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Preface to ”Physics of Ionic Conduction in Narrow
Biological and Artificial Channels”

This is a book about ion channels. It has been written mostly by physical scientists and

mathematicians, even though the most widespread and important manifestation of ion channels is

in biology, where they are essential to life in all its forms. How do non-biologists get involved in such

investigations? Everyone will have their own particular story but, for ourselves, it was the heady

combination of scientific curiosity, a wish to contribute to the fundamental understanding of natural

phenomena that clearly have crucially important applications, and the realisation that some of our

physics knowledge and expertise might be relevant.

The key properties underlying ion channel function are those of conductivity and selectivity –the

ability to select between different kinds of ions, allowing the favoured species to pass easily while

blocking others. It is now appreciated that an understanding of this selective conduction requires

physics, and that the physics of biological ion channels has a great deal in common with that of

artificial nanopores. We came to realise that, in each case, there are intriguing analogies with the

physics of electrons in quantum dots. Although the ability to predict the function of a channel from

its structure remains elusive, recent advances have brought us tantalisingly close to a fundamental

theory of ionic permeation, based on the statistical physics of ions within the channel.

The book provides a collection of cutting-edge papers on ionic permeation through narrow

water-filled channels, both biological and artificial, reprinted from a recent Special Issue of Entropy.

The invited authors were selected as being leading scientists in the field with whose work we

were already familiar. In some cases they are our past or present collaborators, or collaborators

of collaborators, in what is quite a specialised scientific area. The book describes the statistical

physics of the permeation process, mathematical aspects, modelling by molecular dynamics, and

experiments. The time is ripe for bringing together these mutually complementary approaches. We

hope and believe that they will facilitate major breakthroughs in understanding, enabling the design

of nanopores to meet particular technological requirements as well as improvements in drug design.

August 2021

Peter V E McClintock, Dmitry G. Luchinsky

Editors
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“There is plenty of room at the bottom”

Richard Feynman

The permeation of ions through narrow water-filled channels is essential to life and of
rapidly growing importance in technology. Reaching an understanding of the mechanisms
underlying the permeation process requires an interdisciplinary approach, where ideas
drawn from physics are of particular importance and have brought encouraging progress
in recent years. This introduction sets into context the several ground-breaking papers
presented in the Entropy Special Issue on “The Physics of Ionic Conduction in Narrow
Biological and Artificial Channels”.

Understanding, predicting and optimising the ionic selective transport properties of
nanopores remains a critical challenge, both to nanotechnology and to biophysics. The last
few decades have witnessed substantial progress in the analysis of such transport based on
the use of a variety of experimental, numerical, and theoretical methods. Indeed, it would
require several books to do full justice to the current state of the art in the field.

In some cases, the crystal structures (e.g., those of potassium, sodium, and calcium
voltage-gated channels) have been discovered. This has provided invaluable insight,
but has also thrown into sharp relief the structure–function problem: how to predict the
conduction/selectivity properties of a known structure; or, conversely, how to design a
structure with the required properties. A reliable solution to the problem promises to open
new horizons in terms of pharmaceutical applications and the improved fabrication of
solid-state nanopores for the sensing of molecules, desalination, DNA sequencing, and the
other developments that together are marking a new era in nanotechnology.

Novel numerical methods and computer hardware now enable microsecond-long
simulations of systems with hundreds thousands of atoms and the exploration of polar-
isable and quantum mechanical force fields. They provide unprecedented capabilities
for reaching an understanding of experimental data and for the development of novel
devices and techniques. Theoretical advances not only underlie many developments in
molecular dynamics, including enhanced sampling and advanced force fields, but are also
opening up new research frontiers and shedding fresh light on a number of longstand-
ing problems such as binding probabilities, knock-on mechanisms of conduction, gating,
electric double-layers, and local dielectric permittivity, just to mention a few.

It is now appreciated that selective conduction in biological ion channels has a great
deal in common with that in artificial nanopores. In each case, there are intriguing analogies
with the physics of quantum dots leading to the development of the theory of ionic
Coulomb blockade. We dedicate this Issue to the memory of our late colleague, Dr Igor
Kh. Kaufman, who developed an elegant theory of ionic Coulomb blockade in biological
ion channels and suggested a simple classification of voltage-gated channels based on the
charge of the selectivity filter.

At the same time, it is known that specific features of ionic conduction (e.g., dehydration,
ion-specific binding affinities, protonation, the multicomponent and competitive nature
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of ion dynamics, the complex and adaptive structure of the ionic pathway, long-range
interaction, local variation of the effective dielectric constant, highly correlated motion of
more than one ion within a narrow channel, electric double layers, and water layering at the
channel entrances) add many layers of complexity to the fundamental physics analogies.

This Special Issue brings together original high-quality papers on ionic permeation
through narrow water-filled channels, both biological and artificial, from some of the
best researchers in the field. It includes papers on the statistical physics of the process,
on molecular dynamics and Brownian dynamics simulations, and on relevant experiments.
Although any selection of papers can only be a narrow slice of the field, our aim is to
emphasise the complexity and mutual interdependence of recent multifaceted progress in
understanding the physics of ion channels and nanopores. The time is ripe for bringing
together these complementary approaches, and we anticipate that they will facilitate major
breakthroughs, enabling the design of nanopores to meet particular technological require-
ments as well as improvements in drug design and perhaps in personalised medicine.

Importantly, the Poisson–Nernst–Planck (PNP) and kinetic models remain among the
principal tools for predicting current through nanopores, both in biology and nanotechnol-
ogy. An example of the classical application of the PNP model to the analysis of reversal
potentials and zero-current fluxes, in a system with a fixed profile of permanent charges
and two mobile ion species, is provided by the paper by Mofidi et al. [1]. Rigorous ana-
lytic and numerical results establish the dependence of the electric and chemical potential
profiles on voltage and permanent charge.

At the same time, it is well known that classical Poisson–Boltzmann (PB) and PNP the-
ories do not take account of short-range ion–ion, ion–wall, or ion–water interactions in ion
channels. Efforts to eliminate or ameliorate the effects of this deficiency of the continuum
models have a long history. This stream of research is represented by the interesting paper
of J.-L. Liu and R.S. Eisenberg [2], featuring the development of a molecular mean-field
theory—a fourth-order Poisson–Nernst–Planck–Bikerman theory for modelling ionic and
water flows in biological ion channels. The theory treats ions and water molecules, in
channels of any volume or shape, with interstitial voids, polarisation of water, and ion–ion
and ion–water correlations. It can be applied to electrolyte solutions in the nanopores of
batteries and fuel cells.

The modelling of ionic currents with reduced models is extensively analysed by
Boda et al. [3]. They show that channels are especially amenable to reduced modelling
because their functions and the relationships between input parameters (e.g., applied volt-
age, bath concentrations) and output parameters (e.g., current, rectification, selectivity) are
well-defined, allowing one to focus on the physics of input–output relationships rather
than on the atomic-scale physics inside the pore. Based on decades of research, the authors
propose four general rules for constructing good reduced models of ion channels and
nanopores, focusing on the physics of input–output relationships rather than on atomic
structure. The proposed rules relate to the importance of (1) the axial concentration profiles,
(2) the pore charges, (3) choosing the right explicit degrees of freedom, and (4) creating
the proper response functions. Examples demonstrating the application of these rules
are provided. Further improvements in predicting the capabilities of reduced models can
be achieved by incorporating into the solution of the one-dimensional electro-diffusion
model the potential of the mean force obtained from MD simulations. The performance
of two such methods is examined by A. Pohorille and M. A. Wilson1 [4] using stochastic
simulations. These methods require neither knowledge of the diffusivity nor simulations
at multiple voltages, which greatly reduces the computational effort needed to probe the
electrophysiology of ion channels. They can be used to determine the free energy profiles
from either forward or backward one-sided properties of ions in the channel, such as
ion fluxes, density profiles, committor probabilities, or from their two-sided combination.
In this work, large sets of stochastic trajectories were generated, individually designed to
mimic the molecular dynamics crossing statistics of models for channels of trichotoxin,
p7 from hepatitis C and a bacterial homolog of the pentameric ligand-gated ion channel

2



Entropy 2021, 23, 644

(LGIC). The authors found that the free energy profiles and the current–voltage curves
obtained from the generated trajectories reproduce with good accuracy results obtained in
molecular dynamics simulations.

The charged particles of which matter is composed move when an external electric
field is applied, and their changed distribution is traditionally described in terms of a
polarisation field. For insulators, it is usually possible to define a relative permittivity
(dielectric constant) to quantify the material’s responsiveness to the electric field. In ion
channels, for example, the protein walls and the water are usually treated as dielectric
continua with relative permittivities of around 2 and 80, respectively. This approach can be
very helpful and revealing, but it involves greater approximation than spatial averaging
because, as R.S. Eisenberg points out [5], the material’s response to the electric field may be
both nonlinear and time-dependent. In order to accommodate such phenomena, while si-
multaneously challenging physicists to review their knowledge of electromagnetism in
biological dielectrics, he proposes and discusses an apparently minor change in Maxwell’s
first equation. It produces a major consequence when joined with Maxwell’s second equa-
tion in that conservation of total current (including the displacement current) then emerges
as a general principle. In one-dimensional systems like ion channels or electronic circuit
components, the consequences are profound: there, total currents are equal at all locations
at any given time, so the space variable does not appear in the description of total current.

There follow two papers reporting MD simulations of ion currents in biological and
artificial channels. First, S.M. Cosseddu et al. [6] present an extended MD-based analysis
of ion motion within the KcsA channel. They reveal complicated patterns of potassium
currents that are governed by the structural variability of the selectivity filter. They show
that ion motion involves the complex dynamics of a strongly correlated network of residues
and water molecules. Intriguing features of self-organisation and readjustment of the
network are analysed statistically and discussed in detail.

Secondly, we note that ionic transport in nano- to subnano-scale pores is highly depen-
dent on translocation barriers and potential wells. These features in the free-energy land-
scape are primarily the result of ion dehydration and electrostatic interactions. For pores in
atomically thin membranes, the ionic dynamics both inside and outside the geometrical
volume of the pore can be critical in determining its transport properties. S. Sahu and
M. Zwolak [7] examine regimes of transport that are highly sensitive to pore size due to
the interplay of dehydration and interaction with pore charge, where picometer changes in
the size (e.g., due to a minute strain), can lead to a large change in conductance.

We have already remarked upon the crucial importance of water, the electric double-
layer, water-layering, polarisation, and the resultant changes of local dielectric permittivity
at the entrances of nanopores. Another approach to this problem is illustrated in the paper
by T.-L. Horng [8]. Starting from the classical Helmholtz free energy functional for an
electrolyte, including the solvation energies for anions and cations, the author follows the
Bikerman modification by adding an entropy term to the functional, and he then extends
the Bikerman approach by introducing ion-size-specific corrections to the theory.

The approach based on density functional theory (DFT), which works well near
charged walls and in bulk electrolytes, can be extended to the analysis of the orientational
ordering of water dipoles in membrane nanotubes. M. Drab et al. [9] analyse water ordering
in nanotubes by minimising the corresponding Helmholtz free energy functional, also
including the orientational entropy contribution of water dipoles, and deriving the modi-
fied Langevin–Poisson–Boltzmann (MLPB) model of the electric double-layer. The MLPB
equation is solved in cylindrical coordinates to determine the spatial dependences of the
electric potential, relative permittivity, and average orientations of water dipoles within
charged tubes of different radii. Results show that for tubes of large radius, the macroscopic
(net) volume charge density of co-ions and counterions is zero on the geometrical axis.
This is attributed to effective electrolyte charge screening in the vicinity of the charged
inner surface of the tube. For tubes of small radius, the screening region extends into the
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whole inner space of the tube, leading to non-zero net volume charge density and non-zero
orientational ordering of water dipoles near the axis.

The DFT results mentioned above are examples of statistical physics yielding insight
into the function of ion channels and nanopores. This theme is continued and extended,
first by Gibby et al. [10], who apply their recent derivation of an effective grand canonical
ensemble and linear response theory of ion channels to analyse the conduction of the
bacterial NaChBac selectivity filter. The authors compare their theory to experimental
current–voltage and current–concentration dependences for a single channel and for a
whole cell. They find that the statistical theory in the linear response regime correctly
predicts many important properties of the NaChBac filter, including the concentration
dependence of the reversal potential and the current–voltage relations. They also show
that the theoretical results are consistent with MD simulations of the filter population at
each binding site.

Secondly, the analysis of quantum mechanical effects in ion channels is another
important direction, supported by the extended capabilities of modern quantum mechan-
ics/molecular mechanics simulations. In this respect, interesting perspectives are opened
by mapping the statistical mechanics of ion channels onto an effective quantum mechan-
ics. Such investigations are reviewed by T. Gulden and A. Kamenev [11], who study
the dynamics and thermodynamics of ion channels, considered as effective 1D Coulomb
systems whose statistical mechanics is dominated by entropic effects that may be taken
accurately into account by mapping onto an effective quantum mechanics. The corre-
sponding semiclassical calculations for non-Hermitian Hamiltonians are conducted by
applying tools from algebraic topology. The relationship of the solutions to the thermody-
namics and correlation functions of multivalent solutions within long water-filled channels
is discussed.

The actual properties of real nanopores are, of course, discovered by experiment,
which has been leading the research in this area, especially since the discovery of the
structure of the KcsA channel. In our Special Issue, experimental insight is provided by
two of the leading research groups in the field.

O. Fedorenko et al. [12] discuss the properties of voltage-gated sodium channels
(Navs). These channels play fundamental roles in eukaryotes but lack structural resolution,
which renders understanding their structure–function relationships a challenging prob-
lem. Bacterial Navs, representing simplified homologues of their eukaryotic counterparts,
have enabled both structural resolution and electrophysiological characterisation. However,
their homotetrameric structure leads to an EEEE locus in the SF that is at odds with the
DEKA locus of eukaryotic Navs. Indeed, prokaryotic Navs have long been considered more
similar to eukaryotic calcium channels (Cavs) than to Navs, leading to the formulation
of the “EEEE paradox”. This was arguably solved by Kaufman et al. by the realisation
that there is a critical D residue close to the EEEE ring of eukaryotic Cavs generating an
effective EEEED locus of charge −5e. Fedorenko et al. present a follow-up of a previous
study, aimed at mimicking the SF of eukaryotic Navs by engineering radial asymmetry into
the SFs of bacterial channels. This goal was pursued with two approaches: co-expression
of different monomers of the NaChBac bacterial channel in mammalian cells to induce the
random assembly of heterotetramers, and the concatenation of four bacterial monomers to
form a concatemer that can be targeted by mutagenesis on specific strands of the SF, thereby
introducing asymmetry. Patch-clamp measurements and MD simulations showed that
an additional gating charge in the SF leads to a significant increase of Na+ and a modest
increase in Ca2+ conductance in the NavMs concatemer, in agreement with the behaviour
of the population of random heterotetramers with the highest proportion of channels with
charge −5e. This study confirms that, although the charge at the SF is important, it is not
the only factor affecting conduction and selectivity. It also offers new tools extending the
use of bacterial channels as models of eukaryotic ones.

The work by A. Chernev et al. [13] reviews the most promising approaches to the
fabrication of artificial nanofluidic devices capable of reproducing the properties of single
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ion channels. It is shown that modern technologies have great potential in allowing one to
test various theoretical models of ion channels. The review aims to highlight ionic Coulomb
blockade—the phenomenon which (see above) can often be a key player in ion channel
selectivity. The authors discuss the most critical obstacles associated with these studies,
and suggest possible solutions to further advance the field.

The rapid interdisciplinary advances in nanotechnology can be characterised as the
beginning of a new industrial revolution, where novel devices and materials are fabricated
and controlled on the atomic level. Ion- and water-selective nanopores represent an
important frontier in these advances.

The selected papers in this Special Issue provide both a snapshot of the present as
well as strong indications of how the subject is likely to evolve over the coming years.
We may, for example, anticipate major developments in the theory at a fundamental level,
based on statistical mechanics and quantum mechanics; substantial improvements in
“intermediate-level” theories like PNP, modified CKE, and DFT which promise quantitative
predictions of the properties of real channels; as well as much faster and more capacious
MD modelling of larger ensembles of atoms on longer timescales, more accurate due to use
of polarisable force fields and QM/MM, encompassing gating and permeation events at
a statistically useful level. This progress is expected to lead to the first-principles design
and fabrication of structures optimised for many important applications including ion
pumps, energy harvesting, and field-effect ionic transistors as well as those mentioned at
the beginning. Many of these will require theory and experiment on small scales where
disciplinary distinctions have mostly faded away, but where physics predominates.

An additional impulse propelling these developments forward is expected due to the
fusion of physics-based approaches with artificial intelligence. The latter has already been
proven to be very useful for the accelerated learning of the force fields in MD, as well as for
the reconstruction of the potentials of the mean force and neural-network-based discovery
of partial differential equations. Remarkably, it also underlies a recent breakthrough in the
solution of the protein-folding problem.
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Abstract: In this work, the dependence of reversal potentials and zero-current fluxes on diffusion
coefficients are examined for ionic flows through membrane channels. The study is conducted for
the setup of a simple structure defined by the profile of permanent charges with two mobile ion
species, one positively charged (cation) and one negatively charged (anion). Numerical observations
are obtained from analytical results established using geometric singular perturbation analysis of
classical Poisson–Nernst–Planck models. For 1:1 ionic mixtures with arbitrary diffusion constants,
Mofidi and Liu (arXiv:1909.01192) conducted a rigorous mathematical analysis and derived an
equation for reversal potentials. We summarize and extend these results with numerical observations
for biological relevant situations. The numerical investigations on profiles of the electrochemical
potentials, ion concentrations, and electrical potential across ion channels are also presented for
the zero-current case. Moreover, the dependence of current and fluxes on voltages and permanent
charges is investigated. In the opinion of the authors, many results in the paper are not intuitive,
and it is difficult, if not impossible, to reveal all cases without investigations of this type.

Keywords: reversal potential; effects of diffusion coefficients; permanent charge

1. Introduction

Ion channels are proteins found in cell membranes that create openings in the membrane to
allow cells to communicate with each other and with the outside to transform signals and to conduct
tasks together [1,2]. They have an aqueous pore that becomes accessible to ions after a change in the
protein structure that makes ion channels open. Ion channels permit the selective passage of charged
ions formed from dissolved salts, including sodium, potassium, calcium, and chloride ions that carry
electrical current in and out of the cell.

To unravel how ion channels operate, one needs to understand the physical structure of ion
channels, which is defined by the channel shape and the spatial distribution of permanent and
polarization charge. The shape of a typical ion channel is often approximated as a cylindrical-like
domain with a non-uniform cross-sectional area. Within a large class of ion channels, amino acid side
chains are distributed mainly over a “short” and “narrow” portion of the channel, with acidic side
chains contributing permanent negative charges and basic side chains contributing permanent positive
charges, analogous to the doping of semiconductor devices, e.g., bipolar PNP and NPN transistors.

The spatial distribution of side chains in a specific channel defines the permanent charge of
the channel. The spatial distribution of permanent charge forms (most of) the electrical structure of
the channel protein. The spatial distribution of mass forms the structure studied so successfully by
molecular and structural biologists. Ions that move through channels are often only an Angstrom or
so away from the permanent charges residing on acid and base side chains. In addition, electrical
forces are in general much stronger than entropic forces. Thus, in most cases, the electrical structure is
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more important in determining how ions go through a channel than the mass structure. Sometimes,
the dielectric properties (“polarization”) of the protein contribute a charge that is significant. Then, the
spatial distribution of dielectric properties becomes an important part of the electrical structure.

The most basic function of ion channels is to regulate the permeability of membranes for a given
species of ions and to select the types of ions and to facilitate and modulate the diffusion of ions across
cell membranes. At present, these permeation and selectivity properties of ion channels are usually
determined from the current–voltage (I–V) relations measured experimentally [2,3]. Individual fluxes
carry more information than the current, but it is expensive and challenging to measure them [4,5].
Indeed, the measurement of unidirectional fluxes by isotopic tracers allowed the early definition of
channels and transporters and is a central subject in the history of membrane transport, as described in
textbooks—for example, [6–9]. The precise definition and use of unidirectional fluxes are dealt with at
length in the paper [5]. The I–V relation defines the function of the channel structure, namely the ionic
transport through the channel. That transport depends on driving forces expressed mathematically as
boundary conditions. The multi-scale feature of the problem with multiple physical parameters allows
the system to have great flexibility and to exhibit vibrant phenomena/behaviors—a great advantage
of “natural devices” [10]. On the other hand, the same multi-scale feature with multiple physical
parameters presents an extremely challenging task for anyone to extract meaningful information
from experimental data, also given the fact that the internal dynamics cannot be measured with
present techniques. The general inverse problem is challenging, although specific inverse problems
have been successfully solved with surprisingly little difficulty using standard methods and software
packages [11].

To understand the importance of the relation of current and permanent charges, that is, the I–Q
relation, we point out that the role of permanent charges in ionic channels is similar to the role of
doping profiles in semiconductor devices. Semiconductor devices are similar to ionic channels in the
way that they both use atomic-scale structures to control macroscopic flows from one reservoir to
another. Ions move a lot like quasi-particles move in semiconductors. In a crude sense, holes and
electrons are the cations and anions of semiconductors. Semiconductor technology depends on the
control of migration and diffusion of quasi-particles of charge in transistors and integrated circuits.
Doping is the process of adding impurities into intrinsic semiconductors to modulate its electrical,
optical, and structural properties [12,13]. In a crude sense, doping provides the charges that acid and
base side chains provide in a protein channel.

Ion channels are almost always passive and do not require a source of chemical energy (e.g., ATP
hydrolysis) in order to operate. Instead, they allow ions to flow passively driven by a combination of the
transmembrane electrical potential and the ion concentration gradient across the membrane. For other
fixed physical quantities, the total current I = I(V ,Q) depends on the transmembrane potential V and
the permanent chargeQ. For fixedQ, a reversal potential V = Vrev(Q) is a transmembrane potential that
produces zero current I(Vrev(Q),Q) = 0. Similarly, for fixed transmembrane potential V , a reversal
permanent charge Q = Qrev(V) is a permanent charge that produces zero current I(V ,Qrev(V)) = 0.

The Goldman–Hodgkin–Katz (GHK) equation for reversal potentials involving multiple ion
species [14,15] is used to determine the reversal potential across ion channels. The GHK equation is
an extension of the Nernst equation—the latter is for one ion species. The classical derivations were
based on the incorrect assumption that the electric potential Φ(X) is linear in X—the coordinate along
the length of the channel. This assumption is particularly unfortunate because it is the change in the
shape of the electrical potential Φ(X) that is responsible for so many of the fascinating behaviors of
transistors or ionic systems [16–21]. There was no substitute for GHK equations until authors of [22,23]
recently offered equations derived from self-consistent Poisson–Nernst–Planck (PNP) systems, to the
best of our knowledge.

In this work, focusing on basic understanding of possible effects of unequal diffusion coefficients
and, as a starting point, we will use the classical PNP model with a piecewise constant permanent
charge and a cylinder-like channel with variable cross-sectional area. The classical PNP model treats
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ions as point charges. Among many limitations, gating and selectivity cannot be captured by the
simple classical PNP model. However, the basic finding on reversal potentials and their dependence
on permanent charges and on ratios of diffusion constants seems important and some are non-intuitive
and deserving of further investigation. In the future, more structural detail and more correlations
between ions should be taken into considerations in PNP models such as those including various
potentials for ion-to-ion interaction accounting for ion sizes effects and voids [24–32].

There have been great achievements in analyzing the PNP models for ionic flows through ion
channels [5,28,33–36], etc. Although mathematical analysis plays a powerful and unique role to
explain mechanisms of observed biological phenomena and to discover new phenomena, numerical
simulations are needed to fit actual experimental data and study cases where analytical solutions do
not exist. Furthermore, numerical observations may give clues for more theoretical investigations.
Indeed, numerical and analytical studies are linked; any progress in one catalyzes work in the other.

This paper is a mathematical study on some aspects of ionic flows via the PNP models. It uses
established mathematical methods and analytical results [23,33] that are derived without further
assumption from their underlying physical models. The numerical results, throughout the paper,
are gained from the algebraic systems (15), (22), (23) and (27), obtained from reduced matching
systems of analytical results in [23,33]. The nonlinear algebraic systems are then solved by the
MATLAB® (Version 9.5) function fsolve that uses the trust–region dogleg algorithm. The trust–region
algorithm is a subspace trust–region method and is based on the interior-reflective Newton method
described in [37]. Our numerical results indicate that current–voltage and current-permanent charge
and even zero-current relations depend on a rich interplay of boundary conditions and the channel
geometry arising from the mathematical properties analyzed in [23,33,34,38]. Although the work here
is presented in the context of biological ion channels, it is clear that the results apply to the artificial
channels that are now being studied for their engineering applications.

The highlights of our studies in this paper as well as in [23,33,34,38] applied to the setup of this
paper include:

(i) a mathematically derived system for the zero-current condition (see System (15)) that can be used
to determine the reversal potential in terms of other parameters (see Display (22));

(ii) an examination on how the reversal potential depends on permanent charge: its sign and its
monotonicity in permanent charge (see Section 2.2); and a comparison between this reversal
potential and that from GHK in the special setting (see Section 2.3);

(iii) a characterization of monotonic dependencies of the reversal potential on the ratio of diffusion
coefficients in terms of different conditions on the boundary concentrations (see Section 2.2),
as well as effects of un-equal diffusion coefficients on signs of zero-current flux and its dependence
on permanent charge (see Section 2.1);

(iv) numerical spatial profiles under the zero current condition of the concentrations and electric
potential, and hence the profiles of the electrochemical potentials for several choices of permanent
charges that reveal special features of permanent charge effects (see Section 2.4, particularly,
Remark 3);

(v) numerical and analytical studies of I–V and I–Q relations, and zero-voltage current and its rich
dependence on permanent charge (see Section 3.3).

Furthermore, there are several qualitatively important but non-intuitive results discussed in
this work. These qualitative results may be helpful in guiding experimentation and some might not be
apparent in intuitive thinking about ion channel behavior. Here are some examples:

a. The zero-current flux J has the same sign as that of l − r (see Section 2.1).
b. The magnitude of the ratio between of the two diffusion coefficients affects the monotonicity of

the zero-current flux J in Q (see Section 2.1).
c. I–Q curves are not monotonic in general (see Section 3.2).
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d. Rich phenomena of interplay between boundary conditions and diffusion coefficients in terms of
monotonicity of zero-voltage current on permanent charge (Section 3.3).

To this end, we would like to emphasize that applying the geometric analysis allows us to identify
and formulate quantities and properties that are crucial to biology, while also providing quantitative
and qualitative understanding and predictions.

This paper is organized as follows. The classical PNP model for ionic flows is recalled in Section 1.1
to prepare the stage for investigations in later sections. In Section 2, we study zero current problems to
investigate the corresponding fluxes and reversal potentials Vrev. In particular, we compare a special
case of the reversal potential with the GHK equation. Some other numerical observations are also
provided to study profiles of relevant physical quantities in Section 2.4. In Section 3, we first recall the
analytical results in [33] when diffusion constants are also involved. Then, numerical observations are
provided to examine behaviors of current, voltage, and permanent charge with respect to each other in
some general cases. Some concluding remarks are provided in Section 4.

1.1. Poisson–Nernst–Planck Models for Ionic Flows

The PNP system of equations has been analyzed mathematically to some extent, but the equations
have been simulated and computed to a much larger extent [39–43]. One can see from these
simulations that macroscopic reservoirs must be included in the mathematical formulation to describe
the actual behavior of channels [24,44]. For an ionic mixture of n ion species, the PNP type model is,
for k = 1, 2, ..., n,

Poisson: ∇ ·
(

εr(
−→
X )ε0∇Φ

)
= −e0

( n

∑
s=1

zsCs +Q(
−→
X )
)

,

Nernst-Planck: ∂tCk +∇ · −→J k = 0, −−→J k =
1

kBT
Dk(
−→
X )Ck∇µk,

(1)

where
−→
X ∈ Ω with Ω being a three-dimensional cylindrical-like domain representing the channel

of length L̂ (nm = L̂ × 10−9m), Q(
−→
X ) is the permanent charge density of the channel (with unit

1M = 1Molar = 1mol/L = 103mol/m3 ), εr(
−→
X ) is the relative dielectric coefficient (with unit 1),

ε0 ≈ 8.854× 10−12 F m−1 is the vacuum permittivity, e0 ≈ 1.602× 10−19C (coulomb) is the elementary
charge, kB ≈ 1.381 × 10−23JK−1 is the Boltzmann constant, T is the absolute temperature (T ≈
273.16 K =kelvin, for water); Φ is the electric potential (with the unit V = Volt = JC−1), and, for the
k-th ion species, Ck is the concentration (with unit M), zk is the valence (the number of charges per
particle with unit 1), and µk is the electrochemical potential (with unit J = CV) depending on electrical
potential Φ and concentrations Ck. The flux density

−→J k(
−→
X ) (with unit mol m−2s−1) is the number of

particles across each cross-section in per unit time, Dk(
−→
X ) is the diffusion coefficient (with unit m2/s),

and n is the number of distinct types of ion species (with unit 1).
Ion channels have narrow cross-sections relative to their lengths. Therefore, three-dimensional

PNP type models can be reduced to quasi-one-dimensional models. The authors of [45] first offered
a reduced form, and, for a particular case, the reduction is precisely verified by the mathematical
analysis of [46]. The quasi-one-dimensional steady-state PNP type is, for k = 1, 2, ..., n,

1
A(X)

d
dX

(
εr(X)ε0A(X)

dΦ
dX

)
=− e0

(
n

∑
s=1

zsCs +Q(X)

)
,

dJk
dX

= 0, −Jk =
1

kBT
Dk(X)A(X)Ck

dµk
dX

,

(2)
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where X is the coordinate along the channel, A(X) is the area of cross-section of the channel over
location X, and Jk (with unit mol s−1) is the total flux through the cross-section. Equipped with
System (2), we impose the following boundary conditions, for k = 1, 2, · · · , n,

Φ(0) = V , Ck(0) = Lk > 0; Φ(L̂) = 0, Ck(L̂) = Rk > 0. (3)

One often uses the electroneutrality conditions on the boundary concentrations because the
solutions are made from electroneutral solid salts,

n

∑
s=1

zsLs =
n

∑
s=1

zsRs = 0. (4)

The electrochemical potential µk(X) for the k-th ion species consists of the ideal component
µid

k (X) and the excess component µex
k (X), i.e., µk(X) = µid

k (X) + µex
k (X). The excess electrochemical

potential µex
k (X) accounts for the finite size effect of ions. It is needed whenever concentrations

exceed, say 50 mM, as they almost always do in technological and biological situations and often reach
concentrations 1M or more. The classical PNP model only deals with the ideal component µid

k (X),
which reflects the collision between ions and water molecules and ignores the size of ions; that is,

µk(X) = µid
k (X) = zke0Φ(X) + kBT ln

Ck(X)

C0
, (5)

where C0 is a characteristic concentration of the problems, and one may consider

C0 = max
1≤k≤n

{
Lk, Rk, sup

X∈[0,L̂]

|Q(X)|
}

. (6)

For given V ,Q(X), Lk’s and Rk’s, if (Φ(X), Ck(X),Jk) is a solution of the boundary value problem
(BVP) (2) and (3), then the electric current I is

I = e0

n

∑
s=1

zsJs. (7)

For an analysis of the BVP (2) and (3), we work on a dimensionless form. Set

D0 = max
1≤k≤n

{ sup
X∈[0,L̂]

Dk(X)} and ε̄r = sup
X∈[0,L̂]

εr(X).

Let

ε2 =
ε̄rε0kBT
e2

0 L̂2C0
, ε̂r(x) =

εr(X)

ε̄r
, x =

X
L̂

, h(x) =
A(X)

L̂2
, Dk(x) =

Dk(X)

D0
,

Q(x) =
Q(X)

C0
, φ(x) =

e0

kBT
Φ(X), ck(x) =

Ck(X)

C0
, µ̂k =

1
kBT

µk, Jk =
Jk

L̂C0D0
.

(8)

In terms of the new variables, the BVP (2) and (3) becomes, for k = 1, 2, · · · , n,

ε2

h(x)

d
dx

(
ε̂r(x)h(x)

d
dx

φ

)
=−

n

∑
s=1

zscs −Q(x),

dJk
dx

= 0, −Jk =h(x)Dk(x)ck
d

dx
µ̂k,

(9)
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with the boundary conditions

φ(0) = V =
e0

kBT
V , ck(0) = lk =

Lk
C0

; φ(1) = 0, ck(1) = rk =
Rk
C0

. (10)

Remark 1. The actual dimensional forms of quantities have been used for all figures throughout the paper,
that is,

Ck =C0ck (M), Q = C0Q (M), µk =
(
e0Φ + kBT ln(Ck/C0)

)
(J),

Φ =
kBT
e0

φ (V), Jk = L̂C0D0 Jk (mol/s), I = L̂C0D0e0 I (A),
(11)

and we take C0 = 10 M, L̂ = 2.5 nm and D0 = 2.032× 10−9 m2/s, and, for diffusion constants [31],

Dk =1.334× 10−9 m2/s for Na+, or

Dk =2.032× 10−9 m2/s for Cl−, or

Dk =0.792× 10−9 m2/s for Ca2+.

(12)

1.2. Setup of the Problem

We now designate the case we will study in this paper. We will investigate a simple setup,
the classical PNP model (9) with ideal electrochemical potential (5), and the boundary conditions (10).
More precisely, we assume

(A0) The ionic mixture consists of two ion species with valences z1 = −z2 = 1;
(A1) Dk(x) = Dk for k = 1, 2 is a constant and ε̂(x) = 1;
(A2) Electroneutrality boundary conditions (4) hold;
(A3) The permanent charge Q is piecewise constant with one nonzero region; that is, for a partition

0 < a < b < 1 of [0, 1],

Q(x) =

{
Q1 = Q3 = 0, x ∈ (0, a) ∪ (b, 1),
Q2 = 2Q0, x ∈ (a, b),

(13)

where Q0 is a constant.

We assume that ε > 0 in System (14) is small. The assumption is reasonable since, if L̂ = 2.5 nm =

2.5× 10−9 m and C0 = 10 M, then ε ≈ 10−3 [47]. The assumption that ε is small enables one to treat
System (14) of the dimensionless problem as a singularly perturbed problem that can be analyzed
by the theory of geometrical singular perturbations (GSP). GSP uses the modern invariant manifold
theory from nonlinear dynamical system theory to study the entire structure, i.e., the phase space
portrait of the dynamical system, and is not to be confused with the classical singular perturbation
theory that uses, for example, matched asymptotic expansions.

We rewrite the classical PNP system (9) into a standard form of singularly perturbed systems and
turn the boundary value problem to a connecting problem. We refer the readers to the papers [33]
and [36] (with insignificantly altered notations) for details. Denote the derivative with respect to x by
overdot and introduce u = εφ̇. System (9) becomes, for k = 1, 2,

εφ̇ =u, εu̇ = −
2

∑
s=1

zscs −Q(x)− ε
hx(x)

h(x)
u,

εċk =− zkcku− ε
Jk

Dkh(x)
, J̇k = 0.

(14)

System (14) will be treated as a dynamical system with the phase space R7 and the independent
variable x is viewed as time for the dynamical system.
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A GSP framework for analyzing BVP of the classical PNP systems was developed first in [33,35]
for ionic mixtures with two types of ion species. The model of ion channel properties involves coupled
nonlinear differential equations. Until accomplished, it was not apparent that any analytical results
could be found, let alone the powerful ones provided by geometrical singular perturbation. This GSP
framework was extended to an arbitrary number of types of ion species successfully only when
two special mathematical structures of the PNP system were revealed [36]. One special structure is a
complete set of integrals (or conserved quantities) for the ε = 0 limit fast (or inner) system that allows a
detailed analysis of a singular layer component of the full problem. It should pointed out that most
of the integrals are NOT conserved for the physical problem since, no matter how small it is, ε is
NOT zero. The GSP allows one to make conclusion about the BVP for ε > 0 small from information
of ε = 0 limit systems. The other special structure is that a state-dependent scaling of the independent
variable turns the nonlinear limit slow (or outer) system to a linear system with constant coefficients.
The coefficients do depend on unknown fluxes to be determined as a part of the whole problem,
and this is the mathematical reason for the rich dynamics of the problem. As a consequence of the
framework, the existence, multiplicity, and spatial profiles of the singular orbits—zeroth order in ε

approximations of the BVP—are reduced to a system of nonlinear algebraic equations that involves
all relevant quantities altogether. This system of nonlinear algebraic equations defines the physical
framework of the problem precisely. The system shows explicitly what has been guessed implicitly
“everything interacts with everything else” and, in the cases analyzed in this paper, the system shows
quantitatively how those interactions occur. This geometric framework with its extensions to include
some of the effects of ion size [28,29,32] has produced a number of results that are central to ion channel
properties [5,23,30,34,38,48]; for example, it was shown in [34] that a positive permanent charge may
enhance anion flux as well as cation flux; and, in order to optimize effects of the permanent charge, the channel
should have a short and narrow neck within which the permanent charge is confined; and, it was shown in [38]
that large permanent charge is responsible for the declining phenomenon—decreasing flux with increasing
transmembrane electrochemical potential. We refer the readers to the aforementioned papers for more
details on geometric singular perturbation framework for PNP as well as concrete applications to ion
channel problems.

In this paper, we will apply some results and follow the notations in [23,33] for analytical results
where the quantities are all in their dimensionless forms. In addition, for simplicity, we use the letters
l, r and Q0 where l1 = l2 = l, r1 = r2 = r, Q2 = 2Q0.

Remark 2. We remind the readers that the quantities V, l, r, ck, Q, φ, µ̂k, Jk, Dk, and I are dimensionless
quantities corresponding to the dimensional quantities V , L, R, Ck,Q, Φ, µk,Jk,Dk, and I , respectively,
obtained from Display (8). We switch from dimensional form to the dimensionless form and vice versa several
times throughout the paper. Dimensionless variables are convenient for illustrating and analyzing mathematical
and general physical relations. Dimensional variables are necessary for showing how evolution has exploited
those general relations.

2. Zero Current Problems with General Diffusion Constants

In this section, we study how boundary concentrations, electric potential, permanent charges,
and diffusion constants work together to produce current reversal. Throughout this section, in order
to express the effects of diffusion constants on zero-current flux and reversal potential, we study and
compare the results for different cases of diffusion constants where D1 = D2 and where D1 6= D2,
to indicate and emphasize the differences.

Diffusion is the phenomenon through which the spatial distribution of solute particles varies
as a result of their potential energy. It is a spontaneous process that acts to eliminate differences in
concentration and eventually leads a given mixture to a state of uniform composition. Fick’s first
law [49] describes diffusion of uncharged particles by ∂tc = D∂2

xxc, where c is the concentration,
D is the diffusion constant, and t is time. Frequently, the determination of diffusion constants

13



Entropy 2020, 22, 325

involves measuring sets of simultaneous values of t, c, and x. These measured values are then
applied to a solution of Fick’s law to get the diffusion constants. Many techniques are available for
the determination of diffusion constants of ions (charge particles) in aqueous solutions [31,50–53], etc.
When diffusion constants are equal, classical electrochemistry tells that many electrical phenomena
“disappear” altogether, e.g., the “liquid junction” is zero. If the diffusion constants of potassium and
chloride are equal, classical electrochemistry says that KCl acts nearly as an uncharged species. Indeed,
this is the basis for the saturated KCl salt bridge used in a broad range of electrochemical experiments
for many years. Therefore, the equal diffusion constants case is quite degenerate. Experimental
measurements are exclusively performed under isothermal conditions to avoid deviation of D values.
Nevertheless, even diffusion constants of certain ionic species may differ from one method to another,
even when all other parameters are held constant. Everything becomes much more complicated
mathematically when the diffusion constants are not equal, however. This complexity is what makes
many biological and technological devices interesting, useful, and valuable. Some kinds of selectivity
depend on the non-equality of diffusion constants as well.

Applying GSP theory to the classical PNP system (2) for two ion species with diffusion constants
Dk, k = 1, 2, the authors of [23] obtained an algebraic matching system with eleven equations and
eleven unknowns for zero current problems and singular orbits on [0, 1]. They further reduced the
matching system for the case where two ion valences satisfy z1 = −z2. It follows that the reduced
matching system for zero current I = J1 − J2 = 0 when z1 = −z2 = 1 is

G1(A, Q0, θ) = V and G2(A, Q0, θ) = 0, (15)

where
G1(A, Q0, θ) =θ

(
ln

Sa + θQ0

Sb + θQ0
+ ln

l
r

)
− (1 + θ) ln

A
B

+ ln
Sa −Q0

Sb −Q0
,

G2(A, Q0, θ) =θQ0 ln
Sa + θQ0

Sb + θQ0
− N,

(16)

and, A is the geometric mean of concentrations at x = a, that is,

A =
√

c1(a)c2(a), (17)

B =
1− β

α
(l − A) + r, Sa =

√
Q2

0 + A2, Sb =
√

Q2
0 + B2, N = A− l + Sa − Sb, (18)

and

θ =
D2 − D1

D2 + D1
, α =

H(a)

H(1)
, β =

H(b)

H(1)
where H(x) =

∫ x

0

1
h(s)

ds. (19)

Note that, if h(x) is uniform, then H(x) is the ratio of the length with the cross-section area of
the potion of the channel over [0, x]. The original of this quantity H(x) has its root in Ohm law for
resistance of a uniform resistor. It turns out that the quantities α and β together with the value Q0

are key characteristics for the shape and the permanent charge of the channel structure (see Section 4
in [34] for more detailed and concrete results about the roles of α and β on the fluxes).

To this end, we recall three relevant results from [23] on which most of our analytical and
numerical studies are based.

For fixed Q0 and θ, A can actually be solved from G2(A, Q0, θ) = 0, where G2 is defined in
Display (16) with the properties stated in the next theorem.

Theorem 1 (Theorem 3.4 in [23]). The solution A = A(Q0, θ) of G2(A, Q0, θ) = 0 satisfies

(a) A(0, θ) = (1− α)l + αr and limQ0→±∞ A(Q0, θ) = l,
(b) if l > r, then l > A(Q0, θ) > A∗ > B(Q0, θ) > r,
(c) if l < r, then l < A(Q0, θ) < A∗ < B(Q0, θ) < r,
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(d) if θQ0 ≥ 0, then ∂Q0 A(Q0, θ) has the same sign as that of (l − r)Q0,

where A∗ =
(1− β)l + αr

1− β + α
.

For fixed Q0 and θ, the reversal potential Vrev = Vrev(Q0, θ) can also be determined and enjoy
properties stated in the next two theorems. Recall that we denote J1 = J2 by J.

Theorem 2 (Theorem 4.2 in [23]). For the reversal potential Vrev = Vrev(Q0, θ), one has

(i) if l > r, then J > 0, and, hence, − 1
z1

ln
l
r

< Vrev(Q0, θ) <
1
z1

ln
l
r

;

(ii) if l < r, then J < 0, and, hence,
1
z1

ln
l
r

< Vrev(Q0, θ) < − 1
z1

ln
l
r

;

(iii) Vrev(0, θ) =
θ

z1
ln

l
r

and limQ0→±∞ Vrev(Q0, θ) = ± 1
z1

ln
l
r

.

Theorem 3 (Theorem 4.4 in [23]). For any given θ ∈ (−1, 1), one has

(i) if θ = 0, then Vrev(Q0, θ) is increasing in Q0 for l > r and decreasing in Q0 for l < r;
(ii) if θ > 0, then, for Q0 ≥ 0, Vrev(Q0, θ) is increasing in Q0 for l > r and decreasing in Q0 for l < r;
(iii) if θ < 0, then, for Q0 ≤ 0, Vrev(Q0, θ) is increasing in Q0 for l > r and decreasing in Q0 for l < r.

In what follows, numerical simulations are conducted with the help of analysis on System (15).
The combination of numerics and analysis gives a better understanding of the zero-current problems
and compliments some analytical results obtained in [23]. For our numerical simulations, we choose
a = 1/3, b = 2/3 in Display (13) and h(x) = 1 for simplicity and for definiteness.

2.1. Zero-Current Flux J = J1 = J2.

We aim to clarify the relationships of ion fluxes with permanent charge and diffusion constants
when current is zero.

Recall that fluxes J1 and J2 are equal for this case and let J denote it. For any permanent charge
Q = 2Q0, once a solution (A, V) of System (15) is obtained, it follows from matching equations
(see Appendix in [23]) that J is given by

J = −6D1D2(A− l)
(D1 + D2)

= −6D1D2(r− B)

(D1 + D2)
. (20)

2.1.1. Sign of Zero-Current Flux J
It was observed in [22] that the Nernst–Planck equation in Display (9) (with dimensionless

quantities) gives, for k = 1, 2,

Jk
Dk

∫ 1

0

1
h(x)ck(x)

dx = zkV + ln
l
r

. (21)

Therefore, the sign of flux Jk depends only on the boundary conditions l, r and V. Note that
Equation (21) holds for any condition, not just zero-current condition.

For zero-current problem, V = Vrev depends on l, r, D1, D2, and Q as well, in general. Thus,
the sign of zero-current flux J seems to depend on all quantities and to be difficult to figure out. It is
not the case. A consequence of Display (20) together with Theorem 1 is that:

The zero-current f lux J has the same sign as that o f l − r

15
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The latter follows directly from Theorem 1 that, for zero-current, l− A has the same sign as that of
l − r. This is consistent with observations in Figure 1 where D1 = 1.334× 10−9 m2/s is fixed, and D2

varies from the same value to D2 = 2.032× 10−9 m2/s, and to a random large value.
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Figure 1. The function J = J (Q) for various values of ρ = D2/D1: The left panel for L = 2 mM and
R = 5 mM; the right panel for L = 5 mM and R = 2 mM.

2.1.2. Dependence of Zero-Current Flux J on Q0 and Dk’s

Concerning the dependence of the zero-current flux J on Q0, we have the following:

(i) If D1 = D2, then the zero-current flux J is an even function in Q0, and it is monotonic for Q0 > 0.

In this case, θ = 0 and, hence, it follows from Theorem 1 that A is an even function in Q0 and is
monotonic in Q0 for Q0 > 0, and thus is the zero-current flux J from Display (20).

(ii) If D1 6= D2, then the zero-current flux J is not an even function in Q0 and the monotonicity of the
zero-current flux J in Q0 seems to be more complicated.

In this case, it can be seen that G2 in Display (16) is not an even function in Q0, and, hence,
the zero-current flux J is not. We would like to point out that, it follows from [38], for fixed
ρ = D2/D1, no matter how large, one always has J → 0 as Q0 → ±∞ that is consistent with the
observations in Figure 1.

(iii) Another fascinating result is that the magnitude of ρ = D2/D1 affects the monotonicity of the
zero-current flux J in Q0.

In this case, if one fixes D1, and let D2 increases from small values to D2 → ∞, (i.e., ρ → ∞),
then it follows from Display (20) that there is a meaningful change in the monotonicity of the
zero-current flux J, for small values of Q0 that is not intuitive.

Let us consider the case where L < R and Q0 < 0 is small. Recall that A is the geometric mean of
concentrations at x = a. It follows from System (15) and (16) that, as Q0 increases,

(a) A increases if ρ ≈ 1 (that is θ ≈ 0), and consequently the zero-current flux J decreases;
(b) A decreases if ρ� 1 (that is θ � 1), and, hence, the zero-current flux J increases.

Thus, depending on the size of ρ, the zero-current flux J may increase or decrease in Q0 < 0,
which is also consistent with the observations in Figure 1. The analysis for the case with L > R
is similar.

It seems likely that the engineering, like evolution, will use these mathematical properties to
control the qualitative properties of channels, technological, and biological.
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2.2. Reversal Potential Vrev.

Experimentalists have long identified reversal potential as an essential characteristic of ion
channels [54,55]. Reversal potential is the potential at which the current reverses direction, i.e.,
V = Φ(0)−Φ(L̂) that produces zero current I . Using dimensionless form of quantities (see Remark 2),
it follows from System (15) and (16) (where there are two ion species with valences z1 = −z2 = 1) that
for general permanent charge Q = 2Q0 6= 0 with arbitrary diffusion constants [23], the variable A
(the geometric mean of concentrations at x = a) can be solved uniquely from G2 = 0 in System (15),
and the reversal potential is then

Vrev = θ
(

ln
Sa + θQ0

Sb + θQ0
+ ln

l
r

)
− (1 + θ) ln

A(Q0, θ)

B(Q0, θ)
+ ln

Sa −Q0

Sb −Q0
, (22)

where B, Sa, Sb, and θ are defined in Displays (18) and (19).

2.2.1. Range of Reversal potential Vrev

For fixed l, r, and for any given Q0, it follows from Theorem 2 that there exists a unique reversal
potential Vrev such that Vrev ≤ | ln l

r |. As Q0 → ±∞, then Vrev gets close to the boundary values, i.e.,
Vrev → ± ln l

r .

2.2.2. Zero Reversal Potential

One particular case is when the reversal potential is zero. To examine under what conditions one
obtains Vrev = Vrev(Q0) = 0, it follows Theorem 2 that,

(i) if D1 = D2, then Vrev(Q0) = 0 for Q0 = 0,
(ii) if D1 < D2, then there is a Q0 < 0, such that Vrev(Q0) = 0,
(iii) if D1 > D2, then there is a Q0 > 0, such that Vrev(Q0) = 0.

Considering the second case above, the observations in Figure 2 show that, as ρ = D2/D1

increases, magnitude of the corresponding Q0 becomes larger. In fact, as ρ→ ∞, then Q0 → −∞.
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Figure 2. The function V = Vrev(Q): The left panel for L = 2 mM and R = 5 mM; the right panel for
L = 5 mM and R = 2 mM.

2.2.3. Reversal Potential Vrev(Q0) for Q0 = 0

For Q0 = 0, one has Vrev(0) = θ ln l
r from Theorem 2. Therefore,

(i) if D1 = D2, then Vrev(0) = 0,
(ii) if D1 6= D2, then Vrev(0) has the same sign as that of θ(l − r).
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Let us consider the case where D1 < D2. In that case, Vrev(0) has the same sign as that of l − r.
This is reasonable, since, for V = 0, we have |J1| < |J2| (since all but Jk/Dk are independent of Dk in
Equation (21)), and to help |J1| more than |J2| to get J1 = J2 for zero current conditions, one needs
to increase V when l > r

(
and decrease V when l < r

)
, and that is why Vrev(0) > 0 for l > r

(
and

Vrev(0) < 0 for l < r
)
. This is consistent with observations in Figure 2 as well. The analysis for the

other case with D1 > D2 is similar.

2.2.4. Monotonicity of Vrev with Respect to Q
It follows from Theorem 3 that

For θQ > 0, ∂QVrev has the same sign as that o f l − r.

This analytical result does not allow conclusions about the case for θQ < 0, however.
The observations in Figures 2 and 3 show that the result holds for any θ and Q. Thus, we have

Conjecture : Vrev is increasing in Q f or l > r and decreasing in Q f or l < r.

We remark that, in Figure 3, we take L = 20 mM, R = 50 mM, and D1 = 1.334× 10−9 m2/s and
D2 = 2.032× 10−9 m2/s which are diffusion constants of, say, Na+ and Cl−, respectively (see the solid
line), and D1 = 1.334× 10−9m2/s and D2 = 0.792× 10−9m2/s, where D2 is the diffusion constants of
Ca2+ (see the dashed line).
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Figure 3. V = Vrev(Q) decreases when L < R, independent of values of diffusion constants.

2.2.5. Dependence of Vrev on ρ = D2/D1

Let us discuss the dependence of Vrev on ρ = D2/D1 for effects of D1 and D2. It follows from
Proposition 4.6 in [23] that

The reversal potential Vrev is increasing in ρ i f l > r and is decreasing in ρ i f l < r.

This feature reveals a fantastic aspect that is not intuitive immediately. Recall Equation (21). Given
the boundary values and diffusion constants, the values one obtains for all terms in Equation (21)
except Jk are independent of Dk [36]. The relation surely holds for the zero-current condition, i.e.,
J1 = J2 with V = Vrev. Now, let us fix D1 and increase D2 (so ρ is increasing). Then, |J2| increases since
all but J2/D2 in Equation (21) are independent of D2. Consequently, to meet the zero-current condition,
we need to increase |J1|. Intuitively increasing Vrev seems to lead to an increase in |J1|. This intuition
agrees with the result for l > r. However, for the case with l < r, the result is the exact opposite of the
intuitive result. That is, for l < r, it says, as ρ increases, Vrev decreases. This counterintuitive behavior
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could be explained by the fact that c1(x) depends on Vrev, and reducing Vrev could still increase |J1|.
In fact, l < r will result in reducing Vrev, but c1(x) changes in a way that consequently increases |J1|.

To illustrate the counterintuitive behavior, we provide a numerical result in Figure 4. We choose C0,
L̂ andD1 for Na+ as mentioned in Remark 1. Now, suppose thatD1

2 = 0.792× 10−9m2/s, and consider
the boundary concentrations L = 20 mM, R = 50 mM and Q = 1 M. In this case, Vrev = −16.7657 mV
and J = −1.7632× 10−17mol s−1. Now, if we increase D1

2 to D2
2 = 2.032× 10−9m2/s, which is Cl−

diffusion constant, then Vrev = −19.5527 mV and J = −1.8788× 10−17mol s−1. These values make
sense now, based on the above discussion. Note that we just pictured the middle part of the channel in
Figure 4 since the sides are almost identical. One should notice that it is hard to realize, from Figure 4,
how L < R will result in reducing Vrev. The complicated behavior discussed above convinces us that
detailed analytical studies, even for special cases, could be critical for the design and interpretation of
numerical results.
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Figure 4. Graphs of C1(X) when D1 is fixed, but we increase D2.

2.3. A Comparison with Goldman–Hodgkin–Katz Equation for Vrev.

In this section, we first recall the GHK equation [14,15], which relates the reversal potential with
the boundary concentrations and the permeabilities of the membrane to the ions. If the membrane
is permeable to only one ion, then that ion’s Nernst potential is the reversal potential at which
the electrical and chemical driving forces balance. The GHK equation is a generalization of the
Nernst equation in which the membrane is permeable to more than just one ion. The derivation of
GHK equation assumes that the electric field across the lipid membrane is constant (or, equivalently,
the electric potential φ(x) is linear in x in the PNP model). Under the assumption, the I–V
(current–voltage) relation is given by

I = V
n

∑
k=1

z2
k Dk

rk − lkezkV

1− ezkV .

For the case where n = 2 and z1 = −z2 = 1, the GHK equation for the reversal potential is

VGHK
rev (ρ) = ln

r + ρl
l + ρr

. (23)

The assumption that the electric potential φ(x) is linear is not correct when applied to channels in
proteins. This is because proteins have specialized structure and spatial distributions of permanent
charge (acid and base side chains) and polarization (polar and nonpolar side chains). Experimental
manipulations of the structure of channel proteins show that these properties control the biological function
of the channel. The GHK equation does not contain variables to describe any of these properties and
so cannot account for the biological functions they control. A linear φ(x) is widely believed to make
sense without channel structure presumably, in particular, where Q0 = 0. However, this is not correct
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either. It follows from Formula (22) for Q0 = 0 that the zeroth order in ε approximation of the reversal
potential in this case is

Vrev(0, ρ) =
ρ− 1
ρ + 1

ln
l
r

. (24)

Figure 5 compares Vrev(0, ρ) in Formula (24) with VGHK
rev from the GHK-equation in Display (23).

It can be seen from the left panel that, when l and r are not far away from each other (for example
L = C0l = 20 mM, R = C0r = 50 mM), then the two curves have almost the same behavior. However,
when we reduce L from 20 mM to 1 mM, then the right panel shows a significant difference between
the two graphs.
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Figure 5. Vrev(Q = 0, ρ) vs. VGHK
rev (ρ): The left panel for L = 20 mM and R = 50 mM; the right panel

for L = 1 mM and R = 50 mM.

In Figure 6, we arrange a simple numerical result for the case whereQ 6= 0 to compare the graphs
of Vrev(Q, ρ), obtained from Formula (22), for various values of permanent charge Q. We consider
L = 20 mM, R = 50 mM, and 0 < ρ < 5 for some values of Q, i.e., Q = 0 M, 1 M, 10 M.
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Figure 6. Vrev(Q, ρ) with various values of permanent charges.

2.4. Profiles of Relevant Physical Quantities

It follows that, for any given Q, once a solution (A, V) of Equations (15) and (16) is determined,
all the other unknowns can be settled, and, hence, the approximation of the solution of boundary value
problem can be obtained. We consider the dimensional form of quantities, and fix (Q, L, R,D1,D2)

to numerically investigate the behavior of Ck(X) and Φ(X) throughout the channel. Figures 7 and 8
graph the cases with small permanent charge Q = 0.1 mM when L = 20 mM, R = 50 mM, D1 =
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1.334× 10−9 m2/s, and D2 = 2.032× 10−9 m2/s. In this case, we obtain J = −1.2079× 10−16 mol s−1

and Vrev = −4.4820 mV.
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Figure 7. The functions Ck(X) (left) and Φ(X) (right) with Q = 0.1 mM.
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Figure 8. The functions µ1(X) and µ2(X) are increasing for Q = 0.1 mM.

Furthermore, Figures 9 and 10 show graphs of concentrations, electrical potential, and
electrochemical potentials versus X, where L = 20 mM, R = 50 mM, Q = 2 M, and diffusion
constants are the same as the previous one. In this case, we obtain J = −1.8789× 10−17 mol s−1 and
Vrev = −19.5527 mV.

Remark 3. We end this section with a few of the remarks on some important features captured in Figures 7–10.
It follows from the Nernst–Planck equation that µ′k(x) has the same sign as that of µk(1)− µk(0) or the opposite
sign as that of Jk; in particular, µk(x) is always monotonically increasing or decreasing. For the zero-current
situation, the reversal potential depends on ALL other parameters; and so it seems that it would be hard to make
general conclusions about µk(x), for example, about its monotonicity. This is not true. In fact, in Section 2.1,
we have concluded that the sign of zero-current flux J is the same as that of L− R, and, hence, µ′k(x) has the
opposite sign as that of L − R. For the case considered in this part, L = 20 mM < R = 50 mM, one has
J < 0, independent of the value of Q. Therefore, µ′k(x) > 0 for k = 1, 2, and, hence, µk(x)’s are increasing for
zero-current situation when L < R, independent of Q, as shown in Figure 8 for Q = 0.1 mM and in Figure 10
for Q = 1 mM. On the other hand, as one changes the value of Q, the profiles of concentrations ck(x)’s and
electrical potential φ(x) may vary from monotone to non-monotone, as shown between Figure 7 for Q = 0.1 mM
and Figure 9 for Q = 1 M.
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Figure 9. The functions C1(X) and C2(X) (left) and the function Φ(X) (right) for Q = 1 M.
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Figure 10. The functions µ1(X) and µ2(X) are increasing for Q = 1 M.

3. Current–Voltage and Current-Permanent Charge Behaviors

Ionic movements across membranes lead to the generation of electrical currents. The current
carried by ions can be examined through current–voltage relation or I–V curve. In such a case, voltage
refers to the voltage across a membrane potential, and current is the flow of ions through channels in the
membrane. Another important piece of data are current-permanent charge (I–Q) relation. Dependence
of current on membrane potentials and permanent charge is investigated in this section for arbitrary
values of diffusion constants.

To derive the I–V and I–Q relations, we rely on [33] where the authors showed that the set of
nonlinear algebraic equations is equivalent to one nonlinear equation for A, the geometric mean of
concentrations at x = a defined in Equation (17). All other quantities or variables such as fluxes,
profiles of electric potential φ(x) and concentrations ck(x) can then be obtained in terms of A. It is
crucial to realize that this is a specific result, not available for general cases. One can only imagine
that the resulting simplification produces controllable and robust behavior that proved useful as
evolution designed and refined protein channels. The reduction allowed by this composite variable
can be postulated to be a “design principle” of channel construction, in technological (engineering)
language, or an evolutionary adaptation, in biological language. In particular, the current I can be
explicitly expressed in terms of boundary conditions, permanent charge, diffusion constants, and
transmembrane potential in the special case that allows the determination of A. In what follows,
we derive flux and current equations—when diffusion constants are involved as well—in terms of
boundary concentrations, membrane potential, and permanent charge. The I–V, I–Q, J–V, and J–Q
relations are investigated afterward in Section 3.2.
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3.1. Reduced Flux and Current Equations

In this section, for simplicity, in addition to the assumptions at the beginning of the setup section
(Section 1.2), we will also assume that h(x) = 1, a = 1/3 and b = 2/3, in particular, α = 1/3 and
β = 2/3 (see Display (19)). It was shown in [33] that the BVP (9) and (10) can be reduced to the
algebraic equation

η ln
Sb − η

Sa − η
− N = 0, (25)

where B = l − A + r, Sa, Sb and N are defined in Display (18), and

η = Q0 −
Q0

ln Bl
Ar

(
V + ln

l(Sb −Q0)

r(Sa −Q0)

)
+

N
ln Bl

Ar
. (26)

Once A is solved from Equation (25), we can obtain the flux densities and current equations
as follows:

Jk := Jk(V, l, r, D1, D2) =3Dk(l − A)
(

1 + (−1)k η

Q0

)
, for k = 1, 2,

I := I(V, l, r, D1, D2) =J1 − J2 = 3(l − A)
(

D1 − D2 −
η

Q0
(D1 + D2)

)
.

(27)

For any given (l, r, D1, D2, Q0, V), there exists a solution for the flux J and current I. The numerical
results in the next section give us more information on “current–voltage” and “current-permanent
charge” relations.

3.2. Current–Voltage and Current-Permanent Charge Relations

3.2.1. Dependence of Current on Diffusion Constants

Now, we reveal a feature of the theoretical results that is not intuitive. Suppose that (l, r, Q0)

is given (V is still free and is allowed to take any value!). It follows from Display (18) for the
definition of N that there exists an A so that N = 0. It consequently follows from Equation (26) that,

if V = ln
B(Sa −Q0)

A(Sb −Q0)
, then η = 0. Therefore, from Display (27), I = 3(l− A)(D1−D2), which implies

For special values o f parameters (l, r, V, Q0), the sign o f I is determined by the sign o f D1 − D2.

3.2.2. I–V Curves and I–Q Curves

Figure 11 is a numerical simulation from Equations (25) and (26) of the I–V curves for several
values of Q with D1 = 1.334× 10−9 m2/s and D2 = 2.032× 10−9 m2/s. One may suspect, based on
the numerical observations, that the value of current I , obtained from Display (27), is unique for any V ,
and is monotonically increasing in V . However, this may not be correct, in general. This is important
since the opening and closing properties of channels might be thought to arise from non-unique
solutions [16,17].
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Figure 11. The function I = I(V) for L = 20 mM and R = 50 mM.

Now, for I–Q relations, our numerical experiments shows that:
I–Q curves are not monotonic in general.

Recall that Equation (21), in dimensional form, gives

Jk

∫ L̂

0

kBT
DkA(X)Ck(X)

dX = µk(0)− µk(L̂), k = 1, 2.

The sign of Jk is determined by the boundary conditions, independent of the permanent charge.
Nevertheless, as expected and seen in Figure 12, the magnitudes of Jk’s, and, consequently, the sign
and the size of the current I do depend on Q = 2Q0C0 in general. (Here, Q would be the nonzero
value of the permanent charge in dimensional form.) Treating V as a parameter, the current I is a
function of Q. The numerical observations in Figure 12 indicate that,

(i) there exists some V∗ such that, for V > V∗, I(Q) has a unique maximum;
(ii) there exists some V∗ such that, for V < V∗, I(Q) has a unique minimum.

In particular, I–Q curves are not monotonic in general.

-5 0 5
-30

-20

-10

0

10

20

30

40
 V = 0.01 mV
 V =  30 mV
 V = -30 mV

-5 0 5
-40

-30

-20

-10

0

10

20

30
 V = 0.01 mV
 V =  30 mV
 V = -30 mV

Figure 12. The function I = I(Q) with D1 < D2: The left panel for L = 20 mM and R = 30 mM;
the right panel for L = 30 mM and R = 20 mM.

In addition, we claim based on numerical observations (not proven though) that there exists
V̂(D1,D2) = min{V∗, |V∗|}, such that

(i) for any given V where |V| > V̂ , the corresponding current I is non-monotonic in Q, but
(ii) for any V where |V| < V̂ , the corresponding current I is monotonic in Q.

24



Entropy 2020, 22, 325

In particular, it can be seen in Section 3.3 that current is monotonic in Q for V = 0. In the end, we
would like to mention that the diffusion constants affect the values V∗ and V∗ above.

3.3. Zero-Voltage Current

The different permeability of the membrane determines the zero membrane potential (voltage) to
different types of ions, as well as the concentrations of the ions, the permanent charge, and the shape
of the channel. Denote current I(V; Q), and the fluxes Jk(V; Q), for k = 1, 2, to include the dependence
on Q too. We call I(0; Q) the zero-potential current and Jk(0; Q) the zero-potential fluxes, respectively,
when V = 0. For any given value of membrane potential V, approximation formulas for the current
I(V; Q), for small and large values of permanent charge Q, are provided in [34,38], respectively.

It follows from [34] that, for small values of Q, applying V = 0, zero-potential current Is(0; Q),
and zero-potential fluxes Js

k(0; Q) (in dimensionless forms as mentioned in Remark 2) are

Is(0; Q) =(l − r)
(

D1 − D2
)
− 3

2
(D1 + D2)(l − r)2

(2l + r)(l + 2r) ln l
r

Q + O(Q2),

Js
k(0; Q) =(l − r)Dk + (−1)k 3(l − r)2Dk

2(2l + r)(l + 2r) ln l
r

Q + O(Q2), k = 1, 2.
(28)

For large positive values of Q = 2Q0, with ν = 1/Q0 (where ν is small), it follows from [38] that
zero-potential current Il(ν) = Il(0; Q) and zero-potential fluxes Jl

k(ν) = Jl
k(0; Q) are

Il(ν) =− 6D2
√

lr
(
√

l −√r)√
l +
√

r
+

3
2

D1

( l + r√
l +
√

r

)2
(l − r)ν

+
3
2

D2
l + r

(
√

l +
√

r)2
f (l, r)(l − r)ν + O(ν2),

Jl
1(ν) =

3
2

D1

( l + r√
l +
√

r

)2
(l − r)ν,

Jl
2(ν) =6D2

√
lr

√
l −√r√
l +
√

r
− 3

2
D2

l + r
(
√

l +
√

r)2
f (l, r)(l − r)ν + O(ν2),

(29)

where
f (l, r) =

2lr
(
√

l +
√

r)2
+ l + r− 1

2
ln l − ln r

l − r
(l + r)2. (30)

It can be readily seen from Equations (28) that, for small values of Q, the zero-potential current
Is(0; Q) is increasing in Q when l < r and is decreasing in Q if l > r.

However, for large values of the permanent charge Q, the zero-potential current Il(0; Q) depends
on Q in a much richer way. To state the results, we need the following lemma.

Lemma 1. There are t1 and t2 with 0 < t1 < 1 < t2 so that f (l, r) > 0 for l/r ∈ (t1, t2) and f (l, r) < 0 for
l/r 6∈ [t1, t2].

Note that
d

dν
Il(0) =

3D2

2

( l + r√
l +
√

r

)2(D1

D2
+

f (l, r)
l + r

)
(l − r).

It follows from Equations (29) and Lemma 1 that, for large values of Q (small values of ν),

(i) if l/r ∈ [t1, t2] (so that f (l, r) ≥ 0), then, for arbitrary D1 and D2, the zero-potential current Il(ν)

is decreasing in ν (increasing in Q) when l/r ∈ [t1, 1), and is increasing in ν (decreasing in Q)
when l/r ∈ (1, t2];

(ii) if l/r 6∈ [t1, t2] (so that f (l, r) < 0), then,
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(a) for D1
D2

+ f (l,r)
l+r > 0, the zero-potential current Il(ν) is decreasing in ν (increasing in Q) for

l < r, and is increasing in ν (decreasing in Q) for l > r;

(b) for D1
D2

+ f (l,r)
l+r < 0, the zero-potential current Il(ν) is increasing in ν (decreasing in Q) for

l < r, and is decreasing in ν (increasing in Q) for l > r.

Figure 13 illustrates some of the above conclusions. In addition, it suggests that the monotonicity
of I(0) holds for all values of permanent charge, not only for small or large values. We emphasize
that the monotonicity of current I with respect to permanent charge Q is just true for zero membrane
potential, i.e., V = 0. Indeed, one should recall from Section 3.2 that, when V 6= 0, then the current I is
not monotonic in Q.
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Figure 13. The function I = I(Q) for V = 0: The left panel for L = 20 mM and R = 30 mM; the right
panel for L = 30 mM and R = 20 mM.

4. Conclusions

In this paper, we first recall the analytical results in [23] for arbitrary diffusion constants.
To investigate the reversal potential problem for which the current is zero, we do numerical
investigations based on the analytical results in [23], where many cases are studied analytically.
We derive several remarkable properties of biological significance, from the analysis of these governing
equations that hardly seem intuitive.

Biophysicists are also interested in the relation of current–voltage (I–V), and current-permanent
charge (I–Q), as well as reversal potential problems. To do that, we first recall the analytical results
in [33], for arbitrary diffusion constants, to drive the flux densities and current equations explicitly. One
way to characterize channels is the current at zero electric potential, that is, when V = 0, which has
practical advantages. Since it is usually easier to measure a large current than a vanishing one,
we analyzed this case as well. Furthermore, we briefly study the special cases of small and large
permanent charge for zero voltage case, based on the analytical results of [34,38], respectively. To
bridge between small and large values of permanent charges, we numerically study I–V and I–Q
relations for this case as well.
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Abstract: We have developed a molecular mean-field theory—fourth-order Poisson–Nernst–Planck–
Bikerman theory—for modeling ionic and water flows in biological ion channels by treating ions and
water molecules of any volume and shape with interstitial voids, polarization of water, and ion-ion
and ion-water correlations. The theory can also be used to study thermodynamic and electrokinetic
properties of electrolyte solutions in batteries, fuel cells, nanopores, porous media including cement,
geothermal brines, the oceanic system, etc. The theory can compute electric and steric energies
from all atoms in a protein and all ions and water molecules in a channel pore while keeping
electrolyte solutions in the extra- and intracellular baths as a continuum dielectric medium with
complex properties that mimic experimental data. The theory has been verified with experiments
and molecular dynamics data from the gramicidin A channel, L-type calcium channel, potassium
channel, and sodium/calcium exchanger with real structures from the Protein Data Bank. It was also
verified with the experimental or Monte Carlo data of electric double-layer differential capacitance
and ion activities in aqueous electrolyte solutions. We give an in-depth review of the literature
about the most novel properties of the theory, namely Fermi distributions of water and ions as
classical particles with excluded volumes and dynamic correlations that depend on salt concentration,
composition, temperature, pressure, far-field boundary conditions etc. in a complex and complicated
way as reported in a wide range of experiments. The dynamic correlations are self-consistent output
functions from a fourth-order differential operator that describes ion-ion and ion-water correlations,
the dielectric response (permittivity) of ionic solutions, and the polarization of water molecules with
a single correlation length parameter.

Keywords: bioelectricity; electrochemistry; thermodynamics; electrokinetics; molecular mean-field
theory; Boltzmann and Fermi distributions; Poisson–Boltzmann; Poisson–Fermi; Poisson–Bikerman;
Nernst–Planck; steric and correlation effects; ion channels; ion activity; double-layer
capacitance; nanofluidics

1. Introduction

Water and ions give life. Their electrostatic and kinetic interactions play essential roles in
biological and chemical systems such as DNA, proteins, ion channels, cell membranes, physiology,
nanopores, supercapacitors, lithium dendrite growth, porous media, corrosion, geothermal brines,
environmental applications, and the oceanic system [1–34]. Poisson, Boltzmann, Nernst, and Planck
laid the foundations of classical electrostatic and kinetic theories of ions in 1813–1890 [35–39].
Gouy [40] and Chapman [41] formulated the Poisson–Boltzmann (PB) equation in 1910 and 1913,
respectively [9]. Bikerman proposed a modified PB equation in 1942 for binary ionic liquids to
account for different-sized ions with voids [42]. Eisenberg puns PNP for Poisson-Nernst-Planck
and Positive-Negative-Positive semiconductor transistors to emphasize nonequilibrium flows of
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ions through ion channels as life’s transistors [43]. Ions in classical PB and PNP theories are
treated as volumeless point charges like the ‘ions’ of semiconductors, namely holes and electrons
in semiconductor electronics [44–55]. Water molecules are treated as a dielectric medium (constant)
without volumes either. However, advanced technologies in ion channel experiments [56,57] and
material science [33,34,58] have raised many challenges for classical continuum theories to describe
molecular mechanisms of ions and water (or solvents) with specific size effects in these systems at
nano or atomic scale [9,12,14,16–19,30,33].

There is another important property that classical continuum theories fail to describe, namely
short-range ion-ion or ion-water correlations in ion channels [8,9], charge-induced thickening and
density oscillations near highly charged surfaces [14], correlation-induced charge inversion on
macroions (DNA, actin, lipid membranes, colloidal particles) [59], the phase structure of plasma
and polar fluids [60], colloidal charge renormalization [60], etc. Several other properties related
to correlations such as the dielectric response of electrolytes solutions and the polarization of
water in various conditions or external fields are usually modeled differently from the correlation
perspective [61–63].

We have recently developed a molecular mean-field theory
called—Poisson-Nernst-Planck-Bikerman (PNPB) theory—that can describe the size, correlation,
dielectric, and polarization effects of ions and water in aqueous electrolytes at equilibrium or
nonequilibrium all within a unified framework [64–76]. Water and ions in this theory can have different
shapes and volumes necessarily with intermolecular voids. The theory generalizes and unifies the
second-order Poisson–Bikerman equation [42] of binary ionic liquids for different-sized ions with
identical steric energies [72] and the fourth-order differential permittivity operator in Santangelo’s
model of one component plasma [77] or in the Bazant, Storey, and Kornyshev theory of general
nonlocal permittivity for equal-sized ions in ionic liquids [78].

Ion-ion and ion-water correlations are modeled by the permittivity operator with a correlation
length that depends on the diameter of ions or water and the valence of ions of interest [78].
The fourth-order operator yields a permittivity as an output function of spatial variables,
salt concentration, and hydration shell structure including water diameter from solving the PNPB
model and thus describes the dehydration of ions from bath to channel pore or from bulk to charged
wall, the polarization of water, and the change of permittivities of electrolyte solutions at different
locations in response to different configurations and conditions. Water densities also change with
configurations and conditions.

The fourth-order operator introduces correlations into the mean-field equations so they can
deal more realistically with real systems in which the correlations are of the greatest importance.
A remark should be made here that simulations containing only particles do not automatically deal
with correlations better than mean-field theories with fourth-order operators like this. It is not at all
clear that simulations widely done in biophysics actually compute correlations well. Indeed, it is
difficult to see how simulations that use conventions to approximate the electric field, and periodic
boundary conditions to approximate macroscopic systems could deal with correlations correctly.
The dearth of direct checks of the role of periodic boundary conditions, and of the accuracy of the
conventional treatment of electrostatics, does little to assuage these concerns. The detailed direct
checks found necessary in computational electronics are not easily found in simulations of ions in
electrolyte solutions (see Chap. 6, particularly Figures 6.34–35 of [55] for some details that are found to
be necessary in the simulations of computational electronics).

It is important to reiterate the obvious. Our model includes water as a molecule and depends
on the hydration structure around ions. Our model uses partial differential equations (PDEs) to
describe these essentially discrete properties of ionic solutions, and uses the physical parameters
of individual atoms and water molecules, NOT just their mean-field description. This use of PDEs
to describe inherently discrete processes is hardly new: most of probability theory [79,80] and the
entire theory of wave equations, including the wave equation of the electron called the Schrödinger
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equation [81], treat discrete processes the same way, using PDEs that measure (in probability theory)
the underlying discrete system, or represent it exactly as the discrete solutions of a continuum PDE
(e.g., the Schrödinger equation describing a hydrogen atom).

The most important contribution of our work is to include water as discrete molecules by using
Fermi distributions [82] of classical particles having excluded volumes with interstitial voids. We show
that the treatment of water as finite size molecules requires, as a matter of mathematics, not physics,
the existence of voids. This is demonstrated by mathematics and simple ways to compute the voids
and their role are presented. These Fermi-like distributions yield saturation of all particles (ions and
water) even under mathematically infinite large external fields. These distributions also satisfy mass
conservation in the region of interest such as channel pores, which classical theories fail to describe as
well. This Fermi distribution of classical particles obeying volume exclusion is reminiscent of the Fermi
distribution of identical particles obeying the Pauli exclusion principle [83] in quantum mechanics.

We also introduce a new concept of distance-dependent potential between non-bonded particles
for different-sized particles similar to the electric potential for different-charged ions and name it
the steric potential. The void distribution function describes the van der Waals potential [84] of
paired particles [85,86] in the system in a mean-field sense. The steric potential can be written as a
distribution function of voids, emphasizing the crucial role of voids in our theory. The specific sizes
of particles and the distance-dependent steric potential allow us to calculate steric energies at the
atomic scale. Using Coulomb’s law allows calculation of electric energies at the atomic scale as well.
Therefore, our theory applies to biological or chemical systems with explicit atomic structures, as well
as classical mean-field representations of bulk solutions, for example. We have shown that solving the
PNPB model in different continuum and molecular domains yields self-consistent electric and steric
potentials in many examples of biological ion channels or chemical systems in [64–76]. The theory
is also consistent with classical theories in the sense that its model converges to the corresponding
classical one when the volume of all particles and the correlation length tend to zero, i.e., steric and
correlation effects vanish asymptotically to classical cases.

In this review article, we explain the above bold-face terms in detail and compare them with those
of earlier theories in a precise but limited way. The precision means that we display explicitly, to the
best of our ability, the significant differences between analogous concepts in our theory and previous
treatments. It is obviously impossible to do complete comparisons in this vast and formidable field.
No doubt we are ignorant of significant relevant papers. We apologize to those inadvertently slighted
and ask them to help us remedy our oversight. The remaining of this article consists as follows.

Section 2 describes the physical meaning of Fermi distributions and the steric potential of ions
and water with excluded volumes. We also explain the differences between Fermi and Boltzmann
distributions in the context of statistical thermodynamics.

Section 3 unifies Fermi distributions and correlations into the simple and concise 4th-order
Poisson–Bikerman (4PBik) equation. The simplicity refers to the correlation length being the only
empirical parameter in the equation. The conciseness means that the fourth-order differential operator
can describe the complex and correlated properties of ion-ion and ion-water interactions, polarization
of water, and dielectric response of electrolytes solutions all in a single model setting.

Section 4 presents a Gibbs free energy functional for the 4PBik equation. We show that
minimization of the functional yields the equation and Fermi distributions that reduce to Boltzmann
distributions when the volumes of particles vanish in limiting case. This functional is critical to explain
a major shortcoming of earlier modified PB models that cannot yield Boltzmann distributions in the
limit. These models are thus not consistent with classical theories and may poorly estimate steric
energies and other physical properties due to their coarse approximation of size effects.

Section 5 generalizes the 4PBik equation to the PNPB model to describe flow dynamics of ions
and water in the system subject to external fields. The most important feature in this section is the
introduction of the steric potential to the classical Nernst–Planck equation. Electric and steric potentials
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describe the dynamic charge/space competition between ions and water. We also show that the PNPB
model reduces to the 4PBik equation at equilibrium.

Section 6 presents a generalized Debye-Hückel theory from the 4PBik equation for thermodynamic
modeling. The theory yields an equation of state that analytically models ion activities in all types
of binary and multi-component electrolyte solutions over wide ranges of concentration, temperature,
and pressure. It is also useful to study the size, correlation, dielectric, and polarization effects in a clear
comparison with those ignoring these effects.

Section 7 discusses numerical methods for solving the PNPB model that is highly nonlinear
and complex when coupled with the electrical field generated by protein charges in ion channels,
for example. It is very challenging to numerically solve the model with tolerable accuracy in 3D protein
structures that generate extremely large electric field, e.g., 0.1 V in 1 Angstrom, in parts of the molecule
of great biological importance where crowded charges directly control biological function, in the same
sense that a gas pedal controls the speed of a car.

Section 8 demonstrates the usefulness of the PNPB theory for a wide range of biological and
chemical systems, where the steric and correlation effects are of importance. We choose a few examples
of these systems, namely electric double layers, ion activities, and biological ion channels.

Section 9 summarizes this review with some concluding remarks.

2. Fermi Distributions and Steric Potential

The total volume of an aqueous electrolyte system with K species of ions in a solvent domain
Ωs is

V =
K+1

∑
i=1

vi Ni + VK+2, (1)

where K + 1 and K + 2 denote water and voids, respectively, vi is the volume of each species i
particle, Ni is the total number of species i particles, and VK+2 is the total volume of all the voids [68].
The volume of each particle vi will play a central role in our analysis, as well that the limit vi goes to
zero. This limit defines the solution of point particles of classical PB and PNP theory. We must include
the voids as a separate species if we treat ions and water having volumes in a model. This necessity
can be proven by mathematics (see below). It is also apparent to any who try to compute a model of
this type with molecular water, as it was to us [68].

Dividing the volume Equation (1) in bulk conditions by V, we get the bulk volume fraction
of voids

ΓB = 1−
K+1

∑
i=1

viCB
i =

VK+2

V
, (2)

where CB
i = Ni

V are bulk concentrations. If the system is spatially inhomogeneous with variable electric
or steric fields, as in realistic systems, the constants CB

i then change to functions Ci(r) and so does ΓB

to a void volume function

Γ(r) = 1−
K+1

∑
i=1

viCi(r). (3)

We define the concentrations of particles (i.e., the distribution functions of the number density) in
Ωs [72] as

Ci(r) = CB
i exp

(
−βiφ(r) +

vi
v0

Strc(r)
)

, Strc(r) = ln
Γ(r)
ΓB , (4)
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where φ(r) is an electric potential, Strc(r) is called a steric potential, βi = qi/kBT with qi being the
charge on species i particles and qK+1 = 0, kB is the Boltzmann constant, T is an absolute temperature,
and v0 =

(
∑K+1

i=1 vi

)
/(K + 1) is an average volume. The following inequalities

Ci(r) = CB
i exp (−βiφ(r))

[
Γ(r)
ΓB

]vi/v0

= αi

[
1−

K+1

∑
j=1

vjCj(r)

]vi/v0

= αi

[
1− viCi(r)−

K+1

∑
j=1,j 6=i

vjCj(r)

]vi/v0

< αi [1− viCi(r)]vi/v0

≤ αi

[
1− v2

i
v0

Ci(r)

]
if vi/v0 ≤ 1, by Bernoulli’s inequality, (5)

Ci(r) < αi [1− viCi(r)]vi/v0 = αi [1− viCi(r)]γ [1− viCi(r)]vi/v0−γ

< αi [1− viCi(r)] [1− (vi/v0 − γ) viCi(r)]

< αi [1− viCi(r)] if vi/v0 > 1, (6)

imply that the distributions are of Fermi-like type [87]

Ci(r) < lim
αi→∞

αi

1 + αiv2
i /v0

<
v0

v2
i

if vi/v0 ≤ 1, (7)

Ci(r) < lim
αi→∞

αi
1 + αivi

<
1
vi

if vi/v0 > 1, (8)

i.e., Ci(r) cannot exceed the maximum value 1/v2
i or 1/vi for any arbitrary (or even infinite) potential

φ(r) at any location r in the domain Ωs, where i = 1, · · ·, K + 1, αi = CB
i exp (−βiφ(r)) /

(
ΓB)vi/v0 > 0,

0 < vi/v0 − γ < 1, and γ ≥ 1.
The classical Boltzmann distribution appears if all particles are treated as volumeless points,

i.e., vi = 0 and Γ(r) = ΓB = 1. The classical Boltzmann distribution may produce an infinite
concentration Ci(r) → ∞ in crowded conditions when −βiφ(r) → ∞, close to charged surfaces for
example, which is physically impossible [64–66]. This is a major, even crippling deficiency of PB theory
for modeling a system with strong local electric fields or interactions. The difficulty in the application of
classical Boltzmann distributions to saturating systems has been avoided in the physiological literature
(apparently starting with Hodgkin, Huxley, and Katz [88]) by redefining the Boltzmann distribution to
deal with systems that can only exist in two states. This redefinition has been vital to physiological
research and is used in hundreds of papers [89,90], but confusion results when the physiologists’
saturating two-state Boltzmann is not kept distinct from the unsaturating Boltzmann distribution of
statistical mechanics [91].

It should be clearly understood that as beautiful as is Hodgkin’s derivation it begs the question of
what physics creates and maintains two states. Indeed, it is not clear how one can define the word
state in a usefully unique way in a protein of enormous molecular weight with motions covering the
scale from femtoseconds to seconds.

The steric potential Strc(r) in Equation (4) first introduced in [64] is an entropic measure of
crowding or emptiness of particles at r. If φ(r) = 0 and Ci(r) = CB

i then Strc(r) = 0. The factor
vi/v0 shows that the steric energy −vi

v0
Strc(r)kBT of a type i particle at r depends not only on the steric

potential Strc(r) but also on its volume vi similar to the electric energy βiφ(r)kBT depending on both
φ(r) and qi [72]. The steric potential Strc(r) is especially relevant to determining selectivity of specific
ions by certain biological ion channels [65,66,68,70,72].

In this mean-field Fermi distribution, it is impossible for a volume vi to be completely filled
with particles, i.e., it is impossible to have viCi(r) = 1 (and thus Γ(r) = 0) since that would make
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Strc(r) = −∞ and hence Ci(r) = 0, a contradiction. Therefore, we must include the voids as a separate
species if we treat ions and water having volumes in a model for which Ci(r) < 1/vi and Γ(r) 6= 0 for all
i = 1, · · ·, K + 1 and r ∈ Ωs. This is a critical property distinguishing our theory from others that do
not consider water as a molecule with volume and so do not have to consider voids. We shall elaborate
this property in Section 4.

Our theory is consistent with the classical theory of van der Waals in molecular physics, which
describes nonbond interactions between any pair of atoms as a distance-dependent potential such
as the Lennard-Jones (L-J) potential that cannot have zero distance between the pair [85,86]. Indeed,
the steric potential Strc(r) can be written as a function of the volume of all molecular species (of course,
including water as well as ions). Classical extensions of van der Waals theories often use this variable,
but seem not to mention the existence or importance of voids.

The steric potential Strc(r) lumps all van der Waals potential energies of paired particles in a
mean-field sense. It is an approximation of L-J potentials that describe local variations of L-J distances
(and thus empty voids) between any pair of particles. L-J potentials are highly oscillatory and extremely
expensive and unstable to compute numerically [66]. Calculations that involve L-J potentials [92–98],
or even truncated versions of L-J potentials [99–101] must be extensively checked to be sure that results
do not depend on irrelevant parameters. Any description that uses L-J potentials has a serious problem
specifying the combining rule. The details of the combining rule directly change predictions of effects
of different ions (selectivity) and so predictions depend on the reliability of data that determines the
combining rule and its parameters.

The steric potential does not require combining rules. Since we consider specific sizes of ions and
water with voids, the steric potential is valid on the atomic scale of L-J potentials. It is also consistent
with that on the macroscopic scale of continuum models as shown in Sections 6 and 8.

To our surprise during the writing of this article, we found Equation (2) in Bikerman’s 1942
paper [42] is exactly the same as Equation (4) for a special case of binary ionic liquids with the identical
steric energies of different-sized ions, i.e., the factor vi/v0 = 1 in (4). The steric potential in Equation (4)
is however not explicitly expressed in Bikerman’s paper. Therefore, Bikerman’s concentration function
is a Fermi distribution, a generic term used in statistical mechanics. We do NOT use exactly the
Fermi distribution as Fermi derived in 1926 for identical particles now called fermions in quantum
mechanics. So it is both more precise and historically correct to use the name “Poisson–Bikerman”
equation for finite-sized ions as a generalization of the Poisson–Boltzmann equation for volumeless
ions in electrochemical and bioelectric systems.

As noted by Bazant et al. in their review paper [14], Bikerman’s paper has been poorly cited
in the literature until recently. In our intensive and extensive study of the literature since 2013 [64],
we have never found any paper specifically using Bikerman’s formula as Equation (4), although of
course there may be an instance we have not found. We thus now change the term “Poisson-Fermi”
used in our earlier papers to “Poisson-Bikerman” in honor of Bikerman’s brilliant work. We present
here mathematical as well as physical justifications of a very general treatment of different-sized ions
and water molecules in the mean-field framework based on Bikerman’s pioneer work.

3. Fourth-Order Poisson-Bikerman Equation and Correlations

Electrolytes have been treated mostly in the tradition of physical chemistry of isolated systems
that proved so remarkably successful in understanding the properties of ideal gases in atomic detail,
long before the theory of partial differential equations, let alone numerical computing was developed.
Most applications of ionic solutions however involve systems that are not at all isolated. Rather,
most practical systems include electrodes to deliver current and control potential, and reservoirs
to manipulate the concentrations and types of ions in the solution. Indeed, all biology occurs in
ionic solutions and nearly all of biology involves large flows. It is necessary then to extend classical
approaches so they deal with external electric fields and other boundary conditions and allow flow so
the theory can give useful results that are applicable to most actual systems.
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When the electrolyte system in Ωs is subject to external fields such as applied voltages, surface
charges, and concentration gradients on the boundary ∂Ωs, the electric field E(r) of the system,
the displacement field D(r) of free ions, and the polarization field P(r) of water are generated at all r
in Ωs. In Maxwell’s theory [102,103], these fields form a constitutive relation

D(r) = ε0E(r) + P(r) (9)

and the displacement field satisfies

∇ ·D(r) = ρion(r) =
K

∑
i=1

qiCi(r), (10)

where ε0 is the vacuum permittivity, ρion(r) is the charge density of ions, and Ci(r) are the
concentrations defined in (4). See [104] for a modern formulation of Maxwell’s theory applicable
wherever the Bohm version of quantum mechanics applies [105,106].

The electric field E(r) is thus screened by water (Bjerrum screening) and ions (Debye screening)
in a correlated manner that is usually characterized by a correlation length lc [77,78,107]. The screened
force between two charges in ionic solutions (at r and r′ in Ωs) has been studied extensively in classical
field theory and is often described by the van der Waals potential kernel [71,72,84,107,108]

W(r− r′) =
e−|r−r′ |/lc

|r− r′| /lc
(11)

that satisfies the Laplace-Poisson equation [108]

− ∆W(r− r′) +
1
l2
c

W(r− r′) = δ(r− r′), r, r′ ∈ R3 (12)

in the whole space R3, where ∆ = ∇ · ∇ = ∇2 is the Laplace operator with respect to r and δ(r− r′) is
the Dirac delta function at r′.

The potential φ̃(r) defined in
D(r) = −εs∇φ̃(r) (13)

describes an electric potential of free ions [72,107] that are correlated only by the mean electric field
according to the Poisson equation

− εs∆φ̃(r) = ρion(r), (14)

a second-order partial differential equation, where εs = εwε0 and εw is the dielectric constant of water.
This potential does not account for correlation energies between individual ions or between ion and
polarized water in high field or crowded conditions under which the size and valence of ions and the
polarization of water play significant roles [17,65–68,77,78,107].

The correlations implicit in Maxwell’s equations are of the mean-field and can be summarized
by the statement that current is conserved perfectly and universally on all scales that the Maxwell
equations are valid, where current includes the term ε0

∂E(r,t)
∂t . This term allows the Maxwell equations

to describe the propagation of light through a vacuum, and it allows charge to be relativistically
invariant, i.e., independent of velocity unlike mass, length, and time all of which vary dramatically as
velocities approach the speed of light [104,106].

We introduce the correlated electric potential

φ(r) =
∫

R3

1
l2
c

W(r− r′)φ̃(r′)dr′ (15)
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in [72] as a convolution of the displacement potential φ̃(r′) with W(r− r′) to deal with the correlation
and polarization effects in electrolyte solutions. However, it would be too expensive to calculate φ(r)
using (15). Multiplying (12) by φ̃(r′) and then integrating over R3 with respect to r′ [71], we obtain

− l2
c ∆φ(r) + φ(r) = φ̃(r) (16)

a Laplace-Poisson equation [107,108] that satisfies (15) in the whole unbounded space R3 with the
boundary conditions φ(r) = φ̃(r) = 0 at infinity. From (14) and (16), we obtain the 4th-order
Poisson–Bikerman equation

εs

[
l2
c ∆− 1

]
∆φ(r) = ρion(r), r ∈ Ωs, (17)

a PDE that is an approximation of (16) in a bounded domain Ωs ⊂ R3 with suitable boundary conditions
(see below) of φ(r) on ∂Ωs. We can thus use (9) to find the polarization field

P(r) = εsl2
c∇(∆φ(r))− (εw − 1)ε0∇φ(r) (18)

with E(r) = −∇φ(r). If lc = 0, we recover the standard Poisson Equation (14) and the standard
polarization P = ε0(εw − 1)E with the electric susceptibility εw − 1 (and thus the dielectric constant
εw) if water is treated as a time independent, isotropic, and linear dielectric medium [103]. In this case,
the field relation D = εwε0E with the scalar constant permittivity εsε0 is an approximation of the exact
relation (9) due to the simplification of the dielectric responses of the medium material to the electric
field E [109–111].

The exponential van der Waals potential W(r− r′) = e−|r−r′ |/lc

|r−r′ |/lc
[84] is called the Yukawa [112]

potential in [71,72] and usually in physics, which is an anachronism [108,113]. Van der Waals derived
this potential in his theory of capillarity based on the proposition that the intermolecular potential
of liquids and gases is shorter-ranged, but much stronger than Coulomb’s electric potential [108].
Ornstein and Zernike (OZ) introduced short- (direct) and long-ranged (indirect) correlation functions
in their critical point theory [114]. There are three important properties of the van der Waals potential:
(i) it satisfies the Laplace-Poisson Equation (12), (ii) it generates the same functional form for short-
and long-ranged correlations in the OZ theory, and (iii) it solves van der Waals’s problem for the
intermolecular potential [108].

Therefore, the potential φ(r) in (15) includes correlation energies of ion-ion and ion-water interactions
in short as well as long ranges in our system. The correlation length lc can be derived from the OZ
equation, see Equation (13) in [108], but the derivation is not very useful. The correlation length
becomes an unknown functional of ρion(r) in (10) and the OZ direct correlation function, and is hence
usually chosen as an empirical parameter to fit experimental, molecular dynamics (MD), or Monte Carlo
(MC) data [14,64–73,75,77,78,107]. It seems clear that it would be useful to have a theory that showed
the dependence of correlation length on ion composition and concentration, and other parameters.

There are several approaches to fourth-order Poisson-Boltzmann equations for modeling
ion-ion and ion-water correlations from different perspectives of physics [71,77,78,115,116]. In [77],
a decomposed kernel acts on a charge density of counterions in a binary liquid without volumes and
water (ion-ion correlations) in contrast to the potential φ̃(r) in (15) that is generated by different-sized
ions and water with voids in (14) (ion-ion and ion-water correlations in a multi-component aqueous
electrolyte). The kernel consists of short-range (of van der Waals type) and long-range components from
a decomposition of Coulomb’s interactions. In [78], the kernel is a general nonlocal kernel that acts on
a charge density of equal-sized ions in a binary liquid without water (ion-ion correlations). The kernel
is a series expansion of the gradient operator∇ and thus can yield not only a fourth-order PB but even
higher-order PDEs. The fourth-order PB is the first-order approximation of the energy expansion that
converges only with small wavenumbers k in Fourier frequency domain for the dielectric response of
ionic liquids [78].
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Derived from the framework of nonlocal electrostatics for modeling the dielectric properties
of water in [107], the kernel acting on φ̃(r) in [71] (ion-ion and ion-water correlations) consists of a
van der Waals function and the Dirac delta function that correspond to the limiting cases k = 0 and
k = ∞, respectively. In [115], a system of three PDEs derived from electrostatics and thermodynamic
pressure has electric potential and concentration gradients of equal-sized cations and anions in a binary
fluid as three unknown functions. Linearization and simplification of the nonlinear system can yield
a linear fourth-order PB (ion-ion correlations). In [116], the fourth-order PB is derived from a free
energy functional that models ion-ion correlations in a binary liquid using volume-fraction functions of
equal-sized cations and anions with two additional parameters associated with the interaction energies
of these two functions and their gradients.

The dielectric operator εs
(
l2
c ∆− 1

)
in (17) describes changes in dielectric response of water with

salt concentrations (ion-water correlations), ion-ion correlations, and water polarizations all via the
mean-field charge density function ρion(r) provided that we can solve (4) and (17) for a consistent
potential function φ(r). Therefore, the operator (a mapping) depends not only on ion and water
concentrations (CB

i for all arbitrary species i = 1, · · ·, K + 1 of particles with any arbitrary shapes and
volumes) but also on the location r and the voids at r. The operator thus produces a dielectric function
ε̂(r,CB

i ) as an output from the solution φ(r) that satisfies the 4PBik (17) that saturates as a function
of concentration (4), as we shall repeatedly emphasize. This dielectric function ε̂(r,CB

i ) is not an
additional model for ε̃(r), ε̃(k), or ε̃(CB

i ) as it often is in other models in the literature [62,63,117–127].
Here the dielectric function is an output, as we have stated.

The 4PBik Equation (17) with (4) is a very general model using only one extra parameter lc in the
fourth-order operator to include many physical properties ignored by the classical Poisson-Boltzmann
equation. We shall illustrate these properties of our model in Section 8.

4. Generalized Gibbs Free Energy Functional

To generalize the Gibbs free energy functional for Boltzmann distributions that satisfy the
classical Poisson–Boltzmann equation [3,128,129], we introduce a functional in [72] for saturating
Fermi distributions (4) that satisfy the 4th-order Poisson–Bikerman Equation (17)

F(C) = Fel(C) + Fen(C), (19)

Fel(C) =
1
2

∫

Ωs
ρion(r)L−1ρion(r)dr, (20)

Fen(C) = kBT
∫

Ωs

{
K+1

∑
i=1

Ci(r)

(
ln

Ci(r)
CB

i
− 1

)
+

Γ(r)
v0

(
ln

Γ(r)
ΓB − 1

)}
dr, (21)

where Fel(C) is an electrostatic functional, Fen(C) is an entropy functional, C =

(C1(r), C2(r), · · ·, CK+1(r)), and L−1 is the inverse of the self-adjoint positive linear operator
L = εs

(
l2
c ∆− 1

)
∆ [71] in (17), i.e., Lφ(r) = ρion(r). C is a ‘concentration vector’ that specifies the

number density, i.e., concentration of each species in the ionic solution, including water. C plays a
central role in any theory of ionic solutions because it specifies the main property of a solution, namely
its composition.

Taking the variations of F(C) at Ci(r), we have

δF(C)

δCi
=
∫

Ωs

{
kBT

[
ln

Ci(r)
CB

i
− vi

v0
ln

Γ(r)
ΓB

]
+

1
2

(
qiL−1ρion(r) + ρion(r)L−1qi

)}
dr,

1
2

(
qiL−1ρion(r) + ρion(r)L−1qi

)
= qiφ(r),

δF(C)

δCi
= 0⇒ kBT

[
ln

Ci(r)
CB

i
− vi

v0
ln

Γ(r)
ΓB

]
+ qiφ(r) = 0 (22)
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that yields the saturating Fermi distributions in (4) for all i = 1, · · ·, K + 1. Moreover, we have

δ2F(C)

δC2
i

=
∫

Ωs

{
kBT

[
1

Ci(r)
+

v2
i

v0

ΓB

Γ(r)

]
+ q2

i L−1Ci

}
dr > 0 (23)

implying that the saturating Fermi distribution vector C is a unique minimizer of the functional F(C).
The Gibbs-Bikerman free energy functional F(C) has two important properties. First, its

electrostatic part Fel(C) is defined in terms of the composition vector C only. It depends only on
concentrations and nothing else. If an electrostatic functional F̃el(φ̃(r)) is defined in terms of

∣∣∇φ̃(r)
∣∣2

for the PB equation [64,78,124,130–137], the corresponding concentration vector C̃ and the potential
φ̃(r) do not minimize the corresponding functional F̃(C̃, φ̃(r)) [128,129], i.e., F̃ is not a Gibbs free
energy functional [3,128]. Second, the limit of its entropic part

lim
vi→0

Fen(C) = kBT
∫

Ωs

K+1

∑
i=1

C0
i (r)

(
ln

C0
i (r)
CB

i
− 1

)
dr (24)

exists (Fen converges) when the volume vi tends to zero for all i = 1, · · ·, K + 1. This implies that
all ionic species have Boltzmann distributions C0

i (r) = CB
i exp (−βiφ(r)), i = 1, · · ·, K, the water

concentration C0
K+1(r) = CB

K+1 is a constant, and the void fraction Γ(r) = ΓB = 1 since all particles are
volumeless in PB theory. Therefore, the 4PBik model (4) and (17) is physically and mathematically
consistent with the classical PB model in the limiting case when we ignore the steric (vi = 0) and
correlation (lc = 0) effects.

There are many shortcomings of the lattice approach [138] frequently used to account for steric
effects in lattice-based PB models [14,61,64,78,124,129,133–136,139–141]. For example, (i) it assumes
equal-sized ions and thus cannot distinguish non-uniform particles as in (1), (ii) its effective ion size
needs to be unrealistically large to fit data [14], (iii) its correction over Boltzmann’s point charge
approach appears only at high surface charges [125], (iv) its pressure term diverges very weakly (is
greatly underestimated) at close packing [142], and (v) its entropy functional may diverge as the
volume of ions tends to zero, i.e., the corresponding lattice-based PB model is not physically and
mathematically consistent with the classical PB model in the limiting case [66].

The importance of the restriction in Point (i) is hard to overstate. Almost all the interesting
properties of ionic solutions arise because of their selectivity (as it is called in biology) or specificity
between species, and those different properties arise in large measure because of the different diameters
of the ions. The equal diameter case is dull and degenerate.

Point (v) is a critical problem that is closely related to Points (ii)–(iv). The divergence is obvious
for an entropy term F̃en in Equation (2) in [133] as

lim
v→0

F̃en = lim
v→0

K

∑
i=1

C̃i(r) ln
(

vC̃i(r)
)

= −∞, (25)

which also appears in [61,64,78,124,129,133–136,139–141]. It is impossible to derive Boltzmann
distributions C̃i(r) = CB

i exp
(
−βiφ̃(r)

)
from F̃en as v→ 0 without extra assumptions, see (2.6) in [129],

for example. In fact, the assumption (2.6), i.e., vC̃i(r) > 0, actually forbids us from taking v to the
limit zero.

Our derivation of Fen(C) does not employ any lattice models but simply uses the exact volume
Equation (1). Our theory should not be classified then as a lattice model as sometimes is the case,
at least in informal discussions. The void function Γ(r) is an analytical generalization of the void
fraction 1− Φ in (20) in [14] with all volume parameters vi (including the bulk fraction ΓB) being
physical instead of empirical as Φ. The excess chemical potential in [14] is −kBT ln(1−Φ) whereas
ours is Fen(C) in (21).
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These expressions are different in important respects. Our model is not a lattice-based model
because its differences are crucial both mathematically and physically. Indeed, the lattice-based model
is in a certain sense internally inconsistent with classical statistical mechanics since a fundamental
result of classical statistical mechanics vC̃i(r) > 0 prevents the model from satisfying the classical
imperative of the Boltzmann distribution in the limit of zero v.

The Langmuir-type distribution

Ci(x) =
CB

i exp (−βiφ(x))

1 + ∑K
j=1

CB
j

Cmax
j

(
exp

(
−β jφ(x)

)
− 1
) (26)

of different-sized ions (without water) proposed in [125] also reduces to a Boltzmann distribution
as vj → 0, ∀j, where Cmax

j = p/vj and p ≤ 1 is a packing parameter. This distribution
saturates and thus is of Fermi type, i.e., Ci(x) ≤ Cmax

i and viCi(x) ≤ 1. The entropy term

− ln
(

1 + ∑K
j=1

CB
j

Cmax
j

(
exp

(
−β jφ(x)

)
− 1
))

does not involve voids so it is different from the Strc(r)

in (4). Our distribution in (4) does not need any packing parameters and satisfies viCi(r) < 1.

5. Poisson-Nernst-Planck-Bikerman Model of Saturating Phenomena

For nonequilibrium systems, we can also generalize the classical Poisson-Nernst-Planck
model [38,39,43,143,144] to the Poisson-Nernst-Planck–Bikerman model by coupling the flux
density equation

∂Ci(r, t)
∂t

= −∇ · Ji(r, t), r ∈ Ωs (27)

of each particle species i = 1, · · ·, K + 1 (including water) to the 4PBik Equation (17), where the flux
density is defined as

Ji(r, t) = −Di

[
∇Ci(r, t) + βiCi(r, t)∇φ(r, t)− vi

v0
Ci(r, t)∇Strc(r, t)

]
, (28)

Di is the diffusion coefficient, and the time variable t is added to describe the dynamics of electric
φ(r, t) and steric Strc(r, t) potentials.

The flux Equation (27) is called the Nernst-Planck-Bikerman equation because the steric potential
Strc(r, t) is introduced into the classical NP equation so it can deal with saturating phenomena including
those that arise from the unequal volumes of ions and the finite volume of molecular water. The PNPB
model can be extended to include hydrodynamic kinetic and potential energies in the variational
treatment of energy processes (i.e., EnVarA) by Hamilton’s least action and Rayleigh’s dissipation
principles [145,146]. We shall however consider this as a topic for future work.

At equilibrium, the net flow of each particle species is a zero vector, i.e., Ji(r) = 0 (in a steady
state), which implies that

∇Ci(r) + βiCi(r)∇φ(r)− vi
v0

Ci(r)∇Strc(r) = 0,

∇
[

Ci(r) exp(βiφ(r)− vi
v0

Strc(r))
]

= 0,

Ci(r) exp(βiφ(r)− vi
v0

Strc(r)) = ci, (29)

where the constant ci = CB
i for φ(r) = Strc(r) = 0. Therefore, (29) = (4), i.e., the NPB Equation (27)

reduces to the saturating Fermi distribution (4) as the classical NP equation reduces to the Boltzmann
distribution at equilibrium.
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The gradient of the steric potential ∇Strc(r, t) in (28) represents an entropic force of vacancies
exerted on particles. The negative sign in −Ci(r, t)∇Strc(r, t) means that the steric force ∇Strc(r, t) is
in the opposite direction to the diffusion force ∇Ci(r, t).

Larger Strc(r, t) = ln Γ(r,t)
ΓB implies lower pressure because the ions occupy more space (less

crowded) as implied by the numerator Γ(r, t). The larger the Strc(r, t) the lower pressure at the location
r, the more the entropic force (the higher pressure) pushes particles to r from neighboring locations.
The steric force is the opposite of the diffusion force ∇Ci(r, t) that pushes particles away from r if the
concentration at r is larger than that at neighboring locations.

Moreover, the Nernst-Einstein relationship between diffusion and mobility [9] implies that
the steric flux Di

vi
v0

Ci(r, t)∇Strc(r, t) is greater if the particle is more mobile. The Nernst-Einstein
relationship is generalized to

µi = viqiDi/(v0kBT), (30)

where the mobility coefficient µi of an ion depends on its size vi in addition to its charge qi.
The mobility coefficient of water is µK+1 = vK+1DK+1/(v0kBT). The drift term in (28) is thus
−DiβiCi(r, t)∇φ(r, t) = −µi(v0/vi)Ci(r, t)∇φ(r, t).

Therefore, the gradients of electric and steric potentials (∇φ(r, t) and ∇Strc(r, t)) describe the
charge/space competition mechanism of particles in a crowded region within a mean-field framework.
Since Strc(r, t) describes the dynamics of void movements, the dynamic crowdedness (pressure) of
the flow system can also be quantified. A large amount of experimental data exists concerning the
dependence of diffusion coefficient on the concentration and size of solutes. Comparing our model
with this data is an important topic of future work.

The motion of water molecules, i.e., the osmosis of water [147,148] is directly controlled
by the steric potential in our model and their distributions are expressed by CK+1(r, t) =

CB
K+1 exp

(
vK+1Strc(r, t)/v0

)
. Nevertheless, this motion is still implicitly changed by the electric

potential φ(r, t) via the correlated motion of ions described by other Cj(r, t) in the void fraction
function Γ(r, t) and hence in the charge density ρion(r, t) in (17).

In summary, the PNPB model accounts for (i) the steric (pressure) effect of ions and water molecules,
(ii) the correlation effect of crowded ions, (iii) the screening (polarization) effect of polar water, and (iv) the
charge/space competition effect of ions and water molecules of different sizes and valences. These effects
are all closely related to the interstitial voids between particles and described by two additional terms,
namely the correlation length and the steric potential. The steric potential is most naturally written as
a function of the volume of voids, but it can also be written as a function of the total volume of all
molecules, including water and ions.

6. Generalized Debye-Hückel Theory

Thermodynamic modeling is of fundamental importance in the study of chemical and biological
systems [1,6,9,11–13,16,32]. Since Debye and Hückel (DH) proposed their theory in 1923 [149] and
Hückel extended it to include Born energy effects in 1925 [150], a great variety of extended DH models
(equations of state) have been developed for modeling aqueous or mixed-solvent solutions over wide
ranges of composition, temperature, and pressure [6,19,151–155]. Despite these intense efforts, robust
thermodynamic modeling of electrolyte solutions still presents a difficult challenge for extended
DH models due to an enormous number of parameters that need to be adjusted carefully and often
subjectively [19,152–154,156].

It is indeed a frustrating despair (the word frustration on p. 11 in [16] and the word despair on
p. 301 in [1]) that about 22,000 parameters [19] need to be extracted from the available experimental
data for one temperature for combinatorial solutions of the most important 28 cations and 16 anions
in salt chemistry by the Pitzer model [6], which is the most widely used DH model with unmatched
precision for modeling electrolyte solutions [153]. The JESS (joint expert speciation system) is the
world’s largest system of thermodynamic information relating to electrolytes, reactions in aqueous
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media, and hydrocarbon phase equilibria [157]. The total number of Pitzer’s fitting parameters in JESS
is 95 [158].

By contrast, we propose in [75,76] a generalized Debye-Hückel theory from the 4PBik
Equation (17) to include (i) steric effects, (ii) correlation effects, (iii) Born solvation energy, and (iv) ion
hydration [159–166] that are missing in the original DH theory. The generalized theory can be used
to calculate ion activities in all types of binary and multi-component solutions over wide ranges of
concentration, temperature, and pressure with only 3 fitting parameters [69,73,75,76].

We briefly outline the derivation of a generalized DH equation of state and refer to [76] for more
details. The activity coefficient γi of an ion of species i in an aqueous electrolyte solution with a total of
K species of ions describes deviation of the chemical potential of the ion from ideality (γi = 1) [11].
The excess chemical potential µex

i = kBT ln γi can be calculated by [69,167]

µex
i =

1
2

qiφ(0)− 1
2

qiφ
0(0), (31)

where qi is the charge of the hydrated ion (also denoted by i), φ(r) is a reaction potential [167] function
of spatial variable r in the domain Ω = Ωi ∪Ωsh ∪Ωs shown in Figure 1, Ωi is the spherical domain
occupied by the ion i, Ωsh is the hydration shell domain of the ion, Ωs is the rest of solvent domain,
0 denotes the center (set to the origin) of the ion, and φ0(r) is a potential function when the solvent
domain Ωs does not contain any ions at all with pure water only, i.e., when the solution is ideal.
The radii of Ωi and the outer boundary of Ωsh are denoted by RBorn

i (ionic cavity radius [160]) and
Rsh

i , respectively.

O

Ion

Ω
i

Solvent
Domain

Ω
s

R
sh

i

R
Born

i

Hydration Shell

Ω
sh

Figure 1. The model domain Ω is partitioned into the ion domain Ωi (with radius RBorn
i ), the hydration

shell domain Ωsh (with radius Rsh
i ), and the remaining solvent domain Ωs.

The potential function φ(r) can be found by solving the 4PBik Equation (17) and the Laplace
equation [69,73]

∆φ(r) = 0 in Ωi ∪Ωsh, (32)

where εs is defined in Ωsh ∪Ωs, the correlation length lc =
√

lBlD/48 is a density-density correlation
length independent of specific ionic radius [168], lB and lD are the Bjerrum and Debye lengths,
respectively, the concentration Ck(r) function (4) is defined in Ω for all k = 1, · · ·, K + 1 in molarity
(M), and vk = 4πa3

k/3 with radius ak. Since the steric potential takes particle volumes and voids
into account, the shell volume Vsh of the shell domain Ωsh can be determined by the steric potential

Strc
sh = v0

vw
ln Ow

i
VshCB

K+1
= ln Vsh−vwOw

i
VshΓB [69,73], where the occupant (coordination) number Ow

i of water

molecules is given by experimental data [166]. The shell radius Rsh
i is thus determined and depends
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not only on Ow
i but also on the bulk void fraction ΓB, namely on all salt and water bulk concentrations

(CB
k ) [69,73].

We reduce the complexity of higher-order approximations, and make them easier to implement
by transforming the fourth-order PDE (17) to the following two second-order PDEs [64]

(
l2
c ∆− 1

)
ψ(r) = ρion(r) in Ωs, (33)

εs∆φ(r) = ψ(r) in Ωs, (34)

where the extra unknown function ψ(r) is a density-like function as seen from (33) by setting lc = 0.
The boundary and interface conditions for φ(r) and ψ(r) in (32)–(34) are [64]

φ(r) = ψ(r) = 0 on ∂Ωs\∂Ωsh, (35)

ψ(r) = −ρs(r) on ∂Ωsh ∩ ∂Ωs, (36)

[φ(r)] = 0 on ∂Ωi ∪ (∂Ωsh ∩ ∂Ωs) , (37)

[∇φ(r) · n] = 0 on ∂Ωsh ∩ ∂Ωs, (38)

[ε(r)∇φ(r) · n] = εi∇φ∗(r) · n on ∂Ωi, (39)

where ∂ denotes the boundary of a domain, the jump function [φ(r)] = limrsh→r φ(rsh)− limri→r φ(ri)

at r ∈ ∂Ωi with rsh ∈ Ωsh and ri ∈ Ωi, ε(r) = εs in Ωsh and ε(r) = εionε0 in Ωi, εion is a dielectric
constant in Ωi, n is an outward normal unit vector at r ∈ ∂Ωi, and φ∗(r) = qi/(4πεi |r− 0|).
Equation (32) avoids large errors in a direct approximation of the delta function δ(r − 0) in the
singular charge qiδ(r− 0) of the solvated ion at the origin 0 by transforming the singular charge to the
Green’s function φ∗(r) on ∂Ωi in (39) as an approximation source of the electric field produced by the
solvated ion [169,170].

For simplicity, we consider a general binary (K = 2) electrolyte Cz2Az1 with the valences of the
cation Cz1+ and anion Az2− being z1 and z2, respectively. The first-order Taylor approximation of the
charge density functional ρion(φ(r)) in (17) with respect to the electric potential φ(r) yields

ρion(φ(r)) ≈ −CB
1 q1

kBT
[(q1 − q2)−Λq1] φ(r), (40)

where Λ = CB
1 (v1 − v2)2 /

[
ΓBv0 +

(
v2

1CB
1 + v2

2CB
2 + v2

3CB
3
)]

which is a quantity corresponding to a
linearization of the steric potential Strc(r) [76]. Consequently, we obtain a generalized Debye length

lD4PBik =

(
εskBT

CB
1 ((1−Λ)q2

1 − q1q2)

)1/2

(41)

that reduces to the original Debye length lD [11] if v1 = v2 6= 0 (two ionic species with equal radius
and thus Λ = 0) or v1 = v2 = v3 = 0 (all particles treated as volumeless points in standard texts for
PB [11]). The nonlinear value of Λ 6= 0 for v1 = v2 6= 0 can be obtained by Newton’s method [76].

Equation (33) is a second-order PDE that requires two boundary conditions like (35) and (36)
for a unique solution ψ(r). Since ψ(r) = εs∇2φ(r) = −ρ(r) ≈ εsκ

2φ(r) if lc = 0, Equation (36) is a
simplified (approximate) boundary condition for ψ(r) on ∂Ωsh ∩ ∂Ωs without involving higher-order
derivatives of ψ(r) (or the third-order derivative of φ(r)). The approximations in (36) and (40) do not
significantly affect our generalized DH model’s ability to fit activity data. However, these assumptions
should be carefully scrutinized in other applications such as highly charged surfaces. Bazant et al. have
recently developed more consistent and general boundary conditions for their fourth-order model by
enforcing continuity of the Maxwell stress at a charged interface [171,172].

In [76], we analytically solve the linear 4PBik PDEs (32), (33), and (34) with (40) in a similar way
as Debye and Hückel solved the linear PB equation for a spherically symmetric system. However,
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the spherical domain shown in Figure 1 and the boundary and interface conditions in (35)–(39) are
different from those of the standard method for the linear PB equation in physical chemistry texts [11].
The analysis consists of the following steps: (i) The nonlinear term ρion(r) in (33) is linearized to the
linear term−εsφ/l2

D4PBik in (40) as that of Debye and Hückel. (ii) The linear PDEs corresponding to (33)
and (34) are then formulated into a system of eigenvalue problems with eigenfunctions (φ(r), ψ(r))
and eigenvalues (λ1, λ2), where the general solution of φ(r) is equal to that of Debye and Hückel in
the solvent domain Ωs (not the entire domain) when lc = v1 = v2 = v3 = 0. (iii) A unique pair of
eigenfunctions

(
φ4PBik(r), ψ4PBik(r)

)
is found under conditions (35)–(39), where φ4PBik(r) is equal to

that of Debye and Hückel in Ωs when lc = v1 = v2 = v3 = 0.
The analytical potential function that we found [76] is

φ4PBik(r) =





qi
4πεsRBorn

i
+ qi

4πεsRsh
i

(Θ− 1) in Ωi
qi

4πεsr + qi
4πεsRsh

i
(Θ− 1) in Ωsh

qi
4πεsr

[
λ2

1e−
√

λ2(r−Rsh
i )−λ2

2e−
√

λ1(r−Rsh
i )

λ2
1(
√

λ2Rsh
i +1)−λ2

2(
√

λ1Rsh
i +1)

]
in Ωs,

(42)

where

Θ =
λ2

1 − λ2
2

λ2
1
(√

λ2Rsh
i + 1

)
− λ2

2
(√

λ1Rsh
i + 1

) , (43)

r = |r|, λ1 =
(

1−
√

1− 4l2
c /l2

D4PBik

)
/
(
2l2

c
)
, and λ2 =

(
1 +

√
1− 4l2

c /l2
D4PBik

)
/
(
2l2

c
)
. Please note

that limlc→0 λ1 = 1/l2
D4PBik, limlc→0 λ2 = ∞, and limlc→0 Θ = limCB

1→0 Θ = limlD4PBik→∞ Θ =

1 [76]. The linearized 4PBik potential φ4PBik(r) reduces to the linearized PB potential φPB(r) =

qie−r/lD /(4πεsr) as in standard texts (e.g., Equation (7.46) in [11]) by taking limlc→0 φ4PBik(r) with
vk = 0 for all k, Rsh

i = 0, and r > 0 [76].
As discussed in [173], since the solvation free energy of an ion i varies with salt concentrations,

the Born energy q2
i

(
1

εw
− 1
)

/8πε0R0
i in pure water (i.e., CB

i = 0) with a constant Born radius R0
i

should change to depend on CB
i ≥ 0. Equivalently, the Born radius RBorn

i in (42) is variable and we can
model it from R0

i by a simple formula [69,73]

RBorn
i = θR0

i , θ = 1 + αi
1

(
CB

i

)1/2
+ αi

2CB
i + αi

3

(
CB

i

)3/2
, (44)

where CB
i = CB

i /M is a dimensionless bulk concentration and αi
1, αi

2, and αi
3 are parameters for

modifying the experimental Born radius R0
i to fit experimental activity coefficient γi that changes with

the bulk concentration CB
i of the ion. The Born radii R0

i given below are from [173] obtained from the
experimental hydration Helmholtz free energies of those ions given in [12]. The three parameters in (44)
have physical or mathematical meanings unlike many parameters in the Pitzer model [19,153,156].
The first parameter αi

1 adjusts R0
i and accounts for the real thickness of the ionic atmosphere (Debye

length), which is proportional to the square root of the ionic strength in the DH theory [11]. The second
αi

2 and third αi
3 parameters are adjustments in the next orders of approximation beyond the DH

treatment of ionic atmosphere [73].
The potential value φ0(0) = limCB

1→0 φ4PBik(0) = qi/
(
4πεsR0

i
)

by limCB
1→0 Θ = 1 and

limCB
1→0 RBorn

i = R0
i . From (31) and (42), we thus have a generalized activity coefficient γ4PBik

i in

ln γ4PBik
i =

q2
i

8πεskBT

(
1

RBorn
i
− 1

R0
i

+
Θ− 1

Rsh
i

)
, (45)

43



Entropy 2020, 22, 550

which satisfies the DH limiting law, i.e., γ4PBik
i = γDH

i = 1 for infinite dilute (ideal) solutions as
CB

i → 0. The generalized activity coefficient γ4PBik
i reduces to the classical γDH

i proposed by Debye
and Hückel in 1923 [149], namely

ln γDH
i =

−q2
i

8πεskBTlD(1 + Rsh
i /lD)

(46)

if RBorn
i = R0

i (without considering Born energy effects), Rsh
i = Ri (an effective ionic radius [149]),

lD4PBik = lD (no steric effect), and lc = 0 (no correlation effect). The reduction shown in [76] is by
taking the limit of the last term in (45) as lc → 0, i.e., limlc→0

Θ−1
Rsh

i
= −1

Ri+lD
.

Hückel soon realized that the DH formula (46) failed to fit experimental data at high ionic strengths
and modified it in 1925 [150] by adding one more parameter η1 to become (see Equation (7.115) in [11])

ln γDHB
i =

−q2
i

8πεskBTlD(1 + η0
√

I)
+ η1 I, (47)

where η0 (an approximation of Rsh
i ) and η1 account for the distance of closest approach to the ion i and

the salting-out effect (an approximation of the Born energy), respectively [11], where I = 1
2 ∑i CB

i z2
i is

the ionic strength of the solution. Consequently, a variety of extended DH models γDHBx
i [153,174] in

the form similar to

ln γDHBx
i =

−q2
i

8πεskBTlD(1 + η0
√

I)
+ ∑

k 6=0
ηk Ik (48)

have been proposed in the literature to express other thermodynamic properties such as temperature
and pressure by a power expansion of I with more and more parameters ηk that can increase
combinatorially with various composition, temperature, and pressure to a frustrating amount [1,16,19].
Please note that ηk may also depend on ionic strength I in a complicated way, see e.g., Equation (2)
in [153]. Many expressions of those parameters are rather long and tedious and do not have clear
physical meaning [19,153,156]. The Davies equation [175] is a special form of (47) with a linear term
in I.

The RBorn
i term in (45) differs significantly from the last term in (48) as they are the inverse of each

other in terms of I and parameters, i.e., I, α1, α2, and α3 are in the denominator in (45) whereas I and ηk
are in the numerator in (48). This implies that γ4PBik

i and γDHBx
i vary oppositely with I. Consequently,

the values of α1, α2, and α3 are totally different from those of ηk when we use γ4PBik
i and γDHBx

i to
fit experimental activity coefficients with I varying from low to high values [76]. This may explain
why the empirical nature of extended DH models requires a great deal of effort to extract parameters
(without physical hints) from existent thermodynamic databases by regression analysis [19,153].

7. Numerical Methods

Numerical simulations are indispensable to study chemical, physical, and mathematical properties
of biological and chemical systems in realistic applications, especially with experimental details at
atomic scale such as ion channels in the Protein Data Bank (PDB) [57]. Continuum PDE models have
substantial advantages over Monte Carlo, Brownian dynamics (BD), or molecular dynamics in physical
insights and computational efficiency that are of great importance in studying a range of conditions
and concentrations especially for large nonequilibrium or inhomogeneous systems, as are present in
experiments and in life itself [10,17,21,95,121,176–185].

The literature on numerical methods for solving PB and PNP models is vast [64,68,74].
We summarize here some important features of the methods proposed in [64,68,74] for
Poisson-Bikerman and Poisson-Nernst-Planck-Bikerman models, which may be useful for workers
in numerical analysis and coding practice. Since PNPB including 4PBik is highly nonlinear and the
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geometry of protein structures is very complex, we emphasize two different types of methods, namely
nonlinear iterative methods and discretization methods for these two problems as follows.

7.1. Nonlinear Iterative Methods

For the PNPB system of K + 1 NP equations in (27), Laplace Equation (32), and two 4PBik
equations in (33) and (34), the total number of second-order PDEs that we need to solve is K + 4.
These PDEs are coupled together and highly nonlinear except (32). Numerically solving this kind of
nonlinear systems is not straightforward [64,68,74]. We use the following algorithm to explain essential
procedures for solving the steady-state PNPB system, where Ωm denotes the biomolecular domain that
contains a total of Q fixed atomic charges qj located at rj in a channel protein as shown in Figure 2L
for the gramicidin A channel downloaded from PDB with Q = 554, for example, ∂Ωm denotes the
molecular surface of the protein and the membrane lipids through which the protein crosses as shown
in Figure 2R, and Ωs is the solvent domain consisting of the channel pore and the extracellular and
intracellular baths for mobile ions and water molecules.

Figure 2. Left (L): Top view of the gramicidin A channel. Right (R): A cross section of 3D simulation
domain for the channel placed in a rectangular box, where Ωm is the biomolecular domain consisting
of the channel protein and the membrane and Ωs is the solvent domain consisting of the channel pore
and the baths.

Nonlinear Iterative Algorithm [68]:

1. Solve Laplace Equation −∇2φ(r) = 0 for φ0(r) in Ωm once for all with φ0(r) = φ∗(r) =

∑Q
j=1 qj/(4πεmε0

∣∣r− rj
∣∣) on ∂Ωm.

2. Solve Poisson Equation−∇ · (ε∇φ(r)) = ρion(r) for φOld(r) in Ωs with ρion(r) = 0, φOld = V = 0
on ∂Ω, and the jump condition

[
ε∇φOld · n

]
= −εmε0∇(φ∗ + φ0) · n on ∂Ωm as (39), where V

denotes applied voltage.
3. V = V0 6= 0 an initial voltage.
4. Solve 4PBik1 Equation εs

(
λcl2

c∇2 − 1
)

Ψ(r) = ∑K
i=1 qiCOld

i (r) for ΨNew(r) in Ωs with ∇ΨNew ·
n = 0 on ∂Ωm, ΨNew = 0 on ∂Ω, COld

i (r) = CB
i exp

(
−βiφ

Old(r) + vi
v0

Strc(r)
)

, Strc(r) = ln ΓOld(r)
ΓB ,

and ΓOld(r) = 1−∑K+1
j=1 λsvjCOld

j (r).

5. Solve 4PBik2 Equation −∇ · (εs∇φ(r)) + ρ′(φOld)φ(r) = −εΨNew + ρ′(φOld)φOld for φNew(r) in
Ωs with φNew = V on ∂Ω and the same jump condition in Step 2, where ρ′(φ) is the derivative of
ρ(φ) with respect to φ.

6. If the maximum error norm
∥∥∥φNew − φOld

∥∥∥
∞

> Tol, a preset tolerance, then set φOld =

ω4PBikφOld + (1−ω4PBik)φNew and go to Step 4, else go to Step 7.
7. Solve NP Equation −∇ · Ji(r) = 0 for CNew

i (r) in Ωs for all i = 1, · · ·, K + 1 with Ji(r) =

−Di [∇Ci(r) + βiCi(r) ∇φOld(r)− λs
vi
v0

Ci(r)∇Strc(r)
]
, Strc(r) = ln ΓOld(r)

ΓB , CNew
i (r) = 0 on ∂Ω,

and Ji(r) · n = 0 on ∂Ωm.
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8. Solve 4PBik1 Equation for ΨNew as in Step 4 with CNew
i in place of COld

i .
9. Solve 4PBik2 Equation for φNew as in Step 5.

10. If
∥∥∥φNew − φOld

∥∥∥
∞

> Tol, then set φOld = ωPNPBφOld + (1−ωPNPB)φNew and go to Step 7, else
go to Step 11.

11. V = V + ∆V and go to Step 4 until the desired voltage is reached.

Linearizing the nonlinear 4PBik (17) yields two second-order linear 4PBik1 and 4PBik2 in Steps
4 and 5 that differ from the nonlinear (33) and (34). Newton’s iterative Steps 4–6 for solving 4PBik1
and 4PBik2 dictates convergence that also depends on various mappings from an old solution φOld

to a new solution φNew. This algorithm uses two relaxation and three continuation mappings for
which we need to carefully tune two relaxation parameters ω4PBik and ωPNPB and three continuation
parameters λc (related to correlation effects), λs (steric effects), and ∆V (incremental voltage for applied
voltage). For example, the parameter λs in ΓOld(r) = 1−∑K+1

j=1 λsvjCOld
j (r) can be chosen as λs = k∆λ,

k = 0, 1, 2, · · ·, 1
∆λ , an incremental continuation from 0 (no steric effects) to 1 (fully steric effects) with

a tuning stepping length ∆λ. The algorithm can fail to converge if we choose ∆λ = 1 (without
continuation) for some simulation cases, since we may have ΓOld(r) < 0 resulting in numerically

undefined Strc(r) = ln ΓOld(r)
ΓB at some r where the potential φOld(r) is large.

7.2. Discretization Methods

All PDEs in Steps 1, 2, 4, 5, 8, and 9 are of Poisson type −∇2φ(r) = f (r). We use the central finite
difference (FD) method [64]

−φi−1,j,k + 2φijk − φi+1,j,k

∆x2 +
−φi,j−1,k + 2φijk − φi,j+1,k

∆y2 +
−φi,j,k−1 + 2φijk − φi,j,k+1

∆z2 = fijk, (49)

to discretize it at all grid points rijk = (xi, yj, zk) in a domain, where φijk ≈ φ(xi, yj, zk), fijk =

f (xi, yj, zk), and ∆x, ∆y, and ∆z are mesh sizes on the three axes from a uniform partition ∆x = ∆y =

∆z = h. The domains in Steps 1 and 2 are Ωm and Ωs, respectively. The discretization leads to a sparse
matrix system A

−→
φ =

−→
f with the compressed bandwidth of the matrix A being 7, where the matrix

size can be millions for sufficiently small h to obtain sufficiently accurate φijk.
The matrix system consists of four subsystems, two by the FD method (49) in Ωm and Ωs, one by

another method (see below) to discretize the jump condition in Step 2 on the interface ∂Ωm between
Ωs and Ωm, and one by imposing boundary conditions on ∂Ω. We need to solve the matrix system in
the entire domain Ω = Ωm ∪Ωs.

The convergence order of (49) is O(h2) (optimal) in maximum error norm for sufficiently smooth
function φ(r). However, this optimal order can be easily degraded to O(h0.37) [186], for example,
by geometric singularities if the jump condition is not properly treated. In [64], we propose the
interface method

−εi− 3
2
φi−2 +

(
εi− 3

2
+ (1− A1) ε−

i− 1
2

)
φi−1 − A2ε−

i− 1
2
φi

∆x2 = fi−1 +
ε−

i− 1
2

A0

∆x2 (50)

−B1ε+
i− 1

2
φi−1 +

(
(1− B2) ε+

i− 1
2

+ εi+ 1
2

)
φi − εi+ 1

2
φi+1

∆x2 = fi +
ε+

i− 1
2

B0

∆x2 , (51)

where

A1 =
− (εm − εs)

εm + εs
, A2 =

2εm

εm + εs
, A0 =

−2εm [φ]− ∆x [εφ′]
εm + εs

,

B1 =
2εs

εm + εs
, B2 =

εm − εs

εm + εs
, B0 =

2εs [φ]− ∆x [εφ′]
εm + εs

,
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to discretize the 1D Poisson equation− d
dx

(
ε(x) dφ(x)

dx

)
= f (x) at every jump position γ ∈ ∂Ωm that is at

the middle of its two neighboring grid points, i.e., xi−1 < γ = xi− 1
2

< xi, where xi− 1
2

= (xi−1 + xi)/2
and xi−1 and xi belong to different domains Ωs and Ωm. The corresponding cases in y- and z-axis
follow obviously in a similar way. This method yields optimal convergence [64].

Since the matrix system is usually very large in 3D simulations and we need to repeatedly solve
such systems updated by nonlinear iterations as shown in the above algorithm, linear iterative methods
such as the bi-conjugate gradient stabilized (bi-CG) method are used to solve the matrix system [74].
We propose two parallel algorithms (one for bi-CG and the other for nonlinear iterations) in [74] and
show that parallel algorithms on GPU (graphic processing unit) over sequential algorithms on CPU
(central processing unit) can achieve 22.8× and 16.9× speedups for the linear solver time and total
runtime, respectively.

Discretization of Nernst–Planck equations in Step 7 is different from (49) because the standard
FD method

Ci+1 − Ci
∆x

=
Ci+1 + Ci

2

(
−β

∆φi
∆x

+
∆Strc

i
∆x

)
(52)

for the zero flux (J(x) = −D(x)
(

dC(x)
dx + βC(x) dφ(x)

dx − v
v0

C(x) dStrc(x)
dx

)
= 0) can easily yield

Ci+1 − Ci > Ci+1 + Ci (53)

and thereby a negative (unphysical) concentration Ci < 0 at xi if

1
2
(
−β∆φi + ∆Strc

i
)

> 1, (54)

where ∆φi−1 = φi − φi−1, φi ≈ φ(xi) etc. Therefore, it is crucial to check whether the generalized
Scharfetter–Gummel (SG) condition [68]

− β∆φi + ∆Strc
i ≤ 2 (55)

is satisfied by any discretization method in implementation. This condition generalizes the well-known
SG stability condition in semiconductor device simulations [187,188] to include the steric potential
function Strc(r).

We extend the classical SG method [187] of the flux J(x) in [68] to

Ji+ 1
2

=
−D
∆x

[B(−ti)Ci+1 − B(ti)Ci] (56)

where ti = β∆φi − ∆Strc
i and B(t) = t

et−1 is the Bernoulli function [188]. Equation (56), an exponential

fitting scheme, satisfies (55) and is derived from assuming that the flux J, the local electric field −dφ
dx ,

and the local steric field dStrc

dx are all constant in the sufficiently small subinterval (xi, xi+1), i.e.,

J
D

=
−dC(x)

dx
− kC(x), for all x ∈ (xi, xi+1), (57)

where k = β
dφ
dx − dStrc

dx . Solving this ordinary differential equation (ODE) with a boundary condition
Ci or Ci+1 yields the well-known Goldman-Hodgkin-Katz flux equation in ion channels [9], which is
exactly the same as that in (56) but with the subinterval (xi, xi+1) being replaced by the height of the
entire box in Figure 2R.
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The generalized Scharfetter-Gummel method for Nernst-Planck equations is thus

dJ(xi)

dx
≈

Ji+ 1
2
− Ji− 1

2

∆x
=

bi−1Ci−1 + biCi + bi+1Ci+1

∆x2 = 0 (58)

Ji− 1
2

=
−D
∆x

[B(−ti−1)Ci − B(ti−1)Ci−1]

Ji+ 1
2

=
−D
∆x

[B(−ti)Ci+1 − B(ti)Ci]

ti = β∆φi − ∆Strc
i , B(t) =

t
et − 1

bi−1 = −B(ti−1), bi = B(−ti−1) + B(ti), bi+1 = −B(−ti).

The SG method is optimal in the sense that it integrates the ODE (57) exactly at every grid point
with a suitable boundary condition [189]. Therefore, the SG method can resolve sharp layers very
accurately [189] and hence needs few grid points to obtain tolerable approximations when compared
with the primitive FD method. Moreover, the exact solution of (57) for the concentration function
C(x) yields an exact flux J(x). Consequently, the SG method is current preserving, which is particularly
important in nonequilibrium systems, where the current is possibly the most relevant physical property
of interest [190].

It is difficult to overstate the importance of the current preserving feature and it must be
emphasized for workers coming from fluid mechanics that preserving current has a significance
quite beyond the preserving of flux in uncharged systems. Indeed, conservation of current (defined
as Maxwell did to include the displacement current of the vacuum ε0

∂E(r,t)
∂t ) is an unavoidable

consequence, nearly a restatement of the Maxwell equations themselves [104,106]. The electric field is
so strong that the tiniest error in preserving current, i.e., the tiniest deviation from Maxwell’s equations,
produces huge effects. The third paragraph of Feynman’s lectures on electrodynamics makes this point
unforgettable [191]. Thus, the consequences of a seemingly small error in preserving the flow of charge
are dramatically larger than the consequences of the same error in preserving the flux of mass.

We have developed a C++ code for solving 4PBik and PNPB models on laptop and high-
performance (with GPU) computers. For solving a 4PBik problem with a matrix system of size
4,096,000, for example, the code requires about 300 MB memory to store the compressed matrix system
with double precision. It took about 2 min and 47 s on a laptop computer equipped with 1.3 GHz Intel
CPU and 2 GB RAM to solve the linear system once by the successive overrelaxation method with an
error tolerance of 10−6 [64].

8. Applications

We have used the saturating Poisson-Nernst-Planck-Bikerman theory to study ion activities,
electric double layers, and biological ion channels in the past. The theory accounts for the steric
effect of ions and water molecules, the effects of ion-ion and ion-water correlations, the screening and
polarization effects of polar water, and the charge/space competition effect of ions and water molecules
of different sizes and valences. These effects are all closely related to the dielectric operator in (17) and
the steric potential in (4) that works on both macroscopic and atomic scales. We now illustrate these
properties in the following three areas using mostly experimental data to verify the theory.

8.1. Ion Activities

The curves in Figure 3 obtained by the generalized Debye-Hückel Formula (45) [75] fit well to the
experimental data by Wilczek–Vera et al. [192] for single-ion activities in 8 1:1 electrolytes. There are
only three fitting parameters in the formula, namely αi

1, αi
2 and αi

3, which we reiterate have specific
physical meaning as parameters of the water shell around ions. The values of the parameters are given
in Table 1 from which we observe that RBorn

i deviates from R0
i slightly. For example, RBorn

Cl−
/R0

Cl−
=

1.007∼1.044 (not shown) for Figure 3a with [LiCl] = 0∼2.5 M, since the cavity radius RBorn
Cl−

is an
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atomic measure from the infinite singularity δ(r− 0) at the origin, i.e., φ4PBik(r) and thus γ4PBik
i are

very sensitive to RBorn
i . On the other hand, γ4PBik

i is not very sensitive to Rsh
i (Rsh

Cl−
= 5.123∼5.083

Å), i.e., the fixed choice of Ow
i = 18 (an experimental value in [166]) for all curves is not critical but

reasonable [69]. The error between the estimated Ow
i and its unknown true value can always be

compensated by small adjustments of RBorn
i . The values of other symbols are aLi+ = 0.6 Å, aNa+ = 0.95

Å, aK+ = 1.33 Å, aF− = 1.36 Å, aCl− = 1.81 Å, aBr− = 1.95, aH2O = 1.4 Å, R0
Li+

= 1.3 Å, R0
Na+ = 1.618

Å, R0
K+ = 1.95 Å, R0

F− = 1.6 Å, R0
Cl−

= 2.266, R0
Br− = 2.47 Å [173], εw = 78.45, εion = 1, T = 298.15 K,

where ai is the (Pauling) radius of type i particle (ion) [173].
Table 1 also shows the significant order of these parameters, i.e.,

∣∣αi
1

∣∣ >
∣∣αi

2

∣∣ >
∣∣αi

3

∣∣ in general
cases. Please note that the three sets of the values of αNa+

1 , αNa+

2 , and αNa+

3 for the same Na+ in three
different salts NaCl, NaBr, and NaF are different because the diameters of the anions are different.
Figure 4 shows single-ion activities in 6 2:1 electrolytes by experiments [192] and 4PBik, where the
significant order (not shown) of three fitting parameters is similar to that in Table 1.

Table 1. Values of αi
1, αi

2, αi
3 in (44).

Fig.# i αi
1 αi

2 αi
3 Fig.# i αi

1 αi
2 αi

3

3a Li+ −0.006 −0.037 0.004 3e Na+ −0.049 0.042 −0.013
3a Cl− 0.052 −0.015 0 3e Br− 0.071 −0.048 0.006
3b Li+ −0.006 −0.011 −0.004 3f K+ 0.005 0.051 −0.015
3b Br− 0.026 −0.057 0.010 3f F− 0.033 −0.028 0.003
3c Na+ 0 0 0 3g K+ 0.031 0.022 −0.005
3c F− 0.027 0 0 3g Cl− 0.020 −0.025 0.004
3d Na+ −0.045 0.009 −0.002 3h K+ 0.025 −0.062 0.018
3d Cl− 0.063 −0.014 −0.002 3h Br− 0.001 0.082 0
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Figure 3. Single-ion activity coefficients of (a) LiCl (b) LiBr (c) NaF (d) NaCl (e) NaBr (f) KF (g) KCl
(h) KBr electrolytes. Comparison of 4PBik results (curves) with experimental data (symbols) [192] on
i = C+ (cation) and A− (anion) activity coefficients γi in various [CA] from 0 to 1.6 M.
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Figure 4. Single-ion activity coefficients of (a) MgCl2 (b) MgBr2 (c) CaCl2 (d) CaBr2 (e) BaCl2 (f) BaBr2

electrolytes. Comparison of 4PBik results (curves) with experimental data (symbols) [192] on i = C2+

(cation) and A− (anion) activity coefficients γi in various [CA2] from 0 to 1.5 M.

The electric potential and other physical properties of ionic activity can be studied in detail
according to the partitioned domain in Figure 1 characterized by RBorn

i and Rsh
i . For example, we

observe from Figure 5 that the electric potential (φ4PBik
Br− (0) = −2.4744 kBT/e) and the Born radius

(RBorn
Br− (2 M) = 2.0637 Å) generated by Br− at [LiBr] = 2 M are significantly different from that

(φ4PBik
Br− (0) = −0.6860 kBT/e, RBorn

Br− (2 M) = 4.2578 Å) at [KBr] = 2 M. The only difference between
these two solutions is the size of cations, i.e., the size of different positive ions significantly changes
the activity of the same negative ion at high concentrations. The difference between φ4PBik

Li+ (0) and
φ4PBik

K+ (0) is due to the sizes of Li+ and K+ not Br− as it is the same for both solutions.

0 2 4 6 8 10
0

2

4

6
Li

+

Br
-
 (LiBr)

K
+

Br
-
 (KBr)

Figure 5. Electric potential φ4PBik(r) profiles by (42) near the solvated ions Li+ and Br− at [LiBr] = 2 M,
and K+ and Br− at [KBr] = 2 M, where r is the distance from the center of the respective ion.

This example clearly shows the atomic properties of 4PBik theory in the ion Ωi and shell Ωsh
domains and the continuum properties in the solvent domain Ωs. The Born radius RBorn

i in (42)
determined by (44) changes with (i) ion-water interactions in Ωi ∪Ωsh and (ii) ion-ion interactions in
Ωi ∪Ωs via φ4PBik(r) in (42) that is self-consistently determined by the interface conditions in (35)–(39)
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and by (iii) multi-salt [73,76] concentrations in Ωs, (iv) the screening effects of water in Ωsh and ions and
water in Ωs, (v) the polarization effect of water in Ωs, (vi) the correlation effect between ions in Ωs, (vii) the
steric effects of all ions and water in the entire domain Ω = Ωi ∪Ωsh ∪Ωs, (viii) temperatures [73,76],
and (ix) pressures [73,76]. The generalized Debye-Hückel formula (45) includes all these 9 physical
properties with only 3 fitting parameters. However, we look forward to the day when we can derive the
three fitting parameters for particular types of ions, from independently determined experimental data.

8.2. Electric Double Layers

We consider a charged surface in contact with a 0.1 M 1:4 aqueous electrolyte, where the charge
density is σ = 1e/(50 Å2), the radius of both cations and anions is a = 4.65 Å (in contrast to an
edge length of 7.5 Å of cubical ions in [133]), and εs = 80 [72]. The multivalent ions represent large
polyanions adsorbed onto a charged Langmuir monolayer in experiments [133]. We solve (33) and (34)
using (49) in the rectangular box Ω = Ωs =

{
(x, y, z) : 0 ≤ x ≤ 40, − 5 ≤ y ≤ 5, − 5 ≤ z ≤ 5 Å

}

such that φ(r) ≈ 0 within the accuracy to 10−4 near and on the surface x = 40 Å. The boundary
conditions on the surface and its adjacent four planes are −εs∇φ · n = σ with n = 〈−1, 0, 0〉 and
−εs∇φ · n = 0 with n defined similarly, respectively.

The classical PB model (with a = aH2O = lc = 0, i.e., no size, void, and correlation effects)
produces unphysically high concentrations of anions (A4−) near the surface as shown by the dashed
curve in Figure 6L. The dotted curve in Figure 6L is similar to that of the modified PB in [133] and
is obtained by the 4PBik model with lc = 0 (no correlations), VK+2 = 0 (no voids), and aH2O = 0
(water is volumeless as in [133] and hence ΓB = 1− ∑K

i=1 viCB
i is the bulk water volume fraction).

The voids (VK+2 6= 0) and water molecules (aH2O 6= 0) have slight effects on anion concentration
(because of saturation) and electric potential (because water and voids have no charges) profiles as
shown by the thin solid curves in Figure 6L,R, respectively, when compared with the dotted curves.
However, ion-ion correlations (with lc = 1.6a [78]) have significant effects on ion distributions as
shown by the thick solid and dash-dotted curves in Figure 6L, where the saturation layer is on the
order of ionic radius a and the overscreening layer [78] (CA4−(x) ≈ 0 < CB

A4− = 0.1 M) of excess co-ions

(CC+ (x) > CB
C+ = 0.4 M) is about 18 Å in thickness.

The saturation layer is an output (not an imposed condition) of our model unlike a Stern layer [193]
imposed by most EDL models to account for size effects near charge surfaces [194–196]. The electric
potentials φ(0) = 5.6 kBT/e at x = 0 and φ(11.5) = −1.97 kBT/e in Figure 6R obtained by 4PBik with
voids and correlations deviate dramatically from those by previous models for nearly 100% at x = 0 (in
the saturation layer) and 70% at x = 11.5 Å (in the screening layer) when compared with the maximum
potential φ(0) = 2.82 kBT/e of previous models. The 4PBik potential depth φ(11.5) = −1.97 kBT/e of
the overscreening layer is very sensitive the size a of ions and tends to zero as a→ 0.
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models in a C4A electrolyte solution with the charge density σ = 1e/(50 Å2) at x = 0. Right (R):
Electric potential profiles φ(x).
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8.3. Biological Ion Channels

Biological ion channels are a particularly appropriate test of a model of concentrated
ionic solutions.

The data available for tens to hundreds of different types of channels and transporters is
breathtaking: it is often accurate to a few per cent (because signal to noise ratios are so large and
biological variation hardly exists for channels of known amino acid sequence, which means nearly
every channel presently). The data is always nonequilibrium, i.e., current voltage relations in a wide
range of solutions of different composition and concentration, or (limiting zero voltage) conductance
in those solutions. Indeed, many of the channels do not function if concentrations are equal on both
sides and the electrical potential is zero. They are said to inactivate.

The data is often available for single channels recorded individually in patch clamp or bilayer
configuration. Data is available for a range of divalent (usually calcium ion) concentrations because
calcium concentration is often a controller of channel, transporter, and biological activity in the same
sense that a gas pedal is the controller of the speed of a car. The structure of the ion channel or
transporter is often known in breathtaking detail. The word ‘breathtaking’ is appropriate because
similar structures are rarely if ever known of strictly physical systems. The structure and the structure
of the permanent and polarization charge of the channel protein (that forms the pore through which
ions move) can be modified by standard methods of site directed mutagenesis, for example that are
available in ‘kit’ form usable by most molecular biology laboratories. Thus, models can be tested from
atomic detail to single-channel function to ensemble function to cellular and physiological function,
even to the ultimate biological function (like the rate of the heartbeat). Few other systems allow
experimental measurement at each level of the hierarchy linking the atomic composition of genes
(that encode the channel’s amino acid composition), to the atomic structure of the channel, right to
the function of the cell. The hierarchy here reaches from 10−11 to 10−5 m. When the channel controls
the biological function of an organ like the heart, the hierarchy reaches to 2 · 10−1 m, in humans
for example.

The biological significance of ion channels is hard to exaggerate since they play a role in organisms
analogous to the role of transistors in computers. They are the device that execute most of the physical
controls of current and ion movement that are then combined in a hierarchy of structures to make
biological cells, tissues, and organisms, if not populations of organisms.

From a physical point of view, ion channels provide a particularly crowded environment in
which the effects of the steric potential (crowding in more traditional language) and electrical potential
can combine to produce striking characteristics of selectivity and rectification. Theories that do not
deal explicitly with ion channel data, i.e., that do not predict current voltage relations from known
structures, seem to us to be begging central PHYSICAL questions that might falsify their approach.
In fact, as a matter of history it is a fact that we learned how to construct our model of bulk solutions
from our earlier work on ion channels.

8.3.1. Gramicidin A Channel

We use the gramicidin A (GA) channel in Figure 2L to illustrate the full
Poisson–Nernst–Planck–Bikerman theory consisting of Equations (4), (27), (28), (32)–(34),
and conditions (35)–(39) with—steric, correlation, polarization, dielectric, charge/space competition,
and nonequilibrium effects—at steady state using the algorithm and methods in Section 7 to perform
numerical simulations. The union domain Ωi ∪Ωsh in Figure 1 is replaced by the biomolecular domain
Ωm in Figure 2R.

Figure 7L shows I-V curves obtained by PNPB and compared with experimental data (symbols)
by Cole et al. [197] with bath K+ and Cl− concentrations CB = 0.1, 0.2, 0.5, 1, 2 M and membrane
potentials ∆V = 0, 50, 100, 150, 200 mV. The PNPB currents in pico ampere (pA) were obtained
with θ = 1/4.7 in the pore diffusion coefficients θDi from (30) for all particle species. The reduction
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parameter θ has been used in all previous PNP papers and is necessary for continuum is comparable to
MD, BD, or experimental data [198]. The values of other model parameters are listed in Table I in [68].
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Figure 7. Left (L): A comparison of PNPB (curves) and experimental [197] (symbols) I-V results with
bath K+ and Cl− concentrations CB = 0.1, 0.2, 0.5, 1, 2 M and membrane potentials ∆V = 0, 50, 100,
150, 200 mV. Right (R): Averaged steric potential Strc(r) profiles at each cross section along the pore
axis with CB = 0.1, 0.2, 0.5, 1, 2 M and ∆V = 200 mV. The same averaging method applies to the
following profiles.

We summarize the novel results of PNPB in [68] when compared with those of earlier continuum
models for ion channels: (i) The pore diffusion parameter θ = 1/4.7 agrees with the range 1/3 to 1/10
obtained by many MD simulations of various channel models [199–201] indicating that the steric
(Figure 7R), correlation, dehydration (Figure 8L), and dielectric (Figure 8R) properties have made
PNPB simulations closer (realistic) to MD than previous PNP for which θ differs from MD values
by an order to several orders of magnitude [200]. (ii) Figures 7R and 8L,R, which are all absent in
earlier work, show that these properties correlate to each other and vary with salt concentration and
protein charges in a self-consistent way by PNPB. (iii) The steric potential profiles in Figure 7R clearly
illustrate the charge/space competition between ions and water under dynamic and variable conditions.
For example, the global minimum value in Figure 7R at r̂ = 13.1 on the channel axis, where the channel
protein is most negatively charged, is Strc(r̂) = ln Γ(r̂)

ΓB = −0.485 yielding Γ(r̂)/ΓB = 0.616. Namely it
is 38.4% more crowded at r̂ than in the bath and mainly occupied by K+ as shown in Figures 8L and
9L. It is important to quantify voids (Γ(r) = 1−∑K+1

i=1 viCi(r)) at highly charged locations in channel
proteins and many more biological, chemical, and nano systems. The charge space competition has
been a central topic in the study of ion channels since at least [202–206]. The literature is too large to
describe in detail here. Recent reviews can help [207–210]. (iv) PNPB preserves mass conservation due
to void and size effects in contrast to PNP as shown in Figure 9R, where the total number of H2O and
K+ in the channel pore is 8 [211].
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channel pore by PNPB and PNP as [KCl] increases from 0 to 2 M. The total number of H2O and K+ in
the pore is 8 [211], which is conserved by PNPB but not by PNP (without steric and correlation effects).

8.3.2. L-Type Calcium Channel

L-type calcium channels operate very delicately in physiological and experimental conditions.
They exquisitely tune their conductance from Na+-flow, to Na+-blockage, and to Ca2+-flow when
bath Ca2+ varies from trace to high concentrations as shown by the single-channel currents in femto
ampere in Figure 10L (circle symbols) recorded by Almers and McCleskey [212], where the range of
extracellular concentrations [Ca2+]o is 108-fold from 10−10 to 10−2 M.
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Figure 10. Left (L): Single-channel currents in femto ampere (fA) plotted as a function of log10[Ca2+]o.
Experimental data of [212] are marked by small circles and PNPB data are denoted by the plus sign and
lines. Right (R): The Lipkind–Fozzard pore model of L-type calcium channel, where 3 Ca2+ are shown
in violet, 8 O1/2− in red, 2 H2O in white and red. Reprinted with permission from (G. M. Lipkind and
H. A. Fozzard, Biochem. 40, 6786 (2001)). Copyright (2001) American Chemical Society.

We used the Lipkind-Fozzard molecular model [213] shown in Figure 10R to perform PNPB
simulations with both atomic and continuum methods (Algorithm 2 in [68]) for this model channel,
where the EEEE locus (four glutamate side chains modeled by 8 O1/2− ions shown by red spheres)
forms a high-affinity Ca2+ binding site (center violet sphere) that is essential to Ca2+ selectivity,
blockage, and permeation. Water molecules are shown in white and red. More realistic structures
would be appropriate if the work were done now, but the analysis here shows the ability of PNPB to
deal with experimental data using even a quite primitive model of the structure.

PNPB results (plus symbols) in Figure 10L agree with the experimental data at [Na+]i = [Na+]o =

32 mM, [Ca2+]i = 0, Vo = 0, and Vi = −20 mV (the intracellular membrane potential), where the
partial Ca2+ and Na+ currents are denoted by the solid and dotted line, respectively. These two
ionic currents show the anomalous mole fraction effect of the channel at nonequilibrium, i.e., trace
concentrations of Ca2+ ions effectively block the flow of abundant monovalent cations [212].
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8.3.3. Potassium Channel

Potassium channels conduct K+ ions very rapidly (nearly at the diffusion rate limit (108 per
second) in bulk water) and selectively (excluding, most notably, Na+ despite their difference in
radius is only aK+ − aNa+ = 1.33− 0.95 = 0.38 Å in sub-Angstrom range) [9]. Figure 11 shows the
structure of KcsA (PDB ID 3F5W) crystallized by Cuello et al. [214], where the spheres denote five
specific cation binding sites (S0 to S4) [215] in the solvent domain Ωs and the channel protein in Ωm

consists of N = 31,268 charged atoms. The exquisite selectivity of K+ over Na+ by K channels can
be quantified by the free energy (G) differences of K+ and Na+ in the pore and in the bulk solution,
i.e., by ∆G(K+) =

[
Gpore(K+)− Gbulk(K+)

]
and ∆G(Na+) = Gpore(Na+) − Gbulk(Na+) [215].

Experimental measurements [216–218] showed that the relative free energy

∆∆G(K+ → Na+) = ∆G(Na+)− ∆G(K+) = 5∼6 kcal/mol (59)

unfavorable for Na+.

Figure 11. The crystal structure of the K channel KcsA (PDB ID 3F5W) [214] with five cation binding
sites S0, S1, S2, S3, and S4 [215] marked by spheres.

Free energies can be calculated by the electric and steric potentials [72]

φS2 =
1

4πε0

(
1
6

6

∑
k=1

N

∑
j=1

qj

εp(r)|cj − Ak|
+

qS2

εbaS2

)
, Strc

S2 = ln
1− vS2

VS2

ΓB , (60)

at the binding site S2 [215] on the atomic scale, where S2 also denotes Na+ or K+ (the site is occupied
by a Na+ or K+), qj is the charge on the atom j in the protein given by PDB2PQR [219], εp(r) =

1 + 77r/(27.7 + r) [119], r = |cj− cS2|, cj is the center of atom j, Ak is one of six symmetric surface
points on the spherical S2, εb = 3.6, and VS2 = 1.5vK+ is a volume containing the ion at S2. We obtained
∆∆G = 5.26 kcal/mol [72] in accord with the MD result 5.3 kcal/mol [215], where Gpore(Na+) =

4.4, Gbulk(Na+) = −0.26, Gpore(K+) = −0.87, Gbulk(K+) = −0.27 kcal/mol, φNa+ = 7.5 kBT/e,
vNa+

v0
Strc

Na+ = 0.23, φK+ = −1.93 kBT/e, vK+

v0
Strc

K+ = −0.59, and CB
Na+ = CB

K+ = 0.4 M.
The crucial parameter in (60) is the ionic radius aS2 = 0.95 or 1.33 Å (also in |cj − Ak|) that affects

φS2 very strongly but Strc
S2 weakly. Another important parameter in (60) is the bulk void fraction ΓB

that depends on the bulk concentrations of all ions and water and links the total energy of the ion at S2
to these bulk conditions measured very far away (∼106 Å) in the baths on the atomic scale.

8.3.4. Sodium Calcium Exchanger

The Na+/Ca2+ exchanger (NCX) is the major cardiac mechanism that extrudes intracellular Ca2+

across the cell membrane against its chemical gradient by using the downhill gradient of Na+ [28].
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The molecular basis of Na+/Ca2+ interactions in NCX so striking to Lüttgau and Niedegerke [220]
have been revealed by the cloning of NCX gene [221] and the structure of the ancient archaebacterial
version NCX_Mj determined by Liao et al. [222]. Figure 12L illustrates NCX_Mj that consists of 10
transmembrane (TM) helices in which eight helices (TMs 2 to 5 and 7 to 10 labeled numerically in
the figure) form a binding pocket of three putative Na+ (green spheres) and one Ca2+ (blue sphere)
binding sites [222].

Figure 12. Left (L): Structure of NCX_Mj consisting of ten transmembrane helices that form a binding
pocket of three Na+ (green spheres) and one Ca2+ (blue sphere) binding sites [222]. Right (R):
Schematic diagram of a cycle of Na+/Ca2+ exchange in NCX consisting of five total potential states
(TPS). Two Na+ and one Ca2+ ions enter the binding pocket in the outward- (TPS2→ TPS3→ TPS4) and
inward-facing (TPS5→ TPS1) conformations, respectively. They exit in opposite conformations [70].

We developed a cyclic model of Na+/Ca2+ exchange mechanism in NCX [70] using (60) to
calculate five total (electric and steric) potential states (TPS) of various Na+ and Ca2+ ions shown in
Figure 12R, where TPS1 and TPS4 are stable (with negative values) and TPS2, TPS3, and TPS5 are
unstable (positive). Four extra sites in Figure 12R are determined empirically and close to entrance
or exit locations of the binding pocket. The green and blue dots in the diagram represent Na+ and
Ca2+ ions occupying the respective sites. Two Na+ and one Ca2+ ions enter the binding pocket in
the outward- (TPS2→ TPS3→ TPS4) and inward-facing (TPS5→ TPS1) conformations, respectively.
They exit in opposite conformations. The cycle consists of five steps.

Step 1: A conformational change is hypothetically activated [70] by a binding Ca2+ at the blue site
(S1) in TPS1 from inward-facing to outward-facing in TPS2.

Step 2: One Na+ enters the binding pocket from the access site in TPS2 to the top Na+ binding
site (S2) in TPS3 followed by another Na+ to the access site. These two coming Na+ ions move
the existing Na+ ion from the middle Na+ site (S3) to the bottom site (S4) by their Coulomb forces.
TPS2 and TPS3 are unstable meaning that the two coming Na+ ions have positive energies and are
thus mobile. The selectivity ratio of Na+ to Ca2+ by NCX from the extracellular bath to the binding
site S2 is CNa+ (S2)/CCa2+ (S2) = 55.4 under the experimental conditions of the extracellular bath
[
Na+

]
o = 120 mM and

[
Ca2+

]
o

= 1 µM [70].
Step 3: The vacant site S3 in TPS3 is a deep potential well with TP = −8.89 kBT/e that pulls the

two unstable Na+ ions to their sites in TPS4. Meanwhile, these two moving Na+ and the stable Na+ at
S4 extrude the Ca2+ (with unstable TP = 1.65) at S1 out of the pocket to become TPS4.

Step 4: Now, all three Na+ ions in TPS4 are stable with negative TP and the vacant site S1 has an
even deeper TP = −16.02. We conjecture that this TP value may trigger a conformational change from
outward-facing in TPS4 to inward-facing in TPS5. The mechanism of conformational changes in NCX
is yet to be studied.
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Step 5: Furthermore, this large negative TP in TPS5 yields a remarkably large selectivity ratio
of Ca2+ to Na+ by NCX from the intracellular bath to S1, i.e., CCa2+ (S1)/CNa+ (S1) = 4986.1 at[
Ca2+

]
i
= 33 µM and

[
Na+

]
i = 60 mM. A coming Ca2+ in TPS5 then extrudes two Na+ ions out of

the packet when it settles at S1 in stable TPS1.
Assuming that the total time T of an exchange cycle is equally shared by the 5 TPS, this model

also infers that the stoichiometry of NCX is 3
5 T·2 Na+ : 2

5 T·1 Ca2+ = 3 Na+ : 1 Ca2+ in transporting
Na+ and Ca2+ ions [70], which is the generally accepted stoichiometry (see reviews of Blaustein and
Lederer [223] and Dipolo and Beaugé [224]) since the pivotal work of Reeves and Hale [225] and
other subsequent experimental results. Please note that our model does not consider the electrogenic
property of NCX [223], i.e., the driving force of the electric potential gradient.

9. Conclusions

We have covered a range of aspects of the fourth-order Poisson-Nernst-Planck-Bikerman theory
from physical modeling, mathematical analysis, numerical implementation, to applications and
verifications for aqueous electrolyte systems in chemistry and biology. The theory can describe
many properties of ions and water in the system that classical theories fail to describe such as
steric, correlation, polarization, variable permittivity, dehydration, mass conservation, charge/space
competition, overscreening, selectivity, saturation, and more. All these properties are accounted for in
a single framework with only two fundamental parameters, namely the dielectric constant of pure
water and the correlation length of empirical choice. Ions and water have their physical volumes as
those in molecular dynamic simulations. The theory applies to a system at both continuum and atomic
scales due to the exact definition of the total volume of all ions, water molecules, and interstitial voids.

The most important features of PNPB are that (i) ions and water have unequal volumes with
interstitial voids, (ii) their distributions are saturating of the Fermi type, (iii) these Fermi distributions
approach Boltzmann distributions as the volumes tend to zero, and (iv) all the above physical properties
appear self-consistently in a single model not separately by various models. Most existing modified
Poisson-Boltzmann models consider ions of equal size and fail to yield Boltzmann distributions in
limiting cases, i.e., the limit is divergent indicating that steric energies are poorly estimated. Numerous
models for different properties such as steric, correlation, polarization, permittivity are proposed
separately in the past.

We have shown how to solve 4PBik analytically and PNPB numerically. The generalized
Debye-Hückel theory derived from the 4PBik model gives valuable insights into physical properties
and leads to an electrolyte (analytical) equation of state that is useful to study thermodynamic activities
of ion and water under wide ranges of composition, concentration, temperature, and pressure.

Numerically solving the fourth-order PNPB model in 3D for realistic problems is a challenging
task. There are many pitfalls that one must carefully avoid in coding. For that reason, we have
particularly mentioned some methods for handling the convergence issues of the highly nonlinear
PNPB system of partial differential equations and the discretization problems concerning the
complicate interface between molecular and solvent domains and the Scharfetter-Gummel stability
condition to ensure positivity of numerical concentrations and current preservation.

Finally, we have shown novel results obtained by PNPB for chemical and biological systems on
ion activities, electric double layers, gramicidin A channel, L-type calcium channel, potassium channel,
and sodium calcium exchanger. These results agree with experiments or molecular dynamics data
and show not only continuum but also atomic properties of the system under far-field conditions.
The fourth-order PNPB model is consistent and applicable to a great variety of systems on a vast scale
from meter to Angstrom.
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Abbreviations

The following abbreviations are used in this manuscript:

4PBik Fourth-Order Poisson-Bikerman
BD Brownian Dynamics
bi-CG bi-Conjugate Gradient Stabilized
DH Debye-Hückel
EDL Electric Double-Layer
FD Finite Difference
GA Gramicidin A
JESS Joint Expert Speciation System
L-J Lennard–Jones
MC Monte Carlo
MD Molecular Dynamics
NCX Sodium Calcium Exchanger
NP Nernst-Planck
ODE Ordinary Differential Equation
OZ Ornstein-Zernike
PB Poisson–Boltzmann
PDE Partial Differential Equation
PDB Protein Data Bank
PNP Poisson-Nernst-Planck
PNPB Poisson-Nernst-Planck-Bikerman
SG Scharfetter-Gummel
TPS Total Potential State
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Abstract: Biological ion channels and synthetic nanopores are responsible for passive
transport of ions through a membrane between two compartments. Modeling these ionic
currents is especially amenable to reduced models because the device functions of these pores,
the relation of input parameters (e.g., applied voltage, bath concentrations) and output parameters
(e.g., current, rectification, selectivity), are well defined. Reduced models focus on the physics
that produces the device functions (i.e., the physics of how inputs become outputs) rather than
the atomic/molecular-scale physics inside the pore. Here, we propose four rules of thumb for
constructing good reduced models of ion channels and nanopores. They are about (1) the importance
of the axial concentration profiles, (2) the importance of the pore charges, (3) choosing the right
explicit degrees of freedom, and (4) creating the proper response functions. We provide examples for
how each rule of thumb helps in creating a reduced model of device behavior.

Keywords: nanopores; ion channels; reduced models; Monte Carlo; classical density functional
theory; Poisson-Nernst-Planck

We dedicate this paper to our distinguished colleague and dear friend, Douglas Henderson (1934–2020).

1. Introduction

When modeling anything, some approximations must be made, usually to make the calculations
feasible. For example, molecular dynamics (MD) simulations use Lennard-Jones (LJ) interactions
between atoms in lieu of quantum mechanical interactions. This still keeps the all-atomic nature of
the simulations, but can now include more than a small number of atoms. Other models coarse-grain
the system much more, reducing the physics to simply calculated properties. Electrical circuits are an
example; the electrons are never explicitly modeled, nor are the quantum mechanical interactions that
produce electrical resistance. Instead, the concept of resistance is reduced to a proportionality factor
between the current and voltage, a kind of response function that (phenomenologically) encapsulates
complicated physics in a number. A reduced model can thus be very powerful.

In many nanoscale systems, however, it is not a priori clear how (or even if) one can reduce the
physics and still get sensible results. In this paper, we would like to better understand and define
when and why reduced models work for certain problems, but not for others? (Ion channels can be
considered as natural nanopores, a nomenclature often used in the literature. In this work, when we
use the term “nanopore”, we mean synthetic ones.) Why do reduced models work well for some
biological ion channels and synthetic nanopores What are reduced models and what defines a “good”
reduced model? Our attempt to answer these questions is based on the knowledge accumulated over
20 years [1–52] of modeling and computing permeation and selectivity in ion channels and nanopores.
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1.1. The Device Approach

Reduced models are especially useful if we focus on a system as a simple device [53,54]. A device
is a black box that responds to some incoming stimuli (input signals) by producing output signals.
Our goal is to open the black box a little bit and peak into it to understand the inner mechanisms
of the device that make the output. In the case of nanodevices, understanding necessarily means
understanding molecular mechanisms due to the microscopic dimensions of the underlying processes.
This is generally accomplished by modeling. In our model, we do not want to include everything;
we focus on those components that are absolutely necessary to reproduce device behavior. By device
behavior, we mean the relation of the input signal and output signal, also called device function.

By focusing on device function we reduce the problem at hand. We look at a complex system
from an engineering point of view. While complex systems are called complex because the engineering
approach tends to fail, there are systems where focusing on the important degrees of freedom allows us
to reproduce and explain device behavior, which is an experimentally measurable quantity. The system
gives the same response to a given signal in a reproducible manner no matter how complicated the
underlying molecular processes are.

Let us take the example of a toy model of an airplane. If we want to reproduce the primary device
function—the plane flies as a result of lift produced by a horizontal driving force—we do not need to
model unimportant degrees of freedom like seats inside the plane and screens on the backs of the seats.
We just need to model the proper shape of the plane, the wings especially. Those are the important
degrees of freedom.

Similarly, in modeling ion channels, the knowledge of which amino acid residues are charged (and
thus interact with the ions) is an important degree of freedom. The residues that are uncharged and are
far from the pore are unimportant. For example, in our model of the 2.2 megadalton ryanodine receptor
(RyR) channel (one of the largest ion channels known), we only include five charged amino acids.
Moreover, as we describe later in Section 3.1.2, not having the surface charge pattern correct (because
all the charged amino acids had not been identified yet) produces qualitatively incorrect results.

1.2. Ion Channels and Nanopores as Devices

A basic function of nanopores and open ion channels is to connect the bulk aqueous phases
separated by a membrane and let ions through in a controlled manner [55–57]. The basic input signals
of the baths+pore system are the concentrations and electrical potentials on the two sides of the
membrane. A difference in any of these properties (concentration and/or electrical potential difference,
for example, voltage) acts as a driving force for the diffusing ions and results in ionic currents that are
the output signals of the system.

We can also consider the structural features of the nanopore as an input signal as soon as they
can be changed easily. The most important feature is the surface charge pattern on the wall of the
nanopore [58]. This can be modified very easily with pH [59–61] or an electrical potential [62,63]
applied on the wall of a nanopore (a gate potential, to borrow a term from semiconductors) when it
is made of a conducting material (typically, gold). Surface charge pattern can also be changed with
chemical methods in the case of nanopores [64,65] and with point mutation techniques in the case of
ion channels. Here, we restrict ourselves to bath concentrations and voltage (the boundary conditions
of the problem of steady state transport) as the main input parameters also controlled by experiments.

The pore’s structural features are important because they determine the current response of the
device given to the driving force. That relation determines the various useful device functions that are
commonly attributed to ion channels and nanopores. An especially important feature of ion channels
is selectivity. Various ion channels with well-defined functions in the cell are often distinguished by
the specific ion that they favor over other kinds of ions. Regardless of their strict selectivity properties,
ions channels are often named on the basis of their physiological roles in the cell. This way, for example,
we distinguish calcium channels, potassium channels, sodium channels, and so on.
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Nanopores can be manipulated more easily, so they can exhibit a wider variety of
functions [56,65–72]. They can also be selective if they distinguish cations from anions. They can
behave as diodes if they let ions through at one sign of the voltage, but not at the opposite sign of
voltage, a phenomenon called rectification. If we can modify the pore’s properties by a third signal
(gate voltage or pH, for example), we can use the pore as a transistor [45,48,73]. We can also decorate
the nanopore’s wall with molecules that bind certain ion species selectively. In this case, if that ion
is present in the electrolyte, it can change the pore wall’s properties by binding to these molecules
and thus changing the current of the background electrolyte. In this way, the nanopore can be used
as a sensor [43,47,49,51]. The range of applications of nanopores for specific tasks is much wider,
well beyond the short list above, for example, DNA sequencing.

2. Reduced Models

The main idea of reduced models is in their name: the number of degrees of freedom that we
treat in detail in the model is reduced. We build only those components into the reduced model that
are necessary to reproduce and understand the device function. We call these degrees of freedom the
important ones. The unimportant or implicit degrees of freedom are treated with less precision and are
averaged into “response functions”.

A good reduced model is defined by choosing the important degrees of freedom carefully and
constructing sufficiently accurate response functions for the others.

Our aim with this paper is to illustrate how to accomplish this, with ion channels and nanopores as
worked examples.

The first question is how reduced our model should be? How much detail can we ignore?
In this respect, the models shown in this paper belong to a “no man’s land” between the really
detailed all-atom models studied by MD simulations popular in ion channel studies and mean-field
continuum models (the Poisson-Nernst-Planck (PNP) theory, for example) popular in nanopore studies.
We believe that our position between these two limiting cases is especially suitable to shed light on the
nature of good reduced models that are appropriate for a well-specified purpose, namely, studying a
device behavior.

First, we explain in a few words, why reduced models can be more suitable for ion channel devices
than all-atom models, at least, in certain cases. All-atom, in this context, means that we model all
water molecules and every single atom of the protein and the membrane explicitly. There are various
problems with these all-atom models. They cannot always cover the physiological parameter range,
small voltages or small concentrations, for example. They have sampling issues, specifically regarding
the simulation of ionic currents, because this means collecting samples of rare events, for example,
ions passing through the pore. The applied force fields might be problematic; they tend to overestimate
interactions between multiply charged entities due to missing electronic polarization in the models [74].
Also, the models are based on X-ray structures of the protein that are not always available, and even if
they are, the crystal structures often do not represent native functional states. For example, the fact
that they have been obtained for a frozen structure calls into question their applicability at room
temperature. Such uncertainties might be overcome with reduced models with properly adjusted
parameters if the goal is to reproduce the conductance properties of the pore.

Reduced models, as soon as they contain the necessary physics, do not suffer from these
shortcomings as much (they have other kinds of shortcomings, naturally). They can be simulated
faster, sampled better, and the model contains only the basic physics necessary to reproduce the device
behavior. One can spare oneself from computing the unimportant details. What is the important
physics and degrees of freedom is always determined by the problem at hand, the intention of the
investigator (to what deepness are you interested in the details, for example), and the computational
resources. Computation, namely, the simulation method with which we investigate the model is a

69



Entropy 2020, 22, 1259

crucial point of the research, but, from the point of view of the train of thoughts of this discussion,
they have secondary importance.

2.1. Ionic Distribution in the Pore as a Determining Factor

One aspect of our methodologies, however, is important and should be discussed here. In our
work, we usually use the Nernst-Planck (NP) transport equation [75,76] to compute the ionic flux:

ji(r) = − 1
kT

Di(r)ci(r)∇µi(r), (1)

where ji(r), Di(r), ci(r), and µi(r) are the flux density, the diffusion coefficent profile, the concentration
profile, and the electrochemical potential profile of ionic species i, respectively. One important principle
(rule of thumb) of this paper follows from this equation:

1. The current carried by an ionic species as a result of a given driving force (conductance) is mainly
determined by the axial concentration profile of that species inside the pore.

One interpretation of this statement is the obvious one that if there are more ions in the pore, they will
carry more current. The mechanism can, however, be more subtle than that. Pores working on the
basis of excluding certain ions from the pore (sodium channels exclude K+, while nanopores with
overlapping double layers exclude the coion) are controlled by depletion zones of these excluded ionic
species inside the pore somewhere. These depletion zones of low concentration act as high resistance
elements in a equivalent circuit if we imagine the consecutive zones of the pore as resistors connected
in series. These ideas will be fleshed out below, in our worked examples.

2.2. What Determines Local Concentration Inside the Pore?

The probability that a particle is found at a given position r in the system depends on the potential
energy, U(r), and the electrochemical potential, µi(r), of ionic species i at r (see the acceptance
probability of the particle insertion/deletion step in a Grand Canonical Monte Carlo (GCMC)
simulation [29]). The distribution of ions inside the pore, therefore, is influenced by (1) local interactions
of the ions with pore charges, other ions, solvent molecules, and confining surfaces, and (2) external
parameters such as concentration and electrical potential in the baths (the boundary conditions).

If local interactions dominate (U(r) dominates over µi(r)), such as in the crowded selectivity
filters of calcium channels (see Section 3.1), the concentration profiles are not so sensitive to boundary
conditions. In wide nanopores (Sections 3.2 and 3.3), on the other hand, changes in voltage or bath
concentration can significantly influence the concentration profile. In bipolar nanopores, for example,
changing the sign of the voltage reduces the depletion zones of ions even further, reducing current and
resulting in a diode behavior.

Of these two factors, however, it is the local interactions that are more important for our discussion.
These local effects determine the shape of the concentration profile, where it has peaks and where it
has depletion zones. They determine the basic device characteristics of the pore and they determine
how the pore responds to changes in the external conditions.

We can narrow what is important more specifically. Because free particles (ions and water) just
respond to changes in U(r) and µi(r), it is the features (structure) of the pore that determines device
function. Moreover, because the ions are charged, their Coulomb interactions with pore charges
are dominant; dipolar and higher-order terms in the multipole expansion are secondary both in
strength and range. Concentration profiles, therefore, depend sensitively on the distribution of the
pore charges. From all our work on channels and pores [5–31,33–52] up to this day, we can conclude
the following principle:

2. We need to build the pore charges into the model properly if we want to reproduce local concentration,
and, consequently, device function.
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In summary, pore charges are important degrees of freedom, as is the geometry of the pore (length,
radius, shape). But what can we say about important and unimportant degrees of freedom?

2.3. Important vs. Unimportant Degrees of Freedom

Charges (monopoles) are the first, and strongest term of the multipole expansion. The second,
and weaker term is the dipolar one that appears in the interaction of an ion with water molecules.
The big question arises whether we need to take the water molecules into account explicitly (as in
all-atom MD models), or can we replace them with response functions such as a dielectric constant or
a diffusion coefficient?

The answer to this question also depends on the system at hand. In the case of ion channels, it is
obvious that explicit water molecules are crucial in potassium channels; the selectivity of that channel
is the result of a subtle balance between the interactions of the permeating ions with the atoms of the
selectivity filter and with water molecules [77]. Calcium and sodium channels, however, as our model
calculations imply, work on the basis of interactions with charged side chains inside the selectivity
filter and volume exclusion (discussed below).

Using implicit water is not even a question in the nanopore world, where they abundantly use
transport equations and the PB theory. In this world, there is no argument about the necessity of
the implicit water model. Instead, we need to argue about the necessity of sophisticated statistical
mechanical methods such as classical density functional theory (DFT) or MC.

Why can water be smeared into an implicit background in one case, but not in the other case?
In other words, what decides whether explicit water is an important degree of freedom or not? Or,
in general, what decides whether any degree of freedom is important or not? We give an explicit
answer to this question that, we hope, will be a general recipe for building reduced models:

3. Those degrees of freedom are the important ones that depend on the input parameters of the device
(voltage and concentration), while those that do not can be replaced by response functions.

If a component of the system does not change considerably upon, for example, changing the voltage,
then this component does not influence the mechanisms by which the model generates an output
signal as a response to the input signal.

Let us use implicit water as an example to explain this, as this choice is sometimes controversial.
Ions are screened by the surrounding water molecules no matter whether external conditions change
or not. Certainly, an applied field or the presence of other ions distort the hydration shell around the
ions, so screening is changed by changing voltage or concentration.

The effect of external conditions is small if they are small relative to primary effects, for example,
to interactions with pore charges. If two degrees of freedom have a large relative difference in how
they change with external conditions, then we can make the one with the small response implicit.
This is a decision for the modeller, and, eventually, a matter of comparison of the model results with
reference data. Reference data are primarily experimental data, but they can also be MD results for
all-atom models (results will be shown for both cases).

Implicit water, although the most characteristic, is not the only way of reducing the number of
explicit degrees of freedom. We can, for example, model the membrane with a slab between two hard
walls. We can model the pore with a cylinder of hard wall. We can model the ion channel only by
taking its selectivity filter into account, because that is the region that discriminates between ions.
We can model protein side chains in a simplified way by taking only the oxygens of the carboxyl
groups into account. There are a plenty of ways to simplify the model, but we need to ask ourselves at
every step whether the details we just ignored are important or not.

As in the case of the mean-field PNP theory, it can happen that we ignore too much detail. It is
well known that PNP cannot reproduce the selectivity behavior of calcium channels, because ionic
correlations and volume exclusion that are so important in the highly charged and crowded selectivity
filter of Ca channels are absent in PNP. We cannot use the approximations of PNP even in the case
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of the relatively wide nanopores if multivalent ions are present. Charge inversion, a feature that is
common in charged confined systems with multivalent ions cannot be reproduced with PNP [78].

The bottom line is that we need to balance between too many and too few details when we
create a model for a specific purpose. If one is curious about the detailed physics of the coordination
of ions at binding sites, the reduced model is too crude. If one is studying a wide nanopore with
a 1:1 electrolyte in it, PNP theory is probably all right. There is, however, a wide area in between,
where ionic correlations (including finite size) matter, but explicit water does not matter.

2.4. What Are Good Response Functions?

If we managed to distinguish between important and less important degrees of freedom, the next
step is to decide how to smear the less important ones into response functions. There are various
possibilities and it is not always obvious which one we should choose. In this respect, we suggest the
following principle.

4. When we create a response function, we should choose one whose parameters do not depend on external
conditions, or, at least, we should minimize that dependence. In other words, those parameters should be
transferable as much as possible.

This rule might sound obvious because it seems quite ridiculous to refit the parameters for every state
point (different values of input device parameters). A model is a model together with its parameters.
If those parameters are not stable, meaning transferable between various state points, the model is
probably missing some basic physics.

That is exactly the deeper meaning of the above rule. If the physics of the model is right, then it
should describe the properties of the nanopore’s wall or the ion channel’s selectivity filter in a robust
way. The model should be the same at another voltage or concentration. If the parameters depend on
external conditions, they should do that in a physically well-based and explainable way. Otherwise,
it is just an unsystematic fitting on the basis of a useless model. The model is useless in this case
because it is unusable for prediction. Transferable parameters are the basis of predictions.

In the following, we present our results for three different case studies that illustrate the rules
introduced above.

3. Case Studies

In the case studies presented in the following sections the system consists of two baths separated
by a membrane that contains a pore connecting the two baths. Two electrodes in the two baths produce
electrical potential difference (voltage) that is a part of the driving force of the transport of ions. Also,
ionic concentrations can be different on the two sides of the membrane. Concentration difference and
voltage add up to create an electrochemical potential difference that is the full driving force in the NP
equation (Equation (1)).

In the model of this system we include the two baths, the membrane and the pore. The simulation
cell is finite surrounded by a boundary at which different boundary conditions are prescribed for the
ionic concentrations and the electrical potential on the two sides of the membrane. The electrolyte is
modeled in the implicit water framework with the “Primitive Model” that, given the success of our
models, is not so primitive after all.

The ions are modeled as charged hard spheres immersed in a dielectric continuum represented
by the dielectric constant ε, one of the response functions. The interaction potential is

uij(r) =





∞ if r < Ri + Rj

1
4πε0ε

zizje2

r
if r ≥ Ri + Rj,

(2)

where Ri and Rj are the radii of ionic species i and j, respectively, zi and zj are the valences of ionic
species i and j, respectively, ε0 is the permittivity of vacuum, e is the elementary charge, and r is the
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distance between the two ions. The solvent also exerts its effect on the ions by hindering their diffusion
via friction. This is taken into account by another response function, the diffusion coefficient Di(r) (see
Equation (1)), which may include effects beyond interactions with waters, such as interactions with
other ions and the confining geometry.

The membrane and the pore are defined by hard walls for simplicity. The most important
difference between the test cases is that the pore is modeled differently in different cases. Basically,
the shape of the pore and the representation of pore charges are different. By shape of the pore we
mean an R(z) function that defines the hard wall obtained by rotating this function around the z axis.
The models of pore charges will be described in the different cases.

The models are studied with a hybrid simulation method in which the NP equation is coupled
to the Local Equilibrium Monte Carlo (LEMC) method (NP+LEMC). The LEMC method is basically
a generalization of the GCMC method [79,80] for the case of non-equilibrium systems where the
chemical potential is not necessarily constant, so the system is not in global equilibrium. Instead,
the input of the LEMC method is the µi(r) profile, while the output is the ci(r) profile. In practice,
the system is divided into small subvolumes, Vα, in which the µα

i is constant (local equilibrium is
assumed). The result of the simulation is the concentration in each subvolume, cα

i . The resulting µα
i and

cα
i profiles are substituted into the NP equation providing a flux, jα

i . An iteration process results in a self
consistent µα

i and cα
i pair that produces a flux density satisfying the continuity equation, ∇·ji(r) = 0.

It is an expression for local conservation of mass, while in our calculations we use the integrated
form that states that the sum of inward and outward currents in and out of a volume element is zero.
Details are found in previous papers [29,37,39,41].

The results of other models and computation methods will also be presented. Specifically, we will
show results of DFT coupled to the NP equation and MD simulations for explicit water models.
These models and methods will be described at the specific system, where they are used.

3.1. The Ryanodine Receptor Calcium Channel

The RyR is a biological ion channel that, in muscle, releases Ca2+ ions from the sarcoplasmic
reticulum in response to an influx of Ca2+ through L-type calcium channels. In both cardiac and skeletal
muscle cells, that RyR-mediated Ca2+ initiates muscle contraction. While its physiological importance
is obvious, RyR is also interesting from a single-channel biophysics point of view. Experimentally,
its large current allows for relatively easy single-channel current/voltage (IV) recordings. Theoretically,
it is a Ca2+-selective channel, but whose preference for Ca2+ is much lower than the L-type calcium
channel, even though they share the same selectivity filter in amino acids.

What makes an ion channel a calcium channel is the abundance of negative carboxyl groups
(COO−) in and around the selectivity filter. Generally, four glutamate (E) and/or aspartate (D)
amino acids line the selectivity filter, which is a short and narrow region of the pore. An important
turning point in the understanding of the physics of Ca2+ versus monovalent cations selectivity
was a reduced model by Nonner et al. [4] They imagined the selectivity filter of a calcium channel
as a high-density fluid where the two oxygens of each of the four COO− groups were modeled as
independent hard-sphere O1/2− ions (with radius 0.14 nm). When both Na+ and Ca2+ ions compete
for space in this “electric stew” [81], the competition is won by Ca2+ ions because they provide twice
the charge of Na+ ions while occupying the same volume (as they have similar Pauling radii).

This mechanism was later called “Charge-Space Competition” [5] because, while the four negative
charges of the selectivity filter attract cations, the crowding of those COO− groups and the permeating
ions inside the very small selectivity filter imposes entropic and energetic penalties for permeating
ions (Figure 1). In this scheme, there is a competition between entropic and enthalpic components,
creating an advantage for small and/or high-valence cations over large and/or low-valence cations.
This effect is amplified when the dielectric constant of the protein surrounding the pore is lower than
the dielectric constant of the selectivity filter lumen [13].
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Figure 1. Model of the RyR channel [37]. (A) The 3D model is obtained by rotating the shaded gray
area about the z-axis (the models have rotational symmetry). The arrows indicate the regions into
which the 8 O1/2− ions representing the respective amino acids are confined. The charges of the E4902
residues of the RyR channel are modeled by eight point charges on a ring. The dielectric constants is
εw = 78.5 in the whole system. The entire simulation cell is enclosed in a large cylinder. The geometry
for the NP+LEMC calculations can be found in Figure 1 of Reference [39]. The brown line indicates
the countour of the 1D model of Gillespie [16]. (B) A snapshot of the simulation. The blue, green,
light blue, and red spheres represent Na+, Ca2+, Cl−, and O1/2− ions, respectively. This figure was
prepared with vmd [82].

When this model of the L-type selectivity filter was incorporated into a pore and studied with
GCMC simulations, the model was successful in reproducing the micromolar Ca2+ selectivity of the
L-type calcium channel (EEEE locus). Specifically, it reproduced the seminal experiment of Almers and
McCleskey [83] where, in 32 mM NaCl, 1 µM Ca2+ in the bath blocks Na+ current, reducing it to half
that in the absence of Ca2+. The block works because Ca2+ ions displace Na+ ions in the selectivity
filter even though they are present in the bath at much smaller concentrations than the Na+ ions.
The model also reproduced [17,21,24] other mole fraction experiments (e.g., Ca2+ vs. Ba2+ [84–86],
Li+ vs. Na+ [87]) and Gd3+-block of ionic current [88]. Lastly, we were able to interpret [14] the
experiments of Heinemann et al. [89] where a DEKA→DEEA mutation converted a sodium channel
without a Ca2+ blockade into a calcium channel with 10−4 M affinity.

Concurrent to this work on the physics of L-type calcium channel selectivity, one of us (DG)
created a 1D reduced model of RyR using DFT based on the Nonner et al. independent-O1/2− model
of the COO− groups [11]. Here, we focus on a second, improved version of this 1D DFT model [16],
as it included more charged amino acids that are outside of the selectivity filter yet play an important
role in cation permeation [90] (following the second principle of reduced models). The D4945, D4938,
D4899, and E4900 amino acids (four copies of each of them due to the homotetrameric RyR structure)
were modeled by confining eight half charged oxygen ions, O1/2− (with radius 0.14 nm), in the regions
indicated by arrows in Figure 1. The E4902 amino acids were placed in a ring at the luminal entrance
of the pore.

The purpose of this RyR model was to determine whether a reduced model of this channel could
reproduce and predict experimental data. (RyR is more useful for this than L-type calcium channel
because of the vast amounts of IV data available for RyR.) Both the model [16] and its subsequent
applications [19,20,32,35] showed that this is indeed the case, reproducing all the available IV data
from the labs of Gerhard Meissner (University of North Carolina, Chapel Hill) and Michael Fill (Rush
University Medical Center, Chicago). Moreover, in these papers the model predicted (before confirming
experiments were done) a number of counterintuitive and nonlinear selectivity phenomena in RyR.

Later, a 3D reduced model of RyR was created by Boda et al. [37,41]. The purpose of this model was
partly to understand the success of the 1D model, trying to define the effects of radial ion distributions
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that are ignored in the 1D model (which assumed homogeneity in the radial direction). The profile
of the pore radius is indicated by the gray shaded area in Figure 1. Here, we focus on the 3D model
because it has been less well analyzed in detail and because it uses the same NP+LEMC simulation
technique that is also used for the nanopores, described later, that serve as different case studies of
reduced models.

Both the 1D and 3D models reproduce dozens of IV curves, some shown in the Supplementary
Information for the 3D model. This indicates that both models seem to capture the basics of the RyR
device physics in the axial direction. Therefore, we will discuss how each of the principles of reduced
models for nanopores works in these RyR models.

3.1.1. Ionic Concentrations and Current

How the ionic profiles determine the species current has several interesting subtleties in RyR. First,
given that the 3D model performs equally well as the 1D model, it seems that any radial ion packing
effects do not contribute significantly to the current. Figure 2 shows examples for Na+ and Ca2+.
The profiles are monotonic in the radial dimension, so the cross-section averaged axial concentration
profiles are the main determinants of current. This explains the success of the 1D model.
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Figure 2. Concentration profiles, ci(z, r), of Na+ and Ca2+ over the (z, r) plane for 100 mM NaCl and
1 mM CaCl2.

Second, high concentration of a species inside the pore does not always translate into high current
for that species. This is exemplified in mole fraction experiments, where two cation species compete
for the pore (Figures 3 and 4). We distinguish two basic kinds of mole fraction experiments: (1) In
one kind, we add one type of cation (e.g., divalents) to a fixed background of the other type of cation
(e.g., monovalents), for example, adding CaCl2 to a fixed 100 mM NaCl (or CsCl) solution; (2) In the
other kind, we keep the total salt concentration (or ionic strength) fixed while changing the mole
fraction of the two salt, for example, a NaCl/CsCl mixture at 250 mM total concentration.

Total current, I, or chord conductance, G = I/U (U is the applied voltage), can be considered
a primary device function in the case of ion channels. But, currents carried by the ionic species
are also interesting, and we show those as well. Figure 3 shows the currents as functions of
composition expressed either as lg[CaCl2] for the added-salt experiment or the mole fraction of
Na+ ([NaCl] + [CsCl] = 250 mM) for the mole fraction experiment.

In the added-Ca2+ experiment with Na+, it is seen that 10−3 M Ca2+ affects the current;
against Na+, RyR has millimolar Ca2+ selectivity. This [Ca2+] is smaller for Cs+ because Ca2+

can compete more easily with the larger Cs+. In both cases, the total current has a minimum, called the
anomalous mole fraction effect (AMFE), for experiments (gray spheres), the 1D DFT RyR model
(magenta lines), and the 3D NP+LEMC model (green triangles). There is also an AMFE for mixtures of
Na+ and Cs+.
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To understand the origin of the minimum in current, we first note that at the extremes all the
single-species currents are very similar: the all-Na+ current (and all Cs+ current) at 10−6 M Ca2+ or 0
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Cs+ (0 Na+) mole fraction is similar to the all-Ca2+ current at 10−2 M Ca2+. Why then does current
decrease with added Ca2+ (added-salt experiment) or added Na+ (mole fraction experiment) and
then increase?

Part of the answer lies in the axial concentration profiles for select Ca2+ concentrations and Na+

mole fractions shown in Figure 4. In the added-salt experiment (top row of figure panels), Ca2+

displaces Na+ and Cs+ throughout the pore. Ca2+ has a much stronger effect on Cs+, indicating that
RyR has a higher preference for Ca2+ than Cs+ (compared to Ca2+ versus Na+). Specifically, 10−3 M
Ca2+ displaces almost half the Na+ in the pore and two-thirds of the Cs+. Interestingly, however,
the Ca2+ current in Figure 3 (top row) is below the Na+ current and equal to the Cs+ current at
[Ca2+] = 1 mM. Recall that all single-species currents are nearly identical. Therefore, just because
Ca2+ has a large (or even the largest) concentration in the pore, it does not produce as much current as
would be predicted from those intra-pore concentrations.

In previous work [17,20], we traced this anomaly to the fact that Ca2+ is at low concentration
in the baths, even though it is extremely high (relatively) in the selectivity filter. This produces the
counterintuitive result that the bath has a high resistance to Ca2+ flowing, while the selectivity filter
has a low resistance. Usually it is the opposite. Only when the bath Ca2+ concentration is relatively
high is there an appreciable amount of Ca2+ current. This is physiologically relevant, as resting luminal
SR Ca2+ concentration is between 0.5 to 1 mM, and during contractions this is Ca2+ depleted to∼ 50 %
levels in cardiac myocytes and even lower in skeletal myocytes. The physiological cardiac ion species
currents are described in Reference [32].

This is an extreme example of the depletion zones we will discuss for the nanopores later.
A depletion zone (a place where ions are absent for the most part) can have as large an effect on
current as the regions of high concentration. This is because the axial direction for current flow is
made of several regions, the bath, the access region (at the mouth of the channel or pore), the pore,
another access region, and another bath. Each of these has a resistance to current flow and the
highest resistance element can dominate. In a channel this is usually the selectivity filter because it is
commonly physically narrow. However, if it is highly charged, then it will always have ions in it at
high concentration and so the bath resistance may dominate the current. In general, the absence of
ions in a region can be as consequential as high concentrations.

3.1.2. Accurate Representation of Pore Charges is Important for Reproducing Device Function

As stated above, the first 1D RyR model [11] did not include all the charged groups that the
second one [16] does. In fact, it originally included only the two then-known charged groups (Asp-4899
and Glu-4900). But, no parameters could be found to make the computed IV curves resemble,
even qualitatively, the experimental curves. Only by hypothesizing the existence of a region of
negative charge on the cytosolic side of the selectivity filter did the curves begin to match up. Later,
it was determined that two other aspartate groups (Asp-4945 and Asp-4938) also significantly affect
ion permeation and selectivity [90]. Only with the explicit addition of these and another charged group
(Glu-4902) did the model reproduce all the experimental data and predict even more (which were later
confirmed by experiments [16,19,20,32,35]).

3.1.3. Important versus Unimportant Degrees of Freedom

The results of both the 1D and 3D models indicate that the essential important degrees of freedom
were captured. One that was left out was ion dehydration. This is crucial for the physiological
function of potassium channels [77,91] and excludes Mg2+ from many other calcium channels [92].
However, in RyR it does not seem to play a role, as indicated by both experiments and the models.
In experiments, Mg2+ (which has a very large ion dehydration energy compared to the otherwise
similar Ca2+) permeates RyR equally as well as Ca2+, indicating no large energetic barrier for Mg2+

entry by stripping off waters. In the two models, missing an important piece of physics ought to
result in (large) deviations from the experimental data, especially in Mg2+ versus monovalent cation
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competition experiments. That this was not seen implies (but does not prove) that ion dehydration is
not significant for RyR.

One degree of freedom we have in both the 1D and 3D models that may be superfluous is the
flexibility of the O1/2− to move within their regions of confinement. Our previous work on the
L-type calcium channel [27] indicates that their movement in response to other ions being nearby is
unimportant for selectivity. Specifically, for that model pore the selectivity behavior of the channel does
not change much if we fix the positions of the O1/2− ions. Seemingly, the important characteristics is
the density of the O1/2− ions inside the pore, while their exact position is secondary. We continue to
include the flexibility because it is easy to include and extensive studies would be needed to verify
that it is indeed superfluous.

3.1.4. Transferability of Parameters

The main parameters we had that were not based on known RyR structure and that had to be
fitted to data were the ionic diffusion coefficients. For both the 1D and 3D models, after these were
fit, they were never changed. Therefore, they were used at low and high ionic bath concentrations,
low/high and negative/positive applied voltages, and in ionic mixtures. This indicates that they truly
are transferable and independent of external conditions.

The one caveat to that statement relates to one of the differences in constructing the 1D and
3D models. In the 3D model, we used only one adjustable Dpore

i value in the selectivity filter and
interpolated in the vestibules to the bulk. (Values are shown in Table 1.) In the 1D model, on the
other hand, there were fitted diffusion coefficients not only in the selectivity filter, but also in the
vestibules on either side, in the D4938 and E4900 regions (Figure 1). These were fit for K+ based on
data of RyR in symmetric 0.25 M KCl for native RyR (i.e., fully charged) and two charge-neutralizing
mutations (D4938N and E4900Q). With these, the 1D model reproduces the nonlinear IV curve of
another charge-neutralizing mutation (D4899N) that was not used in fitting the diffusion coefficients.
This further shows the transferability of the diffusion coefficients. (All non-K+ cation species were
fitted with one experimental data point for the selectivity filter diffusion coefficient and the vestibule
values were determined from ratios of the K+ diffusion coefficients in different areas of the pore.)

Table 1. Parameters of ions as used in the NP+Local Equilibrium Monte Carlo (LEMC) simulations.
The last column shows the density functional theory (DFT) value Dpore

i , the diffusion coefficient in the
selectivity filter, for comparison; the values for the vestibules are found in Reference [16]. a This value
was not fitted due to the fact that the channel does not let Cl− through.

Ion Ri (Pauling) Dbulk
i Dpore

i (LEMC) Dpore
i (DFT)

nm 10−9 m2s−1

Na+ 0.095 1.334 0.141 0.0365
Cs+ 0.169 2.056 0.193 0.0418
Ca2+ 0.99 0.792 0.0243 0.0041
Cl− 1.81 2.032 0.25 a 0.02

The 3D model, on the other hand, does not reproduce these charge-neutralizing experiments
(data not shown). Therefore, its diffusion coefficients are not as robust against changes to external
conditions (although such mutations are large perturbations). This indicates that caution is always
in order when interpreting a reduced model outside its established (i.e., tested against experiments)
range of external conditions.

3.2. Nanopores of Different Device Functions from Different Charge Patterns

In a recent work [46], we considered synthetic nanopores with varying charge patterns on their
walls along the z-axis (Figure 5). Although our rules of thumb were not formulated explicitly back
then, we practically organized that study along the lines of the four rules of thumb:
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• We studied how different charge patterns influence concentration profiles, and, through those,
device functions (rules of thumb #1 and #2).

• We performed simulations with models of different resolutions and studied the performance of
reduced models compared to all-atom MD simulations. Special attention was given to whether
water molecules could be treated implicitly, that is, whether they proved to be “unimportant”
degrees of freedom (rule of thumb #3).

• We fit the diffusion coefficients in the pore to MD data and investigated their transferability over
varying charge patterns (rule of thumb #4).

Figure 5. Schematics of the cylindrical nanopores with different charge patterns. There are two
regions of lengths HL and HR carrying σL and σR surface charges. We consider either bipolar (top
row) or unipolar (bottom row) nanopores. In the bipolar cases, the left-hand region is always negative
(σL = −σ0 with σ0 = 0.4835 e/nm2), while the right-hand region is positive (σR = σ0). In the unipolar
cases, the same is true, but the other side is neutral. The dimensionless net charge, Q, increases from
left to right, while the fraction of the left region, xL (Equation (3)), changes as indicated by the arrows.

A cylindrical nanopore was considered with radius Rpore = 0.97 nm and length H = 6.4 nm.
The wall of the pore was divided into two regions along the z-axis: a left (L) region of length HL

carrying σL surface charge, and a right (R) region of length HR = H−HL carrying σR surface charge.
The geometry can be characterized by the dimensionless parameter xL = HL/H. We gradually
increased HL, while keeping the total length, H, fixed, so we increased xL from 0 to 1. We performed
two series of calculations.

Bipolar pores: The HL region was negative (red in Figure 5), σL = −σ0, where σ0 = 0.4835 e/nm2,
while the HR region was positive (blue in Figure 5), σR = σ0. The limiting cases are the fully
negatively (‘nn’) and positively (‘pp’) charged pores for xL = 0 and 1, respectively, while we talk
about bipolar pores in between (‘np’).

Unipolar pores: In the other series, one of the regions was neutral (grey in Figure 5) in the intermediate
cases. These are actually two series of experiments. Starting from the ‘nn’ limiting case (from
left to right in Figure 5), through unipolar ‘n0’ charge patterns, we reach the ‘00’ limiting case
(neutral pore) as xL changes from 1 to 0. Starting from the ‘pp’ limiting case (from right to left in
Figure 5), through unipolar ‘0p’ charge patterns, we reach the ‘00’ limiting case (neutral pore) as
xL changes from 0 to 1. The ‘n0’ (‘0p’) pore, where σL = −σ0 and σR = 0 (σL = 0 and σR = σ0)
exhibits rectification due to the asymmetric charge pattern.

In order to characterize charge pattern, we introduced a dimensionless net charge, Q, ranging from
−1 to 1, defined as

Q = xL
σL

σ0
+ (1− xL)

σR

σ0
. (3)

This value is uniquely related to xL in the cases depicted in Figure 5. Its value is −1 for the ‘nn’
pore, 1 for the ‘pp’ pore, 0 for the ‘np’ pore, −0.5 for the ‘n0’ pore, 0.5 for the ‘0p’ pore, and 0 for the
‘np’ and ‘00’ pores. We found that the pore’s basic behavior is correlated with this parameter (Figure 6).
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Figure 6. (A) Ionic currents as functions of Q for the bipolar (left panel) and unipolar (right panel)
nanopores. Blue and red colors correspond to Na+ and Cl−, respectively. Symbols and lines correspond
to MD and NP+LEMC results, respectively. Filled symbold and solid lines refer to the ON state (200 mV),
while open symbols and dashed lines refer to the OFF state (−200 mV). (B) Diffusion coefficients in the
pore, Dpore

i , normalized by the bulk values, Dbath
i , fitted to MD currents in the ON states of the bipolar

pore. The fit was done for every Q separately.

In order to relate our implicit-water NP+LEMC simulations to explicit-water MD simulations,
we constructed an all-atom version of the model. While we did our best in building the all-atom
model that is, apart from the treatment of water, is as similar to the reduced model as possible,
there are differences:

• Water is explicit (SPC) in MD, while it is implicit in LEMC.
• The ions have Lennard-Jones cores in MD, while they have hard-sphere cores in LEMC.
• The pore wall is a carbon nanotube (CNT) in MD, while it is a hard wall in LEMC.
• The membrane is confined by carbon nanosheets (CNS) in MD, while with hard walls in LEMC.
• The interior of the membrane is empty (a vacuum) in MD, while it is an ε = 78.45 region in LEMC.
• The MD simulation cell applies periodic boundary conditions, while the LEMC simulation cell is

finite (a cylinder).

The most serious difference between the two systems is the treatment of water, so we consider
this study as a test of the implicit-water approximation for this nanopore system.

A continuous surface charge was mimicked by placing partial point charges at the carbon atoms
of the CNT. The CNT consisted of hexagons of side width 0.142 nm. There were 1682 partial charges of
strength 0.0112 e on the grid for the ‘pp’ pore. These same partial charges were used in the NP+LEMC
calculations. This fine resolution of the pore charges was necessary, because we also compared to the
PNP theory in Reference [46] (PNP results are not shown here).

The electrolyte was NaCl (for the ionic parameters see Reference [46]) at bulk concentrations 1 M.
The asymmetric pores were rectifying when we applied voltages 200 and −200 mV (ON and OFF
states, respectively).

3.2.1. Concentration Profiles and Device Functions

The MD simulation results are our gold standard, so we fit the diffusion coefficients inside the
pore, Dpore

i , to MD current data for the bipolar pore in the ON state (Figure 6B). Because we decided to
use only one adjustable parameter (Dpore

i ), it was necessary to make its value Q-dependent, because the
pore’s behavior is severely different at different Q parameters as also shown by the concentration
profiles (Figure 7).
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OFF states, respectively. Symbols and solid lines refer to molecular dynamics (MD) and NP+LEMC
results, respectively.

As the pore charge, Q, increases, Na+ current decreases and Cl− current increases (Figure 6A).
One of the device functions, selectivity, changes with Q, with the pore being non-selective at Q = 0.
When the charge pattern is asymmetrical, the pore rectifies, namely, the ON current is larger than the
OFF current (Figure 6A). Rectification (the other device function) has a maximum at Q≈0 in the bipolar
case, while it has maxima between Q = −1 and 0 as well as between Q = 0 and 1 in the unipolar case.
The selectivity and rectification curves as functions of Q are shown in Reference [46] (their Figure 7).

The axial concentration profiles (Figure 7) determine the current, as in the case of the RyR ion
channel. The major difference compared to the RyR channel is that the depletion zones have decisive
roles inside the pore here, not only in the access regions as in the case of the RyR. Briefly, if an ionic
species has a depletion zone somewhere inside the pore along the z-axis, its current is suppressed.
This statement is intuitive if we imagine the pore as a collection of layers along the z-axis that, in turn,
are imagined as resistors connected in series. If any of the resistors has a large resistance due to a
depletion zone in that layer, the whole circuit has a large resistance.
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We can also support our statement with a quantitative analysis. In Appendix A, we outline our
slope-conductance approach that shows that the resistance of the pore is related to the integral of c−1

i (z)

(Equation (A6)). Depletion zones give large contributions to that integral, and, therefore, to resistance.

3.2.2. Charge Pattern Determines Device Behavior

The decisive effect of pore charge pattern does not require special verification here; the studies of
Reference [46] shown in Figure 5 were devised for the purpose of studying that effect. Figure 6A for the
current and Figure 7 for the concentration profiles clearly show that the charge pattern characterized
by the Q parameter squarely determines device behavior.

When electrostatic attractions and repulsions play the primary role in forming the shape of the
ionic concentration profiles—namely, defining which are the coions and which are the counterions to
define where depletion zones and peaks are formed—it is not a surprise that charge pattern dominates
over other factors.

3.2.3. Water Molecules as Unimportant Degrees of Freedom

The decisive roles of Coulomb interactions and charge patterns also explain why water molecules
can be smeared into a continuum background. Both the axial concentration profiles (Figure 7) and
currents (Figure 6A) show that the device works qualitatively the same way in the case of the
explicit-water (MD) and implicit-water (NP+LEMC) models.

We devoted a whole paper to this question [42], so we summarize the results of that paper.
We showed that the implicit-water and explicit-water models produced qualitatively similar behavior
of the current for different voltages and model parameters. Looking at the details of concentration and
potential profiles, we found profound differences between the two models. However, these differences
did not influence the basic behavior of the model as a device because they do not influence the
z-dependence of the concentration profiles, which we found are the main determinants of current.
Therefore, our simulations showed that reduced models can still capture the overall device physics
correctly because they included the physics that is necessary from the point of view of device function.
This is despite the fact that they get some important aspects of the molecular-scale physics quite wrong
(e.g., radial ion packing produced by the structure of the water molecules).

3.2.4. Transferability of the Fitted Diffusion Coefficient

We emphasized that it is the qualitative behavior that is the same on the two modeling levels.
If we want quantitative agreement, we need to fit the parameter(s) of the reduced model to MD or
to experimental data. In general, we can say that if we observe an overall qualitative agreement,
the reduced model does its job and there is a good chance that our response function that replaces the
smeared degrees of freedom is transferable. The question is what transferability means. What are the
external conditions that influence the response function and what are those that do not?

This question has been already touched on with the RyR ion channel, where we stated
that our choice of a single adjustable parameter (the diffusion coefficient in the selectivity filter,
Dpore

i ) does not make it possible to create a response function that is transferable over charge
patterns, namely, over mutations. It was, however, transferable over voltages, concentrations,
and electrolyte compositions. The situation here is the same. We attempted to create a diffusion
coefficient profile that is independent of Q, but due to uncertainties in MD simulations and
computational demand of NP+LEMC simulations, we abandoned these efforts. Instead, we realized
that the difference between the MD and NP+LEMC concentration profiles (Figure 7) depends on Q
systematically. For example, as Q increases, the Na+ profiles as obtained from MD and NP+LEMC
become increasingly different. (At the same time, Cl− profiles become increasingly similar.) Exactly
this difference is what must be balanced by the diffusion coefficient in the pore.

Therefore, we decided to use a single Dpore
i (Q) value all along the pore that is allowed to vary

with Q. We fitted Dpore
i to one case (bipolar/ON), and investigated transferability for the remaining
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three cases (bipolar/OFF, unipolar/ON, unipolar/OFF). So, we fixed the Dpore
i (Q) values fitted to the

bipolar/ON case and used them at other cases for the same Q. These values are shown in Figure 6B as
functions of Q.

As an example, let us consider Q values close to −1. This is close to the ‘nn’ geometry, namely, a
cation selective pore. Cl− ions have depletion zones in this case in both models, but they are deeper in
MD than in NP+LEMC. We need, therefore, a very small Dpore

Cl−
value to bring the NP+LEMC profiles

(and, therefore, currents) down to the values yielded by MD. As Q increases, the difference between
the Cl− profiles decreases and they are pretty similar for Q = 1, namely, for the ‘pp’ pore. In general,
we can state that the implicit-water approximation works better (compared to MD) in the case of peaks
than in the case of depletion zones.

To summarize, one job of the Dpore
i (Q) function is to take the differences in the explicit and

implicit water models into account. The diffusion coefficient in the pore, therefore, is more than a
transport coefficient that, in principle, could be calculated from autocorrelations functions or mean
square displacements. It carries more information that stems from differences between the reduced
model and the more realistic experimental data or MD simulations. Eventually, it is an adjustable
parameter of the reduced model as a whole.

3.3. Selectivity Inversion Due to Charge Inversion

In the two case studies so far radial profiles were relatively unimportant. The narrow RyR pore
was a crowded high density region (Figure 2) but without layering (oscillatory concentration profiles)
in the radial dimension. The case of the wider nanopore in Section 3.2, however, is much more complex.
The radial distribution of the ions is important because it determines the behavior of the axial profiles.
This was discussed in detailed in our recent studies [50,52].

In the first study [50], we showed that bipolar nanopores exhibit a scaling behavior for a fixed
σ = ±1 e/nm2. Specifically, we constructed a scaling parameter, ξ = Rpore/λ

√
z+|z−|, where λ

is the characteristic screening length of the electrolyte computer either as the Debye length (for a
point-ion model) or the Mean Spherical Approximation screening length (for Primitive Model ion).
(Note that screening works differently near surfaces of different curvatures (flat, concave, convex).
Different equations for the capacitance can be given with an unchanged value of the Debye length. [93])
We found that for different pore sizes and different electrolyte concentrations that had the same
ξ the device function (this time rectification) was the same; that is, for a given z+:z− electrolyte,
the relationship of Rpore and λ determines device behavior. If Rpore�λ, the double layers formed
at the nanopore’s wall in the radial dimension overlap. In that case, the counterions will be at
high concentration in the middle of the pore, while coions will be at relatively low concentration.
This forms depletion zones for the excluded coions. If Rpore�λ, the double layers do not overlap, a bulk
electrolyte is present in the pore’s center line, and depletion zones are not formed. Depletion zones are
necessary for selectivity and rectification. In Section 3.2, this was not discussed because Rpore and λ

(concentration) were fixed. Double layer overlap was present.
In the second study, [52] we considered the dependence of bipolar nanopores on σ for different

electrolytes (1:1, 2:2, 2:1, 3:1). If multivalent ions are present, a deviation from the above scaling
behavior (basically a mean-field phenomenon) appears because strong ionic correlations cause peculiar
phenomena such as overcharging (overcharging means that more counterions are attracted to the
surface than necessary to compensate the surface charge) and charge inversion [78] (charge inversion
is the appearance of a layer of excess coions that produces a change in the sign of the electrical
potential in this layer). Specifically, these correlations cause an increase in coion concentration in the
second layer of ions behind the dense counterion first layer near the charged wall. Consequently,
the electrostatic potential can change sign (relative to the potential at the charged wall). We showed that
this accumulation of coions (anions) produces an anion leakage current, and this causes non-monotonic
behavior in the device function (rectification) as σ increases. Charge inversion always manifests itself
in the dimension perpendicular to the charged wall, which for pores is the radial dimension.
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In this section, we present new results for the phenomenon of selectivity inversion in a
negatively charged nanopore (σ = −1 e/nm2) as the electrolyte is changed from 1:1 through 2:1 to 3:1.
This phenomenon was shown experimentally in our paper with the group of Zuzanna Siwy [22] and
interpreted with the help of GCMC simulations. It was observed that while the pore is cation selective
for a 1:1 electrolyte (KCl), it becomes anion selective for a 3:1 electrolyte (CoSepCl3). The GCMC
simulations supported the idea that the basic reason of this selectivity inversion is charge inversion.
The trivalent cations stick to the negatively charged surface, overcharge it, and remain paralyzed; they
do not contribute to the current significantly because their mobility near the pore is reduced by being
trapped in an energy well.

Here, we show that this behavior can be reproduced without explicitly changing the mobilities of
the ions (i.e., decreasing Di(r) near the wall) by using localized charges instead of a surface charge that
is smeared over the surface relatively uniformly as it was in Section 3.2. In fact, this model is much
closer to the experimental reality, because the negative charges are localized in chemical groups on the
surface of an insulator, specifically, in COO− groups for the PET nanopores used by Siwy et al.

Here, we show that adopting this idea can produce strong charge inversion around the binding
sites now both in the z and r dimensions. The nanopore is practically the same as the one in
Section 3.2: it is a cylindrical pore with Rpore = 1 nm and H = 6 nm with c = 0.1 M electrolytes
on both sides (ionic radii are R+ = R− = 0.15 nm). We place fractional point charges on a rectangular
grid on the pore’s surface of width ∆z in a way that the surface charge density is kept constant at
σ = −1 e/nm2. Having ∆z = 1 nm, where −e point charges are sitting on the grid, corresponds to the
experimental situation.

3.3.1. Axial Concentration Profiles Determine Selectivity

Cation selectivity defined as I+/(I++I−) is shown in the bottom panel of Figure 8A as a function
of ∆z for different electrolytes (1:1, 2:1, and 3:1) for a constant Rpore. The top panel shows the ionic
currents from which selectivity was computed. While cation selectivity is insensitive to the fineness
of the grid (the degree of localization of surface charge) in the 1:1 case, cation current (and cation
selectivity with it) quickly drops as ∆z increases above 0.8 nm in the 3:1 case (thick red lines).

The explanation follows from the axial cationic concentration profiles (i.e., cross-sectionally
averaged concentrations) in Figure 8B. For a fine grid similar to that used in Section 3.2 and in our
earlier studies (∆z = 0.2 nm), [42–52] the cation profiles are practically constant inside the pore for all
the electrolytes from 1:1 to 3:1. For the case of localized charges (∆z = 1 nm), depletion zones appear
along the z-dimension that are much deeper in the case of 2:1 and, especially, 3:1 electrolytes. As the
axial depletion zones get deeper, cation currents decrease as ∆z increases.

Anion currents, on the other hand, do not change significantly as ∆z changes because the anion
profiles do not change (Figure 8B). This statement is valid for the anion profiles too (see Figure 8B).
This is not a surprise because the anions are far from the charged surface on average, so their
distribution is less influenced by the localization of the pore charges. This indicates that it is the
behavior of the cations that is responsible for selectivity inversion.

3.3.2. Charge Localization Is an Important Degree of Freedom

The appearance of those depletion zones, however, can be fully understood only if we take into
account both the z- and r-dependence of the ionic distributions. Although the statement that current
primarily depends on the axial profiles remains true (Equation (A6)), understanding why the axis
profiles look the way they look requires the complete picture.

Figure 9A shows the c3+(z, r) concentration profiles for trivalent cations and ∆z = 1 nm. The figure
shows the large peaks near the localized pore charges and deep depletion zones between the peaks (note
the logarithmic scale). Also, the cationic concentration profiles decline as r→0, namely, approaching
the centerline of the pore.
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Figure 8. (A) The top panel shows ionic currents as functions of ∆z for various electrolytes (green, blue,
and red color refer to 1:1, 2:1, and 3:1, electrolytes). Solid and dashed lines refer to cations and anions,
respectively. The bottom panel shows the cation selectivities computed as I+/(I+ + I−). Values above
and below 0.5 correspond to cation and anion selectivities, respectively. (B) Axial concentration profiles
of cations (solid lines) and anions (dashed lines) in the three elecrolytes. Different panels refer to
different values of ∆z (0.2, 0.8, and 1 nm from top to bottom). Colors have the same meaning as in
Figure 8A.

These phenomena can be observed better if we plot the radial profiles for fixed z values that
correspond to either a peak (red) or a depletion region (blue). (For the actual values of z, see the caption
of Figure 9B.) The left panel of Figure 9B shows radial profiles for ∆z = 0.8 nm; the corresponding
axial profiles were shown in the middle panel of Figure 8B. The important thing to note is that the
radial profiles do not differ much for different values of z. Depletion zones, therefore, are not formed
in this case (see solid blue line with filled squared). It is important to point out that charge inversion is
present in this case in the radial profiles; the anion profiles are larger in and around the center line of
the pore. It is, however, only present in the radial direction.
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The right panel of Figure 9B shows the radial profiles for ∆z = 1 nm. This small difference in ∆z
results in a significant change in the behavior of the ions. The cation profiles show the large peaks
for z = 0.5 nm (solid red line with filled circles), while they exhibit depletion zone for z = 0.9 nm
(solid blue line with filled squares). This different behavior at z = 0.5 nm and z = 0.9 nm produces
the oscillating axial concentration profiles with the axial depletion zones of Figure 8B. In this case,
therefore, we have charge inversion in both the radial and axial directions.

Taken together, these results show that the way we place the pore charges on the wall matters from
the point of view of reproducing device function (pore selectivity and specifically its change due to
charge inversion). Specifically, modelers probably need to step beyond the continuous surface charge
distribution and to build localized pore charges into the reduced model. Counterion interactions
with pore charges depend on the distance from a local binding site in all directions. In the case here,
charge inversion around a local binding site produced important axial depletion zones. However,
even when not considering cases with charge inversion, different ion correlations around localized
pore charges can potentially produce similar important axial effects that are missed with a uniformly
charged wall.

3.3.3. Future Work

While it is clear that the location and discreteness of pore charges are an important degree of
freedom, whether we need to use explicit particles to model the atoms of the COO− groups is a subject
of ongoing research. We suspect it is not vital since the charge inversion at the core of the device
behavior is a product of charge itself, not the shape or mobility of the atoms producing the charge.

Also, we do not know whether we need to change the diffusion coefficient, Di(z, r), in the radial
dimension in order to fit to experiments or to dynamic simulations. Work is currently underway with
all-atom MD simulations to determine this.

4. Conclusions

In reduced models, some degrees of freedom (the important ones) are modeled explicitly, while the
rest (the unimportant ones) are taken into account implicitly in some way, via response functions,
for example. Before the age of computers, all models were reduced. When MD simulations became an
everyday computational tool, atomic models became the new standard in certain areas of chemistry,
physics, and biology. While understanding nanoscale physics is vital, we believe that the ease of use of
MD has sometimes caused the baby to be thrown out with bath water. Rather, we think that what is
needed are clever models that are necessarily reduced to some degree to be computationally feasible.

Modeling of ion channels and synthetic nanopores is a case in point. This modeling is inherently
difficult as nanoscale interactions and physics directly translate into measurable phenomena (what
we call device functions). By simplifying the physics to be modeled, reduced models have a number
of advantages over all-atom simulations. However, building such models is in many ways more art
than science. Here, we have taken both old and new data from our simulations of ion channels and
nanopores and distilled from them four rules of thumb (principles) for constructing reduced models
for nanopores. These are

1. The current carried by an ionic species is mainly determined by the axial concentration profile of
that species inside the pore.

2. Care must be taken to model the pore charges since they produce the local ion concentrations,
and, consequently, device function.

3. The important degrees of freedom that must be included in the model are those that depend on
the input parameters of the device (voltage and concentration), while those that do not can be
replaced by response functions.

4. Having the parameters within a response function not depend on external conditions (or at least
have minimal dependence) makes those parameters transferable to other conditions, and this
makes it possible for the model to make predictions that can be tested.

86



Entropy 2020, 22, 1259

Our goal is to offer insights into how to think about reduced model, but also to point out the
subtleties and consequences of the choices a modeler might make. Specifically, for each rule of thumb
we showed that its interpretation is not as straightforward as it might seem. For example, while large
ion concentrations are important, so are areas with small concentrations which act as large resistors
that can dominate the current. Also, charged groups seemingly far from the key locations (e.g., the
selectivity filter of an ion channel) can grossly change current/voltage curves. Overall, testing and
probing to find the important degrees of freedom that capture the axial-direction physics is the key to
reproducing device function and understanding the physics behind the device function; for example,
using uniform versus discrete pore charges can have measurable consequences. Once these have been
identified, approximating other physics as response functions is a lot easier.

Lastly, we note that while reduced models are important to understand these devices, they are
only one part of the continuum of modeling levels that are possible. All-atom and even quantum
mechanical simulations play key roles as well in defining the physics of nanopores at the atomic and
molecular levels. The role of reduced models is on a larger scale, namely to identify the physics of the
device as a whole using the nanoscale physics defined at more detailed levels of modeling. They are
the last step to couple atoms to experimental measurements.
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Appendix A. Slope Conductance Theory

Let us assume rotational symmetry, so quantities depend on the variables z, r. Let assume,
furthermore, that µ does not depend on r; results (not shown) support this assumption. Let us
integrate the NP equation (Equation (1)) over the cross section:

Ii = −zie
∫

A(z)
ji(z, r)da =

zie
kT

[∫

A(z)
Di(z, r)ci(z, r)da

]
dµi(z)

dz
=

zie
kT

Ni(z)
dµi(z)

dz
(A1)

for any z inside the pore with

Ni(z) =
∫

A(z)
Di(z, r)ci(z, r)da.

Let us rearrange and integrate over the pore

Ii

∫ H2

H1

dz
Ni(z)

=
zie
kT

∫ H2

H1

dµi(z) =
zie
kT

∆µi. (A2)

If we assume that bulk concentrations are the same on the two sides of the membrane,
the electrochemical difference is

∆µi = zieU, (A3)
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where U is the voltage across the pore. Substituting into Equation (A2), we obtain that

Ii

∫ H2

H1

dz
Ni(z)

=
z2

i e2

kT
U (A4)

from which the resistance (the reciprocal of conductance) is obtained as

1
Gi

=
U
Ii

=
kT

z2
i e2

∫ H2

H1

dz
Ni(z)

. (A5)

If we assume that Dpore
i (z) does not depend on r inside the pore, we can write that

1
Gi

=
kT

z2
i e2

∫ H2

H1

dz
Dpore

i (z)A(z)ci(z)
, (A6)

where ci(z) = 1
A(z)

∫
A(z) ci(z, r)da is the radially-averaged concentration. If ci(z) is very small

somewhere in the pore along the z-axis, the integral, the resistance, becomes large. This analysis
was used in several works [17,18,21,23,24,27,46,48,52] to relate concentration profiles to currents.
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Abstract: We use stochastic simulations to investigate the performance of two recently developed
methods for calculating the free energy profiles of ion channels and their electrophysiological
properties, such as current–voltage dependence and reversal potential, from molecular dynamics
simulations at a single applied voltage. These methods require neither knowledge of the diffusivity
nor simulations at multiple voltages, which greatly reduces the computational effort required to probe
the electrophysiological properties of ion channels. They can be used to determine the free energy
profiles from either forward or backward one-sided properties of ions in the channel, such as ion
fluxes, density profiles, committor probabilities, or from their two-sided combination. By generating
large sets of stochastic trajectories, which are individually designed to mimic the molecular dynamics
crossing statistics of models of channels of trichotoxin, p7 from hepatitis C and a bacterial homolog
of the pentameric ligand-gated ion channel, GLIC, we find that the free energy profiles obtained from
stochastic simulations corresponding to molecular dynamics simulations of even a modest length are
burdened with statistical errors of only 0.3 kcal/mol. Even with many crossing events, applying
two-sided formulas substantially reduces statistical errors compared to one-sided formulas. With a
properly chosen reference voltage, the current–voltage curves can be reproduced with good accuracy
from simulations at a single voltage in a range extending for over 200 mV. If possible, the reference
voltages should be chosen not simply to drive a large current in one direction, but to observe crossing
events in both directions.

Keywords: computational electrophysiology; electrodiffusion model; stochastic simulations; current–
voltage dependence; reversal potential; committor probabilities

1. Introduction

Ion channels are ubiquitous in living systems in which they mediate ion transport
across cell walls [1–3]. Although all confirmed structures of ion channels are either bundles
of α-helices or β-barrels organized around a transmembrane, water-filled pore lined largely
with hydrophilic side chains, they markedly differ in their properties. Their activity is
regulated by a variety of signals, such as voltage, ligands, pH or mechanical tension. Some
channels are made of peptides that barely span the membrane, while others are among
the largest protein assemblies in a cell. In terms of ionic conductance, defined as the
ratio of ionic current to voltage, channels differ by more than two orders of magnitude
and conductance is not correlated with size. For example, the single-channel conduc-
tance of a bacterial homolog of pentameric ligand gated ion channels (pLGICs), GLIC,
which consists of 317 residues per subunit is 8 pS [4], similar to the lowest conductance
level of a channel made of antimicrobial peptide, alamethicin, which is built of 20 amino
acids [5]. Another channel-forming peptide trichotoxin (TTX), consisting of 7 helices, each
containing 18 residues conducts ions at 850–900 pS [6], which is close to the conductance of
mechanosensitve channels MscS containing 250–1100 residues [7], approximately equal to
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1 nS [8]. Some channels exhibit exquisite selectivity whereas others are non-selective. Single
point mutations can not only markedly affect conductance and selectivity but even render
a channel inactive or constitutively open [9–11]. How variations in a common, general
architecture translate to a variety of electrophysiological behaviors is of great interest not
only for understanding regular biological systems but also for explaining a number of
diseases associated with improper function of ion channels [12–14].

The availability of high-resolution structural models of ion channels has created
opportunities to connect structure and function. Molecular dynamics (MD) computer
simulations can contribute to this goal by providing mechanistic and thermodynamic
descriptions of ion transport that is not readily accessible from experimental studies [15–26].
For a recent, comprehensive review, see Flood, et al. [27]. Furthermore, MD simulations
can be used to validate experimentally derived structural models, which do not always
correspond to the native structures of channels [28], select the native structure among
several candidates [29], and predict functional effects of mutations. These simulations,
however, have to be validated by demonstrating that they can be used to reproduce
measured electrophysiological properties with satisfactory reliability.

Calculating electrophysiological properties from MD simulations with applied voltage
can be done simply by way of computing the current across the simulation cell [15,30,31]
or counting the number of ions that cross the channel [16,24,25,32]. However, this direct
method, especially when applied to obtain I-V curves and reversal potentials, requires
significant computational effort, as it involves MD simulations at a number of applied
voltages. To obtain the same accuracy, channels with low conductance generally require
longer simulations than channels with high conductance. For example, in simulations of
TTX, we counted almost 200 K+ crossing events in 900 ns at 50 mV [33], whereas only
23 Na+ crossing events were observed in a 7.7 µs simulation of GLIC at 100 mV (Wilson
and Pohorille, unpublished). Since the ionic currents from both simulations appear to
obey Poisson statistics, we expect the relative errors in the conductance of K+ in TTX and
Na+ in GLIC to be approximately 7% and 20%, respectively. To achieve the same relative
errors for currents in GLIC as in TTX, a MD trajectory of over 60 µs in length would be
required. This means that calculating the I-V curve might present a considerable challenge.
To deal with this challenge, it has been common to improve statistics for ion crossing events
by applying high voltages, sometimes substantially above their physiological values, or
increasing ionic concentration in bulk solution [15–17,34–38]. This approach, however, is
fraught with dangers, as it might lead to the disruption of membrane structure or saturation
effects for ion entry to a channel [37]. Furthermore, if high voltages are used, I-V curves in
physiologically relevant ranges are obtained via interpolation or extrapolation procedures
of unknown accuracy [35].

If the motion of ions through the channel can be satisfactorily described as diffusion
in the applied electric field and the potential of mean force (PMF) exerted by all other
components of the system, which is assumed to be independent of voltage, then the com-
putational effort can be markedly reduced. Several approaches not based on MD take
advantage of this description. Methods based on Poisson-Nernst-Planck (PNP) theory rely
on solving the electrodiffusion (ED) equation for electrical current in which the mobile ions
are represented as a mean-field concentration profile whose distribution and motion is
determined by electrostatic forces [39–44]. In Brownian Dynamics (BD), channel conduc-
tance is calculated by way of solving the Langevin equation in which both short-ranged
interactions with a static model of the channel and long-ranged, electrostatic interactions
are taken into account [40,45–48]. In both PNP and BD approaches, electrostatic forces are
are obtained from the Poisson equation and the medium is represented as a continuum.
From this perspective, we take an approach in which atomistic, dynamic information
offered by MD is combined with the efficiency of the ED equation. Instead of carrying
out a series of extensive MD calculations of a channel over a range of applied voltages, a
substantially reduced set of simulations is combined with the one-dimensional ED model
in a steady state. In this approach, the actual electrophysiological properties, such as the
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current, are calculated from the ED equation, whereas the quantities needed to solve this
equation are supplied from MD simulations.

Not all channels conform to the ED model. This model cannot be applied directly
if ion crossing events are not statistically independent [49,50], ion diffusion is single file
rather than Fickian [51], there are strong binding sites for ions in the channel, the channel
changes its structure in response to applied voltage in the range of interest [26] or ions
experience saturation in the mouth of the channel. Despite these limitations, it appears
that ion movement through many channels satisfies the assumptions of the ED model. A
number of small, naturally occurring and synthetic channels and pLGICs belong to this
category. The channels discussed in this paper were found to be well-described by the
model. More generally, a number of different equations that are special cases of the ED
equation, such as Goldman-Hodgkin-Katz (GHK) equation, have been extensively and
successfully used as basic tools in experimental and computational electrophysiology for
nearly 80 years, for example to determine ionic selectivity from the measured reversal
potential [1,52]. Further, basic assumptions of the ED model, such as independence of ion
crossing events or Fickian nature of diffusion, can be tested without substantial, additional
effort. This was previously done for a number of channels [25].

Previously, we developed an approach to calculate electrophysiological properties
from the integrated form of the ED equation [19,24,25]. Instead of MD calculations at
several voltages, the system is simulated at a single voltage (or with no applied voltage) to
obtain the PMF for each ion in the channel. Subsequently, markedly shorter simulations
at voltages of interest are required to determine the densities of the ions near the ends of
the channel. Calculating the currents from simulations at these voltages is not required.
In addition, ionic diffusivity along the channel has to be determined. Both boundary
density values and diffusivity obtained by any of these methods are burdened with errors,
contributing to inaccuracies in the calculated currents.

Recently, we developed two formalisms for calculations of electrophysiological prop-
erties, including I-V curves and reversal potential, from a single MD simulation at one
voltage [33]. From this simulation, the PMF, nonequilibrium density profiles and committor
probabilities for ions in the channel are obtained and used to calculate currents at different
voltages after appropriate transformations of the ED equation. Additional calculations
to obtain the density boundary terms at different voltages and diffusivity are no longer
needed. These formalisms were tested on a simple model of the TTX channel, comprised
of 7 straight α-helices, each containing 18 amino acids [6], and were shown to perform very
well. The improved efficiency of this novel approach derives from the fact that only one MD
simulation instead of multiple ones is needed to obtain the I-V curve or reversal potential.

As is the case for any new approach, it is essential to establish the intrinsic accuracy of
our formalism. This is the goal of this paper. Specifically, we focus on the question: how
reliable are our approaches to calculating electrophysiological properties, independent
of other sources of errors, such as inaccuracies in force fields and insufficient simulation
times? Separating errors due to the proposed methods from other error is not simple. It
cannot be done through a direct comparison with experiments because, for example, of
inaccuracies due to force fields. In principle, it can be done via comparison with accurate
MD simulations of the PMF and currents at several applied voltages, but, in practice, it
is expensive to obtain sufficiently accurate free energies and currents. Although PMFs
for ions in a number of channels were obtained from MD simulations, in most cases no
estimates of errors were provided [21,23,26,53–61]. In a few cases in which errors are
available by way of either direct estimates or comparisons of PMF obtained via different
methods [20,24,25,62–68] they are of the order of 0.2–0.7 kcal/mol, which is similar to
what is expected to be the intrinsic accuracy of the formalisms studied here. This means
that if there were differences between electrophysiological properties obtained from MD
simulations at several applied voltages and reconstructed from simulations at a single
voltage it would not be possible to determine whether these differences were due to

95



Entropy 2021, 23, 571

insufficient accuracy of the simulations or to inaccurate reconstruction from the new
methods. For these reasons, we take a different approach.

We assume that the ED model describes ion transport with satisfactory accuracy
and that the underlying PMF is known. Then, the ED equation is solved many times by
way of stochastic simulations to ascertain how statistical errors depend on the number
of stochastic trajectories. Even though the stochastic simulations employed here do not
involve time explicitly, the number of trajectories considered in a stochastic dataset can
be related to the MD simulation time. In a simple case of TTX, we demonstrate that
this can be done consistently. For each set of stochastic trajectories, the PMF and the
electrophysiological properties at different applied voltages are reconstructed by way of
the new theoretical approaches considered here. Due to the stochastic nature of each
solution to the ED equation and the limited number of trajectories in each set, which
can be related to a specific simulation time, the quantities of interest obtained from each
reconstruction differ between themselves and from the accurate values associated with
the underlying PMF. Further, the calculated quantities also depend on the theoretical
formalism used. If a sufficient number of trajectories has been generated, statistical errors
on the quantities of interest can be estimated as a function of the number of trajectories
or equivalently, simulation time and performance of each theoretical approach can be
systematically assessed. For sets with a large number of trajectories, which corresponds
to long simulation times in MD, the underlying PMFs will be reconstructed accurately.
For sets with a smaller number of trajectories, the accuracy will not be as good and is
expected to deteriorate as the number of trajectories is reduced. A similar systematic study
cannot easily be done in practice by way of MD simulations because the computational
effort to generate many MD trajectories of different length would have been prohibitive.
Furthermore, no analytical method for error analysis exists for this problem.

In principle, this type of analysis can be carried out for any underlying PMF, even if it
is unrelated to real ion channels. This is, however, not the direction that we pursue. Instead,
we use the PMFs that we previously obtained from simulations of three actual channel
models and, for the purpose of this study, assume that they are accurate. The models were
selected such that they differ in size, pore structure, conductance and selectivity. The first
model is TTX, which exhibits relatively high conductance, very little structure inside the
pore and a weak selectivity for cations.

The second model is the high-resolution NMR structure proposed by OuYang et al. [69]
for a hexameric channel p7 from the hepatitis C virus. Each subunit consists of 63 amino
acids. The model has an unusual architecture not found in any other channel. The channel
does not exist as a bundle of α-helices, which is the most common structural motif among
membrane proteins, but instead forms an interlocked structure in which each subunit
assumes a horseshoe conformation with each side comprised of a short, α-helical section.
Because of these atypical features there have been concerns about the veracity of this
model [28]. Recently, we calculated conductance and ionic selectivity of this model by
way of MD simulations and showed that both properties differ significantly from those
measured experimentally (Shannon et al., unpublished). Specifically, in contrast to the
electrophysiological data, the model exhibits high conductance and strong selectivity for
Cl− over K+. These results strongly suggest that the proposed model does not represent
the native structure of the channel, demonstrating that computational electrophysiology
can be used not only to support but also to disprove structural models of ion channels.

The third model is based on the crystal structure of a pentameric, cation-selective
ion channel, GLIC, from a cyanobacterium Gloeobacter [70]. This channel is a bacterial
homolog of receptors belonging to the family of pentameric ligand-gated ion channels. Its
main electrophysiological characteristics are low-conductance (9.3 pS) and strong selectivity
for cations [70]. Molecular models of all three channels are shown in the Supplementary
Materials (SM), Section S4.

Both the p7 and GLIC models have a markedly more varied pore structure than TTX
and, consequently, a more complex PMF. Although we will use the names of these three

96



Entropy 2021, 23, 571

channels further in the text, we do not claim that the underlying PMFs faithfully represent
the PMFs for these channels in their native open forms (this does not appear to be the case
for p7) and, therefore, we do not compare the electrophysiological properties calculated
from stochastic simulations with the same properties obtained experimentally. Instead, we
fully concentrate on assessing the accuracy of the underlying theory.

2. Theory and Method

In this section, we briefly outline the theory behind three different approaches to
calculating the PMF and electrophysiological characteristics of an ion channel. Two of them
require simulations at only one applied voltage. A more detailed derivation of the basic
formulas, which follows closely the earlier development [33], is provided in Supplementary
Materials, Section S1. Next, we describe how the properties of interest can be obtained from
stochastic simulations under the assumptions of the ED model specified in the introduction.
Note that while the theory is developed in the context of MD simulations, here, we use
the results of the theory to compute the PMF and I-V curves from density profiles and
committor probabilities that were obtained from stochastic simulations.

2.1. Calculating the Potential of Mean Force

If the concentrations of ions on both sides of the membrane and the applied voltage
remain constant in time, the system is in a steady state, which means that the flux of
ions through the channel, J, is also constant in time. These are the conditions most often
considered in both experiments and simulations aimed at extracting electrophysiological
properties of channels. Then, the one-dimensional ED equation for a given type of ions can
be written as

J = −D(z)

(
dρ(z)

dz
+ βρ(z)

dE(z)

dz

)
, (1)

where D(z) is the diffusivity that, in general, depends on position z along the reaction
coordinate z. For a transmembrane channel embedded in the membrane located in the
x,y-plane, a convenient reaction coordinate is the position of an ion along the pore of the
channel, which can be measured along the z-coordinate. ρ(z) is the line density of ions,
which is usually recorded as a histogram in computer simulations. β = kBT, where kB is
the Boltzmann constant and T is temperature. E(z) is given by

E(z) = A(z) + qV(z), (2)

where A(z) is the PMF, V(z) is the applied voltage and q is ionic charge. In a constant
electric field, E el , acting along z, which is the most frequent experimental condition,

V(z) = E el(z− za). (3)

Even though the electric field is applied across the whole system [15,30], it acts only
between za and zb in the non-polar phase, which has been identified as corresponding to
the hydrophobic core of the membrane [25,33]. Thus, electric field is a boxcar function
that is equal to E el in the range [za, zb] and zero otherwise. This can be formally written as
E el [H(z− za)− H(z− zb)], where H is the Heaviside function. Although we will not use
this notation for simplicity, the range in which E el is non-zero has to be kept in mind.

Integrated with the integrating factor exp[βE(z)] and resolved for J, the ED equation
takes the form

J =
ρ(zmin) exp[βE(zmin)]− ρ(zmax) exp[βE(zmax)]

∫ zmax
zmin

exp[βE(z)]
D(z)

dz
. (4)

For a system in a steady state, J does not formally depend on the limits of integration
zmin and zmax. This means that these limits do not have to coincide with the edges of the
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channel. In practice, the limited precision of MD simulations introduces some dependence
on the limits of integration, as analyzed elsewhere [25].

To calculate J from this equation, E(z) has to be known, which in turn requires
determining A(z). This can be done in equilibrium simulations in the absence of voltage.
A host of methods exist for this purpose [71–73]. A(z) can be also calculated from non-
equilibrium simulations at an applied voltage. If the ED equation is integrated with the
integrating factor 1/ρ(z) then

J =
ln ρ(zmin)

ρ(zmax)
− β

[
A(zmax)− A(zmin) + qE el(zmax − zmin)

]

∫ zmax
zmin

1
D(z)ρ(z)

dz
. (5)

Since J is independent of the limits of integration, zmax can be substituted by z. Af-
ter simple rearrangements, it yields a formula for the PMF relative to its value at zmin,
∆A(z, zmin) = A(z)− A(zmin)

∆A(z, zmin) = −kBT
[

ln
ρ(z)

ρ(zmin)
+ J

∫ z

zmin

1
D(z′)ρ(z′)

dz′
]
− qE el(z− zmin). (6)

We call this method for determining PMF the Integrated Electrodiffusion Equation
Method (IEEM).

To solve Equations (5) and (6), D(z) has to be known in the full range of z. D(z) can
be determined by way of calculating the mean square displacement of the ion at several
points along the channel obtained from a series of short MD trajectories after subtracting
the PMF [19], from the force-force autocorrelation function acting on a stationary ion at
different positions in the channel [74], or by way of a Bayesian fitting method [75–77]. See
Supplementary Materials, Section S5 for a discussion of how diffusivity was computed in
our MD simulations.

Once ∆A(zmax, zmin) and D(z), which are both assumed to be independent on voltage,
are known, the boundary density terms ρ(zmin) and ρ(zmax) have to be obtained from either
MD or stochastic simulations at each voltage of interest. Since the full knowledge of ρ(z) is
not needed, these simulations can be markedly shorter than simulations to determine the
PMF. Then, ∆A(zmax, zmin), D(z), ρ(zmin) and ρ(zmax) are used in Equation (5) to calculate
J at a given voltage. Previously, we demonstrated that this method performs satisfactorily
for simple channels [19,24,25].

Recently, we developed two alternative approaches to calculating the PMF and electro-
physiological properties that require markedly less computational effort [33]. Both rely on
separating the total ionic current, J, to currents moving in two opposite directions – from
zmin to zmax and from zmax to zmin. We abbreviate them J f and Jb and call them forward
and backward currents, respectively.

J f =
ρ f (zmin) exp[βE(zmin)]− ρ f (z) exp[βE(z)]

∫ z
zmin

exp[βE(z′)]
D(z′) dz′

, (7)

Jb =
ρb(z) exp[βE(z)]− ρb(zmin) exp[βE(zmim)]

∫ z
zmin

exp[βE(z′)]
D(z′) dz′

, (8)

J = J f − Jb. (9)

Here, ρ f (z) and ρb(z) are densities of ions that entered the range [zmin, zmax] at zmin and
zmax, respectively. We assume that both forward and backward currents are in a steady
state and, therefore, their values do not depend on the limits of integration. This allows for
setting the upper limit to zmin < z ≤ zmax.
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Assume that J f > 0 and Jb > 0 and take the ratio of Equation (7) to Equation (8).
This yields

J f

Jb =
ρ f (zmin)− ρ f (z) exp[β∆E(z, zmin)]

ρb(z) exp[β∆E(z, zmin)]− ρb(zmin)
, (10)

where
∆E(z, zmin) = E(z)− E(zmin). (11)

Combined with Equations (2) and (3), Equation (10) can be solved for ∆A(z, zmin)

∆A(z, zmin) = −kBT ln
Jbρ f (z) + J f ρb(z)

Jbρ f (zmin) + J f ρb(zmin)
− qE el(z− zmin). (12)

From this equation it follows that the PMF can be obtained from non-equilibrium simula-
tions at applied electric field E el simply from an average of ion densities in the forward
and backward directions weighed by the backward and forward currents, respectively. We
call this method for calculating the PMF the Current-Weighted Density Method (CWDM).
Knowledge of diffusivity is not necessary in CWDM. The denominator in the argument of
the logarithmic function sets the reference value of the PMF at zmin.

If we abbreviate the number of crossing events in forward and backward direction as
n f and nb, respectively, then, assuming that crossing events are governed by the Poisson
statistics, the corresponding errors will be approximately 1/

√
(n f ) and 1/

√
(nb). This

means that if n f or nb is small, ∆A(z, zmin) calculated from Equation (12) may become
inaccurate. Thus, we developed another, related theoretical approach for determining the
PMF from non-equilibrium simulations that does not suffer from this disadvantage. Since
it requires calculating committor probability, P(z), we will call it the Committor Probability
Method (CPM). For a diffusive process considered here, P(z) referenced to the forward
direction is defined as the probability that a particle (ion) in position z will reach zmax
before it reaches zmin. P(z) can be calculated either directly during computer simulations
or in post-processing, as described in Supplementary Materials, Section S3. A general
discussion of committor probabilities in more than one dimension and their application to
chemical kinetics can be found elsewhere [78–81].

The PMF can be calculated from ion densities in the forward or the backward direction.
The corresponding formulas are

exp[β∆E(z, zmin)] =
ρ f (zmin)[1− P(z)]

ρ f (z)− ρ f (zmax)
, (13)

exp[β∆E(z, zmin)] = exp[β∆E(zmax, zmin)]
ρb(zmax)P(z)

ρb(z)− ρb(zmin)
. (14)

Their derivation closely follows our earlier work [33] and is given in Supplementary
Materials Section S1.

Both equations allow for calculating the same quantity— the PMF. Individually, each
of them is not expected to be accurate in the full [zmin, zmax] range of z, especially away
from the entry point. Specifically, as z becomes close to zmax both ρ f (z)− ρ f (zmax) and
1− P(z) approach zero. Since numerical inaccuracies in Equations (13) and (14) affect
mainly the opposite sides of the [zmin, zmax] range, these two equations can be profitably
combined. Then, ρ f (z)− ρ f (zmax) and ρb(z)− ρb(zmin) can be considered as two biased
distributions representing the same unbiased distribution h(z). The problem of merging
them to reconstruct h(z) such that statistical error on ∆A(z, zmin) is minimized can be
solved by way of the Weighted Histogram Analysis Method (WHAM) [82]. This yields the
following formula for reconstructing the PMF from non-equilibrium simulations:

∆A(z, zmin) = C− kBT ln
[

h(z)

ρ f (zmin)(1− P(z))P(z)

]
− qE el(z− zmin), (15)
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where neither C, which is a constant that only shifts the energy scale, nor ρ f (zmin), which
is independent of z and is needed to ensure that the PMF at z = zmin is equal to zero,
influences the shape of ∆A(z, zmin). Similarly to Equation (12), no knowledge of diffusivity
is required.

Typically, MD simulations would be carried out on the channel system of interest
at some applied voltage V. From this, the committor probability, P(z) and the 1-sided
density profiles, ρ f (z) and ρb(z), and the number of forward and backward crossing
events would be determined, and used to calculate the forward and backward fluxes, J f

and Jb, respectively. The PMF can be determined from either CWDM (Equation (12)) or
CPM (Equation (15)). As will be discussed later, we created synthetic data sets of 106–108

stochastic trajectories. For each data set, we calculate the same quantities that would be
calculated in MD, P(z), ρ f (z) and ρb(z), and then use these to calculate the PMF. Note that
the free energy depends on ratios of density profiles, so the absolute normalization of the
density profiles is not important. Similarly, the CWDM requires only ratios of the forward
and backward currents, so the magnitudes are not required.

2.2. Calculating I-V Dependence from Simulation at a Single Voltage

If the PMF, the current, Jµ, and the density, ρµ(z), or the committor probability, Pµ(z),
are known from simulations at an applied voltage, ∆Vµ, the current, Jν, at a different
voltage ∆Vν can be obtained without any calculations at this voltage. This allows for
reconstructing the I-V curve from simulations at a single voltage.

If Equation (1) is integrated with the same integrating factor, exp[βEν(z)], for both
voltages, ∆Vµ and ∆Vν, we obtain

Jµ =

ρµ(zmin) exp[βEν(zmin)]− ρµ(zmax) exp[βEν(zmax)] + βq(E el
ν − E el

µ )
∫ zmax

zmin
ρµ(z) exp[βEν(z)]dz

∫ zmax
zmin

exp[βEν(z)]
D(z)

dz
,

(16)

and

Jν =
ρν(zmin) exp[βEν(zmin)]− ρν(zmax) exp[βEν(zmax)]

∫ zmax
zmin

exp[βEν(z)]
D(z)

dz
(17)

The latter but not the former equation is the standard integrated form of the ED equation,
Equation (4).

If we take the ratio of currents Jµ/Jν then, after some algebra given in Supplementary
Materials, Section S2 we obtain

Jµ

Jν
= 1 + βq(E el

ν − E el
µ )
∫ zmax

zmin

fµ(z) exp
{

βq
[
Vν(z)−Vµ(z)

]}
dz, (18)

where

fµ(z) = exp
[
β∆Eµ(z, zmin)

] ρµ(z)

ρµ(zmin)
. (19)

or

fµ(z) = 1 + exp
[
β∆Eµ(z, zmin)

]ρµ(zmax)

ρµ(zmin)
− Pµ(z), (20)

depending on whether it is preferred to calculate Jν from ion density, ρµ(z), or committor
probability, Pµ(z). In both instances, neither diffusivity nor quantities at the applied voltage
∆Vν are needed. Equation (19) is expected to be less accurate that Equation (20) because
∆Eµ(z, zmin) and Pµ(z) that enter the latter equation are estimated on the basis of both
forward and backward simulations, whereas ρµ(z) in the former equation is a one-sided
density that looses accuracy away from the entry point.
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Unlike the free energy, Equation (18) gives only ratios of forward or backward currents
with respect to a reference voltage. Consequently, to calculate the I-V curves, we need
currents at this reference voltage.

2.3. Stochastic Simulations

The electrodiffusion equation was solved by generating trajectories on a free energy
surface E(z) that included the PMF and applied electric field with diffusivity D(z) or
average diffusion coefficient, < D >, at temperature T [83,84]. This allowed us to generate
the channel crossing statistics, density profiles and committor probabilities for the ions for
this free energy surface. As the crossing events that we have observed in MD simulations
appear to obey Poisson statistics, independently for both ions, we consider the ED equation
for each ion separately. Then, we calculated statistical errors in recovering the underlying
PMF and the I-V curves as functions of the number of trajectories.

As above, we define the channel boundaries as zmin and zmax, and absorbing boundary
conditions were located at these points. Trajectories were initiated at a point just inside
the boundary at either zmin for forward trajectories or zmax for backward trajectories, and
propagated until they reached either of the absorbing boundaries. Forward and backward
trajectories are considered separately as we are interested in the 1-sided density profiles
and committor probabilities, as well as their 2-sided combination. A trajectory that crossed
from zmin to zmax is said to be a crossing trajectory in the forward direction. Similarly,
trajectories that cross from zmax to zmin are crossing trajectories in the backward direction.
For simplicity, these will be referred to as forward or backward crossing events. Since
the trajectories are initiated near the absorbing boundaries, the majority of trajectories in
either direction do not cross, but they do contribute to the 1-sided density profiles and first-
passage statistics that are used to compute the committor probabilities (see Supplementary
Materials, Section S3 for further details).

The number of trajectories initiated per data set were typically 106, 107 or 108, further
abbreviated as N6, N7 and N8, respectively. These numbers were chosen because the
average number of crossing events for PMFs corresponding to the models of TTX and p7
observed for N = 106 is of the same order of magnitude as the numbers of crossing events
observed in our MD simulations of 0.5–2 µs. For the cation-selective GLIC channel, in
which the free energy barrier to permeation of Na+ is markedly higher, simulations with
106 trajectories yielded too few crossing events to be useful. In this case, the number of
crossing events observed at the N7 level approximately corresponds to the number seen
in MD simulations of 8 µs. See Supplementary Materials, Section S4 for details of the
MD simulations.

The free energy surfaces for the stochastic simulations were obtained by adding the
voltage ramp to the PMFs. We use a set of PMFs from our MD calculations. For our
problem, the PMFs are the equilibrium free energy surfaces for moving an ion along the
1-dimensional reaction coordinate of the ion with respect to the center-of-mass of the
protein channel, at the bulk ion densities of the MD. For this study, we used average
diffusion coefficients, < D > obtained by averaging the diffusivities estimated from MD
(Supplementary Materials, Section S4). Strict matching of diffusivity is not necessary for
the primary purpose of this study, but it provides a more realistic connection between
statistical errors estimated in stochastic simulations and time scales of MD simulations.
Additional details are given in Supplementary Materials, Section S7. The forward and
backward ion density profiles were obtained from histograms of either the forward or
backward trajectories in each data set. Committor probabilities (Supplementary Materials,
Section S3) were calculated from the first passage statistics of the forward and backward
trajectories. The density histograms and committor probabilities were computed for each
data set, and not as an average over the individual trajectories in the data set. Averages
were constructed over multiple data sets.
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3. Results and Discussion
3.1. Connection with Molecular Dynamics

To compute the currents for the I-V curves from stochastic simulations, some con-
nection to MD is required. MD simulations provide both forward and backward ion
trajectories as part of the simulation, unless the channel is strongly rectifying or a large
voltage is applied. The net current due to a particular ion is J = J f − Jb (Equation (9)). The
total current is the sum of these net currents over all types of ions. As mentioned in the
introduction, J can be obtained from MD simulations by way of combining the fluxes from
forward and backward crossing events or calculating the ionic displacement currents. In
stochastic simulations, only the former method can be used. Therefore, we tested whether
both method yield the same results for MD and found that this was indeed the case. Both
methods and the results of the tests are described in Supplementary Materials, Section S6.

In addition, the detailed balance condition connecting forward and backward crossing
events has to be satisfied. In MD simulations this problem is implicitly solved: if there
is no external voltage, simulations of transmembrane systems will exhibit no net current
to within statistical errors, which means that the number of forward and backward cross-
ing events is equal, again to within statistical errors. In stochastic simulations, detailed
balance also has to be satisfied, which means that trajectories in both directions have to
be combined with the correct weights. To determine these weights, we carried out sets of
108 simulations with no applied voltage to obtain the well converged, average numbers
of forward and backward crossing events. From these simulations, the ratio of forward
to backward trajectories that satisfies the detailed balance condition was established and
subsequently used to compute the density profiles, committor probabilities and the PMFs
at different voltages.

Once the ratio of forward to backward trajectories needed to satisfy the detailed
balance condition is known, the average numbers of crossing events in both directions,
n f (∆V) and nb(∆V), can be obtained from stochastic simulations at a given voltage ∆V.
This, however, is still insufficient to determine currents; additional information about time
scales is required. This can be obtained from a MD simulation of the system. We abbreviate
the number of forward and backward crossing events observed in MD simulations at
applied voltage, ∆Vre f , as m f and mb. Then, the length of the MD trajectory, tMD, can be
used to estimate a stochastic time, tS, corresponding to the number of stochastic trajectories
that produced n f (∆Vre f ) and nb(∆Vre f ) crossing events at the voltage ∆Vre f . A simple way
to make such estimate is to use the number of crossing events in one direction. It is, of
course, recommended to choose the direction that provides better statistics. Assuming that
there are more forward than backward crossing events in the MD simulations,

tS = tMD
n f (∆Vre f )

m f .

If the backward events dominate, tS would be estimated using nb(∆Vre f ) and mb. Once tS
has been determined, the stochastic currents at voltage ∆V can be calculated:

JS(∆V) = J f
S (∆V)− Jb

S(∆V) = [n f (∆V)− nb(∆V)]/tS.

where JS(∆V), J f
S (∆V) and Jb

S(∆V) are the total, forward and backward currents at volt-
age ∆V.

3.2. Committor Probabilities

The committor probabilities for p7 are shown in Figure 1. The committor probabilities
in Figure 1a have been calculated from Supplementary Materials, Equation S30, in which
ions arriving at z from both sides are included. The statistical errors associated with P(z)
at different voltages are small, even at the N6 level. As can be seen in Figure 1b, this
is not the case for one-sided P(z), obtained using Supplementary Materials, Equations
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S28 and S29. This is due to the decreasing number of ions from one direction as they
approach the opposite side of the channel. The inset of Figure 1b shows the numbers of
first-passage events from the forward and backward calculations as well as the combined
number of events. At 140 mV, the statistics are satisfactory only in the forward direction, in
which most of crossing events occur, whereas no reliable probabilities are obtained for the
backward direction over the full range of z. The opposite is true for −140 mV; P(z) in the
forward direction is unreliable. Thus, combining information about P(z) in both directions
is preferable whenever possible.

As voltage changes from −140 mV to 140 mV, the position of the transition state for
K+ permeation through p7, defined as the x,y-plane at which P(z) = 0.5, Ref. [85] shifts
substantially and systematically from 7 Å to −13 Å with respect to the center of mass of
the membrane. Such large shifts, however, are not universal. As we have shown in the
example of TTX [33], the position of the transition state changes markedly less with voltage
if the underlying PMF is strongly peaked.

 0

 0.2

 0.4

 0.6

 0.8

 1

-15 -10 -5  0  5  10
z   (Å)

 10

10 7

-15 -10 -5  0  5  10

N
(z

)

z   (Å)

10 5

10 3

(b)

 0

 0.2

 0.4

 0.6

 0.8

 1

P(
z)

-15 -10 -5  0  5  10
z  (Å)

(a)

P(
z)

Figure 1. (a) Committor probabilities for Cl− in p7 at −140 mV (red), −70 mV (green), −35 mV
(black), 0 V (blue), 70 mV (cyan) and 140 mV (magenta). Error bars are shown for the N6 data sets at
−35 mV and 140 mV; (b) Committor probabilities for p7 at 140 mV from the N6 data set for 1-sided
forward (green) and backward (blue) trajectories, respectively, 2-sided data set in the backward
direction (red lines), and average in the forward direction with error bars (red symbols). In the inset
we show the number of first passage trajectories to reach z for one N6 data set in the forward (green)
and backward (magenta) directions and the total (light blue).

Calculating P(z) for GLIC is more difficult. This is a slow channel and even at the
N7 level, which approximately corresponds to a MD trajectory of 8 µs in length (see
Supplementary Materials, Section S4, the number of crossing events is small. At 100 mV
only an average number of 0.5 forward and 29 backward crossing events were observed.
In particular, N7 simulations of forward trajectories frequently produce no crossing events.
At the same voltage, P(z) in the backward direction is often equal to 1 over a relatively
wide range of several Å near zmax, which means that all ions that reached this range exit the
channel at zmax. In such circumstances, calculation of P(z) from Supplementary Materials,
Equation S30 is no longer possible. A different approach is needed.

Direct calculation of the committor probability requires that some number of tra-
jectories successfully cross the channel, Nb(zmin) > 0 and N f (zmax) > 0. If one of these
conditions is not met, for example, if N f (zmax) = 0, then P f (z) = N f (zmax)/N f (z) = 0. If
we consider position z′ (z′ < zmax) at which N f (z′) > 0, then we can write the committor
probability P(z) = αN f (z′)/N f (z), where α is unknown, though formally would be equal
to N f (zmax)/N f (z′) if complete sampling of the forward direction were available. α can be
determined in a self-consistent manner. Using Equation S30 from Supplementary Materials,
Section S3, we can write the total committor probability in the region z < z′ and the
backward committor probability z > z′:

P(z) =





αN f (z′)+Nb(z)−Nb(zmin)

N f (z)+Nb(z)
if z < z′

1− Nb(zmin)
Nb(z)

if z > z′.

103



Entropy 2021, 23, 571

If we require that P(z) is continuous at z = z′, then α = 1 − Nb(zmin)/Nb(z′). Other ways
of determining P(z) for this problem are possible.

3.3. The Potential of Mean Force

Typically, the PMFs for ions in channels are calculated in simulations in the ab-
sence of electric field using enhanced sampling techniques (see the recent review by
Flood, et al. [27]). In contrast, the methods outlined here allow for reconstructing PMF
from steady-state simulations with an applied electric field. The underlying PMFs for p7
and GLIC used in the present study were obtained by way of this method (see Supple-
mentary Materials, Section S1). Since TTX is a bundle of straight α-helices surrounding a
featureless water pore, the PMFs for K+ and Cl− are quite generic, which is characteristic
of several very simple channels (see Figure 2a) [24,25]. For K+, the PMF is fairly flat over
a wide range of approximately 18 Å inside the channel, which is reminiscent of classical
models of ionic conductance in which it is assumed that the PMF is a step function constant
inside the channel [1,86]. For Cl−, the PMF is peaked near the center of the bilayer, which
can be attributed to the Born barrier experienced by an ion permeating a rigid, featureless
non-polar lamella [87]. If an ion is transferred across a membrane through a water-filled
pore, the general shape of the PMF remains the same, but the barrier is substantially re-
duced [87,88]. For TTX, it still remains approximately 1.5 kcal/mol higher than the barrier
for K+, which is consistent with a weak selectivity of this channel toward cations.

The PMF for permeation of Cl− in the OuYang et al. model of p7 [69] is more structured
than the PMF for TTX (see Figure 3a). The barriers are low, which explains high chloride
current predicted by this model [37]. In contrast to TTX, the barriers to Cl− permeation in
p7 are located near the mouths of the channel due to the presence of positively charged
residues at these locations. Compared to permeation of Cl−, the current of K+ in this model
is quite low, which indicates that the channel should be anion-selective. Both predicted
selectivity and total currents are at variance with electrophysiological data [89], thus
contributing to arguments that the proposed high-resolution structure [69] is not native.

The PMF representing permeation of Na+ through GLIC is also markedly more
structured than the PMF for ions in TTX (see Figure 2b). The barrier is substantially higher
than in the other two channels. As a result, the conductance of this channel is relatively
low [70]. This presents a challenge because the number of crossing events in both directions
is small. The PMF for Cl− in this channel is not considered because no crossing events of
this ion have been observed in MD simulations.
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Figure 2. (a) PMFs for K+ (lower curves) and Cl− (upper curves) in TTX from stochastic simulations
with an applied voltage of 50 mV. The PMFs have been reconstructed by way of CWDM at the N6
(blue) and N7 (gold) levels or by way of CPM at the N6 (green) and N7 (magenta) levels; (b) PMF
for Na+ in GLIC from stochastic simulations with applied voltage of 100 mV. The PMF has been
reconstructed by way of CWDM at the N7 (blue) and N8 (gold) level or by way of CPM at the N7
(green) and N8 (magenta) level. In both panels, the underlying PMF is in red.

Taken together, the PMFs considered here are quite different from one another,
but are typical of the variety seen in ion channels. In spite of these differences, all
three PMFs were successfully reconstructed from non-equilibrium simulations by way of
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Equations (12) and (15) associated, respectively, with the CWDM and CPM methods. The
applied voltages were 50 mV for TTX, 140 and −35 mV for p7 and 100 mV for GLIC. For
TTX and p7, reconstruction was carried out at the N6, N7 and N8 levels. For GLIC, the
number of crossing events at the N6 level was quite small or equal to zero. Thus, only
N7 and N8 levels were considered. At the N6 level, 50 and 100 data sets of trajectories
were generated for TTX and p7, respectively. At the N7 level, 20 sets of trajectories were
generated for TTX and p7, and 50 sets were generated for GLIC. At the N8 level, the
number of generated sets was 4, 8 and 25 for TTX, p7 and GLIC, respectively. At each level,
all reconstructed PMFs are found to be tightly clustered and their averages at each level
are close to the underlying PMF, as shown in Figures 2 and 3a.
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Figure 3. (a) PMF for Cl− in p7 from stochastic simulations with an applied voltage of 140 mV. The
PMFs have been reconstructed by way of CWDM at the N6 (blue) and N7 (gold) levels or by way
of CPM at the N6 (green) and N7 (magenta) levels. The input PMF (red) is shown for reference.
PMFs at the N8 level are not shown, as they coincide with the underlying PMFs and statistical
errors associated with this level arequite small and are poorly visible at this scale; (b) PMFs for P7
reconstructed by way of one-sided forward trajectories (green) using Equation (13) and backward
trajectories (blue) using Equation (14) from stochastic simulations at the N6 level with applied
voltage of 140 mV. Two-sided reconstruction (magenta) and the underlying PMF (red) are shown for
comparison. Note that one-sided, but not two-sided reconstructions are burdened with large errors
at the ends.

In these figures, statistical errors associated with dispersion of the reconstructed PMFs
are marked. For ∆A(zmax, zmin), these errors are approximately ±0.3 kcal/mol at the N6
level for TTX and p7 and at the N7 level for GLIC. As expected, they are reduced by
approximately a factor of 3 with each level in which the number of sets increases by an
order of magnitude. The mean PMFs obtained by way of CWDM and CPM at different
levels are quite close to the underlying PMF and the corresponding statistical errors are
very similar, indicating that both methods are successful in reproducing the underlying
PMFs. Only for GLIC at the N7 level, does the ∆A(zmax, zmin) reconstructed by way of
CWDM appear to be systematically underestimated. At this level, no crossing events in one
direction are observed for a considerable fraction of data sets, which makes reconstruction
of the PMF from Equation (12) impossible. This systematically biases the sample in favor
of sets with higher counts of crossing events and, consequently, lower ∆A(zmax, zmin).
From the comparison between the PMFs reconstructed for p7 from trajectories at 140 and
−35 mV, it appears that precision of the reconstruction depends somewhat on applied
voltage. If the forward and backward densities are well balanced, precision improves.

In CPM, the PMFs can be calculated from one-sided quantities, Equations (13) and (14),
or by combining them. Here, the latter has been done by way of WHAM, Equation (15). As
can be seen in Figure 3b, this approach yields improved agreement with the underlying
PMF. In one-sided formulas, the densities can become quite low near the exit and, as a
result, precision in this range suffers.

In summary, both CWDM and CPM provide a reliable means for reconstructing
PMFs from non-equilibrium simulations. However, the relation between statistical errors
obtained in stochastic and MD simulations is not straightforward. Even if the assumptions
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of the ED model are satisfied, precision of stochastic simulations is expected to be higher
than precision in MD simulations of equivalent length. Specifically, it is usually uncertain
if all degrees of freedom perpendicular to the reaction coordinate have been properly
equilibrated on the time scale of the simulations. Torsional angles in the side chains of
residues lining the pore or motion of whole helices are examples of degrees of freedom
that might undergo slow equilibration and, by doing so, influence the calculated PMF
and electrophysiological properties. The same concern applies to all other methods for
calculating these quantities.

3.4. Current-Voltage Dependence

Once the PMFs for the ions permeating the channel have been reconstructed and the
committor probabilities for these ions have been calculated for a reference voltage, the full
current-voltage (I-V) curves can be calculated from Equations (19) and (20) without the
need for additional simulations. This is the principal gain in efficiency of the method: the
I-V curve can be obtained from a single MD simulation instead of multiple simulations. For
example, if constructing the I-V curve required MD simulations at five different voltages in
the range of interest the efficiency of our methods would be approximately five-fold. Since
numerical results indicate that Equation (19) yields less accurate results than Equation (20),
this equation will not be further considered. The results for TTX, p7 and GLIC are shown
in Figures 4 and 5. The reference applied voltages are the voltages used for reconstructing
PMFs, described in the previous subsection. For comparison, currents calculated directly
from stochastic trajectories at several voltages are also shown.
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Figure 4. (a) I-V curves for K+ (green) and Cl− (blue) in TTX reconstructed from simulations at
50 mV at the N6 level. Blue and green dots are currents obtained from direct simulations at specific
voltages.; (b) I-V curves for Cl− in p7 reconstructed from simulations at 140 mV at the N6 (blue), N7
(green) and N8 (red) level, and for −35 mV at the N6 level (magenta). N7 and N8 curves are not
shown because they are almost identical to the N6 results. Black dots are currents obtained from
direct simulations at specific voltages. All reconstructions were done using the PMFs obtained by
way of CPM. The results of reconstructions using the PMFs from CWDM are not displayed because
they are nearly identical.

As we can see in Figure 4, the agreement between the I-V curves for both K+ and Cl−

in TTX calculated directly and by way of Equations (18) and (20) is excellent, even at the
N6 level, for the full range of voltages studied here, which extends from −100 to 100 mV.
As shown in Figure 6, the I-V curves obtained for different sets of trajectories are closely
clustered and deviate from each other only at the largest absolute applied voltages by no
more than a few pA.
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Figure 5. I-V curves for Na+ in GLIC reconstructed from simulations at 100 mV at the N7 level with
PMF from CPM (blue), at the N7 level with PMF from CWDM (magenta), and N8 with PMF from
CWDM (red). N8 with CPM (not shown) is almost identical to N7 CPM. Black dots are currents
obtained from direct simulations at specific voltages.
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Figure 6. Reconstructions of I-V curves in TTX from individual sets of trajectories for K+ (a) and
Cl− (b). The PMFs were obtained from CPM (upper panels) or CWDM (lower panels). The curves
were calculated by way of Equation (20) (blue) or Equation (18) (green). All reconstructions were
carried out from simulations at applied voltage of 50 mV at the N6 level. Note that blue curves, but
not green curves, are tightly clustered together indicating that Equation (20) is more accurate than
Equation (18).

For p7, the agreement is not as good if the the reference voltage of 140 mV is used for
calculating the I-V curve. The Cl− currents calculated directly and from Equation (18) agree
well for positive voltages, but diverge for negative voltages, away from the reference state.
The corresponding statistical errors also increase and become quite large below −50 mV.
The source of this disagreement can be traced to the integrand in Equation (18). As the
difference between the reference and the target voltage increases, the exponential term also
increases, which magnifies inaccuracies in function f (z). If the reference voltage is chosen
to be −35 mV, the agreement over the full range of voltages −150 to 150 mV improves
markedly, with modest deviations only at high, positive voltages (see Figure 4). A similar
situation was observed for GLIC. For the reference voltage of 100 mV, the I-V curves at
the N7 level satisfactorily reproduce currents calculated directly for positive voltages. For
negative voltages, the performance of the method progressively deteriorates. Again, if one
is interested in an I-V curve that extends to both positive and negative voltages, a different
choice of reference voltage may yield significant improvements in accuracy.

As pointed out in the introduction, a number of previous studies have used unreal-
istically large applied voltages to increase the number of crossing events and, by doing
so, improved precision of the calculated currents [15,23,35,37]. Furthermore, as discussed
earlier, this may lead to electroporation of the membrane, saturation effects during the
intake of ions at the mouth of the channel and involves extrapolation or interpolation to
the voltages by way of ad hoc procedures of unknown accuracy. The approach developed
here is more efficient and accurate and has a substantially stronger theoretical basis than
procedures used previously, even though only calculations at the reference applied volt-
age are necessary. In this approach, the accuracy of the reconstructed I-V curves can be
substantially improved through a judicious choice of this reference voltage. This choice
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depends on the range of voltage that is of interest and on several properties of a channel, in
particular its rectification, which characterizes an asymmetry of currents in response to the
change in direction of applied voltage. In general, maximizing total ion current through
applying high voltage is not the optimal strategy. Instead, it is often better to choose a
voltage that yields good statistics in both directions.

3.5. Reversal Potential

The reversal potential, ∆VR, is the applied voltage at which there is no net current. If
ionic concentrations on both sides of the membrane are equal, ∆VR = 0. Experimentally,
the reversal potential is measured by maintaining different concentrations on the cis and
trans side of the membrane, and then used in conjunction with the GHK equation to
estimate channel selectivity [1,6]. In MD, asymmetric concentrations have to be maintained
to measure directly the reversal potential [90], which markedly complicates simulations.
We have only considered the situation where the concentrations of ions are the same on
both sides of the membrane, as this corresponds to the conditions under which we have
carried out MD. We wish to expand this to a range of concentrations.

We expect that the net number of crossing events, from which we calculate the I-V
curve, depends on this concentration. If the bulk concentrations are low and the channel is
not saturated, then we expect the number of crossing events, and hence the currents, to
be linearly dependent on the concentrations of ions. For example, if the concentration is
doubled on both sides of the membrane, the net currents will also double. Under these
assumptions, we can calculate the reversal potential from our formalism. We simply need
to scale the fluxes of all ion types on one side of the membrane to match the desired
concentration difference.

The K+/Cl− selectivity of TTX obtained from the MD simulations is 2.2 [24,33]. Using
currents scaled by 5:1 in the I-V reconstruction from Equation (20), we obtain a reversal
potential of −9 mV. This corresponds to a GHK selectivity of 1.7, which is reasonably close
to the selectivity found in MD. Note that experimentally, the reversal potential is −27 mV,
corresponding to a K+/Cl− selectivity of 6 estimated from the GHK Equation [6]. This
cannot be compared directly to our results because the actual channel structure is unknown,
there are uncertainties due to force fields, and the GHK equation itself is an approximation.

4. Conclusions

Stochastic simulations were used to investigate the reliability of two new methods to
calculate PMFs for ion transport across transmembrane ion channels and electrophysio-
logical properties of these channels within the general framework of the electrodiffusion
model. Both methods have the desirable features that only simulations at a single voltage
are needed and information on the diffusivity is not required. In CPM, knowledge of
the committor probability is required. Stochastic simulations containing 106 trajectories
were shown to have similar numbers of crossing events for models of TTX and p7 in MD
simulations of 1–2 µs in length. Analysis of 50 or 100 of such simulations indicate that
errors in the free energy profiles are approximately ±0.3 kcal/mol. For a model of a slow
channel, GLIC, 107 trajectories, which approximately corresponds to MD simulations of
10 µs in length, are needed to achieve a similar statistical error. For both TTX and for p7 at
lower applied voltages, CPM and CWDM yield similar results. In CWDM, one-sided fluxes
are used directly, and for cases in which few crossing events are observed in one direction,
either due to large applied voltages, such as p7 at ±140 mV, or because the channel is
rectifying, such as GLIC, CPM performs better because two-sided quantities are employed
in this method. Similarly, even though one-sided CPM calculations are possible, the errors
near the end of the channel become substantial because the density becomes quite small,
yielding large relative errors.

Stochastic simulations were also used to investigate the reliability of a new expression
to calculate the ionic currents at different voltages, ∆V, given knowledge of the PMF,
committor probabilities and density profiles at a reference voltage ∆Vref. We found that
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the I-V dependence could be reconstructed over a range of ±100 mV, with respect to the
reference voltage. Judicious choice of ∆Vref can markedly improve the accuracy of the
reconstruction. Specifically, the I-V reconstruction for p7 is much better for ∆Vref = −35 mV
than for ∆Vref = 140 mV. Although much of the error can be attributed to the large voltage
ramp for voltages away from ∆Vref (3.2 kcal/mol at 140 mV), some of the error is due to the
poor statistics in the direction against the field. This is also evident in the reconstruction
of the I-V curve for GLIC, for which some simulations yielded no crossing events against
the field.

Common goals of simulations of ion channels are to obtain the free energy profiles
of ions translocating the channel and to determine electrophysiological properties of the
channel. In some instances, a reliable estimate of the numbers of crossing events, from
which the ionic currents can be calculated, is difficult to obtain from MD even for long
simulation times. We have shown that the new methods perform very well both to obtain
reliably the free energy profile across the channel and to allow for accurate determination
of the I-V curves. In the latter case, it is desirable to use a reference voltage that yields
good crossing statistics in both directions rather than a voltage that maximizes the total
number of crossing events. In summary, if transport of ions through a channel can be
satisfactorily described by the ED model, the new methods offer substantial reductions of
computational effort without sacrificing accuracy. Our approach is amenable to extensions
in which the advantages of MD and stochastic simulations are further combined on reliable
theoretical grounds.

Supplementary Materials: The following are available at https://www.mdpi.com/article/10.339
0/e23050571/s1 , Figure S1: Pictures from MD simulations of TTX, p7, and GLIC, Figure S2: Total
displacement charge calculated from ion crossing statistics and displacement current.
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Abstract: When forces are applied to matter, the distribution of mass changes. Similarly, when
an electric field is applied to matter with charge, the distribution of charge changes. The change
in the distribution of charge (when a local electric field is applied) might in general be called the
induced charge. When the change in charge is simply related to the applied local electric field, the
polarization field P is widely used to describe the induced charge. This approach does not allow
electrical measurements (in themselves) to determine the structure of the polarization fields. Many
polarization fields will produce the same electrical forces because only the divergence of polarization
enters Maxwell’s first equation, relating charge and electric forces and field. The curl of any function
can be added to a polarization field P without changing the electric field at all. The divergence of the
curl is always zero. Additional information is needed to specify the curl and thus the structure of the
P field. When the structure of charge changes substantially with the local electric field, the induced
charge is a nonlinear and time dependent function of the field and P is not a useful framework to
describe either the electrical or structural basis-induced charge. In the nonlinear, time dependent
case, models must describe the charge distribution and how it varies as the field changes. One
class of models has been used widely in biophysics to describe field dependent charge, i.e., the
phenomenon of nonlinear time dependent induced charge, called ‘gating current’ in the biophysical
literature. The operational definition of gating current has worked well in biophysics for fifty years,
where it has been found to makes neurons respond sensitively to voltage. Theoretical estimates
of polarization computed with this definition fit experimental data. I propose that the operational
definition of gating current be used to define voltage and time dependent induced charge, although
other definitions may be needed as well, for example if the induced charge is fundamentally current
dependent. Gating currents involve substantial changes in structure and so need to be computed
from a combination of electrodynamics and mechanics because everything charged interacts with
everything charged as well as most things mechanical. It may be useful to separate the classical
polarization field as a component of the total induced charge, as it is in biophysics. When nothing
is known about polarization, it is necessary to use an approximate representation of polarization
with a dielectric constant that is a single real positive number. This approximation allows important
results in some cases, e.g., design of integrated circuits in silicon semiconductors, but can be seriously
misleading in other cases, e.g., ionic solutions.

Keywords: polarization; maxwell equations; gating current; dielectric constant

1. Introduction

When forces are applied to matter, the distribution of mass changes. Similarly, when
electrical forces are applied matter with charge, the distribution of charge changes.

The electric field E
(
x, y, z

∣∣t; ρQ(x, y, z|t; E)
)

changes the spatial distribution of charge
P(x, y, z|t; E) producing polarization that has a central role in electrodynamics. In general,
the change in charge distribution induced by the electric field will depend on time and
electric field in a complex nonlinear way. We will discuss that situation later. But even
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when the induced charge is that of a polarization field characterized by a single dielectric
constant (a real number), the actual definition of the polarization field P(x, y, z|t; E) is
problematic, as major textbooks point out. Purcell and Morin [1], p. 500–507, show how the
same structure can be described by different fields P(x, y, z|t). They conclude “The concept
of polarization density P is more or less arbitrary” (slight paraphrase of [1], p. 507) and
leads to an auxiliary variable that “is an artifice that is not, on the whole, very helpful” [1],
p. 500.

Feynman shares this view. Feynman’s text says (on p. 10–17 of [2]) “One more point
should be emphasized. An equation like D = εrε0E is an attempt to describe a property of
matter. But matter is extremely complicated, and the equation is in fact not correct.”, as he
then explains in some detail [3]. (Zangwill [2] uses quantum electrodynamics (p. 160) to
deal with P and avoids (p. 44) the auxiliary variable D. He concentrates on the fundamental
variable E, as we do here.) Neither Purcell nor Feynman propose a general explanation for
the ambiguity in P.

The significance of the Purcell and Morin and Feynman’s statements is great. If the
concept of polarization is ‘more or less arbitrary’ (Purcell and Morin’s words); and the
distinction between bound and free charge is ‘ambiguous’, then the formulation of the
Maxwell equations in textbooks is ambiguous and arbitrary.

I hope it is not necessary to say the obvious: something as important as the Maxwell
equations should not be presented in a way that two Nobel Laureates (Purcell and Feyn-
man) think is ambiguous and arbitrary (their words, not mine). It seems that “ . . . the
conventional theory of electrodynamics inside matter needs to be redesigned”: p. 13 of [4].

A general explanation is presented here following Griffiths, Ch. 4, [5]. The ambiguity
in the definition of polarization arises from a mathematical property of vector fields and not
from a particular physics or structure of charges. Only the divergence of the polarization
field enters into the equations for the electric field E and so very different functions can
be added to P without changing the observable electric field. Specifically, the curl of any
function can be added to P without changing the electric field because the divergence of the
curl of any function is zero. Thus, measurements of E cannot determine the polarization
field P uniquely. Different structures of polarization charge can give the same electric
field and so measurements of the electric field cannot determine the structures producing
polarization or there the structures of charge itself.

A paradigm widely used in biophysics to define gating current allows resolution of
this ambiguity in many cases beyond biophysics. This paradigm cannot be universally
applied but when it can be applied it is very useful. The dependence of polarization on the
electric field is as complicated as the motions of matter in an electric field. These motions
are nearly as complicated as the motions of matter in general. It is unlikely that any single
paradigm will be universal. Nonetheless, the gating current paradigm of biophysics may
be generally useful and will surely make specific what is needed for paradigms in general.

The paradigm of biophysics was developed to resolve the nonlinear displacement
(i.e., capacitive) current of nerve that Hodgkin and Huxley [6] suggested might be the
voltage sensor of nerve. This ‘gating current’ was measured in nerve [7] using a paradigm
developed by Schneider and Chandler [8,9] and significantly improved by Bezanilla and
Armstrong [10,11] and has been studied in great detail [7,12–19] because of the insight it
gives [17,18,20,21] into the physical mechanism of conformation change in a most important
biological protein and process. The conformation change of the voltage sensor determines
many properties of the action potential, which is the signal used by the nervous system,
skeletal and cardiac muscle to send signals more than a few micrometers.

The ambiguity of P arises from the history of electrodynamics, in my view. Faraday
and Maxwell thought all charge depends on the electric field ([3], p. 36; [22–24]. All charge
would then be polarization.

Maxwell used the D and P fields as fundamental dependent variables. Charge only
appeared as polarization, usually over-approximated [25–35] by a dielectric constant εr that
is a single real positive number. Charge independent of the electric field was not included,
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because the electron had not been discovered: physicists at Cambridge University (UK)
did not think that charge could be independent of the electric field. The electron was
discovered some decades later, in Cambridge, ironically enough [36,37]. (Thomson’s
monograph“intended as a sequel to Professor Clerk-Maxwell’s Treatise on electricity and
magnetism” [38] does not mention charge, as far as I can tell. Clarendon Press: 1893.
“intended as a sequel to Professor Clerk-Maxwell’s Treatise on electricity and magnetism”;
does not mention charge, as far as I can tell. Faraday’s chemical law of electrolysis was
not known and so the chemist’s ‘electron’ postulated by Richard Laming and defined
by Stoney [39] was not accepted in Cambridge as permanent charge, independent of the
electric field. It is surprising that the physical unit ‘the Faraday’ describes a quantity of
charged particles unknown to Michael Faraday. Indeed, he did not anticipate the existence
or importance of permanent charge on particles or elsewhere.) It then became apparent to
all that the permanent charge of an electron is a fundamental source of the electric field.
The electron and permanent charge must be included in the equations defining the electric
field, e.g., Equations (1) and (6) as it is in every textbook I have examined.

For physicists today, the fundamental electrical variable is the E field that describes
the electric force on an infinitesimal test charge. D and P fields are auxiliary derived fields
that many textbooks think unnecessary, at best.

2. Theory

The setup used here is described in many fine textbooks and so detail is omit-
ted [1–5,40,41]. The specifics of the setup used to measure gating currents is described later,
see Figures 1 and 2.
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Maxwell’s first equation for the composite variable D relates the ‘free charge’ ρ f (x, y, z|t),
units cou/m3, to the sum of the electric field E and polarization P. It is usually written as

div D(x, y, z|t) = ρ f (x, y, z|t) (1)

D(x, y, z|t; E) , ε0 E(x, y, z|t) + P(x, y, z|t; E) (2)

The physical variable E that describes the electric field is not visible in the classical
formulation Equation (1). Maxwell embedded polarization in the very definition of the
dependent variable D , ε0 E + P. ε0 is the electrical constant, sometimes called the ‘permit-
tivity of free space’. Polarization is described by a vector field P with units of dipole moment
per volume, cou-m/m3, that can be misleadingly simplified to cou-m−2. The charge ρ f
cannot depend on D or E in traditional formulations and so ρ f is a permanent charge.
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When Maxwell’s first equation is written in a style appropriate since the discovery of
the electron E is the dependent variable, as textbooks make clear. The source terms are ρ f
and the divergence of P.

ε0div E(x, y, z|t) = ρ f (x, y, z|t)− div P(x, y, z|t; E) (3)

P does not have the units of charge and should not be called the ‘polarization charge’.
P does not enter the equation by itself. Only the divergence of P appears on the right-hand
side of Equation (3).

D(x, y, z|t) and the polarization P(x, y, z|t) are customarily over-approximated in clas-
sical presentations of Maxwell’s equations: the polarization is assumed to be proportional
to the electric field, independent of time.

P(x, y, z|t) , (εr − 1)ε0 E(x, y, z|t) (4)

D(x, y, z|t) , εrε0E(x, y, z|t) (5)

The proportionality constant (εr − 1)ε0 involves the dielectric constant εr which must
be a single real positive number if the classical form of the Maxwell equations is taken
as an exact mathematical statement of a system of partial differential equations. If εr is
generalized to depend on time, or frequency, or the electric field, the form of the Maxwell
equations changes. If εr is generalized, traditional equations cannot be taken literally
as a mathematical statement of a boundary value problem. They must be changed to
accommodate the generalization.

Polarization and thus εr—however generalized—depend on time or frequency in
complex ways in all matter as documented in innumerable experiments [33–35,42–44].
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Many of the most interesting applications of electrodynamics arise from the dependence of
polarization and εr on field strength.

εr should be taken as a constant only when experimental estimates, or theoretical
models are not available, in my view.

It is difficult to imagine a physical system in which the electric field produces a
change in charge distribution independent of time (see examples shown towards the end
of Discussion). The time range in which Maxwell’s equations are used in the technology of
our computers, smartphones, and video displays starts around 10−10 s. The time range
in which Maxwell’s equations are used in biology start around 10−15 s in simulations
of the atoms that control protein function. The time range of the X-rays that determine
protein structure is ~10−19 s. The time range used to design and operate the synchrotrons
that generate X-rays is very much faster than that, something like 10−23 s. The Maxwell
equations describe experiments to many significant figures over this entire range.

It is evident that a dielectric constant εr independent of time is an inadequate over-
approximation in many cases of practical interest today, in biology, engineering, chemistry,
and physics.

Maxwell’s first equation for E is well described in many textbooks, although the
inadequacies of the usual representation of polarization with a single dielectric constant
are not emphasized, if mentioned at all. Students are then often unaware of the over-
approximation, particularly if they have a stronger background in biology or mathematics
than the physical sciences.

εrε0div E(x, y, z|t) = ρ f (x, y, z|t) (6)

Polarization is particularly well described in Griffiths [5].
It is wise, in my view to combine the fields on the right-hand side of Equation (3) with

the definition
ρQ(x, y, z|t; E) , ρ f (x, y, z|t)− div P(x, y, z|t; E) (7)

yielding the version of Maxwell’s first law that does not involve a polarization field
P(x, y, z|t) at all.

ε0div E(x, y, z|t) = ρQ(x, y, z|t; E) (8)

We adopt this version of Maxwell’s first equation here.

3. Results

The traditional formulation of the differential equations shown in Equations (1) and (6)
is ambiguous in an important way (Integral forms of the Maxwell equations show more
clearly the need for boundaries. They display the charge on the surface as an integral and
explicit part of the general solution of Poisson’s equation for the electrical potential, for
example). They do not mention the shape or boundaries of the regions in question. In fact,
if P varies from region to region, but is constant within each region, charge is absent within
each region: when P is constant, div P = 0. Charge accumulates only at the boundaries of
the regions. In many situations involving dielectrics, including most of those described
in classical textbooks Only the boundary charge has effects on the Maxwell Equations (1)
and (6). The P field in the Maxwell Equation (7), and implied in Equations (1) and (6), is
zero; only the boundary values of P are important and they are not visible in the Maxwell
Equations (1) and (6) themselves.

We turn now to applications in biology where the issue of charge at boundaries
is particularly important, not to say that it is unimportant in semiconductor devices as
well. Dielectric boundary charges have a particular role in biological systems involving
membranes or proteins. The membrane capacitance, so important in determining the
electrical properties of cells, particularly cells with action potentials like nerve and muscle,
is a boundary phenomenon. Boundary charges are of great importance in channel proteins
that allow (nearly catalyze) ion flow through membranes, see Appendix A on Proteins
and [45].
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Turning back to classical electrodynamics, we remember that most of the properties of
dielectric rods studied by Faraday—and predecessors going back to Benjamin Franklin, if
not earlier—arise from the dielectric boundary charges. Textbooks typically spend much
effort teaching why polarization charge appears on dielectric boundaries in systems with
constant P where div P = 0 (e.g., Ch. 6 of [3]). Students wonder why regions of dielectrics
without polarization charge have polarization charge on boundaries.

A general principle is at work here: a field equation in itself—like Equations (1) and (6)
that are partial differential equations without boundary conditions—is altogether insuffi-
cient to specify an electric field. A model is needed that has boundary conditions. Applica-
tions of electrodynamics to biology, electrochemistry, and semiconductors are not useful
until they specify models and boundary conditions that realistically describe the system
of interest.

The model needs to include an explicit structure. It needs to describe the spatial
variation of P. Indeed, the spatial variation of P may be a main determinant of prop-
erties [46–48] in (for example) many biological systems (e.g., channels), electrochemical
systems (electrodes of batteries), and semiconductor devices. Without specifying boundary
conditions (defined explicitly in specific structures), using P in the differential Equation (7),
and implied in Equations (1) and (6), is ambiguous and confusing. Indeed, using P without
boundary conditions is so incomplete that it might be called incorrect.

The general nature of the ambiguity in P becomes clear once one realizes that:

Adding curl C̃(x, y, z|t)to P(x, y, z|t) in Maxwell’s first equation, Equation (7) (9)

changes nothing (Ch. 4 of [5]) because [49,50]

div curl C̃(x, y, z|t) ≡ 0 ; (10)

The ambiguity in P in the Maxwell differential equations means that any model
Pmodel(x, y, z|t) of polarization can have curl C̃(x, y, z|t) added to it, without making any
change in the div P(x, y, z|t) in Maxwell’s first equation (7), and implied in Equations (1)
and (6).

In other words, the polarization div P(x, y, z|t) in Maxwell’s first Equations (7), and
implied in Equations (1) and (6), does not provide a unique structural model of polarization
Pmodel(x, y, z|t). In particular, a model drawn from an atomic detail structure can be modi-
fied by adding a polarization P̃(x, y, z|t) , curl C̃(x, y, z|t) to its representation (i.e., ‘draw-
ing’) of polarization without changing electrical properties at all: div P ≡ div

(
P + P̃

)
.

Models of the polarization P1
model and P2

model of the same structure written by different
authors may be strikingly different but they can give the same electrical results even though
the models can appear to be very different. The curl C̃(x, y, z|t) field can be quite complex
and hard to recognize in a model, particularly for structural biologists who may not be
comfortable with vector calculus and its curl and div operators. The two models P1

model and
P2

model produce the same charge distribution div P1
model and div P2

model in Maxwell’s first
equation Equation (11) and so they cannot be distinguished by electrical measurements.

As we have seen, the P field is arbitrary, as certainly has been known previously Ch.
4 of [5]. Purcell and Morin [1], see pp. 500–507, describe structural models and ways to
construct different fields P(x, y, z|t) from the same structure as stated in the introduction to
this paper. P fields are not unique.

Purcell and Morin are not guilty of overstatement—indeed they may be guilty of
understatement—when they say “The concept of polarization density P is more or less
arbitrary” (slight paraphrase of [1], p. 507) and the D field is “is an artifice that is not, on
the whole, very helpful” [1], p. 500.

The classical approach criticized by Purcell and Morin [1] does not allow unique
specification of a polarization field P(x, y, z|t) from electrical measurements.

An arbitrary artificial formulation is prone to artifact and likely to produce misunder-
standing and unproductive argument: “what is the true description of a dielectric object
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(e.g., protein)?” is a question likely to arise and be unanswerable if the polarization field P
is itself not unique.

The P(x, y, z|t) of classical theory is not a firm foundation on which to build an under-
standing of the structural basis of the phenomena of polarization, or the electrodynamics
of matter, with problems particularly apparent in the understanding of the polarization
arising from the structure of proteins (see Appendix A).

It seems clear that most formulations of electrodynamics of dielectrics in classical
textbooks are “more or less arbitrary” and depend on an “artifice” (quotations from Feyn-
man and Purcell and Morin). Because dielectrics, polarization and a dielectric constant
(as a single real number) are central to the classical treatments of electrodynamics, the
conclusion (p. 13) of a modern monograph on electrodynamics, using mathematics (exterior
differential forms) appropriate for relativistic theories of electrodynamics, [4] quoted previ-
ously seems worth restating “We believe that the conventional theory of electrodynamics
inside matter needs to be redesigned”. That redesign begins with a revised treatment of
polarization that reflects the ambiguity of the curl, see [5]. Ambiguity and its problems can
be avoided if Maxwell’s First Equation is rewritten without a polarization field P(x, y, z|t)
as shown previously in Equation (8). The phenomena of polarization—the response of
charges to an electric field—is then included in a variable ρQ(x, y, z|t; E), specifically as
(part of) its dependence on E :

div ε0E(x, y, z|t) = ρQ(x, y, z|t; E) (11)

Here ρQ(x, y, z|t; E) describes all charge whatsoever, no matter how fast, small or
transient are their movements, including what is usually called dielectric charge and per-
manent charge, as well as charges driven by other fields, like convection, diffusion or
temperature. The charge ρQ can be parsed into components in many ways (see Equa-
tions (1), (3), (6) and (8) and [43,51]). Updated formulations of the Maxwell differential
equations [43,51] are needed, in my opinion, to avoid the problems produced by ambiguous
P and over-simplified εr.

We turn now to a quite different property of charge matter, the flow of charges.
Most applications of electrodynamics involve flow. The most prominent application

of electrodynamics is surely computational and semiconductor electronics [52–61] and that
involves flow, usually described by Kirchhoff’s current law. Semiconductor electronics
has remade our world increasing computer power by nearly 109× in the last seventy
years [62–67]. Biology and electrochemistry (batteries) scarcely exist without flow: what
physical chemists call equilibrium (no flows of any kind) is hardly worth studying in
biological or electrochemical systems. Unlike thermodynamics, electrodynamics nearly
always involves flow.

Thus, we study the flux of charges ρQ as well as their density. Maxwell’s second
equation describes the flow of charges, electrical current, and the magnetic field. It is
understandable that Maxwell—and his Cambridge contemporaries and followers—had
difficulty understanding current flow when their models did not include permanent charge,
electrons or their motions.

Maxwell’s extension of Ampere’s law describes the special properties of current flow
Jtotal (Equation (13) that make it so different from the flux of matter. Maxwell’s field
equations include the ethereal current ε0∂E/∂t that makes the equations resemble those
of a perfectly incompressible fluid: the ethereal current always exists, whether matter is
present or not, unlike the dielectric current (εr − 1)ε0∂E/∂t that exists only when matter
is present.

Maxwell’s field equations describe the incompressible flow Jtotal over the dynamic
range of something like 1016 that is safely accessible within laboratories. The dynamic
range of the Maxwell equations is much larger if one includes the interior of stars, and the
core of galaxies in which light is known to follow the same equations of electrodynamics as
in our laboratories.
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Maxwell’s field equations are different from material field equations (like the Navier–
Stokes equations) because they are meaningful and valid universally [68], both in a vacuum
devoid of mass and matter and within and between the atoms of matter [43].

The ethereal current ε0∂E/∂t responsible for the special properties of Maxwell’s equa-
tions arises from the Lorentz (un)transformation of charge. Charge does not vary with
velocity, unlike mass (this is the mass that determines inertia, called the ‘relativistic mass’
nowadays. This was the meaning of the word ‘mass’ in Einstein’s original papers, presum-
ably because he wanted an operational definition of ‘mass’ that was based on the observable
properties, inertia and momentum, and that was independent of Lorentz transformations,
and theoretical considerations) [69], length, and time, all of which change dramatically
as velocities approach the speed of light, strange as that seems. This topic is explained in
any textbook of electrodynamics that includes special relativity. Feynman’s discussion of
‘The Relativity of Electric and Magnetic Fields’ was an unforgettable revelation to me as a
student, see Section 13-6 of reference [2]: an obervers moving at the same speed as a stream
of electrons sees zero current, but the forces measured by that observer are the same as the
forces measured by an observed who is not moving at all. The moving observer describes
the force as an electric field E(x, y, z|t). The unmoving observer describes the force as a
magnetic field B(x, y, z|t). The observable forces are the same, whatever they are called,
according to the principle and theory of relativity. (The principle and theory of relativity
are confirmed to many significant figures every day in the GPS (global positioning sys-
tems) software of the map apps on our smartphones, and in the advanced photon sources
(synchrotrons) that produce X-rays to determine the structure of proteins).

The ethereal current reveals itself in magnetic forces which have no counterpart in
material fields. The ethereal current is apparent in the daylight from the sun, that fuels life
on earth, and in the night light from stars that fuels our dreams as it decorates the sky. The
ethereal current is the term in the Maxwell equations that produces propagating waves in
a perfect vacuum like space.

Magnetism B is described by Maxwell’s version of Ampere Law, Maxwell’s Sec-
ond Equation:

1
µ0

curl B = JQ + ε0
∂E
∂t

(12)

Jtotal , JQ + ε0
∂E
∂t

(13)

1
µ0

curl B = Jtotal (14)

If we are interested in flux and current, we must turn to Maxwell’s second equation and
deal explicitly with magnetism, even if magnetic fields themselves do not carry significant
energy (as in almost all biological applications). Only by dealing with Maxwell’s second
equation can we derive conservation of total current and compare it with the conservation
of charge. Indeed, the derivation of the continuity equation used here depends on equations
involving the magnetic field.

Note that JQ includes the movement of all charge ρQ with mass, no matter how small,
rapid or transient. It includes the movements of charge classically approximated as the
properties of an ideal dielectric. It describes all movements of the charge described by
ρQ(x, y, z|t; E); ρ f is one of the components of ρQ. Indeed, JQ can be written in terms of
vQ the velocity of mass with charge. In simple cases, such as a plasma of ions each with
charge QQ

JQ =vQQQNQ (15)

where QQ is the charge per particle and NQ is the number density of particles. In a mixture,
sets of fluxes Ji

Q, velocities vi
Q, charges Qi

Q, number densities Ni
Q, and charge densities

ρ i
Q are needed to keep track of each elemental species i of particles. Plasmas are always

mixtures because they must contain both positive and negative particles to keep electrical
forces within safe bounds, as determined by (approximate) global electroneutrality.
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In cases other than plasmas, the relationship of JQ , Jtotal and QQ to material prop-
erties is complex. The relationship often involves convection and diffusion fields and
extends over a range of scales from atomic to macroscopic, in both space and time. For
example, the Maxwell equations do not describe charge and current driven by other fields,
like convection, diffusion, or temperature. They do not describe constraints imposed by
boundary conditions and mechanical structures. Those must be specified separately. If
the other fields, structures, or boundary conditions involve matter with charge, they will
respond to changes in the electric field. The other fields and constraints thus contribute
to the phenomena of polarization and must be included in a description of it, as we shall
discuss further below in the examples shown towards the end of Discussion. The theory
of complex fluids has dealt with many such cases, often with the label ‘micro macro’,
spanning scales, connecting micro (even atomic) structures with macro phenomena.

The charge density ρQ and current Jtotal can be parsed into components in many ways,
some helpful in one historical context, some in another. References [33,43,51,70–75] define
and explore those representations in tedious detail. Simplifying those representations led
to the treatment in this paper.

Maxwell’s Ampere’s law Equation (12) implies two equations of great importance and
generality. First, it implies a continuity equation that describes the conservation of charge
with mass. The continuity equation is the relation between the flux of charge with mass
and density of charge with mass.

Derivation: Take the divergence of both sides of Equation (12), use div curl = 0 [49,50],
and get

div JQ = div
(
− ε0

∂E
∂t

)
= − ε0

∂

∂t
div E (16)

when we interchange time and spatial differentiation.
However, we have a relation between div E and charge ρQ from Maxwell’s first

equation, Equation (11), giving the Maxwell Continuity Equation:

div JQ = − ε0 ε0
∂ρQ

∂t
(17)

div
(
vQQQNQ

)
= − ε0

∂ρQ

∂t
, (18)

for a biophysical or astrophysical plasma of ions.
Note that sets of fluxes Ji

Q and sets of charge densities ρ i
Q are needed to keep track of

each elemental species i of particles in a mixture, along with sets of velocities vi
Q, charges

Qi
Q, and number densities Ni

Q, as described near Equation (15).
Maxwell’s Ampere’s law Equation (12) implies a second equation of great importance.

Indeed, it is this equation that allows the design of the one-dimensional branched circuits
of our digital technology using the relatively simple mathematics of Kirchhoff’s current
law [72,74].

Derivation: Taking the divergence of both sides of Maxwell’s Second law Equation (12)
yields Conservation of Total Current

div Jtotal , div
(

JQ + ε0
∂E
∂t

)
= 0 (19)

div Jtotal = 0 (20)

or

div Jtotal , div
(

vQQQNQJQ + ε0
∂E
∂t

)
= 0 (21)

It is easy to overlook the importance of one-dimensional systems. They may seem
trivial, almost unworthy of analysis using the powerful beauty of vector calculus. However,
one-dimensional systems are of great importance despite, or because of their simplicity.
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Nearly all of our electronic technology occurs in one-dimensional systems, networks
of branching one-dimensional conductors. Our electronic technology is driven by batteries
that are one-dimensional systems. Our technology is at the hands of animals, humans
in which all information transfer is done by one-dimensional circuits, unbranched in ion
channels, and barely branched in nerve cells. Branched one-dimensional systems describe
the metabolic pathways of biological cells that make life possible.

The importance of one-dimensional systems may come from their design. The design
of one-dimensional systems is relatively easy for engineers or evolution. Design requires
Kirchhoff’s laws and little else. One-dimensional systems are widely used for another
reason. They are reliable. The dimensionality of these circuits rules out spatial singularities.
Systems are more robust when steep slopes near infinities are not present to create severe
sensitivity.

Kirchhoff’s laws are used to design semiconductor circuits that work over an enor-
mous range of sizes and times, from say 10−10 s to many minutes, from 10−19 m to 104 m or
longer. Current flow over these ranges of time space involves a wide range of physics,
described by many constitutive equations.

Current is not just the movement of point permanent charges as assumed in the text-
book derivations of Kirchhoff’s current law I have consulted, both in electrical engineering
and electrodynamics. The derivations of Kirchhoff’s current law are usually restricted to
the simplest case of the long-time translation of point permanent charges, although it is
very well known that is a poor model for current flow under conditions actually found in
the integrated circuits of our digital technology. It is possible to show, however, that current
flow in one-dimensional systems can be described accurately by a simple generalization of
Kirchhoff’s current law that arises naturally from the treatment of Maxwell’s equations
found in this paper: all the Jtotal that flows into a node must flow out [51,72–74]. This result
seems to be rather new, although of course it seems elementary and obvious. Indeed, it is
so obvious that it must exist somewhere in the literature, even though I do not know where.

Kirchhoff’s current law take on simplest form in unbranched one-dimensional systems.
Unbranched one-dimensional systems are important despite their utter simplicity. Indeed,
the ion channels of biological systems control a wide range of biological function and
are unbranched one-dimensional series systems. They cannot be considered degenerate.
Nor can be the diodes of electronic technology that are also series systems. However, the
greatest importance of unbranched one-dimensional systems may be the insight they give
to the importance of the ethereal current ε0∂E/∂t, as we shall soon see.

Unbranched one-dimensional systems have components in series, each with its own
current voltage relation arising from its microphysics. In a series one-dimensional system,
the total current Jtotal is equal everywhere at any time in every location no matter what
the microphysics of the flux JQ of charge with mass. The current through a battery is an
exceedingly complicated mixture of the microphysics of electrodes, ion movement and
electron flow. If that battery is connected by a wire to a vacuum capacitor, the microphysics
of the vacuum capacitor icapacitor = Areaε0∂E/∂t, is as simple as the microphysics of the
battery is complex, yet the total currents in the capacitor and the battery are equal at any
time, in any conditions. Indeed, the microphysics of the wire linking the capacitor and
the battery is totally different from the microphysics of the capacitor and battery. The
microphysics of the wire actually resemble that of a waveguide at frequencies important
in our digital integrated circuits. The microphysics of the wire, capacitor and battery do
not change the fact that the total current through each is exactly the same, always, at every
location and at every time.

How can that possibly be true? The answer is found in the Maxwell equations. They
can be solved for the electric field and magnetic fields that make the total currents equal.

The solutions of Maxwell’s equations ensure that the ethereal current ε0∂E/∂t, and
the other dependent variables, take on the values at every location and every time needed
to make the total currents Jtotal equal everywhere. A practical example, not difficult to
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build in any laboratory, including resistor, capacitor, diode, capacitor, cylinder of salt water,
and wire is described in detail near Figure 2 of [73].

There is no spatial dependence of total current in a series one-dimensional system.
No spatial variable or derivative is needed to describe total current in such a system [75],
although of course spatial variables are needed to describe other variables, including
(1) the density of mass with charge Qi

Q (2) the flux JQ of charge with mass (3) the electrical
current Ji

total of individual elemental species (4) the velocities, charge, and number densities
vQ, QQ, ρQ, and NQ.

It is important to realize that the flux of charge with mass JQ is not conserved, only
the total current Jtotal is conserved. Charges carry JQ can accumulate. In fact, div JQ =

div
(
vQQQNQ

)
supplies the flow of charge that is the current ∂ρQ /∂t necessary to change

div (ε0∂E/∂t) as described by the following continuity equation.

div JQ = div ε0
∂E
∂t

=
∂

∂t
div (ε0E) =

∂ρQ

∂t
. (22)

That is to say, JQ can accumulate as QQ. Total current Jtotal cannot accumulate, not at
all, not anywhere, not at any time.

Because conservation of total current applies on every time and space scale, including
those of thermal motion, the properties of JQ differ a great deal from the properties of
Jtotal . For example, in one-dimensional channels, the material flux JQ can exhibit all the
complexities of a function of infinite variation, like a trajectory of a Brownian stochastic
process, that reverses direction an uncountably infinite number of times in any interval.
A Brownian trajectory of a Brownian stochastic process is a continuous function that does
not have a (well defined) time derivative anywhere.

In marked contrast to the infinite variation of JQ, the electrical current Jtotal has no
spatial variation at all. It is spatially uniform [75].

The fluctuations of ε0∂E/∂t (in time and space) and other variables are exactly what are
needed to completely smooth the infinite fluctuations of JQ into the spatially uniform Jtotal .

Maxwell’s equations serve as the perfect low pass (spatial) filter converting the infinite
variation of Brownian motion into a spatial constant, as strange as that seems.

These universal and exact properties of Maxwell’s equations are hidden in the usual
treatment of Maxwell’s equations. The usual treatment includes a grossly approximate
treatment of polarization as the property of a perfect dielectric. Everyone knows how
bad this approximation is, so everyone understands that Maxwell’s equations as usually
written are not universal or exact. They are as sloppy as is the dielectric constant as a
description of the polarization of matter.

ONLY when Maxwell’s equations are written without a dielectric constant, with
a perfectly general treatment of induced charge, does it become clear that Maxwell’s
equations are universal and exact independent of any property of matter.

How then is polarization included in a modified version of the Maxwell equations
that does not include a dielectric constant. One needs an explicit model of polarization
appropriate for the system of interest.

It is obvious that one cannot describe material flow unless one knows how matter
moves in response to forces. It should be obvious that one cannot describe the flux of
charges unless one knows how material charge moves in response to forces.

The use of a single real dielectric constant in Maxwell’s equations is no more nec-
essary than the use of a single spring constant (i.e., elasticity) is in material equations.
But Maxwell’s equations describe the total electrical current—that includes the ethereal
current—not the flux of charges. Because of the ethereal current, Maxwell’s equations
describe light in the vacuum of space between stars.

Because of the ethereal current, Maxwell’s equations are universal and exact. They
describe total current as exactly as they describe anything, and their description of total
current flow is entirely independent of the properties of matter. Total current flow depends
on no constitutive equations, except perhaps the constitutive equation of a vacuum, more
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or less determined by special relativity. Electrodynamics are very different in this respect
from the equations of material movement. They always depend on constitutive equations
in important respects. The fundamental properties of electrodynamics do not depend on
constitutive equations.

4. Discussion: From Electrodynamics to Biophysics and Back

A fundamental question arises with the updated version of Maxwell’s equations. How
is the phenomenon of polarization included in Equation (11) and Equation (14)?

To answer this question, we first need a general paradigm to define polarization, even
when dielectrics are far from ideal, when they might be time and frequency dependent, and
voltage dependent as well. We need a paradigm that describes how the charge distribution
varies with the electric field in as general a system as possible, including systems with
charge movement driven by forces not in the Maxwell equations at all, such as convection
and diffusion.

It seems obvious that a general paradigm cannot be found. After all the motions of
matter in response to a change in electric field are more or less as complex as the motions
of matter itself! Nonetheless, a paradigm of that may be helpful in many cases has been in
use for many years, even if it is not perfectly general.

This problem has been addressed in membrane biophysics. A community of scholars
has studied the nonlinear currents that control the opening of voltage sensitive protein
channels for nearly fifty years, [7,12–19] inspired by [6]. They have developed protocols
that may be useful in other systems, as they have been in biophysics. Schneider and
Chandler followed by Bezanilla and Armstrong are responsible for this paradigm, more
than anyone else [7–9].

The basic setup used in these experiments is that of an electrochemical cell modified to
deal with a cylindrical cell as shown in Figure 1. Membrane potential is measured across a
biological membrane, with defined concentrations on both sides of the membrane. Current
is applied through electrodes to control the potential, in the classical voltage clamp set
up of Cole [76] and Hodgkin, Huxley, and Katz [77,78]. It is best to apply that current
in electrodes different from those that record membrane potential using a so-called four
electrode setup [79–81], like those described in textbooks of electrochemistry.

I propose using the operational definition of ‘gating current’ used to define nonlinear,
time and voltage dependent polarization by biophysicists as a useful setup and definition
of many types of polarization. Obviously, this definition is not general, but the hope is that
it may be generally useful.

The basic idea is to apply a set of step functions of potential across the system—in
biology across the membrane—and observe the currents that flow. The currents observed
are transients that decline to a steady value, often to near zero after a reasonable (biologi-
cally relevant) time. The measured currents are perfectly reproducible. If a pulse is applied,
the charge moved (the integral of the current) can be measured when the voltage step is
applied. The integration goes on until t1 when the current ileak is nearly independent of
time, often nearly zero. That integral is called the ON charge QON.

When the voltage is returned to its initial value (the value that was present before
the ON pulse), another current is observed that often has quite different time course [7–9],
much more so than in Figure 1. The integral of that current is the OFF charge QOFF.

If QON = QOFF, and the physical processes involved depend fundamentally on
potential and not its time derivative, the biophysical paradigm is likely to be useful. In
other cases, another paradigm is needed. If the current produced by the step in potential is
in fact actually transient, the steady current will be what it was before the voltage step was
applied. The transient will disappear with time as the word ‘transient’ implies. In that case
it seems that the biophysical paradigm is not only useful but may even provide a unique
definition of gating current and the corresponding polarization.

Gating current as measured in biophysical experiments depends on the membrane
voltage before the step, as well as the voltage just after and during the step. It also
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depends separately on the voltage after the step, although Figure 1 does not illustrate
the dependence documented in the literature [7–9]. The voltage and time dependence
arises from the molecular motions underlying the gating current. The voltage and time
dependence defines the mean molecular motions [7,16,17,19,21,82–86] and is called ‘the
gating current’ in the biophysics literature.

If the ON charge is found experimentally to equal the OFF charge, for a variety of
pulse sizes and range of experimental conditions, the current is said to arise in a nonlinear
(i.e., voltage dependent) polarization capacitance and is interpreted as the movement of
charged groups in the electric field. The charged groups move to one location after the ON
pulse, and return to their original location following the OFF pulse. The charge is called
‘gating charge’, and the current that carries the charge is called ‘gating current’.

The macroscale current observed in the set-up is equal to the sum of the micro (actually
atomic scale) currents carried by the charged groups inside a channel protein, even though
the recording electrodes are remote from the protein. Indeed, there might be 1018 charged
atoms (ions) between the electrodes and the protein.

The currents in the electrodes and the channel protein are equal because the setup
is designed to be an unbranched one-dimensional circuit with everything in series. In a
one-dimensional series setup the total current is equal everywhere in the series system at
any one time, even though the total current varies significantly with time. The Maxwell
equations guarantee spatial uniformity of total current (including the ethereal current
ε0∂E/∂t) independent of the microphysics of movement of charge (with mass): Figure 2
of [73], and [43,75,87]. The equality of current can be checked by measuring current
in different locations in the experiment. The spatial equality of current needs also to
be checked in simulations as in [18,21,88] because tiny inadvertent errors in numerical
procedures or coding can produce substantial deviations from spatial equality and thus
misleading artifacts. Imposing periodic boundary conditions on nonperiodic systems is
another possible source of such artifacts.

If the currents reach a steady value independent of time, but not equal to zero, as
in Figure 1, the signal is not transient, in the strict meaning of the word. In biophysics,
the steady current ileak is then usually considered to flow in a resistive path that is time
independent, but perhaps voltage dependent, in parallel with the path or device in which
the gating charges QON and QOFF flow. If the current does not reach a steady value, or
if the areas in Figure 2 are not equal, the currents are not considered ‘capacitive’ and are
interpreted as those through a time and voltage dependent ‘resistor’. This is a biological
and biophysical assumption. It is not a physical or mathematical necessity. Thus, it is
important to investigate the properties of the currents through the resistive path—e.g.,
those that are not transient and do not return to zero and those that make QON 6= QOFF by
independent methods to see if they are time independent. In biophysics, currents can be
done by blocking the resistive path with drugs, or with mutations of the channel protein. If
the resistive currents are not time independent, the definition of QON and QOFF in Figure 1
needs to be changed. Indeed, experiments of another type must be designed that allow
separation of polarization from conduction currents. The simplest version of the biophysics
paradigm then needs to be extended.

Clearly, this approach will only work if step functions can reveal all the properties
of the underlying mechanism. If the underlying mechanisms depend on the time rate of
change of voltage, step functions are clearly insufficient because ∂V/∂t, is zero or infinity
but nothing else in a step function. In the classical language of membrane biophysics, the
ionic conductances gNa and gK must not depend on the rate of change of voltage.

Much work has been conducted showing that step functions are enough to under-
stand the voltage dependent mechanisms in the classical action potential of the squid
axon [89–91], starting with [78], Figure 10 and Equation (11). Hodgkin kindly explained the
significance of this issue to colleagues, including the author (around 1970). He explained
the possible incompleteness of step function measurements: if sodium conductance had a
significant dependence on ∂V/∂t, the action potential computed from voltage clamp data
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would differ from experimental measurements. He mentioned that this possibility was an
important motivation for Huxley’s heroic hand integration [6] of the Hodgkin Huxley dif-
ferential equations. Huxley confirmed this in a separate personal communication, Huxley
to Eisenberg. Those computations and many papers since [89–91] have shown that voltage
clamp data (in response to steps) is enough to predict the shape and propagation of the
action potential in nerve and skeletal muscle. It should be clearly understood that such a
result is not available for biological systems in which the influx of Ca++ drives the action
potential and its propagation [92].

The conductance of the voltage activated calcium channel has complex dependence
on the current through the channel because the concentration of Ca++ in the cytoplasm is
so low (~10−8 M at rest) that the current almost always changes the local concentration in
and near the channel on the cytoplasmic side. Those concentration changes, in turn, alter
the gating and selectivity characteristics of the channel protein, as calcium ions are prone
to do int many physical and biological systems, particularly at interfaces.

It seems unlikely that the resulting properties of voltage dependent calcium chan-
nels can be comfortably described by the same formalism [6] used for voltage-controlled
sodium and potassium channels of nerve and skeletal muscle. That formalism uses vari-
ables that depend on membrane potential and not membrane current because Cole [93]
and Hodgkin [94–96] guessed that neuronal action potentials were essentially voltage
dependent, not current dependent. They found action potentials in ‘space clamped’ axons
with wires down their middle [76,77,97,98] that ensured spatial uniformity of potential.
These axons had very different patterns of current flow from normal axons, and so Cole
and Hodgkin were confirmed in their view that the membrane processes generating the
action potential were voltage dependent, much more than current dependent (personal
communication Cole to Eisenberg 1960; Hodgkin to Eisenberg 1961, et al.).

Hodgkin, Huxley, Katz, and Cole did not know of action potentials driven by calcium
channels [99–103], nor of the extraordinarily small concentration of calcium ions inside
cells. There may of course be other reasons the formalism [6] is inadequate. In summary,
experiments, theory, computations and perhaps simulations are needed to show that
responses to steps of voltage allow computation of a calcium driven action potential.

The polarization protocol described here can be applied to simulations of polarization
as well as experimental measurements of polarization. Indeed, the operational definition of
polarization has been applied even when theories [18] or simulations are enormously com-
plicated by atomic detail that includes the individual motions of thousands of atoms [21,88].

Another question of general interest is how does the polarization defined this way
correspond to the polarization −P = (εr − 1)ε0E in the classical formulation of the Maxwell
Equations (7) and implied in Equations (1) and (6)? Does the estimated polarization equal P?

The answer is not pleasing. Polarization cannot be defined in general. The variety
of possible responses of matter to a step of potential prevents a general answer. Indeed,
a main point of this paper is that polarization must be defined by a protocol in a specific
setting that specifies how the local electric field changes the distribution of charge.

Polarization cannot be defined in general because there are too many possible motions
of mass with charge in response to a change in the electric field. Every possible motion of
mass (with charge), including rotations and translations and changes of shape and density
of charge, would produce a polarization. Polarization currents can be as complicated as
the motions of matter.

In mechanical systems in general these issues do not attract much attention. It seems
obvious that one must have a model and theory of how a system changes shape (and
distribution of mass) when forces are applied. Seeking a general treatment is silly. In elec-
trodynamics, for illogical reasons of history, tradition, and respect for our elders, scientists
have sought the general treatment that would be considered silly for mechanical systems.

Scientists, certainly including me, have used the simple electromechanical model of
an ideal dielectric to describe how charge moves in response to an electric field, using the
name polarization to describe the phenomena. They have tried to apply it everywhere,
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as is seen because that model is embedded in the traditional formulation of the Maxwell
equations found universally in textbooks.

It seems to me time to abandon this forlorn hope of a general description of the
response of charged matter to a change in the electric field, and to move to a more reasonable
approach, in which explicit models of the response of charge to the electric field are
constructed, with different models for different systems.

Insight can be developed into various kinds of polarization by constructing ‘toy’
models of simple systems. Those models must specify the mechanical variables vQ, QQ, ρQ
and NQ (or their equivalent) and solve the field equations of mechanics, perhaps including
diffusion, along with the Maxwell equations. The models are then studied using the
operational definition of polarization, described previously (Figure 1) or other operational
definitions more suitable for other systems. One can hope some of the models resemble
some of the more elaborate models of polarization already in the literature [26–29,31,32,34].

Toy models might include:

(1) Simple electro-mechanical models, like a charged mass on a spring with damping.
(2) Ideal gases of permanently charged particles, i.e., biological and physical plasmas.
(3) Ideal gases of dipoles (point [104] and macroscopic), quadrupoles, and mixtures of

dipoles and quadrupoles, that rotate and translate while some are attached by bonds
that vibrate (see (1)). These mixtures should provide decent representations of liquid
water in ionic solutions, if they include a background dielectric, even if the dielectric is
over-approximated with a single dielectric constant εr(H2O) ∼= 80. Indeed, there is a
substantial literature of such models, including [105,106] but one must be sure that the
models include the unavoidable interactions of atoms, molecules, and structures often
dominated by their electrodynamics. Atoms, molecules and structures are almost
always charged and so never move independently. Their motions are correlated
by the electric field, and those correlations are likely to dominate the properties of
greatest interest in applications. Of course, the extensive analysis of these authors can
be of great use once it is focused on issues and applications of interest and combined
with experimental measurements (see (5) and (6) below).

(4) Molecular models of ionic solutions that include water as a molecule. It is best
to use models that are successful in predicting the activity of solutions of diverse
composition and content and include water and ions as molecules of unequal nonzero
size [107].

(5) Classical models of impedance, dielectric, and molecular spectroscopy [26–29,31,32,34].
(6) Well-studied systems of complex fluids, spanning scales, connecting micro (even

atomic) structures with macroscopic functions, often called ‘micro-macro models’ in
the literature.

These examples, taken together, will help form a handbook of practical examples
closely related to the classical approximations of dielectrics.

These problems have time dependent solutions except in degenerate, uninteresting
cases. Time dependence poses particular problems for the classical formulations of Maxwell
equations. As stated in [51] on p. 13.

“It is necessary also to reiterate that εr is a single, real positive constant in Maxwell’s
equations as he wrote them and as they have been stated in many textbooks since then,
following [108–110]. If one wishes to generalize εr so that it more realistically describes the
properties of matter, one must actually change the differential Equation (6) and the set of
Maxwell’s equations as a whole. If, to cite a common (but not universal) example, εr is
to be generalized to a time dependent function, (because polarization current in this case
is a time dependent solution of a linear, often constant coefficient, differential equation
that depends only on the local electric field), the mathematical structure of Maxwell’s
equations changes”.

Perhaps it is tempting to take a short cut by simply converting εr into a function of
time εr(t) in Maxwell’s equations, as classically written. “Solving the equations with a
constant εr and then letting εr become a function of time creates a mathematical chimera
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that is not correct. The chimera is not a solution of the equations.” The full functional form,
or differential equation for εr(t) must be written and solved together with the Maxwell
equations. This is a formidable task in any case, but becomes an even more formidable
challenge if convection or electrodiffusion modify polarization, as well as the electric field.

If one confines oneself to sinusoidal systems (as in classical impedance or dielec-
tric spectroscopy [27,42,111,112]), one should explicitly introduce the sinusoids into the
equations and not just assume that the simplified treatment of sinusoids in elementary
circuit theory [113–117] is correct. It is not at all clear that Maxwell’s equations joined
with constitutive equations; and boundary conditions always have steady state solutions
in the sinusoidal case. The Maxwell equations joined with diffusion and convection
equations (like Navier–Stokes [118–135] or PNP = Poisson Nernst Planck = drift diffu-
sion [52,53,55,57,59,61,123,136–145]) certainly do not always have solutions that are linear
functions of just the electric field [146–149].”

It seems clear that the classical Maxwell equations with the over-approximated di-
electric coefficient εr cannot emerge in the time dependent case. Of course, the classical
Maxwell equations cannot emerge when polarization has a nonlinear dependence on the
electric field, or depends on the global (not local) electric field, or depends on convection
or electrodiffusion.

Indeed, in my opinion, when confronted with the models of polarization listed on
the previous page, the classical Maxwell equations will be useful only when knowledge
of the actual properties of polarization is not available. All the models listed involve
time dependence in the polarization fields that are not included in the classical Maxwell
equations as usually written.

5. Conclusions

A generalization of Maxwell’s P useful in a range of systems may emerge. The
generalization would describe how the local electric field changes the distribution of
charge, as one imagines that Maxwell hoped P and D would be.

Until then, one is left with:

(1) Bewilderingly complete measurements, over an enormous range of frequencies
(e.g., [26–29,31,32,34,35]) of the dielectric properties and conductance of ionic so-
lutions of varying composition and content. These measurements embarrass the
theoretician with their diversity and complexity. They have not yet been captured in
any formulas or programs less complicated than a look-up table of all the results.

(2) Computations of the motion of all charges on the atomic scale [21,88], described by
the field equations of mechanics and electrodynamics [18].

(3) Reduced models. It is unlikely that the reduced models can be derived solely by
mathematics. It is more likely that they must be ‘guessed and checked’ one by one, as
most models are checked in science.

What should be done when little is known? Sadly, the actual properties of polarization
are often unknown. Then, one is left with the over-approximated Equation (6) or nothing
at all. It is almost never wise to assume polarization effects are negligible. Equation (6) is
certainly better than nothing: Equation (6) can be particularly helpful if it is used gingerly:
toy models can successfully represent an idealized view of a part of the real world of
technological or biological importance, for example, electronic circuits or several properties
of ion channels.

In some cases, the toy models can be enormously helpful. They allow the design of
circuits in our analog and digital electronic technology [150–153]. They allow the under-
standing of selectivity [107,154–156] and current voltage relations of several important
biological channel proteins in a wide range of solutions [107,157–159]. In other cases—for
example, the description of ionic solutions with many components—the toy models can be
too unrealistic to be useful. Experiments and experience can tell how useful the toy model
actually is in a particular case: pure thought usually cannot.
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Appendix A P(x, y, z|t) in Proteins

Ambiguities in the meaning of the polarization field P(x, y, z|t) can cause serious diffi-
culties in the understanding of protein function. Understanding protein function is greatly
aided by knowledge of protein structure. The protein data bank contains 173,754 structures
in atomic detail today (24 January 2021) and the number is growing rapidly as cryo-electron
microscopy is used more and more.

Protein structures are usually analyzed with molecular dynamics programs that
assume periodic boundary conditions and chemical equilibrium, i.e., no flows. Most
proteins control large flows as part of their natural biological functions. Equilibrium hardly
ever occurs in living biological systems. It seems obvious that equilibrium systems cannot
provide general insight into flows, any more than a nonfunctional amplifier without a
power supply can show how a functional amplifier works. Proteins are not periodic in
their natural setting. It seems obvious that periodic systems with flow cannot conserve
total current Jtotal in general—or perhaps even in particular—as required by the Maxwell
equations, see Equation (19). In other words, it is likely that molecular dynamics analyses
of periodic structures do not satisfy the Maxwell equations, although almost all known
physics does satisfy those equations.

It is also unlikely that standard programs of molecular dynamics compute electrody-
namics of nonperiodic systems correctly, despite their use of Ewald sums, with various
conventions, and force fields (tailored to fit macroscopic, not quantum mechanical) data.
Compare the exhaustive methods used to validate results in computational electronics [61]
with those in the computation of electric fields in proteins.

The electrostatic and electrodynamic properties of proteins are of great importance.
Many of the atoms in a protein are assigned permanent charge greater than 0.2e in the force
fields used in molecular dynamics, where e is the elementary charge, and these charges
tend to cluster in locations most important for biological function, just as they cluster at
high density near the electrodes of batteries and other electrochemical systems. Enormous
densities of charge (>10 M, sometimes much larger) are found in and near channels of
proteins [107,160–162] and in the ‘catalytic active sites’ [163] of enzymes. Such densities are
also found near nucleic acids, DNA and (all types of) RNA and binding sites of proteins
in general.

It seems likely that a hierarchy of models of different resolutions will be needed to
compute the electrodynamics of proteins accurately enough to explain how the electrical
properties of side chains (polarizability [21] and others) of a protein determine biological
function. Analysis of gating currents suggests such an approach is feasible [17,18,20,21].
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Abstract: The complicated patterns of the single-channel currents in potassium ion channel KcsA
are governed by the structural variability of the selectivity filter. A comparative analysis of the
dynamics of the wild type KcsA channel and several of its mutants showing different conducting
patterns was performed. A strongly correlated dynamical network of interacting residues is found
to play a key role in regulating the state of the wild type channel. The network is centered on the
aspartate D80 which plays the role of a hub by strong interacting via hydrogen bonds with residues
E71, R64, R89, and W67. Residue D80 also affects the selectivity filter via its backbones. This network
further compromises ions and water molecules located inside the channel that results in the mutual
influence: the permeation depends on the configuration of residues in the network, and the dynamics
of network’s residues depends on locations of ions and water molecules inside the selectivity filter.
Some features of the network provide a further understanding of experimental results describing the
KcsA activity. In particular, the necessity of anionic lipids to be present for functioning the channel is
explained by the interaction between the lipids and the arginine residues R64 and R89 that prevents
destabilizing the structure of the selectivity filter.

Keywords: ion channels; protein dynamics; molecular dynamics

1. Introduction

Over the last few decades, the bacterial K+ ion channel KcsA [1] found in Streptomyces
lividans has been widely studied in order to understand the structural and functional
features of potassium ion channels. It continues to be of interest [2–8] in part due to
its sequence similarity to eukaryotic K+ channels, and in part because of its role as an
archetype for ion permeation, selectivity, and the complex interplay of the different “gates”
which governs a variety of current patterns observed experimentally in the K+ channel
superfamily [9–11]. These patterns are defined by small structural rearrangements of
the pore region once the inner gate is opened [4,10–13]. The local rearrangements are
mostly obscure as current experimental techniques are unable to provide the combina-
tion of spatial and temporal resolution needed to identify the underlying atomistic-level
mechanisms. Structural studies showed that the current patterns depend on a number
of residues, some of which are located relatively far from the pathway of K+ permeation,
and physiological recordings revealed the strong influence of the K+ concentration in the
outer bulk on the patterns [1,10,14–19]. The anionic phospholipids modulate the function
of the channel [20–22] and the addition of phosphatidic acid lipid significantly affects the
permeation [23].

As with most of the K+ ion channels, KcsA contains a highly conserved amino acid
sequence motif TXXTXGYGD known as the signature sequence, which corresponds to
residues 75 to 79 in the reference X-ray structure 1K4C [1], where “X” in position 76 is
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replaced by valine. The whole quaternary structure of KcsA is divided into three functional
regions: the selectivity filter, a water-filled cavity, and an inner gate associated with
large movements in the transmembrane helices for opening the channel [16,24–27]. The
selectivity filter (SF) is the narrowest part of the pore. The SF consists of five well-defined
binding sites for K+ ions by exposing the backbone carbonyl groups of the residues toward
the channel axis [28]. These sites are commonly labeled as S0 (below T75), S1 (between T75
and V76), S2 (between V76 and G77), S3 (between G77 and Y78), and S4 (between Y78 and
G79). The permeation is forced to occur in a single file fashion as a hopping of an ion from
one site to another site.

The filter plays a role in both ion selectivity and modulating the current. The latter
corresponds to random-like switching (gating) between zero and finite values of the current.
Once the inner gate is opened, the current is regulated by small structural rearrangements.
They are responsible for different gating processes, such as the C-type inactivation and the
modal-gating, from which complex patterns of ion current arise [13,14,16,17,28–30]. The
C-type inactivation corresponds to very long inactive (zero current) time intervals under
steady-state conditions. The modal gating is associated with three different modes of the
single-channel currents in KcsA. Two modes correspond to a high and low probability of
the pore to be in the conducting (active) state, respectively. Third mode is a high-frequency
flicker mode representing in bursts of fast switching back and forth between active and
inactive states [13,14].

The inactivation in the KcsA channel is a common feature in functioning potassium
channels, including eukaryotic ones [10]. Therefore, the C-type inactivation has been exten-
sively studied using a variety of different experimental techniques such as crystallography,
NMR, ssNMR, fluorescence measurements, and computational studies, leading to several
hypotheses reflected in the recent detailed review [6]. A combination of structural (X-ray)
studies and physiological measurements of the wild type (WT) of KcsA and its different
mutants suggests that several residues behind the SF could be involved in filter’s struc-
tural rearrangements during the inactivation [9,14,15,18,19,29–33]. These studies led to the
suggestion of four channel’s states with an open or closed inner gate and a conducting or
non-conducting SF [4,11]. One of the hypotheses [6,11,34] suggests that the activation by
opening the inner gate simultaneously alters the SF via allosteric coupling [35,36]. This
coupling leads to a slow (on a time scale of seconds) collapse of the SF to a non-conducting
configuration. Although structures corresponding to an inactive channel with closed and
open inner gate were reported [11,28,30], a structure of an active channel with an open
gate and a conducting SF is still missing. Note that the canonical structure 1K4C [28] with
a conductive configuration of the SF has a closed inner gate. Another set of experiments
used mutagenesis of residues in the SF and demonstrated that the ion occupancy in specific
sites controls the inactivation [37–39]. This result leads to the second hypothesis that the
SF alone could play the role of an “inactivating gate” without the involvement of the
inner gate [6]. This hypothesis tightly links to experimental observations that the SF’s
conformational dynamics in the WT KcsA and its mutants govern gating properties in
the KcsA channel [14,40,41]. Although these two hypotheses are sometimes considered
controversial [6,42], they could coexist and reflect the complexity of the KcsA channel.

An additional complication to this gating-permeation picture is the dependence of the
K+ current and the filter rearrangements on the extracellular K+ concentrations, common
among numerous K+ channels [9,10,38,43,44]. The probability of the inactivation grows
with decreasing K+ concentration. This effect has been suggested to link to a “foot-
in-the-door” mechanism in which an ion resident in the filter stabilizes the conductive
conformation and reduces the inactivation probability [9,16,38]. The exact location of the
binding site responsible for the effect is unknown. However, it is suggested such site
can be located either at the extracellular mouth or in the central region of the selectivity
filter [10,38,45].

In the majority of these studies static (crystallographic) X-ray structures were used
for describing the function. However, these static pictures do not provide details of the
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essentially dynamical picture of the inactivation. Therefore, general mechanistic knowl-
edge of the gating behavior, which comprises transitions between various states, remains
obscure [4,10,11,13]. Recent applications of solid-state NMR [41], 2D IT spectroscopy [2],
and florescences measurements [46] for analyzing channel dynamics could address the
uncertainties in functional relevance of crystallographic structures. However, a mechanistic
picture of the filter’s rearrangements with simultaneous dynamical analysis of ions and
water molecules is beyond the current experimental techniques. Molecular dynamics
(MD) simulations offer valuable tools for exploring dynamical properties at the atomic
level [47–49]. For example, MD helped discriminate between “knock-on” and “snug-fit”
mechanisms of the permeation in the KcsA channel [50]. In turn, the structural study [51]
recently resolved some controversy in MD simulations [2,3] on water involvement in
knock-on mechanisms.

The inactivation hypotheses were also discussed by applying MD approaches [34,52].
These computational studies concluded that the activation via opening the inner gate
affects the low site S0 in the SF by enhancing the permeation [34] and controlling the
SF’s stability [52]. The latter result leads to new perspectives [53] for the inactivation
mechanism as a process tightly controlled by the inner gate, which could be in different
partially open states [52]. The dynamics near SF becomes less important in this picture. A
quick collapse of the SF in the case of a widely open inner gate was observed [52]. The
collapse happens on much shorter than broader time scales of the inactivation, which
can be the order of seconds. The same time scale for collapsing the SF was reported in
recent unbiased simulations of a similar open structure [54]. The former result [34] partly
supports these new perspectives as it shows that configurations of the inner gate affect the
permeation. However, a collapsed SF has not been reported for the performed biased MD
simulations for the open inner gate [34]. As mentioned above, a crystallographic structure
of the KcsA channel with a conducting SF and an open inner gate is not available, so such
a structure was created in silico [34,52] using combinations of the reported structures [55].
Differences in structures used for creating proteins with an open inner gate could explain
some contradictions in those MD approaches [34,52].

Heer et al. [34] also reported that the permeation barrier in the canonical (a conducting
SF and a closed inner gate) structure 1K4C [1] is too high to consider its SF configuration
as conducting. This conclusion was derived from biased simulations using the umbrella
sampling method [56]. The obtained barrier was found to be too high for observing the per-
meation rate according to experimental recordings [57]. This result is in line with the work
reported earlier by Fowler et al. [58]. In contrast, other unbiased MD simulations [59–61]
confirmed the conducting state of SF. Note that the SF of structure 1K4C was used in
the majority of the simulations mentioned above. Two major factors could explain such
discrepancies. The first factor is the use of either biased or unbiased MD approaches.
The second factor is defined by differences between obtained in silico structures with an
open inner gate. While generating a new structure in silico applied a tight control of SF
backbones and ions’ and water molecules’ locations, other residues were not over-sighted.
In biased approaches, just one or two so-called collective variables (typically ions locations)
were considered assuming that the dynamics of all other variables (water molecules and
residues) can be averaged out. Yet, in unbiased approaches some constraints are applied
on the protein during MD simulations.

Thus, conformations and behavior of many residues, especially in the region of the
SF, were kept out of the consideration despite the experimental studies that identified a
number of residues strongly altering the inactivation and gating [9,14,15,18,19,29–33]. A
series of papers by Cordero et al. [9,14,29] suggested that the stability of the SF depends
on a hydrogen-bond (H-bond) network formed by the triad of residues E71-D80-W67. In
particular, the substitution of glutamate E71 with alanine A71 suppresses the inactivation,
and the conduction is observed even in low K+ concentrations [14]. Therefore, there is a gap
in understanding how states of this triad are linked to the permeation. In this manuscript,
we aim to provide a mechanistic picture of rearrangements in the WT KcsA protein and
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discuss the mechanisms by which residues behind the SF interacts with the backbones
of the SF, and ions and water molecules within. This picture is an essential piece of the
inactivation puzzle and in addressing issues of MD biased simulations.

A large number of residues in the SF region of the KcsA protein means that a brute
force (combinatoric) consideration of all possible combinations of different residues states
is unrealistic. The state-of-the-art microseconds MD simulations [52,54] show that structure
1KC4 adapts one of the multistable states and no rearrangements of residues behind the
SF were reported. In the present work, therefore, we first conduct a comparative analysis
between the WT protein and different mutants (E71A, Y82A, R64A, and L81A) (see Figure 1)
where key residues are replaced by the short, weakly interacting alanine. The selection
of the mutated structures is based on previous experiments [9,14,15,18,19,29–33] which
reported different probability of the inactivation. MD simulations were combined with
biased free-energy methods, well-tempered metadynamics [62], and statistical analysis.
The biased simulations introduce additional perturbations into the protein and, therefore,
verify the stability and thermodynamics of different states of the SF. The results of MD
simulations are critically assessed against published experimental and computational
investigations. The study was designed to unveil the complex dynamics that underlie the
permeation path in the WT KcsA protein and has allowed us to identify a cooperative
network of dynamically interacting residues located near the SF. Note that preliminary
results of this study were reported in work [63].

In this paper, first, an analysis of residues’ dynamics in mutated structure E71A is
presented. The relationship between conformational changes at the SF and rearrangements
of residue D80, located at the channel’s outer entrance, is explored. Second, a network
of residues, which affect the ion permeation, is identified by comparing the dynamics
of proteins WT, Y82A, R64A and L81A. Third, a thorough description of the network
dynamics, including energetics of transitions in the network, and its influence on the filter
structure and the ion permeation is presented.

L81A

Y82A

A82

A81R64A

A64

E71A

A71
WT

R64

R89

E71

D80

L81Y82

W67

Figure 1. A region near the SF in the different proteins: WT, E71A, Y82A, R64A, and L81A, is shown.
With the exception of the mutated residues, the other residues are in the X-ray conformation [28].
Ions are shown as purple spheres interacting with oxygen atoms (red color) of residues in the SF. The
key residues are highlighted by different colors, mutated residues are shown in blue.
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