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Iännis Roland, Marco Ravaro, Stéphan Suffit, Pascal Filloux, Aristide Lemaı̂tre, Ivan Favero

and Giuseppe Leo

Second-Harmonic Generation in Suspended AlGaAs Waveguides: A Comparative Study
Reprinted from: Micromachines 2020, 11, 229, doi:10.3390/mi11020229 . . . . . . . . . . . . . . . . 7

Francesco De Lucia and Pier J. A. Sazio

Thermal Poling of Optical Fibers: A Numerical History
Reprinted from: Micromachines 2020, 11, 139, doi:10.3390/mi11020139 . . . . . . . . . . . . . . . . 15

Luigi Sirleto and Maria Antonietta Ferrara

Fiber Amplifiers and Fiber Lasers Based on Stimulated Raman Scattering: A Review
Reprinted from: Micromachines 2020, 11, 247, doi:10.3390/mi11030247 . . . . . . . . . . . . . . . . 33

Maria Antonietta Ferrara and Luigi Sirleto

Integrated Raman Laser: A Review of the Last Two Decades
Reprinted from: Micromachines 2020, 11, 330, doi:10.3390/mi11030330 . . . . . . . . . . . . . . . . 53

Iolanda Ricciardi, Simona Mosca, Maria Parisi, François Leo, Tobias Hansson, Miro

Erkintalo, Pasquale Maddaloni, Paolo De Natale, Stefan Wabnitz and Maurizio De Rosa

Optical Frequency Combs in Quadratically Nonlinear Resonators
Reprinted from: Micromachines 2020, 11, 230, doi:10.3390/mi11020230 . . . . . . . . . . . . . . . . 73

Gabriele Frigenti, Daniele Farnesi, Gualtiero Nunzi Conti and Silvia Soria

Nonlinear Optics in Microspherical Resonators
Reprinted from: Micromachines 2020, 11, 303, doi:10.3390/mi11030303 . . . . . . . . . . . . . . . . 95

Varun Raghunathan, Jayanta Deka, Sruti Menon, Rabindra Biswas and Lal Krishna A.S

Nonlinear Optics in Dielectric Guided-Mode Resonant Structures and Resonant Metasurfaces
Reprinted from: Micromachines 2020, 11, 449, doi:10.3390/mi11040449 . . . . . . . . . . . . . . . . 117

Vincenzo Bruno, Stefano Vezzoli, Clayton DeVault, Thomas Roger, Marcello Ferrera,

Alexandra Boltasseva, Vladimir M. Shalaev and Daniele Faccio

Dynamical Control of Broadband Coherent Absorption in ENZ Films
Reprinted from: Micromachines 2020, 11, 110, doi:10.3390/mi11010110 . . . . . . . . . . . . . . . . 147

Mourad Baira, Bassem Salem, Niyaz Ahamad Madhar and Bouraoui Ilahi

Intersubband Optical Nonlinearity of GeSn Quantum Dots under Vertical Electric Field
Reprinted from: Micromachines 2019, 10, 243, doi:10.3390/mi10040243 . . . . . . . . . . . . . . . . 157

Alessandro Belardini, Grigore Leahu, Emilija Petronijevic, Teemu Hakkarainen, Eero

Koivusalo, Marcelo Rizzo Piton, Soile Talmila, Mircea Guina and Concita Sibilia

Circular Dichroism in the Second Harmonic Field Evidenced by Asymmetric Au Coated
GaAs Nanowires
Reprinted from: Micromachines 2020, 11, 225, doi:10.3390/mi11020225 . . . . . . . . . . . . . . . . 167

v



Xi-Rong Su, Yi-Wen Huang, Tong Xiang, Yuan-Hua Li and Xian-Feng Chen

Generation of Pure State Photon Triplets in the C-Band
Reprinted from: Micromachines 2019, 10, 775, doi:10.3390/mi10110775 . . . . . . . . . . . . . . . . 175

Juan S. Totero Gongora, Luana Olivieri, Luke Peters, Jacob Tunesi, Vittorio Cecconi, Antonio

Cutrona, Robyn Tucker, Vivek Kumar, Alessia Pasquazi and Marco Peccianti

Route to Intelligent Imaging Reconstruction via Terahertz Nonlinear Ghost Imaging
Reprinted from: Micromachines 2020, 11, 521, doi:10.3390/mi11050521 . . . . . . . . . . . . . . . . 187

vi



About the Editors

Luigi Sirleto is a research scientist, working at National Research Council of Italy. In september

2001, he spent 2 months at Institute of Nanotechnology, University of Twente, (NL). In July 2003, he

spent 9 months, as a visiting scientist, at Electrical Engineering Department of UCLA (University of

California, Los Angeles)-USA. In september 2006 he founded the Ultrafast and Nonlinear Optics Lab

at Institute of Applied Sciences and Intelligent Systems (ISASI) of CNR and he has led the research

activities of the same, until now. In April 2018, he received his qualification as Full Professor of

Experimental Matter Physics. He is co-author of over 180 papers, mostly on nonlinear optics and

photonics devices. He has served as a reviewer of many international journals and as a committee

member of many national and international conferences.

Giancarlo C. Righini is a physicist; fellow of EOS, OSA, SIOF, and SPIE; and meritorious

member of the Italian Physical Society (SIF). He worked for almost 40 years at CNR, the National

Research Council of Italy, in Florence and Rome, acting as director of various structures. After his

retirement from CNR, he was director of the Enrico Fermi Centre in Rome. He is author or co-author

of over 500 papers, mostly on photonic glasses, integrated optics, and microresonators (ORCID ID:

0000-0002-6081-6971). He is editor of a book on glass micro- and nanospheres, and he is co-editor of

other books. He was vice-president of IUPAP and of ICO, co-founder and president of the Italian

Society of Optics and Photonics (SIOF), secretary of EOS, and member of the Board of Directors

of SPIE. Currently, he is chair of the TC20 Committee on Glasses for Optoelectronics of ICG and

honorary chair of the series of PRE (Photoluminescence in Rare Earths) Workshops.

vii





micromachines

Editorial

Editorial for the Special Issue on Nonlinear
Photonics Devices

Luigi Sirleto 1,* and Giancarlo C. Righini 2,*

1 National Research Council (CNR), Institute of Applied Sciences and Intelligent Systems (ISASI),
Via Pietro Castellino 111, 80131 Napoli, Italy

2 National Research Council (CNR), Institute of Applied Physics (IFAC) “Nello Carrara”,
Via Madonna del Piano 10, 50019 Sesto Fiorentino, Florence, Italy

* Correspondence: luigi.sirleto@cnr.it (L.S.); righini@ifac.cnr.it (G.C.R.)

Received: 13 July 2020; Accepted: 5 August 2020; Published: 7 August 2020
��������	
�������

There is some incertitude on the creation of the term “photonics” and some ambiguity about its
frontiers (and differences with respect to optoelectronics and electro-optics). Many authors consider
the French scientist Pierre Agrain as the “father” of photonics, as of 1967, even if it would be more
correct to refer to an almost simultaneous invention of the word by a group of French physicitsts
working in lasers and fiber optics and by a Dutch group of high speed photography specialists. The first
appearance of this word was apparently in 1952 [1]. A very interesting analysis of the use of the term
photonics, embracing history, philosophy, and sociology of science, was published recently [2].

What is sure is that “photonics” was increasingly used after the broadening of laser applications,
and nowadays there is a rather general consensus on the definition given in the web page of UNESCO
2015 International Year of Light and Light-Based Technologies: “Photonics is the science and technology
of generating, controlling, and detecting photons, which are particles of light” [3].

In most cases, the response of a material to an optical field is linear (i.e., the strength of the
response is proportional to the strength of the optical field), but all the way back in the second half of
the XIX century, John Kerr, in Glasgow, observed effects that were proportional to the square of the
applied field. The field of nonlinear optics, however, started to grow up only after the invention of the
laser, when intense light sources became easily available. The seminal studies by Peter Franken [4]
and Nicolaas Bloembergen [5], in the 1960s, paved the way to the development of today’s nonlinear
photonics, the field of research which encompasses all the studies, designs, and implementations
of nonlinear optical devices which can be used for the generation, communication, and processing
of information.

Ten years after Franken’s paper, Anderson and Boyd performed the first nonlinear optics
experiment in waveguides: as for bulk nonlinear optics, it dealt with frequency conversion, namely,
second harmonic generation (SHG) in gallium arsenide (GaAs) waveguides [6]. It became soon clear
that waveguides would offer fundamental advantages for nonlinear optics due to the intrinsic radiation
confinement, leading to high optical power densities over long propagation distances.

Of course, the general trend of science towards the nano-world has also influenced the development
of photonics, which started from waveguides at micrometer scale, going through microphotonics
structures, and finally coming to nanophotonics. In the last few decades, with the development of
integrated and nano-optics, biophotonics, quantum, and free-space optical communication, the concept
of “photonics” acquired a broader sense. Nowadays, “photonics” is used almost synonymously
with the term “optics,” referring equally to both science and applications, while nonlinear optical
phenomena, and devices based on them, play a key role both in the knowledge of the matter and in
many applications of photonics. This justifies the continuation of fundamental studies, and the search
for new or advanced materials—with higher nonlinear coefficients and/or better overall properties.

Micromachines 2020, 11, 760; doi:10.3390/mi11080760 www.mdpi.com/journal/micromachines1
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The goal of identifying an efficient device integration platform is another hot issue: it would enable
the development of low-cost and reliable devices and systems, wherein nonlinear phenomena may find
new or more effective applications in areas such as all-optical switching, all-optical signal processing,
and quantum photonics. The use of nonlinear effects in optical waveguides and microcavities is also at
the forefront of this research.

This field attracts huge attention, as confirmed by a search made by using the Clarivate Web
of Science: almost 200,000 papers were published which refer to the topic “nonlinear optic*”.
Over 36,000 papers with the same keyword were published in the last four years (2015–2018),
and over 17,000 used the keyword “nonlinear photonic*”.

The present Special Issue (SI) of Micromachines journal, titled “Nonlinear Photonics Devices,” aims
at highlighting the current state of the art, some recent advances, and some perspectives for further
development. Fundamental and applicative aspects have been considered, with special attention to the
hot topics that could lead to technological and scientific breakthroughs. Contributions were solicited
from both leading researchers and emerging investigators. As a result, this SI contains six reviews and
six research articles.

The first group of articles has to do with nonlinear optical phenomena in optical waveguides, of
fiber and integrated optical types. Going to the nanoscale level, the paper by Roland et al. [7] investigates
the nonlinear properties of nanowire and nanorib waveguides in AlGaAs, which have the advantage of
exhibiting an adjustable modal birefringence and supporting phase-matched frequency mixing in the
whole AlGaAs transparency range, even close to the gap. In particular, the experimental performances
and drawbacks of two different designs (a nanowire in straight or snake-shaped configurations, and a
nanorib waveguide) of AlGaAs suspended nonlinear waveguides are compared. The authors conclude
that, while the optical performances are almost identical for the two designs, the nanorib exhibits far
better mechanical properties.

Optical fibers are often exploited for non-linear photonic devices due to their higher order intrinsic
non-linear susceptibility χ(3): third harmonic generation (THG), self-focusing, and four-wave mixing
(FWM) are some examples of the studied effects. SHG, on the contrary, would not be allowed in
silica fibers, due to the absence of intrinsic second-order properties in centrosymmetric materials.
This limitation has been overcome by the introduction, almost 30 years ago, of the technique of thermal
poling. The article by De Lucia and Sazio [8] focuses on the logical and chronological development of
2D numerical models, with the aim of explaining in the best possible dynamics of evolution of the
poling process. The authors have also identified the single-anode configuration as the most effective
method for thermal poling, in terms of both the absolute value of the created quadratic non-linearity
and of simplification of the fabrication constraints.

Another important nonlinear effect in optical fibers is due to inelastic-scattering, in which the
optical field transfers part of its energy to the nonlinear medium, thereby inducing stimulated effects
such as stimulated Brillouin scattering (SBS) and stimulated Raman scattering (SRS). Either of those
types of stimulated scattering process can be used as a source of gain in the fiber. The article by Sirleto
and Ferrara [9] reviews the state of the art, achievements, challenges, and perspectives of fiber Raman
amplifiers (FRAs) and lasers (FRLs). FRAs are now widely used in fiber optic communications, in
order to respond to the growing demand in terms of transmission capacity: the dramatic increase
in bandwidth requirement has ruled out the use of erbium-doped fiber amplifiers (EDFAs), leaving
fiber Raman amplifiers as the key devices for future ultra-high-capacity systems. FRLs, on the other
hand, provide a very attractive option in the field of high-power fiber lasers. Nowadays, commercially
available fiber-based Raman lasers can deliver output powers in the range of a few tens of Watts in
continuous-wave operation, with high efficiency and broad gain bandwidth, covering almost the
entire near-infrared region. The development of integrated RLs is reviewed in another paper, wherein
Ferrara and Sirleto [10] describe the transition from the all-silicon Raman laser realized in 2005, based
on a single-mode rib waveguide containing a reverse-biased p-i-n diode structure and fabricated on a
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standard silicon-on-insulator (SOI) substrate, to the current interest toward Si microphotonic structures
based on photon confinement effects (nanocrystal waveguides, nanowires, and nanocavities).

Resonating structures, especially at microscale and nanoscale, are very attractive, due to the
small volume and consequent high power density of the optical field, which gives higher strength
to the nonlinear phenomena. Nonlinear photonics in resonators are the subject of another group of
papers in the present SI. Ricciardi et al. [11] discussed the advances that occurred since it was shown
that quadratic χ(2) processes can lead to direct generation of optical frequency combs in cw-pumped
quadratic nonlinear resonators. Recently, direct generation of quadratic frequency combs has been
demonstrated also in chip-scale, lithium niobite, periodically-poled, linear waveguide resonators and
in whispering-gallery-mode (WGM) resonators. In this study, the authors analyzed and experimentally
demonstrated comb generation in two configurations: a SHG cavity, where combs were generated both
around the pump frequency and its second harmonic, and a degenerate optical parametric oscillator,
where combs were generated around the pump frequency and its subharmonic. It may be worth noting
that optical frequency combs are now attracting interest as sources of complex quantum states of light
for high-dimensional quantum computation.

Nonlinear effects in solid and hollow microspherical WGM resonators (WGMRs) are reviewed in
the paper by Frigenti et al. [12]. These structures are easy to fabricate and exhibit a very high quality
factor Q; they are excellent platforms to understand how light, sound, and matter interact. Nonlinear
photonic effects can be easily generated, and their very dense mode spectra allow one to efficiently fulfill
the phase-matching conditions required for parametric and hyper-parametric interactions. This review
describes Kerr effects in silica and hybrid (silica sphere with organic coating) WGMRs, including
third-harmonic generation, third-order sum-frequency generation, frequency combs, Kerr switching,
and two-photon fluorescence. Stimulated Raman scattering and stimulated Brillouin scattering, and
combinations of other nonlinear phenomena, such as four-wave-mixing, are also discussed.

With the emergence of accurate nanofabrication techniques, there is interest in exploring nonlinear
optical effects at a scale comparable to, or much less than, the incident light wavelength. At the
nanoscale, interesting regimes for nonlinear optics emerge, in which the resonant optical interaction,
due to frequency-selective light scattering or light coupling into and out of the structures, becomes
significant. The resonant effects lead to a build-up of electric field inside or in the vicinity of the structure,
resulting in enhancement of the nonlinear optical effects. The review article by Raghunathan et al. [13]
provides an overview of this emerging field in dielectric-based sub-wavelength periodic structures
to realize efficient harmonic generations, wavelength mixers, optical switches, etc. The structures
considered here are broadly classified into guided-mode resonant structures and resonant metasurfaces;
reference is made, for instance, to 1D gratings, 2D arrays of nanodisks, bar-nanodisk structures,
asymmetric bar dimers, asymmetric rectangular unit-cells, and disordered nanodisk arrays. The basic
physical mechanisms, the various nonlinear phenomena, and their applications are discussed too.

Exploiting at the best the photonic nonlinear effects requires a careful choice of structures and
materials. Thus, some papers in this SI present a detailed analysis of these aspects. Bruno et al. [14]
have studied thin films of epsilon-near-zero (ENZ) materials, such as transparent conductive oxides,
including aluminum-doped zinc oxide (AZO) and indium tin oxide (ITO). In their paper, they
demonstrate, both theoretically and experimentally, that a broadband coherent perfect absorption
(CPA) based on light-with-light modulation may be achieved in these films. By using Kerr optical
nonlinearities, the visibility and the peak wavelength of the total energy modulation can be dynamically
tuned. The coherent control of the absorption in ENZ media may open a route towards technologies
such as optical data processing or devices that require efficient light absorption and dynamical tunability.

The investigation of linear and nonlinear intersubband optical properties of quantum dots (QDs),
which are of a great interest for integrated quantum photonic technologies, is the subject of the
paper by Baira et al. [15]. Recently, GeSn has been shown to have comparable properties to III–V
materials, while being compatible with complementary metal-oxide semiconductor (CMOS) technology.
In this paper, the effects of an applied electric field on the electron-related linear and third-order
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nonlinear optical properties are evaluated numerically, with the aim of helping future realizations
of CMOS-compatible, nonlinear optical devices. Pyramidal GeSn quantum dots with different sizes
are considered. The results show that the transition energies and the transition dipole moment,
particularly for larger dot sizes, are altered by the electric-field-induced electron confining potential
profile’s modification.

Gallium arsenide has been widely used in photonic applications. Recently, it has also been
proven that, due to its very high refractive index, nanostructures, such as GaAs nanowires, are able
to effectively guide light by using leaky waves; this may lead to different applications as emitters or
even as laser sources. Belardini et al. [16] have shown that glancing angle deposition of gold on GaAs
nanowires induces a symmetry breaking that leads to an optical circular dichroism (CD) response that
mimics chiral behavior. The presence of extrinsic chirality can have applications in different fields,
including the ability to generate photons in a second-harmonic field, while selective pumping with
circular polarized light could boost the processes of circular polarized photon generation or absorption.
Geometric resonance that can be finely tuned by changing the diameter of the nanowires, is an essential
feature in this extrinsic chiral behavior.

Periodically-poled lithium niobate (PPLN) is a material widely exploited for the implementation
of nonlinear optical devices, both in bulk and in integrated optical format. Su et al. [17] used PPLN
and MgO-doped PPLN to generate pure state photon triplets by cascaded second-order spontaneous
parametric down-conversion (SPDC). Through numerical simulation, the most suitable parameters,
in terms of pump duration and crystal length, were identified to eliminate the frequency correlation
between the photon pairs in each SPDC process. Quantum interference is vital for quantum information
science, since it is not only the basis of quantum manipulation technology, but is also an important
tool for implementing quantum computing and quantum communication. The preparation of three
photons with hyperspectral purity in the telecommunication C band is critical for research into quantum
information processes and for applications.

Finally, another application of nonlinear phenomena, concerning the development of imaging
techniques that are capable of reconstructing the full-wave properties (amplitude and phase) of arbitrary
electromagnetic field distributions, is discussed in the paper by Gongora et al. [18]. Interestingly,
the direct detection of the field evolution is achievable at terahertz (THz) frequencies thanks to the
availability of the time-domain spectroscopy (TDS) technique. Such a capability, coupled with the
existence of specific and distinctive spectral fingerprints in the terahertz frequency range, are critical
enabling tools for advanced applications; a promising alternative to TDS imaging arrays is single-pixel
imaging, or ghost imaging (GI). In this paper, the key advantages and practical challenges in the
implementation of time-resolved nonlinear ghost imaging (TIMING) are discussed. TIMING combines
nonlinear THz generation with time-resolved time-domain spectroscopy detection. The reported
results establish a comprehensive theoretical and experimental framework for the development of a
new generation of terahertz hyperspectral imaging devices.

Overall, this collection of scientific articles presents and discusses some interesting research topics
in nonlinear photonics. It is our wish that this Special Issue will serve as a stimulus for students
and researchers to further expand the potential of nonlinear photonics devices, via fundamental
investigations and practical applications.

We would like to thank all the authors for their submissions to this special issue; we really have
appreciated their contributions. We also thank all the reviewers for dedicating their time and helping
to ensure the quality of the submitted papers. Last but not least, we are grateful to the staff at the
editorial office of Micromachines—in particular to Mr. Dikies Zhang—for their efficient assistance.

Conflicts of Interest: The authors declare no conflict of interest.
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Abstract: Due to adjustable modal birefringence, suspended AlGaAs optical waveguides with
submicron transverse sections can support phase-matched frequency mixing in the whole material
transparency range, even close to the material bandgap, by tuning the width-to-height ratio.
Furthermore, their single-pass conversion efficiency is potentially huge, thanks to the extreme
confinement of the interacting modes in the highly nonlinear and high-refractive-index core, with
scattering losses lower than in selectively oxidized or quasi-phase-matched AlGaAs waveguides.
Here we compare the performances of two types of suspended waveguides made of this material,
designed for second-harmonic generation (SHG) in the telecom range: (a) a nanowire suspended in
air by lateral tethers and (b) an ultrathin nanorib, made of a strip lying on a suspended membrane of
the same material. Both devices have been fabricated from a 123 nm thick AlGaAs epitaxial layer and
tested in terms of SHG efficiency, injection and propagation losses. Our results point out that the
nanorib waveguide, which benefits from a far better mechanical robustness, performs comparably to
the fully suspended nanowire and is well-suited for liquid sensing applications.

Keywords: second-harmonic generation; waveguide; AlGaAs

1. Introduction

Recent technological advances have allowed reducing the size of semiconductor photonic devices
to the sub-micrometer scale, with a remarkable impact in several research domains like integrated
optofluidics [1] and nonlinear photonics [2]. Because of the high-refractive-index contrast and
subwavelength size, the normal field component can be very strong at the semiconductor–air interface.
This makes nanophotonic devices very sensitive to the complex refractive index of the surrounding
medium and thus promising candidates for chemical or biological sensing in liquid or gaseous
environments with lab-on-chip integrated photonic sensors [3]. This is all the more true for resonators
and waveguides operating in the mid-infrared, where many absorption resonances of important
analytes occur [4]. For these reasons, suspended silicon structures operating in the linear regime have
been recently proposed as an alternative to their silicon-on-insulator counterparts [5,6], where the SiO2

substrate exhibits nonnegligible losses around 2.8 μm and beyond 4 μm, while the transparency of
silicon itself ends beyond 8.5 μm [7]. A further asset of nanoscale high-contrast photonics in respect to
μm-sized devices is the combination of strong nonlinear light–matter interaction with higher flexibility
in dispersion and mode coupling engineering [8].

Micromachines 2020, 11, 229; doi:10.3390/mi11020229 www.mdpi.com/journal/micromachines7
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In this context, AlxGa1-xAs is an attractive material for its high second-and third-order nonlinear
coefficients (d14 ≈ 100 pm·V−1 [9], n2 ≈ 10−17 m2·W−1 [10]), well-established processing technology,
direct bandgap (for x < 0.45) that increases with Al molar fraction x and its broad transparency spectral
region ranging from near- to mid-IR. The exploitation of AlGaAs nonlinearity for frequency mixing
was once challenging because of its optical isotropy, which hinders birefringent phase-matching
(PM), and its optical losses associated with the implementation of quasi-PM in the near-IR. In the
last two decades, however, efficient guided-wave frequency mixing has been reported, based on
form birefringence [11,12], modal PM [13] and counterpropagating PM [14]. In each of those cases,
the nonlinear waveguides relied on total internal reflection between an aluminum-poor AlGaAs core
and aluminum-rich claddings with a relatively low refractive-index step (Δn ≈ 0.2), which was also the
case for the demonstration of χ(3) guided-wave devices [15].

In the last years, high-contrast AlGaAs nonlinear photonic structures have been reported at
the nanoscale level, based on either selective oxidation of an AlAs substrate [16,17] or epitaxial
liftoff followed by bonding on glass [18], for both second-harmonic generation (SHG) [16–18] and
spontaneous parametric down-conversion (SPDC) [19]. Their higher refractive-index step (Δn ≈ 1.5)
made them suitable for shallow etching fabrication, with a huge impact on integration up until the
demonstration of the first χ(2) metasurfaces [20,21]. Similar AlGaAs-on-oxide structures have also been
demonstrated for waveguides and microresonators fabricated by wafer bonding, both in χ(3) [22] and
χ(2) devices [23,24]. However, the potential of AlGaAs-on-oxide guided-wave devices is still affected
by either the intrinsic limits of wafer bonding technology in terms of homogeneity and throughput or
by the intrinsic scattering loss of devices based on native AlAs oxide [25,26].

Within this context, an alternative approach to high-contrast AlGaAs photonics was pioneered
more than a decade ago with substrate-removed electrooptic modulators [27,28]; then, suspended
microdisk resonators were used both in optomechanics [29] and nonlinear optics [30–32]. Finally,
suspended nonlinear nanowires [33] and nanorib waveguides [34] have been reported, and a suspended
nonlinear photonic integrated circuit has been demonstrated for both SHG and SPDC in a microdisk
coupled with two distinct waveguides at ω and 2ω [35].

Both nanowire and nanorib waveguides naturally lend themselves to mode birefringence
phase-matching with a few advantages over multilayered form birefringent waveguides: (a) the
attainable modal birefringence is sufficient to compensate dispersion in the whole AlGaAs transparency
range, even close to the gap; (b) the modal areas of the fields are extremely small and tightly confined
within the GaAs core, resulting in high conversion efficiency; and (c) the absence of aluminum oxide
layers and the smoothness of top and bottom surfaces, which is defined by epitaxial growth, result in
low scattering losses.

Here we compare the experimental performances and drawbacks of two different designs for
AlGaAs suspended nonlinear waveguides (Figure 1): (a) a nanowire that recently allowed the
demonstration of phase-matched SHG in both straight and snake-shaped configurations [33] and (b) a
nanorib waveguide developed for frequency down-conversion towards the mid-IR range [34].
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(a) (b) 

Figure 1. Suspended waveguide schemes: (a) nanowire anchored by tethers; (b) nanorib bounded by
etch windows. Tethers and windows have no impact on optical propagation.

2. Materials and Methods

Both the above devices were processed from a planar AlGaAs heterostructure consisting of a
123 nm thick film of Al0.19Ga0.81As on top of a 4 μm thick Al0.8Ga0.2As layer, grown on a GaAs {001}
substrate by molecular-beam epitaxy.

Suspended nanowires 1 μm wide and 1 mm long (Figure 2a) were patterned along with their
anchoring points by e-beam lithography followed by Ar/SiCl4-assisted inductively coupled plasma
reactive-ion etching (ICP-RIE). The anchoring points were pairs of 100 nm wide and 1 μm long lateral
tethers placed every 50 μm along the wire. A 1 mm wide, 100 μm deep mesa was then defined in the
GaAs substrate by optical lithography and wet etching, giving access to the input and output ends
for butt coupling. Finally, the Al0.8Ga0.2As layer was underetched with 1% HF solution at 4 ◦C for
6 minutes without stirring before sample CO2 critical point drying.

1 μm

(a)

1 μm

(b)

Figure 2. Scanning electron microscope (SEM) images of the suspended nanowire (a) and nanorib
(b) waveguides.

Suspended nanorib waveguides (Figure 2b) were patterned by means of a two-step e-beam
lithography plus ICP-RIE process: the former defined a 1 μm wide, 200 μm long and 80 nm thick rib in
the Al0.19Ga0.81As layer, while the latter opened two lines of 2 μm × 2 μm square windows through the
same layer, 2 μm away from the strip. The windows allowed wet isotropic underetching (10 min in
1% HF at room temperature with moderate stirring) of the underlying Al0.8Ga0.2As layer, which thus
liberated a suspended 40 nm thick, 15 μm wide and 200 μm long Al0.19Ga0.81As membrane supporting
the guiding rib. It is worth noticing that rib waveguides, due to intrinsic robustness, do not require
critical point drying at the end of processing but can be simply flash dried (isopropanol evaporation on
a hot plate at 270 ◦C).
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Both types of waveguides were terminated with inverted tapers designed for efficient input/output
coupling at fundamental frequency ω and second-harmonic 2ω.

All devices were tested using two continuously tunable laser sources: aCW external cavity laser
diode emitting between 1.5 and 1.6 μm and a single mode CW Ti:sapphire tunable between 0.7 and 1
μm. Both laser beams butt coupled at the input and the output with microlensed, single mode optical
fibers. Linear and nonlinear spectra have been recorded by injecting and tuning the laser sources while
detecting the outcoupled light either by an InGaAs or an Si photodiode.

3. Results

The transverse section of the waveguides was designed for Type-I phase-matched SHG from the
TE00 mode atω (λ≈ 1.6μm) to the TM00 mode at 2ω (λ≈ 800 nm): (a) the thickness of the Al0.19Ga0.81As
film was chosen so as to ensure strong modal birefringence while keeping the interacting modes
well-confined; (b) the wire/rib width was then adjusted in order to precisely set the phase-matching
wavelength [33]. The electric field amplitude profiles of both modes are shown in Figure 3. It can be
observed that the 40 nm thick membrane does not significantly affect the lateral confinement for both
modes. Accordingly, phase-matching is obtained for an almost identical width (≈ 1 μm), and the SHG
efficiency expected from numerical simulations (not shown) is also very similar for the two devices:
η = 300% W−1mm−2 (nanowire) and η = 401% W−1mm−2 (nanorib).

Figure 3. TE00 amplitude at ω (Ey, left) and TM00 amplitude at 2ω (Ex, right) in the suspended
nanowire (top) and rib waveguide (bottom).
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Propagation losses atω and 2ωwere measured by acquiring Fabry–Perot transmission interference
fringes in on-purpose processed 200 μm long waveguides terminated by flat ICP etched facets (which
have higher reflectivity than the tapered counterparts). The combined loss–reflection coefficient R’ = R
exp(-αL) can be extracted by the contrast K of the transmission fringes as follows:

K =
Tmax − Tmin

Tmax + Tmin
(1)

R′ =
1−
√

1−K2

K
(2)

where L is the length of the waveguide and Tmax and Tmin are the maximum and minimum transmission
values, respectively. The modal reflectivity R was calculated at both ω and 2ω via 3D FDTD modeling,
and the propagation loss coefficient was then found as:

α =
1
L

ln
( R

R′
)

(3)

The coupling efficiency κ of a waveguide terminated by inverted tapers, assumed to be equal at
the input and at the output, was finally obtained by measuring its overall transmission and dividing it
by the propagation loss exp(-αL):

κ =

√
T

e−αL (4)

The results of the above linear characterization are summarized in Table 1. For both designs, for
L = 1 mm, the propagation loss at ω is quite limited (e-αL ≈ 70%), while at 2ω it turned out to be one
order of magnitude higher, due to the proximity between photon energy at 2ω and the forbidden
band (740 nm) and to stronger scattering at the waveguide sidewalls at shorter wavelength. As for the
input/output coupling, we estimate that the efficiency at ω for the rib waveguides can reach the same
level as in nanowires after further optimization of design and processing. The low coupling efficiency
at 2ω is to be ascribed to the multimode nature of the waveguide at this wavelength.

Table 1. Measured linear optical features.

Design
λ

(nm)
R

(%)
Ltrans

(μm)
K

(%)
A

(cm−1)
T

(%)
κ

(%)

Wire
1600 16.7 200 30.3 ± 0.3 3.7 ± 0.5 34.0 ± 0.2 60.7 ± 0.3

800 24.3 200 23 ± 5 38 ± 12 0.50 ± 0.02 10.0 ± 1.0

Rib
1600 16.7 200 30.1 ± 0.6 4.0 ± 1.0 5.0 ± 0.2 23.3 ± 0.7

800 24.3 200 22 ± 3 39 ± 7 0.50 ± 0.02 10.4 ± 0.7

Figure 4 shows the SHG efficiency spectra acquired by injecting and tuning the TE polarized
telecom-range laser into a 1 mm nanowire (black trace) and a 200μm long nanorib (red trace) waveguide,
collecting the outcoupled TM mode at 2ω. The internal efficiency η was calculated by normalizing the
overall efficiency PSHG/Pin

2 to the coupling efficiency at ω and 2ω:

η =
1

κ2
ωκ2ω

PSHG

P2
in

(5)

with peak values of 16% W−1 (wire) and 3% W−1 (rib). The normalized efficiency equations
(ηnorm = η/L2) of the two devices are expected to be very similar; nevertheless, the ratio (ηwire/ηrib)
does not scale as the square of the ratio of the lengths (Lwire/Lrib)

2. This is due to propagation loss at
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2ω, which limits the interaction length to << Lwire. By taking into account the effect of propagation
loss on the efficiency η, we can calculate the normalized SHG efficiency ηnorm, defined as follows: [36]

η = ηnormL2 exp[−(αω + α2ω/2)L]
sin h2

[
(αω −α2ω/2)L

2

]
[
(αω −α2ω/2)L

2

]2 (6)

obtaining 128% W−1mm−2 (wire) and 119% W−1mm−2 (rib). The results are summarized in Table 2.

Figure 4. Nonlinear second-harmonic generation (SHG) efficiency spectra for the nanowire (black) and
nanorib (red) waveguides.

Table 2. Measured nonlinear optical features.

Design
LSHG

(μm)
Pin

(W)
PSHG

(W)
η

(% W−1)

ηnorm

(% W−1 mm−2)

Wire 1000 8.0 × 10−4 3.9 × 10−9 16 ± 2 128 ± 20

Rib 200 4.0 × 10−4 2.7 × 10−11 3.0 ± 0.5 119 ± 20

4. Discussion

We demonstrated phase-matched optical SHG from the telecom range in suspended submicron
AlGaAs waveguides with two different designs: a nanowire and a nanorib. The two approaches exhibit
similar performances in terms of injection and propagation loss at ω, which are low enough to fabricate
1 mm long devices and in terms of nonlinear efficiency. Propagation loss at 2ω is intrinsically higher
due to scattering and residual absorption, and it limits the SHG efficiency with respect to the expected
values. Yet, the experimental conversion efficiency is higher than in oxidized form birefringent AlGaAs
nonlinear waveguides (≈ 10% W−1mm−2), [37,38] and comparable to state-of-the-art SiO2 cladded
submicron GaAs waveguides (≈ 130% W−1mm−2) [23]. While the optical performances are almost
identical for the two designs, the nanorib exhibits far better mechanical properties. Its mechanical
robustness makes its processing easier, not requiring CO2 supercritical drying, with a higher fabrication
yield and less delicate handling. In addition, its ability to withstand several wetting and flash drying
cycles without any damage makes the nanorib perfectly adapted to chemical and biological sensing in
liquids, which could be easily injected through the etch windows.
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Abstract: This review gives a perspective of the thermal poling technique throughout its chronological
evolution, starting in the early 1990s when the first observation of the permanent creation of a second
order non-linearity inside a bulk piece of glass was reported. We then discuss a number of significant
developments in this field, focusing particular attention on working principles, numerical analysis
and theoretical advances in thermal poling of optical fibers, and conclude with the most recent
studies and publications by the authors. Our latest works show how in principle, optical fibers of
any geometry (conventional step-index, solid core microstructured, etc) and of any length can be
poled, thus creating an advanced technological platform for the realization of all-fiber quadratic
non-linear photonics.

Keywords: non-linear photonics; optical fibers; thermal poling; numerical analysis

1. Introduction

Since their early implementation in the 1920s [1,2] and subsequent optimization in the 1970s [3]
optical fibers have become the most widespread technological platform for telecommunications, mainly
due to their relatively low losses and huge bandwidths which greatly exceed the performances of any
other system for the transmission of information [4]. For example, it is possible to dope optical fibers
with rare earth ions such as erbium to obtain optical amplifiers [5], with ytterbium or neodymium to
create fiber lasers, or to embed Bragg grating mirrors and filters into them [6].

Optical fibers are typically exploited as a reliable technology for non-linear photonic devices based
on their higher order intrinsic non-linear susceptibility χ(3). This, by definition, requires high laser
pump intensities and appropriate phase matching conditions to operate efficiently. Third harmonic
generation (THG), optical Kerr effect, self-focusing, intensity dependent refractive index, four-wave
mixing (FWM) are some of these χ(3) -related effects exploited in all-fiber non-linear devices such
as, for example, supercontinuum sources [7]. Nevertheless, the absence of intrinsic second order
properties in centrosymmetric materials, such as silicate glasses, does not in the first instance allow for
their exploitation in creating parametric effects related to this lower order optical non-linearity [8].

However, in 1991 Myers et al. developed a technique, called thermal poling [9], to permanently
create effective second-order susceptibility χ(2)e f f inside glasses. The method consists in the concomitant
heating process of a piece of glass and application of a relatively high static electric field through it.
When the glass reaches the temperature where some alkali impurity ions (already included inside the
glass matrix) have a non-negligible diffusion and drift mobility, the alkali ions start to electromigrate
consequently forming a static electric field which is later frozen-in the glass after it is cooled down and
the external electric field is removed. The thermal poling technique, at first adopted for bulk glasses,
was later used for optical fibers [10] with the main motivation of overcoming some of the issues typical
of the classical approach for the realization of non-linear optical devices, based on the interaction
between intense light beams and non-linear crystals (such as for example lithium triborate (LBO),
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beta-barium borate (BBO) or lithium niobate (LiNbO3)). These issues can include thermal instabilities
of non-linear crystals when illuminated by very high pump powers [11,12], relatively short interaction
lengths between light waves involved in the non-linear process, high costs and low damage thresholds
of the non-linear crystals and coupling losses due to the presence of air/non-linear crystal interfaces as
well as the onerous requirement for continuous optical alignment necessary in free-space optical setup.
The appeal represented by the idea of a new technological platform for the realization of efficient and
all-fiber non-linear devices produced a significant scientific effort towards the complete exploitation
of the thermal poling technique. Since its first appearance, many papers have been published where
continuous improvements of the experimental thermal poling technique are presented. In this work
we focus our attention on the chronological development of the theoretical models implemented in the
last 25 years to explain the glass chemistry and physics behind thermal poling, with the final aim of
shedding more light on the mechanisms involved in the creation of the second order non-linearity and
ideally understanding how eventually to push the features of the technique beyond its current limits.

2. Early Evidence of Second-Order Non-Linearities in Silica Fibers and Thermal Poling

An amorphous dielectric medium can be considered macroscopically isotropic and centrosymmetric
and consequently invariant by parity inversion [13]. This means that a glass, as an amorphous medium,
lacks any second order non-linear susceptibility χ(2) in the electric dipole approximation, because of the
parity invariance [8]. For example, silica optical fibers possess a zero χ(2) as evidenced by the absence
of any quadratic non-linear effect. However, in the 1980s some quadratic nonlinear phenomena were
observed in silica optical fibers excited by the radiation generated by high power lasers, for example,
the generation of wavelengths corresponding to sum-frequency radiation. The source adopted was a
Q-switched and mode-locked neodymium-doped yttrum aluminum garnet (Nd:YAG) laser at 1.064 μm
while the sum-frequency light was generated mixing the light of fundamental wavelength and the
Stokes wavelengths generated via Raman inelastic scattering [14–16]. It is due to the work of Gabriagues
et al. the first ever reported observation of second harmonic generation (SHG) in optical fibers [17],
while a few years later Osterberg et al. studied the SHG process produced in a silica fiber with laser
pulses characterized by a time duration of 100-130 psec and peak power of 70 kW. They observed that,
after constantly illuminating a silica fiber, some SH light was collected at its output and the intensity of
the light generated grew after a certain time [18,19]. In a later work, it was reported the possibility
of reducing this “preparation” time from hours to minutes by illuminating the fiber not only with
fundamental wavelength, but also with the SH one [20].

The SHG produced in optical fibers was explained in two different ways. Farries et al. considered
that the existence of a non-linear electric quadrupole susceptibility causes the generation of a feeble SH
radiation when elevated intensities of the pump light are used [21]. This process produces the formation
of color centers (created where fundamental and SH radiation are in phase) in an axially periodic
arrangement [22]. Stolen et al., instead, attribute the SHG to a sort of photoinduced phenomenon
forming the χ(2). Basically, they assume that the origin of the SHG process is the creation of a DC
polarization due to the mix of the fundamental and the SH wavelength (already present inside the fiber
or even fed from outside). The polarization is characterized by a certain periodicity and is capable of
orienting defects and consequently create a phasematched χ(2) [20].

Finally, Kashyap created an experimental setup to produce phase-matched electric field-induced
second harmonic (EFISH) in single-mode Germania-doped silica fibers [23] by applying a periodic
electric field across the core of an optical fiber. The static field created in the fiber’s core generates
a periodic χ(2) ∝ χ(3)E. It was possible to tune the period of the electric field simply rotating the
electrode by an appropriate angle.

As previously discussed, significant permanent effective second order non-linear susceptibility
(≈1 pm/V) in centrosymmetric media such as bulk silica glass was demonstrated by Myers et al. [9].
The technique is defined thermal poling and consists in the application of high electric potentials
(3–5 kV) through a piece (thickness of 1.6 mm) of fused silica kept at a temperature between 250
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and 325 ◦C for a temporal interval in the range 15–120 min. After the heating phase, the glass is
cooled down to room temperature while the voltage is still maintained. The non-linearity is created
permanently only in the first few microns of the sample close to the surface where the anodic potential
is applied. The χ(2)33 value for fused silica was found to be 20% of the typical value of the χ(2)22 measured
for LiNbO3. A relevant experimental result obtained by Myers et al. is the strict relationship between
the value of χ(2) obtained and the concentration of the impurities present in the glass the fiber is made
of. This observation suggested that the presence of the impurities is of critical importance to make
thermal poling an efficient process.

2.1. First Theoretical Explanation of Thermal Poling: Single-Carrier Model

In 1994 Mukherjee et al. presented a first model to explain the thermal poling process dynamics [24].
The model is based on transport of ionic species together with bonds reorientation and states that,
by applying an external electric field, the impurity ions already included in the glass matrix create
locally static electric fields capable to orient the bonds (related to impurities or Si-O bonds). The induced
χ(2) is expressed by:

χ(2) ≈ χ(3)EDC +
npβ

5kBT
EDC (1)

where χ(3)EDC is the term representing the optical rectification process of third order and EDC is the
local field due to the non-uniform charge distribution. The other term of Equation (1) represents
the electric-field-induced orientation of the molecular second order hyperpolarizability β, with kB

the Boltzmann constant, T the absolute temperature of the sample, p the permanent dipole moment
associated with the bond, N the number of dipoles involved in the process and a uniaxial molecular
system is assumed for the sake of simplicity (the direction of EDC is fixed). Mukherjee et al. introduced
for the first time the concept of depletion region formation. The latter consists in the creation of
a space-charge zone, situated in proximity of the anodic electrode, which is emptied of impurities.
This portion of the glass includes the negatively charged non-bridging oxygen (NBO−) centers.
By applying high electric fields at high temperature it is possible to move away the ions originally
electrostatically linked to them. Applying the Poisson’s equation it is possible to obtain the electric
field in the depletion region, which is given by [24]:

EDC =
qn
ε
(a− x), 0 < x < a, a =

(
2εV
qn

) 1
2

(2)

where a is the depletion width, n is the concentration of ionized impurities, q is the magnitude of the
electronic charge, ε the dielectric constant and V the difference of potential externally applied between
the two electrodes. This result has been obtained assuming that the depletion layer width on the
anodic side is much greater than the corresponding cathode accumulation layer. This model is based
on the assumption that there is only one type of carrier involved in the formation of the depletion
region, but a later work of Alley et al. [25] highlighted a series of experimental observations which are
incompatible with the single-carrier model, including in particular the observation of multiple time
scales for the poling, and the dependence of the non-linearity on the sample thermal poling history.

2.2. Multiple-Carrier Model for Space-Charge Region Formation

Although the early experimental results seemed to confirm the formation of a negatively charged
region underneath the anodic surface of the bulk silica sample [26], as predicted by the single carrier
model described in the Section 2.1, other observations indicated that in a thermal poling process of silica
there is something more complex than a simple uniformly negatively charged region. In particular,
Kazansky et al. found regions of alternating charge below the anode [27] while Myers et al. found
that the depth of the non-linearity generated in poled bulk samples was greater for samples poled for
2 h than for 15 min [9]. If the depletion region was a uniformly negatively charged region and the
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electric field frozen into the glass was expressed by Equation (2), according to the Equation (1), the χ(2)

induced would be peaked in the region closest to the anode and not at a certain distance as commonly
observed in the early poling experiments [28].

After the work of Alley et al. [25], published in 1998, where the important experimental observation
of multiple time scales for the formation of the SH signal was reported, in 2005 Kudlinski et al. realized
a more exhaustive description of space-charge region formation and induced second order non-linearity
in bulk silica glasses [29]. The samples used in their work were disks of fused silica (InfrasilTM)
characterized by the presence of some types of impurity carriers (typically Na+, Li+, K+, ...) located
in the glass matrix with a concentration value of 1 ppm. Disks of different thickness, sandwiched
between two Si electrodes, were heated at 250 ◦C, and poled at 4 kV for different temporal durations.
When the impurity carriers become mobile, a high electric field is applied through them, producing
their electromigration toward the cathode of the system. As a consequence, a negative space charge is
created underneath the anodic surface, due to the fact that negative charges are motionless in the glass
matrix (NBO− centers). A huge electric field similar to the dielectric breakdown field is consequently
established within the depletion region and a second order susceptibility is then created:

χ(2) = 3χ(3)EDC (3)

where we are assuming a system unidimensional with the electric fields involved all linearly polarized
along the same direction for the sake of simplicity. For the first few seconds of the electromigration
process the single-carrier model can be still used to describe the time evolution of the depletion region
formation [30], while after a certain time, defined optimal time (topt) [31], it is necessary to use a
multiple carrier model to describe the temporal evolution of the poling process. If we consider the fast
carriers (impurity charges) and the slow carriers (hydrogenated species) and both the migration and
the diffusion phenomena, the equation of continuity and the Poisson’s equation can be written as [29]:

∂pi

∂t
= −μi

∂(piE)
∂x

+ Di
∂2pi

∂x2 (4)

∂E
∂x

=
q
ε

⎡⎢⎢⎢⎢⎢⎣
∑

i

(pi − p0,i)

⎤⎥⎥⎥⎥⎥⎦ (5)

where pi, p0,i and μi are respectively the instantaneous concentration (ions/m3), the initial (at t = 0)
concentration and the mobility (at the temperature where the poling experiment is realized) of the
ith species, q is the electron charge, ε = 3.8ε0 is the permittivity of the medium and Di = kBTμi/q is
the diffusion constant of the ith species, with kB the Boltzmann constant and T the temperature of the
medium. The system of Equations (4) and (5) gives the spatial distribution of the electric field in the
sample as function of the poling duration. The assumptions related to the voltage applied are that the
potential at the anodic surface (x = 0) is Vapp, while the potential at the cathodic surface (x = l) is zero.
Therefore, the first boundary condition is:

l∫
0

Edx = Vapp (6)

While the impurity charges (such as Na+) are already present into the sample with the initial
uniform concentration p0,Na+ , the hydrogenated species possess an initial density p0,H+ = 0 and are
injected into the glass with an injection rate which depends on the electric field strength at the anodic
surface. Therefore, the second boundary condition can be written as:

(
∂pH+

∂t

)
x=0

= σH+E(x = 0) (7)
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where σH+ is an adjustable parameter used to describe the charge injection into the glass of the
hydrogenated species.

In order to describe the dynamical evolution of the space-charge region, we can assume that, as a
consequence of the application of the voltage (Vapp) throughout the whole sample of length l, an electric
field is created equal to Vapp/l and, because μNa+ � μH+ , at first a depleted layer close to the anodic
surface of the glass is formed due to the Na ions migrating toward the cathode. The induced electric
field at the surface increases and screens the external electric field in the part of the sample placed
outside the depletion region. When the space charge region is completely created, the maximum
value of EDC ≈ 109V/m is obtained. At this time the concentration of the injected carriers per second
increases rapidly to the value of 7.5× 10−22m−3s−1 (according to the equation that governs the injection
into the glass of the hydrogenated species, which affirms that the concentration of those species at the
anodic surface is linearly proportional to the value of the electric field at the same surface). At the
same time, the drift velocity of the injected hydrogenated species νH+ = μH+EDC reaches the same
order of magnitude of to the velocity of the Na ions, which are outside the depletion region, where the
external electric field is reduced because it is screened by the formation of the space charge. For poling
durations longer than few minutes, these injected ions move deeper and deeper into the glass replacing
slowly the Na ions removed previously, consequently neutralizing the NBO− centers (refer to [29] and
figures in that paper).

3. From Poling of Bulk Glasses to Silica Optical Fibers

The first experiment of thermal poling of a silica fiber was reported by Kazansky et al. in 1994 [10],
when a D-shaped fused silica Germania-doped step-index fiber was poled using the setup reported in
Figure 3a of ref [10].

This poling configuration was adopted until 1995, when a twin-hole step-index silica fiber was
poled for the first time by applying a voltage between the electrodes embedded respectively into the
two cladding channels of the fiber [32]. This “twin-hole” fiber became the most adopted geometry for
thermal poling of optical fibers [33,34].

After the early works on the poling of silica twin-hole fibers, many other works were published
on this topic, such as for example Wong et al. [35], who revealed for the first time the existence, in a
poled fiber, of the frozen-in electric field EDC, using a Mach–Zehnder interferometer. The technique
adopted allowed them to measure both the magnitude and the direction of the frozen-in field. They
also measured the third-order non-linearity χ(3) of unpoled and poled fibers, concluding that the χ(3)

has increased by a factor of 2 after the thermal poling process.
A work of Blazkiewicz et al., published in 2001, shows the effects on the dynamics of the poling

process of the inclusion of a deposited doped silicate glass ring or of a borosilicate glass ring inside
the anode hole of a poled twin-hole fiber [36]. In particular, they observed that in the case of a doped
silicate glass ring there is a rapid saturation of the electro-optic coefficient, while the borosilicate glass
ring instead acts as a trap layer that retards the evolution of the growth of the electro-optic coefficient.
This work demonstrates that by tailoring the structure of the optical fiber to be poled it is possible to
modify significantly the characteristics of the poling process and consequently the properties of the
poled fiber.

3.1. From Conventional Poling to Cathode-Less Poling

The conventional anode–cathode configuration for thermal poling of silica fibers, shown in Figure
2 of [35], generates a space-charge region exclusively in the region surrounding the channel where the
anodic electrode is inserted. The space-charge region can be visually observed quite simply by etching
the cleaved end of the poled fiber in Hydrofluoric (HF) acid (diluted at 50% in deionized (DI) water)
for 1 min and is reported in Figure 5 of [33]. The anode-cathode configuration has the drawback of the
tiny distance (≈10–20 μm) between the two channels, which greatly increases the risk of unwanted
electric arcing discharge through the glass as a consequence of the application of elevated voltages.
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However, in 2009 Margulis et al. showed that it is possible to make a depletion region develop
around both the embedded electrodes by connecting them to the same anodic potential [37]. Figure 1
of reference [37] shows the schematics of the cathode-less poling configuration. The first advantage of
this new poling configuration is the possibility of reduction of the risk of electrical breakdown through
the fiber. Margulis et al. demonstrated also that the χ(2) created via the cathode-less method is larger
and more stable than the one created via conventional poling.

In 2012, An et al. reported in [38] a study where four different electrodes configurations were
adopted to thermally pole a twin-hole optical fiber, including having only one anode wire inserted in
one of the two cladding channels, two anode wires embedded inside both the channels, one cathode
wire in one channel, and two cathode wires in the channels, in comparison to the conventional one
where each one of the two wires embedded in the two channels was respectively connected to the
anode and the cathode. The technique of second harmonic microscopy (SHM) was used to visualize
the spatial distribution of the second order non-linearity created inside the poled fibers and to measure
their magnitude. The results of this work consisted mainly in the observation that both one- and
two-anode configurations gave a strong non-linearity compared with the conventional anode-cathode
one. At the same time An et al. observed that the two-anode configuration was more reproducible than
the one-anode one; for the one cathode-wire and two-cathode-wire configuration, strong non-linearity
in a ring shape concentric with the fiber outer surface was induced as if the cathode metal wire were in
the center of the twin-hole fiber rather than substantially offset. Figure 1 shows second harmonic (SH)
micrographs for the fibers poled in the five different configurations.

 

Figure 1. Second harmonic (SH) micrographs of twin-hole silica fibers poled in different electrical
configurations, namely (a) conventional anode–cathode, (b) single anode, (c) anode–anode, (d) single
cathode and (e) cathode–cathode. The figures are extracted from the work of An et al. [38].

In 2014 Camara et al. presented for the first time 2D numerical model of the cathode-less poling
technique applied to optical fibers [39]. Their numerical simulations are based on a 2D implementation
of the ion-exchange model (the one developed by Kudlinski et al. [29]), applied to poled fibers by using
COMSOLTM Multiphysics, and consider the presence in the glass matrix of a faster cation (Na+) and a
slower cation (Li+). Both the ions are assumed to be uniformly distributed in the glass matrix before the
poling process starts, while a hydrogenated species (H3O+) is assumed to be injected from the surfaces
in contact with the anodic electrodes. The physics of the 2D model is based on the transport of diluted
species and assumes that ions characterized by a low concentration (1 ppm) move in consequence of
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processes of diffusion and drift due to an electric field [25,29]. The cladding holes of the twin-hole fiber
are completely filled by metal [33], providing a perfect equipotential. The equation solved in x, y and t
for the concentration of the ith ion (Na+, Li+ and the hydrogen species, such as H3O+) is [39]:

∂ci
∂t

+ ∇ · (−Di∇ci − ziμiFci∇V) = Ri (8)

where the first term in brackets represents the diffusion while the second term the drift in the electric
field E, c is the concentration, D is the diffusivity, z is the charge, μ is the ionic mobility, F the Faraday
constant, V the electric potential and R the consumption or production rate. The electric field and electric
potential distribution are obtained from Maxwell’s equations in the electrostatics regime (magnetic
fields are neglected). The boundary conditions assumed in the model of Camara et al. are the initial
electrical neutrality of the fiber (the mobile ions and the motionless NBO− centers are characterized
by the same concentration inside the fiber), the potential at the surfaces of the holes is the applied
voltage during the poling process and zero when the voltage is removed. Furthermore, the external
surface of the fiber is at zero volts and that the cations exit it and do not come back. The hydrogenated
species is injected from the surface of the cladding holes and move, pushed by the applied electric field.
Two possible situations are studied; firstly, where the injection rate of H3O+ constant, which assumes
the presence of ions already at the surface of the hole (in the glass) [25], and secondly where an injection
proportional to the electric field on the surface of the hole, as implemented in [29]. The initial carrier
concentrations are: c(Na+) = 1 ppm uniformly distributed in the glass at t = 0 sec; c(Li+) = 1 ppm
uniformly distributed in the glass at t = 0 sec; c(H3O+) = up to 2 ppm injectable from the holes, initially
zero inside the entire fiber, with a rate that is either constant, linearly dependent on the field at the
electrode edge, or decaying exponentially as the ion supply is exhausted; c(NBO−) = 2 ppm uniformly
distributed in the glass at t = 0 sec for guaranteeing the initial charge neutrality. It is worth highlighting
that the types of charges involved in the poling process, their initial concentration, and their mobility
at the desired temperature represent all sources of error in the absolute determination of the precise
dynamical evolution of the depletion region. Nevertheless, the results obtained represent a global
trend which was strongly validated. Indeed, for the first time in the work of Alley et al. [40] and
later in many other papers including the work of Camara et al. [39], the shape of depletion region
developed around the anodic electrodes in a thermal poling process is revealed via a process of etching
in hydrofluoric acid of the cross section of the fiber. An example of this shape is also reported in Figure
3b in Section 3.2 of this paper. In Figure 2, it is possible to gain an idea of the temporal evolution of the
concentrations of the two impurity species already present into the glass matrix (Na+ and Li+) and of
the hydrogenated species injected after the application of the external electric field (H3O+).
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Figure 2. Temporal evolution of the mobile cations for a Germania doped twin-hole fused silica fiber
poled in a cathode-less configuration (the two electrodes inserted in the two cladding channels are
connected to the same potential of 5 kV). The injection of the H3O+ ions is considered inexhaustible
and capable to neutralize the non-bridging oxygen (NBO−) centres depleted of the impurity positive
ions moved because of the application of the external electric field [39].

In 2009 another interesting contribution to the understanding of the dynamics of the thermal
poling process in silica glass, was given by Zhang et al. [41], who studied multiple poling processes.
In particular they demonstrated that the first poling process, in case of a thermal erasure of the
non-linearity and subsequent re-poling process, has a strong effect on the latter. Using a two carriers
model (the same introduced by Alley et al. [25] and improved by Kudlinski et al. [29]), they quantitatively
show that the difference in the evolution of the χ(2) is due to the different initial charge distributions
before each poling process. The extra hydrogenated species injected during the initial poling process
modifies the dynamic of the second poling process; in contrast to the first poling (where the χ(2)

increases in time), the χ(2) tends to decrease in time after reaching a maximum value.

3.2. Induction Poling

The cathode-less configuration for poling optical fibers, presented by Margulis et al. in 2009,
was adopted until 2014. At that time, De Lucia et al. presented a new technique of thermal poling of
silica fibers, called “electrostatic induction” [42,43]. The setup to realize the induction poling process
is reported in Figure 3a. Two samples of a twin-hole fused silica fiber, both equipped with solid
electrodes embedded in both the cladding channels, are utilized. One of them (≈5 cm of length) is
used as electrostatic inductor, while the other one (≈40 cm of length) is the fiber to be poled. The two
fibers are kept (on top of a microscope slide placed inside a Petri dish in turn located on top of a heater)
adjacent only along the 2.5 cm of the short side of the slide, while the rest of the longer fiber (the one to
be poled) is fixed on top of the Petri dish surface with some Kapton tape to facilitate its thermalization.
The rear surface of the microscope slide is coated with gold and represents the ground plane of the
system. The electrodes embedded in the inductor are both connected to the anodic potential, while the
two electrodes embedded in the cladding channels of the fiber to be poled by induction are left floating.
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The HF etching, shown in Figure 3b, demonstrated that a depletion region was created all along
the whole length of the floating electrodes embedded into the “induced” fiber. The creation of a χ(2)e f f by
induction poling has been also proven measuring a SHG signal produced by pumping the poled fiber
with a 1550 nm laser. In order to observe a significant SHG signal it is necessary to periodically erase
the non-linearity previously created by thermal poling. The erasure process is obtained by exposing
the poled fiber to the light generated by an ultraviolet (UV) source. The periodic erasure allows for
obtaining a quasi-phase-matching (QPM) condition between the pump at 1550 nm and the SH light
at 775 nm. This induction poling technique thus allows for poling long fibers without any physical
contact between the power supply and the embedded electrodes.

Figure 4a,b show the setup used to erase the non-linearity via UV light exposure and then to
subsequently characterize the second harmonic signal and the SHG signal peaks obtained for the two
different periods of erasure of the non-linearity created in two identical fibers poled under the same
experimental conditions. The clear dependence of the wavelength doubled from the period of the
erasure confirms that the signal measured is due to a SHG signal created by a quadratic non-linear
process via induction poling.

 
Figure 3. (a) Schematic of the setup to pole twin-hole silica fibers via electrostatic induction. The inductor
is represented by the blue fiber. Two metallic wires are inserted in the two cladding holes and connected
to the identical anodic potential. This fiber is basically used as a layer of dielectric material simply
to avoid unwanted electrical arcing discharge in air. The fiber represented in red (whose embedded
electrodes are left floating) represents the fiber to be poled. Inductor and sample are attached to a
microscope slide by means of some Kapton tape and maintained adjacent along 2.5 cm of the short side
of the microscope slide. A gold coating on the backside of the slide (created via e-beam evaporation)
works as the ground plane. The Petri dish is maintained at a temperature of ≈ 300 ◦C during the
duration of the process. (b) Cross section of a twin-hole silica fiber poled via induction poling technique.
The depletion regions are visualized by means of a process of decorative etching in HF acid for
1 min [42,43].
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Figure 4. (a) Schematic of the setup used to realize the periodic erasure of the quadratic non-linearity
created via induction poling. The fiber previously poled via the setup shown in Figure 3a is periodically
exposed to ultraviolet (UV) light with the objective of obtaining the quasi-phase matching (QPM)
condition between the pump (1550 nm) and the second harmonic generation (SHG) light (775 nm).
The wavelength of the laser source used to erase the non-linearity is 355 nm. L1 and L2 stand for the
cylindrical lenses of focal lengths f 500 mm and 85 mm, respectively, used to focalize the laser beam in
a spot of area of 10 μm × 100 μm at the fiber’s core. Also shown is the setup for the characterization of
the SHG signal generated by the periodically poled fiber. (b) SHG spectra of induction poled fibers
characterized by two different QPM periods of UV erasure [43].

In 2016, De Lucia et al. published the 2D numerical model of the process of creation of a depletion
region inside a twin-hole fiber poled via electrostatic induction [44]. The model was inspired by
Camara et al. [39], even if it shows some important differences. First of all, the model of Camara et al.
assumes that the external surface of the fiber to be poled is always kept at ground potential. While this
assumption is suitable for the setup presented by Margulis et al. in [37], the same is not reasonable for
a situation where an external field is applied by an inductor to floating electrodes embedded inside the
fibers to be poled. If, indeed, the external surface of the fiber to be poled by induction was assumed to
be grounded, it would consequently screen the electric field created by the inductor, thus suppressing
completely the process of electrostatic induction. Another difference consists in the fact that while in
the model of Camara et al. the injection rate of the H3O+ ions can be always assumed to be constant,
in the thermal poling process via electrostatic induction, the variable floating potentials intrinsic to this
process require a field-dependent charge injection. Furthermore, it is necessary to consider the ion
recombination process at the cladding–air interface and consequently to modify the field dependency.

The model for the induction poling scheme (whose setup is reported in Figure 3a) is obtained
separating the setup in two distinguished parts (indicated in Figure 3a with the letters N and F). In the
N part of the setup (the one where inductor and poled fiber are adjacent) the fiber to be poled is
immersed in the electric field generated by the inductor, while in the part of the setup where inductor
and sample are far from each other (F in Figure 3a) the fiber poled is not immersed in the field lines
created by the inductor. This “double” model needs the assumption that the electrodes embedded
inside the fiber to be poled are electrically continuous. When the two floating electrodes inserted in
the cladding holes of the fiber to be poled are immersed in the external electric field, provided by the
inductor in the N region, they become charged as a result of a process of electrostatic induction and
reach a specific electric potential. If we assume that there is no drop of electric potential along the
floating embedded electrodes, they will be characterized by an equipotential surface along the whole
fiber. In other words, whatever is the potential picked up by the floating electrodes in the region N,
will be transferred efficiently to any location along the whole fiber.
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In the 2D model the two fibers are assumed to be made of two different types of glass. Specifically,
the glass the inductor is made of is assumed to be pure silica, which lacks charge impurities, while the
fiber to be poled is made of fused silica and is characterized by an initial concentration of 1 ppm of Na+

uniformly distributed through its cross section. At the same time, the fiber has up to 1 ppm of H3O+

ions that can be injected at the cladding holes, while there are no H3O+ ions inside the fiber at t = 0
s. To initially fulfil the charge neutrality, it is necessary to assume that NBO− centers (characterized
by very low mobility) are uniformly distributed inside the fiber with the same concentration of the
Na+ ions at t = 0 s. The cladding channels of the fiber are considered equipotential. The H3O+ ions
can be injected through the electrode-cladding interface if located at electric potentials higher than
the surrounding cladding. A variable parameter σ2 (whose value is chosen to be identical to that
chosen in the model of Kudlinski et al. [29]) is used to describe the charge injection into the sample.
The induction poling model considers also the particular case where the electric field is less than zero.
In this case, H3O+ ions close to the cladding (either previously injected or diffused from other regions
of the fiber) possess a negative injection rate, which substantially means an outflow. However, if the
concentration of H3O+ is zero at the electrode-cladding interface, the injection rate is zero, even in the
case of a “negative” electric field. Therefore, the variation of the injected H3O+ density per unit of time
at the electrode-cladding interface can be expressed by:

(
∂c2

∂t

)
sur f ace

= σ2E, E ≥ 0 or E < 0 and c2 > 0 (9)

(
∂c2

∂t

)
sur f ace

= 0, otherwise, (10)

where c2 is the concentration of the H3O+ species and σ2 the parameter chosen.
In the near model, the two fibers lie adjacent each other on top of a microscope slide (1 mm thick),

with the back face coated with gold and grounded. The far model, on the other hand, consists in the
model of Camara [39] (modified according to the considerations reported in the initial part of this
section) where the values of the electric potential applied to the two embedded floating electrodes are
not constant, but are the values of potential (changing in time) calculated via the near model. Moreover,
the far model assumes that the fiber lacks a ground plane. Figure 5 shows the time dynamics of the
concentrations of both the “fast” (Na+) and “slow” (H3O+) carriers calculated at three different times of
the induction poling process in the near model, while in Figure 6 the concentrations obtained using the
far model are reported. It is possible to note that the two depletion regions develop in a different way
according to the location where they develop. The reason for this different behaviour is the fact that in
the N area the external electric field created by the inductor affects the distribution of the total electric
field developed in the region surrounding each electrode, while in the F region the electric field created
around each electrode is not modified by the presence of any external electric field. Consequently, even
the evolution of the depletion region will be different in each different region of the setup.
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Figure 5. Time dynamics of the Na+ ions calculated by means of the near model for induction
poling. The Na+ ions are considered mobile only in the fiber to be poled, while they are assumed
to be motionless inside the inductor. Both the outer surfaces of the two fibers are not assumed to be
grounded. The ground of the system is placed at a distance of 1 mm below the microscope slide surface.
The concentration of the Na+ ions is 1 ppm before the start of the poling process. Both the fibers are
considered at a temperature of 300 ◦C and the injection of the H3O+ is assumed to be inexhaustible.
The H3O+ ions can consequently neutralize the NBO− centres previously depleted of Na+ ions migrated
as a result of the application of the external electric field. The two electrodes inserted in the cladding
channels of the inductor are both connected to the same electric potential of +5 kV [44].
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Figure 6. Time dynamics of the Na+ ions calculated by means of the far model for induction poling.
The two floating electrodes inserted in the cladding channels of the fiber to be poled assume values
calculated via the near model in the conditions reported in the caption of Figure 5. The concentration
of the Na+ ions is 1 ppm before the start of the poling process. The fiber is considered at a temperature
of 300 ◦C and the injection of the H3O+ is assumed to be inexhaustible [44].

3.3. Single Anode Poling

The most recent results obtained by De Lucia et al. [45] demonstrated both experimentally and
theoretically that the single-anode (S-A) configuration, characterized by the fact that only one electrode
is embedded inside one of the two cladding channels of the optical fiber and connected to a certain
electrical potential, is superior (in terms of quadratic non-linearity created in the fiber core) to the
double-anode (D-A) configuration, introduced for the first time by Margulis et al. [37]. Starting from
the theoretical result for a fiber of symmetric geometry (the two cladding channels are at the same
distance from the fiber core) and poled in D-A configuration the value of χ(2)e f f at the center of the fiber
is almost zero for long time poling (≈ 2h). However, it was observed that if only one electrode was
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connected to the high positive potential while the other electrode was completely removed, the value
of the quadratic non-linearity was not null any more at the center of the fiber core. The hypothesis
is that the behavior of the D-A configuration is due to the concomitant and competitive evolution
of the space-charge formation around the two anodes. In contrast, the S-A poling scheme does not
exhibit the same limitation. The two configurations (D-A and S-A) have been then theoretically studied
for a fiber of asymmetric geometry (different distance from each cladding hole and the fiber core).
Figure 7 shows the trend (simulated by means of COMSOL™Multiphysics, Edition 5.1, COMSOL,
Inc., Burlington, MA, USA) of χ(2)e f f with the temporal duration of the poling process for both electrode
configurations and at five different locations in the fiber core region for an asymmetric geometry of the
fiber. The most significant outcome of the numerical simulations consists in the fact that the ultimate
value (for long poling times) of χ(2)e f f in S-A configuration is approximately double if compared to the

one calculated in the D-A. The value of the non-linear susceptibility χ(2)e f f has also been experimentally
measured in a process of second harmonic generation (SHG) at 1550 nm in a fiber periodically poled in
S-A configuration. The χ(2)e f f has been periodically erased by exposing the poled fiber to a UV light
emitted by a frequency doubled argon-ion laser (CW, 244 nm). The results obtained proved that the
S-A scheme for poling silica fibers is preferable to the D-A one in terms of absolute value of χ(2)e f f .
Indeed, in their 2019 paper [45], De Lucia et al. also demonstrated that the theoretical result shown in
Figure 7 is verified experimentally. Two identical fibers poled in the same experimental conditions
and for long time (2 h) but in the two different configurations (D-A and S-A) have been characterized
in terms of the χ(2)e f f obtained in a second harmonic generation process. The value of effective second
order non-linear susceptibility obtained for the fiber poled in S-A configuration is double with respect
to that obtained for the fiber poled in the D-A configuration. Furthermore, the S-A scheme allows for
a significant simplification of the fiber fabrication scheme, as only a single cladding channel will be
required for the electrode, thus allowing for with considerably relaxed tolerances on the fiber’s core
position relative to the single electrode.

Figure 7. Time evolutions of the χ(2)e f f numerically obtained for a twin-hole fiber of asymmetric geometry

poled in (a) D-A and (b) S-A configurations. The values of χ(2)e f f have been calculated via Equation (3) at
five different locations in the fiber’s core region (4 μm diameter) and in the plane Y = 0. The legend

shows the (x,y) coordinates (in μm) of the points where the values of χ(2)e f f have been calculated [45].

4. Conclusions

Thermal poling, a technique invented more than 25 years ago, nowadays still represents an
important tool in the area of quadratic nonlinear photonics. More recently, two new developments
have been presented. The adoption of liquid electrodes [46] and the demonstration of the induction
poling technique [42,44], are potentially useful to create nonlinear quadratic all-fiber devices exploiting
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different types of waveguides, in terms of length and geometry. In this paper, we have mainly
focused our attention on the logical and chronological development of 2D numerical models to explain
as deeply as possible the dynamics of evolution of the poling process. In particular, we started
from the early theoretical interpretation of the process as based on the electromigration of impurity
ions immersed in high electric fields. Later, we presented the step towards a full understanding
of the phenomenon, as represented by the work of Kudlinski et al. [29], then further refined by
Camara et al. [39], and by the work of De Lucia et al. [44], who applied the 2D model to the induction
poling technique, explaining its evolution. Finally, we presented our most recent theoretical work
which allowed us to identify in the single-anode configuration the most effective method in terms of
absolute value of quadratic non-linearity created inside the glass fiber and also in terms of simplification
of the fabrication constraints.
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Abstract: Nowadays, in fiber optic communications the growing demand in terms of transmission
capacity has been fulfilling the entire spectral band of the erbium-doped fiber amplifiers (EDFAs).
This dramatic increase in bandwidth rules out the use of EDFAs, leaving fiber Raman amplifiers (FRAs)
as the key devices for future amplification requirements. On the other hand, in the field of high-power
fiber lasers, a very attractive option is provided by fiber Raman lasers (FRLs), due to their high output
power, high efficiency and broad gain bandwidth, covering almost the entire near-infrared region.
This paper reviews the challenges, achievements and perspectives of both fiber Raman amplifier
and fiber Raman laser. They are enabling technologies for implementation of high-capacity optical
communication systems and for the realization of high power fiber lasers, respectively.

Keywords: stimulated raman scattering; fiber optics; amplifiers; lasers; optical communication systems

1. Introduction

Optical communication systems require optoelectronic devices, such as sources, detectors and
so on, and utilize fiber optics to transmit the light carrying the signals impressed by modulators.
Optical fibers are affected by chromatic dispersion, losses, and nonlinearity. Dispersion control is,
usually, achieved via fiber geometry and material composition. Losses limit the transmission distance
in modern long haul fiber-optic communication systems, so in order to boost a weak signal, optical
amplifiers have been developed. The basic idea, behind the fiber amplifier realisation, was to allow to
the signal to remain in optical form throughout a link or network. Fiber amplifiers as repeaters offer
a number of advantages, including the ability to change system data rates, or to simultaneously transmit
multiple rates—all without the need to modify the transmission channel. The most important advantage
is that signal power at multiple wavelengths can be simultaneously boosted by a single amplifier—a task
that would require a separate electronic repeater for each wavelength. The state-of-the-art of optical
amplifiers are erbium-doped fiber amplifiers (EDFAs), which are formed by doping the glass fiber host
with erbium ions. In EDFAs, gain by stimulated emission at wavelengths in the vicinity of 1.55 μm is
obtained, by optical pumping using light at either 1.48-μm or 0.98-μm wavelengths. EDFAs are lumped
amplifier, this means that the signal, monotonically attenuated in the fiber span, is amplified at a point
of the EDFA location to recover the original level, before entering the next fiber span. The distance
between amplifiers is determined by the span loss, by the limit imposed from the power maximum
value allowed in the fiber, without inducing nonlinear effects, and by the minimum acceptable power,
avoiding a degradation of the signal-to-noise-ratio. EDFAs are compact and highly efficient devices
with high gain and low noise [1].

Optical multiplexing allows to combine multiple optical signals into one to make full use of the
immense bandwidth potential of an optical cannel. The basic idea is to divide the huge bandwidth of
optical fiber into individual channels of lower bandwidth, so that multiple access with lower-speed
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electronics is achieved. The large gain bandwidth of EDFAs has enabled the realization of dense
wavelength-division multiplexed systems, in which terabit/sec data rates have been demonstrated.
EDFAs operate in the C-band (from 1530 to 1565 nm) while extended-band EDFAs can provide gain in
the L-band (from 1565 to 1625 nm). However, the capacity of most fibers can be extended by opening
up the S band (from 1480 to 1530 nm), and the S+ band (from 1430 to 1480 nm). In addition, we note
that earlier transmission systems were deployed in the 1310-nm band, which can stretch between 1280
and 1340 nm, while there could be also a 1400-nm band, which is only useful in new fibers using special
drying techniques to reduce the water peak absorption around 1390 nm. Definitely, the available
communication range could span from 1270 to 1650 nm, corresponding to about 50 THz bandwidth,
but the current strong limitation is that a great part of this range is inaccessible by EDFAs [1–4].

In optical communications, fiber nonlinearities are the basis of a number of devices such as
amplifiers, switching and logic elements. The nonlinear effects in optical fiber can be divided in
two class. The first one is due to the Kerr-effect, i.e., intensity dependence of refractive index of the
medium, which manifests itself in three different effects: Self-Phase Modulation (SPM), Cross-Phase
Modulation (CPM) and Four-Wave Mixing (FWM), depending upon the type of input signal. The second
one is due to inelastic-scattering phenomenon, in which the optical field transfers part of its energy to
the nonlinear medium. Such an inelastic-scattering phenomenon can induce stimulated effects such as
Stimulated Brillouin-Scattering (SBS) and Stimulated Raman-Scattering (SRS). We note that each type
of stimulated scattering process can be used as a source of gain in the fiber. In both phenomena, at high
power level, the intensity of scattered light grows exponentially if the incident power exceeds a certain
threshold value. Raman amplification is more useful, because of the relatively large frequency shift
and the broader-gain bandwidth. The basic difference between them is that in the case of Brillouin the
interaction is between the guided optical wave and low-frequency acoustic phonons, while in the case
of Raman the interaction is between the guided wave and high-frequency optical phonons. Another
fundamental difference is that SBS in optical fibers occurs only in the backward direction whereas SRS
can occur in both directions [2–4].

In long-range high-datarate systems, involving high optical power levels and signals at multiple
wavelengths, the consequences of fiber nonlinearities can be: (1) the generation of additional signal
bandwidth within a given channel, (2) modifications of the phase and shape of pulses and can
cause spectral broadening, which leads to increased dispersion, (3) the generation of light at other
wavelengths at the expense of power in the original signal, and (4) crosstalk between signals at different
wavelengths and polarizations. The first two arise from self-phase modulation, while the third and
fourth effects arise from stimulated Raman or Brillouin scattering or four-wave mixing. These last
can be used when generation or amplification of additional wavelengths is desired. We note that in
order to obtain an error-free system performance, due to the finite sensitivity of the optical receiver,
the signal should have a high-enough level. On the other hand, the nonlinear effects are proportional
to the product of the signal power, P, and the transmission distance L. This means that by increasing
the signal level, the distance and the transmission bit rate (speed), all the problems—dispersion, noise,
and nonlinearity in the fiber are increased, too. It is worth noting that the signal distortions is an issue
when the nonlinearity is involved, because it can couple a number of detrimental effects together, such
as dispersion, noise, polarization mode dispersion, polarization-dependent loss/gain, etc. [2–4].

SRS is a nonlinear process, observed for the first time in 1962, which lies at the heart of fiber
Raman amplifiers and fiber Raman lasers (FRAs and FRLs). Direct fiber optical amplification obtained
by SRS, called Raman amplification, was demonstrated in the early 1970s. In Raman amplification,
a power transfer from pump (s) to information carrying signals (usually described as probes) can
occurs, if there is a sufficient pump power within the fiber. In principle, when optical pump energy is
added along with signals in ordinary optical fibers, optical amplification can take place, providing
low-noise, flat and wideband signal gain. The more attractive advantage is that FRAs, operating in
a signal band outside the EDFA bands, could open new transmission windows in the future [2–4].
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High-power fiber lasers have had a significant development, achieving output powers of multiple
kilowatts from a single fiber. Due to its inherent material advantages, Ytterbium has been the primary
rare-earth-doped gain medium, so fiber lasers are largely confined to its narrow emission wavelength
region. It is worth noting that because of its Raman-shifted out, SRS is a workable method for generating
coherent radiation at new frequencies. Taking advantages of the technology of high-power lasers,
which serve as their input, FRLs can lead to conversion to wavelengths higher than the starting
wavelength, using a series of Raman–Stokes shifts. In fiber-lasers, the tight spatial confinement of
pump light, which is maintained over relatively large distances, significantly lowers threshold pump
powers down to practical levels and enables continuous-wave operation. The main advantage of
Raman laser is that essentially any laser wavelength can be achieved from the ultraviolet to the infrared
with a suitable choice of the pump wavelength, providing that wavelengths are within the transparency
region of the material and sufficiently high nonlinearity and/or optical intensity are reached. For this
reason, currently, FRLs are the only wavelength scalable, high-power fiber laser technology that can
span the wavelength spectrum [2–4].

Due to the extent of subject, a comprehensive review including mathematical [5–8] and physics
aspects of SRS [9–14], architecture of fiber system [15–19] and laser systems would be impossible to
realize. Therefore, the aim of our paper is to provide an overview of the field, emphasizing physical
effects and working principles of fiber optics amplifier and laser based on SRS. This approach could
have the advantage to provide a quick look of the state of art and to allow to scientists, who are new
to Raman amplification, to go into the field. In addition, a comprehensive list of references is also
provided for readers who wish to pursue any of the topics in more detail.

The paper is organized as follows. In next paragraph, for the sake of completeness an essential
theoretical background is reported. In Section 3, Raman amplifiers are described, which are generally
divided into two categories, namely, distributed and lumped amplifiers. Of course, the two classes
can be combined to form a hybrid amplifier, where the discrete FRA can be replaced by an EDFA [20].
In Section 4, Raman lasers in fiber are introduced, which can be classified into two general categories.
In the former, the wavelength is shifted by one Raman–Stokes shift, while, in the latter, called cascaded
Raman laser, the wavelength is shifted by multiple Raman–Stokes shifts. In the last section, a brief
introduction about Raman soliton laser is reported, too.

2. Theoretical Background

SRS can be obtained by irradiating a sample with two simultaneous light sources: a light wave at
frequency ωL (the pump laser wave) and a light wave at frequency ωS = ωL − ωυ (the Stokes Raman
wave), where h̄ωυ corresponds to a vibrational energy. In SRS phenomenon, when the frequency
difference between the pump and the Stokes laser beams matches a given molecular vibrational
frequency of the sample under test, there is a transfer of energy from the high power pump beam to the
probe beam, which can be co-propagating or counter-propagating. The SRS effect occurs in the form of
a gain for the Stokes beam power (stimulated Raman gain, SRG) and a loss for the pump beam power
(stimulated Raman loss, SRL), see Figure 1a. It is worth noting that in SRS, because of its coherent
nature, the molecular bonds oscillate with a constant phase relation (see Figure 1b) and interfere
constructively within a certain macroscopic area (e.g., inside the focus area of laser beam), therefore
the SRS signal can be orders of magnitude more sensitive than spontaneous Raman scattering [9–12].

In SRS, high-order Raman sidebands can be produced by a field propagating through a medium
optically polarizable. Many Stokes frequencies can be generated at the output when the pump power
exceeds the threshold value, thus Stokes frequencies atωP −ων,ωP − 2ων and of anti-Stokes frequencies
at ωP + ων, ωP + 2ων can be observed. If the intensity of the first-Stokes wave is enough high, it can
generate a “second-Stokes” beam (see Figure 2). By iterating this process, higher Stokes order can be
generated, leading to the so-called “cascaded” SRS. The intensity of the ith Stokes order thus depends
on the conversion rate from the (i − 1)th Stokes order (proportional to g·Ii·Ii−1) and loss rate to the
(i + 1)th order (proportional to g·Ii·Ii+1) where g is the Raman gain of material. We note that frequency
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conversion can be obtained over a wide range of output wavelengths (visible and UV) within a single
Raman laser system. For example, it is possible to use standard diode-pumped crystalline solid-state
lasers to generate several Stokes order by cascading effect [9–14].

Figure 1. Stimulated Raman-Scattering (SRS) principle. (a) Pump–probe modalities associated with the
SRS process are pointed out: SRG, stimulated Raman gain; SRL, stimulated Raman loss. (b) Stimulated
Raman scattering occurs through inelastic scattering of probe photons off from vibrationally excited
molecules that interfere coherently.

 

Figure 2. Cascaded Raman scattering principle. An input frequency ωP (green) can cause the
spontaneous emission of frequencies ωP ± ων, [Stokes (blue) and anti-Stokes (orange)]. This initial
spontaneous event provides the seed photons necessary for subsequent first-order SRS (left).
The first-order Stokes and anti-Stokes photons then can cause second-order Raman scattering (right)
to produce new frequencies ωP ± 2ων (red and violet) and so on through propagation, resulting in
a broadband ladder of frequencies ωP ± nων.

Optical fibers are an excellent medium for utilizing SRS. There are two key parameters for
performances optimization of Raman fiber amplifier and laser. The first, linear losses are fundamentals
for enabling long interaction lengths. We note that different types of fibers have different low-loss
wavelength windows. For example, the silica fibers, which are used in the majority of optical fiber
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applications, have extremely low losses (<1dB/km) in the near-IR region, whereas they are very lossy in
the mid-IR region. The second, effective area: Because of their small core diameter <10 μm, single-mode
fiber has the ability to confine light to small mode areas, which significantly enhances nonlinearity.
We note that in silica glass, in spite of intrinsically small values of the third-order nonlinear coefficients,
which are smaller by a factor of 100 or more compared to many crystals and liquids, nonlinear effects
in optical fibers can be observed at relatively low power levels.

In the past century, fused silica has been the main material used for long and short-haul
transmission of optical signals, because of its good optical properties and attractive figure of merit
(trade-off between Raman gain and losses). Since in amorphous materials, molecular vibrational
frequencies spread out into bands that overlap and create a continuum, in silica fibers, the Raman gain
(gR(Ω)) spectrum extends over a large frequency range (up to 40 Thz). The maximum of the Raman
gain spectrum in silica fibers is downshifted from the pump frequency by about 13.2 THz (440 cm−1),
corresponding to 100 nm in the telecom window. Therefore, being the signal wavelength usually
around 1550 nm, the pump light wavelength has to be about 1450 nm. We note that at high enough
powers there can be lasing at all frequencies with sufficient Raman gain [21–27], though the peak gain
is at a specific frequency shift. The following fundamental properties of Raman gain are critical for
designing Raman fiber amplifiers and lasers:

(1) Raman gain has a spectral shape that depends primarily on the frequency separation
between a pump and signal, not on their absolute frequencies. This follows from energy conservation:
Their frequency separation must be equal to the frequency of the created optical phonon;

(2) Since Raman gain does not depend on the relative direction of propagation of pump and signal,
SRS occurs almost uniformly for all the orientations between the pump and signal propagation direction,
as a consequence FRAs can work for both the copropagating, counter-propagating or bidirectional
pumps with respect to the signal;

(3) SRS is a fast process, response time of fused Silica is evaluated to be less than 100 fs [28,29].
For most applications, this appears instantaneous, and especially in relation to the application as
Raman amplifiers in optical communications systems;

(4) Raman gain is polarization dependent. Raman gain coefficients are usually quoted for parallel
linearly polarized pump and Stokes fields. For perpendicular polarizations the gain is more than
an order of magnitude smaller than the parallel one. In typical long fibers, which do not maintain
linear polarization, the Raman gain will assume some average value which is approximately half of
the polarized gain [30,31];

(5) Peak Raman gain in a specific fiber can be different based upon the material composition.
For example, in phosphosilicate fiber the peak gain is at 1330 cm−1. This larger Raman shift is attractive
for many applications, since fewer Stokes shifts are needed to reach the final desired wavelength.

Concerning materials, two problems are of great interest: (1) Development of glasses with a higher
Raman gain coefficient; (2) increase of Raman gain bandwidth [32–36]. The increase of dopant content
in Ge- and P-doped silica fibers with a simultaneous reduction of optical losses seems the most
straightforward solution to the first problem. The second option is to use multicomponent glasses,
including heavy-metal oxides-doped glasses, which also permits the development of glasses with
the Raman gain bandwidth of several hundreds of cm−1 [37–42]. However, in multicomponent glass
approach the current limitation is to obtain low-loss fibers.

In fiber communication systems, two basic issues are related to SRS. First, pump-to-Stokes
coupling provides a mechanism for crosstalk from short- to long-wavelength channels, which is more
efficiently when the channel frequency spacing is close to the one associated with the maximum
Raman gain [43]. In wavelength division multiplexed (WDM) systems, within the 1.53- to 1.56-μm
erbium-doped fiber amplifier window, channel spacings on the order of 100 GHz are used, thus due
to the Raman gain peak at approximately 500 cm−1, Raman gain is considerably reduced, but is still
sufficient to cause appreciable crosstalk, which can lead to system penalties depending on the number
of channels [44]. Second, the conversion to Stokes power from the original signal—a mechanism by
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which signal power can be depleted. A related problem is walkoff [45] occurring between the signal
and Stokes pulses, since these will have different group delays. If pulses are of sub-picosecond widths,
additional complications arise due to the increased importance of SPM and cross-phase modulation
(XPM) [6].

3. Fiber Raman Amplifiers (FRAs)

SRS in a pulsed mode was observed, for the first time, in a liquid core fiber by Ippen in 1970 [46].
The first SRS observation in a single-mode fiber (SMF) was made by Stolen et al. in 1971 [47], whereas
the first SRS observation in continuous wave (CW) mode was obtained by Stone [48] in a hollow fused
silica fibers filled with benzene and with a pump power value less than 100 mW. All these authors
pointed out the fiber geometry allows SRS amplification/generation, due to the confinement of high
power pump power density over long distances [49].

The fundamental advantages of FRAs are:
(1) They do not require special dopants. This means that ordinary, transparent, passive optical

fibers can be turned into a Raman amplifier;
(2) Raman gain is obtainable in any conventional transmission fiber, which can be used as

transmission line and as Raman gain medium, too. Therefore, Raman amplification is compatible with
most available transmission systems;

(3) Raman amplification can be provided at any wavelength. Being the Raman gain non-resonant,
it is available over the entire transparency region of fiber ranging from approximately 0.3 to 2 micron,
if the appropriate pump sources are available.

(4) The broad gain bandwidth, obtained in conventional transmission fibers, is an important
property for WDM systems.

(5) Raman gain has a high-speed response. Therefore, in principle, in fiber the entire bit stream
can be amplified without any distortion in high bit rate systems.

3.1. Distributed Fiber Raman Amplifiers

In a distributed FRA, pump at the optical frequency ωP and signal at the frequency ωs = ωP − ων
are jointly launched into the same ordinary optical fiber. Raman optical amplification takes place
when their frequency difference Ω = ωP − ωs lies within the bandwidth of the Raman-gain spectrum.
The distributed FRA guides light at both the signal and pump wavelengths and it is normally single
mode to ensure the best overlap of all traveling waves. A distributed FRA unit is a pumping unit at
14xx nm without gain medium and it, usually, consists of pump lasers, optical couplers to combine
them, isolators and a few monitor taps, as well as the WDM coupler for signal and pump. Depolarizers
are necessary when the pump is polarized, in order to suppress the polarization dependence of
Raman amplification.

Figure 3 shows a configuration in which pumping light propagates bi-directionally in distributed
FRA. Moreover, the system is provided with band pass filter (BPF) and arrayed waveguide grating
(AWG) devices which act as demultiplexing unit in the receiving side.

As mentioned before, in a distributed FRA both forward and backward pumping schemes are
possible. In the forward pumping, the signal is amplified near its fiber-input end, where the signal
power is relatively high. Thus, this scheme corresponds to a booster amplifier. In the backward
pumping, the optical signal is amplified near its fiber-output end before photodetection, where the
signal power may be so weak as to be comparable to the noise light power. Since this scheme is used
to improve detectivity or to reduce the minimum detectable signal power, it can be considered as
a detection preamplifier [50,51].

We note that the process of Raman amplification takes place so rapidly that, unless the intensity
noise of the forward pumping light is sufficiently small, the pumping light noise will be transferred
to the signal light resulting in increasing transmission bit error rates. Since signals propagating in
the opposite direction to the pump will average over the fluctuations, in order to mitigate unwanted
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crosstalk between the pump and the signal, in many cases only backward pumping is used [52,53].
Typically, high-powered counter propagating Raman pumps are deployed in conjunction with discrete
amplifiers, such as EDFAs.

Figure 3. Schematic representation of multiplexing/demultiplexing based distributed optical
Raman amplifier.

Distributed FRAs offer several advantages: simplicity, because they provide direct optical
amplification of signal light in the transmission fiber; flexibility in the use of signal wavelengths,
because the Raman gain peak is dependent on the pump wavelength and not the emission cross section
of a dopant; broad gain bandwidth, which allows to employ multiple pumps. However, one of the
major benefits, only obtainable through the use of distributed amplification, is that signal gain may be
pushed into a transmission span preventing the signal from decaying as much as it otherwise would
have if no amplification was provided within the span. As a consequence, the signal-to-noise ratio
does not drop as much as it would have in a system based on transmission through a passive fiber
followed by a discrete amplifier (see Figure 4). Thus, lower signal powers can be used, nonlinear
penalty are reduced and higher loss can be tolerated. This improved noise performance may be used
in different ways. One way is to extend the reach between repeaters, another is to extend the total
reach of a transmission system, and a third one is to improve the transmission capacity.

Figure 4. Ideal distributed amplifier: the loss is counterbalanced at every point along the span, leading
to an improvement of the signal to noise ratio (SNR) respect to (ideal) discrete amplification.
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Using distributed FRAs, the transmission fiber becomes an amplifier, giving an important
advantage but, at the same time, the optimization of the fiber design with respect to amplifier
performance becomes more difficult due to the need to optimize the fiber for signal transmission,
too. Several parameters have to be taken into account to evaluate the performance of a distributed
FRAs, such as linear noise accumulation, pulse distortion due to group velocity dispersion, effects due
to Rayleigh scattering, nonlinear interactions between pump and signal channels, and pump–signal
crosstalk. Considering that in distributed amplifiers the gain is gathered over tens of kilometers and
that the Raman effect is a very fast process (response time in the order of femtoseconds), these noise
sources become significant.

In Ref. [54] a 25.6 Tb/s experiment was demonstrated over a 240 km repeated span by employing
160 WDM channels with 50 GHz channel spacing in the C+L bands. The authors used backward
Raman pumping to increase the received optical signal to noise ratio (OSNR) and simplify the optical
repeaters, while an optical equalizer was used in the receiver to minimize channel distortion caused by
narrow optical filtering.

3.2. Discrete Fiber Raman Amplifiers

Lumped or discrete FRAs use a fiber medium that is localized before or after transmission to fully
or partially compensate for the transmission loss. Unlike a distributed FRA, all of the pump power
is confined to the lumped element (see Figure 5). In this particular case, counterpropagating pump
power is confined within the unit by the use of isolators surrounding the amplifier. Compared with
Figure 3, no pump power enters the transmission line.

Figure 5. Discrete fiber Raman amplifier (FRA) scheme with pump power confined to the
lumped element.

In discrete FRAs, the used fiber is a lot shorter (order tens instead of hundreds of km) compared
to distributed FRAs. Since gains accumulate with fiber length, Raman amplification better fits in
the distribuited FRAs class. Therefore, discrete FRAs are primarily used to increase the capacity
of fiber-optic networks, opening up new wavelength windows, which are inaccessible by EDFAs.
In FRAs, the signal is amplified at a wavelegth given by the frequency difference between the pump
and the Stokes frequencies, thus by choosing the pump wavelength, gain at any wavelength can be
obtained. Moreover, by combining multiple pump wavelengths, the shaping of the gain spectrum can
be achieved, whereas by combining several pumps centered at different wavelengths, a flat gain in an
ultrawide bandwidth is allowed.

The latter issue, i.e., a flat gain, is highly desirable in WDM systems in order to equally amplify
all the channels. For this reason, flat gain of broad-band Raman amplifier, is considered one of the
most important goal for the optimization of fiber communications. This task can be obtained by
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simultaneously using pumps at different wavelegths that generate Raman gain lightly shifted from
each other so as to partly overlap each other leading to a composite gain (see Figure 6). The final
Raman gain can be very flat over a wide range of wavelegth by accurately designing each pump
wavelength and power. The gain-band expansion that can be achieved by multi-wavelength pumping
is determined by the magnitude of the Stokes shift. A large Stokes shift is therefore desirable for
a wideband FRAs using multi-wavelength pumping [55]. The maximum amplification bandwidth of
a FRA is about 100 nm for silica fiber in the 1550-nm band, so the composite gain could cover a nearly
100-nm signal band [56]. They are particularly useful for amplifying (dense) WDM systems.

Figure 6. Multi-wavelength pumping technique for wideband Raman amplifiers.

Using a broadband pumping approach, amplifiers with gain bandwidths greater than 100 nm
have been demonstrated [57] with average net gain of 2 dB gain for SMF, while for dispersion-shifted
fiber and reverse dispersion fiber the net gain was of 6.5 dB. A 12- wavelength-channel WDM LD
(high-power laser diode (LD) pumping unit), with a range of wavelength from 1405 to 1510 nm and
combined by an Il-MZI-integrated, using a planar lightwave circuit technology, were used to enlarge
the gain bandwidth of Raman amplifiers [57] However, due to a strong interaction between pumps,
these broadband FRAs typically need of more power at the shortest wavelengths pumps which amplify
the longer wavelegth pumps, leading to at an increase of the noise properties.

Dispersion-compensating Raman amplifiers integrate two crucial tasks, dispersion compensation
and discrete Raman amplification, into a single component [58–60]. Dispersion compensating fiber
(DCF) devices, based on typical dispersion for the propagating mode, are usually in the order of several
kilometers and, as a result, show important insertion loss. Hansen et al. demonstrated that Raman
gain produced in the DCF was as a simple and attractive method to achieve lossless DCF modules,
without affect system performance [58]. Due to a small mode-field diameter, a very low pump powers
are required, like those available from semiconductor laser diodes. The DCF shows a net gain higher
than loss, resulting in a wider system margin and the possibility to introduce other elements such
as optical add-drop multiplexers into the system. In Ref. [61] a polarization-combined four channel
WDM 14xx nm laser diode unit was used as pumping light source to demonstrate a broadband Raman
amplification in a DCF. A fully compensation of the losses in the DCF were obtained by means of the
Raman gain over 50 nm bandwidth within +/− 0.5 dB variation.

4. Fiber Raman Lasers (FRLs)

FRLs are similar to ordinary lasers. They basically involve three key components:
A low-effective-area and high-nonlinearity optical fiber for providing Raman gain, mirrors for feedback
and components for isolation between the pump laser (usually a rare-earth-doped fiber laser) and the
Raman resonator. A first analogy is that, in FRLs, lasing occurs when the Raman-active gain medium
is placed inside a cavity, for example, between mirrors reflecting the first Stokes wavelength. A second
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analogy is that, in FRLs, the threshold power is obtained when Raman amplification during a round
trip is as large as to compensate the cavity losses. However, there are also some important differences
between FRLs and traditional lasers. A first one is that an amplifier medium based on Raman gain
is used rather than on stimulated emission from excited atoms or ions. A second difference is that
the required wavelength for pumping Raman laser does not depend on the electronic structure of
the medium, so it can be chosen to minimize absorption. In addition, it is worth highlighting the
unique property of Raman laser, i.e., they can be operated at several wavelengths simultaneously.
Higher-order Stokes wavelengths can be generated inside the active medium at high pump powers and
they can be properly dispersed spatially in association with separate mirrors for each Stokes beam [62].

The first continuous-wave Raman laser in fiber was demonstrated in 1976 [63,64]. Pumping at the
watts level, a distributed Raman gain, higher than the linear attenuation plus losses at splice/connector
points, was induced in a single-mode glass fiber, placed inside a Fabry-Perot cavity. SRS process
occurred in fiber resulting in an intense output, due to wavelength-selective feedback for the Stokes
light of the Fabry-Perot cavity, which was formed by two partially reflecting mirrors. Higher-order
Stokes wavelengths were generated inside the fiber at high pump powers, too. The spatial dispersion
of various Stokes wavelengths through an intracavity prism allowed tuning of the laser wavelength.

A single wavelength shift FRL is a fiber resonator at the Stokes wavelength, in which SRS shifts the
spectrum of the propagating pump radiation through an optical fiber towards lower frequency Stokes
components. Raman lasing is obtainable in conventional single-mode telecom fibers (e.g., SMF-28) as
well as other passive fibers, by trapping Stokes components by reflectors and by pumping the laser by
a high-power rare-earth-doped fiber laser (commonly ytterbium). In an all-fiber configuration, enough
positive feedback for lasing at the first Stokes wavelength is easily achieved. Directionality to the laser
emission is provided by a high-reflecting fiber Bragg grating (reflectivity > 99%) on the input side and
by a low-reflectivity output coupler (at Stokes wavelength) on the output side. Fiber Bragg gratings
(FBGs) are narrow-band reflectors, acting as the mirrors of the laser cavity and inscribed directly
into the core of the optical fiber used as the gain medium. However, we note that in Raman laser,
when Raman gain of the active medium is very large, the laser can build up from noise to a substantial
signal without any feedback. In addition, a single wavelength shift FRL, with a broadband flat Raman
gain profile can be obtained using multiple pump wavelengths. Figure 7 shows a schematic diagram
of a specific Raman fiber laser with one wavelength shift. In this particular case, the laser uses a 1117
nm ytterbium-doped fiber laser and converts it to 1178 nm.

Figure 7. Schematic representation of a Raman fiber laser with one wavelength shift.
(HR—high-reflectivity fiber Bragg grating, OC—output coupler—a low-reflectivity fiber Bragg grating).

A multiple wavelength shifts FRL takes advantage of SRS cascading. The pump light gives rise
to the “first-order” laser light in a single frequency-shifting step, which remains trapped in the laser
resonator. Afterwards, the “first-order” laser light can be pushed to very high power levels becoming
itself the pump for the generation of “second-order” laser light, which is shifted by the same vibrational
frequency of first order. Using this technique, conversion of the pump light (typically around 1060 nm)
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to an “arbitrary” desired output wavelength through several discrete steps can be performed by using a
single laser resonator. In Figure 8 is schematically reported the wavelength conversion over two or more
Stokes shifts obtained by using a cascaded Raman resonator with fiber Bragg gratings incorporated
in it, in order to realize nested cavities at each of the intermediate wavelengths. These intermediate
wavelengths are chosen close to the peak of the Raman gain of the respective preceding wavelength;
finally, a low-reflectivity output coupler terminates the wavelength conversion. The resulting output is
at the designed final wavelength while only small fractions are at the intermediate wavelengths.

 
Figure 8. Schematic representation of a Raman fiber laser with multiple wavelength shifts by using a
cascaded Raman resonator (RIG—Raman input grating set, ROG—Raman output grating set).

Tunability is an important property for lasers. The first tunable FRL, using a linear cavity
configuration, was reported by Jain et al. [65]. A tuning range of 8 nm with an efficiency of 9% were
demonstrated. However, the bulk optics (prisms and rotating mirrors), placed inside the laser cavity
for tuning, introduced mechanical instabilities as well as coupling losses, which gave rise to high
power thresholds and low efficiencies. In order to eliminate losses and to make a compact device,
the approach based on bulk optics was replaced by an all-fiber design. In such a design, cavity mirrors
were integrated within the fiber by the development of tunable fiber Bragg gratings [66]. In 1988,
the first FRL based on fiber Bragg gratings was reported [67].

Since the Raman gain value of germanosilicate fiber is about eight times higher than for silicate
fiber, these fibers are extensively used in FRLs. Due to their peak Raman shift of 440–490 cm−1,
in an FRL with a 1064 nm pump source, the third and the sixth Stokes orders produce outputs at
1239 nm and 1484 nm, respectively. So, in order to make a FRL at 1484 nm, one would need six
cascaded cavities. In Ref. [68], a GeO–doped high-power and widely tunable all-fiber Raman laser
was demonstrated. The FRL, using a linear cavity configuration and a purely axial compression of the
FBGs, was continuously tuned over 60 nm, from 1075 to 1135 nm. A Stokes output power up to 5 W,
for 6.5 W of launched pump power was provided. A high efficiency over the whole tuning range, from
76.1 to 93.1% and laser thresholds varying from 0.78 to 2.59W were obtained, respectively.

It is worth noting that the peak Raman shift of low-loss phosphosilicate (P2O5-SiO2) fiber is
1330 cm−1, so when they are pumped by a 1064 nm pump source, the first Stokes (S1) and the second
Stokes (S2) orders occur at 1239 nm and 1484 nm, respectively. This means that to make a FRL at
1484 nm, only two cascaded cavities would be required, thereby greatly increasing the FRL efficiency.
In Ref. [69], a CW high-power Raman flber laser was reported, which was formed by a CW 8.4 W/
1064 nm Yb-doped double-clad fiber laser as a pump, a 700 m phosphosilicate fiber and cascaded
cavities with two pairs of FBG mirrors for the first and the second Stokes orders. A maximum output
power of 2.24 W and slope efficiency of 32.8% at 1484 nm were demonstrated. In Ref. [70], Babin et al.
demonstrated a simple all-fiber widely tunable phosphosilicate FRL of high efficiency. The laser had
more than 50 nm tuning range and generated up to 3.2 W of output power with 72% maximum slope
efficiency. The output power was almost constant in the range 1258–1303 nm.
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Typically, the operating wavelengths of Raman laser are in the 1–1.5 μm region of the spectrum
and have been created using silica glass as the base material with the desired application directed
toward telecommunications. However, there are a large number of applications requiring high power
laser with wavelengths longer than 2 μm. As a result of the versatility offered by FRLs, these types of
sources are attractive for this purpose [71]. Chalcogenide glass fibers have a Raman gain coefficients
approximately two orders of magnitude greater than the gain coefficients of silica. For wavelengths
longer than 1.8 μm, the development of Raman fiber lasers based on chalcogenide glasses has now
become technically achievable [72]. In Ref. [73] a Raman fiber laser, using a nonoxide glass as the gain
medium and a 2 μm fiber laser pump source was demonstrated. Due to the low optical losses and high
nonlinear index of commercially available glassy As2Se3 fiber, a combined output of 1 W at the first
and second Stokes wavelengths of 2062 and 2074 nm, were generated respectively.

Single-frequency laser sources have a great number of applications, but are difficult to implement,
suffer from poor robustness, poor quality (linewidth and stability) and are expensive. In recent years,
there has been much interest in rare-earth doped distributed feedback (DFB) fiber lasers, due to their
very low noise and high efficiency [74]. The oscillating wavelength can be accurately defined by
a Bragg grating written directly into the fiber and inserting a π phase-shift (PS) at, or close, to the
center of the Bragg grating structure. Of course, the operation of π-PS-DFB fiber lasers has been mostly
limited to the spectral bands of rare-earth dopants [75].

A Raman gain based DFB fiber laser would have a number of potential advantages.
First, the possibility of generating narrow linewidth low-noise oscillation in wavelength bands
outside the one of rare-earth doped materials. Second, Raman based fiber laser systems do not suffer
from issues associated with high-concentration rare-earth doped fibers, which limit their efficiency due
to thermal effects. Using Raman gain in DFB fiber lasers was proposed for uniform FBGs by Perlin and
Winful [76] for the first time, while a Raman DFB fiber laser based on a relatively short (<20cm), π-shift
fiber Bragg grating were proposed by Hu et al. [77]. Westbrook et al. have realized the first functional
DFB using the Raman gain in fiber, but with a very high threshold (40 W) was observed at 1584 nm.
The authors showed that watt-level thresholds can be achieved by using a small-core high-numerical
aperture (NA) fiber [78]. Shi et al. demonstrated that a polarized pump and an ultralong FBG (30 cm)
could yield sub-watt threshold at a lasing wavelength of 1120 nm [79].

In reference [80] highly efficient Raman DFB fiber lasers with CW output power up to 1.6 W
was demonstrated, for the first time. The DFB Bragg gratings were written directly into two types of
commercially available passive germano-silica fibers. Two lasers of 30 cm length were pumped with
CW power at 1068 nm up to 15 W. The threshold power was ~2 W for a Raman-DFB laser written in
standard low-NA fiber, and only ~1 W for a laser written in a high-NA fiber, both of which oscillate in
a narrow linewidth at ~1117 nm and ~1109 nm, respectively. The slope efficiencies were ~74% and ~93%
with respect to absorbed pump power in the low-NA fiber and high-NA fiber respectively. Recently
a Raman-DFB with lower thresholds at 1120 nm and 1178 nm was demonstrated [81]. Despite these
developments, the performance in terms of slope efficiency has remained poor (1–7% for single-ended
output) compared to the expected simulated efficiencies (40–50%).

By exploiting the multiple scattering of photons in a disordered gain medium, a random laser can
be obtained allowing a coherent light source without a traditional cavity [82]. For different scientific and
medical applications, ultrafast Raman fiber lasers are an interesting option. An efficient way to obtain
a high power ultrafast Raman fiber laser is pulse pumping, but it requires a real-time synchronization
between the pump pulses and laser cavity. In order to overcome this limitation, recently, random fiber
lasers with distributed Raman gain and Rayleigh feedback in standard telecommunication optical fibers
were demonstrated [83,84]. Their advantages are a simple and flexible design, quasi-CW operation,
narrow spectrum generation, high beam quality and pump energy conversion efficiencies comparable
to the ones of conventional cavity lasers [85]. In recent years, many works have been reported on the
mechanism [84,85], the improvement of performance including power scaling [86,87], wavelength

44



Micromachines 2020, 11, 247

tuning [88,89], and Q-switching [90,91]. Nowadays, random fiber is a unique laser technology with
various advantages in the fields of fiber sensing and optical communications [92,93].

A promising approach for the further development of devices based on SRS is represented by
Photonic crystal fiber (PCF). The most important advantage of this technology is the reduction of
the fiber length and the power levels required. The first preliminary results in photonic crystal fiber
for Raman amplification and for an all optical Raman modulator was presented by Yusoff et al. [94].
An analysis of the Raman properties in triangular photonic crystal fiber was reported by Fuochi et al. [95],
which investigated the influence of presence of the germanium doped core on the Raman properties.
A model of PCF amplifiers was developed by Bottaccini et al. [96], which demonstrated that germanium
doped PCF can enhance the gain for the same pump power. Finally, SRS in ethanol core PCF was
demonstrated by Yiou et al. [97]. The approach of PCF with liquid could open new perspectives for
SRS nonlinear properties with applications in optical sensing.

5. Raman Soliton Laser

Nonlinear effects are usually favored when pulsed operation are used, since high peak powers
can be achieved with modest average powers. During their propagation inside optical fibers,
short optical pulses (less than 10 ps) are affected by combination of chromatic dispersion and by the
nonlinear effects [2–4], giving rise to a variety of phenomena, such as supercontinuum generation and
soliton formation.

In the simplest situation, a single input pulse at the carrier frequency ω0 excites a single mode of
the fiber. Each spectral component of the input field propagates as a plane wave and acquires a slightly
different phase shift because of the frequency dependence of the propagation constant βω. For this
reason, it is useful to expand βω in a Taylor series around the carrier frequency ω0, and, depending
on the pulse bandwidth, the second-order dispersion term (group velocity dispersion (GVD)) can be
considered or third- or higher-order dispersion terms can be included. The GVD parameter (called β2)
can be positive or negative with values in the range of 0.1–20 ps2/km, depending on how close the
pulse wavelength is to the zero-dispersion wavelength of the fiber. When the dispersive term can
be neglected, spectral changes induced by SPM are a direct consequence of the time dependence of
nonlinear phase shift. The time dependence of δω is referred to as frequency chirping. The chirp
induced by SPM increases in magnitude with the propagated distance. In other words, new frequency
components are generated continuously as the pulse propagates down the fiber. The situation changes
drastically when both the GVD and SPM are equally important and must be considered simultaneously
inside the fiber. In the case of normal dispersion (β2 > 0), both the pulse shape and spectrum change
as the pulse propagates through the fiber and the combined effects of GVD and SPM can be used for
pulse compression.

An interesting situation occurs for anomalous dispersion (β2 < 0), where the generation of optical
solitons can be obtained. Solitons are special types of optical wavepackets formed by the balance
between nonlinearity (positive SPM) and dispersion (and/or diffraction). This could be surprising, since
GVD affects the pulse in the time domain while the SPM effect is in the frequency domain. However,
a small time-dependent phase shift added to a Fourier transform-limited pulse does not change the
spectrum to first-order. If this phase shift is cancelled by GVD in the same fiber, the pulse does not
change its shape or its spectrum as it propagates. In the context of optical fibers, the use of solitons for
optical communications was, for the first time, suggested in 1973 [98] and observed in an experiment in
1980 [99]. Temporal solitons have recently been observed in optical fiber waveguides [98–100] in laser
resonators [101], and in dielectric microcavities [102]. In each of these cases nonlinear compensation of
GVD is provided by the Kerr effect.

Optical communication systems are often limited by fiber dispersion that broadens the pulse and
by fiber losses. The use of fundamental solitons as an information bit solves the prolem of dispersion,
because in a fiber channel, nonlinear phase modulation can compensate for linear group dispersion
leading to pulses that propagate without changing temporal shape and spectrum. This mutual
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compensation of dispersion and nonlinear effects takes place continuously with the distance in the
case of “classical” solitons and periodically with the so-called dispersion map length in the case of
dispersion-managed solitons. Due to the fiber losses, soliton width begins to increase because of
a decrease in the peak power during propagation inside the fiber, so amplification is required in
order to recover original width and peak power. A proposed scheme makes use of SRS [103–106].
Figure 9 showes the basic idea. Solitons are launched into a fiber link consisting of many segments
of length L. At the end of each segment, pump lasers inject CW light, upshifted in frequency from
the soliton carrier frequency by about 13 THz, in both directions through wavelength dependent
directional couplers. Since the Raman gain is distributed over the entire fiber length, the soliton can be
adiabatically amplified.

Figure 9. Schematic illustration of a soliton communication system. Solitons are amplified through
SRS by injecting continuous wave (CW) pump radiation periodically.

During their propagation in optical fiber, soliton pulses are affected by SRS. The Intrapulse
Stimulated Raman Scattering is a phenomenon that appears for short pulses with a relatively wide
spectrum, in which Raman gain can amplify the low-frequency components of a pulse by transferring
energy from the high-frequency components of the same pulse. As a result, the pulse spectrum shifts
continuously toward the red side as the pulse propagates through the fiber [107,108]. This shift, called
Raman-induced frequency shift (RIFS), was experimentally observed in 1986 [109], its Raman origin was
also pointed out soon after [110], while a more general theory was developed later [7]. With the advent
of microstructured fibers, much larger values of the RIFS (>50THz) were observed [111]. The RIFS is
useful to generate Raman solitons whose carrier wavelength can be tuned by changing fiber length or
input peak power. The effects of intrapulse Raman scattering can be dramatic in the context of solitons,
where they lead to new phenomena such as decay and self-frequency shift of solitons.

Besides the Kerr nonlinearity, a secondary effect associated with soliton propagation is caused
by Raman interaction. Equations describing SRS can be solved by inverse scattering methods and
are found to have solutions. The so called Raman soliton was experimentally observed for the first
time in 1983 [112]. When the wavelength of the pump pulse is close to or inside the anomalous
dispersion region of an optical fiber, the Raman pulse should experience the soliton effects, i.e., under
suitable conditions, almost all of the pump-pulse energy can be transferred to a Raman pulse that
propagates undistorted as a fundamental soliton. We note that the soliton pulse is a bright soliton,
while the Stokes pulse is a dark soliton and it has been demonstrated that quantum fluctuaction can
induce them [113,114]. Raman solitons have also been generated by using a conventional fiber with the
zero-dispersion wavelength near 1.3 μm led to 100-fs Raman pulses near 1.4 μm [115].

An interesting application of the soliton effects has led to the development of Raman soliton
laser [116–121]. Such lasers provide their output in the form of solitons of widths 100 fs, but at
a wavelength corresponding to the first-order Stokes wavelength., which can be tuned over
a considerable range (10 nm). A ring-cavity configuration is commonly employed (see Figure 10).
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A dichroic beamsplitter, highly reflective at the pump wavelength and partially reflective at the
Stokes wavelength, is used to couple pump pulses into the ring cavity and to provide the laser
output. In a 1987 experimental demonstration of the Raman soliton laser [122], 10 ps pulses from
a mode-locked color-center laser operating near 1.48 μm were used to pump the Raman laser
synchronously. Even though Raman soliton lasers are capable of generating femtosecond solitons
useful for many applications, they suffer from a noise problem that limits their usefulness [123].
The performance of Raman soliton lasers can be significantly improved if the Raman-induced frequency
shift can somehow be suppressed [124].

Figure 10. Schematic representation of the ring-cavity geometry implemented for Raman soliton lasers.
BS is a dichroic beamsplitter, M1 and M2 are mirrors of 100% reflectivity, L1 and L2 are microscope
objective lenses.

6. Conclusions

In this paper the state of the art of fiber Raman amplifier and fiber Raman laser is described. Today,
Raman amplifiers are widely commercialized devices. Almost every long-haul (typically defined 300 to
800 km) or ultralong-haul (typically defined above 800 km) fiber-optic transmission system uses Raman
amplification. On the other hand, nowadays, commercially available fiber-based Raman lasers can
deliver output powers in the range of a few tens of Watts in continuous-wave operation. In addition,
due to their tunability, compactness, and capability for multi-wavelength operation, FRLs have great
commercial potential in a variety of applications.
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Abstract: Important accomplishments concerning an integrated laser source based on stimulated
Raman scattering (SRS) have been achieved in the last two decades in the fields of photonics,
microphotonics and nanophotonics. In 2005, the first integrated silicon laser based upon SRS
was realized in the nonlinear waveguide. This breakthrough promoted an intense research
activity addressed to the realization of integrated Raman sources in photonics microstructures,
like microcavities and photonics crystals. In 2012, a giant Raman gain in silicon nanocrystals was
measured for the first time. Starting from this impressive result, some promising devices have recently
been realized combining nanocrystals and microphotonics structures. Of course, the development of
integrated Raman sources has been influenced by the trend of photonics towards the nano-world,
which started from the nonlinear waveguide, going through microphotonics structures, and finally
coming to nanophotonics. Therefore, in this review, the challenges, achievements and perspectives of
an integrated laser source based on SRS in the last two decades are reviewed, side by side with the
trend towards nanophotonics. The reported results point out promising perspectives for integrated
micro- and/or nano-Raman lasers.

Keywords: nonlinear optics; stimulated Raman scattering; lasers; microphotonics; nanophotonics;
nonlinear waveguide; optical microcavity; photonics crystals; nanocrystals

1. Introduction

Nonlinear optical devices enable the control of light by light. Since photons do not interact directly,
interaction is possible only by taking advantage of a suitable nonlinear optical material. This is the
key element in any nonlinear process, governing the type of nonlinear phenomena supported, the
efficiency, size speed, and power characteristics [1–3].

In nonlinear optical devices, third order nonlinear effects play a fundamental role. They are
due to an induced material polarization, which is proportional to the third power of the electric
field, and they can be divided in two class [1–4]. The first one is related to the Kerr-effect,
i.e., the intensity dependence of the refractive index of the medium, occurring in three effects: Self-Phase
Modulation (SPM), Cross-Phase Modulation (CPM) and Four-Wave Mixing (FWM). The second one
is due to inelastic-scattering phenomenon, which can induce a stimulated effect such as Stimulated
Raman-Scattering (SRS). SRS, observed in 1962 for the first time [5–7], is given by the interaction
between the guided wave and high-frequency optical phonons. SRS depends on the pump intensity
and on a gain coefficient, which is proportional to the spontaneous Raman scattering cross section,
and inversely proportional to the linewidth of the corresponding Raman line. Commonly, SRS is
observed in two forms. The first, Raman generation, describes the Stokes-beam growth in the material
from spontaneously scattered Raman-shifted radiation. The second, Raman amplification, is obtained
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when the energy from an intense pump beam is transferred to a weaker signal beam, which can be
copropagating or counterpropagating [8–16].

Integrated nonlinear optics devices have been investigated since the 1970s. The attractive features
of nonlinear waveguides are: 1) light intensity can be confined within an area comparable to the
wavelength of light; 2) the diffractionless propagation in one or two dimensions results in interaction
lengths over a distance (about a few cm) much longer than the one obtained with a bulk material.
Since the nonlinear interaction efficiency depends nonlinearly upon the interacting beam intensities
(power/area), and it is also proportional (either linearly or quadratically) to the interaction distance,
the waveguide geometries offer the best prospects for optimizing the efficiency of nonlinear devices.
Various types of all-optical functionalities, which can be significant for all-optical telecommunication
networks, can be implemented by nonlinear integrated optical devices, based on different kinds of
optical nonlinearities. They include signal regeneration, wavelength conversion, optical switching,
routing optical demultiplexing and optical delay/buffering. At present the issue to be overcome is
the materials’ performance. In the last decades, there has been a significant progress in this area with
semiconductors and organic materials. However, there is still a key trade-off among the propagation
losses, the nonlinearity and the nonlinearity response time, which does not allow the realization of
high-speed, nonlinear devices performing at low optical power. The propagation losses limit the
effective device length, and combined with nonlinearity, define the required device power. Due to the
diffraction limit, a further limitation is that waveguide components do not allow confining light to the
microscale or nanoscale dimension [17,18].

Microphotonics explore light behavior on the microscale and its interaction with micro-objects.
The aim of microphotonics development is to go beyond the limit of photonics, offering a reliable
platform for dense integration. The key challenges for microphotonics are a reduction in the size of
integrated optical devices, and an improvement of performances with respect to nonlinear waveguide
devices. During the last decades, the fast growth of micro-scales fabrication techniques has enabled
the successful demonstration of various types of microphotonics devices, for example ring resonators
and photonic crystals (PhCs) [19]. In a microphotonics device, photons are trapped in small volumes
close to the diffraction limit for sufficiently long times [20], so that these photons strongly interact with
the host material, creating enhanced nonlinear [21], quantum [22] and optomechanical [23] effects. We
note that in this microphotonics device, although the physical phenomena observed are similar to
the ones reported in a resonator etalon, the performance of micro structures involved is boosted by
orders of magnitude. As a consequence, many physical phenomena have been observed with high
compactness and integration, such as the Purcell effect [24], strong coupling between quantum dot, and
cavity modes [25]. In nonlinear optical applications, microphotonics devices exhibit two interesting
and useful aspects: the micrometers dimension and the increasing of the local field, combining a small
modal volume with high optical quality-factors (Q) [26–28]. As an important consequence, a significant
reduction of the power threshold of nonlinear optical effects is obtained.

Nanophotonics is a fascinating field, investigating the light behavior on the nanometer scale and
its interaction with nanometer-scale objects [29,30]. We will have a big demand in the near future
for devices, which should allow us to control light with light in a very thin nanoscale layer, or in a
single nanoparticle of nonlinear material. In principle, in order to control a signal light in a nonlinear
optical device, the intensity or phase of light has to be changed by a control signal, thus changing
the optical characteristics of the medium. Of course, the stronger the nonlinearity of the material,
the shorter the required interaction length L. We note that in nanoscale devices, the nonlinear effects
cannot be enhanced using photon confinement effects, thus they only depend on the nonlinearity of
the medium itself [31]. Therefore, a development of nanostructured materials with large nonlinearities,
and satisfying also various technological and economical requirements [32], is mandatory. This is both
an applicative issue, for an efficient device realization and design, and a fundamental issue, since the
interplay between light and nanostructures is not yet understood.
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Local enhancement and strong resonance of electromagnetic (EM) radiation in metallic
nanoparticles and films continues to attract significant attention [33]. In these structures, a collective
motion of conduction electrons (the surface plasmon polariton) becomes resonantly excited by
visible light.

Bright, visible light emission in “bulk-sized” silicon coupled with plasmon nanocavities from
non-thermalized carrier recombination was demonstrated by Cho, et al. [34]. However, although
plasmonics allows a significant size reduction of optical components, the main drawback are still optical
losses. On the other hand, owing to the big interest for the monolithic integration of photonic technology
and semiconductor electronics, the EM radiation enhancement obtained from semiconducting and
insulating materials is considerable [35].

In this review, the impressive progress, concerning an integrated laser source based on SRS and
obtained in the last two decades, is described. In Section 2, for the sake of completeness, an essential
theoretical background about SRS and a short introduction about the Raman laser in bulk are reported.
In Section 3, the breakthrough of the first silicon laser is described. The possibility to obtain micrometer
dimensions and the reduction of the power threshold to the microwatt pushed towards microphotonics
structures. So, in Section 4 the most successful Raman lasers in microcavities and photonic crystals
are reported. Finally, in Section 5, we discuss about SRS in nanostructures. We note that there are
significant implications from both a fundamental and applicative point of view. From the fundamental
one, a number of investigations, both experimental and theoretical, have been proposed in literature,
but the “question is still open”, while from the applicative one, in order to realize micro-/nano-sources
with improved performance, some encouraging perspectives have been pointed out [36–39]. Finally,
recently proposed devices, combining silicon nanocrystals and microstructures, are reported, too.

2. Theoretical Background of SRS and Introduction to Raman Laser

The SRS effect happens when a transfer of energy from a high power pump beam to a probe
or Stokes beam (copropagating or counterpropagating) takes place. Precisely, this energy exchange
occurs only if the frequency difference between the pump (at frequency ωP) and the Stokes laser beams
(at frequency ωS) matches a molecular vibrational frequency of the considered material (i.e., ωS = ωP −
ωυ, where h̄ωυ corresponds to a vibrational energy); the SRS effect leads to a gain of the Stokes beam
power (stimulated Raman gain, SRG) and to a loss of the pump beam power (stimulated Raman loss,
SRL) [8–16], as showed in Figure 1a.

SRS belongs to a class of nonlinear, optical processes called quasi-resonant. Although none of
the two fields is in resonance with the vibrations in the lattice of the medium (optical phonons), their
difference equals the transition frequency. The origin of SRS can be understood in terms of a two-step
process: Frst, the pump produces frequency sidebands (Stokes and anti-Stokes) due to molecular
vibrations; second, the Stokes wave, beating with the pump wave, produces a modulation of the total
intensity, which coherently excites the molecular vibrations. These two steps strengthen each other,
so the pump effect induces to a stronger Stokes wave, which in turn brings to stronger molecular
vibrations. Because of its coherent nature, in SRS, the molecular bonds oscillate with a constant phase
relation (see Figure 1b), interfering constructively inside the focus area of the laser beam, and therefore
the SRS signal is orders of magnitude stronger than spontaneous Raman scattering. In SRS, the
detection of a macromolecule with thousands of identical vibrational modes that interfere coherently is
feasible. (see Figure 1b).
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Figure 1. (a) SRS modalities: SRG, stimulated Raman gain; SRL, stimulated Raman loss; (b) inelastic
scattering of probe photons obtained from vibrationally-excited molecules interfering coherently.

In SRS, high-order Raman sidebands can be produced by a field propagating through a medium
optically polarizable. Many Stokes frequencies can be generated at the output when the pump power
exceeds the threshold value, thus the Stokes frequencies at ωP − ων, ωP − 2ων and those of anti-Stokes
frequencies at ωP + ων, ωP + 2ων can be observed. If the intensity of the first-Stokes wave is high
enough, it can generate a “second-Stokes” beam. By iterating this process, a higher Stokes order can be
generated, leading to the so-called “cascaded” SRS. The intensity of the ith Stokes order thus depends
on the conversion rate from the (i − 1)th Stokes order (proportional to g·Ii·Ii-1) and the loss rate to the
(i + 1)th order (proportional to g·Ii·Ii+1), where g is the Raman gain of material [8–16]. The generation
of a coherent radiation in a wide interval of wavelengths, from the ultraviolet to the infrared can be
obtained within a single Raman laser system, by combining conventional diode-pumped, solid-state
lasers and different Stokes orders of SRS provided by a cascading effect [40–43].

In bulk semiconductors, lasing by SRS was first discovered in GaP [44]. Raman lasers (RLs)
are similar to ordinary lasers. A first analogy is that lasing in RLs occurs when the Raman-active
gain medium is placed inside a cavity to achieve the laser threshold. A second analogy is that the
threshold power in RLs is obtained when the Raman amplification during a round trip is as large as to
compensate the cavity losses. However, there are also some important differences between RLs and
traditional lasers. A first one is that an amplifier medium based on Raman gain is used rather than on
stimulated emission from excited atoms or ions. A second difference is that the required wavelength
for pumping the Raman laser does not depend on the electronic structure of the medium, so it can be
chosen to minimize absorption.

A Raman-laser-based approach takes advantage of the huge developments achieved in the
engineering of diode-pumped, solid-state lasers, and the existing number of excellent Raman laser
crystals. Moreover, this approach offers many attractive features. The main advantage is that in
principle, any Raman laser wavelength can be obtained by a proper choice of the pump wavelength,
when both wavelengths are within the transparency region of the material, and an adequately high
nonlinearity and/or optical intensity are provided. The tunable output wavelength is a very important
feature of crystalline Raman laser sources, since it can lead to several applications for Raman-laser-based
sources working in the UV range, such as in remote sensing or the detection of explosives and biological
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agents, biomedical, including drug discovery, mass spectrometry and fluorescence imaging. Regarding
the visible range, applications are in areas such as ophthalmology, biomedicine, dermatology, display
and remote sensing [43]. Moreover, the Raman-laser-based approach shows excellent prospective for
miniaturization, high beam quality, relative easy design based on commercially available components
(and hence low cost), possibility to tailor output properties, potential to scale to multi-watt powers,
and possibility to implement both CW and pulsed mode.

Numerous design options for lasers employing SRS, which can be used to tailor Raman laser
characteristics and performance, have been developed. The basic configuration is the Raman generator,
where a pump beam is focused (or telescoped) into a Raman crystal in order to generate a Stokes beam.
This configuration can be used when the Raman gain is very large, the laser intensity can increase
from noise to a significant signal without feedback. Typically used with short pulse (picosecond (ps))
lasers, this process is capable of generating a large number of Stokes and anti-Stokes lines, and yields
efficiencies as high as 95%.

For pump pulses longer than the transit time through the active medium, the Raman crystal
is placed inside a cavity resonating the Stokes field. Basically, there are two main configurations to
implement RL: (i) external-resonator RL, where the Raman crystal is placed inside a cavity, resonating
the Stokes beam (Figure 2a); (ii) the intracavity RL (Figure 2b), where both a Raman medium and
the laser medium are combined inside a single cavity, so the fundamental and Stokes fields are both
resonating inside the cavity [41]. Incorporating the Raman material inside the laser cavity, the high
intracavity powers can be used to allow the conversion of low power lasers. Moreover, fiber optics
amplification has been obtained by means of the Raman effect [45]. In this case, being that optical
fiber used as the Raman gain medium, both pump and Stokes beams are launched into it. (Figure 2c).
However, considering the currently-available communication range of about 50 THz, the existing silica
fiber amplifiers are limited by their narrow usable bandwidth for Raman amplification (5 THz, approx.
150 cm−1).

Figure 2. Typical configurations of the Raman laser: (a) external-resonator Raman laser; (b) intracavity
Raman laser; and (c) fiber Raman amplifiers.
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Cascading is an interesting approach for the multiple-wavelength and wavelength-selectable
Raman lasers. In order to select the output wavelength from a single device, the cascading effect, in
combination with second-harmonic generation and or sum-frequency generation (SHG/SFG), provides
a high degree of flexibility. SRS and SFG/SHG can be carried out either intracavity or extracavity,
therefore a range of configurations can be developed to provide the selection of wavelengths.

As general rule, all laser gain bulk materials have a tradeoff between gain and bandwidth, such
that linewidth may be increased to the detriment of peak gain. This trade-off is a significant limitation
towards micro-/nano-sources realizations with large emission spectra, for which a nonlinear material
with wide, flat and high Raman gain in the range of interest [46,47] should be individuated. We
consider, for example, glasses and silicon, which have been two leading materials for application in
fiber and integrated photonics, respectively. Silicon has a high Raman gain and small bandwidth,
whereas silica has a large bandwidth, but a small Raman gain; in Figure 3 we reported as an example
the Raman spectra of the two extreme cases of crystalline silicon (c-Si) and silica. In order to answer
the telecommunications demands, the investigation of new materials with both large Raman gain
coefficients and spectral bandwidth is required. [48–58].

Figure 3. Comparison of Raman bandwidth and the efficiency of silicon and silica.

3. The First Silicon Laser

Silicon (Si) is considered the principal material for the microelectronics industry, but this is not
yet true in photonics, due to its indirect bandgap. However, due to its wide bandwidth, high speed
and low power dissipation, optical interconnect is emerging as an encouraging approach for on- and
off-chip communications; therefore, it is viewed as the natural replacement of the electronic component
in data transmission. For these reasons, silicon photonics is considered a technology on which to
invest, because silicon-based optical components could be realized, taking advantage of existing
complementary metal–oxide–semiconductor (CMOS) silicon fabrication techniques. The final goal is
to integrate both electronic and optical functions on the same chip. With this aim, a silicon-based light
source [59], a silicon waveguide, a silicon optical modulator [60], and a silicon-based photodetector [61]
should be developed. While passive silicon devices were proposed and developed in the 1990s [62], the
design of active devices seem to be much more challenging, due to silicon hostile physical properties,
such as an indirect bandgap that does not allow efficient optical transitions, and the almost lack of
Pockel’s effect caused by a centrosymmetric crystal structure [63]. Therefore, crystalline silicon shows
relatively poor linear optical properties, thus light emission is precluded. In the last years, several
approaches were proposed to realize Si-based light sources and amplifiers; they can be classified in
three main categories:

• Using spatial confinement of the electron in order to overcome the indirect band structure;
• Using optically active dopants obtained by the introduction of rare earth impurities;
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• Take advantage of Raman scattering in order to achieve optical gain.

Taking advantage by nonlinear effects shown in silicon, nonlinear silicon photonics [64,65]
has attracted a lot of interest to obtain light amplification, light generation and wavelength
conversion [66–70]. Being high quality silicon-on-insulator (SOI) wafers currently commercially
available, the silicon waveguide in SOI can be easily produced by a standard CMOS
fabrication technique.

In SOI waveguides, the optical field can be confined to an area that is about 100 times smaller
than the modal area of a standard single-mode, optical fiber, additionally due to the difference
between crystalline and amorphous materials [71], the Raman gain cross-section in c-Si is five orders
of magnitude larger than in silica. Thus, the silicon waveguide could be used to fabricate integrable
and efficient amplifiers. The waveguide approach is schematically reported in Figure 4. We note
that this Raman silicon laser was limited to centimeter-sized cavities with thresholds higher than 20
milliwatts [72,73].

Figure 4. Typical configurations of silicon-on-insulator (SOI) waveguide Raman laser.

The Raman approach allows one to avoid rare earth doping, such as erbium, making it fully
compatible with silicon microelectronics manufacturing. On the other hand, the main limitation of the
Raman approach is that electrical excitation is needed, requiring an off-chip pump. Another limitation
is related to the two-photon-absorption (TPA), which gives rise to pump depletion and the generation
of free carriers. TPA, through the free carrier plasma effect, leads to a broadband absorption spectrum.
While the pump depletion is negligible since the TPA coefficient, β, is rather small (∼0.5 cm/GW) [74],
absorption by TPA-generated free carriers is a broadband competing process with respect to the Raman
gain, becoming a limiting factor in all-optical switching in III-V semiconductor waveguides, which is
added to the linear optical scattering loss due to the waveguide sidewall roughness [75]. Moreover,
because of the nonlinear optical loss associated with TPA-induced free carrier absorption (FCA) [76–78]
in silicon waveguides, both the pump and signal beam decrease, making SRS not possible.

In order to overcome free carrier absorption, the first example of a silicon amplifier was based on
a pulsed pump beam with a pulse duration shorter than the lifetime of the free carriers. The realized
waveguide was 3 cm long, and its output signal was looped back into the entry by using an 8 m long
single mode optical fiber; thus, an optical cavity was formed to achieve lasing [79].

The first observation of net optical gain in a low loss silicon waveguide in SOI, based on stimulated
Raman scattering with a pulsed pump laser at 1.545 μm, was reported from the Intel Corporation [79].
A silicon rib waveguide was designed and fabricated on the (100) surface of a SOI substrate using
standard photolithographic patterning and reactive ion etching techniques, and its effective core area
was evaluated to be ∼1.5 μm2. With the aim to increase the interaction length, but at the same time have
a micrometer-sized device, the waveguide was realized in an S-shaped curve with a bend radius of 400
μm and a total length of 4.8 cm. The measured linear loss was of 0.22 ± 0.05 dB/cm for both TE and TM
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modes; nevertheless, due to the strong pump beam, additional nonlinear optical loss in the silicon
waveguide was observed and ascribed to TPA, since the two-photon energy of the pump beam is
greater than the energy band gap of silicon. By using pulsed excitation, a decrease of the TPA-induced
FCA allows obtain a Raman gain greater than the nonlinear optical loss. The reported net gain for such
structure was of 2 dB, with a peak pump power of 470 mW and a pulse width of ~17 ns [80].

In 2005, after one year from the previous result, the same group demonstrated the first
all-silicon-pulsed Raman laser [72]. The laser cavity was made by placing a mirror on one side
of the 4.8 cm long, S-shaped silicon rib waveguide. The mirror was broadband, and had a high
reflectivity (∼90%) for both the pump and the Stokes wavelengths, of 1.536 μm and 1.67 μm, respectively.
The other side of the waveguide was used to couple the pulsed pump beam into the cavity, and had
a reflectivity of ∼30% for both pump and Raman wavelengths. This solution allows us to weakly
overcome the narrow-band (105 GHz) of stimulated Raman gain in Si that makes it inappropriate for
use in wavelength division multiplexing (WDM) applications, unless expensive multi-pump schemes
should be implemented. Indeed, by changing the cavity length it is possible to obtain different
wavelengths out of a single pump wavelength within a very narrow interval. To overcome the
TPA-induced FCA associated with Raman scattering, and thus to definitely reduce the accumulated
carrier density inside the silicon waveguide, the authors proposed the use of a reversely biased p-i-n
diode. They realized a p-i-n diode structure along the rib waveguide, and demonstrated that when
a reverse bias is applied to it, the TPA-generated electron–hole pairs can be carried away from the
silicon waveguide between the p- and n-doped regions by the applied electric field. Therefore, by
changing the reverse bias voltage, the carrier transit time or effective carrier lifetime can be modified.
The laser output power was measured at the uncoated side of the silicon waveguide cavity with a
reverse bias of 25 V; in this condition, the obtained laser threshold was at ∼0.4 mW, and the slope
efficiency (single side output) was 9.4%.

Afterwards, always the same group reported a continuous-wave (CW), all-silicon Raman laser [81].
The previous presented optical cavity was suitably modified to obtain CW lasing. In detail, both sides
of the low-loss, S-shaped silicon waveguide were coated with multilayer dielectric films to reduce
cavity loss. The front facet coating was a dichroic with a reflectivity of ∼71% for the Stokes wavelength
(1686 nm) and ∼24% for the pump wavelength (1550 nm). Regarding the back side, it was designed to
have a broadband high-reflectivity coating (∼90%) for both pump and Raman wavelengths. With these
values of reflectivity, a low finesse cavity at the pump wavelength was obtained, allowing us to get the
pump power cavity enhancement effect to lower the lasing threshold. If the pump laser matches the
resonance of the cavity, the power inside the waveguide cavity is improved, leading to a decrease of
the power threshold. Here an electric field generated by a reverse biased p-i-n diode drives away the
free carrier generated by TPA in the waveguide channel. These free carriers are then collected by two
electrodes, leading to a stable CW laser emission. The reported lasing thresholds were of ∼180 mW
with a 25-V bias and ∼280 mW with a 5-V bias. This difference in the threshold depending on the
bias voltage is due to lower nonlinear loss linked to the reduction of the effective carrier lifetime, as
expected. The slope efficiency (single side output) above threshold was ∼4.3%, with a reverse bias of
25 V and 2% with a 5-V reverse bias. The p-i-n diode has been used also with a forward bias to inject
free carriers in the silicon waveguide to absorb light and switch off the laser emission [82].

Tyszka−Zawadzka et al. have presented a semi-analytical model of Raman generation in the SOI rib
waveguide with a DBR/F−P resonator [83]. The authors have proposed an approximate, semi-analytical
expression relating the Raman output power to the pump power and system parameters, taking into
account the Raman amplification, as well as the linearly-distributed losses in the laser cavity, the linear
effects related to the FCA, and the nonlinear absorption associated with the TPA-induced free carrier
absorption. A slight influence of TPA on the threshold pump power and output power of the SOI laser
was highlighted by their numerical results obtained for the threshold laser operation and the above
threshold laser operation. Another sophisticated and integrated multiphysics algorithm procedure
was developed to accurately predict wave evolution and power transfer (pump, Stokes) propagating
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in the SOI microcavity resonator by taking into account the thermal and stress influences on the SRS
and on all other linear and nonlinear physical effects involved in the Raman lasing mechanism [84].

4. Raman Laser in Microphotonics

In microstructures, the SRS enhancement, which is attributed to the photon confinement effect,
can be evaluated by an equivalent gain (gmicro), given by gmicro = f × gbulk, where gbulk is the gain of
bulk material making up the microstructures, and f is the optical field enhancement related to the
presence of microstructures. We note that the bandwidth of the Raman gain does not change, and
therefore, using microstructures, the fundamental trade-off between the gain and bandwidth of bulk
materials cannot be overcome.

4.1. Raman Laser in Microcavities

Regarding SRS, it was observed that, within a droplet microcavity, the Raman gain improvement
is inversely proportional both to the linewidth of the Raman process and to the square of the radius of
the spherical cavity [85].

Spillane et al. studied SRS in spherical droplets and silica microspheres, with diameters of the
order of tens of micrometers, and optically coupled by the use of a tapered optical fiber [35]. The
authors measured the threshold power, whereas the coupling air gap between the taper and the
microsphere was changed, and they found that in such way a nonlinear Raman source with a pump
threshold approximately 1000 times lower than reported before, and a pump-signal conversion higher
than 35%, can be obtained [46,86].

A glycerol–water droplet on a superhydrophobic surface coated with silica nanoparticles was
used, as stationary microdroplets to achieve Raman lasing, by Sennaroglu, et al. [87]. By exciting a
12.4-μm-diameter droplet with a 532 nm Nd:YAG laser, both cavity-enhanced Raman scattering and
Raman lasing centered at 632.3 nm were observed. Moreover, a typical on/off behavior of Raman lasing
in microdroplets was reported and ascribed to the thermally-induced fluctuations during lasing. An
improvement of the lasing effect can be obtained by increasing the rate of convective cooling, making
this system useful as a light source for short-haul communications systems [87].

A complete study of Raman oscillation in fiber-taper-coupled microspheres and microtoroids
on-a-chip, from both theoretical and experimental points of view, was carried out by
Kippenberg et al. [88]. With respect to Raman oscillation in microspheres, microtoroids show both
power efficiency and spectral benefits, as well as having advantages with respect to their chip-based
fabrication. Additionally, in the microtoroid-based device, single-mode oscillations are allowed due
to a high reduction in the complexity of the mode spectrum, and for comparable Q-factors, lower
threshold pump powers can be achieved due to a controllable and reduced mode volume. In particular,
the threshold power reduction will depend upon the “aspect ratio” of the toroid given by D/d, where
D = 50 μm is the outer diameter, and d is the minor one. The case of d = 50 μm corresponds to a sphere.
A schematic example of the microtoroid-based device is reported in Figure 5.

In 2011, the influence on the Raman signal in a single microsphere of several parameters, such as
the pump wavelength, size and refractive index of the microsphere, and the numerical aperture of the
microscopic objective lens, was analyzed [89]. Results showed that, due to the increased field of the
photonic nanojet emerging from the single microsphere, an enhancement ratio of silicon wafer and
cadmium ditelluride Raman peaks, approximately of two orders of magnitude, can be obtained by
suitable selection of the experimental parameters [89].

Taking advantage of the third-order nonlinearity χ(3) in a microresonator, the four-wave mixing
(FWM) process can be used to generate a broadband frequency comb using parametric oscillation.
Using a silicon microresonator, the first low-noise coherent mid-IR frequency comb source was
obtained [90,91]. As a result of the interaction between the stimulated Raman effect and FWM, phase
locking of the generated comb can be observed, leading to strong comb lines separated by the Raman
shift in silicon [90,91].
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Figure 5. Schematic example of a taper-toroid coupling system.

Alternatively, diamond was suggested as a reasonable material for compact, on-chip Raman
lasers over a wide spectrum [92]. A CW low-threshold Raman laser, based on waveguide-integrated
diamond racetrack microresonators embedded in silica on a silicon chip, was demonstrated in [93].
Pumping at telecom wavelengths, a tunable Stokes output over a ∼100 nm bandwidth around 2 μm,
with output power > 250 μW, was reported.

In 2017, a tunable Raman laser in the hollow bottle-like microresonator (BLMR) with a high-Q
factor of 2.2 × 108 was demonstrated [94]. Continuous output frequency tuning was obtained by
controlling the pump laser frequency or power through the thermal effect; the tuning range was of
1.2 nm, corresponding to a frequency range of 132 GHz, with a minimum tuning step of about 85 MHz.
Additionally, a large range frequency tuning of the Raman laser, with the tuning range of 132 GHz and
a resolution of about 85 MHz, was also demonstrated by mechanically stretching the resonator. These
approaches could open the way to future optical applications of WGM microresonators [95,96].

4.2. Raman Laser in Photonics Crystals

Photonic crystals were introduced for the first time in 2005 to enhance stimulated Raman
amplification and lasing in monolithic silicon [97]. Indeed, due to their increased light–matter
interactions, these structures seem to be good candidates to permit the realization of ultracompact
silicon Raman light amplifiers and lasers.

An L5 photonic bandgap nanocavity in two-dimensional photonic-crystal slabs was realized,
and the power threshold estimated was about 130 μW, considering parameters gs=70 cm/GW, ξ = 1
(modal overlap), λs,p = 1550 nm, Qpump = 1550 and QStokes = 4.2 × 104 (Qpump,Stokes are the cavity quality
factors). The threshold can be further reduced to tens of microwatts by designing ultrasmall, photonic,
bandgap nanocavities with higher-Q factors [98,99]. Indeed, a drastic enhancement of the Raman
gain beyond that predicted theoretically can be achieved by designing nanocavities considering that
the strength of light–matter interactions is proportional to the ratio of the quality factor to the cavity
volume [99].

Regarding the photonic crystal waveguide (PCWG), a number of experiments have been performed
in the so-called W1 waveguides obtained by removing a single line of holes in the ΓK direction of an
otherwise perfect photonic crystal [100,101]. A theoretical study of the SRS enhancement in a slow-light
silicon PCWG through a four wave-mixing formalism from the computed modes of the line-defect
waveguide was carried out by McMillan et al. [100]. In detail, by comparing the group velocities of
Stokes and pump signals, an enhancement of the stimulated Raman gain up to approximately 104 times
compared to bulk Si was demonstrated. Afterwards, the same group demonstrated an enhancement of
the spontaneous Raman scattering coefficient higher than six times, due to the slow light in silicon
PCWG [101].
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However, these structures are resonant only at the Stokes frequency, thus SRS occurs under pulsed
excitation, while in a continuous regime the Raman-scattering efficiency is not high enough with
respect to the efficiency of other competitive nonlinear effects, such as TPA and FCA.

In order to increase the spontaneous and stimulated Raman-scattering efficiency, structures
resonating at both the pump and Stokes wavelengths should be implemented. In 2010, Checoury et al.
investigated spontaneous and stimulated Raman scattering in very narrow W0.66 PCWG (width of the
W0.66 = 2/3 of the W1 standard width) [102]. The realized waveguides were oriented along the (100)
crystallographic direction of silicon, and allow both a 60% decrease in the Raman volume with respect
to W1 waveguides oriented along the (110) direction, and a decrease in both the pump and Stokes
modes group velocities. SRS was observed at room temperature for a continuous incident power as
low as 20 mW, in good agreement with the simulations performed considering FCA negligible.

A Raman laser was made in 2013 by a photonic crystal high-quality-factor nanocavity with a
dimension less than 10 μm [103]. The photonic crystal had a triangular lattice structure composed
by circular air holes in a suspended silicon membrane. The nanocavity was realized by a linedefect
waveguide that shows two types of propagation modes within the photonic bandgap, an odd-waveguide
mode and an even-waveguide mode, allowing us to confine pump light and Stokes–Raman-scattered
light, respectively. This structure gives rise to a CW Raman silicon laser with a low lasing threshold of
1 μW. Moreover, this Raman laser does not require p–i–n diodes, because the nanocavity produces net
Raman gain in the low-excitation range before TPA-induced FCA becomes dominant, allowing this
low lasing threshold [103].

5. Raman Laser in Nanophotonics

During the past few decades, a significant number of nanomaterials have shown to have notable
optical properties, motivating the fabrication and design of nanoscale photonic devices [104]. These
nanoscale devices are important in order to obtain a smooth integration with electronic devices, for
example, transistors in sub-100 nm length scales. In this context, one of the most promising materials
for light emission applications in microphotonics is based on silicon nanocrystals (Si-nc). The main
idea is to induce quantum confinement effects by limiting carriers into very small silicon nanoclusters
(1–4 nm in size), leading to change in the physical properties of bulk silicon. In detail, the reduction of
dimensionality affects not only the linear optical properties, such as emission efficiency and band gap,
but also the nonlinear optical properties, which are usually enhanced [93,105]. Recently, third-order,
nonlinear, optical properties of Si-nc have been investigated, and a significant variation of the nonlinear
refractive-index (n2) values has been shown up to two orders of magnitude in SiO2 films containing
Si-nc and/or Si nanoclusters, with respect to crystalline silicon. Therefore, the comparison between
experimental and theoretical results is still an issue [106]. From a theoretical point of view, it has
been demonstrated [107], that in order to explain the origin of large values of third-order, nonlinear,
optical properties, which are affected by their structural parameters (crystallinity, density, size and
distribution), both the defect states and the quantized electronic states should be taken into account.

Concerning spontaneous Raman scattering, a strong enhancement (∼103) obtained from individual
silicon nanowires and nanocones, as compared with bulk Si, was reported by Cao et al. [108]. The
increase in Raman-scattering intensity with decreasing diameter was explained by structural resonances
in the local field.

Concerning SRS in silicon nanocrystals (Si-nc), a giant Raman gain was measured at the wavelength
of interest for telecommunications. The film of silicon nanocrystals (Si-nc), embedded in a silica matrix
and obtained by the molecular beam deposition method, had an increasing Si concentration along
the longer dimension. An impressive enhancement of the Raman gain in Si-nc up to four orders of
magnitude, compared with bulk silicon, as a function of Si concentration, was observed [56]. We note
that the volume of Si-nc does not exceed 10% of the volume of the sample, which makes the difference
between the gain properties of Si-nc and bulk silicon more significant. From the applicative point of
view, these experimental results open the way towards Raman–laser-based nanostructured material.
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Since the SRS effect in Si-nc about 104 times larger with respect to silicon, a Raman laser with typical
dimensions of a few micrometers could be obtained.

Therefore, all the advantages of combining optical and electronic functions on a single chip [56]
could be experienced.

Although a general theory on the relation between nanostructuring and Raman gain is not
established, we expect that when the particle dimensions are of a few nanometers, the phonon
confinement effect plays a significant role; therefore, SRS enhancement can be attributed to the quantum
confinement effect. Therefore, the gain of nanomaterials should be different from bulk, and related to
the intrinsic properties of materials, and the essential trade-off between gain and bandwidth should
be overcome, too. We guess that in Si-nanocrystals (Si-nc), the physical insight is similar to the one
reported by Peng in [37]. When the mean free path of an electron is larger with respect to a phonon, the
electron can collide with the phonon many times, and a strong phonon amplification can be obtained.
From the point of view of energy transfer, first the energy of the laser field is absorbed by the electrons,
and then it is transferred to the phonons by the electron–phonon interaction. If a resonance condition
is obtained, for example, due to the interface levels, the movement of electrons is strongly confined,
and due to the confinement effect, we expect that all light-generated electrons have to be involved
in the electron–phonon interaction, resulting in significant amplification of phonons. Definitely, the
efficiency of the electron–phonon interaction in a nanocrystal is much higher than in a bulk crystal [38].

In reference [109], Agarwal et al. reported a strong SRS and very high Raman gain in optical
cavities made of Si nanowire of various diameters in the visible region [109]. The authors evaluated
by electromagnetic calculations an enhancement of the Raman gain coefficient of Si nanowire by a
factor greater than 106 at 532 nm excitation with respect to the gain value at the 1.55 μm wavelength
reported in literature [56], even though the losses are 108 higher at 532 nm. They ascribed this behavior
to the higher electric field intensity and lower mode volume of the electromagnetic modes inside the Si
nanowire, with respect to bulk Si at the pump and the Stokes wavelength, as well as the spatial overlap
of these modes inside the cavity. Moreover, they measured the SRS threshold as low as 30 kW/cm2.
These results could allow the realization in the next future of a monolithically-integrable, nanoscale
low-powered Si Raman laser.

Recently, Rukhlenko and Kalavally presented the first theoretical study of CW Raman amplification
in silicon–nanocrystal waveguides with enhanced mode confinement [110]. In detail, they studied
Raman amplification in silicon nanocrystal waveguides, and observed that it strongly depends on the
composition and geometric parameters of the waveguide. Fixing the geometric parameters of the
waveguide, the maximal Stokes intensity peaks can be obtained for a given optimal density of silicon
nanocrystals. Moreover, the optimal length and peak Stokes intensity depends on the height and
width of the waveguide’s cross-section and input conditions. However, the amplifier again requires a
moderate power off-chip laser pump, and also the waveguide length is yet not small enough in view
of dense integration.

Interestingly, slotted PCWGs performance are highly dependent on the width and refractive index
of the slot. This dependence was studied and formalized by Datta’s group [111], by calculating the
respective dispersion diagrams using the three-dimensional full-vector Plane Wave Expansion method.
They also characterized the nonlinear performance of these slotted PCWGs by using a low-index, highly
nonlinear material in the slot. In particular, a silicon nanocrystal-embedded PCWG was designed to
enhance the SRS gain, and this enhancement shows a net gain of the order of 11 dB in a ~7 μm long
slotted PCWG.

Thereafter, the same group, exploiting their theoretical study, as well as the giant Raman gain
of silicon nanocrystal material [56], proposed an all-silicon, micron-scale, Raman amplifier based on
SiNC/SiO2 embedded in slotted PCWG [112]. In detail, the structure consisted in a suspended silicon
slab, which is pierced by holes of air to form the photonic crystal. The holes were organized in a
triangular lattice (lattice constant a = 0.426 μm), and their radius, the thickness of the slab and the width
of the SiNC/SiO2 slot, have been taken as 0.3a, 0.7a and 0.2a, respectively. A volumetric proportion of
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approximately 1:10 of Si to the SiO2 leads to a refractive index of 1.98 of the SiNC/SiO2. In order to
obtain both a low-cost optical pumping and the possibility of on-chip integration, a Light Emitting
Diode (LED) with 6 mW pump power has been considered.

The authors demonstrated that an amplifier made with a 4 μm long slotted PCWG yields to an
overall gain of ~3.22 dB at a bit rate of 400 Gbps, whereas with a 10 μm long slotted PCWG the gain is
increased to ~7.93 dB at 200 Gbps. Finally, they suggest to exploit the strong electroluminescence from
SiNC/SiO2 in order to integrate the pump source on the same platform, slowing in the next future to
realize the micron-scale silicon Raman laser without any external pump source.

In reference [113], Pradhan et al. reported the design of an integrable all-silicon Raman laser
of a foot print of 7μm, based on a slotted photonic crystal nanocavity, which takes advantage the
giant Raman gain coefficient of a silicon nanocrystal [56]. The device exhibits a lasing efficiency of
18% at a wavelength of 1552 nm, with an optical threshold power of the order of 0.5 μW. The effect
of imperfections introduced during fabrication on the performance of the device was evaluated, too.
Considering random variation in radii and in-plane positions of the air holes, the device performance
was tolerant up to a 6% random variation of the structural parameters. In addition, the submicrowatt
threshold of the device as a function of Q-factors and modal volume was evaluated, and it was
demonstrated that it is tolerant for a significant deviation (over 30%) of these parameters from their
optimized values.

More recently, a heterostructure nanocavity has been used to implement a Raman laser [114].
A line defect in a photonic crystal, made with a triangular lattice of circular air holes with a lattice
constant a of 410 nm, defines the nanocavity, while the heterostructure is formed by increasing the
lattice constant a by 5 and 10 nm in the x-direction in the areas closer to the center (Figure 6a, light
and dark green areas, respectively) [115]. This change of the lattice parameter allows two propagation
band frequencies that are the Stokes and pump modes, respectively (see Figure 6b), thus leading to
the formation of two nanocavity modes with high Q. Figure 6c reports the in-plane Raman scattering
in a microscopic model for the x-direction of the cavity chosen parallel to the [100] direction of Si.
The polarization directions of the pump light and the Raman scattered light are orthogonal in the x–y
plane in this geometry. The Si Raman laser was the realized on a modified (100) SOI wafer, in which
the top Si layer has been changed by rotating the crystal orientation in the plane by 45◦ with respect
to the crystal direction of the substrate. This device was characterized, and room temperature CW
laser oscillation with a very impressive sub-microwatt threshold (0.53 μW), and a maximum energy
efficiency of 5.6%, is reported [114].

Figure 6. (a) Schematic of a heterosctructure nanocavity. (b) Band diagram of the nanocavity.
(c) Schematic of the in-plane Raman scattering for the cavity’s x-direction being parallel to the (100)
direction of crystalline Si.
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6. Conclusions

In this review, the most significant results, concerning laser sources based on SRS obtained in
the last two decades, are reviewed. After the description of first silicon laser, which was based on the
nonlinear waveguide, we focus on microcavity and photonics crystals, which are able to enhance the
nonlinear interaction between light and matter, allowing us to obtain promising integrated Raman
active devices. Finally, some recent interesting investigations, combining the potentiality of silicon
nanocrystals and microphotonics structures, have been reported, too.

Here, we try to highlight, not only the development of integrated Raman source, but also the
transition between photonics devices realised in waveguide, and in microphotonics structures based on
photon confinement effects. We try to elucidate the main difference related to their working principle
and the advantages for their applications. From a theoretical point of view, we note that a general theory
on the relation between nanostructuring and Raman gain is not completely established [116–130],
while from an applicative point of view, reported results open new perspectives for the realization
of more efficient Raman lasers with ultra-small sizes, which would increase the synergy between
nanoelectronic and nanophotonic devices.

We note that while the transition between integrated waveguide and microphotonics structures
has been facilitated by the development of micro-scales’ fabrication techniques, the one between micro
and nano is still an issue. Right now, silicon nanocrystals are the more promising options. However,
we note that SRS in nano is in its infancy, many investigations are not mature, and in some cases, only
pioneering works or preliminary results on devices have been reported in the literature. Therefore
the big challenge of the future is a reduction in the size of integrated optical devices towards nano
dimensions, while maintaining a high level of performance.

We really hope that these encouraging perspectives can stimulate further theoretical and
experimental works required to finally achieve the crucial milestone of a monolithically integrable,
nanoscale, low-powered Si Raman laser, which could be integrated with other nanoscale electronic
and optical components, leading to the development of next generation of nanosystems.
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Abstract: Optical frequency combs are one of the most remarkable inventions in recent decades.
Originally conceived as the spectral counterpart of the train of short pulses emitted by mode-locked
lasers, frequency combs have also been subsequently generated in continuously pumped
microresonators, through third-order parametric processes. Quite recently, direct generation of
optical frequency combs has been demonstrated in continuous-wave laser-pumped optical resonators
with a second-order nonlinear medium inside. Here, we present a concise introduction to such
quadratic combs and the physical mechanism that underlies their formation. We mainly review
our recent experimental and theoretical work on formation and dynamics of quadratic frequency
combs. We experimentally demonstrated comb generation in two configurations: a cavity for second
harmonic generation, where combs are generated both around the pump frequency and its second
harmonic and a degenerate optical parametric oscillator, where combs are generated around the pump
frequency and its subharmonic. The experiments have been supported by a thorough theoretical
analysis, aimed at modelling the dynamics of quadratic combs, both in frequency and time domains,
providing useful insights into the physics of this new class of optical frequency comb synthesizers.
Quadratic combs establish a new class of efficient frequency comb synthesizers, with unique features,
which could enable straightforward access to new spectral regions and stimulate novel applications.

Keywords: optical frequency combs; quadratic nonlinearity; second harmonic generation; optical
parametric oscillator; modulation instability
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1. Introduction

Twenty years ago, optical frequency combs (OFCs) were established as powerful tools for
accurate measurements of optical frequencies and timekeeping [1,2], a result of a long-standing
effort, which was recognized with the Nobel Prize in Physics in 2005 [3,4]. The discrete ensemble
of equally spaced laser frequencies that distinguish OFCs from other light sources is the spectral
counterpart of the regular train of short pulses emitted by mode-locked lasers, which were initially
used for comb generation. OFCs have become a critical component in many scientific and
technological applications [5], from highly accurate optical frequency measurements for fundamental
tests of physics [6–9] to exoplanet exploration [10–12] from air pollution detection [13–18] to
telecommunication systems [19–21], while a growing interest has arisen in the quantum properties of
OFCs [22–26].

Thereafter, comb emission was also demonstrated in continuous-wave (cw) laser-pumped
resonators through cascaded third-order χ(3) parametric processes [27]. In such Kerr resonators,
a first pair of sidebands is generated around the pump frequency by cavity modulation instability
or degenerate four-wave mixing (FWM); subsequently, cascaded four-wave mixing processes lead
to the formation, around the pump frequency, of a uniform frequency comb, where self- and
cross-phase modulation act to compensate for the unequal cavity mode spacing induced by the group
velocity dispersion (GVD) [28,29]. Because of the relatively low strength of third-order nonlinearity,
generation of Kerr combs requires small interaction volumes and high-Q resonators. For these reasons,
small size resonators are particularly suited to reach broadband comb generation with quite moderate
pump power [30]. Moreover, when the mode size is comparable with the light wavelength, a careful
design of the resonator geometry can effectively modify the GVD of the resonator, leading to a broader
spectral emission.

While χ(2) three-wave mixing processes have been widely used for spectral conversion of
femtosecond laser combs since their inception [31–36], only in recent years it was demonstrated
that quadratic χ(2) processes can lead to direct generation of optical frequency combs in cw-pumped
quadratic nonlinear resonators. Actually, in 1999 Diddams at al. generated an OFC in a second-order
nonlinear system, by actively inducing intracavity phase modulation inside a cw-pumped nearly
degenerate optical parametric oscillator (OPO) [37], following a long development of phase modulation
in lithium niobate for comb generation [38]. According to this scheme, besides the nonlinear crystal
for parametric amplification, a phase modulator was placed inside the OPO cavity and driven at a
modulation frequency equal to the cavity free spectral range. The modulator thus generated a family
of phase-coupled sidebands, around the nearly degenerate signal and idler waves, which coincided
with the resonator mode frequencies. Unlike other works presented in the following, where combs
arise through purely χ(2) optical processes, in that work combs were initially seeded by the sidebands
generated in the intracavity modulator. Optical parametric amplification further increased the number
of resonant sidebands, eventually leading to an 18-nm wide comb of equally spaced, mode-locked
lines around the degenerate OPO frequency, only limited by the dispersive shift of the cavity modes,
where mode-locking is imposed by phase modulation.

More recently, an optical frequency comb was produced by adding a second nonlinear crystal
in a nondegenerate OPO [39]. The authors observed comb formation around the signal wavelength
when the second crystal was phase mismatched for second harmonic generation (SHG) of the signal
wave. Subsequent investigations of the same system reported experimental evidence of a comb around
the second harmonic of the signal wave, whereas the comb around the signal was simultaneously
transferred to the idler spectral range by parametric amplification [40]. In this case, the phase
mismatched crystal behaves like a Kerr medium, producing a phase shift of the fundamental wave,
which is proportional to the field intensity [41–43]. This phase shift can be explained as the consequence
of cascaded quadratic processes which occur in the crystal when SHG is not phase matched. Indeed,
when the fundamental pump wave, at frequency ω/2π enters a nonlinear crystal, a second harmonic
field is generated, ω + ω → 2ω. If the process is not phase matched, the second harmonic (SH) field
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travels at a different phase velocity and, after half a coherence length, down-converts back to the
fundamental frequency, 2ω − ω → ω, with a different phase from that of the unconverted pump field.

As we will see later, a different cascaded three-wave-mixing process is decisive for the onset of
frequency combs in phase-matched intracavity SHG—namely, internally pumped optical parametric
oscillation [44,45]. In fact, degenerate optical parametric oscillation and SHG are mutually inverse
processes, which satisfy the same phase matching condition, Δk = 2k1 − k2 = 0, between wave
vectors k1 = k(ω) of the fundamental field and k2 = k(2ω) of the second harmonic field, respectively.
Therefore, a properly phase-matched crystal placed inside an optical resonator can work either for
SHG or parametric oscillation, depending on whether it is pumped at the fundamental or second
harmonic frequency, respectively. However, the harmonic field generated in the first case can act as
a pump for a nondegenerate cascaded OPO, and a pair of parametric fields start to oscillate with
frequencies symmetrically placed around the fundamental pump. Although internally pumped OPO
was observed and investigated for a long time, before the importance of OFCs was established [44–47],
the observation of frequency combs in quadratic nonlinear media was postponed to recent years.

Here, we present a concise introduction to the physical mechanism that underlies quadratic comb
formation, as well as an extended theoretical framework that has been developed so far. We particularly
focus on our recent activity in this field, discussing our experimental and theoretical work on direct
generation of quadratic combs. As a whole, it represents a systematic and coherent, although not
exhaustive, approach to this new field. After the work of Ref. [39], Ricciardi et al. experimentally
demonstrated direct frequency comb generation in an optical resonator with a single nonlinear
crystal inside, originally conceived for cavity-enhanced SHG. OFCs were observed in the case of both
phase-matched and phase-mismatched SHG. Moreover, the authors presented a simple theoretical
model, which explained comb generation as the result of cascaded χ(2):χ(2) processes [48,49]. A more
general theoretical description of comb generation in SHG cavity was successively developed by Leo
et al., who modeled the dynamics of the cavity field in the time domain [50–52], and described comb
formation in the framework of a modulation instability (MI), i.e., the growth of sidebands around a
carrier frequency by amplification of small modulations on the carrier wave [53]. A similar theoretical
description was adopted to describe the dynamics of quadratic combs observed in a degenerate
OPO [54]. Finally, the most general approach, based on a single-envelope equation, has been also
developed in order to study multi-octave, quadratic comb formation [55].

Quadratically nonlinear resonators thus emerge as the basis of an entirely new class of highly
efficient synthesizers of OFCs, with unique features, such as the simultaneous generation of frequency
combs in spectral regions far from the pump frequency and the role of phase matching in mitigating the
effect of dispersion. Compared to Kerr combs, quadratic combs exploit the intrinsically higher efficiency
of second-order nonlinearity, reducing the requirement in terms of pump power. Quadratic combs are
still at an early stage but they are attracting the interest of an increasing number of research groups.
More recent works are briefly reviewed in Section 6, where we conclude by giving an overview of
promising developments of quadratic combs in terms of material platforms for chip-scale devices,
steady low-noise dynamical regimes, and their potential interest for quantum optics.

2. Intracavity Second Harmonic Generation

The first system that we investigated for the generation of quadratic OFCs was a cw-pumped,
cavity enhanced SHG system. The system, shown in Figure 1a, was based on a 15-mm-long
periodically poled LiNbO3 crystal, placed inside a traveling-wave optical resonator (free spectral
range FSR = 493 MHz, quality factor Q = 108), resonating at the fundamental laser frequency ω0.
Mirror reflectivities were chosen in order to facilitate the onset of an internally pumped OPO [48].
The crystal was pumped by a narrow-line, 1064-nm-wavelength Nd:YAG laser, amplified by a
Yb-doped fiber amplifier. Frequency locking of a cavity resonance to the laser was achieved by
the Pound–Drever–Hall technique [56].
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Figure 1. Singly resonant cavity second harmonic generation (SHG). (a) Experimental setup:
periodically poled lithium niobate crystal (PPLN), piezoelectric actuator (PZT), photodiode (PD),
dichroic mirror (DM). The output beams are detected and processed by radio-frequency (RF) analyzers,
while optical spectral analysis is performed by an optical spectrum analyzer in the infrared range
and a confocal Fabry-Pèrot interferometer (CFP) in the visible range. (b) Schematic representation
of the first steps leading to the formation of a dual optical frequency comb in cavity-enhanced
second-harmonic generation: (left) second-harmonic generation with cascaded nondegenerate optical
parametric oscillator (OPO) gives rise to two subharmonic sidebands, which in turn (right) lead to
successive, multiple second-harmonic and sum-frequency generations. Adapted with permission
from [48]. Copyrighted by the American Physical Society.

The phase-matching condition for SHG was achieved by properly adjusting the crystal
temperature. Under this condition, we observed a first regime of pure harmonic generation, where the
harmonic power increased with the input pump power. As shown in Figure 2a, when the input
power exceeded the threshold for internally pumped OPO, the second harmonic power ceased to
grow, and two parametric waves started to oscillate at frequencies ω0 ± Δω, symmetrically placed
around the fundamental frequency (FF). As the power was further increased, additional sidebands
appeared, displaced by multiples of Δω, leading to a multiple-FSR-spaced frequency comb, as sketched
in Figure 2b. Finally, when the input power exceeded 5 W, secondary combs appeared around each
of the primary comb lines, shown in Figure 2c. These secondary combs were spaced by 1 cavity FSR,
as confirmed by the intermodal beat notes detected by fast photodetectors, both in the IR and in the
visible spectral regions and processed by a radio frequency (RF) spectrum analyzer.
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Figure 2. Optical spectral power around the fundamental mode for (a) 170 mW, (b) 2 W, and (c) 9 W of
input powers. Adapted with permission from [48]. Copyrighted by the American Physical Society.

Subsequently, wave vector mismatch Δk was changed to finite values by varying the crystal
temperature. Figure 3 shows infrared spectra observed for different values of the mismatch vector.
For a positive mismatch, Δk > 0, the spectra (a)–(d) show widely separated sidebands, similar to the
spectra observed at Δk = 0 (see Figure 2b). The spacing between sidebands, as well as the pump
power threshold for cascaded optical parametric oscillation, rapidly increases with the mismatch.
For Δk < 0, the spectra (e)–(h) consist of closely spaced (1 FSR) comb lines, and the spectral bandwidth
increases with the magnitude of the mismatch. Larger negative phase mismatches are precluded by
the limited accessible temperature range. Figure 3i,j show the beat notes corresponding to the comb
in Figure 2c and the comb in Figure 3g, respectively. The broad feature of the beat note (i) reveals a
strong intermodal phase noise and, as a consequence, a low degree of coherence between the comb
teeth. This feature is consistent with a scenario where comb modes are weakly coupled with each
other, as they originate independently from each other. On the contrary, the beat note (j) is extremely
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narrow, being limited by the detection resolution bandwidth and indicates a low intermodal phase
noise and thus a strong phase coupling between all the comb teeth.

It is worth noting that the nonlinear resonator exhibits a noticeable thermal effect, mainly due to
light absorption in the nonlinear crystal, which generates heat and leads to an increase of the cavity
optical path, via thermal expansion and thermo-optic effect [57]. The photothermal effect introduces
an additional nonlinear dynamical mechanism, with a temporal scale determined by the thermal
diffusion time over the typical optical beam size [58]. In our case, the photothermal effect was helpful
in thermally locking a cavity resonance to the laser frequency [59] when, especially at higher power,
the PDH locking scheme was less effective. However, a better comprehension of the effect of thermal
dynamics on comb formation requires further investigations.
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Figure 3. Optical spectra for phase-mismatched singly resonant cavity SHG. (a–d) Positive phase
mismatch; (e–h) negative phase mismatch. Intermodal beat notes corresponding to (i) comb spectrum
of Figure 2c, (j) comb spectrum in panel (g).

As anticipated in the introduction, the onset of internally pumped OPO marks the beginning of a
cascade of second-order nonlinear processes, which eventually produces a comb of equally spaced
frequencies. As depicted in Figure 1b, once generated, each parametric mode can generate new field
modes through second harmonic, (ω + Δω) + (ω + Δω) → 2ω + 2Δω and sum frequency with the
fundamental wave ω + (ω + Δω) → 2ω + Δω, processes, respectively. All these processes have been
considered for the derivation of a simple system of coupled mode equations for the three intracavity
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subharmonic electric field amplitudes, the fundamental A0, at ω0, and the parametric intracavity fields
Aμ and Aμ̄, at ωμ = ω0 + Δω and ωμ̄ = ω0 − Δω, respectively, which read [48]

Ȧ0 =− (γ0 + iΔ0) A0 − 2g η00μμ̄ A∗
0 Aμ Aμ̄ − g(η0000|A0|2 + 2η0μ0μ|Aμ|2 + 2η0μ̄0μ̄|Aμ̄|2) A0 + Fin (1)

Ȧμ =− (γμ + iΔμ) Aμ − g ημμ̄00 A2
0 A∗̄

μ − g(2ημ00μ|A0|2 + ημμμμ|Aμ|2 + 2ημμ̄μμ̄|Aμ̄|2) Aμ (2)

Ȧμ̄ =− (γμ̄ + iΔμ̄) Aμ̄ − g ημ̄μ00 A2
0 A∗

μ − g(2ημ̄00μ̄|A0|2 + 2ημ̄μμ̄μ|Aμ|2 + ημ̄μ̄μ̄μ̄|Aμ̄|2) Aμ̄ . (3)

Here, Fin =
√

2γ0/tR Ain is the cavity coupled amplitude of the constant input driving field Ain,
at frequency ω0; the γ’s are the cavity decay constants; the Δ’s are the cavity detunings of the respective
modes; g = (κL)2/2tR is a gain factor depending on the crystal length L (hereafter we consider the

cavity length equal to the crystal length); tR is the cavity round trip time; κ =
√

8ω0χ
(2)
eff /

√
c3n2

1n2ε0

is the second-order coupling strength. The latter is normalized so that the square modulus of the
field amplitudes is measured in watts, with χ

(2)
eff the effective second-order susceptibility, c the speed

of light, n1,2 the refractive indices, and ε0 the vacuum permittivity. The integer mode number μ

denotes the μth cavity mode, starting from the central mode at ω0, and overline stands for negative
(lower frequencies). The η’s are complex nonlinear coupling constants, depending on the wave-vector
mismatches associated with a pair of cascaded second-order processes,

ημσρν =
2
L2

∫ L

0

∫ z

0
exp [−i(ξμσz − ξρνz′)] dz′ dz (4)

where ξ jk = kωj + kωk − kωj+ωk .
A linear stability analysis of Equations (1)–(3) predicts the conditions for which a μ-pair of

parametric fields starts to oscillate. By calculating the eigenvalues corresponding to Equations (1)–(3)
linearized around the cw steady state solution, one obtains [49]

λ± = −γ − g(ημ00μ + η∗̄
μ00μ̄)|A0|2 ±

√
g2|ημμ̄00|2 |A0|4 −

[
Δ0 −D2μ2 −ig(ημ00μ − η∗̄

μ00μ̄)|A0|2
]2

, (5)

where D2 � −2π2c3β′′/L2 n3
0 = −(c/2n0)D2

1 β′′ accounts for the group velocity dispersion at ω0,

with β′′ = d2k
dω2

∣∣∣
ω0

, and n0 = n(ω0) the refractive index at ω0. Side modes start to oscillate, i.e.,

the zero solution for the parametric fields becomes unstable when the real part of an eigenvalue goes
from negative to positive values. The coupling constants which appear in Equation (5) are: ημμ̄00,
which is the parametric gain related to cascaded SHG and OPO, whereby two photons at frequency ω0

annihilate and two parametric photons at ωμ and ωμ̄ are created, mediated by a SH photon; and ημ00μ

(ημ̄00μ̄), which is related to the sum frequency process between a parametric photon at ωμ (ωμ̄) and
the pump. The latter process is the most relevant nonlinear loss at the threshold (second term of
r.h.s of Equation (5)), and provides a nonlinear phase shift (last term in the square brackets of r.h.s of
Equation (5)). The lowest threshold occurs for a pair of parametric fields which starts to grow close to
the minima of the sum frequency generation (SFG) efficiency.

A general expression for the dynamic equations for any number of interacting fields can be
derived heuristically [49], yielding for each field Aμ, nearly resonant with the μ-th cavity mode,

Ȧμ = −(γμ + iΔμ) Aμ − g ∑
ρ,σ

ν=ρ+σ−μ

ημνρσ A∗
ν Aρ Aσ + Fin , (6)

where the summation over the indices ρ and σ goes over all the cavity resonant modes. The complex
coupling constants are given by Equation (4), while the constraint over ν accounts for energy
conservation. The coupled mode Equation (6) is formally analogous to the modal expansion for Kerr
combs [60,61] and describes the whole comb dynamics. It is worth noting that the information provided
by the linear stability analysis only holds for the very beginning of comb formation. Very quickly,
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a large number of cavity modes under the gain curve grow from noise. At the same time, they interact
with each other through multiple nonlinear processes. These processes are not considered in the linear
stability analysis, which intrinsically considers only three interacting modes. The long-term spectral
configuration is thus the result of a complex interaction between many modes, over thousands of
cavity round trips [52].

3. Time-Domain Model for Quadratic Combs

An alternative description of quadratic comb dynamics can be given in terms of time evolution of
the slowly varying intracavity field envelopes. Let us define the envelopes A(z, τ) for the fundamental
and B(z, τ) for the second harmonic electric fields in a resonator. Field dynamics can be described by
an infinite dimensional map (Ikeda map) for the field amplitudes [50,51], which describes the evolution
of cavity fields over the mth round trip, along with the boundary condition for the fields at the end of
each round trip. The propagation equations for the fields Am(z, τ) and Bm(z, τ) read as

∂Am

∂z
=

[
−αc1

2
− i

k′′1
2

∂2

∂τ2

]
Am + iκBm A∗

me−iΔkz, (7)

∂Bm

∂z
=

[
−αc2

2
− Δk′ ∂

∂τ
− i

k′′2
2

∂2

∂τ2

]
Bm + iκA2

meiΔkz , (8)

where z ∈ [0, L] is the position along the cavity round trip path; αc1,2 are propagation losses (hereafter,
subscripts 1 and 2 denote fields at ω0 and 2ω0, respectively); k′′1,2 = d2k/dω2|ω0,2ω0 are the group
velocity dispersion coefficients; Δk′ = dk/dω|2ω0 − dk/dω|ω0 is the corresponding group-velocity
mismatch or temporal walk-off. The “fast-time” variable τ describes the temporal profiles of the fields
in a reference frame moving with the group velocity of light at ω0.

For the case of intracavity SHG, the fields at the beginning of the (m + 1)th round trip are
related to the fields at the end of the previous mth round trip according to the following cavity
boundary conditions,

Am+1(0, τ) =
√

1 − θ1 Am(L, τ) e−iδ1 +
√

θ1 Ain (9)

Bm+1(0, τ) =
√

1 − θ2 Bm(L, τ) e−iδ2 , (10)

where θ1,2 are power transmission coefficients at the coupling mirror, δ1 � (ω0 − ωc1)tR and δ2 �
(2ω0 −ωc2)tR are the round trip phase detunings for the fields at ω0 and 2ω0, respectively, with ωc1 and
ωc2 the frequencies of the respective nearest cavity resonance, and Ain is the external, constant driving
field amplitude. It is worth noting that the Ikeda map of Equations (7)–(10) can describe different
nonlinear systems (SHG or OPO, either singly or doubly resonant), by suitably choosing the boundary
conditions. For a singly resonant cavity SHG, θ2 = 1, and the SH field resets at the beginning of each
round trip, i.e., Bm+1(0, τ) = 0.

For a relatively high-finesse resonator, the fundamental field evolves slowly during each round
trip, and the infinite dimensional map may be averaged over one round trip length L. This averaging
procedure yields a single mean field equation for the fundamental field amplitude [50],

tR
∂A(t, τ)

∂t
=

[
− α1 − iδ1 − iL

k′′1
2

∂2

∂τ2

]
A − ρA∗

[
A2(t, τ)⊗ I(τ)

]
+

√
θ1 Ain , (11)

where t is a “slow time” variable, linked to the round trip index as A(t = mtR, τ) = Am(z =

0, τ) [62–65], α1 = (αc1L + θ1)/2, ρ = (κL)2, ⊗ denotes convolution and the nonlinear response
function I(τ) = F−1[ Î(Ω)], with Î(Ω) =

[
(1 − e−ix − ix)/x2], x(Ω) =

[
Δk + ik̂(Ω)

]
L, and k̂(Ω) =

−αc,2/2 + i
[
Δk′Ω + (k′′2 /2)Ω2]. Here, we define the direct and inverse Fourier transform operator as

F [·] = ∫ ∞
−∞ · eiΩτ dτ and F−1 [·] = (2π)−1

∫ ∞
−∞ · e−iΩτ dΩ, respectively.
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Similarly to the coupled mode equations in frequency domain, also the mean field Equation (11)
exhibits an effective cubic nonlinearity, with a noninstantaneous response analogous to the delayed
Raman response of cubic nonlinear media and other generalized nonlinear Schrödinger models.

Linear stability analysis of the cw solution of Equation (11) leads to the following expression for
the eigenvalues [50],

λ± =− (
α1 + ρP0[ Î(Ω) + Î∗(−Ω)]

)±
√
| Î(0)|2ρ2P2

0 −
(

δ1 −
k′′1 L

2
Ω2 − iρP0[ Î(Ω)− Î∗(−Ω)]

)2

, (12)

which, baring the notation, is substantially equivalent to Equation (5). Figure 4a shows the MI
gain, 
[λ+] profile as a function of the walk-off parameter Δk′. Clearly, there is no MI for zero
walk-off, and MI appears for sufficiently large values of walk-off, revealing the fundamental role of
group-velocity mismatch for the formation of quadratic optical frequency combs and related dissipative
temporal patterns.

Figure 4. Modulation instability gain profiles as a function of temporal walk-off. (a) Singly resonant
cavity SHG. (b) Doubly resonant cavity SHG (parameters are normalized according to Ref. [51]).
Adapted with permission from [50,51]. Copyrighted by the American Physical Society.

Hansson et al. [52] demonstrated that the general system of coupled mode Equation (6) can be
derived from the map of Equations (7)–(10). However, frequency domain coupled mode equations are
not exactly equivalent to the time domain mean field Equation (11): the two approaches differ in the
way the dispersion is averaged, although they provide almost equal results for the system of Ref. [48].

Theoretical models, in addition to providing useful insight into the physics of quadratic combs,
can be a practical tool for simulating the comb dynamics, giving access to information not always
available from the experiment. Both the frequency and time domain formalisms here described lend
themselves to the numerical simulation of comb dynamics. Coupled mode Equation (6) is in general
more time consuming than time domain approaches, unless it can be cast in a way where fast Fourier
transform (FFT) algorithms can effectively reduce the computation time [66]. Numerical integration of
the Ikeda map or the derived mean-field equation usually relies on split-step Fourier methods [67,68].
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According to this method, propagation along each integration step is carried out in two steps. In a first
step, the nonlinear and driving terms are propagated by means of a 4th-order Runge–Kutta method.
The dispersive and absorption terms are propagated in a second step, where their propagation operator
is evaluated in the Fourier domain, using an FFT algorithm. The simulation initiates by assuming a
constant amplitude, input driving field Ain that describes the resonant pump laser. More importantly,
in the first step a numerical white-noise background of one photon per mode must be added in order
to seed the nonlinear processes which lead to the comb. Whereas the numerical integration of Ikeda
map requires a spatial step size smaller than the cavity round trip length, the mean-field equation can
be numerically integrated with temporal step sizes of the order of the round trip time, for the benefit
of the computation time.

Figure 5 shows two spectra, (a) and (b), and the respective temporal patterns, (c) and (d),
obtained by numerically integrating Equation (11). The simulations have been performed using
the parameters from Ref. [48], in the case of quasi-phase matched SHG, for a constant input power of 2
and 7 W, respectively, and a small positive detuning. The simulated spectra are in good agreement
with the experimental spectra shown in Figure 2b,c. For the moment, we cannot determine the
temporal profile corresponding to a comb spectra. Hence, numerical simulations provide insights
on the temporal feature of comb dynamics. We notice that the temporal pattern (c) associated to
spectrum (a) has a stable periodic structure (also called Turing or roll pattern), which entails a strong
phase coupling between the spectral modes, i.e., a mode-locked regime. Instead, the spectrum of
Figure 5b, with secondary combs around the primary sidebands, corresponds to an irregular temporal
pattern with no evidence of intermodal phase coupling. Moreover, it does not appear to reach a
stationary regime. In both cases, the emission is not purely pulsed, as typically occurs for combs
generated in femtosecond, mode-locked lasers, but the temporal patterns coexist with a flat background.
The coexistence of a temporal pattern with a flat background is frequent for Kerr combs [69], as well
as for combs generated in quantum cascade lasers [70,71]. In fact, in femtosecond laser combs the
emission of short pulses is due to a particular phase relation between laser mode—i.e., all the modes
have equal phases. However, in a wider sense, mode-locking only requires that a stable phase relation
holds between all the mode fields. Finally, numerical simulations also reveal a slow drift of the
temporal patterns (both at the fundamental and the SH fields) in the reference frame moving with the
group velocity of the FF.
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Figure 5. Numerical simulation of Equation (11), using the parameters of the system in Ref. [48].
(a) Input power 2 W, δ1 = 0.001. (b) Input power 7 W, δ1 = 0.01. (c,d) Details of the respective
temporal patterns.
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When θ2 < 1, the infinite dimensional map of Equations (7)–(10) describes the case of a doubly
resonant optical cavity, where also second harmonic fields may resonate. Leo et al. theoretically
analyzed this system [51] and derived a couple of two mean-field equations, which accurately model
comb dynamics. These equations read, assuming phase-matched SHG,

tR
∂A
∂t

=

[
−α1 − iδ1 − i

k′′1 L
2

∂2

∂τ2

]
A + iκLBA∗ +

√
θ1 Ain, (13)

tR
∂B
∂t

=

[
−α2 − iδ2 − Δk′L ∂

∂τ
− i

k′′2 L
2

∂2

∂τ2

]
B + iκLA2 , (14)

where α2 is the cavity loss of the SH field.
Under realistic conditions, the two mean-field Equations (13) and (14) can be reduced to a single

mean-field equation, analogously to Equation (11) for singly resonant cavity SHG. One obtains

tR
∂A
∂t

=

[
−α1 − iδ1 − i

k′′1 L
2

∂2

∂τ2

]
A − ρA∗

[
A2 ⊗ J

]
+

√
θ1 Ain, (15)

where the Fourier transform of the kernel function J is

Ĵ(Ω) =
1

α2 + iδ2 − iΔk′LΩ − i k′′2 L
2 Ω2

. (16)

A linear stability analysis of the cw solution (for both the Ikeda map and the mean-field
approximations) reveals the significant role of temporal walk-off in enabling comb formation. However,
in this case, MI gain may also occur for zero or relatively small values of the walk-off (Figure 4b).

4. Combs in Optical Parametric Oscillators

Degenerate optical parametric oscillation is the inverse process of cavity SHG, when the pump
field Ain at the FF ω0 is replaced by a pump field Bin at the SH frequency 2ω0. Its dynamics can
be described by an infinite dimensional map as well, where, in addition to Equations (7) and (8),
the following boundary conditions hold for the fields at the beginning of each round trip,

Am+1(0, τ) =
√

1 − θ1 Am(L, τ) e−iδ1 (17)

Bm+1(0, τ) = Bin . (18)

Here, we consider an OPO cavity where only the parametric field resonates. It is straightforward
to extend the analysis to the case when the harmonic pump field also resonates.

Following the approach of Ref. [50], the infinite dimensional map can be combined into a single
mean-field equation for the parametric field A, which reads, assuming Δk = 0 [54],

tR
∂A(t, τ)

∂t
=

[
−α1 − iδ1 − i

Lk′′1
2

∂2

∂τ2

]
A(t, τ)− μ2 A∗(t, τ)

[
A2(t, τ)⊗ I(τ)

]
+ iμBin A∗(t, τ) , (19)

where all the physical parameters and the kernel function I are the same as in Equation (11). We note
that Equation (19) is similar to the corresponding mean-field equation for comb dynamics in cavity
SHG, except for the parametric driving force (last term on the r.h.s.). Equation (19) has a trivial zero
solution, A0 = 0, and a nontrivial time independent solution, A0 = |A0|eiφ. From a linear stability
analysis of the constant solution, we derived the following expression for the eigenvalues [54],

λ± = −
[
α1 + μ2|A0|2I+(Ω)

]
±

√
(α2

1 + δ2
1)−[δ1−D2Ω2 − iμ2|A0|2 I−(Ω)]

2 , (20)
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where |A0|2 = [−α1 ±
√

μ2B2
in − δ2

1 ]/μ2 Î(0) is the squared modulus of the nontrivial solution and

I±(Ω) = Î(Ω)± Î∗(−Ω). Similarly, for the zero solution the eigenvalues of the linearized system are

λ± =− α1 ±
√

μ2B2
in − (δ1 − D2Ω2)

2 . (21)

Both solutions exhibit MI gain for Re[λ+] > 0, which is shown in Figure 6a,b as a function of the
cavity detuning. From Equation (20) it clearly appears that MI gain for the nontrivial solution depends
both on walk-off Δk′, through I±(Ω), and GVD. As for singly resonant cavity SHG, MI only manifests
itself for relatively high walk-off values, while it is absent for zero walk-off, as shown in Figure 6c.
The instability of the zero solution, which is not expected in the usual dispersionless analysis of the
OPO, does not depend on the walk-off, but it is rather induced by GVD. Actually, GVD is responsible
for the unequal spacing between cavity resonances, so that they are asymmetrically displaced with
respect to the degeneracy frequency ω0, when the latter is perfectly resonant. Thus, GVD effectively
favors parametric oscillations close to the degeneracy frequency. For normal dispersion, a positive
detuning between the degeneracy frequency and the nearest cavity resonance can make symmetric
an initially asymmetric pair of distant resonances, which now can more favourably oscillate than the
degeneracy frequency ω0. The larger the detuning, the more distant the symmetric resonances are.
For small negative detunings no resonance pair can be symmetrically displaced around ω0, and MI
gain is maximum at the degeneracy frequency, decreasing as a function of the detuning amplitude.
The same occurs in the case of anomalous dispersion, provided that the detuning sign is reversed.

Figure 6. Optical frequency combs (OFC) in a degenerate OPO. (a,b) show the MI gain as a function of
the normalized cavity detuning Δ = δ1/α1, for the constant solution and the zero solution, respectively.
(c) MI gain profiles as a function of the temporal walk-off. Adapted with permission from [54].
Copyrighted by the American Physical Society.

Frequency comb generation in an OPO has been demonstrated by using a nearly degenerate OPO
pumped by a frequency doubled cw Nd:YAG laser (Figure 7). The OPO was based on a 15-mm-long
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periodically-poled 5%-MgO-doped lithium niobate crystal, with a grating period of Λ = 6.92 μm,
enclosed in a bow-tie cavity resonating for the parametric wavelengths around 1064 nm, similar to
that used for cavity SHG. The nonlinear crystal was located between two high-reflectivity spherical
mirrors (with radius of curvature = 100 mm), while a flat high-reflectivity mirror was mounted on
a piezoelectric actuator for cavity length control. A fourth, partially reflective flat mirror (R = 98%)
allowed us to couple out the generated parametric radiation. The SH beam entered the OPO cavity from
a first spherical mirror, passed through the nonlinear crystal, and left the cavity at the second spherical
mirror. The FSR of the cavity was 505 MHz. We observed combs for pump powers higher than 85 mW
(about three times the OPO threshold of 30 mW) and studied the effect of small cavity detunings on
the comb spectra. Figure 8a–c show the experimental comb spectra recorded for Δ = −0.30, 0.00, 0.30,
respectively, with 300 mW of pump power. We found a good agreement with the corresponding
spectra, shown in Figure 8d–f, calculated by numerically integrating the mean-field Equation (19).
Experimental spectra for negative and zero detunings are very similar, displaying 1 FSR line spacing,
whereas for the positive detuning the experimental spectrum consists of two pairs of widely spaced
symmetric lines.

Figure 7. OFC in a degenerate OPO. Scheme of the experimental setup: beam splitter (BS), electro-optic
phase modulator (EOM), periodically poled lithium niobate crystal (PPLN), piezoelectric actuator (PZT),
photodiode (PD). Adapted with permission from [54]. Copyrighted by the American Physical Society.
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Figure 8. (a–c) Experimental OPO optical spectra for detunings Δ = −0.30, 0.00, 0.30, respectively.
(d–f) Corresponding numerically calculated spectra. From [54]. Copyrighted by the American
Physical Society.

5. Single Envelope Equation

Models based on the two field envelopes, i.e., Equations (7)–(10) and their approximations hold
as long as there is a single dominant nonlinear process and the combs are confined around two carrier
frequencies. When the combs start to overlap, or multiple nonlinear processes play a prominent
role, frequency comb generation may be studied by means of a more general model, based on a
single-envelope equation combined with the boundary conditions that relate the fields between
successive round trips and the input pump field [55],

F [Am+1(τ, 0)] =
√

θ̂(Ω)F [Ain] +
√

1 − θ̂(Ω) eiφ0F [Am(τ, L)] (22)

[
∂z − D

(
i

∂

∂τ

)
+

αd
2

]
Am(τ, z) = iρ0

(
1 + iτsh

∂

∂τ

)
pNL(τ, z, Am) . (23)

The boundary condition, Equation (22), is written in the Fourier domain, in order to account
for the frequency dependence of the transmission coefficient θ at the input port of the resonator.
It determines the intra-cavity field Am+1(τ, z = 0) at the beginning of (m + 1)th round trip in terms of
the field at the end of the previous round trip Am(τ, z = L) and the pump field Ain. Equation (23) is
written in a reference frame moving at the group velocity at ω0: pNL is the broadband envelope of the
nonlinear polarization PNL = P(2)

NL + P(3)
NL + ... = ε(χ(2)E2 + χ(3)E3 + ...); ρ0 = ω0/2n0cε0; τsh = 1/ω0

is the shock coefficient that describes the frequency dependence of the nonlinearity, and αd is the
distributed linear loss coefficient. Dispersion to all orders is included by the operator D,

D
(

i
∂

∂τ

)
= ∑

l≥2
i
βl
l!

(
i

∂

∂τ

)l
, (24)

where βl = (dl β/dωl)ω=ω0 are expansion coefficients of the propagation constant β(ω).
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Figure 9 shows a spectrum obtained from the numerical simulation of Equations (22) and
(23), when SHG and nondegenerate optical parametric oscillation are simultaneously quasi-phase
matched in a radially poled, lithium niobate microresonator, pumped at 1850 nm (162 THz). In this
case, the quasi-phase matching period for SHG (25.56 μm) simultaneously quasi-phase matches
a nondegenerate OPO with idler (signal) at 56 THz (106 THz). The broadband power spectral
density shows a generation of a multi-comb array, extending from the mid-infrared into the
ultraviolet with a spacing of a single FSR (around 92 GHz). In addition to combs at the FF, SH,
and third-harmonic (TH), two additional combs are generated around signal and idler frequencies.
Moreover, several secondary combs appear between the FF and the SH and between the SH and the
TH, respectively. These combs are generated by sum-frequency generation and difference frequency
generation processes. For instance, the comb SC1 centered at 218 THz results from SFG between the
idler and the FF, while SC3 (around 380 THz) results from SFG between the idler and the SH. On the
other hand, DFG between the SH (TH) and the idler leads to a secondary comb SC2 (SC4) centered at
268 THz (430 THz).
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Figure 9. Numerical simulation of the single-envelope map when SHG and OPO processes are
simultaneously phase matched in a lithium niobate microresonator pumped by 100 mW of cw power
at 1850 nm. Reprinted with permission from [55] c© The Optical Society.

6. Perspectives

Because of the intrinsically higher strength of the quadratic nonlinearity with respect to the
third-order one, quadratic comb generation can be less demanding in terms of power density and
cavity quality factor. Although quadratic combs have been generated in bulk cavities with moderate
pump powers, their performance could increase if implemented in miniaturized devices, thus further
extending and stimulating new applications [72,73]. Scaling the resonator to micrometric size may be
beneficial for quadratic combs, allowing for a dramatic reduction of threshold power and a flexible
management of the dispersion through a geometric design, allowing for a broader comb emission.
As a matter of fact, direct generation of quadratic frequency combs has been very recently observed
in chip-scale lithium niobate devices, such as periodically poled linear waveguide resonators [74,75],
or exploiting naturally phase-matched SHG in whispering-gallery-mode resonators [76,77].

Several materials with second-order nonlinearity are suitable to be shaped into low-loss
small-footprint resonators. Most of them have been used to generate Kerr combs [78–82], and,
in some cases, secondary quadratic effects have been reported [78,79] or explicitly considered [83].
In contrast to Kerr combs, quadratic combs usually require more stringent conditions on phase
matching and group velocity mismatch between different spectral components. Natural [84,85],
cyclic [86], and quasi-[87,88] phase matching have been used in crystalline whispering-gallery-mode
resonators. More recently, significant progress has been made in the fabrication of integrated, high-Q,
lithium niobate microresonators for χ(2) processes [89–92]. III-V materials provide an interesting
photonic platform for second-order nonlinear optics, and different techniques have been devised to
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achieve phase matching [93], in particular for resonant structures [94–96]. It is worth noting that the
well developed silicon platform can also be exploited for second-order nonlinear interaction. In fact,
Timurdogan et al. demonstrated that a large “dressed” χ(2) nonlinearity can be induced by breaking
the crystalline center-symmetry of silicon when a direct-current field is applied across p-i-n junctions
in ridge waveguides [97], enabling the implementation of quasi-phase matching schemes.

Unlike optical frequency combs in mode-locked lasers, parametrically generated combs do not
usually correspond to a stable pulsed emission in the time domain. Different temporal regimes are
possible, from chaotic to perfectly coherent states. The formation of temporal cavity solitons in a
cw-pumped nonlinear resonator has attracted a particular interest in connection with parametrically
generated combs [98]. Combs associated to a cavity soliton are broadband and highly coherent,
which makes them ideal for low noise and metrological applications. In fact, cavity solitons are robust
states which circulate indefinitely in a cavity, thanks to the double compensation between nonlinearity
and chromatic dispersion and between cavity losses and cw driving. Recent theoretical works aim
at identifying the dynamical regimes that exhibit soliton states or localized solutions in cavity SHG
systems [99–102] or OPOs [103,104].

Finally, optical frequency combs are attracting a growing interest as sources of complex quantum
states of light for high-dimensional quantum computation [26,105,106]. Second-order nonlinear optical
systems are efficiently used for generation of quantum states of light: the classical correlations that
establish in three-wave-mixing processes hold at the quantum level as well, leading, for instance,
to generation of squeezed light or bipartite entanglement in an OPO. Tripartite, or quadripartite
multicolor entanglement has been predicted in second-order nonlinear devices [107], in particular
when multiple cascaded second-order nonlinear interactions occur, in traveling-wave or intracavity
processes [108–110]. Interestingly, a recent study based on the three-wave model of Equations (1)–(3)
predicts five-partite entanglement between one-octave-distant modes [111]. This result suggests
that quadratic combs could exhibit multipartite entanglement between frequency modes, which are
essential for scalable measurement-based quantum computing [112]. To fully explore these features,
a general and complete analysis of the quantum dynamics of quadratic combs is needed [113].
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The following abbreviations are used in this manuscript:

cw Continuous wave
DFG Difference frequency generation
FF Fundamental frequency
FFT Fast Fourier transform
FSR Free spectral range
FWM Four-wave mixing
GVD Group velocity dispersion
MI Modulation instability
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OFC Optical frequency comb
OPO Optical parametric oscillator
SH Second harmonic
SHG Second harmonic generation
TH Third harmonic
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Abstract: Nonlinear frequency generation requires high intensity density which is usually
achieved with pulsed laser sources, anomalous dispersion, high nonlinear coefficients or long
interaction lengths. Whispering gallery mode microresonators (WGMRs) are photonic devices that
enhance nonlinear interactions and can be exploited for continuous wave (CW) nonlinear frequency
conversion, due to their capability of confine light for long time periods in a very small volume,
even though in the normal dispersion regime. All signals must be resonant with the cavity. Here,
we present a review of nonlinear optical processes in glass microspherical cavities, hollow and solid.

Keywords: kerr nonlinearity; whispering gallery mode; optical resonators; stimulated brillouin
scattering; optomechanical oscillations

1. Introduction

Optical resonators have been gaining a lot of interest in recent decades in all branches of modern
optics, both linear and nonlinear optics [1]. Among these resonators whispering gallery modes
resonators (WGMR) have shown high mode stability and high quality factors, up to 1011. Their
fabrication is rather simple and inexpensive. WGMR are total internal reflection resonators and they
were first introduced by Lord Rayleigh for sound waves propagating close to the dome wall in St.
Paul’s cathedral, London [2]. The same phenomenology can be applied to the optical domain, and it
was analyzed in depth by Mie and Debye. The geometry of the resonator determines the volume
and field distribution of the modes. This kind of monolithic resonators are excellent platforms for
fundamental and applied studies of nonlinear interactions between light and matter mainly due to their
long photon lifetimes (long temporal confinement) and their small mode volumes (spatial confinement).
Temporal and spatial confinement have made possible optical frequency conversion with low-power
continuous wave (CW) lasers with powers ranging from micro-watts to milliwatts. However, the high
circulating intensities inside a WGMR are not a sufficient condition for efficient harmonic generation ,
parametric and hyper-parametric oscillations: these phenomena require fulfilling phase and mode
matching and energy conservation conditions [3,4].

This review will describe the applications in nonlinear optics of silica microspherical WGMR,
both solid and hollow microcavities. Figure 1 shows an illustration of the three types of WGMR
reviewed in this paper. These 3D WGMR show very high quality factor Q, their fabrication is easy
and regarding specifically nonlinear frequency generation, their very dense mode spectra eases the
phase-matching processes required for parametric and hyper-parametric interactions. Microspheres
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are the first monolithic WGMR that were investigated theoretically and can be obtained by melting
amorphous materials such as silica [5]. Hollow microspherical WGMR or the so-called microbubbles
(MBR) [6] are also an important family of WGMR which can be tuned beyond a free spectral range
(FSR) by changing their radius, either via piezo-electric [7] or gas pression stress [8,9]. Tuning the
FSR and the generated combs can be very important for practical applications such as gas sensing
or molecular spectroscopy. However, the size of a solid silica microsphere or microbottles is very
difficult to change once it is fabricated. A successful way to tune solid WGMR is by coating them
with functional materials, such as nanoparticles [10,11]. Hybrid microspheres were also used for Kerr
switching [12,13].

Figure 1. Schematic drawing of microspherical WGMR: (a) Microsphere, (b) Microbottle and (c)
Microbubble. The coupling tapered fiber is also sketched in this picture.

Silica glass is a centrosymmetric material; therefore, second order nonlinear interactions are
forbidden. Here, the elemental nonlinear interaction is due to the third-order susceptibility χ3 effects,
in which four photons are coupled. Previous work in this area, however, has been focused on toroidal
WGMRs, where most of the excitable modes are constrained to be the equatorial ones [14], or on highly
nonlinear materials [3,15]. Efficient generation of visible light via third-order sum-frequency generation
(TSFG) or four-wave mixing (FWM), and third-harmonic generation (THG) in silica microspherical
WGMR have been explored. MBR were also studied in the THz domain [16] or for generating
two-photon fluorescence (TPF) of the filling liquid [17]. Detailed description of their properties can be
found in several books and reviews [1,18,19].

In this review, several nonlinear effects in silica microspheres will be illustrated (see Figure 2).
Generally, nonlinear processes are classified into parametric (hyper-parametric) and non-parametric
processes. Parametrical processes are predominant for non or near resonant interactions where the
initial and final quantum states are the same, which means that there is no real absorption of photons
by the material. Since these processes involve only virtual energy levels, their lifetimes are extremely
short (less than a femtosecond). On the other hand, non-parametric processes involve real energy
levels with different initial and final quantum states. In this case, there is energy transfer from
the photons to the host medium with a relative longer lifetime and it is predominant for resonant
interactions. Harmonic generation, TSFG, FWM and coherent anti-Stokes Raman spectroscopy (CARS)
are parametric interactions whereas stimulated Raman scattering (SRS) and stimulated Brilluoin
scattering (SBS) are non-parametric processes (see Figure 2b).
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Figure 2. (a) Illustration of the infrared spectra observed when nonlinear phenomena are generated.
(b) Schematic representation of the energy levels of different nonlinear processes (from left to right):
FWM, THG, TSFG, TPF, SBS and SRS . Real energy levels are denoted by solid lines (non-parametric
processes) while virtual states are indicated by dashed lines.

We will start from tunable optical harmonic generation with extremely narrow linewidth. In the
most general case of TSFG, three different waves interact with a nonlinear medium to generate a fourth
wave of different frequency (ωTSFG = ω1 + ω2 + ω3). If the three input frequencies are degenerate,
the result will be the THG; in this case the energy conservation requires ωTHG = 3ω1. The additional
phase-matching condition requires n(ωTHG) = n(ωp), which in general can be fulfilled, because linear
and nonlinear dispersion can be compensated for by the dense distribution of degenerate whispering
gallery modes (WGMs) with different polar number and decreasing effective index ne f f = m/kR [1].
In a WGMR, an additional boundary condition leads to a strict value for the resonant frequency, which
may be in conflict with the strict energy conservation, meaning that ωTSFG or ωTHG is out of resonance.

Stimulated Raman scattering (SRS) is a pure gain process and, therefore, the phase-matching
condition is established automatically. Stimulated anti-Stokes Raman scattering (SARS) has been
observed in single-component microdroplets with strong Raman gain [20] and from minority species
in multi-component microdroplets with low Raman gain [21]; in the latter case, external seeding at the
Stokes frequency was used to enhance the SARS signal. However, SARS does require phase-matching,
to be efficiently generated and it is thresholdless. WGMRs provide ultra-low thresholds [22] for
SRS generation which is a huge advantage . In consequence, one can find extensive literature about
SRS generation in WGMRs, but not SARS. SARS and CARS are four-wave mixing (FWM) processes,
where vibrational transition frequencies match the beating frequencies between the involved waves,
usually, the pump and the anti-Stokes (or Stokes) waves. Cavity resonant enhanced SARS generation,
multi-order SARS, and third-order nonlinear processes in silica WGMRs at any dispersion value [23,24]
were presented by Farnesi et al. [25] . The linewidth of the cavity-enhanced SARS emission is similar
to that of SRS and the pump, and it is a high-quality mode [26]. SBS is an inelastic scattering process
like SRS but it is a coherent interaction of light photons and acoustic phonons instead of light photons
and light phonons (SRS). The photon-phonon interaction is enhanced due to the overlap of both
waves inside the WGMR, which acts as a dual photonic-phononic cavity, named also as phoXonic
cavity [27,28]. Another important difference between SBS and SRS are the gain bandwidth and gain
coefficient. SBS has one of the largest gain coefficients but a narrower gain bandwidth compared to SRS
that constrains WGMR geometries, since the Brillouin frequency shift should match the free spectral
range (FSR) of the resonator. It has been demonstrated that this constrain can be bypassed by using
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higher-order modes [18,29]. All these nonlinear phenomena can occur simultaneously despite their
different lifetimes. It has been observed in conjunction THG,SRS and TSFG; or SBS and FWM.

2. Kerr Effects

Silica glass is a centrosymmetric material with an odd-order nonlinear polarization which is
directly proportional to the nonlinear third-order susceptibility χ(3) of the hosting material. The χ(3)
is a fourth order tensor with 81 elements. The third-order nonlinear polarization is responsible for
several nonlinear phenomena, such as THG, FWM, TSFG, the optical Kerr effect and CARS.

2.1. Third-Order Sum-Frequency Generation

The nonlinear polarization for third-order sum-frequency generation (TSFG) [30] can be written as:

PNLS(r, ω) = χ(3)Ea(r, ωa)Eb(r, ωb)Ec(r, ωc) (1)

where E(ωi) is the electric field amplitude at frequency ωi. This equation shows that in the third-order
approximation, the radiation at the new frequency ω = ωa + ωb + ωc (energy conservation) can be
generated by an intense field containing ωa, ωb, and ωc. This general case, or third-order sum-frequency
generation (TSFG) has been studied in WGM structures, in particular in liquid droplets, starting from
1989 [31–33]. TSFG is a weak process; even when conditions are optimized, the emission is only
10−4 times the typical intensity of SRS. A model for TSFG in spherical dielectric microresonators can
be based on the work of Chew et al. [34] for emission from a polarization source within a sphere.
A particular case of TSFG is the third-harmonic generation (THG) in which the three input frequencies
are degenerate and so ωTGH = 3ω1.

The polarization in Equation (1) can be written as

PNLS(r, ω) = D ∑
jkl

χ
(3)
ijklEa(r, ωa)Eb(r, ωb)Ec(r, ωc) (2)

where j, k, l are the three orthogonal coordinate directions and D is the number of distinct permutation
of ωa, ωb and ωc. Being silica an isotropic material, only three independent elements can be considered:

χijkl = χ1122δijδkj + χ1212δikδjl + χ1212δilδjk (3)

In spherical coordinates (r, θ, ψ), for the transverse electric field (TE) in a sphere, the radial
component is zero and χ

(3)
1111 = χ

(3)
1122 + χ

(3)
1212 + χ

(3)
1221.

In the simplest case of THG, χ
(3)
1122 = χ

(3)
1212 = χ

(3)
1221, and so:

χ
(3)
ijkl = χ

(3)
1122(δijδkj + δikδjl + δilδjk) (4)

and the θ component of the polarization is:

PNLS
θ = 3χ3

1122(E3
aθ + EaθE2

aφ) (5)

The radiations generated by the polarization PNLS(r′, ω), where r′ is the source position, induce
additional fields which have to satisfy the boundary conditions at the surface of the sphere. The solution
is a combination of spherical Bessel and Hankel functions, jn and h1

n, respectively.
If the three waves generating the TSFG are standing waves, then the output is a standing wave

too. The fields (TE) can be written as:

Es(r, ωs) = Agnjn(ktr) [Ynnm(θ, φ) + Y∗
nnm(θ, φ)] /2 (6)
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where A is the amplitude factor proportional to
√

Is. The field components are labeled ns and ms,
where s is a, b or c.

Obtaining the total power at ω requires the integration over all ω:

PT
n3m3

=
∫ ∞

0
Pn3m3(ω)dω (7)

The TSFG power is proportional to the spatial overlap integrals as well as to a frequency overlap
integral; the former ones are calculated by integrating the product of the fields of the TSFG mode and
of the three generating modes over the sphere volume. In addition to the energy and momentum
conservation, in WGMR the pump and the generated frequency must be resonant. When these three
conditions are fulfilled, the high quality factor enhances the interaction. The three conditions are quite
difficult to be fulfilled simultaneously. The intermodal dispersion of the different spatial WGMs can be
used, however, to obtain highly efficient frequency conversion. The inset of Figure 3 shows a picture
of the microsphere with the TH signal with the characteristic upper and lower green lobes along the
polar direction. As expected, TH signal is codirectional with the pump. Figure 3 shows the emission
spectrum of THG at 519.6 nm when pumping with 1556.9 nm.

Figure 3. Emission spectrum indicating third-harmonic generation at 519.6 nm when pumping at
1556.9 nm, whereas the inset picture was taken during the spectral measurements. Reproduced with
modifications from Ref. [35].

Asano et al. [36] observed THG in silica microbottle resonators. This particular resonator showed
interface and surface effects that allowed the simultaneous generation of THG and second harmonic
generation (SHG). In this work, the pump powers are over 200 mW, quite high compared to previous
works in other types of WGMR. [25]. A way to lower the launched pump power into the microresonator
is coating its surface. Dominguez et al. [37] used a similar strategy for second harmonic generation,
coating the silica microspheres with a crystal violet monolayer. Chen et al. [38] have published very
recently impressive results in terms of efficiency. The authors have coated silica microspheres with a
thin layer of 4-[4-diethylamino(styril)]pyridium (DSP) molecules. DSP has a high third-order nonlinear
coefficient and the efficiency of THG is 4 order of magnitude higher than the reported in bare silica
microspheres. The authors also observed multiemissions due to TSFG.
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2.2. Four-Wave Mixing

Third-order four-wave mixing (FWM) is a hyper-parametric oscillation where two pump photons
ωpump generate a signal ωS and an idler photon ωI . It requires two conditions to be satisfied:
the momentum conservation, which is intrinsically satisfied in WGM resonators [39], and the
energy conservation, which is not a priori satisfied since the separation between adjacent modes
νFSR = |νm − νm+1| can vary due to the material and cavity dispersion. Indeed, only in recent
works this process has been observed by coupling a CW laser into microcavities exploiting the Kerr
nonlinearity to enable cascaded four-wave mixing. The resonances of the WGMR will also impose that
the new generated frequencies will be discrete, creating a frequency comb.

The comb generation can occur in two different ways: as a Type I (or natively mode spaced
comb), with sidebands separated by one free spectral range (FSR), and a Type II (or multimode spaced
comb), with sidebands separated from the pump by several FSRs. Cascaded FWM preserves the initial
spacing to higher-order emerging sidebands thank to the conservation of the energy in the parametric
processes [40].

The Kerr comb formation starts by generation of the first symmetrical lines generated in a
degenerate FWM process when the parametric gain overcomes the loss of the cavity. The separation of
the new lines from the pump depends on the dispersion and the pump power. The threshold of the
parametric frequency conversion [24], at which the gain of the excited sidebands is equal to the cavity
decay rate, is:

Pth =
κ2n2

0Ve f f

8ηω0cn2
(8)

and the gain of the sidebands, for Ppump > Pth, can be written as: [41]

G =

√
κ2(

Pabs
Pth

)2 − 4
(

ω0 − ωp + μ2D2 − κ
Pabs
Pth

)2
(9)

where Pabs is the power absorbed by the cavity. At the threshold (G = κ), from Equation (9) we obtain:

√
f 2

|a0|2 − 1
− d2μ2

th + |a0|2 −
√
|a0|4 − 1 = 0 (10)

The theory of generation of frequency combs in silica microspheres has been described in a 2010
article by Chembo et al. [42].

The first experimental demonstration of FWM in silica microspheres was done by
Kippenberg et al. [43]. The authors showed the generation of a pair of signal-idler photons created
by two pump photons separated by one FSR with an emission ratio close to unity. Frequency combs
in microspheres were first demonstrated by Agha et al. [44] where the first theoretical model was
established. The same group published a broader comb in microspheres [45], but their theoretical
model only predicted FWM and modulation instabilities in resonators with anomalous dispersion.
However, nonlinear hyper-parametrical oscillations have been also achieved in the regime of normal
dispersion [23,25,39,46]. This occurrence is due to the cavity boundary conditions that introduce
an additional degree of freedom: the frequency detuning of the pump from the eigenmode of the
nonlinear resonator [23,47]. Zhang et al. [10] proposed hybrid silica microspheres for generation of
tunable Kerr and Raman-Kerr combs. The authors have coated the polar cap of the microsphere with
iron oxide nanoparticles. Since the WGM are excited at the equator of the microspheres, far away from
the iron oxide nanoparticles, the high quality factor Q was not spoiled. The authors fed the control
light into the microsphere through the fiber stem (see Figure 4). This control light was absorbed by the
iron oxide nanoparticles and due to a strong photothermal effect, the comb was tuned. The achieved
tuning of the Kerr comb was about 0.8 nm whereas the Raman-Kerr comb was tuned about 2.67
nm. The proposed photothermal tuning is an all-optical method and has less disadvantages than the
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mechanical methods [48] which present mechanical interferences and need cryogenic temperatures.
However, the tuning range achieved by mechanical methods was about 450 GHz at 10 K for a
microsphere of 40 μm diameter.

Figure 4. (a) Generated Kerr combs in a hybrid microsphere for different control light powers,
(b) zoom-in of the spectra of panel (a,c) Sketch of experimental set-up showing an iron oxide
nanoparticle coated silica microsphere of 248 μm diameter for photothermal tuning of generated
optical frequency combs (OFC). The pink ring is the excited whispering gallery mode and the black
polar cap represents the coated area with iron oxide nanoparticles. Reproduced with modifications
from Ref. [10].

For microbubbles, the first demonstration of cascaded FWM was done by Li et al. [49]. Broader
combs in microbubbles were demonstrated by Farnesi et al. [50]. The authors here realized a “Type I”
or natively mode spaced comb with sidebands separated by one FSR (see Figure 5a) and a “Type II” or
multimode spaced comb with sidebands separated by several FSR (see Figure 5b). Figure 5c shows the
FWM pairs in the vicinity of the pump at 1.55264 nm in the backward direction. In this case, the FWM
pairs are separated by one FSR. At 14 THz from the pump, centered at 1508 nm, an anti-Stokes comb
was observed. In this case, the intensity of the anti-stokes component is high enough to generate
its own parametrical oscillation, with a separation smaller than the FSR of the cavity. MBRs are
spheroidal WGMR with quite dense spectral characteristics with two nearly equidistant mode families
characterized by the same azimuthal but different vertical quantum number. The presence of these two
mode families gives the different frequency spacing and the asymmetric spectrum (see Figure 5d [50]).
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Figure 5. Experimental spectra of: (a) a Type I comb, with a frequency offset of 1 FSR, (b) a Type II
comb, with a frequency offset of 5 FSR, (c) FWM in the vicinity of the pump spaced by azimuthal
FSR and (d) Modulation intensity around the anti-stokes component at 1508 nm , with a frequency
offset of 2 vertical FSR (2X0, 12 nm) measured for a microbubble of 475 μm diameter. Reproduced with
modifications from Adapted with permission from Ref. [50] c© The Optical Society.

Yang et al. [51,52] have experimentally measured frequency combs in the visible (pump
wavelength centered at 765 nm) by engineering the dispersion through wall thickness of the
microbubbles and degenerate FWM in hollow microbottles.

2.3. Stimulated Raman Scattering

The inelastic scattering of a photon with an optical phonon, which originates from a finite response
time of the third-order nonlinear polarization of the material, is called the Raman scattering effect.
Spontaneous Raman scattering occurs when a monochromatic light beam propagates in a material like
silica. Some of the photons are transferred to new frequencies. The scattered photons may lose (Stokes
shift) or gain (anti-Stokes shift) energy.

The left diagram in Figure 2b represents the absorption of a pump photon with energy with the
consequent excitation of a molecule from the ground state (G) into a higher virtual energy state (V).
The energy difference between the ground and the excited level is equal to pump photon’s energy. In a
second step, the molecule falls to an intermediate level (I), which is generated by its own periodical
oscillations or rotations. This decay is accompanied by a Stokes photon emission. The destruction of
the pump and the generation of the Stokes photon happen simultaneously because V is a virtual state.
The energy difference between the pump and the Stokes photon is equal to the difference between the
energy levels I and G; the remaining energy is the vibrational energy delivered to the molecule.
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In contrast to other kinds of nonlinear phenomena where the molecule returns to its ground level
after the interaction, an energy transfer between a photon and a molecule takes place here. Raman
scattering is a pure gain process and depends on particular material resonances. In crystalline media,
these resonances show a very narrow bandwidth. On the other hand, in amorphous silica the molecular
vibration modes are overlapped with each other and create a continuum [53]. Contrary to spontaneous
emission, SRS can transform a large part of power into a new frequency-shifted wave with the intensity
growing exponentially with the propagation distance in the nonlinear (NL) material. Highly efficient
scattering can occur as a result of the stimulated version under excitation by an intense laser beam;
10% or more of the energy of the incident laser beam can be converted.

Generally, in WGM resonators the lasing threshold occurs when the cavity round-trip gain equals
round-trip loss. The intra-cavity gain coefficient is related to the bulk Raman gain coefficient gb (in
silica the maximum is 6.5 × 1014 m/W at 1550 nm) through the equation:

gR =
c2

C(Γ)2n2Ve f f
gb (11)

where Ve f f is the effective modal volume and C(Γ) is the modal coupling. The threshold pump power
can be derived by the gain coefficient, taking into account the power build-up factor in the resonator:

Pth =
π2n2Ve f f

λpλRC(Γ)gRQ2 (12)

Thus, the threshold follows an inverse dependence on the squared quality factor Q of the
cavity. This explains how an increase in Q will cause a two-fold benefit in terms of reducing cavity
round-trip losses as well as of increasing the Raman gain, due to the Raman gain dependence on the
pump intensity.

Contrary to the parametric effects, Raman scattering is intrinsically phase-matched over the
energy levels of the molecule. In other words, it is a pure gain process.

The SRS can be summarized in two parts: (1) the molecular vibrations modulate the refractive
index of the medium at the resonant frequency ωv and the frequency sidebands are induced in the
laser field. (2) the Stokes field at frequency ωS = ωL − ωv beats with the laser field to produce the
modulation of the total intensity which excites the molecular oscillation at frequency ωL − ωS =

ωv. In this way the two processes reinforce one another. The Raman emission can be thought as
a down-conversion of a pump photon and phonon associated with the vibrational mode of the
molecule. The anti-Stokes wave is generated together with the Stokes one, through FWM in which
two pump photons annihilate themselves to produce Stokes and anti-Stokes photon can occur if
2ωL = ωa + ωs, providing the total momentum conservation. This leads to the phase-matching
condition Δk = 2k(ωL)− k(ωa)− k(ωs) = 0 where k(ω) is the propagation constant. When the phase
mismatch Δk is large, Stokes emission experiences gain whereas the anti-Stokes experiences loss. For a
perfect phase-matching, the anti-Stokes wave is strongly coupled to the Stokes one, preventing the
growth of the latter.

In 2003 a microcavity-based cascaded Raman laser was demonstrated in WGM silica microspheres
with sub-milliwatt pump power [54]. In cascaded Raman oscillation, the Raman signals serve to
secondary pump field and generate higher-order Raman waves. As the pump power is increased,
the first Stokes line extracts power from the pump until it becomes strong enough to seed the generation
of a next Stokes line. This process can continue to generate more Raman peaks. The cascade process
can be modeled as coupled harmonic oscillators with the pump and the Raman fields by including
higher-order coupling terms(see for instance, [55]) The SRS and cascaded SRS in the infrared region
occurs as standing waves because the Raman gain that amplifies the waves is the same for waves
traveling in either the forward or the backward direction. In the presence of these phenomena, we
have also observed TSFG in the visible, obtaining multicolor emission (red, orange, yellow, and green)
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by tuning the pump wavelength. Figure 6 shows the spectra measured for each different color and the
corresponding microscope picture of the microsphere.

Figure 6. Various spectra obtained with different pump wavelengths showing TSFG standing waves
generated among cascaded Raman lines with emission at: (a) 537.2 nm; (b) 578.8 nm, (c) 592 nm, and (d)
625 nm. Reproduced with modifications from Ref. [35].

In these cases, the pump was high enough to generate several orders of Stokes Raman lines
and Raman combs. TSFG and THG can also occur simultaneously. Figure 7 shows the picture of a
multicolor emission, one at 519.2 nm and one at 625 nm, corresponding to the THG signal of the pump
laser and the TSFG, respectively.

As mentioned before, the red standing wave is the result of TSFG whereas the green traveling
wave is TH signal. To fulfill the phase-matching condition and dispersion compensation, we must
excite higher-order polar modes (l− | m |> 1). High polar order modes can be excited by placing the
coupling taper far from the equatorial plane where the intensity peaks of these modes are located [1].
These modes also improve mode matching which is another requirement for efficient nonlinear
frequency generation. The overlap of the WGM eigenfunctions corresponds to the power of TSFG and
THG. In the latter case, the total power is proportional to the overlap of the TH field with the cubic
power of the pump field.
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Figure 7. Optical picture of the microsphere showing the TSFG standing wave in the red and the
traveling wave in the green of the THG.

WGMR Raman lasers can be used in sensing applications. WGMR-based lasers have a very
narrow linewidth, they are dopant-free and they can attain high detection resolution down to single
nanoparticles [56]. However, biochemical sensors need to work at telecom wavelengths where water
shows a very high absorption [57,58]. A way to overcome such limitation is to use laser pumps in the
visible or near infrared (NIR) [59,60]. Figure 8 shows the SRS line at 807 nm when a microsphere of
about 50 μm diameter is pumped at 778 nm.

Figure 8. Experimental spectra of cascaded Raman lasing in a microsphere of 50 μm diameter. The laser
pump is centered at about 778 nm, the Raman line is centered at about 807 nm.

Stimulated anti-Stokes Raman scattering (SARS) requires phase-matching, to be efficiently
generated, and it is thresholdless. The nonlinear polarization of the anti-Stokes wave, PNL

as , is defined
by the relation:

PNL
as = χ(3)E2

PE∗
Sei(2kP−kS)z (13)

where EP and ES are the amplitude of the pump and Stokes waves, respectively; χ3 is the third-order
nonlinear susceptibility, and ki are the propagation vectors for the pump and Stokes waves [20,21].
Farnesi et al. [25] measured SARS in solid microspherical WGMR in the normal dispersion
regime [23,39,46], contrary to well-known theoretical models [44,45], which predicted modulation
instabilities and FWM in WGMR only with anomalous dispersion. The cavity boundary conditions
introduce an extra degree of freedom, namely the frequency detuning between the pump and the
eigenmode of the nonlinear WGMR [23,47]. As stated in [25], there was a negative shift of about
30 MHz of the resonant frequency due to the Kerr effect plus a larger thermo-optic frequency shift.
However, the FSR of the resonator showed just a slight change [23]. The linear dispersion also
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changes slightly since it is calculated as the variation of the FSR [40]. Similar results have been
achieved by Soltani et al. [61]. The group have been able to enhance by a factor of 4 the results
of Farnesi et al. [25] using hybrid microspheres. In this particular case, silica microspheres have
been functionalized with a layer of gold nanorods in polyethilenglycol (PEG). Farnesi et al. [25]
have measured some unusual features, namely strong anti-Stokes components and extraordinarily
symmetric spectra. Usually in SRS, the Stokes waves are exponentially enhanced, whereas the
anti-Stokes waves are exponentially absorbed [62]. Anti-Stokes Raman components are coupled
to the Stokes Raman ones [62,63], independently of the magnitude of dispersion. As a result of the
coupling and of an effectively phase-matched hyper-parametric process, the anti-Stokes wave grows
along the microsphere directly proportioned to the Stokes wave. When there is perfect phase-matching
condition, each eigensolution is an equal combination of Stokes and anti-Stokes components with a
power ratio of one. When the phase mismatching conditions deviates from zero gradually, we are in
an intermediate case where the anti-Stokes/Stokes power ratio is given by the following equation:

Pa

PS
=

∣∣∣∣ γqP
2γqP + β2Ω2

∣∣∣∣
2

(14)

where P is the cavity build-up pump power, Ω/2π is the frequency shift between the pump and the
first Raman order, β2 is the linear dispersion, γ is the nonlinearity coefficient and q = (1 − α) + αχ3 =

0.82+ i0.25 is a complex number that depends on the Raman susceptibility of silica and on the fractional
contribution of the electronic susceptibility to the total nonlinear index [26,64].

When there is no phase match, the Stokes and anti-Stokes components are effectively decoupled.
This expression is valid for both regimes, normal and anomalous, but the linear dispersion

Δk = β2Ω2 must be large. The values obtained from Equation (14) are in close agreement with the
experimental ones, given the uncertainties in β2 and γ, as it can be seen in Figure 9.

Figure 9. Pa/PS ratio: experimental (solid black squares) and calculated values (solid red circles) The
lines are a guide to the eye.

2.4. Stimulated Brillouin Scattering

SBS is also an inelastic scattering process but it results from the coherent interaction of
light photons and acoustic phonons instead of optical phonons. The WGMR acts as a dual
photonic-phononic cavity due to the overlap of both waves inside the resonator. SBS is automatically
phase-matched because it is a pure gain process, like SRS. The SBS gain coefficient is one of the largest
but with a small gain bandwidth [62]. The narrow bandwidth places very stringent conditions on the
geometry of resonators since it would require a Brillouin frequency shift that equals the free spectral
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range (FSR) of the WGMR. [36,65,66]. We need to excite high order modes [29] with vertical FSR smaller
than the fundamental FSR [50] in order to bypass such a stringent condition. SBS can further reduce
its threshold power when it is resonantly enhanced, and it can be as low as some micro-watts [65].
The threshold power is directly proportional to the mode volume [67]

Pth =
π2n2Ve f f

λpλsBgbQpQs

1

1 + Qmλm
2πr

(15)

where the subscripts p, s, m refer to pump, Stokes and mechanical modes, and B is the mode overlap.
SBS has been demonstrated in silica [67,68] and tellurite [69] microspheres, microbottles [70] and
microbubbles [29,71,72]. Hollow and solid spherical WGMR have been used to generate both backward
and forward SBS. As with SRS, cascaded SBS can also be generated in WGMR. Even and odd orders are
observed in both directions, but showing different lasing efficiency (even (odd) orders are more efficient
in forward (backward) direction) [72]. Scattering can occur in forward direction with frequencies in the
MHz–GHz range whereas backward are in the GHz range. The SBS frequency in silica glass is about
11 GHz and it scales with the optical one, with a bandwidth in the range of 20–60 MHz at telecom
frequencies. In our experiments, the free spectral range (FSR) of our MBR is 141 GHz (diameter about
475 μm) and 105 GHz (diameter about 675 μm). Therefore, we can obtain SBS only by using high
order modes, in that case the vertical FSR is much less than the FSR [50]. Frequency combs and SBS can
coexist in both forward and backward directions, as Figure 10. SBS efficiency in microbubbles can be
so high to allow degenerated FWM from the Brillouin laser line. Figure 10 shows in forward direction,
cascaded FWM from the second order Brillouin laser line (1.54522 nm) for a pump wavelength centered
at 1.54504 nm

Figure 10. Native Kerr comb and second order SBS in forward direction: pump power 72 mW at
1551,344 nm. (Inset: zoom of the spectrum showing the 2nd order SBS laser line and the first pair of
FWM lines) Reproduced with modifications from Ref. [73].

3. Kerr Switching in Hybrid Resonators

Inorganic materials still show weak nonlinearity, slow dynamics and the difficulty of
discrimination between thermal and Kerr nonlinearity at room temperature limits their performance.
Significant advantages can be obtained if organic-inorganic hybrid systems can be used [74,75].
π-conjugated polymers are extremely suitable nonlinear optical materials which show structural
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flexibility, relative ease of preparation, high χ3 values and high photostability. Hybrid polyfluorene
derivatives-silica WGMR have been demonstrated as very good candidates for all-optical
switching [12,13] where two beams are present, namely a pump beam that switches a probe [76,77].
The electronic Kerr effect is almost instantaneous (picosecond timescales) and due to the enhancement
of the WGMR combined with a strong third-order nonlinearity, the intensities used are well
below the damage threshold of the conjugated polymer. The material refractive index n and the
absorption coefficient α depend on the light intensity I in the material according to the equations
n = n0 + n2 I + n4 I2 + . . . (with the nonlinear refractive index n2 ≈ 
(χ3) , n4 ≈ 
(χ5), where χ3

and χ5 are the third- and fifth- order nonlinear optical susceptibilities) and α = α0 + βI (with the
nonlinear absorption coefficient β ≈ (χ3)). All-optical switching for a probe signal Iprobe, which is
resonant with the microsphere, can be realized using a resonant pump beam Ipump, which affects the
coated cavity resonance position by changing the refractive index of the coating in the corresponding
wavelength range [78].

If the χ3 and χ5 are caused by fast electronic Kerr nonlinearity, then, as mentioned before,
the nonlinear switching is on a picosecond time scale, which is the most desired situation for
the optical switching. However, thermal nonlinearities can restrict the use of the hybrid devices
because the spectral response is sensitive to the input power of the probe signal as well [76]. In that
case, the light-induced changes in the refractive index can be described phenomenologically by
n2 = (δn/δT)TL, where TL is the laser-induced change of the temperature of the nonlinear medium,
the corresponding switching time being about 10−3–10−5 s. In other words, the thermal switching of a
nonlinear medium for the case of a standard Ti-sapphire laser should be the same for the pulsed or
CW mode operation regime. Moreover, an intrinsically weak but highly localized probe beam can also
participate in this type of the light-induced WGM switching.

Murzina et al. [13] reported on the all-optical switching of WGM in silica microspheres with
two types of coatings, an active one based on a Kerr polymeric material (polyfluorene derivative,
PF(o)n) [12] and an inert polymer based on an anionic copolymer made of methacrylic acid and methyl
methacrylate (Eudragit R© L100) [79]. The authors modeled the overlap of the coupled optical field with
the polymer layer and verified the role of the probe field experimentally for both polymer coatings.

Figure 11 shows an sketch of the set-up, an optical picture of a microspherical WGMR, with a
diameter of about 250 μm and the taper; and the control test with a bare WGMR. A Tunics Plus was
used as probe beam, which is a semiconductor external-cavity laser tunable in the spectral range of
1.55–1.6 μm and with 300 kHz linewidth. The pump probe was a Mira 900-f Ti-Sapphire (Coherent).
The laser probe was coupled into the WGMR through a homemade tapered fiber whereas the laser
pump was coupled into a multimode fiber that illuminated a hemisphere of the WGMR. To make
a polymer coverage, the dip coating technique was used. The authors obtained layers of about 100
nm thickness for PF(o) coatings and of about 50 nm thickness for Eudragit coatings. The Q values
were higher than 108 for bare microspheres and higher than 106 after polymer coating. To attain
adequate solubility in common organic solvents and mesogenic behavior, the polyfluorene derivative,
PF(o)n, was functionalized at the C9 position of the fluorine ring with two pendant octyl chains [80].
It shows a maximum absorption at λabs = 379 nm, and the measured n6 is about 2 × 10−10 cm2/W
and β coefficient 7 × 10−7cm/W [8,14]. As the first step, pump-induced effects on the barre WGMR
in were studied. No shift was seen as the averaged pump power was increased up to 30 mW. Thus,
we may assume that the Kerr nonlinearity and the thermal nonlinear effects of pure fused silica were
negligible for these pump-and-probe levels.
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Figure 11. (a) Experimental pump-and-probe set-up. Left hand side inset: optical image of the WGMR.
(b) Picture of the microsphere and the coupling taper; (c) Frequency center of the WGMR resonance
versus pump power. The red line is a guide to the eye. Inset: Zoom of a typical resonance for a
bare microsphere, the red line is a Lorentzian fit with a FWHM of about 2.4 MHz. Reproduced with
modifications from [12].

Figure 12a shows the WGM spectrum measured for the probe wavelength of 1600 nm and for
two different pump powers for the mode-locked regime of the Ti:Sapphire laser. The Ti:Sapphire was
tuned at 775 nm to generate the two-photon absorption (TPA) in the PF(o)n coating of the hybrid
WGMR. Thermal nonlinearities can be ruled out since no broadening of the resonance, hysteresis or
asymmetries could be observed in the transmission spectra.

The results of the pump-and-probe experiments are shown in Figure 12b, where a frequency shift
of 2 GHz is obtained in pulsed regime for an average pump power of 35 mW at 775 nm for a probe
of 1600 nm. To discriminate the thermal shift from the Kerr shift, we have performed measurements
in CW and pulsed regime for the same average pump powers, similarly to a previous work [12].
For the same wavelength and average pump power, the authors obtained a much lower spectral
shift of 250 MHz in the CW regime (Figure 12b). In here, we have also tested the influence of the
wavelength of the pump beam. Figure 12b also shows a frequency shift of 200 MHz obtained in the
mode-locked regime for an average pump power up to 21 mW at 825 nm. The detuning is of the same
order of magnitude as the CW regime. We have chosen 825 nm as a pump beam because two-photon
absorption (TPA) is not feasible; and because it is also far from the second harmonic of the probe beam.
In that case the pump beam acts as a spectrally broad thermal source only.

Figure 12c shows the frequency shift versus pump power for λprobe = 1558 nm at two different
laser regimes for the PF(o) coated WGMR. At λpump = 775 nm a clear quadratic dependency can be
observed, whereas atλpump = 825 nm the dependency is linear and the detuning is of the same order
of magnitude as the CW regime, indicating again that in absence of TPA, the pump acts as a thermal
source. It can also be observed that in the case of λprobe = 1558 nm the magnitude of the shift is greater
than in the case of λprobe = 1600 nm, for both regimes, pulsed and CW. Figure 12d shows an almost
null red-shift up to 20 mW of pump power for λprobe = 1558 nm for a WGMR coated with Eudragit R©
L100, an inert polymer.
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Figure 12. (a) Typical WGM spectra measured for a polymer-coated microsphere for two different
pump powers: (black) pump laser off and (blue) 32 mW. λpump = 775 nm, λprobe = 1600 nm. (b) Pump
power dependence of the detuning of WGM in PF(o)n coated microspheres for mode-locked regime of
the Ti-sapphire pump laser: 825 nm (filled squares) and 775 nm (empty circles); and CW at 775 nm
(empty downside triangles). (c) The probe wavelength is λprobe = 1558 nm, switching for CW (filled
circles), mode-locked at 775 nm (empty circles) and mode-locked at 825 nm. (d) Eudragit coated
microspheres for mode-locked regime of the Ti-sapphire pump laser for two different regimes: CW
(empty circles) and pulsed (filled squares). The probe wavelength is λprobe = 1558 nm. Reproduced
with modifications from [13].

4. Two-Photon Fluorescence

Two-Photon Fluorescence (TPF) is a validated technique for imaging and detection of labeled
biological material such as peptides [81] and steroids [82,83]. TPF has numerous advantages over
conventional one photon fluorescence (OPF), being the most important one the large Stokes shift
between emission and excitation. The large energy gap between the fields lowers the background noise.
Other advantages are the reduced static photo-bleaching of dyes due to the absorption’s quadratic
dependence on the intensity; and the wide range of fluorescent dyes with high quantum yields and
molar extinction in the visible. However, TPF requires high photon density flux, reached by tightly
focusing the laser light. To avoid tight focusing and achieve the needed intensities, much research has
resorted to enhancing photonic platforms such as resonators [84]. MBR are the most suitable WGMR
for TPF, being hollow they can be filled with liquids. For the TPF demonstration Pastell et al. [17] filled
MBR with a 10−3 and 10−4 solution of fluorescein and 10−6 solution of Rhodamine 6G.

The authors used a modified confocal microscope for coupling the light into the microbubble
resonator [85], an inverted light microscope (Nikon Eclipse TE2000U) up-graded to a multi-modal
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imaging system even though it can be used either as a bright-field microscope or as a phase contrast
microscope. The microscope was pumped by a Mira 900-f Ti: Sapphire (repetition rate 76 MHz and
150fs pulse duration, Coherent) with an average power of 1.2 W. It has an average power of 1.2 W and
it can be tuned over a wavelength range of 690–950 nm within which falls the two-photon absorption
spectra of many fluorophores [86]. The wavelength in the experiments was set to 800 nm. The raster
scan of the beam was stopped and it was coupled into the MBR by focusing the laser beam tangential
to the bubble wall with two different dry objectives, namely 4X and 10X and 0.5 NA. The excitation
light was filtered by a dichroic mirror (FF720-SDi01, Semrock) and a BG39 Schott filter. We tested first
the bubble with the fluorescein filling that was imaged with a 4X dry objective using a CCD camera to
see the complete WGM at the equator. Figure 13 shows the TPF band around the equator and the TPF
partially coupled back to the MBR wall. In this case, the MBR was filled with fluorescein and imaged
with a 4X dry objective using a CCD camera to see the complete WGM at the equator.

Figure 13. Fluorescence image of the MBR filled with 10−3 solution of fluorescein, showing the TPF
band and lobes, and the fluorescence coupled back into the MBR wall . Reproduced with modifications
from [17].

The two-photon nature of the emitted signal was validated by checking its dependence on
the excitation laser power. Figure 14 shows an optical image of a MBR for an incident power of
about 190 mW (the power at the focal plane is just the 30 of the incident power), its intensity plot
(center); and a logarithmic representation of the TPEF signal from a Rhodamine 6G filled microbubble
versus incident laser power at the focal plane. A linear fit to the data has slope close to 2, ensuring
the quadratic dependence of the obtained signal. The two lobes that correspond to the WGM are
clearly seen.

Figure 14. Fluorescence image of the MBR filled with 10−6 solution of Rhodamine 6G, showing the
TPF lobes, the corresponding intensity plot (center) and the TPF signal versus the pump laser power in
log-log scale. The red line is the linear fit with slope close to 2. The probe wavelength is λpump = 800 nm.
Reproduced with modifications from [17].
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5. Conclusions

In this paper, we present an overview of the latest advances in the area of nonlinear frequency
generation in WGMR. The review is limited to microspherical solid and hollow WGMR and Kerr
phenomena. The Kerr effects we reviewed are third-harmonic generation, third-order sum-frequency
generation, frequency combs, Kerr switching and Two-Photon Fluorescence. Stimulated Raman
Scattering and Stimulated Brillouin Scattering and combination of other nonlinear phenomena such
as FWM are discussed in separated subsections. WGMR are excellent platforms to understand how
light, sound and matter interact. The ultimate goal of the nonlinear research in photonic devices
is few or single-photon interactions to pave the way for quantum compact photonic devices at
room temperature.
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mode microresonators: Fundamentals and applications. Riv. Del Nuovo Cimento 2011, 34, 435.

20. Leach, D.H.; Chang, R.K.; Acker, W.P. Stimulated anti-Stokes Raman scattering in microdroplets. Opt. Lett
1992, 7, 387–389. [CrossRef]

21. Roman, V.E.; Popp, J.; Fields, M.H.; Kiefer, W. Minority species detection in aerosols by stimulated
anti-Stokes-Raman scattering and external seeding. Appl. Opt. 1999, 38, 1418–1422. [CrossRef] [PubMed]

22. Spillane, S.; Kippenberg, T.; Vahala, K. Ultralow-threshold Raman laser using a spherical dielectric
microcavity. Nature 2002, 415, 621. [CrossRef] [PubMed]

23. Matsko, A.B.; Savchenkov, A.A.; Maleki, L. Normal group-velocity dispersion Kerr frequency comb. Opt. Lett.
2012, 37, 43–45. [CrossRef] [PubMed]

24. Matsko, A.; Strekalov, D.; Ilchenko, V.; Maleki, L. Optical hyper-parametric oscillations in a whispering
gallery mode resonator: Threshold and phase diffusion. Phys. Rev. A 2005, 71, 033804. [CrossRef]

25. Farnesi, D.; Cosi, F.; Trono, C.; Righini, G.C.; G. Nunzi Conti.; Soria, S. Stimulated anti-Stokes Raman
scattering resonantly enhanced in silica microspheres. Opt. Lett. 2014, 39, 5993. [CrossRef] [PubMed]

26. Roos, P.A.; Meng, L.S.; Murphy, S.K.; Carlsten, J.L. Approaching quantum-limited cw anti-Stokes conversion
through cavity-enhanced Raman-resonant four-wave mixing. J. Opt. Soc. Am. B 2004, 21, 357–363. [CrossRef]

27. Maldovan, M.; Thomas, E. Simultaneous localization of photons and phonons in two-dimensional periodic
structures. Appl. Phys. Lett. 2006, 88, 251907. [CrossRef]

28. Rolland, Q.; Oudich, M.; El-Jallal, S.; Dupont, S.; Pennec, Y.; Gazalet, J.; Kastelik, J.C.; Lévêque, G.;
Djafari-Rouhani, B. Acousto-optic couplings in two-dimensional phoxonic crystal cavities. Appl. Phys. Lett.
2012, 101, 061109. [CrossRef]

29. Lu, Q.; Liu, S.; Wu, X.; Liu, L.; Xu, L. Stimulated Brillouin laser and frequency comb generation in high Q
microbubble resonators. Opt. Lett. 2016, 41, 1736–1739. [CrossRef]

30. Hill, S.C.; Leach, D.H.; Chang, R.K. Third-order sum-frequency generation in droplets: Model with numerical
results for third-harmonic generation. J. Opt. Soc. Am. B 1993, 10, 16–33. [CrossRef]

31. Acker, W.P.; Leach, D.H.; Chang, R.K. Third-order optical sum-frequency generation in micrometer-sized
liquid droplets. Opt. Lett. 1989, 14, 402–404. [CrossRef] [PubMed]

32. Leach, D.H.; Acker, W.P.; Chang, R.K. The effect of the phase velocity and spatial overlap of spherical
resonances on sum-frequency generation in droplets. Opt. Lett. 1990, 15, 894–896. [CrossRef] [PubMed]

33. Leach, D.H.; Chang, R.K.; Acker, W.P.; Hill, S.C. Third order sum-frequency generation in droplets:
Experimental results. J. Opt. Soc. Am. B 1993, 10, 34–45. [CrossRef]

34. Chew, H.; Sculley, M.; Kerker, M.; McNulty, P.J.; Cooke, D.D. Raman and fluorescent scattering by molecules
embedded in small particles: Results for coherent optical processes. J. Opt. Soc. Am. 1978, 68, 1686–1689.
[CrossRef]

35. Farnesi, D.; Berneschi, S.; Barucci, A.; Righini, G.; Soria, S.; Nunzi Conti, G. Optical frequency conversion in
silica-whispering-gallery-mode microspherical resonators. Phys. Rev. Lett. 2014, 112, 093901. [CrossRef]

36. M.Asano.; Komori, S.; Ikuta, R.; N. Imoto, S.O.; Yamamoto, T. Visible light emission from a silica microbottle
resonotar by second and third harmonic generation. Opt. Lett. 2016, 41, 5793–5796. [CrossRef]

37. Kozyreff, G.; Dominguez-Juarez, J.L.; Martorell, J. Nonlinear optics in spheres: From second harmonic
scattering to quasi-phase matched generation in whispering gallery modes. Laser Photonics Rev. 2011,
5, 737–749. [CrossRef]

38. Chen, J.H.; Shen, X.; Tang, S.J.; Cao, Q.T.; Gong, Q.; Xiao, Y.F. Microcavity Nonlinear Optics with an
organically functionalized surface. Phys. Rev. Lett. 2019, 123, 173902. [CrossRef]

39. Savchenkov, A.A.; Matsko, A.B.; Ilchenko, V.S.; Solomatine, I.; Seidel, D.; Maleki, L. Tunable Optical Frequency
Comb with a Crystalline Whispering Gallery Mode Resonator. Phys. Rev. Lett. 2008, 101, 093902. [CrossRef]

40. Del’Haye, P. Optical Frequency Comb Generation in Monolithic Resonators. Ph.D. Thesis,
Ludwig-Maximilians-Universitaet, München, Germany, 2011.

113



Micromachines 2020, 11, 303

41. Kippenberg, T.; Spillane, S.; Vahala, K. Kerr-nonlinearity optical parametric oscillation in an ultrahigh-Q
toroid microcavity. Phys. Rev. Lett. 2004, 93, 083904. [CrossRef]

42. Chembo, Y.K.; Strekalov, D.V.; Yu, N. Spectrum and dynamics of optical frequency combs generated with
monolithic whispering gallery mode resonators. Phys. Rev. Lett. 2010, 104, 103902. [CrossRef] [PubMed]

43. Kippenberg, T.J.; Spillane, S.M.; Vahala, K.J. Demonstration of ultra-high-Q small mode volume toroid
microcavities on a chip. Appl. Phys. Lett. 2004, 85, 6113–6115. [CrossRef]

44. Agha, I.H.; Okawachi, Y.; Foster, M.A.; Sharping, J.E.; Gaeta, A.L. Four-wave-mixing parametric oscillations
in dispersion-compensated high-Q silica microspheres. Phys. Rev. A 2007, 76, 043837. [CrossRef]

45. Agha, I.H.; Okawachi, Y.; Gaeta, A.L. Theoretical and experimental investigation of broadband cascaded
four-wave mixing in high-Q microspheres. Opt. Express 2009, 17, 16209. [CrossRef] [PubMed]

46. Liang, W.; Savchenkov, A.A.; Ilchenko, V.S.; Eliyahu, D.; Seidel, D.; Matsko, A.B.; Maleki, L. Generation of a
coherent near-infrared Kerr frequency comb in a monolithic microresonator with normal GVD. Opt. Lett.
2014, 39, 2920. [CrossRef] [PubMed]

47. Coen, S.; Haelterman, M. Modulational Instability Induced by Cavity Boundary Conditions in a Normally
Dispersive Optical Fiber. Phys. Rev. Lett. 1997, 79, 4139. [CrossRef]

48. Dinyari, K.; Barbour, R.; Golter, D.A.; Wang, H. Mechanical tuning of whispering gallery modes over a
0.5Thz tuning range with MHz resolution in silica microsphere at cryogenic temperatures. Opt. Express 2011,
19, 17966–17972. [CrossRef]

49. Li, M.; X.Wu.; L.Liu.; L.Xu. Kerr Parametric oscillations and frequency comb generation from dispersion
compensated silica micro-bubble resonators. Opt. Express 2013, 21, 16908–16913. [CrossRef]

50. Farnesi, D.; Barucci, A.; Righini, G.C.; Nunzi Conti, G.; Soria, S. Generation of broadband hyperparametric
oscillations in silica microbubbles. Opt. Lett. 2015, 40, 4508–4511. [CrossRef]

51. Yang, Y.; Jiang, X.; Kasumie, S.; Zhao, G.; Xu, L.; Ward, J.; Yang, L.; Nic Chormaic, S. Four-wave mixing
parametric oscillation and frequency comb generation at visible wavelengths in a silica microbubble resonator.
Opt. Lett. 2016, 41, 5266–5269. [CrossRef]

52. Yang, Y.; Ooka, Y.; Thompson, R.M.; Ward, J.M.; Nic Chormaic, S. Degenerate four-wave-mixing in a silica,
hollow bottle microresonator. Opt. Lett. 2016, 41, 575–579. [CrossRef] [PubMed]

53. Shuker, R.; Gammon, R.W. Raman-Scattering Selection-Rule Breaking and the Density of States in
Amorphous Materials. Phys. Rev. Lett. 1970, 25, 222. [CrossRef]

54. Min, B.; Kippenberg, T.; Vahala, K. A compact fiber-compatible cascaded Raman laser. Opt. Lett. 2003, 28, 17.
[CrossRef] [PubMed]

55. Kippenberg, T.J.; Spillane, S.M.; Min, B.K.; Vahala, K.J. Theoretical and experimental study of stimulated and
cascaded Raman scattering in ultrahigh-Q optical microcavities. IEEE J. Sel. Top. Quantum Electron. 2004,
10, 1219–1228. [CrossRef]

56. Ozdemir, S.K.; Zhu, J.; Yang, X.; Peng, B.; Yilmaz, H.; He, L.; Monifi, F.; Huang, S.; Long, G.; Yang, L. Highly
sensitive detection of nanoparticles with a self-referenced and self-heterodyned whispering-gallery Raman
microlaser. Proc. Natl. Acad. Sci. USA 2014, 111, E3836. [CrossRef]

57. Soria, S.; Berneschi, S.; Brenci, M.; Cosi, F.; Nunzi Conti, G.; Pelli, S.; Righini, G.C. Optical Microspherical
Resonators for Biomedical Sensing. Sensors 2011, 11, 785–805. [CrossRef]

58. Righini, G.C.; Soria, S. Biosensing by WGM micro spherical resonators. Sensors 2016, 16, 905. [CrossRef]
59. Chistiakova, M.V.; Armani, A.M. Cascaded Raman microlaser in air and in buffer. Opt. Lett. 2012,

37, 4068–4070. [CrossRef]
60. Ooka, Y.; Yang, Y.; Ward, J.M.; Nic Chormaic, S. Raman Lasing in a hollow bottle like microresonator. Appl.

Phys. Express 2015, 8, 092001. [CrossRef]
61. Soltani, S.; Diep, V.; Zeto, R.; Armani, A. Stimulated anti-Stokes Raman emission generated by gold nanorod

coated optical resonators. ACS Photonics 2018, 5, 3550–3556. [CrossRef]
62. Boyd, R. Nonlinear Optics; Academic Press: Cambridge, MA, USA, 2008.
63. Shen, Y.R. The Principles of Nonlinear Optics; John Wiley and Sons, Inc.: Hoboken, NJ, USA, 2003.
64. Stolen, R.H.; Gordon, J.P.; J.Tomlinson, W.; Haus, H.A. Raman response function of silica-core fibers. J. Opt.

Soc. Am. B 1989, 6, 1159–1166. [CrossRef]
65. Grudinin, I.; Matsko, A.; Maleki, L. Brillouin lasing with a CaF2 whispering gallery mode resonator. Phys.

Rev. Lett. 2009, 102, 043902. [CrossRef] [PubMed]

114



Micromachines 2020, 11, 303

66. Eggleton, B.; Poulton, G.; Rant, P. inducing and harnessing stimulated Brillouin scattering in photonic
integrated circuits. Adv. Opt. Photonics 2013, 5, 536–587. [CrossRef]

67. Tomes, M.; Carmon, T. Photonic micro-electromechanical systems vibrating at X-band (11GHz) rates.
Phys. Rev. Lett. 2009, 102, 113601. [CrossRef] [PubMed]

68. Bahl, G.; Zehnpfennig, J.; Tomes, M.; Carmon, T. Stimulated optomechanical excitation of surface acoustic
waves in a microdevice. Nat. Commun. 2011, 2, 403. [CrossRef] [PubMed]

69. Guo, C.; Che, K.; Zhang, P.; Wu, J.; Huang, Y.; Xu, H.; Cai, Z. Low-threshold stimulated Brilluoin scattering
in high Q whispering gallery mode tellurite microspheres. Opt. Express 2015, 23, 32261–32266. [CrossRef]

70. Asano, M.; Takeuchi, Y.; Ozdemir, S.; Ikuta, R.; Yang, L.; Imoto, N.; Yamamoto, T. Stimulated Brillouin
scattering and Brillouin coupled four wave mixing in a silica microbottle resonator. Opt. Express 2016,
24, 12082–12092. [CrossRef]

71. Bahl, G.; Kim, K.; Lee, W.; Liu, J.; Fan, X.; Carmon, T. Brillouin cavity optomechanicswith microfluid devices.
Nat. Commun. 2013, 4, 1994. [CrossRef]

72. Farnesi, D.; Righini, G.; Nunzi Conti, G.; Soria, S. Efficient frequency generation in phoxonic cavities based
on hollow whispering gallery mode resonators. Sci. Rep. 2017, 7, 44198. [CrossRef]

73. Rosello-Mecho, X.; Farnesi, D.; Frigenti, G.; Barucci, A.; RAtto, F.; Fernandez-Bienes, A.; Garcia-Fernandez,
T.; Delgado-Pinar, M.; Andrés, M.; Nunzi Conti, G.; Soria, S. Parametrical Optomechanical Oscillations in
PhoXonic Whispering Gallery Mode Resonators. Sci. Rep. 2019, 9, 7163. [CrossRef]

74. Yamaguchi, K.; Niimi, T.; Haraguchi, M.; Okamoto, T.; Fukui, M. Self-Modulation Scattering intensity from a silica
microsphere coated with a sol-gel film doped with J-aggregates. Jpn. J. Appl. Phys. 2006, 45, 6750. [CrossRef]

75. Yamaguchi, K.; Fujii, M.; Haraguchi, M.; Okamoto, T.; Fukui, M. Nonlinear trimer resonators for compact
ultrafast switching,. Opt. Express 2009, 17, 23204–23212. [CrossRef] [PubMed]

76. Tapalian, H.; Laine, J.P.; Lane, P. Thermo-optical switches using coated microsphere resonators.
IEEE Photonics Technol. Lett. 2002, 14, 1118–1120. [CrossRef]

77. Roy, S.; Prasad, M.; Topolancik, J.; Vollmer, F. All-optical switch with bacteriorhodopsin protein coated
Microcavities and its application to low power computing circuits. J. Appl. Phys. 2010, 107, 053115. [CrossRef]

78. Poellinger, M.; Rauschenbeutel, A. All-optical signal processing at ultra los powers in bottle microresonators
using the Kerr effect. Opt. Express 2010, 18, 17764–17775. [CrossRef]

79. Soria, S.; F.Baldini.; Berneschi, S.; Cosi, F.; Giannetti, A.; Nunzi Conti, G.; Pelli, S.; Righini, G. High-Q
polymer-coated microspheres for immunosensing applications. Opt. Express 2009, 17, 14694. [CrossRef]

80. Chinelatto, L.; Barrio, J.D.; Pinol, M.; Oriol, L.; Matranga, M.; Santo, M.D.; Barberi, R. Oligofluorenes blue
emitters for cholesteric liquid crystals. J. Photochem. Photobiol. A 2010, 210, 130–139. [CrossRef]

81. Selle, A.; Kappel, C.; Bader, M.A.; Marowsky, G.; Winkler, K.; Alexiev, U. Picosecond pulse induced two
photon fluorescence enhancement in biological material by application of grating waveguide structures.
Opt. Lett. 2005, 30, 1683–1685. [CrossRef]

82. Thayil, A.; Muriano, A.; Salvador, P.; Galve, R.; Marco, M.; Zalvidea, D.; Loza-Alvarez, P.; Katchalski, T.;
Grinvald, E.; Friesem, A.; Soria, S. Nonlinear immunofluorescent assay for androgenic hormones based on
grating waveguide structures. Opt. Express 2008, 16, 13315–13322. [CrossRef]

83. Muriano, A.; Thayil, A.; Salvador, P.; Galve, R.; Loza-Alvarez, P.; Soria, S.; Marco, M. Two-photon fluorescent
immunosensor for androgenic hormones using resonant grating waveguide structures. Sens. Actuators B
2012, 174, 394–401. [CrossRef]

84. Cohoon, G.A.; Khieu, K.; Norwood, R. Observation of two photon fluorescence of Rhodamine 6G in
microbubble resonators. Opt. Lett. 2014, 39, 3098–3101. [CrossRef] [PubMed]

85. Martin, L.; Haro-Gonzalez, P.; Martin, I.R.; Navarro-Urrios, D.; Alonso, D.; Perez-Rodriguez, C.; Jaque,
D.; Capujr, N.E. Whispering gallery modes in glass microspheres: Optimizing of pumping in a modified
confocal microscope. Opt. Lett. 2011, 36, 615–617. [CrossRef] [PubMed]

86. Bestvater, F.; Spiess, E.; Stobrawa, G.; Hacker, M.; Feurer, T.; Porwol, T.; Berchner-Pfannschmidt, U.; Wotzlaw,
C.; Acker, H. Two-photon fluorescence absorption and emission spectra of dyes relevant for cell imaging.
J. Microsc. 2002, 208, 108–115. [CrossRef] [PubMed]

c© 2020 by the authors. Licensee MDPI, Basel, Switzerland. This article is an open access
article distributed under the terms and conditions of the Creative Commons Attribution
(CC BY) license (http://creativecommons.org/licenses/by/4.0/).

115





micromachines

Review

Nonlinear Optics in Dielectric Guided-Mode
Resonant Structures and Resonant Metasurfaces

Varun Raghunathan *, Jayanta Deka, Sruti Menon, Rabindra Biswas and Lal Krishna A.S

ECE Department, Indian Institute of Science, Bangalore 560012, India; deka@iisc.ac.in (J.D.);
sruti@iisc.ac.in (S.M.); rabindrab@iisc.ac.in (R.B.); lalkrishna@iisc.ac.in (L.K.A.S.)
* Correspondence: varunr@iisc.ac.in

Received: 21 March 2020; Accepted: 9 April 2020; Published: 24 April 2020
��������	
�������

Abstract: Nonlinear optics is an important area of photonics research for realizing active optical
functionalities such as light emission, frequency conversion, and ultrafast optical switching for
applications in optical communication, material processing, precision measurements, spectroscopic
sensing and label-free biological imaging. An emerging topic in nonlinear optics research is to
realize high efficiency optical functionalities in ultra-small, sub-wavelength length scale structures by
leveraging interesting optical resonances in surface relief metasurfaces. Such artificial surfaces can be
engineered to support high quality factor resonances for enhanced nonlinear optical interaction by
leveraging interesting physical mechanisms. The aim of this review article is to give an overview
of the emerging field of nonlinear optics in dielectric based sub-wavelength periodic structures to
realize efficient harmonic generators, wavelength mixers, optical switches etc. Dielectric metasurfaces
support the realization of high quality-factor resonances with electric field concentrated either inside or
in the vicinity of the dielectric media, while at the same time operate at high optical intensities without
damage. The periodic dielectric structures considered here are broadly classified into guided-mode
resonant structures and resonant metasurfaces. The basic physical mechanisms behind guided-mode
resonances, electromagnetically-induced transparency like resonances and bound-states in continuum
resonances in periodic photonic structures are discussed. Various nonlinear optical processes studied
in such structures with example implementations are also reviewed. Finally, some future directions
of interest in terms of realizing large-area metasurfaces, techniques for enhancing the efficiency of
the nonlinear processes, heterogenous integration, and extension to non-conventional wavelength
ranges in the ultra-violet and infrared region are discussed.

Keywords: optical resonances; nonlinear optics; harmonic generation; four-wave mixing; optical
switching; sub-wavelength gratings; Mie scattering; Fano resonances; guided-mode resonance

1. Introduction

The field of nonlinear optics encompasses the study of the nonlinear interaction of incident light
with material at sufficiently high optical intensity levels resulting in the generation of harmonics,
conversion of frequencies from one band to another, ultra-fast switching etc. [1–3]. The materials
of interest for realizing nonlinear optical devices are typically in bulk form with interaction lengths
in the millimeter to even kilometer range to allow efficient build-up of the nonlinear signal of interest.
With the emergence of accurate nanofabrication techniques, there is interest in exploring nonlinear
optical effects within the purview of nano-photonics with structural dimensions comparable to or much
less than the incident light wavelength [4]. At such length scales, interesting regimes for studying
nonlinear optics emerge, in which the resonant optical interaction due to frequency selective light
scattering or frequency selective light coupling into and out of the structures becomes significant [5].
The resonant effects lead to a build-up of electric field inside or in the vicinity of the structure, resulting
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in enhancement of the nonlinear optical effects being studied. The structures of interest for such studies
can be broadly divided into metallic structures which support plasmonic-type resonances, [6] and
dielectric structures which support Mie scattering-type resonances [7]. Plasmonic sub-wavelength
structures support field localization at its periphery due to localized surface-plasmon resonances
with multipolar electric-type characteristics. This can be contrasted with dielectric structures which
support both electric- and magnetic-type resonances with field concentrated either inside or outside
the structure. The plasmonic resonances generally result in higher field enhancement when compared
to the dielectric resonances, however at the price of higher absorption losses due to free-carrier
absorption and reduced optical damage thresholds. Plasmonic structures have been extensively
explored for nonlinear optical studies over the past decades, with many good review articles written
in this topic [8–10]. In recent times, there has been a resurgence of interest in studying dielectric periodic
structures, with the focus on realizing low-loss, sub-wavelength artificially engineered surfaces, also
popularly called as metasurfaces for shaping the amplitude, phase and polarization properties of
light to realize ultra-thin lenses, polarizers, holograms etc. [11–13]. This has also triggered interest
in artificially engineered dielectric surfaces consisting of one or two- dimensional grating structures for
resonant nonlinear optical studies [14]. In this context, high refractive index materials are particularly
explored due to the enhanced field concentration which can be achieved when compared to medium-
or low-index materials. Materials such as Silicon, Germanium, and Gallium Arsenide which possess
high refractive indices are also amenable to large area nanofabrication due to their existing use
in complementary metal-oxide semiconductor (CMOS) compatible microelectronics and integrated
optoelectronic applications [15,16]. There is also interest in exploring interesting physical mechanisms
to create the optical resonances in such structures, for example using guided-mode resonances [17],
electromagnetically-induced transparency (EIT) like resonances [18] and bound-states in continuum
resonances [19] to enhance local electric fields and consequently amplify the nonlinear optical effects.

This review article is aimed at discussing some of the recent research efforts pursued in the study
of resonant nonlinear optical effects in high-index contrast dielectric-based arrayed structures.
First, a comparison of light scattering from isolated dielectric particles with that of resonant
transmission or reflection spectra obtained with arrays of such dielectric elements in the form
of one-dimensional and two-dimensional grating-like structures is presented. The benefits of
using high-index dielectric particles when compared to low- or medium-index particles in terms of
the robustness of the scattering features are discussed. Various physical mechanisms responsible for
the resonant features observed in periodically arranged sub-wavelength dielectric structures are also
discussed. In this context, guided-mode resonance phenomenon due to frequency selective in- and
out-coupling of the incident light into transverse propagating waveguide modes of the high index
structure are discussed. Guided-mode resonance structures in the form of fully-etched high contrast
gratings, and partially-etched zero contrast gratings are studied. EIT-like resonance phenomenon due
to the coupling of bright excitable modes with dark unexcitable modes is discussed. The recent research
into bound-state in continuum which leads to discrete resonant states in a continuum of states to realize
high quality factor resonances using asymmetric structures or off-axis excitation is also briefly discussed.
Subsequently, various nonlinear optical phenomena and structures studied in dielectric metasurface
platform are discussed. This includes second- and third- harmonic generation processes, wave-mixing
processes in the form of sum-frequency and four-wave mixing, higher harmonic generation processes,
ultra-fast optical switching utilizing electronic nonlinearities, photon acceleration processes in harmonic
generation, and hybrid metasurfaces for nonlinear optical applications. Finally, the main conclusions of
this review article with some future directions of interest in terms of large-area metasurfaces, techniques
for enhancing the efficiency of the nonlinear processes, heterogenous integration, and extension to
non-conventional wavelength ranges in the ultra-violet and infrared region are presented. There are
few other detailed review articles published previously in the area of all-dielectric metasurfaces [12,13],
resonant grating structures [17], and their nonlinear optical application [4,10,14,20].
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2. Design Considerations for Resonant Dielectric Grating Structures

In this section, the resonant enhancement of the incident field in the dielectric sub-wavelength
structures, which can be designed with an understanding of how the electromagnetic wave interacts
with isolated entities and arrays of repetitive units is discussed. Furthermore, the role of refractive
index of the dielectric structure in determining the extent of field enhancement within the structure is
discussed. High index materials such as silicon and germanium are found to particularly result in well
defined, high quality factor resonant spectral features.

2.1. Isolated Particle Versus Array

The interaction of electromagnetic fields with isolated sub-wavelength particles results
in interesting linear light scattering which can be decomposed into basic electric and magnetic
scattering modes. Plasmonic structures which rely on isolated, oligomeric and periodic array
arrangement of metal sub-wavelength sized particles have been studied extensively over the last five
decades [21]. Such structures rely on localized surface-plasmon resonances for field enhancement and
find applications in fluorescence [22,23], Raman scattering [24–26], and nonlinear optical studies [8–10].
Plasmonic resonances result in multi-fold field enhancement with only electric multipolar characteristics
and field localization outside the structure in order to satisfy the required boundary conditions. In similar
lines to light scattering from metallic nanostructure, size-dependent resonant light scattering from
dielectric nanostructures has also been studied [27]. The field enhancement in dielectric sub-wavelength
structures is not as large as in plasmonic structures, however the field concentration inside the dielectric,
the high damage thresholds and the robust scattering spectra has triggered interest in studying light
scattering from dielectric particles in isolated and array form [28]. Figure 1a,b shows the simulated
scattering spectrum from an isolated silicon cylindrical nanowire with varying diameter. Such isolated
wires can be grown using chemical synthesis techniques and suspended in solution form [29] or can
also be defined using nano-lithography techniques [30]. Experimentally reported study of scattering
spectra from silicon nanowires of varying widths is also shown in Figure 1c (from [31]). In this study,
the size-dependent visible resonant scattering from the nanowires results in vivid colors obtained
using dark-field imaging. The experimental and simulated scattering spectra in Figure 1 are found to
be in good agreement. Figure 2a shows the simulated scattering cross-section from an isolated silicon
nanosphere of 150 nm diameter, which is further decomposed into characteristic electric and magnetic
resonances. The scattering spectra for a sub-wavelength spherical particle, expressed as scattering
efficiency can be expanded as a superposition of characteristic electric and magnetic resonant modes
as follows: [7]

Qscatter =
2
x2

∞∑
i=1

(2i + 1)
(
|ai|2 + |bi|2

)
(1)

where, ai =
m2 ji(mx)[xji(x)]

′ − μ1 ji(x)[mxji(mx)]′

m2 ji(mx)[xhi(x)]
′ − μ1hi(x)[mxji(mx)]′

(2)

bi =
μ1 ji(mx)[xji(x)]

′ − ji(x)[mxji(mx)]′

μ1 ji(mx)[xhi(x)]
′ − hi(x)[mxji(mx)]′

(3)

where ai, bi are the electric and magnetic mode coefficients respectively, which are expanded in terms
of Bessel, Hankel, Ricatti-Bessel and Ricatti-Hankel functions, x = ka refers to the modified dimension
parameter, and m =

√
ε1μ1√
εhostμhost

refers to the contrast parameter [7]. Simplified forms of the scattering
expansion for specific structures can be found in ref. [32]. Typical field profile obtained close to
the electric/magnetic dipolar and quadrapolar resonances for isolated spherical particle are also shown
in Figure 2a.

The experimental demonstration of tunability of the scattering spectrum based on dielectric particle
size is shown in Figure 2b (from [33]). For certain particle diameter, strong influence from magnetic
dipole mode is observed (denoted by md in Figure 2b). The study of magnetic resonances in dielectric
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structures, in particular magnetic dipole modes has been of particular interest for the resonant
enhancement of nonlinear optical effects [34] and can potentially be used to enhance light-matter
interaction in materials with allowed magnetic transitions [35]. Figure 3 shows the scattering spectra
for a silicon isolated sub-wavelength disk. The scattering spectra from sub-wavelength dielectric
disks resemble that of sub-wavelength spheres with analytical models available for decomposition
into magnetic and electric modes. Sub-wavelength disks are structures which can be fabricated
using standard electron-beam lithography and etching processes, and are best suited for large areas,
reproducible scaling for practical photonic device applications [36]. These are often studied in isolated,
closely spaced arrays, and in collective oligomeric forms [37].

Figure 1. The simulated scattering cross section (in arbitrary units–a.u.) for silicon nanowires of varying
diameter with incident light polarization oriented: (a) parallel and (b) perpendicular to the nanowire.
(c) Experimentally obtained dark field images of nanowires showing light scattering for various width.
(d) Experimentally obtained scattering spectra of nanowires of varying width. (Figures c and d are
reproduced with permission from ref. [31]).

 

Figure 2. (a) Simulated scattering cross section (in arbitrary units–a.u.) for silicon nanospheres of
fixed diameter of 150 nm (shown in black) and the result of decomposing the scattering spectra into
magnetic dipole—MD (blue), electric dipole—ED (red), magnetic quadrapole—MQ (green) and electric
quadrapole—EQ (brown). The sum of the MD, ED, MQ and EQ spectra is also shown (grey dashed).
The field profiles for the MD, ED, MQ and EQ modes are also shown. (b) Experimentally obtained
dark field scattering images and spectra for varying diameters of silicon sub-wavelength nanoparticles.
(Figure b reproduced with permission from ref. [33]).
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The arrangement of individual scatterers into a periodic array of dielectric nanowire
one-dimensional (1D) grating structures [38] or spherical [39], cylindrical [34,40] two-dimensional
(2D) grating structures has been of interest to tailor the overall transmission or reflection spectra
at the resonance wavelengths. Even though such transmit- or reflect-arrays are well known
in the microwave frequency range [41], at optical frequencies such structures have been realized
only recently with advancement in precision nano-fabrication techniques, such as electron-beam,
optical interference, stepper-based lithography, nanoimprint and self-assembly techniques [42].
Furthermore, the recent research interest in the area of surface-relief sub-wavelength features to
realize metasurfaces has also led to a resurgence of interest in guided-mode resonance structures and
resonant metasurfaces for sensing and nonlinear optical applications. The consequence of scaling from
an isolated sub-wavelength cylinder to hexagonal array of 2D cylinders is illustrated in the transmission
contour map of Figure 4. For these simulations, rigorous coupled-wave analysis (RCWA) method was
used to simulate the two-dimensional array using S4, electromagnetic solver package [43]. The pitch of
the hexagonal array is increased from 0.8 to 2.4 micrometer, keeping the dimensions of the individual
cylinders same as in Figure 3. For large separation between the cylinders, the individual disks do not
interact with each other and the transmission spectra shows poor contrast and remains unchanged.
The hexagonal array also acts as a higher order diffraction grating with significant energy being
directed to non-zero diffraction orders. The transmission spectra used to plot the contour in Figure 4
do not separate the different diffraction orders and hence does not show this effect. With a reduction
in separation distance, there is a more prominent interaction between the cylinders, which shows up
as characteristic high contrast resonant features in the spectra. These high contrast resonant features
are found to be in close vicinity to the peaks in the scattering spectra observed for the isolated cylinder
case, as shown in Figure 3. This clearly shows that, though scattering from individual dielectric
objects is the underlying reason for the frequency selective interaction with the electromagnetic field,
the collective effect due to the array is important in determining the overall resonant spectral features
and the associated field enhancement. Isolated sub-wavelength metallic and dielectric particles have
found their own niche applications in in-vivo cell imaging [44], super-resolution microscopy [45]
etc. For practical applications in photonic devices, and in particular in nonlinear optics, arrayed
sub-wavelength objects and their characteristic spectral resonances are found to be more relevant when
compared to isolated ones. However, it needs to be mentioned that the ability to achieve high-quality
factor resonances in isolated structures utilizing bound-states in continuum mechanism, also called as
super-cavity resonance is another promising direction of recent research in recent times [46].

Figure 3. Scattering spectra from an isolated sub-wavelength cylinder separated into: magnetic
dipole —MD (red), electric dipole—ED (orange), magnetic quadrapole—MQ (purple) and electric
quadrapole—EQ (green). The sum of the MD, ED, MQ and EQ scattering spectra is shown in black.
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Figure 4. (a) Transmission spectra contour map for varying array pitch (Λ). The top view and side
view profile of the hexagonal arrangement of sub-wavelength cylinders shown in the inset. The height
and diameter of the structure are: H = 710 nm, h = 0 nm, and D = 625 nm. (b) Selected transmission
spectra for pitch, Λ = 0.8 μm (blue curve), 1.2 μm (red curve) and 1.6 μm (green curve) are shown.

2.2. Effect of Refractive Index Contrast on Resonant Interaction

The refractive index of the sub-wavelength dielectric particle plays a critical role in determining
the light scattering strength and hence its resonance characteristics. Figure 5 shows the scattering
efficiency spectra for varying refractive indices for isolated dielectric sub-wavelength disk. A constant
refractive index across the spectral range of interest and lossless dielectric medium are assumed
in these simulations. The dimensions of the disk are same as in Figure 3. It is found that the contrast
or sharpness of the resonances increases with increasing refractive index. This is associated with
the higher quality factor of the resonance and stronger field concentration in the dielectric structure
with higher refractive index. Furthermore, the scattering spectra is found to shift to longer wavelengths
with increasing refractive index. This can be associated with the increased optical path length with
increasing refractive index of the dielectric structure and its comparison relative to the wavelength
range over which scattering is observed.

Figure 5. Scattering efficiency spectrum from isolated sub-wavelength dielectric sub-wavelength disk
with dimensions same as in Figure 3 as a function of varying refractive index. Refractive index of
1.9 (blue curve), 2.2 (red curve), 3.5 (black curve) and n = 4.2 (green curve) are shown. The refractive
index is assumed to be constant across the spectral range shown for each curve.
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A detailed comparison of the scattering spectra of plasmonic and dielectric sub-wavelength
structures as a function of increasing dielectric constant is reported in ref. [47].

In the case of 1D sub-wavelength periodic grating structures, the role of the refractive index
of the grating material on the resonant spectra are shown in Figure 6 [48,49]. A schematic view of
the 1D grating structures simulated is shown in Figure 6a. The transmission spectra contour maps
of fully-etched, high-index contrast grating structure of silicon and medium-index contrast grating
structure of silicon nitride are compared for varying grating heights. The spectra are shown for incident
transverse electric (TE) polarization, oriented parallel to the gratings. It is found that, for silicon
high contrast grating structures, the transmission spectra show prominent resonance features [50],
as evident from the checkerboard type patterns in Figure 6b. In contrast to this, the silicon nitride
medium contrast gratings show poor contrast resonance features, as shown in Figure 6c with a reduced
wavelength range over which the resonance features are observed. This is a direct consequence of
the reduced spectral window between the zeroth order diffraction and first order diffraction into
the glass substrate for the case of silicon nitride when compared to silicon. The wavelength range
across which zeroth order diffraction occurs, also called as the dual-mode resonance is denoted by
the black arrows in each of the contour maps is found to be reduced for the silicon nitride structures.
Thus, high index contrast periodic structures are generally better suited for engineering optical
resonances for nonlinear optical applications. However, they invariably end up being highly lossy
in the visible and near infrared wavelength region due to enhanced absorption above their energy
bandgap. The medium index contrast materials such as silicon nitride, titanium oxide etc. do offer
certain benefits in terms of extended low-loss transmission window when compared to high-index
contrast structures. For example, in the case of silicon nitride, the low-loss optical window extends
from close to 300 nm to 5 μm. This is particularly beneficial to realize high quality resonances both at
the fundamental excitation and nonlinear signal wavelengths. Thus, there is still interest in research
into alternate structures based on guided-mode resonances, partially etched zero contrast grating
structures etc. to obtain prominent resonances using medium index contrast material systems [48].

Figure 6. (a) Schematic of fully-etched dielectric one-dimensional grating structure. The simulated
transmission spectra for (b) silicon high contrast grating and (c) silicon nitride medium contrast grating
as a function of varying height for fixed incident TE polarization. The dimensions and wavelength are
normalized by the pitch of the grating structure. (Figure is reproduced with permission from ref. [49]).
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3. Physical Mechanisms behind Resonances in Arrayed Structures

In this section, we discuss the underlying physical mechanisms that lead to resonances
in the arrayed structures. Though the resonances in isolated and arrayed structures can be accurately
modelled and designed based on scattering expansion or coupled-wave analysis methods as discussed
in Section 2, these techniques do not give much physical insight into the working of the arrayed
resonant structures and how incident light field interacts with the structures. Thus, it is instructive to
describe the underlying working mechanism of the arrayed structures used for resonant nonlinear
optical studies. Here, the resonance phenomenon studied are broadly classified as guided-mode
resonances, EIT- like resonances and bound-states-in-continuum resonances. Though this list is not
exhaustive [17,51], a majority of the resonant structures studied fall into these categories.

3.1. Guided-Mode Resonances

Guided-mode resonances arise in dielectric grating-waveguide coupled structures due to
the evanescent diffraction orders from the grating coupling the incident electromagnetic wave into
guided modes of the waveguiding layer. In other words, the optical resonances can also be described
by the wavelength selective in- and out-coupling of electromagnetic wave into the waveguide through
interaction with the grating structure. The waveguide can be either a separate high index layer located
close to the grating structures or can be the grating structure itself which is fully or partially etched. Few
examples of such structures which support guided-mode resonances in various waveguide-grating
arrangement are shown in Figure 7. Here, we briefly outline some of the properties of periodic grating
structures and demonstrated applications. Recent review articles provide a comprehensive overview
of the recent advances in resonant waveguide grating structures [17,52].

Figure 7. Cross-section view of various guided-mode resonance based grating structures with
waveguide and grating layer refractive indices nH and nG respectively. (a) The grating and waveguide
are made of different materials with the waveguide of higher index below the fully-etched grating
structure. (b) Fully etched grating structures which can act as the effective waveguide. (c) Partially
etched grating structures with the waveguide layer made of same material as the etched gratings.
(d) Substrate grating structures is coated with a high-index waveguiding layer on top.

Wood anomaly in diffraction gratings has been studied in the past to explain the occurrence of sharp
spectral orders in the diffracted light [53]. In particular, resonance type anomalies are explained based
on leaky guided-modes supported in the waveguide grating structures. A basic waveguide-grating
model used to describe the diffraction effect from the periodically index modulated structure
leading to coupling of waveguide modes is shown in Figure 8a [38,54]. This model is adapted
from the seminal paper by R. Magnusson et.al. [38], which explained the working mechanism and
applications of the guided-mode resonant structures. Under weak perturbation, the supported
guided mode resonances can be understood based on the frequency-selective excitation of the modes
of an effective waveguide formed by the periodically index modulated structure with the grating
providing the required phase matching to couple the free-space incident light to the waveguide
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mode. Typical resonant filter characteristics obtained at normal incidence is shown in shown
in Figure 8b [38]. Under weak index modulation, the filter reflection spectra are found to be strongly
angle sensitive, as shown in Figure 8b. This offers a mechanism to angle-tune the filter characteristics.
Such resonant response from waveguide-grating structures have been utilized as band-pass and
band-stop filters working across different electromagnetic spectral regions. They have also been
proposed to be used as intra-cavity narrow-band high-reflection mirrors, photorefractive tunable
filters, and as electro-optic switches [38]. Guided-mode resonances have also found applications
as bio-sensors in immune-assays in which local reaction between the functionalized antibody and
the target antigen leads to a shift in the guided-mode resonance position [48,50,52,55]. Such assays have
been proposed to be used in bright-field (colorimetric), fluorescence and also in wide-field imaging
modes. In the context of nonlinear optics, the guided-mode resonance grating structure have been
utilized as the nonlinear media in which the nonlinear optical interaction is enhanced due to the local
electric-field built-up in the structure close to the resonance wavelengths. Some of these examples are
discussed in Section 4 below.

Figure 8. (a) A cross-section schematic of the guided-mode resonance structure showing the resonant
coupling of incident light into the waveguide region through interaction with the grating structure.
(b) Simulated filter response for the guided-mode resonance structure for parameters: pitch = 330 nm,
height = 330 nm, dielectric constant difference (normalized), Δε/εavg = 0.05 and center wavelength of
547 nm and dependence of the filter response on the angle of incidence. (Figure b is reproduced with
permission from ref. [38]).

Fully etched high index contrast gratings, also termed as high-contrast gratings [50] are also
used to create high quality factor resonances. A cross-section schematic view of such a structure is
shown in Figure 7b above. The resonances in these structures can be understood either based on
guided mode resonances with the grating coupling light into strongly-modulated effective waveguide
created by the air/silicon periodic structure or based on optical modes supported in the periodic
air-high index structure along the longitudinal propagation direction (i.e., along the optical axis) with
energy exchanged with the interface due to reflection [56]. The resonant characteristics achieved
in the high contrast grating structures have been classified as crossing and anti-crossing resonances
based on the phase difference between the interacting longitudinal modes being odd and even multiple
of π respectively [50,56]. The classification of the resonance spectra as crossing and anti-crossing
features is shown in Figure 9. The anti-crossing resonances exhibit highly asymmetric Fano-like line
shape with strong-coupling between the interacting modes. This results in strong field enhancement
within the structure as shown in Figure 9c with high quality factor. In contrast, the crossing
resonances exhibit more symmetric spectral shape, however with lower quality factor and reduced
field enhancement, as shown in Figure 9d. The high contrast gratings have been used to build both
narrow-band and broad-band reflectors with reflectivity greater than 95% for use as end-facet mirrors
in vertical cavity surface-emitting lasers (VCSELs) [50]. They have also been used as bio-sensors based
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on refractive index changes altering the resonance characteristics [55]. The strong field-concentration
has also been utilized for Raman scattering enhancement with suitable metal nanostructures patterned
in regions of strong dielectric field concentration [57]. In the context of nonlinear optics, the strong
nonlinear optical properties of the high index materials, such as Aluminum Gallium Arsenide and
Silicon are leveraged in enhancing second-harmonic generation and four-wave mixing due to strong
field enhancement near anti-crossing resonances [58,59]. This is further discussed in Section 4 below.

Figure 9. (a) Reflection spectra contour for free-standing silicon high contrast gratings with dimensions:
ngrating = 3.48, duty cycle = 70% and thickness varied. The various regions of operation of the grating
are also shown. (b) The reflection spectra overlapped with the solutions to the eigen-mode equations of
the resonant modes (white curves). The overlap regions of the white curves result in anti-crossing and
crossing type resonance. (c) Field intensity profile at anti-crossing resonance. (d) Field intensity profile
at crossing resonance. (Figures are reproduced with permission from ref. [50]).

In comparison to fully-etched, high contrast grating structures, partially etched structures,
also termed as zero-contrast gratings [60,61], offer an additional degree of freedom for designing
the grating characteristics based on the chosen etch depth. Such structures can achieve robust spectral
characteristics comparable to, if not better than that of high contrast grating structures. As an example,
the realization of broadband reflective filter using zero-contrast gratings is shown in Figure 10 [60].
The structures shown here have been optimized using an inverse design approach in which particle
swarm search algorithm is utilized to quickly search a wide design space with the performance
optimized based on achieving a desired value of figure-of-merit. In this example, the figure-of-merit is
chosen as follows [60]:

Figure o f merit =

⎧⎪⎪⎨⎪⎪⎩
1
M

M∑
i=1

[
Rdesired(λi) −Rdesign(λi)

]⎫⎪⎪⎬⎪⎪⎭
1/2

(4)

The figure of merit compares the root-mean square error between the desired and designed
reflection spectra with the goal of minimizing the difference between the two through optimized design.
With multiple iterations this process helps optimize the device design to achieve the designed spectral
response as close to the desired one as possible. A comparison of broadband reflector performance of
zero-contrast gratings with high contrast gratings can also be found in ref. [60]. Such inverse design
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approaches are most promising to search a wide design space and at the same time achieve close
to the ideal response for the resonant structure. Another emerging direction is the use of neural
networks for optical metasurface design optimization [62,63] to achieve optimal specifications with
often non-intuitive, but effective meta-atom shapes which can be fabricated with present-day advanced
nanolithography tools.

The angle sensitivity of the guided-mode resonance filter is another useful characteristic for filter
response tuning or for wide field of view application. This is also found to be a strong function of
the effective index of the waveguide-grating structure, with higher index resulting in stronger field
confinement in the unit-cells and hence less angular sensitivity [50]. In this context, high contrast
gratings with highly confined field profiles within the etched structures are found to be more angle
insensitive than the partially etched zero-contrast gratings [50,64], which support diffused field-profiles
extending across the unetched high-index slab region. Furthermore, conical mounting of partially
etched gratings is also found to result in reduced angle sensitivity when compared to conventional
mounting [65]. One-dimensional grating structures discussed above are inherently polarization
selective and polarization independence is achieved by using two-dimensional symmetric meta-atoms,
such as square or hexagonal arrangement of circular features. Such polarization independent structures
are particularly useful for realizing optical filters for unpolarized light [66] or for realizing resonantly
enhanced fluorescence sensors [48].

Figure 10. The simulated zeroth order reflection (R0) and transmission (T0) spectra for silicon
zero-contrast gratings. The inset shows the cross-section of the zero-contrast gratings with
the dimensions optimized using particle swarm combined with inverse-design algorithm. The optimized
dimensions of the structure obtained are: etched grating height of 490 nm, unetched slab thickness of
255 nm, pitch of 827 nm, and fill factor of 0.643. (Figure reproduced with permission from ref. [60]).

3.2. Electromagnetically-Induced Transparency Analogue Resonances

Optical resonances in photonic structures can be created due to interference between coupled
resonances of varying quality factor. For example, a high-quality factor and low-quality factor
resonance can couple together to result in the observation of analogues of electromagnetically-induced
transparency (EIT) in photonic structures [18]. The electromagnetically-induced transparency effect
can be understood based on quantum interference between two different path-ways to excite an upper
energy level in a three-level system, as shown in Figure 11a. This system consists of a lower level,
an upper level and a meta-stable state, as denoted in the figure. A probe field can control the transition
from the lower to upper state, while a control field can control the transition from the excited state to
metastable state. The direct transitions from the lower state to metastable state are forbidden. In this
context, the transitions induced by the probe field can interfere with the indirect transitions from lower
to upper state through interaction with the metastable state, in the presence of a strong control field.
This can result in destructive interference of the probe field and results in the observation of peaks at
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the probe field frequency in an otherwise expected dip in transmission spectrum, as shown in Figure 11b.
This phenomenon is hence termed as electromagnetically induced transparency. In the context of
photonic systems, the low-quality factor and high-quality factor resonant modes are equivalent to
the direct and indirect lower level to upper level transition respectively, as discussed above.

Figure 11. (a) The representative energy diagram for electromagnetically-induced transparency (EIT).
(b) Schematic of the expected transmission spectrum for the EIT effect.

Photonic structures in the form of coupled Fabry-Perot cavities, coupled ring resonators, coupled
photonic crystals etc. have been explored to be studied as EIT analogues [18]. In the context of arrayed
metasurfaces and guided-mode resonant structures, there is also interest in coupling bright-mode and
dark-mode resonances to observe EIT effects. Few examples of such implementations, supporting
simulations and experimental studies are shown in Figure 12. Figure 12a–c shows an array of bar-ring
structures in which the incident linearly polarized light preferentially couples to the bar and indirectly
couples into the ring through the bar excited mode [67,68]. This results in excitation of dark modes
in the ring, as shown in Figure 12b. The measured transmission spectra show peak in the middle of
a broad transmission dip with strong field localization in the ring structures with maximum quality
factor of the EIT resonance of ~300 times. Asymmetry in the array elements also results in coupling
between bright and dark modes. Figure 12d–f shows one such example of rectangular bar dimer
array with slight asymmetry added to one of the bars [69,70]. In this case, the coupling between
the bright dipolar mode with the dark quadrapolar modes results in peaks in the transmission spectra
(shown in Figure 12f) in the mid infrared wavelength region. Such structures have been used for
enhanced infrared sensing [71]. Asymmetry can be introduced to the shape of a single monomeric
unit as well to achieve bright-to-dark mode coupling. This is shown in Figure 12g–i, for the case of
a nanocube with symmetry breaking protrusion [72]. As shown in Figure 12h, this protrusion results
in the coupling of the electric dipole excitation, denoted as px to the magnetic dipole mode, denoted as
mz. This coupling results in characteristic dips in the measured reflection spectra, as shown in Figure 12i.
Such structures have been utilized for nonlinear optical process enhancement, as discussed in Section 4.
In the context of guided mode resonances, there is interest in coupling a low- and high- quality factor
resonant waveguide structure. Some examples of such structures are shown in Figure 12j–l. Some of
the early simulation studies of these structures consisted of a top grating-waveguide layer coupled to
another bottom waveguide layer, as shown in the inset of Figure 12j. In this case, the direct coupling of
the incident light to the bottom waveguide and indirect coupling through interaction with the top-layer
guided-mode resonant structure can occur. This results in a sharp transmission peak, which is different
from the transmission spectra of an equivalent refractive index homogenous medium. Some of the early
work [73] was not even called an EIT analogue at that time. The EIT analogue ideas have been extended
recently to one-dimensional and two-dimensional structures [74,75]. The spectral width of the EIT
resonance and hence its overall quality factor can be engineered by choosing the separation between
the top-layer grating-waveguide structure and the bottom waveguide layer. An example of such
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an engineered resonance shape is shown in Figure 12k,l. Such resonance shapes can potentially be
used as narrow band-pass filters when compared to the more complex multi-layer dichroic filters.

Figure 12. Different implementations of EIT-like resonance. (a) SEM image of bars-ring array.
(b) Schematic of the coupling between the bar excited by the incident light and coupling to the ring
structure creating magnetic dipolar type mode. (c) Experimentally measured transmission spectrum for
the bar-split ring array showing EIT-like resonance. (d) Schematic of the achiral bar-dimer structures.
(e) SEM image of asymmetric dimer achiral structures. (f) Coupling between the dipole and quadrapolar
modes in the asymmetric dimer structures. (g) Perspective view of the asymmetric nanocube unit-cell.
(h) Schematic showing the coupling of electric and magnetic dipole modes in asymmetric nanocubes.
(i) Measured reflection spectrum for the asymmetric nanocube array. (j) Cross-sectional view of
the structure showing upper layer grating-waveguide structure coupled to lower waveguide structure.
(k,l) Simulated EIT-like resonance spectra and associated field profiles from GMR structures. (Figures a–c
are reproduced with permission from ref. [68], d–f are reproduced with permission from ref. [70], g–i are
reproduced with permission from ref. [72], k,l are reproduced with permission from ref. [74]).

3.3. Bound-States in Continuum Resonances

Bound-states in continuum (BIC) represent another interesting class of high-quality factor
resonance. BIC are bound states in an otherwise continuum of states, considered as a trapped state
with embedded eigenvalue. Figure 13 shows a schematic representation of BIC states in quantum-well
systems and comparison with analogous waveguide grating systems (figure adapted from ref. [76]).
Figure 13a compares a conventional quantum well with a slab-waveguide. It is found that
in a conventional quantum well, the allowed states within the quantum well are bounded by the steep
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potential walls of the quantum well. This results in discrete, bounded states within and a continuum
of states outside. This can be compared with a straight, unperturbed slab waveguide with optical
mode confinement achieved by the core-cladding refractive index profile. This results in discrete,
bound modes within the waveguide and a continuum of radiation modes outside. When the sharp
edges of the quantum well potential profile are replaced by a modulated potential profile, it is found
that there can exist bound states even within the continuum, as shown in Figure 13b. In similar
lines, the introduction of a periodic modulation to the waveguide using a grating structure results
in the creation of bound-states within the continuum of radiation states. These states end up being
forbidden from external excitation/ coupling due to symmetry considerations [77]. This lack of in- and
out-coupling or non-radiating characteristic can result in ideal infinitely high-quality factor for these
bound states within the continuum resonances. However, in practice one would consider quasi-BIC
states which tend towards the ideal situation and can result in large, but finite quality factors with
external excitation mechanism [78,79].

Figure 13. (a) Schematic of a quantum well with sharp potential edges and the corresponding photonic
analogue showing an optical waveguide with confined modes, (b) Schematic of quantum well with
modulated edges and the corresponding photonic analogue showing grating-modulated waveguide.
(Figure adapted from ref. [76]).

The BIC states in the context of periodic grating structures can be broadly classified as symmetry
protected BIC and accident BIC [76]. Symmetry protected BIC occurs at the high symmetry, zero
wave-vector points (Γ-point in the case of photonic band structures) with direct excitation forbidden
for normal incidence by the BIC resonant field symmetry. An example of such symmetry protected
states in a simulated periodic dielectric constant modulated structure is shown in Figure 14a [80,81].
The schematic shows the periodic modulated structure with dielectric constant difference of Δε= εH−εL.
The structure supports multiple resonant modes (TE0 and TE1 modes) as shown in the figure.
The bandstructure for the TE0 and TE1 resonances in the vicinity of kz = 0 point shows two different
types of resonances, one which is the leaky GMR and the other is the non-leaky BIC resonance [82],
as shown in Figure 14b. The mode profile of the GMR and BIC resonances show odd and even order
symmetry respectively and this inherently determines the ability to excite or couple into these modes
through normal incidence plane wave excitation. The odd-symmetry profile can be excited with
a normal incident wave, while the even-symmetry profile is forbidden from excitation. Furthermore,
the GMR and BIC resonances are found to flip with change in Δε [80]. The same band dynamics are
observed for both TE0 and TE1 resonant modes. The symmetry protected BIC resonances strictly
remain protected only at normal incidence. With off-axis illumination, the symmetry can be broken
resulting in quasi-BIC resonances with finite quality factor. BIC resonances can also be observed for
non-zero kz, which are called accidental BIC resonances [76]. Quasi-BIC resonances can also be excited
at normal incidence by the introduction of asymmetry in the periodic structures [83]. Figure 14c shows
schematic of such asymmetric structures. The resonant metasurfaces can be modelled by the amount
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of asymmetry introduced into the structure, denoted by α parameter [83]. Figure 14d shows that
the asymmetry parameter can represent angular tilt, addition/ removal of material in split-ring,
rectangular and bar-dimer structures in normalized units [83]. The asymmetric resonant metasurfaces
discussed in Figure 12g–i which exhibit EIT-like coupling between the electric and magnetic dipolar
modes can also be considered as an asymmetric structure in which quasi-BIC modes are observed.
The quality factor of the BIC resonance is found to be directly related to the asymmetric parameter,
with the quality factor scaling as α−2 [83]. In addition to resonant metasurfaces, BIC resonances
are also predicted for isolated sub-wavelength particles in the form of narrow spectral features
in the scattering spectra. These are termed as super-cavity modes [46]. Such high-quality factor BIC
resonances in periodic grating structures, asymmetry metasurfaces and even isolated objects are finding
innovative applications in BIC metasurface lasers [84,85], sensing [86], and nonlinear optics [87]. Few
of the nonlinear optics applications are discussed below in Section 4.

Figure 14. (a) Schematic of the periodic dielectric constant modulated grating structure with typical TE0
and TE1 modes supported by such structure. (b) Photonic band-structure calculation corresponding to
the TE0 and TE1 modes showing the GMR and BIC states at either band-edge and their corresponding
mode profiles. The GMR and BIC states are found to flip by changing the dielectric constant difference
between the grating materials. (c) Examples of asymmetric resonant metasurfaces which support
quasi-BIC resonances. (d) Modeling the asymmetricity using an asymmetry parameter, α. (e) Variation
of quality factor of the quasi-BIC resonance with change in asymmetry parameter. (Figures a–b are
reproduced with permission from ref. [81], c–e are reproduced with permission from ref. [83]).

4. Nonlinear Optical Studies of Resonant Dielectric Grating Structures

In this section, the various nonlinear optical processes studied in the context of guided-mode
resonance structures and resonant metasurfaces are discussed. These are broadly classified based
on the complexity involved in terms of the nonlinear optical processes studied or the structure being
considered for this study. First, the basic nonlinear harmonic generation processes such as second and
third harmonic generation are considered, following which wave-mixing processes such as four-wave
mixing and sum-frequency generation are considered. This is followed by ultra-fast optical switching,
photon acceleration effect, and higher harmonic generation processes. Lastly, nonlinear optical studies
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in hybrid metasurfaces are discussed. The discussion is aimed at outlining the salient features of
the respective nonlinear processes and specific structures studied. There are few previous review
articles written in the areas of nonlinear metasurfaces in plasmonic [9,11], dielectric metasurface [14]
and guided-mode resonance [17] platforms. There is also interest in utilizing the metasurface to shape
the wavefront of the generated nonlinear signal for beam steering or focusing applications [88–90].
These efforts are not discussed here to keep the focus solely on the resonant enhancement of nonlinear
optical processes.

4.1. Second- and Third-Harmonic Generation

Second and third-order nonlinear optical processes are considered as the basic nonlinear optical
processes studied in optical media under the influence of a strong incident electric field. The induced
polarization or the response of the medium to the incident electric field can be expanded in a perturbative
approach into various nonlinear optical processes as follows [1]:

→
P(ωout) = εo

(
χ(1).

→
E(ω) + χ(2) :

→
E(ω)

→
E(ω) + χ(3)

...
→
E(ω)
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→
E(ω) + · · ·

)
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The nonlinear interactions which depend quadratically and cubically with the incident electric field
gives rise to second- and third-order nonlinear processes respectively. The strength of the nonlinear
optical processes can be enhanced significantly by the enhancement of the incident electric field
inside the resonant metasurface. The nonlinear process typically scales as the (Q/V)n where, Q is
the quality factor of the resonance under consideration and V is the cavity volume and n is the order of
the nonlinearity [91]. With reduced cavity volumes in sub-wavelength metasurfaces and the ability to
achieve moderately high-quality factors (few 100 s to 1000 s), the resonant nonlinear optical process
can be enhanced by 103 to 105 times. This field enhancement can counteract the effect of reduced
interaction length in sub-wavelength thick metasurface, which is potentially promising for realizing
high efficiency nonlinear photonic devices. Second order nonlinear optical processes are observed
in materials which lack inversion symmetry and in material interfaces, while third-order nonlinear
optical processes are observed in all optical media [1]. This leads to the careful selection of the nonlinear
media to build resonant metasurface platforms for study various nonlinear optical processes. In general,
the second- and third- harmonic generation processes satisfy the frequency relationships, ωout = ω+ω
and ωout = ω+ ω+ ω respectively. The need for momentum or wave-vector matching is relaxed
in sub-wavelength metasurface platforms in most implementations due to the reduced length resulting
in negligible phase mismatch. Here, we broadly divide the second and third-harmonic generation
studies in periodic dielectric structures into guided-mode resonance type and resonant metasurface
type platforms. Few examples under each of these categories are listed in Figures 15 and 16, respectively.

Some of the early sub-wavelength periodic structures studied for nonlinear optical applications
are the guided-mode resonance structures leveraging the resonances offered by the dielectric grating
structures to enhance nonlinear effects from nonlinear polymer overlayers. Figure 15a,b show two
such implementations using PMMA [92] and Azo-polymers [93] as the nonlinear media on top of
glass and titanium oxide gratings respectively. In Figure 15a, careful attention is paid to the phase
matching of the second-harmonic generation process between the counterpropagating fundamental
and second-harmonic slab modes in the presence of the grating structure [92]. Experimentally measured
second-harmonic signal shows enhancement corresponding to the phase matched condition when
compared to the non-phase matched case. The use of higher refractive index gratings, such as
periodically patterned titanium oxide layer is found to enhance the local electric field in comparison to
the glass gratings and this is found to enhance second-harmonic by ~3500 times from a Azo-polymer
overlayer when compared to a reference sample without the guided-mode resonance structures [93].
There has also been interest in studying nonlinear optical processes from the guided-mode resonance
grating structures itself. In this context, silicon nitride gratings have been used for second- and
third-harmonic generation studies [94,95]. Even though the nonlinearities in silicon nitride is weak and
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the index contrast with the substrate is small, the broad optical transparency window from the visible to
mid infrared, makes it attractive for realizing high quality resonant structures. An example for the use
of silicon nitride sub-wavelength grating structures for third-harmonic generation in the ultraviolet
spectral region is shown in Figure 15c [95]. Aluminum Gallium Arsenide (AlGaAs) high-contrast
grating structures with characteristic optical resonances have also been explored for second-harmonic
generation studies. Schematic images of such free-standing AlGaAs high contrast grating structure
and the corresponding second-harmonic microscopy images obtained for different orientations of
the fundamental and second-harmonic polarization are shown in Figure 15d [96].

Figure 15. Various guided-mode resonance structures studied for nonlinear optical enhancement
studies. (a) Schematic of glass-grating with PMMA layer used for phase-matched second-harmonic
generation studies. (b) Schematic and scanning electron microscopy image of the Azo-polymer
coated titanium oxide gratings used for second-harmonic generation enhancement. (c) Silicon nitride
grating structures and simulated field profiles used for UV-third-harmonic generation. (d) AlGaAs
high-contrast grating structures and second harmonic generation microscopy studies for different
incident/ detection polarizations. (Figure a is reproduced with permission from ref. [92], b is reproduced
with permission from ref. [93], c is reproduced with permission from ref. [95] and d is reproduced with
permission from ref. [96]).

In the context of resonant metasurfaces for second- and third- harmonic generation studies,
sub-wavelength spaced arrays of high-index semiconductors such as silicon, germanium and gallium
arsenide have been studied. Fano-resonances from silicon bar-nanodisk structures, similar to
the bar-ring structures shown in Figure 12a have been utilized to enhance third-harmonic generation [97].
The scanning electron microscopy image and the measured linear and third-harmonic spectra are
shown in Figure 16a. Maximum third-harmonic signal enhancement of ~105 has been reported in this
work with an overall conversion efficiency of 10−4. Silicon nanodisks in ordered two-dimensional
arrangement have been used to leverage magnetic dipolar resonances from the unit cell elements
to enhance third-harmonic generation [34]. Figure 16b shows one such arrangement of nanodisks
with the corresponding linear and nonlinear spectral measurement results. Maximum enhancement
of close to two orders of magnitude with conversion efficiencies of ~10−7 has been reported in this
work. Similar third-harmonic enhancement studies have been extended to dimer and more complex
oligomeric unit cells to study the collect interaction of the individual elements in the unit cells [98,99].
There has also been interest in understanding the effect of disorder in the particle arrangement [100,101].
Figure 16c shows the arrangement of the nanodisks with controlled disorder introduced during
fabrication. In this work, it has been found that the third-harmonic signal and its spatial localization
are robust against disorder added to the nanodisk arrangement, making it topologically protected.
Gallium Arsenide metasurfaces have been used for second-harmonic generation enhancement [102].
Asymmetric metasurfaces with high quality factor utilized for one such work with the corresponding
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linear and nonlinear optical spectra are shown in Figure 16d. It is found that the common [1 0 0]
oriented Gallium Arsenide results in negligible second-harmonic emission along the optical axis due to
the dominant longitudinally polarized nonlinear polarization, thus resulting in poor collection efficiency.
One way to alter the far-field emission profile is to change the Gallium Arsenide orientation [103].
Figure 16e shows one such work on nanodisk arrays of [1 1 1] Gallium Arsenide metasurfaces. It is found
from the far-field angular distribution that [1 1 1] metasurface does result in strong second-harmonic
emission parallel to the optical axis when compared to [1 0 0] metasurface.

Figure 16. Various implementations of resonant metasurface for second- and third-harmonic generation
studies. (a) Fano-resonant silicon bar-nanodisk structures for third-harmonic generation enhancement.
(b) Silicon nanodisk array for third harmonic generation enhancement relying on magnetic dipolar
modes. (c) Disorder robust third-harmonic generation from silicon nanodisks which are shown to
be topologically protected from disorder in arrangement of the structures. (d) Gallium Arsenide
asymmetry resonant metasurface for second-harmonic generation enhancement. (e) Dependence
of the resonant second-harmonic far-field signal on [1 1 1] oriented Gallium Arsenide metasurface.
(f) Spatial mapping of intensity dependent saturation of third-harmonic signal from silicon nanodisk
array. (Figure a is reproduced with permission from ref. [97], b is reproduced with permission from
ref. [34], c is reproduced with permission from ref. [100], d is reproduced with permission from ref. [102],
e is reproduced with permission from ref. [103] and f is reproduced with permission from ref. [104]).

Spatially resolved nonlinear optical studies or nonlinear optical microscopy is also a useful tool to
understand the spatial dependence of the nonlinear signal across different regions in the metasurface
sample to understand the signal uniformity and can combined with spectral and intensity studies to
understand spatial, spectral resonance and intensity saturation behavior of the nonlinear medium.
In this context, Figure 16f shows the intensity dependence of the third-harmonic generation microscopy
images across a silicon nanodisk array sample at its fundamental resonance wavelength [104]. It is found
that the contrast in the third-harmonic microscopy images reverses with increasing intensity. This is
attributed to the spatial position dependent onset of saturation of the third-harmonic signal as shown
in the intensity dependent third-harmonic plot in Figure 16f.
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4.2. Wave Mixing Processes

The wave-mixing processes can be considered as a general case of the above described harmonic
generation processes. The processes of interest here are the four-wave mixing (FWM) and sum-frequency
generation (SFG). In the case of FWM process, the nonlinear signal frequency is related to the incident
light as follows: ω4 = ω1 + ω2 − ω3 [1]. Two pump frequencies (ω1 and ω2) being unique or identical
are termed as non-degenerate and degenerate FWM processes respectively. The second-order SFG
process satisfies the frequency relation: ω3 = ω1 + ω2, while degenerate third-order SFG process
satisfies frequency relation of the form: ω3 = 2ω1 + ω2 or ω3 = ω1 + 2ω2 [1]. Figure 17a–c shows
FWM enhancement observed for closely spaced pump-signal wavelengths in the telecom range for
silicon-on-insulator based fully etched high-contrast gratings [105]. The sub-wavelength dimension
high-contrast grating structures are found to support resonances with intensity enhancement of more
than 8000 times and experimentally measured quality factor of ~7300. The signal and pump photons
in close vicinity to this resonance results in FWM with the generation of idler with conversion efficiency
of −19.5 dB as shown in Figure 17c. The use of high aspect ratio germanium (Ge) nanodisks to observe
anapolar resonances [106] and the enhancement of third-order sum-frequency generation processes is
shown in Figure 17d–f [107]. The higher order anapolar mode profiles are chosen with good spatial
overlap to ensure enhancement of the SFG process by about two-orders of magnitude, as shown
in the SFG spectrum in Figure 17f. Silicon (Si) nanodisks that support magnetic and electric-dipole
resonances have also been utilized for doubly-resonant enhancement of FWM process as shown
in Figure 17g–i [108]. The individual resonance spectra and the corresponding resonance for the FWM
are also shown, with approximately two-orders of magnitude enhancement. Doubly-resonant structures
are promising to increase the FWM efficiency using both pump and signal resonances. However,
the best enhancement can be obtained only when good overlap is ensured between the interacting
resonant mode profiles. Detailed spatially-resolved imaging of four-wave mixing process in singly
resonant partially etched zero-contrast grating structures is shown in Figure 17j–l [109]. The structures
are designed to support resonance at the signal wavelength in the 1550 to 1600 nm wavelength range.
Four-wave mixing images acquired across an area of 300 × 300 microns show clear dependence of
the FWM image contrast on the incident signal wavelength. A maximum FWM enhancement of
450 times has been experimentally obtained [109].

4.3. Optical Switching

The ultrafast Kerr nonlinearity and multi-photon absorption processes due to the nonlinear
interaction of valence electronics in the dielectric medium with incident light can be used to perform
fast optical switching at hundreds of femtosecond time scales. Such ultrafast switches have been
demonstrated previously in guided-wave systems such as optical fibers and integrated waveguides
utilizing self-phase and cross-phase modulation effects [2]. The optical resonances in dielectric resonant
metasurfaces can be used to enhance the optical switching process through the enhancement of
the nonlinear optical effect [110]. In the context of semiconductor metasurfaces, the presence of
parasitic processes such as thermo-optic effects results in additional phase shift, albeit at much longer
time scales. Figure 18a,b shows a schematic and scanning electron microscopy image of a silicon
nanodisk array used for optical switching studies. The corresponding transmission spectra from
the nanodisk array and the associated dipolar resonant modes are shown in Figure 18c. The optical
switching process can be studied in a pump-probe configuration with a strong pump on-resonance
leading to enhanced electric-field inside the nanodisks which results in a fast transmission dip at
the probe wavelength due to enhanced multi-photon absorption. The fastest switching characteristics
is obtained with a temporal response time of 65 fs with a slower extended recovery due to thermal
and free-carrier recombination effects. Such resonant metasurface with ultrafast all-optical switching
capability can find possible applications as fiber-connectorized photonic structures for high speed data
communication and pulse-shaping [2].
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Figure 17. Various implementations of resonant FWM processes. (a) Schematic of high-contrast
grating resonance, (b) Electron microscopy images and measured reflectivity spectrum of the resonance.
(c) Measured FWM spectrum for the high-contrast grating structure. (d) Schematic of the high-aspect
ratio Ge nanodisks for SFG studies. (e) Mode profiles of the nonlinear polarization for the two different
SFG processes. (f) Measured SFG and THG spectra for the high-aspect ratio Ge nanodisks. (g) Schematic
of Si nanodisk structures used for doubly-resonant FWM studies. (h) Comparison between measured
and simulated scattering spectra for the two resonant modes under consideration. (i) Comparison of
the measured FWM signal and simulated pump intensity enhancement as a function of wavelength.
(j) Electron microscopy image of the partially etched zero-contrast grating structures used for FWM
studies. (k) Simulated and measured transmission spectra for the zero-contrast grating structures.
(l) FWM microscopy images for varying signal wavelength. The enhancement spectrum is also shown.
(Figure a–c are reproduced with permission from ref. [105], d–f are reproduced with permission from
ref. [107], g–i are reproduced with permission from ref. [108] and j–l are reproduced with permission
from ref. [109]).
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Figure 18. (a) Schematic of the nanodisk array used for ultrafast-optical switching studies. (b) Electron
microscopy image and (c) transmission spectra for the nanodisk array with the corresponding dipolar
modes marked. (d) Experimental results of pump-probe studied showing fast recovery or switching of
probe in the presence of a resonant pump. Various pump laser wavelengths relative to the resonance
are shown in the right plot. (Figures are reproduced with permission from ref. [110]).

4.4. Photon Acceleration

Time-dependent optical properties in a resonant medium can lead to noticeable spectral shift
of propagating laser pulse and can manifest as wavelength shifts of corresponding nonlinear optical
signals as well. Such spectral shifts of light in the presence of time-varying optical processes is termed
as photon acceleration and has been studied previous in plasma media [111]. Similar effect have
recently been observed in silicon based resonant metasurface due to shift in the resonant wavelength
with increasing incident light fluence due to time-dependent free-carrier accumulation [112]. Schematic
of the silicon-rectangular structures used to study photon acceleration is shown in Figure 19a.
The corresponding transmission spectrum showing the optical resonance in the mid infrared
wavelength range close to 3.6 μm and the corresponding field profile are shown in Figure 19b.
With increasing incident laser fluence, the transmitted laser spectrum shifts across the metasurface
resonance, as shown in Figure 19c. A comparison of the third-harmonic signal from the silicon
metasurface with the un-patterned silicon film shows a significant shift of the signal to shorter
wavelengths for the metasurface, while it remains unchanged for the film (shown in Figure 19d).
The photon acceleration efficiency for the third-harmonic signal was measured to be ~22%. The observed
blue-shift was found to be in good agreement with a time varying photon mode amplitude model
considering free carrier accumulation due to four-photon absorption process [112]. Photon acceleration
based on time-varying optical processes in resonant dielectric metasurfaces presents a promising
platform for performing robust pulse-shaping operations [112].

4.5. Higher Order Wave-Mixing Processes

The nonlinear optical studies are not restricted to just the second and third-order nonlinear optical
processes. With high enough incident light fluence and high quality factor resonant metasurface
medium with strong optical nonlinearities, various higher order processes greater than third order can
also be observed. This is shown in Figure 20a for a Gallium Arsenide based meta-mixer consisting
of nanodisk array [113]. Such structures support magnetic and electric dipolar resonances, as shown
in the inset of Figure 20a. These resonances at the incident excitation laser wavelengths can be
leveraged to study various nonlinear optical processes from second- and third-harmonic to four-wave
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mixing to fourth-harmonic generation and even six-wave mixing processes. With a high sensitivity
spectrometer, the various nonlinear processes are spectrally resolved in Figure 20b. The dependence of
the various nonlinear processes on time-delay of the interacting waves is also shown in Figure 20c.
Even though the overall conversion efficiency is small, this is a promising direction towards realizing
complex wave-mixing processes on a small footprint platform. Further enhancement in efficiency can
be achieved by improving the quality factor of the resonances [77–79] or using such resonant structures
in intra-cavity configuration [114].

Figure 19. (a) Schematic of the silicon rectangular metasurface used for photon acceleration studies.
(b) Measured transmission spectrum and field profile at resonance (inset). (c) The fundamental
laser spectra transmitted through the metasurface for varying laser fluence. (d) Comparison of
the third-harmonic signal generated for varying fundamental laser fluence for the un-patterned silicon
film and silicon metasurface. (Figures are reproduced with permission from ref. [112]).

Figure 20. (a) Schematic of the Gallium Arsenide nanodisk array used for nonlinear wave mixing
studies. (b) Experimentally measured spectra of various nonlinear wave mixing processes. The name of
the various processes and their frequency relationship are labelled. (c) The dependence of the nonlinear
wave-mixing spectra on the time-delay between the interacting excitation pulses. (Figures are
reproduced with permission from ref. [113]).
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4.6. Nonlinear Optics with Hybrid Metasurface

There is also interest in integration of dissimilar materials to realize hybrid metasurfaces with
enhanced nonlinear optical properties when compared to the individual materials studied separately.
Few examples of such hybrid integrated structures are shown in Figure 21. The hybrid integration
of patterned metal metasurface with resonant quantum-well semiconductors has been studied with
the objective of realizing doubly-resonant nonlinear optical metasurfaces [115,116]. The inherent
resonant nonlinearities from the multi-quantum well structures are further amplified by the plasmonic
resonant structures. Figure 21a shows the schematic of such hybrid plasmonic-dielectric structures.
The corresponding resonant nonlinear susceptibility spectrum and the designed multi-quantum well
structure is shown in Figure 21b and c respectively. The effective nonlinear susceptibility of the hybrid
structure realized is close to 105 pm/V, one of the highest nonlinear optical susceptibility reported for
any solid-state material systems. The plasmonic structures have recently been replaced by dielectric
metasurfaces, as shown in Figure 21d–f [117]. The structure consists of a one-dimensional germanium
guided-mode resonant structure integrated on top of the multi-quantum layer stack. The designed
optical resonances of the germanium guided-mode resonance structures and the associated resonant
nonlinear optical susceptibility are shown in Figure 21e. 100s of nano-watt level second harmonic
generation signal has been experimentally measured from these all-dielectric hybrid metasurfaces.
Such structures with the fundamental wavelength in the mid infrared wavelength range are best suited
for frequency up-conversion with high conversion efficiencies from wavelength regions where there
is scarcity of high efficiency detectors to wavelength regions in the near-infrared and visible region
where mature, high efficiency detectors are readily available.

There is also interest in integration of dielectric metasurfaces with two-dimensional layered
materials in monolayer or multi-layer form. Two-dimensional materials offer robust nonlinear optical
properties in terms of strength of the nonlinear optical susceptibility, its layer number and polarization
dependence [118]. Such layered materials can be readily transferred to patterned dielectric structures
with simple dry-transfer or chemical-vapor deposition techniques. Figure 21g–i shows one such
hybrid integration of 2D material with silicon metasurface [119]. Multi-layer Gallium selenide
dry-transferred onto asymmetric silicon resonant metasurface are utilized for resonant enhancement
of second-harmonic and sum-frequency generation from the 2D material layer. A schematic of such
structure is shown in Figure 21g, with a red-shift in the resonance spectrum in the presence of the 2D
material shown in Figure 21h. The nonlinear optical process from the hybrid 2D material- dielectric
metasurface is fairly strong that continuous-wave excitation has been used to generate second-harmonic
and sum-frequency signals, as shown in the experimentally measured spectrum in Figure 21i.

139



Micromachines 2020, 11, 449

Figure 21. Various implementations of hybrid resonant metasurfaces for nonlinear optical applications.
(a–c) Hybrid plasmonic-dielectric metasurfaces in which resonant nonlinearities in multi-quantum
well structures are coupled with plasmonic resonances to study second harmonic generation.
(d–f) All dielectric implementation of the hybrid resonant metasurface consisting of Germanium
guided-mode resonance structures on top of the multi-quantum well structures. (g–i) Hybrid structures
consisting of multi-layer Gallium Selenide on top of the asymmetric metasurface used for resonant
enhancement of second-harmonic and sum-frequency generation. (Figures a–c are reproduced with
permission from ref. [116], d–f are reproduced with permission from ref. [117], g–i are reproduced with
permission from ref. [119]).

5. Concluding Remarks

In this review paper, an overview of various nonlinear optical processes studied in sub-wavelength
periodic dielectric structures is presented. Dielectric structures are particularly attractive for nonlinear
optical studies due to the ability to engineer field concentration to be located inside or outside
the structure by design, high damage thresholds and ease of fabrication of complex structures.
In particular, high refractive index dielectric structures are preferred for realizing such structures due
to the high-quality factor of the resonances and the associated enhanced field strength. Resonant field
enhancement mechanisms in such sub-wavelength structures are broadly classified here as guided-mode
resonances and resonant metasurfaces. The physical mechanism behind the optical resonance
phenomena in these structures are explained based on the guided-mode resonance phenomenon,
EIT-like resonance and bound-state in continuum type resonances. The various nonlinear optical
processes studied in these structures, which include second-/third-harmonic generation, four-wave
mixing, sum-frequency generation, ultrafast optical switching based on Kerr and multiphoton
absorption nonlinearities, photon acceleration of third harmonic generation signal, higher harmonic
generation processes and hybrid resonant metasurfaces are discussed. Various dielectric structures
in the form of one-dimensional gratings, two-dimensional arrays of nanodisks, bar-nanodisk structures,
asymmetric bar dimers, asymmetric rectangular unit-cells, disordered nanodisk array, coupled GMR
structures, heterogeneous structures are utilized for these nonlinear optical studies.

Looking ahead, such periodic dielectric structures are expected to find applications as miniaturized
frequency converters in the form of intracavity photonic windows or as active fiber connectors [120,121].
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The transition of this technology to practical, real world application does require improvements to
certain aspects of this technology. In particular, scaling of the area of the metasurfaces, achieving
higher conversion efficiencies, ability to extend to ultra-violet or infrared spectral windows with
the exploration of novel structures and heterogenous integration capability will become essential.
Optical metasurfaces are conventionally patterned using electron-beam lithography which renders
it time consuming and difficult to scale to large area. The use of stepper lithography as used
in standard electronic chip fabrication, interference lithography, imprint lithography or chemical
synthesis techniques are promising to scale the metasurfaces to large areas [36,42]. The ability to
combine multiple resonance phenomena such as quantum well based resonant nonlinearity with
metasurface resonance is a promising direction to considerably improve the conversion efficiencies [116].
The use of high nonlinearity media on suitable low-index substrates, such as Gallium Phosphide on
glass substrates [122] and high efficiency electro-optic polymers [123] are also possible direction to
improve the efficiency. The use of multi-pass configuration, for example, in an intracavity application
can also amplify the overall nonlinear process [120]. Furthermore, with emerging two-dimensional
layered materials for photonic applications, the use of such materials in combination with dielectric
metasurfaces is also seen as a promising direction [118]. The ability to switch or tune nonlinear optical
functionality at high-speed will also be useful for fast optical modulation [124–126]. The exploration of
high-quality factor resonances such as quasi bound-state in continuum is also an important direction
to realize high efficiency resonant metasurfaces [83]. Overall, the emerging field of nonlinear optics
in resonant metasurfaces and the resurgence it has given to guided-mode resonance platforms is
creating lot of interest in nonlinear nanophotonics community. While practical applications are yet to
emerge, the research efforts addressing this are in the right direction, which makes the future of this
technology highly promising.
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Abstract: Interferometric effects between two counter-propagating beams incident on an optical
system can lead to a coherent modulation of the absorption of the total electromagnetic radiation with
100% efficiency even in deeply subwavelength structures. Coherent perfect absorption (CPA) rises
from a resonant solution of the scattering matrix and often requires engineered optical properties.
For instance, thin film CPA benefits from complex nanostructures with suitable resonance, albeit
at a loss of operational bandwidth. In this work, we theoretically and experimentally demonstrate
a broadband CPA based on light-with-light modulation in epsilon-near-zero (ENZ) subwavelength
films. We show that unpatterned ENZ films with different thicknesses exhibit broadband CPA with
a near-unity maximum value located at the ENZ wavelength. By using Kerr optical nonlinearities,
we dynamically tune the visibility and peak wavelength of the total energy modulation. Our results
based on homogeneous thick ENZ media open a route towards on-chip devices that require efficient
light absorption and dynamical tunability.

Keywords: transparent conductive oxide; coherent perfect absorption; epsilon-near-zero media;
light-with-light modulation; refractive index change

1. Introduction

Coherent perfect absorption (CPA) was first proposed as a time-reversed version of a laser [1].
Similar to a laser cavity, CPA occurs when light is resonant at specific wavelengths in a high-Q
Fabry–Perot optical resonator. However, for CPA, the active gain material is replaced with a moderately
lossy medium. Because the system’s single-pass losses are typically low, perfect absorption for a given
input intensity is extremely sensitive to the Q-factor and resonance wavelength [2,3].

An alternative scheme utilizes deeply subwavelength and highly absorbing materials [4–6].
Here, two counter-propagating coherent beams interfere at the film’s surface and create a standing
wave. Absorption in the film is then modulated by changing the relative phase of the two
beams, or equivalently by scanning the film along the nodes (peak transmittance) and antinodes
(peak absorption) of the interference pattern. This approach has been demonstrated in the ultrafast [7]
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and quantum regime [8–11], as well as in integrated photonic systems [12–16]. While a resonant
cavity is not required, single-pass absorption should be 50% to achieve perfect absorption [17,18].
This is difficult to obtain in conventional dielectrics (too little losses) or metals (too high reflectivity).
To circumnavigate this challenge, metasurfaces—nanostructured subwavelength films—with ideal
absorptive optical properties have been used to achieve CPA [4,19]. Ideal absorption can be achieved
in extremely subwavelength films over a broad range of wavelengths, making metasurface-based CPA
advantageous over bulk cavity structures and compatible with integrated photonic platforms [3].

While metasurfaces and other engineered structures can exhibit CPA over large wavelength
ranges, the necessary nanofabrication can be a limitation for practical CPA applications. Thin films of
epsilon-near-zero (ENZ) materials, such as transparent conductive oxides (TCOs) like aluminum-doped
zinc oxide (AZO) or indium tin oxide (ITO), have been proposed as a particularly suitable platform
for broadband CPA [20]. ENZ materials exhibit a real part of the dielectric permittivity which crosses
zero for wavelengths of practical interest in the near-infrared or visible regions [21,22]. Due to the
continuity of the transverse component of the electric field at the interface, the electric field within the
ENZ material can be very large and can lead to perfect absorption (PA) when illuminated at a critical
angle of incidence [23,24]. In the limit of deeply subwavelength ENZ film, PA is provided by critical
coupling the incident light to a fast wave propagating along the ENZ layer [24]. The proposed systems
for ENZ PA are multilayer structures where the ENZ thin layer is sandwiched between two dielectrics
or a dielectric and a metal structure [25]. At the critical angle where CPA happens (this is often referred
to as directional PA), the loss follows a linear relationship with the ENZ film thickness which implies
that CPA can occur in an arbitrarily thin ENZ film (with arbitrary small single-pass absorption) [26].
For instance, PA has been demonstrated for films of ITO film thickness as low as 0.02 λ0 (free-space
wavelength) and with only 5% single-pass absorption [27]. Electrical tuning of one port directional
PA have also been shown in plasmonic strip cavity based on a ENZ thin layer, with a modulation in
reflectance of the 15% [28]. Finally, broadband coherent modulation of directional PA in ENZ deeply
subwavelength film have been proved by using ITO multylayer structures sandwiched between two
ZnSe prisms [20]. The control of nonlinear processes by two port illumination was also theorized
for deeply sub-wavelength ENZ slab [29]. Applications of CPA in deeply subwavelength ENZ films
could be found in photovoltaic energy conversion or devices such as bolometers which require large
absorption with small masses. However, other applications, such as in nonlinear or quantum optics,
may benefit from thicker films where the efficiency of the nonlinear process and the parametric gain
generally scale with thickness.

Here, we study CPA in films of TCOs near their ENZ wavelength where the film’s refractive
index exhibits large anomalous dispersion and a near-zero refractive index. Such films can be treated
as deeply subwavelength because the effective wavelength will increase drastically for wavelength
approaching the ENZ wavelength. We theoretically and experimentally explore the role of this
transition region in order to achieve CPA in homogeneous AZO optically thick films and then show
how this can be controlled with intense optical pump fields. It was recently shown that the combination
of low refractive index and the high damage threshold of these materials allows TCOs to exhibit
large and ultrafast Kerr-type optical nonlinearities in the ENZ region [30–36] and behave as efficient
time-varying medium [37,38].

We perform CPA experiments in a Sagnac-like interferometer where two counter propagating
light pulses are incident normal to the sample. We achieve coherent control of absorption in AZO
films with different thicknesses. For all samples the total energy modulation exhibits a maximum
value near the ENZ wavelength. We then demonstrate dynamical control of CPA using its strong
intensity-dependent refractive index change. Our demonstration of broadband and tunable CPA in
homogeneous ENZ films is relevant for practical nanoscale optical-switches and modulators where
alternative nano-pattered metasurfaces would suffer from low switching efficiencies and detriments of
nanofabrication processes.
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2. Theoretical Investigation

Our optical system consists in two counter-propagating continuous waves (CW) impinging on
a homogeneous ENZ film, EA

in and EB
in, respectively, at normal incidence (Figure 1a). From the transfer

matrix method (TMM), we calculate the electric field at the two outputs of our symmetric system,
EC

out and ED
out respectively. By changing the relative phase φ between the two counter-propagating

beams, we simulate the scenario in which the film is shifted along the propagation direction and
calculate the intensity of the two outputs, C and D (Figure 1b). By summing the intensity at the two
outputs (ITot = IC + ID), we define the modulation visibility of the total energy as

Vtot =
(Imax

Tot − Imin
Tot )

(Imax
Tot + Imin

Tot )
(1)

where Imax
Tot and Imin

Tot are the maximum and minimum of the total output energy of the system.
In principle, for CPA to occur in a thin film, the transmission and reflection coefficients from both sides
of the film should be equal (|r| = |t|) with a phase difference of ϕrt = 0 or π in order to achieve 100%
light absorption. In this situation, the value of the total visibility is 1.

a) b)

Figure 1. (a) Bi-directional coherent perfect absorption (CPA) scheme. (b) Intensity of the two output
beams, C and D, and its sum as we scan the sample position in the propagation direction. This is
equivalent to changing the relative phase between the two input fields φ.

We consider three different cases by fixing the zero crossing of the real part of the dielectric
permittivity at λENZ ≈ 1350 nm, but vary the dispersion across the ENZ region as shown in Figure 2a–c
where we plot the refractive index profiles (real, n, and imaginary, k, parts) for three different cases
studied. These are calculated from a Drude model

ε = ε∞ − ω2
p

(ω2 + iγω)
(2)

where ε∞ is the high frequency permittivity, ωp is the plasma frequency and γ is the damping coefficient.
It has been shown that this model correctly reproduces the ENZ refractive index for a variety of
materials, as ITO and AZO [33,39–41]. In our case, we use ε∞ = 3.18 and ωp = 2.4745 × 1015 rad/s.
We vary the Drude model damping coefficient, thus increasing losses and reducing the dispersion
gradient in n, from (a) to (c) γ = 1.0073 × 1013 → 2.4745 × 1014 rad/s. Figure 2d–f show the visibility
Vtot of the total energy as a function of the ENZ film’s thickness for the three cases shown in Figure 2a–c.
In Figure 2d (γa), we do not observe coherent modulation of the total energy for thickness below
1000 nm. Due to the high transmission of the thin film, the interference between the reflected and
transmitted field is weak. For thicker films, r and t become more similar and stronger interference
is observed. The TMM model predicts visibility with a maximum value close to one that is pinned
to a wavelength slightly shorter than λENZ. When we increase the optical losses of the ENZ slab,
Figure 2e,f, the peak of the visibility becomes broader, exhibiting multiple resonances as the thickness
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increases but all with maximum absorption at a wavelength just below λENZ. These results show that
the system exhibits broadband coherent modulation of the energy with a maximum value close to
one just below λENZ, independently of the thickness and of the single-pass absorption. We associate
this maximum to a Fabry–Perot (FP) like resonance due to interference effects in the Air/AZO/glass
system. The fact that the FP resonance is ‘locked’ before the ENZ wavelength irrespectively of the
thickness is due to the ENZ condition [42,43].

a) b) c)

d) e) f)

Figure 2. (a–c) Real and imaginary part of the refractive index of the three cases with λENZ ≈ 1350 nm.
(d–f) Normalized visibility of the total energy as a function of the wavelength for different
thicknesses. The dashed red line indicates the λENZ. For the dispersion we use ε∞ = 3.18 and
ωp = 2.4745 × 1015 rad/s. For the damping constant we use γa = 1.0073 × 1013, γb = 0.8053 × 1014

and γc = 2.3614 × 1014 rad/s.

In the ideal case without losses, the first resonance of an FP cavity is reached when the 2nd = λ0.
Due to the strong gradient of the n before the ENZ region, the λ0 at which the first resonance occurs
will not scale linearly with d, but it will be locked in this spectral range with strong dispersion.
Moreover, in a lossy dielectric medium, r and t become complex and their phases depend on the value
of both n and k of the lossy medium. Here the first resonant order for the FP cavity is reached when
2nd = λ0(1 − α/π), where α is the phase of the transmission coefficient [18]. Combining the strong
dispersion of n due to the ENZ condition and the value of k, almost perfect modulation of absorption
is expected at wavelength just below λENZ even for subwavelength thickness (Figure 2f).

3. Coherent Absorption and Its Dynamical Control

We experimentally investigated the behaviour of CPA in ENZ films using AZO films illuminated
by two counter-propagating laser beams in a Sagnac-like interferometer configuration. Figure 3a shows
a schematic of the set-up. Laser pulses (105 fs FWHM duration, repetition rate 100 Hz) are generated by
an Optical Parametric Amplifier (TOPAS) in a tunable range between 1120 nm and 1500 nm. The input
power is controlled through a half wave plate and a polarizing beam splitter, which also fixes the input
p-polarization (horizontal in the lab frame). The beam is split by a non-polarizing beam splitter into
two beams A and B with equal energy and then recombined onto the sample at normal incidence.
The AZO film (deposited on a 1 mm thick glass slide) is facing the beam A, whereas the beam B is
incident on the substrate side. The two beams are focused down to 50 μm by using a pair of 125 mm
lenses. By moving the sample with a piezo-electric stage, interferograms are generated at the output
C and D and measured with photodiodes. We used two beam splitters to extract the light from the
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interferometer and send it to the photodiodes. A representative example of these interferograms are
shown in Figure 3b. In order to calculate the energy visibility in the pulsed case we proceed in the same
way as for the CW case, i.e. we evaluate the central portion (where the pulse intensity is maximum) of
the interferogram and extrapolate the average values for maximum and minimum of the intensity.
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Figure 3. (a) Schematics of the Sagnac interferometer. (b) An example of measurement for λ0 = 1280 nm,
assuming energy equal to 1 at the interferometer input. The total modulation of the energy
(or absorption) is given by the sum of C and D (green curve). The inset shows a zoom of the
interferogram. (c) ellipsometer measurement of the index of refraction of AZO 900 nm thick film,
(d) experimental (dots) and TMM simulation (solid line) of R, T and abs for the same sample.

We investigated two AZO samples of similar optical properties, i.e., n and k, in the ENZ region,
but with thicknesses of 500 and 900 nm (Figure 3c). The real part of the dielectric permittivity crosses
zero around 1340 nm for the 900-nm-thick film, which corresponds to where the real and imaginary
part of the refractive index are equal (n900 = k900 = 0.34). For the 500-nm-thick sample the λENZ
is redshifted by 30 nm (n500 = k500 = 0.52 at the λENZ) due to small differences in the material
deposition. In the spectral range under analysis, n of the AZO 900-nm-thick film passes from close
to 1 around 1100 nm to less than 0.2 for longer wavelengths. Since λe f f = λ0/n inside the medium,
the effective length (Le f f = L/λe f f ) of our sample is 0.8 λ0 at 1050 nm, 0.21 λ0 at the (λENZ = 1350
nm, and becomes optically deeply subwavelength around 1500 nm (0.1 λ0 ).

We also deposited three 900-nm-thick AZO films on a glass substrate three samples with similar n
(about 20% difference), but different value of k at the crossing point (k1 = 0.34, k2 = 0.30 and k3 = 0.27
for the 900 nm thick film). All the samples exhibit similar optical properties with an absorption close
to 60% across the ENZ region (Figure 3d).

We first perform a CPA experiment for the bare glass substrate. In this case the energy modulation
is almost zero for all the spectral range of interest. In Figure 4 we report the measured normalized total
energy modulation visibility (red circles), together with the values predicted by the TMM (solid lines)
for the AZO film. All the samples show the same trend independently from the thickness. In the case
of high optical losses, for the different thicknesses the visibility is almost zero in the region where the
index of refraction is close to one, whereas it increases and reaches a maximum value up to the 60%
just before λENZ. As we decrease the value of k, the trend of the visibility remains the same for all
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the samples, but its maximum value across the transition region decreases. Overall, the experimental
results confirm the predictions that CPA can be observed in ENZ films over a broad bandwidth with
thicknesses larger than the conventional subwavelength designs. The bandwidth of ∼100 nm is
comparable with CPA in deeply subwavelength ENZ single layer (∼150 nm [20]) or white-light cavity
(∼100 nm [3]), whereas it is larger than metasurfaces (∼40 nm [4]).
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Figure 4. Experimental (circles) and transfer matrix method (TMM) simulation (solid line) of
normalized visibility of the total energy for aluminum-doped zinc oxide (AZO) 500 nm and 900 nm
with different values of k. (a,b) High losses k1, (c,d) middle losses k2 and (e,f) low losses k3. For the
TMM simulation we suppose Δλ ∼60 nm.

We finally investigate nonlinear coherent absorption in ENZ films based on modification of the
film refractive index through the nonlinear Kerr coefficient. Previously it has been demonstrated that
the ENZ condition leads to the enhancement of third order nonlinearities in terms of nonlinear
refractive index change for thin film of AZO [32]. This is based on the observation that when
the permittivity is close to zero, any nonlinear change Δn, proportional to χ(3)/n, is enhanced
due to the n tending to low values. In Ref. [32] a refractive index change of 400% was reported
for an AZO film optically pumped with 1.3 TW/cm2 without showing damage of the sample or
saturation of the optical Kerr effect. In the same work, at λ = 1310 nm a nonlinear susceptibility of
Re[χ(3)] ∼ 4.73 × 10−20 V2/m2 and Im[χ(3)] ∼ 0.57 × 10−20 V2/m2 was extrapolated. We therefore
illuminated the AZO film in the Sagnac interferometer with two high intensity pulses at normal
incidence and same wavelength. The intensities on each side are 0.8 and 0.6 TW/cm2, respectively.
By increasing the intensities from the linear regime to these maximum values, we observe that the
CPA visibility passes from 68% of the linear case to 35% (Figure 5a,b). The peak of the normalized
visibility also redshifts and becomes broader for both the samples, with a nearly 50 nm-shift for
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the 500 nm sample. Following the recent works in TCOs, this can be explained by the fact that
the dielectric permittivity, and so the optical constants including λENZ, exhibit a redshift when it is
optically pumped across the ENZ wavelength [31,44]. The redshift of the λENZ is also associated
to a positive Δn and to a negative Δk [30,32]. Due to the decreasing of k, the visibility drops, as we
observed for the linear case. While, the shift of the visibility peak is related to the shift of λENZ in
the same direction, and therefore to the shift of the strong dispersion which the material exhibits at
wavelength shorter than the zero-crossing frequency. In Figure 5c,d we plot the experimental results
together with TMM simulations. The TMM simulations are obtained considering a ∼60 nm shift of
ωp and a decreasing of γ (0.15 × 1015 → 0.09 × 1015). This correspond to a ΔλENZ ∼ 60 nm and to
a k500 = 0.38 and k900 = 0.24. These results show that enhanced nonlinearities in ENZ materials can be
used to add a degree of freedom to tune the efficiency and the bandwidth of coherent absorption.
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Figure 5. (a,b) Normalized visibility of the total energy for both samples, 500 nm (a) and 900 nm (b).
The dashed blue curve represents the linear characterization, while the circles is the nonlinear CPA
with high beam intensity. (c,d) Experimental (circles) and TMM simulation (solid line) of normalized
visibility of the total energy for AZO 500 nm and 900 nm for the nonlinear CPA.

4. Conclusions

We theoretically and experimentally demonstrate coherent control of absorption in films of ENZ
material. We show that it is possible to achieve a coherent absorption-mediated interferometric effect
with a maximum of its effect locked just below the λENZ wavelength. Due the strong dispersion
at wavelengths below the crossing point, it can be tuned to any wavelength shorter than λENZ by
varying film thickness and the optical losses. The 60% total visibility achieved in the AZO film
could be improved using a CW and collimated beam in order to achieve CPA. By using AZO’s
strong intensity-dependent nonlinearities, we also showed that it is possible to dynamically tune the
visibility of the total energy by simply increasing the intensity of the incoming beam. The possibility
to add a degree of freedom for the coherent control of the absorption in ENZ media by using
intensity-dependent refractive index proposes a route towards technologies [45] such as optical data
processing or devices that require efficient light absorption and dynamical tunability. All the data
supporting this manuscript are available at http://researchdata.gla.ac.uk/939/.
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Abstract: The impact of vertical electrical field on the electron related linear and 3rd order nonlinear
optical properties are evaluated numerically for pyramidal GeSn quantum dots with different sizes.
The electric field induced electron confining potential profile’s modification is found to alter the
transition energies and the transition dipole moment, particularly for larger dot sizes. These variations
strongly influence the intersubband photoabsorption coefficients and changes in the refractive index
with an increasing tendency of the 3rd order nonlinear component with increasing both quantum dot
(QD) size and applied electric field. The results show that intersubband optical properties of GeSn
quantum dots can be successively tuned by external polarization.

Keywords: GeSn; quantum dot; electric field; intersubband nonlinear optics; absorption coefficients;
refractive index changes

1. Introduction

Self-assembled quantum dots have received an increasing interest during the past decades owing
to their potentiality for novel optoelectronic devices [1,2]. Indeed, the strong carriers’ confinement in
these nanostructures has encouraged exploring the light emission and detection in the IR [3–6] and THz
regime [7–9] using intersubband optical transitions. A particular interest has been devoted to the study
of linear and nonlinear QD intersubband optical properties [7,9–17] for their importance in integrated
quantum photonic technologies [18]. Despite the achieved progress, efficient light source integrable
with Silicon technology has, so far, represented a challenge for Si-photonic integrated circuits [19].
Recent achievement in direct band gap GeSn material has accentuated its suitability towards comparable
properties to III-V materials while being compatible with complementary metal-oxide semiconductor
(CMOS) technology [20–25]. Accordingly, several reports have already demonstrated the aptness
of this material for optoelectronic applications, such as light emitters [25–28] and detectors [29–31].
Furthermore, growing experimental and theoretical research activities have been developed to explore
GeSn based low dimensional structures such as quantum dots [32–39]. Indeed, different synthesis
roots have been reported including, colloidal QD [33], thermal diffusion [32] and self-organization [34].
Furthermore, high Tin content GeSn QD with direct band gap transition energy has recently been
reported [40]. Despite the experimental and theoretical achievement, GeSn QD are still immature and
a lot of works have still to be done. Recently, we have reported on the evolution of the intersubband
photoabsorption coefficients (AC) and Refractive index changes (RIC) as a function of GeSn dots
size and incident radiation intensity [16]. The present work treats the effect of vertical electric field
on intersubband related optical properties of pyramidal GeSn QD with different sizes for CMOS
compatible nonlinear optical devices.

Micromachines 2019, 10, 243; doi:10.3390/mi10040243 www.mdpi.com/journal/micromachines157
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2. Theoretical Consideration

The self-assembled GeSn QD has been considered to have a pyramidal shape with 1nm thick
wetting layer (WL) embedded in Ge matrix which is one of the frequently observed shapes for
semiconducting self-assembled QD [41] as illustrated by Figure 1a. Throughout this work, we set the
tin composition at 30% and a QD height to base side length’s (L) ratio of 1/3 (Figure 1b,c).

Figure 1. Schematic sketch of the pyramidal shaped self-assembled GeSn QD with 1 nm thick wetting
layer (WL): (a) 3D projection of the pyramidal QD with wetting layer, (b) cross-sectional view (ZX)
showing the QD height and the direction of the external electric field, (c) plane view (XY).

To evaluate the QD s- and p- like electrons’ energy levels and associated wave functions in Γ-valley,
single band 3D-Schrodinger equation (Equation (1)) is solved in Cartesian coordinates within the
effective mass approximation by finite elements method offered by COMSOL multiphysics software
(version 5.0, COMSOL Inc., Stockholm, Sweden) [42] for the strained pyramidal GeSn QD under
vertical applied electric field (Figure 1).
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where ε, ∅, V and m* represent the electron energy level, envelop wave function, potential barrier and
effective mass, respectively. F is the external electric field and e the elementary charge. Further details
can be found elsewhere [42,43]. The calculation of the transition angular frequency associated dipole
moment is mandatory to evaluate the AC and RIC. Indeed, the angular frequency dependent total
intersubband optical AC (α) and RIC ( δnnr

) are given by [10,11]:
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I is the incident in-plane polarized light intensity, σ denotes the electron density (one electron
per QD) [12]. Γ = 10 ps−1 is the relaxation rate and nr the GeSn material’s refractive index deduced
by linear interpolation [16]. ω f i is the p-to-s transition frequency and M f i =

〈
∅ f
∣∣∣ex
∣∣∣∅i
〉

denotes the
corresponding dipole moment for in-plane X polarized incident radiation. The subscript f and i refer
to the final and initial states (QD p- and s electron states in this study). The p states are doubly
degenerated (identified as px and py). A selection rule making the allowed transition to arise only from
px state can be done by considering the incident radiation to be polarized along X direction [7,16,44].

3. Results and Discussion

The calculation of Γ-s and -p electron energy states and associated envelop wave functions allows
to evaluate the ω f i and M f i required to study the electric field’s impact on intersubband optical
properties as a function of the QD size. The transition energy (εp − εs) is shown Figure 2 as a function
of the QD size (pyramid base side) for F = 100 kV/cm, 0 kV/cm and −100kV/cm. The dot size range
is delimited to L between 25 nm to 40 nm [38] warranting efficient contribution of Γ-electrons to the
intersubband transition energy.

Figure 2. QD size dependent transition energy (εp − εs) for F = 100kV/cm, 0 kV/cm and −100 kV/cm.
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In absence of electric field (F = 0 kV/cm), the intraband transition decreases from 74 meV (L = 25 nm)
down to 38 meV (L = 40 nm). Applying positive electric field of 100 kV/cm enhances the transition from
6 meV for the smallest QD size up to 10 meV for the largest one. Meanwhile, the energy spacing between
p and s states get rather shrank by approximately 6 meV for an external electric field of −100 kV/cm.
This behavior is a direct impact of the electric field driven modification of the electron confining potential’s
profile. To explain this trend, the electron probability density from s and p states (ZX plane) under an
electric field of 100 kV/cm, 0 kV/cm and −100 kV/cm are shown by Figure 3 where a simplified band
profile has also been provided for details. Indeed, the electric field has been found to induce a vertical
shift of the electron probability density along z-axis. Its maximum gets vertically displaced towards the
dot’s tip for negative electric field and towards its base for positive one [15]. Indeed, for a QD with base
side length of 40 nm and a height of 13.3 nm, the maximum ground state electron probability density is
located at z = 4.5 nm for unbiased QD. Under vertical electric field, the maximum is shifted upward by
approximately 2.5 nm for F = −100 kV/cm and a downward vertical shift by approximately 2 nm for
F = 100 kV/cm. Consequently, in the first case, the potential minimum is created near the dot tip limiting
the allowed space for electron confinement (comparable environment to a QD size reduction) enhancing
the separation energy between s and p states leading to the observed blueshift (Figure 2). On the other
hand, the positive electric field produces a confining potential minimum at the QD base giving rise to
a lowering of the confined energy states and consequent reduction of the p-to-s transition energies.

Figure 3. Probability density of s-state (a, c and e), px-state (b, d and f) for GeSn QD with L = 40 nm
as well as a simple schematic illustration of the Γ-band electron confining profile (g, h and i) respectively
for F = 100 kV/cm, 0 kV/cm and −100 kV/cm.

Further information can be gained through studying the evolution of the dipole moment as
a function of the dot size and electric field (Figure 4). The transition dipole moment shows an increasing
trend with increasing the unbiased QD size. However, it gets progressively enhanced (decreased) with
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increasing the QD size upon applying 100 kV/cm (−100 kV/cm) electric field. The observed relative
variation traduces a high sensitivity of larger QD sizes to the applied electric field. The obtained results
show that the QD intersubband optical properties can be successively adjusted by electric polarization
allowing tuning not only the intersubband emission energy but also the transition dipole moment
without need for QD size variation.

Figure 4. Intersubband dipole moment as a function of the pyramidal QD base side length for different
values of the applied electric field.

Accordingly, the impact of the dot size and electric field on the AC, RIC and the corresponding
linear and third order nonlinear components are shown by Figure 5, as a function of the incident
photon energy, for F = 0 kV/cm, 100 kV/cm and −100 kV/cm. The results are given for the smallest and
the largest dot size to illustrate the simultaneous effect of electric field and dot size. For a given applied
electric field value, the observed curves shift following the decreased transition energy with the increase
of the dot size. Similarly, for a given QD size, and compared to the case where no electric field is applied,
the curves get blueshifted for an electric field oriented in the negative Z direction and redshifted in the
opposite case following the electric field induced intersubband transition energies shift.

The resonance peak of the linear AC (Figure 5a–c) considerably quenches with increasing the dot
size while no noticeable change is shown to occur upon the variation of the applied electric field. In the
meantime, the peak’s intensity of the third-order nonlinear AC shows an increasing trend in absolute
value with increasing the applied electric field for larger QD size. Consequently, the resultant total AC
exhibits strong dependence on the applied electric field. When the nonlinear part of the AC becomes
comparable in magnitude to the linear one, the effect of bleaching occurs inducing a splitting of the
total AC into two peaks. This saturation effect observed for the unbiased larger QD size is smoothed
for F = −100 kV/cm and accentuated for F = 100 kV/cm. This behavior is analogous to that perceived
upon increasing the QD size and consequent variation of the absorption threshold energy [16].

Furthermore, the linear RIC (Figure 5 d–f) shows an overall increase with increasing the applied
electric field with a pronounced sensitivity for larger dot size. Meanwhile, a similar and more accentuated
variation is found to occur for the third-order nonlinear RIC affecting the total changes in the refractive
index curve. The observed behavior is mainly due to the simultaneous increase of the dipole moment
and decrease of the intersubband transition energy.
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Figure 5. Absorption coefficients (a)–(c) and Refractive index change (d)–(f) as a function of the photon
energy evaluated for F = −100 kV/cm (a) and (d), F = 0 kV/cm (b) and (e) and F = 100 kV/cm with
an incident light intensity of 1 MW·cm−2. Linear contribution (dash-dot lines), 3rd order nonlinear
component (dotted lines) as well as total AC and RIC (solid lines) for QD base side length: L = 25 nm
(blue), L = 40 nm (red). The AC curves for L = 40 nm are multiplied by factor 2 for better visibility.

Our calculations clearly reveal that the intersubband optical nonlinearity can be conveniently
tuned by applying an external electric field for a given QD size and incident light intensity. Accordingly,
the nonlinear effects can be tuned. This investigation has been conducted on GeSn QD with the available
materials parameters remain a subject to experimental validation. Nonetheless, this comprehensive
study could also be useful to understand the impact of the applied electric field on the intersubband
optical properties of similar QD.

4. Conclusions

We have evaluated the effect of applied electric field on the intersubband optical transition, dipole
moment, AC, and RIC for various GeSn QD size. The transition energy and dipole moment are found
to be strongly affected by the electric field-induced confining potential profile changes. Larger size QD
are found to be more sensitive to the effects of applied electric field. The intersubband-related AC and
RIC can be widely tuned by employing external electric field. This comprehensive study could help
future realization of CMOS compatible nonlinear optical devices.
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Abstract: Optical circular dichroism (CD) is an important phenomenon in nanophotonics,
that addresses top level applications such as circular polarized photon generation in optics,
enantiomeric recognition in biophotonics and so on. Chiral nanostructures can lead to high CD,
but the fabrication process usually requires a large effort, and extrinsic chiral samples can be produced
by simpler techniques. Glancing angle deposition of gold on GaAs nanowires can (NWs) induces
a symmetry breaking that leads to an optical CD response that mimics chiral behavior. The GaAs
NWs have been fabricated by a self-catalyzed, bottom-up approach, leading to large surfaces and
high-quality samples at a relatively low cost. Here, we investigate the second harmonic generation
circular dichroism (SHG-CD) signal on GaAs nanowires partially covered with Au. SHG is a nonlinear
process of even order, and thus extremely sensitive to symmetry breaking. Therefore, the visibility of
the signal is very high when the fabricated samples present resonances at first and second harmonic
frequencies (i.e., 800 and 400 nm, in our case).

Keywords: extrinsic chirality; second harmonic generation; GaAs nanowires; plasmonic coating

1. Introduction

Three to five compounds have been utilized efficiently in photonic applications [1] as a result of
their direct band gaps. Among these, the GaN semiconductor is important for its high transparency
and good nonlinear properties in the visible range thanks to its high energy gap (3.4 eV) [2]. GaAs,
for which the bandgap (1.42 eV) lies in the infrared, only recently have been utilized in the visible
range. Indeed, a new category of applications has exploited their very high refractive index (around 4
in the visible range) to guide light in an effective way in nanostructures like nanowires (NWs) by using
leaky waves [3,4], leading to different applications as emitters or even as laser sources [5].

By breaking the symmetry of the nanostructure–light interaction, it is possible to observe a
circular dichroism (CD) due to the so-called extrinsic chirality or pseudo chirality [6–8]. Chirality
is the lack of mirror symmetry [9], and can be probed using photoacoustic techniques that are
sensitive to the differential absorptions of opposite-handed light [10–12] or by techniques sensitive
to symmetry breaking such as second harmonic generation–circular dichroism (SHG-CD) [13,14].
In the case of extrinsic chirality, the high sensitivity of SHG is related to the fact that SHG can
only occur in systems with broken inversion symmetry, enabling background-free measurements
and leading to higher CD responses with respect other measurement systems [15]. The chiroptical
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responses of nanostructures have recently generated interest because most biomolecules are chiral,
and their enantiomeric discrimination is relevant to industries such as pharmacology, agrochemicals
and biotechnology, as well as for circularly polarized light emissions for communication and quantum
optics applications [16,17]. Moreover, organic chiral molecules are used in field-effect transistor devices
to detect or enhance the detection of circularly polarized light [18,19], while chiral oligothiophene
thin films have shown interesting chiroptical properties that are useful to optoelectronic devices for
imaging [20,21]. Thus, there is an evident need for a deep study of chiroptical effects at a nanoscale.

Recently, we observed that GaAs nanowires (NWs) offered interesting waveguiding properties
even for energies above the bandgap, thanks to the high refractive index of GaAs (in particular at
800 and 400 nm) [3]. We further verified, using photoacoustic spectroscopy, that when such GaAs
NWs were partially covered in gold they exhibited strong extrinsic chirality due to the breaking of
the symmetry induced by the asymmetric metal coating [11,12]. We also numerically investigated
near-field chiral effects in high-refractive-index nanowires with [22] and without [23] an asymmetric
plasmonic layer.

Here, we present SHG-CD measurements of gold coated GaAs NWs, confirming the strong presence
of extrinsic chirality and leading to potential applications in chiral light emissions and manipulation.

2. Materials and Methods

The structures under examination are nanowires of GaAs with a hexagonal cross section. They have
a core of GaAs surrounded by a thin shell of AlGaAs to passivate the GaAs surface, around which
there is a thin supershell of GaAs in order to prevent the oxidation of Al, as described in the scheme
in Figure 1a. The geometric parameters of the four samples that were fabricated are depicted in
Table 1 (the NW length L, the overall diameter D, AlGaAs shell thickness tAlGaAs, and GaAs supershell
thickness tGaAs).

 
Figure 1. (a) Scheme of the NWs from [3]; (b) cross-section from [3]; (c) SEM image of Sample A (side
view). The inset shows the scheme of the gold coating layer.

Table 1. Fabrication parameters of the nanowire (NW) samples. Data from [3].

Sample L (nm) D (nm) tAlGaAs (nm) tGaAs (nm)

A 4750 ± 34 138 ± 5 3.5 0.7
B 5190 ± 64 151 ± 5 8.6 1.7
C 4600 ± 52 165 ± 6 11.7 5.8
D 4690 ± 47 197 ± 9 27.7 5.5

The NWs were grown using molecular beam epitaxy on p-Si(111) wafers with lithography-free
Si/SiOx patterns for defining the nucleation sites, as described in [24]. The lengths of the wires were
about 5 microns while the diameters were in the 140–200 nm range (details in Table 1).

The as-fabricated NWs (before the gold coating) presented clear resonant modes in absorption [3]
at 800 nm (close to the band edge), with the exception of Sample D (Figure 2a), and a second-order
resonance at 400 nm, thus matching the first and second harmonic frequency of a standard Ti:–sapphire
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laser. This is due to the evidently larger overall diameter that red-shifts the modes into the transparent
region in Sample D.

(a) (b) 

Figure 2. (a) Absorption spectra of the four samples without Au. Figure from [3]; (b) scheme of the
second harmonic generation setup.

Half of each sample was asymmetrically coated with gold by glancing evaporation, as explained
in more detail in [10,24]. The average Au thickness deposited on the sidewalls was around 15 nm, and
the glanced evaporation resulted in the Au presence only on three out of six sidewalls, as described in
the inset of Figure 1c. The absorption spectra of the samples coated with gold were similar to the ones
without gold, except for a slight broadening of the resonant features, as shown in [10]. The Au-free
NWs were used as reference samples for the optical measurements.

The samples were then measured by a SHG-CD setup shown in Figure 2b.
At 800 nm, a linearly polarized Ti–sapphire fs laser with a pulse duration of 100 fs and a repetition

rate of 80 MHz was used on the sample at an incidence angle of 45◦. The average power was attenuated
with a chopper below 1 GW/cm2 to avoid sample damage or multiphoton processes. A quarter
waveplate was used to obtain either left circularly (LCP) or right circularly (RCP) polarized light.
A long-pass filter removed any spurious signals at the second harmonic wavelength (400 nm).

The sample itself was mounted on an automatic azimuthal rotation stage whose axis was aligned
with the incidence point. The SHG signal produced in the reflection was then detected after passing
through a short pass filter that removed the first harmonic pump. The SHG was analyzed in the
s (vertical) or p (horizontal) polarization state by an analyzer (linear polarizer). Since the output
SHG signal in p state was larger than the one in s state, we report explicitly only the p signal in this
manuscript. The signal was further filtered by a narrow bandpass filter centered at 400 nm (FWHM
10 nm) and finally detected by a photomultiplier tube in a gated photon counting regime.

As blank references, we also measured the bare p-Si(111) wafer (thickness of around 400 microns)
and a sonicated sample where the wires were removed, leading to a flat GaAs layer of about 50 nm on
p-Si(111) substrate.

All the SHG measurements were performed with the same intensity level of the laser.

3. Results

In Figure 3a, we show the measured p-polarized SHG signal from the blank reference sample
of the bare p-Si(111) as a function of azimuthal rotation of the sample for two orthogonal circular
polarization states of the laser pump (RCP and LCP), while in Figure 3b we show the measured
p-polarized SHG signal of the flat GaAs sonicated substrate under the same experimental conditions.
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(a) (b) (c) 

Figure 3. (a) p-polarized SHG signal from the bare p-Si(111) sample for RCP and LCP light with a
maximum signal of 400 counts; (b) p-polarized SHG signal from the flat GaAs sonicated sample for
RCP and LCP light with a maximum signal of 5500 counts; (c) SEM image of the sonicated GaAs sample.
Horizontal residual GaAs crystallites are evident. In the measurements the azimuthal rotation angle
is relative.

The Si substrate response showed a clear, but low, SHG signal with three-fold symmetry, as expected
from the 111 crystallographic orientation. Si is a third order nonlinear material, and thus the SHG signal
is due to surface contribution. There was a small CD due to a normal incidence on the asymmetric
111 surface.

Meanwhile, the flat GaAs sample showed a larger SHG signal (×14 times the one of Si) due to its
bulk nonlinear coefficient [25]. In Figure 3c, the SEM image of the reference flat GaAs sample is shown,
which was obtained by Sample C after sonication in order to remove the NWs. In the figure, the largest
objects are the parasitic crystallites. The orientation of these crystallites correlated with the silicon
substrate, and their microstructures showed a three-fold geometrical symmetry with two possible
orientations for the crystallites, one being rotated by 180 degrees with respect to the other, leading to a
six-fold microstructure symmetry (also evidenced by the hexagonal shaper of the SHG measurements).
The roughness on the Si surface of the substrate in Figure 3c is parasitic polycrystalline AlGaAs/GaAs,
which formed during the shell growth. Since this layer grew on the oxide-covered areas of the Si
substrate, the orientation of these small crystallites was random and gave rise to the main isotropic
SHG signal in Figure 3b.

In Figure 4, we show the measured SHG-CD in p-pol light for both Si(111) and the sonicated
GaAs samples, defined as

SHG-CD =
I(2ω)LCP − I(2ω)RCP

I(2ω)LCP + I(2ω)RCP

(1)

where I(2ω)LCP is the intensity of SHG signal when the fundamental pumping light is circularly left

polarized, and I(2ω)RCP is the intensity of SHG signal when the fundamental pumping light is circularly
right polarized.

In the case of Si(111), the SHG-CD was regular even when it was lower than 0.2, while in the case
of GaAs it was randomly distributed at values lower than 0.1.

On the left side of each panel of Figure 5, the measured p-polarized SHG signal from Samples
A,B,C,D are shown without gold as a function of the azimuthal rotation of each sample for two
orthogonal circular polarization states of the laser pump (RCP and LCP), while on the right side of
each panel of Figure 5, the measured p-polarized SHG signal of Samples A,B,C,D are shown with
asymmetric gold coating. It is evident that the asymmetry in the structures of Samples A,B,C (with Au)
led to a strong difference in the SHG signal as a function of the handedness of the circular polarized
light, while the SHG response of Sample D with Au was very similar to its uncoated counterpart.
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Figure 4. SHG-CD signal of the p-Si(111) reference and of the flat GaAs substrate. In the measurements
the azimuthal rotation angle is relative.

Figure 5. p-polarized SHG signal from: (a) Sample A; (b) Sample B; (c) Sample C; (d) Sample D. On the
left side of each panel the samples without Au coating for RCP and LCP light are shown, while on
the right side of each panel, the samples with Au coating are shown. Adapted from [26]. In the
measurements the azimuthal rotation angle is relative.

By concerning the magnitude of the SHG signal, the maximum signal was 50,000 counts for
Sample A without Au, while the Au coating decreased the SHG signal to 16,000 counts. The magnitude
of SHG for sample A (no Au) was nine times larger than the magnitude of the flat GaAs sample, while
the magnitude of Sample A (Au) was three times larger. This indicates that the SHG was enhanced by
the geometrical resonances of the GaAs NWs, and that the Au layer did not increase the SHG signal
but hindered it by selective absorption of one handedness of circular polarized light respect to the
other, leading to a lower signal, but with a higher CD.
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Samples B,C,D without Au showed maximum signals of 60,000, 40,000, and 40,000 counts,
respectively, which decreased to 10,000, 10,000, and 14,000, counts, respectively, when coated with
Au [26].

In Figure 6, we show the SHG-CD of the Samples calculated by Equation (1).

 

Figure 6. SHG-CD signal of the Samples without Au and with Au. SHC-CD for: (a) Sample A;
(b) Sample B; (c) Sample C; (d) Sample D. In the measurements the azimuthal rotation angle is relative.

For all the four samples, the symmetric samples provided negligible SHG-CD, despite the
large magnitude of SHG signals. Sample A with Au, showed a SHG-CD as high as 0.5. Similarly,
the asymmetric Sample B with Au led to a SHG-CD of 0.5.

By considering Sample C, despite a SHG magnitude comparable with previous cases, the SHG-CD
was dramatically decreased at a level of about 0.3-0.25 due to the resonant behavior of Sample C
around 800 nm (see Figure 2a). This is because the diameter of the wires achieved larger values and
thus red-shifted the spectral position of the resonance [3,10].

In the case of Sample D, the SHG-CD was negligible for both symmetric and asymmetric samples
due to the complete lack of resonance at 800 nm (see Figure 2a) [3]. Here, the diameter of the wires was
so large that the modes fell in the transparent region of the GaAs spectrum at larger wavelengths with
respect to the band gap.

4. Discussion

Even though the lithography-free and self-assembled growth methods used for wire growth
suffered from an intrinsic degree of disorder, we nevertheless saw a good agreement in the general trend
of the SHG-CD signal as a function of the wires’ diameters, and we were able to quantitatively compare
different samples with a reasonable degree of approximation. In these experiments, we demonstrated
two main issues. The first one is the possibility for strong circular dichroic responses from asymmetric
samples formed by GaAs NWs partially covered in a thin Au film. This could have applications
in different fields, including the ability to generate photons in a SH field, while selective pumping
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with circular polarized light could be viewed as a possibility for boosting the processes of circular
polarized photon generation or absorption. Secondly, we observed that geometric resonance is an
essential feature in this extrinsic chiral behavior. Only when resonant leaky modes were present
was the geometric-induced CD enhanced in the second harmonic field. The resonance can be finely
tuned by changing the diameter of the NWs. We passed from 138-nm diameter wires that showed a
strong resonance around 750 nm, to 151-nm diameter wires with a strong resonance at 810 nm. As the
diameter increased to 165 nm, the resonance shifted to longer a wavelength (850 nm), decreasing its
magnitude as the wavelength approached the transparent region of GaAs. In these cases, we passed
from a large CD of 50% (0.5) to a CD of 25%. Finally, for larger-diameter wires (197 nm), the resonance
completely disappeared in the GaAs bandgap region, and negligible CD was present, despite the strong
SHG signal, destroying any information about the geometrically induced asymmetry of the sample.
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Abstract: In this work, the cascaded second-order spontaneous parametric down-conversion (SPDC)
is considered to produce pure state photon triplets in periodically poled lithium niobite (PPLN)
doped with 5% MgO. A set of parameters are optimized through calculating the Schmidt number
of two-photon states generated by each down-conversion process with different pump durations
and crystal lengths. We use a Gaussian filter in part and obtain three photons with 100% purity in
spectrum. We provide a feasible and unprecedented scheme to manipulate the spectrum purity of
photon triplets in the communication band (C-band).

Keywords: pure state; cascaded spontaneous parametric down-conversion (SPDC); numerical simulation

1. Introduction

The scheme of generating photon pairs using cascaded second-order spontaneous parametric
down-conversion (SPDC) [1,2] is an indispensable ingredient of modern quantum technology and has
great potential in many applications, such as quantum cryptography [3], quantum teleportation [4]
and quantum entanglement swapping [5]. Recently, a wide variety of methods have been proposed
to produce photon triplets. Common methods include direct generation of photon triplets [6–8],
the process of four wave mixing (FWM) [9–12] and generation of three entangled photons by cascaded
second-order SPDC [13–16]. Some studies propose implementing third-order SPDC in optical fibers
and bulk crystals. There are always low count rates for schemes based on the χ(3) process. The FWM
techniques consists of stimulated SPDC and cascaded FWM. The latter can be divided into three
categories according to the different ways of cascading. The cascaded second-order SPDC is considered
because of the simple model, which consists of two second order SPDC processes. The mature theory
and substantial experiments make it a reliable scheme.

The research about quantum correlation among individual photons lies at the core of quantum
technologies. Under different conditions, the two-photon generated by SPDC will present a state of
frequency positive correlation, inverse correlation or uncorrelation. The last method is used to provide
a heralded source [17,18]. Previous experiments have failed to give a specific theoretical numerical
analysis to judge the spectral purity of the generated photon pairs. The full use of filters [19,20]
will greatly reduce the coincidence counting rate. Recently, Zhang et al. decomposed the factor
mathematically to manipulate the tripartite frequency correlation [21]. But the spectrum of photons
after the first SPDC and the effect on the second order down-conversion were not taken into account.
They produce photons with wavelength of ~3000 nm, which is almost unavailable. So far, there is little
theoretical work about pure states photon triplets in the C-band.
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Quantum interference is vital for quantum information science. It is not only the basis of quantum
manipulation technology, but also an important tool to implement quantum computing and quantum
communication. The realization of quantum computation [22] depends on the measurement and
reading of quantum states, and quantum interference is one of the most simple and feasible methods
for quantum measurement. Quantum communication [23,24] is more dependent on the transmission
and acquisition of information by means of interference. Three-photon interference is critical for the
exploitation of quantum information in higher dimensions [25]. The GHZ interference is observed in
the experiment, which lays the foundation for the subsequent quantum secret sharing [26]. In general,
the photon triplets generated by the cascaded SPDC will have correction in frequency. This allows
the photon pair to be resolved in the frequency dimension, thereby reducing the visibility of the
interference [27]. For instance, the interference of indistinguishable photons makes the entanglement
swapping and teleportation possible, which in turn opens up prospects for distributing of entanglement
between distant matter qubits. The goal of our work is to prepare three photons with hyperspectral
purity, which are critical for research into quantum information processes.

In this work, the suitable pump duration and crystal length are selected to eliminate the frequency
correlation between the photon pairs in each SPDC process. In terms of the theoretical analysis, spectral
purity of photon pairs is mainly measured by means of Schmidt number [28,29]. The conclusion of our
theoretical calculation is supported by the two photons’ and three photons’ joint spectrum. Relevant
theories will be discussed in Section 2. The common pump source used to acquire polarization-entangled
photon pairs from SPDC is narrow-band or continuous wave (CW) laser, but the subsequent photon
pairs have a strong correlation in frequency [30]. A broadband pumping source is adopted in our work,
and the optimal pumping duration is chosen by numerical investigation in Section 3. Finally, we obtain
pure-state photon triplets with two kinds of periodically poled crystals under different parameters.

2. Tripartite State and Joint Spectrum

2.1. Model

Quasi-phase matching is adopted because of the simpler and more flexible matching condition.
The theoretical model consists of two parts, which are two nondegenerate SPDC processes [13]. A pair
of photons called idler photons ω0 and signal photons ω1 are generated from the first SPDC process.
The idler photons continue to be the pump source of the second SPDC process, producing photons ω2

and ω3.
The phase-matching conditions of the two processes are type e → o + o and type e → e + o,

respectively. As shown in Figure 1, the lengths of the two crystals are L1 and L2 while the periodicities
are Λ1 and Λ2, respectively. When the pump light with center frequency of ω0 is incident into the first
crystal, the generated photon pairs will be correlated in time and frequency due to the conservation of
energy and momentum. The relation between the wave vectors and the frequency of the three photons
are kp = k1 + k0 + kg1 and h̄ωp = h̄ω1 + h̄ω0, where kg1 = 2πm/Λ1 is the compensated wave vector. In the
second down-conversion process, photon ω0 splits into ω2 and ω3 while the conservation conditions
are also satisfied, which are k0 = k2 + k3 + kg2 and h̄ω0 = h̄ω2 + h̄ω3, where kg2 = 2πm/Λ2. Therefore,
in the whole frequency conversion process, the energy conservation and momentum conservation are
also satisfied between the initial pump photon and the resulting three photons.
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Figure 1. Theoretical model of cascaded second-order SPDC. Photons ω0 and ω1 are generated in the
first crystal and then photons ω2 and ω3 are generated from the second crystal. The two parts of this
model are periodically poled lithium niobite (PPLN) with lengths L1 and L2 respectively. Two Gauss
filters are used to manipulate the joint spectrum of photonic pairs.

2.2. Hamiltonian and Probability Amplitude Function

For the convenience of calculation, our model adopts a one-dimensional collinear phase-matching
structure. Since the pump field is strong, the field is treated as an electric classical field Ep (r, t) =

∼
α(t)

exp [ikp(ωp)z], rather than using the annihilation operator of the pump photon. A Gauss envelope
is chosen as the pump function

∼
αp(t) =

∼
αp(0) exp(−t2/2τp

2). The expression corresponding to the
frequency domain is

α
(
Ωp
)
=
τp√
2π

exp(−τ
2
pΩ2

p

2
) (1)

where τp is the pump duration and Ωp = ωp −ωp is the frequency difference.
After calculating the integral of Hamiltonian [31] and simplifying the statements, the final

expression of the two-photon state is

∣∣∣ψ2
〉
=

∫ t

t0

dt′ĤI(t′) =A
∫

dωs

∫
dωiâ†s (ωs)â†i (ωi)α(ωs,ωi)ϕ(ωs,ωi)|0〉+ c.c. (2)

where α(ωs, ωi) and ϕ(ωs, ωi) are pump envelope function and phase-matching function, respectively.
Their product is the two-photon amplitude function

F(ωs,ωi) = α(ωs +ωi)ϕ(ωs,ωi) (3)

The phase matching function in upper equation is

ϕ(ωs,ωi) = sin c

⎡⎢⎢⎢⎢⎢⎢⎣
(
ks(ωs) + ki(ωi) − kp(ωs +ωi) + kg

)
L

2

⎤⎥⎥⎥⎥⎥⎥⎦ (4)

For simpler operation, a coefficient γ = 0.193 is introduced to approximate the sinc function
to a Gauss function to ensure that they have the same full width at half maximum (FWHM). This
approximation only removes the small peak of sinc function and has no effect on the calculation of
biphoton joint spectrum.

Assuming a perfect phase-matching condition, we carry out the Taylor expansion of the
wave vector and preserve the first order term. That is km(ωm) = km0 + k′m(ωm −ωm) + · · · ,
k′m = ∂km(ω)/∂ω

∣∣∣
ω=ωm

(m = p, s, i). The influence of group velocity dispersion and higher order
terms are not considered. The second derivative of wave vector does not change obviously with the
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wavelength. In addition, in the actual system, the error caused by dispersion can be overcome by
compensation. The phase-matching function is described by

ϕ(ωs,ωi) ≈ exp

⎧⎪⎪⎨⎪⎪⎩−γ
⎛⎜⎜⎜⎜⎜⎜⎝

Ωs
(
k′s − k′p

)
+ Ωi

(
k′i − k′p

)
L

2

⎞⎟⎟⎟⎟⎟⎟⎠
⎫⎪⎪⎬⎪⎪⎭ (5)

where Ωs and Ωi are the frequency difference.
In addition to the phase-matching condition, we also consider the matching condition of group

velocity [32]. But in the first SPDC, the derivative of the pump wave vector is always larger than that
of the two down-converted photons. We use two Gaussian filters to remove the correlation of the two
photons [33]. The two photons’ amplitude function becomes

F(ωs,ωi) = T(ω0)T(ω1)α(ωs +ωi)ϕ(ωs,ωi) (6)

where T(ωi) = exp(−Ω2
i /ς2

i ) is the corresponding filter. ςi is the FWHM.
In the total cascaded process, the holistic Hamiltonian is the product of the Hamiltonian of two

parts, that is Ĥ = Ĥ1Ĥ2. The expression of the last three photon states is

∣∣∣ψ3
〉
=

∫
dt1dt2Ĥ1(t1)Ĥ2(t2) = B

∫
dω1

∫
dω2

∫
dω3â†1(ω1)â†2(ω2)â†3(ω3)F(ω1,ω2,ω3)|0〉+ c.c. (7)

When we determine the frequency distribution of the down-conversion of three photons, and
there is no correlation between them, then the three photons amplitude can be equivalent to

F(ω1,ω2,ω3)= exp(−Ω2
1/σ2

1) exp(−Ω2
2/σ2

2) exp(−Ω2
3/σ2

3

)
(8)

In practice, there are two sensitive parameters of the system that need to be strictly controlled:
(1) the polarization stability of the light source and the optical path, and; (2) the temperature of the
non-linear material. Both of them directly affect the refractive index of materials, thus affecting the
phase-matching conditions.

2.3. Joint Spectrum and Purity

The simplest method to judge the frequency dependence of two photons produced by second
order SPDC is to analyze their joint spectrum which is determined by

JSI(ωs,ωi) =
∣∣∣F(ωs,ωi)

∣∣∣2 (9)

The two photons are frequency uncorrelated if their joint spectrum is a circle or an ellipse parallel
to the axis, which means the distribution of photons in frequency is independent of each other. It is
impossible to obtain an optimal value simply by judging the shape or the angle with the coordinate
axis because of the lack of a specific parameter to quantify the two-photon frequency correlation.
Calculating the Schmidt number is the effective scheme to measure spectral correlation because it
reflects the purity of correlation over frequency. It is defined as follows

K =
1

Tr
{
ρ2

1

} = 1
P

(10)

In this formula, ρ1 is the density operator of photon ω1 and P represents the spectral purity. There
is no frequency correlation between photon pairs when the Schmidt number K reaches the minimum
value of 1. After calculating the Schmidt numbers with the parameters of crystal length and pump
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duration in each SPDC, the results are verified and analyzed by the joint spectrum of two photons
under the optimum parameters. The joint spectral intensity of the photon triplets can be written as

JSI(ω1,ω2,ω3) =
∣∣∣F(ω1,ω2,ω3)

∣∣∣2 (11)

We use the symbol quantity to carry on the maximum precision calculation. The result is converted
to double type with 16 bits precision. The precision is enough that an ideal numerical simulation
result can be obtained. Therefore, the error caused by the accuracy of software calculation can also
be ignored.

3. Numerical Simulation Results

In this section, we discuss the generation of photon pairs from different materials, and finally
obtain the pure-state photon triplets. Among the numerous nonlinear crystals, lithium niobite has a
relatively higher nonlinear coefficient [34,35], which leads to a greater conversion efficiency. There is a
wide range of transparency, from 420 nm to 5200 nm. In addition, lithium niobite doped with MgO has
higher damage threshold, thus the periodically poled lithium niobate doped with 5% MgO (PPMgLN)
will also be used as a reference for comparison. We get a set of crystal lengths which are optimum for
each SPDC process through theoretical arithmetic.

In the first SPDC, the crystal and pump parameters are taken as the variables and the calculation
of the Schmidt number is done. We select the appropriate pumping duration and crystal length L1 by
analyzing the obtained data. After calculation, the frequency distribution of photonic ω0 is obtained.
That is to say, the envelope information of the pump in the second SPDC is determined, which is
exp[−(ω0 −ω0)/σ2

0], where σ0 is the bandwidth of the new source ω0. Then, the amplitude function of
photon ω2 and ω3 is described as

F(Ω2, Ω3) = exp

⎡⎢⎢⎢⎢⎣− (Ω2 + Ω3)
2

σ2
0

⎤⎥⎥⎥⎥⎦ exp
(
−i

Δk2L2

2

)
sin c

[
(k0(ω0) − k2(ω2) − k3(ω3) − kg2)L2

2

]
(12)

In the second SPDC, the Schmidt numbers of photon state between ω2 and ω3 are calculated by
using the bandwidth information of the generated photons ω0 and taking the crystal length L2 as the
variable. Then we select the appropriate crystal length L2. Each time the most appropriate parameters
are determined, the two-photon joint spectrum and the final three-photon joint spectrum are given to
verify the theoretical calculation.

3.1. Realization of Pure-State Photon Triplets in PPLN

The pump wavelength is 520 nm. Relevant data in the first down-conversion is shown in Figure 2.
The z axis in Figure 2a describes the variation of the spectral purity with the parameters. The x-axis
represents the range of the selected crystal lengths from 0 to 1 cm while the y-axis is the variation
of pump duration in the range of 0–1 ps. The wavelengths of the pair of entangled photons are
λ1 = 1560 nm and λ0 = 780 nm. The periodicity of the first PPLN is 38.47 μm. Due to the Gaussian
filter with a bandwidth of 0.8 THz, the spectrum purity between photons ω0 and ω1 is almost 1 in
the region where the crystal length and pump duration are smaller. Considering the realizability, we
selected a pump duration of 100 fs and a crystal length of 0.2 cm.

Figure 2b describes the joint spectral intensity of photons ω1 and ω0. It is intuitive to see that there
is no frequency correlation between the two photons. Figure 2c,d are the bandwidth of photons ω1 and
ω0, respectively. Because the transmission of the filter is related to the bandwidth, the down-conversion
photons of the two channels have the identical frequency distribution.
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Figure 2. (a) The spectral purity in the first SPDC using PPLN. (b) The joint spectrum of photon 1 and
0. (c,d) The bandwidth of the photon pairs.

In the second SPDC process, we select the generation wavelengths of λ2 = 1570 nm and
λ3 = 1550 nm in consideration of the matching condition of the group velocity. The polarization
period of the second PPLN is 88.76 μm. Relevant data are shown in Figure 3. Figure 3a describes the
calculation of the spectral purity of photons ω2 and ω3 with the crystal length L2 as the independent
variable. It can be seen that with the increase of crystal length, the purity increases to the maximum
value of 1. We chose the best crystal length L2 as 9.16 cm. Figure 3b is the joint spectral intensity of
photon pairω2 andω3. It can be seen that the photon pairs are still frequency uncorrelated in the second
SPDC process. As shown in Figure 3c,d, the bandwidth of photons ω2 and ω3 is different because the
perfect group velocity match is not achieved, but this does not affect the correlation between them.

Figure 3. (a) Spectral purity data in the second SPDC. (b) The joint spectrum of photon 2 and 3. (c,d)
The bandwidth of the photon pairs.
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Since photons ω1 and ω0 are not correlated in frequency, both photon (1,2) and photon (1,3) should
be irrelevant theoretically. Figure 4 shows the joint spectrum of photon triplets. From the relationship
between each two-photon, as shown in three projection planes, there is no correlation between photons
ω1 and ω2, ω1 and ω3. So far, we have obtained photon triplets which are not related in the frequency
dimension. At the same time, all three of them are in the C-band.

 
Figure 4. Joint spectrum of the three photons generated from the cascaded PPLN.

3.2. Realization of Pure-State Photon Triplets in PPMgLN

We also chose 520 nm as the pump wavelength for comparison. The group velocity matching
condition of the second SPDC is not satisfied. The wavelength of photon ω1 and ω0 generated in the
first down-conversion are 1520 nm and 790.4 nm, respectively.

The results of correlated data are given in Figure 5. The photon wavelengths generated by the
second down-conversion are λ2 = 1590 nm and λ3 = 1571.7 nm, pumped by photon ω0. Similar data
are shown in Figure 6. The pump duration is 0.27 ps while the crystal lengths are L1 = 0.2 cm and
L2 = 10.74 cm (corresponding Λ1 = 34.85 μm and Λ2 = 83.51 μm).

We also produce three photons with a purity of 100%. Due to the material differences, the center
wavelengths of the photons ω2 and ω3 are longer than in PPLN. It takes a slightly longer crystal than
PPLN to achieve the phase-matching condition. The bandwidth of the photons ω1 and ω2 generated
in the PPMgLN is relatively wider. Figure 7 shows the joint spectral intensity of photon triplets
generated by cascaded PPMgLN. The three projection planes reflect the correlation between two of the
three photons.

PPLN is more suitable for weak light due to the better phase-matching conditions. According to
our theoretical results, the wavelength distribution of the three-photon generated in PPLN is closer.
For the same pump (λp = 520 nm), three photons with wavelengths of 1550 nm, 1560 nm and 1570 nm
can be realized in PPLN. PPMgLN is more suitable for the pump with higher intensity, because
doping MgO can increase the damage threshold of the material and obtain higher brightness photon
triplets. But we can only obtain photons with wavelengths of 1520 nm, 1590 nm and 1571.7 nm. In the
preparation of the light source, spectral purity is one of the core indicators. The purpose of our work is
to prepare photon triplets of spectral pure-state (frequency uncorrelated), which provides a reliable
scheme for the preparation of high quality sources in the field of quantum technology. There is no
prior research on pure state photon triplets in the C-band before our work. Our method can also
provide a heralding pure-state biphoton source with higher interference visibility. Compared with the
unpredicted conditions, the heralding two-photons have superior advantages, such as avoiding the
detection of noise photons, which greatly reduces the bit error rate (BER). It guarantees the realization
of many of these tasks relying on qubits that are encoded in the polarization states of single photons.
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Figure 5. (a) The spectral purity in the first SPDC using MgO-doped PPLN. (b) The joint spectrum of
photon 1 and 0. (c,d) The bandwidth of the photon pairs.

Figure 6. (a) The spectral purity data in the second SPDC. (b) The joint spectrum of photon 2 and 3.
(c,d) The bandwidth of the photon pairs.
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Figure 7. Joint spectrum of the three photons generated from the cascaded SPDC MgO-doped PPLN.

4. Conclusions

In summary, we discuss how to select the optimal pump and crystal parameters to obtain the
pure state photon triplets by cascaded second-order SPDC using PPLN and MgO-doped PPLN. We
chose 520 nm as the pump source with duration of 0.1 ps. After calculating the Schmidt number of
photon pairs generated in each SPDC, we determined the crystal lengths of the two PPLN are 0.2 cm
and 9.16 cm, respectively. The lengths of the two PPMgLN are 0.2 cm and 10.74 cm, respectively.
According to theoretical calculation, the purity of photon pairs from each SPDC can reach 100%, that is,
there is no frequency correlation. We have achieved photon triplets with a spectral purity of 100% in
the C-band. We firmly believe that in the future development of quantum networks, our scheme can
provide reliable pure-state photon triplet sources for various quantum information processes.
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Abstract: Terahertz (THz) imaging is a rapidly emerging field, thanks to many potential applications
in diagnostics, manufacturing, medicine and material characterisation. However, the relatively
coarse resolution stemming from the large wavelength limits the deployment of THz imaging
in micro- and nano-technologies, keeping its potential benefits out-of-reach in many practical
scenarios and devices. In this context, single-pixel techniques are a promising alternative to
imaging arrays, in particular when targeting subwavelength resolutions. In this work, we discuss
the key advantages and practical challenges in the implementation of time-resolved nonlinear ghost
imaging (TIMING), an imaging technique combining nonlinear THz generation with time-resolved
time-domain spectroscopy detection. We numerically demonstrate the high-resolution reconstruction
of semi-transparent samples, and we show how the Walsh–Hadamard reconstruction scheme can
be optimised to significantly reduce the reconstruction time. We also discuss how, in sharp contrast
with traditional intensity-based ghost imaging, the field detection at the heart of TIMING enables
high-fidelity image reconstruction via low numerical-aperture detection. Even more striking—and to
the best of our knowledge, an issue never tackled before—the general concept of “resolution”
of the imaging system as the “smallest feature discernible” appears to be not well suited to
describing the fidelity limits of nonlinear ghost-imaging systems. Our results suggest that the drop in
reconstruction accuracy stemming from non-ideal detection conditions is complex and not driven
by the attenuation of high-frequency spatial components (i.e., blurring) as in standard imaging.
On the technological side, we further show how achieving efficient optical-to-terahertz conversion
in extremely short propagation lengths is crucial regarding imaging performance, and we propose
low-bandgap semiconductors as a practical framework to obtain THz emission from quasi-2D
structures, i.e., structure in which the interaction occurs on a deeply subwavelength scale. Our results
establish a comprehensive theoretical and experimental framework for the development of a new
generation of terahertz hyperspectral imaging devices.

Keywords: terahertz; nonlinear optical conversion; complex optical systems; adaptive imaging;
single-pixel imaging; surface nonlinear photonics

1. Introduction

In recent years, there has been increasing interest in the development of imaging techniques that are
capable of reconstructing the full-wave properties (amplitude and phase) of arbitrary electromagnetic
field distributions [1–3]. While standard optical technologies, such as cameras and photodiodes,
are usually sensitive to the field intensity, a large part of the sample information is encoded in
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the optical phase of the scattered field [4]. Interestingly, the direct detection of the field evolution is
achievable at terahertz (THz) frequencies thanks to the availability of the time-domain spectroscopy
(TDS) technique. TDS detection provides a time-resolved measurement of the electric field (e.g., via
electro-optical sampling [5]), allowing researchers to retrieve the complex-valued dielectric function of
a sample. Such a capability, coupled with the existence of specific and distinctive spectral fingerprints
in the terahertz frequency range, are critical enabling tools for advanced applications, such as
explosive detection, biological imaging, artwork conservation and medical diagnosis [6–10]. However,
despite the vast body of potential applications, the development of TDS devices that are capable of
high-resolution imaging is still regarded as an open challenge. A typical TDS implementation relies on
complex and expensive optical components that cannot be easily integrated into high-density sensor
arrays [11].

To date, THz imaging mostly relies on thermal cameras, essentially the equivalent of optical
cameras, which employ arrays of micro-bolometers to measure the time-averaged intensity of the THz
signal. As such, they cannot be employed for time-resolved THz detection and they are insensitive to
the optical phase and temporal delay of the transmitted THz field. In an attempt to develop arrays
of TDS detectors, researchers have proposed two-dimensional full-wave imaging devices that are
composed of arrays of photoconductive antennas or Shack–Hartmann sensors [12,13]. However, these
devices require complex and expensive technological platforms and their practicality is still a matter
of debate. Furthermore, they fundamentally sample the image information in an array of single
and well-separated small points. Hence, obtaining a high resolution can still require mechanical action
on the sample.

A promising alternative to TDS imaging arrays is single-pixel imaging, or ghost imaging (GI).
In these approaches, the sensor array is replaced by a single bucket detector, which collects the field
scattered by the sample in response to a specific sequence of incident patterns. By correlating each
acquired signal with its corresponding incident field distribution, it is possible to reconstruct the sample
image [14–17]. However, despite its simplicity, the implementation of GI at terahertz frequencies
is affected by the limited availability of wavefront-shaping devices (e.g., spatial light modulators)
that are capable of impressing arbitrary patterns on an incident THz pulse. Following the initial
experimental demonstrations with metallic masks and metamaterial devices [18,19], several research
groups’ researchers have proposed indirect patterning techniques for the generation of high-resolution
THz patterns. One of the most successful approaches relies on the generation of transient photocarrier
masks on semiconductor substrates [20–23]. In these experiments, a standard optical Spatial Light
Modulator (SLM) impresses a spatial pattern on an ultrafast optical beam. Upon impinging on
a semiconductor substrate, the latter generates a distribution of carriers matching the desired pattern
profile, which acts as a transient metallic mask and can be used to pattern an external THz beam. While
this technique has been successfully employed to achieve THz imaging with a deeply subwavelength
resolution, it is also affected by a few limitations. In particular, recent works have shown that
the maximum resolution achievable with these techniques is strongly dependent on the semiconductor
substrate thickness: in Stantchev and coworkers [20,21], for example, researchers have demonstrated
that deeply subwavelength resolutions are achievable only when considering patterning substrates
with a thickness below 10 μm.

In a series of recent works, we have proposed a new imaging technique, time-resolved nonlinear
ghost imaging (TIMING), which overcomes several of these limitations [24–26]. TIMING relies on
the integration of nonlinear THz pattern generation with TDS single-pixel field detection. In this
work, we discuss the main features of our approach and present our latest results on the theoretical
framework underlying our image reconstruction process. Via analysis of the compression properties of
the incident pattern distribution, we show how a TIMING implementation based on an optimised
Walsh–Hadamard encoding scheme can significantly reduce the number of incident patterns required
to obtain a high-fidelity image of the sample. Finally, we discuss how the development of ultra-thin
THz emitters can provide a significant improvement to the imaging performance of TIMING.
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2. Time-Resolved Nonlinear Ghost Imaging: A Conceptual Overview

A conceptual schematic of our imaging setup is shown in Figure 1a. A spatial pattern is impressed
on the optical beam through a binary spatial light simulator, e.g., a digital micromirror device (DMD),
obtaining the optical intensity distribution Iopt

n (x, y,ω). The THz patterns E0
n(x, y, t) are generated using

a nonlinear conversion of Iopt
n (x, y,ω) in a nonlinear quadratic crystal (ZnTe) of thickness z0. The THz

pattern propagates across the crystal and interacts with the object, yielding a transmitted field, which is
collected by a TDS detection setup. Different from the standard formulations in optics, which relies on
the optical intensity, our object reconstruction scheme relies on the time-resolved detection of the electric
field scattered by the object. More specifically, the electric field distribution is defined immediately before
and after the object as E−(x, y, t = E(x, y, z0 − ε, t) and E+(x, y, t) = E(x, y, z0 + ε, t), respectively,
where z0 is the object plane and ε > 0 is an arbitrarily small distance (Figure 1a, inset). Without loss
of generality, the transmission properties of the object are represented by defining the transmission
function T(x, y, t), which is defined on both the spatial and temporal components to account for
the spectral response of the sample. To simplify our analysis, in the following, we considered
two-dimensional objects, i.e., we restricted ourselves to transmission functions of the form T(x, y, t).
Under this position, the transmitted field is straightforwardly defined as:

E+(x, y, t) =

∫
dt′T(x, y, t− t′)E−(x, y, t). (1)

The objective of a single-pixel imaging methodology is to reconstruct the transmitted field
distribution E+(x, y, t) through a sequence of measurements to retrieve the transmission function of
the object. In our approach, this corresponds to measuring the TDS trace of the spatially-averaged
transmitted field from the object in response to a sequence of predefined patterns (a procedure known
as computational ghost imaging) [27]. The nth pattern is denoted by E−n (x, y, t) = Pn(x, y) f (t), where
Pn(x, y) is the deterministic spatial distribution of the pattern and f (t) is the temporal profile of the THz
pulse. The reconstruction process is defined as follows:

T(x, y, t) = Cn(t)Pn (x, y)n −Cn(t)nPn(x, y)n , (2)

where 〈· · · 〉n represents an average over the distribution patterns and the expansion coefficients Cn(t)
are defined as follows:

Cn(t) =

∫
dxdy E+

n (x, y, t) =

∫
dxdydt′T(x, y, t− t′)E−n (x, y, t). (3)

A numerical implementation of the image reconstruction process is shown in Figure 1b,c, where
we employed TIMING to reconstruct the transmitted field from a semi-transparent sample (a leaf).
In Figure 1b, we report the spatial average of the reconstructed field, exhibiting the characteristic
temporal profile of the incident THz pulse. Since our image reconstruction operates simultaneously
in time and space, it allows for not only retrieving the spatial distribution of the object but also
its temporal/spectral features. The specific result of a TIMING scan is a spatiotemporal image of
the transmitted field, as shown in Figure 1c.

An interesting question is whether the distance between the distribution of THz sources
and the sample has any effect on the image reconstruction capability of our setup. This point
is pivotal when time-resolved imaging is desired, as propagation always induces space–time coupling.
This condition represents a typical challenge in mask-based ghost imaging when time-domain detection
is sought. The propagation within the patterning crystal is known to lead to significant reconstruction
issues when considering deeply subwavelength patterns [20–22]. These issues are related to the intrinsic
space–time coupling that takes place within the crystal [28]. In essence, once the patterns are impressed
on the THz wave at the surface of the crystal (at z = 0), they undergo diffraction. As a result,
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the electric field distribution E−n (x, y, t) probing the sample is not the initial distribution E0
n(x, y, t),

but rather a space-time propagated version of it. The latter is mathematically expressed as:

E−n (x, y, t) = En(x, y, z0 − ε, t) =

∫
dxdydt′G(x− x′, y− y′, z0 − ε, t− t′)E0

n(x, y, t), (4)

where G(x, y, z0 − ε, t) is the dyadic Green’s function propagating the field from z = 0 to z = z0 − ε.
Since space–time coupling is essentially a linear process, it can be inverted by applying a Weiner filter
to the reconstructed image to mitigate the effects of diffraction. In the angular spectrum coordinates(
kx, ky, z,ω

)
, the Weiner filter is defined as:

W
(
kx, ky, z,ω

)
=

G†
(
kx, ky, z,ω

)
∣∣∣∣G(kx, ky, z,ω

)∣∣∣∣+ αNSR
(
kx, ky,ω

) , (5)

where NSR
(
kx, ky,ω

)
is the spectral noise-to-signal distribution, α is a noise-filtering fitting parameter

and † stands for Hermitian conjugation [24]. As expressed by Equation (5), the Weiner filter is
the equivalent of an inverse Green’s function operator that is modified to take into account the presence
of noise in the experimental measurements. The effect of the NSR term in the denominator, which is
controlled by the parameter α, is to suppress the regions of the spectrum that are dominated by noise
and could render the inversion operation an intrinsically ill-posed problem [29].

Figure 1. Conceptual description of time-resolved nonlinear ghost imaging (TIMING). (a) Schematic of
the experimental setup. (b,c) Simulation of the TIMING reconstruction of a semi-transparent sample,
including the average field transmission (panel b) and the full spatiotemporal image of the sample
(panel c). The simulated object size was 10.24 cm × 10.24 cm, sampled with a spatial resolution of
512 × 512 pixels (Δx = 200 μm) and a temporal resolution of Δt = 19.5 fs. The nonlinear crystal thickness
was z0 = 10 μm. n.u.: normalised units, TDS: Time-domain spectroscopy.

From a physical point of view, Equations (4) and (5) can be read as follows: when performing
a time-domain reconstruction of the image, the spatial distribution of E+

n (x, y, t) is acquired at a given
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time. However, this is not the scattered field from the object in response to the incident pattern
E0

n at that time; there is no time in which the scattered field E0
n(x, y, t) is univocally represented in

the sampling pattern E−n . The reason is simply that the method is slicing a fixed-time contribution of
a piece of information that is warped in the space-time. This warping is introduced by the distance
between sources and the object plane; therefore, it is different for any plane of the object being imaged.

Said differently, using fixed-time images to reconstruct planar features produces a fundamentally
incorrect picture of the evolving scattered field, with different degrees of “distortion” introduced by
the amount of propagation. It is worth noting that, although related, this is not the same concept
as that of resolution degradation of incoherent near-field systems. In fact, Equation (4) shows that
any space-time information retained by the field can be accessed only by accounting for near-field
propagation. TIMING reconstructs the image of a scattered field from an object with fidelity by applying
the backpropagation kernel from Equation (5). Another interesting aspect is whether the thickness
of the nonlinear crystal accounts for an overall separation between terahertz sources and the object,
affecting the achievable resolution. The difference here is that the propagation is inherently nonlinear
and although the generated terahertz signal diffracts linearly, for any desired resolution, there is
always a given generating crystal section that is sufficiently close to the object to illuminate it within
the required near-field condition. We have recently theoretically and experimentally demonstrated that
the diffraction limit does not directly apply in the nonlinear GI via the generation crystal thickness since
the nonlinear conversion from optical to THz patterns is a process distributed across the crystal [25].
We argue that this general approach is particularly useful when considering samples stored in cuvettes
or sample holders.

3. Compressed and Adaptive Sensing Applications

In this section, we discuss the image reconstruction performance of TIMING as a result of
our particular choice of input pattern distribution. To reconstruct the sample, TIMING relies on
the Walsh–Hadamard (WH) image decomposition, which constitutes the binary counterpart of standard
Fourier-based image analysis [30]. In our approach, the choice of the incident pattern distribution was
driven by three considerations: (i) the compatibility with the available wavefront-shaping technology
impressing patterns on the optical beam, (ii) the average signal-to-noise ratio (SNR) of the signal
associated with each incident pattern and (iii) the energy compaction (compressibility) properties
of the image expansion base. The WH patterns can be implemented straightforwardly through
a digital micromirror device (DMD) and they are known to maximise the SNR of the acquired
signals in experiments [31,32]. The latter is a significant advantage when compared to standard TDS
imagers, which rely on a raster-scan reconstruction approach, where either the source or receiver
(or both) are sequentially moved across the sample, leading to a combination of single-pixel detection
and illumination [10]. While this approach is intuitive and straightforward to implement, a single-pixel
illumination usually implies a degradation of the SNR of the expansion coefficients for a fixed intensity
per pixel. Furthermore, raster-scan imaging is a local reconstruction algorithm that is not suitable
for compressed sensing; in mathematical terms, the raster scan corresponds to expanding the sample
image in the canonical Cartesian base En,m(x, y) = δ(x− xn, y− yn). Trivially speaking, to reconstruct
the entire image with this approach, each pixel composing it needs to be scanned.

In contrast, the WH encoding scheme is a very popular example of energy compacting
(compressive) decomposition, as in the case of Fourier-based or wavelet-based image analysis [33,34].
In these approaches, the image is represented as an orthogonal basis of extended spatial functions.
For example, in the case of Fourier image analysis, the sampling patterns are the basis of
the two-dimensional Fourier Transform [29,35]. The choice of an expansion basis composed of
extended patterns has two main advantages. First, extended patterns are generally characterised by
transmitted fields with higher SNRs because distributed sources generally carry more power. In fact,
for a given power limit per pixel, the Walsh–Hadamard decomposition allows for a total energy per
pattern that is about N/2 higher than single-pixel illumination. Second, and more importantly, there
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is no one-to-one correspondence between individual image pixels and distinct measurements (as in
the case of the raster scan). In fact, the incident patterns not only probe different parts of the sample in
parallel but can also provide useful insights into its spatial structure, even before completing the entire
set of illuminating patterns.

In practical terms, a WH pattern of size N ×N is obtained by considering the tensor product
between the columns (or, invariantly, rows) of the corresponding N ×N Walsh–Hadamard matrix
(see Figure 2a). The columns (or rows) are mutually orthogonal and form a complete tensor basis for
any two-dimensional matrix. Interestingly, the columns of the Hadamard matrix can be re-arranged in
different configurations, leading to matrices with different orderings [36–38]. In Figure 2, we compare
two configurations: the Walsh (or sequency) order and the Hadamard (or natural) order. The Walsh
ordering is particularly useful in image reconstruction as it mirrors the standard order of the discrete
Fourier basis, i.e., the columns are sorted in terms of increasing spatial frequencies. This means that by
using the Walsh matrix, it is possible to acquire complete lower-resolution images before completing
the illumination set, which can be useful for applying decisional approaches and reducing the set
dimension [39,40].

Figure 2. Walsh–Hadamard image reconstruction. (a) Generation of incident patterns from the Walsh–Hadamard
matrix. Each pattern is defined as the tensor product between two columns of the generating matrix. The patterns
can be generated from different configurations of a Hadamard matrix: we show the Walsh, or “sequency”, order
(top, used in TIMING) and the standard Hadamard, or “natural”, order (bottom). (b,c) Reconstructed Walsh
spectrum of the peak-field object transmission. Interestingly, only a fraction of the patterns (8.1%) were associated
with a spectral amplitude exceeding the−60 dB threshold (with 0 dB being the energy correlation of the fittest
pattern—panel c). Nevertheless, these patterns were sufficient to provide a high-fidelity reconstruction of
the image (insets). (d,e) Pearson correlation coefficients between reconstructed and original images as a function of
the number of patterns employed in the reconstruction. The results refer to the entire scan (panel d) and the initial
10% of patterns (panel e).

To illustrate how the image information is distributed across the basis of incident patterns, it is
useful to analyse the peak-field Walsh spectrum of the reconstructed image, which is shown in Figure 2b.
The WH spectrum is obtained by plotting the Cn

(
t = tpeak

)
coefficients as a function of their generating
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pattern indexes. As can be evinced from Figure 2b, the WH decomposition re-organises the image
information into a hierarchical structure, which mirrors the spectral content of the image. Interestingly,
this property is at the core of the compression properties of the WH encoding scheme, as can be
exploited to significantly reduce the number of measurements required to reconstruct the image.
We illustrate this result in Figure 2c, where we identify the coefficients with an amplitude exceeding
a −60 dB threshold with a red marker. As shown in Figure 2c, these significant coefficients were mostly
localised in correspondence with the smaller spatial frequencies of the image, and for this image,
they represented 8.1% of the total number of patterns. Remarkably, this limited number of patterns
was sufficient to accurately reconstruct the image (as shown in Figure 2c, inset).

For a given Walsh–Hadamard matrix, it is also critical to consider the specific order employed
when selecting the sequence of columns forming the distribution of incident patterns. In our approach,
we implemented an optimised ordering of the WH patterns (denoted as “smart-Walsh”), which sorts
the incident patterns in terms of increasing spatial frequency (see Supplementary Video 1). In Figure 2d,e,
we illustrate the fidelity of the TIMING reconstruction across the ensemble of incident patterns for
different sorting schemes. The fidelity between reconstructed and original images is estimated through
the Pearson correlation coefficient, which measures the spatial correlation between the two datasets
and is defined as:

ρ(A, B) =

∑
mn

(
Amn −A

)(
Bmn − B

)
√∑

mn

(
Amn −A

)2 ·∑mn

(
Bmn − B

)2 , (6)

where A and B are the spatial averages of A and B, respectively. In our analysis, we considered
the performance of our “smart-Walsh” sorting (blue line) with the natural Hadamard sorting (yellow
line) and the recently proposed “Russian-doll” sorting (orange line) [38]. As shown in Figure 2d,
both the smart-Walsh and the Russian-doll sorting were capable of high-fidelity reconstructions of
the sample image, even just by using a fraction of patterns, especially when compared to the standard
Hadamard case. Further insights on the image reconstruction performance can be obtained by analysing
the image reconstruction across the first 10% of patterns (Figure 2e). Remarkably, both our approach
and the Russian-doll sorting outperformed the standard Hadamard sorting, yielding a high-fidelity
image (spatial correlation exceeding 90%) by considering only 0.1% of the total number of patterns.
Interestingly, while the performance of our “smart-Walsh” approach matched the Russian-doll sorting
as soon as each Hadamard order was completed (dashed grey lines), we observed that it outperformed
it across incomplete scans.

4. Performance of Field-Based Ghost-Imaging Detection in the Fourier Plane

The possibility of performing field-sensitive detection provides TIMING with a significant
advantage when compared with traditional GI. However, the typical GI correlation between detection
parameters and image fidelity is broken by the nonlinear ghost imaging transformation, i.e., the need
for establishing a correlation between coherent-field detection and the optical intensity patterns.
More precisely, the implementation of a field average in the image extraction radically changes the way
the image quality depends on the experimental parameters. Standard GI reconstruction relies on
detecting the integrated scattered field to estimate the spatial correlation between the incident patterns
and the sample, where:

Cn =

∫
dxdy I+n (x, y) =

∫
dxdydt′

∣∣∣T(x, y, t− t′)E−n (x, y, t)
∣∣∣2. (7)

This corresponds to the direct acquisition of the total scattered field with a standard bucket
detector, which integrates the transmitted intensity distribution. Fundamentally, it is an estimator of
the total scattered power, and as such, it is directly affected by the numerical aperture of the detector
and by the distance between the detector and the sample. As discussed in the literature on optical
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GI, both these factors directly fix the amount of information that is available when reconstructing
the image and directly affect its fidelity [15].

TIMING inherits the direct detection of the scattered THz field distribution from time-domain
spectroscopy systems. By operating directly on the electric field, it allows for measuring the average
THz scattered field (in a fully coherent sense) by performing a point-like detection in the Fourier plane.
As defined by Equation (3), the coefficients Cn can be obtained by measuring the

(
kx, ky

)
= 0 spectral

components of the THz transmitted field:

Cn(t) =

∫
dxdy E+

n (x, y, t) = F
[
E+

n (x, y, t)
]
|kx = 0, ky = 0. (8)

This implementation implies that the experimental measurement of the correlations Cn is not
limited at all by the numerical aperture of the bucket detector. This type of measurement can be
obtained by placing the object in the focal point of an arbitrary lens and by acquiring the signal in
the central point of the opposite focal plane (Figure 1a). The electric field in the focal plane reads as
follows:

E f ocal(x,′ y′) ∝ F
[
E+

n (x, y, t)
] (

kx =
x′
λ f

, ky =
y′
λ f

)
, (9)

where x′ and y′ are the physical coordinates in the Fourier plane [41].
However, in terms of implementation, the detector samples a finite small area of the Fourier plane

with an area-sampling function PH
(
kx, ky

)
, obtaining the estimation Cn

′(t):

C
′(t)
n =

∫
PH
(
kx, ky

)
∗ F
[
E+

n (x, y, t)
]

dkxdky, (10)

where PH
(
kx, ky

)
is physically represented by the profile of the probe beam in the electro-optical

sampling (e.g., a Gaussian function), or by the shape of any aperture implemented in front of
the nonlinear detection to fix its interaction area with the THz field.

The accuracy of the measurements is then directly related to how “point-like” our detection can
be made. Although one could be tempted to foresee a general benefit of the high signal-to-noise ratio
(SNR) resulting from large detection apertures as in the standard GI, this is also a source of artefacts,
fundamentally establishing a trade-off between SNR and fidelity.

Figure 3 illustrates the effects of the size d of the sampling function PH
(
x′ = kxλ f , y′ = kyλ f

)
on the image reconstruction fidelity (Figure 3e). Interestingly, the reduction of fidelity observed
for increasing the sampling diameter is different from the typical limitations in standard imaging.
In our case, a too-large area sampling function in the Fourier plane did not lead to a reduction in
the discernible details but rather in the disappearance of entire parts of the image (see Figure 3e, insets).

Similarly, in Figure 4, we illustrate the effect of a misalignment of the sampling function PH centre
with respect to the centre of the Fourier plane. Trivially, the spatial correlation between the reconstructed
and original images peaks at the centre of the Fourier plane and swiftly decayed in the case of off-axis
detection (Figure 4a). In these conditions, the reconstructed image showed the appearance of spurious
spatial frequencies, corresponding to the

(
kx, ky

)
sampling position (Figure 4b,d). Interestingly,

however, the overall morphology and details of the image were still present in the images, and no
noticeable blurring occurred.
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Figure 3. Influence of the pinhole size on the Fourier detection of TIMING reconstruction coefficients.
(a–d) The spatial average of the transmitted field (b) associated with each incident pattern (a) could
be measured by performing a point-like detection in the centre of the Fourier plane (c,d). In realistic
implementations, the centre of the Fourier plane is sampled using a sampling function PH of finite
diameter d. (e) Spatial correlation between the reconstructed and original image as a function of
the sampling function diameter. A departure from the point-like approximation led to a significant
corruption of the reconstructed image (insets). Interestingly, the typical image degradation did not
necessarily involve the total disappearance of highly resolved details.

Figure 4. Influence of the pinhole displacement on the Fourier detection of TIMING reconstruction coefficients.
(a) Spatial correlation between the reconstructed and original image as a function of the sampling function
position in the focal plane. The displacement (Δx, Δy)was measured with respect to the lens axis and the sampling
function diameter was set to d= 0.36 mm, corresponding to a spatial correlation of 100% at the centre of the Fourier
plane (cf. Figure 3e). (b–d) Examples of image reconstruction with off-axis detection, illustrating the appearance
of spurious spatial frequencies. Interestingly, the object morphology was still noticeable, even at a relatively large
distance from the optical axis.
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5. A Route towards Thinner THz Emitters: Surface Emission from Quasi-2D
Semiconductor Structures

Deep near-field regimes are in general a requirement to obtain deep-subwavelength image
resolutions. Here, we review this current technological solution that is under development in TIMING
towards this goal.

In terms of nonlinear ghost imaging, the high resolution fundamentally results from the ability
to achieve significant optical-to-terahertz conversions, keeping the sample in the proximity of
the distribution of terahertz sources. This translates into the need for generating terahertz from
quite thin devices (although we argued how TIMING exhibits significantly more relaxed constraints
compared to previous literature [25]).

Although the technology is continuously evolving, the best-performing and most practical
off-the-shelf sources are within the class of electro-optical switches. The terahertz emission is generated
by a transient current that is sustained by an external electric source and is triggered by a change
of conductivity induced by an ultrafast optical absorption [5]. This specific approach benefits from
a virtually high optical-to-terahertz conversion efficiency since the actual source of radiation is a current
sustained by the electric source. However, this technology is difficult to translate to TIMING since
the integration into a single device of a dense distribution of independent electrical switches emitting
terahertz signals is extremely challenging.

In terms of direct optical-to-terahertz conversion, improving the efficiency of nonlinear converters
is undoubtedly a central research area with a vast spectrum of proposed solutions ranging from novel
materials to the design of sophisticated propagation geometries, which allows for very long interaction
lengths. However, very few alternatives are currently available for emitters with a thickness below
the micrometre scale. One general issue is that the efficiency of bulk nonlinear interactions tend to
be vanishingly low at this scale, whereas the ruling mechanisms of the nonlinear interactions are
dominated by peculiar physical mechanisms that exist only in quasi-2D frameworks. Some very
promising, recently explored solutions comprise exploiting spin-mediated current transients (spintronic
emitters) in nano-hetero-metallic structures [42]. On the other hand, a significant fraction of the work
in this research area focuses on achieving a very large interfacial nonlinear response or inducing
carrier-mediated nonlinear dynamics at a surface.

In general, these effects are fundamentally driven by breaking the lattice symmetry, which is
produced by the material discontinuity at the interface. The requirement of tightly reduced interaction
lengths makes low-bandgap semiconductors, such as Indium Arsenide (InAs) and Indium Antimonide
(InSb), very popular experimental frameworks. What motivated the interest in these systems is
the surprisingly high conversion efficiency per interaction length [43–45]. In a traditional NIR ultrafast
excitation setting, the mean absorption length for photons is very small, typically within the scale
of ld = 140 nm at a wavelength λ = 800 nm. At low fluences (below 100 nJ/cm2), InAs is probably
considered the benchmark surface emitter. In this case, the generation is driven by the very large
difference in mobility between holes and electrons via the photo-Dember effect (Figure 5c,d): when
a high density of photogenerated pairs is induced in the proximity of the surface, electrons quickly
diffuse away from the surface, leaving uncompensated carriers of the opposite sign. Such a charge
unbalance creates a fast stretching dipole, or equivalently, a local current transient that is the source of
the terahertz emission [46].

At very high pumping energies (above 10 μJ/cm2), this phenomenon becomes critically saturated
due to the electromagnetic screening role of dense carrier densities. Conversely, the optical surface
rectification (SOR) dominates the emission [43]. The optical surface rectification is a quadratic
phenomenon induced by the contribution of a local static field at the surface, which is induced by
surface states within the bulk cubic nonlinear response (Figure 5a,b). The DC field effectively plays
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the role of a field contribution in a four-wave mixing process in a mechanism commonly referred to as
a field-induced quadratic response [45,47] and is described using:

ETHz ∝ χ(3)Esur f E∗ωEω, (11)

where χ(3) is the third-order susceptibility of InAs, Esur f is the intrinsic surface potential field, Eω
is the incident optical field and ∗ stands for the complex conjugate. Quite interestingly, because
the phenomenon is driven by a surface potential, it is also a measurable way to probe the dynamics of
the carrier at the surface, and it has been proposed as the optical analogy of a Kelvin probe [48].

Figure 5. Surface emission driving mechanisms. (a) Surface optical rectification—a surface field
at the air–semiconductor barrier combines with the optical field in a four-wave mixing process
(cubic), generating a terahertz mixing product (see Equation (7)). (b) Measurement of the terahertz
emission using surface optical rectification with an optical pulsed excitation fluence of 7 mJ/cm2 (1 kHz
repetition rate) and a pulse with a wavelength of 800 nm and a duration of 90 fs. (c) Simplified
sketch of the photo-Dember process in InAs. The absorption of an ultrashort pulse generates a high
density of photogenerated hole–electron pairs within the optical penetration depth (140 nm). The fast
diffusion of the electrons induces a transient current JTHz, which is the source of the terahertz emission.
(d) Measurement of the terahertz emission by photo-Dember mechanism with an optical pulsed
excitation fluence of 0.28 μJ/cm2 (80 MHz repetition rate) and pulse with a wavelength of 800 nm
and a duration of 140 fs.

6. Discussions and Conclusions

In this work, we have provided an overview of the advantages and implementation challenges
of a time-resolved nonlinear ghost-imaging approach to THz single-pixel imaging. By combining
nonlinear THz generation and single-pixel TDS detection, we demonstrated the high-resolution
reconstruction of a semi-transparent sample with a subwavelength resolution (512 × 512 pixels).
By providing a detailed analysis of the Walsh–Hadamard reconstruction scheme, we have shown how
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a specific choice of patterns and the order of acquisition can play a beneficial role in speeding-up
the reconstruction of the peak-field transmission from the sample. Remarkably, we have shown
that less than 10% of the incident samples were required to achieve a high-fidelity reconstruction
of the sample image in a general sequential reconstruction. Our approach, which is based on
a lexicographical sorting of the incident patterns in terms of their spatial frequency (an approach
we denoted as a “smart-Walsh” reconstruction), is general and image-independent and can be applied
to reduce the overall reconstruction time for unknown samples. Interestingly, such a result could
be further improved by considering that even a smaller percentage of incident patterns are required
to reconstruct the sample: in our case, only 8% of the patterns were associated with an expansion
coefficient exceeding 60dB. In practical terms, this would correspond to a 92% shorter acquisition
time, corresponding to a 12.5× speed up of the image reconstruction process when compared to
a full scan based on the Hadamard encoding scheme. These numbers suggest that the reconstruction
process could be significantly sped up through the application of adaptive-basis-scan algorithms
and deep-learning-enhanced imaging, which identify and predict the best set of scanning patterns in
real time [40,49–51].

Interestingly, our results suggest that the nonlinear GI methodology is not limited by the numerical
aperture of the optical system in a “conventional” sense. Said differently, it operates under
the assumption of a very low numerical aperture to obtain a faithful spectral representation of
the image. However, our results highlight that the image reconstruction is quite sensitive to the size
and alignment of the pinhole function selecting the

(
kx, ky

)
= 0 components of the scattered field.

Most importantly, in sharp contrast with previous literature on the topic, the reconstruction accuracy
cannot simply be represented as a matter of effective “resolution”. The drop in reconstruction fidelity,
in fact, is not driven by the attenuation of high-frequency spatial components (i.e., blurring) as in
standard imaging, but it can lead to the appearance of artefacts and spurious spatial frequencies.
To the best of our knowledge, the reconstruction limits of single-pixel time-domain imaging have never
been formalised elsewhere.

Finally, although thin emitters are a general requirement for this approach, TIMING exhibits
relaxed constraints between the nonlinear interaction length and the image resolution. Yet, solutions
for sub-micron-thick large-area terahertz generation are practically possible, enabling resolutions
within the same scale or better. A promising platform to achieve this goal is narrow-bandgap
semiconductor devices based on InAs or InSb platforms. These materials not only provide
extremely high optical-to-terahertz conversion efficiency per unit length but they are also suitable for
large-scale fabrication and deployment in real-world devices thanks to their established deployment in
the electronic domain.

We believe that TIMING is a significant step forward in the development of terahertz
micro-diagnostics based on hyperspectral imaging devices. Our approach also addresses fundamental
criticalities in the imaging reconstruction process, which generally affect any high-resolution imaging
domain where high temporal resolution is sought. As such, TIMING establishes a comprehensive
theoretical and technological platform that paves the way for new generations of terahertz imaging
devices satisfying the requirements for high-resolution and spectral sensitivity in real-world applications.
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