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Third millennium engineering is addressing new challenges in materials sciences
and engineering. In particular, the advances in materials engineering, combined with the
advances in data acquisition, processing and mining as well as artificial intelligence, allow
new ways of thinking in designing new materials and products. Additionally, this gives rise
to new paradigms in bridging raw material data and processing to the induced properties
and performance. On the one hand, the linkage can be done purely on a data-driven basis,
i.e., models are created from scratch based on the obtained experimental data alone, for
instance with statistical methods or advanced methods of machine learning. Particularly
obvious advantages of such kinds of models are that no simplification or assumptions need
to be incorporated a priori, and that it allows real-time prediction, leading to a so-called
digital twin of the specific material/process. However, such approaches typically face some
general challenges, such as the necessity of (maybe unnecessarily) large and comprehensive
datasets, because they rely only on the data themselves and allow prediction only within
the investigated/trained dataspace. Another way of addressing the challenge of predicting
the complex processing–structure–property relationships in materials is the enhancement of
already existing physics-based models via data and machine learning tools, i.e., combining
a physics-based model (often called virtual twin) and a data-based model, leading to a
so-called hybrid twin [1]. In this regard, possible deviations of the physics-based model,
which rely on a number of simplifications and assumptions, can be healed by correcting
the model based on a data-driven approach, i.e., combining the advantages of both models.

This present topical issue is a compilation of contributions on novel ideas and concepts,
addressing several key challenges using data and artificial intelligence:

• proposing new techniques for data generation and data mining;
• proposing new techniques for visualizing, classifying, modeling, extracting knowl-

edge, explaining and certifying, data and data-driven models;
• processing data, for creating data-driven models from scratch when other models are

absent, too complex or too poor for making valuable predictions;
• processing data for enhancing existing physic-based models to improve the quality of

the prediction capabilities, and at the same time enabling data to be smarter.

Gong et al. [2] explored the material behavior of additive Ti-Mn samples, produced
via the Laser Engineered Net Shaping (LENS™) technique and subsequent post-build heat
treatment. In this work, novel cost-effective high-throughput experimental assays have
been proposed and the feasibility of employing Gaussian process regression (GPR) for
in-depth statistical analysis of these data has been shown. From the additive-manufactured
compositionally graded cylinders and after heat treatment, samples were extracted for
microstructural analysis and the mechanical properties were systematically determined via
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spherical indentation. The proposed approach allows to explore large material and process
spaces. Via GPR, the process–microstructure–properties relationships were analyzed. The
statistical approach showed a reliable and robust correlation between the Mn content and
the specific ageing conditions to the microstructural parameters for the obtained data via
the proposed high-throughput assays.

Huber [3] analyzed the microstructure–property relationships in nanoporous metals.
In this study, a clear recommendation is given to always start with a dimensional analysis,
ensuring a physically reasonable formulation of the problem at hand and a reduction of
the problem to its minimum This included the incorporation of already existing physical
knowledge by turning inputs and outputs into dimensionless parameters via physical nor-
malization. The nanoporous microstructure was analyzed based on datasets obtained from
finite element calculations of a beam model of the structure, investigated for macroscopic
compression and nanoindentation. To analyze the microstructure–property relationships,
not only dimensional analysis but also principal component analysis and visualization are
used on the obtained datasets, where, in particular, machine learning algorithms are em-
ployed to identify key dependencies that allowed for deriving simple linear relationships
in this case. It is revealed that the “scaling law of the work hardening rate has the same
exponent as the Young’s modulus” [3], an insight which can be transferred to the macro-
scopic behavior of such structures, allowing designing and tuning of such microstructures
in terms of the specific objective.

Yun et al. [4] address the construction of models based on data involving complex
microstructures. When addressing these complex microstructures, concise and complete
morphological and topological descriptors are needed, as well as adequate metrics able to
quantify the resemblance and proximity of different microstructures for which standard
Euclidian distances do not perform correctly. For that purpose, Topological Data Analysis
(TDA) is considered, and thus microstructures are represented from the so-called persis-
tence images that contain most of the microstructural information while inheriting the
appealing invariance topological features. With the persistence images defined in a vector
space, usual metrics can be used to apply machine learning and data analytics techniques.
Thus, the persistence images can be considered as inputs in machine learning-based non-
linear regressions, to infer the properties and performances associated with those complex
microstructures. In particular, this work addresses the prediction of the effective thermal
conductivity, inferred from the persistence image, without the need of further calculations.

For the identification and calibration of complex constitutive models, de Pablos
et al. [5] presented an effective framework consisting of a two-stage procedure. In the
first step, a metamodel is formulated and used to perform a Global Sensitivity Analysis,
providing the sensitivity of each parameter in the selected material model with respect to
the Quantities of Interest. Anisotropic Radial Basis Functions are used as kernel functions
to build the linear metamodels in this work, allowing the generation of a large number
of data points. The second step represent the parameter calibration for the most influ-
ential parameters based on Bayesian inference in combination with the application of
Gaussian processes. This calibration process leads not only to the optimal mean value of
the parameters, but it also provides information about their probability distributions. In
this regard, the framework can help to select necessary subsequent experiments, but at
the same time minimize the required number of experiments and numerical calculations.
The application of the framework is illustrated on three well-known constitutive laws to
describe elasto-viscoplastic material behavior.

Hartmaier [6] derived a novel mathematical formulation for a data-oriented constitu-
tive model for elastic–plastic materials. In particular, this model consists of the identification
of the yield function via a support vector characterization (SVC) algorithm to describe the
elastic–plastic deformation. The model can be easily incorporated within finite element
calculations. To reduce the dimensionality of the problem and without loss of generality,
core physical principles are incorporated, i.e., working with the deviatoric stress as input
data. The SVC algorithm can easily be trained, for instance, only based on the information
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whether a given stress state is within the elastic regime or not, leading to a machine learning
yield function from which further information, such as its gradient, can be easily calculated.
Overall, the presented data-oriented constitutive model shows a great flexibility in terms
of application to all kind of anisotropy for elastic–plastic materials, where, for instance, the
standard frameworks of continuum plasticity can still be employed within a finite element
set-up. Identifying macroscopic yield functions based on microscopic calculations, the
presented formulation is directly applicable as a kind of scale-bridging approach.

For scale bridging, Lu et al. [7] proposed a stochastic data-driven multilevel finite
element (FE2) method, illustrated by the example of nonlinear electric conduction in
graphene–polymer composites. At the microlevel, finite-element calculations of representa-
tive volume elements (RVE) of the graphene-polymer composites serve for the purpose
of data generation. The data are used to train a neural network surrogate model, which
relates the macroscopic electric field and volume fraction of graphene inclusions to the
macroscopic electric flux. To reduce the necessary number of RVE calculations and at
the same time to improve the accuracy of the surrogate model, a novel hybrid neural
network–interpolation scheme is proposed. Since the surrogate model is computationally
extremely cheap, it can efficiently be employed in a multilevel finite element approach.
Additionally, considering certain properties as a stochastic field with given probabilistics
at the macroscale, e.g., in the current study the volume fraction of heterogeneities, the
surrogate model is used to identify a probabilistic model for each point at the macroscale,
leading to a data-driven approach in a stochastic framework. Due to the computational
efficiency, Monte Carlo simulations can be performed, allowing this approach to account
for uncertainties at both scales.

Gonzalez et al. [8] deal with a particularly frequent problem in biomechanics: the
large deviation of experimental results. In this framework, the standard deviation of the
measurements may take a similar value to that of their mean value, thus making regression
procedures a delicate issue. When this circumstance is present, they propose a combination
of TDA and regression procedures operating on these just found data manifolds. To ensure
the compliance to basic thermodynamic principles (conservation of energy, production
of entropy), they suggest performing regression over a particularly interesting principle:
the so-called General Equation for Non-Equilibrium Reversible-Irreversible Coupling
(GENERIC). Generic is in fact a metriplectic formalism that, subject to adequate degeneracy
conditions, satisfies by construction the first and second principles of thermodynamics. The
resulting method thus ensures the thermodynamic correctness of the obtained constitutive
laws, while dealing with the just-mentioned large deviations in experimental data.

Bock et al. [9] present a hybrid twin model for the use case of laser shock peening.
The hybrid model consists of a physics-based model, i.e., a semi-analytical model, which is
enhanced by a trained artificial neural network. The latter is accounting for the present
deviation to a reference (high-fidelity) solution, which is determined by a finite element
simulation of the laser shock peening process. On the one hand, the hybrid twin allows for
a more efficient prediction of the residual stress field within the material in comparison to
the high-fidelity model, since the computational costs are significantly reduced and similar
to the ones required by the semi-analytical model. On the other hand, the hybrid twin
outperforms a purely data-driven model by exhibiting enhanced generalization capabilities,
i.e., predictions outside the process parameter region used for training, while requiring
less data than the data-driven approach. The importance of a dimensionality analysis to
identify the salient input features is emphasized, leading to low prediction errors.

Overall, the original articles compiled in this Research Topic give a taste of current
ideas and concepts in how to enhance existing knowledge via new concepts of artificial
intelligence to address current challenges in materials sciences and engineering. Such
approaches provide new pathways, in particular in the research field of computational
engineering, but with high impact on different engineering fields, such as material science
and processing. At this point, as guest editors, we would like to thank all authors for their
valuable contributions to this Special Issue!
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Abstract: Compositionally graded cylinders of Ti–Mn alloys were produced using the Laser
Engineered Net Shaping (LENS™) technique, with Mn content varying from 0 to 12 wt.% along the
cylinder axis. The cylinders were subjected to different post-build heat treatments to produce a large
sample library of α–β microstructures. The microstructures in the sample library were studied using
back-scattered electron (BSE) imaging in a scanning electron microscope (SEM), and their mechanical
properties were evaluated using spherical indentation stress–strain protocols. These protocols
revealed that the microstructures exhibited features with averaged chord lengths in the range of
0.17–1.78 µm, and beta content in the range of 20–83 vol.%. The estimated values of the Young’s
moduli and tensile yield strengths from spherical indentation were found to vary in the ranges of
97–130 GPa and 828–1864 MPa, respectively. The combined use of the LENS technique along with the
spherical indentation protocols was found to facilitate the rapid exploration of material and process
spaces. Analyses of the correlations between the process conditions, several key microstructural
features, and the measured material properties were performed via Gaussian process regression (GPR).
These data-driven statistical models provided valuable insights into the underlying correlations
between these variables.

Keywords: high-throughput experimentation; additive manufacturing; Ti–Mn alloys; spherical indentation;
statistical analysis; Gaussian process regression

1. Introduction

Modern metal additive manufacturing (AM) processes provide greatly expanded opportunities
for producing engineered components possessing intricate geometries, novel material chemistries and
internal structures. Furthermore, it is possible to tailor the material internal structures (hereafter simply
referred to as microstructures) at different locations in the component both during the actual AM
process and in subsequent (post-build) heat treatments in the effort to optimize its overall in-service
functional performance [1–7]. Over the years, AM processes have been applied successfully in metal
products with demonstrated benefits in net shaping, component repair, intricate geometry prototyping
and component customization [8–15]. Although both experiments and physics-based multiscale
material simulations have the potential to offer the data needed to gain insights into the correlations
between the processing conditions and microstructure as well as the associated properties, our focus
in this work was confined to experiments. This is mainly because the multiscale material models for
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AM metal alloys are still largely under development [16–19]. The AM process usually consists of
multiple steps, including substrate treatment, powder delivery, energy delivery, nozzle movement
and post-build heat treatments [20–24]. Each of these process steps involves the selection of multiple
parameters that could significantly influence the local thermal history and, thereby, the microstructure
and associated properties. The central challenges encountered in the experimental exploration of
the influence of AM processing conditions and material microstructure come from two main gaps in
current capabilities in the field. First, there is a lack of validated high-throughput experimental assays
that are cost-effective and require only small amounts of material in different conditions (e.g., a range
of chemical compositions and process histories). Second, there is also a lack of established approaches
capable of building reliable data-driven process–structure–property (PSP) linkages from limited data
(i.e., a relatively small number of data points). This is particularly important for AM metal alloy
development using experimental assays, because it is unlikely that one can accumulate the very large
datasets needed by conventional machine learning approaches such as neural networks [25–28].

A number of different experimental protocols have been explored in recent literature for the rapid
formulation of PSP linkages from experiments in metal AM [29–32]. The central challenges come from
the need to prototype a large library of samples spanning the large ranges of chemistries and process
histories relevant to metal AM, and subsequently characterizing their microstructures and mechanical
properties. In this respect, it should be noted that AM inherently offers many advantages in prototyping
libraries of samples with small volumes. Previous studies [32–35] have demonstrated the feasibility
of manufacturing compositionally and functionally graded materials with microstructural gradients
using a selective laser-melting technique. Similarly, Joseph et al. [36] demonstrated the feasibility of
exploring the vast compositional space of high-entropy alloys (HEAs) using the direct laser-fabrication
technique. Beyond the prototyping of the sample libraries, one also needs to address the challenges in
the high-throughput characterization of the samples. It is important to note that the characterization
should include both details of the material microstructures and their mechanical properties in order to
meet our target of extracting PSP linkages that can accelerate material innovation for AM. In recent
work, Saltzbrenner et al. [31] have demonstrated the viability of prototyping miniaturized tensile test
specimens and conducting high-throughput tests in automated protocols. Although this approach has
tremendous potential, in practice, it is often challenging to extract reliable and consistently reproducible
mechanical properties because of the large heterogeneity exhibited by the AM samples. Since tensile
testing requires a statistically homogeneous material condition in the entire gauge section for the
successful evaluation of mechanical properties, any significant variation in the local thermal histories
at different locations of the gauge section of the tensile test specimen can lead to a large variance in the
values of the measured mechanical properties from such measurements. For AM samples, there is
a critical need to explore other characterization methods that can evaluate mechanical properties in
small material volumes without the need to make standardized tensile test samples.

In recent work [37], it was demonstrated that it is possible to prototype compositionally graded
AM samples and characterize their mechanical properties using the stress–strain analysis protocols
based on spherical indentation. This strategy appears to exhibit tremendous potential for the
high-throughput extraction of the relationships between the processing conditions, microstructural
features and properties [38,39]. Although this strategy has produced reliable data points, the size
of the dataset (i.e., the number of data points obtained) is still rather small for the extraction of
PSP linkages using emergent machine learning techniques. In this paper, we demonstrate novel
workflows that extend significantly the previously demonstrated assays in multiple research directions:
(i) the prototyping of a much larger library of AM Ti–Mn alloys employing intentionally induced
compositional gradients coupled with different post-build heat treatments, and (ii) the use of data-driven
model-building strategies such as Gaussian process regression (GPR) [40–46] for extracting practically
useful correlations from experimental datasets. GPR offers many potential advantages compared
to other machine learning approaches, including the ability to utilize smaller data sets (i.e., smaller
numbers of data points) [42,44], rigorous treatment of uncertainty [47,48] and dynamic selection
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of new experiments that maximize the expected information gain [49–51]. This work explores and
demonstrates a framework for high-throughput experimental assays to facilitate the efficient exploration
of the AM process space as well as statistical analyses of the accumulated data using GPR approaches.

2. Methods

2.1. Experiments

Laser Engineered Net Shaping (known as LENS) [52–54] is the prototypical powder-blown direct
energy deposition technique used for additive manufacturing. It often incorporates computer-controlled
lasers as power sources and produces near-net shapes with sufficiently accurate dimensions as the final
product [55] to eliminate the need for rough machining, making it popular in industry [52,53,56,57].
Due to characteristics such as its great reliability [53,54,58] and the low porosity [59–61] of the final
products, LENS is widely employed in the customization and repair of intricate mechanical parts,
including turbine blades [54,62–66]. The ability to control, independently, the powder flow from
separate powder feeders in LENS allows for creating chemical gradients in the AM components [67–72].
This is of tremendous interest for the present study, which aims to prototype a large library of material
samples of small volumes covering a range of alloy compositions and post-build heat treatments.

The binary Ti–xMn (x ranges from 0 to ~15 wt.% Mn) system was selected for this study.
Titanium–manganese alloys are of great interest because of their numerous applications in aerospace,
hydrogen storage and biomedical industries [73–75]. This range of manganese content in the alloy
introduces a typical eutectoid β-stabilized system [73,76,77] that is notoriously susceptible to the
segregation defect during solidification, known as “β-fleck” [78–81], and thus not suitable for traditional
ways of developing cast/wrought titanium alloys. AM has the potential to eliminate β-fleck by taking
advantage of the high thermal gradients and small molten pools, thereby reducing liquid-phase
separation. By eliminating β-fleck, it may be possible to subsequently increase the strength through
post-build aging heat treatments. An Optomec 750 LENS system was utilized to produce samples in this
work. Elemental powders of Ti and Mn were introduced into the molten pool using two independently
and automatically controlled powder feeders, one containing pure Ti and the other containing a mixture
of elemental Ti and elemental Mn with a composition of 15 wt.% Mn. These powders, after leaving their
powder feeders at preset feed rates, were mixed and focused into the molten pool by a multi-nozzle
system. A Nd:YAG laser system producing near-infrared radiation with a wavelength of 1064 nm was
focused coincident to the focal point of the powder, generating a local molten pool where melting and
mixing occurred. The motion of the build plate was then controlled so that thin layers of controlled
composition were deposited with predetermined width and thickness. The laser power at the molten
pool was 410 W, and the nominal flow rate of the powders was ~2.6 g/min. The substrate travel
speed (equivalent to the laser scan speed, but with a different reference frame) was 10 inch/min
(the nonstandard units of inches and minutes are used when describing build parameters, as these are
the standard units of the Optomec control system itself), and the hatch widths and layer thicknesses
were 0.018 inch and 0.010 inch, respectively. The oxygen content in the glove box was maintained
below 10 parts per million, with the balance being primarily argon gas.

Cylindrical samples with compositional gradients along their length were produced (see Figure 1a).
Planning for the potential loss of volume of material due to cutting/machining/sample preparation
(e.g., through the curfs of cuts), a small number of layers were programed to have the same composition
at the beginning and end of the depositions. As a result, the samples produced for this study showed
Mn content ranging from 0 to ~12 wt.% along the length. Three long strips (see the strip dimensions in
Figure 1b) were sectioned out of the cylindrical sample and were subjected to different aging treatments.
The aging treatments selected for the study included three different temperatures (500, 600 and 700 ◦C;
see Figure 1c), while the aging time was kept the same, at four hours. The post-build aging treatment
is expected to release residual stresses (these can be significant in the LENS technique due to the
high power of the energy source, subsequent high temperature of the melt pool, fast cooling process
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and high build rate) as well as significantly alter the phase volume fractions and phase morphology,
promoting possibilities of attaining improved properties.

 

–

–



–




Figure 1. (a) Illustration of the layered Ti–Mn cylindrical sample manufactured by the Laser Engineered
Net Shaping (LENS) process in this study. (b) Sample strip sectioned from (a) with compositional
gradient along the length of the sample. Five locations were chosen longitudinally in each sample
strip for characterization. They were 8, 14, 20, 26 and 32 mm away from the pure titanium end of the
strip (labeled as #1–#5, respectively). (c) Three different sample strips were aged at three different
temperatures (500, 600 and 700 ◦C, respectively) for four hours to produce the sample library used in
this work. (d) A grid of indentation and microscopy characterization was performed at each location
illustrated in (b). Each circle represents an indentation testing site, while the square represents the
microscopy characterization site. Each measurement grid contained 5 by 5 indentation tests and the
same number of microscopy characterizations. The test points in the grid were evenly spaced at 100 µm.
Note all test sites shown in (b) are intentionally kept away from the thin end of the sample strips,
making sure the sample has at least 2 mm thickness at the indentation test sites.

After aging, all the sample strips were prepared for microscopy and spherical indentation
stress–strain measurements using standard metallography protocols established previously for titanium
alloys [82]. These included grinding (P240 and P1200 SiC papers), followed by polishing steps with
decreasing abrasive particle sizes (9, 3 and 1 µm diamond suspensions), while making sure every step
removed the surface deformation introduced by the previous step. A solution of 0.06 µm colloidal
silica suspension with hydrogen peroxide in the ratio of 5 to 1 was employed in a final polishing step
to produce the desired surfaces for microscopy and indentation.

The main focus of this study is exploring high-throughput experimental assays for exploring large
material spaces for AM. Five locations were selected longitudinally in each sample strip (see Figure 1b)
for microstructure characterization and indentation tests. The transverse directions on the sample
surface are not expected to exhibit any significant compositional gradients. Multiple indentation
measurements and back-scattered electron (BSE) imaging were performed on a 5 × 5 grid at each
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of the five selected locations (illustrated in Figure 1d). Indentation tests were performed on an
Agilent G200 (Santa Clara, CA, USA) with a continuous stiffness measurement (CSM) under a constant
strain rate of 0.05/s and 800 nm indentation depth. The CSM was set at a 45 Hz oscillation with
a 2 nm displacement amplitude [83]. A Tescan Mira XMH field emission SEM (Warrendale, PA,
USA) with a 20 kV accelerating voltage was used to capture back-scattered electron (BSE) images.
Energy dispersive spectroscopy (EDS) was performed at the five locations shown in Figure 1b to
measure the Mn content. At each location, five EDS measurements randomly distributed within the
5 × 5 grid (established in Figure 1d) were performed. Each measurement was carried out by first
mapping the element concentration distribution of a 50 µm × 50 µm area and then calculating the
average element composition according to the map. A Hitachi SU8230 SEM (Tokyo, Japan) equipped
with Oxford EDAX and Aztec analysis software was used for EDS analysis. Beam calibrations with a
100% copper plate were used for EDS quantification. The accelerating voltage was kept at 20 kV and
beam intensity at 20 µA for these measurements.

2.2. Microstructure Analysis and Quantification

The two-phase BSE images were segmented with Otsu’s method [84,85]. Otsu’s method separates
the intensity distribution of an image into two classes by using a threshold. The threshold value
is determined to maximize the interclass variance (or minimize the intraclass variance). Otsu’s
thresholding was performed using the “graythresh” function of the numerical computing software
MATLAB [86]. The segmented (binary) images were used to compute the volume fraction of the
β phase. Additionally, averaged chord lengths (CL) [87,88] were computed to quantify the length
scales of the α and β phase regions in the microstructure. The procedures used to identify the chords
are based on pixelized representations of the images and have been described in prior work [87,89].
A chord is defined as a line segment (measured as the number of pixels) that completely lies inside
a distinct material phase, whose extension in any direction by even one pixel encounters pixels of a
different material phase.

2.3. Mechanical Characterization

The spherical indentation stress–strain protocols [90–92] employed in this study are built largely
on Hertz’s theory [93,94] for elastic frictionless contact between two isotropic bodies with parabolic
surfaces (see Figure 2a). The relevant relationships are summarized below:

P =
4
3

Ee f f Re f f
1/2he

3/2 (1)

a =
√

Re f f he =
S

2Ee f f
(2)

1
Ee f f

=
1− v2

i

Ei
+

1− v2
s

Es
(3)

1
Re f f

=
1
Ri

+
1

Rs
(4)

where P and he denote the indentation load and elastic indentation displacement, Ee f f and Re f f denote
the effective modulus and the radius of the indenter-sample system, subscripts i and s correspond
to the indenter and the sample, and the Young’s modulus and Poisson’s ratio are denoted as E and
ν. In Equation (2), S (= dP/dhe) denotes the elastic stiffness (also known as the harmonic stiffness in
continuous stiffness measurement (CSM) protocols [83,95,96]). Building on these relationships, one can
define the indentation stress, σind, and the total indentation strain (includes the elastic and plastic
strains), εind, as

σind =
P

πa2
(5)
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εind =
4

3π
hs

a
(6)

where hs is the corrected sample displacement (subtracting the displacement in the indenter, hi, from the
total displacement, h) and is computed using

hs = h−
3
(

1− v2
i

)

P

4Eia
(7)
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–𝐸𝑖𝑛𝑑

the Young’s modulus are related as 𝐸𝑖𝑛𝑑 = 𝐸𝑠(1 − 𝜈𝑠2)
– 𝑌𝑖𝑛𝑑 –𝐻𝑖𝑛𝑑

– –
–
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Figure 2. (a) Illustration of spherical indentation. (b) Indentation stress–strain curve acquired from
Location #4 (see Figure 1b) of the strip heat treated at 700 ◦C. The slope illustrated in the elastic
portion of the indentation stress–strain curve is the effective modulus, Ee f f . The red dot represents the
indentation yield strength Yind corresponding to a 0.002 offset indentation plastic strain, while the black
segment (from 0.005 to 0.02 in offset indentation plastic strain) represents the data used to estimate the
indentation work hardening rate Hind.

The indentation stress and indentation strain defined in Equations (5) and (6) exhibit a linear
relationship in purely elastic indentations, where the slope of the indentation stress–strain curve is
referred to as the indentation modulus, Eind. For an isotropic material, the indentation modulus and
the Young’s modulus are related as

Eind =
Es

(

1− ν2
s

) (8)

On the indentation stress–strain curve (see Figure 2b), a 0.2% offset indentation plastic strain
is used to define the indentation yield strength, Yind. The indentation stress–strain curve between
the 0.5% and 2% offset indentation plastic strains is fitted with a linear regression [82,97] to compute
the indentation work hardening rate, Hind. In prior work [82,91,98,99], Equations (5) and (6) were
demonstrated to produce meaningful elastic–plastic indentation stress–strain curves that show an
elastic–plastic regime following an initial elastic regime (see Figure 2b).

In the present study, spherical indentations on a 5 × 5 grid were performed with a uniform spacing
of 100 µm (see Figure 1d). A diamond indenter tip with a nominal radius of 100 µm was used in all the
tests reported in this work. Each indentation produced a contact area of about 150 µm2 (contact radius
of roughly 7 µm) at indentation yield and hence reflected the effective response of the two-phase
microstructures obtained in the sample library (micrographs presented later). The spacing between
indentations was designed to be large enough to minimize the interference between neighboring
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indentations. However, it was also important to keep the spacing small enough so that the compositional
variation between the indentation locations within each grid was very small.

2.4. Gaussian Process Modeling

In this study, Gaussian process regression (GPR) was employed to establish quantitative
correlations between various measured quantities of interest in the extracted dataset. GPR is a
nonparametric machine learning method that employs joint probability distributions to the available
training data (usually a small dataset) in order to make probabilistic predictions for new inputs. This is
accomplished by treating the correlations as a Gaussian process (GP) defined by only its mean and
variance. Let t = {t1, t2, . . . , tN} and y =

{

y1, y2, . . . , yN
}

denote the target and prediction, respectively,
where N denotes the number of training points. Then, the relationship between the target t and
prediction y can be written as

t = y + ε (9)

where ε is a column vector containing the residuals of N observations. A GP governing the joint
distribution between the predictions can be written as

y(x) ∼ N
(

µ(x), K
(

x, x
′
))

(10)

where x denotes a 1×D input vector, and µ(x) and K
(

x, x
′
)

represent the mean and the covariance of
the GP, respectively. In Equation (10),N() denotes a multivariate Gaussian distribution.

The covariance of the GP is generally computed using a kernel function k
(

x, x
′
)

. In the present
study, the %Mn and the post-heat treatment temperature are treated as the two (i.e., D = 2) independent
variables (i.e., inputs) for the model-building effort in this study. The outputs for the study will include
a number of microstructure statistics as well as the measured mechanical properties. The automatic
relevance determination squared exponential (ARDSE) [100–102] was selected as the kernel for
computing the covariance matrices. This ARDSE kernel is mathematically expressed as

k
(

x, x
′
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f
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nδxx′ (11)

where σ f , lT, lc and σn are the hyperparameters that control the fidelity of the GP model, and the
subscripts T and c refer to the two input variables (i.e., the post-heat treatment temperature and
%Mn). The hyperparameters in the kernel provide more valuable information about the trends
and relationships between the inputs and the outputs, especially when compared to conventional
correlation techniques such as the Pearson correlation coefficient [103]. More specifically:

(1) σ f is called the output scaling factor and determines the variance of the output values. A higher
value of σ f indicates that the values of the output are widely spread. The ratio of σ f to the output
noise σn (discussed later) determines the uncertainty of the predictions made from the GP model.

(2) lT and lc are the interpolation length scale parameters associated with the two input variables
and capture the sensitivity of the output variable to the changes in the respective input values.
Lower length scale values exhibit shorter memory, leading to sharper fluctuations and more
complex nonlinear mapping between the inputs and the output. In other words, lower values of
the interpolation length parameter indicate a higher sensitivity of the output to the input value
(for the selected input variable). Conversely, larger values of the interpolation length parameters
indicate low levels of correlation between the output and the corresponding input variable.

(3) σn is called the output noise hyperparameter and captures the variance in the training data.
For the present study, where the training data are obtained from experiments, this variance can
arise from variations in the execution of the experimental assays themselves or variations in the
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application of the analysis protocols (e.g., image segmentation). σn is assumed to be the same for
the entire input domain (also called homoscedasticity [104]).

The hyperparameters in Equation (11) are generally optimized to produce the most reliable
predictions for test data points. For this, one must formulate a conditional distribution of test points, t∗,
given the evidence of training points, t. Let the train and test datapoints be represented by matrices X

and X∗ of sizes N ×D and N∗ ×D, respectively, where N∗ reflects the number of test points. The overall
covariance matrix can be partitioned as

C =

[

K(X, X) k∗(X, X∗)

k∗†(X, X∗) K∗(X, X)

]

(12)

where † represents the transpose. Each term of the covariance matrix in Equation (12) is computed
using the kernel function from Equation (11). The predictive distributions for the test points, given the
training points, can be expressed as [100,101].

µ∗ = k∗†K−1t

Σ
∗ = K∗ − k∗†K−1k∗

(13)

where µ∗ and Σ
∗ denote the prediction means and variances (i.e., uncertainty), respectively, for the test

points. The central challenge in the computations described in Equation (13) comes from the need
to perform an inverse on the N ×N covariance matrix of the training points, which requires O

(

N3
)

computations. Once K−1 is obtained, predictions for the test points can be realized through standard
matrix multiplication/addition operations, which require only O

(

N2
)

computations [100,101]. Note,
also, that in the applications explored in this work, the number of data points is quite small. Therefore,
the one-time computational cost of the inversion operation in Equation (13) does not represent a major
challenge for the present study.

3. Results

Figure 3a shows a typical BSE micrograph taken from a location approximately 14 mm away
from the pure titanium end of the sample strip aged at 500 °C. In this micrograph, the lamellated
hcp (hexagonal closest packing) α-Ti and bcc (body-centered cubic) β-Ti are visible as the darker and
brighter regions, respectively. The EDS measurements also show less than 1 wt.% of manganese for
the darker phase and about 15 wt.% of manganese for the brighter phase, thereby identifying these
regions as α and β titanium, respectively. A map sum spectrum was also taken, measuring the average
manganese content at 5.8 wt.% for this scan. Similar measurements were carried out at each location
identified in Figure 1b for each sample strip (i.e., each composition–post-heat treatment combination).
The results are presented in Figure 3b. As expected, it is seen that the variation of the Mn content
along the strip is highly consistent between the different strips. The manganese composition rises from
the pure titanium end but peaks at about 20 mm and stays at about 12 wt.%. Note that this 12 wt.%
Mn is a little lower than the target composition of 15 wt.%. The maximum manganese composition is
present over a few millimeters at the end of the build, as programmed into the original motion control
source code. The deviations between the obtained local composition and the targeted composition
are attributed to variations in the local elemental powder being fed or, as is the case here, due to an
intentional extension of a region with the maximum Mn concentration. Since our primary interest
in the present study is the development of a framework for establishing the correlations between
the processing parameters, microstructure statistics and the properties, we have not iterated with
different starting powder mixtures to attain specific compositions in the produced samples. Instead,
our focus will be on the protocols needed to acquire, efficiently, the material data needed for the
targeted correlations.
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Figure 3. (a) Back-scattered electron (BSE)-SEM image for the sample strip aged at 500 °C for four
hours and at the location where the Mn content was 5.8 wt.%. It depicts the dual-phase microstructure
of the sample, where the darker phase is α-Ti and the brighter phase is β-Ti. (b) Means and standard
deviations from the energy dispersive spectroscopy (EDS) measurements of the Mn content at the five
locations for all three high-throughput (HT) sample strips produced for this study. For clarity, all 500 ◦C
and 700 ◦C values are intentionally shifted slightly in the negative and positive x directions, respectively.
All points in each group correspond to the same nominal distance indicated by the axis ticks.

Multiple BSE micrographs were obtained corresponding to each combination of manganese
composition and post-heat treatment temperature. The volume fractions estimated from the segmented
images are shown in Figure 4. It is seen that the β volume fraction increased with Mn content
and with the temperature of the post-build aging treatments. This is because post-build aging at a
higher temperature pushes the microstructure to be close to its equilibrium state. Note that the high
manganese locations subjected to the low 500 ◦C treatment (see the bottom left micrograph in Figure 5)
produced a small-scale (10–100 nm) secondary α phase [33] in addition to the bigger (~2 µm) primary
α laths. Such secondary α is expected, especially at these lower temperatures, and results when new
nucleation events become more favorable and accelerate the rate of transformations.

℃
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 

–  
 

 

deviations of the percentage volume fractions of the β phase obtained Figure 4. Means and standard deviations of the percentage volume fractions of the β phase obtained
for the different Mn contents and post-build aging heat treatments.
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Figure 5. Segmented SEM-BSE images for the sample library produced and studied in this work.
The left, middle and right columns correspond to aging heat treatments of 500, 600 and 700 ◦C,
respectively. The rows correspond to different locations exhibiting different manganese compositions
(see Figures 1b and 3b). The black phase in these micrographs represents α-Ti, while the white phase
represents β-Ti.

For the computation of the averaged CLs, all the chords in the micrograph were collected at
intervals of 2.5 degrees to avoid imaging orientation bias. The averaged value of all the collected
chord lengths for each phase at each of the five sample locations identified is reported in Figure 6.
The averaged CL of the dominant β phase decreased consistently with an increase in the Mn content.
By contrast, the averaged chord length of the β phase increased with a higher manganese content,
with the higher aging temperature promoting a more drastic change.







 

 Figure 6. Averaged chord lengths (CLs) of (a) α phase and (b) β phase at the selected five locations for
all three high-throughput (HT) sample strips studied in this work.
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Spherical indentation tests were performed on a grid of twenty-five sites for each of the five
sample locations (see Figure 1b,d) for all three sample strips. Figure 7 summarizes the measured
values of elastic moduli, indentation yield strengths and indentation hardening rates at each of the five
locations on all three strips studied in this work. It is observed that the measured indentation moduli
did not show significant variations between different locations and between different sample strips.
On the other hand, a strong positive correlation was observed between the Mn content (which also
correlated well with the beta volume fraction (see Figure 4)) and the indentation yield strength as well
as the indentation hardening rate.

 

–
Young’s modulus, (


 

Figure 7. Mechanical properties estimated from the spherical indentation stress–strain protocols:
(a) Young’s modulus, (b) indentation yield strength and (c) indentation initial hardening rate. The blue,
green and red boxes correspond to the 500, 600 and 700 ◦C aged strips, respectively.

It is clearly seen that the various microstructural features (β volume fraction and the averaged
CLs of the α and β regions) and the resulting mechanical properties are highly correlated with each
other. In order to analyze the effects of the process conditions (i.e., the aging temperature and Mn
content) on the microstructural features and the resulting mechanical properties, it is necessary to
conduct a statistical analysis. Gaussian process regression (GPR) was employed in this work for this
purpose. As mentioned before, the hyperparameters of the kernel function provide reliable insights
into the sensitivities of the different inputs to the outputs of interest.

A separate GP was built for each of the six outputs listed in Table 1, while using the post-build
aging temperature and Mn content as features (i.e., independent variables). Traditionally, GP models
are built to provide predictions for new inputs. However, in the present application, the size of the
dataset is too small to formally establish a reliable predictive model with rigorous cross-validation.
Therefore, it was decided to use the GP models to provide reliable insights into the sensitivities between

15



Materials 2020, 13, 4641

the various measured quantities in this study. The interpolation length scale parameters established by
these GP models and summarized in Table 1 are ideally suited for extracting such insights. As a specific
example, it is seen that the interpolation length scale hyperparameter for the aging temperature in the
GP model for the averaged CL for the α phase is very large, especially compared to the corresponding
values obtained for the GP models for the other five outputs. This indicates a much lower sensitivity of
the averaged CL of the α phase to the aging temperature. In fact, the averaged β-CL and the indentation
hardening rate are found to exhibit the highest levels of sensitivity to the aging temperature. The table
also indicates that all the microstructural parameters exhibited strong sensitivity to the Mn content,
with the β volume fraction showing the highest sensitivity.

Table 1. Gaussian process regression (GPR) interpolation length hyperparameters and the mean
absolute percentage error (MAPE) for each of the six outputs selected for these models. CL denotes
the averaged chord length, VF is the volume fraction, Y is the indentation yield strength, and E is the
Young’s modulus.

GPR Results CL α CL β VF-β Y H E

lT 667.17 141.85 263.23 199.12 143.38 211.78
lc 10.95 10.48 9.39 16.83 14.78 12.49
σ f 19.52 18.47 0.55 2.48 53.97 92.17
σn 0.93 1.66 0.01 0.17 2.64 1.39
σ f /σn 20.88 11.13 45.59 14.50 20.41 66.10
MAPE 6.89 9.87 3.54 6.26 3.32 2.02

A comparison of the output scaling factor σ f , which controls the overall spread of the output values
in the entire dataset with the output noise parameter σn, provides insight into the combined overall
predictive capability of the GPR model. The ratio σ f /σn is referred to as the output-to-noise ratio and
reflects the capability of the selected inputs in influencing the predicted output. For example, a very
high value of σ f /σn obtained in a specific GPR model indicates that the selected inputs (i.e., the Mn
content and the aging temperature) are able to reliably account for most of the observed variations in
the selected output in the collected dataset. In other words, the GP models with high values of σ f /σn

are indeed more mature and can be used reliably in making predictions for new inputs. In Table 1, it is
seen that the GPR models for the elastic modulus and the β volume fraction show very high values of
σ f /σn, indicating that these models are able to account for almost all of the measured variations in
these quantities in the data aggregated in this work. Similarly, a low value of σ f /σn might suggest
a lack of adequate correlations between the selected inputs and the output. This could suggest that
there is inherently more noise in the measured values of the selected output, the possible existence
of as-yet-unidentified inputs influencing the output variable, or both. In Table 1, the lowest value of
σ f /σn was obtained for the averaged CL for the β regions. In this study, we believe this is because of
the inherent noise resulting from the protocols used to estimate this attribute from the micrographs
(i.e., the segmentation and CL protocols). In other words, if one intends to establish more accurate
correlations for the averaged CL for the β regions, it would be prudent to improve the protocols used
to extract this value.

Table 1 also summarizes the mean absolute percentage error (MAPE) using a leave-one-out
cross-validation strategy. This entails obtaining a model by setting aside one data point at a time
in establishing the GPR model and subsequently testing the obtained model on the excluded point.
The process is then systematically repeated for all available data points, and the MAPE is computed
based on the obtained errors. It is seen from Table 1 that the GPR model for the elastic modulus exhibits
the highest accuracy, while the GPR models for the averaged CL for the β regions exhibited the lowest
accuracy. It is also seen that this is consistent with the σ f /σn values.
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4. Discussion

Compared to the conventional assays, the high-throughput assays employed in this work required
significantly smaller material volumes. It should be noted that a total of 15 material conditions (obtained
by combining three different post-build aging heat treatments with five different compositions) were
produced and studied with relatively low overall effort and cost. In fact, the high-throughput (HT)
assays described in this work exhibit tremendous potential for further scale-up, allowing the rapid
evaluation of several hundreds of material conditions. In addition to requiring only small volumes
of the material, the time and effort needed for the proposed HT assays are also significantly lower
compared to those for the conventional assays. This is because the sample preparation steps only
require standard metallography protocols that are needed anyway if the material microstructure is to
be documented in such explorations.

As demonstrated in previous studies [37,39,82,105], the averaged values from the multiple
indentations summarized in Figure 7 provide reliable measures of the bulk properties measured in
standardized tests. The estimated Young’s moduli did not show clearly identified trends between the
different material conditions explored in this study, and fell in the range of 97–130 GPa. In general,
one might expect a decrease in the Young’s modulus with an increase in the β volume fraction, as the β

phase is expected to exhibit a lower elastic modulus compared to the α phase [106,107]. Although one
might be tempted to infer such a trend from Figure 7, it is not clearly evident, as the noise in the
measurements is of the same order as the overall variation among the tested samples. However,
the overall range of the values estimated in this work is comparable to the ranges published in the
literature [108,109] for similar compositions.

As seen in Figure 7, the indentation yield strengths and the indentation hardening rates in the early
stages of the imposed plastic deformation increased systematically with the increase in Mn content.
There is, as expected, a clear positive correlation between the indentation yield strength, the indentation
hardening rates and the Mn content. Strengthening due to secondary phase, solid solution strengthening,
and grain boundary strengthening are likely to contribute to the observed increase in the indentation
strength with the increase in Mn content. Based on prior work [110], the indentation yield strengths can
be converted to tensile yield strengths using a scaling factor of 2.0. Using this scaling factor, the tensile
yield strengths for the material conditions studied are expected to range between 828 and 1864 MPa,
which is among the highest ranges reported [108,111–113] for similar compositions. Interestingly,
the highest values were obtained for the samples with the highest Mn content and the lowest post-build
aging treatment. Indeed, the corresponding microstructures also showed a relatively high β volume
fraction of about 65% and highly refined microstructures with averaged CLs of 0.17 and 0.32 µm in the
α and β phases, respectively (see Figure 5). The refined length scales are also responsible for the high
indentation hardening rates measured in our experiments, because of the presence of a much larger
number of interfaces per unit volume of the material. The fact that our high-throughput protocols
easily identified the viability of obtaining a very high yield strength in the Ti–Mn alloys along with the
features identified in their microstructures clearly testifies to the unique benefits of our approach for
the rapid exploration of large material spaces.

5. Conclusions

Novel high-throughput assays have been proposed and demonstrated to rapidly explore large
material spaces reflecting the many combinatorial selections in material compositions and AM process
parameters such as post-build aging treatments. More specifically, this study successfully conducted
such an evaluation using Ti–Mn alloy systems processed by LENS, which allowed for the generation
of samples with controlled composition gradients. Combining this strategy with spherical indentation
stress–strain protocols allowed for a rapid exploration of the mechanical properties of the produced
samples in small material volumes. Most importantly, this rapid exploration revealed that a Mn content
of about 12% with a post-build heat treatment of 500 ◦C produced an unusually hard material with an
expected tensile yield strength of 1864 MPa. The dataset generated in this study was analyzed rigorously

17



Materials 2020, 13, 4641

using GPR models. The use of these statistical approaches revealed that the use of the Mn content and
the post-build aging treatment as inputs does lead to reliable correlations with microstructure measures
such as the β volume fraction and the averaged CLs of the α and β regions, as well as their mechanical
properties such as the Young’s modulus, indentation yield strength and indentation hardening rate.
These correlations revealed the relative sensitivities of the different outputs to the selected inputs as
well as the high levels of inherent noise in the estimation of the averaged CLs of β regions. The GPR
models built with the limited data obtained in this work showed reasonable accuracy in leave-one-out
cross-validation. This study established the feasibility and value of employing GPR approaches in
the rigorous statistical analyses of the datasets produced in the proposed high-throughput assays for
material exploration.
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Abstract: Nanoporous metals, with their complex microstructure, represent an ideal candidate for
the development of methods that combine physics, data, and machine learning. The preparation of
nanporous metals via dealloying allows for tuning of the microstructure and macroscopic mechanical
properties within a large design space, dependent on the chosen dealloying conditions. Specifically,
it is possible to define the solid fraction, ligament size, and connectivity density within a large range.
These microstructural parameters have a large impact on the macroscopic mechanical behavior. This
makes this class of materials an ideal science case for the development of strategies for dimensionality
reduction, supporting the analysis and visualization of the underlying structure–property relation-
ships. Efficient finite element beam modeling techniques were used to generate ~200 data sets for
macroscopic compression and nanoindentation of open pore nanofoams. A strategy consisting of
dimensional analysis, principal component analysis, and machine learning allowed for data mining
of the microstructure–property relationships. It turned out that the scaling law of the work hardening
rate has the same exponent as the Young’s modulus. Simple linear relationships are derived for the
normalized work hardening rate and hardness. The hardness to yield stress ratio is not limited to 1,
as commonly assumed for foams, but spreads over a large range of values from 0.5 to 3.

Keywords: nanoporous metals; open-pore foams; FE-beam model; data mining; mechanical prop-
erties; hardness; machine learning; principal component analysis; structure–property relationship;
microcompression; nanoindentation

1. Introduction

Nanoporous gold (np-Au) made by dealloying can be produced as macroscopic objects
that exhibit a bi-continuous network of nanoscale pores and solid “ligaments” connected
in nodes. An overview of the fascinating morphologies and mechanical properties of this
material is provided in [1–3]. The skeleton of the structure is formed by ligaments, which
can be controlled in their average diameter by altering the dealloying conditions, thus
allowing one to examine the impact of the ligament size on the macroscopic mechanical
properties [4,5]. It has been recently demonstrated that the dealloying process can be
applied sequentially and allows one to produce hierarchically organized nanoporous
metals with superior macroscopic properties compared to similar materials with only one
hierarchy level [6].

So far, even for one hierarchy level, no model exists that allows for the prediction
of the macroscopic mechanical properties based on the parameters used in the sample
preparation. Recently, the evolution of the ligament size and the network connectivity
during thermal treatment was modeled with kinetic Monte Carlo simulations [7] for a large
range of solid fractions, but the connection to the macroscopic mechanical properties is still
missing. For a selected microstructure, this is realized by conventional meshing and finite
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element (FE) simulation, e.g., as shown in [8], but from this point, it is still a long way to go
towards an all-inclusive process–microstructure–property model that handles all required
steps along a fully automated work flow and at the required efficiency. An overview of the
elements needed for such a work flow based on efficient simulation models, data mining,
and AI is presented in [9].

A key element represents the relationship that efficiently translates a set of microstruc-
tural parameters and material properties of the solid phase into macroscopic properties.
Together with the structural information from, e.g., high-resolution 3D tomography and
image analysis [10,11], all relevant aspects are currently under development. As pointed
out in [9], they altogether will allow for an efficient scan of large multidimensional parame-
ter spaces of descriptors and reliably predict the macroscopic mechanical properties for
any assumed constitutive law on the level of a single ligament. Moving from scarce data
to rich data allows for data mining of the fundamental structure–property relationships.
The objective is to derive robust approximations that generalize the available data and sup-
port our understanding of the underlying physics well beyond the application of machine
learning as a black box method.

In this work, we concentrate on the relationship that allows predicting mechanical
properties based on microstructural information or, formulated as an inverse problem,
enables us to determine microstructural descriptors from macroscopic test data. Due to
the complex morphology of this material, FE modeling of np-Au with all its structural
complexity is highly challenging. Two general paths exist, which are summarized in [9].
One route uses random structures (spinodal decomposition, leveled waves); the second
is based on unit cells (Gibson–Ashby, gyroid, diamond). The mechanical behavior of
random structures is usually predicted with molecular dynamics (MD) simulations [12–14]
or with continuum mechanics using FE-solid or voxel models [8,15,16]. In combination
with plasticity, also the FE-models lead to large computing times and allow only for a very
limited number of simulations. Furthermore, the limited model size makes it extremely
difficult to simulate a nanoindentation test that averages over sufficient features, such that
it can be analyzed like an experiment. One of the rare examples that goes in this direction
is the work of Farkas et al. [14], which presents a MD simulation of nanoindentation in a
single crystal with a relative density of 0.67 and ligament diameter of 2 nm.

As pointed out in [9], FE-beam models provide the efficiency and flexibility needed for
the generation of larger data sets and, at the same time, allow for an independent variation
of all structural and material parameters of interest. This modeling technique has been
successfully applied in studying the mechanical behavior of foams [17–22] and nanporous
metals [10,23–27]. Research in this field concentrated mainly on the anisotropy of the
macroscopic elastic properties as well as aspects of the structure–property relationships for
elastic–plastic macroscopic compression. Until recently, the quantitative correct prediction
of materials with relative densities >10% was limited to cylindrical ligament shapes [26].
The nodal correction proposed by Odermatt et al. enables us to expand FE simulations
towards variations of the ligament shape from concave to convex [27]. The advantage of
this approach is that the computational efficiency of FE-beam models is maintained. This
paves the way for handling hundreds of simulations with a predictive model that is at the
same time large enough for the simulation of nanoindentation.

The scope of this work is to study the influence of microstructure and material param-
eters on the macroscopic response of a porous metal. We will investigate the macroscopic
behavior under compression as well as nanoindentation. For scanning the multidimen-
sional parameter space, a highly efficient simulation model is required. Furthermore,
the model set-up should allow for the independent variation of all important structural
inputs. To this end, we use a representative volume element (RVE) that approximates
the complex morphology of an open pore material by a diamond structure [23,24]. Using
this unit cell, it is possible to define the degree of randomization and connectivity of the
structure [28]. Together with the material parameters defining the mechanical behavior of
the solid phase, this generates a highly dimensional parameter space that is hard to scan in
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a dense manner by numerical simulations. The dimensionality of the problem and limited
number of simulations makes analysis of the underlying structure–property relationships
very challenging. If we limit the number of parameters to five (two material and three
microstructural parameters) and the number of variations per parameter to three, a sys-
tematic variation with one parameter at a time would end up with 243 simulations, which
is already at the limit of the computer’s capacity. Adding more parameters or increasing
the number of increments is almost impossible. Therefore, this investigation requires a
strategy that exploits all available methods that contribute to reduce the dimensionality of
the problem.

In this sense, the present work also serves as a guide, demonstrating how such a
problem can be tackled systematically by means of a dimensional analysis, inclusion of a
priori knowledge about the physical problem at hand, data generation strategies, princi-
pal component analysis, machine learning, and visualization. Along this path, Section 2
describes the FE-beam models used for generation of the data for macroscopic compres-
sion and nanoindentation. Sections 3 and 4 deal with dimensionality reduction of the
macroscopic compression and nanoindentation problem, respectively, where both sections
follow the same methodology. Finally, it is shown that for important dependencies, simple
mathematical formulations can be derived that relate the major influences of microstructure
and mechanical properties to the macroscopic response.

2. FE-Model and Data Generation

FE-beam modeling is used to predict the macroscopic response of nanoporous metals
during macroscopic compression and nanoindentation. The generation of the representa-
tive volume element (RVE) is established in the literature and is described only briefly in
Section 2.1. In contrast, the simulation of nanoindentation is novel. The incorporation of a
conical indenter and strategies for achieving an efficient simulation model that copes with
the nonlinearities arising from the contact problem is described in Section 2.2.

2.1. Macroscopic Compression

The FE software Abaqus was used for the numerical simulation of the RVE [29].
The model generation for macroscopic compression followed [23,24,27,28] and was or-
ganized hierarchically along the workflow presented in Figure 1. This workflow was
programmed object oriented in Python with classes for the different hierarchy levels,
allowing for scripting of the RVE generation and job submission within loops for the
variation of input parameters. A postprocessing script handled the simulation analysis and
database generation.

The model generation started at the ligament level, where the ligament axis is dis-
cretized in Nelem FE beam elements with circular cross-section and variable radius r. The lig-
ament shape is defined along the axis according to [10,11] by r∗sym = rmid/rend and rend/l,
where rmid and rend denote the ligament radius in the middle and at the ends, respectively,
and l is the ligament length in a diamond unit cell. Together with the topology, the set of liga-
ment geometry parameters rmid, rend, and l define the solid fraction ϕ0 before randomization.

Odermatt et al. [27] developed nodal corrections for 16 ligament shapes that allow
for a quantitative prediction of the elastic–plastic response of the RVE up to macroscopic
strains of 20%. Details about the ligament geometries, initial solid fractions, and the
nodal correction approach can be found in [27]. The extension of the nodal corrected
zones is visible in the second column of Figure 1, where nodal corrected elements in
the diamond unit cell are displayed in orange. With the nodal correction set “on”, their
material parameters were modified such that the deformation behavior of the unit cell
corresponded to that of an FE solid model of the same ligament shape. Preliminary
simulations for decreasing number of elements using a unit cell with periodic boundary
conditions confirmed that the nodal correction by [27] performed well in the range from
20 down to 6 FE elements per ligament for both geometries listed in Table 1. Therefore,
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6 elements per ligament were chosen in this work for which the relative error in macroscopic
stiffness and strength was within 15% error relative to the results of the FE solid model.
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Table 1. Ligament shapes used for the generation of two data sets in the low and a high solid fraction
regime, respectively.

Shape r*
sym rend/l ϕ0

G21 0.5 0.289 0.1232

G33 1.0 0.346 0.3574

For generating an RVE of size N, the unit cell is copied N + 2 times (origin at
[−1,−1,−1]) in each coordinate direction, followed by the randomization of the structure.
The degree of randomization is defined by the parameter A, which corresponds to a
random displacement in space applied to the connecting nodes by an amplitude A, which
is given as a fraction of the unit cell size a [23,24]. Alternatively, one can also choose to
displace an FE node in the mid-section of the ligaments by this magnitude normal to the
ligament axis [27]. The randomization can be calibrated via the elastic Poisson’s ratio and
is typically A = 0.23 [24].

Because the coordination of the diamond structure of z = 4 is too high in comparison
to experimental observations [10,30,31], the connectivity can be reduced by random cutting
of a fraction ζ of the ligaments [28]. For diamond, the percolation threshold is reached
for sufficiently large RVEs at a cut fraction of ζ → 0.5 , where the average coordination
number approaches z → 2 . For models of smaller size the percolation threshold is reached
at lower values and is sensitive to the random realization. In combination with randomly
cut ligaments, the randomization A can be reduced to values close to 0 to reach the elastic
Poisson’s ratio measured in experiments [28]. Therefore, we chose these two parameters
independent of each other and within comparably large ranges of 0 ≤ A ≤ 0.3 and
0 ≤ ζ ≤ 0.3.

The resulting RAW model of size 10 × 10 × 10 unit cells is randomly distorted and can
contain free floating ligaments due to random cuts. A cleaned RVE is generated by cutting
the RAW model to a cubic volume of size N = 8 (origin at [0, 0, 0]) by removing all elements
outside of this volume. Free floating ligaments are removed by two subsequent cleaning
cycles that eliminate dangling ligaments and then re-attach element by element those
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ligaments that are connected to the residual core of the ligament network. For more details,
the reader is referred to the supplementary material that is provided in [28]. The result
of the preprocessing is an RVE of dimensions 8 × 8 × 8 unit cells with plane boundaries,
consisting of 512 diamond unit cells with a total of 8192 ligaments and 49,152 FE-elements
(A = 0, ζ = 0). Symmetry boundary conditions are applied to FE-nodes in the planes
x = 0, y = 0, and z = 0, while macroscopic compression is applied at the top face at the
position z = N.

For simplicity, the model was generated such that the unit cell size corresponds to
a unit size of 1 mm. Realistic microstructural dimensions of the ligament and the pore
size can be achieved by self-similar scaling of the model to a desired characteristic size,
e.g., a ligament diameter of 20–150 nm [5]. Because the material law does not account for
size effects, the resulting macroscopic behavior is not affected by such a scaling. However,
when the effect of the surface energy is included, the ligament size is important; then
also the applied electrode potential must be defined [32]. These two parameters allow for
switching of the strength and the plastic Poisson’s ratio during macroscopic deformation
of the material.

A and ζ are dimensionless structural parameters describing the random distortion
of the connecting nodes as fraction of the unit cell size and the fraction of randomly cut
ligaments, respectively. Both parameters modify the solid fraction relative to the initial
solid fraction ϕ0. According to Roschning et al. [24], we should account for the distortion
of the ligament axis by A by an increase in solid fraction by using

ϕA

ϕ0
= 1 + 0.15A + 2.91A2, (1)

whereas the random cutting ζ removes a fraction of ligaments and, therefore, mass from
the model [28]

ϕζ

ϕ0
= 1 − ζ. (2)

If the RVE is large enough, Equations (1) and (2) can be combined as

ϕ

ϕ0
= (1 − ζ)

(
1 + 0.15A + 2.91A2). (3)

It should be noted that the random cutting ζ can lead to a mechanical deactivation of
whole regions that are still part of the model. Therefore, ϕζ should not be interpreted as
effective solid fraction ϕeff that represents the load bearing mass [33].

In view of the number of parameters that may play a role, we limited the structural
variation to the randomization A and the cut fraction ζ and kept all other structural
parameters within each data set constant (ligament aspect ratio rend/l, ligament shape
r∗sym). Two data sets for ligament shapes G21 and G33 (see Table 1) were created, covering a
large range from very low ( ϕ0 ∼ 12%) to very high ( ϕ0 ∼ 36%) solid fractions. Because
the porosity was computed from 1 − ϕ0, the porosity ranged from ∼ 64% to ∼ 88%.

We used nanoporous gold (np-Au) as model material, because in terms of microstruc-
ture and mechanical properties this is the best investigated material of a variety of nanoporous
metals reported in the literature. The chosen material behavior is plasticity with linear
isotropic hardening [23]. This adds two material parameters denoted as yield stress σy,s
and work hardening rate ET,s; the subscript s denotes that both parameters are a property
of the solid phase, which makes up the 3D network. Both depend on the ligament diameter,
which can be manipulated during the sample preparation of the material via the Au/Ag
ratio, dealloying conditions, and heat treatment, as demonstrated in [5,32]. The elastic
constants for gold are known and were kept constant for all simulations: Young’s mod-
ulus Es = 80 GPa, Poisson’s ratio νs = 0.42. An example of a deformed RVE (A = 18%,
ζ = 26%) is shown in Figure 2a. The stress is evenly distributed over the length of the RVE,
which indicates that the overall deformation is homogeneous despite the local structural
variations due to the randomization of the ligament network.
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Figure 2. (a) RVE consisting of 8 × 8 × 8 unit cells with A = 18% and ζ = 26% after compression with 20% strain in
the negative z-direction. The purple dashed curves in the magnified image shown on the right side indicate the axis of
some cut ligaments. Due to the missing load transmission, the remaining dangling parts show zero stress (blue color).
(b) Simulation output in the form of stress–strain and stress–plastic strain curves from which the macroscopic yield stress
and work hardening rate are determined.

This model makes up a set of variable inputs consisting of 5 independent parameters:

X =
(

ϕ0, A, ζ, σy,s, ET,s
)
. (4)

For each initial solid fraction, the remaining parameters are randomly set for each
simulation within the ranges 0 ≤ A ≤ 0.3, 0 ≤ ζ ≤ 0.3, 20 MPa ≤ σy,s ≤ 1000 MPa,
and 1 GPa ≤ ET,s ≤ 10 GPa, which cover the known range of experimental data. The ran-
dom distribution of the parameters is uniform for A, ζ, log σy,s, and log ET,s. Each param-
eter set is stored together with the job number, which uniquely connects microscopic to
macroscopic compression as well as nanoindentation properties in the data processing
in Sections 3 and 4. The random choice of the parameter sets has the advantage that the
parameter space is evenly filled while no parameter is computed more than once. This
avoids patterns that might be unwantedly recognized by the machine learning algorithms.
Furthermore, the parameter space can continued to be filled if it turns out that the number
of patterns is not sufficient for the analysis. This is particularly useful when the simu-
lations are computationally expensive. For an example where this strategy is applied
in combination with artificial neural networks for solving a complex inverse problem in
nanoindentation, the reader is referred to [34].

The resulting compression behavior of each pattern is represented by 5 dependent prop-
erties:

Y =
(
E, ν, νp, σy, ET

)
, (5)

where E, ν, σy, and ET denote the macroscopic Young’s modulus, elastic Poisson’s ratio,
yield stress, and work hardening rate, respectively. The computation of the plastic Poisson’s
ratio νp follows [32]

νp = − δε⊥
δε‖

, (6)

where δε⊥ and δε‖ are increments of true strain normal and parallel to the loading direction,
respectively. Because νp changes during plastic compression, it is measured at 10% plastic
compression strain. As demonstrated in Figure 2b, the predicted stress–plastic strain data
is linearly fitted for plastic strains > 1% for obtaining the macroscopic yield stress σy and
work hardening rate ET .
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2.2. Nanoindentation

For the simulation of nanoindentation, the model described in Section 2.1 is extended
by adding a conical indenter with an angle of 140.6◦. For this angle, the volume-to-depth
ratio of the conical indenter corresponds to that of a Berkovich tip. Details on the simulation
of nanoindentation for solids and thin films can be found, e.g., in [34]. Due to the numerous
ligaments that get in contact during the indentation process, an explicit dynamic analysis
was required for achieving convergence. A robust load signal was produced by attaching
dashpots at the free boundaries (see Figure 3) to damp elastic waves induced by the
multiple contact events during the dynamic indentation process.
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Figure 3. Nanoindentation model with a conical indenter displaced by 2 unit cells at a speed of 20 mm/s. Dashpots
are attached at FE nodes located at free boundaries to stabilize oscillations in the dynamic simulation. Images show the
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It can be seen from Figure 3 that the contact of the indenter, modeled as a rigid body,
is established with the axis of the beam elements. Therefore, the upper half of the ligaments
in contact peek out on the upper side of the indenter surface. Contact among the ligaments
is not considered. In principle, this is possible in Abaqus Explicit, but the contact is limited
to a pair of a rendered element surface and the axis of a second element. Preliminary studies
with this indentation model revealed that such events happen rarely and at a very late
stage of the indentation and, therefore, can be neglected in the total force on the indenter.
It should be noted that this situation can change once we work with real microstructures
and with a contact formulation that accounts for the surface of both contacting ligaments.

The calibration of the indenter velocity and the dashpot parameter is presented in
Figure 4 for ligament geometry G21 (ϕ0 = 0.12) with σy,s = 200 MPa, ET,s = 6 GPa, and a
randomization A = 0.23 [32]. For simplicity, effects of the surface energy are not included,
and the cut fraction is set to ζ = 0. For uniaxial compression, the predicted stress–strain
curve yields the following macroscopic mechanical properties: E = 1.9 GPa, ν = 0.178,
σy = 17.8 MPa, and ET = 108 MPa.
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Figure 4. Parametric study for adjustment of (a) indenter velocity with smooth step function for a dashpot parameter of
10−3 Ns/mm and (b) dashpot parameter at fixed indenter velocity of 20 mm/s.

For a conical or pyramidal indenter, the load P always increases with the square of the
indentation depth h [34], as soon as the indented material acts like a continuum. Therefore,
a plot of P/h2 vs. h should tend towards a constant value. This is reached for h > 1 mm
(~1 unit cell), indicating that at this depth value, a sufficient number of ligaments are in
contact, and the solution homogenizes over enough microstructural elements. It can be
seen from Figure 4 that the results show large scatter for high loading rates and for a
low dashpot constant. The load–depth curves converged into a sufficiently steady state
solution for an indenter velocity of 20 mm/s, combined with a smooth step function
and a dashpot parameter of 10−3 Ns/mm. These settings were used for all following
simulations, including those shown in Figure 3. The displacement magnitude in Figure
3b shows negligible deformation at the free boundaries, which suggests that the RVE is
sufficiently large. With this model and parameter setting, the total CPU time per simulation
is ~60 CPUh. Generating a data set with 100 simulations for a selected ligament shape
requires ~1 week in real time by parallel computing on 16 CPUs.

For h > 1 mm, Pi/h2
i values are averaged to compute the leading constant C describing

the loading curve P = Ch2. A robust hardness value can be computed by H = Pt/Ac,
where Pt = Ch2

t is the load at maximum indentation depth, Ac = πa2
c is the contact area,

and ac is the contact radius at this depth. For the example shown in Figures 3 and 4,
we obtain ac = 5.3 mm and a hardness of H = 2.79 MPa. Thus, the hardness value is
significantly lower than the macroscopic yield stress, which is σy = 17.8 MPa, whereas
the common assumption for foams is that H = σy [35–38]. This motivates a detailed
investigation of the dependence of H/σy with respect to possible effects caused by the
network geometry (randomness, connectivity) and elastic–plastic material properties of the
ligaments, which is presented in Section 4. The data generation for the nanoindentation
simulations uses the same parameter sets as those used for the simulation of macroscopic
compression in Section 3, i.e., for each solid fraction, we performed 100 simulations for
macroscopic compression and another 100 simulations for nanoindentation. In a few
cases, the simulations of the macroscopic compression did not converge. These parameter
sets were removed from both databases to avoid confusion in the analysis that combines
macroscopic compression with nanoindentation data.

3. Macroscopic Compression

In the following sections, we reduced the dimensionality of the problem to extract
relationships from our data that can be visualized, discussed, and, in the best case, modeled
with simple mathematical functions. Our strategy consisted of three steps: (i) dimensional
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analysis, (ii) principal component analysis, and (iii) visualization and modeling of the
relationship with a minimum number of inputs. The dimensional analysis [39] makes use
of the physics background and the Buckingham π theorem to reduce the problem without
loss of accuracy. This turned out to be a useful approach that should always be placed as a
first step of feature engineering, because it ensures that the basic physics is incorporated
in the input and output data, while at the same time the machine learning algorithms are
relieved and their generalization capability is substantially increased [34,40,41].

Principal component analysis (PCA) was applied in conjunction with a multi-layer
perceptron (MLP) algorithm using the scikit-learn package [42]. The MLP, also known
as artificial neural networks, allows for the analysis of patterns consisting of multiple
inputs and outputs with respect to underlying nonlinear dependencies. For details and
applications, the reader is referred to [43–45]. After the dimensionality of the problem was
reduced, comparably compact MLPs consisting of two hidden layers with 3 and 2 neurons
were used for approximation and visualization of the data. This is possible, when the
relationship of interest is sufficiently represented by the selected inputs.

3.1. Dimensional Analysis

The mechanical behavior of the RVE can written in form of dependencies for the
elastic and plastic macroscopic properties

(E, ν) = fe

(
rmid

rend
,

rend

l
, Es, νs, A, ζ

)
(7)

and
(
σy, ET , νp

)
= fp

(
rmid

rend
,

rend

l
, Es, νs, σy,s, ET,s, A, ζ

)
, (8)

respectively. Assuming that the ligament shape is sufficiently represented by the initial
solid fraction, Equations (7) and (8) simplify to

(E, ν) = ge(ϕ0, Es, νs, A, ζ), (9)

(
σy, ET , νp

)
= gp

(
ϕ0, Es, νs, σy,s, ET,s, A, ζ

)
. (10)

First, we used a priori knowledge in form of the Gibson–Ashby scaling law E/Es =
CE ϕ2[35]. The leading constant CE depends on the unit cell geometry, which in our case
was defined by the diamond structure and the chosen ligament shape. To simplify Equation
(9) with respect to the Young’s modulus, we can assume that the Poisson’s ratio of the
ligaments has no effect on the macroscopic deformation of the RVE, which results mainly
from bending of the ligaments [23]. Combining both aspects and include Equation (3) for
computing the solid fraction, we can reduce Equation (9) to a dependence of only two
microstructural descriptors,

E

Es ϕ2 = g∗E(A, ζ), (11)

which can be evaluated easily by visualization of the data in a 3D plot. If such a plot
confirms Equation (11), the varying ligament shape is sufficiently represented in the solid
fraction ϕ. Furthermore, g∗E represents a generalized Gibson–Ashby law that considers the
dependence from the degree of randomization and cuts of the 3D network, which is not
captured simply by the solid fraction. It also extends the master curve proposed in [28],
which was produced using perfectly ordered RVEs, a single solid fraction, and constant
material behavior.

Along the same line of thinking, it follows for the simplification of Equation (9) with
respect to Poisson’s ratio that a dimensionless macroscopic property can only depend on
dimensionless microscopic quantities, i.e., the Young’s modulus Es plays no role. In the
same way as before, we can remove a dependence of νs. The macroscopic Poission’s ratio
can be understood as the result of the translation of the vertical compression deformation
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into a lateral expansion by the architecture of the deforming 3D network, defined by A and
ζ. This argument is in line with Gibson and Ashby, who stated that the Poisson’s ratio is
expected to be independent of the relative density [46]. Thus, we get

ν = g∗ν(A, ζ). (12)

Concerning the increased number of independent parameters in Equation (10), di-
mensionality reduction would support both their understanding and modeling of their
relationships responsible for the plastic response. Before going into the analysis of the data,
it is useful to rewrite this equation in dimensionless form. Again, we can assume that Es

and νs have no effect. For plasticity, this can only be assumed as long as σy,s ≪ Es and
ET,s ≪ Es. Otherwise, we would combine comparable contributions of elastic and plastic
deformation in the macroscopic response of the RVE, which requires the consideration of
two dimensionless parameters for describing the elastic plastic behavior, namely σy,s/Es

and ET,s/Es. Using the Buckingham π theorem [39], we can eliminate one more argument
without loss of generality. One way is to normalize the macroscopic properties on the left
side by their respective solid properties in the form

(
σy

σy,s
,

ET

ET,s
, νp

)
= ĝp

(
ϕ,

ET,s

σy,s
, A, ζ

)
. (13)

Again, we can incorporate the Gibson–Ashby scaling law for the yield stress
σy/σy,s = Cσy ϕ3/2 [35], which yields for the first output

σy

σy,s ϕ3/2 = ĝ∗σy

(
ET,s

σy,s
, A, ζ

)
. (14)

Concerning the second output of Equation (13), it is unknown which scaling is ap-
propriate, because the work hardening rate is a slope in the stress–plastic strain diagram.
Intuitively, one would follow Equation (14) in favor of an exponent of 3/2. We can answer
this question together with PCA and keep the exponent β in the scaling flexible, such that

ET

ET,s ϕβ
= ĝ∗ET

(
ET,s

σy,s
, A, ζ

)
. (15)

Alternatively to Equation (13), only dependent variables are used for normalization of
the output (

ET

σy
, νp

)
= g̃p

(
ϕ,

ET,s

σy,s
, A, ζ

)
. (16)

The choice between the two methods of normalization depends on the potential
application. Equation (16) has the advantage that all quantities on the left side are experi-
mentally accessible, such that it could be possible to invert g̃p and to obtain some insight
into material or structural properties of the nanoporous metal based on macroscopic
compression testing.

3.2. Principal Component Analysis

At first glance, principal component analysis (PCA) [47,48] appears to be meaningless
for our case, because there are no linear dependencies among the inputs that could be
easily eliminated. PCA of linearly independent inputs simply translates the original inputs
into a smaller number of components by linear combination. In case that each original
input carries important information, this leads to a loss of information and to an increase in
the predicted error in a subsequent MLP regression. In contrast, a successful reduction to a
fewer number of components without a substantial increase in the prediction uncertainty
shows that there is a potential for the reduction of the dimensionality of the problem
and, furthermore, it delivers a feeling for the number of inputs that can be removed.
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The advantage of PCA is that the data can be quickly analyzed, and it becomes clear which
elements of a relationship are the promising candidates for a deeper analysis.

Because the equations for elasticity can be easily visualized, Equations (11) and (12)
are omitted here. The mapping of PCA with an MLP regression of Equation (14) is shown
in Figure 5a. For these regressions, consistently 10 neurons in a single hidden layer
were used. The results for 3 components corresponded to the dimensionality of the raw
input data and reproduced the accuracy of the MLP prediction without PCA, validating
that no information was lost by the transformation. With reduction of the components,
computed mean values of the absolute prediction error were 0.121, 0.221, and 0.342 for 3, 2,
and 1 components, respectively. As can be seen from the inserted plot (orange), the error
doubled with each component that was reduced. The scatter plot in Figure 5a suggests
to visualize the data in form of a 3D plot, where a parametrization with one of the three
inputs is required, which is presented in Section 3.4.
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Figure 5. Result of PCA followed by MLP regression with a single hidden layer of 10 neurons for a decreasing number of
components: (a) scaled yield stress, Equation (14); (b) scaled work hardening rate, Equation (15).

A first investigation of Equation (15) with 3 components and an exponent β = 3/2
similar to Equation (14) led to two main groups in the scatter plot (not shown), which could
be combined in a narrow scatter band by changing the exponent to β = 2 (black open boxes
in Figure 5b. Thus, the data suggested that the work hardening rate should be scaled in the
same way as the Young’s modulus. Using this exponent, we obtained mean values of the
absolute error of 0.070, 0.177, and 0.317 for 3, 2, and 1 components, respectively.

Next, it was of interest to quantify the highest possible reduction of arguments of
g̃p in Equation (16). The more significant the outcome is, the better are the chances for
deriving a relationship that can potentially also be solved with respect to one of the
arguments. This would be a valuable aid in accessing local structural or mechanical
properties from comparably simple macroscopic tests. Figure 6 presents the outcome of a
PCA of g̃p followed by MLP. The PCA was first applied simultaneously to both ligament
shapes G21 and G33. Each dimensionless parameter on the left side of Equation (16) is
individually evaluated.
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The importance of the correct scaling was demonstrated for the analysis of Equation (16).
The results for an output in the form of the ratio ET/σy, shown in Figure 6a, revealed that
the argument of Equation (16) could not be easily reduced without adding considerable
error. The reduction from 3 to 2 components led to a separation into two branches (reddish
colors) that resulted from the two solid fractions. Further reduction did not change the
result much.

However, dividing Equation (15) by Equation (14) for β = 2 yields

ET ϕ3/2

σy ϕ2

σy,s

ET,s
= g̃∗p

(
ET,s

σy,s
, A, ζ

)
, (17)

which can be rewritten as
ET

σy ϕ1/2 = ĝ∗p

(
ET,s

σy,s
, A, ζ

)
. (18)

For this type of scaling, shown in Figure 6b, PCA delivered almost a perfect match,
independent of the number of components, suggesting that the argument of Equation (18)
can be reduced to a single component. Because the output of Equation (18) can be expected
to mainly depend on the corresponding ratio ET,s/σy,s, the visualization can right away
move to a 2D scatter plot of ET/(σy ϕ1/2) versus this quantity.

In contrast to the output ET/σy, the plastic Poisson’s ratio νp showed a large scatter
that is almost invariant to the number of components (not shown). Therefore, no further
reduction of the dimensionality is possible for this parameter. This is further discussed
along with the visualization of the data in Section 3.4.

3.3. Macroscopic Elastic Properties

The dependencies for the elastic properties according to Equations (11) and (12) are
visualized in Figures 7a and 8. In these Figures, the randomly distributed simulation data
are shown as spheres, and the predictions of the MLP regressions are shown as 3D contour
plots. As can be seen from Figure 7, the scaling of Young’s modulus removes most of
the effect stemming from the solid fraction, such that g∗E can be written as dependence of
only two structural parameters A and ζ. The surfaces approximating the individual solid
fractions are slightly shifted in the lower regions and intersect at E/(Es ϕ2) ∼ 1.5.
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Figure 8. Visualization of the simulation results for the macroscopic Poisson’s ratio. Black and red
spheres represent data for ligament shapes G21 and G33, respectively. MLP regressions of both data
sets are shown as contour plots.

Overall, the contour plot in Figure 7a confirms the existing understanding about the
effect of A and ζ, which both lower the macroscopic Young’s modulus of the ligament
network [28]. Additionally, with ζ approaching the percolation threshold, one observes a
smooth transition into a horizontal tangent with the x-axis. Interestingly, after considering
both parameters in the computation of the solid fraction, the remaining effect is almost
identical, as can be seen from the horizontal isolines in Figure 7a. Combining them in
the x-axis in Figure 7b reveals where the two data sets start to separate. The dashed line
indicates that up to a value of A + ζ = 0.3 the data can be fitted by

E

Es ϕ2 ≈ 2.5 − 5(A + ζ). (19)

The macroscopic Poisson’s ratio shown in Figure 8 behaves differently. Again, the ef-
fect of the randomization A is at least as strong as the effect of the cut fraction ζ. However,
in agreement to the findings in [28], the cut fraction of ζ has no effect for A ∼ 0.25, while
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it is large for lower values of A and of opposite sign for A = 0.3. The Poisson’s ratio
is only slightly sensitive to ϕ in the regime of low values of ζ, i.e., for fully connected
networks. In summary, as suggested by the PCA, the visualization in Figure 8 confirms
that the dimensionality of this relationship cannot be further reduced.

3.4. Macroscopic Plastic Properties

With the outcome of the PCA in mind, Equation (14) is visualized in Figure 9a. Each
pair of contour plots correspond to the two solid fractions, the effect of which is captured by
the scaling with ϕ3/2. In addition to uncertainties and numerical errors, the remaining gap
within each pair could be a result, e.g., of torsion that scales with ϕ and can have some 10%
contribution to the deformation as soon as the ligaments are randomized [25]. The effect of
log(ET,s/σy,s) is remarkable in all regions of the plot and is around a factor of 2, but also
the dependencies of A and ζ are significant. This explains why all three parameters need
to be kept for a good representation of Equation (14), as indicated by the PCA. The proper
scaling of the work hardening rate with an exponent of β = 2 is confirmed with Figure 9b,
which is in appearance and range of values very close to that of the Young’s modulus
shown in Figure 7a.
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Figure 9. Visualization using MLP regression (shown as contour plot) along with black and red spheres corresponding to the
data from ligament shapes G21 and G33, respectively. (a) Scaled yield stress after Equation (14). Each pair of contour plots
represents the two solid fractions. The parametrization of log(ET,s/σy,s) corresponds to the values 0.5 and 2.5. (b) Scaled
work hardening rate after Equation (15) with an exponent β = 2, where the inputs for the MLP regression are reduced to A

and ζ. The pair of planes represent the two solid fractions.

For obtaining a first impression on the dependence of ET/σy according to Equation (16),
the data is visualized in Figure 10. The dependence of log(ET/σy) is clearly the strongest
and nicely correlated with log(ET,s/σy,s), whereas A and ζ have no or only a small effect,
respectively. Therefore, the data can be plotted as log(ET/σy) versus log(ET,s/σy,s) in a
2D scatter plot. The correlation shown in Figure 11 is linear over the whole range from
0.5 ≤ log(ET,s/σy,s) ≤ 2.5, i.e., from almost perfectly plastic to strongly work hardening
materials. The slope is positive, i.e., an increase in the ratio ET,s/σy,s increases the corre-
sponding ratio ET/σy in the macroscopic behavior, which is expected. The scatter around
the linear fit is, with few exceptions, ±0.1, which corresponds to 25% in a linear scaling.
This scatter results in part from the additional dependence of ζ, which is visible in a tilt of
the contour plots in Figure 10.
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The parameters of the linear fits for log(ET/σy) depend on the solid fraction, which
could be incorporated, e.g., by linear interpolation between them, because this effect is
small compared to the range of log(ET/σy). Alternatively, we can make use of the scaling
according to Equation (18), which removes the effect of the solid fraction, such that the two

data sets are merged in the scatter plot in Figure 11a for log
(

ET/(σy ϕ1/2
)
). The correlation

is again linear in the log–log plot and can be fitted with

log(ET/(σy ϕ
1
2 )) = 0.18 + 0.7 log(ET,s/σy,s). (20)

Equation (20) can be rewritten as

ET

σy
= b

√
ϕ

(
ET,s

σy,s

)γ

, (21)

with b = 1.514 and γ = 0.7.
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Shi et al. [6] developed scaling laws for the macroscopic Young’s modulus and yield
stress (in general denoted as property P) for a hierarchically nested network of n levels
of the form Pnet = bnPs ϕ̃nβ. This results from the recursive application of the Gibson–
Ashby scaling law Peff = bPs ϕβ under the assumption of a strong self-similarity ϕnet = ϕ̃n.
Here, Ps is the mechanical property of the solid phase, Peff is the effective (homogenized)
value, and Pnet is the result of the net value of P. For the work hardening to yield stress
ratio as given by Equation (21), the property itself scales with an exponent Pγ, such that
the effective properties on the next hierarchy level are Peff,j = bϕ̃βP

γ
eff,j−1 with β = 0.5.

Therefore, ET/σy for a material with two and three levels of hierarchy is given by

ET

σy
= b1+γ

√
ϕ̃1+γ

(
ET,s

σy,s

)γ2

(22)

and
ET

σy
= b1+(1+γ)γ

√
ϕ̃1+(1+γ)γ

(
ET,s

σy,s

)γ3

, (23)

respectively. For two levels, the total solid fraction is ϕ = ϕ̃2, which ranges from 0.119
to 0.165 [6]. In this case, ϕ̃ ranges from 0.345 to 0.406, which changes the leading term in
Equation (22) by 14%. Because of the exponent γ2 = 0.49, a similar effect would require
a variation in the material properties ET,s/σy,s by a factor of 1.33. This trend is shown in
Figure 11b, for a variation of ET,s/σy,s over two orders of magnitude. If we add a third level
of hierarchy, the effect of ET,s/σy,s becomes even smaller

(
γ3 = 0.343

)
. We can therefore

speculate that ET/σy → 1 with increasing number of hierarchy levels and ET/σy reduces
to a function of ϕ̃. Section 4 shows that ET/σy is important in the interpretation of the
measured hardness.

Finally, the dependency of the plastic Poisson’s ratio νp in Equation (13) on A, ζ,
and log(ET,s/σy,s) is visualized in Figure 12. The MLP regressions shown in Figure 12a
reveal that the dependence of νp on log(ET,s/σy,s) is significant for low solid fractions, while
the effect of the cut fraction ζ is rather small. This changes for high solid fractions shown
in Figure 12b, where the effect of log(ET,s/σy,s) is small but the effect of the cut fraction ζ
has the same importance as the randomization A. In combination, both parameters can be
used to tune the plastic Poisson’s ratio over a large range from ∼ 0.3 to ∼ 0.1. The complex
dependency indicates that the multiaxial plastic deformation behavior of nanoporous
metals can strongly vary and needs to be determined individually for each microstructure.
Additionally, the ligament diameter and surface energy have an important effect on the
plastic Poisson’s ratio, as shown in [32,49]. These experiments show a comparably large
range of values from 0 to 0.2 for increasing ligament size. This range is included in the
simulation data shown in Figure 12.
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4. Nanoindentation

In this section, the dependence of the hardness was analyzed with respect to the
influence of the underlying structural and mechanical properties of the nanofoam. To this
end, we performed a dimensionality reduction along the same line as in Section 3 with
(i) dimensional analysis, (ii) principal component analysis, and (iii) visualization and
modeling of the relationship with a minimum number of inputs.

4.1. Dimensional Analysis

The major output of a nanoindentation experiment was the hardness H, which can be
written as

H = H
(
rmid, rend, l, Es, νs, σy,s, ET,s, A, ζ

)
. (24)

As in Section 3.1, we represented the ligament shape defined by rmid, rend, and l by
the solid fraction ϕ and, furthermore, assumed that the hardness is governed by plastic
and structural parameters, while the effect of the elastic material parameters of the com-
parably soft solid phase can be neglected, i.e., σy,s ≪ Es and ET,s ≪ Es. This reduces
Equation (24) to

H =
ˆ

H
(

ϕ, σy,s, ET,s, A, ζ
)
. (25)

The hardness mainly scales with the macroscopic yield stress, as this is the case for
bulk materials [50]. Hence, writing Equation (25) in dimensionless form and considering
that ET,s/σy,s can be replaced by a dependence of ET/σy and ϕ using Equation (21), this
leads to a relationship that includes only macroscopic properties and structural parameters:

H

σy
=

ˆ
H

∗(
ϕ,

ET

σy
, A, ζ

)
. (26)

4.2. Principal Component Analysis

For further reduction of Equation (26), we used the hardness results from the indenta-
tion simulations described in Section 2.2 that were carried out with the same parameter
sets as the simulations for uniaxial compression in Section 2.1. A PCA of Equation (26),
shown in Figure 13, suggested that the four arguments could be reduced to one, when
an uncertainty in the predicted H/σy from ±0.1 to ±0.3 is acceptable. A reduction of the
uncertainty to ±0.2 would already require at least three components. This potential for sim-
plification is also reflected in the factor by which the absolute mean error is increased due
to the reduction of the number of components, shown in the insert (orange) in Figure 13.
By a reduction to a single component, this error measure is only increased by a factor of
1.3, which is a very low value compared to the results in Section 3.2.
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4.3. Hardness

The quantitative dependence of the normalized hardness H/σy as function of the
structural parameters (A, ζ) and macroscopic material properties log

(
ET/σy

)
is shown in

Figure 14. The MLP regressions are shown as contour plots in Figure 14a,b, confirming that
log
(
ET/σy

)
is the most important parameter, followed by the randomization A, which has

a moderate effect, whereas the effect of the cut fraction ζ can be neglected. In Figure 14c,d,
the axis of the cut fraction ζ is replaced by log

(
ET/σy

)
. A small effect of the randomization

A with a negative slope in the low solid fraction data can be expressed by H/σy ≈
H/σy

∣∣
A=0 − 0.16A. For A = 0.3, this effect is ∆H/σy ≤ 0.05, which corresponds to the

uncertainty when structural effects are not taken into account. For solid fractions of typical
samples with ϕ ≈ 0.32, the effect caused by structural disorder is negligible.
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Figure 14. (a,b) Dependence of the normalized hardness H/σy as function of structural properties (A, ζ ) and macroscopic
material properties log

(
ET/σy

)
; (c,d) reduction of dimensionality by elimination of the cut fraction ζ, confirming that the

simulation data can be represented by a simple dependence H/σy
(
ET/σy

)
. Ligament geometries are (a,c) G21, ϕ = 0.12;

(b,d) G33, ϕ = 0.35.

We could further reduce the relationship to a 2D scatter plot, shown in Figure 15,
which is fitted with a linear relation

H

σy
= H∗

0 + mH
ET

σy
, (27)

where for our data, we obtained H∗
0 = 0.41 and mH = 0.035. In this Figure, the error bars

correspond to the standard deviation of ±0.11. Both ligament geometries are combined in
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this plot, which indicates that the dependence Equation (27) is applicable for a broad range
of structures and is insensitive to microstructural parameters.
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For confirmation, additional simulations for all 16 ligament geometries G11 to G44 [11,27]
were added. These data points, entered as star symbols, represent the combinations of
rend/l ∈ {0.231, 0.289, 0.346, 0.404} and rmid/rend ∈ {0.5, 0.75, 1.0, 1.25} for two values
ET,s/σy,s ∈ {3.16, 50.0}. This adds 32 simulations that provide an insight into possible
dependencies of the ligament shape and solid fraction. The results are added in Figure 15 as
blue stars, where the blue curves connect simulation results of constant rend/l and the line
thickness increases with the value of rend/l. All results are within the scatter of the random
simulations for geometries G21 and G33, confirming that Equation (27) holds for all ligament
shapes and solid fractions within the given scatter band. While for ET,s/σy,s = 3.16 the
data scatter around a spot in the lower left area of the plot, the results for ET,s/σy,s = 50
show that with increasing rmid/rend and solid fraction ϕ the data points systematically
move towards larger ratios H/σy. The same applies to the random data, when we compare
the range of values for the geometries G21(ϕ0 = 0.12) and G33 (ϕ0 = 0.35) in black and
red, respectively.

Despite the common assumption for foams H/σy = 1, it seems reasonable that a
porous material tends towards a bulk solid for a high solid fraction. However, it is difficult
to understand that the hardness can fall below the macroscopic yield stress. This could
be caused by the way the macroscopic stress–strain behavior has been translated into the
material parameters ET and σy, as shown in Figure 2b. The macroscopic yield stress is read
from the linear fit of the stress–strain curve for plastic strains > 1%. This procedure removes
initial nonlinearities that could be interpreted as microplasticity. However, microplasticity
does not exist in our continuum model; therefore, the true yield stress is usually lower than
that determined from the linear fit. In the example shown in Figure 2b, the measured yield
stress determined from the linear hardening model was 7.3 MPa, whereas at 0.2% plastic
strain, the stress reached a value of only 5 MPa. For H = 3.2 MPa, the ratio H/σy then
changed from 0.43 to 0.64, if the yield stress at 0.2% plastic strain was used. This explains
in part why the hardness can be lower than the yield stress.

It could be speculated that another contribution might stem from the reduction of the
connectivity of the ligament network, as shown in Figure 15b. The RVE is characterized by
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a cut fraction of ζ = 0.26, i.e., almost a third of the ligaments in the RVE are broken. This
leads to large pores, which become comparable to the indentation depth and the contact
radius. When a microstructural length and the indentation depth are of the same order,
the simulation shows a size effect. For 3D networks, this problem becomes relevant when
approaching the percolation threshold and is difficult to solve [51]. An increase in the
normalized indentation load P/h2, shown as insert in Figure 15b, apparently confirms
this effect. However, one would then also expect a systematic bias in the data in the form
of a dependence of the cut fraction, i.e., H/σy → 1 for ζ → 0 , but such a trend is not
present in Figure 14a,b. It is therefore possible that values H/σy < 1 exist. Because this
has important implications on the interpretation of hardness data of foams in general,
an in-depth investigation should be the scope of future work.

5. Summary and Conclusions

Nanoporous metals with their complex microstructure represent an ideal candidate
for method developments that combine data and AI. With a few parameters controlling the
sample preparation, it is possible to tune the microstructure and macroscopic mechanical
properties within a large design space. This includes, among others, the solid fraction,
ligament size, and the connectivity density. It has been recently demonstrated that the
versatile dealloying process allows hierarchically organized nanoporous metals with su-
perior macroscopic properties to be produced compared to those with only one hierarchy
level [6]. Via the microstructure, it is possible to tune the macroscopic properties, such as
Young’s modulus, yield strength, elastic and plastic Poisson’s ratio, and hardness in wide
ranges. This makes this class of materials not only attractive for various applications, such
as sensing or actuation in combination with light weighting, but it is also an ideal science
case for the demonstration of the capabilities of dimensionality reduction methods.

To this end, the generation of ~200 data sets for macroscopic compression and nanoin-
dentation was realized with the help of an efficient FE-beam modeling technique. The pa-
rameter space consists of five independent inputs (microstructure, material parameters)
and six dependent outputs (macroscopic compression behavior and hardness). It was sys-
tematically analyzed in three steps by means of a dimensional analysis including a priori
knowledge about the problem at hand, principal component analysis, and visualization.
In the latter two steps, machine learning served as key for analyzing the existence and
quality of approximations on the presented data sets.

From the outcome, we conclude that, independent of the size of the data set, it is
always recommendable to start with a dimensional analysis. This ensures that the analyzed
dependency is formulated in a physically reasonable manner and it allows the dimension-
ality of the problem to be reduced by usually two quantities in quasi static mechanics or by
three for dynamic problems. At this stage, it is advisable to incorporate a priori knowledge
from the literature or by reasoning, which can further simplify the problem considerably.
How well this has been done and by how many components the dependency can be
further reduced can be easily tested by machine learning in combination with principal
component analysis. If no deeper understanding is needed, the outcome in the form of a
black box would already be a sufficient computer model of the relationship hidden in the
presented data.

Deeper insight can be gained by visualization, which is also supported by machine
learning. Here, the multilayer perceptron first approximates the design space from the
randomly distributed data and then is applied for continuous mapping along selected
inputs in the form of contour plots. This serves the validation of the previous steps as
well as for a better understanding of the quantitative dependence of a specific output,
e.g., the hardness to yield stress ratio, of inputs, e.g., the randomization or mechanical
properties. In this way, the major dependences can be identified from a limited number of
data and unimportant inputs can be eliminated. Furthermore, one obtains a measure for
the uncertainty due to ignored inputs that have a non-negligible effect.
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For the scientific case at hand, which is the microstructure–property relationship of
nanoporous metals, there are several important findings, which are applicable not only
to Au but to any metal, as long as it can be described with the chosen elastic–plastic
material behavior and microstructure. Our analysis showed that the ratio of the work
hardening rate to the yield stress ET,s/σy,s represents a key property that can mapped to
the corresponding macroscopic ratio ET/σy in a log–log scaling. It is therefore possible to
invert this relationship for measured macroscopic behavior, which allows one to gain an
important insight in the amount of work hardening present in the solid phase, relative to its
yield stress. Work hardening implies storage of defects in the nanoscaled ligaments, and its
existence has been a matter of debate. The derived relationship can help to quantitatively
underpin speculations that are in favor [52] or contradict [13,23] the mechanistic model of
dislocation starvation in nanosized metallic objects simply by translating the macroscopic
test data into those of the solid phase.

In addition to the known Gibson–Ashby scaling laws for Young’s modulus and yield
strength, one for the work hardening rate is added, which uses the same exponent of 2
as the Young’s modulus. This is unexpected, because the work hardening rate is a slope
defined by two flow stresses at different plastic strains and the yield stress, which is one
of them, scales with an exponent of 1.5. Additionally, the appearance and range of the
relationship as functions of randomization and cut fraction are very similar to that of the
Young’s modulus.

Another important finding is the linear relation between H/σy and ET/σy. The com-
mon assumption that for hardness testing of foams H = σy [35], which is also used in
the interpretation of nanoindentation of np-Au [37,38], turned out to be a special case for
ET/σy ∼ 17. The range of the H/σy data is surprisingly large and exceeds the common
values for porous and bulk solids of 1 and 3, respectively, towards lower values: A large
number of data are within the range 0.5 ≤ H/σy ≤ 1. This can in part be explained by
how the macroscopic stress–plastic strain curve is modeled. Another reason could be
a size effect that results from large pores for samples with very low connectivity, but it
appears that still values of H/σy < 1 exist. Because this has important implications on the
interpretation of hardness data, an in-depth investigation will be the scope of future work.

Finally, for hierarchic materials with a nested network [6], our results suggest that the
effect of ET,s/σy,s becomes small or even negligible with respect to ET/σy. With increasing
levels of hierarchy, it can be expected that the normalized hardness H/σy changes from a
dependence of ET/σy, which holds for a common nanoporous metal, towards a dependence
of the solid fraction ϕ.
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Abstract: Real-time decision making needs evaluating quantities of interest (QoI) in almost real time.
When these QoI are related to models based on physics, the use of Model Order Reduction techniques
allows speeding-up calculations, enabling fast and accurate evaluations. To accommodate real-time
constraints, a valuable route consists of computing parametric solutions—the so-called computational
vademecums—that constructed off-line, can be inspected on-line. However, when dealing with
shapes and topologies (complex or rich microstructures) their parametric description constitutes
a major difficulty. In this paper, we propose using Topological Data Analysis for describing those
rich topologies and morphologies in a concise way, and then using the associated topological
descriptions for generating accurate supervised classification and nonlinear regression, enabling an
almost real-time evaluation of QoI and the associated decision making.

Keywords: machine learning; data-driven mechanics; TDA; Code2Vect; nonlinear regression; effective
properties; microstructures

1. Introduction

Recently, industry is experiencing a new revolution. In the past, product design, as well as their
associated manufacturing processes, were based on the use of nominal models, nominal loadings
(in their broadest sense), and a small amount of data for calibrating those models, with the product
performance as a design target.

Very recently, predictions enabling real-time decision-making targeting zero defects in processing
and zero unexpected faults in operation, were needed everywhere within the Internet of Things (IoT)
paradigm, on the work-floor (smart processes), in the city (autonomous systems and smart-city), at the
nation level (e.g., smart nation), etc., i.e., anywhere where engineering designs operate.

In those circumstances, the use of traditional simulation-based engineering (SBE) that was the
major protagonist of 20th century engineering, is not anymore a valuable option due to three main
reasons: (i) models become sometimes crude approximations of the observed reality; (ii) assimilating
data enabling the continuous calibration of the models in operation remains difficult to perform
under the stringent real-time constraint; and (iii) the real-time simulation of those extremely complex
mathematical models needs alternative techniques to those commonly employed in traditional SBE.
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It was at the beginning of the XXI century that two new revolutions in the domain of digital
engineering emerged.

1.1. Model Order Reduction

Advances in applied mathematics, computer science (high-performance computing) and
computational mechanics met to give rise to a diversity of Model Order Reduction (MOR)
techniques [1]. These techniques do not reduce or modify the model, they simply reduce the complexity
of its resolution and thus transform a complex and time-consuming calculation, into a real-time
response while maintaining precision. These new techniques have completely altered traditional
approaches of simulation, optimization, inverse analysis, control and uncertainty propagation, all them
operating under the stringent real-time constraint.

In a few words, when approximating the solution u(x, t) of a given Partial Differential Equation
(PDE), the multipurpose finite element method assumes an approximation

u(x, t) =
N

∑
i=1

Ui(t)Ni(x), (1)

where Ui represents the value of the unknown field at node i and Ni(x) is the associated shape function.
When N (the number of nodes) increases the solution process becomes cumbersome.

POD-based model order reduction learns offline the most adequate (in a given sense) reduced
approximation basis {φ1(x), · · · , φR(x)}, and project the solution in it

u(x, t) ≈
R

∑
i=1

ξi(t)φi(x), (2)

where now, the complexity scales with R instead of N, with R ≪ N in general.
The so-called Proper Generalized Decomposition (PGD from now on) goes a step forward and

assume a general approximation

u(x, t) ≈
M

∑
i=1

Ti(t)Xi(x), (3)

where now both the space and time functions, Xi(x) and Ti(t) respectively, are computed during the
solution process.

A particularly appealing extension of the just introduced space-time separated representation
consists of the space-time-parameter separated representation leading to the a so-called
computational vademecum that expresses the solution of a parametrized PDE from [2,3]

u(x, t, µ1, . . . , µQ) ≈
M

∑
i=1

Xi(x)Ti(t)
Q

∏
j=1

M
j
i (µj), (4)

where µj, j = 1, . . . , Q, represent the model parameters. Once constructed off-line that parametric
solution (4), it offers under very stringent real-time constraints—in the order of milliseconds—simulation,
optimization, inverse analysis, uncertainty propagation and simulation-based control, to cite a few. Thus,
at the beginning of the third millennium a real-time dialogue with physics no longer seemed to be the
domain of the impossible.

PGD-based techniques have been widely considered for the real-time simulation and
decision-making in a variety of problems of industrial relevance. However, prior to use it, one must
extract the parameters to be included as extra-coordinates in the problem statement, and then
included in the parametric representation of its solution. In the case of morphological and topological
descriptions, as considered later in the present work, the extraction of the adequate parametrization
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represents the most difficult task. Some attempts of combing PGD-based MOR and manifold
learning [4] were addressed in [5–8].

1.2. Engineered Artificial Intelligence

Data bursts within engineering disciplines. For years, data was used in other areas where
models were less developed or remained quite inaccurate. Data collected massively was successfully
classified, cured, distilled, ... using artificial intelligence (AI) techniques. Thus, correlations between
data ca be removed, proving that a certain simplicity remains hidden behind a rather apparent
complexity. Data-driven modeling developed exponentially and advanced artificial intelligence
techniques were developed, covering six major domains: (i) Multidimensional data visualization [9];
(ii) Data classification and clustering [10,11]; (iii) Learning models from input/output pairs of data, with
adequate techniques enabling real-time learning and able to operate in the low-data limit (e.g., sPGD [12],
Code2Vect [13], iDMD [14–16], NN [17], ThemodynML [5,18], ...); (iv) Knowledge extraction in order
to identifying combined parameters and model richness/complexity, discovering hidden parameters,
discarding useless parameters or even to extract governing equations; (v) Explaining for certifying;
and (vi) Hybridizing physics and data for defining advanced and powerful Dynamic Data-Driven
Application Systems, DDDAS [19].

However, these data-driven models, when used in engineering and industry, were quickly
confronted with three major and recurrent difficulties: (i) the need for a huge amount of data to
make predictions accurate and reliable, knowing that data is synonymous with cost (acquisition and
processing costs); (ii) the difficulty of explaining and interpreting predictions obtained by artificial
intelligence; and (iii) related to the the latter, the difficulty of certifying engineering products.

1.3. Towards Real-Time Decision Making

In summary, on one side models based on physics can be solved fast but, as discussed, in many
engineering areas they remain poor approximations of the real components and systems. On the
other hand, when approaching the problem from the data perspective, impressive amounts of data
are sometimes needed (with the associated cost and technological difficulty of collecting them), to be
processed in real time and then explained in order to certify both the designs and the decisions.

A possible winning option consists of merging both concepts and methodologies. The hybrid

paradigm was born [19,20], associating in it two type of models: the first based on physics; the second
being a completely new type of model, more pragmatic and phenomenological, based on data.

Real-time decision making in engineering design, manufacturing and predictive and operational
maintenance, needs the evaluation of quantities of interest in almost real-time. The present work aims at
proposing a technique able to determine under the stringent real-time constraints, effective properties
of a complex microstructure by assimilating an image of it.

To conciliate accuracy and real-time constraints, the hybrid paradigm is retained: (i) the prediction
engine will be trained offline from data coming form physics; then (ii) a non-linear regression, acting on
some topological descriptors extracted from those images, will ensure a real-time evaluation of the
effective properties (in the present case the homogenized thermal conductivity).

As previously discussed, dealing with shapes and topologies, the parametric description requires
performant techniques able to express them in a compact and concise way. In this paper, we propose
using Topological Data Analysis, TDA [21], for representing these rich topologies and morphologies,
and then using the associated topological descriptors for generating accurate supervised classification
and nonlinear regressions, enabling an almost real-time evaluation of the quantities of interest.

In the next section we will present the main methodologies used in the present study, that will
be considered later for the training and then for the real-time evaluation of effective properties
(homogenized thermal conductivity) of rich microstructures.
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2. Methods

This section revisits the main methodologies that will be considered later for real-time classification
and prediction of the effective thermal properties from collected images. For that purpose we will
consider a rich enough training stage that consists of generating several microstructures whose effective
thermal conductivity will be evaluated by using a standard linear homogenization technique, revisited
in Section 2.1.

In order to associate the resulting homogenized conductivity tensor to each microstructure, the last
must be described in a compact and concise way. For that purpose Topological Data Analysis and Principal
Component Analysis (PCA) will be employed. Both are revisited in Sections 2.2 and 2.3, respectively.

The last step aims at performing a nonlinear regression to link the parameters extracted by the
TDA to the thermal conductivity. The technique retained in our study is the so-called Code2Vect

nonlinear regression, revisited in Section 2.4.

2.1. Linear Homogenization Procedure

Due to the microscopic nature of heterogeneity, a procedure is required for extracting the effective
thermal conductivity. In what follows we proceed in the linear case, as was also the case in [22], in a
representative volume element Ω with a microstructure perfectly defined at that scale. The microscopic
conductivity k(x) is known at every point x ∈ Ω.

The macroscopic temperature gradient G is defined from the space average

G = 〈g(x)〉 ≡ 1
|Ω|

∫

Ω
g(x) dx, (5)

where g(x) represents the microscopic temperature gradient, i.e., g(x) = ∇T(x).
We define the localization tensor L(x) such that

g(x) = L(x) G. (6)

The microscopic heat flux q(x) follows the Fourier law

q(x) = −k(x) g(x), (7)

and its macroscopic counterpart Q reads

Q = 〈q(x)〉 = 〈−k(x) g(x)〉 = 〈−k(x) L(x)〉 G, (8)

from which the homogenized thermal conductivity reads

K = 〈−k(x) L(x)〉. (9)

Thus, the calculation of the homogenized thermal conductivity tensor only needs the computation
of the tensor L(x). The present work considers the simplest procedure that in the 2D case consists of
solving two steady state thermal problems in Ω

{
∇ ·

(
k(x) ∇T1(x)

)
= 0

T1(x ∈ ∂Ω) = x,
, (10)

and {
∇ ·

(
k(x) ∇T2(x)

)
= 0

T2(x ∈ ∂Ω) = y
, (11)

whose solutions verify by construction
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{
G1 = 〈∇T1(x)〉T = (1, 0)
G2 = 〈∇T2(x)〉T = (0, 1)

, (12)

and whose gradients define the localization tensor columns

L(x) =
(
∇T1(x) ∇T2(x)

)
, (13)

that allows calculating the effective thermal conductivity.

Remark 1. In the present work, since we are only interested in the effective thermal conduction along the

y-direction, a single problem, problem (11), suffices for calculating the only component of interest, component K22.

2.2. Topological Data Analysis

Topological data analysis, TDA [21], is one of the most promising techniques in high-dimensional
data analysis. In essence, TDA is a powerful tool to find the topology of data: if there are clusters,
a manifold structure or even noise that is not relevant for the analysis.

For an intuitive description of the method consider the set of points depicted in Figure 1. In general,
these points will live in high dimensional spaces, such that their intrinsic topology will not be visible at
first glance. We then equip the set with a distance parameter r. By making r grow, different k-simplexes
will appear. Remember that a 0-simplex is a point, a 1-simplex is an edge, a 2-simplex is a triangle,
on so on.

Figure 1. Illustrating TDA: (left) For r < d the four points (A, B, C and D) remain disconnected;
(center) At r = d the hole ABCD appear from the four edges AB, BC, CD and DA; (right) The just
created hole persist until r =

√
2d, value at which A connects with C and the two resulting triangles

ABC and ACD cover the initial hole that disappears consequently.

As r grows, holes appear (as the one defined by the edges between points A, B, C and D in
Figure 1, for instance when r = d), and disappear for higher values of r (when r =

√
2d, the initial

hole is covered by triangles ABC and ACD). Which is important in this discussion is that the overall
structure of data is the one that persists for longer r values. Holes defined by noisy data are rapidly
eliminated from the simple complex.

The value of r at which a hole appears, and then the one at which it disappears, defines a bar
joining both, which characterizes the hole persistence. When collecting all the bars associated with all
the holes appearing and then disappearing when r grows, the so-called persistence barcode results,
the last representing compactly a given morphology.

An alternative consists of using a 2D representation, the so-called persistence diagram (PD),
reporting in the x1-axis the value of r at which a hole appears, and on the x2-axis the value at which
it disappears. Obviously, with the hole birth preceding its death, all the point are place on the
upper domain defined by the bisector x2 = x1, and any point (x1, x2) remaining close to that bisector
represents noise, a small scale, with the associated hole death following immediately its birth. Points far
from the bisector represent the topology that persists.
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The persistence barcode and the persistence diagram are two representations with a high physical
content; however both representations can not be used for comparison purposes, because they are
defined in a non-metric space where the calculation of distances for concluding on proximity has
not sense.

To move to a more appropriate space making possible the calculation of distances, we first
transform the persistence diagram according to (x1, x2) → (y1 = x1, y2 = x2 − x1) and then apply on
the last a convolution (usually with a Gaussian kernel) leading to the so-called persistence image (PI) y,
the last defined in a vector space, y ∈ R

D, that allows applying most of AI algorithms [23].

2.3. Principal Component Analysis

TDA is able to analyze a complex microstructure through its associated image, and to extract its
relevant topological features in form of a persistence image, that can be viewed a matrix. However,
using these matrix components is not the most compact and concise way of representing the
microstructure, because it contains too many components that makes difficult using it for constructing
regressions. Thus, in practice, a linear dimensionality reduction such as principal component analysis
(PCA) can be applied for extracting the most representative modes of the persistence images and then
to represent in a compact and concise way the microstructures by using the weight associated with the
most important modes extracted.

Let us consider a vector y ∈ R
D containing the different components of a persistence image.

When considering a set of P microstructures, the associated PIs lead to yi, i = 1, . . . , P. If they are
somehow correlated, there will be a linear transformation W defining the vector ξ ∈ R

d, with d < D,
which contains the still unknown latent variables, such that [4]

y = Wξ. (14)

The transformation matrix W, D × d, satisfies the orthogonality condition WTW = Id, where Id

represents the d × d identity matrix.
PCA proceeds by guaranteeing maximal preserved variance and de-correlation in the latent

variable set ξ. Thus, the covariance matrix of ξ,

Cξξ = E{ΞΞ
T}, (15)

will be diagonal. PCA will then extract the d uncorrelated latent variables from

Cyy = E{YYT} = E{WΞΞ
TWT} = WE{ΞΞ

T}WT = WCξξWT , (16)

that pre- and post-multiplying by WT and W, respectively, reads

Cξξ = WTCyyW. (17)

By factorizing the covariance matrix Cyy, applying the singular value decomposition, SVD,

Cyy = VΛVT , (18)

and taking into account Equation (17), it results

Cξξ = WTVΛVTW, (19)

that holds when the d columns of W are taken collinear with d columns of V, i.e.,

W = VID×d. (20)
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2.4. Code2Vect

Code2Vect [13] maps data into a vector space where the distance between points is proportional to
the difference of the QoI associated with those points, as sketched in Figure 2.

Figure 2. Input space ξ (left) and target vector space z (right).

We assume the available data consisting of P d-dimensional arrays, ξi ∈ R
d, with a QoI Oi

associated with each datum. The images, zi ∈ R
q (q = 2 in our numerical implementation for the sake

of visualization clarity), results from

zi = Wξi, i = 1, . . . , P, (21)

that preserves the quantity of interest associated with is origin point ξi, denoted by Oi.
In order to place points such that distances scales with their QoI differences we enforce

(W(ξi − ξ j)) · W(ξi − ξ j)) = ‖zi − zj‖2 = |Oi −Oj|. (22)

Thus, there are P2

2 − P relations to determine the q × d + P× q unknowns. Linear mappings are
limited and do not allow proceeding in nonlinear settings. Thus, a better choice consists of a nonlinear
mapping W(ξ), expressible as a general polynomial form.

3. Results

3.1. Model Training

Several microstructures, based on a population of holes (from now on called pores) with different
sizes, shapes, location, and number of pores, distributed in the 2D square domain Ω, are created.
Four of these microstructures are shown in Figure 3. They are equipped with a mesh on which
finite element calculations will be done for computing the reference effective (homogenized) thermal
conductivity, in particular the component K22 of the homogenized conductivity tensor.

These meshes also serve to apply the TDA in order to obtain the persistence diagram (PD) and its
associated persistence image (PI). As previously indicated, the last consists of a convolution applied
on the former. Each persistence image defines a 20 × 20 matrix, or its vector counterpart yi ∈ R

400.
Thus, TDA is able to analyze a complex microstructure through its image, and extract its relevant

topological features in form of a persistence image, that can be viewed as a matrix. However, this matrix
still contains too much information (its number of components, here 20 × 20) to perform classification
or regression when not too much data is available (scarce-data limit). Obviously, large amounts
of synthetic data can be produced by solving numerically thousands or even millions of thermal
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problems. However, in engineering cheap solutions are usually preferred, and in particular smart-data
is preferred to its big counterpart. Efficiency seems a better option that brute force, and for this reason,
here we prefer keeping the amount of data as reduced as possible, and compensate its absence by
enhancing the amount of information that data contains.

Figure 3. (a) Histogram of pores radius; (b) Pore shapes: Circle, Octagon, Heptagon and Hexagon.

Thus, persistence images are still not the most compact way of representing the topological
and morphological features of the analyzed microstructures. For improving the representation we
apply a linear dimensionality reduction, the principal component analysis, for extracting the most
representative modes of the persistence images. Thus, the weights of those PCA modes will constitute
the compact and concise way to represent those microstructures.

From a practical viewpoint PCA allowed reducing from 400 = (20 × 20) the dimension of PI
resulting from TDA, to 3 dimensions. Thus, each analyzed microstructure is concisely represented by
3 coordinates (the weights of the first three most relevant PCA modes) and each one has attached a QoI,
the effective thermal conductivity K22 obtained from a finite element simulation following the rationale
described in Section 2.1. Now, the nonlinear regression relating the output, the QoI (the effective
thermal conductivity in our case), with the parameters describing the microstructure, the three PCA
weights, is performed by applying the Code2Vect nonlinear regression, summarized in Section 2.4.

As soon as the regression is constructed at the present training stage, it could be used online for
predicting the conductivity of new microstructures.

3.2. Inferring Effective Properties

We prepared 5 samples, four of them were used in the training stage, represented in Figure 3,
in which the pores volume fraction was kept constant (φ = 0.5) and the spatial distribution
almost uniform.

The constructed nonlinear regression (based on the use of Code2Vect) described in the previous
section, is now applied to the sample shown in Figure 4 where while keeping the same almost uniform
pore distribution and the same volume fraction, hexagons and heptagons were randomly mixed.
In this same figure, the solution of the thermal problem at the microscopic scale for obtaining the
effective thermal conductivity that will serve as reference value, is also included. Finally, it also shows
both the PD and the PI.

The PI, y ∈ R
D, is then projected into the three retained orthonormal PCA modes to give the thee

weights that constitute the data ξ ∈ R
3 (d = 3) to be processed by the nonlinear regression (based on
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the Code2Vect) that produces vector z ∈ R
2 (we enforce a 2D representation, q = 2, for the sake of

clarity in the data visualization)
z = W(ξ) ξ, (23)

and then identify the set S(z) of data zi closest to z, from which the QoI, the effective thermal
conductivity, is interpolated

O = ∑
i∈S(z)

F (z, zi) Oi, (24)

with in the present case O ≡ K22 and with radial bases as interpolation functions F (z, zi).
Figure 5 places z with respect to its neighbors, where color scales with the target quantity,

that is, with K22. The inferred value of the effective thermal conductivity K22 using Equation (24)
for the micorstructure depcited in Figure 4 results K22(z) = 73.4 W/mK, very close to the
reference value computed numerically from the temperature distribution shown also in Figure 4,
of K22,REF = 74 W/mK.

Figure 4. (a.1) Histogram of the pores radius; (a.2) considered microstructure; (a.3) temperature field
used for computing the effective thermal conductivity that will serve as reference for evaluating the
regression performance; (a.4) persistence diagram; and (a.5) persistence image.

Figure 5. Interpolation space z with color scaling with the values of the effective thermal conductivity K22.
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3.3. Microstructures with Varying Shapes and Size Distribution

These first preliminary successful results were pushed forward by considering quite more
complex microstructures. Thus, a total of 35 samples were generated, while varying other parameters,
in particular pore size (following uniform and Gamma distributions) and pore shape (circular or 5 to
8 side polygons, randomly chosen). The volume fraction was kept constant (φ = 0.5). 34 samples were
used in the training, keeping one, the one shown in Figure 6, for inferring the thermal conductivity
and concluding on the ability of the proposed technique to infer accurately it. Figure 7 places the
considered microstructure in the z-space where the thermal conductivity is interpolated, to infer the
value of K22 = 81 W/mK, for a reference value of K22,REF = 78 W/mK.

Figure 6. (a.1) Histogram of pores radius; (a.2) testing microstructure; (a.3) temperature field used for
calculating the reference effective thermal conductivity; (a.4) persistence diagram; and (a.5) persistence image.

Figure 7. Interpolation space z with color scaling with the values of the effective thermal conductivity K22.
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To check the prediction improvement with the sampling richness, the effective thermal conductivity
in the microstructure shown in Figure 6 while considering different samplings in the training stage,
from 13 to 35 microstructures, with the relative errors reported in Table 1.

Table 1. Relative error in the effective conductivity prediction depending on the number of samples
considered in the regression (training stage).

Number of Samples Relative Error

13 0.076
16 0.056
19 0.046
35 0.037

4. Conclusions

The present study proves that effective properties can be associated with microstructures with
complex morphological and topological features. For this purpose, those features are extracted by
using TDA, post-compressed by using linear dimensionality reduction (PCA) which output represents
the parameters employed by the nonlinear Code2Vect regression that finally assign a effective property
(here the effective thermal conductivity) to a given microstructure.

The procedure demonstrated its robustness and performance in the low-data limit, as well as its
capacity to provide better predictions when considering larger training sets. It successfully combines
physics-based data for learning purposes, with almost real-time inference based on the topological
analysis of images.
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Abstract: The calibration of any sophisticated model, and in particular a constitutive relation, is a
complex problem that has a direct impact in the cost of generating experimental data and the accuracy
of its prediction capacity. In this work, we address this common situation using a two-stage procedure.
In order to evaluate the sensitivity of the model to its parameters, the first step in our approach
consists of formulating a meta-model and employing it to identify the most relevant parameters.
In the second step, a Bayesian calibration is performed on the most influential parameters of the
model in order to obtain an optimal mean value and its associated uncertainty. We claim that this
strategy is very efficient for a wide range of applications and can guide the design of experiments,
thus reducing test campaigns and computational costs. Moreover, the use of Gaussian processes
together with Bayesian calibration effectively combines the information coming from experiments
and numerical simulations. The framework described is applied to the calibration of three widely
employed material constitutive relations for metals under high strain rates and temperatures, namely,
the Johnson–Cook, Zerilli–Armstrong, and Arrhenius models.

Keywords: model calibration; sensitivity analysis; elasto-visco-plasticity; Gaussian process

1. Introduction

Modeling has become a very effective way to analyze, in a first instance, complex engineering
problems. Almost the totality of engineers, either in academia or in the industry, claim to take benefit
from these techniques, considering them to be irreplaceable for their work.

Though the reliability of models keeps constantly increasing, and therefore the trust placed on
their predictions, there is still need for understanding the intrinsic uncertainties that affect simulation,
for estimating their effect on predictions, and for developing efficient methodologies to reduce them in
a cost-effective manner. In this respect, an interesting and promising approach has emerged in recent
years. It consists of employing advanced statistical methods not only to assess the uncertainty in a
model but also to guide the experimental campaign that needs to be carried out to feed the parameter
calibration. One of these tools is Global Sensitivity Analysis (GSA), a very useful strategy when it
comes to analyzing the influence of all the parameters participating in a model. Improving local
techniques introduced in the 1980s [1], GSA methods were proposed much later to account for the
influence of parameters in an overall and rigorous fashion [2].
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One important limitation of GSA techniques is that they require large amounts of simulated
data as input. Numerical experiments obtained, for instance, through finite element (FE) simulations,
demand a huge amount of computational resources that are often unavailable. A convenient remedy
to this problem is to employ meta-models that provide reasonable approximations to the models’
response, but at a fraction of their computational cost. These types of models are built by sampling
the original ones, as illustrated in Figure 1, and were originally proposed to optimize processes [3].
Initially known as Response Surface Models (RSM), they rapidly evolved and became emulators of
computational codes at a very reduced cost. As a result, they have been utilized in a wide range of
sensitivity analyses and applications [4–6].

Figure 1. Meta-modeling construction process.

There exist several families of meta-models. Some of the most commonly employed are the ones
based on Kriging [7] and Radial Basis Functions (RBF) [8]. Both of them are generally accepted as good
methods to efficiently capture trends associated with small data sets. Since they accurately adapt to
available information, they must be re-calibrated when new inputs are provided [9]. The Bayesian
approach, on the other hand, is a well-known technique that has been successfully employed in several
scientific disciplines for parameter selection. See, for example, one of the very first generic applications,
developed by Guttman [10], in which this inference procedure is already used to choose the best
manufacturing parameters to make the widest possible population of fabricated items lie within the
specified tolerance limits. More recent works have improved the Bayesian inference methodology
(see, e.g., [11]).

Bayesian inference can be used systematically for the calibration of model parameters, taking
into consideration the uncertainties due to the model itself, the experimental measurements, noise,
etc. [12–14]. This approach has become relatively standard, not only providing optimized parameter
values but a complete Gaussian distribution for them.

In this work, we will combine GSA with Bayesian calibration because we believe that this
combination is extremely powerful for understanding computer models, and drawing as much
information as possible from experiments, be them numerical or physical. This mix of techniques is not
new, and similar ones have been considered in the past. For example, sensitivity analysis and Bayesian
calibration were employed together in [15], trying to assess multiple sources of uncertainty in waste
disposal models by considering independent and composite scenarios, obtaining predictive output
distributions using a Bayesian approach, and later performing a variance-based sensitivity analysis.
In addition, the work by [16] proposes a procedure to evaluate the sensitivity of the parameters
and a posterior calibration of the most important ones applied to a model describing the chemical
composition of mass of waters.
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In the current article, we explore the use of GSA and Bayesian calibration for complex constitutive
models, an application that has not been previously considered for this type of analysis and that can
greatly benefit from it. More precisely, we study three fairly known constitutive material models
suitable for metals subjected to extreme conditions, namely, Johnson–Cook [17], Zerilli–Armstrong [18],
and Arrhenius-type [19] models. These are fairly complex constitutive relations that depend on a
relatively large number of material parameters that need to be adjusted for each specific material and
test range. The actual implementations of the three can be found in the publicly available material
library MUESLI [20], and we have used them together with standard explicit finite element calculations.

The remainder of the article is structured as follows. In Section 2, we will outline the theoretical
principles in which the statistical theory employed is based on, as well as the three constitutive material
models used in the study. In Section 3, we describe the application of the presented framework to
the analysis of Taylor’s impact test [21,22], an experiment often used to characterize the elastoplastic
behavior of metals under high strain rates. The results of our investigation are reported in Section 4,
providing insights for the three constitutive models. Finally, Section 5 collects the main findings and
conclusions of the study.

2. Fundamentals

2.1. Global Sensitivity Analysis

Global Sensitivity Analysis (GSA) refers to a collection of techniques that allow identifying the
most relevant variables in a model with respect to given Quantities of Interest (QoIs). They focus on
apportioning the output’s uncertainty to the different sources of uncertain parameters [2] and define
qualitative and quantitative mappings between the multi-dimensional space of stochastic variables in
the input and the output. The most popular GSA techniques are based on the decomposition of the
variance’s output probability distribution and allow the calculation of Sobol’s sensitivity indices.

According to Sobol’s decomposition theory, a function can be approximated as the sum of
functions of increasing dimensionality and orthogonal with respect to the standard L2 inner product.
Hence, given a mathematical model y = f (x) with n parameters arranged in the input vector x,
the decomposition can be expressed as:

f (x1, . . . , xn) = f0 +
n

∑
i=1

fi(xi) + ∑
1≤i<j≤n

fij(xi, xj) + · · ·+ f1,2,...,n(x1, . . . , xn), (1)

where f0 is a constant and f... are functions with domains of increasing dimensionality. If we consider
that f is defined on random variables Xi ∼ U (0, 1), i = 1, . . . , n, then the model output is itself a
random variable with variance

D = Var[ f ] =
∫

Rn
f 2(x) dx − f 2

o . (2)

Integrating Equation (1) and using the orthogonality property of the functions f..., we note that
the variance itself can be decomposed in the sum

D =
n

∑
i=1

Di + ∑
1≤i<j≤n

Dij + · · ·+ D1,2,...,n. (3)

This expression motivates the definition of the Sobol indices

Si1,...,is = Di1,...,is /D, (4)
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that trivially satisfy
n

∑
i=1

Si + ∑
1≤i<j≤n

Sij + · · ·+ S1,2,...,n = 1. (5)

This decomposition of the total variance D reveals the main metrics employed to assess the
relevance of each parameter in the scatter of the quantity of interest f . The relative variances Si are
referred to as the first order indices or main effects and gauge the influence of the i-th parameter on the
model’s output. The total effect or total order sensitivities associated with the i−parameter, including
its influence when combined with other parameters, is calculated as

STi
= ∑

Ii

Di1,...,is , Ii = {(i1, . . . , is) : ∃k, 1 ≤ k ≤ s, ik = i} . (6)

The widespread use of the main and total effects as sensitivity measures is due to the relative
simplicity of the formulas and algorithms that can be employed to calculate or approximate them ([2],
Chapter 4). Specifically, the number of simulations required to evaluate these measures is Ns(n + 2),
where Ns is the so-called base sample, a number that depends on the model complexity varying from
a few hundreds to several thousands, and n is, as before, the number of parameters of the model
(we refer to ([2], Chapter 4) for details on these figures). To calculate sensitivity indices, it proves
essential to first create a simple meta-model that approximates the true model, because a limited set of
runs is supposed to suffice for building a surrogate that, demanding far fewer computational resources,
can then be run a large number of times to complete the GSA.

2.2. Meta-Models

A meta-model is a model for another model. That is, a much-simplified version of a given model
that can provide, however, similar predictions as the original one for the same values of the parameters.
In this work, we restrict our study to linear meta-models. To describe them, let us assume that the
model we are trying to simplify depends on Np parameters and we denote the quantity of interest,
assumed for simplicity to be a scalar, as y. For any collection of parameters x ∈ R

Np , we define ŷ(x) to
be the corresponding value of the quantity of interest and slightly abusing the notation we write

ŷ(x) = [ŷ(x1), ŷ(x2), . . . , ŷ(xN)] , (7)

where N is the number of samples and x = [x1, x2, . . . , xN ] is an array of N samples of the parameters.
Then, a meta-model is a function Ŷ : RNp → R that approximates ŷ and is of the form

Ŷ(x) :=
Nk

∑
k=1

ηkhk(x) . (8)

In this equation, and later, hk are the kernels of the approximation and ηk refer to the weights.
Abusing slightly the notation again, we express the relation between the model and its meta-model as

ŷ(x) ≈ Ŷ(x) =
Nk

∑
k=1

ηkhk(x), (9)

or in compact form,
ŷ(x) ≈ Ŷ(x) := H(x)η, (10)

where H is the so-called kernel matrix that collects all the kernel functions.
The precise definition of a meta-model depends, hence, on the number and type of kernel

functions hk and the value of the regression coefficients ηk. Given an a priori choice for the
kernels, the weights can be obtained from a set of model evaluations ŷ(x) employing a least-squares
minimization. Given, as before, an array of sample parameters x and their model evaluation ŷ(x),

64



Materials 2020, 13, 4402

the vector η can be calculated in closed form with the solution of the normal equations to the
approximation. That is,

η =
(

H(x)T H(x)
)−1

H(x)T ŷ(x). (11)

As previously indicated, the kernel functions belong to a set that must be selected a priori.
In the literature, several classes of kernel have been proposed for approximating purposes and in this
work we select anisotropic Radial Basis Functions (RBF). This type of kernel has shown improved
accuracy as compared with standard RBF, particularly when only a limited set of model evaluations is
available [23].

A standard RBF is a map K : RNp ×R
Np → R of the form

K(x, z) = k(r(x, z)), (12)

where k : R → R is a monotonically decreasing function and r(x, z) := |x− z| is the Euclidean distance.
The anisotropic radial kernels redefine the function K to be of the form

K(x, z) = exp[−ǫ
Nd

∑
i=1

γ2
i (xi − zi)

2] = exp[−ǫ(x − z)T
Γ(x − z)], (13)

where Γ = diag(γ2
1, . . . , γ2

Nd
) is a diagonal, positive definite matrix that scales anisotropically the

contribution of each direction in the difference x − z, and ǫ > 0 is the shape parameter of the kernel.

2.3. Bayesian Inference and Gaussian Processes

Bayesian inference is a mathematical technique used to improve the knowledge of probability
distributions extracting information from sampled data [24]. It is successfully employed for a wide
variety of applications in data science and applied sciences. For instance, it has been used in conjunction
with techniques such as machine learning and deep learning in fields like medicine [25], robotics [26],
earth sciences [27], and more. In this article, we employ Bayesian methods to find the optimal value
of model parameters as a function of prior information and observed data. More specifically, we are
concerned with model calibration and using it in combination with meta-models to obtain realistic
parameter values for complex constitutive relations and their uncertainty quantification, with an
affordable computational cost.

Some of the most robust techniques for calibration are based on non-parametric models for
nonlinear regression [28]. Here, we will employ Gaussian processes to represent in an abstract fashion
the response of a simulation code to a complex mechanical problem employing the material models
that we are set to study. We summarize next the main concepts behind these processes.

A Gaussian process is a set of random variables such that any finite subset of them has a Gaussian
multivariate distribution [28]. Such a process is completely defined by its mean and covariance,
which are functions. If the set of random variables is indexed by points x ∈ X ⊂ R

d, then when the
random variables have a scalar value f (x), the standard notation employed is

f (x) ∼ GP
(
m(x), k(x, x′)

)
, (14)

where m : X → R and k : X ×X → R are, respectively, the mean and covariance. The mean function
can be arbitrary, but the covariance must be a positive function. Often these two functions are given
explicit expressions depending on hyperparameters. In simple cases, the average is assumed to be
zero, but often it is assumed to be of the form

m(x) = g(x)T β , (15)
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where g : Rd → R
g is a vector of known basis functions and β ∈ R

g is a vector of basis coefficients.
The choice of the covariance function is the key aspect that determines the properties of the Gaussian
process. It is often selected to be stationary, that is, depending only on a distance d = d̂(x, x′).
In particular, we will employ a covariance function such as

c(x, x′) = σ2r(x, x′), (16)

where σ2 is a variance hyperparameter and r : Rd × R
d → R has been chosen as the Màtern C5/2

function, an isotropic, differentiable, stationary kernel commonly used in statistical fitting that is of
the form

r(x, x′) =

(
1 +

√
5

d̂2(x, x′)
ψ

+ 5
d̂2(x, x′)

3ψ2

)
exp

[
−
√

3
d̂2(x, x′)

ψ

]
, (17)

that uses a length-scale hyperparameter ψ. For the Gaussian process described, the collection of
hyperparameters can be collected as χ = (β, σ2, ψ).

Let us now describe in which sense Bayesian analysis can be used for model calibration. The value
of a computer model depends on the value of some input variables x that are measurable, and some
parameters t that are difficult to determine because they are not directly measurable. Let us assume
that t = θ is the true value of the parameters, which is unknown and we would like to determine
based on available data. Given some input variable x, a physical experiment of the problem we want
to model will produce a scalar output z and it will verify

z = η(x, θ) + δ(x) + ε(x) . (18)

In this equation, η(x, θ) is the value of the computer model evaluated at the input variable x

and the true parameter θ, δ(x) is the so-called model inadequacy and ε(x) is the observation error.
This last term can be taken to be a random variable with a Gaussian probability distribution N (0, λ2).
The functions η and δ are completely unknown so we can assume them to be Gaussian processes with
hyperparameters χη and χδ, respectively.

If θ, χη , χδ, λ2 were known, we could study the multivariate probability distribution of the output
z using Equation (18) for any set of inputs (x1, x2, . . . , xs). However, we are interested in solving
the inverse problem: we have a set of experimental and computational data and we would like to
determine the most likely probability distribution for θ and the hyperparameters, a problem that can
be effectively addressed using Bayes’ theorem.

Bayes’ theorem states that, given a prior probability for the parameters (θ, χη , χδ, λ2) indicated as
p(θ, χη , χδ, λ2), the posterior probability density function for these parameters after obtaining the data
∆ is

p(θ, χη , χδ, λ2|∆) ∝ p(θ, χη , χδ, λ2) p(∆|θ, χη , χδ, λ2) . (19)

The prior for the parameters and hyperparameters can be taken as Gaussian, or any other
probability distribution that fits our initial knowledge. Assuming that the parameters and
hyperparameters are independent, we have in any case that

p(θ, χη , χδ, λ2) = p(θ) p(χη , χδ, λ2) . (20)

In addition, since Equation (18) indicates that the output is the sum of three random variables
with Gaussian distributions, z itself is a Gaussian.

To apply Bayes’ theorem, it remains to calculate the likelihood p(∆|θ, χη , χδ, λ2). To this end,
the hyperparameters of η and δ are collected together with the observation error ε and we assume that
the conditioned random variable ∆|θ, χη , χδ, λ2 has a normal probability distribution of the form

N{E[∆|θ, χη , χδ, λ2], Var[∆|θ, χη , χδ, λ2]}. (21)
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Here, E[·] and Var[·] refer to the expectation and variance, respectively. Finally, in order to obtain
the segregated posterior probability density of the parameters p(θ|∆), we should integrate out χη , χδ

and λ2; but, due to the high computational cost involved, this is typically done using Monte Carlo
methods [29]. Details of this process fall outside the scope of the present work and can be found in
standard references [12].

2.4. Material Models

In Section 4, a sensitivity and calibration procedure is applied to three relatively complex material
models employed in advanced industrial applications. Here, we summarize them, listing all the
parameters involved in their description. The remainder of the article will focus on ranking the
significance of these parameters, their influence in the predictions, and the determination of their
probability distributions.

2.4.1. Johnson–Cook Constitutive Relations

The Johnson–Cook (JC) constitutive model [17] is commonly used to reproduce the behavior of
metals subjected to large strains, high strain rates, and high temperatures. It is not extremely accurate
in all ranges of strain rates and temperatures, but it is simple to implement, robust, and, as a result,
has been employed over the years in a large number of applications [30–32].

Johnson–Cook’s model is a J2 classical plasticity constitutive law in which the yield stress σy is
assumed to be of the form:

σy = (A + Bεn
p)(1 + C log ε̇∗p)(1 − T∗m), (22)

where εp refers to the equivalent plastic strain. The first term in expression (22) accounts for the
quasistatic hardening, including the initial yield stress, A, and the constants representing the strain
hardening, B, and the exponent n. The second term in (22) is related to the hardening due to strain rate
effects, containing the strain rate constant, C and also the dimensionless plastic strain rate, ε̇∗ = ε̇p

ε̇p0
,

where ε̇p0 is a reference plastic strain rate, often taken to be equal to 1. Finally, the third term accounts
for the effects of temperature, including the thermal softening exponent, m, and also the so-called
“homologous temperature”

T∗ =
Texp − Troom

Tmelt − Troom
. (23)

Here, Texp is the experimental temperature at which the material is being modeled, Tmelt is the
melting temperature of the material and Troom is the ambient temperature.

2.4.2. Zerilli–Armstrong Constitutive Relations

The Zerilli–Armstrong (ZA) model [18] was conceived as a new approach to the metal plasticity
modeling, using a finite deformation formulation based on constitutive relations related to the physical
phenomenon of dislocation mechanics, in contrast to other purely phenomenological constitutive
relations, such as the previously described Johnson–Cook model. These relations have been proved to
be well suited for the modeling of the response of metals to high strains, strain rates, and temperatures.
Its numerical implementation, although more complicated than the JC model, is still relatively simple,
justifying its popularity.

The ZA relations were developed in order to respond to the need of a physical-based model that
could include the high dependence of the flow stress of metals and alloys on dislocation mechanics.
For instance, aspects like the grain size, thermal activation energy, or the characteristic crystal unit cell
structure have a dramatic effect in the plastic response of these materials, according to experimental
data. Hence, the ZA model is still a J2 plasticity model in which the yield stress becomes a function of
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strain, strain rate, and temperature, but with their relative contributions weighted by constants that
have physical meaning. The yield stress is assumed to be

σy = (C1 + C2ε
1
2
p ) exp(−C3T + C4T log ˙εp) + C5εn

p + kl−
1
2 + σG. (24)

In this relation, C1, C2, C3, C4, C5, k, σG, l are constants. The constants σG, k, l represent, respectively,
the contributions to the yield stress due to solutes, the initial dislocation density, and the average
grain diameter. The remaining constants are selected to distribute the contribution to the hardening of
the plastic strain, its rate, and the temperature. Based on the crystallographic structure of the metal
under study, some of the constants Ci will be set to zero. For example, fcc metals such as copper will
have C1 = C5 = 0. Iron and other bcc metals will be represented with equations that have C2 = 0.
These differences are mainly based on the physical influence of the effects of strain on each type of
structure, which is especially dominant when it comes to modeling fcc metals, whereas the strain-rate
hardening, thermal softening, and grain size have a greater effect on bcc metals.

2.4.3. Arrhenius-Type Model Constitutive Relations

Last, we consider an Arrhenius-type (AR) constitutive model [19], a strain-compensated equation
aiming to reproduce the behavior of metals at high temperature. As in the previous constitutive laws,
the AR model is a classical J2 plasticity model with an elaborated expression for the yield stress σy.
In this case, it is defined as

σy =
1

α(εp)
sinh−1

(
Z(εp, ˙εp, T)

A(εp)

)1/n

, (25)

where α : R → R and A : R → R are two functions employed to represent the influence of the plastic
strain on the response and n is a material exponent. On the other hand, Z : R×R×R

+ → R is the
so-called Zener–Holloman function, accounts for the effects of strain rate ˙εp and temperature T, and is
defined as

Z(εp, ˙εp, T) := ˙εp exp
(

Q(εp)

RT

)
, (26)

where R is the universal gas constant and Q : R → R is the activation energy, assumed to be a
third-order polynomial.

The scalar functions that enter the definition of the yield function are thus α, A and Q. The three
are defined parametrically as

α(εp) = α0 + α1εp + α2ε2
p + α3ε3

p,

Q(εp) = Q0 + Q1εp + Q2ε2
p + Q3ε3

p,

A(εp) = exp
[

A0 + A1εp + A2ε2
p + A3ε3

p

]
,

(27)

where α0, . . . , α3, Q0, . . . , Q3, and A0, . . . , A3 are material constants determined experimentally.
Depending on the author, these three functions might adopt slightly different forms leading to
potentially higher accuracy at the expense of more difficulties for their calibration.

3. Application

The methodology presented in Section 2 is applied now to a relevant example in mechanics of
deformable solids, namely, Taylor’s impact test [21,22]. In what follows, we will study the calibration
of the three material models of Section 2.4 based on the outputs obtained from this well-known test
that consists of a high-velocity impact of a metallic anvil onto a rigid wall. As illustrated in Figure 2,
the impact creates irrecoverable deformations in the anvil that, due to the symmetry of the problem,
can be macroscopically quantified by measuring the changes in the diameter and length of the impactor.
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Figure 2. Schematic of Taylor’s impact test.

Figure 3 illustrates the procedure advocated for our numerical analysis: starting from a prior
distribution for the material parameters, a meta-model of Taylor’s impact test is constructed based
on anisotropic RBF. The meta-model, once completed, is cheap to run and can be used to perform
sensitivity analyses and to update, via Bayesian calibration, the probability distribution of the original
parameters. If deemed necessary, the latter probability distribution can be reintroduced in the Bayesian
calibration, this time as prior, as illustrated in Figure 3, until the parameter distribution converges to
an (almost) stationary function. In theory, one could use the posterior probabilities to start the whole
process, helping to build a better meta-model that will be later employed in the GSA and calibration.
This route, however, might be too expensive in real life applications.

Figure 3. Iterative process for a two-stage approach of screening and calibration of model parameters.

To build the meta-model, five impact velocities are selected over a typical range of Taylor’s
bar experiments: namely, 200, 230, 260, 290, and 320 m/s. Then, the different tests for each impact
velocity are simulated considering a Cr-Mo steel as the anvil’s material. Each impact velocity point
consists of 612 simulations for the Johnson–Cook and Zerilli–Armstrong models, and 1800 for the
Arrherius-type, since the latter involves a larger number of material parameters and requires more data
in order to get reliable levels of accuracy when constructing the meta-models. The parameters fed to
the simulations have been sampled from uniform distributions centered at nominal values taken from
the literature [19,33] with ±10% ranges, varying them according to a Low Discrepancy Design method
(LDD), or Sobol sequence [34]. The latter is obtained with a deterministic algorithm that subdivides
each dimension of the sample space into 2N points, while ensuring good uniformity properties.

The QoIs selected for the meta-model are ∆R and ∆L; that is, the changes in radius and length
of the anvil after impact. Using the methods described in Section 2.2, an RBF-based meta-model is
obtained for each material and impact velocity. The meta-models now serve as the basis for the Global
Sensitivity Analysis that will identify the most significant parameters in each model, ruling out from
the Bayesian calibration those whose influence on the QoIs is relatively small. Finally, for each of the
material models, a full Bayesian analysis will be done based on the concepts of Section 2.3, providing
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a fitted Gaussian process per model and QoI. This last step demands standard but cumbersome
operations and has been performed using a freely available R package [35].

To complete the Bayesian calibration, we need meta-model predictions for arbitrary velocities
of the impactor. Since the available meta-models are only defined for five selected velocities, we
will interpolate linearly their predictions for the QoI at any intermediate velocity (see Figures 4–6).
This strategy will speed-up the generation of data for the Bayesian analysis. To validate it, we will
first confirm that the error made by this interpolation is negligible. For that, we will compare
solutions obtained with FE simulations at arbitrary velocities of the anvil against interpolated
meta-model predictions.

Figure 4. Linear interpolation of meta-model predictions of ∆R for the Johnson–Cook constitutive
relation. Each piecewise linear interpolation connects predictions with the same model parameters.

Figure 5. Linear interpolation of meta-model predictions of ∆R for the Zerilli–Armstrong constitutive relation.

70



Materials 2020, 13, 4402

Figure 6. Linear interpolation of meta-model predictions of ∆R for the Arrhenius-type constitutive relation.

Once accepted, this strategy for combining meta-models will result in an extremely cheap source
of simulated data that will be used to study the material models. For each of the latter, the fitting data
will consist of n1 = 20 sets of observed points ∆1 = {x1, . . . , xn1}, plus n2 = 500 sets of computational
outputs, derived from the meta-models interpolation, ∆2 = (x′1, t1), . . . , (x′n2

, tn2), where xi and
x′i are the experimental impact velocities and interpolated impact velocities acting as the variable
input, respectively, while ti are the parameter inputs to the meta-model. To assess the results of the
meta-models interpolation, the FE cases against which are to be compared will be generated employing
the same parameter inputs ti and impact velocities x′i .

In this work, we have chosen to calibrate CrMo steel because the parameters for the JC, ZA,
and ARR models could be found in the literature for this material. However, no experimental
measurements are available for Taylor tests with anvils of this material. Hence, we follow an alternative
avenue to obtain data, one that is often employed in statistical analyses [36,37]. The idea is to generate
data from finite element simulations (20 in our procedure) using a fixed material model with nominal
parameters, exploring all impact velocities and adding white Gaussian noise to all the measured QoIs,
consistent with Equation (18).

To complete the problem definition, it remains to choose prior probability distributions for
the complete set of material parameters θ, the variance of the global observation error λ2, and the
hyperparameters χδ of the discrepancy function. Tables 1 and 2 describe the probability distributions
chosen for each parameter in the three models and the references employed for their choice.

Table 1. Prior probability distributions.

Term/Parameter Probability Distribution Function

θ N (µ, 1) JC/ARR or N (µ, 10) ZA (see Table 2)
λ2 Γ(1, 0.1)
σ2

δ Γ(1, 0.1)
ψδ U(0, 1)
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Table 2. Mean values for the parameter distributions according to literature [19,33].

Material Model Mean values

Johnson–Cook A = 113 MPa, B = 211 MPa, C = 0.073, n = 0.218, m = 0.818

Zerilli–Armstrong
C0 = 707.2 MPa, C1 = 575 MPa, C3 = 0.00698 K−1,

C4 = 0.00032 K−1, C5 = 637.5 MPa, n = 0.41

Arrhenius-type

Q0 = 412.31, Q1 = −510.82, Q2 = 1873.4, Q3 = −1872.4
A0 = 36.402, A1 = −68.301, A2 = 254.32, A3 = −255.57

α0 = 0.009481, α1 = −0.003841, α2 = −0.012971, α3 = 0.025892,
n = 5.2248

4. Results

We now present the results of the GSA analyses, the meta-models interpolation and calibration
procedure for the three material models described in Section 2.4 based on the results obtained from the
experiments of Taylor’s anvil impact. These are obtained from the RBF meta-model whose construction
is detailed in Sections 2.2 and 3.

4.1. Sensitivity Analysis

First, we present the results of the sensitivity analyses, as summarized in the pie charts of
Figures 7–9. For each of the three material models, these figures depict the contributions, at two impact
velocities, of the parameters to global variance, considering independently the two QoIs: namely,
the increments in anvil’s radius and length.

Figure 7. Global Sensitivity Analysis (GSA) results for the Johnson–Cook (JC) model considering ∆R

and ∆L at 200 and 320 m/s.
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Figure 8. GSA results for the Zerilli–Armstrong (ZA) model considering ∆R and ∆L at 200 and 320 m/s.

Figure 9. GSA results for the Arrhenius-type model considering ∆R and ∆L at 200 and 320 m/s.

In all the three models, the pie charts expressing the parameters’ influence are slightly different,
as expected from a complex experiment. However, the most significant result of the analysis performed
is that the most influential parameters of each material model coincide in the four sensitivity figures.

To proceed, we identify for each material model the smallest set of parameters whose combined
influence accounts for at least 90% of the total QoI variance in all the tests performed and we summarize
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these findings in Table 3. These results are useful in two ways. First, they simplify the ensuing Bayesian
calibration, limiting the number of hyperparameters for the Gaussian processes and the computations
involved in the likelihood calculations. Second, from a quantitative point of view, it can be employed
by users of material models in numerical simulations to reveal the most influential parameters in
the three laws considered, where most of the calibration efforts should be placed, irrespective of the
methodology followed to this end.

Table 3. Model parameters accounting for 90% or more of the Quantity of Interest (QoI) variance.

Material Model Significant Parameters

Johnson–Cook A, B, C
Zerilli–Armstrong C0, C3, C5, n

Arrhenius-type A2, A3, α3, n

4.2. Linear Interpolation of Meta-Models

In Section 3, it was proposed to interpolate linearly meta-model predictions to extend the latter to
arbitrary anvil velocities. Next, in Figures 10–12, we show a comparison between the predictions of
the QoI ∆R obtained from meta-model interpolation and full FE simulations.

Figure 10. Comparison of meta-models interpolated results and FEM simulations, considering ∆R for
the Johnson–Cook model.

Observing these plots and the results collected in Table 4, we conclude that the meta-model
interpolation for the Johnson–Cook and Zerilli–Armstrong models provides accurate predictions of
∆R for arbitrary impact velocities. In contrast, the interpolations of the Arrhenius-type model are not
as accurate, possibly due to the relatively higher non-linearity of its constitutive equation, affecting
directly the flow stress computation. Without a direct means of verifying this assertion, we might
speculate that these non-linearities trigger complex deformation patterns in the anvil once the material
enters the plastic regime. However, given that the maximum relative error is below 7 × 10−2 in all
three cases, we can accept the interpolated predictions for the three constitutive models. This choice
will result in huge computational savings for the Bayesian calibration.
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Table 4. Errors in the meta-model predictions of ∆R compared with full FE simulations.

Model Mean Relative Error Maximum Relative Error

Jonhson–Cook 6.2 × 10−3 1.2 × 10−2

Zerilli–Armstrong 8.1 × 10−3 3.2 × 10−2

Arrhenius-type 1.1 × 10−2 6.7 × 10−2

Figure 11. Comparison of meta-models interpolated results and FEM simulation results, considering
∆R for the Zerilli–Armstrong model.

Figure 12. Comparison of meta-models interpolated results and FEM simulation results, considering
∆R for the Arrhenius-type model.
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We have also validated the linear interpolation strategy for the quantity ∆L. The results are very
similar to the ones obtained for ∆R and the interpolation plots are not presented. Table 5 collects the
errors made by the meta-model for ∆L as compared with the FE solution, leading us to conclude, as for
the previous QoI, that the interpolated predictions are accurate enough.

Table 5. Errors in the meta-model predictions of ∆L compared with full FE simulations.

Model Mean Relative Error Maximum Relative Error

Jonhson–Cook 6.9 × 10−3 2.3 × 10−2

Zerilli–Armstrong 9.4 × 10−3 3.6 × 10−2

Arrhenius-type 7.8 × 10−3 3.0 × 10−2

4.3. Bayesian Calibration

Finally, we proceed to perform a Bayesian calibration of the material models employed in the
sensitivity analysis, keeping fixed at their nominal value those parameters that have been found to be
non-influential in the sensitivity analyses. The calibration results considering both QoIs, ∆R and ∆L,
are shown in Figures 13–18.

Specifically, Figure 13 shows the prior probability distribution functions provided for the three
most relevant parameters, A, B, and C of the JC model, and their posterior probability functions.
Similarly, Figure 15 illustrates the same probability functions, now for the most relevant parameters of
the ZA model: namely, C0, C3, C5, and n.

Figure 13. Prior vs. posterior probability distribution functions of parameters A ∼ θ1, B ∼ θ2, C ∼ θ3,
in the JC model considering ∆R as the QoI.
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Figure 14. Prior vs. posterior probability distribution functions of parameters A ∼ θ1, B ∼ θ2, C ∼ θ3,
in the JC model considering ∆L as the QoI.

Based on the results of the calibration, we can make general comments on the calibrated models.
In the case of the JC constitutive law, the calibration process has notably sharpened the probability
density function of the three most significant parameters (see Figures 13 and 14), eliminating a great
part of the uncertainty linked to the variance in the prior probability distributions. Comparing the
calibrated values of the parameters in the JC model obtained for the two QoIs analyzed (see Table 6),
we note that both are similar. This suggests that the JC model is a good constitutive model for capturing
the physics behind Taylor’s test. In turn, the posterior probability distributions for the ZA model
barely reduce the variance of the priors (cf. Figures 15 and 16). As a consequence, the calibration
does not reduces significantly the uncertainty in the parameters. In addition, some of the calibrated
parameters for the two QoIs under study have large disparities in their means. This is a consequence
of the fact that, in our experiments, simulations carried out with the ZA model predict softer results,
irrespective of the impact velocity and QoI observed. This fact, far from being a negative result, proves
the potential of the method and illustrates that when the experimental and the simulation data are not
in full agreement, the outcome of the calibration alerts of more uncertainties in the model and/or the
data, or even the inability of the constitutive model to capture the physics of the problem.
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Figure 15. Prior vs. posterior parameter probability distributions for C0 ∼ θ1, C3 ∼ θ2, C5 ∼ θ3, n ∼ θ4,
of the ZA model considering ∆R as the QoI.

Figure 16. Prior vs. posterior parameter probability distributions for C0 ∼ θ1, C3 ∼ θ2, C5 ∼ θ3, n ∼ θ4,
of the ZA model considering ∆L as the QoI.

Regarding the calibration of the Arrhenius model, it can be observed from Figures 17 and 18 that
the variance reduction in the posterior probability distribution of its parameters is not as strong
as for the Johnson–Cook constitutive law, although it is still significant when compared to the
Zerilli–Armstrong case. Something similar happens when analyzing the (mean) calibrated parameters
when considering the two QoIs. Even if there is a good agreement among them, the calibrated
parameter α3 obtained for the two QoI is fairly different. A potential explanation can be found,
again, in the complexity of the constitutive equation and the effects of ignoring a large number of
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the model parameters. While this conscious choice saves much computational cost, it causes the
loss of information in the model behavior, that, either way, could be countered to a large extent with
additional simulated data at a low computational cost.

Figure 17. Prior vs. posterior parameter probability distributions for parameters A2 ∼ θ1, A3 ∼
θ2, α3 ∼ θ3, n ∼ θ4 of the Arrhenius-type model considering ∆R as the QoI.

Figure 18. Prior vs. posterior parameter probability distributions for parameters A2 ∼ θ1, A3 ∼
θ2, α3 ∼ θ3, n ∼ θ4 of the Arrhenius-type model considering ∆L as the QoI.
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Table 6. A posteriori mean values obtained for each parameter, considering both QoIs, ∆R and ∆L, for
the calibration of the models.

Material Model Mean Values ∆R Mean Values ∆L

Johnson–Cook A = 112.7 MPa, B = 211.8 MPa, C = 0.065 A = 112.4 MPa, B = 211.3 MPa, C = 0.073

Zerilli–Armstrong
C0 = 704.6 MPa, C3 = −0.00392 K−1, C0 = 702.8 MPa, C3 = 1.65 K−1,

C5 = 638.3 MPa, n = −1.65 C5 = 636.1 MPa, n = 1.02

Arrhenius-type
A2 = 255.0, A3 = −254.8 A2 = 254.0, A3 = −255.9

α3 = 0.077, n = 4.9 α3 = 0.59, n = 5.54

5. Conclusions

Calibrating complex material models using experimental tests and simulations is a critical task in
computational engineering. When done in combination with statistical inference, this process can yield
accurate values for the unknown material parameters plus additional information about its scatter and
intervals of confidence. For example, Gaussian processes provide a natural and powerful framework
to combine physical and numerical tests to obtain probability distributions of the material parameters.
To fully exploit the potential of this kind of analysis, however, a large number of data points is required,
and the latter can be most effectively obtained by employing a meta-model.

In this work, we described an effective framework for calibrating complex material models
based on the combination of meta-models built on top of anisotropic Radial Basis Functions, Global
Sensitivity Analysis, and Gaussian processes. The integration of these techniques results in a robust
and efficient workflow.

We have employed the framework described for the calibration of three extremely common,
although complex material models. These are the Johnson–Cook, the Zerilli–Armstrong, and
Arrhenius-type models, and are typically employed for the characterization of the elasto-visco-plastic
response of metals under high strain rates, and possibly high temperature as well. The outcome of
our analysis is two-fold. First, we are able, for each material model, to rank the sensitivity of an
impact simulation with respect to each of the parameters involved. Second, the framework produces a
probability distribution for all the calibrated parameters as a function of the available or generated data,
tapping into previously built and extremely fast statistical tools to obtain them. Such a characterization
is more complete than simple point estimates, often employed when fitting material models.

Let us conclude by noting that the procedures described in this work have applicability beyond
materials calibration to, in principle, problems where model evaluations and experimental setups
are costly.
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Abstract: Constitutive models for plastic deformation of metals are typically based on flow rules
determining the transition from elastic to plastic response of a material as function of the applied
mechanical load. These flow rules are commonly formulated as a yield function, based on the
equivalent stress and the yield strength of the material, and its derivatives. In this work, a novel
mathematical formulation is developed that allows the efficient use of machine learning algorithms
describing the elastic-plastic deformation of a solid under arbitrary mechanical loads and that can
replace the standard yield functions with more flexible algorithms. By exploiting basic physical
principles of elastic-plastic deformation, the dimensionality of the problem is reduced without loss
of generality. The data-oriented approach inherently offers a great flexibility to handle different
kinds of material anisotropy without the need for explicitly calculating a large number of model
parameters. The applicability of this formulation in finite element analysis is demonstrated, and the
results are compared to formulations based on Hill-like anisotropic plasticity as reference model.
In future applications, the machine learning algorithm can be trained by hybrid experimental and
numerical data, as for example obtained from fundamental micromechanical simulations based on
crystal plasticity models. In this way, data-oriented constitutive modeling will also provide a new
way to homogenize numerical results in a scale-bridging approach.

Keywords: plasticity; machine learning; constitutive modeling

1. Introduction

Finite element analysis (FEA) is a widespread numerical tool for studying the mechanical behavior
of structures. While in many applications it is sufficient to know under which conditions a part of
the structure fails plastically or suffers damage or fracture, in some cases, like in sheet forming or for
crash simulations, it is important to be able to simulate the plastic deformation during loading and
to obtain the shape of the structure after the external load is released. Such non-linear behavior is
typically described by constitutive models that relate stress and strain in a material, as described in
any textbook on non-linear finite element modeling, e.g., see [1]. Conventionally, constitutive relations
for plasticity are formulated as flow rules based on a plastic potential. In the simplest case, the latter
is the yield function of the material, determining at which local stress the material starts yielding
plastically and which plastic strain increment will result from such plastic deformation. As described
in the next section, such yield functions relate the equivalent stress and the yield strength of a material,
which needs to be determined experimentally or with the help of more fundamental models in a
scale-bridging approach.

Experimentally, the yield strength is typically determined in uniaxial tensile tests, in which
materials frequently exhibit an anisotropy in their plastic behavior, i.e., the yield strength depends on
the orientation of the loading axis with respect to the material coordinate system, defined for example
by rolling, normal, and transverse direction. In conventional approaches such anisotropic plastic
behavior is described by defining a proper equivalent stress that takes into account material anisotropy,
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such that yielding occurs at a constant scalar yield strength. This approach has been introduced by
Hill [2] and applied to orthotropic plasticity in sheet metals [3]. The concept has been generalized to
linear transformation-based anisotropic yield functions by Barlat et al. [4] and to methods describing
distortions of the yield surface caused by anisotropic work hardening [5]. In forming technology,
similar ideas have been successfully applied to predict the resulting shape of sheet metals after deep
drawing [6]. All these approaches have in common that the information about the material anisotropy
is mapped into the definition of the equivalent stress, while they differ in the amount of material
parameters that is required to describe the anisotropy in the material’s flow behavior. To determine
these parameters, a series of experiments with different mutual orientations of loading axis and
material axis is necessary. Alternatively, micromechanical models, in which discrete representations
of the material’s microstructure are used together with quite fundamental crystal plasticity models,
can be used to calculate the anisotropic flow behavior of a polycrystalline metal [7,8].

To model non-linear material behavior, in more recent approaches, the method of data-based
mechanics has been introduced by Kirchdoerfer and Ortiz [9], in which stress-strain data from
experimental tests are used directly, rather than using constitutive rules. While the first approaches
have been limited to elastic structures under static loads, recently, this concept has been extended to
dynamics [10] and to inelastic material behavior [11]. These methods are based on a fundamental
re-formulation of the basic equations of mechanics and thus require completely new mechanical solvers.
Other data-driven methods in plasticity are formulated as process models, e.g., for air-bending [12],
or focus on the application of data-oriented methods as constitutive models in computational
plasticity [13]. The latter idea allows the use of existing FEA solvers for mechanical problems, and
is also followed in this work, in which a new formulation of a data-oriented flow rule is introduced
that can replace conventional constitutive models—formulated in a mathematical closed form—by
machine learning (ML) algorithms. In this data-oriented formulation, the anisotropy of the material’s
flow behavior is considered in a directionally dependent yield strength of the material rather than by
an anisotropic transformation of the stress. Using ML algorithms as yield functions provides a great
flexibility to describe arbitrary mathematical functions, and at the same time, holds the potential to
handle large data sets and multi-dimensional feature vectors as input. Hence, using ML algorithms
as constitutive rules for plastic material behavior offers the possibility to explicitly take into account
the microstructural information of the material in constitutive modeling. Furthermore, data resulting
from experiment and micromechanical simulations can be hybridized to generate training data sets.
An overview on applications of ML and data-mining methods in continuum mechanical simulations
of material behavior has been provided by Bock et al. [14].

ML algorithms can be classified into algorithms for supervised and unsupervised learning.
The former group can be further categorized into classification algorithms, which divide
a multi-dimensional feature space into regions with similar properties, and into regressors,
which provide linear or non-linear regression functions for the given multi-dimensional data set.
Support Vector Machines (SVM) are successfully applied both as classifiers (SVC) [15] and regressors
(SVR) [16,17]; an overview on both applications is given in a technical report by Gunn [18]. Since yield
functions in continuum plasticity are also employed to subdivide stress space into elastic and plastic
regions, this work aims at investigating the possibility of using SVC for the purpose of constitutive
modeling in plasticity. An overview on data-mining methods and statistical learning, also covering the
SVM method, is given by Hastie et al. [19].

The present paper is organized as follows: In the next section, the basic concepts of continuum
plasticity are briefly summarized, and a new mathematical formulation is introduced, which enables
a data-oriented approach to constitutive modeling. Subsequently, a consistent formulation of the
SVC method to serve as yield function in continuum plasticity is introduced, which is then trained
with artificial data resulting from a Hill-like reference material. Using such data has the advantage of
being able to judge the quality of the approximations in an objective way. In the next step, trained ML
yield function is applied as constitutive model in simple finite element simulations (Supplementary
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Materials) to demonstrate its applicability for this purpose. Finally, the results of ML and conventional
flow rules are compared and the conclusions drawn from this comparison are presented.

2. Methods

2.1. Anisotropic Continuum Plasticity

In order to describe the elastic-plastic deformation of a material, we introduce the strain tensor ǫǫǫ

that describes the deformation of the material and the stress tensor σσσ that describes the forces acting
on the surface of the material. Note that tensorial quantities with rank≥ 1 are typeset in bold letters,
whereas scalar quantities are represented by standard characters. In the elastic regime, Hooke’s law is
used as constitutive relation between stress and strain, such that

σσσ = CCCǫǫǫ, (1)

where CCC is the fourth-rank elasticity tensor of the material. To describe plastic deformation, the yield
function of the material is introduced as

f (σσσ) = σeq − σy , (2)

which takes negative values if the equivalent stress σeq is smaller than the yield strength σy of the
material, i.e., in the elastic regime. When f = 0 plastic yielding sets in, and in case of work hardening,
σy should be considered as flow stress after this point. Since this work only deals with the onset of
plastic yielding, ideal plasticity will be assumed throughout, such that σy is a constant, irrespective of
the deformation history of the material. Denoting the principal stresses of the stress tensor σσσ as σj with
(j = 1, 2, 3) , the equivalent stress takes the form

σJ2
eq =

√
1
2

[
(σ1 − σ2)

2 + (σ2 − σ3)
2 + (σ3 − σ1)

2
]

, (3)

which—following the definition of von Mises (see, e.g., the translation of the original work by
D. H. Delphenich [20])—is based on the second invariant of the stress deviator (J2). In conjunction
with the yield function of Equation (2), it describes the onset of plastic yielding for isotropic materials.
Note that the formulation in Equation (3) is intrinsically independent of hydrostatic stress components
p = 1/3Trace(σσσ) and thus does not require to explicitly calculate the deviatoric stress

σσσ′ = σσσ − pUUU, (4)

where UUU is the unit tensor. By this definition of the equivalent stress, it is inherently assumed that
hydrostatic stress components do not affect the plastic flow behavior of the considered material,
which is typically fulfilled for metals, but not for polymers or rocks, such that the method formulated
here, will mainly apply to metallic materials or, more generally, to materials, where hydrostatic stresses
do not influence the plastic behavior.

As described in the introduction, many materials exhibit a directionally dependent yield strength,
such that anisotropic flow rules need to be introduced. A first definition of such anisotropic flow
rules was introduced by Hill [2], who used a generalized definition of the equivalent stress to achieve
a directionally dependent mapping of the equivalent stresses to maintain a constant yield strength.
Hence, in this formulation, the anisotropy is considered in the stress rather than in the yield strength.
Since the mathematical formulations in this work are purely based on principal stresses, we use a
simplified version of the Hill definition and introduce a Hill-like anisotropic definition of the equivalent
stress as

σeq =

√
1
2

[
H1 (σ1 − σ2)

2 + H2 (σ2 − σ3)
2 + H3 (σ3 − σ1)

2
]
, (5)
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with only three material parameters H1, H2 and H3, whereas in his original work, Hill introduced
three more parameters for an orthotropic material to scale also the shear stress components. Since for
orthotropic materials loaded along the main material axes there is no mutual influence of shear and
normal components of stress and strain, the formulation introduced here is restricted to loading
situations that only produce normal stresses and strains, and where consequently all off-diagonal
components of stress and strains tensors remain zero. Furthermore, it is assumed that the loading axes
and the main axes of the orthotropic material coincide. Hence, this formalism is currently only valid
for a small subset of loading conditions for materials with orthotropic flow anisotropy. The definition
of the equivalent stress following Hill can be considered as a generalization of the J2 equivalent stress,
because for isotropy, i.e., H1 = H2 = H3 = 1, both definitions are equal.

The restrictions applied in this work, allow the mathematical notation to be simplified by only
considering principal stresses. In future work, it is intended to render the formulation more general by
exploiting that for any stress state, there exists a coordinate system in which the given stress tensor
becomes a diagonal tensor composed of the principal stresses σj. This coordinate system is given by
the eigenvectors of the stress, representing the principal directions, such that the coordinate system of
the original stress tensor—and with it the material axes—can be rotated into the coordinate system of
the eigenvectors of the stress tensor. In this orientation the stress tensor becomes a diagonal tensor,
and Equation (5) can be evaluated with parameters H′

i in the rotated state of the material axes.
The thus defined yield function can be used to determine whether a given stress state results in a

purely elastic or rather in an elastic-plastic deformation of a material. The condition f (σσσ) = 0 relates
stresses lying on a specific hyperplane in stress space, the so-called the yield-locus. Since a material
does not sustain any stresses larger than the yield stress (for ideal plasticity) or the flow stress (in
case of work hardening), acceptable stress states either produce a negative value of the yield function
(elasticity) or lie on the yield locus (plasticity), which should be a convex hull of the elastic stress states.
Hence, if a predictor step in finite element analysis (FEA) produces a stress outside the yield locus,
a plastic strain increment must be calculated that leads again to an accepted stress state on the yield
locus. The return mapping algorithm to calculate such strain increments has been described in many
text books on continuum plasticity and non-linear FEA, such that here only a very brief summary
based on [1] is reproduced. According to the Prandtl–Reuss flow rule, the plastic strain increment for a
given time step can be calculated as

ǫ̇ǫǫp = λ̇
∂ f

∂σσσ
= λ̇nnn , (6)

where nnn is the normal vector to the yield locus, defined by the gradient of the yield function ∂ f /∂σσσ,
and λ̇ > 0 is the so-called plastic strain multiplier that can be evaluated as

λ̇ =
nnn ·CCCǫ̇ǫǫ̇ǫǫǫ̇ǫǫǫ

nnn ·CCCnnn
, (7)

where ǫ̇ǫǫ is the total strain increment of the FEA predictor step that leads to a stress state outside
the yield locus and which is consequently decomposed into the plastic strain increment, given by
Equation (6), and the elastic strain increment or stress increment given by

σ̇σσ = CCCtǫ̇ǫǫ (8)

with the tangent stiffness tensor

CCCt = CCC − CCCnnn ⊗CCCnnn

nnn ·CCCnnn
(9)

where “⊗” denotes the tensorial product in the form ai ⊗ bj = aibj.
The gradient of the yield function with respect to the principal stresses can be evaluated

analytically as
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∂ f

∂σ1
=

∂σeq

∂σ1
=

(H1 + H3) σ1 − H1σ2 − H3σ3

σeq

∂ f

∂σ2
=

∂σeq

∂σ2
=

(H2 + H1) σ2 − H1σ1 − H2σ3

σeq
(10)

∂ f

∂σ3
=

∂σeq

∂σ3
=

(H3 + H2) σ3 − H3σ1 − H2σ2

σeq

Note that in the case of isotropic plasticity (H1 = H2 = H3 = 1), the gradient takes the simple form

∂ f

∂σσσ
= 3

σσσ − pUUU

σeq
= 3

σσσ′

σeq
. (11)

This section served the purpose to introduce the main physical quantities in the notation used
in this work. For further details of continuum plasticity or FEA, the reader is referred to standard
textbooks, as for example [1]. In the following, the formalism for the data-oriented constitutive model
based on a machine learning (ML) yield function is laid out.

2.2. Stress Space in Cylindrical Coordinates

Since plastic deformation in most metals does not depend on hydrostatic stress components, it is
useful to transform principal stresses from their representation as a 3-dimensional (3D) Cartesian
vector of principal stresses σσσ = (σ1, σ2, σ3) into a cylindrical coordinate system with sss = (σeq, θ, p),
where the equivalent stress σeq represents the norm of the stress deviator σσσ′, and the polar angle θ

lies in the deviatoric plane normal to the hydrostatic axis p, which has already been used by Hill [2].
This coordinate transformation improves the efficiency of the training, because only two-dimensional
data for the equivalent stress and the polar angle need to be used as training features, whereas the
hydrostatic component is disregarded. Hence, by exploiting basic physical principles, we effectively
reduce the dimensionality of the problem from 6 independent components of an arbitrary stress tensor
to 2 degrees of freedom, without loosing the generality of the formulation. As the polar angle θ can be
considered a generalized Lode angle [21], it is noted that the Lode angle, by definition, describes the
axiality of a loading state in a way that uniaxial loads in different directions result in the same Lode
angle. Since our formulation aims at describing anisotropy in the plastic deformation, uniaxial stresses
in different directions must possess different angles. To achieve this, we introduce a complex-valued
deviatoric stress

σ′
c = σσσ · aaa + i σσσ · bbb =

√
2/3σeq eiθ , (12)

where i is the imaginary unit, such that the polar angle

θ = arg σ′
c = −i ln

σσσ · aaa + i σσσ · bbb√
2/3σeq

. (13)

with the unit vectors aaa = (2,−1,−1)/
√

6 and bbb = (0, 1,−1)/
√

2 that span the plane normal to the
hydrostatic axis ccc = (1, 1, 1)/

√
3.

To transform the gradient of the yield function from this cylindrical stress space back to the
principle stress space, in which form it is used to calculate the direction of the plastic strain increments
in the return mapping algorithm of the plasticity model, we introduce the Jacobian matrix for this
coordinate transformation as

JJJ =
∂sss

∂σσσ
=




∂σeq
∂σ1

∂θ
∂σ1

∂p
∂σ1

∂σeq
∂σ2

∂θ
∂σ2

∂p
∂σ1

∂σeq
∂σ3

∂θ
∂σ3

∂p
∂σ1


 (14)
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where ∂σeq/∂σj is given in Equation (10), ∂p/∂σj = 1/3 and

∂θ

∂σσσ
= −i

(
aaa + i bbb

σσσ · aaa + i σσσ · bbb
− 3 σσσ′

σ2
eq

)
. (15)

With this Jacobian, the gradient can be calculated as

∂ f

∂σσσ
= JJJ

∂ f

∂sss
. (16)

2.3. Data-Oriented Yield Function

While the concept of mapping the equivalent stress in describing anisotropic flow behavior has
been applied successfully in the approaches of Hill [2,3] and Barlat [4], for a data-oriented yield function,
it is impracticable to calculate the necessary parameters for this stress mapping explicitly. Hence, it is
of advantage to reformulate the flow rule in such a way that the yield strength is considered to be
directionally dependent, whereas the equivalent stress is formulated in an objective way, without prior
knowledge of the material behavior. This is achieved by using the J2 equivalent stress in the flow rule
and formally considering the flow stress to be a function of the polar angle in the deviatoric plane,
such that

fd(sss) = s1 − σy(s2) = σJ2
eq − σy(θ). (17)

A further advantage of this formulation is that the dependence of the yield function on the two degrees
of freedom of the cylindrical stress notation is separated into two independent terms. Furthermore,
for symmetry reasons, it is required that the yield strength is a periodic function of the polar angle
with periodicity 2π. The gradient of the ML yield function w.r.t. the cylindrical coordinates reads

∂ fd

∂s1
=

∂ fd

∂σJ2
eq

= 1

∂ fd

∂s2
=

∂ fd

∂θ
=

dσy

dθ

∂ fd

∂s3
=

∂ fd

∂p
= 0 .

It is seen that in the cylindrical stress space ∂ fd/∂σeq = 1 and ∂ fd/∂p = 0, under the condition that
plasticity is independent of hydrostatic stress components. Hence, the only non-constant component
of the gradient is ∂ fd/∂θ, which simplifies the numerical implementation of the method. For isotropic
J2 plasticity, ∂ fd/∂θ = 0, and in this case it is particularly easy to calculate the gradient and to see that
the formulations in both coordinate systems result in the same gradient. The transformation of this
gradient into the principal stress space is achieved by multiplication with the Jacobian, according to
Equation (16).

To establish a data-oriented formulation, we introduce a yield function in the form of a machine
learning (ML) algorithm, rather than in a mathematically closed form with a number of model
parameters that need to be fitted to the data. This enables us to use the available data directly for the
training of the ML algorithm. Furthermore, ML methods allow for the use of higher dimensional feature
vectors such that in future work, information about the material properties and the microstructure of
the material can be directly used as input into one single ML yield function able to handle different
microstructures.

In this work, Support Vector Classification (SVC) is applied to categorize data sets consisting of
principal stresses into the classes “elastic” and “plastic”. During training, SVC constructs a hyperplane
in stress space, which separates the two regions from each other. Consequently, this hyperplane,
defined by the zeros of the so-called SVC decision function, is the equivalent to the yield locus,
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defined by the zeros of the yield function, and it is constructed such that it has the largest distance to
the nearest training data points of both classes. The SVC decision function is defined as [15]

fSVC(sss) =
n

∑
k=1

ykαkK(sss
(k)
sv , sss) + ρ , (18)

where n is the number of support vectors identified during the training process and

K(sss
(k)
sv , sss) = exp

(
−γ‖sss − sss

(k)
sv ‖2

)
(19)

is the radial basis function (RBF) kernel of the SVC, which is well suited for non-linear problems, with
the parameter γ that determines how fast the influence of one support vector decays in stress space.

The support vectors sss
(k)
sv , the dual coefficients ykαk, and the intercept ρ are determined during the

training. There are essentially two parameters that control the training process and thus the quality of
the obtained decision function: (i) γ > 0 is a parameter of the RBF kernel function and controls how
far-reaching the influence of each support vector is: the larger the value of γ, the more short-ranged
and local the influence; (ii) C > 0 is a parameter that is used only during the training to regularize the
decision function, but that does not directly enter the decision function (18). The larger the value of
C, the more flexible but irregular the decision function will become by approximating the shape of
the training data more accurately. The choice if these training parameters is critical for the successful
use of the decision function in a flow rule. In short, the larger both values are, the more flexible and
sensitive to local values the resulting decision function will become. Thus, too small values will result
in a smooth but not accurate approximation of the true yield function, whereas too large values will
result in a noisy yield function that cannot be used in FEA. The numerical example presented later
on will demonstrate this effect and provide examples for values producing accurate yet sufficiently
smooth results for the yield function.

For the supervised training, a set of nt feature vectors sss
(j)
train has to be provided together with the

result vector y(j) with j = (1, ..., nt), which takes values only in two categories: y(j) = −1 for those

training data points sss
(j)
train in the “elastic” regime and y(j) = +1 for training data in the “plastic” regime.

This training data are within the core of the method outlined here, because during the training process
they are directly used to define the support vectors that in turn determine the plastic properties of the
material. It is, therefore, essential to have sufficiently many training data points in close proximity to
the yield locus to approximate it accurately. However, the SVC training will create support vectors
only in the region covered by the training data, and outside this region the decision function drops
to zero, which could produce erroneous results if the elastic predictor step of the return mapping
algorithm falls into such a region. Hence, data points that lie deeper within the elastic and plastic
regions are required to prevent the decision function (18) from falling back to zero. Such data points,
however, can be constructed from available raw data lying close to the yield locus simply by linearly
scaling principal stresses in the elastic region towards smaller values, such that they stay within the
elastic region, and, likewise in the plastic region, scaling principal stress data towards higher values.
Thus, the raw data can be spread throughout the stress space, even without knowing the strain value
associated with each data point. Only the knowledge of its class “elastic” or “plastic” is required as
knowledge for this data extension step improving the training process. This property of the formalism
introduced in this work is of critical importance, because it enables the creation of large volumes of
training data from relatively few raw data points close to the yield locus, as demonstrated below.

As seen from Equation (18), the decision function is a continuous function constructed in a way to
reproduce this category, i.e., the sign of the training data in the respective regions in the optimal way.
To make predictions about the elastic or plastic material behavior at any given stress, the sign of the
value of the decision function fSVC(sss) at the given stress is evaluated. Furthermore, the yield locus of
the material can be obtained in the same way as for traditional yield functions, simply by finding the
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zeros of the continuous function. In this way, furthermore, the distance of any point in stress space
to the yield locus can be evaluated, which is important for making efficient predictor steps during
FEA and for calculating plastic strain increments for the return mapping algorithm. In particular,
as described in the previous section, the gradient to the yield locus needs to be known in order to
calculate plastic strain increments, that bring the stress back to the yield surface, because the plastic
material does not support any stresses outside. Due to the definition of the ML yield function as
convolution sum over the support vectors, the gradient to the SVC decision function can be calculated
analytically as

∂ fSVC

∂sss
=

n

∑
k=1

ykαk
∂K(sss

(k)
sv , sss)

∂sss
(20)

with
∂K(sss

(k)
sv , sss)

∂sss
= −2γ exp

(
−γ‖sss − sss

(k)
sv ‖2

)
(sss − sss

(k)
sv ) . (21)

The gradient of the yield function in the 3D principle stress space is obtained by multiplication
of the gradient in the cylindrical stress space with the Jacobian defined in Equation (14). Thus,
the formulation of the data-oriented yield function based on the SVC algorithm can be used directly as
ML yield function in FEA, with the same formalism for plasticity as for standard yield functions.

3. Results

In the following, it will be demonstrated how the derived formulation of the ML yield function
can be trained with data obtained from a reference material and used in FEA as constitutive law for
plasticity. All numerical examples are conducted with the tools provided on the open-source platform
Sci-Kit Learn [22] and a Python library for FEA written by the author of this work. The Python code
used for generating the results presented here is provided as supplementary material in form of a
Jupyter notebook.

3.1. Training of ML Yield Function

A reference material with Hill-type anisotropy is defined with the material parameters as given in
Table 1. The yield locus of this reference material for plane-stress conditions with σ3 = 0 is plotted in
Figure 1, in which the yield locus of the reference material with Hill-like anisotropy is compared with
that of an isotropic material with the same yield strength σy.
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Figure 1. Yield locus for plane-stress conditions (σ3 = 0) and Hill-like anisotropy with parameters given
in Table 1 (red line) and for an isotropic material with the same yield strength, but H1 = H2 = H3 = 1
(blue line). The values of the principal stresses are normalized by the yield strength σy.
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Table 1. Elastic and plastic material parameters defining the reference material with Hill-like anisotropy
in its plastic flow behavior. For simplicity, isotropic elastic behavior and ideal plasticity without work
hardening are assumed in this work.

Quantity Symbol Value

Young’s modulus E 200 GPa
Poisson’s number ν 0.3

Yield strength σy 150 MPa
Hill parameters H1, H2, H3 0.7, 1, 1.4

The thus-defined reference material is used to produce training data—and later also test
data—for the machine learning algorithm. To accomplish this, a set of stress values in form of
principal deviatoric stresses is produced in a way to cover the complete space of polar angles and also
sufficiently many equivalent stresses in the elastic and plastic regimes. This is conveniently achieved
by creating a set of nang equally distributed polar angles θ(k) in the range of [−π, π] and a set of ns

equivalent stresses σJ2
eq
(l) in the range [0.1σy, 5σy]. Note that for the entire procedure, the yield strength

σy of the material is assumed to be known. This is not a restriction, because the yield strength of an
unknown material can be easily determined from the input data in a pre-analysis step.

The transformation into principal stresses is performed as

σσσ
(j)
train =

√
2/3 σJ2

eq
(l)
(

aaa cos θ(k) + bbb sin θ(k)
)

(22)

with
j = k + (l − 1)nang (k = 1, ..., nang; l = 1, ..., ns) (23)

and the unit angles aaa and bbb spanning the deviatoric stress plane as given above. This produces a set of
nt = nangns principal stresses with which, finally, the set of result vectors

y(j) = sgn
(

f (σσσ
(j)
train)

)
with j = (1, ..., nt) , (24)

is generated by evaluating the yield function f of the reference material, as defined in Equations (2)
and (5), with the material parameters given in Table 1.

In the numerical example given here, the full training data set comprises nang = 36 values for the
polar angle and ns = 28 values for the equivalent stress for each angle, resulting in a total of nt = 1008
training data sets. Concerning the effort to create this data, it is noted here that only the number of
angles nang is relevant for the number of experiments or micromechanical simulations necessary to
generate the training data, because each angle defines a load case from which several stresses in the
elastic and plastic regime will result, and other training data points can be easily constructed from this
raw data by linear scaling, as described above. The implications of the number of load cases required
to achieve an accurate representation of the ML yield function will be further discussed in Section 4.
A graphical representation of the training data is shown in Figure 2, where also the different ways of
representing the anisotropy of the yield function with Hill-type equivalent stresses and von Mises
(J2) equivalent stresses are demonstrated. The actual training data comprise four additional sets of
polar angles associated with larger equivalent stresses scaled to values of up to σeq = 5σy to prevent
the decision function from falling back to zero in this regime, which might cause erroneous results
in FEA. To enforce the periodicity of the training ML yield function and its gradient, the training
data is periodically repeated within the training algorithm, such that the polar angle covers a range
−1.3π < θ < 1.3π.
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Figure 2. Polar plots of a subset of the training data produced from the anisotropic yield function
of the reference material: (a) Von Mises (J2) equivalent stresses according to Equation (3) are used,
such that the yield strength, rather than the equivalent stress, is a function of the polar angle θ. (b)
Equivalent stresses are calculated according to the Hill definition in Equation (5) to achieve a constant
yield strength by mapping the equivalent stresses accordingly. In both figures, the yield locus is
indicated by a solid black line, data points in the elastic regime are plotted in blue color and data in the
plastic regime in red color. Both figures represent the same stress data, only mapped in a different way;
all stresses are normalized with the reference yield strength σy.

With this data set, the training of the SVC algorithm is performed. Using the training parameters
C = 10 and γ = 4 results in a very good training score of above 99%. However, to evaluate the
true quality of the training procedure and to judge whether overfitting has occurred, it is necessary
to verify the results with an independent set of test data, which has not been used for training
purposes. The error produced on such test data sets with 480 random deviatoric stresses as data
points is below 1%, and the R2-correlation coefficient between test data and training data is above
98%, which leads to the conclusion that the trained ML yield function has a very high accuracy and
robustness. A variation of the training parameters revealed that the results are rather insensitive to the
parameter C, which can be varied between 2 < C < 20 without having a pronounced influence on the
results, whereas changing the parameter γ by more then 20% causes a significant deterioration of the
training results. The resulting SVC decision function, defined in Equation (18), is plotted together with
the training data in Figure 3 in the deviatoric stress space.
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Figure 3. Field plot of the trained SVM decision function defined in Equation (18), where areas in purple
color shades represent negative values and brown shades represent positive values. The numerical
value of the decision function is not relevant because only its sign is taken into account in the flow rule.
The isoline for fSVC = 0 is represented as a black line. Training data are plotted in light blue color for
data with negative values (elastic) and in brown color for positive values (plastic).
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Finally, to demonstrate the quality of the ML yield function in the full principal stress space,
the predicted categories are plotted in three different slices corresponding to different plane-stress
conditions, together with the yield function of the reference material in Figure 4. It is seen that the
training data in the deviatoric space covers in fact only a single line in each slice, which demonstrates
the power of reducing the dimensionality of the data-oriented yield function by exploiting basic
physical principles.

Figure 4. Color map of the trained SVC prediction of the yield function in slices through the principal
stress space defined by plane-stress conditions: (a) σ3 = 0; (b) σ1 = 0; (c) σ2 = 0. Brown regions
indicate values of “+1” (plasticity) and purple regions values of “-1” (elasticity). The ML yield locus,
corresponding to the isoline for fSVC = 0, is represented as a black line; the yield locus of the Hill-like
anisotropic reference material is indicated as a red line. The training data points are plotted with the
same color code as in Figure 3.

3.2. Application of The Trained ML Yield Function in FE Analysis

The ML yield function trained and analyzed in the previous step shall now be applied in FEA
to demonstrate its usefulness for this purpose. The numerical examples provided here have been
conducted with the Python library “pyLab-FE” created by the author, which is provided in the
supplementary materials together with a Jupyter notebook following the work-flow defined in this
work. The known parameters and support vectors resulting from the training process of the ML yield
function together with the mathematical formalism laid out in Section 2 allow a rather straightforward
evaluation of the yield function as sum over the support vectors convoluted with the kernel function,
such that they can also be used for implementing a user material subroutine (UMAT) for common
commercial FEA tools in any compiler language.

As numerical examples, four different load cases are simulated with FEA: (i) uniaxial stress in
horizontal direction, (ii) uniaxial stress in vertical direction, (iii) equibiaxial strain under plane-stress
conditions, and (iv) pure shear strain under plane-stress conditions. The simple finite element model
used to study these load cases consists of four quadrilateral elements with linear shape functions
and full integration, as shown in Figure 5. For all load cases, plane stress conditions with σ3 = 0 are
enforced and the normal degrees of freedom (dof) for the boundary nodes are prescribed, while all
boundary nodes are allowed to relax to their equilibrium positions along the boundary. The bottom
and the left-hand-side nodes are always restricted to a normal displacement of zero. For the uniaxial
load cases, tensile displacements are prescribed either on the top or on the right-hand-side (rhs) nodes,
while the other boundary is force-free, resulting in a uniaxial stress. For equibiaxial strain, the top and
the rhs boundary nodes are subjected to identical displacements; whereas for pure shear, the rhs nodes
are loaded with the negative displacement applied on the top nodes. By virtue of these boundary
conditions, the deformation causes only normal stresses and strains, but no shear components. Hence,
the restrictions of the formulation of the ML flow rule are fulfilled, and the material axes remain
aligned with the directions of the principal stresses.
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Figure 5. The finite element model on which four different load cases are studied consists of four
quadrilateral elements (green) with linear shape function, and at total of nine nodes (red) situated
at the corners of the elements. The bottom and left-hand-side boundary nodes are restricted to zero
normal displacement (blue triangles), and the loading is applied on top and right-hand-side-nodes
(blue arrows), as described in the text.

These four load cases are applied to the reference material as well as to the material with the
ML yield function, and the resulting yield stresses and plastic strains at the end of each load step are
compared in Table 2. In Figure 6, the resulting global equivalent stresses and equivalent total strains

ǫeq =
√

ǫǫǫ : ǫǫǫ (25)

for each load case are plotted for both materials, where the different definitions of the equivalent stress
have been applied to the reference material.

Table 2. Yield stresses (YS) obtained for Hill-like yield function, with parameters given in Table 1,
and machine learning (ML) yield function under the specified load cases. The relative errors in yield
stress and equivalent plastic strain (PE) at maximum load are also specified.

Load Case YS-Hill (MPa) YS-ML (MPa) Rel. Error YS Rel. Error PE

uniaxial stress, horizontal 146.4 148.4 1.41% -1.95%
uniaxial stress, vertical 162.7 162.2 -0.3% -0.45%

equibiaxial strain 136.9 139.5 1.88% -1.36%
pure shear strain 161.1 159.7 -0.87% 0.24%
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Figure 6. Stress strain curves obtained for elastic-ideal plastic material behavior under the
loading conditions specified in the legend: (a) Equivalent total strain vs. equivalent Hill-stress,
(b) equivalent total strain vs. equivalent J2-stress for Hill-like yield function, and (c) equivalent total
strain vs. equivalent J2-stress for ML yield function.

To further demonstrate the correctness of the plastic behavior resulting from the ML flow rule,
the flow stresses of the material, i.e., the stresses occurring during plastic deformation, are plotted
together with the yield locus. For ideal plasticity, treated in this work, it is expected that the flow stress
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remains on the yield locus, since the material does not sustain larger stresses. In Figure 7 it is shown
that this expectation is fulfilled to a very good degree, by comparing the yield loci and the element
solutions of the flow stresses obtained for the ML yield function with those of the reference material
with a Hill-like flow rule.
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Figure 7. Stress states obtained for the four different plane-stress load cases are plotted in the σ1-σ2

plane together with the yield loci of the trained ML flow rule and the Hill-like reference material.
The flow stresses resulting from the ML yield function are plotted as small yellow circles and those
from anisotropic Hill plasticity as large blue circles.

3.3. Tresca Flow Rule

In the next example, the ML yield function is trained with data from a reference material with
a Tresca yield function, which is fundamentally different from the elliptical Hill-like yield functions.
The Tresca equivalent stress is defined as

σTresca
eq = σI − σIII , (26)

where σI is the largest principle stress and σIII is the smallest principle stress [23]. Using the Tresca
equivalent stress in the yield function (2) leads to an isotropic plastic deformation of the material,
however, with very different characteristics than for a J2 equivalent stress. Hence, it is a critical test for
the new method developed in this work to apply it to such yield functions. The training data for this
yield function has been produced in the same way as before. However, with nang = 600 data points for
the polar angle, a much larger number of training data points has been required to follow the subtle
features of the Tresca flow rule. Furthermore, the training parameters C = 50 and γ = 9 have been
applied to allow for sufficient flexibility of the ML yield function to approximate the abrupt changes of
the yield behavior in the deviatoric stress space, cf. Figure 8. The scores with test and training data are
above 99%, and the R2-value on test data is 96%. Even with this training procedure, the sharp corners
of the Tresca yield locus are slightly rounded off by the ML yield function, leading to somewhat lower
yield strengths of the material in these directions, as seen in Figure 9a, where the resulting stress-strain
curves are plotted as J2 equivalent stress vs. equivalent total strain. In Figure 9b the yield loci of the
Tresca reference material, the trained ML yield function and an isotropic J2 material are plotted in
comparison. Furthermore, the flow stresses resulting from the FEA are plotted in this graph to verify
that they lie on the ML yield locus, as expected for ideal plasticity.
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Figure 8. Field plot of the ML yield function trained with data generated from a reference material
with a Tresca yield criterion, where areas in purple color shades represent negative values and brown
shades represent positive values. The isoline, where the ML yield function is zero, is plotted as black
line. The test data points are plotted as brown circles, for stresses in the plastic regime, and a s light
blue circles for stresses in the elastic regime.
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Figure 9. Results of FEA on the material with an ML flow rule trained with data obtained from a Tresca
yield criterion: (a) Equivalent J2 stress plotted over the equivalent total strain, for the four different
load cases given in Table 2. (b) Flow stresses obtained with the ML yield function plotted as yellow
circles in the σ1-σ2 principle stress space, together with the yield loci of the ML flow rule, the Tresca
flow rule and an isotropic J2 flow rule.

With these numerical examples, the applicability of the ML yield function developed in this work
has been demonstrated for two fundamentally different kinds of flow behavior: anisotropic Hill-like
plasticity and isotropic Tresca plasticity. The new formulation has proven to be numerically stable.
The numerical effort is somewhat higher than that for mathematical closed-form yield functions,
because the calculation of the predictor step requires a higher effort in numerically evaluating
the distance of a given point in stress space to the yield locus. However, in conjunction with the
implementation of the ML yield function in a compiled computer code, FEA even for large engineering
models seems to be feasible with the new ML yield functions.

4. Discussion

In this section, the requirements on training data for the ML yield function will be more closely
examined. For the first application of the ML yield function, training data for nang = 36 load cases have
been constructed from a reference material with Hill-like anisotropy, and it has been demonstrated
that this number of load cases produces rather accurate results in this case, whereas the approximation
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of a Tresca yield function required nang = 600 load cases. Numerical studies with larger data sets
reveal that for Hill-like anisotropic yield functions the accuracy of the results increases slightly for data
sets of up to nang = 200. The accuracy as well as the numerical stability and efficiency of the method
remain stable for even larger data sets, which has been tested for up to nang = 600. It is also interesting
to see that the accuracy of the method for Hill-like anisotropic yield functions is only slightly reduced
when rather small data sets of nang = 8 load cases are used. Even producing the training data under
plane-stress conditions with σ3 = 0 does not change the quality of the results significantly, which is a
consequence of mapping all stresses onto the deviatoric plane and extending the results by assuming
that the material’s flow behavior does not depend on hydrostatic stress components, which is fulfilled
to a very good degree for metals. If it is assumed, furthermore, that the material under consideration
shows a symmetric flow behavior under tension and compression, only one half-space of the deviatoric
plane needs to be characterized, and the results can be mirrored into the other half-plane. Thus,
only the four load cases given in Table 2, have been sufficient to produce training data from which a
useful ML yield function for Hill-like anisotropic plasticity results. This example is also provided in
the supplementary material.

From these considerations, it can be concluded that for material with an anisotropic flow behavior
that can be described with a Hill-like formulation, a small number of experiments under plane-stress
conditions, as they can be performed on a bi-axial test rig, are fully sufficient to produce enough raw
data to train the ML yield function. Of course, this experimental data could also be used to calculate
the Hill parameters. However, the ML yield function offers a larger flexibility, and the training process
for machine learning methods like support vector classification (SVC) is highly efficient.

Materials with a more irregularly shaped yield function, like the Tresca yield function, pose much
higher demands on the available data and, furthermore, the parameters for the training of the SVC
algorithm need to be adapted to allow for more flexibility. The obtained yield function still rounds off
the sharp corners of the Tresca yield function such that the result resembles yield functions that can also
be obtained with the 18-parameter model of Barlat et al. [4]. Again, it would be possible to determine
these parameters directly from the available data, however, with an even higher effort than for the Hill
parameters. Yet, the training effort for the ML yield function remains the same, independent of the
volume of training data.

In general, it has been verified that only knowing the full stress tensors at the onset of plastic
yielding is sufficient to train the ML yield function, and further information, e.g., on plastic strains,
is not required. The only relevant information that needs to be known is whether for a given stress
state the material response is purely elastic or elastic-plastic. Concerning the best strategy to produce
training data, the raw data should lie in close proximity to the yield surface to cover the onset of
yielding in an accurate way. Since support vectors are only produced from training data closest to
the hyperplane separating the two categories “elastic” and “plastic”, however, using only this raw
data would cause the SVC decision function (18) to drop to zero quickly outside the region covered by
the support vectors. Hence, it is important to downscale the “elastic” raw data points and to upscale
the “plastic” raw data points to finally cover the entire relevant region of the deviatoric stress plane
and to produce sufficiently many support vectors in this domain. Comparing Figure 3 (Hill-like yield
function) and Figure 8 (Tresca yield function), the influence of the number of training points is quite
clearly seen, as in the former case 145 support vectors are created during the training process, whereas
in the latter case 1689 support vectors are necessary to describe the sharp corners of the Tresca yield
function. This example also demonstrates how the number of 36 vs. 600 raw data points is reflected in
the number of generated support vectors.

Data-oriented constitutive modeling thus requires only a rather limited amount of data,
as compared to other approaches in data-driven mechanics [9,11,13]. Large data volumes, of course,
help to increase the accuracy of the resulting ML yield function, but the results achieved even with small
amounts of data provide already a very good estimate of the material’s anisotropic flow behavior even
for load cases that have not been tested. These comparatively moderate requirements on the volume
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of training data are a consequence of exploiting physical symmetry conditions on the material’s flow
behavior in the formulation of the data-oriented yield function. For materials exhibiting a significant
influence of the hydrostatic stress component on the plastic behavior, the method is still applicable,
but the requirements on the training data will be higher.

Another aspect to be discussed here is the use of micromechanical models to produce training data.
With such models, the mechanical behavior of realistic microstructures can be simulated with crystal
plasticity methods [7], providing an accurate description of the plastic properties of polycrystaline
metals with different microstructures and crystallographic textures. One disadvantage of such
micromechanical models is their tremendously high numerical effort making them unsuited for FEA
applications of engineering structures that are much larger than the grain size of a material. However,
it is possible to employ relatively small micromechanical models, validated by experimental data,
for creating a sufficiently large data volume describing the mechanical properties of the real material
under various loading conditions with a high accuracy. By purposefully varying the microstructure or
the texture of the model material, micromechanical simulations also serve the purpose of extending
experimental data. This hybrid experimental and numerical data can then be used for the training
of the ML yield function presented in this work. In this way, material parameters like grain size,
grain morphology, and crystallographic texture can be explicitly included into the feature vector of the
ML yield functions, in addition to the purely mechanical data used currently as input for the yield
function. This microstructure-sensitive ML yield function can then be used in large-scale FEA for
the simulation of engineering structures, which holds the possibility to consider the trained ML flow
rule as a “digital twin” of the material, containing all relevant information on the material properties.
The data-oriented constitutive model developed in this work will, hence, also pave the way for new
approaches to scale-bridging materials modeling.

Critical issues that remain to be solved before the new method can be applied generally in FEA,
include (i) the augmentation of the formulation with respect to shear components of stress and strain,
(ii) regularization of the ML yield function to ensure its convexity and to the reduce noise in its gradient,
and (iii) a data-oriented formulation of work-hardening. Concerning the latter point, it is noted that the
current formulation allows the use of the standard methods of isotropic and kinematic work hardening
if the hardening parameters are known, because it already contains the gradient of the yield function
to calculate the plastic strain rate and also the tangent stiffness. However, a data-oriented formulation
of work hardening, e.g., following the ideas of Chinesta et al. [13], would be more consistent with the
idea of data-oriented constitutive modeling.

5. Conclusions

In this work, a new formulation of a data-oriented constitutive model for plasticity has been
derived and applied within finite element analysis. The central element of this new constitutive model
is a support vector characterization (SVC) algorithm serving as yield function. This SVC algorithm
is trained by using deviatoric stresses as input data and the information whether a given stress state
leads to purely elastic or rather to elastic-plastic deformation of the material as result data. In this
way, a machine learning (ML) yield function is obtained, which can determine whether a given
stress state lies inside or outside of the elastic regime of the material. Furthermore, the yield locus,
i.e., the hyperplane in stress space on which plastic deformation occurs, can be reconstructed from
the SVC, and the gradient on this yield locus can be conveniently calculated. Therefore, the standard
formulations of continuum plasticity, as the return mapping algorithm, can be applied in finite element
analysis in the usual way. Thus, it has been demonstrated that the new ML yield function can replace
conventional yield functions in finite element analysis. The main advantage of such data-oriented
constitutive models over the conventional ones is that they can be used with higher-dimensional feature
vectors combining mechanical stresses with microstructural parameters of a material. In forthcoming
work, it will thus be demonstrated how a single ML yield function can be trained to be used as a
constitutive rule for a material in different microstructural states. The production of training data by
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micromechanical models, based on crystal plasticity and a discrete representation of the material’s
microstructure, allows the ML flow rule to serve as efficient homogenization scheme, which offers new
possibilities in scale-bridging material modeling.

Supplementary Materials: Supporting material in the form of a Python library for finite element analysis
and a Jupyter notebook with the codes that have been used to produce the results presented in this work
are available online at http://www.mdpi.com/1996-1944/13/7/1600/s1 and as a public repository on https:
//github.com/AHartmaier/pyLabFEA.git under the GNU General Public License v3.0.
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Abstract: A stochastic data-driven multilevel finite-element (FE2) method is introduced for random
nonlinear multiscale calculations. A hybrid neural-network–interpolation (NN–I) scheme is proposed
to construct a surrogate model of the macroscopic nonlinear constitutive law from representative-
volume-element calculations, whose results are used as input data. Then, a FE2 method replacing
the nonlinear multiscale calculations by the NN–I is developed. The NN–I scheme improved the
accuracy of the neural-network surrogate model when insufficient data were available. Due to
the achieved reduction in computational time, which was several orders of magnitude less than
that to direct FE2, the use of such a machine-learning method is demonstrated for performing
Monte Carlo simulations in nonlinear heterogeneous structures and propagating uncertainties in this
context, and the identification of probabilistic models at the macroscale on some quantities of interest.
Applications to nonlinear electric conduction in graphene–polymer composites are presented.

Keywords: data-driven; multiscale; nonlinear; stochastics; neural networks

1. Introduction

Predicting the nonlinear behavior of materials from knowledge of their microstructure
is a critical topic in engineering. For example, the development of 3D-printed micromateri-
als [1–3] or of nanomaterials [4,5] with nonlinear behaviors opens exciting opportunities
for designing innovative functionalized and enhanced engineering systems. While linear
effective properties of heterogeneous materials can be accurately estimated though either
analytical [6,7] or numerical techniques [8], predicting the effective behavior of nonlinear
materials requires more advanced techniques.

A direct but limited approach is the use of the representative volume element (RVE)
to calibrate an empirical nonlinear model. A limitation of such techniques is the number
of parameters to be calibrated for complex, nonlinear, or multiphysics problems. To more
accurately describe the behavior of general nonlinear materials, the so-called multilevel
finite-element (FE2) method [9–16] or computational homogenization has been developed
in recent years. In this approach, an RVE is associated to each Gaussian point of a finite-
element macrostructure, and a nonlinear problem must be solved in each integration
point and for each iteration of the macrosolving procedure. The drawback of this method,
however, is that it induces unaffordable computational times in practical applications.

Several strategies were developed recently to alleviate FE2 calculations. First, the
strategy relies on reducing micro-RVE computations through efficient techniques such
as model-order reduction [17,18], fast Fourier transform [19,20], wavelet transforms [21],
NTFA [22], self-clustering analysis (SCA) [23,24], or GPU acceleration [25]. In [26], He et al.
developed an adaptive strategy to reduce microcalculations by constructing the reduced
basis on the fly during the macroscale calculation.
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Another idea, initiated in [27,28], is the use of so-called data-driven approaches in
which microscale calculations are performed offline, and are then used as data in an online
stage to reconstruct the macroscopic (effective) behavior. For this purpose, several tech-
niques were proposed, including interpolation methods [27,29], neural networks [28,30–35],
Bayesian inference [36], Fourier series expansions [37], or Gaussian process regression [38].
In the related techniques, offline data collection is used in a regression process to con-
struct an accurate surrogate model whose evaluation is several orders of magnitude
lower than that performing one RVE nonlinear calculation. A critical comparison of
several regression techniques used in data-driven multiscale approaches can be found
in [39]. In [40], Avery et al. investigated and discussed several regression methods with
ANN in homogenization problems of hyperelastic woven composites, and demonstrate
its use in advanced dynamic or fluid structure applications. Recent advances of data-
driven techniques, including handling history-dependent behaviors such as plasticity, can
be found in [35,41,42]. On-the-fly construction of the surrogate model by probabilistic
machine learning was proposed in [38]. Developments of neural-network techniques
in FE2, including feed-forward and recurrent neural networks, can be found in [31,41].
In [43,44], a manifold-based nonlinear reduced-order model in tandem with a digital
database was developed for the nonlinear multiscale analysis of hyperelastic structures
involving neural networks, a kernel inverse/reconstruction map, and dimension reduction
through an isomap.

Stochastic extensions of data-driven methods in multiscale applications are relatively
new and unexplored. One of the first analyses in this context can be found in [45,46],
where the NEXP method [27] was extended to stochastic problems. In these studies,
stochastic parameters were introduced within the surrogate model using a separated
representation-interpolation technique. Probability density functions related to the non-
linear macroscale problem were identified. In [47], a machine-learning strategy based on
a three-dimensional convolutional neural network was introduced to evaluate the linear
effective properties of random materials from geometrical descriptions of RVE. In [24], a
framework for uncertainty quantification in a data-driven approach was proposed where
self-consistent clustering analysis (SCA) [23,24] was used to reduce computational times in
the learning step.

In this paper, the use of data-driven methods for heterogeneous nonlinear materials
with uncertainties at both the micro- and the macroscale is addressed. Taking into account
uncertainties in nonlinear multiscale methods implies (a) constructing a probabilistic
surrogate macromodel from microcalculations, allowing for generating realizations of the
macroresponse for a given macroloading; and (b) performing Monte Carlo simulations
of the model at the macroscale to quantify uncertainties on the quantities of interest in
the structure. In view of its immense computational requirements, direct use of FE2

for stochastic nonlinear two-scale analysis is not possible. However, data-driven FE2

approaches have comparable computational costs as compared to classical (one-scale)
FEM calculations, and they open the route to developing stochastic two-scale nonlinear
approaches. To the best of our knowledge, this problem remains relatively unexplored
in the literature. A new stochastic data-driven approach based on RVE calculations was
developed for taking into account random effects in nonlinear heterogeneous structures.
First, preliminary RVE calculations were performed. These calculations include several
microstructural features that varied, such as the distribution of heterogeneities and its
volume fraction. Then, for each realization of the random microstructure, the space of
macroscopic loading was sampled, and boundary conditions were prescribed on the RVE.
Subsequently, the nonlinear problem was solved by FEM. This large database was used
to construct a surrogate model whose inputs were the macroloading and the volume
fraction, and its output was the macroscopic (homogenized) response. A new hybrid
neural-network–interpolation (NN–I) surrogate model is proposed to provide an accurate
response with a limited number of realizations. Once constructed, this model can be used
within stochastic analysis of two-scale nonlinear structure calculations. At the macroscale,
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the volume fraction of heterogeneities is considered to be random here, and it was modeled
as a stochastic field with given probabilistic characteristics. Then, during the macro-non-
linear resolution, solving the full nonlinear RVE was replaced by the proposed fast surrogate
model, which allowed for performing hundreds of macro-non-linear calculations at the
cost of classical FEM problems. As a result, statistical postprocessing can be performed on
the macroquantities of interest, and probabilistic models could be identified.

The novelties of this paper are twofold. The first is the proposed neural-network–
Interpolation FE2 method, which is an extension of our previous neural-network FE2
method, developed in [28,30]. The NN–I scheme allows for modeling the stochastic spatial
variability of the volume fraction in the frame of the FE2 procedure, leading to the improved
accuracy of the surrogate model when limited data are available. The second novelty
is the application of this machine-learning method to nonlinear multiscale stochastic
problems. Using the proposed approach, FE2 calculations can be reduced by several orders
of magnitude, allowing for Monte Carlo simulation on stochastic nonlinear multiscale
structures. It is demonstrated for the first time that uncertainties can be propagated in this
context, and probabilistic models can be identified.

The paper is organized as follows. Section 3 presents the equations of the nonlinear
RVE problem, and the definitions of the input (macroelectric load) and output (homog-
enized electric flux) in the nonlinear composite. Section 4 introduces the hybrid neural
network/interpolation scheme, and its construction using offline data on RVE is described.
In Section 5, the present stochastic data-driven strategy is proposed. Lastly, numerical
examples are presented in Section 6.

2. Brief Review of FE2 Method for Nonlinear Conduction

The multilevel finite-element method [9,10], also called FE2 in the literature, as it
involves two levels of finite-element simulations, and independently proposed by several
other authors and groups [11–16], was introduced as a general multiscale method for
solving nonlinear heterogeneous structural problems. The basic underlying idea is that two
levels of finite elements must be concurrently solved, one for each scale. At the macroscale,
each integration point of the finite-element mesh is associated with a representative volume
element (RVE). Boundary conditions depending on the macroscopic state (strain, electric
field, etc.) are prescribed on the boundary of each RVE. After solving each nonlinear
problem at each integration point, the appropriate macroscopic response (stress, electric
flux), is averaged over the RVE and provided at the macrointegration point. Then, the
macroscopic constitutive law is available only through solving a nonlinear problem. These
operations are repeated until convergence is reached at both scales (see Figure 1).

For the sake of simplicity, a brief review of the method in a context of nonlinear
conduction is presented. We consider a macroscopic structure associated with a domain
Ω ⊂ R

3, with a boundary ∂Ω. The assumption of scale separation is adopted (an extension
of the method to second-order homogenization can be found in [14]). The microstructure
was assumed to be characterized by an RVE associated with a domain Ω ⊂ R

3, with
boundary ∂Ω.

In the context of nonlinear electric conduction, electric field E(x) is related to the
electric flux, or electric displacement j(x) by a nonlinear local constitutive relationship.
Electric field E is defined by E(x) = −∇φ(x), where φ is the electric potential, ∇(.) is the
gradient operator, and x is a material point within Ω. In the following, (.) notations denote
macroscale quantities. For a given macroscopic electric field E, the RVE problem is to find
φ(x), such that

∇ · j(x) = 0 ∀x ∈ Ω, (1)

where ∇ · (.) is the divergence operator. The constitutive law is given by

j(x) = Fnl(E(x)). (2)
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where Fnl is a local nonlinear operator (specified in Section 3). The equilibrated electric
field should satisfy

E =
1
V

∫

Ω
E(x)dΩ, (3)

where V is the volume of Ω. Equation (3) can be verified, e.g., by the following bound-
ary condition:

φ(x) = −E · x + φ̃(x) on ∂Ω, (4)

where φ̃(x) is a periodic function over Ω.

Figure 1. Schematic of classical FE2 method for nonlinear heterogeneous conduction problem (adapted from [8]).

In the presence of imperfect interfaces and surface electric flux along interfaces
(see [48]), the effective electric current J is defined according to

J =
1
V

(∫

Ω
j(x)dΩ +

∫

Γ
js(x)dΓ

)
, (5)

where js is a surface electric flux (see Section 3). In the so-called FE2 method, the constitutive
law J - E is unknown, but can be numerically obtained by solving a nonlinear problem over
the RVE, detailed as follows (see Figure 1):

Given E:

1. Prescribe boundary conditions (4) on ∂Ω.
2. Use a numerical method such as FEM with an iterative solver such as the Newton

method to solve nonlinear Problems (1), (2), and (4) (see details in the following).
3. Compute the spatial average of the electric flux over the RVE to obtain J.

In what follows, a detailed numerical implementation of a FE2 problem in a context
of nonlinear electric conduction is presented to better understand where Problems (1), (2),
and (4) must be solved within finite-element calculation at the macroscopic scale. The
macroscopic problem at the macroscale is given by

∇ · J = 0 in Ω, (6)
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with boundary conditions:

φ = φ
∗ on ∂Ωφ, J · n = J

∗
n on ∂ΩJ , (7)

where and Ωφ and ∂ΩJ denote the Dirichlet and Neumann complementary boundaries,
respectively.

In what follows, we assume J
∗
n = 0. Then, the weak form corresponding to (6) is

given by:
∫

Ω
J(φ) · ∇(δφ)dΩ = R(φ) = 0. (8)

Problem (8) is nonlinear. Then, a Newton method is employed to solve it. A first-order
Taylor expansion of R(φ) gives

R(φ
k
+ ∆φ) ≃ R(φ

k
) + D∆φR(φ

k
), (9)

where φ
k is a solution provided at a previous iteration, and D∆φR(φ) is the Gateaux

derivative, expressed by

D∆φR(φ
k
) =

[
d

dα

(
R(φ + α∆φ)

)]

α=0
. (10)

The corresponding linearized problem is given by

D∆φR(φ
k
) = −R(φ

k
), (11)

with
D∆φR(φ

k
) = −

∫

Ω
k(φk)∇(∆φ) · ∇(δφ)dΩ. (12)

More details can be found in [48]. Classical FEM discretizing of (11) leads to lin-
ear system

KT(φ
k
)∆φ = −R(φ

k
). (13)

Then, the macroelectric potential is updated according to

φ
k+1

= φ
k
+ ∆φ (14)

and (13) is solved until a convergence criterion is reached. In FE2, the main source of
computational cost is the numerical evaluation of J and k, obtained by solving nonlinear
RVE Problems (1), (2), and (4) at each Gaussian point. To address this issue, we introduce
a data-driven approach where the estimation of J is provided by a neural-network-based
surrogate model. Tangent matrix k can be computed by a perturbation approach as

(
kT

)
ij
(E) =

∂J

∂E
≃ Ji(E + δE

(j)
)− Ji(E)

α
(15)

with
δE

(j)
= αej, (16)

where ej is a unitary vector basis, and α << 1 a perturbation parameter.

Then, to compute macro-FEM nonlinear calculations, relationship J = Fnl
(E) is

missing. In [30], we proposed a surrogate model to construct such a relationship using
neural networks. In the present paper, this idea is extended to random microstructures, as
detailed in the next section.
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3. Micro-Non-Linear Conduction Model for Graphene-Reinforced Composites

In this section, the nonlinear conduction model in graphene-reinforced polymer com-
posites is defined. The nonlinear RVE problem is described as follows. The microstructure
was assumed to be characterized by an RVE defined in a domain Ω ⊂ R

3 that contained
N randomly distributed planar multilayer graphene sheets (see Figure 2). The graphene
sheets were assumed to be aligned along the x − y plane. We chose this configuration
for two reasons: (i) when samples made of graphene-reinforced polymer are obtained
via injection molding, the graphene sheets can be aligned in the direction of the poly-
mer flow [49]. Then, this configuration is representative of samples manufactured by
the injection-molding process. Second, such an orientation induces strong anisotropy of
the effective nonlinear conductive behavior of the material. The potential of the present
approach to deal with such a challenging problem is then illustrated.

(a) (b) (c) (d)

(e) (f) (g) (h)

Figure 2. Realizations of microscopic RVE with various graphene volume fractions: (a) 0.53 vol%, (b) 0.66 vol%, (c) 0.79 vol%,
(d) 0.92 vol%, (e) 1.05 vol%, (f) 1.19 vol%, (g) 1.32 vol%, (h) 1.58 vol% [30].

To avoid meshing their thickness [48], the graphene sheets were modeled as highly
conducting imperfect surfaces here [50]. The graphene surfaces with zero thickness are
collectively denoted by Γ. The nonlinear behavior is related to the electric tunnelling
effect here, which may be an explanation for the observed nonlinear behavior and low
percolation thresholds in the nanocomposites (see [30,48]).

The energy of the system is defined by

W =
∫

Ω
ωb(x)dΩ +

∫

Γ
ωs(x)dΓ, (17)

where density functions ωb and ωs are the bulk and surface density functions, respectively,
expressed by

ωb(x) =
1
2

j(x) · E(x), ωs(x) =
1
2

js(x) · Es(x). (18)
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In (18), Es(x) and js(x) are the surface electric field and surface current density with
respect to the graphene sheets, where Es = PE = −P∇φ, where P = I− n⊗ n is a projector
operator characterizing the projection of a vector along the tangent plane to Γ at a point
x ∈ Γ, and n is the unit normal vector to Γ.

The nonlinear electric-conduction law including the tunneling effect in the polymer
matrix is given by

j =

{
k

p
0 E if d(x) ≤ dcut,

G(E, d) E
|E| if d(x) > dcut,

(19)

where dcut is a cut-off parameter, and k
p
0 is the electric-conductivity tensor of the polymer

matrix without tunneling effects. The distance function between graphene sheets d(x) is
defined here as the sum of the two smallest distances between a point x in the polymer
matrix and the two nearest-neighbor graphene sheets (see more details in [48]). Nonlinear
tunneling current G was proposed by Simmons [51] as

G(E, d) =
2.2e3E2

8πhpΦ0
exp(− 8π

2.96hpeE
(2m)

1
2 Φ

3
2
0 )

+ [3 · (2mΦ0)
1
2

2d
](e/hp)

2Ed exp[−(
4πd

hp
)(2mΦ0)

1
2 ]. (20)

Above, Φ0 and d denote barrier height and barrier width, respectively, e and m are the
charge and the effective mass of electron, respectively, and hp is the Planck constant. Surface
current density js of graphene surface Γ is related to surface electric field Es [50] through

js(x) = ksEs, (21)

where ks denotes the the surface conductivity of the graphene. This tensor can be related
to the conductivity of the volume (multilayer) graphene as:

ks = hS∗, S∗ = kg − (kgn)⊗ (kgn)

kg : (n ⊗ n)
. (22)

where h is the thickness of the graphene sheet.
Considering the constitutive equations above, and minimizing the electric power (17)

with respect to the electric potential field, the weak form is obtained as
∫

Ω
j(φ) · ∇(δφ)dΩ −

∫

Γ
P∇φ · ksP∇(δφ)dΓ = 0, (23)

where φ ∈ H1(Ω), φ satisfying the Dirichlet boundary conditions over ∂Ω and δφ ∈ H1(Ω),
δφ = 0 over ∂Ω. The RVE is subjected to boundary conditions (4). The weak form (23) can
be solved by the finite-element method.

4. Stochastic Nonlinear Machine-Learning Model

The objective of the present work was to construct a surrogate model relating macro-
scopic electric field E and volume fraction of graphene inclusions f to nonlinear macro-
scopic electric flux response J (see Figure 3). At the microscale, the microstructure was
randomly distributed (see Figure 2). Here, due to the scale-separation assumption, it was
expected that, despite the random nature of the microstructure, deterministic effective
properties at the microscopic scale with respect to the microstructure would be obtained
for a given volume fraction.
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Figure 3. Local model: effective flux J depends nonlinearly on the macroscopic electric field E,
volume fraction, and local random distribution of phases.

At the macroscale, uncertainties where then only related to nonhomogeneous distri-
butions of volume fractions. Then, it was assumed that, at the macroscale, the volume
fraction was the only stochastic parameter.

4.1. Data Generation

We first define a set of K electric-field vectors, E
k
=
{

E1, E2, E3
}k

, (k = 1, 2, . . . , K).

The values of E
k were generated using Latin hypercube sampling (LHS) [52]. Then, we

define a collection of microstructures as follows. A set of P volume fractions are defined, f α,
α = 1, 2, . . . , P. For each volume fraction f α, N random microstructures satisfying volume
fraction f α were generated and are denoted by Ωi

α, i = 1, 2, . . . , N.

Then, for each macroelectric field vector
{

E
}k, each volume fraction f α and each

realization of microstructure Ωi
α, nonlinear problem (23) is solved by finite elements to

obtain macroelectric displacement vector
{

J
}k

α,i.
As discussed above, the scale-separation assumption allows for removing the stochas-

tic nature of the microstructures at the macroscale. However, due to the RVE size and the
random distribution of the inclusions, the outcome intensity of a given electric field is also
stochastic. To this purpose, homogenization is performed using stochastic averaging, i.e.,

for each macroelectric field vector E
k and each volume fraction f α, we compute the average

over N microstructures realizations to obtain J
k
α = 1

N ∑
N
i=1

(
J

k
α,i

)
.

4.2. Construction of Neural-Network Surrogate Model

An issue in NN models is that a large set of data may be required to obtain good
accuracy, especially for a large number of input parameters [28]. To overcome this limitation,
we propose here a hybrid NN/interpolation surrogate model as follows.

First, for each volume fraction f α, α = 1, 2, . . . , P, used in the training dataset, we
define a separate NN, denoted by N α, in order to construct the following relationship:

Jα(E) = N α(E). (24)

Then, given E and for an arbitrary volume fraction f ∈
[

f 1, f P
]

a Lagrangian interpo-
lation scheme is used to compute J(E, f ) as

J(E, f ) = ∑
j∈Nk( f )

lj( f )Jj(E), (25)

where Nk( f ) is the set of indices that includes only k out of P NNs, corresponding to the k
volume fractions of f nearest to those in training dataset

{
f 1, f 2, . . . , f P

}
.

In Equation (25), lj( f ) are the Lagrangian basis polynomials. Here, k = 3 was employed
where, as a result, polynomials lj( f ) were second-order.

With this approach, a notion of locality is introduced in the interpolation scheme
that leads to better overall predictions, especially in areas where relationship (E, f ) −
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J(E, f ) exhibits strong nonlinearity. A schematic of the surrogate-model construction is
summarized in Figure 4.

Interpolation
unit

Figure 4. Hybrid neural-network/interpolation surrogate model to describe macroscopic nonlin-
ear behavior.

5. Nonlinear Stochastic Macroscale Calculations

Here, stochastic macroscopic structural problem is described. At the macroscale, it
was assumed that there existed uncertainty in the local volume fraction f of the graphene
sheets in the general case described by a 3D homogeneous Gaussian stochastic field in the
x, y, and z axes. In particular, if x ≡ (x, y, z), then f (x) is considered to be of the form:

f (x, θ) = µ + σ f0(x, θ). (26)

In the above equation, µ and σ are the random field mean value and standard devia-
tion, respectively, θ denotes the random outcome, and f0(x, θ) is a zero-mean unit variance
Gaussian field with correlation structure R f0

given by

R f0
(x1, x2) = exp[−(

|x1 − x2|
âx

+
|y1 − y2|

ây
+

|z1 − z2|
âz

) ] (27)

where âx, ây and âz are correlation length parameters along the x, y, and z axes, respectively.
Next, an approximation of field f0 can be obtained using the Karhunen–Loeve series

expansion [53]. Specifically, let λn, φn denote the eigenvalues and eigenfunctions that
satisfy the eigenvalue problem

∫
R f0

(x1, x2)φn(x2)dx2 = λnφn(x1), ∀n = 1, . . .. This is a
Fredholm integral equation and it is typically solved using the finite-element method [53].
Then, f0 can be written as

f0(x, θ) =
∞

∑
n=1

√
λnzn(θ)φn(x) (28)

with {zn}∞
n=1 being a series of uncorrelated Gaussian random variables with zero mean

and unit variance. In practice, the above series expansion is truncated after MKL terms,
giving the following approximation of f0.

f0(x, θ) ≈
MKL

∑
n=1

√
λnzn(θ)φn(x), (29)

which yields, by virtue of Equation (26),
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f (x, θ) ≈ µ + σ
MKL

∑
n=1

√
λnzn(θ)φn(x). (30)

Equation (30) allows for us to generate realizations of the field f (x, θ) by generating
MKL-tuples (z1, . . . , zKL) from their distribution. Subsequently, if we consider macrostruc-
ture Ω defined in Section 2 and the associated finite-element mesh, at each Gaussian point
of element Ω

e
, e = 1, 2, . . . , Ne with coordinate x, a random value of volume fraction f (x)

can be assigned using (30).
During the Newtonian procedure to solve the structural problem, for f and E given at

each Gaussian point of the macromesh structure, the corresponding value of J is provided
by the surrogate model (25) (see Figure 4). For one realization of the volume-fraction distri-
bution generated by Equation (30), the cost of one two-scale nonlinear structural problem is
drastically reduced with the present NN surrogate model, allowing for performing a large
number of macrocalculations at a low cost to conduct statistics on quantities of interest in
a structure.

Lastly, Monte Carlo simulations were performed on the macroscale problem by eval-
uating R realizations of macrostructures. For each realization r = 1, 2, . . . , R, the volume
fraction was randomly generated in each Gaussian point by using Equation (30); in total, R
nonlinear multiscale problems were solved using the above-described procedure. Lastly,
statistics can be computed on quantities of interest using the R nonlinear FEM solutions.
The overall procedure is summarized in Figure 5.

Number of realizations

Macroscopic quantity of interest

Figure 5. Stochastic nonlinear 2-scale procedure.
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6. Numerical Examples

6.1. Data Collection

The data were obtained by performing preliminary calculations on the RVE described
in Section 4.1. Eight different volume fractions were considered: f 1 = 0.53%, , f 2 = 0.66%,
f 3 = 0.79%, f 4 = 0.92%, f 5 = 1.05%, f 6 = 1.19%, f 7 = 1.32%, and f 8 = 1.58% (see
Figure 2). For each volume fraction, 15 realizations of random microstructures were gener-
ated except for the higher volume fraction, for which only 9 realizations were conducted.
For each volume fraction and for each realization, 500 realizations of macroscopic electric
field E were generated using Latin hypercube sampling. For each case, corresponding
electric flux J was numerically computed by solving nonlinear Problem (23) on the RVE.
The total number of solved nonlinear problems was then 57,000. All these calculations
could be performed in parallel.

6.2. Validation of Hybrid NN–Interpolation Surrogate Model

The accuracy of the proposed hybrid NN–interpolation surrogate model was first
validated by comparing its response with full-field simulations on microstructures for dif-
ferent volume fractions. Regarding the characteristics of the trained neural networks, in all
cases, one-hidden-layer architectures were considered with the optimal number of neurons
varying for each case, as shown in Table 1. Moreover, the hyperbolic tangent function
was employed as the activation function, and Levenberg–Marquardt as the optimizer in
all NNs.

Table 1. Characteristics of neural networks.

Case (Vol%) Number of Neurons MSE (Validation Set)

0.53 16 1.167 ×10−18

0.66 23 6.785 ×10−18

0.79 7 4.006 ×10−12

0.92 18 8.941 ×10−7

1.05 77 1.579 ×10−5

1.19 59 3.465 ×10−4

1.32 36 1.243 ×10−1

1.58 74 4.790 ×10−2

The plotted curves were obtained as the average over the different realizations of the
microstructure. Results are provided in Figure 6. For low volume fractions, the response
was linear, while for larger volume fractions, the response was strongly nonlinear. In all
cases, the surrogate model could accurately reproduce the effective nonlinear response of
the material.

A validation of the interpolation procedure described in Section 4.2 is provided in
Figure 7, where discrete data obtained by nonlinear FEM calculations on the RVEs are
compared to the corresponding model predictions, computed using Equation (25) under
various Ex scenarios, with Ey = Ez = 0. The discrete data points obtained by FEM are
denoted by marks, while the continuous interpolation with respect to the volume fraction
is denoted by solid lines, which confirmed the good accuracy of this scheme.
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Figure 6. Comparisons between direct simulations obtained by nonlinear FEM calculations on the RVE and the neural-
network–interpolation surrogate model: values of Jx as a function of a unidirectional effective electric field Ex , Ey = Ez = 0;
(a) 0.53 vol%, (b) 0.79 vol%, (c) 1.19 vol%,(d) 1.58 vol%.

0.6 0.8 1 1.2 1.4 1.6
f(vol%)

0
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FEM data NN-I

Figure 7. Comparisons between direct simulations obtained by nonlinear FEM calculations on the
RVE and NN–I model under various Ex ranging from 0.0050 to 0.0125 V/nm: values of Jx as a
function of the CNT volume fraction, Ey = Ez = 0.
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6.3. Stochastic 2-Scale Nonlinear Structure Analysis

In this example, macroscopic stochastic nonlinear computations were performed using
the procedure described in Section 5. In particular, 9 different Gaussian fields of volume
fractions are investigated at the macroscale, where the studied macrostructure, described
in Figure 8, was a plate with a central hole. The plate was subjected to potential boundary
conditions such as Φ = Φ1 on x = 0 and Φ = Φ2 on x = L. A 3D mesh of 1934 elements is
used to discretize the domain.

Slice A:
Z=1 μm  

Slice B:
X=6 μm  

Slice C:
Y=6 μm  

X

Y

Z

12 μm

12 μm

2 
μm

Φ=Φ1

Φ=Φ2

Figure 8. Structural problem: geometry, boundary conditions, and mesh.

Due to the low thickness of the structure, we assumed that the volume fraction did not
vary in the z coordinate direction. Next, in order to define the aforementioned Gaussian
fields, three different settings were first initialized: for Setting A, we set µA = 0.9% and
σA = 0.11µA; for Setting B, we set µB = 1.05% and σB = 0.19µB; lastly, for Setting C,
µC = 1.05% and σC = 0.38µC. Then, for each aforementioned setting, we considered
âz = ây = â and assign three different values to â, namely, â1 = 6 µm, â2 = 12 µm
and â3 = 24 µm. A sample for each of these fields is illustrated in Figure 9. This figure
indicates that an increase in the field standard deviation led to larger variations of volume
fraction f along the spatial domain. Moreover, a small correlation-length parameter, such
as â = 6µm, produced more “wavy” realizations, while for larger values (â = 12 and
24µm) the realizations became smoother.
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(a) Field A: µA = 0.9%, σA = 0.1%,
α̂ = 6µm

(b) Field A: µA = 0.9%, σA = 0.1%,
α̂ = 12µm

(c) Field A: µA = 0.9%, σA = 0.1%,
α̂ = 24µm

(d) Field B: µB = 1.05%, σB = 0.2%,
α̂ = 6µm

(e) Field B: µB = 1.05%, σB = 0.2%,
α̂ = 12µm

(f) Field B: µB = 1.05%, σB = 0.2%,
α̂ = 24µm

(g) Field C: µC = 1.05%, σC = 0.4%,
α̂ = 6µm

(h) Field C: µC = 1.05%, σC = 0.4%,
α̂ = 12µm

(i) Field C: µC = 1.05%, σC = 0.4%,
α̂ = 24µm

Figure 9. Sample realizations of three Gaussian fields A, B, and C for different correlation lengths α̂ = 6, 12, 24µm.

For each of the 3 Gaussian distributions A, B, and C, we analyzed the 3 correlation
lengths â1, â2 and â3. For each case, we conducted 100 realizations. Then, in total, we
conducted 900 FE2-NN simulations using the procedure described in Section 5. For each
one, a stochastic distribution of volume fraction was generated in the elements using (30).
The macroscopic quantity of interest is defined here as the average macroscopic flux in the
domain Ω as

J∗ =
1
V

∫

Ω
JdΩ, (31)

where V is the volume of Ω. The convergence of the components of J∗ is depicted in
Figure 10. In all cases, statistical convergence could be achieved. For the lowest average
values f and standard deviation σ of the volume fractions (Cases 1–3 in Figure 10), corre-
lation length â did not have significant influence on the convergence rate. However, for
larger values of f and σ, convergence could be much slower (e.g., Case 9 in Figure 10 ),
where around 50 realizations are necessary to achieve convergence. This clearly illustrates
the interest of the proposed surrogate-based multiscale method, where each realization is
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performed at the cost of a classical FEM simulation. In contrast, using standard FE2 would
not allow performing this kind of statistical analysis with available computer resources.
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Figure 10. Averaged current-density components as a function of the number of realizations under
various distributions of CNT volume fraction and different correlation lengths. (a) J∗x ; (b) J∗y ; (c) J∗z .
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Average distributions of local current densities over 100 realization are plotted in
Figure 11 corresponding to distribution A and correlation length â=6 µm. Clear anisotropy
of the effective behavior induced by the aligned graphene sheets along the x − y plane can
be appreciated. Comparing Figure 11a,b, we can see a clear difference in the magnitude of
the Jx and Jz values, indicating that the effective conductivity in the z direction was much
lower than that in the x − y plane. The present method could capture such anisotropic
behavior in a nonlinear stochastic context.
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Figure 11. Averaged current density J̄x and J̄y over 100 realizations calculated by the NN–I model for the composite
structure for potential difference Φ2 − Φ1 = 144 V. The CNT volume fraction obeys distribution A with µA = 0.9 vol%,
σA = 0.1%, and correlation length â=6 µm: (a) Jx-component: 3D view; (b) Jx-component: plots along different planes;
(c) Jy-component: 3D view; (d) Jy-component: plots along different planes.

The evolution of the quantity of interest J∗x was plotted with respect to the difference
of the potential applied over macrostructure Φ2 − Φ1 in Figure 12. Various distributions
of CNT volume fractions and different correlation lengths were taken into account for
comparison. For each case, 100 realizations were computed, from which we obtained the
average and deviation of J∗x . For instance, in Figure 12a, correlation length â = 6 µm is
for all three different CNT volume-fraction distributions. The averaged value of J∗x was
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independent on standard deviation σ of the Gaussian distribution, whereas the deviation
of J∗x increased slightly with increasing σ. The same phenomenon could also be observed
in Figure 12b,c. Furthermore, by comparing Figure 12a–c, the increase in correlation length
led to a tiny increase in the deviation of J∗x , but had no effect on its averaged value.

Lastly, in Figure 13, distributions of target values J∗x , J∗y and J∗z are plotted for selected
cases of the probabilistic models describing the distribution of the volume fraction in
the macroscale. In Figure 14, the associated empirical cumulative distribution functions
(ECDFs) are provided. These functions were identified from the histograms in Figure 13.
These allow for a direct quantitative reading of key values of interest (minimum, maximum,
mean, percentiles, etc.) regarding the macroscopic quantities. ECDFs also have the property
of converging to the true CDF of the stochastic quantities of interest as the number of
samples is increased [54]. Typically, an accurate estimate of a CDF would require a very
large number of samples (>105); however, performing these many evaluations of nonlinear
multiscale models would be computationally prohibitive. In this regard, the use of the
proposed surrogate is the only viable approach to obtain reliable approximations of the
CDFs under investigation. This demonstrates the potential of the present approach in
constructing probabilistic models for macroquantities of interest in nonlinear multiscale
models of random materials.
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Figure 12. Averaged current density J∗x and corresponding deviation as a function of potential difference Φ2 −Φ1 for various
distributions of CNT volume fraction under different correlation lengths â. (a) â1 = 6 µm; (b) â2 = 12 µm; (c) â3 = 24 µm.
Color zones indicate ranges of values.
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Figure 13. Histograms associated to probabilistic models describing distribution of J
∗ components at the macroscale. Values

of J
∗ are reported for a fixed value of macroboundary condition Φ2 − Φ1 = 144V; (a) J∗x , µ = 0.9%, σ = 0.11 µ, â = 24 µm;

(b) J∗x , µ = 1.05% , σ = 0.19 µ, â = 24 µm; (c) J∗y , µ = 0.9%, σ = 0.11µ, â = 24 µm; (d) J∗y , µ = 1.05%, σ = 0.19 µ, â = 24 µm;
(e) J∗z , µ = 0.9%, σ = 0.11 µ, â = 24; (f) J∗z , µ = 1.05%, σ = 0.19 µ, â = 24 µm.
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Figure 14. Identified probabilistic models (empirical cumulated distribution functions) for generating distributions of J
∗

components at the macroscale. Values of J
∗ are reported for a fixed value of macroboundary condition Φ2 − Φ1 = 144 V;

(a) J∗x , µ = 0.9%, σ = 0.11 µ, â = 24 µm; (b) J∗x , µ = 1.05% , σ = 0.19 µ, â = 24 µm; (c) J∗y , µ = 0.9%, σ = 0.11µ, â = 24 µm;
(d) J∗y , µ = 1.05%, σ = 0.19 µ, â = 24 µm; (e) J∗z , µ = 0.9%, σ = 0.11 µ, â = 24; (f) J∗z , µ = 1.05%, σ = 0.19 µ, â = 24 µm.
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7. Conclusions

A stochastic data-driven multilevel finite-element (FE2) method was proposed to
solve nonlinear heterogeneous structures with uncertainties at both the micro- and the
macrolevel. A hybrid neural-network–interpolation (NN–I) scheme was developed to
improve the accuracy of NN surrogate models, allowing for the use of a lower number of
representative volume element (RVE) nonlinear calculations, which serve as a database to
train the neural networks. This NN–I surrogate model was used to develop a data-driven
method for nonlinear heterogeneous conduction in a stochastic framework: uncertainties
can be included on both the micro- and the macrolevel. More specifically, the drastic
reduction in computational costs brought by the NN-I surrogate model allows Monte
Carlo simulations of nonlinear heterogeneous structures. This framework was applied
to propagate uncertainties in such nonlinear multiscale models, and demonstrated that it
can be used to identify probabilistic models related to some quantities of interest at the
macroscale in a fully nonlinear, anisotropic context.
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Abstract: We address the problem of machine learning of constitutive laws when large experimental
deviations are present. This is particularly important in soft living tissue modeling, for instance,
where large patient-dependent data is found. We focus on two aspects that complicate the problem,
namely, the presence of an important dispersion in the experimental results and the need for a rigorous
compliance to thermodynamic settings. To address these difficulties, we propose to use, respectively,
Topological Data Analysis techniques and a regression over the so-called General Equation for the
Nonequilibrium Reversible-Irreversible Coupling (GENERIC) formalism (M. Grmela and H. Ch.
Oettinger, Dynamics and thermodynamics of complex fluids. I. Development of a general formalism.
Phys. Rev. E 56, 6620, 1997). This allows us, on one hand, to unveil the true “shape” of the data
and, on the other, to guarantee the fulfillment of basic principles such as the conservation of energy
and the production of entropy as a consequence of viscous dissipation. Examples are provided
over pseudo-experimental and experimental data that demonstrate the feasibility of the proposed
approach.

Keywords: machine learning; manifold learning; topological data analysis; GENERIC; soft living
tissues; hyperelasticity; computational modeling

1. Introduction

Computational (bio-)mechanics is not absent of the data “fever”. Even if the so-called data-driven
computational mechanics discipline presents distinctive features over what is commonly known as
“big data”, the possibility of employing raw experimental data to perform simulations has attracted the
attention of many researchers recently [1–9]. In these approaches, basic equations—those with a higher
epistemic value, such as equilibrium or compatibility—are kept, while those which are frequently
phenomenological in nature—constitutive equations—are substituted by experimental data, and hence,
the name of this family of methods. In a related approach, the so-called equation-free approach
substitutes the constitutive law of a material not by experimental data, but by a pseudo-experimental
result coming from microscale, first-principle computations [10].

This approach allows us to avoid complex, costly-and often unsuccessful-parameter fitting to
obtain the precise form of a constitutive equation. On the other hand, widely accepted constitutive
equations have been built under rigorous standards that give rise to the automatic satisfaction of first
principles. This is not evident for data-driven approaches.
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The presence of noise, or large variance among experiments in the data, somehow complicates
the task of obtaining results that do not violate the laws of thermodynamics. Previous works in
the field address the presence of noise in the results, but do not guarantee the satisfaction of basic
thermodynamic principles [11,12]. This effect is particularly important in the field of bioengineering,
where soft living tissues present a very important dispersion of the obtained parameter values from
sample to sample, see for instance [13,14] and references therein.

Another important issue is that of the highly nonlinear anisotropic behavior of soft living tissues,
which are able to show besides, inelastic and viscoelastic responses. Many works have been published
in the last decades. In this regard, these behaviors have been traditionally modeled and characterized
as (possibly visco-)hyperelastic anisotropic materials by means of strain energy density functions, see
for example, in [15–20] and references herein. Inelasticity in the data-driven setting has been analyzed
in a number of previous works [21–23]. Even the more daring approaches employ deep learning to
relate medical images to mechanical properties of the tissue [24]. In none of the mentioned works is
a study made by which the thermodynamic consistency of the obtained results is guaranteed. If we
combine this possibility with the presence of noise in the data, the chance of violating first principles
comes into play.

Different approaches exist to guarantee a rigorous thermodynamic compliance. For instance,
Raissi et al. developed the so-called physics-informed deep learning method for the solution of partial
differential equations [25]. A similar approach has also been developed to model turbulence [26] or, in
general, the generalized Langevin equation [27]. The authors have recently developed an alternative
approach based on the so-called General Equation for the Nonequilibrium Reversible-Irreversible
Coupling (GENERIC) [28–30]. The GENERIC equation, which will be described next, constitutes a
generalization of the Hamiltonian description of physical systems under nonequilibrium settings.
The employ of the GENERIC formalism thus guarantees the correct fulfillment of the first and
second principles of thermodynamics, and gives rise to a machine learning method valid for the
description of the system at any level, from the molecular dynamics governed by Newtonian laws to
the invariant-based description at the thermodynamics level [31,32].

The proposed method can be seen as a particular instance of the continuous dynamical system
approach to machine learning, first proposed by W. E and coworkers [33,34]. In the quest for a
theoretical framework for deep learning, a parallelism has been established between deep neural
networks (DNNs) and continuous dynamical systems. DNNs are thus viewed under this prism as
a discretization of a continuous dynamical system that maps the set of observations to a nonlinear
function that fits the data [33]. This alternative view opens the door to the enforcement of desired
properties to the learning processes; for instance, to ask the resulting map to posses a Hamiltonian
structure, among others. In this work, we force the resulting map, which is found by regression in a
piecewise polynomial manner, to obey a GENERIC description. This will ensure, as mentioned earlier,
the fulfillment of the first and second principles of thermodynamics. To show its strong potentiality in
the field of mechanical modeling of biological tissues, the method thus developed will be applied as a
proof of concept to the characterization of the passive mechanical behavior of porcine carotid tissue.
This behavior turns out to be-under the experimental setting considered here-elastic, highly nonlinear,
anisotropic at finite strains, and often modeled under the framework of hyperelasticity.

The outline of the paper is as follows: Section 2 details the proposed data-driven model and the
developed tests for validation. In Section 2.1, we describe the proposed machine learning technique
to fit the mechanical responses of biological materials. To fit the well-known hyperelastic response
in soft living tissues, the thermodynamically consistent GENERIC approach (describing the physics
of the problem) and the subsequent machine learning procedure (constitutive manifold) is detailed
here. Next, since numerical fitting of such tissues is strongly subjected to dispersion and averaging
(mainly provoked by experimental procedures, environmental issues during the manufacturing, and
testing process), a treatment of the noise and dispersion by means of Topological Data Analysis (TDA)
is proposed in Section 2.2. Our presented approach is tested upon both a pseudo-experimental data set

126



Materials 2020, 13, 2319

and experimental tests, described in Sections 2.3 and 2.4, respectively. The numerical fitting results
of both experiments are shown in Section 3. The paper ends in Section 4 with a discussion of the
obtained results on the use of the proposed GENERIC-TDA methodology on the mechanical modeling
of biological tissues.

2. Material and Methods

2.1. A GENERIC Approach to the Learning Procedure

Recently, W. E and coworkers established a very useful parallelism between DNNs and dynamical
systems [33]. Consider a system governed by some state variables z(z0, t) : I → S , z ∈ C1(0, T], such
that its time evolution is established in the form

dz

dt
= f (z, t), z(0) = z0 (1)

where f is, in general, a nonlinear function—otherwise, the method is of little interest. S represents
the phase space of the system (a set of judiciously chosen variables that both describe the energy of the
system and can be measured experimentally). I = (0, T] represents the considered time interval.

For the selected time horizon T, the f low map

z0 → z(z0, T)

is a nonlinear function of z. The dynamical system approach to supervised learning consists
in determining f so that the resulting flow map is able to reproduce the experimental data.
This parallelism offers the advantage of the vast knowledge developed so far in the field of dynamical
systems, which could help us in developing both theoretical insights about DNNs and also to devise
alternative routes for developing efficient learning strategies. DNNs can be thought of as discretized
dynamical systems, such that every time step corresponds to a layer of the DNN.

In this work, we consider viscous-hyperelastic materials. Therefore, the learned function f must
satisfy certain well-known principles dictated by thermodynamics. In the hyperelastic case, the right
choice for f could arise from Hamiltonian mechanics, i.e.,

dz

dt
= L(z)∇E(z) (2)

where E represents the Hamiltonian or, in other words, the energy of the system. L(z) represents the
so-called Poisson matrix, a skew-symmetric matrix that depends on z, in general, but that results to be
constant in many cases.

Should the system of interest not be conservative (or Hamiltonian), a new potential needs to be
introduced in the formulation-entropy-giving rise to the GENERIC formalism [30]

żt = L(zt)∇E(zt) + M(zt)∇S(zt), z(0) = z0 (3)

For Equation (3) to represent valid nonequilibrium thermodynamic processes, it must be
supplemented with the so-called degeneracy conditions, i.e.,

L(z) · ∇S(z) = 0 (4)

M(z) · ∇E(z) = 0 (5)

If, as stated before, L is skew-symmetric; and choosing M to be symmetric, positive semidefinite,
we obtain

Ė(z) = ∇E(z) · ż = ∇E(z) · L(z)∇E(z) +∇E(z) · M(z)∇S(z) = 0 (6)
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i.e., one ensures the conservation of energy in closed systems.
In turn,

Ṡ(z) = ∇s(z) · ż = ∇S(z) · L(z)∇E(z) +∇S(z) · M(z)∇S(z) ≥ 0 (7)

which is equivalent to the fulfillment of the second principle of thermodynamics. Thus, we notice how,
by leveraging the dynamical systems equivalence, we efficiently enforce the conservation of energy
and the production of entropy. For an in-depth discussion of the implications of the choice of phase
space variables z, we refer the interested reader to our previous works in the field, [31,32]. In general,
it is well-known that neither a particular choice of variables is needed, nor a particular scale for the
description of the system at hand. The only need is that the variables in the phase space would be able
to account for the energy of the system. That is why, in general, a Langevin equation is not suitable for
this purpose, see [35] and references therein.

Following the dynamical systems equivalence, the next step consists in the determination, by
regression from data, of the form of the elements of the GENERIC description of the dynamics, i.e.,
L, M, ∇E(z), and ∇S(z). To do so, assume a standard finite difference discretization of the time
derivative,

zn+1 − zn

∆t
= L(zn+1)DE(zn+1) +M(zn+1)DS(zn+1) (8)

where we denote zn+1 = zt+∆t and where L and M are the discrete version of the Poisson and friction
operators, respectively. DE and DS represent the discrete gradients. In general, matrix L is constant
over the process, while matrix M frequently varies.

While there exist machine learning techniques that are able to provide with the precise expressions
of the terms involved in a particular PDE from data [2], we pursue a purely numerical route, in which
we assume that the elements of the GENERIC formula have a particular manifold structure which is
to be unveiled by our method. This is the concept of constitutive manifold that we first stated in our
previous works [4,7,36].

The dynamical systems approach to the problem will thus consist of solving the following
(possibly constrained) minimization problem within a time interval J ⊆ I :

µ∗ = {L,M,DE,DS} = arg min
µ

||z(µ)− zmeas|| (9)

with zmeas ⊆ Z, a subset of the total available experimental results. L,M,DE,DS will in general be
dependent on z, and therefore the choice of size of zmeas (in other words, the number of regressions
performed along the time interval, or the number of layers in the DNNs equivalent) will affect the
accuracy of the method. An analysis of the influence of this choice was made in [31].

We finally approximate z by employing piecewise polynomials, so that gradient operators can be
cast in matrix form, `a la finite elements, as

DE = Az (10)

DS = Bz (11)

where A and B represent the discrete, matrix form of the gradient operators leading to DE and DS,
respectively.

The GENERIC description of a hyperelastic material is well known [37]. Indeed, for the
Hamiltonian, conservative part of the constitutive equation, we have

z(x, t) = [x(X, t), p(X, t)]⊤ (12)
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where x = φ(X) ∈ Ωt ⊂ R
3 represents the deformed configuration of the solid, Ωt represents the

deformed configuration of the solid at time t, and p ∈ R
3 represents the material momentum density.

In this case,

ż =

[
ẋ

ṗ

]
= L∇E =




03×3 I3×3

−I3×3 03×3







∂E
∂x

∂E
∂p


 (13)

The total energy of a hyperelastic body is known to be the sum

E = W + K (14)

of elastic and kinetic energies. Here, we assume a strain energy density potential w of the form

W =
∫

Ω0

w(C) dΩ (15)

where Ω0 represents the undeformed configuration of the solid and C represents the right
Cauchy-Green deformation tensor. In a general isotropic case, the strain energy density would
take the form w = w(X, C, S). If the material under consideration is isotropic hyperelastic, we simply
write w = w(C). In turn, the kinetic energy will be

K =
∫

Ω0

1
2ρ0

|p|2 dΩ (16)

Therefore, by numerically identifying the form of the energy potential, one readily observes that
the conservative part of the usual constitutive hyperelastic law is found. If, in addition, the material
shows a viscous dissipative behavior, the precise form of the entropy potential is to be found.

Once the learning method has been developed, we describe next how the experimental campaign
was accomplished.

2.2. Treatment of Dispersion and Noise in Data

One of the most important aspects to consider when dealing with soft living tissues is the
importance of the dispersion of experimental results. This will be highlighted in Section 3 below.
The main objective of the proposed technique is the determination of a constitutive manifold for the
term of the GENERIC description of the physical phenomena, this type of dispersion needs to be
treated efficiently.

To this end, we suggest to employ Topological Data Analysis (TDA) [38,39]. Behind the proposed
method is the assumption of the existence of a constitutive manifold, a concept that we first introduced
in [4]. Our set of experimental measurements, in the most general case, is assumed to be composed by
D-tuples (D = 9 for this particular case) of the type

S = {z = (U, P) ∈ (R3 ×R
6)} (17)

where U represents the (right) stretch tensor and P the first Piola–Kirchhoff stress tensor.
These experimental values are assumed to form a constitutive manifold in a high-dimensional space,
see Figure 1. These values are, however, noisy. TDA is nevertheless able to extract the underlying
geometry of this manifold, which will later be embedded onto a low-, d-dimensional manifold for
interpolation purposes.

129



Materials 2020, 13, 2319

zt−1

zt
zt+1

M

R
D

ξt−1

ξt

ξt+1

R
d

Smooth mapping Z(ξ)

Dimensionality reduction

Figure 1. Hypothesis about the existence of a constitutive manifold in which the experimental results
live. Despite the noise in the data, Topological Data Analysis (TDA) techniques will help us in unveiling
the true geometry of the manifold in the high-dimensional setting, which will later be embedded onto
a low dimensional space for the ease of computations.

TDA seeks to find the underlying topological structure of data. To this end, it employs a distance
parameter R between experimental points. As we make R grow, points at distances lower than R

will be connected by edges, triangles, and tetrahedra—in general, by k-simplexes, respectively, in
one, two, three, ..., k dimensions. As simplexes appear, they form simplicial complexes. The study
of the formation of this simplicial complex structure in the data is precisely the objective of TDA.
The optimal R parameter that best describes the topology of the data is found by resorting to the
so-called persistence diagrams.

In essence, simplicial homology reflects the number of holes in a given dimension for the simplicial
complex. For instance, a chain of edges may close a hole, while the interior space within a tetrahedron
is a void. If we record the precise value of R for which a hole or void (in any dimension) appears,
and the R value for which it disappears—by the appearance of a filled triangle or tetrahedron, for
instance—the resulting plots will indicate which topological features persist more. Those indicate the
true topology of the data. For a graphical interpretation of this explanation, see Figure 2.

Under the TDA framework, noisy data produce topological structures with small persistence.
The true topology (manifold structure) is described by these structures that persist the most.
Once unveiled, the topological structure of data or, equivalently, the right shape of the data manifold,
will allow us to interpolate data in the right topological space—in the tangent plane to the manifold at
each datum—and not in Euclidean space.
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(a) R = 0.1.
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(c) R = 1.8.
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(d) R = 3.0.
Figure 2. Interpretation of TDA. Orange circles have diameter R, the topology parameter. Below
each simplicial complex, the bar code corresponding to dimension 1 holes) is represented. (a) For a
sufficiently small R parameter, say, 0.1, only a collection of data points is visible, with no topology at
dimension 1. (b) Increasing R to 1.0 makes the first circular topology appear. This hole is visible for
R > 0.8, hence the bar in the diagram from R = 0.8 to R = 1.0. (c) If we increase R, no perceptible
changes are observed. Only one hole persists and it is reflected in the bar code below. (d) The hole
disappears by formation of big triangles at about R = 2.8. From the observation of the bar code, we
notice that the data set has the topology of a circle, with one single interior hole. In general, those holes
or voids that persist the most reflect the persistent topology of the data.

2.3. Pseudo-Experimental Data—Learning a Visco-Hyperelastic Response

In this first example, we consider pseudo-experimental (numerical) data coming from a finite
element simulation. We consider the same visco-hyperelastic material previously considered in [32],
but this time altered with noise. This noise has a standard deviation of 10% of the mean value.

The considered material is assumed to obey a Mooney–Rivlin constitutive law

W = C1(I1 − 3) + C2(I2 − 3) + D1(J − 1)2 (18)

with I1 = J−
2
3 I1 and I2 = J−

4
3 I2. I1 = λ2

1 + λ2
2 + λ2

3 and I2 = λ2
1λ2

2 + λ2
2λ2

3 + λ2
3λ2

1 are the invariants of
the right Cauchy-Green tensor C. In turn, J represents the determinant of the gradient of deformation
tensor. We took C1 = 27.56 MPa, C2 = 6.89 MPa, and D1 = 0.0029 MPa.
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The viscous part of the behavior is modeled after a Prony series expansion of the type

G(t)

G0
= 1 −

2

∑
i=1

gP
i

(
1 − exp

(
− t

τi

))
(19)

K(t)

K0
= 1 −

2

∑
i=1

k
P
i

(
1 − exp

(
− t

τi

))
(20)

with gP
i = [0.2, 0.1] and k

P
i = [0.5, 0.2]. The relaxation times take the values τi = [0.1, 0.2] seconds,

respectively. Initial instantaneous Young’s modulus and Poisson’s ratio corresponding to these values
are E = 206.7 MPa and ν = 0.45, respectively.

With the material as just described, a plane-stress, biaxial experiment is reproduced.
This experiment consists of two different loading steps, each one followed by a relaxation step.
A total of 50 different data sets have been obtained for this experiment.

2.3.1. A mean GENERIC model.

A regression procedure is then accomplished for each one of the 50 different experiments, so as to
determine their precise GENERIC expression. With the obtained values, we first compute the mean
GENERIC model by simply taking mean values for each one of the GENERIC model components. This
“mean” GENERIC model is compared to the noise-free numerical experiment, taken as ground truth.

2.3.2. Extracting the topology of data: GENERIC-TDA model.

Instead of just computing the mean values of each term of the GENERIC model, it seems
judicious to employ TDA to unveil the topology of data and to determine the final GENERIC model
by interpolating from the right neighboring experimental results. To this end, we considered a data set
composed by 20 different loading states (all consisting of a load-relaxation-load-relaxation sequence)
and the addition of noise (10% sdv) to each one of these processes, so as to obtain 50 different tests for
each one of the 20 loading processes. This makes a total of one thousand different tests.

One of these tests (noise-free) is kept as the reference solution. We employ TDA to find the
“neighboring” test to this reference solution and, by employing Kriging, to obtain the final numerical
values of the GENERIC model. We would like to emphasize that interpolation is made not in the
Euclidean space, but in the right tangent space to the data manifold, as unveiled by TDA techniques.
Note that we speak of a tangent plane to a noisy manifold, since TDA is able to unveil the topology
that persists the most, thus giving an apparent noise-free topology.

Weights for the interpolation are obtained by different Kriging interpolation techniques: Simple,
Ordinary, and Local.

2.4. Learning the Constitutive Model of Porcine Carotid Tissue

One of the most intricate experimental procedures in the framework of solid mechanics is perhaps
that of constitutive modeling of soft living tissues. Here, we will employ data previously obtained and
presented in [14] for the constitutive modeling of porcine carotid tissue.

What is remarkable in soft living tissue modeling is, on one hand, the heterogeneity and anisotropy
of the tissue; and on the other, the large differences between experimental values found in different
specimens. For instance, the behavior of porcine carotid tissue—whose interest is to serve as a proxy
of that of humans—differs strongly if the sample is extracted from proximal (i.e., close to the heart)
positions of the vessel or if it is extracted from distal positions. Additionally, there is a strong anisotropy
regarding circumferential versus longitudinal behavior.

In [14], a traditional fitting procedure was accomplished so as to determine the best fitting model
for these data. Taking the mean of the experimental results arising from [14] as the only plausible
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reference solution—this is standard experimental procedure in the literature—what we did first was
to determine by TDA the set of experimental results neighboring this (mean) reference solution.
A GENERIC model was then determined for each one of these neighbor results. Three different
approaches were then compared: i) a GENERIC model whose terms are computed as the mean values
of each of the GENERIC models for each neighboring curve (the closest ones in the data manifold); and
either ii) ordinary or iii) local Kriging interpolation techniques among these neighbors of the terms of
a new GENERIC model. The result of our approach is a new GENERIC-TDA model whose integration
in (pseudo-)time produces a prediction of the tissue behavior.

2.4.1. Experimental tests

To introduce to the reader the most significant details in the experimental models used for our
numerical analysis, here we show a brief description of the sample’s harvesting and tensile test
protocols performed in [14]. The interested reader is referred to this article for a precise description of
the experimental campaign.

We consider nine female pigs of 3.5 ± 0.45 months (mean ± SD). The experiments on these
swine were approved by the Ethical Committee for Animal Research of the University of Zaragoza.
All procedures were carried out in accordance with the Principles of Laboratory Animal Care
(86/609/EEC Norm, incorporated into Spanish legislation through the RD 1021/2005).

For each one of the left and right carotids, proximal and distal regions were considered for
mechanical testing, as mentioned before. At each location, circumferential and longitudinal strips,
approximately 3-mm-wide and 11-mm-long, and 5-mm wide and 15-mm long, respectively, were cut.
A total of 14 carotid specimens with 47 and 49 valid tests were performed for the proximal and distal
zones, respectively. A minimum number of two test strips along each direction was accomplished for
each specimen.

Simple tension tests of the carotid strips were performed in a high-precision-drive Instron
Microtester 5548 system, see Figure 3. The procedure is properly described in [14], and consisted of the
Instron Microtester 5548 System with two clamps holding the sample. The samples are subjected to
the tensile test under a humidity-controlled environment to prevent sample drying.

The applied force was measured with a 5-N load cell with a minimal resolution of 0.001 N, and
the axial strain was measured using a noncontact Instron 2663-281 video-extensometer equipped with
a high-performance digital camera with a megapixel sensor (0.5 m ± 0.5% )
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Figure 3. Experimental setup. Instron Microtester 5548 System with two clamps holding the sample.
The samples are subjected to the tensile test under a humidity-controlled environment to prevent
sample drying.

Different loading and unloading cycles were applied that correspond to 60, 120, and 240 kPa
(50%, 100%, and 200% of the estimated physiological stress state in the artery) at 30%/min of strain
rate, which can be considered as quasi-static. Therefore, these experiments serve for the hyperelastic
modeling of soft tissues, but not for their viscous characterization. The resulting GENERIC model will
therefore be purely Hamiltonian under these conditions.

For each one of the fourteen carotids, proximal and distal measurements are obtained, thus giving
a total of 28 datasets. Each dataset includes circumferential and longitudinal stresses and stretches,
z = {σc, λc, σℓ, λℓ}. Due to the quasi-static nature of the experiments, time is actually a pseudo-time.
In addition to these 14 stress–stretch curves for each location, a fifteenth curve is obtained by computing
the mean value of the first 14. This curve will be taken as a sort of reference for comparison purposes,
see Figure 4.
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Figure 4. Experimental (a) distal-circumferential, (b) distal-longitudinal, (c) proximal-circumferential,
and (d) proximal-longitudinal stress–stretch curves. The continuous blue line represents the mean
values of the 14 experimental results, while the dashed lines represent the neighboring experiments, as
found by TDA techniques.

3. Results

3.1. Numerical Fitting of the Pseudo-Experimental Data Set

Recalling Section 2.3, Figure 5 shows the “mean” GENERIC model when compared to the
noise-free numerical experiment.

135



Materials 2020, 13, 2319

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
0

2

4

6

8
·10−2

Time

D
is

p
la

ce
m

en
t[

m
m

] Reference solution
Mean GENERIC

(a) Horizontal displacement

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
0

2

4

6

8
·10−2

Time

D
is

p
la

ce
m

en
t[

m
m

]

Reference solution
Mean GENERIC

(b) Vertical displacement
Figure 5. Comparison of (a) horizontal and (b) vertical displacement predicted by a General Equation
for the Nonequilibrium Reversible-Irreversible Coupling (GENERIC) model obtained as the mean of
50 different noisy GENERIC models. Comparison with the noise-free reference solution in continuous
blue line.

As can be noticed from this figure, results show a poor accordance to the noise-free version of
the data. Constructing a model by just computing the mean of each GENERIC model for noisy data
seems not to be a good idea. If we consider it here, it is just because in the experimental framework,
phenomenological models are very often obtained after computing means of the available results [14].

Figure 6 shows a displacement comparison among the noise-free sample and the full
GENERIC-TDA model with different Kriging interpolation techniques. Additionally, Table 1 shows
the obtained 2-norm errors of the mentioned model results.
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Figure 6. Comparison of (a) horizontal and (b) vertical displacement predicted by a GENERIC model
obtained as the mean of 50 different noisy GENERIC models. Comparison with the noise-free reference
solution in continuous blue line and the solutions obtained by Kriging interpolation between neighbors
predicted by Topological Data Analysis.

Table 1. 2-norm errors in the obtention of the GENERIC model.

Mean GENERIC 2.24%
Simple Kriging 16.46%

Ordinary Kriging 1.82%
Local Kriging 0.38%

It is worth noting the high degree of accuracy obtained by employing local Kriging procedures.
In combination with TDA, this procedure is able not just to filter the artificial noise added to the data,
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but to provide a very accurate GENERIC model able to reproduce the visco-hyperelastic model from
which pseudo-experimental data was obtained.

3.2. Numerical Fitting of Porcine Carotid Tissue

For the mean experimental curves (circumferential and longitudinal) of the distal samples, results
are shown in Figure 7. It is worth noting that, in general, it seems not to be a good idea to just compute
the mean values of the GENERIC models for each of the neighboring experimental curves. Particularly
in the circumferential direction, the deviation from the reference solution is noteworthy. As in the
previous section, results provided by Kriging interpolation outperform this approach. Particularly, local
Kriging is found to provide the highest accuracy. The predicted behavior is almost indistinguishable
from the mean experimental results.
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(b) Distal-longitudinal samples

Figure 7. Comparison of (a) distal-circumferential and (b) distal-longitudinal models predicted by
mean GENERIC values, or by Kriging interpolation of those samples neighboring the reference solution.

With the weights just computed for the distal samples, we constructed a new GENERIC model
for the proximal results. Its predictions are shown in Figure 8. Once again, by just computing the mean
of the GENERIC terms for the neighboring curves does not seem to produce good results. However,

138



Materials 2020, 13, 2319

with the Kriging weights computed for the distal samples, results for the proximal samples are equally
good. This demonstrates the robustness of the proposed approach.
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Figure 8. Comparison of (a) proximal-circumferential and (b) proximal-longitudinal models predicted
by mean GENERIC values, or by Kriging interpolation of those samples neighboring the reference
solution.

It is worth noting that the computational cost of this procedure is by no means high: each sample
took on average 2.52 seconds to obtain the corresponding GENERIC model.

4. Conclusions

In this paper, a new methodology for the data-driven learning of constitutive models is proposed.
We made an emphasis on those cases in which large experimental deviations are present in the data.
By first employing Topological Data Analysis techniques, we unveil the shape of the data manifold
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so as to allow us to perform interpolation on the right tangent plane to the manifold. Once the
neighboring data are found, a GENERIC expression is found for the material under consideration.
In other words, the precise form of the strain energy density and entropy potentials are found. This
allows us to predict new loading states to a high degree of accuracy without the need to perform
complex parameter fitting procedures to arrive to phenomenological models.

In addition, and in sharp contrast to other existing alternatives, our method is able to guarantee
exact (to numerical precision) satisfaction of thermodynamic principles—conservation of energy and
positive production of entropy—thanks to the GENERIC formalism.

To the best of our knowledge, no work has been performed in this line applied to biomedical
living tissues. Despite the limitation of needing an admissible database to perform the learning process
of our method, we strongly believe that the proposed GENERIC-TDA technique can be applied to the
numerical fitting of highly nonlinear materials with sound accuracy, as shown in this manuscript. As a
proof of concept, our results (developed in both synthetic and real experiments) show the high benefits
of using data-driven models for materials simulation in fields where complex physical responses are
present. We believe that machine learning methods combined with numerical modeling for biological
systems (at any scale) is a very exciting young field with countless challenges and potential usefulness
to both biomedical and numerical communities.
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Abstract: Within the fields of materials mechanics, the consideration of physical laws in machine
learning predictions besides the use of data can enable low prediction errors and robustness as
opposed to predictions only based on data. On the one hand, exclusive utilization of fundamental
physical relationships might show significant deviations in their predictions compared to reality,
due to simplifications and assumptions. On the other hand, using only data and neglecting well-
established physical laws can create the need for unreasonably large data sets that are required to
exhibit low bias and are usually expensive to collect. However, fundamental but simplified physics in
combination with a corrective model that compensates for possible deviations, e.g., to experimental
data, can lead to physics-based predictions with low prediction errors, also despite scarce data. In
this article, it is demonstrated that a hybrid model approach consisting of a physics-based model that
is corrected via an artificial neural network represents an efficient prediction tool as opposed to a
purely data-driven model. In particular, a semi-analytical model serves as an efficient low-fidelity
model with noticeable prediction errors outside its calibration domain. An artificial neural network
is used to correct the semi-analytical solution towards a desired reference solution provided by high-
fidelity finite element simulations, while the efficiency of the semi-analytical model is maintained
and the applicability range enhanced. We utilize residual stresses that are induced by laser shock
peening as a use-case example. In addition, it is shown that non-unique relationships between model
inputs and outputs lead to high prediction errors and the identification of salient input features via
dimensionality analysis is highly beneficial to achieve low prediction errors. In a generalization task,
predictions are also outside the process parameter space of the training region while remaining in the
trained range of corrections. The corrective model predictions show substantially smaller errors than
purely data-driven model predictions, which illustrates one of the benefits of the hybrid modelling
approach. Ultimately, when the amount of samples in the data set is reduced, the generalization of the
physics-related corrective model outperforms the purely data-driven model, which also demonstrates
efficient applicability of the proposed hybrid modelling approach to problems where data is scarce.

Keywords: machine learning; analytical model; finite element model; artificial neural networks; model
correction; feature engineering; physics based; data driven; laser shock peening; residual stresses

1. Introduction

There is currently a surge in the application of machine learning algorithms in var-
ious fields of materials mechanics. In general, scientific and industrial research groups
focus on the identification and utilization of one or more relationships along the process–
structure–property–performance (p-s-p-p) chain [1]. In this domain, the application of
machine learning techniques can be a key enabler for accelerated identification, charac-
terization, understanding and optimization of processes, materials and parameters [2].
For instance, unique material descriptors can be qualified and quantified for material
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characterization [3–5]. Optimization and rapid design of novel manufacturing methods
and involved materials [6,7] can be achieved, and inaccurate measurement techniques can
be corrected [8]. The generation of knowledge and understanding to enable improved pre-
dictions of mechanical properties and performances, among others, can be acquired on the
basis of experimental and/or numerical data in combination with machine learning mod-
els [9,10]. Furthermore, the integration of well-established physical laws into data-driven
machine-learning models can be very beneficial to perform highly accurate predictions and
inferences of involved phenomena [11,12]. However, besides these physics-informed ma-
chine learning methodologies, Chinesta et al. [13] introduced a hybrid modelling approach,
where an efficient physics-based model shows some prediction errors that are corrected by
a subsequent data-driven model to ultimately reach the anticipated solution.

Deployment of only either data-driven predictive models or calibrated physics-based
models is accompanied with respective disadvantages based on each approach. Calibration
of physics-based models can be difficult, expensive and time-costly even for domain
experts, as it can be challenging or even impossible for physical quantities of interest to
be accessible through experimental measurements. It is almost unattainable to represent
the reality via such models only through data assimilation [14]. For purely data-driven
approaches, the relevant relationships between input and output variables are required to
be satisfactorily represented in the data set, as there is an absence of internal physics-related
variables [15]. This creates the demand for a comprehensive database for the learning
algorithm to represent those relationships. For problems that are still largely unknown,
this can be a suitable approach; however, when some relations are already known, it
is inefficient to create the need of a big-data-set for ensuring it represents all relevant
aspects of the underlying physical laws that are required to be learned “from scratch” by
the machine-learning algorithm [16]. In a study by Liu et al. (2020) [17], a data-driven
surrogate model to predict the plane-strain stress intensity factor at the crack tip during
fracture toughness tests is built with an adaptability and efficiency that is comparable to an
analytical or empirical solution within their physical problem domains. In [17], high-fidelity
numerical simulations are used to create the data-base for correlation of dimensionless
inputs and outputs. However, due to the purely data driven approach, a vast number
of computationally expensive simulation solutions are required for sufficient training of
the surrogate model, which could create challenges for accuracy and generalization when
switching to an experimental data source for training. Purely data-driven approaches can
be beneficial for those problems where few relationships are identified, as they can help
to detect hidden relationships in data; however, when established physical-laws apply
and available data is scarse or biased, the utilization of physically-related data-driven
approaches can be countervailing and utile [18,19].

Consequently, studies are focused on the aim to represent physical problems and
their associated behaviour through physics-based models as well as on the pursuit to
account for the deviation between those models and the reality via data-driven correc-
tions. González et al. (2019) [20] performed corrections for hyperelastic models based on
data-driven machine learning, whereas Ibáñez et al. (2018) [21] implemented a hybrid
approach consisting of constitutive modelling and data-driven machine learning correction
of plasticity models. In a manufacturing application example for metal forming production,
Havinga et al. (2020) [22] performed real-time predictions via a hybrid modelling approach
that contains physics-based simulations those predictive deviations to the real process are
eliminated via an additional corrective model. Overall, the specific employment of machine
learning models alongside governing physics-based relationships allows for highly valid
predictions within materials mechanics and its related fields.

Generally, physics-based models might show prediction errors but as these deviations
are systematic and not owed to noise, they can be accounted for separately. In combination,
physics-based models and deviation models can be used to correctly predict a real system’s
behaviour. The advantages of using a calibrated model based on well-established physics,
even when it shows deviations to reality, are that the compensating corrective model
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applied for achieving high prediction accuracy requires fewer samples and less complexity
to approximate the deviation, since it is usually considerably less non-linear than the
problem itself. This opens up the possibility to easily correct a physics-based model
with a relatively simple correction model towards true/desired data points to assure an
adequate representation of the behaviour by the system of interest [13]. Chupakhin et al. [8]
introduced a corrective artificial neural network (ANN) for the hole drilling method, where
residual stresses are determined based on measurements of elastic material behaviour,
which are corrected towards the solution of a plasticity-including finite element (FE) model
by an ANN. Thus, as opposed to correcting numerical models by empirical observations,
in this case, biased experimental measurements can be successfully corrected through an
ANN driven by physics-based numerical data.

The objective of this study is to build a hybrid model, consisting of a physics-based
model and a data-driven corrective model, with low prediction errors even when training
data is scarce. A semi-analytical model, originally proposed by Hu et al. [23], is employed
as low-fidelity physics-based model, including a number of simplifications and a subse-
quent ANN is used to correct this solution towards a true reference solution provided
by an FE model considered as high-fidelity. As example use-case, laser shock peening
(LSP)-induced residual stress distributions over the specimen depth in aluminium alloy
AA2024 are considered. In particular, since the representation of the relationships between
residual stress distributions in dependence of LSP-generated pressure pulses over time
is severely simplified in its semi-analytical model solution, we aim for the complemen-
tary corrective approach. Ultimately, high-fidelity approximation of the desired system
behaviour is achieved by combining semi-analytical and ANN-correction models, which
are both computationally efficient. In addition, when the data used for training, validation
and testing is reduced, the predictions obtained via this hybrid modelling approach exhibit
less errors than a purely data driven model. We propose a hybrid process model consisting
of data-driven correction-learning of an LSP process model, which also shows good gener-
alization ability, even when the parameter space of the training region is expanded and the
available data becomes scarce.

2. Methods and Materials

The implemented corrective approach combines a semi-analytical model, which ex-
hibits significant deviations in predictions outside its calibration parameter space, with
a data-driven machine learning model correcting those deviations towards the solution
of the high-fidelity model. The corrective model is required to be less complex, for solely
representing a corrective component, compared to a purely data-driven prediction model
mapping the more complex and complete relationships that are relevant. Additionally, this
hybrid approach shows good generalization ability and also exhibits low prediction errors
in an expanded input parameter space outside the parameter space used for training, as
opposed to decreased generalization ability of a purely data-driven model, which is not
physics-related. For the selected use-case of LSP, the residual stress distributions intended
to be corrected are calculated via the semi-analytical model from Hu et al. [23]. An FE
model was used for computing the desired reference residual stress distributions, which
represent the true/desired data in this work. The correction task is developed through
training, validating and testing of an ANN. Both numerical and semi-analytical models will
be briefly introduced in the following two sections. For more details, the reader is referred
to the original publications, as the focus of this study lies on the correction task where those
models are assumed as black-box models and their detailed mechanisms are deliberately
not intended to be relevant for the current study. (Note: the selected use-case LSP serves
only as selected example. Generally speaking, the analytical model could be replaced by
any physics-based model and the data from the FE model represents the corresponding,
typically scarce, experimental data). Material parameters correspond to the aluminium
alloy AA2024 in T3 heat treatment condition, frequently used in the aircraft industry for
fuselage structures [24].
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2.1. Laser Shock Peening

One of the main goals of the transportation industry is to reach weight, fuel and
CO2 savings as well as increase the sustainability of engineering components [25]. For
improving the fatigue life of light-weight materials such as aluminium alloys, LSP has
gained attention in scientific research and industrial application developments. LSP is
known as residual stress modification technique to introduce high and deep compressive
residual stresses in metallic components [26]. These compressive residual stresses can
be used to enhance fatigue properties of metallic structures, which is of high interest for
damage tolerant design concepts, as applied in aircraft structures. However, compressive
residual stresses are always accompanied by fatigue-critical tensile residual stresses due
to stress equilibrium. During LSP, short-time (nanosecond regime), high-energy (Joule
regime) laser pulses are used to convert material at the surface into plasma. Plasma
expansion initiates mechanical shock waves that cause local plastic strains in the material.
After relaxation of the dynamic process, a characteristic residual stress field is developed,
which contains both: Relatively high compressive residual stresses and balancing tensile
residual stresses. Experimental process observation is very challenging and requires great
effort due to the magnitudes of physical quantities, such as plasma pressure as well as
temperature, and the short time scale. The knowledge of the residual stress fields is
essential for efficient application of LSP, motivating the development of suitable prediction
tools. Modelling of the LSP process is challenging due to the short time scale of the process,
which, so far, leads to imprecise experimental determination of physical quantities occuring
during shock wave propagation and plasma formation, such as material strain rates up
to 106 s−1, plasma pressure of several GPa or the high plasma temperature; therefore, the
utilized material model can exhibit determination inaccuracies regarding these quantities.
There are various approaches to simulate the LSP process, such as FE models [27–29] or
(semi) analytical models. While FE models represent the most commonly used modelling
approach, to represent the three-dimensional physics involved in the complex LSP process,
the considered semi-analytical model by Hu et al. [23] is computationally very efficient but
does not provide any information on tensile stresses because stress equilibrium is neglected.

Other simplifications include the assumption of an infinite instead of finite specimen
thickness as well as single value calculations of stresses at distinct model locations as
opposed to averaged stress calculation based on extrapolation of finite element integration
points towards nodes, among others. Since the considered LSP system and FE model uses
quadratic pulse spots, see Keller et al. [29], the underlying assumption of a circular spot in
the semi-analytical model represents a further simplification in the current case.

Ultimately, the proposed correction approach is employed to achieve low prediction
errors while simultaneously using the implied physics and maintaining the computational
efficiency of the analytical model. Such a hybrid modelling approach is new in the context
of LSP, where the number of publications on the application of machine learning approaches
for the LSP process is scarce, overall. Frija et al. [30] optimized the LSP surface conditions
by using an FE model exposed to the laser-induced pressure pulse as well as Design of
Experiments (DoE) to infer related laser parameters. They extended the work by the use of
an ANN to efficiently predict significant characteristics of numerical compressive residual
stress profiles and approximated a simplified 1st-order linear slope of residual stresses [31].
In this study, it is aimed for efficiently predicting the original non-linear distribution
of compressive and tensile residual stresses, provided by an FE model, throughout the
complete depth of the specimen. Wu et al. [32] also performed predictions of LSP-induced
residual stresses via an ANN based on the laser profile and laser energy purely based
on experimental data; thereby, not explicitly considering relevant physical relationships.
Mathew et al. [33] used an ANN for the prediction and optimization of residual stress
distributions induced by LSP, where the relative importance of four process parameters
on residual stresses is investigated purely based on experimental data. In this work, the
proposed hybrid model generates highly accurate predictions that are physics-related via
the corrective approach of a physics-based analytical model.
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2.2. Physical Models

In the following, the pressure pulse input definition for both physical models as well
as the semi-analytical model and high-fidelity FE model, are described.

2.2.1. Pressure Pulse Definition for Physical Models

The definition of the pressure pulses over time, in Figure 1, is utilized as input for
the semi-analytical model, see Figure 2a, and for the high-fidelity FE model, see Figure 3a.
The pressure pulse over time is uniquely defined in this work based on three pressure
pulse parameters: Maximum pressure Pmax, the time of maximum pressure tI and the pulse
duration tI I , see Figure 1. This pressure pulse function is preferred in the utilized ABAQUS
solver of the FE analysis since it is differentiable and assures efficiency and stability of the
FE solver [34]. Note that the original semi-analytical model by Hu et al. [23] is slightly
modified by using this pressure pulse as input, instead of laser parameters. Note: The pulse
duration tI I is not considered in the semi-analytical model, as described in the following
Section 2.2.2.

Figure 1. Pressure pulse over time including its uniquely defining parameters: Maximum pressure
Pmax, time of maximum pressure tI and pulse duration tI I . As additional information, the full width
at half maximum is given by tI I I .

2.2.2. Low-Fidelity Model — Semi-Analytical Model

A semi-analytical LSP process model to predict residual stress profiles depending on
the plasma pressure is developed by Hu et al. [23], which is adopted in this study. In the
process model, a semi-infinite space and rotational symmetry are assumed since a circular
laser focus is considered. Furthermore, single laser pulse impacts are modelled instead
of a laser pulse sequence. The residual stress profile is evaluated along the symmetry
axis. The LSP process of a single laser pulse impact is split into two phases: Loading and
relaxation. During the loading phase, the pulse pressure from t = 0 to tI is considered as
input and during the relaxation phase, the resulting residual stresses are calculated (note
that the pressure pulse interval from tI to tI I is not considered in this model). Plasma
induced stresses that are present during the loading phase are assumed to be superposed
and fully developed stress fields that are caused by time dependent surface tractions of
the plasma pressure, representing the elastic solution. The stress field caused by a single
traction is described by closed-form expressions corresponding to the equation found for
single forces, see Timoshenko and Goodier [35]. Plastic material deformation and resulting
stresses are calculated by the McDowell Hybrid Algorithm [36]. A strain-rate dependent
material model, including isotropic and kinematic hardening is employed. The strain-rate
dependency of the yield stress is modelled by the Johnson–Cook model, where material
parameters are listed in Table 1. After the application of the plasma pressure, the residual
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stress field is calculated during the relaxation phase; therefore, stresses are incrementally
reduced while plastic deformation is taken into account to match stress and strain boundary
conditions of an axisymmetric half space. A stress equilibrium is not calculated by this
algorithm, as opposed to the FE analysis, which is explained in the following Section 2.2.3.
For more details on the semi-analytical model, the interested reader is referred to the
original work by Hu et al. [23]. Overall, the main involved physical phenomena are
considered in the semi-analytical model but to a substantially simplified extent leading to
a relatively narrow parameter space, where in combination with a subsequent correction,
the desired high fidelity solution of the FE model within a much wider parameter space
can be reached, nevertheless.

Figure 2. Illustration of the semi-analytical model by Hu et al. [23] for computing residual stresses induced by pressure pulse
from Figure 1. Circular pressure pulse area (i) (in red) on the half-space model, which is simplified in (ii) as a concentrated
normal load (in red) in the axisymmetric half-space model. Figures (i) and (ii) are republished with permission of the
American Society of Mechanical Engineers ASME from [23].

2.2.3. High-Fidelity Model — FE Model

The FE LSP-process model, set up to calculate residual stresses in AA2198 [29]
and adopted to AA2024 [37] in the author’s previous works, is used in this work to
generate a database with the plasma pressure as input and residual stress profiles as
output, see Figure 3. The LSP process model consists of a cuboid with dimensions of
60 mm × 60 mm × 4.8 mm and the depth is discretized with an element size of 0.02 mm
next to the surface. Sides parallel to x-z and y-z plane are modelled with fixed boundary
conditions, whereas sides parallel to x-y plane are considered as free surfaces. The plasma
pressure caused by a single laser pulse is modelled as a time dependent surface traction
that is uniformly distributed within the peened area. The temporal pressure profile is
varied to set up the data set for training, validation and testing. A square of 3 × 3 laser
pulses is simulated without overlap, where the square focus size is 3 mm × 3 mm. Residual
stresses below the centred laser pulse are averaged layer-wise to calculate a residual-stress-
over-depth profile, which has shown to be valid by comparison to experiments [29,37]. The
LSP process model consists of approximately 1.4 × 106 continuum elements with reduced
integration (C3D8R). The Johnson–Cook material model [38] is utilized, where the used
material parameters for AA2024 are summarized in Table 1 for convenience. Nine pressure
pulses are simulated in Abaqus/Explicit. A relaxation time of 50 µs is simulated between
each pulse, which ensures that the dynamic process reaches a state sufficiently close to equi-
librium to prevent significant interaction between two consecutive laser pulses, modelled
as pressure loadings. After the simulation of all laser pulses, a final quasi-static implicit
simulation (Abaqus/Standard) is conducted to determine the residual stress equilibrium.
For further details on the model, the interested reader is referred to [29].
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Table 1. Elastic and Johnson–Cook material parameter representative for aluminium alloy AA2024
in T3 heat treatment condition with an equivalent plastic strain rate ε̇P,0 = 2 × 10−4 s−1 according
to [39].

Parameter Symbol Unit Value

Density ρ g/cm3 2.8
Young’s modulus E GPa 74

Poisson’s ratio ν – 0.33
Quasi-static yield strength A MPa 350
Strengthening coefficient B MPa 972

Strain hardening exponent n – 0.73
Dynamic strain hardening coefficient C – 0.01

Figure 3. Finite element process model for computing residual stresses induced by pressure pulse
from Figure 1.

2.3. Artificial Neural Networks

An ANN represents a computational instrument that can “learn” to correctly map an
input to an output via the adjustment of weights. The initial idea of the perceptron was
to mimic the behaviour of a neuronal cell in the nervous system of the human brain [40].
Feed forward neural networks are multiple perceptrons composing one or more layers of
neurons, where each neuron computes an output based on inputs from the previous layer
and an inherent non-linear activation function. The signal is processed in an unidirectional
forward direction from input to output throughout the network, where the input signal
is progressively transformed into an output signal, see Figure 4. ANNs can be trained
to approximate any non-linear relationship [41]. Training of such networks is achieved
through back propagating error minimization via gradient descent. The error resulting
from the difference between current network output and true/desired output (which is
known in a supervised learning task) is minimized by adapting the behaviour of individual
neurons through adjusting the weights of the connecting edges between those neurons.
The learning rate defines the step size per weight update during gradient descent. For
the implementation of an adaptive learning rate, different learning rate optimizers are
available, such as Adam [42], Momentum [43] or Adagrad [44], among others. Ultimately,
the network represents a mapping rule that is based on provided training examples and is
only valid for the space contained in those samples; thus, these networks are not suitable
for extrapolating predictions outside the training sample domain. A brief description of
a feed forward neural network with back propagating error minimization is provided in
the following.

Overall, achieving sufficient training and validation of an ANN depends on the
amount of available data, network complexity and the nonlinear nature of the particular
relationships to be approximated. To obtain a good ability of the ANN to generalize
well, the prediction error on training and validation data sets need to be both low and
similar [45], as it indicates that neither underfitting nor overfitting has occurred during
training. To prevent overfitting on the training data, learning can be terminated based on
the “early stopping” criterion, which is fulfilled as soon as the prediction performance on
the validation data set (outside the training data set) is no longer improved during training,
even though the error on the training set is still decreasing.
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Figure 4. Schematic of a multi-layered neural network with input layer, k hidden layer and output
layer, including weight vectors W of edge connections between neurons of adjacent layers for
correlating n number of inputs [x1, x2, ..., xn] to m number of outputs [y1, y2, ..., ym].

3. Methodology

First, patterns are generated with pressure pulses and residual stresses from both
semi-analytical and FE models. The resulting pairs of semi-analytically and numerically
determined residual stress profiles compose the training data set for the corrective task of
the ANN. Second, the ANN is trained, validated and tested. Third, the ANN is utilized
for correcting semi-analytical residual stress profiles generated by an expanded pulse
parameter range that was not contained in the previously utilized training, validation and
test data sets. This methodology is described in detail in the following.

As illustrated in Figure 5, the corrected predictions for LSP-induced residual stresses
contain the estimates from the physics-based semi-analytical model and a corrective term
from the corrective ANN that accounts for the deviation between semi-analytical stresses
and numerical stresses to generate the desired high-fidelity solution.

Figure 5. Schematic of hybrid model implementation for prediction of laser shock peening (LSP)-induced residual stresses:
(a) Residual stresses predicted by the semi-analytical model exhibiting relatively high prediction errors compared to the
high fidelity FE solution which is compensated by (b) a correction factor “learned” by an artificial neural network (ANN),
leading to (c) the validated high-fidelity prediction with low errors, i.e., the hybrid model solution.

3.1. Data Preparation

For correcting the coherent residual stress profiles, stress values are discretized over
the depth in the form d(i)/dmax, leading to 47 points from d(0.1) to d(4.7), as surface
stresses are disregarded (specimen thickness = 4.8 mm). Included in the input is the
information of the known pressure pulses used to generate each residual stress profile with
the semi-analytical model. The maximum pressure Pmax of the particular pulse serves as
normalization for all stress values of the respective profile. Since residual stress profiles can
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converge towards zero, a division by zero or very small stress values during normalization
is prevented by a uniform shift of all residual stress values above zero by adding twice the
material’s yield strength (note that the quasi-static yield strength A is used, here) denoted
with σy, see Equations (1) and (2). To enable the prediction of correction factors that produce
results of high accuracy, one point of the depth discretization is considered at a time. Thus,
the depth at which the correction factor for the residual stresses shall be determined is used
as the final input. This yields the following dimensionless input space, including shifted
and scaled residual stresses over depth:

X i :=

{
σi

ana,1 + 2σy

Pi
max

,
σi

ana,2 + 2σy

Pi
max

, ...,
σi

ana,47 + 2σy

Pi
max

,
j

47

}
(1)

with i as the sample number, j as the discretization step of the depth in the range from
0.1 mm to 4.7 mm and Pi

max as the maximum pressure of the specific sample. The dimen-
sionless output is the correction factor and defined as:

Y i :=

{
σi

ana,j + 2σy

σi
FE,j + 2σy

}
(2)

with σi
ana,j and σi

FE,j being the residual stresses at the depth j/47, computed by semi-
analytical model and finite element model, respectively. Using a single output, where each
output corresponds to a different depth j/47, one can observe a smooth curve as a result for
the complete continuous distribution since the ANN is forced to smoothly approximate this
depth dependency. A smooth curve of the output is obtained when the input is scanned
with j/47 through the depth. With each j value, a corresponding stress correction at the
output is received. The use of physically normed inputs and outputs allows for making
predictions in a much wider process parameter range than that used for training of the
ANN [46], which can be highly beneficial.

A total number of 82 numerical and semi-analytical sample pairs with pressure
pulse parameter ranges listed in Table 2, have been utilized. With the proposed depth
discretization of 47, this led to a total of 82 × 47 = 3854 patterns that composed the complete
data set. The data is randomly split into training, validation and test data sets with an
80/10/10 ratio with the constraint of a stratified Pmax value range into eight classes, i.e.,
equidistant subintervals from 800 MPa to 2200 MPa. Thereby, each class is represented
in the respective data sets to ensure the ranges of maximum pulse values are similar in
training, validation and test data sets, respectively. Ultimately, training, validation and test
data sets consisted of 3102, 376 and 376 patterns, respectively. Scaling of inputs and outputs
was executed to remain in value ranges of [−1, 1] and [1, 5], respectively. The corrected
residual stresses are obtained by solving Equation (2) with respect to absolute values σi

ana,j.

Table 2. Pressure pulse parameter ranges of maximum pressure Pmax, time of maximum pressure tI

and pulse duration tI I for training, validation and test data sets.

Pmax [MPa] tI [ns] tI I [ns]

Min. 800 12 43
Max. 2200 66 300

3.2. Hyperparameters of ANN

The ANN consists of two hidden layers each containing 30 neurons, respectively. The
sigmoid function is utilized as the activation function of each layer, except for the final
layer, where a linear activation function is implemented to obtain continuous values in
the proposed regression task. Gradient descent during mean squared error (MSE)-loss
optimization through weight adjustments is enhanced with an adaptive learning rate
according to the Adam optimizer. Furthermore, early stopping is implemented to enable
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training without any overfitting, as training is stopped as soon as the generalization error,
i.e., MSE-loss on validation data set, is not decreased any further. Before early stopping
is executed, a patience of 1000 further epochs is used to assure that no local minimum on
the validation set MSE within this consecutive 1000-epoch-range leads to the stopping.
The workflow of this study, consisting of data pre-processing, ANN development and
result analysis, has been executed with the open-source libraries Scikit-learn and Keras in
conjunction with JupyterNotebook frontend and Tensorflow back-end.

4. Development and Evaluation of ANN-Correction Model

The ANN correction model proposed here is developed and evaluated in two steps.
First, the input feature space only contains semi-analytical residual stresses distributed
over depth, normalized with the maximum of the corresponding pulse pressure, where
the correction predictions still exhibit significant errors. Second, the input feature space is
enriched with additional salient features according to a consistent dimensionality analysis,
which led to a decrease of those prediction errors. The prediction performances are
evaluated with two metrics: Determination coefficient (R2) and mean squared error (MSE).
R2 is defined as

R2 = 1 −
∑

N
i=1

(
yi − yi,pred

)2

∑
N
i=1(yi − ymean)

2 , (3)

where yi represents the true value, yi,pred the predicted value, ymean the mean of the true
values and N the number of sample values. MSE is defined as

MSE =
1
N

N

∑
i=1

(
yi − yi,pred

)2
. (4)

4.1. Approach 1: Consideration of Only Semi-Analytical Residual Stresses as Input

In this first approach, the input for the corrective ANN prediction consists only of the
semi-analytically determined residual stresses, normalized with the maximum pressure
value of the pulse, Equation (1). The so-called “learning curves”, i.e., values of the loss
function (the MSE) on training and validation data sets during training (over the number
of epochs), shown in Figure 6a, indicate a significantly lower MSE for predictions on the
training data than on the validation data. In other words, the network has been over-fitted
to the training data and shows low ability to generalize well, as the prediction error is
increased on data points outside the training data set. Correspondingly, the R2 values for
the correction factor, presented in Figure 6b, and the resulting residual stresses, shown in
Figure 6c, exhibit deviations between true/desired values and predicted values. Specifically,
R2 values for the correction factor, Equation (2), reached 97.08%, 96.65% and 94.94% on
training, validation and test set, respectively, see Table 3. For the predictions of corrected
residual stresses, these deviations are even greater, with R2 values of 91.14%, 91.35% and
81.88% for training, validation, and test sets, respectively, see Table 3. Comparisons of
input, output and corrected residual stresses of three exemplary test samples are shown in
Figure 7, where the corrections of the semi-analytical stresses are not in good agreement
with the desired FE solutions. The error of the stress predictions is decreased through the
correction but not to a satisfactory extend. In order to improve corrective model predictions
with respect to an increased determination coefficient R2 and a decreased MSE, additional
information needs to be provided in the input space for the ANN.
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Figure 6. (a) Learning curves: Mean squared error (MSE)-loss function values minimized via weight adjustment of the
ANN on training set and simultaneous MSE for predictions on validation set with training-set weights over number of
epochs during training. (b) Determination coefficient R2 for correction factor (ANN output) achieved by ANN on training,
validation and test data sets. (c) Determination coefficient R2 for related residual stresses attained by ANN on training,
validation and test data sets.

Table 3. Prediction metrics of trained ANN via Approach 1: R2 (determination coefficient) and MSE
(mean squared error) for correction coefficients as well as for corresponding residual stresses on
training, validation and test data sets, respectively.

Correction Factor Residual Stresses

Data Set R2 in % MSE R2 in % MSE in MPa2

Training 97.08 0.000466 91.14 399.21
Validation 96.65 0.000602 91.35 452.26

Test 94.94 0.000669 81.88 607.42
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Figure 7. Comparison of residual stress distributions over depth predicted by the FE model, semi-analytical model and
hybrid model for three exemplary test samples with pulse parameters maximum pressure Pmax, time of maximum pressure
tI and pulse duration tI I of (a) 1236 MPa, 15.1 ns, 85 ns; (b) 1639 MPa, 37.7 ns, 145 ns; and (c) 1820 MPa, 13 ns, 65.7 ns.

As mentioned in Section 2.2.1, the pulse duration tI I is not considered in the semi-
analytical model according to its input definition, the pressure pulse duration is only
considered until tI . As a result, samples whose corresponding pressure pulses differ
uniquely only in duration will cause predictions of identical residual stress distributions,
see Figure 8. Mathematically, this is a non-injective relationship, inadequate to be repre-
sented by any function, i.e., the same input could certainly not be correlated to multiple
different outputs via the ANN-model of this first approach, where only residual stresses
over depth serve as input. Consequently, as pulse duration tI I affects the prediction result,
it needs to be considered in the input space for the corrective model.
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Figure 8. (a) Super-imposed but indistinguishable residual stress distributions over depth predicted by the semi-analytical
model for different pressure pulses, i.e., identical inputs for the corrective ANN-model. (b) Corresponding output targets:
Eight unique residual stress distributions over depth predicted by the FE model and (c) corresponding distinctive pressure
pulses over time that were used as input for both models, exhibiting different pulse durations but identical maximum
pressures and times of respective maximum pressures.

4.2. Approach 2: Adding Salient Features to the Input Space

In order to enable a unique mapping between inputs and outputs, additional input
features are identified via a dimensionality analysis and are added to the input space. In
accordance with the Buckingham Π theorem [47], a required minimum number of dimen-
sionless parameters can be defined to sufficiently describe the physical problem. Thus,
besides the analytical stresses σana and maximum pressure Pmax, the pressure pulse time
quantities tI , tI I and tI I I are included. To connect those temporal measures to mechanical
properties E and ρ, the wave speed c =

√
E/ρ is also considered. Ultimately, the peened

area Apeened is used to complete the set of five dimensionless quantities:

Π1 =
σana

Pmax
, Π2 =

tI

tI I
, Π3 =

tI I I

tI I
, Π4 = tI I I

√
E

ρ · Apeen
, Π5 =

Pmax

E
. (5)

Adding dimensionless information that is based on a consistent dimensionality analysis to
the input space leads to a reduction of inaccuracies, which is in agreement with a study
based on a similar input definition for an ANN [46]. Subsequently, this leads to a further
reduction of prediction’s MSE and increase of R2 compared to the first approach presented
in Section 4.1. All input-output pairs can be uniquely identified by the ANN. Accordingly,
the modified input is described with:

X i :=

{
σi

ana,1 + 2σy

Pi
max

,
σi

ana,2 + 2σy

Pi
max

, ...,
σi

ana,47 + 2σy

Pi
max

,
tI

i

tI I
i
,

tI I I
i

tI I
i

, tI I I
i

√
E

ρ · Apeen
,

Pi
max

E
,

j

47

}
. (6)

This dimensionless formulation ensures that all dependencies are scaled without loss
of generality. In comparison to the first approach, the previous bias and variance indicated
in the learning curves in Figure 6a is reduced, as the final MSE-loss is further reduced on
both training as well as on validation data sets, respectively, and both converged towards
similar values, see Figure 9a. Hence, prediction results improved significantly on all three
data sets, with respect to increased determination coefficients R2 each above 99% for the
correction factors, see Figure 9b and also for the corrected residual stresses, see Figure 9c.
The MSE on the test set declined simultaneously to a maximum of 3.9 × 10−5 and 28.63
MPa2 for correction factors and corrected residual stresses, respectively, see Table 4. There
is good agreement between the corrected prediction and the desired values of the residual
stresses throughout the complete depth, as demonstrated by three examples from the test
data set in Figure 10.
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Figure 9. (a) Learning curves: MSE-loss function values on training and validation data sets over number of epochs during
training and (b) corresponding prediction values of the correction factor versus true values, and of (c) the corresponding
residual stresses.

Table 4. Prediction metrics of the trained ANN via Approach 2: Determination coefficient R2 and
MSE for correction coefficients as well as corresponding residual stresses achieved on training,
validation and test data sets, respectively.

Correction Factor Residual Stresses

Data Set R2 in % MSE R2 in % MSE in MPa2

Training 99.95 7 × 10−6 99.90 4.33
Validation 99.93 12 × 10−6 99.86 7.38

Test 99.71 39 × 10−6 99.15 28.63
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Figure 10. Comparison of residual stress distributions over depth predicted by the FE model, semi-analytical model and
hybrid model for three test samples with maximum pressure Pmax, time of maximum pressure tI and pulse duration tI I of
(a) 1144 MPa, 38.9 ns, 137 ns; (b) 1390 MPa, 22.2 ns, 140 ns; and (c) 2039 MPa, 49.5 ns, 243 ns, respectively.

5. Generalization of Hybrid Model

An evaluation of the generalization ability is performed by expanding the input
parameter space, i.e. value ranges of pressure pulse parameters: Maximum pressure
Pmax, time of maximum pressure tI and pulse duration tI I , to respective ranges that were
not used for training, validation and testing, as shown in Figure 11 and Table 5. The
lower bound of the maximum pressure range remained at 800 MPa because there is an
almost insignificant contribution to residual stress formation by pressure pulses with a
maximum below 800 MPa. In addition, extension of maximum pressures above 2400 MPa
becomes physically unfeasible. Ultimately, there is no significant expansion but only minor
exceedances for Pmax values beyond the training space. Lower bounds of pulse durations
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were decreased from 12 ns to 1 ns and upper bounds increased from 66 ns to 100 ns. The
expanded-space data-set contained 35 samples. With this expanded parameter space,
deviations between semi-analytical and high-fidelity solutions can be adequately corrected
by the ANN and its trained range of correction factors.

The “learned” range for the correction factors is [0.5090, 1.1189]; thus, the deviation
between analytical and numerical model has to be correctable by values within that range
in order to achieve the anticipated solutions. Restrictions are inevitable when the required
factor for an appropriate correction lies outside this range. In this case, no correction is
performed by the ANN and the analytical input is also the output. This corresponds to
setting the correction factor to 1.0. Thus, the default prediction, in a worst-case scenario,
is the provided input—the prediction of the semi-analytical model, which can be noticed
clearly and used as an indicator for no correction having been performed. Essentially, an
extrapolating prediction on an expanded parameter space can only be performed as long
as the output of the ANN, i.e., the required correction factor, still lies in the value range of
the training data set.

Table 5. Expanded pressure pulse parameter ranges of maximum pressure Pmax, time of maximum
pressure tI and pulse duration tI I as extrapolated parameter space in comparison to the ranges in the
data set used for training, validation and testing, see Table 2.

Pmax in MPa tI in ns tI I in ns

Training, validation, test
Min. 800 12 43
Max. 2200 66 300

Expanded parameter space
Min. 800 1 43
Max. 2400 100 306
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Figure 11. Sample positioning in the expanded parameter space: Maximum pressure over (a) pulse duration and over
(b) time of maximum pressure as well as (c) time of maximum pressure over pulse duration.

5.1. Setup of Purely Data-Driven ANN as Benchmark

The prediction performance of the hybrid model is benchmarked against the esti-
mations of a purely data-driven ANN trained directly with pressure-pulse-over-time as
input and residual-stresses-over-depth provided by the FE-model as output, without the
consideration of any physics-based model. In the following, this purely data-driven ANN
is briefly explained. Essentially, no corrective task is performed and the input consists
of 47 discretized pressure values and the respective terms defined in the dimensionality
analysis with

X i
direct :=

{
Pi

1
Pi

max
,

Pi
2

Pi
max

, ...,
Pi

47
Pi

max
,

tI
i

tI I
i
,

tI I I
i

tI I
i

, tI I I
i

√
E

ρ · Apeen
,

Pi
max

σy
,

j

47

}
. (7)
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The output space contains the residual stress values, where constant discretization
over specimen depth of the residual stresses is used, similar to the output discretization of
the output space for the corrective model by

Y i
direct :=

{
σi

FE,j + 2σy

σy

}
(8)

where superscript i refers to the sample number and subscript j to the depth discretization
step of 0.1 mm in the range from 0.1 mm to 4.7 mm.

The previous ANN architecture consisting of two hidden layers with respective
30 neuron and sigmoid activation functions is used to avoid any artificial influence of the
ANN architecture in the benchmark. Likewise, early stopping is implemented to avoid
overfitting during training. Normalization of inputs to [−1, 1] and outputs to [1, 5] is
performed, as for the hybrid model.

5.2. Comparison of Physics-Based Hybrid Model and Purely Data-Driven ANN

With a comparison of the physics-based corrective prediction in Figure 12a to a purely
data-driven ANN prediction model in Figure 12b, an example for the benefits of a corrective
physics-based ANN model over a purely data-driven ANN is provided. As can be seen
in the comparison of the predictions in the expanded parameter space, predictions that
are purely based on data exhibit pronounced errors, which is not the case for the ANN
where physical laws are considered in the contained analytical model solution. This good
prediction performance is a consequence of remaining within the trained range of correction
factors as well as a result of the enhanced prediction ability of the hybrid model itself,
which is owed to the decreased complexity of the correction problem. Even though the R2

values for the data-driven ANN are both above 99% on training and validation sets as well
as above 95% on the testing set, the MSEs on the expanded space are almost two orders of
magnitude higher than the one of the physics-based corrective model and amounts to over
1700 MPa2, see Table 6. The MSE of the corrective model measures just below 31 MPa2.
The determination coefficient R2 of the corrective approach on the extrapolation data set is
highly alike to the R2 values on the other data sets and is still as high as 99.39%, whereas
for the data-driven approach, the R2 values are all above 99% on training and validation
and above 95% on test data sets but drops down to 65% for predictions on the expanded
parameter space.

The absolute value of the relative error of both physics-based corrective model as well
as purely data-driven model is defined as err, according to [48], and computed via:

err :=
∣∣∣∣
d − yN

d

∣∣∣∣ (9)

with true values d, predicted values y and number of samples N. The maximum err from
the data-driven model is approximately 53% and just below 8% for the corrective model at
n/N = 1, as shown in Figure 12c, where the normalized number of samples is sorted from
small to large err values. As a result, consideration of the problem’s physics through the
semi-analytical model leads to a better generalization compared to using a purely data-
driven predictor relying on the relevant physics to be represented (only) in the training
data. In particular, via the corrective ANN, interpolation within its trained value range of
correction factors can still be performed, even on the expanded parameter space; whereas
via the data-driven ANN, extrapolating predictions are performed within the expanded
parameter space, which is unfeasible for an ANN because its predictive function is fitted
to the training data and becomes unreliable in a variable space for which no training data
is available. So, in this use-case example, based on a physically reasonable extension
of the parameter space, a physics-based correction model exhibits superior prediction
performance over a data-driven model, under the condition that results can be adjusted
with the trained range of correction factors to achieve the anticipated solution.
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Table 6. Prediction metrics of the hybrid model and purely data-driven ANN: R2 and MSE for
residual stresses of samples in training, validation, test and expanded parameter space data sets.

Hybrid Model Data-Driven ANN

Data Set R2 in % MSE R2 in % MSE in MPa2

Training 99.90 4.33 99.86 6.32
Validation 99.86 7.38 99.76 12.39

Test 99.15 28.63 95.89 137.58
Expanded space 99.39 30.17 65.00 1717.18
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Figure 12. Juxtaposition of predicted values and true/desired values on training, validation, test sets and expanded
parameter space data set, achieved by (a) the physics-based hybrid model and (b) the purely data-driven ANN, respectively.
(c) shows the relative error of samples n normalized with the total number of samples N, sorted from low to high err values
on the data set with expanded parameter space generated by hybrid model and data-driven ANN.

5.3. Data Reduction Effects on Hybrid Model and Data-Driven ANN Predictions

In this section, the prediction performances of the hybrid model and the data-driven
ANN are juxtaposed while the total number of samples is reduced. The total data set is
split into training, validation and test data sets via a constant data-split ratio of 80/10/10,
throughout a reduction of the total data set from 100% to 20% by increments of 10%. Thus,
a 100% data set consists of 66 training, 8 validation and 8 test samples (as in all previous
sections); whereas a 20% data set contains 13 training, 1 validation and 1 test sample(s).
The specific samples and total sample number in the expanded-space data set remained
constant at 35. For each data-reduction step, the data split is performed randomly and
three times, each time with a different random state, in order to avoid prediction results
that depend on specific samples contained in the respective data sets. Consequently, the
MSE average and standard deviation of the corresponding three prediction models are
calculated and used for further evaluation.

The hybrid model outperforms the data-driven ANN on the test data set with re-
spect to an overall decreased mean MSE and continuously lower standard deviations. On
average, the mean MSE is lower and its standard deviation decreased, when perform-
ing predictions with the hybrid model compared to the data-driven ANN. As shown in
Figure 13a, these outperformances appear clearly once the amount of samples in the total
data set in reduced below 60%, i.e., below a sample number of 49, as well as at the smallest
total data set of 20%, respectively. On the extrapolation data set, the superior prediction
ability of the hybrid model over the data-driven ANN is magnified with respect to a
significantly lower average mean MSE and a substantially decreased standard deviation,
see Figure 13b.

These outperformances could be due to several reasons. Primarily, the corrective ANN
with its correction factor prediction is assumed to be more simple in complexity and in
non-linearity than the residual stress prediction of the data-driven ANN. Consequently, the
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corrective ANN in combination with the semi-analytical model is more stable and robust in
its predictions once the amount of data is reduced, in comparison to the data-driven ANN.
In addition, there appears to be a higher dependence on specific samples being contained
in the training and validation data sets for the data-driven ANN since the variation of mean
MSE and standard deviation are more significant within an identical amount of data (but
different random data splits). Ultimately, the proposed corrective approach, i.e., hybrid
model consisting of the semi-analytical model and the corrective ANN, exhibits a number
of benefits over a purely data-driven ANN, even more when the amount of data is scare or
very limited, such as in DoE data sets.
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Figure 13. Comparison of prediction performances of hybrid model and direct ANN with respect to the average mean
squared error (MSE) and standard deviation achieved on (a) the test data set and (b) the extrapolation data set, while
reducing the amount of the total data set (training, validation and test data sets) from 100% to 20% in increments of
10%-steps, respectively. All MSE average values and standard deviations are based on three different MSEs and their
respective standard deviations that are achieved on dissimilar data splits implemented by changing pseudo-random-states.

6. Conclusions

In this study, a physics-based semi-analytical model, representing a rather simple
but very efficient model, has been successfully combined with a corrective ANN into an
hybrid prediction model to enhance its applicability range. Ultimately, low prediction
errors were reached with respect to the desired high-fidelity solution, provided by a
numerical FE simulation in the investigated use case of LSP. The high-fidelity numerical
data could easily be replaced by experimental data, enabling correction towards empirical
measurements. A number of prerequisites for adequately performing the correction task
have been identified. Primarily, unique relationships between inputs and outputs need
to exist, where redundancies in the data can be an indicator for non-unique relationships.
These non-unique relationships may be compensated by using additional (salient) features
identified via a consistent dimensionality analysis. Upon detectable uniqueness between
inputs and outputs, low prediction errors are enabled. Essential findings for achieving a
low prediction error in our specific problem domain are:

• Through the proposed corrective approach of a semi-analytical model, the solution of
a high-fidelity numerical simulation is reached very efficiently.

• In particular, trained range of correction factors allows for a maximum adjustments
of semi-analytical stresses of up to approximately 50% towards the desired high-
fidelity solution.

• Generalized predictions for extended process parameter ranges can be achieved under
the condition of correction factor values remaining within the training value range.
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• Within the value range of trained correction factors, the generalization of the physics-
based corrective approach within an expanded-parameter-space performs with signif-
icantly lower prediction errors compared to a purely data-driven generalization.

• When reducing the amount of available data during training, validation and testing,
the generalization via the corrective approach demonstrated significantly reduced
prediction errors compared to the purely data-driven model on both test set and
expanded parameter-space data set, illustrating its ability to handle sparse data.

Author Contributions: Conceptualization, F.E.B., N.H. and B.K.; methodology, F.E.B., S.K., N.H.
and B.K; validation, F.E.B. and S.K.; resources, N.H. and B.K.; data curation, F.E.B. and S.K.; formal
analysis, F.E.B., S.K. and N.H.; software, F.E.B. and S.K.; writing—original draft preparation, F.E.B.;
writing—review and editing, F.E.B., S.K., N.H., B.K.; visualization, F.E.B. and S.K.; supervision, N.H.
and B.K.; project administration, B.K. All authors have read and agreed to the published version of
the manuscript.

Funding: This research received no external funding.

Data Availability Statement: The data presented in this study are available upon reasonable request
from the corresponding author.

Acknowledgments: The authors thank Yongxiang Hu from the Department of Mechanical Engi-
neering of the Shanghai Jiao Tong University for providing the code of the semi-analytical model,
published in [23].

Conflicts of Interest: The authors declare no conflict of interest.

References

1. Kalidindi, S.R.; Graef, M. Materials Data Science: Current Status and Future Outlook. Annu. Rev. Mater. Res. 2015, 45, 171–193.
2. Bock, F; Aydin, R.; Cyron, C.; Huber, N.; Kalidindi, S.R., Klusemann, B. A Review of the Application of Machine Learning and

Data Mining Approaches in Continuum Materials Mechanics. Front. Mater. 2019, 6, 443.
3. Altschuh, P.; Yabansu, Y.C.; Hötzer, J.; Selzer, M.; Nestler, B.; Kalidindi, S.R. Data science approaches for microstructure

quantification and feature identification in porous membranes. J. Membr. Sci. 2017, 540, 88–97.
4. Brough, D.B.; Kannan, A.; Haaland, B.; Bucknall, D.G.; Kalidindi, S.R. Extraction of Process-Structure Evolution Linkages from

X-ray Scattering Measurements Using Dimensionality Reduction and Time Series Analysis. Integr. Mater. Manuf. Innov. 2017, 6,
147–159.

5. Yun, M.; Argerich, C.; Cueto, E.; Duval, J.L.; Chinesta, F. Nonlinear Regression Operating on Microstructures Described from
Topological Data Analysis for the Real-Time Prediction of Effective Properties. Materials 2020, 13, 2335.

6. Adams B.L.; Kalidindi, S.R.; Fullwood, D.T. Microstructure Sensitive Design for Performance Optimization; Elsevier: Amsterdam,
The Netherlands, 2013.

7. Cecen, A.; Dai, H.; Yabansu, Y.C.; Kalidindi, S.R.; Le, S. Material structure-property linkages using three-dimensional convolu-
tional neural networks. Acta Mater. 2018, 146, 76–84.

8. Chupakhin, S.; Kashaev, N.; Klusemann, B.; Huber, N. Artificial neural network for correction of effects of plasticity in equibiaxial
residual stress profiles measured by hole drilling. J. Srain. Anal. Eng. 2017, 52, 137–151.

9. Bock, F.E.; Blaga, L.A.; Klusemann, B. Mechanical Performance Prediction for Friction Riveting Joints of Dissimilar Materials via
Machine Learning. Procedia Manuf. 2020, 47, 615–622.

10. Yang, Z.; Yabansu, Y.C.; Al-Bahrani, R.; Liao, W.K.; Choudhary, A.N.; Kalidindi, S.R.; Agrawal, A. Deep learning approaches for
mining structure-property linkages in high contrast composites from simulation datasets. Comput. Mater. Sci. 2018, 151, 278–287.

11. Raissi, M. Deep Hidden Physics Models: Deep Learning of Nonlinear Partial Differential Equations. J. Mach. Learn. Res. 2018, 18,
1–24.

12. Lu, L.; Dao, M.; Kumar, P.; Ramamurty, U.; Karniadakis, G.E.; Suresh, S. Extraction of mechanical properties of materials through
deep learning from instrumented indentation. Proc. Natl. Acad. Sci. USA 2020, 117, 7052–7062.

13. Chinesta, F; Cueto, E.; Abisset-Chavanne, E.; Duval, J.L.; Khaldi, F.E.B. Virtual, Digital and Hybrid Twins: A New Paradigm in
Data-Based Engineering and Engineered Data. Arch. Comput. Methods Eng. 2018, 27, 105–134.

14. Montáns, F.J.; Chinesta, F.; Gómez-Bombarelli, R.; Kutz, J.N. Data-driven modeling and learning in science and engineering
Comptes Rendus MéCanique 2019, 347, 845–855.

15. Kirchdoerfer, T; Ortiz, M. Data-driven computational mechanics. Comput. Methods Appl. Mech. Eng. 2016, 304, 81–101.
16. Karpatne, A.; Atluri, G.; Faghmous, J.H.; Steinbach, M.; Banerjee, A.; Ganguly, A.; Shekhar, S.; Samatova, N.; Kumar, V.

Theory-Guided Data Science: A New Paradigm for Scientific Discovery from Data IEEE Trans. Knowl. Data Eng. 2017, 29,
2318–2331.

160



Materials 2021, 14, 1883

17. Liu, X.; Athanasiou, C.E.; Padture, N.P.; Sheldon, B.W.; Gao, H. A machine learning approach to fracture mechanics problems.
Acta Mater. 2020, 190, 105–112.

18. Kapteyn, M.G.; Knezevic, D.J.; Huynh, D.B.P.; Tran, M.; Willcox, K.E. Data-driven physics-based digital twins via a library of
component-based reduced-order models Int. J. Numer. Methods Eng. 2020, 53, 3073.

19. Moya, B.; Badías, A.; Alfaro, I.; Chinesta, F.; Cueto, E. Digital twins that learn and correct themselves Int. J. Numer. Methods Eng.

2020, 25, 87.
20. González, D; Chinesta, F; Cueto, E. Learning Corrections for Hyperelastic Models From Data. Front. Mater. 2019, 6, 752.
21. Ibáñez, R.; Abisset-Chavanne, E.; González, D; Duval, J.L.; Cueto, E; Chinesta, F. Hybrid constitutive modeling: Data-driven

learning of corrections to plasticity models. Int. J. Mater. Form. 2019, 12, 717–725.
22. Havinga, J.; Mandal, P.K.; van den Boogaard, T. Exploiting data in smart factories: Real-time state estimation and model

improvement in metal forming mass production. Int. J. Mater. Form. 2020, 13, 663–673.
23. Hu, Y; Yao, Z.; Hu, J. An Analytical Model to Predict Residual Stress Field Induced by Laser Shock Peening. J. Manuf. Sci. Eng.

2009, 131, 031017.
24. Dursun, T.; Soutis, C. Recent developments in advanced aircraft aluminium alloys. Mater. Des. 2014, 56, 862–871.
25. Hertwich, E.G.; Ali, S.; Ciacci, L.; Fishman, T.; Heeren, N.; Masanet, E.; Asghari, F.N.; Olivetti, E.; Pauliuk, S.; Tu, Q.; Wolfram,

P. Material efficiency strategies to reducing greenhouse gas emissions associated with buildings, vehicles, and electronics—A
review. Environ. Res. Lett. 2019, 14, 043004.

26. Peyre, P.; Fabbro, R. Laser shock processing: A review of the physics and applications. J. Mater. Process. Technol. 1995, 27,
1213–1229.

27. Braisted, W.,Brockman, R. Finite element simulation of laser shock peening. Int. J. Fatigue 1999, 21, 719–724.
28. Brockman, R.A.; Braisted, W.R.; Olson, S.E.; Tenagli, R.D.; Clauer, A.H.; Langer, K.; Shepard, M.J. Prediction and characterization

of residual stresses from laser shock peening. Int. J. Fatigue 2012, 36, 96–108.
29. Keller, S.; Chupakhin, S.; Staron, P.; Maawad, E.; Kashaev, N.; Klusemann, B. Experimental and numerical investigation of

residual stresses in laser shock peened AA2198. J. Mater. Process. Technol. 2018, 255, 294–307.
30. Frija, M; Ayeb, M.; Seddik, R.; Fathallah, R.; Sidhom, H. Optimization of peened-surface laser shock conditions by method of

finite element and technique of design of experiments. Int. J. Adv. Manuf. Technol. 2018, 97, 51–69.
31. Ayeb, M.; Frija, M; Fathallah, R. Prediction of residual stress profile and optimization of surface conditions induced by laser shock

peening process using artificial neural networks. Int. J. Adv. Manuf. Technol. 2019, 100, 2455–2471.
32. Wu, J.; Li, Y.; Zhao, J.; Qiao, H.; Lu, Y.; Sun, B; Hu, X.; Yang, Y. Prediction of residual stress induced by laser shock processing

based on artificial neural networks for FGH4095 superalloy. Mater. Lett. 2021, 286, 129269.
33. Mathew, J.; Kshirsagar, R.; Zabeen, S.; Smyth, N.; Kanarachos, S.; Langer, K.; Fitzpatrick, M.E. Machine Learning-Based Prediction

and Optimisation System for Laser Shock Peening. Appl. Sci. 2021, 11, 2888.
34. Ebert, S.D.; Kenton Musgave, F.; Peachey, D.; Perlin, K.; Worley, S. Texturing & Modeling—A Procedural Approach, 3rd ed.; Morgan

Kaufmann Series in Computer Graphics and Geometric Modeling: San Francisco, CA, USA, 2003; pp. 30–31.
35. Timoshenko, S.; Goodier, J. Theory of Elasticity, 2nd ed.; McGraw-Hill: New York, NY, USA, 1951.
36. Mcdowell, D. L. An Approximate Algorithm for Elastic-Plastic Two-Dimensional Rolling/Sliding Contact. Wear 1997, 211,

237–246.
37. Keller, S.; Horstmann, M; Kashaev, N.; Klusemann, B. Experimentally validated multi-step simulation strategy to predict the

fatigue crack propagation rate in residual stress fields after laser shock peening. Int. J. Fatigue 2019, 124, 265–276.
38. Johnson, G.R.; Cook, W.H. A constitutive model and data for metals subjected to large strains, high strain rates and high

temperatures. In Proceedings of the 7th International Symposium on Ballistics, The Hague, The Netherlands, 19–21 April 1983;
Volume 21, pp. 541–547.

39. Sticchi, M.; Staron, P.; Sano, Y.; Meixer, M.; Klaus, M.; Rebelo-Kornmeier, J.; Huber, N.; Kashaev, N. A parametric study of laser
spot size and coverage on the laser shock peening induced residual stress in thin aluminium samples. J. Eng. 2015, 13, 97–105.

40. Rosenblatt, F. The perceptron: A probabilistic model for information storage and organization in the brain. Psychol. Rev. 1958, 65,
386–408.

41. Haykin, S. Neural Networks. A Comprehensive Foundation; 2nd ed.; Prentice Hall: Upper Saddle River, NJ, USA, 1998.
42. Kingma, D.; Ba, J. Adam: A Method for Stochastic Optimization. arXiv 2014, arXiv:1412.6980.
43. Qian, N. On the momentum term in gradient descent learning algorithms. Neural Netw. 1999, 12, 145–151.
44. Duchi, J.; Hazan, E.; Singer, Y. Adaptive Subgradient Methods for Online Learning and Stochastic Optimization. J. Mach. Learn.

Res. 2011, 12, 2121–2159.
45. Mitchell, T. Machine Learning, 2nd ed.; McGraw-Hill: New York, NY, USA, 2010; p. 67.
46. Huber, N.; Tsakmakis, C. A new loading history for identification of viscoplastic properties by spherical indentation. J. Mater. Res.

2004, 19, 101–113.
47. Gibbings, J.C. Dimensional Analysis; Springer: London, UK; New York, NY, USA, 2011.
48. Huber, N.; Tsakmakis, C. Determination of constitutive properties from spherical indentation data using neural networks. Part I:

The case of pure kinematic hardening in plasticity laws. J. Mech. Phys. Solids 1999, 47, 1569–1588.

161





MDPI

St. Alban-Anlage 66

4052 Basel

Switzerland

Tel. +41 61 683 77 34

Fax +41 61 302 89 18

www.mdpi.com

Materials Editorial Office

E-mail: materials@mdpi.com

www.mdpi.com/journal/materials





MDPI  

St. Alban-Anlage 66 

4052 Basel 

Switzerland

Tel: +41 61 683 77 34 

Fax: +41 61 302 89 18

www.mdpi.com ISBN 978-3-0365-1898-5 


	Blank Page



