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Preface to ”Analysis of the Harmonic Performance of

Power Converters and Electrical Drives”

Power converters have progressively become the most efficient and attractive solution in recent

decades in many industrial sectors, ranging from electric mobility, aerospace applications to attain

better electric aircraft concepts, vast renewable energy resource integration in the transmission and

distribution grid, the design of smart and efficient energy management systems, the usage of energy

storage systems, and the achievement of smart grid paradigm development, among others.

In order to achieve efficient solutions in this wide energy scenario, over the past few

decades, considerable attention has been paid by the academia and industry in order to develop

new methods to achieve power systems with maximum harmonic performance aiming for two main

targets. Analysis of the harmonic performance of power converters and electrical drives has become a

critical issue for contemporary power applications in order to reduce power system costs and power

density, as well as meeting national and international standards. These objectives are fundamental

in applications where the size and weight of the power system is critical (i.e., aerospace or electric

vehicle sectors).

This becomes critical in applications such as aerospace or electric mobility where the power

converters are on-board systems. On the other hand, current standards are becoming more and

more strict in order to reduce EMI and EMC noise, as well as meeting minimum power quality

requirements (i.e., grid code standards for grid-tied power systems).

For all these reasons, the development of advanced modulation and control techniques paying

special attention to the harmonic performance of power converters is a key research topic. The

purpose of this book is to summarize some interesting recent research results related to this issue.

This research will push the academia and industry to speed up the development of new solutions

for present and future power applications with strict power quality, size, weight and economical

cost requirements. The expected audience of this book are academia and industry members highly

specialized in advanced modulation and control methods aiming to reduce the harmonic impact of

power system operations.

The co-editors of this book are Dr. Vito G. Monopoli from Politecnico di Bari (Italy) and Dr.

Abraham Marquez Alcaide from Universidad de Sevilla (Spain).

Firstly, in the work titled “Common-Mode Voltage Harmonic Reduction in Variable Speed Drives

Applying a Variable-Angle Carrier Phase-Displacement PWM Method”, a generalized PWM method

where the carriers present a variable phase-displacement is developed in order to achieve the CMV

reduction without any external component and/or passive filtering technique.

In a second work, entitled “Analysis and Implementation of Multilevel Inverter for Full Electric

Aircraft Drives”, a study considering a multilevel cascaded H-bridge converter for a permanent

magnet synchronous motor drive for application in fully electric aircrafts is summarized; the devices

represents a very suitable solution for this application.

On the other hand, in the work titled “Frequency-Domain Modeling of Harmonic Interactions

in Voltage-Source Inverters with Closed-Loop Control”, the authors develop a complete, nonlinear

modeling approach for voltage-source inverters in the frequency domain, taking into account the

harmonic components introduced into the system from the inputs and from a nonlinear digital

asymmetrical regularly-sampled double-edge PWM (AD-PWM). The objective of the work is to

analyze how the harmonics propagate through the nonlinear system in steady states.

ix



In addition, in the work titled “Coordinated Control of Active and Reactive Power

Compensation for Voltage Regulation with Enhanced Disturbance Rejection Using Repetitive

Vector-Control”, the authors address the enhanced coordinated control of active and reactive power

injected in a distribution grid for voltage regulation. Voltage drop mitigation is evaluated with power

injection based on local features, such loads and disturbances of each connection. In order to ensure

disturbance rejections such as harmonic components in the grid voltages, a repetitive vector-control

scheme is proposed.

Finally, the work entitled “Equivalent Phase Current Harmonic Elimination in Quadruple

Three-Phase Drives Based on Carrier Phase Shift Method”addresses a new method for the modelling

of equivalent phase currents in multiple three-phase drives with the double-integral Fourier analysis

method. A new carrier-based pulse-width modulation (CPWM) method is introduced to reduce the

equivalent phase current harmonics by applying the proper carrier phase angle to each subsystem in

the three-phase drives.

The co-editors would like to acknowledge the financial support of Conserjeria de Ecónimia,

Conocimiento, Empresa u Universidades of the Junta de Andalucia under the projects P18-RT-1340

and PAIDI –DOCTOR “Contratacion de Personal Investigador Doctor (convocatoria 2019) 43

Contratos Capital Humano Linea 2, Paidi 2020.

Vito Giuseppe Monopoli, Abraham Marquez

Editors

x
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Abstract: Electric variable speed drives (VSD) have been replacing mechanic and hydraulic systems
in many sectors of industry and transportation because of their better performance and reduced cost.
However, the electric systems still face the issue of being considered less reliable than the mechanical
ones. For this reason, researchers have been actively investigating effective ways to increase the
reliability of such systems. This paper is focused on the analysis of the common-mode voltage (CMV)
generated by the operation of the VSDs which directly affects to the lifetime and reliability of the
complete system. The method is based on the mathematical description of the harmonic spectrum of
the CMV depending on the PWM method implementation. A generalized PWM method where the
carriers present a variable phase-displacement is developed. As a result of the presented analysis, the
CMV reduction is achieved by applying the PWM method with optimal carrier phase-displacement
angles without any external component and/or passive filtering technique. The optimal values of
the carrier phase-displacement angles are obtained considering the minimization of the CMV total
harmonic distortion. The resulting method is easily implementable on mostly off-the-shelf mid-range
micro-controller control platforms. The strategy has been evaluated in a scaled-down experimental
setup proving its good performance.

Keywords: power converters; harmonic distortion; pulse-width modulation; metaheuristic search
algorithms

1. Introduction

Power converters are widely used in all energy scenarios such as motor drives, renew-
able energy sources integration, power quality applications, energy storage systems and
efficient electrical transportation. From low- to high-power applications, grid-connected
and stand-alone systems can be found [1]. As a general trend, the applications are moving
forward from mechanical and/or hydraulic systems to electrical drives because of the
increase in performance, pricing cutting, size and weight reduction and maintenance tasks
simplification [2]. As a consequence, the variable-speed drive (VSD) actually plays one of
the most important roles in the power electronics field.

Power electronics have gone through a huge development in the last few decades,
especially in recent years. New power devices technologies, efficient power converter

Energies 2021, 14, 2929. https://doi.org/10.3390/en14102929 https://www.mdpi.com/journal/energies
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topologies as well as high-performance control and modulation strategies have emerged as
a result of joint research between academia and industry [3–5]. As an example, multiple
advanced multi-level topologies have been demonstrated as a good candidate for the
motor drive application [6]. However, despite most of these new technologies being fully
available, the industrial impact of these solutions by the industry is still limited. Either
due to strict design requirements, limitations in system implementation, the required
power and voltage levels or the slow implementation pace in the industry, the conventional
three-phase two-level IGBT-based power converter is the most widely used topology in
most of the industrial products. In Figure 1, the traditional scheme of a motor drive is
represented including a three-phase two-level IGBT-based power converter. In Figure 1,
the possible capacitive coupling to ground are also represented, which helps to develop a
circuit to model the electrical behavior of the system.

VSDInput

transformer

Motor frame

iabc
n

Sa

Sa

Sb

Sb

Sc

Sc

Vdc O

a

b

c

Figure 1. Traditional three-phase two-level converter for a motor drive application.

The control and modulation techniques for VSDs have been well-known by industry
and academia for decades and multiple options can be found in the literature [4]. The
use of a power converter as VSD presents many advantages such as enhanced dynamic
performance, high efficiency due to the accurate control of flux and current and improved
system efficiency at partial loads [7]. From the modulation point of view, among the
possible alternatives, the mainstream solution to operate the two-level VSD is to apply a
pulse-width modulation (PWM) technique based on a bipolar PWM strategy per phase
using only one high-frequency triangular carrier [3]. This PWM implementation is the
simplest one being a straight-forward modulation method because most of available
control platforms include dedicated hardware peripherals to deploy the PWM technique
to generate the switching signals of the power semiconductors [8]. In Figure 2a, this
traditional PWM method for a three-phase two-level power converter is shown.
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Figure 2. Modulation method of a three-phase two-level motor drive (a) Traditional PWM method with a single carrier (b)
PWM technique with three carriers.

Despite the advantages of power converters based on VSD, several drawbacks associ-
ated with the high-switching frequency affects to the performance and reliability of the
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system [9–11]. For instance, a conducted and radiated electromagnetic interference (EMI)
is introduced. Additionally, the shaft voltage and bearing currents phenomenon for the
electrical machines appear [12–16]. On the other hand, the common-mode voltage (CMV)
generated by the VSD directly affects the reliability of the motor because of the degradation
of the bearings. It has been reported that CMV is the main cause of the bearing degradation
which represents more than 50% of the motor failures [9,10,17,18]. In order to face this
issue, different mathematical approaches have been developed in order to estimate and to
predict the early failure of these motor components [19–22]

Multiple solutions can be found in the literature regarding how to eliminate or mitigate
the negative effects provoked by the inherent CMV created by the VSD operation to drive
the machines. For instance, the introduction of the passive filters as well as active circuits
for the CMV elimination have been explored by the academia [16,23–28]. In case of using
passive elements filters, especially for high-power drives, the size and cost is increased.
On the other hand, considering active common-noise canceler topologies, although good
results are achieved the introduction of extra passive elements as well as power devices
(and their auxiliary systems and drivers) are required. Therefore, both solutions increase
the cost of the whole system, its complexity, volume and weight. On the other hand, the
CMV mitigation by developing new modulation techniques has been also explored by
the academia and industry. For instance, in [17,25,27,29–32] the proper switching patter
selection based on space-vector modulation methods is proposed. Taking into account
carrier-based PWM methods, as shown in Figure 2b, a PWM technique with three triangular
carriers with phase-displacements equal to [φa, φb, φc] = [0, 120, 240]◦ was proposed in [33],
where these carrier phase-displacement angles are found after an empirical trial and
error method. In [34], an adaptive sampling time tri-carrier PWM was also proposed,
where an effective CMV reduction is achieved for higher modulation indexes.

This paper provides a generalized analysis of the CMV harmonic spectrum generated
during the operation of the VSD considering a PWM method with any carrier phase-
displacement angles defined by [φa, φb, φc]. In this work, the carrier phase-displacement
angles are chosen considering the minimization of the whole CMV harmonic content. As a
consequence of the analysis, the CMV harmonic distortion mitigation without using any
external component and/or passive filtering technique is achieved. The proposed method is
easily implementable on mostly off-the-shelf mid-range micro-controller control platforms.

2. Effect of the Common-Mode Voltage on the Motor Bearing Degradation

Figure 3a shows a section of a permanent-magnet synchronous machine (PMSM)
highlighting the most important mechanical parts. Considering the bearing current effect
caused by common-mode voltage (CMV) at neutral point of machine terminals (n), the
machine can be modeled with a group of parasitic capacitors as shown in Figure 3b. The
rotor shaft is capacitively coupled with the machine stator windings and stator frame,
respectively. These capacitances act as a voltage divider, which leads to a rate of CMV on
the rotor shaft [22]. While the shaft voltage exceeds the threshold voltage of greasing film
(normally between 1.5 V and 30 V), the high dv/dt on the shaft will generate a high current
pulse flowing from the bearing to the ground, which is regarded as the electric discharge
machining (EDM) [11,20]. It has negative influence on the drive system with the resulting
electromagnetic interference (EMI) and grounding failure. In addition, the bearing might
be damaged by the circulating currents in the machine. Proper PWM techniques can be
adopted to reduce the common-mode variations, which can avoid bearing failures and
reduce the EMI [35].
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Figure 3. (a) PMSM machine section. (b) Equivalent impedance model of a PMSM machine.

As mentioned, in Figure 3b the common-mode equivalent circuit of the PMSM drive
system is represented. In the figure, Zc is the common-mode impedance of the cable, and
Rs and Ls are the stator winding resistance and stator winding inductance, respectively. To
simplify the model, Z1 is the equivalent common-mode impedance of Rs and Ls. Z2 is the
equivalent common-mode impedance of the stator-to-earth parasitic capacitance, which
consists of the parasitic capacitance between stator and earth Cng, the parasitic capacitance
between stator and rotor Csr, the parasitic capacitance betwe and earth Crg and the parasitic
capacitance of bearing Cbg.

The CMV of stator neutral point n can be calculated as

Vng =
Z2

Zc + Z1 + Z2
CMV (1)

In the PMSM, the shaft voltage Vb is expressed as

Vb =
Csr

Csr + Crg + Cbg
Vng (2)

Since the impedance Zx varies with the frequency, then the above equation can be
expressed in the frequency domain as:

Vng(ω) =
Z2(ω)

Zc(ω) + Z1(ω) + Z2(ω)
CMV(ω) = K · CMV(ω) (3)

Since factor K is constant, if CMV harmonic content is reduced, it is possible to
mitigate the collateral effects in the generated Vng and as consequence in Vb. In this way,
the minimization of the CMV harmonic distortion represents a challenge to be overcome in
order to extend the PMSM lifetime.

3. Common-Mode Voltage Harmonic Description in a Two-Level VSI Operating as a
Motor Drive

The CMV of the power converter shown in Figure 1 is defined as the voltage between
the neutral point in the load (n) and the middle point in the dc-link. It may happen that the
neutral point n is not accessible to take the measurement and, therefore, the CMV can not
be directly obtained. As an alternative, the CMV can be calculated as the summation of the
phase voltages divided by the number of inverter phases as:

CMV = Vn0 =
vaO + vbO + vcO

3
(4)

where vxO is the phase voltage between the phase x terminal and the point O (middle point
of the dc-link).

In order to obtain an analytical expression of the CMV, a double Fourier series expres-
sion can be used, leading to:

4
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x(t) =
A00

2
+

∞

∑
n=1

[

A0n cos(nω0t) + B0n sin(nω0t)
]

+
∞

∑
m=1

∞

∑
n=1

[

Amn cos(mωc + nω0t) + Bmn sin(mωc + nω0t)
]

(5)

where coefficients A00 represents the average value and A0n and B0n represent the base-
bands harmonic content. Coefficients Amn, Bmn represent the side-bands harmonic content.
All these coefficients are calculated using the double Fourier integral [3].

Considering the traditional single-carrier PWM modulation approach shown in
Figure 2a, after the Fourier coefficients calculation, the phase voltage in a VSD can be
described using the double Fourier series as:

vxO(t) =
MxVdc

2
cos(ω0t + θx)

+
2Vdc

π

∞

∑
m=1

∞

∑
n=1

[
1
m

Jn

(
mπ

2
Mx

)

sin
(
(m + n)π

2

)

cos
(

m
(

ωct + φx

)

+ n
(

ω0t + θx

))]

(6)

where Mx and θx are, respectively, the modulation index and the phase angle of phase x
(x = a, b, c). Jn(z) is the first kind Bessel function of z and order n.

In a generalized PWM strategy, a triangular carrier can be considered associated
to each converter phase. In this way, as shown in Figure 3b, three carrier signals are
considered, where φx is the phase displacement of the carrier associated to phase x. It is
important to notice that only the fundamental frequency as well as side-bands harmonic
content appear because the base-band harmonics are canceled.

From (6), it is possible to calculate the magnitude of each side-band harmonic compo-
nent of the phase voltage vxO as:

VxO(m, n) =
2Vdc

mπ
Jn

(
mπ

2
Mx

)

sin
(
(m + n)π

2

)

(7)

From this result, each harmonic component of the CVM in the VSD can be directly eval-
uated applying (6) using the corresponding components in the phase voltages VxO(m, n).
Each harmonic order k can be defined as k = mR + n, where R = ωc/ω0. In addition,
for the sake of simplicity, it can be considered that the modulation index of all the phases
are equal (Ma = Mb = Mc = M). As the phase voltages can be described using the
equivalent Fourier coefficients and considering that φa is fixed to 0, the side-band harmonic
components of the CMV can described as

vnO(m, n) = CMV(m, n) =
Vdc

3mπ
Jn

(mπ

2
M
)

sin
(
(m + n)π

2

)

[
(

1 + ej(mφb+nθb) + ej(mφc+nθc)
)

ej(mωc+nω0)t +
(

1 + e−j(mφb+nθb) + e−j(mφc+nθc)
)

e−j(mωc+nω0)t

]

(8)

To illustrate this, a example of the CMV harmonic spectrum is represented in Figure 4
where the magnitude of each harmonic component has been represented following the
notation given (8). This example has been illustrated considering that R = 21. In this
sense, in the first harmonic group (m = 1) (and all odd harmonics groups) there are only
side-bands with even values of n. Similarly, in the second harmonic group m = 2 (and all
even harmonic groups) the side-bands present non-zero values with odd values of n.
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Figure 4. Harmonic spectrum definition of the CMV.

4. Relation between the Generalized Carrier Phase-Displacement PWM Method and
the CMV Harmonic Content

From the expressions introduced previously, it is clear that the CMV harmonic content
highly depends on the carrier phase-displacement angles of the PWM method. From (8), and
assuming the phase a as reference for convenience (i.e., φa = 0, θa = 0), the magnitude of a
generic harmonic component of the CMV(m, n, φb, φc), considering Ma = Mb = Mc = M,
can be re-written as:

CMV(m, n, φb, φc) =VnO(m, n, φb, φc) = 2A(m, n)P(m, n, φb, φc) (9)

where factors A(m, n) and P(m, n, φb, φc) are defined as:

A(m, n) =
Vdc

3mπ
Jn

(mπ

2
M
)

sin
(
(m + n)π

2

)

(10)

P(m, n, φb, φc) =
√

3 + 2 cos(mφb + nθb) + 2 cos(mφc + nθc) + 2 cos(mφb + nθb − mφc − nθc) (11)

In order to find the values of the carrier phase-displacement angles φb and φc that
guarantee the minimum magnitude for a specific harmonic component (m, n), it is required
to develop the analytical expressions of the partial derivatives with respect to φb and φc. It
yields to:

∂VnO(m, n, φb, φc)

∂φb
= − A(m, n)(2m sin (mφb + nθb − mφc − nθc) + 2m sin (mφb + nθb))

√

3 + 2 cos(mφb + nθb) + 2 cos(mφc + nθc) + 2 cos(mφb + nθb − mφc − nθc)
(12)

Then, forcing (12) to be equal to 0:

∂VnO(m, n, φb, φc)

∂φb
= 0

φb =
1
m

(mφc

2
− nθb +

nθc

2
+ kπ

)

φc =
2(mφb + nθb)− nθc + 2kπ

m
− π + nθc

m
(13)

Analogously, the partial derivative respect to φc and its solution can be obtained as:

∂VnO(m, n)

∂φc
=

A(m, n)(2m sin (mφb + nθb − mφc − nθc)− 2m sin (mφc + nθc))
√

3 + 2 cos(mφb + nθb) + 2 cos(mφc + nθc) + 2 cos(mφb + nθb − mφc − nθc)
(14)
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∂VnO(m, n)

∂φc
= 0

φb =
2(mφc + nθc)− nθb + 2kπ

m

φc =
1
m

(mφb

2
− nθc +

nθb

2
+ kπ

)

(15)

Particularizing both systems (13) and (15) for m = 1, n = 0 (because it is the dominant
harmonic component in the CMV harmonic spectrum) and θb = 120◦, θc = 240◦ which
represents the usual case in a three-phase system, it can be seen that both systems of
equations achieve two stationary points where [φb, φc] is equal to [120, 240]◦ or [240, 120]◦.
It is important to notice that this result does not depend on the modulation index M.

This fact is also proven if expression (9) is represented particularized for the harmonic
component described by m = 1 and n = 0. As it is shown in Figure 5a, represented
using MatLab by implementing the mathematical description of the harmonic components,
the magnitude of this dominant harmonic component is zero in both stationary points
([φb, φc] equal to [120, 240]◦ and [240, 120]◦) whereas it is maximum when the traditional
PWM technique is used (φb = φc = 0◦). Additionally, Figure 5b,c represent the values of
expression (9) particularized for m = 1 and n = −2, and m = 1 and n = 2, respectively.
As it is shown in both figures, the carrier phase-displacement angles that achieve the
cancellation of the dominant harmonic component do not lead to the cancellation of all
other harmonic components. As can be observed in Figure 5, depending on the carrier
phase-displacement angles solution that is chosen ([φb, φc] equal to [120, 240]◦ or [240, 120]◦),
one of the harmonic components with m = 1 and n = ±2 is zero but the other is maximum.

a m = 1

n = 0

m = 1

n = -2

m = 1

n = 2
b c

Figure 5. Evaluation of the Equation (9) to evaluate VnO(m, n, φb, φc) considering (a) m = 1, n = 0 (b) m = 1, n = −2
(c) m = 1, n = 2.

As a practical example to show this concept, assuming a modulation index equal to
M = 0.8 and the traditional carrier phase-displacement angles [φa, φb, φc] = [0, 0, 0]◦, the
magnitude of the harmonic components VnO(m, n, φb, φc) are:

VnO(1, 0, 0, 0) = A(1, 0)P(1, 0, 0, 0) = 0.1363Vdc · 3 = 40.89Vdc[V]

VnO(1,−2, 0, 0) = A(1,−2)P(1,−2, 0, 0) = 0.0366Vdc · 0 = 0[V]

VnO(1, 2, 0, 0) = A(1, 2)P(1, 2, 0, 0) = 0.0366Vdc · 0 = 0[V] (16)

However, if the carrier phase-displacement angles are equal to [φa, φb, φc] = [0, 120, 240]◦,
it leads to:

VnO(1, 0, 120, 240) = A(1, 0)P(1, 0, 120, 240) = 0.1363Vdc · 0 = 0[V]

VnO(1,−2, 120, 240) = A(1,−2)P(1,−2, 120, 240) = 0.0366Vdc · 0 = 0[V]

VnO(1, 2, 120, 240) = A(1, 2)P(1, 2, 120, 240) = 0.0366Vdc · 3 = 0.1098Vdc[V] (17)
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Summarizing, although the elimination of the dominant harmonic component (m = 1,
n = 0) is performed by the PWM method with three carriers applying one of the available
possible carrier phase-displacement solutions, the appearance of a side-band harmonic
component located at another frequency is unavoidable. However, it is important to notice
that this non-zeroed harmonic component presents a lower magnitude than the dominant
harmonic component located at the frequency described with m = 1 and n = 0.

Important Remark: It has to be noticed that the use of carrier phase-displacement
angles in the PWM method equal to [0, 120, 240]◦ is not new. In [33], these angles were
applied in a PWM method achieving a reduction in the CMV. However it was not demon-
strated if this solution is the best one to be chosen in order to achieve maximum CMV
harmonic performance, which is the main objective of this work. In fact, during the work,
it will be demonstrated that the solution proposed in [33] is not optimal in terms of CMV
harmonic distortion reduction.

5. Proposed Generalized Carrier Phase-Displacement PWM Method to Improve the
CMV Total Harmonic Distortion

In order to mitigate the negative CMV effect on the motor bearings, instead of eliminat-
ing one specific harmonic content in the CMV harmonic spectrum as proposed in [33], it is
more convenient to consider the total harmonic distortion (THD) of the CMV respect to the
dc level as figure of merit to be minimized by the application of carrier phase-displacement
angles in the PWM method. In this way, the CMVTHD can be defined as:

CMVTHD =
2

Vdc

√
√
√
√

N−1

∑
m=1

j

∑
n=−j

CMV(m, n, φb, φc)2 (18)

It is possible to determine the carrier phase-displacement angles in the PWM method
that minimize the resulting CMVTHD. The angles can be obtained with an exhaustive
search evaluating (18) applying all the possible values of the carrier phase-displacement
angles for different values of the modulation index. This process has been carried out
assuming a modulation index range from M = 0.1 to M = 1.15 and calculating (18)
considering the first three harmonic groups (m ≤ 3) with |n| ≤6.

Figure 6 shows the evaluation of CMVTHD with different discrete values of the mod-
ulation index. As can be observed from the obtained results, the CMVTHD generated by
the VSD applying the PWM method with [0, 120, 240]◦ carrier-phase displacement angles
is minimum when the modulation index range between 0.3 and 1.15. However, for low
modulation index values, the minimum value of the CMVTHD is achieved with other
carrier phase-displacement angles. This result represents an improvement of the method
presented in [33], where the carrier-phase displacement angles equal to [0, 120, 240]◦ are
claimed to be always optimal in terms of the CMV mitigation. As a summary of the ob-
tained results, the corresponding CMVTHD values are represented in Figure 7. In the figure,
three different options are represented, taking into account the carrier phase-displacement
angles in the PWM method. On one hand, the values obtained applying the PWM method
with carrier phase-displacement angles equal to [0, 0, 0]◦ are higher compared with the
other methods. Applying the carrier phase-displacement angles equal to [0, 120, 240]◦

achieves good results but the CMVTHD is not minimized in the whole modulation range.
In order to achieve the minimum value of the CMVTHD it is required to apply variable-
angle carrier phase-displacement angles in the PWM method. The optimal values of these
angles to achieve the minimization of the CMVTHD depending on the modulation index
are represented in Figure 8.
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Figure 6. Evaluation of the CMVTHD with different values of the modulation index (a) M = 0.1 (b) M = 0.2 (c) M = 0.3
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Figure 8. Carrier phase-displacement angles to achieve the minimization of the CMVTHD in a
modulation index range from 0.1 to 1.15.

6. Experimental Results

In order to check the effectiveness of the PWM techniques and to validate the CMV
harmonic analysis performed in previous sections, the down-scaled laboratory experi-
mental setup shown in Figure 9 has been used. The experimental prototype consists of a
traditional three-phase two-level inverter connected to a 750 W three-phase PMSM with
main parameters summarized in Table 1. On the other hand, the PMSM parasitic compo-
nents are addressed in Figure 10. The controller and modulation schemes are implemented
using the rapid prototyping real-time platform PLECS RT box [36].
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Table 1. Multi-phase PMSM parameters.

Parameters Values

Winding resistance [Ω] 0.901
Winding inductance [mH] 6.552

Back-EMF coefficient KE [V/rpm] 0.0227
Moment of inertia J [g/m2] 0.12

Pole pair number 4
Voltage [V] 220

Nominal torque [Nm] 2.4
Nominal speed [rpm] 3000

Monitoring &

Oscilloscope

PMSM Control

platform
Two-level

inverter

Figure 9. Down-scaled 750 W three-phase PMSM laboratory prototype.
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Figure 10. Parasitic components of the three-phase PMSM.

Figure 11 shows the PMSM control and modulation strategies implemented in the
experimental setup. In the control strategy, the PMSM is driven by a speed and current dou-
ble closed control loop [37]. In the modulation stage, the three PWM methods ([φa, φb, φc]
equal to [0, 0, 0]◦, [0, 120, 240]◦ and [0, φbopt

, φcopt ]
◦) are tested to check the influence on the

VSD CMV, the phase currents as well as the induced shaft voltage.
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Technique
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Sx
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Encoder
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Figure 11. Controller scheme implemented in the experimental setup.

On one hand, the operation of the PMSM is analyzed in terms of the CMV generated
by VSD applying the PWM method with the three set of carrier phase-displacement angles
with fc = 4 kHz and rotational speed equal to 25 rpm, that corresponds to apply a modu-
lation index equal to 0.2. As it can be observed, applying the carrier phase-displacement
PWM technique with [φa, φb, φc] equal to [0, 120, 240]◦, the peak-to-peak CMV and the
CMVTHD are reduced compared with the single-carrier PWM method (see Figure 12c and
Figure 12d, respectively). Applying this solution, the CMV harmonic content located at the
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switching frequency, that is m = 1 and n = 0 has been eliminated as expected. However,
the non-negligible harmonic component shown in Figure 12d surrounding fc corresponds
with coefficients m = 1 and n = 2, what is expected from the analysis described in Figure 5.
In order to minimize the CMVTHD, the optimal values of the carrier phase-displacement
angles are applied and the corresponding results are summarized in Figure 12e,f. It can
be observed that this solution also achieves a reduction of the peak-to-peak CMV but the
CMVTHD is reduced as well compared with the previous PWM methods as it was expected
observing Figure 6b.
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Figure 12. Results applying the traditional PWM method with [φa, φb, φc] = [0, 0, 0]◦ (a) CMV generated in the PMSM
(b) CMV harmonic spectrum. Results applying the PWM method with [φa, φb, φc] = [0, 120, 240]◦ (c) CMV generated in
the PMSM (d) CMV harmonic spectrum. Results applying the PWM method with [φa, φb, φc] = [0, φbopt

, φcopt ]
◦ (e) CMV

generated in the PMSM (f) CMV harmonic spectrum.

In order to show another result, in Figure 13 is summarized the operation of the VSD
applying the PWM method with [φa, φb, φc] equal to [0, 0, 0]◦ and [0, 120, 240]◦ considering
fc = 4 kHz, a speed reference equal to 250 rpm and a dc-link equal to 30 V. It is impor-
tant to notice that this operational point corresponds to a modulation index equal to 0.84
and, therefore, (as it was addressed in Figure 7 and Figure 8) the optimal carrier phase-
displacement angles are equal to the Kimball’s solution [33], that is [0, 120, 240]◦. From
Figure 13, it is clear that the application of the optimal values of carrier phase-displacement
angles leads to reduce both the peak-to-peak CMV and the CMVTHD. This experiment is
also used to evaluate the operation of the PMSM in terms of the phase currents quality
considering the PWM approaches. The results are reported in Figure 14. In Figure 14a the
three-phase currents using the PWM method with [φa, φb, φc] equal to [0, 0, 0]◦ is shown.
The harmonic spectrum of the phase a is represented in Figure 14b. In the same way, the
three-phase currents as well as the harmonic spectrum of the phase a using the PWM
technique with [φa, φb, φc] equal to [0, 120, 240]◦ are shown in Figure 14c and Figure 14d,
respectively. As it can be observed, the harmonic distortion of the phase currents apply-
ing the PWM technique with optimal carrier phase-displacement angles experiences an
increasing. The normalized ia current THD using the PWM method with [φa, φb, φc] equal
to [0, 0, 0]◦ and [0, 120, 240]◦ are 3.86% and 4.86%, respectively. However, it can be seen that
the magnitude of this degradation is not significant because it is the range of miliamperes
while the fundamental current component is 1.27 A.
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Figure 13. Results applying the traditional PWM method with [φa, φb, φc] = [0, 0, 0]◦ (a) CMV generated in the PMSM (b)
CMV harmonic spectrum. Results applying the PWM method with [φa, φb, φc] = [0, 120, 240]◦ (c) CMV generated in the
PMSM (d) CMV harmonic spectrum.
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Figure 14. Results applying the traditional PWM method with [φa, φb, φc] = [0, 0, 0]◦ (a) Phase currents (b) Harmonic
spectrum of phase a current. Results applying the PWM method with [φa, φb, φc] = [0, 120, 240]◦ (c) phase currents (d)
Harmonic spectrum of phase a current.

These experiments have been carried out considering different operational conditions
testing the performance of the methods with several angular speed values of the PMSM.
The CMVTHD as well as the THD of the phase a current generated by the VSD are summa-
rized in Table 2. It can be concluded that, using the PWM method with [φa, φb, φc] equal
to [0, 120, 240]◦, the CMV harmonic mitigation is significant. On the other hand, a slight
degradation of the phase currents occurs but this drawback can be considered acceptable if
the design parameters are defined by other constraints. Indeed, the inductance of the ma-
chine depends on the mechanical requirements and on the voltage/current rating, whereas
the switching frequency usually has a lower limit due to the control bandwidth. For many
applications in industrial drives, which present high value of the machine inductance,
the increase in the current THD caused by applying the carrier phase-displacement angle
PWM method would be negligible.
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Table 2. CMVTHD and normalized THD of the phase a current considering up to 13 kHz using the PWM with [φa, φb, φc]

equal to [0, 0, 0]◦, [0, 120, 240]◦ and [0, φbopt
, φcopt ]

◦.

CMVT HD [%] ia THD [%]

Speed [rpm] M [p.u.] [0,0,0]◦ [0,120,240]◦ [0, φbopt
, φcopt ]

◦

[0,0,0]◦ [0,120,240]◦ [0, φbopt
, φcopt ]

◦

25 0.20 128.65 38.58 35.33 1.90 6.25 5.29

50 0.40 121.38 35.77 2.74 5.76
100 0.54 113.32 36.38 4.17 5.27
150 0.66 105.50 39.14 3.21 5.16
200 0.73 97.37 41.58 3.62 4.46
250 0.84 88.05 42.16 3.71 5.02

Finally, as it is mentioned in previous sections, the presence of high CMV in the VSD
leads to the degradation of the motor bearing because of the corresponding high shaft
voltages and leakage currents. The shaft voltage present in the system applying the PWM
technique with [φa, φb, φc] equal to [0, 0, 0]◦ as well as those obtained applying [0, 120, 240]◦

and [0, φbopt
, φcopt ]

◦ have been measured. The experimental results with rotational speed
equal to 25 rpm and 250 rpm are represented in Figure 15 and Figure 16, respectively. As
it can be observed from both experiments and their spectra, the shaft voltage has been
reduced using the optimal carrier phase-displacement angles. This fact confirms that
the use of this modulation method mitigates the motor bearings damage extending the
machine lifetime.
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Figure 15. PMSM shaft voltage with rotational speed equal to 25 rpm (corresponding modulation index 0.2) using the PWM
method with carrier phase-displacement angles [φa, φb, φc] equal to (a) [0, 0, 0]◦ (c) [0, 120, 240]◦ (e) [0, φbopt

, φcopt ]
◦. (b,d,f) are

their respective harmonic spectra.

14



Energies 2021, 14, 2929

-4

0

4

8

12

-4

0

4

8

12

S
h

af
t 

v
o

lt
ag

e 
(m

V
)

0 10 20 4030 50
Time (ms)

0 2 4 6 8 10 12
Frequency (kHz)

S
h

af
t 

v
o

lt
ag

e 
(m

V
)

0 10 20 4030 50
Time (ms)

a

b

c

d

0

1

2

3

4

H
ar

m
o

n
ic

 s
p

ec
tr

u
m

 (
m

V
)

0 2 4 6 8 10
Frequency (kHz)

0

1

2

3

4

H
ar

m
o

n
ic

 s
p

ec
tr

u
m

 (
m

V
)

Figure 16. PMSM shaft voltage with rotational speed equal to 250 rpm (corresponding modulation index 0.84) using
the PWM method with carrier phase-displacement angles [φa, φb, φc] equal to (a) [0, 0, 0]◦ (c) [0, φbopt

, φcopt ]
◦=[0, 120, 240]◦.

(b,d) are their respective harmonic spectra.

7. Conclusions

Motor drives are essential players in the current power electronics and power system
arena. The introduction of the VSDs was revolutionary because it meant a significant
increase in performance and controllability of the power systems. However, as a major
concern related to the VSDs operation, it has been demonstrated that the CMV deteriorates
the motor bearings leading to a reduction of the machine lifetime.

This paper presents an analysis of a generalized PWM method with triangular carriers
with phase-displacement angles in order to reduce the CMV harmonic content without the
introduction of passive filtering elements and/or active devices for the canceler stage. An
accurate mathematical model based on double Fourier series is provided to describe the
CMV content. This mathematical description is used to determine the best carrier phase-
displacement angles to reduce the CMV content. In the paper, it is demonstrated that,
considering a three-phase voltage source inverter to operate as a motor drive, the use of
three carriers with phase displacements equal to [0, 120, 240]◦ is not always the best option
in order to both reduce the low-frequency CMV harmonic components and also achieve the
reduction of the CMV total harmonic distortion. For low values of the modulation index
(up to 0.3) the optimal carrier phase-displacement angles are obtained, while applying
[0, 120, 240]◦ is the most proper solution for larger values of the modulation index.

The accuracy of the analysis and the effectiveness of the generalized carrier phase-
displacement angle PWM method have been validated via experimental results in a down-
scaled laboratory prototype.
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Abstract: In modern aircrafts, hydraulic or pneumatic actuators have been already replaced with
electric counterparts, but the advancement of the inverter and motor technology has made possible
that the propulsion system can be powered by electrical sources. These high power requirements can
not be efficiently fulfilled by using a typical two level converter; the multi-level converter represents
a suitable solution for this application. This paper presents a cascaded H-bridge, a 9-level permanent
magnet synchronous motor drive for full electric aircrafts. Harmonic analysis is presented considering
different levels of a multi-level inverter. Simulation results and experimental validation with a test-rig
confirms the accuracy of the proposed system.

Keywords: full electric aircraft (FEA); cascaded H-bridge (CHB); multi-level inverter; permanent
magnet synchronous motor (PMSM); total harmonic distortion (THD)

1. Introduction

Due to increasing power efficiency demand, reduced high operating cost and most importantly
reduced air pollution, mobility is changing drastically and great attention is focused on the
electrification in transportation. To accomplish this, power electronics (PE) and electric machines are
needed and required to be much more reliable, efficient, compact, quieter and with high power density.
The electrically propelled vehicle is dependent majorly on the PE to meet challenges like specific power,
energy storage capabilities, thermal management of the system and most importantly safety [1]. In the
conventional aircraft, actuation, de-icing, air conditioning, cabin pressurization, fuel pumping and
other systems, are powered by hydraulic, pneumatic and mechanical actuators and propulsion system
is powered by kerosene. In a full electric aircraft (FEA), all power systems, including propulsion are
powered by electrical sources. This leads to increased dominance of power electronics, which opens
the research window for the cleaner sky [2].

Currently, there are more than two hundred electric aircraft demonstrators approaching different
methodologies which grew the number of electrically driven aircraft development approximately by
30% in last year [3]. Some of them include CityAirbus 4-seater all-electric eVTOL, which is comprised
of eight 100 kW electric motors with a DC bus of 800 V [4]. Airbus is also exploring its wings on large
aircrafts like series hybrid e-fan X that features 2 MW power converter having a DC bus of 3 kV [5].
In this race, a hybrid electric propulsion system by Bell also developed a system with six 100 kW
motors to produce a power of 600 kW [6]. The required on-board electric power of a Boeing 787 is
provided by four 250 kVA generators and two 225 kVA auxiliary power units (APU) [2,7]. In the
existing Boeing 737, the electrical system capacity is 100 kW, which in the recent model is increased
over 1 MW. Generally speaking, if an electric powertrain is adopted, very high power and medium
voltage drives become mandatory and cascaded H-bridge (CHB) multi-level inverters (MLIs) represent
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an attractive solution for the numerous advantages in terms of high efficiency, power quality and
because of the use of low rated power devices, including the novel wide band gap (WBG) devices
like gallium nitride (GaN) and silicon carbide (SiC). While conventional two level inverters suffer
from high dv/dt, high blocking voltage across power device, common mode voltage, etc., which may
lead to issues such as overheating and failures of motor winding, MLIs offer sinusoidal like output
voltage profile, reduced dv/dt and consequently lower stress on power devices and on the motor,
redundancy and reduced total harmonic distortion (THD). It can also handle high power with low
switching frequency and thus lower switching losses, low common mode voltage, low stress in the
motor bearings and in turn increasing the life of the motor [8–10].

The modern wide band gap (WBG) devices will play a crucial role in the race of electrification of
high efficient PE converters for full electric aircrafts, bearing higher temperature. There are various
works in the literature which demonstrate the merits of WBG for FEA. The paper [11], for instance,
demonstrates a 2-level inverter of 50 kW using SiC devices to achieve high power density of the aircraft,
resulting in saving of energy. On the other hand, the modern WBG operate at frequency higher than
typical Si devices and this could increase electromagnetic interference (EMI) giving rise to higher di/dt
and dv/dt ratios [1]. Hence, an alternative approach both at system and component levels has to
be adopted. Nonetheless, SiC and GaN devices are still a quite immature technology with high cost.
Their use requires re-design of the whole power converter system including gate drivers and so on.

A megawatt scale medium voltage three level active neutral point clamped power converter
is proposed for high efficiency and high density aircraft hybrid propulsion systems in [12].
The paper [13] gives the detailed analysis for different modulation techniques and the LCL filter
requirements using a five-level CHB inverter. The space agencies like NASA are exploiting the
possibility of MLI for FEA application. For the electrically propelled aircraft research program,
General Electric is considering a 1 MW, 3-level inverter with 2.4 kV DC-link voltage [14]. In the
powertrain applications, electric machines represent the heart. In 2017, Airbus replaced one of the
four jet engines by a 2 MW electric motor [5]. Numerous kinds of machines are being used for the
power generation of the engine, such as switch reluctance [15], permanent magnet (PM) [16] and
special designed induction machines [17]. Very often, machines are multi-phase with 5, 6 or even more
phases. The literature shows that PM machine has attractive features when compared to others to fit the
requirement of FEA, because it offers high power density [15], efficiency, reliability and ruggedness.
The performance comparison in [18], among many others, proves their superiority.

This paper proposes a multi-level CHB inverter to feed three phase permanent magnet
synchronous motor (PMSM) for FEA powertrain applications. The study of multi-phase and fault
tolerant solutions, more suitable in terms of reliability, is in progress and will be the subject of
future papers. Section 2 presents the mathematical formulation of the whole system. In Section 3,
advantages of MLI for FEA drives are discussed. The study is presented for l-level CHB MLI topologies,
that justifies that the 9-level one gives the best trade-off between performance and cost [19]. Therefore,
the 9-level inverter is considered for the explanation of MLI drive, but analysis is presented for 2, 5, 7
and 9-level inverter configurations. Simulated results and experimental implementation are presented
in Section 4. Section 5 gives some conclusions.

2. CHB 9-Level Inverter Powertrain

2.1. Operation of 9-Level Inverter

CHB 9-level topology consists of four H-bridge modules per phase supplied with equal dc voltage
sources, i.e., Vdc/4. Considering the phase A, the semiconductor devices are denoted as S1a, S2a, ... up to
S16a, as shown in Figure 1. In each H-bridge, switches of the same leg such as S1a, S4a and S5a, S8a and
so on, are operated in complimentary fashion. In a similar manner, phase B and C are configured,
120◦ and 240◦ delayed from phase A, respectively. To obtain the staircase output waveform,
the switching states are applied as shown in Table 1. To reduce losses, the switching states are selected in
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a manner that only one switch has to be turned on, when the level is changed. The adopted modulation
technique is the level-shifted carrier (LSC)-based PWM technique, with triangular wave Cj, j = 1, 2, ..., 8
as carrier with frequency equal to 10 kHz, as in Figure 2. This modulation technique eliminates the
sector identification and complex timing calculations, which are necessary for the implementation
of space vector PWM (SVM) technique. To obtain the same reference voltage waveforms of SVM,
a third harmonic component has been introduced in order to increase the linear modulation range [20].
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Figure 1. Block diagram of the 9-level inverter drive.
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Figure 2. Carrier and modulating waveforms for LSCPWM.

Table 1. Nine voltage levels and their switching states.

VxN * Level
Switching States

S1a S3a S5a S7a S9a S11a S13a S15a

Vdc 8 1 0 1 0 1 0 1 0
3Vdc/4 7 1 0 1 0 1 0 0 0
2Vdc/4 6 1 0 1 0 0 0 0 0
Vdc/4 5 1 0 0 0 0 0 0 0

0 4 0 0 0 0 0 0 0 0
−Vdc/4 3 0 1 0 0 0 0 0 0
−2Vdc/4 2 0 1 0 1 0 0 0 0
−3Vdc/4 1 0 1 0 1 0 1 0 0
−Vdc 0 0 1 0 1 0 1 0 1

* x = A, B, C.
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2.2. Operational Principle of PMSM

In this study, aiming to investigate the behavior of multi-level PMSM drive, the conventional field
oriented control (FOC) technique is implemented. Mathematical model of PMSM is formulated in d-q

co-ordinates as [

vd

vq

]

=

[

Rs + Ldρ −ωrLq

ωrLd Rs + Lqρ

] [

id

iq

]

+

[

0
ωrφ

]

. (1)

where vd, vq and id, iq are stator voltages and currents in d-q axis, respectively, ρ is the differential
operator, Rs is stator resistance, ωr and φ are electrical angular speed and flux linkage of PMSM,
respectively. Ld and Lq are stator inductances which have the same value L, a surface mounted type of
PMSM is used. This type of motor has a small rotor diameter with low inertia and hence, finer dynamic
performance. The electromagnetic torque Te is given by

Te =
3
2

P φiq. (2)

where P is number of pole pairs of the motor. The mechanical speed ωrm is

ωrm =
1
J

∫

(Te − Tl − Bωrm)dt. (3)

where Tl , B, J are load torque, viscous friction coefficient and moment of inertia of the motor,
respectively. The electrical speed of the machine can be obtained by using ωr = P ωrm. The electrical
angle of the rotor θ is estimated from incremental encoder. Figure 1 shows the two cascaded control
loops, outer is speed loop and the inner one is the current loop. For the speed control of drive, the speed
error is generated by comparing the speed reference ωre f with the obtained speed ωr. This error is
processed by speed PI controller, returning the current reference iqre f . The iq is subtracted from iqre f ,
generating an error that is handled by the q PI controller, giving vq stator voltage. The FOC method
decouples the d and q axis, referring d to flux control and q to torque control. The stator voltage vd is
estimated from the error generated by comparing flux controller reference, i.e., zero and id. The vd

and vq are converted to reference voltages VA, VB and VC, for the comparison with carrier waves
as explained in Section 2.1. The transformations from dq to abc and vice versa are performed using
Clarke’s and Park’s transformations.

3. Analysis of CHB Multi-Level for FEA

In this section, the advantages obtained by using a CHB multi-level inverter in terms of THD%
and torque ripple are discussed in detail. The harmonic mitigation is a great concern for power quality
of converters as well as of overall FEA system. THD% is calculated using the following formula

THD =

√

∑
49
n=2,3,... H2

n

H1
(4)

where Hn is the amplitude of the nth harmonic. For harmonic spectrum, in the y-axis, the amplitude
of the n-harmonic Hn with respect to the fundamental H1, in percentage value, is indicated.
The considered fundamental frequency is 300 Hz and modulation index (MI) is 0.8. Figures 3a,b
and 4a,b show the harmonic spectrum of output voltage of 2, 5, 7 and 9-level inverters, respectively.
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Figure 3. FFT of the output phase voltage: (a) TLI. (b) 5-level inverter.
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Figure 4. FFT of the output phase voltage: (a) 7-level inverter. (b) 9-level inverter.

It can be observed that the 2-level inverter has higher amplitude of dominant harmonics 31st and
the 35th than that of the 9-level inverter. The harmonic spectrum of line-line voltage for 2, 5, 7 and
9-level inverter configurations without using a filter, are presented as shown in Figures 5a,b and 6a,b,
respectively. It can be seen that in the 9-level inverter, all harmonics do not have significant amplitude
at the considered frequency range. The current harmonic spectrum for all configurations are also
presented as shown in Figures 7a,b and 8a,b, respectively. This signifies that 9-level configuration
requires a very light filter with respect to the 2-level inverter configuration. To obtain the same
performances of 9-level configuration, a 2-level inverter must be used with higher switching frequency.
In this case, the first not mitigated harmonic displaces to high order, but also switching, iron and
copper losses increase.
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Figure 5. FFT of the output line-line voltage: (a) TLI. (b) 5-level inverter.
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An investigation about the use of the l-level inverter powertrain for FEA is performed for l =
2, 5, 7, 9, for different MIs of the drive. Figure 9a shows THD% as a function of MI. For MI = 1,
THD% = 56% for the 2-level inverter and THD% = 8.29% for the 9-level inverter. For the 5 and 7-level
inverters, THD% is 16.62% and 9.95%, respectively. For the 9-level inverter, at MI = 0.8 and 0.4, THD%
= 8.05% and 19.05%, respectively. Considering the 9-level inverter, if MI decreases from 0.8 to 0.4,
THD% increases from 8.05% to 19.05%.

The analysis of torque ripple as a function of MI, for 2, 5, 7 and 9-level inverters is shown in
Figure 9b. The y-axis quantities represent the percentage torque values with respect to its nominal
value. At MI = 0.8, torque ripple for 2, 5, 7 and 9-level inverters is 0.138, 0.109, 0.0871 and 0.06617,
respectively and for MI = 0.2, it is 0.268, 0.1547, 0.099 and 0.073, respectively. These results show
that the 9-level inverter gives better performance compared to other configurations in terms of THD
and torque ripple. A conventional 2-level inverter contains 6 high rated switches, while 9-level
configuration contains 48 switches, but since the DC-link voltage is shared among them, they can be
low rated devices.
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The efficiency of the drive is affected by high THD, torque ripple, switching and conduction losses,
stress across the devices and this indirectly affects the life of the motor. The high torque ripple of the
drive leads to vibrations, noise and wear of the machine. This not only damages the machine, but also
the shaft and gearbox. The additional considered advantage of CHB MLI is that the total DC-link Vdc is
used to create levels, so each power switch has to share 1/4 (for 9-level inverter) of the total DC voltage.
The switches have to bear less voltage stress across them, reducing dv/dt. High dv/dt indirectly affects
the longevity of motor by dielectric heating of the insulation material [21]. Therefore, the promising
use of multi-level inverters for FEA could significantly increase the life of the motor [22]. This sharing
of voltages also makes it easier to find the lower voltage devices with lower price, which may reduce
overall production and maintenance cost. These results show that the 9-level inverter gives better
performance compared to the other configurations in terms of THD and torque ripple. Conventional
TLI contains 6 high rated switches, while the 9-level configuration contains 48 switches. Since the
DC-link voltage is shared among them, they can be low rated devices.

4. Results

This section presents simulation and experimental results considering the 9-level inverter that
feeds PMSM for FEA application. Considering the transition from 2-level to 5-level to 7-level to 9-level,
the 8 carrier waveforms, the phase voltage and the speed are shown in Figure 10. Figure 11 shows
simulated results of the phase voltage, the line-line voltage and the phase current at a steady state
speed of 1200 RPM. In addition, the zoomed view of these waveforms are shown. Figure 12 shows
simulated speed feedback that follows the reference when speed changes from 500 RPM to 3000 RPM.
There is a small change in torque and phase currents before it reaches the steady state, as shown in
Figure 12. In Figure 13, a variation of torque from 0.1 Nm to 1 Nm is considered; little variation of
speed and currents is observed.

Figure 14 shows the block diagram of the hardware implementation of 9-level inverter powertrain.
The CHB 9-level inverter powertrain includes 12 H-bridge modules communicating with the control
board through dedicated SPI channels. Each H-bridge uses STW120NF10 MOSFETs (100 V, 120 A),
and is rated for 3.5 kW; moreover, it includes a local Texas Instruments TMS320F28379D DSP, which is
in charge of I/O and A/D conversion, but it is expected to assume the role of computational engine
for fault detection, diagnosis and reconfiguration algorithms. It is shown in Figure 14. The same
H-bridge is available with 1200 V, 35 A insulated gate bipolar transistors (IGBTs), thus allowing to
obtain more than 200 kW and 2.4 kV output voltage, which is a suitable power level for light aircrafts.
It is expected to replace the three phase motor with a six phase motor under development. The new
configuration requires 24 H-bridges, hence the control board is capable to offer a 9-level redundant
converter. The control board mainly consists of 5CEBA9F31 CYCLONE V FPGA, 10M16DAF484
MAX10 CPLD and TMS320F28379D DSP. The internal architecture of the control board is as shown in
Figure 15. The whole system, i.e., H-bridges, control board and auxiliary circuits, has been developed
by DigiPower srl, an innovative SME based in L’Aquila, Italy.
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Figure 10. Simulation result obtained by using the 9-level inverter: (a) Eight carrier waveforms and
modulating waveforms. (b) Phase voltage. (c) Speed reference (Ref) and speed feedback (Fbk).
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Figure 11. Simulation result of the 9-level inverter: (a) Phase voltage. (b) Line-line voltage.
(c) Phase current.
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Figure 14. Block diagram of hardware implementation of the 9-level inverter drive.
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Figure 15. Control board architecture.

Control board is capable to control up to 48 H-bridges and offers large computational capability
and a full set of I/O channels including Ethernet [23]. The complete test rig is shown in Figure 16.
Each H-bridge has its own DSP and both voltage and current sensors; communications between the
control board and H-bridges are bidirectional, therefore the whole system has intrinsic fault tolerance
capability. Each H-bridge will provide local fault details, then if a fault occurs in power switches,
the local DSP will communicate with the control board which can isolate that H-bridge and reconfigure
the system, if the fault tolerant algorithm is implemented. The control logic block of FOC of the drive
is implemented in DSP. The reference speed is the input of DSP, PI controllers are implemented in DSP,
which generates the reference voltages VA, VB and VC. These reference voltages are scaled down from
0 to 8 levels and PWM pulses are generated and sent to FPGA, where the switching states for each
level are generated with dead time equal to 4 µs. The speed of the motor is sensed using incremental
encoder, and it is calibrated in DSP. The currents of phases A and B are sensed using two LEM sensors,
which are calibrated in DSP. The motor specifications are as shown in Table 2.

Table 2. Specifications of permanent magnet synchronous motor (PMSM).

Parameter Symbols Values

Rated power P 6 [kW]
Rated current I 5.3 [A]
Rated torque Te 3 [Nm]

Stator winding resistance Rs 0.15 [Ω]
Stator winding inductance L 0.85 [mH]

Rotor inertia J 2.9 [Kg.m2]
Pole pair p 3

Rated speed ω 6000 [RPM]
Permanent magnet flux φ 0.0557 [Wb]

28



Energies 2020, 13, 6126

Figure 16. Test rig of cascaded H-bridge (CHB) 9-level inverter drive.

Figure 17a shows the experimental phase voltage and phase current waveform. Figure 17b shows
the speed feedback when the motor is accelerated and decelerated. In particular, following the speed
profile: from 3000 RPM to −3000 RPM to 3000 RPM to 600 RPM to −600 RPM to −3000 RPM, the speed
feedback follows the speed reference, as shown in Figure 17b. It is also visible that when there is
an increase in the speed reference, the phase current increases correspondingly. Figure 18a shows
id and iq when the motor is accelerated from 1000 RPM to 3600 RPM. This change affects mainly iq,
while id remains fairly constant. Similarly, when the speed is reduced from 3600 RPM to 1000 RPM Hz,
the same behavior is observed as shown in Figure 18b. When the speed changes from −3000 RPM to
600 RPM, a little variation of torque is observed as shown in Figure 19a. A magnification of the last
Figure is given in Figure 19b. The harmonic spectrum of the 9-level inverter is shown in the Figure 20.
The span of the figure is 40 kHz, and the center is at 20 kHz. It is visible that the dominant harmonic
present is at 33rd harmonic order, which is 10 kHz. This dominant harmonic is magnified and shown
in the figure with its sidebands, validating the simulated harmonic spectrum.
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Figure 17. Experimental result for the 9-level inverter: (a) (1) Phase voltage (y-axis: 20 V/div),
(2) phase current (y-axis: 2 A/div). (b) (1) Phase voltage (y-axis: 20 V/div), (2) phase current (2 A/div),
(3) speed reference (y-axis: 1820 RPM/div), (4) speed feedback (y-axis: 1820 RPM/div).
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Figure 18. Experimental result for the 9-level inverter: (a) (1) Phase voltage (y-axis: 20 V/div), (2) phase
current (y-axis: 5 A/div), (3) id (y-axis: A/div), (4) iq (y-axis: A/div). (b) (1) Phase voltage (y-axis:
20 V/div), (2) phase current (y-axis: 5 A/div), (3) id (y-axis: A/div), (4) iq (y-axis: A/div).
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Figure 19. Experimental result when speed is varied for the 9-level inverter: (a) (1) Phase voltage
(y-axis: 20 V/div), (2) phase current (y-axis: 5 A/div), (3) torque (y-axis: Nms), (4) speed reference
(y-axis: 3600 RPM/div). (b) (1) Phase voltage (y-axis: 20 V/div), (2) phase current (y-axis: 5 A/div),
(3) torque (y-axis: Nm), (4) speed reference (y-axis: 3600 RPM/div).
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Figure 20. Experimental harmonic spectrum of phase voltage for the 9-level inverter.

5. Conclusions

The growth of FEA applications implies the development of large scale capability power
converters. In this paper, a CHB 9-level inverter feeding PMSM for FEA applications has been
proposed. It has been shown that the THD% reduces as the number of levels are increased, in turn
reducing dv/dt. DC-link voltage is shared between the H-bridge modules as number of level increases,
consequently it is possible to use low rated devices. The torque ripple is also reduced in comparison to
TLI; the efficiency and the life of the motor are also improved. The adopted prototype of the multi-level
converter developed by DigiPower can be used with high power motors and with multi-phase
machines and in fault tolerant configurations. Experimental results have been presented to validate
the theoretical analysis.
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PE Power electronics
MLI Multilevel inverter
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THD Total harmonic distortion
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MI Modulation index
PMSM Permanent magnet synchronous motor
P I Proportional integral
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Abstract: Power electronic converters, together with their loads, sources, and controls, form a coupled
system that includes many nonlinear interactions, for instance due to pulse-width modulation (PWM)
and feedback control. In this paper we develop a complete, nonlinear modeling approach for
voltage-source inverters in the frequency domain, taking into account the harmonic components
introduced into the system from the inputs and from the nonlinear digital PWM. The most important
contribution is a method for analyzing how these harmonics propagate through the nonlinear system
in steady state. To enable this, an analytic model of PWM with arbitrary, multiple-frequency input
is necessary. A revised model of Asymmetrical regularly-sampled double-edge PWM (AD-PWM)
is proposed and its incorporation into the system model regarding sampling effects is discussed.
The resulting nonlinear equation system is numerically and simultaneously solved, yielding the
spectra of all relevant signals in the converter. The results are validated with time-domain simulations
and with measurements, proving the effectiveness of the proposed approach.

Keywords: harmonic analysis; power converters; pulse-width modulation (PWM); frequency-domain
model; voltage-source inverter (VSI); closed-loop control

1. Introduction

The accurate assessment of current and voltage harmonics of power electronic systems is studied
to meet a variety of design goals, including determination of dc-link capacitor size and lifetime [1,2],
compliance with grid codes [3], avoidance of the excitation of resonances [4], and design of active
power filters [5,6]. Power electronic systems, for example the voltage-source inverter (VSI) with its
passive components and control (Figure 1), form closely coupled relationships that result in a nonlinear
closed-loop system. The analysis of the algebraic equation system in the frequency domain is a complex
process but supports a deeper understanding of the behavior of the system. By direct solution of the
equation system, the system harmonics can be assessed.

Energies 2020, 13, 5823; doi:10.3390/en13215823 www.mdpi.com/journal/energies35
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Figure 1. Topology of the example system. The two-level VSI connects a dc source to a three-phase
passive load. The dc-link voltage and the ac-side currents are fed back via Analog-to-digital converters
(ADCs) to the digital control, which regulates the switching state of the VSI via a pulse-width
modulation (PWM). The power converter forms a closed-loop system, which is nonlinear due to
the double framed blocks. The digital control in blue contains discrete-time signals and the electrical
system in green is described by continuous-time signals. The system model has the rectifier current
and the control setpoint as input signals displayed in red.

An important breakthrough in describing the frequency-domain behavior of switched power
converters was the analysis of modulated signals. The double Fourier series expression was adapted
by Bowes and Bird [7] to characterize the output spectrum of PWM converters. After further extension
by Holmes [8], this method became a standard used to describe the switching spectrum of PWM
VSI [9]. The double Fourier series analysis assumes in its original form:

1. A constant dc-link voltage, i.e., no interaction of dc side and ac side
2. A single frequency modulator input signal, i.e., no interaction with the control loop
3. Ideal switching of the power electronics, i.e., no dead time and lossless switches

To calculate the ac-side voltage spectrum under the influence of a variable dc-link voltage,
a convolution of the switching function spectrum and the dc-link voltage spectrum can be performed.
As shown by McGrath et al. [2], the dc-link current spectrum can be calculated in a similar way by
using a convolution of the switching function spectrum and the ac-side current spectrum.

Subsequently, modifications to the double Fourier method as well as alternative methods evolved,
characterizing the PWM output spectrum [10]. Special emphasis was given to incorporating modulator
input signals that contain multiple frequency components [5,11–13] and dc-link voltage oscillations [14,15].
Because the interaction of the signals within the power stage of the plant and the influence of the closed-loop
control system are not examined, the research question arises of how to integrate these interactions.

A common approach for modeling and analyzing PWM converters is the averaging method,
introduced by Wester, Ćuk, and Middlebrook [16–18] and extended by Erickson and Maksimovic [19–21]
and Hiti [22]. The averaging method is useful in developing linearized small-signal models and is
commonly implemented in impedance-based models and stability analysis [23]. Corradini et al. [24]
utilized this method in describing the digital control of power converters, introducing small-signal delays
to consider sampling effects of the PWM and the digital control. Almér and Jönsson [25] developed a
dynamic phasor model of a dc-dc converter with closed-loop control applying averaging and truncation of
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the high-frequency components. By applying small-signal assumptions, Yue et al. [26] modeled frequency
components that are unsynchronized with and close to the sampling frequency and cause undesirable
beat-frequency components due to aliasing.

The averaging and linearization methods truncate the high frequency components caused by
the modulation and switching process. Modeling errors can result when the switching-band and the
base-band components overlap and sampling effects like aliasing occur. A need for research was
identified to develop a frequency-domain method that models a power electronic system including its
harmonic interactions. These interactions concern the mutual dependencies between the continuous
signals of the power stage, the digital signals of the control, and the influence of nonlinear effects such
as modulation, sampling, and aliasing.

This article deals with the prediction of the harmonic spectrum in a converter system in the
frequency domain. A special focus arises from the description of the interactions that arise in the
closed control loop. We want to convey a deeper understanding of the harmonic interactions and as a
result present a modeling method that enables the calculation of the spectra including their nonlinear
interactions. Some modeling aspects are well known (converter model, linear components, ADC,
and PI control) and they are included here for completeness of the model. The complexity and novelty
of this paper lies in the PWM model’s correct consideration of the sampling process and the interactions
of the subsystems. This stands in contrast to the prevailing models found in the presented literature,
which either model the components with their input-to-output behavior neglecting the closed-loop
interactions or with a linearized behavior.

The control is developed for the example of a VSI with closed-loop current control. The influence
of quantization is excluded in the models. The approach to describe the spectrum of PWM published
by Song and Sarwate [11] is utilized. A review of their results for AD-PWM revealed deviations
from measurement results. Therefore, we present a revised derivation of the switching spectrum for
AD-PWM. The method applies for hard-switched converters using a fixed switching frequency in the
linear modulation range. Furthermore, the incorporation of the PWM model into the total system
model as a hybrid of discrete-time and continuous-time signals is presented with special emphasis on
the consideration of sampling effects. The resulting models are evaluated with band-limited Fourier
coefficients for an example case in steady state and compared with time-domain simulations and
experimental results. The work presented here is a part of the author’s dissertation [27].

2. Models of Individual Components and Effects

The example system used in this paper (Figure 1) consists of a dc source, a three-phase two-level
VSI, and an RL-load. The closed-loop control of the load currents provide the ac-side voltage setpoints
for the VSI, which are divided by half the measured dc-link voltage and transformed into gate signals
by a pulse-width modulation (PWM) process. The influence of the dc source (e.g., a rectifier) is
modeled by a current source irec. This enables the incorporation of the harmonic behavior of a rectifier
but neglects the influence of the dc-link voltage on the rectifier.

A digital control system is assumed, because of its widespread application and to discuss the
effects on the modeling approach with both discrete-time and continuous-time signals being present in
the system. Analog sensors measure the required voltage and current values, which are then sampled
and held by an ADC. In order to meet the control goal determined by the input setpoint signals,
the control outputs duty cycles that are proportional to the required ac-side voltages. Applying a
PWM to the duty cycles generates the gate signals, which control the power semiconductors. In the
following sections the models of the individual components of the system are introduced.

2.1. Switching Power Converter

The VSI in Figure 1 consists of three half bridges. Assuming ideal switching behavior (loss-less
switching and no dead time), each half bridge of phase ν ∈ {1, 2, 3} is represented by a single-pole
double-throw switch with the switching function sν, resulting in the equivalent circuit of the electrical
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subsystem in Figure 2. The switching function is used to provide the algebraic connection between the
ac-side voltages uacν and the dc-side voltage udc, with

uacν(t) =
1
2
· sν(t) · udc(t), (1)

and between the ac-side currents iacν and the dc-side current idc, with

idc(t) =
3

∑
ν=1

1
2
· sν(t) · iacν(t). (2)

LacRac

Cdc

udc

irec

iac1

iac2

iac3

2

udc

2

φ0

uac1

idc

uac2

uac3

φ0

S1

S2

S3

Figure 2. Equivalent circuit of the three-phase two-level VSI.

Transforming the equations to the frequency domain yields a convolution of the spectra, with

Uacν( f ) =
1
2
· Sν( f ) ∗ Udc( f ), (3)

Idc( f ) =
3

∑
ν=1

1
2
· Sν( f ) ∗ Iacν( f ), (4)

where ∗ denotes the convolution operator.

2.2. Load and Source Models

The load and source models provide the mathematical model for the connection between the
voltages and currents on either side of the converter. In the common modeling case of linear passive
components, the ac-side impedance representing a grid filter, a motor stray inductance or a passive
load, and the dc-link capacitor are modeled as linear devices. For a symmetrical ac-side impedance,
the frequency-domain expression of the ac side is






Iac1( f )

Iac2( f )

Iac3( f )




 = −1

3
· (Rac + j2π f Lac) ·






2 −1 −1
−1 2 −1
−1 −1 2




 ·






Uac1( f )

Uac2( f )

Uac3( f )




 , (5)

where Rac is the ac-side resistance and Lac is the ac-side inductance.
The voltage-stiff dc link of a VSI consists of a large capacitance Cdc. Its frequency-domain

representation results in

Udc( f ) =
1

2π f Cdc
· (Idc( f ) + Irec( f )), (6)

Please note that without a further resistive component in the dc-link, (6) contains a singularity,
which results in a degree of freedom for Udc(0) in the model.
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2.3. Analog-to-Digital Conversion and Filtering

In order to provide feedback of the currents and voltages to the control system, the signals
are sensed using analog sensors and then converted into digital signals. The block diagram of the
measurement system that is used to track a continuous-time signal is depicted in Figure 3. The spectrum
of the signal X( f ) represents Iacν or Udc.

X( f )
HsincK( f )

Xs( f )
HZOH( f )

Σ δ( f - nfs ) 

Hsensor( f )

'
Analog sensor

HΔΣ ( f )

ΔΣ modulator Decimator

Figure 3. Structure of the measurement system.

The analog sensors are represented by a first-order low-pass filter with a cut-off frequency fcut,

Hsensor( f ) =
1

j2π f / fcut + 1
. (7)

In this paper, a ∆Σ converter is used as ADC, which is assumed to have a sufficiently high
oversampling ratio. Therefore, its influence is low and H∆Σ( f ) ≈ 1.

A decimator is used to reduce the quantization noise of the sampled signal. The decimator has
the additional tasks of preventing aliasing and downsampling to the controller frequency while the
signal’s word size is increased. The decimation is often performed by sinc filters of order K > 1 [28],
which are described by a transfer function of

HsincK( f ) =

(

fs

f∆Σ

· 1 − e−j2π f / fs

1 − e−j2π f / f∆Σ

)K

, (8)

where f∆Σ is the sampling frequency of the ∆Σ modulator.
The output of the digital filter is sampled with the sampling frequency of the control fs.

The sampling process is represented by a multiplication of the continuous signal x(t) with a sequence
of Dirac pulses δ, which results in a continuous-time representation of a sampled signal xs(t), with

xs(t) = x(t) ·
∞

∑
n=−∞

δ(t − n/ fs). (9)

Transformation of (9) into the Fourier domain results in

Xs( f ) = fs · X( f ) ∗
∞

∑
n=−∞

δ( f − n fs), (10)

where Xs( f ) is known as the Discrete-time Fourier transform (DTFT), which differs from the
Continuous-time Fourier transform (CTFT) X( f ). This model of the sampler enables the consideration
of sampling effects such as aliasing. Moreover, the sampling process is commonly synchronized
with the PWM period, minimizing the influence of switching harmonics in the sensed signals [29].
This effect is included in this modeling approach and a time-shift between the PWM signal and the
sampling points can easily be considered in (9) and (10).

Finally, the sampled signals are held in the control system for one control period, which is modeled
with a zero-order hold (ZOH) block, with

HZOH( f ) = e−jπ f Ts · si(π f Ts). (11)
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The spectrum of the resulting sampled and low-pass filtered signal is written with an apostrophe
X′

s( f ) to distinguish it from the original spectrum X( f ).

2.4. Control System

In this paper PI current control in the rotating reference frame is used as an example control
system. The control system is shown in Figure 4. The inputs are the sampled ac-side currents i′s,ac and
dc-link voltage u′

s,dc and the current setpoints is,sp. The outputs of the current control are the setpoint
voltages in 123 coordinates us,sp, which function as inputs of the duty-cycle calculation. The outputs of
the complete control block are the duty-cycle commands for the PWM process ds.

us,dc/2

/
is,ac'

is,sp

us,sp-123

dq

PI 

controller

dq

123

'

ds

Z-1

Current control Duty-cycle calculation

θ θ

Figure 4. Block diagram for closed-loop control using PI current control and dc-link voltage feedback.

2.4.1. Current Control

The current control is implemented in the rotating reference frame by applying the Park
transformation to the input signals. The transformation consists of the Clarke transformation and a
rotation matrix. The measured ac-side current spectra are first transformed into current spectra in αβ

coordinates, with

[

Is,α( f )

Is,β( f )

]

=
2
3
·
[

1 − 1
2 − 1

2

0
√

3
2 −

√
3

2

]

·






I′s,ac1( f )

I′s,ac2( f )

I′s,ac3( f )




 . (12)

Then a rotation into the dq reference frame is performed, which leads to a frequency shift in the
current spectra [30]. For this it is assumed that the rotating angle θ(t) has a constant gradient with
θ(t) = 2π f0t, where f0 is the fundamental frequency. The current spectra in dq coordinates result in

[

Is,d( f )

Is,q( f )

]

=
1
2
·
[

1 −j
j 1

]

·
[

Is,α( f − f0)

Is,β( f − f0)

]

+
1
2
·
[

1 j
−j 1

]

·
[

Is,α( f + f0)

Is,β( f + f0)

]

. (13)

The current controller determines the setpoint voltages of the VSI in dq coordinates under the
influence of the setpoint signals Is,sp,d, Is,sp,q, with

[

Us,sp,d

Us,sp,q

]

= HPI( f ) ·
[

Is,sp,d( f )

Is,sp,q( f )

]

−
[

HPI( f ) −2π f0Lac

2π f0Lac HPI( f )

]

·
[

Is,d( f )

Is,q( f )

]

. (14)

A disturbance compensation of the cross-coupling of the dq axes is taken into account on the
counterdiagonal of the matrix. The linear PI controllers are described by a transfer function

HPI( f ) = KP +
KP

TI
· HI( f ), (15)

where KP is the proportional gain and TI is the integrator time constant. In the case of backward Euler,
the transfer function of the integrator HI( f ) is described by

HI( f ) = Ts ·
e j2π f Ts

e j2π f Ts − 1
. (16)
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The dc component of the controller’s transfer function has infinite gain, with HI( f → 0) →
∞ and the dc components of the sampled dq currents equals the setpoint values. Consequently,
the dc components of the setpoint voltages Us,sp,d(0) and Us,sp,q(0) cannot be calculated by (14).
Their solutions result instead from the complete equation system that incorporates the interaction of
the control with the physical model of the VSI and its load.

Finally, the setpoint voltages are transformed back into 123 coordinates, with

[

Us,sp,α( f )

Us,sp,β( f )

]

=
1
2
·
[

1 j
−j 1

]

·
[

Us,sp,d( f − f0)

Us,sp,q( f − f0)

]

+
1
2
·
[

1 −j
j 1

]

·
[

Us,sp,d( f + f0)

Us,sp,q( f + f0)

]

, (17)






Us,sp,1( f )

Us,sp,2( f )

Us,sp,3( f )




 =

2
3
·






1 0

− 1
2

√
3

2

− 1
2 −

√
3

2




 ·
[

Us,sp,α( f )

Us,sp,β( f )

]

. (18)

2.4.2. Duty-Cycle Calculation

The duty cycle is calculated by dividing the setpoint voltage of phase ν by half the measured
dc-link voltage. The duty cycle that was calculated in sampling step k is committed to the modulator
within the control cycle and is applied to the switching pattern in the next control step k + 1, with

dν[k + 1] =
us,sp,ν[k]

u′
s,dc[k]/2

. (19)

The inverse convolution in the frequency domain is used to achieve the equivalent operation
of the division in the time domain. Because the dc-link voltage is the state variable of an energy
storage it is required that udc(t) > 0, ∀t and 1/udc(t) is a slowly growing signal. This means that the
requirements for the existence of the inverse convolution are fulfilled.

Lastly, the computational delay is taken into account by the delay block (z−1) in Figure 4.
The calculation of the duty cycle thus results in

Ds,ν( f ) = 2 · Hdelay( f ) · U
′−1
s,dc( f ) ∗ Us,sp,ν( f ), (20)

where the delay is considered with

Hdelay( f ) = e−j2π f Ts . (21)

2.5. Model for PWM with Harmonic Input

The switching function is determined in the PWM process. In order to include the PWM process
in a frequency-domain model that considers the interaction between the control and the electrical
system, an expression of the switching function spectrum

S( f ) = g (D( f )) , (22)

as an explicit nonlinear function g of the duty-cycle spectrum is needed. This can be found in the
model by Song and Sarwate [11], which originates from a time-domain representation of the pulse
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pattern using the Heaviside function and is further developed into a frequency-domain representation.
A model for naturally-sampled double-edge PWM (ND-PWM) is derived by Song and Sarwate with

SND( f , D) = D( f ) + Sc( f ) · e−jπ f Tsw/2 +
∞

∑
m=1

(−1)m ·
∞

∑
n=1

...

(
(j2mπ)2n−2

22n−2 · (2n − 1)!
·
(

D∗(2n−1)( f + 2m fsw) + D∗(2n−1)( f − 2m fsw)
)

...

− (j(2m − 1)π)2n−1

j22n−1 · (2n)!
·
(

D∗(2n)( f + (2m − 1) fsw) + D∗(2n)( f − (2m − 1) fsw)
)
)

(23)

where

Sc( f ) =
∞

∑
p=0

2
jπ(2p + 1)

· [δ( f − (2p + 1) fsw)− δ( f + (2p + 1) fsw)] , (24)

and D∗n( f ) denotes the Fourier transform of the duty cycle signal raised to the power of n:

(d(t))n ❝ sD∗n( f ). (25)

AD-PWM is characterized by a low total harmonic distortion level, compared to other discrete
type PWM methods [9]. Due to its discrete-time property, it is easier to implement this modulation
method on digital control systems in contrast to natural sampling [11]. A review of results for AD-PWM
presented by Song and Sarwate ([11], (56)) revealed differences in comparison to simulation results
from a validated time-domain model. A revised derivation of the analytical model for AD-PWM
results in the switching function spectrum of

SAD( f , D) = e−jπ f Tsw/2 ·
[

Sc( f ) +
∞

∑
m=−∞

∞

∑
n=1

(jπ f Tsw)n−1

2n · n!
· D∗n( f − m fsw) ·

(
1 − (−1)m+n

)

]

. (26)

For AD-PWM, the duty cycle of the PWM is adjusted at two sampling points per PWM
cycle. Hence, the duty cycles of the two halves of a pulse differ from each other and the pulse
appears asymmetrically spaced from the center of the PWM period. In comparison to Song and
Sarwate ([11], (56)), the revised equation includes the representation of the two sampling points.
The derivation of (26) is presented in the Appendix A. A numerical evaluation of (26) follows in
Section 4.2 with a comparison with a time-domain simulation and measurement results.

The internal structure of regularly-sampled PWM can be divided into a sampler, a ZOH, and a
representation of naturally-sampled PWM. From this, two compositions of the frequency-domain
model describing regularly-sampled PWM result, as demonstrated in Figure 5. Subfigure (a) represents
the model described by (26), in which the input is the Fourier transform of the continuous-time duty
cycle D( f ). The description of the sampler and the ZOH can be separated from the PWM model
without loss of generality, using the Fourier transform of the discrete-time duty cycle Ds( f ) as the input
of a model of naturally-sampled double-edge PWM. This method is utilized to calculate the switching
function spectrum depicted in subfigure (b). Therefore, regularly-sampled PWM is equivalent to
naturally-sampled PWM when applying a “distorted” duty cycle spectrum Ds( f ).

When considering feedback control, the digital controller outputs a discrete-time duty-cycle with a
spectrum Ds( f ) (Figure 4), which interacts with the signals of the PWM and the plant. As stated earlier,
the regularly-sampled PWM model (Figure 5a) requires an input spectrum D( f ) of the continuous-time
duty-cycle d(t). However, as demonstrated in Figure 6a, a naturally-sampled PWM model may be
applied to express regularly-sampled PWM under the condition that the input is the spectrum of the
discrete-time signal Ds( f ). Because the DTFT of the input is not band-limited, the consideration of a
large spectrum is required to achieve high quality results using this model.
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ND-PWM

ND-PWMZOH

Σ δ( f - fc ) 

D( f ) Ds( f ) S( f )

Regularly-sampled PWM model

Ds( f ) S( f )

a)

ZOH

Σ δ( f - fc ) 

D( f )

Naturally-sampled 

PWM modelb)

Figure 5. Equivalent methods representing regularly-sampled PWM when the input is the CTFT of the
duty cycle D( f ): (a) The series connection of sampler, ZOH, and naturally-sampled PWM is combined
in one mathematical expression. (b) The CTFT of the duty cycle D( f ) is first transferred into the DTFT
of the duty cycle Ds( f ) using a model of the sampler and the ZOH. The resulting spectrum is used as
the input for the naturally-sampled PWM model [27].

ND-PWMZOH

Σ δ( f - fc ) 

ZOH
-1 rect

Filter

Regularly-sampled PWM model

Ds( f ) D( f ) S( f )Ds( f )

ND-PWM
S( f )Ds( f )

a)

b)

Figure 6. Equivalent methods representing regularly-sampled PWM when the input is the DTFT of
the duty cycle Ds( f ): (a) A block expressing naturally-sampled PWM. (b) An inverse ZOH and a
rectangular filter the ZOH block and sampler of a regularly-sampled PWM model [27].

An alternative method is presented in Figure 6b: The DTFT of the duty-cycle is converted into a
CTFT, which is subsequently applied to the AD-PWM model. The benefit of this method is that input
of the PWM model (dashed box in Figure 6b) is a band-limited signal and thus the consideration of
a smaller spectrum is required to achieve the same quality as the method in Figure 6a. For further
clarification, a numerical comparison is provided in this section. The conversion is performed by
application of the inverse transfer function of the ZOH

H−1
ZOH( f ) =

j2π f Tc

1 − e−j2π f Tc
, f 6= 0

H−1
ZOH(0) = 1

(27)

and the inversion of the sampling process. Since Ds( f ) is the DTFT of a band-limited signal,
the sampling process is inverted by a rectangular filter with

Hrect( f ) =

{

1 for − fc/2 ≤ f ≤ fc/2
0 otherwise

. (28)

A numerical comparison of the models in Figure 6a,b follows in Section 4.3.
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3. System Model for Interactions

All equations needed to describe the overall converter system form an algebraic nonlinear
equation system

~g(~X( f ), ~U( f )) =~0, (29)

where ~X( f ) are the spectra of the system’s signals and ~U( f ) are the spectra of the inputs.
As a simplification, the total equation system was numerically evaluated for the steady state.

This enables the representation of the periodic time-domain signals x(t) by a complex Fourier series.
Furthermore, the Fourier series was band-limited to a maximum order of kmax so that a signal x(t) was
approximated by

x1(t) ≈
kmax

∑
k=−kmax

X1,k · e jk2π f0t, k ∈ Z, (30)

where X1,k ∈ C is the complex Fourier coefficient of order k that represents the k-th harmonic of the
fundamental frequency f0.

The coefficients of the band-limited Fourier series form a discrete and finite spectrum that can be
collected in a vector representation

~X1 = [X1,−kmax , .. , X1,−1, X1,0, X1,1, .. , X1,kmax ]
T. (31)

Therefore, all input signals and system signals are represented by a vector of the length
l = 2 kmax + 1.

The calculation of all spectra requires the simultaneous solution of the nonlinear equation
system. The equation system chosen for the following numerical evaluation describes N = 13
signals, collected in a vector

~X = [~Iac1,~Iac2,~Iac3, ~Udc, ~Ds,1, ~Ds,2, ~Ds,3,~Is,d,~Is,q, ~Us,sp,α, ~Us,sp,β, ~Us,sp,d, ~Us,sp,q]
T. (32)

The size of the vector is N · l, which are given by the input signals. All other signals are described
as dependent variables and are not written explicitly in the equation system. However, it is possible
to calculate them directly using the signals present in ~X. The input signals of the system are the
dc-side disturbance current, the dc component of the dc-link voltage, and the current setpoint in dq
coordinates. Thus the input vector ~U contains the spectra of the ac-current setpoints ~Is,sp,d, ~Is,sp,q,
the rectifier current~Irec, and the dc component of the dc-link voltage ~Udc(0).

Further approximations are necessary to enable a numerical evaluation:

• The infinite summation in (26) is limited to −mmax ≤ m ≤ mmax and −nmax ≤ n ≤ nmax.
• The convolution of two vectors can be represented by a multiplication of the convolution matrix

of one of the vectors with the second vector. The inverse convolution in (20) is calculated by a
multiplication of ~Us,sp,ν with the inverse of the convolution matrix C(.) of ~U′

dc. The complete
convolution matrix has the size (2 l − 1)× l. To enable the inversion of the matrix, a truncated
form of the convolution matrix is used that is square with l × l. This form corresponds to the
Matlab function conv when applying the option same. The truncated convolution matrix of a vector
~X is defined as
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C(~X) =

















X0 . . . X−kmax

X1 . . . X(1−kmax) X−kmax
...

...
...

Xkmax . . . X−kmax
...

...
...

Xkmax X(kmax−1) . . . X−1

Xkmax . . . X0

















. (33)

The numerical solution was executed in Matlab by applying the trust-region algorithm of the Matlab

function fsolve. This algorithm was selected since it allows for the incorporation of the Jacobian matrix
and a sparsity pattern. Unlike the complicated analytical derivation of the Jacobian, the analysis of
a dependency between two variables is straightforward. This enables the formulation of a sparsity
matrix, which indicates all partial derivatives of the input variables unequal to zero. Knowledge of
the sparsity matrix enables the solver to accelerate the solution process by calculating only nonzero
derivatives. In this particular case, less than 15% of the matrix elements were nonzero. By applying the
sparsity pattern, the number of function calls for the numerical calculation of the Jacobian was halved.

A vector of initial values ~X0 is required for the iterative solution process, which is provided by
a simple fundamental frequency model. It calculates the fundamental frequency components for ac
quantities and the dc component of dc quantities, with all remaining components set to zero.

4. Results

4.1. Experimental System

The left photo in Figure 7 shows the interior part of the experimental system, where the IGBT
modules (IFS150V12PT4) and the dc link are visible in the center. One IGBT module was used in the
experiments as a VSI and the second module was switched off and used as a diode bridge rectifier.

The VSI control was implemented on a system-on-chip unit Xilinx Zynq 7000. It contains an FPGA
and an ARM Cortex-A9 double-core processor. The FPGA comprises the measurement data collection
from the ∆Σ modulators Analog Devices AD7401A. The digital filters (decimators) were implemented
as Sinc3 filters and were implemented on the FPGA. The FPGA also incorporates the low-level control
of the power converters, whereas the high level control was implemented in the processor.

Figure 7. Photos of the experimental system.
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The voltage differential probe measuring the dc-link voltage (Tektronix P5200) and the line-to-line
voltage (Testec TT-SI-9001) were connected directly to the terminals of the IGBT module. The ac-side
current was measured in phase 1 using a current probe (Agilent N2782B). The dc-side current and
the rectifier current were measured with Rogowski coils (PEM CWT03LF), thus the dc component
was excluded in the presented results. The gate signals of the top and bottom IGBTs of phase 1 were
measured at the input terminals of the gate driver (Testec TT-SI-9001).

The data acquisition was performed using an eight channel oscilloscope Teledyne Lecroy HDO8108,
which is depicted on the right side of Figure 7. By using a high sampling rate of 250 MS/s, 20 MHz
analog input filters for the channels, and a 12 bit quantization, a good time and amplitude resolution
of the measured waveforms was provided. The measured waveforms were postprocessed in Matlab to
calculate the spectra.

4.2. Results for AD-PWM Model

To validate the correct derivation of (26), the equation was numerically evaluated for an example
case with a duty cycle spectrum that contains frequency components at the fundamental frequency
and at the fifth harmonic. The equivalent time-domain waveform is

x(t) = 0.5 · cos(2π f0t) + 0.5 · cos(2π · 5 f0t), (34)

with a fundamental frequency of f0 = 50 Hz. The sampling frequency of the ZOH is fs = 4 kHz
and the carrier frequency is fsw = 2 kHz. The first graph of Figure 8 shows the amplitude spectrum
resulting from the application of (26) for the first 100 harmonics of f0. The indexes of summation in
the evaluation of (26) were limited to −mmax ≤ m ≤ mmax and 1 ≤ n ≤ nmax, with mmax = 3 and
nmax = 15.
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Figure 8. Amplitude spectra of the proposed frequency-domain model (first graph), the time-domain
simulation (second graph), their difference based on the complex spectra (third graph), and the
amplitude spectra from measurement results (fourth graph).
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The second graph shows the spectrum from a time-domain simulation in Simulink, resulting from
a Fast Fourier transform (FFT) of the results calculated in Matlab. The third graph depicts the difference
of spectra with black bars, with

|∆S( f )| = |STD( f )− SFD( f )|, (35)

where TD and FD identify the time-domain simulation and the frequency-domain calculation,
respectively. The differences in the spectra are much lower than 10−3. Because the spectral difference
is shown for the complex spectra, the validation also ensures that the phase information is correct.
The fourth graph of Figure 8 presents the amplitude spectra |SMEAS( f )| resulting from measurement
of the gate-driver signals, further validating the proposed model.

4.3. Results for AD-PWM Model with DTFT Input

A numerical comparison of the two models presented in Figure 6a,b was performed, using the
model by Song and Sarwate ([11], (61)) for ND-PWM and the proposed model for AD-PWM in (26).
The input is the spectrum of the sampled duty cycle, as shown in Figure 9. It comprises a fundamental
frequency component with an amplitude of |D,1| = 0.7 and a seventh harmonic component with an
amplitude of |D,7| = 0.1. The carrier to fundamental ratio is fsw/ fd0 = 3000/50 = 60.

The amplitude spectrum of the switching function is shown in the graphs on the left side of Figure 10,
while varying the parameters mmax and nmax. The first graph compares the frequency-domain model
with a time-domain model for mmax = 1, nmax = 7, kmax = 150. Large deviations between the complex
spectra are visible in the second graph. Increasing mmax and nmax leads only to a minor reduction of
the deviations, because of the low number of harmonics kmax considered in the duty-cycle spectrum
(third and fourth graph). With these parameters, the second and third sideband groups depicted in
Figure 9 are neglected, resulting in a faulty calculation of the first carrier group for the switching
function spectrum.

The method demonstrated in Figure 6b converts the DTFT of the duty-cycle first into a CTFT,
removing the high-frequency components shown in Figure 9 before application to the AD-PWM model.
The right side of Figure 10 presents the evaluation of this model for the same parameters as for the
ND-PWM model. Even though the modeling approach seems to be more complex, a high accuracy is
reached for relatively low numbers of kmax. Due to the rectangular filter, the duty-cycle components
requiring consideration in the PWM model are limited to fc/2. This numerical example demonstrates
that model b) requires a lower number of harmonics kmax in the duty-cycle to reach the same accuracy
as the AD-PWM model, which is crucial for the numerical solution process of the overall system.
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Figure 9. Spectrum of the sampled and held duty cycle with two components at k = 1 and k = 7.
Due to sampling, components around multiples of the fc/ f0 = 60 are present [27].
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Figure 10. Evaluation of the models depicted in Figure 6a (left graphs) and Figure 6b (right graphs).
The parameters mmax and nmax are varied from top to bottom [27].

4.4. Results for the VSI Model

The evaluation of the VSI model was conducted for an example case with the parameters listed in
Table 1. The PI controller was designed using the technical optimum. Harmonic components were
introduced by the nonreactive dc current source with frequencies of n · 6 · fg, n ∈ N as an example of a
three-phase diode rectifier fed from a symmetrical 400 V grid.

The frequency-domain model was evaluated with kmax = 70, mmax = 1, and nmax = 7.
The magnitude spectra are depicted in Figure 11, comparing the results from the frequency-domain
model to results from a time-domain simulation. As shown in Figure 1, the spectrum Irec and
the dc-component of the dc-link voltage in the frequency-domain model are input signals of the
frequency-domain model and were selected to be the same values as in the time-domain simulation.
Low-frequency components were introduced into the duty cycle spectrum through the control loop
of the ac-side currents and the feedback of the dc-link voltage. These components are a product of
the disturbance current of the diode rectifier, which are propagated to the sensed dc-link voltage
and the sensed ac-side currents. Because the PWM process is nonlinear, the harmonic components
of the duty cycle spectrum create additional base-band and side-band harmonics in the switching
function spectrum.

The results of the two models have a high rate of conformity, which is demonstrated by the
low deviations of the complex spectra shown in Figure 12. Minor deviations visible around the
switching frequency can be explained by the low number of considered harmonics, as demonstrated
by the previous examination shown in Figure 10. For instance, the components in the duty cycle
spectrum around the first carrier-sideband group would cancel out with components of the second
carrier-sideband group, indicating that an improvement of the method to enable a higher number of
considered harmonics is desirable.
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A comparison of the frequency-domain results with measurement results is presented in Figure 13,
confirming the pattern of the calculated spectra. The VSI was fed from a three-phase diode rectifier
and the spectrum Irec and the dc-component of the dc-link voltage were used as input signals for the
frequency-domain model. The deviations between the frequency-domain model and measurements
are higher in comparison to the deviations from the simulation results, indicating the influence of
neglected effects in the models such as converter dead time.

Table 1. Parameters of the example system.

Parameter Symbol Values

Fundamental frequency f0 50 Hz
Switching frequency fsw = 0.5 · fs 3 kHz
AC-side resistance Rac 5 Ω

AC-side inductance Lac 20 mH
DC-link capacitance Cdc 480µF
Grid voltage (line-to-line, rms) (rectifier) Ug 400 V
Grid frequency (rectifier) fg 50 Hz
Grid-side inductance (rectifier) Lg 260µH
Proportional gain (current control) KP 20 V/A
Integrator time constant controller TI 4 ms
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Figure 11. Comparison of the results for closed-loop control using the frequency-domain model (blue)
and the time-domain model (red).
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Figure 13. Comparison of frequency-domain model and measurements for a three-phase VSI with
closed-loop control for Case I.

50



Energies 2020, 13, 5823

5. Conclusions

The control PWM signals and the electrical system of a VSI form a closed-loop system. A system
model was developed in the frequency-domain that incorporates the interaction of the closed-loop
control, the PWM process, and the power electronic devices as ideal switches. Although past methods
in the literature demonstrate unidirectional descriptions for the individual parts of the converter
system, the approach posed here includes their mutual dependencies and nonlinear interactions.
The overall nonlinear equation system was numerically and simultaneously solved. The analysis
showed how the propagation of harmonic components through the control loop alters the mutually
coupled spectra of the duty cycle and the switching function.

A PWM model that considers multiple-frequency duty cycles is necessary to cover these
interactions. This paper demonstrates the derivation of a revised analytic frequency-domain model for
AD-PWM that is valid for multiple-frequency input signals. Low deviations between the numerical
results from this model and those of time-domain simulations, as well as those of measurements,
support the proposed equations. This paper illustrated the approximation of a regularly-sampled
PWM model with a continuous-time input signal by a naturally-sampled PWM model that is extended
with a sample-and-hold unit at its input. For the case of discrete-time input signals, an inverse
sample-and-hold process in combination with a regularly-sampled PWM can be applied. It was
demonstrated that a smaller number of considered harmonics is required for this approach to achieve
the same accuracy as a naturally-sampled PWM model.

Application of the presented method is recommended when the interaction of the harmonic
components cannot be neglected and when the base band harmonics and the switching band harmonics
cannot be clearly separated. Due to the detailed system description, the computational effort is
generally high and increases further with the number of considered harmonics and the number of
system variables. An enhancement of the computational speed is desirable, when large numbers of
considered harmonics and multiple nonlinear effects are present. For this, further development
of the system description and an extensive study of solvers and an analytical Jacobian matrix
are recommended.

Author Contributions: Conceptualization, methodology, validation, formal analysis, writing—original draft
preparation, M.J.; funding acquisition, project administration, supervision, writing—review and editing, A.M.;
All authors have read and agreed to the published version of the manuscript.

Funding: This research was funded in part by the Volkswagen Foundation’s grant “Niedersächsisches Vorab
2014” within the project AMSES (Aggregated Models for the Simulation of Electromechanical Power Systems).
The publication of this article was funded by the Open Access Fund of Leibniz Universität Hannover.

Conflicts of Interest: The authors declare no conflict of interest.

Abbreviations

The following abbreviations are used in this manuscript:

ADC Analog-to-digital converter
AD-PWM Asymmetrical regularly-sampled double-edge PWM
CTFT Continuous-time Fourier transform
DTFT Discrete-time Fourier transform
FFT Fast Fourier transform
LE Leading edge
LE-PWM Leading-edge PWM
ND-PWM Naturally-sampled double-edge PWM
PWM Pulse-width modulation
TE Trailing edge

TE-PWM Trailing-edge PWM
VSI Voltage-source inverter
ZOH Zero-order hold
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Appendix A

This appendix provides the derivation of a frequency-domain expression for AD-PWM in (26) as
a revision of the model presented in [11]. When using double-edge PWM, the placement of both edges
within the switching period depends on the duty cycle. Sampling the duty cycle at the beginning and
the center of the carrier period results in AD-PWM. Its analysis can be simplified by regarding the
rising edge as a trailing-edge PWM (TE-PWM) signal and the falling edge as a leading-edge PWM
(LE-PWM) signal [31]. This approach is illustrated in Figure A1, where the AD-PWM process is
depicted for one switching period and a positive duty cycle. Subfigure a shows the comparison of
a sampled duty cycle (red dashed line) with a triangular carrier signal (black solid line). The duty
cycle is sampled and held at the beginning of the switching period for the leading edge (LE) and at the
center of the period for the trailing edge (TE). The resulting output can be composed of:

(1) A rectangular signal sc with constant duty cycle of 50 % (Subfigure d): In accordance with
Song and Sarwate [11], the signal sc(t) is defined as a rectangular wave

sc(t) =

{

1 for mTsw ≤ t < (m + 1/2)Tsw

−1 for (m + 1/2)Tsw ≤ t < (m + 1)Tsw
, (A1)

where m ∈ Z, Tsw = 1/ fsw, and t is the time. The signal in (Subfigure d) is right-shifted by Tsw/4.
(2) A rectangular signal sdLE that is determined by the LE (Subfigure e): Its rising edge results

from a comparison of the duty-cycle sampled at the beginning of the switching period d[mTsw]/2 with
a LE carrier signal (Subfigure b). The original duty cycle is plotted in light red and the halved value is
depicted in red. The carrier signal is left-shifted by Tsw/4 (original carrier depicted in gray and shifted
carrier in black). The falling edge of sdLE is fixed to Tsw/4 + mTsw.

(3) A rectangular signal sdTE that is determined by the TE (Subfigure f): Its falling edge results
from a comparison of the duty-cycle sampled at the center of the switching period d[(m + 1/2)Tsw]/2
with a TE carrier signal that is right-shifted by Tsw/4 (Subfigure c). The rising edge of sdTE is fixed to
3Tsw/4 + mTsw.

Their superposition yields the switching function for AD-PWM, with

sAD(t, d) = sc(t − Tsw/4) + sdLE(t + Tsw/4; d[mTsw]/2)...

+ sdTE(t − Tsw/4; d[(m + 1/2)Tsw]/2).
(A2)

The sampling points of the duty cycle [mTsw] and [(m + 1/2)Tsw] are included to stress
the difference between the TE and the LE. This equation differs from the result of Song and
Sarwate ([11], (56)), where the different sampling instances for LE and TE are not represented.
The Fourier transform of the switching function in (A2) results in

SAD( f , d) = e−jπ f Tsw/2 · Sc( f ) + e−jπ f Tsw/2 · SdTE( f , d[(m + 1/2)Tsw]/2)...

+ e+jπ f Tsw/2 · SdLE( f , d[mTsw]/2).
(A3)

In the following equations, explicit frequency-domain expressions of the three components in (A3)
are derived. The spectrum of the rectangular function of constant duty cycle is given in (24).
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Figure A1. Derivation of switching function for AD-PWM: (a) Comparison of an AD-PWM carrier
signal (black line) with a sampled duty cycle sampled at mTsw and (m + 1/2)Tsw (red dashed line).
(b) Equivalent description for the leading edge using a LE-PWM carrier signal left-shifted by Tsw/4.
The duty cycle’s value is halved and sampled at mTsw. (c) Equivalent description for the trailing
edge using a TE-PWM carrier signal right-shifted by Tsw/4. The duty cycle’s value is halved and
sampled at (m + 1/2)Tsw. (d) Rectangular function with a duty cycle of 50 % right-shifted by Tsw/4.
(e) Duty-cycle-dependent part for LE resulting from (b). (f) Duty-cycle-dependent part for TE resulting
from (c). (g) Resulting switching function comprising (d) + (e) + (f) [27].

The two duty-cycle-dependent components can be expressed by using a Lagrange extension of
the rectangular functions, where the TE component can be expressed as

SdTE( f , d) =
1

jπ f
· e−jπ f Tsw ·

∞

∑
n=1

− (−jπ f Tsw)n

n!
·

∞

∑
m=−∞

(d[mTsw])
n · e−j2π f mTsw ,

k ∈ Z, n ∈ N .

(A4)
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Similarly, the LE component results in

SdLE( f , d) = −SdTE( f ,−d) (A5)

= − 1
jπ f

· e−jπ f Tsw ·
∞

∑
n=1

− (jπ f Tsw)n

n!
·

∞

∑
m=−∞

(d[mTsw])
n · e−j2π f mTsw . (A6)

In order to express the switching function spectrum as a function of the duty cycle spectrum
D( f ) 7−→ SAD( f ), the time-domain expression (d[mTsw])n needs to be replaced by a frequency-domain
expression. By acknowledging that exponentiation of a signal in the time domain relates to a repeated
convolution in the frequency domain, the Fourier transform of the continuous-time duty-cycle is
written as D∗n( f ), see (25). Because the duty-cycle for regularly-sampled PWM is a discrete-time
signal, the discrete-time Fourier transform is applied, which results in

∞

∑
m=−∞

(d[mTsw])
n · e−j2π f mTsw = fsw ·

∞

∑
m=−∞

D∗n( f − m fsw). (A7)

The influence of the duty cycle’s time shift of Tsw/2 on the Fourier transform in (A7) yields

∞

∑
m=−∞

(d[(m + 1/2)Tsw])
n · e−j2π f mTsw = fsw ·

∞

∑
m=−∞

e jπ·( f−m fsw)T · D∗n( f − m fsw). (A8)

Its application to (A4) allows for the description of the TE component for AD-PWM, with

SdTE( f , d[(m + 1/2)Tsw]/2)

=
1

jπ f
· e−jπ f Tsw ·

∞

∑
n=1

− (−jπ f Tsw)n

n!
·

∞

∑
m=−∞

(d[(m + 1/2)Tsw]/2)n · e−j2π f mTsw

= e−jπ f Tsw ·
∞

∑
m=−∞

∞

∑
n=1

(−jπ f Tsw)n−1

2n · n!
· D∗n( f − m fsw) · ejπ·( f−m fsw)Tsw .

(A9)

Similarly, the LE component is expressed as

SdLE( f , d[mTsw]/2)

= − 1
jπ f

· e−jπ f Tsw ·
∞

∑
n=1

− (jπ f Tsw)n

n!
·

∞

∑
m=−∞

(d[kTsw]/2)n · e−j2π f mTsw

= e−jπ f Tsw ·
∞

∑
m=−∞

∞

∑
n=1

(jπ f Tsw)n−1

2n · n!
· D∗n( f − m fsw).

(A10)

Applying the results from (A9) and (A10) to (A3) results in

SAD( f , D) = e−jπ f Tsw/2 · Sc( f )...

+ e−jπ f Tsw/2 · e−jπ f Tsw ·
∞

∑
m=−∞

∞

∑
n=1

(−jπ f Tsw)n−1

2n · n!
· D∗n( f − m fsw) · ejπ·( f−m fsw)T ...

+ e+jπ f Tsw/2 · e−jπ f Tsw ·
∞

∑
m=−∞

∞

∑
n=1

(jπ f Tsw)n−1

2n · n!
· D∗n( f − m fsw),

(A11)

which can be summarized in the final form of (26).
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Abstract: Voltage profile is one of many aspects that affect power quality in low-voltage distribution
feeders. Weak grids have a typically high line impedance which results in remarkable voltage
drops. Distribution grids generally have a high R/X ratio, which makes voltage regulation with
reactive power compensation less effective than in high-voltage grids. Moreover, these networks
are more susceptible to unbalance and harmonic voltage disturbances. This paper proposes an
enhanced coordinated control of active and reactive power injected in a distribution grid for voltage
regulation. Voltage drop mitigation was evaluated with power injection based on local features, such
loads and disturbances of each connection. In order to ensure disturbances rejection like harmonic
components in the grid voltages, a repetitive vector-control scheme was used. The injection of
coordinated active and reactive power with the proposed control algorithm was verified through
simulations and experiments, demonstrating that it is a promising alternative for voltage regulation
in weak and low-voltage networks subject to inherent harmonic distortion.

Keywords: effective voltage regulation; generalized delayed signal cancellation; harmonic distortion;
power quality; repetitive controller

1. Introduction

Low-voltage (LV) distribution systems may suffer from the reduction of voltage amplitude,
especially at points far away from the supply locations [1]. A significant voltage drop occurs when both
the feeder and line impedance have high values and the drop voltages on these elements assume
a considerable value in relation to the voltage delivered to the consumers. In such cases, the grid is
called a weak grid [2]. Any branch of a low voltage weak grid may suffer from this effect. Other factors
may also influence the quality of the power supplied, such as the voltage distortion at the point of
common connection (PCC) produced by non-linear loads that drain currents with a high harmonic
content [3]. In weak grids, harmonic distortions become more apparent compared to the fundamental
component. This occurs primarily because line impedance is directly proportional to the frequency and
the nonlinear current flowing through the branch produces non-fundamental frequency voltage drops.

To address the voltage drop issue, reactive power injection is used to regulate the voltage at
specific points located on the grid with traditional reactive control and distribution static synchronous
compensators (DSTATCOM). However, this method presents one major drawback: reactive power
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Energies 2020, 13, 2812

control is not as effective as in high-voltage grids in consequence of the R/X ratio being usually high
in LV grids [4]. On the other hand, several related approaches were introduced in [5–8] which confirm
the effectiveness of active-based voltage regulation. Battery energy storage systems are the most
commonly used equipment for storing energy [9–12]. However, deep discharges, high drain current
and high operating temperatures are some issues that reduce the lifespan of those systems [13].

In recent works [4,8,14–16], the reactive power control was redesigned to work with active
power. Generally, DSTATCOMs use only fundamental–frequency current injection for rms voltage
regulation [16,17]. However, the grid voltages and their harmonic distortions are disturbances to
the current control. Even if the DSTATCOM reference currents are perfectly sinusoidal and balanced,
the grid voltages may affect the controllers’ performance, leading to steady–state errors, distorted
injected currents and even instability if not properly addressed during the control design.
Furthermore, additional functions can be included in the DSTATCOM control, like compensating
load unbalance and harmonic currents. In this case, the controller reference current must have high
gain for fundamental frequency positive- and negative-sequence components and for all harmonic
components that are expected in the load currents. In order to comply with these requirements,
PI conventional controllers with very high bandwidth would be necessary and multiple-frequency
controllers based on proportional-resonant actions have been thoroughly investigated, where the
latter solution have shown to be preferable. In this sense, repetitive controllers also appear as good
candidates as presented in [18–25].

In general, the traditional repetitive control (RC) techniques have a slow dynamic response and a
transient performance that is not suitable for controlling the instantaneous variables of pulse-width
modulated (PWM) converters. As a result, these RCs are used as plug-in controllers and work in
addition to classical controllers, usually proportional-integral (PI) or proportional-resonant (PR)
type [18–20]. In other cases, repetitive controllers are used for steady state error elimination, where a
fast dynamic performance is not necessary. However, complex repetitive vector-control schemes
recently proposed have demonstrated better stability and performance characteristics, in comparison
with scalar repetitive controllers [26,27]. The use of complex structures of repetitive controllers may
be suitable for applications where the controller performance is required in a family of harmonic
components [27].

In [21] a conventional RC is used as a plug-in controller capable of regulating all integer harmonic
components of a reference signal. This means that, if the reference signal waveform is composed of the
fundamental-frequency ( fo) component together with any set of integer harmonic components, then the
controller ensures zero steady-state error. Furthermore, if the system is subjected to integer harmonic
disturbances, the controller rejects them in steady-state. For implementing this controller, all N samples
of the signal error in the last fundamental period are necessary (N = fs/ fo, where fs is the sampling
frequency). In [22,23] a RC designed for regulating odd harmonic components is used since even
harmonic components are rarely found in electrical systems. Such selectivity allows the controller to
use fewer samples of the signal error and also ensure a faster dynamic response, at the expense of not
a ensuring zero steady-state error for even harmonic components. The mentioned idea was extended
to allow the design of RCs for controlling a specific group of harmonic components, like 6k ± 1,
k ∈ N [24], or nk ± m, where n and m are fixed natural parameters and k = 1, 2, 3, . . . [25]. For bigger
values of parameter n, less harmonic components are regulated, but faster dynamic responses are
expected. The RCs described so far can be classified as scalar repetitive controllers. When applied to
three-phase systems, one controller should be used to regulate each phase component or, alternatively,
after a Clarke coordinate transformation, two of these control structures can be used in the α and β

components [28].
In this paper, we propose a voltage regulation scheme with enhanced disturbance rejection

for LV grids using repetitive vector control. The coordinated control of active and reactive power
ensures effectiveness in weak grids, while space-vector repetitive controller (SV-RC) design rejects
disturbances caused by current distortion and harmonic voltages on point of common coupling.
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A space-vector controller has a unique structure that facilitates the control design, allows regulating
a positive-sequence harmonic component without having to control the negative-sequence component
of the same order and improves dynamic performance. Furthermore, our proposed active and reactive
power coordinated control determines current references for power injection based on grid structure
regarding the R/X ratio. As a result, the lifespan and autonomy of energy storage systems can be
improved. It is worth mentioning that such N control technique can be adapted and then employed
to any energy storage system, especially in remote electric-vehicle (EV) charging stations, in order to
provide voltage regulation as an ancillary service [29]. Thus, depending on the state-of-charge of the
batteries connected, it is possible to provide an effective voltage regulation capability with a minimum
utilization of the stored energy of the EVs or any other storage system.

The paper is organized as follows: Section 2 presents the control and disturbance model, the SV-RC
design focused on fundamental component control and disturbance rejection. Section 3 describes
the active and reactive coordinate control as well as the effective voltage and power reading method.
Section 4 presents the experimental results demonstrated by a prototype built in the laboratory. Finally,
conclusions are presented in Section 5.

2. General Approach

The voltage regulation scheme determines, from the predefined voltage values, the currents to be
injected by DSTATCOM. These references are determined based on the power management algorithm
described in this section. The repetitive vector-control is used to ensure an effective control of currents,
rejecting disturbances caused by imbalances and harmonic voltages on PCC. The proposed voltage
regulation system with SV-RC is shown in Figure 1 where linear and non-linear loads, power grid
and inverter are all connected to the PCC. An independent power source, a generic energy storage
system (ESS), provides dc-link voltage regulation and the required power for the converter operation.

Power
Source

L f R f

~iαβ

Zg

Linear
Loads

Non Linear
Loads

Space–Vector
Repetitive
Controller

Current Control

(
iGDSC

)

Voltage
Regulation

Scheme

Power Management

~vαβ

~rαβ

~dαβ

Grid (3φ)

Power
Converter

...

PCC

Figure 1. Voltage regulation system with SV-RC controller.

The converter output current~iαβ has two input variables: converter duty cycle ~dαβ and the voltage
at the PCC~vαβ, which is considered a disturbance to the control model, as shown in Figure 2. The model
equation can be obtained through Clarke coordinate transformation abc − αβ, as shown in (1):

~iαβ =

(

E

sL f + R f

)

︸ ︷︷ ︸

Gid(s)

·~dαβ −
(

1
sL f + R f

)

︸ ︷︷ ︸

Gd(s)

·~vαβ, (1)

where E is the dc-link voltage, and L f and R f are inductance and resistance of output filter, respectively.
The two control model inputs, reference signal and disturbance, can be independently treated in a linear
time-invariant (LTI) system. The final signal is the sum of individual responses, as shown bellow:

~iαβ =

(
Ci · Gid

1 + Ci · Gid

)

· ~rαβ −
(

1
1 + Ci · Gid

)

· ~pαβ. (2)
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disturbance

Σ

−+
Ci(s)

Controller

Gid(s)

Current model

Σ

−
+

Gd(s)

~rαβ(s) ~dαβ(s)

~pαβ(s)~vαβ(s)

~iαβ(s)

Figure 2. Simplified disturbance model for current control loop.

Therefore, in order to ensure reference signal tracking and disturbance rejection, condition (3)
must be satisfied for all frequencies present in both the reference signal, which is generally
a fundamental-frequency positive sequence signal and the disturbance, which is the grid voltage,
containing typical harmonic components of positive and negative sequences:

∣
∣1 + Ci(jω) · Gid(jω)

∣
∣≫ 1. (3)

Then, any disturbance will be rejected and the reference signal will be reproduced at the output:

∣
∣
∣
∣
∣

~iαβ(jω)

~pαβ(jω)

∣
∣
∣
∣
∣
=

∣
∣
∣
∣
∣

1
1 + Ci(jω) · Gid(jω)

∣
∣
∣
∣
∣
= Mp(ω) ≪ 1 (4)

∣
∣
∣
∣
∣

~iαβ(jω)

~rαβ(jω)

∣
∣
∣
∣
∣
=

∣
∣
∣
∣
∣

Ci(jω) · Gid(jω)

1 + Ci(jω) · Gid(jω)

∣
∣
∣
∣
∣
= Mr(ω) = 1. (5)

For a system subject to disturbances of different frequencies, such as in the case of voltage
regulation when non-linear loads are connected to the PCC, disturbance rejection is an important
design requirement.

The voltage vpcc and current ig of the electric network and the currents of the linear and nonlinear
loads fed by a weak network are shown in Figure 3. The distorted current il,nl absorbed by the
nonlinear load distorts the PCC voltage and affects even the currents il,l of the connected linear loads.

Rg Lg ig

vdrop

il,l

Linear Loads

il,nl

Non–Linear Loads

Grid current

vpcc

PCC voltage Linear load current

Non–linear load current

PCC

Grid (3φ)

Figure 3. Effects of linear and non-linear loads fed by a weak grid.

2.1. Current Control Strategy

According to the internal model principle (IMP) the controller can reject disturbances or track
references if it incorporates the disturbance model or the reference signal in its transfer function [30].
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Thus, multiple resonant poles are required to guarantee null error at steady state if the reference or
disturbance signal is distorted, i.e., have multiple harmonic frequencies.

In this sense, we used the SV-RC based on the inverse transfer function of the generalized delayed
signal cancellation (iGDSC) [27] to control the converters’ output current. Thus, a proper disturbance
rejection capability can be added to the adopted voltage regulation scheme. Such SV-RC has poles
located at multiple frequencies j(n · k + m)ω1, k ∈ Z in the complex-plane and produces the desired
performance with multiple harmonic components. The iGDSC SV-RC transfer function is shown in (6):

~Cgdsc(z) =
1

~a
(

1 − ej m
n 2π · z−

N
n

) , (6)

where the terms {n, m} ∈ N∗ depend on the family of desired harmonic components. The coefficient N

is the ratio of the sampling frequency to the fundamental frequency fs/ f1. The operator~a is a complex
number and changes the controller amplitude and phase, however in this application the operator is
chosen to maintain the unit gain without additional displacement to the controller, which leads to a
real term.

The controller transfer function ~Cgdsc has the space-vector error signal ~eαβ as input and the
space-vector control action signal ~uαβ as output, as shown in (7). Therefore, the final control action
signal is obtained in (8) through the discrete transfer function.

~Cgdsc(z) =
~uαβ(z)

~eαβ(z)
(7)

~uαβ[k] =
1
a
·~eαβ + ej m

n 2π · ~uαβ[k − N/n] (8)

The SV-RC controller block diagram is shown in Figure 4. This structure has a positive feedback
with a delay block z−N/n, which produces periodic signal generator, multiplied by a complex value
ej(m/n)2π in series with the delay block. The output signal ~uαβ(z) is the sum of the positive feedback
signal with the error signal~eαβ(z) multiplied by a complex value 1/~a .

1
~a

Σ

+
+

z−
N
nej2π m

n

~eαβ(z) ~uαβ(z)

Figure 4. Block diagram of iGDSC based SV-RC with positive feedback structure.

As described in [27], the Nyquist diagram of the plant to be controlled must be inside the so called
stability domain of the repetitive control scheme. Since the origin of the complex plane is not included
in the stability domain of the iGDSC SV–RC, it is not possible to obtain adequate performance indexes
to control the plant with the design. To increase the controller’s stability domain, i.e., to enhance the
system stability, a low-pass filter with unit gain in low frequencies and high attenuation rate in the high
frequencies is used. The discrete implementation allows the use of an unconditionally stable digital
finite impulse response (FIR) filter with linear phase delay when used with symmetric coefficients [31],
as shown in QM(z):

QM(z) = b0z0 + · · ·+ b(M−1)z
−(M−1) + bMz−M, (9)

where coefficients b0, · · · , b(M−1), bM are symmetric and M is an even number representing the FIR
filter order.
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The FIR filter can be represented by a constant magnitude part and a linear phase displacement part:

QM(jω) =

constant magnitude
︷ ︸︸ ︷
{

Q̃(ω)
}
· e−jω M

2

︸ ︷︷ ︸

linear phase displacement

. (10)

Hence, the filter phase shift is known (M/2) and can be cancelled by reducing the controller delay
samples

(
z−N/n

)
since this delay also produces a linear phase delay. Let kd = N/n be the original

delay and k′d the compensated delay:

k′d = kd −
M

2
=

N

n
− M

2
. (11)

The final transfer function is a result of the FIR filter and the linear phase compensation, as shown
in (12):

~Cigdsc(z) =
1
~a
· 1

1 − ej2π m
n · QM(z) · z−k′d

. (12)

In the digital implementation the computational delay is the time required by the processor to
compute a new value from an input sample. This means that there is a delay with the modulation
period in the control algorithm. This unit delay produces a response with a smaller phase margin and
consequently the step response tends to be underdamped [32]. Therefore, the system may become
unstable depending on the control design parameters.

A phase lead compensator is used to attenuate the undesired effect of computational delay.
The compensator Hl(w) has the transfer function defined by

Hl(w) = kl ·
(

w + ωz

w + ωz/k f

)

, for ωm =
ωz
√

k f

, (13)

where kl is the compensator gain, ωz is the zero position, ωz/k f is the pole position, ωm is the maximum
lead frequency. The term k f defines the distance between the compensator pole and zero. The condition
0 < k f < 1 must be satisfied to maintain the phase lead characteristic:

sin(ϕm) =
1 − k f

1 + k f
∴ k f =

1 − sin(ϕm)

1 + sin(ϕm)
, (14)

where ϕm is the maximum forward angle, with the following condition: ϕm ≤ 65° and k f ≥ 0.05 due
to pole position physical limitation [33].

2.2. Design of the Current Controller

This loop must have fast dynamic response and high gain to allow proper reference tracking
capability. In Figure 5, all the elements of the internal current control loop are shown: controller Ci(z)

designed based on the iGDSC operation, RC gain ka, phase lead compensator Hl(z), computational
delay z−1 with the digital modulator DPWM, represented by GDPWM(w), transfer function Gid(s) of
the converter filter output current and current sensor Hi(s).
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Figure 5. Block diagram of iGDSC based SV-RC with positive feedback structure.

In Figure 6 Bode (a) and Nyquist (b) diagrams of the output current model and controller
open-loop transfer function are shown. The final open-loop transfer function resulted in a zero
crossing frequency of 1.19 kHz, with 21.0° of phase margin (PM) and 6.04 dB of gain margin (GM).
The Nyquist diagram is used to check the sensitivity function index value η = 0.352, which provides
additional information about the controller stability, especially when exists multiple resonance peaks
and multiple 0 dB crossings [34]. The sensitivity function is defined as the inverse of the distance
between the Nyquist path and the critical point (−1 + j0). The peak sensitivity is the maximum value
of the sensitivity function, so higher values indicate the proximity to system instability [35].

(a) (b)

Figure 6. Nyquist and Bode diagram of final transfer function: (a) Bode diagram; (b) Nyquist diagram.

The cut-off frequency of the FIR filter of order L = 6 was set to 1.8 kHz which represents
attenuation from the 30th harmonic component. The phase lead compensator was designed with
maximum phase advance of φm = 33° at the frequency of ωm = 2.2 kHz to compensate the effects of
computational delay, which results k f = 0.2948 and kl = 1.0. Moreover, the proportional gain needed
to obtain the performance parameters previously presented was ka = 0.035.

2.3. Effective Voltage Design Control

This loop controls PCC voltage as a function of the converter current. This control is done by
an outer control loop with a slower dynamic than the inner current loop. The difference between
loop dynamics has the purpose of decoupling outer and inner control loops and allowing their
independent designs. The PCC voltage model is obtained from the equivalent circuit shown in
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Figure 7. In this model, the converter current i f is the controlled variable and the other variables
(iload, vg) are considered disturbances for the voltage control loop.

vpcc(s) = Gv(s) ·
[
i f (s)− iload(s) + vg(s)/Zg

]
. (15)

Therefore, considering load current and grid voltage disturbances for iload(s) = 0 and vg(s) = 0:

Gv(s) =
vpcc(s)

i f (s)
=

sLg + Rg

s2LgC f + sRgC f + 1
(16)

disturbances

+
−d

L f i f

C f

vpcc

Load

Rg Lg

vg

Σ

−
+

Σ

+
+

1
Zg

Gv(s)
i f (s)

iload(s)

vg(s)

vpcc(s)

Figure 7. PCC voltage equivalent model with disturbances.

A proportional-integral (PI) controller with additional pole is used for outer loop control.
This controller is suitable for constant signals since the integral action has null regime error for
this input type. The extra pole is positioned at high frequency to attenuate the effects of higher order
harmonic components. The transfer function is shown in (17):

Cv(s) = kv ·
s + zv

s(s + pv)
. (17)

where, kv is the controller gain, zv is the zero position and pv is the pole position, both in rad/s.
The control design in the w-plane uses zero-order hold (ZOH) and Tustin discretization methods

that allow a frequency response design with well known techniques of the s-plane, taking into account
the effects of discretization [36].

The controller is designed with a cross-over frequency of 6 Hz and phase margin of 63°. The outer
loop sampling frequency is adjusted to be ten times less ( fs/10) than the inner loop. Thus the coefficients
of the discrete transfer function preserve the precision required for the digital implementation.

3. Coordinated Power Control

As stated earlier, the use of reactive power alone to compensate voltage drop issues for weak
LV grids is not as effective as it would be if it was applied to high-voltage systems. On the other
hand, the active-power-based voltage regulation provides an improved performance, mainly for grids
with high R/X ratio. However, such a technique would demand large energy storage devices if long
intervals of operation were required. In this sense, the use of a coordinated control method of active
and reactive power for voltage regulation is preferable especially when minimum use of the stored
energy is required. Therefore, such feature allows the optimization of the ancillary service minimizing
active power injection and, consequently, increasing the batteries’ lifespan.

The active and reactive power coordinated strategy adopted in this paper was proposed by [15]
and is performed by some logical operations, which are implemented along with the outer control
loop as shown in Figure 8. In such scheme, the in-phase (i0◦ ) and quadrature (i90◦ ) components of the
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converter’s reference current are provided in order to maintain the PCC voltage according to its desired
range, controlling the amount of active power injected to the minimum required. Therefore, only
severe voltage drops would demand active power injection to be compensated.

In order to avoid overlapping of both C0◦ and C90◦ control actions, the switch Sw1 remains opened
when the current i90◦ is lower than the converter rated output current, that is i90◦ < 1 (in pu). If such
current component reaches the converted rated current without being able to restore the PCC voltage at
its desired range, the switch Sw1 is turned on. Thus, a small amount of the in-phase current component
starts to be provided by the converter in order to enhance the voltage regulation. To hold the apparent
power within the converter limits, the power limitation block imposes a dynamic saturation value
(
imax
90◦
)

for the quadrature current i90◦ , which is equal to
√

1 − i20◦ (in pu). Once the desired voltage
level is achieved, the amount of i0◦ and i90◦ are maintained until any other voltage deviation occur.

Σ

−
+

C0◦

C90◦

Sw1

√

1−i20◦

i90◦=1?

vRMS
pcc ∗

vRMS
pcc

imax
90◦

×

×

Σ

i∼90◦+ i∼0◦r∼90◦

r∼0◦

i90◦

i0◦

closes

switch decision block

power limitation block

Figure 8. Logic algorithm used within outer control loop for voltage control.

3.1. Effective Voltage Computation Method

Aiming to guarantee a suitable operation, a precise acquisition of the grid voltage rms value is
required. In [15] the authors use the measured rms voltage of only one phase of the system to control
the voltage level of all three phases. Then, if the grid voltages are deeply unbalanced, such adoption
may lead to inaccurate results and even to severe overvoltage condition to the other two phases that
are not considered. In this regard, we have used the effective voltage as a measure of the grid rms
voltage which is appropriate for three-phase systems since it aims to take into account the rms voltage
levels of the three phases simultaneously.

The phase-to-phase effective voltage for a three-wire system is defined as [37]:

ve =

√

v2
ab + v2

bc + v2
ca

3
(18)

The phase-to-phase voltages (vab, vbc) are used to obtain the Clarke’s transformation
components (vα, vβ):

[
vα

vβ

]

=

[
2/3 1/3

0
√

3/3

]

·
[

vab

vbc

]

(19)

The phase-to-phase effective voltage is calculated using vα and vβ from (19):

ve f =
√

3 ·

√

v2
α + v2

β

2
(20)

However, the network voltages may have several harmonic components that can lead to distorted
values of effective voltage and this distortion becomes relevant in weak grids. For that reason we
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have adopted the generalized delayed signal cancellation (GDSC) method to detect the fundamental
frequency positive sequence (FFPS) of voltage signal [38].

This transformation consists of a complex mathematical operation on a space vector.
Current and delayed samples of the input space vector are used to cancel a particular harmonic
component family. The GDSC operation is described as

~fGDSC(z) =~a · [1 − ej m
n 2π · z−

N
n ]

︸ ︷︷ ︸

~GGDSC

·~sαβ(z). (21)

where the terms of the set n · k + m, ∀k ∈ Z and n > m ≥ 0 define the harmonic component family,
n defines the repetition period, m defines the initial frequency component,~a is the complex operator
that defines the operation gain,~sα is the input space vector and ~fGDSC is the output space vector.

It is not possible to eliminate all the harmonic components to obtain the FFPS signal vector with
only one GDSC transformation, so five cascaded operations are designed to eliminate most of the
harmonic components. Each operation eliminates a certain family of harmonic components and when
cascaded allows the extraction of FFPS [38].

The first designed transformation eliminates the 2k + 2 family, the second transformation
eliminates the 4k + 3 family, the third transformation eliminates the 8k + 5 family, the fourth
transformation eliminates the 16k + 9 family, the fifth transformation eliminates the family 32k + 17,
leaving only the components of the set {· · · ,−31,+1,+33, · · · }.

In Figure 9 the filter frequency response magnitude graph is shown. In this graphic, the FFPS has
unitary amplitude, i.e., the filter allows FFPS to pass and eliminates or attenuates almost completely
the other components. Such components that still persist in the bandwidth are of high order and are
practically nonexistent in the measurement system and do not interfere with the final response.

Therefore, the effective voltage is then called as effective positive-sequence voltage after the
FFPS-GDSC filter operation:

v+1
e f =

√
3 ·

√
(
v+1

α

)2
+
(
v+1

β

)2

2
(22)

where, v+1
α and v+1

β are the resulting voltage components from αβ transformation after
FFPS-GDSC operation.

Figure 9. Magnitude graph of operation FFPS-GDSC as a function of normalized frequency.

3.2. Active and Reactive Power Reading Method

The power calculation uses the voltage and current components in αβ coordinates. This information is
used to check the operating point and the voltage regulation strategy, then it is not used for control or
reference generation.

The voltage components filtered by the FFPS-GDSC operation are used to calculate the active
and reactive power in three-phase systems:

[

p

q

]

= 3
2 ·
[

v+1
α v+1

β

−v+1
β v+1

α

]

·
[

iα

iβ

]

(23)
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The abc-αβ blocks of coordinate transformations are shown in Figure 10, they are: the FFPS-GDSC
filter block, power and effective voltage calculation.

Effective Positive-Sequence Voltage

Power Calculation

abc
αβ

GDSC
√

3
2

√
(
v+1

α

)2
+
(
v+1

β

)2
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αβ

3
2 ·
[

v+1
α v+1

β

−v+1
β v+1

α

]

·
[

iα

iβ

]

vab

vbc

vα

vβ

v+1
α

v+1
β

v+1
e f

p

q

ia
ib

ic

iα

iβ

(FFPS)

Figure 10. Method for computing the effective voltage and the active and reactive power calculation.

4. Experimental Results and Discussions

A three-phase three-wire 3.8 kVA prototype was built in order to demonstrate the operation of
the proposed control algorithm, as shown in Figure 11. The converter was connected to a 127 V/60 Hz
grid in series with a impedance (Zg) formed by a 3.10 Ω resistor and a 3.80 mH inductor, that results in
2.16 of R/X impedance ratio, which is compatible with a weak distribution grid. The converter consists
of a three-phase voltage source inverter (VSI) with a switching frequency of 18 kHz, with a second
order output filter with 3.50 mH inductance and 5.0 µF capacitance for switching frequency ripple
attenuation. The DC-link of 6600 µF capacitance operates with 500 V of DC voltage. The power modules
are mounted on a forced-ventilation aluminum heater and drivers with isolated control signals.

DSC
F28335

Drivers

Output filter

Voltage and
current sensors

DC-link capacitors

IGBTs modules

Heat sink
Coolers

Figure 11. Three-phase prototype built in laboratory.

It is worth to mention that the currents and voltages measuring tips were attached in the points
stated in Figure 7 for all experimental tests that were developed. Thus the converter currents (i f a, i f b

and i f c) were measured in the output filter inductors of each phase and the voltage vpcc,ab is the
phase-to-phase voltage of the converter output filter capacitor. Such quantities measurements were
acquired in the high resolution acquisition mode of the oscilloscope and no internal filter was used.

The setup for experimental results is shown in Figure 12. Converter currents and PCC
phase-to-phase voltage in steady state operation are shown in Figure 13a. For comparison purposes,
the voltage before the regulation is shown in R2 (black) and after the regulation is shown in CH4
(green). In this test, linear resistive loads of 56 Ω and a three-phase Graetz bridge rectifier are used as
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linear and nonlinear loads, with commutation inductor of 560 µH and resistive dc load of 40.67 Ω as
shown in Figure 12a.

560 µHP
C

C

40.67
Ω

Non–linear load

Linear load

56 Ω

(a)

T1

T2P
C

C (100%)

(50%)

28 Ω

56 Ω

(b)

Figure 12. Setup for experimental results: (a) Steady state results with non-linear loads; (b) Linear load
step variation.

1: ifa 2: ifb 3: ifc

4: vpcc,ab

R2: vpcc,ab

(a) CH1: i f a [10 A/div], CH2: i f b [10 A/div], CH3: i f c [10 A/div],
CH4: vpcc,ab [200 V/div], R2: vpcc,ab [200 V/div]

(b) THDv = 6.28 % (c) THDi = 0.89 %

Figure 13. Experimental results in steady state: (a) Converter currents with low harmonic distortion
even with grid distorted voltage; (b) Harmonic voltage analysis; (c) Harmonic current analysis.
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The voltage harmonic distortion is the result of a nonlinear load connected in a weak network.
It is possible to observe the increase of effective voltage value to nominal value of 220 V with a current
of 10 A in each phase with both active and reactive power compensation. Voltage and current total
harmonic distortion (THD) are shown in Figure 13b,c. Voltage THDv is 6.28% and current THDi

is 0.89%, which shows that the controller can reject the disturbances from the high order harmonic
components and ensures a pure sinusoidal current.

Steady state waveforms for linear loads are shown in Figure 14a. The currents injected by the
converter are composed of 0.92 pu quadrature and 0.39 pu in-phase components resulting in 10 A to
regulate the PCC effective phase-to-phase voltage at its nominal value of 220 V. Transient results are
shown in Figure 14b at the moment the converter starts its operation with the 28 Ω load. It is possible
to check the voltage regulation from 193 V to 220 V, while the currents i90◦ and i0◦ are changed by the
control algorithm. The quadrature reference current reaches its maximum value of 1 pu and from
that moment on, the in-phase reference current is activated to reach the desired voltage regulation.
Reduction of the quadrature reference current to 0.92 pu is necessary to keep the converter within the
maximum power specification. Finally, the active and reactive power graphs shows power injection of
3450 VAr and 800 W.

The results for load step variation are shown in Figure 15a In this test, two loads are selected: 100%
(28 Ω) and 50% (56 Ω) of nominal load as shown in Figure 12b Initially, the 50% load is connected, being
replaced by 100% load. In first test, the 50% load requires only reactive power of 2700 VAr for voltage
regulation, however the active power injection (800 W) becomes necessary when the load increases to
the nominal values, which can be seen in Figure 15b. The operation duality of the technique works
in similar manner, thus, the load variation occurs in the reverse direction, i.e., the load is reduced.
As expected, the control returns to the reactive power-only injection condition, which correspond to
0.70 pu of quadrature reference.

1: i f a 2: i f b 3: i f c

4: vpcc,abR1: vpcc,ab

(a) CH1: i f a [10 A/div], CH2: i f b [10 A/div], CH3: i f c [10 A/div],
CH4: vpcc,ab [200 V/div], R2: vpcc,ab [200 V/div]

Figure 14. Cont.
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(b) Data registered internally by DSC.

Figure 14. Experimental results: (a) Converter currents for voltage regulation with linear loads;
(b) Results for transient regime: effective voltage, in-phase and quadrature current references and
converter injected power.

1: ifa 2: ifb 3: ifc

4: vpcc,ab

(a) CH1: i f a [10 A/div], CH2: i f b [10 A/div], CH3: i f c [10 A/div],
CH4: vpcc,ab [200 V/div]

Figure 15. Cont.
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(b) Data registered internally by DSC.

Figure 15. Experimental results for load change: (a) Converter currents and PCC voltage for load
increase; (b) Waveform of positive sequence effective voltage, quadrature and phase current references,
and converter injected power to load increase.

5. Conclusions

In this paper, we proposed a voltage regulation scheme with an enhanced disturbance rejection
capability for LV grids using repetitive vector-control. Once voltage regulation in high R/X ratio
networks has proved to be more influenced by active power rather than reactive power, we have
used a coordinated control based on active and reactive power injection to compensate voltage drops.
In this sense, such control approach may improve lifespan and autonomy of energy storage systems
when compared to conventional active power injection approaches, once it is implemented to establish
priority of reactive power over active power injection. Thus, the active power stored is only used for
severe voltage drops.

The SV-RC we have used may enhance both disturbance rejection and precise reference tracking
capabilities for the converter output current imposition, which is desirable for weak grids once it is more
susceptible to harmonic voltage distortion caused by non-linear load currents. Additionally, we used
the three-phase collective rms value to implement the control method, instead of one phase voltage
rms value. Then, the risk of erroneous voltage regulation due to unbalance or single-phase voltage
sag/swell is avoided.

Through experimental results, we can note that the proposed control scheme proves to be more
effective than previous ones, ensuring low-distorted in all three phases, even when highly distorted
grid voltage appears at the PCC. Besides, while the dynamic response has shown to be very fast,
the steady-state response has been extremely precise, once the proposed scheme has been able to
achieve the desired rms voltage reference value in few cycles when subjected to a load step.

Finally, we believe that the voltage regulation approach proposed in this paper should be very
useful to be implemented within EV charging stations that have been built far from large power
stations. In this regard, the energy stored in EVs batteries can be used as an ancillary service in
order to compensate severe voltage drops, without significantly compromising lifespan of energy
storage devices.
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Abbreviations

The following abbreviations are used in this manuscript:

DPWM Digital pulse-width modulation
DSTATCOM Distribution static synchronous compensator
ESS Energy storage system
FFPS Positive sequence fundamental frequency
FIR Finite impulse response
GM Gain margin
iGDSC Inverse transfer function of the generalized delayed signal cancellation
IMP Internal model principle
LC Low-voltage
LTI Linear time-invariant
PCC Point of common connection
PI Proportional-integral
PM Phase margin
PR Proportional-resonant
PWM Pulse-width modulation
RC Repetitive control
SV-RC Space-vector repetitive controller
THD Total harmonic distortion
VSI Voltage source inverter
ZOH Zero-order hold
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Abstract: Multiphase drives are entering the spotlight of the research community for transportation
applications with their high power density and the possibility of high fault tolerance. The multi
three-phase drive is one of the main types of multiphase drives that allows for the direct adoption of
commercial three-phase converters and high control flexibility. The elimination of high-frequency
current harmonics will reduce the flux linkage harmonics, torque ripple, vibration and noise in
machine drives. Therefore, this work introduces a new method to the modelling of equivalent
phase current in multi three-phase drives with the double integral Fourier analysis method. A new
carrier-based pulse-width modulation (CPWM) method is introduced to reduce the equivalent phase
current harmonics by applying proper carrier phase angle to each subsystem in the multi three-phase
drives. The proposed angles of carrier signals are analyzed for quadruple three-phase drives, and the
corresponding experimental results confirm the significance of the proposed phase-shifted CPWM
method to eliminate the equivalent phase current harmonics.

Keywords: multiphase drives; pulse width modulation; current harmonics

1. Introduction

Three-phase machines were universally used at the beginning of the 20th century as they present
better torque performance compared with the single-phase and the two-phase machines, which produce
the twice pulsating torque ripple [1]. The increasing phase number of the machine will not produce the
twice-pulsating torque ripple. The development of power electronics in the 1980s enabled the adoption
of machines with more than three phases. The machine can be connected to the power converters rather
than directly connected to the three-phase power supply. Therefore, an arbitrary phase machine can be
used as long as the phase number of the machine matches the phase number of the power converter,
especially for the application of electric propulsion [2–5]. There are several reasons why the multiphase
machine attracts a wide range of interest in the research community. Firstly, the multiphase machine
has good fault tolerance performance compared with the conventional three-phase machine [6,7].
Taking a 15-phase machine as an example, the machine can be operated at over 90% of the rated power
with the breakdown of one phase. Secondly, the adoption of a multiphase machine greatly reduces the
voltage sharing on power converters of each phase leg, which offers the feasibility of the multiphase
machine used for high-power applications [8–12]. Additionally, the control of a multiphase drive
system becomes more flexible, which gives a possibility to cancel the time-domain harmonics and
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space-domain harmonics in the drive system. Therefore, the efficiency and torque performance in the
multiphase is improved with respect to the traditional single three-phase drives [13–15].

Recently, multi three-phase machines with separate neutral points controlled by parallel converters
have become an increasing concern, which is shown in Figure 1 [8,16]. The adoption of parallel converters
make it possible to control very high-power and high-speed machines with commercial products,
since the power requirement on each inverter module is reduced. Moreover, this topology has high
fault tolerance, as any inverter module is independent without any electrical connections to the other
modules [6]. Besides, the adoption of the parallel converters increases the flexibility of the control
algorithm. The torque ripple, noise and vibration of the machine, and the direct current (dc) link
voltage ripple are possibly to be reduced by applying a proper control scheme [17,18].

 

 

Figure 1. Multi three-phase drives system.

The carrier-based pulse width modulation (CPWM) is known as the earliest and most
straightforward modulation technique [19]. The working principle of the CPWM is to compare
the fundamental signal with the carrier signal (high frequency) to determine the states of switching
devices on power converters. When the fundamental waveform is lower than the carrier with
waveform, the switch at the bottom of the converter leg (T2 T4 and T6 in Figure 1) will turn on;
when the fundamental waveform is larger than the carrier waveform, the switch on the top of the
converter leg (T1 T3 and T5 in Figure 1) will turn on. Compared with the space vector modulation,
the CPWM has lower dc link voltage utilization [20]. This drawback can be avoided by the injection
of the zero-sequence harmonics [21]. The implementation of CPWM is straightforward and it can
be extended to the control of the multiphase multilevel converters without greatly increasing the
complexity of the control algorithm. The phase-shifted CPWM is the commonly used CPWM for
the control of multilevel converters, as it has the same switching frequency and conducting periods,
which means even power distribution on the power switches of the converter [22,23]. Recent research
works have verified that the pulse width modulation (PWM) technique results in high-frequency
torque ripple in multiphase drives [24,25]. For instance, [25] shows that the high-frequency torque
harmonics are mitigated by choosing appropriate carrier angles in dual three-phase drive systems.
The high-frequency PWM-related current harmonics are known as the source of the high-frequency
flux linkage harmonics, torque ripple, vibration and noise [26,27]. Therefore, it is of importance to
reduce the equivalent current harmonics of the multiphase drive systems by considering the effect the
CPWM technique.

This article exploits the degrees of control freedom in multi three-phase drives, by applying the
concept phase-shifted CPWM to multi three-phase drives to reduce total equivalent current harmonics.
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The remaining part of the article includes the following sections: Section 2 introduces the double
Fourier integral analysis method of pulse width modulation. Section 3 presents the mathematical
modelling of the equivalent current harmonics in multi three-phase drives. Section 4 shows the
comparative experiment with and without applying the proposed phase-shift CPWM. Section 5 draws
the conclusion of this article.

2. Double Fourier Integral Analysis Method of Pulse Width Modulation

According to [19], if the function of both x(t) and y(t) are periodic functions, the function f (x, y)

is the summation of sinusoidal harmonics. Assuming the periods of both the functions x(t) and y(t)

are 2π, and f (x, y) is represented by:

f (x, y) = A00
2 +

∑∞
n=1[A0n cos ny + B0n sin ny] +

∑∞
m=1[Am0 cos mx + Bm0 sin mx]+

∑∞
m=1
∑∞

n=−∞[Amn cos(mx + ny) + Bmn sin(mx + ny)],
(1)

with:

Amn =
1

2π2

∫
π

−π

∫
π

−π

f (x, y) cos(mx + ny)dxdy, (2)

Bmn =
1

2π2

∫
π

−π

∫
π

−π

f (x, y) sin(mx + ny)dxdy. (3)

where m and n are the positive integer numbers.
Sine-triangle modulation is one of the most commonly used CPWMs. Figure 2 describes the x-y

plane of the sine-triangle modulation, which is represented by f (x, y). The blue area represents the
parts when the switch at the top of the converter leg is turned on, while the white area represents
the parts when the switch at the bottom of the converter leg is turned on [28]. The x and y axes are
considered as the carrier signal and the modulating signal time-varying angles respectively. y(x) is
described with the straight line in Figure 2a. The slope of y(x) is the quotient between the frequencies
of the modulating waveform and the carrier waveform. The intersection points between the function
y(x) and the changing boundaries of the function f (x, y) are the switching time instants of the converter.
The corresponding pulse width modulation (PWM) output voltage waveform (from −Vdc

2 to Vdc
2 ) is

shown in Figure 2b.

 

𝑥(𝑡) 𝑦(𝑡)𝑓(𝑥, 𝑦) 𝑥(𝑡)𝑦(𝑡) 2𝜋 𝑓(𝑥, 𝑦)𝑓(𝑥, 𝑦) = + ∑ [𝐴 cos 𝑛𝑦 + 𝐵 sin 𝑛𝑦] + ∑ [𝐴 cos𝑚𝑥 +𝐵 sin𝑚𝑥] + ∑ ∑ [𝐴 cos(𝑚𝑥 + 𝑛𝑦) + 𝐵 sin(𝑚𝑥 + 𝑛𝑦)
𝐴 = 𝑓(𝑥, 𝑦) cos(𝑚𝑥 + 𝑛𝑦) 𝑑𝑥𝑑𝑦
𝐵 = 𝑓(𝑥, 𝑦) 𝑠𝑖𝑛(𝑚𝑥 + 𝑛𝑦) 𝑑𝑥𝑑𝑦

𝑓(𝑥, 𝑦)
𝑦(𝑥)𝑦(𝑥)𝑦(𝑥) 𝑓(𝑥, 𝑦)

−

𝑉 (𝑡)𝑉 (𝑡) = 𝑀𝑐𝑜𝑠𝑦
𝑓(𝑥, 𝑦) −
𝑥 = 2π𝑝 + (1 +𝑀𝑐𝑜𝑠𝑦) 𝑝 = 0, 1, 2, 3, …

Figure 2. (a) The x-y plane for the sine-triangle modulation (b) The x-y plane for the corresponding
pulse width modulation (PWM) output voltage [28].

The time varying modulating signal Vm(t) can be presented as:

Vm(t) = Mcosy, (4)
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with respect to Equation (4), the intersection points in Figure 2a can be given as the following two
cases. Case 1: for the function f (x, y) switches from −Vdc

2 to Vdc
2 , the switching instants happens at:

x = 2πp +
π

2
(1 + Mcosy), p = 0, 1, 2, 3, . . . (5)

Case 2: for the function f (x, y) converts from Vdc
2 to −Vdc

2 , the switching time happens at:

x = 2πp−
π

2
(1 + Mcosy), p = 0, 1, 2, 3, . . . (6)

The switching time instants in Equations (5) and (6) are the upper and the lower integral limits in
Equations (2) and (3), respectively. The function of f (x, y) =

Vdc
2 between the upper and the lower

limits. Substituting Equations (5) and (6) into Equations (2) and (3), Amn and Bmn can be rewritten as:

Amn =
1

2π2

∫
π

−π

∫ π
2 (1+Mcosy)

−π
2 (1+Mcosy)

Vdc

2
cos(mx + ny)dxdy, (7)

Bmn =
1

2π2

∫
π

−π

∫ π
2 (1+Mcosy)

−π
2 (1+Mcosy)

Vdc

2
sin(mx + ny)dxdy. (8)

Substituting Equations (7) and (8) to Equation (1), and replacing x and y withωct+θc andωot+θo

respectively, the time-varying output voltage of terminal a with respect to the ground in Figure 2 can
be represented by the function of f (t), which can be expressed as:

f (t) =
Vdc

2
︸︷︷︸

DC o f f set

+
Vdc

2
Mcos(ωot + θo)

︸                   ︷︷                   ︸

f undamental component

+

4Vdc

π

∑∞

m=1

1
m

J0

(

m
π

2
M
)

sin m
π

2
cos(m[ωct + θc])

︸                                                            ︷︷                                                            ︸

carrier harmonics

+

4Vdc

π

∑∞

m=1

∑∞

n=−∞

1
m

Jn

(

m
π

2
M
)

sin
(

[m + n]
π

2

)

cos(m[ωct + θc] + n[ωot + θo]

︸                                                                                                      ︷︷                                                                                                      ︸

sideband harmonics

.

(9)

By using the double Fourier integral method, the time-varying phase leg voltage of f (t) can be
expressed with the addition of the dc offset, the fundamental component and all of the sinusoidal
harmonic components (carrier harmonics and sideband harmonics).

3. Modelling of Equivalent Current Harmonics in Multi Three-Phase Drives

According to Equation (9), assuming the modulating signal start angle as the reference (θo = 0),
the phase leg voltage (phase leg voltage is defined as the voltage drop between a, b, c and z, which is
displayed in Figure 1) of the pth, p ∈ {1, . . . , N} three-phase subsystem uapz (phase a) is represented as:

uapz(t) =
Vdc

2
M cosωot +

∑∞

m=1

∑∞

n=−∞
Amn cos

{

mxp(t) + nωot
}

, (10)

with:
Amn =

2Vdc

mπ
Jn

(

m
π

2
M
)

sin
[

(m + n)
π

2

]

, (11)

xp(t) = ωct + θc,p, (12)

78



Energies 2020, 13, 2709

where xp(t) is the carrier phase angle in the pth three-phase subsystem and θc,p is the pth three-phase
subsystem carrier phase start angle (t = 0). Referring to Equation (10), the equivalent phase voltage
utotal(t) generated by all the subsystems (shown in Figure 1) can be represented as:

utotal(t) =
NVdc

2
M cosωot +

∑N

p=1

∑∞

m=1

∑∞

n=−∞
Amn cos

{

mxp(t) + nωot
}

, (13)

As can be seen from Equation (13), the total equivalent harmonic voltage will be decreased

with different carrier angles in different three-phase systems. Applying θc,p =
2π(p− 1)

N
to each

three-phase system, the multi three-phase drive system will gain an effective switching frequency of
N fc. With the proposed phase-shifted CPWM in each three-phase drive, the total equivalent phase
voltage is expressed by Equation (14):

utotal(t) =
NVdc

2
M cosωot +

∑N

p=1

∑∞

m=1

∑∞

n=−∞
Amn cos

{

Nmxp(t) + nωot
}

, (14)

Comparing Equations (13) and (14), the equivalent voltage harmonic components are significantly
mitigated, while the remaining harmonics only exist around the multiples of N fc.

Figure 3 shows the Fast Fourier Transformation (FFT) spectra of total equivalent voltage applying
the phase-shifted CPWM with normalized Vdc with three modulation indexes (M = 0.9, M = 0.5,
and M = 0.1). In Figure 3, the total equivalent voltage is supplied to the machine with the same
rated power for any number of split three-phase systems, which means the fundamental voltage
components are the same for different values of N. Figure 3 presents the FFT spectra of the total
equivalent voltage without the proposed CPWM (for any number of split three-phase systems) at
the layer of N = 1. Conforming to Equation (13), the total equivalent voltage is combined with the
fundamental component and the groups of harmonics around the multiples of switching frequency.
Figure 3 displays the FFT spectra of total equivalent voltage with proposed CPWM at the layers of
N ≥ 2. Consistent with Equation (14), the equivalent voltage harmonic components are significantly
mitigated, while the only remaining harmonics exist at N fc. The larger value of N will result in higher
order remaining harmonics, and thus the effect of total equivalent voltage harmonics cancellation is
more dominant with the increasing value of subsystem number N. Comparing Figure 3a–c, it can
be observed that a different modulation index affects the harmonic amplitudes to a different extent.
However, the same groups of the harmonic components will be eliminated despite the modulation
indexes, and thus the proposed phase-shifted CPWM method can be applied into different working
conditions. Taking the case N = 4 as an example, with phase-shifted CPWM, the equivalent voltage
harmonics around fc, 2 fc, 3 fc, 5 fc, 6 fc, 7 fc, 9 fc, 10 fc are cancelled out under all the modulation indexes.

In [24], it indicates that the relationship between voltage harmonics uh and current harmonics ih
can be drawn as:

uh = ih ·Z(h), (15)

where Z(h) is the impedance of the hth harmonic component. According to Equations (13) and (14),
the equivalent phase current itotal(t) can be represented as:

itotal(t) =
NVdcM

2z(0)
cosωot +

1
z(h)

∑N

p=1

∑∞

m=1

∑∞

n=−∞
Amn cos

{

mxp(t) + nωot
}

. (16)

Applying the proposed phase-shifted CPWM in each three-phase system, the equivalent phase
current can be represented as:

itotal(t) =
NVdcM

2z(0)
cosωot +

1
z(h)

∑N

p=1

∑∞

m=1

∑∞

n=−∞
Amn cos

{

Nmxp(t) + nωot
}

. (17)
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Referring to Equations (14) and (17), it is concluded that applying the proposed phase-shifted
CPWM will effectively reduce the equivalent voltage harmonics as well as their corresponding
current harmonics.

 

𝑀 𝑀 = 0.9  𝑀 = 0.5 𝑀 = 0.1
Figure 3. Multi three-phase drive FFT spectra with and without the proposed phase-shifted carrier-based
pulse-width modulation (CPWM) under different M. (a) M = 0.9, (b) M = 0.5, (c) M = 0.1.
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4. Experimental Results

A quadruple three-phase permanent magnet synchronous machine driven by quadruple
independent three-phase modular inverters platform was set up in the laboratory, which is shown in
Figure 4, to validate the proposed phase-shifted CPWM method analyzed in Section 3. The PLECS RT
lab box is set as a real time controller to generate synchronized gate signals to drive the quadruple
three-phase modular converters. The control strategy of this experimental test consists of two closed
loops (i.e., the outer speed loop and inner current loop with proportional-integral (PI) controllers).
The main experimental parameters are shown in Table 1. In order to better show the PWM harmonics,
the fundamental components in Figures 5 and 6 are saturated.

 

𝑉𝑓

 

𝜃 = 𝜃 = 𝜃 = 𝜃 = 0

𝑁 =1

Figure 4. Quadruple three-phase drive system experimental setup.

Table 1. Experimental parameters.

Parameter Value

Direct current (DC) link voltage (Vdc) 40 V
Switching frequency ( fc) 2 kHz
Machine pole pair number 4
Load torque 3 Nm
Machine mechanical speed 200 rpm

 

 

𝜃 = 0 𝜃 =𝜃 = 𝜋 𝜃 =

𝑚 = 1 𝑚 = 2 𝑁 = 4

Figure 5. (a,b) Experimental result of phase currents without phase-shift CPWM. (a) Two fundamental
period range. (b) The cursor range of Figure 5a,c,d. Equivalent phase current without phase-shift
CPWM. (c) Time-domain current waveform. (d) FFT spectrum of Figure 5c.
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𝜃 = 0 𝜃 =𝜃 = 𝜋 𝜃 =

𝑚 = 1 𝑚 = 2 𝑁 = 4

Figure 6. (a,b) Experimental result of phase currents with phase-shift CPWM. (a) Two fundamental
period range. (b) The cursor range of Figure 6a. (c,d) Equivalent phase current with phase-shift CPWM.
(c) Time-domain current waveform. (d) FFT spectrum of Figure 6c.

The phase currents experimental results without the proposed phase-shift CPWM are displayed
in Figure 5. The carrier phase angles in each subsystem were set to be θc1 = θc2 = θc3 = θc4 = 0.
Figure 5a shows the time-varying current waveforms (phase A) from all the four subsystems, while
Figure 5b shows the cursor range of Figure 5a, which is the two-period range of the carrier signal.
Figure 5a,b show that the phase currents are in phase in terms of both modulating the signal period
range and carrier signal period. Figure 5c,d show the equivalent phase current and its FFT spectrum
without phase-shifted CPWM.

The equivalent phase current waveform in Figure 5c is the same as the phase current waveforms
in Figure 5a, and the current total harmonic distortion (THD) of both Figure 5a,c is 28.5%. This result
matches with Equation (16) shown in Section 3, which indicates that the equivalent phase current
magnitudes of both fundamental component and high-order current harmonics will be four times the
phase currents’ magnitudes in a quadruple three-phase drive. As shown in Figure 5d, the equivalent
phase current harmonics exist at the multiples of the switching frequency (2 kHz), which exist around
2 kHz, 4 kHz, 6 kHz, 8 kHz, 10 kHz, 12 kHz, 14 kHz, 16 kHz, 18 kHz, 20 kHz. The harmonic FFT
spectra are consistent with the analytical results shown in Figure 3 (the layer of N = 1).

Figure 6 describes the experimental results of phase currents applying the proposed phase-shift
CPWM. According to the analytical models in Section 3, the carrier phase angles θc1 = 0, θc2 = π

2 ,
θc3 = π and θc4 = 3π

2 are applied to the four subsystems accordingly. Similar to Figure 5, Figure 6a
shows the four subsystem phase current waveforms, while Figure 6b presents the cursor range of
Figure 6a. According to Figure 6b, it is can be seen that the phase currents in the carrier signal period
range are effectively shifted with proposed phase-shifted CPWM, while they are synchronized in
Figure 5b. Figure 6c,d show the equivalent phase currents waveform and its FFT spectrum applying
the proposed phase-shift CPWM.

The current THD of Figure 6a,c are 36.1% and 12.1%, respectively. In terms of Figures 5a and 6a,
it can be observed that the phase current THD is slightly increased with phase-shifted CPWM. This is
mainly caused by the mutual coupling effect among machine stator windings, and the increase of
phase current THD will result in a higher copper loss of the machine. Different machine stator layouts
will result in different mutual coupling effect, which is worthwhile for further analysis in the future.
However, this work is mainly aimed at the elimination of the equivalent phase currents to reduce the
flux linkage harmonics, torque ripple, vibration and noise in the multi three-phase drives. Figure 6c
shows that the equivalent current waveforms are significantly smoothed in respect with Figure 5c,
and the current THD is reduced from 28.5% in Figure 5c to 12.1% in Figure 6c. Comparing Figure 5d,c,
the majority of phase current harmonic components in Figure 6d are eliminated, except the harmonics
around 8 kHz and 16 kHz, which are four times and eight times the switching frequency, respectively
(m = 1 and m = 2). This result matches the analytical Equations (16) and (17) in Section 3 and the FFT
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spectra in Figure 3 (the layer of N = 4). Therefore, the experimental results have validated that the
total equivalent phase currents can be effectively mitigated with the phase-shifted CPWM.

5. Conclusions

This work proposed a phase-shifted CPWM approach to eliminate the equivalent phase current
harmonics in quadruple three-phase drives. The optimal carrier phase shift angles are proposed
referring to the mathematical equivalent phase current models introduced in Section 3. There is
more dominant phase current harmonics elimination with the increasing number of subsystems.
The quadruple multi three-phase drive system with the proposed carrier phase angles of θc1 = 0,
θc2 = π

2 , θc3 = π and θc4 = 3π
2 is verified with experimental tests. The experimental results shows that,

applying the proposed CPWM, the equivalent phase current harmonics components are effectively
eliminated at the multiples of switching frequency, except the harmonic components around four times
and eight times of the switching frequency. The equivalent phase current THD is reduced from 28.5%
to 12.1% with the proposed phase-shifted CPWM. The main advantages of the proposed phase-shifted
CPWM are listed as follows:

(1) The phase-shifted CPWM can be applied into arbitrary multi three-phase drives.
(2) The implementation of the proposed method is simple by changing the initial phase angles of

carrier signals in the software.
(3) Compared with previous research works targeted at torque ripple reduction, this work aims to

reduce the total equivalent phase current harmonics, which makes the analytical models much
easier. Additionally, the elimination of total equivalent phase current harmonics will result in
significant machine performance improvement in terms of torque, vibration and noise.
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Nomenclature

Vdc Converter dc-link voltage
M Modulation index.
ωo, ωc Frequencies of the modulating and the carrier signals respectively.
θo, θc Initial phase angles of the modulating and the carrier signals respectively.
x, y Time-varying angle of the carrier and the modulating signals respectively
Jn Bessel function
fc Switching frequency
Z(h) The hth harmonic impedance
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