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Preface to “Current Trends in Symmetric Polynomials
with Their Applications II”

The special numbers and polynomials play an extremely important role in various applications
in such diverse areas as mathemaics, probability and statistics, mathematical physics, and
engineering. Due to their powerful expressions, the combinations of special numbers and
polynomials can be seen almost ubiquitously as the solutions of differential equations in the diverse
fields by orthogonality condition, generating functions, recurrence relations, bosonic and fermionic
p-adic integrals and etc.

Further, their importance can be also found in the developments of classical analysis, number
theory, mathematical analysis, mathematical physics, symmetric functions, combinatorics, and other
parts of the natural sciences.

In many years, a great amount of effort has been paid by many researchers to find new
representations of families of special functions and polynomials with its practical applications.

This special issue will be contributed to the fields of special functions and orthogonal

polynomials (or g-special functions and orthogonal polynomials) along the modern trends.

Taekyun Kim
Editor
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Abstract: Recently, Kim-Kim (2019) introduced polyexponential and unipoly functions. By using
these functions, they defined type 2 poly-Bernoulli and type 2 unipoly-Bernoulli polynomials and
obtained some interesting properties of them. Motivated by the latter, in this paper, we construct the
poly-Genocchi polynomials and derive various properties of them. Furthermore, we define unipoly
Genocchi polynomials attached to an arithmetic function and investigate some identities of them.

Keywords: polylogarithm functions; poly-Genocchi polynomials; unipoly functions; unipoly
Genocchi polynomials

MSC: 11B83; 11580

1. Introduction

The study of the generalized versions of Bernoulli and Euler polynomials and numbers was
carried out in [1,2]. In recent years, various special polynomials and numbers regained the interest of
mathematicians and quite a few results have been discovered. They include the Stirling numbers of the
first and the second kind, central factorial numbers of the second kind, Bernoulli numbers of the second
kind, Bernstein polynomials, Bell numbers and polynomials, central Bell numbers and polynomials,
degenerate complete Bell polynomials and numbers, Cauchy numbers, and others (see [3-8] and the
references therein). We mention that the study of a generalized version of the special polynomials
and numbers can be done also for the transcendental functions like hypergeometric ones. For this,
we let the reader refer to the papers [3,5,6,8,9]. The poly-Bernoulli numbers are defined by means of
the polylogarithm functions and represent the usual Bernoulli numbers (more precisely, the values of
Bernoulli polynomials at 1) when k = 1. At the same time, the degenerate poly-Bernoulli polynomials
are defined by using the polyexponential functions (see [8]) and they are reduced to the degenerate
Bernoulli polynomials if k = 1. The polyexponential functions were first studied by Hardy [10] and
reconsidered by Kim [6,9,11,12] in view of an inverse to the polylogarithm functions which were
studied by Zagier [13], Lewin [14], and Jaonquiére [15]. In 1997, Kaneko [16] introduced poly-Bernoulli
numbers which are defined by the polylogaritm function.

Recently, Kim-Kim introduced polyexponential and unipoly functions [9]. By using these
functions, they defined type 2 poly-Bernoulli and type 2 unipoly-Bernoulli polynomials and obtained
several interesting properties of them.

In this paper, we consider poly-Genocchi polynomials which are derived from polyexponential
functions. Similarly motivated, in the final section, we define unipoly Genocchi polynomials attached
to an arithmetic function and investigate some identities for them. In addition, we give explicit
expressions and identities involving those polynomials.

Symmetry 2020, 12, 1007; doi:10.3390/sym12061007 1 www.mdpi.com/journal /symmetry
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It is well known, the Bernoulli polynomials of order « are defined by their generating function
as follows (see [1-3,17,18]):

t \* & t"
<€t — 1) et = Z Bgl“)(x)m, . (€]

We note that for « = 1, B,(x) = Bﬁll) (x) are the ordinary Bernoulli polynomials. When x = 0,
B% = Bg(0) are called the Bernoulli numbers of order a. The Genocchi polynomials G,(x) are
defined by (see [19-24]).
2 VI
711 Z Gu(x) )

When x = 0, G, = G,(0) are called the Genocchi numbers.
As is well-known, the Euler polynomials are defined by the generating function to be (see [1,4]).

2 4 v t"
me = Z En(x)ar 3

n=0

For n > 0, the Stirling numbers of the first kind are defined by (see [5,7,25]),
n
() =Y S1(n, 1), @)

where (x)g =1, (x)y =x(x—1)...(x —=n+1), (n > 1). From (4), it is easy to see that
l 1 k B o0 k tﬂ
L(log(1+ 1) = Y- Si(m k) ®

n=k

In the inverse expression to (4), for n > 0, the Stirling numbers of the second kind are defined by

x" =

™=

Sa(n,1)(x);. (6)

1=0

From (6), it is easy to see that
1 (e' - 1 2 Sy(n, k — 7)
k! 2( '
2. The Poly-Genocchi Polynomials
For k € Z, by (2) and (14), we define the poly-Genocchi polynomials which are given by

2¢; (1 1 > n
ek( jtg_f_ ]+ t))ext _ Z G(k)(x)t (8)

When x =0, G,(p = G,(zk) (0) are called the poly-Genocchi numbers. From (8), we see that
GV (x) = Gu(x), (n e NU{0}) )

are the ordinary Genocchi polynomials. From (2), (4) and (8) , we observe that
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Therefore, by (10), we obtain the following theorem.

[
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Theorem 1. Fork € Z and n € NU {0}, we have

7ii<n> 1 Sil+1,m+1)
T E 2\ (mr kT I+1 =k

Corollary 1. For n € NU {0}, we have

b\ Si(14+1,m+1
Gf):Gn:ZZ(Z) 1( L )Gn,;,

Moreover,

n 1
S1(I+1,m+1
E E < >1?1)an] :0/ (1’1 GN)
=1 m=0

Kim-Kim ([9]) defined the polyexponential function by (see [6,9-12,26]).
ex(x) = n; (B

In [18], it is well known that for k > 2,

d 1
%ek(x) = ;ek,l(x).

Thus, by (15), for k > 2, we get

t t
o e
0 kfl

(k 2)times

(10)

1)

12)

(13)

(14)

(15)

(16)
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From (16), we obtain the following equation.

®x"
Y Gn )

ex(log(1+x))

2 x 1
e"+1/() (1+t)log(1+1t)
2 x 1
7ex+1/o (14+t)log(1+1t)

2
e¥+1

ei1(log (1 + 1))dt

ot ot
/ 1%/ o2 i1 dt, by o---dty, (k> 2).

0 (1 + i’2) log(l + tz)

(k—2)times

0 (IT4tr_q)log(1+tx_q)

Let us take k = 2. Then, by (2) and (16), we get

) (2)ﬁ_ 2 /x t
LG w1k Grobgasn®

(1)
= —_ tdt
eX 41 I;) It Jo

Therefore, by (18), we obtain the following theorem.

Theorem 2. Let n € NU {0}, we have

17)

(18)

(19)
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From (3) and (16), we also get

00 n
y i = f dt
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Therefore, by (20), we obtain the following theorem.

Theorem 3. Let n > 1, we have

" n _
o =y (1) B e
=1
From (8), we observe that
o ~(0) T 2e(log(1+1) o
ZG" (x)af 1 P

n=0

(3 (M g® )
=Y (X <l>G”71x o (22)
From (22), we obtain the following theorem.

Theorem 4. Let n € N, we have

M =Y (’;) G . (23)



Symmetry 2020, 12, 1007

From (23), we observe that

d
dx

M:

-5 (1)e
(z >,f,, (1+1)x!

n! (k)
(l +D)l(n—1-1)! Gnla

I
:N = T
I [
L& _

(I+1)x!

= =)
= Y i 1 1O
=nG¥ (x). 4)

From (24), we obtain the following theorem.

Theorem 5. Let n € NU {0} and k € Z, we have
260 (x) = nGW, (x). (25)

3. The Unipoly Genocchi Polynomials and Numbers

Let p be any arithmetic function which is real or complex valued function defined on the set of
positive integers N. Then, Kim-Kim ([9]) defined the unipoly function attached to polynomials by

= p(n)x"
u(xlp) = 3 B 2 , (kez). 26)
n=1 n
It is well known that
ur(x|1) = Z = Lip(x (27)

is the ordinary polylogarithm function, and for k > 2,

d 1

Teik(xlp) = Juea(xlp), (28)
and

el = [ /0 [ it ai 29)

(k— Z)tfmes

By using (26), we define the unipoly Genocchi polynomials as follows:
2 ad k t”

Ll r(log(1+1)|p)e =Y G . (30)

n=0
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Let us take p(n) = (n—ll)!’ Then we have
.- k) ¢ — 1 xt
Y;)an( )n' Tl (log(l +1) =1 e
_ 2 i (log(1+ )"
et +1 = mk(m—1)!
_ 2(log(1 4 1)
et+1
el n
=X 6P L (31)

Thus, by (31), we have the following theorem.

Theorem 6. If we take p(n) = ﬁfor n € NU{0} and k € Z, then we have

G (x) = 6 (x).

(32)
From (4) and (30) with x = 0, we have
;Gﬁ’fﬁ%
. etil i Pr(n":) (log(1 + 1))
o i
ef+1mzop m(—;ll(ﬁ:_l)!l %151 " m+1)l
1
- Z : mfnli(in)ﬂ szsl (1, ’”“)(zi)z
1
: (icf;) £ <z Tt
E(EL 0 s s

Therefore, by comparing the coefficients on both sides of (33), we obtain the following theorem

Remark 1. Let n € Nand k € Z. Then, we have

Gn’f;); _ i le <7> pm+1)(m+1)!1S (I +1,m+1)

G- 34
== (m+l)k T+1 n—I ( )
In particular,

!
k) _ 1 (1’1) Gn—l S](l+1,m+1)
G = 35
n,(n,ll), E)ngo 1) (m+ 1)kt I+1 (35)

arrives at (11).

From (30), we easily obtain the following theorem.
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Theorem 7. Let n € NU {0} and k € Z. Then, we have

n
Z < > n— lp : (36)
From (36), we easily obtain the following theorem.
Theorem 8. Let n € NU {0} and k € Z. Then, we have
460 ) = n6® (x) 37)
dx P e

Finally, by (4) and (30), we observe that

+
_ 2+1 i pm+1}2 Eerl)!(1 (14 1)mH

et = (m+ 1)k (m+1)
e 2 pm+1)(m+1) &

=Y Ej— e Si(1, m+1)
];J !n;o (m+1)k ;ﬂ I

0 o | l+1
_ e p(m+1)(m+1)!
_];)E]]'!g";o—(erl) Zsll+1 m+1)(l+1)

© (& Lo\ pm+1)(m+ 118 (14+1,m+1) t"
= 2 Z 2 [ Ev1] —- (38)
=0 \[=om=0 \! (m+1) I+1 n!
From (37) , we obtain the following theorem.
Theorem 9. Let n € Nand k € 7, we have
i
*) v n\ pm+1)(m+D!S(I+1,m+1)
Gup = E, . 39
" 1;];0() (m -+ 1F e )

4. Conclusions

In 2019, Kim-Kim considered the polyexponential functions and poly-Bernoulli polynomials.
In the same view as these functions and polynomials, we defined the poly-Genocchi polynomials
(Equation (8)) and obtained some identities (Theorem 1 and Corollary 1). In particular, we observed
explicit poly-Genocchi numbers for k = 2 (Theorems 2, 3 and 4). Furthermore, by using the unipoly
functions, we defined the unipoly Genocchi polynomials (Equation (30)) and obtained some their
properties (Theorems 6 and 7). Finally, we obtained the derivative of the unipoly Genocchi polynomials
(Theorem 8) and gave the identity indicating the relationship of unipoly Genocchi polynomials and
Euler polynomials (Theorem 9). It is recommended that our readers look at references [27-31] if they
want to know the applications related to this paper.
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Abstract: A family F is an intersecting family if any two members have a nonempty intersection.
Erdds, Ko, and Rado showed that | F| < (Zj) holds for a k-uniform intersecting family J of subsets
of [n]. The Erdés-Ko-Rado theorem for non-uniform intersecting families of subsets of [n] of size
at most k can be easily proved by applying the above result to each uniform subfamily of a given
family. It establishes that [F| < (}7]) + (}73) + - + (", ") holds for non-uniform intersecting
families of subsets of [n] of size at most k. In this paper, we prove that the same upper bound of
the Erdés-Ko-Rado Theorem for k-uniform intersecting families of subsets of [#] holds also in the
non-uniform family of subsets of [n] of size at least k and at most n — k with one more additional
intersection condition. Our proof is based on the method of linearly independent polynomials.

Keywords: Erd6s-Ko-Rado theorem; intersecting families; polynomial method

1. Introduction

Let [n] be the set {1,2, - - - ,n}. A family F of subsets of [n] is intersecting if F N F' is non-empty for
all F,F’ € F. A family F of subsets of [n] is t-intersecting if |[F N F'| > t holds for any F, F’ € F. A family
F is k-uniform if it is a collection of k-subsets of [n]. In 1961, Erd6s, Ko, and Rado [1] were interested
in obtaining an upper bound on the maximum size that an intersecting k-uniform family can have and
proved the following theorem which bounds the cardinality of an intersecting k-uniform family.

Theorem 1 (Erdés-Ko-Rado Theorem [1]). Ifn > 2k and F is an intersecting k-uniform family of subsets of
[n], then
n—1
< .
7l = <k - 1)

Erd6s-Ko-Rado Theorem is an important result of extremal set theory and has been an inspiration
for various generalizations by many authors for over 50 years. Erdés, Ko, and Rado [1] also proved
that there exists an integer 19 (k, t) such that if n > ng(k, t), then the maximum size of a t-intersecting
k-uniform family of subsets of [n] is (}Z:f ). The following generalization of the Erd6s-Ko-Rado Theorem
was proved by Frankl [2] for t > 15, and was completed by Wilson [3] for all . It establishes that the
generalized EKR theorem is true if n > (k —t +1)(t +1).

Theorem 2 (Generalized Erd6s-Ko-Rado Theorem [23]). If n > (k—t+ 1)(t+ 1) and F is a
t-intersecting k-uniform family of subsets of [n], then we have

n—t
|]-‘|§(k7t>,

Symmetry 2020, 12, 640; doi:10.3390/sym12040640 11 www.mdpi.com/journal /symmetry
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The Erd6s-Ko-Rado Theorem can be restated as follows.
Theorem 3 (Erd6s-Ko-Rado Theorem [1]). If F is a family of subsets F; of [n] with |F;| = kand |F;| < n —k
that satisfies the following two conditions, for i # j

(a) 1§|FiﬂFj‘§k—1
) 1<|FNF|<k-1

then we have

n—1
\f\g(k_l).

The following EKR-type theorem for non-uniform intersecting families of subsets of [1] of size at most
k can be easily proved by applying Theorem 3 to each uniform subfamily of the given non-uniform family.

2. Results

Theorem 4. If F is a family of subsets F; of [n], with |F;| < k and n > 2k, that satisfies the following two
conditions, for i # j

() 1<|FNE|<k-1

then we have . . .
n— n— n—
< . ]
=)+ (122) o (o)
In 2014, Alon, Aydinian, and Huang [4] gave the following strengthening of the bounded rank
Erdés-Ko-Rado theorem by obtaining the same upper bound under a weaker condition as follows.

Theorem 5 (Alon, Aydinian, and Huang [4]). Let F be a family of subsets of [n] of size at most k, 1 < k <
n — 1. Suppose that for every two subsets A,B € F,if AN B = @, then |A| + |B| < k. Then we have

n—1 n—1 n—1
|F] < <k_1> + <k_2>+--~+< 0 )

Since the bound (§~1) + (173) + - -+ + (") is much larger than (} ), this leads to the following
interesting question: when is it possible to get the same bound as in the Erd6s-Ko-Rado theorem for
uniform intersecting families for the non-uniform intersecting families? We answer this question in
the main result of this paper, where we prove that the same upper bound of the EKR Theorem for
k-uniform intersecting families of subsets of [n] also holds in the non-uniform family of subsets of [#]
of size at least k and at most n — k with one more additional intersection condition, as follows.

Theorem 6. If F is a family of subsets F; of [n] with k < |F;| < n — k that satisfies the following three
conditions, for i # j

@ 1<|FENFl<k-1
(b)) 1<|ENF<k-—1
(© 1<|FFNE|<k-1

then we have 1
n—
< .
A< (3
Please note that if we remove the third condition in Theorem 6, we get the same bound of the

Erdés-Ko-Rado theorem for k-uniform intersecting families under the same condition for subsets of [#]
that are of size at least k and at most n — k.

12
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Erd6s-Ko-Rado Theorem is a seminal result in extremal combinatorics and has been proved by
various methods (see a survey in [5]). There have been many results that have generalized EKR in
various ways over the decades. The aim of this paper is to give a generalization of the EKR Theorem
to non-uniform families with some extra conditions. Our proof is based on the method of linearly
independent multilinear polynomials.

Our paper is organized as follows. In Section 3, we will introduce our main tool, the method of
linearly independent multilinear polynomials. In Section 4, we will give the proof of our main result,
Theorem 6.

3. Polynomial Method

The method of linearly independent polynomials is one of the most powerful methods for
counting the number of sets in various combinatorial settings. In this method, we correspond
multilinear polynomials to the sets and then prove that these polynomials are linearly independent in
some space. In 1975, Ray-Chaudhuri and Wilson [6] obtained the following result by using the method
of linearly independent polynomials.

Theorem 7 (Ray-Chaudhuri and Wilson [6]). Let I3, 1, -+ ,1s < n be nonnegative integers. If F is a
k-uniform family of subsets of [n] such that |ANB| € L = {l3,Ip,- -+ ,1s} holds for every pair of distinct
subsets A, B € F, then | F| < (%) holds.

In 1981, Frankl and Wilson [7] obtained the following nonuniform version of the
Ray-Chaudhuri-Wilson Theorem using the polynomial method. Their proof is given underneath.

Theorem 8 (Frankl and Wilson [7]). Let I1,1,--- ,1s < n be nonnegative integers. If F is a family of
subsets of [n] such that |ANB| € L = {Iy,1,---, 15} holds for every pair of distinct subsets A,B € F,
then | F| < Y_o (}) holds.

Proof. Let x be the n-tuple of variables xy, x, - - - , x,;, where x; takes the values only 0 and 1. Then all
the polynomials we will work with have the relation xi2 = x; in their domain. Let F;, F,, - - - , F,;, be the
distinct sets in F, listed in non-decreasing order according to their sizes. We define the characteristic
vector v; = (v;, i, -+ - ,vj,) of F; such that v, =1 if j € F and v, =0 if j ¢ F;. We consider the

following multilinear polynomial
fit)="TI (wi-x-1)
leL, I<|F|
where x = (x1,x2, -+, Xn).
Then we obtain that f;(v;) # 0 and fi(v;) = 0 for j < i. As the vectors v; are 0 — 1 vectors,
we have an another multilinear polynomial g;(x) such that f;(x) = g;(x) holds for all x € {0,1}"
by substituting x; for the powers of x;, where k = 1,2,---,n. Then it is easy to see that the

polynomials gi,82,- - ,gm are linearly independent over R. Since the dimension of n-variable
multilinear polynomials of degree at most s is Y;_, (}), we have

F< 1 (i)

finishing the proof of Theorem 8. [

In the same paper, Frankl and Wilson [7] obtained the following modular version of Theorem 7.
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Theorem 9 (Frankl and Wilson [7]). If F is a family of subsets of [n] such that |[ANB| =1 € L (mod p)
holds for every pair of distinct subsets A, B € F, then | F| < ("Z‘) holds.

In 1983, Deza, Frankl and Singhi [8] obtained the following modular version of Theorem 8.

Theorem 10 (Deza, Frankl and Singhi [8]). If F is a family of subsets of [n] such that |ANB| =1 € L (mod p)
|L]

holds for every pair of distinct subsets A, B € JF and |A| # I (mod p) for every A € F, then | F| < ¥, () holds.

In 1991, Alon, Babai, and Suzuki [9] gave another modular version of Theorem 8 by replacing the
condition of nonuniformity with the condition that the members of F have r different sizes as follows.
Their proof was also based on the polynomial method.

Theorem 11 (Alon-Babai-Suzuki [9]). Let K = {ky,ka,--- ,k;} and L = {l1,15,- -+ ,1s} be two disjoint
subsetsof {0,1,- -, p — 1}, where p is a prime, and let F be a family of subsets of [n] whose sizes modulo p are in
the set K, and | AN B| (mod p) € L holds for every distinct two subsets A, B in F, then the largest size of such a
family Fis (%) + (") + - -+ (,_,) under the conditions r(s —r +1) < p —land n > s + maxy<j<, k;.

In the same paper, Alon, Babai, and Suzuki [9] also conjectured that the statement of Theorem 11
remains true if the condition (s —r +1) < p —1is dropped. Recently Hwang and Kim [10] proved this
conjecture of Alon, Babai and Suzuki (1991), using the method of linearly independent polynomials.
This result is as follows.

Theorem 12 (Hwang and Kim [10]). Let K = {ky, ko, - ,k;} and L = {l3,1,- - ,Is} be two disjoint
subsets of {0,1,- -+, p — 1}, where p is a prime, and let F be a family of subsets of [n] whose sizes modulo p are
in the set K, and |A N B| (mod p) € L for every distinct two subsets A, B in F, then the largest size of such a
family Fis (3) 4+ (") + - - - + (,_r. ) under the only condition that n > s + max; <j<, k.

The method of linearly independent polynomials has also been used to prove many intersection
theorems about set families by Blokhuis [11], Chen and Liu [12], Furedi, Hwang, and Weichsel [13],
Liu and Yang [14], Qian and Ray-Chaudhuri [15], Ramanan [16], Snevily [17,18], Wang, Wei,
and Ge [19], and others.

4. Proof of the Main Result

In this section, we prove Theorem 6. As we have mentioned before, our proof is based on the
polynomial method. Let x be the n-tuple of variables x1,x3, - - - , x;, where x; takes the values only 0

and 1. Then all the polynomials we will work with have the relation xf = x; in their domain.

Proof of Theorem 6. The result is immediate if [F| = 1. Suppose |F| > 1. Let F,F, -, Fs be
the distinct sets in F, listed in non-decreasing order of size. We define the characteristic vector
v = (Uil,Uiz,- . ,Uin) of F; such that Uij =1 lf] € F;and Z)ij =0 lf] ¢ F.

We consider the following family of multilinear polynomials

k-1
filx) = _1_{(01' )
i

where x = (x1, X2, -+, Xn).

Since |Fi| < |F|, there exists some p € F, such that p & Fi. Let G = {Gy,Gy, - -, Gg} be the
family of subsets of [n] with the size at most k — 2, which is listed in non-decreasing order of size,
and not containing p. Next, we consider the second family of multilinear polynomials

8i(x) = (xp —1) [ [

JEGi

14
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where1 <i < g.Let” = {Hy,Hy, -, Hy} be the family of subsets of [n] with the size at most k — 1,
which is listed in non-decreasing order of size, and containing p. Then, we consider our third and last
family of multilinear polynomials

|H;|—
H;|-1 . T8 (w0 )
i) = T2 @ v =)= T, gy Tt (0 5= ))

1
P o)

71@
IT;= (or-o1=j)

- Zl:peF, H] 1 (UZ - ])

where w; is the characteristic vector of H;.
We claim that the functions f;(x), g;(x), and h;(x) taken together are linearly independent.
Assume that

h
E a;fi(x +Zﬁg1 )+ Y yihi(x) =0 (1)
i=1

We substitute the characteristic vector vs of F; containing p into Equation (1). Because of the
(xp — 1) factor, we have
gi(vs) =0 forall 1<i<g.

Let vf be the characteristic vector of Ff. Next, let us consider h;(vs) :

\H\ 1
Hi|-1 ITi—y  (wivj—j)
hi(vs) :H} 07 (wi 05— ) — Tipgr, 71—1}( T T2t (0 -0 = )
\H\ 1
1_[ (101 Ul ] .
- ):I:peF, ﬁko Toro—)) H ( Vs — ).

Since 1 < |FNFE| < k—1, we have H}‘:—%(v/ -vs — j) = 0 except when s = [. Since |F;| > k for all
i, we have
|H;| |Hj|=1
H 0 (w;v1—) 1L 0 (w;-v5—])
_Zl:pEFI WH] 1(7]1 vs—j) = WH] 1(”5 vs — J)
— [Hi| -1
= i (w; - vs — ).
Since 1 < |[FfNF| < k—1 fors # I, we have H;‘;ll(vf ‘s — ) = ]_[;‘;1](\1—"15 NFE|—j) =0.
Thus, we have
[H;| -1 |H;| -1

hi(vs) = (wi-vs—j) — (wj-vs—j)=0 for all 1<i<h.
j j=0

Il
o

Finally, we consider f;(vs). Since fs(vs) # 0and 1 < |[FNE| < k—1fori # s, we getag = 0
whenever p € F;.
Next, we substitute the characteristic vector v§ of F{ into Equation (1), where p ¢ F;. Because of
the (x, — 1) factor, we have
gi(v§) =0 forall 1<i<g.

Next, let us consider h;(v5). Since 1 < |Ff NF{| < k —1, we have ]_[;.‘;ll(vf -v5 —j) = 0 except
when s = [. Since n — |Fj| > k, we have

HlH‘ 1(w, vlf] ) k=1 [Hi|-1
- [TG@f-os—j) =~ ] (wi-o5—))
1:pZF, I_I] (@5 v =) =1 =0

15
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Since 1 < |F NF| < k—1fors # I, we have [T} (v, - 0§ — j) = [T/ (|F N Ef| - j) = 0. Thus,

we have
‘Hi‘*l ‘Hz‘ 1

hi(v5) = (w; - v )=0 forall 1<i<h.
j=0 ]:0
Finally we consider f;(v5). Since 1 < |F; N F{| < k — 1, by the hypothesis f;(v5) is also 0 except for
fs(05). Since f5(v5) # 0, we get a5 = 0 whenever p ¢ F;.
So Equation (1) is reduced to :

8 h
;ﬁigi(x) + gfy,vhi(x) =0 @

Next, we substitute the characteristic vector ws of H, in order of increasing size into Equation (2).
Now we note that p € Hs. Because of the (x, — 1) factor, we have g;(ws) = O forall1 < i < g.
Since the size of H; is at most k — 1 for all i, we have 1 < |Ff N Hs| < k —1 for p € Ff. Thus, the
factor ]_[] 1 (UZ ws — j) is 0. Similarly, the factor T<= -1 Loy -ws — j) is 0 for p € F. Thus, we have

hi(ws) = H}ZO‘ l(wl -ws — j). Since his(ws) # 0, and h;(ws) = 0 for i > s, we have Y1, y;hi(ws) =

Yy vihi(ws).

Recall that we substitute the vector w; in order of increasing size. When we first plug w; into
Equation (2), we have 151 (w1) = 0, and thus 7 = 0. Next, we plug w; into (2) after dropping y1h1 (w7)
term from (2). Then we have 25 (w;) = 0, and thus 7, = 0. Similarly, we have ; = 0 for all i.

Thus, Equation (1) becomes

Y Bigi(x) = 0. )

Next, we substitute the characteristic vector ys of G in order of increasing size into Equation (3).
Thus, we have

8i(ys) = (s, — H Ys; = Hysj for al 1<i<g.
jeG; j€G;

Recall that we substitute the vector s in order of increasing size. Please note that g;(0) is the empty
product, which is taken to be 1. When we first plug y; into Equation (3), we have g1 (y1) # 0 and
gi(y1) = 0foralli > 1, and thus B; = 0. Next, we plug y, into (3) after dropping p1g1(x) term from (3).
Then we have g (y2) # 0 and g;(y2) = 0 for all i > 2, and thus B, = 0. Similarly, we have f; = 0 for all
i.

This concludes that all the polynomials f;(x), g;(x), and h;(x) are linearly independent. We found
|F|+ |G| + |H| linearly independent polynomials. All these polynomials are of degree less than or
equal to k — 1. The space of these multilinear polynomials has dimension Zf;(} (). We have

k-1 n
F+1gl+ < ¥ (7):
i=0

Since |G| = Y52 (";Y) and [H| = T2 ("), we have |F| + 2552 (")) < ©F) (). This

1
gives us
n—1
<
s (i)

finishing the proof of Theorem 6. [

5. Conclusions

We have answered the following question: when is it possible to get the same bound of the
Erd6s-Ko-Rado theorem for uniform intersecting families in the non-uniform intersecting families?
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Since the EKR-type bound for the non-uniform family of subsets of [n], whichis (} 1) + (} ) + - +
("61), is much larger than (Qj), this question is interesting and deserves further study.

Please note that if we can delete the condition (c¢) in Theorem 6, we can get the same bound of the
Erd6s-Ko-Rado theorem for k-uniform intersecting families under the same condition for non-uniform
intersecting families of size at least k and at most n — k. Another intriguing question motivated by our
result is the problem of getting the same bound of Theorem 6 without the condition (c) or finding a
better bound for the non-uniform intersecting families than the previous results by the others.
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Abstract: Recently, the parametric kind of some well known polynomials have been presented by
many authors. In a sequel of such type of works, in this paper, we introduce the two parametric
kinds of degenerate poly-Bernoulli and poly-Genocchi polynomials. Some analytical properties of
these parametric polynomials are also derived in a systematic manner. We will be able to find some
identities of symmetry for those polynomials and numbers.
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1. Introduction

Special functions, polynomials and numbers play a prominent role in the study of many areas
of mathematics, physics and engineering. In particular, the Appell polynomials and numbers are
frequently used in the development of pure and applied mathematics related to functional equations
in differential equations, approximation theories, interpolation problems, summation methods,
quadrature rules and their multidimensional extensions (see [1] ).The sequence of Appell polynomials
Aj(z) can be signified as follows:

d

TA(2) = Aia(), Ao(z) £0,2=n+iEEC, jEN, M

or equivalently

= j
A(z)e? = ZA]»(W)%, 2
& !

where
2

A(z) = Ag+ A1 = + Ay

2
[ A b A A2 0,

is a formal power series with coefficients A j known as Appell numbers.

The well known degenerate exponential function is defined by (see [2])

ehz)=(1+p2)t,  eulz) = eh(2), (1 € R). ©
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In 1956 and 1979, Carlitz [3,4] introduced and investigated the following degenerate Bernoulli and
Euler polynomials:

z z 1 > z°
e 1@ = ()t = LA, 4)
etz (14 pz)r —1 s=0 s
and .
2 I 2 1 ad z
———eu(z) = ———F— A +pz)r =) &) - ©)
ep(z) +1°" (1+yz)%fl sg(:) ’ s!
Note that

lim Bs(; 1) = Bs(y),  lim &(n; ) = Es(17),
u—>0 u—>~0
where B;(17) and E, () are the classical Bernoulli and Euler polynomials (see [5,6]).

Lim [7] introduced the degenerate Genocchi polynomials G;p) (1; u) of order p by means of the
undermentioned generating function:

p .
2z P i 2z 7 0 ( ) i
NI = —1] @ =Y G (), .
<€;1(Z) +1> 6;4(2) ((] +;lz)}l7 - 1) ( +]/lz); ];) di (77 ]’l) ]| (6)
so that ,
] o
6" = & (1) e (1) .
5=0 M j—s

From Equation (6), we note that

. P
i S G Z i 2z 1
lim Y G"(pu)==lim [ ——— | (1+puz)¥
y—)OS;O J v u—o0 (1+ ,’I/tz)fl‘ 1

2z P z - (p) Zj
:<€z+1> el :ZG]' (1)

=0 !

where G(p)(

i 1) are the generalized Genocchi polynomials of order p (see [8-11]).

The degenerate poly-Bernoulli and poly-Genocchi polynomials are defined by (see [12-14])

Lig(1— e~ Lig(1— e~ P s
W20 gy = B (4 gt = Y B0 ()%, (ke ), ®
EV(Z) (I+puz)r -1 5=0 s:

and

2Liy(1—e7%) 4 2Lig(1—e7?) VIR z

eu(z) = (I+pz)i =) G (n;n)—, (k € Z). ©
eu(z) +1 (1+yz)%+1 ng ’ s!

Here, we note that (see [5,15]).

im B® (1 ) = B® im G ;1) = g0
Jim B (1) = Bs™ (), lim G (3 e) = Gs™ (),
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The Stirling numbers of the first kind are given by (see, [16-18])
S
(@)s=a(a—1)--(a—s+1) =Y sV(s k), (k> 0), (10)
k=0
and the Stirling numbers of the second kind are defined by (see [19,20])
S
2 =Y S (ks)(a)y (11)
k=0
The degenerate Stirling numbers of the of the second kind are defined by (see [10,21,22])
) tk

%(Eﬂ(t) “1f = Y 5P (k)1 (k> 0). (12)
. L .

Note that lim,, 0 S\ (k,s) = S@(k,s), (s,k > 0).

In the year (2017, 2018), Jamei et al. [23,24] introduced the two parametric kinds of exponential
functions as follows (see also [6,23-25]):

Zk

1% cos ¢z = Z Ce(y, ¢ k" (13)
k=0
and L
. > z
% sin §z = Igsk(ﬂ, @’)ﬁ, (14)
where
(5] i
=Y (5 i, (15)
=0\ 4
and
enl "
Vi k21 2j+1
Sk(1,) = Z<2j+1>(1)’7 ¢ (16)
Recently, Kim et al. [2] introduced the following degenerate type parametric exponential functions:
ef(z) cosﬂ Z Crop (11, t;’ L 17)
and
e},(z smy Z S, 8 k" (18)
where .
2l ;
Cw(ﬂr‘:) = Z < ) (*1)kﬂq72k§2ksl(quk)(’?)rfq,yr (19)
k=0g=2k \ 1
and )
=] r
Seu(m €)=Y ) < > (—1)f =212 (g, 2k + 1) (1) r—g - (20)
k=0 q=2k+

Motivated by the importance and potential applications in certain problems in number theory,
combinatorics, classical and numerical analysis and physics, several families of degenerate Bernoulli
and Euler polynomials and degenerate versions of special polynomials have been recently studied
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by many authors, (see [3-5,11-13,16]). Recently, Kim and Kim [2] have introduced the degenerate
Bernoulli and degenerate Euler polynomials of a complex variable. By separating the real and
imaginary parts, they introduced the parametric kinds of these degenerate polynomials.

The main object of this article is to present the parametric kinds of degenerate poly-Bernoulli and
poly-Genocchi polynomials in terms of the degenerate type parametric exponential functions. We also
investigate some fundamental properties of our introduced parametric polynomials.

2. Parametric Kinds of the Degenerate Poly-Bernoulli Polynomials

In this section, we define the two parametric kinds of degenerate poly-Bernoulli polynomials
by means of the two special generating functions involving the degenerate exponential as well as
trigonometric functions.

It is well known that (see [2])

1)z — 7612 — o117 (cos ¢z 4 i sin ¢z), (21)

The degenerate trigonometric functions are defined by (see [19])

el (z) +e;'(z ei,z —e,l(z
cosyz = M, sin, z = % (22)
Note that, we have
lim cosy, z = cosz, limsin,z = sinz.
u—0 u—0
In view of Equation (8), we have
Lix(1—e7%) yrie y _ §= g0, 1 iy 2
Teum) -1 (z) = ;}) B, (n+ lé‘)].j, (23)
and ( 2 ;
Lig(1—e7%) yoic, . _ o k) o ?
en(z) -1 e (z) = /;J B]-’H (n—1i¢) i (24)
From Equations (23) and (24), we note that
(
Lip(1—e7%) , : o (f7+l§)+B (- i¢)
el (z) cosi(z) = z, (25)
en(z) — 1 u(2) cosi(2) Jg 2 ]!
and 50
Lig(l—e2) . e & (B (n+id)— - o)
sz#(z) sing (z) = ]g 5 ]7 (26)

Definition 1. The degenerate cosine-poly-Bernoulli polynomials B,(,}f;f ) (n,¢) and degenerate sine-poly-Bernoulli

polynomials B}(,k]f ) (1, ) for nonnegative integer p are defined, respectively, by

Liy(1—¢77) el >
— cos B! (27)
en(z) — 1 en(2) cosy(z pZO ml
and ( )
Lig(1—e* el(z & ( ZP
— sm By, —. (28)
eu(z) =1 eu n(z ;720

For n = ¢ = 0in Equations (27) and (28), we get
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B (0,0) = B, B (0,0) = 0, (p > 0).

Note that limy, 0 By (17,8) = By (1,8), lim, o By (1,6) = By*(

1,8), (p > 0), where
(n,&) and B;,k’s) (17, &) are the new type of poly-Bernoulli polynomials.

Based on Equations (25)—(28), we determine

; B (g +i¢) + BX)(y —i
Bt oy g) = eIV Bra ), 9)

and

B9, ) — Do 18) ~ Bpan = i0)

Pt F . (30)

Theorem 1. Let k € Zand j > 0. Then

€]

and

j .
= 20 < ; > B]@,H,(’Y - ig)q,;t- (32)
pa

L= e
= j! eu(z) —1

AN PR
J=0 \q=

Similarly, we find

Lig(1—e7?) 4

i o ) o ) 24
men (Z)Gﬂé(z) = (Z BJ(I;) ]|> (qzo(iy + lé‘),wq!>

- 20 (2}( ; > B](k>w(,,+i§)[,,,,> ‘]i, (34)
] 9=
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In view of Equations (33) and (34), we obtain our first claimed result shown in Equation (31).
Similarly, we can establish our second result shown in Equation (32). O

Theorem 2. The following results hold true:

j .
00 - 1 (1) oo
( p ) w2 (=1)gsW(q,2n) B, (), (35)

j .
(k;s) _ ] k)
B (1,8) = O( ! ) BYSj 1y (1,0)

=i j 21 24161 (k)
=L L <q>m =0 tsW (g 2r + DB, (). (36)
r=0 g=2r+1

Proof. From Equations (27) and (17), we see

(ko) o7 _ Lik(l=e?) ¢
: Bm[ (1,¢) jl = eﬂ(z) 1 ey(z) COS;I(Z)

omg

= r 0 i
- (zBS,ﬁEj,) (_zcj,V(n,@)j!)
r=0 j=0

) j . j
=X <20 ( ! ) BIC) () é)) T (37)

Now, by using Equations (27) and (10), we find

1-2r r,2rq(l z’
W (1) s (g 2n)

o [ 18/ ,
=) (Z D ( ! > P‘qu(1)r5275(1>(q/ZT)B](k),,y(U)> %

j=0 \q=0r=0 \ 1
e [%] ] ] > ) 1 (k) Zj

=X (L X ui=(=1)¢7sWg,2n)B7, () | - (38)
j=0 \r=0g=2r q ’ J:

Therefore, from Equations (37) and (38), we attain our needed result, Equation (35). Similarly, we can
obtain Equation (36). [

Theorem 3. Each of the following identities holds true:

s r 'B
B (,0) =Y ( ; > :T‘;B&,,,m, &), (39)
q=0
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and

— (7 9By g
/ Z < q > qﬁBr—q,y(rlrc)'

q=0

Proof. In view of Equation (27), we have

il z’ _Lig(1—e77) 4 5
YZOBW (n,8)= = 76#@) 1 e;,(z) cos; (z)
el(z) cos, (z) = 1 o1 1 uoy
= 1 / e du---du.
ey(z)fl 0o et —1Jp e*—1 e —1Jg e —1
(k—1)—times

Upon setting k = 2, we obtain

) Ui ¢
’ ' ey(z)cosy(z) 2w
50 - B - u

= u(z) =1 Jo e —1

[eS) T B
bl );jl,w(m

(40)

(41)

which gives our required result, Equation (39). The proof of Equation (40) is similar; therefore, we omit

the proof. [

Theorem 4. Let k € 7Z, then

. i( . > <r§ (=) 1118, (r + 1, q)> B v (1,6),

=0 =1 gk(r+1)
and
B i\ (3 DTS (r+1,9)
By 2( )(; Fr+1) )B u1,8)-

Proof. From Equations (27) and (11), we see

(ke j Lig(1 —e™?) zell(2) cosgl(z)
ZB](,];)(%@%:< s )( B )

j=0

Now

q=1 q r=I
1.8 I (=1)atr r
=L CU psatr, )%,
r=1q=1 1

(42)

(43)

(44)
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o ﬂ+1( 1)q+r+1 52(r+1,q) o
:Z<q21 7 il P E (45)

On using Equation (45) in (44), we find

o [r+l —1)q+r+1 So(r+1, o c 2
Eolnod- £ (LS5 ) 2 (Eann}).

J' =0 \4=1 Jt

Replacing j by j — r in the right side of above expression and after equating the coefficients of z/, we
obtain our needed result, Equation (42). Similarly, we can derive our second result, Equation (43). [

Theorem 5. The following recurrence relation holds true:

B (y+1,8) - B (,0)

J r=1 )q+r+1
=), ( ) (Z q+1)!sz(r,q+1)) Cimrp(n,8), (46)

=1 = (@+1k
and
B (7 +1,8) — B (1)
L (5 coert
= r; ( g > (;{JW(H 1)!85(r, g + 1)) Si—ru(11,8). (47)

Proof. In view of Equation (27), we have
S ke o
j=0 =0
_ Lig(T—e7?) 1) g Lig(T—e7%)
= Wc’y (z)cosj(z) — ——=—==
= Liy(1— e ?)e! (2) cosh (z)
(L=e)7 )

5
q—O Grif e, (z) cosj(z)

A r+1
=) <E %(lﬁ- 1)1Sa(r, li—l—l)) ;,'7)(z)cos§(z)

q=0

oo r—1 (_1)q+r+1 o ) Zj
= (r):l <qz%)(q+l)k(‘i+1)!52(mi+ 1)) r!> (;}C]‘,ﬂ(%@jJ ,

J

which upon replacing j by j — r in the right side of above expression and after equating the coefficients
of 2/, yields our first claimed result, Equation (46). Similarly, we can establish our second result,
Equation (47). O

Theorem 6. Let k € Z and j > 0, then we have

j .
BR (p+9,8) = ) ( ! ) B (1,8 (D (48)
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and

]‘ .
B (47,8 =) (] )B}kfw,ax g (49)

r=0

Proof. On using Equation (27), we find

e A @)

cos;(z
<ZB”, 1, ]><,Z;3(7)""i>

; (Z< )B}"m,a)( m) ]—f

By comparing the coefficients of z/ on both sides, we obtain the result, Equation (48). The proof of
Equation (49) is similar to Equation (48).
O

ZB,(}, (1+7.9)
=0

Theorem 7. Ifk € Zand j > 0, then

J o ;
J () (
B, Z()g() i a)B (0,0) (50)
and
] .
ZE(i) S (r B, (0,0). G1)

Proof. From Equations (27) and (12), we find

iB( zf _ _ Lig(l—e7?)
2B = -1

- ;y(zﬁ; ( Z ) (en(z) = 1)1 Cosi(z)

) r

- S @ o L5

(eu(z) =14+ 1)1 cosf,(z)

j=0 q=0

= (o @, pko) 2
= )33 (11)gSy” (r,4B;7,, (0,8) | =
=0 \r=0g=0 \ " It

On comparing the coefficients of z/ on both sides, we obtain our required result, Equation (50). The
proof of Equation (51) is similar to Equation (50).
O
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3. Parametric Kinds of Degenerate Poly-Genocchi Polynomials

In this section, we introduce the two parametric kinds of degenerate poly-Genocchi polynomials
by defining the two special generating functions involving the degenerate exponential as well as
trigonometric functions.

In view of Equation (9), we have

2Lix(1 —e %) ,7+,g o
Wey Z ]# (n+ IC (52)
=0
and ( )
2Lig(1—e7%) yiz, \ c® 2
W% (z) = ]; g (1 é)]—' (53)
From Equations (52) and (53), we can easily get
(k)
ZLIk(l — 872) Ul I3 ad G] u (77 + lg) + G ( lg)
- = , 54
e 1 ejl(z) cosj,(z) ];) 5 ]! (54)
and o
Wig(l—e2) 5, e & ”,(17+1c§) ,,,( —i¢)
7% OFS! ell(z) sinj (z) = ];) CF ]!. (55)
Definition 2. The degenerate cosine-poly-Genocchi polynomials G;,};O (1, &) and degenerate sine-poly-Genocchi
polynomials G](/I;;S) (n,&) for nonnegative integer j are defined, respectively, by
2Lix(1—e %) 4 Foy e ko) o2
GF(Z) +1 Gy(z) COSIJ(Z) 7];] Gj,]‘ (7716) ]'/ (56)
and .
2Lig (1 — e 7 . = (K, z/
%EZ(Z) sinj, (z) = ZG;(;«S)('L 0% (57)
2 =0

On setting 1 = ¢ = 0 in Equations (56) and (57), we get

G](y >(0 0) = G(};,), GG/S) (0,0) =0,(j = 0).

Note that limy_>0 G<k’c)(7],§) = G (17 &), lim;, o G/V (17 ¢ = ( S)(Urg)' (j = 0), where

Gk (n,¢) and G (17 ¢) are the new type of poly-Genocchi polynomials.
From Equatzons (54)—(57), we determine

G +ig) + Gl (4 — ig)

(k)
Gk (7,8 = : 58)
and (k) (k)
G0 +i6) 61— ig)
G (g, = T T (59)

Theorem 8. For k € Z and j > 0, we have

j .

q=0
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j .
=) ( {7 ) G (1 +i8)g (60)

and

j .
= {1 ) G (1= iT)qpe (61)

Proof. On using Equation (52), we see

S k), e ?  2Lig(1—e) i
];) Gj,}l (n+ lg)]*, = Wez (Z)ey (z)
- (ZG](?( )Z.f> <Z(lf§)w f)
j=0 1) \4=
B ];J <q20 ( ]q ) S MW@W) 77 (62)
Similarly, we find
2Li (1 7872) i ad (k) Z/
el;(z)—i-l i )6;5(2) = (];)GLV ]'> (Z(ﬂ-‘rzg)w ')
vy (i) e . 2
= <qzo< g ) Cron ¥ o | 5 (63)

By comparing the coefficients of z/ on both sides in Equations (62) and (63), we obtain our desired
result, Equation (60). The proof of Equation (61) is similar to Equation (60). O

Theorem 9. Ifk € Zand j > 0, then

]' .
-1 (] ) et

( ‘ )u“’(1)’cz’s<l>(q,Zr)G}"L,V@L (64)

= -

) j i
G](::b)(%(:) = 2 < ]r ) Bﬁﬁl)sjfr,pt(ﬂr Z)

r=0
Ul g "
-y ¥ ( )W'1(—1)'52’“s<1><q,zr+1>G,-q,,w). ©9)
r=0 q=2r+1 q §

Proof. From Equations (56) and (10), we see

o (k) 7 2Lig(1—e7?) :
G; ,C)— = ——— ¢ (t z
,g) i C)]! eu(@) 1 u(£) cosy(z)
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- (icsff;jj) (Ecumos)

j=0

r=0

i Z/
y < ! ) GISICr (1, €)> kT (66)

ot
N

Similarly, we find

q
2

2Lig(1=e™) gy oy Y s 2 2g(1) (o) %
We}l(z) COS],[(Z) = ];0 ]1‘ ]' q;or:qu V 1)rg rg (qrzr)W

=L ( ) ( ! )H[,Z,(1)@50)(%2,)G;k>w(,7)) 7 (67)

By comparing the coefficients of z/ on both sides of Equations (66) and (67), we easily get our first
claimed result, Equation (64). Similarly, we can establish our second needed result, Equation (65). [

Theorem 10. Let j > 0. Then, we have

L[\ rB
e Zo< , ) r 16 (0 (69)
=
and
/ j r!B
¢ E( >r+r1 G, n.0). (69)
=0
Proof. By using Equation (56), we determine
- z] 2Lig(1 — 72
Bl 0% = B e i)
ZeZ( )cosP, oy
B en(z) +1 /06”—1/ et —1 1 A e“—ldu”'du' (70)

(k—1)—times

On setting k = 2 in Equation (70), we find

zJ_ZeZ(z)cosi(z) z oy
Z ]y ( g) - e,,(z)Jrl /0 euile

j=0

. ¢IB,z" Zzez (2) cosi(z)
(r+1r! ep(z) +1

(&
(B 25 (gees)
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On replacing j by j — r in the above equation, we obtain
/ i\ ! B, ( ) 2

Finally, by equating the coefficients of the like powers of z in the last expression, we get the result,
Equation (68). The proof of Equation (69) is similar to Equation (68). [

H[v]g

Theorem 11. For k € Z and j > 0, we have

c j ‘ + q+r+] 1S5 (7 + 1
G e =) ( ) (Z "jf) ‘”) G\ (1,8), 1)
r=0 =1
and )
] ‘ r+1 q+r+1 1S (1’+l )
(ks) _ ‘1 2 q (s )
Proof. In view of Equations (56) and (11), we see
5] i . — @'
(k,c) 7 (2Lig(1—e7%) Ze;’,(z) cosy,(z)
];) Gj/f‘ (17/ é) ]| - < z EH(Z)+1 . (73)
Now ( )
1& (1—e
“Lig(1—e?) ==
k Z ,le qk
1& (1)1 & z"
= ') (=1)"Sa(r,q)
z q:zl gk r; 7!
_1 i y (=1)7*r So(r )tl
Sz r=1g=1 qk et !
o [r+l (71)q+r+l 52( +1, ‘1) o
- = (74)
rg(;) (ql gk v q+1 !
Using Equation (74) in (73), we find
S ko) S (E DT S(r+1L,9) 2 (2 A0, o7
]; Giw (1:8)5 fr;O (El L ];)Gw .85 ).

which on comparing the coefficients of z/ on both sides, yields our desired result, Equation (71).
Similarly, we can derive our second result, Equation (72). O

Theorem 12. Let k € Z and j > 0, then we have

1 c
5 (6 m+1,0+65(,0)]

‘ — 'Hr+1
= Z( ) (2 @+ 1)F q+1)!52(r,q+1)> Cioru(n,8), 75)

q=0

and 1
slehlm+1Lo+6l 0]
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| j il (—1)atrtl
- 21 ( ’ ) <Z%]W(q+1)!52(r,q+1)> Sicr (11, ). 76)
=

Proof. Taking

)

Y. Gy Gy O+ 1,005 +Z
=
_ 2Lig(1—e™%) (441

. Lig(1—e2) ()
en(z)+1

(2) cosg’: (z)+ W@L (2) cosi(z)
=2Lix(1— e*Z)e,(ﬂ) (z) cosi(z)

_ i (1—e®)rtt U] (€) (z)

2e(z) cosy,

q=0 (q + 1)k
o r—1 1 q+r+1 7
= L <,7Z(;) ((q)-i-il)k(q +1D)1Sy(r, g+ 1)) HZe;‘, (z) cosg,‘:) (2)

— 1)q+r+l
( 1(2;4) G+ 1)F q+1)52(rq+1> )(ZC”,WC >
r=1 \g=

On replacing j by j — r in the right side of the above equation, and after comparing the coefficients
of z/ on both sides, we acquire the desired result, Equation (75). Similarly, we can obtain the result,
Equation (76). O

Theorem 13. For k € Z and j > 0, we have

-~

(k) _ J (k)
G]',y (n+a)= ( " > Gj,m,},(ﬂ/ 5)(“)m,yr (77)

m=0

and

-

(ks) _ j (ks)
G]',,l (1+a,8) = 2 ( m ) G];m,y(ﬂf C)("‘)m,y- (78)

m

Proof. By using Equation (56), we have

v (k) 2 2Li(1—e7%) (gt )
G; ’ i 1
:5 i (1+a zj)]! e +1 ey " (z) cosy (z)

(s a2 ) (¥ "
n (].OGW ('7/‘:)]'!> <mzo(“)m,14m!>

e (L . j
L (MZO ( . ) Gl . 5)(a>m,,4) 2

By comparing the coefficients of z/ on both sides in the last expression, we acquire our desired result,
Equation (77). Similarly, we can derive our second result, Equation (78).
O

Theorem 14. Ifk € Z and j > 0, then

] .
1,6 ZE() (182 ()G (0,0), (79)

r=04=0
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and

0= 1 Y ( j ) P 00)6,0,0). )

Proof. From Equations (56) and (12), we have

™ GOy o = L) oy ot
;)GW (77,6)],!* eul(z) +1 (en(z) = 1+1)" cosji(2)

- W L ( ; ) (eu(z) = 1)1 cosi(2)
)

2 k, Z
-5 (z > ( j ) ()5S} ><r,q>c;:?,,<o,c>) J
=0 \r=04=0 J:
Finally, by comparing the coefficients of z/ on both sides in the last expression, we arrive at our
claimed result, Equation (79). Similarly, we can establish our second result, Equation (80). O

4. Conclusions

In the present article, we have considered the parametric kinds of degenerate poly-Bernoulli and
poly-Genocchi polynomials by making use of the degenerate type exponential as well as trigonometric
functions. We have also derived some analytical properties of our newly introduced parametric
polynomials by using the series manipulation technique. Furthermore, it is noticed that, if we consider
any Appell polynomials of a complex variable (as discussed in the present article), then we can easily
define its parametric kinds by separating the complex variable into real and imaginary parts.
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Abstract: In recent years, many mathematicians studied various degenerate versions of some special
polynomials for which quite a few interesting results were discovered. In this paper, we introduce
the type 2 degenerate Bernoulli polynomials of the second kind and their higher-order analogues,
and study some identities and expressions for these polynomials. Specifically, we obtain a relation
between the type 2 degenerate Bernoulli polynomials of the second and the degenerate Bernoulli
polynomials of the second, an identity involving higher-order analogues of those polynomials and
the degenerate Stirling numbers of the second kind, and an expression of higher-order analogues
of those polynomials in terms of the higher-order type 2 degenerate Bernoulli polynomials and the
degenerate Stirling numbers of the first kind.

Keywords: type 2 degenerate Bernoulli polynomials of the second kind; degenerate central factorial
numbers of the second kind

1. Introduction

In [1,2], Carlitz initiated study of the degenerate Bernoulli and Euler polynomials and obtained
some arithmetic and combinatorial results on them. In recent years, many mathematicians have
drawn their attention to various degenerate versions of some old and new polynomials and numbers,
namely some degenerate versions of Bernoulli numbers and polynomials of the second kind, Changhee
numbers of the second kind, Daehee numbers of the second kind, Bernstein polynomials, central Bell
numbers and polynomials, central factorial numbers of the second kind, Cauchy numbers, Eulerian
numbers and polynomials, Fubini polynomials, Stirling numbers of the first kind, Stirling polynomials
of the second kind, central complete Bell polynomials, Bell numbers and polynomials, type 2 Bernoulli
numbers and polynomials, type 2 Bernoulli polynomials of the second kind, poly-Bernoulli numbers
and polynomials, poly-Cauchy polynomials, and of Frobenius—Euler polynomials, to name a few [3-10]
and the references therein.

They have studied those polynomials and numbers with their interest not only in combinatorial
and arithmetic properties but also in differential equations and certain symmetric identities [7,9] and
references therein, and found many interesting results related to them [3-6,8,10]. It is remarkable that
studying degenerate versions is not only limited to polynomials but also extended to transcendental
functions. Indeed, the degenerate gamma functions were introduced in connection with degenerate
Laplace transforms [11,12].
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The motivation for this research is to introduce the type 2 degenerate Bernoulli polynomials of
the second kind defined by

(1+t)— 1+ g
—10g/\(1+t) (1+16)* Zb

and investigate its arithmetic and combinatorial properties. The facts in Section 1 are some known
definitions and results that are needed throughout this paper. However, all of the results in Section 2
are new.
We will spend the rest of this section in recalling some necessary stuffs for the next section.
As is known, the type 2 Bernoulli polynomials are defined by the generating function [5,13]
sty et
=L ) Bn(x)m~ (€]

n=

From (1), we note that
x+1

Bi(x) =2""!B, <

where By, (x) are the ordinary Bernoulli polynomials given by

) m
xt Z B, (x) ;
n=0 n

) , (n>0), @

Also, the type 2 Euler polynomials are given by [5,13]

2 > p
t _ t__ *
e“'secht = me" = V;)En(x)a. 3)
Note that .
* X+
En(x) =2"E, (T) ’ (11 > 0)/ 4)
where E,(x) are the ordinary Euler polynomials given by [14,15]
2 . o0 t”
s L BLCE
The central factorial numbers of the second kind are defined as [5,8]
n
x"=Y T(n, k)x[k], (5)
k=0
or equivalently as
1, 1 & t"
E(ez —e2)f =Y T(n,k)n—, 6)
! = !
where x =1, xl = x (x + 4 - 1) (x + 4 -2) - (x = 2 +1), (n>1).
It is well known that the Daehee polynomials are defined by [16,17]
w 14 ) Z Dy(x @)

When x = 0, D,, = D, (0) are called the Daehee numbers.
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The Bernoulli polynomials of the second kind of order r are defined by [15]

t r ‘. n (1‘) tn
(m) (1+6)* =Y by (x)m~ (8)

Note that b,(f) (x) = B,(,"H‘H) (x+1), (n>0).Here B,(,r> (x) are the ordinary Bernoulli polynomials
of order r given by [8,15-18]

LI T 3B (0o ©)
el —1 =
It is known that the Stirling numbers of the second kind are defined by [8]
1 P2 £
il (e =1)" = Y Sz(n,k)m, (10)
n=k
and the Stirling numbers of the first kind by [8]
1 k ad tn
—log"(1+t) =Y S1(nk)—. (11)
k! = n!
For any nonzero A € R, the degenerate exponential function is defined by [11,12]
X X = t"
ea(t) = A+ANT =} (Xnasp (12)
n=0 :
where (x)or =1, (X)y2 = x(x —=A) -+ (x = (n —1)A), (n=>1).
In particular, we let
ex(t) = el (t) = (1+ At)T. (13)

In [1,2], Carlitz introduced the degenerate Bernoulli polynomials which are given by the
generating function

t PN "
O le,\(t) = ;gﬁn,,\(x)n!. (14)
Also, he considered the degenerate Euler polynomials given by [1,2]

2 L %
W%\U) = n;ogm(x)m. (15)

Recently, Kim-Kim considered the degenerate central factorial numbers of the second kind given
by [8,13]
1/1 EER .. t”
g (d0-ato) - Eneog, 16)
n—
Note that limy_,o Ty (1, k) = T(n, k).
2. Type 2 Degenerate Bernoulli Polynomials of the Second Kind

Let log, t be the compositional inverse of ¢, (t) in (13). Then we have

log, t = % (t)‘ 71). 17)
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Note that lim) _,olog, t = logt. Now, we define the degenerate Daehee polynomials by

log, (1+1t) o t”
f (1+1)* Z (18)

Note that limy_,g D, 5 (x) = Dy(x), (n > 0). In view of (8), we also consider the degenerate
Bernoulli polynomials of the second kind of order a given by

n

t « © t
<1ogA<1+t)> (407= R0 (a9

Note that lim) g bf&)(x) = bﬁfc)(x), (n > 0). From (19), we have

At " A i ) e
1+t 2 = b . 20
((1+t)é(l+t)_é> ( + ) Z n,A(x)n! (20)

For « = r € N, and replacing t by e2 —1in (20), we get

1 At "1 _
Z bf;’)}‘(x)ﬁ(em "= <em — efm> p(eﬂ - 1)r€(zx Ant

m=0
S ARk 1
k;)Bk < *") Z Sa(m +r,r)2"*" (m:rr)%
& n
=L (L ()i (5 )Gyt L
n=0 \m=0 \'" A ( B ) n!
On the other hand,
5 b0 () (2 — 1)y = Y b7 (1) ¥ s ot
L byp ()@ =)™ = 3 b () Y Samm)2" o
m=0 : m=0 n=m
B o n ) " . i
=) o (X)27S2(n,m) | -5 2)
n=0 \im=0 '
From (21) and (22), we have
< n * 2x _ S m+r,r _
Z hm/\ x)Sz(n,m) = Zo <m> B, <7 - r) A ’"%zmiﬁ " 23)
m= r

Now, we define the type 2 degenerate Bernoulli polynomials of the second kind by

n

(1+t)—(1+t) 1+t i t (24)

log, (1+1)

When x =0, b; ), = by, ,(0) are called the type 2 degenerate Bernoulli numbers of the second kind.
Note that lim, o by, /\( x) = b} (x), where bj;(x) are the type 2 Bernoulli polynomials of the second kind
given by

(148 — 1+ .
(1
log(1+ 1) 7 Z al
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From (19) and (24), we note that

(1+t)—(1+#)7! . t . 1
log, (1+1) (1+87= log/\(1+t)(l+t) <1+m>
“togar T g0
= io (b2 0+ (x = 1)) :7"' (25)

Therefore, we obtain the following theorem.

Theorem 1. For n > 0, we have

Moreover,

n
E by ()82 (n,m) = Y- <Zl> B ,

27x ) Sz(m +r, r) omtr—n
("
r

where r is a positive integer.

Now, we observe that

o -1 0 1 o m
a0 = Loy Sy

= i (lio (7) bl*,/\(x)nl> ;—n, (26)

where (x)g =1, (x)p =x(x —1)--- (x =n+1), (n > 1). From (24) and (26), we get

* u n *
(X)) =3 <l>bl//\(x)n—lr (n>0). (27)
1=0
For & € IR, let us define the type 2 degenerate Bernoulli polynomials of the second kind of order « by
1+ —1+H"1\" t"
< log, (1+1) (1+8)7 2 b”)‘ n! @8)

When x =0, b;1(A) = b:l(ﬁ) (0) are called the type 2 degenerate Bernoulli numbers of the second
kind of order «.
Let &« = k € N. Then we have

k

o n _ -1
L g = () e 9)

n=0
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By replacing t by e, () — 1 in (29), we get

k'1 k 0 N 1
i (a0 - 0) 60 = LoD g enn -1
' 1=0 :
= sz*&k)(X) Y Soa(nl) '
=0 n=I
-y (2 b;‘/g\k)(x)szl)\(n,l)> % (30)
n=0 \/=0 .

e -1 = Y smb) @1

On the other hand, we also have

i (a0 =) aw =g (G0 -1) e

[ee] n t”
= Z < ZO n(lm;rk) S %(m +k, k)( k)nm,/\) E (32)
Therefore, by (30) and (32), we obtain the following theorem.

Theorem 2. For n > 0, we have

(l+k k)( k)n—l,)v

Il
S
Il
o
—
~+
=
NS
M>

In particular,

2"k, 2 (n+kk) (

) Z b, /\ 52 Aln, ! )
For « € R, we recall that the type 2 degenerate Bernoulli polynomials of order « are defined by [5,13]
t ® 00 (0() tﬂ
——— | &)= oy ()= 33
c—ai) A0=EE Wy )

For k € N, let us take « = —k and replace t by log, (1 + t) in (33). Then we have

(148 — 1+ 1\ .
( log, (1+1) >(1+t)

Il
Ie
=
=%
~T
=
I
=
=
-
o
~
(]
aQ
>
2
=~
+
t
=
=

Il
gk
=
=%
-7

=
—

=
=

W
=
P
o

=
=
X

[
(=)
=
I

w(— t
B s (nl)) = (34)
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where Sy 5 (1,1) are the degenerate Stirling numbers of the first kind given by

k(log)\l—i—t ZSU\nk

(35)

Note here thatlim,_, S1 1 (1,1) = S1(,1). Therefore, by (26) and (34), we obtain the following theorem.

Theorem 3. Forn > 0and k € N, we have

We observe that

%tk kll ((1 +6I-(1 +t)*%)k(1 1)k

-

1 1 ~1 k K
— (Alog 1 +.0) = g1+ ) (1408

g

= TA(l,k)%(logA(lth))l 3 <§> v

!
— r

3

m

=0
t (o]
=Y T\(Lk) 25Mm1m'r§< ) v

=~

m=I

iiT)\(lkSMmlt—z< ) v
m—k 1=k m!

E(E Eraminn(2) ()

‘ m
On the other hand,
1, t k1
i log/\(lth)) i (o (14 1)
oo ( tl e
:21A1|2517\mk)
1=0 m=k

[
e

i
(ZS”\Mk)bsz)m/\< )) pr
m=k °

Therefore, by (36) and (37), we obtain the following theorem.

3
1
~

Theorem 4. For n,k > 0, we have

»

m=k

™=

m=k

3. Conclusions

s () ()., - st ()

(36)

(37)

In this paper, we introduced the type 2 degenerate Bernoulli polynomials of the second kind
and their higher-order analogues, and studied some identities and expressions for these polynomials.
Specifically, we obtained a relation between the type 2 degenerate Bernoulli polynomials of the second
and the degenerate Bernoulli polynomials of the second, an identity involving higher-order analogues
of those polynomials and the degenerate Stirling numbers of second kind, and an expression of
higher-order analogues of those polynomials in terms of the higher-order type 2 degenerate Bernoulli

41



Symmetry 2020, 12, 510

polynomials and the degenerate Stirling numbers of the first kind.

In addition, we obtained an identity involving the higher-order degenerate Bernoulli polynomials
of the second kind, the type 2 Bernoulli polynomials and Stirling numbers of the second kind, and an
identity involving the degenerate central factorial numbers of the second kind, the degenerate Stirling
numbers of the first kind and the higher-order degenerate Bernoulli polynomials of the second kind.

Next, we would like to mention three possible applications of our results. The first one is their
applications to identities of symmetry. For instance, in [7] by using the p-adic fermionic integrals it
was possible for us to find many symmetric identities in three variables related to degenerate Euler
polynomials and alternating generalized falling factorial sums.

The second one is their applications to differential equations. Indeed, in [9] we derived an infinite
family of nonlinear differential equations having the generating function of the degenerate Changhee
numbers of the second kind as a solution. As a result, from those differential equations we obtained
an interesting identity involving the degenerate Changhee and higher-order degenerate Changhee
numbers of the second kind.

The third one is their applications to probability. For example, in [19,20] we showed that both the
degenerate A-Stirling polynomials of the second and the r-truncated degenerate A-Stirling polynomials
of the second kind appear in certain expressions of the probability distributions of appropriate random
variables.

These possible applications of our results require a considerable amount of work and they should
appear as separate papers. We have witnessed in recent years that studying various degenerate
versions of some special polynomials and numbers are very fruitful and promising [21]. It is our plan
to continue to do this line of research, as one of our near future projects.

Author Contributions: TK. and D.S.K. conceived of the framework and structured the whole paper; D.S.K. and
T.K. wrote the paper; L.-C.J. and H.Y.K. checked the results of the paper; D.S.K. and T.K. completed the revision of
the article. All authors have read and agreed to the published version of the manuscript.

Funding: This research received no external funding.

Conflicts of Interest: The authors declare that they have no competing interests.

References

1. Carlitz, L. Degenerate Stirling, Bernoulli and Eulerian numbers. Utilitas Math. 1979, 15, 51-88.

2. Carlitz, L. A degenerate Staudt-Clausen theorem. Arch. Math. 1956, 7, 28-33. [CrossRef]

3. Dolgy, D.V,; Kim, T. Some explicit formulas of degenerate Stirling numbers associated with the degenerate
special numbers and polynomials. Proc. Jangjeon Math. Soc. 2018, 21, 309-317.

4. Haroon, H.; Khan, W.A. Degenerate Bernoulli numbers and polynomials associated with degenerate Hermite
polynomials. Commun. Korean Math. Soc. 2018, 33, 651-669.

5. Jang, G.-W.,; Kim, T. A note on type 2 degenerate Euler and Bernoulli polynomials. Adv. Stud. Contemp.
Math. 2019, 29, 147-159.

6.  Kim, T. A note on degenerate Stirling polynomials of the second kind. Proc. Jangjeon Math. Soc. 2017, 20, 319-331.

7. Kim, T; Kim, D.S. Identities of symmetry for degenerate Euler polynomials and alternating generalized
falling factorial sums. Iran. ]. Sci. Technol. Trans. Sci. 2017, 41, 939-949. [CrossRef]

8. Kim, T; Kim, D.S. Degenerate central factorial numbers of the second kind. Rev. R. Acad. Cienc. Exactas Fis.
Nat. Ser. A Mat. RACSAM 2019, 1-9. [CrossRef]

9.  Kim, T; Kim, D.S. Differential equations associated with degenerate Changhee numbers of the second kind.
Rev. R. Acad. Cienc. Exactas Fis. Nat. Ser. A Mat. RACSAM 2019, 113, 1785-1793. [CrossRef]

10. Kim, T,; Yao, Y.; Kim, D.S; Jang, G.-W. Degenerate r-Stirling numbers and r-Bell polynomials. Russ. ].
Math. Phys. 2018, 25, 44-58. [CrossRef]

11.  Kim, T,; Jang, G.-W. A note on degenerate gamma function and degenerate Stirling numbers of the second
kind. Adv. Stud. Contemp. Math. 2018, 28, 207-214.

12.  Kim, T;; Kim, D.S. Degenerate Laplace transfrom and degenerate gamma funmction. Russ. . Math. Phys.
2017, 24, 241-248. [CrossRef]

42



Symmetry 2020, 12, 510

13.  Kim, T.; Kim, D.S. A note on type 2 Changhee and Daehee polynomials. Rev. R. Acad. Cienc. Exactas Fis. Nat.
Ser. A Mat. RACSAM 2019, 113, 2783-2791. [CrossRef]

14. He, Y,; Araci, S. Sums of products of Apostol-Bernoulli and Apostol-Euler polynomials. Adv. Differ. Equ.
2014, 2014, 13. [CrossRef]

15. Roman, S. The umbral calculus. In Pure and Applied Mathematics; Academic Press Inc.: New York, NY, USA,
1984; p. 193, ISBN 0-12-594380-6.

16.  Simsek, Y. Identities and relations related to combinatorial numbers and polynomials. Proc. Jangjeon Math. Soc.
2017, 20, 127-135.

17.  Simsek, Y. Identities on the Changhee numbers and Apostol-type Daehee polynomials. Adv. Stud. Contenp. Math.
2011, 27, 199-212.

18. Zhang, W.,; Lin, X. Identities invoving trigonometric functions and Bernoulli numbers. Appl. Math. Comput.
2018, 334, 288-294.

19. Kim, T;; Kim, D.S,; Kim, H.Y.; Kwon, J. Degenerate Stirling polynomials of the second kind and some
applications. Symmetry 2019, 11, 1046. [CrossRef]

20. Kim, T.; Kim, D.S. Some identities of extended degenerate r-central Bell polynomials arising from umbral
calculus. Rev. R. Acad. Cienc. Exactas Fis. Nat. Ser. A Mat. RACSAM 2020, 114, 19. [CrossRef]

21. Kim, T; Kim, D.S.; Kim, H.Y,; Jang, L.-C. Degenerate poly-Bernoulli numbers and polynomials. Informatica
2020, 31, 2-8.

® © 2020 by the authors. Licensee MDPI, Basel, Switzerland. This article is an open access
article distributed under the terms and conditions of the Creative Commons Attribution

(CC BY) license (http:/ /creativecommons.org/licenses/by/4.0/).

43






. symmetry MBPY

Atrticle
Exceptional Set for Sums of Symmetric Mixed Powers
of Primes

Jinjiang Li !, Chao Liu !, Zhuo Zhang ! and Min Zhang >*

1 Department of Mathematics, China University of Mining and Technology, Beijing 100083, China;

jinjiang.li. math@gmail.com (J.L.); chao.liu@student.cumtb.edu.cn (C.L.);

zhuo.zhang.math@foxmail.com (Z.Z.)

School of Applied Science, Beijing Information Science and Technology University, Beijing 100192, China
Correspondence: min.zhang.math@gmail.com

check for
Received: 17 January 2020; Accepted: 25 February 2020; Published: 2 March 2020 updates

Abstract: The main purpose of this paper is to use the Hardy-Littlewood method to study the
solvability of mixed powers of primes. To be specific, we consider the even integers represented as
the sum of one prime, one square of prime, one cube of prime, and one biquadrate of prime. However,
this representation can not be realized for all even integers. In this paper, we establish the exceptional
set of this kind of representation and give an upper bound estimate.

Keywords: Waring-Goldbach problem; circle method; exceptional set; symmetric form
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1. Introduction and Main Result

Let N, ki, ko, ..., ks be natural numbers which satisfy 2 < ky < ky < -+ < ks, N > 5. Waring’s
problem of unlike powers concerns the possibility of representation of N in the form

N=xbtpuke i (1)

For previous literature, the reader could refer to section P12 of LeVeque’s Reviews in number theory
and the bibliography of Vaughan [1]. For the special case, ky = ky = - - - = ks, an interesting problem
is to determine the value for k > 2, called Waring’s problem, of the function G(k), the least positive
number s such that every sufficiently large number can be represented the sum of at most s k-th powers
of natural numbers. For this problem, there are only two values of the function G(k) determined
exactly. To be specific, G(2) = 4, by Lagrange in 1770, and G(4) = 16, by Davenport [2]. The majority
of information for G(k) has been derived from the Hardy-Littlewood method. This method has arised
from a celebrated paper of Hardy and Ramanujan [3], which focused on the partition function.

There are many authors who devoted to establish many kinds of generalisations of this classical
version of Waring’s problem. Among these results, it is necessary to illustrate some of the majority
variants. We begin with the most famous Waring-Goldbach problem, for which one devotes to
investigate the possibility of the representation of integers as sums of k-th powers of prime numbers.
In order to explain the associated congruence conditions, we denote by k a natural number and p a
prime number. We write § = 0(k; p) as the integer with the properties p?|k and p? { k, and then define
v =(k p) by

(ke p) = {0+2, whenp.: 2and 6 > 0,
0 +1, otherwise.

Symmetry 2020, 12, 367; doi:10.3390/sym12030367 45 www.mdpi.com/journal /symmetry
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Also, we set

Denote by H (k) the smallest integer s, which satisfies every sufficiently large integer congruent
to s modulo K(k) can be represented as the sum of s k-th powers of primes . By noting the fact that
for (p — 1)|k, we have p?(p — 1)|k, provided that ¥ = 1 (mod p?) and (p,a) = 1. This states the
seemingly awkward definition of H(k), because if n is the sum of s k-th powers of primes exceeding
k41, then it must satisfy n = s (mod K(k)). Trivially, further congruence conditions could arise from
the primes p which satisfy (p — 1) { k. Following the previous investigations of Vinogradov [4,5],
Hua systematically considered and investigated the additive problems involving prime variables in
his famous book (see Hua [6,7]).

For the nonhomogeneous case, the most optimistic conjecture suggests that, for each prime p,
if the Equation (1) has p-adic solutions and satisfies

kgt k>, 2)

then 7 can be written as the sum of unlike powers of positive integers (1) provided that # is sufficiently
large in terms of k. For s = 3, such an claim maybe not true in certain situations (see Jagy and
Kaplansky [8], or Exercise 5 of Chapter 8 of Vaughan [1]). However, a guide of application for the
Hardy-Littlewood method suggests that the condition (2) should ensure at least that almost all integers
satisfying the expected congruence conditions can be represented. Moreover, once subject to the
following condition

kgt 4k > 2, ©)

a standard application of the Hardy-Littlewood method suggests that all the integers, which satisfy
necessary congruence conditions, could be written in the form (1). Meanwhile, a conventional argument
of the circle method shows that in situations in which the condition (2) does not hold, then every
sufficiently large integer can not be represented in the expected form.

Since the Hardy-Littlewood method, the investigation of Waring’s problem for unlike powers has
produced splendid progress in circle method, especially for the classical version of Waring’s problem.
Additive Waring’s problems of unlike powers involving squares, cubes or biquadrates offen attract
greater interest of many mathematicians than those cases with higher mixed powers, and the current
circumstance is quite satisfactory. For example, the reader can refer to references [9-19].

The Waring-Goldbach problem of mixed powers concerns the representation of N which
satisfying some necessary congruence conditions as the form

N =pit 4 pl ol

where p1, p2, ..., ps are prime variables.
In 2002, Briiddern and Kawada [20] proved that for every sufficiently large even integer N,
the equation
N =x+p3+pi+p

is solvable with x being an almost-prime P, and the p; (j = 2,3,4) primes. As usual, P, denotes an
almost—prime with at most r prime factors, counted according to multiplicity. On the other hand,
in 2015, Zhao [21] established that, for k = 3 or 4, every sufficiently large even integer N can be
represented as the form

N=pi+p3+p3+pf+21+2% 4 420,
where py,...,ps are primes, vy, 1y, .. -/ Vi(k) are natural numbers, and #(3) = 16, t(4) = 18, which

is an improvement result of Liu and Lii [22]. Afterwards, Lii [23] improved the result of Zhao [21]
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and showed that every sufficiently large even integer N can be represented as a sum of one prime,
one square of prime, one cube of prime, one biquadrate of prime and 16 powers of 2.

In view of the results of Briiddern and Kawada [20], Zhao [21], Liu and Lii [22] and Lii [23], it is
reasonable to conjecture that, for sufficiently large integer N satisfying N = 0 (mod?2), the following
Diophantine equation

N =pi+p3+pi+pi

is solvable, here and below the letter p, with or without subscript, always denotes a prime number.
However, this conjecture may be out of reach at present with the known methods and techniques.

In this paper, we shall consider the exceptional set of the problem (4) and establish the
following result.

Theorem 1. Let E(N) denote the number of positive integers n, which satisfy n = 0(mod2), up to N,
which can not be represented as
n=p1+p3+p3+pa 4

Then, for any & > 0, we have
E(N) < Nfiste,

We will establish Theorem 1 by using a pruning process into the Hardy-Littlewood circle method.
For the treatment on minor arcs, we will employ the argument developed by Wooley in [24] combined
with the new estimates for exponential sum over primes developed by Zhao [25]. For the treatment on
major arcs, we shall prune the major arcs further and deal with them respectively. The explicit details
will be given in the related sections.

Notation. In this paper, let p, with or without subscripts, always denote a prime number; € always
denotes a sufficiently small positive constant, which may not be the same at different occurrences.
The letter c always denotes a positive constant. As usual, we use x mod g to denote a Dirichlet
character modulo g, and x° mod g the principal character. Moreover, we use ¢(1) and d(n) to denote
the Euler’s function and Dirichlet’s divisor function, respectively. e(x) = ¢¥™; f(x) < g(x) means
that f(x) = O(g(x)); f(x) =< g(x) means that f(x) < g(x) < f(x). N is a sufficiently large integer
and 1 € (N/2,N], and hence log N < logn.

2. Outline of the Proof of Theorem 1

Let N be a sufficiently large positive integer. By a splitting argument, it is sufficient to consider
the even integers n € (N/2,N]. For the application of the Hardy-Littlewood method, it is necessary to
define the Farey dissection. For this purpose, we set the parameters as follows

1 1
A=100", Qy=log"N, Qi =Ns, Q=N3, Jp= [‘ o51- *].
Q2 Q2
By Dirichlet’s rational approximation lemma (for instance, see Lemma 12 on p.104 of [26],
or Lemma 2.1 of [1]), each a« € (—=1/Q3,1 — 1/Q>] can be represented in the form

a 1
a=—-+A, A< —,
q A qQ2
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for some integers a, g with 1 < a < g < Qp and (4,q) = 1. Define

1 a 1
+?}, m= U M(q,a),
12 1<q<Qy 1<a< q
(ag)=1

M= U U Molga),

1<peQi 1ses g

w00 =[5 oy

a Q(l)OO a Q}JOO:|
Mo(g,a) = |2 =0 L0 |
o(g,4) {q gN g N

m]Zj()\m, m2=9ﬁ\9ﬁo.
Then we obtain the Farey dissection
Jo = Mo Umy Umy. 5)

Fork =1,2,3,4, we define
fillw)= Y e(pfa),
X <p<2X
where X = (N/16)%. Let
R(n) = Y 1.

n=p1+p3+p3+p}
Xi<pi<2X;
i=12,34

From (5), one has

Z(n) = /01 (gﬂ(@)e(*n“)dﬂé = /l;Q% (i{lfk(a))e(fna)dtx

-5

- {/%f/mﬁ/mz}(:lfk(a))e(fm)da.

In order to prove Theroem 1, we need the two following propositions:

Proposition 1. Forn € (N/2,N], there holds

' _ _TIGrErE) nis nt
/mo <}£[1fk(1x)>e( na)da = ) 6(n)log4n +O(10g5n>/ (6)

where & (n) is the singular series defined in (10), which is absolutely convergent and satisfies
(loglogn) ™" < &(n) < d(n) 7)
for any integer n satisfying n = 0 (mod2) and some fixed constant c¢* > 0.

The proof of (6) in Proposition 1 follows from the well-know standard technique in the
Hardy-Littlewood method. For more information, one can see pp. 90-99 of Hua [7], so we omit
the details herein. For the properties (7) of singular series, we shall give the proof in Section 4.

Proposition 2. Let Z(N) denote the number of integers n € (N /2, N| satisfying n = 0 (mod?2) such that

/ <,f[fk(a)>e(na)dzx
mj \ k=1

13
n1

5

> .
log’n

2
)y
j=1
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Then we have o
Z(N) < N e,

The proof of Proposition 2 will be given in Section 5. The remaining part of this section is devoted
to establishing Theorem 1 by using Proposition 1 and Proposition 2.

Proof of Theorem 1. From Proposition 2, we deduce that, with at most O (N fate ) exceptions,
all even integers n € (N/2, N] satisfy
ni

< ——,
log” n

2
L
j=1

/ (lﬁfk(a)) e(—na)da
: =1

mj

from which and Proposition 1, we conclude that, with at most O(N it ) exceptions, for all even
integers n € (N /2, N], #Z(n) holds the asymptotic formula

TR g 2, (n* )

In other words, all even integers n € (N /2, N| can be represented in the form p; + p3 + p3 + pj

with at most O(N %“) exceptions, where py, pa, p3, p4 are prime numbers. By a splitting argument,

we get
61
N N e 61
121 T€
?> < Z <7) < N1a™e,
0</<log N

E(N) < z(
0</<log N

This completes the proof of Theorem 1.
3. Some Auxiliary Lemmas

In this section, we shall list some necessary lemmas which will be used in proving Proposition 2.

Lemma 1. Suppose that « is a real number, and that |« —a/q| < q=% with (a,q) = 1. Let p = a — a/q.
Then we have

) < g e y1r2 a5, Xk
fi(a) < d%(q)(log x) (Xk q(1+ NIB[) + X7 + q(1+NlﬁD>'

logk

Tog2 and c is a constant.

where 8y = % +
Proof. See Theorem 1.1 of Ren [27]. O
Lemma 2. Suppose that « is a real number, and that there exist a € Z and q € N with

(a,q9) =1, 1<g<X and lga —a] < XL,

If P2 < X < P22 yhow one has

_ plte
Z e(pka) < pl-62! kie + T
P<p<2p q'/2(1+ Pkla —a/q|)
where 6 = 1/3 for k > 4.
Proof. See Lemma 2.4 of Zhao [25]. |
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Lemma 3. Suppose that « is a real number, and that there are a € Z and q € N with
(a,9) =1, 1<g9<Q and lga — a <ol

IfP% <0< P%, then one has

—Lplte
Y e(pla) < PUmtE 4 7P 2
P<p<2P (1+ P3la —a/q])
Proof. See Lemma 8.5 of Zhao [25]. O

Lemma 4. For « € mq, we have
fa(a) < N%*  and fala) < N+,
Proof. For a € mj, we have Q1 < g < Q. By Lemma 3, we get

2+£

_1
fil) < X4 xXIHQrE « N3,

From Lemma 2, we obtain
Hte Tteny~3 Bte
fale) K X4+ X,7°Q, 2 K N® T4
This completes the proof of Lemma 4. O
For 1 < a < g with (a,q) =1, set
2
a 1 a 1
Z@a) =\~ 5ot = U U Z@a. ®)
7 9°q 49 1<0<Qy =24
(a,q)=1

For & € mp, by Lemma 1, we have

N = Va(a) + N5, ©

1
N3 log" N
f3(0{)<< & )1/2+

g2 ¢ (1+ NIA|
say. Then we obtain the following Lemma.

Lemma 5. We have

/ [Va(a)|*da = Z / |Vs(a)[*da < N’ log® N.
I

1<q<QO a*—q

50



Symmetry 2020, 12, 367

Proof. We have

> Jy V@)

1<‘7<Qo a=—q
(a,q)=1
21 N3 log‘ N
- g
< gt / 2= dA
TR ey NI
(a, q)—
4
N3log" N
< . / N3 log NdA + / 208 Nga
1<qZ<Qo a;ﬂ ( hisg;  N2AZ
< Nilog' N Z 72" p(g) < N3Q4log" N < N3 log® N.
1<9<Qo
This completes the proof of Lemma 5. O

4. The Singular Series

In this section, we shall concentrate on investigating the properties of the singular series which
appear in Proposition 1. First, we illustrate some notations. For k € {1,2,3,4} and a Dirichlet character
x mod g, we define

q ahk 0
=Y xthel—),  Clga) =C(x"a),
h=1 q
where U is the principal character modulo g. Let x1, x2, X3, x4 be Dirichlet characters modulo 4. Set

s an
B(n,9, X1, X2, X3, X4) Z 1(x1,8)Ca(x2,a )C3(X3,ﬂ)C4(X4,a)e<f 7),

B(n,q) = B(n,q,x° x° X% x°),

and write

An,g) = B0 ) = iA(n,m. (10)
-

Lemma 6. For (a,q) = 1 and any Dirichlet character x mod g, there holds
|Ci(x,a)| < 29"/2aPx(g)
with By = (logk)/ log2.
Proof. See the Problem 14 of Chapter VI of Vinogradov [28]. O
Lemma 7. Let p be a prime and p*||k. For (a,p) = 1, if £ > ~(p), we have Cy(p’,a) = 0, where

(p) = a+2, ifp#2orp=2a=0;
a+3, ifp=2a>0.

Proof. See Lemma 8.3 of Hua [7]. O

For k > 1, we define
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Lemma 8. Suppose that (p,a) = 1. Then

Se(pa) = Y x(@)T(x),

XE

where 7, denotes the set of non—principal characters x modulo p for which x* is principal, and T(x) denotes the

Gauss sum
x(m)e .
mzz:l <P>

Also, there hold |t(x)| = p"/? and |o#| = (k,p —1) — 1.
Proof. See Lemma 4.3 of Vaughan [1]. O

Lemma 9. For (p,n) = 1, we have

”f(ﬁM)e(,&)

3
<24p3. a1
a=1 \k=1 P p

Proof. We denote by S the left-hand side of (11). It follows from Lemma 8 that
1P 4 — an

s= 1% (H< y xk<a>r<xk>))e(—).
P* a2 \i=1 \ e P

If || = 0 for some k € {1,2,3,4}, then S = 0. If this is not the case, then

S=L Y Y Y Y )t tie) ()

P™ i€t xacan xsest xacaty

p—1
x ; X1 (“)Xz(ﬂ))(3(11))(4(a)e( — %)

From Lemma 8, the quadruple outer sums have no more than 4! = 24 terms. For each of these terms,
there holds

IT(x1)T(x2)T(x3) T (xa) | = P~

Since in any one of these terms x1(a)x2(a)x3(a)xa(a) is a Dirichlet character x (modp), the inner
sum is

:é)((a)E( - %) = mg){(—an)a’( - %) = x(=n)t(x).

By noting the fact that T(x°) = —1 for principal character x° mod p, we derive that

From the above arguments, we deduce that

1 3

S| <%-24-p2-rﬂ =24p 2,

which completes the proof of Lemma 9. O
Lemma 10. Let L(p,n) denote the number of solutions of the congruence

x1+x§+x§+xizn(modp), 1< xy,x0,x3,x04 < p—1.
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Then, for n = 0 (mod?2), we have L(p,n) > 0.

Proof. We have

M=

p-L(p.n) = Y Ci(p,a)Ca(p,a)Ca(p,a)Calp.a)e( = 1) = (p = 1)* +Ep,
a=1 p
where .
.
Ey = X Ci(p,a)Calp,a)Ca(p,a)Calp, e~ 7).
a=1 p

By Lemma 8, we obtain

[Epl < (p=D(VP+1)2yP+1)ByP+1).

It is easy to check that |Ep| < (p —1)* for p > 7. Therefore, we obtain £(p,n) > 0 for p > 7.
For p = 2,3,5, we can check £(p,n) > 0 one by one. This completes the proof of Lemma 10. O

Lemma 11. A(n,q) is multiplicative in q.

Proof. From the definition of A(1,¢) in (10), it is sufficient to show that B(1,¢) is multiplicative in g.
Suppose g4 = g142 with (41,42) = 1. Then we obtain

B(n,q192) = '712‘72 <ﬁCk(‘h‘12,a)>e<f an)

a=1 k=1 E
(a,9192)=1
h I 4 an apn
=y ¥ ( Ck(q1q2151q2+”2q1)>3(*17>e<*i>- (12)
a=1 =1 k=1 n q2
(a1,41)=1 (a2,42)=1
For (q1,92) = 1, there holds
7192 a +a mk
Celmqe, mqe +a2q1) = Y E(M>
m=1 q192
(m,0192)=1
- i ﬁ e<(“1fi2+ﬂ2Q1)(m1Qz+lei1)k>
my=1 my=1 1192

(m1,91)=1 (m2,02)=1

i e<u1(m1qz)k> % e(uz(mzth)k)

mp=1 7 ny=1 92
(m1,91)=1 (m2,42)=1
= Ci(q1,01)Cr(q2, a2). (13)

Putting (13) into (12), we deduce that

q1

B(n,mq2) = ), <£Ilck(%ﬂ1)>e<*@) qu (ﬁCk(qz,az)>€<*@>

=1 7/ =1 \i=t 72
(a1,q1)=1 (a2,92)=1
= B(n,41)B(n, q2).
This completes the proof of Lemma 11. O

Lemma 12. Let A(n,q) be as defined in (10). Then
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(i) we have

Y 1A q)| < 272 %d(n),
q>Z

and thus the singular series &(n) is absolutely convergent and satisfies &(n) < d(n)
(ii)  there exists an absolute positive constant ¢* > 0, such that, for n = 0 (mod 2)

&(n) > (loglogn)~c .

Proof. From Lemma 11, we know that B(n, q) is multiplicative in q. Therefore, there holds

) =TT 80 = 1 > (Hckp ))e(~57).

(14)
p'lla ”p)—l

From (14) and Lemma 7, we deduce that B(n,q) = ] B(n, p) or 0 according to g is square—free or

pla
not. Thus, one has
Y Amg)= )., A(ng). (15)
q=1 q=1
q square—free
Write
4 4
R(p,a) =[] Ck(p,a) = [T Sk(p.a)
k=1 k=1
Then
Aln,p) = Z(ﬁS (p u))ff(—@%;pf’fa(p ae( - ) (16)
4 =1 K p (p 1)4 =1 ’ p/

Applying Lemma 6 and noticing that Sx(p,a) = Cr(p,a) + 1, we get Sx(p,a) < pz, and thus
(pa) < p%. Therefore, the second term in (16) is

< p_%. On the other hand, from Lemma 9,
we can see that the first term in (16) is < 2*- 24;7’% = 384p~ 2. Let ¢ = max(cy,384). Then we have
proved that, for p t n, there holds

_3
|A(n, p)| < c2p™ 2. 17)
Moreover, if we use Lemma 6 directly, it follows that
4
[TICk(p,a)

5 (f100m) (-5 <51

< (p— )-2%.p? 24 =384p%(p - 1),

|B(n,p)| =

p—1

and therefore 1B, )| 5 5 )
B(n,p 384p 27 -384p 3072
n, < =
AP =0y < Gr-1p

max(cp,3072). Then, for square—free 4, we have

Alng)| = (gmn,p)») (gw,p)) < (T ) (e )

= 7L 18)
r’ P
Letcz =

plg pla
pin pln pin pln
= C?(q)<HP3>( I1 rﬁ) <q gt
pla pl(nq)
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Hence, by (15), we obtain

Y IAmpl< a3 gt =Y ¥ (dg) 3tal =Y a e Y goie
d|n

q>Z q>Z dlng>2 7>%
1
1+
< Zd**f(%) T Lz hre Y gate « 7 (n),
dln dln

This proves (i) of Lemma 12.
To prove (ii) of Lemma 12, by Lemma 11, we first note that

am-n@+iAww)—ga+mMm

14 t=1

~ (o awm)(TT0amm)(TT 0 amm).  a

p<cs p>cs p>c3
pin pln
From (17), we have
[T Ga+Amp) =TT <1—§—3/2> >y > 0. (20)
p>c3 p>cs p

ptn
By (18), we know that there are c5 > 0 such that

[Ta+Amp)>T1 (1 - Ci) >11 (1 - Ci) > (loglog ). 1)
}7>C3 p>C3 p p‘n p
pln pln
On the other hand, it is easy to see that
p-L(p,n)
1+A(n,p)=—F—=.
() P*(p)

By Lemma 10, we know that £(p,n) > 0 for all p with n = 0(mod 2), and thus 1+ A(n,p) > 0.
Therefore, there holds
IT] 1+ A(np) 2c6>0. (22)

p<cs

Combining the estimates (19)—-(22), and taking c* = c5 > 0, we derive that
S(n) > (loglogn) ™.
This completes the proof Lemma 12. O

5. Proof of Proposition 2
In this section, we shall give the proof of Proposition 2. We denote by Z;(N) the set of integers n
satisfying n € [N/2,N]and n = 0 (mod 2) for which the following estimate

13
ni

>

(23)

/ (ﬁfk(a)> e(—na)da
: k=1

mj

log® n
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holds. For convenience, we use Z; to denote the cardinality of Z;(N) for abbreviation. Also, we define
the complex number §;(n) by taking ¢;j(n) = 0 for n ¢ Z;(N), and when n € Z;(N) by means of

the equation

4
_(ka@x)) —na)da| = g /(m) na) .
mi \ k=1

Plainly, one has [§;(1)| = 1 whenever §;(n) is nonzero. Therefore, we obtain

£ o (f e  f o

nEZ

where the exponential sum K;(«) is defined by

Forj=1,2, set

y (23)—(25), we derive that

13 13
nn ZiN12

> Yy ——>»—L
nez( Ny log’n — log” N

. j=12
By Lemma 2.1 of Wooley [24] with k = 2, we know that, for j = 1,2, there holds
1 2 1
/O |F2(@)Kj(@)Pda < N¢(Z;NE + 27).

It follows from Cauchy’s inequality, Lemma 4 and (27) that

< ((sup U5 ) (sup 1@ ) ([ 1Aterta |2da) ([ 11t \Zda)

1

< NBFENEF (N(ZNE + 2D)) 7 N3

< N#ste <21%N41T + 21) < ZI%N%“ 42 NBTE,
Combining (26) and (28), we get

ZNBlog SN « I < ZINR+e 1z B+
which implies
2, < NTate,
Next, we give the upper bound for Z,. By (9), we obtain

b [ 1A@AEV@) (@) Ka()]dn
+N%+f/ A1 (@) fa (@) fa (@)K () |da

= I+ I,
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say. For a € my, we have either Q(l)oo <q<Qor Qé‘)o < Nlga —a| < NQZ’1 = Q;. Therefore,

by Lemma 1, we get

Ni

su )| K —pr—- 31
acen}1)2 |f4( )| 10g40AN 61)

In view of the fact that my C Z, where 7 is defined by (8), Holder’s inequality, the trivial estimate
K2 () < 2, and Theorem 4 of Hua (See [7], p. 19), we obtain

by < 22 sup @) x ([ 1fi@)Pe) ([ wran) ' ([ wrar)’

1 13
N1 1 1 1 1 ZHN12
logleN'Nz -(NlogN)7 - (N3log°N)T < oA N

L Z-
log

(32)

Moreover, it follows from (27), (31) and Cauchy’s inequality that

aEmy

< B sup (0] ([ 1)) % (4 Ifz(vc)/Cz(a)Izd“)%

Ni

log* 4 N '

< NTHe. NI (N*(2NE + 23))°
ol ye % 1 % Die oL e
KNOTH(ZIN + 2Z) < ZZNB T4 ZNw te, (33)
Combining (26), (30), (32) and (33), we deduce that

Z,N
log5 N

13
Z,N12 1
LDh=h+In< %—FZ;N%jLS-&-ZQN%JFS,
og

which implies
2, < N e, (34)

From (29) and (34), we have o
Z(N) < 21+ 2 < N,

which completes the proof of Proposition 2.

Author Contributions: All authors contributed equally to this work. All authors have read and agreed to the
published version of the manuscript.

Funding: This research work is supported by National Natural Science Foundation of China (Grant No. 11901566,
11971476), the Fundamental Research Funds for the Central Universities (Grant No. 2019QS02), and National
Training Program of Innovation and Entrepreneurship for Undergraduates (Grant No. 201911413071, C201907622).

Acknowledgments: The authors would like to express the most sincere gratitude to the referee for his/her
patience in refereeing this paper.

Conflicts of Interest: The authors declare no conflict of interest.

References

1. Vaughan, R.C. The Hardy-Littlewood Method; Cambridge University Press: Cambridge, UK, 1997.

2. Davenport, H. On Waring’s problem for fourth powers. Ann. Math. 1939, 40, 731-747.

3. Hardy, G.H.; Ramanujan, S. Asymptotic formulae in combinatory analysis. Proc. Lond. Math. Soc. 1918,
17,75-115.

4. Vinogradov, LM. Representation of an odd number as a sum of three primes. Dokl. Akad. Nauk SSSR 1937,
15,6-7.

5. Vinogradov, LM. Some theorems concerning the theory of primes. Mat. Sb. 1937, 44, 179-195.

57



Symmetry 2020, 12, 367

© ® N

11.

12.

13.

14.
15.

16.
17.
18.
19.
20.

21.
22.
23.
24.
25.

26.
27.

28.

Hua, LK. Additive Primzahltheorie; B. G. Teubner Verlagsgesellschaft: Leipzig, Germany, 1959.

Hua, LK. Additive Theory of Prime Numbers; American Mathematical Society: Providence, RI, USA, 1965.
Jagy, W.C.; Kaplansky, I. Sums of squares, cubes, and higher powers. Exp. Math. 1995, 4, 169-173.

Briidern, J. On Waring’s problem for cubes and biquadrates. J. Lond. Math. Soc. 1988, 37, 25-42.

Briidern, J.; Wooley, T.D. On Waring’s problem: Three cubes and a sixth power. Nagoya Math. ]. 2001,
163, 13-53.

Davenport, H.; Heilbronn, H. Note on a result in the additive theory of numbers. Proc. Lond. Math. Soc. 1937,
2, 142-151.

Davenport, H.; Heilbronn, H. On Waring’s problem: Two cubes and one square. Proc. Lond. Math. Soc. 1937,
2,73-104.

Roth, K.E. Proof that almost all positive integers are sums of a square, a positive cube and a fourth power.
J. Lond. Math. Soc. 1949, 24, 4-13.

Vaughan, R.C. A ternary additive problem. Proc. Lond. Math. Soc. 1980, 41, 516-532.

Hooley, C. On a new approach to various problems of Waring's type. In Recent Progress in Analytic Number
Theory; Academic Press: London, UK, 1981; Volume 1, pp. 127-191.

Davenport, H. On Waring's problem for cubes. Acta Math. 1939, 71, 123-143.

Lu, M.G. On Waring’s problem for cubes and fifth power. Sci. China Ser. A 1993, 36, 641-662.

Kawada, K.; Wooley, T.D. Sums of fourth powers and related topics. . Reine Angew. Math. 1999, 512, 173-223.
Vaughan, R.C. A new iterative method in Waring’s problem. Acta Math. 1989, 162, 1-71.

Briidern, J.; Kawada, K. Ternary problems in additive prime number theory. In Analytic Number Theory;
Jia, C., Matsumoto, K., Eds.; Kluwer: Dordrecht, The Netherlands, 2002; pp. 39-91.

Zhao, L. On unequal powers of primes and powers of 2. Acta Math. Hungar. 2015, 146, 405-420.

Liu, Z.; Lii, G. On unlike powers of primes and powers of 2. Acta Math. Hung. 2011, 132, 125-139.

Lii, X.D. On unequal powers of primes and powers of 2. Ramanujan J. 2019, 50, 111-121.

Wooley, T.D. Slim exceptional sets and the asymptotic formula in Waring’s problem. Math. Proc. Camb.
Philos. Soc. 2003, 134, 193-206.

Zhao, L. On the Waring-Goldbach problem for fourth and sixth powers. Proc. Lond. Math. Soc. 2014,
108, 1593-1622.

Pan, C.D.; Pan, C.B. Goldbach Conjecture; Science Press: Beijing, China, 1981.

Ren, X.M. On exponential sums over primes and application in Waring-Goldbach problem. Sci. China Ser. A
2005, 48, 785-797.

Vinogradov, LM. Elements of Number Theory; Dover Publications, New York, USA, 1954.

® © 2020 by the authors. Licensee MDPI, Basel, Switzerland. This article is an open access
@ article distributed under the terms and conditions of the Creative Commons Attribution
BY

(CC BY) license (http:/ /creativecommons.org/licenses/by/4.0/).

58



. symmetry MBPY

Atrticle
Some Identities and Inequalities Involving Symmetry
Sums of Legendre Polynomials

Tingting Wang * and Liang Qiao

College of Science, Northwest A&F University, Yangling 712100, China; 18309225762@163.com
* Correspondence: ttwang@nwsuaf.edu.cn

Received: 13 November 2019; Accepted: 12 December 2019; Published: 16 December 2019 f,r",%c:tfgsr

Abstract: By using the analysis methods and the properties of Chebyshev polynomials of the first
kind, this paper studies certain symmetry sums of the Legendre polynomials, and gives some new
and interesting identities and inequalities for them, thus improving certain existing results.

Keywords: Legendre polynomials; Chebyshev polynomials of the first kind; power series; symmetry
sums; polynomial identities; polynomial inequalities

1. Introduction

For any integer n > 0, the Legendre polynomials {P,(x)} are defined as follows:

2n —1 n—1
xPnfl(x) -

P”(x) = Pn—Z(x)

n
for all n > 2, with Py(x) = 1 and P;(x) = x, see [1,2] for more information.

The first few terms of n( ) are Py(x) = 1(3x2-1), P(x) = 1(5x°-3x),
Py(x) = § (35x* — 3022 +3), Ps(x) = § (63x> — 70x% + 15x), - - -.
isg

In fact, the general term of P, (x) iven by the formula

7 (271 - 2k) n—
; C(n—2kn " *

where [y] denotes the greatest integer less than or equal to y.
It is clear that P, (x) is an orthogonal polynomial (see [1,2]). That is,

/1 0, if m # n;
Py (x)Py(x)dx = 2 I
J-1 1 ifm=n.
The generating function of P, (x) is
1 [ee]
—_— = Py(x)-t", |x| <1, |t < 1. 1
T LB <L a0

These polynomials play a vital role in the study of function orthogonality and approximation
theory, as a result, some scholars have dedicated themselves to studying their various natures and
obtained a series of meaningful research results. The studies that are concerned with this content can
be found in [1-20]. Recently, Shen Shimeng and Chen Li [3] give certain symmetry sums of P, (x),
and proved the following result:
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For any positive integer k and integer n > 0, one has the identity

(2k—1)!! Z Pay () Pay (%) - - - Py, (%)
aytaytetage g =n
k n . i+j+k—2
. n+k+1—i—j) ("7
= Z C(k,]) Z ( ]) . xkill‘*’H’j ) PYH»k‘Fl*i*j(x)r

= = (n—1i)!

where (2k—1)!! = (2k—1)- (2k—3) - - -3-1,and C(k, i) is a recurrence sequence defined by C(k, 1) = 1,
Clk+1,k+1)=2k—1)tand C(k+1,i+1) =C(k,i+ 1)+ (k—1+1i)-C(k,i) forall1 <i <k—1.

The calculation formula for the sum of Legendre polynomials given above is virtually a linear
combination of some P, (x), and the coefficients C(k, i) are very regular. However, the result is in the
form of a recursive formula, in other words, especially when k is relatively large, the formula is not
actually easy to use for calculating specific values.

In an early paper, Zhou Yalan and Wang Xia [4] obtained some special cases with k = 3 and
k = 5. Itis even harder to calculate their exact values for the general positive integer k, especially if k is
large enough.

Naturally, we want to ask a question: Is there a more concise and specific formula for the
calculation of the above problems? This is the starting point of this paper. We used the different
methods to come up with additional simpler identities. It is equal to saying that we have used the
analysis method and the properties of the first kind of Chebyshev polynomials, thereby establishing
the symmetry of the Legendre polynomial and symmetry relationship with the first kind of Chebyshev
polynomial, and proved the following three results:

Theorem 1. For any integers k > 1 and n > 0, we have the identity

nocks ks
Pﬂl(x)'pﬂz(x)'”pﬂk(x)zz ?, l'ﬁ"]ﬂnfﬂ(x)’
~l !

ay+ax+-tag=n i
where < x >0=1, < x > =x(x+1)(x+2)--- (x + k—1) for all integers k > 1, and T,(x) = T—,(x) =
n n
% ((x +VxZ — 1) + <x +VaxZ — 1) ) denotes Chebyshev polynomials of the first kind.

Theorem 2. Let g > 1 is an integer, x is any primitive character mod q. Then for any integers k > 1 and

n > 0, we have the inequality
1 2 2 2
Z x(a) Py <cos %) - Py, (cos ?) o Py <cos 7;“)'

ay+ay+--+ag=na=1

<va- ("I )

Theorem 3. For any integer n > 0 with 2 t n, we have the identity

. 2
/ ’ Y P, (sin0) - Py, (sind) - - Py (sin) | do
atay+-tag=n

_
2

n 2

_ 2n.[zz}: <E>i o <Esaa
~ il (n—0)t )’
i=0

If n = 2m, then we have
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N\:

2
< Py, (sin@) - Py, (sinf) - - - Py, (sin9)> a6
ay+ay+-fap=n

m(<3 >, <)’ <s>u)’
; em—ir ) T T :

Essentially, the main result of this paper is Theorem 1, which not only reveals the profound
properties of Legendre polynomials and Chebyshev polynomials, but also greatly simplifies the
calculation of the symmetry sum of Legendre polynomials in practice. We can replace the calculation of
the symmetric sum of the Legendre polynomial with the first single Chebyshev polynomial calculation,
which can greatly simplify the calculation of the symmetric sum.

Theorem 2 gives an upper bound estimate of the character sum of Legendre polynomials.
Theorem 3 reveals the orthogonality of the symmetry sum of Legendre polynomials, which is a
generalization of the orthogonality of functions. Of course, Theorems 2 and 3 can also be seen as the
direct application of Theorem 1 in analytical number theory and the orthogonality of functions. This is

of great significance in analytic number theory, and it has also made new contributions to the study of
Gaussian sums.

In fact if we taking k = 1, and note that the identity < —3 Zh — ﬁ (Zh) then from our theorems we

may immediately deduce the following three corollaries.

Corollary 1. For any integer n > 0, we have the identity

1 & /20 (2n—2i
P =g 2 () (5 7) mento

where T, (x) denotes Chebyshev polynomials of the first kind.

Corollary 2. Let g > 11is an integer, x is any primitive character modgq. Then for any integer n > 0, we have
the inequality

aizl)((a)P,, <cos 27> <3

Corollary 3. For any integer n > 0 with 2 t n, we have the identity

z (3] /o2 A\ 2
2 o . _ 2 2i 2n —2i\“
/7%Pn(sm9)d9742n§)<i> <n—i ;

If n = 2m, then we have the identity
o, dﬁZn[%] 2i\>(2n—2i\> & (2m\*
/7%17”(sm9) 97@5 i n—i) 4 \m)"

2. Proofs of the Theorems

In this section, we will directly prove the main results in this paper by by means of the properties
of characteristic roots.

Proof of Theorem 1. First we prove Theorem 1. Leta = x + Vx> —1and = x — Vx2 — 1 be two
characteristic roots of the characteristic equation A2 — 2xA + 1 = 0. Then from the definition and
properties of Chebyshev polynomials T, (x) of the first kind, we have

61



Symmetry 2019, 11, 1521

1
:E(lx”—&-ﬁ”), n>0.

For any positive integer k, combining properties of power series and Formula (1) we have

the identity

() " o

1-20t+2) (1 _2xt42)  (1—ab)?(1-pH)?

:i ( Z pﬂl(x)'Pﬂz(x)'Pﬂa(x)"'Pak(x)>'tn~
ay+ax+-+ag=n

n=0

At the same time, we focus on the power series

o ks
=y T2 <,

where < x >9=1, < x >,=x(x+1)(x +2)--- (x+h —1) for all integers 1 > 1.

@

©)

So for any positive integer k, note that « - § = 1, from (3) and the symmetry properties of x and 3

we have

=~

(\% ) -
T—2xt+£2 (1—at)b 1—/3t)%

_ <oo < 5 >n ) < < >n /S" t”)
. kS
2
n—

ZZ Z<?!>i'( )' aﬁ”’)w‘”

0
n=0 (lO
k k

:i i<7>7"<§> ,/31121 L

=0 \imo P (n—i)!
= <k> <k>, ;
= Z Z ; o t

n=0 \i=0 ' (n—1)

e (ks <ks i »: 5
:Z Z - .7".7<an71+’5n71> ‘tn

= \5 i (n—i) 2

no koo ks
2 ’.27’”’.]“”_21.(3() L

*)

Combining (2) and (4), and then by comparing the coefficients on both sides of the power series,

we can find

n <k> <k> o
Pm(x)‘Puz(x)"'Puk(x):Z 2 1-27,”[~T,4,2,'(X).

a+ay+--Fap=n i (n—1)!

This proves Theorem 1. [

Proof of Theorem 2. The proof of Theorem 2 is next. Let g > 1 be any integer, x denotes any primitive
character mod 4. Then from Theorem 1 with x = cos (2;”’) and the identity T}, (cos@) = cos(nf),

we have
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q
EX Pﬂl

/11+a2+ ~ag=na=

<cos 2L> Pa, (cos 22) o Py <cos 22)
q q q

- BT D (P 2)
<k 2 >0 < >,, i a(n — 2i) —a(n — 2i)
- LTS L () ()
n k, k .
%?g,<i>“§ﬁ§%%~@m—aa+x«4n—mnx ©)

i=0 :

; : na
where e(y) = e¥™, and Z:l)((a)e (;) =x(n)7(x).

Note that for any primitive character x mod g, from the properties of Gauss sums, we have
|T(x)| = /4, and for any positive integer k > 1, we have

1 & (k-1 L, 1 1
(1—x)"_n;o< k=1 ) ! 1-x)%: (1-x)

S

or

(-1

i=0

(6)

Combining (5) and (6), there will be an estimation formula immediately deduced

Zx

aytay+-+ag=na=

q <k,
e
i=0 :

<k >Z
<\/§Z -

a)Py,

(cos 2i> P, (cos 22) e Py <cos 22)
q q q

% [x(n — 2i) +x(—(ﬂ—2i))J‘
Sirwi_ g (ntko
CENA ( k=1 )

Theorem 2 is proven completely. [

Proof of Theorem 3. We prove Theorem 3 below. From the orthogonality of Chebyshev polynomials

of the first kind we know that

L T (x) Ty (x)
Ja1 V1=a2

0, if m # n;
dx = g ifm=n>0, %)
w, ifm=n=0.

If integer n > 1 with 2 { n, then for any integer 0 < i < n, we have n — 2i # 0, note that

Tu(x) =T-

#(x), so from (7) and Theorem 1 we have
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2
1 1
— Poy(x) - Poy(x) -+ Pa(x) | dx
/*1 1—x2 <a1+u2+2+ukn " “ *

2
ks <k,
/1 1_ 22 ( l' (7’[71)' n Zl(x) x

i=0
2

P [%]<§>,- <k>, _ P
- /71 T EO i oy wal) |

3] /o & k 2

<ks, <ks
— . 2> <27
§ ,ZO< it =) ®

Forn = 2m,if n —2i = 0, then i = m. So from (7), Theorem 1 and the methods of proving (8)
we have

2
1 1
Ll 71 — <a1+u2+2+uk_n Py, (x)- Paz(x) c Py, (x)> dx

1 1 <3 >m <k >z <k 5 >2m—i
= +2 o2 oAt d
/4 1_ 2 ( m! Z @m—it a(x) | dx
k 4 m-1 k k 2
o <§>m <§>,‘ <§>Vl*i
"'( ! ) +2"'Z< R e )
i=0
2 4
mofcks <ks, <ks
EPU S RSN R B R o e 9
T Z( i 2m i) T m! ©)

Let x = sin 0, then we have

2
41 1
/71 — <a1+ﬂ2+»2+akn Pay (%) - Pay (%) - - - Pak(x)> dx

2
- / Py, (sinf) - Py, (sin@) - Py, (sin) | do. (10)
% a1+az+ Fap=n

Now Theorem 3 follows from (8), (9), and (10). [

3. Conclusions

Three theorems and three inferences are the main results in the paper. Theorem 1 gives proof of
the symmetry of Legendre polynomials and the symmetry relationship with Chebyshev polynomials
of the first kind. This conclusion also improves the early results in [4], and also gives us a different
representation for the result in [3]. Theorem 2 obtained an inequality involving Dirichlet characters
and Legendre polynomials; this is actually a new contribution to the study of Legendre polynomials
and character sums mod g. Theorem 3 established an integral identity involving the symmetry sums
of the Legendre polynomials. The three corollaries are some special cases of our three theorems for
k =1, and can not only enrich the research content of the Legendre polynomials, but also promote its
research development.
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1. Introduction

For any positive integer n > 2, we denote the balancing number by B, and the balancer
corresponding to it by r(n) if

1424+ By—1)=(By+1)+ (By+2)+ -+ (By+r(n))

holds for some positive integer #(1n) and B,. It is clear that r(n) = M, for example, 7(2) = 2,
#(3) = 14, r(4) = 84, (5) = 492. ..

It is found that the balancing numbers satisfy the second order linear recursive sequence B, ;1 =
6B, — B,_1 (n > 1), providing By = 0 and B; = 1[1].

The balancing polynomials B, (x) are defined by By(x) = 1, By(x) = 6x, Ba(x) = 36x% — 1,
B3(x) = 216x° — 12x, By(x) = 1296x* — 108x2 + 1, and the second-order linear difference equation:

Byi1(x) = 6xBy(x) — By—1(x),n > 1,

where x is any real number. While n > 1, we get B, 1 = 6B, — B,_1 with B,(1) = B,41. Such
balancing numbers have been widely studied in recent years. G. K. Panda and T. Komatsu [2] studied
the reciprocal sums of the balancing numbers and proved the following inequation holds for any
positive integer n:
1 21 1
7 — < <5
By — Bn—1 k; By  By—By1-1

G. K. Panda [3] studied some fascinating properties of balancing numbers and gave the following
result for any natural numbers m > n:

(Bm + Bn)(Bm - Bn) = Bin+n - Bin—n-

Other achievements related to balancing numbers can be found in [4-7].
It is found that the balancing polynomials B, (x) can be generally expressed as

{(33( +voe 1) (- m)] ,

1
Bu(x) = 27932 — 1

Symmetry 2019, 11, 1141; doi:10.3390/sym11091141 67 www.mdpi.com/journal /symmetry
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and the generating function of the balancing polynomials B, (x) is given by

176xt+t2 ZB” ’ M

Recently, our attention was drawn to the sums of polynomials calculating problem [8-11], which
is important in mathematical application. We are going to study the computational problem of the
symmetry summation:

Ba, (x)Ba,(x) - - - By, (x),

atay+-Aap o =n

where /1 is any positive integer. We shall prove the following theorem holds.
Theorem 1. For any specific positive integer h and any integer n > 0, the following identity stands:

B“l (x)Bﬂz (X) e Bﬂ)zﬂ (x)

atay+-tap g =n

1 B M) & (=it ) Buinj(x) [ 2n4i—j—1
- zh-h!',;(ax)%*f,;m TG i ’

n—i)! i

where M(h, i) is defined by M(h,0) = 0, M(h,i) = #J‘or all positive integers 1 < i < h.
In particular, for n = 0, the following corollary can be deduced.

Corollary 1. For any positive integer h > 1, the following formula holds:

M:-

M(h,j) - jt- (3x) - Bj(x) = 2" - 1 - (3x) .
1

-
I

The formula in Corollary 1 shows the close relationship among the balancing polynomials. For
h = 2, the following corollary can be inferred by Theorem 1.

Corollary 2. For any integer n > 0, we obtain

L BB Bl = ﬁ Ln =i+ 1)+2)- B(';;z

i(”*i+1)(71*i+2)(z‘+1)- Buoiss.

T ek (3x)]

For x =1, h = 2 and 3, according to Theorem 1 we can also infer the following corollaries:

Corollary 3. For any integer n > 0, we obtain

1 ¢ ) . B
Y. Bai1-Bpy1-Beyr = 216 ) (H*l+1)(1+1)(1+2)-”T1+2
a+b+c=n i—0
+ —l En (nfz+1)(n7i+2)(i+1).3";f+3.
72 ! 3i
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Corollary 4. For any integer n > 0, we obtain:

Y. Bay1-Byi1-Ber1-Bap
a-+b+c+d=n
S Zn:(n — i+ D)+ 1) +2)(i+3)(i+4)- Bu-iv2
3888 = 3i

1 L . . . . . ani+3
+ @i;o(nfwrl)(nfz+2)(z+l)(z+2)(z+3)-T

LS it 1) (n—i+2)(n—i+3)(i+1)(i+2) Dooitt,

+ JE—
1296 & 3i

Corollary 5. For any odd prime p, we have the congruence M(p,i) = 0(modp), 0 <i < p—1.

Corollary 6. The balancing polynomials are essentially Chebyshev polynomials of the second kind, specifically
By (x) = Uy, (3x). Taking x = %x in Theorem 1, we can get the following:

Ug, (x)Ugy (x) - -+ U, (x)
aytaytetap g =n
1 & (2h—j—1)! " (ni+j)!_uni+/(x)_<2h+ij1>

21 p '];2“]'-(h—j)!~(j—1)!~x2h*f,-§0 (n—1i)! xt i

Compared with [8], we give a more precise result for g 1 a, 1 ... ay. = Uay (X)Uay (x) - - - Uy, ., (x) with the
specific expressions of M(h,1). This shows our novelty.

Here, we list the first several terms of M(h, i) in Table 1 in order to demonstrate the properties of
the sequence M(h, i) clearly.

Table 1. Values of M(h, ).

M(h,i) i=1  i=2 i=3 i=4 i=5 i=6 i=7 i=8
h=1 1
h=2 1 1
h=3 3 3 1
h=4 15 15 6 1
h=5 105 105 45 10 1
h=6 945 945 420 105 15 1
h=7 10395 10395 4725 1260 210 21 1
h=8 135135 135135 62370 17,325 3150 378 28 1

2. Several Lemmas
For the sake of clarity, several lemmas that are necessary for proving our theorem will be given in

this section.

Lemma 1. For the sequence M(n, i), the following identity holds for all 1 < i < n:

B (2n—i—1)!
T (m—i) - (i— 1)

M(n,i)

Proof. We present a straightforward proof of this lemma by using mathematical introduction. It is
obvious that

0!
MO =15 =1
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This means Lemma 1 is valid for n = 1. Without loss of generality, we assume that Lemma 1
holds for1 <n =handall1 <i < h. Then, we have

o (2h—i-1)
M(h,i) = 2= (=) (i— 1)

(2h —i—2)!

M(hi+1) = St (h—i—1)-il°

According to the definitions of M(#,), it is easy to find that

M(h+1,i+1) (2h —1—1i) - M(h,i+1) + M(h,i)
2(h — i)
h—i—1)i
2h—i , 2h —i)!
= iM(h"):W
2h+1)—(G+1)—1)!
2= (h— i)l -l

2h—1—i)- M(h,i) + M(h, i)

Thus, Lemma 1 is also valid for # = h + 1. From now on, Lemma 1 has been proved. [

Lemma 2. If we have a function f(t) =
[t| < |3x], the following identity holds:

ﬁ, then for any positive integer n, real numbers x and t with

2"l () = éM(n,i) - f&

(3 _ t)2n71 4

where fU)(t) denotes the i-th order derivative of f(t), with respect to variable t and M(n, ), which is defined in
the theorem.

Proof. Similarly, Lemma 2 will be proved by mathematical induction. We start by showing that
Lemma 2 is valid for n = 1. Using the properties of the derivative, we have:

F(8) = (6x = 28) - f2(b),

or

22 = L0 — M1y SO

This is in fact true and provides the main idea to show the following steps. Without loss of
generality, we assume that Lemma 2 holds for 1 < n = h. Then, we have

2 p () ZMhz % 2

As an immediate consequence, we can tell by (2), the properties of M(#,1), and the derivative,
we get

h~(h+1)'~fh( B F(1) = 27 (1)L Bx— 1) - f2(1)
i M 2h i 1+1 + i Lm f(l)(t)

1:1 i=1
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M(h, h —1 ; h M(h,
_ (3( ))h fh+1 +2 3x 2h l'f(l+1)(t)+(2 (3x) )( 1) f()

N E (2h — 13; i)t)zgl}i,il +1) -f““)(t)

h+1,h+1 h+1,1 h41i+1)
i e e T Al
M(h+1,h+1 h+1,1 n M(h+1,i .
_ %,f(hﬂ)(t)Jr% )+ g#.p(t)

Il ' (i) (4
= L MO #

Then, it is deduced that

2 (4 1)1 Bx— b - () = hilM(h-s-l,i) i

= (3x — t)2h 1=’
or

h+1 @)
ol+1 (h+1)! .fh+2(t) = I:ZI M(h+1,i)- (336{1,7)(22{—2—1

Thus, Lemma 2 is also valid for # = h + 1. From now on, Lemma 2 has been proved.

Lemma 3. The following power series expansion holds for arbitrary positive integers h and k:

G (m—i+h)! By_jn(x) [ i+k—1 "
Gr—0F  (3a)F (Z Gonr Gy ( i ))t

where t and x are any real numbers with |t| < |3x|.

Proof. According to the definition of the balancing polynomials B, (x), we have:

0= g = ZB”

For any positive integer /1, from the properties of the power series, we can obtain

FOE) = Yot ) (k1) (4 1) Byyp(x) -
n=0
i (n+mt

n!

Bn+h (x) -t

n=0
For all real t and x with || < |3x|, we have the following power series expansion:
l n

1 i t
3x—t 3x ‘= (Bx)"

and

O

®G)

)

®)
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with any positive integer k. Then, it is found that

FM (1)
(3x — t)k

3x

> n+h " [ n+k—1 "

1;) “Buyn(x) -t > (71¥0< n >’(3x)”>
itk—1 1),

<,+,_n By () < l. )-(3x)i>f

n (n—l+h) itk-1 1),
<¥ Tl—l Bn—i+h(x)' ( i ) : (3x)i> t,

where we have used the multiplicative of the power series. Lemma 3 has been proved. [

|
MS/—\

B
Il
S

Il
HM8

3. Proof of Theorem

Based on the lemmas in the above section, it is easy to deduce the proof of Theorem 1. For any
positive integer /1, we can derive

h+1
2hopr i)y =2 h <ZBn )
= 2"y

n=0 (lﬁ +agttap g =n

B, () Bay(x) - - - By, (x)> -t (6)
On the other hand, by the observation made in Lemma 3, it is deduced that

2}1 H 'fh+1(t) _ iM(h’]) . f(j)(t)

= (3x — )=
oM ) (& (i) o 2h+i—j—1 1\ .,
]; (3x)2h—j : <”Zb (lzo (n —i)! 'Bn*H’](x) : ( i ’ (3x)i t
_ oy [y MU s i )Y B () 2ni— 1)
;1;) (Z (3x)2h H ;) =) . (3x3i . ; St 7)
Altogether, we obtain the identity:
2 Y Ba, (x)Bay (x) - - - Bay, ., (%)

aytax+-+ap=n

_ f Mhj) st (0 =i+ )t Buoisilx), ( hti—j—1 )

pct (3x)2-J = (n—i)! (3x)! i

This proves Theorem 1.

4. Conclusions

In this paper, a representation of a linear combination of balancing polynomials B;(x) (see
Theorem 1) is obtained. Moreover, the specific expressions of M(h, i) is given by using mathematical
induction (see Lemma 1).

Theorem 1 can be reduced to various studies for the specific values of x, n, and & in the literature.
For example, if n = 0, our results reduce to Corollary 1. Taking & = 2, our results reduce to Corollary 2.
Taking x = 1, h = 2, 3, our results reduce to Corollary 3 and Corollary 4, respectively.
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Abstract: The purpose of this paper is to introduce and study type 2 degenerate g-Bernoulli
polynomials and numbers by virtue of the bosonic p-adic g-integrals. The obtained results are,
among other things, several expressions for those polynomials, identities involving those numbers,
identities regarding Carlitz’s g-Bernoulli numbers, identities concerning degenerate g-Bernoulli
numbers, and the representations of the fully degenerate type 2 Bernoulli numbers in terms of
moments of certain random variables, created from random variables with Laplace distributions. It is
expected that, as was done in the case of type 2 degenerate Bernoulli polynomials and numbers, we
will be able to find some identities of symmetry for those polynomials and numbers.
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1. Introduction

There are various ways of studying special polynomials and numbers, including generating
functions, combinatorial methods, umbral calculus techniques, matrix theory, probability theory,
p-adic analysis, differential equations, and so on.

In [1], it was shown that odd integer power sums (alternating odd integer power sums) can be
represented in terms of some values of the type 2 Bernoulli polynomials (the type 2 Euler polynomials).
In addition, some identities of symmetry, involving the type 2 Bernoulli polynomials, odd integer
power sums, the type 2 Euler polynomials, and alternating odd integer power sums, were obtained
by introducing appropriate quotients of bosonic and fermionic p-adic integrals on Z,. Furthermore,
in [1], it was shown that the moments of two random variables, constructed from random variables
with Laplace distributions, are closely connected with the type 2 Bernoulli numbers and the type 2
Euler numbers.

In recent years, studying degenerate versions of various special polynomials and numbers, which
began with the paper by Carlitz in [2], has attracted the interest of many mathematicians. For example,
in [3], the degenerate type 2 Bernoulli and Euler polynomials, and their corresponding numbers were
introduced and some properties of them, which include distribution relations, Witt type formulas,
and analogues for the interpretation of integer power sums in terms of Bernoulli polynomials, were
investigated by means of both types of p-adic integrals.

As a g-analogue of the Volkenborn integrals for uniformly differentiable functions, the bosonic
p-adic g-integrals were introduced in [4] by Kim. These integrals, together with the fermionic p-adic
integrals and the fermionic p-adic g-integrals, have proven to be very useful tools in studying many
problems arising from number theory and combinatorics. For instance, in [5], the type 2 g-Bernoulli

Symmetry 2019, 11, 914; doi:10.3390/sym11070914 75 www.mdpi.com/journal /symmetry
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(g-Euler) polynomials were introduced by virtue of the bosonic (fermionic) p-adic g-integrals. Then,
it was noted, among other things, that the odd g-integer (alternating odd g-integer) power sums are
expressed in terms of the type 2 g-Bernoulli (g-Euler) polynomials.

In this short paper, we would like to introduce the type 2 degenerate g-Bernoulli polynomials
and the corresponding numbers by making use of the bosonic p-adic g-integrals, as a degenerate
version of and also as a g-analogue of the type 2 Bernoulli polynomials, and derive several basic results
for them. The obtained results are several expressions for those polynomials, identities involving
those numbers, identities regarding Carlitz’s g-Bernoulli numbers, identities concerning degenerate
g-Bernoulli numbers, and the representations of the fully degenerate type 2 Bernoulli numbers (g = 1
and x = 1 cases of the type 2 degenerate g-Bernoulli polynomials) in terms of moments of certain
random variables, created from random variables with Laplace distributions.

The motivation for introducing the type 2 degenerate g-Bernoulli polynomials and numbers is to
study their number-theoretic and combinatorial properties, and their applications in mathematics and
other sciences in general. One novelty of this paper is that they arise naturally by means of the bosonic
p-adic g-integrals so that it is possible to easily find some identities of symmetry for those polynomials
and numbers, as it was done, for example, in [1]. In the rest of this section, we recall what is needed in
the latter part of the paper.

Throughout this paper, p is a fixed odd prime number. We use the standard notations Z,, Q,, and
(Cp to denote the ring of p-adic integers, the field of p-adic rational numbers, and the completion of the
algebraic closure of Qp, respectively. The p-adic norm on Cj, is normalized as [p|, = %.

As is well known, the Bernoulli numbers are given by the recurrence relation

1, ifn=1,

0, ifn >1, @

By =1, (B+1)”_{

where, as usual, B" are to be replaced by B, (see [2,6,7]).
Additionally, the Bernoulli polynomials of degree n are given by

n
= (’;) Bx"!, )
1=0
(see [3,8,9]).
1
Let g be an indeterminate in C,. For g € C,, we assume that |1 — g, < p 7.

In [7], Carlitz considered the g-Bernoulli numbers which are given by the recurrence relation:

1, ifn =1,

Boqg =1, 9(qBg+1)" = Pug = { 0 ifn > 1 ®)

where B are to be replaced by B4, as usual.
In addition, he defined the g-Bernoulli polynomials as

Brg(x g() (x]3 9" Brg (n>0), (4)

where [x]; = ]7 , (see [7D).
Recently, the type 2 Bernoulli polynomials have been defined as

e_et Ehn 5)

(see [1,3,8]).
When x = 0, b, = b,,(0) are called the type 2 Bernoulli numbers.
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From (5), we note that

n—1

Y 21+ 1 = g (b (2n) — be), (k2 0), ©)
1=0

Let f be a uniformly differentiable function on Zy. Then, Kim defined the p-adic g-integral of f
on Zy as

L(f)

I
—
~~
—
=
=
Y

=
<
—
=
¥

= Jim Y g %)

(see [4]). Here, we note that py(x + N Zy) = ﬁ is a distribution but not a measure. The details
7

on the existence of the p-adic g-integrals for uniformly differentiable functions f on Z, can be found
in [4,10].
From (7), we note that

-1

1 !
I =1I,(f) +(g—1)f(0) + ——f'(0), 8
() = 14() + (g = DFO) + T f'0) )
where f1(x) = f(x+1).
By virtue of (8) and induction, we get
n (S -1
9" I(f) = () + (=1 Y g f) + 71— Y af(), ©)
1=0 0gq 1=0
where f,(x) = f(x+n), (n>1).
The degenerate exponential function is defined by
el(t) = (1+ BT, (10)
(see [11]), where A € Cp, with [A], < pfﬁ.
For brevity, we also set
ex(t) = e} (t) = (1+AB)E. (11)
Carlitz defined the degenerate Bernoulli polynomials as
i = LB 12)
ex(h)—1* e ST

where B, ) = By, 1(0) are called the degenerate Bernoulli numbers.
From (12), we note that

n—1
Y- (ea = g (Beeaa(n) = Be), (n>0), (13)

where (I)or =1, (gp =1(1—=A)--- (I = (k=1)A), (k>1).
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In the special case of A = 1, the falling factorial sequence (also called the Pochammer symbol) is
given by
No=1k=11-1)---(I=(k=1)), (k>1). (14)

In this paper, we study type 2 degenerate g-Bernoulli polynomials and investigate some identities
and properties for these polynomials.

2. Type 2 Degenerate g-Bernoulli Polynomials

1
Throughout this section, we assume that g € C, with [1 —g|, < p 7T and A € C,. Now, we
define the type 2 degenerate q-Bernoulli polynomials by

[ee] n 1 x
Y a1 ) =5 [ e g ). (15)
n=0 : P
By (15), we get
1
- +2 d =bpg(x|A), (n>0). 16
2, (b 2n) dua) = bus(x 10, (n20) (16

When x =1, by,4(A) = by 4(1 | A) are called the type 2 degenerate g-Bernoulli numbers.
We observe here that

1/
lim lim ~ 2 d
qlg} Alg}) 2 /Zp ([x " yh) nA }lq(y) 17)

— lim lim %b,u,(x |A) = bu(x— 1), (n>0).

g—1A—=0

The degenerate Stirling numbers of the first kind appear as the coefficients in the expansion

(Wnp =Y Sia(n, D), (n>0), 18)
1=0
(see [12]).
Thus, by (18), we get

1
E/p <[x+2y]q)n duq(y)
l n

=3 l;ﬂ Sia(n 1) /z,, [x + 2y)idpg (y) 19)

=Y Sia(n )b 4(x),
1=0

where b ;(x) is the type 2 g-Bernoulli polynomials given by 1 on [x +2y]fdug(y) = bug(x), (n >0),
(see [5]).
Therefore, by (16) and (19), we obtain the following theorem.

Theorem 1. For n > 0, we have

bug(x | A) =Y Sya(n, Dby (x). (20)
=0
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Now, we observe that

3, (Brvals) iy

:% ; Sia(n,1) / [x + 2yl (y) @1)

2m+1
X m
Zsl/\”l Z Z( ) [2m+1}q.
Therefore, by (21), we obtain the following theorem.

Theorem 2. For n > 0, we have
51 A(i’l l) l 2m + 1
bnq(x [A) = 2 1- ) E " (—qx)mm~ (22)
From (16), we note that

n 1 el tn
Y Ny =5 3 [ (Ee2m) dmtg
n=0 n=0 Zyp n,A
[x+2ylq
( P

14+ /\t> g (y) (23)

LA k mx [ 1k—m n—k t
T

where S1 (1, k) are the Stirling numbers of the first kind and by, 4 are the type 2 g-Bernoulli numbers.
Therefore, by (23), we get the following theorem.

Theorem 3. For n > 0, we have
k
bug(x [A) =) ) (m)q'""[x]f,*’"sl(n,k))\"*"bm,q. (24)

In particular,
n
bug(A) = Y 41 (n, k) A" by .
k=0

In [4], Kim expressed Carlitz’s g-Bernoulli polynomials in terms of the following p-adic g-integrals

on Zy:

[ b+ ylhdna(y) = Bua(x), (12 0). 5)

79



Symmetry 2019, 11, 914

From (9) and (25), we have
"Buan) = [, "l )
= [, W)+ g - 1) 2 g1y +m 2 gt
—Bung+(a—1) Eo g1y +m Eo iyt
=g+ 1) T P - T

where 7 is a positive integer.
Therefore, we obtain the following theorem.

Theorem 4. For n > 0, we have

n—1
9" Bmq(n) = Pmg = (m+1) ZZ U UF E gy
=0

Let us take f(x) = <[x}q> , (m >1). From (9), we have

mA
7, () o
-, ([x]q)mduq(x)+(q—1)gq’<[l]q>w

}:Z; ( Z - k/\) ( l]"> m,AqZI'

In [13], the degenerate g-Bernoulli polynomials are defined by Kim as

LT ]
/ZV A dVﬂ y) Z,Bn/\q

n=0

In particular, the degenerate g-Bernoulli numbers are given by B, 1,4 = Bn,1,4(0).
From (29), we have

L (eale) gt = puaa(a), (0> 0)
ZF’ n,A

By (28) and (30), this completes the proof for the next theorem.
Theorem 5. For m,n € N, we have

qnﬁm,)t,q(n) = Bmarg

o0 g (), 5 (Emta) (),,7
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Let us take f(x) = <[2x + 1]4) , (m >1). From (9), we have
m,A

g /%p ([2x +2n+ 1},7) . Adyq(x)

:/ ([2x+1]q> d}lq(x)+(Q*1)qu<[21+ﬂq>m’)\

m,A 1=0

+2 Z (mz W) <[21+1}q>mﬂq31+1‘

From (16) and (32), we have

q"bm,q(Zn +1]A)— bm,q(A)

- %gquZlJrl]q)mAJr ; < 2 W) <[21+1}q>m,/\q31+1'

Therefore, by (33), we obtain the following theorem.

Theorem 6. For m,n € N, we have

R (), B (8 ) (o),
=q"byg(2n 41| A) = bug(A).

From (7), we can derive the following integral equation:

, -1
/pr(xm(x) m o pxzo I
dpN—1
Nﬁ»oo dpN], x; flx
a—1pN- ,
_Alllinoo[dp MZO XZ fla+dx)g"t™
1

_2‘7 [d N TPV Zf”dx
dl
_ dl],, /fa+dx)dyq()

where d is a positive integer.

Lemma 1. Ford € N, we have

/f Ydjig (x Zq/fu—i—dxdyq()

We obtain the following theorem from Lemma 1.
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Theorem 7. Forn,d € N, we have
2a+1
b _ n 1
nalh 5 (0 ) @)

Proof. Let us apply Lemma 1 with f(x) = ([Zx + 1},7) , (n € N). Then, by virtue of (16), we have
n,A

/Zp ([2x+1]q>n dpg(x [d]q Zq / ([2 u+dx)+1]q> djt a(x)

:[;—]ng”[dg/zp ([2a;1 +2x L) %duq a(x)

- 12 / ({2a+1 :|qd>nid}lqd

[d]
a-1
- 2041 A
=20d]7 " Y 4% d( )
q ugo "7‘7 d d

|

3. Further Remarks

Assume that Xj, X5, X3, - - - are independent random variables, each of which has the Laplace
distribution with parameters 0 and 1. Namely, each of them has the probability density function given
by 5 exp(—|x]).

Let Z be the random variable given by Z = } ;2 | 2},5—’;1 In addition, let b, be the type 2 Bernoulli
numbers defined by

toE
o et Z%)bna' (38)
n=
Then, it was shown in [1] that
S} SN
g
n T 1
n=0 : ez —e 2 (39)
E)
= - e
n=0 2 !
Thereby, it was obtained that
] 1 n—1
i"E[Z"] = <§> by. (40)

Before proceeding further, we recall that the Volkenborn integral (also called the p-adic invariant
integral) for a uniformly differentiable function f on Z, is given by

N
1Pt
W)du(y) = lim —5 ) f(y)- (41)
Then, it is well known (see [14]) that this integral satisfies the following integral equation:

J, F+ D) = [ f@aut) + £0). )
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When g = 1 and x = 1, by virtue of (41), (15) becomes

= 2
L0y 72/ P (Bdu(y)
_ %log(l-&-/\t)
ex(t) —ey (1)

(43)

Here, b, (A) may be called the fully degenerate type 2 Bernoulli numbers, even though they were
defined slightly differently in [3]. Replacing t with 2 log(1 -+ At) in (39) and by making use of (43),

we have
E E[27) 2 mi log(1+ At)\™
m! A

_ io ( iosl,A(n,m)(zi)"ZE[sz% (44)
=2 i b ( );1,

Here, Sy (11, k) are the degenerate Stirling numbers of the first kind (see [12]) either given by

log(1+ At) > t"
- < 8 < > Z (45)
or given by
(x nA-ZSl/\nm 251nm)/\" LU (46)
m=0 m=0

Thus, by (44), we have shown that

2b, (A Z S (n,m)(20)"E[Z™).
m=0

Here, we remark that we only considered 4 = 1 and x = 1 cases of (15), namely the fully
degenerate type 2 Bernoulli numbers. This is because we do not see how to express type 2 degenerate
g-Bernoulli polynomials or type 2 degenerate g-Bernoulli numbers in terms of the moments of some
suitable random variables, constructed from random variables with Laplace distributions. We leave
this as an open problem to the interested reader.

4. Conclusions

Studies on various special polynomials and numbers have been preformed using several different
methods, such as generating functions, combinatorial methods, umbral calculus techniques, matrix
theory, probability theory, p-adic analysis, differential equations, and so on.

One way of introducing new special polynomials and numbers is to study various degenerate
versions of some known special polynomials and numbers, which began with Carlitz’s paper
in [2]. Actually, degenerate versions were investigated not only for some polynomials but also for a
transcendental function, namely the gamma function. For this, we refer the reader to [11]. Another
way of introducing new special polynomials and numbers is to study various g-analogues of some
known special polynomials and numbers. The bosonic p-adic g-integrals, together with the fermionic
p-adic g-integrals, turned out to be very powerful and fruitful tools for naturally constructing such
g-analogues. They were introduced by Kim in [4] and have been widely used ever since their invention.
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In this paper, the type 2 degenerate g-Bernoulli polynomials and the corresponding numbers were
introduced and investigated as a degenerate version of and also as a g-analogue of type 2 Bernoulli
polynomials by making use of the bosonic p-adic g-integrals [1,3,5]. Here, as an introductory paper
on the subject, only very basic results were obtained. The obtained results are several expressions
for those polynomials, identities involving those numbers, identities regarding Carlitz’s g-Bernoulli
numbers, identities concerning degenerate g-Bernoulli numbers, and the representations of the fully
degenerate type 2 Bernoulli numbers (3 = 1 and x = 1 cases of the type 2 degenerate g-Bernoulli
polynomials) in terms of moments of certain random variables, created from random variables with
Laplace distributions. We are planning to study more detailed results relating to these polynomials
and numbers in a forthcoming paper.
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Abstract: In this paper, we investigate some identities on Bernoulli numbers and polynomials
and those on degenerate Bernoulli numbers and polynomials arising from certain p-adic invariant
integrals on Zp. In particular, we derive various expressions for the polynomials associated with
integer power sums, called integer power sum polynomials and also for their degenerate versions.
Further, we compute the expectations of an infinite family of random variables which involve the
degenerate Stirling polynomials of the second and some value of higher-order Bernoulli polynomials.

Keywords: Bernoulli polynomials; degenerate Bernoulli polynomials; random variables; p-adic
invariant integral on Zj; integer power sums polynomials; Stirling polynomials of the second kind;
degenerate Stirling polynomials of the second kind

1. Introduction

We begin this section by reviewing some known facts. In more detail, we recall the integral
equation for the p-adic invariant integral of a uniformly differentiable function on Z, and its
generalizations, the expression in terms of some values of Bernoulli polynomials for the integer power
sums, and the p-adic integral representaions of Bernoulli polynomials and of their generating functions.

Throughout this paper, Z,, Q, and C,, will denote the ring of p-adic integers, the field of p-adic
rational numbers and the completion of the algebraic closure of Q, respectively. The p-adic norm is
normalized as |p|, = 1 Let f be a uniformly differentiable function on Zj,. Then the p-adic invariant
integral of f (also called the Volkenborn integral of f) on Z, is defined by

1Pt
W) = [, F@dno(x) = lim 5 T f)

€]
pN-1
= lim Y f(x)puo(x+pNZy).
=0

N—o0 pe

Here we note that pio(x + pNZ,) = p% is a distribution but not a measure. The existence of such
integrals for uniformly differentiable functions on Zj, is detailed in [1,2]. It can be seen from (1) that

Io(f1) = I(f) + f'(0), )

where fi(x) = f(x+1),and f'(0) = %&Y”x:o, (see [1,2]).
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In general, by induction and with f,,(x) = f(x + n), we can show that

n—1

Io(fu) = Io +Zf ), (neN), (3)
As is well known, the Bernoulli polynomials are given by the generating function (see [3-5])
i_ v ¢
= Z() By (x ) ar 4
n—

When x = 0, B, = B,(0) are called the Bernoulli numbers.
From (4), we note that (see [3-5])

Bn(x) = i <7;) le”*l, (71 > 0)’ (5)

and

Let (see [6-13])
=Y K, (npeN). ©)
k=1

The generating function of S, (1) is given by

)

p=0 k=1 @)
i < pra(n+1) — Bp+l(1)>ﬁ
=0 p+1 p!
Thus, by (7), we get
Bpia(n+1) = Byia(1)
Spln) = S, (up €N, ®)
From (2), we have
(x4t _ bt u_ v "
J, e o) = et = X By ©)
By (9), we get (see [11,12])
/Z (x +y)"duo(y) = Bu(x), (n=0), (10)
»
From (8) and (10), we can derive the following equation.
k
/Z (x +k+1)P dpg(x) _/Z xPHdpg(x) = (p+1) Z , (peN). (11)
P p n=1
Thus, by (6) and (11), and for p € N, we get
1 . .
Sp(k) = —— / k+1)P*1d —/ plg . 12
)= g { G 0 o) - [ e ao( 12
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The purpose of this paper is to investigate some identities on Bernoulli numbers and polynomials
and those on degenerate Bernoulli numbers and polynomials arising from certain p-adic invariant
integrals on Zj,.

The outline of this paper is as in the following. After reviewing well- known necessary results
in Section 1, we will derive some identities on Bernoulli polynomials and numbers in Section 2.
In particular, we will introduce the integer power sum polynomials and derive several expressions for
them. In Section 3, we will obtain some identities on degenerate Bernoulli numbers and polynomials.
Especially, we will introduce the degenerate integer power sum polynomials, a degenerate version
of the integer power sum polynomials and deduce various representations of them. In the final
Section 4, we will consider an infinite family of random variables and compute their expectations to
see that they involve the degenerate Stirling polynomials of the second and some value of higher-order
Bernoulli polynomials.

2. Some Identities of Bernoulli Numbers and Polynomials

For p € N, we observe that
p+1
(]+ l)p+1 7]‘p+1 _ Z <P+ 1)]1 7]'p+]
i—0 \ !

[y | 9
- i P i
(p+1)j +§< ; )]+1.

Thus, we get
n n r—1 noo
ot =3 { G-t = S T (PT) B e a9
j=0 =0 i=1 =0
From (14), we have
1 M prt
Sp(n):ﬁ{(n-i-l)ﬁl_(n-i-l)—g (P ; )Si(n)}. (15)

Therefore, by (15), we obtain the following lemma.

Lemma 1. For n,p € N, we have

/ (x+n+1)p+ldy0(x)f/ P dpg(x)
z Jz,

4

p—1
:(n+1)p+1_(n+1)—i;(’”lﬂ)iil (16)

X {/Zp(x+n+1)i+1dyo(x) _/Z

From Lemma 1, we note the following.

g (x) } .

P

Corollary 1. For n,p € N, we have

4 i i+1

Plip+1y 1
Bl 1) = By = 40 = e )= & (") o (Bt DB ). @)
i=1
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For n € Ny = NU {0}, by (1), we get

L

From (18), we note that

(v 1-x) i) = (10" [ 42t s

P

Bu(1—x) = (=1)"Bu(x), (n>0). (19)

Now, we observe that, forn > 1,

D= (1)a = (f)mo (7)o

1=0 =
0+<1>B1+H+Z<Z>B1_n i() (20)

=n+ Bu(1).

Il
5]

Thus we have completed the proof for the next lemma.
Lemma 2. For any n € Ny, the following identity is valid:
By(2) =n+ By + 0,1, 1)

where 6, 1 is the Kronecker’s delta.
For any n,m € N with n,m > 2, we have

/Z (=14 x)"dpg(x Z() "*"/Z x"’“dyo(x)

i i i

— ey () B

i=0

On the other hand,

Il
3

Il
o

Il
™z
(=]
/\/\/?/\
N~ N~ "

[ e=1)dno(x)

r

[ =1 o x)

Zp

(_1)n+i/Z (x+2)"+id],t0(x)

P

~.

S
3

(1) (B,,+i +n+ i) (23)

Il
o
~.

2
3

(~1)"™Bs

m
< ) > By i

Therefore, by (22) and (23), we obtain the following theorem.

Il
i
(=]
-

I

Il
o

Theorem 1. For any m,n € Nwith m,n > 2, the following symmetric identity holds:

g ( ) m+i = (=1)" i <:n> By (24)

i=0
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From (5), we note that

For n > 2, we have

B, = B,(1)

Now, we define the integer power sum polynomials by

n

Sp(nlx) = kZ:(ker)’”, (n,p € Ny).
=0

Note that 5,(1|0) = Sp(n), (1 € No,p € N).

For N € Ny, we have

N
¢ Z e(k+x)f — / e(N+1+x+y)thO(y) _ / €<x+y)td}lo(y)4
k=0 JZp JZp

Then it is immediate to see from (27) that we have

1
n+1

N 0
Z e(k+x)t _ Z

k=0 n=0

{ [ overexen tant - [ oo ),

n!’

Now, we see that (28) is equivalent to the next theorem.

Theorem 2. Forn, N € Ny, we have

Su(NJx) = %H{Bw(x N1 - Bn+1(x)}~

Let A denote the difference operator given by

Aflx) = flx+1) = f(x).

Then, by (30) and induction, we get

n

A fx) =)

k=0

(

n

k

)(—D””‘f(x k), (1>0).

89

n

(25)

(26)

27)

(28)

(29)

(30)
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Now, we can deduce the Equation (32) from (27) as in the following;:
N 1
Z e(k+x)t — ?ext(e(l\FH)f _ 1) /Z ey'dyo(y)

S Ep

k=0
1 <N+1 <N+1> ; ;
2 (ef=1)"—1)e"
et =1\ = m

N+1
— tl <N+1>(et71)mext
m

et —1 ~
N m=1 (32)
Z (N+ 1) (et _ 1)m€xf
m=0 m+1
o N m n
o N+1 MY ek At
_n:0{2<m+1)2<k>( D) (k +x) n!
[eS) n
s { 3 <N+i> <k>(—1)m‘k(k+x)”}t—'.
n=0 \ k=0m=k m+ m
Therefore, (31) and (32) together yield the next theorem.
Theorem 3. Forn, N > 0, we have
N N + 1 m n N
§<m+l>A = Lk TONK), 33)

where T(N, k) = Y.N_, (Zﬂ)(’,’:)(fl)m*k.
In particular, we have

So(N|x) = f; T(N,k) = N+1.
k=0

We recall here that the Stirling polynomials of the second kind S»(n, k|x) are given by (see [14])

Yl

1
ﬁf 1)ket = Zsznk| i (34)

Note here that S (1, k|0) = S(n, k) are Stirling numbers of the second kind. Then, we can show
that, for integers n,m > 0, we have

0, ifn < m. (35)

1 A _ { Sy(n,m|x), ifn>m,
m!
We can see this, for example, by taking A — 0in (51).

Remark 1. Combing (33) and (35), we obtain

min{N,n} N+1
Su(Nlx) =) <m+1>m!52(n,m\x).

m=0
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For any m, k € N with m — k > 2, we observe that

[, =) = [ (1) ()

Ly P

,mik m—k o m—k
- j=0 (m—k—f> /Zp ()
(36)
m—k m—ij
=1 () [, x )

Thus we have shown the following result.

Theorem 4. For any m,k € Nwith m —k > 2, the following holds true:

<7:>/Z X" Kdpg (x) = ﬁ <r7> <l]<>/z X" Tdpig (). (37)

P j=k P
From (10) and (37), we derive the following corollary.

Corollary 2. For m, k € Nwith m —k > 2, we have

(0)ms= B (7))o o

3. Some Identities of Degenerate Bernoulli Numbers and Polynomials

1

In this section, we assume that 0 # A € C, with |A|, < p 7 T. The degenerate exponential
function is defined as (see [3,13])

eX(t) = (14 Ab)R.

Note that lim)_,o e () = ¢*'. In addition, we denote (1 + At)% = e% (t) simply by e, (¢).
As is well known, the degenerate Bernoulli polynomials are defined by Carlitz as

t t X i n
o =——t a4Api=
ex(t) —7e () (1+ A0 — l+ & g‘ Bnalx %)

When x =0, B, 1 = By, (0) are called the degenerate Bernoulli numbers, (see [3,15]).
From (39), we note that (see [3])

B (x :i:() Jn—tABLA, (40)

where (x)gr =1, (X)yr =x(x—A)---(x—(n—1)A), (n>1).
By (39) and (40), we get
ﬁn,/\(l) - ,Bn,/\ = (Sn,l- (41)
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Now, we observe that

N N+1
kgoeler(t) — %ei(t) { — ( N+t ¢ (f)>}
1 e
:?20@"“”1“ o)) "
_ i ( aria (N4 1n++x1) .BnJrl,)\(x))m, (n € Np).

On the other hand,
N k+x = N o
2 =Y [ Yk+x)un o (43)
k=0 n=0 \k=0 :

Let us define a degenerate version of the integer power sum polynomials, called the degenerate
integer power sum polynomials, by

Spa(n|x) =) (k+x)pa, (n20). (44)
k=0

Note that lim) o S, A (n]x) = Sp(nlx), (n>0).
Therefore, by (42) and (43), we obtain the following theorem.

Theorem 5. Forn, N € Ny, we have

1N = 7 (Buta (N4 14.5) = Briaa () ). ()

Now, we observe that
Lt = o (A7 -1)aw

e (GURES R E0
N+1

Tl DM W [CYCERE (O

N+1 (46)
_ X
3 (ot )@ -1
00 N n
N+1 m Y K( I
’E) §<m+l> (k) (k+ ), >n!'
00 N N n
=L (B L () ()t o)
o\ \m+ 1 n!
Therefore, (31) and (46) together give the next result.
Theorem 6. For any n, N € Ny, the following identity holds:
N N
Sua(NJx) = Y. (N“) A" (x)r = Y (k+ 2) 2 T(N,K), @)
’ m=0 \1" +1 k=0
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where T(N, k) = YN _ OV EH () (—1)mF.

As is known, the degenerate Stirling polynomials of the second kind are defined by Kim as
(see [14])

(X4 Y)ur = Y Soa(nk|x) (Y (48)
§=0

where (x)g=1,(x)y =x(x—1)---(x—n+1), (n>1).
From (48), we can derive the generating function for S, , (1, k|x), (n,k > 0), as follows:

n

) =Dl () = 1 Saalm k)L 9)

n=k

When x = 0, Sp,(n,k|0) = Sp,(n,k) are called the degenerate Stirling numbers of the
second kind.

By (49), we get
S ! £ —1)"ex (¢
Z ZAnm|x) @(EA()* ) e (t)
n=m N
1 & (m _
_ % <k>(71)m kel/<\+x(t)
T k=0
© - (50)
=3 (o X (Pt o)
= \m! =\ k " ) nl
00 Am tn
- nz=0 <m| ( )n /\) E
Now, comparison of the coefficients on both sides of (50) yield following theorem.
Theorem 7. For any n,m > 0, the following identity holds:
i m _ 52’)\(1’1,771|X), lf” >m,
AT (X = { 0 A (51)
Remark 2. Combing (47) and (51), we obtain
min{N,n} N+1
SN =" L, 1y )mSaatnml)
From (30) and proceeding by induction, we have
k
1+ A)Ff(x) Z < )A"’ (x) = f(x+k), (k>0). (52)
By (52), we get
N N L
Z(x + k)n,)\ = 2 1+24) (x)n,)v (53)
k=0 k=0
It is known that Daehee numbers are given by the generating function
log(1+t & "
RECED = § 0y, (e 146, )
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From (2), we have

Llog(1+ At)
Xty _ 108 x
J, 5 Banoty) = 20E—e )
_ log(1+ At) t o
- A e () -1

=) Altl 0 gm (55)
= E)DITm;O.Bm/\(X)E
= n;) <§] (7)7\ DI,Bn—IA(x)> %

From (55), we have
L G vaadint) = 3 (F)ADBu1a00), (0> 0)
Zyp

4. Further Remark

A random variable X is a real-valued function defined on a sample space. We say that X is a
continuous random variable if there exists a nonnegative function f, defined on (—oco, 00), having the
property that for any set B of real numbers (see [16,17])

P{X € B} = /B F(x)dx. (56)

The function f is called the probability density function of random variable X.
Let X be a uniform random variable on the interval («, f). Then the probability density function
f of X is given by

0, otherwise.

f(x):{ e ifa<x<p, -

Let X be a continuous random variable with the probability density function f. Then the
expectation of X is defined by

E[X] = /j; xf (x)dx.

For any real-valued function g(x), we have (see [16])

B3] = [ g(x)f(x)ax. 8)
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Assume that Xy, Xy, - - - , X are independent uniform random variables on (0, 1). Then we have

E[ey X X (1) = eX (1) E[e) (1) E[e}2(1)] - - E[ey*(#)]
A ) A

=40 gl ran @~V g (40 Y
k—times
k !
- (log(lAitthO %%(”(t) — 1) (59)

Ik+1 H& "
thB /\Z.ZS“mk\x)—'

k' o - —m t"
=% Z < Y < )SZ)\("Z k| 2B )An )H'

where B,(f‘> (x) are the Bernoulli polynomials of order «, given by (see [4,7,8])

" o v pe) o !
(et - l) = 1;‘6 o (X)m, (60)
and we used the well-known formula
t " (1) t"
(W) (1+1)* Z B! ) (61)

From (59), we note that
n
(k) E[(x+ X1+ Xa+ -+ Xp)u_kal

n
= 35 () saatmk | 0B D@

m=k

(62)

5. Conclusions

It is well-known and classical that the first n positive integer power sums can be given by an
expression involving some values of Bernoulli polynomials. Here we investigated some identities on
Bernoulli numbers and polynomials and those on degenerate Bernoulli numbers and polynomials,
which can be deduced from certain p-adic invariant integrals on Zj.

In particular, we introduced the integer power sum polynomials associated with integer power
sums and obtained various expressions of them. Namely, they can be given in terms of Bernoulli
polynomials, difference operators, and of the Stirling polynomials of the second kind. In addition,
we introduced a degenerate version of the integer power sum polynomials, called the degenerate
integer power sum polynomials and were able to find several representations of them. In detail, they
can be represented in terms of Carlitz degenerate Bernoulli polynomials, difference operators, and of
the degenerate Stirling numbers of the second kind.

In the final section, we considered an infinite family of random variables and proved that the
expectations of them are expressed in terms of the degenerate Stirling polynomials of the second and
some value of higher-order Bernoulli polynomials.
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Most of the results in Sections 1 and 2 are reviews of known results, other than that,
we demonstrated the usefulness of the p-adic invariant integrals in the study of integer power sum
polynomials. However, we emphasize that the results in Sections 3 and 4 are new. In particular,
we showed that the degenerate Stirling polynomials of the second kind, introduced as a degenerate
version of the Stirling polynomials of the second kind, appear naturally and meaningfully in the
context of calculations of an infinite family of random variables (see (62)). We also showed that they
appear in an expression of the degenerate integer power sum polynomials (Remark 2) which is a
degenerate version of the integer power sum polynomials (see (26)).

We have witnessed in recent years that studying various degenerate versions of some old and
new polynomials, initiated by Carlitz in the classical papers [3,15], is very productive and promising
(see [3,5,14,15,18,19] and references therein). Lastly, we note that this idea of considering degenerate
versions of some polynomials extended even to transcendental functions like the gamma functions
(see [19]).
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Abstract: The main aim of this paper is that for any second-order linear recurrence sequence, the
generating function of which is f(t) = m, we can give the exact coefficient expression of the
power series expansion of f¥(t) for x € R with elementary methods and symmetry properties. On the
other hand, if we take some special values for a and b, not only can we obtain the convolution formula
of some important polynomials, but also we can establish the relationship between polynomials
and themselves. For example, we can find relationship between the Chebyshev polynomials and
Legendre polynomials.

Keywords: Fibonacci numbers; Lucas numbers; Chebyshev polynomials; Legendre polynomials;
Jacobi polynomials; Gegenbauer polynomials; convolution formula

MSC: 11B83

1. Introduction

For any integer #n > 1 and any real number y, the Fibonacci polynomials F,(y) and the Lucas
polynomials L, (y) are defined by the second-order linear recurrence sequence

Fui1(y) = yFu(y) + Fo1(y)

and
Ly1(y) = yLa(y) + Lu1(y),

where the first two terms are Fy(y) =0, F;(y) =1, Lo(y) =2and L1 (y) = .
If we take & = ¥F ‘2y2+4, p="r yie

5——, according to the properties of the second-order linear

recurrence sequence, we have

Fu(y) = "CZ : gn

and
Lu(y) = a" + p".

For any integer n > 0, the Fibonacci numbers F,, = F, (1) can be defined by the generating function

k i
——— =Y Et".
1-t-2 =
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For any integer n > 0, the first and the second kind Chebyshev polynomials T, (y) and U, (y) are
defined by the second-order linear recurrence sequence

Tui2(y) = 2yTui1(y) — Tu(y)

and
Upng2(y) = 2yUus1(y) — Un(y),

where the first two terms are To(y) = 1, T1(y) =y, Up(y) = 1 and U3 (y) = 2y.

If we takex = y+ /> — 1, B = y — \/y?> — 1, according to the properties of the second-order
linear recurrence sequence, we have

Vl+ n
Tn(y) = %
and n+1 n+1
AP
Un(y) = x—p

On the other hand, the second kind Chebyshev polynomials U, (y) can be also defined by the
generating function

1—2yt+t2 712 Unly
Besides Fibonacci polynomials, Lucas polynomials and Chebyshev polynomials, other orthogonal
polynomials have also been studied by interested scholars.
For example, the Legendre polynomials P,(y) are defined by the generating function

1
1 2 . ad "
(1—2yt+t2> _,Eop”(y)t

The Jacobi polynomials {P,(,MS ) (¥) }o<n<oo are defined by the generating function

[R(1+R*t) (1+R+1) ] 22—“ ﬂ'p@‘ﬁ)(y)
k=0

where R = /1 -2yt + 12, [t| < 1,a,8 > —1.

The Gegenbauer polynomials {C}} (1) }o<; <« are defined by the generating function

ot AficA( )t AL
T—oyttrr) — =V 2)

It is well know that polynomials and sequence occupy indispensable positions in the research
of number theory. Especially, Fibonacci and Lucas numbers, Chebyshev and Legendre polynomials
and others. These polynomials and numbers are closely related and there are a variety of meaningful
results which have been researched by interested scholars until now. For example, the identities of
Chebyshev polynomials can be found in [1-9], and the contents about Fibonacci and Lucas numbers
in [10,11]. Some authors have a research which connects Chebyshev polynomials and Fibonacci or
Lucas polynomials (see [12-14]).

In particular, we can find many significant results in the aspect of studying the calculating problem
of one kind sums of some important polynomials. For example, Yuankui Ma and Wenpeng Zhang
have calculated one kind sums of Fibonacci Polynomials (see [15]) as follows.
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Let 1 be a positive integer, for any integer n > 0, they proved

h (_1\h—j. 1
B () Fay ()~ Fay () = g 1 S0

aptay+ oy =n =

mo(n—it ) (2h4i—j—1\ (1) 2" Fiyi(x)
(B () ),

1
i=0 x

where the summation is over all i + 1-tuples with non-negative integer coordinates (a1, az, - - -, aj11
such thatay +ay + - - - +a;1 = n,and S(h, i) is a second order non-linear recurrence sequence defined
by S(h,0) =0, S(h,h) =1,and S(h+1,i+1) =2 (2h —1—1i) - S(h,i+ 1) + S(h,i) for all positive
integers1 <i<h—1.

Yixue Zhang and Zhuoyu Chen have researched the calculating problem of one kind sums of the
second kind Chebyshev polynomials (see [16]) as follows.

Let 1 be a positive integer, for any integer n > 0, they proved

Uy (x)Uay (x) - -+ Ugy (x)
aytay+-+ap=n

l ) & (n—i+j)! i —j— Uit
_ 2h1h|_2C(h,])2(r1 i+7j) .(2h+z j 1>. ff(x)

L ] e (i) i xi

’

where C(h, ) is a second order non-linear recurrence sequence defined by C(h,0) =0, C(h,h) =1,
Ch+1,1)=1-3-5---(2h—1)= 2h—D"and C(h+1,i+1) = (2h—1—1i) - C(h,i+1) + C(h,i)
foralll <i<h-1.

Shimeng Shen and Li Chen have studied the calculating problem of one kind sums of Legendre
Polynomials (see [17]) as follows.

For any positive integer k and integer n > 0, they proved

(2k — 1)1t y Pay (x)Pay (x) -+ Pay (x)
aytag+e g =n
k Clk n+k+1—l jr (e P

j

where(2k — 1)!l = 1 x3 x5+ (2k — 1) = 25(})), and C(k, i) is a recurrence sequence defined by
Clk1)=1,Clk+1,k+1) = (2k—1)!'and C(k+1,i+1) = C(k,i + 1) + (k —1+1i) - C(k,i) for all
1<i<k-1

They have converted the complex sums of F, (x) into a simple combination of F,(x), the complex
sums of Uy, (x) into a simple combination of U, (x), and the complex sums of P, (x) into a simple
combination of P, (x).

Very recently, Taekyun Kim and other people researched the properties of Fibonacci numbers
through introducing the convolved Fibonacci numbers p,(x) by generating function as follows
(see [18]):

<%> an (x €R).

They researched some new and explicit identities of the convolved Fibonacci numbers for x € N.
For example, for n > 0 and r € N, they have proved the recurrence relationship of p, (x) (see [18]):

M:

pu(x) =) pi(pu_i(x—1) = anz )pi(x —7).

0
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The convolved Fibonacci numbers p,(x) seems to be only connected with the simple power
square. In fact, it can establish the relationship between polynomials and themselves, so the further
research of p,(x) is very significant. They have provided us a new perspective to study the properties
of some vital polynomials. For example, Taekyun Kim and other people have proved the relationship
between p,(x) and the combination sums about Fibonacci numbers:

1 n o n—l n—h—-—l_
M =Y > Y BB RFogp.
n =0 l,=0 =0

They have converted the complex sums of F,(x) into a calculation problem of p,(x) and the
calculation method is easier and the expression is simpler.
Inspired by this article, in this paper, for any second-order linear recurrence sequence, the

generating function of which is f(t) = m’ we can define

(%) =Y 5 (@ b,x e R). (1)
n=0

1+ at + b2 n!’

Firstly, we give a specific computational formula of p, (x) for x € R using the elementary methods.
After that for any polynomial or sequence, the generating function of which is f(t)
obtain its convolved formula easily and directly.

Secondly, if we take some special values for 4, b in f(t) and x in p,(x), we can find some
relationship between special polynomials and themselves. For example, we will establish the
relationship between the convolved Fibonacci numbers and Lucas numbers, the relationship between
the convolved formula of the second kind Chebyshev polynomials and the first kind Chebyshev
polynomials, and the relationship between Legendre polynomials and the first kind Chebyshev
polynomials and others.

At last, through the computational formula of p,(x), especially for x € N, we can also convert
the complex sums of F, into a liner combination of L,; and express the complex sums of U, (y) as a
liner combination of T; (). More importantly, the forms are more common and the calculations are
easier than previous results.

We will prove the main results as follows:

_ 1
= Tratrpe Wecan

Theorem 1. Let f(t) = 141742’/[07 any integer n > 0 and x € R, we can obtain

) i)

where (x)y = x(x+1)(x+2)--- (x+n—1) and (x)g = 1.

Theorem 2. Let f(t) for any integer n > 0 and x,y € R, we can obtain

_ 1
T o1-2yt+t27
pulxiy) = ;O (’j) () i{xhn-iTu-2(v).

From Theorem 1 we can deduce the following;:

102



Symmetry 2019, 11, 788

Corollary 1. For any positive integer k, we have the identity

FyFap - Fay
aytay+-tag=n

B 1 U dk+i—1)!(k+n—i—1)!

T 2((k—1)1)2 i;)( R it(n—i)! Lo

From Theorem 2 we can deduce the following;:
Corollary 2. For any positive integer k, we have the identity

Ua, (y) - Uay (v) - Ua, (v)
atay+-tag=n

B 1 *o(k4i— 1) (k+n—i—1)!
RN g 0 —i)! T Tu2ily).
Corollary 3. If x = 1, we have the identity
1 & (2 —1)1(2n —2i — 1)1
Puy) = 55 EO n 7)1 - Ty2i(y)-
Corollary 4. If x = —1, we have the identity
© 1 I (2i—3)11(2n — 2i — 3)!!
R=Lak i(n— 1) Tuaiy) - £
—0“ =

Corollary 5. Ifx = A > — %, we have the identity

c) = oy X2 () itho T2,

n!
n! =\

Theorems 1 and 2 give the computational formula of p,(x) of some famous polynomials.
Especially, we know that polynomials are closely connected and they can be converted to each
other. According to these theorems, we can obtain the relationship between the polynomials easily. It
cannot only extend the application of orthogonal polynomials, but also make replacement calculations
according to its complexity. For example, if we make a calculation involving the Gegenbauer
polynomials, for simple calculations, we can convert it into Chebyshev polynomials according to

Corollary 5.

2. A Simple Lemma

In order to prove our theorems, we are going to introduce a simple lemma.

Lemma 1. For any integer n > 0 and a, b, x € R, we can obtain the equation

"o n —a v n—2i Y n_0i
)3 B (o () (),

Proof. Firstly, according Equation (1), we have

n— \1+tat+be
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We can easily know thata + f = —a,af = band & = =%+ Vz”2_4b, B=-"= 2”2_4b are two roots of
1+at+bt2 = 0.
Then, applying the properties of power series, we obtain

—X __ o -X n n __ . (—X)n n,nn
(1w = 5 (L) ey = § P e ®
and
a-po= 3 (1) o = & S, @
n=0 n=0 :

where (x), = x(x —1)(x —2)---(x —n+1)and (x)p = 1.
Combining Equations (2)—(4), we get

i p"(x):Tn' = <i (7;(!;)" (—1)"a”t"> <i0 (7;!:)" (_1)n'Bntn>

n=0 0
. (Z (CCAYeE (x>nz-<(n1)"i);ﬁ“t"">

n=0 \i=0
_ e =) (& (n ' i)
- VE) n! <120 <i>(7x)l(7x)nfz‘x ,B ) t. (5)

Similarly, according the symmetry of « and 8, we can easily obtain

Then, combining Equations (5) and (6), we know that

Z Pn(" i

n

i t _ % i (_nl|)” <i <7l.l>(—x)i(—x)n—i(“ﬁ)i (ﬁ”‘2i+an_2i>) i

n=0 i=0
- 3L (ZO b () i (52 + a“l)) . @)

Comparing the coefficients of t"" in Equation (7), we get

1 n

pu(x) = Z ( ) () l( n72i+ﬁn72i)

" i(n —a++/a2 —4b e —a—+a?—4b A
S (22 (o))

Now we have completed the proof of the Lemma 1. [

N =

3. Proof of the Theorem

Proof of Theorem 1. If we take « = —1 and b = —1 in Equation (1), we know that f(t) is the
generating function of Fibonacci number. That is,

)= 7= = L A"
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The convolved Fibonacci numbers p,, (x) are defined by the generating function as [18]

Fi() = (Hl—ftz) Y vt

In this time, x = 14—27\/5, B = %
According to the Lemma 1 and L, = «” + B", we can get

pn(x)

\
N =
4[\1:

Il
o

=

N =

<H3
=
/N
-

i(n 1++5 .
.)<x>i<x>n_i<< . )

Nl= N =

1=
R
/N
~ 3
~—
—~
=
<
S
=
<
=
1
N
Q‘
IS
+
=
=
IS4
~—

Il
o

Il
0=

—

|

—_

~.
N
-~ =
S~

—~

=

<

=

R

=~

3

n

Il
o

—\ n—2i n—2i
b (7) ()i ()i <<_a * ;2 — 4b> + <_a — 2’12 ~ 4b> )

2,
1+ 17\6
2

))

®

©)

In this equation, p,(x) is expressed as a combined forms of Lucas number. The Proof of Theorem 1

has finished. [

About the convolved Fibonacci numbers p,(x), Taekyun Kim and others have obtained its
some-recurrence formulae in reference [18]. Based on [18], we have given an exact computational
formula of p,(x) for any arbitrary x in Theorem 1. Compared with the results in [18], Theorem 1 is

more general and easier.
If we take x = k € N in Equation (8), we get

=0

=

a1=0a,=0 =0

[
gk

n=0 <a1+u2+ Fag=n

and then combining Equation (9), we can obtain

Fal ‘Faz"'Fa
ay+ax+--+ag=n

- 4 i(—l)" () ()i —iL—2i

k

k+z—l)'(k+n—i—1)!

k
= tn 1 o
£t () = ()

Fyy -t ><2Fa2 >...<2Puk.t’1k
a=0 a;=0 =0

o0 o0
= ( Z Z Foy - Foy - L pmtay +ak>

R -~Fak> S

T o2((k—D12 ; il(n—i)!

The proof of Corollary 1 has finished.

For every Fp (1 <1 <k), Y4, 1ay+-+ay=n Fay - Fay - - - F, is symmetry.
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Proof of Theorem 2. If we take 2 = —2y and b = 1 in Equation (1), we all know f(t;y) is the
generating function of the second-kind Chebyshev polynomials U, (y)

flty) = = iolln(y)t”-

1—2yt+£2

The convolved second-kind Chebyshev polynomials p,(x;y) are defined by the generating
function as [18]

1 X o n
ffty) = (m) = ;)pn(x;y)%A (10)

In this time, & =y + \/yz—llﬁ:y_\/fi_l.

According to the Lemma 1 and T, (y) = 4 (a" + p"), we can get

= zé) (?) <x>i<x>n7iTn—2i(y)- (11)

In this equation, p,(x;y) is expressed as a combined form of the first-kind Chebyshev polynomials
Tu(x). O

If we take x = k € N in Equation (10), and combining Equation (11) we can easily prove the
Corollary 2.

Take x = } in Equation (10), we know f %(t;y) is the generating function of the Legendre
polynomials P, (x) as follows:

According to Theorem 2, we can easily obtain

) - EQ

= 2211 Z (( )12('E (n_)l)) Tn72i(y)
)l

[N

f

n

_ (2171 1(2n — 1)
- 2ni:0 1!(1171)! - Ty—2i(y).

In a word, we know the Legendre polynomials P, (x) can be expressed as combined forms of the
first kind Chebyshev polynomials T, (x) as follows:

1 & (2 —1)1(2n —2i — 1)1

Pu(y) = ?i;o i —1)! “Ty2i(y)-
The proof of Corollary 3 has finished.
If we take x = —% in (10), then we can easily obtain
= 1 t”i (i—1))2n—i-1)! "
R = Zp( 7/y)m 22271 221'1—] l’l—l) (ﬂ—l—l) TW*QI(]/) t

3
Il
S)

(2i = 3)!11(2n —2i —3)!!
i — i)

I
agk
R~
=

3
Il
o
Il

o

: Tn72i(y) -t
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The proof of Corollary 4 has finished.

Taking x = A > —1 in Equation (10), we know f*(t;y) is the generating function of the

Gegenbauer polynomials {C;} () }o<n<eo as follows:

1 /\ () A (o] tn
— ) = = Mty = Ay) —.
(imme) = Lo == L
According to Theorem 2, we can easily obtain

pu (i) = ¥ () (A i Ty 2i(y)-

i=o \}

The proof of Corollary 5 has finished.

Author Contributions: Writing—original draft: Z.C.; Writing—review and editing: L.Q.

Funding: This work is supported by the N. S. F. (11771351), (11826205), (11826203) of P. R. China and N.S.B.R.P in
Shaanxi Province (2018]Q1093).

Acknowledgments: The authors would like to thank the referees for their very helpful and detailed comments,
which have significantly improved the presentation of this paper.

Conflicts of Interest: The authors declare no conflict of interest.

References

1. Chen, L; Zhang, W. Chebyshev polynomials and their some interesting applications. Adv. Differ. Equ. 2017,
2017, 303.

2. Wang, S. Some new identities of Chebyshev polynomials and their applications. Adv. Differ. Equ. 2015,
2015, 335.

3. Li, X. Some identities involving Chebyshev polynomials. Math. Probl. Eng. 2015, 2015, 950695. [CrossRef]

4. Ma, Y, Ly, X. Several identities involving the reciprocal sums of Chebyshev polynomials. Math. Probl. Eng.
2017, 2017, 4194579. [CrossRef]

5. Cesarano, C. Identities and generating functions on Chebyshev polynomials. Georgian Math. ]. 2012, 19,
427-440. [CrossRef]

6.  Cesarano, C. Integral representations and new generating functions of Chebyshev polynomials. Hacet. J.
Math. Stat. 2015, 44, 535-546. [CrossRef]

7. Lee, C.; Wong, K. On Chebyshev’s Polynomials and Certain Combinatorial Identities. Bull. Malays. Math.
Sci. Soc. 2011, 34, 279-286.

8.  Wang, T.; Zhang, H. Some identities involving the derivative of the first kind Chebyshev polynomials.
Math. Probl. Eng. 2015, 2015, 146313. [CrossRef]

9.  Wang, T,; Zhang, W. Two identities involving the integral of the first kind Chebyshev polynomials. Bull. Math.
Soc. Sci. Math. Roum. 2017, 108, 91-98.

10. Zhang, W. Some identities involving the Fibonacci numbers and Lucas numbers. Fibonacci Q. 2004,
42,149-154.

11. Ma, R; Zhang, W. Several identities involving the Fibonacci numbers and Lucas numbers. Fibonacci Q. 2007,
45,164-170.

12.  Kim, T;; Kim, D.; Dolgy, D.; Park, J. Sums of finite products of Chebyshev polynomials of the second kind
and of Fibonacci polynomials. J. Inequal. Appl. 2018, 2018, 148. [CrossRef] [PubMed]

13.  Kim, T.; Kim, D.; Kwon, J.; Dolgy, D. Expressing Sums of Finite Products of Chebyshev Polynomials of the
Second Kind and of Fibonacci Polynomials by Several Orthogonal Polynomials. Mathematics 2018, 6, 210.
[CrossRef]

14. Kim, T,; Kim, D.; Dolgy, D.; Kwon, J. Representing Sums of Finite Products of Chebyshev Polynomials of the
First Kind and Lucas Polynomials by Chebyshev Polynomials. Mathematics 2019, 7, 26. [CrossRef]

15. Ma, Y.; Zhang, W. Some Identities Involving Fibonacci Polynomials and Fibonacci Numbers. Mathematics

2018, 6, 334. [CrossRef]

107



Symmetry 2019, 11, 788

16. Zhang, Y.; Chen, Z. A New Identity Involving the Chebyshev Polynomials. Mathematics 2018, 6, 244. [CrossRef]
17.  Shen, S.; Chen, L. Some Types of Identities Involving the Legendre Polynomials. Mathematics 2019, 7, 114.
[CrossRef]

18. Kim, T.; Dolgy, D.; Kim, D.; Seo, J. Convolved Fibonacci Numbers and Their Applications. ARS Comb. 2017,
135,119-131.

® © 2019 by the authors. Licensee MDPI, Basel, Switzerland. This article is an open access
@ article distributed under the terms and conditions of the Creative Commons Attribution
BY

(CC BY) license (http:/ /creativecommons.org/licenses/by/4.0/).

108



. symmetry MoPY

Article

On r-Central Incomplete and Complete
Bell Polynomials

Dae San Kim !, Han Young Kim 2, Dojin Kim 3* and Taekyun Kim 2

1
2

Department of Mathematics, Sogang University, Seoul 04107, Korea; dskim@sogang.ac.kr

Department of Mathematics, Kwangwoon University, Seoul 01897, Korea; gksdud213@kw.ac.kr (H.Y.K.);
tkkim@kw.ac.kr (T.K.)

Department of Mathematics, Pusan National University, Busan 46241, Korea

Correspondence: kimdojin@pusan.ac.kr

3

*
Received: 16 April 2019; Accepted:23 May 2019; Published: 27 May 2019

Abstract: Here we would like to introduce the extended r-central incomplete and complete Bell
polynomials, as multivariate versions of the recently studied extended r-central factorial numbers
of the second kind and the extended r-central Bell polynomials, and also as multivariate versions of the -
Stirling numbers of the second kind and the extended r-Bell polynomials. In this paper, we study several
properties, some identities and various explicit formulas about these polynomials and their connections
as well.

Keywords: extended r-central complete bell polynomials; extended r-central incomplete bell polynomials;
complete r-Bell polynomials; incomplete 7-bell polynomials

1. Introduction

We begin this section by briefly recalling several definitions related to the central factorial numbers of
the second kind and the central Bell polynomials and also to their generalizations of the extended r-central
factorial numbers of the second kind and the extended r-central Bell polynomials (see [1]). The central
factorial x"! is given by the generating function

A proof of (1) can be found in [2], p. 215, Equations (27), (28) and (27a), (see also [1,3-5]).
It is well known that Formula (1) shows that

+1), (n=1), @
where x"] is of degree 7 in x.

The central factorial numbers of the second kind T (#, k) are the coefficients in the expansion of x” in
terms of central factorials as follows:

Xt = Z T(n,k)xH, (©)]
k=0

(see [6-11]) and it is known that T(2n,2n — 2k) enumerates the number of ways to place k rooks on a
3D-triangle board of size (1 — 1) (see [12,13]). The generating function of T(1, k) is given by

Symmetry 2019, 11, 724; doi:10.3390/sym11050724 www.mdpi.com/journal/symmetry
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1/t _\k > "
o (2 -et) = Y T(n k) @)
which follows, for example, from (1) and (3).
Indeed, on the one hand by making use of (3) we have
) m ) ) m
t_ _ k
=y x”a =Y ( :kT(n,k)a>x[ 1. 5)

n=0 k=0 "n

On the other hand, by virtue of (1) we also have

©)
=1
=3 Lt ety
k=0 "
Now, it can be easily seen that Equation (4) follows from (5) and (6).
Kim-Kim in [11] introduced the central Bell polynomials by means of generating function as
t t
xle2—e 2 0 tn
e ( )_ Y B () @

n=0
We note by making use of (4) that identity (7) implies (see [1,11])
n
B (x) = Y. T(n,k)#, (n>0).
k=0

For a nonnegative integer r, Kim-Dolgy-Kim-Kim in a recent work [1] introduced the extended
r-central factorial numbers of the second kind given by the generating function:

1 t_ftkrt_oo ) "
E(ei e 7) ¢ 7’1§{T (n-&-r,k-i—r)ﬁ. (8)
From (8), it is noted that (see [1])
n
(rn)" = Y T (7 k4 1), ©)
k=0
The extended r-central Bell polynomials [1] are defined by
%7 % ° n
Ex(e e )Ert _ Z Bglc,r)(x)%, ) (10)
n=0 :
By definition (10), it is also known that (see [1])
n
B (x) = Y. AT (n 41,k +71), (n>0). (11)
k=0
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The purpose of this paper is to introduce and study the extended r-central incomplete and complete
Bell polynomials, as multivariate versions of the recently studied the extended r-central factorial numbers
of the second and the extended r-central Bell polynomials (see [1]), and also as multivariate versions of
the - Stirling numbers of the second kind and the extended r-Bell polynomials (see Section 2). Then we
investigate their properties, some identities and various explicit formulas related to these polynomials and
also their connections.

This paper is organized as follows. In Section 2, we introduce the incomplete and complete r-Bell
polynomials and give some of their simple properties. We observe that these polynomials are multivariate
versions of the r- Stirling numbers of the second kind and the extended r-Bell polynomials . In Section 3,
we introduce our object of study, namely the extended r-central incomplete and complete Bell polynomials,
and provide several properties, some identities and various explicit formulas for them. Finally, in Section 4,
brief summaries for the obtained results about newly defined polynomials are provided.

2. Preliminaries

The r-Stirling numbers Sgr)(n,k) of the second kind are defined by the generating function
(see [14-19])

[uy

k < t"
g @D = LDk (12)
"=
and they enumerate the number of partitions of the set {1,2,-- - ,n} into k nonempty disjoint subsets in
such a way that1,2,- - -, r are in distinct subsets.
The extended r-Bell polynomials are given by (see [15])

tTl

ertEX(E'fl) — Z Bﬁzr)(x)ﬁ- (13)
n=0 :
One can show that Equations (12) and (13) imply
e (k)"
Bﬁ,r)(x) —e xz ( o ) xk
k=0 (14)

n
=) xksgr)(n +rk+r), (n>0).
k=0

In particular x =1, Bff’y) = B,(f") (1) are called the extended r-Bell numbers.

The incomplete 7-Bell polynomials are given by the generating function

Nk N\ T
1 /[& ¢ > t ) "
] (_X;’Wj,) (Z(:)yjﬂj!) =) Bn:,y/k+y(xlrx2/"' }]/1/1/2"')5- (15)
J= J=

n>k

Thus, we have

Bﬂ,/k“(xhxz,w SYLYy2 )

! 1 2 ! o n 2 (16)
E (rti () ) G () (2 (8)°).

where the summation is over all integers kq,k, - -- > 0 and rg, 71,72 - - - > 0, such that
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Zki:k, er:r, and (ky+7r1) +2(ka+712) +3(ks+7r3)+--- =n.
i>1 >0

Letay,ap,---,and by, by, - - - be any sequences of nonnegative integers. Then, as was noted in [20],
Byl et a1, a2, -+ ;by,by - - - ) enumerates the number of partitions of a set with (1 + ) elements into

(k + r) blocks satisfying:

. The first r elements are in different blocks,
. Any block of size i with no elements of the first » elements, can be colored with a; colors,
. Any block of size i with one element of the first r elements, can be colored with b; colors.

From (12) and (16), we note that

BY) ML 1, ) =S (n+k k1), 17)
B,(;),,H,(Ml,axzf Ay, Ay ) = “k+r3,(1r+)klk+,(xllx2, YLy ), (18)

and
BS,’_,),,,;(_,,,(“xl,ﬂlzxzw Cy ey, 0Py, ) = ﬂlnB,(f_,)_k,H,(xl,xz, YLy ), (19)

where « is a real number.
By using (15), we get

00 n 2
() ) o1 t
Y Bk (010,00 51,0,0, ) = (kb +

n=k
k n
:tk% Y <';> (é) Xk (20)

Also, it can be seen that

" Bl 1,0,0,--:1,0,0,---) 1 = y° B 1,0,0,-+;1,0,0,--+) o @1)
Y B (0,010,000 ) = VB (61,001,000 ) o
n=k n=0
Thus, by (20) and (21), we have the following equation given by
(n+k)! (k 1\" k—n :

0 , O (3) e wo<ns<k

B (x,1,0,0,---;1,0,0,---) = (22)

n+k+rk+r {0’ ifn >k
By replacing n by n — k in (22), we get

B 1,0,0,++51,0,0,---) = M * )yzeon (L " (k < n < 2k) 23

O 01,0,0,+51,0,0,) = (T )F (D), (k< <k, 23)

Now, we define the complete r-Bell polynomials by virtue of generating function as
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. . r
[ee] tl o0 t] o0 tn
exp <Zx’i'> (Zyjﬂj,) =) B (1,72, -+ YY) (24)
i=1 j=0 ’ n=0 '

From (15) and (24), we have

[ (r) n 00 l 0o k 00 t] r
ZBn (%1, %2, Y1, Y2, )n' = Zﬁ le Zyj+17
n=0 k=0 \i=1 = I
=Y )Y Bl (X, }ylryZ/"')ﬁ
k=0n=k :

(r) t"
By (X2 Sy )

I
e
M=

3
Il
o
-
Il
o

Comparing both sides of (25) gives us the identity

n

BY (x1, %2, iy, 2, ) Z B,H,H,(Jq,xzw YY) (26)
=0
Now, we observe that

") . .
B (x,x,--- 51,1, -- }: U (XL

kp(r)
:§ B! (L1511,
Jk
= n+rk+r (27)

n
=) kaér)(n +rk+r)
k=0
=B (x), (n>0).

3. An Extended r-Central Complete and Incomplete Bell Polynomials

Recently, in [21], we initiated the study of central incomplete Bell polynomials T, i (x1, X2, - - , Xp—k41)
and the central complete Bell polynomials B (x\xl, X2, -+ ,Xn), respectively given by
21 "

g
k'( Z om xm* 1) xm)m.) ZTnk xl/xZ/"'/xnkarl);/

and © q "
exp (ng(xif( ) ZB x\x1,xz,"~,xn)ﬁ,
i=1 :

and studied some properties and identities concerning these polynomials. It was observed, in particular,
that the number of partitioning a set with n elements into k blocks with odd sizes is given by the number
of monomials appearing in T,, x(x1,2xp, - - -, 2"’kxn,k+1 ), and that the number of partitioning a set with
elements into a certain k blocks with odd sizes is the coefficient of the corresponding monomial appearing
in Ty, x (%1, 2%, - - - rznikxn—k-#l)'

Here we will consider 'r-extensions’ of the central incomplete and complete Bell polynomials. In light
of (15), we may define the extended r-central incomplete Bell polynomials by
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1 =) 1 m " pm k 00 tj r =] (r) 1
k! Z 2 (xm*(*l) xm)% Zy]'Jrlﬁ - Z Tﬂ+r,k+r(x1’x2"" ’.yl’yz’.”) (28)
' ' =0 :

nl
m=1 n=k n

for any k € NU {0}. Then, for n,k > 0 with n > k, by (28), one can check that

(r) . o n! x1\kt 7 x3 \ks / x5 \ks
T”L'*H("l’xz"”’yl’yz"")‘HW(H) (231) (3i)

r! Y1\ (Y2\"1 Y3\ "2 29)
* (7’0!71!1’2!~~~ <ﬁ) (F) (j) )’
where the summation is over all integers k1, k3, ks --- > 0and rg, 71,72 - - - > 0, such that
Zkz,‘,l = k, Zi’i =T, and Z(ZZ - 1)]{2,‘,1 + Ziri = n. (30)

i>1 i>0 i>1 i>1

The extended r-central incomplete Bell polynomials have the following combinatorial interpretation.
This can be seen from (29). Let aj,as,---, and by, by, - - - be any sequences of nonnegative integers.

Then Tf,? n a, 2ay,2%a3,- -+ ;by, by, b3, - - - ) enumerates the number of partitions of a set with (1 4 r)

elements into k blocks of odd sizes and r blocks of any sizes satisfying:

. The first r elements are in different blocks,
e Any block of (odd) size i with no elements of the first  elements, can be colored with a; colors,
. Any block of size i with one element of the first r elements, can be colored with b; colors.

From (15), (16) and (29), we note that
X3
T,(,l)rrkﬂ(xllxz, YLy, ) = Bf,rlr,k+r(xl,0, 520y s )- (31)
Therefore, we obtain the following theorem.

Theorem 1. For n,k > 0, with n > k, we have

X3
T,(,Q,,k_,_,(xhxzr YLy, ) = Bi,r_,)_,,k_,_,(xpo, ?,O, YL YL Y3 ).

From (28), we have

(r) "1
Z n+r,k+r(1’ 1 L1, )7 Tk

=] =] 1 m m m k =] t]' r
o ST T L .<mzl<2> (1-(-1) )m!> <]20]'>

n!
:% (eg 7e—§>kert (32)
o " n
r
=T (n+rk+r)—
n=k :

Therefore, by (32), we obtain the following corollary.
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Corollary 1. For n,k > 0, with n > k, we have

Tr(t:}r,kﬁ»r(l/ 1/ o /'1/ 1/ o ) = T(r)(n + r,k+ T), (T e NU {0})

Let n, k be nonnegative integers. Then, from (28), we get

0 n 3.3 5 45 k 2 r
r) 5 3 ) > 1 x° t x>t X 5
) T,W,H,(x,x,x,~~-,1,x,x,--~)afﬁ (xt+ + +--- Tt =84

Lz 23 ot
:% G %)"em
' 33)
1 & /k _ _k (
,EZ <l>(_l)k le(1+r 5)xt
1-0
o n k non
—E By (e (- 1)L
=k 1 2) n!
Therefore, comparing both sides of (33) yields the following theorem.
Theorem 2. For n,k > 0, we have
£ () (8] [T b
kt =\ 2 0, otherwise.
In [10], Kim-Dolgy-Kim-Kim proved the following equation (34) given by
k n (") k ifn >k
=9y <k><71)k’l (’“’k> e (34)
k! =0 l 2 0, otherwise,

where n,k € Z with n, k > 0. Therefore, by (34), the following corollary is established.
Corollary 2. For n,k € NU {0}, with n > k, we have
T}Sﬂy,k_*_y(x,xz,x% s Lx ) = xX"TO (n 41k 4 7).
From (29) and Corollary 2, one can also have the following identity.
Corollary 3. Forn,k > 0, with n > k, we have

T(V) (x, P ORI B TIP - )= an(o

n+rk+r n+r,k+r(1’ L5LL )
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and

T (L1, ) =T (n 1k + 1)
11

(1,0, 55,0, 57,0, 51,1,1, )

n! 1N 1N\ 1 \k
=L kl!k31k51-~~<i> (Ty) (275)
r T\ /1N /1\7
X | —— = — = -,
<rg!71!72!--~ (o!) (11) (2!) )

where the summation is over all integers k1, ks, ks --- > 0and ro,rq,r2 - - - > 0, satisfying the conditions in (30).

_g

n+r,r

Forn, k > 0, we have

o moo1,
L s (10,0 1,00,) = @)

By comparing the coefficients on both sides of (35), we have

T<r)

n+yk+y(x,1,0,0,-~~;1,0,0,-~):xk< 0 ) (36)

Also, by (29), one can obtain that

(r) . _ T .
n:r,kJrr(x’x’“"y’y"”) xy n+rk+r(1’1"”’1’1"”) (37)
=y T (47, k+7),
and
T,EQ,,H,(axl,axz,- Y1, Ay, ) = k*’T,il, e (X1 X2, 5y Y2, ), (38)

where 7, k are nonnegative integers with n > k.
Now, we observe that

£ ) (2

N\ k
[ kl [ 1 1 tl 00
=LY () (e 0w) ) (o
k=0 ©o\=1 : j= (39)
Sk yo () t
D SE LD DL S EE AR L
k=0 n=k :
[ee] n ) tYl
= 2 Z n+,k+,(x1/x2,- oY Y2, )n!'

-~
\ |

Taking (24) into account, we may define the extended r-central complete Bell polynomials by

© /q i ) i ) n
exp (x Zi <§> (xi - (—1)'36,‘) :,) (Z(:)y]H > Z B \xl,xz,- C5Y1L, Y2, )L' (40)
i= j
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In particular, when x = 1 Bf,c’r)(1|x1,x2, YLy, ) = B,(f’y)(xl,xz,
extended r-central complete Bell numbers

-+ ;Y1,Y2,- - ) are called the
Forn >0, by (39) and (40), we get

(c;r) .
By (%1, %0, Y1, Y2, Z ,,+,k+, (x1,%2,

YY) (41)
and

(cr) .
By (xlxr, %2, Sy, y, - Zx n+,k+, (x1,x2,

YL )
It is easily noted that Bécm) (x1, %2, s y1,Y2, -+ ) = V).
Hence, one can have the following theorem
Theorem 3. For n > 0, we have
B (x[x1, %2, v,y 2 T (e Ly )
and
Br(zc/r>(x1,xzr YL Y2, E Hr e (XL X2, Sy Y2, )
Please note that
B (1,1,, Z DL L)
o
Z (n+r,k+r)
= B,S ",
and

n
B(C")(x\l,l,,“- ;1,1,--0) = 2 ka(r)(n Frk4r) = B,Sc’r)(x), (n>0).
k=0
By (39), we get

oo (£ () ) (B
- L= (= (1) (30" (32 )l%...)

X5 42)
223! 245!
r! y] ro yZ 11 ys 12 "
x <r0!r1!r2! e (@) (F) (5) ’ n!’
where the inner sum runs over all integers ki, k3, k5 - - - > 0and rg, 71,72 - - - > 0, such that
Zr,' =r, and 2(21' —Dkpiq + Z irp=n (43)
i>0 i>1 i>1
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Forn > 0, we have

(cr) . .
By (x1, %2, Y1 Y2, 2 n+,k+, (x1, %2, Y1, Y2, )

z(—H GG w
(= G () (3)).

where the sum is over all integers kq, k3, ks --- > 0and rg, 1,12 - - - > 0, satisfying the conditions in (43).
Thus, the following theorem is established.

Theorem 4. For n > 0, we have

B;(f’r)(xl,xz,“.;yl,yzlhv)zz<k1'k3'k5 ( ) ( )3(%)]@”)
(i ()" (G (5)).

where the sum is over all integers kq,k3,ks--- > 0and rg, 1,12 - - - > 0, satisfying the conditions in (43).
Now, we observe that

(£ () 0o (E) £ (@ 0-oni) (E5)

_ - k . (r) ) tn
=)« ZTn+r,k+r(lf1r“‘ /1,1,"')5 (45)
k=0 n=k !
00 n n
— ke(r) . t
=) xTHr,kH(l,l,...,1,1,...)5.
n=0k=0 !

Alternatively, the left hand side of (45) can be simplified in the following way:

exp <xi (%)i(k(q)i) f:) (Z “) ) ZB;’ —n (46)

i=1 i~
Comparing the coefficients in (45) and (46) gives the following identity.

Theorem 5. For n > 0, we have

From (29), it is noted that

n
Zxk+rTn+rk+r 1 L '”;1’1"”): ZT‘VEQrk+r( XX, “';x’x’”')

which yields the next corollary.
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Corollary 4. For n > 0, we have

4. Conclusions

In recent years, studies on various old and new special numbers and polynomials have received
attention from many mathematicians. They have been carried out by several means, including generating
functions, combinatorial methods, umbral calculus, p-adic analysis, differential equations, probability and
SO on.

In this paper, by making use of generating functions we introduced and studied the extended r-central
incomplete and complete Bell polynomials, as multivariate versions of the recently studied the extended
r-central factorial numbers of the second and the extended r-central Bell polynomials (see [1]), and also as
multivariate versions of the - Stirling numbers of the second kind and the extended r-Bell polynomials
(see Section 2). Then we studied several properties, some identities and various explicit formulas related
to these polynomials and also their connections.

In Section 1 we briefly recalled, in more detail, definitions and basic properties about the central
factorial numbers of the second kind, the central Bell polynomials, the extended r-central factorial numbers
of the second kind and the extended r-central Bell polynomials. In Section 2 we introduced the incomplete
and complete r-Bell polynomials as multivariate versions of the - Stirling numbers of the second kind and
the extended r-Bell polynomials and give some of their simple properties. In Section 3, we introduced
the extended r-central incomplete and complete Bell polynomials, and provided several properties,
some identities and various explicit formulas for them.

As our immediate next project, we would like to find some further results about the extended r-central
incomplete and complete Bell polynomials by virtue of umbral calculus and also some of their applications
associated with partition polynomials.
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Abstract: In this paper, we investigate some properties and identities for fully degenerate Bernoulli
polynomials in connection with degenerate Bernstein polynomials by means of bosonic p-adic
integrals on Z, and generating functions. Furthermore, we study two variable degenerate Bernstein
polynomials and the degenerate Bernstein operators.

Keywords: degenerate Bernoulli polynomials; degenerate Bernstein operators

1. Introduction

Let p be a fixed prime number. Throughout this paper, Z, Z,, Q, and C,, will denote the ring of
rational integers, the ring of p-adic integers, the field of p-adic rational numbers and the completion of
algebraic closure of Q, respectively. The p-adic norm |q|,, is normalized as [p|, = %.

1
For A, t € Cp, with |At[, < p~ 7T and |t[, < 1, the degenerate Bernoulli polynomials are defined
by the generating function to be

3

t . fn
71+)\t7= /\ 1
(1+ A% —1 ( ; Pulald) M

(See [1-3]). When x = 0, B, (A) = B, (0|A) are called the degenerate Bernoulli numbers. Note that
lim, 0 Bn(x|A) = By(x), where B, (x) are the ordinary Bernoulli polynomials defined by

| S > "
d-1¢ T Z B,,(X)ﬁ, 2

and B, = B, (0) are called the Bernoulli numbers. The degenerate exponential function is defined by
x ) n
ei(t) = (1+A)r =} (x) 3)
n=0
where (x)g) =1, (x)y 0 = x(x —A)(x —=2A) - - (x — (n — 1)A), for n > 1. From (1), we get
n n
puen) = 1 (1)@ @

=0

Symmetry 2019, 11, 709; doi:10.3390/sym11050709 121 www.mdpi.com/journal /symmetry
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Recentely, Kim-Kim introduced the degenerate Bernstein polynomials given by

()x
k!

n

F 20T = 1 Bu(xlA) ©)

ngki

n=k

(See [4-6]). Thus, by (5), we note that

(@)A1 =x)yga, ifn >k

6
0, ifn <k ©

Bk,n(x‘/\) = {

where 1, k are non-negative integers. Let UD(Z) be the space of uniformly differentiable functions on
Zy. For f € UD(Zy), the degenerate Bernstein operator of order n is given by

B =37 () () a1 = 0)0-sa

B )

=57 (&) Bttt

k=0
(See [4-6]). The bosonic p-adic integral on Z, is defined by Volkenborn as

4 N_1

/f Ydpo( )7hm—NZf (8)
(see [7]). By (8), we get ‘

J, Do) = [ f@no(x) = £/0), ©)

P

where %f(x) — = £(0).
From (8), Kim-Seo [8] proposed fully degenerate Bernoulli polynomials which are reformulated

in terms of bosonic p-adic integral on Z,, as

[ A apg(y) = LB

Hi = x\A (10)
7, (1+A8)7 —1 ;

and for x = 0, B,(A) = B, (0|A) are called fully degenerate Bernoulli numbers.
Note that the fully degenerate Bernoulli polynomial was named Daehee polynomials with
a-parameter in [9]. On the other hand,

/ (14 A8) % duo(y 2/ (x+y nAd.uO(y)*‘ (11)
ZP n=0
By (10) and (11), we get

[ G+ pnaduo(y) = Bu(x|A), (n>0). (12

4

Recall that the Daehee polynomials are defined by the generating function to be

log(1+t)

; 1+ ZDn ., (13)

and for x = 0, D, = D,(0) are called the Daehee numbers (see [10,11]).
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Also, the higher order Daehee polynomials are defined by the generating function to be

(M)k(m)x = £ ol (9

t n!’

and for x =0, D,(Tk) = Dﬁ,k) (0) are called the higher order Daehee numbers. From (10), we observe

1
Xlog(l—l—)xt) (1+At)% S (1+)\t)%1 og(1+ At)
(1+A)T —1 (1+/\M At
0 00 A !
=( X pnteiv ) (;Z(:)D'( g ) (15)
00 1n n n—m t?l
:E) <mz"0 (m) m(X|A)Dy—mA ) ok
By (10) and (14), we get
Bu(x|A) = f (";) Bu(X|A) Dy A" ™, (1 > 0). (16)
m=0
From (3) and (10), we observe that
> tm Llog(1+ At) x
Bu(x[A)— =242 T (14 At
L Bty =2 a4
0 m 0 1
- (EO Bm(A)fm) (lzo(x»,ﬁ!) (7)
= Z (Z (l)Bm(A)(x)n nzA) 1
n=0 \m=0
By (17), we get
B0 = 1 () Bu ), (12 0) 18)
m=0
From (1) and (3), we note that
t=(a+ank 1) 2 Bu(A
0 tl ) pm 00 pm
= l;()(l)”ll' m;O.Bm(/\)ml _mzoﬁm( )%
o0 n n o0 tﬂ (19)
n
:’E) <mz:0 <m> (1)n—m/\,5m ()‘)> m ,;),Bn(/\)n'
o0 n n tﬂ
:r;) <m¥0 <m> (1)117111,/\.3"1()‘) - ﬁn()‘)> e
Comparing the cofficients on both sides of (19), we get
% (1) W) = Bol2) = 1, (12 0), 0

where & ,, is the Kronecker’s symbol.
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By (4) and (20), we have
Br(LA) = Bu(A) = 1.

@n

The generating function of fully degenerate Bernoulli polynomials introduced in (5) can be
expressed as bosonic p-adic integral but the generating function of degenerate Bernoulli polynomials
introduced in (1) is not expressed as a bosonic p-adic integral. This is why we considered the fully
degenerate Bernoulli polynomials, and the motivation of this paper is to investigate some identities of

them associated with degenerate Bernstein polynomials.

In this paper, we consider the fully degenerate Bernoulli polynomials and investigate some

properties and identities for these polynomials in connection with degenerate Bernstein polynomials
by means of bosonic p-adic integrals on Zj, and generating functions. Furthermore, we study two

variable degenerate Bernstein polynomials and the degenerate Bernstein operators.

2. Fully Degenerate Bernoulli and Bernstein Polynomials

From (10), we observe that

00 . : B %log(l-l-/\t) Lx
ran(l |/\)n! = ESVE: _1(1+/\t)
~1) (14 (=A) (=) .
) (4 (=AY (=) R
(14 (—A) (=) —1
= Y Bulal = A1)
n=0 :

From (22), we obtain the following Lemma.
Lemma 1. For n € NU {0}, we have
Bu(1—x|A) = (=1)"Bu(x[ = A).
From (16) and (21), we get

Bn(l‘/\) - Bn(/\) = i <Vl> (,Bm(l‘/\) - ,Bm(/\)) Dn—m/\nim
- i <Zl> Sy mDn A", (n>0).

From (1), we observe that

e

,Bn(erll)L)t 1+)\t l\ (Z ,Bm X‘/\ )

n=0

0
-% (Z (:1)(1>n,n,Aﬁm<xA>> “

By (25), we get
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(23)

(24)

(25)

(26)
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By (26), with x = 1, we have
o) = 3 () Bu10) (s
m=0

— (W upfo(1A) + 1 (Va1 (1A) + ) ( )ﬁm 1AW

m=2

:(l)n,/\+”(1)n 1A(ﬁ1 _1 + i (TZ) )n mA

27)
(D 112 Br(N) ~n(D)y1a + Y (m)ﬁm(A)(l)nfm,A
m=2
SRLOTRTED DY (W [ AC TSI
m=0
=—n(1)p—11+ Bu(1]A).
Therefore, by (27), we obtain the following theorem.
Theorem 1. For n € N, we have
Bu(2[A) = ()10 + Bu(1[A). (28)
Note that
(1- x)n,A =(-1)"(x— l)n,—/\r (n>0). (29)
Therefore by (12), (23), and (29), we get
J, O = Pnadio) = (1" [ = Vnadiolo) = [ G5+ 2Dnadio ) (30)

Therefore, by (30) and Theorem 1, we obtain the following theorem.

Theorem 2. Forn € N, we have

J =)o) = [ (x+2)uadpo(x) = (1)1t = DBA) + [ (uadpo(x). 61

Zp

Corollary 1. For n € N, we have
(=1)"Bu(=1] = A) = (1)y—1,1 (1 = nB1(A)) + Bu(A) = By (2|A). (32)

By (17), we get

By(1— x|A) = io (;) Bu(A)(1 — X)yn
= io <:1> (x)m,/\(l - x)n m}n(Bm)(mAA) (33)
n 1
:m; By (x|A)Bp(A) i

125



Symmetry 2019, 11, 709

In [8], we note that

1 _ 1
() m,A Tx(x=A)(x—2A) -+ (x — (m—1)A)

_ml (_1)k m—1 (_A)lfm
_Z(mq)!( k ) o meEN).

By (33) and (34) we get

n 1

Bu1 =) = mgo B (x|A)Bn(A) (x)m,/\
:(1 - x)n,)\ + m;l Bi,n (XM)Bm( ) (x)
- n ( /\)l m m—1 m—1 1
=(1=x)yp + m; Buin (x|A)Bu(A) =<7 (m — 1)1 kz(:)(*l)k< k > x—kA

Therefore, by (35), we obtain the following theorem.

Theorem 3. Forn € NU {0}, we have

" _a\1-m m=1 m —
Bull =) = (1= + - BualeB) e T 0 (")

Corollary 2. Forn € NU {0}, we have

n _A\1-m m=1 m—
B = @+ & BB G T 0 ()
m= " k=0

(34)

(35)

(36)

(37)

For k € N, the higher-order fully degenerate Bernoulli polynomials are given by the

generating function

Liog(1+ A1)\ L@ "
5 log( T ) (1+A0)F = Z B,sk)(x‘A)L,
(1+)\t)x -1 n=0 n!

(38)

(See [8,12,13]). When x = 0, Bg,k) 1) = B,(qk) (x]0) are called the higher-order fully degenerate

Bernoulli numbers. From (5) and (38), we note that

k
<log(1+/\t > ZBkn x|/\ —(x )k,/\tk(l-&-/\t)]%x <log(1/\—t}—/\t)> %

o~

1
A+A0% -1 K B
( ) (%log(l—}—/\t)) (1+At)1T%

1 k
\,
(1+/\t 1)

—won 3 (5 2y Llog(1+21) 1
_(Y)k,Arrl;[)(m)( "R+ AnT ((1+/\1)X 1) (1+A) T 5
—oa T (K (Laynek (Al 48 e 1
=2 1 ()1 < (1%)%71) (1+ap=2= 1
(K ek v 1
=<x)k,AmZ:;0<m>(—1) k,;JBn(l—x+m\/\)mH

0 k n
-y <<x>k,,\ Y (i)<71>"’-k3n<1—x+mw%> e
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and hence, we get

(i ) )

m=k ( 40)
Therefore, by (39) and (40), we obtain the following theorem.

Theorem 4. For k,n € N, we have

a n D<k))\ZB A >k
na ) < ) )" KBy (1 — x +mlA) = {OE’O | A'Biu—1(x]A), 1-f7:1_<]; an
m=0 ) . .

Let f € UD(Z,,). For xq1,xp € Zp, we consider the degenerate Bernstein operator of order
n given by

By, A (flx1,x2) = Zf( ) ( ) (x)ia (1= x2) k1 = Zf( )Bkn x1,Xx2|A), (42)

where By, x(x1, x2|A) are called two variable degenerate Bernstein polynomials of degree 1 as followings
(see, [2-6,9,14-27]):

Bin(xi ) = () ()1 = x2)ga, (02 0) )

The authors [3] obtained the following:

o " (X)kA k1
k;)lak,n(xl,xzu)m = T’tke}\ 2(¢). (44)

The authors [8] obtained the following:

By, (x1,x2|A) :<Z> (1= =x1))y(nppr (1 = 22) i

(45)
=B _kn(1—2x2,1—x1|A),
and
By (x1,%2|A) = (1 = x2 — (n — k= 1)A) By, _1(x1, x2|A) (46)
+ (x1 = (k=1 A)Br_1,-1(x1,x2(7).
From (42), we note that x1, x3 € Zp, if f(x) = 1, then we have
n
By (1]x1,x2) = Y By u(x1, x2(A)
k=0
1t 47
*E()xlk)\l_XZ)n kA @
k=0
=(1+x1—x2)un,
and if f(t) = t, then we have
By (tx1,x2) = (x1)10(x1 +1 = A =x2) 1, (48)

and if f(t) = 2, then we have
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1 n—
By (21, x2) = ;(xl)l,/\(xl +1—=A—=x2)p_10+

The authors [3] obtained the following:

()12 = e )3_ Xz)nq,A]B”(t'xl'xZ)'
and
()20 = ! Yy QBk (x1,x2|A)
N I e Y O LY W () I ’
and

! O By (x1,x2|A).
(1+X]*XZ*Z)\),, ’)‘kl() n !

Taking double bosonic p-adic integral on Z,, we get the following equation:

/Z,, /Z,, By (1, X2|A)dpto (x1)dpo(x2) = (Z) /Z

Therefore, by (53) and Theorem 2, we obtain the following theorem.

(x)ip =

4 P

Theorem 5. For n,k € NU {0}, we have

L Bl Mo () (x2)
ZP ZP

_ (0)Bn(A) ((1)p—1,0n(A —1)Bu(A) + By_k(A)), ifn >k,
Bu(A), ifn =k

1
(x1)20(1+2x2 =24 — x2) 22

(1) adpo(x1) /Z (1= x2)y—gadpo(x2).

(49)

(50)

G

(52)

(53)

(54)

We get from the symmetric properties of two variable degenerate Bernstein polynomials that for

n,k € Nwithn > k,

J, ., Bonten Moo v2)

—WZO () () 0

x /Z,, /Z (1= x1)km,—a (1 = x2)n—kadpo (x1)dpo(x2)

:(Z) /Zp(l Jn—kdpo(x2) i ( >< ) (=15 (1) adpo (x2)

A ecmrle=mA=DBN + [ (e adio(o) |

(e (2o

X{ k—m, /\ k m)( )\71)31(7/\)4»3}{7"1[7/\(2)}

Therefore, by Theorem 5, we obtain the following theorem.

128

(55)



Symmetry 2019, 11, 709

Theorem 6. For n,k € NU {0}, we have the following identities:

1. If n > k, then we have
By ((1)y—1an(A —=1)By(A) + B,k (A))

SNCD s (0) () 05" o (56)

m=0

X ((1)k7m,7/\ (k - m)(f)‘ - 1)B1(7/\) + kam,—/\ (2)) .

2. If n = k, then we have

k

B = 3 (1) 0F 0k (W alb = m) (=3 = DB(-2) 4 By a(2) . (57
m=0

3. Remark

Let us assume that the probability of success in an experiment is p. We wondered if we could
say the probability of success in the 9th trial is still p after failing eight times in a ten trial experiment,
because there is a psychological burden to be successful. It seems plausible that the probability
is less than p. The degenerate Bernstein polynomial B, (x|A) is used in the probability of success.
Thus, we give examples in our results as follows:

Example 1. Let n = 2, we have

By(2A) =2(1)1,a(A = 1)B1(A) + B2(A)

Example 2. Let n = 1, we have
1 (71)17111 m—1 m—1 1
Bi(1—x|A) =(1—x)10+ Y Bu1(x|A)Bu(A)—"—vr 71’“( >7
(=) ==t 3 BB gy B0 (")
1
= (1 =210+ Bra(x[A)Bi(A) 2
*fx+1
= 5

Example 3. Let n =1, k = 2, we have

2
(912 2 () (1" 210 = x4 mf2) = 2 (B (1= x12) = 2812 = x10) + Ba(3 = 1)

b= s ((-xrg)-2(-x+3) + (-2+3))

=0.

4. Conclusions

In this paper, we studied the fully degenerate Bernoulli polynomials associated with degenerate
Bernstein polynomials. In Section 1, Equations (12), (18), (20) and (21) are some properties of them.
In Section 2, Theorems 1-3 are results of identities for fully degenerate Bernoulli polynomials in
connection with degenerate Bernstein polynomials by means of bosonic p-adic integrals on Z,
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and generating functions. Theorems 4-6 are results of higher-order fully Bernoulli polynomials in
connection with two variable degenerate Bernstein polynomials by means of bosonic p-adic integrals
on Z, and generating functions.
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R. S. Melham’s conjectures

MSC: 11B39

1. Introduction

For any integer n > 0, the famous Fibonacci polynomials {F,(x)} and Lucas polynomials
{L,(x)} are defined as Fy(x) = 0, Fi(x) =1, Lo(x) = 2, L1(x) = x and F,;2(x) = xF,11(x) + Fu(x),
Ly42(x) = xLy41(x) 4+ Ly(x) for all n > 0. Now, if we let o = @ and p = @, then it is
easy to prove that

1
a—p
If x = 1, we have that {F,(x)} turns into Fibonacci sequences {F, }, and {L,(x)} turns into Lucas

sequences {L, }. If x = 2, then F,(2) = P,, the nth Pell numbers, they are defined by Py =0, P, =1
and P,y = 2P, 1 + P, for all n > 0. In fact, {F,(x)} is a second-order linear recursive polynomial,

F(x) = (a" — B") and Ly(x) =a" + p" foralln > 0.

when x takes a different value x, then F,(x() can become a different sequence.

Since the Fibonacci numbers and Lucas numbers occupy significant positions in combinatorial
mathematics and elementary number theory, they are thus studied by plenty of researchers,
and have gained a large number of vital conclusions; some of them can be found in
References [1-15]. For example, Yi Yuan and Zhang Wenpeng [1] studied the properties of the
Fibonacci polynomials, and proved some interesting identities involving Fibonacci numbers and Lucas
numbers. Ma Rong and Zhang Wenpeng [2] also studied the properties of the Chebyshev polynomials,
and obtained some meaningful formulas about the Chebyshev polynomials and Fibonacci numbers.
Kiyota Ozeki [3] got some identity involving sums of powers of Fibonacci numbers. That is, he
proved that

2m+1

Lomy1-2j < ] ) (F(Z"’+1*2f)(2n+1) _F2m+l—2j>.

- 2m+1 _ 1 ¢
k; B =5 Z_:

Helmut Prodinger [4] extended the result of Kiyota Ozeki [3].
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In addition, regarding many orthogonal polynomials and famous sequences, Kim et al. have
done a lot of important research work, obtaining a series of interesting identities. Interested readers
can refer to References [16-22]; we will not list them one by one.

In this paper, our main purpose is to care about the divisibility properties of the Fibonacci
polynomials. This idea originated from R. S. Melham. In fact, in [5], R. S. Melham proposed two
interesting conjectures as follows:

Conjecture 1. If m > 1 is a positive integer, then the summation

n
LyL3Ls -« Lomyr 3 B!
k=1

can be written as (Fap 11 — l)2 Poyy—1 (Fany1), where Poy, 1 (x) is an integer coefficients polynomial with degree
2m — 1.

Conjecture 2. If m > 0 is an integer, then the summation

n
241
LiLsLs -« Loy Y LoJH
k=1

can be written as (Lyy11 — 1) Qom (Lay+1), where Qop (x) is an integer coefficients polynomial with degree 2m.

Wang Tingting and Zhang Wenpeng [6] solved Conjecture 2 completely. They also proved a
weaker conclusion for Conjecture 1. That is,

n

LiLsLs- - Lows1 Y Fy™
k=1

can be expressed as (Fy;+1 — 1) Py, (Font1), Where Py, (x) is a polynomial of degree 2m with integer
coefficients.

Sun et al. [7] solved Conjecture 1 completely. In fact, Ozeki [3] and Prodinger [4] indicated that
the odd power sum of the first several consecutive Fibonacci numbers of even order is equivalent
to the polynomial estimated at a Fibonacci number of odd order. Sun et al. in [7] proved that this
polynomial and its derivative both disappear at 1, and it can be an integer polynomial when a product
of the first consecutive Lucas numbers of odd order multiplies it. This presents an affirmative answer
to Conjecture 1 of Melham.

In this paper, we are going to use a new and different method to study this problem, and give
a generalized conclusion. That is, we will use the Girard and Waring formula and mathematical
induction to prove the conclusions in the following:

Theorem 1. If n and h are positive integers, then we have the congruence

h
Ly(x)Ls(x) -+ Loysa (x) Y F20+(x) = 0 mod (Fyypq(x) — 1)%.

m=1

Taking x = 1 and x = 2 in Theorem 1, we can instantly infer the two corollaries:

Corollary 1. Let F, and L, be Fibonacci numbers and Lucas numbers, respectively. Then, for any positive
integers n and h, we have the congruence

h
LiLsLs - Loys1 Y F2F1 = 0 mod (Fyyq — 1)%.

m=1
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Corollary 2. Let Py, be nth Pell numbers. Then, for any positive integers n and h, we have the congruence

h
L1(2)L3(2)L5(2) -+ Lops1(2) Y P21 = 0 mod (Py,yq — 1)%,

m=1
n n
where L, (2) = (1 + ﬁ) + (l — ﬁ) is called nth Pell-Lucas numbers.

Tt is clear that our Corollary 1 gave a new proof for Conjecture 1.

2. Several Lemmas

In this part, we will give four simple lemmas, which are essential to prove our main results.
Lemma 1. Let h be any positive integer; then, we have
(xz +4, B (x) — 1) =1,
where x? + 4 and Fy, 1 (x) — 1 are said to be relatively prime.

Proof. From the definition of F,(x) and binomial theorem, we have

1 2L O+ 1N 4fa, N2
Bp(x) = TRy x2+4k;0< k )x <x +4)

1 2h+1 2h+1
e e < L >xk(71)211+1—k (x2+4)
2: X<+ 4 k=0

1y <2h+1> sk (2 Ak
= — T (x°+4 . )
7 L (M) (o)

2h+1-k

Thus, from Equation (1), we have the polynomial congruence

h h—k
P Eypn(x) = Y <2h+ 1>x2k (xz +4) = (20 + 1)x"
= 2k

= (2h+1) (x2+474)h = (2 +1)(—4)" mod (22 +4)
or
Bypa(x) —1= (2h +1)(=1)" — 1 mod (x + 4). )

Since x? + 4 is an irreducible polynomial of x, and (2 +1)(—1)" — 1 is not divisible by (x2 +4)
for all integer i > 1, so, from (2), we can deduce that

(x2 4, By (x) — 1) —1.
Lemma 1 is proved. [
Lemma 2. Let h and n be non-negative integers with h > 1; then, we have

(¥ + 4)F 1) 2n41) (%) — Lan(x) = Lapga(x) = 0mod (Fysq(x) = 1).
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Proof. We use mathematical induction to calculate the polynomial congruence for 1. Noting Lo(x) = 2,
Li(x) = x, Ly(x) = x% + 2. Thus, if n = 0, then

(% + 4) Fops1) (2n1) (¥) — Lan (%) = Lonta(x)
(® +4)Fypa(x) =2 - 2% =2
(® +4) (Fypy1 (%) = 1) = 0mod (Fy11(x) —1).

Ifn =1, then Ly(x) + Ly(x) = x> + 2+ x* +4x? + 2 = x* + 5x2 + 4. Note that the identity 2th1(x) =
x%ﬂ <F3(2h+1) (x) +3Fy1(x )) , 50 we obtain the congruence

(% +4) Faps1)nr1) (%) — Laa (x )—L2n+2(x)

= (P +4)Fm)(x) -2t =507~

= (@44 [P+ B () - aFM(x)] —xt 5?4

= (P4 [Bn®) — Baa ()] + (2 + 4 (03 + Do () - x* =522 — 4

(¥ +4)? (F2h+1(x) + th+1(x)) (Fang1(x) —1) =0mod (Fpyyq(x) — 1),

which means that Lemma 2 is correct for n = 0 and 1.
Assume Lemma 2 is right for all integers n = 0,1,2, - - - , k. Namely,

(x® +4)F 1) 2n+1) (%) — Lan(x) = Lonya(x) = 0mod (Fyyq (x) — 1), ®3)

where 0 < n < k.
Thus, n = k+ 1 > 2, and we notice that

Logany1)(¥) Fanr1)2k+1) (¥) = Fong)y@rss) (X) + Fangnyer-1) (%),

Lojs2(x) 4 Logra(x) = (2% + 2)Log(x) + (3% +2) Lojya(x) — (Lax—2(x) + Lok (x))
and
Lys1) (%) = (2 +4)F3, 1 (x) =2 = x> + 2 mod (Fyy1(x) — 1)

From inductive assumption (3), we have

(¥ + 4) Fps1) (2n1) (¥) = Lon(x) — Long2()
= (0 +4)Fopa1)2k+3) (X) = Logsa(x) — Logsa(x)
= (P +4) Lypr1) (¥) Fane) ks 1) (¥) — (22 +4) Fopgry k1) — Lakga (%) — Logsa (%)
= (P +4) (P +2)Fppryrsn) () = (7 +2) Lo (x) — (2% +2) Logn (%)

— (2% + 4) Fopi 1) (k1) (%) + Log—2(x) + Log(x)
) [+ DFansnye41) (%) = Lok (x) = Lo (x)]

- [(xz +4))Foni1)k—1)(¥) — Log—2(x) — L2k(x)]
= 0mod (Fyyq(x)—1).

Il
—
=

)
+
N

Now, we have achieved the results of Lemma 2. [J
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Lemma 3. Let h and n be non-negative integers with h > 1; then, we have the polynomial congruence

h
Li(x)L3(x) -~ Lops1(x) Y [F2m(2n+1)(x) —(2n+ 1)F2m(x)]

m=1

= 0mod (Fy1(x) —1)%.
Proof. For positive integer n, first note that ap = —1, L, (x) = a™ + ",

h 1 h )
Eo x) = o m(2n+1) _ p2m(2n+1)
m;l 2m(2n+1) (%) T_H}m;l B }

f2@2n41) <a2h(2n+1) _ 1) g2 (ﬁzh(2n+1) _ 1)

1
T U+a 2@ T) _q g2 ) 1
1
= {F(2h+1)(2n+1)(x) - an+1(x)] )
and
u 1 u 2m 2m 1
mgl Fop (x) = \/m mgl {IX - ﬁ :| = L (x) [F<2h+1) (x) - 1:| . 5)

Thus, from Labels (4) and (5), we know that, to prove Lemma 3, now we need to obtain the
polynomial congruence

La(%) (Fansn)@nen) () = Bans1 (x)) = @0+ DLansa (x) (B () = 1)
= 0mod (Eyq(x) —1)2. (6)

Now, we prove (6) by mathematical induction. If n = 0, then it is obvious that (6) is correct.
If n = 1, we notice that L(x) = x, Fyg11)(x) = (x® + 4)F23h+1(x) — 3Fy41(x) and thﬂ(x) =
(Fang1(x) = 141)° = 3By (x) —2mod (Fyuqa(¥) —1)° we have

L1 (%) Fiopsa)@ns1) (%) = L1 (%) Fapg1 (x) — (21 + 1) Lopt1 (%) (Fopga (x) — 1)
= xFyp41)(x) — xF3(x) = 3L (x) (Fapya(x) — 1)
= x(P+4)F,, 1 (x) = 3xFyp (x) — x(x* +1) = 3(x° 4 3x) (Fypga (x) — 1)
= (x> +4x) BFyp1(x) —2) = BxFyp1(x) — (27 +x) = 3(x* +3x) (Fypy1 (x) — 1)
= 3(x +3x) (Fypsa(x) = 1) = 3(x +3x) (Fypr (x) — 1)
0 mod (Ey.q(x) —1)2.

Thus, n = 1 s fit for (6). Assume that (6) is correct for all integers n = 0,1,2,- - - , k. Namely,

La(¥) (Fansn)@nen) () = Bans1 (x)) = @0+ DLansa (x) (B () — 1)
= 0mod (Eyq(x) — 1)2 7)

foralln =0,1,--- ,k.
Where n = k+1 > 2, we notice

Looons1) (¥) Fant1) 2k41) (¥) = Foanga)ax+3) (X) + Fangr)ar—1) (%)
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and
Loni)(x) = (P + 4 4 (x) =2 = (x? +4) (B (x) =1+ 1)* =2

(2 +4) [(Faia(x) = 12 + 2B (v) = 1)| + 22 +2
= 2(x +4)(Fy 1 (x) = 1) + 22 +2mod (Fyy1(x) —1)%

From inductive assumption (7) and Lemma 2, we have

XFony1)@ni1)(¥) = xFant1(x) — (21 4+ 1) Lot (x) (Fanga (x) — 1)
= XFoni1)2ks3)(¥) = ¥Farp3(x) — (2k +3) Log3(x) (Fangr(x) — 1)
= xLogn1)(¥) Fanp1) (k1) (¥) — xFangry@r—1) (¥) — ¥Fay3(x)
—(2k + 3)Logy3(x) (Fapy1(x) — 1)
2x(x® +4) (Fang1 (%) — 1) Faps) k1) (%) + x(8 +2) Fiap1) k1) (%)
—xF 1) 2k-1) (%) = %(x% + 2) Fary1 (%) + xFp 1 (x)
—(® +2) (2K + 1) Logs1 (%) (Fanga () = 1) + (2k = D) Log 1 (%) (Fapga () = 1)
—2x (Lo (x) + Loks2(x)) (Fanga (x) — 1)
() = 1) [ (62 + ) Fpny e (%) — Lok(x) = Lok ()]
(42 +2) [%F(anen) ) (¥) = ¥k (%) = (2 + 1)Lk (%) (Bansa (%) = 1)]
- [XF(zhH)(qu)(x) — xFp—1(x) — (2k — 1) Log—1(x) (Fa1(x) — 1)]
2x(Fa (¥) = 1) [ (4 + ) Faranyaren) (x) — Lak(x) = Loksa(¥)]
0mod (Fyp1(x) —1)%.

2x(Fapy1

Now, we attain Lemma 3 by mathematical induction. [

Lemma 4. For all non-negative integers u and real numbers X, Y, we have the identity

f .
Xpyr =Y~ (M) (x4 v (xr)
o= R () oo o,
in which [x] denotes the greatest integer < x.

Proof. This formula due to Waring [15]. It can also be found in Girard [14]. O

3. Proof of the Theorem

We will achieve the theorem by these lemmas. Taking X = a?", Y = —f?" and U = 2n + 1 in

Lemma 4, we notice that XY = —1, from the expression of F,(x)
1 2n+1 [(2n+1-k\, , kront 12k k
By () = L0 52 ( )0y ) ()
m(2nt1) S m+1-k\ &k "
o 2n4+1 2n+1-—k _ _
_ kz:m< h )(x2+4)n kFZZ;!l+1 Zk(x). (8)
=0
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For any integer 1 > 1, from (8), we get
!
Y [Fonansny (¥) = @1+ 1) Ean ()]
o2+l (2n+1-k n—k 212k
- gm( ¢ ) mEle ©)

If n = 1, then, from (9), we can get

M=

Li(x)Ls(x) Y (Fom(x) — 3Fom(x)) = Ly (x)La(x)(x* +4) Z S (10)

I
—

m

From Lemma 1, we know that (x? + 4, Fy,,1(x) — 1) = 1, so, applying Lemma 3 and (10), we
deduce that

h
%) Y Fop(x) = 0mod (Fypy(x) —1)%. (11)
m=1

This means that Theorem 1 is suitable for n = 1.
Assume that Theorem 1 is correct for all integers n =1,2,-- -, s. Then,

h
Ly(x)La(x) -+ Logs1(x) Y F2H(x) = 0mod (Fyppq(x) — 1) (12)

m=1

for all integers 1 < n <s.
When n = s + 1, from (9), we obtain

M:-

(F2m(25+3) (x) - (25 + 3)F2nz (x)>

3
I
—_

Il
Mm

2543 < s+3— k) 2 4 4 kZF25+3 % ()

—h2s+3— 25+3—k =
S 2543 ( s+3— k) 1k Vo p2st3-2k
_ 4 4)s+ F2s+ (x)
Lnat L b
h
+ +4 s+1 Z 2s+3 (13)

From Lemma 3, we have

h
La(¥)La(%) -+ Las13(%) 1 [Fam(as3) (%) = (25 + 3) o (¥)

m=1

= 0mod (Fy1(x) — 1) (14)
Applying inductive hypothesis (12), we obtain

S 2s+3 [2s+3—k
Ly(x)L(x) -~ Lasy1(x 2 P k( B )

X (a2 4)7Hk Z Fo 372 (x) = 0 mod (Fyp(x) — 1) (15)

m=1

139



Symmetry 2019, 11, 635

Combining (13), (14), (15) and Lemma 3, we have the conclusion

Li(x)L3(x) - - - Lasy3(x) - (x2 +4)s+1 i Ffjﬁ(x)

m=1
= 0mod (Fy1(x) —1)°. (16)
Note that (x? +4, Fy, 41 (x) — 1) = 1, so (16) indicates the conclusion
‘ 2
Li(x)La(x) - Lassa(x) - 32 FE57(x) = 0 mod (Byypa(x) — 1)2.
m=1

Now, we apply mathematical induction to achieve Theorem 1.
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Abstract: The main purpose of this paper is to give several identities of symmetry for type 2 Bernoulli
and Euler polynomials by considering certain quotients of bosonic p-adic and fermionic p-adic integrals
on Zy, where p is an odd prime number. Indeed, they are symmetric identities involving type 2 Bernoulli
polynomials and power sums of consecutive odd positive integers, and the ones involving type 2 Euler
polynomials and alternating power sums of odd positive integers. Furthermore, we consider two random
variables created from random variables having Laplace distributions and show their moments are given
in terms of the type 2 Bernoulli and Euler numbers.

Keywords: type 2 Bernoulli polynomials; type 2 Euler polynomials; identities of symmetry;
Laplace distribution

1. Introduction

In this section, we are going to review some known results. We first recall the definitions of Bernoulli
and Euler polynomials together with their type 2 polynomials. Then, we introduce the bosonic p-adic
integrals and the fermionic p-adic integrals on Z, that we need for the derivation of an identity of symmetry.
As is well known, the Bernoulli polynomials are defined by

t > "
10 = LB ™)
(see [1,2]).

In particular, the Bernoulli numbers are the constant terms B,, = B, (0) of the Bernoulli polynomials.
By making use of (1), we can deduce that

n—1

1
Y k= 7 (Besa(n) = Biga), fork =0,1,2,- - 2
1=0

The type 2 Bernoulli polynomials are defined by generating function

t Xt > b " 3
Wf = Z n(x)ﬁl 3

Symmetry 2019, 11, 613; doi:10.3390/sym11050613 www.mdpi.com/journal/symmetry
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(see [3,4]).
In particular, b, = b, (0) are called type 2 Bernoulli numbers. From (3), it can be seen that

()= 3 (';) b, )
k=0

(see [3,4]).
Analogously to (2), we observe that

Z (21+1)t = e,t( 2nt l)
= ©)
_ i (bk+l(2”) - bk+1> ﬁ
= k+1 k!
Thus, by (5), we get
n—1 r 1
Y @+ 1) = (b1 (2n) = beyr), k=0,1,2,---. (6)

& k+1

Let p be a fixed odd prime number. Throughout this paper, we will use the notations Z,, Qp, Cp,
and C to denote the ring of p-adic rational integers, the field of p-adic rational numbers, the completion of
an algebraic closure of Q, and the field of complex numbers, respectively. The normalized valuation in
C, is denoted by | - |, with [p], = %. For a uniformly differentiable function f on Z,, the bosonic p-adic
integral on Zj, (or p-adic invariant integral on Zj) is defined by

pN-1 pN-1
/Z f(x)dpo(x) = hm Z () po( x+pNZp) = hm LN 2 fx 7)
»

x=0

Then, by (7), we easily get
/fx+1dﬂo /f )dpo(x) = £(0), ®)

(see [5,6]).
The fermionic integral on Z, is defined by Kim [6] as

pN-1
[ f)dpa(x) = lim 2 F@ax+pVZy) = Jim | T (1) ©
From (9), we can show that
J, S D)+ [ f@da () =2£(0), (10)

(see [4,7-10]).
It is well known that the Euler polynomials are defined by
2 = t"

———e" =Y Eix)
et+1 =

o 11)
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We denote the Euler numbers by E;; = E;(0), (n > 0). Clearly, we have
n—1 2
2Y (-1l = m(e’” +1), wheren =1 (mod?2).
1=0
From (11) and (12), we obtain that
n—1
2) (-1)'F = Ei(n) + Ef,
1=0

where 7 is a positive odd integer.
Now, we consider the type 2 Euler polynomials which are given by

2

) m
———e" =sech(t)e" = Y En(x)—.
et +et = n!

In particular, when x = 0, E, = E,,(0) are called the type 2 Euler numbers.

(12)

(13)

(14)

In this paper, we obtain some identities of symmetry involving the type 2 Bernoulli polynomials,
the type 2 Euler polynomials, power sums of odd positive integers and alternating power sums of odd
positive integers which are derived from certain quotients of bosonic p-adic and fermionic p-adic integrals
on Zyp. In the following section, we will construct two random variables from random variables having
Laplace distributions whose moments are closely related to the type 2 Bernoulli and Euler numbers. All the
results in Sections 2 and 3 are newly developed. Finally, we note that the results here have applications in

such diverse areas as combinatorics, probability, algebra and analysis (see [11-13]).

2. Some Identities of Symmetry for Type 2 Bernoulli and Euler Polynomials
In virtue of (8), we readily see that

1 t
. (2x+1)t -
2/2,,8 dpo(x) ppp—_

Hence, by (15), we get
1
5 /Z (2x +1)"dpg(x) = by, (n>0).
P
In addition, it follows from (15) that

1 t > "
= (2y+x+1)t _ Xt _ -
2/2;16 duo(y) ef—e*‘e y;]bn(x)nr
Hence, by (17), we get
1
5 [ @ux+ ) dnoy) = bu(x), (n=0).
P
Using (15) and (17), one can easily check that
n—1

% </ e(2x+2n+l)tdyo(x) _ / g(2x+1)rdyo(x)> —t e(ZHl)r‘
JZyp JZyp

1=0
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Next, we let Ty(n) = 2 (21 + 1)k, (k € NU{0}). Note that Ty (1) represents the kth power sums of

consecutive positive odd integers. By (19), we easily get

ont [ ZXH)tdyg(x)

(2x+1+211)td _ (2x+1)t
e Ho(x) = [ e+ Didpo(x) = (20)
/Zp z, M f z, L’Z"Xtd]l(](x)
Let wy, wy be positive integers. Then, we observe that
wlf 2x+1 thO( ) wy—1 2l+1
f eZwlxthO Z;O 6
co wWy— tk
N S R 1)
!
k=0 1=0
© tk
=) Ti(wi — D

il
(=]

Now, we consider the next quotient of bosonic p-adic integrals on Z), from which the identities of
symmetry for the type 2 Bernoulli polynomials follow:

wyw ]Z ]Z E(Zwlxl+w1+2w2x2+wz+w1w2x)tdy0(xl)d‘uo(XZ)
i e 4

I(wlr w2) = 2w woxt (22)
2 fzpe 1025t 6 (x)
From (22), we have
(2w xp+wy )t
I(w] ZU2) — %/ e(2x1+wzx+l)w1tdy0(x) “1 fZl’e d‘uO(xz)
’ 2 z, [ EZzulwzxtdyo(x)
=wp Z by (wax) —tk Z Ty(wy — 1) ztl (23)
[ee) n
Z Z < )bk wax) T, g (wy — Vwkawl~ k+1n"
We note from (22) that I(wy, w;) = I(wy, w ). Interchanging w; and w,, we get
(o) n t
I(wy, wy) Z Z ( )bk wyx) Ty g (wy — 1)wkw¥ an" (24)
n=0k=0 :

Therefore, by (23) and (24), we obtain the following theorem.

Theorem 1. For wy, wy € Nand n € NU {0}, we have

" (n _ " (n
) (k)bk(wzx)Tn,k(wl — Dkl =1 = ) <k) b (wyx) Ty g (wy — l)wkw" k+1,

k=0 k=0

Setting x = 0 in Theorem 1, we obtain the following corollary.
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Corollary 1. For wy, wy € Nand n € NU {0}, we have
n

_ " /n _
Z ( >kan k(wr = Dwiwy ™ = 3 <k>han—k(wZ — Dwhw)

k=0

Furthermore, let us take w, = 1in Corollary 1. Then, we have
< n—k+l _ y- (1 k
by} b Ty (wq — 1wy 25
kEZO <k> k k§:0 <k> Tk (w1 — 1)w] (25)

Therefore, by (4) and (25), we obtain the following corollary.

Corollary 2. For w; € Nand n € NU {0}, we have

n

n n . 1wl—l ‘
2 < >kan p(w —Dwi =Y <k>bkwl’ Y (+1)"

k=0 k=0 =0

From (22), we observe that

(2w xp+wy )t
I(w w ) _ wizewlwzxt szlx1t+w1td wlf dﬂo(xl)
1, W2 5 Z, po( ]Z 2oty (x)

_ w72€wlzuzxt/ e(2wlxl+wl td]lO xl Z 21+1 Ywyt
Z
P 1=0

26
wz wisl 2X1+1+wzx+(21+1) Uz)w]r )
= Z /Z o) dyag (x1)
wy;—1 nn
- sz Z by <w2x+ 21+1)wz> e
n=0 I= w1 m
By interchanging w; and w», we obtain the following equation:
IS wy—1 Wi
H(wz, w1) Z Z by <w1x+ (21+1) 2) 2| . (27)

As I(wy, wy) = I(wy, wy), the following theorem is immediate from (26) and (27).

Theorem 2. For wy, w; € Nand n € NU {0}, we have

wy—1 wy—1

wiwy Y by (w2x+(21+1) ) =whw; Y by (w1x+(21+1) )
1=0 1=0 w
Example 1. We check the result in Theorem 2 in the case of n = 2,wy = 3, and wy = 7. We first note that

by(x) = 1(x2 = }). This can be obtained from By(x) = x* — x + L and the relation by, (x) = 2" 1B, (*5L) which
follows from (1) and (3). Thus, we have to see that

2

Z{(7X+3(21+1) —f}fgi{wur @1+1))? ;} (28)

1=0 1=0
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; ; ; 2 1706
Now, we can easily show that both the left and the right side of (28) are equal to 147x* + 294x + ~5=.

Let us take w; = 1. Then, by Theorem 2, we get

wy—1 1
Wby (wox +wp) =wh Y by (x + (2l + 1)?7) . (29)
1=0 2
Equivalently, by (29), we have
1wz—l 1
— n— JE—
by (wpx + wp) = w) Z_{; by <x + (21 + 1)wz> . (30)
Similarly to (13), we observe that
L) tk
2 —1)'e = Ep + Ex(2n)) —, 31
L L (B B2 G1)

where n € N with n = 1 (mod 2). Thus, by (31), we get
2 Z H214+1)F = B¢ + Ex(2n), (32)

where k € NU {0} and n € Nwithn =1 (mod 2).
From (14), we easily note that

n n ek
= >
En(x) kgo <k> Exx" %, (n>0). (33)
By (10), we get
2 — £
(2y+x+1)t — xt o
/Zp e ea) = e = LB (34)
Thus, we have
| @ux+ 1 ) = B, (n20).
p
The next equation follows immediately from (10):
/z 22 gy () 4 / @ty ( Z (21+1)t (35)
4 1=0

where n € Nwith n = 1 (mod 2).
n
Now, we let Ax(n) = ¥ (—1)!(21 + 1)K, (k € NU {0}). Here we note that A (1) is the alternating kth
1=0

power sums of consecutive odd positive integers. From (35), we have

2 / 2x+1 tdy,l(x)

o, a1 (1) )

/' e(2x+2”+1)td;4,1(x)+/ e(2x+1)tdy71(x) =
Z, Zp
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Let a, b be positive integers with 2 = 1 (mod 2) and b = 1 (mod 2). Then, by using the fermionic
p-adic integral on Z,, we get

Zf 2r+1 td]/t 1( )

(21+1)t
f 62’”th 1 ;

3 s 37)
Zzz+1 H
2Ak1171k'

-7,
i k

We now consider the next quotient of the fermionic p-adic integrals on Z, from which the identities
of symmetry for the type 2 Euler polynomials follow:

/Z [Z e(2ax1 +u+2bxz+b+abx)tdl/171 (xl)d‘u71 (xz)

ey ey 4
](a'b) - pr EZabxth71 (x) : (38)

From (38), we can derive the following equation given by

2f (2bxp+b) td;l 1( )

b a(2x1+1+bx)td B
Jwb) = 2~zf Her ) g )
[ o i

Iy B 2Zm b* (39)
2k:()
00 _ tn

= Z()kzo <k> Ej(bx)Ay_(a —1)akb" kﬁ'
n=0k=

We note from (38) that J(a,b) = J(b,a). Interchanging a and b, we get

[ee] tn
Z Z( )Ek ax)A,_ (bfl)bku"_kﬁ. (40)
The following theorem is an immediate consequence of (39) and (40).

Theorem 3. Forn > 0,a,b € Nwitha =1 (mod 2) and b = 1 (mod 2), we have
< n kypn—k < n k n—k
) P Ep(bx)Ay_g(a—1)ap"* =) P Er(ax)A,_x(b—1)b"a" "
k=0 k=0
The next corollary is now obtained by setting x = 0 in Theorem 3.

Corollary 3. Forn > 0,a,b € N, witha =1 (mod 2) and b = 1 (mod 2), we have

y (’;) ExA, x(a—D)ado =y (’;) ExAn_i(b—1)bka"*.

k=0 k=0

Taking b = 1 in Corollary 3 gives us the following identities.
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Corollary 4. Forn > 0, a € Nwitha =1 (mod 2), we have

Eua) =Y (Z)EkAH(u 1)

k=0

n
( >Ekuk 2 21 +1)"
=0

k

From (38), we have

](a/ b) :eabxt / e(ngl +ﬂ)tdy71 (xl) 2 pr e(2sz+h)fdy,1 (Xz)
2 Jz, pr e2abxtyy ) (x)
_em (2ax1+a)t 4 T @b
== /Z,,e y,l(xl)zl;)(fl)e
. = 41)
_ (_1)1 / e(2x1+1+bx+(21+1)§)utd]471 (xl)
=0 Zp
00 a—1 bt
:Za” (— )En(bx+(21+1) )n'
n=0 1=0 :
where a,b € Nwitha =1 (mod 2) and b = 1 (mod 2). Interchanging a and b, we get
(e} — tn
:Z 2 En ax+(21+1)b)n'. (42)
= = !

As J(a,b) = J(b,a), by (41) and (42), we obtain the following theorem.

Theorem 4. Forn > 0,a,b € Nwitha = 1 (mod 2) and b = 1 (mod 2), we have

- b-1
Z VEa(bx+ (21 4+1)%) = 0" Y (1) Enax + @+1)8).
1=0 1=0
Let us take @ = 1 in Theorem 4. Then, we have
b—1 1
(hx+h)—b”2( )En(x+(21+1)5)
1=0

Example 2. Here, we illustrate Theorem 2 in the case of n = 2,a = 7, and b = 3. First, we note that Ey(x) =

x2 — 1. This follows from E}(x) = x? — x and the relation E,(x) = 2"E}(*L) that can be deduced from (11) and
(14). Here, we need to show that

g {SH (21 +1))% - } g {7x+ @21+1))° 1}. (43)

Indeed, we can easily check that both the left- and right-hand side of (43) are equal to 9x? + 18x + 52,
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3. Further Remarks
For s € C, the Riemann zeta function is defined by

1

e (Re(s) > 1),

(see [14-16]).
It is well known that

"By, (1 20), (44)

(see [14,16]).
By (44), we get

(45)

Thus, by (45), we get

cot(z) — % =- i (nzj)z <1 — (i)z) 71, (46)

From (39), we easily note that

% (log(sin(z)) — log(z) i di (log (1 — (i)2>) . (47)

=z nri
By (47), we easily get
= 1—(=)"). 4
m(-G2)) )
It is not difficult to show that
zcot(z) — 2z cot(2z) = ztan(z). (49)
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From (45) and (49), we have

ztan(z) = zcot(z) — 2z cot(2z)

0 —1 . -
SEEN(-(E)) Ry
By (50), we get

% (—log(cos(z))) = — i % <log (1 — (:;ZTZ)Z)) + i % (log <l - (;T)z)) . (51)

Thus, from (51), we have
_ Iool 1- (nzrf)z _ Iool _ 2z 2\
sec(z) = ( (2 )2> B (1 ((Zn - 1)7‘[) ’ 2

which is equivalent to
) 2z 2
cos(z) = E <1 - <m> ) . (53)

A random variable has the Laplace distribution with positive parameter y and b if its probability
density function is

1 _
el ) = gpexp (- 2511, (54

(see [17]).

The shorthand notation X ~ Laplace(y, b) is used to indicate that the random variable X has the
Laplace distribution with positive parameters y and b. If x = 0 and b = 1, the positive half-time is exactly
an exponential scaled by 3.

We assume that the independent random variables X7, X5, X3, - - - have the Laplace distribution with
parameters 0 and 1, (i.e., Xy ~ Laplace(0,1), k € N). Let us put

y=%yy %k (55)
k; (2k —1)m

Then, the characteristic function of Y is given by
ZEYﬂ] 21t {ZYV’ (2it)" ]

— E[EZIW}

. : 56
—E {e@k:l ak)fikmﬂ”] (56)

e

E[e(Zk L 211
k

Il
—_
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Now, we observe that

E{e&k 1>n2”] — /oo ; (@) e ldx
2/

21+

reran 2 [ o)

41 (57)
21— 2t
(2k 1) 2k-T)r

(1 ()

By (53), (56) and (57), we get
Z E[Y"]"—— (M) ﬁ E [e((zkxfkwn)z”]
n=0 =1

=

(58)

Therefore, by comparing the coefficients on both sides of (58), we get

2E[Y"] = E,,  (n>0).

(59)
Now, we assume that

Z= Z2k7'(

(60)
Then, the characteristic function of Z is given by

Z E Z" = E[ Z Zn ]
= E[eZ“}
- E[eél(z%)”] (61)

ﬁE{ ()i }

k=1
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Now, we note that

X
E[e(m)7) = 1 [ lbzertvan
0 ; w0
= %/ e(ﬂ)xe"dx—k = (o= )xe %y
_1
T2

From (61) and (62), we have

On the other hand, by (48), we get

-1
o t )2 it 2t
IT{1+(;~- = snh —d_eot
i nm sin(it) et —e

By replacing t by §, we have

o 2 -1
H t t
n=1 2nm ez —e 2

n=0

Therefore, by (63) and (65), we obtain the following equation

ME[Z"] = (%)H by, (1> 0).

4. Conclusions

0 n—1 n
B
2 n!

(62)

(63)

(64)

(65)

(66)

In this paper, we obtained several identities of symmetry for the type 2 Bernoulli and Euler
polynomials (see Theorems 1-4). Indeed, they are symmetric identities involving type 2 Bernoulli
polynomials and power sums of consecutive odd positive integers, and the ones involving type 2 Euler
polynomials and alternating power sums of odd positive integers. For the derivation of those identities, we
introduced certain quotients of bosonic p-adic and fermionic p-adic integrals on Zy,, which have built-in
symmetries. We note that this idea of using certain quotients of p-adic integrals has produced abundant

symmetric identities (see [5,7,8,18-21] and references therein).

We emphasize here that, even though there have been many results on symmetric identities relating
to some special numbers and polynomials, this paper is the first one that deals with symmetric identities
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involving type 2 Bernoulli polynomials, type 2 Euler polynomials, power sums of odd positive integers
and alternating power sums of odd positive integers.

In [22,23], we derived some identities involving special numbers and moments of random variables
by using the generating functions of the moments of certain random variables. The related special numbers
are Stirling numbers of the first and second kinds, degenerate Stirling numbers of the first and second
kinds, derangement numbers, higher-order Bernoulli numbers and Bernoulli numbers of the second kind.

In this paper, we considered two random variables created from random variables having Laplace
distributions and showed that their moments are closely connected with the type 2 Bernoulli and Euler
numbers. Again, this is the first paper that interprets the type 2 Bernoulli and Euler numbers as the
moments of certain random variables.
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Abstract: In this paper, we introduce the extended degenerate r-central factorial numbers of the second
kind and the extended degenerate r-central Bell polynomials. They are extended versions of the
degenerate central factorial numbers of the second kind and the degenerate central Bell polynomials, and
also degenerate versions of the extended r-central factorial numbers of the second kind and the extended
r-central Bell polynomials, all of which have been studied by Kim and Kim. We study various properties
and identities concerning those numbers and polynomials and also their connections.

Keywords: extended degenerate r-central factorial numbers of the second kind; extended degenerate
r-central bell polynomials

1. Introduction

For A € R, we recall that the degenerate exponential function ¢} (t) is defined by (see [1-7])
ei(t) = (L+ A1)} 8

When x = 1, we let e, (f) = ¢} (t). Note that {irrb ex(t) = e
A—

We use the notation (x), to denote the falling factorial sequence (x),, which is defined by (see [8-14])
(x)o=1, (X)p=x(x=1)---(x—n+1), (n>1) )

More generally, for A € R, the A-falling factorial sequence (x),,  is given by (see [4])
(Ko =1, (¥up = (x=A)x—21) - (x— (1=1A), (1> 1) 3

Obviously, it is noted that lim (x),, » = (x),, lim(x),, =x", (n>0).
A—=1 A=0

In Reference [4], the A- binomial expansion is defined by

. 00 ] 1
(1 +)\t)% = Z <ch))\tl = Z(x)l,/\%/ (4)

1=0 1=0
Symmetry 2019, 11, 595; doi:10.3390/sym11040595 www.mdpi.com/journal/symmetry

157



Symmetry 2019, 11, 595

where

; =

(x) () x(x =AY (x—24) - (x— (I 1)A)
A I ‘

The central factorial sequence is given by

T41), (n>1).

o] — [n] — n
x 1, x x(x+ )

One can then easily show that the generating function of central factorial xIl, (n > 0), is given by

(see [3,15-20])
2x
t t2 ad "
MY - — (n] 2
( 5 +4/1+ 1 ) rg} e 5)

As is defined in [18], for any non-negative integer 7, the central factorial numbers of the first kind are
given by

xll = i t(n, k)xk. (6)
k=0

Then, from (5) and (6), we can show that the generating function of ¢ (1, k) satisfies the following equation:

k
1 t [t & t"
H<210g<2+ 1+4)> —rgct(n,k)ﬁ

As the inverse to the central factorial numbers of the first kind, the central factorial numbers of the
second kind are defined by (see [18,20-22])

=Y T k)M, (n>0) @)
k=0

The generating function of T,(n, k) can be easily derived from (7), which is given by (see [18])
l(ez,ez) ETznk (k > 0) ®)

It can immediately be seen from (8) that

k .
MTy(nk) = Y <k) (—1)1(%k—j)”. ©)

=0\

In Reference [22] were introduced the central Bell polynomials defined by

t

7 ¢ 2
¢ (42) _ Z B (x)L (10)
The Dobinski-like formula for BEf) (x) is given by (see [22])

:ii<l+k> k(l+1k)! (%_Sm (1)

1=0k=0
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In Reference [3], the degenerate central factorial polynomials of the second kind are defined by

1(1 10 = "
@ (ei(t) —e, 2(t‘)> ey(t) = Z]{TZ//\(”'HX)E' (k>0). (12)
n=
When x = 0, To(n,k) = Tp,(n,k|0), these are called degenerate central factorial numbers of the
second kind.

Let us recall that the degenerate central Bell polynomials are defined by (see [3])

1 1
x e/\z(r)fe;z(f)> 0 . g
e < = LB (13)
n=0 :

In particular, BE: g\ = Bifg\ (1) are called the degenerate central Bell numbers.
Note that hm B( 2 (x) = Bﬁ,c)(x), (n>0).

Carlitz [1] mtroduced the degenerate Stirling, Bernoulli, and Eulerian numbers as the first degenerate
special numbers. Broder [23] investigated the r-Stirling numbers of the first and second kind as the
numbers counting restricted permutations and restricted partitions, respectively. We recall here that the
r-Stirling numbers of the second kind are given by (see [23])

n

1 t
Sé’) (n4r1k+ r)m, (14)

K

gk

ert(et o 1)k _

n=k

In this paper, we will introduce the extended degenerate r-central factorial numbers of the second
kind and the extended degenerate r-central Bell polynomials. Central analogues of Stirling numbers of
the second kind and Bell polynomials are, respectively, the central factorial numbers of the second kind
and the central Bell polynomials. Degenerate versions of the central factorial numbers of the second kind
and the central Bell polynomials are, respectively, the degenerate central factorial numbers of the second
kind and the degenerate central Bell polynomials. Extended versions of the degenerate central factorial
numbers of the second kind and the degenerate central Bell polynomials are, respectively, the extended
degenerate r-central factorial numbers of the second kind and the extended degenerate r-central Bell
polynomials. The central factorial numbers of the second kind have many applications in such diverse
areas as approximation theory [21], finite difference calculus, spline theory, spectral theory of differential
operators [24,25], and algebraic geometry [26,27]. For broad applications of the related complete and
incomplete Bell polynomials, we let the reader consult the introduction in [11]. Here, we will study various
properties and identities relating to those numbers and polynomials, and also their connections. Finally,
we note that the present paper can be useful in the area of non-integer systems and let the reader refer
to [28] for more research in this direction.

2. Extended Degenerate r-Central Factorial Numbers of the Second Kind and Extended Degenerate
r-Central Bell Polynomials

From (12) and (13), we note that

( ) o g

';) A (X ]E)xkg(TzA nk);
o i (15)
Z Z kTZ)L 1’! k)f.
n=0k=0
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One can compare the coefficients on both sides of (15) to obtain
(€) - k
BA(x) =) Toa(nk)x*, (n>0). (16)

Throughout this paper, we assume that r is a nonnegative integer. The following definition is motivated
by (14).

Definition 1. The extended degenerate r-central factorial numbers of the second kind T)(Lr) (n+r,k+r) are defined as

1 1 "
Eeg(t) <e;(t)feA ) ZT (n+r, k+r)—' (17)
Note that lim T (n+rk+r)=TO(n+rk+r), (nk>0),
—
where T() (11 + 1,k + r) is the extended r-central factorial numbers of the second kind given by
1 rt L _n\k o > (r) "
@l (ez e 2) —’ET (n+r,k+r)m. (18)
Theorem 1. Forn, k € NU {0}, with n > k, we have
(r) - ("
Ty (n+rk+r)= IX}:{ <l> Lo (LK) (r)n—in-
Proof. By (17), we get
1 ; % k o> pm
T <€/\(t)*€;\ (t)> ZTZ/\lk I Z()m/\
o0 n n (19)
:ZZ<>T2AZk()n AT
n=kl=k
Therefore, by (17) and (19), we obtain the result. [J
We note that by taking the limit as A tends to 0, we get
n
T+ rk+71) = Z( ) Iy (1 k). (20)
Theorem 2. Forn, k > 0, with n > k, we have
n m
T)(\r)(n+r,k+r ) Z( >51 1, m) Ty (L, k)=t (21)
m=k =k

where Sy (n, m) are the signed Stirling numbers of the first kind.
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Proof. Replacing ¢ by 1log(1 + At) in (18), we obtain

1 1 k oo
i (do-aio) 0 = 5 AT ) L (1og(1+20)

0 Ant"
Z AT (4 7,k + 1) Z S1(n,m)— (22)
m=k n=m n:
0 n tn
=y ¥ /\”’"’Sl(n,m)Tm(m+r,k+r);.

3
1
~

m=k

Now, by substituting the expression of T(") (i + r,k + r) in (20) into (22), we finally get

%<e§(t)_e;%(t)>keg(t) -y i( )51 nm) Tl Ayt o

n=k m=k =k

from which the result follows. [

Example 1. Here, we will illustrate the formula (21) for small values of n. The following values of To(n, k) can be
determined, for example, from the formula in (9):

Ty(n,n) =1, Ta(n,0) = 6,0, T2(2,1) = To(3,2) = To(4,1) = Tu(4,3) =0, T,(3,1) = 1, T(4,2) = 1. (23
In addition, we recall the following values of S1(n, k):

51(71,7’!) =1, 5-1(71,0) = (5,1,0, 51(2,1) =-1, 51(3,1) =2,

(24)
51(3,2) = =3, S1(4,1) = 51(4,3) = —6, 5(4,2) = 11.

Now, from (21), (23), and (24), we easily have

T)(Lr)(n +rn+r)=1, Ty)(l +rr)=r, T/(\r)(Z +71,7) = —Ar+7%,

Ty) (B+rr) = 2A%r = 3A12 413, TA(Y) (4+r7r) = —6A%r + 11022 — 6Ar° + 14,

TV Q4r147) = —A+2r, TV B +7,1471) =202 —6Ar +32 + 31,

T @B 4r247) = =31 +3r, TV (44 1,1 47) = —6A3 + 220 — 18042 — %A +48 4,
T (@ 4r,247) = 11A2 = 18Ar + 677 +1, T (441,34 7) = —6A +4r.

Theorem 3. Forn, k > 0, with n > k, we have

n—k
T)(\V)(n+r,k+r): Yy <m+k>m|< )TZA(n m+k| ).

m=0 m
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Proof. Now, we observe that

140 (o -t o) =gebo (do o ratn) (do-oto)
A0 oot o

I I

3

3
Il
o
/\?
<
[ax
3
+
=~

m+k > m. t"

| By

m.( " > _E TZ,A(n/m+k|2)n!
n=m-+k

r m-+k m "
! T, k|l=)—.
<m>m< m ) 2a(n,m + ‘2)11!

Therefore, by (17) and (25), we obtain the theorem. [J

3

i
- o
L

I
ngk

km=0

3
Il

One can easily show that the inverse function of ¢, (t) is given by

-1
log, () = 1 (t>0),

so that ey (log) (t)) = log, (ex(t)) =t, %irrblog)\(t) =log(t).
—

1 _1
If g(t) = ei(t) — e, *(t), then one can see that

. t t2
g (1) =log, (2+ 1+4> ,
where gog () =g log(t) =t

Theorem 4. For n > 0, we have

n
(x+1)yr = Z Ty)(n +rk+ r)x[k]
k=0
u k
= Y Tl kE 1 ()

k=0
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Proof. By (1) and (4), we get

Il
ygk:
—
=
i
=~
==
2
>N
+
<
—~
-
=
/
)
>
—
-
=
I
o
>
¥

»
I
o

n

Il
gk

ad k t
(x)kn;(Tz,A(ﬂ,k\i + T)m

»
I
o

7

(OTaa(n kS 1)
X))kl A (1, 3 o

I
gk

3
I
o
=
Il
o

Now, from the observations in (26) and (5), we have

At =e

PO

—
[

—
)

2x
*) (1)
=0 |52+ 1+ 5
co 1 1 1 k
= 3ot (A0 -oto)
k=0
= ixk] i T! )(n+r k—t—r)ﬂ
k=0 = ’ n!
= ne
[ee] n (r) tn
=Y Zx[k]TA (n+rk+r)—.
n=0k=0
From (4), we note also that
00 tn
e§+r(t) = Z(x+r)i1,AE'
n=0 :

Therefore, by (27), (28), and (29), we have the desired result. [
Note that, taking the limit as A tends to 0, we have

n

1t k
no_ (r) kK — *
(x+7) E T (n+rk+r)x kEZOTz(n,k\z +7)(x) -

k=0

Definition 2. The extended degenerate r-central Bell polynomials By(f/\r ) (x) are defined by

. x(eA (t)—e/\ (t)) o g
e (be - ;0 By (%)

Specifically, B,(:}f) (1) = BE[C; ) are called the extended degenerate r-central Bell numbers.
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Theorem 5. For n > 0, we have

n
Bi,f;\r) (x)=Y ka)(tr)(n +rk+r).
k=0

Proof. From (30), we note that

1
x ef(t)fe*i(t)> 00 1 k
¢ (t)e <A - Zxk% (e)‘%(t) —e’%(t)> 0
kv ) L
Y XY TV (k)

|
k=0  n—k m

Therefore, from (30) and (31), the theorem follows. [
The central difference operator J for a given function f is given by

8() = S+ 3) — (=3,

and by induction we can show

k
#160= 1 (1) ol i-5), k=0,

1=0

Theorem 6. Let n, k be nonnegative integers. Then, we have

1 4 0, ifn <k,
@ =1 " ‘
! T,/ (n4rk+r), ifn>k

Proof. By the binomial theorem, we have

L) (o -eto) = Lty (Vv

If we choose f(x) = (x),, (n > 0) in (32), then we have

k(K k
ékrn = r+l—=), —1)k 1.
(") z§:0 <l)( + 2) A(=1)
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From (33) and (34), the following equation is obtained.

1 ! N &,
i (o - tw) - 5 5 Oy @)

Therefore, by (17) and (35), we have the result. [

From Theorem 4 and Theorem 5, we have

n
B,(,C/;\') (x) = Z /@(n +rk+ r)xk
k=0

" (36)
=Y xkyék(")n,m (n>0).
k=0 :
Theorem 7. For n > 0, we have
(er) (7 ©
Bn,/\ (x) = ZO m (r)n—m,/\Bm,A(x)'
m=
Proof. From (30), we note that
ORIl
00 " x(e\ t)—e, t)
Y- B (x)— = eh(te
n=0 :
) tl 0 pm
= Z(V)I,AIT Z Br(nc,)/\% &7
1=0 *m=0 :
o0 n n tn
=5 1 () romaBihoy
n=0m=
Therefore, by comparing the coefficients on both sides of (37), the desired result is achieved. [J
Theorem 8. For m, n, k > 0, with n > m + k, we have
m+ k() (1) 1)
n )T (n+rm+k+r)=Y )T (I4+rm+7r)Typ(n—1k).
I=m
Proof. We further observe that
1 ! o\ 3\ k1 1 1\
a0 (d0-e0) § (do-atn) = sean (40 -qto)
m+k\ & " (38)
:( > Z Tf\r)(n+r,m+k+r)—',
m n!
n=m+k
where m, k are nonnegative integers. Alternatively, the left-hand side of (38) can be expressed by
Lo (-t L (o —cto) = 5 10 RSP
ME/\(t) ex(t) —e, 2 () d ex(t)—e, (1)) = Z T, (I+r,m+ r)ﬁ Z Tz,)L(],k)],fI
I=m j=k (39)

o n=k /4y ) g
=y Z<1>TA (l+r,m+r)T2/,\(n—l,k)a.

n=m-+kl=m
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Therefore, by (38) and (39), the desired identity is obtained. [J

3. Conclusions

In recent years, many researchers have studied a lot of old and new special numbers and polynomials
by means of generating functions, through combinatorial methods, umbral calculus, differential equations,
p-adic integrals, p-adic g-integrals, special functions, complex analyses, and so on.

The study of degenerate versions of special numbers and polynomials began with Carlitz [1]. Kim
and his colleagues have been studying degenerate versions of various special numbers and polynomials
by making use of the same methods. Studying degenerate versions of known special numbers and
polynomials can be very a fruitful research and is highly rewarding. For example, this line of study led
even to the introduction of degenerate Laplace transforms and degenerate gamma functions (see [4]).

In this paper, we introduced the extended degenerate r-central factorial numbers of the second kind
and the extended degenerate r-central Bell polynomials. We studied various properties and identities
relating to those numbers and polynomials and also their connections. This study was done by using
generating function techniques.

Central analogues of Stirling numbers of the second kind and Bell polynomials are, respectively, the
central factorial numbers of the second kind and the central Bell polynomials. Degenerate versions of
the central factorial numbers of the second kind and the central Bell polynomials are, respectively, the
degenerate central factorial numbers of the second kind and the degenerate central Bell polynomials.
Extended versions of the degenerate central factorial numbers of the second kind and the degenerate
central Bell polynomials are, respectively, the extended degenerate r-central factorial numbers of the
second kind and the extended degenerate r-central Bell polynomials. The central factorial numbers of the
second kind have many applications in diverse areas such as approximation theory [21], finite difference
calculus, spline theory, spectral theory of differential operators [24,25], and algebraic geometry [26,27].

For future research projects, we would like to continue to work on some special numbers and
polynomials and their degenerate versions, as well as try to explore their applications not only in
mathematics but also in the sciences and engineering [29].
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Abstract: An interesting regular increasing monotone (RIM) quantifier problem is investigated.
Amin and Emrouznejad [Computers & Industrial Engineering 50(2006) 312-316] have introduced the
extended minimax disparity OWA operator problem to determine the OWA operator weights. In this
paper, we propose a corresponding continuous extension of an extended minimax disparity OWA
model, which is the extended minimax disparity RIM quantifier problem, under the given orness
level and prove it analytically.

Keywords: fuzzy sets; RIM quantifier; extended minimax disparity; OWA model; RIM quantifier
problem

1. Introduction

One of the important topic in the theory of ordered weighted averaging (OWA) operators is
the determination of the associated weights. Several authors have suggested a number of methods
for obtaining associated weights in various areas such as decision making, approximate reasoning,
expert systems, data mining, fuzzy systems and control [1-18]. Researchers can easily see most of
OWA papers in the recent bibliography published in Emrouznejad and Marra [5]. Yager [16] proposed
RIM quantifiers as a method for finding OWA weight vectors through fuzzy linguistic quantifiers.
Liu [19] and Liu and Da [20] gave solutions to the maximum-entropy RIM quantifier model when the
generating functions are differentiable. Liu and Lou [21] studied the equivalence of solutions to the
minimax ratio and maximum-entropy RIM quantifier models, and the equivalence of solutions to the
minimax disparity and minimum-variance RIM quantifier problems. Hong [22,23] gave the proof of
the minimax ratio RIM quantifier problem and the minimax disparity RIM quantifier model when the
generating functions are absolutely continuous. He also gave solutions to the maximum-entropy RIM
quantifier model and the minimum-variance RIM quantifier model when the generating functions
are Lebesgue integrable. Liu [24] proposed a general RIM quantifier determination model, proved
it analytically using the optimal control method and investigated the solution equivalence to the
minimax problem for the RIM quantifier. However, Hong [11] recently provided a modified model for
the general RIM quantifier model and the correct formulation of Liu’s result.

Amin and Emrouznejad [1] have introduced the following the extended minimax disparity OWA
operator model to determine the OWA operator weights:

Minimize max |w; — wj]
ie{1, n—-1}, je{i+1,- n}
"o
subject to orness(W) = Z wi=a, 0<a<l,
—n- 1
wi+-tw, =1L,0<w,i=1,---,n

Symmetry 2019, 11, 481; doi:10.3390/sym11040481 169 www.mdpi.com/journal /symmetry
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In this paper, we propose a corresponding extended minimax disparity model for RIM quantifier
determination under given orness level and prove it analytically. This paper is organized as follows:
Section 2 presents the preliminaries and Section 3 reviews some models for the RIM quantifier problems
and propose the extended minimax disparity model for the RIM quantifier problem. In Section 4,
we prove the extended minimax disparity model problem mathematically for the case in which the
generating functions are Lesbegue integrable functions.

2. Preliminaries

Yager [15] introduced a new aggregation technique based on the OWA operators. An OWA
operator of dimension 7 is a function F : R"” — R that has an associated weighting vector
W= (wy,--- ,w,,)T of having the properties 0 < w; < 1, i = 1,---,n, w1+ ---+w, =1,
and such that

n
F(all s ,an) = Zwibir
i=1
where b; is the jth largest element of the collection of the aggregated objects {a1,- - - ,a, }. In [15], Yager
defined a measure of “orness” associated with the vector W of an OWA operator as
n

orness(W) =Y %wi,

and it characterizes the degree to which the aggregation is like an or operation.

The RIM quantifiers was introduced by Yager [16] as a method for obtaining the OWA weight
vectors via fuzzy linguistic quantifiers. The RIM quantifiers can provide information aggregation
procedures guided by a dimension independent description and verbally expressed concepts of the
desired aggregation.

Definition 1 ([14]). A fuzzy subset Q is called a RIM quantifier if Q(0) = 0, Q(1) = 1 and Q(x) > Q(y)
forx >y.

The quantifier for all is represented by the fuzzy set

1, x=1,
Qu(r) = {O, x # 1.

The quantifier there exist, not none, is defined as

N _ 0, x=0,
Q(r)_{l, X #0.

Both of these are examples of RIM quantifier. To analyze the relationship between OWA and RIM
quantifier, a generating function representation of RIM quantifier was proposed.

Definition 2. For f(t) on [0, 1] and a RIM quantifier Q(x), f(t) is called generating function of Q(x),
if it satisfies
= * d
Q) = [ ot
where f(t) > 0 and folf(t)dt =1

If Q(x) is an absolutely continuous function, then f(x) is a Lesbegue integrable function; moreover,
f(x) is unique in the sense of “almost everywhere” in abbreviated form, a.e.
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Yager extended the orness measure of OWA operator, and defined the orness of a RIM
quantifier [16].

orness(Q) = /(; Q(x)dx = /01(1 —t)f(t)dt.

As the RIM quantifier can be seen as the continuous form of OWA operator with generating
function, OWA optimization problem is extended to the RIM quantifier case.
The definitions of essential supremum and essential infimum [21] of f are as follows:

esssupf =inf{t: [{x € [0,1] : f(x) > t}| =0},
essinff =sup{t: [{x €[0,1] : f(x) < t}| =0},
where |E| is the Lebesgue measure of the Lebesgue measurable set E.

3. Models for the RIM Quantifier Problems

Fullér and Majlender [8] proposed the minimum variance model, which minimizes the variance of
OWA operator weights under a given level of orness. Their method requires the proof of the following
mathematical programming problem:

1 n—1 1 2
Minimize D(W)=-)" <wi - 7>
n = n
" .

subject to orness(W) = Z %w,— =, 0<a <1,
i=1"

w4+ +w, =1,0<w;,i=1,---,n

Liu [19,24] extended the minimum variance problem for OWA operator to the RIM quantifier
problem case:

1
Minimize Dy = / FA(r)dr —1
JO
-1
subject to / rf(r)dr=1—-ua, 0<a <1,
0

1
| #ndr =1, £r) > 0.
0
Wang and Parkan [13] proposed the minimax disparity problem as follows:

Minimize max |w; — wii1|
ie{l- n—1}

]
biject t W) = —w;=a, 0<a <1,
subject to orness(W) ;nflw’ a, 0<a<
wi - +w, =1,0<w;,i=1,---,n

Similar to the minimax disparity OWA operator problem, Hong [11] proposed the minimax
disparity RIM quantifier problem as follows:

Minimize  ess supyeioq] | f'(1)]

1
subject to / rf(rydr=1-n, 0<a <],
0

1
/ f(r)dr =1, absolutely continuous f(r) > 0.
0
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Wang et al. [14] have introduced the following least squares deviation (LSD) method as an
alternative approach to determine the OWA operator weights.

Minimize Z —w;_1)
i=1

2

. " n—l
subject to orness( Zn jwi=e 0<a<l,

wi+--tw, =1,0<w;,i=1,---,n

Hong [25] proposed the following corresponding least squares disparity RIM quantifier problem
under a given orness level:

Minimize Dy = /01 (f)2(r)dr
subject to /1(1 —r)f(r)dr=n, 0<a<l,
/ £
f(r)>o0.

Recently, Amin and Emrouznejad [1] proposed a problem of minimizing the maximum disparity
of any distinct pairs of weights instead of adjacent weights. that is:

Minimize max |w; —w;] (1)
ie{l,-- n-1}, je{i+1,--n}

on—i
bject to orness(W) = —w; =, 0<a <1,
subject to (W) ,-:21”*11 <a<
w+--+w,=1,0<w;,i=1,---,n
We consider the following easy important fact.
Note

MAXi (1,0 g1}, jefi+1, n} | Wi — Wj| = max w; — min w;.

For this, first it is trivial that
maxie{lr,,,ln,l}, je{iJrl/m/n} \wi — w]\ S max w; — min w;.

Next, suppose that max w; = wj, min w; = wj,. If ip < jo, then

max w; —min w; = W, — Wj,
‘wio - wj(]‘
< MAXicq, po1y, jefiph, - n} | Wi — Wi

If iy > jos then

max w; — min wj wj, — W),

|wj() - wio'

IN

MAXic (1, -1}, je{jot1,- m}| Wi — Wj-

and hence the equality holds.
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Then the corresponding extended minimax disparity model for RIM quantifier problem with
given orness level can be proposed as follows:
Minimize  esssup f —essinf f 2
1
subject to / rf(r)ydr=1—a, 0<a<l,
0
1
/ F(r)dr =1, f(r) > 0.
Jo

4. Relation of Solutions between OWA Operator Model and RIM Quantifier Model
The following result is the solution of the extended minimax OWA operator problem given by
Hong [26].

Theorem 1 (n = 2k:even). An optimal weight for the constrained optimization problem (2) for a given level of
o = orness(W) should satisfy the following equation:

H(a) = Minimize max |w; —w;| ¢ = ‘w‘
ie{1, n—1}, je{i+1,- n} (n—m)m
*® * . * * . * . — *
Wy =Wy =+ =Wy, Wy = Wiy = 0= Wy,
where
. m—(1-2a)(n—-1
af = (=200 21)
and
S n—m-—2u—1)(n—1)
m+1 n(n _ m)
Here m satisfies the following:
[(A-2)(n-1)], i 0<a<2,
— ; -2 3n-2
m=qk f qen S %< f1y
n—[Ra—1)(n—-1)], if =2 <a<l

where [x] =m+1 <= m < x < m+1 for any integer m.

Can we get a hint about the solution of the extended minimax Rim quantifier problem? Here, we
suggest an idea.

For a given associated weighting vector W, = (wy,---,w,) of having the property
w4 +w, =1, 0<w; <1, i=1,---,n, we define a generating function f(t)

i i+1 )
= nw; i —0,1,---,n—1
fw, (x) =nw;, x € [ﬂ ” ) i=01,--,n—1,

having the property fol fiv(x)dx = 1 and let

fH(x) = lim = fyy, (x).

n—oo

Can this function f*(x) be a solution of the corresponding extended minimax Rim quantifier
problem? Maybe, yes! Let’s try to follow this idea.
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For given W, = (wj,- - -

[(1-2a)(n—1)]—(1-2a)(n—1)
fW* (x) = { [(1—2a)(n—T1)] ’

n—[(1=2a)(n—1)]—(2a—1)(n—1)

n—[(1-2a)(n—1)] 4

1 3
for; <a <y,

L}Wﬂ*l)

;i ,

S () =9 a1y (1)
w2y

for3/4<a <1,

[(2a=1)(n=1)]—(2a=1)(n—-1)
[(2a—1)(n—-1)]

n—[(2a—=1)(n—1)]—(1—-2a)(n—1)
Fs (x) = { n—[(2a—1)(n—1)] 4

Let limy, ;0 fyyz (x) = f*(x), then

for0<a§%,

o Of

for%ﬁaﬁ%,
‘) o —1,
fin = 3—da,

for%<a§l,

,w}k) from above Theorem 1, we have for 0 < a < %,

it xe o, Lm0l
if xe [[A=200=D] 4]
if xe O,%
if xe %,1 .

if xe

n

if xe|1— 0200 D] 4]

’

01 ((1—2a><n—mf

re(0,1—2a),
re[1—2a,1].

1
o,zf,
1
27 .

if re(0,2a],

elsewhere.

if re

if re

In the following section, we will show that f* can be the solution of the extended minimax RIM
quantifier problem.

5. Proof of the Extended Minimax RIM Quantifier Problem

In this section, we prove the following main result.

Theorem 2. The optimal solution for problem (2) for given orness level  is the weighting function f* such that

1.

2.

for0<zx§l,

For) = {01 ae., if

o a-e, i

1 3
forg <a<y,

4 —1 ae.,
frr)= {

3—4a ae.,
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ref0,1—2a),
rel—2n1].

0,3),
1
1.

if re

if re
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3. for%<1x§l,

0 ae., elsewhere.

f(r) = {2(1101) a.e., if rel0,2a],

and
i if 0<1x§%,
H(a) = Minimize |ess supf —essinff|=q4|/(1-2a)] if L<a<3?,
ﬁ if %<a¢§1.

We need the following two lemma’s to prove the main result. We denote Dy(x) = fox f(t)dt,
0<x<landE(f) = fol rf(r)dr.
The following result is known.

Lemma 1. E(f) = [} (1 — Dg(t))dt.

Lemma 2. Let ess inf f = By > 0and ess sup f = By > 0 such that fol f(r)dr = 1 and define a function
foas

_JBoae, if rel0,¢),
folr) = {/31 ae, if ré€lel]

for some ¢y € (0,1) such that fol fo(r)dr = 1. Then we have E(f) < E(fo) and the equality holds iff f = f a.e.

Proof. The result follows immediately from Lemma 1 if we show that D (x) < Df(x),x € [0,1].
It is clear that Dy (x) < Dy(x),x € [0,co]. Suppose that there exists a point ty € (co,1) such that
Df(l(to) > Df(fo). Then

[ puar= [ falryir =1~ Do) < 1= Dytoo) = [ sy

which implies ess sup;, 1y f > p1. Itis a contradiction. [

Proof of Theorem 2. If « = 1, we clearly have the optimal solution is f*(r) = 1 a.e. for r € [0,1].
Note that ess inf f* < 1 < esssup f* fora € (O, %) . Without loss of generality, we can assume
thata € (O, %) , since if a weighting function f*(r) is optimal to problem (2) for some given level of
preference & € <0, %} , then f*(1 —r) is optimal to the problem (2) for a given level of preference 1 — a.
Indeed, since Dy = Dy, folf(r)dr = fol fR(r)dr and E(fR) = 1 — E(f), where fR(r) = f(1—71)
hence for a > %, we can consider problem (2) for the level of preference with index 1 — &, and then
take the reverse of that optimal solution. We can easily check that the weighting functions, f*, given
above are feasible for problem (2). We show that f* is the unique optimal solution for a given «. Let
nonnegative function f satisfy 1 = fol f(r)drand E(f) = fol rf(r)dr =1 —a. Letess inf f = Bp and
esssup f = B.

Case (A): € (O, ﬂ .
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Y
N

We note that ess inf f* —ess inf f* = i We will show that 81 — Bo
define a function fj as

52+ 1O show this, we

o ﬁo if re [O,XO),
folr) = {/51 if ré€x1],

for some xy € (0,1) such that fol fo(r)dr = 1. Then by Lemma 2, E(f) < E(fp). Suppose that
B1 — Bo < 5 and define another function £ as

F(r) = {,Bo if rel0xg),

ﬁ0+i if relxg 1],

for some x; € (0,1) such that fol fo (r)dr = 1. Then E(fy) < E(f;). We note that 1 = Boxj + (1 —
x5)(Bo + 2 )- Then

x5 =2aBo+1—2a. (3)

We know that

. "X g 1 1 g
E(f5) ﬁo/o xx+(,30+ﬂ>/xaxx

Bo, 1 x°

2 4o 4a

and

1 1
E(f*) = ﬂ/pzamx:1ia'

And we have

*2 _ 2
171 ., (1-20)
2|3
LM_;;O}

11
= {ﬂ(%cﬁo +1-—2¢a) o

0

[2aBo +2(1 — 2a) — 1]

O,\,“m N

>

where the third equality comes from (3) and the last inequality comes from the facts that 1 — 2a > %,
Bo > 0and & > 0. This proves E(f) < E(f§) < E(f*) =1 — a, which is a contradiction. Hence f* is

an optimal solution for the case of & € (O, ﬂ .
Case (B): a € (%, %)

We note that ess inf f* —ess inf f* = 4(1 — 2a). We will show that 1 — Bp > 4(1 — 2&). As in
the Case (A), we define a function fj as

N Bo if re0,xp),
folr) {ﬁl if  rée[x1],
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for some xo € (0,1) such that [01 fo(r)dr = 1. Then by lemma 2, E(f) < E(fp). Suppose that
B1—PBo < i and define another function f;" as

Bo if rel0x]),
Bo+4(1—2a) if rex],1],

ff‘(r)={

for some x} € (0,1) such that fol fi(r)dr = 1. Then, since xo < xj, by lemma 2 E(fy) < E(f{). We
note that 1 = Box] + (1 — x7)(Bo + 4(1 — 2a)). Then

* ,BO -1
M= g
and
2 Bo—1 (Bo—1)*
- 4
M= 50 50y T 160 — 22 @)
We know that
x} 1
E(f) = ﬁo/o xdx + (Bo +4(1 — 24)) / xdx
Jxg
1
= 5lpo+4(1-20)] —2(1 - 20)x;?
and
1 1
E(f) = (40471)/ xdx+(3f4zx)/l xdx
0 2
= 1—ua
Then we have that

m
~~
E
I
i
=%
Il

3 —1-— % +2(1 —2a)x}2

_ (Bo—1)* | B

= szt "

_ [Bo— (-1
812w

> 0

where the second equality comes from (4) and hence E(f) < E(f;) < E(f*) = 1—a, whichis a
contradiction. This completes the proof. [
6. Conclusions

Previous studies have suggested a number of methods for obtaining optimal solution of the RIM
quantifier problem. This paper proposes the extended minimax disparity RIM quantifier problem
under a given orness level. We completely prove it analytically.
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Abstract: Hong investigated the relationship between the minimax disparity minimum variance
regular increasing monotone (RIM) quantifier problems. He also proved the equivalence of their
solutions to minimum variance and minimax disparity RIM quantifier problems. Hong investigated
the relationship between the minimax ratio and maximum entropy RIM quantifier problems and
proved the equivalence of their solutions to the maximum entropy and minimax ratio RIM quantifier
problems. Liu proposed a general RIM quantifier determination model and proved it analytically
by using the optimal control technique. He also gave the equivalence of solutions to the minimax
problem for the RIM quantifier. Recently, Hong proposed a modified model for the general minimax
RIM quantifier problem and provided correct formulation of the result of Liu. Thus, we examine the
general minimum model for the RIM quantifier problem when the generating functions are Lebesgue
integrable under the more general assumption of the RIM quantifier operator. We also provide a
solution equivalent relationship between the general maximum model and the general minimax
model for RIM quantifier problems, which is the corrected and generalized version of the equivalence
of solutions to the general maximum model and the general minimax model for RIM quantifier
problems of Liu’s result.

Keywords: OWA operator; RIM quantifier; maximum entropy; minimax ratio; generating function;
minimal variability; minimax disparity; solution equivalence

1. Introduction

One of the important topics in the theory of ordered weighted averaging (OWA) operators is
the determination of the associated weights. Several authors have suggested a number of methods
for obtaining associated weights in various areas such as decision-making, approximate reasoning,
expert systems, data mining, fuzzy systems and control [1-22]. Yager [12] proposed RIM quantifiers
as a method for finding OWA weight vectors through fuzzy linguistic quantifiers. Liu [15] and Liu
and Da [16] gave solutions to the maximum-entropy RIM quantifier model when the generating
functions are differentiable. Liu and Lou [9] studied the equivalence of solutions to the minimax ratio
and maximum-entropy RIM quantifier models, and the equivalence of solutions to the minimax
disparity and minimum-variance RIM quantifier problems. Hong [17,18] gave the proof of the
minimax ratio RIM quantifier problem and the minimax disparity RIM quantifier model when the
generating functions are absolutely continuous. He also gave solutions to the maximum-entropy RIM
quantifier model and the minimum-variance RIM quantifier model when the generating functions are
Lebesgue integrable.

Based on these results, Hong [17,18] provided a relationship between the minimax disparity
and minimum-variance RIM quantifier problems. He also provided a correct relationship between
the minimax ratio and maximum-entropy RIM quantifier models. Liu [19] suggested a general RIM
quantifier determination model and proved it analytically using the optimal control methods. He also
studied the solution equivalence to the minimax problem for the RIM quantifier.

Symmetry 2019, 11, 455; doi:10.3390/sym11040455 181 www.mdpi.com/journal /symmetry
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This paper investigates the general minimax model for the RIM quantifier problem for the case in
which the generating functions are absolutely continuous and a generalized solution to the general
minimum model for the RIM quantifier problem for the case in which the generating functions are
Lebesgue integrable. Moreover, this paper provides a solution equivalent relationship between the
general maximum model and the general minimax model for RIM quantifier problems and generalizes
the results of Hong [17,18]. In this paper, we improve and extend Liu’s theorems to be suitable
for absolutely continuous generating functions. We have corrected and improved Theorem 13 [19]
by using the absolutely continuous condition of generating functions and the absolute continuity
condition of F’ for the general minimax model for the RIM quantifier problem. Theorem 9 [19] has
been improved using the Lebesgue integrability condition of generating functions and the continuity
condition of F’ for the general maximum model for the RIM quantifier problem.

Based on these results, we give a correct relationship between the general minimum model and
the general minimax model for RIM quantifier problems.

2. Preliminaries

Yager [11] proposed a new aggregation technique based on OWA operators. An OWA operator of
dimension 7 is a mapping F : R" — R that has an associated weight vector W = (wy, - - - ,w,)T with
the propertieswy +---+w, =1, 0 <w; <1, i =1,---,n,such that

n
F(alr' o /an) = Zwibir
i=1

where b; is the jth largest element of the collection of the aggregated objects {a1,- - - ,a, }. In [11], Yager
introduced a measure of “orness” associated with the weight vector W of an OWA operator:
W n n— l'
orness(W) = ,; Pt

This measure characterizes the degree to which the aggregation is like an OR operation.

Here, min,max, and average correspond to W* W, and W, respectively, where W* =
(1,0,---,0),W. = (0,0,---,1) and Wy = (1/n,1/n,---,1/n). Clearly, orness(W*) =
1,0rness(W..) = 0 and orness(Wy) = 1/2.

Yager [12] introduced RIM quantifiers as a method for obtaining OWA weight vectors through
fuzzy linguistic quantifiers.

Definition 1 ([12]). A fuzzy subset Q on the real line is called a RIM quantifier if Q(0) = 0,Q(1) = 1 and
Qx) = Q(y) for x > y.

The quantifier for all is represented by the fuzzy set

1, ifx=1,
Qu(r) = .
0, ifx#1.

0, ifx=0,
Q(r) = .
1, ifx #0.

Both of these are examples of the RIM quantifier. A generating function representation of

RIM quantifiers has been proposed for analyzing the relationship between OWA operators and
RIM quantifiers.
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Definition 2. For f(t) on [0, 1] and the RIM quantifier Q(x), f(t) is called the generating function of Q(x),

if it satisfies
()= [ fleyar
where f(t) > 0and folf(t)dt =1.

If the RIM quantifier Q(x) is smooth, then f(x) should be continuous; if Q(x) is a piecewise
linear function, then f(x) is a jump piecewise function of some constants; and if Q(x) is an absolutely
continuous function, then f(x) is a Lesbegue integrable function and unique in the sense of being
“almost everywhere” [23].

Yager extended the orness measure of OWA operators, and defined the orness of RIM
quantifiers [10] as:

orness(Q) = /01 Q(x)dx = /01(1 —t)f(t)dt.

We see that Q, leads to the weight vector W, Q* leads to the weight vector W*, and the ordinary
average RIM quantifier Q4(x) = x leads to the weight vector W4. We also have orness(Q*) =
1, rness(Q.) =0, and orness(Q4) = 1/2.

As the RIM quantifier can be seen as a continuous form of OWA, an operator with a generating
function, the OWA optimization problem can be extended to the case of the RIM quantifier.

3. The General Model for the Minimax RIM Quantifier Problem

In this section, we consider the general model for the minimax RIM quantifier problem and
generalize some results of Hong [17,18]. Hong [7] provided a modified model for the minimax RIM
quantifier problem and the correct formulation of a result of Liu [19]. We summarize briefly.

* The minimax disparity RIM quantifier problem [15,17].

The minimax disparity RIM quantifier problem with a given orness level 0 < « < 1 consists of
finding a solution f : [0,1] — [0, 1] to the following optimization problem:

Minimi (1),
inimize trel}g,)l( | (1) |
1
subject to / 1-r)f(r)dr=a, 0<a<l,
/ £(r)
f(r)>o0.

* The minimax ratio RIM quantifier problem [9,18].

The minimax ratio RIM quantifier problem with a given orness level 0 < a < 1 consists of finding
a solution f : [0,1] — [0,1] to the following optimization problem:

&‘
for
subject to / A=r)f(rydr=a 0<a<l,

/f

f(r)>o0.

Minimize max
te(0,1)
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In regard to the above optimization problem, Liu [19] considered a general model for the minimax
RIM quantifier problem:

Minimi M = F( "(r)],
inimize = rren(g>1<>| (M) f'(r)
1
subject to / rf(rydr=a, 0<a <], (1)
/f
f(r) >0,

where the generating functions are continuous and F is a strictly convex function on [0, o), which is
differentiable to at least the 2nd order.

The above two cases are special cases of this model with F(x) = x? and F(x) = xIn x. Hong [7]
gave a corrected and modified general model for the minimax RIM quantifier problem as follows:

* The general model for the minimax RIM quantifier problem.

Minimize ~ My = ess sup,¢(o,1) [F” (f(x))f(x)

’

subject to /(;] rf(rydr=a, 0<a<l, ()
[ e =
f(r)>o.

Theorem 1. Supposing that the generating functions are absolutely continuous, F is a strictly convex function
on [0,00), and F' is absolutely continuous, then there is a unique optimal solution for problem (2), and that the
optimal solution has the form

1) =max {(F) " (a'r +1°),0f,

where a* and b* are determined by the constraints:

folrf* dr =a,
[ (rydr =1,
fr(r)>0.

The next example shows that the condition of F’ being absolutely continuous on [0, o) in Theorem 1
is essential.

Example 1. Letting F; (x) = fo ) + r)dr where C(x) is a Cantor function, then F'(x) = C(x) + x and

(
F/(x) =1 ae but F{(x) # [, F” )dr, that is, F| is not absolutely continuous on [0,00). Let F,(x) =
(1/2)x2, then F}/ (x) = 1. Since

’

ess supye(o)| B (f(x))f ()] = ess supreon)|f (x)] = ess supe(on)| B (f(x))f'(x)

the optimal solution of problem (2) with respect to Fy and Fy are the same. However, since F{(x) # Fj(x),
the optimal solution of problem (2) with respect to F; and Fy cannot be the same by Theorem 2, which is a
contradiction. This example shows the Theorem 2 is incorrect if F' is not absolutely continuous on [0, o).
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4. The General Model for the Minimum RIM Quantifier Problem
In this section, we consider the general model for the minimum RIM quantifier problem.
We improve the results of Liu [19] and generalize Theorem 4 of Hong [17] and Theorem 5 of Hong [18].
Liu [19] obtained solutions to the general minimum RIM quantifier problem for the case in which the
generating functions are continuous and F is differentiable to at least the 2nd order by considering a
variational optimization problem using the Lagrangian multiplier method ([24], Chapter 2). In this
section, we consider a generalized result for this problem.
* The minimum variance RIM quantifier problem [17,18].
The minimum variance RIM quantifier problem under a given orness level is
1
Minimize Dy = / F2(r)dr
0
1
subject to / rf(rydr=a, 0<a<l,
/ Fr)
) > 0.

* The maximum entropy RIM quantifier problem [9,18].

The maximum entropy RIM quantifier problem with a given orness level 0 < « < 1 consists of
finding a solution f : [0,1] — [0, 1] to the following optimization problem:

Maximize — /Olf(r) In f(r)dr,
1
subject to / rf(r)ydr=a, 0<a<1,
/ 1)
f(r)>o0.

Recently, Liu [19] considered the general model for the minimum variance and maximum entropy
RIM quantifier problems, under a given orness level formulated as follows:

* The general model for the minimum RIM quantifier problem.
1
Minimize ~ Vj = / F(f(r))dr,
Jo

subject to /1 rf(r)dr=a, 0<a<l, (3)
/ 1)
f(r)>0,

where F is a strictly convex function on [0, c0), and differentiable to at least the 2nd order.

The above two cases are special cases of the model where F(x) = x? and F(x) = xInx.

Liu (Theorem 9, [19]) proved the following problem for the case in which generating functions
are continuous and F is differentiable to at least the 2nd order:

Theorem 2 (Theorem 9, [19]). There is a unique optimal solution for (3), and the optimal solution has the form
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) = {(F’)‘l(a*r+b*), if (F')~\(a*r +b%) >0,
0, elsewhere,

where a*, b* are determined by the constraints:

fol rf*(r)dr = a,
Jo £r(dr=1,
fr(r)z0.

Here, we consider a generalized result for Theorem 3 when f(x) is Lebesgue integrable and F’
is continuous.

Theorem 3. Suppose that the generating functions are Lebesgue integrable, F is a strictly convex function on
[0, 00), and F' is continuous. Then, there is a unique optimal solution for problem (3), and that optimal solution
has the form

. (F)~Ya*r +b*) ae., if (F)"'(a*r+b*) >0,
fri(r) =
0 ae., elsewhere,

where a* and b* are determined by the constraints:

fol rf*(r)dr = a,
fol f*(rydr =1,
fr(r) = 0.

Proof. As shown in Theorem 2, we consider the case where a € (0,1/2] and assume that {r < 1:
f*(r) >0} =[0,t) forsome t € (0,1) and {r < 1: f*(r) = 0} = [t,1). We also note that for r € [0, ],

F'(f*(r)) = a*r +b*
and forr € (t,1),
a*r+b* < F(0)
if F’(0) exists. Let the nonnegative function f satisfy 1 = fol f(r)dr and fol rf(r)dr = a. We set
f(r) = f*(r) +g(r), r € [0,1]. Then, noting that f(r) = g(r), r € [t, 1], we have
ot -1 1

/0 g(r)dr +/f f(rydr = /0 g(rydr =0, 4)

since 1= [l f(r)dr = [} f*(r)dr + [ g(r)dr =1+ [, g(r)dr. We also have

/Ot rg(r)dr + /fl rf(r)dr = /01 rg(r)dr =0, (5)

sincea = [} rf(r)dr = [i rf*(r)dr + [} rg(r)dr = a + [} rg(r)dr. We now show that

1 1
| EGenar= [CE(r .
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Since F(x) — F(xqg) > F'(xq)(x — xp) (the equality holds if and only if x = x¢), we have that

[ Far - / F(F (r)ar
1

1
/0 F((F*(r) + g(r)))dr — [ E(f

J0

> /(fF'(f*(r))g(r)dr

= [wrevigirs [ FOg0)

= & [rgar v [[syars [P0
- a*(f/rf r)dr) + b*( /f dr+/F/
= [ PO -ar- )

> 0

’

where the fourth equality comes from (4) and (5) and the second inequality comes from the fact that
a*r +b* < F'(0) ae. forr € [t,1]. The equalities hold if and only if f* = f a.e. This completes
the proof. [

Combining Theorems 2 and 4, we now have a solution equivalent relationship between the general
minimum RIM quantifier problem and the general minimax RIM quantifier problem. This result
generalizes Theorem 6 of Hong [17] and Theorem 5 of Hong [18] and provides a corrected version of
Theorem 13 [19].

Theorem 4. Suppose that the generating functions are absolutely continuous and F' is increasing and absolutely
continuous. Then, the general minimum RIM quantifier problem has the same solution as the general minimax
RIM quantifier problem.

5. Numerical Example

We consider a RIM quantifier operator F which is not differentiable to at least the second order,
but I’ is absolutely continuous, and find an optimal solution of two RIM quantifier problems.
Let a RIM quantifier operator F be

X2 : 1
s fo<x< s,
F(x){z'z 1,1 %1_x :
¥ —sx+g, if;<x<1
Then,
. 1
F(x) = X, if0<x< gy,
2x— 4, ifl<x<1

Hence, F(x) is strictly convex and F’(x) is absolutely continuous, but F(x) is not the second order
differentiable. Let

elsewhere ,

) = { (F)Nar+b%), if (F)~1(a*r +b*) >0

where a* and b* are determined by the constraints:
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jbl rf*(r)dr = a,
L mdr=1, ©)
f*(r) > 0.

We consider the case for 0 < « < 1/2. Then, a* < 0 and b* > 0.

Case (1) (See Figure 1) There exists m,d € [0,1] such that m < d and
%(u*r+b*)+%, if0<r<m,
fi(r) =4 a*r+b*, m<r<d,
0, d<r<1.

Since a*m + b* = % and a*d +b* =0, b* = —a*m-i—%andd =m— 2%* Hence,
%a*(rfm)Jr%, if0<r<m,

ffry=q a*(r—-m+3, m<r<m-—s,
0, mle%<r§1.

From (6),

O 2m —4 —\/2m? — 16m + 16
n 2m?2 !
74711311*3 — 12m2a*? + 6ma* — 1

——
484+2

hold. In addition, since a* < 0 and f*(1) <0,

0<m<4—+10, O<a<%ﬁ.

fi(r)=a"r+b"

0 md 1 r

- * 17-4/10
Figure 1. The graph of f* (0 < a < ~—5-).
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Case (2) (See Figure 2) There exists m € [0, 1] such that

Frr) = %(a*r+b*)+%, if0<r<m,
) atr+ b, m<r<I.

Since a*m + b* = %,

For) = %a*(r—m)—&-%, fo<r<m,
o a*(rfm)+%, m<r<l.

From (6),

. _ 2
m2 —4m+2’
2m3 + 3m? — 24m + 14

YT T —dmt2)

hold. In addition, since a* < 0 and f*(1) > 0,

4-VI0<m<1, 717_1im§a§i

—_

R

i) =a'r+b*

DO | —

0 m 1 ”

Figure 2. The graph f* (% <a< ).

Case (3) (See Figure 3) Forall 0 <r <1,

1 1
f*(r):i(a*r—i-b*)—&-i.
From (6),
a* = =12+ 24a,
1
b = 75—1204
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hold. In addition, since a* < 0and f*(1) > 1, 3 <a < L.

Fr) =3 (@)

Figure 3. The graph f* (% <a<h
6. Conclusions

In this paper, we examined the general minimax model for the RIM quantifier problem for the case
in which the generating functions are absolutely continuous and a generalized solution to the general
minimum model for the RIM quantifier problem for the case in which the generating functions are
Lebesgue integrable. In addition, we provided a solution equivalent relationship between the general
maximum model and the general minimax model for RIM quantifier problems and generalizes results
of Hong based on these results. We also corrected Liu’s theorems from a mathematical perspective as
their theorems are not suitable for absolutely continuous generating functions.
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