Nonlinear
Functional
Analysis and Its
Applications

Printed Edition of the Special Issue Published in Mathematics



Nonlinear Functional Analysis and
Its Applications






Nonlinear Functional Analysis and
Its Applications

Editor
Radu Precup

MDPI e Basel o Beijing ¢ Wuhan e Barcelona e Belgrade ¢ Manchester e Tokyo e Cluj e Tianjin



Editor
Radu Precup
Babes-Bolyai University

Romania

Editorial Office

MDPI

St. Alban-Anlage 66
4052 Basel, Switzerland

This is a reprint of articles from the Special Issue published online in the open access journal
Mathematics (ISSN 2227-7390) (available at: https://www.mdpi.com/journal/mathematics/special -

issues/Nonlinear_Function).

For citation purposes, cite each article independently as indicated on the article page online and as

indicated below:

LastName, A.A.; LastName, B.B.; LastName, C.C. Article Title. Journal Name Year, Volume Number,
Page Range.

ISBN 978-3-0365-0240-3 (Hbk)
ISBN 978-3-0365-0241-0 (PDF)

© 2021 by the authors. Articles in this book are Open Access and distributed under the Creative
Commons Attribution (CC BY) license, which allows users to download, copy and build upon
published articles, as long as the author and publisher are properly credited, which ensures maximum
dissemination and a wider impact of our publications.

The book as a whole is distributed by MDPI under the terms and conditions of the Creative Commons
license CC BY-NC-ND.




Contents

Aboutthe Editor . . . . ... ... ... ... ...
Preface to “Nonlinear Functional Analysis and Its Applications” . . .. ... ... .......

Jean Mawhin

Variations on the Brouwer Fixed Point Theorem:

A Survey

Reprinted from: Mathematics 2020, 8, 501, d0i:10.3390/math8040501 . . . . . ... ... ... ...

Dumitru Motreanu, Angela Sciammetta and Elisabetta Tornatore

A Sub-Supersolution Approach for Robin Boundary Value Problemswith Full Gradient
Dependence

Reprinted from: Mathematics 2020, 8, 658, d0i:10.3390/math8050658 . . . . . ... ... ... ...

Donal O’Regan
The Topological Transversality Theorem for Multivalued Maps with Continuous Selections
Reprinted from: Mathematics 2019, 7, 1113, doi:10.3390/math7111113 . . . . ... ... ... ...

Biagio Ricceri
A Class of Equations with Three Solutions
Reprinted from: Mathematics 2020, 8, 478, d0i:10.3390/math8040478 . . . . . ... ... ... ...

Biagio Ricceri
Correction: Ricceri, B. A Class of Equations with Three Solutions. Mathematics 2020, 8, 478
Reprinted from: Mathematics 2021, 9, 101, d0i:10.3390/math9010101 . . . . . ... .. ... .. ..

Rodrigo Lépez Pouso, Radu Precup and Jorge Rodriguez-Lépez

Positive Solutions for Discontinuous Systems via a Multivalued Vector Version of
Krasnosel’skii’s Fixed Point Theorem in Cones

Reprinted from: Mathematics 2019, 7, 451, d0i:10.3390/math7050451 . . . . . ... ... ... ...

Xiaoyan Shi, Yulin Zhao and Haibo Chen
Existence of Solutions for Nonhomogeneous Choquard Equations Involving p-Laplacian
Reprinted from: Mathematics 2019, 7, 871, d0i:10.3390/math7090871 . . . . . ... ... ... ...

Binghua Jiang, Huaping Huang and Wei-Shih Du

New Generalized Mizoguchi-Takahashi’s Fixed Point Theorems forEssential Distances and
eY-Metrics

Reprinted from: Mathematics 2019, 7, 1224, d0i:10.3390/math7121224 . . . . ... ... ... ...

Jiunn-Shiou Fang, Jason Sheng-Hong Tsai, Jun-Juh Yan, Chang-He Tzou and Shu-Mei Guo
Design of Robust Trackers and Unknown Nonlinear Perturbation Estimators for a Class of
Nonlinear Systems: HTRDNA Algorithm for Tracker Optimization

Reprinted from: Mathematics 2019, 7, 1141, d0i:10.3390/math7121141 . . . . ... .. ... .. ..

Anibal Coronel, Francisco Novoa-Muiioz, Ian Hess and Fernando Huancas

Analysis of a SEIR-KS Mathematical Model For Computer Virus Propagation in
a Periodic Environment

Reprinted from: Mathematics 2020, 8, 761, d0i:10.3390/math8050761 . . . . . ... ... ... ...






About the Editor

Radu Precup, Professor, received his Ph.D. degree in Mathematics from Babes-Bolyai Unversity
of Cluj-Napoca, Romania, in 1985 and held a postdoctoral BGF fellowship at Paris 6 University
between October 1990 and June 1991. He is currently Full Professor in the Department of Mathematics
at Babes-Bolyai University. Dr. Precup’s research interests include nonlinear functional analysis,
nonlinear ordinary and partial differential equations, and biomathematics. He authored over 150
research papers and the books Methods in Nonlinear Integral Equations (2002, Springer), Theorems of
Leray-Schauder Type and Applications (with D. O’Regan, 2001, CRC), Linear and Semilinear Partial
Differential Equations (2013, De Gruyter), and Ordinary Differential Equations (2018, De Gruyter).

vii






Preface to "Nonlinear Functional Analysis and Its
Applications”

Originally, functional analysis was that branch of mathematics capable of investigating in
an abstract way a series of linear mathematical models from science. The study of these linear
models—in fact, only first approximations of real models—proved insufficient, so the theory had
to be extended to be able to describe the nonlinear phenomena themselves. In this way nonlinear
functional analysis was born and continues to develop, becoming a vast and fascinating field of
mathematics, with deep applications to increasingly complex problems in physics, biology, chemistry,
and economics.

This book consists of nine papers covering a number of basic ideas, concepts, and methods of
nonlinear analysis, as well as some current research problems. Thus, the reader is introduced to the
fascinating theory around Brouwer’s fixed point theorem, which is the basis of important extensions
to infinitely dimensional spaces with numerous applications to boundary value problems for various
classes of ordinary and partial differential equations. New results for nonstandard elliptic equations
obtained with methods such as the technique of upper and lower solutions, advanced methods of
critical point theory, and minimax techniques are then presented. The reader is also introduced to
Granas’ theory of topological transversality, an alternative to the theory of topological degree. Several
contributions address current research issues, such as the problem of discontinuous term equations,
results of metric fixed point theory, robust tracker design problems for various classes of nonlinear
systems, or the problem of periodic solutions in computer virus propagation models.

I would like to particularly thank Professor Jean Mawhin, Professor Dumitru Motreanu,
Professor Donal O'Regan, and Professor Biagio Ricceri, who have positively answered our invitation
to contribute a paper to this Special Issue. I am sure that their extremely valuable papers will interest
the readers and will stimulate new research work in this direction. I would also like to thank the
other contributors for their articles that open new perspectives over some specific problems and
applications.

Finally, I would like to thank the editors of the journal Mathematics, particularly Assistant Editor
Grace Du and Marketing Assistant Rainy Han, for their great support throughout the editing process
of the Special Issue for Mathematics and its present MDPI Reprint Book.

Radu Precup
Editor
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Abstract: This paper surveys some recent simple proofs of various fixed point and existence theorems
for continuous mappings in R". The main tools are basic facts of the exterior calculus and the use
of retractions. The special case of holomorphic functions is considered, based only on the Cauchy
integral theorem.
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1. Introduction

The Bolzano theorem for continuous functions f : [a,b] C R — R, which states that f has a zero in
la,b]if f(a)f(b) <0, was first proved in 1817 by Bolzano [1] and, independently and differently in 1821
by Cauchy [2]. Its various proofs are not very long, and depend only upon the order and completeness
properties of R. A consequence of the Bolzano theorem applied to [ — T is that T : [-R,R] — R,
continuous, has a fixed point in [—R,R] if T(—=R) € [—-R,R] and T(R) € [—R,R]. This is the case if
T:[-R,R] — [-R,R].

As [—R, R] is the closed ball of center 0 and radius R in R, a natural question is to know if,
B denoting the closed ball Bg C R" of center 0 and radius R > 0, any continuous mapping T : Bg — R"
such that T(dBr) C B has a fixed point, and, in particular, if any continuous mapping T : Bx — Bg has a
fixed point. The answer is yes, and the first result, usually called the Rothe fixed point theorem (FPT),
is more correctly referred as the Birkhoff-Kellog FPT, and the second one as the Brouwer FPT.

Many different proofs of those results have been given since the first published one of the Brouwer
FPT by Hadamard in 1910 [3]. Brouwer’s original proof [4], published in 1912, was topological and
based on some fixed point theorems on spheres proved with the help of the topological degree
introduced in the same paper. The Birkhoff-Kellogg FPT was first proved by Birkhoff and Kellogg in
1922 [5]. Its standard name Rothe FPT refers to its extension to Banach spaces by Rothe [6] in 1937.

The existing proofs use ideas from various areas of mathematics such as algebraic topology,
combinatorics, differential topology, analysis, algebraic geometry, and even mathematical economics.
A survey and a bibliography can be found in [7]. Even for n = 2, they cease to be elementary and/or
can be technically complicated. The aim of this paper is to survey recent results on some elementary
approaches to the Birkhoff-Kellogg and Brouwer FPT, and on how to deduce from them in a simple and
systematic way other fixed point and existence theorems for mappings in R". Recall that these results,
combined with basic facts of functional analysis, are fundamental in obtaining useful extensions to
some classes of mappings in infinite-dimensional normed spaces.

After recalling the simple concept of curvilinear integral in R?, we first propose in Section 2 an
elementary proof of the Birkhoff-Kellogg FPT for n = 2, based upon such integrals. As the extension to
arbitrary 7, using differential (n — 1) forms in R", leads to very cumbersome computations, we adopt
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in Section 3 a variant given in [8], using differential n-forms, which in dimension n happens to be
significantly simpler than the direct extension of the approach of Section 2.

The generalizations of the Birkhoff-Kellogg and Brouwer FPT to a closed ball in R" and their
homeomorphic images are stated in Section 4. After the concepts of retract and retraction are
introduced, the Leray—Schauder-Schaefer FPT on a closed ball is deduced from the Brouwer FPT,
whose statement is also extended to retracts of a closed ball in R”. Finally, the equivalence of the
Birkhoff-Kellogg and Brouwer FPT on a closed ball is established.

The Brouwer FPT and retractions are then used in Section 5 to prove, in a very simple and unified
way inspired by the approach of [9], several conditions for the existence of zeros continuous mappings
in R", namely the Poincaré-Bohl theorem on a closed ball, the Hadamard theorem on a compact convex
set, the Poincaré—Miranda theorem on a closed n-interval, and the Hartman-Stampacchia theorem on
variational inequalities.

Finally, in Section 6, following the method introduced in [10], simple versions of the Cauchy
integral theorem provide criterions for the existence of zeros of a holomorphic function in same spirit
of the approach in Section 2. They allow very simple proofs of the Hadamard and Poincaré-Miranda
theorems and of the Birkhoff-Kellogg and Brouwer FPT for holomorphic functions.

2. A Proof the Birkhoff-Kellogg Theorem on a Closed Disc Based on Curvilinear Integrals

Let D C R? be open and nonempty and let (-,-) denote the usual inner product
in R2 Given f = (fi, f2) : D = R?, x — f(x) and ¢ = (¢1, ¢2) : [a,b] = D, t > ¢(t) of class C',
we consider the corresponding curvilinear integral defined by | ab (f(e(t), ¢'(t))dt where ' denotes

the derivative with respect to f.
The following result is fundamental for our proof of the Birkhoff-Kellogg FPT on a closed disc.

Lemma 1. If f = (f1, f2) : D — R?is of class C! and such that 9, f, = d,f, and ifCI> [a,b] x [0,1] = D
is of class C* and such that ®(b,A) = ®(a,A) forall A € [0,1], then A — f D(t,A),0:D(t, A))dt is
constant on [0,1].

Proof. It suffices to prove that 9, f;(f(@(t,)\),atd)(t,/\»dt = 0 for all A € [0,1]. We have, with
differentiation under integral sign easily justified and the use of assumptions, the Schwarz theorem
and the fundamental theorem of calculus, and omitting the arguments (t, A) for the sake of brevity

d) I/llb<f(¢),atq>>dt = /ub N(f(D),0,D)]dt
[ @l @) 10+ (7(@),2,00) b

B /b <Za]f )02 P, 0P > + (f(DP),0:0) D) | dt
b . 272 1
- / Y9, (@), D9 Dy + (f(©),,0,) | dt
4 k=1j=1 ]
p[2 2 7
= / Z akf]( )0 ,@ka/\d)/- + <f(<b),a[a/\¢’> dt
Ja k:l]:l |
= /b Zatf] )AD; + (f(P) ata,\q>>] dt

)], 0AP) + (f(P), 010, P) } dt

Il
—
<=
-~
QJ
=

/a A0 250 = H010 ) - 010, =0,
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Let Bg := {x € R?: |x| < R}, with |x| the Euclidian norm. We prove the Birkhoff-Kellogg FPT
on a closed disc.

Theorem 1. Any continuous mapping T : Bg — R? such that T(dBr) C Bg has a fixed point in Bg.

Proof. Assume that T has no fixed point in Bg. Then, [y — T(y)| > 0 for ally € 9Bg, and, as T(0Bgr) C
Br, ly — AT(y)| > |yl — A|T(y)| > 1—A > 0, forall (y,A) € dBg x [0,1). Similarly, Ay — T(Ay) # 0
for all (y,A) € 9Bg x [0,1]. As T is continuous, there exists § > 0 such that [y — AT(y)| > ¢ and
Ay — T(Ay)| > d forall (y,A) € 9B % [0,1]. From the Weierstrass approximation theorem, there is a
polynomial P : R? — R? such that |T(y) — P(y)| < § forally € Bg. Consequently, letting F(y, A) :=
y —AP(y) and G(y,A) := Ay — P(Ay), we have, for all (y,A) € 9Bg x [0,1], |[F(y,A)] > § and
|G(y,A)| > §. Hence, there exists an open neighborhood A of 9B such that F(y, A) # 0and G(y, A) #
0forall (y,A) € A x[0,1]. If

fi:RI\{0} = R, x = —|x| 2x2, fo:R2\ {0} = R, x> |x| 2x,

then 91 (x) = |x| (23 — x2) = 91 f2(x). If yg : [0,271] — R?, t > R(cost,sint) is a parametric
representation of dBg, so that yg(0) = yr(27), it follows from Lemma 1 that the integrals

[ 0,2, 3F (), At and [ G (R(),00),2C re(6), A
are constant for A € [0, 1]. Hence, noticing that F(-,1) = G(-,1) =1 — P,

27

T IECROL0L AR (0,00 = [ (TGO, 0,0 F(x(0), D)
= [ U6 Gr0 0 AG Crr, )t = [ (16 Crn(6), 000G (), 00

However, as G(+,0) = —P(0) is constant and F(-,0) = I,

27

(FIG(vr(#),0)],9:G(7r(t),0))dt

7 FIF (v (£),0)], 9E (1), 0))at

2

Il
S— 5— 5—

(FOrr(0), vR(1) dt = _/Ozn(sinz t+cos?t) dt = 2,

a contradiction. [J

A direct consequence is the Brouwer FPT on a closed disc.

Corollary 1. Any continuous mapping T : B — Bp has a fixed point in Bg.

3. A Proof of the Birkhoff-Kellogg Theorem on a Closed n-Ball Based on Differential n-Forms

The argument used in Section 2 for mappings in R? can be extended to mappings in R", using the
basic properties of differential k-forms in R”. For n = 2, the differential 1-forms and differential
(n — 1)-forms coincide, and it is the last ones that are requested for extending the proof of Theorem 1
to arbitrary n. We leave to the motivated reader the work to write down this extension of the first
approach and to realize that this generalization to dimension  of Lemma 1 is very cumbersome and
lengthy. Fortunately a similar approach based on differential n-forms instead of (# — 1)-forms has been
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introduced in [8], which, for n = 2, has the same length and technicality as the one used in Section 2,
but keeps its simplicity for arbitrary n. We describe it in this section.

For D C R" open, bounded and nonempty, we need the concept of differential (n — 1)-forms
and n-forms and suppose that the reader is familiar with the notions, notations and properties of
differential k-forms (1 < k < n) on D, wedge products, pull backs, exterior differentials and the
Stokes—Cartan theorem for differential forms with compact support [11]. All the functions involved in
differential forms are supposed to be of class C2. We associate to the functions fi:D=>R(j=1,...,n)
the differential 1-form wy := 27:1 fjdxjin D, and the differential (1 — 1)-form

n

v =Y (=1 e AL A AL A dxy,

where d/J?] means that the corresponding term is missing. We associate also to ¢ : D — R” the
differential n-form po = gdx; A ... Adx,. For example, given the function w : D — R with partial
derivatives d;w, its differential dw := Z;Ll(a]'w) dx; is the differential 1-form wyy.

Let A C R" be open, bounded and nonempty, F : A x [0,1] — D, (y,A) — F(y, A). For each fixed
Ae0,1],

F'(,MNws = Y [fjoF(, M)]dF(-,A)

i Li[f]OF(,/\)]akF](,)L)] dyk (] = 1,...,1’!)

is well defined. To shorten the notations, we write F; for Fj(-, A). We define the derivative with respect
to A of F*wy by

B,\(F*wf) = i BA |:/i(f/'OF)aij:| dyk

k=1 =
so that
o (Fawy) kzlzl [0 (f; 0 F)OF; + (f; © F)o10¢] d
1=
- i[W o F)dF; + (f; o F) 0, (dF)).

=

Furthermore,
ké 00 F) dye = kg(akam)dyk —d(@uF) (i=1,...,m).

On the other hand,

dFy AN ... ANdF, = Jrpdyp AL dyg,
where Jg(. 5)(y, A) denotes the Jacobian of F(-,A) at (y,A) € A x [0,1], and
n
OA[dF A...ANdE] =) dFL A ... NONdFj A ... NdF,.
=1

The following two results replace Lemma 1 in Section 2. The first one shows that the differential
n-form 0, (F*ju,) is exact in A, i.e., is the exterior differential of a (1 — 1)-differential form in A.
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Lemma 2. For each A € [0,1], we have
n

J

A(Fug) =d {(goF) < (1) 710\ FdFy A...A@A.,.Adaﬂ .

1
Proof. We have

a)\(F*]lg) = a,\(gOF) dFy A ... NdF, + (gOF) dy (dFl /A /\an)

n
= <Z(8]goF)aAF]> dFy A ... NdF,

j=1

n
+ (goF) (2 dFl/\.../\a/\dFj/\.../\an>
j=1

n . _
= Y (-1)7'@8cF)dF A FdFy A... AdFj A ... AdF,

—

-

+ (goF) (2(1)11d (OAF;) NAFL AL A dAFj Ao /\an>
j=1

n X n _
= Z(—l)l—l (Z(akgoF)dFk> NI FdF A NdF; A ... NdF,
k=1

+ (goF) (il(_nf1d(aAdeFl/\...AEEA.../\dP,,)>

= d(goF)/\(i(—l)j18)\Fde1/\.../\5?1?j/\.../\an>

+ (goP)d(i(—l)f1aAdeF1A,..AaTﬁjA..,Aan>
(1)f1aAF]-dF1A.../\al/ﬁ]-A...Aanﬂ = dvg F.

O

Corollary 2. If w € C2(R",R), A is open, bounded and F € C?(A x [0,1],R") verify F(dA x [0,1]) N
supp w = D, then [, F*juy, is independent of A on [0,1].

Proof. Using Lemma 2, the assumption and Stokes—Cartan theorem, we get

a/\/AF*],tw:/ABA(F*yw) :/Ade/pz/aAVw/p:O.
|

Let Bg := {x € R" : |x| < R} with |x| the Euclidian norm. We now show that Proposition 2 allows
a simple proof of the Birkhoff-Kellogg FPT on a closed n-ball, quite similar to that of Theorem 1.

Theorem 2. Any continuous mapping T : Bg — R" such that T(dBr) C Bg has a fixed point in By.
Proof. Assume that T has no fixed point in Bg. Then, x — T(x) # 0 for x € 9Bg, and for (x,A) €

dBg x [0,1), we have |x —AT(x)| > R—A|T(x)] > (1 —A)R > 0. Thus, |[x — AT(x)| > 0 for all
(x,A) € 9Bg % [0,1]. On the other hand, for (x,A) € dBg x [0,1], we have Ax € Bg, Ax — T(Ax) # 0,
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and hence |[Ax — T(Ax)| > 0 for all (x,A) € 9B(R) x [0, 1]. By continuity, there exists § > 0 such that
|x —AT(x)| > d forall (x,A) € 0Bg x [0,1]. Let P : R” — R" be a polynomial such that maxg, |P — T|
< 6/2,and define F € C*(R" x [0,1],R") and G € C®(R" x [0,1],R") by F(x,A) = Ax — P(Ax) and
G(x,A) = x — AP(x), so that |[F(x,A)| > 6/2and |G(x,A)| > /2 forall (x,A) € 9Bg x [0,1]. Letw €
C?(R",R) with supp w C B(6/2), the open ball of center 0 and radius §/2, and fBR w(y)dy = 1. Then,
by Proposition 2 with A = By, we get

0 = [ FCOm= [ FCDpe= [ (1P,
and

./BR(pr)*Vw _ ./BR G*(, Doy = ./BR G*(-,0)pw = '/BR Hw
~/BR w(y)dy =1,

a contradiction. [

The Brouwer FPT on a closed n-ball is a special case.

Corollary 3. Any continuous mapping T : Bx — Bg has a fixed point in Bg.

4. Fixed Points, Homeomorphisms and Retractions in R"

Now, if K C R", if there exists a homeomorphism / : B" — K, and if T : K — K is continuous,
h~YoToh:B" — B" is continuous, has a fixed point x* by Theorem 3, and h(x*) € K is a fixed point
of T. Consequently, we have a Brouwer FPT for homeomorphic images of a closed n-ball.

Theorem 3. If K C R" is homeomorphic to B, any continuous mapping T : K — K has a fixed point in K.

Forvexample, K can be any closed n-interval [a;, b1] X ... X [a,, b,], or an n-simplex R, := {x =
]’»‘:1 xjel € R" 1 x; >0, Z}‘Zl xj <1}

Remark 1. In Theorem 3, the boundedness assumption on K cannot be omitted: a translation x — x +a in
R" with a # 0 has no fixed point. The closedness assumption on K cannot be omitted as well: T : (0,1) —
(0,1), x + x2 has no fixed point in (0,1). Theorem 3 does not hold for any closed bounded set: a nontrivial
rotation of the closed annulus A = {x € R? : 11 < |x| < 12} has no fixed point in A.

We now introduce concepts and results due to Borsuk [12] which provide another class of sets on
which the Brouwer FPT holds and simple proofs of various equivalent formulations of this theorem.
We say that U C V C R” is a retract of V if there exists a continuous mapping r : V' — U such that
r = I on U (retraction of V in U). For example, By, is a retract of R”, with a retraction r given by

B x if |x| <R 1
"= R if |3 >R )

|x]
Similarly, for any 0 < Ry < Ry, B, is a retract of Bg,.

Remark 2. The Brouwer FPT on By implies the Birkhoff-Kellogg FPT on Br. Indeed, if T : Bx — R" is
continuous, T(0Br) C B, and r is given by (1), then r o T : Bg — Bg is continuous and, by the Brouwer
FPT 3, has a fixed point x* € Bg. If [T(x*)| > R, |x*| = |r(T(x*))| = Rand |T(x*)| < R, a contradiction.
Thus, |T(x*)| < Rand x* = T(x*). Thus, the two statements are equivalent.



Mathematics 2020, 8, 501

Remark 3. The Brouwer FPT has for immediate topological consequence the well-known no-retraction
theorem, stating that 0By is not a retract of Bg in R". We do not repeat here the simple proof of this
result and the proof of Brouwer FPT from the no-retraction theorem.

An easy consequence of Theorem 3 is the Leray-Schauder-Schaefer fixed point theorem,
a special case of a more general result obtained in 1934 by Leray and Schauder [13]. The proof
given here is due to Schaefer [14].

Theorem 4. Any continuous mapping T : B C R" — R" such that x # AT(x) forall (x,A) € 0Bg x (0,1)
has a fixed point in Bg.

Proof. Letr: R" — Bg be the retraction of R" onto Br defined in Equation (1). Theorem 3 implies the

existence of x* € B such that x* = r(T(x*)). If | T(x*)| > R, then x* = WT(JC*), so that |x*| = R
and x* = A*T(x*) with A* = \T(I’i*)\ < 1, a contradiction with the assumption. Hence, |T(x*)| < R

and x* = T(x*). O

Remark 4. If T : d0Bg — Bg, it is clear that the assumption of Theorem 4 is satisfied. Thus the
Leray—Schauder—Schaefer FPT implies the Birkhoff-Kellogg FPT, and hence the two statements are quivalent.

The Brouwer FPT holds for retracts of a closed ball.
Theorem 5. If U C R" is a retract of Br, any continuous mapping T : U — U has a fixed point.
Proof. Let U = r(Bg) for some retraction r : B — U. Then, Tor : Bg — U C Bg has a fixed point
x* € U. Hence, x* = r(x*), and x* = T(x*). O

If C C R" is non- empty, closed and convex, the orthogonal projection pc(x) on C of x € R",
defined by |pc(x) — x| = minyec |y — x|, is a retraction of R" onto C [15]. Consequently, C is a retract
of any Br O C, giving a Brouwer FPT on compact convex sets.

Corollary 4. If C C R" is compact and convex, any continuous mapping T : C — C has a fixed point in C.

5. Zeros of Continuous Mappings in R”

The first theorem on the existence of a zero for a mapping from By into R" was first stated and
proved for C! mappings by Bohl [16] in 1904, and extended to continuous mappings by Hadamard in
1910 [3], under the name Poincaré-Bohl theorem. It is a reformulation of the Leray-Schauder-Schaefer
FPT Theorem 4.

Theorem 6. Any continuous mapping f : Bx — R" such that f(x) # px for all x € 9Bg and for all y < 0
has a zero in Bg.

Proof. Define the continuous mapping T : Bx — R" by T(x) = x — f(x). For (x,A) € 9Bg x (0,1),
we have, by assumption,
A—1

x—AT(x) = (1—A)x+Af(x) =X {f(x) - Tx} #0.

By Theorem 4, T has a fixed point x* in Bg, which is a zero of f. [

In 1910, two years before the publication of [4], Hadamard, informed by a letter from Brouwer
of the statement of his fixed point theorem, published a simple proof based on the Kronecker index
(a forerunner of the Brouwer topological degree) in an appendix to an introductory analysis book
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of Tannery [3]. Hadamard’s proof consisted in showing that Brouwer’s assumption implies that the
condition (x,x — T(x)) > 0 holds for all x € 0Bg, where (-, -) denotes the usual inner product in R".
This condition implies the existence of a zero of I — T, because the assumption of the Poincaré-Bohl
theorem 6 is satisfied. Hadamard’s reasoning using the Kronecker index does not depend upon the
special structure I — T of the mapping in the inner product. Hence, it is natural (although not usual) to
call Hadamard theorem the statement of existence of a zero for a continuous mapping f : Bg — R”",
when x — T(x) is replaced by f(x) in the inequality above, a statement which became in the year 1960 a
key ingredient in the theory of monotone operators in reflexive Banach spaces. Using convex analysis,
we give an extension to compact convex sets.

Let C C R" be compact and convex and pc : R” — C be the orthogonal projection of x on C [15].
Recall that pc(x) is characterized by the condition

(x —pc(x),y —pc(x)) <0 forall y € C. )
For x € dC, the set
Ny:={veR":(v,y—x) <0 forall y e C}

isnonempty and called the normal cone to C at x, and its elements v are called the outer normals to C at
x. The relation in Equation (2) shows that, for each x ¢ C, x — p(x) € Ny \ {0}. It can also be shown
that each x € dC is the orthogonal projection of some z ¢ C, so that Ny = {z € R"\ C : p(z) = x}.
The Hadamard theorem on a convex compact set follows in a similar way as Theorem 6 from the
Brouwer FPT 3.

Theorem 7. If C C R" is a compact and convex, any continuous f : C — R" such that (v, f(x)) > 0 for all
x € dCand all v € Ny has a zero in C.

Proof. Let T : R" — R" be defined by T = pc — f o pc. Then, for all x € R",

IT(0)] < [pc()[ +|f (pc(x))] < max|x| +max|f(y)| = R,
xe ye

and T maps Bg into itself. By Theorem 3, there exists x* € Bg such that x* = pc(x*) — f(pc(x*)).
If x* ¢ C, the assumption implies that

0 < [x* = pe(x*)]> = —(x* — pc(x"), f(pc(x))) <0,
a contradiction. Thus, x* € C, x* = pc(x*) and f(x*) =0. O
Corollary 5. Any continuous mapping f : Bg — R" such that (x, f(x)) > 0 forall x € 0Bg has a zero in Bg.
Proof. For each x € 0Bg, Ny = {Ax : A > 0}, and we apply Theorem 7. [J

Remark 5. As shown when mentioning Hadamard’s contribution, Theorem 5 implies the Brouwer FPT,
and even the Birkhoff-Kellopg FPT, on Br. Consequently, those statements are equivalent.

Some twenty years before the publication of Brouwer’s paper [4], Poincaré [17] stated in 1883 a
theorem about the existence of a zero of a continuous mapping f : P = [-Ry,Ry] X - -+ X [-Ry, Ry] —
R"™ when, foreachi = 1,...,n, f; takes opposite signs on the opposite faces of P

Pri={xeP:x;=-R}, PFi={xeP:x;=R} (i=1,...,n).
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Poincaré’s proof just told that the result was a consequence of the Kronecker index, which is correct
but sketchy. The statement, forgotten for a while, was rediscovered by Cinquini [18] in 1940 with an
inconclusive proof, and shown to be equivalent to the Brouwer FPT on P one year later by Miranda [19].
Many other proofs have been given since, and we again refer to [7,20] for a more complete history,
variations and references, and to [21-23] for useful generalizations to more complicated sets than
closed n-intervals. Here, we obtain the Poincaré-Miranda theorem on a closed n-interval as a special
case of Theorem 7.

Corollary 6. Any continuous mapping f : P — R" such that fi(x) < 0 forall x € P;” and f;(x) > 0 for all
x € P (i=1,...,n) has a zero in P.

Proof. If x is in the (relative) interior of the face P;, then Ny = {—Ae; : A > 0}, where (e, e,...,¢en)
is the orthonormal basis in R", and the assumption of Theorem 7 becomes —f;(x) > 0, i.e., fi(x) < 0.
Similarly, if x is in the (relative) interior to the face P, then Ny = {A¢; : A > 0}, and the assumption
of Theorem 7 becomes f;(x) > 0. Of course, —Ae; and Ae; (A > 0) also belong to the respective normal
cones for x € P;” and Pf respectively, and if, say, x € P, N P/.Jr thenv = —Ae; + pej € Ny for all
A > 0,and (v, f(x)) = —Afij(x) + pufe(x) > 0. In general, when x belongs to the intersection of
several faces of P, Ny will be made of the linear combination of the e; corresponding to the indices
of the faces, with a negative coefficient for a face having symbol — and positive coefficient for a face
having symbol +, so that, using the assumption, (v, f(x)) > 0 for all x € 9P and all v € Ny. The result
follows from Theorem 7. [

Remark 6. Corollary 6 implies the Brouwer FPT on P. Indeed, if T : P — P is continuous, and if we set
f=1-T,then,as —R; < T;(x) < R; for all x € 9P, we have, for x € P such that x; = —R;, fi(x) =
x; — Tj(x) = —R; — Tj(x) < 0, and, for x € P such that x; = R;, fi(x) = x; — T;j(x) = R; — T;(x) > 0.
Thus f has at least one zero in P, which is a fixed point of T. Consequently, the two statements are equivalent.

Remark 7. Both the Hadamard theorem on Bg and the Poincaré—Miranda theorem can be seen as distinct
n-dimensional generalizations of the Bolzano theorem to closed ball and n-intervals respectively.

Remark 8. Using the Brouwer degree, it is easy to obtain the conclusion of the Hadamard Theorem 7 for a
compact convex neighborhood of 0 under the weaker condition that for each x € 9C, there exists v € Ny such
that (v, f(x)) > 0. No proof based only upon the Brouwer FPT seems to be known.

If C € R" is a compact convex set and g : C — R is of class C, then g reaches its minimum on C
at some x* € C for which

g(x* +A(v—x*)) —g(x*) >0 forall v € C and forall A € [0,1],

so that, dividing both members by A and letting A — 0+, we obtain (Vg(x*),v —x*) > 0 forall v € C,
where Vg denotes the gradient of g. For example, if u € R" is fixed and g : C — R is defined
by g(x) = (1/2)|x — u|?, the minimization problem corresponds to the definition of p¢c(u), and,
as Vg(x) = x — u, the inequality above is just Equation (2). In 1966, Hartman and Stampacchia [24]
proved that the existence of such a x* still holds when Vg is replaced by an arbitrary continuous
function f : C — R". When C is a simplex, the same result was proved independently the same year
by Karamardian [25]. We give here a proof, due to Brezis (see [26]) and based upon Brouwer’s FPT,
of the Hartman-Stampacchia theorem on variational inequalities.

Theorem 8. If C C R" is compact, convex and f : C — R" continuous, there exists x* € C such that
(f(x*),v—x*) > 0forallv e C.
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Proof. The Brouwer FPT on C (Corollary 4) applied to the continuous mapping pco (I — f): C — C
implies the existence of x* € C such that

X =pe(x = f(x)). ©)
Taking x = x* — f(x*) in Equation (2) and using Equation (3), one gets
(x* — f(x*) —x",o—x") <Oforall v e C,
which is the requested inequality. O

Remark 9. The conclusion of Theorem 8 is called a variational inequality. In the terminology of the theory
of convex sets [15], the conclusion of Theorem 8 means that there exists x* € C such that either f(x*) = 0 or
f(x*) #0and H := {y € R" : (f(x*),y — x*) = 0} is a supporting hyperplane for C passing through
x* i.e., C is entirely contained in one of the two closed half-spaces determined by H.

Remark 10. The Brouwer FPT on C (Corollary 4) also follows from the Hartman—Stampacchia theorem. Indeed,
if T : C — Cis continuous and x* is given by Theorem 8 applied to f = I — T, then, taking v = T(x*) € C
in the variational inequality, we obtain 0 < (x* — T(x*), T(x*) — x*) = —|x* — T(x*)|> < 0, so that
x* = T(x*). Hence, the two statements are equivalent.

Remark 11. If x* and x* are two distinct solutions of the variational inequality, then
(Fx), 2 —x*) 20, {f(x"),x" =) >0,

and hence (f(x*) — f(x#), x* — x¥) < 0. Consequently, the variational inequality has a unique solution if f
satisfies the condition (f(x) — f(y),x —y) > 0forall x # y € C, i.e., if f is strictly monotone on C.

6. A Direct Approach for Holomorphic Functions in C

The assumption of the Bolzano theorem for a continuous function f : [-R,R] — R can be,
without loss of generality, be written f(—R) < 0 < f(R) or, equivalently, xf(x) > 0 for |x| = R.
In 1982, Shih [27] proposed a version of the Bolzano theorem for a complex function f holomorphic
on a suitable bounded open neighborhood Q) C C of 0 and continuous on Q. He showed that f
has a unique zero in Q) when R[Zf(z)] > 0 on 9(, using the Rouché theorem applied to f(z) and
g(z) = az for a suitable real a. As R[zf(z)] = Rz Rf(z) + Iz - Sf(z), Shih’s condition is just
Hadamard’s one in Theorem 5 with strict inequality sign. Following the approach introduced in [10],
we show in this section that, when the (non strict) Hadamard condition holds on the boundary of a
ball, the existence of a zero of a holomorphic function results in a very simple way from an immediate
consequence of the Cauchy integral theorem. The same is true for a Poincaré-Miranda theorem on a
rectangle, giving another extension of the Bolzano theorem to complex functions. The Brouwer’s FPT
for holomorphic functions on a closed ball or a closed rectangle follow immediately.

We suppose the reader familiar with the concepts of holomorphic function f, piecewise C* cycle
7, and integral | o f (z) dz of f along 7 [28]. We denote by B(R) the open disc of center 0 and radius
R > 0in C, and by By the corresponding closed disc. Let yx : [0,27t] — 9Bg, t — Re'* be the standard
C*-cycle whose image is dBg. The Cauchy integral theorem on a circle is proved here in a simple
way, reminiscent of Cauchy’s proof in 1825 [29], reworked by Falk in 1883 [30], and similar in spirit to
the proof of Lemma 2.

Proposition 1. If f : Bx — C is continuous on Bg and holomorphic on B(R), then ]“m f(z)dz =0.

10
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Proof. Define I' : [0,1] x [0,27r] — Bg by T'(A,t) = Ayg(t), so that I'(1,-) = g and I'(0,) is
the constant zero mapping. To show that A — fr( A) f(z)dz is constant in (0,1), we have (with
differentiation under the integral sign easily justified and ' denoting the derivative with respect to z)

: 27T
0 ,/F(Mf(Z) dz =9, /0 FT(A,£))0T (A, £) dt
= /0‘27T[f’(r(/\,t))a)\r(5, t)atr(/\, t) —|—f(r(/\,t))a}[atr(/\’ t)} dt
= [T RAATOAT L + ST 03T, )

- ./0271 at[f(r()\/ t))BAI’(A, t)] dt
= f(T(A,27))9,T(A,27) — F(T'(A,0))9,T(A,0) = 0.

By continuity, A — [¢ o f (z) dz is constant in [0, 1], and hence

. f(z)dz = r(1,<)f(z) dz = /r(o,)f(z) dz =0.

|

Leta >0, b >0,P={ze€ C: —a< Rz <a —b < Yz < b} be the corresponding
closed rectangle in C, and let us introduce the continuous mapping p : [0,4] — 9P of class C* on
(0,1) U (1,2) U(2,3) U (3,4) defined by

—a+2ta —ib if te[0,1]

o(t) = a+i[—-b+2(t—1)b] if te(l,2]
a—2(t—2)a+ib if te[2,3
—a+ilb—2(t—3)b] if te[3,4],

©)

whose image p([0,4]) = 9P. We state and prove the Cauchy’s integral theorem on the boundary of
arectangle.

Proposition 2. If f : P — C is continuous on P and holomorphic on int P, then fp f(z)dz =0.

Proof. It is entirely similar to that of Proposition 1. If we define R : [0,1] x [0,4] — P by
R(A,t) = Ap(t), the integral fR(A/~) f(z) dz has to be decomposed into four integrals over [0,1], [1,2],
[2,3], and [3,4], respectively, of f(R(A,t))d;R(A,t), and each integral has to be differentiated with
respect to A separately. The details are left to the reader. [J

Propositions 1 and 2 immedjiately imply the following simple theorem for the existence of a zero

of f.

Proposition 3. Any function f : Bx — C (respectively, f : P — C) holomorphic on B(R) (respectively,
int P), continuous on By (respectively, P), different from zero on 0By (respectively, OP) and such that

a0 (o [ #0)

has a zero in B(R) (respectively, P).

11
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1
fz)
is holomorphic on B(R) and continuous on Bg. By Proposition 1, | - % = 0, a contradiction to
the assumption. [

Proof. Itis entirely similar in both cases and we prove it for Bg. If f has no zero in B(R), then z —

Proposition 3 provides a very simple proof of the Hadamard theorem for a holomorphic function
on Bg.

Theorem 9. Any function f : Bx — C holomorphic on B(R), continuous on Bg and such that R[Zf(z)] > 0
forall z € Bg, has a zero in Bg.

Proof. For each integer k > 1, define f; : Bx — C by fi(z) = k~'z + f(z). Each f; has the regularity
properties of f and is such that, for any z € dBg, R[Zfi(z)] = k" 'R? + R[Zf(2)] > 0, so that fi(z) # 0
for all z € dBg, and

%{WR%} - %{AR%%}
o[ [ EEARER )] - iSEf(2)]} dz
I |

N}

Zfe(2) 2 z
- ol MR[Re ™" fi(Re")] + S[Re~" f(Re") i
0 [fi(Ret)[?
27 RRe~fi(Re)]
b = Trene >0

By Proposition 3, for each k > 1, f; has a zero z; in B(R), and, by the Bolzano—Weierstrass theorem,
a subsequence (zg, ) n>1 of (z)x>1 converges to some z* € Bg such that 0 = lim, e[k 'zg, + f (21, )] =

f). O

The Birkhoff-Kellog FPT for a holomorphic function on a disc is a direct consequence of
Theorem 9.

Corollary 7. Any function T : Bg — C continuous on B, holomorphic on B(R) and such that T(dBg) C Bg
has a fixed point in Bg.

Proof. For each z € 9By, one has R{z[z — T(z)]} > R?> — |z||T(z)| > 0. O

Example 1. For any integer m > 1, the mapping T defined by T(z) = 5(z™ + 1) is such that for |z| =1,
IT(z)| < L;'(\ZV” +1) < 1. There is no uniqueness as T has the fixed points 0 and 1 in By.

LetP| = {-a+iy:y e [-bb]}, P 14+ ={a+iy:y € [-bb]}, P, ={x—ib:x € [—a,a]}
and Py = {x+ib : x € [—a,a]} be the opposite vertical and horizontal sides of P, respectively.

Proposition 3 provides a Poincaré—Miranda theorem for a holomorphic function on a rectangle.

Theorem 10. Any function f : P — C continuous on P, holomorphic on int P and such that Rf (z) < 0 for all
z € Py, Rf(z) > 0forall z € P, Sf(z) < Oforallz € Py and Sf(z) > 0 forall z € Ps has a zero in P.

Proof. For each integer k > 1, the function f; defined on P by fi(z) = k~'z + f(z) is such that
Rfi(z) < 0forz € P, Rfp(z) > 0forz € P, Sfi(z) < 0forz € Py, and Ifi(z) < O for

12
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z € Py, Hence, f(z) # 0 for each z € dP. Let p : [0,4] — Q be the cycle defined by Equation (4).
By the assumptions,

o[ [ £5] = o { [ ez mae - st
VSl dxo+ i) dy]

= [ OIS flpO2adt + [ 1o Rl (D]2b
LUl 2adt + [ ilp(e)| *Rfilo() 20t
’,/,u |fk(sfib)|*2%fk(sfib)ds+/7b fila+it)|2Rfi(a+ it) ds

+ /_: |fi(s +ib)| S fi(s + ib) dt — /_bb |fe(—a+is)| >Rfx(—a +is) ds
= L [—Ifk(s—ib)I*Zka(s_ib)+|fk(s+ib)|2sjfk(s+ib)] ds
+ /.,hb [|fk(‘Z +is)| PR fi(a +is) — |fi(—a +is)| P Rfe(—a + is)] ds > 0,

For k > 1, Proposition 3 implies the existence of z; € int P such that k~!z; + f(z;) = 0. Using the
Bolzano-Weierstrass theorem, a subsequence (zj,),>1 converges to some z* € P such that 0 =
limy o0 [k Y2k, + f(zk,)] = f(z). O

Example 2. Let the holomorphic function f : C — C be defined by f(z) = 23 +4z+1+i.
Tuking P = {z € C: Rz € [-1,1] and Sz € [—1,1]}, one has

z€P = Rf(z) =—4+3y><0, ze P = Rf(z) =6-3y>>0
z€P = Sf(z)=-3x"-2<0, z€ P = Sf(z) =3x> +4>0,

and f has a zero in [—1,1] x [—1,1].

A direct consequence of Theorem 10 is the Birkhoff-Kellogg FPT for a holomorphic function
on a rectangle.

Corollary 8. Any function T : P — C continuous on P, holomorphic on int P, and such that T(dP) C P has
a fixed point in P.

Proof. Define f : P — Cby f(z) = z— T(z) for all z € P. The assumption T(dP) C P is equivalent to
—a < RT(z) <aand —b < JT(z) < bforall z € 9P, and, hence, if z € P, Nf(z) = —a — NT(z) <0,
ifz € P, Rf(z) = a—RT(z) >0,ifz € Py, Sf(z) = —~b—ST(z) < 0,and if z € P, If(z) =
b — QT (z) > 0. Thus, by Theorem 10, f has a zero in P and T a fixed pointin P. O
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Abstract: The paper investigates a nonlinear elliptic problem with a Robin boundary condition,
which exhibits a convection term with full dependence on the solution and its gradient. A sub-
supersolution approach is developed for this type of problems. The main result establishes the
existence of a solution enclosed in the ordered interval formed by a sub-supersolution. The result is
applied to find positive solutions.
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1. Introduction

In this paper we study the following nonlinear elliptic boundary value problem
—div(A(x, Vu)) 4+ a(x)|ulP~%u = f(x,u,Vu) inQ M
A(x, V) - v(x) + B(x) [ulP~2u =0 on dQ)

on a bounded domain Q C RN with N > 3 and with a boundary dQ of class C!. The notation v(x)
stands for the unit exterior normal at any x € dQ) and p is a real number with 1 < p < +oco. We note
that, in the stated problem, the boundary condition is of Robin type.

We describe the data entering our problem. The leading differential part of the equation in (1) is
the term div(A(x, Vu)) in divergence form driven by the map A : Q x RN — RN which is composed
with the (weak) gradient Vu of the solution u : () — R. No homogeneity condition is required for the
map A. Precisely, we assume that A : O x RN — RN is continuous and fulfills the conditions:

(A1) There exist constants ¢y and c; with 0 < ¢7 < ¢ such that
A(x,€) - € > /€| and |A(x, &)| < ca(|¢|P~1 +1) forall (x,&) € O x RN,
(A2) Forall x € Q, A(x, §) is strictly monotone in ¢.

Here and subsequently we denote by | - | and - the standard Euclidean norm and scalar product
on RN, respectively.

As important examples of operators div(A(x, Vu)) complying with the preceding hypotheses
we mention: the p-Laplacian Ayu = div(|Vu[P~2Vu) where A(x, &) = |&|P~2¢, the (p, q)-Laplacian
Apu+ Aqu = div((|Vu|P~2 + |Vu|172)Vu) where 1 < g < p < +ooand A(x,¢) = [E[P72¢ +[¢]772¢,
the generalized p-mean curvature operator div((1+ |Vu|?) s Vu) where A(x, &) = (1+ \g\z)’”%z as
well as numerous weighted versions.
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The values of 1 on 0Q) in the boundary condition of (1) are in the trace sense, whereas A(x, Vi) -
v(x) represents the co-normal derivative of u associated with A. For more details we refer to ([1],
pages 7-9) and ([2], Section 2). In the statement of problem (1) we fix the functions « € L*(Q)) and
B € L®(0Q)) satisfying a(x) > 0 for almost everywhere (in short a.e.) x € Q) and B(x) > 0 for a.e.
x € 9Q), B £ 0, where dQ) is endowed with the (N — 1)-dimensional Hausdorff measure. Contrary to
the Neumann problem, here it is allowed to have & = 0. Recall thatif « € L®(Q) witha > 0, & # 0, the
term a(x) |u|P~2u was essential to develop the method of sub-supersolution under Neumann boundary
condition (see [3]). Actually, in the Robin problem, the hypothesis f(x) > 0 fora.e. x € 9Q),  0,isa
substitute for the condition a(x) > 0 for a.e. x € Q, « # 0, assumed for the Neumann problem.

The reaction term f(x,u, Vu) in the equation (1) is determined by a Carathéodory function
f:OxRxRN = R, ie, f(-,s,&) is measurable for all (5,&) € R x RN and f(x, -, ) is continuous
for a.e. x € Q). This term, depending not only on the solution u but also on its gradient Vu, is called
convection. It prevents to have a variational structure for problem (1) and thus the variational methods
are not applicable, which creates a serious difficulty for handling (1).

The Robin problems exhibiting convection term as is the case in (1) have only recently been
studied. We refer to [4-8] for results on the existence of solutions to such problems, where the approach
is based on fixed point theorems or on surjectivity criteria for monotone-type operators. We also
mention that a singular Robin problem involving convection has recently been treated in [9]. There are
many results for Robin problems with variational structure, thus without a convection term. In this
direction, we cite, e.g., [10-15]. The aim of the present work is to study the Robin problem (1) with
general gradient dependence through the method of sub-supersolution. Due to the lack of variational
structure, one cannot handle such a problem by variational methods. We recall that in the study
of non-variational elliptic problems one develops arguments as, for instance, the lower and upper
solution method with monotone iterations, approximation approach of Galerkin-type, surjectivity
theorems for monotone-type operators, fixed point theorems, topological degree theory, bifurcation
theory examining phenomena as branches of solutions and blow-up. It is beyond the scope of our
paper to review this huge amount of work. We only illustrate certain of these topics with a few recent
references: a comparison principle and approximation process relying on a Schauder basis in [16], a
fixed point approach using minimal solutions in [17], estimates based on Trudinger-Moser inequality
for problems with exponential nonlinearities in [18]. We also mention the classical monographs [19,20],
which are fundamental references for general elliptic equations.

According to our knowledge, this is the first time when the method of sub-supersolution is
systematically implemented for nonlinear Robin problems with convection. We prove a general
existence and location result for a solution to be enclosed in the ordered interval determined by a
sub-supersolution. Specifically, given a subsolution u and a supersolution 1 for problem (1) with u < u
a.e. in Q) (see Section 2 for the relevant definitions), our main abstract result provides the existence of a
solution u to problem (1) satisfying u < u < # a.e. in Q). This is an important qualitative property of
the solution u offering a priori estimates. The growth condition that we suppose in the variable s for
the nonlinearity f(x,s, ) concerns only the real interval [u(x),(x)]. We emphasize that our abstract
result can be applied provided we know sub-supersolutions, i.e., ordered pairs of a subsolution # and a
supersolution 7 for problem (1) with u < @ i.e., in (), so the task to find such ordered pairs becomes the
primary task in applying the method. In this sense, we provide an application of our main result to get
positive solutions for a class of nonlinear Robin problem with convection term by showing explicitly
how one can effectively determine sub-supersolutions. Results, as are given here, have recently been
established in [21] for nonlinear Dirichlet problems with convection and in [3] for nonlinear Neumann
problems with convection. General ideas regarding the method of sub-supersolution can be found
in [1,22].

The rest of the paper is organized as follows. Section 2 discusses the background needed in the
sequel. Section 3 focuses on a related operator equation, which is of independent interest. Section 4
sets forth our main result. Section 5 contains our application to produce positive solutions.
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2. Prerequisites of Sub-Supersolution Method

This section contains preliminaries that will be used in the sequel. First, we fix some notation.
For any r € R, we set T =max{r,0} (the positive part of r). If ¥ > 1, we also set r = ﬁ (the Holder
conjugate of r). In particular, for p € (1, +o0) we have p’ = %.

As indicated in Section 1, Q) is a bounded domain in RN with N > 3 whose boundary 0Q) is of
class C!. In order to avoid repetitive arguments, we suppose that N > p. The complementary case
N < p can be treated along the same lines and actually is easier. By || - || () we denote the usual
norm on the Banach space L'(Q2).

We seek the solutions to problem (1) in the Sobolebv space WLP(Q)), which is a Banach space

equipped with the norm
1
lullp = (Il ) + 178000 0) -

For our study of problem (1) it is convenient to use the following equivalent norm on W7 (Q)
(see, e.g., ([23], Lemma 2.7) or ([15], Proposition 2.8))

Il = ( [ O Pdo+ 19lfq) @

The dual space of W7 (Q) is denoted (W'?(Q))*, while the notation (-, -) designates the duality
pairing between W?(Q) and (W'?(Q))*, we denote by — the strong convergence and by — the
weak convergence. The Sobolev embedding theorem ensures that the space W7 (Q)) is continuously
embedded in LP* (Q)), where p* is the Sobolev critical exponent p* = NN—fp (we have supposed N > p).
Moreover, by the Rellich-Kondrachov theorem, W7 (Q) is compactly embedded in L' (Q) for every
re[l,p*).

Corresponding to the map A : O x RN — RN describing the principal part of the equation in
problem (1), we introduce the operator A : WP (Q) — (WP(Q))* defined by

(A(u),v) = /Q A(x,Vu) - Vodx for all u, 3)

which is well defined thanks to assumption (A1). It turns out from assumption (A2) and the continuity
of A that A(x, ) is maximal monotone in the variable ¢ for all x € Q. This allows us to invoke ([2],
Proposition 10), which yields:

Proposition 1. Assume that the continuous map A : Q x RN — RN satisfies the conditions (A1) and
(A2). Then the map A : WY (Q) — (WVP(Q))* in (3) has the (S )-property, that is, any sequence
{un} € WhWP(Q) with u, — uin WP (Q) and lim sup{A (un), uny — u) < 0 fulfills u, — u in WP (Q).

n—+oo

There exists a unique continuous linear map y : W7 (Q) — LP(3Q) called the trace map such that
y(u) =u),, forallu € WP (Q)NC(Q).

The kernel of 7 : W'P(Q) — LP(9Q)) is Wé/p(Q). Recalling that N > p, the trace map 7 is
compact from W7(Q) into L7(9Q) for all € [1, %) (see, e.g., ([22], Theorem 2.79)). As usual,
we drop the notation of the trace map -y writing simply u in place of (). The co-normal derivative

A(x, Vu) - v(x), appearing in the boundary condition in problem (1), is obtained by extending the map
u(-) = A(, Vu()) -v(-), from C1(Q) to WP (Q).
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By a (weak) solution to problem (1) we mean a function u € W7 (Q) such that f(x,u, Vu) €
LP)'(Q) and

/OA(x,Vu)-Vvdx+/Qa(x)|u|p*2uvdx+/80ﬁ(x)|u|p*2uvda:/Of(x,u,Vu)vdx 4)

forallv € WP (Q).
A function u € WP (Q)) is called a subsolution for problem (1) if f(-,7(-), Vii(-)) € LP")'(Q)) and

_/Q (A(x, Vi) - Vo + a(x) [u[P~2uv)dx + ./an B(x)|u|P2uvdo < /Qf(x,y, Vu)vdx, (5)

forallo € W'P(Q), v > 0a.e. in Q.
Symmetrically, a function # € WUP(Q) is called a supersolution for problem (1) if

fC,a(-), V() € L¥)(Q) and
/Q (A(x, V@) - Vo + a(x) 7|~ 4iv) dx + /anﬁ(x)|ﬁ|pfzﬁvda > /Qf(x,ﬁ, Vi)vdx, (6)

forallv € Wlfp(Q), v >0a.e. in Q.

Due to assumption (A1), the integrals in the above definitions exist. We notice that u € W7 (Q)
is a solution of (1) if and only if u is simultaneously a subsolution and a supersolution.

We are going to argue with a sub-supersolution for problem (1), that is, an ordered pair of a
subsolution u and a supersolution 7 such that # < 7, which means the pointwise inequality u(x) < 7(x)
for a.e. x € Q). Then we can associate the ordered interval

(i) = {weW"(Q):u<w< ).

Our goal is to obtain a solution u € WP(Q) of problem (1) with the location property u € [u, 7],
which will be achieved through comparison by means of a truncation operator that we now describe.
Corresponding to a subsolution u and a supersolution # satisfying u < 7 a.e. in (), we define the
truncation operator T = T(u, %) : WP (Q) — WP(Q) by

u(x) if u(x) <u(x)
T(u)(x) =< u(x) if w(x) <u(x)<u(x) (7)
u(x) if u(x) > u(x)

forallu € W (Q) and a.e. x € Q. It readily follows that T : W7(Q) — W#(Q) is continuous and
bounded (in the sense that it maps bounded sets into bounded sets).

We shall also need the (negative) Dirichlet p-Laplacian, which is the operator —A,, : Wé’p Q) —
WP (Q) = (Wy 7 (Q))* given by

(—Apu,v) = / |Vu|P~2Vu - Vodx for all u,v € Wé/p(Q).
Q

It is well-known (see, e.g., ([1], Proposition 9.47)) that there exists a least positive number A; > 0
(called the first eigenvalue of —A)) for which the Dirichlet problem

{qu’l =Mlg1[P2p1 inQ ®)

@1 =0 on 0Q)

has a nontrivial solution ¢, € WS 7(Q). By the regularity theory we have ¢; € C'(Q). Moreover, we
can choose @1 to satisfy @1 > 0in Q.
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Finally, we mention a few things about the pseudomonotone operators. Let X be a Banach space
with the norm || - || and its dual X*. We denote by (-, -) the duality pairing between X and X*. A map
A : X — X* is called bounded if it maps bounded sets into bounded sets. The map A : X — X* is
said to be coercive if

o (AG) )
lim ———— = +oco.
lull=teo ul

The map A : X — X* is called pseudomonotone if for each sequence (u,,) C X satisfying u, — u
in X and limsup,,_,, (A(uy), un —u) <0, it holds

(A(v), u —v) < liminf (A(uy), u, —v) forallv € X.

n—roo
The main theorem for pseudomonotone operators reads as follows (see, e.g., ([22], Theorem 2.99)).

Theorem 1. Let X be a reflexive Banach space. If A : X — X* is a pseudomonotone, bounded and coercive
map, then A is surjective.

3. The Associated Operator Equation

Assume that a subsolution # and a supersolution u for problem (1) with < u are given and that
f: QxR xRN — R satisfies the following growth condition adapted to the ordered interval [u, u]:

(H) There exist a function o € L” (Q) with 7 € (1, p*) and constants 2 > 0 and r; € (0, (p’i),) such that

[f(x,s,&)] < o(x)+a|f|" forae x € Q,alls € [u(x),#(x)], & € RN,

We introduce the cut-off function 77 : (O x R — R defined by

)
t(x,s) =< 0 if wu(x) <s <u(x), )
(s—u(x))rn if s>1(x),

where 71 > 01s the constant postulated in hypothesis (H). From (9) and the fact that u, 7 € LP" (Q) we
infer that 7t verifies the growth condition

[7t(x,8)| < c|5\ﬁ +o(x) forae x € Q,alls € R, (10)
Prp=ry)
with a constant ¢ > 0and a functiong € L "1 (Q).
Now for every A > 0 we define the nonlinear operator A, : W' (Q) — (W'?(Q))* by

(Apr(u),0) = /QA(x,Vu)-Vvdx+/(;a(x)\u\p’2uvdx+/m[%(x)|u|”’2uvda (11)

+ )\/Q n(x,u)vdxf/Qf(x, Tu, VTu)vdx forall u, v € W'P(Q).

Hypothesis (H) guarantees that the operator A, in (11) is well defined.

Due to (10), we may consider the Nemytskij operator IT : LF" (Q) — Lw (Q), associated to
the function 7 in (10), namely T1(u#) = (-, u(-)) for all u € LP" (Q). It is well defined, continuous
and bounded. The condition in (H) that r; < ﬁ is equivalent to %1_”) > (p*)'. Hence, by
the Rellich-Kondrachov compact embedding theorem, the Nemytskij operator IT : WP(Q) —
(WLP(Q))* is completely continuous.
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Thanks to hypothesis (H) we also have the Nemytskij operator Ny : [u, ] — (WLP(Q2))* on the
ordered interval [u, %] which is associated to the function f : Q x R x RN — R, that is

Ny (0),0) = [ Flxu(), Vu()o(x) dx

for all u € [u,% and v € W'P(Q). Using (H) we see that f(-,u(-), Vu(-)) € L%(Q) As v €
L' (Q) and % > (p*)’, the above integral exists. By virtue of the strict inequality % > (p*)’, the
Rellich-Kondrachov compact embedding theorem implies that the Nemytskij operator Ny : [u, ] —
(WLP(Q))* is completely continuous.

Again through the Rellich-Kondrachov compact embedding theorem we can show that the
operator B : WP(Q) — (WLP(Q))* given by

(B(w),0) = [ a()lu(x)"2u(@)o(x) dx
0
for all u,v € WP(Q) is completely continuous.
Consider also the operator T : WP (Q) — (WP(Q))* given by

(L(w)0)= | B(O)|u(@) "~ 2u(w)o(0)do 12)

forall u,v € W7 (Q), where the integration is done with respect to the (N — 1)-dimensional Hausdorff
(surface) measure on 9().

Let us check that the map T : W'?(Q) — (WP(Q))* is completely continuous. To this end, let
uy — uin WP (Q). Then the compactness of the trace map 7y : WP (Q) — LP(9Q)) ensures the strong
convergence u, = Y (uy) — u = y(u) in LP(9Q), thus the strong convergence |u, [P ~2u, — |u|P~2u
in LP' (0Q). Taking into account (12) we deduce that T'(u,,) — (1) in (WP(Q))*, so T : WiP(Q) —
(WLP(Q))* is completely continuous.

For every A > 0, the operator A, : W7 (Q) — (WP (Q))* in (11) has the expression

Ay=A+B+T+AIl—NfoT. (13)

The composition Ny o T makes sense because T takes values in the ordered interval [u, 1] as seen
from (7). The following theorem asserts the solvability of the equation

Ax(u) = 0. (14)

Theorem 2. Assume that the conditions (A1), (A2) and (H) are satisfied. Then Equation (14) possesses at
least a solution u € WP (Q) provided A > 0 is sufficiently large.

Proof. In order to prove the solvability of operator Equation (14) we apply Theorem 1. We have
to prove that the operator Ay : WYP(Q) — (W'P(Q))* in (13) is bounded, pseudomonotone
and coercive.

By (3) and hypothesis (A1), in conjunction with Hoélder’s inequality and the Sobolev embedding
theorem, we find that
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VA iy = sup 1(AG),0)
lollg,p<1
= sup A(x,Vu) - Vodx
ollgr,p<11/C

<cy sup (|VulP~t +1)|Voldx
H”Hﬁ,l,pﬁl Q

-1
<C(lully,, +1)

for all u € W7 (Q), with a constant C > 0. This shows that the operator A : W7 (Q) — (W7 (Q))*
is bounded.

The composed operator Ny o T is bounded because T is bounded and Ny is completely continuous.
Since B, IT and T are completely continuous, it follows from (13) that A, : W' (Q) — (WP (Q))*
is bounded.

We claim that Ay : W'7(Q) — (WYP(Q))* is a pseudomonotone operator. Let a sequence
{u,} € WWP(Q) satisfy u, — uin W'7(Q) and

limsup (A, (1), un —u) <0 (15)

n—oo -
The complete continuity of the operators B, IT and I’ yields the strong convergent sequences

B(uy,) — B(u), [T(uy) — T(u) and T(u,) — T(u) in (WVP(Q))*. This results in

lim (B(uy), un —v) = (B(u),u —v), }%(H(un),un —v) = (Il(u),u —v),

n—oo

] (16)
nlg‘x;(l’(un), uy —u) = (I'(u),u—0)
forallv € WYP(Q). We infer that
J%(B(un),un —u) = J%(H(Mn),lln —u) = 7}%(F(u,1),l¢n —u) =0,
so (15) reduces to
limsup(A(uy), uy — u) < 0. 17)

n—o00

Inequality (17) enables us to apply Proposition 1 ensuring that the strong convergence u,, — u in
W1?(Q) holds.

At this point, we know that the strong convergence V(u,) — V(1) holds in (L7 (Q)))", so the
second inequality in (A1) entails A(-, Vi, (-)) = A(,, Vu(-)) strongly in (L¥' (Q))N. Then for each
v € WHP(Q) one has

N

Jg(ﬁ(un),un —0) :nlgrc}o/o A(x,Vuy) - V(uy, —v)dx
= /Q A(x,Vu) - V(u—v)dx (18)
=(A(u),u— o).

Taking into account of (13), (16) and (18), we arrive at

lim (A (un), un —0) = (Ap(u),u —v)

n—0o0

for all v € WYP(Q) and A > 0. Therefore the operator A, : WLP(Q) — (WLP(Q))* is
pseudomonotone.
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Next we show that the operator A, : WP(Q) — (WIP(Q))* is coercive whenever A > 0 is
sufficiently large.
Since & € L®(Q), & > 0, from (11) we note that

(Ax(u),u) > (A(u),u) + /;Qﬁ(a)\u(a)|pda+)\/Qn(x,u)udxf /Qf(x,Tu,V(Tu))udx (19)

for all u € WP (Q)). We estimate from below the terms in the right-hand side of (19). Assumption
(A1) and (3) yield
(Au,u) > 1| Vull?, o forallu € WP (Q). (20)

From (9) we derive that

P
/ 7o (x, u(x))u(x) dx > by|lul|”} — by forallu € WYP(Q), (21)
Q LP=1(Q)

with positive constants b and by (see [3]).

In view of (7), we have that u < Tu < # a.e. in Q) whenever u € W7 (Q)). Consequently, we may
sets = (Tu)(x) in the statement of hypothesis (H). Then, for each ¢ > 0, we obtain through Holder’s
and Young's inequalities and the Sobolev embedding theorem the estimate

"/Of(x,Tu,V(Tu))udx g/o(o\u|+u\V(Tu)\’1\u|)dx

(22)

r
< e Vullf, o) +cle )IIMH” ; o )+d||u||ﬁ,1,p,
71

with positive constants c(¢) (depending on ¢) and d.
Gathering (19)-(22) leads to

_p
(Ax(u),u) > (1 =) [ Vullfy ) + Jog B(O) (@) [P do+ (Aby — C(@)HHH”;L(O) —dlullprp—Ab2  (23)
Lr=n

for all u € WYP(Q) and A > 0. Now we fix e and A to verify e € (0,c;) and A > ( ). From (2) and (23)
it is clear that

(Ax(u),u) > collully, , —dllullg,,p — Ab2
for all u € WP(Q), with a constant ¢y > 0. Due to the fact that p > 1, it turns out

<AA(u)/ u>

m = +00,
lllgp—teo ttllp1,p

thereby the operator A, is coercive.

Summarizing, we have proved that the operator A, : W(Q) — (W'?(Q))* is bounded,
pseudomonotone and coercive. This allows us to apply Theorem 1 with A = A, for A > 0 sufficiently
large. The surjectivity of A, implies the existence of a solution u € W'?(Q) of Equation (14),
thus completing the proof. [

Remark 1. As a consequence of (23), we can precisely determine the threshold of A > 0 in the statement of
Theorem 2.

4. Main Abstract Result for Problem (1)

Our result regarding the method of sub-supersolution for problem (1) is stated as follows.
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Theorem 3. Assume that the conditions (A1), (A2) and (H) are satisfied. Then problem (P) possesses a
solution u € Wl""(Q) satisfying u < u < U a.e. in Q), where u and U are the subsolution and the supersolution
that are postulated in assumption (H).

Proof. According to Theorem 2 we can fix A > 0 sufficiently large such that equation (14) admits a
solution u € W7 (Q)). Explicitly, this reads as

+/ x)|ulP~ Zuvder)\/ m(x,u vdx+/ (x)|u|P~2uvdo
(24)
= /Of x, Tu, V(Tu))vdx for all v € WP (Q).

Let us prove that u < % a.e. in Q. Inserting v = (1 — )" € W'/7(Q) in (6) and (24) renders

(A(w), (u— 1) +/ x)|aP2a ufu)+dx+/ B(x) [P~ 2u(u —u) Tdo

> / £, Vi) —)*d (25)
> [ f(x,7, V) (u—m)tdx
o
and
(Au), (u —7) +/ x)|ulP2u ufu)+dx+/\/ (x, 1) (u — )" dx
B(x)|ulP2u(u —u)tdo (26)
- /Q F(x, Tu, V(Tu)) (u — @) +dx.
Subtract (25) from (26) and use (3) and (7) to deduce that
[ (AG V0 = A, V)V =@+ [ B (ulr 2~ 2 - ) o
+/ Y(|ulP~2u — 7P )(u—u)*dx-l-/\/ (x, 1) (1 — ) dx o)

g/Q(f(x,Tu,V(Tu))—f(x,n,vn))(u—a)wx
= (f(x, Tu, V(Tu)) — f(x, %, Vi) (u — w)dx = 0.

{u>u}

The monotonicity of A(x, -), guaranteed by assumption (Az), and the monotonicity of the map
& |EP2E on RN give

/Q(A(x,Vu) — A(x, VD))V (u — ) *dx

= [ (A ) = Al V) (V= Vi > 0,

a(x) (|ulP~2u — |a|P~2u) (u — u)*dx

x)(|ulP~2u — [alP~2) (u — Wydx > 0,

\D\

>u}

[ B@) (a2 — [ 20) (u — ) o
Lo oy Bl 20— 20— ) > 0
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From (27) and (9) we obtain
/{u>ﬁ}(u )7 dx = /Q m(x,u)(u—u)tdx <0,

where u < 7 a.ein Q.
Next we show that u < u a.e in Q. Setting v = (1 — u)™ € W'?(Q) in (5) and (24) produces

(A(u), (u—u) +/ x)|ulP2u ufu)+dx+/ B(x)|u|P~2u(u — u)Tdo

(28)
ot
S/Qf x,u, V) (u—u)"dx
and
(A(u), (u—u) +/ x)|ulP~2u )+dx+/\/ (o, u)(u —u)tdx
+/anﬁ O |ulP2u(u —u)tdo (29)
= /Qf(x,Tu,V(Tu))(gfu)*dx.
By subtracting (29) from (28) and taking into account (3) we arrive at
/ (A(x,Vu) — A(x, Vu))V(u —u)tdx + / B(x)(|uP~2u — |u|P~2u)(u — u) " do
+ Y(ulP 20— JulP~2u) (- u) Tdx — A (x,u)(u—u)"dx
Jpta Jo .

< /Q (f(x, 1, Vi) — f(x, Tu, V(Tu)) (u — u) " dx

=/ flx,u, Vu) — f(x, Tu, V(Tu))) (u — u)"dx = 0.

{u>u}

Along (9) and proceeding as above, (30) results in
—/ —(g—u)#dx:—/ m(x,u)(u—u)tdx <0,
{u>u} ol

which entails that # < u a.e in (), thus proving the claim.

Therefore the solution u € W7 (Q) of the operator equation (14) verifies the enclosure property
u < u < uae. in Q. Then we obtain from (7) and (9) that Tu = u and IT(u) = 0. Hence for our
function u the equalities (24) and (4) coincide. We see that u € wLp (Q) is a solution of the original
problem (1) fulfilling in addition # < u < % a.e. in Q). This completes the proof. [

5. An Application

The aim of this section is to apply Theorem 3 to establish the existence of positive solutions of
Robin problem (1). The main point is to find appropriate ordered sub-supersolutions. The approach
can be used to get other types of solutions.

In order to simplify the presentation, we focus on problem (1) driven by the Robin p-Laplacian,
1 < p < 400, and when a(x) = 0 and the x-dependence in the convection term f(x, s, ) is dropped.
We emphasize that « = 0 marks a sharp distinction in regard to the Neumann problem. Specifically,
we consider the (purely) Robin problem

—Apu = f(u,Vu) in Q) 1)
|VulP=2Vu-v(x) + B(x)|[ulP2u=0 ondQ,
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with B(x) > 0 fora.e. x € 9Q), B # 0.
We suppose that f : R x RN — R is a continuous function verifying the following assumption:

(H") There exist constants ay > 0,a; > 0,b > 0and r; € (0, ﬁ) such that

[f(s,8) < a(1+[g]") foralls € (0,b], & € RY, (52
MsPL < f(s,€) foralls € (0,a9), |&] < ag (33)

and
£(b,0)=0. (34)

The condition (33) involves the first eigenvalue A of the (negative) Dirichlet p-Laplacian as given
in (8). Let us note that # = b is not a solution to problem (31) because the boundary condition is not
verified. We formulate the following result concerning problem (31).

Theorem 4. Assume that the conditions (A1), (A2) and (H') are satisfied. Then the Robin problem (31)
possesses a (positive) solution u € WYP (Q) satisfying 0 < u < b a.e. in Q.

Proof. Fix an eigenfunction ¢; of —A, on W&’p (Q)), with @1 > 01in Q, corresponding to the first
eigenvalue A (see (8) and the related comments). Since ¢, € C(Q), we can choose an & > 0 such that

e@1(x) < agand e|Vei(x)| < ap forallx € Q, (35)

where 4y is the positive constant prescribed in hypothesis (H').
We note that u = e¢; is a subsolution in the sense of (5) for the Robin problem (31). Indeed, by (8),
(33) and (35) and since the trace of 1 on dQ) vanishes, we infer that

[ 1V Vodx + | po)lul2uvde = e [ [Vg1(x)P 2 Vg1 (x) - Vo()dx
=M _/O(&pl(x))pflv(x)dx
< [ flegi(x),eV g (x))o(x)dx
= /Qf(g(x),Vg(x))v(x)dx forallv € W(Q), v > 0.

This proves that u = £¢; is a subsolution of problem (31).
Now we observe that the constant function 77 = b is a supersolution of problem (31). Indeed,
let us notice from assumption (34) that

Vi p*ZVﬁ~Vvdx+/ X ﬁpfzﬁvdoz/ x)bP~Yo(x)do
/vl [ Bl [ B0 o(x)
>0= /Qf(b,O)v(x)dx
= [ £, Va()o(x)dx
for all v € WP(Q) with v > 0, which confirms that # = b is a supersolution of problem (31) in the
sense of (6).
For a possibly smaller ¢ > 0 to be fulfilled e¢q (x) < b whenever x € ), the inequality < 7 holds
true. The growth condition in (H) is satisfied due to (32) because the pointwise intervals [u(x), (x)]

are all included in the bounded interval (0, b]. Altogether we are in a position to apply Theorem 3,
which yields the desired conclusion. [

We provide a simple example illustrating the applicability of Theorem 4.
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Example 1. Let f : R x RN — R be defined by

f(s,€) = g(s) +h(&) forall (s,¢) € R x RY,

with g : R — R defined by

0 ifs<0ors>2
g(s) = AqgsP1 if0<s<1
M2 —s)Pt ifl<s<2

and any continuous function h : RN — R satisfying h(&) > 0, h(0) = 0 and

0 < h(&) < ax(14 |E|") forall & € RN,

with constants ay > 0 and ry € (0, (;1), ). We note that £(2,0) = 0 and

f(s,8) = g(s) +h(&) > AsP L forall0<s <1, &€ RV,

Hypothesis (H') is verified taking ag = 1 and b = 2. Theorem 4 can be applied to problem (31) with
f(s, &) given above.
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1. Introduction

In this paper, we consider multivalued maps F and G with continuous, compact selections and
F = G in this setting. The topological transversality theorem will state that F is essential if and only
if G is essential (essential maps were introduced by Granas [1] and extended by Precup [2], Gabor,
Gorniewicz, and Slosarsk [3], and O'Regan [4,5]). For an approach to other classes of maps, we refer the
reader to O’Regan [6], where one sees that = in the appropriate class can be challenging. However, the
topological transversality theorem for multivalued maps with continuous compact selections has not
been considered in detail. In this paper, we present a simple result that immediately yields a topological
transversality theorem in this setting. In particular, we show that, for two maps F and G with continuous
compact selections and F = G, then one map being essential (or d—essential) guarantees that the other
is essential (or d—essential). We also discuss these maps in the weak topology setting.

2. Topological Transversality Theorem

We will consider a class A of maps. Let E be a completely regular space (i.e., a Tychonoff space)
and U an open subset of E.

Definition 1. Wesay f € D(U, E) if f : U — E is a continuous, compact map; here, U denotes the closure of
Uin E.

Definition 2. We say f € Dyy(U,E) if f € D(U,E) and x # f(x) for x € 9U; here, OU denotes the
boundary of U in E.

Definition 3. Wesay F € A(U,E) if F : U — 2F with F € A(U, E) and there exists a selection f € D(U, E)
of F; here, 2F denotes the family of nonempty subsets of E.

Remark 1. Let Z and W be subsets of Hausdorff topological vector spaces Yy and Y, and F a multifunction.
Wesay F € PK(Z, W) if W is convex and there exists amap S : Z — W with Z = U {int S~} (w) : w € W},
co(S(x)) C F(x) for x € Z and S(x) # @ for each x € Z; here, S™H(w) = {z : w € S(z)}. Let E be
a Hausdorff topological vector space (note topological vector spaces are completely regular), U an open subset

Mathematics 2019, 7, 1113; doi:10.3390 /math7111113 29 www.mdpi.com/journal /mathematics



Mathematics 2019, 7, 1113

of E and U paracompact. In this case, we say F € A(U,E) if F € PK(U,E) is a compact map. Now, [7]
guarantees that there exists a continuous, compact selection f : U — E of F.

Definition 4. Wesay F € Ayy(U,E) if F € A(U,E) and x & F(x) for x € oLl

Definition 5. We say F € Ay (U, E) is essential in Ay (U, E) if for any selection f € D(U,E) of F and
any map § € Dy (U, E) with flay = glau there exists a x € U with x = g(x).

Remark 2. If F € Ay (U, E) is essential in Ayy (U, E) and if f € D(U,E) is any selection of F then there
exists a x € U with x = f(x) (take ¢ = f in Definition 5), so in particular there exists a x € U with x € F(x).

Definition 6. Let f, ¢ € Dy (U, E). Wesay f = g in Dy (U, E) if there exists a continuous, compact map
h:U % [0,1] — Ewithx # hy(x) forany x € 9 U and t € (0,1) (here hy(x) = h(x,t)), ho = fand hy = g.

Remark 3. A standard arqument guarantees that = in Dy (U, E) is an equivalence relation.

Definition 7. Let F, G € Ayy(U,E). Wesay F = G in Ayy (U, E) if for any selection f € Dyy (U, E)
(respectively, g € Dy (U, E)) of F (respectively, of G) we have f = g in Dyy (U, E).

Theorem 1. Let E be a completely regular topological space, U an open subset of E, F € Ayy(U,E) and
G € Ay (U, E) is essential in Ayy (U, E). In addition, suppose

for any selection f € Dy (U, E) (respectively, ¢ € Dy(U, E))
of F (respectively, of G)and anymap 6 € Dy (U, E) 1)
with 0lay = flay wehave ¢ =6 in Dyy(U,E).

Then, F is essential in Ayy (U, E).

Proof. Let f € Dy (U, E) be any selection of F and consider any map 6 € Dy (U, E) with 6|y = flau-
We must show that there exists a x € U with x = 6(x). Let ¢ € Dyy;(U, E) be any selection of G. Now,
(1) guarantees that there exists a continuous, compact map h : U x [0,1] — E with x # Iy (x) for any
x€oUandt € (0,1) (here, ht(x) = h(x,t)), hp = gand h; = 6. Let

O={xelU: x=h(x,t) forsome t € [0,1]}.

Now, Q # @ (note G is essential in Ay (U, E)) and Q is closed (note / is continuous) and so ) is
compact (note h is a compact map). In addition, note O N oU = @ since x # h;(x) for any x € 0 U and
t € [0,1]. Then, since E is Tychonoff, there exists a continuous map u : U — [0,1] with u(dU) =0
and u(Q) = 1. Define the map r by r(x) = h(x, u(x)) = ho g(x), where ¢ : U — U x [0,1] is given
by g(x) = (x, u(x)). Note that r € Dy (U, E) (i.e., r is a continuous compact map) with r|y; = glou
(note if x € 9U then r(x) = h(x,0) = g(x)) so since G is essential in Ay (U, E) there exists a x € U
with x = r(x) (Le., x =l ;) (x)). Thus, x € Qso u(x) = 1and thus x = Iy (x) = 0(x). O

Let E be a topological vector space. Before we prove the topological transversality theorem,
we note the following:

(@) If f, ¢ € Dyy(U,E) with flyy = glau, then f = ¢ in Dyy(U,E). To see this, let h(x,t) =
1—1t)f(x)+tg(x)and note hh : U x [0,1] — E is a continuous, compact map with x # h;(x) for
8 p P
any x € dU and t € (0,1) (note floy = glou)-

Theorem 2. Let E be a topological vector space and U an open subset of E. Suppose that F and G are two

maps in Ayy (U, E) with F = G in Ay (U, E). Now, F is essential in Ay (U, E) if and only if G is essential
in Aau(U, E)
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Proof. Assume G is essential in Ay (U, E). We will use Theorem 1 to show F is essential in Ay (U, E).
Let f € Dyy;(U, E) be any selection of F, g € Dy;(U, E) be any selection of G and consider any map
0 € Dy, (U, E) with 0|5 = f|au- Now, (a) above guarantees that f = 0 in Dy (U, E) and this together
with F 2 G in Ayy (U, E) (so f = ¢ in Dy;(U, E)) and Remark 3 guarantees that ¢ = 0 in Dy (U, E).
Thus, (1) holds so Theorem 1 guarantees that F is essential in Aau(U, E). A similar argument shows
that, if F is essential in Ay (U, E), then G is essential in Ay (U, E). O

Theorem 3. Let E be a Hausdorff locally convex topological vector space, U an open subset of E and 0 € U.
Assume the zero map is in A(U, E). Then, the zero map is essential in Ay (U, E).

Proof. Note F(x) = {0} for x € U (i.e., F is the zero map) and let f € Dy;(U, E) be any selection of F.
Note f(x) = 0 for x € U. Consider any map g € Dy (U, E) with glyy = flou = {0}. We must show
there exists a x € U with x = g(x). Let

_ ) &lx), xed,
r(x) = { 0, xe E\T.

Note r : E — E is a continuous, compact map so [8] guarantees that there exists a x € E with
x =r(x). If x € E\U, then r(x) = 0, a contradiction since 0 € U. Thus, x € Uand so x = g(x). O

Now, we consider the above in the weak topology setting. Let X be a Hausdorff locally convex
topological vector space and U a weakly open subset of C where C is a closed convex subset of X.
Again, we consider a class A of maps.

Definition 8. Wesay f € WD(UW,C) if f : UY — C is a weakly continuous, weakly compact map; here, U%
denotes the weak closure of U in C.

Definition 9. We say f € WDy (U%,C) if f € WD(U¥,C) and x # f(x) for x € 9U; here, 9U denotes
the weak boundary of U in C.

Definition 10. We say F € WA(U®,C) if F : U® — 2€ with F € A(U%,C) and there exists a selection
f € WD(UT,C) of F.

Definition 11. We say F € WAy;(U%,C) if F € WA(UY,C) and x & F(x) for x € 9l

Definition 12. Wesay F € WA (U%, C) is essential in WAy (UY, C) if for any selection f € WD (U®,C)
of F and any map g € WDy (U%, C) with flay = glay there exists a x € U with x = g(x).

Definition 13. Let f, ¢ € WDy (U%,C). We say f = g in WDy (U%,C) if there exists a weakly
continuous, weakly compact map h : U¥ x [0,1] — C with x # hy(x) forany x € dU and t € (0,1)
(here hy(x) = h(x,t)), hg = fand hy = g.

Definition 14. Let F, G € WAy, (U¥,C). Wesay F = G in WAy (U¥,C) if for any selection f €
WDy (U®,C) (respectively, § € WDy (U¥, C)) of F (respectively, of G) we have f = g in WDy (U%, C).

Theorem 4. Let X be a Hausdorff locally convex topological vector space and U a weakly open subset of C,
where C is a closed convex subset of X. Suppose F € WAy (UY,C) and G € WAy (U¥, C) is essential in
WAy, (U®,C) and

for any selection f € WDy (U%,C) (respectively, g € WDy (U®,C))
of F (respectively, of G)and anymap 6 € WDy (U®,C) ()
with Olyy = flauy wehave ¢ =6 in WDy, (U%,C).
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Then, F is essential in WAy (U%,C).

Proof. Let f € WD, (U¥,C) be any selection of F and consider any map 6 € WDy;(U%, C) with

Olou = flou- Let g € WDy (U®,C) be any selection of G. Now, (2) guarantees that there exists

a weakly continuous, weakly compact map h : U¥ x [0,1] — C with x # Iy (x) for any x € 0U and
€ (0,1) (here hy(x) = h(x,t)), ho = gand hy = 6. Let

Q={xelU?: x=h(xt) forsome te[0,1]}.

Recall that X = (X, w), the space X endowed with the weak topology, is completely regular.
Now, Q) # @ is weakly closed and is in fact weakly compact with Q N oU = @. Thus, there exists
a weakly continuous map y : U? — [0,1] with u(0U) = 0 and p(Q) = 1. Define the map r by
r(x) = h(x, u(x)) and note r € WDy (U, C) with r|y; = glay- Since G is essential in WAy (U®, C),
there exists a x € U with x = r(x). Thus, x € Qsox = hy(x) =0(x). O

An obvious modification of the argument in Theorem 2 immediately yields the following result.

Theorem 5. Let X be a Hausdorff locally convex topological vector space and U a weakly open subset of
C, where C is a closed convex subset of X. Suppose F and G are two maps in WAy (U, C) with F = G in
WAy (U, C). Now, F is essential in WAy (U, C) if and only if G is essential in WAz (U, C).

Now, we consider a generalization of essential maps, namely the d—essential maps [2]. Let E be
a completely regular topological space and U an open subset of E. For any map f € D(U, E), let
f*=Ixf:U—UxE,with I:U— U givenby I(x) = x, and let

a: {7 B)}uie} -k ®)
be any map with values in the nonempty set K; here, B = {(x,x): x € U}.

Definition 15. Let F € Ayy(U, E) with F* = I x F. We say F* : U — 2U*E is d-essential if, for any
selection f € D(U,E) of F and any map g € Dy (U, E) with flay = glay , we have that d ((f*)*1 (B)) =

d <(g*)71 (B)) #d(D); here, f* =1x fand g* =1x g.

Remark 4. If F* is d-essential, then, for any selection f € D(U, E) of F (with f* = I x f), we have
@£ (f) (B)={xelU: (xf(x)€B},

so there exists a x € U with x = f(x) (so, in particular, x € F(x)).

Theorem 6. Let E be a completely regular topological space, U an open subset of E, B = {(x,x): x € U},
d is defined in(3), F € Ayy(U,E), G € Ayy(U,E) with F* = I x Fand G* = I x G. Suppose G* is
d—essential and

for any selection f € Dy (U,E) (respectively, ¢ € Dy (U, E))
of F (respectively, of G)and anymap 6 € Dyy(U, E)
with 0|y = flau wehave ¢ =0 in Dyy(U,E) and )

d ((f*)’l (B)) =d ((8*)71 (B)) ;here f*=1x fand g* =1xg.

Then, F* is d—essential.
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Proof. Let f € Dy (U, E) be any selection of F and consider any map 6 € Dy (U, E) with 0]y =
flau- We must show d ((f*)_1 (B)) =d (((9*)_1 (B)) # d(D); here, f* = I x fand 0* = I x 6.
Let ¢ € Dy (U, E) be any selection of G. Now, (4) guarantees that there exists a continuous, compact
map i : U x [0,1] — E with x # hy(x) forany x € 9U and t € (0,1) (here h(x) = h(x,t)), ho = g,
hy=6and d ((f*)_l (B)) =d ((g*)_1 (B));here, ¢ =1Ixg Leth*: U x[0,1] — U x E be given
by h*(x,t) = (x,h(x,t)) and let

Q= {xelU: h*(x,t) € B forsome t € [0,1]}.
Now, Q) # @ is closed, compact and ) N AU = @ so there exists a continuous map # : U — [0,1]

with p(0U) = 0 and p(Q) = 1. Define the map r by r(x) = h(x, u(x)) and r* = I x r. Now,
r € Dyy (U, E) with r|y; = glay- Since G* is d-essential, then

d((g) (B) =d ()" (B) #d(@). 5)
Now, since j(Q)) = 1, we have
()" (B) = {xeU: (xh(x,u(x)eBy={xeU: (xh(x1))cB}
= ()7 (B),

so, from the above and Equation (5), we have d ((f*)_1 (B)) =d ((0*)_1 (B)) #d(@). O

Theorem 7. Let E be a completely regular topological space, U an open subset of E, B = {(x,x): x € U}
and d is defined in (3). Suppose F and G are two maps in Ay (U, E) with F* = I x F, G* = I x G and
F = Gin Ayy(U,E). Then, F* is d—essential if and only if G* is d—essential.

Proof. Assume G* is d-essential. Let f € Dy, (U, E) be any selection of F, ¢ € Dy (U, E) be any
selection of G and consider any map 0 € Dyy (U, E) with 0|57 = floy- If we show (4), then F* is
d-essential from Theorem 6. Now, f 2 0 in Dy (U, E) together with F = G in Ay (U, E) (so f = ¢ in
Dy (U, E)) guarantees that ¢ 2 0 in Dyy; (U, E). To complete (4), we need to show d ((f*)*1 (B)) =

d ((g*)7l (B)); here, f* = I x f and g* = I x g. We will show this by following the argument in

Theorem 6. Note G = Fin Ayy(U,E) and let h : U x [0,1] — E be a continuous, compact map
with x # hy(x) forany x € oU and t € (0,1) (here hy(x) = h(x,t)), hp = gand hy = f. Let
I*: U x [0,1] — U x E be given by h*(x,t) = (x,h(x,t)) and let

Q= {xeU: h*(x,t) € B forsome t € [0,1]}.

Now, Q) # @ and there exists a continuous map # : U — [0,1] with u(9U) =0 and u(Q) = 1.
Define the map r by r(x) = h(x, u(x)) and r* = I x r. Now, r € Dy (U, E) with r|y; = glay so, since
G* is d—essential, then d ((g*)71 (B)) =d ((7*)71 (B)) # d(@). Now, since 1(Q)) =1, we have (see
the argument in Theorem 6) (r*)™! (B) = (f*)™' (B) and, as a result, we have d ((]”)71 (B)) =

a7 1) O

Remark 5. It is also easy to extend the above ideas to other natural situations. Let E be a (Hausdorff) topological
vector space (so automatically completely regular), Y a topological vector space, and U an open subset of
E. In addition, let L : domL C E — Y be a linear (not necessarily continuous) single valued map; here,
dom L is a vector subspace of E. Finally, T : E — Y will be a linear, continuous single valued map with
L+ T:domL — Y an isomorphism (i.e., a linear homeomorphism); for convenience we say T € Hy (E,Y).
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Wesay F € A(U,Y;L,T) if (L+T)"'(F+T) € A(U, E) and we could discuss essential and d—essential in
this situation.

Now, we present an example to illustrate our theory.

Example 1. Let E be a Hausdorff locally convex topological vector space, U an open subset of E, 0 € U
and U paracompact. In this case, we say that F € A(U,E) if F € PK(U,E) (see Remark 1) is a compact
map. Let F € Ay (U, E) and assume x ¢ AF (x) for x € 09U and A € (0,1). Then, F =2 0in Ayy(U, E).
To see this, let f € Dy (U, E) be any selection of F and let h : U x [0, 1] be given by h(x,t) =t f(x). Note
thathg = 0, hy = fand x & hy(x) for x € U and A € (0,1) so f = 0in Dyy (U, E). Now, Theorems 2 and 3
guarantee that F is essential in Ay (U, E).

3. Conclusions

In this paper, we prove that, for two set-valued maps F and G with continuous compact selections
and F =2 G, then one being essential (or d—essential) guarantees that the other is essential (or d—essential).
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Abstract: Here is one of the results obtained in this paper: Let ) C R" be a smooth bounded domain,
letqg > 1, with g < % if n > 3 and let A be the first eigenvalue of the problem —Au = Au in
Q, u = 0 on Q. Then, for every A > A; and for every convex set S C L®(Q) dense in L?(Q2),
there exists « € S such that the problem —Au = A(u™ — (u*)7) + a(x) in Q), u = 0 on 9, has
at least three weak solutions, two of which are global minima in H}(Q) of the functional u —

3 o IVu(x)2dx — A [, (%|u+(x)\2 - q%|u+(x)\‘7+1> dx — [ a(x)u(x)dx where ut = max{u,0}.

Keywords: minimax; multiplicity; global minima

1. Introduction

There is no doubt that the study of nonlinear PDEs lies in the core of Nonlinear Analysis. In turn,
one of the most studied topics concerning nonlinear PDEs is the multiplicity of solutions. On the other
hand, the study of the global minima of integral functionals is essentially the central subject of the
Calculus of Variations. In the light of these facts, it is hardly understable why the number of the known
results on multiple global minima of integral functionals is extremely low. Certainly, this is not due to
a lack of intrinsic mathematical interest. Probably, the reason could reside in the fact that there is not an
abstract tool which has the same popularity as the one that, for instance, the Lyusternik-Schnirelmann
theory and the Morse theory have in dealing with multiple solutions for nonlinear PDEs.

Abstract results on the multiplicity of global minima, however, are already present in the literature.
We allude to the result first obtained in [1] and then extended in [2,3] which ensures the existence of at
least two global minima provided that a strict minimax inequality holds. We already have obtained a
variety of applications upon different ways of checking the required strict inequality ([4-6]).

The aim of the present paper is to establish an application of Theorem 1 of [7] which is itself an
application of the main result in [3]. Precisely, we first establish a general result which ensures the
existence of three solutions for a certain equation provided that another related one has no non-zero
solutions (Theorem 1). Then, we present an application to nonlinear elliptic equations (Theorem 2).

2. Results

In the sequel, (X, | - ||x) is a reflexive real Banach space, (Y, (-, )y) is a real Hilbert space, I, :
X — R are two C! functionals, with I(0) = ¢(0) = O and supg ¢ > 0, ¢ : X — Y is a C! operator,
with ¢(0) = 0. For each fixed y € Y, we denote by d(¢(-),y) the derivative of the functional
x — (¢(x),y). Clearly, one has

d(p(x),y) (1) = (¢ (x) (), y)

forall x,u € X.
We say that I is coercive if limy|, , o [(X) = +co. We also say that I " admits a continuous
inverse on X* if there exists a continuous operator T : X* — X such that T(I'(x)) = x forall x € X.
Here is our abstract result:
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Theorem 1. Let I be weakly lower semicontinuous and coercive, and let I admit a continuous inverse on X*.
Moreover, assume that the operators ¢" and ' are compact and that

im Le()y)y
qulxam I(x) 0 M

for all y in a convex and dense set V C Y.
Set
0" = inf I(x)
xey 1 (j0,+ol) (%)

’

. . I . _ .
9~ L lim lnfxELP’l(]0,+00[),HXHXH+00 % lfl/] 1(]0, +00[) is unbounded
+00 otherwise

and assume that
" <d.

Then, for each A €]0*,0], with A > 0, either the equation
I'(x) = =9x(g(x), ¢(x)) + Ay’ (x)

has a non-zero solution, or, for each convex set S C 'V dense in' Y, there exists §j € S such that the equation

I'(x) = 0x(o(x), )y + AY'(x)

has at least three solutions, two of which are global minima in X of the functional

x = 1(x) = (@(x), D)y = Ap(x) .

As it was said in the Introduction, the main tool to prove Theorem 1 is a result recently obtained
in [7]. For reader’s convenience, we now recall its statement:

Theorem 2. ([7], Theorem 1). - Let X, E be two real reflexive Banach spaces and let & : X x E — R bea C!
functional satisfying the following conditions:

(a)  the functional ®(x, -) is quasi-concave for all x € X and the functional —®(xo, -) is coercive for some
Xo € X;

(b)  there exists a convex set S C E dense in E, such that, for each y € S, the functional ®(-,y) is weakly
lower semicontinuous, coercive and satisfies the Palais-Smale condition.

Then, either the system
P(x,y) =0
@) (x,y) =0

has a solution (x*,y*) such that

q)(x*,y*) = inf q)(x,y*) = sup Q)(x*,y) ,
xeX yeE

or, for every convex set T C S dense in E, there exists § € T such that equation
(D;'(xr ]7) =0

has at least three solutions, two of which are global minima in X of the functional ®(-, 7).
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Proof of Theorem 1. Fix A €]6*,0[, with A > 0. Assume that the equation

I'(x) = —0x(g(x), 9(x)) + Ay (%)

has no non-zero solution. Fix a convex set S C Y dense in Y. We have to show that there exists i € S
such that the equation
I'(x) = 0x(p(x), §)y + Ay (x)

has at least three solutions, two of which are global minima in X of the functional x — I(x) —
(¢(x),7)y — Ap(x). To this end, let us apply Theorem 2. Consider the functional ® : X x Y — R
defined by

@(x,y) = 1(x) - %Ilyllzy —(p(x),y) — Ap(x)

for all (x,y) € X x Y. Of course, ® is C! and, for each x € X, ®(x,-) is concave and —®(x,-) is
coercive. Fix y € Y. Let us show that the operator dx(¢(-),y) is compact. To this end, let {x, } be a
bounded sequence in X. Since ¢’ is compact, up to a subsequence, {¢’(x,;)} converges in L(X,Y) to
some 7. That is

lim sup ¢ (xn) () —y(u) |y =0.

n—rc0
[l x=1

On the other hand, we have

sup [0x(g(xn), y)(u) = (n(u), )| = sup [(¢/(xn)(u),y) — (1(u),y)]

[[ullx=1 fluflx=1

< sup [lg" (xn) () = ()l llylly
flulx=1
and so the sequence {9x(¢(x,),y)(-)} converges in X* to 5(-)(y). Then, since ¥’ is compact,
the operator dy(¢(-),y) + AY'(-) is compact too. From this, it follows that (¢(-),y) + Ap(-) is
sequentially weakly continuous ([8], Corollary 41.9). If ||x|/x is large enough, we have I(x) > 0
and so we can write

115,112
(x,y) = I(x) (1 2l <(PI((32)’y> ha Alp(x)) : (2)

In view of (1), we also have

. 3yl + (o), y) + Ap(x) . Ap(x)
21y _
Hihglﬁlr}rfoo <1 - I(x) - Hl,:ﬁf:ilf,o I(x) - ®)
We claim that )
X
li <1. 4
e s !

=y

=
\%
o
$

This is clear if either A = 0 or limsup . _, llp((;:)) <0.1IfA > 0and limsup, o )

then (4) is equivalent to
lim sup ¥(x) < +o©
Jx—s-reo 1()

and .
A< . o ©)
IMSUP ||| 400 T(x)

But
- ! ) = . lim inf @,
msupy e Y (10,-+o0), x| x—++e0 Y(X)
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and so (5) is satisfied just since A < 6. Since I is coercive and weakly lower semicontinuous,
the functional ®(-, ) turns out to be coercive, in view of (2), (3), (4), and weakly lower semicontinuous,
in view of the Eberlein-Smulyan theorem. Finally, since I’ admits a continuous inverse on X*,
P(-,y) satisfies the Palais-Smale condition in view of Example 38.25 of [8]. Hence, ® satisfies the
assumptions of Theorem 2. Now, we claim that there is no solution (x*, y*) of the system

Qi (x,y) =0
qD/y(xry) =0

such that
O(x*,y*) = inf @ .
(x*,y") ;EX (x,y")

Arguing by contradiction, assume that such a (x*,y*) does exist. This amounts to say that

and

Therefore
I'(x*) = —0x{(x"), @(x")) + Ay (x") .

So, by the initial assumption, we have x* = 0 and hence y* = 0 (recall that ¢(0) = 0). Asa
consequence, since I(0) = (0) = 0, (6) becomes

inf (I(x) — Ap(x)) = 0. 7)

xeX

Now, notice that (7) contradicts the fact that A > 6*. Hence, a fortiori, the system

Qi (x,y) =0
@ (x,y) =0

has no solution (x*,y*) such that

P(x*,y*) = inf ®(x,y") = sup P(x*,y)
xeX yey

and then the existence of i € S is directly ensured by Theorem 2. [

We now present an application of Theorem 1 to a class of nonlinear elliptic equations. Let O C R”
be a smooth bounded domain. We denote by A the class of all Carathéodory’s functions f : O x R — R
such that, for each u, v € H}(QY), the function x — f(x, u(x))v(x) liesin L'(Q). For f € A, we consider
the Dirichlet problem
—Au = f(x,u) inQ
u=0 on 0Q) .
As usual, a weak solution of the problem is any u € H& (Q)) such that

/Q Vu(x)Vo(x)dx = /Qf(x,u(x))v(x)dx

forallv € H{(Q).
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Also, we denote by A; the first eigenvalue of the Dirichlet problem

—Au=Au inQ)
u=20 onoQ) .

For any continuous function f : R — R, we set F(¢ fo t)dt forall ¢ € R.

Theorem 3. Let f,g : R — R be two continuous functions satisfying the following growth conditions:

(a) ifn <3, onehas

[F(©)]

el teo G2

(b) ifn>2, thereexist p,q > 0, with p < 25,9 < "3 if n > 3, such that

|f(©)]
e SERRL

1g(0)]
e SERHT

< oo,

< too

Set

o = limsup —35~ G(6) ,
el &2

0 := max {liminf ﬁf), lim inf if) }
-0t (: E—0~
and assume that
max{p,0} < 0.

5L miﬁw [ (with the conventions 2L =0,

Then, for every A € ] Too

% = +o0), either the problem

{ —Au=—F(u)f(u) +Ag(u) inQ ®)
u=20 on 0Q)

has a non-zero weak solution, or, for every convex set S C L®(Q)) dense in LZ(Q), there exists o € S such that
the problem

—Au=wa(x)f(u) +Ag(u) inQ
{ u=0 on 0Q) ©)

has at least three weak solutions, two of which are global minima in H(QY) of the functional

u— = /\Vu 2dx—/ a(x)F( dx—/\/

Proof. We are going to apply Theorem 1 taking X = H}(Q), Y = L*(Q), with their usual scalar
products (thatis, (1,v)x = [ Vu(x)Vo(x)dx and (u,v)y = [ u(x)o(x)dx), V = L®(Q) and

1) = ol
¢(u)=Fou,
p() = [ Glu(x))dx
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forall u € X. In view of (b), thanks to the Sobolev embedding theorem, the operator ¢ and the
functional ¢ are C!, with compact derivative. Moreover, the solutions of the equation

I'(u) = —3u(p(u), p(u))y + Ay (u)
are weak solutions of (8) and, for each « € Y, the solutions of the equation
I'(u) = 0u(g(u), a)y + A’ ()

are weak solutions of (9). Moreover, condition (1) follows readily from (a) which is automatically
satisfied when n > 4 since p < ﬁ We claim that

v

. o
1 £
imsup g < X

[l x—+e0

(10)

Indeed, fix v > p. Then, there exists 6 > 0 such that

G(g) < vg? (11)

forall x € R\ [-J,d]. Fixu € X\ {0}. From (11) we clearly obtain

$0) < vl + meas(@) sup 6 < o105 4 meas(c) sup
[-4,0] [~4,0]

and so

v

v

lim sup IIJ(‘Z g/\—.
1

[t x—=—+o0 [I]

(12)

Now, we get (10) passing in (12) to the limit for v tending to p. We also claim that

7 < sup l/)(u) (13)

M7 exoy lullk
Indeed, fix 7 < o. For instance, let ¢ = lim 1nf§_,0+ ( ). Then, there exists 7 > 0 such that

G(g) > né? (14)

forall ¢ € [0,7]. Fixany v € H}(Q) such that [|0]|3 = A1[|2]|2 and v(Q2) C [0,#]. From (14) we obtain

¥(v) > 7loly
and so
sup 1}1(112) > l/)(vz) > I, (15)
ueX\{0} ””HX HUHX /\1
Now, (13) is obtained from (15) passing to the limit for 77 tending to 0. Now, fix A € ] o, Zma::W {
Then, from (10) and (13), we obtain
msap P00 21 90

lullxteo L) 7 A exigoy 1)

This readily implies that 8* < A < f and the conclusion is directly provided by Theorem 1. L[]
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Corollary 1. Let the assumptions of Theorem 3 be satisfied and let A € ] é‘—(;, mait% [satz’sfy

sup(Ag(§) — F(§)f(£))E < 0. (16)

ZeR

Then, for every convex set S C L*(Q) dense in L2(QY), there exists a € S such that the problem

—Au=w(x)f(u) +Ag(u) inQ
u=0 on 0Q)

has at least three weak solutions, two of which are global minima in HY(QY) of the functional

w— g VU P — [ a()F(u()dx =2 [ Glutx)ds.

Proof. It suffices to observe that, in view of (16), 0 is the only solution of (8) and then to apply
Theorem 3. [

Finally, notice the following remarkable corollary of Corollary 1:

Corollary 2. Let g > 1, with ¢ < "3 ifn > 3. Let h : R — R be a non-negative continuous function,
with infjg 1) h > 0, satisfying conditions (a) and (b) of Theorem 3 for f = h.

Then, for every A > Ay and for every convex set S C L*®(Q) dense in L?(Q), there exists o € S such that
the problem

—Au=a(x)h(u) +A(ut — (W) inQ
u=0 on 90}

has at least three weak solutions, two of which are global minima in H} (QY) of the functional

1

“ﬁ%ﬂﬂvﬂﬂﬁ“‘lﬁﬁﬂﬂﬂﬂﬂx—Aﬁ<%WWnF—g:TWan“>m,

Proof. Fix A > Aq. Notice that, since inf[o,l] h > 0, the number
= g HOHO)
gel] ¢

is positive. Now, we are going to apply Corollary 1 taking

and
8(§) =¢r— (@)
Of course (with the notations of Theorem 3), p = 0 and ¢ = 1. Since f in non-negative, Ff is so in
[0, +oo[ and non-positive in | — oo, 0]. Therefore, (16) is satisfied for all € R\ [0, 1] since g has the
opposite sign of Ff in that set. Now, let & €]0,1]. We have

F@)f(@) _ AHEE) .
¢ T o 2

which gives (16). Now, let S C L®(Q) be any convex set dense in L2(Q). Then, the set \/; S is convex
and dense in L?(Q)) and the conclusion follows applying Corollary 1 with this set. [
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Remark 1. We are not aware of known results close enough to Theorems 1 and 3 in order to do a proper
comparison. We refer to the monographs [9,10] for an account on multiplicity results for nonlinear PDEs.
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The author wishes to make the following correction to this paper [1]:

Everywhere it occurs, the phrase “for every convex set S C H} (Q) dense in H} (Q)” should be
replaced with “for every convex set S C L°(Q)) dense in L2(Q2)".

Actually, thanks to (b) of Theorem 2, condition (1) can be weakened to

{p(x),y)y _
xllx—+e0  I(x) =0 @

for all y in a convex and dense set V C Y. Then, in the conclusion of Theorem 1, we can replace “S C Y”
with “S C V”. Finally, in the proof of Theorem 3, we take V = L®(Q), so that condition («) is actually
enough to prove equality (1).

The author would like to apologize for any inconvenience caused to the readers by these changes.
The changes do not affect the scientific results. The original article has been updated.
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Abstract: We establish the existence of positive solutions for systems of second-order differential
equations with discontinuous nonlinear terms. To this aim, we give a multivalued vector version of
Krasnoselskii’s fixed point theorem in cones which we apply to a regularization of the discontinuous
integral operator associated to the differential system. We include several examples to illustrate
our theory.

Keywords: Krasnosel’skii’s fixed point theorem; positive solutions; discontinuous differential
equations; differential system

1. Introduction

We study the existence and localization of positive solutions for the system

uf () + g1(t) fr(t, ur (1), ua(t)) = 0,
uy (1) +g2(t) fa(t, ug (t), ua(t)) = 0,

subject to the Sturm-Liouville boundary conditions (7).

The novelties in this paper are in two directions. On the one hand, we allow the functions
fi (i = 1,2) to be discontinuous with respect to the unknown over some time-dependent sets, see
Definitions 1 and 2. On the other hand, in order to localize the solutions of the system, we shall
establish a multivalued vector version of Krasnosel’skii’s fixed point theorem which allows different
asymptotic behaviors in the nonlinearities f; and f,, see Remark 3.

The existence of discontinuities in the functions f; or f, makes impossible to apply directly the
standard fixed point theorems in cones for compact operators since the integral operator corresponding
to the differential problem is not necessarily continuous. In order to avoid this difficulty, we regularize
the possibly discontinuous operator obtaining an upper semicontinuous multivalued one. Then we
look for fixed points of this multivalued mapping that are proved to be Carathéodory solutions for the
differential system. In the case of scalar problems, similar ideas appear in the papers [1-3].

This approach of using set-valued analysis in the study of discontinuous problems is a classical
one, see [4]. Nevertheless, the regularization is usually made in the nonlinearities transforming the
problem into a differential inclusion and the solutions are often given in the sense of the set-valued
analysis (Krasovskij and Filippov solutions [5,6]), see e.g., [7,8]. Similar ideas are also used in
the papers [5,9] where there are provided some sufficient conditions for the Krasovskij solutions
to be Carathéodory solutions. Recently, second-order scalar discontinuous problems have been
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Mathematics 2019, 7, 451

investigated by using variational methods [10-12]. However, in these papers there are not considered
time-dependent discontinuity sets. Observe also that a lot of existence results for discontinuous
differential problems are based on monotonicity hypotheses on their nonlinear parts, see [13], but such
assumptions are not necessary in our approach.

Going from scalar discontinuous problems to systems of discontinuous equations is not trivial
and it makes possible to consider two different notions for the discontinuity sets. The first approach
(see Definition 1 and Theorem 3) allows to study the discontinuities in each variable independently.
For instance, it guarantees the existence of a positive solution for the following particular system

—x"(t) = x>+ x*?H(1 — x)H(1 —y),
—y"(t) =vx+ Y +H(Kx-1)H(y 1),

subject to the Sturm-Liouville boundary conditions, where H : R — R is the Heaviside step function

given by
0, ifx<0
Hix) = 2 <0,
() { 1, ifx>0,

see Example 1. Notice that the nonlinearities in this example are discontinuous at x = 1 for each
y € Ry and aty = 1 for every x € R,. Moreover, the first nonlinearity has a superlinear behavior
and the second one has a sublinear one. Our second approach allows to study functions which are
discontinuous over time-dependent curves in R? and the conditions imposed to these curves are local,
see Definition 2 and Theorem 4. In particular, we establish the existence of a positive solution for

the system
() = ()"”,
(1) = (14 ()1?) HGE + ),

subject to the Sturm-Liouville boundary conditions.

As mentioned above, our results rely on fixed point theory for multivalued operators in cones.
We finish this introductory part by recalling the version of Krasnosel’skii’s fixed point theorem for
set-valued maps given by Fitzpatrick-Petryshyn [14].

Theorem 1. Let X be a Fréchet space with a cone K C X. Let d be a metric on X and let r1,75 € (0,00),
r =min {ry, 7}, R = max{ry,r2} and F : BR(0) N K — 2K usc and condensing. Suppose there exists a
continuous seminorm p such that (I — F) (By, (0) N K) is p-bounded. Moreover, suppose that F satisfies:

1. Thereis some w € K with p(w) # 0 and such that x ¢ F(x) + tw for any t > 0 and x € 9gB,, (0);
2. Ax & F(x) forany A > 1and x € 9xB,,(0).

Then F has a fixed point xo with r < d(xp,0) < R.

In the case of a Banach space (X, ||-||y) and of an operator F = (Fj, i) : K C X? — 2K under the
hypotheses of the previous theorem, we obtain the existence of a fixed point x = (x1, x2) for F such
that 7 < ||x|| < R, where |-|| denotes a norm in X?, for example, ||(x1,x2)|| = ||x1]|x + ||*2]|x- Then
0 < [|x1]|x £ Rand 0 < ||x2||x < R, butitis not possible to obtain a lower bound for the norm of every
component. This fact motivates the use of a vector version of Krasnosel’skii’s fixed point theorem.
Such a version was introduced in [15] for single-valued operators. Another advantage of the vector
approach is that it allows different behaviors in each component of the system.
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2. Multivalued Vector Version of Krasnosel’skii’s Fixed Point Theorem
In the sequel, let (X, ||-||) be a Banach space, K1,K, C X two cones and K := Kj x K, the
corresponding cone of X2 = X x X. Forr,R € R2, r = (r1,72), R = (Rq, Ry), we denote
(Ki)rpy i ={u €K rri < lull <R} (i=12),
K,,R = {u cK:r < HMZH < R;fori= 1,2}.
The following fixed point theorem is an extension of the vector version of Krasnosel’skii’s

fixed point theorem given in [15,16] to the class of upper semicontinuous (usc, for short)
multivalued mappings.

Theorem 2. Let w;, B; > 0 with a; # B, r; = min{w;, B;} and R; = max {wa;, B;} for i = 1,2. Assume that
N:K.,g — 2K, N = (N1, No), is an usc map with nonempty closed and convex values such that N (K, g)
is compact, and there exist h; € K; \ {0}, i = 1,2, such that for each i € {1,2} the following conditions
are satisfied:

Auj € Nju for any u € K, g with ||u;| = ajand any A > 1; (1)
u; & Nju+ ph;  for any u € K, g with ||u;|| = B; and any p > 0. )

Then N has a fixed point u = (u1,u) in K, that is, u € Nu, with r; < ||\u;|| < R; fori =1,2.

Proof. We shall consider the four possible combinations of compression-expansion conditions for Ny
and N».

1. Assume first that ; < «; for both i = 1,2 (compression for N; and N»). Thenr; = B; and R; = «;
fori=1,2. Denote h = (hy,hy) and define the map N : K — K given, for u € K, by

S i {90,201} o) )2 (1 i f L1 V)
n’ [ ] [z noon

where 6;(1;) = max{min{u;, R;},r;} fori =1,2.

The map N is usc (the composition of usc maps is usc, see [17], Theorem 17.23) and N(K) is
relatively compact since its values belong to the compact set c0 (N (K, g ) U {h}). Then Kakutani’s
fixed point theorem implies that there exists u € K such that u € Nu.

It remains to prove that u € K, . It is clear that ||u;|| > 0 since h; # 0 fori = 1,2. Assume 0 <

1]} < r1 and 0 < [ua]| < rz. 6 min { Lal, L2l — [l ghen

we Bl (1, ) o (1 B
o Tl T n

L5t 5! [y} 4 ([
i1 € Np ( uy u2> + (1 — Iy
[l llua ]| [z [ n '

what contradicts (2) for i = 1. Analogously, we can obtain contradictions for any other point
u ¢ K, r, as done in [15,16] for single-valued maps.

SO
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2. Assume that f; < a1 (compression for Nq) and B > a (expansion for Np). Let N : K, g — K;
(i =1,2) be given by

Ry 2
Niu = Ny <u1, (— + - 1) M2> ,
! luall [zl
. Ry 2 )71 ( Ry 2
NM:( + -1 Ny (wq, | —++——1)up|. 3)
? luall [zl 2]l (2]l

Notice that the map N* = (Nj, Nj ) is in case 1, and thus N* has a fixed point v € K, r. Further,

Ry
[lo2]l
3. Thecase f1 > ay (expansion for Nj) and By < ap (compression for N) is similar to the previous

one by taking the map N* = (N}, Ny) defined as

Rq r - Rq rn
Niu = ( + —1> Ny + =1 )ug,uz |, 4)
! lluall o] [lxll  Jloea ]
R
Nyu =N, <<—1 + A 1) ul,u2> .
luall  floea ]

4. Thecase B; > w; fori = 1,2 (expansion for Nj and N;) reduces to case 1, if we consider the map
N* = (Nf,Ny) where Ny is defined by (4) and N3, by (3).

the point u defined as u; = v; and up = ( + ﬁ — 1) vy is a fixed point of the operator N.

Therefore, the proof is over. [

Remark 1 (Multiplicity). Although we are interested in fixed points for the operator N satisfying that both
components are nonzero, if we replace conditions (1) and (2) in Theorem 2 by the following ones:

Auj & N for ||ui|| = a;, |Juj|| <R (j #i)and A > 1;
u; & Nju+ ph;  for |Ju;| = i, Hu]H <Rj(j#i)andp >0,

then we can achieve multiplicity results.

Indeed, if B; > w; for i = 1 or i = 2, then the operator N has one additional fixed point v = (vy,v;) such
that ||vi|| < rjand r; < ||vj|| < Rjwith j # i. Furthermore, if B; > w; for i = 1,2, then N has three nontrivial
fixed points. Such cases are considered in the paper [18] in connection with (p,q)-Laplacian systems.

Our purpose is to apply Theorem 2 to a multivalued regularization of a discontinuous system
of single-valued operators associated to a system of differential equations with discontinuous
nonlinearities. Our aim is to obtain new existence and localization results for such kind of problems.

In order to do that, we need the following definitions and results.

Let U be a relatively open subset of the cone K := Ky x Kyand T : U — K, T = (Ty, T»), an
operator not necessarily continuous. We associate to the operator T the following multivalued map
T : U — 2K given by

T=(Ty,Ty), Tiu=[)coT;(B:(u)nU) forevery ucl (i=12), (5)
e>0

where Be(u) 1= {v € X2 : |ju; —v;|| < efori=1,2}, U denotes the closure of the set U with the
relative topology of K and co means closed convex hull. The map T; is called the closed-convex
envelope of T; and it satisfies the following properties, see [2].

Proposition 1. Let T be the closed-convex envelope of an operator T : U — K. The following properties
are satisfied:

1. If T maps bounded sets into relatively compact sets, then T assumes compact values and it is usc;
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2. If T U is relatively compact, then T U is relatively compact too.

Remark 2. The following two statements are equivalent:

(a) yeTi(u)i=12);
(b)  for every ¢ > 0 and every p > 0 there exist m € N and a finite family of vectors x; € Be(u) N U and
coefficients A; € [0,1] (j =1,2,...,m) such that Y \; = 1 and

<p.

m
Hy =2 AT
j=1

3. Positive Solutions of Discontinuous Systems

We study the existence and localization of positive solutions for the following second-order
coupled differential system

uy (t) + g1(t) fr(t, ua(t), u2(t)) = 0, ©
uy (1) + 2 (t) fo(t, ur (1), ua(t)) =0,
for t € I = [0,1], with the following boundary conditions
a;u;(0) — biu;(0) =0, cui(1) +dui(1) =0, )

for i = 1,2, where a;,b;,¢;,d; € Ry = [0,00) and p; := bjc; + a;c; + a;d; > 0 fori = 1,2. Assume that,
fori=1,2,

(Hy) g €LYI),gi(t) >0forae. t<cIand fl?’//fg(s) ds > 0;

(Hy)  fi:IxRZ — R, satisfies that

(i) fi(-,u1(+),uz(-)) are measurable whenever (uy,u5) € C(I)%;
(if)  for each p > 0 there exists R;, > 0 such that

fi(t,ul,u2) < R,‘/,‘ for uy,up € [0,p] andae. t € I.

Notice that condition (Hy) (i) is satisfied if f;(-, 11, up) is measurable for all constants 11, up, and
if fi(t,-,-) is continuous for a.a. t, which is not necessarily the case in this paper.

Let X = C(I) be the space of continuous functions defined on I endowed with the usual norm
[l7]] :== ||v|le = maxter |v(t)| and let P be the cone of all nonnegative functions of X. A positive
solution to (6)—(7) is a function u = (uy, up) with u; € PAW?(I), u; # 0 (i = 1,2) such that u satisfies
(6) for a.a. t € I and the boundary conditions (7). The existence of positive solutions to problems
(6)~(7) is equivalent to the existence of fixed points of the integral operator T : P2 — P2, T = (Ty, T2),
given by

(Tiu)(t) = /: Gi(t,9)gi(s)fi(s, u1(s), ua(s)) ds, i=1,2, ®)

where G;(t,s) are the corresponding Green’s functions which are explicitly given by
1 (C,‘+d,‘*C,’t)(bi+lZ,'S), ifo0<s<t<l,

G,‘(t,S) = — .

Oi (bi+ait)(c;i+d; —cjs), f0<t<s<I

Denote d 1
f cit4d; ai+4b;
M; := min ¥,17’},

’ {4(Ci+di) 4(a; +b;)
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then it is possible to check the following inequalities:
Gi(t,s) < Gi(s,s) fort,sel,
< Gi(t,s) forte[1/4,3/4], sel

Consider in X the cones Ky and K, defined as
Ki={veP:ou(t)> M;|v| forallt € [1/4,3/4]},

and the corresponding cone K := K x Kj in X2. Then, T(K) C K. Indeed, foru € Kandi =1,2,

1
M T = Ms max [ Gilt5)5:(5)ils 1 (), () ds

1
< M; [ Gils,s)gi(5)filo 1 (5) als) ds < | _min | Tt

Hence, Tiu € K; foreveryu € Kandi =1,2.

Therefore, it must be clear that we intend to apply Theorem 2 in a subset of K to the multivalued
operator T associated to the discontinuous operator T. Later, we shall provide conditions about the
functions f; (i = 1,2) which guarantee that Fix(T) C Fix(T), where Fix(S) stands for the set of fixed
points of the mapping S. As a consequence, we obtain some results concerning the existence of positive
solutions for system (6)—(7).

Let us introduce some notations. For a;, B; > 0 with a; # B; and ¢ > 0, we let r; = min{a;, B;},
R; = max{a;, B;} (i=1,2) and

5= inf{fi(tug,up) < t € [1/4,3/4], My(B1 —¢€) < up < Br+e, Mara < up < Ry},
fzﬁ’g = inf{fo(t, u1,up) : t € [1/4,3/4], Mary <uy < Ry, Ma(Ba —¢) < up < o +¢},

e =sup{fi(t,uy,uz) : t €[0,1], 0 < uy < ay+¢ 0 < up < Ry},
éx,s = sup{fz(t,ul,uz) 1 te [0,1], 0<u1 <R, 0<uy <ap +€}.

Also, denote

3/4 -1
A=  inf / Gi(t,s)gi(s)ds,  Bji= Gi(t,5)gi(s) d
i tE[ll/r}l,S/él] 1/ i( s)gz(s) s i tzl[épl] 0 i( s)gl(s) s

fori=1,2.
Lemma 1. Assume that there exist w;, B; > 0 with a; # B;, i = 1,2, and € > 0 such that
Bif“t <, AfPF>p fori=12. )
Then, for each i € {1,2}, the following conditions are satisfied:

Aup & Tiu - for any u € Ky g with ||uj||, = ajand any A > 1; (10)
w; & Tou+ph;  for any u € K, g with ||u;||, = B; and any y >0, (1)

where hy and hy are constant functions equal to 1.
Moreover, the map T defined as in (5) has at least one fixed point in K, g.
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Proof. First, observe that if v € K, g, then

M;r; < 'U,'(t) <R; forallte |:i i:| (Z = 1,2),

and if v € Be(u) N K,  for some u € K, g, and ||u1]|o, = a1, then vy () < aj + ¢ forallt € [0,1] and

Mi(ay —e) <ov(t) <ag+e forallte E,ﬂ .

Now we prove (10) for i = 1. Assume that ||u1 ||, = a1 and let us see that Au; ¢ Tyu for A > 1.
First, we shall show that given a family of vectors vy € Be(u) N K, g and numbers A € [0, 1] such that
YM=1(k=1,...,m), then

m
Aug # Y ATy,
=1

what implies that Auy & co (Ty (Be(u) N K, r)). Indeed, if not, taking the supremum for ¢ € [0, 1],

Aay < sup i/\k /01 Gi(t,5)81(s) f1(s,vk1(5), vk (s)) ds

te0,1] k=1

< Z/\k sup / G1(t,5)g1(s) f1(s,vk1(s), vka(s)) ds

k=1 te[0,1]

< Z /\kfix'gBl = flk’EBl <y,
k=1

a contradiction. Notice thatif Au; € €O (Tl (Eg (u) N K,,R) ) , then it is the limit of a sequence of functions
satisfying the previous inequality and thus, as a limit, it satisfies A a4y < a1 which is also a contradiction
since A > 1. Therefore, Auq & Tyu for A > 1.

In order to prove (11) for i = 1, assume that ||u1 ||, = B1 and uq = Y J' 4 Ay T1og + p for some
family of vectors v, € B,(u) N K, g and numbers Ay € [0,1] such that YAy = 1 (k = 1,...,m) and some
# > 0. Then for t € [1/4,3/4], we have

ZM/Qtwﬂm&%ﬁwmwﬁ+ﬂ
>ZM/ G (1,)31() 1 (5,041 (), Dy (s)) ds +

3/4
> Y [ Gt gi(s)ds g
i 1/4
> A+ p> Bt
s0 B1 > P1 + i, a contradiction. Hence, 11 & co (Ty (Be(1) N Ky g)) + pthy. As before,
uy ¢ o (Ty (Be(u) NKyR)) + pihy
because in that case we arrive to the inequality f1 > B1 + p for y > 0. Therefore, uq & Ty (u) + phy.
Similarly, it is possible to prove conditions (10) and (11) for i = 2.

To finish, the conclusion is obtained by applying Theorem 2 to the operator T. [

Remark 3 (Asymptotic conditions). The existence of a;, B; > 0 with a; # B, i = 1,2, and e > 0 satisfying
(9) is guaranteed, in the autonomous case, by the following sufficient conditions:
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(a)  fi1 has a superlinear behavior and f,, a sublinear one, that is,

- filxy) _filxy)
— = >0;
xlE;I(}o . +o0 forally >0, 71(1&(1) P 0 forally > 0;
lim M =0 forallx >0, lim M = +o0 forall x > 0.
y—00 y y—0 y

(b)  Both fy and f, have a superlinear behavior, that is,

- filxy) - filoy)
= = >0;
lim P +oo forally >0, ,1:3}) N 0 forally > 0;
lim Ay = +oo forallx >0, lim A(xy) =0 forall x > 0.
yoeo Yy y—0 Y

(¢)  Both f1 and f, have a sublinear behavior, that is,

o N1(Y) o 15 )

lim ——"= = iy > lim ——"~ = 1 ;
Jim = 0 forally >0, lim, === +oo0 forally > 0;
lim Axy) =0 forallx >0, lim Axy) = +oo forall x > 0.
ymee Yy y=0 Y

Remark 4. If fi and f; are monotone in both variables, it is possible to specify the numbers f;** and fiﬂ o
(i = 1,2), so in this case, conditions (9) only depend on the behavior of the functions at four points in R2,
see [15,16].

Note that Lemma 1 gives us sufficient conditions for the existence of a fixed point in K, g of
the multivalued operator T. Hence, it remains to provide hypothesis on the functions f; (i = 1,2)
which imply Fix(T) C Fix(T) in order to obtain a solution for the system (6)-(7). Observe also that no
continuity hypotheses were required to the functions f; until now.

The following definition introduces some curves where we allow the functions f; to be
discontinuous in each variable. The idea of using such curves can be found in some recent papers
for second-order discontinuous scalar problems [1-3] and, in some sense, it recalls the notion of
time-depending discontinuity sets from [9].

Definition 1. We say that T : [a1,b1] C I = [0,1] — Ry, Ty € W?!(ay, by), is an inviable discontinuity
curve with respect to the first variable uy if there exist e > 0 and ; € L' (a1, by), ¥1(t) > 0fora.e. t € [a1, by
such that either

V() +91(t) < —g1(H) fi(t,y,2) forace. t € [ag, by, ally € [T1(t) — e, T1(t) +¢] andall z € Ry, (12)
or

V() —1(t) > —g1(H) fi(t,y,2) forace. t € [ag,by], ally € [T1(t) — e, T1(t) +¢] andall z € Ry, (13)

Similarly, we say that Ty : [ay,by] € 1 = [0,1] — Ry, Ty € WX (ay, by), is an inviable discontinuity
curve with respect to the second variable uy if there exist e > 0 and o € L (ap, by), Pa(t) > 0 for a.e.
t € [ag, by] such that either

TY(t) +a(t) < —g2(H) fo(t,y,2) forace. t € [ag, by, ally € Ry and all z € [To(t) — e, Ta(t) +¢],
or

TY(t) —a(t) > —g2(t) fo(t,y,2) forace. t € [ap, ba], ally € Ry and all z € [To(t) — e, Ta(t) +¢] .
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Now we state some technical results that we need in the proof of the condition Fix(T) C Fix(T).
Their proofs can be found in [3]. In the sequel, m denotes the Lebesgue measure in R.

Lemma 2 ([3], Lemma 4.1). Leta,b € R, a < b, and let g,h € L'(a,b), g>0ae,andh > 0a.e. in (a,b).
For every measurable set | C (a,b) with m(J) > 0 there is a measurable set Jo C J with m(] \ Jo) = 0 such
that for every 1o € Jo we have

s)ds s)ds
lim fh@’zwig():o: lim f[”%l\fig()
o1 [ h(s)ds tot f, h(s)ds

Corollary 1 ([3], Corollary 4.2). Leta,b € R, a < b, and leth € ! (a,b) be such that h > 0 a.e. in (a,b).
For every measurable set | C (a,b) with m(J) > 0 there is a measurable set Jo C J with m(] \ Jo) = 0 such
that for all Ty € Jo we have

h(s)ds h(s)ds
lim St 1945 [z I ()5 1 gy Sl ") aoe] L)
o1 [, h(s)ds oy fiVh(s)ds

We shall also need the following lemma, see [2], Lemma 3.11.

Lemma3. If M € ! (0,1), M > 0 almost everywhere, then the set

Q= {u e c(o,1]) : [/ (t) — ' (s)| < /tM(r)dr whenever 0 <s <t < 1}

Js

is closed in C([0,1]) endowed with the maximum norm topology.
Moreover, if u, € Q forall n € N and u, — u uniformly in [0,1], then there exists a subsequence {u,, }
which tends to u in the C' norm.

Now we are ready to present the following existence and localization result for the differential
system (6)—(7).

Theorem 3. Suppose that the functions f; and g; (i = 1,2) satisfy conditions (Hy), (Hy) and

(Hs)  There exist inviable discontinuity curves I, : I, = [a1,,,b1,] C I — Ry with respect to the
first variable, n € N, and inviable discontinuity curves T'p,, : Iy := [Agn, b2, C I — Ry with
respect to the second variable, n € N, such that for each i € {1,2} and for a.e. t € I the function
(uq,u2) — fi(t, u1,up) is continuous on

R\ U Tt} X(R+\ U {FZ,n(t)})'

{n:fe[u,} {n:t€l,}

Moreover, assume that there exist a;, B; > 0 with a; # B;, 1 = 1,2, and € > 0 such that
Bl‘fz-a/e < &;, Al‘fiﬁ/g > ﬁ,‘ fOI’i =12
Then system (6)—(7) has at least one solution in K, g.

Proof. The operator T : K,g — K, T = (Ty, T2), given by (8) is well-defined and the hypotheses
(H1) and (Hp) imply that T(K,g) is relatively compact as an immediate consequence of the
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Ascoli-Arzeld theorem. Moreover, by (Hy) and (Ha), there exist functions 1; € LY(I) (i = 1,2)
such that
i) fi(t,ug,up) < ;(t) forae. telTandalluy € [0,Rq], up € [0,Ry]. (14)

Therefore, T(K,g) C Q1 x Q, where
t
Qi = {u e c([o,1]): [/ (t) =/ (s)| < / 7i(r)dr whenever 0 <s <t < 1},
S

for i = 1,2, which by virtue of Lemma 3 is a closed and convex subset of X = C(I). Then, by
‘convexification’, T(K, g) C Q1 x Qp, where T is the multivalued map associated to T defined as in (5).

By Lemma 1, the multivalued map T has a fixed point in K, g. Hence, if we show that all the fixed
points of the operator T are fixed points of T, the conclusion is obtained. To do so, we fix an arbitrary
function u € K, g N (Q1 x Q2) and we consider three different cases.

Case 1: m({t € I1;, : u1(t) =T, (t)} U{t € Loy, = up(t) =Tp,(t)}) = 0foralln € N. Let us
prove that T is continuous at 1, which implies that Tu = {Tu}, and therefore the relation u € Tu gives
that u = Tu.

The assumption implies that for a.a. t € I the mappings fi(t,-) and f,(¢, -) are continuous at
u(t) = (u1(t), ua(t)). Hence if up — u in K, g then

fi(t, ug(t)) — fi(t,u(t)) foraa.t € Iandfori=1,2,

which, along with (14), yield Tuy — Tu in C(I)?, so T is continuous at u.

Case 2: m({t € I, : ui(t) = T1,(t)}) > O for some n € N. In this case we can prove that
w1 € Tqu, and thus u ¢ Tu.

To this aim, first, we fix some notation. Let us assume that for some n € N we have m({t € I, :
uy(t) =T, (t)}) > 0and there exist e > 0 and ¢ € L'(I3 ), (t) > O for a.a. t € I ,,, such that (13)
holds with I’y replaced by I'y ,,. (The proof is similar if we assume (12) instead of (13), so we omit it.)

We denote | = {t € I, : ui(t) = I'y,(t)}, and we deduce from Lemma 2 that there is a
measurable set Jo C J with m(Jp) = m(J) > 0 such that for all 1y € Jp we have

2 s)ds 2 [ s)ds
m M —0= lim j[t,fo]\]mm( ) ' (15)
to1 (1/4) ffo P(s)ds tsy (1/4) [° ¢(s) ds
By Corollary 1 there exists J; C Jo with m(Jo \ J1) = 0 such that for all 7y € J; we have
f[‘fo/f]ﬂlo P(s)ds —1= lim f[h‘fo]ﬁlo P(s)ds (16)
g thO P(s)ds ot [0 p(s)ds

Let us now fix a point 7y € J;. From (15) and (16) we deduce that there exist f_ < I < T
and t; > fy > 1, t+ sufficiently close to Ty so that the following inequalities are satisfied for all
te [f+ ’ t+]:

s <1 [ w(s)d 7
2 / ni(s)ds < — [ P(s)ds, 17
[T\ 4 Jx

1 st
~/[Tg,t]ﬂ]¢(3) ds > -/[To,t]ﬂlo P(s)ds > > '/TO P(s)ds, (18)
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and forall t € [t_,F_]:

? '/[wo]\f <1 / s)ds, (19)

/[Mo]mlp(s)ds - 2 /t (s) ds. (20)

Finally, we define a positive number

"Tp [
ﬁ:min{i/t_i 1/)(5)515&/T0 zp(s)ds}, (21)

and we are ready to prove that u; ¢ Tyu. It suffices to prove the following claim:

Claim: let ¢ > 0 be given by our assumptions over I'1, as Definition 1 shows, and let p =
g min {f_ —t_, ¢y — I}, where g is as in (21). For every finite family x; € Be(u) N Ky g and A;j € [0,1]
(Gj=1,2,...,m),with ) A; =1, we have [lu; — XA Tixj]|0 > p.

Let xj and A; be as in the Claim and, for simplicity, denote y = }_A;Tix;. Fora.a. t € | = {t €
Iy : up(t) = Tp(t)} we have

y'(t) = Z)\j(Tlx] )"( 2%81 Vit xa(t), xj2(t))- (22)

On the other hand, for every j € {1,2,...,m} and every t € | we have

[xj1(]) = Tua(t)] = |xj0 () —m(8)] <

and then the assumptions on I'; ,, ensure that for a.a. t € | we have

=

Il
_

ZA;gl Vit xa(8), x52(8) < Y2 A; (TF,,(8) = () = wf (1) — (t). (23)

)

Now for t € [t_,F_] we compute

/ / oy 1" 1
—y(t) = ds = d d
¥'(0) —y'(t) ./t y'(s)ds /[t To]m]y (s) S+_/[t’_[0]\]]/ (s)ds

- /[f,ro]ﬁ] i (s)ds - /[mnwl/’(s)ds
+ /[ vy (s)ds  (by (23),(22) and (14))

=) (1) — uf(t) — ‘ u(s)ds — . P(s)ds + s)ds
() = () /[f,To]\] 1) /[f,To]ﬂ] ) [to]\J n()
< (1) —uf(t) — P(s)ds+2 s)ds

1(%) 1(t) -/[t,fo]ﬂl (s) )\ 11(s)

<uh(m) =)~ 7 [T wE)ds (by 19 and 20)),
>

!

hence y'(t) — u}(t) > p provided that y'(19) > 1) (19). Therefore, by integration we obtain

W) () =yt~ + [ @0 i) d 2y () +pE b,
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So, if y(t—) —u1(t=) < —p, then ||y —uq||, > p. Otherwise, if y(t—) — uy(t—) > —p, then we have
y(f2) —uq(f-) > pand thus |ly — us ||, > p, too.
Similar computations in the interval [, t, | instead of [t_,[_] show that if ¥/ (1)) < u} (1) then
we have ) (t) —y/(t) > pforall t € [Fy,t,] and this also implies ||y — u1]| > p. The claim is proven.
Case3: m({t € L, : ua(t) =Ta,(t)}) > 0 for some n € N. In this case it is possible to prove that
1y ¢ Tou. The details are similar to those in Case 2, with obvious changes, so we omit them. [

Remark 5. Observe that Definition 1 allows to study the discontinuities of the functions f; independently in
each variable uy and uy, as shown in condition (Hs).

In addition, a continuum set of discontinuity points is possible: for instance, the function f; may be
discontinuous at the point u; = 1 for all uy € Ry provided that the constant function I'y = 1 is an inviable
discontinuity curve with respect to the first variable. This fact improves the ideas given in [5] for first-order
autonomous systems where “only” a countable set of discontinuity points are allowed.

Remark 6. Notice that conditions (12) and (13) are not local in the last variable. However, the condition

inf t,x,y) >0
telx,ycRy fl( y)
implies that any constant function stands for an inviable discontinuity curve with respect to the first variable
(since condition (13) holds). Moreover, any function with strictly positive second derivative is always an inviable
discontinuity curve with respect to the variable uy without any additional condition on fi.

Now we illustrate our existence result by some examples.

Example 1. Consider the coupled system
—x"(t) = x>+ x*y?H(a — x)H(b — y), (24)
—y'(t) = Vx+ y+H(x—)H(y —d),

subject to the boundary conditions (7) (replacing uy and uy by x and y, respectively) where a,b,c,d > 0 and H
denotes the Heaviside function.

The existence of numbers «; and B; in the conditions of (9) is guaranteed by Remark 3 (a) since f1(x,y) =
x? 4+ x?y*H(a — x)H(b — y) is a superlinear function and f>(x,y) = /x+ /§+H(x —c)H(y —d) isa
sublinear function.

On the other hand, the function (x,y) — f1(x,y) is continuous on (R4 \ {a}) x (R4 \ {b}) and the
constant function I'1 = a stands for an inviable curve with respect to the first variable. Indeed,

a?  a? a 3a
=T7(t) + §-%8 < fily,z) foraa.t € [0,1] and forally € {5, 7} and z € Ry,
hence (13) holds with ) = a/8.
Moreover, the constant function I'y = b is an inviable curve with respect to the second variable, according
to Remark 6 since

Xl;g]{h fa(x,y) > 0.

Similarly, the function fo(x,y) = /x + /¥y + H(x — ¢)H(y — d) satisfies the hypothesis (H3) in
Theorem 3, so the system (7)—(24) has at least one positive solution.

Example 2. Consider the system

{ —xX(t) = ¥+ yPH(a + £ — x)H(b + mt — ), (25)

—y'(t) = Vx+y+H(x—c)H(y —d),
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subject to the boundary conditions (7), where a,b,c,d > 0 and m € R.
Now, for a.a. t € I, the function (x,y) — fi(t,x,y), where

filtxy) = x% + xzyzH(a + 82 —x)H(b + mt — Y),

is continuous on (R \ {a+ t?}) x (Ry \ {b+ mt}) and the curve T1(t) = a + t* is inviable with respect to
the first variable. Indeed, (13) is satisfied with y = 1, since

“T{(t) +1=—-1< fi(t,y,z) foraa te[0,1]andforally,z € R..

On the other hand, the curve T (t) = b+ mt is inviable with respect to the variable y, according to Remark
6, since Ty (t) = 0 and inf ycr, fo(x,y) > 0.
Therefore, Theorem 3 ensures the existence of one positive solution for problem (7)—(25).

Nevertheless, the conditions of Definition 1 are too strong for functions f; which are discontinuous
at a single isolated point (xg, o) or, more generally, over a curve (71 (t), 72(t)) for t € I C I. This
is the motivation for another definition of the notion of discontinuity curves. This notion will be a
generalization of the admissible curves presented in [2] for one equation.

Definition 2. We say that v = (v1,72) : [a,b] € T = [0,1] — R2, 9; € W2 (a,b) (i = 1,2), is
an admissible discontinuity curve for the differential equation u} = —g1(t) f1(t, u1(t), un(t)) if one of the
following conditions holds:

(@) v{(t)=—=g1(t) fr(t, 71 (1), v2(t)) fora.e. t € [a,b] (then we say vy is viable for the differential equation),
(b)  Thereexiste > Oand € L(a,b), p(t) > 0for a.e. t € [a,b] such that either

W) +yt) < —g1()fi(ty,z) forae t€[ablaly € [yi(t) —ey1(t) +¢
andall z € [y2(t) — &, 72(t) +¢],
or
N =9) > =1 fi(t,y,z)  forae t € ablally € [n(t) —e71(t) +¢]
and all z € [y2(t) — ¢, 72(t) + €] .
In this case we say that 7y is inviable.
Similarly, we can define admissible discontinuity curves for uy = —g»(t) fo(t, u1(t), un(t)).
Theorem 4. Suppose that the functions f; and g; (i = 1,2) satisfy conditions (Hy), (Ha) and

(Hj)  There exist admissible discontinuity curves for the first differential equation yy : I := [a,,by] — R%,
n € N, such that for a.e. t € I the function (u1,u2) — f1(t,u1,uz) is continuous on R2 \

Ugnitery {Orma(8), 1m2(0)}; )
(Hj)  There exist admissible discontinuity curves for the second differential equation ¥y, : Iy := [y, by —
R2, n € N, such that for a.e. t € I the function (u1,uz) — fa(t, u1,ua) is continuous on R3. \

U{n:tel_,,} {('7n,1(t)r %,z(t))}-

Moreover, assume that there exist a;, p; > 0 with a; # B;, 1 = 1,2, and € > 0 such that
Bifts <wi, AfPS> B fori=1,2.

Then the differential system (6)—(7) has at least one solution in K, g.
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Proof. Notice that in virtue of Lemma 1 it is sufficient to show that Fix(T) C Fix(T). Reasoning as
in the proof of Theorem 3, if we fix a function u € K,z N (Q; x Q2), we have to consider three
different cases.

Case : m({t € Iy : u(t) = yu()}U{t € I, : u(t) = 44(t)}) = Oforalln € N. Then T is
continuous at u.

Case 2: m({t € Iy : u(t) = ya(t)}) > 0or m({t € I, : u(t) = Fa(t)}) > 0 for some 7, or
4y inviable. Then u ¢ Tu. The proof follows the ideas from Case 2 in Theorem 3.

Case3: m({t € Iy : u(t) = yu(t)}) > 0orm({t € I, : u(t) = 4x(t)}) > 0 only for viable curves.
Then the relation u € Tu implies u = Tu. In this case the idea is to show that u is a solution of the
differential system. The proof is analogus to that of the equivalent case in [2], Theorem 3.12 or [3],
Theorem 4.4, so we omit it here. []

Remark 7. Notice that, in the case of a function (uy,uy) — f1(t, 11, up) which is discontinuous at a single
point (xo,Yyo), Definition 2 requires that one of the following two conditions holds:

(i) fi(t,x0,y0) = Oforae. t € [0,1];
(ii)  thereexiste > 0and ¢ € L1(0,1), p(t) > 0 for a.e. t € I such that

0<yt) <si(t)fi(t,x,y) forae t €1, allx € [xg—¢xg+elandally € [yo— € yo +e].

In particular, for (ii), it suffices that there exist €,6 > 0 such that
0<é< fi(t,x,y)forae tel allx € [xg—¢xg+elandally € [yy— e yo + ¢l

To finish, we present two simple examples which fall outside of the applicability of Theorem 3,
but which can be studied by means of Theorem 4.

Example 3. Consider the problem
—2"(t) = filx,y) = ()"? (2—cos (1/((x = 1* + (y = 1)) H ((x = 1)* + (y = 1)?)), 26)
=y"(H) = falxy) = (xy)'7,

subject to the boundary conditions (7).

It is clear that f1 and f, have a sublinear behavior, see Remark 3.

The function (x,y) + fi(x,y) is continuous on R% \ {(1,1)} and the constant function (t)
(71(t),72(t)) = (1,1) is an inviable admissible discontinuity curve for the differential equation —x" (t)
fi(x,y) since 0 < 1/V/4 < fi(x,y) forall x € [1/2,3/2] and all y € [1/2,3/2); and ~}/(t) = 0.

Therefore, Theorem 4 guarantees the existence of a positive solution for problem (7)—(26).

Example 4. Consider the following system

{ —x"(t) = filx,y) = (xy)'/3,

() = faloy) = (1+ ()3) HG2 +92), @

subject to the boundary conditions (7).

The nonlinearities of the system have again a sublinear behavior. Now, the function (x,y) — fa(x,y) is
continuous on R2\ {(0,0)} and the constant function y(t) = (y1(t),72(t)) = (0,0) is a viable admissible
discontinuity curve for the differential equation.

Hence, by application of Theorem 4, one obtains that the system (7)—(27) has at least one positive solution.
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Abstract: This paper is devoted to investigating a class of nonhomogeneous Choquard equations
with perturbation involving p-Laplacian. Under suitable hypotheses about the perturbation term,

the existence of at least two nontrivial solutions for the given problems is obtained using Nehari
manifold and minimax methods.
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1. Introduction and Main Results

In this paper we are interested in the following generalized nonlinear Choquard equation with
perturbation involving p-Laplacian

|u(y)|"
-yl

= Dyt + V() ulP~?u = [f dy]lulqzu +g(x), xe RN 1)
RN

where N > 32 < p < N0 < pu <N, B2-4) < g <Z@2-4£),0<V e C(RVR),
Ay = div(|Vu|p_2Vu) is the p-Laplacian operator, and g: RN — R is perturbation. Here p* =
Np/(N —p) denotes the Sobolev conjugate of p.

The homogeneous, a.e. g(x) = 0, which means zero is a solution of problem (1). It was investigated
in [1]. A special case of problem (1) is the well-known Choquard-Pekar equation

1
- Au+u= (W * Iulz)u, xe RN )
which was investigated by Pekar [2] in relationship with the quantum field theory of a polaron. In
particular, when u is a solution to (2), we know that ¢(x, t) = u(x)e " is a solitary wave of the following

Hartree equation
0P 1 AT
lgf—A(f)—(lxl’u*l(f)l )qb,m‘R X‘R+

which was introduced by Choquard in 1976 to describe an electron trapped in its own hole as
approximation to Hartree-Fock theory of a one-component plasma; see [3,4]. This equation was also
proposed by Penrose in [5] as a model of self-gravitating matter and is usually known in that context as
the nonlinear Schrodinger-Newton equation. For more details, discussion about the physical aspects
of the problem we refer the readers to [6-11] and the references therein.

From a mathematical point of view, the Choquard-Pekar Equation (2) and its generalizations
have been widely studied. Take for instance, Lieb [4] investigated the existence and uniqueness, up
to translations, of the ground state to problem (2) by using symmetric decreasing rearrangement
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inequalities. Later, Lions [6] proved the existence of infinitely many radially symmetric solutions to

problem (2) via critical point theory. Ackermann [12] established some existence and multiplicity results

for a type of periodic Choquard-Pekar equation with nonlocal superlinear part. Further interesting

results on Choquard equations may be found in [13-26], the survey [27], and the references therein.
In [15], Ma and Zhao investigated the generalized stationary nonlinear Choquard equation

q
= [ . 1ty )|ydy)|ulq'2u, xe RN ©
B -y

where N > 3,0 < u < N, q > 2 Under the suitable conditions on y, N, and g, which include the classical
case, they showed that every positive solution to problem (3) is radially symmetric and monotone
decreasing on some point. Using the same condition, Cingolani et al. [9] treated (3) with the case where
both the vector and the scalar potential have some symmetries, and they established the regularity
and some decay asymptotically at infinity of the ground states to problem (3). In [28], Moroz and
Van Schaftingen eliminated this restriction and in the optimal range of parameters they derived the
regularity, positivity, and radial symmetry of the ground states, and also gave decay asymptotically at
infinity for them.

When the potential V(x) is continuous and bounded below in RV, Alves and Yang [13] studied
the multiplicity and concentration behavior of positive solutions for quasilinear Choquard equation
involving p-Laplacian:

Qy)F(u(y))

— &P Apu + V(o) [l = e“N[ i dy]Q(x)f(u), xe RN 4)
RN |x - y|

where N > 3,0 < 1 < N, V,and Q are two continuous real functions in RN eisa positive parameter and
F(t) be the primate function of f(t), and A, = div(iVuip,ZVu) is p-Laplacian operator, 1 < p < NIn [1],
suppose that the potential V and the nonlinearity f satisfy suitable assumption, Sun considered the case
¢ =1and Q =1, and proved the existence of solutions in the level of mountain pass for problem (4).
Further, Alves et al. [29] considered a class of generalized Choquard equation with the nonlinearities
involving N-functions, and they obtained the existence of solutions for the given Choquard equation
involving the Ag-Laplacian operator, where Agp = div(¢)(|Vu|)Vu) and ®: R — R is a N-function.
Other related results about Choquard equation involving p-Laplacian can be found in [25,30-36] and
the references therein.

In 2003, Kiipper et al. [37] studied the existence of positive solutions and the bifurcation point for
the following Choquard equation

2
—-Au+tu= f |u(y)| dy fu+Ag(x), xeR3 (5)
R3 |x—y|

where g(x) € H'(R3), g(x) > 0, g(x) = 0. They proved that there exist positive constants A, and A..
such that problem (5) has at least two positive solutions for A € (0, A.), and no positive solution for
A > A.. Furthermore, they showed that A, = A.. is a bifurcation point of problem (5).

Very recently, Xie et al. [23] showed the following nonhomogeneous Choquard equation

u q
—Au+V(x)u = (fw |'x (—y;:h dy}'”'q_z“ +8(x), xeRN

had two nontrivial solutions if 2 — /N < g < (2N — )/ (N — 2) satisfies the following compactness
condition:
(A1) V e C(RN, RT) is coercive, i.e., limpy, 1o V(x) = +oo.
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In [24], Zhang, Xu and Zhang also investigated the bound and ground states for nonhomogeneous
Choquard equation under the following assumption.

(A2) V e C(RN,R*),infynV > 0, and there exists a positive constant 7 such that, for any M > 0,
meas{x e RN :|x - y|§ r, V(x) <M} —=0as |y|—> +00, where meas stands for the Lebesgue measure.

In [38], Shen, Gao and Yang considered a class of critical nonhomogeneous Choquard equation

-~ |”(3/)|q* )
| [, Pt g0, xen

where Q is a smooth bounded domain of RY, 0 in interior of Q, A € R, 0 < g <N, N2>7,
g« = (2N — u)/ (N - 2) is the upper critical exponent. By applying variational methods, they obtain
the existence of multiple solutions for the above problem when A € (0,A;), where A; is the first
eigenvalue of —A. Other related results about non-homogeneous Choquard equation can be found
in [1,29,33,39-43] and the references therein.

Our work is motivated by the above work [23,37,41,44] where authors used the structure of
associated Nehari manifold to obtain the multiplicity of solutions for the studied problems. Concerning
the nonhomogeneous problem, Wang [41] dealt with the problem (1) in the case p =2,V = 1 and
obtained the multiple solutions of problem (1). In this paper, we investigate the nonhomogeneous
problem (1) in case of 2 < p < N and extend the results in the literatures [23,24,41,44]. The used
approach of our paper comes from the literatures [23,24,41]. However, owe to dealing with p-Laplacian
and nonlocal terms the calculation of our problem will be more complicated.

Before giving our main results, we need the following function spaces. W!#(RN) is the usual
Sobolev space with norm

P
P = \Y d
ull; L (vuly + 1l )dx

and L' (RN), for 1 < r < oo denotes the Lebesgue space with the norm

r 1/r
||M||r:(f Iuldx) Lif1<r<oo
%N

In what follows, we consider the following Banach space

Ey = {u e WWP(RN) f V(x)|ufdx < +oo}
RN

endowed with the inner product and norm

p-2 14
(u,v) = f IVulp’2Vqudx+f [ul  wodx,|lullf = f (IVu| + V(x)uPdx
RN RN RN

Throughout this paper, we assume the following condition on the function V.

(Ap) V e C(RN,R), infeqnV(x) > 0 and there exists a constant M > 0 such that
meus{x e RN V(x) < M} < oo, where meas is the Lebesgue measure.

Now we recall the well-known embedding results in [45] (Lemma 2.1).

Lemma 1. The following statements hold.
(i) There exists a continuous embedding from W (RN) into L"(RN) for any r € [p, p*).
(ii) Under the condition (Ag) on V, the embedding from Ey into L(RN) is compact for any r € [p,p*).

Denote S, be the best constant of the embedding from Ey into L' (RN) as

[ul, < Sellull, Yu e Ey
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To obtain our result, we make the following assumption on perturbation term g:
2N,

q
(G). The perturbation function g € L2+ (RN), ¢ is nonzero, and there is a positive constant

a=a(N,p,q,u,8S 2 ), such that 'g' g <a.
N-a N(G-1) T4
Obviously, if g = 0, then we always get a solution for problem (1) that is the trivial solution. Now,

the main result of this article reads as follows.

Theorem 1. Suppose (Ag),g =0, and (G) hold. Then problem (1) admits two weak solutions. One of which is
a local minimum solution with the ground state energy, and another is bound state solution. In additional, if
g > 0 then the two weak solutions are nonnegative.

This paper is organized as follows. In Section 2, we introduce the variational setting for problem
(1) and give some related preliminaries. In Section 3, we study the Palais-Smale sequences and the
minimization problems. Finally, we give the proof of Theorem 1 in Section 4.

2. Variational Setting and Fibering Map Analysis

This section is devoted to stating the variational setting and giving some lemmas which
will be used as tools to prove our main results. The key inequality is the following classical
Hardy-Littlewood-Sobolev inequality [3].

Lemma 2. (Hardy-Littlewood-Sobolev inequality [3]). Lett,s >1,and 0 < p < Nwithu/N+1/s+1/t =2
, f e LY (RN) and g € L3(RN). Then there exists a constant C(N, t, u,s) independent of f, g such that

LN LN |x - yi dxdy < CIN g 9)| e gl

By the Hardy-Littlewood-Sobolev inequality we have that

f f (G211 1C7)
wyJry - yff

is well defined if |u|q € LY(RYN) for some t > 1 satisfying

ho2_
N + =2
For we will be working in the space W17 (RN), by Sobolev embedding theorem we obtain that

gt € [p,p*], where p* = Np/(N —p); that is

P Pl By _p(2N-p
22N =1=30 N)_2(N—p)
Define N
,_E _ﬁ u _E — U
qr:=5(2- ) andg *z(N_p)

Therefore, q; and g are called as lower and upper critical exponents in the sense of the
Hardy-Littlewood-Sobolev inequality. We constrain our discussion only when g € (g;,4") We define
the energy functional corresponding to problem (1) as

1 x)|q|u
I(u) = - (IVul + v (x |M| x— — T d xdy — g(x)udx,u € Ey
pJRN RNJRN [x—y] RN
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By the condition (G), Hardy-Littlewood-Sobolev inequality and Sobolev inequality, we have

f f [ dxdy < C(N, ) |u’7| 2 < C(N, 1)S™, IlulP 6)
RN JrN |‘ N
and
f g(x)udx < |g| ZNq |u| 2Ng |g| g S ang ul] 7)
WN-T)+u  2N-u N-T)+u 2N-p

foranyu? e L'(RN),7 > 1,u € (0,N)and g < g < ¢*, g € LZNW*U*H (RN). Therefore, one knows that I is
well defined and I(u) € C2(Ey, R) and its critical points are weak solutions of problem (1). Moreover,

(I (u),0) = f (IVulP~2VuVo + V (x)|ulP ~2uv)dx
GRN

u() M ()20 (x) o (x
‘fwfw' Wl L)_Iy'p 0 iy [ stayote

for all v € Ey. Thus, we will constrain our functional I on the Nehari manifold

={ueEy :{I'(u),uy=0}

Clearly, every nontrivial weak solution of problem (1) belongs to A. Denote ¥ (1) = (I’ (), 1), so

we can see that
(I (), 1y = Ilull’ - f f H”y dxdy — f g(x)u(x)dx
RN |x y| RN

‘7
¥ () ) = plu? =24 [ L ) |x yl“ WMl [}, st

Notice that, if ug is a local minimum solution of the functional I, one has

and

(I'(u0), 10) =0, (¥ (1) ,10) 20
Thus, we can subdivide the Nehari manifold A into three parts as follows:
At ={ue A: (¥ (u),u) >0}
A ={ueA: (¥ (u),u)<0}
AV ={ue A: (¥ (u),u) =0}

Clearly, only A" contains the element 0. It is easy to see that A° U AT and A’ U A~ are closed
subsets of Ey. In the due course of this paper, we will subsequently give reason to divide the set A into
above three subsets.

For the convenience of calculations, for u € Ey, we denote

A::A(u):f (IVulP~ 'V + V(@) ulf " u)dx = [[ull’
‘RN

q
M_LNJ‘};N |x y|“ dxdy
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C:=Cu) = - g(x)udx

For u € Ey, we define the fibering map ¢ : (0, +c) — R as

() == I(tu) = %t” - Z%tzq -Ct, t>0 ®)
From (8) we have
v (t
¢'(t) = %(I’(tu),tu) = % = A1 _BPl_C ©)

which implies that u € A if and only if ¢’ (1) = 0. It is easy to see that tu € A with t > 0 if and only if
@’ (t) =0,ie, A= {ueEy:¢'(t) = 0}. Moreover,

gy = T IO _ (3 aw2 (g 1) (10

which implies that for u € A, (¥’ (tu), tu) > 0 or < 0if and only if ¢” (t) > 0 or < 0, respectively. That is
to say, from the sign of ¢” (t) the stationary points of ¢(t) can be divided into three types, namely local
minimum, local maximum, and turning point. Thus, A* and A can also be written as

At ={tueA:¢"(t)>0 or <0},and A® = {ue A:¢"(t) =0}

Lemma 3. Assume that g = 0 and satisfies (G). Then for any u € Ey\{0}, there exists a unique t; = t1(u) >0
such that tyu € A™. In particular,
1A T @a-p)
t > u =ty
(29—1)B

and I(tyu) = maxgsol (tu) for fw, gudx < 0.

Moreover, if f‘RN gudx > 0, then there exist unique 0 < tp = tp(u) < t3 = t3(u) such that tou € A™.
In particular, I(t3u) = maxgss, I(tu), I(fu) = Orgi<rt1 I(tu).
<t<ty

Proof. Set k(t) = At~1 — B£2171 then ¢’ (t) = k(t) — C and k' (t) = ¢” (t) Obviously, lim,_+k(t) = 0,
limy—, 1 ok(t) = —oco and k(t) > 0 for t > 0 sufficiently small. Due to 2q > p, if k’(t)) = 0, then
_ 1/(29-p)
to = (((é’q_ll))g) ey . Thus, we have k' (t) > 0 for t € (0,t), and k’(t) < 0 for t € (ty, +0).
In the case C = fRN g(x)udx <0, there exists a unique #; with t; > tg such that k(t;) = f%N gqudx
and k' (1) < 0. Therefore,

<I/(t1u), tlu) = At¥ - Btlzq -Cty =1 (Atlp_l - Bt12q—1 - C) =1 (k(tl) - C) =0
This implies t;u € A. Moreover,
(¥ (), iy = Apt) —2Bgt3" — Ct = (p—1)AF, — (29 - 1)BE" = £K (1) <0

which implies that t1u € A™, and I(t11) = maxgol (tu).
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In the case C = f‘RN g(x)udx > 0, for any u € Eq, where E; = {u € Ey : |[u|| = 1}. By the assumption
T TN p-1 1/ (23-p)
(G) and ty = to(u) = (—(Zq—l)E(u)) , we have

’ _ _ ‘771 _
I{E})X(P() Z(P(O)_ 0 Bt() C

an

- |g| 2Ng S 2Ng
(29-1) 2177 By 297 2N(g-1)+u 2N-g
> (a~g]_ang )Sang >0

N@G-1)+u  2N-@

where

p-1

—1)27 (29 —
Bg = sup f f | | (yy dxdy, anda = a(N,p,q,14,S g ) := (v 21 (,,q p)
Nl = Fx -y e (2—1)57PBy% 7S oy

N-q

From (27), we have for u € Eq,

limk(t) =0 <f g(x)udx <|g| Nq S ZNq [Ju]| = |g| wg Song < k(to)
W17

t—0+ N(-1)tu 2N-g

Hence, there exist unique 0 < t, = (1) < fo < t3 = t3(u) such that
k(t2) = f g(x)udx = k(t3) and k' (t3) < 0 < k’(t2)
RN

Consequently, fou € AT and tzu € A™ It is easy to see that %I(tu) =¢'(t)=0fort=tort =t
and ¢” (t) > 0fort € (0,f9) and @ (t) < 0fort € (ty, +0). ThenI(tzu) = rtr;ztixl(tu),l(tzu) = Orr}ir}l(tu).
>ty <t<t3
This proof is completed. O

Lemma 4. For g = 0, the condition (G) is satisfied, then Al = {0}.
Proof. To prove A° = {0}, we need to show that for Tany u € Ev\{ }, the fibering map ¢(t) has no critical

point that is a turning point. For any u € A~ set U= u(||u||) ,thenu € E;. By the proof of Lemma 3,
p-1 1/ (2p)

k(t) has a unique global maximum point fy = (W) ,and
iy @a-pf  p-1 |

k(to) = =k

)= %=1 | r-18@ !

According to (8)—(10), we deduce that if 0 < C(u1) < ko, the equation ¢’ (t) = 0 has exactly two
roots fy, t; satisfying 0 < #; < fy < f, and if C(u) <0, ¢’(t) = 0 has only one point f3 such that f3 > f,.
Since ¢ (t) = K'(t), we have ¢” (£;) > 0, ¢” (£2) < 0 and ¢” (3) < 0. Hence, if 0 < C(ut) < ko, then
hie AT, biie A~ and if C(i) < 0, then f311 € A™. This implies A* N {u € Ey : € E1,0 < C(u) <ko} #
@and AN {ueEy: uekEy,C(u) <0} # @. As a consequence, we infer that A* are nonempty. It is
easy to see that for any sign of C(u), critical point of the fibering map ¢(#) is either a point of local
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maximum or local minimum which implies AY = {0}. Therefore, it remains to show that kg > C(u). By
the condition (G) and Lemma 3 we have

ko — C(it) = k(ko) - C(@) =B ' —B@1y ' —C(@) >0
This completes the proof. O
Lemma 5. Assume the condition (G) holds, then A~ is closed.

Proof. Let cI(A™) denote the closure of A™. Due to cI(A™) € A~ U {0}, it is sufficient to prove that
0 ¢ cl(A7) or equivalently the distance dist(1, A7) > 0. Set u € A~ and denote u = u(llull)_l, then
1 € E1. Under the assumption (G) and the proof of Lemma 4, one has

-1
-1 —2g-1__ p-1 2-p p-1 Wr 29-p p—1 v

em <% -0 || 20| - ] .

Moreover, we have that if C(i) < 0 then ¢’(t) = 0 has only one point t3 > fj such that f3u € A™.
Then we have 31 = u with ||u||7 t3 > fy. Also, if 0 < C(i1) < ko, the equation ¢’ (t) = 0 has exactly
two roots f1,t, with 0 < #; < fg < t, such that ;1 € AT and fi € A~. Hence, we have ti = u and
Hqu ty > fy. Ina word, for any u € A~, we get ||u||> to. By (7) we know that B(u) is bounded from
above. It follows from definition of ¢, that

5= [ p-1 ]l/(2q—p> N [ p_1~ }1/(2%;7) - W
(29-1)B(u) "1 (29-1)By

ﬂ
d d
H“H 1fRN f‘RN lx yl” g

which implies that dist(u, A™) = inf, . A—”uHZ 7> 0. Hence cI(A”) = A™ and this proves the Lemma.
(]

where

Lemma 6. Assume (Ag) and (G) hold. Then the functional I(u) is coercive and bounded below on A Thus I(u)
is bounded below on A" and A~

Proof. Let u € A, from (I’(u), u) = 0 and (7) we derive that

‘7
I(u) f‘RN (IVul + V(x)lul’) f‘RNf‘RN |x| lyul“ dxdy — fRNg x)udx
1 I;A() ) -t "
f(,;—z,)A() o) Jxw g (x)uddx
> Tl - 2= |g| S
IN(g-1)+p 2N-p

2Ng_
where S ay; denotes the best constant of the embedding from Ey into LZ-# (RN). It is to see that I is
2N-u

coercive and bounded below in the manifold A. This completes the proof. O

3. Minimization Problems and Palais-Smale Analysis

According to Lemma 6, we can define the following two minimization problems:

i lnfueA ( ) (15)
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it i=1inf,\+I(u) (16)

Clearly, if the infimum of (15) and (16) are achieved, then we can show that they produce a weak
solution of our problem (1).

Lemma 7. If u is a local minimizers of I on A™ and A~ respectively, then I (u) = 0.

Proof. If u is a local minimizers of I on A*, then V(I|N1)(u) = 0. Using Theorem 4.1.1 of [46] we infer
that there exists Lagrangian multiplier A € R such that

(I (), u) = ACY (), u)

Since u € A*, (I'(1),uy = 0 and (¥ (), u) # 0. This implies A = 0. Thus u is a nontrivial weak
solution of our problem (1). O

By Lemma 6 we know that the problem of investigating solutions of problem (1) can be translated
into that of studying minimizers of (15) and (16).

Lemma 8. Assume (Ag) and (G) are satisfied. Then the functional I(u) satisfies (PS)c condition with c € R.
That is, if {u,} is a sequence in Ey satisfying

I(uy) — c and I'(uy) - 0, asn — +oo 17)
for some ¢ € R, then {u,} possesses a convergent subsequence.

Proof. If {u,} be a sequence in Ey satisfies (17), then similar to Lemma 6 we get that 1, is bounded in
Ey. Since Ey is reflexive Banach space, up to a subsequence, we may assume that 1, weakly converges
to u in Ey. By using compact embedding of Ey in L' (RN) for r € [p, p*), uy strongly converges to u in
L"(RN). Since g € (g;,4*) and p < % < p*, it follows from Hardy-Littlewood-Sobolev inequality that

-2
u u Up\X) | Up(X)—
f f Jtn ()"t ()| APM) 4O < v, e =2y 0
RN JRN |x y| N N-p

as n — oo. Then, we also get

f f 'u” |u” | X)litn (x) ~ u(x)] dxdy — 0, n— o
RN JRN v - y|”

o(1) = (I’ (utn) = I'(u), ty — 1)
1y (|| GO 100 () [0 () =10 (x
= |lun _u”p_f‘KN f‘}{N [1tn ()" Jt1n ( )llt yl( ) [t ()= (. )]dxdy

u q-2
+I‘RN f%N ()| (x)] - y?*)[un x)- ]dxdy

:Hun - u| p+o(1)

Thus

which implies that u, — u in Ey and consequently ends the proof. O
The following result is an observation regarding the minimizers of A* and A™.

Lemma 9. Assume (Ao) and (G) are satisfied. Then it < 0and i~ > 0.
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Proof. Let u € A, by the proof of Lemma 4 we have that if 0 < C(u) < ko corresponding to
Uu=u (”u”) e Ej, then ¢’ (t) = 0 has exactly two roots t1,f, such that 0 < f; < fy < f, and Fu € A™
and bt € A™. Since ¢’(t) = t'~1 - B(w)t?"1 — C(ut), we get that lim,_y+¢’(t) = —C(%) < 0 and
@ (t) > 0 for any t € (0,f). Due to #; is point of local minimum of ¢(t) and #; > 0, we have that
p(h) <lim_g+(t) = 0 and then it < I(hu) = () < 0. Moreover i := inf,caI(u) < inf,\+1(1) =
it <0.

Now we claim that i~ > 0. In fact, from (7) we know that B < My||u|[*?, where My = C(N, ‘u)qu

2Ng *
2N-p
This implies that there is a positive constant M; which is independent of u such that
(N1l 2/(29p) A29/(29-p) v 8
= >
Br/(29-p) Br/(2gp) =1 (18)

By the given assumption and (18) we discuss ¢(fo) corresponding to u as

2
P(to) = %Hu”ptg ~ 3:Bty! = Cto

_ /_\[ (p-1)A ]P/(zq—p) B ﬁ[ (r-1)A ]zq/(zq—p) —C[ (p_l)A]l/(Zq—p)
~orl(2g-1)B 27| (29-1)B 2-1)B
_ (29-p)(2q+p-1)  A20/C0p) (ﬂ)l/(zw) ~AV20p)
T 2pq(29-1) BP/21p) 271 B/
> (20-p)@qtp-1) A2/ Qap)
- ( 2};1@[1*1) ) BP/(2p)
2q-p)(2q+p-1
> ZP)2atp=l) ap.— ML
z2 gy Mii=M

where the positive constant M. is independent of u. Hence,
im = infyepyoymax{I(u)} = inf,ep\ 0@ (to) = M. > 0.
This completes the proof. O

Now we study the nature of minimizing sequences for the functional I(u). Using the idea of [44]
to obtain a (PS);+ sequence from the minimization sequence of our problem (1). The following lemma
is a consequence of Lemma 4.

Lemma 10. Assume (Ag) and (G) hold. Then for u € A, there exists a constant p > 0 and a differentiable
function n+ : B(0,p) — R := (0, +00) such that n(0) = 1, n+ (w) (u—w) € AT, and
(™)' (0), wy = M* [pf%N (IVuP~2VuVw + V(x)|ulP~uw)dx

1y () [1°2
_Z’JI%N fwl et luﬁi)_ly—|uu<x>zu(X) dxdy - f%N gwdx]

(19)

for any w € B(0,p), where B(0,p) denotes the ball centered at 0 with radius p, and M* =
[(p = DllalP = (29 = 1)B(w)] ™"
Proof. Fixing a function u € AT, we define a C! mapping @ : R x Ey — R as follows

—w 1 u—w)lx 1
q’(f,w)=t"”1llu—wll”—t2‘7’1LN fw 0 )(|yx)|—|3(/|“ @) dxdy—LNg(x)(u—W)dx

Notice that ®(1,0) = (I'(u), u) = 0. Moreover

O(10) = AP =217 1B—C = ¢/ (1)
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where ¢ is the fibering map defined in (8). Since u € A", we have ¢”(1) > 0, and then so
®;(1,0) = ¢” (1) # 0. By Applying the implicit function theorem at point (1,0), we get that there is
p = p(u) > 0 and a differentiable function n* : B(0,p) —» R such that n™(0) =1, n* (w)(u—w) € A
for any w € B(0, p), and

(Pw(1,0),w)

'y O = =5

Now we only show that n* (w) (u —w) € A™ for any w € B(0, p). In fact, from Lemma 5 it follows
that A~ U A" is closed, then the distance dist(1, A~ U A®) > 0. Since the function ™t (w)(u — w) is
continuous with respect to w, taking p = p(u) > 0 sufficiently small, such that

™ (w)(u—w) —ul| < idist(u, A~ UAY),Yw e B(0,p)

Then it (w) (u — w) does not belong to A~ U A®. Thus n*(w)(u —w) € AT. Finally, (19) can be
obtained by direct differentiating ®(w, " (w)) = 0 with respect to w.
This completes the proof. O

To derive a sequence (PS);- from the minimizing sequence of our problem (1), similar to Lemma
10 we can obtain the following proposition.

Proposition 1. If (Ag) and (G) are satisfied. Then for u € A~, there exists a constant p > 0 and a differentiable
function n~ : B(0, p) = R such that 17(0) =1, n~ (w)(u—w) € A~, and

(™) (0),w M*[pfw\, (IVulP~2VuVw + V (x)|ul ~2uw)dx
)7 2u(x)

i
—2qf f‘R Wlx—yl,td dy — f%Ngwdx

forany w € B(0, p), and M* = [(p — DllullP — (29 - 1)B(u)] ™",

Lemma 11. If (Ag) and (G) are satisfied. There exists a positive constant M such that

20-p)(p-1) 2pg—29-p)(2q -
(2 Z})jép )9,,€1Si:infueAI(u)s_(Pq q-p)2q9-p)

yoe ‘M (20)

where 6 = gl g S g
Zq p| |2Nq 0 2N-s

Proof. For any u € A, According to (13) one has

2-1 (29-p)(p=1) .y
I(u) > P — S g > 01
() 2 zpq Ll oy 18l 2 S 2l 201
Thus,
is 2a=p)p=1) oo

2pq
On the other hand, set 19 € A be the unique solution of the following equation

—Apu+V(x |u|p w=g(x), VxeRN
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Due to g # 0, f%” g(x)updx = |lugllP > 0. Then by Lemma 4, there exists t; > 0 such that
tiug € AT. Therefore,
I(tytg) = SLlolP e} + 22 7B (o)
<L ”||uo||r’t”+”<2" i t”nu P

2pg-2q—p) (2
_ (2pg- qn)(taptp”u P <0
4p?

Choose M = t’lj ||u0||p we obtain the result. O

Lemma 12. If (Ag) and (G) are satisfied, then there exists a sequence {u,} C AT such that 1(u,) — it and
I'(up) = 0as n— oco.

Proof. From Lemma 6, we already show that I is bounded from below on A, and A" U {0} is closed in
A. Obviously Ekeland’s variational principle (see [44]) applies to the minimization problem (16). It
admits a minimizing sequence {i,} ¢ A" such that

(i) I(1n) < inf,ep+ 0 {(#)} + £, and

(i) I(w) > I(up) — %“w—u,1 ,

Then by (i) we have

U {0}

2
I(u) = qp I nw’-—f gl undx<1+— @1)

for n large enough. This together with Lemma 11 shows
(2pg—2q-p)(29—p)
X)ipdx > M>0 (22)
fw 80xJun 2p9(29-1)

which implies u,, # 0 for any n. By Lemma 4, we know i < inf,_,+I(1) =i" < 0. Notice that I(0) = 0,
then inf, .+, {I(1)} = i*. Hence I(u,) — i* as n — oo, and we can assume that u, € A*. Then
[[unllP = B(ut) + C(uy). Furthermore, we deduce from (13) and (i) that

. 1
1++;21(Hn)_ || p-2t Igl g S g [l (23)

N(g-1)+p 2N-p

which implies that {1} is bounded. Now we claim that inf,||u||> & > 0 for some constant &. In fact, if
not, by (23), I(u,) — 0, as n — oo. Using (23) which is a contradiction to first assertion. Therefore,
there exist positive constants &, > &1 such that

& S lunll < &2 (24)

Now to finish the proof, we only need to show that I’ (11,) — 0,as n — co. By Lemma 10, for each
n, we get a differentiable function 1, : B(0,&) — R for ¢ > 0 as follows

Ny (0) :=n,t (Ohy),~e <6< e

where hy, 2 M According to Lemma 10, we get 1,7 (0) = 1, and

I (u,
=
ws := ;¥ (0) [un — Ohy) € AT

By Taylor’s expansion and (ii), since ws € AT we have

Hleeo = a2 1) = 1(205)
= (1= ()1 (o), n) + 0y (OI' (@), ) +0(([e05 = )
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which implies
(54 01)) ko = el = (1= (6)]I (), )+ 0 ()T (w0), ) 5)
Dividing (25) by ¢ for 6 # 0 and passing to the limit as 6 — 0, we obtain
(5 (1)) 1+ ) (O) ) 2 =35 ) (O () + I ) (26)
Since u, € AY, it follows from (26) that
I el < (5 +0(1) (1 + 1) )] ) @)

From (24) we know that u, is bounded. Then it remains to prove that |(17;,*' )’(O)| is uniformly
bounded with respect to n. In fact, according to the definition of r],f and Lemma 5, we have

<(T]1:r)l(0)/ hy) = m[pﬁ}@, (|Vlln|p_2VMthn + V(x)lunlp_zunhn)dx

n i n -2 n(%)hn
—qu‘RN f«RN Jun () s |(;)_|y|ﬂu ()l x) dxdy—f‘}w Shydx]

(28)

By the boundedness of u;, and (28), we say that there exists a constant A such that

A

) 0)] = (1) (0), hy
|(17 ) )| K(’T )'(©) > = (p—l)“unup_(2‘7_1)3(”11)

Therefore, it remains to show that x(u,) := (p— 1)||un||p —(29-1)B(u,) possesses a positive
lower bound.
To prove the existence of positive lower bound of x(u,), passing to a subsequence, we assume

X(un) = (p = DllunllP = (29 = 1)B(uy) = 0(1),n = oo (29)

Since u, € AT, we obtain
sl = B(utn) = Clun)

This along with (29) gives

20—
Clun) = =5l +0(1) (30)

It follows from the condition (G) that there is a sufficiently small u > 0 such that |g| g <

2N(g=1)+u

(1 - p)a. Similarly to the proof of (12), we have

2q-p p-1 2-p
< 357507 ) o

for any u € E;. Therefore, by the principle of homogeneity,

=1
2q-p o) _ Clun) _ 217—10(1_1)( (p = Dlluall )ZW
2q-1 ([P [[2tn P 2q-1 (Zq—l)B(un)

(32)
If ||uy|l — 0, then similar to (7) one has C(u,) — 0. Therefore

. 1 29-p 2q-1
-+ _ / — | — N
it +0,(1) =I(un) 2‘7<I (tn), un) 2 (el 2q C(un) 0
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which is a contradiction with i* < 0. Thus |[u,|| = 0, as n — oo. Consequently, from (30)-(32) we can
deduce that ) )
q-—pP _<9-P
L S B Sy
el v LU D
which is a contradiction. Therefore, we conclude that I’ (1,) — 0, as n — co. The proof is completed.
o

Proposition 2. Under assumptions (Ag) and (G), there exists a sequence {il,} C A~ such that I(il,) — i~
and I (i) = 0 as n — oo.

Proof. By Lemma 5 we know that A~ is closed. Thus, by Ekeland’s variational principle on A~ we get
a sequence {il,} C A~ such that

(iii) I(11,) < inf,ep-{1(u)} + 1, and (iv) I(w) > I(0,) - L||w — 1|, Voo € A~

From (24) we know that i, is bounded. By coercivity of I, {il,,} forms a bounded sequence in A.
Moreover, from Lemma 5 we know that inf, - ”u”z T > 0, which implies that A~ stays away from

the origin. Then using Proposition 1 and following the proof of Lemma 12 we conclude the result. O

4. The Proof of Theorem 1
In this section, we show that the minimums are achieved for i" and i~, and also give the proof of

Theorem 1.

Proposition 3. Assume g # 0, (Ao) and (G) are satisfied. Then i can be achieved at point u. € A, which is a
weak solution of problem (1). Moreover, u. € AT and u. is a local minimum for I on Ey.

Proof. By Lemma 8, there exists a sequence {u,} C A such that I(u,) — i and I’(1,) — 0 as n — co.
Set 1, be the weak limit of the sequence {u,} on Ey, then u,, € A satisfies (22) we get

j‘};N g(X)u(x)dx >0 (33)
On the other hand, I’(11,) — 0 as n — oo implies that
(I'(u.),v) =0, forevery v € A
i.e., u, is a weak solution of problem (1). In particular, u. € A, and
i<I(u.) < ngrfminf{l(un)} =i

This implies that u. is the minimum of I over Ey.

For u, € A be such thati = I(.), using Lemma 9 we have I(1.) < 0. Then we get u. # 0. Therefore
u. is a nontrivial weak solution of problem (1). Since (33) holds, applying Lemma 4 we see that there
exist t1,t > 0 such that u; := tju. € AT and thu, € A~. We claim thatty = 1ie,u, € AT. If 1 <1,
then #, = 1 which means u. € A~. Now I(#u.) < I(u.) = i < 0 which is a contradiction with tju, € A™.

Next we will prove that u. is also a local minimum of I on Ey. Obviously, for any u € A with
C(u) > 0 we can deduce that

I(tyu) < I(tu) for any t € (0, t)

—1)A 1/ (29-p) — | . .
where tg = (((54—_11);;}) , t is corresponding to u. Moreover, if 1 = u. then

— N ~“DA(w,) 1/ @ap)
1<y [
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Taking p > 0 small enough so that

1/(2

q-p)
Jll< o 69

Loty [ 2= DAG )
1 —

(29 - 1)B(1t. —w)

Thus, it follows from Lemma 10 that there exists a differentiable map " : B(0,p) — R such
that n+ (w) (u. —w) € A™ for ||w||< p small. Then for any t € (0, f,) we have

1(E(ue — w)) = I(n™ (w) (1 — w)) > I(1) (35)

Since (34) holds, taking f = 1 in (35) we get I(1.) < I(1, — w) for ||w||< p, which implies that 1. is
a local minimum of I on Ey. The proof is completed. O

Proof of Theorem 1. Firstly, we deal with the minimization problem (16). According to Proposition
3, we only need to show that there exist a nonnegative solution on AT if g>0. Assume g > 0, from
u.|) and C(u.) < C(|u.|). Moreover, it follows
from the proof of Lemma 4 that there exists t; > 0 such that #;|u.|e AT and f|u.]> 0. If @u(t) denotes
the fibering map corresponding to u € Ey as introduced in Section 2, we have ¢’} (1) < ¢’, (1) =0.

the proof of Lemma 3, it is easy to see that B(u.) = B(

Usx

Since t; is the point of local minimum of ¢y, (t) for t € (0, fo(|u.|)), where

Uy

(p-DA(Ju]) T/
]

(29 -1)B(

U

to(lud) = [

and f; > 1. Consequently, we have that I(#;|u.|) < I(|u.|). Then

it < I(tl

) <I(

Uy ) < I(w) =it

This means that t;]u.| solves the minimization problem (16). Therefore, we find a nonnegative
solution for problem (1) using the maximum principle.

Now we show that the infimum i~ is achieved and the minimizer is second weak solution of
problem (1). Consider the minimization problem (15). From Proposition 2, we know that there exists a
sequence {21} C A~ such that I(41,) — i~ and I’(il,) — 0 as n — co. By Lemma 4, we get that there
exists 1. € cl(A”) = A~ such that (i) = i, I’ (1.) = 0. Therefore, Lemma 7 implies that u, is a weak
solution of problem (1). In addition, if g > 0, it follows from the proof of Lemma 4 and Proposition 1

that there exists t, > 0 such that t,|u.|e A™. Let
1 1/(2g-p)
i) (p—l)A(w)} i
o) = | ————=1-
(29 -1)B(Ju|)

then since u, € A~, taking account of the graph of the fibering map corresponding to i, we can
deduce that

im < I(tz A

) < (1T < maxgsy (7)) = (@) = i

This means that t|i.| solves the minimization problem (15) and then we know that it is a
nonnegative weak solution of problem (1) using the maximum principle again. Due to ATNA =2
and Lemma 9 shows that i* < i~, then u. # u.. This ends the proof. O

5. Conclusions
In this work, we study a class of nonhomogeneous Choquard equations with perturbation

involving p-Laplacian. We give sufficient conditions of the existence of at least two nontrivial solutions
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for problems (1). Next it is worth investigating infinitely many solutions for nonhomogeneous
Choquard equations involving p-Laplacian.
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1. Introduction

Let (W, p) be a metric space. For each 2 € W and any nonempty subset M of W, let
,M) = inf p(a,b).
p(a, M) = inf p(a,b)

Denote by N (W), the family of all nonempty subsets of W, and by CB(W), the class of all
nonempty closed and bounded subsets of W. A function  : CB(W) x CB(W) — [0, +c0) defined by

aeD aeC

H(C,D) = max {sup p(a,C),supp(a,D)}

is said to be the Hausdorff metric on CB(W) induced by the metric p on W. A point z in W is a
fixed point of a mapping T if z = Tz (when T : W — W is a single-valued mapping) or z € Tz
(when T : W — N (W) is a multivalued mapping). The set of fixed points of T is denoted by F(T).

Fixed point theory is a fascinating mathematical theory that has a wide range of applications
in many areas of mathematics, including nonlinear analysis, optimization, variational inequality
problems, integral and differential equations and inclusions, critical point theory, nonsmooth analysis,
dynamic system theory, control theory, economics, game theory, finance mathematics and so on.
The famous Banach contraction principle [1] is undoubtedly one of the most important and applicable
fixed point theorems which has played a significant role in nonlinear analysis and applied mathematical
analysis. Many authors have devoted their attentions to study generalizations in various different
directions of the Banach contraction principle; see, e.g., [2-23] and references therein.

Mathematics 2019, 7, 1224; doi:10.3390 /math7121224 79 www.mdpi.com/journal /mathematics
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Theorem 1. (Banach [1]) Let (W, p ) be a complete metric space and T:-W— W be a selfmapping. Assume that
there exists a nonnegative number A < 1 such that

o(Ta, Tb) < Ap(a,b) foralla,b € W.
Then T has a unique fixed point in W.

Nadler’s fixed point theorem [21] was established in 1969 to extend the Banach contraction
principle for multivalued mappings.

Theorem 2. (Nadler [21]) Let (W, p ) be a complete metric space and T : W — CB(W) be a multivalued
mapping. Suppose that there exists a nonnegative number A < 1 such that

H(Ta, Tb) < Ap(a,b) foralla,b € W.
Then T has a fixed point in W.

Later, in 1989, Mizoguchi and Takahashi [20] presented a celebrated generalization of
Nadler’s fixed point theorem. In 2008, Suzuki gave an example [22] (Example 1) to show that
Mizoguchi-Takahashi’s fixed point theorem is a real generalization of Nadler’s fixed point theorem.

Theorem 3. (MizoguchiandTakahashi [20]) Let (W, p) be a complete metric space and T : W — CB(W) be
a multivalued mapping. Assume that

H(Ta, Tb) < u(p(a,b))p(a,b) foralla,b e W,

where p: [0,4+00) — [0,1) is an MT -function; that is, u satisfies limsup p(x) < 1 for all s € [0, +o0).
x—st

Then T has a fixed point in W.

A number of generalizations of Mizoguchi-Takahashi’s fixed point theorem were studied;
see [2,4,8-13,15,16] and references therein. In 2016, Du and Hung [10] established the following
generalized Mizoguchi-Takahashi’s fixed point theorem.

Theorem 4. (Du and Hung [10]) Let (W, p) be a complete metric space, T : W — CB(W) be a multivalued
mapping and y : [0, 4+c0) — [0, 1) be an MT -function. Suppose that

min{H (Ta, Tb),p(a, Ta)} < u(p(a,b))p(a,b) foralla,b € W witha # b.
Then T admits a fixed point in W.

Theorem 4 is different from known generalizations in the existing literature and was illustrated
by [7] (Example A) in which Mizoguchi-Takahashi’s fixed point theorem is not applicable.

In this paper, we establish some new generalizations of Mizoguchi-Takahashi’s fixed point
theorem which also improve and extend Du-Hung's fixed point theorem. Some new examples
illustrating our results are also given. By applying our new results, we obtained some new fixed point
theorems for essential distances and e’-metrics.

2. Preliminaries

Let (W, p) be a metric space. A real valued function f : W — R is called lower semicontinuous if
{x € W: f(x) < r}isclosed for any r € R. Recall that a function ¥ : W x W — [0, +o0) is called a
w-distance [14,18], if the following are satisfied:
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(wl) «(a,c) <x(a,b)+x(bc)foranya,b,ceW;
(w2) Foranya e W,«(a,-): W — [0,+00) is lower semicontinuous;
(w3) For any & > 0, there exists 6 > 0 such that x(c,a) < é and x(c,b) < ¢ imply p(a,b) < .

A function k : W x W — [0, +00) is said to be a t-function [2,3,6,8,9,17,19], if the following
conditions hold:

(t1) x(a,c) <x(a,b)+x(b,c)foranya,b,c € W;

(t2) Ifa € Wand {b,} in W with lim,,_,c b, = b such that x(a,b,) < B for some p = B(a) > 0,
then x(a,b) < B;

(t3)  For any sequence {a, } in W with limsup, _,  {x(ay,ay) : m > n} = 0, if there exists a sequence
{bu} in X such that lim, ;e % (ay, by) = 0, then limy, 0 p(ay, by) = 0;

(t4) Fora,b,c € W,k(a,b) =0and x(a,c) = 0imply b = c.

It is obvious that the metric p is a w-distance and any w-distance is a T-function, but the converse
is not true; see [2,17] for more details.
The following result is useful in our proofs.

Lemma 1. (See [6] (Lemma 1.1).) If condition (T4) is weakened to the following condition (t4)" :
(t4)"  foranya € Wwithx(a,a) =0, ifx(a,b) = 0and x(a,c) =0, thenb = ¢,
then (3) implies (T4)’.

In 2016, Du [6] introduced the concept of essential distance; see also [8].

Definition 1. (See [6] (Definition 1.2).) Let (W, d) be a metric space. A function x : W x W — [0, +00) is
called an essential distance (abbreviated as “e-distance”) if conditions (t1), (t2) and (t3) hold.

Remark 1.

(i) Clearly, any T-function is an e-distance.
(ii) By Lemma 1, we know that if x is an e-distance, then condition (t4)" holds.

The following known result is crucial in this paper.

Lemma 2. (See [3] (Lemma 2.1).) Let (W, p) be a metric space and k : W x W — [0, +o0) be a function.
Assume that x satisfies the condition (13). If a sequence {a, } in W with lgn sup{x(ay,an) :m>n} =0,
n—oo

then {ay} is a Cauchy sequence in W.
In 2016, Du introduced the concept of M T (A)-function [5] as follows (see also [7]).

Definition 2. Let A > 0. A function T : [0,+00) — [0,A) is said to be an MT (A)-function
[5] if limsup t(x) < A for all v € [0,+00). As usual, we simply write “MT-function” instead of
x—=yt

“MT (1)-function”.

A useful characterization theorem for MT (A)-functions was established by Du [5] in 2016
as follows.

Theorem 5. (See [5] (Theorem 2.4).) Let A > 0 and let T : [0, +-00) — [0, A) be a function. Then the following
statements are equivalent.

(1) Tisan MT(A)-function.
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(2)  Altisan MT -function.
(3) For each v € [0,4c0), there exists gf” € [0,A) and et(1> > 0 such that T(x) < Ct(l) forall x €

(v, +ef):
(4) For each v € [0,+00), there exists g;z) € [0,A) and et(2> > 0 such that T(x) < 552) forall x €
v +ef?).
(5) For each v € [0,+00), there exists 653) € [0,A) and EES) > 0 such that ©(x) < 553) forall x €
(v +e.
(6) For each iy € [0,+o0), there exists 554) € [0,A) and eg4> > 0 such that t(x) < 554) forall x €
4
vy +ei).
(7)  For any nonincreasing sequence { By }nen in [0, +00), we have 0 < sup T(B,) < A.
neN
(8)  For any strictly decreasing sequence { By }nen in [0, +00), we have 0 < sup T(B,) < A.
neN

(9)  For any eventually nonincreasing sequence { By} ,en (ie., there exists & € N such that B,1 < By for all

n € Nwithn > ) in [0, +00), we have 0 < sup T(B,) < A.
neN
(10)  For any eventually strictly decreasing sequence { B, }nen (i.e., there exists w € N such that B, 11 < B

foralln € Nwithn > a) in [0, +00), we have 0 < sup T(B,) < A.
neN

Let « be an e-distance on a metric space (W, p). For each a € W and any nonempty subset G of W,
we define k(a, G) by
,G) = inf x(a,b).
x(a,G) inf x(a,b)
The following Lemma is essentially proved in [2].

Lemma 3. (See [2] (Lemma 1.2).) Let G be a closed subset of a metric space (W, p) and x be a function
satisfying the condition (t3). Suppose that there exists ¢ € W such that x(c,c) = 0. Then x(c, G) = 0 if and
onlyifc € G.

Very recently, Du introduced and studied the concept of ¢”-distance [9].

Definition 3. (See [9] (Definition 1.3).)  Let (W, p) be a metric space. A function x : W x W — [0, +00)
is called an O-distance if it is an e-distance on W with x(a,a) = 0 foralla € W.

Remark 2. By applying Lemma 1, if k is an e-distance on W, then for a,b € W, x(a,b) = 0 <= a = b.

Example 1. Let W = R with the metric p(a,b) = |a — b|. Then (W, p) is a metric space. Define the function
K: W X W —[0,+c0) by
x(x,y) = max{9(x —y),5(y — x)}.

Therefore k is not a metric due to its asymmetry. It is easy to see that « is an e®-distance on W.

The following concept of e’-metric was studied by Du in [9] which generalizes the concept of
Hausdorff metric.

Definition 4. (See [9] (Definition 1.4).) Let (W, p) be a metric space and « be an e®~distance. For any E,
F € CB(W), define a function Dy : CB(W) x CB(W) — [0, +00) by

Dy(E,F) = max{¢«(E,F),&(F,E)},

where & (E, F) = sup,.p k(x, F), and then Dy is said to be the e>-metric on CB(W) induced by «.
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The following result presented in [9] (Theorem 1.3) is quite important in our proofs. Although its
proof is similar to the proof of [2] (Theorem 1.2), we give it here for the sake of completeness and the
readers convenience.

Theorem 6. (See [9] (Theorem 1.3).) Let (W, p) be a metric space and Dy be an e®-metric defined as in
Definition 4 on CB(W) induced by an e%-distance «. Then, for E,F,G € CB(W), the following hold:

(i) &(E,F)=0<=ECF;
(iii) Every e%-metric Dy is a metric on CB(W).

Proof. To see (i), if {x(E,F) = 0, then x(a,F) = 0 for all a € E. By Lemma 3, we get E C F. Conversely,
if E C F, by Lemma 3 again, we obtain {x(E,F) = 0 and (i) is proven. Fixa € Eand ¢ € G.
Then we have

x(a,F) <x(a,b) <x(a,c)+x(c,b) forallb € F,

which deduces
k(a,F) <x(a,c)+x(c,F).

So, for any a € E, we obtain
«(a, F) <inf{x(a,c) +x(c,F):c € G} <x(a,G)+ &(G,F).

Taking the supremum on both sides of the last inequality over all 2 € E, we can obtain (ii). Finally,
we verify (iii). Obviously, Dx(E, F) > 0 and Di(E, F) = Dy (F, E). By using (i), we have Dy (E,F) =0
<= E = F. Applying (ii), we have

Dy (E,F) = max{&«(E,F),&(F,E)}
S max{CK(E,G) + CK(G, F)/ (;{K(Fr G) + CK(GrE)}
< D«(E,G) + Dx(G, F).

These arguments show that Dy is a metric on CB(W). O

Definition 5. Let U be a nonempty subset of a metric space (W, p) and x be an e-distance on W. A multivalued

mapping T:U — N (W) is said to have the x-approximate fixed point property in U provided in{l i(a, Ta) = 0.
ae

In particular, if k = p, then T is said to have the approximate fixed point property in U.

Remark 3. Let U be a nonempty subset of a metric space (W,p) and T : U — N (W) be a multivalued
mapping. Clearly, F(T) N U # @ implies that T has the approximate fixed point property in U.

3. Main Results

In this section, we first prove a new generalized Mizoguchi-Takahashi’s fixed point theorem with
a new nonlinear condition.

Theorem 7. Let (W, p) be a metric space and Dy be an -metric on CB(W) induced by an e*-distance «.
Let T : W — CB(W) be a multivalued mapping and ¢ : [0, +00) — [0,1) be an MT -function. Assume that

k(a,x) <«x(x,a) forallae Tx 1)

and
min{ Dy (Tu, Tv), k(u, Tu)} < @(x(u,v))x(w,v) forallu,v € W with u # v. ()

Then, the following statements hold:
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(a)

(b)

(D1)
(D2)
(D3)
(D4)

(D5)

nlgigo ®(zn,2n-1) = nh_I};lo K(zn-1,2n) = 32}{{7((214/27171) = 32{11((271*11Z14) =0

T has the k-approximate fixed point property in W.

Moreover, if W is complete and T further satisfies one of the following conditions:

T is closed; that is, GrT = {(a,b) € W x W : b € Ta}, the graph of T, is closed in W x W;
The function f : W — R defined by f(a) = x(a, Ta) is lower semicontinuous;
The function g : W — R defined by g(a) = p(a, Ta) is lower semicontinuous;

For any zy € W, there exists a Cauchy sequence {z,}5_, in W started at zg satisfying z, € Tz,_q for
eachn € N and

For each sequence {z,} in W with z,11 € Tz, n € N and limy 0z, = w, we have

limy—ye0 K (2zpr, Tw) = 0;
inf{x(a,v) +x(a,Ta) :a € W} > 0 forevery v ¢ F(T),

then T admits a fixed point in W.

Proof. Let 7: [0, +c0) — [0,1) be defined by

T(x) = s (@(x)+1) forallx € [0, +00).

N =

Hence 0 < ¢(x) < 7(x) < 1forall x € [0,00). Given b € W. Take zg = b € W and choose

z1 € Tzg. If z1 = zg, then zy € F(T) and we are done. Otherwise, if z; # zg, then x(z1,z9) > 0 and we
obtain from (2) that

we get

min{Dx(Tz1, Tzo),x(z1, Tz1)} < @(x(z1,20))x(21,20) < T(%(21,20))%(21, 20)-

Since

(21, Tz1) < sup «(w, Tz1) < Dx(Tzo,Tz1) = Dx(Tz1, T2p),

weTxy

min{Dx(Tz1, Tzp),x(z1,Tz1)} = k(z1, Tz1).

Hence, by (3) and (4), we obtain

x(z1, Tz1) < T(x(21,20))x(21,20),

which deduces that there exists z, € Tz such that

(z1,22) < T(K(z1,20))%(21,20)-

Since zp € Tz, by (1), we have

(z2,21) < T(K(z1,20))%(21,20)-

Next, if zp = zj, then z; € F(T) and we finish the proof. Otherwise, since

k(z2, Tzp) = min{Dy(Tzp, Tz1),k(2z2, Tz2) } < T(x(22,21))x(22,21),

there exists z3 € Tz, such that

©(z2,23) < T(Kk(z2,21))%(22,21)-

By (1), we have

(z3,22) < T(Kk(z2,21))%(22,21)-
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So, by induction, we can obtain a sequence {2, },cnuqo) in W satisfying the following: for each
neN,

() zn € Tzyq withzy # 2z, 1;
(ii) K(anzn+l) < T(K(anznfl))K(anznfl);
(i)  ®(zpa1,2zn) < T(x(2z0,20-1))6(zn, Zn—1)-

By (iii), the sequence {«(z, z,—1) }nen is strictly decreasing in [0, +o0). Hence

nlg‘[;lo k(zn, zn—1) = ;2&;{(2”,2”,1) exists. (5)

Since ¢ is an M T -function, by applying (8) of Theorem 5 with A = 1, we obtain

0 < sup ¢(r(zn,z4—1)) < 1.
neN

So we get

1
0 < sup t(k(zn,zy-1)) = 3 1+ sup ¢(x(zn,24-1))| < 1.
neN neN

Put vy := sup t(x(2zy,z4—1)). Thus v € (0,1). For any n € N, by (iii) again, we have
neN

®(zpt1,2n) < T(K(2n,20-1))K (20, 20-1) < YK(Z0, Zn-1)- (6)
By (6), we get
©(zns1,2n) < Yk(2Zn,2p-1) < -+ < ¥"x(z1,20) foreachn € N. (7)
Since 0 < y < 1, by taking the limit as n — oo in (7), we obtain
Tim (24,2 1) = 0. ®)
Taking into account (5) and (8), we obtain
Jim #(zn, 20-1) = nigng(zn/Zn—l) =0.
On the other hand, from (ii) and using (1), we have
©(zn, 2ns1) < Y&(2n,2p-1) < vk(24-1,2n) foreachn € N.

which shows that the sequence {x(z,_1,21) }nen is also strictly decreasing in [0, +o0), and hence, we
can deduce

K(zn, zn41) < Y'k(z0,21) foreachn € N. 9)
So, by (9), we get
JLII;K(Z",LZ") = jggK(zn—l/Zn) =0. (10)

Since z, € Tz,_1 for all n € N, by (10), we prove

inf «x(a, Ta) = inf x(z,,_1,2,) = 0;
alew ( ) r:eN (n ! n)
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that is, T has the x-approximate fixed point property in W. Next, we claim that {zx},cnuoy is a
Cauchy sequence in W. For m,n € N with m > n, we have from (9) that

n

m—1
©(zn, zm) < ZK(Z]‘,Z]‘_H) < 71’171((20,21). (11)
j=n

Since 0 < 7y < 1, the last inequality implies
}g%osup{K(zn,z,n) m>n}=0. (12)

Applying Lemma 2, we prove that {z, },enuo} is a Cauchy sequence in W.

Now, we assume that W is complete. We want to show F(T) # @ if T further satisfies one of
conditions (D1)~(D5). Since {zy } ,enugoy is Cauchy in W and W is complete, there exists w € W such
that z,, — w as m — co. From (72) and (11), we have

n

T ,Yx(zo,zl) foralln € N. 13)

<
K(zp, w) < 1

In order to finish the proof, it is sufficient to show w € F(T). If (D1) holds, since T is closed and
zy € Tzy—q and z; — wasn — oo, we get w € Tw. If (D2) holds, by the lower semicontinuity of f,
z, — was n — oo and (10), we obtain

x(w, Tw) = f(w)

< liminfx(zy, Tzyn)
n—o00
< l}glc}ok(znzzn+1) =0.

By Lemma 3, w € F(T). Suppose that (D3) is satisfied. Since {z,} is Cauchy, we have
limy, 00 0(2zn, 2n11) = 0. So, by the lower semicontinuity of g and z, — w as n — oo, we get

p(w, Tw) = g(w) < lim p(zy,z4y41) = 0.

n—oo

By the closedness of Tw, we show w € F(T). Assume that (D4) holds. By (12), there exists
{un} C {zn} withlimsup, , {x(tn, uy):m >n} =0and {v,} C Tw such that lim, e &1y, vy) =
0. By (13), limy—c0 p(tn, vn) = 0. Since p(vy, w) < p(vy, un) + p(Un, w), we have v, — w as n — co.
By the closedness of Tw, we obtain w € Tw. Finally, suppose that (D5) holds. If w ¢ Tw, then, by (11)
and (13), we obtain

0 < inf {k(a,w) +k(a, Ta)}
acW
< inf {k(zn, w) + k(zn, Tzn) }
neN

< inf {k(zn, w) + k(zn, zns1) }
neN
29"
k(20,2
5 (z0,21)

which leads to a contradiction. Therefore, it must be w € F(T). The proof is completed. [

Here, we give a simple example illustrating Theorem 7.
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Example 2. Let W = [0, +o00) with the metric p(x,y) = |x — y| for x,y € W. Let Tx = [0, x| for x € W.
It is obvious that each x € W is a fixed point of T. Let ¢ be any M'T -function. Let x : W x W — [0, +00) be
defined by

x(u,v) = max{9(u —v),5(v —u)} foru,ve W.

Then, x is an e®-metric on W. Given x € W. For any a € Tx = [0, x|, we have
k(a,x) =5(x—a) <9(x —a) =«x(x,a),

which shows that (1) holds. Clearly, the function x — p(x,Tx) is a zero function on W, so it is lower
semicontinuous. Hence (D3) holds. We now claim

min{Dx(Tu, Tv), k(u, Tu)} < @(x(u,v))x(u,v) forallu,v € W with u # v.

We consider the following two possible cases:
Casel. If0 < u < v, wehave
(u, Tu) =0,
Dy (Tu, Tv) = max < sup «(z, Tv), sup «(z, Tu) p = 9(v — u)
z€Tu z€Tv

and
x(u,0) =5(v —u).

So, min{ Dy (Tu, Tv),x(u, Tu)} = 0 < @(x(u,v))x(u,v).
Case 2. If0 < v < u, we obtain
i(u, Tu) =0,

Dy (Tu, To) =9(u —v)

and
x(u,0) =9(u — ).

Hence, min{Dy(Tu, Tv), x(u, Tu)} =0 < ¢(x(u,v))x(u,0).

By Cases 1 and 2, our claim is verified, and hence, (2) holds. Therefore, all the assumptions of Theorem 7
are satisfied and we also show that T has a fixed point in W from Theorem 7. Notice that

H(T(5),T(9)) =4 > ¢(p(59))p(59),

so Mizoguchi-Takahashi’s fixed point theorem is not applicable here. This example shows that Theorem 7 is a real
generalization of Mizoguchi-Takahashi’s fixed point theorem.

Remark 4. Du-Hung’s fixed point theorem (i.e., Theorem 4) can be proven immediately from Theorem 7. Indeed,
let k = p. Then, (1) and (2), as in Theorem 7, are satisfied. We claim that (D4) as in Theorem 7 holds. Let {z,}
in X with z, 11 € Tzy, n € Nand limy_,00 2, = w. We obtain

’}grgop(an,Tw) < nlgr;o H(Tzy, Tw)

< 1im {g(p(zn,w))p(zn, w)} = 0,

n—oo

which shows that (D4) holds. Therefore, all the assumptions of Theorem 7 are satisfied. By applying Theorem 7,
we prove F(T) # @.

In Theorem 7, if T : W — W is a self-mapping, then we obtain the following new fixed point
theorem which generalizes Banach contraction principle.
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Corollary 1. Let (W, p) be a metric space, T : W — W be a self-mapping and ¢ : [0, +00) — [0,1) be an
MT -function. Assume that
w(a,x) <«x(x,a) forallae Tx

and
min{x(Tu, Tv), «(u, Tu)} < @(x(u,v))x(u,v) forallu,vo € W with u # v.

Then the following statements hold:

(a) Forany zo € W, there exists a Cauchy sequence {z,}5_, in W started at zo satisfying z, = Tz,_ for
each n € Nand

Jim x (20, 24-1) = lim x(2y-1,20) = iggK(anZn—l) = jggK(zn—ern) =0;

(b) T has the x-approximate fixed point property in W.

Moreover, if W is complete and T further satisfies one of conditions (D1)-(D5) as in Theorem 7, then T
admits a fixed point in W.

By applying Theorem 7, we establish some new fixed point theorems for ¢’-metrics and
e-distances.

Corollary 2. Let (W, p) be a complete metric space and Dy be an e%-metric on CB(W) induced by an e*-distance
«. Let ¢ : [0, +00) — [0,1) be an MT -function and T : W — CB(W) be a multivalued mapping satisfying
one of conditions (D1)-(D5) as in Theorem 7. Assume that

k(a,x) <x(x,a) forallae Tx

and
Dy (Tu, Tu) + x(u, Tu) < 2¢(x(u,v))x(u,0) forallu,o € W with u # v. (14)

Then T admits a fixed point in W.
Proof. For any u,v € W with u # v, by (14), we have

min{ Dy (Tu, Tv), x(u, Tu)} < = (Dx(Tu, Tu) + x(u, Tu)) < ¢(x(u,v))x(u,v).

N =

Hence the condition (2) in Theorem 7 holds. Therefore, the conclusion is immediate from
Theorem 7. [

Corollary 3. Let (W, p) be a complete metric space and Dy be an e%-metric on CB(W) induced by an e*-distance
«. Let ¢ : [0, +00) — [0,1) be an MT -function and T : W — CB(W) be a multivalued mapping satisfying
one of conditions (D1)-(D5) as in Theorem 7. Assume that

k(a,x) <x(x,a) forallae Tx

and
Dy (Tu, To)k(u, Tu) < ¢(x(u,v))x(u,v) forallu,v € W with u # v. (15)

Then T admits a fixed point in W.

Proof. For any u,v € W with u # v, from (15), we obtain

min{Dy(Tu, Tv), k(u, Tu)} < \/Dy(Tu, To)x(u, Tu) < ¢(x(u,v))x(u,v).
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So the condition (2) in Theorem 7 holds. Hence, the conclusion is immediate from Theorem 7. [

In fact, we can establish a wide generalization of Corollary 2 as follows.

Corollary 4. Let (W, p) be a complete metric space and Dy be an e®-metric on CB(W) induced by an e®~distance
k. Let ¢ : [0,400) — [0,1) be an MT-function and T : X — CB(W) be a multivalued mapping satisfying
one of conditions (D1)-(D5) as in Theorem 7. Assume that

k(a,x) <«x(x,a) forallae Tx

and
$Dy(Tu, Tv) + tx(u, To)

s+t
where s, t > 0 with s 4t > 0. Then T admits a fixed point in W.

< ¢(x(u,v))x(u,v) forallu,v € Wwithu # v, (16)

Proof. For any u,v € W with u # v, by (16), we get

$Dy(Tu, Tv) + tx(u, Tv) -
s+t -

min{Dy(Tu, Tv),x(u, Tu)} < @ (r(u,v))x(u,v),

and hence the condition (2) in Theorem 7 is satisfied. So the desired conclusion follows from Theorem 7
immediately. [

Now, we focus the following new fixed point theorem without the assumption (1) and satisfy
another new condition

min{ Dy (Tu, Tv), k(v, Tv)} < @(k(u,v))x(u,v) forallu,o € W withu # v,

which is different from (2) as in Theorem 7. It is worth mentioning that this new fixed point theorem is
meaningful because an ¢O-distance is asymmetric in general.

Theorem 8. Let (W, p) be a metric space and Dy be an e®-metric on CB(W) induced by an e®-distance «.
Let T : W — CB(W) be a multivalued mapping and ¢ : [0, +c0) — [0,1) be an MT -function. Assume that

min{Dy(Tu, Tv), k(v, Tv)} < @(k(u,v))x(u,v) forallu,v € W with u # v. 17)
Then the following statements hold:

(a) Forany zg € W, there exists a Cauchy sequence {z,}$_ in W started at zg satisfying z, € Tz,_q for
eachn € N and
Jim x(z-1,2) = inf K(z-1,20) = 0
(b) T has the k-approximate fixed point property in W.

Moreover, if W is complete and T further satisfies one of conditions (D1)-(D5) as in Theorem 7,
then F(T) # @.

Proof. Define 7(x) = 1(¢p(x) +1) forall x € [0, +c0). Then 0 < ¢(x) < 7(x) < 1 forall x € [0, +o0).
Letb € W. Take zyp = b € W and choose z; € Tzg. If z1 = zg, then zg € F(T) and we are done.
Otherwise, if z1 # z, then k(zg, z1) > 0. By (17), we have
(21, Tz1) = min{Dx(Tzo, Tz1), (21, Tz1)}
< ¢(x(z0,21))x(z0,21)
< t(x(z0,21))x(20,21),
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from which one can deduce that there exists z, € Tz such that
x(z1,22) < T(x(z0,21))x (20, 21)-
Next, if zp = z3, then z; € F(T), and we finish the proof. Otherwise, since
k(2z2, Tzp) = min{Dx(Tzy, Tz), (22, Tz2) } < T(x(21,22))x(21,22),
then there exists z3 € Tz, such that
©(z2,23) < T(Kk(z1,22))%(21,22)-

Hence, by induction, we can obtain a sequence {zx },enujoy Satisfying the following: for each
neN,

(iv) zy € Tz, 1 withz, # z, 1;
V) x(zn,zn1) < T(K(2u—1,20))6(Zn—1,2n)-

By (v), the sequence {x(z;_1,2x) }nen is strictly decreasing in [0, 4+c0). So

nlgr(}o k(zp—1,2n) = ;2&;{(2”,1,%) exists. (18)

Since ¢ is an M T -function, by applying (8) of Theorem 5 with A = 1, we obtain

0 < sup ¢(x(zy—1,2n)) < 1.
neN

So we get

1
0 < supt(k(zy—1,2n)) = 3 1+sup @(k(zy—1,2u))| <1.
neN neN

Hence ¢ := sup t(x(z,-1,2x)) € (0,1). Forany n € N, by (v) again, we obtain
neN

#(zn, Zng1) < T(K(2p—1,2n))6(2u—1,2n) < cK(2p—1,2n)-

which implies
€(zn, 2n41) < ¢"x(z9,21) foreachn € N. (19)

Since 0 < ¢ < 1, by taking the limit as n — oo in (19), we have

Tim K(z za11) = 0. (20)
Combining (18) and (20), we obtain
J%K(Zn,l,zn) = nigng(znflr Zn) =0 (21)

and hence (a) is proven. To see (b), since z,, € Tz,,_1 for all n € N, by (21), we show that
inf x(a, Ta) = inf _1,z4) =0.
algwl((ll ) V}QNK(Z" 1,2n)

Using a similar argument as in the proof of Theorem 7, one can verify that 7 (T) # @ and finish
this proof. [

The following example not only illustrates Theorem 8 but also shows that Theorem 8 is different
from Theorem 7.
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Example 3. Let W = [0, +o00) with the metric p(x,y) = |x —y| for x,y € W. Let Tx = [0, x] for x € W.

So each x € W is a fixed point of T. Let ¢ be any M'T -function. Let x : W x W — [0, +00) be defined by
«(u,v) = max{4(u —v),7(v —u)} foru,veW.

Then « is an e%-metric on W. Clearly, the function x — p(x, Tx) is a zero function on W, so it is lower
and semicontinuous. Hence, (D3) holds. Using a similar argument as in Example 2, we can prove that

min{Dy(Tu, Tv), x(v, Tv)} < @(x(u,v))x(u,v) forallu,o € W with u # v.

Hence, all the assumptions of Theorem 8 are satisfied. Applying Theorem 8, we also prove that T has a fixed
point in W. Notice that 1 € T(2) = [0,2] and

k(1,2) =7 >4 =x(2,1),
s0 (1) does not hold and hence Theorem 7 is not applicable here. Moreover, since
H(T(3),T(8)) =5 > ¢(p(3,8))p(3,8),
Mizoguchi-Takahashi’s fixed point theorem is also not applicable.
Some new fixed point theorems are established by Theorem 8 immediately.

Corollary 5. Let (W, p) be a metric space, T : W — W be a selfmapping and ¢ : [0, +00) — [0,1) be an
MT -function. Assume that

min{x(Tu, Tv),x(v, Tv)} < @(k(u,v))x(u,v) forallu,o € W withu # v.
Then the following statements hold:

(a) Forany zg € W, there exists a Cauchy sequence {z, }o_, in W started at zy satisfying z, = Tz,_1 for
each n € Nand
Jim x(zp—1,2n) = Inf x(zu—1,20) = 0;

(b) T has the x-approximate fixed point property in W.

Moreover, if W is complete and T further satisfies one of conditions (D1)-(D5) as in Theorem 7, then T
admits a fixed point in W.

Corollary 6. Let (W, p) be a complete metric space and Dy be an e%-metric on CB(W) induced by an *-distance
«. Let ¢ : [0, +00) — [0,1) be an MT -function and T : W — CB(W) be a multivalued mapping satisfying
one of conditions (D1)—(D5) as in Theorem 7. Assume that
Dy (Tu, To) + (v, Tv) < 2¢(x(u,v))x(u,v) forall u,v € W with u # v.
Then F(T) # @.

Corollary 7. Let (W, p) be a complete metric space and Dy be an e%-metric on CB(W) induced by an *-distance
«. Let ¢ : [0, +00) — [0,1) be an MT -function and T : W — CB(W) be a multivalued mapping satisfying
one of conditions (D1)-(D5) as in Theorem 7. Assume that

Dy (Tu, To)k(v, Tv) < ¢(k(u,v))x(u,v) forallu,v € W with u # v.

Then F(T) # @.
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Corollary 8. Let (W, p) be a complete metric space and Dy be an e®-metric on CB(W) induced by an e®-distance
K. Let ¢ : [0, +00) — [0,1) be an MT -function and T : W — CB(W) be a multivalued mapping satisfying
one of conditions (D1)-(D5) as in Theorem 7. Assume that

§Dy(Tu, Tv) + tx(v, Tv)
s+t

< ¢(x(u,v))x(u,v) forallu,v € Wwithu # v,
where s,t > 0 with s+t > 0. Then F(T) # @.

Remark 5.

(a)  Theorem 7, Corollary 4, Theorem 8 and Corollary 8 all generalize and extend Mizoguchi-Takahashi’s fixed
point theorem;

(b)  All results in [10] are special cases of our results established in this paper.

(c) Theorems 7 and 8 improve and generalize some of the existence results on the topic in the literature; see,
eg.,11,2,4,7,8,10,11,13-16,20-23] and references therein.

4. Conclusions

Our main purpose in this paper is to establish new generalizations of Mizoguchi-Takahashi’s
fixed point theorem for essential distances and e%-metrics satisfying the following new conditions:

o  min{D(Tu, Tv),x(u, Tu)} < ¢(x(u,v))x(u,v) for all u,v € W with u # v (see Theorem 7
for details),

o  min{D(Tu, Tv),x(v,Tv)} < @(x(u,v))x(u,v) for all u,v € W with u # v (see Theorem 8
for details).

We give new examples to illustrate our results. As applications, some new fixed point theorems
for essential distances and e’-metrics are also established by applying these new generalized
Mizoguchi-Takahashi’s fixed point theorems. Our new results generalize and improve some of known
results on the topic in the literature.
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Abstract: A robust linear quadratic analog tracker (LQAT) consisting of proportional-integral-
derivative (PID) controller, sliding mode control (SMC), and perturbation estimator is proposed for
a class of nonlinear systems with unknown nonlinear perturbation and direct feed-through term.
Since the derivative type (D-type) controller is very sensitive to the state varying, a new D-type
controller design algorithm is developed to avoid an unreasonable large value of the controller
gain. Moreover, the boundary of D-type controller is discussed. To cope with the unknown
perturbation effect, SMC is utilized. Based on the fast response of SMC controlled systems, the
proposed perturbation estimator can estimate unknown nonlinear perturbation and improve the
tracking performance. Furthermore, in order to tune the PID controller gains in the designed tracker,
the nonlinear perturbation is eliminated by the SMC-based perturbation estimator first, then a
hybrid Taguchi real coded DNA (HTRDNA) algorithm is newly proposed for the PID controller
optimization. Compared with traditional DNA, a new HTRDNA is developed to improve the
convergence performance and effectiveness. Numerical simulations are given to demonstrate the
performance of the proposed method.

Keywords: PID controller; sliding mode control; hybrid Taguchi real coded DNA algorithm;
perturbation estimator

1. Introduction

As well known, the PID controller is one of the popular control strategies and widely adopted
to control engineering due to its simple structure and robust feature [1-3]. Hence, the PID controller
has been widely implemented in many industrial applications. For tuning the PID controller
gains, the traditional method Ziegler-Nichols rule is developed, but it is difficult to adjust the
optimal or near optimal PID controller gains when the controlled system is with nonlinearity
and high order dimension [3,4]. Paper [5] proposes the closed-loop controlled system by using
a state-derivative feedback controller, and it illustrates the difficulty of calculating the controller based
on the state-feedback control approach; hence, this paper transforms the single input single output
(SISO) system into Frobenius canonical form and the pole-placement method is employed to cope with
the state-derivative feedback control problem. Research work [6] processes the state-derivative feedback
controller design by transforming the state-derivative feedback control problem to state-feedback
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control problem, but the limitation is that the system matrix A is invertible. Recently, the linear matrix
inequality (LMI) approach is adopted to achieve the PID controller design. For example, the work
in [7] deals with the PID controller design for the controlled system without a direct feed-through term
and the output variable transformation method is adopted, but if the controlled system is with a direct
feed-through term, the PID controller will become difficult to design. The authors of [8] discussed the
robust PID controller for the linear uncertain system by LMI and D-stability approach. The singular
system structure is used to calculate the PD controller with the Hy, performance [9]; the Ho, PD/PI
controller design is presented in [10]. Compared with the literature in [9,10], the proposed design
algorithm of PID controller is without additional singular structure. However, this paper discusses
the PID-type controller in detail. For instance, the D-type controller is discussed to be bounded by a
selected parameter, and the parameter is bounded in a range (0, 1); hence, the D-type controller can
avoid unreasonable gain value (large gain value) through a simple proposed method.

The Laplace transform method and the final-value theorem are employed to design the tracking
controller [11,12]. To shape the tracking performance, the literature in [13,14] designed the augmented
state for PID filter then the controlled system is transformed to the augmented controlled system with a
direct feed-through term. Moreover, the disturbance observer and functional observer are developed to
measure the external disturbance [13-15]. However, the proposed design approaches [13,14] cannot be
directly applied to the systems with a direct feed-through term and unknown nonlinear perturbation;
hence, the PID controller is worth being developed, especially if the controlled system is with nonlinear
perturbations and direct feed-through term. With the design of the PI-type controller, the controlled
system has the augmented structure, and this structure may result in an uncontrollable augmented
controlled system. In paper [16], the authors present a method which is placed in the closed-loop
system eigenvalues on the left of the negative vertical that lies by the selected non-positive constant;
hence, the proposed method is utilized to overcome the uncontrollable issue in this paper. Since
the forward gain cannot be designed by using the traditional LQAT approach due to the method
in [16], therefore, the final-value theorem can be adopted to overcome this problem by discussing the
final-value theorem for the proposed robust tracker design in this paper.

SMC is inherently robust to external disturbance and nonlinear system and with fast response.
In [17], the adaptive robust PID controller with SMC is proposed for the uncertain chaotic system.
In [18], the fuzzy sliding mode control is designed for induction machine. The work in [19] designs
an adaptive integral SMC for the system with uncertainty and applies the controller to the vertical
take-off and landing (VTOL) aircraft system. Therefore, the SMC can be successfully utilized in many
applications. Suppressing disturbance is the main target of SMC, but it cannot eliminate disturbance
completely. Some researches utilize the disturbance estimators to overcome external disturbance [20,21];
the papers develop SMC to integrate with the disturbance estimator for the controlled system with
undesired disturbance [22-25]. The authors of [25] propose the observer-based SMC for the controlled
system with external disturbances. A robust SMC and disturbance observer via the augmented state for
the multi-axis coordinated motion system is studied [26]. However, in our knowledge, the SMC-based
LQAT integrated with PID controller has not been well discussed, especially if the controlled system
is with a direct feed-through term. To deal with the external perturbation, this paper develops the
perturbation estimator design based on the SMC due to its fast response.

The three PID controller gains must be determined properly; otherwise, it might result in
undesirable performance. In the works of [27,28], the authors developed an optimization method
for the PID controller design subjected to the expected performance index though the frequency
response. In the work of [29], the authors proposed a methodology for designing the controller and
the loop shaping with the standard performance such as H, and He, performance. However, these
proposed methodologies do not take the disturbance estimator into account [27-29]. To improve the
tracking performance and control force, the disturbance estimator is adopted to the proposed controller.
Recently, many popular heuristic algorithms have been applied in optimization problems. Particle
swarm optimization (PSO) [3,4,30], DNA algorithm [31,32], and genetic algorithm (GA) [33-38] are
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stochastic searching methods for solving optimal problems. For example, some works in [33-38] based
on the GA method integrated their research to the proposed controller and parameters optimization;
in papers [31,32], the DNA algorithm is proposed for the PID controller optimization, and the difference
between GA and DNA algorithms is the mutation operator which is not only with the same mutation
operator but also consists of enzyme and virus, whereby the different PID structure can exchange
their information. On the other hand, the Taguchi method is a low cost and high effective method for
quality engineering [39,40]. Compared with full factorial experiments, the Taguchi method is a simple
experimental design method that is less experiment. It emphasizes and focuses on the improvement
of product quality not through testing but through design. Some papers apply the Taguchi method
to improve the performance of GA [33,34]. Paper [33] mentions that the hybrid Taguchi-genetic
algorithm (HTGA) has a quick convergent. Among the above methods, the DNA algorithm is a
multiple functional method which is not only adjusted to the parameters but also changed the PID
structure to find the optimal or near-optimal solution. Thus, this paper utilizes the advantage of
Taguchi method to enhance the efficiency for our proposed algorithm.

Based on the above description, this paper aims to design a robust LQAT consisting of PID
controller, SMC, and perturbation estimator for a class of nonlinear systems with unknown nonlinear
perturbation, and the proposed HTRDNA algorithm is designed for the PID controller optimization.
To avoid unreasonable gain value in the controller, a simple algorithm for D-type controller design is
studied. Due to the SMC fast response, the perturbation estimator is proposed based on SMC. Since
the undesirable nonlinear perturbation is eliminated by the SMC-based perturbation estimator first, it
becomes easy to optimize the PID controller with the new design procedure of HTRDNA algorithm
proposed in this paper.

This paper is organized as follows. Section 2 presents the whole derivation for the robust tracker
design. Section 3 proposes the design procedure of HTRDNA algorithm. The illustrative examples
demonstrate the feasibility and validity of the proposed approaches in Section 4 and a conclusion is
given in Section 5.

T is used to denote the transpose for the matrix w, w' denotes the matrix generalized

Notations: w
inverse for the matrix w and || w || denotes the Euclidean norm of the matrix w or vector w. |w |
represents the absolute value of w. I, is the n X n identity matrix. sign(s) is the sign function of s,

ifs>0,sign(s) = 1;if s < 0, sign(s) = —1; if s = 0, sign(s) = 0.
2. Robust Tracker and Perturbation Estimator Design

For a class of nonlinear systems with a direct feed-through term, the robust tracker and perturbation
estimator are proposed. In real engineering systems, there are many controlled systems with nonlinear
vector and disturbances such as the chaotic systems and robotic systems. To cope with these undesired
perturbations, the SMC-based perturbation estimator is proposed. Now, consider a class of nonlinear
time-invariant system described by

x(t) = Ax(t) + B(u(t) + g(x, t) +d(x, 1)), 1)

y(t) = Cx(t) + Du(t), )

where A € R™" B e R"™M" C e RF", and D € RP*" denote the system matrices. The pair (A, B) is
controllable. In order to deal with the LQAT problem, the condition m > p has to satisfy. x(t) € R" is the
state vector, u(t) € R™ is the control input, g(x,t) € R™ is the system nonlinear vector, and y(t) € R?
is the measurable output of the system. d(x,t) € R"™ is the unknown nonlinear perturbation at time t.
Notices that the proposed approach still works for the special case where y(t) = Cx(t) (such as chaotic
systems). Moreover, u(t) = u*(t) + Kpx(t) where the gain Kp is D-type controller gain.
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In [5,8], the closed-loop controlled system of D-type controller is discussed. Therefore, the linear
transformation can be founded. To merge the derivative term x(¢) in (1), theoretically it can be written to

(In — BKp)x(t) = Ax(t) + B(u*(t) + g(x, ) +d(x,1)). 3)
After being transformed, (1) can be rewritten to the following state space equation
x(t) = Apigx(t) + Bpid(u*(t) +dg(x, t)), 4)

y(t) = Cpigx(t) + Dpiartt” () + Dpiaodg (x, 1), @)

where M = I, — BKp, Ayig = M™'A, B,y = M™'B, Ciy = C+ DKpM™'A, Dy = D + DKpM™'B,
DpidZ = DKDMle, and dg(x, t) = g(x, f) + d(x, t).

To avoid the D-type controller Kp with unreasonable values, the gain should be discussed and
selected properly. In order to keep the original system feature, let the matrix M be M = I, - BKp >
al, > 0 where parameter « is positive definite so that the transformed system can remain its stability.
Therefore, a simple D-type controller algorithm is proposed. Since the rank of BKp is m so that
I, = BKp only m poles can be placed, some methods can be utilized to deal with this problem such
as pole-placement and LMI approach. To implement minimal parameters, one solution of Kp can be
obtained by

Kp = (1-a)B", ©)
then, the matrix M is equivalent to
M =1,-(1-a)BB' >0, @)
which implies
I, > (1-a)BB*. )

To find out the range of a, we take 2 norm for both sides of (8)
Ml > (1 - a)IBBY| = (1-a), ©)

and the parameter a has the range 0 < a < 1. Moreover, for the requirement of the transformed matrix
M being invertible. In (7)~(9), we assume that the rank of B is m, and BB is positive definite so that Kp
should be a reasonable matrix with 0 < @ < 1. From Equation (9), the system matrix B and B can be
described in the singular value decomposition (SVD) form as

-1
B=u) ViandB' =V, ) U],

where U, € R™ is a unitary matrix, ), € R is the matrix with r singular values, and V, € R"™™" is a
unitary matrix. One has
IBBY| = I, X, VIV, o ufl|
= WL Uyl = 1.

For the above calculation, the inverse of matrix M exists, thus, we can ensure that the transformed
matrix is invertible for the linear transformation in our proposed method.

Remark 1. If the D-type controller (6) satisfies the above design algorithm, then invertible matrix M can be
computed. Since the D-type controller is sensitive to the system states varying, the gain should be selected
properly. If the gain Kp is with the high gain property, then the K, and K gains (to be appear later) will be
unreasonable large. Therefore, a simple D-type controller algorithm is important.
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To construct an augmented matrix with PI-type controller. Let

_| x®
1) = [ [ey(t)at ]
to be the new state variable in the modified state space equation, where
ey(t) = y(t) = r(t) (10)

denotes the tracking error and r(t) is the reference trajectory. In light of the new state variable, the
system in (4) and (5) can be arranged to the new state-space equation described as

n(t) = Zpidn(t) + Bpig1tt" (t) + Bpiaodg (x,1) = 1pia (1), (1)
y(t) = Cpian(t) + Dyig1 1 (£) + Dyigodg (x, 1), (12)

- Ayg 0] = By | = Bui | = —
h A= pu B, = pu B = p J— . D, =D,
where Ay [ it O ] pid1 [ Dyian ] pid2 [ Dyitz | Cpid [ Cpia O ] pid1 pid1s

0 . -
Dyigz = Dpigo and Tpid(t) = [ Ht) ] We give a sliding surface as

t
s(t) = Can(h) - fo (CAyian(t) — Kne) + (1), 13)

where
Co=[ By 0] (14)

the equivalent control iy, (t) in the sliding manifold (s(t) = 0) is obtained by
gy (£) = =Kn(t) +u(t) —dg(x, 1). (15)

We lack of the information of perturbation dg(x, t); hence, the underdetermined estimation of
dg(x, t) named by dAg(t) will be design first, then the Pl-type controller gain K and control law u(¢) will
be discussed in detail later, respectively.

Lemma 1. In the works [15,21], the authors indicate that the perturbation is assumed to be slowly time-varying;
therefore, the derivative of perturbation equal is (near) to zero. Generally, it is reasonable to suppose that

dg(x,t) =0, (16)

when the perturbation is slowly time-varying and changes slightly relative to the observer dynamics with high
gain property.

Give the perturbation estimator as
dg(t) = ko(s(t) +f(ys(t) +asat(s(t)))dt), 17)
where k, is the positive parameter for the perturbation estimator. In the control law (15), the nonlinear
perturbation dg(x, t) is unknown so that the control law cannot be achieved. Therefore, the perturbation
estimator (17) can be utilized to replace the unknown nonlinear perturbation dg(x, t). Now, the SMC

controller u, () and SMC-based control law can be designed by

us(t) = —ys(t) — asat(s(t)), (18)
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u'(t) = —Kn(t) = dg(t) + ux () +u(t), (19)
where y and ¢ denote arbitrary nonnegative value so that the trajectories of SMC converge to the

sliding manifold and the unknown nonlinear perturbation is estimated consequently.

Theorem 1. The estimation in (17) leads to the error between the external perturbation and the estimated
perturbation converge to zero closely, which implies

dg(t) = dg(x,t) —dg(t) = 0. (20)

Proof. See Appendix A. O

Remark 2. To avoid the undesired chattering phenomenon in the SMC, the sign function can be replaced by a
smooth and continuous saturation function [41].

_ s1(t) st |
sat(s(t)) *[ |sl(;)|+51 S ] ! ey

where O; is an arbitrary small positive constant. If 6; equals to zero, the saturation function sat(s(t)) is
equivalent to the sign function sign(s(t)). While the controlled system with direct feed-though term, the
undesired chattering phenomenon affects the controlled system output directly. Hence, the saturation function
should be smooth enough; in other words, the parameter 0; should be selected properly. Therefore, the undesired
chattering phenomenon can be avoided, especially if the controlled system has direct feed-though term.

According to Theorem 1, the sliding manifold is reached and substituting (19) and (20) into (11)
and (12), one has
N(t) = Apiacn(t) + Bpiane(t) — Bpigadg (t) — 1pia(t), (22)

y(t) = Cpiaen)(t) + Dpian(t) — Ddg (), (23)
_ _ _ _ _ 0 ~ .
where Apige = Apid = Bpia1 K, Cpigc = Cpia — Dpin K, Bpigz = | 'gm ] and dg(t) = dg(x,t) —dg(t).

Lemma 2. [16] Let (Zpid, E,,idl) be the pair of the given open-loop system and h > 0 represent the prescribed

degree of relative stability. The eigenvalues of the closed-loop system Zpid - Epidl (R‘lgpileP) lie on the left of
the —h vertical line with the matrix P being the solution of the Riccati equation

— T — — —
(Apid + L) P+ P(Ayig + hl) = PBigR"Bpigt P+ Q = 0, (4)
where the matrix 1, is an identity matrix.

In order to track the reference trajectory, the linear quadratic method is applied to the tracker
design. The PI controller gain K can be described as

K= [ Kp K ] = Rcil(gpilep‘i'NT)r
where R = R + EpileQBpidll N = EpidTQBpid]r Kp € R™" and K; € R"™P. To design the controller
gain K consisting of Kp and Kj, we temporarily do not take the perturbation estimator d. ¢ (x,t) and the

control law #(t) into consideration in (22) and (23). Both the cig(x, t) and u(t) will be discussed based
on the final-value theorem in detail.
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Let the quadratic performance index for the output tracking problem be defined as

t
1= 3 [ {0 -ro e - o)+ (R (o), 25)

where tr denotes the final time, as well as Q = 1071, € RPP with g > 0 and R = I,, € R"™ " are
the appropriate weighting matrices. Consider the performance index in (25), to calculate the lower
value for the controlled system output y(t); hence, we obtain r(t) = 0 (r(t) = 0) first, then utilize
the final-value theorem to minimize the performance index [11]. Thus, consider Lemma 2 and (25),
the algebraic Riccati equation is given by

(Aia + 1) P+ P(Aig + 1) = (Bpiar"P + NT) R (Bpin"P+ NT) + Cpia " QCpia = 0. (26)

Solving the matrix P from the algebraic Riccati equation then the control gain K can be constructed.
Notice that the PI gains in K are determined based on the linear model (Zp,vd, E‘m‘dl, Epid, ﬁpidl) first,
then take the perturbation estimator tfg(t) into consideration to determine the control law u(t) in (22)
and (23), based on the final-value theorem which will be discussed in detail later.

Finally, it is desirable to determine the %(t) term in (19). Since Lemma 2 is utilized, then the
traditional LQAT cannot be adopted to design the control law #(t). Therefore, the final-value theorem
can be utilized to find out the control law #(t). Since, the PI controller gain K has been chosen, the
sliding mode is reached and d(t) is convergence then the control law #(t) can be calculated by the
final-value theorem.

Theorem 2. The u(t) term is determined based on the integration-term-free augmented system in (22) and (23),
— _ + ;
where t(t) = [Cpiae(~Apiac) "B + Dyiar | {r(t) + Ddy(t)}.

Proof. See Appendix B. O
Finally, based on Theorem 2, the desire control law can be described as

u(t) = —Kn(t) — dg(t) + u(t) +u(t) + Kpx . 27)

Remark 3. If the a equals to 1, the PID-type controller reduces to the PI-type controller. The control law in (27)
is utilized to minimize the tracking performance in (25). Therefore, the controlled system output y(t) can track
the reference trajectory r(t) and the tracking error can be minimized.

3. Introduction of DNA Algorithm and Taguchi Method

3.1. DNA Algorithm

The following statements demonstrate the detailed information of DNA algorithm [31,32] operators.

A. Definition of cost function: This step defines a cost function to calculate the cost value of each
individual, retain excellent chromosomes, and eliminate adverse chromosomes.

B. Reproduction: Similar to cell division, reproduction is focused on survival of the fittest. Hence,
the worse chromosomes will decrease in every generation. Roulette wheel selection is one common
technique to implement the proportional selection. Another way to reproduce the better population is
the tournament selection. Compared with the roulette wheel selection, the tournament selection only
requires the better cost values of the chromosome.

C. Crossover: After reproduction, the chromosomes mate with each other to execute the crossover
operator. Crossover exchanges information between two individuals and generates two offspring.
The crossover probability p. can be decided to our demand where p. > 0.
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D. Mutation: In natural biological system, creatures mutate by themselves in order to adapt to
the external environment. Each chromosome undergoes mutation with a fixed probability p,; where
pm > 0. Generally, py, is set to be much lower than p in order to prevent from being unable to converge.

E. Enzyme/Virus: Enzyme and virus operators are similar to mutation operator, but the most
different part is to change structure of the chromosome instead of value of the chromosome. Enzyme
operator loses part of segments in chromosome; on the other hand, the virus operator increases
an additional part of chromosome. Each chromosome undergoes enzyme and virus with positive
probabilities p, and py, respectively.

F. Termination criteria: This step provides two methods to establish a termination criterion. One is
the pre-specified iteration number. Another one is reaching the tolerable error representing the
algorithm that converges to the optimal solution or approaching optimal solution.

3.2. Taguchi Method

Taguchi method is a powerful and functional tool in optimization for quality [33,34,39,40]. Taguchi
method uses less combination of experiments to obtain the useful information and searches the
tendency of optimization to prevent from the cause of sensitive variation. The primary tools of the
Taguchi method are the orthogonal array and the signal-to-noise ratio (SNR).

A. Orthogonal array: An orthogonal array can use fewer experiments than full factorial experiments.
The normal expression of two-level orthogonal arrays is

Ly, (2N, (28)

where N; = 2 denotes number of experimental runs, kt denotes a positive integer which is greater
than one, 2 denotes number of levels for each factor, and N; — 1 denotes number of columns in the
orthogonal array.

B. SNR: Two criteria are used to determine SNR, i.e., smaller is better or larger is better. In the
case of the smaller is better characteristic, let two sets of data be described by [z1 , 22, ... , zn,] and
[zZ1,z2, ... , Zn,]. The mean squared deviations from the target value of the quality characteristic are
described by

1
S = Vl—:, Zl‘sz (29)
is=
and
Iy,
Sy = A (30)

In order to shift the mean squared deviation to a suitable situation, utilize the transformation and

describe the ratio in decibels
s

- 1
S1 =-10log| — Y z2 31
! g "Z‘l (31)
and
- 1%
S, = —10log n—sz z.2|. (32)

is=1

After calculating, the SNRs will be compared to decide the better level. Therefore, we can
determine the better levels for each factor in less experiment. In the case of larger is better characteristic
can refer to the literature [34].
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4. Hybrid Taguchi and Real Coded DNA Algorithm

In this section, we are going to take advantage of DNA algorithm and Taguchi method in real
coded scheme and combine with the controller design mentioned previously to select a suitable tracking
controller. The detailed steps are described in Figure 1 and illustrated in the following statements.

Step 1: Coding strategy: Define a set of chromosomes including the PID gain matrices Kp, Kj, Kp in
the block vector form as follows

C=[kr K Kp ] (33)

The previously mentioned controllers can be composed of P controller, PI controller, PD controller,
and PID controller. Therefore, definitions of various controller variables are C;, = [ K;, 00 ],
C;,I = [ K;, K}' 0 ], C;,D = [ Kj, 0 K;) ], and C;,ID = [ Kj, K; KB ], where i denotes the i th
chromosome in the whole group.

Step 2: Initialization: Before we search a solution to approximate the optimal solution, we need
to generate T chromosomes for the population, which is called primitive group. To determine the
different gain values in every chromosome, we select the parameters « in [0.3, 1] and g in [0, 7] (for
example g = 2) randomly to create four optimal chromosomes for each type controller, and select
a gain matrix B; € R"™" randomly to multiply the optimal chromosomes for other chromosomes
until the population is reached. Each component of f; is given a range by [0, 1]. Generally, the size of
the primitive group depends on the problem complexity; in other words, the more complicated the
problem, the larger the primitive group we need. In the experiment, we generate 7/4 chromosomes for
each type of controller.

Step 3: Reproduction: Tournament selection can be adopted to find the lower cost value for the
next population.

Step 4: Crossover: The offspring chromosome has the partial characteristic from the parents after
crossover. Refer to [31,34,35], a real coded crossover operator is defined and rewritten as follows

Caffspringl = ﬁccparentl + (l - ﬂC)Cpamthr (34)

where Cpgrentt and Cparentz represent different chromosomes. The parameter f3. is randomly selected
and defined in a range [0, 1]. The crossover operator is allowed to mate with identical type controllers
in the mating pool. For instance, a PI-type controller parameter C;"l only mates with the same feature
chromosome.

Step 5: Choosing a proper orthogonal array: Determine the number of factors and levels to construct a
suitable orthogonal array Ly (23) for the problem demand. In the simulation, we choose three factors to
make an experiment and the factors are the PID parameters. A two-level orthogonal array is studied.

Step 6: Selecting chromosomes and Taguchi experiments: This step can do p runs to generate p
better chromosomes into every generation. Select a best chromosome and randomly choose another
chromosome from the population. Both chromosomes are obtained to execute Taguchi method and
find the better solution. In each generation, both chromosomes can be the same type of controllers
or different type controllers. For example, both chromosomes C;(Py,11, D) and Cp(Py, I, D;) are the
levels to be selected and each PID parameter is the factor in the orthogonal array. In this paper, the
orthogonal array selects L4(23). The Py, I; and D are represented level 1 and the Py, I; and D, are
represented level 2. Calculate the SNR of each experiment in the orthogonal array, then calculate
the effect of the various factors. The tracking performance is obtained and the small one is best.

2
The formulation of SNR can be rewritten as p,; = % Y e i where « represents the number of factor,
=1 "

j represents the number of level (] to be defined later), and the smaller one can be obtained. After
the orthogonal array experiment, the smaller SNRs are obtained to find the best factors and the best
chromosome can be found by each level. For example, level 1 is obtained in the factor P such that P; is
selected; level 2 is obtained in the factor I, such that I, can be selected; level 1 is obtained in the factor
D such that Dj is selected. Based on the above description, the best chromosome is Cpr(Py, Iz, D1).
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Step 7: Mutation: Real coded changes its value by extending or shortening the scalar. Refer
to [31,34,35], we can re-implement the mutation operator as the following

Caffspringz = Cpurent + 2ﬁmcparent, (35)

where B, is randomly selected in a range [-1, 1]. By doing this way, it changes both the scalar and the
direction to achieve mutation operator.

Step 8: Enzyme/Virus: Select two chromosomes from the population. Enzyme and virus operators
can provide us with a suitable controller type. Two different type chromosomes from the pool of {P, PI,
PD, PID} are randomly selected. For instance, the former operator can transform PID controller to P
controller, PI controller or PD controller; the latter operator transforms P controller to PI controller,
PD controller, or PID controller.

Step 9: Calculating cost value: In order to evolve the population, the cost function is employed to
evaluate the value of each chromosome and the minimum one is the best chromosome. We define the
cost function as

tr p m
I :f wl(z |eyf1 (7)) +w2(2 |Llj2(’l')|) dr, (36)
0 j1=1 =1
T
where ¢,(7) = [ ey (1), ey(1), -, ey, (1) ] denotes the error between the output and the
T
pre-specified trajectory, u(t) = [ ur(t), uz(t), -, um(1) ] denotes the control force, and J.

denotes the cost value.
Step 10: Stopping criterion: If the stopping criterion is reached, then the algorithm is terminated.
Otherwise, return to Step 3 and continue to Step 10.

5. Illustrative Examples

In this section, two numerical simulations are given to illustrate the proposed fixed (optimal-based
robust tracker) and flexible (HTRDNA-based robust tracker) trackers, respectively.

5.1. Fixed PID-Type Controller

To verify effectiveness of the proposed PID-based robust tracker, the following example is
considered. Consider the nonlinear, Chen’s chaotic system described as

0 (t) = a(xz(t) —xi (1))
xo(t) = (e —a)xr(t) —xi (D)xs(t) +cxa(t) +un(t) +di(xt) 37)
x3(t) = x1(H)xa(t) — bxs(t) + uz(t) + da(x, 1)
or in the general form
x(t) = Ax(t) + B(u(t) + g(x, t) +d(x, 1)), (38)
-2 a 0 00 x1(t) .
where A = | c-a ¢ 0 |, B=|1 0/ x(t) = xl(t) , wi(t) = [Z]*Eg ], g(x,t) =
0 0 -b 01 x3(t) ’

—x1(t)xs(t) _| ) | i _ _ 3 2
[ abn® | d(x,t) = i t) | in whicha = 35,b = 3,¢c = 28, x € R°, u(t) € R* and the

T
initial condition is selected as x(0) = [ -05 02 03 ] . The bounded nonlinear perturbation and
the reference trajectory r(t) are, respectively, given by

| cos(x7) 0 03 0 0
dg(x’t)_[ 0 sin(xy) ][ 0 -04 01 ]x(t)+g(x’t)
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and .
) [ 5sin(2nt/1.5) 5sin(2nt/1.5) ] , t<15sec
r(t) = T .
[5 5], t> 1.5sec
Let the output be represented by the general form
y(t) = Cx(t) + Du(t), (39)
-05 5 0 01 0 yi(t) . . 9
h = D= ) = hich .
where C [ 0 0 05 ], [ 0 02 ],y() [yz(t) ,in whichy € R
We set the matrix pair {Q, R} = {10312, 12} for the controller design, k, = 350, h = 5
. 002 0 Lo o
and @« = 08 to yield Kp = , M = I3-BKp = |0 08 0 | Az =
0 0 02 P
0 0 08
-35 35 0 00 0 0
-875 35 0 00 125 0
0 0 =375 0 0| Bu=| 0 125 Cuy :[ _0'0675 5'50 025 8 g ],me -
-0675 57 0 0 O 0125 0 '
| 0 0 03 00 0 025
[ 0125 0 0025 0 0 08 0 00
D, = L= =1 =0.1 =1073.
0 025 ] pid2 [ 0 005 ] C [ 0 0 0800 ] y =100,0=01and =10

The PI gain matrices can be obtained as below
-5.503 46.1477 0 82.7264 0
K=[ke K |= [ 0 0 1387 0 401473 }

where Kp € R2*® and K; € R?*2. The sliding surface and fixed PID-type controller are given in (13)
and (27), respectively.

Figures 2-4 demonstrate the tracking performance between the controlled system output y(t) and
the pre-specify trajectory r(t). The sliding surface is shown in Figure 5. The estimation error between
perturbation estimator and perturbation is shown in Figure 6. Figures 2—-6 demonstrate a satisfied
performance based on the proposed robust tracker for the system with unknown perturbation.

5.2. Flexible PID-Type Controller Based on the HTRDNA

To improve the tracking performance of the proposed PID-based robust tracker, the proposed
HTRDNA is adopted. Consider the same Chen’s chaotic system given in Section 5.1. For searching the
best cost value during the iterative process, we define the cost function as

tr 14 m
Te :f wi () ey, (1)) +wa( ) luj, (1)) g, (40)
0 =1 =1
T
where ¢,(7) = [ ey (1), ey (1), -+, ey, (T) ] denotes the error between the output and the
T
pre-specified trajectory, u(t) = [ up(t), uz(t), -+, um(1) ] denotes the control force, J. denotes

the cost value.

Here, we hope to apply the HTRDNA algorithm to seek for the best one from four kinds of PID-type
controllers. The parameters are chosen as follows: The maximum iteration number is 100, probability
of crossover p. = 0.5, probability of mutation p,,, = 0.01, probability of enzyme p, = 0.01, probability of
virus p, = 0.01, the orthogonal array select Ly(23), the weighting w; = 1 and w; = 1073. The resultant
controller selected based on the HTRDNA algorithm is the PID-type controller and its parameters are
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K —-5.0668 49.8911 0 ] [102.4782 0.0001 0 0.0081 0.0061
P = s RN =

0 0 2.4501 0.0002  50.7663 ] and Kp = [ 0 0.0019 0.009 [
The sliding surface and fixed PID-type controller are given in (13) and (27), respectively.

Figures 7-11 demonstrate a quite satisfied tracking performance based on the proposed method.
According to Figures 3 and 8, the proposed HTRDNA algorithm can improve the error performance by
considering the performance index in (40). Figures 4 and 9 show the control input without undesired
chartering phenomenon by using the proposed control law (27). Compare Figure 4 with Figure 9,
Figure 9 shows that the control input is constrained by the performance index in (40). Figures 6 and 11
show that the error of perturbation estimation is converged. The simulation results demonstrate the
validity of the proposed perturbation estimator method. Furthermore, based on the cost function
(40), Figure 12 shows that the proposed flexible PID-type controller outperforms the fixed PID-type
controller. In addition, Figure 12 shows that the proposed HTRDNA algorithm outperforms the real
code DNA (RDNA) algorithm. Consider the performance index (40) to Section 5.1, the cost value is
0.2129. After HTRDNA algorithm optimization, the cost value is 0.1793. Compare Section 5.1 with
Section 5.2, the proposed HTRDNA algorithm can optimize the controller and improve the tracking
performance. Based on the above description, the newly proposed HTRDNA algorithm can improve
the performance for the proposed controller.
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Figure 2. Time responses of the closed-loop system with the fixed PID controller and unknown perturbation.
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Figure 3. Tracking errors of the closed-loop system with the fixed PID controller and unknown perturbation.
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Figure 4. Control inputs based on the fixed PID controller and unknown perturbation.
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Figure 5. Sliding manifolds for the fixed PID controller with unknown perturbation.
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Figure 6. Error between unknown and estimated perturbations.
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Figure 7. Time responses of the closed-loop system with the flexible PID controller and unknown perturbation.

108



Mathematics 2019, 7, 1141

1 T T T T T
0
o -1 q
-2 B
3 . . . . .
0 0.5 1 1.5 2 25 3
Time (s)
5 T T T T T
0
~
()
-5 B
10 . . . . .
0 0.5 1 1.5 2 25 3
Time (s)

Figure 8. Tracking errors of the closed-loop system with the flexible PID controller and unknown perturbation.
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Figure 9. Control inputs based on the flexible PID controller and unknown perturbation.
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Figure 10. Sliding manifolds for the flexible PID controller with unknown perturbation.
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Figure 11. Error between unknown and estimated perturbations.

RDNA v.s HTRDNA
0.196 T T T T T T

0.194

0.192

0.19

Cost Value
o o
® ®
o ©

T

1

1

1

1

1

I-

L i 1

0.184 \
1
0.182 - i
i
\‘

0178 . , \ . , . . . .
0 10 20 30 40 50 60 70 80 90 100
Iteration

Figure 12. Evolution of RDNA and HTRDNA algorithm.

6. Conclusions

A robust tracker design for a class of nonlinear controlled systems with/without direct feed-through
term and unknown nonlinear perturbation is proposed in this paper. Based on LQAT, by taking linear
transformation and augmented state, a simple approach for the PID-type controller with SMC and
perturbation estimator is proposed. The designed perturbation estimator is employed to eliminate
the unknown nonlinear perturbation so that the better performance can be achieved. To improve the
efficiency of real coded DNA algorithm, this paper utilizes the advantage of the Taguchi method to
real coded DNA algorithm so that the HTRDNA algorithm is newly proposed for the PID controller
optimization. Due to the SMC with fast response, SMC is employed to cope with the nonlinear
perturbation and then HTRDNA algorithm can be utilized to tune the PID controller type and its
parameters. Simulation results demonstrate the validity of our proposed method.
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Appendix A

Proof of Theorem Al. Substitute (19) and (20) into the derivative of sliding surface in (13) to obtain

$(t) = dg(t) — ys(t). (A1)
Differentiating (17), one has
d(t) = ka(5(6) + ys(0)) = ko(dg (1) = ys(t) + ys(1)) (42)
= kodg ().

dq(t) = dg(x,1) — dg(t) = dg((x,1) ~ kodg (1) (A3)

If the gain k, is selected to be a positive value, the error of (20) can converge and approximate to
zero. In other words, the estimated perturbation can approximate to the unknown perturbation at the
steady state.

Consider a candidate Lyapunov function as

v(s) = zs's, (A4)
and taking the derivative of v(s) in (A4) gives

o(s) = sTs = sT(cfg(x, t) —ys— Gsut(s(t)))
< lldg (x, ) Illsll = y1Isli* = ollsl] (A5)
< ~lIsI* ~ ollsll.

Equations (A3)-(A5) show that the sliding mode states can reach the defined sliding manifold
in finite time with the given parameters y > 0 and ¢ > 0; therefore, (17) can estimate the unknown
external perturbation and eliminate its impact directly. In addition, when d~g(t) equals or closes to zero,
the controller in (19) can achieve a desired tracking performance. O

Appendix B

Proof of Theorem A2. Consider a linear time-invariant system with the Pl-type controller and
underdetermined u(t) term described by

x(t) = Ax(t) + B(ﬁ(t) — Kpx(t) - K,fey(t)dt), (A6)
y(t) = Cx(t) + D(H(t) — Kpx(t) - Klfey(t)dt). (A7)
Take the Laplace transform of the tracking error to obtain the following equations
-1 ﬁs E(S) Rs
Ey(s) = Y(s) = Ry = {(C— DKp)[sl, - (A - BKp)] "B+ D} el (A8)
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where U and R are the steady-state values of #(t) and r(t), respectively, during any time period, if
u(t) and r(t) change slightly relative to the high gain property controlled system dynamics. Using the
final-value theorem to (A8), one has

limsEy (s) = H%s[w(% - K,»%S)) - %]: m[w(ﬁ(s) ~ KiE(s)) - Ry, (A9)
where
W = (C - DKp)[sl, — (A — BKp)] !B+ D. (A10)

Rearrange (A9) to have
lim(sl, + K W)Ey(s) = il_r;(}(v\/us -Ry),
which implies
lina{(C — DKp)[sl, — (A= BKp)] "B+ DJUs = Ry = 0
S—

for lin&sE y(s) = 0. From (A10), we can infer that it is sufficient to derive the controller #(t) in (22) and
5=

(23) by applying the final-value theorem without the integral term.
According to Theorem 1 and Theorem 2, SMC is reached and the perturbation is estimated by the
perturbation estimator. Then, take Laplace transforms of (22) and (23) without integral term to obtain

-lp U U _ D
Y(S) = Cpidc(sln _Apidc) Bpid% + Dpidl(uT - Tg)

—_ D S
= [Cpidc(SIn — Apiae) ' Bpia + Dpidl]& -D=¢&,

S

(Al1)

where Dy_is the steady-state values of tfg(t), during any time period, if d. ¢ (t) changes slightly relative to
the high gain property controlled system dynamics. Applying the final-value theorem to the tracking
error and forcing it to be zero yields
limsEy(s) = lims(Y(s) - Rs)
5—0 s—0 o
= [Cpidc (_Apidc)_prid + Dpidl]us - Dﬁgs —-Rs

=0,

so that in general, one has

— -1 t ~

u(t) = [Cpidc(_ApidC) B+ Dpidl] {7’(1‘) + Ddg(t)}/ (A12)
where

Apide = Apia = BpiaKp,
m]
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Abstract: In this work we develop a study of positive periodic solutions for a mathematical model
of the dynamics of computer virus propagation. We propose a generalized compartment model
of SEIR-KS type, since we consider that the population is partitioned in five classes: susceptible
(S); exposed (E); infected (I); recovered (R); and kill signals (K), and assume that the rates of virus
propagation are time dependent functions. Then, we introduce a sufficient condition for the existence
of positive periodic solutions of the generalized SEIR-KS model. The proof of the main results are
based on a priori estimates of the SEIR-KS system solutions and the application of coincidence degree
theory. Moreover, we present an example of a generalized system satisfying the sufficient condition.
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1. Introduction

1.1. Scope

In the last decades, due to its theoretical and practical importance and significance,
the mathematical models for dynamics of propagation for epidemics have been extensively studied,
see for instance [1-10] and references in those works. In particular, mathematical models are powerful
tools since it permits to explain, estimate and simulate the spread of infectious disease propagation,
and consequently help to design and test control strategies like an optimal time of vaccination.

From the historical point of view, the earliest mathematical models in epidemiology were
introduced in 1927 [11]. Following the presentation given in [12], we have that the basic idea considered
in [11], in order to describe the dynamics of a virus, was the partition of the total population N in
three classes: the susceptible class S formed for those individuals capable of contracting the disease
and becoming themselves infectives; the infective class I formed for those individuals capable of
transmitting the disease to susceptibles; the removed or recovered class R formed for those individuals
which having contracted the disease, have died or, are permanently immune, or have been isolated,
thus being unable to further transmit the disease. Moreover, they consider the three assumptions:
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the period of the epidemic is too short such that N is constant, the transfer process from S to I is
modeled by the mass action law and the transfer process from I to R is of exponential decay type.
Then, the called SIR model is given by the following system

ds(t) daI(t) dR(t)

T —kI()S(t), = kI(t)S(t) — AI(t), T AL(H),
where k and A are some positive constants. A particular case of SIR model is the well known SIS
model, which is deduced by considering the partition of the population in two classes of individuals:
susceptible and infected. Afterwards, numerous generalizations are given by several authors, who have
improved the SIR mathematical model by incorporating for instance the vital dynamics, a generalized
transmission forces, other classes of individuals and vaccination.

It is well known that the outbreaks of parasite population, which generate the epidemics occur
around the same time of each year. Then becomes natural to study the periodicity or model these
diseases by incorporating periodic functions into the epidemic models. For instance, in the case of the
SIR model the periodic models are introduced by considering the facts that k and A are time dependent
periodic functions.

On the other hand, the compartmental models were introduced for biological epidemics. However,
by the newest observation that the diffusion of biological virus is analogous to several processes in
other areas, the ideas have been widely adapted and used to describe other phenomenon. For instance,
the computer virus propagation in a network [13-18]. In particular, in this paper our aim is to study
the periodicity of the mathematical model for virus propagation introduced in [18].

1.2. The Generalized SEIR-KS Mathematical Model

In [18] the authors construct a compartmental model for computer virus propagation.
They consider that the population of individuals is given by computers or nodes in a network which
are in corresponding communications all the time. The population is partitioned in five classes:
the susceptible class S formed by the nodes which are virus-free uninfected; the exposed class E
formed by the nodes which are infected, but the virus is latent; the infected class I formed by the nodes
which are infected and the virus is breaking out; the recovered class R formed by the nodes which
have recovered from virus infection and acquired immunization; and the kill signals class K formed by
special nodes, which are a sort of anti-virus epidemic riding on the back of the virus propagation and
all of them constitute a new compartment, which is generated among the infectious nodes then they
can spontaneously transmit it to their neighboring nodes. The dynamic of computer virus transmission
is studied by considering the following list of assumptions:

(A1) The network at time ¢ is formed by a total of N(t) nodes. Then, we have the following relation
N(t) = S(t) + E(t) + I(t) + R(t) + K(t) at each time t.

(A2) There is a behavior similar to vital dynamics of biological virus. More specifically, related with
births and deaths, there is two characteristics in the process: (i) the new nodes are connected to
the network at constant rate b and a fraction p are of susceptible type and the remaining fraction
q = 1 — p are of exposed type; and (ii) each node, by system crash or network interruption,
are disconnected from the network at constant rate .

(A3) The dynamics of exposed nodes are characterized by three facts: (i) the susceptible nodes
are transformed in exposed nodes with probability per unit time BE(t) with § a constant;
(ii) the exposed nodes are converted into infected ones at constant rate «; and (iii) the exposed
nodes are converted into kill signals ones at constant rate x.

(A4) The infected nodes are converted into kill signals nodes or recovered ones at constant rates 7y
and ¢, respectively.

(A5) The kill signal nodes satisfy two additional premises: (i) the susceptible nodes receive the kill
signal and converted into recovered ones with probability ¢K(t); and (ii) the infected nodes
receives and relays the kill signal nodes with probability 6K(t). Here ¢ and ¢ are constants.
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Then, the following ordinary differential equation system

B — b SOE®) — 4S(OK() — pS(), (1a)
dliz(tt — b+ BS(E(E) — aE(t) — xE() — hE(H), (1b)
d;i(:) = aE(t) — SI(HK(E) — yI(£) — el(t) — pl(t), (1o)
difit) = SI(DK(E) +YI(t) + XE(t) — pK(t), (1d)
RO psk(e) +e1() - pr(e), (1e)

is introduced as the mathematical model for computer virus propagation.

In this work, with the purpose to study the existence of periodic solutions for systems
of Equation (1), we consider a more general model by assuming that constants on the
assumptions (A2)—(A5) are time dependent real functions, i.e., the parameters b, p, q, p, «, B, 7,
X, ¢, 0, u and ¢ are time dependent real functions. More precisely, we are motivated by the analysis of
the following generalized model:

B~ p(e) ~ BOSIE) ~ pISOIK(E) ~ k(DS (), a)
BB g(0)0(0) + BO)S(E) — a(DEW) ~ x(E() — () 2b)
A a)E() — (K ~ 1 (O1(0) — e()1(8) — p(E)1 (1), 20
D~ 1K)+ 710) + X OE®) — wOK(), ed)
R~ g(SWKE +e(10) ~ pOR(). o

We observe that the system in Equation (2) can be uncoupled in the study of the system in
Equation (2)a—e. Indeed, it is the strategy considered in [18] to analyze the stability. However, to study
the existence of periodic solutions is more convenient to consider the full system, since it is not
straightforward the fact that the existence of positive periodic solutions for Equation (2)a—d implies
the existence of positive periodic solution for Equation (2)e.

1.3. Reformulation of System in Equation (2) as Operator Equation

Firstly, we introduce a change of variable such that the system in Equation (2) is replaced by
an equivalent system. Then, we reformulate the new system as seen in Equation (4) as an operator
equation which will be analyzed by the topological degree theory.

For S,E,I,K and R satisfying the system in Equation (2), we consider the new functions
S*,E*, I",K* and R* defined explicitly by the relation

(S, E LK R)(t) = (eXP(S*(t))/EXP(E*(t))/exp(I*(f)),QXP(K*(t)),eXP(R*(f)D~ ®G)

Then, by differentiation in Equation (3) and using the fact that (S,E,I,K,R) satisfy the
mathematical model in Equation (2), we deduce that (S*, E*, I*, K*, R*) is a solution of the system
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B0 p(e)p(r) exp(~5" (1)) — B exp(E" (1)) — 9(B) expl(K* — S)(1) ~p(t),  (da)
dE;t(t) = q()b(t) exp(—E"(£)) + B(t) exp(S™(t)) — a(t) — x(t) — u(t), (4b)
) atyexpl(E* ~ 1)(1) - 6(8) exp(K* (1) 1) —e(6) — ), o
dK;t(t) = 5(t) exp(I* (1)) + 7 (£) exp((I* — K*) (1)) + x(£) exp((E* — K*) (1)) — u().  (4d)
dR;t(t) = ¢(t) exp((K* +S* — R*)()) +e(t) exp((I* — R*)(t)) — p(t). (de)

Thus, our aim is to study the positive periodic solutions of Equation (2) equivalently replaced by
the analysis of positive periodic solution of the new system (4).

Theorem 1. Consider the sets of functions {S, E, I, K, R} and {S*, E*, I*,K*, R*} are related by Equation (3).
Then, the functions S, E, I, K and R are a solution of the system in Equation (2) if and only if the functions
S*,E*, I*,K* and R* are a solution of the system in Equation (4). In particular, we have that the following two
assertions are valid: (a) If S*, E*, I, K* and R* satisfying the system in Equation (4) are w-periodic functions,
then the functions S, E, I, K and R satisfying the system in Equation (2) are w-periodic; and (b) The existence of
a solution for the system in Equation (4) imply the existence of a positive solution for the system in Equation (2).

Proof. The proof fact that {S,E,I,K, R} is a solution of the system in Equation (2) if and only if
{S*, E*, I*,K*,R*} is straightforward by the change of variable (3), differentiation and algebraic
rearrangements. Now, we get the proof of item (a) by using the change of variable (3), for illustration,
we consider the case of function S and we have that S(t + w) = exp(S*(t + w)) = exp(S*(¢)) = S(¢t).
The item (b) is a straightforward consequence of the definition of the functions §*, E*, [*, K* and R*
given in Equation (3). [

In order to define the operator equation, we consider the normed vector spaces X and Y and
introduce the operators L : Dom L C X — Y and N : X — Y explicitly defined by the relations

T

L ((XL X2, X3, X4, Xs)T) = <%r 0%2/ %: %, %) ®)

N ((x11x2,X3,x41X5)T) = (N, No, N3, Ny, N5)T (6)

where

Ni(t) = p(t)b(t) exp(—x1(t)) — B(t) exp(x2(t)) — ¢(t) exp((xg — x1)(t)) — p(t), 7)
MNa(t) = q(t)b(t) exp(—xa(t)) + B(t) exp(x1(t)) — a(t) — x(t) — p(t), ()]
N3(t) = a(t)exp((x2—x3)(t)) — o(t) exp(xa(t)) — y(t) —e(t) — u(t), ©)
Ny(t) = o(t)exp(xz(t)) +v(t) exp((x3 — x4) () +X( )exp((xa — xq)(t)) — u(t), (10)
Ns(t) = ¢(t)exp((x1 + x4 — x5)(t)) +e(t) exp((x3 — x5)(t)) — p(t). 1n

The operator notation implies that the system in Equation (4) can be rewritten as the following
operator equation

L ((s*,E*,I*,K*,R*)T) =N ((s*,E*, 1*,1<*,R*)T> ., (S$,E*,I",K",R*)eDomLCX, (12)
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where the appropriate Banach spaces X and Y are defined by

X:Y:{XTGC(R,RS) x(ttw) = H H —Z max_|x;(t)] <oo} (13)
i—1 t€[0,w]
Hereinafter we use the bold notation x! := (x1, x2, x3,x4,x5)T. We notice that the spaces in

Equation (13) are the more convenient, since we are concerned with the analysis of w-periodic solutions.
However, if the interest is to analyze other properties we should be consider a suitable definition of
XandY.

1.4. Main Results

By convenience of presentation, we introduce the notation

1 g
=— tdt, ft= , and f! = , 14
oy S0t fh= min £, and ST = max f(x (19
for any positive real valued bounded function f defined on [0, w].
Let us consider the following assumption

The initial condition (S(0), E(0), I(0), K(0), R(0)) € R3; the coefficient functions b, p,
q,&,B,7,X,¢,0, u and ¢ are positive, continuous, w-periodic on [0, w]; and there are the
strictly positive constants x; and x, such that

(po)- =9 (¢")~ 1beXp(Zwu) > x>0

T b _
- HT(7+s+€V)lX Tt xtwt P (wla+ermT+oTe) o4uT]) 2 >0

(15)

Then, the main result of the paper are given by the following three theorems.

Theorem 2. Let X and Y the spaces defined on Equation (13); Q : Y — Y defined by
Q(x") = =w! f TdT, and the operators L : X — Y and N : X — Y defined on Equations (5) and (6),
respectzvely Moreover assume that the hypothesis in Equation (15) is satisfied. Then, there are the positive
constants p1, 02, p3,d1,d2,d3, 81,02 and 83, such that the following two assertions are valid

(a) IfA €]0,1[and x € Dom L are such that L(x) = AN(x), the following inequalities

xi(t) <In(p;j/w)+d;, i=1,...,5 (16)
In(d;) < x;(t), i=1,...,5 17)

holds for all t € [0, w].
(b) Ifx € Ker L are such that QNx = 0, the following inequalities

xi(t) <In(pi/w), i=1,...,5 (18)
In(6;) < x:(f), i=1,...,5 (19)

holds for all t € [0, w].

Theorem 3. If the hypothesis in Equation (15) is satisfied, there exists at least one w-periodic solution of
Equation (4).

Theorem 4. Consider that the hypothesis in Equation (15) is satisfied. Then, the system in Equation (2) has at
least one positive w-periodic solution.
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1.5. Related Works

There are several works where the study of positive periodic solutions is developed, for instance
in [13,19-33]. In particular, recently in [13] was proved the existence of at one positive periodic solution
of the following system modeling the dynamics of a computer virus

U — b~ (01 - BOSOLE) ~ BISHA® +m(HLE) + 12D A(),
dLT(:) = BuUBSHLE) + Ba(1)S(DA(E) + a2 (DA(E) = [ua(t) +aa () + M (DL (E),
df}TEf) = (OL() = [pa(t) + a1 (1) + 12(D)]AH),

by assuming that S(0), L(0) and A(0) are strictly positive and the functions b, y1, pi2, i3, B1, B2, 71, 72, 01
and a, are positive, continuous, w-periodic on [0, w| and

T
X1 T €
ax+72) < (3 +ax+72
(M+H2> (@2 +72) < (n 7)

We observe that S, L and A denotes the susceptible computers, the latent computers and the
infectious computers, respectively.

1.6. Outline of the Paper

The paper is organized as follows. In Section 2, we introduce some terminology related to
the coincidence degree theory and some useful results. In Sections 3-5 we develop the proof of
Theorems 2—4, respectively. Finally, in Section 6, we present an examples of a system with coefficients
satisfying Equation (15).

2. Preliminaries

In this paper, we utilize the standard notation and terminology of topological degree theory.
However, for self-contained presentation, we recall some notation, concepts and results related to the
statement of of Mawhin'’s theorem, [34]. Moreover, we prove some properties for the operators L and
N defining on the operator Equation (12).

2.1. The Mawhin’s Continuation Theorem

Definition 1. Let X and Y be normed vector spaces and L : Dom L C X — Y a linear operator. Then, L is
called a Fredholm operator of index zero, if the following assertions

dim(Ker L) = codim(Im L) < oo and  Im LisclosedinY, (20)
are valid.

Proposition 1. Let X and Y be normed vector spaces and L : Dom L C X — Y a linear operator. If L is
a Fredholm mapping of index zero, then

(i) There are two continuous projectors P : X — X and Q : Y — Y such that Im P = Ker L and
ImL=KerQ=1Im (I - Q).
(i) Lp := L|pom rrKer P : (I — P)X — Im L is invertible and its inverse is denoted by Kp.
(iii) There is an isomorphism | : Im Q — Ker L.

Definition 2. Let X and Y be normed vector spaces and L : Dom L C X — Y a Fredholm mapping of

index zero. Let P : X — Xand Q : Y — Y be two continuous projectors such that Im P = Ker L and
Im L = Ker Q = Im (I — Q). Let us consider N : X — Y a continuous operator and Q0 C X an open
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bounded set. Then, N is called L—compact on Q) if QN(Q) is a bounded set and the operator Kp(I — Q)N is
compact on Q).

Definition 3. Let Q C R" be an open bounded set, f € C1(Q,R") NC(Q,R") and y € R"\ f(dQ U Ny),
i.e., y is a regular value of f. Here, Ny = {x € Q) : J¢(x) = 0} the critical set of f and ] the Jacobian of f
at x. Then, the degree deg{f, Q0 y} is defined by deg{f, O, y} = Lycs1(,) sgn/s(x), with the agreement

thaty_ = 0.
@

Theorem 5. Assume that (X, ||.||x) and (Y, ||.||y) are two Banach spaces and Q) is an open bounded set.
Consider that L : Dom L C X — Y be a Fredholm mapping of index zero and N : X — Y be L-compact on Q).
If the following hypotheses

(C1) Lx # ANx for each (A, x) €]0,1[x (dQ2 N Dom L).
(C2) QNx # 0 for each x € 9Q N Ker L.
(C3) deg(JON, Q2N Ker L,0) # 0.

are valid. Then the operator equation Lx = Nx has at least one solution in Dom LN Q.

2.2. L Is a Fredholm Operator of Index Zero

Lemma 1. The operator L : Dom L C X — Y defined on Equation (5), with X and Y the Banach spaces given
on Equation (13), is a Fredholm operator of index zero. Moreover the sets Ker L and Im L are characterized by

Ker L 2 R%and Im L = {y eY: [ y(n)ldr = O}, respectively.

Proof. In order to prove the Lemma we apply the Definition 1 or more precisely we prove that L
satisfy Equation (20).

The left condition in Equation (20) is proved as follows. Let (so, lo, iy, ko, 70) € R5 such that
x(tg) = (s0,1o,i0,ko,79), we observe that xT € Ker L is equivalent to x(t) = (s, o, io, ko, 7o) for all
t > ty. Then, we have that Ker L = R>. Now, if we select arbitrarily yT € Im L, we have that
there is x € Dom L such that Lx” = yT. Then, from Equation (5) and w-periodic behavior of x,
we deduce that ftHw y(t)Tdt = 0 for each t > t; or equivalently Im L = {y eY: fow y(r)Tdt = 0}.
Now, by linear algebra results, we recall the existence of isomorphisms X = Im L& (X/Im L),
X > Ker L® (X/Ker L), and Im L = X/Ker L. Thus, we have that Ker L = X/Im L and we get that
dim(Ker L) = codim(Im L) = 4.

To prove the left condition in Equation (20) we introduce the linear continuous mapping
F:Im L C Y — R® defined by F(xT) = Ow xT(t)dt and observe that F~1(0) = Im L. Thus, clearly
Im L is a closed set of the space Y. [

2.3. Construction of the Projectors P, Q and the Operator Kp

We remark that the existence of three abstract projectors P, Q and Kp associated to L, is guaranteed
by Proposition 1. However, by convenience of some calculus in the following sections we introduce
explicitly the definitions of P and Q given by

P:X=X, Q:Y—Y, P(xT)zQ(xT>=%/0wx(T)TdT 1)

and notice that satisfy the relations in Proposition 1. More precisely, we have that

(a) Ker L =1Im P. We prove that Ker L C Im P as follows: from the isomorphism Ker L = R5
given on Lemma 1, we observe that x” € Ker L is equivalent to the fact that x(¢) is constant for
all t > ty, which at the same time implies that x € Im P, since for x(¢) constant we have that
P (xT) = xT Conversely, the proof of the inclusion Im P C Ker L is deduced by the following
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facts: for y” € Im P there is z € X such that P(zT) = yT and from Equation (21) we obtain that
w™! fow z(t)Tdt = yT which implies by differentiation the fact that L(yT) = 0 or y € Ker L.

(b) Ker Q =Im L. From the definition of Q given in Equation (21) we have that yT € Ker Qis
equivalent to fow y(7)Tdt = 0 and from the characterization of Im L given on Lemma 1 is at the
same time equivalent to yT € Im L.

() Im(I-Q)=ImL. Lety’ € Im (I — Q), then there is z € X such that (I — Q) (ZT) =y,
which implies that

/(;wy(T)TdT - /Ow <z(r)T - %/Ow z(m)Tdm> dr = (0,0,0,0)

and, from the characterization of Im L given on Lemma 1, we get that y(t)T € Im L.
Thus, we obtain that Im (I — Q) C Im L. By analogous arguments, we can prove the inclusion
ImL CIm(I-Q).

(d) Operators Kp and Lp. The notation Lp is is introduced for the restriction of L to Dom L N Ker P,
i.e., Lp is the operator defined from Dom LN Ker P toIm L and Lp = L on Dom L NKer P.
The symbol Kp is used to denote the inverse of Lp, and is precisely defined as the operator
such that

Kp (xT) (t) = /tx(T)TdT _1 /w /,7 x(m)Tdmdy. (22)
Jo wJo Jo
We notice that, we can prove that the operator Kp is the inverse of the operator Lp by application
of the following identity
td 1 w rt o4
[ ox(e)ds — /O /0 x(m)dmdt = x(1),
which is valid only for all xT € Dom L N Ker P.

Thus, the projectors P and Q defined on Equation (21) satisfy the Proposition 1, since we can
follow (i) and (ii) are satisfied from (a)—(c) and (d), respectively.

2.4. N Defined on Equation (6) Is a Continuous Operator
Lemma 2. The operator N : X — Y defined on Equation (5), with X and Y the Banach spaces given on

Equation (13), is a continuous operator.

Proof. Let us choose arbitrarily the sequence {x,} C X which converges to X in the norm induced
topology of X. By the definition of N given on Equation (6) and applying componentwise the inequality

21
|exp(z2) —exp(z1)| = ‘/Z exp(s)ds| < max { exp(zl),exp(zz)}\zz —zi|, Vz1,z €R,
2

we get the existence of C > 0 depending only on b, 1, B1,B2,71, 72,41 and ay such that
[IN(xn) — N(X)|| < C|[x» — X||. Thus, the sequence {N(x,)} C X converges to N(x) in the topology of
X induced by the norm. Hence, we can deduce that N is a continuous operator. [

2.5. N Defined on Equation (6) Is L-Compact on any Ball of X Centered at (0,0,0,0,0).

Lemma 3. Assuming that h € R is an arbitrary and fix number defining the radius h of an open ball of X
centered at (0,0,0,0,0), denoted by Q C X, i.e.,

Q= {(xl,xg,x3,x4,x5) eX : |(xg,x2,x3,x4,x5) ]| < h}. (23)
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Moreover, consider L and N defined on Eqautions (5) and (6), respectively. If the assumption in Equation (15) is
satisfied, the operator N is L-compact on Q.

Proof. The proof is focused in the verification of the fact that L satisfy the two requirements of
Definition 2: QN(Q) is a bounded set and Kp(I — Q)N is a compact operator on ), since Q) is an open
bounded set by the its definition given on Equation (23) and L is a Fredholm operator of index zero by
application of Lemma 1.

To prove that QN (Q) is bounded we proceed as follows. We observe that

ON(XT) = %/Ow N(7)Tdr. 24)

Then, for x € Q we have that [|QN(xT)[| < 1 Jo  IIN|ldt = |IN||, which implies that QN (Q))
is bounded.

In order to prove that Kp(I — Q)N is a compact operator on (), we observe that from
Equations (6), (21) and (22) we get

(Kp(I = Q)N)(xT)(t) = /Ot N(o)Tdt + (% - é) /Ow N(t)Tdr — é /Ow /0'7 N (m) T dmdy.

Then, we deduce that |Kp(I — Q)N|| < 2w||N]||, as a result we have that (Kp(I — Q)N)(Q) is
a bounded, since the operator N is bounded on Q. Moreover, we can prove the bound

[(Kp(I = Q)N)(x") () = (Kp(I = Q)N)(x")(s)| < 2|IN|[ [t —s|, ¥t,s € [to, 0],

ie., Kp(I — Q)N is an equicontinuous operator. Hence, by Arzela Ascoli’s theorem we get that
Kp(I — Q)N is a compact operator on Q). [

2.6. A Useful Auxiliary Result

Proposition 2. [13] Let ¢ : [0,w] C RY — IR be an absolutely continuous function satisfying the
differential inequality

Dy +mgt) >0, view) 25)

with m € L1([0,w]) such that 0 < my < m(t) < my for all t € [0,w] and for some positive constants my
and my. Then, if p(0) > 0 we have that (t) > 1(0) exp(—mpw) > 0 forall t € [0, w].

3. Proof of Theorem 2

3.1. Four Useful Lemmata

We introduce four Lemmmata related with some estimates for the operator equation Lx = ANX,
which is equivalent to the following system
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‘%1 = A[pbexp(—x1) — Bexp(x2) — pexp(xg — x1) — 4], (26a)
%2 = Agbexp(—x2) + Bexp(x1) —a —x —p, (26b)
%3 = Alaexp(xz —x3) —dexp(xy) =y —e—pl, (26¢)
% = A[dexp(x3) + yexp(xz — x4) + xexp(x2 — x4) — 4], (26d)
L%S = Alpexp(x) + x4 — x5) +eexp(xz — xg) — (26e)

and also can be rewritten as the system

L exp(1) + Apexp(x1) = A[pb — Bexp(xi +12) ~ pexp(xs)], (27a)
B exp() + Ma+ 1+ ) exp(xa) = Algh + Bexp( + )], (@7b)
% exp(x3) + A(7 + & + 1) exp(xa) = A [wexp(xa) — dexp(x3 + xa)], 270)
%exp(m) + Apexp(xs) = A[Sexp(xs + 1) + vexp(xs) + xexp(x2)],  (27d)
% exp(xs) + Apexp(xs) = A [pexp(x1 + xg) +eexp(x3 — x4 + x5)] . (27e)

We notice that to deduce Equation (27) we multiply the i-th equation of the system in Equation (26)
by exp(x;). Thus, the proof of estimates for Lx = ANx is focused in to get the estimates of the solutions
of Equation (26) (or equivalently of Equation (27)).

Lemma 4. Assume that (S(0), E(0),1(0), K(0), R(0)) € R, the coefficient functions b, p,q, e, B, v, X, ,6, t
and ¢ are positive, continuous and w-periodic on [0, w); and the operators L : Dom L C X — Y and defined
on Equations (5) and (6), with X and Y the Banach spaces given on Equation (13). Then, the solution of the
operator equation Lx = ANx with A €]0, 1] satisfy the following inequalities

exp(x2(t)) > exp (E(0) = (a+x +1) ), 28)
exp(xy(1)) = exp (K(0) — " w), 29
exp(x5(1)) = exp (R(0) — " w), (30)
(pb)* < [T+ BT max explaa(t)] explxr(t) +97 max exp(s(1)) 1)

at exp (E(O) —(a+x+ y)Tw) < [("r +e+ y)T 467 tg[‘(?fﬁ] exp(X4(t))] exp(x3(t)), (32)
forany t € [0, w].
Proof. By the continuity of the coefficient functions and the fact that A €]0,1[, we have that
Mat+x+m)(t) € Matx+p)t (a+x+pu)']CRY and Ap(t) € [Aph,p'] © RF, for any

t € [0, w]. Then, we can prove Equations (28)—(30), by straightforward application of Proposition 2 to
Equations (27)b,d,e, respectively, since we have that
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exp(x2(1)) = exp(x2(0)) exp(—(a+x + ) Tw) = exp (E(0) — (a +x + 1) ),
T

T

exp(xs(t)) = exp(x4(0)) exp(—p ) = exp (K(0) =" w),
exp(x5(t)) > exp(x5(0) exp(—p @) = exp (R(0) = w),

for any t € [0,w]. Now, to prove Equations (31) and (32), for i = 1,3, we introduce the notation
T; € [0,w] for the points where x; has a minimum. Then, using the notation in Equation (14),
from Equations (27)a,c, and (28) we get

(pb)* < (pb)(n)
= p(m) exp(x1(m)) + B(1) exp((x1 + x2) (1)) + P(71) exp(xa(T1))
= (@) + B(m) exp(xa(m))] exp(x1 (7)) + (1) exp(xa(m))

< [T +57 max exp(xa(t)]| exp( (1) + 97 max explxa(n),
atexp (E(0) = (a+x+ 1) w) < (1) exp(xa(73)
= (7++ e+ 1) () exp(x3(15)) + 8(75) exp((x3 + 4)(13))
< [(ret )T +07 max exp(ra(t)] explus(t))
forany t € [0,w]. O

Lemma 5. Assume that hypotheses of Lemma 4. Then, the solution of the operator equation Lx = ANx with
A €10, 1] satisfy the integral inequalities

/ Y exp(x ()t < ;’Tb (33)
/0 “ exp(xa(t))dt < ﬁ (34)
ettt < <a+x+5}fzﬂf+s+m )
/Owexp( J(D)dt < ;’l (36)

w b | T
/0 exp(xs(1))d < Wb ex p(x(t ))+8 MaXe o] XP(¥3(t))

HEo el Foxp(KO) - ey o PO O
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Proof. We integrate the equations of the system in Equation (27) on [0, w| and using the w-periodicity
of x we deduce the following identities

7 p0pide = [ (B exp((xn +3)(0) + 9(t) explxs(t) + u(t) expla ()] e, (5)
[ awnod = [ =B exp(aa +x2)(0) + (4 x4 ) () explaa ()] (38b)
/Owa exp(xa(£))dt = /[5 Yexp((x3 + x5) () + (7 + &+ 1) (1) exp(x3(£))] dt, (38¢)
[ e explxatene = [ (506 exp((xs + x0) () + 7(8) explxs(0) + x(t) explaa(t)] dt,  (389)
7 ey explxs(end = [ [p(e) exp((xa 4+ 3)(0) + e exp((xs — x4+ x5) ()] . (38¢)

Then, adding Equation (38)a,b, using the w-periodicity of x; and xp, and the fact that
p(t) +4(t) = 1, we deduce that

[ eterde = [ ity explxa (6) + () +2(0) + (1) explea(t)) + 90 exp(a(t)]

which implies Equations (33), (34) and (36), since, by the positivity of «, x, i and ¢ and the notation in
Equation (14), we get the inequalities

[ expaa(tyae < s [ ) expla(t)a

iy ) o
[ @ expn(0) + a0+ x(8) + (1)} exp(xa(t)) + 9(0) explxa(0)]

w wb
b(t)dt = ,
/e e

T I A X RO e
te[0,w]

/[V )exp(x1(£)) + {a(t) + x(£) + p(£)} exp(x2(t)) + ¢(t) exp(xa(t))] dt

IN

M+X+ﬂ

1 w wb
= Wt b M= G
w l w
/0 exp(xa(t))dt < M/O P (1) expl(xa(t))dt

oy [H(OOPa )+ 8(0) +x(0) + ()} expla(t) + 4(8) expls (1))

o b v

)—"_' )—‘H

126



Mathematics 2020, 8, 761

The inequality in Equation (35) is a consequence of Equations (38)c and (34), since

[ expra(eat < i e el

min (y+e+pu)(t) Jo
te[0,w]

< W/ [3(£) exp((x3 + x3) (1)) + (7 + € + p)(8) exp(x3(1))] dt
= et et
- wa'b A
T (rtetp) et x )t

Now, from Equations (38)e, (36) and (32), we deduce the following estimate

w- [ explastnar < | wy(t) expxs(1)

= [ (06 exp(xa +x2) (1) + e(t) expl (x5 = x4+ x5) (1)

whg" max;c|o ] eXp(¥3(f))

pa te[ax]exp(xl(t)) Tminteo p(X4(t))/ exp (x5 (t))dt
wbp" max;e (o] exp(x3(t))

< €% max exp(a (1) + 7= AT S | expls(eat,

which implies Equation (37). O

Lemma 6. Assume that hypotheses of Lemma 4. Then, the solution of the operator equation Lx = ANx with

A €]0, 1] satisfy the integral inequalities

"W | dxq
# <
/0 pn (t)|dt < 2wb tg?(?z(]] exp(—x1(t)),

w dxz T
/o W(1%) dt <2w(a+x+u)',

@ |dxs T sTrpTy-1
/O =10 dt<2w((’y+£+y) +67B(¢pT) )

w dX4 __
/0 E(t) dt < 2wji,

wld
/0 %(t) dt < Zwﬁtg[lgz] exp(xa(t) — x5(t)).

(39)
(40)
(41)
(42)

(43)

Proof. We integrate the system in Equation (26) on [0, w] and by using the w-periodicity behavior of x,

we have that

/“’()b(t)exp( xa(0)dt = [ (1) exp(a(t)) — 9(0) explxa(t) — x1(1) — (1)),
[ la0p) exp(—22(0) + Bt explaa()]d = [ [alt) + x(8) + (o)),

7 (0 exp (xa(0) = x5(6)) — 3(6) explxa(tn]dt = [ y(e) +e(0) + o) at,

1800 expas () + (1) exp(aa(t) — xa(6) + x(t) explaa(t) — ()]t = [,

/quﬁ(f) exp(x1(t) +x4(t) — x5(t)) +e(t) exp(xa(t) — x4(t)) — p(t) exp(xa(t) — x5(t))dt = 0.
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Then, taking the modulus of the each equations defining the system in Equation (26); integrating
each resulting equations on [0, w]; using the information that A €]0,1[; employing the relations of
Equation (44); and applying the inequalities on Lemmas 4 and 5, we obtain the following estimates

/Ow %(t) dt < 2/ t)exp(—x1(t))dt < 2wb max exp(—xy(t)),

te[0,w]
@ |dx

bl

LS| <2 [ 1+ 00+ 60 explaatr]

< Zw(('y tet+u) + NE(qﬁT)*l),

~~

) dt<2/0 (a+x+p)(t)dt <2w(@+x+p)',

w
%(t) dt < 2/ Hdt = 207,

)
/w dX5
0

~~

i (

)| dt < 2/ t) exp(xa(t) — x5(t))dt
< 2wpi max exp(x4(t) — x5(t)),
te[0,w]
which conclude the proof of lemma. [

Lemma 7. Assume that hypotheses of Lemma 4. Moreover consider that the hypotheses (15) and x is the
solution of the operator equation Lx = ANx with A €0, 1[ the following estimates

there exists 6; > 0 such that exp(x;(t)) > 6;, te€[0,w], i=1,...,5 (45)
w

there exists p; > 0 such that / exp(x;(t))dt <p;, i=1,...,5 (46)

there exists d; > 0 such that / dx‘ )‘ dt<d; i=1,...,5, (47)

are satisfied. In particular, max;c( ) exp(x;(t)) < pi(w)Lexp(d;) and x;(t) < In(p;/w) + d; for
te0,w|andi=1,...,5.

Proof. We get the proof by application of Lemmas 4, 5 and 6, and the hypotheses in Equation (15).

We notice that we can prove some relations in Equations (45)-(47) by a straightforward consequence of
Lemmas 4, 5 and 6. More precisely, we can deduce

(45) for i = 2,4,5, with 0, = exp ( — (4 x+ y)Tw), by = exp ( - yTw), 65 =6y (48)

) wb wb alpy wb
(46) fori =1,2,3,4, withp; = —, pp = , P03 = ,P4= (49)
T (e CE T EaT E

(47) fori = 2,3,4, with dy) = 2w(a + x + ]/I)T, dz = Z(w('y + e+ ‘u)T + 5Tp4>, dy =2wp;  (50)

from Equations (28)—(30); (33)—(36); and (40)—(42); respectively. Meanwhile, to prove the remaining
inequalities we proceed as follows:

(i) we prove that max;c[o,,) exp(xi(t)) < pi(w)~ Lexp(d;) fori =2,3,4;
(ii) we prove Equation (45) fori =1,3;
(iii) we prove Equation (47) fori = 1;
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(iv) we prove Equation (46) for i = 5;
(v) we prove Equation (47) for i = 5.

Proof of (i). From Equation (49) and the intermediate value for integrals we can deduce that there exist
i € [0, w] satisfying the inequality x;(&;) < In(p;/w) for i = 2,3,4. Then, by the fundamental theorem
of calculus and Equation (50), we deduce that

tdys tdys ‘
%(b) :xi(éi)+/§ (< 1n(pi/w)+/’: Lt < In(pi/w) +di, =234,
for any t € [0, w]|, which clearly implies (i).

Proof of (ii). We notice that the assertion proved in (i) for i = 2,4 and Equation (31) imply that

(o) < [ + BT p2(w) " exp(da) | exp(x1 (1)) + ¢ pa(w) " exp(dy), (5)

for any t € [0,w]. By hypotheses in Equation (15) we have that (pb)* — ¢ ps(w) ' exp(dy) > 1,
then Equation (51) implies Equation (45) for i = 1 with 61 = xy[u| + BT pa(w) Lexp(dy)] .
Now, from the assertion proved in (i) for i = 4 and Equation (32) we can deduce Equation (45)

1
for i = 3 with d3 = a* {('y +e+u)T +6Tpg(w)! exp(d4)] )

Proof of (iii). From Equation (48) and Lemma 6, we can follow that Equation (47) for i = 1 is satisfied
with dy = 2(4}5/51.

Proof of (iv). Form similar arguments and notation to the proof of step (i), Equation (47) and
Equation (47) for i = 1, we can deduce that

td td
i (f) :xl(;q)Jr/g1 Lt <ln(p1/w)+/(_;1 CL(tdt < In(py/w) +dy,

for some & € [0,w] and any t € [0,w]. Then, maxc.)exp(x1(t)) < p1(w) exp(dy).
Now, from Equation (37) and the assertion proved in (i) for i = 3 we deduce that

w whbepT e maxie (o ) exp(x3(t)
1)dt < = t '
[ explas(tar < oL M o)+ — 0 = i w)

whT e pzexp(d «
< S B exptay) + PO Menpas(e)ar. (32

) '/Ow exp(x5(t))dt

Thus, the hypotheses in Equation (15) implies

w ' p3exp(d w
Kz/o exp(xs(t))dt < (1— m)/o exp(xs(t))dt (53)
T
< O L exp(d), 9

which implies Equation (46) for i = 5 with p5 = wb¢ " p1 exp(dq) [ ¢ wiy ] -
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Proof of (iv). From (i) with i = 4 and Equation (48)

r

dxs
dt

(t)‘ dt < 2wii max_exp(x4(t) — x5(t))
te[0,w]
_ Zipexplds) _
ds

Then, Equation (47) for i = 5 is satisfied.

Summarizing we have that Equation (45) is followed by Equation (48) and (ii); Equation (46) is a
consequence of Equation (49) and (iv); and Equation (47) is proved from Equation (50), and (iii) and
(v). Moreover, we observe that a sequence of similar arguments and notation to the proof of step (i),
Equations (47) and (47) for i = 5, implies that

td td
xs(t) = x5(85) + /5 G D <nips/0) + /5 G D < Infps /) +ds,

for some ¢5 € [0,w] and any ¢ € [0, w]. Then, max;c[g,) exp(x5(t)) < ps(w)~Texp(ds). Then, we get
the additional and particular inequalities are followed from (i) and (iv). [

3.2. Proof of (a)

We can prove the estimate in Equation (17) by application of Lemma (7).

3.3. Proof of (b)

If x € Ker L, then by the results of Section 2.3, we have that x(#) € R? is constant for any ¢ € [0, w].
By notational convenience we consider that x(t) = (So, Eo, Io, Ko, Ro). Then, from Equation (24) the
condition QN (xT) = QN((So, Eo, Io, Ko, Ro)T) = 0 implies that

0 = pbexp(—Sy) — Bexp(Eo) — pexp(Ko— So) — 7, (55a)
0 = gbexp(—Eo) +pexp(So) —&— X~ (55b)
0 = wexp(Eg—Ip) —dexp(Ko) —7—e—7, (55¢)
0 = dexp(lo) +7exp(lo — Ko) +xexp(Eo — Ko) — T, (55d)
0 = ¢exp(So+ Ko— Rp)+eexp(lp — Ro) — i. (55¢)

Then, from Equation (55) and following similar arguments to the proof of Lemma 7, we can
deduce that in this case an inequality of the type in Equation (46) is also valid, i.e.,

P1 02 03

exp(Sp) < w’ exp(Ep) < w exp(Ilp) < W’ exp(Kp) < pa

w

s,
and exp(Rg) < ”

which implies Equation (18). Moreover, from Lemma 7 and the fact that Ker L C Dom L, we can
deduce that

exp(So) > 61, exp(Eo) > s, exp(ly) > 03, exp(Kog) >0ds, and exp(Rg) > d5-

Thus, the inequality in Equation (19) is also satisfied.
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4. Proof of Theorem 3

4.1. A Previous Lemma

Lemma 8. Let X and Y be the spaces defined on Equation (13); Q) C X the open ball centered at (0,0,0,0,0)

with radius
ln<p’)‘+d} (56)
wl

where 6;, p; and d; are defined in the proof of Lemma 7; and L, N and Q the operators defined on Equations (5),
(6) and (21), respectively. If Equation (15) is satisfied, the operators L and N satisfy the properties (C1)—(C3) of
Theorem 5.

= ;max { ) In(6;)

Proof. We prove (C;) and (Cy) by contradiction argument and we prove (Cz) by application of
invariance property of the topological degree. Indeed, we have that

(Cq) Let us assume that there are § €]0,1[ and x € 9Q N Dom L such that Lx = 6Nx. Then, by
application of Theorem 2-(a) we deduce that x € Int Q) which is a contradiction to the assumption
that x € 0Q).

(Cy) Let us assume that there is x € dQ) N Ker L such that QNx = 0. Then, by application of
Theorem 2-(b) we deduce that x € Int () which is a contradiction to the assumption that x € 9.

(C3) Let us define the mapping ® : Dom L x [0,1] — X by the following relation

pbexp(—x1) — Bexp(x2) — pexp(xs —x1) — i 0

erpl ) ~a T Bexp(x1)
d(x,v) = wexp(xp —x3) —dexp(xg) =y Fe+ p +v| 0

dexp(x3) +xexp(x2 —x4) — i Yexp(xz — x4)

™|

X
exp(x1 + x4 —x5) —H exp(x3 — xs)

We prove that ®(x,v) # 0 when x € 9QNKer L and v € [0,1]. From Lemma 1 we
recall that xT(t) = (So, Eo, Ip, Ko, Ry) € RS is a constant. Let us consider that the conclusion
is false, then the constant vector (Sp, Eo, Io, Ko, Ro)T with ||(So, Eo, Io, Ko, Ro)|| = h satisfies
‘D(SQ, Eo, Iy, Ko, Ro, U) =0, that is,

= pbexp(—So) — Bexp(E) — pexp(Ko — So) — 7,

= gbexp(—Eg) —a+ x + ji + vBexp(So),

Texp(Eo — o) — 3exp(Ko) = T F EF

= dexp(ly) + xexp(Eo — Ko) — i + vyexp(Iy — Ky),
= ¢exp(So+ Ko — Ro) — i + veexp(Ip — Ro).

o o o o o
Il

Then, by following similar reasoning steps to the proof of Theorem 2-(a) we get that
I|(So, Eo, Io, Ko, Ro) T || < h, which contradicts to the assumption that ||(Sg, Eo, lo, Ko, Ro)T|| = h-

Let us consider | = I : Im Q — Ker L such that x” + x7, then by applying the Homotopy
Invariance Theorem of Topology Degree, using the fact that the system

= pbexp(—x1(t) — pexp(xa(t)) — pexp(xy(t) — x1(t) — 7,

= gbexp(—x2(t)) +Bexp(x1(t)) —a T+ X + 1,

@exp(x2(t) —x3(t)) — dexp(xa(t)) =7y Fe+ i,

= Sexp(x3(t)) +xexp(xa(t) — xa(t)) +Texp(xs(t) — xa(t)) — 7,
= Pexp(ri(t) +xa(t) — x5(t)) +Eexp(xs(t) — x5(t)) — 7

o o o o o
Il
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has a unique solution x*T € 90 N Ker L, noticing that the determinant of the Jacobian of ® at
x*T is given by

o (x™)| = = [pexp(xi +x — x3) +Eexp(as —x3)| (1T + 1a),
with I'ly and I, the positive functions

T = = Bexp(x3) — | [ — abexp(x3)| [Fexp(xs — x3) (Xexp(x3 — x3) + Texp(x5 — 23))
+8exp(xj) (S exp(x3) + Texp(xs — xj) )|
M, = — Bexp(x}){ [ — Bexp(x3)] [Rexp(xs — x3) (exp(x3 — 25) + T exp(x — 7))
+8exp(xj) (S exp(x3) + Texp(xs — xj) )| + [ — Pexp(xs — +7)]
[@exp(xs — 23) (Texp(x3) + T exp(x} —x3) ) + Twexp(235 — 25 —x3)| |},
and by Definition 3, we have that
deg(]QN(xT,Q NKer L, OT) = deg(@(x, 1),QNKerL, OT) = sgn‘]q)(x*T)) = —1.
Hence, we get that deg(JQN, QN Ker L,0) # 0 and prove that (C3) is valid.
Therefore, the assertions on items (C1)-(C3) of the Theorem 5 are valid for the given operators. [

4.2. Proof of Theorem 3

By Lemmata 7 and 8, we notice that the assumptions of the Theorem 5 are satisfied.
Thus, there exist at least one solution of operator equation in Equation (12) belong Dom LN Q C X,
which implies the existence of at least one w—periodic solution of the system in Equation (4).

5. Proof of Theorem 4

The proof of Theorem 4 is a consequence of Theorems 3 and 1. Indeed, from Theorem 3 we deduce
that there exists at least one w—periodic solution of Equation (4). Then, we get the proof of Theorem 4
by application of Theorem 1.

6. An Example

Let us consider that

b(t) = 100 + cos(rt), P =2 (1 + %smw)) ,

q(t) =1—p(t), a(t) = 1.1960¢ — 90 sin® (g:&) ,

B(t) = cos (;t) , ¢(t) = 1.1 4 1.0e — 10sin(rtt), (57)
3(f) = 1.0¢ — 15(1 + sin(rtt)), Yt = %(1.1 + 1.0¢ — 10sin(rtt)),

X(t) = §(11+ 106 ~ 10sin(1)), 5(t) = S(11+ 1.0¢ ~ 10sin(t)),

e(t) = %(1 +sin(rtt)),
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which are 2-periodic functions. We notice that

(pb): — ¢ (¢F) LD exp(2wit) ~ 0.15,
ela’b . e .
1_HT(7+s+y)¢(a+x+y)LeXp(“’[(VJF”H) +¢ (o7) b+ p D~0.857,

and we have that the hypothesis in Equation (15) is satisfied by selecting x1 €]0,0.15[ and #, €]0,0.857.
Thus, by application of Theorem 4, we deduce that the system in Equation (2) with coefficients defined
by Equation (57) has at least one positive 2-periodic solution.
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