N, 2 ) ;
f o r k =1:M
v=[0 0 ] ;
f o r j =1 :N
vt = xy ( z ( k ) , : )−xy ( j , : ) ;
i f norm ( vt ) >0
v=v+vt/norm ( vt ) ;
end
end
F ( z ( k ) , : ) =v/norm ( v ) ;
end
xy = xy + dt∗F ;
e r r o r =0;
f o r k =1:M
v=xy ( z ( k ) , : )−xy ( s ( k ) , : ) ;
xy ( z ( k ) , : ) =xy ( s ( k ) , : ) +d ( z ( k ) , s ( k ) ) ∗v/norm ( v ) ;
e r r o r = e r r o r +norm ( xy ( z ( k ) , : )−xy0 ( z ( k ) , : ) ) ^2 ;
end
e r r o r = s q r t ( e r r o r /M) ; xy0=xy ;
f i g u r e ( 2 ) ; DrawNetwork ( xy ,W) ; pause ( 0 . 1 )
end

Listing A2: Function code for DrawNetwork.

funct ion DrawNetwork ( xy ,W)
N=length ( xy ) ; c l f ; hold on
f o r i =1:N
f o r j = i +1:N
i f W( i , j ) >0
p l o t ( xy ( [ i , j ] , 1 ) , xy ( [ i , j ] , 2 ) , " b " , " l inewidth " ,15∗W( i , j ) ^2+1) ;
end
end
end
s c a t t e r ( xy ( : , 1 ) , xy ( : , 2 ) , 4 0 0 , " g " , " f i l l e d " ) ;
f o r i = 1 :N
t e x t ( xy ( i , 1 ) −0.04 , xy ( i , 2 ) , num2str ( i ) ) ;
end
a x i s o f f ; a x i s image ;
end
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Abstract: This paper aims to present a Clenshaw–Curtis–Filon quadrature to approximate the
solution of various cases of Cauchy-type singular integral equations (CSIEs) of the second kind
with a highly oscillatory kernel function. We adduce that the zero case oscillation (k = 0) proposed
method gives more accurate results than the scheme introduced in Dezhbord et al. (2016) and
Eshkuvatov et al. (2009) for small values of N. Finally, this paper illustrates some error analyses and
numerical results for CSIEs.

Keywords: Clenshaw–Curtis–Filon; high oscillation; singular integral equations; boundary singularities

1. Introduction

Integral equations have broad roots in branches of science and engineering [1–6]. Cauchy-type
singular integral equations (CSIEs) of the second kind occur in electromagnetic scattering and quantum
mechanics [7] and are defined as:

au(x) + b
π ⨍ 1

−1

u(y)K(x, y)
y − x dy = f (x), x ∈ (−1, 1). (1)

A singular integral equation with a Cauchy principal value is a generalized form of an airfoil equation
[8]. Here a and b are constants such that a2 + b2 = 1, b ≠ 0 and K(x, y) = eik(y−x) are the highly oscillatory
kernel function. The function f (x) is the Hölder continuous function, whereas u(x) is an unknown function.
The solution to the above-mentioned Equation (1) contains boundary singularities w(x) = (x + 1)α(1− x)β,
i.e., u(x) = w(x)g(x) and g(x) is a smooth function [9,10]. Then the above Equation (1) transforms into:

aw(x)g(x) + b
π ⨍ 1

−1

w(y)g(y)eik(y−x)
y − x dy = f (x), x ∈ (−1, 1), (2)

where α, β ∈ (−1, 1) depend on a and b, such that:

α = 1
2πi

log ( a − ib
a + ib

) − N , β = −1
2πi

log ( a − ib
a + ib

) − M, (3)

κ = −(α + β) = M + N.

Here M and N are integers in [−1, 1], whereas the index of the integral equation is called κ,
analogous to a class of functions, wherein the solution is to be sought. It is pertinent to mention that to
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produce integrable singularities in the solution, the index κ is restricted to three cases, [−1, 0, 1], but
the addressed paper considers only two cases for κ, i.e., κ ≤ 0. The value of the index κ depends on
different values for M and N [11–13]. A great number of real life practical problems, e.g., for κ = −1,
the so-called natched half-plane problem and another problem of a crack parallel to the free boundary
of an isotropic semi-infinite plane, that can be reduced to Cauchy singular integral equations are
addressed in [14–17]. Writing Equation (2) in operator form, we get [18]:

Hg = f , (4)

where:

Hg = aw(x)g(x) + b
π ⨍ 1

−1

w(y)g(y)eik(y−x)
y − x dy.

Let us define another operator:

H′ f = aw∗(x) f (x) − b
π ⨍ 1

−1

w∗(y) f (y)eik(y−x)
y − x dy, (5)

further:

HH′ = I i f κ > 0

HH′ = H′H = I i f κ = 0

H′H = I i f κ < 0

(6)

where w∗(x) = (1 + x)−α(1 − x)−β.
It is worthy mentioning the fact that the solution for CSIE exists but unfortunately it is not unique,

as CSIE has three solution cases for different values of κ. The aforementioned theorem appertains to
the existence of the solution of CSIE for case κ = 0.

Theorem 1. [13,15] (Existence of CSIEs) Let the singular integral Equation (2) be equivalent to a Fredholm
integral equation, which implies that every solution of a Fredholm integral equation is the solution of a singular
integral equation and vice versa.

Proof. Based on Equations (4)–(6) the SIE (2) can be transforms into:

g = H
′

f .

Furthermore, it can be written as a Fredholm integral equation:

u(y) + ∫ 1

−1
N(y, τ)y(τ)dτ = F(y). (7)

where:

F(y) = b
π w(y)∫ 1

−1

w∗(x) f (x)
y − x dx,

and:

N(y, τ) = aK(x, τ)w−1 −
b
π w(y)∫ 1

−1

w∗(x)K(x, τ)
y − x dx.

Thus the claimed theorem is proven.
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Moreover, for Equation (1) we have three cases for κ:

κ =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
1, α < 0,−1 < β, α ≠ β,

−1, 0 < β, α < 1, α ≠ β,

0, α = −β, ∣β∣ ≠ 1
2 .

(8)

Similarly, solution cases of the CSIE of the second type depending on values of κ are:

• 1: The solution u(x) for κ = 1 is unbounded at both end points x = ±1:

u(x) = a f (x) − bw(x)
π e−ikx ⨍ 1

−1

w∗(y) f (y)eiky

y − x dy + Cw(x), (9)

where C is an arbitrary constant such that:

∫ 1

−1
u(y)eikydy = C. (10)

Equation (2) gets infinitely many solutions but is unique for the above condition.

• 2: The solution u(x) is bounded for κ = 0 at x = ±1 and unbounded at x = ∓1:

u(x) = a f (x) − bw(x)
π e−ikx ⨍ 1

−1

w∗(y) f (y)eiky

y − x dy, (11)

Equation (2) gets a unique solution.

• 3: The solution u(x) is bounded at both end points x = ±1 for κ = −1:

u(x) = a f (x) − bw(x)
π e−ikx ⨍ 1

−1

w∗(y) f (y)eiky

y − x dy. (12)

Equation (2) has no solution unless it satisfies the following condition:

∫ 1

−1

f (y)eiky

w(y) dy = 0. (13)

For many decades researchers have been struggling to find an efficient method to get these
solutions. The Galerkin method, polynomial collocation method, Clenshaw–Curtis–Filon method and
the steepest descent method are some of the eminent methods among many others for the solution of
SIEs [19–24]. Moreover, Chakarbarti and Berge [25] for a linear function f (x) gave an approximated
method based on polynomial approximation and Chebyshev points. Z.K. Eshkuvatov [10] introduced
the method taking Chebyshev polynomials of all four kinds for all four different solution cases
of the CSIE. Reproducing the kernel Hilbert space (RKHS) method has been proposed by A.
Dezhbord et al. [26]. The representation of solution u(x) is in the form of a series in reproducing
kernel spaces.

This research work introduces the Clenshaw–Curtis–Filon quadrature to approximate the solution
for various cases of a Cauchy singular integral equation of the second kind, Equation (1), at equally
spaced points xi. So the integral equation takes the form:

uN(xi) = a f (xi) − bw(xi)
π e−ikxi ⨍ 1

−1

w∗(y) fN(y)eiky

y − xi
dy, (14)
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depending on the κ. Furthermore, the results of the numerical example are compared with [10,26] for
k = 0. Comparison reveals that the addressed method gives a more accurate approximation than these
methods, Section 4 provides this phenomena. The rest of the paper is organised as follows; Section 2
defines the numerical evaluation of the Cauchy integral in CSIE and approximates the solution at
equally spaced points xi. Section 3 represents some error analyses for CSIE. Section 4 concludes this
paper by giving numerical results.

2. Description of the Method

The presented Clenshaw–Curtis–Filon quadrature to approximate the integral term

I(α, β, k, x) = ⨍1
−1

w(y) f (y)eiky

y−x dy consists of replacing function f (y) by its interpolation polynomial PN(y)
at Clenshaw–Curtis point set, yj = cos jπ

N , j = 0, 1,⋯, N. Rewriting the interpolation in terms of the
Chebyshev series:

f (y) ≈ PN(y) = N

∑
n=0

′′cnTn(y). (15)

Here Tn(y) is the Chebyshev polynomial of the first kind of degree n. Double prime denotes a
summation, wherein the first and last terms are divided by 2. The FFT is used for proficient calculation
of the coefficient cn [27,28], defined as:

cn = 2
N

N

∑
j=0

′′ f (yj)Tn(yj).
Let it be that for any fixed x we can elect N s.t x ∉ {yj}; then the interpolation polynomial is

rewritten in the form of a Chebyshev series as:

P̄N+1(y) = N+1

∑
n=0

anTn(y)
where an can be computed in O(N) operations once cn are calculated [27,29]. The
Clenshaw–Curtis–Filon quadrature rule for integral I(α, β, k, x) is defined as:

I(α, β, k, x) = ⨍ 1

−1

w(y) f (y)eiky

y − x dy = ⨍ 1

−1

w(y)P̄N+1(y)eiky

y − x dy =
N+1

∑
n=0

an Mn(α, β, k, x), (16)

where Mn(α, β, k, x) = ⨍1
−1

w(y)Tn(y)eiky

y−x dy are the modified moments. The forthcoming subsection defines
the method to compute the moments Mn(α, β, k, x) efficiently.

Computation of Moments

A well known property for Tn(y) is defined as [30]:

Tn(y) − Tn(x)
y − x = 2

n−1

∑
j=0

′

Un−1−j(y)Tj(x) = 2
n−1

∑
j=0

′

Un−1−j(x)Tj(y), (17)

where the prime indicates the summation whose first term is divided by 2 and Un(y) is the Chebyshev
polynomial of the second kind.
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Mn(α, β, k, x) = ⨍ 1

−1

w(y)Tn(y)eiky

y − x dy

= ⨍ 1

−1

w(y)(Tn(y) − Tn(x) + Tn(x))eiky

y − x dy

= ⨍ 1

−1

w(y)(Tn(y) − Tn(x))eiky

y − x dy + Tn(x)⨍ 1

−1

w(y)eiky

y − x dy

= ∫ 1

−1
w(y)(2 n−1

∑
j=0

′

Un−1−j(x)Tj(y))eikydy + Tn(x)⨍ 1

−1

w(y)eiky

y − x dy

= 2
n−1

∑
j=0

′

Un−1−j(x)∫ 1

−1
w(y)Tj(y)eikydy + Tn(x)⨍ 1

−1

w(y)eiky

y − x dy

(18)

Piessens and Branders [31] have addressed the fourth homogenous recurrence relation for the
integral without singularity Mn(α, β, k) = ∫ 1

−1 w(y)Tj(y)eikydy.

ikMn+2 + 2(n + α + β + 2)Mn+1 − 2(2α − 2β + ik)Mn − 2(n − α − β − 2)Mn−1 + ikMn−2 = 0, n ≥ 2, (19)

along with four initial values:

M
0
0 = 2α+β+1e−ik Γ(α + 1)Γ(β + 1)

Γ(α + β + 2) F1(α + 1; α + β + 2; 2ik),
M

0
1 = M0(x, α + 1, β, k) − M0(x, α, β, k),

M
0
2 = i

k
[2(α + β + 2)M1 − (2α − 2β + ik)M0],

M
0
3 = i

k
[2(α + β + 3)M2 − (4α − 4β + ik)M1 + 2(α + β + 1)M0],

(20)

where F1(α + 1; α + β + 2; 2ik) stands for confluent hypergeometric function of the first kind.
Unfortunately the discussed recurrence relation for moments Mn(α, β, k) is numerically unstable
in the forward direction for n > k; in this sense by applying Oliver’s algorithm these modified moments
can be computed efficiently [31,32].

The integral ⨍1
−1

w(y)eiky

y−x dy is computed by the steepest descent method; the original idea was given
by Huybrenchs and Vandewalle [33] for sufficiently high oscillatory integrals.

Proposition 1. The Cauchy singular integral ⨍1
−1

w(y)eiky

y−x dy can be transformed into:

⨍ 1

−1

w(y)eiky

y − x dy = S−1 − S1 + iπw(x)eikx (21)

where:

S−1 = iα+1e−ik ∫ ∞

0

yα(2 − iy)β
−1 + iy − x

e−kydy

S1 = (−i)β+1eik ∫ ∞

0

yβ(2 + iy)α
1 + iy − x

e−kydy.

(22)

Proof. Readers are referred to [34] for more details.
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The generalized Gauss Laguerre quadrature rule can be used to evaluate the integrals S−1 and S1

in the above equation by using the command lagpts in chebfun [35]. Let {yα
j , wα

j }k

j=1
be the nodes and

weights of the weight functions yαe−y and {yβ

j , wβ

j }k

j=1
be the nodes and weights of the weight functions

yβe−y in accordance with the generalized Gauss Laguerre quadrature rule. Moreover, these integrals
can be approximated by:

S−1 ≈ Qk = ( i
k
)α+1

e−ik
k

∑
j=1

wα
j

(2 − (i/k)yα
j )β(−1 + (i/k)yα

j − x)
S1 ≈ Qk = ( i

k
)β+1

eik
k

∑
j=1

wβ

j

(2 + (i/k)yβ

j )α(−1 + (i/k)yβ

j − x) .
(23)

Mn(α, β, k, x) is obtained by substituting Equations (19) and (21) into the last equality of Equation
(18). Finally, together with Equations (16) and (14), the approximate solution:

uN(xi) = a f (xi) − bw(xi)
π e−ikxi

N+1

∑
n=0

an Mn(α, β, k, x), (24)

for CSIE (1) is derived for different solution cases at equally spaced points.

3. Error Analysis

Lemma 1. [36,37] Let f (x) be a Lipschitz continuous function on [−1, 1] and PN[ f ] be the interpolation
polynomial of f (x) at N + 1 Clenshaw–Curtis points. Then it follows that:

lim
N→∞

∥ f − PN[ f ]∥∞ = 0. (25)

In particular,

• (i) if f (x) is analytic with ∣ f (x)∣ ≤ M in an ellipse ερ (Bernstein ellipse) with foci ±1 and major and minor
semiaxis lengths summing to ρ > 1, then:

∥ f − PN[ f ]∥∞ ≤ 4M
ρN(ρ − 1) . (26)

• (ii) if f (x) has an absolutely continuous (κ0 − 1)st derivative and a κ0th derivative f (κ0) of bounded variation
Vκ0 on [−1,1] for some κ0 ≥ 1, then for N ≥ κ0 + 1:

∥ f − PN[ f ]∞∥ ≤
4Vκ0

κ0πN(N − 1)⋯(N − κ0 + 1) . (27)

Proposition 2. [29] Suppose that f (y) ∈ CR+2[−1, 1] with R = ⌈min{α, β}⌉, then the error of the
Clenshaw–Curtis–Filon quadrature rule for integral I[ f ] satisfies:

EN = ∣I(α, β, k, x) − IN(α, β, k, x)∣ = O(k−2−min{α,β}), k → ∞. (28)

Theorem 2. Suppose that uN(x) is the approximate solution of u(x) of CSIE for case κ ≤ 0, then for error∣u(x) − uN(x)∣, x ∈ (−1, 1), the Clenshaw–Curtis–Filon quadrature is convergent, i.e.:

lim
N→∞

∣u(x) − uN(x)∣ = 0. (29)
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Proof. Suppose that x ∉ YN+1, f ∈ C2[−1, 1] and let

Q(y) = ⎧⎪⎪⎪⎨⎪⎪⎪⎩
f (y)− f (x)

y−x , y ≠ x

f
′ (x), y = x.

It is stated that Q(y) ∈ C1[−1, 1] and ∥Q
′∥∞ ≤ 3

2∥ f
′′∥∞, in addition R(y) = PN+1(y)− f (x)

y−x is a
polynomial of degree at most N. Then error for solutions u(x) and uN(x) to CSIE for cases κ ≤ 0
is defined as:

u(x) = a f (x) − b
π e−ikxw(x)⨍ 1

−1

w∗(y) f (y)eiky

y − x dy,

uN(x) = a f (x) − b
π e−ikxw(x)⨍ 1

−1

w∗(y)P̄N+1(y)eiky

y − x dy.

Then:

∣u(x) − uN(x)∣ = ��������a( f (x) − f (x)) − b
π e−ikxw(x)∫ 1

−1
w∗(y)(Q(y) − R(y))eikydy

��������
≤ b

π w(x)∫ 1

−1
w∗(y)dy∥Q(y) − R(y)∥∞

= D∥Q(y) − R(y)∥∞.

where D = bw(x)2α+β+1Γ(α+1)Γ(β+1)
πΓ(α+β+2) .

4. Numerical Examples

Example 1. Let us consider the CSIE of the second kind:

u(x)√
2

+
1√
2π

e−ikx ⨍ 1

−1

u(y)eiky

y − x dy =
f (x)√

2
(30)

where f (x) = cos(x). For x = 0.5 and a = b = 1√
2
, we get values of α = 0.25 and β = 0.25 from Equation (3) for

κ = 0. The absolute error for u(x) is presented in Tables 1 and 2 below.

Table 1. Absolute error for κ = 0, bounded at x = 1.

k N = 5 N = 10 N = 20

50 4.6387 × 10−9 3.9207 × 10−14 1.1102 × 10−16

100 1.0881 × 10−9 4.9564 × 10−15 0
1000 3.8093 × 10−11 4.0030 × 10−16 2.4825 × 10−16

10,000 5.1593 × 10−13 2.2204 × 10−16 1.1102 × 10−16

Table 2. Absolute error for κ = 0, bounded at x = −1.

k N = 5 N = 10 N = 20

50 1.1156 × 10−9 9.1854 × 10−15 1.1102 × 10−16

100 3.2791 × 10−10 5.6610 × 10−16 1.1102 × 10−16

1000 1.7225 × 10−12 2.2204 × 10−16 2.2204 × 10−16

10,000 7.3056 × 10−15 3.3307 × 10−16 3.3307 × 10−16
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Example 2. The mixed boundary value problem is described in Figure 1.

Figure 1. The mixed boundary value problem.

Taken from [18], it has the analytic solution φ(x, t) = 2
π

arctan 2y
1−x2−t2 . It can further be reduced to the

following integral equation for κ = −1 and for α = β = 1
2 .

−1
π ⨍ 1

−1

u(y)
y − x dy = C1 +

1
π [1 − x

2
log(1 − x) + 1 + x

2
log(1 + x) − log(2 + x) − 1] (31)

Here C1 is a constant defined as C1 = 0.4192007182789807. Furthermore if u(x) is known, the solution of
the above boundary value can be derived as:

φ(μ, ν) = 1
π ∫ ∞

−∞

νu(y, 0)(y − μ)2 + ν2
dy

where:

u(y, 0) = ⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
u(y) + (1 − y)/2, ∣y∣ ≤ 1,

1 t ∈ [−2,−1],
0, otherwise.

(32)

So here we just solve u(x) for simplicity. Figure 2 illustrates the absolute error for u(x).
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Figure 2. The absolute error for u(x), for x = 0.6.

Figure 2 shows that absolute error for u(x) decreases for greater values of N.

Example 3. [10,26] For CSIE with k = 0:

∫ 1

−1

u(y)
y − x dy = x4 + 5x3 + 2x2 + x −

11
8

(33)

in the case a = 0 and b = 1, where α and β are derived from Equation (3) and the exact values of u(y) for cases
κ ≤ 0 for the solution bounded at x = −1, x = 1, x = ±1 are given as:

u(y) = 1
π

√
1 + y
1 − y

[y4 + 4y3 − 5/2y2 + y − 7/2]
u(y) = −1

π

√
1 − y
1 + y

[y4 + 6y3 + 15/2y2 + 6y + 7/2]
u(y) = −1

π

√
1 − y2[y3 + 5y2 + 5/2y + 7/2].

(34)

Table 3 presents the absolute error for the above three cases.

Table 3. Absolute error for case κ ≤ 0, k = 0.

x
Error

κ = −1 κ = 0, boundned atx = −1 κ = 0, boundned atx = 1

−0.6 0 1.1102 × 10−16 4.4409 × 10−16

−0.2 3.3307 × 10−16 2.2204 × 10−16 4.4409 × 10−16

0.2 2.2204 × 10−16 4.4409 × 10−16 0
0.6 0 2.2204 × 10−16 4.4409 × 10−16
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Clearly, Table 3 shows that obtained absolute errors are significantly good for really small values of N,
N = 5, that can never be achieved in [10,26]. The exact value for u(x) in the above examples is obtained through
Mathematica 11, while the approximated results are calculated using Matlab R2018a on a 4 GHz personal laptop
with 8 GB of RAM. For Example 2 Matlab code and Mathematica command is provided as supplementary
material.

5. Conclusions

In the presented research work, the Clenshaw–Curtise–Filon quadrature is used to get higher
order accuracy. Absolute errors are presented in Tables 1 and 2 for solutions of highly oscillatory CSIEs
for κ = 0. For larger values of N, Figure 2 shows the absolute error for u(x) for mixed the boundary
value problem, whereas for frequency k = 0, the proposed quadrature posseses higher accuracy than
the schemes claimed in [10,26]; Table 3 addresses this very well. This shows that the quadrature rule is
quite accurate with the exact solution.

Supplementary Materials: The following are available online at http://www.mdpi.com/2227-7390/7/10/872/s1,
for Example 2, Figure 2: The absolute error for u(x), for x = 0.6.
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