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During recent years we have witnessed a systematic progress in the understanding of complex
systems, both in the case of particular systems that are classified into this group and, in general,
as regards the phenomenon of complexity [1]. This is possible owing to an outburst of research interest
in the science of complexity and a joint effort made by the researchers representing different disciplines
and backgrounds which resulted in the enormous number of interdisciplinary studies carried out. This
progress has been achieved on both the theoretical, model, and experimental levels. However, in order
to comprehend the complexity in full detail, much is still to be done. This is particularly true in the
case of the systems involving human society and behaviour.

This Special Issue of Entropy was intended to attract researchers specializing in interdisciplinary
studies of complex systems, with the economic and social systems in particular, and to collect in
one place their contributions that otherwise could be scattered among many journals and issues. We
believe that the papers spanning this issue can be considered as valuable input to their specific fields,
but also to complexity science in general. Some of them because they relate to general concepts and
thus their conclusions can be exploited in various situations across many fields and others because of
the methods that were used there, the knowledge of which can be disseminated more broadly. We are
glad that our idea was met with a positive response and now we can present as many as 23 genuine
research papers on a wide spectrum of topics. The largest set of papers is related to the economical
systems, while smaller sets to the social systems and to general complexity, with such a proportion
reflecting the total amount of the current scientific output in these fields.

Complexity still lacks a commonly accepted strict definition. In many practical cases it suffices to
understand this notion intuitively as a nontrivial, irreducible order (i.e., other than simple regularity or
a straightforward effect of a lower level of organization) that spontaneously emerges from an overall
chaos [1], but there is also a strong need to provide a strict definition that, for instance, can be applied
to categorize various systems based on their structure and dynamics or to construct a measure of
complexity. There were a plenty of attempts in that direction but they largely failed. An interesting
step towards resolving this issue is presented in a paper [2] where its authors propose a measure of
complexity based on a nonlinear transformation of time-dependent entropy that attributes the highest
complexity to the optimally mixed states between maximum regularity and maximum disorder.

Various tools based on entropy are frequently used in the context of complex systems and it is
not surprising that they are applied in a few other contributed papers. One of the principal directions
of research is looking for precursors of the oncoming structural phase transitions. For example,
transfer entropy quantifying dependence asymmetry between two systems is used to construct a
network of information transfers among cryptocurrencies. The resulting network topology reveals
significant alteration during turmoils and forecasts a systemic risk increase [3]. The Tsallis nonextensive
entropy has already proved useful in studying complex systems [4]. It is applied to analyze the

Entropy 2021, 23, 133; d0i:10.3390/e23020133 1 www.mdpi.com/journal/entropy
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cross-shareholding networks of companies. In this context it offers a measure of market polarisation
and a tool for analyzing market self-organization in response to external shocks [5]. Finally, the moving
average cluster entropy is proposed to study the long-range dependence in time series and proves
useful as a measure capturing endogenous sources of risk over different temporal horizons [6].

Risk, which quantifies market or asset stability and vulnerability to external shocks, has always
been one of the key topics in economics, but it is also an important issue from the complexity
perspective [7]. A few more papers from this Special Issue consider systemic risk as one of their
central points. If such a risk is quantified in terms of some framework, it is possible to observe its
evolution on a given market. For example, the Chinese stock market network topology analysis leads
to a conclusion that the systemic risk can be decomposed into a clear trend and periodic fluctuations
with the former reflecting the gradual improvement of the management and operation of the market
and the latter reflecting the events of excessive strength [8]. Among the most important sources of risk
is leverage trading but this relation can rather be non-trivial with either stabilizing or destabilizing
impact depending on the leverage trading share in total market activity [9]. In order to manage risk,
one needs to construct realistic models that are able to predict the probability of financial losses [10]
and to use reliable measures able to provide one with sufficiently early alerts [3]. On the other hand,
risk can also be managed by identifying the key companies or sectors that are its sources of centers [11].

Financial markets are among the most interesting complex systems from a perspective of
the empirical data analysis, because they provide incomparably clean data. This is why much
effort dedicated to studying these markets can be fruitful far beyond the field of economics [1].
Self-organization of the stock markets and their hierarchical structure can be approached from the
angle of information transfer between different sectors in various time intervals [12]. This also refers to
the cross-shareholding market structure which self-organizes under the influence of external shocks [5].
Both the external shocks and the internal market events can produce excessive demand for information,
which, if properly quantified, may offer a way to monitor oncoming market events that are difficult to
predict by using other methods. A new tool is proposed based on an internet search engine like the
Chinese Baidu [13].

Another signature of market complexity is pricing and timing of the stocks during their initial
public offerings. In [14], a few results on the IPO timing properties are considered and discussed.
Studying the temporal properties of financial dynamics, which is a property related to their complexity,
offers verification for one of the key paradigms of financial markets, namely the efficient market
hypothesis [6], and testing for nonlinearity and chaos [15]. Temporal properties of financial dynamics
can in turn be one of the consequences of stock liquidity and it is thus important to have a reliable
method to quantify it [16].

Same as the most financial markets offer high quality data, the cryptocurrency market offers also
a unique possibility of observation of the whole process of new complex system development from
scratch [17]. The cryptocurrency market is also interesting as the possible future fate of money. So their
evolution and reacting to external shocks like the COVID-19 pandemic is particularly interesting and
instructive [3], especially as it seems that this market gradually reaches maturity [18].

Modelling of the economical systems can go beyond the financial markets and also be applied to
more general problems like the wealth condensation in society (simple but effective an agent-based
model in [19]), the innovation-related performance on a market (the innovation pressure effects of
private-owned enterprises and public companies [20]), and the impact of the macroprudential policy
on economy and the financial system (with the results on the stabilizing effects of such policy during
the turmoils and crises [21]). From this general system level one may look downwards into the system
component parts, which reveal complexity on their own: the geographical regions or administrative
divisions. It is possible to quantify their economical development by a newly proposed method of the
public administration website quality assessment [22] and to analyze differences in an inter-regional
business ecosystem structure or economic activity efficiency level by means of a network approach [23].
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Complex phenomena occurring on the interface between economical activity and spatial structure
are the subject of a study of land speculation on the outskirts of a sample city in Ethiopia [24]. This
study investigates motivations the speculators are driven by and concludes on a possible direction
local governments should proceed in order to diminish negative impact of such practices on city
development. An even more important social phenomenon with a negative impact on the society
is fake news. A model of rumour spreading with evolutionary information search dynamics allows
one for analyzing optimal search strategies that maximize pay-off for the society and potentially
provides the policy makers with the recommendations how to minimize the harmful impact of fake
news [25]. The most sociologically-oriented study of this Special Issue considers the research output of
the male and female scientists quantified in terms of their publication citations from the perspective
of the gender productivity gap [26]. It occurs that a larger gender inequality can be found in the
STEM disciplines (i.e., science, technology, engineering, and mathematics) as compared with the
non-STEM ones.

Finally, it is worth to mention a more history-oriented essay on the impact of physics (with
thermodynamics in particular) on the development of ideas in the contemporary economics [27]. It is
an interesting example of the innovation-generating potential of the interdisciplinary cooperation in
science, which is the exceptionally welcome in the science of complex systems.

After this introduction, readers are warmly invited to read the papers collected in this
Special Issue.

Funding: This research received no external funding.

Conflicts of Interest: The authors declare no conflict of interest.
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Abstract: Recently, it has been argued that entropy can be a direct measure of complexity, where the
smaller value of entropy indicates lower system complexity, while its larger value indicates higher
system complexity. We dispute this view and propose a universal measure of complexity that is based
on Gell-Mann’s view of complexity. Our universal measure of complexity is based on a non-linear
transformation of time-dependent entropy, where the system state with the highest complexity is
the most distant from all the states of the system of lesser or no complexity. We have shown that
the most complex is the optimally mixed state consisting of pure states, i.e., of the most regular and
most disordered which the space of states of a given system allows. A parsimonious paradigmatic
example of the simplest system with a small and a large number of degrees of freedom is shown
to support this methodology. Several important features of this universal measure are pointed out,
especially its flexibility (i.e., its openness to extensions), suitability to the analysis of system critical
behaviour, and suitability to study the dynamic complexity.

Keywords: dynamical complexity; universal complexity measure; irreversible processes; entropies;
entropic susceptibilities

1. Introduction

Analysis of the concept of complexity is a non-trivial task due to its diversity, arbitrariness,
uncertainty, and contextual nature [1-10]. There are many different levels/scales, faces, and types
of complexity, researched with very different technologies/techniques and tools [11-13] (and refs.
therein). In the context of dynamical systems, Grassberger suggested [14] that a slow convergence of the
entropy to its extensive asymptotic limit is a signature of complexity. This idea was materialized [15,16]
further by information and statistical mechanics techniques. It generalizes many previous approaches
to complexity, unifying physical ideas with ideas from learning and coding theory [17]. There also
exists a connection of this approach to algorithmic or Kolmogorov complexity. The hidden pattern
can be the essence of complexity [18-21]. Techniques adapted from the theories of information
and computation have led physical science (in particular, the region extended between classical
determinism and deterministic chaos) to discover hidden patterns and quantify their dynamic
structural complexity [22]. The above approaches are not universal—they only capture small fragments
of the concept of complexity.

We must remember that complexity also depends on the conditions imposed (e.g., boundary or
initial conditions), as well as the restrictions adopted. This creates a challenge for every complexity
study. It concerns the complexity that can appear in the movement of a single entity and collection of
entities braided together. These entities can be irreducible or straightforward, simple systems, but they
can also be complex systems.

Entropy 2020, 22, 866; doi:10.3390/e22080866 5 www.mdpi.com/journal/entropy
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When we talk about complexity, we mean irreducible complexity, which can no longer be divided
into smaller sub-complexities. We refer to this as a primary complexity. Considering the primary
complexity here, we mean one that can be expressed at least in an algorithmic way—it is an effective
complexity if it also contains a logical depth [23-27]. We should take into account that our models
(analytical and numerical) and theories describing reality are not fully deterministic. The evolution of
a complex system is potentially multi-branched and the selection of an alternative trajectory (or branch
selection) is based on decisions taken randomly.

One of the essential questions concerning a complex system is the problem of its stability / robustness
and the question of the stationarity of its evolution [28]. Moreover, the relationship between
complexity and disorder on the one hand, and complexity and pattern on the other is an important
question—especially in the context of irreversible processes, where non-linear processes, running away
from the equilibrium, play a central role. Financial markets can be a spectacular example of these
processes [29-39].

The central question of whether entropy is a direct measure of complexity is one we answer in the
negative. In our opinion, based on the Gell-Mann concept of complexity, the measure of complexity is
appropriately, non-linearly transformed entropy. This work is devoted to finding this transformation
and examining the resulting consequences.

2. Definition of a Universal Measure of Complexity and Its Properties

In this Section, we translate the Gell-Mann general qualitative concept of complexity into the
language of mathematics, and we present the consequences of this.

2.1. The Gell-Mann Concept of Complexity

The problem of defining a universal measure of complexity is urgent. For this work, the Gell-Mann
concept [23,40] of complexity is the inspirational starting point. We apply this concept to irreversible
processes, by assuming that both fully ordered and fully disordered systems cannot be the complex.
The fully ordered system essentially has no complexity because of maximal possible symmetry
of the system, but the fully disordered system contains no information as it entirely dissipates.
Hence, the maximum of complexity should be sought somewhere in between these pure extreme states.
This point of view allows for the introduction of a formal quantitative phenomenological complexity
measure based on entropy as a parameter of order [29,41]. This measure reflects the dynamics of the
system through the dependence of entropy on time. The vast majority of works analyzing the general
aspects of complexity, including its basis, are based on information theory and computational analysis.
Such an approach requires supplementing with a provision allowing a return from a bit representation
to physical representation—only this will allow physical interpretations, including understanding of
the causes of complexity.

We define the phenomenological partial measure of complexity as a non-linear function of entropy
S of the order of (m, n),

CX(S;m,n) def. (smx _ gym(s — Smin)n
V4

2
= CX(S;m—1,n—1) {<2> —(5— s”’“)z} ,mn >, )

7

i . . . . 5 min max
where §"" and §"** are minimal and maximal values of entropy S, respectively, garit — %

and the entropic span Z def- gmax _ S™Min whereas m and n are natural numbers (an extension to real
positive numbers is possible but this is not the subject of this work). They define the order (m, n) of
the partial measure of complexity CX. Let us add that this formula is also applicable at a mesoscopic
scale. In other words, complexity appears in all systems for which we can build entropy. Notably, S~
does not have to concern the state of thermodynamic equilibrium of the system. It may refer to the
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state for which entropy reaches its maximum value in the observed time interval. However, in this
work, we are only limited to systems having a state of thermodynamic equilibrium. Below, we discuss
the Equation (1), indicating that it satisfies all properties of the measure of complexity. Of course,
when m = 0 and 1 = 1 then CX simply becomes S — $"", i.e., the entropy of the system (the constant
is not important here). However, when m = 1, n = 0, we obtain the information contained in the
system (constant does not play a role here). Equation (1) gives us a lot more—showing this is the
purpose of this work (helpful features of CX are shown in Appendix A).

The partial measure of complexity given by Equation (1) is determined with the accuracy of
the additive constant of S, i.e., this constant does not contribute to the measure of the complexity of
the system.

Using Equation (1), we can also enter the partial measure of specific complexity, as follows,

def. 1
cx(s;m,n) = WCX(Ns;m,n), )
where N is the number of entities that make up the system and specific entropy s = S/N. As one can
see, the partial measure of specific complexity cx is independent of N for an extensive system. Specific
entropy and specific complexity are particularly convenient when comparing different extensive
systems and when we do not examine the complexity dependence on N.

However, the extraction of an additional multiplicative constant (e.g., particle number) to have
s independent of N often presents a technical difficulty, or may even be impossible, especially for
non-extensive systems. Then it is more convenient to use the entropy of the system instead of the
specific entropy. It is also important to realize that determining extreme entropy values (or extreme
specific entropy values) of actual systems can be complicated and it requires additional dedicated
tools/technologies, algorithms, and models.

The partial measures of complexity are enslaved by entropy in every order (m, ) of complexity.
However, the kind of entropy we use in Equation (1) depends on the specific situation of the system
and what we want to know about the system, because our definition of complexity does not specify
this. From our point of view, relative entropies formulated in the spirit of Kullback-Leibler seem to be
the most appropriate (this is referred to in Appendix B). Using the Kullback-Leibler type of entropy,
one can express both ordinary entropies and conditional entropies, in particular one can describe the
entropy rate increasingly used in the context of complexity analysis.

The entropy here can be both additive (the Boltzmann-Gibbs thermodynamic one [42], Shanon
information [17], Rényi [43]), and non-additive entropy (Tsallis [44]). The measure CX(S) is a concave
(or convex up) function of entropy S, which disappears on the edges at points S = S™" and S = §"¥,

It has a maximum

Ccxmax — CX(S — gmax. ., 11) = m" u" ya m—+n (3)
cx 7" m—+n

at point

msmin - pGmax %Smax+%5min

S =
m 1 1
n m n

__ qmax
S =S5C%

*)

2
as at this point dC;(S(S) s = Oand d (;;(2(5) s—g < 0. The quantity SP'§* is a characteristic also

because it is a weighted average. The quantity CX"* is well suited to global universal measurements

of complexity, because (at a given order (1, 1)), it only depends on the entropy span Z. The quantity

max d;f.

cx CX™ax /N™+" might also be a good candidate for measuring the logic depth of complexity.
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2.2. The Most Complex Structure

The question now arises about the structure of the system corresponding to entropy SZ'%* given

by Equation (4). The answer is given by the following constitutive equation,
s (v =y = sp, 5)

where Y is the set of variables and parameters (e.g., thermodynamic), on which the state of the system
depends. However, Y = YSX"™ is a set of such values of these variables and parameters that are the
solution of Equation (5). This solution gives the entropy value S = S'{* that maximizes the partial
measure of complexity, thatis CX = CX"*. Hence, with the value of YEX"™ we can finally answer the
key question: what structure/pattern is behind CX"** or what the structure of maximum complexity
looks like.

There are a few comments to be made regarding the constitutive Equation (5) itself. It is a
(non-linear) transcendental equation in the untangled form relative to the Y. This equation should
be numerically solved, because we do not expect it to have an analytical solution for maximally
complex systems. An instructive example of a specific form of this equation and its solution for a
specific physical problem is presented in Section 3. However, this will help us to understand how our
machinery works.

Equation (4) legitimizes the measure of complexity we have introduced. Namely, its maximum
value falls on the weighted average entropy value, which describes the optimal mixture of completely
ordered and completely disordered phases. To the left of S, we have a phase with dominance of
order and to the right a phase with dominance of disorder. The transition between both phases at
S is continuous. Thus, we can say that the partial measure of complexity that we have introduced
also defines a certain type of phase diagram in S and CX variables (phase diagram plain). Section 2.5
provides more detailed information.

2.3. Evolution of the Partial Measure of Complexity

Differentiating Equation (1) over time ¢, we obtain the following non-linear dynamics equation,

XM (i) B = ) 52— s(o) X (s(0im -1 -1, 0
dt dt dt
where the entropic S-dependent (non-linear), susceptibility is defined by
xex(S;m,m) 4 OCXSImm) _ oy ismer (6] CX(S(8)m— 1,m— 1) @)

aS

and %(tt) can be expressed, for example, using the right-hand side of the master Markov equation

(see Ref. [45] for details). However, we must realize that the dependence of entropy on time can,
in general, be non-monotonic, because real systems are not isolated (cf. the schematic plot in Figure 2).
One can see how the dynamics of complexity is controlled in a non-linear way by the evolution of the
entropy of the system.

In concluding this Section, we state that Equations (1)-(6) together provide a technology for
studying the multi-scale aspects of complexity, including the dynamic complexity. However, it is still a
simplified approach, as we show in Section 4.

2.4. Significant Partial Measure of Complexity

We consider the partial measure of complexity to be significant when the entropy of the system
is located between two inflection points of the CX(S; m, n) curve, i.e., in the range S;p <S5 < S;;.
This case occurs for n,m > 2. We then obtain
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n(n _ 1) gmax _ Smin

\/n(n-‘rm—l)\/n(n+m—1):|:\/ﬁ<smx' ®)

Smm < S;}F7 — Smm +

see Figure 1d for details.
There are two different cases where a single inflection point is present. Namely,

28™M% + m(m — 1)5’””’

min G- — S > =
smin < 5, D) < form>2,n=1, )
and
— ogmin 4 n(n —1)§mx
+ = max = >
5<sj, a1y < S form=1nz2 (10)

In Figure 1b, we present the case defined by Equation (9), while that defined by Equation (10) is
shown in Figure 1c.

For n = m = 1, the curve CX(S; m, n) vs. S has no inflection points and it looks like a horseshoe
(cf. Figure 1a).

Notably, we can equivalently write

m(m _ l) gmax _ Smin

Vmmn+m—1) /mn+m—1)F/n

Let us consider the span Z;, = SIT; -5 of the two-phase area. From Equation (8), or equivalently
from Equation (11), we obtain

gmin SZ-T; = gmax _ < §™Max - forn,m > 2. (11)

7 2\/nm 7
P (4 m)n+m—1

As one can see, the span Z;, depends linearly on the span Z and in a non-trivial way on the
exponents 1 and m. Thus, with the Z set, only Z;,’s non-trivial dependence on the order (m,n) of
measure of complexity CX occurs, which is different from CX™** dependence. In other words, Z;), is
less sensitive to complexity than CX"¥,

(12)

The significant partial measure of complexity ranges between the two inflection points only for
the case n,m > 2 (cf. Figure 1d). Indeed, a mixture of phases is observed in this area. For areas where
smin < § < Sip and Si; < § < §"%, we have (practically speaking) only single phases, ordered and
disordered, respectively (see Section 2.5 for details). The case defined by Equation (8), and equivalently
by Equation (11), is the most general, while taking into account the fullness of complexity behaviour
as a function of entropy. Other cases impoverish the description of complexity. Therefore, we will
continue to consider the situation, where n, m > 2.

The choice of any of the CX(S;m, n) forms (i.e., exponents n and m) is a somewhat arbitrary
function of the state of the system as it depends on the function of the state, that is on the entropy. In our
opinion, the shape of the CX(S; m, n) measure vs. S we present in Figure 1d is the most appropriate,
because only then the significant complexity is ranging between non-vanishing inflection points Sl.;
and S,T;,

In generic case we should, however, use the series of partial measures defined by Equation (1).
Then, we define the order of the partial complexity using the pair of exponents (1, m). The introduction
of the order of the partial complexity is in line with our perception of the existence of multiple levels
of (full) complexity.

We are able to discover the nature of the CX measure, i.e., its dynamics and, in particular,
its dynamical structures, when we analyze the entropy dynamics S(t) (see Figure 2 for details).
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Figure 1. Plots of the partial measure of complexity CX(S;m, n) vs. S given by Equation (1) for four
characteristic cases: (a) Case n = m = 1 where no inflection points, S?; are present. (b) Case m = 2 and
n = 1 where a single inflection point S:;] is present. (c) Case m = 1 and n = 2 where a single inflection
point S,-; is present. (d) Case m = 2 and n = 2 where both inflection points are present. The shape of

the curve, containing two inflection points, is typical for partial measures of complexity, characterized
by exponents 1, n > 2. Numbers 1-4 mark individual phases differing in the degree of order.

oA, W -_____ﬂ
|

gmax 0

Figure 2. Schematic plot of the partial measure of complexity CX(S;m,n) vs. S and t given by
Equation (1). The red curve shows the dependence of entropy S on time t. The black curve represents
CX(S(t);m,n) in three dimensions. The blue curve represents projection of the black curve on the
(S,CX) plane. We show different variants of this blue curve presented in Figure 1. The non-monotonic
dependence of the entropy on time visible here indicates the open nature of the system. However,

this non-monotonicity is not visible through the blue curve. For instance, the three local maxima of the
black curve collapse to one of the blue curve.

The measurability of the partial measure of complexity is necessary for characterizing it quantitatively
and to be able to compare different complexities. Following Gell-Mann [40], we must identify the

10



Entropy 2020, 22, 866

scales at which we perform the analysis and thus determine coarse-graining to define the entropy.
Its dependence on complexity cannot be ruled out.

However, the question of direct measurement of the partial measure of complexity in an
experiment (real or numerical) remains a challenge.

2.5. Remarks on the Partial Entropic Susceptibility

An essential tool for studying phase transitions is the system susceptibility—in our case, the partial
entropic susceptibility of the partial measure of complexity. Here, it (additionally) plays the role of the
partial order parameter.

The plot of susceptibility xcx(S;m,n) vs. S is presented in Figure 3. Four phases, already marked
in Figure 1, are visible (also numbered 1 to 4).

Xex
o

T T
i = max + max
gmin 5 sme s s
S

Figure 3. Plot of the partial entropic (non-equilibrium) susceptibility xcx (S; m, n) of the partial measure
of complexity vs. S given by Equation (7) at fixed order (m = 2,n = 2). The finite susceptibility
value at the Sl.; and S,.Jr phase transition points (cf. Figure 1) may be considered to correspond to finite
susceptibility value in absorbing the non-equilibrium phase transition in the model of direct percolation
at a critical point in the presence of an external field [21]. However, the situation presented here is
richer, because susceptibility changes its sign, smoothly passing through zero at S = SZ{*. At this
point, the system is exceptionally robust and, therefore, is poorly affected by data artefacts, because its
susceptibility vanishes there.

Phase number 1 is almost entirely ordered—the disordered phase input is residual. At point Sz‘;'
there is a phase transition to the mixed-phase marked with number 2, still with the predominance of
the ordered phase. At the Sfp inflection point, the entropic susceptibility reaches a local maximum.
By further increasing the entropy of the system, it enters phase 3 as a result of phase transition at the
very specific SP§* transition point. At this point, the entropic susceptibility of the partial measure of
complexity disappears. This mixed phase (number 3) is already characterized by the advantage of
the disordered phase over the ordered one. Finally, the last transition, which occurs at S;°, leads the
system to the dominating phase of the disordered phase—the input of the ordered phase is residual

here. At this transition point, the susceptibility reaches a local minimum. Intriguingly, entropic

11
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susceptibility can have both positive and negative value passing smoothly through zero at S = S{'%¥,

where the system is exceptionally robust. The presence of phases with positive and negative entropic
susceptibility is an exceptionally intriguing phenomenon. The phases discussed above, together with
the above-mentioned inflection points, are also marked in Figure 1d. Let us add that the location of the
phases mentioned above, i.e., the location of the inflection points, depends on the order (m, 1) of the
partial measure of complexity. This is clearly seen in Figures 4 and 5.

The values of local extremes of the entropic susceptibility of the partial measure of complexity are
finite here and not divergent, as in the case of (equilibrium and non-equilibrium) phase transitions in
the absence of an external field. We use this definition to describe the critical behaviour of a system
that we demonstrate in Section 2.7, where it requires an explicit dependence on N.

2.6. Universal Full Measure of Complexity

The full universal measure of complexity X is a weighted sum of the partial measures of
complexity CX(S;m, n) for individual scales. That is,

X(S;mp, ng) = Z w(m,n)CX(S;m,n), mo,ng >0, (13)

=g, =g
where w(m, n) is a normalized weight, which must be given in an explicit form. This form is to some

extent imposed by the power-law form of partial complexity. Namely, we can assume

1\? 1
w(m,n) = <1 — M) N M> 1, (14)

which seems to be particularly simple because

wim+1,n)  w(mn+1) 1

w(m,n) w(m,n) M’ (15

independently of m and n.

As one can see, Equation (13), supported by Equation (15), is the product of the sums of two
geometric series,

1 max __ m—myg
X(8;mo,mg) = (S"*—8)™ <1 - 7) )y RV
m=>mg

M Mm—mg
1 gmax _ g n—no
X (Smux - S)”O (1 - M> Z ( Mnfnz . (16)
n>mng

If both series converge for any gmin < g < §max which is the case if and only if the condition
Z (= SMax — gminy < M is met, then we directly obtain

1 >2 (Smax _ S)mo (S _ smi;z)no
nmax in_° (17)
S —S __gmin
M) 1-8%=5 s

X(S;mg,ng) = (1 -
M

In other words, the M parameter can always be chosen, so that the sums of both series in
Equation (21) diverge for all S values. Thus, mg, ny > 1 is the natural lower limit of 1y, ng, satisfying
the condition of X(S;mg,ng) disappearing for S = S, §"*  We still assume more strongly that
mg, ng > 2, which has already been explained above.

For extensive systems, Equation (17) can be presented in a form that clearly shows the dependence
of the X complexity on the number of entities N, simply replacing S entropy by Ns, where s is already
N-independent specific entropy. Subsequently,

12
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2 .
X(NS'mo ”0) — (1 _ i) Nmo+n(] (smax — s)m[) (S — smm)no . (18)
e M 1,%(smax,s)1,%(s,smm)

We emphasize that X does not scale with N, as opposed to partial measures of complexity.

In Figures 6 and 7, we show the dependence of X on N (on the plane) and on N and s (in three
dimensions), respectively. We obtained the singularities of full complexity, N].” (s), j=1,2,as aresult
of the zeroing of denominators in the Equation (17) at nonzero numerators.

Note that, for M > Z, both measures of complexity have approximate values
X(S; m0, n0) =~ CX(S; m0, n0). Important differences between these two measures only appear
for Z/ M close to 1, because only then does the denominator in Equation (17) play an important role.
Of course, M is a free parameter, and possibly its specific value could be obtained from some additional
(e.g., external) constraint.

In Figure 4, we compare the behaviour of the partial (black curve) and full (orange curve) measures
of complexity, where we used the entropy instead of the specific entropy. Whether CX lies below or
above X depends both on M parameter (determining the weight at which individual measures of
partial complexity enter the full measure of complexity), and on the Z /M ratio.
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Figure 4. Comparison of the partial measure of complexity CX(S;m = 2,n = 2) given by Equation (1)
and full measure of complexity X(S;my = 2,ny = 2) given by Equation (17), for instance, for the
symmetric case of m = n = my = ng. In addition, we assume that gmin. — 0,§mx — 8 and
M = 10. Vertical dashed lines indicate inflection points: black for the CX curve, orange for the
X curve, while S’C”g?' = S¥ = 4. Notably, S¥** maximizes X (here at a given ratio Z/M = 0.8).
Vertical dashed lines mark the locations of inflection points on both curves.

We continue to determine the full entropic susceptibility of the full measure of complexity,

X(S; ;
Xx(S,'mO,no) = M:(mO+n0)(SE':1g(A*S)X(S;T’l’lofl,i’lofl)

ds
S — Sm’ff

gmax _g §—gmin
(1-5) (1= =)

where SZ¢* is given here by Equation (4) but for m = mg and n = ny. Notably, for the symmetric cases
m = n and/or mg = ng, we have S{'§¥ = S¥#* = St which are independent of m, my.

Similarly to the partial entropic susceptibility of a partial measure of complexity, we obtain the
full entropic susceptibility of a full measure of complexity,

2
+ 5 X(S;mo, o)

M , Mo,y > 1, (19)

dX(S;mg,
xx(Ns;mg,ng) = % = (mo+mng) N (s¢§* —s)X(Ns;mg —1,n9 — 1)

s — sarrt

i (17%(5"‘”75)) (17%(575"”'“))

2 X(Ns;mgy, ng)N

e , mo,ng > 1, (20)
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where s¢'% = SUF/N, gurit — garit /N gmin — gmin /N and "X = §MaxX /N The progression of
susceptibility xx(S;mo,np), depending on S, for selected parameter values is shown in Figure 5.
This progression course is similar to the analogous one that is presented in Figure 3.

Smin S‘; s)r(nax S ‘; smax

Figure 5. Plot of the full entropic susceptibility xx(S; g, ng) of the full measure of complexity vs. S
given by Equation (19), at arbitrary fixed order (my = 2,19 = 2). As expected from the comparison
with Figure 3, the turning points of CX (cf. Figure 4) lie within the S interval bounded by inflection
points of X.

Thus, the evolution of X is governed by an equation that is analogous to Equation (6), except that
Xcx present in that equation should be replaced by xx given by Equation (19). Therefore, we have

dX(S(t), my, I’lo)

T (21)

= xx(S(t);mo, o) ———~

The relationship between measures of complexity and time is implicit in our work—complexity
indirectly depends on time through the dependence of entropy on time. It should be emphasized that
the dependence of entropy on time is external in our approach—it can be taken into account based on
additional modelling that is dedicated to specific real situations. We have already signalled this when
discussing Equation (6).

2.7. Criticality in Extensive Systems

By using Equation (17), we show when the universal full measure of complexity diverges and,
thus, the system enters a critical state. We assume that we are dealing with an extensive system,
i.e., that Equation (17) can be represented as

,%(Smux,s) 1,%(sfsmiﬂ)/ M

(Smax _ s)m[) " (S _ smin)no Nz

1 2
X(Ns;mo,ng) = (1—— ) Nmotmo <1 22
(Ns;mo, no) ( M> 1 22

where entropy densities s(= S/N),s"" (= §"" /N),s"* (= $"% /N are (at most) slowly varying
functions of the number N of elements making up the system and special entropy span z = §"#* — g™,
As one can see, the measure X is divergent in two critical points N/%¥(s) = QWLLS and NC”ﬁ"” (s) = M

gmin _g”
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where s < s < §"%* Moreover, the susceptibilities given by Equations (19) and (20) diverge at the
same points where measures of complexity given by Equations (17) and (18) diverge, which underlines
the self-consistency of our approach.

Equation (22) can now be written in a form that explicitly includes both critical points (both
physical and non-physical):

1

2 .
7) N (smﬂx _ S)W’O (S _ Smm)no

max >< min 7
(-mdm) (- i)

where critical exponents assume the mean-field values §%* = ™" = 1. In this case, we could speak
of two-criticality were it not for the fact that one of these criticalities is unphysical.

Figure 6 shows dependence X(Ns;mg,np) vs. N at fixed s = 0.8. The values of parameters are
shown there, while the specific entropy s is chosen so that the condition s — s™" < s"¥ — s is satisfied
(this is equivalent to a condition s < s**). This means that s is closer to s”" than s"%*, The existence
of these divergences is a signature of criticality. However, the situation for borderline cases s = s™" or
s = s"¥ changes rapidly—it is a different consideration.

Critical numbers of entities in the system N/%¥(s) and N/"(s) are determined by the ratio

of the M parameter characterizing the hierarchy/cascade of scales in the system and the distance
min

(23)

X(Ns; mg,ng) = (1 M

max - The construction of these critical

between entropy density s and its extreme values s and s
numbers resembles the canonical critical temperature structure for the Ising model in the mean-field
approximation, where B.Jz = 1 (here B = 1/kpT. and kg is the Boltzmann constant). In our case,
the role of the inverse temperature S is played by N and N/", the role of the coupling constant J is
1/ M, while the role of the mean coordination number z is played by §"%* — s and s — ™", respectively.

The hierarchy is the source of criticality here. Criticality is an immanent feature of our
full description of complexity. Nevertheless, in this work, we do not specify the sources of this
hierarchy—it could be self-organized criticality or due to some other sources.

For the sake of completeness, note that the dependence on N of the partial measure of complexity
is given by Equation (2). This means that for extensive systems this measure increases powerfully
depending on N. Therefore, only the weighted infinite sum of these measures generates the existence

of singularity.

cr cr
N 1 N; 2

Figure 6. Dependence of the universal full measure of complexity X vs. number of entities N given
by Equation (23). It should be emphasized that the full measure of complexity and its susceptibility
have singularities in the same points. As one can see, we are dealing here with complexity barriers
separating the phases/states of the system and the small and large number of objects forming them.
The parameters we adopted here are as follows: M = 30, sMin — (), "X =2 =08, my=ng=2,
hence, point N** (s = 0.8) = 25 and point N//" (s = 0.8) = 37.5.
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Let us now consider in more detail the behaviour of X(Ns;myg,ny) depending on N and s.
A three-dimensional plot of Figure 7 will be helpful here. One can see how the mutual location of the
singularities of N/'*(s) and N//"(s) changes with the increase of s. From the situation of s < s**,
in which N/%%(s) > N/!"(s), through the situation when s = s%* in which N/#*(s) = NZ4"(s), up to
the situation in which N (s) > N (s) for s > s,

It must be clearly stated that the area physically accessible is the one in front of the first singularity,
which is further emphasized in Figure 7 by blue curves. Let us emphasize that the N range in which
criticality occurs is sufficient to cover the corresponding values of N discussed in the literature to date,
especially the Dunbar numbers [46-49] (e.g., N = 5,15,50, and N = 150). However, it should be noted
that our view of complexity is complementary to that presented in the literature.

0.8

375

s*t=10 250 y

s 1.2
Figure 7. Dependence of the universal full measure of complexity X vs. number of entities N and
specific entropy s given by Equation (23), for mg,ny > 1. Notably, the full measure of complexity
and its susceptibility have singularities at the same points NZ#*(s) and N/ (s). We are dealing
here with complexity barriers separating the phases/states of the system and the small and large
number of entities that form them. The parameters we adopted here are, as follows: M = 30,
sMin — ( gmax — 2 g =08, mqy = ng = 2. These are the same parameters that we used to construct the
plain plot in Figure 6.

3. Finger Print of Complexity in Simplicity

Let us consider a perfect gas at a fixed temperature, which is initially closed in the left half of an
isolated container. The partition is next removed, and the gas undergoes a spontaneous expansion.
Here we are dealing (practically speaking) with an irreversible process, even for a small number of
particles (at least the order of 102).

Let us recall the definition of “perfect gas’. It is a gas of particles that cannot ‘see” each other,
i.e., there are no interactions between them. Thus, from a physical point of view, it is a dilute
gas at high temperature. We further assume that all of the particles have the same kinetic energy.
A legitimate question is whether such a gas will expand after the partition is removed. We notice
that the thermodynamic force is at work here, being roughly proportional to the difference in the
number of particles in the right and left parts of the container. This force causes the expansion process.
Thus, we are dealing with the simplest paradigmatic irreversible process [50]. The particles remain
stuck in the final state and will not leave it (with accuracy subject to slight fluctuations in the number
of particles in the right half of the container). Such a final state of the whole system is referred to as the
equilibrium state. The simple coarse-grain description of the system allows us to introduce here the
concept of configuration entropy.

Note that the macroscopic state of the system (generally, the non-equilibrium and
non-stationary/relaxing one) can be described by the instantaneous number of particles in the left
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(NL(t)) and right (Ng(t)) parts of the container, with N = N () + Ng(t), where N is the fixed total
number of particles in the container (isolated system). It allows for one to define the weight of the
macroscopic state I'( Ny (¢)), also called thermodynamic probability. This is the number of ways to
arrange the Ny () particles in the left part of the container and Ng(#) = N — N (¢) in the right. Hence,

T(NL() = N

NL BN — Ny (@)1 @9

Here we do not distinguish permutations of particles inside each part of the container separately.
We only take into account permutations of particles located in different halves of the container. This is
because our resolution here is too small to observe the location of particles inside each container
separately. Such a coarse-graining creates an information barrier: more information can mask the
complexity of the system. We will not be able to see the complexity, because we will not be able to
construct entropy. This creates a paradoxical situation: the surplus of information makes the task
difficult and does not facilitate obtaining the insight into the system. Here we have an analogy with
chaotic dynamics, where chaos is only visible in the Poincaré surface cross-section of the phase space
and not in the entire phase space.

The configuration entropy at a given time t we define, as follows,

S(NL(t)) = InT(NL(t)), (25)

where I'(N[(t)) is given by Equation (24). The above expression can be used both for the equilibrium
and non-equilibrium states.

It can be demonstrated using the Stirling formula that for large N, entropy S is reduced to the
BGS form,

InT(NL(t)) = =N [pr(t) Inpr(t) + pr(£) In pr ()] = Ns(t), (26)

where pj(t) et N’T(t), J = L, R, and s(t) is a specific entropy. The law of entropy increase Equation (A8)
is also fulfilled here, as expected.

We now prepare the equation for determining NEX", i.e., the number of particles in the left part of
the container that maximizes the partial complexity measure CX. To this end, we assume, for instance,
the symmetric partial measure of complexity of the order of (m = 2,n = 2). Next, we substitute
Np =N LCXYW into the both sides of Equation (25) and according to constitutive Equation (5), we equate

me*. Hence, we obtain a constitutive equation for the relaxing perfect gas,

Equation (25) to S{*¥
S(NL(t) = NFX'™) =S¢, 27)

where NLCX'W is our sought quantity.

Now, we need to independently determine S7'§*. Recall that the number of Ny particles that
maximize entropy is the number of qu particles in the statistical /thermodynamic equilibrium state of
the system. This number is equal to half of all particles in the container, i.e., N z’q = N/2. It can still be
assumed (without reducing the general considerations) that $™" = 0. Therefore,

S§"T = S(N/2). (28)
However, from Equation (A5), we know that SF§* = S™¥/2. By using it, we transform
Equation (27) into the form,
max 1
CX _ '
s (NFX™) = 35(N/2). (29)

Equation (27) is an example of the general constitutive Equation (5), where NLCXW plays the role
of YEX"™ This equation has the following explicit form,
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ax cxmex\ 72
[H]Iv\llNLCX <1+NL], )} :l_[j'\]:/l2 (1-{-%), forn =m=2. (30)

Just deriving Equation (30) (see Appendix C for details) is the primary purpose of this example.
This is a transcendental equation of which the exact analytical solution is unknown. When deriving
Equation (30), we used the initial condition for the entropy thatis, S(t = 0) = $"" = InT (N, = N) =0,
which follows from Equations (24) and (25). Even for such a simple toy model, determining the partial
measure of complexity is a non-trivial task, also because N, is different from N /2 (as we show below).

The numerical solutions of Equation (30), i.e., the relationship of NLCXW to N, are shown in
Figure 8 (for simplicity, L defining the vertical axis on the plot means N°X""). Both of the solutions
(small circles above and below the solid straight line) show that NLCXYW is significantly different from
N /2. Thus, the most complex state is significantly different from the equilibrium state.

104
103 4
o 1074
10! 4
10° ;
10! 102 103 104
N

Figure 8. Dependence of L(= NLCXYW) vs. N. There are two solutions of Equation (30): one marked
with blue circles and the other with orange ones. Above N ~ 102, both dependencies are linear, which
is particularly clearly confirmed in Figure 9. That is, in a log-log scale, their slopes equal 1. However,
in linear scale, the directional coefficients of these straight lines equal 0.11 and 0.89, respectively. This is
clearly shown in Figure 9. Only the solution with orange circles is realistic, because the chance that 89%
of particles will pass in a finite time to the second part of the container (as indicated by the solution
marked with blue circles) is negligibly small. The black solid tangent straight line indicates a reference
case NCX™" = N/2.
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0.0 ¢ =
10t 102 103 104
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Figure 9. Directional coefficient of linear dependencies L vs. N as a function of N. For N greater
than 102, no N -dependence of this coefficient is observed. Both of the solutions (having L/N = 0.11
and L/N = 0.89) are mutually symmetric about the straight horizontal line L/N = 1/2, but we only
consider the solution L/N = 0.89 to be realistic. The black horizontal straight solid line indicates a
reference case NLCXW =N/2.
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Having the NLCXMX

specific complexity cx™** def cxmax N+ on N order (m =2,n = 2). We can write

4 4
= ()< (o )]

dependence on N, we can obtain the dependence of the partial measure of

as in our case s = s(N/2) equals the logarithm of the right-hand side of Equation (30) divided by
N. Notably, Equation (31) is based on Equation (A12).

In Figure 10, we present the dependence of cx”** on N. Quantity cx™"* is a non-extensive
function—it reaches the plateau for N > 1. For N ~ 10* the plateau is achieved with a good
approximation. This is important for researching complexity. Namely, systems can attain complexity
already on a mesoscopic scale. Although the absolute value of the complexity measure is relatively
small, it is evident and possesses a structure that is related to the current inflection point there
(near N = 10).
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Figure 10. Dependence of cx™** on N given by Equation (31). As one can see, cx™** is a non-extensive

function—it reaches the plateau for N > 1. For N = 10* the plateau is achieved with a good
approximation. This is an important issue for researching complexity. Namely, systems can attain
complexity already on a mesoscopic scale. It can be said that the curve’s inflection point (located near
N = 10) marks the beginning of the complexity stabilization region.

This example shows that even such a simple arrangement of non-interacting objects may have
non-equilibrium non-stationary complexity. A necessary (but not sufficient) condition is the possibility
of constructing entropy and the presence of a time arrow.

4. Concluding Remarks

In many recent publications [5,8,9,51] it is argued that entropy can be a direct measure
of complexity. Namely, a smaller value of entropy indicates more regularity or lower system
complexity, while its larger value indicates more disorder, randomness and higher system complexity.
However, according to Gell-Mann, more disorder means less, and not more, system complexity.
These two viewpoints are contradictory—this is a serious problem, which we have addressed.

Our motivation in solving the above problem was based on Gell-Mann’s view of complexity.
This is because we fail to agree that the loss of information by the system as it approaches equilibrium
increases its complexity; notably, AI(p®, p®) (see Appendix B for detail) takes its minimum value
then, and complexity must decrease.

In addition, the differences between entropies in Equation (1) eliminate the useless dependence of
complexity on the additive constant that may appear in the definition of entropy. It can be said that the
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system state with the highest complexity is the state most distant from all of the states of the system of
lesser or no complexity.

Thus, in the sense of Gell-Mann, the measure of complexity should supply complementary
information to the entropy or its monotonic mapping.

Therefore, in this work, we have presented a methodology which allows building a universal
measure of complexity as a function of a system state based on non-linearly transformed entropy.
This is a non-extensive measure. This measure should meet a number of conditions/axioms, which
we have indicated in this work. A parsimonious example, of the simplest system with a small and a
large number of degrees of freedom, is presented in order to support our methodology. As a result of
this approach, we have shown that (generally speaking) the most complex are optimally mixed states
consisting of pure states, i.e., of the most regular and most disordered, which the space of states of a
given system allows. This also applies to the distinctive examples outlined in Appendixes D and E
(although this requires a redefinition of some variables and parameters).

We should pay attention to an essential issue regarding the definition of the phenomenological
partial measure of complexity that is given by the Equation (1). This definition is open in the sense that
if the description of complexity requires, for example, one additional quantity, then the Equation (1)
takes on an extended form,

CX(S, E;my, ny, ma, ny) % (875 — gymi (5 — gminym (Emex — Eyma(E — E™inym > 0, (32)

whereby E™" < E < E™* this new quantity is marked. This definition has still an open character.
Specifically, this definition also allows (if the situation requires) the replacement of one quantity with
another, e.g., entropy with free energy, or considering some derivatives (e.g., of the type %). Openness
and substitutability should be the key features of the measure of complexity. Moreover, exponents
mj, nj, j = 1,2, determine the order of complexity, i.e., its level or scale. We emphasize that the
measure of complexity introduced can describe isolated and closed systems (although in contact with
the reservoir), as well as open systems that can change their elements.

From Equations (13) and (32), we get the phenomenological universal full measure of complexity
in the form, which extends Equation (17),

0

B <1 1 )2 (§max _ S)m? (Smin —s)m

_ Smax,s _ Smm,s
1 M, 1 M,

1\2 (Emex E)mg (Emin _ E)"g
(-5

0 0 0 0
X(S,E; my,ny, my, ny)

X

1-— E"WA;—E 1- E"’;\;’I—E =0 (33)
2 2

The full measure of complexity is a weighted sum of partial measures of complexity across all
complexity scales. As one can see, this full measure may contain singularities. They are the necessary
signatures of criticality existing in the system. This meets the expectations presented in the literature.

Definitions of measures of complexity Equations (1) and (17) and their possible extensions are
universal and useful. It is due to entropy that is associated not only with thermodynamics (Carnot,
Clausius, Kelvin) and statistical physics (Boltzmann, Gibbs, Planck, Rényi, Tsallis), but also with the
information approach (Shannon, Kolmogorov, Lapunov, Takens, Grassberger, Hantschel, Procaccia),
and with the approach from the side of cellular automata (von Neumann, Ulam, Turing, Conway,
Wolfram, et al.), i.e., with any representation of the real world using a binary string. Today, we already
have several very effective methods for counting entropy of such strings, as well as other macroscopic
characteristics sensitive to organization and self-organizing systems, as well as to their synchronization
(synergy, coherence), competition, reproduction, adaptation—all of them sometimes having local and
sometimes global characters.

Our definition of complexity also extends to meet research into the complexity of the biologically
active matter. In this, especially research on the consciousness of the human brain can derive a
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fresh impulse. The point is that most researchers believe that the main feature of conscious action
is a maximum complexity or even a critical complexity [52]. In our approach, it would be CX™**
and X(Nf's).

We hope that our approach will enable: (i) the universal classification of complexity, (ii) the analysis
of a system critical behaviour and its applications, and (iii) the study of dynamic complexity. All of
these constitute the background to the science of complexity.

Appendix A. Properties of the Partial Measure of Complexity

It is worth paying attention to Equations (1)—(4). For a fixed span of Z and the order (m, n),
there may still be systems of different complexities. The complexity description only using CX™** is
insufficient, because there can be many systems with the same span and order. However, we assume
systems to be equivalent, i.e., belonging to the same complexity class (Z, m, n), if they have the same
span at a given order. We can still distinguish them as, in general, they differ in the location of SZ§*.
We can say that a given class has a greater partial measure of complexity if it has a larger CX"**. In a
given class, the system has a larger complexity if the system stays closer to CX"*, i.e., its current
entropy S is closer to S%%*. For a given CX with Equation (1), we obtain (for each order (m, 1)) two S
solutions: one on the left and the other on the right of CX™** (except when § = SZ§*). Division into
classes allows us to introduce an additional classification of complexity.

A distinction should be made between two cases of measuring complexity: (i) Z < m 4 n and
(ii) Z > m + n. This is particularly evident when we consider the ratio of both types of complexity
measures form +n > 1,

CX"l”x(Zi) B Zi m+n
oxm(zy) \zi) <" (A0

where Z; belongs to case (i), while Z;; to case (ii). Thus, the greater the exponent m + n, the greater the
difference between CX"%*(Z;;) and CX™%*(Z;).
The alternate form of Equation (1),

cx(A):< . Z+A)” (sz@m, (A2)

n—+m n—+m

where deviation A = A(t) = 5(t) — S%%* makes the operating of the CX coefficient easier in the vicinity

of SE*, where the parabolic expansion is valid. We then have:

CX(A) ~ CX™

1 AN? i 1 AN?
17%<(H+M)Z> ~ CX™M exp <2mn ((n+m)2) ), (A3)

that is a Gaussian form, which has variance 02 = (nf,'; V2

SEE* is the measure of complexity CX symmetrical regardless of the order (m, 1).

In fact, only the location of the maximum of CX(S; m, n) is determined (for a given range of S) by
the ratio of m to n. However, to have dependence of coefficient CX on entropy in the entire entropy
range S™" < S < S™M¥ it is necessary to determine two extreme values of entropy (S"" and $"%)
and two exponents (n and m). In general, finding these parameters and exponents is still far from
trivial because they have a contextual (and not a universal) character.

However, in a particular situation, when the maximum complexity is symmetrical, i.e., when
m = n, we obtain

Z2. Only in the narrow range of S around

_ gmin 4 gmax
G A (A%)
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and

2n
CX™max = <§> . (A5)

2

Equation (1) of the partial measure of complexity applies both to single- and multi-particle
problems because entropy can also be built even for a very long single-particle trajectory. Moreover,
Equation (1) emphasizes our point of view that any evolving system for which one can introduce the
concept of entropy and which has a state of thermodynamic equilibrium (for which entropy reaches a
global maximum) contains at least a signature of complexity. For systems of negligible complexity,
i.e., for which § ~ §™" or § ~ §"%, the measure CX (S;m,n) is close to zero. This does not mean,
however, that we cannot locate S{'§* near S™min or $MAX Tt is then sufficient to have strongly asymmetric
situations when n < m or n >> m, respectively.

Appendix B. Non-Stationary Entropies

In this Appendix, we sketch a non-stationary situation, which is what we are dealing with
throughout this work. We are dealing with systems evolving to a state of statistical equilibrium,
even from states far from statistical equilibrium.

Non-stationary entropy is understood to be entropy based on coarse-grained time-dependent
probability distributions—this type of entropy is most often used [43-45,51]. A very characteristic
example is the entropy class built on time-dependent probability distributions, {p;(t)}, satisfying the
master (Markovian) or M-equation, in the presence of detailed balance conditions. Thus, we are only
considering systems evolving to statistical equilibrium.

Here we give two very characteristic (non-equivalent) examples of non-stationary entropies
(more preciselly: one should talk about specific entropies). In addition, entropies given by
Equations (A6) and (A7) belong to the category of relative entropies. Namely,

%0=SOPZﬁ%<”$>} (A6)

j P

and

ﬂo—%m2ﬁ7<ﬁg>, (A7)
- ,

]

where p;(t) is a probability of finding a system in state j at time ¢, while pilis a corresponding
equilibrium probability. We are considering only discrete states here. The function Sof(x) > 0, where

2
domain 0 < x < oo, is a non-negative convex function obeying 50% > 0. It can be shown [45] that

entropies defined in this way meet the law of entropy increase, i.e., its derivative

ase) _

T >0; (A8)
therefore S(t) — S™* from below when p j(t) — p]e.q, for any j. Equation (A8) is the key property of
entropy. Let us add that at the limit p;(t) = p;q, for any j, entropy defined by Equations (A6) and
(A7) disappears. In other words, these entropies are negative and grow to zero as the system tends
to equilibrium.

It is worth paying attention to the possibility of defining generalized information gain, whereby
this information gain is calculated here relative to the equilibrium distribution. We can write,

Al(p(t), p7) = =5(1), (A9)

22



Entropy 2020, 22, 866

where p(t) = {p;(t)} and p = {p;q}. Furthermore, entropy S(t) is closely related to partition
function. Therefore, in this approach, the entropy is a base function.
Most often the function f(x) is selected in the form [45,56],

flx)=x% a>1, (A10)

coupled with a constant Sy = —L;, where a can converge to 1. With these choices the entropy given
by Equation (A6) is called Tsallis (relative) entropy and the entropy given by Equation (A7) Rényi
(relative) entropy. Usually, the entropic index « is denoted by g in the case of Tsallis entropy.

Entropies given by Equations (A6) and (A7) converge, with the help of Equation (A10), to
Kullback-Leibler entropy [9] when entropy index &« — 1. However, the Rényi and Tsallis entropies are
essentially different for « # 1. The Rényi entropy is an additive function describing extensive systems,
while the Tsallis is not. It is a non-additive function describing non-extensive systems.

Using relative entropy in the definition of complexity measures is productive. It is because other
types of entropy can be derived from it, such as ordinary entropy (or Boltzmann-Gibbs-Shannon one)
and conditional entropy.

Appendix C. Derivation of the Constitutive Equation for Perfect Gas

The derivation of constitutive Equation (30) comes down to presenting both sides of Equation (29)
in explicit form, shortening of common factors, proper organization and presentation. Accordingly,
the left side of Equation (29) takes the form,

max max N!
B cx _ CX —
Sg;{(x = S (NL ) =InT (NL ) =In chmnx! (N 7 NCXmux)!
L L
<NEXn1ax n 1) (NEXmax + 2) R (N — 1)N
ln max
1.2.3-,..-(N*NLCX )
_ Cximax NCXW”
= I M 1+-L1—), (A1
=1 ]

where the number of factors in the numerator and denominator is the same and equals N — N&X"*".
As for the right side of Equation (29), we present it in an explicit form,

1
5S(N/2)

Il
N =
5
=
Z
~
N
Il
|
5

) _1 N/2 N
= S <1+2j>. (A12)

Comparison of Equations (A11) and (A12) just leads to Equation (30).

Appendix D. Entropies of Time Series—A Sketch

The entropy study of various time series is a crucial issue in system dynamics. The point is that
the activity of the systems is perceived precisely through time series. The study of nonlinear time series
is particularly important. Below we outline two essential methodologies for constructing entropy
(including a multi-scale one). Then we show how to connect our complexity measure with these
methodologies.
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Appendix D.1. Entropy of Embedded Time Series

Various time series from stock exchanges or Forex quotations are the central sources of empirical
data available from financial markets. The main question is about the entropy of the time series and
hence about the measure of time series complexity. Following Li et al. [51], we present a method of
constructing entropy for a finite time series.

We consider the time series {xj}jli ; consisting of N elements xj, j=1,2,.... From this we select

1 <i < N —1+1 sub-series indexed by i. Each sub-series consists of I components defined as follows,

def. .
£ x(i + k). As one can see,

yi(k) : 0 < k <1 —1, where (for given indexes i and /) component y! (k)
m here means the embedding dimension.

Moreover, two subsequent sub-series characterized by the same / have | — 2 elements in common.
In the collection of sub-series, which create m-dimensional vector space, one can enter a topology
defined by the metric d;; defining the distance between arbitrary sub-series i and j. Then one can
build a distribution (histogram), p(d;;), of distances between vectors. Of course, the question of how
to choose the embedding dimension [ is fully justified. For example, one could assume that this
dimension is equal to the correlation dimension [7]. However, we treat | as a free parameter, and we do
not impose any additional restrictions on it. With the probability distribution, p(d;;), one can build the
entropy (for example, S(I) = —(In p(d;;))) and hence the complexity of the time series (see Section 2.1
and Appendix B for details).

Similarly to the example with expanding gas in Section 3 and based on Equation (5), we can
formulate the constitutive equation in the form

1 1 i
ES(l?’"ﬂ){) + ZS(ll’””l)
1ol

n

S(lcxmnx) _

, (A13)

where S(I"5%) = §™Ma¥ and S(I™in) = §min,

The transcendental Equation (A13) should be solved numerically due to the value of the unknown
jexm sought. However, first, the values of [min and 1" must be found (also numerically), which
leads to the determination of S$™" and 5™, respectively. It allows us to determine CX"*. In the final
step, one can (similar to that presented in Appendix B) find informative relationships of the above
quantities JEXM CXM /N and CX™* from N.

This is all possible if one has sufficiently useful statistics, i.e., when N =1 +1> [ = % > 1.

Appendix D.2. Multi-Scale Entropy

We can now proceed to define multi-scale complexity, but first we need to define multi-scale
entropy or the hierarchy of entropies. For this purpose, we prepare the coarse-grained scheme.
The primary time series consists of N elements. We divide it into n = Int[N /7] non-overlapping
intervals, where 7 is the time horizon/scale, i.e., the number of time steps that we use to separate the
elements of the first time series. Now we can build a new time series, of which the non-overlapping
elements are defined as arithmetic means in subsequent intervals of T,

=1 ¥ mo0<j<n-1 (A14)
More can be said about the choice of T using the (bilinear) autocorrelation function
1 n—t
AC(t) = P, ];) y}yf+t , >t (A15)

if we are dealing with a stationary and a long time series. Then time T = 7. can be considered,
e.g., as the half-life of this function, ie., AC(1.) =~ %AC(O). Other choices for T can also
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be considered [43]. Note that the time series {y]T} can consist of T > 7. with statistically
independent elements.

With time series dependent on the time scale T, we can build scale-dependent entropy S™(¢) and
the corresponding complexity CX(S7) by the corresponding methods presented in Appendix D.1.
Thanks to this, for each scale T separately (i.e., for each 1 separately), we can find quantities such as
nCX"™ pCX" /N and CX™M¥,

Appendix D.3. Elements of Deterministic Chaos: A Cyclically Kicked Damped Rotor

Deterministic chaos can be an example of the complexity of single-particle motion
(i.e., the complexity of its phase space). It is caused by instability due to initial conditions. A typical
example of this is a cyclically kicked damped rotor [20] or a damped pendulum with cyclic driving
force [19]. Here we sketch this example.

The starting point is Newton’s equation for a rotor motion in the presence of viscous drag, which
takes the form

dp(t) _dg(t)
a2 dt -’ (A16)

where ¢(t) is a time-dependent rotation angle of the rotor, v is the viscous drag coefficient, and the
moment of inertia is equal to the unit. The exact solution of Equation (A16) is based on the
time-dependent exponential function.

Next, we enrich this equation with a non-linear impulse forcing force,

F=«f(9) i 5(t—nT), (A17)
n=0

where f(¢) is a non-linear function of ¢ and « is its amplitude, while T is the period of this force.
Hence, in the stroboscopic variables (or in the Poincaré representation) we obtain the Poincaré map,

wpp1 = exp(—T)[wn +xf(Pn)], (A18)

o1 = @ﬁw[wwxﬂwf (A19)

where w = ';—f. The above set of recursive equations allows us to examine on the Poincaré surface
both dissipative deterministic chaos (e.g., logistic or Henon mapping) and conservative (i.e., Chirikov
mapping). This depends on the values of 7y and x parameters and the form of the function f.

Belief in the complexity of the phase space {w, ¢} of the system presented above is common.
The complexity requires a knowledge of entropy. The total entropy of the system is the entropy of its
long phase trajectory. However, we consider the complexity of the phase space structure mapped to
the Poincaré surface, i.e., based on narrow entropy describing only this mapped structure. Obviously,
this entropy depends on initial conditions and parameters assumed. Constructing entropy first requires
defining a long time series. We have this time series as one consisting of N two-component elements
{wn, pn} 114\]:_01. Indeed, the approach presented in Appendix D.1 can be used to calculate entropy.

The goal here is to have the entropy value S*§* at which the complexity measure reaches the

maximum value CX""*. It comes down to finding the dimension of the embedded subspace I{'*

for which the entropy S = SZ§*. It is I that is the optimized parameter (in Section 3 it was the

dynamic variable Np). It can be expected that [{'§" is neither too small nor too large compared with the

dimension N of the base space.
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Appendix D.4. Elements of Anomalous Diffusion

Let us consider as a typical example the deterministic dissipative motion of an extremely massive
single molecule in a viscous fluid. This simple motion is described by the Newton’s dynamics,
i.e., by the linear ordinary differential equation,

du(t)
dt

= —ru(t), (A20)

where u(t) is a time-dependent molecule velocity and v is a constant friction coefficient. The exact
solution of Equation (A20) is given by the time-dependent exponential function.

We are now moving from a deterministic level to a stochastic level by a relatively small extension
of Equation (A20). That is, we extend Equation (A20) so as to obtain the retarded general Langevin
equation (GLE) [50],

R(t)

s
m

ST —/Oty(t— u(t)dt' + (A21)
where /(1) is the retarded friction coefficient, R(t) is a random force of a thermal origin, i.e., caused
by the random action of fluid particles, and m is the mass of the molecule. Notably, the retardation is
present only when the mass of the molecule suspended in the fluid is not too heavy.

Equation (A21), which is the essence of the Ornstein-Uhlenbeck (OU) generalized theory of
Brownian motion, takes into account both the feedback effect associated with the reverse fluid flow
pushed by the molecule and the erratic nature of the molecule’s motion. Although it is still a linear
equation relative to u, the velocity the autocorrelation function, C(t), is no longer expressed by a
simple exponential, but exhibits a slower, power-law decay,

C(t) e = %, (A22)
for a long time, which is indeed more realistic. Equation (A22) is a central result of OU generalized
theory. As one can see, a relatively small extension of Equation (A20)—small because it still leaves
this equation in the domain of linear equations relative to u—led to decay according the power law.
Such a law is an essential attribute of a complex system. This algebraic fat tail was noticed for the first
time by Adler and Wainwright in molecular-dynamic simulation of hard spheres’ fluid [53], at least at
intermediate fluid densities. Equation (A22) is the result of a cooperative phenomenon in the form of a
positive feedback arising in the system between the molecule suspended in the fluid and the particles
of the fluid. The non-linear nature of this coupling in time (that is the nonlinear dependence of 7 on
time) is contained in the integral kernel of Equation (A21). There is a wide class of physical problems
that can be modelled using this equation [28,54] (for almost arbitrary a). Equation (A21) is the first
level of complexity here.

Note that the direct consequence of Equation (A22) is the sub-diffusive behaviour of the suspended

molecule, i.e., for long times the variance of the stochastic process X (t) (without a drift) takes the form,
(X(£)%) o . (A23)

Now one can ask a question about what the distribution family with the variance given by the
above formula looks like. The answer is almost instant namely,

1 X
PX 1) = o f <‘W2|> , (A24)

which is a positive and normalized time-dependent probability distribution, where scaling function f
is almost an arbitrary one.
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Results Euqation (A23) and (A24) became the inspiration for extensive research on anomalous
diffusion [28]. For example, by taking restrictions on the shape exponent «, i.e., « can be generally
different from 1/2. This type of extension permits realistic considerations [28].

Characteristic Examples

Here we show how comprehensive the probability distribution given by Equation (A24) is.
Example A1l. Brownian and Gaussian random walk.

Let us assume fora =1,

| X | 1 X2
=) = == = . A25
() = vamee (a (429
As one can see, the variance of the distribution given by Equation (A24) with the substitution

given by Equation (A25) satisfies Equation (A23)—it is a linear function of time, as it should be.
This example is our reference case.

Example A2. Brownian and non-Gaussian random walk.
Let us now assume that still « = 1 but
[ X[y _1 | X|
f < wn ) =P\ —an ) (A26)

that is, probability distribution P is a Laplace distribution. Despite this, the variance of this distribution
remains a linear function of time. Here we are dealing here with a Brownian and Laplace random walk.

Example A3. Non-Brownian and Gaussian random walk.

Let us here assume that

[X[\ 1 X?
f ( ta/z - \/ﬂ exp 7% ’ (A27)
where « is an arbitrary shape exponent. As one can see, the variance is here (in general) a non-linear

function of time: it can be both sub- and super-linear. Thus, we are dealing here with the fractional
Brownian motion.

Example A4. Non-Brownian and Non-Gaussian random walk.

Let us consider the Weibull distribution—this gives f function in the form,

X X xk—1 X K
f<t7> :"<W> oP (‘ (m) ) x=0 (A28)

where x > 1. The variance for Weibull distribution is given by Equation (A23). This means that we
can model both sub-diffusion (when « < 1) and super-diffusion (when a > 1) using the Weibull
distribution. Of course, with this distribution one can also model a Brownian (when & = 1) but
non-Gaussian random walk.
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Appendix D.5. Nonequilibrium Configuration Entropy

We are now constructing configuration entropy (i.e., based on configuration rather than phase
space). We first discretize the space, i.e., the X axis. Let the size of the discretization step be AX.
The time-dependent probability of finding a stochastic process at time ¢ in the nth cell with size AX is,

(n+1)AX
pu(BX, 1) = / P(X, 1)dX, (A29)
nAX

where free parameter AX here defines the level of coarse-graining. Indeed, we use this probability in
Equations (A6) or (A7). The equilibrium probability needed there py (AX) = pu(AX,t — o) constructs
in the usual way. That is, we confine the system to a very large but finite size. Then time ¢ is going
to infinity. Next, both probabilities (the nonequilibrium for finite time f and equilibrium probability)
substitute to Equations (A6) or Equation (A7). Finally, the system goes to the thermodynamic limit.

The goal is to find AX size equal to AXP§* that maximizes CX, that is CX™?*. This can only be
done by numerical means.

We emphasize that Equation (A21) is the dynamic basis of the (stochastic) Fokker—Planck
equation [45] as well as the Langevin [55] fractal equation and hence the Fokker-Planck [28] fractal
equation. The same Equation (A21) is a springboard to move to higher levels of complexity.

Appendix E. Dynamic Self-Organisation on a Complex Network—A Sketch

It is hard to imagine not using complex network technologies to analyze collective processes
in the socio-economic world. One of the fascinating sources of complexity is its capacity for
the self-organization—spontaneous (of endogenic) character or stimulated (of exogenic) character.
We consider the dynamic phase transition here, in which the network of the stock market companies
evolves towards a characteristic big-star structure—it condensates [6,32].

Appendix E.1. Minimal Spanning Tree of the Frankfurt Stock Exchange

Here we consider the canonical Minimal Spanning Tree (MST) of the Frankfurt Stock Exchange
(FSE) companies belonging to the widely-exploited class of correlation complex networks (the content
of this section was created with the participation of Mateusz Wiliriski). They describe well the dynamics
of relationships between companies, that is the evolution of the MST. The MST is a very simple type of
a complex network that, although it resets the clustering rate, provides a lot of important information
about the structure and dynamics of real networks.

For example, in Figure A1, we present the self-organized structure of the Frankfurt Stock Exchange
as of 29 January 2007. As one can see, the prominent star centred at SALZGITTER (SZG) AG-Stahl und
Technologie company (the network node marked by the red circle located at the centre of the network)
dominates the stock market structure. The middle plot on the top and the plot on the right there
correctly reflect this type of behaviour. The former plot clearly shows the local minimum determining
the size of the average coordination zone of the SZG node. Its average radius (i.e., the MOL equals
about 2.5 separation steps) confirms that the SZG company is the centre of the star. The last plot shows
a red circle with a multiplicity of 1 and a degree close to 100, which represents the SZG node. This node
is an outlier—an excellent example of the appearance of a super-extreme event, i.e., dragon-king
event [29-31].
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Figure Al. A snapshot picture of Monday 29 January 2007. The plot on the top left shows the DAX
index in the years 2005-2010. This index is the emanation of the entire stock exchange. Of course,
a computer analyzes quotations of all companies on this stock exchange that are in the range mentioned
above. Two vertical red straight lines mark the scanning window, and its centre is marked by a blue
line. The current window location, i.e., the beginning and end, are given dates just below the DAX
and MOL plots. The same scanning window applied to the MOL indicator. The middle plot at the top
shows the course of the widely used mean-occupation layer (MOL) [32]. The upper plot on the right
shows the distribution of degrees of the vertices of the network shown below. The red circle on this
plot, which stands out significantly from the power-law distribution, concerns the centre of the star
(the most prominent red circle). The coloured circles in the legend and the abbreviations of the names
mean the companies presented in the graph. The figure was taken from our publication [32].

The structure dynamics of the dragon-king is presented in Figure A2. That is, we presented there
the dependence of the degree of this node on time, yielding a very meaningful A peak characterizing
here a structural condensate (for details see [32]).

In Figure A3 we compare empirical degree entropies S(t) = — Yx P(k) In P(k), where P(k) defines
the empirical degree distribution, versus time in the presence and absence of SZG company on
the network. In Figure A1, the upper plot on the right shows an example of the (non-normalized)
distribution, P(k), where k means the degree of a node. Various nodes are marked here with coloured
circles defined in the legend. As one can see, the presence of the SZG node significantly changes the
structure of the MST network. It is worth determining the complexity of such a network.

29



Entropy 2020, 22, 866

o o . A .

o i i ; ;

o | ondensation |f | !

© o ' ! !

N [ ' ! '

<3 R - : ;

] log ‘ !

e SR : :

M - ; :

§ o v P Z A-peak '

5 ¥ o ‘ v ; ‘

o Equilibrium o 1 M 1 1

N scale—free o ! ; '

(2] network I ; .
o g \ 2 b

o i i : '

2004-12 2005-10 2006-07 2007-04 2008-01
Time [td]

Figure A2. The temporal SZG vertex degree, kg, vs. time. It forms the so-called A-peak marked with
a red vertical dashed straight line. It shows temporary edge condensation on the SZG node. The span
of this peak is marked by the last blue vertical dashed straight lines. These lines are also plotted in
Figure A3 below. The equilibrium scale-free networks are placed outside this area. The centre of this
peak has been extrapolated on Thursday 25 January 2007—a deviation of two trading days from the
result shown in Figure Al is irrelevant here. The plot was taken from the publication [32] with the
consent of the editors.
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Figure A3. Degree entropy (defined in [32] by degree distributions) vs. time. The solid line marked
entropy in the presence of the SZG vertex but dotted after removing this node. One can see the
crucial role of this node in preparing the temporary network structure. The well-defined local absolute
minimum of degree entropy is placed on Thursday, 25 January 2007. The plot was taken from the
publication [32] with the consent of the editors.

Appendix E.2. Analysis for Case Z < 1

We note that the extreme entropy values, for the data shown in Figure A3, are as follows:
SMin(+ = 2007-01-25) = 5.690 and $™* (t = 2005-03-15) = 5.948, which gives a span of Z = 0.258 < 1.
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Substituting these numbers into Equations (A4) and (A5) we get the entropy of the order
of (m=2,n=2),

o% = 5.819, (A30)
and complexity measure of the same order
CX™™x = 27691074, (A31)

From the plot data: ‘Entropy with SZG "in Figure A3, dates corresponding to the entropy given by
Equation (A30) can be read. There are many of them—we chose three particular ones: 6 January 2006,
21 December 2007, 15 April 2008. All of them concern the most complex networks.

Figure A4 shows the network corresponding to the second date. One can see how much it differs
from the least complex shown in Figure A1. This Figure shows a mixture of few mini stars with a degree
not greater than about 20 (but no central one with degree almost 100, as shown in Figure Al). It is
indicated by the degree distribution on the right-hand side of the plot, besides several skeletons and
developed cascades arranged there in a somewhat disordered way. It is a richer and more disordered
structure—more complex than that shown in Figure A1.

@=3.47631, fit ke[2,10]
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Figure A4. The snapshot picture of the Frankfurt Stock Exchange complex network on
21 December 2007. This network represents the most sophisticated state of the stock market, that is,
CX™* given by Equation (A31). One can see how much this network differs from that shown in
Figure Al—e.g., the dominant central star has ceased to exist. The network structure is now skeletal.
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Abstract: The aim of this paper is to examine the role of thermodynamics, and in particular,
entropy, for the development of economics within the last 150 years. The use of entropy has
not only led to a significant increase in economic knowledge, but also to the emergence of such
scientific disciplines as econophysics, complexity economics and quantum economics. Nowadays,
an interesting phenomenon can be observed; namely, that rapid progress in economics is being
made outside the mainstream. The first significant achievement was the emergence of entropy
economics in the early 1970s, which introduced the second law of thermodynamics to considerations
regarding production processes. In this way, not only was ecological economics born but also an
entropy-based econometric approach developed. This paper shows that non-extensive cross-entropy
econometrics is a valuable complement to traditional econometrics as it explains phenomena based
on power-law probability distribution and enables econometric model estimation for non-ergodic
ill-behaved (troublesome) inverse problems. Furthermore, the entropy economics has accelerated the
emergence of modern econophysics and complexity economics. These new directions of research
have led to many interesting discoveries that usually contradict the claims of conventional economics.
Econophysics has questioned the efficient market hypothesis, while complexity economics has shown
that markets and economies function best near the edge of chaos. Quantum economics has already
appeared on the horizon, which recognizes money as a fundamental measurement device in the
economy. The development of these sciences may indicate the need to reformulate all mainstream
economics from its foundations.

Keywords: entropy economics; non-extensive cross-entropy econometrics; non-ergodic ill-behaved
inverse problems; general system theory; econophysics; non-linear dynamics; complex adaptive
systems; homo oeconomicus; edge of chaos; complexity economics

1. Introduction

Since its emergence, economics has been strongly methodologically linked to physics. These links
made neoclassical economics possible. The aim of this paper is to review these relationships over the
last 150 years and to point out a number of key discoveries that have resulted from the application of
methods of physics in economics and that still remain outside mainstream economics. The probable
reason that they are constantly ignored is that they undermine traditional economic knowledge.

The emergence of neoclassical economics can be dated to the first half of the nineteenth century.
Its birth was influenced by economic issues related to various technical projects undertaken by French
engineers who employed mathematical methods in order to solve these problems. The group of
engineers included Jules Dupuit (1804-1866) and Charles Minard (1781-1870), but the achievements of
the former are most significant [1,2]. The economic knowledge gained in this way was supplemented
in the 1870s by Leon Walras, William Stanley Jevons and Carl Menger, but it was Alfred Marshall who
gave it a coherent form [3]. In an effort to raise the scientific status of economics, neo-classicists decided
to transfer to it the ideas and the mathematical apparatus from the leading science of that time—energy
physics—which became the nucleus of later thermodynamics. The basic concepts of physics of the
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mid-19th century were translated into economic language by Irving Fisher in 1892: material points
(particles) became economic entities (individuals), force was replaced by marginal utility, and energy
became equivalent to utility [4]. After this, the law of equilibrium could be transferred from physics
to economics. In physics, an equilibrium point is determined by the maximum of the function of
net energy, while the position of equilibrium in economics is determined by the maximum of the
function of gain. As a result, neoclassical economics, which is still taught today, was created, but its
methodological basis has been forgotten. This basis referred to thinking about markets and economies
as closed systems striving to achieve a state of equilibrium.

There is no doubt that thermodynamics significantly contributed to the emergence of neoclassical
economics and that in the early twentieth century it was a huge advance in science. Since then, however,
economics and physics have gradually started to move away from each other. The emergence of the
global financial crisis has made it clear that today we again need an economics based on physical
methods, but this can no longer be 19th-century physics—it has to be replaced by 21st-century physics.
This is proven by the results obtained by economics and econometrics of entropy, econophysics,
complexity economics and, more recently, by quantum economics. Upgrading economic knowledge is
not expensive; it is enough to abandon old, untrue dogmas.

The main aim of the paper is to examine the broadly understood impact of thermodynamics
and entropy on the development of economics, which indicates the need to include in the research
various types of entropy. The starting point for the analysis is entropy as a physical phenomenon,
described by Rudolf Clausius, reflected in the second law of thermodynamics, which initiated the
emergence of ecological economics. Next, various modifications of the entropy concept are taken
into consideration. In recent decades, the science of entropy has been developing very fast. This has
brought benefits to economics, in which the use of such forms of entropy as Shannon informational
entropy or non-extensive Tsallis entropy has become a factor of progress. The analogies and metaphors
combining entropy investigated in natural sciences with similar phenomena occurring in economic
systems are also significant for the development of economic sciences [5]. However, despite the great
importance of such analogies and metaphors, since the paper focuses mainly on similarities following
the isomorphism principle, attempts have been made to limit the transfer of entropy formulae from
physics to economics to logical homologies.

2. A Brief History of the Emergence and Development of the Entropy Concept

The emergence of entropy in physics was caused by an observation that in steam engines a large
part of energy was lost due to friction and dissipation and, therefore, could not be converted into
useful work. The research on this missing energy was conducted by Rudolf Clausius, who used the
term entropy to describe it. In 1854, he presented the first mathematical definition of entropy in the
following form [6] (p. 126):

1
5=70Q M
or
1 1
AS = (T_z - T_l)Q’ 3]
where AS stands for changes in entropy, while Q is the quantity of heat passing from the body with

temperature T; to another body with temperature T,. Clausius is also known for his concise and
beautiful presentation of the first and the second law of thermodynamics [6] (p. 365):

1. The energy of the universe is constant.
2. The entropy of the universe tends to a maximum.

According to his other statement, the second law of thermodynamics takes the following form:
heat can never pass from a colder to a warmer body without some other change, connected therewith, occurring at
the same time [6] (p. 117).
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A slightly different definition of entropy, being a measure of the molecular disorder of the system,
was formulated by Boltzmann. It has the following form [7] (p. 137):

S=kglnW, 3

where kg is the Boltzmann constant, while W is the total number of microscopic states, corresponding
to the macroscopic state of the system. Boltzmann entropy provides the basis for statistical mechanics,
but the concept of probability, which is crucial in statistical theory, does not result directly from it.
Thermodynamic probability W in formula (3) is not an ordinary probability, but an integer. However,
it is possible to modify Boltzmann entropy to enable the introduction of the notion of probability
distribution in Boltzmann statistics [8]. If an isolated system, consisting of N molecules belonging to n
energy states is examined, then — assuming a fixed number of molecules and fixed values of the total
energy — the total number of microscopic states of the system is given by the formula:
N!

Substituting (4) to (3), Boltzmann entropy is obtained in the following form:

N!
S=kp 111@ ~ —kBNZl‘Pi Inp;, ®)

n
i=
where p; = % and for a large N means the probability that the molecule is in the i-th energy state.
Therefore, we obtain the entropy equation for the system consisting of N molecules distributed with
probability distribution p = (p1, p2, ..., pn) among n energy states.

In the mid-20th century, the concept of entropy found its application in information theory. As it
turned out, thermodynamic entropy is very similar to information entropy. While the former concerns
energy loss, the latter concerns data loss in information transmission systems. In 1948, Claude E.
Shannon published his groundbreaking work, A Mathematical Theory of Communication, in which he
addressed the issues of measures of information, choice, and uncertainty. In this work, he formulated
the following function [9]:

n
H=-K) pilogpi, ©)
i=1

where H stands for the Shannon entropy, whereas K is a positive constant, the role of which comes
down only to a choice of a unit of measure. As can be easily observed, the H function represents
entropy known in statistical mechanics, where p; denotes the probability of a system being in cell
i of its phase space. Equation (5) therefore presents Shannon entropy, which measures uncertainty
related to a probability distribution (p1, p2, ..., pn). Thus, for large classical systems, Boltzmann
entropy is proportional to Shannon entropy. At the same time, it should be emphasized that various
types of entropy represented by Equations (1), (3), (5) and (6) are logical homologies since they
present the same formal (mathematical) structure at various levels of reality. In particular, Shannon
informational entropy can be treated as a more general concept compared to statistical thermodynamic
entropy. In other words, this latter concept proves to be a special case of the former. In this way,
the prediction of equilibrium thermodynamic properties can provide a form of statistical inference
based on Shannon entropy as an information measure, while probabilities are interpreted in a subjective
manner. Therefore, a reinterpretation of statistical mechanics in which statistical mechanics is based on
information theory is possible. The entropy formula has a much deeper meaning than was initially
believed, as it is completely independent of thermodynamics. Consequently, entropy can become a
starting point for reflections, and the probability distribution maximising entropy can be used for
statistical inference [10,11].
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The idea of introducing the concept of entropy to information theory was put forward by John
von Neumann. Shannon wondered for a long time how to name the measure of missing information
he formulated (6). During a discussion, von Neumann gave him the following advice: You should call
it entropy, for two reasons. In the first place your uncertainty function has been used in statistical mechanics
under that name, so it already has a name. In the second place, and more important, no one knows what entropy
really is, so in a debate you will always have the advantage [12] (p. 180). According to another version
of this anecdote, von Neumann said: Why don't you call it entropy? In the first place, a mathematical
development very much like yours already exists in Boltzmann's statistical mechanics, and in the second place,
no one understands entropy very well, so in any discussion you will be in a position of advantage! [13] (p. 81).

3. The Birth of Entropy Economics

Entropy first appeared in the economic sciences in 1971, when the American economist of
Romanian descent, Nicholas Georgescu-Roegen, published his opus magnum entitled The Entropy Law
and Economic Process. This created the foundations of a novel approach to the theory of production, which
consisted of applying the second law of thermodynamics to economic considerations. This gave rise to
ecological economics, also called bioeconomics. Georgescu-Roegen believes that—contrary to a widely
held belief—thermodynamics did not originate from striving to explain physical phenomena based
on heat transfer, but from efforts aimed at understanding phenomena based on pure economics [14].
For this reason, he called thermodynamics the physics of economic values. He regards the law of
entropy expressed by the second law of thermodynamics as the most economic of all the laws of
physics. Economic processes (production) turn the low entropy of the original goods and services into
the high entropy of the final goods and services. It is a very convincing explanation of the fact that low
entropy is responsible for the utility of a given good. Therefore, only thermodynamics can explain
why goods have economic value.

The constantly dwindling resources of low entropy in the environment of man are the main
reason for the scarcity of goods. Production processes are characterised by the fact that they reduce
the resources of low entropy, so the principal feature of economic phenomena is their irreversibility.
This leads one to the conclusion that—contrary to what conventional economics holds—economic
flows do not create a circular flow of income, but rather they are one-directional. High entropy can be
emitted to the environment both by natural physical processes and by economic processes. The latter
are characterised by the fact that they result from human purposeful actions and they are ultimately
proven right by joy and satisfaction with one’s life. The economic value originates from the value
that life presents to everyone. In this way, one can explain not only why people engage themselves
in production processes, but also the basic goal of their economic activity, which is the preservation
of mankind.

Paul A. Samuelson, a Nobel laureate in economics, said that entropy economics has changed the
perception of economic processes and the creator of its concept deserves to have his achievements
recognised and propagated in scientific circles. He also called him “a scholar’s scholar, an economist’s
economist” [15] (p. 125). The concepts developed by Georgescu-Roegen coincided with a well-known
work entitled The Limits to Growth: A report for the Club of Rome’s Project on the Predicament of
Mankind, published in 1972 [16], i.e., at nearly the same time as the basic work on entropy economics.
This coincidence of opinions bore some fruit in the form of cooperation between Georgescu-Roegen
and the team of authors of The Limits to Growth [17]. The Club of Rome reports refer to the entropy
paradigm as a major trend in economic research. Examples include Money and Sustainability: The
Missing Link. A Report from the Club of Rome—EU Chapter to Finance Watch and the World Business Academy,
published in 2012, which suggests that taking entropy into account in economic processes is a necessary
condition for the success of future monetary reforms [18].

Entropy economics contributed considerably to the development of economics by emphasising the
necessity of including ecological issues in the theory of economic growth. Another, rather unnoticed
and unappreciated achievement of entropy economics is the fact that it created favourable conditions for
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the development of such novel disciplines as econophysics and complexity economics [19]. However,
its creator, Nicholas Georgescu-Roegen, was never awarded the Sveriges Riksbank Prize in Economic
Sciences in Memory of Alfred Nobel, despite the efforts of his followers [20]. As it turned out later,
this was caused mainly by the fact that he operated outside the neoclassical paradigm, which is
linked strongly with monetary reductionism, and it assumes that accelerated consumption of natural
resources does not pose a considerable threat to economic growth [21]. Monetary reductionism is a
frequently criticised feature of neoclassical economics. Its main idea is to reduce multidimensional
relations between the natural environment and production processes to one-dimensional monetary
issues. It consists in reducing non-monetary phenomena, such as health, socio-cultural, physical or
ecological processes or impacts, to their monetary equivalents [22-24]. In this way, such features of
economic phenomena as irreversibility and complexity are disregarded [25]. However, recent years
have seen great progress within entropy economics concerning the development of thermodynamic
techniques of modelling economic phenomena, which complement the standard econometric methods.

4. Thermodynamic Entropy as a Metaphor in Organization and Management Sciences

Thermodynamic entropy can be a useful metaphor in social science as a general measure of the
disorder of a system. It is usually associated with a key feature of the system, which, for certain
reasons, is to some extent irretrievably lost and cannot be used for its development. The management
and organizational sciences use the notion of corporate entropy, which should be understood as an
irretrievable loss of productive energy that cannot be transformed into useful work for the corporation.
The task of enterprise management is to coordinate and integrate human work, which saves time in
the entire enterprise, so that it is not lost on economic worries, complaints, beefing or partial and thus
ineffective reforms. Redirecting wasted energy to productive uses is a basic condition for converting
corporate entropy into useful work [26]. On the other hand, DeMarco and Lister talk about a new law,
called by them the second thermodynamic law of management, according to which entropy in an
organisation always grows, just like thermodynamic entropy in the universe. In their opinion, this law
should be understood as follows: most elderly institutions are tighter and a lot less fun than sprightly
young companies [27] (p. 97). They define corporate entropy as levelness or sameness. The uniformity
of attitudes, appearances, and thought processes in a corporation is perceived as entropy, since it
suppresses productive energy during work. This is somewhat reminiscent of Clausius’ reasoning,
initially using the term of equivalence-value (Equations 1 and 2) to describe entropy. An increase in
corporate entropy implies a decrease in the potential to generate energy or to perform work. The way
to fight corporate entropy is as follows: The most successful manager is the one who shakes up the local
entropy to bring in the right people and let them be themselves, even though they may deviate from the corporate
norm [27] (p. 97). Social sciences also refer to similar forms of entropy, such as cultural entropy,
education and school entropy, organizational entropy, as well as leadership entropy [28,29]. This last
one, for instance, means less efficient and effective work and a decrease in productivity. All of them,
just like corporate entropy, are based on metaphors.

5. Levels of Measurement as a Prerequisite for the Application of Thermodynamic Entropy
in Economics

Generally speaking, the level of measurement of a variable describes a type of information
contained in numbers assigned to the examined objects or subjects within a given variable. It specifies to
what extent data characteristics can be mathematically modelled [30] (p. 851). Economic applications of
various forms of entropy adopt Steven’s classification system, consisting of four levels of measurement:
nominal, ordinal, interval, and ratio [31-33]. Each of them contains various properties of numbers or
symbols, such as relations and operations, which specify measurements as well as the set of permissible
transformations. The type of scale is defined by the group of transformations whose performance does
not change the scale form. Permissible transformations include only those that do not infringe the
empirical information presented by the scale. Below is a brief description of each of the scales.
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1.  The nominal scale is used only to classify or categorize the value of variables. It permits any
one-to-one substitution of the assigned numbers. Therefore, for nominal scales the only empirical
operation is the determination of equality.

2. The ordinal scale is used to order or rank the value of variables. It can be transformed using any
increasing monotonic function.

3. Using the interval scale, variables can be presented in a quantitative form and used to examine
usual statistical measures. The zero point, in this case, is a matter of convention or convenience
since the form of the scale does not change after adding a constant. This scale can be subjected to
linear transformation. A numerical value on one scale can be transformed to the value on the
other scale, by using the following equation: y = ax +b.

4. A prerequisite for the existence of the ratio scale is an indication of operations enabling
the determination of the following four relations: equality, rank-order, equality of intervals,
and equality of ratios. After establishing such a scale, its numerical values can be transformed
only by multiplying each of the values by a constant. The existence of an absolute zero is always
assumed. All types of statistical measures can be applied to ratio scales. Additionally, only those
scales enable logarithmic transformations.

Since the ratio scales are most commonly found in physics, their importance in research on
various types of entropy is high. On the other hand, in economics and in social sciences, all four
Stevens’ scale types are used, which means that entropy can be examined based on each of them.
Consequently, it seems that the isomorphism principle operates here, to some extent, regardless
of the assumed level of measurement of variables. Even the use of metaphors can be valuable.
In establishing logical homologies, the choice of scale type is certainly important because it clarifies
the considerations. As a consequence, the development of economics induced by applications of
entropy has resulted in shifting the emphasis to more frequent applications of the ratio scales in this
science. This explains the emergence of such scientific disciplines as econophysics and complexity
economics. Thus, the separation of these transdisciplinary research fields from mainstream economics
should be treated as a sign of certain cognitive conservatism. On the other hand, it must be admitted
that it is not yet fully clear whether the entire economics must be transformed into econophysics or
complexity economics.

Stevens used the doctrine of operationalism to develop a system for classifying the scales of
measurement. Individual classes of measurement scales are determined by empirical operations
required in the measurement processes and by formal (mathematical) properties of the scales. Statistical
measures, which can be in a justified way applied to empirical data, depend on the scale type used for
data arrangement. In the broadest sense, the measurement consists in assigning numerals to objects
or events following specific rules. The concept of operationalism is attributed to Percy W. Bridgman,
an American physicist and the winner of the Nobel Prize in Physics in 1946. Bridgman believed that it
was possible to redefine and at the same time to specify some unobservable entities only when we could
indicate physical and mental operations enabling their measurement. As an example, he provides the
concept of length. In order to determine the length of any object, the performance of certain physical
operations is necessary. To define the concept of length, it is necessary to indicate operations permitting
length to be measured. In other words, the concept of length is explained by providing the set of
operations, based on which the length is determined. Bridgman’s conclusion is as follows [34] (p. 5): we
mean by any concept nothing more than a set of operations; the concept is synonymous with the corresponding set
of operations. The physical concept is determined by actual physical operations, and the mental concept,
such as mathematical continuity, is described by mental operations. From an economic point of view,
his general comments on the operational point of view are extremely interesting [34] (pp. 31-32).
Adoption of operational definitions implies a far-reaching change in all our thinking habits, in that we
will not be able to use concepts that are not properly explained by operations as tools in our reasoning.
Initially, operational thinking may become an unsocial virtue. Later on, it has a chance to reform both
the social art of conversation, and all our social relations. This is particularly true — as Bridgman claims
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— of popular contemporary discussions on religious or moral topics. Thus operational thinking also
includes the use of different definitions of entropy in economics. Such research is expected to result
in moving the issues under consideration from mainstream economics towards econophysics and
complexity economics.

The application of Stevens’ classification system in economics, and in particular the growing use
of the ratio scales, leads to more frequent occurrences of operational definitions of entropy in this
science. As a result of such activities, the centre of thought is shifted from mainstream economics
to econophysics and complexity economics. At the same time, in natural sciences, the very concept
of entropy as a measure of disorder and uncertainty is constantly changing and developing, finding
its expression in the theory of deterministic chaos, the theory of stochastic processes and quantum
mechanics. This often involves replacing the notion of entropy with other, similar terms, better adjusted
to the context of the research. These research trends are gradually penetrating economics, which results
in the need to move on to econophysics and complexity economics in the further part of the paper.
This does not imply the tendency to omit various definitions of entropy in these approaches, but it
results from the partial transformation of this notion into related concepts such as the edge of chaos
or complexity.

6. Thermoeconomics and Operational Definitions of Entropy in Economics

As an effect of the operationalisation of the entropy concept in economics, resulting from the
introduction of the ratio scales, various definitions of entropy can be the subject of reification and
be applied to specific economic phenomena, such as monetary flow in the economy. In such a case,
the starting point for the discussion is the circular flow of income, in which flows of goods and services
as well as factors of production are compensated for with equivalent, but monetary flows in the opposite
direction. However, this process cannot be continued indefinitely, because the economy would then be
a perpetual motion machine, which violates the second law of thermodynamics. Wastes, which have
to be disposed of outside the economic system, are inevitably generated. This must be compensated
for by an influx of new resources from the environment. For this reason, the circular flow must be
supplemented with the linear throughput of matter-energy, which has to supply the constant movement
of money, goods and services, as well as factors of production. Linear throughput means the inflow to
the economy of low-entropy natural capital, such as solar energy, mines, wells, fisheries, croplands and
the outflow of high-entropy wastes, which are no longer economically valuable. An entropic flow is a
part of production processes and causes that the matter and the energy participating in such processes
to become less useful [35]. Therefore, economic entropy should be linked to the utility of goods and
services and factors of production. This leads to the conclusion that entropy is an inherent feature of
production processes, participates in the circular flow, and as such has a direct effect on real money
supply (including the consequences of inflation). It must, therefore, be to some extent a monetary
phenomenon itself.

The development of operational definitions of entropy was possible within a science referred to as
thermoeconomics, which deals with the application of laws of thermodynamics to study economic
phenomena. The processes of entropy generation in economic systems have been thoroughly analysed
by John Bryant in his book Entropy Man [36]. The production of entropy in the economy is formulated
in a way resembling Boltzmann entropy as follows:

S= ln( % ) @)

where V stands for the volume of economic activity, and X represents the level of the constraints for
that activity. Entropy changes in the economy per unit of time can be presented using a more detailed
formula [36] (Ch. 4):

dv ( l—n)d_V ®)

dS:(a)—wn—i-l)V: 1+T v
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where dvv stands for the growth rate of volume flow, w is the lifetime coefficient, n represents the
elastic index, while r is the natural rate of return. Factor (w — wn + 1) is referred to as the marginal
entropic index. After the integration of Equation (8), entropy generation per unit of time takes the
following form:

S:(a)—wn+1)an+C:(l—&-l%n)an—&-C, )

where C is a constant of integration. Economic entropy can be measured in units referred to as nats,
similar to entropy in information theory, where logarithms to the base of the mathematical constant
e ~ 2.71828 are also used.

The above entropy formulas can be used to measure money entropy. In such a case, the rate of
return is approximately the long-term average or natural level of the velocity of money circulation.
When defining money entropy in the economy, one of the key potential constraints that should be also
considered is the level of interest rates. The demand for money is represented by a function of liquidity
preference formulated by John M. Keynes in his famous book The General Theory of Employment, Interest
and Money [37]. According to this function, the interest rate is the price of money; i.e., the price that has
to be paid to get people to part with liquidity for a specific period of time. Interest can be seen as a
form of value flow constraint. Thus, the change in money entropy in the economy takes the following

form [36] (Ch. 6):
aGc dl
as = — - — 1
s=%-T (10)
where % is the rate of change in output value flow G, and # represents the rate of change in the Index
of Money Interest. In other words, the change in money entropy is the difference between the growth
rate of output value and the prevailing interest rate.
Changes in the interest rate are not the only factor influencing the output value flow and entropy
change, as employment factors are also of great importance. In this case, the entropy formula takes the
form [36] (Ch. 7):

/ an

as = (a)—am+1)d—; :(1+1—n)d_w

r w

where d;” stands for the rate of change in output volume flow per head, and % represents the rate of

change in the wage rate. Taking unemployment into consideration, the analysis can also use the Phillips
curve, which is well-known in economics [38,39]. In line with this relationship, a high unemployment
rate is usually accompanied by low rates of wage growth and inflation, and when the unemployment
rate is low, rates of wage growth and inflation tend to increase. Taking this into account, the following
formula for generating entropy in the economy can be presented [36] (Ch. 7) as:
dG dj

as = R (12)
where % represents the rate of change in output value attributed to the labour sector, while dTI stands
for the rate of change in lost value from unemployment. In other words, a change in entropy generated
in the economy is equal to the difference between the output value attributed to labour that an economy
can support and the potential output value flow loss taken out through unemployment, which the
economy cannot support.

7. Non-Extensive Cross-Entropy Econometrics

Non-extensive cross-entropy econometrics (NCEE) is one of the most interesting trends in entropy
economics as it is based on power-law probability distribution and it is a method of econometric model
estimation, which is particularly useful for non-ergodic ill-behaved inverse problems [40,41]. It is based
on non-extensive Tsallis entropy, which is a generalisation of the widely known Boltzmann—Gibbs
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entropy. Tsallis entropy, S, is particularly useful in studying systems with strong correlations between
various microstates [42-45]. It is noted as the following formula:

k w
S, = qu[1 -y p‘j), geR, (13)
i=1

[
where: k is a conventional positive constant, W € N is the total number of possible (microscopic)

w

configurations, {p;} describes a discrete set of probabilities with the condition }, p; = 1, and g is any
i=1

real number. The parameter g is often called the Tsallis index. It is a measure of the strength of the

correlation between different microstates of a system and it can take values smaller or greater than 1.
If this parameter approaches 1, then the Tsallis entropy reduces to the usual Boltzmann-Gibbs entropy
(SBg). We can write [44,45] it as:

pl=pipl” =peVIP < p14+ (9-1)Inpy, (14)

hence,

w
=~k ) pilnp; = Spg, (15)
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where i denotes the number of different microstates each of which has its own probability p; of occurring.

There is some terminological confusion in the physics literature concerning such properties of
physical quantities as additivity and extensivity. This is of particular importance in research on
the entropy measure proposed by Tsallis, where those two notions are often treated as synonyms.
However, in this case, non-extensivity cannot be identified with non-additivity [46-49]. In fact,
the Tsallis entropy is pseudo-additive entropy of degree-q. If we have two independent systems A
and B, such as the probability distribution of the composite system A + B is expressed by the formula
P(A+ B) = P(A)P(B), the Tsallis entropy of the A + B system is as follows:

Sq(A+B) = S4(A) + 54(B) + (1-0)53(A)$4(B) /, (16)

This property is referred to as pseudo-additivity. If § = 1, we are dealing with an additive system.

Integration of the classic econometric model with one of Tsallis non-extensive entropy,
which involves a proper choice of constraints, allows for generating new data, which reduce the
entropy of a system under study, thereby allowing for more precise estimation of the model parameters.
This approach allows for analysing complex systems described with heavy-tailed distributions,
with long memory and characterised by scale invariance. Since rare events occurring in non-ergodic
systems are associated closely with heavy tails, the use of normal distribution is limited. In this
manner, fractal and multifractal objects are included in considerations, which exhibit self-similarity in
different temporal and spatial scales [50,51]. Therefore, power-law probability distributions become
the focus of research attention; they are useful in describing systems both with low-frequency and
high-frequency events.

Generalisations of the normal distribution using the non-extensive Tsallis entropy can describe
ergodic and non-ergodic socio-economic systems. In the case of isolated macroscopic systems, ergodicity
means that, with time, a phase trajectory runs through all the allowed microstates. On the other
hand, non-ergodic systems are characterised by multi-level correlations between system microstates,
with the consequent occurrence of non-extensive entropy in them, which is not a linear function of
the number of possible states. There is quite convincing evidence that the amplitude and frequency
of socio-economic phenomena do not substantially diverge from many extreme events occurring
in nature if they are transformed by power law distribution into the same time or space scales.
A distribution arising from the aggregation of statistical data depends on the nature of the phenomena
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under study and it results from an effect of two attractors: the power-law attractor associated with
extreme events and the Gaussian attractor, which occurs in the central part of the data series. The use
of pseudo-additive Tsallis statistics in modelling allows for preserving long-range correlation and the
observed time-scale invariance structure of high-frequency series in the process of transformation
(aggregation) of high-frequency data to a lower frequency. The differences between an approach
typical of NCEE and other econometric methods become visible when aggregated data approach the
normal distribution, i.e., economic systems of relatively low complexity levels are considered. In such
cases, entropy econometrics referring to Gibbs-Shannon’s classic concepts gives a result similar to
NCEE, because the Tsallis complexity index (4) goes to one. Similar results can be obtained with classic
econometric techniques. However, NCEE methods are more useful in the case of complex systems
described by Lévy processes [52]. Therefore, the non-ergodic approach is at least non-inferior to the
parameter estimation methods now used in econometrics.

Entropy econometrics is particularly useful in forecasting input-output table parameters, which
are presented as an inverse problem. We have an inverse problem when we use a set of observations
to establish the causes that generated the set. In other words, the effects are used to establish the
causes. It is the reverse of a forward problem, whose solution starts with causes, which are then used
to determine the effects. A reverse problem can be defined as follows:

dabs = F(p)' (17)

where d, is a set of noted observations, F(p) denotes the forward map, and p stands for the set of
model parameters. It denotes the determination of the parameters of the model p, which generated the
set of observations d,,;. When it comes to input-output tables, they are often unbalanced, due to which
a researcher faces an ill-behaved (troublesome) inverse problem. In such cases, the pseudo-additive
Tsallis entropy gives a numerically more stable result than the Shannon entropy. Nevertheless,
Shannon’s entropy is useful for solving many other economic problems, such as developing a new
interpretation for uncertainty and risk related to economic disparity [53] and analysing the quality
of institutions in the European Union countries from the perspective of their influence on the speed
of resource reallocation [54] or comparing the development level of the digital economy in various
countries [55].

The NCEE method also enables obtaining good results for the estimation of production function
parameters with constant elasticity of substitution (CES) between production factors, as it allows for
demonstrating that a non-linear function CES can have an analytically closed-form solution. So far,
solitons have been the best-known examples of such non-linear functions [56]. This result was achieved
at the model variance minima and varying g-Tsallis complexity index when the estimated CES function
was described with the power law. However, it required the previous demonstration of a relationship
between the power-law distribution and the macroeconomic aggregate structure of national accounts.
Moreover, calculations have demonstrated the superiority of the NCEE method over such traditional
estimation techniques as Shannon entropy, the non-linear least squares, the generalized methods of
moments, and the maximum likelihood approaches [57]. Non-extensive Tsallis entropy also finds
a number of applications on financial markets, which includes studies concerning the distribution
of return fluctuations for the Polish stock market index WIG20 [58], the origin of multifractality in
the time series [59], the exchange rate return fluctuations [60], relationship between the stock market
returns and corresponding trading volumes [61], the memory effect involved in returns of companies
from WIG 30 index on the Warsaw Stock Exchange [62] and the asymmetry of price returns on stock
and money markets [63]. Other types of entropy have also been applied to financial markets [64].

8. Program for the Development of Econophysics formulated by Zygmunt Rawita-Gawronski
in 1958

The foundations of modern econophysics were formulated by the Polish economist Zygmunt
Rawita-Gawroriski. He pointed to the need to supplement the methodology of economics with some
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ideas of physics, mainly with the theory of stochastic processes and the non-linear dynamics he
anticipated, which he called an “aleatory momentum”. Rawita-Gawronski’s article is a collection of
ideas aimed at improving economics by the large-scale introduction of physics methods. This work is
still relevant and it seems that it will remain so for a very long time. Although written over 60 years
ago, it reads as if it was written yesterday. Rawita-Gawroriski’s program of econophysical research
consists of the following elements [65]:

8.1. General Formulation of the Econophysics Scientific Problem

The rapid development of physics and the related progress in mastering natural forces should be
used to develop economic methodologies. First of all, the need to apply the concept of entropy and
selected elements of thermodynamics, statistical mechanics and quantum theory is stressed.

8.2. A Criterion for Applying Physics Methods in Economics

The greatest benefits may be gained by economic theories with the same approach to the
phenomena they study as in natural sciences. First of all, the microcosmic approach is mentioned,
which has to be cleared of any metaphysical tarnish in order for the object of research to be quantitatively
acceptable. This would allow for the application of mathematics. The importance of general principles
applicable to all sciences is also emphasized, which indicates thinking in terms of general system theory.

8.3. The Principium Rationis Sufficientis as a Mental Aspect of Causality

This principle, which stems from the fundamental criterion of praedicatus inest subjecto, is based on
divine wisdom. It is in line with Poincaré’s views, for whom the physical phenomenon is the result of
a combination of many causes, but their influences cannot be distinguished and evaluated. Causality
is also the basis of statistical laws, manifested in mass phenomena.

8.4. Development of the Classic Concept of Equilibrium Based on the Works of Walras and Pareto

It is impossible to formulate a definition of equilibrium in economics without referring to the
second law of thermodynamics. All isolated systems aim at a state of equilibrium corresponding
to the minimum of free energy in relation to the total energy of the system, which is equivalent to
the maximum of the entropy function. Movements leading to equilibrium can be reversible if they
originate from the causal laws, or are irreversible if they are a consequence of an increase in entropy
and thus the result of statistical laws.

8.5. Types of Equilibrium in Economics

Equilibrium should be classified according to how it is reached. This can be done by the cancellation
of opposing moves, by fusion or by accumulation. The first type is the mechanical equilibrium achieved
by cancellation, which occurs when all movements are homogeneous. Thermodynamic equilibrium,
on the other hand, is achieved by a fusion of unobservable micro-movements, which leads to a
macroscopic state associated with the maximum entropy. The third type is psychological equilibrium,
whose importance in economics cannot be overestimated, based on the accumulation of past states.
This is a fundamental issue in psychoanalysis and somewhat similar to inertia. This equilibrium is a
kind of attitude of man towards the world he wants to know.

8.6. Anticipation of the Definition of Complex Adaptive Systems given by Gell-Mann Several Decades Later

In the statistical equilibrium, the principle of cognitive level difference between the phenomenon
and its explanation scheme applies. The schemes are used to explain the forms of macroscopic
phenomena. They are temporary because they are improved during cognitive processes.
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8.7. Anticipating the Existence of Dissipative Structures in Economics and Physics

Statistical laws are a link between stochastic processes and life phenomena. The concept of
personality has no clear bottom limit and it emerges slowly as the complexity of material structures
increases. However, this explanation must not overlook the extremely important moment when
particle coordination occurs. The usefulness of the ideas of evolution derived from entropy gives an
important clue for further research in the sense that where organization and causality begins, statistical
probabilism and determinism ends.

8.8. The Need to Take Open Systems into Account in Economics

Physical and economic systems are not completely isolated from the environment, so there is a
possibility of fluctuations that counteract the trend towards the most probable state. This weakens the
operation of statistical laws, and the significance and role of fluctuations bring the researcher closer to
the problems of an individual and society and the organisation of the economy.

8.9. Anticipation of the Emergence of Ecological Economics (Bioeconomics) as Understood by Georgescu-Roegen
and its Critical Judgment

In open systems, the phenomenon of entropy does not have to express a constant, irreversible
degradation of energy in nature and reaching a state of complete homogeneity of the universe, where
time and space lose all sense. A decrease in system energy quality due to entropy, which means
a reduction in usable energy resources, is constantly hampered by technical progress in the use of
energy sources. According to the first law of thermodynamics, with a constant amount of energy in
the universe, entropy is equivalent to full energy deterioration only if we assume an unchanged level
of technology.

8.10. Similar Limitations of Cognition in Physics and in Economics

In both sciences, there is a need to abstract from a great many causes, which affect the phenomena
under study to a relatively small extent and thus can be omitted (ceteris paribus principle). In addition,
the boundaries of scientific thought are marked by certain imperfections, antinomies or contradictions,
such as Heisenberg’s uncertainty principle, the unattainability of full statistical equilibrium and the
impossibility of separating adjacent systems that are expressed by the same wave function or what
might be called an anti-accident.

8.11. Collective Facts as the Basis of Complexity Economics and Quantum Economics

Methodological constructions in economics, based on deterministic physics of the nineteenth
century, do not take into account uncertainty in human behaviour. On the other hand, the physics
contemporary to Rawita-Gawroriski took into account stochastic probabilism, which he called the
aleatory momentum. The most important research problem he posed in this paper is whether methods
of physics in combination with the mathematics of aleatoric phenomena will allow capturing the whole
of human activities in economics. The criterion for assessing the scientific value of econophysics is its
ability to describe collective facts, which are the result of many individual actions.

8.12. The Role of Physics in Economics Development

Postulated by physics, stochastics is connected with the problem of economic assumptions revision.
It should be modified by replacing some causal or functional relations with stochastic relations.

8.13. The Basic Difference between Social and Physico-Chemical Sciences

The more accurate the statistical cognition and prediction in physics, the more related the condition
of the object under study is to stochastic chaos. Difficulties occur only when molecule coordination
occurs and causal relationships are revealed. The main role in the description of an object in social
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sciences is played by an organizational element and the associated causality. The aleatory momentum,
associated with stochastic chaos, is much less important, but it is the main connecting factor of
these sciences.

8.14. Sources of Econophysics Advantage over Mainstream Economics

Different world views, traditionalisms, political orientations, environmental influences, one’s own
temperament, etc., place a much greater mental burden on a theorist of economics than on a
physics theorist.

The well-known Italian physicist Ettore Majorana, much earlier than Rawita-Gawroriski,
stressed the importance of statistical laws, especially those in thermodynamics and quantum mechanics,
for the development of economics and other social sciences. However, unlike the latter, he did not
formulate a more specific program of economics development supported by physical methods, i.e.,
econophysics [66,67]. Another difference between Majorana and Rawita-Gawroriski is that the former
limited himself to an analogy between physics and social sciences, while the latter thought in terms
of the isomorphism principle formulated by von Bertalanffy. Nevertheless, Majorana was perfectly
aware of the importance of entropy for the development of social sciences. He treated it as an additive
quantity. He stressed that the development of physics emphasizes the importance of statistical laws
in the whole science. He also shared Sorel’s view that determinism applies only to the phenomena
classified as artificial nature, which do not occur in the presence of significant degradation of energy
as provided for by the second law of thermodynamics. He pointed out that this principle must be
understood as a statistical law, since entropy only describes macroscopic states, while the number
of internal possibilities is so large that it is impossible to isolate and explore them all. Therefore,
the number of these internal possibilities is a measure of the degree of hidden indeterminacy of the
system. One can only assume that they are equally probable. Analogies with social systems are
rather obvious.

Majorana perceived the role of quantum mechanics in the development of social sciences somewhat
differently. It is based on statistical laws, which, in his opinion, differ significantly from the classical
statistical laws, where uncertainty is the result of voluntary resignation for practical reasons from
establishing the initial conditions of systems in every detail. Quantum mechanics lacks objectivity
in the description of phenomena because the measurement itself changes the examined system.
Moreover, this theory changes the rules of the determination for internal configurations in systems,
which affects such phenomena as entropy. In classical theory, the number of internal possibilities
could be infinite, whereas in quantum theory there is an essential discontinuity in the description of
phenomena associated with the Planck constant. This means that the number of microstates is finite,
although still huge. Therefore, in quantum physics, we have probabilistic laws, which are hidden
at lower levels of reality than customary statistical laws. Rawita-Gawronski also sees this problem
and claims that the introduction of quantum theory into thermodynamics removes the inability to
accurately determine entropy and thus changes the definition of statistical equilibrium. It seems
that both Majorana and Rawita-Gawroniski present here the nucleus of the idea developed later by
Gell-Mann, that deterministic chaos is a mechanism that reinforces indeterminacy inherent in quantum
mechanics to macroscopic levels—occurring both in physics and in economics.

9. Modern Econophysics

Econophysics is a transdisciplinary science based on the observation that physical and economic
objects can have a common theory. Since there are some logical homologies at its base it is
an exemplification of a known isomorphism principle developed by Ludwig von Bertalanffy.
The emergence of transdisciplinary areas of knowledge is consistent with the general system theory
paradigm which he formulated [68]. According to the isomorphism principle, there are structural
similarities between objects described by different science branches. Isomorphism is not associated
with analogies, which are only superficial similarities of phenomena and processes, but with logical
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homologies. They occur when factors affecting certain phenomena or processes are different, whereas
the formal laws that govern the dynamics of apparently different objects are identical. Discovering
homologies facilitates scientific work as it reduces the time needed to explain phenomena. An issue,
which is still a challenge in one branch of science, may be formally similar to another in a different
branch, which has long been explained. Imparting a relatively broad meaning to the concept of a system
enables transferring models from one area to another. Philip Mirowski carried out a comprehensive
analysis of the relationship between natural sciences, information theory and economics [69-73].

Mantegna and Stanley understand econophysics as activities of physicists who strive to solve
economic problems by applying methods already tested in different branches of physics [74]. However,
such a definition seems to be too one-sided because it assumes cognitive actions only by physicists.
One must admit that studies of this type were initiated after 1995 only by physicists [75], but now
an increasing number of economists can also apply modern methods and techniques originating in
physics to describe markets and economies. It seems that the dynamic development of econophysics
must be based on permanent cooperation between physicists and economists in solving economic
problems, which may prove beneficial for the development of both economics and physics [76-78].

Development of a branch of science is usually measured by its ability to formulate new knowledge
about reality. Progress in research can be identified both when the use of traditional methods has led
to the discovery of new facts and when new scientific laws have been discovered using innovative
methods. Econophysics is an attempt to develop economic science, which is based mainly on the
transfer of research methods and techniques from physics to economics. Thus, in this case we are
dealing with a second possibility of increasing the knowledge base. The methods of physics most
frequently used in economics include non-linear dynamics, the theory of stochastic processes, cellular
automata and quantum mechanics.

The very definition of econophysics shows a certain methodological primacy of physics over
economics, but numerous, although less known, examples can be given to the contrary: that economics
initiated the development of physics. The first power law was discovered in the late nineteenth
century by the Italian economist Vilfredo Pareto, who studied income distribution in different societies.
He observed a stable relationship, independent of time and space, which differed significantly from the
Gaussian curve [79,80]. Income distributions were similar in different countries and periods. If N(vy)
denotes the number of people with the income not lower than y, then the power law will describe
changes in individuals” wealth under stable economic conditions:

Ny) =Cy™, (18)

where Cis a certain constant and a > 0 is called the critical exponent that Pareto estimated to be 1.5. Such
distributions were applied in physics much later, mainly owing to the work of Lévy and Mandelbrot.

It was similar to the random walk concept, which Bachelier developed and applied in the pricing
of options in speculative markets as early as 1900 [81]. This idea appeared in physics only five years
later in one of Einstein’s works [82]. In this context, the story of the discovery of the butterfly effect,
which means the sensitive dependence on initial conditions, occurring in non-linear dynamical systems,
is also very interesting. This was discovered by Poincaré in 1890, when he dealt with the restricted
three-body problem [83]. However, this discovery was forgotten for a long time. This phenomenon was
again encountered in the 1930s by the Swedish economist Palander when he studied certain models of
duopoly and oligopoly [84-86]. They were also observed in the early 1950s in the course of numerical
exploration of Goodwin’s non-linear business cycle model [87-89]. In physics, the butterfly effect was
rediscovered only in 1963, when Edward Lorenz revealed the presence of the chaotic attractor, known
today as the Lorenz attractor, in the non-linear model for atmospheric convection [90]. It can be seen
that science is holistic, and the lack of cooperation between economists and physicists has caused
considerable delays in its development. It is noteworthy that a certain cognitive balance between
physics and economics can be seen in the formulation of entropy economics given by Georgescu-Roegen,
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which speaks in favour of this approach. Therefore, it should be accepted that there is an inherent
two-way relationship between these sciences.

The most interesting achievements of econophysics apply to financial markets [91-95]. This is
because these markets generate sufficiently large and precise datasets, which is a prerequisite for the
effective application of physical methods. The flagship achievement here is the questioning of the
efficient market hypothesis, as a result of the finding of endogenous self-organisation processes in
major world stock exchanges [96]. Notable successes have also been achieved in modelling phase
transitions, catastrophic and critical phenomena [97-99]. Furthermore, the sphere of interests of
econophysicists embraces issues related to business cycles, factors of economic growth, income and
wealth distributions, economic equilibrium, property markets, mechanisms of hyperinflation and the
development of enterprises. Empirical research carried out within the framework of econophysics
either complements or contradicts traditional economic knowledge. If the latter occurs, it is necessary
to verify and update this knowledge constantly. The broad front of empirical research also forces
changes in economic theory. Progress, in this case, is two-directional. On the one hand, the logical
consistency of conventional economic models is being tested, while on the other, the possibility of
developing new theories of markets and economies is being created.

Although econophysics and mainstream economics have the same goal of solving economic
problems, due to significant methodological differences they are treated as two separate sciences [100].
Economists usually build their models on empirically untested premises that are treated as religious
dogmas [101,102]. Thus, mainstream economics is largely a deductive science that uses axiomatic
mathematical modelling. The application of economics to government policies regarding science
and technology is particularly unreliable. Its usefulness is especially limited as far as the rational
management of research and the conduct of thoughtful science policy are concerned [103]. Econophysics,
on the other hand, is an inductive science which emphasizes empirical research and discovers
relationships contained in data using mathematical tools and logic. Its essence is not to match
observations to a priori models, but to discover the mechanisms of real economic systems. The success
of econophysics as a science and the proper use of its achievements will only be possible if it has a
noticeable impact on the course of economic phenomena. For this to happen, econophysical models
must allow for accurate predictions and be accepted by economists as useful for economic policy.

10. Entropy, Ignorance and Complexity

As shown above, entropy and information are closely linked. It follows that entropy can be
understood as a measure of ignorance [104]. Information and ignorance are opposites, but what one of
them measures is also measured by the other. The entropy of a certain macrostate of the system is
a measure of our ignorance concerning the actual microstate and it is equal to the number of bits of
additional information necessary to describe that microstate, as long as all microstates in the macrostate
are equally probable. This reasoning also applies when the system is not in a single macrostate, but
can take many various macrostates, each with a different probability of occurrence. The entropy of
the macrostates should then be averaged using appropriate weights in the form of their probabilities.
Furthermore, entropy includes the number of bits of information necessary to determine a macrostate.
To sum up, entropy means the sum of the average ignorance referring to a specific microstate within
the macrostate and the ignorance of the macrostate itself. Thus, it can be claimed that—according to
the second law of thermodynamics—specification of the state is equivalent to order, while ignorance
corresponds to disorder.

The definition of entropy as a measure of ignorance may also take into account the operation of
Maxwell’s demon, which controls a vessel filled with a gas at uniform temperature [105] (pp. 308-309).
While individual gas molecules move at different speeds, the mean velocity of a large number of
molecules is the same. After dividing the vessel into two parts, A and B, the demon sorts the molecules
in such a way that faster ones are allowed to pass from A to B, and slower ones from B to A. As a result
of the demon’s action, the temperature of part B increases and the temperature of chamber A decreases,
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without performing work, which is contradictory to the second law of thermodynamics. Heat flows
from the cold gas to the hot one. The operation of the demon should be explained as follows. It can
force the flow of heat from cold to hot bodies, but in addition to being able to measure molecular
velocities, it must also collect information about these velocities. The entropy of the system consisting
of cold and hot bodies can be reduced at the expense of increasing the number of records in the demon’s
memory. However, this memory is finite and after it is filled in, it will be necessary to erase old records
to make room for new ones. The erasing of the last copy of the information record causes at least such
an increase in entropy that restores the operation of the second law of thermodynamics. Consequently,
Gell-Mann proposes a new definition of entropy of the entire system, which does not violate the
second law of thermodynamics, even when records exist. Algorithmic information content of records
with relevant information should be added to entropy being a measure of ignorance. The algorithmic
information content of a bit string is the length of the shortest computer program containing specific
information. This means the exchange of ignorance for records. A decrease in entropy results in
the information record to emerge, and then ignorance is reduced, but at the same time algorithmic
information content of the record increases. However, erasing the record reduces the information it
contains, but causes at least the same increase in ignorance related to the entire closed system.

The relationship between information and ignorance can be expressed by a mathematical formula.
The ignorance measure I can be defined based on Shannon informational entropy, in which the
multiplicative constant is omitted [106]:

I= —Zp,mgp,, 19)

where P, stands for coarse-grained probability for the individual member r of the ensemble, while
log means logarithm to the base 2 and, therefore, uncertainty is measured in bits. Based on this, a
generalized measure of ignorance I; can be defined, taking the following form:

I = —[Z(W - 1] [a-1), (20)

T

which is reduced to Equation (19) in the limit where g approaches 1. This measure can be applied to
describe complex systems operating at the edge of chaos, which—as will be demonstrated—are crucial
to understanding the functioning of markets and economies.

In order to solve problems related to the functioning of complex systems, such quantities as
the effective complexity and total information are used [107]. The effective complexity should be
understood as the length of a compact description of the regularities identified in the examined
system, while total information is the sum of the effective complexity and an entropy term, which
measures information necessary to describe the random aspects of the entity. Thus the total information
describes both rule-based features and the probabilistic features of the perceived entity. Comparison of
different sets of identified regularities of an entity permits us to show that the best set minimizes total
information, which leads to minimizing the effective complexity. The effective complexity specified
in such a way seems to be independent of the observer. Furthermore, there exists a relation between
effective complexity and Bennett’s logical depth [108]. If the effective complexity of the binary string
exceeds a certain clearly defined threshold, then this string has astronomically large depth. Otherwise,
the depth is arbitrarily small.

To conclude this part, it is worth mentioning a certain paradox associated with the growth of
knowledge. In recent years, our knowledge has been increasing exponentially, but ignorance has
been growing at an even faster rate [109]. Therefore, an increase in knowledge is accompanied by
an increase in entropy. Thus, total information about the examined system increases not only due to
an increase in effective complexity, but also as a result of increased ignorance. However, Maxwell’s
demon has limited memory, so it cannot indefinitely convert ignorance into records.
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11. Complexity Economics

Although econophysics has a lot in common with complexity economics, it is not possible
to equate these two sciences. Econophysics is a scientific discipline which consists of applying
physical models and methods to study economic phenomena [110-114]. Complexity economics,
in turn, is a broader discipline, since—apart from the fact that it contains almost all econophysics—it
examines economic problems within complexity science. Since it is the opposite of equilibrium
economics, it does not focus on order, determinacy, deduction or stasis, but as non-equilibrium
economics, it emphasizes the importance of contingency, indeterminacy, sense-making and openness
to change [115-119]. Equilibrium (neoclassical) economics is a special case of complexity economics.
Additionally, complexity economics has derived many ideas and concepts from biology because it
treats the economy as an evolutionary system [120,121].

Complexity economics is a response to certain shortcomings of conventional economics, such as
the homo oeconomicus model, treating markets and economies as closed systems or relying on the
assumption of linearity. The homo oeconomicus model defines a set of rules concerning human behaviour
in economic processes, which include unbounded rationality, unbounded willpower and unbounded
selfishness [122]. A closed system aiming at a state of thermodynamic equilibrium has become the main
metaphor determining economic thinking throughout almost the entire 20th century. This assumption
became the cornerstone of many elegant mathematical models of general equilibrium and certainly
inspired the creators of the rational expectation hypothesis. Linearity, on the other hand, consists in
reducing relations between phenomena to straight lines. If, in a certain system, a change of one variable
at a given time by a certain multiple or fraction will change the same or another variable at a later time
by the same multiple or fraction, then the system under consideration is linear. After plotting later
values of a given variable as a function of previous values of the same or another variable, it turns out
that the points lie on a straight line. These assumptions caused the cognitive gap between conventional
economics and reality to grow steadily as a result of humanity’s economic development. In such
conditions, the phenomenon of innovation or economic growth could only be explained by referring to
the random exogenous shock.

In recent years, it has become apparent that dissipative structures can be identified in economic
systems, i.e., those with steady states existing far from equilibrium. In such cases, we are dealing with
non-extensive entropy, without the features of additivity, i.e., which is not a sum of values calculated for
all subsystems. Entropy in an economic system is the sum of the production of entropy in the system
itself and its exchange with the environment. The inflow of negative entropy from the environment can,
therefore, compensate for the production of entropy in the system itself. After the introduction of certain
disorders into the dissipative systems, it appears that they do not have to go to a state of equilibrium
corresponding to the maximum entropy. In states far from equilibrium, orderly structures based on
long-range correlations are created, and the occurring phenomena are characterized by long-term
memory. The sensitivity of these systems to interactions of internal elements and environmental
influences is related to the dissipation of energy [123,124]. Identification of dissipative structures in
real systems was a significant advance in the development of the science of complexity and laid the
foundations for another scientific breakthrough in identifying complex adaptive systems in nature.

Complexity economics treats markets and economies as complex adaptive systems that are by their
very nature open, non-linear, consisting of interacting agents and exhibiting emergence. The sources of
interaction are agents, i.e., mainly people, although they may also be other biological organisms or
even computer programs. Complexity should be understood as the dynamic properties of a system
that cause its behaviour to be non-periodic or structural changes to occur in it due to endogenous
forces. A very important feature of these systems is emergence, which consists in their ability to create
ordered collective phenomena, which can only be described at a level higher than that used to describe
the components (basic rules). Complex adaptive systems collect information about their environment
and their relationships with it, discover regularities in them, and use this information to build cognitive
schemes that they use to operate in the real world. The effects of these activities generate a new, return

51



Entropy 2020, 22, 452

flow of data used to evaluate the available set of cognitive patterns. As a result of this process, some of
these schemes will survive and be improved, while others will be rejected [104].

Within complexity economics, markets and economies are understood as extremely dynamic,
constantly evolving systems that resemble the brain, the Internet or the ecosystem in terms of their
functionality. The greatest differences between complexity economics and conventional economics
concern 10 issues: dynamics, agents, networks, emergence, evolution, technology, preferences, sources,
elements and the horizon of predictability [125,126]. New ideas developed by complexity economics
indicate that markets and economies tend to operate far from being balanced and that different agents
should be modelled individually. They usually have incomplete information, make mistakes, but also
have the ability to learn and adapt. Multilateral interactions between agents form networks that change
over time. There is no difference between microeconomics and macroeconomics, as the latter is the
emergent result of the interaction and behaviour of agents at the microeconomic level. The development
of markets and economies is possible as a result of innovation, which is an essential factor for economic
growth. Technological progress is endogenous to the economic system. The formation of individual
preferences is a central issue in complexity economics, and agents do not necessarily have to be
selfish. Complexity economics has its sources in biology, which is based on morphogenesis, structures,
shapes, forms, capabilities, self-organization and life cycles. The source of conventional economics,
on the other hand, is 19th-century physics, referring to balance and stability, which is why modern
economics textbooks are mainly based on prices and quantities. In complexity economics, forecasting
the dynamics of markets and economies is limited to the so-called Lapunov time, which is the inverse
of the Lapunov exponent known in non-linear dynamics. The latter is a measure of the butterfly effect,
so0 it determines whether the system is sensitive to initial conditions. The butterfly effect (deterministic
chaos) occurs when this exponent is positive.

According to some critics, complexity science has difficulty in defining the very concept of
complexity. Indeed, Horgan points to the existence of at least 45 different definitions of complexity,
most of which refer to concepts as imprecise as entropy, randomness or information [127]. However,
this is not evidence of the weakness of the concept of complexity, as this is the kind of differentiation
that should be expected. The concept of complexity is only partially objective, as it depends on the
level of knowledge of reality and the state of consciousness of a given agent. Therefore, the term is
irreducibly subjective. Undoubtedly, however, all agents acting in certain conditions can be assigned
shared initial knowledge, because what unites them is the search for order and regularity in a
turbulent world. A certain amount of subjectivity in the definition of complexity must result from
coarse-grained averaging, i.e., the accuracy with which a given agent (complex adaptive system)
perceives reality. Therefore, it is best to adopt the definition of the effective complexity of an entity
proposed by Gell-Mann. It should be understood as the length of a concise schema showing the
regularity of this entity, which has been drawn up by the observer — the chosen complex adaptive
system. The concept under consideration is, therefore, inherently and inextricably linked with the
cognitive agent, and disregarding this relationship will always be a source of misunderstanding.

In the greatest discovery of complexity economics, it was proved that some markets and economies
have the ability to tune in to the edge of chaos. A necessary, but not sufficient, condition is that they are
complex adaptive systems. The edge of chaos is the distinguished state of a system situated between
periodic and chaotic behaviour, where it has the maximum computing power. Around the edge of
chaos, the complexity of the system is close to optimal and its adaptability is the greatest [128,129].
The edge of chaos may have one of the following forms: chaotic attractors and repellers, catastrophes
of complexity, coexistence of attractors, sensitive dependence on parameters, final state sensitivity,
effects of fractal basin boundaries, chaotic saddles [130].

12. Conclusions

There is no doubt that the emergence of entropy in economics has led to many surprising and
important discoveries in the functioning of markets and national economies. However, not all of them
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have been fully accepted by mainstream economics. There are many reasons for this and they are quite
well known. Furthermore, entropy has contributed to the emergence of econophysics, complexity
economics, and quantum economics. This makes the situation in modern economics quite strange.
If one compares it to a tree, the branches representing mainstream economics are developing more
and more slowly, while the branches based on entropy are developing rapidly, creating new economic
knowledge quite quickly. This disequilibrium may end in two ways: either mainstream economics will
accept the achievements of econophysics, complexity economics and quantum economics, which will
require—as Rawita-Gawronski noted more than 60 years ago—a revision of the content of economic
assumptions, or economics will become the next physical science [131].

The concepts discussed here have contributed to the remarkable development of economics,
but some weaknesses, particularly in their practical application, have not been overcome. The most
important of these is the inability of econometrics, both traditional and non-extensive entropy-based,
to determine the value of parameters accurately. This boundary of cognition results directly from
non-linear dynamics, i.e., from the existence of deterministic chaos in the real world. Therefore, it is a
result of the very nature of reality. Econometricians assume the correctness of a predetermined model
with a number of unknown parameters and then try to forcefully match it to a non-stationary time
series by the best choice of parameters. However, non-linear dynamics indicate that by matching any
infinite precision model (stochastic or deterministic) to inherently finite precision data, non-uniqueness
cannot be avoided [132]. The source of such problems is the sensitive dependence on parameters in
non-linear dynamical systems, in which the parameter values associated with stable periodic orbits
may be close to chaotic parameter values. Moreover, being unable to determine the initial conditions
of the systems under study with infinite accuracy, we are exposed to the butterfly effect, whether we
want it or not. Thus, econometricians mislead themselves and others by thinking that their models are
helpful in understanding economic processes.

Some hopes for solving certain methodological problems are placed on a relatively new research
trend called quantum economics [133,134]. It also appears that many economic issues can be treated as
quantum phenomena. Logical homology, in this case, is a bridge connecting the dynamics of economic
objects with the laws of motion of particles, which are of interest to quantum mechanics. The basic
source of isomorphism here is Heisenberg’s uncertainty principle [135]. The more precisely we try to
determine the position of some particle, the less precisely we are able to determine its momentum
and vice versa. An example of a quantum phenomenon in economics can be the process of setting
the price of a good or service. In quantum economics the value of a good is rather undefined, so the
price reflecting it cannot be determined. Only making a transaction—by analogy to the uncertainty
principle—is a measurement of value and allows for determining the price precisely. During this
process, the exchange of money takes place and, therefore, money acts as a measuring device in the
markets. Therefore, money is a fundamental element of economic analysis in quantum economics [136].
This concept is very promising [137-142], but time will tell if it will broaden our understanding of the
regularities governing the markets and national economies. A number of arguments exist for including
quantum mechanics in social scientific debates, since consciousness is probably a macroscopic quantum
phenomenon [143].
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Abstract: In this work, we develop the Tsallis entropy approach for examining the cross-shareholding
network of companies traded on the Italian stock market. In such a network, the nodes represent the
companies, and the links represent the ownership. Within this context, we introduce the out-degree
of the nodes—which represents the diversification—and the in-degree of them—capturing the
integration. Diversification and integration allow a clear description of the industrial structure
that were formed by the considered companies. The stochastic dependence of diversification and
integration is modeled through copulas. We argue that copulas are well suited for modelling the joint
distribution. The analysis of the stochastic dependence between integration and diversification by
means of the Tsallis entropy gives a crucial information on the reaction of the market structure to the
external shocks—on the basis of some relevant cases of dependence between the considered variables.
In this respect, the considered entropy framework provides insights on the relationship between
in-degree and out-degree dependence structure and market polarisation or fairness. Moreover,
the interpretation of the results in the light of the Tsallis entropy parameter gives relevant suggestions
for policymakers who aim at shaping the industrial context for having high polarisation or fair joint
distribution of diversification and integration. Furthermore, a discussion of possible parametrisations
of the in-degree and out-degree marginal distribution—by means of power laws or exponential
functions— is also carried out. An empirical experiment on a large dataset of Italian companies
validates the theoretical framework.

Keywords: Tsallis entropy; copula functions; cross-shareholding network; finance

1. Introduction

The presence of interconnections among companies is the ground for the propagation of shocks
over the entire industrial structure of a country; see e.g., [1,2]. This evidence has led to a growing
number of studies exploring such structure through networks theories; see e.g., [3,4].

In this respect, a single company can be intuitively seen as a network node. The ownership
relationship can be represented through a network: there is a (directed) link from a company i to a
company j if i holds shares of j. For what concerns the mutual connections among companies, several
contexts can be explored on the basis of the topic under investigation. Here, we mention connections
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that are driven by technological transfer [5], the presence of personal relationships [6-8], the interlock
of directorates [9-12], and capabilities at the organisational level [7,13]. For a survey on this field,
see e.g., [14].

We propose a specific focus on the cross-shareholding matrix, which is associated to the directed
links, thereby capturing the so-called in-degree and out-degree of each node.

Specifically, the in-degree of a company—say, k;,—is the number of companies holding some
ownership of the considered node. Such a concept has a clear interpretation on the integration of any
given company in its reference industrial and productive environment. Similarly, the out-degree of a
company—namely, ko, ;—counts the companies included in the portfolio of the considered node. Thus,
kout is associated to diversification, which, in turn, might point to information on the possible reaction
of a considered company to markets fluctuations. For the concepts of integration and diversification,
we refer the interested reader to [15].

Notice that the so-followed approach is grounded on the existence of a connection—in terms of
ownership relations—between two companies. In so doing, we explore diversification and integration—
along with market concentration, which is a synthesis of them—as a matter of pure shareholding
strategies and through the singular attitude of companies to collect shares of other companies, and at
the same time to have shares own by other companies—"other companies”, which can be the same
being owner and owned (Renault SA, which is part-owned by the French state, owns 43% of Nissan
Motor Co, while the Japanese firm has 15% of the French carmaker—but with no voting rights in this
case). Within such thinking, the amount of inter company flows leads to a discussion on the size of
the connections between companies. In this setting, in-degrees and out-degrees should be reasonably
written as sums of percentages of in-flows and out-flows. Thus, the in-degree can be high in both
cases, i.e.,, when there is a large number of existing in-connections with small flows or small values
of in-connections with large entities of flows; the same consideration applies also for the out-degree,
of course. The numerical dimension of the connections is then lost—even if a new information on
the size of the flows is available. Yet, the analysis of such flows is clearly beyond the scopes of the
present paper.

While out-degrees are widely explored, for their natural connections with the resilience of an
industrial system, see e.g., [16-21], scarce attention has been paid to in-degrees. Let us point to a
noticeable contribution on the trade-off between diversification and integration in the analysis of
economic crises in [22].

Here, we are concerned by the market concentration—which represents a synthesis of diversification
and integration, by means of the entropy of the in-degree and out-degree distributions. The entropy
concept allows for understanding the position of the considered industrial structure between the
extreme cases of uniform diversification and integration and a contrario strong polarisation, with only
one company playing the role of the leader.

Furthermore, we also include a deep analysis of the particular features of the distributions through
a generalised concept [23,24] of Boltzmann-Gibbs (or equivalently Shannon information [24-26])
entropy. To this end, we move from [27] and deal with the Tsallis entropy for discussing the in- and
out-degrees distributions of the companies.

Tsallis entropy—introduced in [23]—has been applied in a number of contexts related to economics
and finance; see e.g., the excellent review in [28] and references therein. Most of the time, the studies
concern risk or portfolio management [29-34]. Our present report seems to be the first contribution
dealing with this powerful instrument in the context of the cross-shareholding matrix for its related
network of companies.

Tsallis entropy depends on a (usually real, see a complex case in [35]) parameter, whose interpretation
provides relevant information on the shape of the distributions. Indeed, when the parameter is negative
(positive), then Tsallis entropy attains its maximum in the highest polarisation case (in the uniform
distribution case). Moreover, a negative value of the parameter is associated to a strong relevance of fat
tails and rare events; see e.g., [24].
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To explore in depth the relationship between integration and diversification, we propose the analysis
of the joint distributions between such terms in the relevant cases of independence—i.e., when the
stochastic dependence is described by a product copula—and in the maximum level case of positive
(negative) dependence—i.e., when the dependence is given by the upper (lower) Frechet bounds copulas.
These represent the mathematical bounds of the set of the copulas corresponding to the cases of perfect
positive (negative) correlation; see [36]. For a complete description of the concept of copulas and on
how it serves as modelling stochastic dependence, see e.g., [37,38] and refer to the Sklar’s Theorem [39].
Indeed, Sklar’s Theorem provides a reading of the copulas as mathematical functions transforming the
marginal distributions of a set of random variables into their joint distribution (see also below).

We consider a high-quality dataset of holdings listed in the Italian Stock Market to validate our
theoretical proposal. Such a selection, the Italian Stock Market as reference context, has been driven by
data availability. Indeed, the phase of data collection has been particularly challenging, with manual
collection procedures and matching among different datasets—see the details in Section 4.1. Of course,
data availability is the premise of the data collection procedure. This said, even if it is theoretically
easy to reproduce the analysis for all the major markets—like the US and the UK ones, the practical
implementation in different contexts requires a non-trivial effort and data availability.

We also propose an extension of the analysis to a wide and universal economic system,
where in-degrees are assumed to be synthesised by two parametric functions of either power law or
exponential types, while the out-degree distribution obeys a power law; see e.g., [40]. In particular,
we have included the parameters of such functions in the calibrating quantities set. Such a proposed
extension leads to useful discussions about the assessment of missing links in the cross-shareholding
matrix, in line with some literature contributions, like e.g., [41-46].

Some results emerge from our study. The obtained outcomes suggest strategies that should
be implemented by policymakers if pursuing a highly polarised industrial structure goal—with a
company holding the shares of all the other ones and, at the same time, whose shares are included in
the portfolios of the others—or a fair joint distribution of diversification and integration. Such policies
are built on the basis of the dependence structure between in-degrees and out-degrees and on enforcing
the shapes of their distributions in a proper way.

The remaining part of the paper is organised as follows. Section 2 provides some information on
the reference literature on cross-shareholding. Section 3 gives the details of the methodological devices
used in the analysis. Section 4.1 provides a description of the dataset employed for the methodological
validation and, in particular, the network construction in Section 4.2. Section 5 describes and discusses
the obtained findings. Conclusions and comments on policy implications are found in Section 6.

2. Brief Review of the Reference Literature on Cross-Shareholdings

This section provides a list of key papers dealing with cross-shareholdings. Such a list is not
exhaustive, but the referred contributions are particularly close to the present study—even if they
present remarkable differences. As a premise, we have to state that the framework adopted in this
paper is quite new when compared to other papers on the cross-shareholdings.

In [47], a complex networks approach is used for identifying the companies that are central in the
information flow and for the control. The coupling among in-degree and out-degree is not examined
explicitly, although it intervenes in the empirical estimates of the flow-betweenness and of other
centrality measures.

The perspective in Abreu etal. [48] is of an empirical nature, without a precise focus on the relationship
between in-degrees and out-degrees, i.e., as integration and diversification measures, respectively.

In [49], the possibility to use cross-shareholdings for achieving the control of companies through
intermediaries is examined, but there is again no deeper insight on the relationship between integration
and diversification as optimal means toward the considered specific targets.

Vitali et al. [50] offer the analysis of the structure and topology of the transnational ownership
network of cross-shareholdings. This is a pretty empirical paper, without further steps in the analysis
of the stochastic dependence on integration and diversification.
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An analysis of the relevance of the cross-shareholdings in the Japanese markets can be found
in [51]. The target of the quoted paper is to understand the role of shareholdings in order to reduce the
risk/performance ratio. However, the aim is quite different from the one tackled in this present paper.

In [52], Okabe performs an economic analysis on cross-shareholdings in Japan, where this theme is
quite relevant. Trends and implications for the Japanese economic system and related public policies are
discussed. In [53,54] the focus is on the presence of the power law, and [55] adds more insights typical
of complex networks studies. However, such analyses are mostly performed from the perspective of
economics and empirical investigation rather than by proposing novel methods.

The framework of the stochastic dependence among integration and diversification considered in
the present paper is close to that in [56], but presently under a wider viewpoint; in [56], one uses a
rewiring procedure as methodological instrument.

3. Methodology

This section describes the techniques and the tools used for achieving the targets of the analysis.

3.1. Preliminaries and Notations

First, we introduce the main concepts that are used in the paper.
Given anode j € V, the in-degree k;, () represents the integration, i.e., the number of companies
owning shares of company j. It is defined as follows:

N
kin(j) = Zaij

i=1

In the same line, given i € V, the out-degree ko (i) represents the diversification, i.e., the number of
companies in the portfolio of company i. It is defined as follows:

N

kgut(i) = Za,-j.

j=1

kin and ko, both have to be considered here as random variables, whose empirical distributions are
obtained by considering the real data described in Section 4.1.

The cumulative distribution functions of k;, and Koy is denoted by Fr, : R — [0,1] and Fy, : R —
[0, 1], respectively. Their joint distribution is denoted by Fy, .., : R — [0,1].

The generic joint distribution function Fy, ., is associated to a bivariate density function. It is
discrete, in the empirical case we are treating; the distribution is denoted by p = (p;j :i =1,...,n;j =
1,...,m) such that

pij = PrOb(kin =i, kout = ])/ Vi, j/ 1)

Z p,] = 1.
ij

The values of the integers 1 and m will be properly fixed in the subsequent empirical analysis.
In the sequel, for such a bivariate probability distribution, we compute the Tsallis entropy,

usually defined as follows:
1
Sq:Tl 1—Zp?j, )
q W

with

where g € R is the Tsallis parameter.
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A bivariate copula C : [0,1]2 — [0,1] (see e.g., [38]) is a special function that is able to describe the
dependence structure between two random variables through the classical Sklar’s Theorem (see [39]).
We enunciate such a crucial result by employing the notation that is used in the present paper.

Theorem 1. Sklar’s Theorem: there exists a copula C : [0,1]> — [0,1] such that, for each (s,h) € R?, one has

Fkinrkom (S, h) = C(Fkin (S), Fknut (h)) (3)

If Fy,,, Fx,,, are continuous, then C satisfying (3) is unique. Conversely, if C is a copula and Fy, ,Fy, . are
distribution functions, then Fy, .. in (3) is a bidimensional joint distribution function with marginal distribution
functions Fy, i ..

According to Theorem 1, copulas describe different types of stochastic dependence that could be
found between two random variables. In so doing, one is also capable of providing insights on the
nature of the stochastic dependence of tis empirical joint distribution.

We denote by F,((:in:kmlf :[0,1]? = [0,1] the joint distribution function resulting from the application
of Sklar’s Theorem with a generic copula C, according to the previous Formula (3).

Reasoning behind the Tsallis Entropy

This section is devoted to the justification of the selection of Tsallis entropy as a key methodological
measurement device. We provide a comparison between Tsallis entropy and the well-known and largely
used Gibbs entropy. In fact, Tsallis entropy is known to exhibit substantial strengths when compared to
the Gibbs one. To support this statement, we proceed under both technical and applied perspectives.

From a purely mathematical point of view, Tsallis entropy represents a generalisation of the Gibbs
entropy. Indeed, Tsallis entropy, formally a fractional exponential approach, depends on an often real
(but see [35]) parameter g, introduced in Equation (2); when g — 1, the Tsallis entropy collapses to the
Gibbs entropy. Hence, the Tsallis entropy is able to capture several aspects that are not covered by
the Gibbs entropy—all of those aspects related to a not unitary parameter 4. In our context, the main
results will be seen to be related to negative q values. Thus, it is clear that the Gibbs entropy would
not allow us to provide a deep understanding of the nature of the stochastic dependence between
in-degree and out-degree distributions.

In the context of applied science, we may recall that classical statistical mechanics of macroscopic
systems in equilibrium is based on Boltzmann’s principle and Gibbs entropy. However, Boltzmann-Gibbs
statistical mechanics and standard thermodynamics present serious difficulties or anomalies for
non-equilibrium, open, non-ergodic, non-mixing, systems, and for those that exhibit memory retention.
Within a long list, we might mention systems that involve long-range interactions (see e.g., [57,58]),
non-Markovian stochastic processes, like financial markets (see e.g., [59-64]), dissipative systems in a
phase space that has some underlying looking (multi)fractal-like structure (see e.g., [65]), like many
open social systems, all hardly having an additive property (see e.g., [66]).

In brief, Tsallis theory provides a better thermo-statistical description than the standard Boltzmann—
Gibbs formalism, because the Tsallis fractional exponential approach allows for encompassing cases of
non-equilibrium and dissipative systems into hard core statistical mechanics principles.

3.2. Outline of the Analysis

The analysis is carried out in two main directions.

First, we compute and discuss the Tsallis entropy of the joint distribution an,km, which is obtained
by applying the Sklar’s Theorem with some specific copulas C. In so doing, we provide useful insights
on the behaviour of the cross-shareholding system under different scenarios of interactions between
in-degrees and out-degrees.
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In particular, we address the corner cases of maximal positive and negative dependence, and the
case of independence. Such cases correspond to the following copulas:

e Product (independence)
Cp(u,v) = uv (4)

e  Lower Frechet (maximal negative dependence) and Upper Frechet (maximal positive dependence)

Crr(u,v) = max{u + v—1,0}, Cur(u,v) = min{u, v}. (5)

Second, we discuss the sensitivity analysis of the in- and out-degrees distributions when they are
properly parametrised, by means of the Tsallis entropy.

In this respect, while the literature points out the ubiquitous presence of a power law for the
out-degree distribution, the in-degree is much less studied. However, the main theoretical functions that
can be suitably used for approximating the in-degree empirical distribution are either the power law or
the exponential law (see [27] and references therein contained). Therefore, on one side, we consider the
marginal distribution of the out-degree as following a power law; on the other side, we consider two
cases, power law or exponential function for modelling the in-degree empirical distribution.

The power law and the exponential law for a generic discrete random variable X are defined,
as follows:

e  Power law:
Prob(X = x) = ax™%, (6)

where x > 0,2 > 0 is a normalising constant and k > 0.
e  Exponential law:
Prob(X = x) = ae™, (7)

where x > 0, 2 > 0 is a normalising constant and k > 0.
Thereafter, we implement the sensitivity analysis in three cases:

(A) under the hypothesis of k,,; described by a power law as in (6) and k;,, has its empirical distribution,
the power law exponent k is allowed to change and is treated as a parameter;

(B) under the hypothesis of k;,, power law as in (6) and ko, empirical: the power law exponent k is
allowed to change and is treated as a parameter; and,

(C) under the hypothesis of k;, exponential as in (7) and k,,; empirical: the parameter k in the
exponential is allowed to change, as any parameter does.

Thus, in each case, there are two parameters: g for the Tsallis entropy and k for the power law or
exponential. In all cases, we have employed the three copulas C;, Cir, and Cyr introduced in (4) and
(5) for deriving the joint probability distribution, according to Theorem 1.

4. The Network

Here, we present the cross-shareholding network that are used in the analysis.

4.1. The Data

We consider the data already used in [27,67]. The dataset gathers data of the Milan Stock Exchange
(MIB30) on 10 May 2008. First, data were obtained through the CONSOB database. For each company
j, an informative page is shown, which contains the information on the holdings, which is the list of
companies i, traded in the same market, which the shares of j are sold to. The set of all of the couples
(i, j) constitutes the matrix of cross-holdings. CONSOB is the major surveillance body for the Italian
Stock Market. CONSOB verifies the transparency of market operations; it has the power to stop the
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market in case of excess of losses/returns; CONSOB controls the proper disclosure of information.
Unfortunately, only CONSOB records the holdings above 2%. Therefore, the data were cross-checked
through the Bureau Van Dijk platform.

Differently from the database of prices of the shares, there is no command that allows for
downloading all of the data at once. The data gathering requires manual opening of each file,
and manual storing of the relevant information. Moreover, the way in which the companies are named
is not uniform: sometimes, shortcuts are used instead of the original extended names. Therefore,
the data collection cannot be done automatically “blind folded”. The data also have to be gathered
at a selected date: it is like taking a picture of the actual situation of the market on a specific day.
The time needed for gathering the data and finalising the sample is quite long, since the data were
manually cross-checked with other databases. Notice that the data on banks were cross-checked with
the BANKSCOPE database, which, as the name suggests, is specifically focusing on banks, hence not
reporting data on other companies.

On the other side, AIDA provides some complementary information, since AIDA contains
information on all companies—apart from banks. The cross-checking was necessary to be sure that
we include in the database all ownerships due to investments and all cross-relationships among
companies—yet excluding some very minor ones due to the management of portfolios by mutual
funds. Alas, some companies had very incomplete data. Finally, the resulting sample contains the
cross-holdings of 247 stocks of companies. They represent 94% of the total amount of MTA segment
(MTA stands for Borsa Italiana’s Main Market, that is Italian Main Stock Market. MTA is a regulated
market subject to stringent requirements in line with the expectations of professional and private
investors.). The sample corresponds to 95.22% of the total capitalisation on that date, May 10th, 2008,
which nevertheless makes the analysis quite suitable for a whole outlook about the links among the
most relevant traded companies. Notice that the total number of cross-ownership is 243, thus less than
the number of companies. In fact, there are companies traded in the Italian Stock Market, which do not
buy or sell shares of other companies traded in the Italian market.

The vast majority of holdings is due either to industrial purposes or to an internal organisation
of companies: for instance, the energy company ENI owns shares of two other companies, SATPEM
and SNAM RETE GAS, with a specific focus on gas delivery management. Another example is given
by the financial company IFIL, which is managing the financial parts of FIAT (now merged in FCA)
and JUVENTUS (football club). In turn, IFI PRIV owns the “privileged” part of IFI, belonging to the
Agnelli family.

The number of companies holding shares of k other companies decreases sharply as k increases.
In fact, there are 72 companies owning shares of only one other company; 16 companies owning
shares of two other companies; only seven and six companies are owning shares of three and
four other companies, respectively. There are only zero or one companies holding shares of six or
more other companies; the maximum ownership in 19 companies is due to the insurance company
“Assicurazioni Generali”, which uses ownership as part of its institutional mission. The clear prevalence
of shareholders who hold shares of only one or a few other companies has been detected in other
datasets [68,69].

A symmetric question holds: which is the number / of companies to which a specific company
has sold shares? According to the literature on this topic, the question is less popular than the previous
one. In our specific dataset, the maximum value of & is 10; there are 84 companies that sell their shares
to only one company; 29 companies sell their shares to two companies; 15 are selling to three; only five
companies have sold to four other companies, and another five are selling to more than four companies.
Therefore, roughly speaking, the very prevailing behaviour is the relation through a sale of shares to
only one other company in the market.
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4.2. Construction of the Network

The firms are represented by the nodes of an unweighted network. We collect them in a set
V =1{1,--- ,N}. If a company j is held by company i, then there is a directed link from 7 to j. The links
are collected in a set E. In so doing, we create a network (V, E), whose adjacency matrix A = (a;;); jev
isa N X N matrix, such that a;; = 11if (i, j) € E and a;; = 0 otherwise.

The insulated nodes have been removed from the analysis; the giant component and the small
connected components being kept, the network is made of 158 nodes, hence the adjacency matrix is
158 x 158.

5. Results and Discussion

Here, we report the results of the analysis, along with a discussion of these.

As a premise, we setn = 10 and m = 19, in accord to the maximum values of k;,, and k¢, which are
observed in the empirical dataset.

It is immediate to observe that the Tsallis entropy S, in (2) is strictly decreasing with respect to the
parameter q € R, with an asymptotic behaviour being given by

lim S; = +o0; lim S, =0.
q—-o0 q—+oo

This said, we restrict our graphical representations of the behaviour of the Tsallis entropy with
respect to g to a small interval, including zero, for a better visualisation of the outcomes.

Figure 1 shows the behaviour of the values of the Tsallis entropy as the parameter g varies, in the
three cases of joint distributions, Flgimkunt with C = Cp, Crr, Cyr, as in (4) and (5)—in the upper, middle,
and lower panel, respectively.

x10*
10+ 1

3000

. 2000 1
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1000 [- 1
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q

Figure 1. The Tsallis entropy H = Hp, Hy r, Hyr as a function of g, in the cases of copula C = Cp, Crr, Cyr
as in (4) and (5)—upper, middle and lower panel, respectively.

The Upper Frechet bound is the one with the slowest decrease; it is substantially flat with respect
to the other cases. Moreover, the Lower Frechet bound is associated to very high values of the Tsallis
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entropy when g approaches —1; such a case is also the one presenting a very rapid collapse of S; as
g increases.

An interpretation of these results is in order. The predominance—to be intended as the highest
values of Tsallis entropy—of the case of copula C;r means that the joint probability between in-degree
and out-degree is highly polarised when there is a perfectly negative correlation between such
quantities. This is particularly true when g is negative; hence, the fat tails of the distribution do play a
key role in determining such an outcome. The results change when moving to the independence and
the maximum level of positive dependence. In particular, the Upper Frechet case corresponds to the
highest similarity between the uniform case and the considered joint probability distribution.

The policymaker should then force the in-degrees and out-degrees of the companies to
exhibit similar patterns—i.e., integration and diversification should coincide—when the target is a
homogeneous industrial structure; a contrario, integration and diversification should be forced to
exhibit a large discrepancy, if the aim of the policymaker is to foster the predominance of a company
over the others.

We now deal with the cases (A), (B) and (C) described in the previous section, which are related to
different parametrizations of the in- and out-degree marginal distributions.

(A) koyt is described by a power law as in (6), while k;,, is taken with its empirical distribution.

Figure 2 shows the Tsallis entropy as a function of its parameter q and the exponent of the power law
k for the cases of copula C = Cp, Crr, Cyr as in (4) and (5)—upper, middle and lower panel, respectively.
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Figure 2. Tsallis entropy as a function of its parameter g and the exponent of the power law k for the
out-degree. All the cases of copula C = Cp, Crr, Cyr, as in (4) and (5)—upper, middle, and lower panel,
respectively—are reported.

In all cases, we observe that Tsallis entropy is decreasing as k decreases and ¢ increases. The growth
toward infinity is very rapid as g approaches —1. This behaviour is more evident when k assumes
large values, i.e., when the probability that k., assumes a large value is particularly small—and
when in-degree and out-degree are highly positively correlated or are uncorrelated. If in-degree and
out-degree have the maximum level of negative correlation, then the same behaviour seems to be
rather independent from the value of the power law parameter. The apparent crests on Hyr actually
correspond to very high values of Hjr; furthermore, the case with Cyr is confirmed to have the highest
level of Tsallis entropy.
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We can read the results by stating that the joint probability of in- and out-degree shows a high
level of polarisation in the presence of a perfectly negative correlation. Such a finding does not depend
on the specific parametrisation of the out-degree through a power law. Differently, we see polarisation
only for k large enough when the cases of stochastic independence or perfectly positive correlations are
considered. This behaviour is amplified for negative g values, hence giving credit to the action of the
fat tails of the distribution in determining it.

The policymaker has now two devices for shaping the considered industrial structure.
Beyond dealing with the dependence between diversification and integration—we refer to the
comments stated above for Figure 1—she/he can also force the individual companies to form specific
out-degrees distributions. Indeed, in the particular cases of independence and maximum positive
correlation, one can obtain some polarisation by shaping the out-degrees in order to obtain a low
probability of having large values—i.e., by taking large values of the parameter k. Such an action is not
needed when the correlation between in-degree and out-degree is of perfectly positive type.

(B) ki, is a power law as in (6) and k¢ has its empirical distribution.

Figure 3 presents the values of the Tsallis entropy as a function of g and k. Additionally, in this
case, copulas Cp, Crr, Cyr, as in (4) and (5), are in the upper, middle, and lower panel, respectively.
For a better visualisation of the results, we only display when g < 0.

The behaviour of the Tsallis entropy is quite similar to that of case (A), with four noticeable
exceptions. Firstly, the scales are completely different. The values of the Tsallis entropy are much
higher in this case than in case (A). Secondly, to appreciate the decreasing behaviour of the Tsallis
entropy, one needs to take g close to -2, instead of 4 = —1, as in the previous case. Thirdly, we observe
a deviation in the case of perfectly negative correlation, with two lines of local maxima occurring at
q = —2,for k = 2.7 and k = 1.8 (see the arrows in Figure 3). Fourthly, the crest appearing in the case of
perfectly negative correlation is much more jagged than in case (A).

%10"2
5

o
T

q k

Figure 3. Tsallis entropy as function of its parameter g and the exponent of the power law k for the
in-degree. The cases of copulas Cp, Crr, Cyr as in (4) and (5) are presented in the upper, middle,
and lower panel, respectively.

The similarities between cases (A) and (B) ensure that all of the comments raised for (A) remain
valid also for this case (B). The presence of local maxima and the jagged crest do point to the
questionability of the power law parameter as a device for controlling the polarisation of the joint

70



Entropy 2020, 22, 676

distribution between in-degree and out-degree when the value of 4 is at its minimum. This is particularly
evident for the case of perfectly negative correlation—i.e., in the case of jagged crest—while an action
for properly calibrating the parameter k ~ —2.7 and ~ 1.8 remains possible for the case of perfectly
positive correlation.

(C) kin, has an exponential distribution as in (7) and k,,; has its empirical distribution.

The upper, middle, and lower panel of Figure 4 display the Tsallis entropy as a function of g and k,
for copulas Cp, Crr, Cyr as in (4) and (5), respectively; for a clear view of the behaviour of the surface,
we only present g < 0.

As for (B), the behaviour of Tsallis entropy is also analogous to the one observed for (A), but
with three main differences. Indeed, the decreasing behaviour of the Tsallis entropy can be properly
visualised for g close to —0.8 (it was —1 and —2 in cases (A) and (B), respectively); moreover, the crest
appearing in the middle panel at low values of q is more jagged here than in (A); finally, the minimum
value of g appearing in Figure 4 is —0.8 instead of —1 (case A)) and —2 (case B)).

x10"1

3 25 2 1.5
q k

Figure 4. Tsallis entropy as a function of parameter g and k for describing the exponential decrease of
the in-degree. The cases of copulas Cp, Crr, Cyr, as in (4) and (5), are described in upper, middle and
lower panel, respectively.

Some relevant insights can be derived by comparing the three cases (A), (B), and (C). When the
desired target is to shape the cross-shareholding network for a polarised situation—with a company
holding the widest part of shares of the others and, at the same time, whose shares are in the portfolios
of the other companies—then one has to impose a perfectly negative dependence between the in-degree
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and the out-degree. Moreover, one has also to shape the distribution of the in-degree as a power law;
this means that the probability of having a high in-degree value has to be lower than that of having a
low in-degree value. Lastly, the joint distribution between in-degree and out-degree should include
also the presence of fat tails, so that one can employ the informative content of the Tsallis entropy
in the case of large negative value of 4. Under the conditions described above, the Tsallis entropy
attains its highest value—see case (B), middle panel. Differently, by imposing the maximum level of
positive dependence and a power law behaviour on the out-degree distribution, with a small value of
the parameter k, one pursues the objective of shaping the industrial structure towards a more uniform
integration and diversification; see case (A), lower panel.

6. Conclusions and Policy Implications

To conclude, we can offer some general remarks on policy implications.

The starting point of the analysis is to describe the industrial structure of a country—in terms of
market integration and diversification and, consequently, of concentration. In this respect, the policy
makers might aim at fostering the competition in the market or, conversely, at shaping the market for
having a leading company.

This theme is of paramount relevance for policy makers. Indeed, the interest of regulatory
authorities in the raise of concentration is witnessed by its explicit insertion in official documents.
For instance, the study of the classical Herfindahl-Hirschman index (HHi)—which is a relevant measure
of market concentration—plays a significant role in the assessment of possible enforcement of US
antitrust laws [70]. Since 1982, the Merger Guidelines by the U.S. Department of Justice and the Federal
Trade Commission [71] have provided an indication for the identification of post merger markets as
“unconcentrated”, mildly concentrated, or highly concentrated based on the value of HHi. For a more
scientific perspective, we refer e.g., to [56,72]. In this respect, we also mention [22], who have shown
that some peculiar combinations of integration and diversification might lead industrial structures to
be more vulnerable to financial fluctuations.
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Abstract: A perspective is taken on the intangible complexity of economic and social systems by
investigating the dynamical processes producing, storing and transmitting information in financial
time series. An extensive analysis based on the moving average cluster entropy approach has evidenced
market and horizon dependence in highest-frequency data of real world financial assets. The behavior
is scrutinized by applying the moving average cluster entropy approach to long-range correlated
stochastic processes as the Autoregressive Fractionally Integrated Moving Average (ARFIMA) and
Fractional Brownian motion (FBM). An extensive set of series is generated with a broad range
of values of the Hurst exponent H and of the autoregressive, differencing and moving average
parameters p,d,q. A systematic relation between moving average cluster entropy and long-range
correlation parameters H, d is observed. This study shows that the characteristic behaviour exhibited
by the horizon dependence of the cluster entropy is related to long-range positive correlation in
financial markets. Specifically, long range positively correlated ARFIMA processes with differencing
parameter d ~ 0.05, d ~ 0.15 and d ~ 0.25 are consistent with moving average cluster entropy results
obtained in time series of DJIA, S&P500 and NASDAQ. The findings clearly point to a variability of
price returns, consistently with a price dynamics involving multiple temporal scales and, thus, short-
and long-run volatility components. An important aspect of the proposed approach is the ability to
capture detailed horizon dependence over relatively short horizons (one to twelve months) and thus
its relevance to define risk analysis indices.

Keywords: cluster-entropy; Shannon-entropy; financial markets; time series; dynamics

1. Introduction

In recent years, much effort has been spent on studying complex interactions in financial markets
by means of information theoretical measures from different standpoints. The information flow can be
probed by observing a relevant quantity over a certain temporal range (e.g., price and volatility series
of financial assets). Socio-economic complex systems exhibit remarkable features related to patterns
emerging from the seemingly random structure in the observed time series, due to the interplay of
long- and short-range correlated decay processes. The correlation degree is intrinsically linked to the
information embedded in the patterns, whose extraction and quantification add clues to the underlying
complex phenomena [1-14].

An information measure S(x) was proposed by Claude Shannon to the aim of quantifying the
degree of uncertainty of strings of elementary random events in terms of their probabilities [15].
The elementary stochastic events are related to a relevant variable x whose values are determined
by the probability {p;}. For example, the size ¢ of a string (block), corresponding to a particular
realization within the sequence, can be associated to the probability p; (¢) that, for stationary processes,
does not depend on the actual position of the string (block) in the sequence. The Shannon measure is
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then given by the expectation value S(¢) = Y_; p;(¢) log p;(¢) and is calculated over all possible strings
0. The entropy density is defined as s; = lim;_,, S(¢) /¢ and quantifies the rate at which the process
produces unexpected information as a function of the size ¢.

A complexity measure K(x) to quantify the amount of information contained in the string x was
proposed by Kolmogorov [16]. The relation between Kolmogorov complexity and Shannon entropy has
been extensively investigated, in particular the entropy density s, for a stationary process corresponds
to the Kolmogorov entropy rate [17].

The first step required for the practical implementation of entropy and complexity measures is a
suitable partition of the sequence which is critical to unbundle random and deterministic blocks of
given length (decryption). The method usually adopted for partitioning a sequence and estimating its
entropy is based on a uniform division in blocks with same length [18-21].

The cluster entropy method [9-11] implements the partition via a moving average process.
The clusters correspond to blocks of different sizes, defined as the portion between consecutive
intersections of a given time series and moving average. The cluster entropy method has been applied to
financial markets in [22,23]. Cumulative information measures (indexes) have been worked out with
the ability to provide deep insights on heterogeneity and dynamics. In particular:

e  Heterogeneity. Volatility series have been analysed by using the cluster entropy approach over a
constant temporal horizon (six years of tick-by-tick data sampled every minute). An information
measure of heterogeneity, the Market Heterogeneity Index I(T,n), where T and n are respectively the
volatility and moving average windows, has been developed by integrating the cluster entropy curves
of the volatility series over the cluster length 7. It has been also shown that the Market Heterogeneity
Index can be used to yield the weights of an efficient portfolio as a complement to Markowitz and

Sharpe traditional approaches for markets not consistent with Gaussian conditions [22].
e Dynamics. Prices series have been investigated by using the cluster entropy approach over

several temporal horizons (ranging from one to twelve months of tick-by-tick data with sampling
interval between 1 up to 20 seconds depending on the specific market). The study has revealed
a systematic dependence of the cluster entropy over time horizons in the investigated markets.
The Market Dynamic Index I(M, n), where M is the temporal horizon and 7 is the moving average
window, defined as the integral of the cluster entropy over 7, demonstrates its ability to quantify
the dynamics of assets’ prices over consecutive time periods in a single figure [23].

The present study is motivated by the results obtained in [23] showing that cluster entropy of
real-world financial markets (NASDAQ, DJIA and S&P500) exhibits significant market and horizon
dependence. According to classical financial theories, subsequent price deviations are identically
and independently distributed (iid) and all the information are immediately reflected into markets,
thus hampering past observations to predict future outcomes. If that were true, correlation would
be negligible and prices would be simply modelled in terms of fully uncorrelated Brownian motion.
However, several studies have shown that real world markets only partially behave according to the
standard theory of perfectly informed and rational agents.

Here, we add further clues to the microscopic origin of the horizon dependence of the cluster
entropy in financial markets. To this purpose, the cluster entropy approach is applied to an extensive
set of artificially generated series with the aim of shedding light on the characteristic behaviour of
real world assets [23]. We report results of the cluster entropy in Geometric Brownian Motion (GBM),
Generalized Autoregressive Conditional Heteroscedastic (GARCH), Fractional Brownian Motion (FBM) and
Autoregressive Fractionally Integrated Moving Average (ARFIMA) processes. Those are well-known
processes characterized either by hyperbolically decaying or exponentially decaying correlation
functions, features reflected in long-range or short-range dependent dynamics of the elementary
random events. The performance of the Autoregressive Fractionally Integrated Moving Average (ARFIMA)
process and its variants are receiving a lot of attention and are under intense investigation in the
financial research community [24-28]. This work clearly demonstrates the relationship between the
endogenous dynamics of the time series and their long-range dependence.
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It is shown that deviations of the moving average cluster entropy behaviour in comparison to
simple Brownian motion is unequivocally related to the long-range dependence of real-world market
series. In particular, moving average cluster entropy results obtained on Fractional Brownian Motion
with Hurst exponent H in the range 0 < H < 0.5 (negatively correlated series) show no time horizon
dependence. Conversely, moving average cluster entropy results with Hurst exponent H in the range
0.5 < H < 1 (positively correlated series) exhibit some dispersion in the horizon dependence in
analogy with the real-world financial markets. Results obtained on ARFIMA series confirm and
extend the findings reported for FBMs. Horizon dependence of the cluster entropy is observed for a
differencing parameter 0 < d < 0.5. Fine tuning of the horizon dependence is obtained by varying the
autoregressive p and moving average g components in the ARFIMA series.

The low-frequency volatility has been identified as the long-run component to describe market
dynamic fundamentals in recent works [29-33]. The current work demonstrates the ability of the
cluster entropy to capture short-range and long-range variability in price returns, thus to identify
short-run and long-run factors in volatility and their linkages with macroeconomic variables and
asset prices. On account of the dispersion of the Market Dynamic Index I(M, n) at increasing values of
the horizon M, our findings confirm that the slowest dynamic components (slowly evolving market
fundamentals) reflect in the lowest-frequency volatility (large M scales) components of the assets.
In this context, volatility can be modelled as a time dependent function, for example through the
introduction of a quadratic spline to provide a smooth and nonlinear long-run trend in the volatility
time series in the spline-GARCH model [29].

ARFIMA and Spline-GARCH belong to the class of free-parameters model, as they require for
example the quadratic form of the time-dependence function parameters, or the autoregressive
parameters.  Conversely, the cluster entropy approach does not require free parameters.
The cluster entropy is a parameter-free model based on data over some temporal horizons of choice.
Hence, the comparison between results obtained by ARFIMA, GARCH models and those obtained
by the cluster entropy approaches do not imply redundancy in the outcomes and is robust by design.
The ability to extract market dynamic dispersion based only on data could be of relevance to disentangle
performance of the different models at short and long horizons. This could be the case of ARFIMA
models that tend to perform better on estimating asset variance at long-horizons compared to ARMA
models that conversely produce superior results at short-horizons (see for example [24] where results
of S&P500 are also reported).

In this work, the method is applied to mainstream financial assets as NASDAQ, DJIA and S&P500
tick-by tick data over the year 2018. The choice of these assets derives mainly from the need to
validate the newly proposed cluster entropy approach on widely studied markets whose long range
dependence has been quite widely investigated and broadly assessed by several studies. Further
to these markets, interesting developments can be envisioned in different sectors that are strongly
affected by macroeconomic variables and shock (e.g., time dependent variance and persistence have
been observed in Real Estate securities [30] highlighting linkages between real estate stocks and market
fundamentals, related to endogenous dynamics and horizon dependence).

The organisation of the work is as follows. The cluster entropy method used for the analysis and
the investigated market and artificial data are described in Section 2. Results on cluster entropy and
market dynamic index estimated over Geometric Brownian Motion (GBM), Generalized Autoregressive
Conditional Heteroskedastic (GARCH), Fractional Brownian Motion (FBM) and Autoregressive Fractionally
Integrated Moving Average (ARFIMA) series, are reported in Section 3. Finally, results are discussed,
conclusions are drawn and a path for future work is suggested in Section 4.

2. Methods and Data

In this section the cluster entropy approach developed in [9,10] is briefly recalled. The second
part of this section is devoted to the description of financial market data used in [23]. For the sake
of completeness, we also recall the main definitions related to the Geometric Brownian Motion,
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Generalized Autoregressive Conditional Heteroskedastic, Fractional Brownian Motion, Autoregressive
Fractionally Integrated Moving Average processes.

2.1. Cluster Entropy Method

It is well-known that the general idea behind Shannon entropy is to measure the amount of
information embedded in a message to identify the shortest subsequence actually carrying the relevant
information and the degree of redundancy which is not necessary to reproduce the initial message.
The Shannon functional is written as:

S(t,n) =Y P(t,n)log P(t,n), (1)

where P(7,1) is a probability distribution associated with the time series y(t). To estimate the
probability distribution P(t, ), it is necessary to partition the continuous phase space into disjoints
sets. The traditionally adopted methods divide the sequence into segments of equal lengths (blocks).
Here, we follow another approach.

In [9,10] the time sequence y(t), is partitioned in clusters by the intersection with its moving
average (t), with n the size of the moving average. The simplest type of moving average is defined
at each t as the average of the n past observation from ftot —n +1,

n—1

() =~ Yyt —k). @

Ly i

Note that while the original series is defined from 1 to N, the moving average series is defined from
1to N —n + 1 because n samples are necessary to initialize the series. The original series and the moving
average series are indicated as {y(t)}I¥.; and {#,(t) }N7""! respectively. Consecutive intersections of the
time series and of the moving average series yield a partition of the phase space into a series of clusters.
Each cluster is defined as the portion of the time series y() between two consecutive intersection of y(t)

itself and its moving average ¥, (¢) and has length (or duration) equal to:
7 = ||t —tjall, ®3)

where t;_1 and ¢; refers to two subsequent intersections of y(t) and §,(t). For each moving average
window n, the probability distribution function P(t,n), i.e., the frequency of the cluster lengths
7, can be obtained by counting the number of clusters N;(tj, n) with length 7;, j € {1, N —n —1}.
The probability distribution function P(t,n) results:

P(t,n) ~tPF(t,n) 4)
where the exponent D indicates the fractal dimension and can be expressed as
D=2-H )

with H the Hurst exponent of the sequence. Hence, the fractal dimension ranges between1 < D < 2,
as the Hurst exponent varies between 0 < H < 1. In this framework long-range correlation implies
that the clusters are organized in a similar way along the time series (self-organized), even for clusters
far away in time from each other. The term F (7, n) in Equation (4) takes the form:

F(t,n)=e ™", (6)

to account for the drop-off of the power-law behavior for T < 1 and the onset of the exponential decay
when T > 1 due to the finiteness of 7. When n — 1 the lengths T of clusters tend to be centered around
a single value. When n — N, that is when n tends to the length of the whole sequence, only one cluster
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with T = N is generated. For middle values of n however a broader range of lengths is obtained
and therefore the probability distribution spreads all values. When the probability distribution in
Equation (4) is fed into the Shannon functional in Equation (1) the result is the following:

S(t,n) = So +log TP — log F(t,n), (7)
which, after substituting Equation (6), becomes:
S(t,n) = Sy +log P + %, (8)

where S is a constant, log 0 accounts for power-law correlated clusters related to D and t/n
accounts for exponentially correlated clusters related to the term F (7, n). The term Sy can be evaluated
in the limit T ~ n — 1, which results in Sg — —1 and S(7,n) — 0, that corresponds to the fully
deterministic case, where each cluster has size equal to 1. On the other hand, when 7 ~ n — N,
the maximum value for the entropy is obtained with S(t,1) = log NP, which corresponds to the case
of maximum randomness, where there is one cluster coinciding with the whole series. Equation (8)
shows that power-law correlated clusters, characterized by having length T < 1, are described by
a logarithmic term as log 7, and their entropy do not depend on the moving average window 7.
However, for values of T > n, which represent exponentially correlated clusters, the term 7 /1 becomes
predominant. Cluster entropy increases linearly as 7/n, with slope decreasing as 1/n. Hence, due to
the finite size effects introduced by the partitioning method, in T = 1 the behavior of entropy changes
and its values exceeds the curve log . In other words, clusters that are power-law correlated does
not depend on #, are said to be ordered and represent deterministic information. Clusters that are
exponentially correlated does depend on #, are said to be disordered and represent random clusters.

The meaning of entropy in information theory can be related to the corresponding concepts in
thermodynamics. In an isolated system, the entropy increase dS refers to the irreversible processes
spontaneously occurring within the system. In an open system, an additional entropy increase dS,¢
should be taken into account due to the interaction with the external environment.

The term log TP should be interpreted as the entropy of the isolated system. It is independent on 7,
that is it is independent on the partitioning method. It takes the form of the Boltzmann entropy, that can
be written as S = log Q), with Q) the volume of the system. Therefore the quantity T2 corresponds to
the volume occupied by the fractional random walker.

The term 7/n represents the excess entropy caused by the external process of partitioning the
sequence. The excess entropy depends on the moving average window 7. If same size boxes were
chosen, the excess entropy term 7/n would vanish and entropy would reduce to the logarithmic
term. When a moving average partition is used, the term 7/1 emerges to account for the additional
heterogeneity introduced by the randomness of the process. Thence, for exponentially correlated
clusters entropy exceeds the logarithmic asymptotic.

In order to increase the sensitivity of the method, the integral of the entropy function over the
clusters length T can be considered:

I(n) = /S(T,n)d‘c , 9)
which for discrete sets reduces to I(n) = Y, S(7,n). The function I(n) is a cumulative entropy measure

able to embed all the information in a single figure.
Equation (9) can be written as:

I(n) = /j(") S(t,n)dt + /T) S(r,mydt . (10)
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The first integration is referred to the power law regime of the cluster entropy, the second
integration is referred to the linear regime of the cluster entropy (i.e., the excess entropy term).

2.2. Financial Data

The objective of this work is to investigate and shed light on the characteristic features exhibited
by cluster entropy of financial markets. In particular here our focus is on the systematic dependence of
the cluster entropy of the price series over time horizon M.

In [23] the cluster entropy is applied to a large set of tick-by-tick data of the USA’s indexes
(S&P500, NASDAQ and DJIA). NASDAQ is an index resulting from all the public firms quoted on the
market, DJIA and S&P500 indexes are representative of a selected number of public firms. For each
index, investigated data include tick-by-tick prices from January 2018 to December 2018. As the main
goal of the paper is to quantify the intrinsic dynamics of prices and to capture the endogenous sources
of risk over different temporal horizons, a year of data with no external shocks or crisis have been
chosen. More information about the markets can be found at the Bloomberg terminal.

To study the dynamics of financial series different time horizons need to be compared.
As explained in the Introduction, entropy is sample-size dependent by definition, thus in order to
rule out spurious results the length of the investigated sequences must be the same. Therefore, cluster
entropy analysis requires the comparison to be implemented on series with same length. Raw data
have been downloaded from the Bloomberg terminal in the form of tick-by-tick data. The lengths
of the raw series vary due to different number of trading days and transactions per time unit. It is
therefore necessary, as first computational step, to implement a sampling of the raw data to make the
length of the series exactly the same. The first raw series ranges from the first transaction of January
2018 to the last one of January 2018; the second ranges from the first transaction in January 2018 to
the last of February 2018, .. ., the twelfth ranges from the first transaction in January 2018 to the last
of December 2018, a period equivalent to the whole year. Because each raw series ranges from the
first tick of 2018 to the last tick of the relative month, the twelve series have very different lengths.
The series are sampled to obtain twelve series with same length as described in the following.

Twelve sampling time intervals and corresponding frequencies must be defined, i.e., twelve
integers indicating for each series the interval of skipped data. Sampling intervals are obtained by
dividing the length of each raw series by the length of the shortest raw one and then rounding to
the inferior integer. Thence, each raw series is sampled with the relative sampling interval to yield a
sampled series: for each sample in the sampled series, a number of samples equal to the sampling frequency
has been discarded in the raw series. The sampled series obtained are approximately of equal lengths.
To obtain twelve series of exactly equal length, a few observations are cut off, when exceeding the length
of the shortest series. The result consists in twelve sampled series that are equal in length and refer to
time horizons varying from one month (M = 1) to twelve months (M = 12). In more details, Ny, is the
length of the series corresponding to the horizon M (where M ranges from 1 to 12 for one year of data).
The shortest monthly series is used to evaluate the minimum value N}, and the corresponding sampling
frequency. Then, the sampling intervals for the multiple periods is derived by dividing the multiple
period lengths (i.e., the sum of multiple consecutive Ny) by the value Ny;. In Table 1 a few examples
of sampling intervals and lengths N are shown to clarify the procedure. It is worth noting that the
length of sampled series should be at least 10° to ensure enough accuracy of the results.
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Table 1. Example of lengths and time horizon M for NASDAQ data (2018). The 2nd column
corresponds to the number of transactions over the horizon M. These lengths are used as a reference to
generate artificial series to allow a direct comparison between results obtained on real and artificial
data. The 3rd column corresponds to the sampled lengths used in the calculation of the cluster entropy.
The 4th and 5th columns correspond respectively to the raw and rounded time intervals obtained
dividing Ny by the series of shortest length Ny,.

M Num Nyt ts tg‘
1 586,866 586,866  1.0000 1
2 1,117,840 586,866 19048 1
3 1,704,706 586,866 29048 2
4 2,291,572 586,866 39048 3
5 2,906,384 586,866 49524 4
6 3,493,250 586,866 59524 5
7 4,069,315 586,866 69340 6
8 4,712,062 586,866 8.0292 8
9 5,243,029 586,866 89339 8

10 5,885,781 586,866 10.0292 10

11 6,461,845 586,866 11.0108 11

12 6,982,017 586,866 11.8971 11

2.3. Artificial Data

Artificial series have been generated by using Geometric Brownian Motion, Generalized
Autoregressive Conditional Heteroskedastic, Fractional Brownian Motion and Autoregressive
Fractionally Integrated Moving Average processes with same temporal structure corresponding to the
different horizons of the financial market data reported in [23]. Then the sampling method proceeds
analogously from the calculation of the sampling frequency. Such sampling method was applied to
series generated by artificial financial models to make sure that the information content would be
comparable to that of real-world financial series. In the remainder of this section, we recall the main
definitions for the afore mentioned processes.

2.3.1. Geometric Brownian Motion

The Geometric Brownian Motion is the basis of the Black-Scholes-Merton model used to price
options and is defined by the following difference equation:

dXt = y(t)Xtdt—l-D(t, Xt)(T(f)dBt, (11)

where y(t) indicates the level of return, o(t) the volatility and dB; is a simple Brownian motion.
Volatility is deterministic and constant and there are no jumps. Increments are independent on
previous states.

2.3.2. Autoregressive Conditional Heteroskedasticity Models

We perform simulations by using GARCH(1,1) of the broad family of the autoregressive
conditional heteroscedasticity (ARCH) models. It describes the variance of the current error term
or innovation as a function of previous values. The GARCH(1,1) model is defined by the following
relationships:

p(t) = Erap(t) = /0rer

0 =w—+ as%fl + Bor_1

where y(t) represents the return of an asset at time ¢, E;_q (j;) is the expected return at t — 1,0}
characterises the conditional volatility at time f, and ¢; is the innovation term at time ¢.
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2.3.3. Fractional Brownian Motion
The Fractional Brownian Motion is a long memory process introduced in [34]:

By (t) = By(0) + m </_0 ((t—s)H-12

[}

, (12)
— (—s)H1/2)4B(s) +/O (t—s)H-l/ZdB(s))

It is also referred to as a self-similar process. A stochastic process X, with t € R, is said to be
self-similar if there exist H > 0 such that for any scaling factor ¢ > 0,

Xet £ X, (13)

with H the Hurst exponent and (é) equivalence in distribution. Self-similar processes are stochastic
models where a scaling in time is equivalent, in term of distribution, to an appropriate scaling in space.
Moreover, if, for any k, the distribution of (X}, yc — X, 4c—1, - Xt 4c — thﬂ,l) does not depend on
¢, X is said to be self-similar with stationary increments. So, a Gaussian process By (t) is called a
Fractional Brownian Motion, if it satisfies: 1. By (t) is self-similar with 0 < H < 1; 2. By(t) has stationary
increments. When H = 0.5 a simple Brownian Motion with independent increments is recovered.
When 0 < H < 0.5 the Fractional Brownian Motion is said to be anti-persistent, which means that
increments tend to be opposite signed. Conversely, when 0.5 < H < 1 it s said to be persistent, which
means that increments tend to be equally signed.

2.3.4. Autoregressive Fractionally Integrated Moving Average

The Autoregressive Fractionally Integrated Moving Average (ARFIMA) is one of the most common
processes to model long-range correlated asset prices. The Autoregressive Fractionally Integrated
Moving Average process of order (p, d,q) with mean y, may be written, using the lag operator L, as:

(L)1~ L) (ye — ) = O(Ler, (14)
with ¢; i.i.d. and ~ (0,02). The autoregressive component of the process is represented by the factor:
D(L)=1—¢L—..—¢pL?, (15)
where the lag operator of order p shifts the value of y; back to p observations, so that one obtains:
P(L)yr = (1= 1L — . = §pLP)ys = yi = Prys-1 = - — PpYi—p- (16)
The moving average component of the process is represented by the factor:
O(L)es = (1 +61L+ ...+ 0,LT)er = € + 01641 + ... + 04614 - 17)
The fractionally differencing operator (1 — L) is defined as:

I(k—d)Lk

(1-L1)= n;o T(—d)T(k+1)

(18)

Note that the process is stationary only for —0.5 < d < 0.5. For d < |0.5| the ARFIMA process is
said to exhibit long memory.
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The power spectral representation f(A) of Fractional Brownian Motions and Autoregressive
Fractionally Integrated Moving Average Processes provides further details regarding their power law
behavior and the relation between the characteristic exponents. It is :

FA) ~ A7 (ARFIMA) (19)
F) ~ A2 (FBM)
yielding:
H=d+1/2. (20)

3. Results

In this section, the results of the application of the cluster entropy method to several FBM and
ARFIMA series are presented. The moving average cluster entropy can be implemented via the
MATLAB codes available at [35].

First, a set of benchmark values for the cluster entropy are obtained by implementing the algorithm
on Geometric Brownian Motion (GBM) and Generalized Autoregressive Conditional Heteroskedastic
(GARCH) series. Geometric Brownian Motion series are generated by means of the MATLAB tool
available at [36]. GBM series are analysed with parameters varying in the range 0 < u <1 x 107 and
5x107* < 0 <5 x 107°. GARCH series are generated by using the computational tool provided in
MATLAB [37]. Figure 1 reports cluster entropy and market dynamic index results obtained on GBM
and GARCH series. The GBM series are generated with the following parameters: = 1 x 1077 and
o =5 x 107%; the GARCH series are generated with the following parameters: &« = 0.475, = 0.1
and w = 0.1. Left and middle panels show cluster entropy curves for time horizons M = 1 and
M =12, i.e., corresponding respectively to one period (one month) and twelve periods (one year) of
data. Right panels show Market Dynamic Index I(M, n) for different horizons M and moving average
windows n. I(M, n) does not depend on the temporal horizon M both in GBM and GARCH series.

o

1(M,n)

1M,n)

50 100 150 50 100 150 ' FY 00 0 £
sl sl n

Figure 1. Cluster entropy results for Geometric Brownian Motion (GBM) and Generalized
Autoregressive Conditional Heteroskedastic (GARCH) series are reported respectively in the first
and in the second row. GBM series are generated with following parameters: y = 1 x 1077 and
o = 5x 10~%. GARCH series are generated with the following parameters: a = 0.475, § = 0.1 and
w = 0.1. Left and middle panels show cluster entropy curves for time horizons M = 1 and M = 12.
Right panels show Market Dynamic Index I(M, n) for different horizons M and moving average
windows n. I(M, n) is independent on M.
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Results of the cluster entropy approach applied to Fractional Brownian Motion (FBM) are reported
in Figure 2. The Fractional Brownian Motion series were generated by means of the FRACLAB tool
available at [38]. Several Fractional Brownian Motion series with Hurst exponent varying in the range
0.1 < H < 0.9 are analysed. Figure 2 shows the cluster entropy for time horizon M = 1 and M = 12
for FBM series with H = 0.3, H = 0.5and H = 0.8.

M
FBM L FBM
Hurst Exponent = 0.5
M=1

n

k. FBM

Hurst Exponent = 0.3 Hurst Exponent = 0.5 Hurst Exponent = 0.8

M=12 y M=12 M=12

50 100 150 ! 50 100 150 ! 50 100 150
7ls] 7lsl 7ls]

Figure 2. Cluster entropy results for Fractional Brownian Motion (FBM) series with H = 0.3, H = 0.5,
H = 0.8. First row shows results for time horizon M = 1 (approximately equivalent to the first month
(January 2018) of raw data for NASDAQ, S&P500, DIJA). The second row shows results for time
horizon M = 12 (approximately equivalent to twelve months of data in NASDAQ, S&P500, DIJA, i.e,
the whole 2018 year).

In general, cluster entropy calculated at different time horizons M presents a similar behavior.
On account of Equation (8), power-law correlated clusters with a smooth logarithmic increase of the
entropy for T < n can be expected. Conversely, for T > 7, the exponentially correlated decay sets the
entropy to increase linearly with the term 7/n dominating. However, a quite different behavior is
observed for different H. For H = 0.3 (anti-correlated FBM series), cluster entropy curves exhibit a very
limited dependence on the moving average window n over the range of investigated 7. For H = 0.5,
cluster entropy curves vary more significantly as the moving average window 7 changes. For H = 0.8,
cluster entropy curves vary even more remarkably by taking higher values for increasing n.

The dependence of the cluster entropy on temporal horizon M is reflected in the results of the
Market Dynamic Index I(M, n) plotted in Figure 3. The Market Dynamic Index I(M, n) is estimated
over several FBM series with different Hurst exponents H. For anticorrelated series 0 < H < 0.5,
I(M, n) curves overlap for all the moving average windows n and time horizons M. For positively
correlated series 0.5 < H < 0.9, I(M, n) exhibits slightly different values as a function of time horizons
M. It is worth-noting that the magnitude of the marginal increments in I(M, 1) at large n increases
as H increases for 0 < H < 0.5, reaches a maximum for H = 0.5 and then decreases again for
0.5 < H < 0.9. This effect is evident in the insets of Figure 3.
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Figure 3. Market Dynamic Index I(M, n) for Fractional Brownian Motion series with Hurst exponent
ranging from H = 0.2 to H = 0.9 respectively from (a) to (I).

The cluster entropy analysis is implemented on Autoregressive Fractionally Integrated Moving
Average (ARFIMA) series obtained by means of simulations for several combination of parameters [39].
The extent of investigated parameters are marked by alphabet labels in Table 2 for ARFIMA (1,d,1)
and in Table 3 for ARFIMA (3,d,2) and ARFIMA(1,d,3).
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Table 2. Full set of parameter range for the ARFIMA (1,d,1) processes simulated in this work.
Specifically, D is the fractal dimension, H is the Hurst exponent and d is the differencing parameter
(1st, 2nd and 3rd columns) which are related by Equation (20), ¢ is the autoregressive parameter (4th
column), and 6 is the moving average parameter (5th column). Label refers to each parameter set (6th
column). Specifically, cluster entropy results for the parameter sets: [al], [b1], [e1], [f1], [i1], [11] are plotted
in Figure 4 (M = 1) and Figure 5 (M = 12), while the Market Dynamic Index is plotted in Figure 6.

D H d ' 0 Label

0.20  0.90 al
0.90 0.20 bl

0.20 0.90 cl
090 0.20 d1

0.20 0.90 el
0.90 0.20 f1

020 090 gl
090 020  hi

0.20  0.90 il

145 0.55 0.05

140 0.60 0.10

135 0.65 0.15

1.30 0.70 0.20

00 gk
125 0.75 025
0.20 11
090 0.40 ml
0.85 nl

0.20 0.90 ol

120 0.80 0.30 090 020 pl

040  ql
030 085 11
1.02 098 048 oo 040 sl
Tooss ot

100

sl 7lsl

Figure 4. Cluster entropy results for horizon M = 1 for ARFIMA series with different combinations
of the differencing parameter d, autoregressive parameter ¢ and moving average parameter 6.
The differencing parameter takes values d = 0.05, d = 0.15, d = 0.25 with a different combinations of
autoregressive and moving average parameter. The full set of analysed values of d, ¢ and 6 is reported
in Table 2.
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7ls] i8] ? w
Figure 5. Cluster entropy results for horizon M = 12 on ARFIMA series with different combinations
of the differencing parameter d, autoregressive parameter ¢ and moving average parameter 6.
The differencing parameter takes values d = 0.05, d = 0.15 and d = 0.25 with a different combination

of autoregressive and moving average parameters. The full set of analysed values of d, ¢ and 6 is
reported in Table 2.

25 25,

IM.n)

Figure 6. Market Dynamic Index I(M,n) for ARFIMA series with different combinations of
the differencing parameter d, autoregressive parameter ¢, and moving average parameter 6.
The differencing parameter takes values d = 0.05, d = 0.15, d = 0.25, with a different combination of
autoregressive and moving average parameters. The full set of analysed values of d, ¢ and 6 is reported
in Table 2.
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Table 3. Full set of parameter range for ARFIMA (3,d,2) and ARFIMA(1,d,3) processes simulated in
this work. Specifically H is the Hurst exponent and d is the differencing parameter which are related
by Equation (20) (1st and 2nd columns); ¢;, ¢, and ¢3 are the autoregressive parameters (3rd, 4th and
5th columns); 67, 0, and 65 are the moving average parameters (6th, 7th and 8th columns). Label refers
to each parameter set (10th column). Specifically, cluster entropy results for the parameter sets: [a2],
[b2], [e2], [£2], [i2], [j2] are plotted in Figure 7 (M = 1) and Figure 8 (M = 12), while the Market Dynamic
Index is plotted in Figure 9.

D H d P11 P2 P3 01 02 03  Label

0.20 - - 090 090 0.90 a2
145055005 090 090 090 020 020 - b2
0.20 - - 090 090 0.90 2
140060 010 090 090 090 020 0.20 - d2
0.20 - - 090 090 0.90 e2
135065 015 090 090 090 020 0.20 - 2
0.20 - - 090 090 0.90 g2
130070 020 090 090 090 020 0.20 - h2
0.20 - - 090 090 0.90 i2
125075 025 090 090 090 020 020 - 2
0.20 - - 090 090 0.90 k2
1.20 080 030 040 0.16 - 090 081 0.73 12
090 090 090 020 0.20 - m2
115 085 035 0.20 - - 090 090 0.90 n2
1.02 098 048 040 0.16 - 090 0.81 0.73 02

[a2]

ARFIMA

6,202

0,209 0,209 0,09
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M=1
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Figure 7. Cluster entropy results for horizon M = 1 on ARFIMA series with different combinations of
the differencing parameter d, autoregressive parameter ¢1, ¢», and ¢3 and moving average parameter
601, 6 and 63. The differencing parameter takes values d = 0.05, d = 0.15, d = 0.25, with a different
combination of autoregressive and moving average parameters. The full set of analysed values of d, ¢
and 6 is reported in Table 3.
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2
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Figure 8. Cluster entropy results for horizon M = 12 on ARFIMA series with different combinations of
the differencing parameter d, autoregressive parameter ¢, ¢, and ¢3 and moving average parameter
601, 62 and 63. The differencing parameter takes values d = 0.05, d = 0.15 and d = 0.25, with a different
combination of autoregressive and moving average parameters. The full set of analysed values of d, ¢
and 6 is reported in Table 3.
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Figure 9. Market Dynamic Index I(M, n) for ARFIMA series with different combinations of the
differencing parameter d, autoregressive parameter ¢;, ¢», and ¢3 and moving average parameter 6,
6, and 63. The differencing parameter takes values d = 0.05, d = 0.15 and d = 0.25, with a different
combination of autoregressive and moving average parameters as reported in Table 3.

Cluster entropy results for ARFIMA (1,d,1), corresponding to parameters marked by alphabet
labels in Table 2, are shown in Figures 4 and 5. The corresponding market dynamic indexes I(M, n)
calculated by using the data of the cluster entropy results on ARFIMA (1,d,1) are shown in Figure 6.
Cluster entropy results on ARFIMA (3,d,2) and ARFIMA(1,d,3), corresponding to parameters marked
by alphabet labels in Table 3, are shown in Figures 7 and 8. Market Dynamic Index for series generated
by ARFIMA (3,d,2) and ARFIMA(1,d,3) processes are reported in Figure 9. With differencing parameter
0 < d < 0.2, Market Dynamic Index curves are n-invariant for small values of 7, but horizon
dependence emerges at larger n. When 0.2 < d < 0.5, Market Dynamic Index curves show a significant
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horizon dependence even at small . Therefore, according to the choice of the differencing parameter
d, series generated by ARFIMA processes can reproduce the effect shown by the cluster entropy in
real-world financial markets.

4. Discussion and Conclusions

The cluster entropy behavior described by Equation (8) has been replicated by simulations
performed on artificially generated series, with results reported in Section 3. Figures show cluster
entropy results for the following processes: Geometric Brownian Motion (Figure 1); Generalized
Autoregressive Conditional Heteroskedastic processes (Figure 1); Fractional Brownian Motion
(Figure 2); Autoregressive Fractionally Integrated Processes (Figures 4, 5, 7 and 8). The focus here
is limited to the results shown in Figures 2, 4, 5, 7 and 8 related to FBM and ARFIMA because they
are long-range dependent models relevant to the present analysis. The behavior of cluster entropy
curves is well represented by Equation (8), while deviations occur in extreme cases, as in the case of
ARFIMA(5,d,0) models generated by autoregressive parameters f; >~ 0.9, that are far away from those
observed in real markets. In general, power-law correlated clusters, characterized by length T < #,
determine the logarithmic behavior and the entropy term log T, regardless of the moving average
window value 7. On the other hand, exponentially correlated clusters, characterized by length T > n,
are related to the linear behavior prescribed by the excess entropy term 7/n, which depends on the
moving average window 7.

Cumulative measures are useful to summarize key information in a single figure. Thus, the Market
Dynamic Index I(M, ) is deduced from the cluster entropy results by means of Equation (10). I(M, n)
gathers the information present in the FBM series at different time horizons M and moving average
windows 1 as shown in Figure 3. The Market Dynamic Index I(M, n) replicates the characteristic
behaviour observed in real world financial markets [23] when estimated in long-range positively
correlated sequences. Conversely, one can note that the Market Dynamic Index I(M, n) for Fractional
Brownian processes with Hurst exponent 0 < H < 0.5 (anticorrelated FBMs) does not present any
horizon dependence. Conversely, Fractional Brownian Motion series with 0.5 < H < 1 (positively
correlated FBMs) do show horizon dependence. However, as it will be discussed below, Fractional
Brownian Motion series fail to fully reproduce the financial markets behavior.

In the case of the ARFIMA processes, a significant horizon dependence emerges, as observed
in the Market Dynamic Index curves plotted in Figures 6 and 9. Thus, cluster entropy for ARFIMA
processes exhibits horizon dependence as observed in real world financial markets. The extent of long
range dependence and its microscopic origin are consistent with findings of previous studies [27,28].

To further validate the findings, statistical significance has been checked by using the T-paired test
of the null hypothesis hg that the cluster entropy values obtained by ARFIMA simulations come from
distributions with equal mean, variance and probability p as the simple Brownian Motion (H = 0.5),
assumed as benchmark. The results of T-paired test are reported in Table 4 (for the sake of comparison
the results of the T-paired test performed on NASDAQ, DJIA and S&P500 markets in Table 5 [23] are
also included here).

A qualitative comparison between Tables 4 and 5 suggests an overall similarity between ARFIMA
and real world markets behaviour. In particular, p values in column [f1] are quite close to those of the
S&P500 suggesting a correlation degree with Hurst exponent H ~ 0.65 and differencing parameter
d ~ 0.15 for S&P500. Probability values p in column [e2] are also close to S&P500, confirming the value
H ~ 0.65 and d ~ 0.15. The probability values for DJIA are better approximated by the set of ARFIMA
parameters in column [b1] and column [a2] suggesting lower values of the correlation exponents: H ~ 0.55
and d ~ 0.05. The lower values of the probability p indicate a more complex behavior of the NASDAQ
with stronger deviation from the fully uncorrelated Brownian motion. By looking at Table 4, one can
relate the NASDAQ behaviour to higher values of the long-range parameters of the ARFIMA model.
In particular, the NASDAQ probability values become closer to parameter sets [i2] and [1n2] corresponding
to higher correlation degrees and correlation exponents around H ~ 0.75 and d ~ 0.25. The different
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horizon dependence of NASDAQ and DJIA, where the former is a diversified stock market with a high
degree of heterogeneity and the latter is an index representative of a chosen set of industrial stocks,
is consistent with the ability of the cluster entropy index to quantify market heterogeneity.

Table 4. Probability p to reject the null hypothesis that the cluster entropy values for the ARFIMA
processes at varying horizons M, have same mean and variance of the Fractional Brownian Motion
with H = 0.5. The probability p has been estimated by standard T-paired test. First column reports the
temporal horizon M. The other columns refers to parameter sets [b1], [f1], [I1], [a2], [e2], [i2], [n2], [02]
of Tables 2 and 3.

M [b1] [f1] [1] [a2] [e2] [i2] [n2] [02]

0.9597 0.7938 0.6013 0.8519 0.6779 0.4956 0.3542 0.2314
0.9863 0.8429 0.6985 0.9293 0.7883 0.6566 0.5414 0.4304
0.9820 0.8789 0.7743  0.938 0.8346 0.7362 0.6468 0.5576
0.9848 0.8922 0.8031 0.956 0.8689 0.7827 0.7147 0.6380
0.9878 0.9062 0.8325 0.9608 0.8809 0.8102 0.7528 0.6911
0.9940 09197 0.8517 09724 09043 0.8417 0.7840 0.7322
0.9785 0.9186 0.8633 0.9617 0.9038 0.8521 0.8036 0.7614
0.9930 0.9321 0.8775 0.9762 0.9229 0.8710 0.8333 0.7931
0.9867 0.9370 0.8890 0.9737 0.9273 0.8809 0.8438 0.8100
0.9813 0.9333 0.8952 0.9710 0.9261 0.8880 0.8533 0.8195
09816 09436 09011 09749 09326 0.8965 0.8643 0.8342
0.9853 0.9451 0.9072 0.9741 0.9353 0.9019 0.8764 0.8508

i =N-RCCREN (e N B Ol S

Table 5. Probability p to reject the null hypothesis that the cluster entropy values for the NASDAQ,
DJIA and S&P500 at varying horizons M have same mean and variance of the Fractional Brownian
Motion with H = 0.5. First column reports the temporal horizon M. The probability p has been
estimated by standard T-paired test [23].

M NASDAQ S&P500 DJIA

1 0.5154 0.7399  0.8892
2 0.6026 0.8335  0.9257
3 0.6470 0.8588  0.9332
4 0.6631 0.8814  0.9283
5 0.6823 0.9018  0.9417
6 0.7124 0.9246  0.9534
7 0.7162 0.9224  0.9461
8 0.7288 0.9309  0.9618
9 0.7370 0.9479  0.9645

The cluster entropy behavior appears deeply related to positive persistence and long-range
correlation. In real-world financial series, horizon dependence deviates from the behaviour of fully
uncorrelated series. The Market Dynamic Index, obtained via the integration of the cluster entropy
curves, provides this feature in a cumulative, thus more robust, form. In conclusion, contrary to
the assumptions of the traditional financial market theories, the hypothesis of efficient markets and
rational investor behavior do not hold on account of the horizon dependence of the cluster entropy.
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Abstract: We investigate the effects of the recent financial turbulence of 2020 on the market of
cryptocurrencies taking into account the hourly price and volume of transactions from December
2019 to April 2020. The data were subdivided into time frames and analyzed the directed network
generated by the estimation of the multivariate transfer entropy. The approach followed here is based
on a greedy algorithm and multiple hypothesis testing. Then, we explored the clustering coefficient
and the degree distributions of nodes for each subperiod. It is found the clustering coefficient
increases dramatically in March and coincides with the most severe fall of the recent worldwide stock
markets crash. Further, the log-likelihood in all cases bent over a power law distribution, with a
higher estimated power during the period of major financial contraction. Our results suggest the
financial turbulence induce a higher flow of information on the cryptocurrency market in the sense of
a higher clustering coefficient and complexity of the network. Hence, the complex properties of the
multivariate transfer entropy network may provide early warning signals of increasing systematic
risk in turbulence times of the cryptocurrency markets.

Keywords: cryptocurrencies; multivariate transfer entropy; complex networks

1. Introduction

Cryptocurrencies are new financial instruments based on the technology of blockchains. A coin is
defined as a chain of digital signatures. In Bitcoin, each owner transfers the coin by digitally signing
a hash of the previous transaction and the public key of the next owner, adding them to the end of
the coin [1]. A cryptocurrency exchange platform is a website on which we can buy and sell coins
for other digital currency or trust money. Depending on the exchange, they can operate as a stock
exchange or as a currency exchange house, which is very effective and safe for users. The easy access
of this market through more than 22,000 projects operating within the industry, exchanges with low
fees of transactions, more than 5000 virtual coins worldwide, and a daily trade volume of nearly
174 Dbillion dollars have done cryptocurrencies a very attractive instrument of investment for the
general population [2].

The interactions of cryptocurrencies are not always identical among all variables, in other
words, the variables influence each other with different magnitude. Thus, it is necessary to study
the asymmetric dependence structure to understand such interactions. The common measures
to estimate dependencies, i.e., linear cross-correlation, cross-spectra, and mutual information;
share the characteristic to be symmetric in nature. The usual approach to understanding asymmetric
dependencies is through the parametric approach of copulas [3]. Nevertheless, we are interested in
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an approach from the point of view of information theory in order to take into account the concept
of causality. Even though there exist also attempts to model causality via copula-based methods [4],
the information approach works on the broadest sense of free modeling.

The most popular measures of asymmetric dependencies in information theory are related
to conditional information or Transfer entropy (TE) based on the concept of Shannon entropy [5].
This quantity was introduced originally with the purpose to quantify the statistical coherence between
systems evolving in time [6]. Since then transfer entropy has been used to solve problems of different
nature. It has been effective in the study of the neuronal cortex of the brain [7], statistical physics [8],
dynamical systems [9], given a thermodynamic interpretation in [10].

In applications to econometrics, transfer entropy can be regarded as a nonlinear generalization of
the Granger causality test [11]. There exists a series of results [11-13] that state an exact equivalence
between the Granger causality and TE statistics for various approaches and assumptions on the
data generating processes, which make it possible to construct TE as a non-parametric test of pure
Granger causality. In a previous study [14], we compared a synthetic linear and non-linear models,
and an empirical data set of cryptocurrencies, where is highlighted the advantage of the symbolic
estimation of TE over traditional Granger causality test. Moreover, in [15] the multivariate version of
symbolic transfer entropy has been tested, the authors show that it can be applicable to non-stationary
time series in mean and variance and is even unaffected by the existence of outliers and vector
autoregressive filtering.

Despite this characteristic, the main deficiency of the general TE as a measure of causality is the
possibility of spurious causalities due to indirect influences or common drivers. To explain this point
consider the processes X, Y, and Z; if a causal interaction is given by X — Y — Z, a bivariate analysis
would give a significant link between X and Z that is detected as being only indirect in a multivariate
analysis [16]. An approach to overcome this issue is proposed in [17] by inferring an effective network
structure given multivariate interactions using a greedy algorithm. The authors of [18] improved the
methodology by adding a preliminary step to prune the set of sources and implementing a series
of rigorous statistical tests to decrease the type I and II errors emerged in the multiple comparisons
involved on the computations of multivariate transfer entropy. The approach of these studies employs
conditional and collective forms of multivariate transfer entropy [19,20].

On the other hand, complex system theory has a long tradition between physicists. The emergence
of regularities have been observed in different systems and theories, such as convection, turbulence,
phase transition, nonlinear dynamics, renormalization theory, among other fields of physics [21].
However, there is no strict mathematical definition of what complexity is, rather it is characterized
according to the properties presented in the particular system. These properties are commonly referred
as scale invariance, self-organized criticality, hierarchical structure, coexistence of collective effects and
noise, variability and adaptability, and highly optimized tolerance [22].

Network representation has become a common approach to represent interactions between
elements in complex systems. This tool allows characterizing the properties of different phenomenan
in a common framework. Graph theory has become an essential piece to the understanding of
the structure and behavior of these systems. Based on it has been possible to discover emerging
properties having fundamental implications on different areas of knowledge [23]. The representation
of the financial markets through networks and the study of their complex structure draw attention in
physics since the seminal work [24]. There, it is introduced the ultrametric distance and the Minimum
Spanning Tree (MST) to characterize the correlations between the stocks used to compute the Dow
Jones Industrial Average (DJIA) index, and the portfolio of stocks used to compute the Standard and
Poor’s 500 (S&P 500). Also, in [25] it is extended the methodology to study a portfolio of equities at
different time horizons, as well as the MST structure of volatilities comparing the network’s topological
properties of real and artificial markets.

Subsequently, a series of works have emerged that describes an analogy between the foreign
exchange market (or Forex) and the cryptocurrency market, using as a framework the tools that
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characterize complex networks. To begin with, the work done on [26] studied a large collection of daily
time series for world currencies” exchange rates through MST methodology. They find an autoscaling
behavior in the degree distribution of the network, and demonstrate the existence of a hierarchical
structure in the currency markets by developing an analytical model. In the simultaneous works [27,28]
the authors show that the structure of the Forex network depends on the base currency. In addition,
they found the network is not stable in time, noting the USD node gradually loses its centrality,
while the EUR node starts turning more central during the study period. In relation to cryptocurrencies,
the study [29] analyzes the return distribution, volatility autocorrelation, Hurst exponents, and the
effects of multiscaling for the Bitcoin market. There, the authors find that this market show signs of
maturity during the last months of the analysis, whose characteristics resemble the complex properties
of the Forex market. The analysis done in [30], found further evidence of the shared features of Forex
and Cryptocurrency markets at high-frequency rate. Besides, it is pointing out the BTC/ETH and
EUR/USD exchange rates do not show any significant relationships. Thus, they hypothesize both
markets start decoupling. The same authors extend their study to 100 cryptocurrencies, introducing the
collective analysis of random matrices [31]. They found that the level of collectivity depends on which
cryptocurrency is used as the exchange rate. Moreover, it is detected that the USD begins to disconnect
from the network and resemble a fictitious currency, which may imply the cryptocurrencies” autonomy.
Last, the work of [32] studies the relationship between both markets from a more econometric
perspective, where it is explained the importance of diversifying between them.

The previous results pave the way to carry out extensive studies on cryptocurrencies without
having to link them to the forex markets, despite the fact both markets share several similarities. In this
spirit we are interested to study the complexity properties that emerge in the induced network by
multivariate entropy transfer when considering the price and volume of transaction. In this sense,
we are seeking to characterize their asymmetric interactions by applying a series of statistical tests with
the intention of considering only significant connections. To the aim of bias reduction, we are looking
for multivariate rather than bivariate approach. Likewise, it is desired to describe the turbulence
observed during March 2020 by interpreting the temporal behavior of the directed interactions via
the complex network’s artifacts. In this regard, the turmoil of cryptocurrencies has been analyzed
in [33] from the concept of bull and bear market. The authors study the three largest cryptocurrencies
of Bitcoin, Ethereum, and Litecoin through the technique of Detrended Fluctuation Analysis (DFA)
analyzing the Hurst exponent over a different time windows. They find that during the bull period the
market is efficient, whereas in bear times it is inefficient.

Furthermore, there exist literature discussing the spillover effect and systematic risk among the
cryptocurrency markets. In [34] it is found that the structural breaks are universally present in seven of
the largest cryptocurrencies, whereas it is spreads from the smallest to the largest currencies, in order
of capitalization. This finding is done by implementing the Granger causality test, as well as a test for
the ARCH and the Dynamic Conditional Correlation MGARCH to the selected coins. Furthermore,
the work [35] show evidence that Ethereum is likely to be the independent coin in the cryptocurrency
markets, while Bitcoin tends to be the spillover effect recipient. There, the author modeled the system
by variants of the Vector Autoregressive Model (VAR), and using jointly distributed Student’s-t copulas
to measure the risk contagion among cryptocurrencies. Moreover, the study [36] found a risk contagion
effect between cryptocurrencies when applying a copula approach. There, it is suggested to perform
portfolio diversification to avoid this phenomenon.

On the perspective of transfer entropy, the study of Sandoval [37] uses the information measure to
characterize the contagion of institutions in times of crisis. He identifies the companies most vulnerable
to be contagious on countries that have suffered sovereign default. A recent study in similar direction
is [38], where transfer entropy is estimated by discretizing the return time series into positive and
negative values and validated by resampling. The researchers constructed an indicator to measure the
systematic risk on the stock market and real state data. They observed the networks manifest strongly
connectivity around periods of high volatility around the crash of 2008. Further, the authors of [39]
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apply the Rényi Transfer Entropy to investigate the interactions between the crude oil markets and the
cryptocurrency markets. Their results suggest that the macroscopic economic value of the US crude oil
has an contagion effect on the cryptocurrency markets.

In this study, we analyze the cryptocurrency network induced by the estimation of the multivariate
transfer entropy as proposed in [18]. We are especially interested to understand the effects of the
financial turbulence of 2020 on the market of cryptocurrencies taking into account the price and
volume of transactions as a variable of interest. To obtain deeper insights about the structure of the
induced network we quantify the clustering coefficient and estimate the degree distributions of nodes,
which are two standard tools from complex networks [40]. Our work follows the line of thought of
the literature discussed above, specifically in the sense of studying the systematic risk and contagion
between the currencies through the transfer entropy when the cryptocurrency market is in a turbulent
situation. Likewise, the March 2020 turmoil is explored with network theory’s tools, which have had a
fundamental role in the econophysics interpretation of the complex systems that emerge in finance.

However, our work is distinguished in combining a series of elements that give rise to ask
and exploring the following questions, which as far as we know have not yet been discussed in the
literature: Do the directed networks associated to the multivariate transfer entropy of volume and
price of cryptocurrencies present complex properties? Is it possible to characterize and in some sense to
anticipate the turmoils on the cryptocurrency markets through the properties of the network induced
by the multivariate transfer entropy? Can the clustering coefficients of these networks play the role
of an early indicator of turbulence in these markets? Is there self-similarity in the induced networks,
and if so, how do we interpret this characteristic in turbulent times?

We hypothesize the complex properties of the multivariate transfer entropy network may provide
early warning signals of increasing systematic risk. This is inferring through evidence found during the
turbulence of March 2020 for the induced directed networks by the multivariate information measure
of the hourly volume and price of 146 coins from December 2019 to April 2020. We hope, these results
may help the practitioners who venture to invest in this risky class of financial instruments to have
further quantitative tools to assess systematic risk during times of turbulence.

The next Section 2 describes the data under study. Section 3 presents the greedy algorithm and
the series of statistical tests involved in the computation of multivariate transfer entropy, as well as
preliminary results. In Section 4 the network dynamics characterized by the clustering coefficient and
power law fitness are analyzed in the context of the generated network of cryptocurrencies. Finally,
Section 5 highlights the implications of the results and future work is proposed.

2. Data

We consider the price and volume in dollars of p = 146 cryptocurrencies, which are obtained
using the API of CoinMarketCap [2] for the period from 00:00 2019-12-01 to 00:00 2020-04-05, at an
hourly frequency, resulting in a total of n = 3025 observations (see Supplementary Material). The data
acquisition and preprocessing strategy consisted in creating a database on a remote Linux server and
automatically make calls to the CoinMarketCap API (in UTC time) to request the price and volume of
the first 200 coins in order of capitalization on the day the database was built, i.e., on the 9th November
2019. The frequency and number of currencies were chosen in such a way that it did not exceed the
number of requests or credits allowed by the APIL The intention was to fulfill the commitment to have
the maximum number of coins at the highest possible frequency. The cryptocurrencies are selected
under the condition of having each less of 1% of missing values in volume and price during the
trading period. In case of no record, a spline interpolation of order three was used to fill the time series
gaps. Thus, our set of variables dropped to the reduced variables stated above (p = 146). In addition,
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we transformed the 2p time series into price-returns r,((p rice) (t), and volume-returns r,ﬁwmme) (t) by

computing the logarithmic difference of consecutive observations

A (1) = log(se(t)) — log(sk(t 1)) @
}’]({mlume)(t) _ log(vk(t)) — log(vk(t = 1)) 2)

wherek =1,...,p;t =1,...,n; and si(t), vi(t) stands for the price and volume of cryptocurrency k at
time t, respectively. In this way, we deal only with the stochastic part of the time series.

Even though the general approximation of the transfer entropy is non-parametric, we are going to
use a Gaussian estimator for the conditional distributions as will be explained in the next section. Then,
it is necessary to ensure that the data is stationary. For this purpose, it is a usual practice to take as an
input the logarithmic returns to satisfy this requirement. Another approach is not to use excessively
long time series, even though it may create a compromise between the bias of the transfer entropy
estimator and stationarity. In this study, in addition to using moderately long log-returns time series,
we have verified stationarity using the augmented Dickey-Fuller test [41] and the Phillips-Perron
test [42]. In both tests it has been obtained a p-value less than 0.001 for all the 2p time series considered.
Therefore, it is confirmed no evidence of a unit root in any variable.

Further, it is known that the distribution of financial and cryptocurrency data change according
to the resolution that we observe them [43—45]. In this sense, it is important to keep in mind the
implications of our results are only valid for hourly observations. Our interest in this frequency
lies in the high volume of transactions that take place intra-day on the market of cryptocurrencies.
However, we did not want to go to higher frequencies (minutes) due to two situations. The first is
that volatility increases and it is more difficult to justify stationarity. Second, the justification for using
a Gaussian estimator to calculate the entropy transfer would be invalided because the distribution
of the logarithmic returns increases its kurtosis and their distribution start resembles one of the Levy
family [45]. On the other hand, we are interested to delimit our work for the period of time just before
the pandemic effects take place. Consequently, we have the limitation of having not too many days
of transactions around this event, so the sample would not be large enough to obtain an unbiased
estimation of multivariate transfer entropy if used daily time series.

Finally, it is important to mention that we are working with non-traded prices. Coinmarketcap
is known as a coin-ranking service because they rank both coins and exchanges by trading volume
and market capitalization to weight their cryptocurrencies data. The specific strategy followed by
CoinMarketCap can be found in [46]. This type of information would represent a problem if we
were interested in proposing an optimal portfolio, hedging strategies, or trading applications, as is
properly warned in [47]. Nonetheless, it is not the goal of this study, we are interested in the weighted
information provided by CoinMarketCap, since it estimates the formation of prices considering
important features of the cryptocurrency data and selected exchanges. The last is more in tune with
the vision of complex systems. In other words, the objective of our study is in essence explanatory
rather than predictive. Notwithstanding, it should be kept in mind the results are conditioned to the
way in which CoinMarketCap weighted the information.

3. Multivariate Transfer Entropy

The Transfer Entropy (TE) from a process X to a process Y measures the amount of uncertainty
reduced in future values of X by knowing the past states of Y and X itself. In other words,
transfer Entropy (TE) quantifies the amount of information that the past of a source process X
provides about the current value of a target process Y = y;, considering the context of Y’s own
past. In a multivariate setting, a set of sources X;,i =1, ..., M is provided. The multivariate Transfer
Entropy (mTE) from X; to Y can be defined as the information that the past of X; provides about Y =y,
in the context of both Y’s past and all the other relevant sources in X. The main challenge is to define
and identify the relevant sources. In principle, the mTE from X; to Y is computed by conditioning on
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all the other sources in the network, i.e., X \ X;. However, in practice, the sizes of the conditioning set
must be reduced in order to avoid the curse of dimensionality. The idea is to restrict the conditioning
set by finding and including the sources that participate with X; in reducing the uncertainty about
Y = y;, in the context of Y’s own past. The set of relevant sources will be denoted as Z [48].

In order to infer Z from X it is followed the greedy algorithm approach suggested by [17,18],
where Z is built iteratively by maximizing the conditional mutual information (CMI) criterion. As a first
step, a set of candidate variables ¢ € C is defined from the past values of X; then, Z is built including
iteratively the candidate variables c¢ that provides statistically significant maximum information
about the current value Y = y;, conditioned on all the variables that have already been selected.
More formally, at each iteration, the algorithm selects the past variable ¢ € C that maximizes the
conditional mutual information I(c, y;|Z) at significance level & of a maximum information test. The set
of selected variables forms a multivariate, non-uniform embedding of X [49] (See Appendix A).

The implemented greedy algorithm operates in several steps. First, Z is initialized as an empty
set and is considered the candidate sets for Y’s past Cy and X’s past Cx. Second, variables from Cy
are selected. To this end, for each candidate, ¢ € Cy, it is estimated the information contribution to
Y =y as I(c,y¢|Z). Next, it is found the candidate with maximum information contribution, c*, and is
performed a significance test; if it is found significant, must be added c* to Z and remove it from Cy.
In addition, the maximum statistic (see Appendix B.1) is used to test for significance while controlling
the Family-Wise Error Rate (FWER). Then, the algorithm stops if I(c*, y¢|Z) is not significant or Cy is
empty. Third, variables are selected from X’s past states, i.e., iteratively candidates in Cx are tested
following the procedure described before. Fourth, redundant variables in Z are tested and removed
using the minimum statistic (see Appendix B.2). The minimum statistic computes the conditional
mutual information between every selected variable in Z and the current value, conditional on all
the remaining variables in Z. This test is performed to ensure that the variables included in the
early steps of the iteration still provide a significant information contribution in the context of the
final parent set Z [17]. Fifth, the omnibus test is performed (see Appendix B.3) to test the collective
information transfer from all the relevant source variables to the target I(Zx,y:|Zy). The resulting
omnibus p-value is later used for the correction of the FWER at the network level. If the omnibus test
is significant, a sequential maximum statistic is performed on each selected variable z € Z to obtain
the final information contribution and p-value for each variable.

The mTE between a single source X; and target Y’ can be computed from the inferred non-uniform
embedding Z. To this end, it is collected from Z all of X;’s selected past variables, X;, and calculated the
mTE as I(X;;y:|Z \ X;). Note that time lag between X;’s selected past variables and the current value
at time t indicates the information-transfer delay [50]. The delay can be estimated as the lag of the
past variable which provides the maximum individual information contribution, where the maximum
contribution is indicated either by the maximum raw TE estimate or by the minimum p-value over all
variables from the source. Finally, the algorithm must be repeated for every node (or variable) in the
network (see [18] for an extensive description of the mTE algorithm and hypothesis testing).

mTE Network of Cryptocurrencies

We consider each time series of price-returns and volume-returns of cryptocurrencies to be a
stochastic process in order to detect the causal relations between the variables. The procedure is to fix
the target variable Y = X;, the source set as X \ X;, and apply the mTE algorithm [48] described above
for each time series i = 1,...,2p, where the first p variables represent the price-returns and the last p
variables the volume-returns, where p = 146 as described in the data section. The intention is to detect
if the causal relations of price-returns and volume-returns bring clues to understand the dynamic of
cryptocurrency market in times of turbulence. Hence, we design a temporal analysis of time windows
of 21 days, sliding by seven days, and using an overlapping of 14 days. Under this procedure, it is
obtained k = 16 time windows, the first from the 01:00 of 2019-12-01 to 00:00 of 2019-12-22, and the last
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from 01:00 of 2020-03-15 to 00:00 of 2020-04-05. Thus, each data frame contain g = 504 observations of
hourly price-returns and volume-returns, i.e., having dimensions g x 2p.

It is of primary importance to estimate the CMI, represented above as I(X;, y¢|Z \ X;), in order
to quantify mTE, wherei = 1,...,2p. We estimate CMI under the assumption that price-returns and
volume-returns follow a jointly Gaussian continuous distribution, which is equivalent to assume a
linear causal dependency as proposed by Granger [51]. The value added to the original Granger
causality test is the use of a multivariate framework to test statistically significant causal relations
conditioned to other variables, while the original test only measures bivariate dependencies. We chose
Gaussian estimator over a more realistic distribution approach due to the dimension settings as well
as the sliding windows turn the computational complexity excessively time demanding. Nevertheless,
the results assuming linear dependencies are worthwhile to mention due to the capacity of mTE to
detect conditional interactions.

Figure 1 shows the resulting networks for the mTE analysis of cryptocurrencies described above
using the Gaussian estimator. Here we set the number of permutations for the surrogate distribution
used in the statistical tests (maximum, minimum, and omnibus) to 500, and a significance level of
0.05. The alphabetic order of the subfigures represents the temporal order of the time window
of each experiment. Thus, for example, the subfigure (a) shows the results for the time frame
2019-12-01-2019-12-22, the subfigure (b) for 2019-12-08-2019-12-29, and so on. The graph visualization
is made using the Kamada-Kawai algorithm [52], where each variable is represented as a node. We
have discriminated the price and volume variables separating their corresponding nodes by a fixed
distance to the upper right if it corresponds to a price-return node, and to the lower left if it corresponds
to a volume-return node. In addition, the price nodes are colored in green, while the volume ones in
red. The directed edges represent true causal relations under the mTE methodology, where we have
tested for one to three lags, and as a result, it is obtained a binary adjacency matrix A. This matrix has
elements A;; = 1 if there exit a statistically significant causal relation in this range of lags, and A;; = 0
on the contrary, where 7,j = 1,...,2p. Finally, the size of each node is drawn according to its clustering
coefficient, which is described in the next section. However, here it is already noting the increasing
size of the green nodes for the cases (m)—(0), which correspond to the subnetwork of price-returns for
the time windows ending at 2020-03-15, 2020-03-22, and 2020-03-29, respectively.
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(m) (n) (0) (»)

Figure 1. Network representation of mTE results for cryptocurrency variables. The green nodes
represent price-return variables, while the red nodes represent volume-return variables. The subfigures
(a—p) show the directed network results for the time window under study. The subfigures are arranged
in temporal order from top-left to right-bottom.

4. Complexity Behavior

In this section, we describe and quantify for the data sets under study two essential quantities
in complex network theory: clustering coefficient and degree distribution. The former in order to
measure cliques or connectivity and the latter to estimate the scale-free property of the network.

4.1. Clustering Coefficient

The tendency of a network to form tightly connected neighborhoods, more than in the random
uncorrelated case, can be measured by the clustering coefficient (CC) [53]. Consider a network
described by the graph G = (V, A), where V is the number of nodes, and A = {a;;} is the V x V
adjacency matrix. The orientation of edges or arrows in directed networks turn the adjacency matrix to
be non-symmetrical in general. In a binary directed networks, as are the induced networks by mTE,
the node out-degree k! is the number of edges pointing out from the node i, while the node in-degree
ki’ is the number of edges pointing towards the node i. Formally

KM =Y = (A)il ®)
K" = Yjiai = (A)i, @)
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where A’ is the transpose of A, (A); is the ith row of A, and 1 represents the column vector (1,1,...,1)’

of dimension V. Similarly, the total degree k°' of node i is the sum of its in-degree and out-degree
kfor = kin + k?w = (A/ + A)ll (5)

Further, assuming that no self-interactions are present, the bilateral edges k;” between i and its
neighbors are counted as
k;_> = Zal‘]‘a]',‘ = AIZ7 (6)
j#i
The usual approach to quantify the clustering coefficient of node 7 is by measuring the ratio of the
number of triangles in the graph G with i as one vertex over the number of all possible triangles
that 7 could form. In the directed graph case, the clustering coefficient C; for node i can be explicitly
computed by the expression [54]

(A+ AN

C = ,
P20kl (ktof — 1) — 2k§7]

@)

and the overall clustering coefficient C for the directed graph G is obtained by C = v-1 Z,V:1 C;,
where C € [0,1].

Figure 2a shows the overall clustering coefficient as a function of time for the networks
associated with each time window of the data set. The black dotted line are the results for the
whole networks (i.e., volume-return and price-return nodes), whereas the blue and green dotted lines
represent the results for the price-return and volume-return nodes, respectively. It is remarkable
the peak in the clustering coefficient for the time window ending at 2020-03-15, especially in the
price-return subnetwork and in less amount for the whole network.

In order to gain insight that leads us to a better understanding of this behavior, it is superposed
the market capitalization at the end of the time window of each experiment. Thus, Figure 2b shows the
average market capitalization in dollars, taking into account the observed values of each cryptocurrency
of the data set. It is worth noting the coincidence of the fall in the average of market capitalization
with the increase of the overall clustering coefficient for the whole and price-returns networks at date
2020-03-15. This abrupt change in both behaviors is situated at the period of most severe contraction
of the global stock markets due to the recent COVID-19 worldwide pandemic. These results suggest
that the financial turbulence induce a higher flow of information to the cryptocurrency market on
its price-returns features and as a consequence the overall clustering coefficient increase. In the next
subsection is analyzed the degree distribution of the networks with the intention to sustain this
hypothesis from another angle.
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Figure 2. (a) Overall clustering coefficient as a function of time. Black dotted lines show the results for
the whole networks, blue and green dotted lines show results for the price-return and volume-return

nodes, respectively. (b) Market capitalization averaged over the cryptocurrencies under study at the
end of the time window. The units in the y-axis are measured in hundred million dollars.

4.2. Power Law

Power laws are probability distributions with the form p(x) o x~%, which have the characteristic
of being heavy-tailed. This feature may be so extreme that standard deviation only can be defined if
« < 3, or the mean if @ < 2. Phenomena following a power law distribution are known as scale-free
systems because all values are expected to occur, without a characteristic size or scale. These kinds of
distributions have been identified throughout nature, including physics and finance [44,55-57] to cite

some relevant examples in the context of this work.

We use the powerlaw library [58] to fit a power law to a degree, in-degree, and out-degree
distributions for the induced graph by the mTE flow of information of each time window under study.
The results are shown in Figure 3 for the whole network, as well as the price-returns and volume-returns
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subgraphs, where the vertical lines represent the standard deviation of the adjustments. Also, it is
plotted the p-value of fitness using the log-likelihood ratio test, wherein all cases the null hypothesis

assumes the distributions are characterized by an exponential function. Tables 1-3 show the numerical
results associated to Figure 3.
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Figure 3. The Behavior of the mTE network structure through time. (a,b) show the dynamic of the
estimated power a and corresponding p-value for the degree distribution. (c,d) show the dynamic
of the estimated power a and corresponding p-value for the in-degree distribution. (ef) show the
dynamic of the estimated power a and corresponding p-value for the out-degree distribution. In all
cases, the black line represents the results for the whole network, the blue line for the price-returns
subgraph, and the green line for the volume-returns subgraph. The red straight line is the significance
threshold of 0.05 and the vertical lines centered at each point represents the standard deviations.
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Table 1. Degree distribution estimation.

Date « (Whole) p-Value « (Price) p-Value « (Volume) p-Value

2019-12-22 3.738 0.5464 5.9778 0.0006 3.3814 0.1268
2019-12-29 6.8615 0.0314 5.1602 0.0006 4.7913 0.5496
2020-01-05 3.7785 0.0011 8.9531 0.1303 3.8275 0.026
2020-01-12 4.9396 0.0085 4.9325 0.0057 6.619 0.0423
2020-01-19 3.6251 0.0057 3.0092 0.2377 5.603 0.3073
2020-01-26 3.4424 0.0081 4.031 0.1531 4.4695 0.0732
2020-02-02 4.4084 0.424 3.3453 0.075 4.0688 0.0401
2020-02-09 5.5648 0.2106 4.6502 0.2502 6.0909 0.0094
2020-02-16 3.8022 0.0759 3.9331 0.1972 4.5331 0.0938
2020-02-23 4.4157 0.0128 7.455 0.1146 7.3266 0.0924
2020-03-01 3.8864 0.3795 13.5086 0.052 5.9385 0.0754
2020-03-08 4.1438 0.0036 3.9098 0.0005 3.3258 0.0334
2020-03-15 2.9365 0.0096 2.6145 0.2548 5.7256 0.0212
2020-03-22 3.1472 0 2.8274 0.0004 4.9333 0.0764
2020-03-29 3.0356 0.0267 2.9792 0.0006 5.0786 0.0313
2020-04-05 3.9247 0.0041 4.1092 0.0255 5.2757 0.0193

Table 2. In-degree distribution estimation.

Date « (Whole) p-Value « (Price) p-Value « (Volume) p-Value

2019-12-22 4.5806 0.0002  23.1967 0.0001 4.8769 0
2019-12-29 5.2993 0.1479 11.592 0.0001 5.076 0.0002
2020-01-05 5.4633 0.0009 6.4081 0 7.1131 0.0132
2020-01-12 4.9525 0.0029 8.9783 0.0203 6.1964 0.0015
2020-01-19 28.4241 0.0029 3.4932 0 9.3489 0.0117
2020-01-26 18.3479 0.0222 14.7033 0.0042 10.2065 0.0141
2020-02-02 33.9089 0.025 11.0187 0.0498 14.9042 0.0068
2020-02-09 28.4241 0.0855 7.5029 0 9.7462 0.0251
2020-02-16 10.5242 0.0002 10.6918 0.0003 5.3289 0.0042
2020-02-23 6.695 0.0025 7.1155 0.003 27.8885 0.0243
2020-03-01 6.9885 0.0015 8.0237 0.0018 6.5015 0.0014
2020-03-08 8.0302 0.0981 7.1173 0.1321 32.3699 0.0056
2020-03-15 8.135 0.2385 7.4099 0.0083 10.02 0.0182
2020-03-22 12.3518 0.0001 9.7665 0.0045 20.6977 0.0003
2020-03-29 68.3999 0.0002 10.1634 0.0035 16.028 0.0014
2020-04-05 14.6396 0.0042 8.732 0.007 14.9042 0.0155

Table 3. Out-degree distribution estimation.

Date « (Whole) p-Value « (Price) p-Value « (Volume) p-Value

2019-12-22 4.7432 0.2594 4.1039 0.0001 5.208 0.4752
2019-12-29 4.698 0.1075 3.6869 0.0229 4.1616 0.4543
2020-01-05 3.4208 0.2542 5.1354 0.0276 3.3738 0.0002
2020-01-12 4.3711 0.0037 6.265 0.009 4.979 0.004
2020-01-19 2.8673 0.0064 2.6074 0.009 3.5196 0.0464
2020-01-26 3.0402 0 2.7225 0.0011 3.2296 0.0955
2020-02-02 4.2886 0.2173 2.6393 0.0657 3.0792 0.0057
2020-02-09 5.9639 0.1216 4.6401 0.2623 4.2951 0.1614
2020-02-16 3.3214 0.0411 2.7803 0.0019 4.3985 0.0263
2020-02-23 3.6758 0.0011 6.5573 0.089 5.0874 0.0921
2020-03-01 5.6642 0.1289 8.3496 0.1186 5.2096 0
2020-03-08 4.6742 0.0873 3.5777 0.0019 6.6722 0.1489
2020-03-15 2.3148 0.0437 2.1134 0.4035 3.8052 0.0488
2020-03-22 2.542 0 2.1833 0.0486 4.5843 0.2916
2020-03-29 2.5827 0.0003 22731 0.3013 5.127 0.0152
2020-04-05 3.3965 0.0045 4.6771 0.0022 3.6785 0.0392
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Let analyze first the degree distribution case. As can be seen from Figure 3a there is a peak
at 2020-03-01 for the price-returns subgraph, where the estimated fit of the degree distribution is
« = 13.5086, whereas the whole and volume-returns degree distribution is adjusted with a power
oscillating below eight. Figure 3b tells us that the adjustment is not significant most of the time,
where we can see p-values over the threshold of 0.05 (red line). Nevertheless, the peak at 2020-03-01 for
the price-returns is at the border of significant fitness. In a similar way, Figure 3c shows the estimated
power behavior for the in-degree distribution, where now there exists an abrupt change at 2020-03-29
for the whole network with an estimated & = 68.3999. In this scenario, the adjustment is significant
most of the time as can be seen in Figure 3d. Finally, Figure 3e,f shows the corresponding results for the
out-degree distribution, being all the estimated power below nine, but without a significant pattern.

In short, these results confirm what was found in the previous subsection, in the sense that the
change in the estimated power of the degree distribution of the price-returns anticipates the fall of the
average market capitalization of cryptocurrencies occurring at 2020-03-15. Particularly, the in-degree
distribution shows the most robust results in the sense of statistically significant evidence of a peak
at end of March for the whole network. Then, it is a better indicator of the complex properties of
the mTE network. It is important to keep in mind that during March the global markets become
extremely turbulent because of the COVID-19 pandemic and the subsequent crash of oil prices around
the world. As a matter of fact, during the period of time under study the All Country World Index
(ACWI) fell around 10% on a single day, which is its largest decline since 2008. This index published
by Morgan Stanley Capital International or MSCI inc. is a market capitalization-weighted index
designed to provide a broad measure of equity-market performance throughout the world taking
into account stocks from 23 developed countries and 24 emerging markets [59]. As such it is an
adequate thermometer of the world financial situation. In Figure 4 it is shown the daily log-returns
for the time window from 2019-12-02 to 2020-04-06 (data are taken from [60]). There can be seen
the financial turbulence start at the end of February and reach its highest volatility at the middle of
March, which coincide with the lowest point of the market capitalization of Figure 2b Hence, based on
the evidence found in this study, it is argued that periods of economic contractions are preceded
by a high power law distribution of node degrees for price-returns. Nevertheless, it is necessary to
develop extensive studies between global financial indices and cryptocurrencies to properly justify
this hypothesis.
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Figure 4. Daily log-returns of ACWI for the trading dates from 2019-12-02 to 2020-04-06.
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5. Discussion

The multivariate approach of transfer entropy followed here is an efficient greedy methodology
based on multiple hypothesis testing able to detect true causal interactions. Even though the
Gaussian specification for the conditional distributions involved in the computations of mTE do not
capture non-linear structures in the data, the induced networks of cryptocurrencies exhibit interesting
characteristics. Actually, the graph visualization of the interactions of price-returns and volume-returns
using the Kamada-Kawai algorithm already displays an informative picture. Under this descriptive
representation has been possible to distinguish three time windows where the strength of the attractive
forces between nodes stand out to be stronger than the other scenarios. Interestingly, these periods
coincide with the most severe fall of the recent worldwide stock markets crash on March 2020.

The clustering coefficient version for directed graphs was also measured. In this case,
we first notice that the individual coefficient also increases during the times mentioned above,
which motivated us to analyze the temporal behavior of the clustering coefficient for the whole
network. Here, our greatest contribution arose finding that the clustering coefficient of the whole
network, as well as the price-returns subnetwork, increases dramatically during the same periods of
major financial contraction, where we use as an indicator of turbulence the market capitalization of the
cryptocurrencies under study.

In addition, we explored deeper the structure of the network through the analysis of the degree
distribution of nodes as well as in-nodes and out-nodes. Our intention was to characterize the
complexity of the network estimating the power of the associated distributions. Although several of
the estimations were not significant, the log-likelihood in all cases bent over a power law distribution,
giving evidence of the complex nature of the network. Most importantly, it was found that the power
of the distribution has higher estimated values during March 2020, which provides further support to
our hypothesis: the structure of the induced cryptocurrency network by mTE changes during times of
turbulence in the sense of higher clustering coefficient and complexity.

Future work involves the use of an extensive data set to include the market capitalization,
financial indices, sentiment indicators of textual data, as well as volume in a cleaver way in order
to verify if the same phenomena are presented in the induced graphs by a more complete data
set. The last because what is found here volume does not play a role as relevant as the price is to
early-warning signals for future markets turbulence. A forthcoming work is analyzing the same data
set from data mining techniques as is the point of view of association rules and the apriori algorithm,
where preliminary results already show a rich network structure.

Finally, it is important to clarify that despite the statistical results found here in relation to the
power fitness of degree distributions, no economical theory behind power laws has been properly
developed yet. At most, we can say the power law degree distributions as well as the clustering
coefficient of mTE networks may serve an early warning signal of an increasing systematic risk of the
cryptocurrency markets in times of crash. The econophysics community has been put a lot of effort to
unravel stylized facts of the network structure of financial markets in general, but it is still necessary to
build epistemologically the blocks of the theory jointly with the financial economists to have a common
playground to discuss and construct new ideas. As stated in [61]: “the time is ripe for economists to use
those power laws to investigate old and new regularities with renewed models and data” . In this sense, this
work only tries to contribute with new evidence in the networks induced by mTE, hoping to soon have
an interpretable theory in the same sense as phase transitions, critical points, and scale invariance of
turbulent dynamics are in physical statistics.
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Appendix A. Non-Uniform Embedding

In order to describe the dynamics of the processes, it is necessary to define composite processes
consisting of embedding vectors. Let denote as x;; the state visited by X; at time ¢, where X; can be
characterized by the k past states of the processes Xi—‘ + = (Xip—1,...,Xis_k). In the classical uniform
embedding framework, the embedding vectors are '

X)) = (xg’f; X e .,xg’jlff)) (A1)
X(K) — (xg’f;),.._,xg’jlfg)). (A2)

These vectors are used to calculate the conditional entropies involved in the estimation of transfer
entropy. The basis of a non-uniform embedding relies on not imposing a priori the form of
the embedding vectors. Thus, its shape is determined sequentially by selecting in a progressive
manner the terms that contribute most to the explanation of the observed dynamics. These
terms are taken from a candidate set, which includes the past states of the processes, Xj, ..., Xu.
To quantify the causality from X; to X; it is necessary to contrast the entropy of X; measured after
conditioning on the past of all processes, and after conditioning on the past of all processes except
Xj. To accomplish this, it is defined two different sets of initial candidate terms. The first include
the past states of X; : (3 = {xipli=1,...,M;1 =1,...,L}; and the second exclude the past states
of Xj: 7 = {xj;4li=1,...,M,i # j;l =1...,L}, where L is the maximum lag at which the past of
each process is investigated [49].

Appendix B. Statistical Tests

Appendix B.1. Maximum Statistics

Assume that has been chosen the candidate variable C* from the candidate target past set
Ygt = {yt-1,...,y¢—1}, which maximizes the CMI contribution. The maximum statistic test reflects
this selection process by choosing the maximum value among the surrogates time series. Explicitly,
let I* := I(C*, yt|Yit) be the maximum contribution. To test I* for statistical significance the next
algorithm is used t [18]:

1. Generate S surrogates time series C]{ ey C]{ s foreach C; € YS,, and calculate the corresponding

surrogate CMI values I]{,I = I(C]{,l,y¢|YS<t),, ., I]’v/s = I(C!

iyt [YS,). The number of surrogates S

are chosen in line to the desired significance level & y.

2. For each surrogate s = 1,...,S, calculate the maximum CMI value over the candidates
[ = max(I}, ..., I} ), where n denotes the number of candidates (the number of comparisons).
The values I, . .., I form the empirical null distribution of the maximum statistic.

3. Compute the p-value for I* as the proportion of values from the surrogate maximum statistic that
are larger than I*.

4. Finally, I* is considered significant if the p-value is smaller than a.y.
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Appendix B.2. Minimum Statistics

The minimum statistic test is used to remove the selected variables that have become redundant
in the context of the final set of selected source past variables Xit. Also, it controls the FWER due to
the multiple comparisons involved in the pruning procedure. If we replace maximum with minimum in
the algorithm described above, then it is obtained the algorithm for the minimum statistic test [18].

Appendix B.3. Omnibus Test

Let T* := I(X,, y:|YS,) be the collective transfer entropy from the selected sources past variables
X3, to the target variable y;. It is necessary to test T* for statistical significance against the null
hypothesis of zero transfer entropy. Thus, using a similar procedure as described in the section of
maximum statistic test, the null distribution is obtained via shuffling the realizations of the selected
sources. The idea behind is to find the set of relevant sources for each node testing all the selected
sources collectively [18].
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Abstract: Social systems are characterized by an enormous network of connections and factors that
can influence the structure and dynamics of these systems. Among them the whole economical sphere
of human activity seems to be the most interrelated and complex. All financial markets, including the
youngest one, the cryptocurrency market, belong to this sphere. The complexity of the cryptocurrency
market can be studied from different perspectives. First, the dynamics of the cryptocurrency
exchange rates to other cryptocurrencies and fiat currencies can be studied and quantified by
means of multifractal formalism. Second, coupling and decoupling of the cryptocurrencies and
the conventional assets can be investigated with the advanced cross-correlation analyses based on
fractal analysis. Third, an internal structure of the cryptocurrency market can also be a subject of
analysis that exploits, for example, a network representation of the market. In this work, we approach
the subject from all three perspectives based on data from a recent time interval between January 2019
and June 2020. This period includes the peculiar time of the Covid-19 pandemic; therefore, we pay
particular attention to this event and investigate how strong its impact on the structure and dynamics
of the market was. Besides, the studied data covers a few other significant events like double bull
and bear phases in 2019. We show that, throughout the considered interval, the exchange rate returns
were multifractal with intermittent signatures of bifractality that can be associated with the most
volatile periods of the market dynamics like a bull market onset in April 2019 and the Covid-19
outburst in March 2020. The topology of a minimal spanning tree representation of the market also
used to alter during these events from a distributed type without any dominant node to a highly
centralized type with a dominating hub of USDT. However, the MST topology during the pandemic
differs in some details from other volatile periods.

Keywords: complex systems; cryptocurrencies; multifractal analysis; detrended cross-correlations;
minimal spanning tree

1. Introduction

Whether complexity of a system is viewed in the purely intuitive sense of a nontrivial order that
emerges spontaneously from an overall disorder or it is grasped more formally using one of several
dozen mathematical, physical, and information-theoretic measures, we are surrounded by its signatures
and face its manifestations almost everywhere. We are complex ourselves: We live in a society that
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is complex and we interact with others in a complex way. There is no exaggeration in a statement
that our society is the most complex structure known to us in the universe. Social phenomena
like the emergence of communication and cooperation, build-up of hierarchies and organizations,
opinion formation, the emergence of political systems, and the structure and dynamics of financial
markets are all among the iconic examples of the real-world complexity [1-3].

Specialists from such disciplines like mathematics, physics, information theory, and data science
working together with econometrists, sociologists, quantitative linguists, and psychologists for more
than a quarter century have already been dealing with such phenomena trying to describe them in a
language of exact science, and to model and explain them using methods and tools that had earlier
been applied successfully to natural systems. while much has already been done and much has been
achieved, the complexity of the social and economic systems is still far from being properly understood.
This is why every possible effort and every meaningful contribution is welcome as it can bring us
closer to the ultimate goal of understanding complexity both in reference to these systems in particular
and as a physical phenomenon in general. It is also important to approach the problem from different
angles by collecting many interdisciplinary works and views in one place like this Special Issue as
human society eludes any narrow-scope, single-discipline analysis.

1.1. Money, Fiat Currencies, and Cryptocurrencies

Among a variety of emergent phenomena that we observe in human society, one of the most
important is money. It appeared spontaneously and independently in many cultures and, although it
used to have different material forms in different regions, it always served the same purpose:
To facilitate trade by avoiding a problem of double coincidence of needs that restricts barter trading
severely and inherently. According to economical models, a status of money is acquired in a process of
the spontaneous symmetry breaking by a commodity that is the most easily marketable or, in other
words, that is the most liquid one [4,5]. After receiving such a status by some commodity, its liquidity
is amplified by a kind of self-propelling mechanism, because everybody desires to have an asset that is
considered as the most desirable by others. However, there is another condition for a commodity to be
used as money: Its value expressed in other assets has to be viewed as stable. Sometimes it happens
that current money loses its value which causes people to withdraw themselves from using it and to
replace it with some other, more stable asset. Thus, for a given asset its status of money may either be
durable or temporary. This is an important issue in contemporary economy based on fiat money that
does not have any intrinsic value unlike the assets that used to play a role of money earlier in history.
Value of the fiat currencies depends crucially on policies of the central banks, which can be subject
to change. Moreover, the central banks may increase money supply at any time, which can lead to
inflation rate increase. This undermines confidence in the official currencies and became the ignition to
introduce cryptocurrencies over a decade ago.

The first cryptocurrency was proposed in 2008—Bitcoin (BTC) [6]. The idea behind it was to
decouple a currency from any institution or government, while preserving its status of a universal
means of exchange, and to base a trust in this currency solely on a technology that supports it.
Such a currency had to combine the advantages of both cash and electronic money: Anonymity
of use (like cash) and capability of being transferred immediately to any place in the world
(like electronic money). The already-existing technologies of asymmetric cryptography and distributed
database (with a new consensus mechanism—"“proof of work”) were linked into a decentralized secure
register—blockchain [7] that forms a staple of BTC. Unlike traditional currencies, Bitcoin has inherently
limited supply to prevent any loss of its value due to inflation.

The first widely recognized exchange enabling bitcoin to be exchanged for traditional currencies,
Mt. Gox, was launched in July 2010 followed by the first online (black) market—Silk Road. The latter
was a place where one could anonymously buy anything and pay with bitcoins, which was the first
practical application of a cryptocurrency. It significantly increased the demand and contributed to
the first speculative bubble on BTC [8]. A subsequent crash occurred after closing Silk Road and
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suspending trade on Mt. Gox between October 2013 and February 2014. As Bitcoin’s recognition
increased, the use of blockchain technology became more popular and it turned out that it can also
be used for trustful processing of computer codes in a decentralized way. In 2015 the Ethereum
distributed computing network was launched [9], which allows one to issue private tokens through
a so-called Initial Coin Offer (ICO) and to raise capital in a simplified way for various projects.
An ICO boom that contributed to next speculative bubble on cryptocurrencies that occurred in 2017
(the ICO-mania [10]). At that time the number of issued cryptocurrencies doubled from 700 to 1400
and the market capitalization reached 800 billion USD. A crash in January 2018, in which BTC lost over
80% of its value and other cryptocurrencies lost even 99%, may be compared with the dot-com bubble
crash in 2000 that ended the most euphoric phase of investor attitude towards the Internet-related
companies. At present the market is more consolidated and shows signatures of maturity [11].

1.2. Basic Information on the Blockchain Technology

In order to create an electronic “currency” that can easily be exchanged for goods and operated
without any central authority, while at the same time that cannot be multiplied indefinitely like
electronic files, it is required that all transactions involving that “currency” have to be registered
publicly, which ensures that no registry can be modified afterwards. The Bitcoin network register
consists of a sequence of block files built one upon another (a blockchain) containing information about
past transactions and the instances of new Bitcoin unit creation. A new network participant has to
enter the network directly via a network client or via an external wallet and must send information
about the client’s address and a specified Bitcoin sum it owns. This information is then distributed
to all other network nodes but, in return, the new participant is granted access to the complete
information about other network node addresses and how many BTC units belong to these addresses.
Thus, credibility of the system is provided by the technology itself by imposing certain set of rules
each network participant must obey and by allowing the network participants to control each other.
However, since the Bitcoin blockchain is public, one can trace the transaction history of each unit,
which in theory might compromise transaction anonymity.

The transaction correctness is guaranteed with the help of the asymmetric cryptography.
Private keys of a sender and a receiver are used to encode and to decode a transaction (i.e., to send
and to receive coins), while their public keys are used as their public addresses allowing for their
network identity verification. while such a transaction is visible to any other network participant,
nobody can effectively alter and re-encode it as they do not know the private keys of the involved
parties. For the network, in order to function correctly, the key implemented feature is a consensus
mechanism that ensures that all participants agree upon ownership of the cryptocurrency units and
how many units total circulate. while collecting information from many transactions taking place on
the Bitcoin network, the consensus mechanism has to overcome a problem that some information
sources can be unreliable. It is done by the so-called proof-of-work (PoW) protocol used by miners,
i.e., the network nodes with dedicated software that collect transactions, verify their correctness,
and integrate them into blocks. This is a resource-consuming task so the miners are got to perform it
by receiving new coins in exchange for sharing their resources with the network. The new Bitcoin unit
is generated only after majority of the miners agree upon correctness of the new block and it has been
distributed over the network. The block has to meet relevant criteria expressed by a specific form of
the hash function to be considered as a valid one and included in the blockchain. Each miner decides
to include a given block into its own blockchain copy individually and the consensus is settled in a
kind of game with a Nash equilibrium state. One has to believe that majority of other miners agrees on
the specific block’s validity and adds it to its own blockchain or will not receive the profit otherwise.

Mining a new Bitcoin unit requires much energy to be spent so the very process demands
optimization of the resources used and discourage padding the blocks with fictitious information as
a rejection probability for such a block by other miners is too large. Therefore it serves as a proof of
work that a participant made the effort of maintaining the network, indeed. The employed solution
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that each new block contains a header of the previous one practically eliminates a problem of potential
modifying the past transactions—it is not viable economically since it would require rebuilding of
the entire chain. The Bitcoin protocol was designed in such a way that new blocks are formed with
constant frequency, which is achieved by adjusting the amount of the corresponding calculations
needed to the network’s actual computing power. Moreover, the reward for forming a new block is
halved every 210,000 blocks in order to approach quasi-asymptotically an impassable limit of 21 million
Bitcoin units.

The Bitcoin protocol is not static and undergoes constant modifications. A reason for this is that
the protocol in its original design has some drawbacks that can challenge its security and lower comfort
of its use. Among the pivotal issues is low performance (the network can handle only 5 transactions
per second on average, compared to 1700 transactions per second in the Visa network), high operating
costs that equal the amount of electric energy consumed by small industrialized countries (like Ireland
or Denmark [12]), and formidable computer facility. Moreover, one of the blockchain technology
advantages—the inability of making changes—may sometimes be viewed as its disadvantage if one
considers the protocol correcting since it requires cloning of the entire network and abandoning the
original blockchain. Up to now a mechanism of reducing transaction size and allowing to pack more
transactions in a single block (called “segregated witness”, SegWit) has already been implemented
and work on another mechanism—*Lightning Network”—that allows for micropayments outside the
main blockchain and increasing the bandwidth, is currently underway.

However, such changes are viewed by inefficient by many who prefer building alternative
networks from scratch or by using only certain features of the Bitcoin protocol, while replacing other
with better solutions. Thus, over the last decade, a multitude of different protocols were proposed
and implemented, which led to introduction of new cryptocurrencies. Most of them still exploit the
PoW protocol, but its the most popular alternative is the proof-of-stake (PoS) [13]. In this algorithm
miners do not exist and the block validation process is granted to some randomly chosen network
nodes. Consistently, the block formation is not rewarded with new units but rather the validator nodes
are rewarded with transaction fees. Fraud is discouraged by excluding the fraudulent participants
from the network and securing that, in such a case, the reward for forming a new block is smaller
than possible loss in already owned units. The main advantage of PoS is efficiency: Because of a lack
of the complicated and long calculations, no specialized user group is needed to confirm blocks
and everything can be done faster than in the case of PoW. There are various versions of the PoS
protocol, like the “delegated proof of stake” (DPoS) based on voting system engaging trustful delegated
network nodes or the “proof-of-authority” (PoA) based on granting reputation to the validator nodes
instead of cryptocurrency units and abandoning the decentralization paradigm. Main advantage of
both protocols (together with their hybrid versions) is scalability—more participants mean larger
transaction capacity of the related network.

1.3. Other Applications of the Blockchain Technology

The first Bitcoin alternative that was introduced in 2011 and managed to survive until today was
Litecoin (LTC). Basically, this is a Bitcoin’s clone that differs from its parent in that it has a higher
average creation frequency (4 min) and a higher prospected total number of units (84 million) as well as
it uses different hash function (script instead of dSHA-256 used by Bitcoin). These changes allowed LTC
for much smaller resource demand than BTC and made LTC be computable on standard CPUs. The first
cryptocurrency that was not based on the Bitcoin’s PoW protocol was Ripple (XRP) [14] introduced
in 2012. It was intended to be used as a method of transferring money between banks and stock
markets in real time even outside national borders. In August 2020 XRP was the third cryptocurrency
in terms of capitalization. A related cryptocurrency, Stellar (XLM), also offers transactions between
financial institutions, but unlike Ripple based on a proprietary code its code is open source. Both XRP
and XLM do not have a fixed supply limit and, thus, they are subject to inflation.
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A separate group of cryptocurrency protocols was designed to ensure user anonymity.
The corresponding cryptocurrencies are called “private coins”: Dash (DASH), Monero (XMR), Zcash (ZEC),
and many others. Dash uses a two-layer network with PoW and miners in the first layer and PoS and
“masternodes” in the second one. Monero, being considered as the most secure private coin and often
used by the criminal world [15], provides anonymity thanks to a Ring Confidential Transactions (RingCT)
where the public keys (addresses) are hidden in the blockchain [16]. Zcash is based on a solution that
allows one to confirm information without having to disclose it. Zcash allows for perfect anonymity
of both the sender and the recipient as well as transaction size. Since the anonymous addresses are
compatible with the public ones, transactions can be made between public and hidden wallets and vice
versa. DASH and ZEC have a maximum supply set in advance, while XMR does not.

Apart from the cryptocurrencies, another important category of blockchain applications is
cryptocommodities (together with the former called cryptoassets). They are automatically executed
computer codes that perform certain actions if certain conditions are met. Cryptocommodities
enable payments for using a decentralized computing network. The first such cryptoasset was
Ethereum—an open-source computing platform designed for programming decentralized applications
and smart contracts that was launched in 2015 [9]. This platform has its own programming language
and its own cryptocurrency, Ethereum (ETH), that serves as a payment unit for carrying out
computational operations on the platform. Ethereum is based on PoW consensus mechanism, but it
uses another hash function (Ethash) supporting use of GPUs in the mining process and there is no
upper limit on mining. Instead of fixed block size, here each block requires a specific number of “Gas”
units related to the computing power needed to complete the transactions it contains. The average
block-completion frequency is 15 s and the maximum transaction number per second is around
25. The Ethereum concept gained quickly high popularity among the cryptocurrency community
and, currently, ETH is the second crytocurrency in terms of capitalization. The success of smart
contracts (i.e., computer codes allowing for automatic execution and control of transaction agreement
actions) and possibility of collecting funds under Initial Coin Offers on the Ethereum platform,
gave a boost to the emergence of similar platforms offering possibility of creating applications in
a decentralized environment. Major projects of this type include EOS and Cardano; both have their
own cryptocurrencies and both allow for collecting funds under ICOs.

Yet another group of cryptoassets are tokens, which are means of payment in decentralized
applications built on platforms like Ethereum or contracts that are issued within ICOs for development
of blockchain ventures. They usually don’t have their own blockchain. In general, the blockchain
technology, thanks to elimination of the need to trust individual participants of a given system and
ensuring security, can satisfactorily be used wherever there is a central intermediary connecting sellers
and buyers who earns on commissions (for example, Uber and Airbnb). Some of the already introduced
applications in the token form are Augur (a platform enabling creation and participation in plants from
any thematic range), Filecoin (a decentralized file storage system based on the PoW system that rewards
users for sharing their computer storage devices), and IOTA (a project of a partially decentralized,
open settlement platform for the needs of the so-called “Internet of things”), Basic Attention Token
(a project designed to connect advertisers and content creators with users that rewards the creators for
attracting users with the content they provide). Finally, the so-called “stable coins”—a combination of
the token and cryptocurrency assets—allow one to relate their value to some other, more conventional
asset like US dollar (e.g., USDT, USDC, TUSD, or PAX).

1.4. Cryptocurrency Market

Cryptocurrency trading is possible, because they are easily convertible to traditional currencies
like USD or EUR and to other cryptocurrencies. This possibility is provided by 330 trading platforms
(August 2020) open 24 h a day, seven days a week. This, together with a fact that the most investors
are individuals, distinguishes the cryptocurrency market from Forex, where trading takes place
from Monday to Friday essentially on the OTC market where mainly banks and other financial
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institutions participate in. Another peculiarity of the cryptocurrency market is that there is no reference
exchange rate unlike Forex, where such reference rates are provided by Reuters. The sole exception is
Bitcoin, whose exchange rate to USD is given by futures quoted on Chicago Mercantile Exchange [17].
Decentralization of the market means that the same cryptocurrency pairs are traded on different
platforms, which—if accompanied by limited liquidity—can lead to sizeable valuation differences
between platforms that produce arbitrage opportunities, both the dual and triangluar ones [11,18,19].

The entire cryptocurrency market capitalization is around 350 billion USD, which is close to the
capitalization of a middle-size stock exchange and also comparable with the capitalization of the largest
American companies. There are 6500 different cryptocurrencies on the market right now, which gives
a total of nearly 26,500 cryptocurrency pairs [20]. Founded in 2017, Binance [21] is currently one of
the largest cryptocurrency exchange in terms of volume. Binance offers trading on approximately
650 cryptocurrency pairs including pairs with its own cryptocurrency called binance (BNB), used to
pay commissions on this exchange.

The spectacular development of a cryptocurrency market has attracted much interest of the
scientific community. The first Bitcoin-related papers were published already in 2013-2015 [22,23],
but a real boom on cryptocurrency-related publications occurred after 2017. Initially, only bitcoin was
of significant interest [24-26], but soon also other cryptocurrencies went under investigation [27-29].
Then there appeared studies reporting on correlations within the market [30-38], and its relationship
with regular markets [39-43]. Recently, some researchers focused their attention on possible use of BTC
as a hedging instrument for Forex [44], for gold and other commodities [45], as well as for the stock
markets [46,47]. There is also a few review papers devoted to the cryptocurrency markets:[11,48,49].

The cryptocurrency market has already gone through a long route from a mere curiosity and a
playground for the technology enthusiasts, via an emerging-market stage characterized by a relatively
small capitalization, poor liquidity, large price fluctuations, short-term memory, frequent arbitrage
opportunities, and weak complexity, to a more mature form characterized by medium capitalization,
improved liquidity, inverse-cubic power-law fluctuations [50,51], long-term memory, sparse arbitrage
opportunities, and increasing complexity. This is the most interesting aspect of the cryptocurrency
market route to maturity: The signatures of complexity that are best quantified in terms of the
multifractal analysis. See Ref. [11] for a comprehensive study of this transition started in 2012 and
ended essentially in 2018, as viewed from the multifractality perspective. Here we shall consider a more
recent period of 2019-2020, which comprises, among others, two significant events, i.e., the bull market
between April and July 2019 and the Covid-19 pandemics (from March 2020). Based on high-frequency
data covering a large number of cryptocurrency pairs and a few principal traditional-market assets,
we investigate a potential impact of these events on the cryptocurrency market structure and its
relation to the traditional markets.

2. Methods and Results

2.1. Data

For this study we collected high-frequency recordings of X/BTC and BTC/USDT exchange rates,
where X is one of 128 cryptocurrencies traded on Binance platform [21] and USDT is related to USD by
a 1:1 peg [52]. The exchange rates P(t) were sampled every 1 min. We calculated their normalized
logarithmic returns r5; defined by

rar = (Rat = pr)/ 0k, Rar(t) = log(P(t + At)) —log(P(t)), M

where g and oy are mean and standard deviation of Ra(t), respectively, and At is sampling interval.
We also collected 1-min quotes of several conventional assets expressed in US dollar—13 currencies:
AUD, EUR, GBP, NZD, CAD, CHF, CNH, JPY, MXN, NOK, PLN, TRY, ZAR, three stock market
indices: Dow Jones Industrial Average (DJI), Nasdaq100, S&P500, and four commodities: XAU
(gold), CL (crude oil), XAG (silver), and HG (copper). They all come from Dukascopy platform [53],
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so do the BTC/USD and ETH/USD exchange rates. These quotes were also transformed into time
series of returns.

2.2. Multifractal Formalism

Multifractal analysis is one of the most promising methods of studying empirical data representing
natural and social systems as it is able to quantify complexity of such systems and express it in
a relatively simple way with a small set of associated quantities. It has already been applied in many
works to univariate and multivariate data sets from a number of different systems: Physics [54],
biology [55], chemistry [56], geophysics [57], hydrology [58], atmospheric physics [59], quantitative
linguistics [60], behavioral sciences [61], cognitive structures [62], music [63], songbird rhythms [64],
physiology [65], human behaviour [66], social psychology [67] and even ecological sciences [68],
but especially financial markets [69-77].

Let us consider two time series of the same length: x;, y;, where i = 1,..., T (T has to be large
enough to overcome statistical uncertainties). Signal profiles are created from these time series by
integrating and subtracting their mean:

j j
X(j) = Ylxi— ] Y() =Y lvi— W) @

i=1 i=1

These signal profiles are then divided into segments v of length s. They may be separate or partially
overlapping; if they are separate, their number is Ms = [T/s]. A local trend is then removed from
each segment by fitting the data with polynomials P )(( V), }((':/) of degree m (typically, it is m = 2 [78-80]).
Now covariance ny is determined from the residual signals for each segment [81,82]:
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and then it is used to calculate the g-th order fluctuation function [83]:
Fly(s) = o Z sign(F3, (v, )| F2, (v,5)[7/, @)

where sign(ny (v,s)) means a sign function. If ny(v, s) is considered as a value of a random variable,
the parameter g resembles an exponent specifying the order of the moment: Its large positive values
favour segments characterized by large variance by increasing their relative magnitude with respect
to small-variance segments, while negative values of 4 do the opposite. Thus, by applying different
values of g, one can construct effective filters that select the segments of a certain variance range.
The fluctuation function (4) has to be calculated for different segment lengths s. If F,'Zy(s) is of
a power-law form, i.e.,
ng(s)l/q = ny(q/S) ~ 5/\(4)/ )

where q # 0, the original time series x; and y; are fractally cross-correlated. If A(g) = const, this is
monofractal cross-correlation, otherwise it is multifractal one.
A special case is x; = y; for all i (one signal). In this case we have

[ e’
Fqs) = |30 b [Fr(ws)]? ©)
Ms v=1
and the fractal case corresponds to
F(q,5) ~s"9), )
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where h1(g) is the generalized Hurst exponent. For h1(q) = const the signal is monofractal, otherwise it
is multifractal [80]. A useful measure of fractal properties is singularity spectrum f(«) defined by

a=h(q)+qh'(q), f(a)=qla—h(g)]+1, ®)

where « is the Holder exponent. f(«) can be interpreted as a fractal dimension of the singularities
characterized by a given a. In the monofractal case it consists of a single point, while in the multifractal
case it can have a shape of inverted parabola or some asymmetric concave function.

Width of f(«) can be interpreted as a measure of a signal’s complexity, because the wider it is,
the more singularity types can be identified in this signal. This width depends on a range of g and it is
quantified by

A = dmax — &min, )

where #min = &(gmax) and &max = #(min) are the minimum and maximum value of a that have been
calculated for different values of g. Another important feature of the f(a) its left-right asymmetry [84].
A left-hand-side asymmetry corresponds to more diverse multifractality (stronger correlations) at
the large amplitude level, while a right-hand-side asymmetry indicates that signal parts with small
amplitude are a dominant source of multifractality.

As Ff!y(s) denotes the gth-order detrended covariance, one can define the gth-order detrended

correlation coefficient [85,86]:
Ely(s)

FlL(s)Fly(s)

in analogy to the gth-order Pearson correlation coefficient. Here Fyy and F,y are calculated from
Equation (6). The coefficient p(g, s) can assume values in a range [—1,1] provided g4 > 0. Forg < 0 a
situation becomes more complicated as p(g, s) may fall outside that range, which requires more delicate
interpretation [85]. Therefore, many studies in which p(g, s) is used are carried out with a restriction
g > 0. The coefficient p(q, s) describes detrended cross-correlations between two signals on different
scales s after amplifying data points within a given amplitude range. This filtering ability of p(g, s) is
its advantage over more standard correlation measures, because the cross-correlation strength among
empirical time series can be size-dependent [87]. The coefficient p(g, s) may be used for any two signals
without a requirement that they have to be fractal.

p(q,s) = (10)

2.3. Multifractal Properties of the Cryptocurrency Market

We start our analysis by taking a look at the BTC/USDT exchange rate from 01/2019 to 06/2020.
This period shown in Figure 1 (top panel) starts near the lowest point of the bear market (~3200 USDT)
that begun in 12/2017 and deprived BTC over 80% of its maximum value. During the subsequent
one a half year BTC/USDT rate experienced a growth to a local maximum of 12,800 USDT in 07/2019
(+300%), a local minimum in 03/2020 at 4400 USDT (over 60% loss) related to a Covid-19 pandemic
onset, and a recent growth to a present price of 12,200 USDT (+170%). The BTC price expressed in
USDT was highly unstable over the considered period. This observation is supported by Figure 1
(bottom panel) that shows BTC/USDT 1 min returns.
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Figure 1. Time evolution of the BTC/USDT exchange rate (top) together with the corresponding
logarithmic returns (bottom). Several interesting events can be distinguished like start of a bull market
in April 2019 and its end in July 2019, a sudden decrease and then an equally sudden increase in
October and November 2019, the Covid-19 pandemic outbreak and related panic in March 2020 and
the pandemic’s 2 wave in June 2020. Local extrema of P(t) are indicated by the vertical (time) and
horizontal (price) dotted lines.

Despite of the fact that BTC/USDT rate is the most important observable on the cryptocurrency
market since BTC has the largest capitalization, it cannot be used as a proxy allowing one to describe
dynamics of the whole market, which is in fact much richer. Thus, in order to express the evolution
of a significant part of the market in terms of a single quantity, a market index was created from
the exchange rates X/USDT (with X standing for a cryptocurrency) for 8 the most capitalized
cryptocurrencies: BTC, ETH, XRP, BCH, LTC, ADA, BNB, and EOS. In 2020, these assets stand
for 88% of the market capitalization. In order to create the index, the exchange rates were summed
with the same weight despite the difference in capitalization. A parallel, weighted index would
predominantly reflect the dynamics of BTC, ETH, and XRP, so we prefer the unweighted version as
more a diversified one.

Figure 2 shows results of the multifractal analysis of the cryptocurrency index returns and the
BTC/USDT returns performed by using a moving window of 30 days with a 5-day step. Instead of
presenting the singularity spectra f(«a) for each window position, temporal evolution of the key
quantities describing shape of these spectra is shown: amin (), #o(t), and amax(t) (see right panel
of Figure 3 for the examples). These quantities allow for inferring about the singularity spectrum
localization, width, and possible asymmetry of its shoulders [88]. We restricted the applied values
of q to [—3,3] for a reason that will be explained later. By looking at the spectra for BTC/USDT
(the second topmost panel in Figure 2), one sees that a difference Ax = &max — Amin describing the
spectrum width is sufficient to infer about multifractality of the data under study. This agrees with
results of our previous study [11].
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Figure 2. (Top) Characteristic values of the Holder exponent: &, (green line, bottom), a (red line,
middle), and amax (blue line, top)—see Equation (9) in Section 2.2 and Figure 3—describing the
singularity spectra f(«) for the index returns representing 8 the most capitalized cryptocurrencies,
calculated in a 30-day-long moving window with a step of five days and for —3 < q < 3. Each date
represent a window that ends on that day. (Upper middle) The same quantities as in the top panel,
but here calculated for the BTC/USDT exchange rate returns. Three interesting cases of small amin
are indicated by dashed circles. (Lower middle) Scaling exponent 7 of the cumulative distribution
function fitted to tails of the empirical cdf in each moving window position. Values equal or below
¥ = 2 correspond to Lévy-stable distributions. (Bottom) Total cryptocurrency market capitalization
and new Covid-19 cases in the world as function of time. Characteristic events are indicated by vertical
dashed lines and Roman numerals: Start of a bull market in April 2019 (event I), its end in July 2019
(event II), the Covid-19 panic in March 2020 (event III), and start of the 2nd wave of the pandemic in
May-June 2020 (event IV).

Except for July-August 2019, when f(a) is left-right symmetric (#max — % &~ @0 — Gmin),
throughout the remaining part of the analyzed period there is significant asymmetry with the left-hand
shoulder (g > 0) being much longer than the right-hand one (7 < 0). In a few instances, i.e., in April
2019, January 2020, March 2020, and May-June 2020, this asymmetry of f(x) became extreme and
revealed a bifractal-like shape (see also [89]). Mathematical bifractals are characterized by the existence
of only 2 singularity types with a; = 0 and 0 < ap < 1. However, in practical situations, the finite-size
effects smear the spectra so that in such a case there is a continuous transition between both singularity
types and a spectrum consists of a long left shoulder reaching a vicinity of #; = 0 and a residual right
shoulder near a; [84,90]. Two characteristic cases of f(«) (symmetry and bifractal-like asymmetry)
are shown in Figure 3 (right panel).
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Figure 3. (Left) Cumulative distribution function P(X > |rps|) calculated in 30-day windows.
Two extreme cases of power-law tail are shown with the scaling exponent v ~ 1.8 (mid February-mid
March 2020) and ¢ =~ 3.2 (July 2019) representing stable and unstable distributions, respectively.
(Right) Singularity spectra f(«) calculated in the same windows as above. An example of asymmetric,
bifractal-like spectrum (mid February - mid March 2020) and an example of symmetric spectrum
(July 2019) are shown together with characteristic values of the Holder exponent: amin, &9, and amax
(see Equation (9) in Section 2.2).

On the probability distribution function level, the actual bifractal spectra occur if a signal
under study has a heavy-tailed pdf in the Lévy-stable regime (p(|ra;|) ~ 1/|ra¢|?*!, where v < 2),
but empirically one can sometimes obtain a strong left-hand-side asymmetry even for a signal with an
unstable pdf provided it is substantially leptokurtic [90]. Figure 3 illustrates this connection between
a cumulative distribution function (cdf) P(X > |ras|) ~ 1/|ra¢|7 (left panel) and f(«) (right panel)
for two time windows that show clearly different properties of both cdf and f(x)—a symmetric
f(a) corresponding to a steep cdf with ¢ =~ 3.2 (a window covering July and August 2019) and an
asymmetric f(a) corresponding to a heavy-tail cdf with ¢y ~ 1.8 (a window covering February and
March 2020). These values of 7 point to the aforementioned restriction —3 < g < 3 applied to the
calculation of F,?y and Aa: For |g| > 3 the moments of the distribution p(|ra;|) can diverge, so can
F,?y(s) especially for small scales s.

The BTC/USDT return distribution function reflects a combination of two factors: (1) How
fast the information spreads over the market—the heavier tails are, the slower this spreading
proceeds, and (2) how volatile is the market—periods that cover turmoils with high volatility also
result in heavier tails of pdf/cdf. It was documented in Ref. [11] that along with a process of the
cryptocurrency market maturation the scaling exponent -y increases with time. This happens because
as recognition of the market and its capitalization increase, more and more transactions take place,
which decreases the average inter-transaction waiting time and allows the market participants to react
faster. Faster reactions are crucial for the market to become efficient, which means more Gaussian-like
fluctuations (larger ). On the other hand, extremely large fluctuations and amplified volatility are
characteristic for the periods with negative events, which decrease <. Figure 2 (the 3rd panel from top)
shows a scaling exponent vy obtained by fitting a power-law function to the BTC/USDT returns cdf in
each position of the 30-day moving window. Indeed, such events like a bear market after July 2019
and the Covid-19 outbreak in March 2020 resulted in relatively small values of -, while a bull market
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between April and July 2019 and an escape from conventional assets to alternative ones observed
between January and February 2020 led to larger values of .

Even if BTC is only one of many actively traded cryptocurrencies on the Binance platform,
its strongest position due to the largest capitalization (between 50% and 70% of total market
capitalization in the considered period) causes other cryptocurrencies to evolve accordingly.
This’observation comes from the topmost panel of Figure 2 presenting tmin, &g, and amax for the
8-cryptocurrency index. Qualitatively, the temporal course of these quantities does not differ much
from the temporal course of their counterparts for BTC/USDT (the 2nd panel from top). The only
significant difference is that for the index a transition to a bifractal-like f(«) spectrum in March 2020
was sharp and it was not preceded by its gradual change starting from January 2020 as it was the case
with BTC/USDT.

By looking at the bottom panel of Figure 2, where total market capitalization is plotted as a
function of time together with the Covid-19 pandemic severity parametrized by the number of daily
new cases, and by comparing this plot with the remaining three, one can infer about how various
market events and the pandemic influenced complexity of the market dynamics. The main events
are denoted by Roman numerals: The beginning of the bull market in April 2019 (event ), its end in
July 2019 (event II), the Covid-19 panic in March 2020 (event III), and the second pandemic wave that
started in May 2020 (event IV). These events could be distinguished because they were associated
with particularly large fluctuations (Figure 1). Among them, the events I, III, and IV had a significant
impact on the multifractal properties of the exchange rate fluctuations by sizeable decreasing of & min
(visible both for the cryptocurrency index and the BTC/USDT exchange rate). However, the event II
did not have such an impact. In contrast, the pdf/cdf tails reflected overall market phase more than
specific events except for the Covid-19 panic in March 2020.

2.4. Cryptocurrency Market Versus Standard Markets

From a practical point of view, among the most interesting issues related to any asset and any
market is how much it is related to other assets or markets, and, in other words, whether it can be
exploited for portfolio diversification and hedging [91-93]. As the investors may be interested in
different time horizons and may want to hedge against events of different magnitude, the g-dependent
detrended cross-correlation coefficient p(g, s) defined by Equation (10) is a measure that is particularly
useful in this context since it is sensitive to both scale and amplitude of the asset price returns.
We choose the BTC/USD exchange rate as a representative of the whole cryptocurrency market—it is
the most frequently traded asset, the most capitalized asset, and the most mature one (based on our
previous results [11]). We calculate p(g, s) for this rate and each of the remaining conventional assets
listed in Section 2.1. However, we observe that this measure behaves similar for S&P500, Nasdaq100,
and DJI, so we abandon the latter two indices and show only the results for S&P500. In parallel,
we neglect AUD, NZD, ZAR, CHN, MXN, EUR, GBP, NOK, TRY, and PLN as their correlations with
BTC were close to zero throughout the period under consideration. We consider two temporal scales
that correspond to different horizons: s = 10 min, which is the shortest scale available provided we use
1-min returns, and s = 360 min that represents approximately a trading day in the US stock market.
The latter value means that in a moving widow there was only 10 segments over which the averaging
was carried out in F,‘Zy(s) (see Equation (4)), so we could not look at longer scales. As regards the
parameter g, we focused on q > 0 in order to avoid the interpretation subtleties that could occur
otherwise (see Section 2.2). We carried out our analysis for different values of g, but here we shall
report only the results for § = 1 and g = 4. The former choice did not favour any value range of the
fluctuation function ny since, for each segment v in Equation (4), it was counted with the same weight.
Therefore g4 = 1 allowed us for considering all time periods in the same way irrespective of whether
the market was quiet or turbulent. On the other hand, g = 4 corresponds to favouring the segments
with the largest return covariance and degrading the other segments. Thus, this case is interesting
from a perspective of the investors that want to hedge against the largest price movements and the
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largest-impact events. The intermediate values of g were also investigated, but the related results fell
between these two cases and, thus, they are not presented here. Moreover, the calculations for g > 4
were progressively less interesting with increasing q as the event statistics became poor.

Figure 4 displays temporal course of p(q,s) for a combination of the above-described cases of
s and g. In each panel the cross-correlation coefficients for BTC and each of the 8 other assets are shown.
Curiously, we do not observe any statistically significant values of p(g, s) during the whole year 2019
even though there were then important events on the cryptocurrency market, like the bull and the
subsequent bear market. However, these events were not related to any of the conventional assets
considered here. We see that even the periods of high volatility in April and July-August 2019 did not
cause any action that could potentially be sensed by the regular markets. We can explain this lack of
reaction by a relatively small capitalization of the cryptocurrency market—far too low for the other
markets to detect a possible influx of a capital withdrawn from cryptocurrencies (if such an influx
actually took place). In 2019 there was no turmoil in the conventional markets, thus nothing could
correlate the cryptocurrencies with the conventional assets from this direction, too.
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Figure 4. Temporal evolution of the detrended cross-correlation coefficient p(g, s) calculated for the
BTC/USD exchange rate and the conventional assets expressed in US dollar: Japanese yen (JPY),
Canadian dollar (CAD), Swiss franc (CHF), crude oil (CL), silver (XAG), gold (XAU), copper (HG),
and the S&P500 index. The p(g, s) coefficient was calculated in a moving 10-day-long window with a
step of 1 day and its s and q parameters are represented by s = 10 min (the shortest scale), s = 360 min
(approximately a trading day in the US stock market), g = 1 (all data points are considered), and g = 4
(only the data points with large amplitude are considered). In each panel events with the statistically
significant, genuine cross-correlations are marked with dashed ellipses. The daily number of new
Covid-19 cases in the United States is also shown for a comparison (bottom). The particular market
events are indicated: (1) A sharp drop of the US stock market indices after the first case of Covid-19
had been identified in the United States; (2) a Covid-19 outburst related panic on the financial markets;
(3) a bear market return on risky assets that was related to the 2nd wave of the pandemic.
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In contrast, there were 1 to 3 periods of significant inter-market cross-correlations in the first half of
2020, dependent on s and ¢. The first important period in the end of January and the begin of February
was associated with a sharp drop of S&P500 and other US stock market indices triggered by the first
identified local case of Covid-19. The cryptocurrency market reacted rather moderately with only a
short period of large and delayed fluctuations. This is why there are no significant elevation of |o(g, s)|
for short scales for any return size. The cryptocurrency market must have been calm enough to delay
reaction so long that it is identifiable only on large scales (like s = 360 min). The cross-correlation is
positive with the fiat currencies, while negative with the US stock markets. As all the considered assets
are expressed in USD, the positive correlations of BTC with the fiat currencies in January/February
2020 mean that there was a global flee from US dollar to other major currencies that increased the
corresponding exchange rates as well as a flee from the US stock markets to the cryptocurrency market.

Opposite situation took place during the pandemic’s 2nd wave in June 2020 (and, possibly,
beyond that month): The cross-correlations are stronger for g = 1 than for 4 = 4. On the one hand,
for s = 10 min moderate values of p(g, s), mainly positive ones, are seen for g4 = 1, but they are not seen
for g = 4. On the other hand, for s = 360 min large values of p(g, s) are observed for g4 = 1 and slightly
smaller, but also significant, for ¢ = 4. Therefore we still see that the correlations cannot be built in
their full magnitude on short scales and they need some time to develop completely. However, a larger
0(g,s) for g = 1 indicates that the cross-correlations affect all the returns irrespective of their amplitude
(small and moderate returns dominate in number, thus more segments in ng(s) are correlated in this
case than in the case of g = 4). Majority of assets are correlated positively with an exception for JPY
that is anticorrelated with BTC.

The third and the most important interval of the inter-market cross-correlations happened between
the two above discussed events and it covers the pandemic outbreak and a financial market panic in
March 2020. The mutual coupling of the different markets (including the BTC/USD exchange rate for
the first time) was especially evident in this case. We observe the same rule here as in the two previous
cases that the cross-correlations need time to build up, thus they are stronger for s = 360 min than
for s = 10 min. However, they are clearly evident even for s = 10 min. Interestingly, if we look at the
largest returns (g = 4), we see that BTC is (positively) correlated mainly with S&P500, while it is more
independent as regards other assets. If we take a look at the results for ¢ = 1, the cross-correlations
appear strong between BTC and all other assets except for CHF (only small negative correlation) and
gold (XAU). The corresponding values of p(g, ) are positive for S&P500, CAD, copper (HG), crude oil
(CL), and silver (XAG), while they are negative for JPY. This cannot be viewed as a surprise since the
Swiss franc and Japanese yen are considered safe assets together with gold and their pricing in USD
behave differently than the remaining assets’ pricing did.

For a comparison, Figure 5 shows p(g, s) calculated for the ETH/USDT exchange rate and the
same conventional assets as in the BTC/USDT case above. We see that the only qualitative difference
between Figures 4 and 5 is a much smaller detrended cross-correlation coefficient value for g = 4 in
the case of ETH/USDT and Event 1 (the first US Covid-19 case). In fact, the principal interest was then
directed towards BTC and not the other cryptocurrencies. We did not analyze other cryptocurrencies,
because only BTC and ETH are traded on the Dukascopy platform, which all the conventional asset
quotes used here came from. If other cryptocurrencies were taken into consideration, they must have
been taken from Binance and synchronized additionally, which might have introduced some spurious
correlations. This is why we restricted this analysis to BTC and ETH only.
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Figure 5. Temporal evolution of p(g, s) calculated for the ETH/USDT exchange rate and the conventional
assets expressed in US dollar: Japanese yen (JPY), Canadian dollar (CAD), Swiss franc (CHF), crude oil
(CL), silver (XAG), gold (XAU), copper (HG), and the S&P500 index. For more description see caption
to Figure 4.

2.5. Cryptocurrency Market Structure

We have already discussed the fractal autocorrelations of the cryptocurrency exchange rates with
respect to US dollar and the cross-correlations between bitcoin and the assets representing conventional
markets. Now its time to look at the inner correlation structure of the cryptocurrency market itself.
Our data set consists of 128 cryptocurrencies expressed in BTC. This effectively removes the impact
of BTC on any other coin, so we have some insight into the market’s finer, secondary correlation
structure (the primary structure is such that all the cryptocurrencies are correlated with BTC and
form the market as a connected whole [11]). In our earlier work we identified that throughout
short history of the market, there were only two cryptocurrencies that played the role of the
market’s center (in terms of the network centrality): BTC for the most time and ETH in the first
half of 2018. ETH, sometimes together with USDT, was also identified as the most frequent secondary
hub of the market, after BTC [11]. Here we study the market’s structure between January 2019
and June 2020—a period that was not a subject of the previous study.

Minimal spanning tree is an acyclic spanning subset of a complete weighted network that
is minimal in terms of the total length of its edges. In a typical MST construction, the Pearson
correlation coefficient [94] is used to form a correlation matrix that defines a complete network.
Here we follow Refs. [11,87] and define the network based on the p(g,s) matrix. This matrix has
entries equal to p(g,s) calculated for all possible pairs of the exchange rates X/BTC and Y/BTC,
where X,Y denote any cryptocurrency from our N = 128 element set. By doing this, we obtain
N(N —1)/2 =128 127 /2 = 8128 coefficients p(g,s) for each choice of g and s (as before, here we
restrict our discussion to g = 1, ¢ = 4, s = 10 min, and s = 360 min). In order to move to a metric
space, we recalculate the coefficients in a form of a distance:

dxy(q,5) = 2(1 —pxy(q,s)). (11)
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Since —1 < p(g,s) < 1 for g > 0, we obtain limiting values for distance: 0 < dxy(g,5) < 2,
where dxy = 0 means perfect cross-correlation between X and Y, dxy = 2 means perfect anticorrelation,
and dyy = v/2 means perfect statistical independence. Based on all values of dxy (g, s) we construct
MST by using the Prim’s algorithm [95].

Figure 6 shows gMSTs calculated for 4 = 1 for three specific periods (from top to bottom):
January 2019, July 2019, and March 2020. The first one was distinguished because it overlaps with
a period when ETH was a hub with the highest network centrality (the largest number of connections or
the largest degree) for all scales. For both other periods, a role of the central hub was played by another
cryptocurrency: USDT—in July 2019 (all scales) and in March 2020 for short scales (represented
by s = 10 min in Figure 6). However, no overwhelmingly dominant node was observed in MST
corresponding to March 2020 and s = 360 min. In fact, the structure of the latter MST differs
substantially from the structure of the remaining 5 trees in Figure 6: It can be categorized as a
distributed network in contrast to the generally centralized form of the rest, where there is a clearly
identifiable center (ETH or USDT) and the peripheries. There is a possible explanation why USDT
becomes a central hub in turbulent periods, especially the sudden dropdowns: Investors that want
to close the cryptocurrency positions change them primarily to USDT, which is a stable coin pegged
to USD [52] and only then to the proper US dollar. This manoeuvre can mutually correlate most
cryptocurrencies via USDT.

5210 min 52360 min

January 2019
January 2019

5210 min o 52360 min

July 2019

July 2019

5210 min

March 2020 )
March 2020 o

Figure 6. Minimal spanning trees (MSTs) calculated based on the g-dependent detrended correlation
coefficient p(g, s) for the exchange rates of a form X/BTC, where X stands for one of 128 cryptocurrencies
traded on Binance [21]. Each node is labeled by the corresponding cryptocurrency ticker. All trees
correspond to g = 1. On the left there are MSTs obtained for s = 10 min, while on the right there MSTs
obtained for s = 360 min. Each row shows MSTs calculated in a different period (a 7-day-long moving
window with a step of 1 day): January 2019 (top), July 2019 (middle), and March 2020 (bottom).
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Now let us consider MSTs constructed from the filtered signals, in which the largest returns were
amplified by taking g = 4 (see Figure 7). In this case MSTs show a richer pool of forms. Only one tree
shows a centralized topology: For s = 10 min and March 2020, though its central hub (USDT) does not
dominate the networks unlike it was for ¢ = 1 (Figure 6). Moreover, there is only one tree that can be
categorized as distributed: For s = 360 min and March 2020. All the remaining trees reveal intermediate
form between the centralized and distributed ones: There are several nodes that can be called local
hubs. This is the case of the hierarchical networks that sometimes are scale-free. For s = 10 min,
such a situation was present in January 2019 (ETH and USDT) and July 2019 (USDT, ONT, XLM,
THETA, BCPT, and RVN), while for s = 360 min similar situations also occurred in January 2019
(ETH, EOS, and LTC) and in July 2019 (XLM, THETA, LOOM, USDT, ADA, AION, and DAX).

5=360 min
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January 2019
January 2019
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July 2019
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March 2020 o 5 S " ) March 2020

Figure 7. Minimal spanning trees (MSTs) calculated based on the g-dependent detrended correlation
coefficient p(g, s) for the exchange rates of a form X/BTC, where X stands for one of 128 cryptocurrencies
traded on Binance [21]. Each node is labeled by the corresponding cryptocurrency ticker. All trees
correspond to g = 4. On the left there are MSTs obtained for s = 10 min, while on the right there MSTs
obtained for s = 360 min. Each row shows MSTs calculated in a different period (a 7-day-long moving
window with a step of 1 day): January 2019 (top), July 2019 (middle), and March 2020 (bottom).

The trees shown in Figures 6 and 7 represent only a few periods, but in order to look at the market
structure evolution over the whole considered interval of time, it is not convenient to look at the
trees for individual windows. Therefore, we calculated a few network characteristics that grasp the
essential properties of the MST topology in each window. These are the mean path length (L(g,s))
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between a pair of the MST nodes (the averaging is carried out over all possible pairs) describing how
distributed (large (L(g,s))) or concentrated (small (L(g,s))) is a tree, the mean g-dependent detrended
cross-correlation coefficient (o(g,s)) (the averaging is carried out over all possible cryptocurrency
pairs), describing how strong are typical network edges, and the maximum node degree kmax(g,s),
describing how central is the main hub. Time evolution of these quantities is shown in Figure 8 for
g = 1 and in Figure 9 for g = 4. Apart from two scales considered in Figures 6 and 7, i.e., s = 10 min
and s = 360 min, we added a medium scale of s = 60 min.
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Figure 8. Network characteristics describing minimal spanning trees (MSTs) calculated for g = 1 and
for the following scales: s = 10 min, s = 60 min, and s = 360 min. The average path length (L(g,s))
between a pair of MST nodes (top), the average g-dependent detrended cross-correlation coefficient
(p(g,5)) (upper middle), the maximum node degree kmax(g,s) (lower middle), together with the total
market capitalization in US dollars and the daily number of new Covid-19 cases in the world (bottom).
Several events related to a relatively strong cross-correlations are marked with vertical dashed lines,
Roman numerals, and dashed ellipses: Start of a bull market in April 2019 (event I) and its continuation
in May 2019 (event Ia), a peak of the bull market in July 2019 (event II), a local peak followed by a sharp
drop of the market capitalization in November 2019 (event III), the Covid-19 panic in mid March 2020
(events IV-V), and the 2nd Covid-19 wave from May 2020 (event VI).

While (p(g,s)) is largely a different measure than the two other ones, (L(g,s)) and kmax (g, s) can
be related to each other: If kmax (4, 5) is large, a majority of the nodes is connected to it and (L(g,s)) can
be small; the opposite relation is also true. Figure 8 confirms these observations for 4 = 1: Typically,
the elevated values of (L(1,s)) (top panel) are associated with the suppressed values of kmax (1, s) (lower
middle panel) no matter what was a particular cause of such a change of the MST structure. The most
important topological changes detectable by (L(1,s)) and kmax(1,s) occurred after the end of ETH
domination in the market in January—February 2019 (topolgy changed from a highly centralized one
with ETH being the hub to a rather distributed one), after the end of the bull phase in July-August 2019
(topology returned temporarily to a centralized form but with USDT as the central hub), during a local
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peak and the subsequent decline of the market in November 2019 (another short period of a centralized
topology with USDT domination), and during and after the Covid-19 outbreak March-May 2020
(another phase of USDT domination, but longer than the preceding ones). On the level of (p(1,s)),
there can be 7 interesting periods pointed out (upper middle panel of Figure 8). As one might expect,
the longer scale, the stronger are the mean cross-correlations; this is a systematical relation throughout
the whole analyzed time interval. This is a typical effect observed on many financial markets, which is
related to the liquidity and capitalization differences among the assets. Since the cryptocurrencies with
small capitalization are traded less frequently than those with large capitalization, it takes more time
for a piece of market information to spread over such cryptocurrencies. Thus, the cross-correlations
among them can only be built and detected on longer scales.
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Figure 9. The same network characteristics describing MSTs as in Figure 8, but here calculated for

qg=4

A more interesting situation as regards the different scales s can be found if one compares, on the
one hand, kmax (1, s) between these scales and, on the other hand, (L(1,s)). Let us look at two events:
A peak and decline of the bull market in July 2019 (event II) and the Covid-19 pandemic (events IV-VI).
During the former, kmax(1,s) shows a standard behaviour, i.e., for s = 10 min and s = 60 min it is
significantly larger than for s = 360 min; the same can be said for the events IV-VI. According with
what it has been said above, we might expect that in both cases (L (1,360 min)) should be larger than
(L(1,10 min)) and (L(1,60 min)). while this was the case, indeed, during the pandemic outbreak in
March 2020, nothing like this happened during the bull market peak in July 2019, when (L(1,s)) was
comparable for all the scales. Such a deviation from the overall rule that a longer scale is associated
with a better-developed hierarchical or a more distributed MST topology (smaller kmax(g,s)) and
a shorter scale is associated with either a more centralized network topology (larger kmax(4,5)) was
rather unusual as for the whole studied period.

Figure 9 differs from Figure 8 only in that it shows the same quantities but for g4 = 4 (mainly the
cross-correlations for the large-amplitude returns are considered now). The above-discussed relation
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between kmax (g, s) for different scales s is less clear for g = 4 than it is for g = 1. Only in July 2019
and in March-April 2020 there can be distinguished some characteristic structures in time evolution of
kmax(4,s) and (L(4,s)). For the events that took place in July 2019, a relation between values of the
maximum node degree for different scales and a relation between values of the mean path length also
for different scales resemble those identified for 4 = 1. For the Covid-19 outbreak period, the small
difference is that now kmax (4,60 min) is comparable to its counterpart for s = 360 min instead of
s = 10 min as for g = 1. There is no difference between g = 1 and q = 4 as regards (p(4,s)): The longer
the scale is, the stronger are the cross-correlations.

To summarize observations related to the MST topology, in the analyzed period from January
2019 to June 2020 this topology used to change substantially during periods of large volatility in such
a way that from a hierarchical or distributed network structure that was typical outside these periods
it used to transform itself to a more centralized structure with a dominating hub and much stronger
cross-correlations between the nodes (see also [38]). The most interesting period was the Covid-19
pandemic, during which on short and moderate scales for g4 = 1 one observed first a significant increase
of the MST centralization (large kmax (g, s)) and a subsequent slow return to a more distributed form
(moderate kmax (g, s)) but still with a distinguished central hub. However, on the longest scale this
effect was not observed and kmax (1,360 min) was elevated only once in May 2020. This suggests that
the most sudden and nervous movements that correlate the market and centralize its topology on
short time scales tend to be blurred as time passes and we go from short to long scales, where topology
becomes much more of a distributed or hierarchical type. Such a behaviour observed recently during
the pandemic, which can be considered as an external perturbation to the market, differs from the
behaviour observed during the peak and collapse of the bull market in July 2019, which was no doubt
a result of the internal evolution of the market. Whether this internal /external events may be source of
the observed peculiarities of the Covid-19 period, one cannot state for sure as both events were unique
during the analyzed time interval and cannot be confirmed by other events of similar type.

3. Summary

In our work we focused on dynamical and structural properties of the cryptocurrency market.
We analyzed empirical data representing the exchange rates of 129 cryptocurrencies traded on the
Binance platform, including BTC. The analysis comprised three parts, each of which was intended for
investigating a different aspect of the market structure. We started from a multifractal analysis of the
BTC/USDT exchange rate as the most important one together with a similar analysis of an artificial
cryptocurrency index based on 8 the most capitalized coins. This analysis may be considered as an
extension of the analysis reported in Ref. [11] on the most recent time interval from January 2019 to
June 2020. The results showed that throughout this interval the cryptocurrency dynamics produces
multifractal fluctuations (returns) with some intermittent signatures of bifractality that can be assigned
to specific volatile periods like the Covid-19 outburst in March 2020 or a bull market start in April 2019.
Moreover, on a level of the return distributions such bifractal-like singularity spectra can be accounted
for by the pdf/cdf power-law tails that fall into the Lévy-stable regime [90]. Outside these volatile
periods spectra are wide but with much smaller left-right asymmetry.

The analysis of the cross-correlations between the cryptocurrency market represented by
BTC/USD or ETH/USD and the conventional markets represented by the major fiat currencies,
the most important commodities (e.g., crude oil and gold), and the US stock market indices brought
us to an observation that the cryptocurrency market was decoupled from the remaining markets
throughout the whole year 2019, but it used to couple temporarily to those markets during some events
in the first half of 2020, like in January when the first Covid-19 case was reported in the United States,
in March during the pandemic outbreak, and in May-July during the pandemic’s 2nd wave. In the
first case, BTC was anticorrelated with the major stock market indices like S&P500 and Nasdaq100,
but in the second and the third cases the analogous cross-correlations were positive. Positive were
then also the cross-correlations between BTC and several fiat currencies and commodities. A lack
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of the statistically valid cross-correlations in 2019, when the conventional assets did not experience
anything turbulent, was supposedly caused by the asymmetry in market capitalization between the
cryptocurrency market and the conventional markets to the disadvantage of the cryptocurrency market,
which was too small to have any sizeable impact on the other markets. However, the conventional
markets can easily influence the cryptocurrency market if they are turbulent. This is exactly what was
observed in March 2020 and June 2020. Except for January 2020, when, unlike BTC/USD, ETH/USD
was not correlated with the conventional assets, both the exchange rates reveal a similar relation with
these assets.

A network representation of the cryptocurrency market can shed light on the market’s inner
cross-correlation structure. Our analysis based on the exchange rates of 128 coins with respect to
BTC revealed that turbulent periods on the market result in a sudden transition between different
network topology types. During the periods of normal dynamics, the market has a distributed-network
topology or a hierarchical-network topology, in which no node dominates the network and there
is a hierarchy of hubs with decreasing centrality (e.g., node degree). Typically, for long scales the
hierarchical-network topology is more pronounced than for short scales, where a centralized-network
topology prevails. This is because the cryptocurrencies of small capitalization are less liquid, so a piece
of information needs more time to be fully processed by them and the cross-correlations, especially
those more subtle, sector-like, and related to less prominent cryptocurrencies, can only build up on
sufficiently long time scales. This picture is altered if there comes a volatile period. During such periods
the network becomes highly centralized with one dominating hub for all the scales. The most often the
role of such a hub is played by USDT, because it is pegged to the US dollar and, thus, considered as
more stable than other cryptocurrencies. If investors flee the cryptocurrency market, they first change
their assets to USDT, and only then to USD, which can correlate a majority of the cryptocurrencies
together via USDT. However, a compact, star-like topological form exists shortly and soon it returns to
a more distributed, more branched form.

We also noticed that the most significant events as regards their impact on the market
topology—the transition from a bull market to a bear market in July 2019 and the Covid-19 pandemics
that started in March 2020—differ in some details of that impact. During the pandemics, a transition
from a centralized form to a distributed form occurred predominantly on short and medium scales,
while on long scales it was less pronounced. Contrary to that, in July 2019 the topology shift was
visible on all the scales. It is a matter of future analyses to address a question whether this difference
can be related to endogenous (a trend reversal) vs. exogenous (the pandemic) origin of both events.
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Abstract: Information diffusion within financial markets plays a crucial role in the process of
price formation and the propagation of sentiment and risk. We perform a comparative analysis
of information transfer between industry sectors of the Chinese and the USA stock markets, using
daily sector indices for the period from 2000 to 2017. The information flow from one sector to another
is measured by the transfer entropy of the daily returns of the two sector indices. We find that the
most active sector in information exchange (i.e., the largest total information inflow and outflow)
is the non-bank financial sector in the Chinese market and the fechnology sector in the USA market.
This is consistent with the role of the non-bank sector in corporate financing in China and the impact
of technological innovation in the USA. In each market, the most active sector is also the largest
information sink that has the largest information inflow (i.e., inflow minus outflow). In contrast, we
identify that the main information source is the bank sector in the Chinese market and the energy
sector in the USA market. In the case of China, this is due to the importance of net bank lending
as a signal of corporate activity and the role of energy pricing in affecting corporate profitability.
There are sectors such as the real estate sector that could be an information sink in one market but an
information source in the other, showing the complex behavior of different markets. Overall, these
findings show that stock markets are more synchronized, or ordered, during periods of turmoil than
during periods of stability.

Keywords: information transfer; transfer entropy; stock markets; econophysics

1. Introduction

Complex systems, such as financial markets, are usually composed of many subsystems; in the
case of financial markets, information flows and interactions within the market itself are rarely
investigated even though they are critical to driving the complex dynamics of the complex system as a
whole. Many methods have been proposed to unveil these different relationships among subsystems,
such as correlations including simple correlation analysis [1,2], Granger causality [3], nonparametric
approaches such as the thermal optimal path method [4-6], and mutual information analysis [7-9].
These different approaches have their own advantages and limitations. Importantly, while Granger
causality is commonly used to identify time-varying single or bidirectional causality in economics, it is
sensitive to sample period selection and complexity in the underlying time series, as well as having
other issues [10,11].
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In this paper, we use an alternative approach termed transfer entropy to identify the information
transfers between industrial sectors in the world’s two largest economies: the USA and China. Transfer
entropy, as a kind of log-likelihood ratio [12], is a measure that quantifies information flow based on
the probability density function (PDF). Better than correlations or Granger causality, transfer entropy
not only identifies the direction of the information flow but also quantifies the flows between different
subsystems. In other words, it is capable of quantifying the strength and direction of the interaction
between different subsystems at the same time. This approach has found wide application [13-21].
Furthermore, variation and extensions of transfer entropy have been developed that are suitable for
different situations [22], such as symbolic transfer entropy [23].

There are many studies adopting the concept of transfer entropy to economic systems such as
financial time series [18,24,25], stock market indices [26,27], composite index and the constituent
stocks [28,29], and indices of industry sectors of a stock market [30].

Stock price fluctuations reflect both global and local news as well as news within a subsystem.
There are also well-known calendar anomalies related to business cycle and market participants sector
rotations [31]. In a related work, Oh et al. investigated the information flows among different sectors
of the Korean stock market [30]. They measured the amount of information flow and the degree of
information flow asymmetry between industry sectors around the subprime crisis and identified the
insurance sector as the key information source after the crisis. Although the authors do not attribute a
economic basis for this finding, it is likely linked to the insurance sector acting as a leading indicator of
risk in the economy. In this work, their analysis is extended and a comparative study is performed on
the information transfer among different industry sectors of the Chinese and the USA stock markets.
These two markets are respectively the largest emerging and developed stock markets associated with
the two largest economies in the world.

The rest of this paper is organized as follows. Section 2 describes the method for calculating
symbolic transfer entropy and the sector indices time series for the Chinese and the USA stock markets.
Section 3 presents the empirical results about the information flows between stock market sectors and
its relationship with market states. Section 4 concludes this work.

2. Method and Data

2.1. Symbolic Transfer Entropy

Schreiber was the first to use transfer entrop