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Figure 3. In this figure, different waveform classes are shown, including Linear Frequency Modulation
(LFM), Binray Phase Shift Keying (BPSK), Frank, Costas codes, P1-P4 codes and T1-T4 codes. There are
significant differences among the Choi-Williams Time-Frequency Distribution (CWD) images.

3.3. Binary Image

In this part, the detected signals are processed into binary images with the global thresholding
algorithm [32]. Before it is done, we need to resize the time-frequency images to reduce the
computational load, in which the resized size is N × N. The algorithm is organized as follows.

a. Normalize the resized images G(x, y) ∈ [0, 1], i.e.,

G(x, y) =
CWDN×N(x, y)− min CWDN×N(x, y)

max(CWDN×N(x, y)− min CWDN×N(x, y))
;

b. Estimate the threshold T of G(x, y), i.e.,

T =
max G(x, y) + min G(x, y)

2
;

c. Separate the image into two pixel groups G1 and G2; G1 includes all pixels that values > T, and G2

includes others;
d. Calculate the average value μ1 and μ2 of two pixel groups G1 and G2, respectively;
e. Update the threshold, i.e.,

T =
μ1 + μ2

2
;

f. Repeat (b)–(e), until the δT is smaller than 0.001, i.e.,

δT = Tnow − Tbe f ore;

g. Compute B(x, y) as follows:

B(x, y) =

{
1 G(x, y) > T

0 others
;

h. Output B(x, y).

3.4. Noise Removed

After the operation of binarization, meanwhile, there are some isolated noises and processed
noises in B(x, y). Isolated noises come from the noisy environment. In the binary image, isolated noises
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are groups of pixels that have no fixed shape. Processed noises are generated from the CWD kernel
especially. In the binary image, they are straight lines, long but thin. The length is more than 50 pixels,
but the width of lines is less than three pixels. Image opening operation (erosion followed by dilation)
algorithms are proposed to remove the processed noises. Additionally, the size of the operational
kernel is 3 × 3. It is effective to remove the shape whose width is less than three pixels. For isolated
noises, we count the number of pixels of signals or noises. In this paper, the groups are removed,
in which sizes are smaller than 10% of the largest one. The content of removing noise is introduced in
Figure 4. The finished binary images are used in CNN and feature extraction.

Figure 4. In this figure, we exhibit the processing with P3 code at an signal-to-noise ratio (SNR) of
−4 dB.

4. Feature Extraction

In this section, we extract some useful features and build a feature vector for ENN in order to
assist the CNN to complete recognition. The section consists of two parts, including signal features
and image features. The features, which we can estimate or calculate from detected signals directly,
belong to signal features. Similarly, image features include the features that are extract from binary
images. Table 1 lists the signal features and image features that are used in network2.
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Table 1. List of the features for network2.

Index Description Symbol

1 Moment (1-order) M̂10
2 Moment (2-order) M̂20
3 Cumulant (2-order) Ĉ20

4 PSD maximum (1-order) γ1
5 PSD maximum (2-order) γ2

6 Std. of phase σ̂φ

7 Std. of frequency σ̂f

8 No. of objects (20%) Nobj1
9 No. of objects (50%) Nobj2
10 CWD time peak location tmax
11 Std. of object width σ̂obj
12 Maximum of PCA degree θ̂max
13 Std. of fn σ̂W f
14 Autocorrelationof fn r
15 FFT of correlation fn âmax
16 Pseudo-Zernike moment (2-order) Ẑ20
17 Pseudo-Zernike moment (3-order) Ẑ30
18 Pseudo-Zernike moment (4-order) Ẑ22
19 Pseudo-Zernike moment (4-order) Ẑ31
20 Pseudo-Zernike moment (5-order) Ẑ32
21 Pseudo-Zernike moment (6-order) Ẑ33
22 Pseudo-Zernike moment (7-order) Ẑ43

PSD: Power Spectral Density. PCA: Principal Component Analysis. FFT: Fast Fourier Transformation.
Std.: Standard Deviation.

4.1. Signal Features

In this part, the features are extracted from signals based on signal processing approaches.

4.1.1. Based on the Statistics

We estimate the n-order moment of complex signals as follows:

M̂nm =

∣∣∣∣∣
1
N

N−1

∑
k=0

yn−m(k)(y∗(k))m

∣∣∣∣∣ (4)

where (∗) is the conjugated symbol and N is the sample number. We utilize absolute values to ensure
that the estimated values are invariant constants when the signal phase rotates. M̂10 and M̂20 are
calculated by Equation (4).

The n-order cumulant is given by [33,34]:

Ĉnm =

∣∣∣∣∣
1
N

N−1

∑
k=0

(y(k)− M̂10)
n−m

(y∗(k)− M̂10)
m
∣∣∣∣∣ (5)

where, the same as context, M̂10 is from Equation (4).

4.1.2. Based on the Power Spectral Density

Before estimation of Power Spectral Density (PSD), the detected signals should be normalized
as follows:
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ỹ(k) =
y(k)√

M̂21 − σ2
ε

(6)

where M̂21 is obtained from Equation (4) and y(k) is the k-th sample. The variance of additive noise σ2
ε

can be obtained in [35].
The PSD are calculated as follows:

γm =
1
N

max
n

⎧⎨
⎩

1
N

∣∣∣∣∣
N−1

∑
k=0

ỹm(k)e−j2πnk/N

∣∣∣∣∣
2
⎫⎬
⎭ (7)

where ỹ(k) is from Equation (6).

4.1.3. Based on the Instantaneous Properties

Instantaneous properties are the essential characteristics of detected signals. They can distinguish
frequency modulated signals from phase modulated signals effectively. In this paper, we estimate
the instantaneous frequency and instantaneous phase from samples. The standard deviation of
instantaneous phase is addressed in [9]. For brevity, φ(k) = tan−1[Im(y(k))/Re(y(k))] is applied;
where, Re and Im are the real and imaginary parts of complex signals, respectively. The standard
deviation of instantaneous phase is given by:

σ̂φ =

√√√√ 1
N

(
N−1

∑
k=0

φ2(k)

)
−

(
1
N

N−1

∑
k=0

|φ(k)|
)2

(8)

where N is the sample number. φ is the instantaneous phase with the range of [−π, π].
Instantaneous frequency estimation is more complex than instantaneous phase. We describe the

method in several steps to make it clear.

a. Calculate φ(k);
b. Calculate φu(k)

� from φ(k);
c. Calculate f (k)��, i.e.,

f (k) = φu(k)− φu(k − 1);

d. Calculate μ f , i.e.,

μ f :=
1
N ∑N−1

k=0 f (k);

e. Normalize the instantaneous frequency f̃ (k),

f̃ (k) = ( f (k)− μ f )/(max | f (k)− μ f |)

f. Output the standard deviation of instantaneous frequency σ̂f ,

σ̂f =

√√√√ 1
N

(
N−1

∑
k=0

f̃ 2(k)

)
−

(
1
N

N−1

∑
k=0

∣∣ f̃ (k)
∣∣
)2

. (9)

� φu(k) is the unwrapped phase of φ(k). When the absolute jumps from φ(k), we can add ±2π to
recover the consecutive phase.

�� In the sequence of f (k), some spikes are created by processing. We use the median filter
algorithm with window size of five to smooth the spikes.
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4.2. Image Features

In this part, we extract the features based on binary images. The number of objects (Nobj) is a key
feature. For instance, Costas codes have more than three objects, but Frank code and P2 have two.
Additionally, P1, P4 and LFM only have one. We estimate two features Nobj1 and Nobj2. Nobj1 is the
number of objects, the sizes of the pixels of which are more than 20% of the size of the largest object.
Likewise, Nobj2 ≥ 50%.

The maximum energy location in time domain is also a feature, i.e.,

tmax =
1

N − 1
arg max

t
{CN×N(t, ω)} (10)

where CN×N(t, ω) is the resized time-frequency image and N is the sample number.
The standard deviation of the width of signal objects (σ̂obj) can describe the concentration of signal

energy. The feature is estimated as follows.

• Repeat for every object, do k = 1, 2, ..., Nobj1;

1. Retain the k-th object and remove others, called Bk(x, y);
2. Estimate the principal components of Bk(x, y);
3. Rotate� the Bk(x, y) until the principal components are vertical; record as Bk′(x, y);
4. Sum the vertical axis, i.e.,

v(x) = ∑N−1
y=0 Bk′(x, y),

x = 0, 1, 2, ..., N − 1;
5. Normalize v(x) as follows

v̂(x) =
v(x)

max{v(x)} ;

6. Estimate the standard deviation of v̂(x), i.e.,

σ̂k,obj1 =
√

1/N ∑x v̂2(x)− (1/N ∑x v̂(x))2,

where N is the sample number;

• Output the rotation degree θ̂max, which performs Step (c) at the maximum object.
• Output the average of the σ̂k,obj1, i.e.,

σ̂obj = (1/Nobj1)∑
Nobj1
k=1 σ̂k,obj1. (11)

� Nearest neighbor interpolation is applied in rotation processing.

P2 has a negative slope in five types of polyphase codes. Therefore, the feature θ̂max can classify
P2 from others easily. The feature shows the angle between the maximum object and the vertical
direction. It can be obtained from the calculation of σ̂obj easily.

Next, we retain the maximum object in the binary image, but others are removed. The skeleton of
the object is extracted by utilizing the image morphology method. Additionally, the linear trend of the
object is also estimated based on minimizing the square errors method at the same time. Subtract the
linear trend from the skeleton to achieve the difference vector fn. The standard deviation of fn is
estimated as:

σ̂W f =

√√√√ 1
M − 1

M

∑
k=1

f 2
n(k)−

(
1

M − 1

M

∑
k=1

fn(k)

)2

(12)

where M is the sample number of fn.
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Some features are extracted by using autocorrelation of fn, i.e., c(m) = ∑k fn(k) fn(k − m),
m = 0, 1, ..., N − 1. The autocorrelation method makes differences more significant among stepped
waveforms (P1, Frank code) and linear waveforms (P3, P4, LFM). See Figure 3 for more details.

The ratio of the maximum value and sidelobe maximum value of c(m) is formulated as:

r =
Nmaxm∈[m0,N−1]c(m)

(N − m1)max c(m)
(13)

where m0 is the value corresponding to the minimum of c(m) and m1 is the value corresponding to the
maximum of c(m) in the location of [m0, N − 1].

We estimate the maximum of the absolute of FFT operation âmax as follows:

âmax = max{abs [FFT(cnormal(m))]} (14)

where cnormal(m) is normalized from c(m) and cnormal(m) ∈ [−1, 1].
Pseudo-Zernike moments are invariant for topological transformation [36], such as rotation,

translation, mirroring and scaling. They are widely applied in pattern recognition [37–39]. The n-order
image geometric moments are calculated as:

mpq = ∑x ∑y B(x, y)xpyq (15)

where B(x, y) is from Section 3.3. The central geometric moments for scale and translation invariant
are given by:

Gpq =
1

m(p+q+2)/2
00

∑
x

∑
y

B(x, y)(x − x̄)p(y − ȳ)q (16)

where x̄ = m10/m00 and ȳ = m01/m00.
The scale and translation invariant radial geometric moments are shown as:

Rpq =
1

m(p+q+3)/2
00

∑
x

∑
y

B(x, y)(x̃2 + ỹ2)
1/2

x̃pỹq (17)

where x̃ = x − x̄ and ỹ = y − ȳ.
Then, the pseudo-Zernike moments can be estimated as follows:

Znm =
n + 1

π

n−|m|
∑
s=0

n−s−m=even

k

∑
a=0

m

∑
b=0

(−j)b

(
k
a

)(
m
b

)
DnmsG2k−2a+m−b,2a+b

+
n + 1

π

n−|m|
∑
s=0

n−s−m=odd

d

∑
a=0

m

∑
b=0

(−j)b

(
d
a

)(
m
b

)
DnmsR2d−2a+m−b,2a+b

(18)

where k = (n − s − m)/2, d = (n − s − m − 1)/2 and:

Dnms = (−1)s (2n + 1 − s)!
s!(n − |m| − s)!(n + |m|+ 1 − s)!

. (19)

At last, Ẑnm is estimated, i.e., Ẑnm = ln|Znm|. The members of pseudo-Zernike moments include
Ẑ20, Ẑ22, Ẑ30, Ẑ31, Ẑ32, Ẑ33 and Ẑ43.
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5. Classifier

In Section 4, we complete the resized binary image labels for CNN and the feature vector extraction
with 22 elements for ENN. In this section, we describe the structure of two networks in detail.

5.1. CNN

CNN is a new neural network, which has a special structure for image feature extraction. Different
from traditional network, the input of CNN is a two-dimensional feature (image). The convolution
layers can extract information, and pooling layers reduce computer load effectively. CNN is not a
full connected network, which is similar to the cerebral cortex. The architecture of the CNN model
is shown in Figure 5. CNN has the hierarchical architecture [40]. Hence, we describe the neural
architecture as follows.

Figure 5. The figure shows the structure of Convolutional Neural Network (CNN). The input image
are processed in the hidden layers and classified in the out layer.

a. The input layer is a binary image, which is from Section 3.4. To reduce the computer load,
we resize the image to 32 × 32 with the nearest neighbor interpolation algorithm.

b. The first hidden layer C1 is a convolutional layer, which has six feature maps. Different feature
maps require a different convolutional kernel. C1 has six convolutional kernels with a size of
5 × 5. We utilize C1(m, n, k) to represent the value of the k-th feature map at position (m, n) in the
C1 layer.

c. The second hidden layer S1 is a down-sampling layer with six feature maps. In S1, every feature
value is the average of four adjacent elements in C1. We denote S1(m, n, k) as the context. Further,
we have:

S1(m, n, k) = mean(C1(2m − 1, 2n − 1, k), C1(2m − 1, 2n,

k), C1(2m, 2n − 1, k), C1(2m, 2n, k)).
(20)

The size of feature maps in S1 reduces to 1/4, compared with feature maps of C1.
d. C2 is a convolutional layer with 16 different kernels. It is not fully connected with the S1 layer [41].

The connection details are described in Table 2. C2(m, n, k) is also utilized to describe the
neurons in this layer. For the α-th column in Table 2, we mark row indices by βα,0, βα,1, ·, βα,p−1.
For instance, if α = 7, then we will get parameters as follows: p = 4, β7,0 = 1, β7,1 = 2,
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β7,2 = 3, β7,3 = 4. Further, the size of the convolutional kernel is p × 5 × 5. Kα is the α-th kernel.
Additionally, we have:

C2(m, n, α) =
p−1

∑
r=0

4

∑
m0=0

4

∑
n0=0

[ S1(m + m0, n + n0, βα,r)

× Kα(5 − m0, 5 − n0, p − 1 − r) ] .

(21)

For example, for the zeroth column, p = 3, α00 = 0, α01 = 1, α02 = 2, and we also have:

C2(m, n, 0) =
p−1

∑
r=0

4

∑
m0=0

4

∑
n0=0

[ S1(m + m0, n + n0, β0,r)

× K0(5 − m0, 5 − n0, p − 1 − r) ] .

(22)

e. Similar to S1, this layer is a down-sampling layer, called S2. S2 has 16 feature maps. To follow the
context in Equation (20), we donate:

S2(m, n, k) = mean(C2(2m − 1, 2n − 1, k), C2(2m − 1, 2n,

k), C2(2m, 2n − 1, k), C2(2m, 2n, k)).
(23)

f. The connection between S2 and N1 is a full connection. Each kernel in N1 will be connected with
all of the feature maps in S2. There are 120 kernels in this layer. Additionally, the size of the kernel
is 5 × 5, which means the output is a column vector with the size of 120 × 1. We describe N1(λ)

as the λ-th feature map of N1 and Kλ as the λ-th kernel. Then, we have:

N1(λ) =
15

∑
r=0

4

∑
m0=0

4

∑
n0=0

[ S2(m0, n0, r)

× Kλ(5 − m0, 5 − n0, 15 − r) ] .

(24)

g. Finally, the connected style between N1 and output layer is fully connected. There are five neurons
(defined by the classes we want to classify) in the output layer with the sigmoid function.

Table 2. Connection detail about S1 and C2.

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

0 � � � � � � � � � �
1 � � � � � � � � � �
2 � � � � � � � � � �
3 � � � � � � � � � �
4 � � � � � � � � � �
5 � � � � � � � � � �

5.2. ENN

The three-layer ENN is utilized in the paper for signal classification. The connections,
which connect different hidden layers or output layers, have different weights [42]. At every time
step, the input is propagated in a feed-forward fashion and the feedback of the output. Additionally,
the error back propagation (BP) learning algorithm is also utilized [43]. The connection results in that
the context units always maintain a copy of the previous values of hidden units. Thus, the network can
keep the past state, which is useful for applications such as sequence prediction [44–46]. In Figure 6,
there are 46 neurons in the hidden layer. For the input and output layer, the number of neurons is
determined by the dimension of input and output vectors. Sigmoid function f (x) = 1/(1 + e−x) is
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proposed in every layer. In [47], Sheela discusses the different methods to fix the neurons number
Hnum of hidden layers. In this paper, a simple formula is given by:

Hnum =
C × X + 0.5 × C × (X2 + X)− 1

C + X
(25)

where X is the dimension of the feature vector. C is the number of categories. The proposed formula
cannot determine the optimal number of hidden layer completely. We may fine-tune the number in
some situations. Forty-six neurons of hidden layers are applied in this paper.

Figure 6. This figure shows the structure of Elman neural network. It is a 3 layers network that has
feedback loops. So, the network can keep the past state, which is useful for waveform classification.

6. Simulation Results and Discussion

In this section, the performance of the proposed recognition system is analyzed by utilizing
simulated data. The section consists of three parts, including creating the simulated data, discussing
the relationship between SNR and RSR, depicting the accurate rate of robustness and summarizing
the experiments.

6.1. Production of Simulated Signals

In this part, simulated signals are created. In addition, the SNR is proposed as SNR =

10 log10(σ
2
s )/(σ2

ε ); where σ2
s and σ2

ε are the variances of the signal and noise, respectively. Every
signal has different parameters that need to be set. We denote a uniform variable U(·) based on the
sample rate. For example, we assume that the original frequency ( f0) is 1000 Hz and the sample
rate ( fs) is 8000 Hz. Then, the uniform result is f0 = U( f0/ fs) = U(1/8). Meanwhile, U(1/8, 1/4)
expresses the random variable that belongs to [U(1/8), U(1/4)]. And in this paragraph, [1, 3] also
represents a set that includes {1, 2, 3}. Table 3 lists the parameters of the waveforms. For LFM,
the sample points change from 500–1000 randomly. Additionally, the range of bandwidth (Δ f ) is
U(1/16, 1/8), so is the initial frequency ( f0). For BPSK, the cycle number per phase code (cpp) and
the code periods’ number (Np) are [1, 5]and [100, 300], respectively. The length of the Barker codes
is selected from {7, 11, 13} randomly. The carrier frequency is U(1/8, 1/4). For the Costas codes,
the fundamental frequency ( fmin) is U(1/24). Additionally, the frequency changed number is [3, 6].
For the Frank code, frequency steps (M) are in the range of [4, 8]. Polyphase codes have the same
types of parameters as the Frank code. For polytime codes, the range of segments number (k) and
overall code duration (T) are [4, 6] and [0.07, 0.1], respectively.
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Table 3. List of the parameters of simulated signals.

Signal Waveforms Parameters Uniform Ranges

- Sampling rate ( fs) U(1)

LFM
Samples number (N) [500, 1000]

Bandwidth (Δ f ) U(1/16, 1/8)

Initial frequency ( f0) U(1/16, 1/8)

BPSK

Cycles per phase code (cpp) [1, 5]

Number of code periods (Np) [100, 300]

Barker codes {7, 11, 13}
Carrier frequency ( fc) U(1/8, 1/4)

Costas codes
N [512, 1024]

Fundamental frequency ( fmin) U(1/24)

Number changed [3, 6]

Frank and P1 codes
fc U(1/8, 1/4)

cpp [1, 5]

Frequency steps (M) [4, 8]

P2 code
fc U(1/8, 1/4)

cpp [1, 5]

M 2 × [2, 4]

P3 and P4 codes
fc U(1/8, 1/4)

cpp [1, 5]

M 2 × [16, 35]

T1-T4 codes
Number of segments (k) [4, 6]
Overall code duration (T) [0.07, 0.1]

6.2. Experiment with SNR

In this part, we depict the relation between SNR and RSR in Figure 7. There are 1000 labels in each
waveform class. Twenty percent of the labels are utilized for testing and 80% for training. The result is
compared with Lundén’s system [13] and our previous work [14], both of which are wide systems in
waveform classification.

Figure 7 plots the experimental results of RSR with different SNR. Twelve kinds of waveforms
and the “overall” are provided. The solid line shows the proposed system, and the dotted lines
represent others. For LFM and P4, the proposed approach provides better performance than Lundén’s,
especially at low SNR, but poorer than the previous work, although the difference is not too much.
For BPSK and Costas codes, the three RSRs almost have similar results, and all of them are at a high
level. For Frank and P2, the results of the proposed method and previous work are alike and higher
than Lundén’s. In the simulation of P1, the proposed method is the best when the SNR is more than
−2 dB. The results of P3 are similar to P1; proposed method performs well at high SNR. For polytime
codes, the proposed approach also has excellent RSRs. It benefits from the outstanding design of
pre-processing and the high RSR of the classifier. Finally, the overall RSR has been raised by 20% in
the proposed approaches, compared to Lundén’s and previous work. At SNR of −2 dB, the overall
probabilities are still more than 90%. Table 4 exhibits the confusion table of 12 kinds of waveforms at
the SNR of −2 dB. As Table 4 shows, the waveforms of P3 and P4 are not “always” classified correctly.
For P3, most of the errors are classified into the Frank code. Meanwhile, most of the errors of P4 are
classified into LFM. However, the two pairs are very similar; see Figure 3.
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Table 4. Confusion matrix for the system at an SNR of −2 dB. The overall Ratio of Successful
Recognition (RSR) is 94.5%.

T1 T2 T3 T4 LFM Costas BPSK Frank P1 P2 P3 P4

T1 99.5 0 0 0 0 0 0 0 0 0 0 0
T2 0 98.5 0 0 0 0 0 0 0 0 0 0
T3 0.5 0 96 0 0 0 0 0 0 0 0 0
T4 0 0 0 98.5 0 1.5 2 0 0 0 0 0

LFM 0 0 0 0 89.5 0 0 0 1 0 2 15.5
Costas 0 0 0 0 0 97.5 0 0 0 1.5 1 0
BPSK 0 0 0.5 0 0 0 98 1 0 0 0 0.5
Frank 0 0 0 0 1 1 0 90 4 7 11 1.5

P1 0 0 0 0 0.5 0 0 0 87.5 0 0 7.5
P2 0 0 0 0 1 0 0 6.5 5.5 90 3 5.5
P3 0 1.5 3.5 1.5 0 0 0 2.5 1 1.5 78.5 0.5
P4 0 0 0 0 8 0 0 0 1 0 4.5 69

Figure 7. Cont.
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Figure 7. This figure depicts the different probabilities of 12 types of radar waveforms with testing data.
SNR: Signal-to-noise ratio.

6.3. Experiment with Robustness

The robustness of proposed approaches is explored in different training samples. There are
900 label samples in each waveform for training and 100 labels for testing. Afterwards, the training
samples will be increased from 100–900 with a step of 200. Meanwhile, the experiment will be repeated
for three times in the condition of SNR = −4 dB, 0 dB and 6 dB.

Figure 8 plots the impact of training samples on successful recognition with three conditions
of SNR. In general, it is positively correlated between training samples and successful recognition.
When the samples are less than 500, the successful recognition increases obviously. However, when the
samples are more than 500, the successful recognition is substantially retained. It means that the
proposed approaches are able to work well in a small number of samples.

Figure 8. The figure shows the successful recognition ratio of different numbers of samples.
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6.4. Experiment with Computational Burden

Computational burden is also an important issue for the classification system. We measure the
time of the proposed method and compare it with [13,14] in the same conditions. Three different SNRs,
−4 dB, −0 dB and 6 dB are tested, and each test repeats 50 times to calculate the average value. Table 5
shows the testing environment, and Table 6 demonstrates the testing results, respectively.

Table 5. The testing environment.

Item Model/Version

CPU E5-1620v2 (Intel)

Memory 16GB (DDR3 @ 1600 MHz)

GPU NVS315 (Quadro)

MATLAB R2012a

CPU: Central Processing Unit. GPU: Graphics Processing Unit. MATLAB is a software produced by the MathWorks,
Inc. that located in Natick, Massachusetts, United States.

Table 6. Computational burden test (this paper/previous work/Lundén; unit: s).

LFM BPSK Costas Frank

−4 dB 54.798/55.302/85.331 51.117/51.132/82.553 54.463/54.798/84.735 56.115/56.221/86.132

0 dB 54.336/55.096/85.152 50.860/50.903/82.094 54.108/54.255/84.113 55.704/55.909/85.754

6 dB 53.983/54.887/84.755 50.378/50.875/81.598 53.766/53.842/83.795 55.368/55.806/85.389

P1 P2 P3 P4

−4 dB 58.887/58.889/88.112 55.559/55.759/86.739 58.386/58.522/87.117 54.105/54.732/85.079

0 dB 58.398/58.519/87.847 55.308/55.431/86.180 58.106/58.310/86.869 53.858/54.338/84.787

6 dB 57.792/58.034/87.106 54.668/55.307/85.848 57.707/57.802/86.478 53.501/54.196/84.503

T1 T2 T3 T4

−4 dB 53.781/54.086/83.308 52.896/53.117/85.401 55.269/55.887/86.249 56.703/56.861/85.322

0 dB 53.266/53.799/83.011 52.715/52.980/85.166 54.523/55.300/86.093 56.359/56.622/85.054

6 dB 52.823/53.201/82.799 52.107/52.741/84.455 54.396/54.916/85.702 55.993/56.279/84.811

In Table 6, the proposed method and previous work spend less than 60 s, while Lundén’s more
than 80 s; because Lundén’s method has more calculations, we do not need to compute, such as the
Wigner–Ville distribution, peak search and data driven, etc. We also improve the effectiveness of
the system and reduce the consumption of time compared with previous work. In the same type of
waveform, the highest SNR has the least time. In the different types of waveforms, BPSK is easiest to
calculate, but P3 code is the opposite. However, overall, the change of cost is not obvious. The proposed
method is stable, and different waveforms or SNR also have little effect on the computational burden
of the classification system.

7. Conclusions

In this paper, an automatic system to realize the recognition of radar signal waveforms is proposed.
We build the processing flow for detected signals by utilizing signal and image processing algorithms.
Using these methods, the signal waveforms are fully represented via sets of feature vectors and binary
images. The vectors and images are classified into 12 types in the classifier. The simulation results show
that the overall RSR is more than 94% at SNR ≥−2 dB. Additionally, the processes of feature extraction
and noise removed make the system robust. When the sample labels are more than 500, the successful
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recognition is substantially retained. At last, the computational burden is tested. The proposed
method is stable in different waveforms or SNR and spends less time than Lundén’s method and our
previous work.
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Abbreviations

The following abbreviations are used in this manuscript:

LPI Low probability of intercept
EW Electronic warfare
ELINT Electronic intelligence
PSK Phase shift keying
FSK Frequency shift keying
ASK Smplitude shift keying
PRI Pulse repetition interval
PW Pulse width
RSR Ratio of successful recognition
SNR Signal to noise ratio
MLP Multi-layer perceptron
AD Atomic decomposition
LFM Linear frequency modulation
CW Continuous wave
STFT Short time Fourier transform
SC Sparse classification
CNN Convolutional neural network
DNN Deep neural network
SVM Support vector machine
BPSK Binary phase shift keying
ENN Elman neural network
CWD Choi–Williams time-frequency distribution
PCA Principal component analysis
AWGN Additive white Gaussian noise
WGN White gaussian noise
FFT Fast Fourier transformation
PSD Power spectral density
CPU Central Processing Unit
GPU Graphics Processing Unit
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Abstract: The balanced hypercube network, which is a novel interconnection network for parallel
computation and data processing, is a newly-invented variant of the hypercube. The particular feature
of the balanced hypercube is that each processor has its own backup processor and they are connected
to the same neighbors. A Hamiltonian bipartite graph with bipartition V0 ∪V1 is Hamiltonian laceable
if there exists a path between any two vertices x ∈ V0 and y ∈ V1. It is known that each edge is on
a Hamiltonian cycle of the balanced hypercube. In this paper, we prove that, for an arbitrary edge
e in the balanced hypercube, there exists a Hamiltonian path between any two vertices x and y in
different partite sets passing through e with e �= xy. This result improves some known results.

Keywords: interconnection network; balanced hypercube; Hamiltonian path; passing prescribed
edge; data processing

1. Introduction

Interconnection networks play an essential role in the performance of parallel and distributed
systems. In the event of practice, large multi-processor systems can also be adopted as tools to address
complex management and big data problems. It is well-known that an interconnection network is
generally modeled by an undirected graph, in which processors are represented by vertices and
communication links between them are represented by edges. The hypercube network is recognized
as one of the most popular interconnection networks, and it has gained great attention and recognition
from researchers both in graph theory and computer science. Nevertheless, the hypercube also has
some shortcomings. For example, its diameter is large. Therefore, many variants of the hypercube
have been put forward [1–10] to improve performance of the hypercube in some aspects. Among these
variants, the balanced hypercube has the following special properties: each vertex of the balanced
has a backup (matching) vertex and they have the same neighborhood. Therefore, the backup vertex
can undertake tasks that originally run on a faulty vertex. It has been proved that the diameter
of an odd-dimensional balanced hypercube BHn is 2n − 1 [10], which is smaller than that of the
hypercube Q2n.

With regard to the special properties discussed above, the balanced hypercube has been
investigated by many researchers. Huang and Wu [11] studied the problem of resource placement
of the balanced hypercube. Xu et al. [12] showed that the balanced hypercube is edge-pancyclic and
Hamiltonian laceable. It is found that the balanced hypercube is bipanconnected for all n ≥ 1 by
Yang [13]. Huang et al. [14] discussed area efficient layout problems of the balanced hypercube.
Yang [15] determined super (edge) connectivity of the balanced hypercube. Lü et al. studied
(conditional) matching preclusion, hyper-Hamiltonian laceability, matching extendability and extra
connectivity of the balanced hypercube in [16–19], respectively. Some symmetric properties of the
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balanced hypercube are presented in [20,21]. As stated above, the balanced hypercube possesses some
desirable properties that the hypercube does not have, so it is interesting to explore other favorable
properties that the balanced hypercube may have.

Since parallel applications such as image and signal processing are originally designed on
array and ring architectures, it is important to have path and cycle embeddings in a network.
Especially, Hamiltonian path and cycle embeddings and other properties of famous networks are
extensively studied by many authors [12,13,22–26]. Xu et al. [12] proved that each edge of the
balanced hypercube is on a cycle of even length from 4 to 4n, that is, the balanced hypercube is
edge-bipancyclic. They also showed that the balanced hypercube is Hamiltonian laceable for all integers
n ≥ 1. Recently, Lü et al. [17] further obtained that the balanced hypercube is hyper-Hamiltonian
laceable for all integers n ≥ 1.

The rest of this paper is organized as follows. Some necessary definitions are presented as
preliminaries in Section 2. The main result of this paper is shown in Section 3. Finally, conclusions are
given in Section 4.

2. Preliminaries

Let G = (V, E) be a simple undirected graph, where V is a vertex-set of G and E is an edge-set
of G. A path P from v0 to vn is a sequence of vertices v0v1 · · · vn from v0 to vn such that every pair of
consecutive vertices are adjacent and all vertices are distinct except for v0 and vn. We also denote the
path P = v0v1 · · · vn by 〈v0, P, vn〉. The length of a path P is the number of edges in P, denoted by l(P).
A cycle is a path with at least three vertices such that the first vertex is the same as the last one. A graph
is bipartite if its vertex-set can be partitioned into two subsets V0 and V1 such that each edge has its ends
in different subsets. A graph is Hamiltonian if it possesses a spanning cycle. A graph is Hamiltonian
connected if there exists a Hamiltonian path joining any two vertices of it. Obviously, any bipartite
graph is not Hamiltonian connected. Simmons [27] proposed Hamiltonian laceability of bipatite
graphs: a bipartite graph G = (V0 ∪ V1, E) is Hamiltonian laceable if there exists a Hamiltonian path
between any two vertices x and y in different partite sets of G. A graph G is hyper-Hamiltonian laceable
if it is Hamiltonian laceable and, for any vertex v ∈ Vi(i ∈ {0, 1}), there exists a Hamiltonian path in
G − v between any pair of vertices in V1−i. For the graph definitions and notations not mentioned
here, we refer the readers to [28,29].

Wu and Huang [10] gave the following definition of BHn as follows.

Definition 1. An n-dimensional balanced hypercube, denoted by BHn, consists of 4n vertices labelled by
(a0, a1, . . . , an−1), where ai ∈ {0, 1, 2, 3} for each 0 ≤ i ≤ n − 1. Any vertex (a0, . . . , ai−1, ai, ai+1, . . . , an−1)

with 1 ≤ i ≤ n − 1 of BHn has the following 2n neighbors:

1. ((a0 + 1) mod 4, a1, . . . , ai−1, ai, ai+1, . . . , an−1),
((a0 − 1) mod 4, a1, . . . , ai−1, ai, ai+1, . . . , an−1), and

2. ((a0 + 1) mod 4, a1, . . . , ai−1, (ai + (−1)a0) mod 4, ai+1, . . . , an−1),
((a0 − 1) mod 4, a1, . . . , ai−1, (ai + (−1)a0) mod 4, ai+1, . . . , an−1).

In BHn, the first coordinate a0 of vertex (a0, . . . , ai, . . . , an−1) is called the inner index and the other
coordinates are known as the ai (1 ≤ i ≤ n − 1) i-dimensional index. Clearly, each vertex in BHn has
two inner neighbors, and 2n − 2 other neighbors. Note that all of the arithmetic operations on indices
of vertices in BHn are four-modulated.

BH1 and BH2 are illustrated in Figures 1 and 2, respectively.
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Figure 2. BH2.

In the following, we give some basic properties of BHn.

Proposition 1. [10] The balanced hypercube is bipartite.

Proposition 2. [10,20] The balanced hypercube is vertex-transitive and edge-transitive.

Proposition 3. [10] The vertices (a0, a1, . . . , an−1) and ((a0 + 2) mod 4, a1, . . . , an−1) of BHn have the
same neighborhood.

3. Main Results

Firstly, we characterize edges of the BHn. Let u and v be two adjacent vertices in BHn. If u and
v differ in only the inner index, then uv is said to be a 0-dimensional edge, and u is a 0-dimensional
neighbor of v. If u and v differ in not only the inner index, but also some i-dimensional index (i �= 0)
of the vertices, then uv is called an i-dimensional edge, and u is an i-dimensional neighbor of v. For
convenience, we denote the set of all i-dimensional edges by ∂Di (0 ≤ i ≤ n − 1). Let BH(i)

n−1
(0 ≤ i ≤ 3) be the subgraph of BHn induced by the vertices of BHn with the (n − 1)-dimensional
index i. That is, the BH(i)

n−1’s can be obtained from BHn by deleting all (n − 1)-dimensional edges.

Therefore, BH(i)
n−1

∼= BHn−1 for each 0 ≤ i ≤ 3.
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By Proposition 1, we know that BHn is bipartite. We can use V0 and V1 to denote the two partite
sets of BHn such that V0 and V1 consist of vertices of BHn with an even inner index and an odd inner
index, respectively. For convenience, the vertices of V0 and V1 are colored white and black, respectively.
Throughout this paper, we use wi and ui (resp. bi and vi) to denote white (resp. black) vertices in
BH(i)

n−1 (i ∈ {0, 1, 2, 3}).

Lemma 1. [16] In BHn, ∂Di(0 ≤ i ≤ n − 1) can be divided into 4n−1 edge-disjoint 4-cycles for n ≥ 1.

Lemma 2. [12] The balanced hypercube BHn is Hamiltonian laceable and edge-bipancyclic for n ≥ 1.

Lemma 3. [17] The balanced hypercube BHn is hyper-Hamiltonian laceable for n ≥ 1.

Lemma 4. [30] Assume u and x are two different vertices in V0, and v and y are two different vertices
in V1. Then, there exist two vertex-disjoint paths P and Q such that P joins x to y, Q joins u to v and
V(P) ∪ V(Q) = V(BHn), where n ≥ 1.

Lemma 5. Let n ≥ 2 be an integer. Suppose that u, v, x and y are four distinct vertices differ only the inner
index in BHn. In addition, u, x ∈ V0 and v, y ∈ V1. Then, there exists a Hamiltonian path from u to v in
BHn − x − y.

Proof. We proceed with the proof by the induction on n. First, we consider n = 2. Clearly, u, v, x and
y are in the same 4-cycle of ∂D0. A Hamiltonian path of BH2 − x − y from u to v is shown in Figure 3.
Thus, we suppose that the lemma holds for all integers n − 1 with n ≥ 3. Next, we consider BHn.
We split BHn into four BHn−1s by deleting (n − 1)-dimensional edges. For convenience, we denote the
four BHn−1s by B0, B1, B2 and B3 according to the last position of vertices in BHn, respectively. Without
loss of generality, we may assume that u, v, x and y are in B0. By an induction hypothesis, there exists
a Hamiltonian path P0 from u to v in B0 − x − y. Let u0v0 ∈ E(P1), where u0 (resp. v0) are neither
end-vertex of P0. We denote the segment of P0 from u to v0 by P00, and the segment of P0 from u0 to v
by P10. By Definition 1, u0 (resp. v0) has an (n − 1)-dimensional neighbor v1 (resp. u3) in B1 (resp. B3).
Moreover, there exist an edge v3u2 from B3 to B2, and an edge v2u1 from B2 to B1. Therefore, there exist
a Hamiltonian path P3 from u3 to v3 in B3, a Hamiltonian path P2 from u2 to v2 in B2, and a Hamiltonian
path P1 from u1 to v1 of B1. Hence, 〈u, P00, v0, u3, P3, v3, u2, P2, v2, u1, P1, v1, u0, P10, v〉 is a Hamiltonian
path of BHn − x − y (see Figure 4).

y

u v

x

Figure 3. A Hamiltonian path of BH2 − x − y.
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Figure 4. A Hamiltonian path of BHn − x − y.

Next, we present the following lemma as a basis of our main theorem.

Lemma 6. Let e be an arbitrary edge in BH2. In addition, let x ∈ V1 and y ∈ V0 be any two vertices in BH2

with e �= xy. Then, there exists a Hamiltonian path between x and y passing through e.

Proof. By Proposition 2, BH2 is vertex-transitive and edge-transitive, and we may suppose that
e = (0, 0)(1, 0). Obviously, if e = xy, then there exists no Hamiltonian path of BH2 from x to y passing
e. Thus, at most, one of x and y is the end-vertex of e. We consider the following two cases:

Case 1: Neither x nor y is incident to e. By the relative positions of x and y, and Proposition 3,
we consider the following: (1) x ∈ V(B0), y ∈ V(B0); (2) x ∈ V(B0), y ∈ V(B1); (3) x ∈ V(B0),
y ∈ V(B2); (4) x ∈ V(B0), y ∈ V(B3); (5) x ∈ V(B1), y ∈ V(B1); (6) x ∈ V(B1), y ∈ V(B2);
(7) x ∈ V(B1), y ∈ V(B3); (8) x ∈ V(B2), y ∈ V(B2); (9) x ∈ V(B2), y ∈ V(B3); (10) x ∈ V(B3),
y ∈ V(B3). For simplicity, we list all Hamiltonian paths of the conditions above in Table 1.

Case 2: Either x or y is incident to e. Without loss of generality, suppose that x is incident to e, that is,
x = (1, 0). By Proposition 3, we need only to consider four conditions of y: (1) y ∈ V(B0); (2) y ∈ V(B1);
(3) y ∈ V(B2); and (4) y ∈ V(B3). Again, we list Hamiltonian paths of the conditions of x and y in this
case in Table 2.

Table 1. Hamiltonian paths passing through e with neither x nor y being incident to e.

x y Hamiltonian Paths Passing through e with Neither x nor y Being Incident to e

(1) (3,0) (2,0) (3,0)(0,3)(3,3)(2,3)(1,3)(0,2)(3,2)(2,2)(1,2)(2,1)(3,1)(0,1)(1,1)(0,0)(1,0)(2,0)
(2) (3,0) (0,1) (3,0)(0,0)(1,0)(2,3)(3,3)(0,3)(1,3)(0,2)(3,2)(2,2)(1,2)(2,1)(3,1)(2,0)(1,1)(0,1)
(3) (3,0) (2,2) (3,0)(0,3)(3,3)(2,3)(1,0)(0,0)(3,1)(2,0)(1,1)(0,1)(1,2)(2,1)(3,2)(0,2)(1,3)(2,2)
(4) (3,0) (0,3) (3,0)(0,0)(1,0)(2,0)(3,1)(0,1)(1,1)(2,1)(1,2)(2,2)(3,2)(0,2)(1,3)(2,3)(3,3)(0,3)
(5) (1,1) (2,1) (1,1)(0,1)(3,1)(2,0)(1,0)(0,0)(3,0)(0,3)(3,3)(2,3)(1,3)(0,2)(3,2)(2,2)(1,2)(2,1)
(6) (1,1) (2,2) (1,1)(0,1)(3,1)(2,0)(1,0)(0,0)(3,0)(0,3)(3,3)(2,3)(1,3)(0,2)(3,2)(2,1)(1,2)(2,2)
(7) (1,1) (2,3) (1,1)(0,0)(3,1)(0,1)(1,2)(2,1)(3,2)(2,2)(1,3)(0,2)(3,3)(0,3)(1,0)(2,0)(3,0)(2,3)
(8) (1,2) (2,2) (1,2)(2,1)(1,1)(0,1)(3,1)(2,0)(1,0)(0,0)(3,0)(0,3)(3,3)(2,3)(1,3)(0,2)(3,2)(2,2)
(9) (1,2) (2,3) (1,2)(2,1)(1,1)(0,1)(3,1)(2,0)(1,0)(0,0)(3,0)(0,3)(1,3)(2,2)(3,2)(0,2)(3,3)(2,3)
(10) (1,3) (2,3) (1,3)(0,3)(3,0)(0,0)(1,0)(2,0)(1,1)(2,1)(3,1)(0,1)(3,2)(2,2)(1,2)(0,2)(3,3)(2,3)

462



Symmetry 2017, 9, 79

Table 2. Hamiltonian paths passing through e with x or y being incident to e.

x y Hamiltonian Paths Passing through e with x or y Being Incident to e

(1) (1,0) (2,0) (1,0)(0,0)(3,0)(0,3)(3,3)(2,3)(1,3)(0,2)(3,2)(2,2)(1,2)(2,1)(1,1)(0,1)(3,1)(2,0)
(2) (1,0) (0,1) (1,0)(0,0)(3,0)(0,3)(3,3)(2,3)(1,3)(0,2)(3,2)(2,2)(1,2)(2,1)(1,1)(2,0)(3,1)(0,1)
(3) (1,0) (0,2) (1,0)(0,0)(3,0)(0,3)(1,3)(2,3)(3,3)(2,2)(3,2)(2,1)(1,1)(2,0)(3,1)(0,1)(1,2)(0,2)
(4) (1,0) (0,3) (1,0)(0,0)(3,0)(2,0)(3,1)(0,1)(1,1)(2,1)(1,2)(2,2)(3,2)(0,2)(1,3)(2,3)(3,3)(0,3)

Now, we are ready to state the main theorem of this paper.

Theorem 1. Let n ≥ 2 be an integer and e be an arbitrary edge in BHn. In addition, let x ∈ V1 and y ∈ V0 be
any two vertices in BHn with e �= xy. Then, there exists a Hamiltonian path of BHn between x and y passing
through e.

Proof. We prove this theorem by induction on n. By Lemma 6, we know that the theorem is true
for n = 2. Therefore, we suppose that the theorem holds for n − 1 with n ≥ 3. Next, we consider
BHn. Firstly, we divide BHn into BH(i)

n−1 (0 ≤ i ≤ 3) by deleting all (n − 1)-dimensional edges.

For convenience, we denote BH(i)
n−1 by Bi according to the last position of the vertices in BHn for each

i ∈ {0, 1, 2, 3}. Similarly, suppose that e ∈ E(B0). Let x ∈ V1 and y ∈ V0 be two distinct vertices in BHn.
By relative positions of x and y, we consider the following cases:

Case 1: x ∈ V(B0), y ∈ V(B0). By an induction hypothesis, there exists a Hamiltonian path P0 from
x to y of B0 passing through e. Thus, there is an edge u0v0 on P0 such that u0v0 is not adjacent to e
and u0v0 divides P0 into two sections P00 and P10, where P00 connects x to u0 and P10 connects v0 to y.
Let v1 (resp. u3) be an (n − 1)-dimensional neighbor of u0 (resp. v0). By Definition 1, there exist an
edge u1v2 from B1 to B2, and an edge u2v3 from B2 to B3. Thus, by Lemma 2, there exist a Hamiltonian
path P1 from v1 to u1 in B1, a Hamiltonian path P2 from v2 to u2 in B2, and a Hamiltonian path P3 from
v3 to u3 in B3. Hence, 〈x, P00, u0, v1, P1, u1, v2, P2, u2, v3, P3, u3, v0, P10, y〉 is a Hamiltonian path of BHn

from x to y passing through e (see Figure 5).
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Figure 5. Illustration for Case 1.

Case 2: x ∈ V(B0), y ∈ V(B1). Let u0 ∈ V(B0) be a white vertex such that u0 is not incident to e.
By an induction hypothesis, there exists a Hamiltonian path P0 of B0 from x to u0 passing through e.
Supposing that v0 is a black vertex adjacent to u0 on P0, we denote the segment of the path P0 from x
to v0 by P00. Let the two (n − 1)-dimensional neighbors of u0 be b1 and v1. By Lemma 2, there exists
a Hamiltonian path P1 of B1 from b1 to y. Let u1 be the neighbor of v1 in the section of P1 from b1 to v1.
Then P1 − u1v1 consists of two subpaths P01 and P11, which connect u1 to b1 and v1 to y, respectively.
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Let u3 (resp. v2) be an (n − 1)-dimensional neighbor of v0 (resp. u1). Furthermore, there exists an edge
v3u2 from B3 to B2. Then, there exist a Hamiltonian path P2 from u2 to v2 in B2, and a Hamiltonian path
P3 from u3 to v3 in B3. Hence, 〈x, P00, v0, u3, P3, v3, u2, P2, v2, u1, P01, b1, u0, v1, P11, y〉 is a Hamiltonian
path of BHn from x to y passing through e (see Figure 6).
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Figure 6. Illustration for Case 2.

Case 3: x ∈ V(B0), y ∈ V(B2). Let u0 be a white vertex in B0 not incident to e, and b1 and
v1 be two (n − 1)-dimensional neighbors of u0. In addition, assume that w1 is an arbitrary white
vertex in B1. There exists a Hamiltonian path of B1 from b1 to w1. Thus, there exists an edge
u1v1 ∈ E(P1) whose removal will lead to two disjoint subpaths P01 and P11, where P01 connects
u1 to b1 and P11 connects v1 to w1. Let v2 (resp. b2) be an (n − 1)-dimensional neighbor of u1

(resp. w1). There also exists a Hamiltonian path P2 of B2 from y to b2 via the edge v2u2. Deleting v2u2

results in two disjoint paths P02 and P12, where P02 connects u2 to b2 and P12 connects v2 to y.
By an induction hypothesis, there exists a Hamiltonian path P0 of B0 from x to u0 via the edge
v0u0. For convenience, denote P0 − u0 by P00, that is, P00 connects x to v0. Let u3 (resp. v3) be an
(n − 1)-dimensional neighbor of v0 (resp. u2). Again, there exists a Hamiltonian path P3 of B3 from u3

to v3. Hence, 〈x, P00, v0, u3, P3, v3, u2, P02, b2, w1, P11, v1, u0, b1, P01, u1, v2, P12, y〉 is a Hamiltonian path
of BHn from x to y passing through e (see Figure 7).
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Figure 7. Illustration for Case 3.

Case 4: x ∈ V(B0), y ∈ V(B3). Let u0 (resp. v3) be a white (resp. black) vertex in B0 (resp. B3).
There exist an edge u0v1 from B0 to B1, an edge u1v2 from B1 to B2, and an edge u2v3 from B2 to B3.
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By Lemma 2, there exist a Hamiltonian path P1 of B1 from v1 to u1, a Hamiltonian path P2 of B2 from
v2 to u2, and a Hamiltonian path P3 of B3 from v3 to u3. By an induction hypothesis, there exists a
Hamiltonian path P0 of B0 from x to u0 passing through e. Hence, 〈x, P0, u0, v1, P1, u1, v2, P2, u2, v3, P3, y〉
is a Hamiltonian path of BHn from x to y passing through e (see Figure 8).
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Figure 8. Illustration for Case 4.

Case 5: x ∈ V(B1), y ∈ V(B1). Let v1 �= x be a black vertex in B1. By Lemma 3, there exists a Hamiltonian
path P1 of B1 − y from x to v1. Furthermore, there exist an edge v1u0 from B1 to B0, an edge v0u3 from B0

to B3, an edge v3u2 from B3 to B2, and an edge v2y from B2 to B1. Moreover, there exist a Hamiltonian path
P0 of B0 from u0 to v0 passing through e, a Hamiltonian path P3 of B3 from u3 to v3, and a Hamiltonian
path P2 of B2 from u2 to v2. Hence, 〈x, P1, v1, u0, P0, v0, u3, P3, v3, u2, P2, v2, y〉 is a Hamiltonian path of
BHn from x to y passing through e (see Figure 9).
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Figure 9. Illustration for Case 5.

Case 6: x ∈ V(B1), y ∈ V(B2). Let v1 �= x (resp. u1) be a black (resp. white) vertex in B1. By Lemma 3,
there exists a Hamiltonian path P1 of B1 − u1 from x to v1. In addition, suppose that v2 and b2 are two
(n − 1)-dimensional neighbors of u1. By Lemma 2, there exists a Hamiltonian P2 of B2 from v2 to y via the
edge u2b2. Thus, P2 can be divided into three sections: P02, u2v2 and P12, where P02 connects u2 to v2 and
P12 connects b2 to y. Furthermore, there exist an edge v1u0 from B1 to B0, an edge v0u3 from B0 to B3, and an
edge v3u2 from B3 to B2. Therefore, there exist a Hamiltonian path P0 of B0 from u0 to v0 passing through e,
and a Hamiltonian path P3 of B3 from u3 to v3. Hence, 〈x, P1, v1, u0, P0, v0, u3, P3, v3, u2, P02, v2, u1, b2, P12, y〉
is a Hamiltonian path of BHn from x to y passing through e (see Figure 10).
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Figure 10. Illustration for Case 6.

Case 7: x ∈ V(B1), y ∈ V(B3). Let v3 and b3 be two black vertices in B3. Suppose that u2 and w2 are
(n− 1)-dimensional neighbors of v2 and b2, respectively. By Lemma 3, there exists a Hamiltonian path P3

of B3 − y from b3 to v3. By Definition 1, there exist two edges v2u1 and b2w1 from B2 to B1, an edge v1u0

from B1 to B0, and an edge v0y from B0 to B3, where x �= v1. By Lemma 4, there exist two vertex-disjoint
paths P01 and P11 such that P01 joins v1 and u1, P11 joins x and w1, and V(P01) ∪ V(P11) = V(B1).
Similarly, there exist two vertex-disjoint paths P02 and P12 such that P02 joins v2 and u2, P12 joins b2 and w2,
and V(P02)∪V(P12) = V(B2). By an induction hypothesis, there exists a Hamiltonian path P0 of B0 from
u0 to v0 passing through e. Hence, 〈x, P11, w1, b2, P12, w2, b3, P3, v3, u2, P02, v2, u1, P01, v1, u0, P0, v0, y〉 is
a Hamiltonian path of BHn from x to y passing through e (see Figure 11).
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Figure 11. Illustration for Case 7.

Case 8: x ∈ V(B2), y ∈ V(B2). Let u2 ∈ V(B2) be an arbitrary white vertex. By Lemma 3, there exists
a Hamiltonian path P2 of B2 − x from u2 to y. By Definition 1, there exist an edge xu1 from B2 to B1,
an edge v1u0 from B1 to B0, an edge v0u3 from B0 to B3, and an edge v3u2 from B3 to B2. Following
Lemma 2, we can obtain a Hamiltonian path P1 of B1 from u1 to v1, and a Hamiltonian path P3 of
B3 from u3 to v3. By an induction hypothesis, there exists a Hamiltonian path P0 of B0 from u0 to v0

passing through e. Therefore, 〈x, u1, P1, v1, u0, P0, v0, u3, P3, v3, u2, P2, y〉 is a Hamiltonian path of BHn

from x to y passing through e (see Figure 12).

466



Symmetry 2017, 9, 79

0
B

1
B

2
B

3
B

x

y

1
v

3
u

1
u

2
u

3
v

0
u

1
P

2
P

3
P

0
P0

v

Figure 12. Illustration for Case 8.

Case 9: x ∈ V(B2), y ∈ V(B3). Let u2 and w2 be two distinct white vertices in B2, and v3 and b3 be
(n − 1)-dimensional neighbors of u2 and w2, respectively. By Lemma 3, there exists a Hamiltonian
path P2 of B2 − x from u2 to w2. By Lemma 2, there exists a Hamiltonian path P3 of B3 from v3 to y via
the edge u3b3. By deleting u3b3, we can obtain two disjoint subpaths: P03 and P13, where P03 connects
u3 to v3 and P13 connects b3 to y. Furthermore, there exist an edge xu1 from B2 to B1, an edge v1u0

from B1 to B0, and an edge v0u3 from B0 to B3. By Lemma 2, there exists a Hamiltonian path P1 of
B1 from u1 to v1. By an induction hypothesis, there exists a Hamiltonian path P0 of B0 from u0 to v0

passing through e. Hence, 〈x, u1, P1, v1, u0, P0, v0, u3, P03, v3, u2, P2, w2, b3, P13, y〉 is a Hamiltonian path
of BHn from x to y passing through e (see Figure 13).
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Figure 13. Illustration for Case 9.

Case 10: x ∈ V(B3), y ∈ V(B3). The proof is analogous to that of Case 5, and we omit it.

4. Conclusions

In this paper, we study a type of path embedding of the balanced hypercube, and show that, for an
arbitrary edge e �= xy, there exists a Hamiltonian path between any two vertices x and y in different
partite sets passing through e. This result also implies that each edge is on a Hamiltonian cycle of the
balanced hypercube, which is part of the results of edge bipancyclicity of the balanced hypercube.
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Abstract: This study proposes a fuel consumption estimation system and method with lower cost.
On-board units can report vehicle speed, and user devices can send fuel information to a data
analysis server. Then the data analysis server can use the proposed fuel consumption estimation
method to estimate the fuel consumption based on driver behaviours without fuel sensors for cost
savings. The proposed fuel consumption estimation method is designed based on a genetic algorithm
which can generate gene sequences and use crossover and mutation for retrieving an adaptable gene
sequence. The adaptable gene sequence can be applied as the set of fuel consumption in accordance
with the pattern of driver behaviour. The practical experimental results indicated that the accuracy of
the proposed fuel consumption estimation method was about 95.87%.

Keywords: fuel consumption estimation; driver behavior; genetic algorithm

1. Introduction

With the development of the economic environment and the evolution of mobile communications,
the intelligent transportation system has been more and more popular for obtaining fleet management
services for the logistics industries and bus carriers [1]. A logistics company may have hundreds
or thousands of trucks to provide freight services. However, the fuel cost of these industries is the
most important challenge of fleet management services. For instance, Taiwan Institute of Economic
Research (TIER) reported that the fuel costs of logistics industries and bus carriers were about
35.8 billion dollars [2] and 3.4 billion dollars [3], respectively, in Taiwan in 2015. Therefore, monitoring
and saving fuel consumption efficiently can improve the profits for the logistics industries and bus
carriers and reduce the air pollution from carbon dioxide (i.e., CO2) for city governance [4,5].

For the measurement of fuel consumption, some studies used fuel sensors to detect the remaining
quantity of fuel and calculated the differences among the remaining quantities. Furthermore, the data
from the on-board diagnostics (OBD) could also be retrieved to obtain the fuel system status, vehicle
speed, and engine revolutions per minute (RPM) [6–9]. Although these methods can measure the
fuel consumption, fuel sensors and OBD devices should be equipped to report the fuel quantity data
periodically, albeit with higher cost. For instance, the cost of a fuel level sensor is about 150,000 dollars,
and the cost of data communications is about 13,000 dollars per month in Taiwan for a fleet of
1000 vehicles. Moreover, these methods cannot support estimating fuel consumption in accordance
with driver behaviours.

Symmetry 2017, 9, 105 470 www.mdpi.com/journal/symmetry
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For the estimation of fuel consumption based on driver behaviours, some studies have proposed
using gravity sensors, accelerometers, and OBD devices to collect and analyse the data of azimuth,
acceleration, movement records, and fuel quantities [10–13]. Some studies used a genetic algorithm
(GA) and a neural network to analyse fuel consumption and classify driver behaviours [14–16].
Although the relation between fuel consumption and driver behaviour can be estimated, sensors and
OBD devices are required in these methods. Furthermore, the measurement errors of sensors and OBD
devices have not been discussed, and signal interference may lead to large estimation errors.

Therefore, a lower cost solution for a system is proposed and implemented to estimate the
fuel consumption for the logistics industries. In this system, On-board units (OBUs) can send the
information of movement to a data analysis server, and users can input and send the information of fuel
quantity through user devices. Then the data analysis server can analyse the movement information
and the fuel quantity information to estimate the fuel consumption based on driver behaviours without
fuel sensors for saving costs. The proposed fuel consumption estimation method is designed based
on a GA [17–19] which can generate gene sequences and use crossover and mutation to retrieve an
adaptable gene sequence. The adaptable gene sequence can be applied as the set of fuel consumption
in accordance with the pattern of driver behaviour.

In the next section, the architecture of the proposed consumption estimation system is described
in detail. Section 3 proposes a consumption estimation method based on GA. In Section 4, practical
experiments are designed to evaluate the proposed methods, and the results of these experiments
are also analyzed and discussed in this section. The conclusions and future work of this paper are
presented in Section 5.

2. Fuel Consumption Estimation System

The proposed fuel consumption estimation system includes OBUs, user devices, a data analysis
server, and a database server (shown in Figure 1). The OBU can send the movement information which
includes the timestamp, location (i.e., longitude and latitude), and vehicle speed to the data analysis
server. Furthermore, a user can use his user device to input the fuel quantity after refuelling. The data
analysis server can store these data in the database server and perform a fuel consumption estimation
method to estimate fuel consumption in accordance with the pattern of driver behaviour.

Figure 1. The architecture of the fuel consumption estimation system.
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2.1. On-Board Unit

The OBU includes a position module, a middleware module, and a communication module
as follows.

1. The position module can support a global positioning system (GPS) to receive and analyze
satellite signals for estimating the location (i.e., longitude and latitude) and speed of the vehicle.

2. The communication module can support the techniques of long term evolution (LTE), and
the OBU can connect with the data analysis server through the communication module and
cellular networks.

3. The middleware module can support hypertext transfer protocol (HTTP) and representational
state transfer (REST), and the OBU can periodically call application program interfaces (APIs)
and send the movement information (e.g., OBU ID, car type, driver ID, timestamp, longitude,
latitude, and vehicle speed) to the data analysis server.

In this study, an OBU stores an OBU ID, a car type, and a driver ID. There are CN OBUs, TN
car types, and DN drivers. The OBU can send the movement information to the data analysis server
every 30 s. For instance, Driver 1 drove the car which was equipped with OBU 1 on 1 January 2015,
and the type of this car was Type 1. The position module of OBU 1 was used to estimate the location
(i.e., 120.5423383◦ E and 24.09490167◦ N) and speed (i.e., 44 km/h) at 06:00:00, and the middleware
module was used to call REST APIs of the data analysis server for the transmission of the movement
information (shown in Table 1).

Table 1. Movement information.

OBU ID Car Type Driver ID Time Longitude Latitude Speed (km/h)

OBU 1 Type 1 Driver 1 1 January 2015 06:00:00 120.5423383 24.09490167 44
OBU 1 Type 1 Driver 1 1 January 2015 06:00:30 120.5361317 24.09120167 39
OBU 1 Type 1 Driver 1 1 January 2015 06:01:00 120.5360417 24.09114667 2
OBU 1 Type 1 Driver 1 1 January 2015 06:01:30 120.5360383 24.09115 0
OBU 1 Type 1 Driver 1 1 January 2015 06:02:00 120.536035 24.09113833 0
OBU 1 Type 1 Driver 1 1 January 2015 06:02:30 120.5356167 24.09070333 7
OBU 1 Type 1 Driver 1 1 January 2015 06:03:00 120.53052 24.09449167 48
OBU 1 Type 1 Driver 1 1 January 2015 06:03:30 120.52868 24.09591167 30

. . .
OBU CN Type TN Driver DN 31 December 2015 22:00:00 121.0601083 24.75685833 102

OBU: On-board unit.

2.2. User Device

The user device includes a user interface, a middleware module, and a communication module
as follows.

1. The user interface can be used to input the OBU ID, timestamp, and fuel quantity after refuelling.
2. The communication module can support the techniques of LTE, and the connection between a

user device and the data analysis server can be built through the communication module.
3. The middleware module can support the techniques of HTTP and REST, and the user device can

send the information such as OBD ID, timestamp, and fuel quantity to the data analysis server
through the middleware module.

In this study, a user can input the information of fuel quantity (e.g., OBU ID, timestamp, and
fuel quantity) through the user interface of the user device after refuelling, and the fuel quantity
information can be sent to the data analysis server through the middleware module. For instance,
the car which was equipped with OBU 1 was refueled with 43.04 L of gas at 18:51:00 on 5 January
2015. Then a user inputted the OBU ID (i.e., OBU 1), timestamp (i.e., 5 January 2015 18:51:00), and fuel
quantity (i.e., 43.03 L) through the user interface of the user device, and the middleware module was
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used to send the inputted data (i.e., the fuel quantity information) to the data analysis server (shown
in Table 2).

Table 2. Fuel quantity information.

OBU ID Time Fuel Quantity (L)

OBU 1 5 January 2015 18:51:00 43.04
OBU 1 6 January 2015 21:11:00 47.11
OBU 1 8 January 2015 17:49:00 31.81
OBU 1 10 January 2015 20:35:00 21.50
OBU 1 12 January 2015 19:59:00 41.16
OBU 1 14 January 2015 11:36:00 34.43
OBU 1 15 January 2015 19:18:00 27.75
OBU 1 16 January 2015 19:15:00 38.26

. . .
OBU CN 31 December 2015 23:00:00 51.79

2.3. Data Analysis Server

The data analysis server includes a middleware module, communication module, and an
optimized composition module as follows.

1. The middleware module can obtain several REST APIs to receive the movement information
(e.g., OBU ID, car type, driver ID, timestamp, longitude, latitude, and vehicle speed) and the
fuel quantity information (e.g., OBU ID, timestamp, and fuel quantity) from the OBUs and user
devices through HTTP. These data can be stored in a database server.

2. The communication module can support Ethernet and build the connections among the data
analysis server and other devices (e.g., OBUs, user devices, and a database server).

3. The optimized composition module can use the proposed fuel consumption estimation method
to collect and analyse the movement information and fuel quantity information for generating
the estimated results of fuel consumption.

In this study, the data analysis server can request Google Maps [20] or Chunghwa Telecom
GeoWeb [21] to find the corresponding road type of the location through the middleware module.
For instance, the road type of the location which is positioned at 120.5423383◦ E and 24.09490167◦ N
is an urban road. The data analysis server can add the column of road type into the movement
information (shown in Table 3), and the modified movement information can be stored in a
database server.

Table 3. The modified movement information.

OBU ID Car Type Driver ID Time Longitude Latitude Road Type Speed (km/h)

OBU 1 Type 1 Driver 1 1 January 2015 06:00:00 120.5423383 24.09490167 Urban 44
OBU 1 Type 1 Driver 1 1 January 2015 06:00:30 120.5361317 24.09120167 Urban 39
OBU 1 Type 1 Driver 1 1 January 2015 06:01:00 120.5360417 24.09114667 Urban 2
OBU 1 Type 1 Driver 1 1 January 2015 06:01:30 120.5360383 24.09115 Urban 0
OBU 1 Type 1 Driver 1 1 January 2015 06:02:00 120.536035 24.09113833 Urban 0
OBU 1 Type 1 Driver 1 1 January 2015 06:02:30 120.5356167 24.09070333 Urban 7
OBU 1 Type 1 Driver 1 1 January 2015 06:03:00 120.53052 24.09449167 Urban 48
OBU 1 Type 1 Driver 1 1 January 2015 06:03:30 120.52868 24.09591167 Urban 30

. . .
OBU CN Type TN Driver DN 31 December 2015 22:00:00 121.0601083 24.75685833 Highway 102

2.4. Database Server

The database server includes a storage module, a computation module, and a communication
module as follows.
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1. The communication module can support Ethernet, and the connection between the database
server and the data analysis server can be built by this module.

2. The computation module can receive the requests from the data analysis server through the
communication module and access the storage module in accordance with the requests.

3. The storage module can perform the operations of creation, update, deletion, and query.

3. Fuel Consumption Estimation Method

This study proposes a fuel consumption estimation method which includes a movement
information collection method, a fuel information collection method, and an optimized composition
method. The details of each method are illustrated in the following subsections.

3.1. Movement Information Collection Method

The process of the movement information collection method includes: (1) receiving the movement
information from the OBUs; (2) analyzing and storing the movement information; and (3) calculating
the amount of each vehicle speed interval (i.e., driver behaviour in this study) for each OBU and each
driver during a time interval.

In this study, the movement information collection method can be performed by the optimized
composition module of the data analysis server to retrieve the modified movement information (shown
in Table 3). The vehicle speed (v) of each movement record can be converted into a vehicle speed
interval, and the amount of each vehicle speed interval for each OBU and each driver during a time
interval can be calculated. This study chooses 10 km/h as a vehicle speed interval and one year
as a time interval for the estimation of driver behaviour. For instance, Driver 1 drove a car which
was equipped with OBU 1 during 2015; cC,D

1,1,1 records which include idle speed (i.e., the value of v is

zero) are reported by OBU 1 during 2015; cC,D
1,1,2 records which include the speed between 0 km/h and

10 km/h are reported by OBU 1 during 2015; consequently, cC,D
1,1,14 records which include the speed

higher than 120 km/h are reported by OBU 1 during 2015. Furthermore, Driver DN drove a car which
was equipped OBU CN during 2015; cC,D

CN ,DN ,1 records which include idle speed are reported by OBU CN

during 2015; cC,D
CN ,DN ,2 records which include the speed between 0 km/h and 10 km/h are reported by

OBU CN during 2015; consequently, cC,D
CN,DN ,14 records which include the speed higher than 120 km/h

are reported by OBU CN during 2015 (shown in Table 4).

Table 4. The movement information of each OBU and each driver during 2015 (The unit of v is km/h).

OBU ID and Driver ID

Movement
v = 0 0 < v ≤ 10 10 < v ≤ 20 . . . 110 < v ≤ 120 120 < v

Driver 1 drove OBU 1 cC,D
1,1,1 cC,D

1,1,2 cC,D
1,1,3 . . . cC,D

1,1,13 cC,D
1,1,14

Driver 2 drove OBU 1 cC,D
1,2,1 cC,D

1,2,2 cC,D
1,2,3 . . . cC,D

1,2,13 cC,D
1,2,14

. . . . . . . . . . . . . . . . . . . . .

Driver 1 drove OBU 2 cC,D
2,1,1 cC,D

2,1,2 cC,D
2,1,3 . . . cC,D

2,1,13 cC,D
2,1,14

. . . . . . . . . . . . . . . . . . . . .

Driver DN drove OBU CN cC,D
CN ,DN ,1 cC,D

CN ,DN ,2 cC,D
CN ,DN ,3 . . . cC,D

CN ,DN ,13 cC,D
CN,DN ,14

For precise estimation of driver behaviour, this study also chooses one month as a time interval.
For instance, Driver 1 drove a car which was equipped with OBU 1; c1

C,D
1,1,1 records which include idle

speed are reported by OBU 1 during January 2015; consequently, cM
C,D
1,1,1 records which include idle

speed are reported by OBU 1 during the M-th month of 2015. Therefore, the summary of each monthly

record of 2015 is equal to the yearly record (i.e.,
12
∑

M=1
cM

C,D
1,1,1 = cC,D

1,1,1).
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3.2. Fuel Information Collection Method

The process of the fuel information collection method includes: (1) receiving the fuel quantity
information from the user devices; (2) analyzing and storing the fuel quantity information; and
(3) calculating the amount of fuel quantities for each OBU and each driver during a time interval.

In this study, the fuel information collection method can retrieve the fuel quantity information
(shown in Table 2) and analyse the amount of fuel quantities for each OBU and each driver during a
time interval. This study chooses one month or one year as a time interval. For instance, Driver 1 drove
a car which was equipped with OBU 1 during 2015; the summary of fuel quantities of OBU 1 during
January 2015 is Q1

C,D
1,1 L; the summary of fuel quantities of OBU 1 during the M-th of 2015 is QM

C,D
1,1 L;

consequently, the summary of fuel quantities of OBU 1 during 2015 is QC,D
1,1 L (i.e.,

12
∑

M=1
QM

C,D
1,1 = QC,D

1,1 ).

Furthermore, Driver DN drove a car which was equipped with OBU CN during 2015; the summary of
fuel quantities of OBU CN during January 2015 is Q1

C,D
CN ,DN

L; the summary of fuel quantities of OBU

CN during the M-th of 2015 is QM
C,D
CN ,DN

L; consequently, the summary of fuel quantities of OBU CN

during 2015 is QC,D
CN ,DN

L (i.e.,
12
∑

M=1
QM

C,D
CN ,DN

= QC,D
CN ,DN

).

3.3. Optimized Composition Method

In this subsection, the design of the optimized composition method is presented in Section 3.3.1,
and a case study of this method is given in Section 3.3.2.

3.3.1. The Process of the Method

The process of the optimized composition method includes: (1) receiving the patterns of driver
behaviours from the movement information collection method; (2) receiving the patterns of fuel
consumption from the fuel information collection method; and (3) performing a GA (shown in
Figure 2) to analyse the set of fuel consumption in accordance with the pattern of driver behaviour.
The steps of the optimized composition method are illustrated as follows.

1. The values of the parameters including the amount of initial maternal DNA (deoxyribonucleic
acid) sequences (countg), the number of evolution times (countc), the maximum number of
iterations (counti), crossover rate (α), and mutation rate (β) are initially given in this step.

2. The model of fitness function is designed for finding the cost of each DNA sequence which
includes several chromosomes.

3. The process of the initial population can generate countg maternal DNA sequences.
4. Each DNA sequence can be adopted into the model of fitness function for the cost calculation.
5. The process of the convergence check can be performed to check the values of the number

of evolution times (countc) and the maximum number of iterations (counti). If the number of
evolution times (countc) is equal to the maximum number of iterations (counti), the adaptable
DNA sequence with the lowest cost is outputted as the estimated results of the fuel consumption
based on the driver behaviour; otherwise the number of evolution times (countc) is increased
by one.

6. The process of gene selection can select two of the maternal DNA sequences for crossover
and mutation.

7. The process of gene crossover can generate a child’s DNA sequences in the first generation in
accordance with the crossover rate (α) and the maternal DNA sequences in the first generation.

8. The process of gene mutation can generate a child’s DNA sequences in the second generation in
accordance with the mutation rate (β) and the maternal DNA sequences in the second generation.

9. The process of gene reproduction can support two new generated child’s DNA sequences being
substituted for two original maternal DNA sequences which have the highest cost.
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10. The costs of the two reproduced DNA sequences can be measured by using the model of fitness
function, and the GA is performed repeatedly.

Setting parameters

Initial Population

Finding the cost of each 
gene sequence

Convergence check

Selection

N

Find the adaptable gene 
sequenceY

Fitness function model

Crossover

Mutation

Reproduction

Retrieving two new gene 
sequences

Start

End

 

Figure 2. The process of the fuel consumption estimation method.

3.3.2. A Case Study

The parameters of GA in this study are adopted as follows: the amount of initial maternal DNA
sequences (countg) is 14; the initial number of evolution times (countc) is 0; the maximum number of
iterations (counti) is 1000; the crossover rate (α) is 100%; the mutation rate (β) is 7%. A DNA sequence
qC,D

j,i =
{

qC,D
j,i,1 , qC,D

j,i,2 , ..., qC,D
j,i,14

}
includes 14 chromosomes (i.e.,

∣∣∣qC,D
j,i

∣∣∣ = 14) for the j-th OBU driven by

the i-th driver. Each chromosome is encoded as a float. For instance, the parameter qC,D
j,i,1 can be used

to estimate the quantity of fuel consumption at idle speed during each 30 s period for the j-th OBU

driven by the i-th driver. Furthermore, the model of fitness function s =
∣∣∣∣
[

14
∑

k=1

(
cC,D

j,i,k × qC,D
j,i,k

)]
− QC,D

j,i

∣∣∣∣
(shown in Figure 3) is adopted to estimate the cost of each DNA sequence. The unit of cost is a liter in

this model. The best DNA sequence has the lowest cost (i.e., s =
∣∣∣∣
[

14
∑

k=1

(
cC,D

j,i,k × qC,D
j,i,k

)]
− QC,D

j,i

∣∣∣∣ = 0) in

this study.
For the initial population, 14 maternal DNA sequences are randomly generated, and each DNA

sequence includes 14 chromosomes. For instance, the first maternal DNA sequence is q1
C,D
j,i ={

q1
C,D
j,i,1 , q1

C,D
j,i,2 , ..., q1

C,D
j,i,14

}
for the j-th OBU driven by the i-th driver; the second maternal DNA sequence

is q2
C,D
j,i =

{
q2

C,D
j,i,1 , q2

C,D
j,i,2 , ..., q2

C,D
j,i,14

}
for the j-th OBU driven by the i-th driver; consequently, the

fourteenth maternal DNA sequence is q14
C,D
j,i =

{
q14

C,D
j,i,1 , q14

C,D
j,i,2 , ..., q14

C,D
j,i,14

}
for the j-th OBU driven by

the i-th driver (shown in Table 5).
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Figure 3. The model of the fitness function.

Table 5. Maternal DNA sequences.

DNA Sequences
Chromosome

Chromosome 1 Chromosome 2 . . . Chromosome 14

DNA Sequence 1 (q1
C,D
j,i ) q1

C,D
j,i,1 q1

C,D
j,i,2 . . . q1

C,D
j,i,14

DNA Sequence 2 (q2
C,D
j,i ) q2

C,D
j,i,1 q2

C,D
j,i,2 . . . q2

C,D
j,i,14

. . .
DNA Sequence 14 (q14

C,D
j,i ) q14

C,D
j,i,1 q14

C,D
j,i,2 . . . q14

C,D
j,i,14

This study gives a case study of OBU 1 driven by Driver 1 to explain the process of the optimized
composition method. The set of movement information of OBU 1 driven by Driver 1 during 2015
is recorded as CC,D

1,1 =
{

cC,D
1,1,1, cC,D

1,1,2, ..., cC,D
1,1,14

}
= {103100, 66752, ..., 4}, and the fuel quantity of OBU

1 driven by Driver 1 during 2015 is recorded as 10921.364 L (i.e., QC,D
1,1 = 10921.364). Furthermore,

the 14 maternal DNA sequences are randomly generated as shown in Table 6. For example, the first
maternal DNA sequence is q C,D

11,1 = {0.013249146, 0.018487159, ..., 0.551971137}; the second maternal

DNA sequence is q C,D
21,1 = {0.016574516, 0.02331678, ..., 0.553625064}; consequently, the fourteenth

maternal DNA sequence is qC,D
141,1 = {0.01539256, 0.021892833, ..., 0.555117159}.

For finding the cost of each DNA sequence, the set of chromosomes in a maternal DNA sequence
is adopted into the fitness function. In this study, the cost of the h-th maternal DNA sequence is defined

as sh =

∣∣∣∣
[

14
∑

k=1

(
cC,D

j,i,k × qh
C,D
j,i,k

)]
− QC,D

j,i

∣∣∣∣ for the j-th OBU driven by the i-th driver. For instance, the cost

of the first maternal DNA sequence is calculated by Equation (1) for OBU 1 driven by Driver 1; the cost
of the second maternal DNA sequence is calculated by Equation (2) for OBU 1 driven by Driver 1;
consequently, the cost of the fourteenth maternal DNA sequence is calculated by Equation (3) for
OBU 1 driven by Driver 1.

s1 = |(103100 × 0.013249146 + 66752 × 0.018487159 + ... + 4 × 0.551971137)− 10921.364|
= 260.2534752

(1)

s2 = |(103100 × 0.016574516 + 66752 × 0.02331678 + ... + 4 × 0.553625064)− 10921.364|
= 1062.546744

(2)

s14 = |(103100 × 0.01539256 + 66752 × 0.021892833 + ... + 4 × 0.555117159)− 10921.364|
= 1009.53678

(3)
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Table 6. The maternal DNA sequence for OBU 1 driven by Driver 1.

DNA Sequences
Chromosome

Chromosome 1 Chromosome 2 . . . Chromosome 14

DNA Sequence 1 (q1
C,D
j,i ) 0.013249146 0.018487159 . . . 0.551971137

DNA Sequence 2 (q2
C,D
j,i ) 0.016574516 0.02331678 . . . 0.553625064

. . .
DNA Sequence 14 (q14

C,D
j,i ) 0.01539256 0.021892833 . . . 0.555117159

For the convergence check, the adaptable DNA sequence with the lowest cost is output as the
estimated results of the fuel consumption based on driver behaviour if the number of evolution times
(countc) is equal to the maximum number of iterations (counti); otherwise the number of evolution
times (countc) is increased by one.

For gene selection, this study uses the roulette wheel selection method to select two of the maternal
DNA sequences. For instance, DNA Sequence 1 (q C,D

11,1 = {0.013249146, 0.018487159, ..., 0.551971137})

and DNA Sequence 2 (q C,D
21,1 = {0.016574516, 0.02331678, ..., 0.553625064}) (shown in Table 7) are

selected as the maternal DNA sequences in the first generation for OBU 1 driven by Driver 1.

Table 7. The maternal DNA sequences in the first generation.

DNA Sequences
Chromosome

Chromosome 1 Chromosome 2 . . . Chromosome 14

DNA Sequence 1 (q C,D
11,1 ) 0.013249146 0.018487159 . . . 0.551971137

DNA Sequence 2 (q C,D
21,1 ) 0.016574516 0.02331678 . . . 0.553625064

For gene crossover, the 1-point crossover method is performed in accordance with the crossover
rate (α). For instance, the value of the crossover point is randomly determined as 2. Then the two
child’s DNA sequences (shown in Table 8) are generated as Equations (4) and (5) according to the two
maternal DNA sequences (shown in Table 7). The line in Equations (4) and (5) is the crossover point.

DNA Sequence 1

(
q C,D

11,1

)′
=

{(
q C,D

11,1,1

)′
,
(

q C,D
11,1,2

)′
, ...,

(
q C,D

11,1,14

)′}

= {0.013249146, |0.02331678 , ..., 0.553625064}
(4)

DNA Sequence 2

(
q C,D

21,1

)′
=

{(
q C,D

21,1,1

)′
,
(

q C,D
21,1,2

)′
, ...,

(
q C,D

21,1,14

)′}

= {0.016574516, |0.018487159 , ..., 0.551971137}
(5)

Table 8. The child’s DNA sequences in the first generation.

DNA Sequences
Chromosome

Chromosome 1 Chromosome 2 . . . Chromosome 14

DNA Sequence 1
(

q1
C,D
1,1

)′
0.013249146 0.02331678 . . . 0.553625064

DNA Sequence 2
(

q2
C,D
1,1

)′
0.016574516 0.018487159 . . . 0.551971137

For gene mutation, the set of binary vectors (η = {η1, η2, ..., η14}) is randomly generated in
accordance with the mutation rate (β). If the value of ηn is equal to one, the value of the n-th
chromosome will be changed after the process of gene mutation. For instance, the child’s DNA
sequences in the first generation (shown in Table 8) are selected as the maternal DNA sequences in the
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second generation (shown in Table 9). Furthermore, the set of binary vectors is randomly generated
as η = {1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0}. Then the two child’s DNA sequences (shown in Table 10) are
determined according to the two maternal DNA sequences (shown in Table 9).

Table 9. The maternal DNA sequences in the second generation.

DNA Sequences
Chromosome

Chromosome 1 Chromosome 2 . . . Chromosome 14

DNA Sequence 1
(

q1
C,D
1,1

)
0.013249146 0.02331678 . . . 0.553625064

DNA Sequence 2
(

q2
C,D
1,1

)
0.016574516 0.018487159 . . . 0.551971137

Table 10. The child’s DNA sequences in the second generation.

DNA Sequences
Chromosome

Chromosome 1 Chromosome 2 . . . Chromosome 14

DNA Sequence 1
(

q1
C,D
1,1

)′
0.011241019 0.02331678 . . . 0.553625064

DNA Sequence 2
(

q2
C,D
1,1

)′
0.012500034 0.018487159 . . . 0.551971137

For gene reproduction, the two new generated child’s DNA sequences are substituted for two
of the original maternal DNA sequences which have the highest cost. For instance, the costs of DNA
Sequence 2 (q2

C,D
j,i ) and DNA Sequence 14 (q14

C,D
j,i ) are higher than the costs of the other maternal

DNA sequences in Table 6 for OBU 1 driven by Driver 1. Therefore, the two new generated child’s
DNA sequences in Table 10 are substituted for DNA Sequence 2 (q2

C,D
j,i ) and DNA Sequence 14 (q14

C,D
j,i )

(shown in Table 11). Furthermore, the costs of these two reproduced DNA sequences are determined
by Equations (6) and (7), respectively.

s2 = |(103100 × 0.011241019 + 66752 × 0.02331678 + ... + 4 × 0.553625064)− 10921.364|
= 512.663178

(6)

s14 = |(103100 × 0.01539256 + 66752 × 0.021892833 + ... + 4 × 0.555117159)− 10921.364|
= 183.020039

(7)

Table 11. The maternal DNA sequences after the first iteration.

DNA Sequences
Chromosome

Chromosome 1 Chromosome 2 . . . Chromosome 14

DNA Sequence 1 (q C,D
11,1 ) 0.013249146 0.018487159 . . . 0.551971137

DNA Sequence 2 (q2
C,D
1,1 =

(
q1

C,D
1,1

)′
) 0.011241019 0.02331678 . . . 0.553625064

. . .

DNA Sequence 14 (q14
C,D
1,1 =

(
q2

C,D
1,1

)′
) 0.012500034 0.018487159 . . . 0.551971137

After gene reproduction, the convergence check is performed repeatedly. The adaptable DNA
sequence with the lowest cost is output as the estimated results of the fuel consumption based on
the driver behaviour when the number of evolution times (countc) is equal to the maximum number
of iterations (counti). In the case of OBU 1 driven by Driver 1 in this study, the adaptable DNA
sequence with the lowest cost, DNA Sequence 14 (q14

C,D
j,i ), is output as the estimated results of the fuel

consumption based on the driver behaviour (shown in Equation (8)). Therefore, the parameter qC,D
1,1,1

(i.e., 0.0125003 L) is used to estimate the quantity of fuel consumption at idle speed during each 30 s
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period; consequently, the quantity of fuel consumption at higher speed (>120 km/h) during each 30 s
period is estimated as qC,D

1,1,14 (i.e., 0.551971137 L).

qC,D
1,1 = q14

C,D
1,1

=
{

qC,D
1,1,1, qC,D

1,1,2, ..., qC,D
1,1,14

}

=

⎧⎪⎨
⎪⎩

0.012500034, 0.018487159, 0.035458125, 0.064768478, 0.088150596,
0.036826864, 0.070565879, 0.095323361, 0.154325441, 0.149250046,
0.063605949, 0.045212032, 0.132129733, 0.551971137

⎫⎪⎬
⎪⎭

(8)

4. Practical Experimental Results and Discussions

This section describes the practical experimental environments and data, and some experimental
designs are given to evaluate the proposed method in the following subsections.

4.1. Experimental Environments

The practical experimental data including the movement information and fuel quantity of fifteen
trucks during November and December 2016 were collected from an eFMS (e-Fleet Management
Service) system which was built by Chunghwa Telecom [22] for the evaluation of the proposed method.
This study used the Package ‘GA’ [23] to implement the GA algorithm for fuel consumption estimation.
The movement information and fuel quantity information during November 2016 were used as training
data, and the movement information and fuel quantity information during December 2016 were used
as testing data to evaluate the performance of the proposed fuel consumption estimation system and
method. In the training data, 420,673 movement records were retrieved, and 105,569 km were driven
by the trucks; in the testing data, 414,798 movement records were retrieved, and 107,651 km were
driven by the trucks (shown in Table 12). Table 13 shows that the fuel quantity was about 31,687.786 L
from 280 refuelling times in the training data, and the fuel quantity was about 33,164.136 L from
286 refuelling times in the testing data.

Table 12. The movement information in practical experimental environments.

OBU ID
November 2016 (i.e., Training Data) December 2016 (i.e., Testing Data)

The Number of
Movement Records

Driving Mileage
(km)

The Number of
Movement Records

Driving Mileage
(km)

1 29,115 10,636 33,546 13,548
2 39,957 11,598 39,573 12,500
3 29,289 7897 28,097 6825
4 18,980 2844 15,313 2211
5 23,514 5928 22,015 5418
6 26,422 4880 28,820 5964
7 32,345 9404 34,440 10,258
8 30,859 6707 29,066 6195
9 36,165 10,316 34,445 10,229
10 30,046 6419 28,199 6367
11 26,074 5884 26,301 5917
12 19,258 5340 19,191 5337
13 26,106 5720 26,353 6067
14 24,620 5475 24,252 5066
15 27,923 6520 25,187 5749

Summary 420,673 105,569 414,798 107,651
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Table 13. The fuel quantity information in practical experimental environments.

OBU ID
November 2016 (i.e., Training Data) December 2016 (i.e., Testing Data)

The Number of
Refuelling Times

Fuel Quantity
(L)

The Number of
Refuelling Times

Fuel Quantity
(L)

1 20 3619.020 25 4582.252
2 21 3820.000 24 4180.871
3 16 2704.016 15 2425.483
4 15 581.154 11 479.641
5 23 1031.828 25 975.490
6 26 838.163 30 896.126
7 16 3222.007 18 3578.000
8 14 2440.178 14 2331.264
9 23 3662.796 22 3691.831

10 17 2334.016 18 2350.214
11 11 2100.003 12 2241.000
12 30 897.420 25 874.300
13 15 2166.003 16 2296.017
14 20 1690.028 20 1782.006
15 13 581.154 11 479.641

Summary 280 31,687.786 286 33,164.136

4.2. Experimental Designs

Three cases were designed to evaluate the performances of the fuel consumption estimation with
or without road types. Furthermore, this study compared the performances of the proposed method
and the fuel economy guide [24]. Each case is illustrated as follows.

• Case 1: The fuel consumption estimation method considered the different road types (e.g., urban
road and highway). In this case, each DNA sequence included 28 chromosomes.

• Case 2: The fuel consumption estimation method did not consider the different road types. In this
case, each DNA sequence included 14 chromosomes.

• Case 3: The significant differences between the results of Case 1 and Case 2 were evaluated.

In this study, the mean absolute percentage error (MAPE) was used to measure the accuracy of the
fuel consumption estimation method by Equation (9). Furthermore, the t-test and F-test were adopted
to evaluate the significant differences between the results of Case 1 and Case 2.

accuracy = 100% − MAPE = 100% − |real_value − estimated_value|
real_value

(9)

4.3. Experimental Results and Discussions

This subsection used the records during November 2016 (i.e., training data) with the proposed
method to retrieve the adaptable DNA sequence as the estimated fuel consumption based on the
driver behaviour. Then the records during December 2016 (i.e., testing data) were used to test
the performance of the proposed method. In Case 1 (i.e., 28 chromosomes), the testing results
indicated that the accuracies of the proposed method and fuel economy guide were 95.54% and 24.06%
(shown in Table 14), respectively. Furthermore, Table 15 shows that the accuracy of the proposed
method was 95.87% in Case 2 (i.e., 14 chromosomes). The Bureau of Energy did not consider driver
behaviour, traffic condition, and weather when it performed its experiments, so larger errors of fuel
consumption estimation were generated in accordance with the fuel economy guide [24]. Therefore,
the proposed method can provide precise fuel consumption estimation in practical environments for
the logistics industries.
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Table 14. The accuracy of fuel consumption estimation with road types (i.e., Case 1).

OBU ID
The Proposed Method Fuel Economy Guide [24]

Accuracy of
Training Data

Accuracy of
Testing Data

Accuracy of
Training Data

Accuracy of
Testing Data

1 99.73% 91.55% 16.89% 16.99%
2 99.70% 92.66% 17.45% 17.18%
3 99.28% 93.60% 16.78% 16.17%
4 99.49% 94.90% 28.12% 26.49%
5 99.95% 97.12% 33.02% 31.92%
6 98.76% 95.48% 33.46% 38.25%
7 99.34% 97.29% 16.77% 16.48%
8 99.80% 99.37% 15.80% 15.27%
9 99.62% 97.89% 16.19% 15.92%

10 99.00% 95.30% 15.81% 15.57%
11 99.68% 96.09% 16.10% 15.17%
12 99.47% 97.22% 34.20% 35.08%
13 99.65% 95.41% 15.18% 15.19%
14 94.36% 96.56% 18.62% 16.34%
15 99.39% 92.71% 64.48% 68.89%

Mean 99.15% 95.54% 23.92% 24.06%

Table 15. The accuracy of fuel consumption estimation without road types (i.e., Case 2).

OBU ID
The proposed Method Fuel Economy Guide [24]

Accuracy of
Training Data

Accuracy of
Testing Data

Accuracy of
Training Data

Accuracy of
Testing Data

1 99.54% 92.19% 16.89% 16.99%
2 98.99% 91.59% 17.45% 17.18%
3 98.86% 96.81% 16.78% 16.17%
4 97.26% 97.70% 28.12% 26.49%
5 99.79% 98.71% 33.02% 31.92%
6 98.24% 95.61% 33.46% 38.25%
7 99.77% 95.74% 16.77% 16.48%
8 99.71% 98.44% 15.80% 15.27%
9 98.90% 96.59% 16.19% 15.92%

10 99.02% 97.81% 15.81% 15.57%
11 99.04% 93.26% 16.10% 15.17%
12 99.88% 99.05% 34.20% 35.08%
13 96.85% 89.22% 15.18% 15.19%
14 97.23% 99.28% 18.62% 16.34%
15 98.77% 96.12% 64.48% 68.89%

Mean 98.79% 95.87% 23.92% 24.06%

The practical data were collected from 15 trucks to evaluate the accuracy of the proposed method
in Cases 1 and 2. In Case 3, a two-tailed t-test was performed to determine the differences between
the mean accuracy of the proposed method in Case 1 and Case 2. The p-value of this two-tailed t-test
was measured as 0.6396 which is higher than the alpha level of 0.05, so the H0 (i.e., null hypothesis)
was accepted under 14 degrees of freedom (i.e., 14 = 15 − 1). Furthermore, this study performed a
two-tailed F-test to determine the differences between the variance of the accuracy of the proposed
method in Case 1 and Case 2. The p-value of this two-tailed F-test was measured as 0.1160 which is
higher than the alpha level of 0.05, so the H0 (i.e., null hypothesis) was accepted under 14 degrees of
freedom (i.e., 14 = 15 − 1). There were no significant differences between the results of Case 1 and
Case 2. Therefore, the fuel consumption estimation without road types can be adopted for reducing
the computation costs in the future.
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5. Conclusions and Future Work

As monitoring and reducing fuel costs is the greatest challenge for the logistics industries and bus
carriers, a fuel consumption estimation system and method based on a GA is proposed to collect the
movement information and fuel quantity information for analyzing the relation of fuel consumption
and driver behaviour. This study models the pattern of driver behaviour as a gene sequence, and
the GA including crossover and mutation processes is used to retrieve an adaptable gene sequence.
The adaptable gene sequence can be applied as the set of fuel consumption in accordance with the
pattern of driver behaviour. In practical experimental environments, 835,471 movement records from
15 trucks were collected for the evaluation of the proposed method. The practical results indicated that
the accuracy of the proposed fuel consumption estimation method was 95.87%, which was higher than
the fuel economy guide from the Bureau of Energy in Taiwan.

In the future, the evaluation model of the driver performance can be designed based on the
proposed fuel consumption estimation method. Furthermore, some suggestions and guidelines can be
made based on the driver behaviours for the driver’s reference.
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Abstract: The goal of this paper is to compare and analyze the forecasting performance of two
artificial neural network models (i.e., MLP (multi-layer perceptron) and DNN (deep neural network)),
and to conduct an experimental investigation by data flow, not economic flow. In this paper, we
investigate beyond the scope of simple predictions, and conduct research based on the merits and
data of each model, so that we can predict and forecast the most efficient outcomes based on analytical
methodology with fewer errors. In particular, we focus on identifying two models of neural networks
(NN), a multi-layer perceptron (i.e., MLP) model and an excellent model between the neural network
(i.e., DNN) model. At this time, predictability and accuracy were found to be superior in the DNN
model, and in the MLP model, it was found to be highly correlated and accessible. The major
purpose of this study is to analyze the performance of MLP and DNN through a practical approach
based on an artificial neural network stock forecasting method. Although we do not limit S&P
(i.e., Standard&Poor’s 500 index) to escape other regional exits in order to see the proper flow of
capital, we first measured S&P data for 100 months (i.e., 407 weeks) and found out the following
facts: First, the traditional artificial neural network (ANN) model, according to the specificity of
each model and depending on the depth of the layer, shows the model of the prediction well and
is sensitive to the index data; Second, comparing the two models, the DNN model showed better
accuracy in terms of data accessibility and prediction accuracy than MLP, and the error rate was
also shown in the weekly and monthly data; Third, the difference in the prediction accuracy of each
model is not statistically significant. However, these results are correlated with each other, and
are considered robust because there are few error rates, thanks to the accessibility to various other
prediction accuracy measurement methodologies.

Keywords: data analytics; forecasting; neural network; stock exchange; time-series; econometrics

1. Introduction

The stock market index, which is shaking many capital markets around the world, can be used
as an inflection point in the economy for a measure of important changes [1–4]. There are many
ways of predicting objects as data. However, as a part of traditional supervised learning, we used an
artificial neural network (i.e., ANN) model that uses labels as data. There are many examples [5–7],
based on forecasting purpose data research, which are sometimes correct. However, this approach
is worth investigating even the results are not correct. Numerous model design and performance
analysis studies for stock forecasting have been carried out with various economic and statistical
approaches [8–12]. From the viewpoint of prediction and forecasting, it is most important to establish
each model by identifying the neural networks (NN) model and data learning method.

Therefore, due to the uniqueness and volatility of the stock market, many researchers and
scientists seek prediction using models similar to neural network (NN) models. Since neural networks
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models have a long history of development regarding the number of layers (in this case, x), that is,
deep-learning can occur, we aim to determine how accurately predictions and forecasting can be made
possible through simple model comparisons [13–15].

Although the neural network-based method for stock forecasting has already been
studied [13,16,17], it is necessary to conduct a scientific analysis of the stock forecasting method
by comparing neural network models of single-layer and multi-layer networks. A comparison of the
two above models, multi-layer perceptron (MLP) and deep neural network (DNN), reveals that it is
meaningful to compare the data at the stage of establishing the two models. In addition, the stock
market of a country can be seen as a flow of data rather than as a relation of capital flow. The greatest
difference between MLP and DNN is to avoid overfitting, which includes random error or noise. For
example, when MLP is applied, overfitting occurs and it is difficult to compare performance with
DNN. In order to avoid this statistical error phenomenon, [18–20] studies use dropout, early stopping,
and weights regulation for MLP. In this study, one statistical solution, dropout, is applied as a method
to avoid overfitting. In addition, the MLP assumes that there is one hidden layer (i.e., 1-HL), and that
the DNN has two or more hidden layers (i.e., 3-HL).

To compare the two artificial neural network models for stock forecasting, S&P 500 (i.e.,
Standard&Poor’s 500 index) was selected because it could see data flow for the week, month, and
year according to accessibility and change. We also want to analyze in more detail the success of
forecasting and forecasting in the areas of statistics and econometrics to create basic data for actual
data usage analysis.

The following is a list of the composition of this paper. First, Section 2 will explain the underlying
data and Section 3 will explain the forecasting methodology. Next, Section 4 will show the empirical
measurement results, and in Section 5, the conclusions will be discussed.

2. Data Acquisition

It is difficult to prove the excellence of objective data in the absence of local specificity. However,
in order to collect the most efficient and objective data, S&P 500 data are accessed in this text. However,
these statistical results are based on real measurements and show in the public domain a good
prediction for an individual as well as for a large economic impact on society. In fact, the dataset spans
from 31 May 2009 to 12 March 2017, totaling 100 months (i.e., 407 weeks) of observations. Statistical
analysis for these eight years is a condition that should not be excluded or influenced by other data.

Actual data can be subdivided for viewing and forecasting, and thus divided into several ranges.
As a result of efforts to determine the potential impact and efficiency of a given index data for the
ultimate goal of prediction accuracy, the following results were obtained: 20% of the total number of
observations were in the long-term range, 13–8% were in the intermediate range, and 6% were in the
short-term range. The actual data tends to be grouped by scope, and if they are outside of this range,
they cannot prove to be effective. Of the first long-range predictions, 330 weeks of data were used for
model identification and estimation, and the remaining 77 weeks of data (about 20% of 407 weeks)
were used to evaluate the performance of the MLP and DNN models. The intermediate range and
short range were also defined in a similar way. After obtaining the middle range (31–50 weeks ahead)
and the short range (23 weeks ahead) forecast horizon, it becomes necessary to check once again the
soundness and efficiency of the data.

Once again, we present three predicted horizons (20%: long-term range, 13%: intermediate
range, 8%: short-term range) and acknowledge that all the data used are obtained for the purpose of
prediction and forecasting. At the same time, all results can be viewed in real time in order to see the
flow of data.
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3. Forecasting Methodology

3.1. MLP and DNN Model Methodology

In this section, we discuss the accuracy prediction methodology along with the basics of the
neural network theory that can be found by increasing the number of layers (x) by elements of the
traditional NN model. We also present the prediction efficiency of each model when the NN models
are developed as back-propagation neural networks. The main reason for adopting MLP is because it
is a partial differential of the network error function. Thus, it is an efficient way to develop a network
model that minimizes discrepancies between the actual data and the output from the network model.
In this case, the number of outputs per layer is increased and the output has an important scientific
meaning in terms of efficiency, and it is a factor used to measure the quality of learning. In fact,
MLP and DNN can have more than two hidden layers. However, in this study, we designed a stock
forecasting model based on DNN with one hidden layer, as well as a model with two or more hidden
layers. In the case of MLP, a method of avoiding overfitting is applied.

Figure 1 shows an illustration of the artificial neural network model methodology, in particular a
Back-Propagation Neural Network (MLP and DNN). We designed an artificial neural network based
on MLP and DNN models that predicts the future by using past S&P 500 data as input data. In
addition, input and output data are normalized based on the highest index of S&P 500.

(a) (b)  

Figure 1. Illustration of the MLP and DNN model methodology. (a) MLP with 1-HL; (b) DNN
with 2-HL.

In particular, MLP and DNN can be trained using the historical data of a time series in order
to capture the non-linear characteristics of the specific time series. Each model parameter will be
adjusted iteratively by a process of minimizing the forecasting errors. For time series forecasting, the
relationship between the output (Y) and the inputs (X) can be described by the following mathematical
formula:

yk = ao +
n

∑
j=1

d

∑
l=1

ajh(Wol +
m

∑
i=1

Wilyk−1) + EK, (1)

where aj (j = 0, 1, 2, . . . , n) is a bias on the jth unit; wij (i = 0, 1, 2, . . . , m; j = 0, 1, 2, . . . , n) is the
connection weights between layers of the model; h(·) is the transfer function of the hidden layer; m
is the number of input nodes; and n is the number of hidden nodes. The MLP model performs a
nonlinear functional mapping from past observations (yk−1, yk−2, . . . , yk−p), to future values (yk), i.e.,

yk = ∅

(
yk−1, yk−2, . . . , yk−m

)
+ Ek, (2)

where w is a vector of all parameters and ∅ is a function determined by the network structure and
connection weights.
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In addition, it is necessary to explain the expanded method of neural network theory in order to
increase the number of layers (x) of existing ANN models, and increase the forecast and prediction
by the time series methodology. Therefore, we investigated the DNN model in the same context but
with a different approach. In order to obtain the corresponding estimates of S&P 500, we used the
multi-layer neural network [20] model to find the best fit of a time series model by using past values,
and this method generated the optimal weights in hidden layers.

As these forecasting methodologies are important, there is a need to check for inadequate outlooks
and susceptibility to errors. Therefore, the forecast error (er (k)) of each model is another important
factor. It is mainly expressed as the method of subtracting the forecasted value from the actual value
(price or profit) of our S&P 500 data and subtracting the difference from the absolute value of the actual
data as follows:

er (t) =
ABS(k) – FORECASTING(k)

|ABS(k)| , (3)

where ABS(k) = actual value of S&P 500 in period (k) function, and FORECASTING (k) = forecasted
value of S&P 500 in period (k) function.

3.2. Implementation and Avioding the Overfitting Problem

In this paper, DNN is implemented as shown in Algorithm 1 using Python. Algorithm 1 shows
the implementation method when there are three hidden layers. In Step 1, the values of the input node
and output node are stored in x, y. In addition, layer-1 to layer-n are initialized for n hidden layers. To
calculate the hidden layer, we define two variables: layer and synapse. The layer stores the objective
value of the hidden layer, and the synapse stores the value of the weights. Note that, since layer-0 is
defined as the input layer, the value of x is substituted. It also generates and initializes variables from
synapse_0 to synapse_n. In Step 2, the non-linear sigmoid is used to update the result between layers.
In Step 3, we apply the dropout operation to avoid the overfitting problem. Step 4 calculates the error
rate of the input and output between layers. In Step 5, we update each synapse with an error using
the correction value. The same operation is repeated through 500 iterations from Step 2 to Step 5 to
optimize the synapse values.

In the ANN proposed in this work, the dropout, early stopping, and weight regularization
techniques are applied to avoid the overfitting phenomenon and to ensure good performance and
the best generalization of the implemented model. Since it is already verified that dropout can solve
the problem of overfitting that frequently occurs in the neural network model, we apply the dropout
method between the hidden layer and the final classification layer of MLP and DNN models to apply
the effect of regularization. Also, for every learning process, the epoch for each data is fixed as 500.

Note that we developed the MLP and DNN by using Python programming [21–23], which is
used to train data for model developments and test data for the forecasting accuracy of the models
developed. Here, the stop criteria for the supervised training of the networks are specified as follows.
The maximum epochs specify how many iterations (over the training set) will be done if no other
criterion kicks in. The training terminates when one of the following four conditions is met: (i)
when the mean square error of the validation set begins to rise, indicating that overfitting might be
happening; (ii) when the threshold is less than 0.01, i.e., we are on effectively flat ground; (iii) when the
training time has reached 500 epochs; or (iv) when the goal (the difference between output and target is
less than 0.01) has been met. After the training was completed, its epochs and the simulation procedure
were completed successfully, which indicates that the network was trained and was predicting the
output as desired. This is similar to the predictions we are currently pursuing in the Convolution
Neural Network (CNN) of Artificial Intelligence (AI).

In particular, it is necessary to apply the principle of Ockham’s razor [24], which is one of the many
tools used in the development of philosophical and theoretical models of scientists. It is very important
to identify the fundamental principles at this time. Aristotle's scientific curiosity was conveyed by
Stephen Hawking [25] in a modernized sense as a measure of the path and process theories determined
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by the amount of neural weight delivered, which states that neural network theory is intelligent. The
simplest network topology is used to produce the correct result of the prediction. As you increase the
number of layers, it should be noted that you have to create the layers of the network in the order of
input 2, layer 1, and output 1. In other words, this means that two input layers, one hidden layer, and
one output layer are related to the accuracy of the prediction regardless of the order of propagation.
At the same time, the hidden layer value in the middle, x, can be changed and can be set to various
variables such as 2, 3, 4, and 5. Of course, 1 means simply that the value of the hidden layer is 1, but
sometimes there is a best result when there is a hidden layer. The topology of the propagated network
becomes an important factor.

Algorithm 1. MLP and DNN by using Python Language

Step 1:

x <- Input nodes
y <- Output nodes
INIT(layer1, layer2, layer3) # <- random values with normalized 0 to 1
dropout_percent, do_dropout = (0.2, True)
layer_0 <- x
INIT(synapse_0, synapse_1, synapse_2, synapse_3) # <- random values with normalized 0
to 1
alpha <- 0.1

Step 2:

for j in range(500):
for i in range (len(x)):

layer_0 = x[i]
layer_1 = sigmoid(np.dot(layer_0,synapse_0))
layer_2 = sigmoid(np.dot(layer_1,synapse_1))
layer_3 = sigmoid(np.dot(layer_2,synapse_2))

Step 3:

if(do_dropout):
layer_1*=np.random.binomial([np.ones((len(X),hidden_dim))],

1-dropout_percent)[0] * (1.0/(1-dropout_percent)
layer_2*=np.random.binomial([np.ones((len(H),hidden_dim))],

1-dropout_percent)[0] * (1.0/(1-dropout_percent))

Step 4:

layer_3_error = layer_3 – y[i]
#layer_3_error = y [i]- layer_3
layer_3_delta = layer_3_error * sigmoid_output_to_derivative(layer_3)
layer_2_error = layer_3_delta.dot(synapse_2.T)
layer_2_delta = layer_2_error * sigmoid_output_to_derivative(layer_2)
layer_1_error = layer_2_delta.dot(synapse_1.T)
layer_1_delta = layer_1_error * sigmoid_output_to_derivative(layer_1)

Step 5:

#layer_3_error = layer_3 − y
synapse_2 −= alpha * np.reshape(layer_2,( −1,1))*layer_3_delta
synapse_1 −= alpha * np.reshape(layer_1,( −1,1))*layer_2_delta
synapse_0 −= alpha * np.reshape(layer_0,( −1,1))*layer_1_delta
#layer_3_error = y - layer_3
synapse_2 += alpha * np.reshape(layer_2,(−1,1))*layer_3_delta
synapse_1 += alpha * np.reshape(layer_1,( −1,1))*layer_2_delta
synapse_0 += alpha * np.reshape(layer_0,( −1,1))*layer_1_delta

4. Analysis and Results

4.1. Optimal Paramters

We first experimentally determined the number of hidden nodes to compare the performance of
MLP and DNN by using weekly and monthly data. The number of hidden nodes in MLP is selected as
150%, 100%, 50%, and 25% of the number of input nodes. In addition, the number of hidden nodes
in DNN is three times the number of hidden nodes in MLP. Finally, overfitting was avoided using
dropout, and the epoch was fixed at 500.
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Table 1 shows the results using MLP-based weekly and monthly data. The number of hidden
nodes in the input nodes 77, 50, 31, 23, 17, 11, and 7 is 35, 25, 15, 23, 17, and 11, respectively. In addition,
the results using DNN-based weekly and monthly data are shown in Table 2. In the input nodes 77, 50,
31, 23, 17, 11, and 7, the number of hidden nodes is 105, 36, 21, 33, 24, and 15, respectively.

Table 1. MLP (1-HL) by using weekly and monthly data.

# of Input # of HL Mean Square Error (MSE) # of HL MSE

Weekly

77
115 0.005 35 0.004
77 0.005 19 0.005

50
75 0.007 25 0.005
50 0.006 12 0.006

31
46 0.004 15 0.001
31 0.002 7 0.003

23
34 0.003 11 0.002
23 0.001 5 0.003

Monthly

17
25 0.021 8 0.022
17 0.017 4 0.029

11
16 0.005 5 0.004
11 0.003 2 0.006

7
10 0.003 3 0.018
7 0.006 1 0.222

Table 2. DNN (3-HL) by using weekly and monthly data.

# of Input # of HL Mean Square Error (MSE) # of HL MSE

Weekly

77
345 0.006 105 0.004
231 0.005 57 0.005

50
225 0.007 75 0.005
150 0.006 36 0.005

31
138 0.004 45 0.001
93 0.003 21 0.001

23
102 0.003 33 0.001
69 0.002 15 0.002

Monthly

17
75 0.021 24 0.018
51 0.022 12 0.023

11
48 0.007 15 0.006
33 0.007 6 0.008

7
30 0.002 9 0.018
21 0.001 3 0.022

4.2. Analysis and Results

In this section, descriptive statistics of forecast errors (er) from the MLP model and DNN model
using S&P data are presented in Table 1. Those statistics of forecast errors (FE) for four different
forecasting horizons such as 77 weeks ahead (long range), 50 weeks ahead (upper mid range), 31 weeks
ahead (lower mid range), and 23 weeks ahead (short range) are presented in Table 1. As shown,
statistical results such as average Mean, MAE (mean absolute error), MSE were applied with the
measuring horizons of 77, 50, 31 and 23, respectively. What is unusual is that the DNN model provides
a smaller MAE and MSE than the MLP model does for all forecast horizons, with the exception of the
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short forecast horizon (23 weeks ahead). These results were statistically significant at all predicted
horizon measurement points by nonparametric Wilcoxon test [15]. The point that can be deduced, as
mentioned by Wang et al. [16], is that the DNN model provides a more accurate prediction than the
MLP model.

In particular, in Tables 3 and 4, the hidden nodes of MLP and DNN are set to about half the
number of inputs and outputs. In the case of DNN, the hidden layers are all set to six. Therefore, the
number of hidden nodes is six times larger than that of MLP.

Table 3. Statistical analysis and forecasting accuracy of each model by actual weekly data.

Forecasting
Horizon (Weeks) Model Mean MAE MSE

77
MLP(1-HL) 0.194 0.136 0.021
DNN(3-HL) 0.07 0.053 0.004

50
MLP(1-HL) 0.097 0.529 0.005
DNN(3-HL) 0.046 0.034 0.001

31
MLP(1-HL) 0.055 0.034 0.002
DNN(3-HL) 0.034 0.027 0.001

23
MLP(1-HL) 0.033 0.027 0.001
DNN(3-HL) 0.031 0.023 0.001

Mean = 1/n Σ FE. Forecast errors (FE) are defined as: (A–F)/|A|; MAE = 1/n Σ |FE|; MSE = 1/n Σ (FE)2.

Table 4. Statistical analysis and forecasting accuracy of each model by actual monthly data.

Forecasting
Horizon (Months) Model Mean MAE MSE

17
MLP(1-HL) 0.185 0.130 0.017
DNN(3-HL) 0.064 0.046 0.003

11
MLP(1-HL) 0.096 0.070 0.005
DNN(3-HL) 0.010 0.033 0.001

7
MLP(1-HL) 0.072 0.054 0.003
DNN(3-HL) 0.033 0.025 0.001

Mean = 1/n Σ FE. Forecast errors (FE) are defined as: (A–F)/|A|; MAE = 1/n Σ |FE|; MSE = 1/n Σ (FE)2.

In terms of the prediction horizon, the NN model, which is a time series rather than the MLP
model, has a small MAE and MSE. However, the difference was statistically significant for 11 months
compared to the values initially predicted. Because α < 0.01, the statistical observations were reasonably
judged. In conclusion, the results of the weekly data and monthly data are consistent.

Tables 5 and 6 show the results of MLP and DNN with the number of hidden nodes increased.
Although increasing the number of hidden nodes increases the learning time, it can confirm the relative
increase in the accuracy. The execution time required for the learning time can be reduced through
parallel processing or cloud computing [24–26]. The results of Tables 5 and 6 show that the hidden
nodes are twice as many as the input and output numbers, compared to Tables 3 and 4, in which the
hidden nodes are about half of the input and output counts. As a result, a slight improvement in
the accuracy performance was confirmed as the result of increased hidden nodes in the weekly and
monthly data-based MLP and DNN.

As described above, annual data can be inferred from the data of the week and month taken from
the time series data. As the forecasting horizon changes, it is meaningless in the Neural Network
Perspective. Below, we can see the recent yearly data from 2015 to 2017 for comparison. Figure 2
shows that a comparison of the recent yearly data by layer x = 0, which includes real data, 20%, 13%,
8%, and 6 %, respectively. Each colored line shows five layer-by-layer predictions, and the legend on
the left shows the stock price index of the S&P 500 [27,28] in Figure 3. It can be seen that the main
inflection point and the amount of network applied are very similar to the real data, that is, the actual
measured data.
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Table 5. Statistical analysis and forecasting accuracy of each model by actual weekly data.

Forecasting
Horizon (Weeks) Model Mean MAE MSE

77
MLP(1HL) 0.132 0.132 0.018
DNN(3HL) 0.139 0.139 0.020

50
MLP(1HL) 0.070 0.070 0.005
DNN(3HL) 0.079 0.079 0.006

31
MLP(1HL) 0.044 0.044 0.002
DNN(3HL) 0.040 0.040 0.001

23
MLP(1HL) 0.026 0.026 0.001
DNN(3HL) 0.011 0.012 0.001

Mean = 1/n Σ FE. Forecast errors (FE) are defined as: (A–F)/|A|; MAE = 1/n Σ |FE|; MSE = 1/n Σ (FE)2.

Table 6. Statistical analysis and forecasting accuracy of each model by actual monthly data.

Forecasting
Horizon (Months) Model Mean MAE MSE

17
MLP(1HL) 0.128 0.128 0.017
DNN(3HL) 0.135 0.135 0.018

11
MLP(1HL) 0.071 0.071 0.005
DNN(3HL) 0.081 0.081 0.006

7
MLP(1HL) 0.028 0.028 0.001
DNN(3HL) 0.011 0.011 0.001

Mean = 1/n Σ FE. Forecast errors (FE) are defined as: (A–F)/|A|; MAE = 1/n Σ |FE|; MSE = 1/n Σ (FE)2.

 
(a) 

 
(b) 

Figure 2. Comparison of recent yearly data by x = 0 values from 20%, 10%, 8%, 6%, respectively.
(a) MLP(1-HL); (b) DNN (3-HL).
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(a) 

 
(b)

Figure 3. Comparison of recent yearly data by x = 0 values from 20%, 13%, 6%, respectively. (a) MLP
(1-HL); (b) DNN (3-HL).

Furthermore, in the case of the real data, that is, the actually measured data, the layer is 6%, and
the reason for this is as follows. First, the error rate tends to be lower than other data. On the other
hand, the higher the percentage of the layer, the more likely it is that the initial value will be the same
as the real data.

5. Conclusions

The ultimate goal of this paper was to compare and analyze the forecasting performance of two
artificial neural network (ANN) models, and to conduct scientific analysis by data flow, not economic
flow. In particular, we investigated which is the better model between the multi-layer perceptron
(MLP) model and the deep neural network (DNN) model by forecasting the Stock Price Index (S&P
500) during a certain time frame. Particularly, forecasting performance was measured by the forecast
accuracy metrics, such as the absolute forecasting errors and square forecasting errors of each model.

As a result, DNN was found to perform better than MLP. In addition, although the method of
input data is limited to the past stock index data in this study, monthly data learning results provided
better prediction performance than weekly data learning results. It should be noted that the use of an
artificial neural network, which is a scientific approach, can grasp the flow of stock trends, though it is
difficult to predict detailed stock changes.

There is a first task of comparing and analyzing the models by limiting the object of S&P 500, as
well as showing the flow of data and the viewpoint of analysis. S&P 500 data and its return data over
a period of 100 months (i.e., 407 weeks), extending from 2009 to 2017, were analyzed. We found the
followings: first, the DNN model generally provided more accurate forecasts for the S&P 500 than
the MLP model. Although the ANN models have evolved continuously, it may be good for a deep
running perspective, but since the approach between the models is different and the utility is different,
it was not statistically reliable to predict on S&P 500 returns. It was observed that these results are
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applicable to both weekly, monthly, and annual data shown in DNN and are useful for accurate
prediction without error rate. Since the accuracy of forecasting values is dependent on the developing
process of forecasting models, the results of this study may also be sensitive to the developing process
of the MLP model and DNN model.
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