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What makes a system “complex”? Is it merely the number of components it integrates, a nonlinear
nature of the dependencies and feedbacks among its parts, or an unpredictable behavior it exhibits
over time? The term “complexity” was initially applied generically to express the lack of predictability,
reflecting on the self-organization of a synergistic macroscopic behavior out of interactions between
the constituent microscopic parts, and the emergence of global patterns. Without a doubt, by now the
concept has acquired a fairly definitive meaning, describing a distinct field of research and education
and a new approach to science and engineering. There are abundant examples showing that the
enterprise of Complex Systems, having achieved a substantial level of maturity, reaches back into
our everyday lives, revealing patterns of complexity that should be considered without employing a
reductionist logic [1].

Similarly, the idea of criticality was originally motivated by studies of various crises and disruptive
events, as well as sensitivities to initial conditions, but over time has developed into a precise field:
critical dynamics. Research into critical dynamics is typically focused on the behavior of dynamical
spatiotemporal systems during phase transitions where scale invariance prevails and symmetries break.
Crucially, such behavior can be understood in terms of the control and order parameters. For instance,
a second-order phase transition in a ferromagnetic system, separating two qualitatively different
behaviors, can be reached by controlling the temperature parameter: the “disordered” and isotropic
(symmetric) high-temperature phase is characterized by the absence of net magnetization, while the
“ordered” and anisotropic (less symmetric) low-temperature phase can be described by an order
parameter, the net magnetization vector defining a preferred direction in space. Critical phenomena
have become associated with the physics of critical points, such as fractal behavior, the divergence
of the correlation length, power-law divergences (e.g., the divergence of the magnetic susceptibility
in the ferromagnetic phase transition), universality of relevant critical exponents, and so on. Now,
these precise theoretical notions begin to reconnect with their motivating applied studies of crisis
modeling, forecasting, and response. There is a growing awareness that complexity is strongly related
to criticality, and many examples of self-organizing complex systems can be found in applications
managing complexity specifically at critical regimes.

A similar loop originating in practical studies, maturing to an exact science with precise but
narrow definitions, and then reaching back to applied scenarios, can be seen in the realm of distributed
computation. These days, complex systems can be viewed as distributed information-processing
systems, in the domains ranging from systems biology and artificial life to computational neuroscience,
digital circuitry, and transport networks [2]. Consciousness emerging from neuronal activity and
interactions, cell behavior resultant from gene regulatory networks, and flocking and swarming
behaviors are all examples of global system behavior emerging as a result of the local interactions of
the individuals (neurons, genes, animals). Can these interactions be seen as a generic computational
process? This question shapes the third component of our Special Issue, linking computation to
complexity and criticality.
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The issue begins with three papers which deal with the foundational aspects of information
processing in complex systems [3-5]. The study of Allen et al. [3] describes two quantitative indices
that summarize the structure of a complex system: (i) its complexity profile, based on the multivariate
mutual information at a given scale or higher, and (ii) the marginal utility of information, characterizing
the extent to which a system can be described using limited amounts of information. Information
is understood to have a scale equal to the multiplicity (or redundancy) at which it arises, and so the
analysis shows how these indices capture the multi-scale structure of complex systems. The work
of Chicharro and Panzeri [4] also deals with the redundant aspects of information: it extends the
framework of mutual information decomposition, based on the construction of information gain
lattices, separating the information into the unique, redundant, and synergy components. In doing so,
the work proposes a new construction of information gain and loss lattices. The framework developed
by Biehl et al. [5] presents a novel formal analysis of the specific and complete local integration of
entities within distributed dynamical systems (e.g., Bayesian networks), and puts it in the context
of measures of complexity and information integration, as well as multi-information. The analysis
presented in this paper goes to the core of complexity phenomenon, seen through the lens of synergistic
integrative organization, viewing entities as patterns occurring within a spatiotemporal trajectory.

A cross-disciplinary connection between information-theoretic and game-theoretic aspects of
complexity and computation is explored in the study of Harré [6], which focuses on the mutual information
between previous game states and an agent’s next action. This reveals a novel connection between the
computational principles of logic gates, the structure of games, and the agents’ decision strategies.

Nonlinear dynamics and inherent feedbacks typical in complex systems are considered in the next
investigation by Zhang et al. [7], which addresses the problem of achieving and maintaining consensus
in second-order multi-agent systems. This problem is pertinent to several scenarios, such as distributed
control in networks of mass-spring systems, synchronization of coupled harmonic oscillators, and
stability analysis of power systems. The study produces an adaptive consensus protocol for the
problem’s variant with an exogenous disturbance generated by an unknown exogenous system.

The next four papers [8-11] are placed in the complexity—criticality-computation overlap which is
central to our issue. The study of Erten et al. [8] continues the information-theoretic theme by applying
the information dynamics framework to studies of critical thresholds during epidemics. The approach
uses the transfer entropy as a measure of distributed communications during a network-wide contagion
seen as computation, as well as the active information storage as a measure of the corresponding
distributed memory. The results for finite-size systems identify a critical interval, rather than an exact
critical threshold. The methods described by Roli et al. [9] also detect criticality; that is, they distinguish
between different phases separated by a critical regime. The approach is centered on the relevance
index—an information-theoretic ratio relating the multi-information (or integration) measure to the
mutual information between a subsystem and the rest of the system. The reported results demonstrate
that the relevance index is consistently maximized at the critical regime. A phase transition-like
behavior is investigated in the paper by Kramer et al. [10] as well. Their work identifies qualitative
changes such as macroscopic spatiotemporal pattern formation in dynamics of Cellular Automata,
by varying the inertia—an inner resistance to changes within cells—as the control parameter. In an
ecological context, the inertia is related to an impairment and competition between species. The study
by Mayer [11] illustrates the effects of critical connectivity in echo state networks and identifies under
which conditions the recurrent connectivity is achieved. The results are contrasted with alternative
approaches considering the dynamics near the “edge of chaos”. The overall approach opens a way to
organize reservoirs of neuronal connections as recurrent filters with a memory compression feature.

The three final studies are also biologically motivated. Continuing with the topic of neuronal
connectivity, the paper by Kunert-Graf [12] attempts to identify the source of complexity in the
biological neuronal network of C. elegans, the only organism for which its “connectome” is known.
Using a suitably defined measure (once again based on information theory), the study argues that the
somatic nervous system of C. elegans is much more complex than a random graph with the same degree
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distribution. The complexity and efficiency of solutions evolved by nature is a source of inspiration
for another study, in which Kwiecieh and Pasieka [13] use a computational swarm optimization
algorithm to solve a travel planning problem. The presented approach is found to outperform the
particle swarm optimization algorithm. The analysis presented by Farnsworth [14] brings the subject
of distributed information processing to “the far end of the complexity gradient”, centering the
discussion on the question of free-will in artificial agents. Not surprisingly, this thought-provoking
examination highlights the role of information in shaping the interactions and dynamics among
patterns, as well as the distribution of matter and energy in space and time. The work concludes
with the conjecture that free-will—which currently remains a property of living things—may still be
attained in synthetic robots.

The contributions to this special issue show that the overlap between complexity, criticality, and
computation provides fertile ground with both theoretical and practical dimensions. Considering
complex systems as dynamical systems performing distributed computation suggests a unifying
perspective, which reveals key thermodynamic and information-processing components, as well
as their behavior near critical regimes. These components (e.g., collective memory, long-range
communications, and synergistic modifications), together with the consequent physical fluxes [15],
can be quantified and optimized. In spirit of Guided Self-Organization [2], the resultant dynamics can
then be guided towards desired regions of the corresponding state-spaces, combining the power and
efficiency of the self-organization so abundant in nature with the accuracy and reliability of traditional
design approaches.
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Abstract: Complex systems display behavior at a range of scales. Large-scale behaviors can emerge
from the correlated or dependent behavior of individual small-scale components. To capture this
observation in a rigorous and general way, we introduce a formalism for multiscale information
theory. Dependent behavior among system components results in overlapping or shared information.
A system’s structure is revealed in the sharing of information across the system’s dependencies, each
of which has an associated scale. Counting information according to its scale yields the quantity
of scale-weighted information, which is conserved when a system is reorganized. In the interest
of flexibility we allow information to be quantified using any function that satisfies two basic
axioms. Shannon information and vector space dimension are examples. We discuss two quantitative
indices that summarize system structure: an existing index, the complexity profile, and a new index,
the marginal utility of information. Using simple examples, we show how these indices capture
the multiscale structure of complex systems in a quantitative way.

Keywords: complexity; complex systems; entropy; information; scale

1. Introduction

The field of complex systems seeks to identify, understand and predict common patterns of behavior
across the physical, biological and social sciences [1-7]. It succeeds by tracing these behavior patterns to
the structures of the systems in question. We use the term “structure” to mean the totality of quantifiable
relationships, or dependencies, among the components comprising a system. Systems from different
domains and contexts can share key structural properties, causing them to behave in similar ways. For
example, the central limit theorem tells us that the sum over many independent random variables yields
an aggregate value whose probability distribution is well-approximated as a Gaussian. This helps us
understand systems composed of statistically independent components, whether those components are
molecules, microbes or human beings. Likewise, different chemical elements and compounds display
essentially the same behavior near their respective critical points. The critical exponents which encapsulate
the thermodynamic properties of a substance are the same for all substances in the same universality
class, and membership in a universality class depends upon structural features such as dimensionality
and symmetry properties, rather than on details of chemical composition [8].

Outside of known universality classes, identifying the key structural features that dictate
the behavior of a system or class of systems often relies upon an ad hoc leap of intuition. This becomes
particularly challenging for complex systems, where the set of system components is not only large,
but also interwoven and resistant to decomposition. Information theory [9,10] holds promise as
a general tool for quantifying the dependencies that comprise a system’s structure [11]. We can
consider the amount of information that would be obtained from observations of any component or
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set of components. Dependencies mean that one observation can be fully or partially inferred from
another, thereby reducing the amount of joint information present in a set of components, compared
to the amount that would be present without those dependencies. Information theory allows one to
quantify not only fixed or rigid relationships among components, but also “soft” relationships that
are not fully determinate, e.g., statistical or probabilistic relationships.

However, traditional information theory is primarily concerned with amounts of independent bits
of information. Consequently, each bit of non-redundant information is regarded as equally significant,
and redundant information is typically considered irrelevant, except insofar as it provides error
correction [10,12]. These features of information theory are natural in applications to communication,
but present a limitation when characterizing the structure of a physical, biological, or social system.
In a system of celestial bodies, the same amount of information might describe the position of a moon,
a planet, or a star. Likewise, the same amount of information might describe the velocity of a solitary
grasshopper, or the mean velocity of a locust swarm. A purely information-theoretic treatment has
no mechanism to represent the fact that these observables, despite containing the same amount of
information, differ greatly in their significance.

Overcoming this limitation requires a multiscale approach to information theory [13-18]—one
that identifies not only the amount of information in a given observable but also its scale, defined
as the number or volume of components to which it applies. Information describing a star’s
position applies at a much larger scale than information describing a moon’s position. In shifting
from traditional information theory to a multiscale approach, redundant information becomes not
irrelevant but crucial: Redundancy among smaller-scale behaviors gives rise to larger-scale behaviors.
In a locust swarm, measurements of individual velocity are highly redundant, in that the velocity
of all individuals can be inferred with reasonable accuracy by measuring the velocity of just one
individual. The multiscale approach, rather than collapsing this redundant information into a raw
number of independent bits, identifies this information as large-scale and significant precisely because
it is redundant across many individuals.

The multiscale approach to information theory also sheds light on a classic difficulty in the field
of complex systems: to clarify what a “complex system” actually is. Naively, one might think to define
complex systems as those that display the highest complexity, as quantified using Shannon information or
other standard measures. However, the systems deemed the most “complex’ by these measures are those
in which the components behave independently of each other, such as ideal gases. Such systems lack the
multiscale regularities and interdependencies that characterize the systems typically studied by complex
systems researchers. Some theorists have argued that true complexity is best viewed as occupying a
position between order and randomness [19-21]. Music is, so the argument goes, intermediate between
still air and white noise. But although complex systems contain both order and randomness, they do not
appear to be mere blends of the two. A more satisfying answer is that complex systems display behavior
across a wide range of scales. For example, stock markets can exhibit small-scale behavior, as when an
individual investor sells a small number of shares for reasons unrelated to overall market activity. They
can also exhibit large-scale behavior, e.g., a large institutional investor sells many shares [22], or many
individual investors sell shares simultaneously in a market panic [23].

Formalizing these ideas requires a synthesis of statistical physics and information theory. Statistical
physics [24-27]—in particular the renormalization group of phase transitions [28,29]—provides
a notion of scale in which individual components acting in concert can be considered equivalent
to larger-scale units. Information theory provides the tool of multivariate mutual information:
the information shared among an arbitrary number of variables (also called interaction information
or co-information) [13-17,30-39]. These threads were combined in the complexity profile [13-18],
a quantitative index of structure that characterizes the amount of information applying at a given scale
or higher. In the context of the complexity profile, the multivariate mutual information of a set of n
variables is considered to have scale n. In this way, information is understood to have scale equal to
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the multiplicity (or redundancy) at which it arises—an idea which is also implicit in other works on
multivariate mutual information [40,41].

Here we present a mathematical formalism for multiscale information theory, for use in quantifying
the structure of complex systems. Our starting point is the idea discussed in the previous paragraph,
that information has scale equal to the multiplicity at which it arises. We formalize this idea
mathematically and generalize it in two directions: First, we allow each system component to
have an arbitrary intrinsic scale, reflecting its inherent size, volume, or multiplicity. For example,
the mammalian muscular system includes both large and small muscles, corresponding to different
scales of environmental challenge (e.g., pursuing prey and escaping from predators versus chewing
food) [42]. Scales are additive in our formalism, in the sense that a set of components acting in perfect
coordination is formally equivalent to a single component with scale equal to the sum of the
scales of the individual components. This equivalence can greatly simplify the representation of
a system. Consider, for example, an avalanche consisting of differently-sized rocks. To represent
this avalanche within the framework of traditional (single-scale) information theory, one must either
neglect the differences in size (thereby diminishing the utility of the representation) or else model
each rock by a collection of myriad statistical variables, each corresponding to a equally-sized portion.
Our formalism, by incorporating scale as a fundamental quantity, allows each rock to be represented
in a direct and physically meaningful way.

Second, in the interest of generality, we use a new axiomatized definition of information,
which encompasses traditional measures such as Shannon information as well as other quantifications
of freedom or indeterminacy. In this way, our formalism is applicable to system representations for
which traditional information measures cannot be used.

Using these concepts of information and scale, we identify how a system’s joint information
is distributed across each of its irreducible dependencies—relationships among some components
conditional on all others. Each irreducible dependency has an associated scale, equal to the sum of
the scales of the components included in this dependency. This formalizes the idea that any information
pertaining to a system applies at a particular scale or combination of scales. Multiplying quantities
of information by the scales at which they apply yields the scale-weighted information, a quantity that
is conserved when a system is reorganized or restructured.

We use this multiscale formalism to develop quantitative indices that summarize important
aspects of a system’s structure. We generalize the complexity profile to allow for arbitrary intrinsic
scales and a variety of information measures. We also introduce a new index, the marginal utility of
information (MUI), which characterizes the extent to which a system can be described using limited
amounts of information. The complexity profile and the MUI both capture a tradeoff of complexity
versus scale that is present in all systems.

Our basic definitions of information, scale, and systems are presented in Sections 2—4, respectively.
Sections 5 formalizes the multiscale approach to information theory by defining the information
and scale of each of a system’s dependencies. Sections 6 and 7 discuss our two indices of structure.
Section 8 establishes a mathematical relationship between these two indices for a special class of
systems. Section 9 applies our indices of structure to the noisy voter model [43]. We conclude
in Sections 10 and 11 by discussing connections between our formalism and other work in information
theory and complex systems science.

2. Information

We begin by introducing a generalized, axiomatic notion of information. Conceptually,
information specifies a particular entity out of a set of possibilities and thus enables us to describe
or characterize that entity. Information measures such as Shannon information quantify the amount
of resources needed in this specification. Rather than adopting a specific information measure,
we consider that the amount of information may be quantified in different ways, each appropriate to
different contexts.



Entropy 2017, 19, 273

Let A be the set of components in a system. An information function, H, assigns a nonnegative
real number to each subset U A, representing the amount of information needed to describe
the components in U. (Throughout, the subset notation U A includes the possibility that U = A.)
We require that an information function satisfy two axioms:

= Monotonicity: The information in a subset U that is contained in a subset V cannot have more
information than V, thatis,U VvV  H(U) < H(V).

e Strong subadditivity: Given two subsets, the information contained in both cannot exceed
the information in each of them separately minus the information in their intersection:

H(U V)< H(U)+H(V)—H(U n V). @)

Strong subadditvity expresses how information combines when parts of a system (U and V)
are regarded as a whole (U V). Information regarding U may overlap with information regarding V
for two reasons. First, U and V may share components; this is corrected for by subtracting H(U n V).
Second, constraints in the behavior of non-shared components may reduce the information needed
to describe the whole. Thus, information describing the whole may be reduced due to overlaps or
redundancies in the information applying to different parts, but it cannot be increased.

In contrast to other axiomatizations of information, which uniquely specify the Shannon
information [9,44-46] or a particular family of measures [47-50], the two axioms above are compatible
with a variety of different measures that quantify information or complexity:

e Microcanonical or Hartley entropy: For a system with a finite number of joint states, Ho(U) = logm
is an information function, where m is the number of joint states available to the subset U of
components. Here, information content measures the number of yes-or-no questions which must
be answered to identify one joint state out of m possibilities.

*  Shannon entropy: For a system characterized by a probability distribution over all possible joint
states, H(U) = — YL, p; log p; is an information function, where py,..., pm are the probabilities
of the joint states available to the components in U [9]. Here, information content measures
the number of yes-or-no questions which must be answered to identify one joint state out of all
the joint states available to U, where more probable states can be identified more concisely.

* Tsallis entropy: The Tsallis entropy [51,52] is a generalization of the Shannon entropy with
applications to nonextensive statistical mechanics. For the same setting as in Shannon entropy;,
Tsallis entropy is defined as Hq(U) = — S, p?(pil_q —1)/(1 — q) for some parameter q = 0.
Shannon entropy is recovered in the limit g — 1. Tsallis entropy is an information function for
q = 1 (but not for q < 1); this follows from Proposition 2.1 and Theorem 3.4 of [53].

e Logarithm of period: For a deterministic dynamic system with periodic behavior, an information
function L(U) can be defined as the logarithm of the period of a set U of components
(i.e., the time it takes for the joint state of these components to return to an initial joint state) [54].
This information function measures the number of questions which one should expect to answer
in order to locate the position of those components in their cycle.

*  Vector space dimension: Consider a system of n components, each of whose state is described by
a real number. Then the joint states of any subset U of m < n components can be described
by points in some linear subspace of R™. The minimal dimension d(U) of such a subspace
is an information function, equal to the number of coordinates one must specify in order to
identify the joint state of U.

= Matroid rank: A matroid consists of a set of elements called the ground set, together with a rank
function that takes values on subsets of the ground set. Rank functions are defined to include
the monotonicity and strong subadditivity properties [55], and generalize the notion of vector
subspace dimension. Consequently, the rank function of a matroid is an information function,
with the ground set identified as the set of system components.
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In principle, measurements of algorithmic complexity may also be regarded as information functions.
For example, when a subset U can be encoded as a binary string, the algorithmic complexity H(U) can be
quantified as the length of the shortest self-delimiting program producing this string, with respect to some
universal Turing machine [56]. Information content then measures the number of machine-language
instructions which must be given to reconstruct U. Algorithmic complexity—at least under certain
formulations—obeys versions of the monotonicity and strong subadditivity axioms [56,57]. However,
while conceptually clean, this definition is difficult to apply quantitatively. First, the algorithmic
complexity is only defined up to a constant which depends on the choice of universal Turing machine.
Second, as a consequence of the halting problem, algorithmic complexity can only be bounded, not
computed exactly.

3. Scale

A defining feature of complex systems is that they exhibit nontrivial behavior on multiple
scales [1,13,14]. While the term “scale” has different meanings in different scientific contexts, we use
the term scale here in the sense of the number of entities or units acting in concert, with each involved
entity potentially weighted according to a measure of importance.

For many systems, it is reasonable to regard all components as having a priori equal scale. In this
case we may choose the units of scale so that each component has scale equal to 1. This convention
was used in previous work on the complexity profile [13-17]. However, it is in many cases necessary
to represent the components of a system as having different intrinsic scales, reflecting their built-in
size, multiplicity or redundancy. For example, in a system of many physical bodies, it may be natural
to identify the scale of each body as a function of its mass, reflecting the fact that each body comprises
many molecules moving in concert. In a system of investment banks [58-60], it may be desirable to
assign weight to each bank according to its volume of assets. In these cases, we denote the a priori
scale of a system component a by a positive real number g(a), defined in terms of some meaningful
scale unit.

Scales are additive, in the sense that a set of completely interdependent components can
be replaced by a single component whose scale is equal to the sum of the scales of the individual
components. We describe this property formally in Section 5.4 and in Appendix B.

4. Systems

We formally define a system A to comprise three elements:

*  Afinite set A of components,
= Aninformation function Ha, giving the information in each subset U A,
=  Ascale function oa, giving the intrinsic scale of each compoenta A.

The choice of information and scale functions will reflect how the system is modeled
mathematically, and the kind of statements we can make about its structure. We omit the subscripts
from H and o when only one system is under consideration.

In this work, we treat the three elements of a system as unchanging, even though the system itself
may be dynamic (existing in a sequence of states through time). A dynamic system can be represented as
a set of time histories, or—using the approach of ergodic theory—by defining a probability distribution
over states with probabilities corresponding to frequencies of occupancy over extended periods of
time. The methods outlined here could also be used to explore the dynamics or histories of a system’s
structure, using information and scale functions whose values vary as relationships change within a
system over time. However, our current work focuses only on the static or time-averaged properties of
a system.

In requiring that the set A of components be finite, we exclude, for example, systems represented
as continuum fields, in which each point in a continuous space might be regarded as a component.
While the concepts of multiscale information theory may still be useful in thinking about such systems,
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the mathematical representation of these concepts presents challenges that are beyond the scope of
this work.

We shall use four simple systems as running examples. Each consists of three binary random
variables, each having intrinsic scale one.

Example A: Three independent components. Each component is equally likely to be in state 0 or state 1,
and the system as a whole is equally likely to be in any of its eight possible states.

e Example B: Three completely interdependent components. Each component is equally likely to
be in state 0 or state 1, but all three components are always in the same state.

 Example C: Independent blocks of dependent components. Each component is equally likely to take
the value 0 or 1; however, the first two components always take the same value, while the third
can take either value independently of the coupled pair.

Example D: The 2 + 1 parity bit system. The components can exist in the states 110, 101, 011, or 000
with equal probability. In each state, each component is equal to the parity (0 if even; 1 if odd) of
the sum of the other two. Any two of the component are statistically independent of each other,
but the three as a whole are constrained to have an even sum.

We define a subsystem of A = (A, Ha,0a) as a triple B = (B, Hg, 0g), where B is a subset of A,
Hp is the restriction of Ha to subsets of B, and o is the restriction of o to elements of B.

5. Multiscale Information Theory

Here we formalize the multiscale approach to information theory. We begin by introducing
notation for dependencies. We then identify how information is shared across irreducible dependencies,
generalizing the notion of multivariate mutual information [13-17,30-39] to an arbitrary information
function. We then define the scale of a dependency and introduce the quantity of scale-weighted
information. Finally, we formalize the key concepts of independence and complete interdependence.

5.1. Dependencies

A dependency among a collection of components ay, . . ., an is the relationship (if any) among these
components such that the behavior of some of the components is in part obtainable from the behavior
of others. We denote this dependency by the expression aj;...;am. This expression represents
a relationship, rather than a number or quantity. We use a semicolon to keep our notation consistent
with information theory (in particular, with multivariate mutual information; see Section 5.2).

We can identify a more general concept of conditional dependencies. Consider two disjoint sets
of components ay, ...,am and by, ..., by. The conditional dependency a;...;am|bs, ..., b represents
the relationship (if any) between ay, .. ., am such that the behavior of some of these components can
yield improved inferences about the behavior of others, relative to what could be inferred from
the behavior of by,...,b.. We call this the dependency of aj,...,am given by, ..., by, and we say
ai,...,am are included in this dependency, while by, ..., by are excluded.

We call a dependency irreducible if every system component is either included or excluded.
We denote the set of all irreducible dependencies of a system A by © . A system’s dependencies can
be organized in a Venn diagram, which we call a dependency diagram (Figure 1).

The relationship between the components and dependencies of A can be captured by a mapping,
which we denote by &, from A to subsets of ©. A componenta A maps to the set of irreducible
dependencies that include a (or in visual terms, the region of the dependency diagram that corresponds
to component a). For example, in a system of three components a, b, ¢, we have

d(a) = {a;b;c, a;blc, aclb, albc}. )

10
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We extend the domain of § to subsets of components, by mapping each subset U A onto to the set of
all irreducible dependencies that include at least one element of U; for example,

d({a,b}) = {a;b;c, a;blc, a;c|b, b;cla, alb,c, blac}. 3)

Visually, 3({a, b}) is the union of the circles representing a and b in the dependency diagram. Finally,
we extend the domain of 6 to dependencies, by mapping the dependency as;...;am|bs, ..., bk onto the
set of all irreducible dependencies that include ay, .. ., an and exclude b, . . ., by; for example,

3(alc) = {a;blc, alb,c}. 4
Visually, d(alc) consists of the regions corresponding to a but not to c.

a

&

Figure 1. The dependency diagram of a system with three components, a, b and c, represented by
the interiors of the three circles. The seven irreducible dependencies shown above correspond to
the seven interior regions of the Venn diagram encompassed by the boundaries of the three circles.
Irreducible dependencies are shaded according to their scale, assuming that each component has scale
one. Reducible dependencies such as a|b are not shown.

5.2. Information Quantity in Dependencies

Here we define the shared information, 15(x), of a dependency x in a system A. | generalizes
the multivariate mutual information [13-17,30-39] to an arbitrary information function H. We note that
H and | characterize the same quantity—information—but are applied to different kinds of arguments:
H is applied to subsets of components of A, while | is applied to dependencies.

The values of | on irreducible dependencies x of A are uniquely determined by the system
of equations

Z I(x) = H(U) for all subsetsU A (5)
x d(U)
As U runs over all subsets of A, the resulting system of equations determines the values 1(x), x Da,
in terms of the values H(U),U  A. The solution is an instance of the inclusion-exclusion principle [61],
and can also be obtained by Gaussian elimination. An explicit formula obtained in the context of
Shannon information [32] applies as well to any information function. Figure 2 shows the information
in each irreducible dependecy for our four running examples.

We extend | to dependencies that are not irreducible by defining the shared information 1(x)
to be equal to the sum of the values of I(y) for all irreducible dependencies y encompassed by
a dependency x:

0=y 1. ©®
y 8(x)

Our notation corresponds to that of Shannon information theory. For example, in a system of two

components a and b, solving (5) yields

I(a;b) = H(a) + H(b) — H(a,b). (7)

11
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Above, H(a,b) is shorthand for H({a, b}); we use similar shorthand throughout. Equation (7)
coincides with the classical definition of mutual information [9,10], with H representing joint
Shannon information. Similarly, 1(a;|by, ..., by) is the conditional entropy of a; given by, ..., by, and
I(ag; az|by, ..., by) is the conditional mutual information of a; and a, given by, ..., b,. For a dependency
including more than two components, I(x) is the multivariate mutual information (also called
interaction information or co-information) of the dependency x [30-33,36-39].

For any information function H, we observe that the information of one component conditioned
on others, the conditional information I1(az|by, ..., by) is nonnegative due to the monotonicity axiom.
Likewise, the mutual information of two components conditioned on others, I(ay;az|by,...,by),
is nonnegative due to the strong subadditivity axiom. However, the information shared among
three or more components can be negative. This is illustrated in running Example D, for which
the tertiary shared information I(a;b;c) is negative (Figure 2D). Such negative values appear to
capture an important property of dependencies, but their interpretation is the subject of continuing
discussion [34,36,37,62,63].

C D

Figure 2. Dependency diagrams for our running example systems: (A) three independent bits;
(B) three completely interdependent bits; (C) independent blocks of dependent bits; and (D) the 2 + 1
parity bit system. Regions of information zero in (A-C) are not shown.

5.3. Scale-Weighted Information

Multiscale information theory is based on the principle that any information about a system should
be understood as applying at a specific scale. Information shared among a set of components—arising
from dependent behavior among these components—has scale equal to the sum of the scales of these
components. This principle was first discussed in the context of the complexity profile [13-17], and is also
implicit in other works on multivariate information theory [40,41], as we discuss in Section 10.2.

To formalize this principle, we define the scale s(x) of an irreducible dependency x ~ Da to
be equal to the total scale of all components included in x:

0=y o). ®

a A
x includes a

The information in an irreducible dependency x = ©a is understood to apply at scale s(x).
Large-scale information pertains to many components and/or to components of large intrinsic scale;
whereas small-scale information pertains to few components, and/or components of small intrinsic
scale. In running Example C (Figure 2C), the bit of information that applies to components a and ¢ has
scale 2, while the bit applying to component b has scale 1.

12
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The overall significance of a dependency in a system depends on both its information and its
scale. It therefore natural to weight quantities of information by their scale. We define the scale-weighted
information S(x) of an irreducible dependency x to be the scale of x times its information quantity

S(x) = s(x)1(x). ©)

Extending this definition, we define the scale-weighted information of any subset U~ © 5 of
the dependence space to be the sum of the scale-weighted information of each irreducible-dependency
in this subset:

S(U) = z S(x) = z s(x) 1(x). (10)
x U x U

The scale-weighted information of the entire dependency space © o—that is, the scale-weighted

information of the system A—is equal to the sum of the scale-weighted information of each component:

S(a) = Y a(a)H(a). (11)

a A

As we show in Appendix A, this property arises directly from the fact that scale-weighted information
counts redundant information according to its multiplicity or total scale.

According to Equation (11), the total scale-weighted information S(®) does not change if
the system is reorganized or restructured, as long as the information H(a) and scale o(a) of each
individual componenta A is maintained. The value S(®D a) can therefore be considered a conserved
quantity. The existence of this conserved quantity implies a tradeoff of information versus scale, which
can be illustrated using the example of a stock market. If investors act largely independently of each
other, information overlaps are minimal. The total amount of information is large, but most of this
information is small-scale—applying only to a single investor at a time. On the other hand, in a market
panic, there is much overlapping or redundant information in their actions—the behavior of one
can be largely inferred from the behavior of others [23]. Because of this redundancy, the amount of
information needed to describe their collective behavior is low. This redundancy also makes this
collective behavior large-scale and highly significant.

5.4. Independence and Complete Interdependence

Components ay, ..., a A are independent if their joint information is equal to the sum of
the information in each separately:

H(ag, ..., a) = H(a1) + ...+ H(a). (12)

In running Example C, components a, b, and ¢ are independent. This definition generalizes standard
notions of independence in information theory, linear algebra, and matroid theory.

We extend the notion of independence to subsystems: subsystems B; = (B;, Hg,, 0g;) of A,
fori=1,...,k, are defined to be independent of one another if

HA(B]_ . Bk) = HBl(Bl) +...+ HBk(Bk)- (13)

We recall from Section 4 that Hpg, is the restriction of Ha to subsets of B;. In running Example C, the
subsystem comprised of components a and ¢ is independent of the subsystem comprised of component b.

Independence has the following hereditary property [64]: if subsystems By, ..., By are independent,
then all components and subsystems of B; are independent of all components and subsystems of B;,
for all j = i. We prove the hereditary property of independence from our axioms in Appendix C.

At the opposite extreme, we define a set of components U A to be completely interdependent if
H(a) = H(U) for any componenta U. In words, any information applying to any component in U
applies to all components in U.

13
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AsetU A of completely interdependent components can be replaced by a single component
of scale y, | 0(a) to obtain an equivalent, reduced representation of the system. Thus, in running
Example C, the set {a, c} is completely interdependent, and can be replaced by a single component of
scale two. We show in Appendix B that replacements of this kind preserve all relevant quantities of
information and scale.

6. Complexity Profile

We now turn to quantitative indices that summarize a system’s structure. One such index
is the complexity profile [13-17], which concretizes the observation that a complex system exhibits
structure at multiple scales. We define the complexity profile of a system A to be a real-valued function
Ca(y) of a positive real number y, equal to the total amount of information at scale y or higher in A:

Ca)=1{x Da :s(x)=y}. (14)

Equation (14) generalizes previous definitions of the complexity profile [13-17], which use Shannon
information as the information function and consider all components to have scale one.

The complexity profile reveals the levels of interdependence in a system. For systems where
components are highly independent, C(0) is large and C(y) decreases sharply in y, since only small
amounts of information apply at large scales in such a system. Conversely, in rigid or strongly
interdependent systems, C(0) is small and the decrease in C(y) is shallower, reflecting the prevalence
of large-scale information, as shown in in Figure 3. We plot the complexity profiles of our four running
examples in Figure 4.

W[ @ ) (b)
independent
strongly
interdependent

partially interdependent

partially

strongly interdependent interdependent

independent
| |
X y
Complexity Profile Marginal Utility of Information

Figure 3. Schematic illustration of the (a) complexity profile (CP) and (b) marginal utility of information
(MUI) for systems with varying degrees of interdependence among components. If the components
are independent, all information applies at scale 1, so the complexity profile has C(1) equal to
the number of components and C(x) = 0 for x > 1. As the system becomes more interdependent,
information applies at successively larger scales, resulting in a shallower decrease of C(x). For the MUI,
if components are independent, the optimal description scheme describes only a single component at
a time, with marginal utility 1. As the system becomes more interdependent, information overlaps
allow for more efficient descriptions that achieve greater marginal utility. For both the CP and MU,
the total area under the curve is equal to the total scale-weighted information S(®), which is preserved
under reorganizations of the system. The CP and MUI are not reflections of each other in general,
but they are for an important class of systems (see Section 8).

Previous works have developed and applied an explicit formula for the complexity
profile [13,14,16,17,35] for cases where all components have equal intrinsic scales, a(a) = 1 for all
a A. To construct this formula, we first define the quantity Q(j) as the sum of the joint information
of all collections of j components:
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Q)= T HG &), (15)

The complexity profile can then be expressed as

N-1 ;
B _ J )
clg= 3y (- Q(+1), (16)
j:%—k j+k=N
where N = |A| is the number of components in A [13,14]. The coefficients in this formula can

be inferred from the inclusion-exclusion principle [61]; see [13] for a derivation.

Complexity Profile

3 - 3 ‘ ‘
A B

[

0 1 2 3 2 3

Figure 4. (A-D) Complexity profile C(k) for Examples A through D. Note that the total (signed)
area bounded by each curve equals S(9a) = Y, aH(a) = 3. For Example D (the parity bit),
the information at scale 3 is negative.

The complexity profile has the following properties:

1. Conservation law: The area under C(y) is equal to the total scale-weighted information of the system,
and is therefore independent of the way the components depend on each other [13]:

0°° C(y) dy = S(Dp). (17)

This result follows from the conservation law for scale-weighted information, Equation (11),
as shown in Appendix A.

2. Total system information: At the lowest scale y = 0, C(y) corresponds to the overall joint information:
C(0) = H(A). For physical systems with the Shannon information function, this is the total
entropy of the system, in units of information rather than the usual thermodynamic units.

3. Additivity: If a system A is the union of two independent subsystems B and C, the complexity
profile of the full system is the sum of the profiles for the two subsystems, Ca(y) = Cg(y) + Cc(y).
We prove this property Appendix D.

Due to the combinatorial number of dependencies for an arbitrary system, calculation of
the complexity profile may be computationally prohibitive; however, computationally tractable
approximations to the complexity profile have been developed [15].
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The complexity profile has connections to a number of other information-theoretic characterizations
of structure and dependencies among sets of random variables [38,40,41,65-67], as we discuss in
Section 10.2. What distinguishes the complexity profile from these other approaches is the explicit
inclusion of scale as an axis complementary to information.

7. Marginal Utility of Information

Here we introduce an new index characterizing multiscale structure: the marginal utility of
information (MUI), denoted M(y). The MUI quantifies how well a system can be characterized using
a limited amount of information.

To obtain this index, we first ask how much scale-weighted information (as defined in Section 5.3)
can be represented using y or fewer units of information. We call this quantity the maximal utility
of information, denoted U(y). For small values of y, an optimal characterization will convey only
large-scale features of the system. Asy increases, smaller-scale features will be progressively included.
For a given system A, the maximal amount of scale-weighted information that can be represented,
U(y), is constrained not only by the information limit y, but also by the pattern of information overlaps
in A—that is, the structure of A. More strongly interdependent systems allow for larger amounts of
scale-weighted information to be described using the same amount of information y.

We define the marginal utility of information as the derivative of maximal utility: M(y) = U (y).
M(y) quantifies how much scale-weighted information each additional unit of information can impart.
The value of M(y), being the derivative of scale-weighted information with respect to information,
has units of scale. M(y) declines steeply for rigid or strongly interdependent systems, and shallowly
for weakly interdependent systems.

We now develop the formal definition of U(y). We call any entity d that imparts information
about system A a descriptor of A. The utility of a descriptor will be defined as a quantity of the form

u= z o(a)l(d;a). (18)
a A
For this to be a meaningful expression, we consider each descriptor d to be an element of an augmented
system AT = (AT, H,t), whose components include d as well as the original components of A, which is
a subsystem of AT. The amount of information that d conveys about any subset V. A of components
is given by

1(d; V) = 11 (d; V)

(19)
= HAT(d)+HAT(V)_HAT {d} V .

For example, the amount that d conveys about a component a A can be written
1(d;a) = H(d) + H(a) — H(d, a). I(d; A) is the total information d imparts about the system. Because
the original system A is a subsystem of Af, the augmented information function Har coincides
with Ha on subsets of A.

The quantities 1(d; V) are constrained by the structure of A and the axioms of information
functions. Applying these axioms, we arrive at the following constraints on 1(d; V):

(i) 0<1(d;V) < H(V) forall subsets V. A.
(i) For any pair of nested subsetsW VA, 0< 1(d; V) — I(d; W) < H(V) — H(W).
(iii) For any pair of subsets V,W A,

1(d; V) + 1(d;W) — I(d; V. W)= I(d; VW) <H(V)+HW)—HNV W)—HNnW).

To obtain the maximum utility of information, we interpret the values I(d; V) as variables subject
to the above constraints. We define U(y) as the maximum value of the utility expression, Equation (18),
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as 1(d; V) vary subject to constraints (i)—(iii) and that the total information d imparts about A is less
thanorequaltoy: I(d; A) <vy.

U(y) characterizes the maximal amount of scale-weighted information that could in principle
be conveyed about A using y or less units of information, taking into account the information-sharing
in A and the fundamental constraints on how information can be shared. U(y) is well-defined since
it is the maximal value of a linear function on a bounded set. Moreover, elementary results in linear
programming theory [68] imply that U(y) is piecewise linear, increasing and concave iny.

The above results imply that the marginal utility of information, M(y) = U (y), is piecewise
constant, positive and nonincreasing. The MUI thus avoids the issue of counterintuitive negative
values. The value of M(y) can be understood as the additional scale units that can be described by
an additional bit of information, given that the first y bits have been optimally utilized. Code for
computing the MUI has been developed and is available online [69].

The marginal utility of information has the following additional properties:

1. Conservation law: The total area under the curve M(y) equals the total scale-weighted information
of the system:

M) dy = S(0n). (20)

This property follows from the observation that, since M(y) is the derivative of U(y), the area
under this curve is equal to the maximal utility of any descriptor, which is equal to S(® 4) since
utility is defined in terms of scale-weighted information.

2. Total system information: The marginal utility vanishes for information values larger than the total
system information, M(y) = 0 for y > H(A), since, for higher values, the system has already
been fully described.

3. Additivity: If A separates into independent subsystems B and C, then

Ua(y) = jmax (Us(y1) +Uc(y2)) - (21)
Y1,y2=0

The proof follows from recognizing that, since information can apply either to B or to C but not
both, an optimal description allots some amount y; of information to subsystem B, and the rest,
Y2 =Y — Vi, to subsystem C. The optimum is achieved when the total maximal utility over these
two subsystems is maximized. Taking the derivative of both sides and invoking the concavity of
U yields a corresponding formula for the marginal utility M:

Ma(y) = min max Mg(y1), Mc(y2) - (22)
yi+y2=y
Y1.y2=0

Equations (21) and (22) are proven in Appendix E. This additivity property can also be expressed
as the reflection (generalized inverse) of M. For any piecewise-constant, nonincreasing function
f, we define the reflection f as

f(x) = max{y : f(y) < x}. (23)

A generalized inverse [15] is needed since, for piecewise constant functions, there exist x-values
for which there is no y such that f(y) = x. For such values, f(x) is the largest y such that f(y)
does not exceed x. This operation is a reflection about the line f(y) =y, and applying it twice
recovers the original function. If A comprises independent subsystems B and C, the additivity
property, Equation (22), can be written in terms of the reflection as

Ma(x) = Mg (x) + Mc(x). (24)
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Equation (24) is proven in Appendix E.

Plots of the MUI for our four running examples are shown in Figure 5. The most interesting case
is the parity bit system, Example D, for which the marginal utility is

O Nw

sy<?2
M(y) = 5

° @25)
y >

The optimal description scheme leading to this marginal utility is shown in Figure 6. The marginal
utility of information M(y) captures the intermediate level of interdependency among components in
Example D, in contrast to the maximal independence and maximal interdependence in Examples A and
B, respectively (Figure 5). For an N-component generalization of Example D, in which each component
acts as a parity bit for all others, we show in Appendix F that the MUI is given by

N o=sy=N-1
My)= N1 =Y (26)
0 y>N-—1

The MUI is similar in spirit to, and can be approximated by, principal components analysis,
Information Bottleneck methods [70-73], and other methods that characterize the best possible
description of a system using limited resources [66,74-79]. We discuss these connections in Section 10.3.

Marginal Utility of Information
3

w

A

1 2 3 2 3

Figure 5. (A-D) Marginal Utility of Information for Examples A through D. The total area under
each curve is 0°° M(y)dy = S(®) = 3. For Example A, all components are independent, and there
is no more efficient description scheme than to describe one component at a time, with marginal
utility 1. In Example B, the system state can be communicated with a single bit, with marginal utility 3.
For Example C, the most efficient description scheme describes the fully correlated pair first (marginal
utility 2), followed by the third component (marginal utility 1). The MUI for Example C can also
be deduced from the additivity property, Equation (22). Examples A-C are all independent block
systems; it follows from the results of Section 8 that their MUI functions are reflections (generalized
inverses) of the corresponding complexity profiles shown in Figure 4. For Example D, the optimal
description scheme is illustrated in Figure 6, leading to a marginal utility of M(y) = 3/2for0 <y <2
and M(y) =0fory > 2.
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Figure 6. Information overlaps in the parity bit system, Example D of Figure 2, augmented with
a descriptor d having information content y < 2 and maximal utility. Symmetry considerations imply
that such a descriptor must convey an equal amount of information about each of the three components
a, b and c. Constraints (i)—(iv) then yield that the amount described about each component must equal
y/2for0 <y < 2,and 1 fory > 2. Thus the maximal utility is U(y) = 3y/2for0 <y < 2,and 3
for y > 2, leading to the marginal utility given in Equation (25) and shown in Figure 5D.

-

8. Reflection Principle for Systems of Independent Blocks

For systems with a particularly simple structure, the complexity profile and the MUI turn out to
be reflections (generalized inverses) of each other. The simplest case is a system consisting of a single
component a. In this case, according to Equation (14), the complexity profile C(x) has value H(a) for
0 < x < d(a) and zero for x > d(a):

C(x) =H(a)® o(a) —x . 27)

Above, O(y) is a step function with value 1 for y = 0 and 0 otherwise. To compute the marginal
utility of information for this system, we observe that a descriptor with maximal utility has 1(d;a) =
min{y, H(a)} for each value of the informational constraint y, and it follows that

M(y) = 0(a)@ H(a)—y . (28)

We observe that C(x) and M(x) are reflections of each other: C(x) = M(x), where M(x) is defined
in Equation (23).

We next consider a system whose components are all independent of each other. Additivity over
independent subsystems (Property 3 in Sections 6 and 7), together with Equations (27) and (28), implies

C(x) = M(x) = Y H(2)© o(a) —x . (29)
a A

Thus the reflection principle holds for systems of independent components.

More generally, one can consider a system of “independent blocks”—that is, a system that can
be partitioned into independent subsystems, where the components of each subsystem are completely
interdependent (see Section 5.4 for definitions.) Running example C is such a system, in that it can
be partitioned into independent subsystems with component sets {a, ¢} and {b}, and each of these
sets is completely interdependent. We show in Appendix B that any set of completely interdependent
components can be replaced by a single component, with scale equal to the sum of the scales of
the replaced components, without altering the complexity profile or MUI. Thus, for systems of
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independent blocks, each block can be collapsed into a single component, whereupon Equation (29)
applies and the reflection principle holds.

We have thus established that for any system of independent blocks, the complexity profile and
the MUI are reflections of each other C(x) = M(x). However, this relationship does not hold for every
system. C(x) and M(y) are not reflections of each other in the case of Example D, and, more generally,
for a class of systems that exhibit negative information, as shown in Equation (26).

9. Application to Noisy Voter Model

As an application of our framework, we compute the marginal utility of information for the noisy
voter model [43] on a complete graph. This model is a stochastic process with N “voters”. Each voter,
i=1,..., N, can exist in one of two states, which we label n; {—1,1}. Each voter updates its state at
Poisson rate 1. With probability u it chooses +1 with equal probability; otherwise, with probability
1 —u, it copies a random other individual. Here u  [0,1] is noise (or mutation) parameter that
mediates the level of interdependence among voters. It follows that voter i flips its state (from +1 to
—1 or vice versa) at Poisson rate

u. 1—u N nj—nil

}\i=§+N—lj:172 . (30)

Foru 1, votersare typically in consensus; for u = 1, all voters behave independently. The noisy
voter model is mathematically equivalent to the Moran model [80] of neutral drift with mutation,
and to a model of financial behavior on networks [23,81].

This model has a stationary distribution in which the number m of voters in the +1 state has
a beta-binomial distribution (Figure 7) [18,82]:

P(m) FT(N+M—m)[(M+m) M = (N—1)u 31)
FTN+1—mr(l+m) "’ 20—u)’
0.40—— =
u=0.9
0.35 3 w=0.5
3 u=u=2/(N+1)
L 1 u=0.1
1 u=0.02
5025 U
go.zo
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0.05 | 1
0.007=3 2 ) 6 8 10

Number of Voters

Figure 7. Stationary probability distribution for the noisy voter model [43] on a complete graph of
size 10. Plot shows the probability of finding a given number i of voters in the +1 state, for different
values of the noise (mutation) parameter u, according to Equation (31). For small values of u, voters
are typically in consensus (m = 0 or m = N); as u increases their behavior becomes more independent.

For small u, P is concentrated on the “consensus” states 0 and N, converging to the uniform
distribution on these states as u — 0. For large u, P exhibits a central tendency around m = N/2,
and converges to the binomial distribution with p = 1/2 asu — 1. These two modes are separated
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by the critical value of uc = 2/(N + 1), at which M = 1 and P becomes the uniform distribution on
{0,..., N}. This is the scenario in which mutation exactly balances the uniformizing effect of faithful
copying. As u - 0, P converges to the uniform distribution on the states 0 and N.

The noisy voter model on a complete graph possesses exchange symmetry, meaning its behavior
is preserved under permutation of its components. As a consequence, if subsets U and V have the same
cardinality, |U| = |V|, then they have the same information, H(U) = H(V). The information function
is therefore fully characterized by the quantities Hy, ..., Hy, where H, is the information in each
subset with n < N components.

To calculate the MUI for systems with exchange symmetry, it suffices to consider descriptors
that also possess exchange symmetry, so that 1(d; U) = I(d; V) whenever |U| = |V|. Denoting by
In the information that a descriptor imparts about a subset of size n, constraints (i)—(iii) of Section 7
reduce to

(i) 0<Iy<Hjforalln {1,...,N},
(i) 0<Ily—Ilh—1 =Hp,—Hp—foralln {1,...,N}
(iii) In+In—lpem—= — 1 <Hp+Hpy—Hyem— —H foralln,m, {1,...,N}.

The maximum utility of information U(y) is the maximum value of Ny, subject to (i)-(iii) above
and Iy <y. Since the number of constraints is polynomial in N, the maximum utility—and therefore
the MUI—are readily computable.

The complexity profile and MUI for this model (Figure 8) both capture how the interdependence of
voters is mediated by the noise parameter u. For small u, conformity among voters leads to large-scale
information (positive C(x) for large x) and enables efficient partial descriptions of the system (large
M(y) for small y). For large u, weak dependence among voters means that most information applies at
small scale (C(x) decreases rapidly) and optimal descriptions cannot do much better than to describe
each component singly (M(y) = 1 for most values of y). Unlike the case of independent block
systems (Section 8), the complexity profile and MUI are not reflections of each other for this model,
but the reflection of each is qualitatively similar to the other.
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— u-u2/(N+1) — uuw2/(N+1)
N — u=0.1 8l — u—0.1
. — u=0.02 — u=0.02
-0 — z
) =
> 6 56
by g
2 2
§ 4 24
2 2
% 2 7 6 g 10 % 2 3 3 5 10
Scale Information (Bits)
(@ (b)

Figure 8. (a) Complexity profile and (b) marginal utility of information (MUI) for the noisy voter
model [43] on a complete graph of size 10. The MUI is approximated by computing the (exact) maximal
utility of information U(y) at a discrete set of points, and then approximating M(y) = U (y) = AM/Ay.
For small u, since voters are largely coordinated, much of their collective behavior can be described
using small amounts of large-scale information. This leads to positive values of C(x) for large x, and
large values of M(y) for small y. For large u, voters are largely independent, and therefore most
information applies to one voter at a time. In this case it follows that C(x) decreases rapidly to zero,
and M(y) = 1 for most values of y. For both indices, the area under each curve is 10, which is the sum
of the Shannon information of each voter (i.e., the total scale-weighted information), as guaranteed by
Equation (20). For all values of u, the MUI appears to take a subset of the values 10/nforn =1,...,10.
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10. Discussion

10.1. Potential Applications

Here we have presented a multiscale extension of information theory, along with two quantitative
indices, as tools the analysis of structure in complex systems. Our generalized, axiomatic definition
of information enables this framework to be applied to a variety of physical, biological, social,
and economic systems. In particular, we envision applications to spin systems [1,17,83,84], gene
regulatory systems [85-91], neural systems [92-94], biological swarming [95-97], spatial evolutionary
dynamics [82,98,99], and financial markets [22,59,81,100-105].

In each of these systems, multiscale information theory enables the analysis of such questions
as: Do components (genes, neurons, investors, etc.) behave largely independently, or are their
behaviors strongly interdependent? How significant are intermediate scales of organization such as
the genetic pathway, the cerebral lobe, or the financial sector? Can other “hidden” scales of organization
be identified? Do the scales of behavior vary across different instances of a particular kind of system
(e.g., gene regulation in stem versus differentiated cells; neural systems across taxa)? And how do
the scales of organization in these systems compare to the scales of challenges they face?

The realization of these applications faces a computational hurdle: a full characterization
of a system’s structure requires the computation of 2N informational quantities. Thus for large
real-world systems, efficient approximations must be developed. Fortunately, there already exist efficient
approximations to the complexity profile [15], and approximations to the MUI can be obtained using
restricted description schemes as we discuss in Section 10.3 below.

10.2. Multivariate and Multiscale Information

The idea of using entropy or information to quantify a system’s structure has deep roots.
One of the earliest and most influential attempts was Schrédinger’s concept of negative entropy or
negentropy [106,107], which he introduced to quantify the extent to which a living system deviates
from maximum entropy. Negentropy can be expressed in our formalismas J = 5, A H(a) — H(A).
This same quantity is known in other contexts as multi-information [38,65,66], integration [40] or intrinsic
information [67], and is used to characterize the extent of statistical dependence among a set of random
variables. Supposing that each component of our system has scale one, we have the following
equivalent characterizations of this quantity:

1=5(24) ~ 1(®a) = 3 C()—C(1) = 3 C(K) @
k=1 k=2

Equation (32) makes clear that while J quantifies the deviation of a system from full independence,
it does not identify the scale at which this deviation arises: all information at scales 2 and higher
is subsumed into a single quantity.

Other proposed information-theoretic measures of structure also aggregate over scales in various
ways. For example, the excess entropy, as defined by Ay et al. [41], is equal to C(2), the amount
of information that applies at scales 2 and higher. Another example is the complexity measure of
Tononi et al. [40], which is defined for an N-component system as

k
T= z No z H(U)—NH(A) . (33)
k=1 (k) U A
[Ul=k
Using Equation (5), we can re-express T as a weighted sum of the information in each irreducible
dependency, where each dependency x is weighted by a particular combinatorial function of its
scale s(x):
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NS0 (N N -
R P 0
In this equation it is assumed that each it is assumed that each component has scale 1, so that s(x)
equals the number of components included in dependency x.

These previous measures can be understood as attempts to capture the idea that complex systems
are not merely the sums of their parts—that is, they exhibit multiple scales of organization. We argue
that this idea is best captured by making the notion of scale explicit, as a complementary axis to
information. Doing so provides a formal basis for ideas that are implicit in earlier approaches.

The amount of information | that we assign to each of a system’s dependencies is known
in the context of Shannon information as the multivariate mutual information or interaction
information [30-33,37-39]. The use of multivariate mutual information is sometimes criticized [36,62],
in part because it yields negative values that may be difficult to interpret. Such negative values arise for
the complexity profile, but are avoided by the MUI. The value of M(y) is always nonnegative and has
a consistent interpretation as the additional scale units describable by an additional bit of information.
The notion of descriptors also avoids negative values, since the information that a descriptor d provides
about a subset U of components is always nonnegative: 1(d; U) = 0.

Finally, some recent work raises the important question of whether measures based on shared
information suffice to characterize the structure of a system. James and Crutchfield [63] exhibit
pairs of systems of random variables that have qualitatively different probabilistic relationships,
but the same joint Shannon information H(U) for each subset U of variables. As a consequence,
the shared information I, complexity profile C, and marginal utility of information M, are the same for
the two systems in such a pair. These examples demonstrate that probabilistic relationships among
variables need not be determined by their information-theoretic measures, raising the question as to
whether structure can be defined in terms of those measures. This conclusion, however, is dependent on
the definition of the variables that are used to identify system states. To illustrate, if we take a particular
system and combine variables into fewer ones with more states, the fewer information-theoretic
measures that are obtained in the usual way become progressively less distinguishing of system
probabilities. In the extreme case of a single variable having all of the possible states of the system, there
is only one information measure. In the reverse direction, we have found [108] that a given system
of random variables can be augmented with additional variables, the values of which are completely
determined by the original system, in such a way that the probabilistic structure of the original system
is uniquely determined by information overlaps in the augmented system. Thus, in this sense, moving to
amore detailed representation can reveal relationships that are obscured in higher-level representations,
and information theory may be sufficient to define structure in a general way.

10.3. Relation of the MUI to Other Measures

Our new index of structure, the MUI, is philosophically similar to data-reduction or dimensionality
reduction techniques like principal component analysis, multidimensional scaling and detrended
fluctuation analysis [74,76]; to the Information Bottleneck methods of Shannon information theory [70-73];
to Kolmogorov structure functions and algorithmic statistics in Turing-machine-based complexity
theory [77-79]; to Gell-Mann and Lloyd’s “effective complexity” [75]; and to Schneiderman et al.’s
“connected information” [66]. All of these methods are mathematical techniques for characterizing the
most important behaviors of the system under study. Each is an implementation of the idea of finding
the best possible partial description of a system, where the resources available for this description (bits,
coordinates, etc.) are constrained.

The essential difference from these previous measures is that the MUI is not tied to any particular
method for generating partial descriptions. Rather, the MUI is defined in terms of optimally effective
descriptors: for each possible amount of information invested in describing the system, the MUI
considers the descriptor that provides the best possible theoretical return (in terms of scale-weighted
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information) on that investment. These returns are limited only by the structure of the system being
described and the the fundamental constraints on information as encapsulated by our axioms.

In some applied contexts, it may be difficult or impossible to realize these theoretical maxima,
due to constraints beyond those imposed by the axioms of information functions. It is often useful
in these contexts to consider a particular “description scheme”, in which descriptors are restricted to
be of a particular form. Many of the data reduction and dimensionality reduction techniques described
above can be understood as finding an optimal description of limited information using a specified
description scheme. In these cases, the maximal utility found using the specified description scheme
is in general less than the theoretical optimum. Calculating the marginal utility under a particular
description scheme yields an approximation to the MUI.

10.4. Multiscale Requisite Variety

The discipline of cybernetics, an ancestor to modern control theory, used Shannon’s information
theory to quantify the difficulty of performing tasks, a topic of relevance both to organismal survival
in biology and to system regulation in engineering. Ashby [109] considered scenarios in which
a regulator device must protect some important entity from the outside environment and its disruptive
influences. Successful regulation implies that if one knows only the state of the protected component,
one cannot deduce the environmental influences; i.e., the job of the regulator is to minimize mutual
information between the protected component and the environment. This is an information-theoretic
statement of the idea of homeostasis. Ashby’s “Law of Requisite Variety” states that the regulator’s
effectiveness is limited by its own information content, or variety in cybernetic terminology.
An insufficiently flexible regulator will not be able to cope with the environmental variability.

Multiscale information theory enables us to overcome a key limitation of the requisite variety
concept. In the framework of traditional cybernetics [109], each action of the environment requires
a specific, unique reaction on the part of the regulator. This framework neglects the important difference
between large-scale and fine-scale impacts. Systems may be able to absorb fine-scale impacts without
any specific response, whereas responses to large-scale impacts are potentially critical to survival.
For example, a human being can afford to be indifferent to the impact of a single molecule, whereas
a falling rock (which may be regarded as the collective motion of many molecules) cannot be neglected.
Ashby’s Law does not make this distinction; indeed, there is no framework for this distinction
in traditional information theory, since the molecule and the rock can be specified using the same
amount of information.

This limitation can be overcome by a multiscale generalization of Ashby’s Law [14], in which
the responses of the system must occur at a scale appropriate to the environmental challenge. To protect
against infection, for example, organisms have physical barriers (e.g., skin), generic physiological
responses (e.g., clotting, inflammation) and highly specific adaptive immune responses, involving
interactions among many cell types, evolved to identify pathogens at the molecular level. The evolution
of immune systems is the evolution of separate large- and small-scale countermeasures to threats,
enabled by biological mechanisms for information transmission and preservation [110]. By allowing
for arbitrary intrinsic scales of components, and a range of different information functions, our work
provides an expanded mathematical foundation for the multiscale generalization of Ashby’s Law.

10.5. Mechanistic versus Informational Dependencies

Information-theoretic measures of a system’s structure are essentially descriptive in nature.
The tools we have proposed are aimed at identifying the scales of behavior of a system, but not
necessarily the causes of this behavior. Importantly, causal influences at one scale can produce
correlations at another. For example, the interactions in an Ising spin system are pairwise in character:
the energy of a state depends only on the relative spins of neighboring pairs. These pairwise couplings
can, however, give rise to long-range patterns [27]. Similarly, in models of coupled oscillators, dyadic
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physical interactions can lead to global synchronization [111]. Thus local interactions can create
large-scale collective behavior.

11. Conclusions

Information theory has made, and will continue to make, formidable contributions to all areas of
science. We argue that, in applying information theory to the study of complex systems, it is crucial
to identify the scales at which information applies, rather than collapsing redundant or overlapping
information into a raw number of independent bits. The multiscale approach to information theory
falls squarely within the tradition of statistical physics—itself born of a marriage between probability
theory and classical mechanics. By providing a general axiomatic framework for multiscale information
theory, along with quantitative indices, we hope to deepen, clarify, and expand the mathematical
foundations of complex systems theory.
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Appendix A. Total Scale-Weighted Information

Here we prove two results regarding the total scale-weighted information of a system, S(Da).
First we prove Equation (11), which shows that S(© o) depends only on the information and scale of
each individual component:

Theorem Al. For any system A,
S(®a) = 3 d(a)H(a). (A1)
a A
Proof. The proof amounts to a rearrangement of summations. We begin with the definition of
scale-weighted information,
S@A) = 5 s()Ix). (A2)

X Da

Substituting the definition of s(x), Equation (8), and rearranging yields

s@a) =Y S o 1(x)
X DA x includes a
=SYo@ Y I
a A X Oa
x includes a
=3 0(a)I(3)
a A
= Z o(a)H(a). O
a A

Next we prove Equation (17) showing that the area under the complexity profile is equal to S(Da):

Theorem A2. For any system A,
, SO dy=S5(n). (A3)
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Proof. We begin by substituting the definition of C(y):

. Cly) dy = . I {x Da :0(x)=y} dy
= z 1(x) dy.
X Da
y=0(x)

We then interchange the sum and integral on the right-hand side and apply Theorem Al:

o a(x)
, COdy= 5 1) - dy

X @A
= > o)X
X Da
=S(®a). O

Appendix B. Complete Interdependence and Reduced Representations

We mentioned in Section 5.4 that if a set of components is completely interdependent, they
can be replaced by a single component, with scale equal to the sum of the scales of the replaced
components. Here we define this replacement formally, and show that it preserves all quantities of
shared information and scale-weighted information.

Let A = (A, Ha,0a) be a system. We begin by recalling that a set of components U A
is completely interdependent if H(a) = H(U) foreach a  U. It follows from the monotonicity axiom
that H(V) = H(U) for any nonempty subset V. U. The following lemma shows that, in evaluating
the information function H, the entire set U can be replaced by any subset thereof:

Lemma Al. Let U A be a set of completely interdependent components. For any nonempty V. U and
anyW A,
H(V W)=HU W).

Proof. Applying the strong subadditivity axiom to the sets U and V' (W \ U), and invoking the fact
that H(V) = H(U), we obtain

HU W)SHU)+HV (W\U) —H(V)=HV (W\U) . (A%)

But the monotonicity axiom implies the inequalities H V.= (W\U) < H(V W) < HU W).
Combining with (Ad) yieldsH V. (W\U) =H(V W)=HU W). O

Now, for a system A = (A, Ha, 0a) with a set U of completely interdependent components,
let us define a reduced system A = (A ,Ha ,0a ) in which the set U has been replaced by a single
component u. The reduced set of componentsis A = (A\U) {u}. The information Ha (V), for
V A isdefined by
Ha U (V\{u}) ifu V

Ha (V) = Ha(V) ifu/ V.

(A5)

Component u of A has scale equal to the sum of the scales of components in U, while all other
components maintain their scale:

b uoa(b) ifa=u

oa(a) ifa=u. (A6)

oa (8) =
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The following theorem shows that shared information and scale-weighted information are
preserved in moving from A to A :

Theorem A3. Let U = {uy,...,u} A be a set of completely interdependent components of A =
(A, Hp,0n), with ANU = {a,...,am}. Let A = (A ,Ha ,0a ) be the reduced system described above.
Then the shared information I and 15 of the original and reduced systems, respectively, are related by

Ia(uy;...;u;ag;...;a @ +1,...,am) = la (U;ag;...,a |a +1,...,am)
IA(al;"';aIul""’uk’a+ll""am):IA (al;"';a|u1a+1""’am) (A7)
Ia(u;...;Upsag;...;a |Upeg, .., U, @ 41,...,8m) =0 forl=sp<sk-—1.

The above equations also hold with the shared information 15 and |5 replaced by the scale-weighted information
Sa and Sp , respectively.

In other words, if the irreducible dependency x of A includes either all elements of U or no
elements of U, then, upon collapsing the elements of U to the single component u to obtain the
dependency x of A ,onehas Ia (x ) = Ia(x) and Sa (X ) = Sa(x). If x includes some elements of
U and excludes others, then I15(x) = Sa(x) = 0. Thus all nonzero quantities of shared information
and scale-weighted information are preserved upon collapsing the set U to the single component u.

Proof. Define the function J on the irreducible dependencies of A by

J(ug;. . uag;..sala s, am) = la(uy .. ugags . ala g, ..., am)
—la (U;ag;...,ala 41,...,2m)
Jg;..;a fug,.. U a 4,0 8m) = la(ag; .. sa fug, . U a4, 8m)
—la (a;...;a [u,a 4q,...,8m)
J(ug;...;uUpsag;...;a |Upet, ., Uk, @ 41, .,8m) = la(Ua;...;Upsag;...;a [Up+t, ..., Uk, @ 41, .., @m).

In light of Equation (5), the values of J are the unique solution to the system of equations

Ix) = Ha(V) —Ha ({u} V) ifvnu= )
x 8V Ha(V) = Ha (V) ifvau= |,

as V runs over subsets of A. But Lemma Al and Equation (A5) imply that the right-hand side of
Equation (A8) is zero foreach V. A. Therefore, J(x) = 0 for each x D4, and Equation (A7) follows.
The claim regarding scale-weighted information then follows from Equations (8), (9) and (A6). O

Theorem A3 shows that all nonzero quantities of shared information and scale-weighted
information are preserved when collapsing a set of completely dependent components into a single
component. It follows that the complexity profile and MUI are also preserved under this collapsing
operation.

Appendix C. Properties of Independence

Here we prove fundamental properties of independent subsystems, which will be used
in Appendices D and E to demonstrate the additivity properties of the complexity profile and
MUI. Our first target is the hereditary property of independence (Theorem A4), which asserts that
subsystems of independent subsystems are independent [64]. We then establish in Theorem A5
a simple characterization of information in systems comprised of independent subsystems.

Fori = 1,...,k let Aj = (Aj, Ha,, 0a,) be subsystems of A = (A, Ha,0a), with the subsets
A;j Adisjoint from each other. We recall the definition of independent subsystems from Section 5.4.
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Definition Al. The subsystems A; are independent if
H(A1 ... A)=H(A)+...+H(AY.

We establish the hereditary property of independence first in the case of two subsystems
(Lemma A2), using repeated application of the strong subadditivity axiom. We then extend this
result in Theorem A4 to arbitrary numbers of subsystems.

Lemma A2. If A; and A; are independent subsystems of A, then for every pair of subsets U; A, Uy Ay,
H(U:  Uz) = H(Uyp) + H(Uy).

Proof. The strong subadditivity axiom, applied to the sets A; and U; Ay, yields
H(A1 A2) = H(Ap) +H(UL  Az) — H(Uy).
Replacing the left-hand side by H(A;) + H(A;) and adding H(U;) — H(A,) to both sides yields
H(U1) + H(A2) = H(Ur  Ay). (A9)
Now applying strong subadditivity to the sets U; U, and A; yields
HU: A2) =H(Up U)+H(A) — H(Uy).
Combining with (A9) via transitivity, we have
H(U1) + H(A2) = H(U1  Up) + H(Az) — H(Uy).
Adding H(U;) — H(A;) to both sides yields
H(Up) + H(Uz) = H(Up  Uy). (A10)
But strong subadditivity applied to U; and U, yields
H(U; Up) = H(Up) + H(Uz2) — H(Up n Uz) < H(Up) + H(Uy). (A11)
We conclude from inequalities (A10) and (Al1l) that
H(Up Up) = H(Uy) + H(Uz). O

We now use an induction argument to extend the hereditary property of independence to any
number of subsystems.

Theorem A4. If Ay, ..., A are independent subsystems of A, and U; A fori =1,..., kthen
HUr ... U =H(U)+...+H(U.

Proof. This follows by induction on k. The k = 1 case is trivial. Suppose inductively that the statement
is true for k = k, for some integer k = 1, and consider the case k = k + 1. We have

H(UD) +...+ H(U) + H(Ugyy) = HUL ... Up) + H(Ug,y)
by the inductive hypothesis, and

HU; ... Up)+HUi,)=HU: ... Ug Ug,y)
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by Lemma A2 (since the subsystem of A with componentset A; ... Agis clearly independent from
Ay, ). This completes the proof. [

We now examine the information in dependencies for systems comprised of independent
subsystems. For convenience, we introduce a new notion: The power system of a system A is a system
2A = (2A, H,a), where 2A is the set of all subsets of A (which in set theory is called the power set of
A). In other words, the components of 22 are the subsets of A. The information function H,a on 2A
is defined by the relation

Hpa(Ug, ..., U) = Ha(Ur ... Uy). (A12)

By identifying the singleton subsets of 2”4 with the elements of A (that is, identifying each {a} ~ 2A
witha A), we can view A as a subsystem of 24,

This new system allows us to use the following relation: For any integers k, = 0 and components
al,az,bl,...,ak,cl,...,c A,

IA(al;az;bl;...;bk|c1,...,c ) = |A(al;b1;...;bk|Cl,...,C )
+la(az; by obeler, .. ¢ ) = Lba({ag, a2} by .. byleg, ... e ). (AL3)

This relation generalizes the identity 1(a;;a2) = H(a;) + H(az) — H(az, a2) to conditional mutual
information. It follows directly from the mathematical definition of I, Equation (5) of the main text.

We now show that if B and C are independent subsystems of A, any conditional mutual
information of components B and components of C is zero.

Lemma A3. Let B = (B, Hg) and C = (C, H¢) be independent subsystems of A. For any components

by, ..., bm, by, 0D Bandcg,...,Cn,Cq,.. .\ C C,withm,n=1m,n =0,

m n

I(by;...;bmicy;...cenlby, ..o yby 0 Cq,nnicy ) =0 (Al14)

Proof. We prove this by induction. As a base case, we takem = n = 1 m = n = 0. In this

case, the statement reduces to I(b;c) = 0 foreveryb B,c C. Since Lemma A2 guarantees that

H(b,c) = H(b) + H(c), this claim follows directly from the identity 1(b;c) = H(b) + H(c) — H(b, c).
We now inductively assume that the claim is true for all independent subsystems B and C of

asystem A,and allm < m,n < Ai,m < m,and n < A, for some integers M,A = 1, M ,A = 0.

We show that the truth of the claim is maintained when each of m, A, M , and fi is incremented by one.
We begin by incrementing m to i + 1. Applying (A13) yields

Ia bmibm+1i by sbm—15C15 .. 5 Calby, ... bg L Cph Gy
=la bm;by;. . sbm—1:C1; . Calby, . bg L Cp G
+ A bm+1i by bm—1i s Calby, B L Cpyl e, Cy

— a {bm;bm+1}:b1 ... bm—1;C05. . Calby, . b L CpheiCq o (ALD)

The first two terms of the right-hand side of (Al15) are zero by the inductive hypothesis.
Furthermore, it is clear from the definition of a power system that 28 and 2° are independent
subsystems of 22, Thus the final term on the right-hand size of (A15) is also zero by the inductive
hypothesis. In sum, the entire right-hand side of (A15) is zero, and the left-hand side must therefore
be zero as well. This proves the claim is true for m = m + 1.

We now increment m tom + 1. From Equation (6) of the main text, we have the relation
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Ia bii...ibmices. . Calby, .y b L Cpy i Ch
=la bg 4ibio ibmicr . calby, o bg L CL Gy
+la byisbmicr;.icalby o By B 400G G

The left-hand side above is zero by the inductive hypothesis, and the first term on the right-hand
side is zero by the case m = M + 1 proven above. Thus the second term on the right-hand side is also
zero, which proves the claim is true form =m +1.

Finally, the casesn = i+1andn =i + 1follow by interchanging the roles of B and C. The result
now follows by induction. [

We next show that for B and C independent subsystems of A, the amounts of information
in dependencies of B are not affected by additionally conditioning on components of C.

Lemma A4. Let B = (B, Hg, 0g) and C = (C, Hc, o¢) be independent subsystems of A. For integers m = 1

andm,n =0,letby,...,bm B,c1,...,Cn,Cp,...,C,  C. Then

I(b1;...ibmlby, ... by v CovvvnuCy ) = 1(by; s bmlby, ooy b ). (A16)

Proof. This follows by induction on n. The claim is trivially true for n = 0. Suppose it is true
inthecasen =i, forsome i = 0. By Equation (6) we have

|(b1;...;bm|b1,...,bm,Cl,...,Cﬁ)
= 1(b1;...;bmics 4qlby, . by Cy)
+ 1(by;...;bmlby, .o by € Gy LG 4g). (ALT)

The left-hand side is equal to I(by; . ..;bm|by,...,b ) by the inductive hypothesis, and the first
term on the right-hand side is zero by Lemma A3. This completes the proof. [

Finally, it follows from Lemmas A3 and A4 that if A separates into independent subsystems,
an irreducible dependency of A has nonzero information only if it includes components from only
one of these subsystems. To state this precisely, we introduce a projection mapping from irreducible
dependencies of a system A to those of a subsystem B of A. This mapping, denoted pBA " Da - Dp,
takes an irreducible dependency among the components in A, and “forgets” those components that are
not in B, leaving an irreducible dependency among only the components in B. For example, suppose
A ={a,b,c}and B = {b,c}. Then

p&(a;blc) = blc
pg (b;cla) = byc. (A18)

We can now state the following simple characterization of information in systems comprised of
independent subsystems:

Theorem A5. Let Ay, ..., A¢ be independent subsystems of A, with A = A; ... Ag. Then for any
irreducible dependency x ~ Da,

if x includes only components of A;

A
la; P&, () forsomei {1,...,k},

Ia(x) = (AL19)

0 otherwise.
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Proof. In the case that x includes only components of A; for some i, the statement follows from
Lemma A4. In all other cases, the claim follows from Lemma A3. [

Appendix D. Additivity of the Complexity Profile

Here we prove Property 3 of the complexity profile claimed in Section 6: the complexity profile
is additive over independent systems.

Theorem A6. Let Ay, ..., Ay be independent subsystems of A. Then

Cay) =Ca,(\) +...+Ca (V). (A20)
Proof. We start with the definition
Ca) = > 1a(). (A21)
X ©A
a(x)=y

Applying Theorem A5 to each term on the right-hand side yields

k

NOEDS ) la, PR ()
i=1 X Da
x includes only components of A;
a(x)=y
k k
=3 3 =3 Caly) O
i=1x BAi i=1
a(x)=y

Appendix E. Additivity of Marginal Utility of Information

Here we prove the additivity property of MUI stated in Section 7. We begin by recalling
the mathematical context for this result.
The maximal utility of information, U(y), is defined as the maximal value of the quantity

u= z o(a)l(d;a), (A22)

a A
as the variables in the set {I1(d; V)}v a vary subject to the following constraints:

@i 0=I(d;V)=sH(V)forallV A.
(iiy ForanyWw V A,
0<I(d; V) — I(d;W) < H(V) — H(W). (A23)

(ili) ForanyV,W A,
1(d; V) + 1(d; W) — I(d;V - W) — I(d;V n W) < H(V) + HW) — H(V W) — H(V nW).

(iv) I(d;A) =y.

The marginal utility of information, M(y) is defined as the derivative of U(y).

We emphasize for clarity that, while we intuitively regard 1(d;V) as the information that
a descriptor d imparts about utility V, we formally treat the quantities {I1(d; )}y a not as functions
of two inputs but as variables subject to the above constraints.

Throughout this appendix we consider a system A = (A, Ha) comprising two independent
subsystems, B = (B, Hg) and C = (C, H¢). This means that A is the disjoint union of B and C, and
H(A) = H(B) + H(C). The additivity property of MUI can be stated as
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Ma(y) = min max Mg(y1), Mc(y2) . (A24)
yi+y2=y
Y1,¥2=0

Alternatively, this property can be stated in terms of the reflection Ma(x) of Ma(y), with
the dependent and independent variables interchanged (see Section 7), as

Ma(X) = Mg(x) + Mc (x). (A25)

The proof of this property is organized as follows. Our first major goal is Theorem A7, which
asserts that 1(d; A) = 1(d; B) + 1(d; C) when u is maximized. Lemmas A5 and A6 are technical relations
needed to achieve this result. We then apply the decomposition principle of linear programming to
prove an additivity property of Ua (Theorem A8). Theorem A9 then deduces the additivity of Ma
from the additivity of UA. Finally, in Corollary Al, we demonstrate the additivity of the reflected
function M.

Lemma A5. Suppose the quantities {1(d; V)}v a satisfy Constraints (i)-(iv). Then for any subset V. A,
I(d;V) = I1(d;V nB)+I(d;V nC). (A26)
Proof. Applying Constraint (iii) to the sets V n B and V n C we have
I(d;VnB)+1(d;VnC)—I(d;V) <H(V nB)+H(VnC)—H(V). (A27)

But by Lemma A2, H(V) = H(V n B) + H(V n C). Thus the right-hand side above is zero,
which proves the claim. [J

Lemma A6. Suppose the quantities {I1(d;V)}y a satisfy Constraints (i)—(iv). Suppose further that
W V.  AandI(d;V)=1(d;V nB)+1(d;V n C). Then I(d;W) = I(d; W n B) + I(d; W n C).

Proof. Constraint (iii), applied to the setsV nBand W (V n C), yields

I(d;VnB)+1 dW (VnC) —I(d;V)—I(d;W nB)
SH(VAB)+HW (VnC) —H(V)—H(WnB). (A28)

By Lemma A2, we have

HW (VnC) =H(WnB)+H(VnC) (A29)
H(V) =H(VnB)+H(VnC).

With these two relations, the right-hand side of (A28) simplifies to zero. Making this simplification
and substituting 1(d; V) = I(d;V n B) + I(d; V n C) (as given), we obtain

I W (VnC) —I(d;WnB)—I(d;VnC)=<0. (A30)
We next apply Constraint (iii) to V n C and W, yielding

I(d;VnC)+1(d;W)—1 d;W (VnC) —I(d;WnC)
<SHMNC)+HMW)—HMW (VnC) —H(WnC). (A31)

Lemma A2 implies H(W) = H(W n B) + H(W n C). Combining this relation with (A29), the
right-hand side of (A31) simplifies to zero. We then rewrite (A31) as
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I(d;W) = 1(d;WnC)<1 dW (VnC) —I(d;VnC). (A32)

By (A30), the right-hand side above is less than or equal to 1(d; W n B). Making this substitution
and rearranging, we obtain
1(d; W) < I(d; W n B) + I(d; W n C). (A33)

Combining now with Lemma AS5, it follows that 1(d; W) = 1(d; W n B) + 1(d; W n C) as desired. [

Theorem A7. Suppose the quantities {1(d; V)}y a maximixe u = Sa a0(a)l(d;a) subject to Constraints
(i)—(iv) for some 0 <y < H(A). Then

I(d; A) = 1(d; B) + 1(d; C). (A34)

Proof. Let 4 = S, A0(a)1(d;a) be the maximal value of u. By the duality principle of linear
programming, the quantities {I1(d;V)}y a minimize the value of 1(d; A) as {I(d;V)}y a varies
subject to Constraints (i)—(iii) along with the additional constraint u = G. (Informally, the descriptor d
achieves utility G using minimal information.)

Assume for the sake of contradiction that I(d;A) > I(d; B) + 1(d;C). We will obtain
a contradiction by showmg that there is another set of quantities {1(d;V)}v A satisfying (i)—(iii)
and (0 = 4, with I(d;A) < I(d:A). Here, § is the utility associated to {I(d;V)}, a; that is,
0=5.a a(a)1(d;a). (Informally, we construct a new descriptor d that achieves the same utility
as d using less information.)

To obtain such quantities {I1(d;V)}y a, we first define S 2 as the set of all subsets VA
that satisfy

I(d; V) > 1(d;V n B) + I(d; V n C). (A35)

We observe that, by Lemma A5, if V /'S, then I(d; V) = I(d;V n B) + I(d;V n C). It then follows
from Lemma A6 thatifW V AandW S,thenV Saswell.

Next we choose > 0 sufficiently small that, for each VS, the following two conditions
are satisfied:

(1 1(dV)>1d;VnB)+I(d:VnC)+ ,
2 1(d:V)>I1(dW)+ foralW V,W /S.

There is no problem arranging for condition (2) to be satisfied for any particular VS, since it
follows readily from Constraint (i) on d thatif WV and W / S, then 1(d; V) > I(d: W). We also
note that since A is finite, there are only a finite number of conditions to be satisfied as V and W vary;,
so it is possible to choose an > 0 satisfying all of them.

Having chosen such an , we define the quantities {I1(d; V)}y a by

1(@d: V) = @v)— v s (A36)
’ 1(d; V) otherwise.

In words, we reduce the amount of information that is imparted about the sets in S by an amount
, while leaving fixed the amount that is imparted about sets not in S. Intuitively, one could say that

we are exploiting an inefficiency in the amount of information imparted by d about sets in S, and
that the new descriptor d is more efficient in terms of minimizing the information 1(d; A) without
sacrificing utility.

We will now show that d satisfies Constraints (i)—(iii) and = 4. First, since 0 < I(d;V) <
I(d;V) < H(V) forall V A, Constraint (i) is clearly satisfied.

For Constraint (ii), considerany WV A. If V and W are either both in S or both not in S
then I1(d; V) — I(d; W) = I(d; V) — I(d; W), and Constraint (ii) is satisfied for d since it is satisfied for d.
It only remains to consider the case that V' Sand W 7/ S. In this case, we have
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@) = 1@EW) = 1EV) — 1Ew) = >0, (43D
since V and satisfy condition (2) above. Furthermore,
|(&§V) — |((iW) = I(&;V) - |((f;W) -
= H(V) — H(W) —
< H(V) —HW).

Thus Constraint (ii) is satisfied.
To verify Constraint (iii), we must consider a number of cases, only one of which is nontrivial.

e [feither

- noneofV,W,V WandV nW belongtosS,

- allof V,W,V WandV nW belongtoS,

-  VandV W belong to S while W and V n W do not, or
- WandV W belong to S while V and V n W do not,

then the difference on the left-hand side of Constraint (iii) has the same value for d = d and
d = d—that is, the changes in each term cancel out in the difference. Thus Constraint (iii)
is satisfied for d since it is satisfied for d.

e IfV,W,andV W belong to S while V n W does not, then

1(d; V) + I(d;W) — I(d;V W) — I(d;V nW)
= 1(d: V) + I(d;W) = I(d;V W)= I(d;VnW)— .
The left-hand side of Constraint (iii) therefore decreases when moving from d = dtod = d.

So Constraint (iii) is satisfied for d since it is satisfied for d.
* The nontrivial case isthat V W belongs to S while V, W and V n W do not. Then

1(d; V) + I(d;W) — I(d: VW) — I(d;V nW)
= 1(d;V)+ I(dW)— I(d;V W)— —1(d:VnW). (A38)

By the definition of S and condition (1) on , we have

IV W)— >1 d(Vv W)nB +1 d;(V W)nC
I(d:V) = I(d:V n B) + 1(d;V n C)
1(d: W) = I(d;W n B) + 1(d;W n C)
I(dGVAW)=1 d(VaW)nB +1 d(VAW)nC
Substituting into (A38) we have
1(d; V) + I(d; W) — I(d;V - W) — I(d;V nW)
< I(d:V nB) + I(d;W n B)
—1d(v W)nB —1d(VnW)nB
+1(d:V nC)+ I(d;W n C)
—1d;(V W)nC —1d(VaW)nC .
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Applying Constraint (iii) on d twice to the right-hand side above, we have

1(d: V) + 1(d; W) — 1(d: V- W) — I(d;V nW)
<H(VNB)+HWnB)—H (V W)nB —H (VnW)nB
+H(MVnNnC)+HWNC)—H (V W)nC —H (VnW)nC.

But Lemma A2 implies that H(Z n B) + H(Z n C) = H(Z) for any subset Z  A. We apply this
tothesets V,W,V W and V n W to simplify the right-hand side above, yielding

1(d; V) + I(d;W) — 1(d V. W) — I(d;V n W) < H(V) + HW) — H(V W) — H(V n W),
as required.

No other cases are possible, since, as discussed above, any superset of a set in S must also be in S.

Finally, it is clear that no singleton subsets of A are in S. Thus 1(d;a) = I(d;a) foreacha A,
and it follows that 5, A o(a)I(d;a) = 0.

We have now verified that d satisfies Constraints (i)—(iit) and U((f) = (. Furthermore, since A S
by assumption, we have I(d; A) < I1(d; A). This contradicts the assertion that d minimizes 1(d; A)
subject to Constraints (i)—(iii) and U(d) = 0. Therefore our assumption that 1(d; A) > 1(d; B) + I1(d: C)
was incorrect, and we must instead have 1(d; A) = I(d;B) + 1(d;C). O

Theorem A8. The maximal utility function U(y) is additive over independent subsystems in the sense that

Ualy) = max (Us(ys) +Uc(y2)). (A39)
Y1.¥2=0

Proof. For a giveny = 0, let {1(d;V)}y a maximixe u = Sa a0(a)l(d;a) subject to Constraints
(i)=(iv). Combining Theorem A7 with Lemma AG6, it follows that 1(d; V) = I(d;V n B) + 1(d;V n C).
We may therefore augment our linear program with the additional constraint,

(v) I(d;V)=1(d;VnB)+I(d;VnC),

foreachV A, without altering the optimal solution.
Upon doing so, we can use this new constraint to eliminate the variables 1(d; V) for V not a subset
of either B or C. We thereby reduce the set of variables from I1(d;V) , , to

V) | s (W) e (A40)

We observe that this reduced linear program has the following structure: The variables in the set

1(d; V) v g arerestricted by Constraints (i)—(iii) as applied to these variables. Separately, variables

intheset I(d;W) , . arealso restricted by Constraints (i)-(iii), as they apply to the variables in this

second set. The only constraint that simultaneously involves variables in both sets is Constraint (iv).
This constraint can be rewritten as

ug +Uc <V, (A41)

with
ug = 2 a(b)1(d;b), uc = z a(c)l(d;c). (A42)
b B c C
This structure enables us to apply the decomposition principle for linear programs [112] to
decompose the full program into two linear sub-programs, one on the variables 1(d; V) v g andone
on I(d;W) w ¢ together with a coordinating program described by Constraint (iv). The desired
result then follows from standard theorems of linear program decomposition [112]. [
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Theorem A9. My is additive over independent subsystems in the sense that

Ma(y) = min max Mg(y1), Mc(y2) . (A43)
yi+y2=y
y1.y2=0

Proof. We define the function

F(y1y) = Ug(y1) + Uc(y — y1). (A44)

The result of Theorem A8 can then be expressed as
U = max F VY). A45
(Y) 0<y1§y (yl y) ( )

We choose and fix an arbitrary y-value § = 0, and we will prove the desired result fory = y.

We observe that F(y1; ¥) is concave in y; since Ug(y1) and Uc (¥ — y1) are. It follows that any local
maximum of F(yy;¥) iny; is also a global maximum. We assume that the maximum of F(yy;¥) iny;
is achieved at a single point y; with 0 < y; < ¥. The remaining cases—that the maximum is achieved
aty; = 0ory; =Y, orisachieved on a closed interval of y;-values—are trivial extensions of this case.

Assuming we are in the case described above (and again invoking the concavity of F in y;), ¥1
must be the unique point at which the derivative %(yl; y) changes sign from positive to negative.
This derivative can be written

oF . .
a—yl(yl; ¥) = Mg(y1) — Mc (¥ — y1). (Ad6)
It follows that y; is the unique real number in [0, ¥] satisfying

Mg(y1) > Mc(¥—y1) y1<V1

. A (A4T7)
Mg(y1) < Mc(Y—Vy1) y1>V1.

From inequalities (A47), and using the fact that Mg(y;) and Mc(y,) are nonincreasing,
piecewise-constant functions, we see that either Mg (y;) decreases at y; = ¥, or M (y2) decreases at
y2 = ¥ — V1, or both. We analyze these cases separately.

Case Al. Mg (y;) decreases at y; = y1, while Mc (y2) is constant in a neighborhood of y, = ¥ — y;.

Pick > 0 sufficiently small so that Mc(y;) has constant value fory, (§—y:— ,¥—Y1+ ).
Then inequalities (A47) remain satisfied with y replaced by anyy (§— ,¥+ ) and y; fixed. Thus
for y in this range, we have

Ua(y) = Ug(¥1) +Uc(y — Y1) (A48)

Taking the derivative of both sides iny aty = ¥ yields
Ma(¥) = Mc (Y — Y1) (A49)

We claim that
Mc (Y —Yy1) = min_max Mg(y1), Mc (¥ —v1) - (A50)
0=y, <y

To prove this claim, we first note that, by the inequalities (A47),

. M <y
max Mg(y).Mc(G—yp) = Me0m  yi<v (A51)

Mc(Y—y1) Y1>Y1
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Since both Mg and M are piecewise-constant and nonincreasing, the minimax in Equation (A50)
is achieved for values y; near y;. We therefore can restrict to the rangey; (Y1 — ,¥1+ ). Combining
Equation (A51) with the conditions defining Case Al and the definition of , we have

max Mg(y1), Mc(Y—y1) = Mg(y1) >Mc(Y—y1) forys (Y1— V1)

5 5 o o (A52)
max Mg(y1),Mc(¥—y1) =Mc(F—y1) =Mc(—y1) Torys @Fuy1+ ).

Thus the minimax in Equation (A50) is achieved at a value of Mc (¥ —y1) wheny;  (Y1,Y1 + ),
verifying Equation (A50). Combining with Equation (A49), we have

Ma(y) = min max Mg(y1), Mc(y2) . (A53)
yi+y2=y
Y1,y2=0

proving the theorem in this case.

Case A2. Mg(y1) is constant in a neighborhood of y; = Y1, while Mc (y2) decreases aty, = § — .

In this case, we define y, = ¥ — y;. The proof then follows exactly as in Case 1, with B and C
interchanged, and the subscripts 1 and 2 interchanged.

Case A3. Mg (y1) decreases at y; = y; and Mc (y,) decreases at y, = ¥ — V.

This case only occurs at the y-values for which Ua (y) changes slope and M (y) changes value.
At these nongeneric points, M (y) (defined as the derivative of Ua(y)) is undefined. We therefore
disregard this case. [l

We now define Ma (X) as the reflection of M (y) with the dependent and independent variables
interchanged. Since Mg is positive and nonincreasing, My is a well-defined function given by
the formula

Ma(x) = max{y : Ma(y) < x}. (A54)

The following corollary gives a simpler expression of the additivity property of MUI.
Corollary AlL. If A consists of independent subsystems B and C, then Ma (x) = Mg (x) + Mc (x) for all x = 0.
Proof. Combining the above formula for I\7IA(x) with the result of Theorem A9, we write

Ma(x) = max{y : Ma(y) < x}

=max y: _min max Mg(y1),Mc(y2) <=x
yi+y2=y
Y1.y2=0

=max y: Yy;,y2=0 yi+y>=y max Mg(y1), Mc(y2) =x
max (yi+y2): yu,y2=0 Mg(y1) =x Mc(y2) <x

max{y; : Mg(y1) < x} +max{yz : Mg(y2) = x}
Mg(x) + Mc(x). O

Appendix F. Marginal Utility of Information for Parity Bit Systems

Here we compute the MUI for a family of systems which exhibit exchange symmetry and have
a constraint at the largest scale. Systems in this class have N = 3 components and information function
given by
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_ _ VI [VI=N-1
H(V) = Hy, = Ne1 V=N (A55)

This includes Example D as the case N = 3. More generally, this family includes systems of N — 1
independent random bits together with one parity bit.

Since these systems have exchange symmetry, we can apply the argument of Section 9 to obtain
the reduced set of constraints:

(i) 0<Ip<Hpforalln {1,...,N},

(i) 0<Ilp—Ilh—1=<Hn,—Hp—foralln {1,...,N},

(iii) In+1In—lh4m— — 1 <=Hp+Hy—Hpym— —H foralln,m, {1,...,N},
(iv) In=V.

Above, I, denotes information that a descriptor imparts about any set of n components,0 < n < N.
Constraint (ii), in the case n = N, yields

0<Iy—In-1=<Hy—Hn-1=0, (A56)

and therefore,
In-1 = INn- (AST)

Constraint (iii), in the case m+n < N — 1, yields
Im+ In = Im+n < Hn + Hy — Hpaen =0, (A58)

and therefore
Im + In < Im+n forallm,n=0withm+n<N-—1. (A59)

By iteratively applying Equation (A59) we arrive at the inequality
(N=1)I; < In-1. (A60)
Combining (A57), (A60) and Constraint (iv), we have

IN—1 In y
I < = < . A61
I N-1" " N—-1 N-1 (A1)

By definition, the utility of a descriptor is
u=Nlj. (A62)
Combining with (A61) yields the inequality

Ny

u=s .
N—1

(A63)

Inequality (A63) places a limit on the utility of any descriptor of this system. To complete
the argument, we exhibit a descriptor for which equality holds in (A63). This descriptor is defined by

o min{y, N—1} 0=sm<N-1
= MmNy 0sm (A64)
min{y,N — 1} m = N.

It is straightforward to verify that Constraints (i)—(iv) are satisfied by this descriptor. Combining
Equations (A62) and (A64), the utility of this descriptor is
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- N
u =min N=1" (A65)

By inequality (A63), this descriptor achieves optimal utility. Taking the derivative with respect to
y, we obtain the marginal utility of information

N
N g<y=N-1
M(y)= N1 y (A66)
0 y>N-—1

Setting N = 3, we recover the MUI for example D as stated in the main text, Equation (25).
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Abstract: Williams and Beer (2010) proposed a nonnegative mutual information decomposition, based
on the construction of information gain lattices, which allows separating the information that a set of
variables contains about another variable into components, interpretable as the unique information
of one variable, or redundant and synergy components. In this work, we extend this framework
focusing on the lattices that underpin the decomposition. We generalize the type of constructible
lattices and examine the relations between different lattices, for example, relating bivariate and
trivariate decompositions. We point out that, in information gain lattices, redundancy components are
invariant across decompositions, but unique and synergy components are decomposition-dependent.
Exploiting the connection between different lattices, we propose a procedure to construct, in the
general multivariate case, information gain decompositions from measures of synergy or unique
information. We then introduce an alternative type of lattices, information loss lattices, with the
role and invariance properties of redundancy and synergy components reversed with respect to
gain lattices, and which provide an alternative procedure to build multivariate decompositions.
We finally show how information gain and information loss dual lattices lead to a self-consistent
unique decomposition, which allows a deeper understanding of the origin and meaning of synergy
and redundancy.

Keywords: information theory; mutual information decomposition; synergy; redundancy

MSC: 94A15, 94A17

1. Introduction

The aim to determine the mechanisms producing dependencies in a multivariate system, and to
characterize these dependencies, has motivated several proposals to breakdown the contributions to
the mutual information between sets of variables [1]. This problem is interesting from a theoretical
perspective in information theory, but it is also crucial from an empirical point of view in many
fields of systems and computational biology, e.g., [2-6]. For example, in neuroscience breaking down
the contributions to mutual information between sets of variables is fundamental to make any kind
of progress in understanding neural population coding of sensory information. This breakdown
is, in fact, necessary to identify the unique contributions of individual classes of neurons, and of
interactions among them, to the sensory information carried by neural populations [7,8], is necessary
to understand how information in populations of neurons contributes to behavioural decisions [9,10],
and to understand how information is transmitted and further processed across areas [11].

Consider the mutual information I(S; R) between two possibly multivariate sets of variables S
and R, here thought, for the sake of example, as a set of sensory stimuli, S, and neural responses

Entropy 2017, 19, 71 43 www.mdpi.com/journal/entropy



Entropy 2017, 19, 71

R, but generally any sets of variables. An aspect that has been widely studied is how dependencies
within each set contribute to the information. For example, the mutual information breakdown
of [12,13] quantifies the global contribution to the information of conditional dependencies between
the variables in R, and has been applied to study how interactions among neurons shape population
coding of sensory information. Subsequent decompositions, based on a maximum entropy approach,
have proposed to subdivide this global contribution, separating the influence of dependencies of
different orders [14,15]. However, these types of decompositions do not ensure that all terms in the
decomposition are nhonnegative and hence should be better interpreted as a comparison of the mutual
information across different alternative system’s configurations [16,17]. Two concepts tightly related
to these types of decompositions are those of redundancy and synergy, e.g., [18]. Redundancy refers
to the existence of common information about S that could be retrieved from different variables
contained in R used separately. Conversely, synergy refers to the existence of information that can
only be retrieved when jointly using the variables in R. Traditionally, synergy and redundancy had
been quantified together, with the measure called interaction information [19] or co-information [20].
A positive value of this measure is considered as a signature of redundancy being present in the system,
while a negative value is associated with synergy, so that redundancy and synergy have traditionally
been considered as mutually exclusive.

The seminal work of [21] introduced a new approach to decompose the mutual information into a
set of nonnegative contributions. Let us consider first the bivariate case. Without loss of generality,
from now on we assume S to be a univariate variable, if not stated otherwise. It was shown in [21] that
the mutual information can be decomposed into four terms:

1(S;12) = 1(S;1.2) + 1(S; 1\2) + 1(S;2\1) + I(S; 12\1, 2). @)

The term 1(S; 1.2) refers to a redundancy component between variables 1 and 2. The terms
1(S; 1\2) and I(S; 2\1) quantify a component of the information that is unique of 1 and of 2, respectively,
that is, some information that can be obtained from one of the variables alone but that cannot be
obtained from the other alone. The term I(S; 12\1, 2) refers to the synergy between the two variables,
the information that is unique for the joint source 12 with respect to the variables alone. Note that in
this decomposition, a redundancy and a synergy component can exist simultaneously. In fact, [21]
showed that the measure of co-information is equivalent to the difference between the redundancy
and the synergy terms of Equation (1). Generally, [21] defined this type of decomposition for any
multivariate set of variables {R}. The key ingredients for this general formulation were the definition
of a general measure of redundancy and the association of each decomposition comprising n variables
to a lattice structure, constructed with different combinations of groups of variables ordered by defining
an ordering relation. We will review this general formulation linking decompositions and lattices in
great detail below.

Different parts of the framework introduced by [21] have generated different levels of consensus.
The conceptual framework of nonnegative decompositions of mutual information, with distinguishable
redundancy and synergy contributions and with lattices underpinning the decompositions, has been
adopted by many others, e.g., [22-24]. Conversely, it has been argued that the specific measure Iyin
originally used to determine the terms of the decomposition does not properly quantify redundancy;,
e.g., [22,23]. Accordingly, much of the subsequent efforts have focused in finding the right measures
to define the components of the decomposition. From these alternative proposals, some take as the
basic component to derive the terms in the decomposition another measure of redundancy [22,25], but
also a measure of synergy [23], or of unique information [24]. In contrast to I, these measures fulfill
the identity axiom [22], introduced to prevent that for S composed by two independent variables,
a redundancy component is obtained for R being a copy of S. Indeed, apart from proposing other
specific measures, subsequent studies have proposed a set of axioms which state desirable properties
of these measures [22,23,26-28]. However, there is no full consensus on which are the axioms that
should be imposed. Furthermore, it has been shown that some of these axioms are incompatible with
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each other [26]. In particular, [26] provided a counterexample illustrating that nonnegativity is not
ensured for the components of the decomposition in the multivariate case if assuming the identity
axiom. Some contributions have also studied the relation between the measures that contain different
number of variables [26,29]. For some specific type of variables, namely multivariate Gaussians with a
univariate S, the equivalence between some of the proposed measure has been proven [30].

To our knowledge, perhaps because of these difficulties in finding a proper measure to construct
the decompositions, less attention has been paid to study the properties of the lattices associated with
the decompositions. We here focus on examining these properties and the basic constituents that are
used to construct the decompositions from the lattices. We generalize the type of lattices introduced
by [21] and we examine the relation between the information-theoretic quantities associated with
different lattices (Section 3.1), discussing when a certain lattice is valid (Section 3.2). We show that the
connection between the components of different lattices can be used to extend to the multivariate case
decompositions for which, to our knowledge, there was currently no available method to determine
their components in the multivariate case, e.g., [23,24]. In particular, we introduce an iterative
hierarchical procedure that allows building decompositions when using as a basic component a
measure of synergy or unique information (Section 3.3). Motivated by this analysis, we introduce a new
type of lattices, namely information loss lattices in contrast to the information gain lattices described
in [21]. We show that these loss lattices are more naturally related to synergy measures, as opposed to
gain lattices more naturally related to redundancy measures (Section 4). The information loss lattices
provide an alternative and more direct procedure to construct the mutual information decompositions
from a synergy measure. This procedure is equivalent to the one used in the information gain lattices
with a redundancy measure [21], and does not require considering the connection between different
lattices, oppositely to the iterative hierarchical procedure. Given these alternative options to build
mutual information decompositions, we ask how consistent the decompositions obtained from each
procedure are. This lead us to identify the existence of dual information gain and loss lattices which,
independently of the procedure used, allow constructing a unique mutual information decomposition,
compatible with the existence of unique notions of redundancy, synergy, and unique information
(Section 5). Other open questions related to the selection of the measures and the axioms are out of the
scope of this work.

2. A Brief Review of Lattice-Based Mutual Information Decompositions

We first review some basic facts regarding the existing decompositions of [21] as a first step for

the extensions we propose in this work. In relation to the bivariate decomposition of Equation (1),
it was also shown in [21] that

1(S;1) = 1(S;1.2) + 1(S;1\2), 2)

and a similar relation holds for 1(S;2). Accordingly, given the standard information-theoretic
equalities [31]

1(S;12) = 1(S;1) + 1(S; 2]1) (3a)
= 1(S;2) + I1(S;1]2), (3b)

also the conditional mutual information is decomposed as
1(S;2]1) = I1(S;2\1) + 1(5;12\1,2), (4)

and analogously for I1(S; 1]2). That is, each variable can contain some information that is redundant to
the other and some part that is unique. Conditioning one variable on the other removes the redundant
component of the information but adds the synergistic component, resulting in the conditional
information being the sum of the unique and synergistic terms.
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We now review the construction of the lattices and their relation to the decompositions. A lattice
is composed by a set of collections. This set is defined as

AR)={a PR\ }: ALA oA A} (5)

where P(R)\{ } is the set of all nonempty subsets of the set of nonempty sources that can be formed
from {R}, where a source A is a subset of the variables {R}. That is, each collection a is itself a set
of sources, and each source A is a set of variables. The domain of the collections included in the
lattice is established by the constraint that a collection cannot contain sources that are a superset of
another source in the collection. This restriction is justified in detail in [21], based on the idea that
the redundancy between a source and any superset of it is equal to the information of that source.
Given the set of collections A(R), the lattice is constructed defining an ordering relation between the
collections. In particular:

o, AR),(ac B= B B, A oA B), (6)

that is, for two collections a and B, a B if for each source in 3 there is a source in a that is a subset of
that source. This ordering relation is reflexive, transitive, and antisymmetric. The lattices constructed
for the case of n = 2 and n = 3 using this ordering relation are shown in Figure 1A,B. The order
is partial because an order does not exist between all pairs of collections, for example between the
collections at the same level of the lattice. In this work, we use a different notation than in [21], which
allows us to shorten the expressions a bit. For example, instead of writing {1}{23} for the collection
composed by the source containing variable 1 and the source containing variables 2 and 3, we write
1.23, that is, we save the curly brackets that indicate for each source the set of variables and we use
instead a dot to separate the sources.

A B @123
2
o 12 @ 13 923
C
23

D
3
23

N
AN

12
1.2
123
1.23
123
. 123
Figure 1. Information gain decompositions of different orders and for different subsets of collections of
sources. (A,B) Lattices constructed from the complete domain of collections as defined by Equation (5)
for n = 2 and n = 3, respectively. Pale red edges in (B) identify the embedded lattice formed by

collections that do not contain univariate sources. (C) Alternative decomposition based only on
sources 1 and 23. (D) Alternative decomposition that does not contain bivariate sources.

Each collection in the lattice is associated with a measure of the redundancy between the sources
composing the collection. Reference [21] defined a measure of redundancy, called I, that is well
defined for any collection. In this work, we do not need to consider the specific definition of I,,i,. What
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is relevant for us is that, when ascending the lattice, 1,,j; monotonically increases, being a cumulative
measure of information and reaching the total amount of information at the top of the lattice. Based on
this accumulation of information, we will from now on refer to the type of lattices introduced by [21] as
information gain lattices. Furthermore, we will generically refer to the terms quantifying the information
accumulated in each collection as cumulative terms and denote the cumulative term of a collection a
by I(S,a). The reason for this change of terminology will become evident when we introduce the
information loss lattices, since redundancy is not specific to the information gain lattices and it appears
also in the loss lattices but not associated with cumulative terms, and thus we need to disentangle it
nominally from the cumulative terms, even if in the formulation of [21] they are inherently associated.

Independently of which measure is used to define the cumulative terms I(S, a), two axioms
originally required by [21] ensure that these terms and their relations are compatible with the lattice.
First, the symmetry axiom requires that I(S, a) is invariant to the order of the sources in the collection,
in the same way that the domain A(R) of collections does not distinguish the order of the sources.
Second, the monotonicity axiom requires that I1(S,a) < I(S,B) if a  B. Another axiom from [21]
ensures that the cumulative terms are linked to the actual mutual information measures of the variables.
In particular, the self-redundancy axiom requires that, when the collection is formed by a single source
a = A, then I(S;a = A) = I(S; A), that is, the cumulative term is equal to the directly calculable
mutual information of the variables in A. The other axioms that have been proposed are not related
to the construction of the information gain lattice itself. Conversely, they are motivated by desirable
properties of a measure of redundancy or desirable properties of the terms in the decomposition, such
as the nonnegativity axiom. The fulfillment of a proper set of additional axioms is important to endow
this type of mutual information decompositions with a meaning, regarding how to interpret each
component of the decomposition. However, these additional axioms do not determine, nor are they
determined, by the properties of the lattice. We will not examine these other axioms in detail in this
work, but we refer to Appendix C for a discussion of the requirements to obtain nonnegative terms in
the decomposition.

The mutual information decomposition was constructed in [21] by implicitly defining partial
information measures associated with each node, such that the cumulative terms are obtained from
the sum of partial information measures:

I(5.0) = 5 Ac(S:B). ™

B

In particular, | a refers to the set of collections lower than or equal to a, given the ordering
relation (see Appendix A for details). Again, here we will adopt a different terminology and we
will refer to Ac (S; B) as the incremental term of the collection B in lattice C, instead of as the partial
information measure. This is because, as we will see, it is convenient to consider incremental terms as
increments that can equally be of information gain or information loss. Given the link between the
cumulative terms and the mutual information of the variables imposed by the self-redundancy axiom,
the decomposition of the total mutual information results from applying Equation (7) to the collection
a = {R}. As proved in (Theorem 3, [21]), Equation (7) can be inverted to:

la”]
Ac(Sia) =S =Y (DT Y Y Ac(Sip) (82)
k=1 B o B y BlV
1Bl =k
la”]
=10 - YDt Y s B), (80)
k=1 B o
Bl =k
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where a~ is the cover set of a and B is the infimum of the set B. The cover set of a is composed by
the collections that are immediate descendants from a in the lattice. The infimum of a set of collections
is the upper collection that can be reached descending from all collections of the set. We will also refer
to the set formed by all the collections for which cumulative terms determine the incremental term
A¢ (S; a) as the increment sublattice #a. This sublattice is formed by o and by all the collections that
appear as infimums in the summands of Equation (8b). See Appendix A for details on the definition of
these concepts and other properties of the lattices.

3. Extended Information Gain Decompositions from Redundancy, Uniqueness or Synergy Measures

In this section, we still focus on the information gain decompositions introduced by [21]. We first
extend their approach to comprise a more general set of lattices, built based on subsets of the domain
of collections determined in Equation (5). We study the relation between the terms from different
lattices, showing how the incremental terms of the full lattice are mapped to the incremental terms of
smaller lattices. We also indicate that the existence of deterministic relations between the variables
imposes constraints to the range of valid lattices. We then show that considering the connection
between different lattices is not only useful to better interpret the decompositions based on a subset of
collections, but also in practice provides a way to build multivariate decompositions. In particular, we
introduce an iterative hierarchical procedure to build multivariate decompositions from synergy or
unique information measures, something that was not possible from the full lattices alone.

3.1. Relations between Information Gain Decompositions with Different Subsets of Sources Collections

Reference [21] studied how to decompose the mutual information in decompositions composed
by all the collections of sources in A(R). Figure 1A,B show the corresponding lattices for n = 2 and
n = 3, respectively. However, the number of collections in these decompositions rapidly increases
when the number of variables increases (e.g., 7579 collections for n = 5 [21]), which may render the
decompositions difficult to handle in practice. Here, we generalize their approach in a straightforward
way, considering decompositions composed by any subset C ~ A(R) whose elements still form a
lattice (see Appendix C for a discussion of more general decompositions based on subsets that do not
form a lattice). Given that the ordering relation of Equation (6) is a pairwise relation that does not
depend on the set of collections considered, any lattice is built following the same rule as in the full
lattice: each collection is connected by an edge to the collections in its cover set (see Appendix A),
which depends on the subset of collections used to construct the lattice. For example, Figure 1C shows
the decomposition formed by the collections that combine the sources 1 and 23. In Figure 1B, the red
edges indicate the decomposition based on collections combining the sources 12, 13, 23, without
further decomposing the contribution of single variables separately. Oppositely, Figure 1D shows the
decomposition based on the sources 1, 2, and 3, which does not include bivariate sources resulting
from merging these univariate sources. A certain decomposition can be embedded within a bigger one,
as indicated in Figure 1B, but generally considering more collections alters the structure of the lattice,
by modifying the cover relations between the nodes. For example, the decomposition of Figure 1D is
not embedded in Figure 1B. Similarly, the cover relations in the bivariate decomposition of A({1,2})
in Figure 1A change in the trivariate decomposition of A({1, 2, 3}) in Figure 1B since nodes 12.13 and
12.23 appear between 12 and 1 and 2, respectively. The same occurs between 1.2 and 1 and 2, with
nodes 1.23 and 2.13, respectively. Furthermore, the down set of 12, in comparison to the bivariate
lattice, comprises others nodes because of the presence of 12.13.23.

When studying multivariate systems, the nature and relation between the variables may provide
some a priori information in favor of a certain decomposition. For example, in the case of Figure 1C,
variables 2 and 3 can correspond to two signals recorded from the same subsystem, while 1 is a signal
from a different subsystem. This may render a bivariate decomposition more adequate, even if having
three variables. For example, this is a common scenario when recording brain signals from different
brain areas and the analysis of interactions can be carried out at different spatial scales [8]. Similarly,
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in the case of Figure 1D, one may prefer to simplify the analysis without explicitly considering all
synergistic contributions of bivariate sources. Another possibility is that, even if it is known that a
system is composed by a certain number of variables, only a subset is available for the analysis, and it
is thus important to understand how the influence of the missing variables is reflected in each term of
the decomposition. For example, if in a trivariate system only 1 and 2 are observed, we would like to
understand how the terms in the full decomposition for n = 3 are reflected in the full decomposition for
n = 2 restricted to 1 and 2. Again, this is a common scenario when studying neural population coding
of sensory stimuli, since usually only simultaneous recordings from a subset of the neural population,
or from one of the brain regions involved, is available. In any case, in order to better choose the most
useful decomposition given a certain set of concrete variables, and to understand how the different
decompositions are related, we need to consider how the terms from one decomposition are mapped to
another. Furthermore, as we will see in Section 3.3, the relationship between lattices has also practical
applications to build multivariate decompositions from synergy or unique information measures.

The connection between the terms in two different decompositions is qualitatively different for
the cumulative terms, 1(S, o), and the incremental terms Ac¢ (S; a). A cumulative term 1(S, o) quantifies
the information about S that is redundant within a certain collection of sources a. This information
is well defined without considering which is the set C of collections that has been selected, that is, it
depends only on S and a. Accordingly, the cumulative terms of information gain I(S, a) are invariant
across decompositions. Oppositely, as we here explicitly indicate in our notation, the incremental terms
Ac(S;a) are, in general, decomposition-dependent. Although Equation (8) was derived in [21] only to
express the incremental terms as a function of cumulative terms in the full lattices, it is straightforward
to check that, by construction, the relation of Equation (7) also can be inverted to Equation (8) in lattices
formed by subsets of A(R) (See Appendix C). From Equation (8), it can be seen that the cumulative
terms used to calculate A¢ (S; o) depend on the specific structure of the lattice, in particular on which
is the increment sublattice ®a. This is summarized indicating that:

1(S;a) = 1c(S;a) = I¢ (S;0), C,C, ©)

while for the incremental terms, only a sufficient condition for equality across decompositions can
be formulated:
eca=eca Ac(S;a) =A¢ (S;0), (10)

which is a direct consequence of Equation (9) given the dependence of the incremental terms on the
cumulative terms (Equation (8)).

The invariance of cumulative terms implies that each cumulative term that is present in two
decompositions provides an equation that relates the incremental terms in those decompositions, since
in each lattice cumulative terms result from the accumulation of increments according to Equation (7).
In particular, for two decompositions C and C with a common collection a

IS0)= 3 ASB= 3 A (SP). (11)

B lca B lca

In general, these type of relations impose some constraints that involve several incremental terms
from each decomposition. For example, when connecting the incremental terms of the decompositions
of Figure 1A,C, we get only the constraint Ax(S; 1) + Aa(S;1.2) = Ac(S; 1) + Ac(S;1.23), given the
only common node 1(S;1). An important type of comparison is between full lattices of different order.
In this case, the constraints allow breaking down each of the incremental terms of the lower order
lattice as a sum of incremental terms from the higher order lattice. Figure 2 shows the case forn = 2,3
when the set A({1, 2}) of the full decomposition for n = 2 is a subset of A({1, 2,3}), corresponding
to the full decomposition for n = 3. This determination of each incremental term of one lattice as a
function of the incremental terms of another lattice holds, in general, when the set of collections of
the smaller lattice is a subset of the collections used in the bigger lattice. This happens not only when
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comparing a full lattice with a full lattice of lower order (Figure 2), but also for n = 3 in Figure 1B,
when comparing a full lattice with any lattice composed by a subset of the collections (Figure 1A,C,D).

d
12.13.23

Figure 2. Mapping between the incremental terms of the bivariate lattice for 1, 2 and the full trivariate
lattice for 1, 2, 3. (A) The bivariate lattice with each node marked with a different color (and also,
redundantly, with a different lower case letter, for no-color printing). (B) The trivariate lattice with the
nodes coloured consistently with the mapping to the bivariate lattice. In more detail, the incremental
term of each node of the bivariate lattice is obtained as the sum of the incremental terms of the nodes
of the trivariate lattice with the same color.

Figure 3A,B further shows how the incremental terms of the sublattice of Figure 1D can be
broken down as a sum of the incremental terms of the full lattice. However, in general, the fact that
each incremental term of the smaller lattice can be expressed as a combination of the incremental
terms of the bigger lattice, does not mean that each incremental term of the latter is related to a
single incremental term of the former. This is illustrated in Figure 3C,D. The set of collections
of the lattice in Figure 3C is a subset of the set of the lattice in Figure 3D. However, now each
incremental term of Figure 3D contributes to more than one incremental term of Figure 3C. For example,
Ac(S;1) = Ap(S;2) + Ap(S;1.2) + Ap(S;2.3), but also Ac(S;1) = Ap(S;1) + Ap(S;1.2) + Ap(S; 1.3),
with Ap(S; 1.2) contributing to both. Furthermore, since the incremental terms of the full lattice can
only contribute once to the decomposition of 1(S; 123), the fact that an incremental term of Figure 3D
contributes twice positively, is balanced by a negative contribution to another incremental term of
Figure 3C. Combining the correspondences of Figure 3C,D and Figure 3A,B, we can see that the
incremental terms of the full lattice of Figure 3B contribute in an overlapping way to the incremental
terms of Figure 3C, that is, there is no function assigning a single term in Figure 3C to the terms of the
full lattice. To understand which lattices produce overlapping projections, let us examine in more detail
the constraint of Equation (11) for 1(S; 1) and I(S; 2) in the lattices of Figure 3C,D. Each cumulative
term is obtained as the sum of all incremental terms from nodes reached descending from the node
of the cumulative term (Equation (7)). In Figure 3D, 1.2 is the infimum of 1 and 2, that is, the first
node common to the descending paths from 1 and 2. This means that the incremental terms from
this infimum and nodes reached descending from it contribute to both I1(S; 1) and 1(S;2). If these
nodes are not present in Figure 3C, then some upper incremental term will have to account for them.
In this case, the node 1.2.3 is present in Figure 3C, but 1.2 is not and thus has to be accounted for
both in the incremental terms of 1 and 2. This type of loss of the infimum node does not occur when
the full lattice is reduced to the one of Figure 3A. For example, the infimum of 1 and 2 is 1.2 and
this node is preserved, even if the intermediate nodes 1.23 and 2.13 are not. Therefore, in general,
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preserving the structure of the infimums when taking a subset of A(R) to construct a lattice is what
determines if a non-overlapping projection exists or not. If for two collections in the subset their
infimum collection is not included, then Equation (7) can only be fulfilled for both cumulative terms
by a multiple contribution of the incremental term of the infimum in the full lattice to the incremental
terms of the smaller lattice.

Figure 3. Mapping of the incremental terms of the full lattice to lattices formed by subsets of collections
(A) The lattice of Figure 1D with each node marked with a different color (and also a different lower
case letter, for no-color printing). (B) The trivariate lattice with the nodes coloured consistently with
the mapping to the lattice of (A). In more detail, the incremental term of each node of the smaller lattice
is obtained as the sum of the incremental terms of the nodes of the trivariate lattice with the same color.
(C) Another lattice obtained from a subset of the collections, with each node marked with a different
color (and lower case letter). (D) The lattice of (A) now with its nodes coloured consistently with the
mapping to the lattice of (C). In contrast to the mapping between (B) and (A), here each incremental
term of (D) can contribute to more than one incremental term of (C), with a positive (circle) or negative
(triangles) contribution.

3.2. Checking the Validity of Lattices in the Presence of Deterministic Relations between the Variables

As a last remark regarding the selection of different lattices we indicate that, when deterministic
relationships exist between the variables, the definition of the domain of collections (Equation (5))
and the ordering relation (Equation 6) can impose some limitations on the decompositions that are
possible. In particular, Equation (5) excludes any collection in which a source is a superset of any
other. Consider, for example, the case of three variables 1, 2, 3 such that 12 completely determine 3.
Accordingly, in the decomposition of Figure 1B, several collections are altered, since the source 12
could be replaced by 123. This leads to the presence of invalid collections in the set, such as 123.13
instead of 12.13, since 13 is a subset of 123. Similarly, given the deterministic relation, one could reduce
123 to 12, duplicating this last collection and affecting the ordering relation of the top element with
13 and 23. In general, this means that a certain lattice cannot be taken as valid a priori. Conversely,
it should be verified, for each specific set of variables, if the collections that compose it are valid once
the properties of the variables are taken into account.

The exclusion of certain lattices in the presence of deterministic relations can be seen as a limitation
of the decomposition framework, but on the other hand this verification turns out to be important
to avoid problematic cases. In particular, it allows avoiding the counterexample provided in [26] to
show that it is not always possible when n > 2, independently of how the terms of the decomposition
are defined, to obtain a nonnegative decomposition. This counterexample is based on three variables

51



Entropy 2017, 19, 71

such that any pair deterministically determines the third. Without using any specific definition of the
measures associated with the nodes, the authors proved that at least a certain incremental term of
the lattice of Figure 1B is negative in this case. However, given the deterministic relations between
the variables, all the collections comprising a bivariate source need to be excluded from the set, since
these bivariate sources are equivalent to the source 123 and thus any other source in the collection
is a subset of this one. Similarly, 123 can be reduced to any collection containing a single source
composed by a pair of the variables, which duplicates these collections and affects the ordering
relations. In Appendix B, we reconsider in more detail the counterexample of [26]. We show that taking
into account the deterministic relations leads to the construction of a smaller lattice that complies
the constraints of Equations (5) and (6) and for which nonnegativity is preserved. Therefore, we can
reinterpret the violation of the nonnegativity axiom as a more specific non-compliance of the constraints
for a certain set of variables. However, note that the possibility to deal with cases such as the one raised
in [26] by adapting the lattice does not preclude from the potential existence of negative incremental
terms. As we reviewed above, the definition of the proper measure for the decompositions is an open
question, and finding a measure that ensures generally the nonnegativity of the incremental terms,
or identifying the properties of the variables or the decompositions that ensures this nonnegativity,
is out of the scope of this work. Only in Appendix C we review the requirements to obtain nonnegative
incremental terms. For this purpose, we reexamine from a more general perspective several of the
Theorems of [21], identifying the key ingredients of the proofs that are sustained by lattice properties,
by general properties captured in the axioms that have been proposed [22], or by properties specific of
their measure Ipin.

3.3. An lIterative Hierarchical Procedure to Determine Information Gain Cumulative Terms from Synergy or
Unique Information Measures by Combining Information Gain Decompositions of Different Orders

Above, we have examined possible alternative decompositions of the mutual information and the
relations among them from a generic perspective, based only on the structure of the decompositions
and the general properties of the cumulative and incremental terms. Apart from the general advantage
of understanding these relations in order to select and interpret the decompositions, we now show
that these relations also have a more immediate practical implication and provide a way to determine
the components of multivariate decompositions when the cumulative terms are not predefined but
only a measure that can be associated with certain incremental terms is used as the basis to construct
the decomposition. If a measure of accumulated mutual information gain 1(S, a) is defined, it is
straightforward to calculate all the terms in the decomposition. The cumulative terms are already
defined based on this measure and the incremental terms can be calculated using Equation (8). This was
the case in the seminal work of [21], where the cumulative terms were defined as the redundancy
measures lnyin. However, the calculation of all terms is not straightforward if the measure defined
as the basis to construct the decomposition does not define the cumulative terms. In fact, in the
different proposals that exist so far, the basic component chosen to calculate the other terms has
alternatively been a redundancy measure [21,22,25,32], a synergy measure [23], or a unique information
measure [24]. When the measure of redundancy is sufficiently general to be taken as a general definition
of all cumulative terms, the multivariate decompositions can be built in a direct way. Conversely,
when a measure of synergy or unique information is taken as the basis, only bivariate decompositions
can be directly built and only bivariate decompositions have been studied [23,24]. To our knowledge,
there is currently no general procedure to construct the decomposition associated with an information
gain lattice in the multivariate case from the definition of a measure of synergy or unique information.
We here describe an iterative hierarchical procedure to do so, which relies on the relations between
lattices of different order.

We start by considering first the bivariate case, to understand why;, in this case, the lattice can be
constructed from synergy or unique information measures in a simple way and why this procedure
does not apply directly for the multivariate case. In the bivariate case, Equations (1) and (2) provide
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m = 3 equations to relate the K = 4 terms of the bivariate decomposition with I(S; 1), I(S;2), and
1(S; 12), so that defining one of the four terms is enough to identify the other three. However, this
direct procedure cannot similarly be applied for n > 2. This can be understood, already for n = 3,
considering the number of cumulative terms which are directly calculable as a mutual information
thanks to the self-redundancy axiom. These terms are the ones related to the collections formed
by a single source, 1, 2, 3, 12, 13, 23, and 123. This means that only m = 7 equations analogous to
Equations (1) and (2) are available to calculate the K = 18 cumulative terms. If the measure taken as
basis of the decomposition is defined generally for each node (as I, in [21]) this is not a problem, and
these seven equations are directly fulfilled as special cases of Equation (7). However, if the measure
taken as the basis is a measure of synergy or uniqueness, then it does not define directly the cumulative
terms, but only certain incremental terms. This difference is clear already for n = 2. The redundancy
1(S; 1.2) is a cumulative term in the decomposition, in particular it corresponds to the bottom element
of the lattice. Conversely, the unique information terms 1(S; 1\2) and 1(S; 2\1), as well as the synergy
1(S; 12\1, 2) correspond to incremental terms. That is, the particularity of redundancy measures such
as Inin is that they provide a definition for all the cumulative terms of the mutual information gain
decomposition, while the measures of unique information or synergy, for n > 2, do not provide a
definition applicable to all the incremental terms of the lattice.

We will now describe a new iterative hierarchical procedure to build information gain multivariate
decompositions from measures of synergy or unique information. For simplicity, we will focus on
the case of n = 3, but the logic of the procedure can be extrapolated to the general multivariate
case. As we will show in Section 4 by introducing the alternative information loss lattices, this is not
the only way to build these multivariate decompositions. In fact, this procedure can lead to some
inconsistencies if it is applied to any lattice without a careful examination of the correspondence
between incremental terms and synergy or unique information measures. However, if the lattices
and measures are properly chosen, as we will discuss after introducing the dual decompositions of
information gain and information loss in Section 5, the different procedures to build multivariate
decompositions are consistent and the same cumulative terms and incremental terms are obtained
independently of how they are calculated.

The key ingredient for this procedure is the invariance of the cumulative terms across
decompositions, as indicated in Equation (9). Based on this invariance, we can resort to the bivariate
decompositions in order to calculate many of the cumulative terms of the trivariate decomposition of
Figure 1B. Indeed, from the 18 minus 7 terms that do not correspond directly to the mutual information
of a single source, all except the ones of the collections 12.13.23 and 1.2.3 appear also in a bivariate
decomposition. For example, 1.2 is part of the decomposition in Figure 1A, and 1.23 is part of the
one in Figure 1C. Analogous bivariate decompositions exist for 1.3, 2.3, 2.13, 3.12, 12.13, 12.23, and
13.23. For each of these bivariate decompositions, if a definition of bivariate synergy is defined,
it can be used to determine the corresponding bivariate redundancy, which, being a cumulative
term, is invariant and can be used equally in the trivariate decomposition. Accordingly, it is the
connection between different decompositions what allows us to calculate most of the terms. This same
procedure of using the bivariate decompositions could be used if instead of a definition of synergy,
we used a definition of unique information. Finally, to calculate 1.2.3 and 12.13.23, we can use the
smaller trivariate decompositions of Figure 1D and the one composed by the red edges of Figure 1B,
respectively. In these two smaller trivariate decompositions, after using the bivariate ones to calculate
the corresponding cumulative terms, the situation becomes the same as for the bivariate case: all
cumulative terms are already calculated except one, which means that it suffices to define a single
measure, either a synergy or unique information, in order to be able to retrieve the complete set of
cumulative and incremental terms.

This procedure provides a way to construct multivariate decompositions, simply by recurrently
using decompositions of a lower order to calculate the cumulative terms. Since the cumulative terms
are invariant, at each order, most of them are not specific of that order and appear also in lattices
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of lower orders. However, this approach leads to some inconsistencies if it is applied to any lattice
without carefully considering how a synergy or unique information measure can be associated with an
incremental term. In particular, consider that a measure of synergy is provided, which should allow
identifying the top incremental term of any of the decompositions used in the iterative procedure.
For example, a measure of synergy should determine the incremental term A(S;123\12.13.23) of
Figure 1B and A(S; 123\1.2.3) of Figure 1D. However, the same measure of synergy cannot be taken
to determine the same top incremental term A(S; 123\1.2.3) of Figure 1D for other lattices, since the
incremental terms are decomposition-specific. For example, consider the alternative decompositions
presented in Figure 4A,B, and Figure 4C,D, respectively. In Figure 4A,B, if the same definition of
A(S; 123\1.2.3) is used based on the synergy measure, this results in a different form for 1(S;1.2.3) in
the two lattices, because the increment sublattices 123 = #5123. This contradicts the invariance of
the cumulative terms across lattices. Figure 4C,D presents another contradiction resulting from directly
using the same synergy definition: since collections 123, 1, and 23 are common to both decompositions,
the same expression would be obtained for the redundancy 1(S; 1.23) and 1(S; 1.2.3) depending on
the lattice used. For both examples, the problem is that a definition of synergy is expected to depend
only on S and on the sources among which synergy is quantified, but cannot be context-dependent, in
opposition to the incremental terms, which are always context-dependent in the sense that they are
decomposition-specific.

A 123 B C 123
123
23
3
23 D 123
123 2
123
123

Figure 4. Examples of information gain lattices that result in inconsistencies when trying to derive
redundancy terms from a synergy definition, as explained in Section 3.3.

In more detail, given the conceptual meaning of synergy, when a synergy measure is to be
associated with an incremental term, the precise synergy contribution to be quantified is only
determined by the collection a and the collections on its cover a~. For example, in Figure 4A,
A(S; 123\1.2.3) quantifies the overall synergistic increase in information that can arise from combining
any of the single variables. However, the incremental term is not only determined by a and a™,
conversely, it depends on the whole increment sublattice #a. We have seen in Figure 3C,D that
A(S;123\1.2.3) is a different incremental term for these lattices, with a different expression as a
function of the incremental terms of the full lattice. Accordingly, it is not straightforward to interpret
the top incremental term as the one quantifying the synergistic component of the mutual information,
since different possible decompositions result in different terms. This issue does not arise for the
bivariate decomposition because a single decomposition involving a synergistic component is possible.
In general, for a given definition of synergy or unique information, or more generally for any measure
which is conceptually defined in order to capture a certain portion of the total mutual information
(e.g., the union-information in [23]), the incremental terms to which the measure can be associated
is not directly determined by the local structure of the lattice related to the variables involved in
the definition of the measure, but by the whole incremental sublattice. The meaning of the measure
assigned to an incremental term has to be consistent with its expression as a function of the incremental
terms of the full lattice. Only with this careful examination of the correspondence between measures
and incremental terms, the iterative procedure can be used to build multivariate decompositions.
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4. Decompositions of Mutual Information Loss

Although the iterative hierarchical procedure allows determining the information gain
decompositions from a synergy measure, the construction has to proceed in a reversed way;,
determining the cumulative terms from the incremental terms using lower order lattices. This means
that the full lattice at a given order cannot be determined separately, but always by jointly constructing
a range of lower order lattices. We now examine if this asymmetry between redundancy measures,
corresponding to cumulative terms, and synergy measures, corresponding to incremental terms,
is intrinsic to the notions of redundancy and synergy, or if conversely this correspondence can be
inverted. Indeed, we introduce the type of information loss lattices in which synergy is associated
with cumulative terms and redundancy with incremental terms. Apart from the implications of the
possibility of this inversion in the understanding of the nature synergy and redundant contributions,
a practical application of information loss lattices is that, using them as the basis of the mutual
information decomposition, the decomposition can be directly determined from a synergy measure in
the same way that it can be directly determined from a redundancy measure when using gain lattices.
In Section 5, we will study in which cases information gain and loss lattices are dual, providing the
same decomposition of the mutual information.

As a first step to obtain a mutual information decomposition associated with an information loss
lattice, we define a new ordering relation between the collections. In the lattices associated with the
decompositions of mutual information gain, the ordering relation is defined such that upper nodes
correspond to collections which cumulative terms have more information about S than each of the
cumulative terms in their down set. Oppositely, in the lattice associated with a decomposition of
mutual information loss, an upper node corresponds to a higher loss of the total information contained
in the whole set of variables about S. The domain of the collections valid for the information loss
decomposition can be defined analogously to the case of information gain:

A (R) = {0 P(R)\{R} AL Aj a, Aj AJ} (12)

Note that this domain is equivalent to the one of the information gain decompositions
(Equation (5)), except that the collection corresponding to the source containing all variables {R} is
excluded instead of the empty collection. This is because, in the same way that no information gain can
be accumulated with no variables, no loss can be accumulated with all variables. Furthermore, A (R)
excludes collections that contain sources that are supersets of other sources of the same collection,
equally to A(R). An ordering relation is introduced analogously to Equation (6):

o AR),(a B= B B, A aoB A). (13)

This ordering relation differs from the one of lattices associated with information gain
decompositions in that now upper collections should contain subset sources and not the opposite.
Figure 5 shows several information loss decompositions analogous to the gain decompositions of
Figure 1. For the lattices of Figure 5A,C,D, the only difference with respect to Figure 1 is the top
node, where the collection containing all variables is replaced by the empty set. Indeed, the empty
set results in the highest information loss. For the full trivariate decomposition of Figure 5B, there
are many more changes in the structure of the lattice with respect to Figure 1B. In particular, now the
smaller embedded lattice indicated with the red edges corresponds to the one of Figure 5D, while
the lattice of Figure 1D is not embedded in Figure 1B. An intuitive way to interpret the mutual
information loss decomposition is in terms of the marginal probability distributions from which
information can be obtained for each collection of sources. Each source in a collection indicates a
certain probability distribution that is available. For example, the collection 12.13, composed by the
sources 12 and 13, is associated with the preservation of the information contained in the marginal
distributions p(S, 1,2) and p(S, 1, 3). Note that all distributions are joint distributions of the sources
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and S. In this view, the extra information contained in p(S;R) that cannot be obtained from the
marginals preserved, corresponds to the accumulated information loss. Accordingly, the information
loss decompositions can be connected to hierarchical decompositions of the mutual information [33,34].
Furthermore, information loss associated with the preservation of only certain marginal distributions
can be formulated in terms of maximum entropy [24], which renders loss lattices suitable to extend
previous work studying neural population coding with the maximum entropy framework [15].
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Figure 5. Information loss decompositions of different orders and for different subsets of collections
of sources. (A-D) The lattices are analogous to the information gain lattices of Figure 1. Note that
the lattice embedded in (B), indicated with the pale red edges, corresponds to the one shown in (D),
differently than in Figure 1.
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We will use the notation L(S;a) to refer to the cumulative terms of the information loss
decomposition, in comparison to the cumulative terms of information gain 1(S; a). For the incremental
terms, since they also correspond to a difference of information (in this case lost information) we will
use the same notation. This will be further justified below when examining the dual relationship
between certain information gain and loss lattices. However, when we want to explicitly indicate
the type of lattice to which an incremental term belongs, we will explicitly distinguish Al and AL.
Importantly, the role of synergy measures and redundancy measures is exchanged in the information
loss lattice with respect to the information gain lattice. In particular, in the information loss lattices,
the bottom element of the lattice corresponds to the synergistic term that in the information gain lattices
is located at the top element. This represents a qualitative difference because now it is the synergy
measure which is associated with cumulative terms, and redundancy is quantified by an incremental
term. For example, in Figure 5B, L(S; 12.13.23) quantifies the information loss of considering only the
sources 12.13.23 instead of the joint source 123, which is a synergistic component. On the other hand,
the incremental term A(S; \1, 2, 3) quantifies the information loss of either removing the source 1,
or removing 2, or removing 3. Since the information loss quantified is associated with removing any
of these sources, it means that the loss corresponds to information which was redundant to these
three sources. This reasoning applies also to identify the unique nature of other incremental terms
of the information loss lattice. For example, A(S; 12.13\23) can readily be interpreted as the unique
information contained in 23 that is lost when having only sources 12.13.

Analogously to the information gain lattices, we require that the measures used for the cumulative
terms fulfill the symmetry and monotonicity axioms, so that the cumulative terms inherit the structure
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of the lattice. We also require the fulfilment of the self-redundancy axiom, so that the cumulative terms
are linked to mutual information measures of the variables when the collections have a single source.
In particular, for a = A, the loss due to only using A corresponds to I(S;{R}) — I(S; A), which is
the conditional mutual information 1(S; {R}|A). That is, in the same way that the cumulative terms
1(S; a = A) should be directly calculable as the mutual information of the variables, the cumulative
terms L(S;a = A) should be directly calculable as conditional mutual information. Apart from these
axioms directly related to the construction of the information loss lattice, we do not assume any
further constraint to the measures used as cumulative terms L(S; a), and the selection of the concrete
measures will determine the interpretability of the decomposition. Since, like in the information gain
lattice, the top cumulative term is equal to the total information (L(S; ) = I(S; {R})), the lattice is a
decomposition of the mutual information for a certain set of variables {R}. In more detail, the relations
between cumulative and incremental terms are defined totally equivalent to the ones of the information
gain lattices

LS.a) = 3 AcL(SB), (14)
B la
and
o~
AcLS) =L - Y DT Y Y AcL(SIB) (152)
k=1 B o B y BiV
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The definition of information loss lattices simplifies the construction of mutual information
decompositions from a synergy measure. If a synergy measure can generically be used to define
the cumulative terms of the loss lattice analogously to how a redundancy measure, for example,
Imin defines the cumulative terms of the gain lattice, then these equations relating cumulative and
incremental terms can be applied to identify all the remaining terms. Accordingly, the introduction
of information loss lattices solves the problem of the ambiguity of the synergy terms derived
from information gain lattices, which was caused by the identification of synergistic contributions
with incremental terms, which are decomposition-specific by construction. In the information loss
decomposition, the synergy contributions are identified with cumulative terms, and thus are not
decomposition-specific. That is, if a conceptually proper measure of synergy is proposed, it can be
used to construct the decomposition straightforwardly, without the need to examine to which terms
the measure can be assigned, as it happens with the correspondence with incremental terms in the
gain lattices. Note however, that there is still a difference between the degree of invariance of the
cumulative terms in the information gain decompositions and in the information loss decompositions.
The loss is per se relative to a maximum amount of information that can be achieved. This means that
the cumulative terms of the information loss decomposition are only invariant across decompositions
that have in common the set of variables from which the collections are constructed. Taking this into
account, the relations between different lattices with different subsets of collections are analogous to
the ones examined in Section 3.1 for the gain lattices. Similarly, an analogous iterative hierarchical
procedure can be used with the loss lattices to build multivariate decompositions by associating
redundancy or unique information measures to the incremental terms of the loss lattice.
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5. Dual Decompositions of Information Gain and Information Loss

The existence of alternative decompositions, associated with information gain and information
loss lattices, respectively, raises the question of to which degree these decompositions are consistent.
A different quantification of synergy and redundancy for each lattice type would not be compatible
with the decomposition being meaningful with regards to unique notions of synergy and redundancy.
Comparing the information gain lattices and the information loss lattices, we see that the former seem
adequate to quantify unambiguously redundancy and the latter to quantify unambiguously synergy,
in the sense that there is a reverse in which measures correspond to the decomposition-invariant
cumulative terms. However, we would like to understand in more detail, how the two types of lattices
are connected, i.e., which relations exist between the cumulative or incremental terms of each other,
and how to quantify synergy and redundancy together. We now study how information gain and
information loss components can be mapped between the information gain and information loss
lattices, and we define lattice duality as a set of conditions that impose a symmetry in the structure of
the lattices such that for dual lattices the set of incremental terms is the same, leading to a unique total
mutual information decomposition.

Considering how the total mutual information decomposition is obtained by applying
Equations (7) and (14) to 1(S; {R}) and to L(S; ), respectively in the gain and loss lattices, it is clear
that both types of lattices can be used to track the accumulation of information gain or the accumulation
of information loss. Each node a partitions the total information in two parts: the accumulated gain
(loss) and the rest of the information, which is hence a loss (gain), respectively, for each type of lattice.
In particular:

I(Sia) = 5 AI(S:B) (16a)

[(S;{R}) — I(S;0) = B ; CAI(S;B) (16b)

L(Sia) = ﬂZ(m)AL(S; B (16¢)

I1(S;{R}) —L(S;a) = B ; AL(S; B), (16d)
B (ta)C

where (1 a)® = C\ | « is the complementary set to the down set of a given the particular set of
collections C used to build a lattice. These equations indicate that in the information gain lattice
all nodes (collections) out of the down set of a correspond to the information not gained by q,
or equivalently, to the information loss by using a instead of the whole set of variables. Analogously,
in the information loss lattice, all nodes out of the down set of a contain the information not lost
by a, i.e., the information gained by using a . Accordingly, in both types of lattices, we can say
that each collection a partitions the lattice into an accumulation of gained and lost information.
This means that the terms I(S; {R}) — I(S; a), when descending the gain lattice instead of ascending it,
follow a monotonic accumulation of loss, in the same way that the terms L(S; a ) follow a monotonic
accumulation of loss when ascending the loss lattice. Vice-versa, the terms I(S; {R}) — L(S; a ), when
descending the loss lattice instead of ascending it, follow a monotonic accumulation of gain, in the same
way that the terms 1(S; o) follow a monotonic accumulation of gain when ascending the gain lattice.
However, these equations do not establish any mapping between the gain and loss lattices. In particular,
they do not determine any correspondence between I(S;{R}) — I(S; a) and any cumulative term of
the loss lattice and 1(S;{R}) — L(S;a ) and any term of the gain lattice. They only describe how
information gain and loss are accumulated within each type of lattice separately. For the mutual
information decomposition to be unique, any accumulation of information loss or gain, ascending or
descending a lattice, has to rely on the same incremental terms.
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To understand when this is possible, we study how cumulative terms of information loss or gain
are mapped from one type of lattice to the other. While in some cases it seems possible to establish a
connection between the components of a pair composed by an information gain and an information
loss lattice, in other cases the lack of a match is immediately evident. Consider the examples of Figure 6.
In Figure 6A,C we reconsider the information gain lattices of Figure 4C,D, which we examined in
Section 3.3 to illustrate that we arrive to an inconsistency when trying to extract the bottom cumulative
term from the directly calculable mutual informations of 1 and 23 and the same definition of synergy.
Figure 4B,D show information loss lattices candidates to be the dual lattice of these gain lattices,
respectively, based on the correspondence of the bottom and top collections. While the two information
gain lattices only differ from each other in the bottom collection, the information loss lattices are
substantially more different, with a different number of nodes. This occurs because, as we discussed
above, the concept of a redundancy 1.2.3 is associated with a loss that is common to removing any
of the three variables, considered as the only source of information, and thus, in any candidate dual
lattice, a separation of 2 and 3 from the source 23 is required to quantify this redundancy.

A B @

23 23

123
1.23
C 123 D
3
23
23
1.23
Figure 6. The correspondence between information gain and information loss lattices. (A,C) Examples
of information gain lattices. (B,D) Information loss lattices candidates to be their dual lattices,

respectively. The shaded areas comprise the collections corresponding to incremental terms that
contribute to 1(S; 1) in each lattice.

The fact that the information gain lattice of Figure 6C and the information loss lattice of Figure 6D
have a different number of nodes already indicates that a complete match between their components
is not possible. For example, consider the decomposition of 1(S;1) in the information gain lattice,
as indicated by the nodes comprised in the shaded area in Figure 6C. I1(S; 1) is decomposed into two
incremental terms. To understand which nodes are associated with 1(S; 1) in the information loss
lattice we argue, based on Equation (16)d, that since the node 1 is related to the accumulated loss
L(S;1) = 1(S;123) — I(S; 1), and L(S; ) = I(S; 123), this means that the sum of all the incremental
terms which are not in the down set of 1 must correspond to I(S;1). These nodes are indicated
by the shaded area in Figure 6D. Clearly, there is no match between the incremental terms of the
information gain lattice and of the information loss lattice, since in the former I(S; 1) is decomposed
into two incremental terms and in the latter is decomposed into four incremental terms. Conversely,
for the lattices of Figure 6A,B, the number of incremental terms is the same, which does not preclude
from a match.

As another example to gain some intuition about the degree to which gain and loss lattices
can be connected, we now reexamine the other two lattices of Figure 4. The blue shaded area
of Figure 7A indicates the down set of 1, containing all the incremental terms accumulated in
1(S;1). The complementary set (4 1), indicated by the pink shaded area in Figure 7A, by construction
accumulates the remaining information (Equation (16b)), which in this case is 1(S; 23|1). These two
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complementary sets of the information gain lattice are mapped to two dual sets in the information loss
lattice, as shown in Figure 7B. In Figure 7C, we analogously indicate the sets formed by partitioning
the gain lattice given the collection 1, and in Figure 7D the corresponding sets in the information loss
lattice. In comparison to the example of Figure 6C,D, for which we have already indicated that there
is no correspondence between the gain and loss lattices; here, in neither of the two examples, is this
correspondence precluded by the difference in the total number of nodes of the gain and loss lattices.
However, in Figure 7C,D, the number of nodes is not preserved in the mapping of the partition sets
corresponding to collection 1 from the gain to the loss lattice, which means that the incremental terms
cannot be mapped one-to-one from one lattice to the other.

C
123
3
123
D
@
3
123

Figure 7. Correspondence between information gain and information loss lattices. (A,C) Examples of
information gain lattices. (B,D) Information loss lattices candidates to be their dual lattice, respectively.
The blue shaded areas comprise the collections corresponding to incremental terms that contribute to
1(S; 1) in each lattice. The pink shaded areas surrounded with a dotted line comprise the collections
corresponding to incremental terms that contribute to the complementary information 1(S; 23|1) in
each lattice. In (A,B), the dashed red lines encircle the incremental terms contributing to I1(S; 1.2).

So far, we have examined the correspondence of how collection 1 partitions the total mutual
information in different lattices (Figures 6 and 7). This collection is representative of collections o
containing a single source, and hence associated with a directly calculable mutual information, e.g.,
1(S;1). Their corresponding loss in the partition is associated as well with a directly calculable
conditional mutual information, e.g., 1(S; 23|1). Accordingly, we can extend Equation (16b,d) to:

LSA) =IE{RD - ISA) = 5 AIS:B) (17a)
B (1A)C

I(SA)=ISH{RD —L(SA)= 5 AL(SB). (17b)
B (1A)C

While in Equation (16b), 1(S; {R}) — I(S; a) is a quantification of information loss only within the
information gain lattice, the equality in Equation (17a) maps this information loss to the correspondent
cumulative term in the information loss lattice. Analogously, Equation (17b) allows mapping a
quantification of gain only within the information loss lattice to the cumulative term in the information
gain lattice. That is, while Equation (16a,b) only regard the representation of information gain and
loss in the gain lattice, and Equation (16c,d) the representation of information gain and loss in the
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loss lattice, Equation (17) indicates the mapping of the gain and loss representations across lattices,
for the single source collections. This mapping was possible for all the pairs of lattices examined,
including the ones of Figures 6C,D and 7C,D, which we have shown cannot be dual. This is because
Equation (17) only relies on the self-redundancy axiom and the definition of how cumulative and
incremental terms are related (Equations (7) and (14)), and hence this mapping can be done between
any arbitrary pair of lattices. However, this direct mapping between the two types of lattices does
not hold for collections composed by more than one source. For example, consider the mapping
of the cumulative term 1(S;1.2), composed by the incremental terms indicated by the dashed red
ellipse in Figure 7A. Now in the information loss lattice we cannot take the collection 1.2 to find the
corresponding partition, because the role of the collection 1.2 in the gain and in the loss lattice is
different. The collection 1.2 indicates the redundant information gain with sources 1, 2, and the loss of
ignoring other sources apart from 1, 2, respectively.

For dual lattices, since the set of incremental terms has to be the same—so that the mutual
information decomposition is unigue—this mapping cannot be limited to collections composed by
single sources. This means that any collection a of the gain lattice should determine a partition of the
incremental terms in the loss lattice that allows retrieving 1(S; o), and analogously in the gain lattice to
retrieve L(S; a). For example, for the cumulative term 1(S; 1.2), to identify the appropriate partition
in the information loss lattice, we argue that the redundant information between 1 and 2 cannot be
contained in the accumulated loss of preserving only 1 or only 2. Accordingly, I1(S; 1.2) corresponds
to the sum of the incremental terms outside the union of the down sets of 1 and 2 in the loss lattice.
Following this reasoning, in general:

I(Sa)y= %  AL(SB), (18a)
B (B “LB)C

LSa)= 5  AISP). (18b)
B (B 1B)¢

where the same argument led to relate L(S; a ) to gain incremental terms. These equations reduce to
Equation (17) for collections with a single source. In Figure 7B, we indicate with the dashed red ellipse
the mapping determined by Equation (18a) for 1(S;1.2). We can now compare how the cumulative
terms I(S; a) are obtained as a sum of incremental terms in the gain and loss lattice, respectively. In the
gain lattice, incremental terms are accumulated in | o, descending from a (Equation (7)). In the loss
lattice, they are accumulated in a set defined by complementarity to the union of descending sets,
which means that these terms can be reached ascending the loss lattice (Equation (18a)). However,
this does not imply that all incremental terms decomposing I(S; a) can be obtained ascending from
a single node. This can be seen comparing the set of collections related to I(S; 1) (blue shaded area)
in the information loss lattices of Figure 7B,D. In Figure 7B, this set corresponds to 1 2.3, while in
Figure 7D there is no B such that the set corresponds to t 3, and the incremental terms can only be
reached ascending from 2 and 3 separately. However, in order for the decomposition to be unique,
the set of incremental terms has to be equal in both dual lattices, and thus Equations (7) and (18a)
should be equivalent. The same holds for the cumulative terms L(S; a) and Equation (14) and (18b).
Furthermore, plugging Equation (18a,b) in Equations (8b) and (15b), respectively, we obtain equations
relating the incremental terms of the two lattices:
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If the lattices paired are dual, the right hand side of Equation (19a) has to simplify to a single
incremental term AL(S; 8), and similarly the right hand side of Equation (19b) has to simplify to a
single incremental term AI(S; B). Taking these constraints into account, we define duality between
information gain and loss lattices imposing this one-to-one mapping of the incremental terms:

Lattice duality: An information gain lattice associated with a set C and an information loss lattice
associated with a set C , built according to the ordering relations of Equations (6) and (13), and fulfilling
the constraints of Equations (7), (8), (14) and (15), are dual if and only if

a C B C :AI(S;a) =AL(S;B), (20a)
a C B C:lSm)= 3 AlSY)= Y ALS;Y), (20b)
y la y 1B
a C B C:AL(S;a)=AI(S;B), (20c)
a C B CiLsa)= 5 ALSY)= 5 AlESY). (20d)
Yy la y 1B

Equation (20a,c) ensure that the set of incremental terms is the same for both lattices, so that the
mutual information decomposition is unique. Equation (20b,d) ensure that the mapping between
lattices of Equation (18) is consistent with the intrinsic relation of cumulative and incremental terms
within each lattice, introducing a symmetry between the descending and ascending paths of the
lattices. This definition does not provide a procedure to construct the dual information loss lattice
from an information gain lattice, or vice-versa. However, we have found and we here conjecture
that a necessary condition for two lattices to be dual is that they contain the same collections except
{R} at the top of the gain lattice being replaced by at the loss lattice. This is not a sufficient
condition, as can be seen from the counterexample of Figure 7C,D. Importantly, the lattices constructed
from the full domain of collections, A{R} for the gain and A {R} for the loss, are dual. This is
because the gain and loss full lattices both contain all possible incremental terms differentiating the
different contributions for a certain number of variables n. For lattices constructed from a subset of
the collections, the way their incremental terms can be expressed as a sum of different incremental
terms of the full lattice (Section 3.1) gives us an intuition of why not all the lattices have their dual
pair. In particular, the combination of incremental terms of the full lattice in the incremental terms of
a smaller lattice can be specific for each type of lattice, and this causes that, in general, the resulting
incremental terms of the smaller lattice can no longer fulfill the constraint connecting incremental
and cumulative terms in the other type of lattice. However, duality is not restricted to full lattices.
In Figure 8, we show an example of dual lattices, the pair already discussed in Figure 7A,B. We detail all
the cumulative and incremental terms in these lattices. While the cumulative terms are specific to each
lattice, the incremental terms, in agreement with Equation (20a,c), are common to both. In more detail,
the incremental terms are mapped from one lattice to the other by an up/down and right/left reversal
of the lattice. From these two reversals, the right/left is purely circumstantial, a consequence of our
choice to locate the collections common to both lattices in the same location (for example, to have the
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collections ordered 1, 2, 3 in both lattices instead of 3, 2, 1 for one of them). Oppositely, the up/down
reversal is inherent to the duality between the lattices and reflects the relation between the summation
in down sets or up sets in the summands of Equation (20b,d).

1(5;123)

4(5;123\1,2,3) B 9

1(5;123)
A(5;1.2.3)

A 123

1(s:3) 1(5;2311)
A(53\1,2) A(S;2.3\1

1(5;1213)
A(51.2\3)

1(5:1.2) 1(52.3) 1. 1(s;2.3)
A(5;1.2\3) A(S;2.3\1) A(S;3\1,2) A(5;1\2,3)

(5:1.2.3)
A(5;1.23) 123

L(s1.2.3)

123 0(5;123\1,2,3)

Figure 8. Dual trivariate decompositions for the sets of collections that do not contain bivariate sources.
(A) Information gain lattice. (B) Information loss lattice. In each node together with the collection,
the corresponding cumulative and incremental terms are indicated. Note that the incremental terms
are common to both lattices and can be mapped by reversing the lattice up/down and right/left. In the
information loss lattice, the cumulative terms of collections containing single sources, L(S;i), i =1,2,3,
are directly expressed as the corresponding conditional information.

To provide a concrete example of information gain and information loss dual decompositions,
we here adopted and extended to the multivariate case the bivariate synergy measure defined in [24].
Table 1 lists all the resulting expressions when the extension of this measure is used to determine all the
terms in both decompositions. This measure is extended in a straightforward way to the multivariate
case, and in particular for the trivariate case defines L(S;i.j) and L(S;i.j.k). The bivariate redundancy
measure also already used in [24] corresponds to 1(S;i.j). The rest of incremental terms can be obtained
from the information loss lattice using Equation (15). Note that we could have proceeded in a similar
way starting from a definition of the cumulative terms in the gain lattice, such as Iy,, and then
determining the terms of the loss lattice. Here, we use this concrete decomposition only as an example
and it is out of the scope of this work to characterize the properties of the resulting terms. Alternatively,
we focus on discussing the properties related with the duality of the decompositions.

Most importantly, the dual lattices provide a self-consistent quantification of synergy and
redundancy. Equation (20a,c), together with the fact that the bottom incremental terms of lattices are
also cumulative terms, ensure that, combining different dual lattices of different order n and composed
by different subsets, as studied in Section 3.1, all incremental terms correspond to a bottom cumulative
term of a certain lattice. For example, for the lattices of Figure 8, the bottom cumulative term in the
information gain lattice, the redundancy I(S;i.j.k), is equal to the top incremental term of the loss
lattice, A(S;i.j.k). Similarly, in the bottom cumulative term of the loss lattice, the synergy L(S;i.j.k), is
equal to the top incremental term of the gain lattice A(S; ijk\i, j, k).
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Table 1. Components of the mutual information dual decompositions of Figure 8 based on the synergy
measure defined in [24]. Note that we here build this decomposition for exemplary purpose and we do
not study the degree to which these measures fulfill other axioms proposed for a proper decomposition.

Term Measure
A(S;iLjk) = 1(S;i.j.k) Tﬂ[‘ 1(S;ijk) — n;}n 1S3 1)) — min I(S; k) — rrijn 1(S; klj)
A(S;1.1\K) rrlukn 1(S;ijk) + njnkn 1(S; ijk) — rlnjlp 1(S;ijk) — 1(S; k)
A(S;i\j, k) rlnjlp 1(S;ijk) — r’rJ1Ln 1(S;ijk)
A(S;ijkND j, k) = L(S;i.jk)  1(S;ijk) — r;njll? 1(S;ijk)
1(S;i.J) 1(8:1) — "Hn 1(Sjli)
L(S;i.j) 1(S;ijk) — nr:n 1(S;ijk)
L(S:i) 1(S; jkli)

For dual lattices, the iterative procedure of Section 3.3 can be applied to recover the components of
the information gain lattice from a definition of synergy and the components calculated in this way are
equal to the ones obtained from the mapping of incremental terms from one lattice to the other. In more
detail, let us refer to the bottom and top terms by and , respectively, and distinguish between
generic terms such as 1(S; o) and a specific measure assigned to it, 1(S; o). One can define the synergistic
top incremental term of the gain lattice using the measure assigned to the bottom cumulative term of
the loss lattice, imposing AI(S; ) = L(S; ) and self-consistency ensures that the measures obtained
with the iterative procedure fulfill I(S; ) = AL(S; ). Similarly, self-consistency ensures that, if one
takes as a definition of redundancy for the cumulative terms of the gain lattice the measure assigned
to the incremental terms of the loss lattice based on a definition of synergy, consistent incremental
terms are obtained in the gain lattice. Thatis, 1(S; ) = AL(S; ) results in AI(S; ) = L(S; ).
It can be checked that these self-consistency properties do not hold in general, for example for the
lattices of Figure 7C,D. The properties of dual lattices guarantee that, within the class of dual lattices
connected by the decomposition-invariance of cumulative terms, inconsistencies of the type discussed
in Section 3.3 do not occur because all lattices share the same correspondence between incremental
terms and measures, and all the terms in the decompositions are not decomposition-dependent.

As a last point, the existence of dual information gain and loss lattices, with redundancy measures
and synergy measures playing an interchanged role, also indicates, by contrast, that unique information
has a qualitatively different role in this type of mutual information decompositions. The measures of
unique information always correspond to incremental terms and cannot be taken as the cumulative
terms to build the decomposition because they are intrinsically asymmetric in the way different
sources determine the measure, which contradicts the symmetry axiom required to connect collections
in the lattice to cumulative terms. Despite this difference, the iterative hierarchical procedure of
Section 3.3 provides a way to build the mutual information decomposition from a unique information
measure, and duality ensures that the decomposition is self-consistent with alternatively having built
the decomposition using the resulting redundancy or synergy measures as the cumulative terms of the
gain and loss lattice, respectively.

6. Discussion

In this work, we extended the framework of [21] focusing on the lattices that underpin the mutual
information decompositions. We started generalizing the type of information gain lattices introduced
by [21]. By considering more generally which information gain lattices can be constructed (Section 3.1),
we reexamined the constraints that [21] identified for the lattices’ components (Equation (5)) and
ordering relation (Equation (6)). These constraints were motivated by the link of each node in the lattice
with a measure of accumulated information. We argued that it is necessary to check the validity of each

64



Entropy 2017, 19, 71

specific lattice given each specific set of variables and that this checking can overcome the problems
found by [26] with the original lattices described in [21] for the multivariate case. In particular,
we showed that the existence of nonnegative components in the presence of deterministic relations
between the variables is directly a consequence of the non-compliance of the validity constraints.
This indicates that valid multivariate lattices are not a priori incompatible with a mutual information
nonnegative decomposition.

For our generalized set of information gain lattices, we examined the relations between the
terms in different lattices (Section 3.1). We pointed out that the two types of information-theoretic
quantities associated with the lattices have different invariance properties: The cumulative terms of
the information gain lattices are invariant across decompositions, while the incremental terms are
decomposition-dependent and are only connected across lattices through the relations resulting from
the invariance of the cumulative terms. This produces a qualitative difference in the properties of
the redundancy components of the decompositions, which are associated with cumulative terms
in the information gain lattices, and the unique or synergy components, which correspond to
incremental terms. This difference has practical consequences when trying to construct a mutual
information decomposition from a measure of redundancy or a measure of synergy or unique
information, respectively. In the former case, as described in [21], the terms of the decomposition
can be derived straightforwardly given that the redundancy measure identifies the cumulative terms.
In the latter, for the multivariate case, it is not straightforward to construct the decomposition because
the synergy or uniqueness measures only allow identifying specific incremental terms. Exploiting
the connection between different lattices that results from the invariance of the cumulative terms,
we proposed an iterative hierarchical procedure to generally construct information gain multivariate
decompositions from a measure of synergy or unique information (Section 3.3). To our knowledge,
there was currently no method to build multivariate decompositions from these types of measures
and thus this procedure allows application to the multivariate case measures of synergy [23] or
unique information [24] for which associated decompositions had only been constructed for the
bivariate case. However, the application of this procedure led us to recognize inconsistencies in the
determination of decompositions components across lattices. We argued that these inconsistencies are
a consequence of the intrinsic decomposition-dependence of incremental terms, to which synergy and
unique information components are associated in the information gain lattices. We explained these
inconsistencies based on how the components of the full lattice are mapped to components of smaller
lattices and indicated that this mapping should be considered to determine if the conceptual meaning
of a synergy or unique information measure is compatible with the assignment of the measure to a
certain incremental term. With a compatible assignment of measures to incremental terms, the iterative
hierarchical procedure provides a consistent way to build multivariate decompositions.

We then introduced an alternative decomposition of the mutual information based on information
loss lattices (Section 4). The role of redundancy and synergy components is exchanged in the loss
lattices with respect to the gain lattices, with the ones associated with the cumulative terms now being
the synergy components. We defined the information loss lattices analogously to the gain lattices,
determining validity constraints for the components and introducing an ordering relation to construct
the lattices. Cumulative and incremental terms are related in the same way as in the gain lattices,
establishing the connection between the lattice and the mutual information decomposition. This type of
lattices allows the ready determination of the information decomposition from a definition of synergy.
Furthermore, the information loss lattices can be useful in relation to other alternative information
decompositions [33-35].

The existence of different procedures to construct mutual information decompositions, using
a redundancy or synergy measure to directly define the cumulative terms of the information gain
or loss lattice, respectively, or using the iterative hierarchical procedure to indirectly determine
cumulative terms, raised the question of how consistent are the decompositions obtained from these
different methods. Therefore, we studied, in general, the correspondence between information gain
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and information loss lattices. The final contribution of this work was the definition of dual gain
and loss lattices (Section 5). Within a dual pair, the gain and loss lattices share the incremental
terms, which can be mapped one-to-one from the nodes of one lattice to the other. Duality ensures
self-consistency, so that the redundancy components obtained from a synergy definition are the same as
the synergy components obtained from the corresponding redundancy definition. Accordingly, for dual
lattices, any of the procedures can be equivalently used, leading to a unique mutual information
decomposition compatible with the existence of unique notions of redundancy, synergy, and unique
information. Nonetheless, each type of lattice expresses in a more transparent way different aspects
of the decomposition, and allows different components to be extracted more easily, and thus may be
preferable depending on the analysis.

As in the original work of [21] that we aimed to extend, we have here considered generic variables,
without making any assumption about their nature and relations. However, a case which deserves
special attention is that of variables associated with time-series, so that information decompositions
allow the study of the dynamic dependencies in the system [36,37]. Practical examples include the study
of multiple-site recordings of the time course of neural activity at different brain locations, with the aim
of understanding how information is processed across neural systems [38]. In such cases of time-series
variables, a widely-used type of mutual information decomposition aims to separate the contribution to
the information of different causal interactions between the subsystems, e.g., [39,40]. Consideration of
synergistic effects is also important when trying to characterize the causal relations [41]. In fact, when
causality is analyzed by quantifying statistical predictability using conditional mutual information,
a link between these other decompositions and the one of [21] can be readily established [42,43].

The proposal of [21] has proven to be a fruitful conceptual framework and connections to other
approaches to study information in multivariate systems have been explored [44-46]. However,
despite subsequent attempts, e.g., [22-25], it is still an open question how to decompose in multivariate
systems the mutual information into nonnegative contributions that can be interpreted as synergy,
redundancy, or unique components. This issue constitutes the main challenge that limits so far the
practical applicability of the framework. Another challenge for this type of decomposition is to be able
to further relate the terms in the decomposition with a functional description of the parts composing
the system [10]. In this direction, an attractive extension could be to adapt the decompositions to an
interventional approach [10,47], instead of one based on statistical predictability. This could allow
one to better understand how the different components of the mutual information decomposition
are determined by the mechanisms producing dependencies in the system. In practice, this would
help, for example, to dissect information transmission in neural circuits during behavior, which can
be done by combining the analysis of time-series recordings of neural activity using information
decompositions with space-time resolved interventional approaches based on brain perturbation
techniques such as optogenetics [10,48,49]. This interventional approach could be incorporated to
the framework by adopting interventional information-theoretic measures suited to quantify causal
effects [50-52].

Overall, this work provides a wider perspective to the ground constituents of the mutual
information decompositions introduced by [21], introduces new types of lattices, and helps to clarify the
relation between synergy and redundancy measures with the lattice’s components. The consolidation
of this theoretical framework is expected to foster future applications. An advance of this work of
practical importance is that it describes how to build mutual information multivariate decompositions
from redundancy, synergy, or unique information measures and shows that different procedures
are consistent, leading to a unique decomposition when dual information gain and information loss
lattices are used.
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Appendix A. Lattice Theory Definitions

\We here review some concepts of lattice theory and of the construction of information decompositions
based on lattices. For further review and references to specialized textbooks see [21].

Definition Al. Apair X, < isa partially ordered set or poset if < is a binary relation on X that is reflexive,
transitive and antisymmetric.

Definition A2. Let X,< be a poset, and let Y X. An element x X is a lower bound for Y if
y Y,y = x. An upper bound for Y is defined dually.

Definition A3. Anelement x X is the greatest lower bound or infimum for Y , denoted inf Y, if x is a lower
boundof Yand y Yand z X;y=zimpliesx = z. The least upper bound or supremum for Y, denoted
sup Y, is defined dually.

Definition A4. Aposet X, < isa lattice if, and only if, X,y X both inf {x,y} and sup {x, y} existin X.
ForY X,weuse Yand Y todenotethe infimum and supremum of all elements in Y, respectively.

Definition A5. For a,b X, we say that aiscoveredby bifa <banda<c<b a =c. Thesetof
elements that are covered by b is denoted by b™.

Definition A6. Forany x X, the down-setof x istheset | x = {y X :y < x}. The up-set 1 x of x is
defined analogously.

Apart from these definitions from lattice theory, we here introduce, as a concept more specific of
the information decompositions, the concept of increment sublattice:

Definition A7. For a lattice built with the collections set C, for any a  C, the increment sublattice is
¢oa={ B:B o7 ,|B|=1,..|a"|}.

Appendix B. Validity Checking to Overcome the Nonnegativity Counterexample of [26]

We here examine in more detail the nonnegativity counterexample studied in [26] that we
mentioned in Section 3.1. In this example, two variables Y; Y, are independently uniformly distributed
binary variables, and a third is generated as Y3 = Y; XOR Y,. Furthermore, S = (Yq,Y>,Y3).
The variables have deterministic relations, such that any pair {;, Y;},i = j determines the third. We start by
reviewing their arguments. The identity axiom proposed by [22] imposes that I(Y;Y}; Y;.Yj) = 1(Yi;Y;)),
and in this case 1(Y;;Yj) = 0bit, i = j. Given the deterministic relation between the variables,
this implies that 1(S;Y;.Y;) = 0 bit, i = j. By monotonicity ascending the lattice of Figure 1B,
also 1(S;Y1.Y2.Y3) = 0 bit. Accordingly, also the incremental terms of the corresponding nodes
vanish. In the next level of the gain lattice, 1(S;Y;.Y;Y,) = 1(Y1Y2Y3;Y;.Y;Y,) and hence applying
again the identity axiom, I1(S;Y;.Y;Y) = I(Y;; YY) = 1 bit. This also leads to AI(S; ;.Y Y \Yj, Y) =
1 bit. Furthermore, by monotonicity, 1(S;Y1Y2.Y1Y3.Y2Y3) < I(S;Y1Y2Y3) = 2 bit. This leads to
AI(S; Y1Y2.Y1Y3.Y2Y3\Y1, Yz, Y3) < 2 — 3 bit = —1 bit. Since this derivation is based on the axioms
and not on the specific properties of the measures used, this proves that, for the lattice of Figure 1B
and for this specific set of variables, there is no measure that can be used to define the terms in the
decomposition so that nonnegativity is respected.
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We completely agree with the derivation of [26]. What we argue is that, in this case,
the non-compliance of nonnegativity is a direct consequence of how the deterministic relations between
the variables render some of the collections that form part of the lattice of Figure 1B invalid according
to the constraints that define the domain of collections (Equation (5)), and render some ordering
relations invalid according to the ordering rule of Equation (6). Therefore, adopting the generalized
framework that we have proposed, this counterexample can be reinterpreted by saying that the full
lattice is not valid for these variables, but that still other lattices are possible. In particular, for the lattice
of Figure 1B, one can use the deterministic relations between the variables to substitute each bivariate
source Y;Yj by Y1Y2Y3, and then check which collections are invalid. After removing these invalid
collections and rebuilding the edges between the remaining collections according to the ordering
relation, the lattice of Figure 1D is obtained.

However, it can be checked, following a derivation analogous to the one of [26], that also for the
lattice of Figure 1D, nonnegativity is not accomplished, in particular by I1(S; Y1Y,Y3\Y1, Y2, Y3). This is
because, still by the deterministic relations, the top collection could be reduced to any collection Y;Y;.
In contrast to the lattice of Figure 1B, in Figure 1D this reduction would not lead to a duplication of a
collection, since no bivariate sources are present in other nodes, but it still invalidates the ordering
relations in the lattice. In particular, if Y1Y,Y3 is replaced by Y;Y;j, the edge between Y;Y; and Y has to
be removed. The remaining structure is not a lattice anymore, given the Definition 4 in Appendix A.
In Appendix C, we briefly discuss more general information decompositions for structures that are
not lattices, but here we still restrict ourselves to lattices. Within the set of lattices, it is now clear
that, in this case, the deterministic relations render invalid any lattice containing the three variables,
and thus only lattices analogous to the one of Figure 1A can be built. For these lattices with two
variables, 1(S;Y;.Y;) = 0 bit, I(S;Y;) = 1 bit, and I(S;Y;Y;) = 2 bit lead to all incremental terms
being nonnegative. Instead of a counterexample of the nonnegativity of the incremental terms, we
can interpret this case as an example in which the relations between the variables invalidate certain
lattices. The possibility to generally construct multivariate nonnegative decompositions, even after
these validity checking, remains an open question.

Appendix C. The Requirements for the Nonnegativity of the Decomposition Incremental Terms

We here review the proofs of Theorems 3-5 of [21] from a general perspective, identifying their key
ingredients. The aim is to recognize which constraints exist to further generalize the type of structures
that can be used to build mutual information decompositions while preserving the same relation
between the structures and the information-theoretic terms. Furthermore, we want to identify the
properties required to ensure nonnegativity for the incremental terms, and assess the degree to which
these properties can be shared by other measures or are mainly specific of the form of the measure Iy,
proposed in [21]. This is important because the proposal of [21] is the only one in which nonnegativity
of the decomposition components has been proven for the multivariate case. This appendix does not
aim to be fully autonomous and assumes the previous reading of the proofs in [21].

We start by discussing Theorem 3 of [21]. The theorem states the expression for the incremental
terms of the information gain lattices that we indicated in Equation (8). The expression of Equation (8a)
results directly from the implicit definition of the incremental terms in Equation (7) and does not
require that the structure formed by the collections given the ordering relation is a lattice. Conversely,
Equation (8b) requires that, at least for the elements in #a, the structure forms a lattice, namely
the increment sublattice. Although [21] formulated this theorem specifically for I, it does not
depend on the properties of the measure and relies only on the lattice properties and the connection
between the lattice and the information decomposition given by Equation (7). This is why we can use
the expressions of Equation (8) without any specification about the form of the mutual information
measures used to build the decomposition. Furthermore, the relations in Equation (20b,d) involving
the up-sets can be similarly inverted as an extension of Theorem 3.
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We now consider Theorem 4 of [21]. For the proof of this theorem, not only lattice properties
but also the properties of I,i, were used. We are interested in separating which of these properties
correspond to the axioms generically required for any measure of redundancy, e.g., [28], and which are
specific of the form of |,;,. First, the proof uses Theorem 3 and Lemma 2 of [21], which do not depend
on the specific properties of 1n,i, Nor in any generic axiom for redundancy measures. Note however
that the proof uses Equation (8b) and not only Equation (8a) to express the incremental terms as a
function of cumulative terms, and thus, for a certain a, only holds if the structure is compatible with
a lattice for ®a. Second, the proof relies on a very specific property of the form of I,i,: For a given
collection, this measure is defined based on a minimum operation acting on a set of values, each value
associated with one of the sources contained in the collection. In more detail, each value corresponds
to the Specific Information for the corresponding source, and thus it is nonnegative and monotonicity
holds between sources with more variables. This means that, when considering each summand in
Imin for S ='s, a cumulative term 1(S = s; a) is a function of the cumulative terms associated with the
collections formed by each of the sources in a alone. This is relevant because it allows the relation of the
measures in each node of the lattice beyond the generic relations characteristic of the decomposition.
In more detail, in the proof, this allows the substitution of a minimum operation acting on the sources
contained in the infimum of a set of collections by two minimum operations, acting on the collections
in that set and on the sources in each of these collections, respectively. Furthermore, this substitution is
only valid for lattices keeping the infimums structure of the full lattices.

Finally, Theorem 5, which proves the nonnegativity of the incremental terms, relies on Theorem 4,
on the nonnegativity of cumulative terms 1(S; o), and on the monotonicity of the Specific Information.
Overall, we see that the specific closed form expression of the incremental terms stated in Theorem 4 is
fundamental to prove the nonnegativity of the incremental terms. The key property of I, to prove
Theorem 4 does not follow from the generic axioms proposed for redundancy measures, and is not
shared by other measures that have been proposed, e.g., [22-24]. This renders the proof of Theorem 4
and 5 specific to Ipin, in contrast to the proof of Theorem 3. Accordingly, our reexamination of the
proofs of [21] helps to point out that any attempt to prove the nonnegativity of the mutual information
decomposition based on an alternative measure cannot, in general, follow the same procedure.

Appendix D. Another Example of Dual Decompositions

As a second example of a pair of dual decompositions, we show in Figure Al, also for the case of
three variables, the decompositions for the sets of collections that do not contain univariate sources.

1(5;123)

1(5;123)
prn S B

A(5;12.13.23)

A 123

(5:12) 115:3112)

A(5:12\13,23), £(5;13.23\12)

1(5:12.13) 1(5;12.13)

A(5:12.13\23) Als23\12,13)

1(5/12.13.23)
4(5;1213.23) 12.13.23

1(5;12.13.23)

12.13.23 A(5;123\12,13,23)

Figure Al. Analogous to Figure 8 but for the trivariate decomposition based only on collections that
do not contain univariate sources.

69



Entropy 2017, 19, 71

References

1. Timme, N.; Alford, W.; Flecker, B.; Beggs, J.M. Synergy, redundancy, and multivariate information
measures: An experimentalist’s perspective. J. Comput. Neurosci. 2014, 36, 119-140.

2. Anastassiou, D. Computational analysis of the synergy among multiple interacting genes. Mol. Syst. Biol.
2007, 3, 83, doi:10.1038/msh4100124.

3. Liudtke, N.; Panzeri, S.; Brown, M.; Broomhead, D.; Montemurro, M.; Kell, D. Information-theoretic
Sensitivity Analysis: A general method for credit assignment in complex networks. J. R. Soc. Interface 2008,
19, 223-235.

4, Watkinson, J.; Liang, K.; Wang, X.; Zheng, T.; Anastassiou, D. Inference of regulatory gene interactions
from expression data using three-way mutual information. Ann. N. Y. Acad. Sci. 2009, 1158, 302-313.

5. Oizumi, M.; Albantakis, L.; Tononi, G. From the phenomenology to the mechanisms of consciousness:
Integrated information theory 3.0. PLoS Comput. Biol. 2014, 10, e1003588.

6. Faes, L.; Marinazzo, D.; Nollo, G.; Porta, A. An Information-Theoretic Framework to Map the Spatiotemporal
Dynamics of the Scalp Electroencephalogram. IEEE Trans. Biomed. Eng. 2016, 63, 2488-2496.

7. Averbeck, B.B.; Latham, P.E.; Pouget, A. Neural correlations, population coding and computation.
Nat. Rev. Neurosci. 2006, 7, 358-366.

8. Panzeri, S.; Macke, J.; Gross, J.; Kayser, C. Neural population coding: Combining insights from microscopic
and mass signals. Trends Cogn. Sci. 2015, 19, 162-172.

9. Haefner, R.; Gerwinn, S.; Macke, J.; Bethge, M. Inferring decoding strategies from choice probabilities in
the presence of correlated variability. Nat. Neurosci. 2013, 16, 235-242.

10. Panzeri, S.; Harvey, C.D.; Piasini, E.; Latham, P.E.; Fellin, T. Cracking the neural code for sensory perception
by combining statistics, intervention, and behavior. Neuron 2017, 93, 491-507.

11. Wibral, M.; Vicente, R.; Lizier, J.T. Directed Information Measures in Neuroscience; Springer: Berlin/Heidelberg,
Germany, 2014.

12. Panzeri, S.; Schultz, S.; Treves, A.; Rolls, E.T. Correlations and the encoding of information in the nervous
system. Proc. Biol. Sci. 1999, 266, 1001-1012.

13. Pola, G.; Thiele, A.; Hoffmann, K.P,; Panzeri, S. An exact method to quantify the information transmitted
by different mechanisms of correlational coding. Netw. Comput. Neural Syst. 2003, 14, 35-60.

14. Amari, S. Information geometry on hierarchy of probability distributions. IEEE Trans. Inf. Theory 2001,
47,1701-1711.

15. Ince, R.A.A.; Senatore, R.; Arabzadeh, E.; Montani, F.; Diamond, M.E.; Panzeri, S. Information-theoretic
methods for studying population codes. Neural Netw. 2010, 23, 713-727.

16. Latham, P.E.; Nirenberg, S. Synergy, Redundancy, and Independence in Population Codes, Revisited.
J. Neurosci. 2005, 25, 5195-5206.

17. Chicharro, D. A Causal Perspective on the Analysis of Signal and Noise Correlations and Their Role in
Population Coding. Neural Comput. 2014, 26, 999-1054.

18. Schneidman, E.; Bialek, W.; Berry, M.J. Synergy, redundancy, and independence in population codes.
J. Neurosci. 2003, 23, 11539-11553.

19. McGill, W.J. Multivariate information transmission. Psychometrika 1954, 19, 97-116.

20. Bell, A.J. The co-information lattice. In Proceedings of the 4th international Symposium on Independent
Component Analysis and Blind Source Separation, Nara, Japan, 1-4 April 2003; pp. 921-926.

21. Williams, P.L.; Beer, R.D. Nonnegative Decomposition of Multivariate Information. arXiv 2010, arXiv:1004.2515.

22. Harder, M.; Salge, C.; Polani, D. Bivariate measure of redundant information. Phys. Rev. E 2013, 87, 012130.

23. Griffith, V.; Koch, C. Quantifying synergistic mutual information. arXiv 2013, arXiv:1205.4265v6.

24, Bertschinger, N.; Rauh, J.; Olbrich, E.; Jost, J.; Ay, N. Quantifying unique information. Entropy 2014,
16, 2161-2183.

25. Ince, R.A.A. Measuring multivariate redundant information with pointwise common change in surprisal.
arxiv 2016, arxiv:1602.05063.

26. Rauh, J.; Bertschinger, N.; Olbrich, E.; Jost, J. Reconsidering unique information: Towards a multivariate

information decomposition. In Proceedings of the 2014 IEEE International Symposium on Information
Theory, Honolulu, HI, USA, 29 June—4 July 2014; pp. 2232-2236.

70



Entropy 2017, 19, 71

27.

28.

29.

30.

3L
32.

33.

34.

35.

36.

37.

38.

39.

40.
41.

42.
43.

44,

45.
46.

47.

48.

49.

50.
51.

52.

Williams, P.L. Information Dynamics: Its Theory and Application to Embodied Cognitive Systems. Ph.D. Thesis,
Indiana University, Bloomington, IN, USA, 2011.

Griffith, V.; Chong, E.K.P.; James, R.G; Ellison, C.J.; Crutchfield, J.P. Intersection Information based on
Common Randomness. Entropy 2014, 16, 1985-2000.

Bertschinger, N.; Rauh, J.; Olbrich, E.; Jost, J. Shared Information—New Insights and Problems in
Decomposing Information in Complex Systems. In Proceedings of the European Conference on Complex
Systems 2012; Springer: Cham, Switzerland, 2013; pp. 251-269.

Barrett, A. Exploration of synergistic and redundant information sharing in static and dynamical Gaussian
systems. Phys. Rev. E 2015, 91, 052802.

Cover, T.M.; Thomas, J.A. Elements of Information Theory, 2nd ed.; Wiley: Hoboken, NJ, USA, 2006.

Ince, R.A.A. The Partial Entropy Decomposition: Decomposing multivariate entropy and mutual information
via pointwise common surprisal. arxiv 2017, arxiv:1702.01591v1.

Olbrich, E.; Bertschinger, N.; Rauh, J. Information decomposition and synergy. Entropy 2015, 17, 3501-3517.
Perrone, P;; Ay, N. Hierarchical quantification of synergy in channels. arXiv 2016, arXiv:1512.03614
Schneidman, E.; Still, S.; Berry, M.J.; Bialek, W. Network information and connected correlations.
Phys. Rev. Lett. 2003, 91, 238701.

Chicharro, D.; Ledberg, A. Framework to study dynamic dependencies in networks of interacting processes.
Phys. Rev. E 2012, 86, 041901.

Faes, L.; Kugiumtzis, D.; Nollo, G.; Jurysta, F.; Marinazzo, D. Estimating the decomposition of predictive
information in multivariate systems. Phys. Rev. E 2015, 91, 032904.

Valdes-Sosa, P.; Roebroeck, A.; Daunizeau, J.; Friston, K. Effective connectivity: Influence, causality and
biophysical modeling. Neuroimage 2011, 58, 339-361.

Solo, V. On causality and Mutual information. In Proceedings of the 47th IEEE Conference on Decision
and Control, Cancun, Mexico, 9-11 December 2008; pp. 4639-4944.

Chicharro, D. On the spectral formulation of Granger causality. Biol. Cybern. 2011, 105, 331-347.
Stramaglia, S.; Cortes, J.M.; Marinazzo, D. Synergy and redundancy in the Granger causal analysis of
dynamical networks. New J. Phys. 2014, 16, 105003.

Williams, P.L.; Beer, R.D. Generalized Measures of Information Transfer. arXiv 2011, arXiv:1102.1507v1.
Lizier, J.; Flecker, B.; Williams, P. Towards a synergy-based approach to measuring information modification.
In Proceedings of the IEEE Symposium on Avrtificial Life, Singapore, 16-19 April 2013; pp. 43-51.

Wibral, M.; Priesemann, V.; Kay, J.W.; Lizier, J.T.; Phillips, W.A. Partial information decomposition as a
unified approach to the specification of neural goal functions. Brain Cogn. 2017, 112, 25-38.

Banerjee, P.K.; Griffith, V. Synergy, redundancy, and common information. arXiv 2015, arXiv:1509.03706v1.
James, R.G.; Crutchfield, J.P. Multivariate Dependence Beyond Shannon Information. arXiv 2016,
arXiv:1609.01233.

Chicharro, D.; Panzeri, S. Algorithms of causal inference for the analysis of effective connectivity among
brain regions. Front. Neuroinform. 2014, 8, 64, doi:10.3389/fninf.2014.00064.

O’Connor, D.H.; Hires, S.A.; Guo, Z.; Li, N.; Yu, J.; Sun, Q.Q.; Huber, D.; Svoboda, K. Neural coding during
active somatosensation revealed using illusory touch. Nat. Neurosci. 2013, 16, 958-965.

Otchy, T.; Wolff, S.; Rhee, J.; Pehlevan, C.; Kawai, R.; Kempf, A.; Gobes, S.; Olveczky, B. Acute off-target
effects of neural circuit manipulations. Nature 2015, 528, 358-363.

Ay, N.; Polani, D. Information flows in causal networks. Adv. Complex Syst. 2008, 11, 17-41.

Lizier, J.T.; Prokopenko, M. Differentiating information transfer and causal effect. Eur. Phys. J. B. 2010,
73, 605-615.

Chicharro, D.; Ledberg, A. When Two Become One: The Limits of Causality Analysis of Brain Dynamics.
PLoS ONE 2012, 7, €32466.

@ ¢ 2017 by the authors. Licensee MDPI, Basel, Switzerland. This article is an open access
@ article distributed under the terms and conditions of the Creative Commons Attribution
[

(CC BY) license (http://creativecommons.org/licenses/by/4.0/).

71



B entropy ey

Acrticle
Specific and Complete Local Integration of Patterns in
Bayesian Networks

Martin Biehl 12* Takashi Ikegami 2 and Daniel Polani 2

1 Araya Incorporation, 2F Mori 15 Building, 2-8-10 Toranomon, Minato-ku, Tokyo 105-0001, Japan

2 School of Computer Science, University of Hertfordshire, Hatfield AL10 9AB, UK; d.polani@herts.ac.uk
3 Department of General Systems Studies, University of Tokyo, 3-8-1 Komaba, Meguro-ku,

Tokyo 153-8902, Japan; ikeg@sacral.c.u-tokyo.ac.jp
*  Correspondence: martin@araya.org; Tel.: +81-3-6550-9977

Academic Editor: Mikhail Prokopenko
Received: 19 March 2017; Accepted: 12 May 2017; Published: 18 May 2017

Abstract: We present a first formal analysis of specific and complete local integration. Complete
local integration was previously proposed as a criterion for detecting entities or wholes in distributed
dynamical systems. Such entities in turn were conceived to form the basis of a theory of emergence
of agents within dynamical systems. Here, we give a more thorough account of the underlying
formal measures. The main contribution is the disintegration theorem which reveals a special role of
completely locally integrated patterns (what we call 1-entities) within the trajectories they occur in.
Apart from proving this theorem we introduce the disintegration hierarchy and its refinement-free
version as a way to structure the patterns in a trajectory. Furthermore, we construct the least upper
bound and provide a candidate for the greatest lower bound of specific local integration. Finally,
we calculate the 1-entities in small example systems as a first sanity check and find that 1-entities
largely fulfil simple expectations.

Keywords: identity over time; Bayesian networks; multi-information; entity; persistence; integration;
emergence; naturalising agency

1. Introduction

This paper investigates a formal measure and a corresponding criterion we developed in order to
capture the notion of wholes or entities within Bayesian networks in general and multivariate Markov
chains in particular. The main focus of this paper is to establish some formal properties of this criterion.

The main intuition behind wholes or entities is that combinations of some events/phenomena
in space(-time) can be considered as more of a single or coherent “thing” than combinations of other
events in space(-time). For example, the two halves of a soap bubble (The authors thank Eric Smith for
pointing out the example of a soap bubble.) together seem to form more of a single thing than one half
of a floating soap bubble together with a piece of rock on the ground. Similarly, the soap bubble at
time t; and the “same” soap bubble at t, seem more like temporal parts of the same thing than the soap
bubble at t; and the piece of rock at t,. We are trying to formally define and quantify what it is that
makes some spatially and temporally extended combinations of parts entities but not others.

We envisage spatiotemporal entities as a way to establish not only the problem of spatial identity
but also that of temporal identity (also called identity over time [1]). In other words, in addition to
determining which events in “space” (e.g., which values of different degrees of freedom) belong to the
same structure spatiotemporal entities should allow the identification of the structure at a time t; that
is the future (or past if t; < t;) of a structure at time t;. Given a notion of identity over time, it becomes
possible to capture which things persist and in what way they persist. Without a notion of identity over
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time, it seems persistence is not defined. The problem is how to decide whether something persisted
from t; to t, if we cannot tell what at t, would count as the future of the original thing.

In everyday experience problems concerning identity over time are not of great concern.
Humans routinely and unconsciously connect perceived events to spatially and temporally extended
entities. Nonetheless, the problem has been known since ancient times, in particular with respect to
artefacts that exchange their parts over time. A famous example is the Ship of Theseus which has all of
its planks exchanged over time. This leads to the question whether it is still the same ship. From the point
of view of physics and chemistry living organisms also exchange their parts (e.g., the constituting atoms
or molecules) over time. In the long term we hope our theory can help to understand identity over time
for these cases. For the moment, we are particularly interested in identity over time in formal settings
like cellular automata, multivariate Markov chains, and more generally dynamical Bayesian networks.
In these cases a formal notion of spatiotemporal entities (i.e., one defining spatial and temporal identity)
would allow us to investigate persistence of entities/individuals formally. The persistence (and
disappearance) of individuals are in turn fundamental to Darwinian evolution [2,3]. This suggests
that spatiotemporal entities may be important for the understanding of the emergence of Darwinian
evolution in dynamical systems.

Another area in which a formal solution to the problem of identity over time, and thereby entities
(In the following, if not stated otherwise, we always mean spatiotemporal entities when we refer to
entities.), might become important is a theory of intelligent agents that are space-time embedded
as described by Orseau and Ring [4]. Agents are examples of entities fulfilling further properties
e.g., exhibition of actions, and goal-directedness (cf. e.g., [5]). Using the formalism of reinforcement
learning Legg and Hutter [6] proposes a definition of intelligence. Orseau and Ring [4] argue that this
definition is insufficient. They dismiss the usual assumption that the environment of the reinforcement
agent cannot overwrite the agent’s memory (which in this case is seen as the memory/tape of a
Turing machine). They conclude that in the most realistic case there only ever is one memory that the
agent’s (and the environment’s) data is embedded in. They note that the difference between agent
and environment then disappears. Furthermore, that the policy of the agent cannot be freely chosen
anymore, only the initial condition. In order to measure intelligence according to Legg and Hutter [6]
we must be able to define reward functions. This seems difficult without the capability to distinguish
the agent according to some criterion. Towards the end of their publication Orseau and Ring [4]
propose to define a “heart” pattern and use the duration of its existence as a reward. This seems a too
specific approach to us since it basically defines identity over time (of the heart pattern) as invariance.
In more general settings a pattern that maintains a more general criterion of identity over time would
be desirable. Ideally, this criterion would also not need a specifically designed heart pattern. Another
advantage would be that reward functions different from lifetime could be used if the agent were
identifiable. An entity criterion in the sense of this paper would be a step in this direction.

1.1. lllustration

In order to introduce the contributions of this paper we illustrate the setting of our work further.

This illustration should only be taken as a motivation for what follows and not be confused with a
result. The reason we don’t use a concrete example is simply that we lack the necessary computational
means (which are considerable as we will discuss in Section 5).

Let us assume we are given the entire time-evolution (what we will call a trajectory) of some known
multivariate dynamical system or stochastic process. For example, a trajectory of a one-dimensional
elementary cellular automaton showing a glider collision like Figure 1a (This is produced by the rule
62 elementary cellular automaton with time increasing from left to right. However, this does not matter
here. For more about this system see e.g., Boccara et al. [7]).
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(9 (h)

Figure 1. lllustration of concepts from this paper on the time-evolution (trajectory) of a one-dimensional
elementary cellular automaton. Time-steps increase from left to right. None of the shown structures
are derived from principles. They are manually constructed for illustrative purposes. In (a) we show
the complete (finite) trajectory. Naively, two gliders can be seen to collide and give rise to a third glider;
In (b—d) we show (spatiotemporal) patterns fixing the variables (allegedly) pertaining to a first, second,
and a third glider; In (e) we show a pattern fixing the variables of what could be a glider that absorbs
the first glider from before and maintains its identity; In (f) we show a partition into the time-slices of
the pattern of the first glider; In (g) we show a partition of the trajectory with three parts coinciding
with the gliders and one part encompassing the rest; In (h) we show again a partition with three parts
coinciding with the gliders but now all other variables are considered as individual parts.

We take the point of view here argued for in previous work [8] that entities are phenomena that
occur within trajectories and that they can be represented by (spatiotemporal) patterns. Patterns in
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this sense fix a part of the variables in a trajectory to definite values and leave the rest undetermined.
In Figure 1b-d we show such patterns that occur in Figure 1a with the undetermined variables coloured
grey and the determined ones taking on those of the trajectory. Visually speaking, a pattern is a snippet
from a trajectory that it occurs in.

From Figure 1a we would probably expect that what we are seeing are two gliders colliding and
forming a third. However, it may also be that one of the gliders absorbs the other, maintains some
form of identity, and only changes its appearance (e.g., it “grows”). This highlights the problem of
identity over time. While the spatial identity of such patterns has been treated multiple times in the
literature their identity of over time is rarely dealt with.

Our approach evaluates the “integration” of spatiotemporally extended patterns at once. According
to our proposed entity-criterion a pattern is an 1-entity if, due to the dynamics of the system, every
part of this pattern (which is again a pattern) makes all other parts more probable. Identity over time
is then included since future parts have to make past parts more probable and vice versa. In principle
this would allow us to detect if one of the gliders absorbs another one without loosing its identity.
For example, this could result in an entity as in Figure 1e.

In order to detect entities the straightforward approach is to evaluate the entity-criterion for every
spatiotemporal pattern in a given trajectory. Evaluating our entity-criterion of positive complete local
integration (CLI) for a given pattern corresponds to splitting the pattern into parts in every possible way
and calculating whether all the resulting parts make each other more probable. This means evaluating
the specific local integration (SLI) with respect to all partitions of the set of variables occupied by
the pattern.

1.2. Contributions

This paper contains four contributions.

We first give a more formal definition of patterns. Since each pattern uniquely specifies a set of
trajectories (those trajectories that the pattern occurs in) one might be tempted to reduce the analysis
to that of sets of trajectories. We show that this is not possible since not all sets of trajectories have a
pattern that specifies them.

Second, we try to get a general intuition for the patterns whose parts make all other parts more
probable. For this we show how to construct patterns that, for given probability of the whole pattern,
achieve the least upper bound of specific local integration (SLI). These turn out to be patterns for which
each part only occurs if and only if the whole pattern occurs. We also construct a pattern that, again for
given probability of the whole pattern, has negative SLI. These pattern (which may achieve the greatest
lower bound of SLI) occur if either the whole pattern occurs or the pattern occurs up to exactly one
part of it, which does not occur.

Third, we prove the disintegration theorem. This is the main contribution. We saw that patterns
are snippets of trajectories. We can also look at the whole trajectory as a single pattern. Like all patterns
the trajectory can be split up into parts, i.e., partitioned, resulting in a set of patterns. Among the
partitions we find examples such as those in Figure 1g,h. These are very particular partitions picking
out the gliders among all possible parts. This suggests that finding such special partitions provides a
(possibly different) notion of entities.

One intuition we might have is that entities are the most “independent” parts of a trajectory.
In other words we could look for the partition whose parts make the other parts less probable.
The disintegration theorem then shows that this approach again leads to the 1-entities. This shows that
1-entities do not only have an intuitive motivation but also play a particular role in the structure of
probabilities of entire trajectories.

It is not directly the parts of the partitions that minimise SLI for a trajectory which are 1-entities.
To get 1-entities we first classify all partitions of the trajectory according to their SLI value. Then within
each such class we choose the partitions for which no refining partition (A refining partition is one that
further partitions any of the parts of the original partition.) achieves an even lower level of SLI.
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So according to the disintegration theorem a 1-entity is not only a pattern that is integrated with
respect to every possible partition of the pattern but also a pattern that occurs in partitions that
minimise (in a certain sense) the integration of trajectories.

A side effect of the disintegration theorem is that we naturally get a kind of hierarchy of 1-entities
called the disintegration hierarchy. For each trajectory and its different levels of SLI we find different
decompositions of the trajectory into t-entities.

Fourth, we calculate the 1-entities and disintegration hierarchy for two simple example systems.
Our example systems show that in general the partitions at a particular disintegration level are not
unique. This means that there are overlapping i-entities at those levels. Furthermore, the same 1-entity
can occur on multiple levels of the disintegration.

We do not thoroughly discuss the disintegration hierarchies in this paper and postpone this to
future publications. Here we only note that many entities in the real world occur within hierarchies as
well. For example, animals are entities that are composed of cells which are themselves entities.

1.3. Related Work

We now give a quick overview of related work. More in depth discussions will be provided after
we formally introduce our definitions.

To our knowledge the measure of CLI has been proposed for the first time by us in [8]. However,
this publication contained none of the formal or numerical results in the present paper. From a
formal perspective the measures of SLI and CLI are a combination of existing concepts. SLI localises
multi-information [9,10] in the way proposed by Lizier [11] for other information theoretic measures.
In order to get the CLI we apply the weakest-link approach proposed by Tononi and Sporns [12],
Balduzzi and Tononi [13] to SLI.

Conceptually, our work is most closely related to Beer [14]. The notion of spatiotemporal patterns
used there to capture blocks, blinkers, and gliders is equivalent to the patterns we define more formally
here. This work also contains an informal entity-criterion that directly deals with identity over time
(not only space). It differs significantly from our proposal as it depends on the re-occurrence of certain
transitions at later times in a pattern whereas our criterion only depends on the probabilities of parts
of the patterns without the need for any re-occurrences.

The organisations of chemical organisation theory [15] may also be interpreted as entity-criteria.
In Fontana and Buss [15] these are defined in the following way:

The observer will conclude that the system is an organisation to the extent that there is a
compressed description of its objects and of their relations.

The direct intuition is different from ours and it is not clear to us in how far our entity-criterion is
equivalent to this. This will be further investigated in the future.

It is worth noting that viewing entities/objects/individuals as patterns occurring within a
trajectory is in contrast to an approach that models them as sets of random variables/stochastic
processes (e.g., a set of cells in a CA in contrast to a set of specific values of a set of cells). An example of
the latter approach are the information theoretic individuals of Krakauer et al. [16]. These individuals
are identified using an information theoretic notion of autonomy due to Bertschinger et al. [17].
The latter notion of autonomy is also somewhat related to the idea of integration here. Autonomy
contains a term that measures the degree to which a random variable representing an individual at
timestep t determines the random variable representing it at t + 1. Similarly, CLI requires that every
part of an entity pattern makes every other part more probable, in the extreme case this means that
every part determines that every other part of the pattern also occurs. However, formally autonomy
evaluates random variables and not patterns directly.

At the most basic level the intuition behind entities is that some spatiotemporal patterns are
more special than others. Defining (and usually finding) more important spatiotemporal patterns
or structures (also called coherent structures) has a long history in the theory of cellular automata
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and distributed dynamical systems. As Shalizi et al. [18] have argued most of the earlier definitions
and methods [19-22] require previous knowledge about the patterns being looked for. They are
therefore not suitable for a general definition of entities. More recent definitions based on information
theory [18,23,24] do not have this limitation anymore. The difference to our entity-criterion is that they
do not treat identity over time. They are well suited to identify gliders at each time-step for example,
but if two gliders collide and give rise to a third glider as in Figure 1a these methods (by design) say
nothing about the identity of the third glider. i.e., they cannot make a difference between a glider
absorbing another one and two gliders producing a new one. While we have not been able to show
that our approach actually makes such distinctions for gliders, it could do so in principle.

We note here that the approach of identifying individuals by Friston [25] using Markov blankets
has the same shortcoming as the spatiotemporal filters. For each individual time-step it returns a
partition of all degrees of freedom into internal, sensory, active, and external degrees. However, it does
not provide a way to resolve ambiguities in the case of multiple such partitions colliding.

Among research related to integrated information theory (I1T) there are approaches (a first one
by Balduzzi [26] and a more recently by Hoel et al. [27]) that can be used to determine specific
spatiotemporal patterns in a trajectory. They can therefore be interpreted to define a notion of
entities even if that is not their main goal. These approaches are aimed at establishing the optimal
spatiotemporal coarse-graining to describe the dynamics of a system. For a given trajectory we can
then identify the patterns that instantiate a macro-state/coarse-grain that is optimal according to
their criterion.

In contrast to our approach the spatiotemporal grains are determined by their interactions with
other grains. In our case the entities are determined first and foremost by their internal relations.

The consequence seems to be that a pattern can be an entity in one trajectory and not an entity in
another even if it occurs in both. In our conception a pattern is an entity in all trajectories it occurs in.

2. Notation and Background

In this section we briefly introduce our notation for sets of random variables (Since every set of
jointly distributed random variables can be seen as a Bayesian network and vice versa we use these
terms interchangeably.) and their partition lattices.

In general, we use the convention that upper-case letters X, Y, Z are random variables, lower-case
letters X, y, z are specific values/outcomes of random variables, and calligraphic letters X, Y, Z are
state spaces that random variables take values in. Furthermore:

Definition 1. Let {X;}; v be a set of random variables with totally ordered finite index set VV and state spaces
{Xi}i v respectively. Then for A,B V define:

1. Xa = (Xj)i a asthe joint random variable composed of the random variables indexed by A, where A is
ordered according to the total order of V,

2. Xa:=T]i aX; asthe state space of Xa,

Xa = (Xi{)i A Xa asavalue of Xa,

4. pa:Xa — [0,1] as the probability distribution (or more precisely probability mass function) of X » which
is the joint probability distribution over the random variables indexed by A. If A = {i} i.e., a singleton set,
we drop the parentheses and just write pa = pj,

5. pag:XaXxXpg - [0,1] as the probability distribution over X > Xg. Note that in general for arbitrary
A,B  V,xa Xa,andyg Xg this can be rewritten as a distribution over the intersection of A and B
and the respective complements. The variables in the intersection have to coincide:

w

PAB(XA YB) : = Pa\g,AnB,B\A AnB(XA\B: XANB, YB\AI YANB) @

= Oxans (YAnB) ParB,AnB.EB\A(XANE: XANB) YBAA)- @)
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Here 0 is the Kronecker delta (see Appendix A). fFAnB = andC = A B we also write pc(Xa,Ys)
to keep expressions shorter.

6.  pgja: Xa xXg - [0,1] with (xa, Xg) — Pgja(Xs[xa) as the conditional probability distribution over
Xg given Xa:

paB(XA,YB)

Pa(Xa) ®)

Peja(YelXa) =
We also just write pg(Xg|Xxa) if it is clear from context what variables we are conditioning on.

If we are given py we can obtain every pa through marginalisation. In the notation of Definition 1
this is formally written:

Paxa) = 3 pavnia(Xa,Xw\a) ©
XA XA

= z Pv (XA, Xy\a)- ®)
XA XA

Next we define the partition lattice of a set of random variables. Partition lattices occur as a
structure of the set of possible ways to split an object/pattern into parts. Subsets of the partition lattices
play an important role in the disintegration theorem.

Definition 2 (Partition lattice of a set of random variables). Let {X;}; v be a set of random variables.

1. Then its partition lattice £(V) is the set of partitions of V partially ordered by refinement (see also
Appendix B).

2. For two partitions 1t,p  £(V) we write Tt < p if 7t refines p and 1t <1: p if 7T covers p. The latter means
thatm = p, T < p,and thereisno & £(V)withm =& = psuchthatm < & < p.

3. We write 0 for the zero element of a partially ordered set (including lattices) and 1 for the unit element.

4.  Givenapartitiont  £(V)andasubset AV we define the restricted partition 1t of 1T to A via:

ma:={bnA:b m}. (6)

For some examples of partition lattices see Appendix B and for more background see e.g.,
Gratzer [28]. For our purpose it is important to note that the partitions of sets of random variables or
Bayesian networks we are investigating are partitions of the index set V of these and not partitions of
their state spaces Xy.

3. Patterns, Entities, Specific, and Complete Local Integration

This section contains the formal part of this contribution.

First we introduce patterns. Patterns are the main structures of interest in this publication.
Entities are seen as special kinds of patterns. The measures of specific local integration and complete
local integration, which we use in our criterion for 1-entities, quantify notions of “oneness” of patterns.
We give a brief motivation and show that while each pattern defines a set of “trajectories” of a set of
random variables not every such set is defined by a pattern. This justifies studying patterns for their
own sake.

Then we motivate briefly the use of specific and complete local integration (SLI and CLI) for
an entity criterion on patterns. We then turn to more formal aspects of SLI and CLI. We first prove
an upper bound for SLI and construct a candidate for a lower bound. We then go on to define the
disintegration hierarchy and its refinement-free version. These structures are used to prove the main
result, the disintegration theorem. This relates the SLI of whole trajectories of a Bayesian network to the
CLI of parts of these trajectories and vice versa.
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3.1. Patterns

This section introduces the notion of patterns. These form the basic candidate structures for entities.

The structures we are trying to capture by entities should be analogous to spatially and temporally
extended objects we encounter in everyday life (e.g., soap bubbles, living organisms). These objects
seem to occur in the single history of the universe that also contains us. The purpose of patterns is
then to capture arbitrary structures that occur within single trajectories or histories of a multivariate
discrete dynamical system (see Figure 2 for an example of a Bayesian network of such a system, any
cellular automaton is also such a system).

< (s40Q) wopaaiy jo saaibap

time -

Figure 2. First time steps of a Bayesian network representing a multivariate dynamical system
(or multivariate Markov chain) {X;}; v. Here we used V = J x T with J indicating spatial degrees of
freedom and T the temporal extension. Then each node is indexed by a tuple (j, t) as shown. The shown
edges are just an example, edges are allowed to point from any node to another one within the same or
in the subsequent column.

We emphasise the single trajectory since many structures of interest (e.g., gliders) occur in some
trajectories in some “places”, in other trajectories in other “places” (compare e.g., Figures 1la and 3a),
and in some trajectories not at all. We explicitly want to be able to capture such trajectory dependent
structures and therefore choose patterns. Examples of formal structures for which it makes no sense to
say that they occur within a trajectory are for example the random variables in a Bayesian network
and, as we will see, general sets of trajectories of the Bayesian network.

Unlike entities, which we conceive of as special patterns that fulfil further criteria, patterns are
formed by any combination of events at arbitrary times and positions. As an example, we might think
of cellular automaton again. The time evolutions over multiple steps of the cells attributed to a glider
see [14] for a principled way to attribute cells to theseas in Figure 1b,e should be patterns but also
arbitrary choices of events in a trajectory as in Figure 3b.

In the more general context of (finite) Bayesian networks there may be no interpretation of time
or space. Nonetheless, we can define that a trajectory in this case fixes every random variable to a
particular value. We then define patterns formally in the following way.



Entropy 2017, 19, 230

(@) (b)

Figure 3. In (a) we show a trajectory of the same cellular automaton as in Figure 1 with a randomly
chosen initial condition. The set of gliders and their paths occurring in this trajectory is clearly different
from those in Figure 1a. In (b) we show an example of a random pattern that occurs in the trajectory of
(a) and is probably not an entity in any sense.

Definition 3 (Patterns and trajectories). Let {X;}; v be set of random variables with index set V and state
spaces {X;}i v respectively.

1. Apatternat AV isan assignment
XA = Xa 0

where xa  Xa. If there is no danger of confusion we also just write x a for the pattern X5 = xa at A.

2. The elements xy, of the joint state space Xy, are isomorphic to the patterns Xy, = xy at V which fix the
complete set {X;}; v of random variables. Since they will be used repeatedly we refer to them as the
trajectories of {X;}i v.

3. Anpattern X is said to occur in trajectory xy Xy if Xa = Xa.

4. Each pattern x uniquely defines (or captures) a set of trajectories T (xa) via

T(xa) ={xv Xv:Xa=Xxa}, 8

i.e., the set of trajectories that x5 occurs in.
5. Itis convenient to allow the empty pattern x for which we define T (x ) = Xy.

Remarks:

* Note that forevery xo X we can form a pattern X = xa so the set of all patternsis 5 v Xa.

e Our notion of patterns is similar to “patterns” as defined in [29] and to “cylinders” as defined in [30].
More precisely, these other definitions concern (probabilistic) cellular automata where all random
variables have identical state spaces X; = X; foralli,j V. They also restrict the extent of the
patterns or cylinders to a single time-step. Under these conditions our patterns are isomorphic
to these other definitions. However, we drop both the identical state space assumption and the
restriction to single time-steps.

Our definition is inspired by the usage of the term “spatiotemporal pattern” in [14,31,32]. There is
no formal definition of this notion given in these publications but we believe that our definition is
a straightforward formalisation. Note that these publications only treat the Game of Life cellular
automaton. The assumption of identical state space is therefore implicitly made. At the same time
the restriction to single time-steps is explicitly dropped.

Since every pattern defines a subset of Xy, one could think that every subset of Xy is also a
pattern. In that case studying patterns in a set of random variables {X;}; v would be the same as
studying subsets of its set of trajectories Xy,. However, the set of subsets of Xy defined by patterns
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and the set of all subsets 2%V (i.e., the power set) of Xy of a set of random variables {X;}; v are not
identical. Formally:

{T(xe) Xv:xg Xg} 2%v. ©)
B V

While patterns define subsets of Xy, not every subset of Xy, is captured by a pattern. The difference
of the two sets is characterised in Theorem 1 below. We first present a simple example of a subset
D 2%V that cannot be captured by a pattern.

Let V = {1,2} and {Xi}i v = {X1, X2} the set of random variables. Let X; = X, = {0,1}.
Then Xy = {(0,0),(0,1),(1,0),(1,1)}. Now let A = V = {1,2}, choose pattern x5 = (0,0) and
pattern xa = (1,1). Then let

D:={xa xa}={(0,0). (1D} (10)

In this case we can easily list the set of all patterns ¢  Xc:

C \Y Xc T (Xc)
X X\/
1 ©  {(0.0).0.D}
1 {011}
@ ©  {(0.0),(1,0} 1)
1 {01),11D}
0.0 {00}
4y @D {0}

0 {10}
1) {@D}

and verify that D is not among them. Before we formally characterise the difference, we define some
extra terminology.

Definition 4. Let {X;}; v be set of random variables with index set V and state spaces {X;}; v respectively.
Forasubset D Xy the set D of all patterns at A that occur in one of the trajectories in D is defined as

DA = {XA XA . )z\/ D, )ZA = XA}. (12)

So in the previous example D3 = {0,1}, Doy = {0,1}, D123 = {(0,0), (1,1)}. In then get the
following theorem which establishes the difference between the subsets of X\, captured by patterns
and general subsets.

Theorem 1. Given a set of random variables {X;}; v, asubset D Xy cannot be represented by a pattern
of {Xi}; v ifandonly if there exists AV withDa X (proper subset) and |[Da| > 1, i.e., if neither all
patterns at A are possible nor a unique pattern at A is specified by D.

Proof. See AppendixD. [

We saw that in the previous example the subset D cannot be captured by a pattern. For A = {1}
we have Dy;y = {0,1} = X3 and for A = {2} we have Dy = {0, 1} = X3 so these do not fulfil
the conditions of Theorem 1. However, for A = {1,2} we have D5, = {(0,0), (1, 1)} Xpuo
and |Dy; 23| > 1 so the conditions of Theorem 1 are fulfilled and as expected D cannot be captured
by a pattern.
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The proof of the following corollary shows how to construct a subset that cannot be represented
by a pattern for all sets of random variables {X;}; v with [Xy| > 2.

Corollary 1. Given a set of random variables {Xi};i v, if [ Xyv| > 2 then

{T(xe) Xv:xg Xg} 2% (13)
B V

(proper subset).

Proof. Choose D = {xv,yv} 2Xvwithyy {Xy Xv: i V,Xi=x}. ThenforallA V we
have |Da| =2and Da  Xa. So D cannot be represented by a pattern according to Theorem 1 and so
D7 gv{T(xs) Xv:ixg Xg} O

This means that in every set of random variables that not only consists of a single binary random
variable there are subsets of Xy, that cannot be captured by a pattern. We can interpret this result in the
following way. Patterns were constructed to be structures that occur within trajectories. It then turned
out that each pattern also defines a subset of all trajectories of a system. So for sets of trajectories
captured by patterns it could make sense to say they “occur” within one trajectory. However, there are
sets of trajectories that are not captured by patterns. For these sets of trajectories it would then not
be well-defined to say that they occur within a trajectory. This is the reason we choose to investigate
patterns specifically and not sets of trajectories.

3.2. Motivation of Complete Local Integration as an Entity Criterion

We proposed to use patterns as the candidate structures for entities since patterns comprise
arbitrary structures that occur within single trajectories of multivariate systems. Here we heuristically
motivate our choice of using positive complete local integration as a criterion to select entities among
patterns. In general such a criterion would give us, for any Bayesian network {X;}; v a subset
¢{Xi}i v) A v Xa of the patterns.

So what is an entity? We can rephrase the problem of finding an entity criterion by saying an
entity is composed of parts that share the same identity. So if we can define when parts share the same
identity we also define entities by finding all parts that share identity with some given part. For the
moment, let us decompose (as is often done [33]) the problem of identity into two parts:

1. spatial identity and
2. temporal identity.

Our solution will make no distinction between these two aspects in the end. We note here that
conceiving of entities (or objects) as composite of spatial and temporal parts as we do in this paper
is referred to as four-dimensionalism or perdurantism in philosophical discussions (see e.g., [34]).
The opposing view holds that entities are spatial only and endure over time. This view is called
endurantism. Here we will not go into the details of this discussion.

The main intuition behind complete local integration is that every part of an entity should make
every other part more probable.

This seems to hold for example for the spatial identity of living organisms. Parts of living
organisms rarely exist without the rest of the living organisms also existing. For example, it is rare
that an arm exists without a corresponding rest of a human body existing compared to an arm and the
rest of a human body existing. The body (without arm) seems to make the existence of the arm more
probable and vice versa. Similar relations between parts seem to hold for all living organisms but also
for some non-living structures. The best example of a non-living structure we know of for which this
is obvious are soap bubbles. Half soap bubbles (or thirds, quarters,...) only ever exist for split seconds
whereas entire soap bubbles can persist for up to minutes. Any part of a soap bubble seems to make
the existence of the rest more probable. Similarly, parts of hurricanes or tornadoes are rare. So what
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about spatial parts of structures that are not so entity-like? Does the existence of an arm make things
more probable that are not parts of the corresponding body? For example, does the arm make the
existence of some piece of rock more probable? Maybe to a small degree as without the existence of
any rocks in the universe humans are probably impossible. However, this effect is much smaller than
the increase of probability of the existence of the rest of the body due to the arm.

These arguments concerned the spatial identity problem. However, for temporal identity similar
arguments hold. The existence of a living organism at one point in time makes it more probable that
there is a living organism (in the vicinity) at a subsequent (and preceding) point in time. If we look at
structures that are not entity-like with respect to the temporal dimension we find a different situation.
An arm at some instance of time does not make the existence of a rock at a subsequent instance much
more probable. It does make the existence of a human body at a subsequent instance much more
probable. So the human body at the second instance seems to be more like a future part of the arm
than the rock. Switching now to patterns in sets of random variables we can easily formalise such
intuitions. We required that for an entity every part of the structure, which is now a pattern xo, makes
every other part more probable. A part of a pattern is a pattern x, with b O. If we require that every
part of a pattern makes every other part more probable then we can write that Xg is an entity if:

. Porb (Xons[Xb)

— " T >1. 14
b O Pown(Xown) a4

This is equivalent to

m __Polxo) > 1 (15)
b O Povb(Xoww) Po(Xp)
If we write £,(0O) for the set of all bipartitions of O we can rewrite this further as
Po(x0) _ (16)

m £,00) [T n Po(Xp)

We can interpret this form as requiring that for every possible partition 1 £,(0O) into two parts
Xb,» Xb, the probability of the whole pattern xo = (X, , Xs,) is bigger than its probability would be if
the two parts were independent. To see this, note that if the two parts xy,, X,, were independent we
would have

Po(X0) =: Poy b, (Xbys Xb,) = Py (Xb, ) Ph, (Xp,)- (17
Which would give us
Po (o)
—_— =1 18
Mo = Po(Xs) (18)

for this partition.
From this point of view the choice of bipartitions only seems arbitrary. For example, the existence
a partition ¢ into three parts such that

Po(xo0) = I_I pe(Xc) (19)
c &

seems to suggest that the pattern xg is not an entity but instead composite of three parts. We can
therefore generalise Equation (16) to include all partitions £(O) (see Definition 2) of O except the unit
partition 1o. Then we would say that Xg is an entity if

min —Po(0) 4 (20)

m £(0)\lo b m Po(Xp)

This measure already results in the same entities as the measure we propose.
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However, in order to connect with information theory, log-likelihoods, and related literature we
formally introduce the logarithm into this equation. We then arrive at the following entity-criterion

min  log_Po00) 4 @1
m £ONo Mo n Po(Xb)
where the left hand side is the complete local integration (CLI), the function minimised is the specific
local integration (SLI), and the inequality provides the criterion for 1-entities. For reference, we define
these notions formally. We begin with SLI which quantifies for a given partition 1t of a pattern in how
far the probability of the whole pattern is bigger than its probability would be if the blocks of the
partition would be independent.

Definition 5 (Specific local integration (SLI)). Given a Bayesian network {X}; y, and a pattern xg the
specific local integration miy(Xg) of Xo with respect to a partition T of OV is defined as

Po(xo)

in =log ————.
Min{Xo) := log Mo e Po(Xp)

(22)

In this paper we use the convention that log 8 :=0.

Definition 6 ((Complete) local integration). Given a Bayesian network {X;}; v and a pattern xg of
this network the complete local integration 1(xg) of Xg is the minimum SLI over the non-unit partitions
n  £(0)\1o:

1(x0) := min  mig(xp). (23)
m £(0)\lo

We call a pattern xo completely locally integrated if 1((xg) > 0.

Remarks:

e The reason for excluding the unit partition 1o of £(O) (where 1o = {O} see Definition 2) is that
with respect to it every pattern has miy, (Xo) = 0.

 Looking for a partition that minimises a measure of integration is known as the weakest link
approach [35] to dealing with multiple partitions. We note here that this is not the only approach
that is being discussed. Another approach is to look at weighted averages of all integrations. For a
further discussion of this point in the case of the expected value of SLI see Ay [35] and references
therein. For our interpretation taking the average seems less well suited since requiring a positive
average will allow SLI to be negative with respect to some partitions.

Definition 7 (1-entity). Given a multivariate Markov chain {X;}; v a pattern xg is a 1-entity if
1(xg) > 0. (24)
The entire set of 1-entities & ({X;}; v) is then defined as follows.
Definition 8 (ci-entity-set). Given a multivariate Markov chain {X;}; v the 1-entity-set is the entity-set

& ({Xi}i v) ={xo Xa i1(x0) > 0}. (25)
AV

Next, we look at some interpretations that the introduction of the logarithm allows.

* Afirst consequence of introducing the logarithm is that we can now formulate the condition of
Equation (24) analogously to an old phrase attributed to Aristotle that “the whole is more than
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the sum of its parts”. In our case this would need to be changed to “the log-probability of the
(spatiotemporal) whole is greater than the sum of the log-probabilities of its (spatiotemporal)
parts”. This can easily be seen by rewriting Equation (22) as:

Min(Xo) = 10g po(X0) = 3 109 py(Xp). (26)
b m

* Another side effect of using the logarithm is that we can interpret Equation (24) in terms of
the surprise value (also called information content) — log po (Xo) [36] of the pattern xg and the
surprise value of its parts with respect to any partition 1. Rewriting Equation (22) using properties
of the logarithm we get:

Min(xo) = 3 (—log pp(xp)) — (—log po(X0)).
b 1

Interpreting Equation (24) from this perspective we can then say that a pattern is an entity if the
sum of the surprise values of its parts is larger than the surprise value of the whole.

* Incoding theory, the Kraft-McMillan theorem [37] tells us that the optimal length (in a uniquely
decodable binary code) of a codeword for an event x is 1(x) = —log p(x) if p(x) is the true
probability of x. If the encoding is not based on the true probability of x but instead on a
different probability q(x) then the difference between the optimal codeword length and the chosen
codeword length is

~ logq(x) = (~ log p(x)) = log 2. @

a(x)

Then we can interpret the specific local integration as a difference in codeword lengths. Say we
want to encode what occurs at the nodes/random variables indexed by O, i.e., we encode the
random variable Xy,. We can encode every event (now a pattern) xo based on po(xg). Let’s call
this the joint code. Given a partition T £(O) we can also encode every event xo based on its
product probability [, . Po(Xp)- Let’s call this the product code with respect to t. For a particular
event xg the difference of the codeword lengths between the joint code and the product code with
respect to Tt is then just the specific local integration with respect to 1.

Complete local integration then requires that the joint code codeword is shorter than all possible
product code codewords. This means there is no partition with respect to which the product code
for the pattern xg has a shorter codeword than the joint code. So i-entities are patterns that are
shorter to encode with the joint code than a product code. Patterns that have a shorter codeword
in a product code associated to a partition 1t have negative SLI with respect to this T and are
therefore not 1-entities.

= We can relate our measure of identity to other measures in information theory. For this we
note that the expectation value of specific local integration with respect to a partition 1 is the
multi-information Ml (Xg) [9,10] with respect to T, i.e.,

- Po(xo)
Mir(Xo) : = szXo po(xo) log Mo 7 Po() (28)
= > Po(xo) min(xo). (29)
xo Xo

The multi-information plays a role in measures of complexity and information integration [35].
The generalisation from bipartitions to arbitrary partitions is applied to expectation values similar
to the multi-information above in Tononi [38]. The relations of our localised measure (in the
sense of [11]) to multi-information and information integration measures also motivates the name
specific local integration. Relations to these measures will be studied further in the future. Here we
note that these are not suited for measuring identity of patterns since they are properties of the
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random variables Xg and not of patterns xo. We also show in Corollary 2 that if Xg is an 1-entity
that Xg (the joint random variable) has a positive Ml (Xg) for all partitions 1t and is therefore a
set of “integrated” random variables.

3.3. Properties of Specific Local Integration

This section investigates the specific local integration (SLI) (see Definition 5). After giving its
expression for deterministic systems it proves upper bounds constructively and constructs an example
of negative SLI.

3.3.1. Deterministic Case

Theorem 2 (Deterministic specific local integration). Given a deterministic Bayesian network
(Definition A10), a uniform initial distribution over Xy, (Vo is the set of nodes without parents), and a
pattern xo with OV the SLI of xg with respect to partition Tt can be expressed more specifically: Let N(xo)
refer to the number of trajectories in which xg occurs. Then

Mir(Xo) = (Im| — 1) log [Xy,| +1og N(xo) = 3 log N(xp). (30)
b 1

Proof. See AppendixC.2. [J

The first term in Equation (30) is always positive if the partition and the set of random variables are
not trivial (i.e., have cardinality larger than one) and is a constant for partitions of a given cardinality.
The second term is also always non-negative for patterns xo that actually occur in the system and rises
with the number of trajectories that lead to it. The third term is always non-positive and becomes more
and more negative the higher the number of trajectories that lead to the parts of the pattern occurring.

This shows that to maximise SLI for fixed partition cardinality we need to find patterns that have
a high number of trajectories leading to them and a low number of occurrences for all their parts. Since
the number of occurrences of the parts cannot be lower than the number of occurrences of the whole,
we should get a maximum SLI for patterns whose parts occur only if the whole occurs. This turns out
to be true also for the non-deterministic systems as we prove in Theorem 4.

Conversely, if we can increase the number of occurrences of the parts of the pattern without
increasing the occurrences of the whole pattern occurring we minimise the SLI. This leads to the
intuition that as often as possible as many parts as possible (i.e., all but one) should co-occur
without the whole pattern occurring. This consistently leads to negative SLI as we will show for
the non-deterministic case in Theorem 5.

3.3.2. Upper Bounds

In this section we present the upper bounds of SLI. These are of general interest, but the
constructive proof also provides an intuition for what kind of patterns have large SLI.

We first show constructively that if we can choose the Bayesian network and the pattern then SLI
can be arbitrary large. This construction sets the probabilities of all blocks equal to the probability of
the pattern and implies that each of the parts of the pattern occurs only if the entire pattern occurs.
The simplest example is one binary random variable determining another to always be in the same
state, then the two patterns with both variables equal have this property. In the subsequent theorem
we show that this property in general gives the upper bound of SLI if the cardinality of the partition is
fixed. A simple extension of this example is used in the proof of the least upper bound. First we prove
that there are Bayesian networks that achieve a particular SLI value. This will be used in the proofs
that follow. For this we first define the anti-patterns which are patterns that differ to a given pattern at
every random variable that is specified.
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Definition 9 (Anti-pattern). Given a pattern xg define its set of anti-patterns =(Xo) that have values different
from those of xg on all variables in O:

~(x0) ={X0 Xo: I O,% =x}. (31)
Remark:

e Itis important to note that for an element of —(xp) to occur it is not sufficient that xo does not
occur. Only if every random variable X; with i O differs from the value Xx; specified by xo does
an element of =(xg) necessarily occur. This is why we call =(Xg) the anti-pattern of xg.

Theorem 3 (Construction of a pattern with maximum SLI). Given a probability g (0, 1) and a positive
natural number n there is a Bayesian network {X;}; v with |V| = n and a pattern xg such that

Min(Xo) = —(n—1) log . (32)

Proof. We construct a Bayesian network which realises two conditions on the probability po.
From these two conditions (which can also be realised by other Bayesian networks) we can then
derive the theorem.

Choose a Bayesian network {X;}i v with binary random variables X; = {0,1} for alli V.
Choose all nodes in O dependent only onnode j O, the dependence of the nodes in V \ O is arbitrary:

e foralli O Vletpa(i)n(V\0O)= ,i.e.,nodesinO have no parents in the complement of O,

e foraspecificj Oandallotheri O\{j}letpa(i) ={j}, i.e, all nodesin O apart from j have
j Oasaparent,

= foralli  O\{j} let pi(Xi|bX;) = 8% (i), i.e., the state of all nodes in O is always the same as the
state of node j,

= also choose pj(x;) = gand Sx=x, pi(xj)) =1—aq.

Then it is straightforward to see that:
L polxo) =0,
2. T35 =(xo) Po(Xo) =1—aq.

Note that there are many Bayesian networks that realise the latter two conditions for some xg.
These latter two conditions are the only requirements for the following calculation.

Next note that the two conditions imply that po(Xo) = 0 if neither Xxg = Xg nor Xxo  =(Xp).
Then for every partition 1t of O with [1t| = nand n > 1 we have

Mir(xo) = log % (33)
Po(xo)
= =
o9 Mb m Yxon, Po(Xb: Xon) 39
— log Po(Xo) _ (35)
Mo n Po(X0) + T 50\, =xcr, PO (Xbs XoAb)
Po(xo)
Mb = Po(Xo) (36)
_ po(Xo0)
= log po(Xo)" &7
=—(n—1)loga. (38)
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Theorem 4 (Upper bound of SLI). For any Bayesian network {X}; \, and pattern xo with fixed po(Xo) = q

1. The tight upper bound of the SLI with respect to any partition Tt with |1t| = n fixed is

max max mig(xg) < —(n—1)logq. (39)
{4 v ropolo)=a{minl=n} + ©

2. The upper bound is achieved if and only if for allb 1T we have
Po(Xp) = Po(Xo0) = 0. (40)
3. The upper bound is achieved if and only if for all b 1T we have that x,, occurs if and only if xg occurs.

Proof. ad 1 By Definition 5 we have

. Po (o)
mig(Xpg) =log —————. 41
n(o) 9 Mb = Pb(Xo) 4D

Now note that for any xo andb O
Po(Xs) = 5 Po(Xp, Xonn) (42)
Xo\b
=poxo)+ > Po(Xp: Xon) 43)
Xonb=Xo\b

= po(Xo)- (44)

Plugging this into Equation (41) for every py(x,) we get

- _ po(Xo0)
Min(0) =100 5 " 000 )
po(xo0)
< log _PotXo)_ 46
=1 po(xo)!™ (e)
= —(|rt| = 1) log po(x0)- (47)

This shows that —(|1t1| — 1) log po(Xo) is indeed an upper bound. To show that it is tight we
have to show that for a given po(xp) and |1t| there are Bayesian networks with patterns xg such
that this upper bound is achieved. The construction of such a Bayesian network and a pattern xo
was presented in Theorem 3.

ad2 Ifforallb 1 we have py(xy) = po(Xo) then clearly mix(xo) = —(|t] — 1) log po(xo) and the
least upper bound is achieved. If on the other hand miy(xg) = — (|| — 1) log po(Xo) then
log =220 __ = _ (1| - 1) 1og po (x0) 48)
Mo e Po(Xp)

~  log Po(x0) _ Po(Xo) (49)

Mo e Po(Xp) Po(xo0)!m
- I Po(s) = po(x0)™, (50)

b 1

and because py(Xp) = po(Xo) (Equation (44)) any deviation of any of the py(xy) from po(xo)
leads to [y 5 Pp(Xp) > po (xo)!™ such that for all b 1t we must have py(X,) = po(Xo).
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ad 3 By definition forany b 1 we haveb O such that x, always occurs if Xxg occurs. Now assume
xp occurs and xg does not occur. In that case there is a positive probability for a pattern (xp, Xo\p)
with Xovp = Xovp i-€., Po(Xp, Xoww) = 0. Recalling Equation (43) we then see that

Po(Xp) = po(x0) + > Po(Xp: Xonp) (51)

Xo\b=Xo\b

> po(Xo). (52)

which contradicts the fact that p,(xp) = po(Xo) S0 Xp cannot occur without xg occurring as well.
O

Remarks:

* Note that this is the least upper bound for Bayesian networks in general. For a specific Bayesian
network there might be no pattern that achieves this bound.

e The least upper bound of SLI increases with the improbability of the pattern and the number of
parts that it is split into. If po(xo) — 0 then we can have miy(xg) — oo.

e Using this least upper bound it is easy to see the least upper bound for the SLI of a pattern xo
across all partitions |1t|. We just have to note that |t| < |O]|.

* Since it is the minimum value of SLI with respect to arbitrary partitions the least upper bound of
SL1 is also an upper bound for CLI. It may not be the least upper bound however.

3.3.3. Negative SLI

This section shows that SLI of a pattern xo with respect to partition 1t can be negative independently
of the probability of Xg (as long as it is not 1) and the cardinality of the partition (as long as that
is not 1). The construction which achieves this also serves as an example of patterns with low SLI.
We conjecture that this construction might provide the greatest lower bound but have not been able
to prove this yet. An intuitive description of the construction is that patterns which either occur as a
whole or missing exactly one part always have negative SLI.

Theorem 5. For any given probability g < 1 and cardinality |1t] = n > 1 of a partition Tt there exists a
Bayesian network {X;}; v with a pattern xg such that ¢ = po(xo) and

_1=q

Mir(Xo) = log % <0. (53)
1

n

Proof. We construct the probability distribution pg : Xo — [0, 1] and ignore the behaviour of the
Bayesian network {X;}; v outside of O V. Inany case {X;}i o is also by itself a Bayesian network.
We define (see remarks below for some intuitions behind these definitions and Definition 9 for =(xa)):

1. foralli Olet|X;]=n

2. foreveryblockb Ttlet|b| = %,
3. forxo Xplet:

q if Xo = Xo,

1—q—d : - _ c o
_ o F € TISE Xoy\ = Xo\ ¢ Xe = Xe,
po(Xo) == 2t dnl [€B] e ¢ ¢ (54)
Mool [TXo ~(xo)
0 else.

Here d parameterises the probability of any pattern in —(xg) occurring. We will carry it through
the calculation but then end up setting it to zero.
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Next we calculate the SLI. First note that, according to 1. and 2., we have |X,| = |X,| for all
b,c 1 and therefore also |=(xp)| = |=(xc)| for all b,c 1. So let m := |=(x,)|. Then note that,
accordingto 3, forallb Tt

z Po (Xb, Xo\b) z z Po (Xb, XO\(b o) )ZC) (55)
Xo\b=X0\b ¢ T\bXe=Xc
l1—q—d
- SR ETA (56)
c %\b Xe=Xc b =)l

= 1-g-—d (57)

¢ T\b Xc=X¢ m|T[|

1—q—d
= 1 T-(x 58
C%\b mIT[I | ( C)l ( )
mn—1
=09 59)
Plug this into the SLI definition:
: Po(xo)
mig(Xp) = log ———— 60
n(x0) 9 Mb = Po(Xo) (0)
q
=lo — 61
9 Mb 78+ Yxo,=x0r, PO(Xb: XoNb) ©1)
=log |n|21 (62)
[To nO+ ] (1_q_d)
= log - 9 ] (63)
g+t —q—d)
If we now set d = 0 we get:
Mir(xo) = log a__ (64)
71— 1—q [l

Then we can use Bernoulli’s inequality (The authors thank von Eitzen [39] for pointing this
out. An example reference for Bernoulli’s inequality is Bullen [40]). to prove that this is negative for
0 < g<1land|m| = 2. Bernoulli’'s inequality is

A+x)"=1+nx (65)

for x = —1 and n a natural number. Replacing x by —(1 — q)/|mt| we see that

[m|

17a oy (66)

1_
||

such that the argument of the logarithm is smaller than one which gives us negative SLI. [
Remarks:

e The achieved value in Equation (53) is also our best candidate for a greatest lower bound of SLI
for given po(xp) and |mt|. However, we have not been able to prove this yet.

e The construction equidistributes the probability 1 — q (left to be distributed after the probability g
of the whole pattern occurring is chosen) to the patterns X that are almost the same as the pattern
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Xo. These are almost the same in a precise sense: They differ in exactly one of the blocks of T, i.e.,
they differ by as little as can possibly be resolved/revealed by the partition Tt.

* Inorder to achieve the negative SLI of Equation (64) the requirement is only that Equation (59) is
satisfied. Our construction shows one way how this can be achieved.

e For a pattern and partition such that |O|/|m| is not a natural number, the same bound might still
be achieved however a little extra effort has to go into the construction 3. of the proof such that
Equation (59) still holds. This is not necessary for our purpose here as we only want to show the
existence of patterns achieving the negative value.

e Since it is the minimum value of SLI with respect to arbitrary partitions the candidate for the
greatest lower bound of SL1I is also a candidate for the greatest lower bound of CLI.

3.4. Disintegration

In this section we define the disintegration hierarchy and its refinement-free version. We then
prove the disintegration theorem which is the main formal result of this paper. It exposes a connection
between partitions minimising the SLI of a trajectory and the CLI of the blocks of such partitions.
More precisely for a given trajectory the blocks of the finest partitions among those leading to a
particular value of SLI consist only of completely locally integrated blocks. Conversely, each completely
locally integrated pattern is a block in such a finest partition leading to a particular value of SLI.
The theorem therefore reveals that 1-entities can not only be motivated heuristically as we tried to do
in Section 3.2 but in fact play a special role within the trajectories they occur in. Furthermore, this
theorem allows additional interpretations of the 1-entities which will be discussed in Section 3.5.

The main tool we use for the proof, the disintegration hierarchy and especially its refinement
free version are also interesting structure in their own right since they define a hierarchy among the
partitions of trajectories that we did not anticipate. In the case of the refinement free version the
disintegration theorem tells us that this hierarchy among partitions of trajectories turns out to be a
hierarchy of splits of the trajectory into ci-entities.

Definition 10 (Disintegration hierarchy). Given a Bayesian network {X;}; v and a trajectory xy Xy,
the disintegration hierarchy of xy, is the set ©(xy) = {91, D2, D3, ...} of sets of partitions of xy, with:

1.
D1(xv) := arg min mir (xy) (67)
m £(V)

2. andfori>1.

Di(xy) = argmin  mig(xy). (68)

m EV\D (xv)
where ® j(xv) == j<i Dj(xv). We call Dj(xy) the i-th disintegration level.
Remark:

* Note that arg min returns all partitions that achieve the minimum SL1I if there is more than one.

« Since the Bayesian networks we use are finite, the partition lattice £(V) is finite, the set of attained
SLI values is finite, and the number |D| of disintegration levels is finite.

* In most cases the Bayesian network contains some symmetries among their mechanisms which
cause multiple partitions to attain the same SLI value.

e For each trajectory xy the disintegration hierarchy © then partitions the elements of £(V) into
subsets D;(xy) of equal SLI. The levels of the hierarchy have increasing SLI.

Definition 11. Let £(V) be the lattice of partitions of set V and let & be a subset of £(V). Then for every
element m £(V) we can define the set

Cqni={& ¢:&<m} (69)
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That is €4 is the set of partitions in & that are refinements of 11.

Definition 12 (Refinement-free disintegration hierarchy). Given a Bayesian network {X;}; v, a trajectory
xy Xy, and its disintegration hierarchy ©(xy/) the refinement-free disintegration hierarchy of xy, is the set
D4 (xv) = {97, D5, D3, ...} of sets of partitions of xy with:

1.
D7 (xv) ={m  D1(xv) : D1(Xv)an = } (70)

2. andfori>1:
D¥xv) ={m Di(xv):D i(Xv)an = } (711)

Remark:

= Each level ©;*(xy) in the refinement-free disintegration hierarchy ©<(xy) consists only of those
partitions that neither have refinements at their own nor at any of the preceding levels. So each
partition that occurs in the refinement-free disintegration hierarchy at the i-th level is a finest
partition that achieves such a low level of SLI or such a high level of disintegration.

* Aswe will see below, the blocks of the partitions in the refinement-free disintegration hierarchy
are the main reason for defining the refinement-free disintegration hierarchy.

Theorem 6 (Disintegration theorem). Let {X;}; v be a Bayesian network, xy Xy one of its trajectories,
and ©<(xy) the associated refinement-free disintegration hierarchy.

1. Then for every D;%(xy) D<(xy) we find forevery b mwithm ©;%(xy) that there are only the
following possibilities:

(@ bisasingleton,i.e., b = {i} forsomei V,or
(b)  xp is completely locally integrated, i.e., 1(xy) > 0.

2. Conversely, for any completely locally integrated pattern x4, there is a partition T £(V) and a level
Di(xv) D*(xy)suchthat A mAandt” D (xv).

Proof. ad 1 We prove the theorem by contradiction. For this assume that there is block b in a partition
T D;*(xv) which is neither a singleton nor completely integrated. Let m  ©;*(xy) and
b 1. Assume b is not a singleton i.e., there existi = Vsuchthati bandj b. Also
assume that b is not completely integrated i.e., there exists a partition & of b with & = 1, such
that mig (x,) =< 0. Note that a singleton cannot be completely locally integrated as it does not
allow for a non-unit partition. So together the two assumptions imply p,(X,) < g £ Pa(Xa)
with |§| > 1. However, then

; pv (xv)
mix(xy) = lo 72
) =100 5 60 e v Polxe) 72)

pv (Xv)
=lo 73
9 Ma & Pa(Xd) Me m\b Pe(Xc) (73)
We treat the cases of “>" and “="" separately. First, let

Min(x) = log Py(xv) (74)

Ma & Pa(Xa) Me mvb PelXc)”
Then we can define p := (t\b) & such that

1. mip(xy) = mig(xy) which impliesthatp  ©;(xy) because T D;(xy), and
2. p < mwhich contradicts T ©;*(xv).
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Second, let
. pv (xv)
mig(Xy) > lo . 75
n(xv) 9 Ma & Pd(Xa) Me b Pe(Xc) (79)
Then we can define p := (t\b) & such that
Mip(xv) < Min(xv), (76)

which contradicts 1 ©;*(xv).

ad 2 By assumption x is completely locally integrated. Then let T4 := {A} {{i}}; w\a. Since A
is a partition of V it is an element of some disintegration level D;a. Then partition A is also
an element of the refinement-free disintegration level Di‘A(xV) as we will see in the following.
This is because any refinements must (by construction of m# break up A into further blocks
which means that the local specific integration of all such partitions is higher. Then they must be
at lower disintegration level ®,(xy) with k = i®. Therefore, T* has no refinement at its own
or a higher disintegration level. More formally, let &  £(V),& = i and & < 1t since A
only contains singletons apart from A the partition & must split the block A into multiple blocks
¢ &|a. Since 1(xa) > 0 we know that

pa(xa)

[Te gla pe(Xc) =0 @

mig|, (xa) = log

so that [¢ g, Pc(Xc) < pa(xa) and

. pv (xv)
miz(xy) = lo 78
ey = log Me gla Pe(Xe) i vaa Pi(Xi) (78)

pv (xv)
> log (79)
PA(XA) i waa Pi(Xi)
= Miga(Xv). (80)
Therefore £ is on a disintegration level D, (xy) with k > i#, but this is true for any refinement of
mAS0D ja(xv)opa = andmh DA (xv).
O

We mentioned in Section 3.2 that the expectation value of SLI mig(xa) is the (specific)
multi-information Ml (Xa). A positive SLI value of x implies a positive expectation value Ml (Xa).
Therefore every 1-entity x implies positive specific multi-informations Ml (X ) with respect to any
partition 1. We put this into the following corollary.

Corollary 2. Under the conditions of Theorem 6 and for every ©;*(xy) ©<(xy) we find foreveryb m
with 1 ©;¥(xv) that there are only the following possibilities:

1. bisasingleton,i.e., b= {i} forsomei V,or
2. Xy is completely (not only locally) integrated, i.e., 1(X,) > 0.

here
I(Xa) ;= min Ml (Xa). (81)
m £(A)\0

Proof. Since MIy(Xpa) is a Kullback-Leibler divergence we know from Gibbs’ inequality that
Ml (Xa) = 0 and MIx(Xa) = 0if and only if for all xa XA we have pa(Xa) = 1o = Po(Xp)-
To see that Ml (Xa) is a Kullback-Leibler divergence note:
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Min(Xa):= 5  pa(xa) Min(xa) (82)
Xa XA
- _Palxa)
= XAZXA pa(xa) log o Po () (83)
= KL[pall T pol- (84)
b m

Now let a specific xa  Xa be a 1-entity. Then forall m  £(A) \ 0 we have

log _PAGA)

85
Mo Po(Xp) (69)
which implies that
Pa(xa) = [ Po(xp) (86)
b
and therefore
KL[pall [] po] >0 CH)
b m

which implies I(Xa) > 0. O

3.5. Disintegration Interpretation

In Section 3.2 we motivated our choice of positive complete local integration as a criterion for
entities. This motivation is purely heuristic and starts from the intuition that an entity is a structure
for which every part makes every other part more probable. While this heuristic argument seems
sufficiently intuitive to be of a certain value we would much rather have a formal reason why an
entity criterion is a “good” entity criterion. In other words we would ideally have a formal problem
that is best solved by the entities satisfying the criterion. An example of a measure that has such an
associated interpretation is the mutual information whose maximum over the input distributions
is the channel capacity. Without a formal problem associated to 1-entities there remains a risk that
they (and maybe the whole concept of entities and identity over time) are artefacts of an ill-conceived
conceptual approach.

Currently, we are not aware of an analogous formal problem that is solved by 1-entities. However,
the different viewpoint provided by the disintegration theorem may be a first step towards finding
such a problem. We will now discuss some alternative interpretations of SLI and see how CLI can be
seen from a different perspective due to the disintegration theorem. These interpretations also exhibit
why we chose to include the logarithm into the definition of SLI.

Using the disintegration theorem (Theorem 6) allows us to take another point of view on 1-entities.
The theorem states that for each trajectory xy Xy of a multivariate Markov chain the refinement-free
disintegration hierarchy only contains partitions whose blocks are completely integrated patterns i.e.,
they only contain 1-entities. At the same time the blocks of all those partitions together are all 1-entities
that occur in that trajectory.

A partition in the refinement-free disintegration hierarchy is always a minimal/finest partition
reaching such a low specific local integration.

Each t-entity is then a block x; with ¢ 1t of a partition m1  ©<(xy) for some trajectory xy Xy
of the multivariate Markov chain.

Let us recruit the interpretation from coding theory above. If we want to find the optimal
encoding for the entire multivariate Markov chain {X;}; v this means finding the optimal encoding
for the random variable Xy, whose values are the trajectories xy  Xy. The optimal code has the
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codeword lengths — log py (xv) for each trajectory xy. The partitions in the lowest level ©*(xy) in
the refinement-free disintegration hierarchy for xy, have minimal specific local integration i.e.,

pv (xv)
Me o Pe(Xc)

is minimal among all partitions. At the same time these partitions are the finest partitions that achieve
this low specific local integration. This implies on the one hand that the codeword lengths of the
product codes associated to these partitions are the shortest possible for xy among all partitions.
On the other hand these partitions split up the trajectory in as many parts as possible while generating
these shortest codewords. In this combined sense the partitions in ©;*(x) generate the “best” product
codes for the particular trajectory xy .

Note that the expected codeword length of the product code:

Mir(xv) = log (88)

> pv(xv)(—log [ pe(xc)) (89)

Xy Xy

which is the more important measure for encoding in general, might not be short at all, i.e., it might
not be an efficient code for arbitrary trajectories. The product codes based on partitions in ©3(xv)
are specifically adapted to assign a short codeword to xy, i.e., to a single trajectory or story of
this system. As product codes they are constructed/forced to describe xy as a composition of
stochastically independent parts. More precisely they are constructed in the way that would be
optimal for stochastically independent parts.

Nonetheless, the product codes exist (they can be generated using Huffman coding or arithmetic
coding [37] based on the product probability) and are uniquely decodable. The parts/blocks of them are
the 1-entities. We mentioned before that we would like to find a problem that is solved by 1-entities. This
is then equivalent to finding a problem that is solved by the according product codes. Can we construct
such a problem? This question is still open. A possible direction for finding such a problem may be the
following line of reasoning. Say for some reason the trajectory Xy is more important than any other
and that we want to “tell its story” as a story of as many as possible (stochastically) independent parts
(that are maybe not really stochastically independent) i.e., say we wanted to encode the trajectory as if
it were a combination of as many as possible stochastically independent parts/events. And because xy
is more important than all other trajectories we wanted the codeword for xy to be the shortest possible.
Then we would use the product codes of partitions in the refinement-free disintegration hierarchy
because those combine exactly these two conditions. The pseudo-stochastically-independent parts
would then be the blocks of these partitions which according to the disintegration theorem are exactly
the 1-entities occurring in Xy .

Speculating about where the two conditions may arise in an actual problem, we mention that
the trajectory/history that we (real living humans) live in is more important to us than all other
possible trajectories of our universe (if there are any). What happens/happened in this trajectory
needs to be communicated more often than what happens/happened in counterfactual trajectories.
Furthermore, a good reason to think of a system as composite of as many parts as possible is that this
reduces the number of parameters that need to be learned which in turn improves the learning speed
(see e.g., [41]). So the entities that mankind has partitioned its history into might be related to the
1-entities of the universe’s history. These would compose the shortest product codes for what actually
happened. The disintegration level might be chosen to optimise rates of model learning.

Recall that this kind of product code is not the optimal code in general (which would be the one
with shortest expected codeword length). It is possibly more of a naive code that does not require
deep understanding of the dynamical system but instead can be learned fast and works. The language
of physics for example might be more optimal in the sense of shortest expected codeword lengths
reflecting a desire to communicate efficiently about all counterfactual possibilities as well.
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3.6. Related Approaches

We now discuss in some more detail than in Section 1.3 the approaches of Beer [14] and Balduzzi [26].

In Beer [14] the construction of the entities proceeds roughly as follows. First the maps
from the Moore neighbourhood to the next state of a cell are classified into five classes of local
processes. Then these are used to reveal the dynamical structure in the transitions from one time-slice
(or temporal part) of a pattern to the next. The used example patterns are the famous block, blinker,
and glider and they are considered including their temporal extension. Using both the processes and
the spatial patterns/values/components (the black and white values of cells are called components)
networks characterising the organisation of the spatiotemporally extended patterns are constructed.
These can then be investigated for their organisational closure. Organisational closure occurs if the same
process-component relations reoccur at a later time. Boundaries of the spatiotemporal patterns are
identified by determining the cells around the pattern that have to be fixed to get re-occurrence of
the organisation.

Beer [14] mentions that the current version of this method of identifying entities has its limitations.
If the closure is perturbed or delayed and then recovered the entity still looses its identity according to
this definition. Two possible alternatives are also suggested. The first is to define the potential for closure
as enough for the ascription of identity. This is questioned as well since a sequence of perturbations
can take the entity further and further away from its “defining” organisation and make it hard to still
speak of a defining organisation at all. The second alternative is to define that the persistence of any
organisational closure indicates identity. It is suggested that this would allow blinkers to transform
to gliders.

We note that using the entity criterion we propose does not need similar choices to be made
since it is not based on the re-occurrence of any organisation. Later time-slices of 1-entities need
no organisational (or any other) similarity to earlier ones. Another, possibly only small, advantage
is that our criterion is formalised and reasonably simply to state. Whether this is possible for the
organisational closure based entities remains to be seen.

This is related to the philosophical discussion about identity across possible worlds [33].

Some further parallels can be drawn between the present work and Balduzzi [26] especially if we
take into account the disintegration theorem. Given a trajectory (entire time-evolution) of the system
in both cases a partition is sought which fulfills a particular trajectory-wide optimality criterion. Also
in both cases, each block of the trajectory-wide partition fulfills a condition with respect to its own
partitions. For our conditions the disintegration theorem exposes the direct connection between the
trajectory-wide and the block-specific conditions. Such a connection is not known for other approaches.
The main reason for this might be the simpler formal expression of CLI and SLI compared to the
IIT approaches.

In how far our approach and the 11T approaches lead to coinciding or contradicting results is
beyond the scope of this paper and constitutes future work. One avenue to pursue here are differences
with respect to entities occurring in multiple trajectories as well as the possibility of overlapping
entities within single trajectories.

4. Examples

In this section we investigate the structure of integrated and completely locally integrated
spatiotemporal patterns as it is revealed by the disintegration hierarchy. First we take a quick look at
the trivial case of a set of independent random variables. Then we look at two very simple multivariate
Markov chains. We use the disintegration theorem (Theorem 6) to extract the completely locally
integrated spatiotemporal patterns.
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4.1. Set of Independent Random Variables

Let us first look at a set {X;}; v of independently and identically distributed random variables.
For each trajectory xy Xy we can then calculate SLI with respect to a partition 1 £(V). For every
A Vandevery xa Xa wehave pa(Xa) =[] a pi(X;). Then we find for every m  £(V):

Mir (xv) = 0. (90)

This shows that the disintegration hierarchy for each xy, Xy contains only a single disintegration
level D(xy) = {91} with ©; = £(V). The finest partition of £(V) is its zero element 0 which then
constitutes the only element of the refinement-free disintegration level ©* = {0}. Recall that the zero
element of a partition lattice only consists of singleton sets as blocks. The set of completely locally
integrated patterns i.e., the set of 1-entities in a given trajectory xy is then the set {x; :i V}.

Next we will look at more structured systems.

4.2. Two Constant and Independent Binary Random Variables: MC=

4.2.1. Definition

Define the time- and space-homogeneous multivariate Markov chain MC= with Bayesian network
{Xidi pat o123 and
ift=0,

pa(j,t) = (Gt—1)) else, (1)

1 if Xjt = Xjt—1,

pj,t(Xj,t|Xj,t—1) = 5xj,(71(xj,t) = (92)

0 else,
pjo(Xj0) = 1/74. (93)

The Bayesian network can be seen in Figure 4.

X1 —— X2 —— X3

Xog — Xop —— Xp3

Figure 4. Bayesian network of MC=. There is no interaction between the two processes.

4.2.2. Trajectories

In order to get the disintegration hierarchy ©(xy/) we have to choose a trajectory xy and calculate
the SLI of each partition T £(V). There are only four different trajectories possible in MC~ and
they are:

(0,0,0,0,0,0) ifxy0=0,x20=0;
(0,1,0,1,0,1) ifx30=0,x20 = 1;
(1,0,1,0,1,0) ifxy0=1,%20=0;
(1,1,1,1,1,1) ifxg0=1,x0=1

Xv = (X1,0, X2,0, X1,1, X2,1, X1,2, X2,2) = (94)

Each of these trajectories has probability py (xy) = 1/4 and all other trajectories have py(xy) = 0.
We call the four trajectories the possible trajectories. We visualise the possible trajectories as a grid with
each cell corresponding to one variable. The spatial indices are constant across rows and time-slices V¢
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correspond to the columns. A white cell indicates a 0 and a black cell indicates a 1. This results in the
grids of Figure 5.

(a) (0,0,0,0,0,0) (b) (0,1,0,1,0,1) (©) (1,0,1,0,1,0) (d)(1,1,1,1,1,1)

Figure 5. Visualisation of the four possible trajectories of MC=. In each trajectory the time index
increases from left to right. There are two rows corresponding to the two random variables at each
time step and three columns corresponding to the three time-steps we are considering here.

4.2.3. Partitions of Trajectories

The disintegration hierarchy is composed out of all partitions in the lattice of partitions £(V).
Recall that we are partitioning the entire spatially and temporally extended index set V of the
Bayesian network and not only the time-slices. Blocks in the partitions of £(V) are then, in general,
spatiotemporally and not only spatially extended patterns.

The number of partitions |£(V)| of a set of |V| = 6 elements is Bg = 203 (B, is the Bell number
of n). These partitions 1t can be classified according to their cardinality |1t| (number of blocks in the
partition). The number of partitions of a set of cardinality |V| into |1T| blocks is the Stirling number
S(|VI,|mt]). For |V| = 6 we find the Stirling numbers:

|| 12 3 4 5 6
SV Im)) 1 31 9 65 15 1

(95)

Itis important to note that the partition lattice £(V) is the same for all trajectories as it is composed
out of partitions of V. On the other hand the values of SLI miy(xy) with respect to the partitions in
£(V) generally depend on the trajectory Xy .

4.2.4. SL1 Values of the Partitions

We can calculate the SLI miy(xy) of every trajectory xy with respect to each partitionm ~ £(V)

according to Definition 5:
pv (xv)
Mb m Po(Xp)

In the case of MC™ the SLI values with respect to each partition do not depend on the trajectories.
For an overview we plotted the values of SLI with respect to each partition 1 £(V) for any trajectory
of MC= in Figure 6.

We can see in Figure 6 that the cardinality does not determine the value of SLI. At the same time
there seems to be a trend to higher values of SLI with increasing cardinality of the partition. We can
also observe that only five different values of SLI are attained by partitions on this trajectory. We will
collect these classes of partitions with equal SLI values in the disintegration hierarchy next.

mirn(xy) := log (96)
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Figure 6. Specific local integrations miy (xy) of any of the four trajectories xy seen in Figure 5 with
respect to all 1 £(V). The partitions are ordered according to an enumeration with increasing
cardinality || ((see Pemmaraju and Skiena [42], Chapter 4.3.3) for the method). We indicate with
vertical lines at what partitions the cardinality |1t| increases by one.

4.2.5. Disintegration Hierarchy

In order to get insight into the internal structure of the partitions of a trajectory xy, we obtain
the disintegration hierarchy ©(xy) (see Definition 10) and look at the Hasse diagrams of each of
the disintegration levels D;(xy) partially ordered by refinement. If we sort the partitions of any
trajectory of MC™ according to increasing SLI value we obtain Figure 7. There we see groups of
partitions attaining the SLI values {0, 1, 2, 3,4} (precisely) these groups are the disintegration levels
{D1(xv), D2(xv), D3(Xv), Da(xv), Ds(xv)}. The exact numbers of partitions in each of the levels are:

i 1 2 3 4 5

m; 0 1 2 3 4 97)
|[©i] 2 18 71 78 34

Next we look at the Hasse diagram of each of those disintegration levels. Since the disintegration
levels are subsets of the partition lattice £(V), they are in general not lattices by themselves. The Hasse
diagrams (see Appendix B for the definition) visualise the set of partitions in each disintegration level
partially ordered by refinement <. The Hasse diagrams are shown in Figure 8. We see immediately
that within each disintegration level apart from the first and the last the Hasse diagrams contain
multiple connected components.

Furthermore, within a disintegration level the connected components often have the same Hasse
diagrams. For example, in ©, ( Figure 8b) we find six connected components with three partitions
each. The identical refinement structure of the connected components is related to the symmetries
of the probability distribution over the trajectories. As it requires further notational overhead and is
straightforward we do not describe these symmetry properties formally. In order to see the symmetries,
however, we visualise the partitions themselves in the Hasse diagrams in Figure 9. We also visualise
examples of the different connected components in each disintegration level in Figure 10.
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Figure 7. Same as Figure 6 but with the partitions sorted according to increasing SLI.
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Figure 8. Hasse diagrams of the five disintegration levels of the trajectories of MC=. Every vertex
corresponds to a partition and edges indicate that the lower partition refines the higher one.

v = v | | N . EER | v

Figure 9. Hasse diagram of ©, of MC™ trajectories. Here we visualise the partitions at each vertex.
The blocks of a partition are the cells of equal colour. Note that we can obtain all six disconnected
components from one by symmetry operations that are respected by the joint probability distribution
pv. For example, we can shift each row individually to the left or right since every value is constant in

each row. We can also switch top and bottom row since they have the same probability distributions
even if 1 and 0 are exchanged.

Figure 10. For each disintegration level of the trajectories of MC= we here show example connected
components of Hasse diagrams with the partitions at each vertex visualised. The disintegration level
increases clockwise from the top left. The blocks of a partition are the cells of equal colour.

Recall that due to the disintegration theorem (Theorem 6) we are interested especially in partitions
that do not have refinements at their own or any preceding (i.e., lower indexed) disintegration level.
These partitions consist of blocks that are completely integrated. i.e., all possible partitions of each of the
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blocks results in a positive SLI value or is a single node of the Bayesian network. The refinement-free
disintegration hierarchy ©<(xy) contains only these partitions and is shown in a Hasse diagram
in Figure 11.

Figure 11. Hasse diagrams of the refinement-free disintegration hierarchy ®< of MC™ trajectories.
Here we visualise the partitions at each vertex. The blocks of a partition are the cells of equal colour.
It turns out that partitions that are on the same horizontal level in this diagram correspond exactly to a
level in the refinement-free disintegration hierarchy ©<. The i-th horizontal level starting from the top
corresponds to ©;*. Take for example the second horizontal level from the top. The partitions on this
level are just the minimal elements of the poset ©, which was visualised in Figure 9. To connect this to
Figure 8 note that for each disintegration level D; shown there as a Hasse diagram, the partitions on
the i-th horizontal level (counting from the top) in the present figure are the minimal elements of that
disintegration level.

4.2.6. Completely Integrated Patterns

Having looked at the disintegration hierarchy we now make use of it by extracting the completely
(When it is clear from context that we are talking about complete local integration we drop “local”
for the sake of readability.) integrated patterns (1-entities) of the four trajectories of MC=. Recall that
due to the disintegration theorem (Theorem 6) we know that all blocks in partitions that occur in the
refinement-free disintegration hierarchy are either singletons or correspond to 1-entities. If we look at
the refinement-free disintegration hierarchy in Figure 11 we see that many blocks occur in multiple
partitions and across disintegration levels. We also see that there are multiple blocks that are singletons.
If we ignore singletons, which are trivially integrated as they cannot be partitioned, we end up with
eight different blocks. Since the disintegration hierarchy is the same for all four possible trajectories
these blocks are also the same for each of them (note that this is the case for MC= but not in general as
we will see in Section 4.3). However, the patterns that result are different due to the different values
within the blocks. We show the eight 1-entities and their complete local integration (Definition 6) on
the first trajectory in Figure 12 and on the second trajectory in Figure 13.
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) =1.00 ) =1.00 ) =1.00 ) = 1.00
) = 1.00 ) =1.00 ) =1.00 ) = 1.00

ol

Figure 12. All distinct completely integrated composite patterns (singletons are not shown) on the first
possible trajectory of MC=. The value of complete local integration is indicated above each pattern.
We display patterns by colouring the cells corresponding to random variables that are not fixed to any
value by the pattern in grey. Cells corresponding to random variables that are fixed by the pattern are
coloured according to the value i.e., white for 0 and black for 1.

) =1.00 ) =1.00 ) =1.00 ) =1.00
) =1.00 ) =1.00 ) =1.00 ) = 1.00

1 e

Figure 13. All distinct completely integrated composite patterns on the second possible trajectory of
MC=. The value of complete local integration is indicated above each pattern.

Since the disintegration hierarchies are the same for the four possible trajectories of MC= we get
the same refinement-free partitions and therefore the same blocks containing the 1-entities. This is
apparent when comparing Figures 12 and 13 and noting that each pattern occurring on the first
trajectory has a corresponding pattern on the second trajectory that differs (if at all) only in the values
of the cells it fixes and not in what values it fixes. More visually speaking, for each pattern in Figure 12
there is a corresponding pattern in Figure 13 leaving the same cells grey.

If we are not interested in a particular trajectory, we can also look at all different 1-entities on any
trajectory. For MC= these are shown in Figure 14.
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W(zo) = 1.00 Wzo) = 1.00 W(zo) = 1.00 Wzo) = 1.00

t(zo) = 1.00 t(zo) = 1.00 t(zo) = 1.00 t(zo) = 1.00

t(zo) = 1.00 t(zo) = 1.00 t(zo) = 1.00 t(zo) = 1.00

t(zo) = 1.00 t(zo) = 1.00 t(zo) = 1.00 t(zo) = 1.00

Figure 14. All distinct completely integrated composite patterns on all four possible trajectories of
MC=. The value of complete local integration is indicated above each pattern.

We see that all 1-entities xo have the same value of complete local integration 1(xg) = 1. This can
be explained using the deterministic expression for the SLI of Equation (30) and noting that for MC= if
any of the values x; is fixed by a pattern then (x;s)s T = Xj,1 are determined since they must be the
same value. This means that the number of trajectories N(x;s) in which any pattern xjs withS T
occurs is either N(xjs) = 0, if the pattern is impossible, or N(x;s) = 2 since there are two trajectories
compatible with it. Note that all blocks x;, in any of the 1-entities and all 1-entities xo themselves are of
the form x;s with S T. Let N(x;s) =: N and plug this into Equation (30) for an arbitrary partition Tt

Min(x0) = (1| = 1)log Xy, —fog Mt n ) (%8)
[m|

= (Il = 1) log Xy, | — fog "\~ ©9)

= (im|~ 1) log 20!, (100)

To get the complete local integration value we have to minimise this with respect to 1 where
[t] = 2. So for [Xy,| =4and N =2 we get 1(xp) = 1.

Another observation is that the 1-entities are all limited to one of the two rows. This shows on
a simple example that, as we would expect, 1-entities cannot extend from one independent process
to another.
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4.3. Two Random Variables with Small Interactions

In this section we look at a system almost identical to that of Section 4.2 but with a kind of noise
introduced. This allows all trajectories to occur and is designed to test whether the spatiotemporal
patterns maintain integration in the face of noise.

4.3.1. Definition

We define the time- and space-homogeneous multivariate Markov chain MC via the Markov
matrix P with entries

Pt (ka1 xoen). f(aexa) = Potr1 (X1, Xo 11X, X2,) (101)
where we define the function f : {0,1}2 - [1: 4] via
£(0,0) = 1,f(0,1) =2, f(1,0) = 3, f(1,1) = 4. (102)

With this convention P is

p= (103)
1-3

This means that the state of both random variables remains the same with probability 1 —3 and
transitions into each of the other possible combinations with probability . The noise then does not act
independently on both random variables but disturbs the joint state. This makes 1-entities possible that
extend across the two processes. In the following we set = 1/100. The initial distribution is again the
uniform distribution

pj,O(Xj,O) =1/4. (104)

Writing this multivariate Markov chain as a Bayesian network is possible but the conversion is
tedious. The Bayesian network one obtains can be seen in Figure 15.

X1 —— X2 —— X3

>

Xzy]_ e X2,2 —_— X2,3

Figure 15. Bayesian network of MC .

4.3.2. Trajectories

In this system all trajectories are possible trajectories. This means there are 28 = 64 possible
trajectories, since every one of the six random variables can be in any of its two states. There are
three classes of trajectories with equal probability of occurring. The first class with the highest
probability of occurring are the four possible trajectories of MC™. Then there are 24 trajectories
that make a single -transition (i.e., a transition where the next pair is not the same as the current
one (Xqt+1, X2t+1) = (X1t, X2,t), these transitions occur with probability ), and 36 trajectories with
two -transitions. We pick only one trajectory from each class. The representative trajectories
are shown in Figure 16 and will be denoted x\l,,xg,, and x\3, respectively. The probabilities are
pv(xy) = 0.235225, py (xZ) = 0.0024250, py (x¥) = 0.000025.
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(@) xy =(0,1,0,1,0,1) (b) x4 = (0,1,0,1,0,0) (© %y =(0,1,0,0,0,1)
Figure 16. Visualisation of three trajectories of MC . In each trajectory the time index increases from
left to right. There are two rows corresponding to the two random variables at each time step and
three columns corresponding to the three time-steps we are considering here. We can see that the first
trajectory (in (a)) makes no -transitions, the second (in (b)) makes one fromt = 2 to t = 3, and the
third (in (c)) makes two.

4.3.3. SLI Values of the Partitions

Again we calculate the SLI mir(xy/) of every trajectory xy with respect to each partitionm ~ £(V).
In contrast to MC™ the SLI values with respect to each partition of MC do depend on the trajectories.
We plot the values of SLI with respect to each partition 1 £(V) for the three representative trajectories
in Figure 17.
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Figure 17. Specific local integrations miry (xy) of one of the four trajectories of MC= (measured w.r.t.
the probability distribution of MC), here denoted x\","c: (this is the same data as in Figure 6), and the
three representative trajectories xb, x  {1,2,3} of MC (measured w.r.t. the probability distribution of
MC ) seen in Figure 16 with respect to all 1 £(V). The partitions are ordered as in Figure 6 with
increasing cardinality [mt|. Vertical lines indicate partitions where the cardinality || increases by one.

Note that the values of x\","C: are almost completely hidden from view by those of x\l,.

It turns out that the SLI values of x\l, are almost the same as those of MC= in Figure 6 with
small deviations due to the noise. This should be expected as x\l, is also a possible trajectory of MC™.
Also note that trajectories x%,, x\3/ exhibit negative SLI with respect to some partitions. In particular, xf,
has non-positive SLI values with respect to any partition. This is due to the low probability of this
trajectory compared to its parts. The blocks of any partition have so much higher probability than the

entire trajectory that the product of their probabilities is still greater or equal to the trajectory probability.
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4.3.4. Completely Integrated Patterns

In this section we look at the 1-entities for each of the three representative trajectories x&,k  {1,2,3}.
They are visualised together with their complete local integration values in Figures 18-20. In contrast
to the situation of MC™ we now have 1-entities with varying values of complete local integration.

On the first trajectory x\l, we find all the eight patterns that are completely locally integrated in
MC~™ (see Figure 13). These are also more than an order of magnitude more integrated than the rest of
the 1-entities. This is also true for the other two trajectories.

W(zo) = 0.971 u(zo) = 0.971 Wzo) = 0.971 Wzo) = 0.971 Wzo) = 0.971

Ml

=0.971 1(zo) = 0.942 1(zo) = 0.942 W(zp) = 0.0287 1(zo) = 0.0283

1(zo) = 0.0283 1(zo) = 0.0280 1(zo) = 0.0143 1(zp) = 0.0143 1(zp) = 0.0143

(zo) = 0.0143 1(zp) = 0.0143 t(zp) = 0.0143 1(zp) = 0.0141 1(zp) = 0.0141

(zo) = 0.0141 1(zo) = 0.0141

==

Figure 18. All distinct completely integrated composite patterns on the first trajectory x\ll of

MC . The value of complete local integration is indicated above each pattern. See Figure 12 for
colouring conventions.

t(zo) = 0.971 1(zo) = 0.971 1(zo) = 0.971 t(zo) = 0.971
= 0.942 t(zo) = 0.0143 1(zo) = 0.0143 t(zp) = 0.0141

ol e e

Figure 19. All distinct completely integrated composite patterns on the second trajectory X\Z/ of MC .
The value of complete local integration is indicated above each pattern.
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1(zo) = 0.971 1(zo) = 0.971 1(zo) = 0.971 t(zo) = 0.942 t(zo) = 0.942
) = 0.0283 ) = 0.0280 t(zo) = 0.0141 W(zo) = 0.0141

o e e

Figure 20. All distinct completely integrated composite patterns on the third trajectory x\3, of MC .
The value of complete local integration is indicated above each pattern.

5. Discussion

In Section 3.1 we have argued for the use of patterns as candidates for entities. Patterns can
be composed of arbitrary spatially and temporally extended parts of trajectories. We have seen in
Theorem 1 that they are distinct from arbitrary subsets of trajectories. The important insight here is
that patterns are structures that occur within trajectories but this cannot be said of sets of trajectories.

One of the main target applications of patterns is in time-unrolled Bayesian networks of cellular
automata like those in Figure 1. Patterns in such Bayesian networks become spatiotemporal patterns
like those used to describe the glider, block, and blinker in the Game of Life cellular automaton by
Beer [14]. We would also like to investigate whether the latter spatiotemporal patterns are 1-entities.
However, at the present state of the computational models and, without approximations, this was out
of reach computationally. We will discuss this further below.

In Section 3.3 we defined SLI and in Section 3.3 gave its expression for deterministic Bayesian
networks (including cellular automata) as well. We also established the least upper bound of SLI
with respect to a partition 1t of cardinality n for a pattern x with probability g. This upper bound is
achieved if each of the blocks x; in the partition 1 occur if and only if the whole pattern xg occurs.
This is compatible with our interpretation of entities since in this case clearly the occurrence of any
part of the pattern leads necessarily to the occurrence of the entire pattern (and not only vice versa).

We also presented a candidate for a greatest lower bound of SLI with respect to a partition of
cardinality n for a pattern with probability . Whether this is the greatest lower bound or not it
shows a case for which SLI is always negative. This happens if either the whole pattern x occurs
(with probability g) or one of the “almost equal” patterns occurs, each with identical probability.
A pattern y, is almost equal to xa with respect to 1t in this sense if it only differs at one of the blocks
b mie, ifya = (Xa\p, Zb) Where z, = xp. This construction makes as many parts as possible (i.e., all
but one) occur as many times as possible without the whole pattern occurring. This creates large
marginalised probabilities p,(xy) for each part/block which means that their product probability also
becomes large.

Beyond these quantitative interpretations an interpretation of the greatest lower bound candidate
seems difficult. A more intuitive candidate for the opposite of an integrated pattern seem to be patterns
with independent parts. i.e., zero SLI but quantitatively these are not on the opposite end of the SLI
spectrum. A more satisfying interpretation of the presented candidate is still to be found.

We also proved the disintegration theorem which relates states that the refinement-free partitions
of a trajectory among those partitions achieving a particular SLI value consist of 1-entities only, where
an 1-entity is a pattern with positive CLI. This theorem allows us to interpret the 1-entities in new ways
and may lead to a more formal or quantitative justification of 1-entities. It is already a first step in this
direction since it establishes a special role of the 1-entities within trajectories of Bayesian networks.
A further justification would tell us what in turn the refinement-free partitions can be used for. We have
discussed a possible direction for further investigation in detail in Section 3.5. This tried to connect the
1-entities with a coding problem.
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In Section 4 we investigated SLI and CLI in three simple example sets of random variables.
We found that if the random variables are all independently distributed the according entities are just
all the possible x;  X; of each of the random variables X;  {X;}; v. This is what we would expect
from an entity criterion. There are no entities with any further extent than a single random variable
and each value corresponds to a different entity.

For the simple Markov chain MC~ composed out of two independent and constant processes
we presented the entire disintegration hierarchy and the Hasse diagrams of each disintegration level
ordered by refinement. The Hasse diagrams reflected the highly symmetric dynamics of the Markov
chain via multiple identical components. For the refinement-free disintegration hierarchy we then get
multiple partitions at the same disintegration level as well. Different partitions of the trajectory imply
overlapping blocks which in the case of the refinement-free partition are 1-entities. So in general the
1-entities at a particular disintegration level are not necessarily unique and can overlap. We also saw in
Figure 11 that the same 1-entities can occur on multiple disintegration levels.

The 1-entities of MC™ included the expected three timestep constant patterns within each of
the two independent processes. It also included the two timestep parts of these constant patterns.
This may be less expected. It shows that parts of 1-entities can be 1-entities themselves. We note that
these “sub-entities (those that are parts of larger entities) are always on a different disintegration level
than their” super-entities (the larger entities). We can speculate that the existence of such sub- and
super-entities on different disintegration levels may find an interpretation through multicellular
organisms or similar structures. However, the overly simplistic examples here only serve as
basic models for the potential phenomena, but are still far too simplistic to warrant any concrete
interpretation in this direction.

We also looked at a version of MC~ perturbed by noise, denoted MC . We found that the
entities of MC= remain the most strongly integrated entities in MC . At the same time new entities
occur. So we observe that in MC the entities vary from one trajectory to another (Figures 18-20).
We also observe spatially extended entities i.e., entities that extend across both (formerly independent)
processes. We also observe entities that switch from one process to the other (from top row to bottom
row or vice versa). The capacity of entities to exhibit this behaviour may be necessary to capture the
movement or metabolism of entities in more realistic scenarios. In Biehl et al. [8] we argued that these
properties are important and showed that they hold for a crude approximation of CLI (namely for SLI
with respect to 1 = 0) but not for the full CLI measure.

We established that the 1-entities:

* correspond to fixed single random variables for a set of independent random variables,

= can vary from one trajectory to another,

* and can change the degrees of freedom that they occupy over time,

* can be ambiguous at a fixed level of disintegration due to symmetries of the system,

* can overlap at the same level of disintegration due to this ambiguity,

« can overlap across multiple levels of disintegration i.e., parts of 1-entities can be 1-entities again.

In general the examples we investigated concretely are too small to sufficiently support the
concept of positive CLI as an entity criterion. Due to the extreme computational burden, this may remain
the case for a while. For a straightforward calculation of the minimum SLI of a trajectory of a Bayesian
network {X;}i v with |V| = k nodes we have to calculate the SLI with respect to By partitions. According
to (Bruijn [43], p. 108) the Bell numbers B, grow super-exponentially. Furthermore, to evaluate the
SLI we need the joint probability distribution of the Bayesian network {X;}; v. Naively, this means
we need the probability (a real number between 0 and 1) of each trajectory. If we only have binary
random variables, the number of trajectories is 2IV! which make the straightforward computation of
disintegration hierarchies unrealistic even for quite small systems. If we take a seven by seven grid
of the game of life cellular automaton and want to look at three time-steps we have |V| = 147. If we
use 32 bit floating numbers this gives us around 10%° petabytes of storage needed for this probability
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distribution. We are sceptical that the exact evaluation of reasonably large systems can be achieved
even with non-naive methods. This suggests that formal proofs may be the more promising way to
investigate SLI and CLI further.
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Abbreviations

The following abbreviations are used in this manuscript:

SLI  Specific local integration
CLI  Complete local integration

Appendix A. Kronecker Delta

The Kronecker—delta is used in this paper to represent deterministic conditional distributions.

Definition Al (Delta). Let X be a random variable with state space X then for x X and a subset
C X define
1 ifx C,

(C) := 0 else. (A1)

We will abuse this notation if C is a singleton set C = {x} by writing

= LT O (A2)
0 else.

_ 1 ifx=x, A3)
B 0 else.

The second line is a more common definition of the Kronecker—delta.

Remark:

e Let X,Y be two random variables with state spaces X,Y and f : X - Y a function such that

P(YIX) = B35 (¥). (Ad)
then
pP(Y) = pr(¥IX)px(x) (A5)
=3 S (VIPx () (A6)
=5 &(FH)px(X) (A7)
= > mx( (A8)
x t71(y)
= px(F7H(y)). (A9)
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Appendix B. Refinement and Partition Lattice Examples

This appendix recalls the definitions of set partitions, refinement and coarsening of set partitions,
and Hasse diagrams. It also shows the Hasse diagram of an example partition lattices. The definitions
are due to Gratzer [28].

Definition A2. A (set) partition 11 of a set X is a set of non-empty subsets (called blocks) of X satisfying
1. forall x;,x; T,if Xy =Xy, thenx; nxp =
2. x =X.

We write £(X) for the set of all partitions of X.

Remark:

* Inwords, a partition of a set is a set of disjoint non-empty subsets whose union is the whole set.

Definition A3. If two elements x;,x, X belong to the same block of a partition 1t of X write X; =g X».
Also write x, /1t for the block {x, X : X2 =n X1}

Definition A4 (Refinement and coarsening). We define the binary relation < between partitions
mp  £(X)as:
T < pif Xy =q Xp implies X; =p Xo. (A10)

In this case 1t is called a refinement of p and p is called a coarsening of .

Remarks:

= More intuitively, 1t is a refinement of p if all blocks of 1t can be obtained by further partitioning
the blocks of p. Conversely, p is a coarsening of 1t if all blocks in p are unions of blocks in .
 Examples are contained in the Hasse diagrams (defined below) shown in Figure Al.

Definition A5 (Hasse diagram). A Hasse diagram is a visualisation of a poset (including lattices). Given a
poset A ordered by <1 the Hasse diagram represents the elements of A by dots. The dots representing the elements
are arranged in such away thatifa,b A, a = b, and a < b then the dot representing a is drawn below the dot
representing b. An edge is drawn between two elements a,b ~ A'ifa <: b, i.e., if b covers a. If edges cross in the
diagram this does not mean that there is an element of A where they cross and edges never pass through a dot
representing an element.

Remarks:

* Noedge is drawn between two elements a,b  Aifa < b but nota <: b.

* Only drawing edges for the covering relation does not imply a loss of information about the poset
since the covering relation determines the partial order completely.

e For an example Hasse diagrams see Figure Al.
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Figure Al. Hasse diagrams of the partition lattice of the four element set.
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Appendix C. Bayesian Networks

Intuitively a Bayesian network is a graph representation of the inter-dependencies of a set of
random variables. Recall that any joint probability distribution over a set {X;}; | with | = {1,...,n} of
random variables can always be written as a product of conditional probabilities:

n—1
Pr(X1, s Xn) = [ PilXilXie1, - Xn) P(Xn)- (ALD)
i=1

This also holds for any reordering of the indices i — f(i) with f : {1,..n} - {1,...n} bijective.

In many cases however this factorisation can be simplified. Often some of the conditional
probabilities p(X;j|Xj+1, .-, Xn) do not depend on all variables {Xj+1, ..., Xn } listed in the product of
Equation (A11). For example, X; might only depend on X; so we would have p(xi|Xz,...,Xn) =
p(x1|x2). Note that the latter conditional probability is determined by fixing | X2|(|X1| — 1) probabilities
whereas the former needs [, |Xi+1|(|X1] — 1) probabilities to be fixed. This means the number of
parameters (the probabilities) of the joint distribution p(x, ..., Xn) is often much smaller than suggested
by Equation (A11). One way to encode this simplification and make sure that we are dealing only with
joint probabilities that reflect the dependencies we allow are Bayesian networks. These can be defined
as follows. First we define graphs that are factorisation compatible with joint probability distributions
over a set of random variables and then define the Bayesian networks as pairs of joint probability
distributions and a factorisation compatible graph.

Definition A6. A directed acyclic graph G = (V, E) with nodes V and edges E is factorisation compatible
with the joint probabilities the probabilities of a probability distribution py : Xy — [0, 1] iff the latter can be
factorised in the way suggested by G which means:

pv(xv) = [ p(XilXpagy)- (A12)
iV

where pa(i) denotes the parents of node i according to G.

Remark:

* In general there are multiple directed acyclic graphs that are factorisation compatible with the
same probability distribution. For example, if we choose any total order for the nodes in VV and
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define agraph by pa(i) = {j V :j < i} then Equation (A12) becomes Equation (A1l) which
always holds.

Definition A7 (Bayesian network). A Bayesian network is a (here assumed finite) set of random variables
{Xi}i v and a directed acyclic graph G = (V, E) with nodes indexed by V such that the joint probability
distribution py : Xy - [0,1] of {X;}; v is factorisation compatible with G. We also refer to the graph set of
random variables {Xj}; v as a Bayesian network implying the graph G.

Remarks:

 On top of constituting the vertices of the graph G the set V is also assumed to be totally ordered in
an (arbitrarily) fixed way. Whenever we use a subset AV to index a sequence of variables in

the Bayesian network (e.g., in pa(xa)) we order A according to this total order as well.
e Since {X;}; v is finite and G is acyclic there is a set Vj of nodes without parents.

Definition A8 (Mechanism). Given a Bayesian network {X;}; v with index set V for each node with parents
i.e., foreach node i VvV \'\g (with \/ the set of nodes without parents) the mechanism of node i or also
called the mechanism of random variable X; is the conditional probability (also called a transition kernel)
Pi @ Xpagy % Xi — [0,1] mapping (Xpagiy: Xi) = Pi(Xi[Xpagiy)- FOr each Xpaciy the mechanism defines a
probability distribution p;(.[Xpac)) © Xi - [0, 1] satisfying (like any other probability distribution)

> pilXilXpagy) = 1. (A13)
Xi Xj

Remarks:

= We could define the set of all mechanisms to formally also include the mechanisms of the nodes
without parents V. However, in practice it makes sense to separate the nodes without parents
as those that we choose an initial probability distribution over (similar to a boundary condition)
which is then turned into a probability distribution py, over the entire Bayesian network {Xi}i v
via Equation (A12). Note that in Equation (A12) the nodes in \; are not explicit as they are just
factors p;(Xi|Xpa(i)) With pa(i) =

e To construct a Bayesian network, take graph G = (V, E) and equip each nodei (V \\) with
amechanism p; : Xpa) %X X; - [0,1] and for each node i Vj choose a probability distribution
pi : Xj = [0,1]. The joint probability distribution is then calculated by the according version of
Equation (A12):

pvxv) = ] pilxilxpagy) [ PiCX)- (A14)
i V\V i Vo
Appendix C.1. Deterministic Bayesian Networks

Definition A9 (Deterministic mechanism). A mechanism p; : X
is a function f; : Xpagy = Xi such that

pa() X Xi — [0, 1] is deterministic if there

1ifx = fi(Xpagy),

Al5
0 else. ( )

Pi(XilXpa(i)) = Bf,(xpqy (Xi) =

Definition A10 (Deterministic Bayesian network). A Bayesian network {X;}; v is deterministic if all its
mechanisms are deterministic.

Theorem Al. Given a deterministic Bayesian network {X;}; v there exists a function fy\y, @ Xy, - Xyay,

which given a value xy, of the random variables without parents Xy, returns the value Xy, fixing the values
of all remaining random variables in the network.
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Proof. According to Equation (A12), the definition of conditional probabilities, and using the

deterministic mechanisms we have:

Pvav, (v %) = Pi (Xi|Xpagiy) (A16)

i V\\p
[T 3 xpae) O0)- (AL7)
i V\Vp
For every xy, the product on the right hand side is a probability distribution and therefore is
always greater or equal to zero and maximally one. Also for every xy, the sum of the probabilities
over all xy\y,  Xyyy, is equal to one. As a product of zeros and/or ones the right hand side on the
second line can only either be zero or one. This means for every xy, there must be a unigue Xy, such
that the right hand side is equal to one. Define this as the value of the function fy\y, (Xv,). O

Theorem A2 (Pattern probability in a deterministic Bayesian network). Given a deterministic Bayesian
network (Definition A10) and uniform initial distribution py; : Xy, — [0, 1] the probability of the occurrence of
a pattern xp is:

N(xa)
[Xvpl

where N(x ) is the number of trajectories xy in which x4 occurs.

pa(xa) = (A18)

Proof. Recall that in a deterministic Bayesian network we have a function fy\y, @ Xy, - Xy,
(see Theorem Al) which maps a given value of xy, to the value of the rest of the network xy\y,-
We calculate pa(xa) for an arbitrary subset A V. To make this more readable let A n Vy = Ay,
A\, = A;,B:=V\A BnVy=Bgand B\, = B,. Then

Pa(xa) = pv(Xa Xs) (A19)
XB
= > pvXan Xe [Xag Xay) Py (XA, XBy) (A20)
Xgg XBy
= z 6fV\vO(XAOx)zBO)(X"'\r')zBr)pVo(XAor)zBo) (A21)
Xgg XBr
= Pvy (Xag: XB,) (A22)
XBr {Xg,:(XaqX8y) f;\lvo (Xar Xg)}
1 — _ _ _
=72 X Xy 1 (Xag: Xap) fowy (%A Xe ) H (A23)
IXvol & o
1
= N(x A24
|XV0| ( A) ( )

In the second to last line we used the uniformity of the initial distribution py,. The second sum
in the second to last line counts all initial conditions that are compatible with x», and lead to the
occurrence of x, together with some Xg,. The first one then sums over all such xg, to get all initial
conditions that are compatible with xa, and lead to the occurrence of x,. Together these are all initial
conditions compatible with x . In a deterministic system the number of initial conditions that lead to
the occurrence of a pattern x4 is equal to the number of trajectories N(x) since every different initial
condition will produce a single, unique trajectory. [l

Remark:

e Due to the finiteness of the network, deterministic mechanisms, and chosen uniform initial
distribution the minimum possible non-zero probability for a pattern x is 1/|Xy,|. This happens
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for any pattern that only occurs in a single trajectory. Furthermore, the probability of any pattern
is a multiple of 1/[Xy,|.

Appendix C.2. Proof of Theorem 2

Proof. Follows by replacing the probabilities po(xp) and py(xp) in Equation (22) with their
deterministic expressions from (Theorem A2), i.e., pa(xa) = N(Xa)/[|Xy,|. Then:

. _ Po(Xo)
mir(Xo) : = log 7”&1 (%) (A25)
N)Exo)
= log Pl (A26)
M N(Xp)
b T TRy |
o
= log Yo (A27)
Xvo 7™ My e N(Xp)
_ 1 Xy lMTEN(x0)
=! Mo e N(xp) (A28)
= (| — 1) log Xy | — log Mot NC). (A29)

N(xo)

|

Appendix D. Proof of Theorem 1

Proof. Given a set of random variables {X;}i v, asubset D Xy, cannot be represented by a pattern
of {Xi}; v ifandonlyifthereexists A V withDa X (proper subset) and |[Da| > 1, i.e., if neither
all patterns at A are possible nor a unique pattern at A is specified by D.
We first show that if there exists A V with Dy X and |[Da| > 1 then there is no pattern
Xg ¢ v Xc with D =T (Xg). Then we show that if no such A exists then there is such a pattern Xg.
Since Do > 1 we have xa,Xa Da  Xa with xo = Xa. Next note that we can write any
pattern Xg as

X8 = (Xg\a: XBnA)- (A30)

IfBn A= wecan see since Xg,a must take a single value it cannot contain D since there are
trajectories in D taking value xg,a 0N B n A and trajectories in D taking values xg, . More formally,
we must have either Xg,a = Xa Or Xgoa = Xa. First, let Xgoa = Xa but then T (xa) T (Xg) so
D T (Xg). Nextchoose Xgna = Xa butthenT (xp) T (Xg)soalsoD T (Xg). So we must have
BnA=

Now we show that if Bn A =  there are trajectories in Xg that are not in D. We construct
one explicitly by fixing its value on A to the value in X that is not in D and its value on B to Xg.
More formally: choose yo ~ Xa \ Da, then ya = xa and yao = Xa. This is always possible since
Da  Xa (proper subset). Then consider a trajectory Xy = (Xg,Ya, Xp) With arbitrary Xp  Xp where
D=V\(B A).Thenxy T (Xg)butxy 7 D.

Conversely, we show how to construct Xg if no such A exists. the idea is just to fix all random
variables where |[Da| = 1 and leave them unspecified where Dy = Xa. More formally: if there exists
no A VwithDy Xaand|Da| > 1,thenforeachC V either Dc = Xc or |D¢| = 1. Then let
B= {C V:|Dc|=1}then|Dg| = 1 so that we can define Xz as the unique element in Dg. Then
ifyy Dwehaveyg =XgsoD T (Xg). Ifzy T (Xg)wehavezg =Xg DgandforA V with
AnB = by construction of B we have D = Xa such that Dy\g = X\\g Which means z,\g  Dy\g
and thereforezy, Dand T (Xg) D. SothisgivesT (Xg) =D. O
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Subtracting out bias using surrogates was proposed earlier for the transfer entropy as the
“effective transfer entropy” [41], simply referred to as “bias-corrected transfer entropy” here. Computing
the bias-corrected transfer entropy T, is performed in a similar fashion to Ay: first, surrogates
Ty _ x are computed using a shuffled version of the source samples y, while holding the destination
time series fixed (to retain the destination past-next relationship via p(xn+1|x,(,k))), then the mean of the
surrogate measurements T§ _ . is computed, before computing the effective or bias-corrected transfer
entropy as:

TYﬁx:TYHX_T\S(qx- (12)

To perform the information dynamics calculations in this study we used the Java Information
Dynamics Toolkit (JIDT) [40].

2.3. Measuring Information Dynamics in the SIS Model

We analysed three simulation runs of the SIS model for each parameter combination and required
these runs to be at least 14 time steps of length for Ry < 1.0 (as these runs did not have sustained
transmission of infection for 10° time steps, 14 being the number of time steps in the third longest run
for Ry = 0.7).

We used the past and current status of individuals (1 if infected, O if susceptible) and that of
their neighbours at a given time to determine Xn+1, Yn, and the xﬁk) vectors for calculations of active
information storage and transfer entropy. For instance, if the focal individual is infected and its
neighbours are all susceptible at a given time, then x, was equal to one and y,, was equal to zero
for all the neighbours. We then calculated the individual’s local transfer entropy by averaging the
pairwise transfer entropy (with a given k) between itself and each of its neighbours. We then averaged
the local transfer entropy across the population to determine the average transfer entropy. For active
information storage, we calculated the local values for each individual (with a given embedding
length k) and averaged these across all the individuals in the population.

To determine the value of k to use, we calculated the bias-corrected active information storage as
per Equation (11) for each run, and then averaged the values across runs for each Ry. Subsequently,
we calculated the mean for each embedding length k across all Ry values. The bias-corrected active
information storage maximises for k = 7 (Figure 2) and decreases sharply after k = 8. As such,
applying the criteria discussed above, we select k = 7 for the embedding length to be used.

Figure 2. Bias-corrected active information storage Ay in our simulations as a function of embedding
length k. Ay was calculated and then averaged for all three replicates for each Ry. The mean value
(shown in y-axis) was then determined for each k (shown in x-axis) across the Ry values. The difference
increases as the k increases, maximising at k = 7, and decreasing subsequently.
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3. Results and Discussion

In our simulations, the epidemic dies out without any sustained transmission when Ry < 1.0,
whereas the number of infected individuals reaches an equilibrium when Ry > 1.0, and the epidemic
becomes endemic in the population. We use the mean number of infected individuals throughout the
simulation runs to calculate the prevalence for each R value, shown in Figure 3.

The average transfer entropy is highest after the critical transition (in the supercritical regime),
as shown in Figure 3, reaching its peak at Ry = 1.8 for k = 7. This result aligns well with the peak in
(collective) transfer entropy slightly in the super-critical regime in the Ising model [25]. In alignment
with results in the Ising model, here once the disease dynamics reach criticality, we observe strong
effects of one individual on a connected neighbour (measured by the transfer entropy). However, as the
dynamics become supercritical, the target neighbour becomes more strongly bound to all of its
neighbours collectively, and it becomes more difficult to predict its dynamics based on a single source
neighbour alone; as such, the transfer entropy begins to decrease. We also note that the peak in average
transfer entropy shifts toward lower Ry values when the embedding time is shorter (not shown).

We see that (raw or non-bias-corrected) average active information storage Ay increases after the
critical transition, reaching to its peak at Rp = 1.3 (Figure 3).

0.12

0.09
0.4

Ty—x

-*-prevalence(%)
* Ty_x
- Ax

(%) @ousjeraid

(%) @ousjeraid
Ax
T

0.2
0.03

Figure 3. Raw average transfer entropy and average active information storage versus Rg.
Transfer entropy (left) calculated by averaging local transfer entropy for each individual across the
network and active information storage (right) calculated by averaging local active information storage
for each individual across the network. For both measures, the embedding time is k = 7. The average
transfer entropy (Ty _, x) is shown in blue, the average active information storage (Ax) is shown in gray,
and prevalence is shown in red (note the different y-axes). Rq is shown on the x-axis. After the critical
transition both Ty _ x and Ax increase and reach to a peak (at Ry = 1.8 and Ry = 1.3, respectively),
and subsequently lower down.

To check whether what we observe for Ty _ x and Ax was a real effect or due to increased
bias as the time-series activity increased (with Rp), we examined the bias-corrected average transfer
entropy T, _ y and average active information storage Ay. This is shown in Figure 4 for embedding
length k = 7. The bias-corrected average active information storage shows a similar pattern to Ax,
however with a sharper peak closer to the phase transition (Ry = 1.2). This shows that most of what
was measured as Ay at larger Ry values was indeed due to increased bias. This is even more striking
for the bias-corrected transfer entropy, as we observe a sharp peak at Rg = 1.2, similar to A, and much
earlier than Ty _ x (Ro = 1.8). Therefore, these results suggest that once the disease dynamics reach
criticality, the state of each individual first exhibits a large amount of self-predictability from its past
(information storage). However, as the dynamics become supercritical, the increasingly chaotic nature
of the interactions are reflected in the subsequent decrease in self-predictability.
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Figure 4. Raw and bias-corrected average transfer entropy and average active information storage
versus Rg. Raw average transfer entropy Ty _, x and average active information storage Ax are shown
in dark blue and black, respectively (left panel); bias-corrected average transfer entropy T,y and
average active information storage Ay are shown in light blue and gray, respectively (right panel).
Note the different y-axes for both graphs. Rq is shown on the x-axis. Both Ax and Ay increase and
reach a peak right after the critical transition, and subsequently decrease. T, _ y also increases at the
same R value (Ry = 1.2) as Ay and plummets thereafter, whereas Ty _ x reaches its highest value later,
atRyp =18

We argue that the transfer entropy captures the extent of the distributed communications of the
network-wide computation underlying the epidemic spread, while the active information storage
corresponds to its distributed memory. Crucially, the peak of both these information-processing
operations (measured with the bias correction) occurs at Ry = 1.2, rather than the canonical Ry = 1.0.
As mentioned earlier, previous studies of distributed computation and its information-processing
operations [23-25,27], concluded that the active information storage peaks just on the ordered side,
while transfer entropy maximises on the disordered side of the critical threshold. Therefore, in our
case, it may be argued that the concurrence of both bias-corrected peaks, as detected by the maximal
information-processing “capacity” of the underlying computation, at Ry = 1.2, indicates an upper
bound for the critical threshold in the studied finite-size system.

In the proper thermodynamic limit, as the size of the system goes to infinity, the canonical
threshold may well be re-established, but in finite-size systems an additional care may be needed
to forecast epidemic spread for intermediate values of the basic reproductive ratio, for instance,
1.0 < Rg =< 1.2 as in the presented study. In other words, in finite-size systems one may consider
a critical interval rather than an exact critical threshold.

Furthermore, in addition to identifying the peak of information-processing capacity of the
underlying computation, which pinpointed an upper bound on the critical basic reproductive
ratio Rgp = 1.2, we studied patterns of coherent information structure, via state-space diagrams
formed by transfer entropy and active information storage shown in Figure 5. It is evident that
both information-processing operations (communications and memory) are tightly interlinked in the
underlying computation, suggesting that the studied epidemic process is strongly coherent.
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Figure 5. Bias-corrected average transfer entropy T, _  versus bias-corrected average active information
storage Ay . Bias-corrected transfer entropy T, _  (shown in the y-axis) and average active information
storage Ay (shown in the x-axis) are calculated separately for three replicates.

4. Conclusions

In this paper, we studied the criticality in an SIS epidemic within an information dynamics
framework. We argued that the transfer entropy captures the extent of the distributed communications
of the network-wide computation and showed that it peaks in the super-critical regime. Similarly, we
considered the active information storage as a measure of the distributed memory, observing that its
maximum is also attained after the canonical critical transition (Ry > 1.0). To our knowledge, this is
the first study to use information dynamics concepts to characterise critical behaviour in epidemics.
Crucially, the concurrence of both peaks, which reflect the maximal information-processing capacity of
the underlying coherent computation, at Ry = 1.2, indicates an upper bound for the critical threshold
in the studied finite-size system. This supports a conjecture that in finite-size systems a critical interval
(rather than an exact critical threshold) may be a relevant notion.

At the time of our study, continuous-time measures of information dynamics were not available.
Recently, transfer entropy in continuous-time was formalised with a novel approach [42]. One future
avenue for improving our analysis would be using continuous-time measures of information dynamics.
Our continuous-time simulation results were binned into discrete time steps in order to conduct
an information-dynamic analysis. Therefore, using continuous time measure could reveal novel
insights that we missed by the discretisation.

We used a very simplistic network topology in this study, where each individual had the same
number of undirected connections that were assigned randomly. However, in real-life, a disease can
spread in interaction networks that are heterogeneous in terms of the number of contacts (e.g., [43]) or
structured differently (e.g., [5,44]). The heterogeneity and the type of the network can influence not
only epidemic dynamics but also disease emergence [4]. Therefore, in future, it would be interesting to
expand our analysis to different network topologies and relate the insights from information-dynamic
analysis to epidemic dynamics and disease emergence probabilities in these networks.

Finally, we note the wider interest in critical dynamics on complex networks in general. This is
particularly the case in complex systems and network approaches to computational neuroscience,
where it is conjectured that the brain is in or near a critical state so as to advantageously use maximised
computational properties here [26,45-48]. (Indeed, as noted earlier, SIS dynamics have been used
to model dynamics on brain networks [38]). Our results in this paper regarding SIS dynamics
continue to add to the quantitative evidence regarding the maximisation of information storage
and transfer as intrinsic computational properties at or near critical states, as previously found in
a diverse range of dynamics and network structures including the Ising model [25], recurrent neural
networks [26], gene regulatory network (GRN) models [23], and regular-small-world-random
transitions in structure [24]. In this way, we have provided another important link for epidemic
spreading models to complex networks, criticality and information dynamics.
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