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Preface to “Geometric Analysis of Nonlinear Partial
Differential Equations”

The origin of the geometrical theory of the differential equation can be traced back to the
scientific heritage of Sophus Lie, the great Norwegian mathematician of the 19th century. Forgotten
for almost 100 years, it was revived in the work of modern scientists, of whom Lev Ovsyannikov
and Alexandre Vinogradov should be mentioned first of all. The theory received new attention and
consideration during the 1960s during the “solitonic boom”, when the theory of integrable systems
with an infinite number of degrees of freedom was created and coined.

Essentially, the geometrical approach to differential equations consists in understanding them as
submanifolds (smooth or with singularities) in jet spaces. Such an interpretation allows one to apply
powerful methods of modern differential geometry and homological algebra and to look at numerous
classical problems from a completely new and unorthodox viewpoint. In particular, it provided a
rigorous basis for extremely important concepts such as symmetries, conservation laws, equivalence
and differential invariants. Moreover, inside this conceptual scheme, one obtains efficient methods to
compute the necessary invariants (both geometrical and algebraic) of differential equations.

The current collection contains twelve papers published in the Special Issue Analysis of
Nonlinear Partial Differential Equations of the Symmetry journal and may serve as an illustration of
some modern applications of the geometrical methods of partial differential equations. It comprises
miscellaneous topics of the local and nonlocal geometry of differential equations and applications of

the corresponding methods in hydrodynamics, symplectic geometry, optimal investment theory, etc.

Valentin Lychagin, Joseph Krasilshchik
Editors
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Abstract: This work is about the use of some classical spectral collocation methods as well as with the
new software system Chebfun in order to compute the eigenpairs of some high order Sturm-Liouville
eigenproblems. The analysis is divided into two distinct directions. For problems with clamped
boundary conditions, we use the preconditioning of the spectral collocation differentiation matrices
and for hinged end boundary conditions the equation is transformed into a second order system and
then the conventional ChC is applied. A challenging set of “hard” benchmark problems, for which
usual numerical methods (FD, FE, shooting, etc.) encounter difficulties or even fail, are analyzed
in order to evaluate the qualities and drawbacks of spectral methods. In order to separate “good”
and “bad” (spurious) eigenvalues, we estimate the drift of the set of eigenvalues of interest with
respect to the order of approximation N. This drift gives us a very precise indication of the accuracy
with which the eigenvalues are computed, i.e., an automatic estimation and error control of the
eigenvalue error. Two MATLAB codes models for spectral collocation (ChC and SiC) and another
for Chebfun are provided. They outperform the old codes used so far and can be easily modified to
solve other problems.

Keywords: Sturm-Liouville; clamped; hinged boundary condition; spectral collocation; Chebfun;
chebop; eigenpairs; preconditioning; drift; error control

MSC: 34B09; 34B40; 34L16; 65L.15; 65L.20; 65L60; 65L70

1. Introduction

Due to the spectacular evolution of advanced programming environments, a special
curiosity arose in the numerical analysis of a classical problem, that of accurate solving
of high order SL eigenproblems. It seems that quantum mechanics is the richest source
of self-adjoint problems, while non-self-adjoint problems arise in hydrodynamic and
magnetohydrodynamic stability theory (see for instance [1] and the vast literature quoted
there). The need to compute accurately and efficiently a large set of eigenvalues and
eigenfunctions, including those of high index, is now an utmost task.

Our main interest here is to evaluate the capabilities of the new Chebfun package as
well as those of conventional spectral methods in meeting these requirements. The latter
work in the classical mode, i.e., “discretize-then-solve”. On the contrary, the Chebfun spirit
consists in the continuous mode, i.e., “solve-then-discretize” (see [2] p. 302).

The effort expended by both classes of methods is also of real interest. It can be
assessed in terms of the ease of implementation of the methods as well as in terms of
computer resources required to achieve a specified accuracy.

Some FORTRAN software packages have been designed over time to solve various
regular and singular SL problems. These seem to be the first attempts to solve numerically
(automatically) eigenvalue problems.The most important would be SLEDGE [3,4], the
NAG’s code SLO2F [5,6], SLEIGN and SLEIGN?2 [7,8], and later MATSLISE. The SLDRIVER
interactive package supports exploration of a set of SL problems with the first four pre-
viously mentioned packages. The SLEDGE, SLO2F, SLEIGN2, and NAG’s D02KDF are
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“automatic” for eigenvalues and not for eigenfunctions. They have built in error estimation
and from that they achieve error control. They adjust the accuracy of the discretization so
that the delivered eigenvalue has estimated error below a user-supplied tolerance.

Essentially, the numerical method used in these software packages replaces the coeffi-
cients in the equation by a step function approximation. Their most important drawback
remains the impossibility to compute the eigenfunctions and a slow convergence in case of
some singular eigenproblems.

The MATSLISE code introduced in [9] can solve some Schrodinger eigenvalue prob-
lems by a constant perturbation method of a higher order. Very recently, this code has been
improved (see [10]) but it remains for Schrodinger issues which are outside the scope of
this paper.

There is also a class of semi-analytical methods which includes the variational iteration
method, the homotopy perturbation method, homotopy analysis method, and Adomian
decomposition (see for instance [11]) for solving eigenvalue problems. Their accuracy is far
from what spectral collocation methods can provide.

In [12], the authors set up an ambitious method based on the Lie group method along
with the Magnus expansion in order to solve any order of SL problem with arbitrary
boundary conditions.

We believe that spectral collocation methods can contribute to the systematic clarifi-
cation of some still open issues related to the numeric aspects of SL problems. The most
important aspect is how many computed eigenpairs (eigenvalues and eigenfunctions) can
we trust when solving a high order SL? This is the outstanding, not completely resolved
research issue, we want to address in this paper.

Thus, we will argue that generally Chebfun would provide a greater flexibility in solv-
ing various differential problems than the classical spectral methods. This fact is fully true
for regular problems. A Chebfun code contains a few lines in which the differential operator
is defined along with the boundary conditions and then a subroutine to solve the algebraic
eigenproblem. It provides useful information on the optimal order of approximation of
eigenvectors and the degree to which the boundary conditions have been satisfied.

Unfortunately, in the presence of various singularities or for problems of higher
order than 4, the maximum order of approximation of the unknowns can be reached
(N > 4000) and then Chebfun issues a message that warns about the possible inaccuracy of
the results provided.

Alternative use of conventional spectral collocation methods generally helps to over-
come this difficulty.

As a matter of fact, in order to resolve a singularity on one end of the integration
interval, Chebfun uses only the truncation of the domain. Classical spectral methods can
also use this method, but it is not recommended because much more sophisticated methods
are at hand in this case. For singular points at finite distances (mainly origin) we will use
the so-called removing technique of independent boundary conditions (see for a review of this
technique our monograph [13] p. 91). The boundary conditions at infinity can be enforced
using basis functions that asymptotically satisfy these conditions (Laguerre, Hermite, sinc).

A Chebfun code and two MATLAB codes, one for ChC and another for the SiC method,
are provided in order to exemplify. With minor modifications they could be fairly useful
for various numerical experiments. These codes are very easy to implement, efficient, and
reliable. All our numerical experiments have been carried out using MATLAB R2020a on
an Intel (R) Xeon (R) CPU E5-1650 0 @ 3.20 GHz.

The main purpose of this paper was to argue that Chebfun, along with the spectral
collocation methods, can be a very feasible alternative to the above software packages
regarding accuracy, robustness as well as simplicity of implementation. In addition, these
methods can calculate exactly the “ whole” set of eigenvectors approximating eigenfunc-
tions and provide automatic estimation and control of the eigenvalue error. For self-adjoint
problems, checking the orthonormality of computed eigenvectors gives us valuable infor-
mation on the accuracy of the calculation of these vectors.
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The structure of this work is as follows. In Section 2, we recall some specific issues
for the regular as well as singular Sturm-Liouville eigenproblems. In Section 3, we review
briefly the conventional ChC method as well as Chebfun, the relative drift of a set of
eigenvalues and the preconditioning of Chebyshev differentiation matrices. Section 4 is
the core part of our study. By analyzing one set of hinged problems and another one of
clamped problems, we want to evaluate the applicability of the two classes of methods as
well as their performances in terms of the accuracy of the outcomes they produce. There
is also a subsection that contains problems equipped with boundary conditions that are
a mixture of these two types, clamped and hinged. We end up with Section 5 devoted to
conclusions and open problems.

2. 2nd-Order Sturm-Liouville Eigenproblems
The 2nd-order SL equation reads

(71)"(pn(x)u(”))(n>+( ! (puca(xyut )( i
+(p2(x)u")" = (pr(x)u") = Au(x), a<x<b neN, n>2,

along with separated, (self-adjoint) boundary conditions. We shall assume that all coeffi-
cient functions are real valued. The technical conditions for the problem to be non singular
are: the interval (a; D) is finite; the coefficient functions py, 0 < k < n — 1, the weight w and
1/py are in Ll (a,b); and the essential infima of p, and w are both positive. Under these
assumptions, the eigenvalues are bounded below (see for instance [14]).

The eigenvalues can be ordered in the usual form: Ag < A; < A, < .., such that
limy,_, o, Ay = +o00. In this sequence, each eigenvalue has multiplicity at most # (so k +n > k
for all k). The restriction on the multiplicity arises from the fact that for each A there are at
most 7 linearly independent solutions of the differential equation satisfying either of the
endpoint conditions which we shall consider below.

Some of the problems we deal with are also found in the monographic paper [15].
It contains over 50 challenging examples from mathematical physics and applied mathe-
matics along with a summary of SL theory, differential operators, Hilbert function spaces,
classification of interval endpoints, and boundary condition functions.

3. Chebfun vs. Conventional Spectral Collocation
3.1. Chebfun

For details on Chebfun we refer to [2,16-18]. The Chebfun system, in object-oriented
MATLAB, contains algorithms which amount to spectral collocation methods on Cheby-
shev grids of automatically determined resolution. This is the main difference compared to
conventional spectral methods in which the resolution (order of approximation) is imposed
almost arbitrarily. Its properties are briefly summarized in [17]. In [16] the authors explain
that chebops are the fundamental Chebfun tools for solving ordinary, partial differential or
integral equations.

The implementation of chebops combines the numerical analysis idea of spectral
collocation with the computer science idea of lazy or delayed evaluation of the associated
spectral discretization matrices. The grammar of chebops along with a lot of illustrative
examples is displayed in the above quoted papers as well as in the text [2]. Thus, one can
get a suggestive image of what they can do working with Chebfun.

Moreover, in ([16] p. 12) the authors explain clearly how the Chebfun works, i.e., it
solves the eigenproblem for two different orders of approximation, automatically chooses a
reference eigenvalue and checks the convergence of the process. At the same time, it warns
about the possible failures due to the high non-normality of the analyzed operator (matrix).

Actually, we want to show in this paper that Chebfun along with chebops can do
much more, i.e., can accurately solve high order SL problems.
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3.2. Spectral Collocation Methods

Spectral methods have been shown to provide exponential convergence for a large
variety of problems, generally with smooth solutions, and are often preferred [19]. In
all spectral collocation methods designed so far, we have used the collocation differenti-
ation matrices from the seminal paper [20]. We preferred this MATLAB differentiation
suite for the accuracy, efficiency as well as for the ingenious way of introducing various
boundary conditions.

In order to impose (enforce) the boundary conditions we have used the boundary
bordering, which is a simplified variant of the above mentioned removing technique of
independent boundary conditions, as well as the basis recombination. We have used the first
technique in the large majority of our papers except [21] where the latter technique has been
employed. In the last quoted paper a modified ChT method based on basis recombination
has been used in order to solve an Orr-Sommerfeld problem with an eigenparameter
dependent boundary condition.

Once eigenvectors are calculated in physical space they are transposed into the space
of coefficients using FCT. In this way, it is possible to estimate the way in which their
coefficients decrease.

3.3. The Drift of Eigenvalues

Two techniques are used in order to eliminate the “bad” eigenvalues as well as to
estimate the stability (accuracy) of ChC or Chebfun computations. The first one is the drift,
with respect to the order of approximation or the scaling factor, of a set of eigenvalues of
interest. The second one is based on the check of the eigenvectors” orthogonality.

In other words, we want to separate the “good” eigenvalues from the “bad” ones, i.e.,
inaccurate eigenvalues. An obvious way to achieve this goal is to compare the eigenvalues
computed for different orders of some parameters such as the approximation order (cut-
off parameter) N or the scaling factor (length of integration interval). Only those whose
difference or “resolution-dependent drift” is “small” can be believed. In this connection, in
the paper [22], the so called absolute (ordinal) drift with respect to the order of approximation
has been introduced. We extend this definition in our recent paper [23] and will use it
without repeating it here.

Whenever the exact eigenvalues of a problem are known, the relative drift is reduced
to the relative error.

At this point, the following observation is extremely important. In the highly cited
monograph [24], the author makes a subtle analysis of spectral methods in solving linear
eigenproblems. Among others, he states the so called Boyd’s Eigenvalues Rule-of-Thumb
in which he notices that in solving such a problem with a spectral method using (N + 1)
terms in the truncated spectral series, the lowest N /2 eigenvalues are usually accurate to
within a few percent, while the larger N/2 numerical eigenvalues differ from those of the
differential equation by such large amounts as to be useless.

3.4. Preconditioning

To simplify the introduction of a preconditioner, we use the differential operator

d*u
LU (u) := T YE(-L), (1)
subject to clamped boundary conditions
ut(=1)=0,0< u<ly, )
and
u(")(l) =0,0<v<ry,, 3)

where n > 1, I;, and r,, are positive integers such that r, + I, +2 = n.
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It is well known that for general collocation points the first order differentiation matrix
has a condition number of order N? and the second order differentiation matrix has a
condition number of order N* as N — co. We comment on the preconditioner introduced
in [25]. These authors show that the preconditioning matrix

D= diag<(1 )1 — xk)'k“), 2<k<N-1,

applied to ChC as well as to Chebfun discretization L(CV;I)COr Chebfun of differential operator

L(”>, produces matrices DL(C';?COr Cheb fun of an inferior condition number, namely N".

4. Numerical Experiments
4.1. Hinged Ends or Simply Supported Boundary Conditions
4.1.1. The Viola’s Eigenproblem-Revisited

Let us consider now the so called Viola’s eigenproblem. It is encountered in porous
stability problems (see [1], Chapter 9) and reads

%[(pex)ﬁ}g] =A1—6x)u, x€(0,1),0<0<1, @
u(0) = u”(0) = u(1) = u’(1).
It is singular as @ — 1~ in accordance with the definition introduced in Section 2.
By straightforward variational arguments, we have shown in ([13] p. 50) that the
lowest eigenvalue is positive. In this text, we have solved the above problem by ChC using
the so called D? strategy which involves the change of variables

3d21/l

v:=(1-06x) FE

The main deficiency of this strategy is the fact that it produces a lot of numerical
spurious eigenvalues (at infinity).

In spite of this, we succeeded in stating the conjecture according to which A1 (6), the lowest
eigenvalue of the problem (4), approaches 1 as 6 — 1.

Now, taking advantage of Chebfun we solve directly problem (4). Thus, the depen-
dence of the lowest eigenvalue of the problem (4), computed by Chebfun, on the parameter
6 is depicted in Figure 1. Actually, we have obtained

A1(0.98765) = 8.775218471808549¢ — 01,

which only partly confirms the above conjecture.

100

80

60

2,(0)

40

20

0 0.2 0.4 0.6 0.8 1
0

Figure 1. The dependence of the lowest eigenvalue of the Viola’s eigenproblem (4), computed by
Chebfun, on the parameter 6.
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As a validation issue for our computations we have obtained the known value
A1(0.0) = 7%,

within an approximation of a thousand.

For the highest computable value of parameter 6, we display in Figure 2 the first four
eigenvectors of problem (4) and in Figure 3 the Chebyshev coefficients of these eigenvectors.

We have to mention that the singularity in the right end x = 1 becomes more promi-
nent as the 6 tends to 1. This is confirmed by increasing the degree of the Chebfun
approximation. For instance, when 6 := 0 only a 25 degree Chebyshev polynomial uses it
and when 6 := 0.98765 the degree of approximation grows to more than 80 (see Figure 3).
It is also worth mentioning that only for 8 growing very close to 1 a truncation of the
domain along with the use of the option splitting have been necessary when Chebfun
has been used.

15 2
1 o .
s E ]
05 .
0 2
0 0.5 1 0 0.5 1
X X
2 2
’ \
\ V;
'y
0 sof oy 4 )
\
v\
- A/
2 2
0 0.5 1 0 05 1
X X

Figure 2. From upper left to lower right we display the first four eigenvectors of the Viola’s eigen-
problem (4) computed by Chebfun with 8 = 0.98765.

Chebyshev coefficients

=
o
£ 10°
(9}
o
o
XS]
[}
©
2
5101
©
2 ‘.
o X
1078
0 20 40 60 80

Degree of Chebyshev polynomial

Figure 3. The Chebyshev coefficients of the first four eigenvectors of the Viola’s eigenproblem (4)
computed by Chebfun with § = 0.98765. A very narrow rounding-off plateau can be seen.

We have to observe that the problem (4) has been solved by compound matrix method
in [26] for & < 0.9. The author asserts that other methods have to be used in order to
resolve the singularity in this problem. We hope that the above analysis sheds some light
in this direction.
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4.1.2. The Bénard Stability Problem

A simplified form of the Bénard stability problem supplied with self-adjoint boundary
conditions reads (see for instance [14,27])

ul®) — (2v + 3)u®) 4 (V2 +4v +3)u” — (V2 +2v+2)u
(i

: Au(x), x € (0,1),
u(0) = u(1) = u"(0) = u"(1) = ul®(0) = =0.

o) ©

The constant v is regarded as a parameter which typically can take the values

—-1/2
vE = —(1 +j27r2> + (1 +j2n2) i=12....

All our attempts to solve this problem using Chebfun have failed, so we have resorted
to the old D? strategy.

Thus, we rewrite problem (5) as a homogeneous Dirichlet one attached to a second
order differential system, namely

u" =v(x), x€(0,1),
v =w(x),
0" — v+3)w+ (V2 +4v+3)v— (v +2v +2)u = Au(x),
u=v=w=0inx=0and x = 1.

()

Now we apply to each line the ChC discretization. It leads to the generalized and
singular eigenpencil
(A, B), @)

where the block matrices are defined by

4D®@) I 4
A= z 4D®@) I ,
—(

V2 +20+2)] (P+4v+3)1 4D?) — (2v+3)I

Z Z
B:=| Z zZ .
I 7z Z

The factor 4 in front of D(?) comes from the shift of interval (0, 1) to the canonical
Chebyshev interval [~1, 1] and the matrix D) signifies the second order Chebyshev
differentiation matrix with the homogeneous Dirichlet boundary conditions enforced.
The matrices I and Z stand respectively for the identity and zeros matrices of the same
dimension as D(?).

The following short MATLAB code has been used to solve (6):

and

N N

N=256; % order of approximation

nu=- (1+4* (pi~2))-sqrt (1+4*(pi~2)); % parameter \nu

[x,D]=chebdif (N,2); D2=D(2:N-1,2:N-1,2); Y% differentiation matrices
I=eye(size(D2)); Z=zeros(size(D2));

A=[ 4xD2 -I Z; Z 4*D2 -I; -(nu~2+2%nu+2)*I (nu~2+4*nu+3)*I 4*D2-(2*nu+3)*I];
B=[Z2 2 Z; 272 2; 17Z12Z]; % block matrices in pencil

k=28; % number of computed eigs

E=eigs( @(x) (A\(B*x)), size(A,1),k, ’SM’) % Arnoldi method

When the order of approximation is N, both matrices in (7) have order 3 x (N —1).
This tripling of the dimensions of the matrices involved is not a major disadvantage. On
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the contrary, if we use Henrici’s number as a measure of normality (see for instance our
text [13] pp. 22-23), we see from the inequality

Henrici(A) = 0.300293 < Henrici(D®)) = 0.395205,

that matrix A is more normal than D(®).

In our previous paper [28], we have analyzed various methods to solve singular
eigenproblems attached to pencils of the form (7). For the problem at hand we have
used the Arnoldi method with the MATLAB sequence eigs (A~!B) and with the above
code obtained the eigenvalue reported in Table 1. It is very clear that for the values of
v considered, the block matrix A is non singular and the block matrix B is singular and
independent of v.

It is extremely important to point out that for the first two values of the parameter
v in Table 1 our results are very close to those reported in [14]. For the other parameter
values this no longer happens. A similar situation occurs even for the second eigenvalue.
Then, to decide over the accuracy of our outcomes, we resorted to drift. The relative
drift, with respect to the order of approximation N, of the first forty eigenvalues when
v = —(1+m2) — (14 n2)~'/2 is displayed in Figure 4. It suggests that the first two
eigenvalues are computed with an accuracy of at least 10712 and the first forty with an
accuracy of at least 1072. This leads us to believe that we have produced much better
approximations for these eigenvalues than those reported in [14] as well as [27]. Actually,
in [14] the authors use the SLEUTH code and accept that “it is clear that the code is not
very accurate on this problem”.

10°
1072F

10741

1070 §

Relative drift wit respect to N

10—12,

10714 - : ; y y y y
5 10 15 20 25 30 35 40

Eigenvalue index
Figure 4. The relative drift of the first forty eigenvalues of Bénard problem is displayed when
vi=—(1+ m2) — (1 + 72)~/2-red dotted line when Nj := 256 and N := 128 and green circled line
when Nj := 64 and N, := 128.
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Table 1. The first two eigenvalues of Bénard problem (5) for various v computed by D? strategy along with ChC.

v Ao(v) A(v) Ao(v) according to [14]
—(1+7?) —1.000000000102923¢ + 00 —3.548769279033568¢ + 04 —1.000005
—(1+447%) —1.000000009534114e +00  —9.530184561696226¢ -+ 03 —1.0001
—(147?) = (1+7%)~Y2  —1.191482998363510e + 02  —2.802486989002433¢ + 04 ~1x1077
—(14+47%) — (1+47%) Y2 —1.639502291744172¢ + 03 —1.406538196754713¢ + 04 -3 x107°

4.1.3. A Self-Adjoint Eighth-Order Problem

The eigenproblem of the highest order we consider in this paper is the following

u®(x) = Au(x), 0 < x <1,
u(0) = u”(0) = u®(0) = ul® 0)=u(1)=u"(1) = u®(1) = u(f’)(l) =0,

with exact eigenvalues A, = (km)8,k=1,2,....

All our attempts to solve this problem with Chebfun have failed. The abortion message
referred to the extremely small conditioning of the eight order Chebyshev collocation
differentiation matrix (of the order 10~40).

Instead, the D? strategy along with ChC worked well and produced vectors from

Figure 5.
-3 -4
0 x10 2 x10
s -5 =0
-10 )
-1 0 1 -1 0 1
X X
5 x107° x10°8
2
-2
-2
-1 0 1 -1 1
X X

Figure 5. From upper left to lower right we display the first four eigenvectors of problem (8)
computed by ChC along with D? method when the order of approximation has been N := 256.

In order to estimate the error with which the eigenvalues were calculated, we display
in Figure 6b the relative drift of the first twelve eigenvalues for different approximation
orders. As a result that we know the exact eigenvalues, we also display the relative
errors. It is very clear that the first eigenvalue is computed with better accuracy than 10712,
Unfortunately, this means a lower performance by three decimals than that of Magnus
expansion reported in Table 10 from [12].

Moreover, this means that we cannot trust more than twelve eigenvalues for this problem.

It is clear that ChC along with the D?> method have the potential to find the first
eigenvalues of an SL problem of arbitrary (even) order with good accuracy. In addition
to the Magnus method, this strategy calculates its eigenfunctions (eigenvectors) with
reasonable accuracy as can be seen in Figure 6a. We use FCT to compute the Chebyshev
coefficients of the eigenvectors.
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Figure 6. (a) The Chebyshev coefficients of the first four vectors of the problem (8) computed by FCT
(fast Chebyshev transform). (b) The relative drift of the first twelve eigenvalues to problem (8), red
dotted line Ny := 96, N, := 200, green stared line N := 128, N := 200, and magenta circled line
Nj := 200, N := exact.

4.2. Clamped Boundary Conditions
4.2.1. A Fourth Order Problem with a Third Derivative Term

With this first example we have to highlight the importance of preconditioning in
improving the accuracy of Chebfun. In the papers [25,29], as well as in the monograph [30],
the following eigenproblem is carefully studied. It consists of the fourth order differen-
tial equation

ul® + Ry =su”, x € (-1,1), RER, 9)

supplied with the clamped boundary conditions
u(+1) = u'(£1) =0. (10)
The eigencondition for this problem is

(R?+4s) 12 {cosh(R) ~ cosh(R? + 4s) 1/2} +2ssinh (R? + 4s) Yoo an

Problems similar to this appear, for example, in linearized stability analysis in fluid
dynamics. In [29], the authors noticed spurious eigenvalues when the problem (9) and (10)
is solved by ChT method. These spurious eigenvalues appears in the right-half plane
suggesting physical instabilities that do not exist.

We have solved the problems (9) and (10) by Chebfun with and without precondition-
ing. The numerical outcomes are displayed in Table 2. Boldfaced digits in the computed
eigenvalues show the extent of agreement with the exact values. Thus, it is very clear that
preconditioning Chebfun can considerably improve its accuracy.

Table 2. First two eigenvalues of problems (9) and (10).

i A; Chebfun A; Preconditioned Chebfun  A; Solution to (11)
1 —9.870154876048822¢ + 00 —9.869604528925013¢ -+ 00 —9.8696044
2 —2.019216607051227¢ + 01 —2.019072837497370e + 01 —20.1907286

10
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4.2.2. A Fourth Order Eigenproblem from Spherical Geometry

In [29], the authors consider the eigenproblem

D(D—s)u=0,0<r; <ry 1 >0,
=u

u(ry) = u(ra) = () = ' (r2) = 0, (12)

where the operator D is defined by

2 I(141)
D Sy
(u) :=u" + U a2
and [ is a positive integer. They solve this problem by a modified ChT method in order to
avoid spurious eigenvalues. We have solved this problem by ChC and obtained for the fist
two eigenvalues the numerical values

51 = —3.947819275687863¢ + 01, s, = —8.076297512888706¢ + 01,

which agree up to the fourth decimal with the the true values (determined from the
eigencondition.

The first four vectors to problem (12) computed by Chebfun are depicted in Figure 7a.
It is visible that they satisfy the boundary conditions. Their Chebyshev coefficients are
displayed Figure 7b. About the first twenty coefficients of the first four eigenvectors
decrease just as abruptly and smoothly.

Eigenvectors 0(.':hebyshev coefficients
10
* 1st
2nd
——3rd
2 4th
.0 1
S !
5 4
Q
< o
o » Round off
o 2
- 8 1070 ¢ plateau
5 k)
(0]
°
2
=
g
=

-2 L
99 99.5 100 0 100 200
a) x b) Degrees of Chebyshev polynomials

Figure 7. (a) The first four eigenvectors to problem (12) computed by Chebfun. (b) The coefficients of
first four eigenvectors to problem (12).
4.2.3. A Set of Sixth Order Eigenproblems

In [31], the authors consider the following sixth order eigenproblems

u® (x) = Aul (x), u(£1) = o/ (£1) = u”(£1) = 0,j = 0,2,4, (13)

and introduce an extremely simple modification to the ChT method which eliminates the
spurious eigenvalues when such high order eigenproblems are solved.

We have tried to solve problem (13) with j := 4 by Chebfun but all our attempts failed
due to the very small conditioning of matrix involved, i.e., around O(107). The situation
became much better with the preconditioner introduced in Section 3.4.

11
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Thus, the first four eigenvectors along with their Chebyshev coefficients are depicted
in Figure 8. As it is apparent from the lower panel of this figure the coefficients of degree up
to 30 drop sharply to an absolute value below 10~'° and then slowly decrease to machine
accuracy. This happens at an degree around 120.

The eigenvalues computed by Chebfun agree up to the first three digits with those
provided in ([25] p. 405).

First four eigenvectors

15 " ]
1R 1 1
1 0-5
= H ESN
g 05 -
0.5 -0.5
-1
-1 0 1 1 -10 1 -1 0 1
X X X X
Chebyshev coefficients
£ ' ' ' . st
S *  2nd
§ O 3
- Y
@ 10710
310-12
54915
1078

20 40 60 80 100
Degree of Chebyshev polynomial

Figure 8. The first four eigenvectors of problem (13) with j := 4, computed by Chebfun, are reported
in the the upper panels and their Chebyshev coefficients are displayed in the lower panel.

4.3. Problems with Mixed Boundary Conditions

4.3.1. The Free Lateral Vibration of a Uniform Clamped-Hinged Beam
The fourth order eigenproblem

ul® (x) = Au(x), 0 < x <1, u(0) = u'(0) = u(1) = u”(1) =0, (14)

is considered in [32] and is solved by a non conventional spectral collocation method. In
this paper, the author shows that the eigenvalues satisfy the transcendental equation

tanh VA = tan V/A. (15)

It is extremely important to observe that neither preconditioning nor D? strategy can
handle the mixture of boundary conditions in (14). Thus, this problem tests how well the
Chebfun can cope with various boundary conditions.

As the eigenvalues computed from (15) are compared with those obtained by Magnus
expansion in [12], we report in Table 3 the latter eigenvalues compared with those provided
by Chebfun. A coincidence of at least three decimals can be observed.

12
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Table 3. The first five eigenvalues to problem (14) computed by Chebfun and compared with those
provided by Magnus expansion.

i Aj Chebfun Aj According to [12]
1 2.377373239875730e + 02 2.377210675300e + 02
2 2.496524908617440e + 03 2.496487437860e + 03
3 1.086783642364734¢ + 04 1.086758221697¢ + 04
4 3.177977410414838¢ + 04 3.178009645380¢ + 04
5 7.400167551416633¢ + 04 7.400084934040e + 04

The first four eigenvectors to problem (14) computed by Chebfun are displayed in
Figure 9. It is perfectly visible that they satisfy the boundary conditions assumed in

this problem.
15 2
1
s 40
05
0 2
0 05 1 0 0.5 1
X X
2 2
0 50
2 2
0 05 1 0 0.5 1
X X

Figure 9. From upper left to lower right we display the first four eigenvectors to problem (14)
computed by Chebfun.

The Chebyshev coefficients of the first four eigenvectors to problem (14) computed by
Chebfun are displayed in Figure 10. They decrease smoothly to somewhere around 1012
which is an argument in favor of the accuracy of numerical results.

Chebyshev coefficients

—e— 1st
o\ e 2nd

) O 3d
&) — — —4th

£ \v)r\\

S 5 o(}«\

5 10 .6;)\\

o ° \{J\/\ Rounding-off
9 ) plateau
g (

2

5

S0

0 5 10 15 20 25 30 35
Degree of Chebyshev polynomial

Figure 10. In a log-linear plot we display the Chebyshev coefficients of the first four eigenvectors to
problem (14) computed by Chebfun.
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4.3.2. A Fourth Order Eigenproblem with Higher Order Boundary Conditions

In order to show again the Chebfun versatility in introducing boundary conditions,
we consider the following problem called the cantilevered beam in Euler-Bernouilli theory
(see for instance [33]). The equation simply reads

uiv) — /S4u, x € (0,m), (16)
and is equipped with the following boundary conditions

u(0)=0, u'(0)=0,
u//(n.) — 0, u///(n) =0. (17)

The first two boundary conditions state that the beam is clamped in 0 and the last two
state that the bean is free in the right hand end. The eigenvalues f satisfy the eigencondition

cosh(Bm)cos(Brr) +1=0. (18)

Actually, the problems (16) and (17) are self-adjoint. Without going into details, we
will notice that the first eigenvalue of this eigenproblem is the solution of the minimiza-
tion problem

i do ()
T Jo o2dx

0

pt ,

where, roughly, V is a space of continuous functions satisfying the boundary conditions in

(17). This Ritz formulation, as well as a weak (variational) formulation can be obtained by

multiplying the equation with a function v from V and a double integration by parts.
Again, these boundary conditions are not treatable by preconditioning or D? strategy.
The following simple and short Chebfun code solves the problems (16) and (17).

% Cantilevered beam in Euler-Bernouilli theory
dom=[0,pi] ;x=chebfun(’x’,dom) ; % the domain
L = chebop(dom) ;

L.op = @(x,y) diff(y,4); % the operator
L.lbc = @(y) [y; diff(y,1)]; % fixed b. c.
L.rbc = @(y) [diff(y,2); diff(y,3)];% free b. c.
[U,D]=eigs(L,40,°SM’); % first six eigs.

% Sorted eigenpairs (eigenvalues and eigenvectors)
D=diag(D); [t,ol=sort(D); D=D(o); disp((D.~(1/4)))
U=U(:,0);

In Table 4, the first four eigenvalues computed by Chebfun and by Magnus expansion
are reported. A satisfactory agreement is observed.

Table 4. The first four eigenvalues of problems (16) and (17) computed by Chebfun compared with
numerical solutions to Equation (18).

j Bj by Chebfun Bj Exact Solutions of (18)
1 5.967718563107258¢ — 01 0.59686
2 1.494163617547652¢ + 00 1.49418
3 2.500244462376521e + 00 2.50025
4 3.499990154542449¢ +- 00 3.49999

The first four eigenvectors are displayed in Figure 11a and their Chebyshev coeffi-
cients are displayed in the same figure panel b. It is clear that Chebfun uses Chebyshev
polynomials of slightly lower degree than 20 and from this level only a sharply decreasing
rounding-off plateau follows.

14
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Figure 11. (a) The first four eigenvectors of problem (16) and (17) computed by Chebfun. (b) The
absolute values of Chebyshev coefficients of these vectors are displayed in a log-linear plot.

The first four eigenvectors approximating the eigenfunctions are in very good agree-
ment with those exposed in literature. Using the definition of the scalar product of two
vectors 1 and v, namely u’ x v, we can easily check the orthonormality of eigenvectors.

The curves in Figure 12 clearly show that the eigenvectors of this problem computed
by Chebfun are orthonormal.

o
1<)

<
S

3
S
pa

T
.

Absolute values of scalar products

<
)

5 10 15 20 25 30 35 40
Eigenvectors

Figure 12. In a log-linear plot we display the scalar products uq * U /'—red dotted line, ué * uj—blue
dotted line, ug * uj—green dotted line and ujo * uj—magenta dotted line, j := 1,2,...,50 when the
eigenproblem (16) and (17) is solved by Chebfun.

4.3.3. The Harmonic Oscillator and Its Second and Third Powers

We wanted to test our strategy on a problem whose differential equation exhibits
stiffness in at least part of the range. Thus, along with the well known harmonic oscillator
operator

h(u) := —u" 4+ x*u, x € (—o0, )

we will consider its second and third powers, namely

B2 (u) = ul® — Z(xzu’), + (x4 72)11, x € (—00, ),

15
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and
B3 (u) = —u®) 4 (3x2u”)// + ((8 - 3x4> u’)l + (x6 - 14x2> u, x € (—oo0, ).
Actually we want to solve the fourth order eigenvalue problem for 1% (u), namely
W2 (u) = Au, (19)
and the sixth order eigenvalue problem
13 (u) = Au, (20)

corresponding to the cube of the harmonic oscillator operator. The eigenvalues of the
harmonic oscillator are Ay = (2k+ 1),k =0,1,2,..., and those of h? and K are the second
and the third powers, respectively of A;. According to the definition for classification of SL
problems, given in this Section 2, the eigenproblems (19) and (20) are singular.

We have to observe that no boundary conditions are needed because the problem is of
limit-point type [15]: the requirement that the eigenfunctions be square integrable suffices
as a boundary condition. In [14] the problem (20) is solved by a SLEUTH code along with
domain truncation. Actually the authors truncate this problem to the interval (—100, 100),
and impose the simplest boundary conditions u = 1’ = u” = 0 at x = £100. Along with
these boundary conditions the eigenproblem becomes self-adjoint.

The first four eigenvectors of the cube of harmonic oscillator computed by SiC are
displayed in the upper panels of Figure 13. Their sinc coefficients are displayed in the
lower panel of the same figure. Roughly speaking, it guarantees us an accuracy of at least
1012 in the computation of these eigenvectors.

First four eigenvectors
0.4 0.

— & 0.4 —
0.2 0.2 0.2 5 0.2

2 ok X0 2 ohhd = o

=} '.: =) =) '||i| =}
02} % -0.2 02} 0.2
0.4 L 0.4 L 0.4 L 0.4

150250 150250 150250 150250
X X X X

Magnitude of coefficients

50 100 150 200 250 300 350 400
Sinc modes

Figure 13. A zoom in on the first four eigenvectors of the cube of harmonic oscillator (20) computed
by SiC is displayed in the upper panels and the sinc coefficients of eigenvectors are reported in the
lower panel.
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SiC computes the integers A, with an accuracy of at least six digits.

The relative drift, with respect to N, of the first 250 eigenvalues of the cube of harmonic
oscillator computed by SiC are displayed in Figure 14a). It tells us that the first 200
eigenvalues are “good" within an accuracy of approximately 1072. It also means the
“highest” confirmation of Boyd’s Eigenvalues Rule-of-Thumb (see Section 3.3).

10°

10%
102
104

10

Relative drift with respect to N

Absolute values of scalar products

50 100 150 200 250 50 100 150 200 250
a) Sinc modes b) Sinc eigenvectors

Figure 14. (a)The relative drift of the first 250 eigenvalues of the cube of harmonic oscillator computed
by SiC. Red stared line compares the exact values with the eigenvalues computed with N := 400 and
the circled green line compares the latter eigenvalues with those computed when in SiC N := 500. In
both cases, the scaling factor / equals 0.1. (b) The orthonormality of the first 250 eigenvectors, i.e.,
the scalar products, ”; U j red dotted line, u’lo U blue dotted line, u{a-o *1j green dotted line and
”/100 * 1j magenta dotted line, j :=1,2,...,250.

Trying to explain this spectacular phenomenon we cannot forget the fact that the
derivation matrices of SiC are symmetric. This leads to normal matrices (operators) whose
eigenpairs are properly computable.

If we compare this result with Table 10 from [14], where the best accuracy in com-
puting of the first eigenvalue is 1072, we can speak of a total superiority of SiC method
over SLEUTH.

In Figure 14b, we display the scalar product of some eigenvectors. They prove that
the SiC computed eigenvectors are orthonormal. This means that we can trust at least the
first 200 eigenpairs computed by SiC. The following few lines of MATLAB compute the
above eigenpairs:

% The sinc differentiation matrices [Weideman & Reddy]

N=400;M=6;h=0.1;

%0rders of approximation and differentiation and scaling factor

[x, D] = sincdif(N, M, h); D1=D(:,:,1);D2=D(:,:,2);D6=D(:,:,6);

% The cube of the "harmonic oscillator" operator

L=-D6+D2x (3*diag (x.~2)*D2) +D1* (diag(8-3* (x."4))*D1)+diag(x.~6-14%(x.~2));
% Finding eigenpairs of L

[U,S]=eigs(L,250,0); S=diag(S); [t,o]l=sort(S); S=S(o0);

Unfortunately, Chebfun along with domain truncation fails in solving the sixth order
problem (20) with or without preconditioning. Actually, a warning concerning the very
bad conditioning of the matrix is issued.

However, Chebfun behaves fairly well in solving the fourth order problem (19), i.e.,
computes the corresponding integers with the same accuracy as SiC. We have solved the
Equation (19) on the truncated interval (—X, X) for various X along with the boundary
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conditions u(£X) = u/(£X) = 0. The Chebyshev coefficients of the first four eigenvectors
of eigenproblem (19) computed by Chebfun are displayed in Figure 15a). An important
aspect must be highlighted, namely the first about 1000 polynomial coefficients decrease
steeply and smoothly to about 10~# after which up to the order of 2500 follows a wide
rounding-off plateau.This is the polynomial of the highest degree that Chebfun has used in
our numerical experiments. The curves in Figure 15b) show the orthonormality of Chebfun
eigenvectors.

Chebyshev coefficients
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z 10°] 3

@ s -5

2 o0
2 Round off | ®
o 17}
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3 3
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= [
c >
§ 2
=}
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Q
<<

10720 : ' .
0 1000 2000 50 100 150 200

a) Degree of Chebyshev polinomial  b) Chebfun eigenvectors

Figure 15. (a) We display the Chebyshev coefficients of the first four eigenvectors of eigenproblem
(19); red dotted line-first vector, green stared line-second, blue circles-third and magenta diamonds-
fourth vector. (b) In a log-linear plot we display the scalar products 17 * uj—red dotted line, uj * 1uj—
blue dotted line, u§ * u j—green dotted line and TS j—magenta dotted line, j := 1,2,...,200 when
the eigenproblem (19) is solved by Chebfun.

The relative drift with respect to the length of integration interval X of the first 250
eigenvalues to problem (19), when it is solved by Chebfun, is displayed in Figure 16.
It means that the numerical stability is lost for larger X than 100 and a set of small eigenval-
ues can be computed with an accuracy better than 10~°.

-8
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ﬁ 1074
10716
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Figure 16. The relative drift (errors) with respect to X of the first 250 eigenvalues of second order
harmonic oscillator operator 2.

5. Conclusions and Open Problems
After analyzing these challenging problems, some firm conclusions can be drawn.
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First of all, Chebfun can easily handle any type of boundary condition. This is a signif-
icant advantage. Thus, for fourth order eigenproblems, the direct application of Chebfun
is versatile in handling various high order boundary conditions and produces reliable
outcomes. Furthermore, for problems with clamped boundary conditions both methods,
Chebfun as well as ChC, improve their results with two, three decimals by preconditioning.

For sixth order eigenproblems, the Chebfun situation is not so encouraging. Its
direct application is very uncertain. Matrices whose conditioning order drops to 10~
appear, which most often lead to inaccurate results. For problems of this order or more,
subjected to hinged boundary conditions, the reduction to second-order systems and then
the application of the ChC method is the best strategy. In this way, we managed to establish
a conjecture for the Viola’s problem regarding its lowest eigenvalue.

For fourth order problems on the real line Chebfun along with the truncation of the
domain worked fairly well as was the case with the second power harmonic oscillator. As
an absolute novelty, we have established in this case the numerical stability with respect to
the length of the integration interval. Instead, for the sixth order eigenproblems on the real
line, the SiC method remains the unique feasible alternative.

In fact, this method is the best in the sense that we can trust the first half of computed
eigenpairs. To our knowledge, no software package has reached this performance so far.

An open problem remains for finding preconditioning methods for the case of hinged
boundary conditions or some other types of boundary conditions.

This paper comes shortly after when in another one (see [23]) we have approached,
with the same two classes of methods, singular Schroedinger eigenproblems. In this sit-
uation we can appreciate that ChC along with Chebfun are a better alternative in some
respects to other existing methods for a very wide range of eigenproblems. Both compute
eigenvectors (approximating eigenfunctions) and by drift estimation demonstrate numer-
ical stability. In addition, the drift with respect to N shows the degree of accuracy up to
which a set of eigenvalues is computed. The situation when both types of methods can be
applied to the same problem is the ideal one and the one that produces the safest results.
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Abbreviations

The following abbreviations are used in this manuscript:

ChC Chebyshev collocation method

ChT Chebyshev tau method

D? strategy to reduce a 2nd-order equation to a second order system

FCT fast Chebyshev transform

FD finite difference method

FE finite element method

MATSLISE  a MATLAB package for the numerical solution of SL and Schréedinger equations
SiC sinc spectral collocation

SL Sturm-Liouville

SLEDGE Sturm-Liouville estimates determined by global errors
SLEUTH Sturm-Liouville Eigenvalues using Theta Matrices
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Abstract: A smooth map 7y in the symplectic space R?" is Lagrangian if <, v, . . ., 7,&2"71)
independent and the span of 7,7y, ..., %((”71 is a Lagrangian subspace of R?". In this paper, we
(i) construct a complete set of differential invariants for Lagrangian curves in R?" with respect to the
symplectic group Sp(2n), (ii) construct two hierarchies of commuting Hamiltonian Lagrangian curve
flows of C-type and A-type, (iii) show that the differential invariants of solutions of Lagrangian curve
flows of C-type and A-type are solutions of the Drinfeld-Sokolov’s C,(,])—KdV flows and Ag)fl—KdV
flows respectively, (iv) construct Darboux transforms, Permutability formulas, and scaling transforms,

and give an algorithm to construct explicit soliton solutions, (v) give bi-Hamiltonian structures and

are linearly

commuting conservation laws for these curve flows.

Keywords: Lagrangian curve flows; KdV type hierarchies; Darboux transforms

1. Introduction

The modern theory of soliton equations dates from the famous numerical compu-
tation of the interaction of solitary waves of the Korteweg-de Vries (KdV) equation by
Zabusky and Kruskal [1] in 1965. In 1967, Gardner, Green, Kruskal, and Miura [2] ap-
plied the Gelfand-Levitan’s inverse scattering transform of the one-dimensional linear
Schrodinger operator to solve the Cauchy problem for rapidly decaying initial data for the
KdV equation. In 1968, Lax [3] introduced the Lax-pair for KdV. Zakharov and Faddeev [4]
gave a Hamiltonian formulation of KdV, and proved that KdV is completely integrable by
finding action-angle variables. Zakharov and Shabat [5] found a Lax pair of 2 x 2 first order
differential operators for the non-linear Schrédinger equation (NLS), Adler-Kostant-Symes
gave a method to construct completely integrable Hamiltonian systems using splitting of
Lie algebras (cf. [6-9]), Kupershmidt-Wilson [10] constructed n x n modified KdV (mKdV)
using a loop algebra, and finally Drinfeld-Sokolov [11] gave a general method to construct
soliton hierarchies from affine Kac-Moody algebras. In particular, soliton equations have
many remarkable properties including: a Lax pair, infinite families of explicit soliton
solutions, Backlund and Darboux transformations that generate new solutions from a
given one by solving a first order system, a permutability formula to superpose solutions,
a rational loop group action, a scattering theory and an inverse scattering transform to
solve the Cauchy problem, a bi-Hamiltonian structure, and infinitely many commuting
Hamiltonians. For more detail and references, we refer readers to the following books and
survey articles: [11-18].

Soliton equations are also found in classical differential geometry: the sine-Gordon
equation (SGE) arose first through the theory of surfaces of negative constant Gauss curvature
in R%, and the reduced 3-wave equation can be found in Darboux’s work [19] on triply
orthogonal coordinate systems of R3. These equations were rediscovered later independently
of their geometric history. The main contribution of the classical geometers lies in their
methods for constructing explicit solutions of these equations from geometric transformations.

There are many classes of submanifolds in space forms and symmetric spaces whose
Gauss-Codazzi equations are soliton equations. For example, the Gauss-Codazzi equations
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for the following classes of submanifolds are soliton equations: n-dimensional submani-
folds of constant sectional curvature —1 in in R?*~1 (cf. [20,21]), isometric immersions of
space forms in space forms (cf. [22,23]), flat Lagrangian submanifolds in R2" [24], confor-
mally flat submanifolds in spheres [25], and isothermic submanifolds in R" (cf. [26-28]).
For a survey of submanifold geometry and related soliton equations see [29].

Next we discuss how curve flows appeared in soliton theory. In 1906, da Rios, a
student of Levi-Civita, wrote a master’s thesis, in which he modeled the movement of a
thin vortex by the motion of a curve propagating in R3 along its binormal with curvature
as speed, i.e.,

Yt = kb.

This is the vortex filament equation (VFE). It was much later, in 1971, that Hasimoto
showed in [30] the equivalence of VFE with the NLS,
gt = i(gxx +2|4/%q).

In fact, if y(x, t) is a solution of VFE, then there exists a function 6(t) such that

g(x,t) = k(x, t) exp(i(6(t) /700 (s, £)ds))

is a solution of the NLS, where k, T are the curvature and torsion of the curve. This corre-
spondence between the VFE and NLS given above uses the Frenet frame. If we use the
parallel normal frame, then the correspondence can be stated as follows: If 7y is a solution
of the VFE, then there exists an orthonormal moving frame g = (e, ez, ¢3) : RZ — SO(3)
such that

0 —k —ko
gle=|k 0 0],
k, 0 0

and g = ky + iky is a solution of the NLS, where ey (-, t) is tangent to the curve (-, t), e2(+, 1)

and e3(-, t) are parallel normal fields along (-, t), and k1 (-, ) and k(- t) are the principal

curvatures along e; (-, t) and e3(-, t) respectively. Since the NLS is a soliton equation, we can

use techniques in soliton theory to study geometric and Hamiltonian aspects of the VFE.
The NLS admits an so(3) valued Lax pair with phase space C*(R, V), where

0 —k —k
V= kq 0 0 k1,k, € R
kp 0 0

Please note that the differential invariants constructed from the parallel frames for
curves in R? lie in C*(R, V). Hence a good way to construct integrable curve flows on
a homogeneous space M = G - pg = G/H is to find a class of curves in G/H, which has
a moving frame g : R — G so that ¥ = ¢ po, §~'gx gives a complete set of differential
invariants, and ¢~ gy lies in the phase space of a soliton equation. A more detailed
discussion of how to use this scheme to construct integrable curve flows can be found
in [31].

There are many recent works on integrable geometric curve flows in homogeneous
spaces. For example, Langer-Perline studied Poisson structures and local geometric in-
variants of the VFE in [32,33], and constructed curve flows that relate to Fordy-Kulish
NLS type hierarchies associated with Hermitian symmetric spaces in [34]. Doliwa-Santini
constructed curve flows in R? and R? that give the mKdV and NLS respectively in [35].
Ferapontov gave hydro-dynamic type curve flows on homogeneous isoparametric hyper-
surfaces in sphere in [36]. Yasui-Sasaki studied the integrability of the VFE in [37]. Chou-Qu
constructed integrable curve flows in affine plane in [38] and integrable curve flows in
the plane for all Klein geometries in [39]. Anco constructed integrable curve flows on the
symmetric space ¥ in [40]. Sanders-Wang studied curve flows in R” whose curvatures
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are solutions of the vector mKdV in [41]. Terng-Thorbergsson constructed curve flows
on Adjoint orbits of a compact Lie group G that relate to the n-wave equation associated
with G in [42], Terng-Uhlenbeck explained the relation between the Schrodinger flow on
compact Hermitian symmetric space and the Fordy-Kulish NLS system and wrote down a
bi-Hamiltonian structure, geometric conservation laws, and commuting curve flows in [43]
for the Schrodinger flows. Terng constructed Darboux transforms and explicit soliton
solutions of the Airy curve flow in R” in [44]. Mari Beffa gave natural Poisson structures on
semi-simple homogeneous spaces and discussed their relations to integrable curve flows
in [45,46]. Readers are referred to these papers for more references.

Drinfeld and Sokolov in [11] associated with each affine Kac-Moody algebra § a
hierarchy of soliton equations of KdV type, which will be called the G-KdV hierarchy. It was
proved in [11] that the KdV hierarchy is the A?)—KdV hierarchy and the Gelfand-Dickey
hierarchy is the AS 2 1-KdV hierarchy.

There are recent works on integrable curve flows on flat spaces whose differential in-
variants satisfy the G-KdV hierarchies. The first example was given by Pinkall, who in [47]
constructed a hierarchy of central affine curve flows on R? invariant under the group
SL(2,R) and showed that their differential invariant (the central affine curvature) satisfies
the KdV hierarchy. Calini-Ivey-Mari Beffa in [48] (for n = 3) and Terng and Wu in [49]
(for general 1) constructed a hierarchy of curve flows on the affine space R" invariant under
SL(n,R) whose differential invariants satisfy the Afiljl—KdV hierarchies. Terng and Wu
also constructed in [50] two hierarchies of curve flows on R"T1" whose differential invari-
ants under the group O(n + 1, 1) are solutions of the Bg,l)—KdV and Ag) -KdV hierarchies
respectively. In this paper, we construct two hierarchies of curve flows on the symplectic
space R?" whose differential invariants under the symplectic group are solutions of the
(Af,(})-KdV and the Agi)_l-KdV hierarchies respectively.

We need to set up some more notations before we explain our results. Let R?" be the
symplectic space with the symplectic form

2n X
w(X,Y)=X'S,Y, where S, =Y (=1)"e; 414, 1)
i=1

Sp(2n) = {g € GL(2n,R) | g'Sug = S} the group of linear isomorphisms of R?" that
preserves w, and
sp(2n) = {A € sl(2n) | A'S, + S, A = 0}

the Lie algebra of Sp(2n). A linear subspace V of R?" is isotropic if w(x,y) = 0 for all
x,y € V. A maximal isotropic subspace has dimension 1, and is called Lagrangian. The
action of Sp(2n) on the space of Lagrangian subspaces of R?" defined by gV = gV
is transitive.

Definition 1. A smooth map v : R — R?" is a Lagrangian curve if

@ v(s),vs(s),.- _’7£2n71) (s) are linearly independent for all s € R,

(1)  the span of y(s),..., 7 (s) is a Lagrangian subspace of R*" for all s € R,
where 'yﬁi) = (ﬂ—g.

We show that if 7 : R — R?" is Lagrangian then there exists a unique orientation

(n) , (n=1)

preserving parameter x = x(s) such that w(yy ', v» ') = (—1)". We call such parameter
the Lagrangian parameter for .
Let

My, = {'y € R?" | v is Lagrangian, w(’yﬁ"),vgn_l)) = (—1)”}.
Vi = @ 1Rey11_in+i, where @ is the direct sum.
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We prove that given y € My, there exists a unique § = (1,...,821) : R — Sp(2n)
such that g; = 'ygffl) forl <i<n+1land

gl =b+u

for some u = Y1y ey 1-in+i € C°(R, Vyy), where

n—1
b= e (2
i-1

We call this g the Lagrangian moving frame and u = Y ; uje,+1_j,+; the Lagrangian
curvature along .
It is easy to see that

2 2n—1

- L
U S TR e 1L
is in My, with Lagrangian frame g(x) = exp(bx) and zero Lagrangian curvature.

Definition 2. The Lagrangian curvature map
¥ : My, — CO(R, Vi),
is defined by ¥ (7y) = u, where u is the Lagrangian curvature of v € Ma,,.

It follows from the theory of existence and uniqueness of solutions of ordinary differen-
tial equations that the Lagrangian curvatures form a complete set of differential invariants
for curves in My,,.

A Lagrangian curve flow is an evolution equation on My, i.e., the flow preserves the
Lagrangian parameter. Such flow can be written in the form ; = ¢¢(u) so that g&(u)
is tangent to My, at , where g(-,t) and u(-, t) are the Lagrangian moving frame and
Lagrangian curvature along (-, ) and &(u) is a R¥"*! valued differential polynomial of u
in x variable.

Please note that when n = 1, we have sp(2) = sl(2,R), w(X,Y) = det(X,Y), the
Lagrangian parameter, frame, curvature are the central affine parameter, frame, central
affine curvature on R? under the group SL(2,R), and the Lagrangian curve flows on R?
are the central affine curve flows studied in [47] (see also in [51,52]). For example,

Uy u

Tt = Z'Y— E%

is a Lagrangian flow on R? and its Lagrangian curvature u satisfies the KdV,

U = — (Uxyy — OULy).

N

In this paper, we construct two hierarchies of Lagrangian curve flows on R*" whose La-

grangian curvatures are solutions of the C’,(f)-KdV and Aéi)_l-KdV hierarchies respectively.

In particular, we obtain the following results:

(1) We construct a sequence of commuting Lagrangian curve flows of C-type and A-type
respectively on My, such that the third flows are

3 3
Y= _E(ul)x')/ - ﬂ”l')/x + Yxxxs 3)
3
Y= *mul'}’x + Yxxx 4)
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respectively, where 1 is the first Lagrangian curvature.

(2) The Lagrangian curvature map ¥ maps the space of solutions of Lagrangian curve
flows of C-type (A-type resp.) modulo Sp(2n) bijectively onto the space of solutions
of C,(,l) -Kdv (Aggfl-KdV resp.) flows. For example, the Lagrangian curvatures u1, 1

of a solution <y of (3) and (4) satisfy the third Cél)-KdV flow

() = —3ul® +3ul + Jugue, 5
(i) = 3™+ 2+ Qal? ) B

and the third Aéz)-KdV flow

{( Dt = 3(12),

( ) ( )Xxx*(uluz)x (6)

respectively.

(3) A bi-Hamiltonian structure and commuting conservation laws for Lagrangian curve
flows of C- and A-types are given. For example, the curve flows (3) and (4) are
Hamiltonian flows for functionals

A " 2n
F(y) = % Uy + —— 4n u3dx
A(y) = %ug +— o uldx

respectively on M, with respect to the second Hamiltonian structure, where u is the
Lagrangian curvature of 7.

(4)  We construct Darboux transforms (DTs), Permutability formulas, scaling transforms,
and give an algorithm to compute explicit soliton solutions of these flows.

This paper is organized as follows: We construct Lagrangian moving frames in

Section 2, and review the constructions of the d,l)-KdV and Agi)_l-KdV hierarchies in
Section 3. Lagrangian curve flows of C- and A- types and the evolutions of their La-
grangian curvatures are given in Section 4. In Section 5, we construct Darboux transforms
(DTs) and a Permutability formula for the C,Sl)—KdV and for the Lagrangian curve flows of
C-type. DTs for the A case and its Permutability formula are given in Section 6. The scaling
transforms are given in Section 7. Bi-Hamiltonian structures and commuting conserved
functionals are given in Section 8. We give an outline of a method for constructing inte-
grable curve flows whose differential invariants satisfy the G(1)-KdV hierarchy for general
simple real non-compact Lie algebra G and give some open problems in the last section.

2. Lagrangian Moving Frame

In this section, we prove the existence of Lagrangian parameter and construct the
Lagrangian moving frame and curvatures for Lagrangian curves (cf. Definition 1).

Proposition 1. If v : R — R?" is a Lagrangian curve, then there exists a unique Lagrangian
fer x — i (n) =Ty _ _qyn
parameter x = x(s), e, w(yy ,vx )= (=1)".

Proof. If w(yﬁ"%é”’l)) is zero at sq, then it follows from w('yéi),'ygi)) = 0forall0 <

i,j < n—1that w(’yﬁ”),'yy)) = 0 at sg. Hence y(sg), vs(s0), - - - 'ygn)(so) span an (n + 1)-
dimension isotropic subspace. However, the maximal dimension of an isotropic subspace

is 1, a contradiction. Hence w(yé"), 75"71)))

() = (w4 Y). o

never vanishes. Choose x = x(s) such that
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Theorem 1. If v € My, then there exists a unique Lagrangian moving frame g along v, i.e.,
g’lgx =b+ Y uiey1_intiforsome iy, ..., uy, where b is defined by (2).

(n+1) (n—1)

Proof. Let u; = (—1)”’1w(7§{”+1>,7§”)), and g,40 = ¥ u1yy . We derive g;’s

and u;’s by the recursive formula:
uj = (1" Jw((gni)vs gnij) = ()" Tw(dy T, 844j), 2<j<n—1,
Sntj+1 = dxgn+j - uj7§cn7]), 2<j<n-1,
tp = w((§2n)x, §an)-

Then g = (v,..., 'y,(cn),gy,+2, ..., ) satisfies g"lgx = b+ u, i.e., g is a Lagrangian
moving frame along y. [

Example 1. Forn =1, we have w(X,Y) = det(X,Y), thus v € My ifand only if det(vy, vx) =
1. So the Lagrangian parameter is the central affine parameter, the Lagrangian frame along <y is
g = (7, vx) is the central affine moving frame along <y, and the Lagrangian curvature is the central

affine curvature. Moreover,
_ 0 u
1., _ 1
§ &= (1 0 >

Example 2. The Lagrangian frame ¢ = (v, Yx, Yxx, §4) along vy € My satisfies

00 0 u
4 (10w, o0
$&=1p 1 0 o]

00 1 0

where

) (3)

u = (Y, 1), 12 = w((8a)nga) = w1, 1), g =Y — s

It follows from the Existence and Uniqueness of ordinary differential equations that
{u1,--+ ,un} forms a complete set of local differential invariants for v € My, under the
Sp(2n)-action. So we have the following:

Proposition 2. The Lagrangian curvature map ¥ : Mo, — C®(R, V,,) defined by Definition 2
is onto and ¥~ (u) is a Sp(2n)-orbit.

Example 3. A Lagrangian curve in R?" with zero Lagrangian curvature is of the form:

2 2n—1

X X

= T, T\t
r=colx o, o 71)!) , co € Sp(2n).
3. The C,(ql)-KdV and the Ag’)ﬁl-KdV Hierarchies
In this section, we review the constructions of the C,(ll)-, Ag)ﬁl-, C,(,l)-KdV, and Ag)ﬁl_

KdV hierarchies and derive some elementary properties of these hierarchies (cf. [11,53]).

3.1. The CAS,I)—KdV Hierarchy

A splitting of a Lie algebra L is a pair of Lie subalgebras £,,£_ such that £ =
L @ L_ as linear subspaces (but not as subalgebras). For { € £, we write

{=¢r+C., where (€L, €L .
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A vacuum sequence is a linearly independent, commuting sequence {J; | j > 1} in L.
Let
Sp(2n,C) = {A € GL(2n,C) | A'S,A = S,,},

and sp(2n,C) its Lie algebra. Then sp(2n) is a real form of sp(2n,C) defined by the
involution T(A) = A.
Let

el = {A =Y AN | A€ sp(zn)},
i
(&) = {ZA;-A" € aﬁ”}, (&) = {):Aw € C,S”}.
i>0 i<0

Then ((CV) 1, (C)_) is a splitting of C V).
Please note that &(A) = Y; &Al is in Cﬁ,l) if and only if ¢ satisfy the sp(2n)-reality
condition, i.e.,

g(/\)tsn +Sug(A) =0, ‘:(}‘) =Z(A).
A meromorphic map f : C — SL(2n,C) is said to satisfy the Sp(2n)-reality condition if

FA)Suf(A) = Su, FA) = f(A). %)
For &(A) = ¥; &Al, we have

LM =YgA, () =Y gAl

i>0 i<0

Let B} and N, denote the subgroups of upper, strictly upper triangular matrices in
Sp(2n) respectively, and B;5, N, the corresponding Lie subalgebras of sp(2n).

Set
2n—1 (1)
J=Y eiiteimA=b+eir €(C)y
i—1
Then
Ji= (" IA b, 1<i<2n-1, )
J" = Al ©)

It is easy to check that J2~1 is in ((f,(,l))+, but J% is not. So {J%~1 | j > 1} is a vacuum
sequence. Note that
A(1
U (&)1 = By
Next we use the general method given in [53] to construct the CELU -hierarchy generated
by the vacuum sequence {J%~! | j > 1}. First a direct computation gives the following
known results:

Theorem 2 ([49,53]). Given g € C®(R, B,}), then there exists a unique

P(g,A) =Y Pri(q)A!

i<1
in é(l) satisfyin
n g

{[ax +J+4,P4,1)] =0, o)

P2 (g,A) = Al
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Moreover, Py ;(q) can be computed recursively by equating the coefficients of A’ in (10) and
they are polynomials in u and x-derivatives of u (i.e., a differential polynomial in u).

Please note that if operators A, B commute, then A and BJ also commute. Hence it
follows from the first equation of (10) that we have

[0x+J+a, P (g, )] = 0. (1)
Write the power series

PY(q,A) = L Pojoa,i(q) A (12)

We compare coefficient of A of (11) to obtain

[0x +b+q, Py 1,i(q)] = [Paj-1,-1(9), er2u], (13)

which implies that the left hand side lies in B;. So
qtzjq = [ax +b+ q, PZj*l,O(q)}/ ] =1 (14)

defines a flow on C®(R, B, ). We call (14) the (2j — 1)-th Cﬁ,l)-ﬂow.
We need the following well-known elementary result to explain the Lax pair:

Proposition 3. Let G be the Lie algebra of G, and A, B : R?> — G smooth maps. Then the following
statements are equivalent:

(1) the linear system
gx =84,
8t =gB
is solvable for g : R> — G,

(2) A, B satisfy
At =By + [A/B] = [ax + A/ B}/

(3) [0x+ A0+ B]=0.
Proposition 4. The following statements are equivalent for smooth q : R? — B;f:

(1) g is a solution of (14),
(2) the following linear system is solvable for h : R? — Sp(2n),

17,
h,lhx =b+g, (15)
W= he = Pyj10(q).
(3) the following linear system is solvable for F(x,t,A) € SL(2n,C),
FX = F(I+ q)/
Fr = F(PP1(q,\))4, (16)

F(x,t,A)!S,F(x,t,A) = Sy, F(x,t,A) = F(x,t,A).
The last equation says that F(x, t, \) satisfies the Sp(2n)-reality condition (7) in A.

Proof. Equation (13) implies that the coefficients of A’ for i > 0 of

[0x + T +q,9 + (PY1(q,7))4]
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are zero. The constant term is [0y + b+ ¢,0¢ + Psj_10(q)]. This proves that [0 + J +
q,9: + (P¥71(q,1))+] = 0 is equivalent to [9y + b + ¢, 0 + Py _10(q)] = 0. It follows from
Proposition 3 that (2) and (3) are equivalent.

Equation (14) can be written as

(b49)t = (Poj—1,0(9))x + [b+q, P2j—10(q)]-
It follows from Proposition 3 that (1) and (2) are equivalent. [
The group C®(R, N,/ acts on C* (R, B;}') by gauge transformation,
f@x+b+a)f =0 +b+fxq (17
for f € C*(R,N,/) and g € C*(R, B,}'), where
fra=fl+qf —ff -0 (18)
The following Proposition shows that C*(R, V;,) is a cross-section of this gauge action.

Proposition 5. Given g € C*(R, B,}), then there exist a unique A € C®°(R,N,/) and u =
Y Uiens1—in+i in C°(R, Vy,) such that

A@x+T+q) A =0+ +u (19)

In particular, u = A *q.

Proof. Let gj = EBI.ZinReiHj, g,j = @?EIjReiﬂ/i for 0 < j < 2n — 1. Equation (19)
implies that
AJ+q) = Dx = (T +u)A. (20)

Proposition is proved by equating components of G; of (20) for [j| <2n—1. O

It can be checked by the same method for the As,l)-hierarchy (cf. [53]) that flow (14) is
invariant under the C*(R, N, )-action. So given u € C®(R, V,;) and j > 1, there exists a
unique N, -valued differential polynomial 77;(u) satisfying

0y + ] +u, (P )4 —y5(u)] € C®(R, V). (1)

The induced quotient flow of (14) on the cross-section C*(R, V,) is obtained by
projecting (14) down along gauge orbits. So the induced quotient flow on C*(R, V) is

Uty = [0+]+u, sz—l,O(“) - Wj(u)}- (22)

The above equation is the (2j — 1)-th C;l)—KdVﬂow.
As a consequence of the construction, we have the following.

Proposition 6. The following statements are equivalent for smooth u : R2 — V,:
(i)  uis asolution of (22),

(i) [9x+T+u, 9+ (PY 1 (u,A))4 — y;(u)] = 0.

(iii) The following linear system is solvable for g : R? — Sp(2n),

1, _
{glgx—bJru, 23)
8§ '8t = Poj_10(u) —yj(u).
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(iv) The following linear system is solvable for E(x,t,A) € SL(2n,C) for all parameter A € C,
Ex = E(] + ”)/
Er = E((PY(u, A)) 4 — 17;(w)), (24)
E(x,t,A\)!SyE(x,t,A) = Su, E(x,t,A) = E(x,t,A).

Example 4. The third (f;U—KdVﬂow is the KAV for q = uy:

gt = 7 (Guxx — 644x)-

N

Example 5. The third Cél)-KdV flow

The Cél)—KdV flows are for u = ujeys + pery. We compare coefficients of A in (10) to
compute Py ;(q). Then Pyj_1,(q) can be computed from Py 1(q)’s. We obtain the first few terms

of P3(g, A):
010 —3uy
0 0 1 0
Pa)=140 00 1 |’
000 0
3
—3un wp =3 = ()Y ¢
Pig(u) = i —guy  —au] +uatud _”,2+%(“1)5() , where
’ 0 f—lul %”’1 uz—%uﬁ’
1 0 T 3uj

3 3 3
&= *g(“l):@ +uy + gului/ - gl

Therefore the third Cél)—KdV flow is (5).

3.2. The Agi)fl—KdV Hierarchy (n > 2)
Let x be the involution of sI(2n, C) defined by
K(X) = =S, X'S, L,

where S, is as in (1). Then the fixed point set of « is sp(2n, C) and the —1 eigen-space of «
insl(2n) is
Pow =A{E €s1(2n) | & = $,8'S, '}
Let

Ag) = {A(A) = Y AN | A €s1(2n,R),k(A(-A)) = A(/\)},

i<my
and
A2 i~ a2 A2 i~ a2
(Aén)71)+ = {Z Ai)‘l € Aér}l}’ (Aénll)* = {Z Ai)‘l € Aér}l}'
i>0 i<0
Then ((Agi)71)+, (Agi)fl)_) is a splitting of Aéi)fl.
Please note that the following are equivalent for A(A) = ¥; A;A%:
A2
1 AeAlP |,
(2) Ay €sp(2n)and Ayjiq € Py foralli,
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(3) A satisfies

Set 1
B= 5(61,21471 +e2.21)- (25)

2n—1

(e12n-1+€220)A+ ) €1 =PA+D.
i=1

1
]B*E

Please note that J2 1 € (A;i)71)+ and

J§" = A

Then {]lzg];1 | j > 1} is a vacuum sequence in (Ag)71)+~

Next we use the general method given in [53] to construct the Agi)_l-hierarchy gener-

ated by { ]éj - | j > 1}. Similarly, we have the following:

Theorem 3. Given g € C*(R, B;}') and j € Z, then there exists a unique

Q@A) = Y Qui)A’ € AY)
i<1
satisfying
{[a; +Js+4,Q(,1)] =0, )
Q¥(q,A) = AQ(q, ).

Moreover, Q1,i(q)’s are polynomial differentials in q and derivatives of q and can be computed
recursively by equating the coefficient of A' of (26).

Proof. It was proved in [11] that given any ¢ = )<, &AL € s1(2n,R), there exists unique
diagonal matrices /; such that )
g = Z hi]]r

j<2n(ip+1)

where | = b+ e1 2, M.
Given permutation s in Sy, and h = diag(hy, ..., ha,), let

h® = diag(hg(1y, - -, Bs(on))-

Let 6 € S, be the cyclic permutation defined by 6(1) = 2n, and (i) = i — 1 for
2 <i < 2n. A simple computation implies that

Jh=h), Jih=n']. 27)

Please note that

1 X 11

5(61,2;171 +ez) = dlag(il 50 L0)%
2n .

q=Y kj,
izl

where g = (g;;) and k; are diagonal matrices defined by

ki = diag(q1,0n—i+1,922n—i+2/ - -+ Gi2n, 0, - - ., 0).
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Write

.11 . _
Q(g,)) = diag(5, E,o,.,.,o)]2 + diag(0,1,...,1)] + ;)hj]J,
=

We compare the coefficients of Ji’s of both sides of each equation in (26) and use (27)

to solve /; uniquely as differential polynomial of 4. This gives the formula for Q(g, A).
We plug in Formulas (8) and (9) to obtain Q1 ;()’s. [

The first equation of (26) implies that
[0x + J5+4,Q77 (9. 1)] = 0. (28)
Write Q%7 1(g, A) as a power series in A,

Q¥ (g,A) = L Qaj1,i(@)A” 29)

We compare the coefficient of A’ of (28) to obtain
[0x +b+q,Q2j-1,/(9)] = [Qaj-1,1-1(9), Bl, (30)
where f is defined by (25). So the left hand side of (30) is B, -valued and
Ity = [0x +b+4q,Q2j10(9)], j>1, (31)

is a flow on C®(R, B,}). This is the (2j — 1)-th flow in the Agi)fl—hiemrchy.
We use the same proof of Proposition 4 to obtain the following:

Proposition 7. The following statements are equivalent for smooth q : R* — B;}:
(i) g isasolution of (31).
(ii)  The following linear system is solvable for smooth g : R? — Sp(2n),

1,
{glgx =b+gq, 32)
g gt = Qoj1,0(u).

(iii) The following linear system is solvable for F(x,t,A) € SL(2n,C) for all parameter A € C,

Fx = F(]B + Q),
Fr = F((Qaj—1(u,A))+,
F(x,t,A)!SF(x,t,—A) =S, F(x,t,A) = F(x,t, 7).

It follows from Proposition 5 that there exist a unique A € C®(R,N,/) and u €
C®(R, V) such that u = A % q. So given u € C*(R, V;) and j > 1, there exists a unique
&i(u) € C*(R, N,") such that

[0x + b+ 1, Qaj1,0(u) — §j(u)] € C*(R, Vy). (33)

The (2j — 1)-th qu)fl—KdVﬂow is the following flow on C*(R, V;,):

tpy = [0x +b+u,Qpj1,0(u) — &i(u)). (34)

Proposition 8. The following statements are equivalent for smooth u : RZ — V,:
(i)  uis asolution of (34).
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(ii) The following linear system is solvable for g : R — Sp(2n),

1, _
{glgx =b+u, (35)
8§78t = Qaj-1,0(u) — &j(u).

(iii) The following linear system is solvable for E(x,t,A) € SL(2n,C) forall A € C,

Ex=E(Jp+u),
Et = E(Qqj-1(u,A))+ — Gj(u)),
E(x,t,A)!SyE(x,t,—A) = Sy, E(x,t,A) = E(x,t,A).

Example 6. We use (26) to compute Qq ;(ut), then use these to compute Q3 0(u). A direct compu-
tation implies that the third Aéz)—KdVﬂow is (6).

Definition 3. F(x,t,A) (E(x,t,A) resp.) is a frame of a solution q : R?> — By of (14) (u : R? —
Vi of (22) resp.) if F(x,t,A) (E(x,t,A) resp.) is holomorphic for all A € C and satisfies the linear
system (16) ((24) resp.). Frames for solutions of (31) and (34) are defined similarly.

It follows from the constructions of the C,Sl)-KdV and Agi)fl-KdV flows that we have
the following.

Proposition 9.

(1) Let F(x,t,A) be a frame of a solution q : R> — By of (14) ((31) resp.), and the unique
A :R? — N;f such that u := A * q is V,-valued (as in Proposition 5). Then u is a solution
of (22) ((34) resp.) and E(x,t,A) = F(x,t,A) A~ (x,t) is a frame of u, where * is the gauge
action defined by (18) or equivalently (17).

(2) Let E be a solution u : R* — V, of (22) ((34) resp.), and A : R> — N, satisfying
AN = 1j(u) (AN = Gj(u) resp.), where n;(u) (G;(u) resp.) is defined by (21) ( (33)
resp.). Then q := A~V % u is a solution of (14) ((31) resp.) and F = EA is a frame of q.

4. Lagrangian Curve Flows on R?"
In this section, we

(i) give a description of the tangent space of My, at v and show that it is isomorphic to
C*(R,R"),

(ii) construct two hierarchies of Lagrangian curve flows whose curvatures satisfy the
Cﬁ,l)—KdV and the Agi)fl—KdV flows respectively.

Henceforth in this paper we set
er = (1,0,...,0) e R™,

Theorem 4. Let g and u denote the Lagrangian frame and Lagrangian curvature along v € Moy,
and ¥ : My, — C®(R, V) the Lagrangian curvature map. Then

d¥,(6y) = [0x +b+u,g '5g], (36)

where b = Zizifl eit1,i. Moreover,
(1) C:R — sp(2n) satisfies
[0x+b+u,Cl € C°(R, Vy). (37)
if and only if gCe is tangent to Moy, at v,
(2) i ¢ is tangent to My, at -y then there exists a unique smooth C : R — sp(2n) satisfying (37)
such that § = gCey.
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Proof. A direct computation gives (36) (cf. [49]).

Suppose J7 is tangent to My, at . By (36), d¥,(6y) = [0+ b+ u, g 10g] is in V.
So C := g~ 14g satisfies (37).

Suppose C satisfies (37). Let 1; denote the i-th column of gC. Please note that ¢ is
tangent to My, at 7 if and only if

{ w(@ ,v; )+w(v“ é; )=0 1<ij<n-1 8)
@) + w(n Cx )=0.
To prove 7 satisfies (38), we let p = [0y + b+ 1, C]. Then
(8C)x = §xC+gCx = gC(b+ u) + gp.
SincepeVn,m—(m) Ufor1<i<n+1. By
(gC)tSng—&-gtSngC = CtgtSng—&-gtSngC =C!'S,+5,C=0,
so 171 satisfies (38). [

By (14) and (33), we see that both Py;_19(u) —17;() and Qy; 1 9(u) — &;(u) satisfy (37).
So it follows from Theorem 4 that

¥t = 8(Poj10(u) —nj(u))er, vt = §(Qaj—r,0(u) = &j(u))er

are flows on My,. Since #;(u) and ¢;(u) are all strictly upper triangular, we have

ni(u)ey = &j(u)ey = gj(u)ey = 0.
Hence we have the following.

Proposition 10. Let g and u be the Lagrangian moving frame and Lagrangian curvature along
v € My, respectively. Then

Yt = g(Paj1,0(u) — 1j(u))er = gPaj 1,0(u)er, (39)

8(Qaj1,0(u) — &i(u))er = gQoj—1,0(u)er, (40)

are Lagrangian curve flows on Moy, where Pyj 10(u), Qaj—1,0(u), 1j(u), and &;(u) are given
by (12), (29), (21), and (33) respectively.

We call (39) and (40) the (2j — 1)-th Lagrangian curve flow on Moy, of C-type and A-
type respectively.

Example 7. Lagrangian curve flows of C-type

(i Whenn =1, sp(2) = sl(2,R), the symplectic form w(¢,1) defined by (1) is det(&,n),
¥ € My if and only if 7y satisfies det(vy, vx) = 1, and the Lagrangian parameter, moving
frame, and curvature for v € M are the central affine parameter, moving frame and curvature

respectively. The third CAil) -KdV is the K4V,

1
qt = Z(q.rxx - 6‘7‘/]9() (41)
The third Lagrangian curve flow of C-type on M is

1 1
T = Z(ul)x’Y — MY (42)
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which is the third central affine curve flow on the affine plane (cf. [47]). Moreover, if y is a
solution of (42), then its Lagrangian curvature is a solution of the KAV (41).

(i) Let § = (7, 7Yx Yxx,8a) be the Lagrangian moving frame of v € My, and uy,uy the
Lagrangian curvatures as in Example 2. From Example 5, we see that the first column of
p3,0(14) is

(—g(ul)x, iul,o,l)t.
So the third Lagrangian curve flow of C-type on My is

_ 3 1
Mm=-g u)xy + RN + 84,

where g4 is the fourth column of the Lagrangian frame of «y. This is the curve flow (3) for
n = 2 because g4 = Yxxx — U17Yx (given in Example 2).
Similar computation implies that the first column of P5 (1) is

5 1

3 5 1 1 3 1
(=55 (D)8 4 5 (2 (), 3 ()Y = G2 = 50, 5 (), — )

Hence the fifth Lagrangian curve flow of C-type on My is

5 3 5
7o = (=g () + L () (w))y
1 3 1 1
+ (E(ul)gg) - Zuz - 3721/[%)736 + g(lll)x7xx - Zu1g4~

(iii) We use Equation (10) to compute Py ;(u) and the first column of P3o(u) for general n.
Then we see that the third Lagrangian curve flow of C-type on Moy, for n > 3 is (3).

Example 8. Lagrangian curve flows of A-type
We use the algorithm given in Theorem 3 to compute Q1 ;(u). Then we use these Qy ;(1)’s to
compute Q;o(u). Then we obtain the following:

(i)  The third Lagrangian curve flow of A-type on My is

e =Y — w7y (43)
The fifth Lagrangian curve flow of A-type on My is

5 1 1 1
= (‘g(“z)x - §(”1),(x3) + g”l(”l)x)’)/ - §(6uz + (“1)5:2) + l‘%)%{

+1(u ) ,gu
3 1)xYxx 3 184-

(i) The third Lagrangian curve flow of A-type on Mo, (n > 2) is (4). Since 7,((3) =u1Yx + 84

(4) becomes (43) when n = 2.
Theorem 4 (1) states that g is tangent to My, at 7 if and only if there is a C satis-
fying (37) and ¢ = Cey. So to get a better description of the tangent space of My, at -,

we need to understand properties of C that satisfies (37).

Theorem 5. Let u € C*°(R, V) and v = Y1 viepyini1-i : R = Vi asmooth map. Let mg :
sp(2n) — V! be the linear projection onto V! defined by

n
0(Y) = Y Yntim1—iCutinti-ic Y = (Vi) (44)
iz
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IfC = (Cyj) : R — sp(2n) satisfies
[Bx+b+4,Cl € C®(R, V), m(C) =0, (45)

then we have the following:

(i)  There exists differential polynomial ¢;;(u,v) that is linear in v such that Cij = ¢;;(u, v) for
all1 <i,j <2n,and ¢y qjni1-i(1,0) =v;for1 <i < 2n.

() ¢oi1(u,v) = v+ ¢; for 1 < i < n, where ¢;’s are differential polynomials in 1, v;1q,- - - , V.

(ili) There exist differential polynomials hy; 11 for 0 < i < n — 1 such that

Cait1,1 = hoiy1(u, Coizo, -+, Con)-

(iv) Ci;'s are differential polynomials of u, Cy1, -+ -, Cop 1.

Conversely, given u € C*(R, V) and v € C®(R, V), define C = (Cyj) by Cij = ¢ij(u,v)
for1 <i,j < 2n. Then C satisfies (45).

Proof. Let G; = span{ej; ;| 1 < i+j < 2n}. For ¢ € sp(2n), we use {g, to denote the
G;-component of & with respect to sp(2n) = &¥'71, G; and write C = 27!, C;,C; € G
Set [0y +b+u,C] = Zln:l Ni€n41—inti- Then

Cyal_inti, 1=2j—1,
(Ci)x + [b,Cipa] + [1,Clg, = § o1t ! (46)
0, else.

We prove (i) by induction. When i = 1 — 21, we have Cp,1 = v,. From (Ci_2,)x +
[b, C272n] =0, we get C2n71,1 = 7C2n,2 = *%(Un)x- FOI‘j <0, ﬂd(b) : gzj — gzj,l is a bi-
jection, and dim(ad(b)(Gaj+1)) = dim(Gyj) = dim(Gyj;1) — 1. Then by (46) and induction,
G (j < 0) are differential polynomials in #, v; and the linear system (46) implies (ii).

Please note that ad(b) : Go — G_1 isbijection, and [1, C]g , depends only inu,vy, - - -, v,.
Hence Cy can be solved uniquely from C;,i < 0. This proves (iii).

Forj > 0,ad(b) : Gaj 11 — Gyjisabijection. Hence Gy; 1 is a differential polynomial in Gy;.
In addition, ad(b) : Gaj42 — Goiy1 is an injection and dim(ad(b)(Gzj12)) = dim(Gyjy1) — 1.
Then by induction, C; (j > 0) are differential polynomials in u#,vy,---,v,. This proves
(i). Moreover, from the argument, we see that 7;’s are differential polynomials in u and
vy, , Une

Statement (iv) is a consequence of (i) and (ii).

The proof of (i) to (iv) implies that the converse is also true. [

Corollary 1. Let u and g be the Lagrangian curvature and frame of v € Moy, Then T,y Moy, is
the set of all g&, where & = (&1,..., )" satisfies &piv1 = hojs1(u, Eaiva,+ , Eon) and hyiyq
is given in Proposition 5. In particular, the tangent space of My, at v € My, is isomorphic
to C®(R,R™).

Proof. It follows from Theorem 4 (1) and Proposition 5 (iv). [

Corollary 2. Given Cy,Cy : R — sp(2n) satisfying (37), then we have the following:

(1) If the first columns of Cy and Cy are the same, then C; = Cy.
(2) Ifro(Cy) = mp(Cy), then Cy = Cy, where 71y is the projection defined by (44).

Proof. (1) follows from Proposition 5 (iv), and (2) follows from Proposition 5 (i). O

It follows from Proposition 5 (i) that we have the following:

Corollary 3. Given smooth u : R — V,,and v : R — V!, there exists a unique C : R — sp(2n)
satisfying (45) and entries of C are polynomial differentials of u, v and linear in v.
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The above Corollary leads us to define a natural linear differential operator P, de-
fined below.

Definition 4. Given u € C*(R, V;,), let
P, : C¥(R,V;) — C*(R,sp(2n))
be the linear differential operator defined by P, (v) = the unique C € C*(R,sp(2n)) satisfies (45).
It follows from the definition of P, and Theorem 5 that we have the following:

Proposition 11. Let u € C*(R, V). Then
()  C satisfies (37) if and only if C = P, (v) for some v € C®°(R, V).
(ii) If C satisfies (37), then C = P, (71p(C)).

Example 9. Let u = uqjep3 + tipeqy € Coo(sl, Vz), and & = Ciezp +Coeqq € Coo(sl, sz) We use
the algorithm given in the proof of Proposition 5 to obtain:

—3( /2”1+ 3¢ — u183) C112 Ci3 Cug
3+ & —58 Cy3 —C13
P(&) = 287 261 )
u(©) -1 1 38 Ci2
G2 38 A+ (8 438 —wid))
and

1_ @ 3 1
Cpp = —Qﬁfé )~ Egﬁ/ + E(”l@é)/ + U,

1 1
Co3 = —5554) —28) + 5(“15&)/ +u28n +u1dy,

1 3 1 1
Ci3 = *5555) - Eda) + 5(”15&)” + (u282) + Euzéér

1 3. 1 1 4 1
Cuy= *5556) - ﬁé; )+ §(l¢1§§)<3) + E”l@é )+ (u282)" + ualy + 5”’25’2
3 1
+uzéy + 5”151’ - 5”1(“15&)/ — uguada.

Example 10 (Tangent space of My at 7). Let u = ujeps + uperg and ¢ = (7,7, 7", g4) be
the Lagrangian curvature and frame along <y as in Example 2, where g4 = ~"" — uy7y’. It follows
from Corollary 1 and Proposition 11 that the tangent space of My at vy is

{gPu()er | G € CT(R, V;i)}

We use the formula of P, (&) given in Example 9. Set 17 = %5&’ + &1 and 5y = &o. Then we
have & = 111 — 3174 and & = 1. So the first column of Py () is

1 3 1 1
(17&” - E’]{ + iulﬂé/ M1, _Evér 772)t~

Hence the tangent space of My at 7y is the space of

1 n 3 ! 1 ! 1 !
(1’72 —ant 5”1772)7 T MY = 517w T 11284

where 111, 172 are smooth functions.
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Proposition 12. Letu € C*(R, V), Poj_1,0(u), Qaj—1,0(u), (1), 1 (u) as in (12), (29), (21), (33)
respectively. Then

Py(7to(Paj—1,0(1))) = Paj1,0(u) — 17;(u),
Py (7to(Qoj—1,0(1))) = Qoj-10(u) — &;(u),

and the (2j — 1)-th C,(ll)—KdV and Agi)il—KdV flows can be written respectively as

up=[0x+b+u, Pu(TEO(Pijl,O(“)))}'
up = [0y + b+ 1, Py (10(Qaj-1,0(14)))]-

Proof. It follows from (21) and (34) that both Py;_10(u) — 17;(u) and Qyj_10(u) — &j(u)
satisfies [0y + b + g, C] is V;-valued. Proposition follows from Proposition 11 (ii). O

Theorem 6.

(@) Ify € My, is a solution of the (2j — 1)-th Lagrangian curve flow (39) of C-type ((40) of

A-type resp.), then its Lagrangian curvature u is a solution of the (2j — 1)-th C,(ll>—KdVﬂow

(22) ( Agl)_l-KdV flow (34) resp.).

(i) Let u € C®(R?,V,) be a solution of (22) ((34) resp.), and g : R> — Sp(2n) a solution
of (23) ((35) resp.). Then y(x,t) := g(x, t)ey is solution of the (2j — 1)-th isotropic curve
flow of C-type (39) (A-type (40) resp.) with Lagrangian curvature u(-,t) and Lagrangian
moving frame g(-, t).

(iii) Let q be a solution of the (2j — 1)-th C,Sl)—ﬂow (14) (Agi)fl—ﬂow (31) resp.), and g : R? —
Sp(2n) a solution of (15) ((32) resp.). Then y(x,t) = g(x, t)ey is a solution of the (2j — 1)-th
Lagrangian curve flow (39) of C-type ((4) of A-type resp).

Proof. We claim that Z := ¢~ g; satisfies (37). Since ¢~ 'gx = b+ u with u € V,, a direct
computation implies that

yi=(87'gx)t = —Z(b+u) — g ' gu 47)
is Vj;-valued. By (47), we obtain
Ze+b+u,Z] = -8 g8 g+ 8 8 =,

which is V;-valued. So Z satisfies (37). By definition of 17;(u), Paj_1(u) — 17;(u) also satis-
fies (37). The first column of gZej is v, which is P; 1 (u)e;. Since #;(u) is strictly upper
triangular, the first column of Py; 1 (1) — 17;(u) is also Pp; 1 (u)e. It follows from Corollary 2
that Z = Py;_1(u) — 1;(u). Hence we have proved g satisfies (23). By Proposition 6, u is a
solution of (22). This proves (i).

Since ¢ 7'gx = b +u, g(-, 1) is the Lagrangian frame along v = ge1. So 7t = gie; =
§(Paj—1(u) —nj(u))er = gPa;_1(u)er. This proves (ii). (iii) is proved similarly. [

Remark 1. We use the same proof as in [49] for the n-dimensional central affine curve flow to show
that solutions of the Cauchy problem of (22) give solutions of the Cauchy problem for Lagrangian
curve flow (39) with both rapidly decaying and periodic initial data. Similar results hold for the
Lagrangian curve flows (34) and (40).

5. Darboux Transforms for the Cy(,l)-Hierarchy

In this section, we use the loop group factorization method given in [54] to construct

(1)

Darboux transformations for the C), -, (fﬁ,l)—KdV, and the Lagrangian curve flows of C-
type. We also give a Permutability formula for these Darboux transforms. To use this
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method, we need to identify the loop groups, find simple rational elements, and write
down formulas for the factorizations.

Let (C,(ql))+ denote the group of holomorphic maps f : C — GL(2n, C) satisfying the
Sp(2n)-reality condition (7), i.e.,

fA)=f(A), FA)'Suf(A) =Sy,

and RCE,I) the group of rational maps f : C — GL(2n,C) satisfying (7) and f(c0) = L
Then the Lie algebras of (Cs,l))+ and RCE,I) are contained in (C,Sl) )+ and (C,(,U), respectively.
Next Proposition gives the uniqueness of factorization.

Proposition 13. Let f1,¢1 € (@ﬁl))+, and fr,9r € ]RC,(}). If fifo = 8182, then fi = g1 and
fo= g

Proof. Leth := g fi=g fr L. Then h is both holomorphic for A € C and at A = co. So
is constant. However, at A = oo, h = I. Therefore, h =1. 0

The following result was proved in [54] for soliton hierarchies constructed from a

splitting of loop algebras. So it works for both the d,l)- and Agi)_l-hierarchies given in
Section 3.

Theorem 7 ([54]). Let F(x,t,A) be a frame of a solution q of (14) ((31) resp.) and g € RCE,U.
Then there exists an open neighborhood O of (0,0) such that we can factor

g(A)F(x,t,A) = F(x,t,A)g(x,t,A)
with E(x,t,-) in (CA,(11))+ and §(x,t,-) € RCE,l)for all (x,t) € O. Moreover, write
G, t,A) =T+g 1(x, A 1+ g o(x, HA 24+

Then § = q+ [g_1, ] is a new solution of (14) ((31) resp.) and F is a frame of §, where
B =e1n (B= (€111 + €22n) resp.).

Theorem 8. Let g @ g denote the solution of (14) ((31) resp.) constructed from the frame F(x,t,A)
of solution q of (14) ((31) resp.) satisfying F(0,0,A) = L Then g e q defines an action of]R(ffs,U on
the space of solutions of (14) ((31) resp.).

Proof. It suffices to prove that (gf) eq=ge (feq)for f,g € RC{Y. Assume that

FAE(x,t,A) = Fi(x, £, A) f(x,1,A),
SMVFL(x, 8, A) = F(x, £, M)g(x,,A),

where f(x, t,+), §(x,t,-) are in R@E,l) and Fi(x,t,A) F(x,t,)) are holomorphic for A € C.
It follows from Theorem 7 that we have

fea=q+I[f1Bl,
go(feq)=feq+[g1,pl=q+[f1+§ 1B
are solutions of (14), where
FotA) =T+ fa(x, A + fa(x, hA 2 +- -+,
St A) =T+g1(x, HAT + g a(x, A2 + -
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To obtain (gf) e q, we factor
(8f)F = 8(fF) = g(Rf) = (gF)f = (F3)f = F(3f).

Since f (x,t,-) and §(x, t,-) are in R@,(ll) , g f isin R@Sp. Please note that the coefficient
of A=l of §fis f 1 + §_1. Hence it follows from Theorem 7 that we have

(8f)eq=a+[Bf1+gl
So we have proved that (gf)eg=ge (feq). O
Given a linear subspace V of R2" et
Vi={yeR”|w(y)=0 forall¢ e V}.

Lemma 1. Let R?" = Vi @ V5 be a direct sum of linear subspaces, and 7t the projection of R*"
onto Vy along V,. Then we have w(nX,Y) = w(X, 71,Y), where

s =S, 17rtSn
is a projection of R?" onto Vy* regarding R*" = V- & Vj*.
Proof. Please note that
w(n(X),Y) = XS, Y = w(X, S8, 1S, (Y)) = w(X, 5Y),

where w is the symplectic form defined by (1).

Ifw(7sX,Y) = 0forall X € R?", then w(X, 1Y) = 0. Hence (Im(755))* C Ker(7t) = V3,
which implies Im(75) = V-

On the other hand, if Y € Ker(7;), then w(7X,Y) = w(X, 1Y) = 0 for any X € R2",
So Y € Vit, which implies Ker(7s) = Vi*. O

We use Lemma 1 and a direct computation to get:

Lemma 2.

(1) A linear subspace of R*" is Lagrangian if and only if V- = V.
(2) Let 7t be a projection of R?". Then

Imsr and Kerrr are Lagrangian subspaces, (48)

if and only if
s = I, — 7. (49)

Given « € R\ 0 and a projection 7 of R?", let

20
Ka(A) =1 == (1= 7). (50)
A direct computation implies that
2u
1 1 -
kok(h) = 1= 22 (1= ). 6

Lemma 3. Given a € R\ 0, if 71 is a projection of R*" satisfying (48) then

Ata
A—a

k;,n()‘)snka,n()‘) = Sn. (52)
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Proof. Lemmas 1 and 2 (2) implies that S; 'S, = 1 — 7. So we have I — 7! = S, 7S, 1.
Then a direct computation gives (52). [

Lemma 4. Let « € R\ 0, 7 a projection satisfying (48), and f : C — GL(2n, C) a meromorphic
map, holomorphic at A = a, —«, and f satisfying the Sp(2n)-reality condition (7). Let V; =
f(a)"Y(Im7r), and Vo = f(—a) "' (Kerr). Assume that Vi N Vo = {0}. Let 7t be the projection
onto Vy along V». Then

(1) Vi and V, are Lagrangian subspaces,

Q@ f= ka,nfk;}T is holomorphic at A = «, —« and satisfies the Sp(2n)-reality condition (7).

Proof. Since f satisfies the Sp(2n)-reality condition, f(r) € Sp(2n) for all ¥ € R. Hence
f(r)~1(V;) is again a Lagrangian subspace. This proves (i).
By (51), we have

Fa = 1+ 2 - m)pya- 2

(1 7).

Please note that f has a simple pole at A = « and the residue of f at A = « is
20(I — ) f(a) 7T, which is zero because

(I—m)f(a)Imi = (I—7) f(a)f(a) " (Immr) = (I — 77)(Im7r) = 0.

Similarly, f has a simple pole at A = —a and its residue is 2a7tf(—a) (I — 7), which is
again zero because its image is

nf(—a)Kert = f(—a)f(—a) " (Kerrmr) = 0.

This proves f is holomorphic at A = &, —a.
It follows from (52) that k;}r = %(ka,n)s‘ Since f satisfies f(/\)*1 = (f(A))s, adirect
computation shows that ! = f;. Hence f satisfies (7). [

Theorem 9 (Darboux transform for the dzl)-ﬂow (14)).
Let ¢ € Sp(2n) be a constant, F(x, t, A) the frame of a solution q of (14) satisfying F(0,0,A) =
¢, « € R\{0}, and 7t a projection of R?" satisfying (48). Let

Vi(x,t) = F Y x, t,0)(Im7r),  Va(x,t) = F72(x, t, —a)(Kerm).

Then
(1) Vi(x,t) are Lagrangian subspaces for all (x,t) € R?,
(2)  there is an open subset O of (0,0) in R? such that R?" = Vy(x,t) © Va(x, t) forall (x,t) € O,
(3)  let 7t(x,t) be the projection of R?" onto Vi (x, t) along Vo (x, t), and

F(x,t,A) = ko nF(x, t,)\)k;}r(xlt) (A), (53)
then
4 =q+2aferpy, 7| (54)

is a new solution of (14) and F is a frame for g.

In particular, we have
ko ®q=q+2ae1y, 7] (55)

if F is chosen so that F(0,0,A) = L

Proof. Let V; = Imrm, and V, = Kerrr. By assumption, Vj,V, are Lagrangian. Since
F(x,t, A) satisfies the Sp(2n) reality condition (7) and «, —a € R, (1) follows.
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By assumption, V; NV, = {0}. Please note that V;(0,0) = F(0,0,a)"1(V;) =
and V5(0,0) = ¢~ V5. So (¢~ 1V;) N (¢~ 1V3) = {0}. Since © = {(x,t) | Vy(x,t) NV ( t) =
{0}} is an open subset of R and (0,0) € O, (2) follows.

(3) follows from Lemma 4 and Theorem 7. [

Theorem 9 can be reformulated as follows:

Theorem 10. Let q be a solution of (14), A € R\ 0, and Dy the following linear system

yi = —(P¥7(q,A))4y.

Then (56) is solvable. Moreover, let {vy,...,v,} be a basis of R*" such that the span of
v1,...,0y and the span of v,11,..., Vo, are Lagrangian subspaces. Let y; be the solution of
Dy,a with initial data y;(0,0) = vj, and y,; the solution of Dy, with y,+;(0,0) = vy
for 1 < i < n. Let Vi(x,t) be the span of y1(x,t),...,yn(x,t), and Vo(x,t) the span of
Yni1(, 1), ..., yan(x,t). Then
(1) Vi(x,t) is Lagrangian for all (x,t) € R?>and i = 1,2,

(2)  there is an open subset O of (0,0) such that Vy(x,t) N Va(x,t) = 0 forall (x,t) € O,
(3)  { defined by (54) is a solution of (14) defined on O, where 7t is the projection onto Vi(x,t)
along Vy(x,t).

D, {yx = —(eromA +b+9q)y, 56)

(1)

Remark 2 (Bicklund transformations for the C,,
Letq,q,F, F be as in Theorem 9. Then we have

-flow).

{Fla =J+q, {Flfx =]+4 7)

F~'F, = B(q, M), F-1F, = B(4, M),
where B(q,A) = (P571(q,A))+. Let k(x,t) = ka,fr<x,t)' Then it follows from (57) and (53) that
we have B 5

kJ+q) —ke=(+ q){< (59)
kB(q,A) — ki = B(4, M)k.
Equate the residues of (58) at A =  to get

(BT) {ifx = [“el,2n —b- q{ﬂ - 20‘[31,~2n1 7:(] T, .
7ty = B(q + 2a[e1 00, 7], &) (I — 7T) — (I — ) B(q, ),

which is the Bicklund transformation for the C(D—ﬂow Moreover,

(1) (BT)g, is solvable for 7% if and only if q is a solution of the C ﬂow
(2)  if o is a projection satisfies (49), then the solution 7t of (BT ) g,u wzth initial data 72(0,0) = 1o

also satisfies (49) and § defined by (54) is also a solution of the C ﬂow Infact, § = ko oq.

The following DTs for (22) is a consequence of Proposition 9 and Theorem 9.

Theorem 11 (DT for Cf,”-KdV).
Let E be a frame of a solution u of (22), ky as in Lemma 3, /A : R> — N, satisfying
AATE =wi(u), and g = A7V s, Let

() = A7 DE (e ) (V)
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fori = 1,2, and 7(x,t) the projection onto V1(x t) along Vy(x,t). Let § be defined by (54),
A :R% — N, the unique map such that ii = A x § is V,, valued. Then il is a solution of (22) and

E(x,t,A) = ko, (A)E(x, t,/\)A(x,t)k;}?(x,t)(/\)AA(x,t)
is a frame of i, where * is defined by (18).
As a consequence of Theorems 9 and 6 (iii), we have

Theorem 12 (DT for Lagrangian curve flow of C-type).

Let 7y be a solution of the Lagrangian curve flow (39), and g (-, t) and u(-,t) the Lagrangian
frame and curvature along (-, t). Let E be the frame of the solution u of (22) satisfying E(0,0,A) =
g(0,0). Let A\, kg, and 7t be as in Theorem 11. Then

¥ =02r-1)gAQ27 —1)ey
is a new solution of (39).

Example 11. [1-soliton solutions of C-typel]

First, we apply Theorem 9 to the trivial solution q = 0 of the third C ﬂow to construct
1-soliton solutions and their corresponding frames. Then we use Theorem 11 to construct solutions

of the third C‘él)—KdV flow (5). In the end, we apply Theorem 12 to get explicit solutions of the third
Lagrangian curve flow of C-type on R*:

3 3
—o (1) 2y = UV + Vrxxe

1
TU1Yx+ 81 = 3 i

3
_7(u1)x')/+ 2

= )

Please note that
F(x,t,A) = exp(Jx + J°t)

is a frame of the solution q = 0 of the third C ﬂow We use A = z* to write down F(x,t,A) in
terms of known functions,

my(x,t,z)  zmo(x,t,z)  Z2ma(x,t,z), ZPmy(xt,z)

F(xt,24) 1 inu(x t,z)  my(x,t,z) zmy(x,t,z)  z2ms(x,t,z)
hE) =g %m (x,t,2) %m4(x, t,z)  my(x,tz)  zmp(x,t,z)
%m (x,t,2) Z%mg,(x,t,z) %m4(x,t,z) my(x,t,z)

’

where s
m(x, t,2) 11 1 1 et
ma(x,t,z) | |1 i -1 —i elzx=21)
my(x,t,z) |~ |1 -1 1 —1]| g (xt2)
my(x,t,z) 1 —i -1 i e—i(zx—23t)

(Although the entries of F(x,t,2%) involves z' in the denominators, use power series expansion
and a simple computation to see that they are holomorphic at z = 0).

Next we apply DTs for the third C ﬂow to the trivial solution q = 0 and z = 1. Let 7t be
the projection onto Vi along Vs, where

-1 ’ V2 =

1

0
Vl: 11’

0 0
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Then 7t is the projection onto Vi along Vy, where

Vl = E(X, t,])_lvl = span{pl, pz}

cosh(x +t) cos(x — t)
—spand |~ sinh(x +t) —sin(x — f)
cosh(x+1t) |" | —cos(x—t)| [’
—sinh(x + ) sin(x — t)
V= E(x/f/1)71V1 = span{ps, pa}
inh(x + t) —sin(x —t)
— span cosh(x +1) cos(x —t)
sinh(x+t) || sin(x—t)
cosh(x + t) —cos(x —t)

From a direct computation, we have

7 (x,t) = (p1, 72,0,0) (1, o, 3, Pa) "

5t
= (P O+ 20 )| P |,

N\>—‘

where

y1 = cosh(2(x +1)),
Y2 =sin(2(x —t)),

ya = (1—sin(2(x— £)))(1+ % sin(d(x — 1))).

Applying (54), we can get a solution of the third C ﬂow

7= q(enn — eaa) + q2(e12 +434) + 3 (€13 — e24) + qaers.
Using the algorithm in the proof of Proposition 5, we get a new solution of (5),
il = A\ % q = iljep3 + e,
where
i = 39 +2qz+q%
= (@)% + 45 + g+ 44 + 20105 — 3 — g2 + g +

We use Theorem 12, and the formula for 7t, and a direct computation to see that

1 00 0\ /&
—x 1 0 o0l|l&
T(x 1) = %xz x 1 0 &3

—(%x3+t) —1x® —x -1/ \&
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is a solution of the third Lagrangian curve flow of C-type on M4, where

&= 1 cosh?(x + 1) + (1 + ﬂ) cos?(x —t) — 2 sin(2(x —t)) — 1,
n ys 2y3

&= fi(cosh(Z(x+ H)+ 1+ y—z)sin(2(x —1) - 252 sin?(x — ),

53:%(%C03h2(x+t) (1 yz)cos (x t)-i-%z—;sin(z(x—t))),

&4 =~ (cosh(2(x+1) — (1+ %)sin@(x — ) +2%sin’(x ).

Next we give a Permutability formula for DTs of the C,(ql) flows. The following Lemma
follows from Lemma 4.

Lemma 5. Let ay, ap be distinct real constants, 1ty, 7tp projections of]RZ” satisfying (48), and 71, T
projections defined by

{Im(rl) = Ky iy (1)Im(711),  Ker (1) = kuy , (—at1)Ker(717),
Im(’l’z) = kﬁl:ﬂl (th)Im(T[z), Ker(’l.’z) = k,xl,ﬂl (—Déz)Ker(TL’z).

Then Ty, Tp satisfy (48) and

kay kg, my = Koy kg, -
It follows from Lemma 5 and Theorems 8 and 9 that we have

Theorem 13 (Permutability Formula for the C (])-ﬂows)

Let F(x,t, A) be the frame of the solution q of the (2j — 1)-th C ﬂow (14) with F(0,0,A) =
Ly, a;, 7tj, T for i = 1,2 as in Lemma 5. Then we have the following:

(1) LetV; = F(x,t,a;) ' (Imm;), and W; = F(x,t, —a;) "' (Kerm;), 7; the projection onto V;
along W; for i = 1,2. Then
q1 = kuy,my @ q = 4+ 201 [e1,20, 711,
92 = kay,my, @ 4 = g+ 2a2(e1 2y, 702].

@) kuyz, ® (kaymy ) = koyzy @ (Kay,my, ® ).
(3) Let Ty (x,t), Ta(x, t) be the projections defined by

Im(7)
Im(7,)

Then we have

k ( )I (ﬁ.’l), Ker(”l)=ka2,7—12(71x1)Ker(7”r1),
Koy, 7 (a2)Im(72),  Ker(%) = kay,z, (—a2)Ker(72).

:|.

q12 = kay, @ (kal,m °q) = ko @ (kaz,nz °q)
= q1 + 2az[er 0, 2] = g2 + 201 [e1 20, T

In particular, g1, can be obtained algebraically from 7ty and 7t,.
The Permutability Theorem 13 gives an algebraic formula for constructing k-solitons
and their frames from k 1-solitons for the C gl)—ﬂow, If F is a frame of the k-soliton solution

j of Cgl)—ﬂow, then 4 = F(x,t,0)e; is a k-soliton solution of the Lagrangian curve flow of
C-type and its Lagrangian curvature i is a k-soliton of the é(nl>—KdV flow.
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2)

6. Darboux Transforms for the Ay, |-Hierarchy

In this section, we construct Darboux transformations for the A;i)_l, Aéi)_l-KdV,
and the Lagrangian curve flows of A type. We also give a Permutability formula for these
Darboux transforms.

Let (Ag)_lﬁ denote the group of holomorphic maps f : C — SL(2n + 1, C) satisfying
the reality condition (7), i.e.,

FRX)=FA),  F(=A)'Suf(A) = S, (59)

and RASLI the group of rational maps f : C — SL(2n + 1,C) satisfying (7) with
f(c0) = 1. Then the Lie algebras of (Aéilﬁ.,. and RAS)A are subalgebras of (Agi)71)+ and

A(2) :
(A,,_1)— respectively.
Please note that the second condition of (59) is equivalent to

where As = S;lAtSn.
Please note that the restriction of the symplectic form w to a linear subspace V of R?"
is non-degenerate if and only if R?* = V & V.

Lemma 6. Let 71 be a projection. Then Ker(rt) = (Im(7r))* if and only if

T = TTs. (60)
Lemma 7. Let 7t be a projection of R?" satisfying (60), and « € R\{0}. Then ky, defined by (50)
is in RAZ)
isin RAS, .

Lemma 8. Let « € R\ 0, 7 a projection satisfying (60), and f : C — GL(2n,C) a meromorphic
map, holomorphic at A = « and A = —a, and satisfying (59). Let V. = f(a)~1(V), where
V =Imm. Then

1) V= flea) (V)
(2) assume that V. N\ V- = 0, let 7t be the projection onto V along V', then
f = kanfhiz
is holomorphic at A = «, —« and satisfies (59).
Proof. Set V = Imm. If Y € V4, then
0=w(f(@)'V,Y) = w(f(-a)sV,Y) = w(V, f(-0)Y).

Hence f~1(—a)Y € V*, which implies that f~1(—a) (V1) C V1. Since they have the
same dimension, f~!(—a)(V+) = V. This proves (1).
By (51), we have

Fa = 1+ 2 - m)pya- 2

(1= 7).

Please note that f has a simple pole at A = # and A = —a. The residue of f at A = &
is 2a(I — 7) f (a) 7z, which is zero because Im(f («)7) = f(a)(V) = V and Ker(I — ) = V.
The residue of f at A = —a is —2a7f(—a)(I — /), which is zero because 7 f(—a)V+ =
nV+ = 0. Hence f is holomorphic at A = a, —«. Since both f and k, - satisfies (59), f
satisfies (59). O
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Using Lemma 8, Theorem 7 and a proof similar to the proof of Theorem 9, we obtain
the following:

Theorem 14 (DT for the Agi)fl-hierarchy).
Let ¢ € Sp(2n) be a constant, and F(x, t, A) be the frame of a solution q of the (2j — 1)-th

Aggfl—ﬂow (31) with F(0,0,A) = ¢, and 7t a projection satisfying (60). Given a € R\{0}, let
V(x,t) = F(x, t,tx)*l(V), where V = Imrt.

Then

(1) there exists an open neighborhood O of (0,0) in R? such that R*" = V (x,t) @ V(x,t)* for
all (x,t) € R?,

(2)  let 7(x,t) be the projection onto V (x,t) along VL (x,t), then

jg=q+ 0{[61,2;«,,1 + €201, ff] (61)
is a solution of (31) defined on O and
F(x,t,A) = ko n(A)F(x, t,A)k;;(m(A)

is a frame of §.
In particular, if F satisfies F(0,0,A) = Ia,, then we have

ko oq =q+aleion—1 +e2on, 7. (62)
Theorem 14 can be reformulated as follows:

Theorem 15. Let g be a solution of (31), A € R\ 0, and B, » the following linear system

Yx = _(ﬁ/\+b+‘1)y/
B . 63
" {yt—(QZJlm,A)m, ©

where p = %(91,27171 + e22,). Then we have the following:

(1)  (63) is solvable.

(2) Let {vy,...,02,} be a basis of R*" such that w(v;, Opyj) = 0forall1 <i,j < n. Lety;
be the solution of Dy, with initial data y;(0,0) = v;, and y,; the solution of Dy 4
with y,,(0,0) = v, for 1 < i < n. Let Vy(x,t) be the span of y1(x,t),...,yn(x, 1),
and Vy(x, t) the span of Y, 11(x, 1), ..., you(x, t). Then
(@) Va(x,t) = Vi(x,t)* forall (x,t) € R?andi=1,2,

(b) there is an open subset O of (0,0) such that Vy(x,t) N Va(x,t) = 0,
(c) § defined by (61) is a solution of (31) defined on O, where 7t is the projection onto
Vi(x,t) along Vy(x,t).

Bécklund transformations for the A§i>71-ﬂows are obtained in the similar way as for

the CA,Sl)—ﬂows.
As a consequence of Proposition 9 and Theorem 14, we obtain the following:

Theorem 16 (DT for qu)fl-KdV 33).

Let E be a frame of a solution u of (34), A : R — N, a solution of N ATY = Ej(u),
and g = A7V s u, where &j(u) is defined by (33). Let 7t be a projection satisfying (60), and ku,
defined by (50), and V (x,t) = A7 (x,t)E~ (x, t, ) (Im7r). Then
(1)  there exists an open subset containing (0,0) such that R*" = V(x,t) © V- (x,t),
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(2) let 7t(x,t) denote the projection onto V(x,t) along V(x,t)*, § defined by (61), and A :
R? — N;f such that A * § is V,-valued. Then it = A % § is a new solution of (34) and

E = ko ELk LATT
is a frame of il.
Theorems 14 and 6 (iii) give the following;:

Theorem 17 (DT for Lagrangian curve flows of A-type).

Let vy be a solution of the Lagrangian curve flow (40) of A-type, and g(-,t), u(-,t) the
Lagrangian frame and Lagrangian curvature along (-, t). Let E be the frame of the solution u
of (31) satisfying E(0,0,A) = g(0,0). Let A\, a, 71, 7t be as in Theorem 16. Then

¥=02r-I)gAQ27 —1)ey
is a new solution of (40) and its Lagrangian curvature ii is a solution of (31).
Example 12. 1-soliton solutions of A-type

Please note that u = 0 is the trivial solution of the third A<231>71ﬂ0w with frame F(x,t,A) =
exp(xJp(A) + tJ3(A)). By Theorem 6 (iii),

Y(x,t) = F(x,1,0)e; = exp(bx + b>t)e;
is the Lagrangian curve flow (39) with zero Lagrangian curvature and
g(x, 1) = exp(bx + b3t)

as its Lagrangian frame.
Please note that the linear system By ) given by (63) for g = 0 is

Box {]/x = —JBY,
“ v =Ry

Since
B =AM, (UD)* =25,

the solution of By ) for any given initial data can be written down explicitly. Hence Theorem 15
gives an algorithm to compute explicit formula for 1-solitons § and its frame for the third Ag)ﬁl—
flow. Theorem 17 gives the corresponding 1-soliton solution 4 of the third Lagrangian curve flow of
A-type and the Lagrangian curvature ii of 4 is a 1-soliton solution of the third Ag?fl—KdV flow.

Next we give the Permutability formula. First it follows from Lemma 8 that we have
the following:

Lemma 9. Let a1, 02 € R\{0} such that |a1| # |aa|, and m; projections of R satisfying
Kerm; = (Imm)t. Then Vi = kym(01)(Imrry) and Vo = ke r, (2)(Immp) are non-

degenerate, and

ke v kay my = Ky eyKeey 15

where T; is the projection onto V; along V- fori = 1,2.
Similarly, Lemma 9, Theorems 8 and 14 give the following:

Theorem 18. [Permutability for DTs of the Aéi)fl-ﬂow]
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Let w;, 71;,T; be as in Lemma 9 for i = 1,2. Let F be the frame of a solution q of the (2j — 1)-th
Aggfl—ﬂow with F(0,0,A) =1, Vi(x,t) = F(x, t, ;)" (Imr;), and 7t;(x, t) the projection onto
Vi(x,t) along Vi(x,t)*. Let Wy = kuy 7, (1) (Im7ty), Wa = ke 7, (22) (Im7tp), and % be the
projection onto,W; along W:-. Then we have

qi = k“i,ﬂi.q:q_‘—ai[ﬁ,ﬁ], i=1,2,
ko @ (Kayy @ 9) = Kayry @ (Kay,my @4),
012 := Koy, @ (kg @ 9) = g1 + 22[B, 2] = g2+ w1 [B, T,

where B = e12,-1 + €22n.

The Permutability Theorem 18 gives an algebraic formula to construct k-solitons of

the (2j — 1)-th Ag)ﬁl—ﬂow and their frames from k 1-solitons of the (2j — 1)-th Ag)ﬁl—
(2)

flow. If F is a frame of the k-soliton solution q of AZn_l-ﬂow, then § = F (x,t,0)ep is a
k-soliton solution of the Lagrangian curve flow of A-type and its Lagrangian curvature i is

a k-soliton of the Ag,)fl—KdV flow.

7. Scaling Transforms

In this section, we construct scaling transforms and give relations between DTs and

scaling transforms for the szl)-ﬂows and Agznll-ﬂows.

Theorem 19. Let a;, 71;, T; as in Lemma 5 (9 resp.), and F(x,t, A) the frame of the solution q of the
(2j —1)-th C(nl)—ﬂow (14) (Ag,)fl—ﬂow (31) resp.) with F(0,0,A) = Ip,11. Let r € R\ {0}, and

[(r) = diag(1,r,...,r*"1). (64)

Then
1) (roq)(xt) = 1T(r) Yq(rx, P 1)T(r) is a solution of the (2j — 1)-th (f;(f)—ﬂow (the
AP -flow resp.)
2n—1 P
(2)  for the C,Sl) case,

(roF)(x,t,A) :== T(r) " F(rx, 1, r 722 )0 (r)

is the frame of the solution r © q of the Cf,l)-ﬂow (14),
(3) for the Agi)fl—case,

(r@F)(x,t,A) := T(r) " F(rx, 71, r~ =D)L (r)
is the frame of the solution r © q of the Aggfl—ﬂow (31).

Proof. First we prove the Theorem for the Cﬁll)—ﬂows. Set F(x,t,A) = ['(r) " 'F(rx, 1?1t
r~2")). Please note that

rT(r) " (e 2"A + 0T (r) = e120A +b = J(A). (65)
Since F is a frame of g, F~'F; = ] + q. direct computation implies that
PE =7+ rq(rx, rzj’lt,r’z”/\).
Let P(x,t,A) = P(q(x,t),A) be the solution of (10). So Py + [J 4+ g, P] = 0. Set

P(x,t,A) = rT(r) " P(q(rx, v 1), r 2P )0 (r).
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We use (65) and a direct computation to see that
P+ [J+rog Pl =0.
This shows that P = P(r © g, ). A direct computation implies that
EVE =T(r) Y (rx, r M 20 LT ()
=T(r)  (rP(rx, P, 22T T () = (P,
= (P71 (rogqA))s

It follows from Proposition 4 that  © g is a solution of (14) and Fisa frame of r ® q.

This proves (1) and (2) for the d,l)-hierarchy.
()

Similar proof gives (1) and (3) for the Aanl-hierarchy. O
It follows from Theorem 19 (2) and Theorem 6 (iii) that we have the following:

Corollary 4. Let ¢ € R\ 0, and «y a solution of the (2j — 1)-th Lagrangian curve flow of C-type
or A-type. Then

(c®y)(x,t) :==T(c)y(cx,ct)
is again a solution, where T (c) is defined by (64).

In particular, let 4 be the solution of the third Lagrangian curve flow on My con-
structed in Example 11. Then ¢ ® ¥ is also a solution for all ¢ € R\ 0.

Corollary 5. Let u = Y}, tje,1_jn+; be a solution of the (2j — 1)-th CAf)—KdVﬂow (22)
(A§i>7l—KdVﬂow (34) resp.), r € R\{0}, I'(r) as in (7). Then we have the following:
1) rou=Y"ru(re, 1 e, 1y is a solution of the (2j — 1)-th Cﬁ,l)-KdVﬂow (22)
( Agi)il—KdV flow (34) resp.).
(2) IfE(x,t,A) is a frame of the solution u of (22), then
(rOE)(x,t,A) :=T(r) " E(rx, 7, r =" A\)I(r)

is a frame of r © u.
(3) IfE(x,t,A) is a frame of the solution u of (34), then

(rOE)(x,t,A) :=T(r) " E(rx, 71, r’(Z”’U)\)F(V)
is a frame of r © u.

Corollary 6. r ® u defines an action of the multiplicative group R™ on the space of solutions
of (22) ((34) resp.).

Next we give a relation between the scaling transforms and Darboux transforms.
First we need a Lemma.

Lemma 10. Let r € R\ 0, T(r) defined by (64), and As = S;; ' A!S,, as before. Then
1) T = 2Hr() L,
(2)  let 7t be a projection of R?", and 7t = T'(r)nT (1)1, then

(a) if ms = m, then 7ts = 7,

(b) if ms =1—m, then ft; =1— 7.

Proof. It is clear that T'(r)S,I(r) = r?"*1S,, which gives (1). (2) follows from (1). O
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It follows from Lemma 10, the formulas for 7 ® g in Theorem 19 and (55), (62) that we
have the following.

Theorem 20. Let r,a € R\ 0, () as in (64), 7t a projection of R?", and #& = T ()7l (r) L.
(1) Ifqis a solution of the (2j — 1)-th szl)—ﬂow (14) and rt satisfies 7ts = I — 71, then

k2,09 =110 (kizo(roq)).
(2) If qis a solution of the (2j — 1)-th Agl)il—ﬂow (31) and m satisfies w5 = 7, then
ky—u-1) 00 = r o (ke (rog)).

8. Bi-Hamiltonian Structure

The existence of a bi-Hamiltonian structure and using it to generate the hierarchy are
two of the well-known properties for soliton hierarchies (cf. [11,55,56]). In this section,
we use the linear operator P, defined in Definition 4 to write down the bi-Hamiltonian
structure for the d,l)-KdV and Agill-KdV. The pull back of this bi-Hamiltonian structure
to My, via the Lagrangian curvature map ¥ gives the bi-Hamiltonian structure for the
Lagrangian curve flows of C and A-type.

Let

(@) = (@)

denote the standard L? inner product on C®(S?,sI(2n,R)).
The bi-Hamiltonian structure on C®(S', B;7) for the C,(ql) and A?) | hierarchies given

2n—1
in [11] is
{FlfFZ}f(q) = ([ﬂrVFl(q)LVFz(q», (66)
{FL, B} (q) = ([0x + b +q, VE(q)], VE(q)), )
where "
= {Ell,zn/ for (E,Ez), )
s(e1on-1+ex2n), for Ayl .

Using the same proof as in [49], we see that the bi-Hamiltonian structure is invariant
under the gauge action of the group C®(S!, N;7), i.e., if F;, F, are invariant under the gauge
action, then {F;, F} I/\ is also invariant for i = 1,2. Since C®(S', ;) is the orbit space of
this gauge action, we can identify functionals F on C*(S?, V,,) with invariant functionals F
on C®(S', B}), where

E(Axu) = F(u).

Hence
{F, Ba}i(u) = {F, B} (u)

are Poisson structures on C*(S!,V,,) fori = 1,2.
Given a functional F : C®(S!,V,) — R, let VF(u) be the unique map from S! —
Vi satisfying

dF,(0) = (VF(u),0) = j{“tr(vp(u)v)dx

forallv € C®(SY, V).
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Again we use the same proof as in [49,50] to write {, }; in terms of the linear opera-
tor Py:

{F1, B2} () = ([B, Pu(VEL(1))], Pu(VE2 (1)),
{F1, R2}2(u) = ([0x + b+ u, Pu(VF (u))], Pu(VE2 (1)),

where § is given by (68) These give a bi-Hamiltonian structure for the C,Sl) -KdV flows.

The first bracket is always zero and {, } is a Poisson structure for the Agi)fl-hierarchy.

There is a standard way (cf. [56]) to generate a sequence of compatible invariant Poisson
structures {, }]A, j > 1on C®(S!,B}). It can be checked that the induced structure

{, }2i11 on C®(S1, V) is always zero for the Ag,)fl—KdV hierarchy, but {, },; are non-trivial

Poisson structure. So ({, }2, {, }4) gives a bi-Hamiltonian structure for the qu)fl-KdV

flows. Since the formulas are tedious and do not give us useful information, we omit the
discussion of {, }4 for the Agi)_l-KdV hierarchy.
Since [0y + b+ u, P, (VF (u))]isin C*(S', V,,) and 719 (P, (VE2 (1)) = VF(u), we have

{F1, Ba}a(u) = ([0x + b+ u, Py (VFy (u))], VEy (u)).
So the Hamiltonian flow for a functional F with respect to {, }» is
uy = [0x + b+ u, P, (VF(u))].
1)

The following results can be proved by a similar computation as in [49] for the A, -
KdV hierarchy:

Theorem 21. Set
B q(u) =— ]{ tr(Pyj1,-1(u)e12,)dx,

Hpj 1 (u) = tr(Qaj—1,-1 (1) (e1,20+1 + €2,20))dx.

_1
2,
Then we have
VEyj_1(u) = mo(Pyj—1,0(#)), VHzj_1(u) = mo(Qaj-1,0(1)),

where 71 is the projection onto V; defined by (44). Moreover, we also have:

(i)  The Hamiltonian equation for Fp; 1 (Haj 1 resp.) with respect to {, }7 is the (2 — 1)-th
CAﬁll)—KdV (Agi)fl—KdV resp.) flow for j > 1.

(ii) The Hamiltonian equation for Fy, | 1 with respect to {, }1 is the (2j — 1)-th CA,(E)-KdV
flow for j > n.

Remark 3. The bi-Hamiltonian structure on C®(S', V) for the CAgl)—KdV hierarchy is the stan-
dard bi-Hamiltonian structure for the KAV hierarchy (cf. [52]).

Example 13. Bi-Hamiltonian structure for the Cél)-KdV hierarchy
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Let u = ujess + ugers, § = Gresn + Gaear, 1 = 1mesn +12ear, C = (Cij) = Pu(Q),
and D = (D;;) = Pu(17). We use Example 9 to write down the following Hamiltonian structures:

{F1, R2}1(u) = ([e1s,C], D)

= 685" 42, — g+ 42 + e,

= §(32" + 421 — 2m8) — 1hE@)2 + 4T,
{F1, B2}2(u) = ([0x + b+ u,C], D)

= .%‘(Ch —2uC11)12 + (Cs +2C13 + 1181y,

where C;j's are written in terms of ¢y and Gy as in Example 9.

Example 14. Conservation laws for the Cy(,l)-KdV hierarchy
Let

faj-1(u) = tr(Poj_1,_1(u)er )
denote the density of Foj 1.
(1) Forn =2, we have

1, 1 3 3
f1 = Uy, f3 :u2+§u1, f5= f§u1+u1u273—2u1ui’.
(2)  For general n, the first two densities of conservation laws are

2n—3
o u3.

fi=u, fz=ux+

Example 15. Conservation laws for the Agi)il-KdV hierarchy
Let

1
o1 (u) = Str(Qoj1,—1(4) (e1,2041 + €220))-
2

(1) Forn =2, we have

1,2 4
hy=uy, hy=uy, hs= g(gul(ul)xx —duquy — §M?)~

(2)  For general n, the first two densities of conservation laws are

n—2
= hy = Iy
b=, hy=up+5 —uy
Example 16. Hamiltonian flows for F; and H3
A simple computation implies that VF3(u) = %u1€32 + e41, where u = ujey3 + Unreyy.
We use notations and formulas as in Example 9 to compute P, (VF5(u)) and obtain

3 3 3

Cn=-gu, Ciz= *g(ul)a(c )t uh,
3 3 3

Cuu = —é(ul)gf) + (u2)xx + gul(“l)xx — gt
1 1

Cos = —5 (1) + 112+ 147,

The Hamiltonian flow of Fs with respect to { , }2 is

uy = [0x + b+ u, P,(VFE5(u))). (69)
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We use the formula for P, (VF3(u)) to compute directly and see that (69) is the following
system for uy, uy,

(u1)r = Chy +2C13 + %ului,
(uz)t = Ci4 — 2112(:11.

Substitute Cj; into the above equation to see that it is (5).
Similarly, we use the same notations and formulas as in Example 9 to compute P, (V Hz(u)).
Here VHj(u) = e3p. We see thatbe

Cii=0, Ciz=uy Cu=uj—uu, Cx=u.
So the Hamiltonian flow for Hz with respect to {, }, written in terms of uy, uy is (6).

Remark 4. We use the pullback {,}}* of the Poisson structures {,}; on C*(S!,Vy,) by the
Lagrangian curvature map ¥ for i = 1,2, to get a bi-Hamiltonian structure on Moy,. In other
words, given a functional F; on C®(S, V), let

F=Fo¥: My, »R
be functionals on My,,. Then

are the pullback bi-Hamiltonian on My,,. As a consequence of Theorem 21, we have the following:
(1)  The Lagrangian curve flow (39) and (40) are Hamiltonian flows for the Hamiltonians

B 1:=Fjq0Y, Hy1(u):=Hy 10¥

with respect to {, }5' respectively.
(2)  The Lagrangian curve flows of C-type (A-type resp.) are commuting Hamiltonian flows
on Moy,

9. Review and Open Problems

In this section, we give an outline of the construction of ¢W_Kdv hierarchy (cf. [11,53]),
explain the key steps needed in constructing curve flows whose differential invariants
satisfy the G(1)-KdV, and give some open problems.

Let G be a non-compact, real simple Lie group, G its Lie algebra, and

¢ — L£(G)={ Z &Al | npaninteger, & € G}.

i<ng

Let
¢V = (Yarec@)y ¢W={TareL@)

i>0 i<0

Then (gﬁ”, Q(j)) is a splitting of ¢,

Let {ay,..., &, } be asimple root system of G, and B, B_, N; the Borel subalgebras of
G of non-negative roots, non-positive roots, and positive roots respectively. Let B,, B_, N
be connected subgroups of G with Lie algebras 5., B_, Ny respectively. Let

J=pBA+0, (70)

where b = — Y' | #; and B is the highest root.
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The construction of CA,(f) -hierarchy in Section 3 works for G(1) except that the generat-
ing function P(g, A) in Proposition 2 should satisfy

{[ax+b+q,5(q,A)] =0, o

m(S(q,A)) =0,

where m is the minimal polynomial of | defined by (70).
Assume that there is a sequence of increasing positive integers {n; | j > 1} such that

T lies in QS) forall j > 1. Write

" (11, /\) = Zs;lj,i(q)Ai~

i
Then the n ]--th flow in the Q(l)-hierarchy is
qr = [0x + b +4q,5n,0(q)] (72)

forq:R? — B..
Using the same kind of proofs for the szl>-hierarchy, we obtain the following proper-

ties of the §(V-hierarchy:

(i) The existence of a Lax pair, [0x + ] + ¢, 9¢ + (S"(q,A))+] = 0 for (72).

(i) The GM-flows are invariant under the gauge action of C®(R, N ) on C®(R, B).

(iii) If we find a linear subspace V of G such that C®(R, V) is a cross-section of the
gauge action of C®(R, N, ) on C®(R, B, ). Then we can push down the G(1-flows to
the cross-section C®(R, V) along gauge orbits and obtain a ¢(1)-KdV hierarchy on
C*(R, V). Moreover, there exists a polynomial differentials ¢;(u) such that the n;-th
flow in the §(V-KdV hierarchy is

up = [0y + b+ 1, Sy0(u) — &j(u)]. (73)

The Q(l)—KdV hierarchies constructed from two different cross- sections are not the
same but are gauge equivalent.

(iv) The bi-Hamiltonian structure ({, }7,{, }4) on C*(R, B4 ) is given by (66), (67).

(v) The Poisson structures {, }} and {, }, are invariant under the gauge group action.
So there is an induced bi-Hamiltonian structure on C®(S', V) for the ¢(V)-KdV hierar-
chy, which will be denoted by ({, }1,{, }2)-

(i) Fp(q) =— $ (Snj/,l (9)B)dx is the Hamiltonian for the 1j-th flow with respect to {, }.

Although properties (i)~(vi) can be proved in a unified way for any (1), the following

results need to be proved case by case depending on G:

(1) Find a linear subspace V such that C®(R, V) is a cross-section of the gauge action of
CW(R, N+) on COO(R, B+)

(2) Suppose G is a subalgebra of ¢I(n) and C® (R, V) is a cross-section of the gauge action.
We consider the following class of curves in R":

M = {ge; | g € C*(R,G) satisfying g gy = b+ 1,
forsomeu € C*(R,V)}.

Find geometric properties of curves in M that characterize v € M (so g is the moving
frame and u is the differential invariant of  under the group G). For example, for
the C,(ll) case, it is easy to see that if 7 € M, then « is Lagrangian (see Definition 1).
Conversely, if y is Lagrangian then g € M.

(3) Identify the tangent space of M at 7.
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(4) Show that
vt = gSu0(u)er (74)

is a flow on M, i.e., the right hand side is tangent to M.

(5) Show that if 7y(x, t) is a solution of (74), then the differential invariants u(-, t) satisfies
the §(W-KdV flow (73). This also gives a natural interpretation of the ¢MKdv.

(6)  Write down the formula for the induced bi-Hamiltonian structure for the §(V-KdV hierarchy.

(7)  We pull back the bi-Hamiltonian structure on C*(S!, V) to M via the curvature map
¥ : M — C*®(S!,V) defined by ¥(7y) = u the differential invariant of 7. Then soliton
properties of G(1-KdV can be also pulled back to the curve flows (74) on M.

(8) Prove an analogue of Theorem 5, i.e., if C : R — G satisfies [0x + b+ u,C] €
C*®(R,V), then
(a) Cisdetermined by Cey,
(b) Cis determined by the projection of C onto V!, where u € C*(R, V).

We need this result to give a precise description of the tangent space of M at y and to
write down the formula for the induced bi-Hamiltonian structure on C*(R, V) for
the ¢(V-KdV hierarchy.

(9) To construct Darboux transforms, we need to find rational maps ¢ : R — G¢ sat-
isfies ¢(A) = g(A) with minimal number of poles and work out the factorization
formula explicitly.

Let o be an involution of G, and K, P the 1, —1 eigenspaces of ¢. The G(?)-hierarchy is
constructed from the splitting (C;Srz ) , G(,z ) ) of G?), where

¢¥ ={c(0) =L aA [E(A) = (M), 0@ (=) =&},
G2 = ¢@ngh, ¢@ =g ng".

Assume that there is a simple root system of G so that € P and b € K. Then
C®(R, K N B, ) is invariant under the G(M-hierarchy. The G(?)-hierarchy is the restriction
of the G(M-hierarchy to C®(R, K N B..). Most properties of the G(!)-hierarchy hold for the
§@-hierarchy except the bi- Hamiltonian structure {, }} is zero on C*(S', K N B,). To
obtain the other Poisson structure, we need to review briefly a general method to construct
a sequence of compatible Poisson structures from a bi-Hamiltonian structure: Let Z; denote
the Poisson operator for {,}! on C*(R, B), ie., (&) : C°(S!,B-) — C®(S},B,) is
defined by

{FLE}Y (@) = (B0)4(VF (), VE@))

fori =1,2. It is known (cf. [55,56]) that

{FL B} (9) = ((§))4(VF(2)), VE(q))

is again a Poisson structure and are compatible, where

[1]

<

= Ep (B, '8 2

It can be checked that Zy;,1 = 0 on C®(S',K N B.), and Z,; is a Poisson structure
for the G(®)-hierarchy for all i > 1. So ({,}5,{,}}) is a bi-Hamiltonian structure for
the G@-hierarchy and it induces a bi-Hamiltonian structure ({,}2,{, }4) for the G-
KdV hierarchy.

Finally we give a list of open problems:

o  Find integrable curve flows on R?*! whose differential invariants satisfy the

BY-KdV flows.

o Find integrable curve flows on RK?"~k whose differential invariants satisfy the

D,(,U-KdV flows.
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o  Find integrable curve flows on R?" whose differential invariants satisfy the
D?) KAV flows.

o Find integrable curve flows on R8 whose differential invariants satisfy the
lf)iS)-KdV flows.

o Find integrable curve flows on R’ whose differential invariants satisfy the

C;'él)—KdV flows.

o Calini and Ivey constructed finite gap solutions for the VFE in [57]. It would be
interesting to construct finite-gap solutions for central affine curve flows, isotropic
curve flows, and Lagrangian curve flows.

¢ The Gauss-Codazzi equations of submanifolds occurring in soliton theory are often
given by the first level flows of the soliton hierarchy, i.e., the commuting flows gener-
ated by degree one (in A) elements in the vacuum sequence. It would be interesting to
see whether the flows of the G(1)-KdV hierarchy generated by degree one elements
in the vacuum sequence also arise as the Gauss-Codazzi equations for some class
of submanifolds.
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Abstract: The first analysis of media with internal structure were done by the Cosserat brothers.
Birkhoff noted that the classical Navier-Stokes equation does not fully describe the motion of water.
In this article, we propose an approach to the dynamics of media formed by chiral, planar and rigid
molecules and propose some kind of Navier—Stokes equations for their description. Examples of
such media are water, ozone, carbon dioxide and hydrogen cyanide.

Keywords: Navier-Stokes equations; media with inner structures; plane molecules; water; Levi—
Civita connections

1. Introduction

It was the Cosserat brothers, [1], who first analyzed media formed by “rigid microele-
ments”, and G. Birkhoff [2] who noted that the classical Navier-Stokes equations give us
uncomplete descriptions of water flows (see also [3]). In papers [4,5] the authors gave a
general approach to dynamics of media having some inner structure and proposed some
generalizations of the Euler and Navier-Stokes equations.

In this paper, we consider the dynamics of media formed by chiral, planar and rigid
molecules (we call them CPR-molecules) molecules and propose some kind of Navier—
Stokes equations for their description. Recall that a molecule is called planar if it is formed
by atoms lying in the same plane and it is chiral and rigid if its symmetry group belongs to
S0(3). Hence, we consider a molecule as a rigid body on an oriented plane, the mechanical
properties of which are specified by the tensor of inertia.

2. The Configuration Space of a CPR-Molecule

We will assume that all CPR-molecules under consideration have the trivial point
symmetry group. Then a position of such a CPR-molecule is defined, up to rotations, by an
oriented plane in the three-dimensional space, passing through of the center of mass of
the molecule, or by the unit vector perpendicular to this plane or by a point on the unit
sphere S2.

Such molecules include, for example, molecules of ortho-water, i.e., molecules of water
with different spins of hydrogen atoms [6].

Leta € S? be a fixed point and let T,S? be the tangent space to the sphere at the point a.
The position of a CPR molecule on the oriented plane is uniquely determined by a rotation,
and therefore, by a point on the unit circle on the tangent space T,5.

Thus, the configuration space of a planar molecule with a fixed center of mass is the
circle bundle of the tangent bundle for the unit two-dimensional sphere. For our goal it is
more convenient to use the cotangent bundle T S? instead of the tangent one. We denote
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the circle bundle of the cotangent bundle by N and it will be the configuration space of
the molecule.

Let us introduce local coordinates on the configuration space. The position of a rigid
body in the space is determined by the position of its center of mass and angular parameters
(the Euler angles) showing its position relative to the center of mass. Let us choose a
Cartesian coordinate system x, , z in the space R3 so that its axes coincide with the principal
axes of inertia tensor of the molecule. The metric tensor has the form g = dx? + dy?* + dz?,
and the Lie algebra s0(3) can be represented by the triple of vector fields on R%:

) 9 ) 9 ] d
X—z—fyg, Y—ngzi, z_yg—x@, @

corresponding to the rotations around the axes OX, OY, OZ respectively.
In spherical coordinates ¢, 1, 7 in R3:

X =rcosypsing, y=rsinypsing, z=rcos¢,

¢ = arccos(%), P = arctan(%), r= \/m,

vector fields (1) will take the following form:

where

9

Ry = sin iJrcot cos i Ry = —cos iJrcot sin i Ry = ——
x =sing g cotpeospay, Ry =—cosys, +eotpsinggy, Rz=-—g;

respectively, and the metric tensor takes the form
g=r (d(pz + sin? ¢ d1p2>
in spherical coordinates. The metric g generates the invariant tensor field (the inverse metric)
1 1
=05+ az>.
8 r2 ( ¢ sin? ¢ ¥

which defines the metric on the cotangent bundle T;R3. The metric ¢! induces the metric

1
sin? ¢
on the cotangent bundle T} S? of a sphere of unit radius r = 1.

Let g1 = ¢,92 = ¢, p1, p2 be the canonical coordinates on the cotangent bundle
T;S?, and

g =05+ %

Q =dqg Ndpy +dqga Ndps

be the structure differential 2-form that defines the symplectic structure on T} S2.
Then the Hamiltonian, corresponding to the metric g;° !, has the form

1
H:ﬁ+ﬁ¥mﬁ

The Hamiltonians of the vector fields Rx, Ry, Ry are

Hyx = pysingy + pacotgycosqa, Hy = —pjcosqy + pacotgysings, Hz = —p2
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respectively, and therefore, corresponding Hamiltonian vector fields are

X1 =sin 172% + cotgq cos qzi + 042

. d
302 P2 sin? g, a — (p1 cos ga — pa cotgy sin qz)a—pz,

X, = — cos 2 + cotgq sin 2 + singz 9. — (p1singy + pacotgy cosq) =—

2 qzaql 1 112an st, qu ap P1 q2 — p2 n q2 apzl
d

X == g

Thus, we have the representation of the Lie algebra so(3) by Hamiltonian vector fields
X1, X2, X3 with the commutation relations:

(X1, X5] = X3, [X1,X3] = —-Xp, [Xp,X3]=X;.

It is easy to see these fields are tangential to N: X;(H) = Xo(H) = X3(H) = 0.
Thus the motion of a molecule relative to its center of mass corresponds to the motion
of a point on the level surface N. We take g1, g, and

qz = arctan< r{z >
p1singq

as local coordinates on the configuration space N = {H = 1}.

3. Metric and Levi-Civita Connection, Associated with a CPR-Molecule

The restrictions of the vector fields X1, X5, X3 on the level surface N are

E1 =sin i + cot gy cos i — cosqzi
1= 2 8q1 N 2 an Sil’lql E)qg'
) . 0 sing; 9
Ey =— — _— = —
2 COS 2 an + cot gy singp 3, singi o9’
)
Ez=——
3 alh

respectively.

Any motion of a CPR-molecule around the center of mass occurs along the trajectory
of vector fields, which are linear combinations of vector fields Eq, E, Es.

The basis dual to Ey, Ey, E3 is formed by the differential 1-forms

)y =singadg) — cos qa sinqidqs,
Oy = — cos godqy — singy singqdgs,
Q3 = —dgy — cosqqdgs,

such that the Maurer—Cartan relations hold:

Ay = - AN Q3, dQy = AQ3, dOz =—-0O1 AQy.

The vector fields Ey, Ep, E3 and the differential 1-forms Oy, (), Q3 give us the base
(over R) in the space of left-invariant vector fields and correspondingly left invariant
differential 1-forms on the configuration space. Moreover, any left invariant tensor on N is
a linear combination of tensor products of these vector fields and differential 1-forms with
constant coefficients.
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Let A be the inertial tensor of a molecule. It can be consid ered as a positive self adjoint
operator acting on the Lie algebra so0(3). Let positive numbers A1, A, A3 be eigenvalues of
A. The inertia tensor defines the metric tensor on the Lie algebra so(3):

1
g=5 (A@% F 02 + A3Q§),

where O are the symmetric squares of the 1-forms. The inertia tensor has the following
coordinate representation:

Sa =()\1 Sil’l2 q2 + /\2 COS2 qz)dq% + )\3(1!]%
+ (Aq sin? n cos? ga+ Az sin? 1 sin? ga + A3 cos? ql)dqé
+2(Ay — Aq) sin(gz) cos g2 singydqy - dgs
+ 2)\3 Cos qldqz . dl]g
Here the dot - means the operation of symmetric multiplication.

Let V* be the Levi-Civita connection [7] associated with the metric g) and Vl’-\ be the
covariant derivative along vector field E;. Then

VHE) = Y ThE,
k

where l"i-‘]- are the Christoffel symbols. Direct calculations show that
A=Ay A=Ay
F?Z = )\3 ’ rgl = )\3 ’
A=Ay A—Az
F%S = N 1"%2 == AN
A=Az A=Ay
I3 =% Iy =— P @
where
A= /\1 + A+ )\3
—

All other Christoffel symbols equal to zero.

4. Metric Associated with the Media

Let R? be the 3-dimensional Euclidian space, endowed with the standard metric
tensor g. Consider a medium, formed by CPR-molecules filling a region D C R3. The
configuration space for this type of media is the SO(3)-bundle 7 : & — D, where
® =N xD.

The group SO(3) acts in the natural way on fibers of the projection v and we will
continue to use notation Eq, Ep, E3 for the induced vertical vector fields on ®. These fields
form the basis in the module of vertical vector fields on @, and accordingly differential
1-forms ()1, (), O3 define the dual basis in the space of differential forms on N.

The medium is also characterized by a SO(3)-connection in the bundle 7, (see [4,5]).
We call this connection the media connection and denote it by V#. The media connection
allows us to compare molecules at different points of the region D.

The connection V# depends on the properties of the medium and establishes a relation
between the translational motion of the molecule and its motion relative to the center of
mass. Such a relation can be caused, for example, by physical inhomogeneity of space or
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by the presence of effects on the environment. Let us show how it can be defined (see [5]).
The connection form w we will consider as a matrix

0 —ws3 wy
w=| w3 0 —w1
—wy Wy 0

where w1, wy, w3 are differential 1-forms on D. In other words, connection V# shows that a
molecule is subject to rotation along vector (w1 (X)E; + w2 (X)E; + w3(X)E3) on the angle

§ = /@1 (X2 + @a(X)? + ws(X)?

when we transport it on the vector X in D.
Let (x1, x2, x3) be the standard Euclidian coordinates on D and (91, d2, 93) and (dy, d2, d3)

be the corresponding frame and coframe respectively. Here d; = and d; = dx;. In these

axi
coordinates we have
0 —w3 Wy 0 —wzp  wWn 0 —wsz w3
w = | ws 0 —wn|di+| wx 0 —wp|d2+| wss 0 —wisl|ds.
—wy1 Wi 0 —wn Wi 0 —wy w3 0

This connection allows us to split tangent spaces T, ® into the direct sum

T,® =V, @ H,,

where V}, is the vertical part with basis E; , E; 5, E3 5, and the horizontal space Hj, is gener-
ated by the following vector fields:

01 —wi1Ey — wa E» — w3 B,
0y — wipE1 — wpnEy — w3ks,
93 — w13E] — wpEy — w33Es.
The horizontal distribution
H:®3b— H, C T,®

could be also defined as the kernel of the following system of differential 1-forms on ®:

01 =01 + wnidy + windy + wiads,
02 = + wardy + wyds + wosds,
03 =03 + w31d1 + wady + wzads.

Define a metric g# on the manifold ® as a direct sum of the metric g, on the vertical
space V and the standard metric gy = dx? + dx3 + dxZ on the horizontal space H:

gt = %;(Am% + d,?).

Note that the frame (Ej, Ep, E3, 01 — w(01),02 — w(92),93 — w(d3)) and the coframe
(O, D, Q3,dq,dy,d3) are dual and their elements are pairwise orthogonal with respect to
the metric g¥.

5. Levi-Civita Connection Associated with the Homogeneous Media

A media is said to be homogeneous if components of the connection form w and the
inertia tensor A are constants. Below we consider only homogeneous media.
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Let V be the Levi-Civita connection on the configuration space ® associated with the
metric g¥.

For basic vector fields E; and aj, where 7, j = 1,2,3, we have the following commuta-
tion relations:

[0;,9]] = [0, Ej] = 0,[Ey, E2] = E3, [E1, E3] = —E, [Ea, E3] = Ey. 3

Therefore, the Levi-Civita connection V on the configuration space ® associated with
the metric g* and homogeneous media has the form wherein the non trivial Christoffel
symbols are given by Formula (2).

The operator of the covariant differential dy associated with the Levi-Civita connec-
tion acts on the basis vectors as follows:

dy(9;) =0 (i=1,23),

dy(Ep) =T3 B2 @ O3 + T3 E3 @ O,
dy (Ez) =THE1 @ Q3 +T5,E3 @ O,
dy (E3) :r;3El @0+ r%3E2 ® 0,

and on the basic differential 1-forms:

dv(d )=0 (i=1,23).
dy () =— r3202 ® Q3 — 303 @ Oy;
dy () =— F3101 ® QO3 — F13Q3 ® Qy;
(QB) = F2101 ® Q0 — Tqu ® 0.

6. Thermodynamic State of Media

The motion of the medium will be described by the trajectories of vector fields on the
configuration space, which preserve the bundle 7 : & — D,

Mo

Il
—_

=) (Xi(tx)o; + Yi(t,x,q)E;).

1

The tensor A = dy U is called the rate of deformation tensor [4]. Following [5,8],
this tensor bears an enormous thermodynamic quantity. Using properties of covariant
derivative we get:

3 3
Z % @d;+0;(V)E ®@d; + Ej(V)E ® Q) + Y Yidy (E;)
=1 i=1

The matrix corresponding to the tensor A has the block structure:

Ay 0
A=
’AHV Ay
where
91(X1) 92(X1) 03(X1) 91(Y1) 92(Y1) 93(1)
Ag =|01(X2) 02(X2) 93(X1)||, Ay = ||01(Y2) 92(Y2) 03(Y2)||,
01(X3) 02(X3) 03(Xy) 91(Y3) 92(Y3) 03(Ys)
Eq (Yl) Ez(Yl) + F§3Y3 E3(Y1) + 1"§2Y2
Ay = ||E1(Y2) +T3,Y; Ex(Y2) E3(Y2) + T3, Y1
Ei1(Y3) +T5,Y, Ex(Ys)+T3,Y; E3(Ys)
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The metric tensor g* defines the canonical isomorphism between vector fields and
differential 1-forms on ®: a vector field X on @ is associated with the differential 1-form
X" on ® and vice versa: with any differential 1-form w on ® we can associate the vector
field w”. We have

1
E! = A0, O] =+ E, 9
1

=d;, d=9 i=1,23.
For fields of endomorphisms we put (X ® w)’ = w’ ® X’. Then we have:
b Ai SN
N =Y [0;(X;)9; ®d; + 1;0;(Y;)9; ® Q; + TEME®0; | + Y Yidy (E;),
ij=1 i i=1
where

A A
dbv(El) :/Tjr§153®02 + /Tzrgﬂ':z ® Qg

A A
% (E2) :/T;F%ZES @M + /Tjr%zEl ® Qg,

M
A

A
4% (E3) =2 ThEy @ Oy +

A F%3E1 ® .

Let o be a stress tensor which can be considered as a field of endomorphisms on the
tangent bundle. Let 0 be field of endomorphisms on the tangent bundle T® dual to . The
following differential 1-form

1
p =ds— f(de —Tr(c’dA) — &Edp)
defines the contact structure on the thermodynamic phase space of medium
¥ = R x End(T*®) x End(T®)

with coordinates s, T' €, ¢, p, 0, A. Here p, s, € are the densities of the media, entropy and
inner energy respectively, T and { are temperature and chemical potential respectively
(see [4,9]). Since dimEnd(T*®) = dimEnd(T®) = 9 we get dim'¥ = 23. Legendrian
manifolds L we call thermodynamic states of the media, in given case dim L = 11.
Consider only those thermodynamic states for which T, p, A can be selected as coordinates.
Let h = € — Ts be the density of Helmholtz free energy. Then we have the following
description of the Legendrian manifold:

s=hr, o=hy, E=h,

In this case when the media is Newtonian and satisfies the Hooke law, the Helmholtz
free energy is a quadratic function of A and has the form [4]:

h :% (ulTr(Az) + arTr(AA") + a3(TeA)? + ag(Te(AIT))? 4 asTr(A°ATT) + uéTr(AA’H))
+ thl'(A) + szI'(AH) +c
where IT1is the projector to the vertical component and a4, .. ., a¢, by, by, ¢ are some functions
ofp, T.

In this case the stress tensor has the form

0= m A + ayA + (a3Tr(A) + by) + (agTr(ATT) + by)TT + asATT + agTIA.
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7. Divergence of Operator Fields

In order to write the momentum conservation law, we need a notation of the diver-
gence of the endomorphism field on ® (see [4]). The covariant differential of an endo-
morphism field A € T® ® T*® is the tensor field dyA € T® ® T*® ® T*P. Taking the
contraction, the first and third indices of this tensor, we get the differential 1-form which is
called the divergence of the operator field A:

divA = 1,3 (dvA)

For decomposable fields A = X ® w, where X is a vector field and w is a differential
1-form, the divergence operator can be calculated by the following formula:

div(X ® w) = (divX)w + Vx(w). (4)

Note that
div(fX®@w) = fdiv(X® w) + X(f)w

The following formula gives an explicit form of the divergence operator. If the operator

has the form s

= ) (2j0i @ dj + bjE; @ 0),

then s
divA =} 0i(a;)d;j+ ). (Ezr(z) (bzr(zw(l)) - rZEiiwbaawm))%)- ®)

ij=1 0€S;
Here a;;, b;; are functions on .

For endomorphisms that are linear combinations of tensors 9; ® (3; and E; ® dj, the
divergence is zero.

8. Conservation Laws
8.1. The Momentum Conservation Law

Let
d d

dt ~ ot
be a material derivative; then [4] the momentum conservation law, or Navier—Stocks equa-
tion, takes the form

+Vu

a ..
P = (dive)” + F,
or, equivalently,
ou
p( =+ Vu )) = (dive)’ + F. (6)

Here F is a density of exterior volume forces.
Let us calculate the covariant derivative V;(U). We have

i(x iV, (U) + Y]va,(u))

j=1
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and
Vi, (95) = Va,(Ej) =0,
VE (9)) = VE(E) =0
Vi, (E2) =T$,Es, Vi (E3) =ThE,
Vi, (E1) =T3Es, Vg, (Es) = TisEy,
Vi (E1) =T3Ey, Vi (E2) =T5E.
Therefore,
3
=) 9i(X)0;i +9;(Y))E;, j=1,23;
i=1
Ve, (U) =E1(1)E1 + (E1(Y2) + T33Y3) E2 + (E1(Y3) + T3, Y2)Es
Ve, (U) =(E(Y1) + T3 Y3)Er + Ex(Ya) Ex + (Ea(Y3) + T3, Y1) Es,
Vi, (U) =(E3(Y1) + T3, Y2)Ey + (Es(Ya) + T3, Y1) Ez + E3(Y3)Es,
and
3
Vu(l) = Z (Xjaj( )0; + (XE) (Y; )+YE (Y))E)
Py}

+ (T3 + T3) YaYaEy + (T3 + T3 V1 Y3E + (T5, + T3,) Y1 V2 F3

Moreover, we have

Vo, (dj) = V,(Q;) = Vg (dj) = VE () =0 i,j=1,2,3;
() () = —THy,

Vi, (1) = -T03, Vi, (Q3) = —T5,0,
() () = —1"3101,

The momentum conservation law takes the form:

0 (at(Xl) + i X/a](X1)> = ((dive)” + F)d,» i=1,23;
j=1

3
4 (af(Yl) + _Zl(Xjaj(Yl) +YE;(Y1)) + (Ths + r%z)Y2Y3> = ((dive)’ + F)q,;
=
(7)

P (at(Yz) + 4%1 (Xj0;(Y2) + YiEj(Y2)) + (T35 + T§1)Y1Y3> = ((dive)’ + F)a,;
=

Y (at(YS) + _il(X/aj(l@) +YE;(Y3)) + (T3, + rg1)Y1Y2> = ((dive)’ + F)q,;
=

where ((dive)” + F),, is the coefficient of the right-hand side of (6) at the differential 1-form
w. The divergence div can be found by Formula (5). We do not give explicit formulas due
to their cumbersomeness.

Equation (7) is the Navier-Stokes equation for the CPR-molecular medium.
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8.2. The Mass Conservation Law

The mass conservation law has the form

g—f + U(p) +pdivU =0,
where
3 /9X;
divl = Tr(dyU) = TrA =Y ( ale + Ei(Yi)>~
i=1 i

The coordinate representation of this equation is as follows:

o o op 39X, _
Fr L (xgh en)) +o L (G +EOD) =0 ®

8.3. The Energy Conservation Law

We suppose that there are no internal energy sources in the media. Then the conserva-
tion law of energy has the form (see [5])

% +ediv(U) — div(x grad(T)) 4+ Tr(c”A) = 0. ©)

Here x € EndT® is the thermal conductivity of the medium.
Equations (7)-(9), and the equation of thermodynamic states of the media

SZhT, U'ZhA, é:hp
describe the motion and thermodynamics of the CPR-molecular medium.
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Abstract: We studied, for the Kortweg—de Vries-Burgers equations on cylindrical and spherical waves,
the development of a regular profile starting from an equilibrium under a periodic perturbation
at the boundary. The regular profile at the vicinity of perturbation looks like a periodical chain
of shock fronts with decreasing amplitudes. Further on, shock fronts become decaying smooth
quasi-periodic oscillations. After the oscillations cease, the wave develops as a monotonic convex
wave, terminated by a head shock of a constant height and equal velocity. This velocity depends on
integral characteristics of a boundary condition and on spatial dimensions. In this paper the explicit
asymptotic formulas for the monotonic part, the head shock and a median of the oscillating part
are found.

Keywords: Korteweg-de Vries-Burgers equation; cylindrical and spherical waves; saw-tooth solu-
tions; periodic boundary conditions; head shock wave

MSC: 35Q53; 35B36

1. Introduction

The well known Korteweg—de Vries (KdV)-Burgers equation for flat waves is of
the form
up = —2uuy + ezuxx + Olhyyy. 1)

Its cylindrical and spherical analogues are

1
ur + Zu = Uty + € Uyx + Cllyxy. 2)

and 1
ur + ?u = — Uiy + 2ty + Stlxry. 3)

respectively, see [1,2].

The behavior of solutions of the Korteweg—de Vries (KdV) and KdV-Burgers equations
was intensively studied for about fifty years. However, these equations remain subjects
of various recent studies, mostly in the case of flat waves in one spatial dimension [3-7].
However, cylindrical and spherical waves have a variety of applications (e.g., waves
generated by a downhole vibrator), and are studied much less.

We consider the initial value boundary problem (IVBP) for the KdV-Burgers equation
on a finite interval:

u(x,0) = f(x), u(a,t) =1(t), u(b,t) = L(t), ux(b,t) = R(t), x € [a,]]. (4)
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In the case § = 0 (that is, for the Burgers equation), it becomes
u(x,0) = f(x), u(a,t) =1(t), u(b,t) = R(t), x € [a,]]. (5)

The case of the boundary conditions u(a,t) = Asin(wt), u(b,t) = 0 and the related
asymptotics are of a special interest here. For numerical modeling we use x € [0, b] instead
of RT for appropriately large b.

For the flat wave Burgers equation (6 = 0) the resulting asymptotic profile looks
like a periodical chain of shock fronts with a decreasing amplitude (weak breaks or
sawtooth waves). If dispersion is non-zero, each wavefront ends with high-frequency
micro-oscillations. Further from the oscillator, shock fronts become decaying smooth quasi-
periodic oscillations. After the oscillations cease, the wave develops as a constant height
and velocity shock. It almost coincides with a traveling wave solution (TWS) of the Burgers
equation [8,9].

A traveling wave solution is the solution of the form u = u(x + Vt). Such a solution
travels with a constant velocity V along the x—axis, unchanged in its form. The well-
known examples are solitons for KdV, shock waves for the Burgers equation. For the
existence of TWS for all values of the parameter V it is necessary that an equation has
Galillean symmetry.

In the case § = 0, the Burgers equation has traveling wave solutions, vanishing
at x — +oo. They are given by the formula [10]

uB(x,t):%{1—tanh<%(x—Vt+s))}; (6)

it is used below.

Our aim is to obtain a similar description of a long-time asymptote for cylindrical
and spherical waves with periodic boundary conditions. We demonstrate that, in the case
of the above IVBP, the perturbation of the equilibrium state for Equations (2) and (3)
ultimately takes a form similar to this shock.

This paper is organized as follows. In Section 2, we demonstrate graphs of our numer-
ical experiments for cylindrical/spherical Burgers/KdV-Burgers equations for different
combinations to show their the common patterns. In particular we demonstrate that,
after the oscillation cease, a solution becomes a monotonic convex line terminated by
a head shock.

In Section 3, we find symmetries to Equations (2) and (3). No Galilean symme-
try is found, so no real TWS exists. Then equations are brought to a conservation law
form, which is later used to obtain rough estimates for the median parameters of the
solution. This rough estimate becomes exact for constant boundary conditions, and
in Section 4, a very close asymptote for said solution is found in self-similar or homothetic
form u = u(x/t).

Yet, at the head shock this asymptotic is unsatisfactory. This head shock moves in un-
changed form and with numerically equal velocity and amplitude—exactly as the Burgers
traveling wave solution does. In Section 5, using a simple combination of a self-similar
approximation and the Burgers traveling wave solution, we obtain the compact closed form
approximation. It coincides with a solution in its monotonic part; and this approximation
correctly represents the median of the solution in its oscillating part. The quality of the
approximation is verified numerically. Connection between the velocity of the solution’s
head shock and the median value at the start is obtained.

In the section “Conclusions” we formulate main result and discuss the remaining
open questions.

2. Typical Examples

Here we demonstrate typical graphs for cylindrical and spherical Burgers waves
(see Figures 1 and 2) and for cylindrical and spherical KdV-Burgers (Figures 3 and 4).
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We obtained these graphs using the Maple PDETools package. The mode of operation used

was the default Euler method, which is a centered implicit scheme.

time = 150.000000

time= 200.000000

08

06

04

-08

Figure 1. Cylindrical Burgers. ¢ = 0.1, Left: ug = sint, t = 150. Right: uy = sin 10t, t = 200.
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Figure 2. Spherical Burgers , ug = sint. Left: ¢ = 0.1, t = 150. Right: &2 =03, t = 150.
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Figure 3. Cylindrical KdV-Burgars.

6 = 0.001.
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time = 300.000000
time = 300.000000
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Figure 4. Spherical KdV-Burgers, 1( = sint. Left: t = 300, ¢ = 0.1,0 = 0.001. Right: u <> —u, t = 300, €2 =0.02, 6 = 0.001,

2 =02

The solution usually starts with a periodical chain of shock fronts with decreasing
amplitudes (sawtooth waves). This weak breaks/sawtooth profile is inherent to periodic
waves in dissipative media. Sawtooth waves, their decay, amplitudes, width, etc., were
intensively studied in 1970 (see [1,2]) and later. One can also see a common pattern,
previously not described, emerging on these figures. After the decay of initial oscillations,
graphs become monotonic declining convex lines, terminated by a shock. Recall that for flat
waves this monotonic part almost coincides with a constant height traveling wave solution
of Burgers equation [7]. The new feature of convex declining lines is caused by the space
divergence. We obtain an analytical description of this pattern below.

3. Symmetries and Conservation Laws
3.1. Symmetries

Since cylindrical and spherical equations explicitly depend on time, their stock of sym-
metries is scarce. For the algorithm of symmetry calculations, see [11]. We found that
the algebras of classical symmetries are generated by the following vector fields:

9 9 9 d 9 1 9 a 10

X=o, Y=t 4 2%~ Z =+ ———, W=In(t)=— + ——.

g Y=oy P2 e 2= Vi T f o O3 * 2w

This list does not contain the Galilean symmetry, so no real traveling wave solu-
tion exists.

In particular, symmetry algebra for:

e Cylindrical Burgers is generated by X, Y, Z;
Cylindrical KdV-Burgers is generated by X, Z;
®  Spherical Burgers is generated by X, Y, W;

®  Spherical KdV-Burgers is generated by X, W.

3.2. Conservation Laws

First rewrite Equations (1)—(3) into an appropriate conservation law form
[ ]y = [t - (—u® + 2uy + Stiry)] v 7)

where n =0, 1/2, 1 for flat, cylindrical and spherical cases, respectively.
Hence, for solutions of the above equations we have

% - [udx + (1y — u? + Suyy) dt] =0, 8)
oD
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where D is a rectangle
{0<x<L 0<t<T}

While bearing in mind the initial value/boundary conditions u(x,0) = u(+4oc0,t) =0,
for L = +co the integrals read

0 0
/ww%nw+/wwwmgfﬁmg+wﬂamm=a
Too ;
Thus
+o00 1 T
/umrmﬁ;ﬁ/wpémmo+ﬁmg7M”mgmt )
0 0
Subsequently

==
o\-é_

T
:l/i, (—2ux(0, £) + #2(0, £) — St (0, £)) di. (10)
TOT

The right-hand side of Equation (10) can be computed in some simple cases or estimated.
For instance, assume that €2u x(0,t) + 0uxx(0,t) is negligible compared to u? (0, t). Then

17 171 171
T / u(x,T)dx%T/ﬁt"( T/T (Asin®(wt)) dt. (11)
0 0 0
It follows that
o1 2 2 A?
n=0= jlgr;obeA sin®(wt) dt == 47;
T 1 2
n=1= Tlgm%g’ﬁtf (Asin®(wt)dt = 4;
; 1T1 A?
n:1:>T1§Ic}oT0f HH(AZsin®(wt) dt = 4.

Another example of exact estimation of right-hand side of Equation (10) is the case
of constant boundary conditions.

Consider boundary condition (0, t) = M. The graphs of solution are shown in Figure 5,
left (compare their rates of decay caused solely by the spacial dimensions.)

For the resulting compression wave 1, (0, t) = 0, the right-hand side of Equation (10) equals

T
M Z
0/ T +1 (12)

As the Figures 1-4 show, for a periodic boundary condition, after the decay of initial
oscillations, graphs become monotonic convex lines. These convex lines break atx =V - T
and at the height V. These monotonic lines are similar to the graphs of constant-boundary
solutions; see Figure 5.

s
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04

038+

06

04

024

x x

Figure 5. Constant boundary solutions to the Burgers equation, ¢ = 0.1,# = 200. Left: solid line—cylindrical; dotted
line—spherical. Right: A trace of movement to the right of the spherical solution at moments t = 37.5-k,k=1...6.

4. Self-Similar Approximations To Solutions

By observing the solution’s graphs, one can clearly see (e.g., on Figure 5, right) that
the monotonic part and its head shock develops as a homothetic transformation of the
initial configuration (by t as a homothety parameter). Hence, we seek solutions in the
self-similar form, u(x,t) = y(§). By substituting it into Equations (1)-(3), we get the

equation:

2.1 111

xo oy 2yy ey" by
L 1
y 2 + ; ¢ + 2 + B (13)
or 2.0 "
6
—ey by =29y + S+ fz , (14)

fory = y(&) and n = 0, 1/2, 1. For sufficiently large  we may omit last two terms.
It follows that appropriate solutions of these truncated ordinary differential equations are
given by

uy(x,t) = Cy, C; € R, n =0, for flat waves equation;

2+/Cl+4

1
us(x,t) = B CeR, n= 5 for cylindrical and

C;
uz(x, t) = exp (LambertW(—%e*Ts> + %), C3 € R, n =1 for spherical equation.

(The Lambert W function, also called the omega function or product logarithm,
is a multivalued function, namely, the branches of the inverse relation of the function
f(w) = we®”, where w is any complex number.

For each integer k there is one branch, denoted by Wy (z), which is a complex-valued
function of one complex argument. Wy is known as the principal branch. When dealing
with real numbers the Wy = LambertW function satisfies LambertW (x) - ekambertW(x)
x. The Lambert W function, introduced in 1758, has numerous applications in solving
equations, mathematical physics, statistics, etc.; for more detail, see [12].)

Let V be the velocity of the signal propagation in the medium. Since at the head
shock we have x = Vt and u = V, we obtain the condition for finding C;. Itis y(V) = V.
It follows then that

3 1
CG=V,CG= *V, C3 = ln(V) + 5

74



Symmetry 2021, 13, 220

For flat waves, it corresponds to a traveling wave solution of the classical Burg-
ers equation.
For the cylindrical waves, the monotonic part is given by

1 3x
Uy = 3(2V+V“4_Vt>'

and for spherical waves

x
uz = Vi/eexp <LambertW<7W>>.

Note that v
Uy = 5 and u3|y,—¢ = V/e ~ 1.65V. (15)

These formulas show that the velocity is proportional to the value of a constant
boundary solution at x = 0.

The corresponding graphs visually coincide with the graphs obtained by numerical
modeling; for instance, see a comparison to the solution (at t = 100) for the problem

up = 0.01uxy — 2uuy —u/t, u(0,t) =1,u(75,t) = 0,u(x,0) =0 (16)
in Figure 6, left.

time= 2016.826552

+=100.00000 14
1
08
06 ",
.
.1
04 5 - - . . '
-160 -140 -120 -100 -80 -60 -40 -20 O
2 -02
02
-044
o ~06-
0 10 20 30 40 30 60 70
* -08

Figure 6. Left: solid line—solution to Equation (16); dotted line—its u3 approximation. Right: solid line—solution to
spherical KdV, x — —x, €2 = 0.02, 6 = 0.002; dotted line—its ii3 approximation; both at £ = 200.

5. Median Approximation

Yet, the monotonic part of the periodic boundary solution ends with a breaking, which
travels with a constant velocity and amplitude, very much like the head of the Burgers’
traveling wave solution (Equation (6)). A rather natural idea is to truncate a self-similar
solution, multiplying it by a (normalized) formula for the Burgers TWS. Namely, put

3x
<2V+V\/4v>; 17)

e  For the cylindrical waves take

i — %[1 - tanh(ezz(x —ve)-

W =
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] For spherical waves,

N =

i3 =

1- tanh(ezz(x —Vt))]- Vi/eexp (LambertW<72Vf\/E> ) (18)

This construction produces an approximation of astonishing accuracy (see Figure 6, right
and Figure 7); these graphs correspond to the spherical KdV-Burgers problem (it comes
from Equation) (3) after the change x — —x.

up = 0.02uyy + 2utty — 1/t — 0.002uxxy, 1(0,t) = sint, u(10,¢) = 0,u(x,0) =0. (19)

time = 400.000000

Lot T
-160 -140 -120 -100 -80 -60 -40 -20 0

—04
~06

—08

Figure 7. Solid line—solution to spherical KdV, x — —x, €2 = 0.02, § = 0.002, dotted line—its ii3 approximation; both
at t = 400.

Moreover, it is evident that the graphs of 7, i3 neatly represent the median lines
of the approximated solutions over their whole ranges. By median we mean

2mn/w
M(x) = (27‘m/w)*1/ u(x, t)dt, neN, n>1(u(0,t) =sinwt).
0
Let us assess the quality of ily, ii3 approximations numerically.

Evaluate the trapezoid area under il,, #i3 graphs:

e For the cylindrical equation
vi[[1—tanh(%(x - Vt))] 1 3x
& _ [
/O [ : slavvya-o

e For the spherical equation

_ 320,
dx—ﬁVt,

./Ovt {[1 - tanh(%(x o) Vi/eexp (LambertW<2Vti/E>>} dx = szt =

Hence, the mean value of the left-hand side of (10) can be estimated as follows.

e (20)

7 22V in cylindrical case;
/ u(x, T)dx =
0 5% in spherical case,

—i=

+oo
/ u(x, T)dx =
0

Sl

76



Symmetry 2021, 13, 220

This mean value can be also evaluated numerically. In the case illustrated by Figure 1
the direct numerical evaluation of the integral differs from the estimation (20) by 1%.
It confirms the quality of the approximation.

For constant-boundary waves, it follows from Equation (12) that

@1

= - )
n+1 % in spherical case;

M2 { 32V in cylindrical case;
see Equation (12); of course this result coincides with Equation (15). Hence, the mean value
M of an arbitrary solution at the start of oscillations (or in a vicinity of the oscillator) is
linearly linked to the velocity of the head shock.

However, to find this mean value for an arbitrary border condition is a tricky task,
because the integrands 1, and 1y, of the right-hand side of Equation (10) have numerous
breaks. Still, one may get an (admittedly rough) estimation for M using Equations (11)
and (21). It follows that

M2 AZ
~—, k=2 4 22
n+1 k’ 3 @2

for flat, cylindrical and spherical cases. In all these cases it results in M ~ A@ ~ 0.71A.
Numerical experiments also show (e.g., see Figure 3) that for the u|,—o = Asin(t)
boundary condition such a value is M ~ A -a, where a ~ 0.467 is the mean value for
1-sin(t) condition. That is, M depends on A almost linearly.
Note that this value may be obtained via the velocity V of the head shock, which, in
turn, can be measured with great accuracy by the distance passed by the head shock after a
sufficiently long time.

6. Conclusions

In this paper, we studied the pattern formation in periodic boundary solutions of spher-
ical and cylindrical KdV-Burgers equations. Such a solution usually starts with a periodical
chain of shock fronts with a decreasing amplitude. When oscillations decay and cease,
a solution proceeds as a monotonic convex line that ends with a head shock. This last
pattern was not described previously and it is the main subject of the paper.

We obtained simple explicit formulas describing the monotonic part of the solution
and its head break. These approximate formulas have great accuracy. Moreover, their
graphs neatly represent the median lines of the approximated solutions on their entire
ranges. (By median line we mean the level around which the periodical oscillations occur).

To obtain these approximations we used self-similar solutions of the dissipationless
and dispersionless KdV-Burgers equation and a traveling wave solution of the flat Burgers
equation. Formulas depend on only one parameter: either on the velocity of the signal
propagation or on the median value of the solution in the vicinity of the periodic boundary.

Some open questions remain. Our approximations are very good for the one-parameter
class of constant boundary solutions. The existence of a one-parameter family of solutions
points to the existence of a suitable symmetry, but the classical symmetry analysis was,
so far, unhelpful. Conservation laws allows us to assess the value of the approximation’s
parameter using the boundary condition, but the resulting estimation is rough.

Funding: This work was partially supported by the Russian Basic Research Foundation grant
18-29-10013.
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Abbreviations
The following abbreviations are used in this manuscript:
KdV  Korteweg-de Vries

IVBP  Initial value | boundary problem
TWS  Traveling wave solution
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Abstract: It is generally known that Lie symmetries of differential equations can lead to a reduction
of the governing equation(s), lead to exact solutions of these equations and, in the best case scenario,
lead to a linearization of the original equation. In this paper, we consider a model from optimal
investment theory where we show the governing equation possesses an extensive contact symmetry
and, through this, we show it is linearizable. Several exact solutions are provided including a solution
to a particular terminal value problem.

Keywords: contact symmetry; optimal investment theory; linearization; exact solutions

1. Introduction

Nonlinear partial differential equations (NLPDEs) play an integral part in describ-
ing the world around us. They can be found in the fields of nonlinear diffusion, wave
propagation, Mathematical Biology, ray optics, solid mechanics, and financial mathematics
to name just a few (see, for example, refs. [1-5] and the references within). However,
obtaining exact solutions of these equations is usually a difficult task and techniques for
obtaining solutions is a current area of research. One popular technique are symmetry
methods probably due to the fact that the method is rather algorithmic and thus computer
algebra systems such as Maple and Mathematica can be used. Symmetry methods have been
extensively used in a number of fields, and we refer the reader to the books by Arrigo [6],
Bluman et al. [7,8], Bordag [9], Cantwell [10], Cherniha et al. [11], and Olver [12] .

In this paper, we are interested in a model from optimal investment theory. Consider
an investment portfolio consisting of 7 + 1 assets. Let the first asset be a bond and the next
n assets be stocks, all of which are traded continuously. In the simplest case where n =1,
the value of the portfolio, u(t, x), for time t and investment amount x, one model presented
by see Yong [13] is the NPDE

(b—rjuz _
Up + XUy o 0, 1)
or
(g 4 rxuy ) Uyy — 0u,2( =0. 2)

where 6 = % and the variables r, b, o represent the interest rate, appreciation rate, and
volatility, respectively, and are assumed constant with ¢ > 0and b —r > 0.

A classical symmetry analysis was performed by Yang and Xu [14] who were able to
show that (2) admitted the symmetry generator

d d d
l"ng—l—Xa-‘rUﬁ, 3)
where
T=c,
X = cpx + cze, (4)

U = cqu +cs,
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where ¢;, i = 1...5 are arbitrary constants. Through their analysis, they were able to exploit
several of these symmetries to obtain a number of reductions and, in some cases, construct
exact solutions. It is natural to ask whether (2) admits symmetries that are more general
than Lie point symmetries. In this paper, we consider contact symmetries of (2), and we will
show that, in fact, (2) admits a rather large contact symmetry which leads to its linearization.
In addition to recovering known solutions, we will obtain new exact solutions. We also
solve a particular terminal value problem.

2. Contact Symmetries

In this section, we construct contact symmetries of (2). If we denote this original
NLPDE by A so
A = (up + rx1iy ) Uz — Ou,z( =0, (5)

then contact symmetries are given by
®als0 =0, ®)
where the infinitesimal generator I' is

)
r=us, @)

where U = U(t, x, u, ut, uy); the first and second extensions of the generator are

r® = 4 pu 4 pul,
Ju Ut aux
@ _ 1) 4 p2y° 9 279 ®
' =T+ Dy Uﬁ” + DtDXUE + Dxuau”,
where the operators D; and D, are
Dy = a—i—ua—i-ua+ua+ua—&-u a—i—u
ot ta tt a tx au ttt au ttx a txx 5 auxx (9)
Dy a+zla+ua+ua+u a+u + 9
a X u tx a xx aux ttx a txx 5 a Uxxx5— au o
This leads to the set of determining equations
uutuf = 0/
Gujzcllu,u'Y + (rxuy 4 ue) Uy, + tix (rxuy + 1) Uy, = 0,
(10)

(e + 71ty ) U + 200 (1 + 7105 ) Uy + 102 (1 + 72103 ) Uy +
20u2 (14 + rx1iy ) Uy, + 203 (g + 2031, ) Uy, +
GZuf{quux — Ouye (2up + rxuy ) Uy — r9u§llux + 9uf,Uf =0.

Although somewhat a laborious calculation, we find the solution of (10) to be
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U = F(tuyx)+cqus + coxuy + ca(xuy — u)
XUy — U t
+ C4<— ET] lnux—i-%((e—r)xux—&-(e—i-r)u))
2
+ C5<tut—%((G—r)xux—F(G—i-r)u)lnux—i- (@ Zﬂr) t(xux—u)> (11)
> Xy —u. o b
+ c6<tut+ 0 In“ 1y 20((9 r)xuy + (0 +r)u) Inuy

+ (%ﬁ) (xuy — u))

where ¢;,i = 1...6 are arbitrary constants and the function F(, u,) satisfies
0u2Fy .y, — ruxFy, + F = 0. (12)

Equation (12) is linear and possesses an infinite number of solutions, which means that
there are an infinite number of symmetries to (2). Furthermore, since there is a particular
function F in (11) that satisfies a linear PDE, this suggests that (2) can be transformed to a
linear PDE (Bluman and Kumei [15]). As both t and u, are independent variables in (12),
this indicates that maybe we should use these as new independent variables.

3. A Linearization

Since the symmetry obtained in the last section contains an arbitrary function that
satisfies a linear PDE, this suggests that the original PDE is linearizable. Introducing the
new variables

t=T, x=Ux, u=XUx—-U, (13)

where U = U(T, X), derivatives transform as

1
w=—=Ur, uy=2X, Uyx= 77—

, 14
Uy (14)

and (2) becomes
0X2Uyxx — rXUyx + Ur =0, (15)

which is exactly (12). Interestingly enough, (15) looks remarkably similar to the Black-Scholes—
Merton equation [16,17], which is known to be mappable to the linear heat equation ([16,18]),
so it should come as no surprise that the same is true for (15). However, it would make
the contact transformation (13) more complicated and, thus, we will not pursue this line
any further.

In the next section, we obtain simple exact solutions of (2) in addition to exploiting
Lie symmetries of the linearized Equation (15) to obtain additional solutions.

4. Exact Solutions
We have shown that the nonlinear PDE

(g + rxuy Uy — 914,2( =0 (16)
can be transformed to the linear PDE
0X*Uxx —rXUx 4+ Up =0 17)

via the transformation
t=T, x=Uyx, u=XUx-—U. (18)
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We are now in a position to obtain a number of exact solutions to (16). For exam-
ple, (17) admits separable solutions of the form

U = F(T)G(X) (19)

where F and G satisfies
F —kF=0, (20a)
0X>G" —rXG' +kG =0 (20b)

where k is a separation constant. Equation (20a) is easily solved giving
F = Foe'” 1)

for some arbitrary constant Fy. Equation (20b) possesses solutions of the form X", where
m is a solution of
Om> — (r+0)m+k=0. (22)

For example, if k = sm (where s is some constant), then the solution of (22) is

r+0—s

my = 0, myp = 9 ’ (23)

leading to the exact solution

r+60—s
m=-——-—

U =cq+cpX"e"T, 7

(24)

Passing (24) through the transformation (18) (resetting the constants c; and c;) gives

(stflnx)’ o = =o=1 (25)

1-r 7

U= cq + ce®
which recovers the exact solution presented by Yang and Xu [14] by choosing ¢; = 0,c, =1
and s = 1.

As a second example, if k = r, then, from (22), we obtain m = 1,7/6 (# 1) and we

obtain the solution to (20b) as
G =g X+gX/? (26)

and the general solution to (17)
u= (ng + X/ ") el 7)
Passing (27) through the transformation (18) leads to the exact solution
u :a(erbe”)ﬁe_%t (28)
of (16), which we believe to be new. In the cases where r = 6, the solution of (20b) is
G=gX+gXInX (29)
and the general solution to (17)
U= (X +cXInX)e'T. (30)
Passing (30) through the transformation (18) leads to the exact solution

—rt
u= Clert+czxe ! , (31)
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which was given in [14] in the case of 7 = 0.

Of course, other choices of m that satisfy (22) would lead to exact solutions of (16)
which we will not pursue here.

We also note that symmetries of (17) can be used to generate new solutions of (17),
which could lead to new solutions of (16). It is well known (Broadbridge and Arrigo [19])
that, if (17) possesses symmetries with the generator

0 0 _ 0
I'=Xom+ @0+ (BU+Q(T, X)) 5, (32)
where £, ®, and = have some particular forms and Q satisfies the original PDE (17),
then, if one has one seed solution, say U = Uy(T, X), then additional solutions can be
obtained from
ol all

Q=252 + @52 —Elp (33)

For example, (17) admits the symmetry generator (32) where ¥, ®, and E are given by

Y =y + 26T + c3T?
P=((c2+3T)InX+cy+c5T)X

a_ (3,2 (ca+c3T)(r+6) +cs 34
u—<4eln X+ 20 InX (34)
N (r+6)*(2c +e3T)T +2c5(r +6)T 3T N Cé) u
460 2
where ¢;,i = 1...6 are arbitrary constants.
One particularly simple solution of (17) is
u=1. (35)
From (33), we obtain the solution
_ (o (c2+c3T)(r+6)+cs
Q= <401n X+ 20 In X 6
(r+0)2(2cs + c3T)T +2c5(r +60)T 3T
+ 40 T tee)

Passing (36) through the transformation (18) leads to a solution that is parametric
in its nature (which we do not list here); however, setting c3 = 0, we obtain (omitting
translational constants)

. (r+0)(ca(r+6)+cs) . c(r+0)+cs Inx

20 0

(37)

which we believe is new. Of course, other seed solutions could lead to an abundance of
exact solutions to (17) which, in turn, would lead to exact solutions to (16).

5. A Particular Terminal Value Problem

A particular problem of interest is one that is given in Koleva and Vulkow [20], which
is to solve (2) subject to the terminal condition

u(x, t*) =1—e M. (38)
Here, we introduce a slight variation of (18)

u
t=T+t5, x=7x, u=XUx—-U+1. (39)
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Under this transformation, the PDE (2) still transforms to (17); however, the terminal
condition (38) turns into the initial condition

U(X,0) = X — XInX. (40)

At this point, we exploit the symmetries obtained in the previous section. With these
symmetries, we associate an invariant surface condition

YUr + ®Uy = EU, (41)
where X, ® and E are given in (34). From (40) and (17), we obtain the initial conditions
Ux(X,0) = —InX, Ur(X,0)=60X—rXInX. (42)
Requiring that (40) and (42) satisfy (41) on the boundary T = 0 gives
c3=0, ¢c4=(0—r)c1—cp, ¢c5=(0—7)ca, cc=0cq, (43)

where ¢; and ¢, are arbitrary. Here, we choose ¢; = 1, ¢o = 0, leading to the invariant
surface condition
Ur + (6 — r)XUx = 60U (44)

This is easily solved giving
U=eTFInX + (r—0)T). (45)
Imposing the initial condition (40) on the solution (45) gives
F(InX) = X — XInX, (46)
and, if we let A = In X, we obtain
F(A) = (1—A)et (47)
and, from (45), we obtain
U=X(1-InX+(6—rT)eT (48)

and one can indeed verify that (48) does satisfy (17) and (42). As the final step, we pass (48)
through the transformation (39), leading to

u=1— e 0 —t—pae 0 (49)
which satisfies the original PDE (2) and the terminal condition (38).

6. Conclusions

It is well known that classical Lie symmetries can lead to a reduction of a given PDE
and sometimes lead to exact solutions of the equation. The best case scenario, albeit rare,
indicates that the original equation is linearizable. In this paper, we constructed the contact
symmetries of a model from an optimal investment theory, which led to a linearization of
the given PDE. Several exact solutions were obtained. The symmetries of the linearized
equation were also considered where an additional exact solution was obtained in addition
to solving a particular terminal value problem.

Author Contributions: The authors contributed equally to this work. All authors have read and
agreed to the published version of the manuscript.

Funding: This research received no external funding.

84



Symmetry 2021, 13, 217

Acknowledgments: We thank the reviewers for their valuable comments and suggestions. The
second author gratefully acknowledges the support from the University of Central Arkansas in terms
of a graduate assistantship.

Conflicts of Interest: The authors declare no conflict of interest.

References

1. Arrigo, D.J. Analytical Techniques for Solving Nonlinear Partial Differential Equations; Morgan-Claypool: San Rafael, CA, USA, 2019.

2. Debnath, L. Nonlinear Partial Differential Equations for Scientists and Engineers, 3rd ed.; Springer: New York, USA 2012.

3. Logan, J.D. An Introduction to Nonlinear Partial Differential Equations, 2nd ed.; John Wiley & Sons, Inc.: Hoboken, NJ, USA, 2008.

4. Murray, ].D. Mathematical Biology 1: An Introduction; Springer: Berlin/Heidelberg, Germany, 2002.

5. Murray, J.D. Mathematical Biology 1I: Spatial Models and Biomedical Applications; Springer: Berlin/Heidelberg, Germany, 2003.

6.  Arrigo, D.J. Symmetry Analysis of Differential Equations: An Introduction; John Wiley & Sons, Inc.: Hoboken, NJ, USA, 2015.

7. Bluman, G.; Kumei, S. Symmetries and Differential Equations; Springer: New York, NY, USA, 1989.

8. Bluman, G.; Anco, S.C. Symmetry and Integration Methods for Differential Equations; Springer: Berlin/Heidelberg, Germany, 2002.

9. Bordag, L.A. Geometrical Properties of Differential Equations. Applications of the Lie Group Analysis in Financial Mathematics; World
Scientific: Singapore, 2015.

10. Cantwell, B.J. Introduction to Symmetry Analysis; Cambridge Texts in Applied Mathematics: Cambridge, UK, 2002.

11.  Cherniha, R.; Mykola, S.; Pliukhin, O. Nonlinear Reaction-Diffusion-Convection Equations: Lie and Conditional Symmetry, Exact
Solutions and Their Applications; CRC Press: Boca Raton, FL, USA, 2018.

12.  Olver, P. Applications of Lie Groups to Differential Equations; Springer: New York, NY, USA, 1986.

13.  Yong, J. Introduction to mathematical finance. In Mathematical Finance-Theory and Applications; Young, J., Cont, R., Eds.; Higher
Education Press: Bejing, China, 2000.

14. Yang, S.; Xu, T. Lie symmetry analysis for a parabolic Monge-Ampere equation in the optimal investment theory. J. Comput. Appl.
Math. 2019, 346 483-489. [CrossRef]

15.  Bluman, G.; Kumei, S. When nonlinear differential equations are equivalent to linear differential equations. SIAM ]. Appl. Math.
1982, 42, 1157-1173.

16. Merton, R.C. Theory of Rational Option Pricing. Bell |. Econ. Manag. Sci. 1973, 4, 141-183. [CrossRef]

17.  Black, E; Scholes, M. The pricing of Options and Corporate Liabilities. J. Political Econ. 1973, 81, 637-654. [CrossRef]

18. Gazizov, RK,; Ibragimov, N.H. Lie Symmetry Analysis of Differential Equations in Finance. Nonlinear Dyn. 1998, 17, 387-407.
[CrossRef]

19.  Broadbridge, P; Arrigo, D.J. All solutions of standard symmetric linear partial differential equations have a classical Lie symmetry.
J. Math. Anal. Appl. 1999, 234, 109-122. [CrossRef]

20. Koleva, M.N.; Vulkov, L.G. A numerical study of a parabolic Monge-Ampere equation in mathematical finance. In Numerical

Methods and Applications. Lecture Notes in Computer Science; Dimov, 1., Dimova, S., Kolkovska, N., Eds.; Springer: Berlin/Heidelberg,
Germany, 2010; Volume 6046.

85






symmetry

Article

Quotients of Euler Equations on Space Curves

Anna Duyunova **, Valentin Lychagin  and Sergey Tychkov *

check for
updates

Citation: Duyunova, A.; Lychagin, V.;

Tychkov, S. Quotients of Euler
Equations on Space Curves.
Symmetry 2021, 13, 186.
https:/ /doi.org/10.3390/
sym13020186

Academic Editor: Calogero Vetro
Received: 31 December 2020
Accepted: 21 January 2021
Published: 25 January 2021

Publisher’s Note: MDPI stays neu-
tral with regard to jurisdictional clai-
ms in published maps and institutio-

nal affiliations.

Copyright: ©2021 by the authors. Li-
censee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and con-
ditions of the Creative Commons At-
tribution (CC BY) license (https://
creativecommons.org/licenses /by /
4.0/).

V. A. Trapeznikov Institute of Control Sciences of RAS, Profsoyuznaya Street, 65, 117997 Moscow, Russia;
valentin.lychagin@uit.no (V.L.); sergey.lab06@ya.ru (S.T.)

* Correspondence: anna.duyunova@yahoo.com

1 These authors contributed equally to this work.

Abstract: Quotients of partial differential equations are discussed. The quotient equation for the
Euler system describing a one-dimensional gas flow on a space curve is found. An example of
using the quotient to solve the Euler system is given. Using virial expansion of the Planck potential,
we reduce the quotient equation to a series of systems of ordinary differential equations (ODEs).
Possible solutions of the ODE system are discussed.

Keywords: Euler equation; quotient equation

MSC: 76N99; 35B06

1. Introduction

In this paper, we continue the study of the Euler equation describing gas flows on
space curves in a constant gravity field. Symmetry algebras and differential invariant fields,
as well as their dependence on thermodynamic state equations and the form of a space
curve, were considered in [1]. Here, we find a quotient PDE for the Euler equation and
show its role in solving the original equation.

Recall that the system of PDEs describing such flows is the following:

p(ut +uug) = —pa — pgh',
p'—‘ Jr (Pu)u = Or (l)
00(st + usy) — ke =0,

where u(t, a) is the flow velocity, p(t,a), p(t,a), s(t,a), and 6(t, a) are the pressure, density,
specific entropy, and temperature of the fluid, respectively, k is the constant thermal
conductivity, g is the gravitational acceleration, and /(a) is the z-component of a naturally
parametrized space curve.

System (1) is incomplete, i.e., it has two more unknown functions than equations. In
the present paper, we put aside the question of classification of possible thermodynamic
relations, since it was described in detail in [1]. We assume that these relations are given
either in the forms p = P(p,0) and s = S(p, 0), or in terms of the Planck potential [2]. In
particular, we consider the ideal gas equation.

This paper is organized as follows. In Section 2, the notion of PDE quotients is
discussed. In Section 3, we recall the symmetry algebra and differential invariants for the
Euler system. In Section 4, we find the quotient for the Euler equation and discuss possible
symmetries and solutions.

All calculations for this paper were performed with the DifferentialGeometry package
in Maple. The corresponding Maple files can be found on the webpage http://d-omega.
org/appendices/.
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2. PDE Quotients
2.1. Algebraic Structures in PDE Geometry

Let 71: E(71) — M be a smooth bundle over a manifold M and let r;: [¥(7r) — M,
k=0,1,..., be the k-jet bundles of sections of the bundle 7. To simplify the notations, we
use J¥ instead of J¥(7r).

Depending on dim 77, the jet geometry [3] is defined by the following pseudogroups.

1. Ifdimm =1, it is defined by the pseudogroup Cont(7r) of the local contact transfor-
mations of the manifold J'.

2. For dim 7t > 2, the jet geometry is defined by the pseudogroup Point(7r) of the local
point transformations, i.e., local diffeomorphisms of the manifold ]0.

It is also known that the prolongations of these pseudogroups to the jet bundles
exhaust all Lie transformations, i.e., local diffeomorphisms of jet spaces that preserve the
Cartan distributions (see, for example, [3]).

Moreover, bundles 7y ;1 : J¥ — J¥~1 (k > 2when dim 7t > 2,and k > 3 when dim 77 = 1)
have affine structures, which are invariant with respect to the Lie transformations, and prolongations
of the pseudogroups Cont(7r) or Point(7) are given by rational functions of u, in the stan-
dard jet coordinates (x, ul).

The last statement means that, in the case of dim 7t > 2, the fibers ]5’0 of the projections
o J§ — J0 at a point 8 € JO are algebraic manifolds, and the stationary subgroup
Pointy(7r) C Point(7r) gives us birational isomorphisms of the manifold.

In the case of dim 7w = 1, the fibers ]z’l of the projections 7ty ; : J¥ > Jlata point
6 € J' are algebraic manifolds too, and the stationary subgroup Conty(7r) C Cont(7) gives
us birational isomorphisms of the manifold.

Following this picture, we say that a differential equation & C J* is algebraic if fibers
Ek p of the projections 713 : & — 79 are algebraic manifolds when dim 7r > 2, or 71y 1 : & — Ik
when dim 7w = 1.

All differential equations here are assumed to be formally integrable; then, the prolon-
gations 5,51) = &y C J¥* of an algebraic equation & C J* are algebraic, too.

By a symmetry algebra of an algebraic differential equation, we mean the Lie algebra
Sym(&) of point vector fields if dim 7t > 2 or contact vector fields if dim 7t = 1 that act
transitively on JO in the case of dim 7t > 2 or J! in the case of dim 77 = 1. Moreover, the
stationary sub-algebra Sym,(&;) where 6 € J° or 6 € J! produces actions of algebraic Lie
algebras on algebraic manifolds & o for all [ > k.

2.2. The Rosenlicht Theorem

Let B be an algebraic manifold, i.e., an irreducible variety without singularities over
a field of characteristic zero, let G be an algebraic group, and let G x B — B be an
algebraic action.

Denote by F (B) the field of rational functions on the manifold B, and, by F(B)¢ C F(B),
denote the field of rational G-invariants on B.

We say that an orbit Gb C B is regular (as well as a point b itself) if there are m =
codim Gb G-invariants xy, ..., X, such that their differentials are linearly independent at
the points of the orbit.

Let By = B\ Sing be the set of all regular points and let Q(B) = By/G be the set of all
regular orbits.

The Rosenlicht theorem [4] states that By is open and dense in B.

Moreover, if the above invariants xq, ..., x, are considered as local coordinates on
the quotient Q(B) at the point Gb € Q(B), then on the intersections of the coordinate
charts, the coordinates are connected by rational functions. In other words, Q(B) is an
algebraic manifold of the dimension m = codim Gb, and the rational map »: By — Q(B)
of algebraic manifolds gives us the field isomorphism F(B)¢ = 7v*(F(Q(B))).

To apply this theorem to algebraic differential equations, we should reformulate it for
the case of Lie algebras.
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Let B be an algebraic manifold and let g be a Lie sub-algebra of the Lie algebra of the
vector fields on B.

We say that g is an algebraic Lie algebra if there is an algebraic action of an algebraic
group G on B such that g coincides with the image of Lie algebra Lie(G) under this action.

By an algebraic closure g of a Lie algebra g, we mean the intersection of all algebraic
Lie algebras that contain g.

Example 1. Let B = R; then, Lie algebra
g =sl, = (dy, x 0y, x28x>
is algebraic because it corresponds to the projective action of the algebraic group SLy(R).

Example 2. Let B = S! x St be a torus and g = (dg + Ady), where ¢ and  are the angles,
A € R. Then, g is algebraic if and only if A € Q. Otherwise, § = (d¢, dy). A similar situation
occurs in the case of B = R? and

g= <xax + )\yay>/

where§ = gif A € Q, and § = (xdy,ydy) otherwise.

The Rosenlicht theorem is also true for algebraic Lie algebras or for their algebraic
closure in the case of general Lie algebras.

Let us be given a Lie algebra g of vector fields on an algebraic manifold Band letg D g
be its algebraic closure. Then, the field F(B)? of rational g-invariants has a transcendence
degree equal to the codimension of regular g-orbits, and it is also equal to the dimension of
the quotient algebraic manifold Q(B).

2.3. Quotients of Algebraic Differential Equations

Let g be an algebraic symmetry Lie algebra of an algebraic formally integrable dif-
ferential equation &, and let & be the (I — k)-th prolongations of &. Then, all equations
& C J are algebraic, and we have the tower of algebraic bundles:

Cp—Ep— —E— & —

Let £ C & be the set of strongly regular points and let Q; (&) be the set of all strongly
regular g-orbits, where, by a strongly regular point (and orbit), we mean such points of &
that are regular with respect to g-action and whose projections on &;_; are regular, too.

Then, as we have seen, Q;(£) are algebraic manifolds, and the projections 5: £} —
Q;(€) are rational maps such that the fields F(Q;(&)) (the field of rational functions on
Qi(€)), and F(EP)? (the field of rational functions on ), which are g-invariants (rational
differential invariants), coincide: ¢ (F(Q;(€))) = F(&0)®.

The g-action preserves the Cartan distributions C(&;) on the equations, and therefore,
projections s define distributions C(Q;) on the quotients Q;(&).

Finally, we get the tower of algebraic bundles of the quotients

The+1k 41,1

Q(€) & Qi1 (&) «— - «— Qi) <= Qa1 (&) «— -+
such that the projection of the distribution C(Q,) belongs to C(Q;_1(£)).

2.4. Tresse Derivatives
Let w € O!(J¥) be a differential 1-form on a k-jet manifold. Then, the class

h
W" =7 g (w) mod AnnCpyy,

is called a horizontal part of w.
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In the standard jet coordinates (x, u{, ), the horizontal part has the following representation:

wfzadxﬂr Z ]du = " Zadx,Jr Z “a“,,Hqu
i lo| <k i lo|<k
j<m j<m,i<n
where n = dim M and m = dim 7.
As a particular case of this construction, we get the total differential f € C® (]k) =
df = (df)", or, in the standard jet coordinates,

ir =y Lax,

i<n

where

d
— +
dx; ax, ZU: o+l aul, i
are the total derivations.
It is important to observe that the operation of taking a horizontal part, as well as the
total differential, is invariant with respect to the point and contact transformations.
We say that functions f1, ..., fn € C®(J*) are in general position on a domain D if

dfy A Ndfy #0

on this domain.
Let f be a smooth function on this domain; then, we get decomposition in D:

df = Y Edf,
i<n

where F; are smooth functions on the domain 7'[,;11 (D) C et
We call them Tresse derivatives [5] and denote them by

af
afi’
As we have seen, the operation of taking a horizontal part, as well as the total differ-

ential, is invariant with respect to the point and contact transformations.
Therefore, we have the following.

Proposition 1. Let fi,. .., fu be g-invariants of order < k that are in general position. Then, for
any g-invariant f of order < k, the Tresse derivatives g—; are g-invariants of order < k + 1.

2.5. The Lie-Tresse Theorem

Theorem 1. [6] Let & C J* be a formally integrable algebraic differential equation and let g be an al-
gebraic symmetry Lie algebra. Then, there are rational differential g-invariants ay, ..., ay, b, ..., bN

of order < I such that the field of all rational differential g-invariants is generated by rational func-

dlalpi
da® *

tions of these invariants and their Tresse derivatives

We call invariants ay, . .., a,,b', ..., bN Lie-Tresse coordinates.

It is noteworthy that, in contrast to algebraic invariants, for which we have the alge-
braic operations only, in the case of differential invariants, we have additional operations,
i.e., Tresse derivatives, that allow us to get really new invariants.

Syzygies, in the case of differential invariants, provide us with new differential equa-
tions that we call quotient equations.
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From the geometrical point of view, the above theorem states that there is a level  and
adomain D C Q(&) where the invariants a; and b/ can be considered as local coordinates,
and the preimage of D in the tower

7 Tr+1,r
Q(E) € Qra(€) ¢+ +— Qul€) ¥ Qria (&) e - @)
is just an infinitely prolonged differential equation given by the syzygy.

For this reason, we call the quotient tower (2) an algebraic diffiety.

2.6. Relations between Differential Equations and Their Quotients

1. Letu = f(x) be a solution of differential equation € and let a;(f) and b/ (f) be values
of the invariants a; and b/ on the section f. Then, locally, b/(f) = Bi(a(f)), and
therefore, b/ = Bi(a) is the solution of the quotient equation.

2. The above construction is local. In general, the correspondence between solutions
is valid on the level of generalized solutions, i.e., on the level of integral manifolds
of the Cartan distributions. In addition, the correspondence will lead us to integral
manifolds with singularities.

3. Nowletb/ = Bi(a) be a solution of the quotient equation. Then, considering equations
bl — Bi(a) = 0 as a differential constraint for the equation £, we get a finite-type
equation &N {b/ — B/(a) = 0} with a solution that is a g-orbit of a solution of £.

4. Symmetries of the quotient equation are Backlund-type transformations of the original
equation £.

Example 3. The Lie algebra of the projective transformations of the line M = R, g = sl, =
(0x, X0y, xzax) has the following generators in rational differential invariants for the s\,-action

on functions:
2 3
a=1 b:uﬁf% @:Ef6u2u3+6&
o wd 2ud da ud ut”
1 1 1 1 1
Let

us 3u§ Uy Uplls 5
Fluo 5—54 3 675 t6,5]=0

51 Uy 1 1

be a fourth-order sl,-invariant equation.
Then, the quotient equation has the first order:

db
Flab,— ) =0.
(o)
Example 4. The Lie algebra g = (9, dy) of translations of the plane has the following Lie-Tresse
coordinates for the g-action on functions:

ay = uy, a2 = g1, b = ugp, c = uy.
Then,

1 1
bio =07 (urpto2 — to1u1,1), bo1 =06 (ugtia0 — t1,0U11),

1 1
c10 =0 (ugaupy — U1 1U1p), Coq =0  (UoU1p — U11l21),

where § = uygilgr — u% 1 is a Hessian determinant, and the syzygy is

(b3 b — 2b1,0bo1br1 + bG1b2,0) + c(brobos — arboabag — aby obo o+

by,1(a1b1,0 4 azbo1) — arazbyy — bigbo (a1c1,0 4 az2co) = 0.
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Thus, the quotient of an equation w11 = C(uy,,10,1) is the last equation for b(uy9,1071),
where letter C stands for c.
3. Euler Equations on a Curve

In this section, we briefly recall the necessary results obtained in [1].
Consideration of flows of an inviscid medium on a space curve M = {x = f(a), y =
g(a), z = Aa} in a field of constant gravitational force leads to the system

o(us + uug) = —pa — pgA,
pr+ (pu)a =0, ®)
00(st +usy) —kbgq =0,
where p and s are expressed in terms of Planck potential [2] ®(p, 6):
p(p,0) = —Rp*6D,, s(p,0) = R(D + 6Dy),

where R is the universal gas constant.

To describe this Lie algebra, we consider a Lie algebra g of point symmetries of the
PDE system (3).
Let ¢: g — b be the following Lie algebra’s homomorphism

0: X — X(p)9p + X(s5)0s + X(p)op + X ()9,

where b is a Lie algebra generated by vector fields that act on the thermodynamic values p,
0,s,and 6.
It was demonstrated [1] that if 1(a) = Ag, the Lie algebra g of point symmetries of the

system (1) is generated by the vector fields

Xp=0:, Xa=09p X3=0;

X4:989, X5:p6p+pi)pfsas,

X6 =0a, X7 =103+,

Xg =10y +2a0, +udy, —200p —s0s,

12 a u 20
The pure thermodynamic part b of the symmetry algebra is generated by the vector fields
Y; = ap: Y> =05, Y3=00,
Yo=pop, Ys=p0dp, Ye¢=50s

Thus, the Euler system has a Lie algebra of point symmetries ¢~ (f).
It has been shown in [1] that, for h(a) = const, h(a) = Aa, and h(a) = Aa?, the basis
differential invariants are

Ji=p, J2=0, J3=ua, Js=pa, J5=0s Jo=0+ub,
and the basis invariant derivatives are

4d,,4 4
at " "da’ da

4. Quotient Equation

Choosing J; and ], as Lie-Tresse coordinates (x,y) and
K(x’y) = ]3/ L(x/y) = ]4/ M(x/]/) = ]5/ N(x/y) = ]6
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as unknown functions, respectively, we get the quotient equation for (3):

Ry (xK(®y + y®xy) — NPy + y®yy)) + LM, + MM, = 0,
xKMy — NM,, + LN, + M(N, — K) =0,

XMKy — xKLy + xLKy +2KL + NL, = 0,

RxyL(®yyxL? + 2@y ML + Doy M)+

RL(xyLLy + xyMLy + 2xLM + 3yL?) @+

RL(xyLM + M(xyMy +2xM + 3yL)) Dy +

LR(2yLLy + 2yMLy + xLM; + M(xMy + 3L)) D+

xK?Ly — KNL, — (xKM + LN)K,, — 3LK* = 0

Direct computations show that the system (4) has no symmetries if the function ® is
arbitrary. Nevertheless, it is possible to find symmetries for some classes of ®. Some of
these cases are listed below.

Proposition 2. If the system (4) admits a symmetry of the form
1 1
lexax + (0(2]/ + Dég)ay - D(zKaK + 5(3041 — 20 — D(4)LaL + E(Dtl - Dé4)MaM,

then the function ® is of the form

Y Y q
B Cyx® C C C
(a2y + a3) Zdy+ axt Gyt G G

o) =G [ & v v xy’

where Cy, . .. Cs are constants.

Proposition 3. If the system (4) admits a symmetry of the form

]

0 1 o 1
+ 5(3 — 2062 — (X4)L* + E(l — (X4)Mm,

J + i,a K=—
Wy ~ oK aL

i
then the function ® is the following

g Cl 4= 1
Xy ¥

’

C. &g
®(x,y) = Cs + ?4 +Cyh 4
where Cy, . .. Cs are constants.

Particular solutions of (4) for some special classes of the function ® can be found.
For example, consider the Planck potential for the ideal gas model:

P(x,y) = glnyflnx, (5)

where 7 is the number of freedom degrees of a gas particle.
Then, for simplicity, let N = K = 0, then these are some of the solutions for L and M:

1. L=0,M=f(x).

M
2. L= %,f(M)x‘i =y.

o 03X —c5Iny+cy —c;1 B o c3y(—csIny+cy) —csIny+cy ~1/ ‘1
3. L= Tnfo)cl < 1 Y , M= (Inx—c)1 (— Inx+cz)cs ) y .

Here, ¢y, ..., c5 are constants and f (x) is an arbitrary function.

93



Symmetry 2021, 13,186

Let us illustrate how we can solve the original Euler PDE system using its quotient.
To this end, we consider the system (3) for ideal gas together with the solution (for example,
N =K =L =0, M = x), which is equivalent to a finite-type system:

0ia =0, pr=0, pa=0, Rpb,+p(gh+u) =0,
0a=p, u;=0, 6+ub,=0.

Solving the latter, we get

+po(a — ugt) + 6o,

2
p=po u=u—(Ag—Rpo)t, 0= " +2g)\)pot

where py, ug, 6y are arbitrary constants.

Virial Expansion

Another approach we can take is to exploit the fact that it is often possible to consider
the Planck potential ® in the form of virial expansion:

n &yl
D(x,y) = > Iny—Inx—)_ TAi(y)'
i=1
Then, we can find solutions of the system (4) in the form of power series of x:
K(x,y) = 2™ Y Ki(y)", L(x,y) = x% ) Li(y)a,
k=0 k=0
M(x,y) = x™ Y- My(y)x", N(xy) =x™ Y Ne()x",
k=0 k=0
where di, dy, dj, and dyy are the integer constants that should be chosen such that (4) can
be expanded as a power series of x. It can be shown thatdx = 1,d; = 2,dy = 1, and

dy = 1. Hence, the zeroth-order term of this expansion is a system of ordinary differential
equations:

(KoM + NoLo)K) + (RyLoMo + KoNo)Lf + 2RLoMoMj+

Lo(RyL3 +2RLoMg + K3) = 0,

MoK{) + NoLg + KoLg =0, ®)
MoNgy — NoMj + NoLo = 0,

MQM6 — R]/KQ + M()Lg - %No =0.
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The first-order term of the expansion is a system of linear ordinary differential equations:
(MoM;) + MoLy +2M; Ly + Ry A} (2Ny — yKo) —

RyKgA; — g(an +2yKy) + Ry2No A} = 0,
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MoK{ 4+ M;K) + NoLj + Ny L + 2LoK; =0,

(NoLo + KoMo)K] + (RyMoLo + KoNo) L} + RLoMoM}+

(RyLoLy + RLoMjg + KoK + 3RL3) My + @)
(LoKo)'Ni + (MoKj + NoLg + KoLo) K1+

(4RLoyMg + 4RyL3 + NoK) 4+ RMoM} + RyLoMy) L1+

4RyL3(LyA; + AjMy) + RyAyLoM3+

Ry Ay MoMgLg + 2RyLoLyMyA; + 4RLEMyA; +

2RAYM3Lo + RLoMoMjA; = 0.

The solutions of (6) must be substituted into (7); thus, we obtain more simple differen-
tial equations for the functions Kj, L1, Mj, and Nj. Repeating this process, we can obtain
any number of terms in the expansions of the functions K, L, M, and N.

5. Conclusions

In this paper, we gave a brief recollection of the notion of quotient equations. Using previous
results regarding invariants of the Euler system in a space, we found its quotient. We
found that the quotient has an infinitesimal symmetry for special cases of the thermody-
namical state of a medium. We proposed a method for solving the quotient by means of
virial expansion of the Planck potential and by reducing it to series of systems of ordinary
differential equations.
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Abstract: Isothermic surfaces are defined as immersions with the curvture lines admitting conformal
parameterization. We present and discuss the reconstruction of the iterated Darboux transformation
using Clifford numbers instead of matrices. In particulalr, we derive a symmetric formula for the
two-fold Darboux transformation, explicitly showing Bianchi’s permutability theorem. In algebraic
calculations an important role is played by the main anti-automorphism (reversion) of the Clifford
algebra C(4,1) and the spinorial norm in the corresponding Spin group.
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1. Introduction

Isothermic surfaces have a very long history. They have been first introduced by
Lamé in studies on stationary heat flows (described by the Laplace equation), in the
broader context of triply ortogonal systems of coordinates [1]. Then, the main progress
towards the theory of isothermic surfaces was done by Bertrand [2], who was first to
notice that “in any triply isothermic (in physical sense) orthogonal system in E* any
coordinate surface admits conformal curvature parameterization” [3]. Transformations
of isothemic surfaces, studied by Darboux and Bianchi [4,5], strongly suggested that the
related system of nonlinear partial differential equations (see (2) below) is integrable in the
sense of the soliton theory [6] and, indeed, such modern formulation of this problem was
found [7], which started new developments in this field [8-12]. It is worthwhile to mention
that isothermic immersions are invariant with respect to conformal transformations of
the ambient space and can be naturally described in terms of conformal geometry (then
Darboux transformations correspond to Ribaucour congruences [13]). Studies on isothermic
surfaces are still active, see, e.g., [14-19]. In this paper we develop an approach based on
using Clifford algebras and Spin groups [20,21] (different from the approach of [12,22]). We
re-derive the construction of “multisoliton” surfaces by iterated Darboux transformation.
In particular, we present detailed computation of the two-fold Darboux transform.

2. Isothermic Surfaces in R3

Isothermic surfaces (or, more precisely, isothermic immersions) are characterized
as surfaces immersed in E3 with curvature lines admitting conformal parameterization.
It means that there exist coordinates (i, v) in which the isothermic immersion has the
following fundamental forms:

I =e?(du? + dv?),

II = 2 (kydu? + kpdo?)
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where 8, k1, ky are functions of 1, v, which have to satisfy the following system of nonlinear
partial differential equations known as Gauss-Mainardi-Codazzi equations:

uu +0,00 +k1k232‘9 =V,
k2/u +(k2 - kl)ﬁru =0 s (2)
kl/v +(k1 - k2)l9/v =0 s

where comma denotes partial derivtive. Geometrically, k; and k, are principal curvatures,
and their product k;k; yields the Gaussian curvature. The above nonlinear system can be
obtained (see [7]) as compatibility conditions for the following linear problem (or Lax pair):

Y,,= %el(—ﬁ,v e; + kie%es + A sinh 9ey + A cosh de5)¥,
3
Y, = %ez(*ﬁ,u e + kye’es + A cosh dey + Asinh des)¥,

where ey, ..., e5 are 4 x 4 complex matrices (for their exact form see [7] or [23]) that satisfy
the relations

ed=ed=e2=el=—-el=1, ejer = —ere; (j#£Kk). 4)

We point out that using a suitable extension of the famous Sym formula (see, e.g., [24])
we can reconstruct the radius vector of the isothermic surface implicitly determined by the
fundamental forms (1), for more details see Section 4 and Theorem 1.

3. Clifford Algebras

The matrices ey, ..., e5 satisfying (4) can be interpreted as elements of a Clifford
algebra, see below. Their exact matrix form is not needed. From technical point of view,
it is even easier to use Clifford numbers instead of particular matrix representations [21].

We recall the definition of a Clifford algebra generated by vectors of a Euclidean
or pseudo-Euclidean inner product space. Let V be a vector space endowed with a
non-degenerate (but not necessarily positive definite) quadratic form Q, see, e.g., [25,26].
If Q is positive definite (the Euclidean case), then Q(v) is the square of the length of v.
The associated bilinear form (scalar product) will be denoted by brackets. In particular,
Q(v) = (v| v). The Clifford algebra C(V, Q) is generated by products (“Clifford products”)
of vectors (elements of V). The Clifford product is defined by the following relation:

vw +wo = 2{v| w)1 (5)

where 1 denotes the unit of the Clifford algebra.
Let {eq,...,e,} be an orthonormal basis of V, i.e., (ej|e;) = 0 for j # k, and
(ex| ex) = £1. The dimension of the Clifford algebra is 2". Its standard basis consists of

1, e, ej (j<k), eeje (i<j<k), ...

If the signature of Q is (m, p) (i.e.,, among ey, ..., e, there are m vectors such that

e]2 = 1l and p vectors such that eJZ = —1,and m + p = n), then we denote C(V, Q) = Cy .

The Clifford group (or Lipschitz group) I'(V, Q) is the multiplicative group (with

respect to the Clifford product) generated by the non-isotropic vectors (we recall that

w € V is isotropic (or null) vector if (w|w) = 0). The spinor norm of an element
X € T(V,Q) is defined as

N(X) = BX)X, ©)
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where B is a reversion, i.e., (0102 ...0p) = VMUM_1 - - - V201. One can easily see that the
spinor norm of a vector is its scalar square, N(v) = (v| v), and for any element of I'(V, Q)
we have

N(v1vp...0p0) = (v1] v1)(v2| v2) ... (VM| VM) - 7)

The group Pin(V, Q) is a subgroup of I'(V, Q) consisting of elements X such that
N?(X) = +1 (i.e,, T(V, Q) contains products of unit vectors), and the group Spin(V, Q)
(a subgroup of Pin(V, Q)) consists of products of even number of unit vectors [26].

4. Spin-Valued Lax Pairs

Our approach to the construction of Darboux transformation consists of two steps.
First, we characterize the structure of the Lax pair. Second, we are looking for a transforma-
tion preserving the structure [27].

The structure of the Lax pair is characterized by the dependence on A (e.g., divisor
of poles) [6,28], reduction group (loop group) [29] and, possibly, by other invariants of
Darboux transformations, like linear and multilinear constraints on coefficients of the
Laurent expansion around poles [30].

In this section we present the characterization of the Lax pair (3), see [20,31]. First of
all, we consider Clifford numbers instead of matrices. Then, we notice that both matrices
of this Lax pair are Clifford bi-vectors linear in A such that

1
Yu=WY, U=eu(ray+by)  (n=12) ®)

where ¥ =¥ (u,v), Y1 =Y Yo=Y, ay = ay(u,v) € W,b, =by(u,0) € V,V and
W are real vector spaces, V is spanned by ej, e; and e3, and W is spanned by e4 and es.
We assume relations (4), which means that form now on the quadratic form Q, defined on
V & W, is assumed to have signature (4,1).

The compatibility conditions for the linear system (8) imply that a; and a, form an
orthogonal basis in W. We can confine ourselves to the particular case (3) without loss of
the generality. Indeed, both linear problems are equivalent up to a re-parameterization of
independent variables and a discrete transformation in the space W.

The form (8) of the spectral problem can be described in terms of some group con-
straints (“reduction group”, compare [27,29]). First, U}, are linear combinations of Clifford
bi-vectors. In other words, U, take values in the Lie algebra of the group Spin(V & W, Q).
In principle, ¥ could be a spinor, but here and in the sequel we assume that it is an element
of the Clifford algebra. Without loss of the generality we can confine ourselves to solutions
¥ € I'(V, Q). The next observation is B(U,) = —U,.

Lemma 1. If B(U,) = —Uy (for p = 1,2), and ¥ satisfies ¥,, = U, ¥, then
N(¥) = ¥YB(¥) = const, )
Proof. It is sufficient to differentiate N('¥):
(N(¥)) =¥ B(Y) +¥B(¥) = (U + B(Uu))N(¥) =0, (10)
where one has to remember that N(¥) is a scalar, so it commutes with any elements. [

Therefore, ¥ € Spin(V ® W, Q) (for any u, v) provided that ¥ is Spin-valued at some
initial point (19, vp). In an analogous way one can show the following loop group condi-
tions:

¥(—A) =eses¥(Meges,  ¥(A) =¥(R) (11)

(where the bar denotes complex conjugate and, by definition, €; = e;). They follow from
E4E5Uy()\) = U,,(f/\)e4e5 , LIM()\) = U,,(/_\) . (12)
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The properties B(U,,) = —U, and (12) hold for the Lax pair (8), which can be easily
verified using commutation relations (4).

The Sym-Tafel formula F = 2¥-1¥,, [24], evaluated in A = 0, yields a surface
immersed into the 6-dimensional space spanned by bi-vectors of the form eye, (k =1,2,3;
« = 4,5). Projecting this surface on especially chosen 3-dimensional subspaces we obtain
the original isothermic surface as a linear combination of e, (e4 + e5) (k = 1,2,3) and its
dual (or Christoffel transform) as a combination of ex(es — es5) (k = 1,2,3) [23].

Here we present some details of calculations involving Clifford numbers instead
of matrices. They are closely related but not identical to the approach of our earlier
papers [20,23,32].

We use the projection P : C(V & W) — C(V) defined as a homomorphism of Clifford
algebras such that

Ples) = Ples) =1. (13)

Note that

3 5 3
P<Z 2 cjae]-e,x> = Z(Cj4 + C]'5)e]' (14)

j=1a=4 j=1

This projection yields an original isothermic surface (the dual surface is a result of
another homomorphism P/, defined by P’ (e4) = —P'(es) = 1).

Theorem 1. We assume that ¥ satisfies the linear system (3) and

F:=2¥'¥, : 15
Mo (15)

Then r := P(F) yields the original isothermic immersion (up to a Euclidean motion), provided
that we identify span{ey, ey, e3} with the space E3.

Proof. The crucial property of the Sym-Tafel formula (15) is a compact form of its derivative
(compare [24]):
Fu= Z‘Yaluﬂ,/\ (0)¥o = ‘Yale;la;llyo , (16)

where ¥ := ¥(0) (i.e., ¥ evaluated at A = 0), and we use the slightly more general form (8)
of the Lax pair (3). Then
1, =¥, e, Yo . 17)

Therefore
E, =¥, e, Yo (18)

(for p = 1,2) form an orthonormal basis in the tangent space and, therefore, the corre-
sponding metric is given by the first equation of (1). Obviously, E3 (defined by (18) for
u = 3) is orthogonal to E; and Ej; hence, it can be identified with the normal vector.
In order to derive the second fundamental form we differentiate (17). Taking into account
You= %e},by‘fo, we obtain

111 =¢%(0,1 E1 + (b1] e2)Er + (b1 ] e3)E3) = €? (0,1 Ey — 0,0 E5 + k1€°E3) ,
r,0=20"(0,,E  — (by| e)Es) = e (0, E1 + 6,1 E2), 19)
to1=¢(—(b1| e2)E1 + 60,1 E) = e’(6,,E1 + 6,1 Ea),

10 =e?((by| e1)Ey + 6,2 Ex + (b2 | e3)E3) = e (—0,1 E1 + 6,2 E2 + ke Eg) .

Therefore, coefficients of the second fundamental form (given by (r,;| E3)) yield the
second formula of (1). The proof is completed by applying the Bonnet theorem. [
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5. The Darboux-Bicklund Transformation in the Case of Spin Groups

The Darboux transformation is a gauge-like transformation using the Darboux matrix
D (we will keep using the name “matrix” even for D given in terms of Clifford numbers
without referring to any matrix representation):

3 TR X ~1 -1
¥Y=pY, Y,=0,%Y% U,=D,D'+DUD’, 20)

provided that EI,, has the same dependence on dependent variables as Uy, see, e.g., [6,33].
In Section 4 we have shown that the form (3) can be derived by imposing a set of constraints
on a general linear problem (U, are Clifford bi-vectors, linear in A and belong to the
appropriate loop algebra). Then the Darboux transformation has to preserve this structure,
which means, in particular, that D should belong to the same group as ¥.

Different methods of constructing the Darboux matrix need different form of
A-dependence of D (these forms are equivalent up to a A-dependent scalar factor [30]). In
particular, one can assume D as polynomial in A (eigenvalues, corresponding to solitons, are
zeros of det D) [34], sum of simple fractions (eigenvalues: poles of D and D~1)[6,29], ora
“realization” (D = N + F(A — A)~1G) [35,36].

Our motivation for dealing with the case of Spin groups came from yet another
approach [31]. Multiplying (20) by D?(A) we get

T 2
D, D+ DU,D = U,D?. @1)

It is a crucial point that the right-hand side vanishes for Ay and A_ such that
D?(A+) = 0. Then, we obtain a solution of the remaining equation: D(A1) = p1 ¥ (A4 )ds
¥(Ay)~!, where di = const, (d+)? = 0and py are two scalar functions. Finally, D(A) is
given as a linear combination of D(A ) and D(A_) with coefficients linear in A [31], which
yields one-soliton Darboux matrix. This approach was extended on the multi-soliton case
for 2 x 2 matrix problems [37].

Generalization of this approach on Spin-valued linear problems is quite natural.
Instead of multiplying both sides of (20) by D? we multiply them by DB(D):

D, B(D) + DU,B(D) = U,DB(D) . (22)

Note that (D) = D if D is a Clifford vector (which has been usually assumed in
earlier papers, like [31]), and in this case Equation (22) assumes the form (21).

Lemma 2. If an isotropic Clifford vector D' satisfies Equation (22), and G is any Clifford number
G (not necessarily constant), then D = GD' satisfies Equation (22) as well.

Proof. Lemma can be shown by straightforward calculation. First, we have
DB(D) = GD'B(D")B(G) = G(D')*B(G) =0, (23)
so the right-hand side of (22) vanishes. Then
D, (D) + DUuB(D) = G, D'B(D)B(G) + G(D'u B(D') + D'U,p(D"))B(G) =0, (24)
which ends the proof. [

In this paper we confine ourselves to iterations of the simplest Darboux transforma-
tions (defined by D linear in A). Then we can use the results of [31], where the case of
the Clifford vector (here denoted by D’) was considered, and the following form of the
Darboux transformation was derived:

"(A-), (25)
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and D’(A+) can be expressed as
D'(As) = p£¥(Ae)d¥(Az) ™" (26)

where p. are (arbitrary) scalar functions and d .+ are constant elements such that d3 = 0.
Reductions (12) impose constraints on A+, p+, and d-+ (see [31]):

A =ik, A_=—ik (keR), pr=p-=p€eR, di+=x(pLing). (27)
Moreover we denote (compare [21])
p+in =¥ (i) (po + ing)¥ L (ix) (28)
We assume
pi=mg=1

(in the Clifford algebra p? = (p| p) etc.). Therefore computing the Clifford square of both

sides of (28) and taking into account that p, py anticommute with 1, ny we get p2 =n2.

It is convenient to introduce unit vectors p and 7

pi= N - A= , (29)

Vil (n]n)

such that p? = 712 = 1. Then the Darboux matrix assumes the form D’(A) = Aft 4 xp. In
order to get a Spin-valued D we can take, for instance, G = ey, obtaining

D(A) := eg(A +KP) (30)

Note that
D(MB(D(A)) = A* + (31)

Remark 1. It is important to remember that the obtained Darboux matrix D depends on the
function ¥ (an exact solution of the linear problem (3)) and constant parameters: x, po, no.
The notation D = Dy ., po,no) Would be very awkward, so in the sequel we omit the dependence on
po and ng, writing D = Dy .

Theorem 2. The transformation ¥(A) = ey (At + xp)¥(A), where fi and p are given by (29) and

pim %(‘I’(ik)(po ing) ¥ (i) 4+ ¥ (i) (po — ing) ¥ (~i))
(32)

- %(‘Y(i;c)(po - ing) ¥ (k) — ¥ (i) (po — ing)¥ ' (—i))

transforms the linear problem (3) into the linear problem of the same form with 6,k and ko
replaced by
6=0-2y,

ki = ¢ (ky — 2 (p| e3)¢ sinh(6 — 7)) , (33)
ko = €27 (ky — 2x(p| e3)e® cosh(6 — 7)) ,
where vy is a function parameterizing i1, namely: il = cosh ye4 + sinh yes.
We omit the proof, which consists in splitting the equation D,, +DU,, = U,D into

a system of equations by equating coefficients by powers of A and basis elements of the
Clifford algebra.
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Theorem 3. The Darboux transformation for soliton submanifolds (15) reads

- Y
F=F+%ﬁ’lﬁ, t=rt g, (34)
Proof. Directly applying the Sym formula we get
F=2(D¥) ' (D¥)a lr=0 = 2¥ .2 [a=0 + 2% (D'D,y ) [a=0¥o - (35)

Substituting D,y = fi and D1 (0) = x~!p~!, we get the first formula of (34). To obtain
the second formula we take into account that ﬁz =land P(n) =¢". O

In the context of soliton surfaces the Darboux transformation is often called the
Darboux-Bécklund transformation [21,31] or the Darboux—Bianchi transformation [23].

6. Iterated Darboux Transformation

The Darboux transformation can be iterated in a natural way. Using the notation
introduced in Remark 1 we have the following sequence of solutions to the considered
linear problem:

¥1(1) = Dy, (V¥ (D),
(36)
viKI(A) = D[‘F[Kfl]lkk](/\)lf[K—l](/\) .
The last equation can be rewritten in the following, more explicit, way:

T[K]()\) = D[‘P[Kfl],KK]()\)D[Y[Kfz],KK,l](A) s D[‘Y[”,Kz](/\)D[‘Y[O],Kl](/\)‘y[()] ()\) ’ (37)

where we have to remember that ‘I"[]], ‘I"[Z], ., ¥[K-1] can (and should) be expressed by
¥ and constants K1,...,kk—1. Thus we can use a more compact notation:

ylK(1) = pIX (A), (38)

[P0k, 5,00 1]

but the explicit expression for DIX] is extremely complicated. The above notation can be
shortened into the following, more compact, form:

(39)
K1) = Dy (A)FET(A)
The index [0] may be often omitted. We have, for example:
¥ =¥(),
Q) = D (MY (A) = D(A)¥(A) = DIA)¥I (1), w0
FEI(A) = Dpp (M) ¥M(A) = Dgja(M) Dy (MFLI(A) = DR ¥ (),
¥BI(A) = D (M) Dpppp(A) Diga (M) ¥ (1) = DEI(A) ¥ (1)
where
D(A) = Dyg1(A) = eq(Afiy + K1) 41)
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and pj, fi; are defined by
pj +inj ==Y (ix;) (po; + ing))¥ '(ix))  (jEN). (42)

Theorem 4. Two-fold Darboux transformation of the function ¥ (M) is given by ¥ (1) =
DRI(AYY¥ (M), and D2 can be expressed by 1, k2, pr, P2, fiy and ity in the form explicitly symmetric
with respect to exchange of indices:

C(A) — (k= x3)Djgj1 (A) A Dygpa(A)

D) = i : (43)

where Digj;(A) = eq(ARj +x;p;) (j=1,2) and
M? = 41313 (cos? ¢ + cos? i) — dxyxo (13 + x3) cos p cos P + (k2 — 3)2,
(44)
C(A) 1= K11 cos (272 + k2 + K3) — cos p(2x313 + A2 (13 +3)) .

Proof. We are going to express in a symmetric form D2/(1) = Dp1j2(A) Djgj1 (A). Note that

¥ (iy) = Dy (ir2) ¥ (i) = ey (iaty + 11 p1 ) ¥ (i2) , (45)
and A+ 115
-1 Atrpy
(D (M) = pean ey (46)
Then
Dpyp(A) = es(Mi +x2p) 47)

where we still use notation (29), but (within this proof) 7 and p are associated with the
matrix Dy, i.e.,

p+in =¥ (i) (poa + ingz) (¥ (ix2)) 71 . (48)
Therefore, substituting (45),

. IR . . . -1 K1p1 + iRt
p+in = ey(1p1 +inain)¥ (ixz) (poa + ingn) ¥ (i) ! (”:2_;;1) es, (49
1%

which can be rewritten as (compare (29))

2

) P2 s NI
p+in= W&;(K]P] + ixpfy ) (P2 + ifin) (k1P1 + ik )ey , (50)
1%
or
P+ in=./ }7%94(1(1 1+ iKzﬁl)(ﬁz + iﬁz)(iﬁﬁl -+ iKzﬁ])flell , (51)

which is a similarity transformation and can be interpreted as an orthogonal transformation
in the (complexified) Clifford algebra. Note that for any Clifford vectors v, w we have

vwo ' = (2(v]| w) — wo v‘lsz+2<v|w)v 52
(2(o] w) — wo) T 52
Therefore
. 2 p1| P2) — Ko (i1 | 72 . o . .
ptin=./ P%e4< Lzl r::g :22<n1‘ 2)) (k1p1 + ixofty) — (P2 + zn2)> e (53)
1~ %2
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2

P2 JUN PN N
p= o (@6 (p1 p2) — 2xrmain | 72))pr = (F = B) 2 ) (54)
Ky — K3
r3
n= e4<(2K1K2<;§1 | po) — 203 (A | 2)) Ay — (k3 — x%)ﬁz) . (55)
1 2

Now we can easily compute p?, n? and then p, . Let us denote

cos ¢ := (p1| p2) , cosp = (fq | fig) . (56)
Then .
2 _ 2 paM
e 57)
(kf —x3)?
where M? is computed in the straightforward way (taking into account (p; | fi) = 0):
M? ;= 4x3x3 (cos? @ + cos? i) — 4xxo (k3 + k3) cos @ cos P + (k2 — Kk3)2 . (58)
Therefore 5
5 M*H 5 ﬁ*ﬁ
p= - (59)
M\/ \/
Mp = 2(x1 cos ¢ — Ky cos P)k1p1 —(K%—K%)ﬁzf (60)
60
M = 2(kq cos ¢ — kp cos P)Kafly — (K% — K%)ﬁz .
Thus
_ f 5 2 _ At
Dipa(d) = 2Kpe4 (K1 cos ¢ — xpcos ) (AR +x1p1)  eali x3) (Afia + kap2) Y
M M
ie.,
2Ky (K1 cOS @ — Ko cos ) (3 — x3)
Dpypp(A) = M Do = =37 P2 - (62)
Now, we can compute Dl = Dpj2Dgpr:
2k (K1 COS @ — Ko COS (k2 — x3)
D[Z]()\) = ( ( 1 ?\)/I lIJ) D[O]l — lM 2 D[O]Z D[O]l . (63)
Using a general property of the Clifford product of vectors
vw = (v|w)+vAw (64)

(where the wedge denotes the skew product) we get (43). [

Corollary 1. The symmetric form of two-fold Darboux transformation can be considered as yet
another proof of Bianchi’s permutability theorem [5].

7. Seed Solutions

In order to produce exact solution by iterating the Darboux transformation we need
some starting point: a seed solution. Below we give two simple examples.
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7.1. The Trivial Background (Plane)

The data ¢ = 0, k; = ko = 0 correspond to the trivial background, i.e., to the plane.
The linear system (3) assumes the form

1 1
Y,.= E/\ele5‘1’ ’ Y= EAe2e4 . (65)
Hence
v — e%)xueleg;e%)xvezq (66)
Finally
291y, [r=0 = uejes + vesey, (67)

Performing the projection (13) we get
r=P(¥Y 'Y\ [1—0) = uej +vey, (68)

7.2. Cylinder

One can easily see that ¢ = 0, k, = 0, k; = k = const satisfy the system (2). The linear
system (3) assumes the form

Yu= %/\eleST ’
¥, = ses(Aey —ke3) .

ejes commutes with Aeyes — keyes and they do not depend on 1, v. Therefore ¥ can
be easily computed
v — E%Aue]e%%v(/\ezufkezeg) (69)

Then
(Aesey — kezes)? = —(A% + k%)

Therefore

212 _ JVAZ 12
Y= COShB+ele5SinhM COSU A+ +e2(e4)\ esk) sinv Atk
2 2 2 VA2 + k2 2

k k
¥1(0) = cos ?U + eze3sin 72)

1 k k 1 k
Y,,(0) = Sueres (cos L ese; sin —U> + —epeysin X

2 2 k 2
Then
2 k k 2 k
Z‘I’*l‘i’,A [A=0 = uejes + % sin ?U cos §e2e4 — Ee3e4 sin? 20

Finally, using the projection (13), we get the cylinder immersed in R?

! (e3 cos kv + e; sinkv) (70)

1
r:uel——e3+E

k

8. Conclusions

We constructed an iterated Darboux transformation for isothermic surfaces using
the Clifford algebra approach. Our main result is a symmetric representation of two-fold
Darboux transformation (Theorem 4). Thus we made some progress in the direction of
constructing symmetric compact formulas for “multi-soliton” isothermic surfaces, what
reduces to transforming ¥K! (given by (38)) into a form that is explicitly invariant with
respect to permutations of real eigenvalues «, .. ., xx. Another open problem, more chal-
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lenging, is to find analogous formulas in a direct way and with more general set of complex
eigenvalues. We also expect to extend our approach on related multidimensional problems
(see, e.g., [32]).
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Abstract: In this paper, we analyze various types of critical phenomena in one-dimensional gas
flows described by Euler equations. We give a geometrical interpretation of thermodynamics
with a special emphasis on phase transitions. We use ideas from the geometrical theory of partial
differential equations (PDEs), in particular symmetries and differential constraints, to find solutions
to the Euler system. Solutions obtained are multivalued and have singularities of projection to the
plane of independent variables. We analyze the propagation of the shockwave front along with
phase transitions.
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1. Introduction

Various types of critical phenomena, such as singularities, discontinuities, wave fronts
and phase transitions, have always been of interest from both mathematical [1-3] and
practical [4] viewpoints. In the context of gases, discontinuous solutions to the Euler
system, describing their motion, are usually treated as shockwaves. In the past decades, such
phenomena have widely been studied (see, e.g., [5] for the case of Chaplygin gases [6,7],
where the weak shocks are considered). It is also worth mentioning the works in [8,9],
where the influence of turbulence on shocks and detonations is emphasized.

This paper can be seen as a natural continuation of the work in [10], where have
considered the case of ideal gas flows. Here, we use the van der Waals model of gases,
which is more complicated and at the same time more interesting from the singularity
theory viewpoint. The van der Waals model is known to be one of the most popular in
the description of phase transitions. Thus, singularities of shockwave type that can be
viewed as in some sense singular solutions to the Euler system are analyzed together
with singularities of purely thermodynamic nature, phase transitions. Our approach to
finding and investigating such phenomena is essentially based on the geometric theory of
PDEs [11-15]. Namely, we find a class of multivalued solutions to the Euler system (see
also [16]), and singularities of their projection to the plane of independent variables are
exactly what drives the appearance of the shockwave [17]. Similar ideas are used in a series
of works [18-20], where multivalued solutions to filtration equations are obtained along
with analysis of shocks. To find such solutions, we use the idea of adding a differential
constraint to the original PDE in such a way that the resulting overdetermined system
of PDEs is compatible [21]. The same concepts were also used by Schneider [22], who
found a general solution to the Hunter-Saxton equation; LY1 [23], who considered the
two-dimensional Euler system; and LY2 [24], who applied this approach to the Khokhlov—
Zabolotskaya equation.

The paper is organized as follows. Section 2 presents the preliminary concepts, where
we describe the necessary concepts from thermodynamics. In Section 3, we analyze a
multivalued solution to Euler equations and its singularities, including shockwaves and
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phase transitions. In the last section, we discuss the results. The essential computations for
this paper were made with the Differential Geometry package [25] in Maple.

2. Thermodynamics

In this section, we give necessary concepts from thermodynamics. As shown below,
geometrical interpretation of thermodynamic states allows one to use Arnold’s ideas
from the theory of Legendrian and Lagrangian singularities [1-3], which are crucial in
description of phase transitions. The geometrical approach to thermodynamics was already
initiated by Gibbs [26]. It was further developed, for example, by the authors of [27,28]
and, more recently, by Lychagin [29]. For more detailed analysis regarding the geometrical
methods in thermodynamics, we also refer to [30].

2.1. Legendrian and Lagrangian Manifolds
Consider the contact space (]R5, 9) with coordinates (s, ¢, p, p, T) standing for specific
entropy, specific inner energy, density, pressure and temperature. The contact structure 6 is
given by
0 =T 'de —ds — pT~' o~ %dp. 1)
Then, a thermodynamic state is a Legendrian manifold L. C (R%,6),ie.,6); =0and
dim L = 2. From the physical viewpoint, this means that the first law of thermodynamics

holds on L. Due to (1), it is natural to choose (e,p) as coordinates on L. Then, a two-
dimensional manifold L C (R?, ) is given by

-~ 1 S
L="{s= T=_—_ p=_p22F 2
{s Sle.p), T=g p==p Se}’ @)
where the function S(e, p) specifies the dependence of the specific entropy on e and p.

Note that determining a Legendrian manifold L by means of (2) requires the knowl-
edge of S(e, p), while in experiments one usually obtains relations among pressure, den-
sity and temperature. Thus, we get rid of the specific entropy s by means of projection
T: RS — R4, ni(s,e,0,p,T) = (e,p,p, T) and consider an immersed Lagrangian manifold
T (f) =L C (R* Q) in a symplectic space (R* Q), where the structure symplectic form
Qis

Q=do=d(T") Ade —d(pT'p~2) Adp.

Then, one can treat thermodynamic state manifolds as Lagrangian manifolds L C (R%,Q),
i.e., Ol = 0. In coordinates (T, p), a thermodynamic Lagrangian manifold L is given by
two functions

L=A{p=P(T.p) e=E(T,p)} @)
Since Q| = 0, the functions P(T, p) and E(T, p) are not arbitrary, but are related by
[p—P(T,p),e = E(T,p)]lL =0, ()

where [f, g] is the Poisson bracket of functions f and g on (R*, Q) uniquely defined by
the relation
[f,8lONQ =df Ndg A Q.

Equation (4) forces the following relation between P(T, p) and E(T, p): (—p 2T 'P)r =
(T2E),, and therefore the following theorem is valid:

Theorem 1. The Lagrangian manifold L is given by means of the Massieu—Planck potential ¢(p, T)
p=—pT¢p e=Tr. ®)

Remark 1. Having given the Lagrangian manifold L by means of (3), one can find the entropy
function S(e, p) solving the overdetermined system
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1 S
T=_— p=—p2>2F
Se’p ‘OSg

with compatibility condition (4).

2.2. Riemannian Structures, Singularities, Phase Transitions

There is one more important structure arising, as shown in [29], from measurement
approach to thermodynamics. Indeed, if one considers equilibrium thermodynamics as
a theory of measurement of random vectors, whose components are inner energy and
volume v = p~!, one drives to the universal quadratic form on (R*, Q) of signature (2,2):

k=d(T™ 1) -de—p 2d(pT 1) -dp,

where - is the symmetric product of differential forms, and areas on L, where the restriction
x| of x to L is negative, are those where the variance of a random vector (e,v = p~1) is
positive [29,31]. Using (5), we get

kL = —QT'¢r + ¢prr)dT - dT + (20 pp + Ppp)dp - dp, (6)

and, taking into account (5), we conclude that the condition of positive variance is satisfied
at points on L, where
er >0, Po >0,

which is known as the condition of the thermodynamic stability.

Let us now explore singularities of Lagrangian manifolds. We are interested in the
singularities of their projection to the plane of intensive variables (p, T), i.e., points where
the form dp A dT degenerates. We assume that extensive variables (e, p) may serve as
global coordinates on L, i.e., the form de A dp is non-degenerate everywhere. The set
where dp A dT = 0 coincides with that where 2p’14)p + ¢pp = 0, or, equivalently, where
the from x|}, degenerates. A manifold L turns out to be divided into submanifolds L;,
where both (e,p) and (p, T) may serve as coordinates, or, equivalently, the form (6) is
non-degenerate. Such L; are called phases. Additionally, those of L;, where (6) is negative,
are called applicable phases. Thus, we end up with the observation that singularities of
projection of thermodynamic Lagrangian manifolds are related with the theory of phase
transitions. Indeed, by a phase transition of the first order, we mean a jump from one
applicable state to another, governed by the conservation of intensive variables p and T
and specific Gibbs potential

y=e=Ts+p/p,

which in terms of the Massieu-Planck potential is expressed as v = —T(¢ + p¢,) [30].
Consequently, to find the points of phase transition, one needs to solve the system

p=—0Too(T,01), p=—05Tdo(T,02), (T, 1) +p19p(T,01) = (T, p2) + P29 (T, p2), (7)

where p and T are the pressure and temperature of the phase transition and p; and p; are
the densities of gas and liquid phases.

Example 1 (Ideal gas). The simplest example of a gas is an ideal gas model. In this case, the
Legendrian manifold is given by

~ n/2
L—{p—RpT,e—ZRT,s—Rln(TP >} ®)

where R is the universal gas constant and n is the degree of freedom. The differential quadratic form
K|p is

R i

—5 2 — Rp~2dp?.

K| =
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It is negative definite on the entire L, and there are neither phase transitions nor singularities
of projection of L to the p — T plane.

Example 2 (van der Waals gas). To define the Legendrian manifold for van der Waals gases, we
use reduced state equations:

[ _8Tp o _ 4nT _ _ /33,1 _ 1\8/3
,{p,?’_p 3% e = = 3p,57]n<T (3o~ 1) ) . )
The differential quadratic form x|y, is

6(p3 — 6p? — AT +9p)
p*T(p —3)?

In this case, it changes its sign; the manifold L has a singularity of cusp type. The singular set
of L, called also caustic, and the curve of phase transition are shown in Figure 1.

__An o 2
K|lL = 3TszJr dp”.

09
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6 g 2
07 058 09 10 _110 1214 444 07
T
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Figure 1. Singularities of the van der Waals Legendrian manifold: caustic (black line) and phase
transition curve (red line) in coordinates (p, T) (a); and the curve of phase transition in (p,p, T)
(b). Points of the phase transition curve with the same values of pressure p and temperature T and
different values of density p, > p; correspond to the liquid phase and the gas phase, respectively,
while points between p; and p, correspond to wet steam.

3. Euler Equations
In this paper, we study non-stationary, one-dimensional flows of gases, described by
the following system of differential equations:

. Conservation of momentum:
o(ur + uuy) = —px (10)

e  Conservation of mass:
pr+ (pu)x =0 (11)

e  Conservation of entropy along the flow:
st+usy =0 (12)

Here, u(t, x) is the flow velocity, p(t, x) is the density of the medium, and s(f, x) is the
specific entropy. System (10)—(12) is incomplete. It becomes complete once extended by
equations of thermodynamic state (2). We are interested in homentropic flows, i.e., those
with s(t, x) = sp. On the one hand, this assumption satisfies (12) identically. On the other
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hand, it allows us to express all the thermodynamic variables in terms of p. Indeed, the
entropy s has the following expression in terms of the Massieu-Planck potential ¢(T, p):
s = ¢ + T¢r [30]. Putting s = s, we get the equation sy = ¢ + T¢r, which determines
T(p) uniquely, since the derivative of its right-hand side with respect to T is positive due to
the negativity of «|;. Substituting T(p) into (3), one gets p = p(p). Thus, we end up with
the following two-component system of PDEs:

ur+uny + A(p)px =0, pr+ (pu)x =0, (13)

where A(p) = p'(p)/p.
We do not specify the function A(p) yet; we do this while solving (13).

3.1. Finding Solutions

To find solutions to system (13), we use the idea of adding a differential constraint to (13),
compatible with the original system. It is worth mentioning that a solution is an integral
manifold of the Cartan distribution on (13) (see [11-13] for details). This geometrical
interpretation of a solution to a PDE allows finding ones in the form of manifolds, which, in
general, may not be globally given by functions. This approach gives rise to investigation
of singularities in a purely geometrical manner, which is shown in this paper.

In general, finding differential constraints is not a trivial problem. However, having
found ones, the problem of finding solutions is reduced to the integration of a completely
integrable Cartan distribution of the resulting compatible overdetermined system. In rgw
case the Cartan distribution has a solvable transversal symmetry algebra, whose dimension
equals the codimension of the Cartan distribution, we are able to get explicit solutions in
quadratures by applying the Lie-Bianchi theorem (for details, see [11-13]).

We look for a differential constraint compatible with (13) in the form of a quasilinear
equation

ux — px(a(p)u+p(p)) =0, (14)
where functions a(p) and B(p) are to be determined. We denote system (13) and (14) by €.

Theorem 2. System (13) and (14) is compatible if

1 Cy Cs C\ &
S =2 A =C+2(c+2) , a5
a(P) P(C3P*1) ﬁ(P) p(C3p*1) (P) 1+p3 ( 3+ 0 ) (15)

where C; are constants.

The proof of Theorem 2 is more technical rather than conceptual. First, we lift system
(13) and (14) to the space of 3-ets J*(IR?) by applying total derivatives

Dy df + udy + Ptap + u”am + pttap, +...,
Dy = 0x+uyd,+ anp + llxxaux + Pxxapx +....

to equations of £ the required number of times, consequently. The resulting system
& C J3(R?), consisting of equations only of the third order, contains nine equations for
eight variables of purely third order: u, txxy, Utxx, Uttx, Pitt, Pxxx, Prxx and ppiy. Eliminating
them from &3, we get seven relations (six obtained by lifting & to J?(IR?) plus one remaining
from eliminations of third-order variables). Again, we eliminate all the variables of the
second order and we get four relations of the first order. Eliminating uy, u; and p;, we
end up with an expression of the form p3G(p,u) = 0, where G(p, u) is a polynomial in
u, whose coefficients are ordinary differential equations (ODEs) on a(p), (p) and A(p),
solving which we get (15). It is worth stating that these computations are algebraic and
well suited for computer algebra systems.
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Remark 2. Using (8) and (9), one can show that the function A(p) = p'(p)/p given in (15)
corresponds to that of:

e ideal gas in the case of

Ci=GC3=0, C5:R<1+g>exp<2ﬁ), Co=-2—-—-, CG=1;
n Rn

e van der Waals gas in the case of

Ci=-6, C3=-1, Cs5= 24(1 + %) exp(%), Ce=—2— E, C; =3. (16)
The case of ideal gases was thoroughly investigated by LR2 [10]. Here, we are interested in the case
of van der Waals gases.

Summarizing, we have a compatible overdetermined system of PDEs

& ={R = ur+ uuy + A(p)px = 0, F = pr + (pu)x = 0, F3 = uy — px(w(p)u+ B(p)) = 0} C J'(R?),

where functions «(p), B(p) and A(p) are specified in (15). This system is a smooth manifold
£ in the space of 1-jets J!(R?) of functions on R2. Since dim J'(R?) = 8, and & consists of
three relations on J'(R?), dim € = 5. The dimension of the Cartan distribution Cg on £
equals 2, therefore codim C¢ = 3. Let us choose (t, x, 1, p, px) as internal coordinates on &.
Then, the Cartan distribution C¢ is generated by differential 1-forms

wy = du— uydx —wdt, 17)
wy = dp— pxdx — pdt, (18)
w3 = dpy — pxxdx — pxdt, (19)

where pyx, Pxt, U, Ux, p¢ are expressed due to £ and its prolongation & = {D;(F;) = 0,
Dt(FZ) =0, D[(F3) =0, DX(Fl) =0, Dx(Fz) =0, Dx(Fg,) = O}:

_ 02 (p(C3p —1)3A" + (C3p — 1)2A 4 3C3(Cy — u)?) _ 0x(Capu + Cp — 2u) 20)
e (G- D(C—uw?—Ap(Cyp—1)) ~ 1-Gp
Uy = px(cz_u) tziPX(AP(C3P_1)+”(C2_M)) (21)
p(Csp—1)° p(Csp —1) '
_ 03 ,
Pt = S T A Cop T (G ) (PZ(Cap —1)3(Capu+ Cp — 2u) A’ + )

+ pA(Csp — 1)X(Capt + 3C; — 4ut) + (Cy — u)2(3C2p%1 + 3C3p(Ca — 2u) — 2C, + 2u)),

where A(p) is given by (15). We look for integrals of the distribution (17)-(22), which give
us an (implicit) solution to (13) and (14).

Theorem 3. The distribution (17)—(22) is a completely integrable distribution with a three-
dimensional Lie algebra g of transversal infinitesimal symmetries generated by vector fields

X1 = tat + Xax — pxapx, X2 = a,, X3 = ax

with brackets [Xl,Xg] = —X3, [X],Xz] = —Xo, [Xz, X3] =0.
The Lie algebra g is solvable, and its sequence of derived algebras is

g= <X1,X2,X3> D <X2,X3> O 0.

Thus, the Lie-Bianchi theorem [11-13] can be applied to integrate (17)—(22).
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Let us choose another basis (1, 51, 53) in C¢ by the following way:

-1

) wi(X1) wi(X2) wi(Xz) w1
| = |wa(Xq) wa(X2) wa(X3) wy
3 w3(X1) w3(Xa) ws(Xs) w3

Due to the structure of the symmetry Lie algebra g, the form s is closed [11,12], and
therefore locally exact, i.e., 31 = dQy, where Q; € C®(J1), while restrictions 5|5, and
3| m, to the manifold My = {Q; = const} are closed and locally exact too. Integrating the
differential 1-form sr; we observe that variables u, p, t, x can be chosen as local coordinates

on M; and
2
_ _ 110%(Cap —1)
M= {”* T pA(GCp—1)2 = (G —u)? J’

where a1 is a constant. Integrating restrictions 5| M, and 3] M,, We get two more relations
that give us a solution to (13) and (14) implicitly:

C-u, Cu

ttap+——-+ =0, (23)
IXIP

.51
and

2 _ Co+1
O:x+IX3+D‘i<Cllnp7C1C3p+7C32u Ll fc5<c3+%> :
1

(24)

20%C3 — C3(Co +1)(C3p(Co +3) — Cs — 2) + C3Crp(Cap(Co +3) — 2C — 2)
(Ce +1)(Cs +2)(Cs +3)Cip? '

where we have already substituted A(p) from (15), and a,, a3 are constants. The graph of a
multivalued solution for the density is shown in Figure 2. We used substitution (16), where
Cs =240, n = 3, together with C, =1, 0y = 1,ap = 2, a3 = 1.

t=0. t=30.000

0.5 0.5

~1000 0 1000 2000 ~1000 0 1000 2000
X X

Figure 2. Graph of the density in case of n = 3 for time moments t = 0, t = 30.

3.2. Caustics and Shockwaves

We can see that solution given by (23) and (24) is, in general, multivalued. To figure
out where the two-dimensional manifold N given by (23) and (24) has singularities of
projection to the plane of independent variables, one needs to find zeroes of the two-form
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dt Adx. Condition (dt A dx)|y = 0 gives us a curve in the plane R?(t, x) called caustic.
Choosing p as a coordinate on the caustic, we get its equations in a parametric form:

1
x(p) = 5 (2c1 Inp + C; (C3p® — 4p7C3 +3Cap —2) + C5C3 + 2a1a3) *

Co(Cap—1)2 o\ Cs(C3+Q)C5
iL¢C 34C <C +l) _ P
R S 2(Co+2

@107 ) +3)GuC+ R (o5
 (C3(—4+ CH(C3 +6C2 +11C6 +6) + (~2C — 6)Cr)p® —
— 2C7((2(C3 + 6C% +11C6 + 6))CF + (—C2 — 3C6)C7 — Co)C30°+
+ C3(Co +1)((Co +3)(5Cs + 12)C7 — 2Ce)Cap — 2C3(Co +4)(Co +2)(Co +1) ),
Hp) = m%iw\/clp3+c5<c3+c7>C6. (26)
15} X110 1Y

To construct a discontinuous solution from the multivalued one given by (23) and (24),
we use the mass conservation law. Equation (11) with the velocity u found from (23) in
terms of t and p takes the form:

t+ + C
Pf"‘(ﬂ’mp(l—“cz;p 2) —0

and therefore the conservation law is

_ ap(tt+a) +Co
® = pdx L Py Cop dt.

Its restriction ®|y to the manifold N given by (23) and (24) is a closed form, locally
O®|n = dH, and the potential H(p, t) equals

H(p, ) . (c1c§p3 —4C,C20% + p(c§c§ + (2Ca(t + a)ag +5C1)Cs + a3 (t + /xz)z> - 2c1) -

_ P
20(1(C3p — l)

c
Cs <C3 + %) °
T G 2)mC(Co T 1) (C3p + C7)(C3(1 + (C6 +2)C7)p — (C6 +1)C7).
7

The discontinuity line, or a shockwave front, is found from the system of equations

H(p1,t) = H(pa, t), x(p1,t) = x(p2,1),

where x(p, t) is obtained from (23) and (24) by eliminating u. Caustics along with the
shockwave front are shown in Figure 3. Note that the picture is similar to that in the case
of phase transitions.

The final result here is the expression for the time interval, within which the solution (23)
and (24) is smooth.

Theorem 4. The solution given by (23) and (24) is smooth and unique in the time interval
t € [0, t*), where

1 C
r= a(—Czca —ama + (G —3)° 2;+C5(C3+3C7)C6),
1

and in the case of (16), where Cs = 240, n = 3, together with C; =1, a1 =1, a0 =2, a3 =1
approximately t* = 12.53.
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Figure 3. Caustic (black) and shockwave front (red) for n = 3.

3.3. Phase Transitions

Having a solution, one can remove the phase transition curve from the space of ther-
modynamic variables to R2 (t,x). Indeed, on the one hand, we have all the thermodynamic
parameters as functions of (t, x). On the other hand, we have conditions on phase transi-
tions (7) in the space of thermodynamic variables. In combination, they give us a curve
of phase transitions in (¢, x) plane. Phase transitions together with the shockwave are
presented in Figure 4. We use substitution (16), where C5 = 240, n = 3, together with
Cz:l,ul :1,062:2,0(3:1.

100
o5
: wet steam
90
7
X 7
85 // gas
/s
/s
s/
5094/
/
s
75
12 13 14 15

Figure 4. Phase transition curve (dash line) and shockwave front (red line).

4. Discussion

In the present work, we analyze critical phenomena in gas flows of purely thermo-
dynamic nature, which are phase transitions and shockwaves arising from singularities
of solutions to the Euler system. To obtain such solutions, we use a differential constraint
compatible with the original system. In this work, it is found in a purely computational
way, and how to get it in a more constructive way seems interesting. One possible way
to find such constraints is using differential invariants. Then, constraints can be found
constructively by solving quotient PDEs (see [32] for details), which was successfully
realized by Schneider [22]. We hope to make use of this method in future research. The
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analysis of phase transitions shows that sometimes shockwaves can be accompanied with
phase transitions, which is shown in Figure 4, since the phase transition curve intersects
the shockwave front, and on the one side of the discontinuity curve we observe a pure gas
phase, while on the other side we can see a wet steam.
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1. Introduction

Differential invariants of various groups play an important role in applications [1-3].
Classical curvatures of submanifolds in Euclidean space arise as differential invariants of the orthogonal
group. The corresponding problem for symplectic spaces was initiated in [4]. Further works in this
direction include [5-10]. In this paper we consider the linear symplectic group action and compute
the corresponding algebra of differential invariants. We will use either the standard representation or
its trivial extension; other actions were also considered in the literature [11] and we comment on the
relations of the above cited works to ours at the conclusion of the paper.

Let V = R?(x,y) be equipped with the standard symplectic form w = Y7dx; A dy;.
Every infinitesimal symplectic transformation of V is given by the Hamiltonian function H € C®(V)
and has the form Xy = w~!dH, and the Lie bracket of vector fields corresponds to the Poisson bracket
of functions. By the Darboux-Givental theorem, the action of Symp(V, w) has no local invariants.
However these arise when we restrict to finite-dimensional subalgebras/subgroups. Namely, functions
H quadratic in x, y form a subalgebra isomorphic to sp(2n, R). For functions of degree <2 we get the
affine symplectic algebra sp(21, R) x R?*. We will concentrate on the linear case and compute the
algebra of differential invariants for submanifolds and functions on V.

It turns out that for curves and hypersurfaces one can describe the generators for all # that
we provide, while for the case of dimension and codimension greater than one, this becomes more
complicated. Of those, we consider in details only the case of surfaces in R*. Generators of the algebra
of differential invariants will be presented in the Lie-Tresse form as functions and derivations, and for
lower dimensions, we also compute the differential syzygies. We will mainly discuss the geometric
coordinate-free approach. The explicit formulae are rather large and will be shown in the Appendix A
only forn = 2.

We also consider the space W = R?**1(x,y,z) equipped with the standard contact form a =
dz — Y1 y;dx;. Every infinitesimal contact transformation of W is given by the contact Hamiltonian
H e C®(W)viaa(Xy) = H, Xg(x) = 9,(H), and the Lie bracket of vector fields corresponds to the
Lagrange bracket of functions. Again, the action of Cont(W, [a]) has no local invariants, however,
these arise when we restrict to finite-dimensional subalgebras/subgroups. Namely, functions H
quadratic in x,y,z with weights w(x;) = 1 = w(y;), w(z) = 2 form a subalgebra isomorphic to
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csp(2n,R). For functions of degree <2 we get the affine extension (R & sp(2n,R)) x heis(2n + 1)
by the Heisenberg algebra. For simplicity, we will concentrate on the action of sp(21,R), and then
comment how to extend to the conformally symplectic algebra and include the translations.

It is interesting to remark on the computational aspect of the results. There are two approaches
to compute differential invariants. The infinitesimal method is based on the defining Lie equations
and works universally for arbitrary Lie algebras of vector fields. The moving frame method is based
on elimination of group parameters and is dependent on explicit parametrization of the Lie group
(or pseudogroup in infinite-dimensional situation) and its action. In MAPLE, these in turn rely on
pdsolve and eliminate commands or some algorithmically optimized versions of those (via Grobner
basis or similar). For the problem at hand, we can use both since one can locally parametrize the
group Sp(2n,R) and its linear action. The Lie algebra method works well in dimension 2 (symplectic
case n = 1) and fails further. The Lie group method works well in dimension 3 (contact case n = 1)
and fails further. Computational difficulties obstruct finishing calculations already in dimension 4
with these straightforward approaches. We show, however, how other geometric methods allow to
proceed further.

This paper is partially based on the results of [12], extending and elaborating it in several respects.
Some applications will be briefly discussed at the end of the paper. The paper is organized as follows.
In the next section, we recall the basics. Then, we describe in turn differential invariants of functions,
curves and hypersurfaces in symplectic vector spaces, and also discuss the particular case of surfaces in
R*. Then, we briefly discuss the invariants in contact vector spaces and demonstrate how to compute
differential invariants for conformal and affine extensions from our preceding computations.

We present most computations explicitly. Some large formulae are delegated to the Appendix A,
the other can be found as Supplementary Material in this article.

2. Recollections and Setup

We refer to [13] for details of the jet-formalism, summarizing the essentials here.

2.1. Jets

Let M be a smooth manifold. Two germs at a € M of submanifolds Ny, N, C M of dimension n
and codimension m are equivalent if they are tangent up to order k at a. The equivalence class [N
is called the k-jet of N at a. Denote J¥(M, 1) the set of all k-jets at a and J¥(M, 1) = UzemJ¥(M, n) the
space of k-jets of n-submanifolds. This is a smooth manifold of dimension 1 + m(" Zk ) and there are
natural bundle projections my; : JK(M,n) — J'(M,n) for k > 1 > 0. Note that J°(M,n) = M and
JY (M, n) = Gry,(TM), while 7ty 1 : J(M,n) — J¥=1(M, n) are affine bundles for k > 1.

Since functions f € C*°(M) can be identified with their graphs ©.; C M x R, the space of k-jets of
functions J*M is defined as the space of k-jets of hypersurfaces © C M x R transversal to the fibers
of the projection to M. This jet space embeds as an open subset into J*(M x R, n), where n = dim M
(and m = 1) and so its dimension is n + (";{k).

Sometimes, we denote spaces J*M and J¥(M, n) simply by J¥. The inverse limit along projections
Tk k—1 yields the space | = @ JE. ‘ o

In local coordinates (x,y) on M a submanifold N can be written as y/ = y/(x'),i = 1,...,n,
j=1,...,m. Then the jet-coordinates are given by x([N]¥) = 4/, y{,( [N]K) = a;;!!] (a) for a multi-index
o= (i1,...,iy) of length |o| = Y] is < k.

For the jets of functions u = u(x) we use the jet-coordinates x'([u]X) = a, us([u]k) = aa‘jv" (a).
We sometimes also write u instead of 1y, and we often lower indices for the base coordinates, like x;
instead of x' etc, if no summation suffers.
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2.2. Prolongations

A Lie group action on a manifold M is a homomorphism ® : G — Diff(M). Any g € G determines
a point transformation ®¢(a) = ¢ -4, a € M. This induces an action on germs of submanifolds, hence
on jets of submanifolds, namely

@ (INJE) = [@g(N)]f, (-

Similarly, if X is a vector field on M, corresponding to the Lie algebra g = Lie(G), the prolongation
or lift gives a vector field X®) on JK. If (x,u) are local coordinates on M (with x! interpreted as
independent and u/ as dependent variables) and the vector field is given as X = a’d,; + b/d_;, then its
prolongation has the form

wir

x® =gl 1 Y Dy (gh)a

J(i
lo|<k 7

where ¢ = (¢',...,¢") and ¢/ = b/ — uiu{ is the generating vector-function, D,i = d,i + ¥« u/% +1iauL
(k+-1)

is the total derivative, D ;" its truncation (restriction to (k + 1)-jets: |7 < k) and Dy = Di(ll ... Dh,

for o = (iy,...,iy) is the iterated total derivative.

2.3. Differential Invariants

A differential invariant of order k is a function I on J¥, which is constant on the orbits of &)
action of G. If the Lie group G is connected this is equivalent to Ly [ = 0 for all X € g (some care
should be taken with this statement, mostly related to usage of local coordinate charts in jets, see the
first example in [14]).

The space of k-th order differential invariants forms a commutative algebra over R, denoted by
Ay. The injection 7, ;  induces the embedding Ay C Ay, and in the inductive limit we get the
algebra of differential invariants A C C®(J*), namely

A= lim Ay.

Denote by G, = {g € G : g-a = a} the stabilizer of € M. This subgroup of G acts on JX.
The prolonged action of G is called algebraic if the prolongation Gﬁm is an algebraic group acting
algebraically on J¥ V¥ a € M. For our problem, the action of G on M is almost transitive and algebraic,
so by [14] the invariants I € A can be taken as rational functions in jet-variables u/,; moreover they may
be chosen polynomial starting from some jet-order. This will be assumed in what follows.

In our situation A is not finitely generated in the usual sense since the number of independent
invariants is infinite. We will use the Lie-Tresse theorem [14] that guarantees that A is generated by a
finite set of differential invariants and invariant derivations.

Recall that an invariant derivation is such a horizontal (or Cartan) derivation V : A — A
(obtained by a combination of total derivatives) that it commutes with the action of the group: Vg € G
we have g£k+l) VvV = Vgim for k > ko, where k is the order of V, which can be identified with the
highest order of coefficients in the decomposition V = ¥ ;a'(x, u{,)Dxi. Equivalently we can write
VX € g Lywi)V = VL fork > ko. This implies V : Ay — A, in the same range.

Invariant derivations form a submodule CD® C CD(J®) in the space of all horizontal derivations.
It is a finitely generated .A module: any V € CDC has the form V = I'V; for a fixed set V; and I' € A.
By ([14] Theorem 21), the number of derivations V; is n.

We compose iterated operators V : Ay — A ;) for multi-indices ], and then A is generated by
V1 for a finite set of I;.

2.4. Counting the Invariants

An important part of our computations is a count of independent differential invariants.
Denote the number of those on the level of k-jets by si. This number is equal to the transcendence
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degree of the field of differential invariants on J¥ (when the elements of Ay are rational functions) and
it coincides with the codimension of G*) orbit in J*.

Since in our case G is a (finite-dimensional) Lie group, the action becomes eventually free,
ie., Gy;) = id for sufficiently large k > ¢ and generic a; € J¥ cf. [1]. In this case, the orbit is
diffeomorphic to G, in particular s; = dim J* — dim G for k > ¢.

The number of “pure order” k differential invariants is /i = sy — sx_1, so it becomes

e = dim J* — dim J© 1 = m("“,;*l) for k > .

The Poincaré function P(z) = Y3, hzF is rational in all local problems of analysis according to
Arnold’s conjecture [15]. In our case, this P(z) differs from m (1 — z) " by a polynomial reflecting the
action of G.

Note that by the eventual freeness of the action, the algebra A is generated by invariants and
derivations at most from the jet-level .

2.5. The Equivalence Problem

The generators [; (1 < i < s), Vj (1 < j < n) are not independent, i.e., the algebra A is not
freely generated by them, in general. A differential syzygy is a relation among these generators.
Such an expression has the form F(Vj, (I;,),..., V},(I;;)) = 0, where F is a function of t arguments
and [y, ..., J; are multi-indices. Choosing a generating set F, of differential syzygies, we express

A= (L;;Vj|F).

This allows to solve the equivalence problem for submanifolds of functions with respect to G as
follows. Consider the above Lie-Tresse type representation of A. The collection of invariants I;, V;(I;)
(totally r functions) allows to restore the generators, while the relations F, constrain this collection.
Any submanifold N (for function f given as the graph Xy ~ M) canonically lifts to the jet-space J*:
N > aw [N Wethusmap ¥ : N — R”, ¥(a) = (L([N]?), V;(I;)(IN]?)). Due to differential
syzygies the image is contained in some algebraic subset Q C R’. Two generic submanifolds N, N»
are G-equivalent iff ¥(N;) = ¥(N,) as (un-parametrized) subsets.

2.6. Conventions

All differential invariants below are denoted by I with a subscript. The subscript consists of
a number and a letter. The number reflects the order of an invariant, while the letter distinguishes
invariants of the same order. If no letter is given, there is only one new (independent) invariant on the
corresponding jet-space.

The symplectic Hamiltonian vector field in canonical coordinates on V has the form Xy =
Y.i Hy,0x; — Hy,dy,. The Poisson bracket given by [Xf, X,] = X{f’g} is equal to

o (of a8 8f9g>
{f'g}*,»:ﬁ(axfayi avix,)

A basis of quadratic functions (x;x;, x;yj, yiy;) > f gives a basis of vector fields X forming sp(21, R).
This may be extended to csp(2n, R) by adding the homothety { = Y, x;9y, + y;0y,; that commutes with
sp(2n, R).

The contact Hamiltonian vector field in canonical coordinates on W has the form Xy = Hd, +
v D (H)ay, — H, DY = (H — LyiHy,)d: + Y} (Hx, + yiH2)dy, — Hy,dx,. The Lagrange bracket
givenby [Xy, X,] = X5, is equal to

_y(9f9g 08 9f - (9f 98 9gof dg _ of
Lfrﬂ*[l(afxiafyi 3% 3y +2y1 azay;  ozay + fg 83, )"

i=1 i=1
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A basis of quadratic functions (x;x;, x;y;,y;y;) > f gives a basis of vector fields Xy forming sp(2n, R).
This may be extended to ¢sp(2n, R) by adding the homothety X; = Y, x;0x, + 9y, + 220; for f =
2z — Y_; x;y; that commutes with sp(2n, R).

3. Functions on Symplectic Vector Spaces

The group G = Sp(2n, R) acts almost transitively on V = R?" (one open orbit that complements
the origin), and it is lifted to J°V = V x R(u) with Iy = u being invariant. The prolonged action has
orbits of codimension 2 on J1V (one more invariant appears) and then the action becomes free on J2V.

An invariant on J! is due to the invariant 1-form du and the invariant (radial) vector field
¢ = Yi xi0x; + yidy,: their contraction yields

n
I =du(?) = Z Xilly; & Yilly;.
i=1
3.1. The Case of Dimension 2n = 2

Here V = R?(x, y). To compute differential invariants of order k we solve the equation £ =0,

I € C=(J*V), for a basis of the Lie algebra sp(2, R) = sl(2,R): X; = xdy, Xo = x9x — ydy, X3 = yox.
For k = 2, in addition to Iy and I;, we get

Py + 2xYtiyy + Yty

IZu

Ly = Xtytixy — Yiixtlyy + (Yiby — Xty ) Uy,
2 2

Uity — 2Uxlylixy + Uy Uy

IZC

These invariants are functionally (hence algebraically) independent.
To determine the invariant derivations, we solve its defining PDE. The invariant derivations of
order k = 1 are linear combinations of

V1 =xDx+yDy, Vi =uyDy—uyDx.

Let A denote the algebra of differential invariants, whose elements can be assumed polynomial
in all jet-variables. Since the obtained invariants are quasi-linear in their respective top jet-variables,
and this property is preserved by invariant derivations, the algebra A is generated by them.

To find a more compact description, note that I; = V(Ip) and

Ly =V3(Ip) — Vi(l), Ly=—VaVi(l).

Thus only Iy and I suffice to generate A.
To describe the differential syzygies, note that Vy(Ip) = 0, and the commutator relation is

I by — I
[Vy, Vo] = Iibvl + %vz.
1 1

In addition, when applying V1, V3 to Ip,, Ipp, Inc and using the commutator relation we get five different

invariants of order 3, while there are only four independent 3-jet coordinates. Thus computing the
symbols of the invariants and eliminating those coordinates we obtain the remaining syzygy:

(Va(lop) + Vi(lo)) s = (3La — I) Ioc + 313, = 0.
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To summarize, define

R1 = Va(Dp),
Ry = h[V1, Vo] = Vi — (ba — 1) V2,
R3 = [1Va(loy) + [Vi(Le) — (3L — ) e + 313,

Then, the algebra of differential invariants is given by generators and relations as follows:

A= (o, Ibe; V1, V2| Ri,Ro, R3).

3.2. Another Approach forn =1

We act similar to [16].

Note that V corresponds to the radial vector field { and V, = w~Ydu, where d is the horizontal
differential (in this case d=dx®Dy+ dy @ Dy, so du = uydx + uy dy). To find further invariants and
derivations we consider the quadratic form

Q2 = dPu = ugpdx® + 2uyydx dy + uwdyz € mS2THV.

Lowering the indices with respect to the symplectic form (or partially contracting with w™' = 9 A 9,)
we get the endomorphism

A=w Q= UyyOx @ dY — Uyydy @ dY + Urydx ® dX — Uxxdy @ dx.
This can be lifted to the Cartan distribution on J* and thus applied to horizontal fields:

AV = (Xxy + Yty ) Dy — (Xtizx + Yitxy) Dy,
AV = (Uxttyy — thyliy) Dy — (txthxy — Uylizy) Dy.

These are also invariant derivations and they can be expressed through the previous as follows:
I I I I
AV, = ,ﬂvl,ﬂvzl AV, = EVIJFQVZ_
L I I L

Note also that I, = Q2(V1, V1), Iy = —Q2(V1, V2), I = Q2(V2, V2), so that we can generate all
the invariants uniformly.

3.3. The General Case

In general dimension 2n we still have the invariant derivations V; corresponding to the radial
field ¢ and V, = w™1Q for Q; = dly. Then, the horizontal field of endomorphisms A = w™1Q, for
Q = 21y generates the rest: the invariant derivations V;,, = AV, (alternatively V; , = AlVy)
fori=1,...,2n — 2 are independent (also with V1, V) on a Zariski open subset in the space of jets.
This gives a complete set of invariant derivations Vy, ..., Vy,.

Taking into account I; = V;(I) the generating set of invariants can be taken I and L =
Q(V;,V j). By dimensional count and independence it is enough to restrict toi = 1,2and 1 < j < 2n.
We obtain:
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Theorem 1. The algebra of differential invariants of the G-action on J® (V) is
A =Ty, Ii, hj; Vi | Ry)
for some finite set of differential syzygies R.

This is a Lie-Tresse type of generation of .A. Note also the following (non-finite) generation of this
algebra. The higher symmetric differentials Q; = d*u € 7} S¥T*V can be contracted with invariant
derivations to get k-th order differential invariants Qx(V;,, ..., V; ). These clearly generate .A.

There is an algorithmic way of describing relations (syzygies) between these invariants similar
to ([16], Section 4). We refer for explicit formulae of invariants to [12] for n = 2.

4. Curves in Symplectic Vector Spaces

Locally a curve in R2" ig given as u = u(t) for t = x; and u = (xp,..., %4, ¥1,...,Yn) in the
canonical coordinates (x1, X2, ..., Xy, Y1,.-.,Yn) . The corresponding jet-space ]k(V,l) has coordinates
u;, | < k, where [ stands for the I-tuple of t. For instance, N V,1) = R4"’1(t, u,u1). Note that
dim JK(V,1) = 2n 4 k(2n — 1).

4.1. The Case of Dimension 2n = 2

Let us again start with the simplest example V' = R2(x,y). The jet-space is J<(V,1) =
R2(x,y,y1,...,yi). Here G = Sp(2,R) has an open orbit in J'(V, 1), and there is one new differential
invariant in every higher jet-order k.

Let us indicate in this simple case how to verify algebraicity of the action (this easily generalizes

to the other cases and will not be discussed further). The 1-prolonged action of g = (? Z) €Gis

q)él)(x,y,yl) = (ax + by, cx + dy, Z]:;l i;) .
Since the action is transitive on J%(V,1) \ 0 = R2, choose p = (1,0) as a generic point. Its stabilizer is
_Jf(1 b
S\ 1
Thus, the Lie-Tresse theorem [14] applies and the algebra of invariants .4 can be taken to consist
of rational functions in jet-variables, which are polynomial in jets of order >2.
The first differential invariant is easily found from the Lie equation:

Gy C G. The action of this on the fiber 77 5 (p) is algebraic: y; — by{ﬁ'

L= Y
(xy1 —y)?

Similarly, solving the PDE for the coefficients of invariant derivation, we find

= 1 D
Xy1—Yy

Now by differentiation, we get new differential invariants I3 = VI, Iy = V21, etc. Since these are
quasilinear differential operators, they generate the entire algebra. In other words, the algebra of
differential invariants is free:

A={(I; V).
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4.2. The Case of Dimension 2n = 4

Let us use coordinates (t,x,y,z) on V = R* with the symplectic form w = dt A dy + dx A dz.
Note that dim ]k(V, 1) = 3k + 4, and the jet-coordinates on Jk are (t,%,9,2,..., %, Yk, 2k). The action
of G =Sp(4,R) on ]k(V, 1) has orbits of dimensions 4,7,9,10 for k = 0,1, 2, 3 respectively. Thus the
first differential invariant appears already in jet-order 2, then two more appear in jet-order 3, and then
hy = 3 new invariants in every jet-order k > 4.

The infinitesimal and moving frame methods fail to produce enough invariants here, so we apply
more geometric considerations.

We exploit that G preserves the symplectic form on V, but also the fact that the action is linear,
so the vector space structure of V is preserved as well. In particular, the origin is preserved, so we
can form a vector from the origin to any point p = (,x,,z) € J°(V,1). Denote the corresponding
vector by

vo = (t,%,Y,2) = td; + x0x + ydy + z0:.

Consider the space of 1-jets of unparametrized curves J'(V,1). For a parameterization of the
curve ¢ = (t,x(t),y(t),z(t)) the tangent vector at any point of this curve can be computed as w; =
Dtm = 0t + X109y + Y10y + 210z, which is rescaled v1 = Bw; upon a change of parametrization. To make
vy invariant we fix by the condition w(vp, v1) = 1. This normalization = 1/(ty; + xz1 — x12 — )
gives a canonical horizontal (that is tangent to the curve) vector field, which can be interpreted as an

invariant derivative 1

Dy
(tyr +x21 —x12 — Y)

The further approach is as follows. On every step there is a freedom associated to a
parameterization of a given curve. Fixing it in a canonical way via evaluation with the symplectic
form, we obtain invariantly defined vectors and henceforth invariants.

On the first step, changing the parameterization ¢ = c(t) to another parameterization ¢ = ¢(7)
results in a change of the tangent vector by the chain rule:

dc _drtdc

dt — dtdt’
This can be written as wy = kv, for dt/dt = k;. The vector wy, associated with a specific choice of
parameterization, is not canonical but convenient for computations. The above normalization k; =1/

makes vq a canonical choice.
The change of parameterization on 2-jets gives

Po_ e (dr\? de b
a2~ dr2 \ dt dt dr?’

Denote v = d*c/dt?, wy = d?c/dt? and d?>t/dt? = ky. The equation becomes
g2
Wy = vZkl + Ulkz.
In the parameterization ¢ = ¢(t) the acceleration is wp = (0, x2, 2, 22). We solve for v, as

— wy — Ulkz

2 = 71{% .
Then, k; can be fixed by w(vg, v2) = 0. This uniquely determines v,, which can now be used to find
the first differential invariant. In fact, I, = w(vy,v;) is a differential invariant of order 2. In coordinates

X122 — Z1X2 + Y2
(tyr +xz1 — zx1 — y)%’

L =w(vy,02) =
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There are 2 independent third order invariants by our dimension count. The first can be obtained
as V(I), to find the second we exploit the above normalization method on 3-jets. The change of
parameterization is

#c  dBe (dr\* | dPcdrdr | dedit
B~ av <E> a2 dt a2

d2d d e
Again, rewrite it in simpler notations as
w3 = U3k% + 3k1kpvy + k3vq.
Here, w3 = (0, x3,y3,z3) and the unknown k3 can be fixed by the condition w(vg, v3) = 0, where

w3 — 3k1k2'02 - kg’()l
U3 = k—3
1

This uniquely determines v3, which allows the computation of two new differential invariants:
I3g = w(v1,03),  Isp = w(v2,03).

The invariants I3, and I3, are independent, but I3, can be expressed through V (I), so it is not required
in what follows.
Finally, we explore the forth order chain rule

de  dhe (dr\*  Be (dr\ Pt dPc [ drdit 2\*\  ded*t
=gl ) toes 5 gt o 458 3 g +——
dtt  drd \ dt dr3 \ dt ) dt dt dt dt dt dt dt
that can be written as
wy = U4k[1l + 603]{%]{2 + vy <4k1k3 + Bk%) + v1ky

with wy = (0, x4, Y4, 24). Find ky by w(vg, v4) = 0. This uniquely determines vy, then the invariants of
order 4 are found by the formulae

Ly = w(v1,v4), Iy = w(vo,v), Iie = w(v3,04).

These are independent, but Iy, and Iy, can be expressed by the invariants of order 3 and the invariant
derivation, so they will not be required in what follows.

This gives the necessary invariants to generate the entire algebra of differential invariants.
To summarize, if we denote I3 = I3, and Iy = I, then the algebra of differential invariants is
freely generated as follows

A= (I, I3,1; V).

The explicit coordinate formulae of invariants are shown in the Appendix A.

4.3. The General Case

In dimension dimV = 2n the following dimensional analysis readily follows from the
normalization procedure developed above.
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Jet-level k | dim J*(V,1) G-orbit dimension # new invariants hy,
0 2n 2n 0

1 4n—1 2n+(2n—1)=4n—1 0

2 6n—2 (4n—1)+(2n—-2)=6n-3 1

3 8n—3 (6n—3)+ (2n—3)=8n—6 2

4 101 — 4 (8n—6)+ (2n—4)=10n—10 | 3

k 2n+k(@2n—1) | 2(k+1)n— (*Fh) k=1

-1 @n—1)2+2n | (4 2 —2

2n 4n? - -+ stabilized 2n—1

In particular, the number of pure order k differential invariants is iy = k — 1 for 1 < k < 2n and
hy =2n — 1 for k > 2n.

If the canonical coordinates in R?" are (¢, x, Yy, z), where x and z and (1 — 1)-dimensional vectors,
then the invariant derivation is equal to

1
(b1 —y+xz—x2)

D;.

We also obtain the first differential invariant of order 2

__(mz =3z 1)
(ty1 —y+xz1 —x12)%"

Then, we derive the differential invariant V(I,) and add to it another differential invariant I3 of order
3. Then, we derive the differential invariants V2(I), V(I3) and add another differential invariant I of
order 4. We continue obtaining new invariants by using the higher order chain rule and normalization
via the symplectic form up to order 2#.

In summary, we obtain 2n — 1 independent differential invariants I,..., I, of orders
2,...,2n respectively.

Theorem 2. The algebra of differential invariants of the G-action on [*(V,1) is freely generated as follows:
A= (L,...,ILy; V).

5. Hypersurfaces in Symplectic Vector Spaces

Since hypersurfaces in R? are curves, the first new case come in dimension 4. We consider this
first and then discuss the general case.

5.1. The Case of Dimension 2n = 4.

Let V = R?% denote its canonical coordinates by (x,y,z,u) with w = dx Adz + dy A du.
Hypersurfaces can be locally identified as graphs u = u(x,y, z) and this gives parametrization of an
open chart in | k (V,3). We use the usual jet-coordinates iy, tixy, iy, etc.

As is the cases above, straightforward computations become harder. Maple is not able to compute
all required invariants and derivations, so we again rely on a more geometric approach. Before going
through the method, we investigate the count of invariants.

The group G = Sp(4, R) acts with an open orbit on J(V,3). On the space of 1-jets the dimension
of the orbit is 7 = dim J!(V, 3), hence there are no invariants. The orbit stabilization is reached on
J2(V, 3), where the action is free. The rank of the action is 10 and dim ]z(V, 3) =13, so there are h, = 3
independent differential invariants. For k > 2, the number of new differential invariants is 1 = (k '52)
In particular, h3 = 10.
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The number of independent invariant derivations is 3, so these and 3 invariants of order 2
generate a total number of 9 invariants of order 3. In addition, commutators of invariant derivations
Vi, Vil=1 ,ijk give up to 9 more differential invariants of order 3. We will confirm that the totality of
these 18 contain 10 independent invariants of order 3, and hence suffice to generate also the differential
invariants of higher order.

The O-jet p = (x,y,z,u) € | O(V, 3) can be identified with the vector from the origin to this point,
which we denote by

vo = (X,Y,2,u) = x0x + Yoy + 20z + udy.

The 1-jet of a hypersurface ¥ = {u = u(x,y,z)} can be identified with its tangent space
Ty = (Dx + uxdu, Dy + tydu, 3 + 129,) = (DL, DY, D).
The orthogonal complement to T, with respect to w is generated by
w1 = dy — Uz0x + Ux0z + Uydy,

that is T,Z+“ = (w;). The vector w; is determined up to scale, which we fix via the symplectic form
so: v1 = kyw; must satisfy w(vp,v1) = 1. This normalization gives k1 = 1/ (xuy + yuy + zu, — u),
so the canonical vector v; is equal to

1

= R —— TR — (Qy — uz0x + 1x0z + 1ydy).

This vector field is tangent to the hypersurface, so it is horizontal and can be rewritten in terms of the
total derivative. This yields the first invariant derivation:

v, — Dy — u;Dy + uyD;
1= Xy + YUy + 2tz —u’

Let g = —u + u(x,y,z) be a defining function of the hypersurface & = {g = 0}. We have
T, = Kerdqg. A change of the defining function 4’ = fq of &, with f € C®(V) such that f|5 # 0, has
the following effect on the differential: dq’ = qdf + f dq. Therefore at p € ¥ we have d,q’ = f(p)dpq
and so TpX = Kerdyq'.

Next we compute the second symmetric differential d%q of the defining function for X. A change
of the defining function g’ = fg has the following effect on the second differential:

d*q' = d(d(fq)) = d(qdf + fdq) = qdf +2df dqg + f &%,
At the points p € X this simplifies to
dpq = 2dpfdpg+ f(p) dyg.
Restricting to the tangent space of X gives

d2q/

_ 2
1,z = f(P)dq|p 5

Thus, the defining differential dq and the quadratic form d2q are defined up to the same scale.
We fix it again via the symplectic form: dp,q" = kod,q must satisfy dpq'(vg) = 1, i.e., ko = 1/dq(vg) for
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generic 1-jets. This normalization gives the quadratic form d%¢’|7,s = kzdzq|sz = dzq}m /dq (o).
In coordinates, with ¢ = —u + u(x,y,z), we get the expression

Uxrdx? + 2uyydxdy + 2uyzdxdz + uwcly2 + 2uydydz + 1y,d72
Xy + Yiy + zu; — U ’

Q= dzﬂm -
The first invariant is then computed by

U212z — Uizt + Uty + tixtlyz — Uzl + Uy

by = ) =
2 = Qlon o) (xuy + yuy + zu, — u)3

Let us summarize the geometric data encoding the 2-jet that we obtained and which are supported
on the 3-dimensional tangent space T,X: the invariant vector v, the symmetric 2-form Q of general
rank, the skew 2-form w|r,y, of rank 2 (v; spans its kernel), and 1-form « = w(v, ). These data
give a canonical splitting of the tangent space TyX = (v;) ® II, where IT = Ker(x). Indeed,
v1 ¢ Ker(a) because w(vp, v1) = 1 by the normalization. Using this data, we can construct 2 more
invariant derivations.

Choose a nonzero w3 € I1, Q(vy, w3) = 0. Then, choose w; € I1, Q(wy, w3) = 0. For generic
2-jet, the vectors wy, w3 are defined up to scale that we fix so: v € (wy), v3 € (w3) must satisfy
Q(o1,v2) =1, w(vz,03) = 1.

Since vy, v3 € TpL are horizontal, they generate two invariant derivations V3, V3. Additionally
we get 2 differential invariants:

Ly = Q(v2,v2), I = Q(v3,03).

A calculation of the rank of the corresponding Jacobi matrix shows that these are independent, and
moreover, that the data generate all differential invariants of order 3. Then, by independence of
V1, V3, V3 all higher order invariants can be derived, so for a finite set of differential syzygies R,
we get:

A = (Iog, Iy, Ioc ; V1, V2, V3 | Ry)

The coordinate formulae can be found in [12] (note that renumeration v, <+ v3 and a different
normalization is taken here).

5.2. The General Case

Now, we consider jets of hypersurfaces & C V = R?" for general 1 and compute their differential
invariants with respect to G = Sp(2n, R).

By the Lie-Tresse theorem [14] the algebra A can be assumed to consist of rational functions on
J®(V,2n — 1), which are polynomial in jet-variables of order > 2.

The dimensional count easily generalizes to give iy = hy = 0, = 2n — 1 and Iy = (¥ 2**) for
k > 2. There will be 2n — 1 independent invariant derivations V;, and as before these together with
second order invariants Irs (1 < s < 2n — 1) and the structure coefficients If‘]- of the horizontal frame
V; will suffice to generate all invariants.

We again have the position vector vy, the tangent vector v1 normalized by w(vy,v1) = 1, and the
quadratic form Q on TpX. From this data in a Zariski open set of | 2(V,2n — 1) of generic 2-jets we get
a canonical basis vy, ..., v2,_1 by normalizing in turn via w and Q as follows (we repeat steps 0 and 1
that are already performed).

Step 0: sz = <U1, ey Z)zn_1>.
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Step 1: Choose v1 by (v1) Lo (v1,...,024-1), (V2,...,V2n—1) Lw (v0). Normalize w(vg,v1) =1
Step 2: Choose v by (v3, ..., v2,-1) Lg (v1), (v2) Lo (v3,...,02,—1). Normalize Q(v;,v;) = 1.
Step 3: Choose v3 by (v3) Lw (03, ..., 02n-1), (Vg, ..., V2 1) w (v2). Normalize w(vy,v3) =1
Step 4: Choose vy by (vs, ..., 02,-1) Lg (v3), (va) Lo (vs,...,02,—1). Normalize Q(v3,v4) = 1

Inductively, we get the interchangeable steps as follows.

Step (2r — 1): Choose vy,—1 by (v2r—1) Lw (V2r—1,---,V2n-1), (V2r, -+, V2n—1) L (V2r-2).
Normalize w(vy,—2,v,—1) = 1.

Step 2r: Choose va, by (var41,...,020-1) Lo (v2—-1), (v2r) Lo (V2r41,.-.,v20—1). Normalize
Q(var—1,v2,) = 1.

The procedure stops at step (21 — 1). The frame v; is canonical:
w = L AN W AN Yo R ol P, WA 7y P
The only non-constant entries of the Gram matrix of Q in the basis v; are diagonal Q(v;, v;) = I, for
1 <i < 2n. The Gram matrix consists of (n — 1) diagonal blocks of size 2 x 2 and 1 diagonal block of
size 1 x 1 as follows:

Q v Uy U3 U4 ... Upy-3  Uop-p  Uop-1
v, |y 1 0 0 .. 0 0 0
%) 1 Ly 0 0o ... 0 0 0
(%3 0 0 12,3 1 e 0 0 0
Vg 0 0 1 12,4 0 0 0
U2p—-3 0 0 0 0 e 12'2,,,3 1 0
Uopn—2 0 0 0 0 e 1 Izrznfz 0
V2p—1 0 0 0 0 .o 0 0 12'2,[_1

The horizontal vector fields v; correspond to invariant derivations V]-, 1 <j < 2n-1
To summarize, we obtain the following statement.

Theorem 3. For the G-action on [*(V,2n — 1) the algebra A is generated by the differential invariants I ;
and the invariant derivations V]-, where1 <1i,j <2n—1.

6. General Submanifolds in a Symplectic Vector Space

The case of submanifolds of dimension and codimension greater than 1 is more complicated, no
straightforward computations work for G = Sp(2n, R) action on J*(V,m), V = R?". Yet, the geometric
methods applied above do generalize, and to illustrate this, we consider the simplest case n = m = 2
and then remark on the general case.

6.1. Surfaces in a Four-Dimensional Symplectic Space

The action has an open orbit in | 1 (V,2), but becomes free on the level of 2-ets.
Since dim J?(V,2) = 14 we get hp = 4 differential invariants of order 2 and then at every higher
order k > 2 there will be iy = 2(k + 1) new invariants.

There will be two independent invariant derivations. Applying those to four differential invariants
of the second order gives a total of 8 invariants of order 3. A direct computation shows that
these are functionally (hence algebraic) independent. Since h3 = 8 this is enough to generate all
differential invariants.

In this case the algebra A of differential invariants can be chosen to consist of rational functions
that are polynomial in jets-variables of order >2.

Having done the counting, we can proceed with the geometric approach. Choose canonical
coordinates (t,s,x,y) on V = (R*,w). Locally surfaces in V are given as & = {x = x(s,t),y = y(s,t)}.
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Here s, t will be treated as independent and x, y as dependent variables, whence the coordinates on
J=(V,2).

The O-et p = (t,5,x,y) € J° can be identified with the vector to that point from the origin
vg = td; + 805 + X9y + ydy.The 1-jet can be identified with the tangent space

Tpx = <D§1),D£1)> = (0 + x40y + Y19y, Os + Xs0x + YsOy).

Equivalently, if the surface is described by £ = {f = 0,¢ = 0} with f = x — x(¢,s) and g =y — y(t,s),
then TpX = Ann(d, f,d,g), where d, f = dx — x;dt — xsds and d,g = dy — y,dt — ysds.

The restriction of w to T,% has rank 2 on generic 1+ets, so T,Z is a symplectic subspace of
dimension 2 and T,V = T,Z & T,Z1¢.

Denote by my : T,V — Tp,Z and m, : T,V — T,EZ'¢ the natural projections with respect
to this decomposition. Further for v € T,V denote v = oll + o+, where ol = m(v) € TpX and
ot = m(v) € T,Zt.

Thus, 1-jet [Z}}, is entirely encoded by (T,Z, w|r,s, v(‘)‘) and (TPZJ“",MT’”ZM, vy ). Note also that
Ann(T,X) is identified with T,Z% by the symplectic form w.

Moving on to 2-jets there is more structure on the tangent space. The defining functions f, g can be
changed to F = af + Bg, G = vf + dg, where a, B,, 6 are arbitrary functions that satisfy ad — By # 0
along >. Then £ = {F = 0, G = 0} and the tangent space can be described as the annihilator of the
differentials of the new defining functions at p € X:

dpF = a(p)dpf + B(p)dps,
dpG = y(p)dpf +(p)dpg.

Next, compute the second symmetric differential of f, ¢ and restrict to T,X. Doing the same for F, G
results in

dyF = a(p)dyf + B(p)dsg,
dyG = y(p)dsf +8(p)dyg.

This gives a 2-dimensional space Q = <d% f |Tpg,d§g\sz) = <d§F T,/ d%,G|Tp2) of quadratic forms, and
the above formulae show that there is a natural isomorphism between Ann(T,X) C T;V and Q. Our
goal is to find a canonical basis Q1, Q> in this space.

Let Q; € Q be given by the condition Ql(vg,v(‘)‘) = 0. This ensures that Q; has a Lorentzian
signature or is degenerate, and for a generic 2-jet we get that Q; is non-degenerate. The vector v(‘)‘
becomes null-like vector for Q; that is yet defined up to scale. A Lorentzian metric on the plane has
two independent null-like vectors and this gives a way to fix Q; and a vector wl € T,X complementary

to v(‘l as follows:

w(v(‘)‘,wu) =1, Q(wl,wl) =0, Ql(vg,wu) =1

Note that this does not involve square roots, but only linear algebra. Indeed, the first condition fixes
the second null-like vector up to change wl + wl + kv(‘)‘. The second condition fixes k and the last
normalizes Q1.

The quadratic form Q; corresponds to a 1-form ¢; € Ann(T,X) such that the symmetric
differential of an extension of ¢y to a section of Ann(TX), restricted to T,X equals Q; = d;ymal.
Then, fix w' € T,Z1“ uniquely by the conditions o7 (w') = 0, w(vg, w*) = 1 (for a generic 2-jet
a1(vy) # 0).

Then, define o € Ann(T,X) by the conditions 0»(vg) = 0, o»(w') = 1. This gives a unique
1-form independent of ¢y. It in turn corresponds to a quadratic form Q, = d;,ymdz‘
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The remaining evaluations yield differential invariants
Ly =01(vg), Iy = Qz(v(']‘,v(‘l), I = Qz(vﬂ,w”), Ly = Qo(wl, wl).

The vectors vg and wll are tangent vectors to X (horizontal) so they correspond to the invariant
derivations V1, V; and we conclude:

Theorem 4. For the G-action on [*(V,2) the algebra A is generated by the differential invariants
by, Iy, Ie, Iy and invariant derivations V1, V.

The explicit form of these generators in jet-coordinates can be found in [12].

6.2. A Remark about the General Case

In general, it is easy to check that G = Sp(2n, R) acts with one open orbit in | YV, m), V=R,
so there are no first order invariants. However, there are always second order invariants. Their number
is at least dim J2(V,m) — n(2n + 1), but this can be non-positive for m < n.

Thus, combining the ideas on differentials and quadratic forms with w-orthogonal complements,
one can get some of the invariants. If they are not sufficient, third and higher symmetric powers d” f of
the defining functions f should be explored.

From the investigated cases, we cannot observe a pattern and hence cannot universally describe
all differential invariants of G = Sp(2#n, R) action on J®(V,m), V = R?",

7. Note on Extension of the Group

One can also consider invariants of functions and submanifolds in symplectic V = R?* with
respect to conformal symplectic group CSp(2n,R) = Sp(2n,R) x R4, the affine symplectic group
ASp(2n,R) = Sp(2n,R) x R?" and affine conformal symplectic group ACSp(2n,R) = CSp (21, R) x
R?". Denote a group in this list by H.

Since our G is a subgroup of H, the algebras of differential invariants Ay for each of the cases
are subalgebras in the algebra Ag that we previously computed (enhanced notations should be
self-evident). One imposes the homogeneity assumption or translation-invariance or both on a general
combination of invariants.

Let us discuss how to do this in all three cases. For brevity of exposition, we restrict to the case
n = 1 (functions and curves on symplectic plane), the general case is similar.

7.1. Conformal Symplectic Group Action: Functions

Consider functions on the conformal symplectic plane, H = CSp(2n,R). For n = 1 observe
H ~ GL(2,R). We recall the invariants from Section 3.1 and note that all of them are homogeneous
with respect to scaling § = xdx 4 ydy, corresponding to the center of = gl(2,R). Restricting to
invariants and derivations of weight 0 we obtain the algebra of differential h-invariants.

The invariants Iy, I; have weight 0, and the invariants I, Ip,, . have weights 0, -2, —4
respectively. Therefore, for the new algebra Ay there are two independent invariants of order <1 and
two additional invariants of order 2, namely Iy, I, I, and Iéb = 12;72125 in the notations of Section 3.1.

The invariant derivations are V1, V, of weights 0, —2 respectively. Therefore we obtain two
invariant derivations with respect to h: V; and V) = 12;1 Vs.

Now a straightforward verification shows that V1 (I), V1 (I5,), V5(Io,), V5(I},) are independent
in 3-jets, which implies that the algebra Ay of differential invariants is generated by I, I, and V1, V5.
Note that I} = V1(Ip) and I, = V(1) — L.

To complete the picture, here are the differential syzygies: V}(Ip) = 0, V4(I;) = —1 and

1 I
[V, V3] = 791 + (2 + Vh(L) ) V3.
1 1
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Denote these by R1, Ry, R3. There is also a forth order differential syzygy Ra:

1 1 1
V5(Isa) + 577 Va(Isp) — 55~ Vi(lae) — =5 | (Iop sy — 3L3pTac — Isc) I}
21, 215, 21215, {
+ (((3L3p +4) g — 5135) Iy, — 4l lsc — 4135 — 4) Iy + 613,15, — 64| = 0,

where Iz, = V(L) Iy = V5 (1), I3 = Vi(I,) and Iy = V5(I};). With this we obtain a complete
description of the algebra of differential H-invariants:

A = (Io, 1y, ; V1, V5| R1,Ra, R3, Ra).

7.2. Conformal Symplectic Group Action: Curves

Now, we discuss differential invariants of curves with respect to the same H as in Section 7.1.
Consider the invariants from Section 4.1 and note that all of them are homogeneous with respect to
scaling § = xdy + ydy, corresponding to the center of h. Again, we have to restrict to invariants and
derivations of weight 0 to describe the algebra Ap.

The invariant I, has weight —4 and the derivation V weight —2. Thus the derived invariants
Iyy2 = V¥(I) have weights —2(k + 2) for k > 0. In particular, I} = I2/I3 has weight 0 and similar for
V=1 Iy 1V in the notations of Section 4.1. Therefore, these freely generate the algebra of differential
H-invariants:

A =(I3; V').

7.3. Affine Symplectic Group Action: Functions

Consider differential invariants of functions on the affine symplectic plane, H = ASp(2n, R). For
n =1 observe H = SAff(2,R). We recall the generating invariants from Section 3.1, and note that they
indeed depend explicitly on x, y except for Iy and Ip,.

To single out invariants in A that are x, y-independent eliminate x,y from the system {I; =
c1,ha = ¢,y = c3} to get a translation-invariant polynomial on J? that depends parametrically
on ¢y, ¢y, c3. Taking the coefficients of this expression with respect to those parameters, we obtain
the invariants Ip; and I} = txyttyy — u)zcy = Hess(u). Then substituting the obtained expressions for
x,y into the invariant derivative V; and simplifying modulo the obtained invariants (note that V5 is
already H-invariant) we get new invariant derivative

V1 = (uxttyy — ttyttey) Dy — (Uzitxy — yiize) Dy.

Note that Vﬁ(lo) = Iy so the latter generator can be omitted. The commutator of invariant
derivations is —_
V(I
[V, V,] = — 2 2C)v; + ( 1(02) —21§)v2.
IZC IZc
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Denote this relation and the relation V;(Iy) = 0by R1, Ro. Note that V| (Iy) is a second order invariant,
and application of V|, V; to it and I} gives four third-order invariants. Further differentiation gives
six fourth-order invariants, whence the syzyzy R:

— e Va(Izp) + V1 (Iae) + 15 V2(I3)

1
- [121;21; — 10 Ipc Ise + 31513, + 313,135 — 3Ioc I3y I3g + 312.| =0,
2c

where I3, = V| (I}), I = Va(13), Iz = Vi (o) and I3 = V2 (Iy). Therefore the algebra of differential
H-invariants is

A = (In, I; V1, V2| R1, Ra, Rs).

7.4. Affine Symplectic Group Action: Curves

Now, we discuss the case of curves on the conformal symplectic plane, with the same H as in
Section 7.3. Consider the invariants from Section 4.1 and note that I;,, = VK1, are not translationally
invariant. However, using the elimination of parameters trick as above we arrive to micro-local
differential invariant and invariant derivation

1
I _ -2, £.~372 ’_
L= VB v =), V= oD
In other words, these are invariants with respect to h but not with respect to H. Indeed, by the global
Lie-Tresse theorem [14] we know that the invariants should be rational. To get generators we therefore
pass to
I =(1;)° and V"=LV.

Consequently these freely generate the algebra of differential H-invariants:

Ay = (1 V.

7.5. Affine Conformal Symplectic Group Action: Functions

Let us discuss differential invariants of functions on the affine conformal symplectic plane,
H = ACSp(2n,R). For n = 1 observe H = Aff(2,R). We can combine the approaches of the previous
two sections, for instance by taking the affine symplectic differential invariants and restricting to those
of weight 0 with respect to the scaling by the center action.

Referring to the notations of Section 7.3 we get that the weights of Iy, I} are 0, —4, while that of
V/l, V, are —4, —2 respectively. Therefore, the algebra of differential invariants Ap is generated by the
invariant derivations

1 1
i= ;v’, Vi = o2~V

I - Va(L)
and the differential invariants (derived invariants V1 Iy, (V7)2Iy, V4V Iy are omitted)

Vi(l)
(1)’

(Val5)?
(5)3

o, Iy = I =
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Denote by R; the unknown differential syzygies. Then the algebra of differential invariants is

An = (lo, Iz, I3, V1, V3 | Ry).

7.6. Affine Conformal Symplectic Group Action: Curves

Similarly for the case of curves on the conformal symplectic plane, with the same H as in
Section 7.5, we get in the notations of Section 7.4 that the weights of I} is —4 and that of V" is —2.
Therefore, the algebra of differential invariants A is generated by

(V” 14/)2

I//
mno_ 4
Is = 7(14/)3 and V V”(IZ)

"

In fact, it is a free differential algebra

Apn = (Is; V").

8. Differential Invariants in Contact Spaces

Let W be a contact space that is a contactification of the symplectic vector space V. In coordinates,
W = R2"*1(x,y,z) is equipped with the contact form & = dz — y dx such that its differential da =
dx A dy descends to the symplectic form on V = R?"(x, ).

As the equivalence group, we take either G = Sp(2n, R) lifted to an action on W from the
standard linear action on V, or its central extension G = CSp(2n,R) corresponding to the scaling
(%,y,2) — (Ax, Ay, A%z). (One can also consider the affine extensions, as was done in Section 7 but we
skip doing this.)

Note that the group G does not have an open orbit on W because Iy = 2z — xy is an invariant.
This gives a way to carry over the results on the algebra of differential invariants in V to that in
W (for both functions and submanifolds; note that the formulae from the symplectic case enter
through a change of variables, which is due to the lift of Hamiltonian vector fields Xy to contact
Hamiltonian fields).

Then, we can single out the subalgebra AC C Ag as the space of functions of weight 0 with
respect to the scaling above (or its infinitesimal field). In particular, as Iy has weight 2, it is not a scaling
invariant, and in fact, the action of G on W is almost transitive.

Below, we demonstrate this two-stage computation in the simplest case n = 1. Note that the
action of G = GL(2,R) D G = SL(2,R) on W = R3(x, y, z) has the formula

@4 (x,y,2) = (ax + by, cx +dy, (ad — be)(z — Lxy) + L(ax + by) (cx + dy)).

b
d
method, which involves normalization of the group parameters via elimination. (This was already
exploited in Sections 7.3 and 7.4.) This algorithm (we refer for details to [1]; an elaborated version of
it, the method of equivariant moving frame, was further developed in the works by Peter Olver and
co-authors) allows to carry the computations below; however, for n > 1 it would meet the complexity
issues. Yet, the method we propose works for arbitrary n > 1 as a straightforward generalization.

. a A s . o - .
with A = € G. This explicit parametrization is a base for an application of the moving frame
c
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8.1. Differential Invariants: Curves

We begin with the group G = Sp(2,R) = SL(2,R). Its action on W has a base invariant
Ip = 2z — xy.

The curves will be represented as y = y(x), z = z(x) and the projection to R?(x,y) restores the
symplectic action. We note that invariants from Section 4.1 are still G-invariants in the contact action,

and we will use them:
Y2 1

2 V=
(xy1—y)3 xy1—y
Differential invariants of order < 2 are generated by Iy, I} = V(Iy), I, and I, = V(). Of course,
in Lie-Tresse generating set we omit the derived invariants Iy, I;, namely

by = X-

Ac = (lo, ba; V).

However these derived invariants are useful in generating the algebra of G-invariants. Indeed,
with respect to the action of the center { = xdx + ydy + 220, the weights of Iy, I1, Io4, I, are 2,0, —4, —2
and the weight of V is —2. Thus, in order to obtain G-invariants we pass to weight 0 combinations
(I is already invariant)

B, = By, Iy = Ibly, V'=1V.

Explicitly after simplifications I > 3(I +1), I, — 31}, we get:

Z1—y V/_szxy

h=_—+, = v
Xy1—Yy Xy1—Y
, (22— xy)?
2a (xyl — y)3 Y2,
2z —xy
Ly = Gy —yp (x(y —z1)y2 — (xy1 —y)(v1 — 22))~

The count of invariants is iy = 0, hy = 1 and h; = 2 for k > 2. We conclude:
Theorem 5. The algebra of differential invariants of the G-action on J* (W, 1) is freely generated as follows:
Ag = (I, I, V').

8.2. Differential Invariants: Surfaces

Now we consider the action of G and G on surfaces given as z = z(x,y). Since projection
to R?(x,y) gives the symplectic plane, the G-computations can be derived from Section 3.1 with
substitution u = 2z — xy. This gives us the following differential invariants and invariant derivations
with respect to G:

Ip=2z—uy, V1 =xDyx+yDy, Vi = (x—2zy)Dx+ (22« —y)Dy,
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and with the notations I} = 1V (Ip), ba = Vi(l1) — I, Ly = —3(Va(l1) + b, — 1) the following
first and second order invariants

I = xzy +yzy — xy,
by = XzZx + 2xyzyy + yzzw —xy,

Ly = x(zy — X)zxx — Yzxzyy + (Y(2zy — X) — X2x)zZay + X2y,
be = zizyy — 22 (2y — X)zay + (2y — x) 2z + zx(zy — x).

Now to obtain G-invariants note that Iy, I1, Ioa, Ipp, Ioc all have weight 2 with respect to ¢, while V4, V;
are already invariant. Thus the invariants are

0 =1, by =1y e, Iy = Iy Ly, Th, = Iy .

We have: i 1
Ly =Va(I) +2(10)* =1, I, = *ivl(H) - Evz(I{) - ()?*+1,

so these can be omitted from the list of generators.

The count of G-invariants is ip = 0, iy = 1 and by = k+ 1 for k > 2.

Applying the derivations to the generating invariants and counting the relations, we find that
beside the commutation relation

Vall) g, _ (Tl

[V1, V2] + I I

21— 1))v2 =0
there is one more relation generating the module of differential syzygies

VE(L) +2V1Va (1)) + V3(I) — 4V4 (L)
—3(1) 7 (Va(I)? +2V1 (1) Va (1) — 4V1(1]) B + Va(11)?)
—2(I{ = 1) (3V1(I]) + 4V (Iy) — 8L5.) — 41 (I] —1)(2; — 1) =0.

Denote these syzygies by R1 and R».
Let us summarize the results.

Theorem 6. The algebra of differential invariants of the G-action on J° (W, 2) is generated as follows:
Ag = (I, Ioe; V1, V2 | R, Ra).

8.3. Differential Invariants: Functions

Skipping the intermediate computation with the group G let us directly pass to the description
of invariants on J® (W) with respect to the group G. Fix the coordinates as follows: W = R3(x,y,2)
with the contact form a = dz — y dx as before, ] = W x R(u) and for the jet-coordinates we use the
numbered multi-index notations .

The count of the number of differential invariants is as follows: iy =1, h; = 2 and hy = (szrz) for
k>2.

The zero and first order invariants are

Io=u, L= (xy—2z)uz, Ly =xuy+y(uz+ xuz).
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Next we obtain the invariant derivations

V1 =xDx +yDy + 22D,
Vy = (xy —22)D;,
V3 = (xu3 + up)(xy — 22) Dy — uy (xy — 22) Dy — xuq (xy — 22)D..
Note that I;, = Va(ly), 1, = (V1 + V2)(lp) and V3(lp) = 0. The latter is the first differential

syzygy, denoted
Ry = V3(Ip).

Second order differential invariants V;(I,), V;(I3;) contain only 5 independent. We find the
remaining 1 differential invariant via the the method of moving frames and get

Second Order Differential Invariants

Ly = y2up, + y(4zugz + 2xu1 5 + 1p) + 47%u3 5
+z(4xuq 3+ 4us) + x(xuq 1 + uq)

Ly = (xy — 2z)(yup 3 + 2zuz 3 + x11 3 + 2u3)

be = —(xy — 2z) (x*(uqu1,3 — uzr 1) + x(uq (Yo + 2zuz 3 + Uz + 1)
—yusi o — 2zuzty 3 — gt 1) + U1 (Yuop + 2z1n3)
—up(yu1o +2zu13))

Ly = (xy —2z)(—2u3 + (xy — 2z)us3)

Le = —(xy — 22) (x?y(uguz3 — uzuy 3) + x(y(uguz3 — u — Uzt 3)
+uq (—2zuz3 — uz) + 2zuzuy 3) — yupus — 2z(ugtip3 — Uiy 3))

Ly = x*v*uduz 3 — 2x iz 3 + xtyPudu 1 + 2332 udun
—x3y2urul — 2x3y2uguzur p — 233y uquauy 3 + 23y upusig o
—4x3yzu%u3,3 + 8x3yzu1 usuy3 — 4x3yzu§u1l1 + xzyzu%uz,z
—x2yPurupus — 2x2yPurunuy p 4+ x2y2uluy 1 — 8x%yzudus g
+4x2yzu1u§ + 8x2yzu1 usuyp + 8x2yzu1 Uplly 3 — 8x2yzu2u3u1,l
+4x22203u3 3 — 8x222uguzuy 3 + Ax2zPudug g — dxyzudugp
+4xyzujuouz + 8xyzujuouyp — 4xyzu%u]/1 + 8x22u%u2l3
—dxz?upu3 — 8xz2uyuzur p — 8xz2uqtigu 3 + 8xz2un Uz o

+4z2u%u2,2 — 4220513 — 8z2u1u2u1,2 + 4zzu%u1/1

Note that Iy, Ipp, Ioc, Ig, I, can be expressed through Iy, Ij,, 1, and invariant derivations.
Thus they need not enter the set of generators.
All the differential syzygies coming from the commutators are

R = [V4, V2],
Rs = (I + Ip)[V1, V3] + e (V1 + V2) = (Iy + 1) V3,
Ry=(

N+ 11p)[Va2, Va] = (Iip(I1a + Iip) = 12e) Vi + (I1a(la + T1p) + T2e) Va2
— (Iyp + Ipg — 2(I1a + I1p)) V3.
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The remaining differential syzygies are found by the symbolic method: find a relation between the
symbols of differentiated invariants, get a linear combination of lower order and express it through the
invariants established earlier.

(Ia + L) (V3(Lap) = V(L)) = (e — De) lop + Daloe — Iclog,

(Lo + 1) (V3 (Toe) = Va(lap)) = 855, — (If, + Tialip + 312e) Ioc + 3T (Ioa + Ip),
= (Ia+ hp) (= Va(Iee) + Va(lyf)) — I, — 41,13, — (513, + 2L ) I,

— (2B, + (2hc — 3Lye) 1 + 4Lyf) I + 3L 1T, + 4L 11, + 315,

+ 3l l, — 3l (Iy + Lg)-

Rs
Re
Rz

Theorem 7. The algebra of differential invariants of the G-action on ] (W) is generated as follows:
Ag = Io, Lf; V1,V2, V3 | Ri=0,i=1...7).

9. Conclusions

In this paper, we computed the algebra of differential invariants for various geometric objects on
symplectic spaces with several choices of the equivalence group and touched upon a relation between
the invariants of the pair (group, subgroup) action.

For most of the text we worked with the linear symplectic group, but we demonstrated how to
extend the results for conformal symplectic and affine symplectic groups, treated in other publications.
Some of the objects were also investigated by different authors, namely jets of curves [5,10] and
hypersurfaces [9], yet the technique and the description of the algebras are quite distinct. Surfaces in
four-dimensional symplectic space were also studied in [6-8], but they considered Lagrangian surfaces
while our focus was on symplectic (generic) submanifolds.

Other geometric objects appeared in [11], which intersects with our work by studying functions
on the symplectic spaces. Again the approaches differ significantly: in [11] the infinite number of
generators were computed (with a nontrivial change of variables) while our method uses the Lie-Tresse
finite type presentation of the algebra (in the original jet-coordinates). This latter allows, in particular,
to solve the equivalence problem via a finite-dimensional signature variety.

The work [11] also described invariants in the adjoint bundle, and one can consider other
geometric spaces on which the symplectic group acts. For instance, [17] was devoted to four-fold
surfaces in 6-dimensional Lagrangian Grassmanian, satisfying the integrability condition. It would be
worth characterizing those via symplectic invariants.

Finally note that one can approach the equivalence problem of geometric objects via discretizations,
with more algebraic methods, see [18].
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Appendix A. Differential Invariants of Curves in 4-Dimensions

Here are explicit expressions of the differential invariants of curves x = x(t),y = y(t),z = z(t),
as derived in Section 4.2. These as well as other long formulae resulting from our calculations can be
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found in Supplementary Materials. Below vy = 1/ (ty; + xz1 — x1z — y) is the factor of D in V. The jet
notations are x; = x1, Xy = X2, Xyt = X3 etc, likewise for y and z.

Differential invariants that together with V generate A

Iz = 73(96122 — 21X +y2)

Iy, = —’yé(tx1y223 — tx1Y3z2 — txpy123 + tXoy3z1 + tX3Y122 — tX3Y221
—XY22Z3 + XY32p + XpYZ3 — XolY3Z — X3YZp + X3y22)

Iie = =0 (Bxiydyszs — Bxiydyazs — 3019324 + 4510121323
+3t3x1y1Y2Y472 — 4t3x1y1y§zz + 383x1y323 — 3t3x1 Y3370 + 3t3x2y%yZZ4
—4t3x2y%y323 - 3t3x2y1y%23 - 3t3x2y1y2y4zl + 4t3x2y1y§zl
+3t3x2y%y3zl — t3x3y%Z4 + 4t3x3y%y3zz + t3x3y%y4z1 + 3t3x3y1y%zz
—4t3x3y1y2y321 — 3t3x3ygzl + t3x4y§f23 — 3t3x4y%y222 — t3x4y%y3zl
+383x4y1y321 — 3t2xx1y1Y22024 + A2xX1Y1Y225 + 212021 Y1Y32124
—4t2xx1y1y32223 — 2t2xx1y1y4zlz3 + 3t2xx1y1y4z% — 3t2xx1y%zlz4
+6t2xx1Y32025 + A2 xx1Y2Y32125 — 612 XX1Y2Y325 + 312 xX1Y2Y4Z122
f4t2xx1y§zlzz + 3t2xx2y%2224 — 4t2xx2y%z§ + 3t2xx2y1yzzlz4
—6t2xx201Y22223 — 3t2XX0Y1Yaz122 + 612 X20Y2Y32120 — Bt2x X012y 471
+482x291322 — 202 xx3y3 2124 + A2 xx3Y3 2025 — 42X 231122123
+6t2xx3y11225 + 42 xx3y1Y32122 + 282 x23Y1 Y423 — 612 xX3Y32122
f4t2xx3y2y3z% + 2t2xx4y%zlz3 — 3t2xx4y%z% - 2t2xx4y1y3z%
+3t2xx4y%z% — 2t2x%y1y3224 + 2t2x%y1y4223 + 3t2x%y%224
f4t2x%y2y3223 — 3t2x%y2y4zzz + 4t2x%y§zzz + 4£2x1X011Y3223
—3t2x1x2y1y4zzz — 6t2x1x2y5223 + 6t2x1x2y2y3222 +3t2x; XoV2Y/4221
—4t2x1x0y3221 + 2221 x313224 — AP X1 X3Y1Y2223 — 282X1 X3Y1 Y4221
+4t2x1x3y2y3221 — 2t2x1x4y%223 + 3t2x1x4y1yzzzz +2£2x; X4Y1Y3221
—3t2x1x4y3221 — 3t2x3y3zz4 + 6t223y1y2225 + 32 X3Y1yaz21
76t2X%y2y3221 + 4t2xQX3y%ZZ3 — 6t2x2x3y1yzzzz — 4t2x2x3y1y3221
+6t2xx3y3221 + 3120243220 — 32202412221 — 42x3y3 22,
+4t2x§y]y2zz] — 3tx2x1yzz1 2074 + 4tx2x1yzz]z§ + 3tx2x1yzz§Z3
+tx2x1y3z3zy — dtxPx1y3212025 — BtaPx1y3zs — txPxqyazazs
+3tx2x1y4zlz§ + 3tx2x2ylzlzzz4 — 4tx2x2ylzlz§ — 3tx2x2ylz%Z3
+4tx2x2y3z%23 + 3tx2x2y3zlz% — 3tx2x2y4z%zz — tx2x3y12%24
+4txZX3y1212223 + 3tx2x3ylz§ - 4tx2x3yzz%23 — 3tx2x3yzzlz% + tx2x3y4zi’
+tx2x4ylz%23 — 3tx2x4ylzlz% + 3tx2x4yzz%zz — txZX4y32? + 3txx%y222224
—4txx?ypzz3 — 2txxty3zzizy + AtxxTY322023 + 2txxTY4z2123 — Btxx3Y4zZ3
—3txx1X2Y122224 + 4txx1x2ylzz§ + Btxx1X0Y222124 — 6tXX1X2Y222023
—4txx1X2y322123 + 6Lx X1 xzygzzg + 2txx1X3Y122124 — 4tXX1X3Y122223
+4txx1X3Y32212) — 2txx1x3y4zz% — 2txx1X4Y122123 + 3txx1x4ylzz§
—3txx1X4Y222122 + 2bxX1 X4Y3222 — Btxx3y122124 + 6tXX3Y 122023
76txx§y3zz]zz + 3txx%y4zz% + 4txxpx31122123 — 6txx2x3ylzz%
+6txX2X3Y2221Z) — 4txx2x3y3zz% + 3txxpx4Y122120 — 3txx2x4yzzz%
f4txx§ylzzlzz + 4txx§yzzz% + tx{’y32224 - txi’y42223 — 3tx%xzy22224
+3tx%x2y4zzzz - tx%x3y12224 + 4tx%X3yzzZZ3 — 4tx%x3y3zzzz + tx%x3y4zzzl
+tx%x4y12223 — tx%x4y3zzzl + 3tx1x%y12224 + 3tx1x%y22223 — 3txq x%y32222
—3tx1x§y4zzzl — 4tx1x2x3y12223 + 4txleX3y32221 — 3tx1x2x4ylzzzz
+3tx120x4122%21 + 4tx1 3312720 — 4x1X3Y22%21 — 3tx3y 2223 + 3txdy3zzy
+3tx%x3ylzzzz — 3tx%x3yzzzzl — tzxy%y324 + tzxy%y423 + 3t2xy1y%Z4
—42xy1y2y3z3 — 3t2xy1y2yaza + 42xy1320 — 3t2xy3z5 + 3t2x13Y522
—2t2x1yy1y324 + 2t2x1yy1y423 + 3t2x1yy%24 — 4t2x1yy2ygz3 — 3t2x1yy2y422
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+4t2x1yy§zz — 612221 y1Y224 + 822y Y1 Y323 + 3t2x2yy523 + 3t2x0yy2Y471
—4t2x2yy§zl + 3t2x2y1y2y4z — 4t2x2y1y§z - 3t2x2y%y3z + 3t2x3yy%24
—8t2x3yy1y3za — 262 x3yy1yaz1 — 3t2x3yy322 + 423y Y0371

—t2x3y3yaz + 42x3y1Y2Y32 + 3t2x3y3z — 3tPx4yy3zs + 6124y Y1 Y220
+282x4yy1y321 — t2x4yy3z1 + 2 x4y3Ysz — 3tPx4y1Y52 + 3tx2Y1Y2zozs
—4tx2y1yzz§ — 2tx2y1y3zlz4 + 4tx2y1y32223 + 2tx2y1y42123 — 3tx2y1y4z%
+3tx2y3z124 — 6tx2Y3z025 — AtxPyoysz123 + 6tx%Y2Y323 — 3txYoyazizo
+4tx2y§zlzz + 3txx1yy22z0z4 — 4txx1yyzz§ — 2txx1YYy32124 + 4txX1YY32223
+2tXX1YYa2123 — 3txx1yy4z§ + 2txx1Y1Y3224 — 2tXX1Y1Ya223 — 3txx1y5224
+4txx1Yy2y3zz3 + 3txx1Y2y4229 — 4txx1y§zzz — 6txX2YY12224 + 8txx2yy1z§
—3txx2yYy22124 + 6tXX2YY22023 + 3tXX2YYaz12Z2 — StXX2Y Y2224 — 4EXX2Y1Y3223
+6txx211Y422 + 6txxzy5223 — 12txxoy2y3zzo + 3txXoY2Y4221 — 4txx2y§zzl
+4txxzyy1z1z4 — 8txx3yy12223 + 4txX3YY22123 — 6txx3yyzz§ — 4txx3yYy3z12
72txx3yy4z% + 8txx3y1Y2zz3 — 4txXX3Y1Y3222 — 2tXX3Y1Y4221 + 6txx3y%zzz
+4txx3yoy3zzy — 4txxgyy1z123 + 6txx4yylz% + 2txx4yy3z% — 3txx4y1Y2222
+2txxgyryszzy — 3txxgy3zzy + 2tx3yyszzy — 2tx3yyszzs — Atx1X0YY3223
+3tx1x2yYyazzp — 3tx1x2y2y4zz + 4tx1x2y§zz — 4tx1x3YY1224 + 4tX1X3YY2223
+2tx1x3YYazz1 + 2tx1x3y1y422 — 4tx1x3y2y322 + 4tx1x4yy1223 — 3tX1X4YY2222
—2tx1X4YY3221 — 2tx1x4y1y322 + 3tx1x4y%zz + 6tx%yy1224 — 6tx§yy2223
—3tx3yyazzy — 3tx3y1yaz? + 6tx3y2y3z> — 8txx3yY1225 + 6EX2X3YY222)
+4txox3yy3zz1 + 4thX3y1y3zz — 6tx2x3y%zz — 6txpx4YY1220 + 3tX0X4YY222Z1
+3txp24y1y22% + 8tx3yyrzzo — dtxdyyrzzy — Atx3y1y0z + 3232212024
74x3y221z§ — 3x3y22§23 - x3y32%24 + 4x3y3212223 + 3x3y3zg + x3y4z%23
—3x3y4z125 — 3x2x1y222024 + Ax2x1Y2275 + 2X2X1Y322124 — AXPX1Y322023
72x2x1y4zz1Z3 + 3x2x1y4zz% — 3x2x2yz1zz24 + 4x2xzyzlz§ + 3x2x2yz%23
—3x2x2yzzzlz4 + 6x2x2y222223 — 4x2x2ygzzlz3 — 9x2x2ygzz% + 6x2x2y422122
+x2x3yz3z4 — 4x2x3Yz12023 — 3x%x3YyZ5 + 8x%x3Y222123 + 3xPx3Y2223
—4x2x3y322120 — x2x3y4zz% - x2x4yz%23 + 3x2x4yzlz% — 3x2x41222122
+x2x4y3z23 — xx3Yy3z%z4 + xx3ysz2z35 + 3xx1X0Y22024 — 4XX1X0Y2Z3
+3xx1x2y22224 + 4xxq x2y32223 — 6xx1x2y4zzzz — 2XX1X3YZ2124
+4xx1X3Y22p73 — 8XX1 X3Y22°23 + 4xX1X3Y32°2Z2 + 2XX1X3Y47° 21
+2xx1X4Y22123 — 3xx1x4yzz% + 3xx1 x4y2zzzz —2xx1 x4y3zzz1

+3xx3yzz124 — 6xx3Yz2023 — 3xX3Y22%25 + 9xx3Y3222) — Bxx3Y4z22y
—4xxpX3Yz2123 + 6xx2x3yzz§ - 6xx2x3yzzzzz + 4XXZX3]/3ZZZ1
—3xx0x4y2Z125 + 3xXpX4Y22%21 + dxx3yzz120 — dxx3yrz2z1 + X3x3yz°24
7X%X3]/4Z3 — x%X4y2223 + x%x4y323 — 3x1x%y2224 + 3x1x%y4z3
+4x1x2x3y2223 — 4x1x2x3y323 + 3x1x2x4yzzzz - 3x1x2x4yzz3 — 4x1x§y2222
+4x1x§y2z3 + 3x3yz223 — 3x3y32° — 3x3x3y2%20 + 3x3x3122°

+2txyy1y3z4 — 2txyy1y4z3 — 3txyy%24 + 4txyyry3z3 + 3txyysyazo
—4txyy3zo + tx1yPysza — tX1yPYazs + 3ty yaza — Atx0y*yszs

—3txyy2yaz + 4tx2yy§z — 3tx3y2ylz4 + 4tx3y2y322 + tx3y2y4zlz
+2tx3yy1Y4z — Atx3yyays + 3txay?y1zs — 3txgyyaza — txgy’ysz
—2tx4yy1y3z + 3tx4yy%z — 3x%yyrz024 + 4x2yyzz§ +2x2yy37124
—4x2yyszpz5 — 2x2YYaz123 + 3x2YYaz3 — 2XX1YY32Z4 + 2XX1YY4ZZ3
+3xx0y22024 — 4xx2yzz§ + 3xxX0y Y2224 + 4XX2YY3223 — 6XX2YY4222
—2xx3y2z124 + 4xx3Y% 2073 — 8XX3YY2z2Z3 + AXX3YY32Zp + 2XX3Y Y4271
+2xx4y22123 — 3XX4]/ZZ% + 3xX4YYy2220 — 2XX4YY3221 + 2X1X3yZZZ4
—2x1x3yy422 — 2x1x4y2223 + 2x1x4yy3z2 — 3x%y2224 + Bx%yy4zz
+4x9x31% 225 — Ax2X3YY37° + Bx2XaY? 22y — BX2XaYY2Z® — 4x§y2zzz
+4x§yyzzz — xY2y3z4 + XYPYaz3 + 35324 — X324z — X4y°23 + X4y PY32).
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Abstract: We review computations of joint invariants on a linear symplectic space, discuss variations
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1. Introduction

The classical invariant theory [1-3] investigates polynomial invariants of linear actions of a Lie
group G on a vector space V, i.e., describes the algebra (S V*)C. For instance, the case of binary forms
corresponds to G = SL(2,C) and V = CZ; equivalently for G = GL(2,C) one studies instead the
algebra of relative invariants. The covariants correspond to invariants in the tensor product V ® W for
another representation W. Changing to the Cartesian product V' x W leads to joint invariants of G.

In this paper, we discuss joint invariants corresponding to the (diagonal) action of G on the
iterated Cartesian product V*™ for increasing number of copies m € N. We will focus on the case
G = Sp(2n,R), V = R?" and discuss the conformal G = CSp(2n,R) = Sp(2n,R) x R and affine
G = ASp(2n,R) = Sp(2n, R) x R?" versions later.

This corresponds to invariants of m-tuples of points in V, i.e., finite ordered subsets. By the
Hilbert-Mumford [1] and Rosenlicht [4] theorems, the algebra of polynomial invariants (for the
semi-simple G) or the field of rational invariants (in all other cases considered) can be interpreted as
the space of functions on the quotient space V> /G.

For G = Sp(2n, C) the algebra of invariants is known [5]. Generators and relations (syzygies) are
described in the first and the second fundamental theorems, respectively. We review this in Theorem 1
(real version), and complement by explicit examples of free resolutions of the algebra. In addition,
we describe the field of rational invariants.

We also discuss invariants with respect to the group G = Sp(2n,R) x S, in which case
considerably less is known. Another generalization we consider is the field of invariants for the
conformal symplectic Lie group G = CSp(2n, R) on the contact space.

When approaching invariants of infinite sets, like curves or domains with smooth boundary,
the theory of joint invariants is not directly applicable and the equivalence problem is solved via
differential invariants [6]. In the case of a group G and a space V' as above this problem was solved
in [7]. We claim that the differential invariants from this reference can be obtained in a proper limit of
joint invariants, i.e., via a certain discretization and quasiclassical limit, and demonstrate it explicitly
in several cases.

In this paper, we focus on discussion of various interrelations of joint invariants. In particular,
at the conclusion we note that joint invariants can be applied to the equivalence problem of binary
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forms. Since these have been studied also via differential invariants [2,8] a further link to the above
symplectic discretization is possible.

The relation to binary forms mentioned above is based on the Sylvester theorem [9], which in
turn can be extended to more general Waring decompositions, important in algebraic geometry [10].
Our computations should carry over to the general case. This note is partially based on the results
of [11], generalized and elaborated in several respects.

2. Recollection: Invariants

We briefly recall the basics of invariant theory, referring to [3,12] for more details.

Let G be a Lie group acting on a manifold V. A point x € V is regular if a neighborhood of the
orbit G - x is fibred by G-orbits. A point x € V is weakly regular, if its (not necessary G-invariant)
neighborhood is foliated by the orbits of the Lie algebra g = Lie(G). In general, the action can lack
regular points, but a generic point is weakly regular. For algebraic actions a Zariski open set of points
is regular.

2.1. Smooth Invariants

If G and V are only smooth (and non-compact), there is little one can do to guarantee regularity a
priori. An alternative is to look for local invariants, i.e., functions I = I(x) in a neighborhood U C V
such that I(x) = I(g-x) aslongas x € Uand g € G satisfy g- x € U.

The standard method to search for such I is by elimination of group parameters, namely by
computing quasi-transversals [3] or using normalization and moving frame [2]. Another way is to
solve the linear PDE system Lg(I) = 0 for § € g = Lie(G).

Given the space of invariants {I} one can extend U C V and address regularity. In our case the
invariants are easy to compute and we do not rely on any of these methods; however instead we
describe the algebra and the field of invariants depending on specification of the type of functions I.

2.2. Polynomial Invariants

If G is semi-simple and V is linear, then by the Hilbert-Mumford theorem generic orbits can
be separated by polynomial invariants I € (SV*)C, where SV* = &% SV* is the algebra of
homogeneous polynomials on V. With a choice of linear coordinates x = (x1, ..., x,;) on V we identify
SV* = R[x].

Moreover, by the Hilbert basis theorem, the algebra of polynomial invariants Ag = (S V)G is
Noetherian, i.e., finitely generated by some a = (ay, ..., 4as), aj = a]-(x) c Ac.

Denote by R = R[a] the free commutative R-algebra generated by a. It forms a free module Fy
over itself. Ag is also an R-module with surjective R-homomorphism ¢ : Fy — Ag, ¢o(a;) = a;(x).
The first syzygy module S; = Ker(¢y) fits the exact sequence

0—5 —F—Ag —0.

A syzygy is an element of Sy, i.e., a relation r = r(a) between the generators of Ag of the form
Zl;;:l Ti,aj, = 0, Ti, € R.

The module S is Noetherian, i.e., finitely generated by some b = (by,...,b:). Denote the
free R-module generated by b by F; = R[b]. The natural homomorphism ¢; : F; — S; C F,
$1(bj) = bj(a), defines the second syzygy module S, = Ker(¢1), and we can continue obtaining
S» C F, = R]c], etc. This yields the exact sequence of R-modules:

[N NS N NN}

The Hilbert syzygy theorem states that g-th module of syzygies S, is free for g > s = #a.

In particular, the minimal free resolution exists and has length < s, see [13].
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To emphasize the generating sets, we depict free resolutions as follows:
R[x] D Ag < Rla] + R[b] « Rc] -+ 0.

2.3. Rational Invariants

If G is algebraic, in particular reductive, then by the Rosenlicht theorem [4] generic orbits can
be separated by rational invariants I € F;. Here R(x) is the field of rational functions on V and
Fo =R(x)C.

Let d be the transcendence degree of F. This means that there exist (a1,...,4;) = a, aj € Fg,
such that Fg is an algebraic extension of R(@). Then either 7 = R(a) for a = a or F is generated
by a set a O a, which by the primitive element theorem can be assumed of cardinality s = #a =d + 1,
ie,a=(ay,...,a3,a4,1). In the latter case there is one algebraic relation on a. Please note thatd < n
because R(a) C R(x).

We adopt the following convention for depicting this:

alg d
R(x) D Fc D R(a) D R.

2.4. Our Setup

If the Lie group G acts effectively on V, then for some g it acts freely on V*7, and hence on all
V*™ for m > q. The number of rational invariants separating a generic orbit in V*" is equal to the
codimension of the orbit.

It turns out that knowing all those invariants I on V*7 is enough to generate the invariants on V"
form > g. Indeed, let 7t;,_; : V> — V*1 be the projection to the factors (iy, ..., i;). Then the union
of rr, . I'for I from the field F(V*7) gives the generating set of the field 7 (V*™), and similarly
for the aigebra of invariants.

Below we denote A = Ag(V*") and F@¥ = Fg(V*™).

2.5. The Equivalence Problem

For a semi-simple Lie group G the field 7 is obtained from the ring A; by localization
(field of fractions): ¢ = F(Ag). Hence we discuss a solution to the equivalence problem through
rational invariants.

Let I, ..., I; be a generating set of invariants of the action of G on V*7. If s = d + 1, this set of
generators is subject to an algebraic condition, which constrains the generators to an algebraic set
¥ C R%. If s = d then £ = R?. This T is the signature space, cf. [14].

Now the g-tuple of points X = (xy,...,%,) is mapped to I;(X), ..., I;(X) € X. Denote this map
by ¥. Two generic configurations of points X', X" € V*7 are G-equivalent iff their signatures coincide
¥(X') =¥(X").

3. Invariants on Symplectic Vector Spaces

Let V. = R>!,...,x"%y!,...,y") be equipped with the standard symplectic form
w=dx' Ady' + -+ dx" A dy". The group G = Sp(2n, R) acts almost transitively on V, preserving
the origin O. Thus, there are no continuous invariants of the action, ]-'(1; = R. The first invariant occurs
already for two copies of V. Namely for a pair of points A;, A; € V the double symplectic area of the
triangle OA;A; is

n
k. k k., k
ajj = (U(OAI',OA/‘) = xiy]- —XjYy; = kzl Xi y] - xjyf'
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3.1. The Casen = 1

Consider at first the case of dimension 2, where V = Rz(x,y), w = dx Ady. The invariant
a;p = x1y2 — X2y1 on V x V generates pairwise invariants a;; on V*" for m > 2 induced through
the pull-back of the projection 77;; : V*™ — V X V to the corresponding factors. Below we describe
minimal free resolutions of A’é’ form > 2.

311.VxV
Here the algebra is generated by one element, whence the resolution:
R[x1,x2,y1,¥2] D AZG «— Rlapp] «- 0
In other words, AZ ~ R := R[ayy]. Please note that 2 = R(ayy).

312. V3=V xVxV

Here the action is free on the level of m = 3 copies of V and we get 3 = dim V>3 — dim G
independent invariants a1y, 413, 423. They generate the entire algebra, and we get the following
minimal free resolution:

R[x1, X2, %3, Y1, Y2, y3] D AL  Rlarp, a13,a23] + 0
Once again, A3, ~ R := R[ayy, 413, a23]. Also .7-'% = R(ap, a13,a23)-

3.13. Vx*

Here dim V>*4 = 8, dim G = 3 and we have 6 invariants a = {aij :1 <i<j <4} To obtain
a relation, we try eliminating the variables x1, X2, x3, X4, 1, Y2, Y3, Y4, but this fails with the standard
MAPLE command. Yet, using the transitivity of the G-action we fix A; at (1,0) and A; at (0,a12),
and then obtain the only relation

b1234 = (1034 — (13024 + A14023 = 0

that we identify as the Pliicker relation. Thus, the first syzygy is a module over R := R[a] with one
generator, hence the minimal free resolution is:

R(x,y] D A& « Rlag, a13, 414,23, 024, 831] < R[byoza] < 0.

For the field of rational invariants one of the generators is superfluous, for instance we can resolve the
relation byp34 = 0 for azy = (11]31124 — 11]41123) /a1, and get

5
4
R(x1, X2, %3, X4, Y1, Y2, Y3, ¥4) O F¢ = R(arz, a13,814,23,a24) O R

3.1.4. Vx5

The algebra of invariants A2 is generated by a = {a;; : 1 <i < j < 5}. This time the number of
generators is 10, while codimension of the orbit is 10 — 3 = 7. Using the same method we obtain that
the first syzygy module is generated by the Pliicker relations

bijkl = ajjay — g + agay = 0.

We have 5 of those: b = {bijkl :1 <i<j<k<1<5}. Thus, there should be relations among
relations, or equivalently second syzygies. If Fy = R[a] =: R and F; = R[b] then this module is
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Sy = Ker(¢y : F; — S1 C Fy). Using elimination of parameters, we find that S, is generated by
c={c;:1<i<5}with

For instance, ¢ = a12b1345 — a13b1245 + a14b1235 — a15b1234. Then we look for relations between the
generators ¢ of Sy, defining the third syzygy module Ss. It is generated by one element

d := (a23045 — A24035 + A25a34)C1 + (—A13045 + A14035 — A15034)C2
+ (a12845 — a14025 + a15024)C3 + (—a12a35 + 13025 — A15023)C4

+ (a12a34 — a13a24 + a14a23)cs5 = 0.

Thus, the minimal free resolution of AEC’; is (note that here, as well as in our other examples, the length
of the resolution is smaller than what the Hilbert theorem predicts):

R[x,y] D A% + R[a] < R[b] « Rlc] «+ R[d] + 0.

As before, to generate the field of rational invariants, we express superfluous generators in
terms of the others using the first syzygies. Specifically, we express a34, 435, 445 from the relations
b1234, 1235, b1245; the other 2 syzygies follow from the higher syzygies. Removing these generators,
we obtain a set of 7 independent generators a = a \ {434, 435, 145 } whence

7
R(x,y) D F2 ~R(a) D R.

3.1.5. General V* ™

The previous arguments generalize straightforwardly to conclude that A{ is generated
by a={a;:1<i<j<m}. The first syzygy module is generated by the Pliicker relations
b = {bjj:1<i<j<k<I<m} Inother words we have:

A — (a|b).

Similarly, the field of rational invariants is generated by a, yet all of them except for
a1j,azj can be expressed (rationally) through the rest via the Pliicker relations bypy. Denote
a = {a1p,m3,..., 01,023, ..., A2 }, #a = 2m — 3. Then we get for m > 2:

2m—3
R(x,p) D F ~R(a) >

3.2. The General Case: Algebra of Polynomial Invariants

Minimal free resolutions can be computed in many examples for n > 1. However, in what follows
we restrict our attention to describing generators/relations of A{.

Let us count the number of local smooth invariants. The action of G on V is almost
transitive, so the stabilizer of a nonzero point A; has dimGs, = (*J') —2n = (¥). For a
generic Aj there is only one invariant a;, (the orbit has codimension 1) and the stabilizer of
Ay in Ga, has dim Gy, 4, = (3') — (21— 1) = (*";!). For a generic A; there are two more new
invariants a3, a23 (the orbit has codimension 2 +1 = 3) and the stabilizer of A3 in Ga, 4, has
dim Ga, 4,4, = ;') — (2n —2) = (*"; %). By the same reason for k < 2n the stabilizer of a generic
k-tuple of points Ay, ..., Ay has dim Gy, . 4, = (2"72“1). Finally, for k = 2n the stabilizer of generic
Aq,..., Ay, is trivial.
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Thus, we get the expected number of invariants a;;. For m < 2n 41 there are no relations between
them, and the first comes at m = 2n + 2. These can be obtained by successively studying cases of
increasing n resulting in the Pfaffian relation:

biyiy.ioysrinesn °= Pf(”ipiq)léplﬂ§2n+2 =0
Recall that the Pfaffian of a skew-symmetric operator S on V with respect to w is

Pf(S) = voly(Sey, ..., Sezn) for any symplectic basis ¢; of V. The properties of the Pfaffian are:
Pf(S)? = det(S), Pf(TST*) = det(T) Pf(S). For n = 1 we get

0 app a3 Ay
—ap 0 a3 Aoy
biozy = Pt
—ai3 —axp 0 ay
—ayy —ay —ay 0

= 12034 — A13A24 + A14423.

Similarly, for n = 2 we get

123456 =012034456 — 112835046 + 012036045 — 413024056 + 013025046 — 113026045+
14023056 — 114425036 + 114026435 — 115023046 + 415024036 — A15026434+

16423045 — A16424435 + A16A25034 = 0.

Denote b = {biliz-»»i2n+1i2n+2 1< <ip < <lppyq <lppgn < m}

Theorem 1. The algebra of G-invariants is generated by a with syzygies b:
¢ = (alb).

Proof. Let us first prove that the invariants a;; generate the field 7 of rational invariants for m = 2n.
We use the symplectic analog of Gram-Schmidt normalization: given points Ay, ..., Ay, in general
position, we normalize them using G = Sp(2n, R) as follows.

Let e, ..., e, be a symplectic basis of V, ie., w(ex_1,ex) = 1 and w(e; ¢j) = 0 else. At first
A1 can be mapped to the vector e;. The point A; can be mapped to the line Re,, and because of
w(0OA1,0A,) = ayp it is mapped to the vector aqpe,. Next in mapping A3 we have two constraints
w(0OA1,0A3) = a13, w(OAy, OA3) = ap3, and the point can be mapped to the space spanned by
e1, e, e3 satisfying those constraints. Continuing like this, we arrive to the following matrix with
columns OA;:

e _ay _Mpu1 G
1o ap ap U ap a2
0 app m3  aww ... @1pp-1 A1
0 0 1 0 . * *
0 0 0 bioag : « "

ap !

0 0 0 0 ... 1 0
0 0 0 0 e 0 a2n—1,2n

where b1p34 = 12434 — A13a24 + A14a23 (this does not vanish in general if n > 1) and by * we denote
some rational expressions in a;; that do not fit the table.

If m < 2n then only the first m columns of this matrix have to be kept. If m > 21 then the remaining
points Az, 41,. .., Ay have all their coordinates invariant as the stabilizer of the first 2n points is trivial.
Thus, the invariants are expressed rationally in a;;.

To obtain polynomial invariants one clears the denominators in these rational expressions, and so
AP is generated by a as well.
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Now the Pfaffian of the skew-symmetric matrix (a;;)ak2x is the square root of the determinant of
the Gram matrix of the vectors OA;, 1 <i < k, with respect to w. If we take k = n + 1 then the vectors
are linearly dependent and therefore the Pfaffian vanishes. Thus, b are syzygies among the generators
a. That they form a complete set follows from the same normalization procedure as above. [

Remark 1. Theorem 1 is basically known: H. Weyl described the generators a as the first fundamental theorem;
his second fundamental theorem gives not only the syzygy denoted above by b, but also several different Pfaffians
of larger sizes. Namely he lists in ([5], VL.1) the syzygies b;, i, . = Pf(a,-p,-q)lgprquﬁz;{ =0,1<k<n.
Those however are abundant. For instance, in the simplest case n = 2

b12345678 = A12b345678 — A13b245678 + A14D235678 — A15b234678 + A16b234578 — 170234568 + A18b234567-

In general, the larger Pfaffians can be expressed via the smallest through the expansion by minors [15] (this fact
was also noticed in [16]). Here is the corresponding Pfaffian identity (below we denote Sp,11 = {0 € Soyip :
o(l)=1})

1 S,

= 1)), . b .

b1112~~12n+1lzn+2 Tl Z ( 1) u’llv(Z)bl[r(S)‘“]a(ZrH»Z)'
T OESy

2n+1

iviteanst Jsie1 = 0. These are also

In ([3], §9.5) another set of syzygies was added: q;, ;, ., = det(a
abundant, and should be excluded. For instance, for n = 1 we get

9123456 = A12b3456 — A34D1256 + A35D1246 — A36D1245.

3.3. The General Case: Field of Rational Invariants

Since G is simple, the field of rational invariants is the field of fractions of the algebra of polynomial
invariants: 7% = F(A{). To obtain its basis one can use the syzygies b = 0 to express all
invariants through a = {11,-/- 11 <i<2mi<j<m}

This can be done rationally (with b;_5, # 0 in the denominator), for instance for n = 2 we can
express s from the syzygy biozsse = 0 as follows:

i1.i2n 42

ase = (A12835046 — A12036045 — 11325046 + 313026045 + A14025036 — A14026435 + 115023046

— A15004036 + A15026434 — 11623045 + A16024035 — A16A25034) / (012034 — 013024 + 314023).

In general, we have #a = 2nm — n(2n + 1) for m > 2n, in summary:

d(mn)
R(x,y) D F¥ ~R(a) D R,

where

d(m,n) = { 2nm—n(2n+1) form > 2n

€9) for m < 2n.

4. Variation on the Group and Space

Let us consider inclusion of symmetrization, scaling and translations to the transformation group
G. We also discuss contactization of the action.
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4.1. Symmetric Joint Invariants

Invariants of the extended group G = Sp(211,R) x S, on V> are equivalent to G-invariants
on configurations of unordered sets of points V> /S, (which is an orbifold). Denote the algebra of
polynomial G-invariants on V*" by SE C AZ. The projection 7 : A% — S is given by

1
m(f) =5 Lo f
T oESH
As a Noetherian algebra Sf! is finitely generated, yet it is not easy to establish its generating set
explicitly. All linear terms average to zero, 7t(a;;) = 0, but there are several invariant quadratic terms
in terms of the homogeneous decomposition A% = &7, A}
For example, for n = 1, m = 4 we have A} = R, A} = R® = (a1, a13, 414, 123, 424, 034), A3 = R?
(21 monomials a;;a; modulo 1 Pliicker relation), etc. Then (A} =R, 1(A}) =0, and 7(A}) = R?
has generators

2y _ 2 2 2 | 2 o | 2
671(aty) = aiy + aj3 +ayy +ax + a3, + a3,
1271(a12a13) = a12813 + a1pa14 + A13a14 — A12023 — A12024 + A23024

+ 213023 — 13034 — 123034 + 14024 + 114034 + A24034.

Theorem 2. The field of symmetric rational invariants §& = rt(FL) is the field of fractions F& = F(SE) and
its transcendence degree is d(m, n).

Proof. This follows from general theorems ([17], §2.5) and discussion in Section 2. [

The last statement can be made more constructive: Let £ numerate indices (ij) of the basis a of
F asin Section 3.3,1 < £ < d = d(m,n). One can check that g = 7(T/<k u;) are algebraically
independent. Thus, denoting g = (41, ...,q,) we obtain the presentation

alg d(m,n)
R(x,y) DFE DO R(gq) DO R

Here is an algorithm to obtain generators of S

Proposition 1. Fix an order on generators a;; of Af;, and induce the total lexicographic order on monomials
a° € R = Rlal]. Let X be the Grobner basis of the R-ideal generated by 1t(a”). Then elements 1t(a”),
contributing to ¥, generate S = m(AL).

Proof. Please note that the algorithm proceeds in total degree of a7 until the Grébner basis stabilizes.
That the involved 7r(a”) generate S as an algebra (initially they generate the ideal R - w(A%) C A%)
follows from the same argument as in the proof of Hilbert’s theorem on invariants [1]. (The above 7 is
the Reynolds operator used there.) [

Let us illustrate how this works in the first nontrivial case m = 3, for any n.

In this case, the graded components of S% = 7(A%) have the following dimensions: dim 8§ = 1,
dim S} = 0, dim S = 2, dimS§ = 1, dim S} = 4, dim S = 2, dimS? = 7, etc., encoded into the
Poincaré series

1+42*

Pi(z) =1+222 + 22 + 424 +22° + 728 + 427 + 108+ 722 + ... = a-221-2)
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For the monomial order a1, > a13 > a3 the invariants

2 2, 2 | o
Ly = 37(ayy) = ajp +aj3 +a3;, Iy = 37(a1pa13) = a1pa13 — a12a23 + a13a23,
_ 2 _ 2 2 2
Iy = 671(a1ya13) = ajp(a13 + axs) — azz(arn + a13) + ajz(a2 — az3),
_ 2 2V _ 92 2 9 5 5 9
Iy = 37(apa13) = a1p13 + A1pA%3 + 13023

generate a Grobner basis of the ideal R - 1(A{) with the leading monomials of the corresponding
Grobner basis equal: u%z, a12a13, u%, ulzags, a%3a%3, a13a%3, a‘éy
The Grobner basis also gives the following syzygy Rg:

(413, + Alpg Ly, + 312,) 13, — (812, + 4lag Ly + 1413, Iy + 4(Ipg — 2Ip) I3 + 2713 = 0.

In other words, Sé = (Ing, Iy, I3, I | Rg). We also derive a presentation of the field of rational invariants
(2 : 1 means quadratic extension)

2:1 3
R(x,y) O §g O R(lg, Ly, I3) D R.

4.2. Conformal and Affine Symplectic Groups

For the group G; = CSp(2n,R) = Sp(21,R) x R the scaling makes the invariants a;; relative,
yet of the same weight, so their ratios [a1p : @413 : - -+ : @1, Or simply the invariants L= :1—”2 are
absolute invariants. These generate the field of invariants of transcendence degree d(m,n) — 1.

For the group G, = ASp(2n,R) = Sp(2n, R) x R?" the translations do not preserve the origin O
and this makes 4;; non-invariant. However due to the formula 2w(A1A2A3) = ayp + a3 — ayz (or more
symmetrically: a1y + a3 + a31), with the proper orientation of the triangle A; Ay A3, we easily recover
the absolute invariants a;; + aj + ay;.

Alternatively, using the translational freedom, we can move the point A; to the origin O. Then its
stabilizer in G, is G = Sp(2n, R) and we compute the invariants of (m — 1) tuples of points Ay, ..., Ap
as before. In particular they generate the field of invariants of transcendence degree d(m — 1, n).

4.3. Invariants in the Contact Space

Infinitesimal symmetries of the contact structure IT = Ker(a), « = du — ydx in the contact
space M = R?"*1(x,y,u), where x = (x1,...,X1), ¥y = (y1,.-.,yn), are given by the contact vector
field Xy with the generating function H = H(x,y,u). Taking quadratic functions H with weights
w(x) =1, w(y) =1, w(u) = 2 results in the conformally symplectic Lie algebra, which integrates
to the conformally symplectic group G; = CSp(2n, R) (taking H of degree < 2 results in the affine
extension of it by the Heisenberg group).

Alternatively, one considers the natural lift of the linear action of G = Sp(2n,R) on V = R?" to
the contactization M and makes a central extension of it. We will discuss the invariants of this action.
Please note that this action is no longer linear, so the invariants cannot be taken to be polynomial,
but can be assumed rational.

43.1. TheCasen =1
In the 3-dimensional case the group G; = GL(2,R) acts on M = R3(x, y,u) as follows:

Giog= (i ?) s (x,y,u) = (ax + By, yx + 0y, f(x,y,u)),

whee fx 1) = (20— py) (u— ) (X PR
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This action is almost transitive (no invariants); however there are singular orbits and a relative
invariant R = xy — 2u. Extending the action to multiple copies of M, i.e., considering the diagonal
action of G on M*™, results in m copies of this relative invariant, but also in the lifted invariants from
various V*2:

Ry = xpyx —2u (1 <k <m), Rij=wxiy;—xy; (1<i<j<m).

These are all relative invariants of the same weight, therefore their ratios are absolute invariants:

Ry Rij . .
< L — _ < < .
lk——Rl(l k<m), l”_R (1<i<j<m)

Since uy. enter only Ry there are no relations involving those, and the relations on Tj; are the same as
for a;;, namely they are Pliicker relations (since those are homogeneous, they are satisfied by both
Rjj and Tj). As previously, we can use them to eliminate all invariants except for T = {Ty, Thi, To; }:

_ Ty Ty — Ty Tk

Ty = T 3<k<I<m.
12

The field of rational invariants for m > 1 is then described as follows:
R(x,y,u) D Fg =~ (T)

4.3.2. The General Case

In general, we also have no invariants on M and the following relative invariants on M*"
Rk:xkyk—Zuk(lgkgm), Rij:xiyj—xjyi (1§z<]§m)

resulting in absolute invariants Ty, Tj; given by the same formulae. Again, using the Pfaffian relations
we can rationally eliminate superfluous generators, and denote the resulting setby T = {Tj, T;j : 1 <
k< m,i <j<m,1<i<2n}. Thissetisindependent and contains d(m, 1) elements, where

d(m,n) = 2n+1)m—n(2n+1)—1 form >2n
T +m—1= (") ~1  form < 2n.

This d(m, n) is thus the transcendence degree of the field of rational invariants:

__d(mn)
R(x,y,u) > F¢, ~R(T) > R.

5. From Joint to Differential Invariants

When we pass from finite to continuous objects the equivalence problem is solved through
differential invariants. In [7] this was done for submanifolds and functions with respect to our groups
G. After briefly recalling the results, we will demonstrate how to perform the discretization in several
different cases.

5.1. Jets of Curves in Symplectic Vector Spaces

Locally a curve in R?" is given as u = u(t) for t = x; and u = (x2,...,%u,Y1,..,Yn) in the
canonical coordinates (x1,X2,...,Xn, Y1,---,Yn), W = dx; Ady; + - - - + dx, A dy,. The corresponding
jet-space J*(V, 1) has coordinates t, u, us, uy, ..., and | k is the truncation of it. For instance, J! (v,1) =
R*~1(t,u,u;). Please note that dim ]k(V, 1) =2n+k(2n —1).
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In the case of dimension 21 = 2, the jet-space is ]k(V, 1) = Rk+2(x, Y, Yxs---, Yx.x). Here G =
Sp(2,R) has an open orbit in J'(V, 1), and the first differential invariant is of order 2:

L = Yxx
(xyx —y)°
There is also an invariant derivation (Dy is the total derivative with respect to x)
1

= Dx.

XYx =Y

By differentiation we get new differential invariants I3y = VI, Iy = V2I,, etc. The entire algebra of
differential invariants is free:
A = (I; V).
In the general case we denote the canonical coordinates on V = R2" by (t,x,v,z), where x and z

and (n — 1)-dimensional vectors. G = Sp(2n, R) acts on J*(V,1). The invariant derivation is equal to

! D,
(tyr —y + xzt — x¢2)

and the first differential invariant of order 2 is

XtZtt — Xt Zt + Yit
(tyr —y + xzt — x2)3"

There is one invariant I of order 3 independent of I, V(I), one invariant I of order 4 independent of
L,V (L), 13, V?(Ly),V(I3), and so on up to order 2. Then the algebra of differential invariants of G is
freely generated ([7], §4) so:

AG = <Iz, Is,..., Ly; V)

5.2. Symplectic Discretization

Consider first the case n = 1 with coordinates (x,y) on V = R2. Let 4; = (x;,y:),i = 0,1,2,
be three close points lying on the curve y = y(x). We assume A; is in between Ap, A, and omit indices
for its coordinates, i.e., A} = (x,y).

Let xg = x — 6 and xp = x + €. Denote also y' = y/(x), ¥ = y”(x), etc. Then from the Taylor
formula we have:

yo =1 — (5]/ + %ézy// _ %§3y/// +0(53),
v=y+ey + 3% + 1y +o().
Therefore, the symplectic invariants ajj = Xjyj — Xjy; are:

a1y = e(xy' —y) + 3°xy" + 1y +o(eY),
an = (xy’ —y) — 36%xy" + 1%xy" +0(8%),
agy = (e +0)(xy —y) + 1(e* — &%)xy”
+3(E+8)xy" — (e +6)edy” +o((16] + [e])?).
This implies:
an —ap+a 1y’
0102012 2(xy' —y)

+o([0] + le)-
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Thus, we can extract the invariant exploiting no distance (like € = §) but only the topology (¢, — 0)
and the symplectic area. This works in any dimension #, and using the coordinates from the previous
subsection we get

Areay, (AgA14y) 2(xpzer — X402t + Yt

li = =2D.
AO,AlzrgAl Area,, (OApA7) Areay, (OApA;) Area, (OA1Az)  (tye — y + xz — x¢2)3 2

Similarly, we obtain the invariant derivation (it uses only two points and hence is of the first order)

lim Ao 2D =2v
Ag—A; Arean(OAgAr) — (tyr —y+xz —xz)

The other generators I3, Iy, ... (important for n > 1) can be obtained by a higher order discretization,
but the formulae become more involved.

5.3. Contact Discretization

Now we use joint invariants to obtain differential invariants of curves in contact 3-space
W = R3(x,y,u) with respect to the group G = GL(2,R), acting as in §4.3. The curves will be
given as y = y(x),u = u(x) and their jet-space is J*(W,1) = R*3(x,y, 1, yx, tix, .., Yr.x, Ux.x)-
The differential invariants are generated in the Lie-Tresse sense ([7], §8.1) as

AG = <11,12; V)

where 5

I = =y o (xy —2u) Yo, V= xy —2u

Xyx =y (yx —y)? Xyx =y

Instead of exploiting the absolute rational invariants T;, T;; we will work with the relative

polynomial invariants R;, R;; from Section 4.3. To get absolute invariants we will then have to pass to

weight zero combinations.

Consider three close points A[ = (x;,y;,u;),i=0,1,2, lying on the curve. We again omit indices

for the middle point, so xg = x — ¢, x; = x and x, = x + €. Using the Taylor decomposition as in the
preceding subsection, we obtain

Dx.

Ry = xy —2u, Ro—Ry =62t —y—xy') +0(5),
Ror = 6(xy' —y) +0(8), Rop = (e +0)(xy' —y) +o(le] + 9]),
Ria = €(xy' —y) +o(e), Ror+ Riz— Roz = 3ed(e +8)y" +o((le| +[6]))
as well as
ApAr = 6(0x + Y9y + u'dy) +0(6).

Passing to jet-notations, we obtain the limit formulae for basic differential invariants:

. Ro—Rq 1 . To— 14Ty
L= 1 Z =1 B U el
! Aoml 2R01 + 2 Aog‘r}’il 2T01
R%(R Rip — R _
ly— gim RRutRo-Ro) o To+To—To
Ag,Ary— Ay Ro1Ro2R12 Ap A=Ay TonToa Tz
—
—
V= lim &AoAl ~ im Ao
Ag—Aq Ro] Ag—A T01

These formulae straightforwardly generalize to invariants of jets of curves in contact manifolds
of dimension 2n + 1, n > 1, in which case there are also other generators obtained by higher
order discretizations.
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5.4. Functions and Other Examples

Let us discuss invariants of jets of functions on the symplectic plane. The action of
G=5p(2,R) on J°V = V x R(u) ~ R3(x,y,u), with [ = u invariant, prolongs to J*(V) =
R®(x,y, u, 1y, Uy, U, Uyy, Uyy, - - - ). Please note that functions can be identified as surfaces in | 0y
through their graphs.

For any finite set of points A= (xk, Yx, tx) the values uy, are invariant, and the other invariants
a;j are obtained from the projections Ay = (g, yx). In this way we get the basic first order invariant
(as before we omit indices x; = x, y; =y, u; = y for the reference point A; in the right-hand side)

ap1 (1 — up) +anp (41 — uo)

I = Ilim = XUy +yu
! Ao, Ar—Aq agp — ap2 + a2 Yty
as well as two invariant derivations
— . L —— uy—ug =—
Vi =0A; =xDx +yDy, Vo= lim —- AgA; — — L OA] = uyDy — yDs.

Ag—Ay ao1 aot

To obtain the second order invariant I, = u%uw — 2uxiyliyy + u;uxx let Ag belong to the line
through A; in the direction V), (this constraint reduces the second order formula to depend on only
two points), i.e., Ag = (x + euy,y — €iy), Ay = (x,y). Then ug —u; = %Izc + o(ez), ag; = €l; and
letting € — 0 we obtain
ug—uyp Iy

lim = 5.
Ag—Aq 215

AgA1|[V2

2
an

In the same way we get Iy, = X?iixx + 2xYitixy + Yy and Ly = Xiylixy — Yiixityy + (Yity — Xiig)iixy.
These however are not required as the algebra of differential invariants is generated as follows ([7],
§3.1) for some differential syzygies R;:

Ac = (Io, Ic; V1, V2| R1, Ro, R3).

Similarly, one can consider surfaces in the contact 3-space (with the same coordinates x, y, u but
different lift of Sp(2, R) extended to GL(2, R)) and higher-dimensional cases. The idea of discretization
of differential invariants applies to other problems treated in [7].

6. Relation to Binary and Higher Order Forms

According to the Sylvester theorem [9] a general binary form p € C[x, y| of odd degree 2m — 1
with complex coefficients can be written as

(aix + Biy)™" .

=

p(x,y) =

Il
-

This decomposition is determined up to permutation of linear factors and independent multiplication
of each of them by a (2m — 1)-th root of unity.
In other words, we have the branched cover of order k,, = (2m — 1)"m!

Xm(CZ) N 527’171(:2

and the deck group of this cover is S, x an':il.
Please note that in the real case, due to uniqueness of the odd root of unity, the corresponding
cover over an open subset of the base

Xm(RZ) N 52m71R2
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has the deck group S;.

With this approach the invariants of real binary forms are precisely the joint symmetric invariants
studied in this paper, and for complex forms one must additionally quotient by Z;" |, which is
equivalent to passing from a;; to a%jmfl and other invariant combinations (example for m = 4:
ai’zaﬁaﬁa%aiag 4) and subsequently averaging by the map 7.

Other approaches to classification of binary forms, most importantly through differential
invariants [2,8], can be related to this via symplectic discretization.

Remark 2. Please note that the standard "root cover” C2" — §2m—1C2;

2m—1 i1 2m—1
(ag,a1,. ., 80m—1) = (po, p1,- - P2m—1), 3 pix'y"™ " =ag [] (x —aiy)
i=0 i=1

has order (2m — 1)! < ky,. Polynomial SL(2, C)-invariants of binary forms with this approach correspond to
functions on the orbifold C*" /S,,,.

The above idea extends further to ternary and higher valence forms (see [18] for the differential
invariants approach and [19] for an approach using joint differential invariants) with the Waring
decompositions [10] as the cover, but here the group G is no longer symplectic. We expect all the ideas
of the present paper to generalize to the linear and affine actions of other reductive groups G.
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Abstract: In his 1892 paper, L. Bianchi noticed, among other things, that quite simple transformations
of the formulas that describe the Backlund transformation of the sine-Gordon equation lead to what is
called a nonlocal conservation law in modern language. Using the techniques of differential coverings,
we show that this observation is of a quite general nature. We describe the procedures to construct such
conservation laws and present a number of illustrative examples.
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1. Introduction

In [1], L. Bianchi, dealing with the celebrated Backlund auto-transformation (I changed the
original notation slightly)

W = sin(u +w), a(uaiq;w) = sin(u — w) (1)
for the sine-Gordon equation
9%(2u)
——= =sin(2 2
333y sin(2u) )
in the course of intermediate computations (see ([1], p. 10)) notices that the function
=In a—u
v=mgc

where C is an arbitrary constant on which the solution # may depend, enjoys the relations

% _ cos(u +w), W _ cos(u —w).

ox ay
Reformulated in modern language, this means that the 1-form
w = cos(u + w) dx + cos(u — w) dy

is a nonlocal conservation law for Equation (1).

It became clear much later, some 100 years after the publication of [1], that nonlocal conservation
laws are important invariants of PDEs and are used in numerous applications, e.g.,; numerical
methods [2,3], sociological models [4,5], integrable systems [6], electrodynamics [7,8], mechanics [9-11],
etc.
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Actually, Bianchi’s observation is of a very general nature and this is shown below.

In Section 2, I shortly introduce the basic constructions in nonlocal geometry of PDEs,
i.e., the theory of differential coverings, [12]. Section 3 contains an interpretation of the result by
L. Bianchi in the most general setting. In Section 4, a number of examples is discussed.

Everywhere below we use the notation .7 (-) for the R-algebra of smooth functions, D(-) for the
Lie algebra of vector fields, and A*(-) = @;>oAX(+) for the exterior algebra of differential forms.

2. Preliminaries

Following [13], we deal with infinite prolongations & C J®(7r) of smooth submanifolds in J*(77),
where 77: E — M is a smooth locally trivial vector bundle over a smooth manifold M, dim M = #,
rank 7t = m. These & are differential equations for us. Solutions of & are graphs of infinite jets that lie
in &. In particular, & = J*(7) is the tautological equation 0 = 0.

The bundle 7o : & — M is endowed with a natural flat connection ¢’: D(M) — D(&) called the
Cartan connection. Flatness of ¢ means that ¢(x y) = [¢x, 4Y] forall X, Y € D(M). The distribution
on & spanned by the fields of the form € (the Cartan distribution) is Frobenius integrable. We denote
itby € C D(&) as well.

A (higher infinitesimal) symmetry of & is a 7e-vertical vector field S € D(&) such that [X, 4] C €.

Consider the submodule A (& 1 (&) generated by the forms 715,(6), 0 € AX(M). Elements w € A’P‘l(é& )
are called horizontal k-forms. Generahzmg slightly the action of the Cartan connection, one can apply
it to the de Rham differential d: AK(M) — AX+1(M) and obtain the horizontal de Rham complex

dy

0 F(&) AL(&) AR &) —— L AN(E) —— 0

on &. Elements of its (1 — 1)st cohomology group HJ' "' (&) are called conservation laws of &. We always
assume & to be differentially connected which means that H) (&) = R.

Remark 1. The concept of a differentially connected equation reflects Vinogradov’s correspondence
principle [14], (p. 195): when ‘secondary dimension’ (dimension of the Cartan distribution) Dim — 0,
the objects of PDE geometry degenerate to their counterparts in geometry of finite-dimensional manifolds.
Following this principle, we informally have

lim Hi(&) = Hig(M).

Dim—0
Since HgR(M) is responsible for topological connectedness of M, the group Hg(é’) stands for differential one.

Coordinates. Consider a trivialization of 7 with local coordinates x1,...,x" in % C M and u!,...,u"

in the fibers of 7t|,,. Then in 715! (%) C J®(7) the adapted coordinates u!, arise and the Cartan
connection is determined by the total derivatives

0 ?
(oplﬁ’—)i Bf ZU

il
Let F = (F',...,F"), where F/ are smooth functions on J*(77). The the infinite prolongation of the locus
{zeJ(n) | Fi(z) =-- = F(2) =0}  J¥(n)

is defined by the system

=& ={ze]®°(n) | De(F)(z)=0,j=1,...,1, |¢| >0},
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where D, denotes the composition of the total derivatives corresponding to the multi-index ¢. The
total derivatives, as well as all differential operators in total derivatives, can be restricted to infinite
prolongations and we preserve the same notation for these restrictions. Given an &, we always choose
internal local coordinates in it for subsequent computations. To restrict an operator to & is to express
this operator in terms of internal coordinates.

Any symmetry of & is an evolutionary vector field

0
E, = EDU(W])F

Ug
(summation on internal coordinates), where the functions ¢!, ..., ¢" € 7 (&) satisfy the system

oF/
—Ds(¢") =0, j=1,...,r
gauf; o (9") j

A horizontal (n — 1)-form

w:Zu,-dxl/\--~/\ dx VA AT A A di!
i

defines a conservation law of & if
Y (=1)"'Dy(a;) = 0.
i
We are interested in nontrivial conservation laws, i.e., such that w is not exact.
Finally, & is differentially connected if the only solutions of the system

Di(f) =---=Dul(f) =0, feF(&),

are constants.
Consider now a locally trivial bundle 7: & — & such that there exists a flat connection ¢ in
Tteo 0 T: & — M. Following [12], we say that 7 is a (differential) covering over & if one has

for any vector field X € D(M). Objects existing on & are nonlocal for &: e.g., symmetries of & are
nonlocal symmetries of &, conservation laws of & are nonlocal conservation laws of &, etc. A derivation
S: Z(&) — F(&) is called a nonlocal shadow if the diagram

7(8&) - 7(6)

S S

L% N
is commutative for any X € D(M). In particular, any symmetry of the equation &, as well as
restrictions 5| @) of nonlocal symmetries may be considered as shadows. A nonlocal symmetry is

said to be invisible if its shadow § ‘ Z(8) vanishes.
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A covering T is said to be irreducible if & is differentially connected. Two coverings are equivalent
if there exists a diffeomorphism g: & — & such that the diagrams

H—>=

N \/

are commutative. Note also that for any two coverings their Whitney product is naturally defined.
A covering is called linear if T is a vector bundle and the action of vector fields €y preserves the
subspace of fiber-wise linear functions in .7 (&).

In the case of 2D equations, there exists a fundamental relation between special type of coverings
over & and conservation laws of the latter. Let T be a covering of rank / < co. We say that 7 is an
Abelian covering if there exist | independent conservation laws [w;] € H}(&),i = 1,...,1, such that the
forms 7" (w;) are exact. Then equivalence classes of such coverings are in one-to-one correspondence
with I-dimensional R-subspaces in H} (&).

Coordinates. Choose a trivialization of the covering 7 and let wt,...,w!,... be coordinates in fibers
(the are called nonlocal variables). Then the covering structure is given by the extended total derivatives

D,‘:Dj-‘rX,‘, i=1,...,n,

where

Xi= Z Xt awa
are T-vertical vector fields (nonlocal tails) enjoying the condition
D,'(X]‘) - D]-(X,') + X, X]] =0, i<j. 3)

Here D;(X ) denotes the action of D; on coefficients of X;. Relations (3) (flatness of €) amount to the
fact that the manifold & endowed with the distribution ‘(9” coincides with the infinite prolongation of

the overdetermined system
ow®

oxt

— (3
= X%,

which is compatible modulo &

Irreducible coverings are those for which the system of vector fields Dy, ..., D, has no nontrivial
integrals. If T is another covering with the nonlocal tails X; =} Xf 9/9wP, then the Whitney product
T @ T of Tand T is given by

9
D;=D; +2xla “+2X1ﬁawﬁ

A covering is Abelian if the coefficients X% are independent of nonlocal variables w/. If n = 2 and
wy = X4 dx! + X§ dx?, a = 1,...,1, are conservation laws of & then the corresponding Abelian covering
is given by the system

Jw* .
P =X}, i=12, a=1,...,1,
or
D; = D; +Z o
- 9w

Vice versa, if such a covering is given, then one can construct the corresponding conservation law.
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The horizontal de Rham differential on & is d;, = Y, dx! A D;. A covering is linear if

Xr=y Xf{ﬁwﬁ, 4)
B

where X%

ip € F(&).

Remark 2. Denote by X; the F(&)-valued matrix (Xf‘ﬁ) that appears in (4). Then Equation (3) may be
rewritten as

for linear coverings. Thus, a linear covering defines a zero-curvature representation for & and vice versa.
A nonlocal symmetry in 7 is a vector field

Spp = LDolo)) -2 + L0

P ou ™

j
o

where the vector functions ¢ = ((pl, 9™ and p = (1/)1,. LYY, .0) on & satisfy the system of
equations

JF . .
¥ 2 bo(e) =0, ©
Jduy,
Di(p") =Y ?Du<<pf)+zax? g (6)
ul owh

Nonlocal shadows are the derivations
- 5 iy 9
E, = ZDO((P )7]'/
gy
where ¢ satisfies Equation (5), invisible symmetries are

. 0
_ «
Soﬂl’ - Z & dw’

where ¢ satisfies
DIy = X 5o 0P )
! owb”

In what follows, we use the notation t!: & — & for the covering defined by Equation (7).

Remark 3. Equation (7) defines a linear covering over &. Due to Remark 2, we see that for any non-Abelian
covering we obtain in such a way a nonlocal zero-curvature representation with the matrices X; = (0X{*/ duwh).

Remark 4. The covering T': &' — & is the vertical part of the tangent covering t: 7& — &, sece the
definition in [15].

3. The Main Result

From now on we consider two-dimensional scalar equations with the independent variables x
and y. We shall show that any such an equation that admits an irreducible covering possesses a
(nonlocal) conservation law.
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Example 1. Let us revisit the Bianchi example discussed in the beginning of the paper. Equation (1) define
a one-dimensional non-Abelian covering T: & = & x R — & over the sine-Gordon Equation (2) with the
nonlocal variable w. Then the defining Equation (7) for invisible symmetries in this covering are

g—lﬁ = —cos(u+w)p, g—lﬁ = —cos(u —w)y.

This is a one-dimensional linear covering over & which is equivalent to the Abelian covering
P 9P

Freia cos(u +w), Fm = —cos(u —w),

where ( = In . Thus, we obtain the nonlocal conservation law
w = —cos(u+w)dx — cos(u — w) dy
of the sine-Gordon equation.
The next result shows that Bianchi’s observation is of a quite general nature.

Proposition 1. Lef T: & — & be a one-dimensional non-Abelian covering over &. Then, if T is irreducible,
Tl 1 — & defines a nontrivial conservation law of the equation & (and, consequently, of & too).

Proof. Consider the total derivatives

X9 9 X 2
I _ Pty _ o
De= Dt 5055 = Dx X5 T 50V oy

D;,:Dy+(%tp% = y+Y%+%¢%
on &' and assume that a € # (&) is a common nontrivial integral of these fields:
Dy(a) = Dj(a) =0, a # const. (8)
Choose a point in T and assume that the formal series
at+ap+-tap ..., a e F(E), ©)

converges to a in a neighborhood of this point. Substituting relations (9) to (8) and equating coefficients
at the same powers of i, we get

- .0X ~ Y .
Dx(aj)+]%aj:0, Dy(u]')—o—]%a]vzo, j=01,...,
and, since 7 is irreducible, this implies that a9 = ko = const and

Dule) _ Dulay) Dyl _ Dyfa)

ﬂj ay Ilj n ay

Hence, a; = k]-(a1)j ,j > 0. Substituting these relations to (9), we see that a = a(6), where 0 = a;1p,
a1 € Z(&). Then Equation (8) take the form

; D oX ; > oY . da
ayp (Dx(”l)"' %) =0, ay (Dy(al)-i-%) =0, a=
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Thus ax
w = *Dx(ﬂl)r w0

and the function w + a1 is a nontrivial integral of D and Dy. Contradiction.

= *Dy(’ll)

Finally, repeating the scheme of Example 1, we pass to the equivalent covering by setting ¢ = In ¢
and obtain the nontrivial conservation law

X Y
w = a—d +a—dy

on&l. O

Indeed, Bianchi’s result has a further generalization. To formulate the latter, let us say that a
covering T: & — & is strongly non-Abelian if for any nontrivial conservation law w of the equation &
its lift T*(w) to the manifold & is nontrivial as well. Now, a straightforward generalization of
Proposition 1 is

Proposition 2. Let T: & — & be an irreducible covering over a differentially connected equation. Then T is a
strongly non-Abelian covering if and only if the covering T is irreducible.

We shall now need the following construction. Let T: & — & be a linear covering. Consider
the fiber-wise projectivization T : &% — & of the vector bundle 7. Denote by p: & — &F the natural
projection. Then, obviously, the projection p. (%) is well defined and is an n-dimensional integrable
distribution on &F. Thus, we obtain the following commutative diagram of coverings

SR SN0 §

N,

where rank(p) = 1 and rank(t?) = rank(t) — 1.
Proposition 3. Let T: & — & be an irredicible covering. Then the covering T¥ is irreducible as well.

Coordinates. Let rank(7) =1 > 1 and
!
:ZXffﬁwﬁ, i=1,...n a=1,...,1, (10)
p=1

be the defining equations of the covering T, see Equation (4). Choose an affine chart in the fibers of 7°.
To this end, assume for example that w' # 0 and set

in the domain under consideration. Then from Equation (10) it follows that the system
1-1
@% = Xt — XL ot + Z Xtgaf —at Y Xjgaf,  i=1,...,n a=1,..1-1
1

locally provides the defining equation for the covering ¥.
We are now ready to state and prove the main result.
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Theorem 1. Assume that a differentially connected two-dimensional equation & admits a nontrivial covering
T: & — & of finite rank. Then it possesses at least one nontrivial (nonlocal) conservation law.

Proof. Actually, the proof is a description of a procedure that allows one to construct the desired
conservation law.

Note first that we may assume the covering T to be irreducible. Indeed, otherwise the space &
is foliated by maximal integral manifolds of the distribution % Let Iy denote the codimension of the
generic leaf and | = rank(7). Then

e [ >y because T is a nontrivial covering;
e theintegral leaves project to & surjectively, because & is a differentially connected equation.

This means that in vicinity of a generic point we can consider T as an /p-parametric family of irreducible
coverings whose rank is ¥ = [ — Iy > 0. Let us choose one of them and denote it by 1: & — &.

If 79 is not strongly non-Abelian, then this would mean that & possesses at least one nontrivial
conservation law and we have nothing to prove further. Assume now that the covering 7 is strongly
non-Abelian. Then due to Proposition 2 the linear covering 7} is irreducible and by Proposition 3
I

its projectivization 71 = (TO)P possesses the same property and rank(7y) = r — 1. Repeating the

construction, we arrive to the diagram

é"ol 15"71_2
% JP 2 JP
T P P
s Py a— @) = b,
Tl—('[o) 7,71—('['72)

where rank(7;) = —i. Thus, in r — 1 steps at most we shall arrive to a one-dimensional irreducible
covering and find ourselves in the situation of Proposition 1 and this finishes the proof. [

4. Examples

Let us discuss several illustrative examples.
Example 2. Consider the Korteweg-de Vries equation in the form
Ut = ULy + Uxxx (11)

and the well known Miura transformation [16]

U=wy— —w.
6

The last formula is a part of the defining equations for the non-Abelian covering

1 2
Wy = U+ gw ,
1
W= e WU+ guz + szu,

the covering equation being

1,
Wt = Wyxxx — gw Wy,
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i.e., the modified KdV equation. Then the corresponding covering T\ is defined by the system

1
Py 3 wy,

1 1
Py = 3 <ux+ gwu> P

that, after relabeling 1 — 3 In 1 gives us the nonlocal conservation law

w=wdx+ (ux + %wu) dt
of the KAV equation.

Example 3. The well known Lax pait, see [17], for the KAV equation may be rewritten in terms of zero-curvature
representation
Dx(T) — D¢(X) + [X, T] = 0.

The (2 x 2) matrices X and T become much simpler if we present the equation in the form
Up = O6Uly — Uyyy.

In this case, they are

0 1 —Uy 2(u+2A)
X = , T= ,
u—~A 0 2u? — 1y + 2Au — 402 Uy

A € R being a real parameter. As it follows from Remark 2, this amounts to existence of the two-dimensional
linear covering T given by the system

W1,x = W,

Wy = —uywy +2(u +2A)wy,

Wy = (1 — A)wy,

Wyt = (20 — tyy + 2Au — 4A%) w7 + uywy.

Let us choose for the affine chart the domain wy # 0 and set 1 = wy /wy. Then the covering T¥ is described by
the system

Pr=1—(u—AN)y,
Wr = 21+ 2A) — 20 — (2u% — iy + 20U — 4A%) 2,

while 7y = (P)" is given by

lifx = ()‘ - Ll)lp,
Pr = =2(ux + (2% — tzy +2Au — 4A%)9) P

Thus, we obtain the conservation law
w=(A—u)dx —2(uy + (2u> — uzx + 2Au — 4A2)y) dt

that depends on the nonlocal variable 1.

171



Symmetry 2020, 12, 1760

Example 4. Consider the potential KAV equation in the form
U = 3u§ + Uyry
Its Biicklund auto-transformation is associated to the covering T
Wy = A — Uy — %(w— u)?,
wy = 2A% — 2A1ty — U2 — Uy + 2ty (W0 — 1) — (A + 1) (w — 1),

where A € R, see [18]. Then the covering T is

l/’x = _(w - u)l/],
l/it = 2(uxx1p - (A + MX)(w - “))E"/

which leads to the nonlocal conservation law
w=—(w—u)dx +2 () — (A + 1uy)(w—u)) dt
of the potential KAV equation.

Example 5. The Gauss-Mainardi-Codazzi equations read

_8&—fh

Uyy = ——
Y sinu

h —gcosu f—gcosu
A St =h,— L7

’ fy =g+ Uy, 8y Uy, (12)

sinu sinu

see [19]. This is an under-determined system, and imposing additional conditions on the unknown functions u,
f, g, and h one obtains equations that describe various types of surfaces in R?, cf. [20]. System (12) always
admits the following C-valued zero-curvature representation

Dx(Y) = Dy(X) + [X,Y] =0

with the matrices

eiufig ei“gfh
i Uy — i 0 —_—
X = - ) sinu Y = - ) sinu
2 e—mf —g ’ 2 e—lug _
— —Uy p 0
smu smiu

The corresponding two-dimensional linear covering T is defined by the system

eiu _ e—iu _
wh = w4 7f ng, w2 = 7,f Sl — Uyw?,
sinu sinu
iy _ —iug _
wl o= 38 w?, w2 = & .g wl.
y sin u y sinu
Hence, the covering P in the domain w? #0is
ei“ffg efiufig 5 ei”gfh efiugih 5
= ——= 4 2uyp — ——=¢Y~, = — — - .
P sinu | ¥ sinu 4 Yy sinu sinu 4
Thus, the covering (TP)I, given by
. e if g N\ . e ltg—p
=2(uy—————= , = -2—=—9y,
W < * sinu vy Py sinu vy
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defines the nonlocal conservation law

sinu sinu

w = <ux7767 fﬁgw) dxfier gihtpdy

of the Gauss-Mainardi-Codazzi equations.

Example 6. The last example shows that the above described techniques fail for infinite-dimensional coverings
(such coverings are typical for equations of dimension greater than two).

Consider the equation
Uyy = Upx + Uyllxxy — Uxlyxy

that arises in the theory of integrable hydrodynamical chains, see [21]. This equation admits the covering T with
the nonlocal variables w', i = 0,1, .. ., that enjoy the defining relations

wd + uyw}( =0, wg + uywl =0,
wh = w'tl, i>0,

wh + Di(uyw}{) =0, w’y + DL (uywl) =0, i>1.

see [22]. This is a linear covering, but its projectivization does not lead to constriction of conservation laws.

5. Discussion

We described a procedure that allows one to associate, in an algorithmic way, with any nontrivial

finite-dimensional covering over a differentially connected equation a nonlocal conservation law.
Nevertheless, this method fails in the case of infinite-dimensional coverings. It is unclear, at the
moment at least, whether this is an immanent property of such coverings or a disadvantage of the
method. I hope to clarify this in future research.
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Abstract: A geometrical formulation for adjoint-symmetries as one-forms is studied for general
partial differential equations (PDEs), which provides a dual counterpart of the geometrical meaning
of symmetries as tangent vector fields on the solution space of a PDE. Two applications of this
formulation are presented. Additionally, for systems of evolution equations, adjoint-symmetries are
shown to have another geometrical formulation given by one-forms that are invariant under the flow
generated by the system on the solution space. This result is generalized to systems of evolution
equations with spatial constraints, where adjoint-symmetry one-forms are shown to be invariant up
to a functional multiplier of a normal one-form associated with the constraint equations. All of the
results are applicable to the PDE systems of interest in applied mathematics and mathematical physics.

Keywords: adjoint-symmetry; one-form; symmetry; vector field; geometrical formulation

1. Introduction

Symmetries are a fundamental coordinate-free structure of a partial differential equation (PDE).
In geometrical terms, an infinitesimal symmetry is an evolutionary (vertical) vector field that is tangent
to the solution space of a PDE, where the components of the vector field are the solutions of the
linearization of the PDE on its solution space (see, e.g., [1-4]).

Knowledge of the symmetries of a PDE can be used to map given solutions into other solutions,
find invariant solutions, detect and find mappings in a target class of PDEs, detect integrability, and find
conservation laws through Noether’s theorem when a PDE has a variational (Lagrangian) structure.

Solutions of the adjoint linearization of a PDE on its solution space are known as
adjoint-symmetries. This terminology was first introduced and explored for ordinary differential
equations (ODEs) in [5-8] and then generalized to PDEs in [9,10] (see [11] for a recent overview
for PDEs). When a PDE lacks a variation structure, then its adjoint-symmetries will differ from
its symmetries.

Knowledge of the adjoint-symmetries of a PDE can be used for several purposes just as symmetries
can. Specifically, solutions of the PDE can be found analogously to the invariant surface condition
associated with a symmetry; mappings into a target class of PDEs can be detected and found
analogously to characterizing the symmetry structure of the target class; integrability can be detected
analogously to the existence of higher order symmetries; and conservation laws can be determined
analogously to symmetries that satisfy a variational condition. In particular, the counterpart of
variational symmetries for a general PDE is provided by multipliers, which are well known to be
adjoint-symmetries that satisfy a Euler-Lagrange condition.

Symmetry 2020, 12, 1547; doi:10.3390/sym12091547 175 www.mdpi.com/journal /symmetry
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However, a simple geometrical meaning (apart from abstract formulations) for adjoint-symmetries
has yet to be developed in general for PDEs. Several significant new steps toward this goal will be
taken in the present paper.

Firstly, for general PDE systems, adjoint-symmetries will be shown to correspond to evolutionary
(vertical) one-forms that functionally vanish on the solution space of the system. This formulation has
two interesting applications. It will provide a geometrical derivation of a well-known formula that
generates a conservation law from a pair consisting of a symmetry and an adjoint-symmetry [9,12].
It also will yield three different actions of symmetries on adjoint-symmetries from Cartan’s formula
for the Lie derivative, providing a geometrical formulation of some recent work that used an algebraic
viewpoint [13].

Secondly, for evolution systems, these adjoint-symmetry one-forms will be shown to have the
structure of a Lie derivative of a simpler underlying one-form, utilizing the flow generated by
the system. As a result, adjoint-symmetries of evolution systems will geometrically correspond
to one-forms that are invariant under the flow on the solution space of the system. This directly
generalizes the geometrical meaning of adjoint-symmetries known for ODEs [8].

Thirdly, a bridge between the preceding results for general PDE systems and evolution systems
will be developed by considering evolution systems with spatial constraints. These systems are
ubiquitous in applied mathematics and mathematical physics, for example: Maxwell’s equations,
incompressible fluid equations, magnetohydrodynamical equations, and Einstein’s equations. For such
systems, invariance of the adjoint-symmetry one-form under the constrained flow will be shown to
hold up to a functional multiple of the normal one-form associated with the constraint equations.

Throughout, the approach will be concrete, rather than abstract, so that the results can be
readily understood and applied to specific PDE systems of interest in applied mathematics and
mathematical physics.

The rest of the paper is organized as follows. Section 2 discusses the evolutionary form of
vector fields and its counterpart for one-forms in the mathematical framework of calculus in jet
space, which will underlie all of the main results. Section 3 reviews the geometrical formulation of
symmetries and presents the counterpart geometrical formulation of adjoint-symmetries. In addition,
some examples of adjoint-symmetries of physically interesting PDE systems are discussed. Section 4
gives the two applications of adjoint-symmetry one-forms. Section 5 develops the main results for
adjoint-symmetries of evolution systems and extends these results to constrained evolution systems.
Some concluding remarks are made in Section 6.

2. Vector Fields, One-Form Fields, and Their Evolutionary Form

To begin, some essential tools [3,11,14] from calculus in jet space will be reviewed. This will set
the stage for a discussion of the evolutionary form of vector fields and its counterpart for one-forms,
as needed for the main results in the subsequent sections.

Independent variables are denoted x,i=1,...,n and dependent variables are denoted u*,
« = 1,...,m. Derivative variables are indicated by subscripts employing a multi-index notation:
I={iy,...,in}uf = L’?;«««iN =0,y - 0w || = Ny T = @, uf := u®, |I| = 0. Some useful notation
is as follows: 0¥y will denote the set {uf}|1/= of all derivative variables of order k > 0; u®) will denote
the set {uf }o<|;<x of all derivative variables of all orders up to k > 0. The summation convention of
summing over any repeated (multi-)index in an expression is used throughout.

Jet space is the coordinate space ] = (x/, u*, u?‘,. ..). A smooth function u* = ¢*(x) : R" — R"
determines a point in J: at any x' = (xg)’; the values (1u)* := ¢*(xp) and the derivative values
(o)} := 95, - -+ 9j,¢" (o) for all orders N > 1 give a map,

X .

u® = ¢*(x) 3% ((x0)', (10)*, (uo)},---) €. 1)
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In jet space, the primitive geometric objects consist of partial derivatives d Bu?, and differentials

xis
dad, duj. They are related by duality (hooking) relations:
9] dx/ =4, )
3y | duff = ofs]. 3)
It will be useful to also introduce the geometric contact one-forms:
0% = duf — ul.dx’. )
Under the evaluation map (1), the pull back of a contact one-form vanishes.
Total derivatives are given by D; = d,; + u;“]auf;, which corresponds to the chain rule under

the evaluation map (1). Higher total derivatives are defined by D; = Dj, -+~ D), | = {j1,..-,jn},
[Jl = N. For ] = @, Dg = id is the identity operator, where [@| = 0. In particular, Dju® = uf,
and Dydu® = duj.

A differential function is a function f(x,ul¥)) defined on a finite jet space J®) =
(xi Lut,uf, ..., u}?‘] jk) of order k > 0. The Frechet derivative of a differential function f is given by

f/:fu‘}‘Dl ®)

which acts on (differential) functions F*. The adjoint-Frechet derivative of a differential function f is
given by

(F)e = (—1)1IDy fin ©)

which acts on (differential) functions F, where the right-hand side is viewed as a composition
of operators.
The Frechet second-derivative is given by

f'(FB) = £, o(DIF) (DyES). @)

uf

This expression is symmetric in the pair of functions (F}', F§').
The commutator of two differential functions f; and f; is given by [fi, fo] = f3(f1) — fi(f2)-
The Euler operator (variational derivative) is given by

Ew = (-1)1IDjd,s. (8)

It characterizes total divergence expressions: Ey«(f) = 0 holds identically iff f = D;F' for some
differential vector function F'(x, u¥)). The product rule takes the form:

Ew(fif2) = " (f2)a + f2" (fi)a- ©)
The higher Euler operators
Eye = ()(=1)IDjd,, (10)
characterize higher order total derivative expressions: El.(f) = 0 holds identically iff f =

Dy - Dy, Fi1-1l for some differential tensor function F1 1 (x,ul®)),
The Frechet derivative is related to the Euler operator by:

f'(F) = F*Eu(f) + DT'(F; ), T'(F; f) = (DjF*)Eys (f). 1)
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The Frechet derivative and its adjoint are related by
Bf (F) - Ff"(R)x = DY (R B f), YR Bif) = (Dck) (DR Eg (). (12)
Evolutionary Vector Fields and One-Form Fields
A vector field in jet space is defined as the geometric object,
Plo,i + P9 (13)

whose components are differential functions. Similarly, a one-form field in jet space is defined as the
geometric object, _
Q;dx’ + Qlduf (14)

whose components are differential functions. Total derivatives D; = 9, + u;\'lal,7 represent trivial
vector fields that annihilate contact one-forms: D; | 07 =0.
Geometric counterparts of partial derivatives BL,7 are evolutionary (vertical) differentials duj,

where d is the evolutionary version of d: d? = 0, dx’ = 0. They satisfy the duality (hooking) relation:
3y | dufl = oo 15)
An evolutionary (vertical) vector field is the geometric object

p ;X au’;‘ (16)
whose components are differential functions. Every vector field X = Pid.; + Pfo,; has a unique
evolutionary form X = X — PID; = 13}"8,,? given by the components P¥ = P¥ — P'u%. TIts dual

counterpart is an evolutionary (vertical) one-form field,
Quduf a7)

whose components are differential functions.
For later developments, it will be useful to define the functional pairing relation,

(PFa,g, Qlduf) = [ PrQLdx 18)

between evolutionary vector fields and evolutionary one-form fields. In the local form, this pairing is
given by the expression:

PQL mod total D. (19)

Two evolutionary one-forms will be considered functionally equivalent iff their pairings with an
arbitrary evolutionary vector field agree,

(P}, Qujduf) = (Pfdg, Qafduf), (20)
or in the local form,
P?(Qli — in) = 0 mod total D. 1)

The functional equivalence of one-forms is closely related to the notion of functional one-forms in
the variational bi-complex. See [3] for details.
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3. Geometric Formulation of Symmetries and Adjoint-Symmetries

Consider a general PDE system of order N consisting of M equations,
GAx,uNy=0, A=1,...,.M (22)

where x,i =1,...,n, are the independent variables and u®, « = 1, ...,m, are the dependent variables.
The space of formal solutions u*(x) of the PDE system will be denoted €.

There are many equivalent starting points for the formulation of infinitesimal symmetries. For the
present purpose, the most useful one is given by evolutionary vector fields and utilizes only the Frechet
derivative. A symmetry is a vector field,

Xp = P*(x,u%)9,0 (23)

whose component functions P*(x, u)) are non-singular on £ and satisfy the linearization of the PDE
system on &,
(prXpG*)|e = G'(P)*[e = 0. (24)

This is the symmetry determining equation, and the functions P* are called the characteristic of
the symmetry.

In this setting, an adjoint-symmetry consists of functions Q 4 (x, u(!)) that are non-singular on £ and
that satisfy the adjoint linearization of the PDE system on &,

G"(Q)ale =0. (25)

This is the adjoint-symmetry determining equation.

In particular, the two determining equations (24) and (25) are formal adjoints of each other.
They coincide only in two cases: either G’ = G*, which is the necessary and sufficient condition
for a PDE system to be a Euler-Lagrange equation (namely, possess a variational structure) [1,3,11];
or G' = —G'’*, which is the necessary and sufficient condition for a PDE system to be a linear,
constant-coefficient system of odd order [10].

Since P* has the geometrical status as the components of the vector field (23), a natural question
is whether Q 4 has any status given by the components of some other geometrical object [11,12].

It will be useful to work with a coordinate-free description of the PDE system (22) in
jet space. Such a system of equations (G'(x,uN)),...,GM(x,uN))) = 0 describes a set
of M surfaces in the finite space ](N ) (x,u,0u,..., oN u). Total derivatives of these equations,
(DG (x,uN)), ..., D;GM(x,uN))) = 0, correspondingly describe sets of surfaces in the higher
derivative finite spaces J(N*1D (x,u,du, ..., oN*!y). Altogether, the set comprised by the equations
and the derivative equations for all orders |I| > 0 corresponds to an infinite set of surfaces in jet space,
which can be identified with the solution space £.

As is well known, symmetry vector fields geometrically describe tangent vector fields with respect
to £. To see this explicitly, first consider the identities:

dG4 = (GA)u»lvdu”}, (26)
G'(P)* = prXpG” = prXp| dG™. (27)

Now, observe that dG# is the normal one-form to the surfaces G4 = 0. The symmetry determining
equation (24) then shows that the prolonged vector field prXp is annihilated by the normal one-form
and hence is tangent to these surfaces iff Xp is a symmetry of the PDE system.

This normal one-form (26) provides a natural way to associate a one-form to an adjoint-symmetry via:

@0 = Qa(x,u)dGA. (28)
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A functionally equivalent one-form is obtained through integration by parts:
QAdGA = QA (G (du) = G"™*(Q)ndu® mod total D. (29)
Evaluating this one-form on the solution space £ then gives
@g|g = 0 mod total D. (30)

Thus, a one-form @q functionally vanishes on the surfaces & iff its components Q4 are an
adjoint-symmetry.
This establishes a main geometrical result.

Theorem 1. Adjoint-symmetries describe evolutionary one-forms QadG* that functionally vanish on the
solution space £ of a PDE system (22).

These developments have used evolutionary (vertical) vector fields and evolutionary one-forms.
It is straightforward to reformulate everything in terms of full vector fields and full one-forms.
First, consider the normal one-form
dGA = (G) idx’ + (G?)'(du)
= (G (©) + ((G")i + (G*)'(u;))dx' @)
= (GY(©) + D;G dx!
which yields the relation
dG%e = (GM)(9)l¢. (32)
Then, observe:
QadG” (e = Qa(G")'(®)[¢ 53
= (G")*(Qa)a|e®" mod total D.

As a consequence, Q 4dGA |¢ vanishes mod total D iff Q 4 satisfies the adjoint-symmetry determining
Equation (25). Moreover, the determining equation itself can be expressed directly in terms of the
one-form Q4dG*|¢ by Eer (QadG*)le = (G*)(Qa)le =0.

Proposition 1. The adjoint-symmetry determining Equation (25) can be expressed geometrically as:
Ee(QadG")[s = 0. (34)

Examples of Adjoint-Symmetries

To illustrate the results, some examples of PDEs that possess non-trivial adjoint-symmetries will
be given.
The Korteweg-de Vries (KdV) equation

Up 4 Ully + Uy =0 (35)

for shallow water waves is an example of an evolutionary wave equation. Its symmetries X = P9, are
the solutions of the determining equation

G'(P)|¢ = (D¢P + Dy(uP) + D3P)|c =0, (36)

with G’ = Dy + Dyu + D3 being the Frechet derivative of the KdV equation, where P is a non-singular
function of ¢, x, u, and derivatives of u on the space of KdV solutions £. The determining equation for
adjoint-symmetries @ = QG’(du) is the adjoint equation
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G (Q)le = (~DiQ — uDxQ — D3Q)|¢ =0, (37)

where Q is a non-singular function of f, x, u, and derivatives of 1 on £.
KdV adjoint-symmetries up to first-order Q(¢, x, u, ut, uy) are given by [9] the span of

oW=1 Q@=u Q¥ =ty—x (38)

The first two are part of a hierarchy of higher order adjoint-symmetries generated by a recursion
operator R = D2 + %u + %D; luDy applied to Q = u. The third one along with all of the ones
in the hierarchy are related to symmetries of the KdV equation through the Hamiltonian operator
‘H = D,. If a linear combination of the lowest order adjoint-symmetries is used like an invariant
surface condition, ¢1 4 ¢z (tu — x) 4 czu = 0, then this yields u = (cox — ¢1)/(cat + ¢3), which is a
similarity solution of the KdV equation.

An example of a non-evolutionary equation is,

APt + PxApy — pyApx = 0 39)

which governs the vorticity () = A¢ for incompressible inviscid fluid flow in two spatial dimensions,
where the fluid velocity has the components 7 = (—¢y, $x). The symmetries X = P9 of this equation
are the solutions of the determining equation,

G'(P)|s = (DiAP + ¢xDyAP + AdyDxP — ¢, D:AP — Ap:D,P)|¢ =0, (40)

where P is a non-singular function of ¢, x, y, ¢, and derivatives of ¢ on the space of vorticity solutions
&, with G' = DA + ¢xDyA + Adp, Dy — ¢pyDxA — Apy D, being the Frechet derivative of the vorticity
equation given in terms of the total Laplacian operator A = D2 + D;. The determining equation for
adjoint-symmetries @ = QG'(d¢) is the adjoint equation,

G"(Q)le = —(DiAQ + DyA($xQ) + Dx(AdpyQ) — DxA(¢yQ) — Dy(ApxQ)|e =0, (41)

where Q is a non-singular function of t, x, y, ¢, and derivatives of ¢ on €.
The first-order adjoint-symmetries Q(t, x, y, ¢, ¢r, Px, ¢y) are given by [13] the span of,

QW =xr+y?, Q¥ =9, QB =f(t), QW =xf(t), Q¥ =yf(t), (42)

where f(t) is an arbitrary smooth function. If a linear combination of these adjoint-symmetries is used
like an invariant surface condition, c1(x? + y?) + c2¢ + caf () + caxf(t) + csyf(t) = 0, then taking
ca = —1gives ¢ = c1(x2 +y?) + (c3 + cax + csy) f(t), which is a constant vorticity solution, with Q =
2¢1and ¥ = (—2c1y + csf(t),2c1x + caf(1)).

Maxwell’s equations in free space are an example of an evolution system with spatial constraints:

Ei—~VxB=0, B+VxE=0, V-E=V-B=0 (43)

(in relativistic units with the speed of light set to one). The symmetries X = pE. og + pB. 05 of this
system are the solutions of the determining equations

(DyPE — W x PB)|¢

PE (D¢PP + V x PF)|¢
o (P ’: v ~0, (44)
<P3> ¢ (V- PH)le
(V- PP)le
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where PE and P8 are non-singular vector functions of t, x, y, z, E, E, and derivatives of E, B on the space

D t —V x
. . ’ V x Dt . . . .
of Maxwell solutions &, with G’ = v 0 being the Frechet derivative of the system in terms
0 \&
of the total derivative operator V = (Dy, Dy, D). The determining equation for adjoint-symmetries

@ = (QE QF QFf QB) G <jg> is the adjoint equation

i (RE R _ (-DiQF +V x QF — vQF)¢ B
¢ (08 @ Qf Q) g((DtQBVXQEVQB)g . (45)

where the vectors QE, QB, and the scalars QE, QB, are non-singular functions of t, x, y, z, E, §,
and derivatives of E, B on €. Note that the adjoint  here includes a matrix transpose applied to the
row matrix comprising the adjoint-symmetry vector and scalar functions.

Because Maxwell’s equations are a linear system and contain constraints, it possesses three types of
adjoint-symmetries [15,16]: elementary adjoint-symmetries such that QE, QB , QF, QP are functions only
of t, x, y, z; gauge adjoint-symmetries given by QE = VxE, QB =VxB, QF = —DixF, Q8 = —DyxB
in terms of scalars )(E and )(B that are arbitrary non-singular functions of ¢, x, y, z, E, §, and derivatives
of E, B on &; and a hierarchy of linear adjoint-symmetries. The linear adjoint-symmetries of zeroth
order are given by the span of

QF =&xB+(E, QP=-CxE+(B, QF=CE Q=(B (46)
and
QF=&xE-(B, Q°=ExB+(E Q=-%-B QF=¢CF 47)
where .
& =1y +d1 x X+t + 3% + agt¥ + (G5 - ¥)¥ — 3d5(¥ - ¥+ 17), 8)

{=a0+0 ¥+ast+ tay(X ¥+ 1) + (@ - O,

in terms of arbitrary constant scalars ag, a3, a4 and arbitrary constant vectors @y, 41, i, 45, with ¥ =
(x,v,2). The pair (&) represents a conformal Killing vector in Minkowski space R3!,

These two zeroth-order adjoint-symmetries are related by the duality symmetry (E,B) —
(B, —E). The linear first-order adjoint-symmetries are more complicated and involve conformal
Killing—Yano tensors. All higher order adjoint-symmetries can be obtained from the zeroth and
first-order adjoint-symmetries by taking Lie derivatives with respect to conformal Killing vectors.
Their explicit description can be found in [15,16]. An unexplored question is whether the lowest
order adjoint-symmetries can be used like an invariant surface condition to produce solutions of
Maxwell’s equations.

4. Some Applications

Two geometrical applications of Theorem 1 will be presented. The first application is a
geometrical derivation of a well-known formula that generates a conservation law from a pair
consisting of a symmetry and an adjoint-symmetry. This derivation will use the functional pairing (18).
The second application is a geometrical derivation of three actions of symmetries on adjoint-symmetries.
These symmetry actions have been obtained in recent work using an algebraic point of view [13].
They will be shown here to arise from Cartan’s formula for the Lie derivative of an adjoint-symmetry
one-form (28).
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It will be useful to work with the determining equations for symmetries and adjoint-symmetries
off of the solution space £ of a given PDE system (22). More precisely, the determining equations will
be expressed in the full jet space containing €.

Remark 1. A PDE system (22) will be assumed to be reqular [11], so that Hadamard's lemma holds: a differential
function f satisfies fle = 0iff f = R¢(G), where Ry is a linear differential operator whose coefficients are
non-singular on &.

Consequently, for symmetries, G'(P)*|¢ = 0 holds iff
G'(P)* = Rp(G)*, (49)
and likewise for adjoint-symmetries, G'*(Q).|¢ = 0 holds iff
G"(Q)x = Rg(G)a, (50)
where Rp and Rg are linear differential operators whose coefficients are non-singular on &.

4.1. Conservation Laws from Symmetries and Adjoint-Symmetries
The functional pairing (18) between a symmetry vector field (23) and an adjoint-symmetry

one-form (28) is given by,

(PrXp, @q) = (prP*due, Q4dG*) = [ Q4G (P)* dx 6D
from identity (27). This pairing in local form (19) is the expression,
Q4G'(P)* mod total D. (52)

There are two different ways to evaluate it.
First, since Xp is a symmetry, Q4 G’ (P)? = Q4Rp(G)4. Second, since @, is an adjoint-symmetry,

QaG'(P)A = G"™*(Q)aP* + D;¥'(P, Q)G = P*Rg(G)a + D;¥'(P, Q; G), where
¥(P,Q;G) = (DxQa)(DyP*)Ey

L3
ll,-]

(GH). (53)

Hence, on &, Q4G (P)%|s = D¥!(P,Q)gle = 0, which is equivalent to (prXp,@q)le = 0.
This establishes the following conservation law.

Theorem 2. Vanishing of the functional pairing (51) for any symmetry (23) and any adjoint-symmetry (28)
corresponds to a conservation law
Di¥*(P,Q;G)le =0 (54)

holding for the PDE system G = 0, where the conserved current ¥ (P, Q; G) is given by expression (53).

4.2. Action of symmetries on adjoint-symmetries

For any PDE system (22), its set of adjoint-symmetries is a linear space, and as shown in [13],
symmetries of the PDE system have three different actions on this space.

The primary symmetry action can be derived from the Lie derivative of an adjoint-symmetry
one-form with respect to a symmetry vector field.

Proposition 2. If @ is an adjoint-symmetry one-form (28), namely @g|s = 0 (mod total D), then its Lie
derivative with respect to any symmetry vector Xp = P*0,« yields an adjoint-symmetry one-form,

183



Symmetry 2020, 12, 1547

ﬁXP(DQ‘g = (OSP(Q)‘g = 0 (mod total D) (55)

where
Sp(Q)a = Q' (P)a+Rp(Q)a (56)

are its components.

Here and throughout, Rp and R are the linear differential operators determined by Equations (49)
and (50). The adjoints of these operators are denoted Rj and R(,.

Proof. Recall that the Lie derivative has the following properties: it acts as a derivation; it commutes
with the differential d; it reduces to the Frechet derivative when acting on a differential function.
By the use of these properties,

Lx,@0 = Lx,(QadG?)
= (£x,Q4)dG” + QaLx, (dG?)
= Q'(P)4dG” + Qad(G'(P)*)
= Q'(P)4dG” + Qad(Rp(G)*).

(57)

The last term can be simplified on £: Q4d(Rp(G)?)|¢ = QaRp(dG)%|¢ = R5(Q)4dG (mod total D).
This yields

Lx,@0le = ((Q'(P)4 + Rp(Q)4)dG™)|¢ (mod total D), (58)

completing the derivation. [

There is an elegant formula, due to Cartan, for the Lie derivative in terms of the operations d and
| . This formula gives rise to two additional symmetry actions.

Theorem 3. The terms in Cartan’s formula
[:XP(OQ = d(erpJ LOQ) + pI'XpJ (d(DQ) (59)

evaluated on & each yield an action of symmetries on adjoint symmetries. The action produced by the Lie
derivative term has the components (56), and the actions produced by the differential term and the hook term
respectively have the components

$1p(Q) = Rp(Q)a — RH(P) 4, (60)
S2p(Q) = Q'(P)a + R5(P)a- (61)

Proof. Consider the first term on right-hand side in the formula (59). It can be evaluated in two
different ways. Firstly, prXp| (Q4dG?) = QaG'(P)* = QaRp(G)* yields

d(prXp] (QadG?))|e = d(QaRp(G)*)|e = (QaRp(dGH))|e = (Rp(Q)adGY)[e.  (62)

Secondly, QdG4 = Rp(G)a®* + Qa(D;GA)dx! (mod total D) gives prXp|(QadG4) =
prXp| (Ro(G)a® + Qa(D;G4)dx' (mod total D) ) = Ro(G)aP* (mod total D). This yields

d(prXp| (QadG*))[¢ = d(Rg(G)oP* (mod total D) )|¢
= (Ro(dG)«P* (mod total D) )|¢ (63)
= (RH(P)4dG* (mod total D) )|¢.
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Then, equating expressions (62) and (63) leads to the result:
((Rp(Q)4 = RG(P)4)dG™)|¢ = 0 (mod total D). (64)

This equation shows that the symmetry action (60) produces an adjoint-symmetry.
Now, consider the second term on the right-hand side in formula (59). Similarly to the first term,
it can be evaluated in two different ways. Firstly, dog = dQa A dG* yields

prXp) (dQa AdG?) = Q'(P)4dG* — G'(P)*dQa = Q' (P)4adG” — Rp(G)*dQa.  (65)
Hence, on &,
(prXp] (dQa AdGH))|e = (Q'(P)4dGH)|c. (66)
Secondly, d@g = d(Ro(G)a®* + Q4(D;G*)dx') (mod total D) gives
d@gle = (Ro(dG)u A®" + Q4(D;dGA) A dx')|¢ (mod total D). (67)

This yields

(prXp] (Ro(dG)a A O + Qa(DidG*) Adx'))|e
(RQ(G'(P))e®" — P*R(dG)a + Qa(DiG'(P)*)dx') | (68)
= —(R5(P)4dG™)|¢ (mod total D).

Equating expressions (66) and (68) then gives the equation
((Q'(P)a +Ry(P)4)dG™) ¢ = 0 (mod total D)|¢, (69)

showing that the symmetry action (61) produces an adjoint-symmetry. [J

Observe that the three actions (56), (60) and (61) are related by:

S1p(Q) +52p(Q) = Sp(Q)- (70)

Each action is a mapping on the linear space of adjoint-symmetries Q 4. The algebraic properties of
these actions can be found in [13].

5. Geometrical Adjoint-Symmetries of Evolution Equations
A general system of evolution equations of order N has the form

uf

=g%(x,u, E)xu,...,aif’u) (71)
where t is the time variable, x’,i = 1,...,n, are now the space variables, and u*, « = 1,...,m, are the
dependent variables. The space of formal solutions u* (¢, x) of the system will be denoted &.

The developments for general PDE systems can be specialized to evolution systems, with G* =
uf — g* via identifying the indices A = a (M = m). On &, since uf can be eliminated through
the evolution equations, the components of symmetries and adjoint-symmetries can be assumed to
contain only u® and its spatial derivatives in addition to t and x’. Hereafter, multi-indices will refer to
spatial derivatives.

A symmetry is thereby an evolutionary vector field,

Xp = P*(t, x,0xu, .. .,E)ff(u)a,,n (72)
satisfying the linearization of the evolution system on &:

(prXp(uf —g"))le = (DiP* — g'(P)*)|¢ = 0. (73)

185



Symmetry 2020, 12, 1547
Off of &, DtP* = (P; + P'(g))* + P'(G)*, whereby Rp = P’. Consequently, the symmetry determining
equation (73) can be expressed simply as:

(P + (g, P)* =0. (74)

The determining equation for adjoint-symmetries Qu (t, x,dx1, . .., d4u) is given by the adjoint
linearization of the evolution system on &:

(=DiQ = &"(Q))ale =0 (75)

Similar to the symmetry case, here, Ry = —Q' off of £, and the adjoint-symmetry determining equation
simply becomes

(Q+Q'(g) +8(Q))a =0. (76)

These two determining equations have a geometrical formulation given by a Lie derivative
defined in terms of a flow arising from the evolution system, similar to the situation for ODEs [8].
Specifically, observe that D;u®|¢ = g%, and hence, D;f|¢ = f; + f'(g) for any differential function f.
This motivates introducing the flow vector field,

Y =0; + 8" 00 (77)
which is related to the total time derivative by prolongation,
prY = Dilg = 0 + (D18")0,e. (78)
Associated with this flow vector field is the Lie derivative
Li:= Loy (79)

which acts on differential functions by £;f = prY(f) = D;f|s. On evolutionary vector fields (72),
this Lie derivative acts in the standard way as a commutator:

LiprXp = pr((prY(P) — prXp(g))*du«)
= pr((P: + P'(g) — g'(P))"dus) (80)
= pr((P: +[g, P])*9un).

Thus, the symmetry determining equation (74) can be formulated as the vanishing of the Lie derivative
expression (80). This establishes the following well-known geometrical result.

Proposition 3. A symmetry of an evolution system (71) is an evolutionary vector field (72) that is invariant
under the associated flow (79).

In particular, the resulting Lie-derivative vector field
E[Xp = (p/ + [g, P])'Xaua (81)

vanishes iff the functions P, are the components of a symmetry.

A similar characterization will now be given for adjoint-symmetries, based on viewing the adjoint
relation between the determining equations (74) and (76) as a duality relation between vectors and
one-forms.

Introduce the evolutionary one-form:

wo = Qu(t,x, 051, ..., dku)du”. (82)
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Its Lie derivative is given by

Liwg = (L£:Qu)du® + QuLi(du®)
= (Qr+ Q'(g))adu™ + Qud(Lu")
= (Qt + Q'(8))adu® + Qadg”
= (Qr+ Q'(g) + & (Q))adu” (mod total D).

(83)

This shows that the adjoint-symmetry determining equation (76) can be formulated as the functional
vanishing of the Lie derivative expression (83).

Theorem 4. An adjoint-symmetry of an evolution system (71) is an evolutionary one-form (82) that is
functionally invariant under the associated flow (79).

In particular, the resulting Lie-derivative one-form
Liwg = (Q+Q'(g) +&*(Q))edu” (mod total D) (84)

functionally vanishes iff the functions Q, are the components of an adjoint-symmetry.
This one-form (84) is functionally equivalent to the adjoint-symmetry one-form (28) introduced for a
general PDE system. To see the relationship in detail, observe that:

@g = QudG" = Qud(uf —g")
= Qu(De(du®) — g'(du)*)
= —(DtQu + £*(Q)a)du” (mod total D)
= —Liwg (mod total D).

(85)

An interesting question is how to extend this relationship to more general PDE systems.

Evolution Equations with Spatial Constraints

A wide generalization of evolution systems occurring in applied mathematics and mathematical
physics is given by systems comprised of evolution equations with spatial constraints. Some notable
examples are Maxwell’s equations, incompressible fluid equations, magnetohydrodynamical equations,
and Einstein’s equations.

The constraints in such systems in general consist of spatial equations

CY(x,u,04u,...,0Nu) =0, Y=1,...,M (86)

that are compatible with the evolution equation (71). Compatibility means that the time derivative of
the constraints vanishes on the solution space £ of the whole system, (D;CY)|¢ = 0. For systems that
are regular [11], Hadamard’s lemma implies that the system obeys a differential identity,

DiCY = C'(G)Y +D(C)Y (87)

where G* = uf — g* denotes the evolution equation (71), and where D is a linear differential spatial
operator whose coefficients are non-singular on £. Equivalently, the constraints must obey the identity
C'(g)Y = D(C)Y. A comparison of the differential order of each side of this identity shows that D is of
the same order N as the evolution equations, namely:

D= Y RYD. (88)
0<|I|1<N
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The full system consists of n + M’ equations G* = 0, C¥ = 0. Note that, in the previous
notation (22), (G%,CY) = (G4) with A = (&, Y).

The symmetry determining equation is given by the linearization of the full system on &, which is
comprised by the evolution part (73) and the constraint part

(prXpCY)|e = C'(P)Y|¢ = 0. (89)

Off of £, C'(P)Y = R¢(C)Y, where R is a linear differential spatial operator whose coefficients are
non-singular on £. Hence, the determining equations (73) and (89) can be stated as:

(Pi+[g,P])*[e. =0, C'(P)¥[e, =0 (90)

where ¢ denotes the solution space of the spatial constraint equation (86).
The adjoint-symmetry determining equation is given by the adjoint linearization of the full system
on &, which comprises evolution terms and additional constraint terms:

(=DrQ =g (Q) +C"())ale = 0. 1)
Here, the components of an adjoint-symmetry consist of
(Qu(t %,z .., 0ha0), gy (1,3, 05t ..., 3u)) ©2)

with Q, being associated with the evolution equations as before, while gy is associated with the
constraint equations. Similar to the symmetry case, the determining equation can be stated as:

(Q+Q(8) +8"(Q) = C"(q))ale. =0. (93)

These determining equations for symmetries and adjoint-symmetries have a geometrical
formulation in terms of a constrained flow (77), generalizing the previous formulation for evolution
systems as follows.

Theorem 5. A symmetry of a constrained evolution system (71) and (86) is an evolutionary vector field (72)
that is invariant under the associated constrained flow (79) and that preserves the constraints.

The proof of this result is simply the observation that, first, the determining Equation (89)
corresponds to the constraints being preserved, and second, the Lie derivative of the symmetry
vector field (81) along the flow vanishes on the constraint solution space.

Theorem 6. An adjoint-symmetry of a constrained evolution system (71) and (86) is an evolutionary
one-form (82) that is functionally invariant under the associated constrained flow (79), up to a functional
multiple of the normal one-form dCY arising from the constraints.

The proof is given by the earlier computation (84) for the Lie derivative of the adjoint-symmetry
one-form. This computation shows that the adjoint-symmetry determining Equation (93) now can be
expressed as:

Liwgle, = (C*(q)adu®)|e. = (qydCY)|¢. (mod total D) (94)

where dCY is the normal one-form given by the constraints viewed as surfaces in jet space.
The Lie-derivative one-form (94) is functionally equivalent to the adjoint-symmetry one-form (28)
introduced for a general PDE system. In the present notation, the full system of evolution and
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constraint equations (71) and (86) consists of (G*, CY) = 0, and the corresponding one-form associated

with this system is given by @g ; = QudG* + qydCY. Now, using the relation (85), observe that:
@0, = qydCY — Liwg (mod total D). (95)

There is a class of adjoint-symmetries arising from the summed product of arbitrary functions
Xy (t, x) and the components of the the differential identity (87). This yields, after integration by parts,

0= xy(D:iCY = C'(G)Y = D(C)Y)

. , (96)
= Di(xyCY) + Di¥'(x, G; C) = Di®'(x, C;R) — (Dix + D* (x))yC" — € (x)aG"
where ®/(x, C; R) = Lo« 1j<n—1(—1)//'Dyj(xyRTY)D;/;C* from expression (88). Hence,
Di(xyC") + Di(¥'(x, G; C) = @'(x, G R)) = C"* (x)aG" + (Dix + D" (x))xC" 97)

has the form of a conservation law off &, with (C"*(x)«, (Dix + D*(x))y) being the multiplier. As is
well known, every multiplier for a regular PDE system is an adjoint-symmetry [1,3,11,17,18]. This can
be proven here by applying the Euler operator E,« and using its product rule. Consequently,

Qu =C*(X)as gy = (Dix +D*(x))y (98)

are components of an adjoint-symmetry, involving the arbitrary functions xy(f, x).
Such adjoint-symmetries are a counterpart of gauge symmetries, and accordingly are called
gauge adjoint-symmetries [11].

The corresponding gauge adjoint-symmetry one-form is given by

wy = C"*(x)adu® = xydCY (mod total D) (99)
and satisfies the geometrical relation
Liwy|ee = ((Dix +D*(x))ydCY)|g. (mod total D). (100)
This establishes the following geometrical result.

Theorem 7. A gauge adjoint-symmetry (98) is functionally equivalent to a normal one-form w, associated
with the constraint equation (86). Under the evolution flow, it is mapped into another normal one-form.

The preceding developments for general systems of evolution equations with spatial constraints
have used the classical notion of symmetries and adjoint-symmetries. It would be interesting to extend
the formulation and the results by considering a notion of conditional symmetries and corresponding
conditional adjoint-symmetries based on the spatial constraints.

Specifically, on the solution space of the full system, consider a symmetry given by an evolutionary
vector field (72) that satisfies

(Pr+ [8,P])*]. = 0 1oy

where £c denotes the solution space of the spatial constraint Equation (86). Such conditional
symmetries (101) differ from classical symmetries (90) by relaxing the condition that the constraints
are preserved. Their natural adjoint counterpart is given by an evolutionary one-form (82) satisfying

(Qt+Q'(g) +8"(Q))ale. =0 (102)

which is the adjoint of the determining Equation (101). Such conditional adjoint-symmetries (102)
differ from classical adjoint-symmetries (93) by excluding the terms arising from the spatial constraints.
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This notion of conditional symmetries and adjoint-symmetries is more general than the classical
notion because the conditional determining equations hold on & instead of the whole jet space.

6. Concluding Remarks

The main results showing how adjoint-symmetries correspond to evolutionary one-forms with
certain geometrical properties provides a first step towards giving a fully geometrical interpretation
for adjoint-symmetries. In particular, for systems of evolution equations, adjoint-symmetries can be
geometrically described as one-forms that are invariant under the flow generated by the system on the
solution space. This interesting result has a straightforward generalization to systems of evolution
equations with spatial constraints. Consequently, the results presented here are applicable to all PDE
systems of interest in applied mathematics and mathematical physics.

One direction for future work will be to translate and generalize these results into the abstract
geometrical setting of secondary calculus [2,19] developed by Vinogradov and Krasil’shchik and
their co-workers.

It will also be interesting to fully develop the use of adjoint-symmetries in the study of specific
PDE systems, as outlined in the Introduction: finding exact solutions, detecting and finding mappings
into a target class of PDEs, and detecting integrability, which are the counterparts of some important
uses of symmetries. Another use of adjoint-symmetries, which has been introduced very recently [20],
is for finding pre-symplectic operators.
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