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Figure A4. Distribution of (a) temperature T(x), (b,c) flux density of thermal energy jE,th(x), (d) voltage U(x)
and (e,f) flux density of electrical charge jq(x) in module 3 with zT-optimized geometry.

Figure A5. Distribution of (a) temperature T(x), (b,c) flux density of thermal energy jE,th(x), (d) voltage U(x)
and (e,f) flux density of electrical charge jq(x) in module 3 with geometry for matching Iq,SC.

Figure A6. Distribution of (a) temperature T(x), (b,c) flux density of thermal energy jE,th(x), (d) voltage U(x)
and (e,f) flux density of electrical charge jq(x) in module 3 with power-optimized geometry.
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Abstract: We derive time evolution equations, namely the Schrödinger-like equations and the
Klein–Gordon equations for coherent fields and the Kadanoff–Baym (KB) equations for quantum
fluctuations, in quantum electrodynamics (QED) with electric dipoles in 2 + 1 dimensions. Next
we introduce a kinetic entropy current based on the KB equations in the first order of the gradient
expansion. We show the H-theorem for the leading-order self-energy in the coupling expansion (the
Hartree–Fock approximation). We show conserved energy in the spatially homogeneous systems
in the time evolution. We derive aspects of the super-radiance and the equilibration in our single
Lagrangian. Our analysis can be applied to quantum brain dynamics, that is QED, with water electric
dipoles. The total energy consumption to maintain super-radiant states in microtubules seems to be
within the energy consumption to maintain the ordered systems in a brain.

Keywords: non-equilibrium quantum field theory; quantum brain dynamics; Kadanoff–Baym
equation; entropy; super-radiance

1. Introduction

Numerous attempts to understand memory in a brain have been made over one hundred years
starting at the end of 19th century. Nevertheless, the concrete mechanism of memory still remains an
open question in conventional neuroscience [1–3]. Conventional neuroscience is based on classical
mechanics with neurons connected by synapses. However, we still cannot answer how limited
connections between neurons describe mass excitations in a brain in classical neuron doctrine.

Quantum field theory (QFT) of the brain or quantum brain dynamics (QBD), is one of the
hypotheses expected to describe the mechanism of memory in the brain [4–6]. Experimentally, several
properties of memory, namely the diversity, the long-term but imperfect stability and nonlocality
(Memory is diffused and non-localized in several domains in a brain. It does not disappear due to
the destruction in a particular local domain. The term ‘nonlocality’ does not indicate nonlocality in
entanglement in quantum mechanics.), are suggested in [7–9]. The QBD can describe these properties
by adopting infinitely physically or unitarily inequivalent vacua in QFT, distinguished from quantum
mechanics which cannot describe unitarily inequivalence. Unitarily inequivalence represents the
emergence of the diversity of phases and allows the possibility of spontaneous symmetry breaking
(SSB) [10–13]. The vacua or the ground states appearing in SSB describe the stability of the states.
Furthermore, the QFT can describe both microscopic degrees of freedom and macroscopic matter [10].
To describe stored information, we can adopt the macroscopic ordered states in QFT with SSB involving
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long-range correlation via Nambu–Goldstone (NG) quanta. In 1967, Ricciardi and Umezawa proposed
a quantum field theoretical approach to describe memory in a brain [14]. They adopted the SSB with
long-range correlations mediated by NG quanta in QFT. Stuart et al. developed QBD by assuming
a brain as a mixed system of classical neurons and quantum degrees of freedom, namely corticons
and exchange bosons [15,16]. The vacua appearing in SSB, the macroscopic order, are interpreted as
the memory storage in QBD. The finite number of excitations of NG modes represents the memory
retrieval. Around the same time, Fröhlich proposed the application of a theory of electric dipoles to
the study of biological systems [17–22]. He suggested a theory of the emergence of a giant dipole in
open systems with breakdown of rotational symmetry of dipoles where dipoles are aligned in the
same direction (the ordered states with coherent wave propagation of dipole oscillation in the Fröhrich
condensate). In 1976, Davydov and Kislukha studied a theory of solitary wave propagation in protein
chains, called the Davydov soliton [23]. It is found that the theory by Fröhlich and that by Davydov
represent static and dynamical properties in the nonlinear Schödinger equation with an equivalent
quantum Hamiltonian, respectively [24]. In the 1980s, Del Giudice et al. applied a theory of water
electric dipoles to biological systems [25–28]. In particular, the derivation of laser-like behavior is a
suggestive study. In the 1990s, Jibu and Yasue gave a concrete picture of corticons and exchange bosons,
namely water electric dipole fields and photon fields [4,29–32]. The QBD is nothing but quantum
electrodynamics (QED) with water electric dipole fields. When electric dipoles are aligned in the
same directions coherently, the polaritons, NG bosons in SSB of rotational symmetry, emerge. The
dynamical order in the vacua in SSB is maintained by long-range correlation of the massless NG bosons.
In QED, the NG bosons are absorbed by photons and then photons acquire mass due to the Higgs
mechanism and can stay in coherent domains. The massive photons are called evanescent photons.
The size of a coherent domain is in the order of 50 μm. Furthermore, two quantum mechanisms
of information transfer and integration among coherent domains are suggested. The first one is to
use the super-radiance and the self-induced transparency via microtubules connecting two coherent
domains [31]. Super-radiance is the phenomenon indicating coherent photon emission with correlation
among not only photons but also atoms (or dipoles) [33–37]. The atoms (or dipoles) cooperatively decay
in a short time interval due to correlation; coherent photons with intensity proportional to the square
of the number of atoms (or dipoles) are emitted. The pulse wave photons in super-radiance propagate
through microtubules without decay. Then the self-induced transparency appears, since microtubules
are perfectly transparent in the propagation. The second one is to use the quantum tunneling effect
among coherent domains surrounded by incoherent domains [32]. The effect is essentially equivalent
to the Josephson effect between two superconducting domains separated by a normal domain. Del
Giudice et al. studied this effect in biological systems [28]. In 1995, Vitiello has shown that a huge
memory capacity can be realized by regarding a brain as an open dissipative system and doubling the
degrees of freedom with mathematical techniques in thermo-field dynamics [38]. In dissipative model
of a brain, each memory state evolves in classical deterministic trajectory like a chaos [39]. The overlap
among distinct memory states is zero at any time in the infinite volume limit. However, finite volume
effects allow states to overlap one another, which might represent association of memories [6]. In 2003,
exclusion zone (EZ) water was discovered experimentally [40]. The properties of EZ water correspond
to those of coherent water [41].

However, we have never seen the dynamical memory formations based on QBD at the
physiological temperature in the presence of thermal effects written by quantum fluctuations. Hence,
there are still criticisms related with the decoherence phenomena (We should use the mass of polaritons
in estimating the critical temperature of ordered states, not that of water molecules themselves.)in
memory formations in QBD [42]. So, we need to derive time evolution equations of coherent
fields and quantum fluctuations and show numerical simulations of memory formation processes in
non-equilibrium situations to check whether or not memory in QBD is robust against thermal effects.
Futhermore, in 2012 Craddock et al. suggested the mechanism of memory coding in microtubules with
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phosphorylation by Ca2+ calmodulin kinase II [43]. It will be an interesting topic to investigate how
water electric dipoles and evanescent photons are affected by phosphorylated microtubules.

The aim of this paper is to derive time evolution equations, namely the Schrödinger-like equations
for coherent dipole fields, the Klein–Gordon equations for coherent photon fields, the Kadanoff–Baym
equations for quantum fluctuations [44–46], with the two-particle-irreducible effective action technique
with Keldysh formalism [47–51]. We derive both the equilibration for quantum fluctuations and the
super-radiance for background coherent fields from the single Lagrangian in quantum electrodynamics
(QED) with electric dipole fields. We arrive at the Maxwell–Bloch equations for the super-radiance by
starting with QED with electric dipole fields in 2 + 1 dimensions. When we consider electric fields in
super-radiance, we only need two spatial dimensions, one axis for the amplitude and another axis
for the propagation. Hence we have discussed the case in 2 + 1 dimensions in this paper. By using
our equations for super-radiance in this paper, we can describe information transfer via microtubules.
Then, microtubule-associated proteins can make an important contribution to information transfer
with interconnections among microtubules. We also derive the Higgs mechanism and the tachyonic
instability for coherent fields in the Klein–Gordon equation for coherent electric fields. In two energy
level approximation for electric dipole fields, namely with the ground state and the first excited states,
the Higgs mechanism appears in normal population in which the probability amplitude in the ground
state is larger than that in the first excited states. The penetrating length in the Meissner effect due to the
Higgs mechanism is 6.3 μm derived by using coefficients in 2 + 1 dimensions and the number density
of liquid water molecules in 3 + 1 dimensions. On the other hand, the tachyonic instability appears
in inverted population in which the probability amplitudes in the first excited states are larger than
that in the ground state. Then the electric field increases exponentially while the system is in inverted
population. The increase stops at times when normal population is realized. Our analysis also contains
the dynamics of quantum fluctuations in non-equilibrium cases. We also derive the Kadanoff–Baym
equations for quantum fluctuations with the leading-order self-energy in the coupling expansion. The
Kadanoff–Baym equations describe the entropy producing dynamics during equilibration as shown in
the proof of the H-theorem. Entropy production stops when the Bose–Einstein distribution is realized.
By combining time evolution equations (the Klein–Gordon equations for coherent electric fields and
the Schrödinger-like equations for coherent electric dipole fields) and the Kadanoff–Baym equations
for quantum fluctuations, we can describe the dynamical behavior of dipoles with thermal effects
written by quantum fluctuations. Our analysis will be applied to memory formation processes in
QBD. In particular, by extending our method to the case in open systems (networks), we can also
trace dynamical memory recalling processes with excitations of particles in coherent domains via
quantum tunneling processes, which are described by the Kadanoff–Baym equations. We can perform
the simulations of the dynamical recalling processes in QBD with our equations to understand our
thinking processes.

This paper is organized as follows. In Section 2, we introduce the two-particle-irreducible
effective action in the closed-time path contour to describe non-equilibrium phenomena and derive
time evolution equations. In Section 3, we introduce a kinetic entropy current in the first order of
the gradient expansion, and show the H-theorem in the leading-order approximation of the coupling
expansion. In Section 4, we show the time evolution equations, the conserved total energy and the
potential energy in spatially homogeneous systems in an isolated system. In Section 5, we derive
the super-radiance by analyzing the time evolution equations for coherent fields. In Section 6, we
discuss our results. In Section 7, we provide the concluding remarks. In the Appendix A, we show
how quantum fluctuations appear as additional terms in the Klein–Gordon equations. In this paper,
the labels i, j = 1 and 2 represent x and y directions in space, the labels a, b, c, d = 1, 2 represent two
contours in the closed-time path, the labels α = −1, 1 represent the angular momentum of electric
dipoles. The speed of light, the Planck constant divided by 2π and the Boltzmann constant are set to
be 1 in this paper. We adopt the metric tensor ημν = diag(1,−1,−1) with μ, ν = 0, 1, 2.
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2. The Two-Particle-Irreducible Effective Action and Time Evolution Equations

We begin with the following Lagrangian density to describe quantum electrodynamics (QED)
with electric dipoles in 2 + 1 dimensions in the background field method [52–55],

L[Ψ∗(x, θ), Ψ(x, θ), A(x), a(x)] = −1
4

Fμν[A + a]Fμν[A + a]− (∂μaμ)2

2α1

+
∫ 2π

0
dθ

[
Ψ∗i

∂

∂x0 Ψ +
1

2m
Ψ∗∇2

i Ψ

+
1
2I

Ψ∗ ∂2

∂θ2 Ψ − 2edeΨ∗uiΨF0i[A + a]

]
, (1)

where A is the background coherent photon fields, a is the quantum fluctuations of photon fields,
Fμν[A] = ∂μ Aν − ∂ν Aμ is the field strength, the α1 is a gauge fixing parameter, the m is the mass of
a dipole, the I is the moment of inertia, ui = (cos θ, sin θ) is the direction of dipoles and 2ede is the
absolute value of dipole vector. The variable θ represents the degrees of freedom of rotation of dipoles
in 2 + 1 dimensions. The dipole–photon interaction term −2edeΨ∗uiΨF0i[A + a] has the similar form
to that in [27]. We shall expand the electric dipole fields Ψ and Ψ∗ by the angular momentum and
consider only the ground state and the first excited states in energy-levels. Then we can write them as,

Ψ(x, θ) =
1√
2π

(
ψ0(x) + ψ1(x)eiθ + ψ−1(x)e−iθ

)
,

Ψ∗(x, θ) =
1√
2π

(
ψ∗

0 (x) + ψ∗
1 (x)e−iθ + ψ∗

−1(x)eiθ
)

, (2)

in 2 + 1 dimensions. (In 3 + 1 dimensions, we might expand Ψ and Ψ∗ by spherical harmonics.) We
can rewrite the terms in the above Lagrangian as,

∫
dθΨ∗(x, θ)i

∂

∂x0 Ψ(x, θ) = ψ∗
0 i

∂

∂x0 ψ0 + ψ∗
1 i

∂

∂x0 ψ1 + ψ∗
−1i

∂

∂x0 ψ−1, (3)∫
dθ

1
2m

Ψ∗∇2
i Ψ =

1
2m

[
ψ∗

0∇2
i ψ0 + ψ∗

1∇2
i ψ1 + ψ∗

−1∇2
i ψ−1

]
, (4)∫

dθ
1
2I

Ψ∗ ∂2

∂θ2 Ψ =
−1
2I
[
ψ∗

1 ψ1 + ψ∗
−1ψ−1

]
. (5)

We also write the dipole–photon interaction term with electric fields F0i = −Ei by,
∫

dθ2edeΨ∗uiΨEi = ede

∫
dθ
[
(E1 − iE2)Ψ∗eiθΨ + (E1 + iE2)Ψ∗e−iθΨ

]
= ede

[
(E1 − iE2)(ψ

∗
0 ψ−1 + ψ∗

1 ψ0) + (E1 + iE2)(ψ
∗
0 ψ1 + ψ∗

−1ψ0)
]

, (6)

with the direction of dipoles ui = (cos θ, sin θ).
Next, we show two-particle-irreducible (2PI) effective action [47–49] for electric dipole fields and

photon fields. Starting with the above Lagrangian density, we write the generating functional with the
gauge fixing condition for quantum fluctuation,

gauge fixing :a0 = 0, (7)
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and perform the Legendre transformations. Then we arrive at,

Γ2PI[A, āiψ̄, ψ̄∗] =
∫
C

dd+1x

[
− 1

4
Fμν[A + ā]Fμν[A + ā] + iψ̄∗

0
∂

∂x0
ψ̄0 + ∑

α=−1,1
iψ̄∗

α
∂

∂x0
ψ̄α

+
1

2m

(
ψ̄∗

0∇2
i ψ̄0 + ∑

α=−1,1
ψ̄∗

α∇2
i ψ̄α

)
− 1

2I ∑
α=−1,1

ψ̄∗
αψ̄α

+ede ∑
α=−1,1

[(E1 + iαE2)(ψ̄
∗
0 ψ̄α + ψ̄∗−αψ̄0)]

]

+iTr ln Δ−1 + iTrΔ−1
0 Δ +

i
2

Tr ln D−1 +
i
2

TrD−1
0 D +

Γ2[Δ, D]

2
, (8)

where the C represents the Keldysh contour [50,51] shown in Figure 1, the spatial dimension d = 2, the
bar represents the expectation value 〈·〉 with the density matrix. The 3 × 3 matrix iΔ−1

0 (x, y) is defined
as follows,

iΔ−1
0 (x, y) ≡ δ2

∫
x L

δψ∗(y)δψ(x)

∣∣∣∣∣
a=0

=

⎡
⎢⎢⎣

i ∂
∂x0 +

∇2
i

2m − 1
2I ede(E1 + iE2) 0

ede(E1 − iE2) i ∂
∂x0 +

∇2
i

2m ede(E1 + iE2)

0 ede(E1 − iE2) i ∂
∂x0 +

∇2
i

2m − 1
2I

⎤
⎥⎥⎦ δd+1

C (x − y), (9)

for −1, 0 and 1, and the iD−1
0,ij(x, y) is written by,

iD−1
0,ij(x, y) ≡ δ2

∫
x L

δai(x)δaj(y)

= −δij∂
2
xδd+1

C (x − y), (10)

where i and j run over spatial components 1, · · ·, d = 2 in 2 + 1 dimensions. The 3 × 3 matrix Δ(x, y) is,

Δ(x, y) =

⎡
⎢⎣ Δ−1−1(x, y) Δ−10(x, y) Δ−11(x, y)

Δ0−1(x, y) Δ00(x, y) Δ01(x, y)
Δ1−1(x, y) Δ10(x, y) Δ11(x, y)

⎤
⎥⎦ , (11)

where Δ−10(x, y) = 〈TCδψ−1(x)δψ∗
0 (y)〉 with time-ordered product TC in the closed-time path contour.

The Green’s function of dipole fields Δ−10(x, y) is also written by the 2 × 2 matrix Δab
−10(x, y) with

a, b = 1, 2 in the contour. The Green’s function for photon fields Dij(x, y) represents,

Dij(x, y) = 〈TCai(x)aj(y)〉. (12)

1

2

t

t0 ∞

O

Figure 1. Closed-time path contour C. The label “1” represents the path from t0 to ∞ and the label “2”
represents the path from ∞ to t0.
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Finally we write time evolution equations for coherent fields and quantum fluctuations. The 2PI
effective action satisfies the following equations,

δΓ2PI

δΔ

∣∣∣∣∣
ā=0

= 0, (13)

δΓ2PI

δD

∣∣∣∣∣
ā=0

= 0, (14)

δΓ2PI

δāi

∣∣∣∣∣
ā=0

=
δΓ2PI

δAi

∣∣∣∣∣
ā=0

= 0, (15)

δΓ2PI

δψ̄
(∗)
−1,0,1

∣∣∣∣∣
ā=0

= 0, (16)

due to the Legendre transformation of the generating functional. Equation (13) is written by,

iΔ−1
0 − iΔ−1 − iΣ = 0, (17)

with iΣ ≡ − 1
2

δΓ2
δΔ . The matrix of self-energy Σ can be written by diagonal elements,

Σ = diag(Σ−1−1, Σ00, Σ11), (18)

since we can neglect the off-diagonal elements which are higher order of the coupling expansion.
Equation (17) represents the Kadanoff–Baym equations for electric dipole fields in the two-energy-level
approximation in 2 + 1 dimensions. Similarly, the Kadanoff–Baym equation for photon fields in
Equation (14) is written by,

iD−1
0 − iD−1 − iΠ = 0, (19)

with iΠ ≡ − δΓ2
δD . Equation (15) is given by,

∂νFνi = Ji, (20)

with,

J1(x) = −ede
∂

∂x0 ∑
α=−1,1

(
Δ0α(x, x) + Δα0(x, x) + ψ̄0(x)ψ̄∗

α(x) + ψ̄α(x)ψ̄∗
0 (x)

)
, (21)

J2(x) = −ede
∂

∂x0 ∑
α=−1,1

(
− iα(Δ0α(x, x)− Δα0(x, x) + ψ̄0(x)ψ̄∗

α(x)− ψ̄α(x)ψ̄∗
0 (x))

)
. (22)

Equation (20) represents the Klein–Gordon equations for spatial dimensions i = 1 and 2.
Equation (16) is written by,(

i
∂

∂x0 +
∇2

i
2m

)
ψ̄0 + ∑

α=−1,1
ede(E1 + iαE2)ψ̄α = 0, (23)

(
i

∂

∂x0 +
∇2

i
2m

− 1
2I

)
ψ̄α + ede(E1 − iαE2)ψ̄0 = 0, (24)
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and their complex conjugates. They are Schrödinger-like equations for coherent dipole fields.
Equations (23) and (24) and their complex conjugates give the following probability conservation,

∂

∂x0

(
ψ̄∗

0 ψ̄0 + ∑
α=−1,1

ψ̄∗
αψ̄α

)
+

1
2mi

∇i

(
ψ̄∗

0∇iψ̄0 − ψ̄0∇iψ̄
∗
0 + ∑

α=−1,1
(ψ̄∗

α∇iψ̄α − ψ̄α∇iψ̄
∗
α)

)
= 0. (25)

We shall define J0(x) as,

J0(x) = −ede
∂

∂x1 ∑
α=−1,1

(
Δ0α(x, x) + Δα0(x, x) + ψ̄0(x)ψ̄∗

α(x) + ψ̄α(x)ψ̄∗
0 (x)

)

−ede
∂

∂x2

(
− iα(Δ0α(x, x)− Δα0(x, x) + ψ̄0(x)ψ̄∗

α(x)− ψ̄α(x)ψ̄∗
0 (x))

)
. (26)

Then since we can use ∂0 J0 −∇i Ji = 0 with i = 1, 2,

∂0 J0 = ∇i Ji = −∂i∂νFνi = ∂μ∂νFνμ − ∂i∂νFνi = ∂0∂νFν0,

or, ∂νFν0 = J0, (27)

where the time dependent term in the time integral might be interpreted as an initial charge, but
it is set to be zero. This equation represents the Poisson equation for scalar potential A0 given by
∇2 A0 = ∇ · μ with the vector of dipole moments −μ on the right-hand side in Equation (26). (Since
the Fourier transformed Ã0(q) is written by Ã0(q) ∝ (qiμ̃i)/q2 with μi = μ̃iδ(r), the electric field

Ej = −∇j A0(r) is proportional to
∫

q eiq·r qjqi μ̃i
q2 . If we can also apply the analysis in this section to the

case in 3 + 1 dimensions, we find Ej ∝ ∂j∂i
μ̃i
r . Then we obtain dipole–dipole interaction potential

−μ̃jEj ∼
[

μ̃j μ̃j
r3 − 3(ri μ̃i)(rj μ̃j)

r5

]
in 3 + 1 dimensions.)

3. Kinetic Entropy Current in the Kadanoff–Baym Equations and the H-Theorem

In this section, we derive a kinetic entropy current from the Kadanoff–Baym equations with
first order approximation of the gradient expansion and show the H-theorem for the leading-order
approximations in the coupling expansion based on [56–58]. The analysis in this section is similar to
that in open systems (the central region connected to the left and the right region) [59]. Since (−1, 1)
and (1,−1) components in iΔ−1

0 (x, y) in Equation (9) are zero, the same procedures to rewrite the
Kadanoff–Baym equations as those in open systems [59–63] can be adopted. We set t0 → −∞.

First, we shall write the Kadanoff–Baym equations in Equation (17) for each components. By
multiplying the matrix Δ from the right in Equation (17) and taking the (0, 0) component, we can write
it as,

i
(

Δ−1
0,00 − Σ00

)
Δ00 + ∑

α=−1,1
ede(E1 + iαE2)Δα0 = iδC(x − y), (28)

where the (0, 0) component of the matrix Δ−1
0 represents iΔ−1

0,00(x, y) =

(
i ∂

∂x0 +
∇2

i
2m

)
δC(x − y). By

taking (α, 0) component, we can write it as,

i(Δ−1
0,αα − Σαα)Δα0 + ede(E1 − iαE2)Δ00 = 0. (29)

It is convenient to introduce the Green’s functions Δg,αα as,

iΔ−1
g,αα = iΔ−1

0,αα − iΣαα. (30)
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Then by using Equations (29) and (30), we can write Δα0 as,

Δα0(x, y) = − ede

i

∫
C

dwΔg,αα(x, w)(E1(w)− iαE2(w))Δ00(w, y). (31)

Equation (31) means the propagation from y to x with zero angular momentum, change of angular
momentum at w and the propagation from w to x with angular momentum α = ±1. By using
Equation (31), we can rewrite Equation (28) as,

i
∫
C

dw(Δ−1
0,00(x, w)− Σ00(x, w))Δ00(w, y)

+i ∑
α=−1,1

(ede)
2
∫
C

dw(E1(x) + iαE2(x))Δg,αα(x, w)(E1(w)− iαE2(w))Δ00(w, y) = iδC(x − y). (32)

The second term on the left-hand side in Equation (32) represents the propagation from y to
w with zero angular momentum, the change of the angular momentum to α = ±1 at w due to the
coherent electric fields, the propagation from w to x and the change of the angular momentum from
α = ±1 to zero due to the coherent electric fields. In a similar way to φ4 theory in open systems [59],
we can derive,

i
∫
C

dwΔ00(x, w)(Δ−1
0,00(w, y)− Σ00(w, y))

+i ∑
α=−1,1

(ede)
2
∫
C

dwΔ00(x, w)(E1(w) + iαE2(w))Δg,αα(w, y)(E1(y)− iαE2(y)) = iδC(x − y), (33)

where we have used,

Δ0α(x, y) = −1
i

∫
C

dwΔ00(x, w)(ede)(E1(w) + iαE2(w))Δg,αα(w, y). (34)

The (α, α) components of the Kadanoff–Baym equations are written by,

i
∫
C

dw
(

Δ−1
0,αα(x, w)− Σαα(x, w)

)
Δαα(w, y)

+i(ede)
2
∫
C

dw(E1(x)− iαE2(x))Δ00(x, w)(E1(w) + iαE2(w))Δg,αα(w, y) = iδC(x − y), (35)

and,

i
∫
C

dwΔαα(x, w)
(

Δ−1
0,αα(w, y)− Σαα(w, y)

)
+i(ede)

2
∫
C

dwΔg,αα(x, w)(E1(w)− iαE2(w))Δ00(w, x)(E1(x) + iαE2(x)) = iδC(x − y), (36)

where we have used Equations (31) and (34).
Next, we shall perform the Fourier transformation (

∫
d(x− y)eip·(x−y)) with the relative coordinate

x − y of the (0, 0) and (α, α) components of the Kadanoff–Baym equations. We use the 2 × 2 matrix
notation in the closed-time path with a, b, c, d = 1, 2. Equations (32) and (33) are transformed as,

i

(
Δ−1

0,00(p)− Σ00(X, p)σz + ∑
α

Uαα(X, p)σz

)ac

◦ Δcb
00(X, p) = iσab

z , (37)

iΔac
00(X, p) ◦

(
Δ−1

0,00(p)− σzΣ00(X, p) + σz ∑
α

Uαα(X, p)

)cb

= iσab
z , (38)
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where X = x+y
2 , σz = diag(1,−1),

iΔ−1
0,00(p) = p0 − p2

2m
, (39)

and the Uαα(X, p) is the Fourier transformation,

Uαα(X, p) = (ede)
2
∫

d(x − y)eip·(x−y)(E1(x) + iαE2(x))Δg,αα(x, y)(E1(y)− iαE2(y))

= (ede)
2E(X)2Δg,αα(X, p + α∂ζ) +

(
∂2

∂X2

)
, (40)

with the definition of ζ and |E|,

E1(x) + iαE2(x) = |E(x)|eiαζ(x), (41)

and,

(Uαα(X, p)σz)
ac = Uad

αα(X, p)σdc
z , (42)

The ◦ is expanded by the derivative of X [64–67] as,

H(X, p)◦I(X, p) = H(X, p)I(X, p) +
i
2
{H, I}+

(
∂2

∂X2

)
, (43)

with the definition of the Poisson bracket,

{H, I} ≡ ∂H
∂pμ

∂I
∂Xμ

− ∂H
∂Xμ

∂I
∂pμ

. (44)

We find that the Uαα represents the change of momenta of dipoles as shown in Figure 2a.

E1 − iαE2

(00), p

(αα), p+ α∂ζ

E1 + iαE2
(00), p

(a)

(00), p

(photon), k

(αα), p− k

(b)

(00), p

Figure 2. Diagrams of (a) Uαα(X, p) and (b) self-energy Σ00(X, p).

In a similar way to [59], in the 0th and the first order in the gradient expansion in Equations (37)
and (38), we can derive the following retarded Green’s function,

Δ00,R(X, p) =
−1

p0 − p2

2m − Σ00,R + ∑α=−1,1 Uαα,R

, (45)

with the retarded parts (the subscript ‘R’) Δ00,R = i(Δ11
00 − Δ12

00), Σ00,R = i(Σ11
00 − Σ12

00) and Uαα,R =

i(U11
αα − U12

αα). By taking the imaginary part of the retarded Green’s function Δ00,R(X, p), we can
derive the spectral function ρ00 = i(Δ21

00 − Δ12
00) = 2iImΔ00,R(X, p) which represents the information of

dispersion relations. Similarly, the (α, α) components of the Kadanoff–Baym equations are written as,

i
(

Δ−1
0,αα(p)− Σαα(X, p)σz

)
◦ Δαα(X, p) + iVαα(X, p)σz ◦ Δg,αα(X, p) = iσz, (46)
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and,

iΔαα(X, p) ◦
(

Δ−1
0,αα(p)− σzΣαα(X, p)

)
+ iΔg,αα(X, p) ◦ σzVαα(X, p) = iσz, (47)

where,

iΔ−1
0,αα(p) = p0 − p2

2m
− 1

2I
, (48)

and,

Vαα(X, p) = (ede)
2
∫

d(x − y)eip·(x−y)(E1(x)− iαE2(x))Δ00(x, y)(E1(y) + iαE2(y))

= (ede)
2E(X)2Δ00(X, p − α∂ζ) +

(
∂2

∂X2

)
. (49)

We can also write for Δcb
g,αα(X, p) as,

i
(

Δ−1
0,αα(p)− Σαα(X, p)σz

)ac ◦ Δcb
g,αα(X, p) = iσab

z , (50)

Δac
g,αα(X, p) ◦ i

(
Δ−1

0,αα(p)− σzΣαα(X, p)
)cb

= iσab
z . (51)

In the 0th and the first order in the gradient expansion in Equations (46) and (47), we can derive,

Δαα,R = Δg,αα,R + Δg,αα,RVαα,RΔg,αα,R (52)

with Δαα,R = i(Δ11
αα − Δ12

αα) and Vαα,R = i(V11
αα − V12

αα ). Here we have used the solution in the 0th and
the first order in the gradient expansion in Equations (50) and (51) given by,

Δg,αα,R =
−1

p0 − p2

2m − 1
2I − Σαα,R

, (53)

with Σαα,R = i(Σ11
αα − Σ12

αα). The derivation is the same as [59]. The imaginary part of the
retarded Green’s function Δαα,R(X, p) multiplied by 2i represents the spectral function ραα =

i(Δ21
αα − Δ12

αα) = 2iImΔαα,R(X, p) which represents the information of dispersion relations. In addition,
the Kadanoff–Baym equations for photons in Equation (19) are written by,

i
(

D−1
0,ij(k)− Πij(X, k)σz

)ac ◦ Dcb
jl (X, k) = iδilσ

ab
z , (54)

iDac
ij (X, k) ◦

(
D−1

0,jl(k)− σzΠjl(X, k)
)cb

= iδilσ
ab
z , (55)

with,

iD−1
0,ij(k) = k2δij. (56)

Next we shall derive the self-energy in the leading-order (LO) of the coupling expansion in
Equation (6). The (a, b) = (1, 2) and (2, 1) component of i Γ2

2 are given by,

i Γ2,LO
2 = − 1

2 (ede)2
∫

dudw ∑α=−1,1

(
Δ21

αα(w, u)Δ12
00(u, w)(1,−αi)j∂

0
u∂0

w

(
D12

jl (u, w) + D21
l j (w, u)

)
(1, αi)t

l

+Δ12
αα(w, u)Δ21

00(u, w)(1,−αi)j∂
0
u∂0

w

(
D21

jl (u, w) + D12
l j (w, u)

)
(1, αi)t

l

)
,

(57)
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where t represents the transposition. It is convenient to rewrite,

Dab
ij (k) =

(
δij −

kikj

k2

)
Dab

T (k) +
kikj

k2 Dab
L (k), (58)

Πab
ij (k) =

(
δij −

kikj

k2

)
Πab

T (k) +
kikj

k2 Πab
L (k), (59)

where T and L represent the transverse and the longitudinal part, respectively. The LO self-energy
iΠ21

ji (y, x) = − δΓ2,LO
δD12

ij (x,y)
is,

iΠ21
jl (y, x) = −i(ede)

2 ∑
α=−1,1

(
∂0

x∂0
y

(
Δ21

αα(y, x)Δ12
00(x, y)

)
(1,−αi)l(1, αi)t

j

+∂0
x∂0

y

(
Δ21

00(y, x)Δ12
αα(x, y)

)
(1,−αi)j(1, αi)t

l

)
. (60)

By Fourier-transforming with the relative coordinate x − y and multiplying δij − kikj
k2 or

kikj
k2 , we

arrive at,

Π21
T (X, k) = −(ede)

2
(

k0
)2 ∫

p
∑

α=−1,1

(
Δ21

αα(X, k + p)Δ12
00(X, p) + Δ21

00(X, k + p)Δ12
αα(X, p)

)

+

(
∂2

∂X2

)
, (61)

Π21
L (X, k) = Π21

T (X, k), (62)

with
∫

p =
∫ dd+1 p

(2π)d+1 . The second equation is due to the spatial dimension d = 2. Similarly, we arrive at,

Π12
T (X, k) = −(ede)

2
(

k0
)2 ∫

p
∑

α=−1,1

(
Δ12

αα(X, k + p)Δ21
00(X, p) + Δ12

00(X, k + p)Δ21
αα(X, p)

)

+

(
∂2

∂X2

)
, (63)

Π12
L (X, k) = Π12

T (X, k). (64)

The Fourier transformation of the LO self-energy iΣ12
00(x, y) = − 1

2
δΓ2,LO

δΔ21
00(y,x)

is,

Σ12
00(X, p) = −(ede)

2
∫

k
∑

α=−1,1

(
k0
)2

Δ12
αα(X, p − k)

[
D12

T (X, k) + D12
L (X, k)

]
+

(
∂2

∂X2

)
. (65)

Similarly,

Σ21
00(X, p) = −(ede)

2
∫

k
∑

α=−1,1

(
k0
)2

Δ21
αα(X, p − k)

[
D21

T (X, k) + D21
L (X, k)

]
+

(
∂2

∂X2

)
. (66)

This self-energy is shown in Figure 2b. Similarly we can derive,

Σ12
αα(X, p) = −(ede)

2
∫

k

(
k0
)2

Δ12
00(X, p − k)

[
D12

T (X, k) + D12
L (X, k)

]
+

(
∂2

∂X2

)
, (67)
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and,

Σ21
αα(X, p) = −(ede)

2
∫

k

(
k0
)2

Δ21
00(X, p − k)

[
D21

T (X, k) + D21
L (X, k)

]
+

(
∂2

∂X2

)
. (68)

Finally we derive a kinetic entropy current in the first order approximation in the gradient
expansion and show the H-theorem in the LO approximation in the coupling expansion. By taking a
difference of Equations (32) and (33), we arrive at,

i
{

p0 − p2

2m
, Δab

00

}
= i

[(
Σ00 − ∑

α

Uαα

)
σz ◦ Δ00

]ab

− i

[
Δ00 ◦ σz

(
Σ00 − ∑

α

Uαα

)]ab

. (69)

We use the Kadanoff–Baym Ansatz Δ12
00 = ρ00

i f00, Δ21
00 = ρ00

i ( f00 + 1), Σ12
00 =

Σ00,ρ
i γ00, Σ21

00 =
Σ00,ρ

i (γ00 + 1), U12
αα =

Uαα,ρ
i γU,αα and U21

αα =
Uαα,ρ

i (γU,αα + 1) with ρ00 = i(Δ21
00 − Δ12

00) = 2iImΔ00,R,
Σ00,ρ = i(Σ21

00 − Σ12
00) = 2iImΣ00,R and Uαα,ρ = i(U21

αα − U12
αα) = 2iImUαα,R where we just rewrite

the (1, 2) and the (2, 1) components with the spectral parts ρ00, Σ00,ρ and Uαα,ρ and distribution
functions f00, γ00 and γU,αα. The distribution functions f00, γ00 and γU,αα approach the Bose–Einstein
distributions near equilibrium states. In the first order approximation in the gradient expansion in
Equation (69) for (a, b) = (1, 2) and (2, 1), we can derive,

f00 = γ00 + O
(

∂

∂X

)
, and f00 = γU,αα + O

(
∂

∂X

)
. (70)

(Rewrite (a, b) = (1, 2) and (2, 1) components in Equation (69), then we can show the collision

terms Δ21
00Σ12

00 − Δ12
00Σ21

00 ∝ f00 − γ00 = O
(

∂
∂X

)
and f00 − γU,αα = O

(
∂

∂X

)
.) We shall multiply ln iΔ12

00
ρ00

in

(a, b) = (1, 2) component in Equation (69) and ln iΔ21
00

ρ00
in (2, 1) component in Equation (69), take the

difference of them and integrate with
∫

p. By the use of Equation (70), we arrive at,

∂μsμ
matter,00 = −

∫
p

(
Σ21

00(X, p)Δ12
00(X, p)− Σ12

00(X, p)Δ21
00(X, p)

)
ln

Δ12
00(X, p)

Δ21
00(X, p)

+∑
α

∫
p

(
U21

αα(X, p)Δ12
00(X, p)− U12

αα(X, p)Δ21
00(X, p)

)
ln

Δ12
00(X, p)

Δ21
00(X, p)

, (71)

with the definition of entropy current sμ
matter,00 for (0, 0) component,

sμ
matter,00 ≡

∫
p

[(
δ

μ
0 +

δ
μ
i pi

m
− ∂Re(Σ00,R − ∑α Uαα,R)

∂pμ

)
ρ00

i

+
∂ReΔ00,R

∂pμ

Σ00,ρ − ∑α Uαα,ρ

i

]
σ[ f00], (72)

σ[ f00] ≡ (1 + f00) ln(1 + f00)− f00 ln f00. (73)

We can derive the Boltzmann entropy
∫

p [(1 + n) ln(1 + n)− n ln n] with the number density
n(X, p) in the quasi-particle limit ImUαα,R = ImΣ00,R → 0 in the same way as in [58]. Similarly, we can
derive a kinetic entropy current for (αα) components. >From Equations (46) and (47), we can derive

i
{

p0 − p2

2m
− 1

2I
, Δab

αα

}
= i [Σαασz ◦ Δαα − Δαα ◦ σzΣαα]

ab

−i
[
Vαασz ◦ Δg,αα − Δg,αα ◦ σzVαα

]ab . (74)
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We use the Kadanoff–Baym Ansatz Δ12
αα = ραα

i fαα, Δ21
αα = ραα

i ( fαα + 1), Δ12
g,αα =

Δg,αα,ρ
i γg,αα, Δ21

g,αα =
Δg,αα,ρ

i (γg,αα + 1), Σ12
αα =

Σαα,ρ
i γαα, Σ21

αα =
Σαα,ρ

i (γαα + 1), V12
αα =

Vαα,ρ
i γV,αα and V21

αα =
Vαα,ρ

i (γV,αα + 1)
with ραα = i(Δ21

αα − Δ12
αα) = 2iImΔαα,R, Σαα,ρ = i(Σ21

αα − Σ12
αα) = 2iImΣαα,R and Vαα,ρ = i(V21

αα − V12
αα ) =

2iImVαα,R. In Equation (74), we can show,

fαα ∼ γαα, γg,αα ∼ γV,αα, (75)

for distribution functions fαα, γαα and γV,αα by writing the (a, b) = (1, 2) and (2, 1) components in the
Kadanoff–Baym equations (74). We can also show,

γαα ∼ γg,αα, (76)

from Equations (50) and (51). We shall multiply ln iΔ12
αα

ραα
in (a, b) = (1, 2) component in Equation (74)

and ln iΔ21
αα

ραα
in (2, 1) component in Equation (74), take the difference of them and integrate with

∫
p. By

using Equations (75) and (76), we arrive at,

∂μsμ
matter,αα = −

∫
p

(
Σ21

αα(X, p)Δ12
αα(X, p)− Σ12

αα(X, p)Δ21
αα(X, p)

)
ln

Δ12
αα(X, p)

Δ21
αα(X, p)

+
∫

p

(
V21

αα (X, p)Δ12
g,αα(X, p)− V12

αα (X, p)Δ21
g,αα(X, p)

)
ln

Δ12
αα(X, p)

Δ21
αα(X, p)

, (77)

with the definitions of entropy current sμ
matter,αα for (αα) components,

sμ
matter,αα ≡

∫
p

[(
δ

μ
0 +

δ
μ
i pi

m
− ∂ReΣαα,R

∂pμ

)
ραα

i
+

∂ReΔαα,R

∂pμ

Σαα,ρ

i

+
∂ReVαα,R

∂pμ

Δg,αα,ρ

i
− ∂ReΔg,αα,R

∂pμ

Vαα,ρ

i

]
σ[ fαα]. (78)

In this derivation, we have used the same way as that in open systems in [59]. We can also
derive the following equations for the Kadanoff–Baym equations for photons with the Kadanoff–Baym
Ansatz D21

T = ρT
i (1 + fT), D12

T = ρT
i fT , D21

L = ρL
i (1 + fL) and D12

L = ρL
i fL with distribution functions

fT and fL and spectral functions ρT and ρL,

∂μsμ
photon = −1

2

∫
k

[
Π21

T (X, k)D12
T (X, k)− Π12

T (X, k)D21
T (X, k)

]
ln

D12
T (X, k)

D21
T (X, k)

−1
2

∫
k

[
Π21

L (X, k)D12
L (X, k)− Π12

L (X, k)D21
L (X, k)

]
ln

D12
L (X, k)

D21
L (X, k)

, (79)

with the entropy current for photons,

sμ
photon ≡

∫
k

[(
kμ − 1

2
∂ReΠT,R

∂kμ

)
DT,ρ

i
+

1
2

∂ReDT,R

∂kμ

ΠT,ρ

i

]
σ[ fT ]

+
∫

k

[(
kμ − 1

2
∂ReΠL,R

∂kμ

)
DL,ρ

i
+

1
2

∂ReDL,R

∂kμ

ΠL,ρ

i

]
σ[ fL]. (80)
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As a result, the total entropy current sμ = sμ
matter,00 + ∑α sμ

matter,αα + sμ
photon satisfies,

∂μsμ = (ede)
2
∫

p,k

(
k0
)2

∑
α

[
Δ21

αα(p − k)Δ12
00(p)D21

T (k)− Δ12
αα(p − k)Δ21

00(p)D12
T (k)

]

× ln
Δ21

αα(p − k)Δ12
00(p)D21

T (k)
Δ12

αα(p − k)Δ21
00(p)D12

T (k)

+(ede)
2
∫

p,k

(
k0
)2

∑
α

[
Δ21

αα(p − k)Δ12
00(p)D21

L (k)− Δ12
αα(p − k)Δ21

00(p)D12
L (k)

]

× ln
Δ21

αα(p − k)Δ12
00(p)D21

L (k)
Δ12

αα(p − k)Δ21
00(p)D12

L (k)

+(ede)
2(E(X))2 ∑

α

∫
p

(
Δ21

g,αα(p + α∂ζ)Δ12
00(p)− Δ12

g,αα(p + α∂ζ)Δ21
00

)

× ln
Δ21

g,αα(p + α∂ζ)Δ12
00(p)

Δ12
g,αα(p + α∂ζ)Δ21

00(p)
≥ 0, (81)

where we have used the inequality (x − y) ln x
y ≥ 0 for real variables x and y with x > 0 and y > 0. The

equality is satisfied in f00 = fαα = fT = fL = 1
ep0/T−1

. Here we have used Δ21
αα

Δ12
αα

∼ Δ21
g,αα

Δ12
g,αα

with γg,αα ∼ fαα

in first order in the gradient expansion. We have shown the H-theorem in the LO approximation in
the coupling expansion and in the first order approximation in the gradient expansion. There is no
violation in the second law in thermodynamics in the dynamics.

4. Time Evolution Equations in Spatially Homogeneous Systems and Conserved Energy

In this section, we write time evolution equations in spatially homogeneous systems and show a
concrete form of the conserved energy density.

It is convenient to introduce the statistical functions F00 =
Δ21

00+Δ12
00

2 , Fαα = Δ21
αα+Δ12

αα
2 , FT =

D21
T +D12

T
2 ,

FL =
D21

L +D12
L

2 , which represent the information of how many particles are occupied in (p0, p) (particle

distributions) and statistical parts, Uαα,F = U21
αα+U12

αα
2 , Vαα,F = V21

αα+V12
αα

2 , Δg,αα,F =
Δ21

g,αα+Δ12
g,αα

2 , Σ00,F =
Σ21

00+Σ12
00

2 , Σαα,F = Σ21
αα+Σ12

αα
2 , ΠT,F =

Π21
T +Π12

T
2 and ΠL,F =

Π21
L +Π12

L
2 . The variables of these functions are

(X0, p0, p) with the center-of-mass coordinate X0 = x0+y0

2 and p given by the Fourier transformation
with the relative coordinate x − y in variables (x, y) in Green’s functions and self-energy in Section 2.
The statistical functions and parts are real at any time when we start with real statistical functions at
initial time. The spectral functions are given by taking the difference of (2, 1) and (1, 2) components
multiplied by i, namely ρ00 = i(Δ21

00 − Δ12
00). They represent the information of which states can be

occupied by particles in (p0, p) (dispersion relations). The spectral parts in self-energy are given by
taking the difference of (2, 1) and (1, 2) components multiplied by i (and written by the subscript ρ),
namely Δg,αα,ρ = i(Δ21

g,αα − Δ12
g,αα), Σ00,ρ = i(Σ21

00 − Σ12
00) and so on. The spectral functions and parts

are pure imaginary at any time when we start with pure imaginary spectral functions at initial time.
We can use the real statistical parts labeled by the subscripts F and the pure imaginary spectral parts
labeled by the subscript ρ in self-energy in the time evolution. We use the subscript ‘R’, ‘F’ and ‘ρ’ to
represent the retarded, statistical and spectral parts in self-energy, respectively.

The Kadanoff–Baym equation for the statistical and spectral functions are given by,{
p0 − p2

2m
− ReΣ00,R + ∑

α=−1,1
ReUαα,R, F00

}
+

{
ReΔ00,R, Σ00,F − ∑

α

Uαα,F

}

=
1
i
(

F00Σ00,ρ − ρ00Σ00,F
)− 1

i ∑
α

(
F00Uαα,ρ − ρ00Uαα,F

)
, (82)
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{
p0 − p2

2m
− ReΣ00,R + ∑

α=−1,1
ReUαα,R, ρ00

}
+

{
ReΔ00,R, Σ00,ρ − ∑

α

Uαα,ρ

}
= 0, (83)

{
p0 − p2

2m
− 1

2I
− ReΣαα,R, Fαα

}
+ {ReΔαα,R, Σαα,F}+

{
ReVαα,R, Δg,αα,F

}− {ReΔg,αα,R, Vαα,F
}

=
1
i
(

FααΣαα,ρ − ρααΣαα,F
)− 1

i
(
Δg,αα,FVαα,ρ − Δg,αα,ρVαα,F

)
, (84)

{
p0 − p2

2m
− 1

2I
− ReΣαα,R, ραα

}
+
{

ReΔαα,R, Σαα,ρ
}

+
{

ReVαα,R, Δg,αα,ρ
}− {ReΔg,αα,R, Vαα,ρ

}
= 0, (85)

{
p0 − p2

2m
− 1

2I
− ReΣαα,R, Δg,αα,F

}
+
{

ReΔg,αα,R, Σαα,F
}

=
1
i
(
Δg,αα,FΣαα,ρ − Δg,αα,ρΣαα,F

)
, (86){

p0 − p2

2m
− 1

2I
− ReΣαα,R, Δg,αα,ρ

}
+
{

ReΔg,αα,R, Σαα,ρ
}
= 0, (87)

{
p2 − ReΠR,T , FT

}
+ {ReDR,T , ΠF,T} =

1
i
(

FTΠρ,T − ρTΠF,T
)

, (88){
p2 − ReΠR,T , ρT

}
+
{

ReDR,T , Πρ,T
}

= 0, (89)

and longitudinal parts given by changing the label T to L in Equations (88) and (89). We can use
Equation (69) in the previous section to derive Equations (82) and (83), for example.

We can write,

Uαα,F(X, p) = (ede)
2E(X)2Δg,αα,F(p + α∂ζ), Uαα,ρ(X, p) = (ede)2E(X)2Δg,αα,ρ(p + α∂ζ), (90)

Vαα,F(X, p) = (ede)
2E(X)2F00(p − α∂ζ), Vαα,ρ(X, p) = (ede)2E(X)2ρ00(p − α∂ζ). (91)

In case we start with initial condition E2(X0 = 0) = 0, ∂0E2(X0 = 0) = 0 and symmetric Green’s
functions for α → −α in spatially homogeneous systems, we can use ∂ζ = 0 in the above equations at
any time. We can write the self-energy as,

Σ00,F(p) = −(ede)
2 ∑

α=−1,1

∫
k

(
k0
)2
[

Fαα(p − k)(FT(k) + FL(k)) +
1
4

ραα(p − k)
i

ρT(k) + ρL(k)
i

]
, (92)

Σ00,ρ(p) = −(ede)
2 ∑

α=−1,1

∫
k

(
k0
)2

[Fαα(p − k)(ρT(k) + ρL(k)) + ραα(p − k)(FT(k) + FL(k))] , (93)

Σαα,F(p) = −(ede)
2
∫

k

(
k0
)2
[

F00(p − k)(FT(k) + FL(k)) +
1
4

ρ00(p − k)
i

ρT(k) + ρL(k)
i

]
, (94)

Σαα,ρ(p) = −(ede)
2
∫

k

(
k0
)2

[F00(p − k)(ρT(k) + ρL(k)) + ρ00(p − k)(FT(k) + FL(k))] , (95)
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ΠT,F(k) = ΠL,F(k) = −(ede)
2
(

k0
)2

∑
α=−1,1

∫
p

[
Fαα(k + p)F00(p)− 1

4
ραα(k + p)

i
ρ00(p)

i

+F00(k + p)Fαα(p)− 1
4

ρ00(k + p)
i

ραα(p)
i

]
, (96)

ΠT,ρ(k) = ΠL,ρ(k) = −(ede)
2
(

k0
)2

∑
α=−1,1

∫
p

[
ραα(k + p)F00(p)− Fαα(k + p)ρ00(p)

+ρ00(k + p)Fαα(p)− F00(k + p)ραα(p)

]
, (97)

where we have omitted the label of the center-of-mass cordinate X in Green’s functions and self-energy.
We find that the ΠT,F(k) = ΠL,F(k) are symmetric (ΠT,F(−k) = ΠT,F(k)) under k → −k and that
ΠT,ρ = ΠL,ρ are anti-symmetric (ΠT,ρ(−k) = −ΠT,ρ(k)) under k → −k, for any Green’s functions for
dipole fields. When we prepare initial conditions with symmetric FT,L and anti-symmetric ρT,L for
photons, we can derive symmetric FT,L and anti-symmetric ρT,L at any time. In addition, since Π(k)’s
are proportional to (k0)2, there is no mass gap for incoherent photons for the leading-order self-energy
in the coupling expansion. The velocity of gapless modes of incoherent photons will decrease when
we increase the density of dipoles in this theory.

Finally, we show the energy density Etot. In the spatially homogeneous system in the 2 + 1
dimensions, we can derive ∂Etot

∂X0 = 0 with the energy density given by,

Etot ≡ 1
2I ∑

α=−1,1
ψ̄∗

αψ̄α +
1
2
(∂0 Ai)

2 +
∫

p
p0

(
F00 + ∑

α=−1,1
Fαα

)
+

1
2

∫
p

(
p0
)2

(FT + FL)

+2(ede)
2E2 ∑

α=−1,1

∫
p

(
F00(p)ReΔg,αα,R(p + α∂ζ) + ReΔ00,R(p)Δg,αα,F(p + α∂ζ)

)
−
∫

p
(ReΣ00,RF00 + ReΔ00,RΣ00,F)− ∑

α=−1,1

∫
p
(ReΣαα,RFαα + ReΔαα,RΣαα,F)

−1
2

∫
p
(ReΠR,T FT + ReDR,TΠF,T + ReΠR,LFL + ReDR,LΠF,L) , (98)

where we have used the KB equations in this section, the Klein–Gordon Equation (20) and the
Schödinger-like Equations (23) and (24) in Section 2. The first term represents the contribution
of nonzero angular momenta for coherent dipole fields. The second term represents the contribution
by electric fields Ei = ∂0 Ai. The third and the fourth terms represent the contribution by quantum
fluctuations for dipoles and photons, respectively. When the temperature is nonzero T 
= 0 at
equilibrium states and the spectral width in the spectral functions is small enough, statistical functions
which are proportional to the Bose–Einstein distributions 1

ep0/T−1
give temperature-dependent terms

mT2 for dipole fields and ∝ T3 for photon fields in 2 + 1 dimensions. The fifth term represents the
potential energy in processes in Figure 2a. The sixth, seventh and eighth terms represent the potential
energy in processes in Figure 2b. The coefficients in the sixth and seventh terms are not 1

3 but 1. While
the factor 1 might look like a contradiction with the preceding research in [68,69] which suggest that
the factor 1

3 appears in the interaction with 3-point-vertex, the factor 1 appears due to time derivative
(∂0)2 in self-energy for dipole fields and photon fields.

5. Dynamics of Coherent Fields

In this section, we show that our Lagrangian describes the super-radiance phenomena in time
evolution equations of coherent fields. We shall assume that all the coherent fields are independent of
x1 (dependent on x0 and x2). We also assume the symmetry for α = −1 and α = 1, namely ψ̄

(∗)
1 = ψ̄

(∗)
−1 ,

Δ01 = Δ0−1, and Δ10 = Δ−10. We set initial conditions E2 = 0 and ∂0E2 = 0 at x0 = 0.
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We define Z ≡ 2|ψ̄1|2 − |ψ̄0|2. It is possible to derive the following equations from time evolution
Equations (20), (23) and (24) with their complex conjugates for background coherent fields in Section 2.

∂0Z = i4edeE1 (ψ̄
∗
1 ψ̄0 − ψ̄∗

0 ψ̄1) , (99)

∂0 (ψ̄
∗
1 ψ̄0) =

i
2I

ψ̄∗
1 ψ0 + iedeE1Z (100)[

(∂0)
2 − (∂2)

2
]

E1 = −2ede(∂0)
2 [ψ̄∗

1 ψ̄0 + ψ̄∗
0 ψ̄1 + Δ01(x, x) + Δ10(x, x)] . (101)

We have used moderately varying spatial dependence |∇2
i ψ̄−1,0,1/m| � |∂0ψ̄−1,0,1|. We derive

aspects of the super-radiance and the Higgs mechanism in the above three equations.

5.1. Super-Radiance

In this section, we show the super-radiance in time evolution equations for coherent fields with
the rotating wave approximations neglecting non-resonant terms and quantum fluctuations. We have
used the derivations in [70,71] for background coherent fields.

We shall consider only k0 = 1
2I in this section and we expand the electric field E1 and the transition

rate ψ̄0ψ̄∗
1 as,

E1(x0, x2) =
1
2

ε(x0, x2)e−i(k0x0−k0x2) +
1
2

ε∗(x0, x2)ei(k0x0−k0x2), (102)

ψ̄1ψ̄∗
0 =

1
2

R(x0, x2)e−i(k0x0−k0x2), (103)

We consider the following case,

|∂0ε| � |k0ε|, |∂0R| � |k0R|,
|∂2ε| � |k0ε|. (104)

Neglect non-resonant terms like e±2ik0x0
and quantum fluctuations (Green’s functions Δ01

and Δ10) (the rotating wave approximation). Then from Equations (99)–(101), we arrive at the
Maxwell–Bloch equations,

∂ε

∂x0 +
∂ε

∂x2 = iedek0R, (105)

∂Z
∂x0 = iede(εR∗ − ε∗R), (106)

∂R
∂x0 = −iedeεZ. (107)

We assume that ε, Z and R are independent of the spatial coordinate of the x2 direction. We
shall change ε → iε in the above equations and assume real functions R = R∗ and ε = ε∗. Then we
can write,

∂ε

∂x0 = edek0R, (108)

∂Z
∂x0 = −2edeεR, (109)

∂R
∂x0 = edeεZ. (110)

We find the conservation law with the definition B2 ≡ 2R2 + Z2,

∂

∂x0 B2 =
∂

∂x0

(
2R2 + Z2

)
= 0. (111)

125



Entropy 2019, 21, 1066

The relation ∂B
∂x0 = 0 represents the probability conservation since we can rewrite B2 =(

2|ψ̄1|2 + |ψ̄0|2
)2 by Equation (103) and Z ≡ 2|ψ̄1|2 − |ψ̄0|2. We also find the following

conservation law,

∂

∂x0

[
1
2

ε2 +
1
2

k0Z
]
= 0, (112)

which represents the energy conservation. By this relation, we might be able to estimate the maximum
energy density of electric fields,(

1
2

ε2
)

max
= −1

2
k0Zmin =

1
2

k0B, (113)

in case there is no external energy supply. We derive the following solutions in Equations (108)–(110),

R(x0) =
1√
2

B sin θ(x0), Z(x0) = B cos θ(x0), (114)

θ(x0) = θ0 +
√

2ede

∫ x0

0
dx′0ε(x′0), (115)

with ∂θ
∂x0 =

√
2edeε and the constant B in a similar way to [71]. The θ(x0) swings around the position

θ = π with the frequency Ω = ede
√

k0B in case we start with initial conditions at around θ0 ∼ π

(|ψ̄1|2 = 0), since we can rewrite Equation (108) as

∂2θ(x0)

∂(x0)2 = (ede)
2k0B sin θ(x0). (116)

The B is the order of the number density of dipoles.
We introduce the damping term 1

L ε for the release of radiation and the propagation length L in
Equation (108). We can write,

∂ε

∂x0 +
1
L

ε =
edek0
√

2
B sin θ(x0). (117)

In κ = 1
L � time derivative, we can neglect the first term in the above equations, then

∂θ

∂x0 =
(ede)2k0B

κ
sin θ(x0). (118)

The solution is,

θ(x0) = 2 tan−1
[

exp
(
(ede)2k0Bx0

κ

)
tan

θ0

2

]
, (119)

and,

ε =
1√

2edeτR
×
[

cosh
(

x0 − τ0

τR

)]−1

(120)

with τR = κ
(ede)2k0B and τ0 = −τR ln(tan θ0

2 ). The τR ∝ 1/B ∼ 1/N with the number of dipoles N
represents the relaxation time of electric fields in the super-radiance. When N dipoles decay within time
scales 1/N, the intensity of electric fields becomes the order N2 (super-radiant decay with correlation
among dipoles), not N (spontaneous decay without correlation among dipoles).
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5.2. Higgs Mechanism and Tachyonic Instability

In this section, we rewrite time evolution equations for coherent fields with only real functions.
We assume the spatially homogeneous case. We do not adopt the rotating wave approximation in this
section. We show how coherent electric fields E1 are affected by Z = 2|ψ̄1|2 − |ψ̄0|2.

In Equation (101), the second derivatives of coherent fields on the right-hand side are written by,

ede

2I2 (ψ̄∗
1 ψ̄ + ψ̄∗

0 ψ̄1) +
2(ede)2Z

I
E1,

where we have used Equation (100). As a result, we arrive at,

[
(∂0)

2 − (∂2)
2 − 2(ede)2Z

I

]
E1 =

μ1

4I2 +
2(ede)2E1

I

∫
p
(2F11(X, p)− F00(X, p)− Δg,11,F(X, p))

+
(ede)2

I2 E1

∫
p

(
ReΔg,11,R(X, p)F00(X, p) + Δg,11,F(X, p)ReΔ00,R(X, p)

)
+
(ede)2

2I2
∂E1

∂X0

∫
p

(
∂F00

∂p0

Δg,11,ρ

i
+

ρ00

i
∂Δg,11,F

∂p0

)
+

(ede)2

4I2 E1
∂

∂X0

∫
p

(
∂F00

∂p0

Δg,11,ρ

i
+

ρ00

i
∂Δg,11,F

∂p0

)
, (121)

with the x1 direction of the dipole moment (density) given by μ1 = 2ede
(
ψ̄∗

1 ψ̄0 + ψ̄∗
0 ψ̄1

)
, F11(X, p) =

Δ21
11(X,p)+Δ12

11(X,p)
2 , F00(X, p) = Δ21

00(X,p)+Δ12
00(X,p)

2 and Δg,11,F(X, p) =
Δ21

g,11(X,p)+Δ12
g,11(X,p)

2 . In the Appendix
A we have shown the detailed derivation for the second, third, fourth and fifth terms in the above
equations. We have assumed the self-energy Σ00 = Σ11 = 0 in deriving the time derivatives of Δ10 and
Δ01 in Equation (101). Even if we include contributions of self-energy in Equation (121), they are higher
order O

(
(ede)4) in the coupling expansion. We have neglected higher order terms in the gradient

expansion for quantum fluctuations. In Equation (121), we leave the −(∂2)
2E1 term on the left-hand

side in the above equation to compare with the sign of − 2(ede)2Z
I E1 term. We find the Higgs mechanism

with the mass squared − 2(ede)2Z
I in the case of the normal population Z = 2|ψ̄1|2 − |ψ̄0|2 < 0. On the

other hand, the tachyonic instability appears in the inverted population Z > 0 in the above equation.
Then the electric field E1 will increase exponentially until Z becomes negative. In Equation (121), the
second term on the right-hand side is proportional to 2F11 − F00 − Δg,11,F. Near equilibrium states,
we might find F00 > 2F11 − Δg,11,F, where statistical functions F11, F00 and Δg,11,F are proportional
to the Bose–Einstein distribution 1

ep0/T−1
plus 1

2 (with the Kadanoff–Baym ansatz) with different

dispersion relations p0 ∼ p2

2m for F00 and p0 ∼ p2

2m + 1
2I for F11 and Δg,11,F, due to the energy difference

1
2I − 0

2I between the ground state and first excited states. So the 2F11 − F00 − Δg,11,F in the second
term is negative near the equilibrium states, which might mean no tachyonic unstable terms appear
from quantum fluctuations near equilibrium states. The contributions of quantum fluctuations on
the right-hand side written by statistical functions (second, third, fourth and fifth terms) vanish at
zero temperature T = 0. Quantum fluctuations represent finite temperature effects at equilibrium
states, although we need not restrict ourselves to only the equilibrium case. We have shown general
contributions of quantum fluctuations in both equilibrium and non-equilibrium case in this paper.

Finally we shall consider remaining equations for coherent dipole fields. By using Equations (99)
and (100) and the definitions of real functions μ1 = 2ede(ψ̄∗

1 ψ̄0 + ψ̄∗
0 ψ̄1), P = iede(ψ̄∗

1 ψ̄0 − ψ̄∗
0 ψ̄1) and

Z = 2|ψ̄1|2 − |ψ̄0|2, we can also derive,

∂0Z = 4E1P, (122)

∂0μ1 =
P
I

, (123)

∂0P = −μ1

4I
− 2(ede)

2E1Z. (124)
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We can show ∂0(2|ψ̄1|2 + |ψ̄0|2) = 0 by using these three equations. In these equations with initial
conditions E1 > 0, Z > 0 (inverted population), P = 0 and μ1 = 0, the P and the μ1 decrease at around
the initial time and Z starts to decrease due to E1P < 0. In initial conditions E1 > 0, Z < 0 (normal
population), P = 0 and μ1 = 0, the P and the μ1 increase at around the initial time and Z starts to
increase due to E1P > 0. The absolute values of Z decrease at around the initial time. We find that
there is no term of quantum fluctuations in Equations (122)–(124).

We can solve Equations (121)–(124) with real functions in this section and the Kadanoff–Baym
equations with real statistical functions and pure imaginary spectral functions in Section 4,
simultaneously.

6. Discussion

In this paper, we have derived time evolution equations, namely the Klein–Gordon equations
for coherent photon fields, the Schrödinger-like equations for coherent electric dipole fields
and the Kadanoff–Baym equations for quantum fluctuations, starting with the Lagrangian in
quantum electrodynamics with electric dipoles in 2 + 1 dimensions. We have adopted the
two-particle-irreducible effective action technique with the leading-order self-energy of the coupling
expansion. We find that electric dipoles change their angular momenta due to coherent electric
fields E1 ± iαE2 with α = ±1. They also change momenta and angular momenta by scattering with
incoherent photons. The proof of H-theorem is possible for these processes as shown in Section 3.
Our analysis provides the dynamics of both the order parameters with coherent fields and quantum
fluctuations for incoherent particles.

In Section 2, we adopt two-energy level approximation for the angular momenta of dipoles. Then,
we find that the iΔ−1

0 is written by 3 × 3 matrix with zero (−1, 1) and (1,−1) components. The form of
the matrix is similar to 3 × 3 matrix in the analysis in open systems, the central region, left and right
reservoirs as in [59,61–63]. Hence we can simplify the Kadanoff–Baym equations for dipole fields in
an isolated system with the same procedures as those in open systems. The difference between QED
with dipoles and φ4 theory in open systems is that the coherent electric field changes the momenta
of dipoles when the phase αζ in E1 ± iαE2 with α = ±1 is dependent on space–time. The space
dependence of coherent electric fields might disappear in the time evolution due to the instability by
the lower entropy of the system, then electric fields will change angular momenta of dipoles but not
change momenta p due to ∂ζ = 0. We can also trace the dynamics with ∂ζ = 0. By setting the initial
conditions with the symmetry α → −α, namely ψ̄

(∗)
α = ψ̄

(∗)
−α , Δα0 = Δ−α0 and Δ0α = Δ0−α, with initial

conditions E2 = 0 and ∂0E2 = 0 in spatially homogeneous systems in ∂νFν2 = J2 in Equation (20), we
can show E2 = 0 at any time. Then we can use ∂ζ = 0. This condition simplifies numerical simulations
in the Kadanoff–Baym equations since we need not estimate the momentum shift p → p ± α∂ζ in the
finite-size lattice for the momentum space. As a result, the simulations for Kadanoff–Baym equations
for dipoles and photons will be similar to those in QED with charged bosons in [72].

In Section 3, we have introduced a kinetic entropy current and shown the H-theorem in the
leading-order of the coupling expansion with ede. This entropy approaches the Boltzmann entropy in
the limit of zero spectral width as in [58]. The mode-coupling processes between dipoles and photons
produce entropy. When there are deviations between (00) and (αα) components of distribution
functions, entropy production occurs. Entropy production stops when the Bose–Einstein distribution
is realized in the dynamics of Kadanoff–Baym equations.
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We can also derive the energy shifts in dispersion relations due to nonzero electric fields by using
the retarded Green’s functions in Section 3. The 0th order equations for retarded Green’s functions are
given by,

(
p0 − p2

2m
+ 2(ede)

2E2
1Δg,11,R

)
Δ00,R = −1, (125)(

p0 − p2

2m
− 1

2I

)
Δ11,R + (ede)

2E2
1Δ00,RΔg,11,R = −1, (126)

with Δg,11,R = −1

p0− p2
2m − 1

2I

. Multiply p0 − p2

2m − 1
2I , take the imaginary parts in the above equations and

remember the imaginary parts of retarded Green’s functions are the spectral functions, then we find,

W

[
ρ00

ρ11

]
= 0, with,

W =

⎡
⎣
(

p0 − p2

2m − 1
2I

) (
p0 − p2

2m

)
− 2(ede)2E2

1 0

−(ede)2E2
1

(
p0 − p2

2m − 1
2I

)2

⎤
⎦ (127)

By setting determinant |W| to be zero, we find the following solutions for dispersion relations,

p0 =
p2

2m
+

1
4I

± 1
2

√
1

4I2 + 8(ede)2E1
2. (128)

Here we assumed the symmetry for α = ±1 for Green’s functions and zero self-energy Σ00 =

Σ11 = 0. We find how electric fields shift two energy levels 0 and 1
2I . The above energy shift is similar

to the energy shift given in [27] in 3 + 1 dimensions due to nonzero electric fields.
In Section 5.1, we have derived the super-radiance from time evolution equations for coherent

fields. We find that it is possible to derive the Maxwell–Bloch equations from our Lagrangian with
the probability conservation law and the energy conservation law. Super-radiant decay with intensity
of the order ∝ N2 (N: The number of dipoles) appears in a similar way to [70,71]. It is possible to
derive the maximum energy of electric fields by use of Equation (113). We know that the moment
of inertia of water molecule is I = 2mH R2 with mH = 940 MeV with R = 0.96 × 10−10 m. Hence the
k0 = 1

2I = 1.1 × 10−3 eV. Since B = N
V = 3.3 × 1028 /m3 for liquid water, we find

1
2

ε2
max =

1
2

k0B = 1.8 × 1025 eV/m3. (129)

When we multiply the volume of all microtubules (MTs) in a brain,

VMT = π × 15nm2 × 1000nm × 2000 MTs/neuron × 1011 neurons/brain = 1.4 × 10−7 m3, (130)

we can arrive at,

1
2

ε2
maxVMT = 0.41 J = 0.1 cal. (131)

If we maintain our brain 100 s without energy supply, we need at least 0.1 ×
10−2 cal/s or 86 cal/day to maintain the ordered states of memory. We can compare
86 cal/day with 4000 cal/day = 2000 kcal/day × 0.2 (energy consumption rate of brain) ×
0.01 (energy rate to maintain the ordered system). The 86 cal/day is within the 4000 cal/day, which
is consistent with our experiences. In this derivation, we have used coefficients in 2 + 1 dimensions
and the number density of water molecules in 3 + 1 dimensions.
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In Section 5.2, we have derived time evolution equations for electric field E1. The Higgs
mechanism appears in this equation in normal population Z < 0. As a result, the dynamical mass
generation occurs with the maximum mass ΩHiggs = 2ede

√
k0B = 30k0 where the number density of

dipoles is B = 2|ψ̄1|2 + |ψ̄0|2 = N
V . The period is 2π/ΩHiggs = 1.3 × 10−13 s. In normal population

Z < 0, the Meissner effect appears with the penetrating length 1/ΩHiggs = 6.3 μm. On the other
hand, the tachyonic instability occurs in inverted population Z > 0. The electric field E1 increases
exponentially with exp(ΩX0) (with Ω ≤ Ωmax) where the time scale is 1/Ωmax = 2.1 × 10−14 s with
Ωmax = ΩHiggs. Due to energy conservation, since Z decreases as the absolute value of the electric
field increases, tachyonic instability stops in Z < 0.

We have prepared for numerical simulations with time evolution equations, namely the
Schödinger-like equations for coherent electric dipole fields, the Klein–Gordon equations for coherent
electric fields and the Kadanoff–Baym equations for quantum fluctuations. Our simulations might
describe the dynamics towards equilibrium states for quantum fluctuations and the dynamics of
super-radiant states for coherent fields. Our analysis is also extended to simulations in open systems
by preparing the left and the right reservoirs like those in [59] or networks [73].

7. Conclusions

We have derived the Schrödinger equations for coherent electric dipole fields, the Klein–Gordon
equations for coherent electric fields and the Kadanoff–Baym equations for quantum fluctuations in
QED with electric dipoles in 2 + 1 dimensions. It is possible to derive equilibration for quantum
fluctuations and super-radiance for background coherent fields simultaneously. Total energy
consumption to maintain super-radiance in microtubules is consistent with energy consumption in our
experiences. We can describe dynamical information transfer with super-radiance via microtubules
without violation of the second law in thermodynamics. We have also derived the Higgs mechanism
in normal population and the tachyonic instability in inverted population. These dynamical properties
might be significant to form and maintain coherent domains composed of dipoles and photons. We
are ready to describe memory formation processes towards equilibrium states in 2 + 1 dimensions
with equations in this paper. Furthermore, our approach might pave the way to understand the
dynamical thinking processes with memory recalling in QBD by investigating the case in open systems
with the Kadanoff–Baym equations. This work will be extended to the 3 + 1 dimensional analysis to
describe memory formation processes in numerical simulations. We should derive the Schödinger-like
equations, the Klein–Gordon equations and the Kadanoff–Baym equations by starting with the single
Lagrangian in QED with electric dipoles in 3 + 1 dimensions in the future study. These equations in
3 + 1 dimensions will describe more realistic and practical dynamics in QBD.
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Appendix A. Quantum Fluctuations in the Klein–Gordon Equations

In this section, we shall derive the second, third, fourth and fifth terms involving quantum
fluctuations on the right-hand side in Equation (121) in spatially homogeneous systems. They
correspond to the following term,

−2ede(∂0)
2 [Δ10(x, x) + Δ01(x, x)] ,
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in Equation (101) with the symmetry Δ10 = Δ−10 and Δ01 = Δ0−1. It appears in taking the time
derivative of J1 (given by Equation (21) ) in Equation (20). Here Δ10(x, x) and Δ01(x, x) can be
rewritten by,

Δ10(x, x) = − ede

i

∫
w

Δg,11(x, w)E1(w)Δ00(w, x), (A1)

Δ01(x, x) = − ede

i

∫
w

Δ00(x, w)E1(w)Δg,11(w, x), (A2)

where we have used Equations (31) and (34) by setting E2 = 0. We rewrite second time derivatives of
Δ10(x, x) and Δ01(x, x).

We shall rewrite Equation (30) without self-energy Σαα as,[
i

∂

∂x0 +
∇2

i
2m

− 1
2I

]
Δg,11(x, w) = iδC(x − w), (A3)

[
−i

∂

∂x0 +
∇2

i
2m

− 1
2I

]
Δg,11(w, x) = iδC(w − x), (A4)

where we have multiplied Δg,11 from the right and left of Equation (30). By using the above equations

and Equations (32) and (33) with Equations (A1) and (A2) and Δ−1
0,00(x, y) =

(
i ∂

∂x0 +
∇2

i
2m

)
δC(x − y),

we can show

∂

∂x0 Δ10(x, x) = ede

[ [(
−∇2

i
2m

+
1
2I

)
Δg,11 + iδC

]
E1Δ00

+Δg,11E1
∇2

i
2m

Δ00 + 2Δg,11edeE1Δ01E1 − Δg,11E1iδC

]

= ede

[(
1
2I

Δg,11 + iδC
)

E1Δ00 + 2Δg,11edeE1Δ01E1 − Δg,11E1iδC

]
, (A5)

∂

∂x0 Δ01(x, x) = ede

[
(−2edeE1Δ10 + iδC) E1Δg,11 + Δ00E1

(
− 1

2I
Δg,11iδC

)]
, (A6)

where δC represents the delta function in the closed-time path. Here the terms proportional to ∇2
i are

cancelled in spatially homogeneous systems. By use of the above two equations, we can show

∂

∂x0 (Δ10 + Δ01) =
1

2iI
(Δ10 − Δ01) , (A7)

and,

∂2

∂(x0)2 (Δ10 + Δ01) =
ede

2iI

[(
Δg,11

2I
+ iδC

)
E1Δ00 + 2Δg,11edeE1Δ01E1 − Δg,11E1iδC

− (−2edeE1Δ10 + iδC) E1Δg,11 − Δ00E1

(
− 1

2I
Δg,11 − iδC

)]

=
ede

2iI

[
2iE1

(
Δ00 − Δg,11

)
+

1
2I
(
Δg,11E1Δ00 + Δ00E1Δg,11

)

+2ede
(
Δg,11E1Δ01E1 + E1Δ10E1Δg,11

) ]
. (A8)
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Since we can rewrite Equations (35) or (36) by multiplying iΔg,11 as,

iΔg,11 − iΔ11 = edeΔg,11E1Δ01

= edeΔ10E1Δg,11, (A9)

we arrive at,

∂2

∂(x0)2 (Δ10 + Δ01) = − 1
4I2 (Δ10 + Δ01) +

edeE1

I
(
Δ00 − 2Δ11 + Δg,11

)
, (A10)

where we have used Equations (A1) and (A2).
Finally by rewriting the statistical parts (subscript ‘F’) of Δ10 + Δ01 with Equations (A1) and (A2),

and using E1(w) = E1(x) + (w0 − x0)∂0E1(x) in,[ ∫
dw
[
Δg,11(x, w)E1(w)Δ00(w, x) + Δ00(x, w)E1(w)Δg,11(w, x)

] ]
F

,

and the relation in the first order in the gradient expansion,[ ∫
dwΔg,11(x, w)Δ00(w, x)

]
F

=
∫

p

(
Δg,11,R(x, p)

i
F00(x, p) + Δg,11,F

Δ00,A

i

+
i
2

{
Δg,11,R(x, p)

i
, F00(x, p)

}
+

i
2

{
Δg,11,F,

Δ00,A

i

})
,(A11)

with the advanced (subscript ‘A’) Δ00,A = i(Δ11
00 − Δ21

00) = ReΔ00,R − ρ00
2 and the retarded Δ00,R =

i(Δ11
00 − Δ12

00) = ReΔ00,R + ρ00
2 , we can derive the third, fourth and fifth terms on the right-hand side in

Equation (121).
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Abstract: Thermodynamics is a theory of principles that permits a basic description of the macroscopic
properties of a rich variety of complex systems from traditional ones, such as crystalline solids, gases,
liquids, and thermal machines, to more intricate systems such as living organisms and black holes
to name a few. Physical quantities of interest, or equilibrium state variables, are linked together in
equations of state to give information on the studied system, including phase transitions, as energy
in the forms of work and heat, and/or matter are exchanged with its environment, thus generating
entropy. A more accurate description requires different frameworks, namely, statistical mechanics and
quantum physics to explore in depth the microscopic properties of physical systems and relate them
to their macroscopic properties. These frameworks also allow to go beyond equilibrium situations.
Given the notably increasing complexity of mathematical models to study realistic systems, and
their coupling to their environment that constrains their dynamics, both analytical approaches and
numerical methods that build on these models show limitations in scope or applicability. On the
other hand, machine learning, i.e., data-driven, methods prove to be increasingly efficient for the
study of complex quantum systems. Deep neural networks, in particular, have been successfully
applied to many-body quantum dynamics simulations and to quantum matter phase characterization.
In the present work, we show how to use a variational autoencoder (VAE)—a state-of-the-art tool in
the field of deep learning for the simulation of probability distributions of complex systems. More
precisely, we transform a quantum mechanical problem of many-body state reconstruction into a
statistical problem, suitable for VAE, by using informationally complete positive operator-valued
measure. We show, with the paradigmatic quantum Ising model in a transverse magnetic field,
that the ground-state physics, such as, e.g., magnetization and other mean values of observables,
of a whole class of quantum many-body systems can be reconstructed by using VAE learning of
tomographic data for different parameters of the Hamiltonian, and even if the system undergoes a
quantum phase transition. We also discuss challenges related to our approach as entropy calculations
pose particular difficulties.

Keywords: complex systems thermodynamics; machine learning; quantum phase transition;
Ising model; variational autoencoder
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1. Introduction

The development of the dynamical theory of heat or classical equilibrium thermodynamics as
we know it was possible only with empirical data collection, processing, and analysis, which led,
through a phenomenological approach, to the definition of two fundamental physical concepts, the
actual pillars of the theory: energy and entropy [1]. It is with these two concepts that the laws (or
principles) of thermodynamics could be stated and the absolute temperature be given a first proper
definition. Though energy remains as fully enigmatic as entropy from the ontological viewpoint,
the latter concept is not completely understood from the physical viewpoint. This of course did not
preclude the success of equilibrium thermodynamics as evidenced not only by the development of
thermal sciences and engineering, but also because of its cognate fields that owe it, at least partly or as
an indirect consequence, their birth, from quantum physics to information theory.

Early attempts to refine and give thermodynamics solid grounds started with the development of
the kinetic theory of gases and of statistical physics, which in turn permitted studies of irreversible
processes with the development of nonequilibrium thermodynamics [2–6] and later on finite-time
thermodynamics [7–9], thus establishing closer ties between the concrete notion of irreversibility and
the more abstract entropy, notably with Boltzmann’s statistical definition [10] and Gibbs’ ensemble
theory [11]. Notwithstanding conceptual difficulties inherent to the foundations of statistical physics,
such as, e.g., irreversibility and the ergodic hypothesis [12,13], entropy acquired a meaningful statistical
character and the scope of its definitions could be extended beyond thermodynamics, thus paving the
way to information theory, as information content became a physical quantity per se, i.e., something
that can be measured [14]. Additionally, although quantum physics developed independently from
thermodynamics, it extended the scope of statistical physics with the introduction of quantum statistics,
led to the definition of the von Neumann entropy [15], and also introduced new problems related
to small, i.e., mesoscopic and nanoscopic systems [16,17], down to nuclear matter [18], where the
concepts of thermodynamic limit and ensuing standard definitions of thermodynamic quantities may
be put at odds.

Quantum physics problems that overlap with thermodynamics are typically classified into
different categories: ground state characterization [19], thermal state characterization at finite
temperature [20], the so-called eigenstate thermalization hypothesis [21–25], calculation of the
dynamics of either closed or open systems [26,27], state reconstruction from tomographic data [28], and
quantum system control, which, given the complexity for its implementation, requires the development
of new methods [29]. Among the rich variety of methods applicable to such problems, including,
e.g., mean-field approach [30], slave particle approach [31], dynamical mean-field theory [32],
nonperturbative methods based on functional integrals [33], we believe two large families of techniques
are of particular interest for numerical studies of many-body systems when strong correlations must be
accounted for: One is based on the quantum Monte Carlo (QMC) framework [34], which is powerful to
overcome the curse of dimensionality by using the stochastic estimation of high-dimensional integrals;
the other family encompasses methods that search solutions in the parametric set of functions, also
called ansatz. The most used ansatzes are based on different tensor network architectures [35,36]
as tensor network-based methods show state-of-the-art performance for the characterization of
one-dimensional strongly correlated quantum systems. One can solve either the ground-state
problem by using the variational matrix product state (MPS) ground state search [37] or a dynamical
problem using a time-evolving block decimation (TEBD) algorithm [38]. Quantum criticality of
one-dimensional systems also can be studied by using a more advanced architecture called multiscale
entanglement renormalization ansatz (MERA) [39]. The application of tensor networks is not restricted
to one-dimensional systems, and one can describe an open quantum dynamics [40], characterize the
numerical complexity of an open quantum dynamics [41,42], perform tomography of non-Markovian
quantum processes by using tensor networks [43,44], analyze properties of two dimensional quantum
lattices by using projected entangled pair states (PEPS) [45], or solve classical statistical physics
problems [46,47].

138



Entropy 2019, 21, 1091

The cross-fertilization of quantum physics and thermodynamics has benefited much from the
powerful quantum formalism and computational techniques; however, as thermodynamic concepts
evolved from intuitive/phenomenological definitions to classical-mechanics constructs, extended
with quantum physics and formalism when needed, thermodynamics, in spite of its undeniable
theoretical and practical successes, never managed to fully mature into a genuine fundamental
theory that firmly rests on strong basic postulates. On one hand, this led a growing number of
physicists to consider thermodynamics as incomplete, and on the other, to think quantum theory as
the underlying framework from which equilibrium and nonequilibrium thermodynamics emerge.
Quantum thermodynamics [48,49] is a fairly recent field of play, where new ideas are tested while
revisiting old problems related to cycles, engines, refrigerators, and entropy production, to name
a few [50,51]. Further, quantum technology is a burgeoning field at the interface of physics and
engineering, which seeks to develop devices able to harness quantum effects for computing and
secure communication purposes [52,53]. The wide scale development of such a kind of systems,
which irreversibly interact with an infinite environment, rests on the ability to properly simulate the
open quantum dynamics of their many-body properties and analyze coherence and dissipation at the
quantum level.

How fast quantum thermodynamics will progress is difficult to anticipate as there exist numerous
unsolved problems, especially those related to the proper characterization of the physical processes,
e.g., what qualifies as heat or work on ultrashort time and length scales, where averages become
irrelevant is unclear, and how the laws of thermodynamics may be systematically adapted still may be
debated. To mitigate risks of slow progress, one may resort to approaches that do not rely on models
of systems, but rather on data, the idea being to gain actual knowledge and understanding from data
irrespective of how complex the studied system is. Machine learning (ML) provides perfectly suited
tools for that purpose [54]. ML has a rather long history that can be dated back with the works of
Bayes (1763) on prior knowledge that can be used to calculate the probability of an event as formulated
by Laplace (1812). Much later (1913), Markov chains were proposed as a tool to describe sequences
of events, each being characterized by a probability of occurrence that depends on the actuality of
the previous event only. The main milestone is in 1950, with Turing’s machine that can learn [55],
shortly followed in 1951 by the first neural network machine [56]. Thanks to the huge increase in
computational power over the last two decades, ML is now used for a wide variety of problems [54],
and quantum machine learning now shows extraordinary potential for faster and more efficient than
ever treatment of complex quantum systems problems [57], one major challenge still residing in the
development of the hardware capable to harness and transform this potentiality into actual tool.

With the recent success in the field of deep learning, tools other than those based on tensor
networks work as well as an ansatz. Restricted Boltzmann machine has been successfully applied
as an ansatz to a ground state search, dynamics calculation, and quantum tomography [58–60], as
well as convolution neural network to the two-dimensional frustrated J1 − J2 model [61]. The deep
autoregressive model was applied very efficiently and elegantly to a ground state search of many-body
quantum system and to classical statistical physics as well [62,63]. It was also recently shown how
ML can establish and classify with high accuracy the chaotic or regular behavior of quantum billiards
models and XXZ spin chains [64]. Thus, it can be useful to transfer deep architectures from the field
of deep learning to the area of many-body quantum systems. A variational autoencoder (VAE) was
used for sampling from probability distributions of quantum states in [65]; in the present work, we
show that state-of-the-art generative architecture called conditional VAE can be applied to describe
the whole family of the ground states of a quantum many-body system. For that purpose, using
quantum tomography (albeit in an approximate fashion as discussed below) and reconstruction tools
developed in [66], we consider the paradigmatic Ising model in a transverse-field as an illustration of
the usefulness and efficiency of our approach. The use of VAE in such a problem is justified by the
simplicity of VAE training, as well as its expressibility [67].
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The article is organized as follows. In Section 2, we give a brief recap of the physics of the Ising
model in a transverse field. In Section 3, we develop our generative model in the framework of the
tensor network. Section 4 is devoted to the variational autoencoder architecture. The results are shown
and discussed in Section 5. The article ends with concluding remarks, followed a by a short series
of appendices.

2. Transverse-Field Ising Model

Among the rich variety of condensed matter systems, magnetic materials are a source of
many fruitful problems, whose studies and solutions inspired discussions and new models beyond
their immediate scope. The Kondo effect (existence of a minimum of electrical resistivity at low
temperature in metals due to the presence of magnetic impurities) is one such problem [68,69],
as it provides an excellent basis for studies of quantum criticality and absolute zero-temperature
phase transitions [70,71] and, also, on a more fundamental level, a concrete example of asymptotic
freedom [69]. Assuming infinite on-site repulsion, the single-impurity Anderson model [68,72]
was used to establish a correspondence between Hamiltonian language and path integral for the
development of nonperturbative methods in quantum field theory [73,74]. One other important model
is that of the Heisenberg Hamiltonian, defined for the study of ferromagnetic materials, and which,
assuming a crystal subjected to an external magnetic field B, reads [75] as

H = − ∑
〈i,j〉

JijŜi Ŝj − h · ∑
j

Ŝj (1)

where, for ease of notations, we introduced h = gμBB, with g being the Landé factor and μB = eh̄/2me

being the Bohr magneton (e: elementary electric charge, and me: electron mass); Jij is a parameter
that characterizes the nearest-neighbors exchange interaction between electron spins on the crystal
sites i and j (the quantum spins Ŝi and Ŝj are vector operators whose components are proportional
to the Pauli matrices). For simplicity, one may consider Jij ≡ J constant. If J > 0, then the system is
ferromagnetic and if J < 0 the system is antiferromagnetic. Hereafter, we fix the electron’s magnetic
moment gμB = 1.

Although Equation (1) has a fairly simple form, the exact calculation of the partition function is

Z = Tr e−βH (2)

where β = 1/kBT is the inverse thermal energy, which is possible on the analytical level with the
mean-field approximation that simplifies the Hamiltonian (1), and also for one-dimensional systems,
one difficulty of the Heisenberg Hamiltonian being that the three components of a spin vector operator
do not commute. That said, Heisenberg’s Hamiltonian is very useful to, e.g., study spin frustration [76],
entanglement entropy [77], and also serve as a test case for density-matrix renormalization group
algorithms [78]. Under zero field, Heisenberg’s Hamiltonian is also a simplified form of the Hubbard
model at half-filling, thus including ferromagnetism in the scope of strongly correlated systems studies.

A particular, but very important, approximation of Heisenberg’s Hamiltonian, whose significance
lies in physics, especially for the study of critical phenomena, cannot be underestimated: the so-called
Ising model. In its initial formulation [79], Ising spins are N classical variables, which may take ±1 as
values and form a one-dimensional (1D) system characterized by free or periodic boundary conditions.
The classical partition function Z may be calculated analytically for the 1D Ising model, and quantities
such as the average total magnetization are obtained directly [80]:

M =
1
β

∂ ln Z
∂h

(3)
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In the present work, we consider a 1D quantum spin chain whose Hilbert space is given by H =
⊗N

i C2.
The system is described by the transverse-field Ising (TFI) Hamiltonian [81]:

H = −J ∑
〈i,j〉

σi
zσi+1

z + hx

N

∑
i=1

σi
x. (4)

where σi
α (α ≡ x, z) is the Pauli matrix for the α-component of the i-th spin in the chain, and hx is the

magnetic field applied in the transverse direction x. In this case, the spins are no longer the classical
Ising ones and the two terms that compose the Hamiltonian H do not commute, therefore requiring a
full quantum approach. An example of a real-world system that may be studied as a quantum Ising
chain is cobalt niobate (CoNb2O6); in this case, the spins that undergo the phase transition as the
transverse field varies are those of the Co2+ ions [82]. The spin states are denoted |+〉i and |−〉i at ion
site i. There are two possible ground states: when all N spins are in the state |+〉 or in the state |−〉,
i.e., when they are all aligned, which defines the ferromagnetic phase.

The phase transition from the ferromagnetic phase to the paramagnetic phase that we speak of
now is of a quantum nature, and not of a thermal nature, as here it is driven only by the external
magnetic field. More precisely, when the transverse field hx is applied with sufficient strength, the spins
align along the x direction, and the spin state at site i is given as the superposition (|+〉i + |−〉i) /

√
2,

which is nothing else but the eigenstate of the x-component of the spin. Therefore, in this particular
case, there is no need to raise the temperature of the system initially in the ferromagnetic phase beyond
the Curie temperature to make it a paramagnet: the many-body system remains in its ground state,
but its properties have changed. Further, note that unlike for the ferromagnetic phase, the quantum
paramagnetic phase has spin-inversion symmetry. An insightful discussion on quantum criticality can
be found in Reference [83].

Now, we briefly comment on the quantity β = 1/kBT in the context of quantum phase transitions,
which, strictly speaking, can only occur at temperature T = 0 K. In fact, close to the absolute zero,
where β → ∞, their signatures can be observed as quantum fluctuations dominate thermal fluctuations
in the criticality region, where the quantum critical point lies. The imaginary time formalism [84],
where exp(−βH) is interpreted as an evolution operator, and the partition function Z as a path integral,
provides a way to map a quantum problem onto a classical one with the introduction of the imaginary
time β resulting from a Wick rotation in the complex plane, thus yielding one extra dimension to
the model. In classical thermodynamics, to observe a phase transition in a system requires that its
size (i.e., the number of constituents N) tends to infinity so that the order parameter is non-analytic
at the transition point; so, for the quantum transition, the thermodynamic limit entails the limit
β → ∞ also: the 1D TFI model is mapped onto an equivalent 2D classical Ising model [85]. The
imaginary time formalism permits implementation of classical Monte Carlo simulations to study
quantum systems. Further discussion, including the sign problem for the quantum spin-1/2 system, is
available in Reference [4].

We have chosen the transverse-field Ising model as an illustrative case for our study for several
reasons. First, as this system is 1-dimensional, we can apply an MPS variational ground state solver [37],
and therefore obtain the ground state solution in MPS representation. We can then perform fast and
exact sampling for generation of large data sets for the training of the VAE. Next, this model can be
solved analytically, which allows us to adequately benchmark our results. Finally, this model shows
a nontrivial behavior around the quantum phase transition point at hx = 1, and thus constitutes an
interesting example to apply a VAE.

3. Generative Model as a Quantum State

Many-body quantum physics is rich in high-dimensional problems. Often, however, with
increasing dimensionality, these become extremely difficult or impossible to solve. One solving
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method is through the reformulation of the quantum mechanical problem as a statistical problem,
when possible. This way, machine learning can be used to effectively solve such a problem, as
machine learning is a tool for the solving of high-dimensional statistical problems [86]. Probabilistic
interpretation allows for using powerful sampling-based methods that work efficiently with high
dimensional data.

An example of the reformulation of a quantum problem as a statistical problem is with
informationally complete (IC) positive-operator valued measures (POVMs) [87]. POVMs describe
the most general measurements of a quantum system. Each particular POVM is defined by a set
of positive semidefinite operators Mα, with the normalization condition ∑α Mα = 1, where 1 is the
identity operator. The fact that the POVM is informationally complete means that using measurement
outcomes one can reconstruct the state of a system with arbitrary accuracy.

The probability of measurement outcome for a quantum system with the density operator ρ is
governed by Born’s rule: P[α] = Tr(�Mα), where {Mα} is a particular POVM and α is an outcome result.
In other words, any density matrix can be mapped on a mass function, although not all mass functions
can be mapped on a density matrix [88,89]. Some mass functions lead to non-positive semidefinite
“density matrices”, which is not physically allowed. As such, quantum theory is a constrained version
of probability theory. For a many-body system, these constraints can be very complicated, and direct
consideration of quantum theory as a constrained probability theory is not fruitful. However, if one can
access the samples of the IC POVM induced mass function, which is by definition physically allowed,
this mass function can be reconstructed using generative modeling [66,67]. Samples can be obtained
either by performing generalized measurements over the quantum system or by in silico simulation.

In the present work, we simulate measurements of the ground state of a spin chain with the TFI
Hamiltonian, Equation (4). As a local (one spin) IC POVM, we use the so-called symmetric IC POVM
for qubits (tetrahedral) POVM [90]:

Mα
tetra =

1
4
(1+ sασ) , α ∈ (0, 1, 2, 3), σ =

(
σx, σy, σz

)
,

s0 = (0, 0, 1), s1 =

(
2
√

2
3

, 0,−1
3

)
, s2 =

(
−
√

2
3

,

√
2
3

,−1
3

)
, s3 =

(
−
√

2
3

,−
√

2
3

,−1
3

)
. (5)

Note that the many-spin generalization of local IC POVM can easily be obtained by considering the
tensor product of local ones:

Mα1,...,αN
tetra = Mα1

tetra ⊗ Mα2
tetra ⊗ · · · ⊗ MαN

tetra. (6)

To simulate measurements outcome under the IC POVM described above, we implement the
following numerical scheme: First, we run a variational MPS ground state solver to obtain the ground
state of the TFI model in the MPS form:

Ωi1,i2,...,iN = ∑
β1,β2,...,βN−1

A1
i1β1

A2
β1i2β2

. . . AN
βN−1iN

(7)

where we use the tensor notation instead of the bra-ket notation for further simplicity, and we obtain
the MPS representation of IC POVM induced mass function:

P[α1, α2, . . . , αN ] = ∑
δ1,δ2,...,δN−1

πα1δ1 πδ1α2δ2 . . . πδN−1αN ,

πδn−1αnδn = π
βn−1β′

n−1︸ ︷︷ ︸
multi−index δn−1

αn βnβ′
n︸ ︷︷ ︸

multi−index δn

= [Mtetra]
αn
ij An

βn−1 jβn
[An]∗β′n−1iβ′n (8)

whose diagrammatic representation [35] is shown in Figure 1. Next, we produce a set of samples of
size M: {αi

1, αi
2, . . . , αi

N}M
i=1 from the given probability. The sampling can be efficiently implemented
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as shown in Appendix B. We call this set of samples (outcome measurements) a data set, which
may then be used to train a generative model p[α1, α2, . . . , αN |θ] to emulate the true mass function
P[α1, α2, . . . , αN ]. Here, θ is the set of parameters of the generative model, which is trained
by maximizing the logarithmic likelihood L(θ) = ∑M

i=1 log p[αi
1, αi

2, . . . , αi
N |θ] with respect to the

parameters θ [91]. The trained generative model fully characterizes a quantum state. The density
matrix is obtained by applying an inverse transformation to the mass function [92]:

� = ∑
α1,α2,...,αN

p[α1, α2, . . . , αN |θ][Mα1
tetra]

−1 ⊗ [Mα2
tetra]

−1 ⊗ · · · ⊗ [MαN
tetra]

−1,

[Mα
tetra]

−1 = ∑
α′

T−1
αα′ M

α′
tetra, (9)

Tαα′ = Tr
(

Mα
tetraMα′

tetra

)
,

the diagrammatic representation of which is given in Figure 2. Note that the summation included in
the density matrix representation is numerically intractable, but we can estimate it using samplings
from the generative model.

Figure 1. Tensor diagrams for (a) building blocks, (b) matrix product state (MPS) representation of
measurement outcome probability, and (c) its subtensor.

Figure 2. Tensor diagrams for (a) building blocks and (b) inverse transformation from a mass function
to a density matrix.

Our goal is to use a generative model as an effective representation of quantum states to calculate
the mean values of observables such as, e.g., two-point and higher-order correlation functions. An
explicit expression of the two-point correlation function obtained by sampling from the trained
generative model is shown in Figure 3. To obtain the ground state of the TFI model, we use a
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variational MPS ground state search, and we pick the bond dimension of MPS equal to 25 and perform
5 DMRG sweeps to get an approximate ground state in the MPS form. We use the variational MPS
solver provided by the mpnum toolbox [93].

Figure 3. Tensor diagrams representing calculation of two-point correlation function.

4. Variational Autoencoder Architecture

In our work, we use a conditional VAE [94] to represent quantum states. A conditional VAE is a
generative model expressed by the following probability distribution,

p[x|θ, h] =
∫

p[x|z, θ, h]p[z]dz, (10)

where x is the data we want to simulate; θ represents the VAE parameters, which can be tuned to get
the desired probability distribution over x; h is the condition; and z is a vector of latent variables. In
our case, x is the quantum measurement outcome in one-hot notation. A collection of measurement
outcomes is a matrix of size N × 4, where N is the number of particles in the chain and 4 is the number
of possible outcomes of the tetrahedral IC POVM, which is either [1000], [0100], [0010], or [0001]. h is
the external magnetic field. The probability distribution p[x|z, θ, h] can thus be written as

p[x|z, θ, h] =
N

∏
i=1

4

∏
j=1

πij(z, h, θ)xij , (11)

where πij(z, h, θ) is the neural network in our architecture, and, more precisely, πij is the probability of
the jth outcome of the POVM for the ith spin with ∑N

j=1 πij = 1 and πij ≥ 0. The quantity p[z] is the

prior distribution over latent variables, which is simply given by N (0, I) = 1√
2π

N exp
{
− 1

2 zTz
}

, with

I being the identical covariance matrix. We take the number of latent variables equal to the number of
spins, N. Essentially, we want to optimize our VAE so that its probability matches the probability of
the quantum measurement outcomes as closely as possible. This can be done using the well-known
maximum likelihood estimation:

θMLE = argmax
θ

M

∑
i=1

log(p[xi|θ, h]), (12)

where {xi}M
i=1 is the data set of outcome measurements. We cannot simply maximize this function

using, for example, a gradient descent method, due to the presence of hidden variables in the structure
of this function. However, we can overcome this problem by using the Evidence Lower Bound
(ELBO) [95] and the reparametrization trick shown in [96]. The detailed description of the procedure is
given in the Appendix A.
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Once trained, the VAE is a simple and efficient way to produce new samples from its probability
distribution. It can be done in three steps. First, we produce a sample from the prior distribution
p[z] = N (0, I). Next, we feed this sample and the external magnetic field value into the neural network
decoder πij(z, θ, h), which returns the matrix of probabilities. Finally, we sample from the matrix
of probability πij(z, θ, h) to generate “fake” outcome measurements. A visual representation of the
sampling method is shown in Figure 4.

Figure 4. Sampling scheme with the trained variational autoencoder (VAE).

In many problems, gradients of observables with respect to different model parameters yield
quantities of interest. For example, one may consider the magnetic differential susceptibility tensor
χij = ∂μi/∂hj. It can be done efficiently by using backpropagation through the VAE architecture but,
as samples from the VAE are discrete, a straightforward backpropagation is impossible. In recent
papers [97–99], a method called the Gumbel-softmax was introduced to overcome this difficulty
through continuous relaxation. The spirit, and therefore the physical meaning of the method, may
be understood with a short discussion of the so-called simulated annealing technique, which is often
used to solve discrete optimization problems. Broadly speaking, the simulated annealing rests on
the introduction of a parameter that acts as an artificial “temperature”, which varies continuously
to modify the state of the system in search of a global optimum. Starting from a given state, for
some values of the temperature, if the system mostly explores the neighboring states, moving among
them and possibly in the vicinity of the “better” ones, i.e., with lower energy, it may get and remain
close to a local optimum, or local energy minimum in the thermodynamic language; however, to
avoid remaining in a locally optimal region, “bad” moves leading to worse (i.e., higher energy) states
are useful to explore the temperature space more completely improving the chance to find a global
optimum or at least to be near it. To each move an energy variation, ΔE, is associated; it is the
continuous character of the fictitious temperature that makes the discrete problem continuous as the
probability exp(−ΔE)/kBT of acceptance of a state is continuous. Although this approach has been
known for a long time [100], it remains topical and under active development [101,102]. The method
of continuous relaxation we use also exploits such an artificial temperature to make discrete samples
continuous.

The Gumbel-softmax trick, consists of three steps:

1. We calculate the matrix of log probabilities, taking element-wise logarithm of decoder network

output: log Π =

⎡
⎢⎢⎢⎣

log π11 log π12 . . . log π1N
log π21 log π22 . . . log π2N
log π31 log π32 . . . log π3N
log π41 log π42 . . . log π4N

⎤
⎥⎥⎥⎦,

2. We generate a matrix of samples from the standard Gumbel distribution G and sum it up
element-wise with the matrix of log probabilities log Π: Z = log Π + G,

3. Finally, we take the softmax function of the result from the previous step: xfake
soft (T) =

softmax(Z/T), where T is a temperature of softmax. The softmax functions is defined by the

expression softmax(xij) =
exp(xij)

∑i exp(xij)
.
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The quantity xfake
soft (T) has a number of remarkable properties: first, it becomes an exact one-hot

sample when T → 0; second, we can backpropagate through soft samples for any T> 0. The method is
validated in the next section.

Before we proceed to the presentation and discussion of our results, and to better see the added
value of the VAE, it is instructive to compare MPS and VAE (NN) in terms of expressibility, i.e.,
“estimation of MPS states via incomplete local measurements” vs “VAE reconstruction”. As the state of
the system is assumed to be unknown, and some measurement outcomes are only known for different
magnetic fields, these outcomes are too few for exact tomography. Further, it is known that for a
given bond dimension d, the entangled entropy cannot be larger than log(d); in other words, the bond
dimension of MPS places an upper bound on the entangled entropy. Thus, the MPS representation
describes well only quantum states with low entangled entropy, i.e., quantum states which satisfy
the area law [103,104]. The situation with neural network quantum states (NQS) is different: there is
no such a restriction for NQS. Moreover, the existence of NQS with volume-law entanglement [105]
shows a promising development of new, and possibly powerful, NN-based approaches to representing
many-body quantum systems.

5. Results

Here, we show that the VAE trained on a set of preliminary measurements is capable to describe
the physics of the whole family of TFI models. We validate our results by comparing VAE-based
calculations with numerically exact calculations performed by variational MPS algorithm [35].
Additionally, to assess the capabilities of the VAE, we consider a spin chain with 32 spins. We
calculate the MPS representation of the ground state and extract information from it by performing
measurements over the state. The external field in the x-direction is varied from 0 to 2 with a step of
0.1. The VAE is trained on a data set (TFI measurement outcomes) consisting of 10.5 million samples in
total: 21 external fields hx with 500,000 samples per field.

To evaluate the VAE performance, we simply compare directly the numerically exact correlation
functions with those reconstructed with our VAE. Those of n = 1, . . . , 32, 〈σ1

z σn
z 〉, and 〈σ1

x σn
x 〉 are shown

in Figures 5 and 6, respectively, and we compare the numerically exact and the VAE-based average
magnetizations along x, given by 〈σn

x 〉 for each position of the spin along the chain, in Figure 7. We see
that the VAE captures well the physics of the one- and two-point correlation functions. Figure 8 shows
the total magnetizations, μx and μz, in the x and z directions, respectively, with μi =

1
N ∑N

j=1〈σj
i 〉, and

we see that the VAE is a tool well-suited for the description of the quantum phase transition and
also finite-size effects: whereas for the infinite TFI chain, i.e., in the thermodynamic limit, the phase
transition is observed at hx = 1, and the finite size of the system yields a shift of the critical point at
hx ≈ 0.9. Also note that in the T → 0 limit, the magnetization M defined in Equation (3) coincides
exactly with the magnetization μ defined above.

A backpropagation algorithm combined with the Gumbel-softmax trick may be used to evaluate
the derivative of an output over an input. We use this approach to calculate some elements of a
magnetic differential susceptibility tensor χij = ∂μi/∂hj, in particular, χxx and χzx shown in Figure 9.
The backpropagation-based magnetic differential susceptibility agrees well with the numerically
calculated one (central differences). The main advantage of the backpropagation-based calculation is
its numerical efficiency. The VAE may thus be trained with an arbitrary set of external parameters, i.e.,
not only hx, but also hy and hz, and yield the full differential susceptibility tensor.
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Figure 5. Two-point correlation function 〈σz
1 σz

n〉 for different values of external magnetic field hx.

Figure 6. Two-point correlation function 〈σx
1 σx

n 〉 for different values of external magnetic field hx.

Figure 7. Average magnetization per site along x for different values of external magnetic field hx.
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Figure 8. Total magnetization along x and z axes for different values of external magnetic field hx.
The location of the critical region is slightly shifted towards smaller values of hx due to the finite size of
the chain.

Figure 9. Backpropagation-based and numerical-based (central differences) values of χxx and χzx for
different values of external magnetic field hx. Both derivatives slightly fluctuate due to VAE error.

At this stage, we could conclude that the VAE is capable to describe the physics of one- and
two-point correlation functions, and therefore the TFI physics. However, notwithstanding the ability
of the VAE to yield correlation functions that fit well numerically-exact correlation functions, this is
not yet a full proof that it represents quantum states well. To address this point, we consider a small
spin chain (five spins with TFI Hamiltonian and an external magnetic field hx = 0.9) for which we
calculate both the exact mass function and that estimated from VAE samples. Figure 10 shows that the
VAE result again fits the numerically exact mass function with high accuracy. Further, we calculate the

Bhattacharyya coefficient [106]: BC(pvae, pexact) = ∑α pexact[α]

√
pvae[α]

pexact[α]
as a function of the external

magnetic field hx. Results reported in Figure 11 show that BC(pvae, pexact) > 0.99 over the whole hx

range, which thus proves that the VAE represents a quantum state well, at least for small spin chains.
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Figure 10. Comparison of two positive-operator valued measure (POVM)-induced mass functions
(P[α] = Tr(ρMα)) for a chain of size 5: numerically exact mass function and reconstructed from VAE
samples mass function. A sequence of indices α has been transformed into a single multi-index. Indices
have been ordered to put numerically exact probability in descending order. A good agreement
between the mass functions is observed.

Figure 11. Dependence of the classical fidelity on the external magnetic field. A high predictive
accuracy is demonstrated for the whole set of fields.

The structure of the entanglement is an another interesting subject that we would like to validate.
The essence of entanglement between two parts of the chain, which is split into n left spins and N − n
right spins, can be described by the Réniy entropy of the left part of this chain: Sα = 1

1−α log Trρα
n,

where ρn is the density matrix of the first n spins in the chain. We estimate the Rényi entropy of order
2: S2 = − log(Trρ2), as it can be efficiently calculated from the matrix product representation of the
density matrix and from the VAE samples. However, as sample-based estimation of the entangled
entropy has a variance that grows exponentially with the number of spins, we consider a small spin
chain of size 10. A direct comparison between the numerically exact and the VAE-based entangled
entropies is shown for different values of n in Figure 12. For this particular case, the VAE clearly
overestimates the entangled entropy. This undesirable effect is indeed observed for all sizes of spin
chains, and even for the spin chain of size 5, for which we have an excellent agreement between the
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numerically exact mass function and the VAE-based result. The entropy S2 is sensitive to small errors
in the mass function, but it also appears that the primary method of state reconstruction used in the
present work has the following shortcomings.

Figure 12. Comparison of the numerically exact Rényi entropy and that reconstructed from the VAE
samples for different values of n.

1. If one reconstructs a pure state, the VAE smooths the spectrum of the density matrix and
approximates the pure state by a slightly mixed state, as illustrated with a simple example
in Figure 13.

2. The VAE does not account the positivity constraints, which yields negative eigenvalues for the
density matrix. These negative eigenvalues even appear in the spectrum of the reduced density
matrix, as shown in Figure 13.

Figure 13. Comparison of numerically exact spectra of density matrices and VAE-estimated spectra.
The ground state spectra of the spin chain of size 5 with an external magnetic field h = 0.9 is shown on
the right panel, and the spectra of the reduced density matrix (last 3 spins) are shown on the left panel.
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These drawbacks hinder a robust description of the entanglement structure. In addition to the
mismatch between the Rényi entropies (S2), the entropy of a reduced density matrix can be larger than
the entropy of the whole density matrix, which is erroneous. This particular issue, now identified, may
be resolved by introduction of a particular regularization term into the VAE loss. This is the object of
future work.

Finally, it is also instructive to comment on the memory costs of the use of either MPS or VAE,
which is somehow a tricky question, as it is unclear for any NN-based architecture what numbers of
layers and neurons per layer are needed because there is no criterion for NN, whereas for the MPS
and tensor networks, there is one. Thus, a direct comparison of NN architectures and tensor networks
(MPS, etc.) is certainly a difficult task, and in our opinion, likely an impossible one. At this stage, we
may say the following. For a given spin chain of size N and maximal entangled entropy between
subchains S = −Trρ log ρ, the MPS requires to store approximately 2N exp (2S) complex numbers; this
follows from the fact that one then considers N subtensors of size exp (S)× 2 × exp (S), where exp (S)
is the typical (approximate) size of bond dimension. For a VAE, although it seems that there are no
entropic restrictions, the proper quantitative characterization of the “neural network” complexity of
a quantum state still is an open question (for tensor networks, it is the entangled entropy). A VAE
contains two neural networks: encoder and decoder. To store a feed-forward neural network, one
has to store ∑i li−1 × li + li real numbers, with li being the number of neurons in the layer number
i. In general, one may conclude that the MPS is preferable for low entangled states, and the VAE is
preferable for highly entangled states.

6. Conclusions

The thermodynamic study of complex many-body quantum systems still requires the
development of new methods, including those that may stem from machine learning. The quantum
Ising model, which is of particular importance for practical purposes [107,108], provides a rich
framework to test these new methods that are also useful to obtain deeper physical insight into
its nonequilibrium dynamics properties such as, e.g., quantum fluctuations propagation [109]. In the
present work, we studied the ability of a VAE to reconstruct the physics of quantum many-body
systems, using the transverse-field Ising model as a nontrivial example. We used the IC POVM to
map the quantum problem onto a probabilistic domain and vice versa. We trained the VAE on a
set of samples from the transformed quantum problem, and our numerical experiments show the
following results.

• For a large system (32 spins), the VAE’s reliability is verified by comparing one- and two-point
correlation functions.

• For small system (five spins), the VAE’s reliability is verified by direct comparison of
mass functions.

• The VAE can capture a quantum phase transition.
• The response functions (magnetic differential susceptibility tensor) can be obtained using

backpropagation through VAE.
• Despite the very good agreement between the VAE-based mass function and the true mass

function, the VAE shows limited performance with the determination of the entangled entropy.
This is point is the object of further development.

Our method can be extended to any other thermodynamic system by introduction of the
temperature as an external parameter, thereby considering also thermal phase transitions. As one can
calculate different thermodynamic quantities by applying backpropagation through VAE, a worthwhile
and highly complex system to study would be water under its difference phases, so as to test recent
new ideas and models [110,111].

Our code for our numerical experiments is available on the GitHub repository website [112].
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Abbreviations

The following abbreviations are used in this manuscript.

VAE Variational Autoencoder
MPS Matrix product state
TFI Transverse-field Ising
IC Informationally incomplete
POVM Positive-operator valued measure
ELBO Evidence lower bound
NN Neural network
KL Kullback–Leibler
DMRG Density matrix renormalization group

Appendix A. VAE: Training and Implementation Details

When training our VAE, we find the arg maximum of the logarithmic likelihood L(θ) w.r.t. its
parameters θ:

θMLE = argmax
θ

L(θ) = argmax
θ

log(p[x|θ, h]), (A1)

Equation (A1) cannot directly be evaluated, because of hidden variables in the structure of p[x|θ, h].
We can, however, simplify this problem by introducing a distribution over hidden variables z.
Remember that the probability distribution can be described as p[x|θ, h] =

∫
p[x|z, θ, h]p[z]dz, so

that the expression for the log likelihood becomes

L(θ) = log
(∫

p[x|z, θ, h]p[z]dz
)

. (A2)

We can then use a mathematical trick that might seem counterintuitive at first glance, but ultimately

becomes quite powerful. We multiply the function inside the integral by q[z|x,θ̃,h]
q[z|x,θ̃,h]

= 1, where q[z|x, θ̃, h]

is some arbitrary distribution that can be adjusted with θ̃, so that

L(θ) = log
(∫

p[x|z, θ, h]p[z]dz
)
= log

(∫ q[z|x, θ̃, h]
q[z|x, θ̃, h]

p[x|z, θ, h]p[z]dz
)

= log
(
Eq[z|x,θ̃,h]p[x|z, θ, h]

p[z]
q[z|x, θ̃, h]

)
(A3)

where the quantity E f [x] denotes the expectation value w.r.t some distribution f [x]. We can then use
Jensen’s inequality to show that

log
(
Eq[z|x,θ̃,h]p[x|z, θ, h]

p[z]
q[z|x, θ̃, h]

)
≥ Eq[z|x,θ̃,h] log

(
p[x|z, θ, h]

p[z]
q[z|x, θ̃, h]

)
. (A4)
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where the rhs of this inequality is the lower bound of the log likelihood, as it will always be greater
than or equal to the lower bound, and equality can always be achieved by a proper choice of q if it is in
a complex enough family.

Maximizing the lower bound is equivalent to maximizing the log likelihood. We can decompose
this lower bound term into two terms:

L(θ) ≥ ELBO(θ, θ̃) = Eq[z|x,θ̃,h] log (p[x|z, θ, h])−
∫

q[z|x, θ̃, h] log
q[z|x, θ̃, h]

p[z]
dz (A5)

Note that the second term is equivalent to the Kullback–Leibler divergence KL(q[z|x, θ̃, h] || p[z]).
In our case, we picked the particular distribution forms that reflect the structure of our problem:

p[x|z, θ, h] =
N

∏
i=1

4

∏
j=1

πij(z, θ, h)xij ,

q[z|x, θ̃, h] = N (μi(x, θ̃, h), Diag(σ2
i (x, θ̃, h))), (A6)

P[z] = N (0, I)

where μi and σi are given by the encoder neural network, and πij is given by the decoder neural
network, with ∑4

j=1 πij = 1 and πij ≥ 0, which can be achieved by applying the softmax funtion to the
output of the neural network. Now, we can use the reparametrization trick to change the variable in
the integral z = σj(x, θ̃, h)ε + μj(x, θ̃, h), where ε j ∼ N (0, I), to simplify this expression to

ELBO(θ, θ̃) =
N

∑
i=1

4

∑
j=1

xij
〈
log

(
πij(σi(x, θ̃, h)ε + μi(x, θ̃, h), θ, h)

)〉
ε j∼N (0,I)

−
N

∑
i=1

(
log σi(x, θ̃, h)− σ2

i (x, θ̃, h) + μ2
i (x, θ̃, h)− 1

2

)
. (A7)

The first term is the cross-entropy, which pushes the probability distribution to be as close as
possible to the data. The second term is the regularizer, which forces the latent variable z not to diverge
too much from the normal distribution N (0, I), so that the VAE can be used to generate new data
once it is trained. Note that both xij and σi must be positive. Instead of adding a constraint to the
VAE, which would be difficult to do, we train the VAE for the variables Π = log π and ξ = 2 log σ.
Equation (A7) then becomes

ELBO(θ, θ̃) =
N

∑
i=1

4

∑
j=1

xij

〈
Πij(eξi(x,θ̃,h)/2ε + μi(x, θ̃, h), θ, h)

〉
ε j∼N (0,I)

−1
2

N

∑
i=1

(
ξi(x, θ̃, h)− eξi(x,θ̃,h) − μ2

i (x, θ̃, h) + 1
)

. (A8)

Now, ELBO(θ, θ̃) can be effectively optimized using gradient descent methods, averaging over
ε can be done by sampling. Generalizing to a data set of size M: {xk}M

k=1 can be easily done and is
shown by

ELBO(θ, θ̃) =
M

∑
k=1

N

∑
i=1

4

∑
j=1

xk
ij

〈
Πij(eξi(xk ,θ̃,h)/2ε + μi(xk, θ̃, h), θ, h)

〉
ε j∼N (0,I)

−1
2

M

∑
k=1

N

∑
i=1

(
ξi(xk, θ̃, h)− eξi(xk ,θ̃,h) − μ2

i (xk, θ̃, h) + 1
)

. (A9)

A visual representation of the VAE architecture is shown in Figure A1.
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Figure A1. Architecture of the variational autoencoder.

To solve the optimization problem, we use Adam optimizer [113] with standard parameters
(lr = 0.001, β1 = 0.9, β2 = 0.999). For the encoder and decoder, we use fully-connected neural
networks with two hidden layers and 256 neurons on each. We train the VAE using batches of size
100,000 samples and for 750 epochs.

Appendix B. Sampling from POVM-Induced Mass Function

The mass function induced by POVM P[α1, α2, . . . , αN ] has a form of matrix product state. Thus,
one can easily calculate any marginal mass function because a summation over any α can be done
locally. Any conditional mass functions can be also calculated by using marginal mass functions. Thus,
one can calculate chain decomposition of the whole mass function:

P[α1, α2, . . . , αN ] = P[αN ]P[αN−1|αN ]P[αN−2|αN−1, αN ] . . . P[α1|α2, . . . , αN ] (A10)

With this decomposition, one can produce a sample α̃N from P[αN ] first, then a sample α̃N−1 from
P[αN−1|α̃N ], and continue up to the end of the chain. The obtained set {α̃1, α̃2, . . . , α̃N} is a valid
sample from the mass function.
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Abstract: The thermodynamic and transport properties of weakly non-ideal, high-density partially
ionized hydrogen plasma are investigated, accounting for quantum effects due to the change in the
energy spectrum of atomic hydrogen when the electron–proton interaction is considered embedded
in the surrounding particles. The complexity of the rigorous approach led to the development of
simplified models, able to include the neighbor-effects on the isolated system while remaining
consistent with the traditional thermodynamic approach. High-density conditions have been
simulated assuming particle interactions described by a screened Coulomb potential.
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1. Introduction

The development of new technologies and experimental techniques has triggered
intensive theoretical studies on modeling spatially confined quantum systems [1,2] and also
extreme-high-pressure plasmas [3] like in stellar envelopes [4]. The thermodynamics of high-density
hydrogen plasmas has been deeply investigated [5–9], due to the necessity of properly accounting for
the effects of the multi-body interaction and in principle requiring the reformulation of the statistical
mechanics in terms of a global Hamiltonian for the whole gas, instead of the usual separable form of
non-interacting chemical species characterized through internal and translational partition functions.
The non-ideality also affects the transport properties and in the case of dense, non-ideal, weakly-ionized
Debye hydrogen plasma, the electrical conductivity in the non-metal-to-metal transition region at
150 GPa has been measured [10].

The investigation of the thermodynamic and transport properties of highly-dense hydrogen
(and its isotopes) and helium plasmas is in fact relevant to many different fields, from astrophysics,
for applications to low mass stars and giant planets [11], to inertial confinement fusion for the
understanding of the ignition phase. Moreover, hot dense hydrogen and deuterium plasmas can be
generated in a laboratory with shock compression, allowing the experimental accurate determination
of the molecular-to-atomic transition along the principal Hugoniot to be compared with theoretical
first-principle results [12].

It is also worth noting that atomic properties (level ensemble, electrical properties, static
polarizability and hyperpolarizability [13–15] and optical oscillator strengths [16]) and the dynamics of
collisions (electron impact excitation and ionization [17], symmetric charge exchange [18–20]) change
in high-density regimes and are the subject in recent years of an intense investigation focused on the
atomic hydrogen system.

In this paper, the thermodynamic properties and the electrical conductivity of weakly non-ideal,
high-density partially ionized hydrogen plasma are investigated, accounting for quantum effects due
to the change in the energy spectrum of atomic hydrogen when the electron-proton interaction is
considered embedded in the surrounding particles. High-density conditions were simulated assuming
atomic hydrogen described by a static screened Coulomb potential.

Entropy 2020, 22, 237; doi:10.3390/e22020237 www.mdpi.com/journal/entropy159
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The Debye-Hückel or Yukawa potential, derived from the linearization of the exponential in the
Poisson–Boltzmann equation [21,22], is considered suitable for the description of weakly-coupled
plasmas, i.e., when the coupling parameter Γ = 1/(akBTe) ≤ 1, where a = [3/(4πNe)]1/3 and Ne

is the free electron density, and has been used in the literature for the estimation of the effects on
collision processes [17,19,23–27]. The conditions explored in the present paper, the electron density
ranging from 1016 to 1023 cm−3 and the temperature from 104 to 5 104 K, are compatible with weak
coupling up to ne=1022, while for higher densities the value of Γ is greater than the unity and in
principle would require a quantum approach to properly treat the interaction in these strongly-coupled
plasmas. In fact, the chemical picture of the interaction offered by the Yukawa potential fails in a
strongly correlated quantum regime, where other effects need to be accounted for, such as the ion-ion
correlation, the electron exchange, the consistent statistics for electrons and therefore the accurate ab
initial molecular dynamics method has to be resorted to [28–30]. Another important issue in both
weakly- and strongly-coupled plasmas and neglected in this paper is the dynamical nature of screening,
affecting the interaction potential between electrons and ions, and in turn, the transport properties
of the plasma and the dynamics of elastic and reactive collisions [21,31,32]. In fact, plasma density
fluctuations, due to inter-particle correlation in dense plasmas, produce time-dependent effects in the
interaction of electrons and ions, due to the polarization induced by the electron on the surrounding
plasma particles, that critically depends on the ratio between the electron velocity and its thermal
velocity. The effect of dynamic screening on scattering processes in weakly-coupled plasmas has
been investigated [25,33,34], showing that the use of static screening overestimates the shielding,
therefore, we would expect an increase of the elastic transport cross-sections reducing the electrical
and thermal conductivities.

2. Results

2.1. Thermodynamics

In weakly non-ideal, partially ionized Debye plasmas, the electron–proton interaction embedded
in the surrounding particles can be adequately described by the Yukawa potential, i.e., the static
screened Coulomb potential (in atomic units), which is

U(r) = −exp(−r/λD)

r
(1)

where
λD =

√
kBTe/(4πNe) (2)

is the Debye length, kB the Boltzmann constant, Te the electron temperature and Ne the electron density,
with severe confined conditions being related to small λD values.

The atomic hydrogen levels have been calculated by discretization of the radial differential
equation and for solving eigenvalues and eigenvectors for different screening conditions, from 2000 to
0.9 Bohr radii [a0], so as to obtain a smooth description of the variation of level energy with the Debye
length towards the critical transition to the continuum. In fact, the quantum effects act in modifying
the H level structure and lead to a finite number of bound states [7,35]. As the screening increases, i.e.,
in very high-pressure regimes, the ground state moves towards the continuum, reducing the ionization
potential, here estimated through the Koopman theorem, as shown in Figure 1a. Correspondingly, the
radial wavefunction of the 1s level, displayed in Figure 1b, becomes more diffuse, describing a physical
condition characterized by an electron loosely bound to the nucleus. The system of excited levels also
move to the ionization limit, entering the continuum (Mott effect) [7], therefore, the number of bound
levels progressively reduces as the Debye length decreases, up to a critical value of last existence of the
only 1s state, below which bound states are not admitted and the plasma is fully ionized.
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Figure 1. (a) Dependence of the ionization potential of atomic hydrogen on the Debye length (δ = 105a0).
(b) Radial wavefunction of the H(1s) ground level for different screening conditions, from isolated
atom (λD = ∞) to severe confinement corresponding to very low values of λD.

In the framework of statistical thermodynamics, the state functions are fully determined by the
partition function of the system Q and the ionization equilibrium is governed by the Saha equation

NH+ Ne

NH
=

2Qtr
e

QH
exp− Ieff

kBT
(3)

where Qtr
e is the translational partition function and is derived for a plasma at pressure p in a continuum

approximation, while the QH is the internal partition function of atomic hydrogen.

QH = 2
nmax

∑
n,�

(2�+ 1) exp [−(εn,� − ε1s)/kBT] (4)

For ideal plasmas, the natural divergency of the internal partition function is avoided, truncating
the summation in Equation (4) by using the cutoff criteria, i.e., the minimum value between the Fermi
and the Griem cutoff [22]. In Debye plasmas, the finiteness of the number of atomic levels due to the
screening presents the very attractive feature of a natural cutoff. In this case, the eigenvalues become
dependent on the value of the Debye length that is consistent with the equilibrium in the plasma
system, that is ελD

n,� and in turn

QH = 2
nλD

∑
n,�

(2�+ 1) exp [−(ελD
n,� − ελD

1s )/kBT] (5)

The mutual dependence of the Debye length and of the equilibrium value of the number density
of electrons, Ne, makes the determination of λD an iterative procedure that allows the self-consistency
of the values characterizing the plasma at a given temperature and pressure. The non-ideal character
of the plasma is usually accounted for, including the Debye-Hückel correction in the calculation
of the lowering of the ionization energy [36]. This term for the hydrogen atom corresponds to the
so-called self-energy shift, Δ = −e2/λD, thus leading to an effective value [7,22] Ieff = I0 + Δ, where
I0 is the ionization potential of the isolated, unperturbed hydrogen atom. However, the effect of the
modification in the energy level scheme due to the screening also affects the internal partition function,
producing an additional lowering that is incorporated in the internal partition function

Q′
H = QH exp [−(ε1s − ελD

1s )/kBT] (6)

It should be stressed that in the present paper, the free electrons are described through the classical
Boltzmann statics, but for us to move to strongly non-ideal dense plasmas, the inclusion of the quantum
Fermi statistics would be required [37–39].

In Figure 2a,b, the temperature dependence of the internal partition function and of the Debye
length is self-consistently determined, following the notation adopted in the literature, for a specific
value of the total electron density, ne = Ne + NH, i.e., electrons bound in an atomic system plus free
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electrons formed in ionization, ne = 1020 cm−3 are reported. The Debye length reported is actually
calculated while also considering the shielding of ionic species and not only free electrons [22].
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Figure 2. (a) Atomic hydrogen internal partition function as a function of temperature at ne = 1020 cm−3,
calculated with the unperturbed levels with cut-off criteria, QH , including all the levels consistent
with the Debye length in the plasma and accounting for the lowering of ionization potential, QλD

H , and
considering the additional ionization lowering, Q′

H . (b) Corresponding temperature behavior of the
Debye length, self-consistently determined in the three cases.

The results obtained using the eigenvalues for the unperturbed atom are compared with the
partition functions calculated, accounting for the λD-dependent energy levels and of the additional
lowering. The partition function in the case of unperturbed levels is actually lower than the values
obtained by accounting for the actual levels, as already shown in the literature [40], in fact, the change
in the energy-spacing of levels for a screened Coulomb potential allows a larger number of levels
to be kept in the summation with respect to what was established with an external cutoff criterion.
The inclusion of the additional lowering significantly affects the effective partition function, especially
for temperature below 20,000 K. It is also worth noting that the Debye length is also affected in the
three different cases attaining values of the order of tens of Bohrs.

The ionization degree α = Ne/(Ne + NH) has been calculated at a constant total electron density,
from 1016 to 1023 cm−3, over a wide temperature range [15,000–50,000 K]. For higher densities,
the theoretical framework is no longer able to deal with the non-ideal effects in the presence of
strongly-coupled plasmas and different approaches need to be considered [41].

1016 1018 1020 1022
0.0

0.4

0.8

T=15 000 K

50 000 K

ne [cm–3]

Io
ni

za
tio

n 
de

gr
ee

20 000 K

30 000 K

15400 K

18700 K

21500 K

Figure 3. Isotherms of the ionization degree of atomic hydrogen plasma as a function of total electron
density in the plasma ne, obtained neglecting (dotted lines) and including (markers and lines) the effect
of electronic levels, compared with theoretical results in the literature (dashed lines) [7]. Experimental
results for a hydrogen arc at a pressure of 10 atm [42] are also reported (squares).
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The isotherms are shown in Figure 3, and exhibit the phenomenon of pressure ionization [7,22],
i.e., the rapid increase of α in the high-density regime. Contrary to what is expected in ideal plasmas,
where the pressure (or density) increase produces a temperature shift in the ionization equilibrium,
thus retarding its onset, the non-ideal quantum effects favor the ionization process and produce
the observed increase of α merging to the fully ionized case in the limit of high temperature or
very-high densities. The results obtained in this work considering only the Debye-Hückel correction
to the ionization potential compare well with those reported in the literature [7]. The isotherm at
15,000 K presents a critical behavior around 2 × 1022 cm−3 that produces an ultra-fast transition to
the full ionization and corresponds to the condition of lowest values for the Debye length and to the
disappearance of any bound state for the atomic hydrogen. In the same figure, the isotherms are
calculated including the effect of additional lowering of the ionization potential, due to the non-ideal
effects on the electronic atomic structure, and these show a more pronounced pressure ionization.

Inspection of the isotherms clearly shows the presence of oscillations, more pronounced in the case
of additional lowering. These oscillations are due to the fact that the internal partition function QH has
a non-regular behavior with the total electron density due to the induced modification in the atomic
internal level structure, that introduces discontinuities. This behavior is mirrored on the equilibrium
constant KP that shows a non-regular increase with the density differently from the pressure that
increases rapidly and thus producing, as a combined effect, the oscillations in the molar fractions of
species and in the ionization degree, representing an ultimate result of the Mott effect of bound levels
transitioning to the continuum.

In Figure 3 the ionization degree derived from experiments in a hydrogen arc at a pressure of
10 atm [42] for three different temperature values, approximately corresponding to a total electron
density of 1018 cm−3, are also reported, showing a satisfactory agreement with the theoretically
predicted values. Unfortunately, there is no available experimental data that could validate the results
at higher densities, that is where the non-ideal phenomenon manifests itself.

Concerning the validity of the present approach with respect to theories that can handle the
quantum physics of plasmas even in strongly coupled conditions, the results derived for the hydrogen
plasma by using the direct fermionic path integral Monte Carlo (PIMC) method [41,43] are compared
with present results in Figure 4a,b. In Figure 4c, the temperature behavior of the Helmholtz free energy
is also reported for two values of the total electron density.

A = −kBT ∑
s
Ns

(
ln

Qs

Ns
+ 1

)
− 1

12
kBT

V
πλ3

D
(7)

where V is the gas volume, Ns is the number of particles of the s-th species and the last term on the
right-side of equation represents the Debye-Hückel correction, contributing not more than 11%.

The PIMC simulations allow for the estimation of the internal partition function from
configurational integrals that simultaneously includes the different interactions among elementary
particles in the atomic system (electrons and protons) in the frame of a physical picture. The pressure
isochors (Figure 4a) for two density values are in very good agreement with PIMC simulation [41].
Figure 4b displays the internal energy of the hydrogen plasma as a function of ne for a selected value
of the temperature and the comparison, limited to the upper value explored in this work, shows again
a satisfactory agreement with the PIMC simulation.
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Figure 4. (a) Pressure isochors of a hydrogen plasma as a function of temperature for two different
values of the total electron density (dashed lines) compared to results in the literature (closed
squares) [41]. (b) Internal energy of the atomic hydrogen plasma as a function of the total electron
density at the temperature T = 5 × 104 K (dashed line) compared with results obtained in path integral
Monte Carlo (PIMC) simulation [43]. (c) Helmholtz free energy as a function of temperature for two
different values of the total electron density (dashed lines) and corresponding relative Debye-Hückel
corrections, ΔA/A (dotted lines).

2.2. Transport: The Electrical Conductivity

The effects of non-ideality on transport properties have been investigated in the frame of the
Chapman-Enskog theory [44]. As is well-known, in this theory, the binary interactions are described
through the collision integrals, and the non-ideal quantum effects producing a change in the internal
level structure of atoms also significantly affects the quantities directly related to the transport
cross-sections. However, in this paper we are focused on the effect of the change in the thermodynamic
equilibrium, due to the accounting for the additional lowering, on electrical conductivity and therefore
the collision integrals for e-H and H-H interactions are assumed to be unaffected, the corresponding
screening-independent transport cross-sections taken from the literature [45], while charged-particle
interactions, including electron-electron, modeled with accurate Debye-length-dependent collision
integrals by Mason [46,47], recently fitted in a wide temperature range in [48].

The electrical conductivity of the atomic hydrogen Debye plasma is displayed in Figure 5 as a
function of the total electron density for three values of the temperature, considering the two cases,
i.e., neglecting or accounting for the additional lowering of the ionization potential. In Figure 5a the σ

exhibits a behavior with the increase of the screening in the plasma that is largely dependent on the
electron density, and thus mirrors the phenomenon of the pressure ionization in Figure 3: The curves
go through a minimum then merge to the fully ionized regime. This first series of results can be
compared with the literature, obtained in the frame of different theories. In particular, in [49], the
two-term Boltzmann equation is solved including in the collisional terms accurate elastic transport
cross-sections for e-e and e-H interactions, re-evaluated so as to account for the additional screened
Coulomb potential in the first Born approximation, while in [37] the linear response theory is used
for transport. Both [37,49] neglect the contribution of excited levels in the atomic internal partition
function, one dealing with the ground-state approximation and the second using the Planck-Larkin
approach to avoid divergence which explains the satisfactory agreement found.
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Figure 5. Electrical conductivity of an atomic hydrogen plasma for different temperatures as a function
of the total electron density. The results (solid lines) obtained neglecting the additional lowering
of ionization potential are compared with (a) data in literature (dashed lines) [49], (dashed-dotted
lines) [37], and with (b) calculation including the additional lowering.

Accounting for the effect of the change in the level structure on the effective ionization of atomic
hydrogen ( Figure 5b) produces significant differences in the isotherms, especially at lower values of
the temperature where the dip is pronounced, while the enhancement of the pressure ionization leads
to a rapid increase towards the fully ionized case.

It is worth mentioning that for densities >0.1 g/cm−3 (for ne > 6 × 1022 cm−3) accurate electrical
conductivity results have been obtained with finite-temperature density functional theory molecular
dynamics (FT-DFT-MD) simulations [29]. Unfortunately, in this regime of strongly-coupled plasma,
the assumption of Debye plasmas is no longer valid and an extension of the present approach to those
densities are expected to be unreliable.

3. Conclusions

The non-ideal behavior of thermodynamic and transport properties of a partially-ionized,
weakly-coupled atomic hydrogen plasma was investigated in the framework of the classical statistical
approach and Chapman-Enskog theory, respectively. The approach adopted in literature accounts
for the effects of surrounding plasma through the Debye-Hückel correction to the value of ionization
potential and disregarding the change in the level ensemble of the H, that are considered in any
conditions in those of the unperturbed isolated atom, limited in the internal partition function by
different cutoff criteria. The accurate description of the level structure in different screening conditions
also correspond to high-density regimes, which allows us to account for all the non-ideal effects on
the equilibrium composition, i.e., the natural cutoff of bound levels in QH and the further shift of the
ground level to the continuum limit that determines an additional lowering of the effective ionization
potential. The most significant result is represented by the emphasized phenomenon of pressure
ionization, predicting a more rapid increase of the ionization degree with the total electron density
in the whole temperature range considered. These results are expected to also impact the transport
properties of the plasma, and in this work, the effect on the behavior of the electrical conductivity is
demonstrated. The present results, though relying on the classical theoretical approaches, seem to
compare well, at least for the density regime considered, with more accurate methods, reformulating
the thermodynamics on the basis of a physical picture and accounting for the modification of transport
cross-sections for the relevant interaction in the transport theory. In a future work, the contributions of
Fermi statistics and dynamic screening will be investigated.
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Abstract: The entropy of conduction electrons was evaluated utilizing the thermodynamic definition of
the Seebeck coefficient as a tool. This analysis was applied to two different kinds of scientific questions
that can—if at all—be only partially addressed by other methods. These are the field-dependence of
meta-magnetic phase transitions and the electronic structure in strongly disordered materials, such as
alloys. We showed that the electronic entropy change in meta-magnetic transitions is not constant
with the applied magnetic field, as is usually assumed. Furthermore, we traced the evolution of
the electronic entropy with respect to the chemical composition of an alloy series. Insights about
the strength and kind of interactions appearing in the exemplary materials can be identified in
the experiments.

Keywords: electronic entropy; Seebeck coefficient; transport; LaFeSi; FeRh; CuNi

1. Introduction

Entropy provides information about the degrees of freedom or ordering of a statistical collectivity,
i.e., it is macroscopically seen and treated as an entity. This order directly correlates with changes in
the density of states of the respective statistical collectivity. For electrons in crystalline solids, this
information is usually extracted from band structure theory assumptions. It is valid in the case that
the sometimes quite stringent assumptions of the theoretical model are met. Experimental systems
inherently deviate from the ideal solid state model. Due to this, the density of states calculated
theoretically is sometimes not enough to describe the electronic properties in real systems. Typical cases
where changes in the electronic density of states occur are charge order/disorder phenomena, such
as the formation of charge density waves phases, superconducting phases, Fermi liquid systems, or
other correlated electron systems. Further systems that are challenging to describe by theoretical
solid state considerations are disordered solids, such as alloys, amorphous materials, materials with
complex elementary cells, or materials containing a high number of defects induced, for instance, by
the fabrication technology.

A usual approach to evaluate the total electronic entropy SE of a crystalline solid from experimental
data is to analyse the low temperature specific heat capacity, cp, measurements under the assumption of
a free electron gas [1]. Here the Sommerfeld coefficient is the relevant value, experimentally obtained
by fitting the low-temperature cp data. While this is currently the most widely applied method for an
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SE characterization of crystalline solids, there are some intrinsic drawbacks to this method. These come
on the one hand from the assumption of a free electron gas and on the other hand from the fact that
the relevant materials properties can only be inspected at low temperature [1]. Both rule out the
investigation SE changes at phase transition, especially those occurring at temperatures above 20 K,
and such that induce electronic ordering phenomena.

Within this article, we discuss a recently suggested method for the SE characterization [2]
that overcomes some of the limitations of the low temperature cp analysis, providing a tool for
investigating such mentioned electronic systems by a direct experimental approach. We herein utilize
the thermodynamic description of the Seebeck coefficient, α, originally described by Onsager [3,4],
and later referred to by Ioffe [5] in order to describe the SE of solids. The inherent advantage of
the thermodynamic interpretation of α is that it is not bound to any model, provided the statistical
description of the system is significant.

The idea to measure the SE through the measurement of macroscopic electronic properties like
the Seebeck of Thomson effect has been discussed in literature [4–8], and dates, in principle, back to
Thomson (Lord Kelvin) who interpreted that the Thomson effect could be seen as the specific heat
of electrons, whereas the Seebeck coefficient would be the electronic entropy (divided by the charge
of the electrons) [9]. Rockwood [9] pointed out that the measurement of thermoelectric transport
properties necessarily only addresses the electrons that participate in the transport. He therefore
specified the term “electronic transport entropy” to distinguish from a “static electronic entropy”.
Furthermore, thermoelectric transport measurement could never be done under truly reversible
conditions since the sample needs to be exposed to a temperature gradient and is therefore not under
isothermal conditions. Still, he came to the conclusion that the measurement of the thermoelectric
coefficients would most likely provide the only practical and generally valid method by which
partial molar entropies of electrons could be obtained. Peterson and Shastry construed the Seebeck
coefficient as particle number derivative of the entropy at constant volume and constant temperature [8].
Despite this given theoretical framework, examples in which Seebeck coefficient measurements were
used to quantitatively deduce SE are rare and recent but still prove the broad applicability. Our group
showed that SE of a magneto-caloric phase transition could be obtained by thermoelectric transport
characterization [2]. Small entities of particles like quantum dots can likewise be characterized [10].
At high temperatures, molten semiconductors and metals were similarly studied [11]. Within this
paper, we will discuss the broad applicability of this method. For the following discussion, we refer to
the description of the electronic entropy per particle, SN, as derived within a recent review, providing
an applied view on the thermodynamic interpretation of α [12]:

SN = α · e (1)

where e is the charge of the particle.
In simple metals, a formal expression of α can be derived from band structure arguments as in the

case of the Mott formula [13]. Often, a single parabolic band model is assumed. Herein, the relation
between α and the density of states becomes evident, thus establishing a direct connection between
α and SE. While the general thermodynamic interpretation of α does not rely on any kind of model,
the Mott formula already contains simplifications and assumptions. From the description of the
quantity SN as introduced in Equation (1), it is suggested that there exists an absolute value of SN
since α is a quantity that also has an experimentally accessible defined zero-level rather than a relative
one where only changes in the quantity can be considered. The case of α = 0 occurs, for example,
(i) in the superconducting state of matter, where electrons all condense at the state of lowest energy
possible and therefore per definition a situation of zero entropy [14] and (ii) in the compensated case
that electrons and holes exactly transport the same amount of heat, i.e., intrinsic semiconductors
have zero Seebeck coefficients [15]. The latter is an often-seen zero crossing of an n-type conductivity
mechanism to a p-type conductivity mechanism. Then, the measured α = 0 corresponds to the overall
observable α of the material. Naturally, the contributions of the individual bands contain electronic
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entropy contributions with SE, individual subband � 0. The full evaluation of SE from α requires a correct
description of the collectivity of electrons in the system. This is the point in the complete line of
argumentation where assumptions and simplifications necessarily enter the picture. In order to
experimentally obtain the entropy of the entity of electrons that participate in the transport, referred
to as electronic entropy, SE, the number of electrons contributing to the Seebeck voltage needs to be
known. In principle, any experimental procedure to obtain the charge carrier density, n, could be used.
Herein, it is, as, for instance, suggested in [2,11]:

SE = n · SN = n · α · e (2)

In this work, we measure the ordinary Hall coefficient RH to obtain n, using the relation RH = 1/(n·e).
By doing so, we introduce the strong assumption of a parabolic single-band transport model that is
inherent to any Hall measurement. Combining both quantities, we can give a measure of SE:

SE = α/RH (3)

We present examples that highlight the relevance of the entropy interpretation of α and provide
insight into the electronic properties: (1) magneto-structural phase transitions of an intermetallic
Ni-doped iron rhodium phase, Fe0.96Ni0.02Rh1.02 (FeRh) [16], and an intermetallic lanthanum iron silicon
phase, LaFe11.2Si1.8 (LaFeSi) [17–21]; (2) alloying in the copper–nickel (CuNi) solid solution series.

2. Materials and Methods

All samples characterized within this work were obtained by arc melting, and followed by specific
temperature treatments to ensure a homogenous microstructure. Details about the fabrication and
structural characterization of the samples can be found in [22] and in [23] for LaFe11.2Si1.8 (LaFeSi).
The samples investigated in the present paper stem from the same batches as the indicated references.
In the case of the CuNi alloy series, the processing followed a combination of homogenization (973 K,
5 h) with quenching in H2O, hot rolling (1173 K) and recrystallization (973 K, 1 h).

The transport characterization was performed depending on the temperature range using physical
property measurement systems of the Quantum Design DynaCool series and the Versalab series using
the thermal transport option for α and the electrical transport option for the Hall characterization in
standard Hall bar geometry [24]. For the CuNi alloy series, a Linseis LSR 3 device was used to measure
the near-room temperature α (315 K) and electrical conductivity, σ.

The microstructure of the samples was routinely investigated by scanning electron microscopy
and X-ray diffraction.

3. Results and Discussion

As briefly discussed above, the entity of carriers needs to be known for the statistical interpretation
of α. Following Equation (2), we utilize n obtained from a Hall-effect measurement. Herein, one has to
be aware of the fact that this evaluation method may be affected by multi-channel transport, induced
by multiple bands. However, given a minimal set of regularities, we can compare a homogenous series
of samples or one sample under different experimental conditions consistently.

3.1. Magneto-Structural Phase Transition

The first example is related to meta-magnetic phase transitions in two magneto-caloric materials,
namely Ni-doped FeRh and LaFeSi. They represent examples for a system that can be described with
a band magnetism model (FeRh) [25] and a system with a component of localized ionic magnetism
(LaFeSi) [26]. General information on the total entropy change in the phase transition of FeRh can be
found in Ref. [2] and references therein, as well as a discussion of SE of this phase transition derived
by transport measurements. Additionally, LaFeSi is a well-studied material with respect to magnetic
and lattice entropy [26–28]. Due to soft phonon states close to transition, the lattice entropy change is
large [29], but a combined contribution of lattice entropy and SE was suggested [27]. Details on the
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transport properties of LaFeSi are given in literature with respect to α [28,29] and the anomalous Hall
effect [30].

The impact of the applied magnetic field on the transport of the mobile charge carriers shows
a clear distinct signature in both materials, which we will discuss in the following. Both magnetic
systems behave differently, as best seen in α. In the case of FeRh (Figure 1a), it can be seen that
the temperature of the phase transition depends on the magnetic field. This is a striking difference
of the SE evaluation by transport experiments and calorimetric measurements that—for intrinsic
reasons—do not allow this difference to be unveiled. The α far from the phase transition is independent
of the strength of the magnetic field, as emphasized in the inset in Figure 1a that shows an enlarged
view of the data in the main panel. In contrast, in the case of LaFeSi (Figure 1c), the α far from the
phase transition shows a clear difference in the value depending on the magnetic field. Interestingly,
the magnitude of α increases as a magnetic field is applied. The inset to Figure 1c shows the measured
Hall coefficient, and the black lines indicate the levels used for the entropy evaluation as was similarly
done in [2]. We get a value corresponding to the ΔSE at the phase transition, as depicted in Figure 1b,d.
In both cases, we see ΔSE of a comparable magnitude around 4 J K−1 kg−1. Moreover, the absolute
values of the obtained SE are also comparable. Furthermore, in both cases, an increase of ΔSE is
observed when a magnetic field is applied. However, the apparent origin of the increase in ΔSE for
both materials is different. In the case of FeRh, the first order meta-magnetic transition shifts to lower
temperatures as the field is applied (Figure 1a,b). Accordingly, α follows a monotonic trend until the
phase transition occurs. In the case of the LaFeSi, the amount of Si (x = 1.8) is on the threshold for
changing the transition type to the second order [28]. Therefore, the transition temperature does not
shift significantly, and only a slight broadening is observed. In this case, it is the change of the over-all
entropy level with the applied magnetic field (Figure 1c,d) that causes the increase in ΔSE. In the
case of LaFeSi, this could be an indication of the interaction between itinerant electrons and localized
moments, causing the increase of SE with magnetic field. There is no such interaction in the FeRh case,
as magnetism resides to a dominant part within the conduction electrons. Besides minor numerical
corrections to the presented results (compare discussion Ref. [2]), it is clear that this method of analysis
provides an insight to the interactions relevant to the conduction electrons that go beyond what typical
calorimetric experiments can offer.

 

Figure 1. Seebeck coefficient and entropy evaluation in Ni-doped FeRh (a,b) and LaFeSi (c,d). Inset to
(a): enlarged view of the high temperature region. Inset to (c): Measured Hall coefficient of LaFeSi.
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3.2. Alloying

The differential evaluation of a systematic series of homogenized CuNi alloys with respect to
their |α|, σ, n, and SE at room temperature is shown in Figure 2. Herein, it is the specific situation of
alloys that they typically cannot be accurately calculated or predicted by usual band structure models.
However, the full alloy series is experimentally accessible. There are no structural phase transitions
reported, and, also, all investigated samples were homogenous with respect to their microstructure
and composition by scanning electron microscopy and X-ray diffraction. The dependence of σ on the
Ni content (Figure 2a) presents two minima at around 30 at.%-Ni and at around 70 at.%-Ni, which are
better seen in the inset to Figure 2a, where the data of the main panel are presented in logarithmic
vertical scale.

 
Figure 2. Thermoelectric and transport properties across alloy system Cu–Ni at room temperature,
alloy composition was obtained with Energy-Dispersive X-Ray spectroscopy: (a) electrical conductivity,
(b) the Seebeck coefficient in absolute values, (c) the carrier concentration derived from the Hall
coefficient, (d) calculated electronic entropy. Lines and shades are guides to the eye.

In the trend of |α| (Figure 2b), a broad maximum can be seen slightly below to the equiatomic
composition, close to the composition of the highest chemical disorder, a similar situation to that of
other entropic parameters of such alloys [31], but a shoulder at a composition of about 70 at.%-Ni is
also evident. This observation of high |α|for a high chemical disorder reflects the general finding that
high configurational entropy is a prerequisite for the observation of large |α| [32]. Because of the close
relationship between large |α| and high configurational entropy, it was recently suggested to even
use configurational entropy as a gene-like performance indicator for the computational search of new
thermoelectric materials [33].

The parameters σ and |α| follow inverse trends with respect to one another. Additionally, these
trends match the description of α under the Mott formula [13]. Consequently, the investigated alloy
series represents a good electronic model system. There is no clear trend in the data of n. (Figure 2c)
The pure metals Cu and Ni have the highest n. Different effects superimpose to a more sophisticated
dependence of n on the alloy composition: (i) the effect of change in the average lattice parameter by the
alloying [31] should create a gradual increase in n as the amount of Nickel increases; (ii) additionally,
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with the addition of Ni (Ni: 3d8 4s2; 2 electrons per Ni atom) into the Cu matrix (Cu: 3d10 4s1; 1 electron
per Cu atom) more charge will also be added [34]. A linear increase is schematically depicted by the
dashed line in Figure 2c. The overall result of these measurements is a clear minimum at approximately
65 at.%-Ni. This already indicates that additional degrees of complexity add to this simplified picture.

The combination of |α| and n to extract the SE allows us to gain additional information compared
to the individual transport coefficients. Figure 2d shows a curve in SE with maximum at approximately
30% of Ni and an additional clear minimum at approximately 65% of Ni. Coming from the Cu-side of
the phase diagram, the increase in SE points out an increase in the available states for the transport
electrons, which may be intuitively understood: the disorder in the non-periodic electrostatic potential
leads to an increase in the entropy of the transport electrons. This increase in SE reaches a maximum
close to the point where the maximum chemical disorder is expected, following the trend of |α|.
Coming from the Ni-side of the phase diagram, |α| increases and n decreases. The |α|, similar to the
Cu-side of the phase diagram, shows higher values because of a higher degree of chemical disorder in
the system. But the |α| does not follow a monotonic trend; instead, it has a plateau. This, combined with
the reduction of n in the same composition region, results in a sharp minimum of SE. This minimum
exactly coincides with the onset of ferromagnetism in the alloy series. Hence, the entropy evaluation
provides an insight on how the magnetic ordering mechanism in this alloy affects the localization
of charges, possibly due to interactions between d- and s-orbitals. While there is no one-to-one
correspondence between the experiment and the microscopic origin, it still provides a meaningful
measure of the intensity of correlations in the electronic transport system, which are not easily accessible
by usual ab-initio methods.

4. Conclusions

In conclusion, this proposed method provides a good instrument for the characterization of
electronic interactions or correlations in the material, although the absolute values of SE or ΔSE obtained
may, in some cases, need to be corrected (further discussed in [1]). In the case of magnetocaloric
materials, the effect of the magnetic field on the electronic entropy change can be traced. In the case of
alloys, the effect of the atomic disorder can also be traced on the free electrons. In order to gain deeper
insight on the physics of disordered systems or systems with concurring interactions, the goal of future
research might be to develop the statistical methods under the point of view of thermodynamics that
would allow us to describe the statistical collectivity of electrons. In this way, we could transform the
qualitative results of our experiments into quantitative predictions.
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Abstract: Optimization of structured reactors is not without some difficulties due to highly random
economic issues. In this study, an entropic approach to optimization is proposed. The model of
entropy production in a structured catalytic reactor is introduced and discussed. Entropy production
due to flow friction, heat and mass transfer and chemical reaction is derived and referred to the
process yield. The entropic optimization criterion is applied for the case of catalytic combustion
of methane. Several variants of catalytic supports are considered including wire gauzes, classic
(long-channel) and short-channel monoliths, packed bed and solid foam. The proposed entropic
criterion may indicate technically rational solutions of a reactor process that is as close as possible
to the equilibrium, taking into account all the process phenomena such as heat and mass transfer,
flow friction and chemical reaction.

Keywords: entropy production; optimization; reactor modelling; irreversible thermodynamics

1. Introduction

At the industrial level, optimization of chemical processes, including those based on structured
catalytic reactors, is an inherent issue of the design procedure. Process optimization considers the
prices of raw materials, energy, products and installations (apparatus); the prices may change rapidly
and unpredictably due to market fluctuations, even at the negotiation stage. Therefore, process
optimization is usually regarded as being within the engineering domain, it is in fact more connected
with business and economic issues. These issues usually exceed the knowledge of an engineer or a
scientist and require input from other individuals.

Structured reactors are very important in chemistry and catalysis [1–3]. The process design, i.e.,
the apparatus and the process conditions, has to secure some economic profitability in spite of potential
changes of costs. Regardless of possible economic fluctuations (excluding any collapses), the process
has to be profitable during the following years.

A review of the literature provides hints about recommended flow velocities, process temperatures
and catalyst carriers. The data originate from the long-standing technical and economic experience
of engineers and entrepreneurs. Recently, a new generation of structured catalytic reactors has
been introduced into industry, and there is a paucity of knowledge and experience about their
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optimization. Moreover, the inner-structure design of the reactors is complicated because many
geometrical parameters need to be optimized.

In the literature, different criteria can be found, which help identify optimal operating conditions
of chemical reactors. “The technical” or “engineering” optimization, with which this work deals,
focuses on reactor optimization in terms of fluid velocities, process (reaction) temperature, structured
catalyst carrier shape and dimensions. This kind of optimization has begun in energetics due to
the introduction of compact heat exchangers that usually exploit a combination of fins, turbulence
mixers and other features. In the current literature, even more sophisticated criteria are proposed for
multiparameter optimization of different equipment such as heat exchangers. So far, similar criteria for
catalytic reactors have been derived. The comprehensive performance evaluation criteria (PEC) use
three components: transport coefficients, reaction kinetics and pressure drop [4,5]. Another approach
is the comparison of reactor length (or catalyst mass) with the resulting flow resistance as shown
in [4,6]. For heat exchanger optimization, there are also evaluation criteria based on entropy production
during the process, as presented, e.g., by London [7] and Bejan [8], who also predicted the extension of
entropic criteria to chemical reactors. Entropy in economic analysis is treated as trade-off factor and
can be a substitute of currency [9]. The application of entropic criterion can also be found in [10–12].

The aim of the study is to propose a highly simplified approach, based on irreversible
thermodynamics, suitable for engineering optimization of chemical reactors. The entropic criterion
is proposed to optimize structured catalytic reactors. The assumed model process is the catalytic
combustion of methane.

2. Theoretical Background

To derive the equations governing entropy production, the reactor model must be specified.
For the purposes of this paper, the one-dimensional plug-flow model (neglecting axial dispersion) in
the steady-state was assumed. Due to the very thin catalyst layer deposited on the structured carrier,
the internal diffusional resistance can be neglected.

Mass balance of reactant A, in the flowing fluid, per unit surface area of the reactor cross-section,
is as follows:

w0
dCA
dx

+kCSv(CA −CAS) = 0 (1)

The initial conditions are: (i) x = 0; CA = CA0 and (ii) the reactant A, mass transferred from the gas
bulk to the catalyst surface is balanced by the first-order catalytic reaction:

kC(CA −CAS) = krCAS. (2)

Deriving concentration of A, at the catalyst surface from Equation (2), Equation (1) becomes:

−w0
dCA
dx

= Sv
kCkr

kC+kr
CA, (3)

and, after integration, local concentration CAx and the reactor length L, required for the outlet
concentration CAL are:

CAx = CA0 exp
(
− x

w0

SvkCkr

kC+kr

)
, (4)

L=
w0

Sv

kC+kr

kCkr
ln
(

CA0

CAL

)
. (5)

The energy balance may be presented (assuming no heat losses to the environment) as:

w0�cp
dT
dx

+αSv(T − TS) = 0, (6)

the initial conditions: at x = 0, T = T0.
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The mass and heat transfer in a heterogeneous catalytic reactor are strictly bound up (released
reaction heat depends on the reactants mass transferred to the catalyst), thus

q= α(TS − T) = −ΔHRJA= −ΔHRkC(CA −CAS). (7)

The above equations assume an isothermal process. In reality, the process is adiabatic. However,
the concentration of organic air pollutants is usually low. For the volatile organic compounds (VOCs),
a concentration of very few ppm is typical; for methane, it depends on the kind of source and may be
within 1–1000 ppm. The level of concentrations of 100 ppm and higher can be treated by homogeneous
combustion in, e.g., reverse-flow reactors due to important reaction heat. Thus, we assumed the
concentration of methane at 200 ppm as rational for our analysis. In such a case, the adiabatic
temperature rise is about 6 K, so the temperature increase along the reactor can be securely neglected.

Entropy production is an increase of system entropy due only to the irreversible phenomena [13].
This means that there is no entropy production at equilibrium or during a quasi-static process that
runs infinitely close to the equilibrium. Any industrial process runs far from the equilibrium, and it
produces entropy at irreversible conditions. In irreversible thermodynamics, entropy production is
derived as the product of flux Ji and the driving force Δπ (causing the stream) divided by absolute
temperature T [13,14]:

Si =
JiΔπ

T
. (8)

Assuming that the stream Ji is proportional to the driving force:

Ji = kiΔπ, (9)

entropy production is proportional to the square of the driving force, thus it increases rapidly with the
distance from the equilibrium:

Si =
ki(Δπ)

2

T
. (10)

In this paper, entropy production is considered due to the following irreversible phenomena:

• heat transfer between the gas phase and the catalyst surface (further denoted as H);
• diffusional mass transfer between the gas phase and the catalyst surface (denoted as D);
• irreversible catalytic reaction (denoted as R);
• flow friction, i.e., work performed against the flow resistance (denoted as F).

Total entropy production (per 1 mole of reactant A consumed in the reactor) is the sum of all
the components:

SP = SH+SD+SR+SF. (11)

The above-mentioned components of entropy production are gathered in Table 1.
In the first column, basic equations of local entropy production are presented. In the second and

third columns, the equations for the stream and the driving force are presented, respectively, derived
using the reactor model. The last column presents reactor-integrated entropy production per 1 mole
of substrate A consumed (e.g., burned) in the reactor. Detailed derivations, simple in fact, are not
presented for reason of conciseness. The last position in Table 1, flow friction needs further comment.
The entropy source considered is the volume fluid flow. The stream (flux) is the flow velocity and the
driving force is the pressure gradient. The entropy produced is tantamount to viscous dissipation of
pumping energy. This approach seems more friendly for engineers than viscous momentum flux often
presented by irreversible thermodynamics; the flux is the pressure tensor and the driving force is the
velocity gradient [11].

The impact of the reaction rate constant, kr, and the heat and mass transfer coefficients, α and kC,
respectively, on the entropy produced by the heat (SH) and mass (SD) transfer is illustrated in Figure 1
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for the combustion process and exemplary kr and kC values. The heat and mass transfer coefficients
are bound by the Chilton–Colburn analogy [15], Equation (12), which allows the influence of mass
transport on SH to be determined.

j =
Nu

RePr1/3
=

Sh
ReSc1/3

. (12)

SD = Rln
(
1+

kr

kC

)
, (13)

SH =
kr

kC+kr

⎡⎢⎢⎢⎢⎣ (−ΔHR)
2(CA0 −CAL)DASc1/3

2λT2 Pr1/3

⎤⎥⎥⎥⎥⎦. (14)

Table 1. Local and reactor-averaged components of entropy produced.

Entropy, σi Flux, Ji Driving Force, Δπ
Entropy, Reactor Average Value, Si

(per mol of Substrate A)

Heat transfer (H)
σH = − q

T2∇T

Heat flux
q = −ΔHRJA =

= α(Ts−T)

Temperature gradient
(Ts − T) =

=
kC(−ΔHR)(CA−CAS)

α

SH = kCkr
kC+kr

(−ΔHR)
2(CA0−CAL)

2αT2

Mass transfer (D)
σD = −∑

i

Ji
T∇μi

Diffusive mass flux
JA = kC(CA −CAS) =

= kCrCA

Chemical potential gradient
∇μA = RT μA−μAS

se f

SD= Rln
(

kC+kr
kC

)

Reaction (R)
σR = −ArASv

T

Reaction rate
rA = krCAS = kCrCA

Chemical affinity
A= − ∑

i
νiμi =

= −ΔGo,T
R − RT

∑
i
νilnyi

SR = A
T

Flow friction (F)
σF = W

TFcL = −w∇P
T

Fluid stream
w

Pressure gradient
−∇P SF =

f
2T

w3
0�

ε3kCr

ln
(

CA0
CAL

)
(C A0−CAL)

 
 

 
 

(a) (b) 

Figure 1. Impact of the mass transfer coefficient and reaction rate on entropy production due to: (a)
mass transfer and (b) heat transfer.

In Figure 1, a distinct increase of entropy produced with the reaction rate constant, kr, is observed.
Conversely, entropy decreases with the mass transfer coefficient, kC (due to heat, SH, and mass, SD,
transfer). A rapid chemical reaction (i.e., high kr) generates intense mass transport of substrates to the
catalyst surface and adequate heat transfer in the opposite direction. The faster the reaction, the further
the process runs from the equilibrium. When the transfer coefficients are small compared to the reaction
rate, the concentration and temperature gradients are large, and even the substrates concentration on
the catalyst goes to zero. Entropy production is large, being proportional to the square of the driving
force (concentration or temperature gradient, cf. Equation (10)).

The impact of the mass transfer coefficient is opposite. The higher the transfer coefficient for a
given reaction rate, the lower the temperature and concentration gradients are and the closer to the
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equilibrium the process runs. Smaller driving forces lead to lower entropy according to Equation
(10). However, when analysing the plots in Figure 1, the impact of mass transfer intensification is
distinct only if kC is close to the kr value. If kC is much smaller than kr, slight transfer enhancement will
give nothing as the concentration and temperature gradients are still large (zero concentration at the
catalyst surface). The gradients start to decrease as the reaction and transfer become comparable.

Obviously, the values of kr and especially of kC in Figure 1, may not be found in reality as the
plots presented are theoretical, to illustrate the common impact of transfer and reaction rates on
entropy production.

3. Catalyst Supports Considered

The aim of this study is to show the optimal adjustment of the catalyst carrier geometry, as well
as its transfer and friction characteristics to the catalytic reaction kinetics. The catalyst performance
(reaction kinetics) is treated as a model parameter only. Therefore, analysed catalyst supports were
selected on the basis of similar value of specific surface area. This means that, in all considered cases,
approximately, the same area was available for active layer catalyst deposition. For comparison,
monolith and packed bed are also examined.

Correlations for the heat transfer and Fanning friction factor were derived experimentally and
presented in detail in our earlier papers [4,16]. A photo of catalyst supports considered in the study is
presented in Figure 2, and a summary of equations for Fanning friction factor, Nusselt number and
Sherwood number of investigated supports are presented in Table 2 and compared in Figure 3.

 
 

 
 

 
 

(a) (b) (c) 

Figure 2. Catalyst supports: (a) triangular short-channel structure, (b) wire gauze, and (c) nickel
chromium foam.

The kinetic tests were performed experimentally. Two different catalyst deposition methods were
applied: (1) for Pd/ZrO2, the incipient wetness (IW) method [20] and (2) for Pd/Al2O3, sonochemical
(SC) method [4]. The kinetic studies were conducted in the temperature range of 373–823 K [20].
Kinetic data are presented in Table 3. As was found in [21], the sonochemical method allows higher
catalyst activity to be obtained in comparison to the incipient wetness method.

 
 

 
 

(a) (b) 

Figure 3. (a) Average Nusselt number and (b) Fanning friction factor for considered catalyst carriers.
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Table 2. Correlations used to calculate flow resistance, heat and mass transfer for analysed
catalyst supports.

Structure Description Correlations

Wire gauze [4]

f = 118.09/Re + 0.836
Nu = 2.19Re0.636 Pr1/3

Sh = 2.19Re0.636Sc1/3

Sv = 1355
ε = 0.97

Triangular short channel [16]

( f Re) = 13.33 + 11.59(L+)−0.514

Nu =
(
3.11 + 0.45(L∗)−0.61

)(
0.55(PrL∗)−0.15

)
Sh =

(
3.11 + 0.45

(
L∗M
)−0.61

)(
0.55
(
PrL∗M

)−0.15
)

Sv = 1314
ε = 0.95

Nickel chromium foam (NC 0610), Recemat®

(Dodewaard, The Netherlands); [4]

f = 79.9/Re + 0.445
Nu = 0.96Re0.53 Pr1/3

Sh = 0.96Re0.53Sc1/3

Sv = 1298
ε = 0.89

Monolith [17]

( f Re) = 14.23
(
1 + 0.045/L+

)0.5

Nu = 3.608(1 + 0.095/L∗)0.45

Sh = 3.608
(
1 + 0.095/L∗M

)0.45

Sv = 1339
ε = 0.72

Packed bed [18,19]

f= (ε−1)[600η(ε−1)−7Dh�w]
8Dhε�w

Nu = 2 + 1.1Re0.6 Pr1/3

Sh = 2 + 1.1Re0.6Sc1/3

Sv = 1240
ε = 0.38

Table 3. Kinetic data of tested catalysts.

Catalyst
Pre-Exponential Coefficient in
Arrhenius Equation, k∞, m s−1 Activation Energy, Ea, kJ mol−1

Slow kinetic, incipient wetness
(IW)

Pd/ZrO2

252.49 62.79

Fast kinetic, sonochemical (SC)
Pd/Al2O3

1.07·1010 110.4

4. Results and Discussion

Plots referring to analysis of entropy production were constructed assuming reactor length
required for 90% conversion and show the entropy produced per 1 kmole of methane combusted in
the reactor under given process conditions. Entropy production is presented as a function of process
temperature and the Reynolds number. Entropy is produced due to the four components denoted as
R—reaction, H—heat transfer, D—diffusional mass transfer and F—flow friction. The subscript HDFR
means total entropy produced due to the H, D, F and R components.

The components of entropy production (according to Table 1) for the knitted wire gauze are
compared for the methane catalytic combustion process vs. process temperature (Figure 4) and the
Reynolds number (Figure 5) for the fast (Pd/Al2O3) and slow (Pd/ZrO2) kinetics assuming initial
methane concentration of 200 ppm in both cases.
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(a) (b) 

Figure 4. Comparison of entropy production components vs. process temperature for knitted wire
gauze, Re = 1000, CH4 inlet concentration: 200 ppm: (a) fast kinetics, Pd/Al2O3 and (b) slow kinetics,
Pd/ZrO2.

  
(a) (b) 

Figure 5. Comparison of entropy production components vs. Reynolds number for knitted wire gauze,
T = 773 K, CH4 inlet concentration: 200 ppm: (a) fast kinetics, Pd/Al2O3 and (b) slow kinetics, Pd/ZrO2.

When analysing the Pd/Al2O3 catalyst (Figure 4a) within the lower temperature range, entropy
due to flow friction, SF, is the major component, and it is close to the total entropy production
SHDFR. The heat and mass transport components, SH and SD, play less important roles. However, for
higher temperatures, the kinetics become much faster, causing significant shortening of reactor length
necessary to attain 90% conversion. The share of flow friction entropy decreases; simultaneously,
the entropy components due to heat and mass transport play more important roles. For the highest
temperature range analysed, total entropy SHDFR is close to the reaction component SR, while the
remaining components are comparable. Increased entropy production due to heat and mass transport
at higher temperatures is a result of faster reaction rate. This leads to lower methane concentration on
the catalyst surface, and thus to higher temperature and concentration gradients, in consequence of
more intense entropy production (cf. Table 1, Equation (10) and Figure 1).

For the Pd/ZrO2 catalyst (Figure 4b), total entropy production is close to the flow friction
component in the whole temperature range analysed. The transport component SD, SH are minor due
to low gradients (a result of slow kinetics), and even the reaction component SR is much lower than the
flow friction one, SF.

Figure 5 illustrates entropy production as a function of the Reynolds number for knitted wire
gauze assuming a rather high temperature of 773 K. The transport components SD and SH are almost
constant within the whole Re range analysed. The flow friction component SF increases with Re,
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reaching an even higher value than SR, especially in the case of the Pd/ZrO2 catalyst. Moreover, in
Figure 5b, the total entropy produced is close to the flow friction component, with a minor role played
by the remaining components.

Large entropy production is due to the irreversible reaction of methane catalytic combustion.
Moreover, this entropy component is almost the same per mole of reactant, regardless of process
conditions (T, Re and catalyst); analysis of the equation for SR (Table 1) should render this as no
surprise. Chemical affinity is close to the standard Gibbs energy of reaction (at the process temperature)
ΔGR

o,T, because the sum of the concentration logarithms is minor. For optimization purposes, the place
of the minimum total entropy production reflects the process optimum, making the precise value less
important. Analysis of Figures 4 and 5 shows that the SR component is nearly constant within the ranges
studied. Note that reaction component, SR, is the lowest possible entropy that can be produced in the
chemical reactor. For engineering purposes, such as process optimization, the remaining components
are more interesting because they make entropy production higher than that due to chemical reaction
(SR) and they are dependent on the physical properties of carriers. For slow reaction, there is no
difference between the analysed approaches, because, in this case, flow resistance plays a major role
(cf. Figures 4b and 5b) and the minimum is not observed within the considered temperature range.
In summarising the catalytic structures displaying close specific surface area Sv (i.e., similar catalyst
amount), SR will be neglected during next analysis.

Analysis of entropy production due to the heat and mass transfer and flow friction (denoted as
SHDF) is presented in Figures 6 and 7 presents SHDF as a function of the Reynolds number and process
temperature for the five catalyst supports considered. In the following figures, minimal entropy
production for each support is shown; these points give optimal process conditions for particular
catalyst supports.

  

(a) (b) 

Figure 6. Entropy production vs. Reynolds number for different catalyst supports for the fast kinetics,
Pd/Al2O3 at temperature: (a) 573 K and (b) 773 K.

In Figure 6, entropy is presented for two selected temperatures, moderate (573 K) and high (773 K).
For the moderate temperature of 573 K (Figure 6a), packed bed seems the best for Re < 20. For Re < 500,
knitted wire gauze is optimal (minimum value at Re = 84) in that this results in the lowest entropy
production and the most profitable behaviour within this analysis. For a higher Reynolds number,
monolith displays the lowest entropy production, undoubtedly due to its lowest flow resistance.
For higher temperatures of 773 K (Figure 6b), the impact of transfer properties is more pronounced
as a result of faster reaction rate, and knitted wire gauze appears to be the best with classic and
short-channel monoliths. Packed bed produces the largest entropy in almost the entire Reynolds range,
due to the highest flow resistance. For the higher temperature (773 K), the minima are generally slightly
shifted to higher Reynolds numbers and entropy production is several times higher.
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(a) (b) 

Figure 7. Entropy production vs. temperature for the fast kinetics, Pd/Al2O3 for different catalyst
supports at Reynolds number: (a) Re = 100 and (b) Re = 500.

When considering temperature influence on entropy production (Figure 7), the same conclusions
may be derived. Low process temperature is favourable for the classic monolith, while for higher
temperatures, wire gauze and monolith seem to be the best choice. For Re= 100 (Figure 7a), above 650 K,
all the internals display close entropy production. Interestingly, all the structures except packed bed
show minima within the narrow range of 500–540 K. For Re = 500 (Figure 7b), entropy produced is
higher, especially for packed bed. The minima are shifted towards higher temperatures by 60–100 K.
Above 600 K, knitted gauze and monolith are the best.

Analogous plots for slow kinetics (Figures 8 and 9) show quite different behaviour. Here,
the reactor is long due to the slow reaction rate. Moreover, slow reaction does not require intense
heat and mass transfer. Concentration and temperature differences between the flowing fluid and
catalyst surface are very small; entropy production due to transfer is small compared to that due
to flow friction. Consequently, entropy produced for the slow kinetics is ordered identically to the
friction factors (Figure 3b) vs. the Reynolds number and process temperature. Flow friction is the
main entropy source (when neglecting chemical reaction). For slow kinetics, entropy production
characteristic considered for all the internals is similar. The shift observed (towards higher or lower
entropy produced) results mainly from the flow resistance. All the curves are nearly parallel, and only
slight convergence is observed for low Re as a result of different transport properties. The internals
displaying the lowest flow resistance (monolith and short-channel structure, cf. Figure 3) offer the
lowest entropy production, while those of high flow resistance (packed bed, cf. Figure 3) produce
larger entropy, so are less profitable.

 

Figure 8. Entropy production vs. Reynolds number for different catalyst supports for the slow kinetics,
Pd/ZrO2 at temperature 673 K.
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Figure 9. Entropy production vs. temperature for the slow kinetics, Pd/ZrO2 for different catalyst
supports at Reynolds number 1500.

5. Conclusions

The results obtained by entropy analysis indicate that wire gauze is the best choice for the
Pd/Al2O3 catalyst and the packed bed is the worst one. In the case of the Pd/ZrO2 catalyst, the best
carriers are monolith and short-channel structures, while the worst solution is a packed bed. However,
meeting the efficiency criteria cannot be regarded as the ultimate verdict. Any process has its own
characteristics and limitations. It is rare for a process to occur separately, as it is usually part of a larger
installation. For example, process temperature is limited by catalyst thermal deactivation, and the
flow resistance may be limited by the gas pressure available. Therefore, each process needs to be
considered individually, and any overall limiting parameters must also be taken into consideration
during optimization.

The entropy-based optimization methodology is able to optimize reactor structure (indicating
the best geometry, specific surface, etc.), as well as the process temperature and fluid velocity for
considered reaction kinetics. The criterion, ensuring the minimum entropy production, ignores the
reactor cost and is able to indicate the best structure from among the considered ones, as well as the
optimal working conditions of a reactor (e.g., temperature and flow velocity).

Irreversible chemical reaction produces almost the same entropy, per mole of reactant, regardless
of the process conditions. Therefore, it can be safely neglected during entropic optimization.
The hypothesis is confirmed by analysis presented in Figure 4. For proper results, entropy produced
by heat transfer, mass transfer and flow friction should be accounted for.

The gauze structures are assessed as being very effective due to their satisfactory transfer and
friction properties. The monolith and short triangular channel display good efficiency for slow
kinetics (Pd/ZrO2 catalyst) due to their low flow resistance. The packed bed usually appears as an
unsatisfactory solution.

For fast kinetics (Pd/Al2O3 catalyst), the transfer properties of the catalyst support are the most
important for low entropy production. The intense transfer properties of, e.g., knitted wire gauze,
make the support excellent for such processes. The impact of flow resistance is minor as, for a fast
reaction not hampered by insufficient transfer rate, the reactor is very short.

For slow kinetics (Pd/ZrO2 catalyst), the reactor is long. The impact of flow resistance becomes
important. In contrast, heat and mass transfer contributions to entropy production are minor. Heat and
mass transfer resistance is low, so temperatures (concentrations) gradients between fluid and catalyst
surface are low, and the process runs near to the equilibrium.

The optimization methodology presented in this study obviously requires further development,
including thorough experimental industrial and economic application. In spite of this, the entropic
criterion seems able to indicate technically rational solutions of the reactor process considering the
heat and mass transfer, flow resistance and reaction kinetics.
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Nomenclature

A chemical affinity, J mol−1

CA reagent concentration, mol m−3

cp heat capacity, J kg−1 K−1

DA diffusivity, m2 s−1

Dh hydraulic diameter, = 4εSv
−1, m

Fc reactor cross-sectional area, m2

f Fanning friction factor, = �w0
2L(2ΔPDhε

2)−1

JA diffusional mass flux, mol s−1 m−2

Ji stream (flux) of irreversible process, Equation (9)
kC mass transfer coefficient, m s−1

kr kinetic rate constant of the first-order reaction, referred to the catalyst surface area, m s−1

k∞ pre-exponential coefficient in Arrhenius equation, m s−1

kCr =

kCkr/(kC+kr)
combined transfer-reaction coefficient, m s−1

L bed length, m
ΔP pressure drop, Pa/m
q heat flux, W m−2

R gas constant, J mol−1 K−1

rA reaction rate, mol m−2 s−1

S entropy production rate, J K−1mol−1

sef film thickness, m
Sv specific surface area, m2 m−3

T temperature, K
W pumping power, W
w0 superficial fluid velocity, m s−1

yi mole fraction
ΔHR reaction enthalpy, J mol−1

ΔGR reaction Gibbs energy, J mol−1

Greek symbols

α heat transfer coefficient, W m−2 K−1

ε porosity
η dynamic viscosity, Pa s
λ thermal conductivity, W m−1 K−1

μ chemical potential, J mol−1

ν stoichiometric coefficient
Δπ driving force of irreversible process
� density, kg m−3

σ entropy production per m3 of reactor volume, W m−3 K−1

Dimensionless numbers

L+ dimensionless length for the hydrodynamic entrance region, = LDh
−1Re−1

L* dimensionless length for the thermal entrance region, = LDh
−1Re−1Pr−1

L*M dimensionless length for the mass transfer entrance region, = LDh
−1Re−1Sc−1
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Pr Prandtl number, = ηcpλ−1

Re Reynolds number, = w0Dh�η−1ε−1

Sc Schmidt number, = η�−1DA
−1

Sh Sherwood number, = kCDhDA
−1

Subscripts

A key reactant
D entropy production due to mass transfer
F entropy production due to flow friction
H entropy production due to heat transfer
P total entropy production
R entropy production due to chemical reaction
S catalyst surface
x reactor arbitrary axial coordinate
0, L reactor inlet, outlet
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Abstract: Adaptable or adapted? Whether it is a question of physical, biological, or even economic
systems, this problem arises when all these systems are the location of matter and energy conversion.
To this interdisciplinary question, we propose a theoretical framework based on the two principles
of thermodynamics. Considering a finite time linear thermodynamic approach, we show that
non-equilibrium systems operating in a quasi-static regime are quite deterministic as long as
boundary conditions are correctly defined. The Novikov–Curzon–Ahlborn derivation applied
to non-endoreversible systems then makes it possible to precisely determine the conditions for
obtaining characteristic operating points. As a result, power maximization principle (MPP), entropy
minimization principle (mEP), efficiency maximization, or waste minimization states are only specific
modalities of system operation. We show that boundary conditions play a major role in defining
operating points because they define the intensity of the feedback that ultimately characterizes the
operation. Armed with these thermodynamic foundations, we show that the intrinsically most
efficient systems are also the most constrained in terms of controlling the entropy and dissipation
production. In particular, we show that the best figure of merit necessarily leads to a vanishing
production of power. On the other hand, a class of systems emerges, which, although they do not offer
extreme efficiency or power, have a wide range of use and therefore marked robustness. It therefore
appears that the number of degrees of freedom of the system leads to an optimization of the allocation
of entropy production.

Keywords: out of equilibrium thermodynamics; finite time thermodynamics; living systems

1. Introduction

The issue of energy conversion is the subject of historical debate. Without going back to its
roots, let us mention the work initiated by Glansdorf and Prigogine, which placed at the center the
question of entropy production in out-of-equilibrium systems, an issue that is still largely relevant [1,2].
This debate is itself part of an even broader debate that questions the operating points of the systems,
considering mainly the maximization of entropy production (MEP), its minimization (mEP), or power
maximization (MPP) [3,4]. One of the reasons why these questions do not find a general consensus
today is that they are most often considered on very different systems, in particular in the definition
of the boundary conditions of the device with its environment, considered immutable. The case of
idealized mechanical systems is, from this point of view, much simpler, since, broadly speaking,
the absence of any friction process means that the system interacts with its environment via a very
limited number of degrees of freedom, which makes variational approaches relevant. On the contrary,
it has long been accepted that there is no variational principle that governs the out-of-equilibrium
steady state of a thermodynamic system [5]. This can be understood as an impossibility to establish
a variational principle when the number of degrees of freedom diverges, which is obviously the case
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when the system is connected to a thermostat, and when dissipative processes occur. However, it is
equally obvious that many out-of-equilibrium systems are perfectly deterministic in their evolution,
and have a perfectly defined stationary state, as is the case, for example, for Kirchoff’s networks in
electronics. As a result, these systems, although not governed by a Lagrangian form and an associated
variational principle, have a completely established stationary operating point, without any possible
affirmation of an underlying minimization or maximization of the production of the entropy or
the power.

These questions of power and finite time performance have been the subject of much work [6]
particularly in thermoelectricity [7–11]. Without entering into these debates again, we propose an
approach that provides a fairly generic framework for describing a complete thermodynamic system
with perfectly established boundary conditions. In this article, we will limit ourselves to the case of
locally linear machines, subscribing to Onsager’s formalism. This formalism, based on the concept
of local equilibrium, makes it possible to consider the thermodynamic potentials of the system,
which are the intensive parameters. As a result, it becomes possible to derive a thermodynamics close
to equilibrium, with, in particular, a rigorous choice of potentials that allow for obtaining the symmetry
of the out-of-diagonal coefficients of the Onsager matrix. The stationary nature also requires that
kinetic coefficients and boundary conditions of the system be constant or slowly variable compared to
the characteristic relaxation time of entropy production and dissipation diffusion, thus guaranteeing
both stationary processes and local equilibrium.

In this article, we consider the transport of energy and matter within a system, where the
thermodynamic conversion is produced by coupling the energy and matter currents. By applying
the first law of thermodynamics, both of these currents are conservative. By applying the second law,
the energy, and sometimes the matter, used during the conversion process is subject to dispersion
in the degrees of freedom accessible to the system. As a result, thermodynamics is based on both
quantity and quality principles. Since the loss of quality is directly related to dispersion in the degrees
of freedom, the search for processes to reduce their number has always been a guideline. It should be
noted that, in the case of non-spontaneous processes, it is possible to consider a reduction in the degrees
of freedom, but this operation requires the implementation of external processes. These processes
offer other opportunities for energy dispersion, in greater proportions than those gained within the
system. As a result, any physical process taking place over a finite period of time is the location of
a compromise between the total energy used to carry out a process, and the energy actually converted
for the needs to be covered. The process efficiency is therefore written as the ratio between the actually
converted energy and the total energy supplied. We propose to consider energy conversion processes
in a very generic form, in order to establish their main characteristics and constraints. In particular,
we address the question of power and entropy production, insisting on the compromises they impose.

The question of adapting a device to the uses assigned to it then arises. In the case of single
working point, the system may be designed to be as much adapted as is it possible. However, this single
operating working point is a rare configuration, and realistic systems are asked to work in a given
range of working points. Then, the concept of adaptability, or flexibility, arises, which enters into
competition with the previous adapted concept. This problem of adaptation or adaptability concerns
all thermodynamic systems, including, of course, living systems. Indeed, as soon as we define an
envelope, we delimit the boundaries of a space occupied by a given device and the interactions
of this device with the outside world. Considering the energy and matter budget at the borders of
the device, we then characterize the relationship between the device and its environment. Since the
processes take place over a finite period of time, it is important to consider an out-of-equilibrium
description. In this paper, we consider an out-of-equilibrium thermodynamic description, driven by
locally linear equations. We show that the intrinsic characteristics of the device, on the one hand,
and the boundary conditions, on the other hand, totally determine the behavior of the system. It appears
that the allocation of dissipation largely determines the possible ranges of use of an out-of-equilibrium
thermodynamic system.
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In terms of boundary conditions, we show that the real coupling conditions of a system with
its environment are always located between the Dirichlet and Neumann boundaries, also called
“stock” and “flow” boundary conditions. It should be noted that both pure stock and flow are
extreme boundary conditions which can never being strictly reached. Between adaptable and adapted,
the performances of thermodynamic systems are therefore the result of a compromise between intrinsic
performance of a device and the coupling to the environment. This question of coupling to the
environment is the subject of the first section of this article. In the following section, we describe the
envisaged system in its most general form. The third section concerns the descriptions of the device
at the heart of the system, while the fourth section describes its insertion into the complete system.
The fifth section considers the different configurations that such a global system may encounter, and the
consequences on the production of power, dissipation, and more generally, entropy. The article ends
with concluding remarks.

2. System Description

2.1. Boundary Conditions

As indicated above, the system is composed of two sub-parts: a central zone, which we will call
the device, and which is the place of thermodynamic conversion, on the one hand, and the boundary
conditions, consisting of the source, and, on the other hand, the sink and the elements connecting it to
the device. These elements allow for modifying at will the boundary conditions that condition the
coupling of the device with the source and the sink, which is a central question for the optimization.
Among the latter, we can distinguish systems whose intrinsic parameters are constant, as is the case
for most machines, and systems, whose intrinsic parameters are subject to modification, as is the
case for living or societal systems. These latter are subject to potential developments and evolution,
which are not possible for the above-mentioned machines. By potential development, we consider
the case of living systems, societies or organisms, which can, under conditions of energy and matter
supply, develop, maintain, or regress.

In the case of systems under Neumann boundary conditions, the system is somehow fed by
a constant current of energy and/or matter, which guarantees the maintenance of the system as much
as it constrains its development. Under such conditions, the possible development of the system is
limited by the value of the current of matter and/or energy. In the case of Dirichlet systems, there
are no restrictions on access to the resource, except for the intrinsic limitations of the conversion
device. As a result, the currents of energy and matter may diverge completely, if the characteristics
of the device lend themselves to it. The same reasoning applies to the production and rejection of
waste to the sink. Access to the resource and waste production are therefore both dependent on these
boundary conditions. Let us consider, as an historical illustration, the situation of the industrial
revolution, which saw the rise of the use of fossil energy [12]. The latter are by definition stock
resources that lead the human societies to find themselves in Dirichlet conditions, as far as access
to the resource is concerned. Concerning the waste rejected to the sink, the Dirichlet’s condition
has been the norm, as long as the planet has been considered a bottomless sink. On the other hand,
if we consider the situation before the industrial revolution, it can be noted that the main resource for
development, which is the food resource, was dependent on Neumann-type boundary conditions,
due to the subjection to solar flux. Without going further into this illustration, which is beyond the
scope of this article, we can nevertheless observe the importance of boundary conditions, both on
the functioning of systems, but also for their possible evolutions. Indeed, in the case of boundary
conditions of the Neumann type, there is no possibility of development, in the sense of increasing the
current of energy and matter that feed the conversion device. Consequently, there is no possibility
of any increase of the quantities. On the other hand, there are possibilities of increase of the quality
because the conditions of coupling between energy and matter may change, as the history of life
proved it.
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On the other hand, in the case of Dirichlet boundary conditions, there is no limit to the increase
in energy and matter currents, which could lead to their possible divergence. It should be noted
that the actual Dirichlet conditions for the access to the energy for the human species are quite
singular in the history of the living systems. In order to remain explicit and relatively simple to
address, these questions need to be modeled in the most compact form possible. This why we
propose to describe a generic thermodynamic machine in order to guarantee a general character to the
developments of this article. Many extensions and refinements can be added, as for previous systems
in the literature [6,10].

2.2. Thermodynamic Device

The proposed thermodynamic system is described in Figure 1. It consists of a reservoir providing
the resource and a sink receiving the waste, with the respective potentials ΠR

1 and ΠS
1 fixed at constant

values. Between these two reservoirs is the energy conversion device which is the place of coupling
between a current of matter I2, and a current of energy IE. The energy current entering the system
is associated with an incoming entropy current, I1, with Π1 its conjugated potential. In the case of
a thermal system of heat current IQ, temperature T and entropy current IS, we would simply have
Π1 I1 = IQ = TIS so I1 would be the classical entropy current. The current of matter is defined by I2 and
its conjugated potential Π2. The energy currents budget finally writes IE = Π1 I1 + Π2 I2. We recognize
the fractions of dispersed energy, Π1 I1, and concentrated energy, Π2 I2, which are a generalization of
the notions of heat and work extended to the case of non-thermal systems [13,14]. The coupling term
between energy and matter is defined, under I2 = 0 condition, as α = −(δΠ2/δΠ1)I2 . The geometry
of the system is given by its length L and its cross-section A. The two currents of energy and matter
are then associated with two conductivities σ1 and σ2, which, at the integrated scale, behave like two
resistive dipoles R1/2 = 1

σ1/2
L
A . The connection of the conversion zone with the two reservoirs is

defined by the coupling resistors R+ and R−, which allow the boundary conditions to be set, at will,
between Dirichlet conditions (R+ = R− = 0), or Neumann conditions, where R+ and R− diverge.
This type of configuration is not in itself new, and has already been used in specific systems [14,15].
In particular, it has been shown that, under these conditions, the way the system operates is partially
governed by the feedback effects induced by boundary conditions. Some of this feedback can lead to
the presence of oscillations. It should be noted that these processes do not violate the first principle in
that they are not self-sustained oscillations, at least from an energy point of view. They do not violate
the second principle either, since these structures are highly dissipative and are only maintained by
a continuous supply of energy. It can also be noted that the incoming current of energy is used to
produce a potential difference, which, if maintained, allows the circulation of the matter under the
action of the thermodynamic force, which is defined from the gradient of the potential. This type of
analysis of thermodynamic conversion has been used with success by Alicki in various systems [16,17].
This description of two coupled currents can, of course, be extended to a larger number of coupled
currents without changing the spirit of the study.

As it is represented, the system is therefore quite generic. The main determinants of functioning
are thus summarized by three terms, the capture of the resource, its conversion into a usable form,
and the rejection of waste. It is clear that ideally the target is the one where the output power would be
maximum and the amount of energy released would be minimal. The study of the limits to achieving
this target is one of the objectives of this article. As the coupling parameter for the conversion, the α

parameter is therefore central since it determines the system’s ability to convert energy into a usable
form. A naive picture may suggest that the largest possible α value necessarily leads to the most
efficient system, but this is not correct, as we will see now.

194



Entropy 2020, 22, 29

Π1
−Π1

S

P

IE
+

IE
−

Pout

I2

α (Π1
+−Π1

−)

R2

RL

P

R+

R−

Π1
R

Resource

Sink

Boundary

Condition

Conversion

Zone

R1

Π1
+

Figure 1. Schematic view of the generic system, with a resource and a sink, whose potential ΠR
1 and

ΠS
1 are constant. The coupling of the conversion zone (circle) with the two reservoirs is ensured by

the elements R+ and R−. As a result, the difference potential Π+
1 − Π−

1 is less than that between
reservoir and sink. Power produced in the conversion zone (circle) is P = −αΔΠ1 = ΔΠ2. The internal
resistance R2 = L

Aσ2
gives rise to a dissipative contribution R2 I2

2 . The RL resistance is the output load,
and the output power is Pout = RL I2

2 .

3. Local Energy Conversion

3.1. Presentation

At the local level, energy conversion is produced by coupling the energy and matter currents
flowing through the device. These currents are generated by the presence of differences between
the two thermodynamic potentials Π1 and Π2. This local modeling is therefore based on the three
parameters of conductivity associated with energy transport, σ1, conductivity associated with matter
transport, σ2, and the coupling coefficient between the gradients of the two potentials, α. We deduce
from this the formulation of local Onsager matrix, where ∇ = d

dx is the spatial gradient, here reduced
to 1D in order to simplify the description.

(
J2

JE

)
=

(
L11 L12

L21 L22

)(
−∇

(
Π2
Π1

)
∇( 1

Π1
)

)
. (1)

JE and J2 are the densities of the two currents, and are extensive and conservative quantities. Given the
differential form JE = Π1 J1 + Π2 J2, the equality of non-diagonal terms L12 = L21 is insured according
to the choice of the correct potentials −Π2

Π1
and 1

Π1
[18,19]. The four terms of the matrix are therefore

reduced to three, σ1, σ2and α, whose correspondences with the coefficients Lij are

σ1 =
1

Π2
1

[
L11L22 − L21L12

L11

]
, (2)

σ2 =
L11

Π2
, (3)

α = −ΔΠ2

ΔΠ1
=

1
Π1

L12

L11
. (4)

In the absence of a matter gradient, the energy conductivity can be defined as
σΠ2 = σ1

[
1 + α2σ2/σ1Π2

]
. The figure of merit is then defined as

Fm =
α2R1

R2
Π2 =

L2
12

L11L22 − L21L12
. (5)

It is known that the ratio σ2/σ1, therefore Fm, is a direct measure of the intrinsic capacity of
energy conversion. Fm can be related to the ratio of the equivalent specific heats by the expression
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γ =
CΠ2
CI2

= Fm + 1. In their seminal paper, Kedem and Caplan derived the following expression of the
coupling parameter between the two fluxes involved in the conversion process [13]:

q =
L12√

L11L22
=

√
Fm

1 + Fm
(6)

an expression that explicitly includes the kinetic coefficients Lij. The figure of merit and the coupling
factor q are equivalent in terms of measure of the system performance: the larger their (absolute)
values, the better the energy conversion system. This can be evidenced by the derivation of the local
maximal efficiency of the conversion process in generator mode, ηmax:

ηmax =

(
1 +

√
1 − q2

q

)2

=

√
γ − 1√
γ + 1

. (7)

3.2. Entropy Production and Efficiency

The volumetric entropy production rate is given by the summation of the force-flow products,

.
S = J2∇

(
−Π2

Π1

)
+ JE∇

(
1

Π1

)
= − 1

Π1
[J2∇Π2 + J1∇Π1] . (8)

In the case of a reversible process
.
S = 0 so does J2∇Π2 + J1∇Π1. We get − J2∇Π2

Π1 J1
= ∇Π1

Π1
= ηC,

where ηC is the Carnot efficiency. This leads to the general expression of the local efficiency,

η = − J2∇Π2

J1Π1
< ηC. (9)

Let us define the reduced current as
j =

αJ2

J1
, (10)

which is the ratio between the entropy carried by the transport of the matter, divided by the
total entropy transported. In the case of a reversible process, both terms are equal so j = 1 [20].
This expression shows three regions for the η(j) meaning. For 0 < j < 1, the device works as a generator.
For j < 0 and j > 1, the device works as a receptor. For reasons of brevity, we will mainly deal with
the generator configuration in this article.

Rewriting the Onsager matrix in more suitable form [21], we get(
J2

Π1 J1

)
=

(
σ2 ασ2

αΠ1σ2 γσ1

)(
−∇Π2

−∇Π1

)
. (11)

Then,

j =
ηαΠ1σ2 − jασ2∇Π1

ηαΠ1σ2 − jγσ1
α

∇Π1
Π1

. (12)

Thus,

η = ηC j
jγ − α2σ2

σ1
Π1

j α2σ2
σ1

Π1 − α2σ2
σ1

Π1

, (13)

where γ = α2σ2
σ1

Π1 + 1. After a few algebra, we get

η =
ηC

(γ − 1)
γj2 − (γ − 1) j

j − 1
(14)
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η presents a maximum for jopt = 1 +
√

1
γ for a receptor mode, and jopt = 1 −

√
1
γ for a generator

mode. Both optima reduce to j = 1 in the ideal case, when γ diverges, where we recover the Carnot
efficiency. In this diverging case, the system do not present anymore dissipation production, and the
equivalence between the receptor and generator modes is a proof of the absence of causality of the
Carnot configuration. This absence of causality is another name for reversibility. We then recover
the Kedem–Caplan expression of the maximal efficiency, ηmax = ηC

√
γ−1√
γ+1 for the generator mode,

and ηmax = ηC

√
γ+1√
γ−1 for the receptor mode. Let us now plot the efficiency versus the reduced current,

as reported in Figure 2.
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Figure 2. Normalized efficiency η
ηC

according to reduced current j = αJ2/J1 with γ = 2 (red,

dot dashed), 4 (green, dots), 8 (blue, loosely dashed), 20 (cyan, dashed), 2 × 102 (magenta, loosely dot
dashed) in main figure, and γ = 2 × 102 (magenta, loosely dot dashed), 2 × 103 (black, dot dashed),
2 × 104 (red, dot dot dashed) in inset. The grey area corresponds to the receptor mode (resp. generator
mode). Note that the figure is symmetrical with respect to the Carnot point (blue star), which is never
reached. This singular point defines the reversible configuration, where causality is broken.

As expected for the maximum performance achieved, ηmax is an increasing function of the figure
of merit. On the other hand, it also appears that the sensitivity to fluctuations in j becomes all the more
important as ηmax is important. This is confirmed by estimating the value of the slope in the vicinity
of the maximum yield, which is ∂η/∂(j) ≈ −2ηmaxFm. The larger the figure of merit, the steeper the
slope. This local description allows us to conclude that the performance of the device is obtained at
the cost of a constraint of stability of the operating points, directly driven by the value of the figure of
merit. As an intrinsic quantity, the figure of merit defines the performance ceiling beyond which it
cannot be exceeded. It is clear from the figure that the system defined by a high figure of merit exceeds
in performance all the systems of lower figure of merit value. However, this result is strongly weighted
by the fact that, for excursions of j around the optimal value, the efficiency falls rapidly. Then, it is
not necessarily relevant to look for a device with a large figure of merit, without first inventorying the
operating range that will be brought to run this device. For simplicity’s sake, we have only dealt here
with the case where the system works as a generator, which is obtained by 0 < j < 1. It is clear that the
same study can be carried out for the case where the system operates as a receptor, instead of working
as a generator. This situation, well known for thermal machines, corresponds to heat pump operation.
More broadly, and in the case of non-thermal machines, this case actually corresponds to the operation
in recycling mode where the treated quantity undergoes regeneration. It should be noted that the
expression of performance refers only to γ, and therefore to the figure of merit, without specifying any
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contribution from σ1, σ2 and α, respectively. The local level is totally blind to these issues so we now
consider the situation of the entire system to see the relative contributions.

4. Global Conversion System

4.1. Presentation

In accordance with the diagram in Figure 1, the device of the conversion zone is connected to its
reservoirs via the two resistors R+ and R−, which makes it possible to explore all boundary conditions.
The presence of R+ and R− may lead to the pinching of the potential difference Π+

1 − Π−
1 according

to the system operating point. More precisely, R+ governs the limitation of access to the resource
while R− reflects possible saturation effects of waste disposal. This global model, although limited,
makes it possible to approach the behavior of many systems, including living systems, depending on
whether the resource is abundant or scarce, and whether waste disposal, including thermal waste,
is easy or not. Living system and non-living systems differ from the fact that the energy current is
never zero in living systems, so R1 is always finite, and there is a non-zero resting point. On the
contrary, a non-living system may have a zero resting point, with zero energy current, so R1 may be
infinite in these systems. Let us consider the set of the four equations that governs the functioning of
the system (see Appendix A):

IE− = αΠ−
1 I2 + (1 − ϕ) R2 I2

2 +

(
Π+

1 − Π−
1
)

R1
, (15)

IE− =
(Π−

1 − ΠS
1 )

R−
, (16)

IE+ = αΠ+
1 I2 − ϕR2 I2

2 +

(
Π+

1 − Π−
1
)

R1
, (17)

IE+ =
(ΠR

1 − Π+
1 )

R+
. (18)

These equations have their origin in the integration of the local form described in the previous
paragraph. These developments have been the subject of previous articles [14,22] , and will not be
re-described here. ϕ controls the dissipation fraction that returned to the source or to the sink. In the
following, we will choose ϕ = 0. This choice is not critical here since the effect of ϕ = 0 is driven by
R2, which is equal to zero.

4.2. Devices with Zero Resting Point

First of all, we consider that R2 = 0 and R1 diverge, in order to separate the contributions of
entropy production and internal dissipation. R2 governs the current of matter, so we therefore consider
that this current may not be limited, so there is no intrinsic dissipation within the device. The figure of
merit of the device is then infinite and we may expect to reach the ideal conditions and the Carnot
efficiency. However, the classical discussion around the Carnot efficiency is based on pure Dirichlet
boundary conditions, which is clearly not the case here, so we have to consider the new conditions
introduced by the modification of the boundary conditions. In the present configuration of zero resting
point systems, the general equations (see Appendix A) can be summarized as

IE− =
ΠS

1 I2
1
α − R− I2

, (19)

IE+ =
ΠR

1 I2

R+ I2 +
1
α

, (20)

with the output power given by P = IE+ − IE−.
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The plots in Figure 3 summarize the behavior of the global system. The output power presents
a maximum and two zero values. The first value corresponds to the case where the efficiency reaches
its maximum. This situation is obtained for I2 = 0, so IE− = IE+ = P = 0. This means that no
matter or energy can flow through the system, which is a totally useless situation for a physical system.
The second zero power value is reached for a current of matter I2sc , named the short-circuit current,
by analogy with electronics. In this situation, the produced power is completely re-dissipated inside
the system. I2sc is therefore an ultimate operating point for the system, working as an energy generator.
For a truly efficient operation, it is therefore necessary to try to push I2sc to large values, which are
obtained by getting as close as possible to Dirichlet conditions. In the general case, the approximate
expression of this current is

I2sc ≈ 1
α

ΔΠ1

R−ΠS
1 + R+ΠR

1
, (21)

which confirms that Dirichlet’s conditions where R− = R+ ≈ 0 are to be sought, if accessible. Since the
resting point here is zero, the power curve necessarily intercepts that of IE−. Beyond this interception
point, the system is in a situation where it releases more waste than it produces output power. We call
critical point the point where P = IE−, reached for I2cp. The fact that power is not a monotonous
function of I2 is actually quite unexpected because, to the extent that R2 = 0, the total absence of
intrinsic viscosity should not lead to any limit to I2. However, if we carry out a development at the
first order of the expression of power we find

P ≈
[
αΔΠ1 −

(
ΠR

1 R+ + ΠS
1 R−

)
α2 I2

]
I2 (22)

which clearly indicates the presence of a viscous friction term R f b,

R f b ≈ α2(ΠR
1 R+ + ΠS

1 R−) (23)

which reduces the transport of the matter, even though the intrinsic viscosity, i.e., 1
σ2

, associated with
the transport of the matter, is zero. This additional dissipation is a pure feedback effect that is due to
the presence of boundary conditions at the general limits where R+et R− are non-zero. This additional
dissipation can only be rendered null if R+ = R− = 0, i.e., a strict Dirichlet condition, which is,
in reality, only very rarely observed. Note that the condition α = 0 leads to the same result but it is
useless because in this case the transport of energy and matter are fully decoupled, and the device
does not convert the energy anymore. The conditions R2 = 0 and R1 → ∞ determine the performance
envelope for a system with an ideal conversion zone. In particular, it is noted that, although IE+ and
IE− are increasing functions of the current of matter I2, the growth rate of the energy waste current IE−
always ends up reaching that of the energy current IE+ supplied to the system. In addition, even in
the case of a system whose core is composed of an ideal device, (R2 = 0, R1 → ∞), the increase in
the current of matter inexorably leads to an increase in the current of waste in larger proportions to
the rate of supply of resources. The only way out is to limit the current of matter to values below
a threshold, which may be that of maximum power, maximum efficiency, minimum waste generation,
or below the critical point. In the Figure 3, the response is given for two different values of the coupling
parameter α. The influence of α is quite surprising. At first we observe that the lower is α and the
lower are the output power and efficiencies, as expected for a lower conversion level of the energy.
However, in the same time, the short-circuit current is strongly enhanced, opening the way to a large
range of I2 working points for the transport of the matter. This is due to the α−2 dependency of I2sc.
This leads to the conclusion that the search for a very efficient system is in contradiction with the search for
a very adaptable system.
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Figure 3. Representations of the powers IE+, IE−, with R−1
1 = 0, R2 = 0 (and P = Pout), R+ = R− = 2,

ΠS
1 = 1, ΠR

1 = 30. (a) shows efficiencies (resp. in red and green) η+/− = Pout/I2+/− in function of I2,
the current of matter. (b) is the efficiency in function of the power produced Pout. (c) show the power
(resp. in red, green and black) IE+, IE− and Pout in function of I2. (d) shows (resp. in red, green and
black) COE+/− = IE+/−/I2 and COEPout = Pout/I2 in function of I2. Dotted lines are α = 0.9, solid
lines are α = 1, dashed lines are α = 1.1. In (c) and (d) cyan stars show short circuit situations I2sc,
yellow circles are critical points I2cp. In (b) vertical and horizontal red lines are respectively maximal
efficiency and maximal power.

Let us now focus on the issue of the trade-off between power efficiency and waste generation.
The Figure 3a represents the curves of the production efficiency ηprod = P/IE+ and the waste efficiency
ηwaste = P/IE−. Note that ηprod , which is the traditional efficiency, is limited by the Carnot efficiency
but ηwaste is not, since it does not refer to the traditional expression of efficiency but is just an extension
of the notations. ηprod is bounded by a zero value, which corresponds to zero power, and a maximum
efficiency point, reported in Figure 3b. Between these two values, the system presents a maximum
of the power, which absolutely does not coincide with the maximum efficiency. In this configuration
the MPP or mEP operations are clearly disjointed as already mentioned [23,24]. Let us now consider
the cost of carrying out a unitary process. By unitary process we consider a process standardized
by the value of the associated transport of matter, i.e., the ratio between the energy currents and the
matter current. We call this quantity Cost Of Energy, i.e., COE. This makes it possible to consider
energy expenditures with regard to the associated matter transformation along a unitary displacements.
In other words, COE can measure the amount of energy needed to be rejected as a waste, for displacing
the matter from a unit length. This quantity is already known in biology as Cost Of Oxygen Transport
(COT), where it has made it possible to qualify a unit displacement with regard to the energy released
in the form of waste [25,26]. Here, we extend the notion in a more general form where COE is defined
by COE+ which is the cost of energy needed to feed the system, and COE− which is the cost of waste
energy that is rejected, so,

COE+/− =
IE+/−

I2
(24)

Note that the COE+ is a strictly decreasing function of I2 and COE− is a strictly increasing function
of I2. This means that the cost of energy needed for a unitary process decrease when I2 increases but,
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in the same time the amount of waste always increases. There is therefore no optimum to consider
any minimization of the waste. In addition, it is important to note that the R−1

1 = 0 configuration is
the only one that provides the strong coupling conditions, for which the energy and matter currents
are roughly proportional [10]. In this case, the Onsager matrix has a zero determinant. This situation
is an idealization of the transport of energy entirely achieved by the transport of matter. In other
words, it is a question of considering that the behavior of out-of-equilibrium thermodynamics may
be equivalently described by pure mechanics. This is obviously never fully encountered unless it is
considered that a ΔΠ1 difference can persist without an associated current of matter existing. This is
the purpose of the following paragraph.

4.3. Devices with Non Zero Resting Point

The study of devices with non zero resting points concern the case of all systems for which
a shutdown means death. Indeed, unlike a machine, all living systems are never totally shut down,
and always keep a minimum operating point value , which we call basal, also known as a resting point.
This situation corresponds to the case where R1 has a finite value. While remaining, for the moment in
the case where R2 = 0, we can develop the main results from this configuration. The general equations
of the system are given in Appendix B. In this situation, the efficiency, nor the power, can reach the
previous values, as reported in the Figure 4. At the resting point I2 = 0, the system is in its basal
configuration where P = 0, so IE+ = IE− = B with,

B =
ΔΠ1

R+ + R1 + R−
(25)

The typical response of systems with non zero resting points is given in the Figure 4. One can
notice that the general shape is not strongly modified from the case of zero resting point configurations,
except the presence of a non zero current of energy even at zero I2 and a slight modification of
the short-circuit point. Regardless of the reduction in efficiency introduced by the presence of R1,
the search for a system with a very low basal point requires to be located in a configuration close to
Neumann conditions where R+ and R− have very large values. This is not problematic except that
it requires the system to operate at low values of I2, in order to limit the dissipation due to the term
R f b. There is therefore a fundamental contradiction between having a system with low resting power
consumption and a system that can provide significant power. It is clear that a sober system, in the
sense of its consumption at rest, is unsuited to the production of significant power, without leading to
significant dissipation at high speed, or equivalently, high I2. If such a power is sought, then it implies
that the boundary conditions should be of Dirichlet like with R+ ≈ R− ≈ 0. However, in this case the
system will have a necessarily high rest consumption. Compared to systems with a zero resting point,
it can be seen that the maximum power operating point and maximum efficiency operating point tend
to approach each other as R1 increases. In this configuration, as can be derivated in [27], the feedback
resistance is approximately given by

R f b ≈ α2〈Π1〉
1

R++R− + 1
R1

= R∗α2〈Π1〉 (26)

where R∗ = (R++R−)R1
R1+R++R− and 〈Π1〉 = ΠR

1 /2 + ΠS
1 /2.

Compared to the previous configuration the dissipation introduced by the presence of R f b can now
be modified whatever are the boundary conditions because R∗ < Min(R+ + R−, R1). More precisely,
in the case of Neumann-like boundary conditions, there is a restriction to the value of R1 where
R1 � R+ + R− is expected. Under Dirichlet-like boundary conditions R+ and R− are small so there
is no condition on R1. Consequently, a system with a very low basal point, with large values of both
(R+, R−) (Neumann like) and R1 will suffer from a large R f b and is then limited to very low I2 currents.
If the boundary conditions are more like Dirichlet conditions, then R f b keeps low but the low basal
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level now imposes that R1 strongly increases, which reduced both the available power P and the
efficiency. Thus, we can see that there is no room for a powerful and efficient system working in all
conditions. The main trade-off is between power and efficiency, but it ultimately extends beyond that.
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Figure 4. Representations of the powers IE+, IE− and P, with R−1
1 = 0.05, R2 = 0 (and P = Pout),

R+ = R− = 2, ΠS
1 = 1, ΠR

1 = 30. (a) shows efficiencies (resp. in red and green) η+/− = Pout/I2+/−
in function of I2 the current of matter; (b) is the efficiency in function of the power produced Pout;
(c) shows the power (resp. in red, green and black) IE+, IE− and Pout in function of I2; (d) shows
(resp. in red, green and black) COE+/− = IE+/−/I2 and COEPout = P/I2 in a function of I2. Dotted
lines are α = 0.9, solid lines are α = 1, dashed lines are α = 1.1. In (c) and (d), cyan stars show short
circuit situations I2sc, and yellow circles are critical points I2cp. In (b), vertical and horizontal red lines
are respectively maximal efficiency and maximal power.

From a rather general point of view, the incoming energy current IE+ makes it possible to establish
and maintain, thanks to the presence of R1, a potential difference that permits the production of output
work. On this point, we join the work of Alicki [16], who considers that the incoming energy current
makes it possible to maintain a difference in potential, exactly as a pump would do. This situation
is particularly described in the case of photovoltaic structures, with a difference in electrochemical
potential [16], or in the case of muscles where the attachment and release cycles of actin and myosin
structures lead to the maintenance of a force [28]. It should be noted that, depending on the position of
the resting point, the power curve can intercept between zero and twice the IE+ curve. It can therefore
be seen that, in the case of systems with a relatively low resting point, there may be an area for which
the power produced is greater than the power released as a waste. More intriguing, this area can
start with a non-zero value of I2. In other words, there may be systems for which the situation I2 
= 0
leads to a proportionally smaller waste production than at rest. Systems with a non-zero resting point
therefore present very different optima than non-living systems, whose zero resting point leads to
minimizing power by stopping the machine. By using the definition COE− = IE−/I2, we can plot
its response according to I2. It should be noted that the COE− has a minimum value, which does
not coincide with the maximum power point. This defines a new operating point for the system,
which characterizes the situation where the system minimizes its production of waste.
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An illustration of this can be given if we consider the motion of living systems. Let us consider
that the task to be accomplished consists in moving the body over a unit distance, the question arises
as to how fast this operation will lead to a minimum of waste, essentially in the form of heat and
metabolic degradation products. It is clear that displacement here corresponds to the transport of
matter, and is therefore assimilated to I2 proportional to the speed of travel as previously said. There is
an abundant amount of literature showing that there exists a minimum of the so-called COT ≡ COE−
point for all animals for which movement appears to be favored when the COT is minimal [25,26].
As expected, see Figure 4, COE− and COE+ curves have a common point at the short circuit point.
We previously saw that Dirichlet’s conditions, R+ = R− = 0, were those that minimized the feedback
resistance R f b and allowed for considering potentially a divergence of the current of matter and the
output power. This simple observation shows that strict Dirichlet’s conditions are simply nonphysical.
Nevertheless, one can consider that this condition can be approached. However, the presence of R+,R−
and R1 in series shows that Dirichlet’s condition is asymptotically obtained only if the ratios R+/R1

and R−/R1 are negligible, which imposes an important value for R1, and therefore a high value of the
basal power. We therefore see the emergence of a paradox, which, seeking to minimize the dissipation due to
R f b leads to the constraint of high consumption at rest. The same system cannot therefore be both very powerful
and very energy-efficient at its resting point. We find here the generalization of a well-known situation,
for example for the thermal engines of vehicles, in which the engine’s displacement determines its
ability to produce power, as well as its efficiency.

4.4. Internal Dissipation Devices

Let us now consider the introduction of the dissipative term R2. The output power of the system
is now represented by Figure 5. As a thermodynamic engine, the system provides a power P =

α
(
Π+

1 − Π−
1
)

I2 as already defined. The efficiency of this part of the system is given by η2 =
P−R2 I2

2
P .

Thus, the total efficiency of the system is

ηsys = η1η2, (27)

with η1 = P
IE+

. Compared to the previous configurations, both the power, the short-circuit current Isc,
and the efficiency are now reduced. The influence of R2 appears to be always detrimental, which was
not the case for R1. It is clear that one should look for minimal R2 if possible. In other words,
in the expression of the figure of merit, there is a constraint on R2. At first, both α and R1 seem to be
non-constrained, and the same figure of merit can be obtained for various values of the couple (α, R1).
Nevertheless, as we have mentioned, the present description shows that R2 is linked in series with
R f b. Consequently, the constraint on R2 can be relaxed to the condition R2 � R f b. According to the

expression R f b ≈ α2〈Π1〉
1

R++R− + 1
R1

, this leads to the condition 1 + R1
RΣ

< α2R1
R2

〈Π1〉 where we recognize the

figure of merit, so the condition becomes

1 +
R1

RΣ
< Fm, (28)

where RΣ = R+ + R−. According to the previous observation, the minimization of the dissipation
occurring from the R f b term imposes that R1

RΣ
should be large enough. Thus, we now get

a supplementary condition for Fm. In this expression, the boundary conditions and the intrinsic
performances of the device are considered together. Under Dirichlet conditions, 1 + R1

RΣ
diverges so the

system keeps its level of dissipation low only in the case of a very large figure of merit, and is forced
to work at very low I2 values. Under Neumann conditions, RΣ diverges and then the condition on
the figure of merit is then relaxed. Ideally, even when achieved asymptotically, one might want to
achieve maximum power, as well as minimal waste production, combined with maximum efficiency.
We conclude that looking for maximum efficiency always leads to approaching the Carnot point, which is, even in
an out-of-equilibrium description, the point where power production is canceled out.
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Figure 5. Different representations of the powers IE+, IE− and P, with R−1
1 = 0.05, R2 = 4,

R+ = R− = 2, ΠS
1 = 1, ΠR

1 = 30. (a) shows efficiencies (resp. in red and green) η+/− = P/I2+/−
as a function of I2 the current of matter. (b) is the efficiency in function of the power produced P.
(c) shows the power (resp. in red, green and black) IE+, IE− and Pout in function of I2. (d) shows
(resp. in red, green and black) COE+/− = IE+/−/I2 and COEPout = Pout/I2 as a function of I2. Dotted
lines are α = 0.9, solid lines are α = 1, dashed lines are α = 1.1. In (c) and (d), cyan stars show short
circuit situations I2sc and yellow circles are critical points I2cp. In (b), vertical and horizontal red lines
are respectively maximal efficiency and maximal power.

5. Entropic Point of View

The previous power budget analysis highlighted three classes of systems: systems with a zero
resting point, systems with a non-zero resting point, and, finally, systems with an additional internal
dissipation term R2. Let us consider these three classes again from the entropic point of view.

5.1. Devices with Zero Resting Point

The production of entropy from the presence of R− and R+ is given respectively on both sides of
the device by

.
SE+ =IE+

(
1

Π+
1
− 1

ΠR
1

)
=

α2 I2
2 R+

1 + αI2R+
, (29)

.
SE− =IE−

(
1

ΠS
1
− 1

Π−
1

)
=

α2 I2
2 R−

1 − αI2R−
. (30)

The results are given in Figure 6.
There is clearly an asymmetry in the two entropy productions. Indeed, if the two contributions

initially increase in a quadratic form with the current of matter, the contribution of the resource side,
.
SE+, tends to a linear progression independent of the coupling condition R+, while the contribution
on the waste rejection side

.
SE− tends to diverge as soon as I2 ≈ 1/αR−. It is surprising to see that,

in addition, this divergence is more marked as the coupling factor α between energy and matter is
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important. There is therefore no other solution than to make R− as small as possible, and therefore reject all the
waste easily. This is an additional constraint for the design of efficient systems.
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Figure 6. Evaluation of the entropy production with the same configuration as in Figure 3, R−1
1 = 0,

R2 = 0, R+ = R− = 2, ΠS
1 = 1, ΠR

1 = 30. (a) shows ṠE+ and (b) shows ṠE−, both in function of I2 the
current of matter—the same color and line-style code as in Figure 3.

5.2. Devices with Non-Zero Resting Points

Let us now look at the configuration of non-zero resting point systems, while keeping R2 ≈ 0.
In this case, the general expressions become

.
SE+ =IE+

(
1

Π+
1
− 1

ΠR
1

)
=

R+ I2
E+(

ΠR
1 − R+ IE+

)
ΠR

1
, (31)

.
SE− =IE−

(
1

ΠS
1
− 1

Π−
1

)
=

R− I2
E−(

R− IE− + ΠS
1
)

ΠS
1

. (32)

The results are given in Figure 7 where IE+ and IE− are defined according to the Appendix B.
We can see that the presence of R1 reintroduces a significant symmetry between the two contributions
to the entropy production. Moreover, the question of the importance of the quality of the coupling
on the resource side, by minimizing R+, or to the rejection side, by minimizing R−, is now of
equal importance.

5.3. Internal Dissipation Devices

For internally dissipated devices, the term R2 produces a quadratic dissipation R2 I2
2 . We have

seen before that the presence of R2 never brings any advantage in terms of energy conversion since
it only contributes to lowering the power available at the output of the system. As this dissipation
diffuses into the system, it is itself a source of entropy, as shown in Figure 8. At this stage, it is important
to know how this dissipation occurs. In the case of some thermal systems, an analytical calculation
can be carried out that leads to an equal distribution of this dissipation between the resource and
the sink, i.e., ϕ = 0.5, see Appendix B in accordance with [22]. In other systems, such as muscles
subjected to moderate stress, this dissipation is considered to be completely rejected into the sink
(ϕ = 0) [14]. For some living systems, including homeothermic species, it is likely that a fraction of
this dissipation is partially released, and partially used to maintain the central temperature of the body,
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leading to a value ϕ ≈ 1, depending on outdoor conditions. One example is the case of vaso-dilatation
and vasoconstriction of peripheral vessels, which is a solution for modulating the value of R− and
consequently reject less, or more, heat outside of the body.
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Figure 7. Evaluation of the entropy production with the same configuration as in Figure 4 with
R−1

1 = 0.05, R2 = 0, R+ = R− = 2, ΠS
1 = 1, ΠR

1 = 30. (a) shows ṠE+ and (b) shows ṠE−, both in
function of I2 the current of matter—the same color and line-style code as in Figure 3.
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Figure 8. Plot of the entropy production with the same configuration as in Figure 5 with R−1
1 = 0.05,

R2 = 4, R+ = R− = 2, ΠS
1 = 1, ΠR

1 = 30. (a) shows ṠE+ and (b) shows ṠE−, both in function of I2 the
current of matter—the same color and linestyle code as in Figure 3.

6. Adaptable or Adapted?

The study of the behavior of a generic system composed of a conversion device, and the boundary
conditions to the reservoirs, now allows us to establish several observations. First, the search for the
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best device, in terms of power and efficiency, can be summarized by the search for the largest figure
of merit Fm. However, this result must be modulated by the fact that the value of Fm is determined
by the set of the three parameters R1, R2, and α which, at this stage, do not present any constraints.
In addition, few thermodynamic devices have a single operating point, but are generally expected to
operate over a wide range of uses that principally means large range of I2. In the precedent paragraph,
we concluded that the greater the figure of merit, the smaller the effective operating range becomes.
Indeed, for such a narrow range, the users must then conform quite strictly to that imposed by the
value of the figure of merit of the device. This observation explains quite simply why the consumption
observed by vehicle drivers is always larger than that reported by vehicle manufacturers, since the
actual conditions of use never coincide with the test conditions. Similarly, the measured performance
of equipment in dwellings, as well as the performance of the dwellings themselves, is below the
expected performance during construction. This observation leads to the recommendation that devices
intended to operate over a wide range of uses should not be designed solely on the basis of their
maximum performance in terms of efficiency and power. Beyond this observation, the question arises
of determining, within a system, which of the three parameters R1, R2, and α should be optimized as
a priority. We can first conclude that, unless there are situations where dissipation is explicitly sought,
R2 must be systematically minimized. With regard to R1, we have seen that its choice determines
two categories of systems, depending on whether R1 is zero or not. It must be noticed that R1 = 0
is not possible for living systems because a resting point does exist until the death. In the category
where R1 = 0, the operating range of the system is limited by the feedback effects that introduce
an excess dissipation term R f b. Note that this term can be minimized if the boundary conditions are
as close as possible to Dirichlet conditions. In this situation, the currents of matter I2 and energy
IE may diverge. This situation has been that of our societies since the beginning of the industrial
revolution [12], with coal, followed by an acceleration after the Second World War, due to the rise in
oil consumption. The divergence of matter and energy currents is directly linked to an increase in the
figure of merit, through an increased facilitation of the circulation of matters and energies, which is
produced by a minimization of R2, as well as an increase of α, i.e., technological progress that allows
thermodynamic potentials to be more strongly coupled. A basic illustration of this increase is the
performance of steam machines, which have gradually increased the ratio between outlet pressures and
inlet temperatures [29]. The second category of system concerns the case where R1 
= 0. These systems
are particular in that they consume energy, even in a resting situation. We can include living organisms
and societies, but also machines, when the latter operate in the idle position, with no other power
production than the maintenance of this idle. We have seen that, in this case, there are two categories
of systems depending on whether we favor power production or low consumption at rest. These two
categories are resolutely distinct and it is illusory to think of a system capable of producing a very high
power, while maintaining a very low basic consumption. The choice of R1, i.e., the dissipation at rest,
is also decisive in the dissipation produced by feedback. The issues of minimization or maximization
of efficiency and power are therefore part of a much broader framework than initially thought.

7. Discussion

We proposed a generic thermodynamic system model that allows for considering several
situations of coupling of the energy and matter currents, as well as their conversions. At the local level,
the intrinsic performance of the device that constitutes the core of the system was studied. It appears
that the best intrinsic performance in terms of power and efficiency is obtained for the devices with the
largest figure of merit, without specifying the respective contributions of the conductivities associated
with the transport of energy or matter. However, the sensitivity of these devices to changes in the
reduced current j shows that the intrinsically most efficient devices are also the most constraining
because they require precise control of this reduced current, and therefore of energy and matter currents.
At the scale of a complete system, the coupling to the external environment very strongly modifies the
conclusions compared to the observations made at the local level. It is observed that behavior is mainly
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governed by the boundary conditions that connect the local system to the resource and the waste.
The presence of boundary conditions such as Dirichlet or Neumann leads to a wide variety of behaviors.
The ideal Dirichlet conditions are the only ones that do not lead to any feedback, and consequently
conduct in the absence of limitations for the energy and matter currents. When the boundary conditions
are between Dirichlet and Neumann, many possibilities then arise. The presence or absence of a resting
point for the system strongly influences these possibilities in terms of power, but also in terms of
waste production associated with the completion of a task. The concept of coefficient of energy cost,
COE, is introduced, generalizing the classical COT already established for biological systems. Finally,
it is observed that the internal dissipation produced by the presence of R2 is always detrimental for
both the efficiency and the power. Its only positive contribution is limited to cases where dissipation
and entropy production are explicitly sought, as in the case of homeothermic animals.

Author Contributions: Conceptualization, C.G.; methodology, C.G. and E.H.; software, E.H.; validation, C.G. and
E.H.; formal analysis, C.G.; writing—original draft preparation, C.G.; writing—review and editing, C.G. and E.H.;
visualization, E.H.; supervision, C.G.; project administration, C.G.; funding acquisition, C.G. All authors have
read and agreed to the published version of the manuscript.

Funding: This research was funded by the CNRS grant METABOLOCOT Défi Modélisation du vivant.

Acknowledgments: The authors would like to thank Henni Ouerdane for enlightening discussions.

Conflicts of Interest: The authors declare no conflict of interest.

Appendix A

We consider the set of the four equations of the generic model:

IE− = αΠ−
1 I2 + (1 − ϕ) R2 I2

2 +

(
Π+

1 − Π−
1
)

R1
, (A1)

IE− =
(Π−

1 − ΠS
1 )

R−
, (A2)

IE+ = αΠ+
1 I2 − ϕR2 I2

2 +

(
Π+

1 − Π−
1
)

R1
, (A3)

IE+ =
(ΠR

1 − Π+
1 )

R+
. (A4)

The ϕ term defines the fraction of the waste which is respectively rejected to the source and to
the sink. This is a well known parameter in some thermal engines [22]. In the case of a living system,
ϕ may define the ratio of heat rejected outside of the body and kept inside.

The resolution of the four equations gives(
Π−

1
Π+

1

)
=

1
AD − BC

(
D −B
−C A

)(
ΠS

1 + (1 − ϕ) R−R2 I2

ΠR
1 + ϕR+R2 I2

)
, (A5)

with

A = 1 − αR− I +
R−
R1

,

B = −R−
R1

,

C = −R+

R1
,

D = αR+ I +
R+

R1
+ 1.
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Appendix B

In the case of a system without dissipation, R2=0, the general equations become

IE− = αΠ−
1 I2 +

Π+
1 − Π−

1
R1

, (A6)

Π−
1 = R− IE− + ΠS

1 , (A7)

IE+ = αΠ+
1 I2 +

Π+
1 − Π−

1
R1

, (A8)

Π+
1 = ΠR

1 − R+ IE+, (A9)

which leads to

IE+ =
αI2

R1
R+

ΠS
1 +

ΔΠ1
R+

+ αAI2
R1
R− ΠR

1 + A ΔΠ1
R−

1 + AB
, (A10)

IE− =
αI2

R1
R− ΠR

1 + ΔΠ1
R− − αBI2

R1
R+

ΠS
1 − B ΔΠ1

R+

1 + AB
, (A11)

with

A =

(
αI2R1

R−
R+

− R1

R+
− R−

R+

)
,

B =

(
αI2R1

R+

R−
+

R+

R−
+

R1

R−

)
.
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