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Preface to “"Recent Investigations of Differential and
Fractional Equations and Inclusions”

During the past decades, the subject of calculus of integrals and derivatives of any arbitrary
real or complex order has gained considerable popularity and impact. This is mainly due to its
demonstrated applications in numerous seemingly diverse and widespread fields of science and
engineering. In connection with this, great importance is attached to the publication of results that
focus on recent and novel developments in the theory of any types of differential and fractional
differential equation and inclusions, especially covering analytical and numerical research for such
kinds of equations.

This book is a compilation of articles from a Special Issue of Mathematics devoted to the topic
of “Recent Investigations of Differential and Fractional Equations and Inclusions”. It contains some
theoretical works and approximate methods in fractional differential equations and inclusions as well
as fuzzy integrodifferential equations. Many of the papers were supported by the Bulgarian National
Science Fund under Project KP-06-N32/7.

Overall, the volume is an excellent witness of the relevance of the theory of fractional differential

equations.

Snezhana Hristova
Editor
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A Note on the Topological Transversality Theorem for
Weakly Upper Semicontinuous, Weakly Compact Maps
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Abstract: A simple theorem is presented that automatically generates the topological transversality
theorem and Leray-Schauder alternatives for weakly upper semicontinuous, weakly compact maps.
An application is given to illustrate our results.

Keywords: weakly upper semicontinuous; essential maps; homotopy

1. Introduction

Many problems arising in natural phenomena give rise to problems of the form x € F x, for some
map F. In applications for a complicated F, the intent is to attempt to relate it to a simpler (and solvable)
problem x € G x, where the map G is homotopic (in an appropriate way) to F, and then to hopefully
deduce that x € F x is solvable. This approach was initiated by Leray and Schauder and extended to a
very general formulation in, for example, [1,2]. The goal, to begin with, is to consider a class of maps that
arise in applications and then to present the notion of homotopy for the class of maps that are fixed point
free on the boundary of the considered set.

In this paper we consider weakly upper semicontinuous, weakly compact maps F and G, with F = G.
We present the topological transversality theorem, which states that F is essential if, and only if, G is
essential. The proof is based on a new result (Theorem 1) for weakly upper semicontinuous, weakly
compact maps. Our topological transversality theorem will then immediately generate Leray-Schauder
type alternatives (see Theorem 4 and Corollary 1). In addition, we note that these results are useful from
an application viewpoint (see Theorem 5).

2. Topological Transversality Theorem

Let X be a Hausdorff locally convex topological vector space and U be a weakly open subset of C,
where C is a closed convex subset of X. First we present the class of maps, M, that we will consider in
this paper.

Definition 1. We sayF € M(U%,C) if F : U% — K(C) is a weakly upper semicontinuous, weakly compact map;
here U¥ denotes the weak closure of U in C and K(C) denotes the family of nonempty, convex, weakly compact

subsets of C.

Definition 2. Wesay F € My, (U%,C) if F € M(U¥,C) and x ¢ F(x) for x € oU; here U denotes the weak
boundary of U in C.

Mathematics 2020, 8, 304; doi:10.3390/ math8030304 www.mdpi.com/journal/mathematics
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Now we present the notion of homotopy for the class of maps, M, with the fixed point free on
the boundary.

Definition 3. Let F, G € My (U®,C). We write F = G in My (UY,C) if there exists a weakly upper
semicontinuous, weakly compact map ¥ : U x [0,1] — K(C) with x & Y(x) forx € 9U and t € (0,1) (here
Yi(x) =¥(x,t), Yo = Fand ¥, = G.

Definition 4. Let F € My (U?,C). We say that F is essential in My (U®,C) if, for every map | €
My (U™, C) with ]|y = Flau, there exists a x € U with x € ] (x).

We present a simple theorem that will immediately yield the so called topological transversality
theorem (motivated from [1]) for weakly upper semicontinuous, weakly compact maps (see Theorem 2).
The topological transversality theorem essentially states that if a map F is essential and F = G then the
map G is essential (and so in particular has a fixed point).

Theorem 1. Let X be a Hausdorff locally convex topological vector space, U be a weakly open subset of C, C be a
closed convex subset of X, F € My (U¥,C) and G € My (U™, C) is essential in My (U¥, C). Also suppose

forany map ] € May(U®,C) with J|au = Flau )
we have G = ] in My, (U®,C).

Then F is essential in My (U%,C).

Proof. Let ] € My (U%,C) with ]|y = Flay. We must show there exists a x € U with x € J(x). Let
H/ . U x [0,1] — K(C) be a weakly upper semicontinuous, weakly compact map with x ¢ Ht] (x) for
any x € oU and t € (0,1) (here Ht](x) = Hl(x,1)), Hé =G and Hll = ] (this is guaranteed from (2.1)). Let

Q:{XGW: x € H/(x,t) forsome te [0,1}}

and
D= {(x,t) e U@ x [0,1] : er](x,t)}.

Now recall that X = (X, w), the space X endowed with the weak topology, is completely regular.
First, D # @ (note G is essential in Mp;(U%,C)) and D is weakly closed (note H/ is weakly upper
semicontinuous) and so D is weakly compact (note H/ is a weakly compact map). Let 7t : U@ x [0,1] — U@
be the projection. Now Q) = 77(D) is weakly closed (see Kuratowski’s theorem ([3] p. 126)) and so in fact
weakly compact. Also note that ) N oU = @ (since x ¢ Ht] (x) forany x € oU and t € [0,1]). Thus there
exists a weakly continuous map p : U? — [0,1] with #(dU) = 0 and u(Q) = 1. We define the map R
by R(x) = H/ (x, u(x)) = H 0 g(x), where g : U® — U@ x [0,1] is given by g(x) = (x, t(x)). Note that
R € M,y (U®,C) with R|y; = Glyy (note, if x € 9U, then R(x) = H/(x,0) = G(x)) so the essentiality
of G guarantees a x € U with x € R(x) i.e, x € H )(x)). Thus x € O so p(x) = 1 and as a result

xeHl(x)=J(x). O

]
p(x

Before we state the topological transversality theorem we note two things:
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(@). If A, ® € My;(U%,C) with Alyy = Olyy then A = ® in My, (U?,C). To see this let ¥(x,t) =
(1 —t)A(x) + tO(x) and note that ¥ : U? x [0,1] — K(C) is a weakly upper semicontinuous, weakly
compact map [some authors prefer to assume (but it is not necessary) the following property:

if W is a weakly compact subset of
C then co (W) is weakly compact

to guarantee that ¥ is weakly compact. Note, this property is a Krein-Smulian type property [4,5], which
we know is true if X is a quasicomplete locally convex linear topological space]. Note, x ¢ ¥;(x) for
x € oU and t € [0,1] (note, Alyy = Olay)-

(b). A standard argument guarantees that = in My;;(U%, C) is an equivalence relation.

Theorem 2. Let X be a Hausdorff locally convex topological vector space, U be a weakly open subset of C, and C
be a closed convex subset of X. Suppose F and G are two maps in My (U%, C) with F 2 G in My (UY, C). Then
F is essential in My (U%, C) if, and only if, G is essential in My (U@, C).

Proof. Assume G is essential in My;;(U%,C). To show that F is essential in My, (U®,C) let | €
My (U™, C) with J|ay = Flau. Now since F = G in My (U?,C), then (a) and (b) above guarantees
that G & J in My (U%,C) i.e., (2.1) holds. Then Theorem 1 guarantees that F is essential in My;;(U%, C).
A similar argument shows that if F is essential in My (U%, C), then G is essential in My, (U®,C). O

Next, we present an example of an essential map in My (U%, C), which will be useful from an
application viewpoint (see Corollary 1 and Theorem 5).

Theorem 3. Let X be a Hausdorff locally convex topological vector space, U be a weakly open subset of C, 0 € U,
and C be a closed convex subset of X. Then the zero map is essential in My (U®,C).

Proof. Let | € My, (U®,C) with J|3y = {0}|sy- We must show there exists a x € U with x € J(x).
Consider the map R given by
J(x), xeuw
R = —
() { {0}, xeC\U".

Note, R : C — K(C) is a weakly upper semicontinuous, weakly compact map, thus [6] guarantees that
there exists a x € C with x € R(x). If x € C\ U? then since R(x) = {0} and 0 € U we have a contradiction.
Thusx € Usox € R(x) = J(x). O

We combine Theorem 2 and Theorem 3 and we obtain:

Theorem 4. Let X be a Hausdorff locally convex topological vector space, U be a weakly open subset of C, 0 € U,
and C be a closed convex subset of X. Suppose F € My (U®, C) with

x ¢ tF(x) for x€oU and t € (0,1). (2)
Then F is essential in My (U%, C) (in particular there exists a x € U with x € F(x)).

Proof. Note, Theorem 3 guarantees that the zero map is essential in My (U%, C). The result will follow
from Theorem 2 if we note the usual homotopy between the zero map and F, namely, ¥(x, t) = t F(x)
(note x ¢ ¥¢(x) forx € oU and t € [0,1]; see (2.2)). O
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Corollary 1. Let X be a Hausdorff locally convex topological vector space, U be a weakly open subset of C,0 € U,
C be a closed convex subset of X, and U™ be a Smulian space (i.e., for any Q C U% if x € QF then there exists a
sequence {x, } in Q with x, — x). Suppose F : UV — K(C) is a weakly sequentially upper semicontinuous i.e., for
any weakly closed set A of C we have that F~1(A) = {x € U% : F(x) N A # @} is a weakly sequentially closed),
weakly compact map with

x ¢ tF(x) for x € oU and t € (0,1]. (3)

Then F is essential in My (U%, C) (in particular there exists a x € U with x € F(x)).

Proof. The result follows from Theorem 4, as F € M;(U%, C). To see this we simply need to show that
F: U% — K(C) is weakly upper semicontinuous. The argument is similar to that in [2,7]. Let A be a weakly
closed subset of C and let x € F~1(A)". As U is Smulian then there exists a sequence {x,} in F"1(A)
with x, — x. Now, x € F~1(A) since F~1(A) is weakly sequentially closed. Thus, F~1(A)" = F~1(A) so
F~1(A) is weakly closed. [J

We consider the second order differential inclusion

y' € f(ty,y') ae. on [0,1]
{ y(0)=y(1) =0 4)

where f :[0,1] x R — CK(R) is a LP—Carathéodory function (here p > 1 and CK(R) denotes the
family of nonempty, convex, compact subsets of R); by this we mean
(@). t+> f(t,x,y) is measurable for every (x,y) € R?,
(). (x,y) — f(t x,y) is upper semicontinuous for a.e. t € [0,1],
and
(c). for each r >0, 3 h, € LP[0,1] with |f(t,x,y)| < h,(t) forae. t € [0,1] and every (x,y) € R? with
|x| <rand |y| <.

We present an existence principle for (2.4) using Corollary 1. For notational purposes for appropriate
functions u, let

1
1 i
Il = sup (), s = max( o o} andt o = (o)
0,1 k

Recall that WE?[0,1], 1 < p < oo denotes the space of functions u : [0,1] — R", with uk~1) ¢
AC[0,1] and u®) € LP[0,1]. Note, W*?[0,1] is reflexive if 1 < p < co.

Theorem 5. Let f:[0,1] x R — CK(R) bea LP—Carathéodory function (1 < p < co) and assume there exists
a constant My (independent of A) with ||y||; # Mo for any solution y € W>P[0,1] to

v eAf(ty,y) ae on [0,1]
y(0) =y(1) =0

for 0 < A < 1. Then (2.4) has a solution in W>P[0,1].

Proof. Since f is LP—Carathéodory, there exists h1y, € LP[0,1] with

[f(t,u,0)] < hp,(t) forae. t€[0,1] and
every (u,v) € R? with |u| <My and |o] < M.
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Let

1

1 7
No =il sup ([ 166,5)1s)
tefo,1] \/0

and .
Ni = [[hm ||l sup </1 |Ge(t,s)|7 ds> "
tefo,1] \/0
We also let
No = ||y | p-
We will apply Corollary 1 with X = W2p [0,1],

C={uew>0,1]: uli <N and ||l < No}

and
U= {u € W2P[0,1] : |jull; < Mo and [|u” |1y < Nz}.

Now, let
F=LoN:C—2¥

where L : LP[0,1] — W?P[0,1] and N : W2#[0,1] — 210011 are given by

Ly() = [ Gl9)y(s) ds

and
Npu={y € LP[0,1]: y(t) € f(t,u(t),u'(t)) ae. tec[0,1]}.

Note, Ny is well defined, since if x € C then ([8] p. 26 or [9], p. 56) guarantees that N x # @.

Notice that C is a convex, closed, bounded subset of X. We first show that U is weakly openin C.
To do this, we will show that C\ U is weakly closed. Let x € C\ U". Then there exists x, € C\ U
(see [10] p. 81) with x;, — x (here W?2?[0,1] is endowed with the weak topology and — denotes weak
convergence). We must show x € C\ U. Now since the embedding j : W>?[0,1] — C'[0,1] is completely
continuous ([11], p. 144 or [12], p. 213), there is a subsequence S of integers with

Xy = x in C'[0,1] and x)/ — x” in LP[0,1]
as n — o in S. Also

lxlly = lim [lxa[l1 and [[x"|[r < liminf [x]|y < No.
n—oo

Note, My < ||x|j; < N since My < |[x,|l < N forall n. Asaresult, x € C\U,so C\U" = C\ U.
Thus, U is weakly open in C. Also,
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dU={ueC: |ull; =My} and U? ={u e C: |ull; < My};

note, U% = U ([5] p. 66) since U is convex (alternatively take x € U% and follow a similar argument as
above). Also note that U? is weakly compact (note W>¥[0,1] is reflexive) so U® is Smulian. Notice also
that F: U% — 2 since if y € U® then from above we have

1
1 ﬁ
IF 3l < Il sop ([ 16090 ds)" =,
tefo1] \/0

1
1 q
10T < Il sup ([ 161 s)1as) =,
tefo,1] \/0

and
1CFy)"llo < Nagollr = Na.

A standard argument (see for example ([13] p. 283)) guarantees that F : U? — K(C) is weakly sequentially
upper semicontinuous.

Now we apply Corollary 1 to deduce our result: Note that (2.3) holds since, if there exists x € 0 U
and A € (0,1] with x € A Fx, then |[x|; = My (since x € 0U) and ||x||; # My by assumption. Thus, F
is essential in M (U, C), so in particular, F has a fixed pointin U. [
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Abstract: The main aim of this paper is to suggest an algorithm for constructing two monotone
sequences of mild lower and upper solutions which are convergent to the mild solution of the initial
value problem for Riemann-Liouville fractional delay differential equation. The iterative scheme
is based on a monotone iterative technique. The suggested scheme is computerized and applied
to solve approximately the initial value problem for scalar nonlinear Riemann-Liouville fractional
differential equations with a constant delay on a finite interval. The suggested and well-grounded
algorithm is applied to a particular problem and the practical usefulness is illustrated.

Keywords: Riemann-Liouville fractional differential equation; delay; lower and upper solutions;
monotone-iterative technique

1. Introduction

Fractional differential operators are applied successfully to model various processes with
anomalous dynamics in science and engineering [1,2]. At the same time, only a small number of
fractional differential equations could be solved explicitly. It requires the application of different
approximate methods for solving nonlinear factional equations.

This paper deals with an initial value problem for a nonlinear scalar Riemann-Liouville (RL)
fractional differential equation with a delay on a closed interval is studied. Mild lower and mild upper
solutions are defined. An algorithm for constructing two convergent monotone functional sequences
{v"}, {w"} are given. It is proved both sequences {(t — t)' 10"} and {(t — to)'"9w"} are the mild
minimal and the mild maximal solutions of the given problem. The uniform convergence of both
sequences is proved. A special computer program is built and applied to solve particular problems
and to illustrate the practical application of the suggested schemes.

Note the monotone iterative techniques combined with lower and upper solutions are applied in
the literature to solve various problems in ordinary differential equations [3], differential equations
with maxima [4], difference equations with maxima [5], Caputo fractional differential equations [6],
Riemann-Liouville fractional differential equations [7-10].

In this paper, we consider an initial value problem for a scalar nonlinear Riemann-Liouville
fractional differential equation with a constant delay on a finite interval. We apply the method of
lower and upper solutions and monotone-iterative technique to suggest an algorithm for approximate

Mathematics 2020, 8, 477; d0i:10.3390 / math8040477 7 www.mdpi.com/journal /mathematics
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solving of the studied problem. The suggested and well-grounded algorithm is used in an appropriate
computer environment and it is applied to a particular problem to illustrate the practical usefulness.

2. Preliminary and Auxiliary Results

Let m : [0,00) — R be a given function and g4 € (0,1) be a fixed number. Then the Riemann-
Liouville fractional derivative of order g € (0,1) is defined by (see, for example, [2]

:
BLpIm(t) = 1_(11[1)dt(0/(t —s) Tm(s)ds), t=>0.

We will give RL fractional derivatives of some elementary functions which will be used later:

Proposition 1. Reference [2] the following equalities are true:

1
RLH1~ —q
S (L
T(1+p) 5
RLpTp — _~\" T P) 4p—q.
o r1+pg-q)

Consider the initial value problem (IVP) for the nonlinear Riemann-Liouville delay fractional
differential equation (FrDDE)

RLDY x(t) = E(t,x(t),x(t — 7)) for t € (0,T)
x(s) = (s) for s e [—1,0] &
Ho0x() im0 = lim #179x(t) = 9(0),

whereq € (0,1), F: [0, T x RxR >R, ¢: [-7,0) = R: ¢(0) < cowith T € ((N—1)7,N71], Nis
a natural number, and 7 > 0 is a given number.
The solution of the IVP (1) could have a discontinuity at f = 0.
Denote the interval I = [—7, T|/{0}.
Denote
Ci—q([a,b]) = {x(t) : [a,b] > R: (t—a)'"x(t) € C([a,b],R)},

where a,b, a < b are real numbers.

Define the norm in C1_4([a, b]) by ||x| |C1,q[u,b] = trg[g)b(] [(t—a)=9x(t)|.

Consider the linear scalar delay RL fractional equation of the type
RLDIx(t) = Ax(t) + ux(t —7) + f(t) fort € (0,T],

1 (2)
x(t)=y(t) fort € [-7,0],  + Tx(t)|t=0 = 9(0),

where A, j are real constant, f € C([0, T],R). There exits an explicit formula for the solution of (2)
given by see [11]:

P(t) for te[-1,0],
x(t) = N t 1 (3)
POIT@)Egg (I [ (¢ = 5)1 g (Mt = 9)7) (F(5) + ix(s — 1)ds, £ € (0,T]
where E, 5(z) = Y32 F(#:ﬁ) is the Mittag-Leffler function with two parameters.

Note that the solution in the simplest linear case is not easy to obtain. It requires the application
of some approximate methods.
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Similar to References [12], we have the following result:
Proposition 2. Let f € C([0,T],R), v € C([-7,0,R), A € R, p > 0 be constants and

BEDIo(t) < Av(t) 4 po(t —7) + f(t) fort € (0,T],
o(t) =y(t) forte[-1,0], 1770 (8) [1—o = 1(0).

p(t), tel-t0]
o(t) < o ~
P(O)T(q) Egq(At7)E9 1+./0 (£ = )1 Egg(A(t = $))(£(s) +po(s — ) )ds, t € (0,T].

Similar to References [7], we define the mild solutions:

Definition 1. The function x € C(I,R) is a mild solution of the IVP for FrDDE (1), if it satisfies

P(t) for te[-1,0],
x(t) = 4)

1/](0)1"(q)E,,,,1(/\i‘q)tq’1 + /Ot(t - s)”’lEqrq()\(t =) f(s,x(s),x(s —1))ds, t € (0,T].

Remark 1. Note that the mild solution x(t) € C(I,IR) of the IVP for FrDDE (1) might not be from C1_([0, T])
and it might not have the fractional derivative 8"D] x(t).

Definition 2. The function x € C(I,R) is a mild maximal solution (a mild minimal solution) of the IVP
for FrDDE (1), if it is a mild solution of (1) and for any mild solution u(t) € C(I,IR) of (1) the inequality
x(t) < u(t) (x(t) > u(t)) holds on I and t*=9x(t)|s—o < (=)t "Tu(t)|s—o.

3. Mild Lower and Mild Upper Solutions of FrDDE
Definition 3. The function v(t) € C(I,R) is a mild lower (a mild upper) solution of the IVP for FrDDE (1),
if it satisfies the integral inequalities
Y(t) for te]—1,0],
0(£) < (>) $ $(0)T(q)Eqq(AtT)HT 1+ ®)
t

+ 0 (t—s)171 Egq(A(t=s)T)f(s,0(s),0(s — T))ds, t € (0,T]

and t'~90(t) [0 = (0).

Definition 4. We say that the function v(t) € Ci_4(I,R) is a lower (an upper) solution of the IVP for
FrDDE (1), if

&EDo(t) < (=)F(to(t),v(t— 1)) for t € (0,T],

o(t) = ¢(t) fort€[-7,0,  H7(t)1=0 = p(0).

Remark 2. A function could be a mild lower solution or a mild upper solution, respectively, of the IVP for
FrDDE (1) but it could not be a lower solution or an upper solution, respectively, of the IVP for FrDDE (1).

Remark 3. Note that the mild lower solution (mild upper solution) is not unique. At the same time, because of
the inequalities in (5) it is much easier to obtain at least one mild lower solution (mild upper solution) than a
mild solution of the IVP for FrDDE (1).
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4. Monotone-Iterative Techniques for FrDDE

Now we will consider a nonlinear RL fractional differential equation with a constant delay. We will
apply a monotone iterative technique to obtain approximate solution. The idea of the formulas for the
successive approximations is based on linear RL-fractional differential equations of type (2) and its
explicit formula for the solution obtained in [11].

For any two u,v € PC([—7,T],R) and the constants M, L define the operator (the values of the
constants M, L will be defined later):

(1), te[-1,0]
O(u,0)(£) = { W(O)T(9)Eqq(Mt7)t771 +/O (t = 5)T " Eqq(M(t — s)T)F(s, u(s), u(s — 7))ds
- /(:(t - s)q_lE,M(M(t —s)7) (Mu(s) +L(u(s—1)—ov(s— T)))ds, te (0,T].

Theorem 1. Let the following conditions be fulfilled:

1. Let the functions v,w € C(I,IR) U C1_4([0, T]) be a lower solution and an upper solution, respectively,
of the IVP for FrDDE (1) such that v(t) < w(t) for t € [0,T] and v(0) — p(0) < ov(s) — P(s),

w(0) — ¥ (0) > w(s) — p(s) fors € [-7,0).

2. The function F € C([0,T] x R x R, R) and there exist constants M € Rand L > 0 : FL(T j < 1such

that forany t € [0,T], x,y,u,v € R: o(t) <x <y <w(t), o(t—7) <u<v < w(t—1)the
inequality F(t,x,u) — F(t,y,v) < M(x —y) + L(u — v) holds.

Then there exist two sequences of functions {v\" (£)}& and {w™ (£)}%, t € [—7, T), such that:
a.  The sequences {v (£)} and {w™) (£)} are defined by v (t) = v(t), w0 (t) = w(t) and
o) =Q (v(”_l),v(”)) 1), w"() =0 (w(”_l),w(”)) (t) forn>1,
that is,
p(t), te[-7,0],
P(O)T(q) Eqq(MT)11~1 4
t
oMy =4 + /0 (t— )T Eg(M(t — 5)T)F(s,0" D (s), 0"V (s — 7))ds—
ot
—/0 (t = $)T 1 Eg , (M(t — 5)7) x
X (MU(”’U( )+ Lo V(s — 1) — oM (s — T)))ds, te (0,T],

y(t), te[-1,0],
Y(O)T(9)Eq,q(Mt7)171

oty ={ + /Ot(tfs)q’lEq,q(M(tfs)”)F(s,w(”’l)(s),w("’l)(sfT))ds
—/Ot(t—s)q’lEM(M(t—s)q)x
X (Mw("_l)( )4+ L@ V(s — 1) —w (s — T)))ds, te (0,T],

where the constants M, L are deﬁned in condition 2.
b.  The sequence {v(f ( )}52 is increasing, that is, oU=D(t) <ol)(t) fort € (0,T],j =1,2,.

The sequence {w() (¢ )}“’0 is decreasing , that is, wU=V (£) > wl) (t) for t € (0,T],j = 1,2,. .
d.  The inequality

o

o8 (1) <w®(t) forte (0,T), k=1,2,... (6)

holds.

10
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e.  The sequences {H'=90(") (1)} and {#'~9w (") (£)}$ converge uniformly on [0,T] and =9V (t) =
Jim =1 (t), LIW (1) = Jim 1= (£) on [0, T).

00 —»00
f. The limit functions V (t) and W (t) are mild solutions of the IVP for FrDDE (1) on [—T, T].
g The inequalities v (t) < V(t) < W(t) < w (t) hold on (0, T) for any n = 0,1,2, ...

Proof of Theorem 1. Let v() be a lower solution of the IVP for FrDDE (1), that is,
gOLD? v(t) < Mo(t) + Lo(t — ) + G(t,o(t),v(t — 1)), 7)

where G(t,u,v) = F(t,u,v) — Mu— Lo, t€[0,T], u,veR.
According to Proposition 2, the inequality

o(t) < 11¢7(0)1"(q)Eq,q(Mt”’)tq*1 + /Ot(t - s)q*IE,M(M(t —5)NG(s,v(s),v(s — 1))ds ()
8
+L /Ot(t — s)q’lEM(M(t —s)Nov(s—1)ds, te (0,7

holds.
Let 0 (t) = v(t) and w(O (t) = w(t) for t € [, T].
We use induction w.rt. the interval to prove properties of the sequences of successive

approximations.
From the definition of the operator (2 and equality E;4(0) = %q) it follows that 19 (" (£)],—o =

=090 ()|, = tlﬂir& =19 () = tlﬂir& P(0)T(q)Eqq(MtT) = 1(0) for all integers n > 1.

Let t € (0, T]. From the definition of the operator (2 and inequalities (8) we obtain

0O (t) < Y(O)T(g)Egq(MtT) 7" + /0 [(t =)0 Egq(M(t —5)")G(s, 0 (s), 00 (s — 7))ds
, ' ©)
+ L/0 (t—5)T " Eg(M(t —5)T)ip(s — 7)ds = oV (¢) fort € (0,7].

From the definition of the operator (), condition 2, the inequality (9) and the equality o(!) (s —
7) — 0@ (s — 1) = 0 fors € (0, 7] we get

o(1) = YOI () Eqg (M L [ (1 = 97 Eyg (M(t — 5)7)oV s — 1)ds
=97 By (MGt = 9)E(s,00), 20 s~ 7))ds
. /Ot(t — )1 Egg(M(t = )7) (Mo (5) + Lo (s — ) ) s
< PO (@) Egg (MINA 4L [ (1= 1 By (M(t 5o (s - ryds 10
6= 91 g (M~ G, (), o) s — 1))

t
- /0 (1= )T By (M(t = 5)7) (MoV(5) + Lo (s — 7) ) ds
=0?(t) fort € (0,1].
Similarly, we can prove

oM (t) <o (t), for te (0,7], n=2,...,

11
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and
w™ () > w" (¢, for te (0,7], n=0,1,2,....

Let t € (7,27]. From the definition of the operator ), the inequalities (8) and v(0) (t — 7) <
o (t — 1) for t € (7,27] we obtain

0O (t) < P(0)T(q)Eqq(Mt)t171 4 /0 t(t —8)T Eg o (M(t — 5)")F(5,0 (s5),00 (s — 7))ds
) /T(t )T By (M(t — 5)T)o) (s — 7)ds
Jo . at)
+ L/ (t — )17 Ey o (M(t — s)T)o) (s — 7)ds
- /(:(t = 5T Egg (M(t = 5)) (M@ (5) + Lo s — 7) ) ds = o) (1),
Also, from condition 2, the inequalities (8) and vV (t — 7) < @) (t — 1) for t € (1,27] we get
o (t) = P(0)T(q)Eqq(MET)1T1 4 /O t(t —8)T  Eg o(M(t —5)T)F(s,00(s),0 (s — 7))ds
- /(:(t - s)q_lEW(M(t —3)7) (MZJ(O)(S) + LV —1)—oM (s — T))ds
< P(0)T(q)Eqq(Mt)1171 + /(:(t —8)T  Eg o(M(t — 5)T)F(s,0(s),0M) (s — 7))ds
+ /Ot(t = 8)1 7 Egg(M(t = 5)7) (M(20)(5) = 0 (5)) + L(0©® (s = 7) = 0 (s = 7)) ) s
— /Ot(t — )T E o (M(t —5)7) (MU(O) () + LV (s —1) — oM (s — T)))ds
= p(0)T(q)Egq(MtT)17~1 + /Ot(t —5)1  Eqq(M(t = 5)")F(s,00(s), o) (s — 7))ds
- /Ot(t — )17 By g (M(t — 5)7) Mol (s)ds
< P(0)T(q)Eqyq(Mt)1171 4 /O t(t — )T E o(M(t —5)T)F(s,01 (s), 01 (s — 7))ds
- /(:(t —8)T 7 E, o (M(t —5)7) (Mv(l)(s) +LeW(s—1) 0@ (s — T)))ds
=0 (1), te(r,21].
Similarly, we can prove
v(")(t) < v("H)(t), for t € (t,27], n=2,3...,

and
w(">(t) > w<"+1)(t), for t € (7,27], n=0,1,2,....

Following the induction process w.r.t. the interval we prove the claims (b) and (c).

12
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Now, we will prove the claim (d). Let ¢ € (0, 7. From the definition of the operator (), condition 2,
the inequality (9) we get

oM (1) —wM () = /Ot(t —8)T E o (M(t —5)1)F(5,0 (), 00 (s — 7))ds
- /(:(t —8)T E o (M(t — 5)1)F(5, 0 (5), ) (s — 7))ds
—/Ot(t—s)q’lEq,q(M(t—s)q)><

X (Mvm) () + L (s — 1) — oM (s — T))) ds (12)

ot
+ | (t—3s)T E;,(M(t—s)1
|| (¢ =517 Eqg(M(t = )7 x
X (Mw<°) (s) + Lw® (s — 7) — Lw™ (s — ’l’)) ds
t
< L/O (t— )T Eg g (M(t — 5)7) (0D (s — 7) — M (s — 7))ds
=0 forte (0,7l
Similarly, we can prove
o™ (1) < w"™ (1), for te (0,7], n=2,3,....

Let t € (7,27]. From condition 2, the inequalities (8) and o)) (t — 1) < wM) (¢ — 1) for t € (7,27]
we obtain we get

o (1) = p(0)T(q)Egq (M1 + /Ot(t —8)T L E o (M(t — 5)1)F(5,0 (s5),00 (s — 7))ds

- /Ot(t —s)1'E,, (M(t — )N (Mo (s) + L0 (s — 1) — oW (s — T)))ds

< P(0)T(q)Eqq(MtT)1771 4 /Ot(t —8)TE o (M(t — 5)N) (5,0 (5), ¥ (s — 7))ds
+ /Ot(t — s)qflE,m(M(t —s)7) (M(v(o)(s) — (s)) + L(v(o) (s—1)— w(o)(s — T)))ds

— /[:(t — s)”‘lEM(M(t —s)7) (Mv(o) (s) + L(v(o) (s—1)— v(1>(s — T)))ds

< $(0)T(q)Eqq(Mt1)t17 1 + /Ot(t —8)T L E o (M(t — 5)N)E(s, 00 (5), w® (s — 7))ds
- /(:(tfs)”_lEq,q(M(tfs)q)Mw(O) (s)

< p(0)T(q)Eqq (M)t~ + /Ot(t —8)T 7 Ey o (M(t —5)T)F(s, 0 (5), w® (s — 7))ds
- /Ot(t = 8)T Egg(M(t = )7) (M) () + L@ (s = 7) =0 (s 7)) ) ds

=wD(t), te(r,21).

Similarly, we can prove
oM (1) <w™(t), for te (t.21], n=2,3,....

Now consider the sequences {'~70(" (£)}5 and {f!~9w( (£)}¥. They are increasing and
decreasing, respectively, and bounded. Thus, they are equicontinuous on [0, T] (the proof is similar
to that in [13] and we omit it). Therefore, they are uniformly convergent on [0, T]. Denote,

13
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V(t) = Jim #1790 (1) and W(t) = lim 19w (¢), t € [0,T]. According to the above (b), (c)

n—o0
and (d) the inequalities

() < V1), te[0,T], W) < 9w, te0,T), n=0,1,2,..., 13
(

V(t) <W(t), t€[0,T].

hold.

From the uniform convergence of the sequences {t'~90(")(t)}& and {f'~9w(") (t)}% we have
the point-wise convergence of the sequences {v(")(£)}& and {w (£)}§ on (0, T] to V(t) = ‘t/l(jg €
Ci_ q([O T]) and W(t) = tl q

Consider the continuous extension of the integral form of £:~90("+1)(¢) on [0, T]:

€ C14([0, T]), respectively.

7100 (£) = ()T (9)Eq(Mt1)

+ 171 /(:(t —8)T 7 Ey o (M(t — 5)T)F(s, 0"V (s), 0"~V (s — 7))ds

1 [* 7-1 q o
=070 [ (=) By (M(t = 5)7) x
X (MU(”*U(S) + L V(s —1) =0 (s — T))) ds.
Take the limit in (14) and we obtain the Volterra fractional integral equation
V(t) = 9(0)T(q)Eqq(Mt7)
t (15)
+ tl”f/o (t— )T Eg(M(t — 5)7) <F(s, V(s), V(s —1)) — MV(s))ds, for t € (0,T],
or
V(1) = $(0)T(q) Eqq (M)t 71
(16)

+/Ot(t—s)ﬂ*lEq,q(M(t—s)q)(F(s,V(s),V(s —1) —MV(s))ds, for t € (0,T).

From equalities =TV (t)|—g = V(t)|i=0 = hm(iffO)1 T (H)]—g = Jlim P(0) = ¢(0)
according to Proposition 2 applied to Equation (16) the limit function V(t) is a solution of the
linear FrDDE

RLDT o(t) = Mo(t) — (F(t,v(t),v(t —T) - Mv(t)) = F(t,0(t),0(t— 1)), te(0,T).

Therefore, the function v(#) is a solution of the IVP for FrDDE (1).

The proof about w(t) is similar.

Proof of claim g). From claim (d) and the inequality (6) it follows that t'~ ap( )(t)
for any fixed t € (0,T] and k = 1,2,.... Then applying claim (e) we get t!~90()(t)
19w (1) < 119wk (t) for any fixed t € (0, T]. Therefore, o) (t) < V(t) < W(t) < w®)

€(0,T. O

1= qw( )(t)

() <

<t
< -
k)(t) for any on

5. Application of the Suggested Algorithm

Now we will apply the algorithm suggested in Theorem 1 for approximate obtaining of the
solution of nonlinear RL fractional differential equation with a delay. We will use computer realization
of this algorithm to obtain the values of the approximate solutions and to graph them.

14
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Example 1. Let T = 0.5, T = 1 and consider the IVP for scalar nonlinear Riemann-Liouville FrDDE

t—0.5)

REDDSx (1) = (x2(t) + 0.05) <_0'5+X(t+1 ) fort € (0,1],

x(t) =05t fort € [-05,0], v

9x(t)]1=0 = 0

with p(t) = 0.5, t € [-0.5,0], and F(t,x,y) = (x> +0.05)(—0.5 + 17).
The function
0.5t, t€[-05,0
w(t) = ) [ }
t2, te (0,1]

is an upper solution on [—0.5,1] of the IVP for FrDE (17) since t*5t?|,_g = 0 and according to Proposition 1
with g = 0.5 and B = 2 the following inequalities
(4 +0.05) (70.5 + M}“f’)) , te(0,05]

(3 t+
é{LD?.StZ _ ( ) t1<5 >

ey
r(25) (# +0.05) (,0.5 " %) , te(051]
are satisfied (see Figure 1).
15
1.0+
RLDw(t)
ost S F(t,w(t),w(t-0.5))
------- -n-‘z-------win-----___o‘._s_ 08 10
~\~\
~
-05F

Figure 1. Graphs of the fractional derivative of the function w(t) and the right side part of the equation
on [0,1].

The function
0.5, tc€[-05,0
—0.2195, t¢€(0,1]

15
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is a lower solution on [—0.5,1] of the IVP for FrDDE (17) because t%5(—5t%5)|,_o = 0 holds and according to
Proposition 1 with q = B = 0.5 the following inequalities

((0.29%)2 4 0.05) (~0.5 4 0.5 2%%), t € (0,0.5]

RL 0.5 0.5

D3(—0.2°%) = —0.2r(1.5) <
0 t .
((—0.219%)2 +0.05) (—0.5 —~ 0.27“7‘151)05) , t€(05,1]

are satisfied (see Figure 2).

L o o o ~——
= ———
S ——
~—

-0.05
-0.10
RLDv(t)
_____ F(t,v(t),v(t-0.5))
-0.15

0.2 0.4 0.6 0.8 1.0

Figure 2. Graphs of the fractional derivative of the functions v(t) and the right side part of the equation
on [0,1].

Note that the lower and upper solutions v(t) and w(t) are not unique. For example the function

0.5t, te[-0.5,0]
w(t) =
£,  te(0,1]
is also an upper solution. But we take just one lower (upper) solution to start the procedure.
Also, the inequality v(t) < w(t) on [—0.5,1] holds.

Forany t € [0,1], x,y,u,v € Rwe have —02 < —02t°5 =o(t) < x <y < w(t) =1t <1,
—025<o(t—05) <u <v<w(t—0.5) <+0.5and therefore,

F(t,x,u) — F(t,y,0) = (x* +0.05) <—0,5 + L) — (4% +0.05) <—o.5 + L)

t+1 F+1
= —05(x> +0.05 — y* — 0.05) + (x> + 0.05)HL1
_ (42 _u 2 w9 v
(v +0.08) =5 + (4 +0.08) 5 — (v +0.05)
2
_(_* B y°+005
= <t+1 0.5) (x+y)(x y)—i-iH_1 (u—0).

16
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Applying the inequalities —0.5 < (g5 — 0.5) < v0.5-0.5, 04 < x+y < 2,and (75 —0.5)(x +

y) > —1, y2t++0105 > 0.05, we get the inequality F(t,x,u) — F(t,y,v) < M(x —y) + L(u — v) with M =
—1, L = 0.05 > 0. Therefore, all conditions of Theorem 1 are fulfilled.

We apply the iterative scheme, suggested in Theorem 1, to obtain the successive approximations to the mild
solution and to illustrate the claims of Theorem 1.

Define the zero approximation by v(0) () = v(t) and w( (t) = w(t) for t € [~0.5,1].

Starting from the function v\ (t) we obtain the first lower approximation

05t, te[-05,0]

sty = L[ 0= 90 Eas05(—( = 5) (@002 + 005)(-05+ L0 g
[0 Easps(— (1 5)%)x
x(— (09 (s)) +0.05) (09 (s — 0.5) — vV (s — 0.5))ds, t € (0,1],
the second lower approximation
05t, te[-05,0]
o) — L[ 9 Fus0s(—( - 9P (V@) +005)(-05 4 TE0 g

[0 Eos0s(—(t - 9%) x

x (= (oM (s)) 4+ 0.05) (v (s — 0.5) — v?) (s — 0.5))ds, t € (0,1]

and so on.
About the upper approximations we start from w(©) (t) and obtain the first upper approximation

0.5t, te[-05,0]
‘ w® (s —0.
Wty = [ 6= 2% Euss(~(t = 5)%) (@ (5))? + 008)(~05 + =0y
— /Ot(t _ 5)70‘5150.5,045(*(1‘ _ S)OAS) x
% (=@ (s)) +0.05) (¥ (s — 0.5) — wM (s — 0.5))ds, t < (0,1],
the second upper approximation
0.5t, te[-05,0]
W) (s
Wty = =9 2% Eass(~(t = %) (0 (5))? + 008)(~05 + =0 g
[ 9 Ess(—( -5
x (=@M (s)) +0.05) (w (s — 0.5) — w® (s — 0.5))ds, t < (0,1],

and so on.

The numerical values of the lower/upper approximations, given analytically above, are obtained by a
computer program written in C#. We will briefly describe the computerized algorithm for obtaining these
successive approximations:

The numerical values of the sequences of successive approximations v® (t) and w®) (1), k = 0,1, 2, 3,...,
t € [—=0.5,1], are written in two dimensional arrays. The length of any of these arrays depends on the step in the
interval [—0.5,1].

17
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We calculate in advance the values of the Mittag-Leffler function Egs05(—t%), t € [0,1), in the points t,
which will be used for numerical solving of the integrals fot ...ds, t € (0,1) (see Equations (18) and (19)). In the
same points we also obtain the values of (t)~0°. These results are written in arrays with lengths, depending on
the step on interval (0,1). Note that the values of the Mittag-Leffler function are calculated by the help of the
main definition (as an infinite sum) with an initially given error.

We use the trapezoid method with an initially given error to solve numerically the integrals of the type
o (£ —5)"0%Eq5,05(—(t —$)°5) ... ds for each approximation k and any fixed t € (0,1]. The values of both
multipliers (t — s)~%5 and Egs05(—(t — 5)%%) are taken from initially formed arrays. Note that it could be
used another numerical method for solving the required definite integrals.

For example, to calculate the values of v®) (t) we use the following function

private double Calc_v_t(double[,] v, int k, long it)
{

double f, pf, sum = 0, s = 0, q = 0.5;

long shift = (long) (0.5/eps)+1;

long sh2 = shift/2;

long i = shift, ie = it;

pf = PowTmS[ie] * Eqqlie] *
((vIk-1,i]l*v[k-1,i1+0.05) * (-q+v[k-1,i-sh2]/(s+1)) -
(-v[k-1,11+0.05%(v[k-1,i-sh2]-v[k,i-sh2])));

while (s < tval)

{

i++; ie--; s += eps;

f = PowTmS[ie] * Eqql[ie] *

((vlk-1,il*v[k-1,i]1+0.05) * (-gq+v[k-1,i-sh2]/(s+1)) -
(-v[k-1,i]+0.05%(v[k-1,i-sh2]-v[k,i-sh2])));

sum += (pf + f) * eps;

pf = £;

}

return sum / 2;
}

A part of the obtained numerical values of the successive approximations are given in Table 1 and they are
used to generate the graphs on Figures 3—6).
Table 1 and Figures 3—6 illustrate the claims of Theorem 1 for the obtained successive approximations:

- claim (b) - the sequence of lower approximate solutions o) (t),n=0,1, 2, 3is increasing (see Figure 4
and the last four columns of Table 1);

- claim (0)- the sequence of upper approximate solutions w™) (t), n = 0, 1, 2, 3 is decreasing (see Figure 5
and the first four columns of Table 1);

- claim (d) - the inequality v (t) < wB)(t), t € [0,1] holds (see Figure 6 and the 5-th and 6-th columns
of Table 1).

According to the claim (g) of Theorem 1 the mild solutions V (t) and W (t) of the FrDDE (17) are between
the last obtained lower solution v(®) (t) and upper solution w® (t). So, practically the suggested algorithm for
the approximate solving of IVP for FrDDE gives us a lower and upper bounds of the unknown exact solution.

18
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Figure 3. Graphs of the upper/lpwer successive approximations v(") () and w (t), n = 0, 1, 2, 3,
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Table 1. Values of successive approximations wm) (t) and o) (t),n=0,1,2,3forte[0,1].

t w® (t) w®(¢) w® (t) w® (t) 0@ (t) @ (t) oM (t) O (t)
0 0 0 0 0 0 0 0

005 00025000 —00024014 —0.002669875 —0.0026830 —0.0026910 —0.0028370 —0.0054822 —0.0447213
01 00100000 —00028030 —0.003707587 —0.0037665 —0.0038006 —00042116 —0.0094143  —0.0632455
015 00225000 —0.0023273 —0004371989 —0.0045293 —0.0046100 —0.0053537 —00130148 —0.077459%
02 00400000 —00010073 —0.004782033 —0.0051102 —0.0052606 —0.0063855 —0.0164157 —0.0894427
025 00625000 00011752  —0004974678 —0.0055640 —0.0058104 —0.0073536 —00196715 01000000
03 00900000 00041728  —0.005025551 —0.0059818 —0.0063535 00083442 —0.0228876 —0.1095445
035 01225000 0.0080102  —0.004920663 —0.0063617 —0.0068915 —0.0093546 —0.0260671 —0.1183215
04 01600000 00127018  —0.004640016 —0.0066932 —0.0074170 —00103733 —00291992 —0.1264911
045 02025000 00182403  —0004175051 —0.0069743 —0.0079311 —0.0113985 —0.0322849 —0.1341640
05 02500000 0.0246100  —0.003520597 —0.0072042 —0.0084358 00124294 —0.0353267 —0.1414213
055 03025000 00320137  —0002426030 —0.0071326 —0.0086820 —0.0131993 0037899 —0.1483239
06 03600000 00402038 0001086952 —0.006949 —0.0088569 00138649 —0.0401436 —0.1549193
065 04225000 00490747  0.000417801  —0.0067284 —0.0090315 —0.0145008 —0.0422464 —0.1612451
07 04900000 00585998  0.002078399  —0.0064716 —0.0092072 —00151118 —0.0442469 —0.1673320
075 05625000 00687781  0.003887027  —0.0061807 —0.0093841 —0.0157009 —0.0461668 01732050
08 06400000 00796462  0.005842443  —0.0058527 —0.0095575 00162662 —0.0480153 —0.1788854
085 07225000 00912844 0007949841  —0.0054815 —0.0097203 —0.0168024 00497938 —0.1843908
09 08100000 01038155 0010211677 —0.0050684 —0.0098728 —00173114 —0.0515115 —0.1897366
095 09025000 01174206 0012636895  —0.0046141 —0.0100154 —00177952 —00531754 —0.1949358

0.999  0.9980010  0.1320345 0.015188142 —0.0041287  —0.0101456  —0.0182462  —0.0547594  —0.1998999

6. Conclusions

The main aim of the paper is to suggest a scheme for the approximate solving of the initial
value problem for scalar nonlinear Riemann-Liouville fractional differential equations with a constant
delay on a finite interval. The iterative scheme is based on the method of lower and upper solutions.
In connection with this, mild lower and mild upper solutions are defined. An algorithm for constructing
two monotone sequences of mild lower and mild upper solutions, respectively, is given. It is proved
both sequences are convergent to the exact solution of the studied problem. The iterative scheme is
used in a computer environment to illustrate its application for solving a particular nonlinear problem.
The suggested and computerized algorithm can be applied to solve approximately and to study the
behavior of scalar models with RL fractional derives and delays. The practical application requires the
next step in the investigations, more exactly to obtain an algorithm for approximate solving of systems
with RL derivatives and delays.
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Abstract: The existence of infinitely many homoclinic solutions for the fourth-order differential
equation (¢ (u” (1)))" +w (@p (4 (1)) + V(£)gp (u (1)) = a(t)f(t,u(t)),t € Ris studied in the
paper. Here ¢, (t) = |tV “2t,p > 2, wis a constant, V and a are positive functions, f satisfies some
extended growth conditions. Homoclinic solutions u are such that u(t) — 0, |t| — oo, u # 0, known in
physical models as ground states or pulses. The variational approach is applied based on multiple
critical point theorem due to Liu and Wang.

Keywords: homoclinic solutions; fourth-order p-Laplacian differential equations; minimization
theorem; Clark’s theorem

1. Introduction

In this paper, we study the existence of infinitely many nonzero solutions homoclinic solutions
for the fourth-order p-Laplacian differential equation

(op (" (1)) +w (@p (4 (1)) + V(E)pp (u (1)) = al(t) f(t,u(t)), )

where t € R, w is a constant, ¢, (t) = [¢|" “2t,for p > 2,V is a positive bounded function, a is a positive
continuous function and f € C!(R, R) satisfies some growth conditions with respect to p. As usual,
we say that a solution u of (1) is a nontrivial homoclinic solution to zero solution of (1) if

u#0,u(t) =0, [t| — oo. ()

They are known in phase transitions models as ground states or pulses (see [1]). The existence
of homoclinic and heteroclinic solutions of fourth-order equations is studied by various authors
(see [2-12] and references therein). Sun and Wu [4] obtained existence of two homoclinic solutions for
a class of fourth-order differential equations:

u® fwu” +a(tyu = f(tu) +Ah(t) [ulP2u, t€R,

2

where w is a constant, A > 0,1 < p < 2,2 € C(R,R") and h € L¥7 (R) by using mountain
pass theorem.
Yang [8] studies the existence of infinitely many homoclinic solutions for a the fourth-order
differential equation:
u® +wu” + a(Hu = f(tu), teR,

where w is a constant, 7 € C(R) and f € C(RxR,R). A critical point theorem, formulated in
the terms of Krasnoselskii’s genus (see [13], Remark 7.3), is applied, which ensures the existence of
infinitely many homoclinic solutions.

We suppose the following conditions on the functions a, f and V.

Mathematics 2020, 8, 505; doi:10.3390 / math8040505 23 www.mdpi.com/journal /mathematics
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(A)a € C(R,RT)and a(t) — Oas || = +oo.
(F;) There are numbers p and gs.t. 1 < g < 2 < p and for f € C}(R,R)

uf(t,u) < qF(t,u), Vu e R,u #0,

where F(t,u) = [’ f(t,x)dx.
(B) |f(t,w)] < b(H)|uT7!, V(t,u) € RxR, where b is a positive function, s.t. b €
L"(R)N L7 (R), where r = L.
(F3) There exists an interval ] C R and a constant ¢ > 0s. t. F(t,u) > clu|1, V(t,u) € ] xR.
(Fy) F(t,—u) = F(t,u) for all (t,u) € R x R.
(V) There exist positive constants v; and v such that 0 < v; < V(t) < v, VteR.

Let P ,
t t dt
= o Je (W OF + 0P)
u#0 S 1/ (£)]7 dt
Denote by X the Sobolev’s space

X:=W? (R) = {uc LF(R):u' € LP(R),u" € LP(R)},

equipped by the usual norm

. 1/
b= ([ (W0 + WP + ) ar)
The functional I : X — R is defined as follows
) = [(@p" (1)) = w0y (1)) + VOB (et — [ alt)ECeu(t), 3

where ®(t) = ‘% forp > 2.
Under conditions (A), (F;) — (F3) and V the functional I is differentiable and for all u,v € X
we have

(I'(w),v) = /}R (p (1" (1)) 0" (t) —wep (u' (1)) V' (k) dt + V(£)pp (u(t)) v(t)dt
—/' a(t)f (t,u(b)) v(t)dt.
R
where (.,.) means the duality pairing between X and it’s dual space X*. The homoclinic solutions of
the Equation (1) are the critical points of the functional I, i.e., 1 is a homoclinic solution of the problem

if (I'(up),v) = 0 for every v € X (see [6,11,12]).
Let vy = min{1, v; }, where v is the positive constant from condition (V). Our main result is:

Theorem 1. Let p > 2, w < vow* and the functions a, f and V satisfy the assumptions (A), (F;) — (F3)
and (V') . Then the Equation (1) has at least one nonzero homoclinic solution uy € X. Additionally if (Fy) holds,
the Equation (1) has infinitely many nonzero solutions u; such that |[u;||c — 0as j — oo.

Remark 1. An example of a function f(t,u), which satisfies the assumptions (Fy) — (Fy) is as follows.
Let p =3,q =3 and f(t,u) = a(t)|u|'/?u, where

2 <1
"‘(t):{ il > 1
i =
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We have that r = ﬁ =2, % = 6.and b(t) = a(t) € L*(R) N L8(R), because [ hdt = 1 and
1

t%dt = %.Moreover a(t) > 1ift € (—1,1) = J. Next, we have

——3

[f(t u)] a(t)u®?,
E(tu) = %zx(t)|u|5/2,

and F(t,u) > 2u>?,t € ] = (-1,1).

As an open problem we state the existence of weak solutions of the problem when1 < g < p < 2.

This paper is organized as follows. In Section 2 we present the variational formulation of the
problem and critical point theorems used in the proof of the main result. In Section 3, we give the
proof of Theorem 1.

2. Preliminaries
In this section we give the variational formulation of the problem and present two critical point
theorems.
Let X be the Sobolev’s space
X = {ueX: /R (I )] = [ (1)) + V() [u(t) ) dt < co},

equipped by the norm

WH;(AUWMV—mme+wwwmﬂwf”.

Denote

o — ing Jr (@O +[u()]") dt
N N O

and vy = min{1, v }. The next lemma shows that under condition (V) for w < vpw* the norms ||.||
and ||.||x are equivalent and X = X;.

Lemma 1. Let w < vgw*. Then, there exists a constant C > 0 such that
/ (|u”(t)|” —wlW' (B + V() |u(t)\p> dt > Cul% , Vu € X. )
R

Proof of Lemma 1. In view of Lemma 4.10 in [14], there exists a positive constant K = K(p) depending
only on p such that

L@ ar < [ (W@ + ) ar

Then
1 S (WP + o)) de
K=" " LwoPa
Let
Co— vow* — w
07 K+ vow*

and C = 99Cy. We have
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L (W@ =l 0 + v o)) di
w [ (1w OF = 5 0P + )
- vo((1fvo%)/R(|u”(t)|*’+|u(t)|")dt
v o (W7 OF =" [ @ +u()") de)
) [ (@ + pue)) ae

1—
UO( vow*

Y

\Y

- voCo(K+1)/ﬂé (I + lu(t)|?) at
> G [ (I @ + [ @ + [u@)) at = Clull,

which completes the proof. [
By Brezis [15], Theorem 8.8 and Corollary 8.9 for u € X ands > p

ulloo = = [[u < Cilfullx,

[

JtuoFae < a7l

and lim u(t) =0.

|t|~>oo
We consider the functional I : X — R

I(u) :/ﬂ%(de(u”(t))—w(bp(u’(t))+V(t)(bp(u(t)))dt—/H.{a(t)F(t,u(t)dt, ®)

where ®(t) = % forp > 2.
One can show that under conditions (A), (F;) — (F3) and V the functional I is differentiable and
for all u,v € X we have

<I/(u),v> = /]R ((pp (u” (1) o (t) — wep (u’ (t)) v’(k)) at+ V(t)gp (u(t)) o(t)dt

— [ a0)f (¢ u(t)) o(t)a. ©)
Let L} (R), p > 1 be the weighted Lebesque space of functions u# : R — R with norm |[u||p,¢ :=

1/p
<./'ﬂ(t)lu(t)|”dt> . We have

R

Lemma 2. Assume that the assumptions (A) and (V) hold. Then, the inclusion X C Lk (R) is continuous
and compact.

Proof of Lemma 2. The embedding X C L} (R) is continuous by the boundedness of the function
aby (A). We show that the inclusion is compact. Let {1} C X be a sequence such that ||u;|| < M
and u; — u weakly in X. We'll show that u; — u strongly in L (R). Without loss of generality we
can assume that # = 0, considering the sequence {u]' - u} .By (A) for any € > 0, there exists R > 0,
such that for [t| > R

0<a(t) < m.
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Then

eMP
. p <

a(t)luj(£)[Pdt < 2(1+MP)”
[f=R

By Sobolev’s imbedding theorem u; — 0 strongly in C([—R, R]) and there exists jo such that for
j>Jo:
i e
. p -
/ aOluy (Pt < 3
[t{<R
Then, for j > j, we have j t)|u;(t)|Pdt < e, which shows that u; — 0 strongly in LER). O

Lemma 3. Let assumptions (A), (Fy) — (F3) and (V) hold. If u; — u weakly in X, there exists a subsequence
of the sequence {u;} , still denoted by {u;} such that f(t,u;) — f(t,u) in L} (R).

Proof of Lemma 3. Let u o u weakly in X. By Banach-Steinhaus theorem there exists M; > 0,
such that [[u|| < Mj and [[u|| < M;. By the elementary inequality fora > 0,b > 0,p > 1

(a+D)P < 2P~ (aP +bP),

and (F,) we have

[Fltuy) = £t <2715 w) P + 1))
< 27 B(0) P (gD + o),

Let 0 < a(t) < A. Then, by Holder inequality and b € L7 (R) it follows that

./Rﬂ(f)lf(f, uj(£)) = f(t,u(t))|"dt

< 274 [ O (P + [ T)de
< AL ORI g PanT + ([ uolran)
<

-1
AP, MPIY.
L271 (R)

By Lemma 2, u; — u weakly in X implies that there exists a subsequence {u;}, such that u; — u
strongly in L! (R). By analogous way as above we have that there exists B > 0, such that

L1 (0) = £t u(e) Pt < B.

Lete > 0,R > Oares.t. 0 < a(t) < 55 for |t > Rby (A). Then

_/‘t‘zRa(t”f(t,uj(t)) ~ ftu)lre < & o

Let0 < ag < a(t) < Afor |t| < R. By u; — u strongly in L} (R) it follows that

/‘t‘SRa(t)\uj(t) —u(t)|Pdt > ag ./MSR luj () — u(t)|Pdt — 0
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and uj(t) —u(t) — O a.e. in [t| < R. Then, by Lebesque’s dominated convergence theorem

:/ a(t)|f(t,u(t)) — f(t,u(t))|Pdt — 0.
[t|<R
Let jg is sufficiently large, such that for j > jo,0 < Iz < 5. Then by (7) for j > jo we have

[ aOlrtt(0) = fun)at <,
which completes the proof. [

Next we have:

Lemma 4. Under assumptions (A), (F1) — (F3), (V) the functional I € C'(X,R) and the identity (6) holds
forallu,v € X. holds.

It can be proved in a standard way using Lemma 3 (see Yang [8], Tersian, Chaparova [6]).
Lemma 5. Under assumptions (A), (F;) — (F3) and (V) the functional I satisfies the (PS) condition.

Proof of Lemma 5. Let {u;} be a sequence such that {I(u;)} is bounded in X and I'(#;) — 0 in X*.
Then, there exists a constant C; > 0, s.t.

Tl < Co, (1T ()]]x» < Cr.

By (F,) we have

Vv

C 1
G+ ;luuju < I'(u;),uj > —1(u))

_ <,_,) ‘u]|‘l’+/ F(t,u(t)) — ;f(t uj(t))u;(t))dt

1 1
e e
- <q p)” i

Then, {u;} is a bounded sequence in X and up to a subsequence, still denoted by {u;}, u; — u
weakly in X. There exists M > 0, such that |[u;|| < My, [|u|| < M. By Lemma 2, uy, — u in L2(R)
and by Lemma 3, f(t, un(t)) — f(t,u(t)) in L2(R) . By Holder inequality we have:

= / a(t)(f (&, uj(£)) = f(Eu(t))) (uj(t) — u(t))dt

pT f(tu() = f(&u(t)))ar (8) (u;(t) — u(t))dt

<=

Il
\

p-1
[

IN

AFT/ oy 0) (P ([ 1700) — Fle o)) e

As in the proof of Lemma 3, by assumption (F,), b € L7 (R) and Holder inequality we have for
I .
p1= 1 > 1:
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L) = Fle u(ep|nae

< 27 [ (|u,-<t>|<q4>ﬁ (] de
< 2n- 1</ b7 th> ((/ u]Pdt>Zl+</R|u|l’dt>Zl)
<

-1
2ol Mg
LP—q

Then, by u; — u in L2(R) it follows that I; — 0 as j — co. Next, we have

[Juj — [P << I'(uj) = I'(u), uj —u > +1Ij,
which shows that u; — uin X. [

Next, we recall a minimization theorem which will be used in the proof of Theorem 1. (see [16],
Theorem 2.7 of [13]).

Theorem 2. (Minimization theorem) Let E be a real Banach space and | € C'(E,R) satisfying (PS) condition.
If ] is bounded below, then ¢ = infg I is a critical value of J.

We will use also the following generalization of Clark’s theorem (see Rabinowitz [13], p. 53) due
to Z. Liu and Z. Wang [17]:

Theorem 3. (Generalized Clark’s theorem, [17]) Let E be a Banach spa ce, ] € C'(E,R). Assume that |
satisfies the (PS) condition, it is even, bounded from below and J(0) = 0. If for any k € N, there exists
a k—dimensional subspace E* of E and py, > 0 such that SUPEKqs,, J <0, where Sp = {u € E, |Jul|g = p},
then at least one of the following conclusions holds:

1. There exists a sequence of critical points {uy} satisfying J(uy) < 0 for all k and limy_,o, ||t ||g = 0.
There exists r > 0 such that for any 0 < a < r there exists a critical point u such that ||u||g = « and

J(u) =0.

Note that Theorem 3 implies the existence of infinitely many pairs of critical points (i, —),
ug #00f J, st J(ug) <0, limg 4o J(ux) = 0and limy 4 oo [|u[|g = O.

Lemma 6. Assume that assumptions (A), (F,) and (V') hold. Then the functional I is bounded from below.
Proof of Lemma 6. By (F,) and the proof of Lemma 3 we have
1
[F(t,u)] < gb(t)|u|‘7~

and

W = Sl - /}Ra(t)F(t,u(t»dt

>l =2 [ bl
P
1 L 5

> HPW(/\b Frae) " ([ e \Pdt)
P

> 1

Lo — A q,
pl\u\l qll I e, el
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By p > q it follows that I is bounded from below functional. [

3. Proof of the Main Result

In this section we prove Theorem 1. The proof is based on the minimization Theorem 2 and
multiplicity result Theorem 3. Their conditions are satisfied according to Lemmas 1-6.

Proof of Theorem 1. The functional I satisfies the assumptions of minimization Theorem 2. Let ug be
the minimizer of I. Since I(0) = 0 to show that 1y # 0, let us take v € Wg’p (J), where ] is the interval
from condition (F3). Suppose that ||v||c < 1. Then for A > 0 by (F3)

I(Av)

%vaﬂ ~ [[alE( A0()at
< bl —ert [ a(lo(oirar

By 1 < g < p and the last inequality it follows for Ag sufficiently small and Ay > A > 0 I(Av) < 0.
Then I(up) = min{I(u) : u € X} < I(Av) < 0and ug is a nonzero weak solution. Let the condition (Fy)
holds additionally. We show that the functional I satisfies the assumptions of Theorem 3. We construct
a sequence of finite dimensional subspaces X, C X and spheres S”~! C X, with sufficiently small
radius r, > 0 such that sup{I(u) : u € S}~'} < 0.Let] = (a,b) C R and for k € {1,2,..,n}
Je = (x¢_1, %) , where x; = a+ %(b — a). Next, we choose functions v € C3(Ji) such that |[vg||e < o0
and [[og|[x = 1.

Let X, be the n— dimensional subspace X, := span{vy, ..., vx} C X and

SF”,’1 ={ueX,:||lullx =p}
For u = Y} _; cxvx € X, we have

[l 1P

L (o =l 0] + v u)”) de
n
= E\Ck\”/l (I (DI = wlor ()P + V(£)[oe(£) 7)) dt
=
n
= ) lal”.
k=1
By analogous way for v, = f]k(\vk(t)Wdt > 0 we have
n
[lullh = X velewl® ®
k=1

The space X, is n-dimensional and the norms ||.|| and ||.||, are equivalent. There are positive
constants dq,, and dy,, s.t.
dun|[ull < [lulln < danl[ull,  Vu € Xy ©)

Then, for u € X, N S?il

)\p n .
() el = kgl/]ka(t)lf(t,)wkvk(t))dt

/\p n r

< Sl At Y- lal? [ anloc(t)liat
p k=1 Jk
P

< %Huuﬂ—mwlnuuuff
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By 1 < g < p and the last inequality it follows that I(v) < 0 forv € S | == {u € X, : ||u|| = p}.
Finally, all assumptions of Theorem 3 are satisfied and by Remark 1 there exist infinitely many weak
solutions {u;} of the problem (1), such that I({u;}) < 0and |[u;|| — 0. By imbedding X C L*(R) it

follows that |[uj||cc — 0 as j — co which completes the proof. [J

4. Conlusions

In this paper, we obtained the existence of infinitely many homoclinic solutions of Equation (1)
under conditions (A), (F;) — (Fs), (V) in the case 1 < g < 2 < p. The equation is an extension of the
stationary Fisher-Kolmogorov equation which appears in the phase transition models. The variational
approach is applied based on the multiple critical point theorem due to Liu and Wang. It will be
interesting to extend the result to thecase 1 < g < p < 2.
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Abstract: An exponential dichotomy is studied for linear differential equations. A constructive
method is presented to derive a roughness result for perturbations giving exponents of the dichotomy
as well as an estimate of the norm of the difference between the corresponding two dichotomy
projections. This roughness result is crucial in developing a Melnikov bifurcation method for either
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1. Introduction

Exponential dichotomy of a linear system of differential equations is a type of conditional stability
that goes back to an idea in Perron [1]. It was revealed to be a very important tool for the study of
nonlinear systems because of its roughness. Indeed, it has been used to show the existence of chaotic
behaviour in non autonomous perturbations of autonomous nonlinear equations having a homoclinic
solution, since transverse intersection of stable and unstable manifolds along a homoclinic solution
corresponds to the fact that the linearization of the nonlinear system along it has an exponential
dichotomy on R [2]. Exponential dichotomies are also related with the so called reducibillty. A linear
system of differential equations ¥ = A(t)x is said to be reducible if there exists an invertible C! matrix
S(t) such that the change of variables x = 5(t)y transforms the system into a block diagonal system

(Bt 0
y<10 Bz(t)>y'

In [3], it is proven that a system is reducible if and only if the original system has an exponential or
ordinary dichotomy. The difference between the two cases is that in ordinary dichotomy the exponents
are equal to zero. Another interesting property is the following (see [3]). The linear system x = A(t)x
has an exponential dichotomy on R if and only if for every locally integrable function f(t), t € Ry,

such that
i1

sup f(s)ds < oo,

t>0 /t
the inhomogeneous linear system % = A(t)x + f(t) has a bounded solution. Exponential dichotomies
have also relations with such notions as integral separation or spectral theory, see for example [4,5].
Recently, it has been proved in [6] that if a bounded linear Hamiltonian system is exponentially
separated into two subspaces of the same dimension, then it must have an exponential dichotomy:.

Mathematics 2020, 8, 651; doi:10.3390 / math8040651 33 www.mdpi.com/journal /mathematics
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Let us start with the definition of exponential dichotomy. A linear system
X = A(t)x 1)

where A(t) is a piecewise continuous 7 X n matrix, is said to have an exponential dichotomy on
an interval I C R (usually R, R, R_) with projection P, constant k > 1 and exponents «, § > 0 if the
fundamental matrix X(t) of the Equation (1) (with X(0) = I) satisfies the following conditions:

|X(£)PX(s) 71| < ke a(t=9) fors <tstel
[X(s)(T—P)X(t)"Y| < ke PU=9)  fors <t,s,tel @
Here R = (—c0,00), Ry = [0,00) and R_ = (—o9,0]. It follows immediately from the definition
that, if «’ < a and B’ < B then &’ and p’ are also exponents of the dichotomy with the same projection
P and constant k and also that the linear system (1) has an exponential dichotomy on an interval | C I
if it has one in the interval I. Next, from Gronwall inequality it follows that, on a compact interval,
the linear system (1) has an exponential dichotomy with any projection P and exponents a and j (but
the constant may change).
We give few examples of systems having an exponential dichotomy. An autonomous system
% = Ax has an exponential dichotomy on R if and only if all the eigenvalues of A have nonzero real
parts. A periodic system x = A(t)x has an exponential dichotomy on R if and only if all the Floquet
exponents have nonzero real parts. A scalar equation X = a(t)x has an exponential dichotomy on
I =Ry orI=R_,ifand only if
1 gt
lim inf / a(t)dTt >0 or limsup
t—s—oco t — S Js 500

t
/ a(t)dt < 0.
“s /s
where the limits are taken as f — s — Zoo in case I = R4 respectively.
Suppose the linear system ¥ = A(t)x has an exponential dichotomy on R, with exponents «
and B. The result that motivates this paper is the following, see [3] (Proposition 1, p. 34).

Theorem 1 (Roughness). Let x = A(t)x have an exponential dichotomy on R with exponents « and p.
Given 0 < & < wand 0 < B < B there exists e > 0 such that if B(t) is a piecewise continuous matrix such
that sup,, |B(t)| < e then the linear system & = [A(t) + B(t)]x has an exponential dichotomy on Ry with
exponents &, b (but the constant may be larger).

As a matter of fact in [3] (Proposition 1, p. 34), an estimate on the size of ¢ is also given, showing
that, if 8 = « and e < 47 then ¥ = [A(t) + B(t)]x has an exponential dichotomy on R with exponent
o —2ke. Soif f=aand & = E < awehavee = az_k&' We emphasize the fact that in [7] the assumptions
on B(t) have been weakened to obtain a roughness result valid also for unbounded perturbations.

However, the exponents of the dichotomy determine the rate of convergence to zero of bounded
solution either at co (when the dichotomy is in R ) or at —co (when the dichotomy isin R_). Sometimes
it becomes important to determine this rate of convergence, and hence the exponents of the dichotomy,
for example when studying chaotic behaviour of discontinuous systems [8] or developing Melnikov
theory for implicit nonlinear differential equations [9]. As a matter of fact in [8] the following result
has been proved.

Theorem 2. Let ¥ = A(t)x have an exponential dichotomy on R with exponents «, B. Then there exists
€ > 0such that if B(t) is a piecewise continuous function such that, for some T > 0, sup; 7 |B(t)| < eand

o 1
1Bl < ¢
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then the linear system % = [A(t) + B(t)]x has an exponential dichotomy on [T, o) (and hence also on R.)
with the same exponents «, p.

Of course Theorems 1 and 2 hold equally well when the dichotomy of ¥ = A(f)xisonR_.

The proof given in [8] follows an idea in [3] where an exponential estimate is derived for bounded
solutions of certain integral inequalities. In this paper we want to give another, more direct, proof of
the same result. As a matter of fact we work directly in the space of continuous functions decaying to
zero as t — oo at a certain given rate. This approach leads us to derive the first of the two exponential
estimates given in (2). The second is derived passing to the adjoint system and using the fact that one
has a certain freedom in choosing the projection of the dichotomy (see Proposition 2).

Our method has also the advantage that relates the projection of the dichotomy of the perturbed
system with the one of the unperturbed. As a matter of fact, we will give an estimate of the norm of
the difference between the two projections in term of sup,.; |B(t)|, where I = R, R_ is the interval
where the exponential dichotomy is considered. This estimate allows us to prove the same result also
when the dichotomy of the unperturbed system is on R, a fact that was not noted in [8].

We now briefly resume the content of this paper. In Section 2 we recall basic properties of
exponential dichotomy, stable and unstable spaces, roughness, freedom in the choice of the projection
etc. Section 3 is devoted to the proof of our main result. Finally, Section 4 contains applications to
asymptotically constant matrices and to the linearization of nonlinear systems.

We conclude this section by giving some notations used in the paper. For a linear map L from
a Banach space into another, we denote by RL and AL its range, resp. its kernel. Next C)(I)
denotes the Banach space of bounded continuous functions x(t) on the interval I with the norm
[|x|| = sup,c; |x(f)|. When I = R or R_ we omit I and write C} instead of C)(R_.) or C?(R_).

2. Properties of Exponential Dichotomies

First we start with a remark. Let v € R be a real number. Then Y () = X(t)e"! is a fundamental
matrix of the linear system
%= [A(t) + vI]x. ®)

Assuming that (1) has an exponential dichotomy on I with exponents «, B, we have, for s, t € I,
withs < f:
[Y(£)PY(s) 71| < ke~ (a=¥)(1=s)
[Y(s) (I = P)Y())1] < ke~ (B+1)0=3

that is (3) has an exponential dichotomy on I with the same projection P, constant k and exponents
(« —v) and (B + v). Viceversa, if (3) has an exponential dichotomy on I with projections P, constant
k and exponents &, f, then (1) has an exponential dichotomy on I with the same projections P and
constant k, and exponents & = & +v, § =  — v. Taking v = # the exponents of the dichotomy of (3)
are then

&=u

a—p a+p «a—p =
2 2 =p+ 2 = b
So, starting from a linear system with an exponential dichotomy, shifting the coefficient matrix by

vl,v= #, we can assume that the exponents are the same.

Proposition 1. Suppose that (1) has an exponential dichotomy of the intervals Iy and I, with the same projection
and exponents. Suppose, also, that I N I # @. Then (1) has an exponential dichotomy of the interval I; U I,
with the same projection and exponents but possibly different constant.

Proof. If I; C I, or I C I; there is nothing to prove. So we assume that I = I; N I, is different from
both I; and I;. We can also assume that [ is on the left and I is on the right that is: if t; € I; \ I and
ty € IZ\Ithen t < ty.
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It is clear that (2) holds if s,t € I ors,t € I. So,lets € [ \ITand t € [, \ I. Take f € I. Then
s < f < t and we have:

X(HPX(s) | < IX()PX (D)~ [X(D)PX(s) "]
<ke—1x(t Die—a(f=s) — j2p—alt—s)

[X(s)(I = P)X (1)~ <| (s)(T—= P)X()~! |X()(I = P)X(t) "]
<keﬁ(57 )keﬁ( K2 :B t)

the proof is complete. [

Since in compact intervals I = [a, b] a linear system (1) has an exponential dichotomy with any
projection and any exponents, it follows from Proposition 1 that if a linear system has an exponential
dichotomy on an interval [T, co) (resp. (—oo, —T7]) then it has an exponential dichotomy with the same
exponents and projection on Ry = [0, o0) (resp. R— = (—o0,0]). Hence, in the following we will only
consider | =R or I =R_.

When the dichotomy is on R (or on R_) we have some freedom in the choice of the projection.
Indeed we have the following

Proposition 2. [3] (p. 16-17). Suppose (1) has an exponential dichotomy on R with projection P. Then

RP = {F € R" : sup | X(t)&|e™ < 0o} = {¢ € R" : sup | X(t)¢| < oo}
t>0 t>0

but the kernel of P, N'P, can be any complement of RP. Moreover if Q : R" — R" is another projection
such that RQ = RP then there exist a constant kg such that (2) holds with Q and kg instead of P and k (with
the same exponents). If the dichotomy is on R_ then it is N'P which is uniquely defined being

NP = {ZeR":sup|X(t)fle P < oo} = {Z € R": sup |X(t)&] < co}.
+<0 £<0

Moreover RP can be any complement of NP and if Q : R" — R" is another projection such that
NQ = NP then there exist a constant kq such that (2) holds with Q and kg instead of P and k (with the
same exponents).

A consequence of the roughness Theorem 1 is the following.

Corollary 1. Suppose the linear system (1) has an exponential dichotomy on R [resp. R_] with projection P
and exponents o and B. Let B(t) be a matrix such that

lim |B(#)] =0
where the limit is taken at +o0 if [ = Ry and at —co when I = R_. Then, given & < a and p < B, the linear

system x = [A(t) + B(t)]x has an exponential dichotomy on R [resp. R_] with exponent & and f and
projection P such that NP = NP [resp. RP = RP].

Proof. Let & and f be as in the statement of the theorem and let ¢ > 0 be as in Theorem 1. It follows
from the assumption the existence of T such that for t > T we have |B(t)| < € and the linear system
% = A(t)x has an exponential dichotomy on [T, +oc0) with projection P and exponents « and . Then
from Theorem 1 it follows that X = [A(t) + B(t)]x has an exponential dichotomy on [T, c0) with
exponent & and 8 and projection as in the statement of the Corollary. However, we have already
observed that on [0, T|, ¥ = [A(t) + B(t)]x has an exponential dichotomy with the same projection
and exponents. Then the conclusion follows from Proposition 1. [
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Example. Consider the scalar equation ¥ = (,1 + Hil) x. The unperturbed equation ¥ = —x has
an exponential dichotomy on R (and hence on both Ry and R_) with k = 1, « = 1 and projection
P = L. The solution of the perturbed equation with x(0) = 1is x(t) = (t+1)e~f and

(Bt s
x(s) s+1
Leta < 1. The function (t + 1)67(17“)t is increasing on [0, ﬁ] and decreasing on [ﬁ, oo) hence
(1-a)t—s) « € "
t—s+1)e (1m0=9) <
(t=s+1)e T 1l-ua
for any s < t. Next, observe that for 0 < s < t we have
1 t—s t+1
<l& <t-s& <t-— 1
R T T
hence _a
Hmegge oalt=s).
s+1 1—uw

So the equation x = (71 + H_%) x has an exponential dichotomy on R, with exponent & < 1 but
not with exponent = 1 since otherwise there should exists k > 1 such that

t+1 <

s+1 sk

for any 0 < s < t which is absurd. However, the fundamental solution of scalar equation ¥ =
x(t) — eff+arctant

Earctant "
- e (t=5) < oFo(t-9)
parctans - )

x(t)

(
x(s)

1

m) x has an exponential dichotomy on R

forany 0 < s < t. So, the scalar equation ¥ = (,1 +
with exponent « = —1.

The difference between the two examples is that the integral of t%l in [0, %) is divergent whereas
the integral of ﬁ in [0, o) is convergent. Thus we guess that that the statement of Theorem 1 can be
improved when

/0 |B(#)dt < co.

3. The Main Result

In this section we prove the following result.

Theorem 3. Suppose the linear system % = A(t)x has an exponential dichotomy on R with exponents «, p.
Then there exists e > 0 such that if B(t) is a piecewise continuous function such that sup,cg  |B(t)| < eand

/O |B(t)]dt < oo

then the linear system % = [A(t) + B(t)]x has an exponential dichotomy on R with the same exponents «,
and projection Q such that
|Q = P| = O(e).
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A similar result holds when the dichotomies are considered on R_ and on R.

Proof. First, replacing A(t) with A(t) = A(t) +vL,v = #, we may assume that the exponents are
equal. Denote them by ¢. Next, consider the perturbed system

= [A(t) + B(t)]x. @)

Let § < ¢ and take ¢ > 0 as in Theorem 1. Then (4) has an exponential dichotomy on R with
projection, say, P and exponent 5. We now follow the approach in [10] to construct a suitable projection
for the dichotomy of the perturbed equation.

Let Xp(t) be the fundamental matrix of system (4) and X(t) be the fundamental matrix of
% = A(t)x. A well known standard argument shows that a bounded solution of (4) satisfies the fixed
point equation

() = X(t)P@-i—/(: X(H)PX(s)"'B(s)x(s)ds — /t'°° X()(I = P)X(s) " B(s)x(s)ds.

for some ¢ € R". It is easy to see that if x(t), xq () and x,(t) are bounded functions then

) 2k
2()] < kIg] + 5 Bl [1x[lo

and ok
[£1(8) = 22(8)] < fHBH flx1 — x2llp

So taking ¢ > 0 such that 2ke < &, we see that the map x(t) — £(t) is a uniform contraction (with
respect to ¢) on the space Cg(]lh) of bounded continuous functions of R. So, for any ¢ € R” the map
x(t) — %(t) has a unique fixed point x(t, ¢) such that

[[x(-, &)y < k(1 —2kes~1)~1(2]. (5)

Note that x(t, P¢) is the unique fixed point of

#(t) = X(H)P?¢ + /Ot X(t)PX(s)"'B(s)x(s)ds — //oo X(8)(I = P)X(s)"'B(s)x(s)ds

and then x(t, P¢) = x(t, &), because of P> = P and the uniqueness of the fixed point.
It is straightforward to see that such a fixed point is a solution of (4) and that it is linear with
respect to §. So

x(t, &) = Xp(+)QC.
where

Q2 = %(0,8) = PE— [ (1= P)X(s) ' B(s)x(s,E)ds.

We pause for a moment to observe that

(Q=P)2l < [ ke *IB(s) (s, &) lds < (6 — 2ke) el

that is
|Q — P| < k*(6 — 2ke) " e. 6)

From the previous considerations it follows that Xp ()¢ is a bounded solution of (4) if and only if
¢ = Q¢. Moreover, we have
PQ = P and
QPE = x(0,PZ) = x(0,¢) = Q&
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So
Q*=[QPIQ=Q[PQ] =QP=Q
that is Q is a projection. Next, if £ € N'Q then P¢ = PQ¢ = 0 and if { € N'P then Q¢ = QP¢ = 0. So
NP =NQ.

Finally, ¢ € RQ if and only if Xp(#)¢ = Xp(t)Q¢ is a bounded solution of (4). From Proposition 2
it follows, then, that Q is a projection for the dichotomy of (4). So

|Xp()QXp(s) 71| < Ke =), 0<s<t
Xp(s)(I—Q)Xp(t) 1| < Ke®lt=9), 0<s<t

for some K > 1, or, if we go back to the original system with A(t) instead of A(t) + vI:

|XB(£)QXp(s) | < Ke ®(2), 0<s<t
[Xp(s)(I— Q)Xp(t) 1| < Ke Pl=9), 0<s<t

Now assume that / |B(t)|dt < coand let T > 0 be such that
0

o 1
A= /T IB(b)ldt < 5

together with sup |B(t)| < eand « = p = 6. Lett > s > T. From the previous part we know that
t>0

x(t,5,&) = Xp(t)QXp(s) "¢ is a solution of ¥ = [A(t) + B(t)]x which is bounded for t > s > T.
Actually we have i
|x(t,s,&)| < kg™,

We want to show that & can be replaced by é. To this end we consider the map x(t) — £(t):

2(t) = X()PX(s)"1& + /t X(HPX (o) 1B(0)x(0)dor

) ?)
- / X(H)(I = P)X (o) B(0)x(0')ds

t
in the space CJ([s,0)), s > T, of functions x(t) such that

sup |x(£)[e?49) < oo
t>s

with norm [[x(-)|| = sup;~ |x(£)[e?(t=5). We have
t oo
[£(6)) < ke 2]+ [ ke I B x() s+ [ k2 B0 () s
s t
<k 009 (g + [T B@ldelrO] ) < ke 509 (2] + A=)

or else

2O < k(e +allxC)1)
and similarly
[121() = 2201 < KA[lx1 () = x2()]-

So we have proved the following
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Proposition 3. Suppose the linear system (1) has an exponential dichotomy on R with projection P constant
k and exponents &« = p = 8. Let B(t) be a matrix and suppose there exists T > 0 such that such that

[B]l = sup [B(t)| < e,
t>T
and -
/ B(t)|dt = A < oo
T

where € > 0 is sufficiently small and A satisfies 2kA < 1. Then for any s > T the map (7) is a contraction on the
set CY([s, o)) and contraction constant = §. Thus its unique fixed point x(t,s, &) belongs to CI([s, 0)) and

l[x(t,s,E) I < 2k[S].

Hence we proved that
|Xp(H)QXp(5) 1| < ke

for any t > s > T, and we extend this inequality for any t > s > 0 provided we change 2k with
a possibly larger constant K;. Next, from Proposition 2, we also know that

1X5(s)(I— Q)Xp(H) ! < Kpe 0(9)

for 0 < s < t and possibly another constant Ky, since we know that Q can be taken as a projection of
the dichotomy of the perturbed system. Thus:

|X5(£)QXp(s) 1| < Ke~*(t=s)

[Xa(5)(1 = Q)X (1) ] < Ke 9] ©
(where § < 6) forany t > s > 0and K = max{Ky, K, }.
To complete the proof we still have to prove that, for T <'s < ¢, it results
|Xp(s)(1— Q) Xp ()] < Ke ™2~ ©)
for possibly another constant K. The fundamental matrix Y (t) = X(t)~1* of the adjoint system
x=—A(t)"x
has an exponential dichotomy on R, with projection (I — P*). Indeed:
V(I - P)Y(5) | < ke 000-)
[Y(£)P*Y(s)~1] < ke=0(t=5)
for any 0 < s < t. From the previous part applied to the system ¥ = —[A(t) + B(t)]*x we see that

a projection Q* exists such that RQ* = RP* and

|Yp(£)(T— Q%) Yp(s) | < Ke0(t=9)
[Yg(s)O*Yp(t) 1| < Ke 3(t=9)

for 0 < s < t, where Yp(t) = Xp(t)~!* is the fundamental matrix of the perturbed system ¥ =
—[A(t) + B(t)]*x. Going back to Xp(t) we see that

| X5 (£)QXp(s) | < Ke=9(=9)
|Xp(s)(T—Q)Xp(t) | < Ke 2=
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for 0 <'s < t and a certain constant K (possibly different from the previous one, however we do not
introduce other notations for these constants since at the end we can take the larger of all). From the
first inequality it follows that, if & € RQ then |Xp(t)&| < Ke=* and hence RQ C RQ. So

RO =TRQ
since rankQ = rankQ* = rankP* = rankP = rankQ. Next:

EeNQ = Q8 =0 (081) =0,y
& (8,Q%) =0,V & & € [RQ*]* = [RP*]*.

But in the same way we see that [RP*]* = N'P and hence
NQ=NP=NQ.
As a consequence Q = 0 and we have
|Xp(£)QXp(s) | < Ke 1)

and
X5 (s)(1— Q)Xp(H) 7! = |Xp(s)(I - Q)Xp() 1| < Ke 2=

for0 <s <t
Going back to the original system (that is before the shifting from A(t) to A(t) 4 vI) we see that

|Xp(£)QXp(s) 1| < 2Ke (=)
X5 () (I — Q) Xp ()| < 2Ke=B(=9),

for 0 < s < t. This completes the proof when the dichotomy is on R .

When the dichotomy is on R, we reduce to the case of R by changing t with —t, X(t) with
X(—t) and A(t) with —A(—t). When x = A(t)x has an exponential dichotomy on R, we apply the
previous result to see that ¥ = [A(t) + B(t)]x has an exponential dichotomy on R with projection Q+
and on R_ with projection Q_. Then RQ4+ NN Q_ = {0} because both projections are close to P and
RPNNP = {0} since x = A(t)x has an exponential dichotomy on R. The conclusion follows from [3]
[p. 19], (see also [2] (Proposition 2.1)). O

4. Asymptotically Constant Matrices

Let A(t) be a piecewise continuous n X n matrix, t € R, and assume that a constant matrix A
exists such that

(A1) lim A(f) = Aand /°° JA(E) — Aldt < oo;
—00 JO

(A2) A has two semi-simple eigenvalues —a < 0 and g > 0;
(A3) there exists ¢ > 0 such that all others eigenvalues A of A satisfy either RA < —(a + ) or
RA > B+ .

Let Xo(t) be the fundamental matrix of ¥ = Ax such that X((0) = I. Since —« and B are
semi-simple eigenvalues, their generalized eigenspaces, that we denote with V; and V,,, consist of
eigenvectors of —a and B, that is for any v € V; (resp. v € V) we have Xo(t)v = ve % (resp.
Xo(t)v = vePl). Write

R" = Vs ® Vs ®Vy @ Vi

where Vi, is the generalized eigenspace of the eigenvalues of A with real parts less than —a — y and
Vi is the generalized eigenspace of the eigenvalues of A with real parts greater than o + p. Let dss, ds,
dy dyyu be the dimensions of Vs, Vs Vi, Vi, respectively.
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Let Pss : R" — R" be the projection onto Vss with kernel Vs © Vi, © Vi, Ps : R" — R be the
projection onto Vi with kernel Vss ® V,, @ Vi, Py : R" — R” be the projection onto V;, with kernel
Vss © Vs © Vi, and Py, : R — R" be the projection onto V;,, with kernel Vs © Vs © V.

Let {v%,.. .,v;is} be a orthonormal basis of Vi, {v],.. "U;s} be a orthonormal basis of Vi,

{f,.. .,vgu} be a orthonormal basis of V;, and {v}",.. "UZ:Z,} be a orthonormal basis of V,,. For
any ¢ € R” we have

ds
Pss¢ = chs v P = 2] 1 j ;

1 u
Puu(;z 2 Uiy uu Pug 27“ clipt

1]]

Hence .

dSS
{): |ciS|2} = Pud] < Pl 2]
=1

Similarly

{Z CSIZ} < [Ps[[¢]

{Zcﬂz} <P €|
=1

. ;
{ZC}‘“IZ} < |Puul [2].
j=1

Next, Vss, Vs, Vi, and V,,, are all invariant under Xy(s), that is

eV=Xys)ieV

for V = Vi, Vs, Vi, Viu. So we have, for example

Xo(t)PssC = PssXO(t)Pss‘:
and
P Xo(£)(I— Pss) =0

because Xo(#)(I — Pss) = Xo(t)Ps + Xo(t) Py + Xo(t) Puu € Vs + Vi + Vi So
Xo(t)Pss = PssXo(t).

Similarly:
Xo(t)Ps = PsXo(t)
Xo(t)Py = PyXo(t)
XO(t)Puu = PquO(t)~

Now we observe that

ds ds
Xo(£)Xo(s) " 1Ps& = Xo(t — ) Ps@ = Xo(t —5) chv; =Y i Xo(t —5)v;
=1 =1
(-9 §" (t-5)
— ,—a(r—s S-S S
=e cui=e Ps¢
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then
| Xo(£)Xo(s) 1P| < [Psle=(=%)

for any 0 < s, t. Similarly,
[Xo(£) Xo(s) " Pul < [Pylef™)

for any 0 < s,t. A slightly different estimate occurs when considering Yy(t)Yy(s) ! Pss and
Yo(t)Yo(s) " Puy- Indeed in this case the eigenvalues may not be simple so that, for example

Xo(£)Xo(s) 10 = Xo(t —s)v Zq,] (t —s)ehit=o)ps v

where ¢;j(t) is a polynomial that may have positive degree (but less than the multiplicity of A; as
an eigenvalue of A.) Since ®A; < —a — p, forany i = 1,...,ds in this case we have then

|Xo(£) Xo(s) 05| = [Xo(t — 5)07°| < e~ () (=)

for some ¢; > 0. As a consequence

|Xo(£)Xo(s) " Pss| < ZIC”I [Xo(t —s)vi| < C:Z\C”\e (a+8)(t=9)
=1 i=1
< ky|Pale (H )OI g
for any t > s > 0. Similarly:
|X0(t)XO(S)71Puu§| < k2|Puu‘e(ﬂ+%)(tis)|§|

for some ky and any s > t > 0. Summarising we see that k > 1 exists such that:

Xo(t)Xo(s 1P| < k|Ps ei(ﬂ“r%)(tis) forany 0 <s <t
y
Xo(t)Xo(s) 1P| < |Psle(t=5) forany 0 <s,t
y
Xo(t)Xo(s “1p,| < [Py ef(t=s) forany 0 <s,t
y
|Xo(£)Xo(5) 1Py | < Kk|Pyy|eBHfracn)(t=5)  forany 0 < t <'s

and hence, using the commutativity of X(s) with the projections

|Xo(t) PesXo(s) Y| < Kk|Pusle (T8 forany 0 <s <t
| Xo(t)PsXo(s)~ 1| < \P|e*“ s) forany 0 <s,t
|Xo(£)PuXo(s) ™| < |Py[ePt=9) forany 0 <s,t
|Xo(t)PuuXo(s) 71| < k\Pm,|e(ﬁ+%)(t_s) forany 0 <t <s.
Setting
P = Pss + Ps
and then I — P = Py, + P, we get
|Xo(t)PXo(s)7!| < (\Ps| + k| Pss| e~ a(t=9) forany t >s>0

|Xo(s) (L= P)Xo(t) "] < (|Pul + k|Puu| )P~ forany s >t >0
From Theorem 3 we obtain the following result.

Proposition 4. Suppose conditions (A1)—(A3) hold. Then the linear system x = A(t)x has an exponential
dichotormy on both R and R_ with exponents a and .
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We conclude this Section with an application of Proposition 4 to nonlinear systems. Let f(x) be

a C!-function such that f(x) is Lipschitz with L £ as Lipschitz constant. Suppose the system % = f(x)

has two hyperbolic fixed points x = x_ and x (that may coincide, i.e.,, x_ = x) together with
a heteroclinic orbit u(t), i.e., a bounded solution such that
li F) =x4.
f~1>Ij?oo M( ) T

The fixed points being hyperbolic means that the matrices f'(x_) and f'(x) have no eigenvalues

with zero real part. Then both systems
X = f'(xs)x

have an exponential dichotomy on R with projections, say, Py and P_. It is known that rankP. equals
the number of eigenvalues of f’(x.) having negative real parts counted with multiplicities. Let &+ and
B+ be the exponents of the dichotomy of = f’(x)x respectively. First we observe that i(t) = f(u(t))
is bounded and it is also a solution of ¥ = f’(u(t))x. From the roughness theorem we know that
this system has an exponential dichotomy on R with exponents & and . slightly less that a and
B+ respectively. Hence we get |u(t) — x4 | < Ke™%! for t > 0. Similarly we get |u(t) —x_| < KeP-t,
for t < 0. So we see that f'(u(t)) — f'(x+) € LY(R4) and f'(u(t)) — f'(x=) € LY(R_). A simple
application of Theorem 3 gives then the following

Theorem 4. Let f(x) be a C'~function with Lipschitz continuous derivative. Suppose there exists x = x_
and x such that f(x_) = f(x4) = 0and f'(x_), f'(x4) has no eigenvalues with zero real parts. Then both
linear systems % = f'(x_)x and X = f'(x4)x have an exponential dichotomy on R. Let ay, B+ and Py be the
corresponding exponents and projections. Suppose further that the (nonlinear) equation x = f(x) has a solution
u(t) such that
li ) =
f~l>$oo M( ) t
Then the linear equation x = f'(u(t))x has an exponential dichotomy on both R_ and R with exponents
«_, B_ and oy, By respectively, and projections Q+ such that

rank Q1 = rank Py.

5. Conclusions

We have given a new proof of a roughness result for linear systems with an exponential dichotomy
different than the one in [8]. This new proof has the advantage that it is is more direct, can be
easily extended to system having an exponential dichotomy on the whole line and gives a precise
estimate on the norm of the difference of the projections of the dichotomies of the perturbed and the
unperturbed system. Moreover it extends also to more general situations. Indeed the assumptions that
sup,c; |B(t)| < eis used just to prove that the map

x(t) = X()PE + /0oo T(t,5)B(s)x(s)ds,

where
B X(£)PX(s)~! if0<s<t
I(t;s) = { —X()(I-P)X(s)"! if0<t<s,

is a contraction on Cg. According to [7] this holds also under the weaker assumption that

rt+T

. k k
%r;%st;g t \B(s)|ds<1ie_”+1_eim> <1 (10)
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and the fixed point x(t, s) satisfies again ||x|| < C|¢|, for a suitable constant C. The remaining part of the
proof showing that this fixed point indeed belongs to CJ just depends on the fact that |B(t)| € L!(R;.).
Hence Theorem 3 holds also under the weaker condition (10) instead of sup;., [B(t)| < e.
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Abstract: In this paper, the double fuzzy Sumudu transform (DFST) method was used to find the
solution to partial Volterra fuzzy integro-differential equations (PVFIDE) with convolution kernel
under Hukuhara differentiability. Fundamental results of the double fuzzy Sumudu transform for
double fuzzy convolution and fuzzy partial derivatives of the n-th order are provided. By using these
results the solution of PVFIDE is constructed. It is shown that DFST method is a simple and reliable
approach for solving such equations analytically. Finally, the method is demonstrated with examples
to show the capability of the proposed method.

Keywords: double fuzzy Sumudu transform; partial Volterra fuzzy integro-differential equations;
n-th order fuzzy partial H-derivative

1. Introduction

Modeling of different physical systems gives us different differential, integral and
integro-differential equations. We are not always sure that the models obtained are perfect. The fuzzy
set theory is one of the most popular theories for describing this situation. The fuzzy logic is introduced
with the proposal of fuzzy set theory by Zadeh and is applied when the observational parameters
are imprecise or unclear. The neutrosophic logic is considered as the extension of the fuzzy logic and
the measure of indeterminacy is added to the measures of truthiness and falseness. The theory
of neutrosophic statistics can be applied when to observation indeterminate, imprecise, vague,
and incomplete parameters. For more details [1-4].

The concept of fuzzy sets, fuzzy numbers and arithmetic operations firstly introduced by Zadeh [5].
In [6] Seikkala defined fuzzy derivatives. The concept of fuzzy integration was given by Dubois and
Prade [7]. One of the first applications of fuzzy integration was given by Wu and Ma who investigated
the fuzzy Fredholm integral equation of the second kind. The idea of fuzzy partial differential equations
was introduced by Buckley in [8]. Allahveranloo proposed the difference method for solving this
equations in [9].

In recent years, many mathematicians have studied the solution of fuzzy differential equations [10-12],
fuzzy integral equations [13-17], and fuzzy integro-differential equations [18-21], which play a key role
in engineering [22,23]. These equations in a fuzzy setting are a natural way to model the ambiguity of
dynamic systems in different scientific fields such as physics, geography, medicine, and biology [24,25].

The fundamental tool in operational calculus are integral transforms. They are used in solving
many practical problems in applied mathematics, physics and engineering. The integral transforms be
very useful in solving partial differential equations. They convert the original function to a function that
is simpler to solve. The Fourier transform is the precursor of the integral transforms. This transform
is used to express functions in a finite interval. Similar integral transforms are Laplace, Mellin and
Hankel transforms. In the 1990s Watugala [26,27] has introduced a new integral transform called the
Sumudu transform. Later, Weerakon [28] used the Sumudu transform for solving partial differential
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equations. Some fundamental theorems and properties for Sumudu transform can be seen in [8,29].
Furthermore, in [30] the Sumudu transform is applied for Bessel functions and equations.

One of the recent methods in handling problems modelled under fuzzy environment is fuzzy
Sumudu transform proposed by Ahmad and Abdul Rahman [31]. This transform is used for solving
of fuzzy differential equations , fuzzy integral equations and fuzzy integro-differential equations as
the problem is reduced to problem which is much simpler to be solved.

In [29] Ahmad and Abdul Rahman proposed the idea of the fuzzy method of transformation of
Sumudu to solve fuzzy partial differential equations. The technique of the fuzzy Sumudu transform
method for solving a fuzzy convolution Volterra integral equations and the fuzzy integro-differential
equation was developed in [32,33]. The studies are the followed by the application of fuzzy Sumudu
transform on fuzzy fractional differential equations and fuzzy Volterra integral equations in [34].
In [35] is introduced double fuzzy Sumudu transform (DFST) method and is applied to solve fuzzy
convolution Volterra integral equation of two variable.

In [36] the solution of classical partial integro-differential equations was discussed using classical
double Elzaki transform method. In the present paper we investigate the solution of PVFIDE with
convolution kernel under Hukuhara differentiability using DFST method. The main difficulties
overcome in solving the this problem are related to the application of the DFST for fuzzy partial
H-derivative of the n-th order. So, we obtain a new results on the Sumudu transform for fuzzy partial
H-derivative of the n-th order . After, the studied equation we convert to a nonlinear system of partial
Volterra integro-differential equations in a crisp case. To be find the lower and upper functions of the
solution we us DFST and we convert this system to system of algebraic equations.

The paper is organized as follows: In Section 2, some definitions and results of fuzzy numbers,
fuzzy functions and fuzzy partial derivative of the n-th order is given. In Section 3, the definition of
DEFST is recalled, double fuzzy convolution theorem is stated. New results on DFST for fuzzy partial
derivative of the n-th order are proposed. In Section 4, the DFST is applied to fuzzy partial convolution
Volterra fuzzy integro-differential equation to construct the general technique. In Section 5, an example
is provided to demonstrate the proposed method and finally in Section 6, conclusions are drawn.

2. Premilinaries and Notations

In this section, we give some basics definitions and theorems for fuzzy number,
fuzzy-valued function and derivative of fuzzy-valued function.

Definition 1 ([37]). A fuzzy number is defined as the mapping u : R — [0,1] satisfying the following
four properties:

(i) u is upper semi-continuous on R;
(i1) u(x) = 0 outside of some interval [c,d);
(iii) there are the real numbers a and b with ¢ < a < b < d, such that u is increasing on [c, a|, decreasing on
[b,d] and u(x) = 1 for each x € [a, b];
(iv) u(rx+ (1—r)y) > min{u(x),u(y)} forany x,y € R, r € [0,1] .

needed throughout the paper such

Denote E! the set of all fuzzy numbers and D = R, x R,. Any real number 2 € R can be
interpreted as a fuzzy number 4 = x(a) and therefore R C E?.

Definition 2 ([38]). Let u € E' and r € (0,1]. The r-level set of u is the crisp set
W' ={xeR:u(x)>r},

where [u]" denotes r-level set of fuzzy number u.
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It can be concluded that any r-level set is bounded and closed interval and denoted by [u(r), 7(r)]
for all r € [0,1], where the functions u, # : [0,1] — R are the lower and upper bound of
(u]", respectively.

Definition 3 ([38]). A fuzzy number in parametric form is given as an order pair of the form u = (u(r),u(r)),
where 0 < r < 1 satisfying the following conditions:

(i) u(r) is a bounded left continuous monotonic increasing function in [0,1);
(ii) u(r) is a bounded left continuous monotonic decreasing function in [0,1];
(iii) u(r) <u(r).

For arbitrary fuzzy number u = (u(r),u(r)),v = (v(r),9(r)) and an arbitrary crisp number k € R

the addition and the scalar multiplication are defined by [u @ )" = [u]" + [0]" = [u(r) + v(r), u(r) +

o(r)] and
ku(r),ku(r)], k>0
o ul — e — 4 O K]
[ku(r), ku(r)], k<O.
The neutral element with respect to @ in E! is denoted by 0 = x {0}
For basic algebraic properties of fuzzy numbers, please see ([37]).

Definition 4 ([39]). Let x,yy € E' and exists z € E', such that x = y @ z. Then z is called the H-difference of
x and y and is given by x S y.

We use the Hausdorff metric as a distance between fuzzy numbers.
Definition 5 ([37]). For arbitrary fuzzy numbers u = (u(r),u(r)) and v = (v(r),o(r)) the quantity

d(u,v) = sup max{|u(r) —o(r)|, [u(r) —o(r)[}
re(0,1]

is the distance between u, v.

The metric d is a complete metric space in E'.
For any fuzzy-number-valued function w : D — E! we define the functions w(.,.,r), w(.,.,r):
D — R, forall r € [0,1]. These functions are called the left and right r— level functions of w.

Definition 6 ([15]). A fuzzy-number-valued function w : D — E! is said to be continuous at (sg,tg) € D
if for each € > 0 there is § > 0 such that d(f (s, t), f(so, to)) < € whenever |s — so| + |t — to| < 6. If w be
continuous for each (s, t) € D then we say that w is continuous on D.

Let R > 0. Denote Dg = D NU(0, R), where
UOR) = {(xy) s 2+ < 2}

is the closed circle with radius R.
Let w : D — E! be fuzzy-valued function with parametric form (w(x,y,r),@(x,y,7)) for all
re[0,1].

Theorem 1. Let forall r € [0,1]

1. the functions w(x,y,r) and W(x,y,r) are Riemann-integrable on Dy,
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2. there are constants M(r) > 0 and M(r) > 0, such that

//|w x,y,1)|dxdy < M(r) //|w x,y,7)|dxdy < M(r)

R Dr
for every R > 0.

Then the function w(x,y) is improper fuzzy Riemann-integrable on D and

FR)b/ O/w x,y)dxdy = (O/O/w(x,y,r)dxdy,o/ O/w(x,y,r)dxdy) )

Proof. Define the function I : (0,00) — R by

= / / |w(x,y,7)|dxdy forall r € [0,1].
From condition 2, it follows that I is bounded and monotonically increasing. Hence, there exists

lim I(R
R—o0 ™

/ x,y,r)dxdy.
0

|

For fuzzy valued functions w = w(x,y) we define the n-th order partial H-derivatives with
respect to x and y as given in [11].

Definition 7. Let w : (a,b) x (c,d) — E! be a fuzzy function. We call that w is H-differentiable of the n-th
order at xo € (a,b), with respect to x, if there exists an element a”%(x’f?’y ) ¢ E such that

1. forall h > 0 sufficiently small the H-differences

" w(xo+h, ) 'w(xo,y) 9" 'w(xo,y) 5 9" lw(xg —hy)
oxn—1 oxn—1 4 oxn—1 oxn—1 4

exist and the following limits hold (in the metric d)

" lw(xg+hy) 9" lw(xg,y)
g < 1 O gn >
o " lw(xg,y) 9" w(xo —hy) "w(xo0,y)
= Jim ( 1 O g ) axn

or
2. forall h > 0 sufficiently small the H-differences

" lw(xg,y) " w(xg+hy) 9" w(xg—hy) 9" w(xo,y)
oxn—1 =] oxn—1 4 oxn—1 = oxn—1 4

exist and the following limits hold (in the metric d)

—— (a" lw(x0,y) o " Lw(xg +h,y)>

h—=0 h ox—1 Jx—1
~im =L (T w0 —hy) 9" Tw(xoy) | _ 3"w(xo,)
h—0 h oxn—1 ox—1 X .
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Similarly,

Definition 8. Let w : (a,b) x (c,d) — E! be a fuzzy function. We call that w is H-differentiable of the n-th

order at yo € (c,d), with respect to y, if there exists an element % € E! such that

1. For h > 0 sufficiently small the H-differences

" lw(x,yo+h) " Tw(x,ye) " w(x,ye) 9" tw(x,yo —h)
ay"71 © ay"* 4 ay"71 © aynfl 4

exist and the following limits hold (in the metric d)

n—1 n—1
lim L (9 w(xyo + 1) o? w(x,yo)
h—0 h oyt ayn—1

1 () (g ) _ (s yo)
ay"71 ay”71 -

or
2. For h > 0 sufficiently small the H-differences

" lw(x,yo) " w(x,yo+h) " w(x,yo—h) 9" w(x,yo)
ayn—l © ayn—l 4 aynfl = ay’“l 4

exist and the following limits hold (in the metric d)

_ n—1 n—1
lim -1 (8 w(x, o) 5 9" tw(x, yo +h)>

h=0 ayn—1 ay"—1
=1 hw(xyo —h) 0" w(x, ) | 9"w(x,vo)
= ( il O gyt ) oy

The first type of differentiability as in Definition 7 and Definition 8 are referred as (i)-differentiable,
while the second type as (ii)-differentiable.

Theorem 2 ([11]). Let w : R x R — E! be a continuous fuzzy-valued function and w(x,y) =
(w(x,y,7),w(x,y,r)) forallr € [0,1]. Then

1. if w(x,y) is (i)-differentiable of the n-th order with respect to x, then w(x,y,r) and w(x,y,r) are
differentiable of the n-th order with respect to x and

w(x,y) <8”Q(x,y,r) B"w(x,y,r))

0]

ox" ox" ! ox"

2. ifw(x,y) is (ii)-differentiable of the n-th order with respect to x, then w(x,y,r) and W(x,y,r) are
differentiable of the n-th order with respect to x and

I"w(x,y) _ <8”W(x,y,r) B"w(x,y,r)).

@

ox" ox" ! ox"

3. Two-Dimensional Fuzzy Sumudu Transform

In this part, we give DFST definition and its inverse. We introduced the concept of double fuzzy
convolution and give two new results of DFST for fuzzy partial derivative of the n-th order.

51



Mathematics 2020, 8, 692

Definition 9 ([35]). Let w : R x R — E! be a continuous fuzzy-valued function and the function e~V ©
w(ux, vy) is improper fuzzy Riemann-integrable on D, then

(FR) (FR) e "V ow(ux,vy)dxdy,

0\8

is called DFST and is denote by
W(u,0) = S[w(x,y)] = (FR) / / e Y o w(ux,vy)dxdy, 3)
0

foru € [—1y, o) and v € [—0y, 03], where the variables u, v are used to factor the variables x,y in the argument
of the fuzzy-valued function and 7, ©, o1, o > 0.

The parametric form of DFST is follows

Slw(x,y)] = (slw(x,y, )], s[w(x,y,7)]), @)

where . o
slw(x,y, 1) e " Yw(ux,vy,r)dxdy, (5)

=[]
s[w(x,y,r) // e Vw(ux, vy, r)dxdy. (6)

00

The equation (3) we can rewrite in the form

8

W(u,v) = S[w(x,y)] =-L(FR) [(F Ojoe 3 ©w(x,y)dxdy. 7)

O

Definition 10 ([35]). Double fuzzy inverse Sumudu transform can be written as the formula

ST W(w,0)] = w(x,y) = (s~ W, 0,1)], s~ [W(w,0,1)]), ®)
where
1 Y4100 1 04100 ,
-1 - wdu— 5
s W(u,v,1)] = T / e duzm / e W(u,v,r)do,
Y10 6—100
7+}°° 1 Jd+100
YW(u,0,7)] 5 / eﬁdu2 / esW(u,0,7)dv
y—100 d—100

For all r € [0,1] the functions W (u,v,r) and W (u, v, r) must be analytic functions for all u and v in the
region defined by the inequalities Reu > y and Rev > 6, where <y and & are real constants to be chosen suitably.

In [40] classical double Sumudu transform is applied on some special functions.

1. Letg(x,y) =1forx >0, y >0, thens[g(x,y)] = 1.
2. Letg(x,y) = x™y", where m, n are positive integers, then

slg(x,y)] = (m!) (n)u™v". ©)
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3. Letg(x,y) = "ty where a, b are any constants, then

1

slg(x,y)] = T—aw)(1=bo) (10)

+ (1 — abuv)
s[cos(ax + by)] = AT a0l (1 1 ) (11)
s[sin(ax + by)] = (bo + au) 12)

(1+a2u?)(1+ b20?)’

Theorem 3 ([35]). Let g(x,y) be a continuous fuzzy-valued function. If G(u,v) is the double fuzzy Sumudu
transform of g(x,y) and a, b are arbitrary constants, then

ax—+b = 1 . ‘
S[e™ M @ g(x,y)] = (1fau)(1fbv)QG(lfﬂullfbv) o

In [35] DFST theorems and properties generated by DFST are given.

Definition 11 ([35]). If k(x,y) and w(x,y) are fuzzy Riemann integrable functions, then double fuzzy
convolution of k(x,y) and w(x,y) is given by

Py

y .
(k% *w)(x,y) = (FR) /(FR) / k(x — a,y — B)w(a, B)dadp (14)
0 0

and the symbol xx denotes the double convolution respect to x and y.

Theorem 4 ([35]). Let k : D — R and w(x,y) be fuzzy functions. Then the DFST of the double fuzzy
convolution k and w, is given by

[k %) (x,)] = uoS[k(x,1)] © Ske(x, ). 15)
We introduce results of DFST for fuzzy partial derivatives.

Theorem 5. Let w : R x R — E' be a continuous fuzzy-valued function. The functions e Y ® w(ux, vy),

e Vo w are improper fuzzy Riemann-integrable on D. Then

[a w(x, y)}

o St ), 16)

ax’

where S[w(x,y)| denotes the DFST of the function w and n € N.
Proof. Let the function w(x,y) is (i)-differentiable. From definition of DFST, we have

"w(x,y) (ux, vy)

S[—=-"%%] = (FR) 7(FR /ooe_x y@ ——— P dxdy
0 0

ax”

_ (//e B ux,vy dxdy, // 8 ux,vy)d dy)
00
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n o ® 1
= aa? l/ /e Yw(ux,vy)dxdy, // Vw( ux,vy)dxdy:| J S[w(x,y)].
00
O

Theorem 6. Let w : R xR — E! be a fuzzy-valued function. The functions e=* ¥ ® w(ux,vy),
4O J" w(uxvy)

partial H—derwatzves to (n — 1)—th order with respect to x and there exists U(x QW) They
1. if the function w(x,y) is (i)-differentiable then

] (][5

2. if the function w(x,y) is (if)-differentiable then

) (755

are improper fuzzy Riemann-integrable on D. For all x > 0and n € N there exist to continuous

where ( ) . _ ( :
'w(x,y, 1 1 [0"Tw(0,y,r

[T = st - ¥ s [P a7)
anw(x’y’ 7‘) — 1 e i 1 anfjw(oly’ 1’)

§ { o' } = [@(x,y,7)] - ]; JS o | (18)

Proof. Let the function w(x, y) is (i)-differentiable. By induction we proof the equation (17). Forn =1
from condition (4) we have

S [wi(x,y)] = (s[wi(x,y, 7)), s [@(x,y,7)]).
By us part integration on x and condition (4) we obtain
s[wl (x,y,7) //e Yl (ux, vy, r)dxdy = 1( [w(x,y,7) —s[w(0,y,7)).
0 0
Let for n = k the equation (17) holds. Then
Fw(x,y,r 1 ko1 ak]wO,
N (xy )} Z Oy )]‘

ok s[w X, Y,7) ey

Hence, for n = k4 1 we get

Flu(xy, Fw(xy, K1 9wy,
s[Em)] = 2s[PEn) — 2 (Lslw(x,y, 1)) — (L LslT52)
k k1)
o Tw(0y,
= sl vy )] = X sl
£

k k+1—]
= g (sl y 0] - slw@yn)) - & s s[E o)

k+1 k1)
= sl - © ﬁs[%l
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4. DFST for Solving PVFIDE

In this section, we application of the DFST method for solving of PVFIDE. This equation is
defined as

ga,- aw W 3} Z b; QBW(W)@c@w(x,y)
i=1

(19)
X
=g(x,y)® (FR) [ (FR) [k(x —a,y — B) ©® w(w, B)dadp,
0 0

with initial conditions ) 0.9)

d'w(0,y .

o ¢i(y), i=0,1,..,.m—1 (20)

aiw(x, ) .

T/ = 1/Jj(x), i=0,1,..,n—1, (21)

where k : [0,b] x [0,d] — R, is a continuous functions and g, w : [0,b] x [0,d] — E%, ¢; : [0,d] — EZ,
P [0,b] — E! are continuous fuzzy functions and a;, 1 = 1,2, ...m, bj,j =1,2,...n, ¢, are constants.
Applying DFST on both side of it we get the following

5{% a’”y]@s zba’w“” @Slcow(r,y)
- j=1
y X
— Slg(x,y)] @S {(PR) \O[(FR) Ofk(xfa,y*ﬁ) ®w(a,/3)dzxd)5} ,

By using double fuzzy convolution (15) we obtain

I dw(xy) . dw(xy)
i§1a’®5[ ox! ]@jglb](DS[ oyl }@CGS[W(X'}/H
= S[g(x,y)] @ uvs[k(x,y)] © S[w(x, y)]

Let the constants a;,i = 1, ..., m, b]-,j =1,...n, ¢ be positive and the function k(x,y) > 0

1. ifw(x,y) is (i)-differentiable, then

xXY.r)

£ s [7252] 4 £ s [P2580] 4 cliwt )] = slglox )] + sl o)

¥ s [P0 1 3 by [2E) ) esfi(x, )] = s{g, )]+ woslk(e ) sy, 1)]
i= =

Then from (17) and (18) we have

mo i kg (0, noj b: i~k
:S[g(x,y,r)]Jr): L o [T + ¢ g s [T

and
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Using the initial conditions (20) and (21) we get

=1

(f o4 i % +c— uvs[k(x,y)]) slw(x,y,7)]

=slgeun)+ £ £ s otoun] + £ NI

and
(Zl +>: L+ c—uvs[k (x,y)]>S[w(x,y,r)]
m i noJ
—sGloy )+ L ¥ %s[gk0yn]+ £ ds[$kx0n)
i=1k=1" j=1k=1
Then
m i noJ
slgey ]+ L % s [pk0 ] + L % s [0 0n)
i=1k=1 j=1k=1 a
slw(x,y, 1)l = N i 22)
Log+ X+ —uoslk(x,y)]
i=1 j=1
and
m i n ] .
gty )]+ L % s [plf 0] + X T s [#7000)]
s[@(x,y,1)] = — — 23)
Y G4+ L e —uvslk(x,y)]
i=1 j=1
2. ifw(x,y)is (ii)-differentiable, then
moi noJ op
slgCey ]+ & s [@F0yn]| + T ¥ s [# 500
i=1k=1 j=1k=1
slw(x,y,1)] = i D (24)
Yo+ Y g+ —uoslk(x,y)]
i=1 j=1
and
sE ]+ L 3 %s [ koyn]| + £ 8 s [px0,0)]
_ i=1k=1 j=1k=1
slw(x,y,r)] = i D (25)
Yo+ Y g+ —uoslk(x,y)]
i=1 j=1

By using the inverse of DFST we obtain w(y,y) = (w(x,y,7),@(x,y,7).
5. Examples

In this section, we find the solution of partial convolution Volterra fuzzy integro-differential
equation using DFST.

Example 1. Consider the following PVFIDE

why(x,y) © wiy (x,y) w(x,y) = g(xy R) [(FR fex Vb (a, p)dadp,
(x,y) €[0,1] x [0,1] r € [0,1]
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with initial conditions
w(x,0) = (¢*(2+7),e"(4—7)), wy(x,0)=(e"(2+7r),e*(4—71)),

w(0,y) = (e(2+7),e (4= 7)), w(0,y) = (e¥(2+7),e/(4—7))

and
g(x,y) = (V2 +xy)(2+7),e V(2 + xy) (4 — 7).

Inthiscasem =n=2,a1=b;=0,ap=by=1,c=1,
k(x—a,y—B) = P> 0for0<a<x<land0<p<y<l,

Yo(x,0) = (e"(2+7),e (4 =7)), @oly) = (¢/(2+7),e"(4—71)).
$1(x,0) = ("2 +7),e"(4=7)), ¢1(y) = (¢"(2+7), e/ (4—7)).

From (10), we find

slk(x,y)] = s[e¥tY] = m

1
1—u

Slyu(0)] = Sipr (0] = (Gl @+ e d =) = (25 20 1),

Slen(s)] = Slea()] = Gl @+ et ) = (15 @0, 1 -n)

From Theorem 3 we obtain

Slg(x,y)] = (s[(2+ xy)e™ (24 1), s[(2 + xy)e* V(4 = 1)])

- ((3’ (FjﬁH,)) a j;{[?]),(gf (1fub>”<]17v>> a j‘i)‘(jlv)).

Then, of (22) and (23) for the solution of the equation we have

slw(x,y,r)] = m(2+r)
and
sty )] = (4 1),
= (1—u)(1—0o)

By inverse double Sumudu transform the solution of the equation is w(x,y) = (e¥Y(2+7),e¥Y (4 —7r)).

6. Conclusions

In this paper, the double fuzzy Sumudu transform method for solving partial convolution Volterra
fuzzy integro-differential equations have been studied. The concept of double fuzzy convolution
have been introduced. New results on DFST for fuzzy partial H-derivative of the n-th order have
been proposed.

By using the parametric form of fuzzy functions we convert the investigated equation to a
nonlinear system of partial Volterra integro-differential equations in a crisp case. Applying DFST
method for this system we obtain system of algebraic equations. Hence we find the lower and upper
functions of the solution. Finally, the examples to show that the investigation method is effective in
solving the equations of considered kind.
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Abstract: We develop a new concept of a solution, called the limit solution, to fully nonlinear
differential inclusions in Banach spaces. That enables us to study such kind of inclusions under
relatively weak conditions. Namely we prove the existence of this type of solutions and some
qualitative properties, replacing the commonly used compact or Lipschitz conditions by a dissipative
one, i.e., one-sided Perron condition. Under some natural assumptions we prove that the set of limit
solutions is the closure of the set of integral solutions.

Keywords: m-dissipative operators; limit solutions; integral solutions; one-sided Perron condition;
Banach spaces

1. Introduction and Preliminaries

Let X be a real Banach space with thenorm |- |, A: D(A) C X = X an m~dissipative operator
generating the semigroup {S(t) : D(A) — D(A); t > 0} and F : I x X = X a multifunction with
nonempty, closed and bounded values, where I = [to, T].

In this paper, we study evolution inclusions of the form

©(t) € Ax(t) + E(t,x(t)), x(to) = xo € D(A). )

Notice that many parabolic systems can be written in the form (1). We refer the reader to [1-3] for the
general theory of the system (1) when F is single valued. In the case when X* is uniformly convex,
the system (1) is comprehensively studied in [4]. We recall also the monograph [5], where (1) is studied
in different settings.

An important problem regarding the system (1) is to find the closure of the set of integral solutions.
This problem is not solved in the case of general Banach spaces.

We consider the associated Cauchy problem

x(t) € Ax(t) + f(£), x(to) = x0 € D(A), @

where f(+) is a Bochner integrable function. We denote by [, -]+ the right directional derivative of the
norm, ie., [x,y]+ = }li%1+ B=Y(|x + hy| — |x]) (see, e.g., ([6], Section 1.2) for definition and properties).
h—
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Following [7], we say that a continuous function x : [ty, T] — D(A) is an integral solution of (2) on
t

[to, T if x(t9) = xp and forevery u € D(A), v € Auand t) < T < t < T the following inequality holds

()~ ul < x(0) = ul + [ [x(6) — 1, £(5) + o],

Definition 1. The Bochner integrable function g(-) is said to be pseudoderivative of the continuous function
y(+) (with respect to A) if y(-) is an integral solution of (2) on [to, T] with f(-) replaced by g(-).

Notice that the pseudoderivative g(-) (if it exists) depends on A and y(-). However, along this
paper A is fixed and we assume without loss of generality that the pseudoderivative depends only on
y(-). To stress this dependence on y, we will denote the pseudoderivative g(-) by gy (-).

It is well known that for each xo € D(A) the Cauchy problem (2) has a unique integral solution
on [ty, T]. Moreover, if x(-) and y(-) are integral solutions of (2) with x(ty) = x¢ and y(ty) = yo then

0 =501 < o =0l + | [+(6) = 9(5) fe9) = (s, ®
£ =900 < 0= yol + | ) yls)ls, @

for every t € [to, T| (see, e.g., [7]).

We define now the notion of integral solution for the differential inclusion (1). Moreover,
following [8], where the semilinear case was considered, we define the notions of e-solution (called
outer e-solution in [8]) and limit solution for (1). In the following, B denotes the closed unit ball in X.

Definition 2. The function x : I — D(A) is said to be an integral solution of (1) on I if it is an integral
solution of (2) such that its pseudoderivative fy(-) satisfies fy(t) € F(t,x(t)) fora.a. t € I.

Consider the following system
{x(t) € Ax(t) + F(t,x(t) + B) + B, -
x(to) = Xp.
Definition 3. (i) Let ¢ > 0. The continuous function x : I — D(A) is said to be an e-solution of (1) on I if it
is a solution of (5) and its pseudoderivative f(-) satisfies

/Idist(fx(t),F(t,x(t)))dt <e.

(it) The function x(-) is said to be a limit solution of (1) on I if x(t) = Jim X (t) uniformly on I for some

sequence (xy(-)) of en—solutions as €, | 0T.

Recall that the distance between a point 1 € X and a subset C of X is given by dist(1;C) =
inf{|lu —c||; c € C}.

In the literature, we can find different definitions for e-solutions. Maybe the most popular is
when its pseudoderivative satisfies fy(t) € F(t, x(t) 4+ ¢B) a.e. on I. However, our definition given
above is more convenient for the study of the qualitative properties of the set of integral solutions
of (1) in the case when X is an arbitrary Banach space.

For ordinary differential inclusions (A = 0), the limit solutions are usually called quasitrajectories
(cf., [9] ). We prefer the notion of limit solution because it is the original definition of the integral
solution in the case of m—dissipative systems (cf. [6]). For ordinary differential inclusions in R",
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the limit solutions are the integral solutions of the relaxed system. In our case, the relaxed system has
the form
%(t) € Ax(t) +co F(t,x(t)), x(to) = xo, (6)

where ¢o F(t, x(t)) stands for the closed convex hull of the set F(t, x(t)). In this general setting, the limit
solutions are not integral solutions of the relaxed system (6).

It is well known that the set of integral solutions of (6) is not necessarily closed in C(I, X) even if
X is finite dimensional. For instance, in [10] the author constructed an example in which a sequence
(xn(+)) of integral solutions of

x(t) € Ax(t) + fu(t), x(to) = xo,

converges uniformly on [to, T] to a function x(-), (fu(+)) converges weakly in L!(to, T; X) to f(-),
but x(-) is not an integral solution of

x'(t) € Ax(t) + f(t), x(tg) = xo.
The main results of this paper are summarized as follows.

(I) We prove that the set of limit solutions of (1) is nonempty and closed in C(I, X) when X is a
general Banach space and F(-, -) is almost continuous and satisfies a one-sided Perron condition.

(I) We prove that in the case when A generates a compact semigroup, the closure of the set of
integral solutions of (1) is exactly the set of limit solutions, which in general does not coincide
with the set of integral solutions of the relaxed system. The same result is proved also when
F(t,-) is full Perron, but without any restrictions on the semigroup A.

The limit solutions in the case when A is linear were studied in [8]. It was shown there that the
limit solutions of (1) and (6) coincide. It is not the case for the nonlinear problem.

Let us now define a few classes of multifunctions which will be used in the following.

We say that F(-,-) is lower semicontinuous (LSC) at (to, xo) € I x X if for every fy € F(to, xo),
every x; — xg and every tp — to there exists fy € F(f, x;) such that fy — fo. This definition is
equivalent to the following property of the graph: for every o € F(t, xp) and every € > 0, there exists
J > Osuch that « € F(t,x) +¢B, when |t — to| < dand |x — xg| < 4.

The multifunction F(-,-) is called LSC if it is LSC at every (¢, x) € I x X.

The multifunction F(-, -) is called continuous if it is continuous with respect to the Hausdorff
distance. We recall that the Hausdorff distance between the bounded sets B and C is defined by

Dy (B;C) = max{e(B;C),e(C;B)},

where e(B; C) is the excess of B to C, defined by e(B; C) = sup, 5 dist(x; C).

The multifunction F(-, -) is called almost LSC (continuous) if for every ¢ > 0 there exists a compact
set I, C I with Lebesgue measure meas(I \ I;) < e such that F |}, «x is LSC (continuous).

Letv: I xR, — Ry be Carathéodory and integrally bounded on the bounded sets. As is well
known, the scalar differential equation

i(t) = o(t,r(t)), r(tg) =10>0, @)
has maximal solutions h(-),i.e., 0 < r(t) < h(t) for every solution r(-) of (7) on the existence interval
of h(-) (see, e.g., [6]).

We introduce now the standing hypotheses of this paper.

Hypothesis 1 (H1). The multifunction F(-,-) is almost continuous.
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Hypothesis 2 (H2). There exists v > 0 such that |F(t,x)|| < (1 + |x]|) for a.a. t € I and every x € X. We

recall that ||F(t,x)|| = sup |yl
yeF(t,x)

Hypothesis 3 (H3). (One-sided Perron condition) There exist a Perron function w(-,-) and a null set N C I
such that such for every x, y € X, for every € > 0 and for every f € F(t,x) there exists g € F(t,y) such that

[x—y f—gls Swt|x—yl)te
on I\ N.

We recall that the Carathéodory function w : I x Ry — R is said to be Perron function if it is
integrally bounded on bounded sets, w(t,0) = 0, w(t, -) is nondecreasing for every t € I and the zero
function is the only solution of the scalar differential equation /() = w(t, r(t)), (ty) =0, on I.

Notice that it is more popular to call such kind of functions Kamke functions. We refer the reader
to [11], where Perron and Kamke functions are comprehensively studied. That paper is the main reason
to use here the notion of Perron (not Kamke) function. In [12] some examples of the Perron (Kamke)
functions different from the Lipshitz one are given (see, e.g., Corollary 1.13 and Corollary 1.15).

Remark 1. Due to Gronwall’s lemma, there exists a constant M > 0 such that |x(t)| < M for every t € I and
every solution x(-) of (5). Let N = 1+ (24 M). Then ||F(t,x(t) + B) + B|| < N for every solution x(-)
of (5).

Clearly, for every solution x(-) of (5), in particular for every e—solution x(-) of (1), with the
pseudoderivative fy(-), we have that dist(fy(t),F(t,x(t))) < 2N on I, since |fx(t)] < N and
|E(t,x(t))|] < N foreveryt € L

2. Main Results

The main results are given in three subsections. In the first one, we prove the existence of limit
solutions. In the second subsection, we prove the most interesting results of this paper, namely, that the
set of limit solutions of (1) is the closure of the set of integral solutions of (1) when A generates a
compact semigroup or when F(t, -) is full Perron. An example and some applications are discussed in
the last two subsections.

2.1. Existence of Limit Solutions

In this subsection we prove an existence result of e-solutions of the Cauchy problem (1) on I and a
variant of the well known lemma of Filippov-Plis.

First, recall that f is said to be a right dense point of a closed subset Z C I if for every T > 0 there
exists a point s € (£, + 7) N Z. Clearly, f is not a right dense point of Z if there exists T > 0 such that
(LI+T)NI =2.

Lemma 1. Assume that F(-,-) is almost LSC and satisfies (H2). Then for every ¢ > 0 there exists at least one
e—solution of (1) defined on the whole I.

Proof. Lete > 0. We take ¢ < There exists I’ C I a closed set with Lebesgue measure

€
T—ty+2N’
meas(I’) > T — ty — ¢ such that F|p, x isLSCon I’ x X.

We take fy € F(t, xo) arbitrary but fixed and let fi(-) be Bochner integrable with f;(t) € F(t,xo)

on I. Two cases are possible.
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Case 1. If  is a right dense point of I'. Since F| /. x is LSC at (g, x¢), then there exists § € (0,1/2)
such thatif t € I’ with t —tg < dand |y — xp| < J then fy € F(t,y) + ¢/B. We pick

_ fo, tel
S0 = {fla), fenT.

Let y1(+) be the integral solution of the Cauchy problem

y(t) € Ay(t) + fy (1), y(ko) = xo.
Since 1t1ftn y1(t) = xp, we deduce that there exists T € (¢, to + ) such that |y, (t) — xo| < é whenever
0

t € [to, 7). Thus, fo € F(t,y1(t)) + ¢'B for every t € [to,T)(|I' and fi(t) € F(t,y1(t) + B) for
t € [to, T) N(I\ I'). Therefore, f,(t) € F(t,y1(t) +B) + B for every t € [to, T), i.e., y1(-) is a solution
of (5) on [tg, T).

We let y(t) = y1(t) for every t € [ty, T). Thus, dist(f,(t), F(t,y(t))) < € forevery t € [to, T) [
and, due to Remark 1, dist(f, (t), F(t,y(t))) < 2N for every t € [to, T) [ J(I\ I').

Case 2. If ) is not a right dense point of I, let y; (+) be the integral solution of the Cauchy problem

y(t) € Ay(t) + fr(t), y(to) = xo.

Then there exists T > ty such that [to, 7) C I\ I’ and |y1(t) — xo| < € for t € [ty, 7). Thus, y1(-) is a
solution of (5) on [to, 7).

We let y(t) = y1(t) and f,(t) = fi(t) for every t € [t, T). Moreover, dist(f,(t), F(t,y(t))) < 2N
for every t € [ty, T).

In both cases we let y; = ltlanl y(t). We continue the above construction in a similar way by
replacing ty by T and xg by y-.

Let [t, f) be the maximal interval of the existence of solution y(-) of (5), with the properties
that dist(f,(t), F(t,y(t))) < € on [to,F)NI" and dist(fy(t), F(t,y(t))) < 2N on [to,F) (I \ I'),
where fy(-) is the pseudoderivative of y(-). Suppose that f < T. Due to the growth condition
1}%1 y(t) exists. Let y; = lglij(t). Then, using a similar construction as above with f instead of t,

and y; instead of x(, we can extend the solution y(-) on some interval [to, f + ), 6 > 0, such that
dist(fy (t), F(t,y(t))) < € on [to,F+60) NI and dist(f,(t), F(t,y(t))) < 2N on [to,F+60)N(I\T'),
which contradicts the maximality of [to, ). Hence f = T.

Itis clear that the pseudoderivative fy(-) satisfies dist(fy (t), F(t,y(t))) = ky(t) with k,(t) < ¢ for

every t € I"and k;(t) < 2N for every t € I\ I'. One checks easily that / ky(t)dt < e. Hence, y(-) is an
I

e-solution of (1) on [. O

The next lemma will play a crucial role in the sequel.

Lemma 2. Assume (H1)-(H3). Let ¢ > 0 and let x(-) be an e-solution of (1) on I. Then, there exist I(-)
positive and bounded on I with / [(t)dt < 2e and 17 > 0 such that for every yo € D(A) with |xg — yo| < 1
I

we have that:

(i) the maximal solution 5(-) of the scalar differential equation
o(t) = w(t,0(t)) +1(t), v(to) = [xo - vol,

exists on I and
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(ii) for every 0 < & < € there exists a 6—solution y(-) of (1) on I with x, replaced by yo, satisfying

[x(5) —y(B)] < a(t),
forallt € I

Proof. The assertion (i) follows from ([13], Lemma 2.4) (see also Lemma 3 below).
Let ¢ > 0 be fixed and let fx(-) be the pseudoderivative of x(-). Then, due to Definition 3,

fx(t) € F(t,x(t) +B) + Ba.e. on I and k. (t) = dist(fx(t), F(t,x(t))) satisfies /kx(t)dt < e. Moreover,
Ji
due to Remark 1, ky(t) < 2N forany t € I.
€

We take ¢/ < . We can assume without loss of generality that there exists a compact

5(T — tg+ N)
set I, C I, withmeas(I \ I;) < €, such that the functions f|,, kx|;, and w|}, g are continuous.
Letd < e. We can assume that there exists a compact set Iy C I such that I, C I5, meas(I\ I;) < &',
y . J
where 4" < min {m,s
We take fy € F(to, xo) such that |fx — fx(to)| < kx(to) + €. Lety € (0,1) and yo € D(A) with
|x0 — yo| < 1. By (H3), there exists f; € F(ty,yo) such that

’}, and F|j,«x is continuous.

[x0 — yo, fx — f1]+ < w(to, [x0 — yol) + €. 8)

Hence,

[x0 — yo, fx(to) = A1+ < [x0 = yo fx — fil+ + |fx(to) — fal < w(to, |xo — yol) +2¢" + ka(to).

Let f(-) be a Bochner integrable function such that f(t) € F(t,y) for every t € I.
We consider the following cases.
Case 1. ty is a right dense point of I (hence it is a right dense point also for I5).

We pick
- fl/ ift € Is
Jult) = {f(t), ifter\ .

Let ' (-) be the integral solution of

y(t) € Ay(t) + fy (1), y(to) = yo. ©9)

Then, by the continuity of F|j,»x and y!(-), there exists T > to such that f; € F(t,y!(t)) + ¢'B for every
te [fo, T) N Is.
Due to the continuity of ' (-), the upper semicontinuity of [+, -]+ and the continuity of w(-, -) at
1
(to, |x0 — yo|) and of ky(-) at ty, the number T > fo can be chosen such that |y (t) — yo| < 5 for every
t € [tp, T), and moreover,

[x(t) =y (1), fx(t) = Al < [x0 — vo, fx(to) — fil 4 +¢
< w(ty, |x0 —yo|) + 3¢’ + kx(to)
< fw(to, [x0 — yol) — w(t, |x(t) =y ()| +w(t, [x(t) — y* (£)]) + 4’ + ke (t)
<w(t, |x(t) =y (H)]) +5¢ +ke(t),
forevery t € [to, T) N L.

Clearly, due to our choice of T, we have that f,(t) € F(t,y!(t) + B) + B for any t € [fy, T), hence
y1(-) is a solution of (5) on [tg, T).
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We set y(t) = y!(t) for any t € [ty, T) and let k() = dist(f,(t), F(t,y(t))). Then ky(t) < &' for
te [io,'l’) NlIs and ky(t) <2Nfort e [to, T) ﬂ(l \ 15).
Hence, for any ¢ € [to, T) N I,

[x(t) =y (1), fx () = fy (D] < w(t, |x(t) —y(£)]) + 5e" + ke (8).

On the other hand, for any ¢ € [t), T) N(I\ ;) we have that

[e(8) =y(8), fx(5) = fy(D]+ < |fx () = fy (] < 2N < 2N +w(t, [x(£) — y(1)])-
Case 2. ) is not a right dense point of I but it is a right dense point of Is.
Let y!(-) be the integral solution of (9), where fy(+) is chosen as in Case 1. Then there exists T > to

1
such that [y (t) — yo| < 5 for every t € [ty, T), and moreover, [ty, T) C I\ I. Moreover, we can choose
T such that f; € F(t,y'(t)) + ¢'B for every t € [ty, T) N Is.
We set, as in the previous case, y(t) = y!(t) forany ¢ € [ty, T). Hence k() < &' for t € [ty, T) NI,
and ky(t) <2Nfor t € [to, T) V(I \ I5).
Case 3. t( is not a right dense point of I;.
In this case, we let y!(-) to be the integral solution of

y(t) € Ay(t) + f(t), y(to) = yo-

Then there exists T > to such that |y!(t) — yo| < % for every t € [ty, T), and moreover, [tg, T) C I\ I; C
I\ I. We have that y!(-) is a solution of (5) on [tg, T).
We let y(t) = y'(t) and f,(t) = f(t) for every t € [ty, T) and hence k, () < 2N on [to, T).
Moreover, in both cases 2 and 3, for any ¢ € [to, T) we have that

[x(8) =y (8), fu(t) = fy(D)]+ < 2N +w(t, [x(8) —y(H)])-

We continue the above construction in a similar way by replacing fo by T and yo by y = li%n y(t).
e

Finally, reasoning as in the proof of Lemma 1, we define y(-) on I, solution of (5).
Its pseudoderivative f,(-) satisfies dist(f,(t), F(t,y(t))) = ky(t) with k,(t) < &' for every t € I;
and ky(t) < 2N for every t € I'\ Is. One checks easily that /ky(t)dt < 6. Hence, y(+) is a d-solution
I
of (1)on I.
Moreover, for any f € I, we have that

[x(8) =y (), fx(t) = fy(D]+ < w(t, |x(t) = y(£)]) +5€’ + k«(t)
and, forany t € I'\ I,
[x(8) =y (8), fx(t) = fy(D)]+ < 2N +w(t, [x(8) —y(H)])-
Furthermore, using (3), we have that

() =900 < 30 =yol + [ [+(6) = ¥(5) fols) = fo)L s

Sho-yol+ [ (@l lx(s) ~y()]) +5¢ + kxls))ds

' /lto,ﬂ N(\E) (@(s,x(s) = y(s)]) +2N)ds
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t
<|xp— +/ws,xs —y(s)|)ds + 5¢’ + ky(s))ds + 2Nds
X0 = vol ; (s, ]x(s) —y(s)]) [to,tmls( (s)) Ea AL

forany t € I. LetI(t) = 5¢' + ky(t) for t € Ipand I(t) = 2N for t € I\ L. Then, forany t € I,

10 =01 < o =0l + | ol Ix(6) —y@) s + | 1)

to

Hence, [x(t) —y(t)| < 6(t) for every t € I, where 9(-) is the maximal solution of the scalar
differential equation
o(t) = w(t,o(t)) +1(t), v(te) = |x0 — Yol

on I. Clearly, I(-) is bounded on I and
/l(s)ds = / (5¢' + ky(s))ds + /\ 2Nds < 5¢/(T — ty) + e+ 2Ne' < 2.
Ji J1. I\

The proof is completed. [

The proof of the following result follows the same steps as the proof of ([13], Lemma 2.4) and it
is omitted.

Lemma 3. Let A € LY(I;Ry) and let v : I x Ry — R be a Carathéodory function, integrally bounded on
the bounded sets, with v(t, -) nondecreasing for every t € I. If the maximal solution h(-) of (7) exists on I,
then for every e > 0 there exists 6 > 0 such that the maximal solution 7(-) of

#(t) = o(t,r(t)) + p(t), r(to) = 7o € [ro,70 + 6],
exists on I and 7(t) < h(t) + € on I, for every function u(-) such that 0 < u(t) < A(t) for t € I and

lymmg&

Now, by using the previous lemmas, we will prove the following existence result of a limit
solution for the Cauchy problem (1).

Theorem 1. Assume (H1)—(H3). Let € > 0 and let x(-) be an e-solution of (1). Then, there exist a positive

and bounded function 1(-) with /l(t)dt < 2eand 1 > 0 such that for every yo € D(A) with |xg — yo| < 11
I

we have that:

(i) the maximal solution 0(-) of the scalar differential equation
o(t) = w(t,o(t)) +1(t), v(to) = |x0 — yol, (10)

exists on I and
(ii) there exists a limit solution y(-) of (1) on I with y(ty) = yo such that

[x(t) —y()] <o(t) +¢
foreveryt € I.

Proof. Letd > 0 be given by Lemma 3, corresponding to €/2. Take ¢; < min{¢e/2,5/2}. By Lemma 2
there exist /1 (-) a positive and bounded function with / li(t)dt < 2e and 17 > 0 such that for any
I

Yo € D(A) with |xg — yo| < 7 there exists y1(-) an eg—solution of (1) with y; (ty) = yy satisfying

[x(£) =y ()| <o),
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where v (-) is the maximal solution of
o(t) = w(t,o(t)) + 1 (t), v(te) = [xo — yol, (11)

on I.
Let §; > 0 be given by Lemma 3 corresponding to €1 /2. Take ¢, < min{e;/2,61/2}. By Lemma 2
there exists an e;-solution y(+) of (1) on I with y2(t9) = yo such that

y2(t) =y (H)] < 0a(h),

for every t € I. Here vy (-) is the maximal solution of
o(t) = w(t,o(t)) + L(t), v(to) =0,

where I5(-) is positive and bounded on I and /lz(t)dt < 2¢7 < 4. Then, by Lemma 3, v5(t) < ¢/2 for
I

any t € I.
We construct by induction a sequence of e,—solutions (y,(-)) of (1) on I, where ¢, <
min{e,_1/2,6,-1/2}, forany n = 2,3,..., such that

[Yus1(t) = yn(B)] < vuyr(t),

for every t € I. Here v,, 41 (+) is the maximal solution of
o(t) = w(t,o(t)) + n1(t), v(to) =0,

where [,,,1(-) is positive and bounded on I and satisfies / L1 (tH)dt < 2e, < 6,_1. Moreover,
I

Uyt1(t) < e,_1/2foreveryt € I and every n =2,3,.... Therefore,

Y1 (8) = yn(B)] < €na

o0

for every t € I and every n = 2,3,.. .. Taking into account that ) _ ¢, < ¢, we conclude that (y.(-))
n=1

is a Cauchy sequence in C(I; X). Thus, there exists a continuous function y : I — X such that

li4m yn(t) = y(t) uniformly on I. Furthermore, |x(t) — y(t)| < v1(t) + ¢, where v (+) is the maximal
n—oo
solution of (11). O

The next theorem is a variant of the well known lemma of Filippov—Plis. This lemma has numerous
applications in optimal control theory and had been proved on different variants by different authors.
In the next theorem, we extend this result to the case when the integral solutions do not necessarily

exist. Variants of this lemma have been proved in [14,15] for the case of uniformly convex dual space
and in [16] for the case when A generates a compact semigroup.

Theorem 2. Assume (H1)-(H3). Let x(+) be an integral solution of the differential inclusion

(12)

{x(t) € Ax(t) + F(t, x(t)) + g(1)B,
x(to) =Xy € D(A),

on I, where g € LY(I;Ry). Then for every e > 0 and every yo € D(A) for which the maximal solution v(-) of
the scalar differential equation

0(t) = w(t,0(t)) +8(t), v(to) = |x0 = yol, (13)
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exists on I, there exists a limit solution z(-) of (1) on I with z(ty) = yo, satisfying
[x(t) —z(5)] <o(t) +¢,
forallt € L.

Proof. Let fi(-) be the pseudoderivative of x(-). Then f,(t) € F(t,x(t)) + g(¢t)B for every t € I.
Furthermore, for every € > 0 there exists a compact I, C I with Lebesgue measure meas(I \ I) < ¢
such that fx|1, 8|1, F|1,xx and w|;,«r, are continuous. We fix v > 0 and define the multifunction

G(t,u) ={v e F(t,u); [x(t) —u, fx(t) — v+ < w(t, |x(t) —u|) + g(t) + v}

It follows from (H3) that G(-, -) has nonempty closed values. Moreover, G(-, -) is almost LSC (the proof
follows, with obvious modifications, the same lines as the proof of ([16], Theorem 2). Due to Lemma 1,
for every u > 0 the evolution inclusion

{x(t) € Ax(t) + G(t, x(1)),
x(to) =yo

has a p—solution y(-) defined on the whole I. Then, its pseudoderivative f,(-) satisfies f,(t) €

G(t,y(t)) + hy(t)B for any t € I, where h,(t) < 2N on I and /hy(s)ds < u. It follows from the
’ J1

properties of [-, -]+ that

[x(8) = y(8), fx () = fy()]+ < wlt, |x(8) = y(D)]) + g(8) + v + Iy (8).

Thus, |x(t) —y(t)| < r(t), where r(-) is the maximal solution of the inequality #(t) < w(¢t,r(t)) + g(t) +
v+ hy(t) with r(tg) = |xo — yo.

Due to Lemma 3, () exists on the whole I for sufficiently small v and  and moreover, for every
e > 0 there exists x > 0 such that r(t) < v(t) + ¢ for p, v < «.

Clearly, y(-) is a y—solution also of (1). It follows from Theorem 1 that there exists a limit
solution z(-) of (1) such that |z(t) — y(¢)| < e. The proof is therefore complete thanks to the

triangle inequality. [

Remark 2. In fact, Theorem 2 says that the solution set of (1) depends continuously on small perturbations of
the initial condition and the right-hand side.

2.2. Limit and Integral Solutions
We start this subsection by giving a simple example to illustrate the notion of limit solutions.
Example 1. Let A = 0. We consider the ordinary differential inclusion:
%(t)eB, t € (0,1), x(0) =0. (14)
Here B denotes the unit ball in L1(0,1;R"). Clearly, the limit solutions of (14) are all Lipschitz functions (of
Lipschitz constant 1). However, there exists such kind of functions nowhere differentiable, i.e., which are not

integral solutions.

First, we will prove that the set of limit solutions is the closure of the set of integral solutions of (1)
when F(-, -) satisfies the following stronger assumption than (H3).
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Hypothesis 3’ (H3). (Full Perron condition) There exists a Perron function w(-,-) such that

Du(E(t x), F(t,y)) < w(t, [x —y])
for every x, y € X and every t € I.

Theorem 3. Assume (H1), (H2) and (H3'). Then (1) has integral solutions. Furthermore, the set of integral
solutions of (1) is dense in the set of limit solutions of (1).

Proof. Let ¢ > 0 and let y(-) be an e-solution (1) with the pseudoderivative f,(-). Then f,(t) €
F(t,y(t)) + hy(t)B for any t € I, where h,(t) < 2N on I and /hy(t)dt <e.
I

Let 0 < § < ¢. Since the function w(-, -) is Perron, there exists 0 < p < € such that / w(t, p)dt < 6.

Furthermore, there exists t; > t such that |y(t) — xo| < p for t € [to, t1]. Let z(t) := y(t) on [t, t1)
and denote z' = z(t). By (H1) and (H3'), there exists a strongly measurable function f;(-) such that
fi(t) € F(t,z") and

fy(8) = At S wt, |y(t) —2']) + hy(t) +p

a.e. on [f1, T]. Consider the problem

{z(t) € Az(t) + f1(t) (15)

z(t) = 2!

and let z1(-) be a solution of (15) on [t1, T]. There exists t; > t; such that |z;(t) — z!| < u for any
te [tl, tz]. Then, on [tl,tg],

Ify(5) = AO] < wlt, ly(t) =z (B)]) + [w(t, [y(£) =21 ()] + 1) = w(t, [y(t) — z0()]) + Ry () + p.

Denote My (i) := sup |w(t,|x| +u) —w(t, |x|)| and let z(t) := z1(t) on [t1,tp]. Then, z(-) is a
|x|<2N
solution of z(t) € Az(t) + F(t,z(t)) + w(t, u)B and

[fy(8) = (O] Sw(t, [y(t) — 2(5)]) + Ma () + By (t) + p

on [t tp].
Using the same method as above, as in the proof of Lemma 1, we can extend z(-) on the whole
interval I, such that z(t) € Az(t) + F(t,z(t)) + w(t, u)B and

fy (1) = f2(O)] Swlt, [y(t) = 2(D)]) + Mo (p) + hy(t) +

for any t € I. Moreover, /dist(fz(t),F(t z(t)))dt < /w(t,y) < é on I. Hence, z(-) is a d-solution
1
r

Ji ’ .
of (1). Using (4), we get that |y(t) — z(t)| < r(t), where r(+) is the maximal solution of

i(t) <w(t,r(t)) + Mw(e) +hy(t) +¢ r(tg) = 0.

Now, let ¢, | 0 and let (x,(-)) be a sequence of ¢,-solutions of (1), constructed as above,
with (f,(+)) the corresponding sequence of pseudoderivatives. Then

20 (£) = X2 ()] < 7 (H)

and
Fa() = farn(B)] < w(t,ra () + Mao(en) + huia (£) +en,
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where 7,(+) is the maximal solution of
in(t) < w(t, ru(t)) + Muw(en) + huy1(t), ra(to) = 0.

Due to the definitions of My (e,) and since w(-,-) is Perron, one can choose (&,) such
that ) [x,(t) — x,41(t)| converges uniformly to 0 and (f,(-)) converges Ll-strongly. Therefore,
n=1

Jlim xu(t) = x(t) and nlgrc}ofn(t) = f(t). Then f(t) € F(¢,x(t)) since F(-,-) is almost continuous and
x(t) € Ax(t) + f(t) with x(t9) = xo. Therefore, x(-) is an integral solution of (1).

To prove the second part of the theorem, let § > 0. Let z(-) be a limit solution of (1). Therefore,
for any e > 0 there exists an e-solution z¢(-) such that |z(t) — z¢(t)| < e for t € I. As in the first part
of the proof starting from z.(-), we can choose ¢, | 0 with ¢; = ¢ such that there exists an integral
solution x(-) of (1) with |x(#) — z¢(¢)| < é on I. Hence, |z(t) — x(t)| < e+ 6 for any ¢ € I. The proof
is completed. [

We refer the reader to ([4], pp. 25-27), where the author gives one example of nonexistence of
solutions even when X = R". In this case, the set of limit solutions is nonempty and closed.
In [4] it is also studied another example where the solution set of

%(t) € Ax(t) + K, x(tg) = xp € D(A),

with K convex compact, is not closed. In this case, since the multivalued term is constant, due to
Theorem 3, the set of integral solutions is nonempty and dense in the set of limit solutions.

Remark 3. Consider the relaxed problem (6). The solution set of this problem is not closed, in general. We are
not able to prove that it is contained in the set of limit solutions of (1), even if F(t,) is Lipshitz continuous.
Nevertheless, if the solution set of (1) is dense in the solution set of (6), then every relaxed solution is also a
limit solution. We refer the reader to [16,17], where this type of relaxation theorems are proved in Banach spaces
with some additional properties. In our opinion, the limit solution set is more adequate, because it is compact
and, under mild assumptions, it is the closure of the solution set of (1).

Definition 4. (see, e.g., [18]) The m-dissipative operator A is said to be of complete continuous type if for
every a < b and every (fy(-)) in L' (a,b; X) and (x,(-)) in C([a, b], X), with x,(-) a solution on [a,b] of
Xn(t) € Axn(t) + fult), n=1,2,..., limy_e fyr = f weakly in L'(a, b; X) and limy_,eo X, = x uniformly
in C([a, b], X), it follows that x is a solution on [a, b] of
x(t) € Ax(t) + f(1).
We need the following assumption:
Hypothesis 4 (H4). F(-,-) has nonempty convex weakly compact values.

We give now sufficient conditions that the limit solutions to be integral ones.

Theorem 4. Let A be of complete continuous type. If (H1)—(H4) hold, then every limit solution of (1) is also
an integral solution of (1).

Proof. Let (x,(-)) be a sequence of e,—solutions of (1) with ¢, | 0 such that lign X, (t) = x(t) uniformly
n—oo
on I. Consequently, the set M = | J | {xx(t)} is compact. Denote by (f,(-)) the corresponding

tel n=1

sequence of pseudoderivatives, hence / dist(fy(t), F(t, xn(t)))dt < e, for any natural . Let f,(-) €
I
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LY(I; X) be such that f,,(t) € F(t,x,(t)) and | f(t) — fu(£)] < dlst( w(£), F(t,x,(t))) for a.a. t € I.
Take y,(+) the solutions of

Yn(t) € Ayn(t) + fu(t), yn(to) = xo.
Due to (&), (1) ~ ()] < [ 1fol0) = Fu(0)ldt <
to x(+).

On the other hand, since F(-, -) is almost continuous, for any € > 0 there exists a compact set I, C [
with meas(I'\ It) < e such that F|}, xx is continuous. Therefore, F : I, x X =% X, is also continuous.
[ee]

Here X, is X endowed with the weak topology. Due to (H4), the set K¢ := co( | | F(t, xu(t))) is
tele n=1
weakly compact. We have that £, (t) € K¢ on I.. Moreover, since (f,(+)) is uniformly integrable, it is
relatively weakly compact. Then, passing to subsequences, f,(-) — f(-) weakly in L!(I; X). Moreover,
as F(-,-) is almost continuous, f(t) € F(t,x(t)) a.e. on I.
Finally, since A is of complete continuous type, we get that x(-) is the solution of

x(t) € Ax(t) + (1), x(to) = xo-
The proof is therefore complete. [J

2.3. m=Dissipative Inclusions with Compact Semigroup

In this section, we will study the differential inclusion (1) under the following additional
assumption on A.

(A) The semigroup {S(-); t > 0} is compact, i.e., S(t) is a compact operator for every ¢ > 0.

Since ||F(t,x(T))|| < N for every solution x(-) of (5) the following result is a consequence of ([4],
Lemma 3.1).

Lemma 4. Under hypotheses (H1)—(H3) and (A), the set of integral solutions of (1) is C(I, X) precompact
(if nonempty).

Notice also the following theorem which is proved in [19].

Theorem 5. Let F(-,-) be almost LSC with closed bounded values and let X be a separable Banach space.
Under hypotheses (H2) and (A), the set of integral solutions of (1) is nonempty.

As a corollary, one can prove the following variant of Filippov—Pli§ Lemma (see ([16], Theorem 3)
for the separable case).

Proposition 1. Assume (H1)-(H3) and (A). Let x(-) be an integral solution of the Cauchy problem

%(t) € Ax(t) + fu(t), x(to) = xo € D(A),

on I, where dist(fy(t); F(t,x(t))) < g(t) forall t € Iand g € L'(to, T;R™). Then for any e > 0 and any
Yo € D(A), there exists a solution y(-) of the Cauchy problem (1) on I with x, replaced by yo such that

[x(t) —y()] < v(t) +¢

for all t € I, where v(-) is the maximal solution of the scalar differential equation v(t) = w(t, v(t)) +
g(t), v(to) = |xo — yol, on I.

We are ready to prove the following interesting result.
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Theorem 6. Under hypotheses (H1)-(H3) and (A), the set of integral solutions of (1) is dense in the set of limit
solutions of (1).

Proof. Let x(-) be a limit solution of (1) on I. Then there exists a sequence (x,(+)) of ¢,—solutions of
(1) with &, | 0 such that lgn |x4(t) — x(t)| = 0 uniformly on I. Then, for any natural n, x,(-) is a
n—oo

solution of %, () € Ax,(t) + fu(t), where dist(f, (t); F(t, xx(t)) = gn(t) with 0 < g, (#) < 2N on I and
/ gn(t)dt < &,. Due to Proposition 1, to every n there exists a solution y,(+) of (1) such that
J1

€

[ (t) — yn ()] < va(t) + o

where v, (-) is the maximal solution of the scalar differential equation 9(t) = w(t, v(t)) + gn(t), v(tg) =0,
on I. From Lemma 1, we have that 1Lm vy (t) = 0 uniformly on I. Consequently, lijn |20 (£) —yn(£)] =0
n—o0 n—o0

uniformly on [, i.e., x(t) = lign Yu(t) uniformly on I. [
n—o00

2.4. Example

The following example is a modification of ([20], Example) and ([16], Example 1).
Let O C R" with nn > 4 be a domain with smooth boundary 9Q). Define ¢(r) = |r|"~!r for r # 0

-2
and 0 < ¢ < HT We consider the following system:

ur € A(P(H) + G(t/yzu)
,agi(vu) € B(u) on (0, T) x 00
u(0,y) = uo(y)-

Here, u € R, (1)

is the outward normal derivative on dQ) and f(+) is a maximal monotone graph in

v
R with $(0) 5 0. The multifunction G has nonempty compact values, is measurable on all variables
and continuous on the third one.

Define the operator B in L!(Q) by

Bu = A¢(u), for u € D(B), where

D(B) = {u € LY(Q); p(u) € W'(Q), Ap(u) € L1(Q), _a(,;sju) € B(u) on 90},

The derivatives here are understood in the sense of distributions.

Asitis shown in ([4], p. 97), the operator B defined above is m-dissipative in L' (Q0) and generates
anoncompact semigroup. Notice that in [4] the author works with m-accretive operators A; however A
is m-dissipative iff —A is m-accretive.

Let

F(t,%) = {f € LNQ); £(y) € Glt,y,x(1,y)) ae.in O},

which is jointly measurable and continuous on x. We assume also that there exists i € L1([0, T]) such
that ||[E(t, x)|| < h(t)(1+ |x|). Let xo = u(-) € D(B). Therefore (H1), (H2) hold true.

Suppose also that there exists a Perron function w(-, -) such that for every x,z € Q) and every
f € F(t,x) there exists ¢ € F(t,z) such that

/m (HZ>(f (v) —g(y))dy — / (f(y) — g(y))dy

O~ (x—z)

£ [ F0 =8y <0 (1, [ 170~ ] ) .
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Here, Q,Hy ={y e O fly) > gly)(<,=)}. It follows from the characterization of [-, -]+ (see,
e.g., [21], Example 1.4.3) that (H3) also hold true.

n—2
In the case when v > —— the operator B generates a compact semigroup and it is of complete
n
continuous type.

2.5. Applications to Optimal Control

Our results can be applied to the following optimal control problem:

min {g(x(T)) + /t:f(t,x(t))dt}, (16)

where x(-) is a solution of (1). Here, f(-,-) is Carathéodory and integrally bounded on the bounded
sets and the function g : X — R is assumed to be lower semicontinuous.
Assume (H1)—-(H3) and (A). In this case, the limit solution set of (1) is compact and moreover,
the set of integral solutions of (1) is dense in the set of limit solutions (see Theorem 6 and Lemma 4).
Clearly, in general, the problem (16) has no optimal solution.

Theorem 7. Under the above conditions, the problem (16) admits an optimal limit solution.

Proof. The functional x( / f(t,x(t))dt is continuous from C(I, X) into R. Furthermore, x(-) —

g(x(T)) is lower semicontinuous. Consequently, the functional J(x(-)) = )+ / f(t,x(8))dt is

lower semicontinuous from C(I, X) into R. The proof follows from the facts that the hm1t solution set
is C(I, X) compact and every lower semicontinuous real valued function attains its minimum on a
compact set. [

3. Conclusions

As we pointed out, the theory of parabolic differential equations and inclusions written in
the abstract operator form is growing rapidly. We refer the reader to [1-3] for the theory of PDE
and their investigations as abstract equations. Especially the multivalued evolution equations are
comprehensively studied in [4,5,18]. In the book by [5], the authors study differential inclusions in
evolution (Gelfand) triple. The authors provide many interesting results and examples. In that case,
the compactness assumptions are crucially used. In [17], the author prove relaxation theorem in
that case.

In [4], the author restricted the study to Banach spaces with uniformly convex duals and A
generating a compact semigroup, or he used compactness-type assumptions regarding the Kuratowski
(or Hausdorff) measure of noncompactness. In that case, every limit solution is also an integral one.
That implies that our existence results extend the existence result there. Notice also [19] where lower
semicontinuous perturbations of m-dissipative operators are considered. The existence theorem there
is used in the proof of Theorem 6 in this paper. We recall also the book by [18], devoted to nonlocal
problems of evolution inclusions with time lag. The main assumptions there are that A is completely
continuous and generates a compact semigroup. We mention also [22] where functional evolution
inclusions are studied.

In [12], the author uses full Perron condition in the case of ordinary differential inclusions in
Banach spaces. The author assumes that the multifunction F has strongly compact values.

The one-sided Perron condition as used here was introduced in [23]. Using integral representation
of the solutions the author defined the so-called weak solutions (which are developed in [8]). Here the
integral representation of the solution does not hold when A is nonlinear and we use limit solutions.
The case of a Banach space with uniformly convex dual was studied in [13] where it was shown
that if F has compact values, then the solution set of (1) is compact Rs and a relaxation theorem has
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been proved. No other compactness conditions were used. The paper [14] was devoted to Lemma
of Filippov-Plis. The papers [15,16] study the problem (1) in the case when the Banach space has
uniformly convex dual.

In the present paper we introduce the so-called limit solutions for the fully nonlinear evolution
inclusion (1) and we study their properties. In general, the limit solutions of (1) are not solutions of the
relaxed system (6).

(a) The set of limit solutions is nonempty and always C(I, X) closed when the right hand side F
is almost continuous with closed bounded values and one-sided Perron in the state variable.
Furthermore, every integral solution is also a limit solution.

(b) The set of limit solutions is the closure of the set of integral solutions when F(t, -) is full Perron
or A generates a compact semigroup. In the last case every control problem admits an optimal
limit solution. We extend the existence and relaxation results of [4,5,15,16].

(c) The existence of limit solutions can be also shown for a large class of evolution inclusions.

It appears that the notion of limit solutions is meaningful and it deserves further investigations.
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Abstract: The main objective of this paper is to introduce the («,)-type d-contraction, («,5)-type
rational ¢-contraction, and cyclic (x-¢) contraction. Based on these definitions we prove fixed point
theorems in the complete metric spaces. These results extend and improve some known results in the
literature. As an application of the proved fixed point Theorems, we study the existence of solutions
of an integral boundary value problem for scalar nonlinear Caputo fractional differential equations
with a fractional order in (1,2).
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1. Introduction

Fixed point theorems are useful tools in nonlinear analysis, the theory of differential equations,
and many other related areas of mathematics. One of the most applicable method for various
investigations is Banach’s contraction principle [1]. Many researchers generalized and extended
this theorem to different directions. For example, Boyd and Wong [2] elongated the main result
of Banach and they replaced the constant in the contractive condition by an appropriate function.
Recently, Samet et al. in [3] defined a-admissible and a-i-contractive type mappings and studied some of
their properties in the framework of complete metric spaces. Later on, Salimi et al. in [4] introduced and
investigated the twisted («,)-admissible mappings. Many extensions of the notion of a-ip-contractive
type mappings have been developed, see, for example, [5-9] and the references therein.

In 2012, Wardowski ([10]) defined ¢-contraction in the setting of metric space. Wardowski et al. [11]
also presented the concept of d-weak contraction and generalized the conception of ¢-contraction.
Kaddouri et al. [12] extended the notion of ¢¥-contraction and gave applications of their results to
integral inclusions. Arshad et al. in [13] instigated the rational ¢-contraction and obtained some fixed
points results in a metric space. Concerning #-contractions, we mention the researchers in [14-22].

In all these investigations, the underlying space was complete metric space. There were some open
problems for fixed point theorems in ordered metric spaces and cyclic representations of ¥-contraction.
To solve the first problem, we define («,)-type 9-contraction with the help of control functions « and
B. With this new notion, we not only generalize the main theorem of Wardowski [10] but also derive
the results for ordered metric spaces by these control functions. We also introduce («,)-type rational
¥-contraction which extend the notion of ¢¥-contraction. Moreover, a cyclic (x-#) contraction and cyclic
ordered (a-¢) contraction are also introduced to solve the second problem.
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To illustrate some of the applications of the fixed point theorems studied in this paper, we use
the Caputo fractional differential equation. Note that nonlinear fractional differential equations play
a very useful role in modeling in various fields of science, such as physics, engineering, bio-physics,
fluid mechanics, chemistry, and biology [23,24]. In this paper, based on the proved fixed point theorems,
we provide some new sufficient conditions for the existence of the solutions of an integral boundary
value problem for a scalar nonlinear Caputo fractional differential equations with fractional order in
(1,2). We also compare the obtained existence results with known ones in the literature.

2. Preliminaries

Let (), w) (Q, for short) and Cp (Q) be the complete metric space () with a metric w and the set
of all non-empty closed subsets of (2, respectively.

To be more precise and to be easier for readers to see the novelty of the results in this paper,
we will initially give some that are known in the literature definitions.

In 2012, Samet et al. ([3]) defined a-admissibility of mapping in the following way:

Definition 1. ([3]) Let the function a : Q0 x Q) — [0, +00). The mapping J: QO — Q) is a-admissible if:
a(l,x) > 1 implies a(TJ(1),T(x)) >1 forlx e Q.
Later, Salimi et al. ([4]) defined twisted («,8)-admissible mappings in the following way:

Definition 2. ([4]). Let the functions a, p : QO x Q) — [0, +00). The mapping J: Q0 — () is twisted (x,B)
-admissible if:

a(l,x) >1 . a(TJ), T (k) >1
B(T(),T(x)) >1 forlxe Q.
Wardowski ([10]) presented a new family of mappings named Wardowski-contractions.
Definition 3. ([10]) The mapping J : Q) — () is O-contraction if there exists a number 7t > 0 such that:
w(T(1), T () >0= m+8(w(T(1),T(x))) < w(,x)), LxeQ 1)
where ¥ : (0, +00) — R is a function satisfying the assertions:
(Fy) forall 0 < x < y the inequality 9(x) < 8(y) holds;
(B2) for {x;}32; C (0, +c0) the equality lim;_,o x; = 0 holds if lim; 0 8(x;) = —o0;
(F3) 30 < k < 1such that lim,_,y+ x0(x) = 0.
Let A be the set of all mappings ¢ : (0, +00) — R satisfying the assertions (F;)—(F3).

Theorem 1. ([10]) Let @ € A and J: Q) — Q) is O-contraction, then the mapping J has a fixed point in (),
i.e., there exists a point I* € Q) such that J (I*) = I*.

We will give some examples of functions from the set A which will be used later.

Example 1. ([10]) Let the function 9(I) = In(l), [ > 0. Then O satisfies conditions (Fy)-(F3), i.e., 0 € A.
Any function J: Q) — Q) satisfying (1) is a $-contraction because:

(T (1), T (1) < e "w(lx)
Vi, € Quithw(J (1), T (x)) > 0and 7t > 0. Note that e~ € (0,1), and therefore, the above condition is

also the contractive condition of Banach ([1]).
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Example 2. Let the function 9(1) = [ — %, [ > 0. Then ¢ satisfies conditions (Fy)-(F3) with k € (,1), i.e.,
¢ €A
Any function J: Q — Q satisfying (1) is a 9-contraction because:

Vix e Quithw(J(1),T(x)) > 0and > 0.

3. Fixed Point Results

We will introduce a new type of contraction mapping.

Definition 4. Let the functions ¢ € Aand o, p: Q x Q — {—c0} U (0, c0). The mapping J: O — Qis
(a,B)-type O-contraction if for all ,x € QO : w(T (1), T (x)) > 0 the inequality:

T+ a(l, €)1, 1) (w(T (1), T (x))) < 8 (w(Lx)) 3]
holds where 7t > 0 is a real number.

Definition 5. Let the functions ¢ € Aand o, p: Q X Q — {—o00} U (0, 00). The mapping J: Q — Q is
(a,B)-type rational 9-contraction if for all x € Q: w(T (1), T (x)) > 0 the inequality:

7+ a(Lx)B(L ©)9 (w(T (1), T (1)) < 8 (R(Lx)) ®G)

holds, where 7t > 0 is a real number and

LI))w(k, J(x)) }

w(
R(1, k) =max{“’(['K)' T+ w(l,x)

4)

Remark 1. Note that the (x,B)-type O-contraction defined in Definition 4 is a generalization of 9-contraction
given in [10] with a(l,x) = B(I,x) = 1 (see Definition 3).

We will obtain some new fixed point results applying the introduced above types of mappings.

Theorem 2. Let the functions ¢ € Aand a, f: QO x O — {—co} U (0,00) and J: QO — Q be (a,B)-type
O-contraction and the following conditions be satisfied:

(a)  The mapping J is twisted (x,B) -admissible;
(b)  There exists an element Iy € Q) such that a(lp, T (Ip)) > Land B(lp, T (lp)) > 1;
(c)  The mapping J is continuous.

Then the mapping J has a fixed point in Q), i.e., there exists a point [* € Q such that J (I*) = I*.

Proof. Let [ € Q) be the element from condition (b). Define the sequence {[j}]?"’:0 inQby ;1 =J(1)
for j=0,1,2,.... If liv1 =1 for some j =0,1,2,..., then I = lj is the fixed point of the mapping
J. Assume lit1 # I forallj =0,1,2,.... Then from condition (a) and the choice of [ it follows that
a(l, ) = a(J (), J (1)) > Tand (11, ) = B(J (), T (1)) > 1. By induction we get a(l;, ;1) > 1
and B(I;, ;1) > 1 for j € N. Now by inequality (2) with [ = [;_; and x = [;, we have:

T+ ((U(Ij, []'+1)) =n+0 ((U(j([];l), j([])))
< mta(lig )B(G-1, )8 (w0(T (4-1), T (1)) (5)
< 19((4)([]',1, []))
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From inequality (5) it follows that:

& (w(ly, 1)) < O(w(lj-1, b)) — 71
Therefore, applying inequality (6) step by step we obtain:
8 (w (1, l41)) < S(w(lj-1, ) — 7 < S(w(lj2, 1)) =27
<= (wllo ) — jm
Since ¢ € A, so letting j — oo in (7), we get:

lim & (w(lj, 1)) = —o0 <= lim w(l;, lj11) = 0.
j—oo j—reo

From condition (F3), 30 < k < 1 such that:

lim w(lj, 41)*9 (w(1j, 141)) = 0.

j—roo

From Equation (7) we get:

( ( ]+1)) 19((‘)( ]+1)) ( ([]/[] )) O (w(lo, 1))
(@ (1 11:01))* (8w 1o, 1)) — jr1) — (o1}, 1121)) B (w(lo, 1))
— (w( b, iy )k] <0, jeN

IN

IN

From inequality (10) for j — oo and (8), (9) we obtain:

lim (j( w(l;, 1y ))k) =0

]

Thus there exists j; € N such that j (w (1}, lj4 ))k <1forj>j,or

1 L
([]/ li+ 1) < T J2n
]k
Then for m,j € Nwithm > j > j;, we have:
w([j/ [m)
< w(l 1) + w1, o) + w (b2, G1a) + oo+ @ (b1, ln)
m—1 00 © 1
=Y w(lli) Z (I, lig1) <Y < oo
i=j i=j i=j 1k

)

(10)

(11)

(12)

(13)

Hence {I;} is a Cauchy sequence in Q). From completeness of () there exists an element [* €

QL ]li)r?o li;1 = I*. As J is continuous, we have J(I*) :]_li_>r£1° J) :]_lirilo li;1 = I". It proves
the claim. O

In the partial case of a-admissible mapping we get the following result:

Corollary 1. Let the assumptions be satisfied:

1.

The functions 8 € Aand o : QO x QO — {—o0} U (0,00), the mapping J : Q — Q is a-admissible

mapping and for [,x € Qand w (T (1), T (x)) > 0 the inequality:
7+ a(l,x)8 (w(T (1), T (x))) < 8 (w(lx)),
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holds.
2. There exists an element [y € Q) such that a(ly, T (Ip)) > 1.
3. The mapping J is continuous.

Then the mapping J has a fixed point in .

Proof. The claim follows from Theorem 2 with f(I, k) =1 for [, x €. O

In the case when the mapping J is not continuous we get the following result:
Theorem 3. Let J : Q) — Q) be an («,B)-type rational O-contraction and the following condition be satisfied:

(a)  The mapping J is twisted (x,B) -admissible;
(b)  There exists ly € Q such that a(ly, T (Ip)) > 1and B(lp, T (Ip)) > 1;
(c) If the sequence {Ij}]?"’zo s = J() € Qforj=0,1,2,... with Iy from condition (b), is convergent to
e Qie, lim w(l;, 1*) = 0and a(l;, 1) > Land B(1;, ;1) > 1, then the inequalities a(l;, [*) > 1
]

i
and ‘B([j, ") >1, j €N, hold.
Then the point * from condition (c) is a fixed point of the mapping J.

Proof. As in the proof of Theorem 2 we construct the sequence {I; }]?"io and obtain the inequalities
a(l;,li11) > 1, B(I;, 1j11) > 1. The sequence {[j}]?"’:O is a Cauchy sequence in Q) and ]1Lr£1°w([j, ") =0
with [* € Q.

Therefore by condition (c) of Theorem 3, we have a([;, ) > 1 and B([;, I*) > 1forall j € N. We
will prove that 7 (I*) = [*. Assuming the contrary that 7 (*) # [*. Then there exists a number j, € N
such that [;;1 # J(I*), for all j > jo. Therefore, w(J (1;), J (I*)) > 0, for j > jo. By (2), we have:

7+ 9w (i1, T (1))

T+ 8(w(T (1), T (1))
7+ a(ly, )R, )8 (T (1), T (1)) 44
O(w(1,17)).

ININ

This implies that:

B(w(lj1, T (1)) < O(w(l, ) -7
< w(l,14)).

By (F;), we have:
Wiy, T(1)) < w(l;, 17).

Letting j — oo and using the fact that lim w(l;,[*) = 0 and lim w(l},lj11) = 0 we get
J—00 J—00
w(r*, J(I*)) < 0 which is a contradiction. Therefore w(I*, 7(*)) =0,i.e., J(I*) =1*. O
In the partial case of a-admissible mapping we obtain the result:
Corollary 2. Let the assumptions be fulfilled:

1. The functions ® € Aand o : QO x QO — {—o0} U (0, 00) and the mapping J : Q — Q is a-admissible
mapping such that for |,k € Qand w(J (1), T (x)) > 0 the inequality:

7+ (1) (w(T (1), T (k) < 8 (w(l,x))

holds.
2. The conditions (b) and (c) of Theorem 3 are fulfilled.
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Then the point [* from condition (c) is a fixed point of the mapping J.

Proof. The claim follows from Theorem 3 with ([, x) = 1for [, x €Q. O

We state the following property.
(P) a(l,x) > 1and B(I,x) > 1 for all fixed points [,k €Q).

Theorem 4. Suppose that the assertions of Theorem 2 are satisfied and the property (P) holds, then the fixed
point of the mapping J is unique.

Proof. Let [*,T € Q) be such that J(*) = I* and J(I) = Tbut [* # T. Then by (P), (I*,T) > 1 and
IB([*,T) > 1. Thus by (2), we have:

T+ 9w (1", 1)) m+8(w(T(), T (1))

4+ 8(a (1, DB, D (T (1), T(0)))
Aw (1)),

The above inequality is a contradiction because 7 > 0. Hence, I* is unique. O

INIA

The fixed point result in Theorem 4 generalize the known in the literature result.
Corollary 3. ([10]). Let J : Q@ — Q be O -contraction . Then the mapping J has a fixed point in Q).
Proof. The claim follows from the proof of Theorem 4 with a ([, x)=p(l,x) = 1forall [,x €. O

Example 3. Consider the set () = {[j : j € N} where the natural numbers:

[=1x24+3x44...4+(2/-1)(2) =

W, forj:l,Z,....

Let w (I, k) = |l — x| for any |,k € Q. Define the mapping J : Q3 — Q by,
J)=h, J(G) =1V, forallj>2.

Let the functions o : Q) x Q) — {—oco} U (0,00) be defined by a(1,x) = (L, x) = 1forall l,x € QY and
9 : (0, 400) — R be defined by 9(1) = [ — \%, [ > 0. According to Example 2 the function © € A.

Then the mapping J is (x,B)-type O-contraction, with 7t = 12. or it is 9-contraction (see Remark 1).
Consider the following three possible cases:

Case1. Let1 = j < 1. Then,
[T =T (W)=l 1—h| =3x44+5x6+...4 (2t —3)(2—2) (15)

and
w(l,h)=—1|=3x4+5x6+...4+ (2r—1)(2). (16)
As 1> 1,50 we get,
-1 -1
< .
VB3xA+. A+ (20-3)(20—2)  Bx4d+...+(2-1)()

(17)
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From (17), we have,

-1
C BxA+.. . +(@-3)(2-2)
-1
< 12— \/3X4+m+(2[_1)(2[)+[3x4++5x6+...+(2l—3)(2l—2)]

-1

CVBxdt...+(@2-1D)@)

12 +3Xx4++5x6+...+(2—-3)(21—2)

+B3x44+45%x6+...4+ (20—-3)(2t—2)] + (2t — 1)(21).

By (15) and (16), we have,

1 1
2-————=+|J (L), T (W) | < ——F—=+|L—hl. (18)

VIT W), T ()] [l — 1]

Case 2. Let 1 = 1 < j This case is similar to Case 1 and therefore we omit it.
Case 3. Let 1 > j > 1. Then we have,

|T (L) —T ([]-) =2/ —1)2)+2j+1)(2j+2)+ ..+ (20 —3)(21—2) (19)

and
1, — I]-| =(2j+1)(2j+2)+ (2j+3)(2j +4) + ...+ (20— 1)(2). (20)

Asi1>j > 1, we get:

2-1)(2) > 2 +2)(2+1) > 2 +2)(2+2) =22 +2) +2(2j +2) > 2j(2j +2) + 12.

We know that,
-1 -1
- - < . . ) (21)
V=12 + e+ (20=3)(20—2) /i +1)(2j +2) + .. + (20— 1)(20)
By (21), we have:
B 1
Vi —1)(2) + (2j +1)(2j +2) + .. + (2t = 3) (20 — 2)
+2j =12+ (2j+1)(2j+2) + ..+ (20 = 3) (21— 2)
< 12— !
VEi+1)(2j+2)+ 2/ +3)(2j +4) + ..+ (20— 1)(20)
+2/—-1)2)+ 2/ +1)(2j+2) + ...+ (20 —3) (21 —2)
1
D TN Y ) By PN YOSy SRy TR DT 7
+2j =12+ (2j+1)(2j+2) + ..+ (20 = 3) (21— 2)
+(20—1)(21)
o 1
VDR +2)+ 2 +3) 24+ 22— 1) ()
+2/ =12+ 2j+1)(2j+2) + ...+ (20 = 1)(20)
By (19) and (20), we have:
1 1
2+ | T -T )| < ———+ L -1
7 (1)~ T (1) ’ L~ ’
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Thus all the hypotheses of Theorem 3 hold and therefore, the mapping J has a unique fixed point |;.
Now we provide some fixed point theorems for («,B)-type rational d-contraction.

Theorem 5. Let the functions ¢ € Aand « : QO x Q) — {—o0} U (0,00) and J: QO — Q be (a,Bp)-type
O-contraction and:

(a)  The mapping J is twisted (x,B) -admissible;
(b) Iy € Qsuch that a(ly, T (Ip)) > Land B(lo, T (Ip)) > 1
(c)  The mapping J is continuous.

Then the mapping J has a fixed point in Q), i.e., there exists a point I* € Q) such that J (I*) = [*.

Proof. As in the proof of Theorem 2 we construct the sequence {[j};";o in Q. Assume that [ # ;
for all j = 0,1,2,.... Then from condition (a) and the choice of [y it follows that a(ly,lp) =

a(J (), J (1)) > 1and B(l1, ) = B(JT (o), J (1)) > 1. By induction we get a(l;,[;;1) > 1 and
B(1j,li11) > 1 for j € N. Now by inequality (3) with [ = [;_; and x = [;, we have:

48 (w1, 511)) = 1+ 9 (W(T (1), T (1))
<+ a(li—y, §)BUi—1, )9 (w(T (1i21), T (1)) (22)
<O(R(-1,1))

where

w(lj-1, I (lj-1))w(L, T (1)) }
1 +(U([j P [j)
1+w([],1,[-) '

Ry, ) = max{w([j_lllj)/ @3)

max {w([]-,l, [j)'

If we assume max {w([j,l, ), UURTCICATEY } — @l hw(l )

Tra(l ) Tra(l o) 7 then from (22) we obtain:

w([]-_l,[’) ([]’[] )

7T+l9( (]’/ ))Sﬂ( 1+w(]7],[])

) <9 (w(l,l41)) -
The above inequality is a contradiction because 7 > 0. Hence,

w (i1, (i)

max {wly-1,8), = +w(l-h)

} = w([]‘,], [j)
Therefore the inequality (22) is reduced to:

7r+19(w([]-,[j+1)) < 19((4.)([]',1,[]‘)). (24)

Following the same procedure as we did in Theorem 2, we get [ € Q) such that 7 ([*) =I*. Thus
[* is a fixed point of J O

In the partial case of a-admissible mapping we obtain the result:

Corollary 4. Let the following assumptions be satisfied:

1. The functions ® € Aand o : QO x QO — {—o0} U (0, 00) and the mapping J : Q — Q is a-admissible
mapping such that for |,k € Qand w(J (1), T (x)) > 0 the inequality

m+a(l, k)8 (w(J(1), T (x)) < 8 (R(Lx)),
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holds where

R(I,x) = max {W(I,K), w([,{(_?):z([j(],(f(@) };

2. 3y € Qsuchthat a(lp, T (p)) > 1;
3. The mapping J is continuous.

Then the mapping J has a fixed point in Q.

Proof. The claim follows from Theorem 5 with ([, k) = 1for [, x €Q. O

Now we prove a result for («,)-type rational d-contraction when the mapping .7 is not continuous.

Theorem 6. Let the functions @ € Aand a, p: Q x Q — {—o00} U (0,00) and J: QO — Q be an («,p)-type
rational 9-contraction and the following condition be satisfied:

(a)  The mapping J is twisted (x,B) -admissible;
(b)  there exists a point ly € Q) such that the inequalities a(ly, 7 (Ip)) > 1 and B(ly, T (Ip)) > 1 hold;
(c) If the sequence {I/-}]f"’zo s L =J() € Qforj=0,1,2,... with Iy from condition (b), is convergent to
€ Q, ie, lim w(l;,[*) = 0and a([ lir1) > Land B(1;, ;1) > 1, then the inequalities a(l;, ) > 1
]

1777
and B(1;, 1) > 1, j €N, hold.
Then the point [* from condition (c) is a fixed point of the mapping J in Q).

Proof. As in the proof of Theorem 2 we construct the sequence {[;}%2, in Q. Similarly to the proof of
Theorem 5 we obtain the inequalities a (1}, l;;1) > 1, B(I;, lj;1) > Tand {[j}]?”zo is a Cauchy sequence in
Q) which converges to [*, i.e., ll)r?o w(l;, ) = 0.

Therefore by condition ](c) of Theorem 6, we have :x([j, ") > 1and /S([j, ") > 1forallj € N.
We will prove that 7 (I*) = [*. Assume the contrary that 7 (I*) # [*. Then there exists jo € N such that
lisq # J(I*), forall j > jo. Therefore, w(J (1;), J (")) > 0, for j > jo. By (3), we have:

T+ 8(w(li, T(1) = 7+ 8(w(T (1), T (1))
< e a(l, )R, M) (w(T (1), T (1))
< o(max{w(y, ), LTI (25)
= ¢(max{w(l;, "), %})
= ¢(max{w(l;, "), ity []111“, [( &) )

(1,

which implies:

w(l, ) (5, T (1)) 1 -
1 +w([', )

w (b lp)w (1, T (1))
]1]+w([,[*) b

B(w(lin, T() < 8(max{w(t, 1),

< (max{w(l;, 1),

By (F1), we have:

w (b ljp1)w ([,J(l*))}
1+ w(l, )

w(ljy1, T (1)) < max{w(l;, ),

Letting j — oo and using the fact that lim w([;,[*) = 0 and lim w(l;,lj;1) = 0 we get
]—00 ]*)

w(r*, J(1*)) < 0 which is a contradiction. Therefore w(I*, 7(1*)) = 0,ie., J(I*) =1*. O

87



Mathematics 2020, 8, 1168

Example 4. Let O = {0} U [4,5] and w (I,x) = [(— | for L, € Q. Clearly (Q, w) is a complete metric
space. Consider the function 0 (I) = %{ +1 € Aforl € Q (see Example 2) and 7w € (0, %)
Define 7 : Q) — Quand o, p: QO — {—o0} U (0, c0) by:

ro-{ § ot

and
a(Lx)y=p~1Kx)=1

We prove that J is (a, B)-type rational 9-contraction. Consider these possible cases:
Case I. For | = 0 and x = 5, we have

w(7(0),(5) = w <{Z},o> “2s0

and

R(0,5)=5= max{w (0,5), w (0,7(0)) - w(5,7(5)) }

14w (0,5)

Since,

w(J(0),T(5)) = ?I <5-w(0,5) <R(0,5).

So, we have

1 1
Ve T0,96) VRO
which further implies:
*\/ﬁﬂL (7(0),7(5)) < - R(0,5) +7R(0,5)

Thus we obtain:

4 9
= " ewore CVOIE)=mmy 5+
1 1
< - g+5§*W+R(O,5):0(R(O,5)).
Hence,
+a(0,5)B(0,5) 8 (w (T(0),T(5)) <9 (R(5x)).
Case II.

For 1€ [4,5),k=0

w @ 0,70) = (]3)) =0

Case III.
Forl=5,x € [%,5), we have:

w7670 =w (10,3) = >0
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Therefore,

Similarly to case I, we get:

mT+a(5k)B(5x) 0 (w(T(5),T(k))) <O(R(5x))

ThusJ is (a, B)-type rational 9-contraction. Moreover all the assumptions of Theorem 6 are satisfied and 5

is a fixed point of J .
Corollary 5. Let:

1. The functions 0 € Aand o : QO x Q — {—o0} U (0, 00) and the mapping J : Q — Q is a-admissible
mapping such that for |,k € Qand w(J (1), T (x)) > 0 the inequality:

m+a(l, k)8 (w(J(D), T (x)) < 8 (R(Lx))

holds where

@Ol T(09) )

R(1Lx) :maX{“’([f")' 1+ w(l,x)

2. The conditions (b) and (c) of Theorem 6 are fulfilled.
Then the point [* from condition (c) is a fixed point of the mapping J.
Proof. The claim follows from Theorem 6 with f(I, k) =1 for [, x €. O

Theorem 7. Suppose that the assertions of Theorem 5 are satisfied and the property (P) holds. Then the fixed
point of the mapping J is unique.

Proof. Let [*,T € Q) be such that J(*) = I* and J(I) = Tbut [* # 1. Then by (P), (I*,T) > 1 and
‘B([*,T) > 1. Thus,

7+ 9 (w(I,1)) 4+ w(T (1), TM)) < m+ (B, Dw(T (1), T (1))

The above inequality is a contradiction because 7 > 0. Hence, [* is unique. [

Now we define cyclic (a-9) contraction and derive some results from our main theorems.

Definition 6. Let the functions & : Q x Q — {—c0} U (0,00), & € A, the sets S1,S, € Cr(Q), and
J :51USy = S1USywith JS1 C Sy and JSy C Sy. The mapping J is cyclic (a-8) contraction if there
exists a number 7t > 0 such that:

W(T (0, T(K)) > 0= 7+ a(L,K)8(@(T (1), T (K))) < B(w(Lx))
holds for all L € Sy and x € S,.

Theorem 8. Let the functions o : QO x Q) — {—c0} U (0,00), ¢ € A, the mapping J : S1USy; — S1U Sy is
a cyclic (a-8) contraction and the following conditions be satisfied:

(a)  The mapping J is a- admissible;
(b)  There exists Iy € Q such that a(ly, T (Ip)) > 1;
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(c) The mapping J is continuous.
Then the mapping J has a fixed point in 51 N Sy.

Proof. We take ) = 53 U Sy. Then (Q, w) is a complete metric space. Define f : QO x Q — {—oc0} U
(0, ) by:

_ 1, if [ €Sy and k€S,
plLx) = { 0, otherwise.

Then J is twisted (a,B)-admissible. Let the point [j € Q be defined in condition (b).
Then B(ly, 7 (Ip)) > 1 holds. Therefore, the assumptions of Theorem 2 are fulfilled and there exists
a point I* € S U S, such that J(*) = [*. If I € Sy, then [ = J(I*) € S, because JS1 C Sy. Thus 3
I* € §1 N Sy such that J(*) = [*. Similarly, if [* € Sy, then I* = J(I*) € S1 because J S, C Sq. Thus 3
" € Sy NSy such that J(I*) =1*. O

Theorem 9. Let the functions o : QO x Q) — {—c0} U (0,00), ¢ € A, the mapping J : S USy; — S1U Sy is
a cyclic (x-0) contraction and the following conditions be satisfied:

(a)  The mapping J is a- admissible;

(b)  There exists a point [y € Q such that a(lp, T (lp)) > 1;

(¢) If{;} € Qsuch that a(l;,ljy1) > 1 forall jand ; — [* € Qas j — oo, then a(l;, ") > 1 for all
je NuU{0}.

Then the mapping J has a fixed point in S1 N Sy.

Proof. We take (2 = S; U S,. As in the proof of Theorem 8 we define the function g : QO x (O —
{=00} U (0,00). Then J is twisted («,8)-admissible. Let the point [y € Q) be defined in condition
(b). Then B(lp, J(lp)) > 1 holds. Let {I;} C Q such that a(l;,[;;1) > 1 and (1}, lj;1) > 1 for all
j€NU{0}and [; — [*asj — +oo. Then [; € S5y and [;;; € S,. Now as S, is closed, so [* € S,
and hence a(l;, ) > 1 and (1}, ) > 1. Therefore, the assumptions of Theorem 3 are fulfilled and
31" € S US; such that J(I*) = I*. If I* € Sy, then [* = J(I*) € S, because JS1 C Sy. Thus 3
I* € §1 N Sy such that 7 (*) = [*. Similarly, if [* € Sy, then I* = J(I*) € S1 because J S, C Sq. Thus 3
I* € S NSy such that 7 (I*) =1*. O

Corollary 6. Let the function & € A, the sets S1,S; € CL(Q), and J : S U Sy — S1 U Sy with 7S1 C S
and J Sy C Sy is continuous and the inequality:

(T (1), T (1) >0 = 7+ 8(w(T(1), T (x))) < d(w(l,x))

holds for all L € Sy and x € S».
Then the mapping J has a fixed point in S; N Sy.

Proof. The claim follows from Theorem 8 with a([,x) = 1 for all [ €S and k€S,. O

Now we define cyclic ordered (a-¢) contraction and derive some results from our main theorems.

Definition 7. Let (Q), w, <) be an ordered metric space and S1,S; € Cr(Q), and J : S USy; — S1US,
with JS1 C Sy and J Sy C Sq. The mapping J is a cyclic ordered (x-8) contraction if there exists a number
m>0anda: Q) x Q— {—o0} U (0,00) such that:

(T (1), T () >0 = 7+ a(l, )8 (w(T (1), T (6))) < Bw(lx)

holds for all L € Sy and k € Sy with [ <, where ¥ € A.
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Theorem 10. Let the functions a : Q3 x QO — {—oc0} U (0,00), ¢ € A, the mapping J : S US; — S1US,
is decreasing continuous cyclic ordered (x-8) contraction and the following conditions be satisfied:

(a)  The mapping J is a- admissible;
(b)  There exists a point [y € Q such that a(ly, T (Ip)) > 1and [y < T (lp).

Then 31* € Sy N Sy such that * = J ().

Proof. We take Q) = S; U S;. Then (Q), w) is a complete metric space. Define f: O x Q) — {—oo} U
(0, ) by:

1, if [ €Sy and k€S,, with [ <k
Lx)= .
plLx) { 0, otherwise.

Let B(L,x) > 1, for all ,x € (), then [ €55 and k€S, with [ < «. It follows that J (I)€S, and
J(x)€S1 with J (k) = J (1), since J is decreasing. Therefore (7 (x), J (1)) > 1, thatis, J is twisted
(«,8)-admissible. Now, let a(lp, J(lp)) > 1, with [y € S; and l[p <= J(lp). From Iy € S;, we have
J(lp) € Sy with [h < T (Ip), thatis B(lp, T (lp)) > 1. Then all assumptions of Theorem 2 are satisfied
and J has a fixed point [* in Sy U S;. The remaining proof is identical to the proof of Theorem 9. [J

Theorem 11. Let the functions a : QQ x Q — {—o0} U (0,00), O € A, the mapping J : S1USy — S1U Sy
is a cyclic ordered (a-8) contraction and the following conditions be satisfied:

(a)  The mapping J is a- admissible;

(b)  There exists a point [y € Q such that a(ly, T (Ip)) > 1and [y < T (lp);

(¢) If{;} € Qsuch that a(l;, ;1) > 1 forall jand ; — [* € Qas j — oo, then a(l;, ") > 1 for all
jeNu{0};

(d) If{G} S Qsuchthatl; < (;yq) forall jand [; — [* € Qas j — oo, then ; X I* forall j € NU {0}.

Then 3* € SN Sy such that 1* = T (I*).

Proof. We take () = S; U S,. As in the proof of Theorem 10 we define the function f : Q) x Q) — [0, 4-c0).
Then J is twisted («,8)-admissible. Let {I;} C Q such that a(l;,[;;1) > 1and B(I;, [;11) > 1 for all
je€NU{0}and [; — I"asj — +oco. Then [; € Sy and [;;; € So. Now as S, is closed, so I € S, and
hence [ = [* and /S([j, I*) > 1. Therefore, the assumptions of Theorem 3 are fulfilled and 3 [* € S; U S,
such that 7 (*) = *. The remaining proof is identical to the proof of Theorem 6. [J

4. Applications to Caputo Fractional Differential Equations

Recently, many researchers have studied the existence of solutions of varies types of fractional
differential equations. In this paper we will emphasize our study of Caputo fractional differential
equations of the fractional order in (1,2) and the integral boundary condition. Note that similar
problems are studied in [25-27] but the main condition is connected with enough small Lipschitz
constant of the right hand side part of the equation. Based on the obtained fixed points theorems we
can use weaker conditions for the right hand side part of the equation (see Example 5).

We will apply some of the proved above Theorems to investigate the existence of the solutions of
the nonlinear Caputo fractional differential equation:

SDI(x(t)) = f(t,x(t)) fort € (a,b) (26)

with the integral boundary condition:

A
x(a) =0, x(b) = /x(s)ds (a<A<b) (27)
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t
where x € R, g € (1,2), $D/x(t) = ﬁ J (- 5)17‘7 x"(s)ds represents the Caputo fractional
a
derivative, and a,b : 0 < a < b are given real numbers.
Let Q = C([a, b], R) with a norm |[x[|, ;) = SUPge o 4] |x(s)| . For any x,y € Q) we define w(x,y) =

1 = Yllo,-
Consider the linear fractional differential equation:

¢D{(x(t)) = g(t) fort e (a,b) (28)
with the integral boundary condition (27) where g € Q).

Lemma 1. Let g € Q). Then the boundary value problem (28), (27) has a solution:

AR O

2(t —a) b _
T =2 =20 fu))l“(q)/ (b =) g(s)ds 29)
2(tfa
(A —a)2— / / 6)dgds.

The proof of Lemma 1 is based on the presentation of the solution x () =
dy — dy(t — a) given in [28].
Based on the presentation (29) we will define a mild solution of (26) and (27).

s J =) g(s)ds —

Definition 8. The function x € Q) is a mild solution of the boundary value problem (26) and (27) if it satisfies:

x(t) = ﬁ /ﬂt (t—5)T"1f (s,x(s)) ds
a2 J, 0 o
—((Afa)f(t*” // s— &)1 f (&,x(8)) dds, t € [a,b].

For any function u € (), we define the mapping J : QO — Q by:

j(u)(t) = ﬁ/at (tfs)qilf(s,u(s))ds
2(t—a) - )
a2y b ¢ e o
G e @ s,
for t € [a,b].

Now, we establish the existence result as follows.
Theorem 12. Suppose that:

(i) The function f € C([a,b] x R,R) and there exists a constant K such that:

K(b—a)t 2K(b — a) A—a
F(l+q) <l+(Z(bfa)f(A,II)Z)(l+ 1+q))€(0,1) (31)
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and a number p € (0, 1] such that:
If(t,x) = fty) <Klx—ylP, x,y€R, teab];

(ii) There exists a function xgp € Q such that w(xg, J(xp)) > 0, where the operator 7 is defined
by (30);
(ili) For any two functions x,y € Q such that w(x,y) > 0 the inequality w(J7 (x), J (y)) > 0 holds.

Then the boundary value problem (26),(27) has a mild solution.

Proof. Note that any fixed point of the mapping J is a mild solution of the boundary value
problem (26) and (27).
Now, let x, y € Q be such that w(x,y) > 0. By condition (i) of Theorem 12 we obtain:

T = TGO < i [ (=37 1F 5,36) = £ s.0(6) s

e g s () £ (vl

a6 07 6 0) = £ ) ) ws
< p [ =9 )~y s

e [T O -y P

g [ ([ 6= 07 w0 - @) as

K(t —a)? 2K(t — a) (b=  (A=a)t\\
= (qF(q) (Z(bfu)f()\fa)z)l“(q)( PR () ))H ylle
K(b—a) 2K(b —a) A—a
= T+ (”(2<b—a>—u_a)z)(1+1+q))”"*yl\i’o

= Allx—yll&, t€lab]

. _ K(b—a) 2K(b—a) A—a
with A = Kb=0) (1 + o (1+ m)) € (0,1) (see (31)).

Therefore,

17 (x) = T W)lleo < Allx = yll&

or

w(T(x), T (y)) < Mw(x,y)" 2)
From (32) applying condition (ii) we get:
In(w(7(x), T (y))) < In(A) +pln(w(x,y))) -
Thus,

In (1) #5107 (0, T0) < Inw(x,).
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Therefore, the operator J is (a, B)-type 0-contraction with #(u) = Inu € A (see Example 1),
1
m=In (%) " > 0, and the mappings &, 8 : Q x Q — {—c0} U (0, +-00) are defined by:

w(x,y) = {; ifw(x,y) >0, Blxy) = {l if w(x,y) >0,

0.1 otherwise —oco otherwise.

Therefore, the assumption (i) of Theorem 3 is satisfied.

The operator 7 is twisted («,8)-admissible because for any x,y € Qif a(x,y) > 1and (x,y) > 1
then from definitions of «, B it follows that w(x,y) > 0 and from condition (iii) of Theorem 12
the inequality w(J (x)(t), J(y)(t)) > 0 holds. Thus, a(J(x),J(y)) > 1and B(J(x), T (y)) > 1.
Therefore, the condition (a) of Theorem 2 is satisfied.

From condition (ii) of Theorem 12, there exists a point xp € Q such that w(x, J(xp)) > 0
and therefore, a(xg, J (xp)) = % > 1 and B(x9, J(x9)) = 1 > 1. Thus condition (b) of Theorem 2
is satisfied.

According to Theorem 3 the operator J has a fixed point in (), i.e., there exists a function
x* € C([a,b],R) such that x* = J(x*). This function x* is a mild solution of the boundary value
problem for (26) and (27). [

Remark 2. Note that the condition (i) of Theorem 12 for the function f(t, x) is less restrictive than the Lipschitz
condition used in many existence results (see, for example [25]).

Now we will provide an example to demonstrate the existence result.

Example 5. Consider the nonlinear Caputo fractional differential equation:

SDIP(x(t) = \/tiﬁ arctan(y/|x(t)| + ' cost) +-sint  fort € (2,3) (33)
with the integral boundary condition:
25
x(2) = 0 x(3) = / x(s)ds. (34)
0

In this case f(t,u) = \/ﬁarctan(\/|u| +etcost) +sintand [f(t,x) — f(tu)] < 0.25\/[x —y].

The condition (31) is reduced to:
K(b—a)T 2K(b—a) A—a )
1 1
rirrg) (U mome o (0 1)
K ( 2K 3.25

r(2.75) 175275

) = 0215998 € (0,1)

with K = 0.25.
According to Theorem 12 the boundary value problem (33) and (34) has a solution.

Remark 3. Note that the boundary value problem (33) and (34) is studied in [25], but the absolute value is
missing under the square root. Also, the function f(t,x) is assumed as Lipschitz, but it is not (see Figure 1
for the particular value t = 2.2 € (2,3)). At the same time the function f(t, x) satisfies the condition 1 with
k = 0.25 (see Figure 2 for the particular value t = 2.2 € (2,3)), and by one of the fixed point theorems proved
in this paper the existence of the solution follows.
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Figure 1. Graphs of 0.25|x — 0| and f(2.2,x) — f(2.2,0)|.
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Figure 2. Graphs of 0.25+/]x — 0] and f(2.2,x) — f(2.2,0)].
5. Discussion

In fixed point theory, the contractive inequality and underlying space play a significant role.
A pioneer result in this theory is a Banach contraction principle that consists of compete metric space
(Q), w) as underlying space and the following contractive inequality:

w(JT (D), I () < mw(lx) (35)

in which J is a self mapping and 7r € [0,1). Over the years, many mathematicians have generalized
and extended above contractive inequality in different ways.
In 2012, Wardowski ([10]) initiated the application of a mapping J : (Q, w) — (Q,w) and 7w > 0
such that:
(T (0,7 () > 0= 7+ 8(w(T (1, T (1)) < B(w(tx)) (36)

for [,k € Q), where ¢ : (0, +00) — R satisfies the following conditions:

o () <d(x)for0<<xK;
° For {[]} - (O, +OO), limjﬁoo fj = 0 iff lil’n];)oo 19([]) = —00;
o  There exists 0 < k < 1 such that lim;_,y+ ¥8([) = 0.

As it is pointed out in [10] the introduced mapping and inequality (36) are a generalization of
Banach contraction (35) with ¢(I) = In(I), for [ > 0.

In this paper, we generalized the mapping used in [10] by introducing two new notions («, f)-type
¥-contraction and (a, B)-type rational ¢-contraction.
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As a partial case of some of our results, we obtained known results in the literature. For example,
ifa(l,x) = B(I,x) = 1 in Theorem 2 then we obtain Theorem 1 ([10]) by which one can derive the result
of [1].

6. Conclusions

In the present paper, we introduced two new types of contractions: (a,B)-type d-contraction
and («,B)-type rational ¢-contraction. Based on their applications we proved new fixed points
theorems. These results generalized some known ones from fixed point theory. To support our
results, we provided two non trivial examples. The obtained results are noteworthy contributions to
the current results of literature in the theory of fixed points. In this field, one can establish («,5)-type
¥-contraction and («,8)-type rational d-contraction for the multivalued mappings in the perspective of
complete metric spaces and generalized metric spaces. To illustrate the application of the new fixed
point theorems, we considered an integral boundary value problem for a Caputo fractional scalar
equation of order from the interval (1,2) and proved the existence of the solution.
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Abstract: The study of the existence of an optimal feedback control problem for the initial-boundary
value problem that describes the motion of the fractional Voigt-a model of a viscoelastic medium
is investigated in this paper. In this model, the Voigt rheological relation is considered with the
left-side fractional Riemann-Liouville derivative, which allows to take into account the memory of
the medium. Also in this model, the memory is considered along the trajectory of the motion of fluid
particles, determined by the velocity field. Due to the insufficient smoothness of the velocity field and,
as a consequence, the impossibility of uniquely determining the trajectory for the velocity field for
any initial value, a weak solution to the problem under study is introduced using regular Lagrangian
flows. Based on the approximation-topological approach to the study of fluid dynamic problems,
the existence of an optimal solution that gives a minimum to a given cost functional is proved.

Keywords: optimal feedback control; Voigt model; alpha-model; fractional derivative

MSC: 76D55; 49]20; 35Q35

1. Introduction

The aim of this work is to study the optimal feedback control problem for the alpha-model with the
Voigt fractional rheological relation, taking into account the background of a fluid along the trajectory.
Note that memory properties in general arise not only in the fluid dynamics field but in many absolute
different fields [1]. So the results of this paper can be useful in many fields. A large number of papers
have been devoted to the investigation of control problems [2—4]. Although the control problems for
linear systems are sufficiently well studied, the situation is not so good for nonlinear systems (even
for finite-dimensional cases or local domains). However, due to the complexity of nonlinear systems
describing the fluids motion the control of non-Newtonian fluids motion, such as bitumen, polymers,
various solutions, emulsions and suspensions, blood, and many others, has not been fully studied.
In hydrodynamics the control (optimal control) problems often connected with the fluid control by
external forces. Usually in solving such problems, a control is considered from a given (finite) set.
In our situation, we consider the external forces control depending on the velocity field. Such types
of problems are called feedback control problems [2-5]. In this situation the control is chosen more
accurately, since in such a way the control belongs to the image of some multi-valued map. This is
more naturally due to the fact that control is not chosen from a finite set of available options.
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Also in this paper the alpha model case of fractional Voigt model is considered. Alpha-models
are some kind of regularized approximate systems that depend on some positive parameter «, and
regularization is carried out by some filtering of the velocity vector, which is contained in the argument
of the nonlinear term. The a parameter reflects the width of the spatial filtering scale for the modified
speed. The Helmholtz operator I — a?A is most often used as the filtration kernel. The choice of such
an operator is associated with its good mathematical properties. Thus, we ready to proceed to the
formulation of the problem. In a bounded domain 3 C R" (in 2D and 3D cases, that is, n = 2,3)
with a sufficiently smooth boundary 9Q) on a time interval [0, T], where T > 0,, we consider the
initial-boundary value problem:

g—z; + ;uiaa—; — pohAv — ﬁDiv ./Ot(t —5)PE()(s,2(s;t,x)) ds + Vp = f, 1)
u=(I-a*A)"1o, tel0,T], x€Q, )

z(T;t,x) = x + /tTU(S,Z(S,‘ t,x))ds, t,Ttel0,T], xe€Q, (3)

divo(t,x) =0, t€[0,T], xeQ, (4)

vlt—0 =20,  ©ljo1]xa0 =0 ©®)

Here v is a vector-function of the velocity of a medium particle, u is a vector-function of a modified
velocity of a medium particle, defined by equality (2), z(7; ¢, x) is the trajectory of a medium particle,
indicating at time 7 the location of a medium particle located at time moment ¢ at point x, p is a
pressure function, f is a function of the density of external forces, « > 0 is scalar parameter, yig > 0,
u1 > 0,0 < B < 1are some constants.

- 1 Jdv; aU] .
& = (&j(v), &j(v) = E(aTc] + a—xl), i,j=1,n,
is the strain rate tensor. I'(B) is the Euler gamma function [6] defined through an absolutely convergent
integral

rg) = /0‘0o tF=le=t dt.

This initial-boundary value problem (1)—(5) is an alpha model for the mathematical model
of viscoelastic Voigt medium with fractional rheological relation. The idea of using this kind of
approximation (the alpha-model) first appeared in paper of J. Leray [7] (in this work, J. Leray used the
general form of the filtration kernel) to prove the existence of a weak solution for the Navier-Stokes
system of equations. Later, various alpha-models for the Euler equations [8,9], the Navier-Stokes
system [10] and others were built on this idea. In general, each alpha model is characterized by its
first-order vector differential operator F(u,v) = (F'(1,v),..., F"(u,v)), in which components F(u,v)
are linear combinations of all kinds of operators of form 1k9, jv’”, vka,{}.u’”, ukax/.u’":

n
i ik ik ik
F'(u,v) = Z C,’q.mu ax].v"’ + D}(jmv ax].u’” + E,’q-mu axju’", 6)
k,jm=1

where C]i i Dlic ime Ef{ jm AT€ SOme real coefficients. Note that in representation (6) monomials of the form
vkaxrv’" are not used, since they do not contain the components of the «smoothed» vector field u.
Interest in the study of alpha-models is primarily associated with their application to the study
of turbulence effects for fluid flows. It is also associated with obtaining better numerical results for
alpha-models in comparison to the original models. However, most of the works on the solvability of
alpha-models are devoted to models of the motion of an ideal or Newtonian fluid [11-14]. Only in the
last few years, works began to appear on the study of alpha-models of non-Newtonian fluid [15-18].
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This work continues the study of alpha-models for non-Newtonian fluids, namely, for the fractional
Voigt model of the viscoelastic medium [19]. This mathematical model describes a viscoelastic fluid
flow with a rheological relation ¢ = o€ (v) + 11 Dgtg(v) = o€ (v) + yllét_ﬂg(v), considered along
the trajectories of fluid motion. Here Dgt is the left-side fractional Riemann-Liouville derivative and
Ié; F is the Riemann-Liouville fractional integral. This model is a fractional analog of the Voigt model,
which describes the motion of a linearly elastic-retarded fluid. In order to study a large class of
polymers with creep and relaxation effects one must to consider models with fractional derivatives.
It turns out that the models with fractional derivatives are most suitable for this [20,21]. Note that the
advantage of this model is that, together with the definition of the vector-velocity v of the particle’s
motion, the trajectory of the particles of this medium motion z is also determined. Also, note that
the consideration of fractional derivatives in fluid dynamics has many physical applications [22-24].
One of the possible continuations of this model studies is laid out in References [25] and [26].

2. Preliminary Information and Statement of the Main Results

We introduce the main notation and auxiliary statements.

By L,y(Q2),1 < p < oo, we denote the set of measurable vector functions v : (3 — R”, summable
with p degree. By W}'(Q}), m > 1, p > 1, we denote Sobolev spaces. We consider the space Cg°(Q2)" of
infinitely differentiable vector functions from () to R" with compact support in (). Denote by V the set
{v € CT(Q)",divu = 0}. Also by V? and V! we denote the closure of V with respect to the norm of
Ly(Q) and WJ (Q), respectively, and by V> we denote the space V2 = W3(Q) N V1.

We introduce from Reference [27] the scale of spaces VA, B € R. For this we consider the Leray
projector P : Ly(Q) — V0 and the operator A = —PA defined on D(A) = V2. From this operator we
can get a self-adjoint positive operator with compact inverse in V0. Let 0 < Ay < Ay < -+ < Ap < ...
be the eigenvalues of the operator A. We can get an orthonormal basis in V° by the eigenfunctions
{ej} of the operator A due to the Hilbert theorem on the spectral decomposition of compact operators.
Denote by

N
Eoo = {U: ZUjGjZUjER,NEN},
j=1
the set of finite linear combinations of e;. Thus, we get the space VF, B € R as the completion of Eo,
with respect to the norm
1
© 2
folls = ( £ Affol?) " g
k=1
In Reference [27] it is shown that on the space VA, B > —1/2, norm (7) is equivalent to the

i of the space Wzﬁ ()", In addition, according to Reference [28], the norms in

the spaces V!, V2 and V3 can be defined as follows:

ordinary norm || - ”Wf )

ol = </QVU(X) 1 Vo(x) dx>%, lo]ly2 = (/QAv(x)Av(x) dx>%,

[ollys = </Q VAu(x) : VAo(x) dx>%.

Here the symbol ” : ” denotes the component-wise matrix product, that is, for C = (c;;), D = (d;j),

m
i,j=1,...m,weputC:D = Y cjdj.
ij=1

Further, through the VB = (Vﬁ )*, B € N, we denote the space dual to VB,
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Note that C([0, T|; F) is the Banach space of continuous on [0, T] functions, Cy ([0, T|; F) is the
Banach space of weakly continuous on [0, T] functions, Ly (0, T; F) is the Banach spaces of summable
on [0, T] with p degree functions with values in a Banach space F, respectively.

The set C' D(Q)) consists of one-to-one mappings z : QO — Q) coinciding with the identity mapping
on Q) and having continuous first-order partial derivatives on Q) such that det (dz/9x) = 1 at every
point of the domain Q. For this set the norm of continuous functions C(Q) is used. Further, we will
consider the following set CG = C([0, T] x [0, T],C'D(Q)). Note that CG C C([0, T] x [0, T],C}(Q0)),
therefore, in what follows, CG is considered a metric space with a metric defined by the norm of the
space C([0, T] x [0, T], C(QQ)).

We introduce the space in which the solvability of the considered problem will be proved:

Wi = {0 € La(0, T; V1) N Leo(0, T; VO), o' € Lyy3(0, T; V1))

with the norm [[o]lw, = [0l 0,7;v1) + 2l Ly 0,1v0) + 119y 50,201

Denote by A, : VP — VB2, B > 0 the operator A, = (] + a’A), where | = PI, and I is the
identity operator. By virtue of Reference [28], the operator A, is invertible. If we apply the Leray
projection P : Ly(Q)) — V? to the equality v = (I — a?A)u for § = 3 and express from the last equality
w:u=(J+a?A) 1o = A 'v. Then, since v € V!, we get that u € V3.

Note that for the correct formulation of the considered initial-boundary value problem the
trajectories z must be uniquely determined by the velocity field v. In other words, it is necessary that
Equation (3) has a unique solution for the velocity field v. However, the existence of solutions to
Equation (3) for a fixed v is known in Reference [29] only in case v € L; (0, T; C(Q)") and this solution
is unique for v € L1(0, T; C1(Q)") such that | (0,1)xa0 = 0. Therefore, the trajectories of motion are not
uniquely determined even for strong solutions whose partial derivatives that appear in Equation (3)
are contained in Ly (0, T; L2(Q))). One possible way out of this situation is to regularize the velocity
field at each time instant ¢ by averaging over the variable x and determine the trajectories z(7;t, x)
for the regularized velocity field [30]. However, relatively recently [31,32], the solvability of Cauchy
integral problem (3) was investigated in the case when the velocity v belongs to the Sobolev space.
Also the existence and uniqueness of regular Lagrangian flows, which are a generalization of the
concept of a classical solution, are established.

Definition 1. Regular Lagrangian flow associated to v is the function z(T; t,x), (T;t,x) € [0,T] x [0, T] x Q
satisfying conditions:

1. the function y(t) = z(T;t, x) is absolutely continuous and satisfies Equation (3) for almost all x € Q) and
te[0,T);

2. the equality m(z(t;t, B)) = m(B) holds for any t, T € [0, T| and an arbitrary Lebesgue measurable set
B C Q with Lebesgue measure m(B);

3. forallt; € 0,T),i=1,2,3, and almost all x € Q

z(t3;t1,x) = z(t3; tp, z(tp; b1, X)).
We give the necessary results from a regular Lagrangian flow.

Theorem 1. [31] Letv € L1(0, T; W;(Q)"), 1 < p < oo with conditions divv(t,x) = 0, (t,x) € [0, T] x O,
and v|(o 1) xaq = 0. Then there exists a unique regular Lagrangian flow z € C(D; L") associated to v (where
C(D, L) is the Banach space of continuous functions on D = [0, T] x [0, T] with values in the metric space of
vector functions L measurable on Q)). Moreover, z(T; t, 5) cQ up to a set of measure zero and

B%_Z(T,' t,x) =v(t,z(t;t,x)), tT€(0,T], foralmostall x & Q.
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Theorem 2. Let v, v" € L1(0,T; Wf(Q)”), m = 1,2,... for some p > 1. Let divo = 0, divo™ = 0,
0l0,11x00 = 0, V™| [o,71xa0 = 0. Also, let the inequalities

Hvx||L1(o,T;Lp(Q)"X") + HvﬂLl(o,T;L,,(Q)") <M,

”v;nHLl(O/T;L,,(O)"X”) + ||Um||L1(0,T;Lp(Q)") <M
are valid. Here vy and oY are the Jacobi matrices of the vector functions v and v™. Let v™ converges to v in
Li(Qr)N as m — +oo. Let 2 (7;t,x) and z(7;t,x) are reqular Lagrangian flows associated to v™ and v,

respectively. Then the sequence z™ converges (up to a subsequence) to z with respect to the Lebesgue measure on
the set [0, T] x Q uniformly on t € [0, T).

This result was proved in Reference [33] in the general case.

Thus, by virtue of Theorem 1 for each v € L,(0, T; Vl) and for almost all x € ), the Equation (3)
has a unique solution z(v), where z(v)(7;t, x) = z(7;t, x), in the class of regular Lagrangian flows.

As a control function, we consider the multi-valued map ¥ : W; — L(0, T, Vfl). Assume that ¥
satisfies the following conditions:

(¥1) Y is defined on the space W; and has nonempty, compact, and convex values;

(¥2) Y is compact and upper semicontinuous (that is, for any function v € W; and any open
set Y C Lp(0,T,V~1) such that ¥(v) C Y, there exists a neighborhood U(v) such that
F(U(v)) CY);

(¥3) Y is globally bounded, that is, there exists a constant Ry > 0 such that

1Y (), 0,7,v-1) = sup{llull,0,r,v-1) 1 u € ¥(0)} < Ry forallv € Wy;

(¥4) ¥ is weakly closed, that is: if {v;}>, C Wy, v — vg,u; € ¥(v;) and 1y — ugin L,(0, T, V1)
then ug € ‘F(Uo).

In this paper, a weak statement of the feedback control problem for initial-boundary value problem
(1)—(5) is considered. By feedback, we mean the condition

fe¥(v). (8)
We formulate the definition of a weak solution to feedback control problem (1)-(5), (8):
Definition 2. A pair of functions (v, f) € Wy x Ly(0, T, V=1) is called a weak solution of feedback control

problem (1)~(5), (8), if it for all ¢ € V' and almost all t € (0, T) satisfies the equality

. n a . .
(v, p) — /Q ) (A;lv)iv]v—ag dx + po /0 Vou:Voedx
Q=1

s (] =97 Pe0)620) 600 45 E0) = (0), ©)

the initial condition v(0) = vo and feedback condition (8). Here z(v) is a reqular Lagrangian flow associated
tov.

Remark 1. It is known that W C Cy (0, T; VO) [34]. Therefore, initial condition (5) has sense.
The following theorem is the first result of the paper:
Theorem 3. Let a multi-valued mapping ¥ satisfy conditions (Y1) — (Y4). Then there is at least one weak

solution (vs, f) € Wy x Lp(0, T, V=) of feedback control problem (1)—(5), (8).
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We denoteby & C Wy x Ly (0, T; Vfl) the set of all weak solutions of problem (1)—(5), (8). Consider
an arbitrary cost functional ® : ¥ — R, satisfying the following conditions:

(®1) Forall (v, f) € X anumber R; exists such that (v, f) > Ro.
(®2) Ifv; —v.inWyand f; — fiin Ly(0, T; V1) then ®(v,, fi) < lim (v, f;).
m—o0

As an example of this functional, we can take

/uv )~ u I} dt+/||f B .

Here u, is some specified velocity field. This functional characterizes the deviation of velocity from
the required, and its minimum yields the minimal deviation of velocity from the one specified by the
minimal control. One of the possible applications of the proposed approach is an optimal feedback
control problem and the results are in the consideration, analysis and calculation of different such
problems with special (necessary in industry) cost functionals ®.

The following theorem is the second result of this paper.

Theorem 4. If the mapping ¥ satisfies conditions (¥1)—(Y4) and the functional ® satisfies conditions
(P1), (P2), then optimal feedback control problem (1)—(5), (8) has at least one weak solution (v, f+) such that

(v fo) = inf O, f)

The proof of Theorems 3 and 4 is based on the approximation-topological method for investigating
fluid dynamics problems [35]. To do this, first, we pass to the operator interpretation of the problem
under consideration (operator inclusion) in suitable function spaces. Further, since the operators in
the obtained operator inclusion do not have the necessary properties, we consider a problem that
approximates the original one (in this case, it is also an operator inclusion, but with a better operator
that has the required properties and in better functional spaces). Then, based on a priori estimates
of solutions and the theory of the topological degree of multi-valued vector fields, the existence of
a solution to the approximation problem is proved. Finally, it is shown that from the sequence of
solutions of the approximation problem, one can extract a subsequence that converges in a weak sense
to the solution of the original operator inclusion. After proving the solvability of the control problem,
it is shown that in the set of solutions there is at least one solution that gives a minimum to a given
cost functional (this is why this type of problem is called the optimal feedback control problem for
fluid motion).

The work is organized as follows—in Section 3 we consider the family of auxiliary problems and
prove the necessary properties of an introduced operators. Also on the basis of the topological degree
theory for multivalued maps we prove the solvability of the auxiliary problem and establish necessary
estimates for solutions to the auxiliary problem. Section 4 is devoted to the passage, the limit and
the proof of Theorem 3. Section 5 is devoted to the proof of Theorem 4. The final Section 6 contains
conclusions.

3. The Family of Auxiliary Problems

Throughout this section we will assume that vy € V3.
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Consider the following auxiliary family of systems of equations (0 < ¢ < 1) with a small
parameter ¢ > 0:

oA’y o ", 0V
or tar TELATig, —rde

t
—%Div /0 (t—s)PE(V)(s,z(s;t,x)) ds + Vp = &, (10)

T
z(T;tx) = x +/ o(s,z(s;t,x))ds, t,T€[0,T], xecQ, (11)

t

divo=0, te[0,T], xeQ, 12)
U‘an =0, AU'BQ =0, te [0/ T] (13)
U|t:0 =79, x€. (14)

For this family we consider another functional space:
W, = {v e C([0,T];V?), o €lLy0,T;V?)}

with the norm [[o]|w, = [[vllco,z;v3) + 17" llLy0,,v5)-

Equation (10) includes the integral calculated along the trajectories of motion of the fluid particles.
As was noted in the previous section, it is necessary that the trajectories are uniquely determined by
the velocity field v(t, x). In other words, Equation (11) must have a unique solution for the velocity
field v(t, x). Note that for the family of auxiliary problems (10)-(14), the velocity v from the space
W, has sufficient smoothness (due to the embedding of the space V3in C! (ﬁ) for n = 2,3). Thus,
it follows from Reference [29] that the Cauchy problem (11) is non-locally uniquely solvable.

Analogously with the definition of a weak solution for feedback control problem (1)-(5), (8),
we formulate the definition of a weak solution to auxiliary problem (10)—(14), (8) for fixed 0 < ¢ < 1.

Definition 3. A puir of functions (v, f) € Wy x Ly (0, T; V1) is called a weak solution to auxiliary problem
(10)—(14), (8) if it satisfies for any ¢ € V' and almost all t € (0, T) the equality

o n a . .
(v, ) — §/O Y. (A;lv)ivja—zj dx +;40/Q Vo:Vedx— E/Q VAY : Vedx
ij=1

—0—%(/{:0—s)_ﬁé'(v)(s,z(s;t,x))ds,E(go)) =&(f. 9), (15)

feedback condition (8) and initial condition (14). Here z is the trajectory associated to the velocity v.
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To prove the existence of a weak solution to auxiliary problem (10)—(14),(8) for ¢ = 1, we rewrite
the auxiliary family in operator form. Using the terms in equality (15), we introduce the operators
using the following equalities:

J: Vi v, (]v,(p):/()v(pdx, ve V3, geVy

AV v (Av,(p):/Vv:V(pdx, veVl, ¢eVvh

Ay V3 v (A, e) / VAv: Vq)dx ve V3, geVh
B:Ly(Q) =V, / Y (A v]a dr, velyQ), geVl
ij=1

t
C:VIxCG =V, (Clo,2)(1),¢) = (/O (t=5)PE@)(s,2(5:t, ) ds, E(p)),
ve V!, zeCG, g c V!, foralmostallt € (0,T).

Since the function ¢ € V1 is arbitrary in (15), for almost all ¢ € (0, T) this equality is equivalent to
the following operator equation in L, (0, T; V~1):

Jo' + Ayt + pgAv — EB(v) + Iﬂ(f;_gﬁ)c(vrz) =¢f.

Thus, a weak solution to auxiliary problem (10)—(14), (8) for a fixed 0 < ¢ < 11is a solutionv € W
of the following operator inclusion

Jo' + €A’ + poAv — EB(v) + %C(v’z) =¢&f €Y(v), (16)

satisfying initial condition (14).
We also define the operators using the following equalities:

L:W, = Ly(0,T; V1) x V3, L(v) = ((J + eA2)v' + uoAv, v1—p);

K:W, — Ly(0,T; V1) x V3, K(v) = (B(v),0);
M1
Ta-p
YWy = L0, T,V ) x V8, V(o) = (¥(v),00);

MW, =W, M(v) =LYV (v) +K(v) — G(v)).

G: Wy = Ly(0,T; V) x V3, G(v) = C(v,2),0);

Thus, from our problem of finding a solution to operator inclusion (16) for a fixed 0 < ¢ < 1
satisfying initial condition (14) we get the problem of finding a solution for a fixed 0 < ¢ < 1 to the
following operator inclusion

v € EM(v) = L7 (Y (0) + K(v) — G(v)). 17)

We need the following properties of the operators from inclusions (16) and (17). In order to not
to pile up the notation, we will use the same letter to denote the same operators acting in different
function spaces.

Lemmal. 1.  For any function v € C([0, T]; V®) it holds that the function Av € Ly(0,T; V~1) and the
operator A : C([0, T]; V®) — Lp(0, T; V1) is continuous and the following estimates hold:

[Avlly— < llollyi; 1AVl Ly 0mv-1) < N0l 0,mv1)i (18)
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1A%l 1, 0,01y < Cillolleqo,1v3)- (19)
2. The operator Ay : V3 — V1 is linear, continuous, invertible and the following estimate holds:
[ A20]ly-1 < [[oflys- (20)
In addition, the operator Ay L. v=1 5 V8 s also continuous.
3. Forany function v € Ly(0,T; V3),1 < p < oo the function (] + eA;)v belongs to L,(0, T; V1) and

the operator (] +eA;) : Ly(0,T; V3) — L,(0, T; V1) is continuous and invertible. In addition, the
following estimate holds:

elloll,orvey < U +eA2)oll, o rmv-1) < C(1+e)llollL,o,rv3)- (21)

Moreover, the inverse to it operator (] +eAz) ™! : L, (0, T; V1) — L,(0, T; V3)is continuous and for
anyw € Ly(0,T; V1) we have the estimate

_ 1
I+ e42) "' wllp o 1v9) < Sl orv-)- (22)

4. Theoperator L : Wy — L(0, T; V~1) x V3 is invertible and the operator L™ : Ly(0, T; V=1) x V3 —
W is a continuous operator.

Proof. The proof is carried out in the same way as in Reference [36]. [
Lemma?2. 1. Themap B : Ly(Q) — Vs continuous and the following estimate holds:
1B@)ly-1 < Cllol . 23)
2. Foranyv € Ly(0,T; Ly(Q)) the function B(v) € Ly(0,T; V1) and the map B : Ly(0,T; Ly(Q)) —
Ly(0, T; V=) is continuous.
3. Forany function v € Ws the function B(v) € Lp(0,T; V') and the map B : Wy — Lp(0,T; V1) is

compact.

Proof. 1. Forany v € Ly(Q), ¢ € V! using Holder’s inequality, we obtain

(B(o), 9)| = < (/, (Aalv»vﬂzdx)%
w) <%

a9;|? i i
_1 —1.\ 4 4
X(Maxi i,j:1</0'<ﬂa o) dx) ( S e dx) lllvs

< Call A 0l ol @l 9llv < CaCsllollZ, oy el = Collollz, )l @llyvi-

n 29;
-1 ]
2 /Q(A“ v),'vja—xidx

ij=1

This implies inequality (23). Note that here we used the following well-known estimate [37,38]:

18512l ) = 1T = a?8) "0l ) < CsllollL,@)y p>1. (24)
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We show the continuity of the map B : Ly(Q) — V1. For arbitrary v, o0 € L4(Q) we have

a .
(B, 0) = BE, ) = | [ (60" W [ 3 (05O e
i,j=1 t
-1 m oM 0 aq)f
SZ”(AaU " — (85100 | Lo 3
ij=1 XillLy ()
n
< llglyr 3 108 0™)0" — (A1),

ij—1

:||<»HV1(2H< SO — (80" + (870" — (A1) 1)

ij=1

<llollys (32 AT 0t — (70"l Ly + 3 1ATT0)ie? — (A7 0%l e
ij=1 i,j=1

n
< Grllglhn ( Z; HAEIUW||L4(Q)||U7Z - U?Hu(n) + Z{ a1 (0" =)L, HU?||L4(Q)>
j= j=

n n
< GCsllglvn (1 10"y l9f" = ol + - 0™ = 2Pl 1ol y(cn) )
j=1 j=1

< Ca([[0" |y (o 1™ = 2l + 19" = 2l y ) [0l g @l
= CS(\|UMHL4(Q) + HUO||L4(Q))HUM - U0||L4(Q)||(PHV1~
Thereby
IB(e™) — B(@°)[ly-1 < Cs([l0™ (|1, + I10° |y 10" = 2l 1y
Assuming that o — 9 in Ly(Q), we obtain that the map B : Ly(Q) — V! is continuous.

(item 2) from Reference [28].
3. To prove this item, we use the Aubin-Simon theorem:

To prove this item, it is necessary to use the last estimate and repeat the proof of Lemma 2.5.4

Theorem 5. [28,39,40] Let X C E C Y are Banach spaces, the embedding X C E is compact and the
embedding E C Y is continuous. Also let F C L,,(O, T;X),1 < p < co. We assume that for any f € F

its generalized derivative belongs to L, (0, T;Y), 1 < r < co. Now let:

e Fisboundedin Ly(0,T; X);
o {f':feF}is bounded in L,(0,T;Y).

Then for p < oo the set F is relatively compact in L,(0, T;E), and for p = oo and r > 1 the set F is

relatively compact in C([0, T|; E).

Consider the set F = {v € L4(0, T; V®),v' € Ly(0, T; Lo(Q))}. Since the embedding V3 C L4(Q)

is compact, the embedding F C L4 (0, T; L4(Q))) is also compact.

From continuity of embeddings

C([0,T]; V3) € Ly(0,T; V3),  Ly(0,T; V3) € Ly(0, T; La(€2))

the continuous embedding W, C F follows. In addition, also we have that the operator B :
L4(0,T; Ly(Q)) — L2(0, T; V1) is continuous (from the second item of this lemma). Thus, we

have the superposition of embeddings:

Wy C F C Ly(0, T; Ly(Q)) 2 Lr(0, T; V1),
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where the first embedding is continuous, the second is compact, and the map B is continuous.
Therefore, for any function v € W, we obtain that the function B(v) € L,(0,T; V'), and the map
B: Wy — Ly(0,T; V~1) is compact. The proof is complete.

|
We proceed to investigate the properties of the map C. We introduce the following norm

[9llk, L (0,7;v-1) equal to the norm |[B]|,( 7,-1) where 0(t) = e~ y(t), k > 0. Then the following
lemma holds.

Lemma 3. For any v € L»(0,T; V'), z € CG we have that C(v,z) € Ly(0,T; V1) and the map C :
Ly(0,T; V') x CG — Ly(0, T; V1) is continuous and bounded. In addition, for any fixed function z € CG
and arbitrary u, v € Ly (0, T; V1) the following estimate holds:

[C(0,2) = C(,2) g, 1y0,mv-1) < CoT  PVT /K0 = ully 0,70 25)
Proof. The first part of this lemma is proved similarly to the Lemma 2.2 [30]. We prove necessary

estimate (25). Let 3(t) = e~ u(t),7(t) = e *u(t). By definition, for almost all t € [0, T] we have
¢ € Ly(0,T, V') and obtain

(e7MC(v,2)(t) — e MC(u,2)(1), p(1)
—/ // KE=9) (1 — 5)~PEyi(o — ) (s, 2(s31, %)) ds () (£) dc dt.
Then, using the Holder inequality, we obtain
1/2
(e™C(v,2)(t) — e M C(u,2) (1), p(t / / (t—s)~ / E2(w —u)(s,z(s;t, x))dx)
<( [ @) Pasdr= [ [ K0 Bl@ 16l s ds
1/2
< T B0~ Tl @l ([ [ €4 dsan) 2
The last inequality holds by virtue of the following estimate [41] (Theorem 2.6)
t
| [ 6=9) P9 dsli,0m) < ST Plo)l0my 9(5) € L,0.T), 1< p <o

Estimate the remaining integral:

k(t—s) 1/2 1/ 1 _ okt <1/T _T
// ) ds dt) : eMar< [ =

Thus, we obtain the estimate
(e7MC(v,2)(t) — e MC(u,2)(t), p(t)) < CoT' " PVT /K| — 0,01y 191l Ly 0,501)-
From where necessary estimate (25) follows. [J

We formulate one more necessary property of the operator C.
But first we define several concepts concerning the measure of noncompactness and L-condensing
operators [30,42].

Definition 4. A non-negative real function 1 defined on a subset of a Banach space F is called a measure of
non-compactness if for any subset M of this space the following properties are satisfied:
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o Y(coM) =yp(M);
o forany two sets My and My from My C My follows that (Mq) < p(Ma).

Here, by co M we denote the convex closure of the set M. As an example of a measure of
non-compactness, we give the Kuratowski measure of non-compactness: the exact lower bound d > 0
for which the set M can be divided into a finite number of subsets whose diameters are less than d.
Kuratowski’s non-compactness measure has several important properties:

o (M) =0,if M is a relatively compact subset;
o P(MUK) = (M) if K is a relatively compact set.

Definition 5. Let X be bounded subset of a Banach space, and L : X — F is a map from X into a Banach
space F. Amap § : X — F is called L-condensing if p(g(M)) < p(L(M)) for any set M C X such that

p(g(M)) #0.

Let 7 be the Kuratowski measure of noncompactness in the space L, (0, T; V1) with the norm
[9llk, L, (0,;v-1)- Then the following lemma holds.

Lemma4. Themap G : Wy — Ly (0, T; V1) x V3 is L-condensing with respect to the Kuratowski measure
of noncompactness .

Proof. Let M C W, C Ly(0, T; V1) be an arbitrary bounded set. By virtue of Theorem 2, the set z(M)
is the set of trajectories z that are uniquely determined by the velocities v € M and this set is relatively
compact. Then for any fixed v € W, the set C(v,z(M)) is relatively compact. In addition, for any
z € z(M), the map C(-,z) satisfies the Lipschitz condition with constant Cy T'-B\/T/k in the norms
I lk.Lo00,7,v1y and || - Il 1, 0,7,v-1)- Then, by Theorem 1.5.7 [42], the map C(v,z) and, therefore, the
map G are Cg T1-8 VT /k-bounded with respect to the Hausdorff measure xj. It is known, see Theorem
1.1.7 [42], that the non-compactness measures of Hausdorff and Kuratowski satisfy the following
inequalities x; (M) < (M) < 2xx(M). Therefore, the estimate

T(G(M)) < CoT' PV T [k (L(M))
hold. Choosing k so that Cg T'-B\/T/k < 1, we obtain the statement of the lemma. [J

Using the above estimates and the properties of the operators, we prove the following a priori
estimates for auxiliary family (10)—(14), (8).

Lemma 5. Let vy € V3. Then for any solution v € W, of operator inclusion (16) the following estimates hold:

”UHLZ(O,T;Vl) < Co(llvollyo + Vellvolly2); (26)
lollcqo,rvey < Cu(llvollvo + Vellvolly2); (27)
SHUH%([O,T];VZ) < ClZ(”Z’OH%/o + SHUOH%/Z)r (28)

where the constants Cqg, C11, C12 do not depend on € and ¢.
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Proof. Letv € W, be a solution of operator inclusion (16). Then for any ¢ € V! and almostall t € (0, T)
equality (15) holds. Since it is valid for all ¢ € V!, we assume that ¢ = 7, where 7(t) = e ¥v(t). Then
P

/Q dx—@/ Z (A 10)i(1)v;(t) Z;]‘int) x /Q Vo(t) : Vo(t) dx

i,j=1

+ r({‘fﬁ) (/0"0 — ) PE(0) (5, 2(5it,x)) ds, E(B(1)) )
’8./0 VA (F) : V() dx = E(F(1),3(H)).  (29)

Let us replace v(t) = ¢k5(t) and separately transform the terms in the left side of the last equality

as follows. Consider the first term:
’t’td:/ kt’t”td:kt/” d kk’f/*t*td
JRLULOEE Q@d»d)xe [ ooty dx+ ke [ a(tyate) dx
kt
e _
= [ 2D g ko = & S RO + ko0 B @0)

Now we turn to the consideration of the following term:

o om0 %5 o [ rantonn

i,j=1 ij=1

5 (¢ Ko aarTo)()
= 2/ 2 (A7 10); ((ali]())dx——Z/ni,jz_:lwvf(t)dx

i,j=1

Ekt n ) 72
— /Q Y- divu(t) (1) dx = 0.
j=1
Finally, we transform the last term:
e /O VAV (F) : VB(t) dx = —¢ /Q VA(KT(t)) - V5(t) dx — ekelt / VAB(t) : Va(t) dx
— /Q VAT (£) : Vo(t) dx = ekt / AB(8) Av( ydx + - / = (so()85(1)) dx

k 2
:gketHv( )||V2+ 2 dt” ()Hvz

Thus, equality (29) can be rewritten as follows:

d, _ _
A o0) 2 + K00 B0 + e [5O3 + ke [o(6) e + o (0)
t
- —r(i“_‘:ﬁ) ([ =5 Petea) s,2(5:8, ) ds, £0(0)) ) + £ (£(0), 50 (1)
We estimate modulo the right-hand side of the resulting equality. Using the Cauchy inequality

b2 2

< 4

b5t

for 6 = 1/, we obtain:

g (£(0),5(D) < FIF Dy llo(®) Iy <

kt
Hoe™ |~y 12
_214 Hf()IIV1+ 7 [Pl
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Multiplying both sides of equality (31) on e~*, for almost all ¢ € (0, T) we have

LI o+ & & a(0) 2 + KIR(OI0 + B2 2(0) s + ekl[o(8)

"
<Fi-p

We integrate the last inequality with respect to ¢ from 0 to 7, where T € [0, T]. Then

(efkt /Ot(t B S)—/Sg(ekt‘ﬁ) (s,z(s;t,x)) ds,S(i(t))) ' + Z%lo”f(t)H%/,l

2 I(e) o + S la(e) 2+k/ Io(6) 5, dt+sk/7||6<t>|\zvzdt
+%/0 ()13 dt < 5 Mool + 2 HvoHV2+2H / )R dt

H Tl ke _ - . _
+r(17i/3)/0 (e /0 (t—s)PE(eF v)(s,z(s,t,x))ds,S(v(t)))‘dt.

We use estimate (25) for # = 0. In this way,

T
SIBOs + 51 +k [ oot +ek [ 1o(6) 2
T CoT! ﬁ«/T/ 2k)
+B0 [ o) B dt < Sloolfo + 5ol + 2L VA T 112, o1, + HfHLZoTV
-B./T/(2K)
We assume that the number k is sufficiently large such that mGT! T/(2k) Ho/4.

TTA-pf)
The nonnegativity of the quantities ||7(t)]|? vos o(t) H%/z and [[o(t) H%ﬂ yields the following estimates:

Bo [T 512, di < LMo
7 Hv(t)Hvl t HZ)O”VO+ HUO”VZ+ Hf”LzOTV HUHLZOT\/l)
Ho
H D5 < 2Hvollvo +5 Hvollvz o HfIIL2 orv-) g Pl 01y
El\f(f)Hvo < ZHvoIIVﬁEHvoII@er HflILZOTV HUHLZOTvl)

Since the right-hand side in all the above inequalities does not depend on 7, we pass to the
maximum in T € [0, T] in the left-hand sides of these inequalities. Then

0 1
o ”v”LZOTW) EHUOHVO"' HUOHV2+ HfHLZOTV HUHLZOTW

_ 1
1B o2 < 50000 + S lloll3 + 5. - Hflle orv1) + 21812 o .

1, 1
E”UHC([O/T];VO < EH'UO”VO + 5 HUOH\/Z + HfHLZ 0,T;V- Hv“Lz OTV1)

From this and feedback condition (8) the required estimates (26)-(28) directly follow. The proof
is complete. [
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Lemma 6. Let vy € V3. For any solution v € W, for operator inclusion (16) we have the following estimates

€'l 0rv9) < Cu(1+ £ ) ool + CisvEllollyz + Caslleoles

1
C13T7 C13T C3T2
(1+ ) ool + ool + =2l

19'll. 5 0,75v-1) < CralllwollFo +ellvollf +1);

el'llL, 501 < Cis(lvolfo +elloolly +1);

lollcqomvey < llvollys +

where the constants Cq3, C14, Cy5 do not depend on ¢, v and ¢.

Proof. Let v € W, be a solution of (16). Then it satisfies the following operator equality
’ ’ o .ulg _
Jo' + A0’ + poAv — EB(v) + C(v,z) =¢Cf.
r(1-g)
Hence,

[(J +eA2)0" ||, 0,771y = 16 + EB(v) — poAv — %C(Ulz)“Lz(O,T;V 1)

(32)

(33)

(34)
(35)

(36)

We estimate the right-hand side of the last equality. By estimates (18) and (25) for u = 0, we get:

I8+ 2B(0) — podo — 1 C02) 0

CoT P
< NfllLomv-1) + IBO 0 my-1) + 5

WHDHLZ oty + Holloll 0,

(37)

We separately estimate the |[B(v)||1, (g, r;v-1)- Using (23), and the continuity of the embedding

V2 C Ly(Q), we have:

1B@lyorv = ([ 18I a)* < (/ o0 o )

T 1
<Cis( [ o)z at ) < Gt max [0(0) 2 = CreT* [0l g 102

We rewrite inequality (37) as follows

Ef +&B(v) — poAv — %C(W) L0,y

< Cr(Iflly0mv-1) + C16T1/2||U||é([o/ﬂ;vz) + 1ol 0,mv1)-

From the a priori estimates (26) and (28) it immediately follows that

107+ e42)2' 01 < Cua (14 1 ) louli3n + CisvElaollyz + Cusllol3

To prove estimate (32), it remains to use the left (21) for p = 2:

ello' | y0mve) < U +eA2) 0 mv-1)

1
< Cra(1+2) (Ileol3o + /12,01 1)) + Ciavelloollyz + Caalloo 22

Hence, inequality (32) is established.
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We pass to the proof of estimate (33). Represent the function v € W, as follows:

o(t) = /Ot v’ (s)ds + .

Then

lo(®)llys <

vo+/ s)ds
V3

Since the right-hand side of the resulting inequality does not depend on t, we pass to the maximum
in T € [0, T] in the left-hand side. Then, taking into account estimate (32), we obtain

< lvollys +/ I/ (5)lya ds < oollya + T2 19|, 0,700

1
C13T 1 C13T Cy3T2
< 14 -)
max o(B)llvs < [lvollvs + ( + = )lloollo + /e llollv2 + ==—llooll5--

Thus, we received estimate (33).
Now we prove inequality (34). As before, v € W, is a solution of operator Equation (36). Then

||U/HL4/3(0,T;V4) < ||&f +¢B(v) — poAv — (flgﬁ)C(U,Z) —gsz/HL4/3(0,T;V4)

< Hf||L4/3(O,T;V*1) + HB(U)HL4/3(O,T;V*1) + VOHAU||L4/3(O,T;V*1)
H1
+ WHC(U/Z)HLM(O,TN%) + €||A2v/”L4/3(O,T;V*1)‘ (38)

We separately consider the terms on the right-hand side of the last inequality. First, we estimate
|B(0)]|| .v-1y- Given from Reference [34] the well-known inequality for n = 3
Ly3(0,T;VH)

1 1 3
el < 22l o IVl e VY,

and estimate (23), we obtain (for the case n = 2 the proof is similar):

T 4 3
1By s0mv— = ([ 1B@I5dt)" < s / o1, dt)
T 2 2 3
3 2 4 3 2 4
<265 ( [ ol oI V00 1) < Cos( [ eloliol? at)

3

T b 1 3
< CISHUHC ([o,T]; VO)(/O HUH%/I dt) = ClBHUH(Zf([O,T];VO)HUHZZ(O,T;Vl)' (39)

Consider the following term. We use the Holder inequality and estimate (18). Then

3 T 4 3
4 E 4
A2l oy = ([ 140l ) < ([ ol ar)

1T 3 1
< T ( [ ol ) = THeloreye @0

Similarly, using the Holder inequality and estimate (25) for u = 0, we obtain an estimate for the
next term:

T 4 3 T 1
1€y = ([ 1C@ 2 ) <TH [Tlc2)1R ar)°

- 1
=T4(|C(v,2) |y 0,rv1) S T4T T! 'BC9HUHL2(0,T;V1)‘
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Finally, we consider the last term. Using inequality (20), we get:

2 T 2 % % T , % % ,
1420wy = [ 140150 a) <o [T 100 dr) < elolly ooy

Let us estimate the right-hand side of the last inequality. We use the left side of estimate (22)
for p = 4/3. Thus, to obtain an estimate of [[o'||, (o 7,y), it is necessary to obtain an estimate of
|(J + eA2)Y'|| Ly/s(0TV-1)r To do this, we again use operator Equation (36). From its appearance, it
follows that

ellv'llL, s 01v3) < M fllLys0,mv-1) + IB@)L, 50,mv-1) = poll AVl 0 mv-1) T 111 C(0,2) 1L, 5001y

Thus,

2
ell A%V, yomv1) < VIl L0mv3)

1
Sl 5001y + 1B@)IL, 0,11y + Kol A, ,mv-1) + 71—(1;1 B) IC(@ 2)llL, 50,mv-1)- (4D)

From (38), estimates (39)—(41) and a priori estimates (26) and (27), we get

19111, 501:v-1) < 2U1fllL, 50wy + IB@)L, 5 01v-1) + HollADllL, L 011y

= B) IC(v, 2)IL, 50,mv-1)) < Crolllf I, 0,mv-1) + 101,071

ra-

1 3
ol o 50 1212, 0 1) < ool lyomv-1) + 12ollve + Vel ol 2
1 3
+(loollyo + Vellzollyz + 1 Flly0,r0-1) * (leolly + VEllvollyz + Il 1))
< Can(Jloollyo + VElivollvz + | flly(o:rv-1) + 12 < 4Ca (lloollZo + elleol3 +1).

This completes the proof of inequality (34), where C14 = 4Cy;.
Finally, applying again estimates (39) and (40), for the right-hand side of (41), as well as a priori

estimates (26) and (27), we obtain

ellv'll, s0mv3) < 2(1fNL, 0wy T IB@)L, 50,101y + Holl Aol L, 071y

H1
mHC(U:Z)HL4/3(0,T,-V—1)) < Ca(lfll, 0,1y + 2l Ly 0,01

+
}
o1 om0 121 0 71)) < CoalFliyomvn) + ollvn + vEloollye

1 3
+(llwollvo + Vellvollva + 1 flly0,v-1)) 2 (lollvo + Vellvollva + | fll 1, 0,m0-1)) %)
< Cau([loollvo + Vellvollvz + I flly0,mv-1) + 1) < 4Caa(l[o0ll30 + ellvoll T2 + 1)

Thus, inequality (35), where Cy5 = 4Cy4 is established. The proof is complete. [J

Lemma 7. Let vy € V3. Then for any solution v € Wy of operator Equation (16) we have the following

estimate:
lollw, < Cas, (42)

where Cys > 0 is a constant that depends on e.

Theorem 6. Let vg € V3. Then there is at least one solution v € Wy of auxiliary problem (10)—(14), (8) for
=1
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Proof. To prove this theorem, we use the topological degree theory for multi-valued vector fields [2,43].
Consider operator inclusion (17). From Corollary 7 it follows that all solutions of inclusion (17) are
in the ball B C W, of radius R = Cp5 + 1 centered at zero. By item 4 of Lemma 1 the operator
L : Wy — L(0,T; V1) x V3 is invertible. Then there is no solution of the family of following
inclusions

velM, where ¢€]0,1],

on the boundary of the same ball Bg.

By virtue of item 4 of Lemma 1 the operator L1 : L,(0, T; V~1) x V3 — W, is continuous. By
the Lemmas 2 and 4 the map (Y (v) + K(v) — G(v)) : Wa — L»(0, T; V=1) x V3 is L - condensing with
respect to the Kuratowski 4 non-compactness measure. Therefore, the operator M : W, — W, is
condensing with respect to the Kuratowski 7 non-compactness measure.

Thus, the vector field v — M (v) is non-degenerate on the boundary of the ball Bg, which means
that the topological degree deg(I — M (v), Bg,0) is defined for this vector field . By the properties of
homotopy invariance and normalization of degree we obtain that

deg(I — M(v), Bg,0) = deg(I, Bg,0) = 1.

The non-zero degree of the mapping ensures the existence of at least one solution v € W, of
inclusion (17) for { = 1, and therefore of auxiliary problem (8), (10)—(14) for { = 1. The theorem is
proved. [

4. Proof of Theorem 3

We proceed directly to the proof of the solvability of feedback control problem (1)-(5), (8). To do
this, we carry out the passage to the limit in auxiliary problem (10)- (14) (8) for ¢ = 1. Since the space
V3 is dense in V0, then for each v} € V there exists a sequence ' € V3 converging to v} in V°.
If v§ = 0, then we put v’ =0, &y = 1/m. If ||t yo # 0, then starting from some number we have
llog!|ly2 # 0. Then we put g, = 1/ (m||of! || ,). Under our choice {¢,, } resulting sequence converges
to zero as m — co. Moreover, &, || vl HVZ < 1

By Theorem 6, for each ¢, and v’ there exists a solution v, € Wp C Wy of auxiliary problem
(10)=(14), (8) for & = 1. Thus, each solution v,, for all ¢ € V! for almost all ¢ € (0,T) satisfies
the equality

8<P
/Z vm vm s dx+y0/ Vo, : Vedx
i,j=1

o [ ! - . —
ﬂgm/OVAvm : Vq)derr(liiﬁ)(/o (t—s) ﬁg(vm)(s,zm(s,t,x))ds,S((p)) = (fm, ¢), (43)

and the initial condition

'Um|t 0= z)0

Since the sequence {v/'} converges in V7, it is bounded by the norm V°. Hence,

12610 + emll98' 132 < Cas.
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Thus, from estimates (26), (27), (34) and (35) we obtain that

om0,y < Cor, (44)
lom 2 o,7y:v0) < Cas. (45)
[¥ullL, 50,1y < Cas, (46)
ellvhllL, 50,mv3) < Ca0, (47)

where the constants Cy7, Cpg, Ca9, C39 do not depend on e. Due to the continuity of the embedding
C([0,T]; V°) C Leo(0, T; V) and estimates (44)-(46), without loss of generality (if necessary, passing to
a subsequence) we obtain that

U — v« weaklyin Lp(0,T; V') as m — oo, (48)
Um — vs *-weaklyin Leo(0,T;V0) as m — oo, (49)
o), — v, weaklyin Lyg/3(0,T;V™Y) as m — oo, (50)

and that the limit function v, belongs to the space W;.

Consider Cauchy problem (3) for the limit function v,. Since v, € Wi, therefore v, satisfies
the conditions of Theorem 1. Therefore, in [0, T| x [0, T] x Q there exists a Lagrangian regular flow
2. (T; £, x) associated to v.. We denote by z,,(7; t, x) the Lagrangian regular flow associated to v,,.

Lemma 8. The sequence z,,(T;t,x) converges to z(T;t,x) with respect to the Lebesgue measure on the set
[0,T] x Qin (t,x) fort € [0, T).

This lemma follows from the a priori estimate (42) and Theorem 2.

The proofs of the solvability of feedback control problem (8), (1)-(5) are divided into two parts.
First, we prove the passage to the limit in auxiliary problem (8), (10)-(14) for ¢ = 1 and a test function
¢ from V1, which is sufficiently smooth, then for the arbitrary function ¢ € V.

Ipart. Let the test function ¢ € V! be smooth. We pass to the limit in each term of (43).

For m — oo, by the definition of weak convergence v,, — v* in Ly(0, T; Vl) we get
yo/Qva :Vedx — po /Q Vo, : Vpdx

forany ¢ € V1.

Due to weak convergence v/, — v} in Ly/3(0, T; V1) as m — co we obtain that

(V@) — (0L, @)

forany ¢ € V1.

Further, using estimate (47), without loss of generality and, if necessary, passing to a
subsequence, we have that there exists a function u € Ly,3(0, T; V) such that

emty — 4 weaklyin Ly,3(0,T;V®) as m — oo.

Then
em(VAv,, Vo) — (VAu,Ve), as m — co.

However, the sequence ¢,,v,, converges to zero in the sense of distributions on [0, T] with
values in V3. Indeed, for any smooth scalar function ¢ with compact support and for
@ € V3, we obtain
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T T
ﬂ%gr;o em/o /QVAvﬁ,,:V(pdxlp(t)dt‘:rgig;osm/o /OAvinA<pdx1/J(t)dt‘
T
= lim e, /0 /QVZ);n:VAq)dxl/J(t) dt‘ = lim e lim 'V Agdxy(t) dt‘

= lim ¢, lim
m—00 m—00

T , p
N </0 Vo, () dt> : VAgdx
T 9p() N
Q(/O Vot dt) : VAgdx

' . ap(t)
X /QVU,,,.VA(pdedt‘.

= lim ¢ hm
m-—00 m—

= lim ¢, lim
m—00 m—00

Since v;, weakly converges to v* in Ly(0, T; V1) and, therefore, converges to v* in the sense
of distributions, then

T/v VA dxyp(t)dt| = /T/v  Vagdr 2t 4
o Jo VO VAdXy T o Jo VO VEPETG

hrn &y lim

t| lim €, = 0.
—00 m—»00 m—r00

Thus, due to the uniqueness of the weak limit

em(VAV,, Vo) =0 as m— .

Since the embedding V! C L4(Q) is completely continuous, and the embedding L4(Q2) C
V~1is continuous, by Theorem 5 it follows, that

F={v€ Ly(0,T;VY), 0" € Ly;3(0, T;V1)} C Lo(0, T; Ly(Q)).
Then, taking into account estimates (45) and (46) we conclude that
U — vy stronglyin  Ly(0, T; Ls(Q))).

Since the operator A, 1= =(I—-«a 2A)71: Ly(0,T; Vl) — Ly(0,T; V3) is continuous, then

d
/ Z (A o) (0m)] dx—>/ Z (A7 0.); i(04) Pigx as m— oo,
ij=1 ij=1 a

where the first sequence (A 'vy,); weakly converges in L, (0, T; V1), and the second (vy) j
strongly in L (0, T; L4(Q2)). Consequently, their product converges weakly to the product
of limits.

Now show that

Hlﬂiiﬁ)</ot(t —5)PE (om) (5, zm(s:1,x)) ds, £(9))

%ﬁ(/{:(tfs)’/3£(v*)(s,z*(s;t,x))ds,£(go)). 1)
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Consider the following difference

/(t—s VPE(m) (s, zm(s;1,x)) ds, E( )

(1 *ﬁ)
m(/o (£=5) PE@.) (5,2 (54,%)) ds, E )
- m”iiﬁ)(/ot(tfs)*ﬁ /ﬂ [E@u) (s, 2558, )) = £(@)(5, 2m(s54,0))] : () dwds)
n m”_ / ﬁ/ (5, Znl5it,2)) — E.)(5,24(5:,)) | £ E(g) dwds) = 2+ 73

(1)  We show first that Z{" — 0 as m — co.

Denote the integral over domain ) in Z]" by I:
1= /Q [£@n) (s, zmlsit, %)) = E(0:)(s, zm(st, %)) | : E(g) dx.

We make the change of variables x = z(t;s,y) in I (Where the reverse change is y =
Zm(s; £, x)):
1= [ [E@n)(s9) ~ £@)(s0)] : E@)Entis ) dy.

We rewrite Z]" and continue the further expansion:

2 = i ([ [ [ - @6 0] : o) antiis ) dyas)

- r(1yi B) (/Of(tfs)*ﬁ/Q € @) (s w) *5(0*)(54)] : [S(qJ)(zm(t;s,y))
@)z (t5,y)| dyds) + T ([ [en
—E@) ()] : E(@) (2. (ts,) dyds) = Z{} + 2,

(@)  Due to the weak convergence vy, to v in the space L, (0, T; I ), we obtain that Zi =0

as 1m — oo.
(b)  Applying the Holder and the Cauchy-Bunyakovsky inequalities, we get

28 < Co ([ (6= Pllomts ) =05, )yl Cam(155,) = (2 (5, o)

< Carllom(s, ) = vis,)lry0,mv1) X /0 l9x(zm(t;s,-)) = x(2<(E:5,-)) o ds.  (52)
We denote the second efficient in the last inequality by ®;,(s) :
T
= [ lgxCan(tis, ) = gutz. s, Dlyods.
We show the convergence ®@,,(s) — 0.as m — oo for every s € [0, T|. Note, that

()= [ [ oeCan(t5,9)) = gz t5,9) Py s
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@

Let ¢ > 0 be a sufficiently small number.The continuity of the function ¢y in Q) means that
there exists §(¢) such that if [x” — x'| < (¢), then

lpx (x") — px(x)] < e. (53)
Since the sequence z,,(t;s,1) converges to z«(t;s,) in the Lebesgue measure with respect to

(t,y), therefore for é(¢) there exists the number N = N(6(¢)) which for m > N the following
inequality holds:

m({(ty) lzn(tis,y) —z:(ts,y)| 2 6@} <. G4
We denote
Q(>8(e) = {(ty) € Qr ¢ ltis,y) —z:(s,y)] > 0(6));
QS 8(e) = {(ty) € Qr+ [an(tis,y) = 2. y)| < 0(e)}.
Then
On(s) < Css(( [ Nonlem(tisy)) — gz () Py

',/Q@s(e)) lpx(zm(£:5,)) — x (24 (:5,y))[* dy ds> =Cs3 (<I>,1n(s) + d)f,l(s)), (55)

By virtue of (53) for ®2,(s) we have |z, (t;s,y) — z«(£;s,y)| < 6(e). Hence

2 (o) < 2 _ 2
P, (s) < ./Q(go‘(s))g dyds = Cage”. (56)

By virtue of (54) for ®},(s) we have m(Q(> é(e))) < e. Hence

®}(5) < Casllexllegey [, dyds = Cosellgullciny- 57)

Q(>(e))
Thus, from (55), (56) and (57) it follows that for small ¢ > 0 and m > N(6(¢)) the following
inequality holds

<I>m(s) S C366.

Consequently, convergence ®,,(s) — 0as m — co for all s € [0, T] is obtained. Consider
the right side of inequality (4). Due to the boundedness of the first efficient (since v,, €
L,(0, T; V1)) and the convergence to 0 of the second efficient as m — oo, we get that ZJ% — 0
as 1m — co.

Thus, it is proved that Z{" — 0 as m — co.

Now show that ZJ* — 0 as m — co. Consider the auxiliary function 7(t, x) smooth and finite
on [0, T] x Q) such that [|v. — ]|, (g 1,1) < & for sufficiently small e > 0. We now estimate
Z7' through three integrals

281 < Cor ([ 6= [ lowls, 2m(556,2)) = 305, 2m(558,3) oy s
+/Ot(t —s)7P /Q 19(s, zm(s; £, x)) — (s, z«(s; 1, %)) || 1 ds

t
+/0 (t—s)~F /Q 1T(s, z«(s; £, %)) — vi(S, 24 (S £, %)) ||y ds) = Ca7 (23 + Z5y + Z35).
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1I part.

We make a change of variables in the norms under the integrals Z7] and Z33:
Hv*(sr Zm(S; £, X)) - 17(5/ ZM(S; t, x)) Hvl = ”U* (S,]/) - 5(S/y) ”Vl;

[0(s, z+(s7£, %)) = 0s(s, 24 (5, %)) [[y1 = [[9(s,y) = v (s, y)[[y1-

Then we get
t
24+ 24 = Cor( [ (¢ = 5) Plous,) = (s, )11 ds) < Care
We estimate also Z7}

zg;§c37(/0 (t—s)" / 1Ge(s, zm(s;t, ) — B (s, 24 (538, -))[2dx) /? ds).

By virtue of Lemma 8 z,,(s; t, x) converges to z(s; t, x) and the function 0y (¢, x) is bounded
and smooth. Therefore, by the Lebesgue theorem, we obtain that ZJ* — 0 as m — co. Thus,
convergence (51) is proved.

Taking into account the a priori estimates (44)—(46) and conditions (‘¥1)-(¥4), without loss of
generality, we can assume that there exists f. € Ly(0, T; V1) such that f,, — f. € ¥(v4) as
m — oo.

As a result, it was shown that the functions v, and f, with a smooth test function ¢ from V!
satisfy the equality:

0
(v, ¢ / ZIA 0:)i(0vs) an dx+;40/ Vo, : Vedx
ij

n F(lyiiﬁ) ( /Ot(t =) PE(0.)(5,2.(5:4,%)) 5, E(9) ) = (for @) (58)

Since the sequence {v,,} has a priori estimates (44), (45) and (46), due to the weak
convergence properties for v, we immediately obtain the estimate:
o4l Lo0,7:v0) + 10l Ly 0wy + N10xllL, 0, mv-1) < Cas-

Whence it follows that v, € Wj. Thus, the passage to the limit was proved for a test function
@ € V1, which is smooth.
Let us prove this passage to the limit for an arbitrary test function ¢ from V!. We rewrite (58)
for smooth ¢ in the form:

(G, 9] = [Ga, 9] =0, (59)

where

)
/a(”fdxw()/ Vo: Vodx

(G1, 9] = (v, ) — / Z

ij=1
] LB . . _
“ra =g [ =9 s<v>(s,z<s,t,x)>ds,s<<o>), (G2, 9] = (£, ).
Lemma 9. Let the test function ¢ be smooth. Then

[[G1, 9]l < Caollellyr, 1[G, 9]l < Caollllyr- (60)

The proof of this Lemma is similar to obtaining a priori estimates in section 3.
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Since the set of smooth functions is dense in V1, for XS V1 there exists a sequence of smooth
functions ¢' € V! such that |¢! — |1 — 0 for I — co. By virtue of (59) we obtain

(G191 = (G2, 9] = [G1, 9 — ¢'] = (G2, ¢ — '] +[G1, '] — [G2, ¢]
=[G~ ¢~ [Gp—¢'].
From the last equality and estimates (60) we obtain

(G, 9] — (G2, 9]| < Carlp — ¢

Taking into account the last inequality and passing to the limit as [ — oo in equality (58)
for ¢ = ¢' we obtain equality (58) for arbitrary ¢ € V', which completes the proof of the
existence of weak solutions for feedback control problem (1)—(5), (8).

5. Proof of Theorem 4

From Theorem 3 we obtain that the set of solutions is nonempty. Therefore, there exists a
minimizing sequence (v;, f;) € X such that

lim ®(v;, f;) = inf ®(v,f).
fm @ f) = ok, @ f)

As before, in the proof of Theorem 3 from estimates (44)—(46) it follows:
v — v, weakly in Ly (0, T; Vl),
o) — *-weakly in Lo (0, T; V),
v} — v/, weakly in Ly/3(0, T; v,
v; — v, strongly in Ly (0, T; L4 (Q))),

z1(T;t,x) — z(T; 1, x) in the Lebesgue measure with respect to (7, x) on [0, T| x Q,
fi = f« € ¥(vs) strongly in Ly(0, T; V™).

Similarly from inclusion

Jvj + poAv; — B(vy) + m”iiﬁ)c@,,z,) =fie¥(u),

passing to the limit, we obtain

Jol, + poAvy — B(vy) + Hlﬂiiﬁ)c(v*’z*) = fi € ¥(v4).

We get that (v,, f.) € Z. Since the functional ® is lower semicontinuous with respect to the
relatively weak topology, we have

O(vy, f) < inf D(v, f).
(0 f) < inf @0, f)

Thereby (v, f) is the required solution. The theorem is proved.
6. Conclusions

To summarize all reasonings, calculations and proofs in this paper, the mathematical model
describing the motion of viscoelastic mediums was investigated. This model is equipped with the
Voigt rheological relation. This relation is considered with the left-side fractional Riemann-Liouville
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derivative, which allows us to take into account the memory of the medium. This memory is considered
along the trajectory of the motion of fluid particles, determined by the velocity field. This allows a
more accurate description of the physical process of fluid motion. Also in this paper the model under
consideration is called the alpha-model. Interest in the study of alpha-models is primarily associated
with their application to the study of turbulence effects for fluid flows.

The main result of this paper is the solutions existence to the feedback control problem for the
mathematical model under consideration. Also the existence of an optimal solution to the problem
under consideration that gives a minimum to a given bounded quality functional is proved. Results of
this paper provide an opportunity for the future investigation of this model. The authors propose the
following future research directions for the model under consideration—1) the numerical analysis of
the obtained solutions; 2) the consideration of a turbulence case of this problem; 3) the investigation of
a II class of alpha-models for this problem and so forth.
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1. Introduction

We consider the system of fractional differential equations

{ DE. (¢r, (DL (1)) + f(t,u(t),0(t) =0, t € (0,1), )
D2 (¢, (D2 0())) + g(t,u(t),0(1)) =0, t € (0,1),
with the nonlocal boundary conditions
ul(0) =0, j=0,...,n—2; DfLu(0) =0, DJ%u(l) = Z/O Dy u(t) dH;(t),
i=1
4 /3 s T 5 (2
v (0) =0, j=0,...,m—2; Df20(0) =0, DYo(1) =Y /O Dy, o(t) dKi(t),

i=1"

where aq, ay € (0,1], 1 € (n—1,n], B € (m—1,m|,n,m € N,n,m > 3,p,q € N, 7; € R for all
i=0,....p0< <M< <7 <7v<p1—17%=>16€cRforalli =0,...,4,0 <6 <
O << <d<Pa—1,002>21r,1mn>1 9,1 = \T\’I‘Z’r, (p,‘il = Qois 0i = rl_’f"l, i=1,2,
the functions f and g are nonnegative and they may be singular atf = 0 and/or t = 1, the integrals from
the boundary conditions (2) are Riemann-Stieltjes integrals with H;, i =1,...,pand K;,j =1,--- ,¢q
functions of bounded variation, and Dg LU denotes the Riemann-Liouville fractional derivative of
order 6 of function u (for 6 = wq, B1, a2, B2, yi fori =0,...,p, 5/- forj = 0,...,q). The fractional

derivative D§_ u is defined by D§_ u(t) = ﬁ <%)r fot(t —5) "% 1u(s)ds, t >0, wherer = |0] +1,
|6] stands for the largest integer not greater than 6, and I'({) = [;° te=le~tdt, ¢ > 0, is the gamma
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function (the Euler function of second type). This work is motivated by the application of p-Laplacian
operator in several fields such as nonlinear elasticity, fluid flow through porous media, glaciology,
nonlinear electrorheological fluids, etc., for details, see [1] and the references cited therein.

Under some assumptions on the functions f and g, we present existence and multiplicity results
for the positive solutions of problem (1) and (2). By a positive solution of problem (1) and (2) we mean
a pair of functions (u,v) € (C([0,1],R.))?, satisfying the system (1) and the boundary conditions (2),
with u(t) > O0forall t € (0,1], or v(t) > 0 forall t € (0,1], (R4 = [0, 00)). In the proof of our main
theorems we use the Guo-Krasnoselskii fixed point theorem (see [2]). The existence and nonexistence
of positive solutions for the system (1) with two positive parameters A and j, and nonsingular and
nonnegative nonlinearities, supplemented with the multi-point boundary conditions

u(0) =0, j=0,...,n—2; D'u(0) =0, DItu(1) = LN, a;DI u(g;),
j=0,...,m—2; Di?0(0) =0, DI?o(1) = ©M, 5, D% o(y),

i=

S|
=
= =
>
=

where p1, p2, g1, 92 € R, p1 € [Ln—=2], pp € I,m—2], g1 € [0,p1], g2 € [0,p2], &, a; € R for
ali =1,..., N(N€ N),0< ¢ < --<¢év <1,y b€ Rforalli =1,...,M (M € N),
0 <m < -+ <nym <1, was investigated in [3], by applying the Guo-Krasnosel’skii theorem.
In the paper [4], the authors studied the system (1) with positive parameters, and nonsingular and
nonnegative nonlinearities, subject to the nonlocal coupled boundary conditions

. 4 -1
u(0) =0, j=0,...,n—2; D u(0) =0, DI u(1) = E/O DY o(t) dHi(t),
i=1
i o q 1
0o0)(0) =0, j=0,...,m—2; Df2o(0) =0, D,o(1) = 2/ DY, u(t) dK; (1),
i=170

where p,g €N, v; € Rforalli=0,1,...,p,0 <11 <712 < - <9p <& <Pr—1,6>1,6; € Rfor
alli=0,1,...,4,0<61 <6 < <§H<y<pr1—1Lr=1

In [5], by applying the fixed point theorem for mixed monotone operators, the authors proved the
existence of positive solutions for the multi-point boundary value problem for nonlinear Riemann-—
Liouville fractional differential equations

DE, 9p(DE, u(t)) = f(tu(t)), 0<t<1,
u(0) =0, DY, u(1) = Ly52&Dy, u(n;), D, u(0) =0,
¢p(Dg u(1)) = LI Cigp(D, u(ni),

where a, p € (1,2],v € (0,1],¢;, 13, §i € (0,1),i =1,...,m — 2, and f is a nonnegative function which
may be singular at x = 0. In [6], the authors investigated the existence and uniqueness of positive
solutions for the fractional boundary value problem

°D8, ¢, (D§+u(t) + g (I h(t, Igﬂru(t),Dngu(t))))
+f (4,152 u(t), Dl u(t)) =0, t€(0,1),

u(0) = D% u(0) = --- = DY 2u(0) = D}, u(0) =0,

DY u(1) = A1 fy b(1)DEL u(t)d A1 (1) + Az [ L (1) DR u(t)dAx(7)
+A3 T2 D u(ny),

wherex € (0,1], 8 € (n—1,n],n > 3,°Dj 1 denotes the Caputo fractional derivative of order « of function
u defined by °Dfj, u(t) = ﬁ fot(t —s)""'(s)ds, t > 0, for a € (0,1), and °D§, u(t) = u'(t), t >0,
for « = 1, and the nonlinear terms f and / may be singular on the time variable and space variables.
The authors used in [6] the theory of mixed monotone operators, and they also discussed there the
dependence of solutions upon a parameter.
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Systems with fractional differential equations without p-Laplacian operators, with parameters or
without parameters, subject to various multi-point or Riemann-Stieltjes integral boundary conditions
were studied in the last years in [7-27]. For various applications of the fractional differential equations in
many scientific and engineering domains we refer the reader to the books [28-34], and their references.

The paper is organized as follows. In Section 2, we study two nonlocal boundary value problems
for fractional differential equations with p-Laplacian operators, and we present some properties of the
associated Green functions. Section 3 contains the main existence theorems for the positive solutions
for our problem (1) and (2), and in Section 4, we give two examples which illustrate our results.

2. Auxiliary Results
We consider firstly the nonlinear fractional differential equation
Dg' (pny (DG (1)) +h(t) =0, t& (0,1), ©
with the boundary conditions
ul(0) _0]_0 —2; Db u(0) =0,

4
Dgou Z/ D'Y’ u(t) dH;(t), @
wherea; € (0,1, 1€ n—1Lnl,neN,n>3,peN,y;€Rforalli=0,...,p,0< 1 <7< <
Yp <7 <B1—1,7 >1,H;, i=1,...,pare bounded variation functions, and » € C(0,1) N L'(0,1).
We denote by

g/

_ r(ﬁl) _ ! r(ﬂl) 15‘31* i—1 (s
f1= L(Br1—r) STB1—7) /0 T AH(G)

Lemma 1. If Ay # 0, then the unique solution u € C[0, 1] of problem (3) and (4) is given by

1
= | Gits)gn (5Ln(s)) ds, t e (0,1], )

where the Green function Gy is given by

tﬁl 17
Gi(t,s) =git;s) + —1 L 1(/ $2i(T,8) dH;(T )), t,s €[0,1], (6)
with

| 1 (1 —g)fimnl — (- )1, 0< 7 <t <1,
sl )= I(B) | A t(1—gFnl, 0<t<7<1,

N G (oL C oL e

§i(00) = g3 0<z<1<1,
(ﬁl —7i) Tﬂr’h—l(l _ é’)ﬁl—vo—l, 0<t<(<1,

i=1,...,p.

Proof. We denote by ¢, (Dglru(t)) = x(t). Then problem (3) and (4) is equivalent to the following
two boundary value problems

Dolx(t) +h(t) =0, 0<t<1; x(0)=0, 8)
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and
DR u(t) = g, (x(1), 0<t<1;

i 4 1
u)(0) =0, j=0,...,n—2; DPu(l) = Z/ DY u(t) dH; (). ©)
i=170
For the first problem (8), the function
1 t _
x(t) = — I h(t) = _W/o (t—s)~h(s)ds, te[0,1], (10)

is the unique solution x € C[0,1] of (8). For the second problem (9), if A; # 0, then by [7] (Lemma 2.2),
we deduce that the function

1
u(t) = = [ Gilt:s)gq, (x(9)) ds, te [0,1], )

where G is given by (6), is the unique solution u € C[0, 1] of problem (9). Now, by using relations (10)
and (11), we find formula (5) for the unique solution u € C[0, 1] of problem (3) and (4). O

Next we consider the nonlinear fractional differential equation
D2 (¢, (Dh2 (1)) + k() =0, t € (0,1), (12)
with the boundary conditions

o0)(0) =0, j=0,...,m—2 Di2o(0) =0,
1 13)

b ¢ 5 }
Dg%o(1) = E Dy’ o(t) dK;(t),

whereay € (0,1], Bo € (m—1,m|,me N,m >3,g€ N, € Rforalli =0,...,9,0<5 <&Hh <<
0 <% <B2—1,0>1,K;, i=1,...,qarebounded variation functions, and k € C(0,1) N L'(0,1).
We denote by

) & TG [ e
Az_r(ﬁZj‘SO)i,;r(ﬁzjél)/@ Sﬁ J, 1dK,(S).

In a similar manner as above we obtain the following result.

Lemma 2. If A % 0, then the unique solution v € C[0, 1] of problem (12) and (13) is given by

1 V.
ot) = [ Galt,9)pes (I53K(s)) s, t e [0,1), (14)
where the Green function G, is given by

B2—1 4

S () o s

gz(t,s) = g;;(t,S) +

with
(60) = 1 11—l —(t )Pl 0< <t <1,
8= Ty | 1w, <<z,
1 B2—0i—1 = g)ﬁz*%*l —(t— g)ﬁz*fﬂ'*l,
341(77/5):m 0<f<t<1,
274 thr=di=l(1 — )%l o<1t <7 <1,

(16)

i=1,...,q
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By using the properties of the functions g1, g2;,1 =1,...,p, 83, 84i,1 = 1,...,q given by (7) and
(16) (see [7,17]), we obtain the following properties of the Green functions G; and G, that we will use
in the next section.

Lemma 3. Assume that H; : [0,1] - R, i=1,...,p, and K;: 0,1 = R, j=1,...,q are nondecreasing
Sfunctions and Ay > 0, Ay > 0. Then the Green functions Gy and G, given by (6) and (15) have the properties:

(@) G1, G2 :[0,1] x [0,1] — [0, c0) are continuous functions;
(b) Gi(t,s) < Ji(s) forallt, s € [0,1], where

Ji(s) =y (s) + Ty gailr,s) dH(x), with
In(s) = by (1 =910 = (1= s)f 15 € [0,1;

(c) Gi(t,s) > t/g'1 LF1(s) forall t, s € [0,1);
(d) Ga(t,s) < Ja(s) forallt, s € [0,1], where
(

Ja S)—]’lz( )+Azzz 1fog4z T8 )dK( ) with

o (s) = m[(l — )01 _ (1 —s)f2"1], 5 € [0,1];

(e) Ga(t,s) > th2=17y(s) forall t, s € [0,1].
By similar arguments used in the proof of [17] (Lemma 2.5), we deduce the next lemma.

Lemma 4. Assume that H; : [0,1] - R, i =1,...,pand K; : [0,1] = R, j = 1,...,q are nondecreasing
functions, Ay > 0, Ay > 0, h € C(0,1)NLY(0,1), k € C(0,1)NLY(0,1), h(t) > 0 forall t € (0,1),
k(t) > 0 forall t € (0,1). Then the solutions u and v of problems (3), (4), (12) and (13), respectively, satisfy
the inequalities u(t) > 0, v(t) > 0 for all t € [0,1]. In addition, we have the inequalities u(t) > tF1u(t),
o(t) > th~lo(t) forall t, T € 0,1].

3. Existence of Positive Solutions

In this section, we investigate the existence of positive solutions for problem (1) and (2) under
various assumptions on the functions f and g which may be singular at t = 0 and/or t = 1. We present
the basic assumptions that we will use in the main theorems.

(I1) a1, a0 € (0,1], B1 € (n—1,n], B € (m—1,m|,n,m € N,n,m > 3,p,q € N, v; € R for all
i=0,...,,0< <M< <P <rw<p—-1mrn=>1¢4¢€cRforali=0,..,.9
0<61 <0< <6p<dp<pPr—16g=>1H,i=1...,pK ]_l .., q are nondecreasing
functions, A; >0, A7 > 0,7, > 1, ¢1,(s) = |s\’l_25, (p,‘il = Qo:r Qz = Vﬁ ,i=1,2.

(I2) The functions f, g € C((0,1) x Ry x Ry, R, ) and there exist the functions {; € C((0,1),Ry)
and x; € C([0,1] x Ry x Ry, Ry),i=1,2, with Ay, Ay € (0,00) such that

fttxy) <a®xtxy), gtxy) <hltxa(txy), Vi€ (0,1), x,yeRy,  (17)
where A = [)'(1— )P 101, (I§121(s)) ds, Ag = [y (1 —s)P2~%0 " 1gy, (I§2 02 (s)) ds.

Remark 1. We present below two cases in which A1, Ay € (0,00); for other cases see the examples from
Section 4.

a)Iff, g€ C([0,1] x Ry x Ry, R), thatis {;(s) = 1foralls € [0,1],i =1,2, x1 = f, x2 = g, then the
inequalities (17) are satisfied with equality. In addition, the conditions A1, Ay € (0,00) are also satisfied,
because in this nonsingular case, we obtain
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1 1
fr = [P gy (0 () ds = [[(1=)P 0 0(s) " ds

-1

= e b 0 ([0

= gy -9
1
1
e Blale -+ ) € (0,0),

(Tl + )T

where B(61,6,) = fol t0=1(1 — 1%~ dt is the beta function (the Euler function of first type), with 81,6, > 0.
In a similar manner we have Ay = WB(OQ(QZ —1)+1,B2— ) € (0,00).

b)IfCy, {2 € 1%2(0,1), g1 #0, 0 Z0,and ay,ap € (1/2,1], then by using the Cauchy inequality we find

1

0< A gm%}l(lfs)ﬁrvrl </Os(sfr)2(zx1 1) dT) (/ 2 dT) s

011 1 (2u— _
< 121 1l5 — S(21 Ve 1)(1 —s)fr=10-1 g
(T(a))r (20 — 1) 70
01-1
201 — 1 -1
It ))@€1|(|2 1) b <( 1 Z)(Ql Hrip M’O) -
o 1~ X1 — v

where ||{1]|2 is the norm of {1 in the space L2(0,1). In a similar manner we obtain Ay € (0, 00).

By using Lemmas 1 and 2 (the relations (5) and (14)), (1, v) is a solution of problem (1) and (2) if
and only if (1, v) is a solution of the nonlinear system of integral equations

= /Ol gl(fr5)¢91(lg}+f(5r ll(S),Z)(S)))dS, te [0, 1}’
1
- /0 Ga(t,5) 9oy (122 (s, u(s),0(5)) ) ds, t € [0,1].

We consider the Banach space X = C|[0, 1] with supremum norm |Ju| = sup;¢(o) [4(t)], and the
Banach space Y = X' x X with the norm || (1,v) |y = ||u]| + ||v||. We define the cone Q C ) by

Q={(u,0) €, u(t) >0, o(t) >0, Vt€[0,1]}.

We also define the operators Aj, Ay : Y — X and A: Y — Y by

Ay (w,0) / Gu(t,5) 90, (151 £5,u(5), (s))) ds, £ € [0,1],
Ao (1, 0) / Ga(t,5) @ey (182 g(s,u(s),0(s))) ds, t € [0,1],

and A(u,v) = (A1 (1,0v), A2(u,v)), (u,v) € Y. Then (u,v) is a solution of problem (1) and (2) if and
only if (u,v) is a fixed point of operator A.

Lemma 5. Assume that (I1) and (12) hold. Then A : Q@ — Q is a completely continuous operator (continuous,
and it maps bounded sets into relatively compact sets).
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Proof. We denote by M; = ]01 Ji(s)@o;(Iy', Ci(s)) ds, i = 1,2. Using (12) and Lemma 3, we deduce that
M; > 0,i =1,2. In addition, we find

p
= [ [+ & £ [ sateoranio)] 200
i=1

1
= 1_,(21) (1—s)Prm-1(1 —(1— s)%)%l([giél(s))ds
1 1/ .
+Kl 0 (1);{/0 g2i(T,S)dH1'(T)> 9o, (161.21(s)) ds
1
< T(,131) A (1—s)P1=10"1 g, (18124(s)) ds
1 1 14 1 1 17— 1—70— ‘ “
+A71/0 (1—21/0 WT'B 7 1(1—S)ﬁ v 1dH1(T)> ‘P01(10+§1(S))ds

4

- <1‘(}31) " Ai ; (/51l i) /] hor dHi(T)) -
M, = '/01 [hz(s) + El;/o g4,'(T,S)dK,'(T):| 9o, (I3 02(s)) ds

1
= ) w9 - (-9 )pn (5 a(s)) s
Aiz/l <2/ 94i(T,s) dK; (T)) Pos ( 0+§2( s)) ds

1

2 Jo- >ﬁ2*‘5°’1%2<1 2 5(s)) ds

/ <2/ (B> — Tﬁz 5-1(1 s)ﬁzéoldK,-(T)> 9o, (102 22(s)) ds

9 i
=N\ (1‘ Ai Z i ,Bz - / P01 dKi(T)> < co.

i=

By Lemma 3 we conclude that A maps Q into Q.

We will show that .A maps bounded sets into relatively compact sets. Suppose S C Q is an arbitrary
bounded set. Then there exists L1 > 0 such that ||(1,v)||y < L; for all (1,v) € S. By the continuity
of x1 and x, we deduce that there exists L, > 0 such that Ly = max{sup,c (1), 0eo,,] X1(t #,0),
SUPte[0,1], u0efo,L,) X2(t 1, 0) }. By using Lemma 3, for any (u,0) € S and t € [0,1], we obtain

A1) (0) < [ T 1515 1(5),005))) s
1 1 s
< [ A60n (g [~ D (o) dr ) ds
<87 [[ 6w (g [ - O ) as
— 187 [ G ga (0 () ds = MyLg
Aa(,2)(1) < [ o(6) a2 (5,5, 0(5))) s
1 1 s ,
< [ 2609n (1 [ 6= 0 (a0 ) és
<15 /0 T Y A L
=187 [ B)pn 15 8a(s)) ds = MaLE .
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Then || A (1,0)| < MyLE ™, || Az (u,0)|| < MpLP ™ forall (#,0) € S, and s0 A;(S), A2(S) and
A(S) are bounded.

We will prove next that A(S) is equicontinuous. By using Lemma 1, for (1,v) € Sand t € [0, 1]
we deduce

Ay (u,0)(t) =/0 < (T,s) dH;( )) o1 (1o f(s,u(s),0(s))) ds
B /t r ;1 {tﬁfl(l — )P0l _ (t_s)lﬁ ] @o, (I f (5, u(s),0(s))) ds
+/ e =P g (G s us) o(s)) ds

B1
S /0 ¥ (] ) 285(5)) o 55 ), 20

Hence for any t € (0,1) we find

(Ai(1,0) / G [(B1 = 1)#1=2(1 = 5Pt — () — 1)(— )12
><(P91( o+f(5 u(s), v ( )))ds
/ ) ﬁ1 — D21 =)0y o (IgL f(s,u(s),0(s))) ds

— ﬁ1
% [ ([ st a(2)) g0, 0545, 000) .
Then for any t € (0,1) we obtain

[(A1(u,0)) ()] < ﬁ -/()t[tﬁ1*2(1 — 5)51*70*1 +(t— 5)51 72}
X @, (I} (G1(s)x1 (s, u(s), v(s)))) ds

o = 9P g (B s n(s), o)) s

—1)th
PP [ () s 40800 ) (054 €0 55 ), 006) .

Therefore for any t € (0,1) we deduce

(A (i, 0)) ()] < L8 { — /[tﬁl $)P=1071 4 (£ — 5)P1=2] g, (18141 (5)) ds
= /1tﬂr 1—s>ﬁ1 1y, (I§21(s)) ds a®
NUESISYSS 5 ( [ gm0 ) g 1510005 s

We denote by

m = F(ﬁlln L1720 Pt (1= )P gy, (15101 (9)) ds
e =P e U0 9) s

_ B1—2 P
oa(t) =)+ P S ([ gatr o arin)) gu (5L (6) s

i=1
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We compute the integral of function 0y, by exchanging the order of integration, and we have

1 1 1 o . ”
/Oel(t)dtlzm/o (1—s)Pr 1071 (1 4 (1 —5)1) gy, (I1.L1(s)) ds

2 2A
- _g)Pi—m-1 fe! — 01
<y b 9T g (L0 (6) ds = gl < o0
For the integral of the function 6, we obtain
1 V(g —1th2
/ 0 (t) dt + (/0 Tdt)
1P -1
< E g21(Tr )dH( )) (qu(lgigl(s))“)
:1
S 0 175)/51 o 1(/)01( 0+§1(S))d5

+i1 </0 </0 ﬁrﬁl_%_l(l —s)fimn dHi(T)> oy (151 01(5)) d5>
i=1 ;
- /01(1 - s)ﬂl_%_l‘/’m(lglél () ds
r

Then we deduce

! 2 1 1 i1 41, o
/Oez(t)dt< < it zr(/sl )/ h 1dH,(T)> < co. 19)

We conclude that 6, € L! (0,1). Hence for any t1,t, € [0,1] with t; < tp and (u,v) € S, by (18)
and (19), we find

N B

i, 0)(10) ~ s 0)o2)| = | [ i) | <187 [Coaan o)

By (19), (20) and the absolute continuity of the integral function, we deduce that A;(S) is
equicontinuous. By a similar approach, we obtain that A, (S) is also equicontinuous, and so A(S) is
equicontinuous. Using the Ascoli-Arzela theorem, we conclude that A (S) and A»(S) are relatively
compact sets, and so A(S) is also relatively compact. Besides, we can prove that A;, A; and A are
continuous on Q (see [16] (Lemma 1.4.1)). Then A is a completely continuous operator on Q. [J

We define now the cone
Qo = {(u,0) € Q, min u(t) > ¥ Y|ul|, min o(t) > P~ |0||}.
te[0,1] fe[0,1]
Under the assumptions (I1) and (12), by using Lemma 4, we obtain A(Q) C Qp, and so Al g, :

Qo — Qo (denoted again by A) is also a completely continuous operator. For r > 0 we denote by B,
the open ball centered at zero of radius r, and by B, and 9B, its closure and its boundary, respectively.

Theorem 1. Assume that (I1) and (12) hold. In addition, the functions x1, x», f and g satisfy the conditions

(I3) There exist iy > 1 and yy > 1 such that

i x(txy) - xa(tx,y)
X10 = lim sup —SA"7T0 =0 and yyo = lim sup —S T
Zryy;gte[o,l] o, ((x +y)) ’;f;;g’te[o,l] @r, ((x +y)H2)

— Y
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(I4) There exists [a1,a3] C [0,1],0 < a; < ap < 1 such that

fio= lim inf Sfhxy) o or gl = lim inf Shxy) o0.
sty tefana] @ry (¥ 4 Y) st tefana) @r, (¥ 4 Y)
x,y=>0 x,y=>0
Then problem (1) and (2) has at least one positive solution (u(t),v(t)), t € [0,1].
Proof. We consider the above cone Qp. By (I3) we deduce that for ¢; = @ Mll)' —rand e = W,
there exists Ry € (0,1) such that
xilt,x,y) <e(x+y)HTY, Vie 0,1, x+y <Ry, i=12, (1)

where M;, i = 1,2 are defined in the proof of Lemma 5. Then by (21) and Lemma 3, for any (u,v) €
0B, N Qg and t € [0,1], we obtain

A,2)0) < [ TG00 U5 @ u(s), 006))) ds
< [ 001 (@ (S)esu(s) + 0051 )) s

1
<™ [ )0 (05,8l + o)) as

1
i—1 i i
=< lwoly | 50)9005,2i(5)) ds
i i—1 .
= M, o)l < MielH w0)lly = Hl(w,0)y, = 1,2

So we deduce that

A, )|y = [l A1 (w,0)[| + | A2 (w, 0) [| < [|(n,0) ][y, ¥ (u,0) € 9Br, N Q. (22)

By (I4), we suppose that fi, = co (in a similar manner we can study the case gi, = o). Then for
— — ﬁ v .
e3=2(A nnjn{af1 l,alfz )11, where A = W fal Ji(s)(s — ap)41(@1=1) ds, there exists C; > 0
such that
f(txy) > es(x+y)" 7t —Cy, VEE [ag,a), x,y>0. (23)
Then by (23), for any (1,v) € Qo and t € [ay,a2], we find

( ! /S(sfT)“l’lf(r,u(r),v(r))dT)Qli]ds

T(a1) Jay
s 01—1

D)
)( </a (s—T)“1*1(63(u(T)+v(T))’1*1—Cl)d'r> ds
p1—1 J1(s) s - p1—1 B2—1 n-1_ @l
" W(/ﬁ(s—ﬂ ealat ™l + 2 ol - oy )

01— 1(57a1)"‘1(91 1)

ds
Ql 1

" @)
-1 -1 01—-1
Tk [ (mm{aﬁl‘l,a?‘l})“ I3 - cl}
— gy )la=1)
/ﬂz jl(s)w ds
ay

01—-1
&
1

1 _ _ -1 0—1
- {A@rlq (min{all31 l,alﬁz 1})71 Il (u, 0) 1%~ L_gmt 1C1}

-1
2w )5 =), G =anion
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Hence we deduce
AL (1, 0) ]| > 2]l (n,0) 15" = )7, ¥ (1,0) € Qp.
We can choose Ry, > max {l, Cg 11 } and then we conclude

[ A(u, 0)ly = [l A1 (u, 0) | = [I(,0) Iy, ¥ (u,0) € 9B, N Qo (24)

By using Lemma 5, the relations (22), (24), and the Guo-Krasnosel’skii fixed point theorem,
we deduce that A has a fixed point (1,v) € (Bg, \ Bg,) N Qo, that is Ry < [|(1,0)]y < Ro,

and u(t) > tF1=1|u|| and v(t) > tP2~1||o|| for all t € [0,1]. Then [u|| > 0or ||o| > 0, thatis u(t) > 0 for
allt € (0,1] or v(t) > O forall t € (0,1]. Hence (u(t),v(t)), t € [0,1] is a positive solution of problem (1)
and (2). O

Remark 2. Theorem 1 remains valid if the functions x1, xo and f satisfy the inequalities (21) and (23),
instead of (13) and (14).

Theorem 2. Assume that (11) and (12) hold. In addition the functions x1, X2, f and g satisfy the conditions
(I5)

Xl = lim sup M =0 and X200 = lim sup M =

”;;8" te[0,1] Prq (x +]/) H;;B" te[0,1] q)rz(x+y)

(I6) There exist [a1,a2] C [0,1],0 < a1 < ap < 1,v1 € (0,1] and v, € (0,1] such that

P f(t.xy) i 8t x,y)
b= lim inf ——7""7C _ =00 or lim inf —2L = co.
4 s el @n (X +9)") “ shcsteina] @r((x+9)")

Then problem (1) and (2) has at least one positive solution (u(t),v(t)), t € [0,1].

Proof. We consider again the cone Q. By (I5) we deduce that for 0 < €4 < min {W, ﬁ },

0 < €5 < min { }, there exist C3 > 0, C4 > 0 such that

1 1
YRRy
xibxy) <eg(x +y)1 4+ Cs, xoltx,y) <es(x4y)? 14+ Cy, Vi€ [0,1], x,y > 0. (25)

By using (12) and (25), for any (u,v) € Qp, we obtain

A1(09)(0) < [ T U5 G 6 (s, u(6),0(90) ds
< [ 00 (LG ealus) + () +C)ds
g/:Jl(s)W(qu(u oty +6)"” ([0 aman) e
=M (64||(u oI5 1+c3)‘ , Ve (0,1,
Aa(1,9)(0) < [ To)es U5 @a(5)as,5),0(9) ds
< /'1 Tos fi’gz(lgi(@z(s)(es(u(s) +0(3)7 7+ C)) ds

-

*/ Tay)yet (esll(u, )™ (i/os(sfr)“z*l@z(r) dT) ds

Q
= M, (e5||( )H’z 1+c4)2 , Ve [0,1].
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Then we find

(o)l < My (el o)l +65)"
n—1
I A2(w,0)]) < Mz (eslle, )57 +Co) ™,

and so Ny
- Q- Q@
A0y < My (eall (w057 +Co) " + e (eslw o) 57+ €)™

for all (u,v) € Q. We choose

M Mt M2 -2 My 22!
—1 -1 _ —1 _ -1
—(Mlegl +Mpel? )’ 1—(M1291 26071 M2 262 )’

R3 > max{l, ;

(26)
My Mp2a-2c2 7! My202c T My
17(M1e§1’1+M22@2*2e§2’1)’ 17(M1291’Ze§1 1+M2e“2 1)

and then we deduce
[A(w,0)lly < I(w,0)]ly, V(u,0) € 9Br, N Q. (27)
The choosing of Rz above is based on the inequalities (a + b)? < 2P~1(aP 4 bP) for p > 1 and
a,b > 0,and (a+b)? < a? +bP forp € (0,1] and a,b > 0. Here p = g1 — 1 or gp — 1. We explain
the above inequality (27) in one case, namely ¢; > 2 and ¢, > 2. In this situation, by using (26),
and the relations Mﬂgl*zeifl <1 M22Q272€§271 < 1 (from the definition of €, and €5), we have
the inequalities

My (eaRY ™"+ C3)01 71 + M (esRE ™+ Cy)02!
< Mp292(ef T Ry + C5 ) Mp22 2 (e Ry + CF )
= (M207 2571 M2 2627 )Ry 4+ My2072C8 T 4 Mp2221C2 T < R

In a similar manner we treat the cases: 01 € (1,2] and 0, € (1,2];01 > 2and 02 € (1,2]; 01 € (1,2]
and ¢, > 2.
By (16), we suppose that gi) = o (in a similar manner we can study the case f} = o). We deduce

- - Br—
that for ¢g = (min{aflfl,afrl)l/Z(l_’Z)Al_’Z, where A = 7“(“:;1))@271 o 2(s — ay)2(@1) 7,(s) ds
there exists Ry € (0,1] such that

8(t,x,y) > eo(x + )22, Vi€ [a,a), x,y >0, x+y <Ry (28)

Then by using (28), for any (1,v) € dBg, N Qg and t € [a1, a,], we find

Az (u,0)(t) 2/ Go(t, s)( e /(S_T)az Lo(r,u(7), (T))dT>QZ—1dS

o

>aﬁz 1/ Ja(s)
@

> af>” 1/ Ja(s)
a

> afrlegrl (mm{al31 !

=[G, )15 = ll(w,0)lly-

Therefore || Ay (1, v)|| > ||(u, )|y for all (u,v) € dBg, N Qp, and then

) 02-1
</ s — 1) Leg(u(t) +o(T ))VZ(’Tl)dT) ds

-1
(/ (s = o Sea(af! "l + 2 ol)= V) s
1

N A [ sy () as

D(2+1 QZ 1

)Qz (T(ar))02—1
1
)Qz (T(ay))22—1

A, 0)|ly = | A2(w,0) | = [[(,0)[ly, ¥ (u,0) € 9Br, N Qo. (29)
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By Lemma 5, the relations (27), (29), and the Guo-Krasnosl’skii fixed point theorem, we conclude
that A has at least one fixed point (1,0) € (Bg, \ Bg,) N Qo, thatis Ry < ||(1,0)||y < R3, whichisa
positive solution of problem (1) and (2). [

Remark 3. Theorem 2 remains valid if the functions x1, xo and g satisfy the inequalities (25) and (28),
instead of (15) and (16).

Theorem 3. Assume that (I1), (12), (14) and (16) hold. In addition, the functions x1 and x» satisfy the condition
(17) D§1_1M1 < %, Dgz_le < %, where

Do = max{ max xi(tx,y), max xa(txy)}.
tx,y€(0,1] t,x,y€(0,1]

Then problem (1) and (2) has at least two positive solutions (uq(t),v1(t)), (u2(t),v2(t)), t € [0,1].

Proof. We consider the operators Ay, Ay, A, and the cone Qy defined in this section. If (I1), (I2) and
(I4) hold, then by the proof of Theorem 1, we deduce that there exists Ry > 1 (we can consider Ry > 1)
such that

AGu,v)[ly = [I(u,0)[ly, V(u,0) € IBr, N Q. (30)

If (I1), (I2) and (I6) hold, then by the proof of Theorem 2 we find that there exists Ry < 1 (we
can consider Ry < 1) such that

A, 0)lly = [|(n,0) ][y, ¥ (u,0) € 9Br, N Qo (€Y

We consider now the set By = {(1,v) € Y, ||(u,v)|y < 1}. By (I7), for any (u,v) € 90B; N Q
and t € [0,1], we obtain

.5 0i—1

w00 < [ 506 (s [ 6= D G, o) ae) s

s 0i—1
<D§~ / Ji(s ( /O(SfTD" zi( T)dT> ds

1 .
:Dg’ ./0 Jisq)gi(oJr i(s))ds:Dg’ Mi<5, i=1,2.
So || Ai(u, )| < %, forall (u,v) € 9B; N Qp, i =1,2. Then

[Aw,0)lly = |41 (u,0) | + [[A2(w, 0) || < 1= [[(u,0)lly, V(u,0) € 9B1 N Q. (2

Therefore, by (30), (32) and the Guo-Krasnosel'skii fixed point theorem, we conclude that problem
(1), (2) has one positive solution (u3,v1) € Qp with 1 < |[(u1,v1)|ly < Rp. By (31), (32) and the
Guo-Krasnosel’skii fixed point theorem, we deduce that problem (1), (2) has another positive solution
(u2,v2) € Qo with Ry < ||(u2,v2)|ly < 1. Then problem (1) and (2) has at least two positive solutions

(u1(t),01(1)), (u2(t), v2(t)), t€[0,1]. O

Remark 4. Theorem 3 remains valid if the functions f and g satisfy the inequalities (23) and (28), instead of
(I4) and (I6).
4. Examples

Letay =1/3,a0 =1/2,1 =5/2,(n =3),pr =13/4,(m =4),11 =4,01 =4/3,12, =5,00 =5/4,
p=24qg=1v%=4/3,71 =1/4, v = 6/5,80 = 11/5,6, = 7/6, Hy(t) = t/3 forall t € [0,1],
Hy(t) = {1/6, t € [0,2/3);2/3, t € [2/3,1]}, Ky (t) = {1/4, t € [0,1/3); 9/4, t € [1/3,1]}.
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We consider the system of fractional differential equations

o(

o) =0, te (0,1),
) ol G

{ D> (@a(DG7u(®)) + f(t,u(t)
1),0(t) =0, te (0,1),

Do ?(¢5(Dg *o(1))) + g(t, u(

with the nonlocal boundary conditions

= = = 2
u(0) =u'(0) =0, Dg/zu(o) =0, Dg/s / D1/4 ) dt D6/5 (3)
(34)

0(0) = /(0) = v”(0) =0, D}¥/*v(0) =0, D})lfvm) = 2D}/ (%) .

We obtain here A1 ~ 0.60331103 > 0 and A, ~ 1.12479609 > 0. We also find

1(ts) = T(5/2) | #2(1—s)/6, 0<t<s<1,
1 BA1—s)/6 — (1 —5)4 0<s <t <1,
g(t,s) = T(9/4) | P41 -6, 0<t<s<1,
1 P01 — )16 _ (1 —5)3/10, 0 <s <t <1,
8n(t,s) = T(13/10) { $3/10(1 —g)1/6, 0 <t<s<1,

(bs) = 1 P41 =)V — (t—5)24, 0<s<t<]1,
&S = TAs/a) | A1 -s)VD, 0<t<s<1,

(t ) B 1 t13/12(175)1/207(tis)ls/lzl O§S <t< 1,
SuWS) = To5/12) | #13/12(1—5)1/D, 0<t<s<1,

372 11 1 2

Gi(t,s) = g1(t,s) A] { / 921(17,s) dT+§g22 <§,s>} , ts€[0,1],
21974

Ga(t,5) = ga(t,5) + %y ~gn (3) Lse 0,1,

hy(s) = [(1=s)6—(1-5)%2, se0,1],

hy(s) =

1 { B3/2(1—)l/6 — (t—5)3/2, 0<s<t<1,

r(5{2)

m[(l —V20 (1574, se[0,1).

In addition we deduce

4 9/4 1
~ 271(9/4) (1-9s)"%+ 2T(13/10)
V6 (25 3/10]} 0<s<3,

)
27T(974) (1-s)16 - 27r(9/4) (1-9)%%+ 2r(1§/10)
(1-5)1/], 2/3<5 <1,

13/12 13/12

() (1—s)1/20 _ (% ) },0<s<3,
1!

3

ha(s) Azl" 25/12 [
ha(s )+A2F 25/12) (

Example 1. We consider the functions

Ja(s) =
3/12 1/20’ % 1

)

(x+y)*

m, €(0,1), x,y >0, (35)

Fon) = o ) =

wherea > 1,b > 1, 1,12 € (0,1/4), n3,14 e (0,1/3). Here f(t,x,y) = L1(Hxa(t,xy), glt,x,y) =
aMxa(txy), () = e () = mrsge forall t € (0,1), xa(txy) = (x+9)*, xa(tx,y) =
(x+y) forall t € [0,1], x,y > 0. By using the Holder inequality, we obtain
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0< A= /(;l(1 — )P, (19 4(5)) ds = /01(1 _ g6 (zgfgl(s)))mds
1 1 s - 1 1/3
= T /0 (1—s)/® </0 (s —1)~%/3 AR d'L’) ds

s s 1/471/3
<t oo () (f () o) ] o

< “Jw/ (1-s)l/6 {(951/9)3/4(3(1 i _47]2))1/4]1/3ds

32 112, (37 7
= waszys Bl i) B<36 6> <o
1 1/4

0<A2:/0 (1—s)ﬁr‘sf”l(pgz(lgfrgz(s))ds:/01(1—5)1/20 (120(s) s
1 1 s _ 1 1/4

= Ta/2)7A /0 (1-s)V/%0 (/O (s—1) 1/27%(1 771)%‘”) ds o
1 1 s N 2/3 s \ o, 1/3

SW/O (1-s)V/%0 |:(/0 (s—1) 3/4dr> (/0 T3 (1 — 1) 730 d’r> } ds

< [ R B~ 31— 3y

25 21
=~ ____(B(1-3n31— iz (=2 =
(F(1/2))1/4( ( 37//3/ 3714)) 24’ 20 < 0
Hence assumptions (I1) and (12) are satisfied.
In addition, in (I3), for u1 = pp = 1, we obtain x19 = x20 = 0, and in (I4) for [a1,a3] C (0,1) we
have fi, = co (and g, = o). Then by Theorem 1, we conclude that problem (33) and (34) with the
nonlinearities (35) has at least one positive solution (u(t),v(t)), t € [0,1].

Example 2. We consider the functions

fry) = LD oy 4 ey, re01] ny 20,
(24 4)Vt
(txy) = 02D o o) e 10,1), xy >0 o
g//]/—(t+3)4\4/ﬁ ]/ 7 7 7 /]/7 7
where cg > 0,dy > 0,00 > 3,02 € (0,3), 03 > 0, 0y > 0. Here we have {1(t) = <4, t € (0,1],

L,
by = SELx+9)% + (x+y)7), €01, xy 2 0,0(t) = 5=, t€ [0,1), xaltxy) =

do(2+sint)

(13 (x7 +y%), t € [0,1], x,y > 0. By using a computer program, we obtain

1 1
Ay = /O (1 =s)Prm10 gy, (I gi(s)) ds = /0 (1= )01 50(s) ds

s 1/3
= 7(1"(1/13))1/3 /01(1 —s)l/e (/0 T V55— 7)7%/3 dT> ds
1/3

= O"(l/lw./ol(l ) <./01(sx)*1/5(s fsx)’2/3sdx> ds

1/3
= W (/01 $2/%5(1 75)1/6115) (/01 x V51— x)72/3dx>
1 (47 7 4 1\\1/3
~wamn’ (E'g) (B <g/ g)) ~ 0.877777,
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1 1
A= [ (1= 90 g0, (152 a(s)) ds = [ (1= 9"/ (1] 20als)) /4 ds
' 1/4

- W /01(1 _5)l/20 (/OS(S — )21 7)71/4dT> s

1/4
= O“(l/lw /01(1 —5)l/20 (/Ol(s —sx) " V2(1 = sx) V4 dx> ds

1/4
= gy fy 09 (2 [0 s i)

1 ! 1720 (172 1.3 A
_ W/ (1—s)V <s 127 ,F {1,1, E,S:|> ds ~ 0.901313,
0

1
where o F[a,b,¢,z] = m / sPH(1 — ) 71 (1 — s2) % ds is the reqularized hypergeometric function.
Jo
So A; € (0,00), i =1,2, and then assumptions (I1) and (12) are satisfied.

For [ay,a5] € (0,1), we find f, = co, and if we consider 0 < v; < 1, 3v; > 0, we obtain f(’] = oo,
and then assumptions (I4) and (I6) are satisfied. After some computations we deduce

M; = /~71 ¢g1(0+€1(5 ))ds = /J1 Pa/3 <Ié+3f>d

1/3
j (s—=1) —2/3:-1/53¢ ds
T (1/3 sy b O

1 2/15 13
( (1/3) 1/3 s Bl =, = ds =~ 0.78160052,

M= [ ><pgz<o+f;z<s ))ds = /Jz o5 s 15t

/‘72 ( 1/2)/(Sfr)il/z(lq)il/‘lﬁ) o

/4
1 12 1.3 1\
= F|-,1,=, ds =~ 0.65997289.
(r(1/2))1/4/0 Ja(s) (s VR vl s
.\ . 2 4d .
In addition, we find Dy = max {%(2"1 +2%), 8—10} If ¢g < mm{mM?(;l o) 32M§(2?’1+2‘72)} and
dy < min 3281\1/13, 64M4} then the inequalities Do/ My < 3 L and D(l)/ M, < % are satisfied (that is,

assumption (I7) is satisfied). For example, if o7 = 4 and 0> = 2, and ¢p < 0.032 and dy < 5.301,
then the above inequalities are satisfied. By Theorem 3, we conclude that problem (33) and (34) with
the nonlinearities (36) has at least two positive solutions (11 (t),v1(t)), (u2(t),v2(t)), t € [0,1].

5. Conclusions

In this paper, we have discussed the existence and multiplicity of positive solutions for a system
of Riemann-Liouville fractional differential equations with singular nonnegative nonlinearities and
p-Laplacian operators, complemented with nonlocal boundary conditions involving fractional derivatives
and Riemann-Stieltjes integrals. Some properties of the associated Green functions are also presented.
Two examples are constructed for the illustration of the obtained results.
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1. Introduction

The subject of fractional order boundary value problems has been addressed by many researchers
in recent years. The interest in the subject owes to its extensive applications in natural and social
sciences. Examples include bio-engineering [1], ecology [2], financial economics [3], chaos and
fractional dynamics [4], etc. One can find many interesting results using boundary value problems
dealing with Caputo, Riemann-Liouville and Hadamard type fractional derivatives and equipped
with a variety of boundary conditions in [5-17].

Integro-differential equations constitute an important area of investigation due to their occurrence
in several applied fields, such as heat transfer phenomena [18,19], fractional power law [20], etc.
Fractional integro-differential equations complemented with different kinds of boundary conditions
have also been studied by many researchers, for example, [21-28]. In a recent paper [29], a nonlocal
boundary value problem containing left Caputo and right Riemann-Liouville fractional derivatives,
and both left and right Riemann-Liouville fractional integral operators was discussed.

Motivated by aforementioned work on integro-differential equations, we introduce and
investigate a nonlinear Caputo-Riemann-Liouville type fractional integro-differential boundary value
problem involving multi-point sub-strip boundary conditions given by

‘DIx(t) + il”*gi(t,x(t)) = f(tx(t), 0<t <1,
x(0) = a, Ixz/l(o) =0, ¥"(0)=0,...,x"2(0) =0, o)

z ) 1
ax(1) + Bx'(1) = 'yl/o x(s)ds +]; a; x(177) + 'yz/6 x(s)ds,
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where D17 represents the Caputo fractional derivative operator of order q € (m —1,m|,m € N,m > 2,
pi > 0,0 <2 np,€ <1, f,8 :[0,1] xR = R, (i =1,...,k) are continuous functions
a,a,B,7v1,72 € Rand aj € R, j=1,2,...,p. Notice that the fixed /nonlocal points involved in the
problem (1) are non-singular.

We emphasize that the problem considered in this paper is novel in the sense that the fractional
integro-differential equation involves many finitely Riemann-Liouville fractional integral type
nonlinearities together with a non-integral nonlinearity. In the literature, one can find results on
linear integro-differential equations [30], fractional integro-differential equations with nonlinearity
depending on the linear integral terms [31,32], and initial value problems involving two nonlinear
integral terms [33]. In contrast to the aforementioned work, our problem contains many finitely
nonlinear integral terms of fractional order, which reduce to the nonlinear integral terms by fixing
pi = 1,Vi =1,... k. For specific applications of integral-differential equations in the mathematical
modeling of physical problems such as the spreading of disease by the dispersal of infectious
individuals, and reaction-—diffusion models in ecology, see [1,2]. In particular, one can find more
details on the topic in [34] and the references cited therein. For some recent work on fractional
integro-differential equations, see [35,36]. In a more recent work [37], the authors studied the existence
of solutions for a fractional integro-differential equation supplemented with dual anti-periodic
boundary conditions. Concerning the boundary condition at the terminal position t = 1, the linear
combination of the unknown function and its derivative is associated with the contribution due to
two sub-strips (0,) and (¢,1) and finitely many nonlocal positions between them within the domain
[0,1]. This boundary condition covers many interesting situations, for example, it corresponds to the
two-strip aperture condition for alla; = 0,j = 1,..., p. By taking y; = 0 = 7, this condition takes the
form of a multi-point nonlocal boundary condition. It is interesting to note that the role of integral
boundary conditions in studying practical problems such as blood flow problems [38] and bacterial
self-regularization [39], etc., is crucial. For the application of strip conditions in engineering and real
world problems, see [40,41]. On the other hand, the concept of nonlocal boundary conditions plays a
significant role when physical, chemical or other processes depend on the interior positions (non-fixed
points or segments) of the domain, for instance, see [42—45] and the references therein.

The rest of the paper is arranged as follows. Section 2 contains some related concepts of fractional
calculus and an auxiliary result concerning a linear version of the problem (1). We prove the existence
and uniqueness of solutions for the problem (1) by applying Banach and Krasnosel’skii’s fixed point
theorems in Section 3. Finally, examples illustrating the main results are demonstrated in Section 4.

2. Preliminaries
Let us first outline some preliminary concepts of fractional calculus [5].

Definition 1. The Caputo derivative for a function h € AC"[a,b] of fractional order q € (n —1,n],n € N,
existing almost everywhere on [a,b), is defined by

‘DIn(t) = /i (t—w)" 1% (w)du, t < [a,b).

I(n—q)

Definition 2. The Riemann—Liouville fractional integral for a function h € Ly[a, b] of order r > 0, which exists
almost everywhere on [a, ), is defined by

1t h
I'h(t) = W/a %du, € [a,b].

Lemma 1. For m —1 < r < m, the general solution of the fractional differential equation “D"x(t) = 0 can be
written as
x(t) = by + bt 4+ byt + ...+ by_1t" 71, )

146



Mathematics 2020, 8, 1899

where b; € R,i=0,1,2,...,m—1.
It follows by Lemma 1 that
17D x(t) = x(t) + bg + byt + bat> + ...+ by, (3)

for some b; € R,i =0,1,2,...,m — 1, are arbitrary constants.
The following lemma deals with the linear version of the problem (1).

Lemma 2. For a given function h € C([0,1],R) the unique solution of the following boundary value problem

‘Dix(t) =h(t), 0 <t <1,
x(0)=a, ¥(0)=0, ¥"(0)=0,...,x"2(0) =0,

Z 1 4)
ax(1) 4+ Bx'(1) = ﬂyl/ s)ds + Zuc] (1) +’yz/§ x(s)ds,
is given by
ot (t—s)rt gl (175'71 lfs‘i2
x() = [ o h(s)ds+aA][1x/0 ST +5/ h(s)ds
u)q 1 ‘—S)q71
,71/ / NC) e h(u)duds — Zucj/ Tk(s)ds 5)

|
=
=
N
i

’

1 S(S
) /0 Tq)h(u)alwlerAz

where it is assumed that

A = <a+l3(m1)“r1( ) ffxm"’ ' <1m€m>> #0, (6)

Az—a{af“mé Zw, 72 1*6)} @)

j=1

Proof. Using (3), we can write the general solution of the fractional differential equation in (4) as

t _ -1
x(t) = /0 %h(s)dS—CO—Clt—Cztz—...—Cm,li’mfl, (8)

where ¢, ¢1,¢2,...,¢y—1 € R are arbitrary constants. From (8), we have

_ -2
¥ (t) = /Ot %h(s)ds —c1 =20t — ... — (m—1)cpy_qt" 2,
t _ -3
X'(t) = /0 %h(s)ds —20)— ... — (m—1)(m —2)cp_1#"3, ©
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Applying the conditions x(0) = a,x'(0) =0, .. .,x<m*2>(o) = 01in (8), it is found that c) = —a,
¢1=0,...,¢—2 = 0. Then (8) becomes

_ gyl
x(t) = /Ot %h(s)ds +a—cp1t" 1, (10)
and
ot (f—g)I-2
Y (t) = /0' %h(s)ds (= 1)ey g2 (1)

4 P
Combining (10) and (11) with the condition ax(1) + Bx'(1) = 1 / x(s)ds+ Y ajx
0 4
j=1

1
+72/ x(s)ds, we get
/¢

-1

O (s —wi! ] P (g s)
ST du+a— cpys™ | d : / Y57 s)d
'y]/o {/0 () (u)du+a— cy—1s s+];a] A @) (s)ds
1 S _ q-1
+a—cp17"” l] +'yz/§ {/0 %h(u)dquafcm,lsm’]} ds,
which, together with (6) and (7), yields

Cn_1 = [;[a/l(l(s ds+[3/ 175'12 h(s)ds
1 1j . g\~
771/ / 1_(1;); (u)duds — Z%a/- /0] %h(s)ds
=
_72/ / F(L;); 1 )duds+uoc—a'ylg—a]éaj—a'yz(l—C)],

Substituting the value of ¢, in (10), we obtain

x(t)

t(tfs)qfl tm—l (]7541 1isq2
= ~——————nh(s)ds+a— a/ s)ds + / ds
b A ST P #e)
—u)T™ 1 P i (n; — s)‘?*

— (u)duds — w/ ~—<—h(s)ds

n ety L)y 1w

_72/ / r(”q))q lh (u)duds + A, |.

We can obtain the converse of this lemma by direct computation. This finishes the proof. [

Using Lemma 2, we can transform problem (1) into a fixed point problem as x = Fx, where the
operator F : C — C is defined by

E(t—s)i1

Fxt) = [ a3 [ s

148



Mathematics 2020, 8, 1899

m—1 _ k _ i—1

i=1 ‘1+P
1—5'72 k(11— s)1+pim
*h < -1/ ,:ZI F(g+pi— )g’“"‘(S))) &
T s (s — )1
_71/0 / Tq)qf(u,x(u))duds .
Kol s (s—w)Th e (u—w)hit!
™ Z/O /0 r(q /0 r(pl) gi(W,x(w))dwduds
P — )71 Ky (5 — s) T+
Z (/0 I‘(q) f 1:21/ Wgy(s,x(s))ds)
_ 1
72/ / : 1;))'7 fu,x(u)) duds
s—u)11 pu (y—w)pi-1
+721;/C /0 I'(q) /0 T (p;) gi(w, x(w))dwduds + Ay | .

Here C, represents the Banach space of all continuous functions x : [0,1] — R equipped with the
norm ||x|| = SUP;[o,1] [x(t)].

By a solution of (1), we mean a function x € C of class C"|[0,1] satisfying the nonlocal
integro-multipoint boundary value problem (1).

For computational convenience, we set

p
- L Jajln]
o - LS S S S - B 2V A Y
[Ta+1)  [M[\T(g+1) T(q) T(+2) T(@+1)
|72[11 = &7+
+ T 12) , (13)
1 1 a Bl Imlgrr
0 = + - +
l [T@+pi+1) A <r(‘7+i’i +1) T@+p) T@+pi+2)

Z ‘ |,]q+l71
+ i Ll L, "
(‘7+Pz+1) T(q+pi+2) , ,2,... k.

3. Existence and Uniqueness Results

In the following theorem, we make use of Banach’s fixed point theorem.

Theorem 1. Let f,g; : [0,1] x R — R be continuous functions and let there exist constants L,L; > 0,
(i=1,...,k) such that:

(A1) 1f (&%) = f(ty)l < Llx —yl and [gi(t, x) = gi(t,y)| < Li|x —y[ forall t € [0,1], x,y € R.
Then, the boundary value problem (1) has a unique solution on [0, 1] if

k
LO+ Y Lo <1, (15)
i=1

where ), Q)1 =1,2,...,k are given by (13) and (14), respectively.

Proof. The proof will be given in two steps.
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k
Step 1. We show that B, C By, where B, = {x € C : ||x|| < r} withr > (MQ + Y M;Q;+ |al+
i=1

k
(Az/Al)/(l —(LO+ ¥ L,-Q,-)) and M, M; are positive numbers such that M = sup |f(t,0)| and
i=1 te0,1]
M; = sup [gi(t,0)],i=1,2,...,k
te[0,1]
For x € B, and t € [0,1], it follows by (A1) that

Lf(Ex()] < [f(tx(8) = f(£0)| + [f(£,0)] < Lfix[| + M < Lr + M. (16)

In a similar manner, we have |g;(t,x(¢))| < Lijr+ M;, i =1,2,...,k. Then

|Fx
U (t*S)ql sx S tfs‘””' ils,XxX(s S a
< é[opl]{/ B e ICRION +2/ oy s )lds + o
tm 1 1 q pi—
FTAT { ol [ ( e )\+g = g,-<s,x<s>>> ds
— 2 k —_ 1
+|ﬁ\/ < a qs)q Z iqj::rp )gi(S,X(S))> ds

" —u 1
tnl [ %vw,x(mwds
korops (s—u)T1 g (u—w)Pict
+|w|§/ A o / (o i, x() s
‘—S q-1 j —5 ‘7+F’z
+2|:x]</ r(q; |F(s,x(s) \ds+2/7’7/7

| 2 S — u) u,x(u) duds

Igi(s, X(S))|d5>

}

d q
);l |’Xj|’7j

k 1 rs (S _ u)qfl u (u _ w)p,fl
Jr|'yz|i:21/ér '/0 %0 /0 () |gi(w, x(w))| dw du ds + | As|

R
Lr+ M) | su + + Ly
(Lt M) | sup § S 1) * AT | T+ @) T0+2) R

[72l(1 = g*) )} a { tItpi pr-t ( |ac|
+ (Lir+ M) et
(g +2) 1; T(g+pi+1)  [A] \T(g+pi+1)

IA

Z | 1‘17'1‘*'?,
Bl [y lgrtrit [72|(1 = g7rPitt)

+ 2 +
Flg+p) T@+pi+2) (q+r»1+1) T(g+pi+2)

t”’71|A2‘}
+lal +
A

k
A
= (Lr+M)Q+ Y (Lir + M;)Q; + |a| + ‘A—Z
i=1 1

k k
(m+ zL,-Q,->r+MQ+ Y MiQ; + |a] + ‘%
i=1 i=1
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which shows that 7B, C B,.
Step 2. We show that F is a contraction. For x,y € C and for each t € [0, 1], we obtain

|75 = F
ot (t _S)q—l B
< sup [Tt ) floats)ls

3 [ o) — sl

m—1 —S

oy [ ) (1 1£(5,x(5)) — (5, y(6))]
k(1 —s)atri-
=1

‘7+P

Z
181 (S 176 2660 v
" Z (1 — s)q+p,

i=1

T(q+pi— )|gl(5 x(s)) gi(s,y(S))> ds
sl [ ST x00) ~ ) s

Igi(s,X(S)) - gi(s/y(S))> ds

k s (s—u)i™1 pu (g —w)Picl
+|71|Z/§/ ( )q /0 ( r(ng |gi(w, x(w)) — gi(w, y(w))|dwduds

g1
L ( [ (73|f<s,x<s>> - Fls,y(e)lds

Z/”‘ (i *qu;pl lgi(s,x(s)) gi(x,y(s))ds>

-1
ol [ x(w) = oy s

kolops (s —u)0 L pu (g —)pit
+|’Yz|i§/§/0( i /O( i |gf(w,x(w))—gi(w,y(w))ldwduds}}

I'(q) T (pi)

p
ol
1 pm—1 q+1 = j
< L |sup B L I < B 1S j

e Ta D T IM | T+ ) T T2 T
|,),2|(17§q+1) B k ‘ i pm—1 |ZX|
TGt >H“x y"*?;lLf[r<q+p,-+1>+|Al| <r(q+pi+1>

P .
o
=

Bl Il 2l (1 = g7 +1)

+
T(g+pi) T(@+pi+2) Tlg+pi+1) T(g+pi+2)

llx = yll

k
< (Lo+ Y Loyl -yl,
i=1

which, by the condition (15), implies that F is a contraction. Thus the conclusion of the Banach
contraction mapping principle applies and hence the operator F has a unique fixed point. Therefore,
there exists a unique solution for the boundary value problem (1) on [0,1]. O
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Next, we prove an existence result for the boundary value problem (1), which relies on
Krasnosel’skii’s fixed point theorem [46].

Theorem 2. Let f,g;: [0,1] x R = R, (i =1,...,k) be continuous functions satisfying the condition (Ay).
In addition, we assume that:

(A2) |f(tx)] < p(t), 18t x)| < pi(t), forall (t, x) € [0,1] x R, i, p; € C([0,1], RT).

Then, the boundary value problem (1) has at least one solution on [0, 1], provided that

~\r(y * m '
R e I

where O, O;,i =1,2,...,kare given by (13) and (14), respectively.

Proof. Consider B, = {x € C: ||x|| < p}, |||l = sup |u(t)|, [|pill = sup |pi(t)], i =1,2,..., kwith
te[01] te[01]
p > [|pul|Q + X5 1] + |a| + |A2|/|Aq]. Then, we define the operators ® and ¥ on B, as

i’—S q+pi—

_ 1
ox(t) = /O(t r(s,;; (s, x(s ds+2/ TGt (=S) TP 6, x(s))ds, £ € [0,1),

m—1 _ )91 s i—1
Yx(t) = a— tTl |:/x/0 <(1F(q))f(s,x(s)) - ):; %g(s,x(s))) ds

173'72 k(1 —s)TtPi
+l3/< rEyACECIRDY (le_l)gms,x(s)))ds

*’Yl/_/ S}(I;q lf u,x(u))duds

(s —u)1=1 ru (u—w)pi—! ‘
Jr')’112;/0/0 () /0 T (ps) gi(w, x(w))dwdu ds

4 i (17 — ko rnj (7 — s)ItPi
_ ;zxj </O77 (ﬁli(q;)f (s,x(s))ds — Zl /011 %g,(s,x(s))ds>
=1\ i= '

s—u 1
’72/ / F(q))q fu,x(u))duds

s (s —u)1 b pu (u—w)pi=!
+ // / ((w, x(w))dwduds + A, | ,t € [0,1].
We complete the proof in three steps.
Step 1. We show that ®x + Yy € B,. For x,y € By, we find that
[@x + Ty
(t—s)it (t—s)THpi=
< su / s,x(s))|ds + / i(s,x(s))|ds + |a
te[o%{o o x| Z I gt x6)) s + o
tml 1 1_5 1_5'7+P:
+ i(s, d
1A [ ol ( e )| 21 T g(sy(sm) s
: (1—s)q2 k(1 —s)atri-2
+ / i(s,
1Bl | (F(q—l ; Tt 1) S Y

¢ s (s—u)rt
+|’Yl|/0 /0 Tq)|f(u,y(u))|duds
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IN

k l s (S _ u)qfl i (u _ w)p,-fl ‘
+|’Yl|i;/0 /0 / () lgi(w,y(w))| dwduds
P i (7 — :
+Z|"‘f</l7 (i f(s,y(s) )\dS+Z/’7 i

‘1+P)
Hnl [ €5

(4 —w)bi~1
+|~n|2/6/0 T [ syt s+
=15 i

Igz (s, y(S))IdS>

}

\f u,y(u))| duds

p
Y lajly!
11 e < =
|ul| | sup - +oP

e | Ta+1)  [Mf [ T@g+1)  T(q) T(g+2) T(q+1)

Ial(1 = gr+1) ; gl g B
TS )}%ZII%H[ @rptD Al <r<q+pi+1>*r<q+pi>

14
Z Jaj 77" v
|71|g7 Pt 72| (1 — g7tpitl) (\ﬂ\ n )

Ay
+
T(qg+pi+2) (q+Pl+1) T(g+pi+2)

Ay

A
I#1Q+ Z [[ill Qi + [a] +

i=1

p.

Thus, &x + Yy € Bp.
Step 2. We show that V¥ is a contraction mapping. For that, let x,yy € C. Then, for each t € [0,1],

we have

[¥x — Tyl

te[Ol]{ |r/n\1} {‘ ‘/ < 1;(2 x(s)) = f(s,y(s))]

s)+pi-1
T8 oLt e

= q+P)

+|ﬁ\/ (Fe2

(173)‘7“7 -2
+; T(g+pi— )

1gi(s, x(s)) —gi(s,y(S))> ds

|f(s,x(s)) = f(s,5(s))]

15105, %()) —gi(s,y<s>)> is

ol [ [E (1x(0)) = f (o, 0)| s

k ¢ s (s — u)q*1 u (u 7w)l7i*1 ‘ e uds
Hnl 2 0 S b T 8w @) — sy | dedid
-1

+ f o ( [ ‘(Siq [£(s,x(5)) = £ (s, y(s))lds

j —s)atpi-l
+ z / ! %max(s» gi(x,y<s)>|ds)

sl [ S at0) ~ )] dus
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k s _ -1 u _ i—1
sl X[ e gi<w,x<w)>g,-<w,y<w)>|dwduds”

(7) I (pi)
5 oyl
DC'?’]»
B PO e N N - O S = A 2
- e | 1Ml | Tla+1)  T(q)  T(g+2) T(g+1) I'(g+2)

-1 | 18| |71|g7tPitt
X“x‘y”JrZ {\A \ (r(q+pi+1)+F(q+Pi)+T(‘7+Pi+2)

Z Jaj T
T ala g
(q+pl+1) T(q+pi+2)

< (o (o)) (g i

which is a contraction by the condition (17).
Step 3. We show that @ is compact and continuous.

llx =yl

(i) Observe that the continuity of the operator @ follows from that of f and g;,i =1,...,k.
(ii) @ is uniformly bounded on B, as:

—s5)7-1 —5)atpi
x| < f‘;ﬁ]{ [ S ey ! tqi:gi(s,x(s»ds}

t (tf s)1~ } (t—s)1Fpim
su + su ds
Il s e+l s » { [

k

([l il
I(q+1) X; T(g+pi+1)

IN

IN

(iii) @ is equicontinuous.

Let us set max tx)| = f and max t,x)| = ¢, i=1,2,...,m. Then, for t;,t, €
om0 = Fand | mas st )] = § uta

[0,1],t; > tp, we have

|Dx (t1) — Dx ()|
h(h — s) TP

b (t — )11
/0 Tq)f(S,X(S))dS - Z/O ng(s,x(s))ds

i=1

- 0” %f(s,x(s))dsJrlé/;2 %gi(w(@)ds
/0’2 (tl7s)q71ra])(t27s)q71f(s,x(s))ds + /: %ﬂ&x(s))dﬁ
e T ALl
; /f %g&ax(s))ds
< +1 {10 = 2071+ 1] = #] + (1 — 12)7]}
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8i q+pi _ 4+tpi +p; +p;
+——— It —t +|(t — )P 4 (1 — ) TP
F(q+Pi+1){‘2 1 1= 2)TP 4 |(h — f) \}
72t—t L | [P YO L
(g+1) ‘ 1~ h) (q+p,+1)‘ (h—t2) 1 2

which tends to zero, independent of x, as t; — t; — 0. So, ® is equicontinuous. Hence, we deduce by
the Arzeld-Ascoli Theorem that ® is compact on B,. So, the hypothesis (Steps 1-3) of Krasnosel’skii’s
fixed point theorem [46] holds true. Consequently, there exists at least one solution for the boundary
value problem (1) on [0, 1]. The proof is completed. [

4. Examples

Here, we illustrate the applicability of our results by constructing numerical examples.

Example 1. Consider the following boundary value problem:
2
“DB/Ax(t) + ¥ IPigi(t,x(1)) = f(t,x(1)), t e [0,1],
i=1
x(0) =0, x'(0) =0, x”(O) =0, (18)
1/4 1
ax(1) 4 Bx'(1) = 1 / s)ds + 2 aj x(n;) + ’yz/ x(s)ds.
Here, m =4, q=13/14, p1 =10/14, po =11/14, p3 =12/14, a =B=11 =7 =1, =1/4,
N = 1/2, Ny = 3/4, N3 = 1, I’]1 = 1/7, 772 :2/7, 173 = 3/7, C: 1/2
) e . 1 (e tcosx+t2+1
(i) Let f(t,x) = %(arctanx +sin5t), g1(t,x) = 1 (W)l and g (t,x) = 34(smx +
¢71\/57). It is easy to see that (A1) is satisfied with L = ¢2/70, Ly = 1/28, and L, = 1/34.
Using the given data, we have Q) ~ 1.932128, (); ~ 0.677039, (), ~ 1.237301, and

Ay = <a+ﬁ(m1) <é > ZM"’ 172(1};")) ~ 3.666981.

Then, L) + Z L;iQ); =~ 0.203951 + 0.060571 < 1. Thus, by Theorem 1, the boundary value

problem (18) has a unique solution on [0, 1].
(ii) We choose the following functions in problem (18) for illustrating Theorem 2:

_ 2 —t 3 |x| 1 —t
ft,x) = 17(smx+e cos7t), g1(t,x) = 7 <1+ |x|) +2t, @t x) = 34(smx-i—e V/32). (19)

Here L=2/17,Ly =3/32and L, = 1/34as lf(t,x) — f(ty)| < —= |x—y\, lg1(t,x) —g1(ty)| <

- 17
3
35 [¥ —yland [g2(t %) — g2t y)] < 34 x —yl-
Further,
2. » 2,
If(t,x)]] < =5|sinx|+e *|cos7t < = +e 'cos7t = u(t),
17 17
3
< =
g1t )|l < 35 +2t = m(t),
and

llga(t, x)|| < 34\smx\ +e*ff< +e7tV32 = uy ().
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Obviously, ||u]| = 19/17, ||u1|| = 67/32 and ||pi2|| = 5.686266. Moreover, we have

<L {Q— <ﬁ>} +1:1 L; {Oi - <1"(q+1pl+1)>}> ~ 0.1824334 < 1.

As the hypothesis of Theorem 2 holds true, so there exists least one solution for problem (18) with
the functions given by (19).

5. Conclusions

We have studied a nonlinear fractional integro-differential equation involving many finitely
Riemann-Liouville fractional integral type nonlinearities together with a non-integral nonlinearity
complemented by multi-point sub-strip boundary conditions. In fact, we considered a more general
situation by considering the fractional order nonlinear integral terms in the integro-differential equation
at hand, which reduce to the usual nonlinear integral terms for p; = 1,Vi = 1,..., k. Under appropriate
assumptions, the existence and uniqueness results for the given problem are proved by applying the
standard tools of the fixed point theory. The results obtained in this paper are not only new, but they
also lead to some new results associated with the particular choices of the parameters involved in the
problem. For example, our results correspond to the two-strip aperture ({, ¢) boundary value problem
whena; =0,Vj = 1,...,p. On the other hand, by letting y; = 0 = 7, in the the results of this paper,
we obtain the ones for a nonlinear Caputo-Riemann-Liouville type fractional integro-differential
equation with multi-point boundary conditions. Thus, the work presented in this paper significantly
contributes to the existing literature on the topic.

Author Contributions: Conceptualization, B.A.; formal analysis, A.A.,, A.EA.,, SKN. and B.A,; funding
acquisition, A.A.; methodology, A.A., AF.A., SKN. and B.A. All authors have read and agreed to the published
version of the manuscript.

Funding: The Deanship of Scientific Research (DSR) at King Abdulaziz University, Jeddah, Saudi Arabia, funded
this project, under grant no. (FP-20-42).

Acknowledgments: The Deanship of Scientific Research (DSR) at King Abdulaziz University, Jeddah,
Saudi Arabia, funded this project, under grant no. (FP-20-42). The authors, therefore, acknowledge the DSR,
with thanks for the technical and financial support provided. The authors thank the reviewers for their constructive
remarks on our work.

Conflicts of Interest: The authors declare no conflicts of interest.

References

Magin, R.L. Fractional Calculus in Bioengineering; Begell House Publishers: Redding, CT, USA, 2006.
Javidi, M.; Ahmad, B. Dynamic analysis of time fractional order phytoplankton-toxic phytoplankton-
zooplankton system. Ecol. Model. 2015, 318, 8-18. [CrossRef]

3. Fallahgoul, H.A ; Focardi, S.M.; Fabozzi, FJ. Fractional Calculus and Fractional Processes with Applications to
Financial Economics. Theory and Application; Elsevier / Academic Press: London, UK, 2017.

4. Zaslavsky, G.M. Hamiltonian Chaos and Fractional Dynamics; Oxford University Press: Oxford, UK, 2005.

5. Kilbas, A.A; Srivastava, H.M.; Trujillo, J.J. Theory and Applications of Fractional Differential Equations;
North-Holland Mathematics Studies, 204; Elsevier Science B.V.: Amsterdam, The Netherlands, 2006.

6. Sabatier, J.; Agrawal, O.P.; Machado, J.A.T. (Eds.) Advances in Fractional Calculus: Theoretical Developments and
Applications in Physics and Engineering; Springer: Dordrecht, The Netherlands, 2007.

7. Ahmad, B.; Alsaedi, A.; Ntouyas, S.K.; Tariboon, J. Hadamard-Type Fractional Differential Equations, Inclusions
and Inequalities; Springer: Cham, Switzerland, 2017.

8. Henderson, J.; Kosmatov, N. Eigenvalue comparison for fractional boundary value problems with the Caputo
derivative. Fract. Calc. Appl. Anal. 2014, 17, 872-880. [CrossRef]

9. Peng, L.; Zhou, Y. Bifurcation from interval and positive solutions of the three-point boundary value problem
for fractional differential equations. Appl. Math. Comput. 2015, 257, 458-466. [CrossRef]



Mathematics 2020, 8, 1899

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

Agarwal, R.P; Ahmad, B.; Alsaedi, A. Fractional-order differential equations with anti-periodic boundary
conditions: A survey. Bound. Value Probl. 2017, 173, 27. [CrossRef]

Cui, Y.; Ma, W.; Sun, Q.; Su, X. New uniqueness results for boundary value problem of fractional differential
equation. Nonlinear Anal. Model. Control 2018, 23, 31-39. [CrossRef]

Baghani, H.; Nieto, J.J. On fractional Langevin equation involving two fractional orders in different intervals.
Nonlinear Anal. Model. Control 2019, 24, 884-897. [CrossRef]

Alsaedi, A.; Ahmad, B.; Alghanmi, M. Extremal solutions for generalized Caputo fractional differential equations
with Steiltjes-type fractional integro-initial conditions. Appl. Math. Lett. 2019, 91, 113-120. [CrossRef]

Ahmad, B.; Alsaedi, A.; Alruwaily, Y.; Ntouyas, S.K. Nonlinear multi-term fractional differential equations
with Riemann-Stieltjes integro-multipoint boundary conditions. AIMS Math. 2020, 5, 1446-1461. [CrossRef]
Liang, S.; Wang, L.; Yin, G. Fractional differential equation approach for convex optimization with
convergence rate analysis. Optim. Lett. 2020, 14, 145-155. [CrossRef]

Iskenderoglu, G.; Kaya, D. Symmetry analysis of initial and boundary value problems for fractional
differential equations in Caputo sense. Chaos Solitons Fractals 2020, 134, 109684. [CrossRef]

Cen, Z,; Liu, L.-B.; Huang, J. A posteriori error estimation in maximum norm for a two-point boundary value
problem with a Riemann-Liouville fractional derivative. Appl. Math. Lett. 2020, 102, 106086. [CrossRef]
Laitinen, M.; Tiihonen, T. Heat transfer in conducting and radiating bodies. Appl. Math. Lett. 1997, 10, 5-8.
[CrossRef]

Laitinen, M.; Tiihonen, T. Integro-differential equation modelling heat transfer in conducting, radiating and
semitransparent materials. Math. Methods Appl. Sci. 1998, 21, 375-392. [CrossRef]

Tarasov, V.E. Fractional integro-differential equations for electromagnetic waves in dielectric media.
Theor. Math. Phys. 2009, 158, 355-359. [CrossRef]

Ahmad, B.; Nieto, ].J]. Boundary value problems for a class of sequential integrodifferential equations of
fractional order. J. Funct. Spaces Appl. 2013, 149659. [CrossRef]

Debbouche, A.; Nieto, J.J. Relaxation in controlled systems described by fractional integro-differential
equations with nonlocal control conditions. Electron. |. Differ. Equ. 2015, 89, 18.

Ahmad, B.; Luca, R. Existence of solutions for sequential fractional integro-differential equations and
inclusions with nonlocal boundary conditions. Appl. Math. Comput. 2018, 339, 516-534. [CrossRef]
Alsaedi, A.; Ahmad, B.; Aljoudi, S.; Ntouyas, S.K. A study of a fully coupled two-parameter system of
sequential fractional integro-differential equations with nonlocal integro-multipoint boundary conditions.
Acta Math. Sci. Ser. B 2019, 39, 927-944. [CrossRef]

Zhou, Y.; Suganya, S.; Arjunan, M.M.; Ahmad, B. Approximate controllability of impulsive fractional
integro-differential equation with state-dependent delay in Hilbert spaces. IMA ]. Math. Control Inform.
2019, 36, 603-622. [CrossRef]

Ahmad, B.; Alsaedi, A.; Aljoudi, S.; Ntouyas, S.K. A six-point nonlocal boundary value problem of nonlinear
coupled sequential fractional integro-differential equations and coupled integral boundary conditions.
J. Appl. Math. Comput. 2018, 56, 367-389. [CrossRef]

Liu, J.; Zhao, K. Existence of mild solution for a class of coupled systems of neutral fractional integro-differential
equations with infinite delay in Banach space. Adv. Differ. Equ. 2019, 2019, 284. [CrossRef]

Ravichandran, C.; Valliammal, N.; Nieto, J.J. New results on exact controllability of a class of fractional
neutral integro-differential systems with state-dependent delay in Banach spaces. ]. Franklin Inst.
2019, 356, 1535-1565. [CrossRef]

Ahmad, B.; Broom, A.; Alsaedi, A.; Ntouyas, S.K. Nonlinear integro-differential equations involving mixed
right and left fractional derivatives and integrals with nonlocal boundary data. Mathematics 2020, 8, 336.
[CrossRef]

Huang, L.; Li, X.-E; Zhao, Y.; Duan, X.-Y. Approximate solution of fractional integro-differential equations
by Taylor expansion method. Comput. Math. Appl. 2011, 62, 1127-1134. [CrossRef]

Zhang, L.; Ahmad, B.; Wang, G.; Agarwal, R.P. Nonlinear fractional integro-differential equations on
unbounded domains in a Banach space. J. Comput. Appl. Math. 2013, 249, 51-56. [CrossRef]

Tate, S.; Kharat, V.V.; Dinde, H.T. On nonlinear mixed fractional integro-differential equations with positive
constant coefficient. Filomat 2019, 33, 5623-5638. [CrossRef]

Jalilian, Y.; Ghasemi, M. On the solutions of a nonlinear fractional integro-differential equation of pantograph
type. Mediterr. ]. Math. 2017, 14, 194. [CrossRef]

157



Mathematics 2020, 8, 1899

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

44.

45.

46.

Ahmad, B. A quasilinearization method for a class of integro-differential equations with mixed nonlinearities.
Nonlinear Anal. Real World Appl. 2006, 7, 997-1004. [CrossRef]

Hussain, K.H.; Hamoud, A.A.; Mohammed, N.M. Some new uniqueness results for fractional
integro-differential equations. Nonlinear Funct. Anal. Appl. 2019, 24, 827-836.

Hamoud, A.A.; Ghadle, K.; Atshan, S. The approximate solutions of fractional integro-differential equations
by using modified Adomian decomposition method. Khayyam J. Math. 2019, 5, 21-39.

Ahmad, B.; Alruwaily, Y.; Alsaedi, A.; Nieto, J.J. Fractional integro-differential equations with dual
anti-periodic boundary conditions. Differ. Integral Equ. 2020, 33, 181-206.

Ahmad, B.; Alsaedi, A.; Alghamdi, B.S. Analytic approximation of solutions of the forced Duffing equation
with integral boundary conditions. Nonlinear Anal. Real World Appl. 2008, 9, 1727-1740. [CrossRef]

Ciegis, R.; Bugajev, A. Numerical approximation of one model of the bacterial self-organization.
Nonlinear Anal. Model. Control 2012, 17, 253-270. [CrossRef]

Ahmad, B.; Asghar, S.; Hayat, T. Diffraction of a plane wave by an elastic knife-edge adjacent to a rigid strip.
Canad. Appl. Math. Quart. 2001, 9, 303-316.

Yusufoglu, E.; Turhan, I. A mixed boundary value problem in orthotropic strip containing a crack.
J. Franklin Inst. 2012, 349, 2750-2769. [CrossRef]

Bitsadze, A.; Samarskii, A. On some simple generalizations of linear elliptic boundary problems. Russ. Acad.
Sci. Dokl. Math. 1969, 10, 398-400.

Byszewski, L.; Lakshmikantham, V. Theorem about the existence and uniqueness of a solution of a nonlocal
abstract Cauchy problem in a Banach space. Appl. Anal. 1991, 40, 11-19. [CrossRef]

Byszewski, L. Theorems about the existence and uniqueness of solutions of a semilinear evolution nonlocal
Cauchy problem. |. Math. Anal. Appl. 1991, 162, 494-505. [CrossRef]

Groza, G.; Pop, N. Approximate solution of multipoint boundary value problems for linear differential
equations by polynomial functions. J. Differ. Equ. Appl. 2008, 14, 1289-1309. [CrossRef]

Smart, D.R. Fixed Point Theorems; Cambridge University Press: Cambridge, UK, 1974.

® (© 2020 by the authors. Licensee MDPI, Basel, Switzerland. This article is an open access
@ article distributed under the terms and conditions of the Creative Commons Attribution
BY

(CC BY) license (http://creativecommons.org/licenses /by /4.0/).

158



. mathematics m\w

Article
Dissipativity of Fractional Navier—Stokes Equations
with Variable Delay

Lin E. Liu ! and Juan J. Nieto 2*
1 School of Mathematics, Northwest University, Xi’an 710075, China; liulinfang2020@nwu.edu.cn
2 Instituto de Mateméticas, Universidade de Santiago de Compostela, 15782 Santiago de Compostela, Spain
*  Correspondence: juanjose.nieto.roig@usc.es

Received: 14 October 2020; Accepted: 9 November 2020; Published: 16 November 2020

Abstract: We use classical Galerkin approximations, the generalized Aubin-Lions Lemma as well
as the Bellman-Gronwall Lemma to study the asymptotical behavior of a two-dimensional fractional
Navier-Stokes equation with variable delay. By modifying the fractional Halanay inequality and the
comparison principle, we investigate the dissipativity of the corresponding system, namely, we obtain the
existence of global absorbing set. Besides, some available results are improved in this work. The existence
of a global attracting set is still an open problem.

Keywords: fractional Navier-Stokes equations; variable delay; modified fractional Halanay inequality;
generalized comparison principle; dissipativity

1. Introduction

We study the longtime behavior of the following two-dimensional Navier—Stokes equation of
fractional order with variable delay on a bounded domain () C R2,

Dfu—vAu+ (u-V)u+Vp=f(t)+g(t,us), in (0,T) x Q, (1)
divu=0,1in (0,T) x Q, 2)

u=0,on(0,T) xdQ, ®)

u(t,x) = ¢(t,x), t € [-h,0], x€Q, 4)

where Df is a fractional derivative of order « € (0,1), T > 0,Q C R? is a bounded open set with regular
boundary 00}, v > 0 is the kinematic viscosity, u is the velocity field of the fluid, p is the pressure, ¢ is
the initial datum, & > 0 is a constant, f is an external force field without delay, and g is the external force
containing some functional delay. We will refer to (1)~(4) as problem (P).

In fact, hereditary characteristics are ubiquitous in engineering, biology and physics. For example,
feedback control problem, immune systems, soft matter with viscoelasticity [1] could all have hereditary
properties (including memory, variable delay or distributed delay, constant delay, etc). The delay term is
very often denoted by a function u;(-) defined on some interval [—£, 0] (here /i could be —o0). The memory
effect is modeled by using fractional calculus, which actually has been widely applied in many sciences [2-5].
We would like to mention that the concept of fractional calculus was raised by L’'Hospital, who wrote to
Leibniz in the year 1695, seeking the meaning of % when n = % However, it only became popular in
practical applications in the past few decades. Several kinds of definitions of fractional derivatives have
been introduced [2], but maybe the most commonly used nowadays are the so-called Riemann-Liouville
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derivative and Caputo derivative. More definitions for Riemann-Liouville and Caputo derivative can be
found in [3,6,7].

It is worth pointing out that using a convolution group, Li and Liu [8] introduced a generalized
definition of Caputo derivative of order « € (0,1), and built a convenient framework for studying initial
value problems of time fractional differential equations. Compared with Riemann-Liouville derivative,
the Caputo derivative defined in [8] removes the singularity at t = 0 and characterizes memory from
t = 04. It is probably this character that makes the Caputo derivative share many similarities with the
corresponding ordinary derivative and then more manageable for Cauchy problems. In this work, we use
the Caputo derivative introduced in [8] to investigate the fractional dynamic system (1).

On the other hand, there are many results about time-fractional Navier-Stokes equations, which can
be used to simulate anomalous diffusion in fractal media. For instance, applying Laplace and finite Hankel
transforms, Chaurasia and Kumar [9] obtained the solution of a time-fractional Navier-Stokes equation.
In [10], Zhou and Peng studied the mild solutions of Navier-Stokes equations with a time-fractional
derivative, meanwhile Nieto and Planas [11] investigated the existence and uniqueness of mild solutions
to the Navier-Stokes equations with time fractional differential operators, and obtained several interesting
properties about the solution, such as regularity and decay rate in Lebesgue spaces. Nevertheless, most of
the available works including the mentioned ones did not take into account the delay in the external forcing
term, and are concerned mainly with the existence of solution/mild solution or the regularity. There is no
result on the limit behavior of solutions, even less work about fractional Navier-Stokes equations with
delay, such as the existence of weak solution and asymptotical behavior of solutions. Actually, for general
fractional PDEs, this discussion is limited due to the lack of tools although some special cases have been
studied [12-14].

The traditional method used to study solutions of classic nonlinear PDE:s is to find some “a priori”
estimates of approximate solutions, then to apply some compactness criteria—i.e., the Arzela-Ascoli
theorem, etc. However, this method seems not to work for fractional PDEs with variable delay. Because of
the appearance of variable delay term, the generalized fractional Gronwall inequality [15] (Theorem 1) is
not enough to find some “a priori” estimates of Lyapunov functions. Even though Ye and Gao [16] obtained
the Henry-Gronwall type retarded integral inequalities, this only works for fractional differential equations
with constant delay but not for variable delay. Fortunately, Li and Liu [17] (Theorem 4.1-4.2), generalized
the classic Aubin-Lions lemma and some convergence theorem to the fractional case, respectively. To our
purpose, we first improve [17] (Proposition 3.5) and [8] (Theorem 4.10). Then, under the condition that
a € (1,1), we investigate the solutions of our system by combing the Galerkin approximation and the
generalized Aubin-Lions lemma as well as the Bellman-Gronwall Lemma.

We would like to mention that Wen, Yu and Wang [18] analyzed the dissipativity of Volterra functional
differential equations by using the generalized Halanay inequalities, while Wang and Zou [19] studied the
dissipativity and contractivity analysis for fractional functional differential equations and their numerical
approximations via a fractional Halanay inequality. However, to analyze the dissipativity of fractional
PDEs with variable delay, the fractional Halanay inequality [19] alone is not enough any more, in fact, it
cannot be applied directly for our case, either. We modify the fractional Halanay inequality [19] (Lemma 4)
to a more general case, and then improve the comparison principle [20] (Lemma 3.4) and combine the
fractional Halanay inequality to overcome this difficulty.

Motivated by [19], we study the long time behavior of fractional Navier-Stokes equations with
variable delay. More precisely, we first prove the existence and uniqueness of weak solutions by Galerkin
approximation, and then analyze the dissipativity of system (P), namely, we obtain the existence of an
absorbing set by fractional Halanay inequalities and generalized comparison principle. We would like to
mention that similar results about the classic model of problem (P) can be found in [21].
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The organization of this work is as follows. In the next Section, we recall some basic concepts about
fractional calculus, and present some auxiliary lemmas which will be useful in later study. In Section 3,
we focus on the existence and uniqueness of weak solutions, and the dissipativity of the fractional dynamic
system (P) is shown in Section 4. Throughout the work, C, ¢ are positive constants, which can be different
from line to line, even in the same line.

2. Preliminaries

In this Section, we first recollect the generalize definitions of fractional calculus to functions valued in
general Banach spaces as studied in [8,17]. Then we prefer to recall some notations and abstract spaces
for the sake of completeness and to make the reading of the paper easier, although the notations and
results included in this section may seem somehow repetitive, since they can be found in several already
published monographs or articles [22-24]. Besides, two examples of delay are presented and some lemmas,
propositions that will be used in our later discussion are stated.

Now, we start with the definition of fractional integral, readers are referred to [2,3,8] for more details.

Definition 1. ([3,17]) The fractional Riemann—Liouville integral of order o € (0,1) for a function u : R™ — R
locally integrable is defined by

1) = 7

where T(a) = [° x*~le~*dx is the classical Gamma function.

t
/(tfs)”‘*]u(s)ds, £>0,
0

Definition 2. ([8]) Let X be a Banach space. For a locally integrable function u € L}, ((0, T); X), if there exists
ug € X such that

L1t
Jim [ u(s) ~ wollxds = 0,
then uyg is called the right limit of u at t = 0, denote as u(04) = ug. Similarly, we define u(T~) = ur to be the left
limit of u at t = T—i.e., ur € X such that

1 T
li —/ u(s) —url||xds = 0.
Jm oy | [lu(s) —urllx

As pointed out in [8], this fractional integral can be expressed as the convolution between the kernel

gu(t) = LG L H(t)u(t) on R, where

(@)
1, t>0,

H(t) = =
0, t<O0.

is the standard Heaviside step function. By this fact, it is not difficult to verify that the integral operators I
form a semigroup, and I, is a bounded linear operator from L'(0, T) to L(0, T). Inspired by [25] (Section 5,
Chapter 1), Li and Liu [8] proposed a generalized definition of Caputo derivative. The new definition
is consistent with various definitions in the literature while revealing the underlying group structure.
The underlying group property makes many properties of the Caputo derivative natural.
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Before introducing this generalized Caputo derivative, we need to use the distributions {g, } as the
convolution kernels for « € (—1,1):

HOE, e (0,1),
Sa(t) == q6(1), a=0,
B, a e (-1,0),

where ¢ is the usual Dirac distribution, and D means the distributional derivative. As in [8], the fractional
integral operator I, can be expressed as

(L] (£) := g * [H(E)u(t)].

Given f,g € L} (0, T), we define the convolution between f and g as

t
fOx5(0) = [ F©)3(t =9
Now, we introduce the generalized Caputo derivative as

Definition 3. ([8]) Let « € (0,1). Suppose that u € L}, (0, T) has a right limit u(04.) = ug at t = 0 in the sense

of Definition 2. The Caputo derivative of fractional order a of u is a distribution in D'(—oo, T) with support in
[0,T), given by

Dfu =T qu —upg1—q = §—a * [(u —ug)H(t)].
The right fractional Caputo derivative is defined as

Definition 4. ([17]) Let « € (0,1). Consider that u € Llloc(foo, T) has a left limit ur at t = T in the sense of
Definition 2. The right Caputo derivative fractional order « of u is a distribution in D' (R) with support in (—oo, T],

given by
Dt i= §ax [H(T = ) (u — ur)].

To introduce the Caputo derivatives for functions valued in general Banach spaces, for fix T > 0,
we present the following sets:

D' := {v|v: CP((—oo,T);R) — X is a bounded linear operator},

which is analogous of the distribution D’ used in [17]. We would like to point out that D’ can be understood
as the generalization of distribution. In fact, if X = R, then it is reduced to the usual distribution as in [17].
The weak fractional Caputo derivative of the functions valued in Banach spaces is given by

Definition 5. ([17]) Let X be a Banach space and u € L}, ([0, T); X). Let ug € X. We define the weak Caputo
derivative of fractional order a of u associated with initial value ug to be Dfu € D' such that for any test function

v € CP((—0o, T);R),

(0, D) = /T

—00

~ T ~
(D%0) (1 — ug) H(t)dt = /0 (D%0) (1 — ug)dt.
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Next, let us consider the following usual abstract spaces:
V= {u € (CP(Q))? s divu = o} .

= the closure of V in (L?(Q))? with norm | - |, and inner product (-, -), where for u,v € (L2(Q))?,

2,
(u,v) = J; /Q uj(x)oj(x)dx

= the closure of V in (H}(Q))? with norm [| - ||, and inner product ((-,-)), where for u,v € (H}(Q)))?,

au av

Z’ /Q dx; E)xl

ij=1

It follows that V. C H = H' C V’/, where the injections are dense and compact. We will use || - ||«
for the norm in V’, and (-, ) for the duality pairing between V and V’. Now we define A : V — V' by
(Au,v) = ((u,v)), and the trilinear form Bon V x V x V by

B(u,v,w) = Z]/”la w]dx Yuov,weV.
if

Note that the trilinear form B satisfies the following inequalities which will be used later in proofs
(see [23] (p. 2015)).

1Bt,0,10)] < eyl < 27 2ulalol, ¥ w0 € V. ®)
The phase space used in this paper is defined as Cy = C([—h,0]; H) with the norm

lutllc,, = sup [u(t+6)|, foru; € Cyandt >0,
—h<6<0
where u; is a function defined on [—h,0]—i.e., u; := u;(0) = u(t+06),0 € [—h,0].

We now enumerate the assumptions on the delay term g. For g : [0, T] x Cy — (L?(Q))?

, We assume:

(g1) For any ¢ € Cy, the mapping [0, T] > t — g(t,&) € (L2(Q))? is measurable.
®)  g(-0)=0.
(g3) There exists Ly > 0 such that, for any t € [0,T]and all §, 5 € Cpy,

‘g(trg) - g(tlﬂ)| < Lg”‘: - UHCH'

Remark 1. (i) As pointed out in [23], condition (g2) is not a restriction. Indeed, if |g(+,0)| € L?(0, T), we could
redefine [(t) = 1(t) + g(t,0) and §(t,-) = g(t,-) — g(t,0). In this way the problem is exactly the same, [ and §
satisfy the required assumptions.

(i) Conditions (g2) and (g3) imply that

g(t, )| < LgllZllcy,

whence g(t,§)| € L®(0, T).
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Example 1. A forcing term with bounded variable delay. Let G : [0, T] x R> — R? be a measurable function
satisfying G(t,0) = 0 for all t € [0, T, and assume that there exists Lg > 0 such that

|G(t, u) — G(t,v)|g2 < Lg|u — v|pe, Yu,0 € R2

Consider a function p(-) : [0, +00) — [0, h], which plays the role of the variable delay. Assume that p(-) is
measurable and define g(t,&)(x) = G(t,&(—p(t))(x)) foreach ¢ € Cy, x € Qand t € [0, T]. Notice that, in this
case, the delayed term g in our problem becomes

8(t,¢) = G(t,&(—p(1)))-
Example 2. A forcing term with finite distributed delay. Let G : [0, T] x [—h,0] x R? — R be a measurable
function satisfying G(t,s,0) = 0 for all (t,s) € [0, T] x [—h,0], and there exists a function B(s) € L'(—h,0)
such that

|G(t,8,u) — G(t,5,0)|g2 < B(s)|u — v|ge, Yu,v € RZ, V(t,s) € [0,T] x [~h,0].

Define g(t,&)(x) = ffh G(t,s,8(s)(x))ds for each & € Cyy, t € [0, T], and x € Q. Then, the delayed term g
in our problem becomes

0
g(t,¢) = L Glt,s,&(s))ds.
After introducing the above operators, an equivalent abstract formulation to problem (P) is
Dfu+vAu+ B(u) = f(t) + g(t,u), Vi >0, (6)
u(t) =¢(t), t € [~h,0]. )

The definition of weak solution to problem (6) and (7) is defined as

Definition 6. ([17]) Given an initial datum ¢ € Cy, a weak solution u to (6) and (7) in the interval [—h, T] is a
function u € C([~h, T]; H) N L2(0, T; V) with ug = ¢(0) such that, forallv € V,

(Dfu(t),0) +v((u(t),v)) + Bu(t), u(t), ) = (f(t),0) + (g(t,ur), v),
where the equation must be understood in the sense of distribution.
The following auxiliary Lemmas will be needed in this work.
Lemma 1. (See [17,26]) For any function u(t) absolutely continuous on [0, T}, one has the inequality
w(H)DRu(t) > %D?’uz(t), e (0,1).
The following result is a generalization of the Aubin-Lions Lemma [27].

Lemma 2. ([17] (Theorem 4.2)) Let T > 0, € (0,1) and p € [1,00). Let M, X, Y be Banach spaces. The inclusion
M < X compact and the inclusion X — Y continuous. Suppose W C L} ((0,T); M) satisfies:

loc
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(i) Thereexists r1 € [1,00) and C > 0 such that Yu € W,

1 t )
sup 1*(ullf) = sup g [ (£ ulf(s)ds < C.
te(0,T) M com T(@) Jo M

(ii)  There exists p1 € (p, 0|, such that, W is bounded in LP1((0, T); X).
(iii)  There exists 1, € [1,00), C > 0 such that for any u € W with right limit ug at t = 0, it holds that

I Dfull e (0,1);v) < C.
Then, W is relatively compact in LP ((0, T); X).

Proposition 1. (An improvement in [17] (Proposition 3.5)) Suppose Y is a reflexive Banach space, « € (0,1) and
T > 0. Assume the sequence {u"} converges to u in LP((0,T);Y), p > 1. If there is an assignment of initial values
ug,y for u™ such that the weak Caputo derivatives D¥u™ are bounded in L"((0, T);Y) (r € [1,00)), then

(i) There is a subsequence such that u ,, converges weakly to some value ug € Y.
(i) Ifr > 1, there exists a subsequence such that D*u"™* converges weakly to v and Uo,, converges weakly to ug.
Moreover, v is the Caputo derivative of u with initial value ug so that

u(t) = up + ﬁ /Ot(t — )% 1y (s)ds.

Further, if r > 1, then, u(04.) = ug in Y is the sense of Definition 2.

Proof. We would like to mention that this Proposition is just a slightly improvement of [17]
(Proposition 3.5), in which, the final conclusion—i.e., u(0,) = ug in Y—holds true for r > % However,
this conclusion holds for r > 1.

So, we just need to prove that for r > 1, if Dfu € L}, ([0,T),Y), then u(04+) = ug in Y under the sense
of Definition 2. By a similar argument in [17] (Corollary 2.16) and Young’s inequality with the conjugate

indexp:oo,qzl,%+%:l,weﬁnd

1 ! 1 byr a—1 o
;/0 llu —uol|ydt < W/o /0 (T — )¥ || D¥u|| ydsd

1 t
< - AT
< Ty Jp (o) IDfulves
1
< mtw“D?uHU((OJ),Y) — 0 as t =04,

Since | D{u||y is integrable on [0, T — 4] for some § > 0. The proof is finished immediately. [J

Remark 2. Liand Liu in [17] (Theorem 5.2) proved the existence of weak solution for a time fractional incompresible
Navier-Stokes equation for a € [%,1), because 1(0.) = uy is obtained under this condition. However, by using
this Proposition 1, we also can prove 1(04) = ug for & € (0,1). Therefore, the existence result of [17] (Theorem 5.2)
still holds for w € (0,1). In this extent, we say that Proposition 1 improves [17] (Proposition 3.5).
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Proposition 2. (Modified Fractional Halanay Inequality) Assume that the non-negative continuous function
v satisfies

D?‘U(t) <7+ ﬂv(t) +b sup v(s), 0<t<T,
t—T()<s<t ®)
o(t) = |p(b)], —o<t<0,

where 7y is a positive constant and a +b # 0, ¢ = — g\(f)(t —1(t)) > 0, and the delay function t(t) > 0.
Ifa+b < 0, then the following estimates holds -

_ ,Y ! kg0
o(t) < T + M'Ey(A*tY), forallt > T(t), 9)

where M' = sup |¢(t)|, and the parameter A* is defined by
~h<t<0

Ex(A(t—7(1))")

A= sup {A:A—a—b EL () =0},

t—7(t)>0
and it holds that A* € [a + b,0].

Further, if the delay is bounded—i.e., T(t) < T for some constant ty—then the parameter A* defined by

. En(A(t—7()")
AT = su AA—a—b———22 =0},
St Eow)

is strictly negative, namely, there exists some positive constants € satisfying a +b < —eq such that A* € [a + b, —eg],
and the estimate in (9) holds for all t such that t > T(t) + 1.

Proof. Actually, Proposition 2 is a slightly modification of [19] (Lemma 4), in which 7(t) > 0 strictly for
the first conclusion (9). However, in our case, (9) holds true for 7(t) > 0. So, we only need to prove (9) is
true when 7(t) = 0. We prove this by comparison principle.

If 7(t) = 0, then the original system (8) becomes.

Dfo(t) <vy+(a+b)o(t), 0<t<T,
0(0) = [¢(0)], =0,

where 7 is a positive constant and a2 + b < 0.
From system (8), there exists a nonnegative function m(t) satisfying

Dfo(t) =y + (a+b)o(t) +m(t), 0<t<T,
0(0) = |9(0)], t=0.
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According to [2] (Theorem 4.3), the initial value problem (8) has a unique solution that can be
represented by

0(t) = [¢(0)|Ea((a + b)) + /Ot(f = 8)"  Ena((a +b)(t = 5)") (7 +m(s))ds

< 9O E((a+ D)) + 7 [ (= 9" Eaa((a+ D)t = 5)")ds

‘ Y
< , oy T
< PO Eel(a+ b))~
<M sy Y
< M'E (A*t%) P

where we used that t*~1 and Ey . ((a + b)t*) are nonnegative and A* € [a + b, 0], as well as the fact that
En(At") is non-decreasing respect to A. The proof is complete. [

Remark 3. It turns out that the modified fractional Halanay inequality holds true not only for delay fractional
dynamical system but also for the nondelay case, which means that it could be applied to more fractional differential
equations. In this sense, we say it improves [19] (Lemma 4).

Proposition 3. (The generalized comparison principle.) Assume that for any function u and w are absolutely
continuous on [0, T], one has the inequality

Diu(t) < —au(t) +bu(t—t(t))+c, 0<t <T,

(10)
u(t) =¢(t), —h<t<0,
and the following fractional differential equation
Dfw(t) = —aw(t) + bw(t —t(t)) +¢, 0<t<T, an)
w(t) =¢(t), —h<t<0,
where a, b, ¢ are positive constants. Then it holds that
u(t) <wl(t), forall t > —h. (12)

Proof. Obviously, (12) holds true for any ¢ € [—h,0]. Hence, we only need to verify that (12) is correct for
t € [0, T]. We will prove this through two steps.

Step 1. We first prove that (12) holds for t > 7(t). By contradiction, if it is not true, then there exists
some t > T(t) such that u(t) > w(t). Denote ¢, by

to=inf{t > T(t)  u(t) > w(t)}.

Now, set z(t) = u(t) — w(t). Then we know from the definition that z(t,) = 0, and z(t) < 0 for
0 <ty — 7(ts) < t < t,. Then by the fractional comparison principle in [19] (Lemma 3), we have that

Dfz(t.) > 0. (13)
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However,

D{z(t.) = Dfu(ts) — Dfw(ts)
< —a(u(te) —w(ts)) +b(ut — () —w(te — 7(£)))
= —az(ty) + bz(te — T(ts)) < bz(t. — T(ts)) <O,

A

which contradicts (13); therefore, u(t) < w(t) for t > T(t).
Step 2. On the other hand, when 0 < t < 7(t), then —h < t —7(t) < 0, since (t) € [0,h].
So (14) and (15) can be rewritten as, respectively,
Diu(t) < —au(t) +bo(t —t(t))+c, 0 <t <7(t),

(14)
u(t) =¢(t), —h<t<0,

and the following fractional differential equation

Diw(t) = —aw(t) +be(t —t(t)) +¢, 0 <t <7T(t),

(15)
w(t) =), —h<t<0,

Then there is a nonnegative function m(t), such that

Dfu(t) = —au(t) +bp(t —t(t)) —m(t) +c, 0 <t < 7(H),
t

(16)
u(t) =¢(t), —h<t<0,

Then, by [28] (Theorem 1), system (16) has a unique solution on [0, ] that can be represented as

u(t) = /(:(t —8)" 1By o (—a(t —s)%) (bg(s — T(s)) — m(s) + c)ds + ' Ex(—at®), 0 < t < T(t).

Similarly, the solution of system (15) can be written as
t
w(t) = / (t—=8)* 1Ega(—a(t —s)*) (bg(s — T(s)) 4 c)ds + ¢'Eo(—at®), 0 < t < 7(t).
Jo
Notice that t* and E,  (—at") are non-negative for a > 0, then we have u(t) < w(t) forall0 < < 7(t).
In summary, u(t) < w(t) forall t > —h.

Therefore the proof is complete. [J

Remark 4. We would like to point out that Proposition 3 generalizes the conclusion in [8] (Theorem 4.10) to some
extent. Proposition 3 also improves the comparison principle in [20] (Lemma 3.4), which is proven only for constant
delay—i.e., T(t) = t. However, in our case, the delay term T(t) is a function taking values in (0, h]. In this way, we
could say that Lemma 3.4 of [20] is a special case of Proposition 3.

Lemma 3. (Bellman—Gronwall Lemma [29] (p. 252)) Let T > 0, g € LI(O, T) and g > 0 a.e., C1, Cy be positive
constants. If o € L1(0,T), ¢ > 0 a.e., satisfying g € L1(0,T) and

p(t) <C1+C /(:g(s)<p(s)ds, ae.te(0,T),
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then

t
e(t) < Cq exp{Cz/ g(s)ds}, ae.t€(0,T).
0
Remark 5. Actually, the positive constants C1, Cy can be replaced by functions C1(t) or Co(t), but a similar result
can be obtained—readers are referred to [29] (p. 252) for more information.

3. Existence and Uniqueness of Weak Solutions

In this section, we prove the existence and uniqueness of weak solutions to problem (6) and (7) by
Galerkin approximations. Denote
o]

L™ sevior o2

Moreover,

t 2(1+1)
/ IF )2 ds < oo, a € (0,1), forany t > 0. 17)
0
We have the following result:

Theorem 1. Suppose that (g1) — (g3) and (17) hold true, then for any ¢ € Cpy and a € (3, 1) system, (6) and (7)
has a unique weak solution.

Proof. We split it into several steps.

Step 1. The Galerkin approximation. By the definition of A = —A and the classical spectral theory
of elliptic operators, it follows that A possesses a sequence of eigenvalues {A;};~1 and a corresponding
family of eigenfunctions {w;};>1 C V, which form a Hilbert basis of H, dense on V. We consider the
subspace V;, = span{wy,wy, - -+ ,wy }, and the projector Py, : H — V,, given by Py,u = ;”Zl(u, w]-)w]-,
and define u(" (t) = Y1, Ym,j(£)w;, where the superscript m will be used instead of (m), for short, since
no confusion is possible with powers of 1, and where the coefficients -, () are required to satisfy the
Cauchy problem

(D™ (8), wj) + v((u™ (), w))) + B (£), u™ (), wj) = (f(£), w)) + (g(t, u"), w)), 1<j<m,
u"(t) = Pudp(t), t € [~1,0]. (18)

The above system of fractional order functional differential equations with finite delay fulfills
the conditions for the existence and uniqueness of a local solution (e.g., cf. [30] (Theorem 3.1)).
Hence, we conclude that (18) has a unique local solution defined in [0, t,,;) with 0 < t,, < T. Next, we will
obtain a priori estimates and ensure that the solutions 1™ do exist in the whole interval [0, %0). Assume that
M=ip|2, = sup Ip(t)
—h<t<0

Step 2. A prisr;estimates. Multiplying (18) by 7,,(t), j = 1,...,m, summing up, and using Lemma 1,
Cauchy-Schwartz and Young's inequalities, we obtain

1
ED?\um(f)|2+V|\um(f)||2 S NFEONNu™ N + 18 () [[u™ (#)]
v 2 IfFBIE 2
< EH“"’U)H + oy + LgH”;””CH'

Hence,
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Dl () -+ vvarn ()] < OB Lo e, 19

Multiplying (19) by I, andletp =14+a,9 =1+ %, we find

WOF + [ = vun|as

m 1 a— n— m
<O+ sy [ =9 s + 1 [(e=s) lnu s
< W OF +

- +vru)(/o (1= Das)} ([ (e )0+ o5 T(a) [ a2,

1 2 2L t 1 t 2
<" O)F + PO+ 5 () )7 Deras) ([ e )

(20)

20,7 (a?
< WO + #E(p) + 2T )

2 ot
1 -1 t/ —qs||,,m 2q 1/q.
Ve (@) Ty e trel e Tl ds)

Denote by A(t) = [u"(0)|> +

2 2L, o2
m2r( i F(t), B(t) = 15(() ) (14 a) " 1rzel. Then, we have

t4-6 t
B, +v [ (40— sy ) Pds < A + B[ [l |Pids) 0
0 0

Therefore,

o, < 2049(6) + 29890 [ 2, ).
Using the Gronwall Lemma, we obtain that
t .
u <c t)+ B(t se~st s), torallt € |0, T| an € |—h,0].
P2, <c(A(t)+B A(s)e¢ ) BOrgs) for all t € [0,T] and 6 € [~h,0
Jo

Hence, we conclude that for any T > 0, ||u}"||c,, is finite, which means the local solution u™(t; ¢) is
actually a global one. We also can have that there exists a constant C > 0, depending on some constants of
the problem (namely, v, Lg and f),and on T and M > 0, such that

|2, < C(T,M) vt € [0,T], lIpllc, <M, Ym>1,

which also implies that {u"} is bounded in L*(—h, T; H).
Now it follows from (20) and the above uniform estimates that

t
e e NS e VRO

<ot (vl @+ [0 (oI + 21, m) )

< C(T,M), Ym>1.
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Therefore, we conclude that
{u"} is bounded in L%((0, T); V) N L®((=h, T); H). (21)

From (5) and (18), it holds [[Dfu™|. < wvlu™| + 2V2[u™| - |[u™| + || f]l+ + Al’l/2|g(t,u?’)\,
which implies that
{Du™} is bounded in L2(0, T; V'). (22)

Step 3. Approximation of initial datum in Cp. Let us check
Py¢p — ¢ in Cpy. (23)

Assume that 0,, — 6 € [—h,0], then Py¢(6,,) — ¢(0), since ||Pup(0m) — ¢(0)| < || Puep(6m) —
Pup(0) || + || Prugp(8) — p(6)]| — 0as m — oo. So (23) holds true.

Step 4. Compactness results. By (21) and (22), the compact imbedding V < H, and the generalized
Aubin-Lions Lemma 2 as well as Proposition 1, for any & € (0,1), we obtain there exist a subsequence
still relabeled as {1} and a function u € C([—h, T); H) N L2((0, T); V) for all T > 0, with u(t) = ¢(t) in
[—h,0], u(01) = up, and D¥u € L2((0,T); V') forall T > 0, and an element x € L*((0, T); H) such that

u™ Xy weakly-star in L*((0,T); H),

u™ — u weakly in L?((0,T); V),

Dfu™ — Dfu weakly in L2((0,T); V'), (24)
u™ — u strongly in L2((0,T); H),

g(-,ul")y = x weakly-star in L*((0, T); H).

Observe thatif & € (%,1), foralls, t € [0,T], by

W (E) — u(s) = ﬁ [ = ot

s

1

20—1 : !
< W(t =) IDfu" | 2 (s ) vy, In V7,

and combing (22) we find that 1™ is equi-continuous on [0, T] with values in V’. Notice that the inclusion
H < V' compact, so using Ascoli-Arzela and (24), we conclude that

u™ = u in C([0,T|; V'), VT > 0. (25)
Combining (21) and (25), then for any {t,,} C [0, T) with t,, — t, one obtains
u™ (t,) — u(t) weakly in H. (26)

Now we prove that
u™ —u in C([0,T|;H), VT > 0. (27)

By contradiction, if (27) is not true, then there would exists a €1 > 0, {t;,} and t, with t,, — ¢,
such that
[u™ (tm) — u(ts)| > er. (28)
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On one hand, by (26), we have |u(t,)| < nlgrr}o inf [u™(t,,)|. Therefore, if we could prove |t (t,)| —

|u(ts)|, then (28) is contradictory, in other words, (27) is obtained immediately. To this end, it is enough to
show that

H m
Jim sup [ (£)| < [u(ts)]- (29)

On the other hand, for system (18), we have the following energy inequality,

WP + g (¢ ]S
(30)
< WO + s [ -9 7o)+ 25 e

Besides, by (24), passing to the limit in (18), we have that u € C([0, T]; H) is a solution of a similar
problem to (6)—i.e.,

(Dfu,v) +v(Au,v) + (B(u),v) = (f(t),v) + (x,v), VoV,

which also has the energy inequality,

)P + gy [ 5 o)

<O + g 6= AR+ s [ (69" 0xts), o))

Combing the last convergence in (24) and the dominate convergence theorem, we find

t B . . t B 2L '
=51 xPds < tim inf [ (= s g(u) s < = ST, M) (¢ —5)°.

Therefore, u also satisfies inequality (30) with the same last term on the right-hand side.
Consider now two continuous functions defined as

I6 = ) s [ (6= o) s = 2 -,
Inlt) = W0 = s [ 9 polas - e oy

J and J; are non-increasing in t. Moreover, again from (24), we have
Jm(t) = J(t), ae.te€ (0,T). (31)
Assume that t, > 0, consider {t;} C (0,t,) with t; — t,, by the continuity of |,
Tke: |J(t) — J(1)] < g Vk > ke.
Take now m(ke) such that

€
b 2> b, : Um(tkg) _](tké-)‘ < 2’ Vn > n(ks)-
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Then, we conclude that for all m > n(ke)
Jin () = T(te) < Jm (b)) = J(te )+ 1T (8e) = (8] <€,
which gives (29).
Therefore, we find that
u™ — u in C([0, T]; H).
Then, steps 3 and 4 imply that
u* - up in Cy, VO<t<T.
Therefore, combining (¢3), we can prove that
g(-,u™) = g(-,u.) in L2(0, T; H).

Thus, we can finally pass to the limit in (18), concluding that u solves (P).

Step 5. Uniqueness of solution. Let u(t;¢), v(£;¢) be two solutions of (P) with the same initial
values—i.e., u(t) = v(t) = ¢(t), t € [~h,0]. Set w(t) = u(t) —v(t),t >0, then w(t) =0, forall t € [—h,0].
For w(t), we have

Dfw —vAw + B(u) — B(v) = g(t,ur) — g(t, v¢).
Multiplying above equation by w(t), and integral over (), we obtain

Di[w]? +v]jwl|* = —(B(u) — B(v),w) + (g(t, ur) — (t,01),w)
< clw[ol* +2Lg sup [w(s)?
0<s<t

<c(|[o)> +1) sup |w(s)|?, forallte [0,T].
0<s<t
The above inequality holds true for any ¢ € [0, T|], then we have

t
sup |w(s)* < |w(0)[? +C/ (ol +1)(t=s)*" sup [w(r)[ds.
0<s<t J0 0<r<s
Using the Bellman-Gronwall Lemma 3 and (21), we have

t
sup |w(s)|? < \w(O)\Zexp{c/O (Hv|\2+1)(tfs)”‘*]ds} =0, forallt €[0,T].

0<s<t
Therefore, |w(t)| = 0 on [—h, T]. The proof is finished. [
Remark 6. We prove the existence of solution for a general delay case, namely, g(t, uy) could be variable delay or

distributed delay. In Section 4, we take g(t,u;) = g(u(t — t(t)))—i.e., the delay function t(t) € C(R4;[0,h]),
to study the dissipativity.

Remark 7. It is worth mentioning that only the existence result is proved under the condition that o € (3, 1), which is
due to the phase space C([—h,0]; H). If C([—h,0]; H) is replaced by some Sobolev space, such as L>((—h,0); H).
Then the existence of solution can be established for any a € (0,1) and without additional conditions.
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Theorem 2. Suppose that (g1) — (¢3) hold true, then the solutions of system (P) are continuous with respect of
initial values—i.e.,

t
lue — w112, < cllg — oIl exp {c/o (o] +1)<t—s>“*1ds}, telo,T)

Proof. Let u(t;¢), v(t; @) be the solutions of (1)-(4) with initial values, ¢ and ¢, respectively. Set w(t) =
u(t) —o(t) for t > 0, and w(t) = ¢(t) — ¢(t) for t € [—h,0]. Then we have

Difw — vAw + B(u) — B(v) = g(t,us) — g(t,v¢), t> 0.
Multiplying above equation by w(t), and integral over (2, we obtain

Df[w]? +v]wl|? = —(B(u) — B(v),w) + (g(t,ur) — g(t,01),w)
< clwf o] + 2Lgllwe 1Z,, < clwf*([ol* +2Lg (Il — @I, +sup wl?)

< (cllol* +2Lg) sup [w(t)* +2Lgllp — ¢l2,-
0<t<T

Hence, we have

2L, T
sup [w(t)? <[w(0)[+—~2

1 t
2 2400 V(f —g)a-1 24
sup [0 < Py 10— @8ty [, (IO H2Lg) (=) sup fu(s) Pds

0<s<t

Again using the Bellman-Gronwall Lemma 3 and (21), we find that

t
Jrd, < cllo— gl exp {e [/l + (e -5 s}, re o1l
The proof is complete. [
4. Dissipativity
In this section, we derive some uniform estimates of solutions to problem (P) by using Proposition 2.

Besides, in this section, we assume that g(t, u;) = g(u(t — t(t))).

Definition 7. The system (P) is said to be dissipative in Cy if there exists a bounded set B C Cyy, such that for
any given bounded set A C Cy, there is a time t* = t*(A), such that for any given initial function ¢ € A, for all
t € [—h,0], the values of the corresponding solution u(t) of the problem (P) are contained in B for all t > t*.
The set B is called an absorbing set of the system (P).

We assume that
Mv > V2L, (32)

Theorem 3. (Existence of absorbing sets in Cyy) Assume that (g1) — (¢3), (17) and (32) hold. Then there exists
T > 0, such that for all t > T, the solution of problem (P) satisfies

MV fo
Jull, < ¢ J

55 T 1, Vt>T
oo LT

where fo = v71 sup Hf(t)”%
>0
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Proof. Multiplying (1) by u, integrating over (), we have

DE|u()) + vllu() > < IF Ol lu(@®)l] + g(ult = T()))|u()]

nl2 212 33
v MV riy<s<t
Then we obtain
2 2 21‘32’ 2
D |lu(t)|” < fo — Avju(t)] +to, sup lu(s)|7, t e (0,T],
1V (t)<s<t
lu(®)]> = l¢(1), t € [-h0],
where fy = v~ sup || f(t)||2. Using Proposition 2, we find that
t20
MUf
2 < 1vJjo E * 0
lu(t)]* < w2212 BTH + MEg(A"t%)
forall t > 7(t), where M = H(])H%H = sup |¢(t)|? and the parameter A* is defined by
~h<t<0
215 Eu(Alt —7(1)")
M= sup {A:A—(—Av)———s=020 VI J 0},
H(,f);l{ ( v Ea(Af%) }
e . . s e 2L%
is strictly negative, namely, there exists some positive constants ¢j satisfying —Aqv + ﬁi < —€g such

2
ZLS
A’

that A* € [—Aqv + —¢€g], and the estimate in (9) holds for all f such that t > 7(t) + 1. In other words,

212
for A" € [-Mv + 1%, —€g], we have

/\]Vf(] ks
lu(t)? < 20 4 ME,(A*t%), V> t(t) + 1.
(Mv)? —2L2
For the case of t < 7(t) 4+ 1, in order to analyze the dissipativity of problem (P) in phase space Cy by

Proposition 3, we first need to consider the following fractional differential equation,
Dfw(t) + A t 2L§ t £), 0<t<h+1
fw(t) + le()—fOWme(*T())/ <tsh+l, (34)
w(t) = p(1), te[-h0]

Then, by using the method of steps [28] (Theorem 1), we have that the initial value problem (34) has,
on the interval [0, k#], a unique solution that can be represented by w(t) = wy,(t), if (i — 1)h < t < ih,

w(t) = /Ot Ega(—AMv(t —s)%)fin(s)ds + cipEa(—A1vt®), t € [(i —1)h,ih],
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where ¢;;, is a constant, i = 1,2, - -, k.

212
A]L/woh(t_h) +fo, 0<t<h,
fun(t) = Ty @u(t—h) + fo, b <t <2h,

2
fgﬁqkfl)h(t — h) +f(], (k — 1)h < t <kh,
is continuous and wgy, (t) = |¢(t)|?. k is a smallest integer such that kh > h + 1. Therefore, we obtain that

B < ¥ Jwoan(t)] < CEL(~Aywt*), VO < ¢ < 7(t) +1. (35)
0<i<k

Now, we estimate the solution of (1), for t < T(t) + 1. By (33), we have

2 22
D¥|u(t) > + Aqv|u(t)]> < M + /\—ih{(t —T(#), 0<t<T(t)+1,
1

lu()? = [¢(t), t € [~h,0].

(36)

Then, by Proposition 3 and (34)—(36), we have
lu(t)> < CEo(—Aqvt®), 0<t<T(t)+1.
So, we find that

Mvfo

2
< MYjo
O < T —212

+ MEq(A*t*) + CEg(—Aqut?), forall t > 0.

By the norm of Cp, we conclude that

MUf

2 1V/o X
lluell, < P2 + MEg(A*tY) 4 CEx(—AqutY), forall t > 0,6 € [—h,0].

Since A* and —A4v are strictly negative, by the property of Mittag—Leffler function [2], we obtain

Mvfo
luellg,, < a2
= (Mv)2—212

Ca
W/

+C ast — 4oo,

where C; > 01is a constant independent of t. Therefore, there exists T > 0 large enough, such that for all
t > T, the solution of problem (P) satisfies

Avfo
— 4+ 1, t>T.
(Mv)? —212

luelig, <

Denote by Bc,, = B(0, % + 1) the absorbing set in phase space Cy, which implies that

system (P) is dissipative. The proof is complete. [
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5. Discussion

In this work, we prove the existence and uniqueness of solution for fractional Navier-Stokes equations
with variable delays for a € (%, 1), and we show that this system is dissipative in the phase space Cyy,
namely, there exists a global absorbing set in Cy. Different from the classic Navier-Stokes equations with
variable delays [22-24], in which the existence of pullback absorbing set and pullback attractors were
established. Here, we obtained the forward absorbing set, which is more meaningful from the view of
applications. Besides, the existence of global attracting set as well as the existence of solution for « € (0,1)
in phase space Cy are still open problems. These will be considered in the future.
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