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Preface to “Theory and Application of Fixed Point”

This book collects the published manuscripts submitted to a Special Issue of Axioms entitled
“Theory and Application of Fixed Point”.

Fixed point theory is initiated with the famous Banach contraction mapping principle, and
has been a subject of considerable and increasing interest. It has applications in many areas of
mathematics, science, engineering, economics and even medicine. The pioneering work of Banach
and the huge application potential of fixed point theory have inspired numerous researchers to
advance the theoretical studies in different directions related to the conditions on the contraction
mappings and the relevant spaces. This has resulted in many important achievements in the field.

This book contains some very recent theoretical results related to some new types of contraction
mappings defined in various types of spaces. There are also studies related to applications
of the theoretical findings to mathematical models of specific problems, and their approximate
computations. In this sense, this book will contribute to the area and provide directions for further

developments in fixed point theory and its applications.

Erdal Karapinar, Juan Martinez-Moreno, Inci M. Erhan
Editors
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Abstract: Common coupled fixed point theorems for generalized T-contractions are proved for a pair
of mappings S: X x X — X and g : X — X in a by (s)-metric space, which generalize, extend, and
improve some recent results on coupled fixed points. As an application, we prove an existence and
uniqueness theorem for the solution of a system of nonlinear integral equations under some weaker
conditions and given a convergence criteria for the unique solution, which has been properly verified
by using suitable example.

Keywords: common coupled fixed point; b, (s)-metric space; T-contraction; weakly compatible mapping

1. Introduction

In the last three decades, the definition of a metric space has been altered by many authors to give
new and generalized forms of a metric space. In 1989, Bakhtin [1] introduced one such generalization
in the form of a b-metric space and in the year 2000 Branciari [2] gave another generalization in
the form a rectangular metric space and generalized metric space. Thereafter, using the above two
concepts, many generalizations of a metric space appeared in the form of rectangular b-metric space [3],
hexagonal b-metric space [4], pentagonal b-metric space [5], etc. The latest such generalization was
given by Mitrovi¢ and Radenovi¢ [6] in which the authors defined a b, (s)-metric space which is
a generalization of all the concepts told above. Some recent fixed point theorems in such generalized
metric spaces can be found in [6-9]. In [10-12], one can find some interesting coupled fixed point
theorems and their applications proved in some generalized forms of a metric space. In the present
note, we have given coupled fixed point results for a pair of generalized T-contraction mappings in
a by (s)-metric space. Our results are new and it extends, generalize, and improve some of the coupled
fixed point theorems recently dealt with in [10-12].

In recent years, fixed point theory has been successfully applied in establishing the existence of
solution of nonlinear integral equations (see [11-15] ). We have applied one of our results to prove the
existence and convergence of a unique solution of a system of nonlinear integral equations using some
weaker conditions as compared to those existing in literature.

2. Preliminaries

Definition 1. [6] Let X be a nonempty set. Assume that, for all x,y, € X and distinct uy, - - - ,up € X — {x,y},
dy : X x X — R satisfies :

Axioms 2020, 9, 129; d0i:10.3390/axioms9040129 1 www.mdpi.com/journal /axioms
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1. dy(x,y) > 0and dy(x,y) = 0ifand only if x =y,

2. do(x,y) = do(y, %),

3. do(x,y) <sldo(x,uq) +do(ug, up) + - - - + do(tty—1, o) + do (110, y)], for some s > 1.
Then, (X, dy) is a by(s)-metric space.

Definition 2. [6] In the by (s)-metric space (X, dy), the sequence < uy, >

(a)  converges tou € X if dy(un, 1) — 0asn — oo;
(b)  is a Cauchy sequence if dy(un, tty) — 0 as n,m — +oco.

Clearly, by (1)-metric space is the usual metric space, whereas by (s), b2(1), ba(s), and by (1)-metric
spaces are, respectively, the b-metric space ([1]), rectangular metric space ([2]), rectangular b-metric
space ([3]), and v-generalized metric space ([2]).

Lemma 1. [6] If (X, dy) is a by(s)-metric space, then (X, dy) is a by, (s?)-metric space.

Definition 3. An element (1,v) € X x X is called a coupled coincidence point of S : X x X — X and
g: X — Xifg(u) = S(u,v) and g(v) = S(v,u). In this case, we also say that (g(u), g(v)) is the point of
coupled coincidence of S and g. If u = g(u) = S(u,v) and v = g(v) = S(v,u), then we say that (u,v) is
a common coupled fixed point of S and g.

We will denote by COCP{S, ¢} and CCOFP{S, g} respectively the set of all coupled coincidence
points and the set of all common coupled fixed points of S and g.

Definition 4. S: X x X — Xand g : X — X are said to be weakly compatible if and only if S(g(u), g(v)) =
g(S(u,v)) forall (u,v) € COCP{S, g}.

3. Main Results

We will start this section by proving the following lemma which is an extension of Lemma 1.12
of [6] to two sequences:

Lemma 2. Let (X, dy) be a by(s)-metric space and let < u, > and < v, > be two sequences in X such that
Uy 7 Uyi1,0n 7 Opyq (n > 0). Suppose that A € [0,1) and cq, co are real nonnegative numbers such that

Kipn < AKy—1,0-1 + c1A™ + A", forallm,n € N, (1)

where Ky = max{dy(tm,utn), do(0m, 0n)} or Ky = do(ttm, un) + do(0m, vn). Then, < u, > and
< v, > are Cauchy sequences.

Proof. From (1), we have

Kn,n+1 < )\anl,n + Cl)‘n + CZ)\n+1

/\

- 2
< /\"KO 1+ cnAt 4 con At @

< /\nKOJ + ConA'.
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Form,n,k € N, by (1), we have
Kpknik < Amax{Ky g1 k-1, A1 4 cpAmth=1y}

< /\Km+k71,n+k71 + Cl/\m+k + CZArH-k) ©)
< MK + KCIAK (A 4 A7),

Since 0 < A < 1, we can find a positive integer g; such that 0 < A% < % Now, suppose v > 2.
Then, by using condition 3. of a b, (s)-metric and inequalities (2) and (3), we have

K < s[Kymy1 + Ktz + -+ Ko 3mro—2 + Kiro—2,m g + Kinrgpnrge + Kntgpn]
< s[AM 4 AL L AT IR 4 sCo[mA™ + (m A+ DA o (m 4o — B)ATTO2
+8[A" Ky, + mMA™(A°72 ++ A%)Ko]
+S[AT Ky + qATE (A" 4+ A™)Ko] + s[A" Ky, 0 + nA" (A% + 1)Ko

Then,
SA™ s(m+0v—3)A™
K K,
o T —sA) (1) T T —san)
S —
1o A" Ko, +mA" (A2 4+ AT)Ko ]

S
+m[qwk(ﬂ" +A")Ko] + A"Kgy 0+ nA" (A% 4+ 1)Ko 1]

—
1 — sAdk

Thus, from the definition of Ky, ,,, we see that, as m, n — +00, dy (tty, tty) — 0 and dy (0, v4) — 0
and thus < u, > and < v, > are Cauchy sequences. [J

3.1. Coupled Fixed Point Theorems

We now present our main theorems as follows:

Theorem 1. Let (X,dy) be a by(s)-metric space , T: X — X be a one to one mapping, S: X x X — X and
gt X — X be mappings such that S(X x X) C g(X), Tg(X) is complete. If there exist real numbers A, j, v
with0 <A <1,0<puv<1min{AyAv} < % such that, for all u,v,w,z € X

do(TS(u,v), TS(w,z)) < Amax{dy,(Tgu, Tgw),d,(Tgv, Tgz), udo(Tgu, TS(u,v)), udy(Tgov, TS(v, u),
@
vdy(Tgw, TS(w, z)),vdy(Tgz, TS(z,w))}

then the following holds :

1. There exist wy,, wy, in X, such that sequences < Tgu, > and < Tgv, > converge to Tgwy, and Tgwy,
respectively, where the iterative sequences < gu, > and < gv, > are defined by i, = S(1t,—1,0,_1)
and guy, = S(vy—1, 1ty—1) for some arbitrary (up,vo) € X x X.

2. (wy,, wy,) € COCP{S,g} .

3. If S and g are weakly compatible, then S and g have a unique common coupled fixed point.

Proof. 1. We shall start the proof by showing that the sequences < Tgu, > and < Tgv, > are Cauchy
sequences, where < gu, > and < gv, > are as mentioned in the hypothesis.
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By (4), we have
dU<T8unr Tgun+l) = dv(TS(un—lrvnfl)r TS(MV,, Un))
< Amax{dy(Tguy—1, Tgun), do(TVy—1, T§VA), hdo(TguUy—1, TS(y—1,04-1)),
mdy(Tgvn—1, TS(vy—1,up—1)), vdo(Tgun, TS(un,vn)), vdo(Tg0n, TS(vp, 1))}
< Amax{dy(Tguy—1, Tgun),do(Tg0y_1, TgUN), do(TgUy—1, TSUy),

dv(Tgvn—l/ Tgvn)/ dv(Tgun, Tgun+1 )r dv(Tgvn/ Tgvrz+1 )}
Similarly, we get

dy(Tgun, TQupi1) < Amax{dy(Tgv,—1,Tqvn), do(TQuy—1, TQUn),do(Tgvy—1, TgVy),
do(Tguy 1, TQUn), do(TgVn, Ty 1), do(TQtn, TSUn11) }-

Let K, = max{dy(Tgun, Tgun+1),do(Tg0n, T§vy+1)}. By (5) and (6), we get

Ky < Amax{dy(Tgv,—1,Tgvn), do(Tguy—1, TQUn), do (TS0, T§Vy11), do(TQUn, TQUy 1) }-

If

max{do(Tg0u—1, Tg0n), do(Tgtty—1, Tgitn), do(Tgon, Tgons1), do(Tgitn, Tgitnsn)}
= dy(Tgvn, T§Uu11) or do(TgUn, TQU,11),

then (7) will yield a contradiction. Thus, we have

max{dy(Tgvy 1, Tg0u), do(TgUn—1, TQUn), do(TgVn, TSVn11), do(TgUn, Tl 11)}
= max{dy(Tgv,_1, Tgvn), do(Tguy_1, TQUn)},

and then (7) gives
Ky < Amax{dy(Tgvy—1,Tgvn), do(Tguy—1, TqUu)} = AK;—1 < A2Kp_p =< -+ < ATK,.
For any m,n € N, we have

do(Tgum, Tquy) = do(TS(ty—1,vm-1), TS(Uy—1,04-1)
< A max{dv(Tgum—lr Tgun—l)r dv(TgUm—lr Tgvn—l)r
pdo(Tgum—1, TS(tym-1,m-1)), pdo(T8Vm—1, TS(Vm—1, Uhm-1)),
vdy(Tgun-1, TS(tn-1,9n-1)), Vo (TgVn—1, TS(Vn-1,1n-1))}

IN

do(TgUm-1, TgUm), do(TgUn—1, TgUn), do(TgVs-1, TgUN) }.
Then, by using (8), we get

do(Tgum, Tquy) < Amax{dy(TQuy—1, Tguy—1),do(Tg0m-1,TVs-1)}
+(A"+ AMKp}.

Amax{dy(Tguy—1, Tguy—1), do(TgVm-1, T§Vn-1), Ao (Tt 1, TUm),

®)

(6)

@)

®)

©)
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Similarly, we have

dy(Tgom, Tgvy) < Amax{dy(Tguy_1, Tguy—1),do(Tg0y—1, TgVy-1)}
+(A™ +A")Ko} (10)

Let Ky,n = max{dy(Tgum, Tquy),dy(Tg0m, Tgvy)}. By (9) and (10), we get
Km,n < )\Km—l,n—l + (/\m + )‘”)KO-

Thus, we see that inequality (1) is satisfied with ¢; = ¢ = K. Hence, by Lemma 2, < Tqu, >
and < Tgv,, > are Cauchy sequences. For v = 1, the same follows from Lemma 1.
Since (Tg(X),d) is complete, we can find wy,, wy, € X such that

nh_r}rc}o Tgu, = Tgwy,and nlglgo Tgvy, = Tgwy,.
2. Now,

dy(TS(wxy, wy, ), T§Wxy) < s[do(TS(wxy, wyy), TS(ttn, vn) + do(TS(1tn, vn), TS (41, 0n11))
+ o+ do(TS(Unso-2,Vngo-2), TS (Upso—1,Vngo—1) + do(TS(Unsro—1, Vnso—1), TSWx,)
s[Amax{dy(Tgwxy, Tgun), do(TgwWy,y, T0N), pidy (TgWx,, TS(Wxy, wy,)),

udy (Tgwy,, TS(wyy, Wxy ), v (T, TS (ttn, vy)), vy (Tg0n, TS(0n, 1))}

IN

(11)
+dv(Tgun+1/ Tgun+2) +-+ dlv(Tgurx+zv—1/ TgunJrv) + dU(Tgun+v/ Tgw)cg)

IN

s[Amax{dy(Tgwx,, Tguy), do(TgWy,, TgV), pdy(TWx,, TS(txy, Wy, )),
pdy(Tgwy,, TS(wyy, Wyy), vy (T, Ty 11), vdy (TS0, TEUx11) }
+d7)(Tgun+1/ TguVHrZ) +ot dv(TgunJrv—l/ TgunJrv + dv(TgunJrv/ Tgwx0)~

Note that, since < Tgu, > and < Tgv, > are Cauchy sequences, by definition,
do(Tguy, TQuy41) — 0, do(Tgvn, T§Uy41) — 0 as n — oo. Thus, from (11), as n — oo, we get

dy(TS(wxy, Wy, ), TqWxy) < sAmax{pdy(Tgwy,, TS(wx,, wy,)), pdy(Tgwy,, TS(wy,, wx,))}-
Similarly, we get
do(TS(wy,, wx,y), Twy,) < sAmax{pudy(Tgwy,, TS(Wxy, Wy, )), pdy(TgWy,, TS(wy,, Wy, )}
Thus, we have

max{dy (TS(wx,, wy,), TWx, ), do(TS(wy,, wx,), TWy,) }
< sApmax{dy(Tgwsx,, TS(Wxy, Wy, )), do(Tgwy,, TS(wy,, wx,) }. (12)

Proceeding along the same lines as above, we also have

max{dv(TngO' TS(wa, wyo))f dv(TgwyO/ Ts(wym on))}
< sAvmax{dy(Tgwxy, TS(wxy, Wy,)), do(TgWy,, TS(wy,, wx,y) }- (13)
Using (12) and (13) along with the condition min{Ay, Av} < %, we get TS (wy,, wy,) = Tgwy,

and TS(wy,, wy,) = Tgwy,. As T is one to one, we have S(wx,, wy,) = Wy, and S(wy,, wx,) = gtwy,.
Therefore, (wy,, wy,) € COCP{S, g} .
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3. Suppose S and g are weakly compatible. First, we will show that, if (w} , wy ) € COCP{S, g},
then gwy = gwy, and gwy, = gwy,, or in other words the point of coupled coincidence of S and g is
unique. By (5), we have

do(Tgwly, Tgwey) = do(TS(S, ), TS(way, 0y)
< Amax{dy(Tgwy,, Tgwx, ), do(Tgwy,, Tgwy, ), udo (Tgwy,, TS(wi, wy,)),
pdy (Tgwy,, TS(w),, Wy, ), vado(Tgtwxy, TS (wxy, Wy, )), vdo (Tgwy,, TS (wy,, wx,)) }
< Amax{dy(Tgwy,, Tgwx, ), do(Tgwy,, Tgwy,)}-

Xp’

Similarly, we have

do(Tgwy,, Tgwy,) < Amax{dy(Tgwy,, Tgws,), do(Tgwy,, Tgwy,)}.
Thus, from the above two inequalities, we get

*
Xo”

*

max{dy(Tgwy, Tgwx,), do(Tgwy, Tgwy,) < Amax{d,(Tgwy, Tgwx,), do(Tgwy,, Tgwy,)}

which implies that Tgwy = Tgwx, and Tgwy = Tgwy,. Since T is one to one, we get gwy = gwx,
and gwjy, = gwy,, which is the point of coupled coincidence of S and g is unique. Since S and g are
weakly compatible and, since (wy,, wy,) € COCP{S, g}, we have

88Wxy = §5(Wxy, Wyy) = S(gtxy, gy, )
and

88wy, = g5 (wyy, Wxy) = S(gty,, g, )

which shows that (gwy,, gwy,) € COCP{S, g}. By the uniqueness of the point of coupled coincidence,
we get ggwy, = gy, and ggwy, = gwy, and thus (gwy,, gwy,) € CCOFP{S,g}. Uniqueness of the
coupled fixed point follows easily from (4). [

Our next result is a generalized version of Theorem 2.1 of Gu [10].

Theorem 2. Let (X,dy), T, S and g be as in Theorem 1 and suppose there exist By, B2, B3 in the interval [0,1),
such that By + Bo + B3 < 1, minimum{Bo, B3} < L and for all u,v,w,z € X

dy(TS(u,v), TS(w,z) + do(TS(v,u), TS(z, w) < B1(dy(Tgu, Tqw) + dyo(Tgv, Tgz)) +
Bo(do(Tgu, TS(u,v)) + dy(Tgv, TS(v, 1)) + B3(do(Tgw, TS(w, z)) + dy(Tgz, TS(z, w))). (14)

Then, conclusions 1, 2, and 3 of Theorem 1 are true.

Proof. Let K, = do(TQun, TgUyi1) + do(Tg0n, Tg0u1) and Ky, = do(TQum, TSuy) +
dy(Tgvm, Tgvy,). From condition (14), we obtain

dy(Tgun, TGy 1) + do(Tg0w, TQUn+1) = do(TS(tty—1,05-1), TS(tn,v4)) +
dv(TS(Unfl/ ”7471)/ TS(U}’!! un))

< ﬁl[dv(Tgun—lr Tgun) + dv(Tgvnflr Tgvn)] + ,32[dv(Tgun71, TS(Mn,l, Z)nfl))
+do(Tgon—1, TS(Vn—1,tn-1))] + B3[do(Tgttn, TS(ttn, vn)) + do(TgVn, TS(vn, tn))]
< (B1+ B2)do(Tguy—1, Tqun) + do(Tgv,—1, TgVH)]

+B3[do(Tgun, Tty 1) + do(Tg0n, TV, 11)]-
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Therefore,
dy(Tgun, TGy 1) + do(Tg0w, TQUp11) < A [do(Tguy—1, Tguy) + dy(Tgvy—1, TgUn)],

bitpe < 1. Thus, we get
1-83

where A" =

m_r

K, <AK, < --<A"K,. (15)
For any m,n € N, we have

do(Tgum, Tquy) ~+  do(TgUm, Tgvyn) = do(TS(ttyy—1,Vm—1), TS(ty—1,v5-1) +
dv(TS(vm—lr um—l)r TS(Un—lrun—l)

< B1ldo(Tguiy—1,TQuy—1) + do(Tg0y—1, TV, —1)]
+Bo(do(Tguty—1, TS (Um—1,0m-1)) + do(TgUm—1, TS(Op—1, Um—-1))]
+B3[do(Tgun—1, TS(tn—1,v4-1)) + do(Tg0u—1, TS(Vy-1, n-1))]

< Bido(Tgum—1, Tgun—1) + do(Tg0m—1, TgVn—1)] + P2[do(TgUUm—1, TQ1Um)

+do(Tgum—1, TgUm)] + Baldo(Tguy—1, TQuy) + do(Tgv,—1, TgUL)]-
Then, by using (15), we get
dv(Tgum/ Tgun) + dv(Tgvmr Tgvn) < ,61 [dv(Tgum—lf Tgun—l) + dv(Tgvm—lr Tgvn—l)}
+(BA" 4 BsA Ky}

That is,

/

Km,n S /\K:ﬂfl,nfl + (/\m + )\n)K(/)

where A" = B1+ B2+ B3 < 1. Now for m,n,r € N. Thus, we see that inequality (1) is satisfied with
c1 = ¢ = Kp. Hence, by Lemma 2, < Tgu, > and < Tgv, > are Cauchy sequences. For v = 1,
the same follows from Lemma 1.

Since (Tg(X),d) is complete, we can find wy,, wy, € X such that

nlgr(}c Tgu, = Tgwy,and nlgr{}o Tgvy = Tgwy,.
Again, from condition 3 in Definition 1, we have

dv(TS(wa, wyn)/ Tgwxn)) < s[dl’(TS(wxofw}/n)r TS(H,,, Un)) + dv(Ts(un:vn>r Ts(un+1, Un+1)) +- 1+
J"dU(TS(uVHrvar Un+v72)/ TS (unJrvflr vn+v71))+
d’(/(TS(uYH—Z)—l/ vv1+v—l)/ Tgwxo))]

and

do(TS(wy,, Wyy), T8Wy,)) < s[do(TS(wy,y, wxy), TS(0n, ttn)) + do(TS(Vn, un), TS(Vpsr, yg1)) + -+ - +
dU(TS (anrva/ uYI‘FT/‘*Z)/ TS (vn+v—1/ un+v—1))+
dv(TS(anrv—l/ ”n+v—1)/ Tgwxo))]~
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Therefore,

do(TS(Wxy, Wy, ), TSWxy ) + do(TS(wWy,, Wy ), TgWy,) < 8[do(TS(wyy, wy,), TS (1, )
+do (TS (wy,, wxy), TS (0, Un)

+do (TS (1, n), TS(Uny1,0pg1)) + -+ do(TS(Unr0-2,Vnr0-2), TS(Unto-1,Vpt0-1))
+do(TS(vn, tn), TS(Vny1, tny1)) + - - + do(TS(Vnyo—2, Unyo—2), TS(Vnyo—1, Unto-1))
+do(TS(tyt0—1,Vnyo—1), Tgwx(]) +do(TS(Vpgo—1, Unto-1), Tgwyo)]

< s[B1(do(Tgwsy, Tgun) + dv(TgwyO/ Tgon)) + B2(do(Tgwxy, TS(wx,, wyo)) +

do(Tgwy,y, TS (wyy, wxy)) + B3(do(Tun, TS(ttn, vn)) + do(Tg0n, TS(vn, un))) }

+do(Tgun, TQuyi1) + -+ - + do(TgUy—1, TQUy) + +do(TgUn, TQUy41) + -+ + do(Tg0y—1, TQUR)
+do(TgUy 101, TSWxy) + do(TSVn10—1, TSWy, )].

Asn — oo, we get

dU(TS(wxo' wyo)/ Tgwxo) + dU(TS(wyof on)' Tgwyo)
< sBa[do(Ttwxy, TS(wxy, wyy)) + do(Tgwy,, TS (t0y,, Wy ))]. (16)

Similarly, we can show that

dy(TgWxy, TS(Wxy, Wyy)) + do(TgWy,, TS(wy,, wx,))
S 5.83 [dv(TngOf TS(wa, wyo)) + dU(TgwyOI TS(wyol wxo)] (17)

Using (16) and (17) along with the condition min{B,, B3} < L, we get dy(Tgwx,, TS(wx,, wy,)) +
dy(Tgwy,, TS(wy,, wy,)) = 0, i.e., TS(wyy, wy,) = TgwWx, and TS(wy,, wy,) = Tgwy,. As T is one to
one, we have S(wy,, wy,) = gy, and S(wy,, wy,) = gwy,. Therefore, (wy,, wy,) € COCP{S, g} .

If (wy,, wy,) € COCP{S, g}, then, by (14), we have

X0”

do(Tgwy, Tgws,) +  do(Tgwy,, Tqwy,) = do(TS(w5,, wy, ), TS(wxy, wy,)) + do (TS (wy,, w, ), TS(wy,, Wy, ))
< Paldo(Tgwy,, Tgwy, ) + do(Tgwy,, T8y, )] + Baldo(Tgwy, TS (wy, wy)))
+dv(Tgw;n, TS(w;n, wy, )] 4 Baldo(Tgwxy, TS(wxy, wyy)) 4 do(TgwWy,, TS(wy,, Wx,))]

< Bildo(Tgwsy,, Tgwy,) + dv(Tgw;o, Tgwy,)].

Thus, dy(Tgwy, Tgwy,) + do(Tgwy,, Tgwy,) = 0, which implies that Tgwy = Tgwy, and
Tgwy, = Tgwy,. Since T is one to one, we get gwy = gwy, and gwy, = gwy,, which is the point of
coupled coincidence of S, and g is unique. The remaining part of the proof is the same as in the proof
of Theorem 1. [J

The next results can be proved as in Theorems 1 and 2 and so we will not give the proof.

Theorem 3. Theorem 1 holds if we replace condition (4) with the following condition:
There exist B; € [0,1),i € {1,...,6} such that Y'5_, B; < 1, min{B3 + B4, B5 + Be} < L and for all
u,v,w,z € X,

dy(TS(u,v), TS(w,z)) < P1do(Tgu, Tgw) + Bady(Tgv, Tgz) + B3dy(Tgu, TS(u,v))
+Bady(Tgv, TS(v,u) + Bsdy(Tgw, TS(w,z)) + Bedu(Tgz, TS(z, w)). (18)

Taking T to be the identity mapping in Theorems 1-3, we have the following:
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Corollary 1. Let (X,dy), S, g A, uand v be as in Theorem 1 such that, for all u,v,w,z € X, the following holds :

dy(S(u,v),S(w,z) < Amax{d,(gu,gw),d,(gv,gz), pdy(gu, S(u,v)), udy(gv, S(v, u),
vdy(gw, S(w,z)),vdy(gz,S(z,w))}. (19)

Then, COCP{S, g} # ¢. Furthermore, if S and g are weakly compatible, then S and g has a unique
common coupled fixed point. Moreover, for some arbitrary (1o, vy) € X x X, the iterative sequences (< gu, >
, < gup >) defined by gu, = S(uy_1,v,_1) and gv, = S(vy_1,1,_1) converge to the unique common
coupled fixed point of S and g.

Corollary 2. Corollary 1 holds if the condition (19) is replaced with the following condition:
There exist By, Ba, 3 in the interval [0,1), such that By + B> + B3 < 1, min{By, B3} < 1 and for all
u,v,w,z € X

do(S(u,0), S(w, 2) +do(S(0,u),S(z,w) < 1 (do(gu, gw) + do(g0, 82)) +
Ba(do(gu, S(u,0)) +do(g0,S(v,u)) + 3 (do(guw, S(w, 2)) + do (82, 5 (2, w)))- (20)
Corollary 3. Corollary 1 holds if the condition (19) is replaced with the following condition:
There exist B; € [0,1),i € {1,...6} such that -2 ; B; < 1, min{Bs + Ba, B5 + Be} < 1 and, for all
u,v,w,z € X,
do(S(u,0),S(w,2)) < Prddo(gu, gW) + Poddo(g0, 82) +
Bado(gu, S(u, 0)) + Pado (g0, S(0v, 1) + Psdo (8w, S(w, 2)) + Pedv (82, 5(2, w)). 1)
Remark 1. Since every b-metric space is a by(s) metric space, we note that Theorem 1 is a substantial

generalization of Theorem 2.2 of Ramesh and Pitchamani [11]. In fact, we do not require continuity and
sub sequential convergence of the function T.

Remark 2. Note that condition (2.1) of Gu [10] implies (20) and hence Corollary 2 gives an improved version
of Theorem 2.1 of Gu [10].

Remark 3. Condition (3.1) of Hussain et al. [12] implies (18) and hence Theorem 3 is an extended and
generalized version of Theorem 3.1 of [12].

3.2. Application to a System of Integral Equations

In this section, we give an application of Theorem 1 to study the existence and uniqueness of
solution of a system of nonlinear integral equations.

Let X = CJ0, A] be the space of all continuous real valued functions defined on [0, A], A > 0.
Our problem is to find (u(t),v(t)) € X x X, t € [0, A] such that, for f : [0,A] x Rx R — R and
G:[0,A] x [0,A] = Rand K € C([0, A], the following holds:

A
u(t) = [ Gt F(tu(r), o(r)dr + K (1)
o(t) = /OA G(t,r)f(t,v(r), u(r))dr + K(t). 22)

Now, suppose F : X x X — X is given by

A
F(u(t),v(t)) :/0 G(t,r)f(t,u(r),v(r))dr + K(t).
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A
F(o(t),u(t)) = /0 G(t,r)f(t,v(r),u(r))dr + K(t).
Then, (22) is equivalent to the coupled fixed point problem F(u(t), v(t)) = u(t), F(v(t), u(t)) = v(t).

Theorem 4. The system of Equation (22) has a unique solution provided the following holds:
(i) G:[0,A] x[0,A] = Rand f: [0, A] x R x R — R are continuous functions.

(ii) K € C([0, A].
(iii) Forall x,y,u,v € Xand t € [0, A], we can find a function g : X — X and real numbers p > 1, A, yu,v
with0 <A < 1,0 < p,v <1, minimum {Ap,Av} < 3% satisfying

(iii —a):| f(tu(r),0(r)) = f(&,x(r) y () [P < APmax{| g(u(r)) = g(x(r)) 7, | g(v(r)) = g(y(r)) |V,
p | g(u(r)) = Flu(r ) o(r) 17, p | go(r )) F(o(r),u(r)) 7,
v [ 8(x(r) = F(x(r),y(r) I",v | g(y(r)) = E(y(r), x(r)) |}

(iii-b) F(g(u(t)), g(v(t))) :g(F(M(t),v(t)))~

"A
(i) supseo.a) fo | G(Er) [P dr < M e

Moreover, for some arbitrary uy(t), vo(t) in X, the sequence (< guy,(t) >, < guu(t) >) defined by

gin(t) = [ GO0 f (Lt 10), 00 1))+ K1)
g ) = [ Gt 001(0) 010D + K (0 &)
converges to the unique solution.
Proof. Defined,: X x X — Rsuch that forall u,v € X,
do(u,0) = supyeo,a) | u(t) —o(t) | (24)

Clearly, dy is a by ((v + 1)°~!)-metric space.
For some r € [0, A], we have

[ F(u(t),o(t)) — F(x () y(6) 7

e (), o(n)dr +g() = i G(t, ) f(tx(r), y(r)dr +g (1) P

e r) P1f(tu(r),o(r)) — f(tx(r),y(r)) | dr

(o' | G(t7) |7 dr) AP [max{] g(u(r)) — g(x(r)) 17, | g(o(r) = g(y() |7,

p L g(u(r)) = Fu(r),o(r)) [P, 1| 8(o(r)) — F NP

v 8(x(r)) = F(x(r),y(r) [P, v [ 8(y(r)) = F(y(r),x(r)) |}.

< fo [ G(t,r) [P dr)AP[max{dy(g(u), 8 (x)), do(8(0), (), ueu (g (1), F(u,0)), pdo(g(v), F(v,u)),
do(8(x), F(x,)), vdo(g(y), F(y, X))}

)
L) f(

)
)17
o(r), u(

ININ

)
(

3

Thus, using condition (iv), we have

do(F(u,0), F(x,y)) = supiep,ay | F(u(t),o(t)) = F(x(8),y(6)) [V

< Almax{dy(g(u), 8(x)), do(8(0), 8(y)), pdo(g(u), Fu,0)), udo(g(0), F(o, 1)),
vdy(8(x), F(x,y)), vdo(8(y), F(y, x)) }-

Thus, all the conditions of Corollary 1 are satisfied and so F has a unique coupled fixed

point (u/,v") € C([0,A] x C([0,A], which is the unique solution of (22) and the sequence
(< gun(t) >, < guu(t) >) defined by (23) converges to the unique solution of (22). [

A

10
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Example 1. Let X = C|0, 1] be the space of all continuous real valued functions defined on [0,1] and define
ds3: X x X — Rsuch that, forall u,v € X,

d3(u,v) = supyeoq | u(t) —o(t) 2. (25)

Clearly, d3 is a by(3)-metric. Now, consider the functions f : [0,1] x R x R — R given by
fbuv) = 2+ gu+ 50, G :[0,1] x [0,1] — R given by G(t,r) = ‘F(H') , K € C([0,1] given
by K(t) = t. Then, Equation (22) becomes

/ VA5( t+r) (#? 29014(1’) + %U(I’))d‘r‘
t+/ VAS( t“) (P 0lr) + su(r)r. (26)

Then,

9 8 )
\%(u—x)—o—%(v—y)\

| Max{ g5 (1~ x), = (0~ y)} P
81
— 100

| f(tu,0) = f(t,x,y) |?

IN

 Max{|u—x*|v—y) [*}.
In addition,
! 145
2 4. 2
Supte[o,l]/o | G(t,r) |“dr 7/0 100(t+r) dr = 1.05.
We see that all the conditions of Theorem 4 are satisfied, with A = %, u=0,v=0,p=2and g = Ix(ldentity

mapping). Hence, Theorem 4 ensures a unique solution of (26). Now, for ug(t) = 1 and vy(t) = 0, we construct
the sequence (< uy(t) >, < v, (t) >} given by

un(t) =t+ /01 M(t2 oty (F) 4 0 (1)

10 20 20
_ 1VAS(t+7),, 9 8
ou(t) = t+ [ Y2 B+ 0,1 (1) + pgitaa (1) @)

Using MATLAB, we see that above sequence converges to {0.6708t> + 0.3354t> + 2.2339¢ +
0.7677,0.6708t> + 0.3354t2 + 2.2339¢ + 0.7677}, and this is the unique solution of the system of nonlinear
integral Equation (26). The convergence table is given in Table 1 below.

11
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Table 1. Convergence of sequences < i, (t) > and < v, (t) >.

un () = t 4 [LYBEED (2 4 00 (r) +

vu(t) = t4 [FYBUEED (24 90 (1) +

! $0aa(r))dr Sy (7)) dr

1 uy(t) = t+0.0167(2t +1)(20£2 +9)) o1 (8) = t+.0671(2t + 1) (512 4 2))
2 up(t) = 0.6708t> 4 0.3354+> + 1.3t + 0.5007 vy () = 0.6708t> 4 0.3354> + 1.29¢ + 0.5115
3 us(t) = 0.6708t> 4 0.33541> + 1.8210t + 0.5174  wv3(t) = 0.6708t + 0.3354> + 1.8208t + 0.5171
4 4(t) = 0.67081% +0.3354> + 1.9734t +-0.6179  v4(t) = 0.6708t> + 0.3354> + 19734+ 4 0.6178
5 us(t) = 0.6708t> + 0.33541> +2.0743t + 0.6755  v5(t) = 0.6708t> + 0.3354+> + 2.0743t + 0.6755
6 ug(t) = 0.6708t° + 0335412 +2.1359 +0.7111 vy (t) = 0.6708t> + 033542 + 2.1359¢ + 0.7111
7 u7(t) = 0.6708t3 + 0.335412 4 2.1737t +0.73298 vy (t) = 0.6708t> + 0.3354t> + 2.1737t + 0.73298
8 ug(t) = 0.67083 + 0.3354t% 4+ 2.19699t + 0.7464  vg(t) = 0.6708t> + 0.3354> + 2.19699¢ + 0.7464
9 ug(t) = 0.6708t> + 0.3354+% +2.2113t + 0.7547  vg(t) = 0.6708t> + 0.3354+> + 2.2113t + 0.7547
10 u10(t) = 0.670813 4 0.3354t2 +2.2200t +0.7597  wvy9(t) = 0.6708t> + 0.3354t% + 2.2200¢ + 0.7597
11 u (£) = 0.6708t3 + 0.33541% + 2.2254t +0.7628 vy (t) = 0.6708t> 4 0.3354% + 2.2254t + 0.7628
12 112 (t) = 0.670813 4 0.3354t2 +2.2287t +0.7647 vy (t) = 0.6708t> + 0.3354> + 2.2287¢ + 0.7647
13 u13(t) = 0.670813 4 0.3354t2 +2.2308t + 0.7658  v13(t) = 0.6708t> + 0.3354t> -+ 2.2308¢ + 0.7658
14 u14(t) = 0.6708t> + 0335412 + 2.23199¢ +0.7666  v14(t) = 0.6708¢> + 0.3354¢> +2.23199¢ + 0.7666
15 115(F) = 0.670813 + 0.335412 + 2.2328t + 0.7671  v15(t) = 0.6708t> + 0.335412 + 2.2328t + 0.7671
16 116(F) = 0.670813 + 0.335412 + 2.2333t + 0.7674  v16(t) = 0.6708t> + 0.335412 4 2.2333t + 0.7674
17 u17(t) = 0.6708> + 0.335412 +2.2336t + 0.7675  v17(t) = 0.6708t> + 0.3354+2 + 2.2336t + 0.7675
18 u1g(t) = 0.6708> + 0.33541% +2.2338t + 0.7676  v1g(t) = 0.6708t> + 0.3354+2 + 2.2338 + 0.7676
19 u19(t) = 0.6708t3 + 0.3354t +2.2339t + 0.7677  wv19(t) = 0.6708t> + 0.3354t> + 2.2339¢ + 0.7677
20 10 (t) = 0.670813 + 0.3354t + 22339t + 0.7677  wvpq(t) = 0.6708t> + 0.3354t> + 2.2339¢ + 0.7677

Remark 4. Condition (iv) of Theorem 4 above is weaker than the corresponding conditions used in similar
theorems of [11,13,14].

Remark 5. I example 1 above, we see that sup;co ] fol | G(t,7) |>dr = 01 B (t+71)%dr =1.05 > Land
thus condition (v) of Theorem 3.1 of [11], condition (30) of Theorem 3.1 of [13] and condition (iii) of Theorem 3.1

of [14] are not satisfied.
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1. Introduction and Preliminaries

The quasi-pseudo metric space, which is obtained by relaxing the symmetry condition, is one of
the refinements of the notion of metric space. In the point view of fixed point theory, the lack of the
symmetry axiom leads to consider the orientation in this new structure. Roughly speaking, fixed points
for mappings are usually limits of the Picard sequence, which is constructed by the recursive iteration
of the operator by starting with an arbitrarily chosen point. On the other hand, in this new structure,
the distance function is not symmetric. Consequently, for an arbitrary initial value ¢y, the value of the
distance from its n-th iteration, T"x, to its limit, say x* (if exists), and the value of the distance from its
limit, x* (if exists), to its n-th iteration, T"xp, need not be equal. Under this motivation, the notions of
start-point, end-point, e-start-point, and e-end-point were defined in [1]. In other words, fixed point has
been investigated in the oriented structure, quasi-pseudo metric space, under the names of start-point
and end-point. It is clear that, under the condition symmetry, the start-points and end-points coincide
with the fixed points [2-5].

An initial result in the theory of start-point was given in [1] in order to extend the idea of fixed
points for multi-valued mappings defined on quasi-pseudo metric spaces. A series of three papers,
see [1,6,7], has given a more or less detailed introduction to the subject. The theory of start-point came
to extend the idea of fixed points for multi-valued mappings that are defined on quasi-pseudo metric
spaces. More detailed introduction to the subject can be read in [1,6-13].

In this paper, we investigate the existence of start-points and end-points for a class of mappings,
which are known as generalized weakly contractive multi-valued maps, in the context of left
K-complete quasi-pseudo metric space.
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Intuitively, as we mentioned above, the appropriate framework for the theory of start-point
is the quasi-metric setting. For the sake of completeness, we recollect, in the present manuscript,
the necessary notations and fundamental concepts from the literature. We first recall the basic notions
regarding quasi-metric spaces as well as some additional definitions that are related to multi-valued
maps on these spaces[14-16]. For a general approach in metric fixed point theory for multi-valued
operators, see [17-19].

Definition 1 (See [1]). Let g : X x X — [0, 00) be a function where X is a non-empty set. The function is
called a quasi-pseudometric (respectively, To-quasi-metric) on X if (qq) and (q2) (respectively, (q1)* and
(g2)) hold, where

(q1) q(g,¢)=0 forall {€X,
(q1)* q(&,n) =0=q(y,¢) implies § =y, and
(q2) 9(¢,0) <q(&n)+q(n,¢) forallf,n, e X

Note that the condition (g7)* is known as the Ty-condition. Furthermore, for a quasi-pseudo metric
g on X, the function ¢~! : X x X — [0,0), which is defined by 471(&, 1) = q(4,¢) forall &7y € X,
forms a quasi-pseudo metric on the same set X and is named as the conjugate of . For a Ty-quasi-metric
d on X, a distance function d; : X x X — [0, ), defined by d;(&, 1) = max{q(&,7),q(y,&)} for all
(&,17) € X x X, becomes a metric on X.

Remark 1. In some sources, the quasi-pseudo metric is called hemi-metric (see [20]). Moreover, To-quasi-metric
is known also as a quasi-metric in the literature.

In what follows, we consider three well-known examples in order to illustrate the validity of
Definition 1.

Example 1 (Truncated difference). Set Ry := [0, 00) and 6 : Rf x Rj — Ry be given, forany ¢, 1 € X, by

o6 ) = max{0,& — 1}
Under these conditions, & forms a To-quasi-metric. Further, the pair (R, 8) becomes a Ty-quasi-metric space.

Example 2 (cf. [21]). Let A, B be two non-empty set, such that ANB # @. Set X = AUB and
q: X x X — [0,00) be given, for any a,b € X, by

ifa=0»,

ifa e A,b€eB,
ifbe A,a € B,
otherwise.

q(a,b) =

= N Nw O

Under these conditions, q forms a To-quasi-metric. Further, the pair (X, q) becomes a Ty-quasi-metric space.

Example 3 (cf. [22]). Set I := [0,1], and define & : 1 x T — R{ be defined as

C—n, Gz,
(& n) =
(&) { 1, i<
Under these conditions, & forms a quasi-pseudo metric that is obviously not Ty.

For a quasi-pseudo metric space (X, q), we define an open e-ball at a point ¢ as follows: For ¢ € X
ande >0,

By(G,e) ={n € X:q(Zn) <e}
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Let (X, q) be a quasi-pseudo metric space. We say that the sequence {¢, } is g-convergent to ¢ (or
left-convergent to ¢), if

q(6n, &) — 0,

and we denote this fact by ¢, N ¢. More precisely, {¢,} converges to ¢ with respect to 7(q).
In a similar manner, a sequence {¢, } is g~'-convergent to ¢ (or right-convergent to ¢), if

q(8,&n) — 0, )

-1
fact denoted by &, N & Actually, {¢,} converges to ¢ with respect to (g~ 1)

A sequence {¢, }, in the setting of a quasi-pseudo metric space (X, ¢), is said to be d;-convergent
to ¢ in the case the sequence converges to ¢ from left and right, which is,

-1
q q
¢p — ¢ and & — C.
s dy . . .
Moreover, it is denoted as ¢, — ¢ (or, §, — ¢, if there is no confusion).
Remark 2. From the definition of d,-convergence, we have
dg-convergence implies g-convergence.

The reverse implication does not hold in general, as demonstrated in the following example.

Example 4 (cf. [22]). Set I := [0,1], and define q : 1 x T — R{ be defined as

Subsequently, it is evident that (X, q) forms a quasi-pseudo metric space.
Consider
_ %+2*" 1 nis odd
n 143" niseven

It is easy to see that the sequence {{,} is right-convergent (to 1/3) and left-convergent (to 1), but not
dg-convergent.

Definition 2 (See e.g., [1]). A sequence {C,} in a quasi-pseudo metric space (X, q) is called left K-Cauchy if
for every e > 0, there exists ng € N, such that

forall m,k:ng<k<n q(lén) <e¢

Similarly, we define right K-Cauchy sequences and observe that a sequence is left K-Cauchy with
respect to q if and only if it is right K-Cauchy with respect to g~ 1.

Example 5 (See [8]). Set:= (0,1), and define 6 : O x @ — R be defined as

_JS—n =1
6/(6,11){1 <

Let us define the sequence {&, } given by &, = (n+ 1)~ Subsequently,

q(¢r, Cs) < rt
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for all s > r; hence, {¢n} is left K-Cauchy. However, {n} is not right K-Cauchy, since whenever
¢ € X,q(&m, &) = 1 after a certain stage. On the other hand, if one considers the sequence {1, } where
tn =1 — (n+1)71, one could easily see that it is right K-Cauchy.

Definition 3 (See [1,13]). We say that (X, q) is left-K-complete if any left K-Cauchy sequence is g-convergent.
Furthermore, we say that quasi-pseudo metric space (X, q) is Smyth complete if any left K-Cauchy sequence is
dg-convergent.

It is easy to see that every Smyth-complete quasi-metric space is left K-complete [13], and the
converse implication does not hold.

Definition 4 ([1]). We say that a Ty-quasi-metric space (X, q) is said to be bicomplete if the corresponding
metric dg on X is complete.

Example 6. Let us again consider Example 1. In that case, for any ¢, € X = [0,c0), we have that
dy(&,m) = max{Z —n,1 =&} = | — |- Weknow that (R, | . |) is a complete metric space; hence, ([0,00), | . |)
is an example of bicomplete Ty-quasi-metric space.

However, if we take the quasi-pseudo metric that is defined in Example 3, it is clear that (X, ) is not
bicomplete, since (X, ) is not even Ty.

Definition 5 ([1]). Let A be a subset of a quasi-pseudo metric space (X, q). We say that A is bounded if there
exists a A > 0, such that q(&, ) < A whenever &, € A.

Example 7.

1. Let X = {a,b,c}. Themap q : X x X — [0, 00) defined by q(a,b) = q(a,c) =0, q(ba) =q(bc) =1,
q(c,a) = q(c,b) =2and q(¢,&) = 0 forall § € X is a bounded Ty-quasi-metric on X. Indeed, for any
SneX q(n) <2

2. The quasi-pseudo metric presented in Example 4 is bounded, as for any &, € X, q(¢, 1) < 1.

Let (X, q) be a quasi-pseudo metric space. We set Z(X) := Py(X) \ {@}, where Z(X) denotes
the power set of X.

Pp(X): ={A e Py(X): A closed and bounded},
P (X): ={A e Py(X): Acompact },
Ze(X): ={A € Py(X): Aclosed }.

For§ € Xand A € Zy(X), we set:

q(¢, A) == inf{q(¢,a),a € A}, q(A,8) :=inf{g(a,{),a € A}.
We also define the map H : Z)(X) x Py(X) — [0,00] by

H(A, B) = max {sup q(a,B), sup q(A,b)} whenever A, B € Zy(X).
acA beB
Subsequently, the distance function H is called the Hausdorff extended quasi-pseudo metric on Zy(X).
Notice that, here, the word "extended" is use to emphasize that H can attain the value cc as it appears
in the definition.
Finally, we recall some concepts that are related to the classical fixed point notions in the setting
of a quasi-pseudo metric space.
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Definition 6 (cf.[1]). Let (X, q) be a quasi-pseudo metric space and F : X — Py(X) be a multi-valued map.
Suppose that H is a Hausdorff quasi-pseudo metric on Py(X). We say that § € X is

(i) a fixed point of Fif § € F¢,

(ii)  a strict fixed point if F¢ = {Z},

(iii) a start-point of F if H({C}, F¢) = 0, and
(iv) an end-point of F if H(F,{¢}) = 0.

In this context, we can also write H(yj, Fyy) := H({n},Fn), 7 € X. Notice that H({y}, Fyy) =
sup q(17, ), while H(Fr, {}) = sup q(s,7).
YpeFy ypeFy
2. Main Results

In this section, we give a new start-point theorem for a generalized weakly contractive
multi-valued map.

As we dive into the topic, it could be very interesting to point out this known fact, which is always
good to remember. That is, if ¢ is both a start-point and an end-point of a multi-valued F, then ¢ is a
fixed point of F. In fact, F¢ is a singleton. Observe that a fixed point of a multi-valued F need not be a
start-point or an end-point. We provide the following three examples in order to illustrate that fact.

Example 8. Consider the Ty-quasi-pseudo metric space (X,q), where X = {a,b,c} and q defined by
g(a,b) = g(a,c) =0, q(ba) = q(b,c) = 2, g(ca) = q(c,b) =4 and q(&,¢) = 0 for & = a,b,c. The multi-valued
map F : X — 2y(X) is considered by Fa = {a,b} and F¢ = X \ {{} for & = b, c. Obviously, a is a fixed
point for F. Moreover, since

H({a}, Fa) = max{q(a,a),q(a,b)} =0,

we derive that a is a start-point, but, since
H(Fa,{a}) = max{q(a,a),q(b,a)} =2 #0,
we derive that a is not an end-point. Furthermore, there is no other start-point or end-point for F.

Example 9. Consider the Ty-quasi-pseudo metric space (X, q), as defined in the previous example (Example 8).
The multi-valued map F : X — Py(X) is considered by F¢ = {a, b} for & = a,b, c. Obviously, a, b are fixed
points for F. Again, a is a start-point, but not an end-point. Observe this time around that b is an end-point,
but not a start-point.

Example 10. Consider the Ty-quasi-pseudo metric space (X, q), as defined in the previous example (Example 8).
The multi-valued map F : X — Py(X) is considered by Fa = {b}, Fb = {c}, Fc = {a}. The map F does not
have any fixed point. However, we can easily that a is the only start-point and c the only end-point for F.

Remark 3. So far in the examples, we have been obtaining fixed points. Let us observe what happens when we
are in the presence of a strict fixed point.

Example 11. Consider the Ty-quasi-pseudo metric space (X, q), where X = {a, b, c} and q defined by q(a, b) =
g(a,c) = q(b,c) =0, q(b,a) =2, q(c,a) = q(c,b) = 4and q(&,&) = 0 for { = a,b,c. We define, on X,
the multi-valued map F : X — Py(X) by Fa = {a} and Fb = Fc = {b,c} for { = b,c.

H({a},Fa) = q(a,a) =0,

and
H(Fa,{a}) = q(a,a) =0,
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i.e., a is is both a start-point and an end-point for F.
The point b is both a fixed point (which is not strict) and end-point for F, while c is neither a (strict) fixed
point nor a start-point nor an end-point for F.

In fact, the above example illustrates the following fact:

Lemma 1. Let X be non-empty set and H the Hausdorff quasi-pseudo metric that is derived by a quasi-pseudo
metric q. Let F : X — P0(X) be a multi-valued map. If & € X is a strict fixed point, then & is both a start-point
and an end-point.

Proof. The result is immediate, since, for F§ = {{}, we have

H({¢}, FE) = q(§,¢) = 0=4q(E,&) = H(FE, {¢}) = 0.
O

We begin with the following intermediate result.

Lemma 2. Let (X,q) be To-quasi-metric space and A C X. If A is a compact subset of (X, dy), then it is a
closed subset of (X, q). That is, Zy(X) C P.(X).

Proof. Let {{,} be a sequence in A, such that (¢, &,) — 0 for some ¢ € X. Because A is a compact
subset of (X, d;), there exists a subsequence {¢, } of {¢,} and a point { € A, such that d;(Z, &y, ) — 0.
Thus, we have q(y,,{) — 0. While using the triangle inequality, we have

q(gl é) S '1(5: an) + q(é”k’ g)

Letting k — co in above inequality, we obtain { = { and { € A. Thus, A is a closed subset of (X, q). [

The concept of weakly contractive maps that appeared in [23] (Definition 1) is one of the
generalizations of contractions on metric spaces. In [23], the authors defined such maps for single
valued maps on Hilbert spaces and proved the existence of fixed points. Later, it was shown that most of
the results of [23] still hold in any Banach space, see e.g., Rhoades[24-29]. As it is expected, this notion
was extended to multi-valued maps and it was characterized in the setting of quasi-metric spaces.

In the literature, one of the useful auxiliary function is the comparison function that is initiated
by [30], and, later, discussed and investigated densely by Rus [31] and many others. A function
¢ : [0,00) — [0, c0) is called a comparison function [30,31] if it is increasing and ¢"(t) — 0 as n — co
for every t € [0,00), where ¢" is the n-th iterate of ¢. A simple example of such mappings is ¢(t) = %,
wherek € [0,1) and n € {2,3,--- }.

Let I be the family of functions 7 : [0,00) — [0, c0) satisfying the following conditions:

(I'1) -y is nondecreasing;

—+o0
(T2) Y 7"(t) < ooforallt > 0.
n=1
Subsequently, a function ¢ € I'is called (c)-comparison function, see also [31,32].

Lemma 3 ([31]). Ify : [0,00) — [0,00) is a comparison function, then

1. each iterate 4 of oy, k > 11is also a comparison function;
2. 7y is continuous at 0; and,
3. q(t) <tforallt>0.
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The listed properties above are also valid for (c)-comparison functions, since the class of
(c)-comparison functions is a subclass of comparison functions.
For our own purpose, we introduce the (c¢)*-comparison function, as follows:

Definition 7. A function vy : [0,00) — [0,00) is called a (c)*-comparison function if
(71) 7 is nondecreasing with (0) = 0 and 0 < «y(t) < t for each t > 0; and,

(v5) for any sequence {t,} of (0, o), OZO) ¥(ty) < oo implies f ty < oco.
n=1 n=1

Definition 8. Let (X, q) be To-quasi-metric space.

1. A multi-valued map F : X — Py(X) is called weakly contractive if there exists a (c)*-comparison
function 7y, such that, for each ¢ € X there exists j € F¢ satisfying

H(n, Fn) <q(¢,1) —v(q(n))- 2

2. Asingle-valued map f : X — X is called weakly contractive if there exists a (c)*-comparison function vy,
such that

q(f&, f) < a6 ) = v(q(S,n)), for every &, € X. ®)
The following is the main result of the paper.

Theorem 1. Let (X,q) be a left K-complete quasi-pseudo metric space, F : X — P (X) be a weakly
contractive multi-valued mapping. Subsequently, F has a start-point in X.

Proof. Let {y € X be arbitrary. By (2), there exists {; € F(p, such that, for every ¢, € F¢1, we have

q(¢1,82) < H(&1, F&r) < q(8o,&1) — v(q(80, 1))

Again, by (2), there exists an element {, € F(j, such that, for every {3 € F¢,, we have

q(82,63) < H(G2, F&a) < q(81,82) —v(q(61,82)) < q(G1,62) < H(G1, FGr1).

Continuing this process, we can find a sequence {¢,} C X, such that, forn € {0,1,2,---},
we have

Cnt+1 € Fin
and

‘1(6n+1/§n+2) < H(§n+lrF§n+l) < Q(Cnr6n+l) - 'Y(q(‘:nrén+l)) < '7(6n:€11+1) < H(CmF(Zn)-

Thus, the sequence {q(¢u,¢ni1)} is non-increasing and so we can conclude that
lim (G, Cni1) =1 for some I > 0. We show that [ = 0. Suppose that [ > 0. Subsequently, we have

98 Gn1) < a(Gn—1,6n) = 1(0(En-1,8n)) < q(8n-1,8n) — v(1),
and so

q(Cnins Gnent1) < 9(Gn-1,8n) — N (1),

which is a contradiction for N large enough. Thus, we have
Jim 4G Gnr1) = 0.

For m € N with m > 3, we have
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9(&m—1,8m) < q(Em-2,Cm-1) —v(@(Em—2,Em-1)) -

<
<q(61,82) —v(q(81,62)) — - = v(q(Eu—2,Cm-1))-

Hence, we get

m—2

Z Y(7(8ks Skr1)) < q(61,62) — q(Gm—1,Em)-

k=1

Letting m — oo in above inequality, we obtain

e

Y(q(Err Cs1)) < 9(E1,82) < o0,

k=1

which implies, using (73 ), that

Y 4(Gk Ekir) < oo
k=1

We conclude that {¢,} is a left K-Cauchy sequence. On account of the left K-completeness,

there exists ¢* € X, such that ¢, 4 ¢r.

Given the function i := H({, F{), observe that the sequence {h¢,} = {H(&,, F¢n)} is decreasing
and it converges to 0. Recall that & is 7(g)-lower semicontinuous (as supremum of 7(g)-lower
semicontinuous functions), which yields

0 < h&* < liminfhé, = 0.
n—r00
Hence, h¢* = 0,i.e. H({¢*}, F¢*) = 0. This completes the proof. [
Remark 4. It is clear that, if we replace the condition (2) by the dual condition

H(Fy,n) <q(1,8) —(q(n,8)), 4)

then the conclusion of Theorem 1 would be that the multi-valued function F possesses an end-point. Moreover for
the multi-valued function F to admit a fixed point, it is enough that

H%(Fn,n) < min{q(&,n) — v(q(&n)),9(1,8) = v(q(n,0)}, (5)

where

Hdﬁ(A,B) = max {sup dgy(a, B), sup dq(A, b)} whenever A, B, € Z)(X).
acA beB

Iflet y(t) = (1 — k)t for k € [0,1) in Theorem 1, then we obtain the following version of Nadler’s
theorem in the setting of left K-complete quasi-pseudo metric space.

Theorem 2. Let (X, q) be a left K-complete quasi-pseudo metric space and F : X — Pq,(X) be a multi-valued
mapping. If there exists k € [0,1), such that, for each € X, there exists yj € F¢ satisfying

H(n, Fy) <kq(¢, 1),

then F possesses a start-point in X.

We conclude this part of the paper with the following illustrative example:
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Example 12. Let

X = {% :n:O,l,Z,-~~}U{0}
and let
_jn=q ifn=¢,
e = {2(6—'7), ifg > .

Subsequently, (X,q) is a left K-complete Ty-quasi-metric space. Set y(t) = % forall t > 0. Let F : X —
Pp(X) be a multi-valued map defined as

Fg = {zn%ro} ifE=F:n=012--,
{0}, fe=0.

We now show that F satisfies condition (2).
Case1. ¢ =0, thereexists § =0 € F¢ = FO = {0} such that
0= H(y, Fip) = H(0,F0) < ¢(0,0) — (4(0,0)) = 0.

Case2. ¢ = % there exists § = 0 € F§ = {2]7,0}, such that

0= H(y,Fy) = H(0,F0) <gq (%ﬂ,o) -y (q (%,0)) .

The map F satisfies the assumptions of Theorem 1, so it has a start-point, which, in this case, is 0.
In the case of a single-valued mapping, Theorem 1 produces the following existence result.

Theorem 3. Let (X, q) be a left K-complete quasi-pseudo metric space and f : X — X be a weakly contractive
single-valued mapping. Subsequently, f possesses at least one start-point in X, i.e., there exists {* € X,
such that q(&*, f&*) = 0.

We conclude the paper with a start-point result for a multi-valued mapping satisfying a
stronger weakly contractive type condition. In this case, we can obtain a stability result for the
start-point problem.

Definition 9. Let (X, q) be To-quasi-metric space. A multi-valued mapping F : X — Py(X) is called s-weakly
contractive if there exists a (c)*-comparison function vy, such that, for each & € X, there exists € F¢ satisfying

H(y, Fv) < g(&v) — v(a(&,v)), for every v € X. ©)

Notice that any s-weakly contractive multi-valued mapping is weakly contractive,
but not reversely.

The following existence and stability result holds for s-weakly contractive multi-valued mappings.
For the sake of simplicity, we will present the result when (t) = (1 —k)t,t € [0,00), with some
ke [0,1).

Theorem 4. Let (X, q) be a left K-complete quasi-pseudo metric space and F : X — Pq,(X) be a multi-valued
mapping. Suppose that there exists k € [0,1), such that, for each ¢ € X, there exists y € F¢ satisfying

H(n,Fv) < kq(¢,v), foreveryv € X.
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Then:

(a)  F possesses a start-point in X; and,

(b)  the start-point problem for F is Ulam—Hyers stable with respect to the end-point problem for F, in the sense
that there exists C > 0, such that, for any € > 0 and any p* € X with H(Fp*, p*) < ¢, there exists a
start-point {* € X of F, such that q(¢*,p*) < Ce.

Proof.

(a) follows by Theorem 1. Denote, by ¢* € X, a start-point of F.

(b) Forany u € FC*, we can write

q(&",p") < H(&", F¢") + H(u, Fo®) + H(Fp",p*) = H(u, Fo") + H(Fp", p").
For &* € X, there exists u* € F¢*, such that H(u*, Fp*) < kq(&*, p*).
Thus,
1
*,0%) < .
9% P") < T3¢
(|
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1. Introduction

The classical variational inequality problem (VIP) is defined in a real Hilbert space setting as:
find x € D such that

(Tx,y—x) >0VyeD, (1)

where T is a nonlinear operator defined on D and D is a nonempty subset of the Hilbert space.
The theory of VIP combines concepts of nonlinear operators and convex analysis in such a way that
it generalizes both and is used to model nonlinear problems of physical phenomena in economics,
sciences and engineering (see [1] for details). The VIP (1) was first introduced in finite dimensional
spaces by Stampacchia [2], and since then researchers have devoted a lot of attention to VIP in finite and
infinite dimensional spaces (see [3-8] and other references therein). Another form of the VIP widely
studied in real Hilbert space settings (see [9,10] and the references therein) is defined as: find x € D
such that

(x—Tx,y—x) >0VyeD. )

Several algorithms have been developed for solving VIP and related optimization problems
in Hilbert and Banach spaces (see [3,7,11-16] and other references therein). It is well known that
many of the problems in practical applications of optimization are constrained optimization problems,
where the constraints are nonlinear, non-convex and non-smooth. Hence, it is pertinent to extend the
study of these optimization problems to the nonlinear space settings, due to its ability to see non-convex
and non-smooth constrained optimization problems as convex, smooth and unconstrained problems.

Axioms 2020, 9, 143; d0i:10.3390/axioms9040143 27 www.mdpi.com/journal /axioms
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For this reason, Németh [17] introduced and generalized the existence and uniqueness results of
the classical VIP from Euclidean spaces to complete Riemannian manifolds. This development led
to increasing interest from researchers in the study of VIPs and their generalizations in nonlinear
spaces (see [18-27] and other references therein). Despite the increasing attention of researchers in
this direction, little attention has been given to other more general nonlinear spaces apart from the
Riemannian manifolds. In 2015, Khatibzadeh and Ranjbar [28] extended the study of VIP (2) to the
framework of complete CAT(0) spaces. They formulated the VIP as follows:

Find x € D such that <E’<,@> >0VyeD, (3)

where D is a nonempty, closed and convex subset of an Hadamard space X and T is a nonexpansive
mapping. They established the existence of solutions for the VIP (3) and also employed an inexact
proximal point algorithm to approximate a fixed point of the nonexpansive mapping which is also a
solution of (3). They obtained convergence result for the algorithm under suitable conditions on the
control sequences. Very recently, Alizadeh-Dehghan-Moradlou [29] introduced the notion of inverse
strongly monotone mappings in metric spaces as follows: Let D be a nonempty subset of a metric
space X and T : D — X be a mapping. T is called a-inverse strongly monotone if there exists & > 0
such that

dz(x,y) — (TxTy,x_y>) <adr(x,y), Vx,y €D, 4)

where &1 (x,y) = d(x,y) + d>(Tx, Ty) — 2<YT>Ty, x_y>)

Additionally, in [29], the authors studied the VIP (3) in an Hadamard space, where T is an inverse
strongly monotone mapping. They established the existence of solutions for the VIP (3) associated
with an inverse strongly monotone mapping. Furthermore, they introduced the following iterative
algorithm to solve the VIP (3): for arbitrary x; € D, the sequence {x,} is generated by

®)

Yn = Pp [,ann &) (1 - ,Bn)Txn]/

Xnt1 = Pplanx, & (1 —ay)Sxp),n > 1,
where {B,} and {«,} € (0,1), Pp is a metric projection, T is inverse strongly monotone and § is
nonexpansive mapping. They obtained that Algorithm (5) A-converges to a solution of the VIP (3),
which is also a fixed point of the nonexpansive mapping S.

Very recently, Osisiogu et al. [30] proposed and studied the following Halpern-type algorithm in
Hadamard spaces for approximating a common solution of a finite family of the VIP (3):

N
= iPpT).xy,
Yn 1631’31 D 1A Xn ©)

Xp41 = &pll @,ann EB')/nSyn Vn>1,

where Ty, = (1 — A)x ® A;Tx, 0 < A; < 2w, foreachi =1,2,---,N, {B,},{an} and {y,} € (0,1),
T is an inverse strongly monotone mapping and S is a nonexpansive mapping. They obtained a strong
convergence result of Algorithm (6) under some suitable conditions.

Motivated by the results of Khatibzadeh and Ranjbar [28], Alizadeh-Dehghan-Moradlou [29]
and Osisiogu et al. [30], we propose and study a viscosity iterative algorithm (from the fact that
viscosity-type algorithms converge faster than Halpern-type algorithms and also Halpern-type
algorithms are particular cases of viscosity-type algorithms, see [31,32]) that comprises of a finite family
of inverse strongly monotone mappings (3) and a finite family of Lipchitz demicontractive mappings
in an Hadamard space. Additionally, we establish that the proposed algorithm converges strongly to a
common solution of a finite family of VIPs, which is also a common fixed point of a finite family of
Lipchitz demicontractive mappings in the framework of Hadamard spaces. Furthermore, we provide a
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numerical experiment to demonstrate the applicability of our results. Our result generalizes the works
of Alizadeh-Dehghan-Moradlou [29] and Osisiogu et al. [30] and other similar works in literature.

2. Preliminaries

Let (X,d) be a metric space, x,iy € X and I = [0,d(x,y)] be an interval. A curve ¢ (or simply
a geodesic path) joining x to y is an isometry ¢ : I — X such that ¢(0) = x, ¢(d(x,y)) = y and
d(c(t),c(t')) = |t — | forall t, ' € I. The image of a geodesic path is called the geodesic segment,
which is denoted by [x, y] whenever it is unique. We say that a metric space X is a geodesic space
if for every pair of points x,y € X, there is a minimal geodesic from x to y. A geodesic triangle
A(x1,x2,%3) in a geodesic metric space (X, d) consists of three vertices (points in X) with geodesic
segments between each pair of vertices. For any geodesic triangle, there is a comparison (Alexandrov)
triangle A C R? such that d(x;, x;) = dg2(%;, %;) for i,j € {1,2,3}. A geodesic space X is a CAT(0)
space if the distance between arbitrary pair of points on a geodesic triangle A does not exceed the
distance between its pair of corresponding points on its comparison triangle A. If A is a geodesic
triangle and A is its comparison triangle in X, then A is said to satisfy the CAT(0) inequality for all
points x,y of A and %, 7 of A, if

d(x,y) = dga(%, 7). @)

Let x,y,z be points in X and y be the midpoint of the segment [y,z]; then the CAT(0)
inequality implies

P(x0) < 38 (xy) + 3 (x,2) — 7dly,2). ®

Inequality (8) is known as CN inequality of Bruhat and Tits [33]. A geodesic space X is said to be
a CAT(0) space if all geodesic triangles satisfy the CN inequality. Equivalently, X is called a CAT(0)
space if and only if it satisfies the CN inequality. Examples of CAT(0) spaces includes Hadamard
manifold, R-trees [34], pre-Hilbert spaces [35], hyperbolic metric [36] and Hilbert balls [37].

Let D be a nonempty subset of a metric space (X, d). A point x € X is called a fixed point of a
nonlinear mapping T : D — X, if x = Tx. We denote by F(T) the set of fixed points of T. The mapping
T is said to be:

1. L-Lipschitz, if there exists L > 0 such that
d(Tx, Ty) < Ld(x,y), Vx,y € X;

if L =1, then T is called nonexpansive;
2. Firmly nonexpansive (see [38]), if

(T2, Ty) < (TxTy, ) Y,y € X;
3. Quasi-nonexpansive, if F(T) # @ and
d(Tx,p) <d(x,p)Vx € Xand p € F(T);
4. k-demicontractive, if F(T) # @ and there exists k € [0, 1) such that

d*(Tx, p) < d*(x,p) +kd*(x, Tx) ¥V x,y € X, and p € F(T).

Obviously, the class of quasi-nonexpansive are k-demicontractive mappings. However, the converse
is not true (see [39] Example 1.1).
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Definition 1. [40] Let a pair (a,b) € X x X, denoted by E, be called a vector in X x X. The quasilinearization
map (.,.) : (X x X) x (X x X) — Ris defined by

@ cd) = (dz(a d) +d*(b,c) — d*(a,c) — d*(b,d)), Y a,b,c,d € X. ©9)

It is easy to see that (ba, cd) = —(ab, cd), (ab, cd) = (@, cd) + (eb, cd) and (ab, cd) = (cd, ab)

foralla,b,c,d,e € X. Furthermore, a geodesic space X is said to satisfy the Cauchy-Schwarz inequality if
(ab, cd) < d(a,b)d(c,d), ¥ a,b,c,d € X.

It is known from [41] that a geodesically connected metric space is a CAT(0) space if and only if it
satisfies the Cauchy-Schwarz inequality.

We state some known and useful results which will be needed in the proof of our main results.
In the sequel, we denote strong and A-convergence by “— ” and “— ” respectively.

Let {x, } be abounded sequencein X and (., {x, }) : X — [0, %) be a continuous mapping defined
by r(x, {x,}) = limsupd(x, x, ). The asymptotic radius of {x,} is given by r({x, }) := inf{r(x, {x,}) :

n—oo

x € X} while the asymptotic center of {x,} is the set A({x,}) = {x € X : r(x, {x,}) = r({xs})}. Itis
known that in an Hadamard space X, A({x,}) consists of exactly one point. A sequence {x,} in X
is said to be A-convergent to a point x € X, if A({xy, }) = {x} for every subsequence {x;, } of {x,}.
In this case, we write A—nlglgo Xn = x (see [42,43]).

”

Definition 2. Let D be a nonempty, closed and convex subset of an Hadamard space X. The metric projection
is a mapping Pp : X — D which assigns to each x € X, the unique point Ppx € D such that

d(x, Ppx) = inf{d(x,y) : y € D}.

Lemma 1. [44] Let D be a nonempty, closed convex subset of an Hadamard space X, x € X and u € D.
Then u = Ppx if and only if (X, ufj) > 0, forall y € D.

Lemma 2. [29] Let D be a nonempty convex subset of an Hadamard space X and T : D — X be an a-inverse
strongly monotone mapping. Assume A € [0,1] and define Ty : D — X by T)x = (1 — A)x & ATx.
If0 < A < 2a, then T), is nonexpansive and F(T)) = F(T).

Lemma 3. [29] Let D be a nonempty convex subset of an Hadamard space X and T : D — X be a
mapping. Then
VI(D,T)=VI(D,Ty),

where A € (0,1] and T) : D — X is a mapping defined by Tyx = (1 — A)x ® ATx, forall x € D.
Remark 1. Observe from Lemma 2 that
F(PpT) = VI(D,T) = VI(D,Ty) = F(PpT}).

Lemma 4. [29] Let D be a nonempty bounded closed convex subset of an Hadamard space X and T : D — X
be an a-inverse-strongly monotone mapping. Then VI(D, T) is nonempty, closed and convex.

Lemma 5. [41,45] Let X be an Hadamard space. Then for all x,y,z € X and all t,s € [0, 1], we have
(i) dtx® (1—-t)y,z) <td(x,z)+ (1 - t)d(y,z),
d

(
(i) d*(tx ® (1 —t)y,z) < td?(x,z) + (1 — H)d*(y,z) — t(1 — )d?(x,y),
(iii) d*(z,tx ® (1 —t)y) < 2d?(z,x) + (1 — £)%d?(z,y) + 2¢(1 — t)(z%,z‘ﬁ).
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Lemma 6. [46] Let X be a CAT(0) space and z € X. Let x1,- -+ ,xny € X and 71, - - ,yN be real numbers in
N

[0,1] such that Y «y; = 1. Then the following inequality holds:
i=1

N N N
P (Y ovixi,z) <Y vid*(xi,2) — Y, vird(xi, %))
= = Sy

Lemma 7. [47] Every bounded sequence in an Hadamard space has a A-convergent subsequence.

Lemma 8. [48] Let X be an Hadamard space, {x,} be a sequence in X and x € X. Then {x,} A-converges to
x if and only if
lim sup (¥,%, 7%) <0, Vy € X.

n—yo0

Definition 3. Let D be a nonempty, closed and convex subset of an Hadamard space X. A mapping T :
D — D is said to be A-demiclosed, if for any bounded sequence {x,} in X, such that A — 1311 Xy = x and
n—o00

lim d(x,, Txy) =0, then x = Tx.
n—oo

Lemma 9. [49] Let X be an Hadamard space and T : X — X be a nonexpansive mapping. Then T is
A-demiclosed.

Lemma 10. [50,51] Let {ay, } be a sequence of non-negative real numbers satisfying
App1 < (1 - an)an +6y, n>0,

where {a, } and {5, } satisfy the following conditions:
i) A{an} C[0,1], Ay = 0,
n=0

(e
(ii) limsupgi <0or Y [6n] < co.
" n=0

n—oo
Then lim;, _yo a,, = 0.
Lemma 11. [52] Let {a, } be a sequence of non-negative real numbers such that there exists a subsequence

{nj} of {n} with an, < an;1 forall j € N. Then there exists a nondecreasing sequence {my} C Nsuch that
my — oo and the following properties are satisfied by all (sufficiently large) numbers k € N:

Ay < A1 and A < Ay 1.
In fact, mp = max{i < k:a; < a1}

3. Main Results

In this section, we present our strong convergence results.

Theorem 1. Let X be an Hadamard space and D be a nonempty, closed and convex subset of X. Let S; :
D — D be a finite family of L;-Lipschitz k;-demicontractive mappings and A-demiclosed such that L >
0,L = max{L;, i=1,2,---,N},k€[0,1), k=max{k;, i=1,2,--- ,N}, k; €[0,1),i =1,2,--- ,N.
Let T; : D — X be a finite family of a;-inverse strongly monotone mappings and f be a contraction on D with
coefficient 6 € (0,1). Suppose that T := NN, VI(D, T;) NN F(S;) # @. For arbitrary x; € D, let the
sequence {x, } be generated by
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wy = Ynf (xn) © (1 —yn)xn,
N
Yn = ﬁn,Own 5 igl @,Bn,iPD TAiwn, (10)

N
Xnt1 = @noYn © Y OuyiSiyn, Y0 2>1,
i=1

where Ty, = (1 = A)x ® A Tix, 0 < A < 2a;, foreachi =1,2,--- ,N, {vu}, {Bni} and {a,;} € (0,1)
such that the following conditions are satisfied:

(A1) lim v, =0;
ngoo
(42) § 1 =0,

(A3)0<a < By, <b<l; szn,—l and Zﬁnz_l
(ADO0<c<ag—k<d<1l

Then, the sequence {x, } converges strongly to an element z = Prf (), where Pr is the metric projection
of XontoT.

Proof. Let p € I then by (10), condition (A3), Lemma 6 and the fact that PpT, is nonexpansive,
we have

N
A (Y, p) = d*(Brown Y_ P, PoTr,wn, p)
i=1

< ISnOd Wn, p + Zﬁn; PDTA Wn, p Zﬁn O,an PDT)\ wﬂ/wﬂ)

< d wnr Z ﬁn O,an PDTA Wn, wn) (11)

Additionally, since S; is demicontractive, we have from (10) and Lemma 6 that
d*(xy11,p) < an0d*(yn, p) + an, Siyn p) — Zan 0% id> (Yn, Siyn)
<ay Od Yn, P + Z‘an yn/ +kd2(siynr]/n Zan OD‘nt ]/n/ zyn)

ym Zanz Xn,0 — (yn/ Szyn)~ (12)
From (11), (12) and condition (A4), we have

d(xp11,p) < Ynd(f(xn), p) + (1 = vn)d(xn, p)
< Ynbd(xn, p) + 1ud (f(p), p) + (1 — yn)d(xn, p)
< (1= ya(1=0))d(xn, p) + 7ud(f(p), p)-

< max{d(an, ), 754 (P )}

< max{d(x1,p), %d(f(P)r p)}

Thus, {x,} is bounded. Consequently, {wy}, {1}, {Syn} and {PpT),w,} are also bounded.
Now we divide the rest of the proof into two cases:
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Case 1: Assume that {d?(x;, p)} is a monotonically non-increasing sequence. Then, {d?(x,,p)} is

convergent and
d*(xn, p) — d*(xp11,p) — 0, asn — 0.

Hence, from (11) and (12), we have

dz(xn+1rp) < d wn P Zﬁn Uﬁnx PDT/\ wmwn Z”(nz &p0 — d (yn xyn)

(13)
N
< 'Yndz(f(xn)/ p)+(1- 'Yn)d Xn, P Zﬂn O,an PDTA Wy, Wn) Z n,i /XnO - (yn, iYn),
which implies
Z Bn, O/Sru PDT/\ Wy, Wy) < 'Yn(d (f(xu),p) — dz(xn/ p)) + dz(xn/ p) — dz(anrlf p).
By conditions (A1) and (A3), we obtain that
lgn d(PpTy,wy,wy) =0,1=0,1,2,--- ,N. (14)
n—oo
Similarly, from (13) and condition (A1), we have
Lim d(Siym,yn) =0, i =0,1,2,--- ,N. (15)
Additionally,
d(wn, xn) < Yud(f(xn), x¥n) — 0asn — co. (16)
Again from (10) and Lemma 6, we have
42 (}/n;xn) < ﬁnod (wnrxn +Zlgnz PDT/\ w}’lrxﬂ)
i=1
2 i 2
< /5n,0d (wn/ xn) + Z ﬁn,i [d(PDTAiwnr wn) + d(wn/ xn)} .
i=1
Hence, from (14) and (16), we obtain
d(yn, xn) — 0asn — oo, 17)
Additionally, from (15) and (17), we have
A(Siyn, xn) < d(Siyn, yn) +d(Yyn,xn) — 0, asn — o0, i=0,1,2,--- ,N. (18)
Since S; is Lipschitz, then from (17) and (18), we have that
a(Sixn, xn) < d(Sixn, Siyn) + d(Siyn, Xn)
< Ld(xn,Yn) +d(Siyn, xn) — 0, asn — o0, i =0,1,2,--- ,N. (19)

Hence, from (14), (16) and Lemma 2, we obtain that

(PpTy,xn, PoTy,wy) 4 d(Pp Ty, wn, wy) + d(wy, x,)
(xn, wy) +d(PpTy,wn, wn) + d(wn, x,) — 0, asn — o0, i =0,1,2,--- ,N. (20)

d(PDT/\,.xn,xn) < d
<d
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Since {x,} is bounded, by Lemma 7 there exists a subsequence {x,, } of {x,} such that A —
klim Xp, = z for some z € D. Then, it follows from (16) that there exists a subsequence {wy, } of
—00
{wy}, such that A—klim wy, = z. Additionally, from (17), we have that A—klim Yn, = z.Since S; is

— 00 —»00

A-demiclosed foreachi =1,2,---, N, it follows from (19) that z € ﬂi’i oF (S;). Additionally, Pp Ty, is
nonexpansive (by Lemma 2) for eachi = 1,2,-- -, N, thus we obtain from (20) and Remark 1 that
ze ﬁll\ioF(PDT/\i) = miI\LOF(PDTi)- Hence, z € T.

Next we show that {x, } converges strongly to Z = Prf(z). Since {x, } is bounded, we may choose
without loss of generality, a subsequence {x;, } of {x,} such that {x;,, } A-converges to z and

limsup(f(2)2, %:2) = lim (F(2)2, %, 2) @1

n—oo

Thus, by (21) and Lemma 1, we obtain that

limsup(f(2)2, %) = (f(2)% ) <. @)

k—o0

From (12), Lemma 5 (iii) and quasilinearization properties in Definition 1, we have that

4 (xp41,2) < 'dez(f(xn)r )+ (1 'Yn)zdz(xn Z) 429 (1 — 'Yn)< )Z, XnZ >

< 2d2(f (x),2) + (1= 72 (%, 2) + 290 (1 = m[ 3 b + (F(2)2,52)]

< R (f(x),2) + (1= 70) (5, 2) + 270(1 = 72) [od )+ (F@2 53)]

< (1= 29+ 270) (5, 2) + 270 (1 — m<ﬁ Bd) + 72 (dz(f(xn),i) + (%2, 2))

=1 29,(1— )2 (2, 2) + 29u(1 — 0) [ < F@)% k) + 2(17j 5 ((f (xn), 2) + d(x,2)) .

That is,
A (xy41,2) <1 —=29,(1 — 0)d*(xn,2) 4 270 (1 — 0) M, (23)
where

My = [11 79"<f( )z,ﬁ>+2(1719) (d2(f (xn), Z) + d (xn, Z ))].

Thus from (22), (23) and condition (A1), we conclude by Lemma 10 that {x, } converges strongly
to z = Prf(2).
Case 2: Suppose there exists a subsequence {1y} of {n} such that d?(x,,, p) < d*(x1, p) forall k € N.
Then by Lemma 11, there exists a nondecreasing sequence {1} C N such that m — co:

d(Xm, p) < d(xmm,p), and d(xy, p) < d(xg1,p) Vke N (24)
Therefore
0< ]{151010 (d(x"lk+1’p) - d(xmk,p)>
< limsup (d(xnﬂ, p) —d(xn, p))

n—sco

< timsup (7ud(f(xu),p) + (1= 3)d (i, p) = d(x )

n—oo

= lim sup (w( (f(xn), p) — (xnrp))) =0.
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This implies that

lim (d(xmkﬂ, p) —d(xm,, p)) =0. (25)

k—o00

Following the arguments as in Case 1, we get

lim (f(2)%, Tm3) < 0. (26)

k—o0

Hence, from (23), we obtain that
A (X1, 2) < 1= 279, (1 — 0)d* (X, Z) + 27, (1 — 0) My,
Additionally, from (24), we have that
& (xm, Z) < My,

which implies that

. 2 =
}}grolod (¥, 2) = 0.

Thus, from cases 1 and 2, we conclude that {x, } converges to Z = Prf(z) which is an element
of . I

We present some consequences of our main results.
Now, by setting S; to be a family of quasi-nonexpansive mappings in Theorem 1, we obtain the
following result:

Corollary 2. Let X be an Hadamard space and D be a nonempty, closed and convex subset of X. Let S; : D — D
be a finite family of quasi-nonexpansive mappings, T; : D — X be a finite family of a;-inverse strongly monotone
mappings and f be a contraction on D with coefficient 6 € (0,1). Suppose that T := NN, VI(D, T;) N
NN F(S;) # @. For arbitrary x1, € D, let the sequence {x,} be generated by
Wy = 'Ynf(xn) 2] (l - '}’n)xn/
N
Yn = Bnown B 'Zl @,Bn,iPDTAiwn, 27)
i-

N
Xnt1 = @noYn © Y OuyiSiyn, Y0 2>1,
i=1

where Ty, = (1= A)x ©ATix, 0 < Aj < 2u, foreachi = 1,2,--- N, {vn},{Bn;} and {an,} € (0,1)
such that conditions (A1)-(A3) of Theorem 1 are satisfied. Then, the sequence {x, } converges strongly to an
element z = Prf(z), where Pr is the metric projection of X onto T.

Proof. The proof follows from the proof of Theorem 1. [

By setting N = 1 in Corollary 2, we obtain the following result:

Corollary 3. Let X be an Hadamard space and D be a nonempty, closed and convex subset of X. Let S : D — D
be a quasi-nonexpansive mapping, T : D — X be an a-inverse strongly monotone mapping and f be a
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contraction on D with coefficient 8 € (0,1). Suppose that T := VI(D,T) N F(S) # @. For arbitrary x; € D,
let the sequence {x, } be generated by

wy = Ynf (Xn) & (1= yu)xn,
Yn = PnoWn S Pua PpTrwn, (28)
Xp+1 = &n,0Yn D “n,lsynr Vn>1,
where Ty = (1—A)x®ATx, 0 < A < 2a, {7y} and {a,} € (0,1) such that 0 < a < By, 0,; < b <
1 1
1, fori=0,1, Y a,; =1, ¥ Bn; = land conditions (A1)-(A2) of Theorem 1 are satisfied. Then, the sequence

i i=0
{xn} converges strongly to an element z = Prf(z), where Pr is the metric projection of X onto T

Suppose 1 = f(x) for arbitrary but fixed u € X and for all x € X in Theorem 1, we obtain the
following result:

Corollary 4. Let X be an Hadamard space and D be a nonempty, closed and convex subset of X. Let S; :
D — D be a finite family of L;-Lipschitz demicontractive mappings and A-demiclosed such that L > 0, L =

max{L; i=1,2,--- ,N},ke€[0,1), k =max{k;, i=1,2,--- ,N}, k; €[0,1),i=1,2,--- ,N. Let T; :

D — X be a finite family of a;-inverse strongly monotone mappings and suppose that T := NN VI(D, T;) N

NN F(S;) # @. For arbitrary x1, u € D, let the sequence {x,} be generated by
Wy = Ynit D (1 - 'Yn)xn/
N
Yn = ﬁn,own 5 Zl EB;Bn,iPDTAiwn, (29)
i=

N
Xnt1 = @noYn © Y OuyiSiyn, Y0 2>1,
i=1

where Ty, = (1= Aj)x @ ATix, 0 < Aj < 2w, foreachi = 1,2,--- N, {vn},{Bn;} and {an,} € (0,1)
such that conditions (A1)-(A4) of Theorem 1 are satisfied. Then, the sequence {x, } converges strongly to an
element z € T which is the nearest point to u.

By setting S; = I foralli =1,2,--- , N in Theorem 1, we obtain the following result:

Corollary 5. Let X be an Hadamard space and D be a nonempty, closed and convex subset of X. Let T; : D — X
be a finite family of a;-inverse strongly monotone mappings and f be a contraction on D with coefficient
0 € (0,1). Suppose that T := NN, VI(D, T;) # @. For arbitrary x1 € D, let the sequence {x, } be generated by
Wy = 'Ynf(xn) @ (1 - 'Yn)xm
N
Yn = Pnown B _):1 ®Bn,iPpTr;wn (30)
i=

N
Xpt1 = &poYn © Z Dy iYn Vn>1,
=1

where Ty, = (1= Aj)x & ATix, 0 < Aj < 2u, foreachi = 1,2,--- N, {vn},{Bn;} and {an,} € (0,1)
such that conditions (A1)-(A3) of Theorem 1 are satisfied. Then, the sequence {x,} converges strongly to an
element z = Prf(z), where Pr is the metric projection of X onto T.

4. Numerical Example

In this section, we give a numerical experiment to show the applicability of our result.
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Example 1. [29] Let X = R? be an R-tree with radial metric d,, where d,(x,y) = d(x,y) if x and y are
situated on a Euclidean straight line passing through the origin and d,(x,y) = d(x,0) + d(y,0) otherwise.
We put p = (0,1),q9 = (1,0) and D = AU BU C, where

A={(0,t):te[2/31]}, B={(t0):t€[2/3,1]}, C={(ts):t+s=1te (0,1)}.
Define T : D — X by

qgifx € A,
Tx=4{pifx€B, (31)
xifx €C,

then T is %-inverse strongly monotone in (X, dy).

Now, define S : D — D by Sx = 3x. We make the following choices of parameters: A = %, v, = n%rl,
Ko = %, Kyl = %, Brno = 33 Bnt = %Zﬁ Vn>1land f(x) = %x Y x € X; then the conditions
(A1)—(A3) of Theorem 2 are satisfied. Therefore, for x1 € X, Algorithm (28) becomes

Wi = i1 f (%n) © (1= 1i7)%n,
Yn = PnowWn S BuaPpTrwn, (32)
Xpt1 = K oYn © &1 SYy Vi > 1.

We now consider the following 3 cases for our numerical experiments given in Figure 1 above.

Case 1: x; = (—0.5,0.5).
Case 2: x1 = (0.5,—0.5)T.
Case 2: x; = (1,2)7.

0.7

Errors
Errors

. . n o) . . n e)
1 2 3 4 5 6 7 1 2 3 4 5 6 7
Iteration number (n) Iteration number (n)

(a) (b)

Figure 1. Cont.
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1 2 3 4 5 6 7 8 9
Iteration number (n)
(o)

Figure 1. Errors vs. iteration numbers (n) for Example 1: case 1 (a); case 2 (b); case 3 (c).
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1. Introduction

We consider finding a common fixed point of a finite number of resolvents operators
for proper lower semicontinuous convex functions on a geodesic space. To find this
point, we often use iterative schemes. We focus on Mann’s [1] and Halpern's [2] iterative
schemes. We know many authors have considered these schemes by using nonexpansive
mappings. In a Banach space, Reich [3] proved weak convergence of Mann-type iteration,
and Takahashi and Tamura [4] proved that by using two nonexpansive mappings. In a
Hilbert space, Wittmann [5] proved strong convergence of the Halpern-type iteration.

We also know many researchers have proved iterative schemes on geodesic spaces. Ina
CAT(0) space, Dhompongsa and Panyanak [6] proved A-convergence of Mann’s iterative
scheme, and Saejung [7] also proved convergence of Halpern’s iterative scheme. We know a
large number of results by using Mann’s and Halpern's iterative schemes in a CAT(1) space.
Piatek [8] considered Halpern’s iterative scheme by using a nonexpansive mapping in
CAT(1) space. Kimura and Sat6 [9] proved that by using a strongly quasi-nonexpansive and
A-demiclosed mapping in a complete CAT(1) space. Kimura, Saejung, and Yotkaew [10]
also proved convergence of Halpern’s iterative schemes under the same setting. Kimura
and Kohsaka [11] proved convergence of Mann and Halpern types of iterative schemes
with a sequence of resolvent operators for a single proper lower semicontinuous convex
function. We are particularly interested in these results [9-11], and obtain Theorems 1 and 2
with a finite number of resolvent operators in a complete CAT(1) space.

In a Hilbert space, the resolvent operator J; is defined as follows. Let f be a proper
lower semicontinuous convex function from a Hilbert space H to | —oo, +00]. Then, | i is
defined by

. 1
Jpx = argmin{f(y) + 5 |ly — %/}
yeH
for all x € H. We know the resolvent J is a single-valued mapping from H to H and it

is nonexpansive. For a proper lower semicontinuous convex function f from a complete
CAT(0) space X into |—oc0, 00|, Jost [12] and Mayer [13] defined the resolvent R % of f by

. 1
Ryx = argmin{f(y) + 1d(y, %)%}
yeX
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for all x € X. We also know the resolvent Ry is a single-valued mapping from X to X and
it is nonexpansive. In this paper, we use the resolvent in a complete CAT(1) space defined
by Kimura and Kohsaka [11,14].

2. Preliminaries

Let (X, d) be a metric space. For x,y € X, a geodesic between x and y is an isometric
mapping c: [0,d(x,y)] — X with ¢(0) = x and ¢(d(x,y)) = y. We say X is an r-geodesic
space for r > 0 if a geodesic exists for every pair of points in X satisfying d(x,y) < r.
Further, a metric space X is said to be r-uniquely geodesic if such a geodesic is unique for
each pair of points satisfying d(x,y) < r. The image of a unique geodesic between x and y
is denoted by [x, y].

For an r-uniquely geodesic space X, the convex combination between x,y € X with
d(x,y) < risnaturally defined. That is, for « € [0, 1], we denote by ax @ (1 — a)y the point
c((1 —wa)d(x,y)), where c is a geodesic between x and y. It follows that

dlax® (1 —a)y,x) = (1 —a)d(x,y) and d(ax ® (1 — a)y,y) = ad(x,y).

A subset C of X is said to be r-convex if ax & (1 —a)y € Cforevery x,y € Cwithd(x,y) <r
and « € [0,1].

If X is r-geodesic for any 7 > 0, then X is simply called a geodesic space. A uniquely
geodesic space and a convex subset are also defined in the same way.

Let X be a uniquely geodesic space and x, y,z € X. For a triangle A(x,y,z) = [y,z] U
[z,x] U [x,y] C X satisfying d(y,z) +d(z,x) +d(x,y) < 27, we define its comparison
triangle A (%,7,Z) in the two-dimensional unit sphere S? by the triangle such that each
corresponding edge has the same length as that of the original triangle. Using this notion,
we call X a CAT(1) space if for every x,y,z € X, p,q € A(x,y,2), and their corresponding
points p,q € S?, the following relation is satisfied,

d(p,q) < dge(x,y),

where dg, is the spherical metric on S?.
The following results are fundamental and important for our work.

Lemma 1 (Kimura-Sato [15]). Let X be a CAT(1) space. Then, for every x,y,z € X with
d(x,y) +d(y,z) +d(z,x) < 2mand « € [0,1], the following inequality holds,

cosd(x,w)sind(y,z) > cosd(x,y) sin(ad(y,z)) + cosd(x,z) sin((1 — a)d(y,z)),
where w = ay & (1 — a)z.

Lemma 2 (Kimura-Sato [9]). Let X be a CAT(1) space. Then, for every x,y,z € X with
d(x,y) +d(y,z) +d(z,x) < 2mand « € [0,1], the following inequality holds,

cosd(x,w) > wcosd(x,y) + (1 —a) cosd(x,z),
wherew = ay @ (1 — a)z.

Lemma 3 (Kimura-Sat6 [9]). Let X bea CAT(1) space such that d(v,v') < 7t for every v,v' € X.
Let w € [0,1] and u,y,z € X. Then,

1—cosd(au® (1 —a)y,z)
< (1= )1 - cosd(y ) + (1

cosd(u,z)

~ sind(u,y) tan(4d(u,y)) + cosd(u, y) >'
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where

(u

th

sin((1 —a)d(u,
fro sy
B= sind(u,y)
o (u=y).
Let {x,} C X be a bounded sequence. We say a point z € X is an asymptotic center of
{x,} if it is a minimizer of the function limsup,,_,  d(xy,), that s,

limsup d(x,,z) < limsupd(x,,y)

n—oo n—oo

for every y € X. If z € X is the unique asymptotic center of all subsequences of {x;,},
then we say {x,} is A-convergent to a A-limit z. We know that in a CAT(1) space,
every sequence {x,} satisfying inf,cx limsup, . d(xy,y) < 7/2 has a unique asymp-
totic center and a A-convergent subsequence.

Let X be a CAT(1) space and T: X — X. The set of all fixed points of T is denoted by
F(T). Namely, F(T) = {z € X : z = Tz}. T is said to be quasi-nonexpansive if F(T) # @
and d(Tx,z) < d(x,z) for every x € X and z € F(T). A quasi-nonexpansive mapping T
is said to be strongly quasi-nonexpansive if limy,_,e d(x, Tx,) = 0 whenever {x,} C X
satisfies sup, . d(xu, p) < 7/2 and lim, eo(cosd(xy, p)/ cosd(Txy, p)) = 1 for every
p € F(T).

A mapping T is said to be A-demiclosed if z € F(T) whenever {x, } is A-convergent
to z and limy, 00 d(xy, Txy) = 0.

Following [16], we define the notions of a strongly quasi-nonexpansive sequence
and a A-demiclosed sequence on CAT(1) spaces as follows. Let {T,} be a sequence of
mappings from X to X. {T},} is said to be a strongly quasi-nonexpansive sequence if each
T, is quasi-nonexpansive and lim;, e d(xy, Tyx,) = 0 whenever sup,, . d(xy, p) < 71/2
and limy, e (cosd(xy, p)/ cosd(Tuxy, p)) = 1 for every p € oy F(Ty). {Tu} is said to
be a A-demiclosed sequence if z € (;_; F(T,) whenever {x,} is A-convergent to z and
limy, 00 d(2, Tpxn) = 0.

Let X be a complete CAT(1) space and C C X a nonempty closed 7r-convex subset
such thatd(x, C) = inf,cc d(x,y) < 71/2 for every x € X. Then, for each x € X, there exists
a unique point y» € C satisfying d(x,yx) = infyccd(x,y). Using this point, we define a
metric projection Pc: X — C by Pcx = yy for x € X.

Let X be a complete CAT(1) space such that d(v,v’) < 7/2 for every v,v' € X.
Let f: X — |—00, +00] be a proper lower semicontinuous convex function. The resolvent
Ry of f is defined by

Ryx = argmin(f(y) + tand(y, x) sind(y, x))
yeX

for all x € X; (see in [14]). We know that Ry is a single-valued mapping from X to X. We
also know that the resolvent Ry is strongly quasi-nonexpansive and A-demiclosed such
that F(Ry) = argmin, .y f (see [11,14]).

We recall some lemmas useful for our results.

Lemma 4 (Kimura-Sato [17]). Let X be a complete CAT (1) space such that d(u,v) < 1t/2 for
all u,v € X. Let S, T be quasi-nonexpansive mappings from X to X with F(S) NF(T) # Q.
Then, for every « € 10,1[, F(S) N F(T) = F(aS & (1 — a)T) and the mapping aS & (1 — a)T is
quasi-nonexpansive.

Lemma 5 (He-Fang-L6pez-Li [18]). Let X be a complete CAT(1) space and p € X. If a sequence

{xu} in X satisfies that limsup,,_, d(x,, p) < 7t/2 and that {x,} is A-convergent to x € X,
then d(x, p) < liminf, e d(xy, p).
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Lemma 6 (Saejung-Yotkaew [19], Aoyama-Kimura-Kohsaka [20]). Let {s,} and {t,} be se-
quences of real numbers such that s, > 0 for every n € N. Let { B, } be a sequence in |0, 1{ such that
Yoo Bu = 0. Suppose that 5,1 < (1 — Bu)su + Butn for every n € N. Iflimsupy_, ., ty, <0
for every nondecreasing sequence {ny} of N satisfying iminfy . (sy,+1 — sn,) > 0, then
lim;; 00, = 0.

3. Lemmas for a Finite Number of Resolvent Operators

In this section, we prove some lemmas by using a finite number of resolvent oper-
ators for iterative schemes. Throughout this section, let X be a CAT(1) space such that
d(v,v") < /2 forevery v,v' € X.

Lemma 7. For a given real number a € }O, %] ,let o € [a,1 — a). For given points y,y°,y' € X,

definew € X by

w=0'e(1-0)y.

Then,
cosd(w,y) cos(ad(y®,y")) > min{cosd(y°,y),cosd(y',y)}.

Proof. If y° = y!, it is obvious. Otherwise, by Lemma 1, we have

cosd(w,y)sind(y°, y!)
> cosd(y°, y) sin(cd(y°,y')) + cosd(y!,y) sin((1 — o)d(y°,y"))
> min{cosd(yo,y)/COS d(yl,y)}(sin(Ud(yO/yl)) + sin((l - U)d(yolyl)))

01 _ 0,1
= 2min{cosd(y°,y),cosd(y',y)} sin d(yz'y ) cos (20 1)211@ 2 )

Dividing above by 2sin(d(y°,y')/2), we have

cosd(w,y) cos

(20 = 1)d(y°, y")
2
(1—2a)d(y",y")

> min{cosd(y°,y),cosd(y',y)} cos e

> min{cosd(y°,y),cosd(y},y)} cos

Moreover, dividing above by cos((1 — 2a)d(y°,y") /2), we have

min{cos d(yo,y), cos d(yl, ¥}

_ 0,1
cos A =20)dlyy’) cos(ad(y°,y')) — sin

2
(1—2a)d(y°, y")
2

(1—2a)d(y",y")

> sin(ad(y°, y'))

< cosd(w,y)
cos

< cosd(w,y) cos(ad(y°, y1)).

This completes the proof. [J

Lemma 8. For a given real number a € ]0, %} let o' € [a,1— a] foreveryl =0,1,...,N — 1.
For given points y,y* € X for everyk =0,1,...,N, define w' € X by

N

wN =yNand ' =o'y’ @ (1 - o)

foreveryl =0,1,...,N — 1. Then,
cosd(w®,y) cos(ad(y®, w')) > min  cosd(y,y).

~ ke{01,..,N}
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Proof. By Lemma 7,
cosd(w®,y) cos(ad(y°, w')) > min{cosd(y°,y), cosd(w',y)}.
We also have

cosd(w',y) > cosd(w',y) cos(ad(y, w' 1))
> min{cosd (v, ), cosd(w'*!,y)}

forl =1,2,...,N — 1. Therefore, cos d(w’,y) cos(ad(y°, w')) > Minge o1, N} cosd(y¥,y).
This completes the proof. [

Corollary 1. Let T¥ be a quasi-nonexpansive mapping from X to X for every k = 0,1,...,N.
For a given real number a € }0, %], let o' € [a,1—a] for every ] = 0,1,...,N — 1. Define
uh: X — Xby

uN =N and u' = o' @ (1 — oHu'?
foreveryl =0,1,...,N —1. Let x € X and p € NN, F(T¥). Then,

cos d(U%x, p) cos(ad(T x, U'x)) > cosd(x, p).

Next, we show several properties of a sequence of resolvents. Let f be a proper lower
semicontinuous convex function from X into | —oo, +-o0] such that argminy f # @ and let
{Au} be a real sequence such that infA, > 0. Then we know that {R,, ¢} is a strongly
quasi-nonexpansive sequence and A-demiclosed sequence (see [11]). Therefore, we obtain
the following results, using Lemma 4.

Lemma 9. Let f¥ be a proper lower semicontinuous convex function from X into | —oco, +oco] for
every k = 0,1,...,N such that N, argminy, f¥ # @. For a given real number a € ]O, %],

leto! € [a,1—a] for every ] = 0,1,...,N — 1 and P [a, +oo[ for every k = 0,1,...,N.
Let R i g be the resolvent of AKf¥ for every k = 0,1,...,N. Define U' : X — X by

UN = Rywv and U' = o'Ryp @ (1-o)u'™*!

foreveryl =0,1,...,N — 1. Then

N
F(u®) = N argmin f*.
k=0 X

Lemma 10. Let {T},} be a strongly quasi-nonexpansive sequence. Let f be a proper lower semicon-
tinuous convex function from X into ] —oo, 4-00] such that (\;_; F(T,) Nargminy f # @. Fora

given real number a € ]0, %} Jlet {0} C [a,1—a]and {Ay} C [a,+oo[. Let R, s be the resolvent
of Auf for every n € N. Then {ou Ry, s © (1 — 0y) Tn} is a strongly quasi-nonexpansive sequence.

Proof. Let Vi, = ouR,, s @ (1 —04)T, for every n € N. From Lemma 4, V, is a quasi-
nonexpansive mapping for every n € N. From Corollary 1, for {x,} C X and p €
N1 F(T,) Nargminy f such thatlim, e cosd(xy, p)/ cosd(Vyxn, p) = 1and sup, o d(xn, p) <
/2, we have

cosd(Vixy, p) cos(ad(Ry, rxn, TnXxn)) > cosd(xy, p)
and thus
cosd(xy, p)

> T\t e
COS(lld(R)wfxn; Tnxn)) COSd(ann/ p)
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That is, lim,, e d(R}, FXn, Tuxy) = 0. Therefore, we have
nlglgod(Tnxn,ann) = Jmand(Rfon, Tyuxn) = 0.
As1 =1limy_ye0 cosd(xp, p)/ cosd(Vuxy, p) = limy_ye0 cosd(xy, p)/ cosd(Tyxy, p), we have
lim d(Tyxy,x,) = 0.
n—o00
Thus, we obtain
A(Vuxu, xn) < d(Vuxy, Tuxy) + d(Tyxn, xn) — 0.

This completes the proof. [

Corollary 2. Let f* be the same as in Lemma 9 for k = 0,1,...,N. For a given real number
ae ]0,%], let {o}} C [a,1—a] forevery ] = 0,1,...,N —1and {AL} C [a, +oo[ for every
k=0,1,...,N. Let RA’;,fk be the resolvent of)\’;fkfor everyk =0,1,...,Nand n € N. Define
ub: X — Xby

Uy = Ryypw and Uy, = 0 Ry1 0 & (1— o) Uy

foreveryl =0,1,...,N —1and n € N. Then, {U0} is a strongly quasi-nonexpansive sequence.

Lemma 11. Let {T},} be a quasi-nonexpansive and A-demiclosed sequence. Let f be a proper lower
semicontinuous convex function from X into | —oo, 400 such that N;_y F(T,;) Nargminy f # @.

For a given real number a € ]0, %} ,let {ou} C [a,1—a]and {Ay} C [a,+co[. Let R, s be the
resolvent of Ay f for every n € N. Then {04 Ry, @ (1 —0) Ty} is a A-demiclosed sequence.

Proof. Let V,, = Ry, f @ (1 —0y)T, for every n € N. Let p € N, F(T,;) Nargminy f,

{xn} C X, and z € X such that lim, e d(V,xs, x,) = 0 and suppose that {x,} is A-
convergent to z. Then,

cosd(Vyxn, p) cos(ad(RAnfx,,, Tyuxn)) > cosd(xy, p)

and thus

cosd(xy, p)
cosd(Vyxn, p)
cos(d(xn, Vuxn) +d(Vuxu, p)) .
cosd(Vyxn, p)

1> COS(ad(RAnfxn, Tnxn))

Therefore, lim; 00 d(R;,, £Xn, T xy) = 0. Thus, we have

d(RAnfxn, Vaxy) = (1— Un)d(Rfon, Tyxn)
<(1- u)d(R/\”fxn,T,,xn) — 0.

Since R,, risa A-demiclosed sequence, we have R, fz=z. Similarly,

d(Tnxnr ann) = ‘711d(RA,,fxn/ Tnxn)
< (1 —a)d(Ry, rxn, Tuxn) — 0.

Since {T} } is a A-demiclosed sequence, we have T,z = z. Thus, V,,z = z. This completes
the proof. [

Corollary 3. Let f*, {cl}, {AX} and {UL} be the same as in Corollary 2 for k = 0,1,..., N and
1=0,1,...,N —1. Then {U9} is a A-demiclosed sequence.
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4. Iterative Schemes for a Finite Resolvents Operators

We prove convergence of Mann and Halpern types of iterative sequences for finitely
many convex functions by using the properties of a sequence of the resolvents in CAT(1) space.

Theorem 1. Let X be a complete CAT(1) space such that d(v,v’) < 7t/2 for every v,v' € X.
Let f* be a proper lower semicontinuous convex function from X into | —co, 40| for every k =

0,1,...,N such that F = ﬂ,ICV:O argminy k¥ # @. For a given real number a € }O, %] let

{ol} c [a,1 —a] forevery ] = 0,1,...,N —1and {Ak} C [a, o[ for every k = 0,1,...,N.
Let R be the resolvent of AX f* for every k = 0,1,...,N and n € N. Define U, : X — X by

Uy = Ry and u, = ULRW @ (1—ch)ui!

foreveryl =0,1,...,N—1and n € N. Let {w,} be a real sequence in [a,1 — a]. For a given
point x1 € X, let {x,} be the sequence in X generated by

Xp41 = &nXn (1 - “n)ugxn
forn € N. Then, {x,} A-converges to a point of F.
Proof. Letz € F. As US is a quasi-nonexpansive mapping, it follows from Lemma 2 that

cosd(xy41,2) > aycosd(xy,z) + (1 — ay) cos d(ng,,,z)
> cosd(xp,z).

Thus we have d(x,41,z) < d(xy,z) for n € N. There exists D = limy_;e0d(xy,2) <
d(x1,z) < 7t/2. From Lemma 1, we get

cos d(xy,41,2) sind(x,, Udx,)
> cosd(xy, z) sin and (xy, Ux,) + cos d(USxy, z) sin(1 — a )d (x,, Udx,)
d(xn, ngn) (2 — 1)d(xy, Uﬂxn)

> 2cosd(xy,z)sin 3 cos 3

If d(xp, U(n)xn) # 0, we obtain

d(x,, U9 20, — 1)d(x,, U9
cosd(x,41,2) COSM > cosd(xp,z) cos (2en )z(x" ”x").
As{an} C [a,1—a], we get
0, 0
cos 7‘1(’("’5“”) cos 7'1(3(”’2“"’(") cosd(xy,z)
1> .
cos (172a)d(2xn,U3xyl) ~ cos (Zvcrl)dz(xn,uﬂxn) ~ cosd(xy41,2)

As D = limy 0 d(xn,z) < d(x1,2) < 71/2, we have

cos Al
im ——2 =1

n—eo oo (1—2:1)d(2x,,,U2x7,)

and thus limy, 0 d(x,, Udx,) = 0. Let xp be an asymptotic center of {x, } and y an asymp-
totic center of any subsequence {x;, } C {x,}. There exists {xnk, } C {xn, } such that {x,,kl}
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A-converges to w. As {ng’ 1 is a A-demiclosed sequence and lim,, o d(U2 e x"kz) =0,
we obtain w € F. Since there exists limy_,co d(%,,, w), we have
limsup d(xy,, w) = lim d(x,,, w) = lim d(x,, ,w)
k—o0 k—ro0 I—0c0 !
< limsupd(xy, ,y) < limsupd(xy, y).

|—c0 k—o0

Therefore, we obtain y = w € F. Similarly, we get xg = y. Therefore, {x,} A-converges to
xo€F. O

Theorem 2. Let X, fX, {d}}, {AL} and {U}} be the same as in Theorem 1 fork = 0,1,...,N
andl = 0,1,...,N — 1. Let {a,} be a real sequence in |0,1[ such that lim, o &y, = 0 and
Yoo = co. For given points u,x1 € X, let {x, } be the sequence in X generated by

Xpe1 = aqu® (1— ocn)ngn

for n € N. Suppose that one of the following conditions holds:
@) sup, cxd(v,v') <7m/2;

(b) d(u,Pru) < t/4 and d(u, Pru) 4+ d(xo, Pru) < 71/2;
© T a%=c0.

Then, {x,} converges to Ppu.

To prove this theorem, we also employ the technique proposed in [9]. Note that
F= ﬂ,I(V:O argminy fX.

Proof. Let p = Pru and let

sy =1—cosd(xn,p),

p1_ cosd(u, p)
" sind(u, U9x,) tan(%4-d(u, Udxy,)) + cosd(u, Udx,)”
sin((1 — ay)d(u, Uxy)) 0
1-— 9} ,
Bu = sind(u, Udx,) (7 Unn)

Xy (u= USXM)
for n € N. Since UJ is a quasi-nonexpansive mapping, it follows from Lemma 3 that
Sup1 < (1= Bn)(1 —cosd(Udxn, p)) + Butn < (1= Bu)sn + Butu
for n € N. By Lemma 2, we have

cosd(x11,p) = cosd(anu ® (1 — a,)Udxy, p)
> wy cosd(u, p) + (1 — ay) cosd(Udx,, p)
> aycosd(u, p) + (1 —ay)cosd(xy, p)
> min{cosd(u, p),cosd(xu, p)}

for n € N. So we have
cosd(xp, p) > min{cosd(u, p),cosd(xg, p)} = cosmax{d(u, p),d(xo,p)} >0

for n € N. Hence sup,, . d(xy, p) < max{d(u, p),d(xo,p)} < /2. Next, we will show for
each of the conditions (a—c) imply that Y B4 = oco. For the conditions (a) and (b), let
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M = sup, . d (u, ngn). Thus, we will show M < 71/2. In case (a), it is obvious. In case
(b), as sup,, .y d(xn, p) < max{d(u,p),d(xo, p)}, we have

M < sup(d(u, p) + d(Udx,, p))

neN

< sup(d(u, p) +d(xn, p))

neN

< max{2d(u, p),d(u, p) +d(xo,p)} < /2.

Thus, for cases (a) and (b), we have

= ﬁsin(%’M) cos((l - %)M)
>y cos M

forn € N. As Y ;7 ga, = o0, each of the conditions (a) and (b) implies that } ;" 4 B, = co.
In the case (c), we have
— )T o, _ 027

=1fc0572 ’112

,Snzlfsin(l

for n € N. Hence the condition (c) also implies that } ;> B = 0. For {s,,} C {s,} witha
nondecreasing real sequence {n;} C N such that lim inf,-ﬁoo(sniﬂ — sn,) > 0, we have

0 < liminf(s,41 — sn,)
1—>00

1—00

< liminf(cos d(xy,, p) — (a, cosd(u, p) + (1 — ) cosd(Uy. x,, p)))

1—00

(

= lim inf(cos d(xp,, p) — cosd(xy,41,p))
(
(

= lim inf(cos d(xp,;, p) — cos d(Ugix,,i, p))
1—>00

< limsup(cos d(xy;, p) — cos d(USixni, p)) <O0.
1—00

Hence lim;_,o(cosd(x,;, p) — cosd(US xy,, p)) = 0. Since sup, .y d(Upxn, p) < 7/2,
we have lim;_,(cos d(xp,, p)/ cos d(UY,xy,, p)) = 1. As {UY } is a strongly quasi-nonexpansive
sequence, it follows that lim;_,c, d (2, US xy,) = 0. Let {xn;} C {xn,} be a A-convergent
subsequence such that lim; o d (1, x;) = liminf;_,c d(u, xy,). Since { U9 is a A-demiclosed
sequence and lim; , d (xnj, Ugl,xn]) =0, the A-limit z € { xnj} belongs to F. By Lemma 5,
we have

liminfd(u, U xy,) = liminfd(u, x,,) = lim A(u, xn;) = d(u,z) 2 d(u, p).
i—o00 ! i—o00 j—ro0

Hence

limsup t,, = limsup | 1 —
Hoop " iseo P ( sind (u, U xy,) tan(“pd (u, UQ xy,) + cos d (i, U x,)

—limsup(1— 4P
oo cos d(u, Uy, xp,)

cosd(u, p) >

From Lemma 6, we have lim, .« s, = 0. Therefore, {x, } converges to p. This completes
the proof. [
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5. Applications to the Image Recovery Problem

At the end of this work, we apply our results to the problem of finding a point of the
intersection of a finite family of closed convex subsets. This problem is also known as the
image recovery problem. See the works in [21,22] and references therein.

Let C be a nonempty closed convex subset of a complete CAT(1) space such that
d(v,v") < /2 forevery v,v’ € X. Then, the indicator function ic: C — X of C defined by

is proper, lower semicontinuous, and convex. As is mentioned in [14], the resolvent R;-
of this function coincides with the metric projection Pc. Using this fact, we obtain the
following results for the image recovery problem. The first result can be proved by using
Theorem 1.

Theorem 3. Let X be a complete CAT (1) space such that d(v,v") < 7t/2 for every v,v' € X.
Let {Cp,C1,...,Cn} be a finite family of nonempty closed convex subsets of X such that C =

ﬂ}?’zo Ck # @. For a given real number a € ]O,%}, let {o}} C [a,1— alforl =0,1,...,N—1
and n € N. Let Pc, be the metric projection onto Cy fork = 0,1,..., N. Define u,: X — X by

UN = Pc, and U}, = ol Pc, & (1 - o} UL

foreveryl =0,1,...,N—1and n € N. Let {«,} be a real sequence in [a,1 — a]. For a given
point x1 € X, let {x,} be the sequence in X generated by

Xpi1 = WXy @ (1 — ucn)ugxn
forn € N. Then, {x,} A-converges to a point of C.

Note that this theorem is a generalization of the result by [21] in the setting of Hilbert
spaces, to complete CAT(1) spaces.

On the other hand, by using Thoerem 2, we can also prove the following theorem
which was obtained by the authors of [23].

Theorem 4 (Kasahara-Kimura [23]). Let X be a complete CAT (1) space such that d(v,v') <
7t/2 for every v,0" € X. Let {Cy, Cy,...,Cn} be a finite family of nonempty closed convex subsets
of X such that C = N}, Cx # @. For a given real number a € ]0, %] let {o}} C [a,1—a]
forl=0,1,...,N—1landn € N. Let Pc, be the metric projection onto Cy fork =0,1,...,N.
Define U, : X — X by

UN = Pc, and U}, = ol P, & (1 - o} Ul

for every 1 = 0,1,...,N—1and n € N. Let {a,} be a real sequence in 0,1[ such that
lim, oty = 0 and Y5, = oo. For given points u,x1 € X, let {x,} be the sequence in
X generated by
X1 = it B (1 — vc,,)ngn
for n € N. Suppose that one of the following conditions holds:
(@) sup, cxd(v,v') <7m/2;
(b) d(u, Pcu) < rt/4and d(u, Pcu) + d(xo, Pcu) < 71/2;
© T a%=c0.

Then {x, } converges to Pcu.
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6. Conclusions

We proposed a new type of iterative scheme for the problem of finding a com-
mon minimizer of finitely many convex functions defined on a complete CAT(1) space.
We considered the resolvent operators for proper lower semicontinuous convex functions
defined on a complete CAT(1) space and their convex combination. As the convex combi-
nation on a CAT(1) space is defined only between two points, we need to take it repeatedly
for three or more points.

In the first result (Theorem 1), we adopted a Mann-type sequence defined by the
following iterative formula: x; € X is given and

0
Xpp1 = Xy O (1 - ‘Xn)unxn

for n € N, where a mapping U is defined by the convex combination of finitely many
resolvents. Then, {x,} is A-convergent to a solution to our problem.
In the second result (Theorem 2), we used a Halpern-type sequence defined as follows:
u,x1 € X is given and
Xpi1 = anu @ (1 — ay)Udx,

for n € N. Then, it converges to Pru, the nearest point of the solution set F to u.

Further, we showed that these results can be applied to the image recovery problem.
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1. Introduction

Let C be a nonempty, closed and convex subset of a real Hilbert space H. The Equilib-
rium Problem (EP) in the sense of Blum and Oettli [1] is to find a point x € C, such that

F(x,y) >0,y €C, 1

where F : C x C — R is a bifunction. The EP unify many important problems, such
as variational inequalities, fixed point problems, optimization problems, saddle point
(minmax) problems, Nash equilibria problems and complimentarity problems [2-7]. It also
finds applications in other fields of studies like physics, economics, engineering and so
on [1,2,8-10]. The Generalized Mixed Equilibrium Problem (GMEP) (see e.g., [11]) is to
find x € C, such that

F(x,y) +(g(x),y —x) +¢(y) —p(x) >0, Vy €C, ()

where ¢ : C — H is a nonlinear mapping and ¢ : C — R U {+o0} is a proper lower
semicontinuous convex function. The solution set of (2) will be denoted GMEP(F, g, ¢).

The GMEP includes as special cases, minimization problem, variational inequality
problem, fixed point problem, nash equilibrium etc. GMEP (2) and these special cases
have been studied in Hilbert, Banach, Hadamard and p-uniformly convex metric spaces,
see [11-21].

For a real Hilbert space H, the Variational Inclusion Problem (VIP) consists of finding
a point x* € H such that

0 € Ax*, 3)
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where A : H — 2H is a multivalued operator. If A is a maximal monotone operator,
then the VIP reduces to the Monotone Inclusion Problem (MIP). The MIP provides a
general framework for the study of many important optimization problems, such as convex
programming, variationa inequalities and so on.

For solving Problem (3), Martinet [22] introduced the Proximal Point Algorithm (PPA),
which is given as follows: xp € H and

Xp41 = ],f:x,,, 4

where {r,} C (0,+00) and J& = (I+ r,A)~! is the resolvent of the maximal monotone
operator A corresponding to the control sequence {r, }. Several iterative algorithms have
been proposed by authors in the literature for solving Problem (3) and related optimization
problems, see [23-37].

Censor and Elfving [38] introduced the notion of Split Feasibility Problem (SFP). The
SFP consists of finding a point

x* € C suchthat Lx*€Q, (5)

where C and Q are nonempty closed convex subsets of R” and R™ respectively and L is an
m x n matrix. The SFP has been studied by researchers due to its applications in various
field of science and technology, such as signal processing, intensity-modulated radiation
therapy and medical image construction, for details, see [39,40]. In solving (5), Byrne [39]
introduced the following iterative algorithm: let xo € R" be arbitrary,

Xp1 = Pc(xy —yL*(I — Pg)Lxy), 6)

where y € (0,2/]|L||?), L* is the transpose of the matrix L, Pc and Py are nearest point
mappings onto C and Q respectively. Lopez et al. [41] suggested the use of a stepsize 7, in
place of  in Algorithm (6), where the stepsize does not depend on operator L. The stepsize
Yn is given as:

_ all = P)Lx 2 -
T 2L (T Po) L |
where 6, € (0,4) and L*(I — Pg)Lx;, # 0. They proved a weak convergence theorem of the
proposed algorithm. The authors in [41] noted that for L with higher dimensions, it may
be hard to compute the operator norm and this may have effect on the iteration process.
Instances of this effect can be observed in the CPU time. The algorithm with stepsizes
improves the performance of the Byrne algorithm.

The Split Null Point Problem (SNPP) was introduced in 2012 by Byrne et al. [42].

These authors combined the concepts of VIP and SFP and defined SNPP as follows: Find
x* € Hy such that

0€ Ai(x*) and Lx* € Hp suchthat 0¢€ Ay(Lx™), 8)

where A; : H; — 2Hi i = 1,2 are maximal monotone operators, H; and H; are real Hilbert
spaces. For solving (8), Byrne et al. [42] proposed the following iterative algorithm: For
r > 0 and an arbitrary xg € Hj,

Xpe1 = I (on — YL (1= J{2) L), )

where y € (0,2/||L||?). They prove a weak convergence of (9) to a solution of (8).
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One of our aim in this work is to consider a generalization of Problem (3) in the
following form: Find x* € H such that

N
0€ ) Ailx"), (10)
i=1

where A; is a finite family of maximal monotone operators. There have been some itera-
tive algorithms for approximating the solution of (10) in the literature, (see [37] and the
references therein).

In this study, we consider the problem of finding the common solution of the GMEP
(2) and the SNPP for a finite family of intersection of maximal monotone operator in the
frame work of real Hilbert spaces. We consider the following generalization of the SNPP:
Find x* € C such that x* € GMEP(F, g, ¢) and

N N
e Ai’l(O) such that Lx* () B;l(()). (11)
i=1 i=1

In our quest to obtain a common element in the solution set of problems (2) and (11), the
following two research questions arise.

(1) Can we obtain an iterative algorithm which solves problem (11), without depending
on the operator norm?

(2) Can we obtain a strong convergence theorem for the proposed algorithm to the
solution of problem (11) ?

In this work, we give an affirmative answer to the questions above by introducing an
iterative algorithm which solves (11). Further, we prove a strong convergence theorem of
the proposed algorithm to the common solution of problem given by (11).

2. Preliminaries

In this section, we give some important definitions and Lemmas which are useful in
establishing our main results.

From now, we denote by H a real Hilbert space, C a nonempty closed convex subset
of H with inner product and norm denoted by (-,-) and || - || respectively. We denote by
x, — x and x, — x respectively the weak and strong convergence of a sequence {x,} C H
toa point x € H.

The nearest point mapping Pc : H — C is defined by Pcx := {x € C : ||[x —y|| =
dc(x),Vy € H}, where d¢c : H — Ris the distance function of C. The mapping Pc is known
to satisfy the inequality

(x = Pcx,y—Pcx) <0,Vx€H and yeC, (12)

see e.g., [9,10] for details.

A point x € C is said to be a fixed point of a mapping T : H — H, if x = Tx. We
denote by F(T) the set of fixed point of T. A mapping f : C — C is said to be a contraction,
if there exists a constant ¢ € (0,1), such that

[f () = fll <cllx=yll, ¥ x,y € C. (13)

If ¢ = 1, then f is called nonexpansive.
A mapping T : H — H is said to be firmly nonexpansive if, for all x,y € H, the
following holds

T = Tyl < |lx = y| = [I(1 = T)x = (I - T)y|%, (14)

where I is an identity mapping on H.
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Lemma 1 ([43]). Let T : H — H be a mapping. Then the following are equivalent:
(1) T is firmly nonexpansive,

(ii) I — T is firmly nonexpansive,

(iii) 2T — I is nonexpansive,

(i) (x—y, Tx—Ty) > ||Tx - Ty|?

(v) (I-T)x—(I—-T)y, Tx—Ty) > 0.

A multivalued mapping A : H — 2H is called monotone if for all x, y € H,ue Ax
and v € Ay, we have

(x—y,u—v)>0. (15)

A monotone mapping A is said to be maximal if its graph G(A) := {(x,u) e Hx H:u €
Ax} is not properly contained in the graph of any other monotone operator.

Let A : H — H be a single-valued mapping, then for a positive real number 8, A is
said to be B-inverse strongly monotone (B-ism), if

(x —y, Ax — Ay) > B||Ax — Ay||>, V¥ x,y € H. (16)

This class of monotone mapping have been widely studied in literature (see [44,45])
for more details. If A is a monotone operator, then we can define, for each r > 0, a
nonexpansive single-valued mapping J2* : R(I +rA) — D(A) by J/* := (I +rA)~! which
is generally known as the resolvent of A, (see [46,47]). Ttis also known that A~1(0) = F(J{),
where A71(0) = {x € H: 0 € Ax}and F(JA) = {x € H: JAx = x}.

Lemma 2 ([6,48]). Let H be a real Hilbert space. Then the following hold:

@ lx+y|? < [lx[[>+2(y, x +y), Vx,y € H,

@) |lx+yl* =[x/ +2{xy) +lyl* vy € H,

(i) ||Ax+ (1= A)y|> = Alx] 2+ (1= D)|y]> = A1 = A)||x —y|]>, Vx,y € Hand A €
[0,1].

The bifunction F : C x C — R will be assumed to admit the following restrictions:

(C1) F(x,x) =0forallx € C;
(C2) F is monotone, i.e., F(x,y) + F(y,x) <0forallx,y € C;
(C3) foreach x,y,z € C, 1tifg F(tz+ (1 —t)x,y) < F(x,y);

(C4) foreach x € C, y — F(x,y) is convex and lower semicontinuous.
Lemma 3 ([11]). Let C be a nonempty closed convex subset of real Hilbert space H. Let F be a real
valued bifunction on C x C admitting restrictions C1 — C4, g : C — H be a nonlinear mapping

and let ¢ : C — R U {+co} be a proper lower senicontinuous convex function. For any given
r > 0and x € H, define a mapping KF : H — C as

Kix={z€C:F(z,y)+(g(2),y —2) + o(y) — ¢(2) + %<y—2,Z—X> >0, Vye C},(17)

forall x € H. Then the following conclusions hold:
(i) foreachx € H, K,Fx +Q,

(ii) Kf is single valued,

(iii) KE is firmly nonexpansive, i.e., for any x,y € H

||Kf x — Kfy||* < (Kfx — Kfy,x —y),

(o) F(KE(I-1g)) — GMEP(F,g,9),
(v) GMEP(F,g,¢) is closed and convex.
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1
2

Lemma 4 ([49,50]). Let {a,} be a sequence of nonnegative real numbers satisfying the following
relation:

ayi1 < (1="by)ay + bycy +dy, neN, (18)

where {by}, {cn} and {d,,} are sequences of real numbers satisfying
(i) {bu} C[0,1], ¥ by = o0;
n=1

(ii) limsupc, <0;

n—00

(ii}) dy>0, Y dy < oo,
n=0

Then, lim a, = 0.
n=oco

3. Main Result

An AN AN Ay Ag .
= o 0O-++0 = ].
Throughout, we let ® A ) anen © T ) An? where @ Ao I. Define the

stepsize v, by

5
On [ (-, )L“nHz .
R if L*(1— @Y YLu, #0,

Tn = 4 LU= Ly P (19)

v, otherwise,
where 7, depends on 6, € [a,b] C (0,1) and y is any nonnegative number.

Lemma 5. Let H be a real Hilbert space and A : H — 2H be a monotone mapping. Then for
0 < s < r, we have

[l = J&x]| < 2f]x = JAx].
Proof: Notice that %(x —J4) € AJdx and %(x — JAx) € AJAx. Using the monotonicity
of A, we have
(L= o) = (= i), Ji = ) >
That is
(x = Jx =2 (x = ), Jx = Jx) > 0,
which implies that

(0 = Jia, Jix = JAx) > ~(x = i, e — ] ).

S
r

Using Lemma 2 (ii), we obtain

s
(I = TP = 12 = J&l P = 1178 = TAx(1P) = o= (lx = T P+ |78 = JAx( 1 = [1x = JE]7),
2r

that is

1 s A A2 1 s A2 s 1 A2
[ _ >_(2_ =2 _ (=22 _
(2 + 2r>”]s x—Jix||F > T [|x —J7x]| 27 7o [|x —J5x]|

and
r+s A A2 r—s A2 r—s A2
i~ - < (=2 ) e — (=2 - .
(S = g < (5% Yl = sl = (755 Yl = sl
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Since 0 < s < r, we obtain
r—s
[ (e IR
which implies

T8 = JAx|| < [|x = J/ x| (20)

Now, since ||x — JAx|| < ||x — JAx|| + ||JAx — J2x||, by (20), we obtain

N

e =J8xll < =T+ [lx = ]|
2||x = Jxl].

Lemma 6. Let C and Q be nonempty, closed and convex subsets of real Hilbert spaces Hy and
Hy respectively and L : Hy — Hj be a bounded linear operator. Assume F is a real valued
bifunction on C x C which admits condition C1-C4. Let ¢ : H; — R U {+o0} be a proper, lower
semicontinuous convex function, g be a B-inverse strongly monotone mapping and f : Hy — Rbea
differentiable function, such that V f is a contraction with coefficient ¢ € (0,1). Fori =1,2--- N,
let A; : Hy — 2 and B; : Hy — 2™ be finite families of monotone mappings. Assume
Q = GMEP(F,g,¢) NT # @, whereT = {x* € Hy : 0 € N, A;(x*) and Lx* € Hy: 0 €
NN, Bi(Lx*)}. For an arbitrary xo € Hy, let {x,} C Hy be a sequence defined iteratively by

F(un,y) + (g(tn),y — un) + ¢(y) — p(un) + %,,(y — U, Uy —xn) >0,y € Hy,
2y =ty — Lt (1 = @5 )Ly, 1)
X1 = 0y Vf(zn) +(1— “”)q)?;,nz”’

where {ry,} is a nonnegative sequence of real numbers, {a, } and {A; , } are sequences in (0,1), v,
isa nonnegative sequence defined by (19), satisfying the following restrictions:
(i) thnfoohmzxnfo
n=1
(i) 0<A; < /\i,n;
(iii) 0<a<r, <b<2p.
Then {xu}, {zn} and {u,} are bounded.

Proof. Observe that u,, can be rewritten as u,, = K,F” (xn — rag(xy)) for each n. Fix p € Q.
Since p = KL (p — rup), § is p-inverse strongly monotone and r,, € (0,28), for any n € R,
we have from (21) and Lemma 2 (ii) that

lltw = pI? = [IKF, (rn = rug(xn) = K7, (p = rag (p)) |

<l —rug(xn) — (p —rug(p ))H2

= [|Gn—p) = ra(8(xn) —g(p)I?

= xn = pIP? = 2ru{xn = p,g(xn) — () + 72118 (xa) — (PP (22)
<l = plI> = 2Brullg(xa) = 8(P)I* +r3l18(xn) — g(p)II?

= lxn = pIP? = (2B — ra)lIg(xn) — g(p)II7

<l —pl*
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Also by Lemma 2, we have

B;
lzw = pI? = [lun = yul™(I = @37 YLun — p||*
= g = p = 7uL* (1= B} )Lutu |
= —p|E-2 —p, L*(I—-®% L 2114 (1 — @5 ) Luy|]2
= [lun—pll Y — p, L7( )L,.,n) tn) + 7l IL( )L,./n) |

llttn = pII? = 27 (Litn = Lp, (I = @3 )Latw) + 77 ||L* (1= @Y )Luu|* (23)

Bi Bi
<l — pIR 27l (1~ @ YLatg [+ AR IIL* (1 @ Lay |
B; B;
<t = pIP = yall(1 = B Y Lat |2+ 2L = DB YLy |2

B; B
=l — pl P =l (1~ @ ) Lata [P~y [L° (1~ @ ) Lu | ]
Using the definition of v, we obtain
20 = I < lun = plI?, (24)

hence, ||z — pl| < [[un — pl| < [|xn = pl|-
Further, we obtain that

Aj
st —pll = [0V () + (1 - ) 2, — p

= Nlan(Vf(zn) — p) + (1~ )@ 24— p)|

< @allVF(za) = pll+ (1= )| 20— pl|
< wl|VF(z) = V)| +anlIVF(p) = pll + (1= )|z — pl| (25)
< ancllzn = pll + @l [VE(p) = pll + |11 = an)l120 — pl]
= (I—an(l=c)llza —pll +anl[Vf(p) —pll
ay(1—c)
< (= an(t =)l = pll + 53— IVF(p) — pll.

Let K = max{||xo — p||,W}.We show that ||x, — p|| < K forall n > 0. Indeed, we
see that ||xg — p|| < K. Now suppose ||x; — p|| < K for some j € N. Then, we have that

(1 =alVf(p) -l

N
i —pll < (a1 =)l = pll + 7=
< (1=aj(1=0))K+a;(1-c)K 0
< K

By induction, we obtain that ||x, — p|| < K for all n. Therefore {x,} is bounded, conse-
quently {z,} and {u,} are bounded. O

Theorem 1. Let C and Q be nonempty, closed and convex subsets of real Hilbert spaces Hy and Hy,
respectively and L : Hy — Hy be a bounded linear operator. Assume F is a real valued bifunction on
C x C which admits condition C1-C4. Let ¢ : Hy — R U {00} be a proper, lower semicontinuous
function, g be a B-inverse strongly monotone mapping and f : Hy — R be a differentiable function,
such that V f is a contraction with coefficient ¢ € (0,1). Fori =1,2--- N, let A; : H] — 2H:
and B; : Hy — 2M2 be finite families of monotone mappings. Assume Q = GMEP(F,g,¢) NT #
@, whereT = {p € H; : 0 € NN, A;(p) and Lp € Hy: 0 € NN, Bi(Lp)}. For an arbitrary
xo € Hy, let {x,} C H be a sequence defined iteratively by (21) satisfying the conditions of
Lemma 6. Then {xy } converges strongly to p € Q), where p = PV f(p).

Proof. We observe from (21), that
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|41 = plI?

IN

IN

IN

IN

IN

2
K&y C [48
Bz — IR+ Ll — pIP +

(@nVf(zn) + (1= n) (P 20 = p), Xn i1 = p)

n(Vf(zn), Xus1 = p)+ (1= ) (@Y 20 = p, Xni1 = p)

n(Vf(zn) = VF(P),xns1 = )+ an(VF(p) = prxns1 = p) + (1= an) (P 20 = p, Xs1 = p)

||V (z0) = V@] - 3011 = pll+ (1= an) |95 2 = pll - |1 = ]

+an(Vf(p) = P Xns1 = p) 27)
5 (191 = V7P + e = pI) + (15 ) (11020 = pI + 31 = )

+an(Vf(p) = p.xus1 = p)

(1

1—« -
o) o),y — pi?

. 2w = pl? +

+D<n<vf(p) —PrXn41 — p)
L-am-2),

1
5 = pIP+ 5 l1xns1 = pIP +an(VF(P) = pxusa = p)

[1T—an(1

2 1
=y — pl P+ 2 ltns — pIP + n(VF(p) — pr st — p),

thatis

B =plF < 1= L= @l I+ 1= ) (2 (V) = pnea =)

(= (1= )l pIF + 001 =) (25 (VFP) = px =) ) @8)

IN

From now the rest of the proof shall be divide into two cases.

Case 1: Suppose that there exists 19 € N such that {||x, — p||} is not monotonically
increasing. Then by Lemma 6, we have that {||x, — p||} is convergent. From (21), we have
by Lemma 2 that

s = pIP = NV f(zn) + (1= )@} 20— pI?
oV (£(z0) = p) + (1 = @a) (@ 20 = p)I? (29)
[V f(zn) = P2 + (1= @) |95 20 = pIP = (1 = ) [V F(z0) = D3 zall®

[V f(z) = pI* + (1= )20 = pII>.

IN

Thus,

llzn = pIP 2 |1xns1 = I = @a([[Vf(za) = pI? = ||z = pIIP)- (30)
From (23), we have that
Y [[1(1 = @R Latn| [Pyl IL* (1 = @3 )L ]

< lun = plI? = llzn = pI?
< ot = plI? =[x = I+ an([V £ (z0) = plI? = llzn = pI*)
< lan = PP = [1xs1 = pI? + an([[Vf(z0) = pIP = |20 = I,

by using restriction (i) in Lemma 6, we have

Tim o [[1(1 = @3 )Lt =yl [L*(1 = @R )Ly |[*] = 0. (31)
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Using (19), we have that

(= @R ) Luy|*
T— &% YLuy| 2 — 4 ||L*(I — @5 YLu,|2] = 0,(1—0 ,
LI =, Yl = [0 =, Y] = n)HL*(I—@f’. )Lty 2

in

thus by (31), we obtain

B;
10— @8 )L

. B;
1L — @ )Ly |2

0n(1—6y) — 0, as n — oo.

Therefore, since 6, € (0,1), we obtain

11— @5 )L |

lim ——— > =
m5 ||L# (1 — @ )Ly |

Notice that ||L*(I — @ijn)LunH < |1 - |1 = <1>§f”)LunH,which implies

v L[] 11T = @a,, ) Luan |2
1= @5 )Ly || < 2
' L= @5 )L |
by (33), we obtain
; B; _
lim [|(I =@y )Lun|| =0,
consequently,

; *(1 _ pbi _
nlgr!}oHL (I CD/\;,”)Lu”H =0.

From (21), we see that

llzw = tnl| = [futn = gL (I = D3 )Lty — |

< ol (=@ )Luy|.
By (35), we get that
,}i_I,IC}OHZ” —uy|| = 0.
Furthermore, we have from (21),
[[¥nt1 —znll = [l@aVf(za) + (1 - lx,,)Cbi‘mzn — 2|

llon (V£ (zn) = 20) + (1= an) (4 20 = 2) |

< “nHVf(Zn)—ZnH+(1—“n)‘|q)fiinzn—ZnH

< anl|Vf(za) = VD) +anl[VF(p) = zall + (1= an)| |20 — DL za|

< ancllzn = pll + anl [VF(p) = zull + (1 — an)l|zn — ':D?ZHZWH-
Observe from (21), that

A; A;
1957 20— pll > llxns1 — pll — aal [V Fzn) — @ ],
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using the nonexpansivity of @ff , we obtain that
in

Aj Aj
0 lza—pll — [0 2, — @ ]
Aj
= Alzu = pll = 1|19} 20 —pll

in

Ai
< = pll st — pll 8l [V Fz) — B 2,1

Using restriction (i) in Lemma 6, the boundedness of {z,,} and the convergence of {||x, —
pl|}, we have that ||z, — p|| — H(b?iinZ” — p|| = 0as n — co. Thus by the strong nonexpan-

sivity of QDQ" , we get that
. A;
Jim 0~ 2l =0
Using this and restriction (i) of Lemma 6 in (38), we get
lim (|31 = 2 = 0. (39)
Observe from (28), that
= pII* < |21 =PI = an(1 = A)|un = pl? +200(Vf (p) = p, %021 = p), (39)
since ||uy — x4|? < [|xn — p||? = ||un — p||?, using (39), we have that
[tn = xul|* < {120 = I = %041 =PI = €n(1 = ) |[un = plI* + 200 (V f(p) = P, Xnt1 = p),
thus, by restriction (i) in Lemma 6, we obtain
T {[un = x| = [|KF, x0 — 2| = 0. (40)
Combining (36) and (40), we obtain
nlgro\o [|zn — xn|| = 0. (41)
Moreover, since
[[¥n41 = xall < (|01 = zall + |20 — x4l

we have that

[|X741 — xu|| = 0 as n — oco. (42)
Furthermore,
llxw =@ xall < [0 = xasall + 20 = D zal| + (|97 — @77 x|
< ln = xngall + 2041 = D3 zal |+ llz0 = 3l 43)
but
[ner = @5 zall = [an VS (z0) + (1= @n) @3 20 = O 2

= al|Vf(zn) _cD;:,inZnH —0, as n — co.
Hence, by substituting this, (41) and (42) into (43), we obtain
lim ||(I— @7 )x,|| = 0.
n—r00 in
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Since 0 < A; < A;,, we have by Lemma 5, that
; A —
Jim [|(1 = @37 x| = 0. (44)

Now, since {x,} is bounded in Hj, there exists a subsequence {x,;} of {x} such that
Xp, = x* € Hy. First, we show that x* € ﬁf\ilAfl(O). Consider for each j € N,

Ajy % Ajy ok ok Ajy . x A;
(I —@3/)x 1> < (I =@y )x", x" = x) + (I = Py)x", Xy — Py )
(1= )", @)1, — DY), (45)
Since {x;;} C {x}, as a consequence of (44), we have
. A
lm x5, — @7, | = 0. (46)
]
Therefore, using Xn; = x* and (46) in (45), we have
lim [|(I - ®)x*|| = 0. (47)
n—o0 i
Thus, x* = @f_"x* and hence x* € ﬂf\ilAfl(O).
Secondly, we show that Lx* € NN | B 1(0). Consider again for each j € N,

(=@ La*|? < (1= @) L™, Lx* — Lzy) + (1 — @) Lx", Lz, — DY Lz,,)
H((I = @) Lx*, @ Lz, — D L), (48)

observe that,

(1= @3 YLuall < ||(I= @Y YLzy— (1= @5 YLu|| +[|(1 = @3 )Lua|
< ||Lzn = Lun|| 4+ [ @3 L2y = @ Luta| 4 [|(1 = @} )Luy |
B;
< 2lILlllz0 = unl| + 11 = DX )Lun|,

which by (34) and (36), implies
. B; _
i [(1= @ )Lzl = 0.
Again, since 0 < A; < A; ,, we have by Lemma 5, that
. B; _
nh_r};lQH(If(I)/\i)LGH =0. (49)
So for any subsequence {zy,} C {z,}, we also have that

; B; —
nlgr(}o [[(I— d>/\,_)LG/.H =0. (50)

Thus, by the linearity and continuity of L, Lxn; — Lx* asj — coand ||z, — xu|| — O as
n — oo implies Lz,; — Lx* as j — co. Hence from (49), we have

; Bivy o*|| —
Jim 11— @)Ll =0 61
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(8(ye), yr — ;)

Therefore, Lx* = @/E\;;Lx*, thatis Lx* € MY, B, !(0). Further, we show that x* € GMEP

(F,g,¢). From (40), we have U, — x*. Since u, = Kfn(xﬂ —rug(xy)), for any y € C,
we have

Flitn, )+ {002), = ) + 9(9) = () + - (y = ot = 32) 20 (62

It follows from condition (C2) of the bifunction F, that

(8 (1), ¥ — ) ply) — plttn) + —(y — s — ) > F(y, 1),

Tn

Replacing n by n i, we have
1
<8(“n,-)fy - unj> + EW — Un; — xnj> 2 F(%un,-) +¢(un,-) —¢(y)- (33)
J

Lety; = ty+ (1 —t)x* forall t € (0,1] and y € C. Then we have y; € C. So from (53),
we have

Uy, — Xp

> (v 8000) = (=) = (=, ) )+ ) )
nj

=y =ty 8C1) — )+ (vt — 1, 8 t) — ) — <yt — > (54)

+F(ytr”n/) + ¢(”n/) —¢(yr)-

Tn:
1;j

Since nlgrgo [|tn — xu|[ = O, we obtain ||g(un;) — g(xn,)|| — 0as n — co. Moreover, since g

is monotone, we have (y¢ — un;, §(y1) — g(un;)) = 0. Therefore by (C4) of the bifunction F
and the weak lower semicontinuity of ¢, taking the limit of (54), we obtain

(yr —x",8(y1)) = Fye, x7) + ¢(x7) — §p(ys)- (55)
Using (C1) of bifunction F and (55), we obtain

= F(yr,yt) +¢(ye) — p(ye)
<tF(yny) + (1= HF(ye, x°) + tp(y) + (1= p(x™) — ¢(ye)

)
[F(yt,y) +¢(y) — py)] + (1 = 1)[F(ye, x*) + ¢(x™) — P (y1)]
< tHF(yr,y) +¢(y) — pye)] + (1 — 1) ye — x*, g(yt))
< HF(yuy) + o) — ¢yo)] + (1 — Dty — x*, g(yr)),
this implies that
F(y,y) + (1 =ty —x"g(y)) +¢(y) —(yt) > 0. (56)

By letting t — 0, we have

F(xy) +(e(x"),y —x") + ¢(y) —p(x")) >0, y € C, (57)

which implies x* € GMEP(F, g, ¢).
Finally we show that x, — p = PaVf(p). Let {x4} be subsequence of {x,}, such
that Xy = x* and

2 . 2
limsup -— 1= <Vf( ) = P X1 —p) = ]lglolo 1_c2 (Vfp)—p X4l — ) (58)

n—00
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since |[xy+1 — Xu|| = 0asn — coand x,; — x, it follows that Xy 41 — x*. Consequently,
we obtain by (12), that

limsup -2 (VA (p) ~ pxus — p) = 1 (VF(p) —p ¥ = p) <0 (59)

n—o0

By using Lemma 4 in (28), we conlude that ||x, — p|| — 0 as n — oo. Thus, x, — p as
n — oo, ditto for both {u,} and {z,}.

Case 2: Let T, = ||x, — p|| be monotonically nondecreasing. Define 7 : N — N for all
n > ng (for some ng large enough) by

T(n) :=max{k € N: k <n,T) <Tu1}
Clearly, 7 is nondecreasing, T(1) — oo as n — co and
0< rT(n) < FT(VI>+1’ vV n > ng.

By using similar argument as in Case 1, we make the following conclusions

. B; o
Jim [[(1 - ®%) Ly || = 0,

; * Bi _
Tim ([ (1= ®%) L[| = 0,

nlgi;lo Hur(n) — Xz(n) [|=0,
7111_{1;10 er(n)+1 - x‘r(n)” =0
and
2
timsup 125 (VF(p) — p i1 — 1) < 0. (60)

n—

Using the boundedness of {x ) }, we can obtain a subsequence of {x(,)} which converges
weakly to x* € NN, A;l(O), Ly e NN, B;l(()) and x* € GMEP(F, ¢, g). Therefore, it
follows from (28), that

Hx'((n)Jrl - PH2 < [1 - DCT(H)(]‘ - CZ)”‘XT(VI) - PH2

g (1—¢2) <lficzvf(l7) =P Xy — P>>~ (61)
Since I' () < Tr(yy41, we obtain [|x.,;y — X7(y)11(| < 0. Thus, from (61), we obtain
(1= Dby ~ PIE < g (1 =) (T2 VI 0) = P e =1 ) 62
We note that a(,) (1 — ¢?) > 0, then from (62), we get
Jlim [ () = pl|? <0.

This implies

nlgrolo er(n) - PHZ =0,
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hence
lim [[x7(,) — p|[ = 0.

Using this and nlgr.}o [1X2(1)41 — Xz(m)|| = O, we obtain

HxT(n)+1 -l < HxT(n)+1 - xT(n)H + er(n) —pll =0, as n—co.

Further, for n > ng, we clearly observe that I'r(,) < Ty ()41 if 1 # T(n), (ie., T(n) < n).
Since I'; > T4 for T(u) +1 < j < n. Consequently, for all n > ng

0<T, max{rr(n)/rr(;1)+l} = rT(n)-H' (63)
Using (63), we conclude that lgn [lxn — p|| =0, thatis x, — p. O
n—o0

The following are some consequences of our main theorem.
Let u = Vf(z,) in (21), we have the following corollary:

Corollary 1. Let C and Q be nonempty, closed and convex subsets of real Hilbert spaces Hy and Hp,
respectively and L : Hy — Hj be a bounded linear operator. Assume F is a real valued bifunction on
C x C which admits condition C1-C4. Let ¢ : Hy — R U {+o0} be a proper, lower semicontinuous
function, g be a B-inverse strongly monotone mapping. Fori =1,2--- N, let A; : Hy — 2™ and
B; : Hy — 2M2 be finite families of monotone mappings. Assume Q = GMEP(F,g,¢) NT # @,
where T = {p € Hy : 0 € N\, A;(p) and Lp € Ho : 0 € NN, Bi(Lp)}. For an arbitrary
u,xg € Hy, let {x,} C Hy be a sequence defined iteratively by

F(un,y) + (g(tn),y — un) + ¢(y) — p(un) + %(y — i,y —xp) 20,y € Hy,
Zy =ty — yuL*(I — <I>i::yn)Lun, (64)

A.
Xpe1 = apu+ (1— an)(D/\i‘nzn,

where {ry} is a nonnegative sequence of real numbers, {a, yand {A; , } are sequences in (0,1), v,
is a nonnegative sequence defined by (19), satisfying the following restrictions:

(1) ngl Ky = O, nlgl;o ay =0;

(i) 0<A; < Ai,n}

(iii) 0<a<r, <b<2B.

Then x,, converges strongly to p € Q, where p = PoV f(p).

For i = 1,2, we obtain the following result for approximation a common solution of
a split null point for a sum of monotone operators and generalized mixed equilibrium
problem.

Corollary 2. Let C and Q be nonempty, closed and convex subsets of real Hilbert spaces Hy and Ho,
respectively and L : Hy — Hy be a bounded linear operator. Assume F is a real valued bifunction on
C x C which admits condition C1-C4. Let ¢ : Hy — R U {00} be a proper, lower semicontinuous
function, g be a B-inverse strongly monotone mapping. Fori = 1,2, let A; : Hy — 2™ and
B; : Hy — 2F2 be finite families of monotone mappings. Assume QO = GMEP(F,g,¢) NT # @,
where T = {p € Hy : 0 € 2., A;(p) and Lp € Hp : 0 € (\2_, Bi(Lp)}. For an arbitrary
u,xg € Hy, let {x,} C Hy be a sequence defined iteratively by

F(un, y) + (g(tn),y — un) + ¢(y) — p(un) + %,,Q/ — Uy —xp) >0,y € Hy,
zn = sty =yl (L= (32 0 J3! ))Lutn, (65)

A A
Xpy1 = apti + (1 — “n)(])\;” O])\1 )Zu,

1n
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where {ry} is a nonnegative sequence of real numbers, {a, yand {A; , } are sequences in (0,1), y»
is a nonnegative sequence defined by (19), satisfying the following restrictions:

(i) ’El ay = 0o, lim ay =0;

(i) 0<A;<Apy

(iii) 0<a<r, <b<2p.

Then xy, converges strongly to p € Q, where p = PaV f(p).

4. Numerical Example

In this section, we provide some numerical examples. The algorithm was coded in
MATLAB 2019a on a Dell i7 Dual core 8.00 GB(7.78 GB usable) RAM laptop.

Example 1. Let Ey = E; = C = Q = (»(R) be the linear spaces of 2-summable sequences

{xj}i2, of scalars in R, that is

0H(R) = {x = (xp,x2--- %), x; €R and Z \xi\z < oo},
=1

with the inner product (-,-) : ly x ly — R defined by (x,y) = % xjyj and the norm || - || :
=1

b — Ruby ||x|] := % |xj|2, where x = {x/-};-”;l, y =1y, jo1- Let L : £y — {5 be given by
i=1

Lx = (x1,%xp,- - P Xj o J) forall x = {x;}$°, € Uy, then L*y = (y1,y2, - - - Wi ,) for each

y={yitw € Lo.

Let f(x) = %x(s)z, Vx € {3, itis easy to that f is differentiable with V f = x. For each

i=1,2---N, define A;(x) : £ — > and B;(x) : £ — {, by A;(x) = ix and B;(x) = Zix
respectively for all x € /5.

For each u,v € {5, define the bifunction F : C x C — Rby F(u,v) = uv + 150 — 15u —
u?, the function g : C — Hy by g(u) =u, Yu € Hyand ¢ : H} — RU {+c0} by ¢(u) = 0,
for each 1 € Hy. For each x € C, we have the following steps to get {u, } : Find u such that

1
0 < F(uo)+ (g(u),v—u)+(p(v)—4>(u)+;<v—u,u—x>
= uv+15v—15u—u2+v—u+%(v—u,u—x>
= uv+16v—16u—u2+%<v—u,u—x>

= (u+16)(v—u) +%(v—11,u—x>

= (vfu)<u+16+%<v*u/u*x>>

-1
for all v € C. Hence, by Lemma 3 (2), it follows that u = xr T 16r. Therefore, u, =
x, — 161,
rn+1
1 1 1

For i = 1,2, choose the sequences a;, = and

= Ay = —
P Ll e L T
7 = 0.25. We obtain the graph of errors against the number of iterations for different values
of xg. The following cases are presented in Figure 1 below:
Case1 xp = (0.435,0.896,1.004,---0,-- ),
Case2 xg = (—0.987,0.615,—2.804,- - -0, - ),

67



Axioms 2021, 10, 16

o
~
~—

Case 3 xg = (3.45,6.000,1.53, - - -

—o—u}
——tz)

o ix)

Iteration number (n)

Figure 1. Case 1 (top); Case 2 (middle); Case 3 (bottom).
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Example 2. Let Hy = Hy = R? be endowed with an inner product (x,y) = x -y = x1y1 + X2y2,
where x = (x1,%2),y = (y1,y2) and the euclidean norm. Let L : R?> — R be defined by
L(x) = (x1 4+ x2,2%1 +2%2), x = (x1,%2) and f(x) = }x% Foreachi = 1,2 N, define
Ai(x) : R2 — R? and B;(x) : R? — R2 by A;(x) = ix and B;(x) = %ix respectively, where
x = (x1,x2). Let y = (y1,¥2),z = (z1,22) € R2. Define F(z,y)
and ¢(z) = z. By simple calculation, we obtain that

—3224+2zy+y?, g(z) =z

Uy = 20
T8+ 1
Choose the sequences « ! h = n-l
q n s "
i=1,2,(21) becomes

w21

P and vy = 0.25. For
F(un,y) + (g(tn),y — un) + ¢(y) — p(un) +

%(]/*unrun xu) >0,y € Hy,
==l (0= o b, (66)
A A
X =——Vflz))+[1— ——— 1o e,
ot = s VI + (1 s e

We make different choices of our initial value as follow:
Case1, x = (0.5,1), Case2, x =(—0.05,0.5), and Case3, x = (—1.5,1.0).

We use [|x,.1 — xx]|> < 2 x 1072 as our stopping criterion and plot the graphs of
errors against the number of iterations. See Figure 2.

e

\

%—9'%'9%
%
QN{%%QM
00

10 15 20 25
Iteration number (n)

Figure 2. Cont.
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1%,

102f X

50
% N $$N
6
-

-
AN oo

10 15
Iteration number (n)

1000\

\
280 aas S O0N
90004 ss.

102 L L
0 5 10

. I
15 20 25
Iteration number (n)

Figure 2. Case 1 (top); Case 2 (middle); Case 3 (bottom).

5. Conclusions

This paper considered the approximation of common solutions of a split null point
problem for a finite family of maximal monotone operators and generalized mixed equilib-
rium problem in real Hilbert spaces. We proposed an iterative algorithm which does not
depend on the prior knowledge of the operator norm as being used by many authors in the
literature [39,42]. We proved a strong convergence of the proposed algorithm to a common

solution of the two problems. We displayed some numerical examples to illustrate our
method. Our result improves some existing results in the literature.
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1. Introduction

Throughout this paper, R, R*,and f denote the set of all real numbers, positive real
numbers, and fixed points of the mapping @, respectively.

The fixed point theory is considered one of the most powerful analytical techniques in
mathematics, especially in nonlinear analysis, where it plays a prominent role in algorithm
technology. The purpose of investing in algorithms is to obtain the best algorithms with
a faster convergence rate, because the lower the convergence rate, the faster the speed of
obtaining the solution. This is probably the drawback of using the iterative methods.

It should be noted that the Mann iteration converges faster than the Ishikawa iteration
for the class of Zamfirescu operators [1], and hence the convergence behavior of proclaimed
and empirically proven faster iterative schemes need not always be faster. There was
extensive literature on proclaimed new and faster iteration schemes in ancient times.
Some of the iteration schemes are undoubtedly better versions of previously existed
iteration schemes, whereas a few are only the special cases. There are more than twenty
iteration schemes in the present literature. Our analysis’s focal objective is to unify the
existing results in the framework of Busemann spaces (see [2] for the precise definitions
and properties of Busemann spaces). This analysis has a special significance in terms of
unification, and numerous researchers have intensively investigated various aspects of it.

Apart from Picard, Mann, and Ishikawa, many iterative schemes with better conver-
gence rates are obtained; see, for example, [3-11]. In many cases, these algorithms cannot
obtain strong convergence; therefore, it was necessary to investigate new effective algo-
rithms. Recently, several authors were able to apply the strong convergence of algorithms,
see [12-16].

Recall that a metric space (B, 9) is called a geodesic path (or simply a geodesic [17]) in B
if there is a path 7 : [a,b] — B, such that 1 is an isometry for [a,b] C [0, 00). A geodesic ray
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is an isometry v : R — B, and a geodesic line is an isometry y : R — B. For more details
about geodesic path in metric fixed point theory, see [18-24].

Definition 1 ([17]). Let (B, 0) be a metric space and j,¢ € B. A geodesic path joining j to £ is a
mapping 7y : (&, B] € RY — B such that y(a) = 7,v(B) = { and

a(y(t),y(t) = [t =]

forall t,t' € |a, B]. Particularly, vy is an isometry and 9(j, () = B — «.
A geodesic segment joining j and { in B is the image of a geodesic path in BB. The space B is
said to be a geodesic space, if every two points of j are joined by a geodesic.

Definition 2 ([17]). A metric space B is said to be a geodesic space if given two arbitrary points
of B there exists a geodesic path that joins them.

Definition 3 ([17]). The geodesic metric space (B,9) is said to be Busemann space, if for any
two affinely reparametrized geodesices 7 : [, B] — Band +' : [/, p'] — B, the map D, s :
la, B] x [/, B'] — R defined by

Dy (t,t) = 3(x(t), 7' ()

is a convex; that is, the metric of Busemann space is convex. In a Busemann space the geodesic
joining any two points is unique.

Proposition 1 ([25]). In such spaces, the hypotheses below hold:

(1) 9 (Q—a)j@al) <(1—wa)d(e])+ad(el),

2) ((1—a)y@al),(1—a)@a'l)=|a—a'9(,0),

B) Q-a)jdal=al®(1—a),

4) ((1—a)@®as ((1—a)ldaw)) < (1—a)d(), )+ ad(e,w),
where j,{,¢,w € Band a,a’ € [0,1].

Busemann spaces are also hyperbolic spaces, which were introduced by Kohlen-
bach [26]. Further, B is said to be uniquely geodesic [17] if there is exactly one geodesic
joining j and / for each j, ¢ € B.

Definition 4 ([17]). Suppose that B is a uniquely geodesic space and ([, B]) is a geodesic
segment joining j and £ and a € [0, 1]. Then,

e=7((1—-a)+al)
will be a unique point in y([a, B]) satisfying

a(g,7) = ad(y, £)

and
a(e, ) = (1—a)o(},L).

In the sequel, the notation [7, £] is used for geodesic segment y([«, B]) and ¢ is denoted
by (1 —«a); @ al. A subset k C B is said to be geodesically convex if k includes every
geodesic segment joining any two of its points. Let 3 be a geodesic metric space and
p : B — R.We say that p is convex if for every geodesic path «y : [x, f] — B, the map
povy: [nB] — isa convex. Itis known thatif p : B — R is a convex function and
¢ : B — R is an increasing convex function, then @’ o p : B — R is convex.

We now introduce our algorithm.
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Let B be a complete Busemann space, B; be a nonempty convex subset of B and
@ : Bs — Bs be a mapping. For any vg € Bs,

Ly T D K,7 pUy © 1,7],7 P w,7 Ol
I =10 ® K,7pv,7 @ iyly @ wyply,
Upt1 'r n® ;c,7 oy D L,]]” @ w,7 0y © eyly @ oyply,

where {S,,} {0’,7} {Ti} {K,’7} {Lfi}and {w%} fori = 0,1,2 are sequences in [0, 1]. Moreover,
+K +l +w =1, T+K +L+w —1al’ld’l’ +1< +L+£,7+(7;7—1

Remark 1. For distinct values of ey, {0y}, T,
distinct iteration schemes as follows:

ROl =)= =1y =1 =155 =¢; =05, =0,7) = (1-x)), 77 = (1-wy),

,7, ,7, l and w,7 fori=0,1,2, we have well-known

U 1l 1 1 1
T}, =(1- w%) in the standard three-step iteration scheme, we obtain the Noor iterative
scheme [27].

(Rz)tg :w2 = 1117 T% :K% :z% :w% =g =0y :O,T,? = (]71{2),1% = (17(4}%)
and 137 =(1- ) in the standard three-step iteration scheme, we obtain the SP iterative
scheme [28].

(Rg)l% :(4)2:1% :T,} :K%:T,?:l%:w%:&]:(fn :0,12 = (1—K2),K}7: (1—w,17)
and k2 = 1 in the standard three-step iteration scheme, we obtain the Picard-S iterative
scheme [29].

(R)T) = ) = 1) = wg =g =w =17 =K =¢ =0 =0and 7) = (1-x),

=(1- ,]) and 17 (1- w%) in the standard three-step iteration scheme we obtain the

n
CR iterative scheme [30].
Ro)m) =1y =1y =1, =77 =15 =¢y =0 =0, 5, = (1 —xy), 6y = (1 —cwy) in the

n U n U
standard three-step iteration scheme, we obtain the Abbas and Nazir iterative scheme [31].

(Ré)l = wg = T,% = K,17 = K% = z% = w% =g = O,T,? = (1—K2),l% = (1—w,17)
and U’ =(1- ,7) in the standard three-step iteration scheme, we obtain the P iterative
scheme [32].

Rty =w) =1 =5 =x5 =i =770 =&, =0, 1) = (1—x), k3 = (1 —wy)
and 0% =(1- w%) in the standard three-step iteration scheme, we obtain the D iterative
scheme [33].

(Rg)l% :wg :T,g :Kg :11117 :w,17 :T,} :K,lz :wg :l%‘:&?‘:O,T,%: (1—K%)inthe
standard three-step iteration scheme, we obtain the Mann iterative scheme [34].

0 — (0 — 70 — 0 1 _ (1 _ 2 2 _ _ 1 _ 1

(Rg)t = ,]—T”—KW—I,?—LUW—KW—ZW—&‘”—UW—OT = (1 —xy,) and

,7 =(1- ) in the standard three-step iteration scheme, we obtain the Ishikawa iterative
scheme [35].

2. Preliminaries

In this section, we present some relevant and essential definitions, lemmas, and
theorems needed in the sequel.

Definition 5 ([36]). The Busemann space B is called uniformly convex if for any ¢ > 0 and
€ € (0,2], there exists a map & such that for every three points o, 1,£ € B,9(j,a) < {,0(¢,a) < T
and 9(j, ¢) > e implies that

a(m,a) < (1-9),

where m denotes the midpoint of any geodesic segment [1, €] (ie., m = 1@ 10) and inf{5 : ¢ > 0}.
A mapping ¢ : (0,00) x (0,2] — (0,1] is called a modulus of uniform convexity, for p(n,€) :=
and for a given 1 > 0, € € (0,2].

Henceforth, the uniform convexity modulus with a decreasing modulus concerning
7 (for a fixed €) is termed as the uniform convexity monotone modulus. The subsequent
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lemmas and geometric properties, which are instrumental throughout the discussion to
learn about essential terms of Busemann spaces, are necessary to achieve our significant
findings and are as follows:

Lemma 1. If p is a mapping satisfying condition () and has a fixed point then it is a quasi-
nonexpansive mapping.

Let Bs be a nonempty closed convex subset of a Busemann space B, and let { ],7} be a
bounded sequence in B. For j € B, we set

¢, {1y}) = limsup |7y —l|-
1—>00

The asymptotic radius of {({j; } is given by
C(Bs, {1y}) =nf{C(1, {1y}) : 7 € Bs}

and the asymptotic center A({y,}) of {J; } relative to B is the set

A(Bs, {]n}) ={jeBs: é(],]r]) = {(B;, {]17})}

It is known that, in a Busemann space, A({}; }) consists of exactly one point [37].
Recall that a bounded sequence {j;} € B is said to be regular [38], if {({y;}) =
C({sy }) for every subsequence {}y, } of {7;}.

Lemma 2 ([4]). Let B be a Busemann space and j € B, {t,} a sequence in [b,c], for some
b,c € (0,1). If {3, } and {€y} are sequences in B satisfying

limsupd(yy,7) <r
1]—00

also,
limsupd(£y,£) <r

1n—00

and
limsup d(t;1, © (1 —ty)ly, 1) =7,
7o

for somer > 0, then
lim 9(jy, £,) = 0.

—r00

Lemma 3 ([5]). If Bs is a closed convex subset of a uniformly convex Busemann space BB and {J, }
is a bounded sequence in Bs, then the asymptotic center of {},} belongs to Bs.

Lemma 4 ([38]). Let B be a Busemann space, {1, } be a bounded sequence in I3 and B be a subset
of B. Then {},} has a subsequence, which is regular in B;.

Definition 6 ([38]). A sequence {j,} in Busemann space B is said to be A — convergent if there
exists some | € B such that j is the unique asymptotic center of 1, for every subsequence {Jy, } of

{Jy}- In this case we write A — limy oo J;; = J and it is called the A — lim of {}, }.

Lemma 5 ([21]). Every bounded sequence in a complete Busemann space always has a A —
convergent subsequence.

Lemma 6 ([21]). Suppose that Bs is a closed convex subset of a Busemann space B and o : Bs — B
satisfies the condition (£). Then {},}, A — converges to jand d(pjy, 1;) — O, implying that | € Bs
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and pj = |.

Definition 7. Assume that Bs# @ is a subset of a Busemann space 3. For j,{ € Bs, a mapping
¢ Bs — B is called:

(i) Contraction if there is yu € (0,1) so that d(gpj, pl) < ud(s, L),

(i) Nonexpansive if d(pj, pl) < 9(;,£),

(iii)  Quasi-nonexpansive if d(pj, ) < 0(j, ), 2 € F(p) and F(p) denote the set {>c € B :
= px}.

(iv)  Satisfy Condition (€) if

1
590,91) <901, £) = (e, pt) < (), 1)
(v)  Suzuki generalized nonexpansive if it verifies Condition (E).

Garcia-Falset et al. [6] introduced the generalization for nonexpansive mappings
known as condition (£},).

Definition 8 ([6]). Let u > 1. A mapping ¢ : Bs — Bs is said to satisfy condition (&) if for all
7,4 € Bs, we have
(1, 90) < uo(j, 1) + 90, £).

We say that o satisfies condition (£), if o satisfies condition (&,,) for some p > 1 [39].

Theorem 1. Let Cs be a nonempty bounded, closed and convex subset of a complete CAT(0) space
C. If p : Cs — Cs is a generalized nonexpansive mapping, then g has a fixed point in Cs. Moreover,
fo is closed and convex.

3. Main Results

We begin this section with the proof of the following lemmas:

Lemma 7. Let Bs be a nonempty closed convex subset of a complete Busemann space BB, and let
o« Bs — Bs be a mapping satisfying condition (£,). For an arbitrary chosen vy € Bs, let the
sequence { vy } be generated by a standard three-step iteration algorithm with the condition

(7 +19) + (i + @) (7 + ) (1= (1 + @) (1 + ) TH <1
and
(T,?-FK% +l% +w% + (g +U,7)(T,(7)+K2 +zg +w2)) <1
Then, lim;, ;0 9(vy, U« ) exists for all v. € fo,.
Proof. Let v, € f;, and z € B;. Since g satisfies condition (£,), and hence
3(vs, 91) < pd(vs, 90.) + (0., ):

From standard three-step iteration algorithm, we have

ALy, v4) = B(T,?v,, P Kgpv,7 P 12],7 P wgp]”,v*)

< 109 (vy, v4) + 1) (O (Vs PUL) + 0(0s, Un)) + 150 (1, v4) + i) (4(0s, 9V ) + (Vs 1))
< T,?B(U,I,U*) + Kga(vn,v*) + 128(],7,1}*) + wga(]q,v*)
= (T,? + Kg)a(vq,v*) + (12 + wg)a(]v,v*).

Also,

77



Axioms 2021, 10, 26

A1y, v4) = B(T}/UW @ K}]pvn @ 1,17&7 & w}wﬁﬁ,v*)
< T,}B(vﬂ,v*) + K%B(pvq,v*) + L%B(fv,v*) + wéa(pﬁﬂ,v*)
< T,}a(uv,v*) + K}](yi)(u*, Uy ) + (v, Uy)) + z},B(ZW,v*) + w%(ya(v*, Uy) 4+ 9(vs, ln))
= (T,} + K}])a(u,,,u*) + (l% + w}?)a(fn,v*).

Using the value of (¢, v«), we have
A(jy, v4) < (T,} + K%)a(vq,v*) + (té + w%)((’r,? + Kg)a(vﬂ,v*) + (12 + wg)a(],,,v*))
< (g + &y) + (1 + wy) (1) +56))9 vy, Vi) + (1 + w0y) (1) + )3y, v4)

() + 6+ ) )
i 70 5 A(vy, V).
1= (g +wy) () +wpy)

N

a(]ﬁfv*) =

Since ((t) + &) + (1 + wy) (1) +5))) (1 = (1 + wyp) (1 + w)))) 7! <1, we have
B(],,,v*) < a(vv,v*).
Now,
O(Vy41,04) < 8(7,?0,7 ® K%pv,, @ t%]q @w%gojﬂ @ eyly © oyply, vi)
T,?B(vﬂ,v*) + K%@(pvv, vy) + t%%)(],,,v*) + wia(go]ﬂ,v*) +€40(Ly, vs) 4 09(9Ly, V)
T20(vy, 02) + K2 (4302, 02) + (vy,0.)) + 20035, 0.) + w0 (uD(0s, 02) + (33, v,))

+e79(Ly, Vi) + 0y (UO(PUx, V) + 9(Ly, V)
< (T,? + K%)a(vn,v*) + (t% + w%)a(]mv*) + (e + 0yy)0(Ly, vs).

IN A

Since
a(]qzv*) < a(vly/ U*)/
we have
(U1, 04) < (T,? + K% + l% +w%)8(v,7,v*) + (e 4+ 0y)0(Ly, vs).
On substituting
Ly 02) = () + K930y, 02) + (8 + W)y, ),
we have

O(Vp41,Ux) < (T;% + K% + ‘37 + W%)B(UW/U*) + ((gy +oy) % (73 + Kg)a(vmv*) + (‘?7 + ‘4’2)8(]77/‘7*))
< (T + 15 + 17 + wp)(vg, v:) + (£ + 0y) (T) + K5 + 1 + @) (v, vs)
= (T + &5 + 1 + @iy + (&g + 07) (7)) + K9 + 1 + @) d(vy, v4).
Also, it is given that
(7 + 15 + 1+ wp + (e +0y) (T + ) + 1y +wh)) <1,
we have
a(UnJrl/ U*) < a(vq; U*)~

This implies that {d(v,, v«)} is bounded and non-increasing for all v. € f,. Hence,
limy, 00 d(vy, v« ) exists, as required. [
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Lemma 8. Let Bs be a nonempty closed convex subset of complete Busemann space B, and
o« Bs — Bs be a mapping satisfying condition (&,,). For an arbitrary chosen vy € Bs, let the
sequence {v, } be generated by a standard three-step iteration algorithm. Then, f, is nonempty if
and only if {vy } is bounded and limy, 0 d(pvy, vy) = 0 for a unique asymptotic center.

Proof. Since f, # @, let v, € f, and z € Bs. Using Lemma 7, there is an existence of
limy;ye0 9(vy, U« ), which confirms the boundedness of {v; }. Assuming

Vllglgoa(vq,u*) =r,

on combining this result with the values of d(j;, v+) and 9(£;, v«) of Lemma 7

limsup 9(£y, vi) < limsup d(vy, vs) = 7. (2.1)

n—oo n—oo

Also,

lim sup 9(pvy, v+) = limsup(ud(pvs, vs) + (vy, v4))

n—oo n—00

< limsup 9(vy, vs)
n—oo
=r.
On the other hand, by using the value of 8([,7, v,) of Lemma 7, we have

O(Uy11,04) < a('r,?vn o K%pv” @ 1%],7 < w% Py O egly © oply, vs)
< Tga(v,],v*) + K%B(pv”,v*) + 1%8(],7,11*) + w%&(p],i,v*)
+€40(Ly, vs) 4 00(0Ly, V)
< Tza(vn,v*) + K (ya(pv*,v*) +9(vy, vs)) ¢ a(p,,v*) +w (ya(pv*,v*)
+ (75, 0+)) +€,78(f,7,v*) + 0y (9 (v, v4) + 9(ln, v4))
< (T,? +K,7 + 1,7 +w ) (v, vs) + (g + 03)0(Ly, v4)
)+ (&g +0y)

(
< (’L’,?—i—K% —H%—l—w )o(vy, vs +03)0(Ly, vx),

by the above-mentioned standard three-step iteration algorithm,

A(Vnt1,04) < (1 — (g5 +0y))0(vy, vi) + (& + 0y)(Ly, vs)
< 9(vy, vx) — (8 + )9y, v4) + (g + 0)O(Ly, Vs).
This implies that,

(v, v) = (& + 03y)0(vy, V) + (g + 03)0(Ly, V).
(U, v4) + (g 4 03) (9(Ly, V) — (v, v4)).
(e +0y)(0(Ly, v4) — O(vy, v4)).

(0(£y, vs) — 9(vy, v4)).

a(UnJrlrv*) <0
<o
O(Vpg1,05) — 9(vy, 0s) <
(041, 02) — (v, v.)
(ey +oy)

IN

This implies that,

9(Vy41,0s) — 9(vy, Us)
(&g +oy)

O(Un41,v5) — (vy, v4) < < (9(Ly, v4) — (vy, v4))

and hence, we have

9(Vyg1,0s) < 9Ly, vs).
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Therefore,
r< nh_r)rc}o 9Ly, vy). (2.2)
By using Equations (2.1) and (2.2), we have

r= Jiirgoa(fﬂ,v*)

Jijﬂoa(rgvn ® Kgpvn ® 12];7 @ ‘*’239]'7'”*)

i (3(xfvy + K vy, 0.) + (8 + )l v.)

IE%O((ﬂ? + 12 + wg)a(vq, vy) + K%B(pvﬂ, Uy))

n

Jijr;o((rg + 12 + wg)a(v”,v*) + K?,(ya(pv*,v*) +9(vy,v4)))

7115130((1 - Kg)a(vq,v*) + K?,B(vﬂ,v*)).

= lim A(vy, vs). (2.3)
Using Equations (2.1) and (2.3) and the above-mentioned inequalities, we have

limsup 9(¢y, v4) < limsup d(vy, vs) =7,
n—roo n—rco

and hence, by Lemma 2, we have
nlglgo vy, vy) = 0.

Conversely, suppose that {v;} is bounded and lim, ;e d(pvy, v;) = 0. Then, by
Lemma 4 {vy} has a subsequence that is regular with respect to Bs. Let vy} be a
subsequence of {v;} in such a way that A(Bs, {v;}) = v. Hence, we have

lim sup 9(vy, pv«) < limsup(ud(vy, puy) +3(vy, v))
n—o00

n—oo
< limsup 9(vy, v)
n—yoo

As a consequence, the uniqueness of the asymptotic center ensures that v is a fixed
point of © so this concludes the proof. [J

Now, we state and prove our main theorems in this section.

Theorem 2. Let Bs be a nonempty closed convex subset of a compete Busemann space B and
o : Bs = Bs be a mapping satisfying condition (£,). For an arbitrary chosen vy € Bs, assume
that {vy } is a sequence generated by a standard three-step iteration algorithm. Then f, # @ and
{vy} A—converges to a fixed point of .

Proof. Since f,, # @, so by Lemma 8, we have bounded {v; } and
nlgrgo d(pvy, vy) = 0.
Also, let

wofvy} = A(vy,)

where the union is taken over all subsequences {vy, } of {v;}. We claim that w.,{v,;} C
fo- Considering v, € ww{v,}, then there is an existence of subsequence {vy, } of {v,}
in such a way that A({v;}) = {v«}. Using Lemmas 3 and 5 there is an existence of
subsequence {vy, } of {vy, } in such a way that A —limyo{vy } = vl € Bs. Since
limy e B(U%K, pv’m) = 0, then by Lemma 6 v’ € f,,. We claim that v, = v}. In contrast,
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since g is a mapping satisfying condition (£) and v« € f,, then by Lemma 7 there is an
existence of limy ;0 B(vq, v4). Using the uniqueness of asymptotic centers, we have

limsup 9(vy, v}) < limsup a(v;’c, Uy)
n—oo n—oo

< Jim 2oy 0.

v/)

(
nﬁoo( T

(

(v,

lim 9 (v}, )
n—oo

which is a contradiction. So v}, = vy, € f,,. To prove that {v,} A—converges to a fixed
point of g, it is sufficient to show that wy, {vy} consists of exactly one point. Considering
a subsequence {vy, } of {v;}. By Lemmas 3 and 5 there is existence of subsequence
{vy,} of {vy, }, which is how A — limy e {v;, } = v} € Bs. Let A({vy,}) = {vi} and
A({vy}) = visx. We can conclude the explanation by proving that v« = v.. On the
contrary, since d(vy, vy, ) is convergent, then by the uniqueness of the asymptotic centers,

we have

limsup 9(vy, v}) < limsup d(v} s User)
n—o0 n—00

.
< lim 9(vy, V)
< lim B(vﬂ,vi)

= lim 8( Uper V%)
which is a contradiction. Hence, f;, # @ and {v,} A—converges to a fixed point of p. [

Theorem 3. Let Bs be a nonempty closed convex and complete Busemann space B, and o : Bs —
Bs be a mapping verification condition (€,,). For an arbitrary chosen vy € Bs, assume that {v; } is
a sequence generated by a standard three-step iteration algorithm. Then {v, } converges strongly to
a fixed point of .

Proof. By Lemmas 7, 8 and Theorem 2, we have f, # @ so by Lemma 8 {v; } is bounded
and A—converges to v € f,,. Suppose on the contrary that {v; } does not converge strongly
to v. By the compactness assumption, passing to subsequences if necessary, we may assume
that there exists v’ € B, with v' # v such that {v, } converges strongly to v'. Therefore,

y}gr;oa(pv,],v/) =0< Jggoa(pv”,v).

Since v is the unique asymptotic center of {v,}, it follows that v’ = v, which is a
contradiction. Hence, {v;} converges strongly to a fixed point of . [

4. Conclusions

The extension of the linear version of fixed point results to nonlinear domains has its
own significance. To achieve the objective of replacing a linear domain with a nonlinear
one, Takahashi [40] introduced the notion of a convex metric space and studied fixed point
results of nonexpansive mappings in this direction. Since the standard three-step iteration
scheme unifies various existing iteration schemes for different values of ¢, oy, T,], K,7, w,7,
and 157 for i = 0, 1,2, existing results of the standard three-step iteration scheme including
strong and A — convergence results in the setting of Busemann spaces satisfying condition
& are generalized.
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Abstract: In the present paper, we pointed out that there is a gap in the proof of the main result of
Rouzkard et al. (The Bulletin of the Belgian Mathematical Society 2012). Then after, utilizing the
concept of (E.A.) property in convex metric space, we obtained an alternative and correct version
of this result. Finally, it is clarified that in the theory of common fixed point, the notion of (E.A.)
property in the set up of convex metric space develops some new dimensions in comparison to the
hypothesis that a range set of one map is contained in the range set of another map.

Keywords: compatible maps; common fixed points; convex metric spaces; q-starshaped

1. Introduction

A point on which a self-map remains invariant is called a fixed point for that map.
Fixed point theory plays an important role in solving different kinds of problems of
nonlinear analysis and so it has applications in engineering, medical science, physical
science, computer science, etc. In 1922, Banach [1] proved that a contraction map in a
complete metric space has a fixed point and this result is known as the Banach contraction
principle. Due to the simplicity and usefulness of this result, fixed point theory became
a more aggressive area of research. Many researchers so far have worked in this field,
extending this contraction principle in several possible ways [2—4].

In 1976, Jungck [5] extended the Banach contraction principle for the pair of commut-
ing self-maps by ensuring the existence of a common fixed point for this pair. Sessa [6]
relaxed the condition of commutativity and introduced the class of weak commuting maps.
Again, Jungck [7] gave the weaker version of the commutativity condition by introducing
the class of compatible maps and proved that weak commuting maps are compatible but
the converse is not true in general. After that, many authors obtained more comprehensive
common fixed point theorems under some given hypothesis [8,9].

On the other side, Takahashi [10] defined the notion of a convex structure in a metric
space and called such a space a convex metric space. Further, he studied several properties
of this space and ensure the existence of a fixed point for nonexpansive maps in the
setup of convex metric space. In the last forty years, many fixed point and common fixed
point theorems in the context of convex metric space have been established; for example,
see [11-15].

2. Preliminaries

In the present section we recall some standard notations, basic definitions and auxiliary
results, which are required in the sequel.

In 2014, inspired by the idea of Aamri and Moutawakil [16], the concept of (E.A.)
property in the context of convex metric space was introduced by Kumar and Rathee [17].
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In the present article, we shall show that there is a gap in the proof of the Theorem 1,
which is one of the main results of Rouzkard et al. [18]. Then, we obtain a correct version
of Theorem 1 by utilizing the concept of (E.A.) property in a convex metric space defined
by Kumar and Rathee [17].

Finally, we clarify the importance of the notion (E.A.) property in a convex metric
space in comparison to the hypothesis that the range set of one map is contained in the
range set of another map.

Definition 1. [10] Let (S, p) be a metric space. A continuous mapping W : S x S x [0,1] — Sis
called a convex structure on S, if for all x,y € Sand A € [0, 1], we have

A, W(x,y,A)) < Ad(u,x) + (1= A)d(u,y)
forallu € S. A metric space (S, p) equipped with a convex structure is called a convex metric space.

Let M be a subset of a convex metric space (S, p). The set M is said to be

(i) convexif W(x,y,A) € Mforallx,y € Mand A € [0,1];
(ii) g-starshaped if there exists § € M such that W(x,q,A) € M for all x € M and
A e o,1].

In addition, the map I : M — M is said to be

(i) affine if M is convex and I(W(x,y,A)) = W(Ix, Iy, A) forallx,y € Mand A € [0,1];
(ii) g-affine if M is g-starshaped and I(W(x,q,A)) = W(Ix,q,A) for all x € M and
A e [0,1].

Clearly, each convex set M is g-starshaped for any g4 € M but the converse assertion is
not necessarily true (see Example 7 of [19]).

Definition 2. [10] A convex metric space (S,p) is said to satisfy the Property (I), if for all
X, Y,z € Sand A € [0,1], we have p(W(x,z,A), W(y,z,A)) < Ap(x,y).

Notice that Property (I) is always satisfied in a normed linear space and each of its
convex subsets.

Definition 3. [19] Let T, I : S — S be mappings on a metric space (S, p). The pair (T, I) is said
to be compatible if
o(TIxy, ITx,) — 0

whenever {x, } is a sequence in S such that
Txy, Iy, - t€S

Definition 4. [16] Let T, I : S — S be mappings on a metric space (S, p). The pair (T, 1) is said
to satisfy (E.A.) property if there is a sequence {x,} € S such that

Txy, Ixy -t €S

Definition 5. Let (S, p) be a metric space and T,1 : S — S. Then the pair (T, 1) is said to be
reciprocally continuous if

lim TIx, =Tt and lim ITx, = It

n—+0oo n——+oo

whenever {x, } is a sequence in S such that limy,_ e Txy = limy—s oo [x, = t for some t € X.

It is easy to see that if T and I are continuous, then the pair (T, I) is reciprocally
continuous but the converse is not true in general (see Example 2.3 of [20]).
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Moreover, in the setting of common fixed point theorems for compatible pairs of
self-mappings satisfying some contractive conditions, continuity of one of the mappings
implies their reciprocal continuity.

Definition 6. A pair (T, I) of self-maps of a metric space (S, p) is said to be sub-compatible if there
exists a sequence {xy } such that
lim Tx, = lm Ix, =t forsome t € X and lim p(TIx,, ITx,)=0.
n—+00 n——+00 n——+00

Recently, Rouzkard et al. [18] proved the following common fixed point theorem for
the pair of compatible maps in a convex metric space.

Theorem 1. Let C be a nonempty closed convex subset of a convex metric space (X, p) satisfying
the Property (I). Denote [x,q] = {W(x,q,k) : 0 < k < 1} where W is a convex structure on the
metric space.

If T and I are compatible self-maps defined on C such that I(C) = C, I is g-affine and
nonexpansive, which satisfy the inequality

o(Tx, Ty) < p(Ix,Ty) + ; u

max{p(Ix, [Tx,q]),p(ly, [Ty, q])} )

forall x,y € C, where 1/2 < k < 1, then T and I have a common fixed point provided
cl(T(C)) is compact and T is continuous.

3. Results
3.1. Compatibility in Proof of Theorem 1.

Let us recall the lines of the proof given in Rouzkard et al. [18]. First of all, for each
n € N, the authors define T, : C — C by

Tux = W(Tx,q,k,) forall x € C, 2)

where k, is a sequence in (%, 1) such that k,, — 1. Afterward, to accomplish the compatibil-

ity of the maps T, and I for each n € N, the authors choose an arbitrary sequence {x,, } in
C such that

Iim Ix,; = lim T,x,=te€C 3)
m—r—+oo m——+oo

Using the definition of T, it has been written that
p(Txm, Tnxm) = P(Txm/ W(Txm/ q, kn))

< kno(Txm, Txm) + (1 — k) p(Txm, q)
= (1 —kn)o(Txm,q)-

A

Then by taking m — +o0 and using (3), the authors get

(i, Tom t) < (1 =kn)e(, lim, T, 4)- @
Again, on making n — +oo in (4), the authors wrote the following (see [18], page 323,
line 20-21)

p( lim Txy,t) <O0. ()

m——+

Then, by using this expression, the authors claim the compatibility of the maps T, and I
for eachn € N.

Here, it is pertinent to mention that the compatibility of the maps T), and I is to be
shown for each n € N and so the compatibility of T;; and I is to be shown for arbitrarily fixed
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natural number n. If n is fixed, then it is superfluous to approach n — +oo, therefore (5)
is not valid because this is obtained by taking n — o in (4). So the compatibility of the
maps T, and I for each n € N proved by this way is totally wrong. The same mistake
occurred when the authors tried to prove the reciprocal continuity of T, and I for each
n € N (see [18], page 324, line 3-15).

3.2. Modified Version of Theorem 1

The following definition given by Kumar and Rathee [17] is required to prove the
modified version of Theorem 1.

Definition 7. Let M be a q-starshaped subset of a convex metric space (S, p) and let T,I : M — M
with q € F(I). The pair (T, I) is said to satisfy (E.A.) property with respect to q if there exists a
sequence {x, } in M such that for all A € [0,1].

lim Ix, = lim T)x, =t forsome t € M, 6)
n—+o00 n— 0o

where Tyx = W(Tx,q,A).
The following lemma is a direct consequence of Theorem 3.2 of Rouzkard et al. [18].

Lemma 1. Let T and I be self-maps of a metric space (S, p). If the pair (T, I) is sub-compatible,
reciprocally continuous and satisfies the inequality

p(Tx, Ty) < ap(Ix, Iy) + (1 —a) max{p(Lx, Tx), p(Iy, Ty) } @)
forall x,y € X, where 0 < a < 1. Then T and I have a unique common fixed point in X.

Now we modify Theorem 1 by replacing the condition I(M) = M 2 T(M) with the
assumption that the pair (T, I) satisfies (E.A.) property with respect to some g € M.

Theorem 2. Let M be a nonempty g-starshaped subset of a convex metric space (X, p) with
Property (1) and let T and I be continuous self-maps of M such that the pair (T, I) satisfies (E.A.)
property with respect to q. Assume that I is q-affine, cl(T (M)) is compact. If T and I are compatible
and satisfy the inequality

p(Tx, Ty) < p(lx, Iy) + % max{p(Ix, [Tx,q]),p(1y, [Ty, q])} ®)
forall x,y € M, where % <k <1, then T and I have a common fixed point in M.
Proof. For eachn € N, we define T, : M — M by
Tu(x) = W(Tx,q,k,) forall x € M, )
where k, is a sequence in (%, 1) such that k, — 1.
Now, we have to show that for each n € N, the pair (T, I) is sub-compatible. Since T
and I satisfy (E.A.) property with respect to g, there exists a sequence {x,,} in M such that

forall A € [0,1]
lim Ix, = lim Thx,=teM, (10)
m——+o0o

m—r—+oo
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where T)xy, = W(Txp, q, ).

Since k, € (0,1), in light of (9) and (10), for each n € N, we have

lim Tyx, = Um W(Txm,qkn)
m——+00 m—+00
= lim Ty xu =t € M.
m—o0
Thus, we have
lim Ix,; = lim T,x, =t€ M. 11)
m——+00 m—+00

Now using the fact that [ is g-affine and Property (I) is satisfied, we get

O(Tulxm, I Tuxm) = p(W(TIxum,q,kn), (W(Txm,q,kn)))
o(W(TIxp, q,kn), WITXp,q,kn))
kn o(TIxp, ITxy). (12)

A

Since (T, I) satisfies (E.A.) property with T and I are compatible, in view of (10) we have

lim p(TIxm, ITxm) =0.

m—»+oo

Now, letting m — co in (12), we obtain

Hm  p(Tyulxy, ITyxy) = 0. (13)

m——+00

Hence, on account of (11) and (13), it follows that the pair (T, I) is sub-compatible for
each n € N. Since T and [ are continuous, for each n € N, the pair (T, I) is reciprocally
continuous. Furthermore, by (8),

o(Tux, Tay) = p(W(Tx,q,ku), W(Ty,q,kn))

< knp(Tx, Ty)
< kulo(Ix, Iy) + p " max{dist(Ix, [Tx,q]),dist(Iy, [Ty, q])}]
< kup(Ix, Iy) + (1 = ku) max{p(Ix, Tux), p(Iy, Tay) } (14)

for each x,y € M and % <k, < 1. By Lemma 1, for each n € N, there exists x, € M such
that x;,, = Ix,, = T,x,,.

Now the compactness of cI(T(M)) implies that there exists a sub-sequence { Tx,, } of
{Tx,} such that Tx,, — z as m — +o0. Further, it follows that

Xm = Tmxm = W(Txm, g, km) — z as m — +oo.

Then, by the continuity of T and I, we obtain Iz = z = Tz and so z is a common fixed point
of Tand I. [

The following remark clarifies that in the context of a convex metric space, the notion
of (E.A.) property introduced by Kumar and Rathee [17] for proving the common fixed
point theorems has importance in comparison to the hypothesis that a range set of one map
is contained in the range set of another map.

Remark 1.

(a) In 2011, Haghi et al. [21] showed that several common fixed point generalizations in the theory
of fixed point are not a real generalization because they can be obtained from the corresponding
fixed point theorems. After the critical analysis of this paper, we reached the conclusion that
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References

the claim of Haghi et al. [21] is true only in the case if we make the assumption that the range
set of one map is contained in the range set of another map.
So, keeping this in view, we replaced the condition (M) = M D T(M) of Theorem 1 with
the assumption that the pair (T, I) satisfies (E.A.) property with respect to some q € M and
due to this we have been able to obtain the modified and correct version of Theorem 1 in the
form of Theorem 2.

(b) (see Example 17 of [16]) Let S = R with usual metric and M = [0,1]. Define T,1: M —
M by

Then (S, p) is a convex metric space with W(x,y,A) = Ax + (1 — A)y. It is easy to verify
that the pair (T, I) satisfies (E.A.) property with respect to q = 1, but the pair violates the
condition that the range set of one map is contained in the range set of another map since
T(M) = [3,3) Z [0,3] = I(M) and I(M) = [0, 3] £ [3, §] = T(M).

In this way, we can say that there are certain pairs of self-maps, namely T and I,
defined on a set (say M), which satisfies (E.A.) property in the set up of convex metric
space but violates the condition T(M) C I(M). Thus, the common fixed point theorems in
which the pair of maps satisfy (E.A.) property with some other hypotheses will ensure the
existence of a common fixed point for such maps.

Remark 2. As an application of Theorem 1, the authors in [18] obtained two more theorems
(see Theorems 4.1 and 4.2 of [18]). Since we have quoted a gap in the proof of Theorem 1, Theorems
4.1 and 4.2 of [18] are no longer valid. Thus, these theorems can also be modified by using the notion
of (E.A.) property in the set up of a convex metric space.

4. Conclusions

In this work, a gap in the proof of the main result of Rouzkard et al. (The Bulletin
of the Belgian Mathematical Society 2012) is detected. Then after, utilizing the concept of
(E.A.) property in convex metric space, we obtained an alternative and correct version of
this result.

In the set up of a convex metric space, the notion of (E.A.) property introduced by
Kumar and Rathee [17] for proving the common fixed point theorems is more important
than the hypothesis that a range set of one map is contained in the range set of another
map and it develops some new extensions.
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Abstract:
obtained through an inequality with rational terms. The contraction is an F-type contraction. The
results are obtained in a metric space endowed with a graph. The main theorem is supported by

The main result of this paper is a fixed-point theorem for multivalued contractions

illustrative examples. Several results as special cases are obtained by specific choices of the control
functions involved in the inequality. The study is broadly in the domain of setvalued analysis. The
methodology of the paper is a blending of both graph theoretic and analytic methods.
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1. Introduction and Mathematical Preliminaries

Let (X, d) be a metric space. The following standard notations and definitions will be
used. N(X) is the family of all nonempty subsets of X, B(X) is the family of all nonempty
bounded subsets of X, CB(X) is the family of all nonempty closed and bounded subsets of
X, K(X) is the family of all nonempty compact subsets of X and

D(x, B) =inf{d(x, y) : y € B}, where x € X and B € B(X),

H(A, B) = max{sup D(x, B), supD(y, A)}, where A, B € CB(X).
XeA yeB
H is known as the Hausdorff metric induced by the metric 4 on CB(X) [1]. Furthermore, if
(X, d) is complete then (CB(X), H) is also complete.

Let X be a nonempty set and U = {(x, x) : x € X}. Consider a directed graph G such
that the set V(G) of its vertices coincides with X and the set E(G) of its edges contains
all loops, i.e.,, 5 C E(G). Assume that G has no parallel edges. By G~! we denote the
graph obtained from G by reversing the directions of the edges. Thus, V(G™1) = V(G)
and E(G™) = {(x,y) € X x X : (y,x) € E(G)}. By G we denote the undirected graph
obtained from G by ignoring the direction of edges. Actually, it will be more convenient for
us to treat G as a directed graph for which the V(G) = V(G) and E(G) = E(G) UE(G™1).
A nonempty set X is said to be endowed with a directed graph G(V,E) if V(G) = X and
U C E(G).

Let F : (0, ) — R be a function with the following properties:

(F1) F is strictly increasing, i.e., x <y = F(x) < F(y);

(F2) For each sequence {a;; }5_ in (0, o), nlgr(}o a, = 0if and only if nlgr(}o F(ay) = —o0;

)
(F3) There exists k € (0,1) such that lin*é oFF(a) = 0;
a—
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(F4) F(inf A) = inf F(A) forall A C (0, co) withinf A > 0.
We denote the set of all functions F satisfying (F1 — F3) by  and the set of all functions F
satisfying (F1 — F4) by S..

Wardowski [2] introduced the notion of F-contraction and established a new type of
generalization of the Banach’s contraction mapping principle.

Definition 1 ([2]). Let (X,d) be a metric space. A mapping T : X — X is said to be an
F-contraction if there exist F € S and T > 0 such that

T+ F(d(Tx, Ty)) < F(d(x, y))
holds for any x,y € X with d(Tx, Ty) > 0.

Theorem 1 ([2]). Let (X, d) be a complete metric space and T : X — X be an F-contraction.
Then T has a unique fixed point ¢ in X.

Definition 2 ([3]). Let (X,d) be a metric space endowed with a directed graph G(V,E). A
mapping T : X — X is graph-preserving if

(x,y) € E(G), forx, y € X = (Tx, Ty) € E(G).

Definition 3 ([4]). Let (X,d) be a metric space endowed with a directed graph G(V,E). A
mapping T : X — X is said to be an GF-contraction if T is graph-preserving and there exist F € &
and T > 0 such that

T+ F(d(Tx, Ty)) < F(d(x, y))

holds for any x,y € X with (x,y) € E(G) and d(Tx, Ty) > 0.

Definition 4 ([5]). Let (X,d) be a metric space endowed with a directed graph G(V,E). A
multivalued mapping T : X — CB(X) is graph-preserving if

(x,y) € E(G), forx, y € X = (u, v) € E(G), whenever u € Tx and v € Ty.

Lemma 1 ([5]). Let (X,d) be a metric space and T : X — N(X) be an upper semi-continuous
mapping such that Tx is closed for all x € X. If x,, — X0, Yn — Yo and y, € Txy, then yo € Tx.

Definition 5 ([5]). Let (X,d) be a metric space endowed with a directed graph G(V,E). A
multivalued mapping T : X — CB(X) is weakly graph-preserving if (x,y) € E(G) where x € X
and y € Tx, implies that (y,z) € E(G) forall z € Ty.

Let X be a nonempty setand T : X — N(X) be a multivalued mapping. We define
Pr={xeX:xeTx}, Tg={(xy) € E(G): H(Tx,Ty) > 0} and

Xy ={xe€ X:(xy) € E(G) forsome y € Tx}.

The following class of functions will be used in our results in the next section.

Let : [0, )° — [0, 00) be such that (i) ¥ is continuous and monotone nondecreasing
in each coordinate, (ii) ¥ (t,t,t,t,t) < t for all t > 0. We denote the collection of such
functions 1 by the symbol ¥.

Let ¢: [0, c0)* — [0, o) be such that (i) ¢ is continuous and monotone nondecreasing
in each coordinate, (ii) ¢(x1, 2, x3,x4) = 0 if x1x2x3x4 = 0. We denote the collection of
such functions ¢ by the symbol ®.

Using the above mathematical notions in this paper we establish an F-contraction
type multivalued fixed-point result in a metric space with a graph. Fixed-point theory on
metric spaces with the additional structure of a graph is a recent development. Some works
from this line of research can be found in works such as [3,5-10]. We make specific choices
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of a particular function used in the metric inequality to discuss special cases of the main
theorem. This demonstrates the generality of our result. It may be further mentioned that
F-contractions are new concepts in metric fixed-point theory which have been extended
in various ways in works such as [2,4-6,11,12]. Essentially our results are in the domain
of setvalued analysis to which the Banach contraction mapping principle was extended
by Nadler [1]. In his result Nadler used the Hausdorff distance. The work was followed
by several other works such as [5,6,13-15]. The contractive inequality which we use in
our problem involves some rational terms. Dass and Gupta [16] generalized the Banach’s
contraction mapping principle by using a contractive condition of rational type. Fixed-point
theorems for contractive type conditions satisfying rational inequalities in metric spaces
have been developed in several works [17-20]. Finally, we support our main theorem with
illustrative examples.

2. Main Result

Theorem 2. Let (X, d) be a complete metric space endowed with a directed graph G and T :
X — K(X) be a multivalued map. Suppose that (i) T is upper semi-continuous and weakly
graph-preserving, (ii) X is nonempty, (iii) there exist T > 0, F € S, ¢ € ¥ and ¢ € P such that
forx,y € Xwith (x,y) € Tg,

T+ F(H(Tx, Ty)) < F(M(x,y) + N(x,y)),
where N(x,y) = (j)(D(x, Tx),D(y, Ty), D(x, Ty), D(y, Tx)) and

D(x, Tx)D(y, Ty) + D(x, Ty)D(y, Tx)
1+d(x,y)
D(x,Tx)D(y, Ty) + D(x, Ty) D(y, Tx))
1+ H(Tx, Ty) '

7

M(x,y) = (d(x,), D(x, Tx), D(y, Ty),

Then Pr is nonempty.

Proof. Let us assume T has no fixed point. Then D(x, Tx) > 0 for all x € X. Let xg € X7.
Then there exists x; € Txg such that (xp, x1) € E(G). Now 0 < D(x1, Tx1) < H(Txo, Tx1),
which implies that (xg, x1) € T. Using the assumption (iii) and a property of F, we have

F(D(x1,Tx1)) < F(H(Txo, Tx1)) < F(M(xo,x1) + N(x0,%1)) — 7, 1)
where

M(xo, 1) = (d(x0, x1), D(xo, Tx0), D(x1, Tx1),
D(xo, Txo)D(x1, Tx1) + D(xo, Tx1)D(x1, Txg)
1+ d(XO, xl)
D(xg, Txg)D(x1, Tx1) + D(xg, Tx1)D(x1, Txg) )
1+ H(Txp, Tx1)
D(xq, Txo)D(x1, Txy)
1+ d(xg,x1)
D(xg, Txg)D(x1, Txl))
14 H(Txo, Tx1)
D(xq, Txo)D(x1, Txy)
1+ d(J(O, X1)
d(xo, x1)D(x1,TX1))
1+ D(X1, TXl)

< ¢((xo,31),d(x0, 1), D31, Tx1), D(x1, Txy), d(x0,31) ) @

’

< w(d(x[)/xl)’d(x()rxl)/D(x]rTxl)r

< w(d<xﬂfxl>/d(x0rxl)/D(xerxl)/
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and
0 < N(xo,x1) = ¢(D(x0, Txo), D(x1, Tx1), D(x0, Tx1), D(x1, Tx0))
< KP(d(xo, x1), D(x1, Txl)rD(xOITxl)rd(xlrxl)) =0,
that s, N(Xo, xl) =0. O

If possible, suppose that d(xg, x1) < D(x1, Tx1). Then from (2), using the properties
of i, we have

M(xg,x1) (D(xl, Tx1),D(x1,Tx1),D(x1, Tx1), D(x1, Tx1), D(x1, Txl))

<y
< D(x1, Txq).

Using (1) and a property of F, we have

F(D(x1,Tx1)) < F(D(x1,Tx1)) — 7T,

which is a contradiction. Thus, D(x1, Tx1) < d(xg, x1). Using (2) and the properties of ¢,
we have

M(XO,Xl) < 1/1(d(xo,xl),d(xo,xl),d(xo,xl),d(xo,xl),d(xo,xl))
S d(XOle)'
By (1) and a property of F, we have
F(D(x1,Tx1)) < F(d(x0,x1)) — T 3)

Since Ty is compact, there exists x, € Txy such that d(x1, x) = D(x1, Tx1). Hence from
(3), we have

F(d(x1,x2)) < F(d(x0,31)) = 7. @
As T is weakly graph-preserving, (xp,x1) € E(G), x; € Txg and x, € Tx;, we have
(x1,%2) € E(G). Now, 0 < D(x3, Txz) < H(Txy, Txp), which implies that (x1,x2) € Tg. By
the assumption (iii) and a property of F, we have
F(D(x2,Txp)) < F(H(Txy, Tx2)) < F(M(x1,x2) + N(x1,x2)) — T. 5)
Arguing similarly as before, we have

F(D(x2,Txp)) < F(d(x1,x2)) — 7. (6)

Since Tx;, is compact, there exists x3 € Tx; such that d(x2, x3) = D(x2, Tx2). From (6), we
have

F(d(xz,x3)) < F(d(x1,x2)) — T. @)
Continuing this process, we construct a sequence {x, } such that for all n > 0,
Xn+1 € Txn, (Xn, Xui1) € Tg ®)

and
E(@d(xn, 5001)) < F@(a-1,20)) — 7. ©)

Let v, = d(xy, x,21) foralln > 0.
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From (9), we have

F(vn) < F(yp-1) =T < F(yn—2) — 2T < ... < F(70) — nt. (10)
Taking limit as 7 — oo in the above inequality, we get lgn F(7n) = —oo, which by property
n—oo
(F) of F, implies that lgn ¥n = 0. Then by property (F;) of F, there exists k € (0,1) such
n—o00
that nh_r}n YKF(y4) = 0. Now, using (10), we have
KE(yn) — Yo F(70) < —vknt <0
Tt (Yn Ynt(v0) = =TT S U
Letting n — o in the above inequality, we obtain
; k _
Jim =0

Then there exists n; € N such that n’yﬁ < 1 for all n > ny, which implies that
In < % for all n > ny. Then we have

nk
o0 (o] (o) 1
Y dwxn) = ) s )
n=ny n=ny n=ny Nk

As0 < k <1, Y5, —r is convergent. Then it follows that ) d(x,, x,41) is convergent.
ak

This implies that {xn} is a Cauchy sequence. As X is complete, there exists z € X such

that 1211 X, = z. Since T is upper semi-continuous, by Lemma 1, we have z € Tz, which
n—oo

contradicts the assumption that T has no fixed point. Hence T has a fixed point, i.e., Pr is

nonempty.

Remark 1. Varying the functions ¢ and ¢ in the assumption (iii) of Theorem 2, we have different
form of F-contractions for which Theorems 2 hold. For some examples, choosing

(ﬂ) lp(tlr f2, t3r t4r t5) = tl and ¢(x1, X2, X3, X4) = O/

(b) lﬁ(i’l, fz, i’3, t4, i’5) = max{tz, i’3} and 47(x1, X2, X3,X4) = 0,

(c) (b1, to, ta, ta, t5) = max{ty, t5} and ¢p(x1,x2,x3,x4) =0,

() p(t1, ta, t3, ta, t5) = max{ty, by, t3, ta, ts} and P(x1, x2, X3, x4) =0,

respectively, we have the following form of F-contractions respectively

1oy T+ E(H(T Ty)) < Fd(x,y),

24y TH+F(H(Tx, Ty)) < F(max {D(x, Tx), D(y, Ty)}),

D(x,Tx)D(y, Ty) + D(x, Ty)D(y, Tx)
1+d(x,y) ’

D(x,Tx)D(y, Ty) + D(x, Ty)D(y, Tx) })
1+ H(Tx, Ty) ’

3 THF(H(Tx, Ty)) < F(max{

digy: T+ F(H(Tx,Ty)) < F(M(x,y)),

where M(x,y) = max {d(x,y), D(x,Tx), D(y, Ty), D(x Tx)D (yllTi);sz)y(;c WIRICE TX)

D(x,Tx)D(y, Ty) + D(x, Ty)D(y, Tx) }
1+ H(Tx, Ty) '

Remark 2. Theorem 2 is a generalization of Theorem 2 in [6].
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Remark 3. Theorem 2 is true for the class of functions T : X — CB(X) under the consideration
of the class of function 3, instead of . Arguing similarly as in the proof of Theorem 2 and taking
into account the condition (F4) of F, we get

F(D(xy,Tx1)) = F(inf{d(x1,z) :z € Tx1})
=inf(F({d(xy,z) : z € Tx1})).

From (3), we have

inf(F({d(x1,z) : z € Tx1})) < F(d(xp,x1)) — T < F(d(x0,x1)) — %

Then there exists xp € Txq such that

T

F(d(x1,x2)) < F(d(x0,31)) — 5

Arguing similarly as in the proof of Theorem 2, it can be proved that Pr is nonempty.

Example 1. Take the metric space X = [0, c0) with usual metric d. Assume that G is a directed
graph with V(G) = X and E(G) = {(x,y) : ifx,y € [0,1]} U{(x,x) : x > 1}. Define a
multivalued mapping T : X — K(X) as Tx = [O’iTx} if ) xe01],

{55 o>,
Let F(x) = In(x), ¢(x1,x2,x3,x4,%5) = x1, ¢(x1,%2,%3,%4) = 0and v > 0. Then T is
upper semi-continuous and weakly graph-preserving. Let x,y € X with (x,y) € E(G) and
H(Tx, Ty) > 0. Then x,y € [0,1] with x # y. Without loss of generality, assume that y < x.
Then

H(Tx, Ty) = e_T%\x —y| <e Tlx—y|=e"d(x,y).
Taking ‘In” on both sides of the above equation, we get

F(H(Tx,Ty)) < =7+ F(d(x,y)),
T+ F(H(Tx, Ty)) < F(d(x,y)),
T+ F(H(Tx, Ty)) < F(M(x,y) + N(x,y)),

where N(x,y) = ¢ (D(x, Tx),D(y, Ty), D(x, Ty), D(y, Tx)) and

D(x, Tx)D(y, Ty) + D(x, Ty) D(y, Tx)
1+d(x,y)
D(x,Tx)D(y, Ty) + D(x, Ty)D(y, Tx)
14 H(Tx, Ty) )

M(x,y) = y(d(x,y), D(x, Tx), D(y, Ty),

7

Thus, all the conditions of Theorem 2 are satisfied and here Py = {0} is the fixed-point set of T.

Example 2. Let X = {0,1,2,3,4,5,6,7,8} and G be a directed graph with V(G) = X and
E(G) ={(0,0),(0,1),(0,4),(0,5),(1,1),(1,0),(1,2),(1,3),(2,2),(2,3),(3,2),(3,3), (4,4),
(4,5),(5,4),(5,5),(6,6),(6,7),(7,1),(7,7),(8,7),(8,8) }. Let d be a metric defined on X as
] 0 i x=y
W= xiy if iy,
Let T : X — K(X) be defined as

{4,5}, if x€{0,4,5},

_ ) {23}, if xe{1,23},
TW=3 @), ¥ xelos),
{1}, if x=7.
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Let F(x) = In(x), ¥(x1, x2, X3, X4, X5) = max(x1, X2, X3, X4, X5), (X1, X2, X3, X4) = X1X2X3X4
and T = 0.2. Then all the conditions of Theorem 2 are satisfied and here Pr = {2,3,4,5} is the
fixed-point set of T.

Remark 4. Take x = 0and y = 1. Then H(T0,T1)=7,d(0,1) =1, D(0,T0) =4, D(1,T1) =
3,D(0,T1) =2, D(1,T0) = 5. It is easy to verify that the inequality (3.1) of Theorem 2 in [6]
is not satisfied when x = 0 and y = 1. Therefore, the above example is not applicable in case of
Theorem 2 in [6]. Hence Theorem 2 is an actual extension of Theorem 2 in [6].

3. Conclusions

In this paper, we combine several concepts which have featured prominently in the
recent literature of fixed-point theory. Fixed-point theory has many applications as, for
instances, those in [10,21]. It is our perception that the structure of graph on the metric
space allows us to obtain fixed-point results with more flexibility and for making some
new applications. These problems are supposed to be taken up in our future works.
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Abstract: We generalize the notion of coupled fixed (or best proximity) points for cyclic ordered
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1. Introduction

Banach'’s fixed point theorem has proven to be a powerful tool in pure and applied
mathematics. Coupled fixed points were initiated in [1] more than 30 year ago. It turns out
that the last 10 years there is a great interest on coupled fixed points, both in fundamental
results and their applications [2-5]. We would like to mention a new kind of applications
in the theory of equilibrium in duopoly markets [6,7].

A notion that generalizes fixed point results for non-self maps is that of cyclic maps [8]
ie,T:A— B, T:B — A. Since a cyclic map T does not necessarily have a fixed point,
one can alter the problem x = Tx to a problem to find an element x which is in some sense
closest to Tx. Best proximity points were introduced for cyclic maps in [9] (x is called a best
proximity points of T in A if || x — Tx|| = dist(A, B) = inf{|la—b|| : a € A, b € B}) and they
are relevant in this perspective. The notion of best proximity points [9] actually generalizes
the notion of cyclic maps from [8], as far as if A N B # @, then any best proximity point is a
fixed point, too. It turns out that best proximity points are interesting not only as a pure
mathematical results, but also as a possibility for a new approach in solving of different
types of problems [2-7].

We would like to mention just a few very recent results about coupled best proximity
points, that can be applied in solving of different types of problems. The authors have
investigated a generalization of GKT cyclic ®-contraction mapping in [10] and a non trivial
application for solving of initial value problem is presented. The existence of coupled best
proximity point for a class of cyclic (or noncyclic) condensing operators are studied in [11]
an the main result applied for finding of an optimal solution for a system of differential
equations. A new class of mappings called fuzzy proximally compatible mappings are
considered in [12], where coupled best proximity point results are obtained and further
applied in finding the fuzzy distance between two subsets of a fuzzy metric space.
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Unfortunately all of the mentions above results are for 2—cyclic maps. It is not easy
to generalize the results about 2—cyclic maps to p-cyclic maps. The first breakthrough
was obtained in [13], where authors succeed to show that for wide classes of maps the
distances between the successive sets are equal. The technique from [13] was later widely
used [14-17].

We have tried to unify the techniques from [1,13] to get results for the existence and
uniqueness of coupled fixed (or best proximity points) for p-cyclic maps.

The first results related to finding the error estimate for best proximity points is made
in [18]. In [19], results for the existence and uniqueness of coupled best proximity points
are obtained, as well as an error estimate is obtained. In this article, p-cyclic operators are
considered, and the results obtained include as a special case the results obtained in [13,19].

2. Preliminaries

We will summarize the notions and the results that we will need.

If A and B are nonempty subsets of the metric space (X, d), then a distance between
the sets A and B will be the number dist(A, B) = inf{d(x,y) : x € A,y € B}.

Let {A,'}ZP:1 be nonempty subsets of X. Just to simplify some of the formulas we will
assume the convention that Ak,,ﬂ' =Ajfori=1,2,...,pand k € N.

Following [13], if {Ai}f:1 be nonempty subsets of a metric space (X, d), then the map
T: UL, A — U, A is called a p-cyclic map if it is satisfied that T(A;) C T(A;1) for
everyi=1,2,...,p. Apoint § € A, is called a best proximity point of the cyclic map T in
A;if d(E, TE) = dist(A;, Aiq)-

The next two lemmas are fundamental to the best proximity points theory.

Lemma 1. ([9]) Let A be a nonempty closed, convex subset, and B be a nonempty closed subset of
a uniformly convex Banach space (X, || - ||). Let {x,}$_y and {z,}5,_, be two sequences in A and
{yn}$q be a sequence in B so that:

1) limy, o0 ||Xn — yu|| = dist(A, B);

2) im0 |20 — yu|| = dist(A, B);

then limy—ye0 || Xn — zn|| = 0.

Lemma 2. ([9]) Let A be a nonempty closed, convex subset, and B be a nonempty closed subset
of a uniformly convex Banach space (X, || - ||). Let {x,}oy and {z,}o_; be sequences in A and
{yn}$2, be a sequence in B satisfying:

(1) im0 ||2n — yn || = dist(A, B);

(2) for every € > 0 there is a number Ny € N, such that for any m > n > Np, ||xp — yu|| <
dist(A, B) +¢,

then for every € > 0, there is a number N1 € N, so that for all m > n > Ny, holds the inequality
xm —zull < e.

The geometric structure of the underlying space X plays a key role. When we consider
the Banach space (X, || - ||) we will always assume that the distance between the elements

is generated by the norm || - || i.e., d(x,y) = [[x — ||

Definition 1. [20] Let (X, || - ||) be a Banach space. For every e € (0, 2] we define the modulus of
convexity of || - || by

§HAH (£) = inf{l —

%H 1x,y € By, ||x—y| > e}.

The norm is called uniformly convex if 6x(e) > 0 for all ¢ € (0,2]. The space (X, || - ||) is
then called a uniformly convex space.
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For any uniformly convex Banach space X there holds the inequality [9]

(1o () m

forany x,y,z € X, such that [|[x —z|| <R, [y —z|| < Rand ||x —y|| > r, provided that R, »
be real numbers and R > 0, r € [0,2R].

For any uniformly convex Banach space (X, || - ||) its modulus of convexity dx is
strictly increasing function and thus its inverse function 5! exists. If there are constants
C > 0and g > 0, so that the inequality Jj.;(¢) > Ce? holds for any ¢ € (0,2] we say that
the modulus of convexity is of power type g with a constant C.

An extensive study of the Geometry of Banach spaces can be found in [21-23].

z

+y
2

3. Auxiliary Results

The iterated sequence {(x,1, yu) }or_ (defined in ([1] in the statement of Theorem 1 for
coupled fixed points and in [24] in the statement of Lemma 3.8 for coupled best proximity
points) will play a crucial role in the proofs of the results, as far as the ordered pair (x, y) of
coupled fixed (or best proximity) points is obtained as its limit.

Definition 2. ([1,24]) Let {A,‘}fg:1 be nonempty subsets of a metric space X and T : Ule A; X
A;j = Ajyq. Forany (xo,y0) € A; X A; the sequence {(xy,yn)}5r is define inductively by
(x1,11) = (T(x0,v0), T(yo,x0)) and if (xn,yn) has been already defined then (x,11,Yni1) =
(T(xu,yn), T(Yn, Xn)).

When we consider a sequence {(x,yx)}5, we will always assume that it is the
iterated sequence defined in Definition 2. Sometimes we will consider a subsequence
{ Gener Y ) Yeq of { (s yn) }oo-

The notion of a coupled best proximity point for cyclic maps was defined in [24]
and the notion of best proximity point for p-cyclic maps was introduced in [13]. We will
combine both definitions to define a coupled best proximity point for a p-cyclic maps.

Definition 3. Let A;, i = 1,2,...,p be nonempty subsets of a metric space (X,d) and T :
Ajx Aj = Ajpq fori=1,2,...,p. Apoint (x,y) € A; X A is said to be a best proximity point
of Tin A; x Ay, ifd(x, T(x,y)) =d(y, T(y,x)) = d(A;, Ait1).

Following [13] we will define a p-cyclic contractive condition for T : U;zl A x A —
Ajt.

Definition 4. Let {A;}!_, be nonempty subsets of a metric space (X,d). The map T is called
p-cyclic contraction, if it satisfies the following condition:

e T:A,'XAI'%A,‘JF]
e Thereexistsa,p > 0,0+ B € (0,1), such that the inequality

d(T(x,y), T(u,0)) < ad(x,u) + pd(y,0) + (1 = (a + B))d(Ay, A1) 2
holds for every (x,y) € A; X A;, (u,0) € Ajyq X Ajyq, 1 <i<p.

Lemma 3. Let {A;}!_, be nonempty subsets of a metric space (X,d) and T be a p-cyclic contrac-
tion map. Then dist(A;, Ajq1) = dist(Aj1q1, Ain) fori=1,2,...,p.

Proof. Let us put d; 1y = dist(A, ;,Ap 1) fori = 0,1,...p — 1 (where we use the
convention d,, = dist(Ay, Ag) = dist(Ay, Ap).
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Let us suppose the contrary, that there are two indexes k,j € {1,2,...,p}, such that

le{rlnzax {d;} = dy > d;. Without loss of generality we may assume, that k = p. There

exists s € (0,1], such that
d] = (1 — S)dp. (3)

Let (xo,y0) € Ap/ then Xpntm, Ypntm € Am, Xpn, Ypn € Ap/ Xpn+1,Ypn+1 € A and
from (2) we get

d(xnp+1/ xnp) = d(T(xnp/]/np)/ T(xnpflr]/np—l)) @
< ad(xnp/ xnp—l) + ,Bd(ynp/ynp—l + (1 -0 — ,B)dl)
and
d(l/np+1rynp) (T (Ynp, xﬂp)fT(ynp—l/xnp—l)) ®)

< "‘(d(ynp/ynp—l) + ﬁd(xnp/ xnp—l) + (1 —a—B)dp).
Let us, for what follows, to use the notation v = a + . From (4) and (5) we can write

the chain of inequalities

S d(xanrlr xnp) +d(ynp+1,ynp)

< 'Y(d(xnprxnp—l) + d(yﬂp - ynp—l)) +2(1 —)dy
< 'Y['Y(d(xnp—lrxnp—z) + d(ynp—lrmeZ) +2(1 = 7)d2)] +2(1 — v)dy
= ’Yz(d(xnp—l/ xnp—z) + d(ynp—lz xnp—z)) +2(1 =) (yda +d1)
< 73(d(xnp72/ xnpf3) + d(ynpr xnp*S)) +2(1—17) ('deSw +qdy +dy)
......................................... - ©)
< PP X (p-1) 41 Xnp-1) + A Wn(p-1)+1 Xnp-1))) +2(1 =) Y Vi
i=0
T p—1n71
< "P(d(xr,x0) +d(y1,%0)) +2(1—20) Y- o' Y A Mdiy
i=0 k=0
and thus we get
p—1 n-1 P p—1n-1 1 p—1 L
YY) i = Z Y i < 55 ) i
i=0 k=0 =0 k=0 k=0

There exists N € N, so that for any n > N there holds the inequality

s(1—7)

04 p(d(xlrxo) +d(y]/y0)) = 2 1 _,)/p ps

where j and s are the index and the constant from (3), respectively. Therefore using the
assumption that d; = (1 —s)d, = d, — sdp and that for any k # p there holds d; < d),
we get

de < d(xnp+1rxnp) +d(ynp+1rynp)
1
< Y"P(d(x1 +x0) +d(y1 +yo)) + (77,, Z Vi
k=0
1=y, 21— b
< P +x0) +d(yr +y0) —s S g 2SN o

p
1—o? 1= &

1
= A"P(d(x1 +x0) +d(y1 + o)) — 5(17)7‘110 +2dp

s(1—v)y
< fiﬁdp+2dp<2dp,
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which is a contradiction and consequently the assumption that there exists j so that d; <
max{d; :i=1,2,...,p} could not holds. [

We have just proven in Lemma 3 that for maps, which satisfy Definition 4, there
holds dist(A1, Ay) = dist(A, A3) = --- = dist(A, 1, Ap) = dist(Ap, A1) and thus we
can denote in the rest of the article the distance between the consecutive sets by d =
diSt(Ai, Ai+1)/ i= 1, 2, o pe

An easier to apply inequality, which is a consequence from (2) is the inequality

d(T(x,y), T(u,0)) +d(T(y,x), T(v,u)) —2d < y(d(x,u) +d(y,v) — 2d) (8)
for every (x,y) € A; x Aj, (u,0) € A X Ajq, 1 <i<p.

Lemma 4. Let {A;}}_, be nonempty closed subsets of a metric space (X,d) and T be a p-
cyclic contraction. Then for every (xo,yo0) € A; X A; there hold limyco d(Xpn, Xpn11) = d,
limy—e0 d(ypn/ yp14+1) =d, limy e d(xpnipr xp11+l) =dand lim;, d(_‘/pnj:p/ yp11+l) =d.

Proof. By Lemma 3 we have that d(A;, A;11) = d(Aj1, Aipo) fori =1,2,...p— 1. Let us
put (A1, Ap) = d. Therefore there holds the chain of inequalities

0 < d(xpur1, Xpn) +dYpur1, ypn) — 2d)
< ’Y(d(xpn/]/pn—l) + d(ypnzypn—l) —2d)
< 72(d(xpn—1r xpn72) + d(ypnflrypth) - 2d) )
< AP(d(xr, x0) +d(ya, yo)) — 2d).

Consequently after taking a limit in (9) when n — co we get limy—eo(d(xXpn, Xpn—1) +
d(ypn,ypn,l)) = 2d. From the inequalities d < d(xpn,xpn,l) and d < d(ypn,yp,,,l) it
follows that lim;; eo d(Xpn, xp,,,l) = limy eo d(ypn,y,,,,,l) =d.

The proofs of the other two (actually four, because of +) limits can be done in a similar
fashion. [

Lemma 5. If (X, || - ||) be a uniformly convex Banach space, {Ai},’;l be nonempty and con-
vex subsets of X. T be a p-cyclic contraction. Then for every (xo,yo) € A; x A; there hold

limy—eo prn - xpn+p“ =0, lim, 0 ”ypn - ypn+pH =0, lim; e prn+1 - xpnierlH =0
and limy, .0 Hyan - ypnipH” =0.

Proof. By Lemma 4 we have that limy e [|Xpn — Xpny1l| = imy—seo |Xpntp — Xppi1ll = d.
According to Lemma 3 it follows that limy,sco [|Xpn — Xpntp| = 0. O

Lemma 6. Let {A;}}_ be nonempty closed subsets of a metric space (X,d) and T be a p-cyclic
contraction. Let (xo,10) € A; X A; and the sequence {(Xpn, Ypn) Yo has a convergent (say to
(&) € A; x A;) subsequence {(xpn/,ypn/.)}]?'il, then (&, 1) is a best proximity point of T in
A,‘ X A,‘.

Proof. By the inequality d < d(x,mj,l,é) < d(xp,,rl,xpnj) +d(xpn;, ¢), the assumption
that lim;_, o, d(xpnj,é) = 0and lim;_,q d(xp,,j,l,xpnj) =dwe getlim;_,q d(x,m].,l, &) =d.
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By similar arguments it follows that lim; d(yp,,].,l, 1) = d. Using the continuity of the
metric function d(-, -) and Lemma 4, we can write the chain of inequalities

0 < d&T(n)+d(T(,8).1)—
hm( (xpn;, T(E, 1)) +d(T(C, 77) Ypn;)) —2d)
= hm (d(T(xpn 1/ Ypn; —1), T n)) + d(T(Wr‘:)/T(ypnjflrxpnjfl)) —2d)

]4)00

S 'y hm (d(xpn ,1, ) + d(ypnjfll 1’]) - 2d)

= (hm(d(xpn],l,xp,,j) + d(ypn],l,ypn/)) - 2d> =0.

]

Consequently d(¢, T(¢, 1)) +d(T(y,&), ) = 2d and from the inequalities d(&, T(¢, 1))
>dand d(T(y,&),n) > ditfollows that d(¢, T(¢,n)) = d(T(n,&),n) =d. O

For an arbitrary chosen (z,0) € A; x A;, let us denote T?(z,0) = T(T(z,v),T(v,z))
and T%(v,z) = T(T(v,z), T(z,v)) and if we have already defined (T?~1(z,v), T"~!(v,z)),
then put

T?(z,0) = T(T"~Y(z,0), T (0,2)) and TP(v,z) = T(T"~}(v,2), TP~ }(z,v)).

Lemma 7. Let {A;}!_, be nonempty closed subsets of a metric space (X,d) and T be a p-
cyclic contraction. If there exists a coupled best proximity point (z,v) of T in A; x A, then
(T™(z,v), T" (v, z)) is a coupled best proximity point of T in Aj 1y X Ajyy. If (z,0) is a limit of the
sequence { (Xpn, Ypn) Yo, then the ordered pair (z,v) is a p—periodic point of T, i.e., z = TP"(z,v)
and v = TP" (v, z) for n € N and any sequence {(pu, f1pn) }or—q converges to (z,v).

Proof. Let (z,v) be any ordered pair, which is a coupled best proximity points of T in
A; x A;. From the inequality

IT(z,0) = T?(z,0)|| + | T (v, 2) — T*(v,2)|| — 24
vz =T(z )| +[lo = T(v,2)[| - 2d) = 0

S2

IN I

it follows that (T(z,v), T(v,z)) is an ordered pair, which is a coupled best proximity points
of Tin Ajy1 X Aj+q. From

IT2(z,0) — T(z,0)|| + | T*(v,2) — T*(v,2)|| — 2d

Ss 0,
Y(lz=T(z )|l + [0 - T(v,2)|| —2d) =0

IAI

it follows that (T?(z,v), T?(v,z)) is a coupled best proximity points of T in A;y» X Ajys.
By induction we can prove that (T"(z,v), T" (v, z)) is a coupled best proximity points of T
inAjpn X Ajn

Therefore we have

0 < [z= TP (z0)| + o- TP (0,2)] 24
= Jim (1lzpn = TV (2,0) ]| + o — TV (0,2) | - 24)
= Iim (ITGp1,0n1) = TP, 0) |+ I T(0pn-1,2pn1) = TV (0,2) | - 24)
< 7 lim (1zp-1) = T 0) | + lopu1) = T(0,2)]] — 24)
= (2= TG0 +llo - T(v,2)] - 24) = 0.
Thus |z — T*1(z,0) || = ||lo— T7+1(v,2) | = d. From |z = T(z,0)|| = [[o = T(0,2)]| =

d and Lemma 2 it follows that T(z,v) = TP*1(z,v) and T(v,z) = T’*!(v,z). From

|z=T(z, )|+ ||lv—T(v,z)|| —2d =0,
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Sa = |TP(z0) = T(z,0)| + TP (v,2) = T(v,2)| —2d
ITP(z,0) = TP*!(z,0)|| + || TP (v,2) — TP (0,2) || — 2d
P(lz=T@ o)+ [lo=T(v,z2)| -2d) =0,

IN I

Lemma 2 it follows that z = T?(z,v) and v = T? (v, z). Now, by a similar calculations
we can obtain that T?/(z,0) = T?(z,0) = z, T?(v,z) = TP(v,z) = v and by induction,
that T"?(z,v) = zand T"(v,z) = v.

Let there exists (&, 1) € A; x A;, which is a coupled best proximity points of T in
A x Ajie, ||E=TE )| =y —T(n,&)| = d, thatis different from (z, v) and obtained as
alimit of a sequence {(&pu, pn) } g Using the continuity of the norm function, the equality
T(z,v) = TP"1(z,0), T(v,z) = TP (v,z) we get the inequality

Ss = ¢=T(zo)l+ln—T(v,z)|—2d

- Jﬁo(”éﬁn — TP (z,0)| + l7pn — 7 (0, 2)|| - Zd)
P }grgo(||§pn7p =Tz )|l + l1pn—p — T(v,2)|| — 2d)
YIS = T(z o)l + lIn = T(o,2)|| —24),

INIA

and by the assumption y € (0, 1) we get the inequality
1€ =Tz o)+ 1= T(v,2)[| =24 < [|§ = T(z,0)[ + [l = T(0,2)[| - 2d = 0.

Consequently ||§ — T(z,0)| + ||y — T(v,z)|| = 2d. Therefore || — T(z,v)| = ||y —
T(v,z)|| = d and from ||z — T(z,v)|| = ||lv — T(v,z)|| = d and by Lemma 2 it follows that
(Z,Z}) = (g/ 77) O

4. Main Results
Theorem 1. Let {A ,-}le be nonempty, closed and convex subsets of a complete metric space (X, d).
Let T : Ule A x Aj = Aj x A be a p-cyclic map, so that exist a, p > 0, « + € (0,1), such
that the inequality

AT (x, ), T(1,0)) < ad(x,u) + Bd(y, ) (10)

holds for every (x,y) € A; X A, (u,0) € Ajyq X Ajpq, 1 <i<p.

Then there exists an order pair (z,v) € ﬁle(A,- x A;), such that, if (xo,yo) € A; X A; be
an arbitrary point of A; X A;, the sequence {(xn, yn)} } 5 converges to (z,v) and the order pair
(z,v) is a unique coupled fixed point of T. Moreover, there hold

n
e thea priori estimate max{p(xy,z), 0(yn,v)} < 1 z 5 (p(x1, x0) + p(y1,0))

e thea posteriori estimate max{p(xy,z), p(yn,0)} < %(p(xn_l,xn) +0(Yn-1,Yn))

e the rate of convergence p(xn,z) + p(y,v) < y(p(xy-1,2) + p(Yn-1,0)),
where v = a + B.

Proof. Let (x,y0) € Uf:l(Ai x A;j) be arbitrary chosen. Let us consider the iterated
sequence {(Xu,¥n)}5> 1. Then there hold the inequalities

d(xps1,xn) = A(T(xXn,Yn), T(Xn-1,Yn-1)) < ad(xn, Xu—1) + BA(Yn, Yn-1)
and
AWn1,Yn) = A(T(Yn, xn), T(Yn-1,%n-1)) < &d(Yn, yn-1) + Pd(xn, Xn—1).
After summing up the above two inequalities we get
d(Xnt1,%n) + A1, Yn) < Y, Xn1) + 0 Yn-1))- an
From (11) we get that there holds true

max{d(x, 1, %n), d(Yni1,Yn)} < d(xni1,%0) +dWns1,yn) < 9" (d(x1,x0) +d(y1, ¥0))-
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Thus

p—1
Z d(Xppkr Xnghs1) < 2 7" (d(x1, x0) +d(y1,10))
=0

IN

d(xn/xn+p)
(12)

1—
= ﬁ(d(xl,xow(yl,yo)).

Therefore {x,,}$_; is a Cauchy sequence in UleA{. From the assumption that A; are
closed subsets of the complete metric space (X, d) it follows that {x, }7 ; is convergent to
some point z € U,p:]Ai- The sequence {x,}%_; is an iterated sequence defined by the p-
cyclic map T and thus it has infinite number of terms that belong to each A;,i =1,2,..., p.
Consequently z € ﬂf’zlA,-.

By literary the same arguments we get that lim, oy = v € ﬂleA i

We will show that (z,v) is a coupled fixed point of T. Indeed from

Se = d(z,T(z,v))+d(v,T(v,2))
= limp—eo(d(xn, T(z,0)) + d(yn, T(v,2)))
= limy e (d(T (xn 1, Yn-1),T(z,0)) +d(T(Yn-1,%n-1), T(v,2)))
< 'Yhmn—>cx>( (xn—lr )+d(yn 1,0 )) 0

it follows that d(z, T(z,v)) = d(v, T(v,z)) = 0, i.e., (z,v) is a coupled fixed point of T.

We will proof that (z,v) is a unique coupled fixed point by assuming the contrary.
Let (x,y) be a coupled fixed point of T, different from (z,v). If x € A;, then by the
definition of a coupled fixed point it follows that y € A;, too. From the assumption that
T is a p-cyclic map it follows that (x,y) = (T(x,y), T(y,x)) € Ai11 X Ajy1 and therefore
(x,y) € ﬁle(A,- x A;). From the inequality

d(x,z) +d(y,v) = d(T(x,y), T(z,0)) +d(T(y,x), T(v,2)) < y(d(x,2) +d(y,0))

and the assumption that v € (0,1) it follows that d(x,z) = d(y,v) = 0, i.e., the coupled
fixed point (z,v) of T is unique.
After taking a limit in (12) we get

n

v
1—

d(xy,2) = r}gr;od(x;z,xn+p) < y(d(xuxO) +d(y1,40))-

and
n
A(yn,2) = Jim d(yn, yosy) < 7 (d0x1,30) +d(y,30).

Consequently there holds the a priori estimate

n

max{d(xu, 2),d(yn,2)} < 1 7(d(xl,xo) +d(y1,%0))-
From the chain of inequalities
p—1 P
d(xn/xn+p) < 2 A(Xpkr Xpkr1) < Z Y(d(xp—1,xn) +d(yn71,yn))
k=0 k=1
1—~F
= Tz p (d(xn—1,2n) + d(WYn—1,Yn))-

After taking a limit, when p — oo, in the above inequality, we get

d(xnrz) = r}gl'c}od(xn/xwrp) < %(d(xnflf xn) +d(yn—1/yn))~
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Consequently, after using the same arguments for d(y,, v), there holds the a posteriori
estimate y
max{d(xy,z),d(yn,v)} < ﬁ(d(xn—lrxn) +d(Yn-1,Yn))-

From the inequality

d(xn,z) +d(y,v) A(T(xp-1,Yn-1),T(z,0)) + d(T(Yp-1,%4-1), T(v,2))

< y(d(xp-1,2) +d(yn-1,0))
we get the estimate the rate of convergence. [

We will use the notations Py = ||xy — Xl + ||[Yn — Yml| and Wi = ||xn — x| +
|y — ymll — 2d, where {x,}5°, and {y,}$_ be the sequences from Definition 2, when the
text field is too short.

We have proven in Lemma 3, that for any p-cyclic contraction the distances be-
tween the consecutive sets are equal. Therefore in the next theorem we will denote
d= diSt(A,‘, A,‘+1), i=1,2,... ,P-

Theorem 2. Let {A f}?:l be nonempty, closed and convex subsets of a uniformly convex Banach
space (X, || - ||). Let T : UL_, A; x A — Ajy1 be a p-cyclic contraction. Then there exists
a unique ordered pair (z;,v;) € A; x A; (1 < i < p), which is a limit of the subsequence
{xpn ypn) Yiomo € {(xn, yn) i for any initial guess (xo,yo) € A; x A; and it is a coupled best
proximity point of T in A; X A;. Moreover, (T(z;,v;), T(v;,z;)) is a coupled best proximity point
of T in Aj1 X Ay and (z;,v;) is a p—periodic point of T.

e Ifd>0and (X,| -|) be with a modulus of convexity of power type q with a constant C, then

there hold the a priori error estimate
Wor ()™
v =illy < Porif G 1 5w

W, _1 W
g/ Vpn,pn
Ypn — Ui”} < Ppn,pn—l 7(?11 71 ~ ﬁ’)’p,

max{||xp; — z;

’

and the a posteriori error estimate

max{ || xpn — z

’

where v = a + B, a and B be the constants form Definition 4.
e Ifd =0, then there hold the error estimates of Theorem 1.

If p = 2, we get as a particular case the results from [19].

Proof. If dist(A;, Ai11) = 0 for some i, then by Lemma 3 it follows that dist(A;, A;11) =0
for all i. Then the contractive condition induced on T is equivalent to (10). Thus by Theorem 1,
T has a unique coupled fixed point and the error estimates from Theorem 1 holds.

Let us assume that d > 0. Let (xo,y0) € A; X A;. Then x,, € A;and xp11 € Ajjq
for all n. By Lemma 4, lim;, 0 [|Xnp — Xupy1]| = d. If, for any arbitrary chosen e > 0, there
exists an 19 € N, such that for all m > n > ng the inequality to hold

prm - xpn+l|| + Hypm - ypn+1H <2 +g (13)

by the inequalities ||xpm — Xpu i1l > d and [|ypm — Ypm+1ll > d it follows the inequality
max{||xpm — Xpns1ll, [Ypm — Ypui1ll} < d +eholds for all m > n > ng. Then by Lemma 1,
for any &1 > 0, there exists ny € N, such that for m > n > n; the inequality max{||x,,y —
Xupll, |Ymp — ynpll} < €1 holds, ie., {xnp}5q and {yup}5_; are Cauchy sequences and thus
converges to some (z,v) € A; X A;. By Lemma 6 (z,v) will be a best proximity point of T
in Ai X Ai'
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Let us assume contrary of (13). Then, there exists an gy > 0 such that, for every k € N,
there exists my > n; > k such that,

prmk - xpnk+1|| + Hylﬂmk - ypnk+1|| > 2d + €. (14)

Let my be the smallest integer greater than ny, to satisfy the above inequality. Now

Sy=2d+¢e < ”xpmk - xpnkHH + ”ypmk - ypnkHH
< prrmc - xpmrpH + ||xpmrp - xpnk+1|| + Hypmk - ypmrpH + ||ypmrp - ypnk+1|“

By Lemma 4 we have limy_, [|Xpn;, — Xpuy+p | = 0 and im0 [|Ypm, — Ypmspll = 0.
Therefore, using the choice of 1. to be the smallest natural, so that to holds the inequality (14),
we get

2d+¢g < hmkﬁoo(prmk - xpnk+1H + Hypmk - ypnﬁl“)
< limy o0 ([l Xpmy—p — Xpmt ||+ 1Y pmy—p — ypnk+1H) < 2d+ ¢,

ie., im0 [|%pmy, — Xpu 1]l + Mg o0 |Ypmy, — Ypn 11l = 2d + €o.
From the inequality

2d+g < ”xpmk - xpnk+1H + ”;‘/pmk - ypnkJrlH
< ||xpmk - xpmk-%—pH + ||xpmk+p - xpnk+p+1H + ‘|xpnk+p+1 - xpnk+1H
Y pmy — Ypmyepll + 1Y pmytp — Ypmprpra |l + 1Y pugtrpr1 — Ypupsa ll-

by using Lemma 4 we have limy_,c [[Xpm;, — Xpmtpll = Hmyseo [|Xpn +pr1 — Xpuall =
im0 [[Ypme — Ypmrp | = Emisseo [Ypugtp+1 — Ypn+1 || = 0 and thus

& = klg{;(prmk - xpnk+1|| + Hypmk - ypnk+1” - Zd)
< I}g{}o(prmﬁp — Xpmt+p+1 I+ ||ypmk+p — Ypu+p+1 - Zd)
< 9F I}g{}‘o(”x;ﬂmk - xpnkHH + ||ypmk - ypnkHH - Zd)

YPeg.

That is, &g < yPeo, which is a contradiction, because v € (0,1).

Hence {xp}5; and {yup}o; are Cauchy sequences, converging to some (x,y) €
Aj x Ajsuch that [|[x — T(x,y)|| = | T(y, x) —y|| =d.

From Lemma 7 it follows that (x,y), which is a limit of the iterated sequences is
unique, for an arbitrary chosen initial guess, (T"(x,y), T"(y, x)) is a coupled best proximity
point of Tin A;;, X Ajy, (x,y) is a p—periodic point of T.

It has remained to prove that x = y. It holds

Ss = |x =T )l +ly—-T(xy)| 24
= TPCy) = T(y, x) || + ITP(y, x) = T(y, x)I| — 24
< AT y) =yl 1T (v, x) — x| - 2d)
= (TP (x,y) = TP (y, )| + TP~ (y, x) = TP (x,y) || —2d)
< Pl =T )l +[ly = T(x )l —24).
Consequently ||x — T(y, %) = [ly = T(x,y)| = d. From |y — T(y,x)| = [lx -

T(x,y)|| = d and the uniform convexity of X it follows that x = y.
From (8) there holds the inequality

21 = Xull + Y1 — vull = 2d < A xns1—k — Xkl + 1Yns1-k — Vil — 24).

Thus we get

max{ st = %l Y1 =yl } <V Unrrk = il + [Yos1-k = yoill —2d) +d.
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There hold the inequalities
prn-H - xpn” <d+ '71(prn+1fl - xpnfl” + H]/anrlfl - ]/pnle —2d),

d+ 'Yl+l(prn+1—I — Xpn—1 I+ ||ypn+1—l - ypnfl” —2d)
d+ 'Yl(prnJrl—l - xpnle + ||ypn+1—l - ypnfl” —2d)

prn+p — Xpn+p+1 ”

ININ

and

||xpn+p - xpn+1H + ||xpn+1 - xan
2(d+ 7 g1t = Xputll 4+ W11 = Yot | —24)).

||xpn+p - xan

ININ

After a substitution in (1) with x = xpn, ¥ = Xputp, 2 = Xpu1, R=4d + fyl(||xpn+1,, —

Xpn—tll + 1¥pns1-1 = Ypu—ill —2d) and r = |[Xpn+p — xpn|| and using the convexity of the
set A we get the chain of inequalities
Xpn + Xpn+p ||xpn+p+k — xou |
d < f — xan <[(1-— (SHH * W, (15)
where we have denoted W = d+7(|¥pns1-1 — Ty 1]l + [Vps1 1 — vpu_ill — 240).

From (15) we obtain the inequality

(16)

5 1% pnt prk — Xpuil < WIan+l—I+k,pn71+k(x/y)
[l W = W :

From the uniform convexity of X is follows that §.| is strictly increasing and therefore
there exists its inverse function ¢ m, which is strictly increasing too. From (16) we get

I
(Y Wonsr-1pm-1(xy)
llxpn = xpnpll < Wé,.ﬁ( e : (17)
By the inequality &) (t) > C# it follows that 5m(t) < (é)l/q.
From (17) and the inequalities
d < d+'7’(prn+1fl - xpnle + Hyanrlfl 71Vprtle —2d)
< ||xpn+1—l - xpnfl” + Hypnﬂ—l 7ypn—lH
we obtain
1
YV Wont1-1pn—1
o = xpnspll < (44 Whniroanoi) g o
C<d +7 an+1—l,pn—l> (18)
[Wpni1—1,pn-1
< Ppn+lfl,pnfl ( %(W)l

There exists a unique pair (z,v) € A; X A;, such that ||z — T(z,v)|| = d and z is a limit
of the sequence {xp, }o_; forany (x,y) € A; x A;.
After a substitution with [ = pn and k = 0 in (18) we get the inequality

Woi(x,y) ¢
(xpn = sy |+ Iy = yrepll) < Poa o)) = X (4"

agk

n=1

|

=
e
=
Ryl
<
s

-
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and consequently the series Y77 1 (Xpn — Xpn+p) is absolutely convergent. Thus for any
m € N there holds z = xpm — Yo (xpn — xpnﬂ,) and therefore we get the inequality

- Woa(xy)  (y1)™
Izl < 5 st < Boate M) WD

The proof for ||[v — ypm|| can be done in a similar fashion.
After a substitution with I = 1 4 2i in (18) we obtain

Won—1,pn (%, y) i
prneri - xpn+p(i+])|| < Ppnfl,pn(x/y) ( %(W)H—ZZ' (19)

From (19) we get that there holds the inequality

|
—

m

<

prn = Xp(n+m) l prn+pz — Xpnp(i+1) I

I
S

i

|
—_

m

W, n—1, n(x:y) i
i) S5 i

g w"f(w)lﬂ’i

i=0
Won1pn(x,y) 1— (q )pm

_ q pn—1,pn Y . ﬁ p

= ppnfl,pn(xr]/) Ccd 1— /()7 Y

IN
T
(=]

(20)

= Ppnfl,pn(x/y) cd

and after letting m — co in (20) we obtain the inequality

q anfl,pn(x/y) /Y

Cd 1— /4P

[[xpn = z|| < Ppn—1,n(x,y)
The proof for ||yyn — v|| can be done in a similar fashion. [

5. Applications

Let ¢, ¢ : [1,4+00) — [1,400) be such that max{¢(x),p(x
Let us define the function f(x,y) = A+ (1 —A) (pe(x) + (1 —
system of equations

x)} < xforany x € [1,+00).
w)p(y)). Let us consider the

[¥[7 4 A+ (1= A) (p(x) + (1= wyp(¥)|" = 2
WP+ A+ A=) (ply) + (1= wex)" = 2 1)
x = f(f(F(xy), fly,x) f(fy, %) f(xy)) = 0O
y=ff ), feoy) f(f(xy) fy,x) = 0

forx,y > 0and A, u € (0,1).

Let A1 = {(x,0,0) : x > 1}, Ay = {(0,x,0) : x > 1}, A3 = {(0,0,x) : x > 1}
be subsets of (R, || - [|,), p € (1,00). Let us define the map T by T((x,0,0), (y,0,0)) =
(0, £ (2,1, 00 T((6,5,0), (0,3,0)) = (0,0, f(x,3)): T((0,0.), 0,0,9)) = (F(x.4),0,0) for
some A, i € (0,1). Itis easy to see that for any x,y > 1 there holds f(x,y) > 1 and therefore
T:A; xA; — A,qu.
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From the inequality, using that (1 — (1 —=A)p — (1 —A)(1—p)) = A

Sg = HT((X,0,0),(]/,0,0))—T((O,Z/I,O),(O,U,O))Hp

10, £(x, 9, fFaw o)l = {/1F I + 1 f o)l

< YR+ (1= ) lp(x) + (1= Wy + |rg() + (1 - ()P
< M2+ 1=/ TP + )P + (1= A) (1= pw) /Toy) P + [$p(0)[?
< A2+ (= MNp/Ix P+ TulP + (1= A) (1= p) /Tyl + [o]?

Adist(Ay, Az) + (1= Vpllx —ullz + (1 =A) (A = p)lly —ollp

and
S0 = |[T((x,0,0),(y,0,0)) = T((0,1,0),(0,2,0))|,

= [IT((0,x,0),(0,,0)) = T((0,0,u), (2,0,0))]|
= [IT((0,0,%),(0,0,)) — T((1,0,0), (2,0,0))]l
it follows that T satisfies the conditions of Theorem 2. Therefore there exist (z,z), which

is a coupled best proximity point of T in A; x A; and it is easy to see that z = (1,0,0).
Consequently (z, z) is the unique solution of the system of equations

[[x—T(x, y)HZ =2
ly =Tyl = 2
x—T3xy) = 0
y=T(yx) = 0

which is the solution of (21).

If we try to solve (21) with the use of some Computer Algebraic System, for example
Maple, the software could not find the exact solution even for not too complicated functions
(p = 2, p(x) = x1/2, p(x) = x). If we try to solve it numerically, Maple finds that
x =y = 1, but could not find that this is a solution for every A, i € (0,1) and presents two
approximations of A and .

If we consider the particular case p = 3, ¢(x) = y/x and (x) = /log(x) + 1, then

Maple could not solve (21) even numerically.

6. Discussion
It is interesting whether same conclusions can be made for existence of coupled fixed
(or best proximity) points p-cyclic Meir-Keeler maps [16], Reich Maps p-cyclic maps [25].
We were not able to prove a uniqueness of the coupled best proximity points, as like
as [13,16]. We were able to prove just uniqueness of the best proximity points, if obtained
by the sequence of successive iterations, which is not the case of 2—cyclic maps. It will be
interesting if this gap can be filled.
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Abstract: We have obtained a new class of ordered pairs of multivalued maps that have pairs of
coupled fixed points. We illustrate the main result with two examples that cover a wide range of
models. We apply the main result in models in duopoly markets to get a market equilibrium and in
aquatic ecosystems, also to get an equilibrium.

Keywords: multivalued maps; coupled fixed points; equilibrium

MSC: Primary 47H04; 47H10; 91B26

1. Introduction

Fixed point theory has been extensively researched and widely applied in a multitude
of directions for many years. The “Banach Contraction Principle” states that under certain
conditions a self map T on a set X admits one or more fixed points x = Tx. The “Banach
Contraction Principle” and its numerous generalizations are widely used in many branches
of mathematics because it requires only the structure of a complete metric space with
conditions on the map which are easily tested.

We will mention just a few directions of the generalizations (fixed points for set-valued
maps, coupled fixed points, fixed points for cyclic maps) of “Banach Contraction Principle”
that initiate the present investigation.

Following the “Banach Contraction Principle”, Nadler introduced the concept of
set-valued contractions in [1]. He also proved that a set-valued contraction possesses a
fixed point in a complete metric space. In the late twentieth century Dontchev and Hager
successfully presented an extension of Nadler’s result in [2]. They determined the location
of a fixed point with respect to an initial value of the set-valued mapping. Their conclusion
was obtained under two modified conditions and it has since been playing an important
role in the development of the metric fixed point theory. We would like just to mention a
few recent results about fixed points for set-valued maps and their applications [3-6].

A different direction is the notion of coupled fixed points introduced in [7]. There are
a lot of recent results about coupled fixed points [8-11].

115

Axioms 2021, 10, 44. https:/ /doi.org/10.3390/axioms10020044

https:/ /www.mdpi.com/journal/axioms



Axioms 2021, 10, 44

Another kind of generalization of the Banach contraction principle is the notation of
cyclic maps [12] and later its generalization to the best proximity point, introduced in [13].
The definition presented in [13] is more general than the one in [12], in the sense that if the
sets intersect, then every best proximity point is a fixed point. Some very recent results in
this field are presented in [14-17].

It seems that recently all mentioned directions of research in fixed point theory are
of interest.

By combining the notions of coupled fixed (or best proximity) points for cyclic maps,
a model of duopoly market was built in [18,19].

We will try to enrich the notions of set-valued maps, coupled fixed points, cyclic maps
and to get results that we will apply in economics and ecology.

2. Preliminaries

We will recall basic notions and facts that we will need for investigation of coupled
fixed points for multi-valued maps. Let (X, p) and (Y, ) be two metric spaces. We will
denote by By ,(¥) the open ball and by By ,[X] the closed ball with a radius r and a center
x in the metric space X. If no confusion arises, we will denote them with B.(X) and
B, [x], respectively. Let x € X and C C X. We will denote the distance from x to C by
d(x,C) =inf{p(x,z) : z € C}. If C = @ then we put d(x, D) = co.

Let A, B C X be two subsets. An excess of A beyond B is called e(A, B) = sup{d(x, B) :
x € A}, where the convention is used that

0, B#Q
e(@,B):{ N i

Let (X, p) and (Y, o) be two metric spaces. Let us denote by F : X =2 Y a set-valued
mapping defined on the metric space (X, p) with values in the metric space (Y, ). Let
F be a set-valued map: Its graph is the set gphF = {(x,y) € X xY | y € F(x)}, its
effective domain is the set domF = {x € X | F(x) # @} and its effective range is
rgeF = {y € Y | there exists x such thaty € F(x)}.

Definition 1. ([1]) A point x € X is said to be a fixed point of the set-valued map F : X = X if
x € F(x).

Definition 2. ([7]) A point (x,y) € X x X is said to be a coupled fixed point of the map F :
XxX— Xifx=F(x,y)and y = F(y, x).

Definition 3. ([20]) A point (x,y) € X x X is said to be a coupled fixed point of the set-valued
map F: X x X = Xifx € F(x,y) and y € F(y, x).

The model that will be constructed in the application section will be of two set-valued
maps F; : X xY = Xand F : X x Y = Y and we will be interested in the existence of
ordered pairs (x,y), such that x € Fy(x,y) and y € F,(x, y), which are called generalized
coupled fixed points for the ordered pair of set-valued maps (Fy, F,).

3. Main Results

We will present a result, which extends the result from [2] and establishes a solution
of the generalized coupled fixed point problem for an ordered pair of set-valued maps.

Theorem 1. Let (X, p) and (Y, 0) be complete metric spaces, F; : X x Y = Xand F : X XY =
Y be multi-valued maps and X € X,§ € Y. Let there exist a constant r > 0 and non-negative
constants w, B, 7y, 8, satisfying max{a + vy, B+ 6} < 1, such that the following assumptions hold:

(a)  Fi(x,y)and Fx(x,y) are nonempty closed subsets of X and Y for all (x,y) € B,(x) X B,(7)
(b)  theinequality d(x, F(%,7)) +d(7, F2(%,7)) < r(1— A) holds, where A = max{a + 1, + 5}
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(c) the inequality
S e(Fi(x,y) N B(%), F1(u,v)) + e(F(z,w) N B,y (), F2(t,5))

wp(x, 1) + B (y,0) +7p(z, 1) + 60 (w,5) @

IN I

holds for all (x,y), (u,v), (z,w), (t,5) € B(%) X B,().
Then, the generalized coupled fixed point problem has at least one solution (x,y) € B, (%) X B (¥).

Proof. Let X = xp and 7 = yo.

We will construct by induction a sequence {(x,x)}5_;, which will satisfy the inclu-
sions x,,+1 € Fy (x4, yn) N By (x0) and yy,11 € Fa(xn, yn) N Br(yo) for n > 0.

Step one of the induction: We will choose (x1,y1). By assumption (b), there exist
x1 € Fi(x0,y0) and y1 € Fx(x0, yo) such that p(x1, x0) + 0 (y1,¥0) < r(1—A) < r. Therefore,
x1 € F (Xo,yo) n By(XO) and Y1 € FZ(XO/yO) N Br(yO)-

We will proceed with the choice of (x3,12). From (1) we have the chain of inequalities

Sy

d(x1, Fi(x1,y1)) +d(y1, Fa(x1,11))

e(F1(xo0,y0) N Br(x0), F1(x1,1)) + e(F2(x0,y0) N By (yo), F2(x1,y1))
ap(x1,%0) + Bo(y1,y0) + v0(x1, X0) + 80 (y1, Yo)

(& +7)p(x1,x0) + (B +9)o(y1, yo)

max{a +, B + 3} (o(x1,%0) + o (y1,40))
r(1—A)A.

IN N

ANIAN

The above inequalities imply the existence of x; € Fy(x1,y1) and y € F»(x1,y1), such
that p(x, x1) + 0 (y2, 1) < r(1 — A)A. Using the triangular inequality we get
p(x2,x0) + o (y2, yo) p(x2,x1) + o (y2,y1) + p(x1,%0) + o (y1, ¥0)
r(1—=AA+r(1—A) <r.

ININA

Consequently x, € Fy(x1,y1) N Br(x0) and y» € F>(x1,y1) N Br(yo)-
Step two of the induction: Let us suppose that we have already chosen { (xi, yi) }}_;,
satisfying for eachk = 1,2,...,n

xp € Fi(xe—1,¥k-1) N Br(x0) , ¥k € Fa(¥k—1,Yx-1) N B (yo)

and
Pk Xi1) + 0k ye1) < (1= A
Step three of the induction: We will prove that we can choose (X41,Yn+1), pro-

vided that we have already chosen {(x, yx)}}_;- By assumption (1) we have the chain
of inequalities

S = d(xn, Fi(xu Yn)) +d(n, F2(xn,yn))
< e(Fi(xu—1,Yn—1) N By(x0), Fr (xn, ¥n)) + e(F2(xu—1,Yn—1) N Br(y0), F2(xn, yn))
< ap(xn, Xp—1) + BO(Yn, Yn—1) + vp(Xn, Xu—1) + 00 (Y, Yn—1)
= (a+7)p(xn xp-1) + (B+ )0 (Yn Yn-1)
< max{a+7,B+0}e(xn Xn-1) + 0 (Yn, Yn-1))
< Ar(1— M)A = (1= A)A

The above inequalities imply that there exist

Xp+1 € Fl(xn/yn) and Yni1 € FZ(xn/yn)/
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such that
0(xn, Xp41) + 0(Yn, yni1) < r(1—A)AM )

Using the triangular inequality we get

n

p(Xns1,%0) + 0 (Ynr1,Y0) < Y 0(Xi1, %) + 0 (Yes1, vi) < r(1— Z AR <7,
=0

Consequently, x,11 € Fi(xu,¥n) N Br(x9) and y,11 € Fa(xn,yn) N Br(yo) and this
completes the induction.

It follows from (2) that max{p(xy, Xy+1),0(Yn, Yn+1)} < r(1 —A)A" and thus
the inequality

n—1 n—1
o(xn, xm) < Z o(xpr1, xk) <r(1—A)A™ Z AF < pAm
k=m k=0

holds for any n > m.

Therefore, {x, }_ is a Cauchy sequence and from the assumption that X is a complete
metric space it follows that {x, }7? , converges to some x* € B,(xp). By similar arguments
we get that the sequence {y, }5 is a Cauchy sequence and converges to some y* € B, (o).

By using of assumption (1) we get the chain of inequalities

Sy d(x, Fi (x*,y7)) +d(yn, F2(x*,y"))

IN I

E(Fl(xnfl/ynfl) N BV(XO)/ Pl (X*/y*)) + G(FZ(xnflrynfl) n Br(VO)fFZ(x*fy*))
< ap(x, xy-1) + Bo (Y, yu—1) + 10 (X", xu1) + 60 (Y, Yn—1)
< (a+y)pt xp-1) + (B0 (Y, yu1)
< M xp-1) + (Y, Yu1))-

Applying the triangle inequality we obtain

d(x*, Fi(x*,y")) +d(y*, B(x",y))

p(x*, xn) +d(xn, Fr (x*,y*)) + 0 (y*, yn) +d(yn, F2(x*,y")) 3)
p(x*, xn) + A(o(x*, x0-1) + (Y yn—1)) + (", yn)-

Ss

IN I

IN

After taking a limit as n — oo in (3) we get that d(x*, F; (x*,y*)) +d(y*, E2(x*,y*)) = 0.
From the assumption that F; (x*,y*) and F(x*,y*) are closed it follows that x* € F (x*,y*)
and y* € B (x*,y*), i.e (x*,y*) is a generalized coupled fixed point. [

Remark 1. If Fy and F, are single-valued, then assumption (1) implies that (x*,y*) is the unique
coupled fixed point of (Fy, F») in By(x0) X Br(yo).
4. Examples and Applications

We will illustrate Theorem 1 with two examples. We will use these two examples to
construct models in economics and ecology.

4.1. Examples
Example 1: Let us choose 0 < a < f <y <8 <5 < 400, n,m € (0,1], so that

ax{ n(y—8)+mly -5 n(v—ﬁ)+m(7—ﬁ)}<1
2((p+ 1) — (a+ 1))’ 2(6+1)n ’

Let us define the maps

f:00,6] = {@W] gy — [ﬁﬁ%]
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¢:10,6] — {ﬁ;’y,v} Y e, ] — { ,MTW}
by
x) = 'Y*,B x n —(a n '7713
SO = iy @y C Y A @ Gy ey
o) = s e+ 0"+
_ 'Y_ﬁ m m 7_ﬁ
R T ) L (CE Ve Ce )

Let us denote ¥ = = *HTV and 6 = min{|d — X|, [« — X|}. Let us endow R with the
absolute value metrics | - — - |. Let us consider the sets X = [0,6], Y = [a, 77]. Let us define
the multivalued maps F: X x Y =% Xand G: X X Y = Y by

Flx,y) ={¢:8(y) <¢ < f(x)}

and
Glry) ={¢:9(y) <¢ < o(x)}
We will check that F and G satisfy Theorem 1.
It is easy to see that for any (x,y) € B,(X) x B,(y) the sets F(x,y) = [¢(y), f(x)] and
G(x,y) = [¢(y), ¢(x)] are non empty and closed subsets of X or Y, respectively.
From g(¥) < < f(%) and ¢(%) < X < ¢(X) we get that F(X, %) = [¢(X), f(X)] and
G(%%) = [#(®), ¢(x)]. Then

A% (%, %)) + d(%, G(T,T)) = 0 < r(1— A)

forany r > 0and any A € [0,1).
From F(x,y) = [3(y), £(x)] € B:(¥) and G(x,) = [9(y), 9(x)] C B, (7) it follows

;hatF(J;y)ﬁBr() F(x,y) = [g(y), f(x)] and G(x,y) N B,(y) = G(x,y) = [$(y), ¢(x)]
orr ==0.

Consequently,

e(F(x,y) N B(%), F(u,0))

e([s(y), f( )] [g(v), f(1)])
SUP e (g(y),f(x)] 4 (% [8(0), f(10)]).

There are four cases:
Dx<wuandy <v;(I)x <wandy >v;IIl)x >uandy <v;(IV)x > uandy > v.
We will need the inequalities:

_ Y—B
|f(x)*f(y)\—f(C)\x*y\Snz(( )n,(a+1)n)‘x7y|’

and

8() = 89)| = g @l —91 < g Eclx =,

Case (I). We will illustrate this case with a figure for easier reading (Figure 1). The
other three cases are similar.
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Figure 1. Case (I) x <uandy < v.

S5 = SUP.cfg(y),f(n) 4(2 [8(2) f(u)])
SUPy () <z <g(0) 12— 8(0) = 1(v) — g(0)| = nzibsely —ol.
Case (II). In this case F; (x,y) C F(1,v) and we get

sup d(z, [g(v), f(u)]) = 0.

z€[g(y).f (%))

Case (III). In this case F; (1, v) C Fy(x,y) and we get

S = sup dlz[g(0), f00)) = max{lg(y) - g2 F() - F)])
z€[g(y).f(x)] 6 VB
_ 7 - -
= w4

Case (IV). This case is very similar to case I) and we get

sup d(z,[g(v), f(u)]) = |f(x) = f(u)| = n . iﬁz

z€(g(y).f(%)] 2((n+1)" = (a+1)1)

Therefore by combining the four Cases (I) to (IV) we get

S7 = e(F(xy )ﬁBr(Y) F(u,0))

oln Y-8
2((n+1)" —(
Y-8

2((p+1)" = (a+1)")

IN

maxs< n

2(5+1) lv-
r)/_

< PR S

< MY

fv|+n

By similar calculations we can get that
Ss = e(G(z, w}gﬂ B, (), G(t,s))

y—
"G m

IA

|w —s|+m

Y—p
2(( +1)" — (a+ 1))

Thus there holds the inequality

Sg = e(F(x,y)NBy(X),F(u,v)) +e(G(z,w) N B, (¥), G(t,s))

(v = B)lx —ul (y—=B)lz—t|
S G — @ D) A D — (1))
+n77_ﬁ|y— |+m77|w—s\.
206+ 1)" 206+ 1)m
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A particular case can be obtained if n =m=1,a =0,=2,y=4,0 =6and = 8.
Weget f(x) = ¢(x) = 5+ F,8(y) = ¢y(y) =§ +2,r=3,x =y =3and

e(F(x,y) N By (), F(u,v)) +e(G(z,w) N B,(),G(t,5))

b0 = 1 1 1 1
< gle—ul+gly—ol+glz—t+ 7lw—s|.

Example 2. Let us consider the space R2. Let us choose 0 < «; < Bi <79 <<y <
+oo, n;,m; € (0,1] fori =1,2, so that

ni(vi — Bi) mi(vi — Bi)
?261‘,’2‘{2(5,-+1)"f M 2+ ym <

and

ni(vi — Bi) m;i(vi — Bi)
E?E{z«m F1)M— (a+ 1)) } *Pl?é{z«m F 1) — (a4 1)) } <l

Let us define the maps

fi:[0,6] = {5%7} i bl = {ﬁ ﬁ%}

Bi + i /51‘-*-%}
2

i [0,6] — [ r’h}r ¥i« (o, mi] — [ﬁi, 5

fori=1,2by

A = g ey B

gi(x) =Clx+1)" + B; — (a; + 1)"C,

o) = g e+ B,
¢i(x) = D(x+1)"™ + B; — (a; +1)™D,

7i—Bi _ Yi—Bi
o @y 2 D = sy -

Let us denote X; = w and 6; = min{|6; — X;|, |a; — X;|} for i = 1,2. Let us endow

where C =

X—u

_ 1/p
R? with the metrics p((x,y), (1,v)) = ( o ! + ‘% p) ,p € (1,+00). Let us consider
thesets X; = [0,6;], Y; = [a;, ;] fori =1,2and let X = X; x X5, Y =Y x Y. Let us define
the multivalued maps F: X x Y =% Xand G: X x Y =% Y by

F((x1,%2), (y1,v2)) = {(81,82) = gi(yi) <& < filxi)}

and

G((x1,%2), (y1,¥2)) = {(81,&2) = ¥iyi) <& < @i(xi)}-

We will check that the pair (F, G) satisfies Theorem 1.
Let us choose r = 2 and X¥ = § = (X1, X2). By definition

B;(%) = By(y) = {x = (x1,%2) : p(x, %) <2}

It is easy to see that Ry C By(X) C Ry, where R; be the rectangular with vertices
(a1, 02), (61,22), (01, 02), (w1, 62) and Ry be the rectangular with vertices (B1, B2), (71, B2),
(71,72), (B1,72) and By (X) (Figure 2) is an ellipse for p = 2.
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72 f/ B, (%) for p =
T _ o
i Ol mhutualninie 1T =(T1,7)
|
|
1
_ﬁz’__K'\ 1
]
“ o ! R
al By 17 M, op1

Figure 2. Ry C By(X) C Ry.
Indeed, let (x1,x2) € Ry. Then B; < x; < +y;. Thereafter it holds for i = 1,2

Biti
1

5 = % — x| <min{|6; — %], [a; — X[} = 6;

and consequently we can write the inequalities

P fz—xZ

6>

X1 — X1

01 +

p\ 1/p
) <2/r <2

o((x1,x2), (%1,%2)) = (

From g;(%;) < %; < f;(%;) it follows that ¥ = (¥, X2) € F(¥1,%;) and from 9;(%;) <
X; < ¢;i(x;) itfollows thatx = (¥1,%;) € G(X1,X,) and therefore d (X, F(%,)) = d(y, G(X, 7))
=0<r(l1—A)holdsforanyr >1and A € [0,1).

We observe that there hold F(x,y) N B,(X) = F(x,y) and G(x,y) N B,(¥) = G(x,y).
Therefore we will need to calculate e(F(x,y), F(u,v)) and e(G(z,w), G(t,s)).

The set F(x,y) = F((x1,x2), (y1,¥2)) is a rectangular with vertexes (g(y1),8(y2)),
(f(x1),8(2)), (fi(x1), f(x2)) and (g(y1), f(x2)). There are several possible cases: g(y;) <
g(v;), or g(v;) < g(y;) and f(x;) < f(u;) or f(u;) < f(x;) with all the possible combina-
tionsof i = 1,2.

Let us first consider the case: g(y1) < g(v1) < f(u1) < f(x1) and g(y2) < g(v2) <
f(up) < f(xz). Itis easy to observe that e(F(x,y), F(1,v)) = max{4; : i = 1,2,3,4}

(Figure 3), where
Ay = dist((g(11), 8(v2)), E(1,0)),
Az = dist((f(x1), 8(v2)), E(,0)),
Az = dist((f(x1), f(x2)), F(u,0)),
As = dist((g(n), f(x2)), F(,0)).

122



Axioms 2021, 10, 44

D = (g(y1), f(x2)) C = (f(x1), f(x2))

f(x2) ’
S=(g(v1), f(u2)) R =(f(w), f(ue)

f(ug)

9@ [ [P = (9(v1),9(2)) Q= (Flu)fg(w)) | F

- — — =

g(y2) [ 1 G,y :::-‘
A= (g(lyl) 9(32)) Bi= (f(x1)49(y2))
g(y)! |9( 1) f(w) : flzn

Figure 3. ¢(F(x,y), F(u,v)) = max{A; : 1 = 1,2,3,4}.

We will need the inequalities:

) = )l = @)=yl < mig b=yl
7ﬁz

‘gl(x)_gl(y”:g:(g)‘x_y' nlz((’7 +1)"1—(1x +1) )‘x_y‘/

where n; € (0,1) and
/ —Bi ni—1. _ —Bi
£ < mgpp i max{( 1) s e 0,0} = mig Y
and B
gi(0) < iWM max{(x+1)""":x € [w, 1]}

_ Yi i — n.C.
= My @y = MG

We calculate

o -

= (/%\nlcl\p\vl -nlr+ é\”zcﬂphfz )

ni(vi — Bi)
< (et o) (e

P

+ $2(02) =g (y2) [P

[

g1(v1)—81(11)
01

and
Ay = </f1(”1)(;1f1(x1) p+ fz(”z)éfz(xz) 2
— (3 [5  a — i + 5 s — )

(ma %})p«xl,xz)xuhuz)).

IN

123



Axioms 2021, 10, 44

For the estimation of A, and Ay let us denote (Figure 3)

A= (g1(11),82(¥2)), B = (f1(x1),82(¥2)),
C = (fi(x1), f2(x2)), P = (g1(v1), 82(v2)),
Q= (fi(u1),82(2)), R = (f1(m1), fa(u2)),
I'=(g1(v1),82(y2)), G = (fi(u1),&2(y2)),
(f1(x1),82(02)), E = (f1(x1), f2(u2)).
There holds
Ay = p(B,Q) <p(G,Q)+p(QF)=p(P,I)+p(RE)
< p(A,P)+p(R,C)
<

(max{niCi})p(v,y) + (max{ M})p(x,u).

i=12 i=12 | 2(6; + 1)

By similar observation we can prove that

Av< (maxtnCi} ) p(ow) + (max{ 5T =PI o, ),

Consequently e(F(x,y), F(u,v) < ap(x,u) + Bo(y,v), where

_ (i — Bi) _ ni(vi — Bi)
= maxd ST pana s = me T G )

Let us denote the two rectangles F(x,y) and F(u,v) by ABCD and PQRS, respectively.
We have just investigated the case PQRS C ABCD. All the other cases are variants of
Figure 4 and we can get that

e(F(x,y),F(u,0)) < max{p(A,P),0(B,Q),p(C,R),p0(D,S)}
< ap(x,u) + Bp(y,v).
B C S R S R
D C
D C
S R
A D
A B A B
P Q P Q P Q

Figure 4. ABCD and PQRS.
By similar calculations for the multivalued map G we get
e(G(z,w),G(t,5)) < vp(z,t) + dpp(w,s),

_ m;(7yi — Bi) _ m;i(yi — Bi)
7= ma G0 Y and s =l R

where

and thus

e(F(x,y), F(u,0)) +e(G(z,w), G(t,5)) < ap(x,u) + Bp(y,v) + 10(2,t) + 0p(w,s).

4.2. Examples for the Existence of an Equilibrium in Oligopoly (Duopoly) Markets

The theory of oligopoly (duopoly) markets was initiated in [21]. Following [22,23]
we present the main features of an oligopoly model in economics. The oligopoly is a
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market structure in the presence of imperfect competition in which a limited number of
large companies control the production and sale of a predominant part of the product in a
particular sector of the economy. It is believed that oligopolies are the result of the trend in
the economy towards concentration of capital and labor. The oligopoly is characterized by
product differentiation; high barriers preventing the emergence of new “players”; limited
access to information; non-price competition through advertising and other marketing
activities, as well as price control. In the oligopolistic structure, large companies determine
the behavior of competitors and take it into account when developing their strategy, which
can be rivalry, even “trade wars” in terms of production volume, sales, and prices; the
strategic interaction results in agreements (through secret or open collusion or without
collusion) in order to guarantee stability and ensure high profits. They contribute to
raising economic and organizational barriers, making it difficult for new “players” to
emerge. This is the nature of the large initial capital costs for entering the business and
achieving minimum effective production and sales capacity in view of economies of scale
and resilience against competitors, the development of own research and development for
product innovation, industrial and trade secrets. Oligopolistic market structures arise and
are imposed by three key points (1) the concentration of assets; (2) inter-firm agreements;
and (3) fencing off activities in order to gain market power, restrict competition, and
generate large profits.

The distinctive feature of the oligopoly is that in determining individual supply and
market price, companies are interdependent. The change in the market behavior of each of
them can lead to a change in market conditions and possibly cause a change in the behavior
of other companies.

The equilibrium quantity and price in the oligopoly will depend on the number of
firms on the market, the information available, the strategy chosen by competitors and
whether the firms in the market act independently of each other or in concert. The latter
factor is the basis for two types of oligopolistic equilibrium-coherent and inconsistent,
which differ significantly in end results and economic efficiency.

The classic model of uncoordinated oligopolistic behavior is the Cournot duopoly
model, which considers the problem of the interdependence of firms in the market. The
duopoly is a market structure in which two companies, protected from the emergence of
other sellers, act as the only producers of standardized products that have no close substi-
tutes, in which there are only two sellers of a particular product that are not interconnected
by monopolistic agreement for prices market for selling products and quotas. The partici-
pants in the model try to maximize their payoff functions I'ly (x,y) = xP(x + y) — C1(x)
and ITp(x,y) = yP(x +y) — Ca(x), respectively, where P(Z) = P(x + y) be the inverse of
the demand function and C;(x) and Cx(y) be the cost functions of the two players. By
maximizing its payoff functions, the players get their response functions F : X x Y — X
and f : X x Y —= X, respectively.

The company equilibrium would become market if the supply of one company is
equal to the supply of the other company, so that none of the companies is motivated
to change their positions condition for market equilibrium. This condition is present if
each of the companies produces one third of the total market supply under conditions of
perfect competition and both companies sell at a specific market price, which is one third
of the market price. Taking into account the strategic considerations of the companies, their
behavior will depend on the decisions of their competitors.

Cournot’s theory is based on competition and the fact that buyers announce prices
and sellers adjust their products to those prices. Each company evaluates the product
search function and then sets the quantity that will be sold, assuming that the competitor’s
output remains constant.

Deeper research on the oligopoly market can be found in [22-25].

Cournot’s classical model deals with a maximization of the payoff functions of each
of the players. A different approach is presented in [18], where attention is paid to the
response functions of the players. The benefits of this approach are commented on in [18].
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We will just say that as far as the players do not have a perfect knowledge of the market
they react in some sense by not maximizing their payoff function, but rather by choosing a
strategy based on their production and their rival’s production levels. The solution of the
maximization of the payoff function is actually the coupled fixed points (x, y), such that
x = F(x,y)and y = f(x,y).

Focusing on response functions allows us to put Cournot and Bertand’s models
together. Indeed let the first company reaction be F(X,Y) and the second one f(X,Y),
where X = (x,p) and Y = (y,q). Here x and y denote the output quantity and (p, q) are the
prices set by players. In this, companies can compete in terms of both price and quantity.

A disadvantage of the presented model is that players do not choose a fixed production
of a fixed price. Actually, the response of each player is any quality from a set of possible
productions or a price from possible prices. Therefore we will consider the response
functions F: X x Y = U C Xand f : X X Y = V C Y be multivalued maps and a market
equilibrium will be the pair (x,y), such that x € F(x,y) andy € f(x,y).

Now we can restate Theorem 1 in terms of oligopoly.

Theorem 2. Let us assume that two companies are offering products that are perfect substitutes.
The first one can produce qualities from the set X and the second firm can produce qualities from
the set Y, where X and Y be nonempty subsets of a partially ordered complete metric space (Z,p)
and x € X,j €Y. Consider F : X x Y = Xand G : X X Y =3 Y to be the response function of
players one and two, respectively. Let F and G satisfy all the conditions in Theorem 1.

Then there exists at least one market equilibrium point (x,y) € B, (%) x B.(i), which is a
coupled fixed point for the ordered pair of response functions (F, G).

Example 3: Let us consider in Example 1 two firms, producing one commodity, which
is a perfect substitute. Let us put & = 10, = 30, v = 50, § = 80 and # = 100 in Example
1. We may consider the interval [0, 7] as the set of the total production. Let the first firm
be a smaller one and its production set is [0, 6] and the second one be a larger firm with a
production set [a, 7]. Let n = 1 and m = 1/2. Then for any initial start [x,y] in the market
the first firm chooses a production from the set

y_i_ 260 10x 3250
9 9’81 81 |

and the second firm from the set

{102@ +1+430¥/101 —40v/11 10

Jx+1+40

’

Y101 — 11 "9

and
St e(F(x,y) N B,(X), F(u,v)) +e(G(z,w) N B,(y),G(t,s))

Bix—ul+ Hy = ol + §lz— t] + ylw -,

IA

_ 5 5 10,51 ,5\ _ 55 17| _ 17 .
where'y—m<3.Frommax{§+§,§+g}_max ﬁ,ﬁ}_ﬁ<l1tfoﬂows

that the pair of response functions satisfies Theorem 2 and consequently there exists an
equilibrium pair of productions (x,y), such that x € F(x,y) and y € G(x,y).

Example 4. Let us consider a model of a duopoly with two players, producing
one good, which is a complete substitute, and let they compete on qualities and prices
simultaneously. Let us choose in Example 2, a1 = 10, 1 = 30, 71 = 40, 6; = 60, 17; = 100,
Ny = 1,ﬁ2 :3,'}’2 :4,(52 :5,772 = 8711 = 1,1”12 = 1/2,1’V11 = 1/2,7112 = 1/4 Let us
consider the sets X; = [0,0], Y; = [a;,m] fori = 1,2and let X = X3 X Xp, Y = Y1 X Y3
and the multivalued maps F : X x Y =% X and G : X x Y =% Y from Example 2, which
are the response functions of the two players, respectively, where the first coordinates are
the response on the qualities and the second coordinate is the response on the price. Let
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_ 1/p
us endow R? with the metrics p((x,y), (1,v)) = < o ! + ‘% p) ,p € (1,+0c0) from
Example 2.
We get that
S = e(F(x,y),F(u,v))+e(G(z,w),G(t59))
< 0.2p(x,u)+0.4p(y,v) + 0.20(z, t) + 0.4p(w, s).

From the inequality max{0.2 + 0.2,0.4 + 0.4} < 1 it follows that we can apply
Theorem 2. Consequently there exists an equilibrium pair of productions and prices

((x,p), (y,q)), such that (x,p) € F((x,p), (y,q)) and (y,q) € G((x,p), (y,49)).The actual
values of «, §, v and J are smaller.

4.3. Example for the Existence of an Equilibrium in Ecology

Despite the long history of aquatic ecosystems contamination and numerous extensive
research undertaken, there are still open questions that remain to be explored. Revealing
the relationship between the pollutant, pathway (water) and biota will help water bodies
assessment and management. Heavy metals and other contaminants can bioaccumulate
in aquatic organisms depending on their bioavailability and concentration in the water
media. Among the most applied biomonitors for evaluating sources and releases of
contaminants are aquatic bryophytes. Many studies reported a positive correlation between
contaminants in aqueous environment and in mosses, for example for Cu [26]. Nevertheless,
numerous research have reported that aquatic mosses often accumulate toxic elements in
concentrations much higher than those reached in their ambient water media [27] or even
when the contaminant in water samples is below the LOD [28].

Now we can restate Theorem 1 in terms of ecology.

Theorem 3. Let us assume that in an aquatic ecosystem there is one pollutant and a kind of aquatic
organisms that accumulate the pollutant. The pollutant can have qualities from the set Y and the
aquatic organisms can accumulate qualities from the pollutant from the set X, where X and Y be
nonempty subsets of a partially ordered complete metric space (Z,p) and X € X, € Y. Consider
F:XxY = Xand G: X xY =Y to be the response function of the aquatic organisms and the
pollutant, respectively. Let F and G satisfy all the conditions in Theorem 1.

Then there exists at least one point (x,y) € Br(%) x B.(), which is a generalized coupled
fixed point for the ordered pair of response functions (F,G).

Example 5. Let us consider in Example 1 two media (water and biota), the first one
of which is an aquatic ecosystem (e.g. river water), which is polluted continuously and
the second one is a bryophyte species that accumulates the contaminant. Let the pollution
be from the set Y = [, ] and the accumulated substance in the bryophyte be from the set
X =[0,4]. Let us consider Example 1 witha =1, =3,7v=7,6 =8, =10, n = 3/4 and
m = 4/5. If the pollution is ¥ and the accumulated substance in the bryophyte is estimated
as x, then, due to the new inflow of pollution and the accumulation of the substance in the
bryophyte, which are also reproduced, the pollution and the accumulation change in time
to be the multivalued maps

F=[g(y), f(x)] forall (x,y) e X xY

and
G = [¥(y), (x)] forall (x,y) € X XY,

respectively, where

3

2,
f(x):é/g»3 (x+1)3+5, g(y) = e \F,/yﬂ m 7
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and

2v/24
¢(x) \F\/ (x+1)°+5, ¥y \/F \FV (y+1)4+3- i

From Example 1 we get the inequality

e(F(x,y),F(u,v)) +e(G(z,w),G(t,s))
0.3p(x,u) 4+ 0.4p(y,v) +0.3p(z, t) + 0.4p(w, s).

S13
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and consequently there exists an equilibrium pair of (x,y), such that x € F(x,y) and
y € G(x,y). The actual values of «, B, v and 6 are smaller.
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Abstract: In this paper, we present a fixed-point theorem in R-complete regular symmetric spaces
endowed with a locally T-transitive binary relation R using comparison functions that generalizes
several relevant existing results. In addition, we adopt an example to substantiate the genuineness of
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1. Introduction

In 1922, one of the most pivotal results in analysis was proved by Banach [1] in his
doctoral thesis, which asserts that every contraction mapping on a complete metric space
admits a unique fixed point. This principle continues to inspire generations of researchers in
metric fixed-point theory. Thus far, this classical result has been generalized and improved
in various ways, and by now, there exists an extensive literature on and around this premier
result. Over the last several decades, there have been many interesting generalizations of
this classical result in various directions.

There exist several extensions of the Banach contraction principle to various spaces
obtained by lightening the underlying involved metric conditions. In doing so, we are in
receipt of several spaces, namely: rectangular metric spaces, generalized metric spaces,
partial metric spaces, b-metric spaces, partial b-metric spaces, symmetric spaces, quasi-
metric spaces, quasi-partial metric spaces, and many more. In 1976, Cicchese [2] established
the first ever fixed-point theorem in the framework of symmetric spaces. The idea of such
spaces was coined by Wilson [3] by relaxing the triangle inequality from metric conditions.
By now, there exists a considerable literature on fixed-point theory in symmetric spaces.
For work of this kind, one can be referred to [4-11].

On the other hand, there have been various generalizations that were obtained by
varying the class of contractions (e.g., see [12-14]). In 2004, Ran and Reurings [15] obtained
a very useful generalization of the Banach fixed-point theorem in a partially ordered metric
space by taking a relatively weaker contraction condition that is required to hold only on
those elements that were comparable in the underlying ordering. In doing so, they were
essentially motivated by Turinici [16]. This result was further generalized by Nieto and
Rodriguez-Lopez in [17,18] in 2005 and 2007, respectively. Subsequently, in 2015, Alam and
Imdad [19] furnished a natural extension of the Banach contraction principle in a complete
metric space endowed with a binary relation that generalizes all of the above-mentioned
results [15,17,18].

The existing literature contains several results on nonlinear contractions, which were
initiated by Browder [13] and were followed by similar works by Boyd and Wong [14]
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and Matkowski [20]. In 2014, Bessenyei and Pales [21] extended Matkowski’s result in
symmetric spaces, which required an additional regularity condition.

The intent of this paper is to prove a relation-theoretic version of a theorem due to
Bessenyei and Péles [21]. In doing so, we are essentially motivated by [15,17-19].

2. Preliminaries

In this section, we recall some definitions, propositions, and lemmas that will be
utilized in our subsequent discussions. The following are taken from Wilson’s paper [3]
on symmetric space. Throughout the paper, R, R*,N,Nj, and Q denote the sets of reals,
nonnegative reals, natural numbers, whole numbers, and rational numbers respectively.

Definition 1. Let X be a nonempty set and let d : X x X — R be a mapping satisfying the
following axioms: for each a,b € X,

(i) d(a,b) =0ifand only ifa = b;

(i) d(a,b) =d(b,a).

Then, d is called symmetric on X and the pair (X, d) is a symmetric space.

In such spaces, the notions of convergent and Cauchy sequences are as usual.
e A sequence (x,,) C X is said to converge to x € X if lim d(x,,x) = 0.
n—r00

e Asequence (x,) C X is said to be Cauchy if for each € > 0, there exists N € N such

that d(x,, x,,) < € Vn,m > N.

The space is said to be complete if every Cauchy sequence converges. For an open
ball centered at p with radius r, the notation B(p, r) is used. The diameter of B(p, r) is the
supremum of distances taken over the pairs of points of the ball. The topology of such
spaces is the topology induced by the open balls.

Because of the unavailability of the triangle inequality, the following problems are
obvious:

e There is nothing to assure that limits are unique (thus, the space need not be Haus-
dorff);

* A convergent sequence need not be a Cauchy sequence;

e Themapping d(a,.) : X — R need not be continuous.

Definition 2. Consider a symmetric space (X,d). A function ¥ : RZ — Ry is a triangle
function [21] for d if the following hold:

i) ¢(u,v) =y(v,u) Vu,v € Ry;

(ii) 1 is monotone increasing in both of its arguments;

(iii) (0,0) = 0;

(i) d(x,y) < (d(x,2),d(y,z)) Vx,y,z € X forall x,y,z € X.

It has been shown in [21] that every symmetric space (X, d) admits a unique triangle
function ®;, which has the property that if i is any other triangle function for d, then
@, < . Such a triangle function ®; is called the basic triangle function.

Definition 3. A symmetric space (X, d) is called a regular space if the basic triangle function with
respect to the symmetric d is continuous at (0,0).

Throughout this paper, we shall restrict our attention to regular spaces only. The
utility of such spaces is enlightened by the next important result.

Lemma 1 ([21]). The topology of a regular symmetric space is Hausdorff. A convergent sequence

in a regular symmetric space has a unique limit and it has the Cauchy property. Moreover, a
symmetric space (X, d) is regular if and only if
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li di B =0.
rg%i:g iam B(p,r) =0

Definition 4. A monotone increasing function ¢ : Ry — R is called a comparison function if
limy—e0 ¢" (t) = 0 foreach t € R*. A mapping T : X — X is called a ¢p-contraction if

d(T(x), T(y)) < @(d(x,y)) for each x,y € X.
These concepts are due to Matkowski [20]. The following is the main result of [21].

Theorem 1. If (X, d) is a complete regular symmetric space and ¢ is a comparison function, then
every @-contraction on X has a unique fixed point.

3. Relation-Theoretic Notions and Related Results

Definition 5 ([22]). Let X be a nonempty set. A subset R of X x X is called a binary relation on
X. For x,y € X when (x,y) € R, we say that x is related to y, or in other words, x relates to y
under R. Sometimes, we write xRy instead of (x,y) € R. If (x,y) ¢ R, we say x is not related
toy.

Definition 6. Let R be a binary relation on a nonempty set X and x,y € X. We say that x and y
are R-comparative if either (x,y) € R or (y,x) € R. When x and y are R-comparative, we write
itas [x,y] € R.

Proposition 1 ([19]). If (X, d) is a symmetric space, R is a binary relation on X, T is a self-
mapping on X, and ¢ : Ry — R is a comparison function, then the following conditions are
equivalent:
(i) d(Tx,Ty) < ¢(d(x,y)) V(x,y) € R;
(i) d(Tx,Ty) < ¢(d(x,y)) V[x,y] € R.

The proof is simple and follows from symmetry of d.

Definition 7. A binary relation R defined on a nonempty set X is called
o reflexiveif (x,x) € RVx € X;

e transitive if (x,y) € Rand (y,z) € R implies (x,z) € R;

e complete, connected, or dichotomous if [x,y] € R Vx,y € X.

Definition 8 ([19]). Let X be a nonempty set endowed with a binary relation R. A sequence
(xn) C X is called R-preserving if (xp, Xn41) € R Vn € N.

Definition 9 ([19]). Let X be a nonempty set and let T be a self-mapping on X. A binary relation
R on X is called T-closed if, for any x,y € X,
(x,y) € R = (Tx,Ty) € R.
Definition 10 ([23]). Let X be a nonempty set and let T be a self-mapping on X. A binary relation
R on X is said to be T-transitive if, for any x,y,z € X,
(Tx, Ty), (Ty, Tz) € R = (Tx,Tz) € R.
Definition 11 ([22]). Let X be a nonempty set endowed with a binary relation R and E C X. The

restriction of R to E, denoted as R|g, is the set R N E2. Indeed, R|E is a relation on E induced
by R.

Definition 12 ([23]). A binary relation R on a nonempty set X is called locally transitive if,

for each R-preserving sequence (x,) C X with range E = {x,},en,, the binary relation R|g
is transitive.
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Definition 13 ([23]). Let X be a nonempty set and let T be a self-mapping on X. A binary relation
R on X is called locally T-transitive if, for each (effectively) R-preserving sequence (x,) C T(X)
with range E = {xy }nen,, the binary relation R |g is transitive.

Definition 14 ([24]). Let X be a nonempty set and let R be a binary relation on X. For
x,y € X, a path of length k (where k is a natural number) in R from x to y is a finite sequence
{x0,%1,x2,..., X} C X satisfying the following conditions:

(1) xo=xandxy =y;

(i1)  (xi,xi41) € Rforeachi (0 <i<k—1).

Definition 15 ([23]). Let X be a nonempty set and let R be a binary relation on X. A subset E of
X is called R-connected if, for each pair x,y € X, there exists a path (in R) from x to y.

Definition 16 ([23]). Let X be a nonempty set and let R be a binary relation on X. A subset E of X
is called RS-connected if, for each pair x,y € X, there is a finite sequence {x, x1,%2, ..., X} C X
satisfying the following conditions:

(1) xo=xandxy =y;

(ii)  [x;,xi41] € R foreachi (0 <i<k—1).

Now, we define the analogue of the notion of d-self-closedness in metric space due
to [23] in the framework of symmetric spaces.

Definition 17. Let (X,d) be a symmetric space. A binary relation R defined on X is called
d-self-closed if, for any R-preserving sequence (x,) converging to x, there exists a subsequence
() of (xn) with (xp,,x) € R.

We will use the following notations in this paper:
e F(T)={xeX|T(x)=x};
e X(T,R):={xeX|(x,Tx) € R}.

4. Main Result

In an attempt to prove a relation-theoretic version of Matkowski’s theorem [20] in
symmetric spaces, we prove the following.

Theorem 2. Let (X, d) be a regular symmetric space, R a binary relation on X, and T a self-
mapping on X. Suppose that the following conditions hold:

(a) (X,d) is R-complete;

(b) R is T-closed and locally T-transitive;

(c)  Tis either R-continuous or R is d-self-closed;

(d)  X(T,R) is nonempty;

(e)  There is a comparison function ¢ such that

d(Tx, Ty) < ¢(d(x,y)) ¥(x,y) € R.
Then, T has a fixed point.

Moreover, if
() F(T) is RS-connected, then T has a unique fixed point.

Proof. As X(T,R) is nonempty, let x( be such that (xo, Txg) € R. If Txy = xo, then we
are done. Suppose that Txy # x¢. Since (xp, Txp) € R and R is T-closed, we obtain by
induction that

(T"xp, T"1xg) € RVn € N.
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Construct the sequence (xn) of Picard iterates with initial point xo, i.e., x, = T"(xp).
So, (X, Xp41) € R Vn € Ny, i.e., the sequence is R-preserving. As R is locally T-transitive,
we have (x,, x,) € R Vm > n. Observe that the sequence d(x,, x,,x) tends to zero for all

fixed k € N;
d(xp, xy0k) = d(Txy—1, Txyix_1)
< @(d(xp—1,%p1k-1))
< q)z (d(xn—Z/ xn+k72))
< ¢"d(xp,x¢) — 0asn — co.

Now, we are going to prove that {x,} is a Cauchy sequence. Let € > 0 be any positive
number. As (X, d) is regular, the basic triangle function ®; is continuous at (0,0). So, there
exists a neighborhood U of the origin such that ®;(u,v) < € V(u,v) € U. In other words,
36 > 0 such that ®y(u,v) < € Vu,v: 0 < u,v < 5. We take § < €. As ¢ is a comparison
function, ¢"(t) — 0Vt > 0; so there exists N € N such that ¢N(€) < 4. Set S = TN. We
can see that

d(Sx,Sy) = d(TNx, TNy) < ¢Nd(x,y) when (x,y) € R.

Define ny, : d(xy,, T¥Sx,,) < 6 ¥n > ny and set M= max{ng, ny, . ..,ny}.
If V = {xp, XM+1, XM42, - - - Xpaks - - -} then forany y € B(xp,€) NV, y # xp, we
have
d(T*Sxpp, TFSy) = d(STkxpy, STry) < @Nd(TFxyy, TRy) as (Trxy, TRy) € R
< oNgkd(xm,y) < oNd(xum,y) < ¢N(e) < 6.
So,

d(T*Sy, xp) < @4(d(TFSy, T Sxpy), d(T*Sxpr, x01))
< @u(6,6)Vk=0,1,2,...,N;
<

— d(T*Sy, x) €, Vk=0,1,2,...,N.

and for y = xp, d(TkaM,xM) <é6<¢Vk=0,1,2,...,N.

Thus we see that TS maps V N B(xy, €) into itself. In particular, each iteration of S
maps V N B(xp, €) into itself. Now, if n > M is any arbitrarily given natural number, i.e.,
n = Nk+ pwherek € Nyand 0 < p < N, then

TS = TNk+pg — TpskJrl,

and hence,

T"S(VNB(xye)) = TPV NB(xy,e))
= T'S(SK(VNB(xum,e€))
C TPS(VNB(xpm,e€))
C VNB(xp,e€); as0 < p<N.

Therefore, T"S(xp) € B(xp,€) Vn > M, ie., xprinik € B(xy, €) Vk € N. As the
space is regular, diam(xys,€) — 0 when € — 0, and from this, we conclude that the
sequence {x,} is a Cauchy sequence. The completeness of the space (X, d) gives some
element x € X such that x,, — x.

Now, if T is R-continuous, then T(x,) — T(x), i.e., x,41 — T(x). As the space is
regular, we conclude that T(x) = x, as the limit is unique in regular spaces. So, the limit of
the sequence constructed above is a fixed point.
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If R is d-self-closed, then there is a subsequence (xnk) of (xn) such that [xnk, x| €
R Vk € Ny. So,

d(x, Tx) < @g(d(x, x5, 41),d (X 11, Tx)) < Dy [d(xp, 41, %), @ (d(xn,, x))].

Now, for € > 0, there exists § > 0 such that ®;(u,v) < € Vu,v : 0 < u,v < §, and
for § > 0, there exists K € N such that d(x,,x) < § Vn > K. Therefore, if we take n; > K,
we have

d(x, Tx) < ®4(5,9(6)) < Py(6,0) <e.

So, T(x) = x i.e., x is a fixed point.

To show that T has a unique fixed point, let y be any other fixed point of T. Now, F(T)
is R5-connected and x, y € F(T); so, there is a finite sequence of elements {zg, z1, 2y, ..., 2t} C
X satisfying the following conditions:

M z0=xz=y
(i) [zi,zip1] € Rforeachi (0 <i<k—1).

Now, as T is a ¢-contraction on R, d(Tz;, Tzi1) < ¢(d(z;,zi41)). Using induction,
we get d(T"z;, T"z;11) < ¢"d(zi,zi1+1). We already have, for € > 0,36 > 0 such that
D4(u,0) <eVu,v:0<uov<d.

Let6; = 6, define§; (2 <i<k—1): Py(u,v) < d_1Vu,v:0<uv<J, and set
a=min{éy,8y,...,0¢_1}-

In addition, set M=max{Ny, Ny, ..., Nx_1}, where N; : d(T"z;, T"z; 1) < ¢"d(z;,zi41) <
a Vn > N;. Hence, for n > M, we have

A(T"zk-1, T"y) <& <6

d(TnZk72l T"y) < Dy [d(TnZku Tnzkfl)ld(TnZkflr Tny)]
< Dy(a, 1) < Py(0k-1,0k-1) < Ok_2
d(T"zx 3, T"y) < Pyld(T"zx 3, T"zx 2),d(T"zx 2, T"y)]
< Dy, b 2) < POk, 0k2) < k3
d(T"z, T"y) < ®4(d(T"z1,T"z2),d(T"z, T"y))
< @d(uc,dz) < ‘Dd(ﬁz,éz) < 51
d(T'x, T"y) < @4(d(T"x, T"z1),d(T"z1, T"y))
< (I)d(Dé,(51) S(I)d(51,51) < €.

Therefore, d(T"x, T"y) = d(x,y) = 0, i.e, x = y. Hence, the fixed point of T is
unique. [

Now, we consider some special cases, where our result deduces some well-known
results from the existing literature.

(1)  Under the universal relation R = X2, our theorem deduces the result by M. Bessenyei
and Z. Pales [21]. Clearly, under the universal relation, the hypotheses of our result
hold trivially.

(2)  As every metric space is a symmetric space, the result of Alam and Imdad [19], which
is a generalization of the classical Banach contraction principle, is yielded immediately.
In this case, we take ¢(t) = ct as the comparison function, where ¢ € [0,1) is such
that d(Tx, Ty) < c(d(x,y)) VxRy.

(3) The fixed-point result of Ran and Reurings [15] can be obtained from our result, as
every partially ordered complete metric space is automatically a symmetric space,
and the associated relation to the partial order satisfies all the hypotheses of our result
if we take the comparison function ¢ as the same as the earlier case (2), i.e., ¢(t) = ct.
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(4) The result of Neito and Rodriguez-Lépez becomes a corollary of our result because
of the same reasons as the earlier one. Notice that the d-self-closedness property is a
generalization of the ICU (increasing-convergence upper bound) property.

Finally, we produce an illustrative example to substantiate the utility of our result,
which does not satisfy the hypotheses of the existing results [1,15,17-19,21,23], but satisfies
the hypotheses of our result, and hence has a fixed point.

Example 1. Let X = Rand d(x,y) = (x —y)?%; then, (X,d) is a complete regular symmetric
space. Consider the binary relation

R={(x,y) €R?>:x>y>0,x€Q}.
We define a mapping T : X — X as follows:

| 2x,ifx <0,
T(")‘{ 5 if x>0,

We see that the self-mapping T on X is not a ¢-contraction on the whole space X for any
comparison function ¢. So, the result of Bessenyei and Pdles [21] does not apply here. However,
when we consider the elements x,y such that (x,y) € R, then T is a ¢-contraction on R for
@(t) = L, and all the other hypotheses of our result hold.

In addition, we see that the fixed-point results of [1,15,17-19,23] do not apply here, as the
space is not a metric space.

5. Application to Ordinary Differential Equations

In this section, we study the existence and uniqueness of a first-order periodic bound-
ary value problem as an application of our main fixed-point theorem.
Consider the first-order periodic boundary value problem

x(0) = x(A), @

where A > 0and g: [0,A] x R — Ris a continuous function.
We consider the space X = C[0, A] of all continuous functions on [0, A] under the

symmetric given by
2
d(x,y) = sup (x(t) —y(t))".
te(0,A]

We define a relation R on X as
YRy <= x(t) <y(t) Vi € [0,A].
Now, we give the following definition, which will be useful in the subsequent theorem.

Definition 18. A function z is said to be a lower solution of (1) if

Theorem 3. Consider problem (1) with g : I x R — R, a continuous function, and suppose that
there exists some k > 0 such that for s1,s; in R with s; > s,

0 < g(t,s1) +ksy — [g(t,s2) + ksa] < ky/p(s1—s2)%,

where ¢ is a comparison function. Then, the existence of a lower solution for (1) guarantees the
existence of a unique solution of (1).
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Proof. Problem (1) can be rewritten as

X (1) +kx(t) = g(t,x()) + kx(t),t € [0,A]
x(0) = x(A).

This problem is equivalent to the integral equation
A
x(t) = [ G)slsx(5)) + kx(s)]ds

where

k(s—
G 0<t<s<A

ek(/\+5—t)
—,0<s<t<A
G(t,S) — { kAT

Consider the self-mapping T on X defined as

A

(Tx)(t) = / G(t,5)[g(s,x(s)) + kx(s)]ds.

J0

Here, it is apparent that a fixed point of T is, in fact, a solution of the above problem (1).
Now, we will show that the hypotheses in Theorem 2 are satisfied.
To prove that the relation R is T-closed, take x,y € X such that xRy, i.e.,

x(t) < y(t) vt € [0,A].
As y(t) > x(t), from the hypothesis, we obtain
gt x(t)) +kx(t) < g(t,y(t)) +ky(t) Vt € [0,A].

As G(t,s) > 0Vt s € [0,A], we have

(Tx) (1) :/O'Ac(t,s)[g(s,x(s)) +kx(s))ds

A
< /O G(t,5)[g(s,y(s)) +ky(s)lds
= (Ty)(t).

Hence, R is T-closed. In addition, for xRy, we have

1) = sup (T~ (T(D)
A
< sup/ G(t,s)|g(s,x(s)) + kx(s) — g(s,y(s)) — ky(s)|ds
tefo,A] 70
A
< sup [ G(ts)\/o(y(s) - x(s))’ds
tefo,A] 70
<

A
\/ ¢d(x,y) sup / G(t,s)ds
tefo,A] 70

(%ek(}ﬁrs—t)}; n %J(s—t)]j‘)

@d(x,y) sup
te0,A] et —1

1
= ¢d(x,y) sup ﬁ(ekA -1)
te[o,A] €

Pd(x,y).
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Thus, we have
d(Tx, Ty) < @d(x,y).

Hence, the required contraction condition (2) holds.
Now, as there is some lower solution, say xg € X, we have

(1) < g(txo(t)),

which can be rewritten as
xo(t) +kxo(t) < g(t x0(t)) + kxo(t) for t € [0,A].

Multiplying both the sides by e, we obtain

(xo(H)e") < [g(t x0(t)) + kxo(£)] e for t € [0,A],

and thus, we get

xo(t)ekt < xo(0) + /(:[g(s, x0(s)) + kxo(s)]ekds for t € [0, A], ()
which implies that
%(0) < () < x0(0) + [ [g(sx0(5) + krols))ebas,
thereby yielding
A eks
x0(0) < [ S l8(s,30(6) + xo(s)]ds.
Using the above inequality (2), we get
t A ks
£)ekt §/ [g(s, x0(s)) + xo(s)]e**ds +/ eil[g(s,xo(s)) +x0(s)]ds
ek(s+A) ks
—/ [g(s,x0(s)) + x0(s )] o ds+/ (s, x0(s)) +x0(s)]mds
[ ksl mts) +xo(s>1ds
t oks
:/0 [g(s,x0(s)) + x0(s ] o s+/ [g(s, x0(s +x0(5)]md5-
Hence,
t ok(s+A—t) (s—t)
x0(t) < [ S (5 %0(®) +x(s)lds+ [ S ls(s,%0(6) + xo(s)lds,
ie.,

A
x0(t) < [ 6(9)lg(5,30(6) + xo(s)]ds = (Txo)(0)-

Thus, the existence of some element xy € X such that xgRTxg is ensured
To show that R is d-self-closed, let (x,) be an R-preserving Cauchy sequence con-

verging to x € X. As (x,) is R-preserving, we have

< xn(t) < xn+1(t) <. < X(t) vt € [0//\]:

xo(t) < xq(t) < xo(t) <o

thereby yielding x,Rx Vn € N. Therefore, R is d-self-closed.
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The remaining hypotheses of Theorem 2 also hold and are easy to check. Hence, T
possesses a fixed point in X.
O
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1. Introduction

The well-known concept of metric space was introduced by M. Frechet [1] as an
extension of usual distance. In the theory of metric space, Banach’s contraction principle [2]
is one of the most important theorems and a powerful tool. A mapping T : X — X, where
(X, d) is a metric space, is called a contraction mapping if there exists « < 1 such that for all
x,y € X,d(Tx, Ty) < ad(x,y). If the metric space (X, d) is complete, then T has a unique
fixed point. Contraction mappings are continuous. In [3], Kannan proved the following
result which gives the fixed point for discontinuous mapping: let T : X — X, be a mapping
on a complete metric space (X, d) with

d(Tx, Ty) < a(d(x, Tx) +d(y, Ty)),

where « € [0,1) and x,y € X. Then, T has a unique fixed point. Contraction map-
pings have been extended or generalized in several directions by various authors (see, for
example, [4-10]). Not only contraction mappings but the concept of metric space is also
extended in many ways in the literature (see, for example, [11-19]).

The concept of b-metric spaces was initiated by Bakhtin [11] and Czerwik [13,14] as
an extension of metric spaces by weakening the triangular inequality.

Definition 1 ([11,13,14]). Let X be a non-empty set. Then, a mapping d : X x X — [0, +00) is
called a b-metric if there exists a number s > 1 such that for all x,y,z € X,

d(x,y) = 0ifand only if x = y;
d(x,y) = d(y, x);
(@3) d(x,z) <s(d(xy) +d(y,2)).
Then triplet (X, d, s) is called a b-metric space. Clearly, every metric space is a b-metric space with

s =1, but the converse is not true in general. In fact, the class of b-metric spaces is larger than the
class of metric spaces.
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In [14], Banach’s contraction principle is proved in the framework of b-metric spaces.
In 2013, Kir and Kiziltunc established the results in b-metric spaces, which generalized the
Kannan and Chatterjea type mappings. In [20], the authors introduced the following result
that improves Theorem 1 in [21].

Theorem 1 ([20]). Let (X, d) be a complete b-metric space with a constants > 1. If T : X — X
satisfies the inequality:

A(Tx, Ty) < Md(x,y) + Ad(x, Tx) + Asd(y, Ty) + As(d(x, Ty) +d(Tx,y)),

where A; > 0 foralli=1,2,3,4and A + Ay + A3+ 2A4 < 1fors € [1,2] and % <AM+A+
A3 +2A4 < 1fors € (2,4c0); then, T has a unique fixed point.

In [6], the author introduced quasi-contraction mappings in metric spaces (X, d): A
mapping T : X — X is said to be a quasi-contraction if there exists 0 < g < 1 such that for
any x,y, € X,

d(Tx, Ty) < qmax{d(x,y),d(x, Tx),d(y, Ty),d(x, Ty),d(Tx,y)}.

Many authors proved fixed point theorems for quasi-contraction mappings in b-metric
spaces with some more restriction on values of g (see, for example, [20,22-25]). More on
b-metric spaces can be found in [26-37].

In the present work, we define a new class of functions. After that, we define some
new contractive mappings which combine the terms d(x,y), d(x, Tx), d(y, Ty), d(x, Ty)
and d(Tx,y) by means of the member of a newly defined class. We also prove some fixed
point results. To prove our results, we need the following concepts and results from the
literature.

Definition 2 ([27]). Let (X,d,s > 1) be a b-metric space. Then, a sequence {x,} in X is called:

(i)  Cauchy sequence if for each € > 0 there exist ng € N such that d(x,, x,,) < € for all
n,m > ngp.

(ii)  convergent if there exists | € X such that for each € > 0 there exist ng € N such that
d(xn, 1) < €forall n > ng. In this case, the sequence {x,} is said to converge to I.

Definition 3 ([27]). A b-metric space (X,d,s > 1) is said to be complete if every Cauchy sequence
is convergent in it.

Lemma 1 ([29]). Let (X,d,s > 1) be a b-metric space and suppose that sequences {x,} and {y, }
converge to x and y € X, respectively. Then,

1 . .
20y) < liminfd(xn,ya) < limsupd(xn, yn) < 5%d(x,y).
In particular, if x =y, then lir};\ d(xn,yn) = 0.
n—r+00
Moreover, for any z € X, we have

1d(x,z) < liminfd(xy,,z) < limsupd(x,,z) < sd(x,z).
S n—+oo H—s+o0

Lemma 2 ([31]). Every sequence {x,} of elements from a b-metric space (X,d,s > 1), having
the property that there exists A € [0,1) such that d(x,, x,11) < Ad(x,_1,%,) for every n € N,
is Cauchy.
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2. Fixed Point Results in b-Metric Spaces

In this section, we first define a new class of functions, and then we define a new
contractive mapping in b-metric spaces as follows.

Definition 4. For any m € N, we define B, to be the set of all functions ¢ : [0, +00)™ — [0, +o0)
such that

(él) f(tlrtzl-n, tm) < max{tl,tz,..., tm} l:f(tlltzr"'/ tm) 7é (0,0,...,0),’

(&2) if{t,(n)}nel\!/ 1 <i < m, are m sequences in [0, +o0) such that lim sup t§"> =t
n—r+o0o

< oo for all
i=1tom, then liminfg(tgn),tgm,..., t%”) < E&(ty, b, eoes tm)-

n—+oo

2.1. First Main Result
Definition 5. Let (X,d,s > 1) be a b-metric space. The mapping T : X — X is said to be an

¢-contractive mapping of type-1 if there exists { € E4 and

)

T Ty) < (a0, ), 1), A0 LATY,

2s

forall x,y € X.
Now, the first result of this paper is as follows:

Theorem 2. Let (X,d,s > 1) be a complete b-metric space and T : X — X be an §-contractive
mapping of type-1. Then, T has a unique fixed point.

Proof. Let xy € X. Define a sequence {x,} in X as x, = Tx,,_1 for all n > 1. Assume that
any two consecutive terms of the sequence {x, } are distinct; otherwise, T has a fixed point.
First, we prove that {x, } is a Cauchy sequence. For this, let n € N.

Consider

1 d(x,_1,x
d(xn, Xp11) < g§<d(xn—1/xn)/d(xn—l/xn)rd(xn/xn+1)/ %) ()

1 d(x,_1,x
< gmax{d(x”—lfx")'d(xn—lfxn)rd(xn/xn+1);%}
A1, Xn1)
2s

d(xu—1,%0) +d(xn, Xn11) }
5 ,

= 3 max{d(x,,,l, Xn),

1
gmax{d(xn,l,xn),

IN

which implies that
1
A(xn, Xp41) < gd(x,,_l,xn) foralln > 1. (3)

Case 1: If s > 1, then by Lemma 2 in view of (3), {x,} is a Cauchy sequence.

Case 2: If s = 1, then by (3), the sequence {d(x,, x,+1)} is monotonically decreasing
and bounded below. Therefore, d(x,, x,,+1) — k for some k > 0. Suppose that k > 0; now,
taking liminf n — +o0in (2), we have k < ¢&(k, k, k, k'), where

¥ = limsup 20 n1) o A0 20) (X, Xir1)

n—+o00 n——o00 2

=k
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Now,
k < &(k,k,k, k") < max{k, k,k,k'} =k, which is a contradiction; therefore,

lim d(xp,x,41) = 0. 4)

n—+4o00

Suppose that {x, } is not a Cauchy sequence; then, there exists ¢ > 0 such that for any
r € N, there exists m, > n, > r such that

d(xm,, Xn,) > & (%)

Furthermore, assume that 1, is the smallest natural number greater than 7, such that
(5) holds. Then,

d(xm,, Xn,)

d(xm,, X, 71) + d(xm, ~1s xn,)

d(xmr/ xmyfl) +¢€
(

d(xy, x,— 1)

ANVAN VAN VAN

thus, using (4) and taking lim 7 — +co, we get

im d(xp,, xn,) = e (6)

r—r4-co

Now, consider

d(xmy/ xn,+1) + d(xm,+1/ xny) )

d(xm,Jrlr Xn,+l) < é (d(xm,, xn,)/ d(xm,r xm,+1)/ d(xn,r Xpp41 )r >

Therefore, we have

(xm,-+1r xn,+1) + d(merl/ xny)

d(xm,,xn,) < d(xmyrxrzz,+1) d
< a(xp, 11, %n,) +

a(xm,, Xm, 1)

+ +

¢ <d(xmw xnr)/ d(xm,r xm,+1)/ d(xmr xn,+1)r

d(xm,, xm+l) + d(xmr+1rxm) >
2 .

Thus, by taking liminf » — 400 on both sides and also using (4) and (6), we get
e <0+0+¢(e0,0,¢), where

d(%m,, Xn,41) + d (X1, Xn,)

¢ = limsup

r——+too 2

< limsup d(xm,, Xn,) +d(¥n,, Xn, 1) + X, 11, Xm,) +d(Xm,, Xn,)
r—-+oo 2

et 0+0+e

= — =

Thus, ¢ < (¢,0,0,¢") < max{¢0,0,¢'} = ¢, which is a contradiction. Thus, {x,} is a
Cauchy sequencein (X,d,s > 1).

Now, (X,d,s > 1) is a complete b-metric space. Therefore, there exists x € X such
that x,, — x.

Now, consider

d(Tx,, Tx) < %C(d(xn,x),d(xn,Txn),d(x,Tx),d(x"'Tx)+d(x'Tx”)>,

2s
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which implies that

d(tyr, Tx) < %Qf(d(xn,x),d(xn,xn+1),d(x, T, d(xn, Tx) +d(x, x,41) >

2s

Taking liminf #n — 400 on both sides and using Lemma 1, we get

%d(x, Tx) < %g(o,o,d(x, Tx), 1),

ie.,
d(x,Tx) < £(0,0,d(x, Tx),1),
where
I = limsup d(tn, Tx) +d(x, Xn 1) < limsup sd(x, Tx) +0 _ d(x, Tx).
n—s+o0 2s Htoa 2 5
Thus,

d(x,Tx) < ¢(0,0,d(x, Tx),1) < max{0,0,d(x, Tx),1} =d(x, Tx),

which is a contradiction. Therefore, Tx = x.
Let Ty = y for some y € X and suppose that x # y; then, consider

d(x,Ty) +d(y, Tx) >

d(x,y) = d(Tx, Ty) %5

IA

e (4, ), dlw, 1),
%C<d(x,y),0,0, d(xs,y)>

< %max{d(x,y),0,0, d(x,y) }

S
d(x,y)
S

IN

’

which is a contradiction. Therefore, x =y. O

Now, the following remark improves our main result for Theorem 2.

Remark 1. Theorem 2 is also valid if the term Vin (1) is replaced by d

where 6 is a real number defined by

2, ifs=1,
§=1¢ 7, if1<s<2,

1, if s>2,

’

d(x,Ty)+d(Txy (x,Ty)+d(Tx,y)
2s Js

where &' is any number in (%,l + %)
Now, the following result is a consequence of Theorem 2.

Corollary 1. Let (X,d,s > 1) be a complete b-metric space and T : X — X be a mapping such
that there exists q € [0, 1) and

@)

d(Tx, Ty) < qmax{d(x,y),d(x, Tx),d(y, Ty), W},

forall x,y € X. Then T has a unique fixed point.

Proof. Let { € E4 be defined by §(t1,tp, t3,ts) = gsmax{ty, tp, t3,t4}. Then, following
Theorem 2, T has a unique fixed point. [
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In the following example, we see that conditions of Theorem 2 are satisfied, but
Corollary 1 is not applicable.

Example 1. Let X = {ﬁ ne N} U{0}. Defined : X x X — [0, +00) by d(x,y) = |x —y/|?
forall x,y € X. Then d is a b-metric on X with s = 2.

Define T : X — X by T( ) mﬂ)rulln € Nand T(0)=0. Define

max{ty bty e} if H>0,

E(t,to, b3, ty) = { T+h ,

%max{tz, ts3, b4}, otherwise.

Now, for all x,y € X, (1) is satisfied, and thus the conditions of Theorem 2 are satisfied.
However, we see that if (7) is satisfied for all x,y € X, we have

d(Tx,Ty) < gN(x,y),

forall x,y € X, where N(x,y) = max{d(x,y),d(x, Tx),d(y, Ty), W}. So, in par-
ticular, we have

1
Vm

) forall m,n € N, m # n.

4-
=

1 1
d<\/2(n+1)’ \/2(m+1)> SqN(

’2

<2q forall myn € Nm#n.

Now, taking lim n, m — o0, we get 2q > 1, which is a contradiction. Thus, Corollary 1 is
not applicable for this example.

Remark 2. In view of Remark 1, Corollary 1 is also valid, if the term

d(x,Ty)+d(Tx,y)
2s

d(x,Ty)+d(Tx,y)
Js

is replaced by
, where ¢ is the same as defined in Remark 1.

The following result is another consequence of Theorem 2.

Corollary 2. Let (X,d,s > 1) be a complete b-metric space and T : X — X be a mapping such
that

A(Tx, Ty) < Md(x,y) + Aad(x, Tx) + Asd(y, Ty) + Ay(d(x, Ty) +d(Tx,y)), (8)

forall x,y € X, where Ay + Ay + Az + dsAy < % and A; > 0 foralli = 1to4. Then, T has a
unique fixed point.

Proof. Let { € E, be defined by (t,ta, t3, t4) = s(At1 + Aaty + Astz + JsAaty). Then, by
Theorem 2 and Remark 2, T has a unique fixed point. [

2.2. Second Main Result

Now, we define another contractive mapping in b-metric space.

Definition 6. Let (X,d,s > 1) be a b-metric space. The mapping T : X — X is said to be an
¢-contractive mapping of type-11 if there exists § € Zs and

d(Tx, Ty) < %(f (d(x,y),d(x, Tx),d(y, Ty), d(XZ,STy) , d(Tx,y)> , ©)
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forall x,y € X.
The proof of our next result proceeds in a similar manner as the proof of Theorem 2.

Theorem 3. Let (X,d,s > 1) be a complete b-metric space and T : X — X be an §-contractive
mapping of type-11. Then T has a unique fixed point.

The following remark improves Theorem 3.

Remark 3. Theorem 3 is also valid, if the term @ in (9) is replaced by

same as in Remark 1.

d(fs’gy) , where & is the

Corollary 3. Let (X,d,s > 1) be a complete b-metric space and T : X — X be a mapping such
that there exists q € [0, 1) and

d(Tx, Ty) < qmax{d(x,y), d(x, Tx),d(y, Ty), d(x(gsTy) ,d(Tx,y) }, (10)

forall x,y € X. Then, T has a unique fixed point.

Proof. Let { € Es be defined by &(t1,ta, t3,ts,t5) = gsmax{t, ta, t3,t4,t5}. Then, by
Theorem 3, T has a unique fixed point. [

Corollary 4. Let (X,d,s > 1) be a complete b-metric space and T : X — X be a mapping such
that

d(Tx, Ty) < Md(x,y) + Axd(x, Tx) 4+ Azd(y, Ty) + Agd(x, Ty) + Asd(Tx, y), (11)

forall x,y € X, where Ay + Ay + Az + IsAs + A5 < % and A; > 0 foralli =1to5. Then, T has
a unique fixed point.

Proof. Let ¢ € E5 be defined by C(tl/ ty, t3,ts, t5) = S(/\]fl + Apty + Asts + 0sAgty + )\5t5).
Then by Theorem 3, T has a unique fixed point. [

3. Fixed Point Results in b-Metric-Like Spaces

Partial metric spaces were introduced by Matthews (1992) as a generalization of
metric spaces. The self-distance may be non-zero in partial metric space. In 2012, A. A.
Harandi generalized the concept of the partial metric by establishing a new space named
the metric-like-space. We notice that in metric-like space, the self-distance of a point may
be greater than the distance of that point to any other point (see Example 2.2 in [15]). Later
on, S. Shukla (2014) presented the idea of the partial b-metric as a generalization of the
partial metric and b-metric. Meanwhile, in 2013, M.A. Alghamdi et al. introduced the
concept of b-metric-like spaces that generalized the notions of partial b-metric space and
metric-like space. Obviously, b-metric-like space generalizes all abstract spaces that we
have mentioned in our paper. For the sake of clarity, we recall the definitions of these
abstract spaces as follows.

Definition 7 ([12]). Let X be a non-empty set. Then, a mapping d : X x X — [0, +o0) is called a
partial metric if for all x,y,z € X,

(p1) d(xy) =0 < d(x,x) =d(x,y) =d(y,y);
(p2) d(x,x) <d(x,y);

(p3) d(x,y) =d(y,x);

(p4) d(x,z) <d(x,y)+d(y,z) —d(y,y).
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Then, the pair (X, d) is called a partial metric space.

Definition 8 ([15,38]). Let X be a non-empty set. Then, a mapping d : X x X — [0, +00) is
called a metric-like space if for all x,y,z € X,

(mll) dx,y)=0 = x=y;
(mi2) d(x,y) = d(y, x);
(mI3) d(x,z) <d(x,y)+d(y,z).

Then, the pair (X, d) is called a metric-like space.

Definition 9 ([17]). Let X be a non-empty set. Then, a mapping d : X x X — [0, +00) is called a
partial b-metric if there exists a number s > 1 such that for all x,y,z € X,

(pbl) d(x,y) =0 & d(x,x) =d(x,y) =d(y,y);
(pb2) d(x,x) <d(x,y);

(pb3) d(x,y) =d(y, x);

(pb4) d(x,z) <s(d(x,y) +d(y,z)) —d(y,y)-

Then, the triplet (X, d,s) is called a partial b-metric space.

Definition 10 ([16]). Let X be a non-empty set. Then, a mapping d : X x X — [0, +o0) is called
a b-metric-like if there exists a number s > 1 such that for all x,y,z € X,

(bmll) d(x,y) =0 = x=y;
(bmi2) d(x,y) =d(y,x);
(bml3) d(x,z) <s(d(x,y)+d(y,z)).

Then, the triplet (X, d,s) is called a b-metric-like space.

The following definitions and results related to b-metric-like spaces are required in
the main results of this section.

Definition 11 ([16,39]). Let (X,d,s > 1) be a b-metric-like space and let {x, } be a sequence of
points of X. A point x € X is said to be the limit of sequence {x,} if lirJrrl d(x,x,) = d(x,x),
n——+oo

and we say that the sequence {xy} is convergent to x and denote it by x, — x as n — +oo.
Definition 12 ([16,39]). Let (X,d,s > 1) be a b-metric-like space.

(i) A sequence {x,} in X is called Cauchy sequence if 1i4m+ d(xn, x) exists and is finite.
n,m )

(it)  (X,d,s > 1) is said to be complete if every Cauchy sequence {x, } in X converges to

x € X so that
o Xm) = A0, x) = g A ).

Proposition 1 ([16]). Let (X,d,s > 1) be a b-metric-like space and {x, } be a sequence in X such
that for some x € X, Lur d(xy,x) = 0. Then,
n (ee]

(i)  xis unique.

1 .
(i) gd(x,y) < nl_l)lfood(xn,y) <sd(x,y) forally e X.
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Lemma 3 ([40]). Let (X,d,s > 1) be a b-metric-like space and {x, } be a sequence in X such that
d(xp, Xps1) < Ad(xp-1, %)

forsome A € [0,1) and for eachn € N. Then, {x, } is a Cauchy sequence with linﬁr d(xy, xp) =
n,m—s—+00
0.

Now, we extend Theorem 2 in the framework of a b-metric-like space. At the end of
the proof, we provide an example in support.

Theorem 4. Let (X,d,s > 1) be a complete b-metric-like space. Let T : X — X be a mapping
such that there exists { € By and

A5, Ty) < %cj(d(x,y),d(x, I3, d(y, Ty)’d(x, Ty) +d(§sx,y) fd(y,y)> (12)

forall x,y € Xwithd(x,Ty) + d(Tx,y) > d(y,y). Then, T has a unique fixed point.

Proof. Let xy € X. Define a sequence {x,} in X as x, = Tx,,_1 for all n > 1. Assume that
any two consecutive terms of the sequence {x, } are distinct; otherwise, T has a fixed point.
First, we prove that {x, } is a Cauchy sequence. For this, let n € N.
Now,

d(xp—1, Txn) +d(Txp—1,%n) = d(xy—1, Xp11) +d(xXn, Xn) > d(xn, 2n);

therefore, using (12), we have

1 d(x,_1,x +d(xp, xn) —d(xy, x
080, 5000) < 3 (00, 30) 01,0, 8 1), A L B ) 2020 ) 1

1
< pmax{ (s m0) (501,500, A5 ),

%max{d(xn,l,xn), d(xn—lr xn+1) }

d(xu-1,Xn11) }

2s

2s
< %max{d(xnfl, Xn)r d(xnillx”) —; d(xn, xn+1) }:
which implies that
1
d(xp, xy41) < gd(xn,l,xn) foralln > 1. (14)

Case 1: If s > 1, then by Lemma 3 and in view of (14), {x,} is a Cauchy sequence in
(X,d,s > 1) and h—%— d(xp, xm) = 0.
n,m 00

Case 2: If s = 1, then by (14), the sequence {d(x,, x,11)} is monotonically decreasing
and bounded below. Therefore, d(x;, x,+1) — k for some k > 0. Suppose that k > 0; now,
taking liminf n — 400 in (13), we have k < ¢(k, k, k, k'),

where
K — limsup A1, Y1) Jim sup (X1, xn) +d(Xn, Xni1) _
n—+oo 2 n——+o00 2
Now, k < &(k,k, k, k') < max{k,k,k,k'} =k, a contradiction; therefore,
lim d(xy,x,41) = 0. (15)

n——+oo
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Furthermore,
d(xn/ xn) < d(xn/ xn+1) + d(xn+1/ xn)/

taking limsup n — +o0, and using (15) we get

lim d(x,,x,) =0, (16)

n—+o00

Suppose that lin}r d(xp, xm) # 0; then, there exists € > 0 such that for any r € N,
n,m——+0co

there exists m, > n, > r such that
d(xm,, Xn,) > €. 17)

Furthermore, assume that 1, is the smallest natural number greater than n, such that
(17) holds. Then,

U

Xy r Xny )

(

d(xmr/ xmyfl) + d(xm;:fll xnr)
(
(

U

Xy s xmrfl) +e

d(xr, xp-1) +

VASASVANVAN

Thus, using (15) and taking lim » — +o0, we get

im d(xm,, xn,) = & (18)

r——+oo

Now, suppose that there exist infinitely many r such that
d(xm,, Txn,) +d(Txp,, X, ) < d(Xn,, X, ).
Taking limsup 7 — +o0, and using (16), we get

Lim (d(xm,, Txp,) +d(Txm,, xn,)) =0,

r—+oo

which means that

rgffm(d(xmwxnﬂrl) = TEde(xmr‘Fl/xnr)) =0.

Now,

¢= lim d(x"lr’x”r) < limsup((d(xm,, Xp,+1) + d(Xn,41,%n,)) =0,
r—+ r—+o0

which is a contradiction. Therefore, there exists rg € N such that forallr > rg, d(x,, Txs,) +
d(Txm,, Xn,) > d(xy,, Xy, ). Thus, for all ¥ > r, using (12),

d(xm,, x +d(Xp, 41, Xn,) — d(Xn,, Xn,
d(XMy+1/xny+1) < g(d(xm,/xn,)/d(xmy/xm,+1)zd(xny/xn,+l)/ ( o ny+1) ( mé+1 n) ( ke )>

Now,
A%y, Xps1) + (X1, Xnp11) + (X, 11, Xn,)
(

d xmrfxmr+1) + d(xny+1/ xm) +

¢ <d(xm,, Xy )s @ (X Xy 1), 4 (Xnys X, 41,

d(xmy/ xn,) <
<

A(Xmy, Xny41) + (X115 Xn,) — d(x,,y,xm)>
5 .
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Thus, by taking liminf r — 40 on both sides and also using (15) and (18), we get
e<0+0+¢(50,0,¢), where

¢ = limsup d(xm,, Xn,+1) + (X410, Xn,) — d(xn,, Xn,)

r—r+oo 2

lim sup d(xm,/ xn,) + d(xn,r xn,+1) + ljz(xm,+1/ xm,) + d(xmy/ xn,) -0
r—+00

e+0+0+¢e

— =

IN

Thus, ¢ < &(¢,0,0,¢") < max{¢,0,0,¢'} = ¢, which is a contradiction. Thus, {x,}is a
Cauchy sequence in (X, d,s > 1) with li%n}r d(xn, xm) = 0.
n,m )

Now, (X,d,s > 1) is a complete b-metric-like space; therefore, there exists x € X such
that x,, — x,
d(x,x) = lim d(x,,x)= 1 d(xp,xm) = 0.
(o) = B dCon,x) =l dCon,x)
Furthermore, according to Proposition 1, x is unique.
Suppose that Tx # x. Now, consider

d(Txn, Tx) < %C(d(xn,x),d(xn,Tx,,),d(x, T, d(xn, Tx) +d(x, Tx,) — d(x,x))/

2s
ie.,
1 d(x,, Tx) +d(x,x
d(xp41,Tx) < g§<d(x,,,x),d(xn,xn+1),d(x, Tx), (2w, Tx) % ( "H)).
Taking liminf n — 400 on both sides and using Proposition 1, we get
1 1
;d(x, Tx) < EQ(O, 0,d(x, Tx),1);
ie.,
d(x,Tx) < &(0,0,d(x, Tx),1),
where
I = Timsup d(xn, Tx) +d(x, x;11) < limsup sd(x, Tx) +0 _ d(x, Tx).
n—+oo 2s n—+400 2s 2
Thus,

d(x, Tx) < &(0,0,d(x, Tx),1) < max{0,0,d(x, Tx),I1} = d(x, Tx),
which is a contradiction. Therefore, Tx = x.

Let Ty = y for some y € X; then, by (12), d(y,y) = 0. Now, suppose that x # y, and
consider
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d(x,y) = d(Tx,Ty)

< %@(d(x,y),d(x, Tx), d(y, Ty), d(x, Ty) +d(y2,sTx) - d(x,x))l

d(x, Ty) +d(y, Tx))/

= s (dny s, Ty, ), T

< Le(amm,00 W)

< %max{d(x,y),o, 0, d(x,y) }

S
d(x,y)

’
S

which is a contradiction. Therefore, x =y. O

Example 2. Let X = [0,+00). Defined : X x X — [0,+00) by d(x,y) = (x +y)? for all
x,y € X. Then, d is b-metric-like on X with s = 2, but d is not b-metric on X.

Define T : X — X by T(x) = 3. In addition, define {(t1,tp, t3,t4) = %max{tl,tz, ts, ty}.
Now, for all x,y € X, with d(x, Ty) + d(Tx,y) > d(y,v), (12) in Theorem 4 is satisfied and T
has a unique fixed point 0.

4. Application

In this section, as an application of Theorem 2, we present the following result which
provides a unique solution to simultaneous linear equations.

Theorem 5. Consider a system of linear equations
Ax =10 (19)

where A = [a;j]nxn is an n X nmatrix, b = [b]1x, is a column vector of constants and x = [xi]1xn
is a column matrix of n unknowns. If for each x = [xi|1xn, Y = [Yil1xn and i =1ton,

n
i+ 1) (i =y + Y, a(—yp)|(1+max|we =) < s —yl; (20)
j=Lj# -
then, the system has a unique solution.

Proof. Let X = { [xj]1xn | x;is real forall i =1 ton, n being fixed } andd : X x X —
[0, +00) be defined as

d(x,y) = max |x; —

forall x = [xi]1xn, ¥ = [Vilixn € X. Then, clearly (X, d) is a complete b-metric space with
constant s = 1 (i.e. (X, d) is a complete metric space).
Now, define a n x n matrix C = [c;;] by

i — ai]-+1, lfl:]
gl Aijs Zf 175]

Then, the given system (19) reduces to

x=Cx—0b. (21)
Condition (20) becomes
n " )
|Zij(Xj—yj)|(1+rilff(‘Xk_yk‘) <|x; —yil forall i=1,2,..,n. (22)
j=1 -
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Now, define a mapping T : X — X by
Tx =Cx—b, where x € X.

For x = [xj]1x, and y = [y;]1xn, suppose that Tx = u = [u;]1x, and Ty = v = [vj]1xn;
then,

n
w=y cijxj—bi (i=1,2,..,n)
=1

and n
vi=Y cyi—bi (i=12..,n)
=1

Define

max{ty,tpt3,ts} lf >0,

Gt to b3, ty) = { LT

» max{fy, t3,ts}, otherwise.
Now, using condition (22),

d(Tx, Ty) = m’éf(\uifvd
pi

n
n
= I?E‘lx‘zcij(xj_yj”
55

< mnax< lx; — yil >
i=1 \ 1+maxj_; |xx — v
d(x,Ty) +d(Tx,
< (40,0, ), ey 1), AT AT,

Thus, it is straightforward to see that the hypothesis of Theorem 2 is satisfied. There-
fore, T has a unique fixed point and system (19) has a unique solution. [

5. Conclusions

In this paper, we have defined a new class of functions, and with the help of this class
of functions, we defined some new contractive mappings in b-metric spaces. Furthermore,
we proved some fixed point results for these contractive mappings. One can easily extend
these results to common fixed points for weakly compatible mappings (see [22,41,42]).
We improve our main results in Theorems 2 and 3 with the help of Remarks 1 and 3,
respectively. Can these results be further improved in terms of s? More precisely, we
present here some open questions as follows.

Open Question 1: Does Theorem 2 hold also if the term % (before ¢) in (1) is replaced
by a, for some a € [L,1]?

Open Question 2: Does Theorem 3 hold also if the term % (before ¢) in (9) is replaced
by a, for some a € [%, 1]?
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1. Introduction

In this paper, we consider a so-called pre-metric space that does not assume the
symmetric condition. We first recall the basic concept of (conventional) metric space
as follows.

Given a nonempty universal set X, letd : X x X — R, be a nonnegative real-valued
function defined on the product set X x X. Recall that (X, d) is a metric space when the
following conditions are satisfied:

e d(x,y) =0implies x =y forany x,y € X;

e d(x,x)=0foranyx € X;

e d(x,y)=d(y,x)forany x,y € X;

o d(x,z) <d(x,y)+d(yz)forany x,y,z € X.

Different kinds of spaces that weaken the above conditions have been proposed.
Wilson [1] says that (X, d) is a quasi-metric space when the symmetric condition is not
satisfied. More precisely, (X, d) is a quasi-metric space when the following conditions
are satisfied:

e d(x,y)=0ifand only if x = y forany x,y € X;
o d(x,z) <d(x,y)+d(y,z) forany x,y,z € X.
Many authors (by referring to [2-16] and the references therein) also defined the
different type of quasi-metric space as follows:
e d(x,y) =0=d(y,x)if and only if x = y for any x,y € X;
e d(x,z) <d(x,y)+d(yz) forany x,y,z € X.

In the Wilson's sense, it is obvious that we also have d(y, x) = 0 if and only if y = x.
Wilson [17] also says that (X, d) is a semi-metric space when the triangle inequality is not
satisfied. More precisely, the following conditions are satisfied:

e d(x,y) =0ifand only if x = y forany x,y € X;
e d(x,y) =d(y,x)forany x,y € X.

Matthews [11] proposed the concept of partial metric space that satisfies the follow-
ing conditions:

e «x=yifandonlyifd(x,x)=d(x,y) =d(y,y) forany x,y € X;
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e d(x,x) <d(x,y)forany x,y € X;

e d(x,y) =d(y,x)forany x,y € X.

o d(x,z) <d(x,y)+d(y,z) —d(yy) forany x,y,z € X.
The partial metric space does not assume the self-distance condition d(x, x) = 0.
In this paper, we consider a so-called pre-metric space by assuming that

d(x,y) = 0 implies x = y for any x,y € X.

The triangle inequality always plays a very important role in the study of metric space.
Without considering the symmetric condition, the triangle inequalities can be considered
in four different forms by referring to Wu [18]. The purpose of this paper is to establish the
fixed point theorems in pre-metric space based on the different forms of triangle inequalities.
We separately study the Banach contraction principle and Meir—Keeler type of fixed point
theorems for pre-metric spaces. On the other hand, three types of contraction functions are
considered in this paper. We also mention that the Meir-Keeler type of fixed point theorems
in the context of b-metric spaces have been studied by Pavlovi¢ and Radenovi¢ [19].

This paper is organized as follows. In Section 2, four different forms of triangle
inequalities in pre-metric space are presented. Many basic properties are also provided
for further study. In Section 3, based on the different forms of triangle inequalities, many
concepts of Cauchy sequences in pre-metric space are proposed in order to establish the
fixed point theorems in pre-metric space. In Section 4, three different types of contraction
functions are considered to establish the fixed point theorems using the different forms of
triangle inequalities.

2. Pre-Metric Spaces

We formally introduce the basic concept of pre-metric space by considering four
different forms of triangle inequalities as follows.

Definition 1. Given a nonempty universal set X, let d be a mapping from X x X into R .

e The metric d is said to satisfy the ><-triangle inequality when the following inequality
is satisfied:
d(x,y) +d(y,z) > d(x,z) forall x,y,z € X.
e The metric d is said to satisfy the >-triangle inequality when the following inequality
is satisfied:
d(x,y)+d(z,y) > d(x,z) forall x,y,z € X.
e The metric d is said to satisfy the <-triangle inequality when the following inequality
is satisfied:
d(y,x)+d(y,z) > d(x,z) forall x,y,z € X.
e The metric d is said to satisfy the o-triangle inequality when the following inequality
is satisfied:
d(y,x) +d(z,y) > d(x,z) forall x,y,z € X.

Suppose that d satisfies the symmetric condition. Itis clear to see that all the concepts of
><-triangle inequality, >-triangle inequality, <-triangle inequality and o-triangle inequality
described above are all equivalent. This means that the pre-metric space extends the
concept of (conventional) metric space.

Remark 1. Now, we represent some interesting observations that are used in the study.
e Suppose that the metric d satisfies the ><-triangle inequality. Then, we have

d(a,b) +d(b,c) +d(c,d) >d(a,c)+d(c,d) >d(ad).
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We also see that
d(b,a) +d(c,b) =d(c,b)+d(b,a) > d(c,a),

which implies
d(b,a) +d(c,b) +d(d,c) > d(d,a).

In general, we can have the following inequalities
d(x1,%2) +d(x2,x3) + -+ +d(xp, xpr1) = d(x1,xp11)

and
d(xg,x1) +d(x3,x0) + - +d(xpy1,xp) > d(xpi1,x1)-

Suppose that the metric d satisfies the >-triangle inequality. Since
d(a,b) +d(c,b) > d(a,c)and d(c,b) +d(a,b) > d(c,a),

we see that

d(a,b) +d(c,b) =d(c,b) +d(a,b) > max{d(a,c),d(c,a)}.
Therefore, we obtain

d(a,b) +d(c,b) +d(d,c) > max{d(a,d),d(d,a)}. 1)

In general, we can have the following inequalities
d(x1,x2) +d(x3,%2) +d (x4, x3) + - - - +d(xpy1,xp) > max{d(xy, xp41),d(xp41,X1) }.
Suppose that the metric d satisfies the <-triangle inequality. Since

d(b,a)+d(b,c) =d(b,c)+d(b,a) > max{d(a,c),d(c,a)},

we see that
d(b,a)+d(b,c)+d(c,d) > max{d(a,d),d(d,a)}. )

In general, we can have the following inequalities
d(x2,x1) +d(x2,x3) +d(x3,x4) + - +d(xp, xps1) = max{d(x1, xp41), d(xpi1,21) -
Suppose that the metric d satisfies the o-triangle inequality. Then, we have

d(a,b) +d(b,c)+d(d,c) =d(b,c)+d(ab)+d(d,c) >d(c,a)+d(dc)>d(a,d) (3)
and

d(b,a) +d(c,b) +d(c,d) > d(a,c)+d(c,d) =d(c,d)+d(a,c) >d(da). (4

In general, we consider the following cases.

(a)  Suppose that p is an even number. Then, we have the following inequalities

d(xy,x3) 4+ d(x2,x3) + d(xg, x3) + d (x4, x5) + d(x6, x5)
+d(xe,x7) + - +d(xp, xpy1) > d(xpr1,x1)

and
d(xz,x1) +d(x3,x2) +d(x3,x4) + d(x5,x4) 4 d(x5, x6)

+d(x7,x6) + - +d(xpy1,xp) > d(x1,Xp41).
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(b)  Suppose that p is an odd number. Then, we have the following inequalities

d(xy,x3) 4 d(x2,x3) + d(xg, x3) + d(xg, x5) + d(x6, X5)
+d(x,x7) + -+ d(xp/xp+l) > d(xlfxp+1)

and

d(xo, x1) +d(x3,x2) +d(x3,x4) + d(x5,x4) + d(x5, X6)
+d(x7,x6) + - +d(xpy1,Xp) > d(xpi1,x1).

Definition 2 (Wu [18]). Given a nonempty universal set X, let d be a mapping from X x X into
R4. We say that (X, d) is a pre-metric space when d(x,y) = 0 implies x = y for any x,y € X.

Proposition 1 (Wu [18]). Given a nonempty universal set X, let d be a mapping from X x X into
R. Suppose that the following conditions are satisfied:

e d(x,x)=0forallx € X;
e d satisfies the >-triangle inequality or the <-triangle inequality or the o-triangle inequality.
Then d satisfies the symmetric condition.

We also remark that Proposition 4.4 in Wu [18] is redundant and it can be omitted.

3. Cauchy Sequences in Pre-Metric Space

Let (X, d) be a pre-metric space. Many different concepts of limit are proposed below
because of lacking the symmetric condition.

Definition 3. Let (X, d) be a pre-metric space, and let {x,}$°_ be a sequence in X.

. &

. We write x, — x as n — oo when d(x,,x) — 0asn — oo.
. s

o Wewrite x, — xasn — oo when d(x,x,) — 0asn — oo,

. d
. We write x,, — x as n — oo when

nlgr;od(xn,x) = nlgx;lo (x,xn) = 0.

The uniqueness of limits are given below.

Proposition 2 (Wu [18]). Let (X, d) be a pre-metric space, and let {x,,}_; be a sequence in X.

(i)  Suppose that the metric d satisfies the ><-triangle inequality or o-triangle inequality. If
X LN x and xy ‘i)y,thenx:y.

(i)  Suppose that the metric d satisfies the <-triangle inequality. If x, & xand Xn LN y, then
x = y. In other words, the d”-limit is unique.

<1 <t

(ili) Suppose that the metric d satisfies the >-triangle inequality. If x, 2 xand Xn LN y, then

x = y. In other words, the d*-limit is unique.

Without the symmetric condition, the different concepts of Cauchy sequences are also
presented below.

Definition 4. Let (X, d) be a pre-metric space, and let {x,}°_, be a sequence in X.

*  Wesay that {x,};  is a >-Cauchy sequence when, given any € > 0, there exists an
integer N such that d(xy,, x,) < € for all pairs (m, n) of integers m and n with m > n > N.

e Wesay that {x,}", is a <-Cauchy sequence when, given any € > 0, there exists an
integer N such that d(xy, x,,) < € for all pairs (m, n) of integers m and n with m > n > N.
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e Wesay that {x,}5_, is a Cauchy sequence when, given any € > 0, there exists an integer
N such that d(xy, x,) < € and d(xn, X)) < € for all pairs (m, n) of integers m and n with
m,n > N and m # n.

We can also consider the different concepts of completeness for pre-metric space.

Definition 5. Let (X,d) be a pre-metric space.
e Wesay that (X,d) is (>,>)-complete when each >-Cauchy sequence is convergent in the

sense of X o5
o Wesay that (X,d) is (>, <)-complete when each >-Cauchy sequence is convergent in the

<1
sense of xy 4
e Wesay that (X,d) is (<,>)-complete when each <-Cauchy sequence is convergent in the

>
sense of X, d—> X.
e Wesay that (X,d) is (<, <)-complete when each <-Cauchy sequence is convergent in the
<
sense of X, AN
e Wesay that (X,d) is <-complete when each Cauchy sequence is convergent in the sense
of xy, AN
o Wesay that (X,d) is >-complete when each Cauchy sequence is convergent in the sense
of x L
Based on the above different concepts of completeness, we establish many fixed point
theorems in pre-metric space by using the different types of triangle inequalities. Next, we
present some examples to demonstrate the completeness.
Let S be a bounded subset S of R¥ containing infinitely many points. The Bolzano—
Weierstrass theorem says that there exists at least one accumulation point of S, where the
concept of accumulation point is based on the usual topology induced by the conventional

metric. When the metric does not satisfy the symmetric condition, Wu [18] has proposed
two different concepts of open balls given by

BY(x;r) ={y e X:d(x,y) <r}

and
B (x;r)={yeX:d(yx) <r},

which can induces two respective topologies as follows

79 = {0 C X : x € O if and only if there exist r > 0 such that x € BY(x;r) C O“}.
and

77 ={0” C X : x € O” if and only if there exist r > 0 such that x € B”(x;r) C O”}.

In this case, we can similarly define the concepts of <-accumulation point and -
accumulation point based on the open balls B*(x;r) and B”(x;r), respectively. Therefore,
we can similarly obtain the <-type of Bolzano-Weierstrass theorem and >-type of Bolzano—
Weierstrass theorem by considering the <-accumulation point and >-accumulation point,
respectively, which is used to present the completeness in R.

Example 1. We are going to claim that every >-Cauchy sequence in R is convergent in the sense

of xy &5 x with respect to a pre-metric d : Ry x Ry — Ry defined by

161



Axioms 2021, 10, 57

x ifx>y
d(x,y) =4 0 ifx=y
2y —x ifx<y,

where the symmetric condition is not satisfied and d satisfies the b<-triangle inequality.

Let T = {x1,x2,- - ,Xn,- - - } be a >-Cauchy sequence in R,.. We are going to show that T
is >-bounded. Given € = 1, there is an integer N such that d(x,,xy) < 1 for each n > N. This
means that x, € B”(xn;1) for each n > N. We define

r =1+ max{d(x1,0), -+ ,d(xn,0)}.
. Forn < N, we have
d(x,,0) < max{d(x1,0),---,d(xn,0)} <.
e Forn > N, using the ><-triangle inequality, we have
d(xy,0) < d(xp,xN) +d(xn,0) <1+d(xn,0) <.

Then, we see that T C B"(0;r), which says that T is >-bounded. Using the Bolzano—
Weierstrass theorem, the sequence T has a >-accumulation point x* € R,.. Next we are going to

show that x, LD) x*. Given any € > 0, there exists an integer N such that n > m > N implies
d(xn, xm) < €/2. Since x* is a >-accumulation point of the sequence T, it follows that the open
ball B* (x*;€/2) contains a point x,, for m > N, i.e., d(xy,x*) < €/2. Therefore, for n > N,
using the >a-triangle inequality, we have

d(x”’x*) < d(xnrxm) +d(xm/x*) < g + % =€,

which shows that x, s x*. In other words, the pre-metric space (R, d) is (>,1>)-complete

Example 2. Continued from Example 1, we are going to claim that every <-Cauchy sequence in

R is convergent in the sense of x, Ay Let T = {x1,x2,- -+, xp, - - - } bea <-Cauchy sequence
in Ry.. We are going to show that T is <-bounded. Given € = 1, there is an integer N such that
d(xn, xn) < 1foreach n > N. This means that x, € B(xn; 1) for each n > N. We define

r =14+ max{d(0,x1),---,d(0,xn)}.
. Forn < N, we have
d(0,x,) < max{d(0,x1),---,d(0,xy)} <.
e Forn > N, using the o<-triangle inequality, we have
d(0,x,) <d(0,xn) +d(xn,xy) <1+d(0,xy) <7

Then, we see that T C B%(0;r), which says that T is <-bounded. Using the Bolzano—
Weierstrass theorem, the sequence T has a <-accumulation point x° € R,.. Next we are going to
show that x, &5 x°. Given any € > 0, there exists an integer N such that n > m > N implies
d(xm, xn) < €/2. Since x° is a <-accumulation point of the sequence T, it follows that the open
ball B%(x°;€/2) contains a point x,, for m > N, i.e., d(x°, xp) < €/2. Therefore, for n > N,
using the >x-triangle inequality, we have
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€ €
d(x®,x,) < d(x°,xm) +d(xm, xn) < 3 + 5=6

which shows that x, &5 x°. In other words, the pre-metric space (R, d) is (<, <1)-complete

Example 3. Continued from Examples 1 and 2, we are going to claim that the pre-metric space
(R, d) is simultaneously >-complete and <-complete. Let T = {x1,xp, -+ , Xy, - - } be a Cauchy
sequence in R It means that T is both a >-Cauchy sequence and <-Cauchy sequence in R..

> <
Examples 1 and 2 say that there exist x* and x° satisfying x, Ly ¥ and Xn A5 x°. In other
words, the pre-metric space (R, d) is simultaneously >-complete and <-complete. We also remark
that x* # x° in general.

4. Banach Contraction Principle for Pre-Metric Spaces

Let T : X — X be a function from a nonempty set X into itself. If T(x) = x, we say
that x € X is a fixed point of T. The well-known Banach contraction principle says that any
functions that are a contraction on X has a fixed point when X is taken to be a complete
metric space. In this paper, we study the Banach contraction principle when X is taken to
be a complete pre-metric space.

Definition 6. Let (X, d) be a pre-metric space. A function T : (X,d) — (X,d) is called a
contraction on X when there is a real number 0 < a < 1 satisfying

d(T(x), T(y)) < ad(x,y)

forany x,y € X.

Given any initial element xyp € X, using the function T, we consider the iterative
sequence {x;, }7_; as follows:

x1 = T(xg),xp = T(x1) = T?(x0),- - - ,xn = T"(x0),- - - . (5)

We are going to show that the sequence {x,}$ ; can converge to a fixed point of T
under some suitable conditions.

Theorem 1 (Banach Contraction Principle Using the <-Triangle Inequality). Let (X, d) be
a (>,>)-complete pre-metric space or (<,>)-complete pre-metric space such that the <-triangle
inequality is satisfied. Suppose that the function T : (X, d) — (X, d) is a contraction on X. Then
T has a unique fixed point x € X. Moreover, the fixed point x is obtained by the following limit

d(xp,x) — 0asn — oo,
where the sequence {x, }%_, is generated according to (5).

Proof. Given any initial element xy € X, according to (5), we can generate the iterative
sequence {x,}% ;. The purpose is to show that {x, }_; is both a >-Cauchy sequence
and <-Cauchy sequence. Since T is a contraction on X, without having the symmetric
condition, we have the two cases as follows:

d(xm-H/ xm) = d(T(xm)r T(xm—l)) < ad(xmr xm—l)
= ad(T(xm-1), T(xm—2)) < (X1, Xp—2)
<o <a™d(xy,x0)

and
d(xm/ xm+1) < “md(xO/ xl)'
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For m > n, since the <-triangle inequality is assumed to be satisfied, according to the
third observation in Remark 1, we obtain

d(xm, xn) < d(xp—1,%m) +d(xXp—1,Xm—2) + - +d(xXu11,X0)
=1 d(xg, x1) + (a’”_z ot a”) -d(x1, %)

«
< (zxm’l Fam 2 zx”) -max{d(xp, x1),d(x1,%0)}

1—gm—n
=a"- Y -max{d(xg, x1),d(x1,x0)}
and
m—n

11—«
1—uw

Since 0 < & < 1, we have 1 — a™~ " < 1 in the numerator. Therefore, we obtain

d(xp, xp,) < o -max{d(xo, x1),d(x1,x0)}

n
d(xm/xn) < lﬂi

zx -max{d(xg, x1),d(x1,x9)} = 0asn — oo
and
d(xp, xm) — 0asn — oo,

which shows that {x, }%_; is both a >-Cauchy sequence and <-Cauchy sequence. Since X
is (>,>)-complete or (<,>)-complete, there exists x € X satisfying d(x,,x) — 0as n — co.
Now, we are going to claim that x is indeed a fixed point. We have

d(x, T(x)) < d(xm, x) +d(xm, T(x)) (using the <-triangle inequality)
= d(xm, x) +d(T(xy-1), T(x))
< d(xm, x) + ad(xy—_1,x) (using the contraction)

which implies d(x, T(x)) = 0 as m — co. We conclude that T(x) = x by the condition of
pre-metric space. The uniqueness will also be obtained. Assume that there is another fixed
point ¥ of T, i.e., ¥ = T(x). The contraction of function T says that

d(x,x) =d(T(x), T(x)) < ad(x, x).
Since 0 < a < 1, we conclude thatd(%, x) = 0,1i.e., ¥ = x. This completes the proof. [

Theorem 2 (Banach Contraction Principle Using the >-Triangle Inequality). Let (X, d) be
a (>,<)-complete pre-metric space or (<, <)-complete pre-metric space such that the >-triangle
inequality is satisfied. Suppose that the function T : (X,d) — (X, d) is a contraction on X. Then
T has a unique fixed point x € X. Moreover, the fixed point x is obtained by the following limit

d(x,x,) — 0asn — oo,
where the sequence {x, }5_, is generated according to (5).
Proof. Given any initial element xy € X, according to (5), we can generate the iterative
sequence {x,}?° ;. The purpose is to show that {x,,}3°_; is both a >-Cauchy sequence and
<-Cauchy sequence. From the proof of Theorem 1, the contraction of function T says that

A1, xm) < ad(xq,x0) and d(xm, Xp41) < a™d(xg, x7).

For m > n, since the >-triangle inequality is satisfied, according to the second observa-
tion in Remark 1, we obtain
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d(xm, xn) < d(Xm, Xu—1) +d(Xm—2, X—1) + -+ -+ d(xXn, Xp41)

<a" 1 d(xy,x0) + (tkm*2 +--- +tx”) -d(xg,x1)
< (a1 4am 244 zx") -max{d(xg, x1),d(x1,x0)}
1—gm—n

=a"- q—a -max{d(xg, x1),d(x1,x0) }

and
1 . Dcmfn
A(xn, xm) < o - ————-max{d(xo, x1),d(x1,%0)},

which also imply

d(xm, xn) — 0and d(x,, x) — 0asn — oo,

Therefore {x,,}$_; is both a >-Cauchy sequence and <-Cauchy sequence. Since X is
(>, <)-complete or (<, <)-complete, there exists x € X satisfying d(x, x,) — 0 as n — oo.
Regarding the uniqueness, we have

d(x, T(x)) < d(x,xp) +d(T(x),xm) (using the >-triangle inequality)
=d(x,xp) +d(T(x), T(xp-1))
< d(x,xm) + ad(x, x,y—1) (using the contraction)

which implies d(x, T(x)) = 0 as m — co. We conclude that T(x) = x. The uniqueness can
also be obtained from the argument in the proof of Theorem 1. This completes the proof. [

Theorem 3 (Banach Contraction Principle Using the t<-Triangle Inequality). Let (X,d) be a
pre-metric space such that the <-triangle inequality is satisfied. We also assume that any one of the
following conditions is satisfied:
e (X,d) is simultaneously (>,>)-complete and (>, <)-complete;
e (X,d) is simultaneously (>,1>)-complete and (<, <)-complete;
*  (X,d) is simultaneously (<,>)-complete and (>, <)-complete;
e (X,d) is simultaneously (<,>)-complete and (<, <)-complete;
e (X,d) is simultaneously >-complete and <-complete.

Suppose that the function T : (X,d) — (X,d) is a contraction on X. Then T has a unique
fixed point x € X. Moreover, the fixed point x is obtained by the following limits

d(xy,x) = 0ord(x,x,) — 0asn — oo,
where the sequence {x, }%_, is generated according to (5).

Proof. Given any initial element xy € X, according to (5), we can generate the iterative
sequence {x,}%_;. The purpose is to show that {x;,}° ; is both a >-Cauchy sequence and
<-Cauchy sequence. From the proof of Theorem 1, the contraction of function T says that

d(Xpgr, xm) < a™d(x1,x0) and d(xXm, Xp11) < a™d(x0, x7).

For m > n, since the b<-triangle inequality is satisfied, according to the first observation
in Remark 1, we obtain
d(xm/ xn) < d(xmr xmfl) + d(xmfl/ xmfZ) +-- d(anrlr xn)
< (amfl a2 :x”) - d(xq, x0)

1—gmn
=a- 1 ~d(x1,%0)
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and
d(Xm xm) d(Xm 1/ Xm) + d(xm 2, Xp— 1) +ot d(x"’xn'H)
< ( mel g m=2 .+1x”) -d(xg,x1)
1—gmn
—a. I ~d(xg,x1),
which imply

d(xm, xp) — 0and d(x,, xn) — 0asn — oo.

This proves that {x,}?” ; is both a >-Cauchy sequence and <-Cauchy sequence. It
follows that {x,,}%_; is a Cauchy sequence.

Assume that X is simultaneously (>,>)-complete and (<, <)-complete. Then there
exists x*, x° € X satisfying d(x,, x*) — 0 and d(x°, x,) — 0 as n — co. Now, we have

d(x°, T(x"))

IN

d(x°, xm) + d(xm, T(x*)) (using the ><-triangle inequality)
d(xol xm) + d(T(xm—l)z T(x*))
d(x®, xp) + ad(xy—1,x") (using the contraction),

IN

which implies d(x°, T(x*)) = 0as m — co. Therefore, we obtain T(x*) = x°. Now, we have

A

d(T(x°),x*) < d(T(x°), xm) + d(xm, x*) (using the ><-triangle inequality)

=d(T(x%), T(xm-1)) +d(xm, x)

< ad(x°, xp—1) 4+ d(xm, x*) (using the contraction),
which implies d(T(x°), x*) = 0 as m — co. We also obtain T(x°) = x*. Now, we have
T2(x*) = T(T(x")) = T(x°) = x* and T?(x°) = T(T(x°)) = T(x*) = x°. (6)

This shows that x* and x° are fixed points of the composition mapping To T = T2.
The contraction of function T says that

d(x*,x°) = d(T?(x*), T>(x°)) < ad(T(x*), T(x°)) < ad(x*,x°).

Since 0 < o < 1,1e., 0 < a? < 1, we conclude that d(x*,x°) =0, ie, x* = x°. This
also says that x* = x° is a fixed point of T.

The uniqueness can be obtained using the argument in the proof of Theorem 1. For
the other three conditions, we can similarly obtain the desired results. This completes
the proof. [

Example 4. Continued from Example 3, since the pre-metric space (R,d) is simultaneously
>-complete and <-complete, any function T : (R,d) — (R, d) that is a contraction on R has a
unique fixed point. The concrete examples regarding functions that are contraction on R can be
obtained from the literature.

Theorem 4 (Banach Contraction Principle Using the o-Triangle Inequality). Let (X,d) be a
pre-metric space such that the o-triangle inequality is satisfied. We also assume that any one of the
following conditions is satisfied:

e (X,d) is simultaneously (>,>)-complete and (>, <)-complete;

e (X,d) is simultaneously (>,1>)-complete and (<, <)-complete;

J (X d) is simultaneously (<,>)-complete and (>, <)-complete;

e (X,d) is simultaneously (<,1>)-complete and (<, <)-complete.
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Suppose that the function T : (X,d) — (X, d) is a contraction on X. Then T has a unique
fixed point x € X. Moreover, the fixed point x is obtained by the following limits

d(xp,x) = 0ord(x,x,) — 0asn — co,
where the sequence {x, }&_, is generated according to (5).

Proof. Given any initial element xg € X, according to (5), we can generate the iterative
sequence {x,}?° ;. The purpose is to show that {x,,}$_; is both a >-Cauchy sequence and
<-Cauchy sequence. From the proof of Theorem 1, the contraction of function T says that

A(xXpyi1,xm) < ad(xq,x0) and d(xm, Xp41) < a™d(xg, x7).

For m > n, since the o-triangle inequality is satisfied, according to the fourth observa-
tion in Remark 1 by assuming m — n = p is an even number, we obtain

d(xm, xn) < d(xn, Xp11) +d(Xng1, Xng2) +d(Xn13, X042) +d(X0 43, X 4a) + (X0 g5, %004)
+ d(xn+5/ xn+6) +---+ d(xm—lr xm)
< ad(xp,x1) + a"*ld(xo, x1) + (x"*zd(xl,xo) + oc"+3d(x0, x1) + (x"“d(xl,xo)
+ a3 (xg, x1) 4 - - - 4+ " d(xq, x1)
< (oc"’*l Fam 2 zx") -max{d(xg, x1),d(x1,%0)}

1—gm—n
=a"- N —a -max{d(xg, x1),d(x1,x0)}

and

d(xn, Xm) < d(xps1,%n) + d(Xnt2, Xni1) + (X042, Xn43) + d(Xn14, Xn43) + A (X4 Xnys)
+ d(xn+6/ xn+5) +---+ d(XM/ xm—l)
< a'd(xq, x0) 4+ &V (x1, x0) + & 2d (x0, x1) + "3 (x1, x0) + a4 (xg, x1)
+a"3d(xy, x0) + - -+ + " 1d(x1, x0)
< (oc"’fl Fam 2 Dc") -max{d(xg, x1),d(x1,x0) }
1—am"
=a"- ~ -max{d(xg, x1),d(x1, x0) }
which imply
d(xm, xp) — 0and d(x,, xm) — 0asn — oco.

This proves that {x,,}}_; is both a >-Cauchy sequence and <-Cauchy sequence.
Assume that X is simultaneously (>,>)-complete and (<, <)-complete. Then there
exists x*, x° € X satisfying d(x,, x*) — 0 and d(x°, x,) — 0 as n — co. Now, we have
d(x*, T(x°)) < d(xp,x*) +d(T(x°),x) (using the o-triangle inequality)
=d(xm, x*) +d(T(x°), T(xp-1))
< d(xp, x*) 4+ ad(x°, x, 1) (using the contraction),

which implies d(x*, T(x°)) = 0 as m — oo. We conclude that T(x°) = x*. We also have

A

d(T(x*), x%) <d(xp, T(x")) +d(x°,x,) (using the o-triangle inequality)
=d(T(xy-1), T(x")) +d(x°, xm)

ad(xy—1,x") 4+ d(x°, x,,) (using the contraction),

A
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which implies d(T(x*),x°) = 0 as m — oo. We conclude that T(x*) = x°. The remain-
ing proof follows from the same argument in the proof of Theorem 3. This completes
the proof. [

5. Meir-Keeler Type of Fixed Point Theorems for Pre-Metric Spaces

In the sequel, we are going to establish the Meir—Keeler type of fixed point theorems
for pre-metric spaces. First of all, we consider the different contraction.

Definition 7. Let (X, d) be a pre-metric space. A function T : (X,d) — (X, d) is called a weakly
strict contraction on X when the following conditions are satisfied:

e d(x,y) = 0implies d(T(x), T(y)) =0;

e d(x,y) # 0implies d(T(x), T(y)) < d(x,y).

Itis clear to see that if T is a contraction on X, then it is also a weakly strict contraction
on X.

Theorem 5 (Fixed Points Using the <-Triangle Inequality). Let (X, d) be a (>,>)-complete
(resp. (<,v)-complete) pre-metric space such that the <-triangle inequality is satisfied. Suppose
that the function T : (X,d) — (X, d) is a weakly strict contraction on X, and that {T" (xo)}?_,
forms a >-Cauchy sequence (resp. <-Cauchy sequence) for some xo € X. Then, the function T has

a unique fixed point x € X. Moreover, the fixed point x is obtained by the following limit
d(T"(x0),x) — 0asn — co.

Proof. Since {T"(xp)}¢"; is a >-Cauchy sequence, the (>,>)-completeness says that there
exists x € X satisfying d(T"(x¢), x) — 0 as n — oo. In other words, given any € > 0, there
exists an integer N satisfying d(T"(xg),x) < € for n > N. Regarding d(T"(xo), x), we
consider two different cases as follows.

e Suppose that d(T"(xp), x) = 0. Then, the weakly strict contraction of T says that
d(T" (xg), T(x)) =0 < e.
e Suppose that d(T"(xp), x) # 0. Then, the weakly strict contraction of T says that
d(T" M (x0), T(x)) < d(T"(x0),x) < € forn > N.

The above two cases conclude that d(T"*1(xq), T(x)) — 0 as n — co. Using the
<-triangle inequality, we obtain

A(T(x),x) < d(T"H(xO),T(x)) + d(T"H(xO),x) —0asn — oo,

which shows that d(T(x), x) = 0, i.e., T(x) = x. In other words, x is a fixed point.
Regarding the uniqueness, suppose that & is another fixed point of T. i.e., T(¥) = .
Since x # £, the weakly strict contraction of T says that

d(x, %) = d(T(x), T(%)) < d(x, ).

This contradiction shows that ¥ cannot be a fixed point of T.
When {T"(xq)}:_; is a <-Cauchy sequence, using the (<, >)-completeness, we can

similarly obtain the desired results. This completes the proof. [

Theorem 6 (Fixed Points Using the >-Triangle Inequality). Let (X, d) be a (>, <)-complete
(resp. (<, <1)-complete) pre-metric space such that the >-triangle inequality is satisfied. Suppose
that the function T : (X,d) — (X, d) is a weakly strict contraction on X, and that {T" (xq) }>

n=1
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forms a >-Cauchy sequence (resp. <-Cauchy sequence) for some xo € X. Then, the function T has
a unique fixed point x € X. Moreover, the fixed point x is obtained by the following limit

d(x, T"(xg)) — 0asn — co.

Proof. Since {T"(xp)}¢"; is a >-Cauchy sequence, the (>, <)-completeness says that there
exists x € X satisfying d(x, T"(xg)) — 0 as n — oco. From the proof of Theorem 5, the
weakly strict contraction of T can similarly show that d(T(x), T"*"(xg)) — 0 as n — .

Using the >-triangle inequality, we obtain
A(T(x),x) < d(T(x),T"+1(xo)) + d(x, T"“(xo)) —0asn — oo,

which says that d(T(x),x) = 0, i.e,, T(x) = x. This shows that x is a fixed point. The
remaining proof follows from the proof of Theorem 5. This completes the proof. []

Theorem 7 (Fixed Points Using the b<-Triangle Inequality). Let (X, d) be a simultaneously
(>,>)-complete and (>, <)-complete (resp. (<,>)-complete and (<, <)-complete) pre-metric space
such that the ><-triangle inequality is satisfied. Suppose that the function T : (X,d) — (X, d)
is a weakly strict contraction on X, and that {T"(xo)}o_, forms a >-Cauchy sequence (resp.
<-Cauchy sequence) for some xo € X, then T has a unique fixed point x € X. Moreover, the fixed
point x is obtained by the following limits

d(T"(xg),x) — 0ord(x, T"(xp)) — 0as n — oco.

Proof. Since {T"(xg)}5, is a >-Cauchy sequence, the (>,>)-completeness says that
there exists x* € X satisfying d(T"(xp),x*) — 0 as n — oo. The (>,<)-completeness
also says that there exists another x° € X satisfying d(x°, T"(xp)) — 0 as n — co.
From the proof of Theorem 5, the weakly strict contraction of T can similarly show that
d(T"(xg), T(x*)) — 0 and d(T(x°), T"*(xg)) — 0as n — co. Using the t<-triangle
inequality, we obtain

d(T(x°),x") < d(T(x°), T"H(xo)> + d(T"H(xO),x*) — 0asn — oo,
which says that d(T(x°),x*) = 0, i.e., T(x°) = x*. On the other hand, we also have
d(x°, T(x%)) < d(xO,T"“(xO)) + d(T"H(xO),T(x*)) 5 0asn — oo,
which says that T(x*) = x°. By referring to (6), it follows that x* and x° are fixed points

of the composition mapping To T = T2. Suppose that x* # x°. We want to claim
T(x*) # T(x°). Assume that it is not true, i.e., T(x*) = T(x°). Then, we shall have

which contradicts x* # x°. The weakly strict contraction of T also says that
d(x*,x°) = d(T*(x*), T*(x°)) < d(T(x*), T(x°)) < d(x*,x°).

This contradiction shows that x* = x°, and says that x* = x° is a fixed point of T. The
uniqueness can be obtained from the proof of Theorem 5

When {T"(x0) }5_; is a <-Cauchy sequence, using the (<, >)-completeness and (<, <)-
completeness, we can similarly obtain the desired results. This completes the proof. [

Theorem 8 (Fixed Points Using the o-Triangle Inequality). Let (X, d) be a simultaneously

(>,>)-complete and (>,<)-complete (resp. (<,1>)-complete and (<,<)-complete) pre-metric
space such that the o-triangle inequality is satisfied. Suppose that the function T : (X,d) —
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(X, d) is a weakly strict contraction on X, and that {T"(xo)}3>_, forms a >-Cauchy sequence
(resp. <-Cauchy sequence) for some xo € X. Then T has a unique fixed point x € X. Moreover,
the fixed point x is obtained by the following limits

d(T"(xg),x) = 0ord(x, T"(xp)) — 0asn — oo.

Proof. From the proof of Theorem 7, there exist x*,x° € X satisfying d(T"(xg),x*) — 0,
d(x°, T"(x0)) = 0, d(T"1(xg), T(x*)) — 0and d(T(x°), T"+1(xp)) — 0 as n — oo. Using
the o-triangle inequality, we can obtain

d(x*, T(x%)) < d(T"H(xO),x*> + d(T(xO), T”H(xo)) —0asn — oo,
which says that d(x*, T(x°)) = 0, i.e., T(x°) = x*. We also have
d(T(x"), %) < d (T (x0), T(x") ) +d(x°, T" (x0) ) — 0asn — oo,
which says that T(x*) = x°. The remaining proof follows from the similar argument in the

proof of Theorem 7. This completes the proof. [

Next, we consider the different fixed point theorems based on the weakly uniformly
strict contraction that was proposed by Meir and Keeler [12].

Definition 8. Let (X, d) be a pre-metric space. A function T : (X,d) — (X, d) is called a weakly
uniformly strict contraction on X when the following conditions are satisfied:

e d(x,y) = 0implies d(T(x), T(y)) = 0;
e givenanye > 0, there exists 6 > O such thate < d(x,y) < €+ impliesd(T(x), T(y)) < €
forany x,y € X with d(x,y) # 0.

Remark 2. We observe that if T is a weakly uniformly strict contraction on X, then T is also a
weakly strict contraction on X.

Lemma 1. Let (X, d) be a pre-metric space, and let T : (X,d) — (X, d) be a weakly uniformly strict
contraction on X. Then, the sequences {d(T" (x), T"*1(x))}%_, and {d(T"+!(x), T"(x))}>_, are
decreasing to zero for any x € X.

Proof. For convenience, we simply write T"(x) = x, for all n. Let ¢, = d(xy, X;41)-
Regarding d(x,,_1, ) > 0, we consider two different cases as follows.

e Suppose that d(x,_1,x,) # 0. By Remark 2, we have
en = d(xn, Xyp1) = d(T"(x), T (x)) <d(T"H(x), T"(x)) = d(¥p—1,%n) = 1.
o Suppose that d(x,_1,x,) = 0. Then, by the first condition of Definition 8, we have
cn = d(T"(x), T" N (x)) = d(T(x,_1), T(x4)) =0 < cp_1.

The above two cases conclude that the sequence {c,}?°_; is decreasing. We also
consider the following two cases.

*  Let m be the first index in the sequence {x, }5_; satisfying d(x,,_1, x;;) = 0. Then, we
want to claim
Cm—1=Cm=Cmy1 =+ =0.

Using the first condition of Definition 8, we have

0=d(T(xp_1), T(xm)) = d(T"(x), T" Y (%)) = d(Xm, Xpms1) = Cm-
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Since d (X, Xy+1) = 0, using the similar argument, we can also obtain ¢,,11 = 0
and d(X;41, ¥m42) = 0. This shows that the sequence {c, }?’ ; is indeed decreasing
to zero.

*  Suppose that d(x, x;41) 7 0 for all m > 1. Since the sequence {c, };_, is decreasing,
we assume thatc, | € > 0, i.e., ¢, > € > 0 for all n. Therefore, there exists § > 0
satisfying € < ¢, < €+ ¢ for some m, i.e., € < d(Xy, Xy 41) < € + J. Using the second
condition of Definition 8, it follows that

Cmi1 = A1, Xma2) = d(T"H(x), T2 (x)) = d(T (xm), T (1)) <€,

which contradicts ¢;, 11 > €.

Therefore, we conclude that the sequence {d(T"(x), T"*!(x))}%_, is indeed decreas-

ing to zero for any x € X. We can similarly show that the sequence {d(T"*!(x), T"(x))}%,
is decreasing to zero for any x € X. This completes the proof. [

Theorem 9 (Meir—Keeler Type of Fixed Points Using the <-Triangle Inequality). Let (X, d)
be a (>,>)-complete pre-metric space such that the <-triangle inequality is satisfied, and let
T: (X,d) = (X,d) be a weakly uniformly strict contraction on X. Then T has a unique fixed
point. Moreover, the fixed point x is obtained by the following limit

d(T"(xp),x) — 0as n — co for some x.

Proof. According to Theorem 5 and Remark 2, we just need to claim that if T is a weakly

uniformly strict contraction, then {T"(xp)}5 ; = {x,}{>; is a >-Cauchy sequence for

xo € X. Suppose that {x,,}5_; is not a >-Cauchy sequence. Then, there exists 2¢ > 0 such
that, given any integer N, there exist n > m > N satisfying d(x;, x,;) > 2e. We are going to
lead to a contradiction. The weakly uniformly strict contraction of T says that there exists
6 > 0 satisfying

€ <d(x,y) <e+dimpliesd(T(x), T(y)) < € for any x,y € X with d(x,y) # 0.
Let 6’ = min{6, e}. We want to show
e <d(x,y) < e+ ¢ impliesd(T(x), T(y)) < € forany x,y € X withd(x,y) #0. (7)
Indeed, when ¢’ = ¢,ie., e < J,wehavee + =e+e <e+6.
Let ¢y = d(xp, Xp+1) and &, = d(xy,41, X ). Since the sequences {c, }5;_; and {¢,} ;
are decreasing to zero by Lemma 1, we can find a common integer N satisfying
cy < ¢'/3and ey < 8'/3. (8)
Forn > m > N, we have
d(xy,xm) > 26 >e+6, )

which implicitly says that d(x,, x,) 7 0. Since the sequence {¢,}$°; is decreasing by
Lemma 1 again, we can obtain

w| >

<t <e (10)

@[ m

d(xm+1r xnz) =iy <N <
For j with m < j < n, using the <-triangle inequality, it follows that

d(xjy1,Xm) < d(xj,xj11) + d(xj, Xm). 11)
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We want to cliam that there exists an integer j with m < j < n satisfying d(x;, xn) #
0 and

!

20
et = <d(xj,xp) <e+d. (12)
Lety; = d(xj, Xm) forj=m+1,--- ,n. Using (9) and (10), we have
Ymi1 < €and v, > e+ 5. (13)

Let jo be an index satisfying

2/
jozmax{je[m—&-l,n]:’nge—i-?(s}. (14)

Then, from (13), we see that m + 1 < jy < n, which also says that jj is well-defined.
By the definition of jy, it follows that jo + 1 < n and Yjo+1 > €+ 27‘5’, which also says that
d (x]-0+1, xm) # 0. Therefore, the expression (12) will be sound if we can show
26" ,
e+? < Yjpr1 <€+

Suppose that this is not true, i.e., Yjo+1 = €+ &'. From (11), we have

5 ) 2% &
3 > oN > cjy = d(Xjo, Xjpr1) > Vjgr1 — Vjp €+ —€e— 3 =3

This contradiction says that the expression (12) is sound. Since d(x;, x,,) # 0, using (7),
it follows that (12) implies

d(xj+1/ xm+1) = d(T(x]),T(xm)) <E€. (15)
Using the <-triangle inequality and referring to (2), we can obtain

d(xj/ xm) < d(ijrl/ x]) + d(xj+]/ xm+1) + d(merlr xm)
=G+ d(Xjs1, Xms1) + T < T+ €+ Ty (by (15))

< &y + €+ ¢y (since {¢, }54 is decreasing)

&' &
< e
<SHe+Sby®)
L
- %
which contradicts (12). This contradiction shows that every sequence {T"(x)}? ; =

{x4}$, is a >-Cauchy sequence. Using Theorem 5, the proof is complete. [

Theorem 10 (Meir-Keeler Type of Fixed Points Using the >-Triangle Inequality). Let (X, d)
be a (>, <)-complete pre-metric space such that the >-triangle inequality is satisfied, and let
T:(X,d) — (X,d) be a weakly uniformly strict contraction on X. Then T has a unique fixed
point. Moreover, the fixed point x is obtained by the following limit

d(x, T"(xp)) — 0as n — oo for some x.
Proof. According to Theorem 6 and Remark 2, we just need to claim that if T is a weakly

uniformly strict contraction, then {T"(xo)}5; = {x4}}", is a <-Cauchy sequence for
X9 € X. Suppose that {x,}_; is not a <-Cauchy sequence. Then, there exists 2¢ > 0
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such that, given any integer N, there exist n > m > N satisfying d(x,, x,) > 2¢. Let
¢’ =min{s,e}. Forn > m > N, we have

d(xp,xn) >2€>e+46, (16)

which implicitly says that d(x,,, x,) # 0. Let ¢, = d(xy, x,41) and ¢, = d(x,41, x»). Since
the sequence {c, }_, is decreasing by Lemma 1, we obtain

!

)
(X, Xpi1) = cm < on < 3 < g <e. 17)

For j with m < j < n, using the >-triangle inequality, we also have
d(x;nrxj+1) < d(xmrx/') +d(x]'+1,x]‘)- (18)

We want to cliam that there exists an integer j with m < j < n satisfying d(x, x;) #
0and

!

26
6+7 <d(xm,xj) <e+d. (19)

Let y; = d(xpm, x;) for j = m+1,--- ,n. From (16) and (17), we can also obtain (13).
Let jp be defined in (14). Then, the expression (19) will be sound if we can show that

!

26 ’
€+?<7j0+1<€+5~

Suppose that this is not true, i.e., 7,41 > € + &'. From (18) and (8), it follows that

& _ 28 &
3 >N 2 Cio = d(xfo+1'xjo) > Yjo+1 — Yjo >e+d —e— 3 = 3"
This contradiction says that (19) is sound. Since d(x,, x;) # 0, using (7), it follows
that (19) implies
A(xpmy1,xp41) = d(T(xm), T(x))) <e. (20)

Using the >-triangle inequality and referring to (1), we can obtain

d(xm, xj) < d(xj,xj41) + (X1, Xj1) +d(Xm, Xg1)
=¢j+d(xmi1,%j41) +cm < ¢j + €+ e (using Equation (20))

< oy + €+ ey (since {c, }5_ 4 is decreasing)
! !

< % +e+ % (using Equation (8))

25’

3
which contradicts (19). This contradiction shows that every sequence {T"(x)}? ; =
{xn}_4 is a <-Cauchy sequence. Using Theorem 6, the proof is complete. [

Theorem 11 (Meir-Keeler Type of Fixed Points Using the ><-Triangle Inequality). Let (X, d)
be a pre-metric space such that the >-triangle inequality is satisfied. We also assume that any one
of the following conditions is satisfied:

*  (X,d) is simultaneously (>,1>)-complete and (>, <)-complete;

°  (X,d) is simultaneously (<,>)-complete and (<, <)-complete;

e (X,d) is simultaneously >-complete and <-complete.
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Suppose that T : (X, d) — (X, d) is a weakly uniformly strict contraction on X. Then T has
a unique fixed point. Moreover, the fixed point x is obtained by the following limits

d(T"(xg),x) — 0ord(x, T"(xp)) — 0asn — oco.

Proof. According to Theorem 7 and Remark 2, we just need to claim that if T is a weakly
uniformly strict contraction, then {T"(xo)}5o_; = {xx}7>, is both a <-Cauchy sequence
and >-Cauchy sequence for xg € X. Suppose that {x,}?" ; is not a <-Cauchy sequence.
Then, there exists 2¢ > 0 such that, given any integer N, there exist n > m > N satisfying
d(xm, xn) > 2e. We are going to follow the similar proof of Theorem 10.

Let ' = min{4, €}, and let v = d(xm,xj) forj=m+1,--- ,n Forjwithm <j<n,
using the ><-triangle inequality, we have

d(xm, xj11) < d(xm, xj) +d(xj,xj11),
which implies
& 28" ¢
3 >N Z 6y = d(xjp Xjps1) Z Vg1 —vjp Z €+ —e— - ==

This contradiction shows that there exists an integer j with m < j < n satisfying
d(xm,xj) # 0and

!

20
e+3 < d(xm, xj) <e+7, (21)
which implies
A(xpmy1,xp41) = d(T(xm), T(x))) <e. (22)
Using the t<-triangle inequality, we can obtain
d(xmr xj) < d(xmr xm+1) + d(merlr x]'+1) + d(xj+1r x]')
=Cm+ d(xmﬂ,xj“) + C_/' <cCpte+ C_j (by (22))

<oy + €+ Cy (since {c, }5 4 and {¢,};_; are decreasing)

& &
= — (by (8
<G te+ 3 by ©)
=€+ 2—5,
= 3
which contradicts (21). This contradiction shows that every sequence {T"(x)}? ; =

{x4}9; is a <-Cauchy sequence.

Suppose that {x, }7 ; is not a >-Cauchy sequence. Then, there exists 2¢ > 0 such that,
given any integer N, there exist n > m > N satisfying d(x,,, x,,) > 2¢. Let &' = min{J, €},
and let v; = d(xj,xy) for j = m+1,---,n. For j with m < j < n, using the p<-triangle
inequality, we have

d(xjp1,xm) < d(xjp1, %)) +d(x),xm),

which implies

i , 204
3 > ON 2 o = d(Xjp41,%jp) 2 Vjor1 = Vjp 2 €+ —€— == = =

This contradiction shows that there exists an integer j with m < j < n satisfying
d(xj, xm) # 0and

!

20
e+? <d(xj,xpu) <e+7d, (23)
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References

which implies
d(x]-+1,xm+]) = d(T(x]-),T(xm)) < €. (24)

Using the p<-triangle inequality, we can obtain

d(xj, Xm) < d(xj, Xj1) + d(Xj41, Xms1) + d(Xpt1, Xm)
=¢j+d(xj11, Xm+1) + T < ¢j + €+ T (by (24))

< cn +e+ iy (since {¢, }2 ; and {&, }5_; are decreasing)

& iy
=€+ Zi/
= 3
which contradicts (23). This contradiction shows that every sequence {T"(x)}%; =

{xn}54 is a >-Cauchy sequence. Using Theorem 7, the proof is complete. [

Example 5. Continued from Example 3, since the pre-metric space (R,d) is simultaneously
>-complete and <-complete, any function T : (R,d) — (R,d) that is a weakly uniformly strict
contraction on R has a unique fixed point. The concrete examples regarding functions that are
weakly uniformly strict contraction on R can be obtained from the literature.

We finally remark that the Meir-Keeler type of fixed point theorem based on the
o-triangle inequality cannot be obtained by using an argument similar to Theorem 11. In
other words, we need to design a different argument to obtain the Meir-Keeler type of
fixed point theorem based on the o-triangle inequality. It is also possible that we cannot
establish the Meir—Keeler type of fixed point theorem based on the o-triangle inequality.
Therefore, this problem remains open and could be the subject future research.
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Abstract: In this paper, we introduce four new types of contractions called in this order Kanan-S-
type tricyclic contraction, Chattergea-S-type tricyclic contraction, Riech-S-type tricyclic contraction,
Ciri¢-S-type tricyclic contraction, and we prove the existence and uniqueness for a fixed point for
each situation.
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1. Introduction

It is well known that the Banach contraction principle was published in 1922 by
S. Banach as follows:

Theorem 1. Let (X, d) be a complete metric space and a self mapping T : X — X. If there exists
k € [0,1) such that, for all x,y € X, d(Tx, Ty) < kd(x,y), then T has a unique fixed point in X.

The Banach contraction principle has been extensively studied and different general-
izations were obtained.
In 1968 [1], Kannan established his famous extension of this contraction.

Theorem 2. Ref. [1] Let (X, d) be a complete metric space and a self mapping T : X — X. If T
satisfies the following condition:

1
0<k<,

d(Tx, Ty) < kld(x, Tx) +d(y, Ty)] forall 5

x,y € X where
then T has a fixed point in X.

A similar contractive condition has been introduced by Chattergea in 1972 [2]
as follows:

Theorem 3. Ref. [2] Let T : X — X, where (X, d) is a complete metric space. If there exists
0<k< % such that

d(Tx, Ty) < k[d(y, Tx) +d(Ty,x)] forall x,ye€X,
then T has a fixed point in X.

We can also find another extension of the Banach contraction principle obtained by
S. Reich, Kannan in 1971 [3].

Theorem 4. Ref. [3] Let T : X — X, where (X, d) is a complete metric space. If there exists
0<k< % such that
d(Tx, Ty) < kld(x,y) +d(x, Tx) +d(y, Ty)] forall x,y€X,
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then T has a fixed point in X.
In addition, in the same year, Ciri¢ gave the following extension [4].

Theorem 5. Ref. [4] Let T : X — X, where (X,d) a complete metric space. If there exists
k € [0,1) such that

d(Tx, Ty) < kMax[d(x,y),d(x, Tx),d(y, Ty),d(y, Tx),d(Ty,x)] forall x,y € X,
then T has a fixed point in X.

Many authors have investigated these situations and many results were proved
(see [5-13]).

In this article, we prove the uniqueness and existence of the fixed points in different
types contractions for a self mapping T defined on the union of tree closed subsets of a
complete metric space with k in different intervals.

2. Preliminaries

In best approximation theory, the concept of tricyclic mappings extends that of ordi-
nary cyclic mappings. Moreover, in the case where two of the sets, say A and C, coincide,
we find a cyclic mapping which is also a self-map, and, hence, a best proximity point result
for a tricyclic mappings means also a fixed point and a best proximity point result for a
self-map and a cyclic mapping.

Definition 1. Let A, B be nonempty subsets of a metric space (X, d). A mapping T : AUB —
AU B is said to be cyclic if :
T(A) C B,T(B) C A.

In 2003, Kirk et al. [14] proved that, if T : AUB — A U B is cyclic and, for some
ke (0,1),d(Tx, Ty) < kd(x,y) forallx € A,y € B, then AN B # @, and T has a unique
fixed pointin AN B.

In 2017, Sabar et al. [15] proved a similar result for tricyclic mappings and introduced
the concept of tricyclic contractions.

Theorem 6. Ref. [15] Let A, B and C be nonempty closed subsets of a complete metric space
(X,d), and let a mapping T : AUBUC — AUBUC.IfT(A) C B,T(B) CCand T(C) C A
and there exists k € (0,1) such that D(Tx, Ty, Tz) < kD(x,y,z) forall (x,y,z) € A x BxC,
then AN BN C is nonempty and T has a unique fixed point in ANBNC,

where D(x,y,z) =d(x,y) +d(x,z) +d(y,z).

Definition 2. Ref. [15] Let A, B and C be nonempty subsets of a metric space (X, d). A mapping
T:AUBUC — AUBUC is said to be tricyclic contracton if there exists 0 < k < 1 such that:

1. T(A)CB,T(B) C Cand T(C) C A.
2. D(Tx,Ty,Tz) < kD(x,y,z) + (1 —k)é6(A, B,C) forall (x,y,z) € Ax B xC.

where §(A,B,C) = inf{D(x,y,z) :x € A,y € B,z € C}

Very Recently, Sabiri et al. introduced an extension of the aforementioned mappings
and called them p-cyclic contractions [16].

3. Main Results

Definition 3. Let A, B and C be nonempty subsets of a metric space (X,d). A mapping T :
AUBUC — AUBUC is said to be a Kannan-S-type tricyclic contraction, if there exists

ke (O, %) such that
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1. T(A)CB,T(B)CC,T(C)C
2. D(Tx, Ty, Tz) <k[d(x, Tx) + (y, Ty) +d(z,Tz)] forall (x,y,z) € A X B x C.

We give an example to show that a map can be a tricyclic contraction but not a
Kannan-S-type tricyclic contraction.

Example 1. Let X be R? normed by the norm || (x,y) ||= |x| + |y|,and A =[1,2] x {0},B =
{0} x [-2,-1],C = [-2,—1] x {0}, then

J(A,B,C) = D((1,0),(0,—1),(-1,0)) =6
PutT: AUBUC — AUBUC such that
x+2

T(x,0) = (QiT) if (x,0) € A,
0y = (Y520)  ifOwes

T(z,0) = (42;2,0) if (z,0) € C,

We have T(A) C B,T(B) C Cand T(C) C A, and

D(T(x,0, 00,7 0) = D(10.- 32,52 0.-35%0)

= Z-y-2)+
_ %D((x,O),(O,y), (,0)) + 4
_ %D((x, 0), (0,), (z,0)) + (1 —

forall (x,0) € A,(0,y) € B,(z,0) € C.
On the other hand,

1
5)5(A, B,C)

D(T(2,0),T(0,-2),T(=2,0)) = D((o,fg),(;‘l,o),(é,o)) =8

and
d((2,0),T(2,0)) +4d((0,—2),T(0,-2)) +d((—2,0),T(-2,0)) = 10,

which implies that
D(T(Zr 0)/ T(Or 72)/ T(*Z, 0))

[4((2,0),T(2,0)) +d((0,—2),T(0,—2)) +d((—2,0),T(—2,0))]

m\»—\

Then, T is tricyclic contraction but not a Kannan-S-type tricyclic contraction.

Now, we give an example for which T is a Kannan-S-type tricyclic contraction but not
a tricyclic contraction.

Example 2. Let X = R with the usual metric. Let A = B = C = [0,1], then 6(A,B,C) = 0.
PutT: AUBUC — AUBUC such that

Tx:%ifogx<l, Tx:iz’fx:l
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Forx=1y=1andz = %,wehave

23 111 11 1
D(T(l)/T(l)/T(ﬂ)) = D(z;'g) = Zd(*/g) =5
and 23 23 1
D(1,1,50) =2d(1, 29) = .

Then, T is not tricyclic contraction.
However T is a Kannan-S-type tricyclic contraction. Indeed:

Ifx =y =2z =1, we have
D(T(1), T(1), T(1)) = 0 < Zk

forall k > 0, then for 0 < k < %
Ifxe [0,1),ye€ [0,1)and z € [0,1), we have

D(Tx, Ty, Tz) = 0 < k(d(x, £) +dly, 1) +d(z, )

forallk > 0, then for 0 < k < %
Ifx=1y¢€ [0,1)andz € [0,1), we have

111 1
D(Ty, Ty, T2) = D, 7, £) =
4°6" 6 6

and
(1, T(1)) +d(y, Ty) + d(z, Tz) = % +d(y, %) +d(z, %),

then, for k = %, we have
D(T(1),T(y, Tz) < k(d(1,T(1)) + d(y, Ty) + d(z, Tz)).

Ifx=1y=1andz € [0,1), we have

D(T(1),T(1),T2) =D(3, 3, §) = ¢

N

1
7
and

1

41, T(1)) +d(1, T() +d(z,T2) = 5 +d(z, ¢).

Then, for k = %, we have
D(T(1), T(1), Tz) < k(d(1, T(1)) + d(1, T(1)) + d(z, T=)).
Consequently, for k = %, we have :

D(Tx, Ty, Tz) < k(d(x, Tx) +d(y, Ty) +d(z, Tz)) forall (x,y,z) € A x BxC.

Theorem 7. Let A, B and C be nonempty closed subsets of a complete metric space (X, d), and let
T: AUBUC — AUBUC be a Kannan-S-type tricyclic contraction. Then, T has a unique
fixed pointin ANBNC.

Proof. Fix x € A. We have

d(T°x, Tx) < D(T°%, T, Tx) < k[a (T2, 1) +d(Tx, T%) +d(x, Tx)|.
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Then,
d (T3x, T2x> <k [d (sz, T3x> + d(Tx, T2x> +d(x, Tx)} ,

which implies

d(T3x, sz) < [d(Tx, T2x> +d(x, Tx)].

-5

Similarly, we have

d(sz, Tx) < {d <T3x, sz) +d(x, Tx)]

[
—~
~
)
Rel
}ﬂ
=
N
IN
=~
—
-~

d(Tx, sz) +d(x, Tx)] +d(x, Tx)}

(d(x, Tx)).

Then,

d(sz, Tx) < td(x, Tx) where t = ﬁ and t € (0,1),

which implies
d(T”+1x, T”x) < t"d(x,Tx),foralln >1
Consequently,

+o0 +o0
2d<T““x, T"x) < () #"Md(x, Tx) < +o0
n=1 n=1

implies that {T"x} is a Cauchy sequence in (X, d). Hence, there exists z € AU B U C such
that T"x — z. Notice that {T%"x} is a sequence in A, {T®*~1x} is a sequence in C and
{T%=2x} is a sequence in B and that both sequences tend to the same limit z. Regarding
the fact that A, B and C are closed, we concludez € ANBNC,hence ANBNC # @.

To show that z is a fixed point, we must show that Tz = z. Observe that

d(Tz,z)

lim d (Tz, T3"x) < limD (T3"x, T3n-ly, Tz)

IN

tim kd (T2, Tx) + d (192, T 1x) + d(z, T2)]
kd(Tz,z),

A

which is equivalent to
(1—-k)d(Tz,z) =0.

Since k € (O, %), then d(Tz,z) = 0, which implies Tz = z.
To prove the uniqueness of z,, assume that there exists w € A U B U C such that w # z
and Tw = w. Taking into account that T is tricyclic, we getw € AN B N C. We have

d(z,w) = d(Tz, Tw) < D(Tz, Tw, Tw) < k[d(z, Tz) + d(w, Tw) + d(w, Tw)] = 0
which implies d(z, w) = 0. We get that z = w and hence z is the unique fixed point of T. [

Example 3. Let X be R? normed by the norm || (x,y) ||= |x| + |y, let A = {0} x [0,+1],B =
[0,4+1] x {0}, C = {0} x [-1,0] and let T : AUBUC — AUBUC be defined by

T0,x) = (5,0) 1) €A,
T(y,0) = (0%> if (y,0) € B,
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z

T(0,2) = (0%) if (0,z) € C.

We have
T(A)CB,T(B)CCand T(C) C A

In addition, for all (0,x) € A, (y,0) € B,(0,z) € C, we have

D(T(0, %), T(y,0), T(0,2)) = D<<%,0), (0,%), (0,%)) = %(x +y—2)

In addition, we have

d((0,x), T(0,x)) +d((y,0), T(y,0)) +4d((0,2), T(0,2)) = g(x +y-2)

This implies
2
D(T(0,%), T(y,0), T(0,2)) = Z[d((0,x), T(0,x)) +d((y,0), T(y,0)) +d((0,2), T(0,2))].
Then, T is a Kannan-S-type tricyclic contraction, and T has a unique fixed point (0,0) in

ANBNC.

Corollary 1. Let (X, d) be a complete metric space and a self mapping T : X — X. If there exists
ke (O, %) such that

D(Tx, Ty, Tz) < k[d(x, Tx)+d(y, Ty) +d(z, Tz)]
forall (x,y,z) € X3, then T has a unique fixed point.
Now, we shall define another type of a tricyclic contraction.

Definition 4. Let A, B and C be nonempty subsets of a metric space (X,d). A mapping T : AU
BUC — AUBUC is said to be a Chattergea-S-type tricyclic contraction if T(A) C B, T(B) C

C,T(C) C A, and there existk € (O, %) such that D(Tx, Ty, Tz) < k[d(y, Tx) +d(z, Ty) + d(x, Tz)]
forall (x,y,z) € Ax B xC.

Theorem 8. Let A, B and C be nonempty closed subsets of a complete metric space (X, d), and let
T: AUBUC — AU BUC bea Chattergea-S-type tricyclic contraction. Then, T has a unique
fixed pointin ANBNC.

Proof. Fix x € A. We have
D(Tx, T2, Tx) < k[d(Tx, Tx) +d(T%, T2x) +d (T, %) |

which implies
D (T3x, T2x, Tx) < kd <T3x, x)

SO

d <T3x, T2x> <k [d (T3x, T2x> +d (sz, Tx) +d(Tx, x)] (by the triangular inequality)

= d(TSx, sz) < {d(Tx, T2x> +d(x, Tx)}

(1-k)

and

d(T2x, Tx) < D(T%, T2, Tx) < =B [4(T°x, T%) +d(x, Tx)|

182



Axioms 2021, 10, 72

e d(sz, Tx) < a i ) {ﬁ [d (Tx, T2x> +d(x, Tx)] +d(x, Tx)}

=d (sz, Tx) < (d(x, Tx))

_k
1-—2k
Then,

d(sz, Tx) < td(x, Tx) where t = ﬁ and t € (0,1),

which implies
d (T”“x, T”x) < t"d(x, Tx)

for all n > 1. Consequently,
+00 “+00
Zd(T”“x, T”x) < (Y #"Md(x, Tx) < +o0
n=1 n=1

implies that {T"x} is a Cauchy sequence in (X, d). Hence, there exists z € AU BU C such
that T"x — z. Notice that {T%"x} is a sequence in A, {T®"~1x} is a sequence in C, and
{T®~2x} is a sequence in B and that both sequences tend to the same limit z. Regarding
that A, B and C are closed, we conclude z € ANBNC,hence ANBNC # &.

To show that z is a fixed point, we must show that Tz = z. Observe that

d(Tz,z) limd (Tz, T3"x> <limD (Tz, T3y, T3"*1x)

IN

limk[d(T?’"*lx, TZ) + (T‘o’"*zx, T3”x) +d(z, T 1x)] < kd(Tz,z),

which is equivalent to (1 —k)d(Tz,z) = 0. Since k € <1, %), then d(Tz,z) = 0, which
implies Tz = z.
To prove the uniqueness of z, assume that there exists w € AU B U C such that w # z

and Tw = w. Taking into account that T is tricyclic, we getw € ANBNC.
We have

d(z,w) d(Tz, Tw) < D(Tz, Tw, Tw)
k[d(Tz,w) + d(Tw, w) + d(Tw, z)]

2kd(z, w).

INIA

Then, d(z,w) = 0. We conclude that z = w and hence z is the unique fixed point
of . O

Corollary 2. Let (X, d) be a complete metric space and a self mapping T : X — X. If there exists
ke (O, %) such that

D(Tx, Ty, Tz) < k[d(y, Tx) + d(z, Ty) +d(x, Tz)]
forall (x,y,z) € X3, then T has a unique fixed point.
In this step, we define a Reich-S-type tricyclic contraction.

Definition 5. Let A, B and C be nonempty subsets of a metric space (X, d).
Amapping T : AUBUC — AU BU C is said to be a Reich-S-type tricyclic contraction if there

exists k € (O, %) such that:
1. T(A)CB,T(B)CC,T(C)CA.
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2. D(Tx,Ty,Tz) < k[D(x,y,z)+d(x,Tx)+d(y, Ty) + d(z,Tz)] for all (x,y,z) € A x
B xC.

Theorem 9. Let A, B and C be nonempty closed subsets of a complete metric space (X, d), and let
T:AUBUC — AUBUC be a Reich-S-type tricyclic contraction. Then, T has a unique fixed
pointin ANBNC.

Proof. Fix x € A. We have

d(sz, T3x)

IN

D(Tx, T2y, T3x)

N

k {D(x, Tx, T?x) +d (sz, T3x> + d<Tx, T2x> +d(x, Tx)}

— d(T2, 1) (1 - k) < k(24 (T2, Tx) +2d(x, Tx) + d (T2, ¥ )]

—d (sz, T3x> < 1 ﬁ [2d< X, Tx) +2d(x, Tx) d(sz, xﬂ
< =% k [Zd( X, Tx) +2d(x, Tx) d(sz, Tx) +d(Tx, x)}
< %[3{1( X, Tx) +3d(x, Tx) ]

= d(sz, T3x) < %[d(sz, Tx) +d(x, Tx)]
and

d(T2, Tx) < D(Tx, T, T) < k[D(x, Tx, T2x) +d(T?, T ) +d(Tx, T2x) + d(x, Tx)|

— d(T2x, Tx) < k[3d(T2x, Tx) +3d(x, Tx) +d (T, T°x )

— d (T2, Tx) (1 - 3k) < kd (T2, T ) +3d(x, Tx)]

e d<T2x, Tx) < —kSk <T2x,T3 )+ %d(x Tx)

= d(sz Tx) <73 k3k - [d(sz Tx) +d(x, Tx)] + 7k3kd(x Tx)
3k? 3k? 3k

d(x, Tx)

3k2 3k? +3k(1 — k)
2 _
:>d<1 x,lx)(l k)>

A-3k(1-k /)= 1-3)1—k
= d(sz, Tx) (1= 3K) (1~ k) = 3%) < (3K + 3k(1 — k))d(x, Tx)

— d(Tx, Tx) (1 - 4k) < 3kd(x, Tx)

= d(sz, Tx) < d(x, Tx).

3k
— (1—4k)
Then,

d(sz, Tx) < td(x, Tx) where t = andt € (0,1),

3k
(1 — 4k)
which implies
d(T”“x, T"x) < t'd(x, Tx),
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consequently
+00 ~+o00
):d(T"Hx, T"x) < (Zt")d(x, Tx) < 400
n=1 n=1

This implies that {T"x} is a Cauchy sequence in (X,d). Hence, there exists z €
AUBUC such that T"x — z. Notice that {T%'x} is a sequence in A, {T?"1x} is a
sequence in C and {T3"~2x} is a sequence in B and that both sequences tend to the same
limit z. Regarding the fact that A, B and C are closed, we conclude thatz € ANBNC,
hence ANBNC # @.

To show that z is a fixed point, we must show that Tz = z. Observe that

d(Tz,z) = limd<Tz,T3”x>

IN

lim D (T3"x, o1y, Tz)

IN

tim k[d (T3, T 2x) +d (19" 1y, 2) +d(T"2x, 2)

d(T3”’lx, T3"x) +d (T3"’2x, T3”’1x) +d(z,Tz)]
kd(Tz,z),

IN +

which is equivalent to (1 — k)d(Tz,z) = 0.
Since k € (O, %), then d(Tz,z) = 0, which implies Tz = z.

To prove the uniqueness of z, assume that there exists w € A UB U C such that w # z
and Tw = w. Taking into account that T is tricyclic, we getw € ANBNC.

d(z,w) = d(Tz Tw)

D(Tz, Tw, Tw)

k[2d(z, w) + d(w,w) + d(z, Tz) 4+ d(Tw, w) + d(Tw, w)]
2kd(z, w)

INIAN A

implies d(z, w) = 0. We conclude that z = w and hence z is the unique fixed point of T. [

Example 4. We take the same example 3.
Let X be R? normed by the norm || (x,y) ||= |x| + |y|,

A =1{0} % [0,+1], B = [0,+1] x {0},C = {0} x [~1,0]

andlet T: AUBUC — AUBUC be defined by
X .

T(O,x):(g,o) if(0,x) €A,

160 =(0E) fuoes,

T(0,2) = (0,%) if(0,2) €C,

We have T is tricyclic and for all (0,x) € A, (y,0) € B,(0,z) € C,

D(T(0,x),T(y,0),T(0,2)) = D((%O)'(O'%y>'<°'%z>>

= %(X—Q—y—z).
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In addition, we have

D((0,%), (y,0), (0,2)) +d((0,x), T(0,x)) + d((y,0), T(y,0)) +d((0,2), T(0,2))

:2(x+yfz)+g(x+yfz):%(eryfz).
Then,
D(T(0,%), T(3,0),T(0,2)) = +5(D((0,%), (3,0), (0,2)) +4((0,%), T(0, %))
+4((3,0), T(3,0)) +d((0,2), T(0,2))
< 2 (D((0,%), (1,0),(0,2)) +4((0,%), T(0,)
+4((3,0), T(3,0)) +d((0,2), T(0,2))

This implies that T is a Reich-S-type tricyclic contraction, and T has a unique fixed point
(0,0)in ANBNC.

Corollary 3. Let (X, d) a complete metric space and a self mapping T : X — X. If there exists
ke (0,4) such that

D(Tx, Ty, Tz) < k[D(x,y,z) +d(x, Tx) +d(y, Ty) + d(z, Tz)]
forall (x,y,z) € X3, then T has a unique fixed point in X.

The next tricyclic contraction considered in this section is the Ciri¢-S-type tricyclic
contraction defined below.

Definition 6. Let A, B and C be nonempty subsets of a metric space (X,d), T: AUBUC —
AU BUC bea Cirié-S-type tricyclic contraction, if there exists k € (0,1) such that

1. T(A)CBT(B)CCT(C)C A

2. D(Tx, Ty, Tz) < kM(x,y,z) forall (x,y,z) € A x B xC.

where M(x,y,z) = max{D(x,y,z),d(x,Tx),d(y, Ty),d(z, Tz) }

The fixed point theorem of the Ciri¢-S-type tricyclic contraction reads as follows.
Theorem 10. Let A, B and C be nonempty closed subsets of a complete metric space (X, d), and
let T: AUBUC — AUBU C bea Cirié¢-S- type tricyclic contraction, then T has a unique fixed
pointin ANBNC.

Proof. Taking x € A, we have D(Tx, Ty, Tz) < kM(x,y,z) for all (x,y,z) € A x B x C.

If M(x,y,z) = D(x,y,z), Theorem 7 implies the desired result.
Consider the case M(x,y,z) = d(x, Tx). We have:

D (Tx, T?x, T3x> <kd(x,Tx) = d (Tx, sz) < kd(x, Tx)
= d(T”x, T”+1x> < K'd(x, Tx)
Consequently,
“+o0
Zd(T”“x, T”x) Zk" x, Tx) < +o0
n=1
which implies that {T"x} is a Cauchy sequence in (X, d). Hence, there existsz € AUBUC

such that T"x — z. Notice that {T%"x} is a sequence in A, {T®*~!x} is a sequence in C,
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and {T%~2x} is a sequence in B and that both sequences tend to the same limit z; regarding
the fact that A, B and C are closed, we conclude z € ANBNC,hence ANBNC # @.
To show that z is a fixed point, we must show that Tz = z. Observe that

d(Tz,z) = limd <Tz, T3"x) <lim D <T3”x, T3 1y, Tz) <kd(Tzz),

which is equivalent to (1 —k)d(Tz,z) = 0. Since k € (0,1), then d(Tz,z) = 0, which
implies Tz = z.

To prove the uniqueness of z, assume that there exists w € AU B U C such that w # z
and Tw = w.

Taking into account that T is tricyclic, we getw € ANBNC.

d(z,w) = d(Tz, Tw) < D(Tz, Tw, Tw) < kd(z, Tz) = 0 implies d(z,w) = 0. We con-
clude that z = w and hence z is the unique fixed point of T.
Consider the case M(x,y,z) = d(y, Ty). We have :

D (Tx, T?x, T3x> < kd (Tx, sz) — d(Tx, T2x> < kd (Tx, sz) <d (Tx, T2x> ,

which is impossible since k € (0,1)
Consider the case M(x,y,z) = d(z, Tz). We have:

D(Tx, T, Tx) < kd (T2, T ) — d(T%, T) < ka (T2, T°x) < d(T?, T°x),
which is impossible since k € (0,1). O

Corollary 4. Let A, B and C be a nonempty subset of a complete metric space (X,d) and let a
mapping T : AUBUC — AUBUC. If there exists k € (0,1) such that

1. T(A) CB,T(B) CC,T(C) C A.
2. D(Tx,Ty,Tz) < kmax{D(x,y,z),d(x,Tx)} ¥(x,y,z) € Ax BxC.
Then, T has a unique fixed point in AN BN C.
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Abstract: In this paper, we define almost R¢-Geraghty type contractions and utilize the same to
establish some coincidence and common fixed point results in the setting of b,-metric spaces endowed
with binary relations. As consequences of our newly proved results, we deduce some coincidence
and common fixed point results for almost g-a-17 Geraghty type contraction mappings in by-metric
spaces. In addition, we derive some coincidence and common fixed point results in partially ordered
by-metric spaces. Moreover, to show the utility of our main results, we provide an example and an
application to non-linear integral equations.

Keywords: by-metric space; fixed point; binary relation; almost R ¢-Geraghty type contraction
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1. Introduction

The extension of fixed point theory to generalized structures, such as cone metric
spaces, partial metric spaces, b-metric spaces and 2-metric spaces has received much
attention. 2-metric space is a generalized metric space which was introduced by Géahler
in [1]. Unlike the ordinary metric, the 2-metric is not a continuous function. The topology
induced by 2-metric space is called 2-metric topology which is generated by the set of all
open spheres with two centers. It is easy to observe that 2-metric space is not topologically
equivalent to an ordinary metric. Hence, there is not any relationship between the results
obtained in 2-metric spaces and the correspondence results in metric spaces. For fixed point
results in the setting of 2-metric spaces, the readers may refer to [2-5] and references therein.

The concept of b-metric spaces was introduced by Czerwik [6,7] which is a generaliza-
tion of the usual metric spaces and 2-metric spaces as well. Several papers have dealt with
fixed point theory for single-valued and multi-valued operators in b-metric spaces have
been obtained (see, e.g., [8-10]).

In 2014, Mustafa et al. [11] introduced the notion of by-metric spaces, as a generaliza-
tion of both 2-metric and b-metric spaces.

On the other hand, the branch of related metric (metric space endowed with a binary
relation) fixed point theory is a relatively new area was initiated by Turinici [12]. Recently,
this direction of research is undertaken by several researchers such as: Bhaskar and Laksh-
mikantham [13], Samet and Turinici [14], Ben-El-Mechaiekh [15], Imdad et al. [16,17] and
some others.

The aims of this paper are as follows:

¢ todefine almost R¢-Geraghty type contractions;
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®  to establish some coincidence and common fixed point results in the setting of by-
metric spaces endowed with binary relations;

* to deduce some fixed point and common fixed point results in partially ordered
by-metric spaces;

®  toprovide an example which shows the utility of our main results;

®  to apply our newly proven results to non-linear integral equations.

2. Preliminaries

Definition 1 ([11]). Let X be a non-empty set, s > 1 a given real number and d : X> — R bea
map satisfying the following conditions:

(i) for every pair of distinct points x,y € X, there exists a point z € X such that d(x,y,z) # 0;
(if)  if at least two of three points x,y, z are the same, then d(x,y,z) = 0;

(iii) d(x,y,z) =d(x,z,y) =d(y,x,z) =d(y,z,x) =d(z,x,y) = d(z,y,x), forall x,y,z € X;
(iv) d(x,y,z) <sld(x,y,w)+d(y,z,w)+d(z,xw),forall x,y,z,w € X.

Then d is called a by-metric on X and (X, d) is called a by-metric space with parameter s.
Obviously, for s = 1, by-metric reduces to 2-metric.

Example 1. Let (X, d) be a 2-metric space and p(x,y, w) = (d(x,y, w))?, where p > 1is a real
number. We see that p is a by-metric with s = 37~1. In view of the convexity of f(x) = xF, on
[0, 00) for p > 1 and Jensen inequality, we have

(a+b4c)P <377 1(aP +bP +cP).
Therefore, condition (iv) of Definition 1 is satisfied and p is a by-metric on X.

Definition 2 ([11]). Let {x,} be a sequence in a by-metric space (X, d). Then

(i) {xn} is said to be by-convergent and converges to x € X, written nlgrolo Xy = x, if for all
aeX, )Ergod(xn,x,a) =0.

(i1)  {xn} is said to be by-Cauchy in X if forall a € X, m’lrilrgood(xm,xn,a) =0.

(iii) (X, d) is said to be by-complete if every by-Cauchy sequence is a by-convergent sequence.

Definition 3 ([11]). Let (X,d) and (X,d) be two by-metric spaces and let f : X — X be a
mapping. Then f is said to be by-continuous at a point z € X if for a given € > 0, there exists
8 > 0such that x € X and d(z,x,a) < 6 forall a € X imply that d(fz, fx,a) < e. The mapping
f is bo-continuous on X if it is by-continuous at all z € X.

Proposition 1 ([11]). Let (X,d) and (X,d) be two by-metric spaces. Then a mapping f : X — X
is by-continuous at a point x € X if it is by-sequentially continuous at x, that is, whenever {x,} is

by-convergent to x, { f(xn)} is by-convergent to f(x).

Lemma 1 ([11]). Let (X, d) be a by-metric space. Suppose that {x, } and {y,} are by-converge to
x and y, respectively. Then, we have

slzd(x,y,a) < lirginfd(xn,y,,,a) <limsupd(xy, yn,a) < szd(x,y,a) foralla € X.
n—oo n—00

In particular, if y, =y, is constant, then

%d(x,y,a) < li’ginfd(xn,y,a) < limsupd(x,,y,a) < sd(x,y,a) foralla € X.
© n—oo
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Definition 4. Let f and g be two self mappings on a non-empty set X. If w = fx = gx for some
x € X, then x is called a coincidence point of f and g and w is called a point of coincidence of f
and g.

Definition 5 ([18]). Two self mappings f and g are said to be weakly compatible if they commute
at their coincidence points, that is, fx = gx implies that fgx = gfx.

Lemma 2 ([19]). Let f and g be weakly compatible self mappings of a non-empty set X. If f and g
have a unique point of coincidence w = fx = gx, then w is the unique common fixed point of f
and g.

A non-empty subset R of X x X is said to be a binary relation on X. Trivially, X x X
is a binary relation on X known as the universal relation. For simplicity, we will write xRy
whenever (x,y) € R and write xR"y whenever xRy and x # y. Observe that R" is also a
binary relation on X and R C R. The elements x and y of X are said to be R-comparable
if ¥Ry or yRx, this is denoted by [x,y] € R.

Definition 6. A binary relation R on X is said to be:

(i) reflexive if xRx forall x € X;

(ii)  transitive if, for any x,y,z € X, xRy and yRz imply xRz; antisymmetric if, for any x,y € X,
xRy and yRx imply x = y;

(iii) preorder if it is reflexive and transitive;

(iv) partial order if it is reflexive, transitive and antisymmetric.

Let X be a nonempty set, R a binary relation on X and Y C X. Then the restriction of
R to Y is denoted by R|y and is defined by R N Y2. The inverse of R is denoted by R~
and is defined by R = {(x,y) € X x X : (y,x) € R}and R®* = RUR ..

Definition 7 ([20]). Let X be a non-empty set and R a binary relation on X. A sequence {x,} C X
is said to be an R-preserving sequence if X, Rxy, 1 for all n € Ny.

Definition 8 ([20]). Let X be a non-empty set and f : X — X. A binary relation R on X is said
to be f-closed if for all x,y € X, xRy implies fxRfy.

Definition 9 ([20]). Let X be a non-empty set and f,g : X — X. A binary relation R on X is
said to be (f, g)-closed if for all x,y € X, gxRgy implies fxR fy.

Definition 10 ([20]). Let (X, d) be a metric space and R a binary relation on X. We say that X is
R-complete if every R-preserving Cauchy sequence in X converges to a limit in X.

Remark 1. Every complete metric space is R-complete, whatever the binary relation R. Particularly,
under the universal relation, the notion of R-completeness coincides with the usual completeness.

Definition 11 ([21]). Let (X,d) be a metric space, R a binary relation on X, f : X — X and
x € X. We say that f is R-continuous at x if, for any R-preserving sequence {x,} C X such that
Xy — X, we have fx, — fx. Moreover, f is called R-continuous if it is R-continuous at each
point of X.

Remark 2. Every continuous mapping is R-continuous, whatever the binary relation R. Particu-
larly, under the universal relation, the notion of R-continuity coincides with the usual continuity.

Definition 12 ([21]). Let (X, d) be a metric space, R a binary relation on X, f,g : X — X and
x € X. Wesay that f is (g, R)-continuous at x if, for any sequence {x,} C M such that {gx, } is
R-preserving and gx, — gx, we have fx, — fx. Moreover, f is called (g, R)-continuous if it is
(g, R)-continuous at each point of X.
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Observe that on setting ¢ = I, Definition 12 reduces to Definition 11.

Remark 3. Every g-continuous mapping is (g, R)-continuous, whatever the binary relation
R. Particularly, under the universal relation, the notion of (g, R)-continuity coincides with the
usual g-continuity.

Definition 13 ([21]). Let (X,d) be a metric space, R be a binary relation on X and f,g :
X — X. We say that the pair (f,g) is R-compatible if for any sequence {x,} C X such
that {fx,} and {gx,} are R-preserving and limy, o gXp = limy—e0 fXn = x € X, we have
limy, 00 d(gf X, fgxn) = 0.

Remark 4. Every compatible pair is R-compatible, whatever the binary relation R. Particularly,
under the universal relation, the notion of R-compatibility coincides with the usual compatibility.

Definition 14 ([20]). Let (X, d) be a metric space. A binary relation R on X is said to be d-self-
closed if for any R-preserving sequence {x,} C X such that x, — x, there exists a subsequence
{xn, } of {xn} such that [x,,x] € R forall k € Ny.

3. Common Fixed Point Results for Almost R ¢-Geraghty Type Contraction Mappings

Lemma 3. Let (X, d) be a by-metric space endowed with a binary relation R and f,g : X — X
such that f(X) C g(X), with R is (f,g)-closed and R|q(x) is transitive. Assume that there exists
xo € X such that gxoR fxo. Define a sequence {x, } in X by fx, = gx,41 for n > 0. Then

gxmRgxpand fxuRfx, forallm,n € No withm < n.

Proof. Since there exists xg € X such that gxoR fxo, fx;, = gx,4+1, and R is (f, g)-closed,
we deduce that gxgRgx1, then gx; = fxgR fx; = gxo. By continuing this process, we get
§xnRgx,41 for all n € N. Suppose that m < 1, so gx;, Rgx,,+1 and gx,, 11 RgXpm12, by R
is g-transitive we have gx;; Rgx,42. Again, since gx,, RgX 2 and gx, 2 RgX 43, We get
that gx,, RgXy43. By continuing this process, we obtain gx,, Rgx,. for all m,n € N with
m < n.In similar way and since f(X) C g¢(X), we conclude fx,,Rfx, forall m,n € N with
m<n. O

In 1973, Geraghty [22] introduced the class F of all functions § : [0,00) — [0, 1) which
satisfy that nlgr.}o B(tn) = 1implies nlgrolo t, = 0. In addition, the author proved a fixed point
result, generalizing the Banach contraction principle. Afterwards, there are many results
about fixed point theorems by using such functions in this class. Duki¢ et al. [23] obtained

fixed point results of this kind in b-metric and from [23] we denote () to the family of all
functions s : [0,00) — [0, 1) for a real number s > 1, which satisfy the condition

. 1 . . .
nlg}goﬁs(t,,) = implies nlgr;lo ty = 0.
Definition 15. Let (X, d) be a by-metric space and f, g : X — X. Suppose for all x,y,a € X,

M(x,y,a) = max{d(gx,gy,a),d(gx,fx,a)fd(gyffy,a)r A o) ;Sd(gy’fx’a) }

and
N(x,y,a) = min{d(gx, fx,a),d(gy, fy,a),d(gx, fy,a),d(gy, fx,a)}.

We say that f is almost Re-Geraghty type contraction mapping if there exist L > 0 and Bs € Q
such that

d(fx, fy,a) < Bs(M(x,y,a))M(x,y,a) + LN(x,y,a), ey

forall x,y,a € X, with gxRgy, fXR"fy.
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Definition 16. Let (X, d) be a by-metric space and f : X — X. Suppose for all x,y,a € X,

d(x, fy,a) +d(y, fx,a) }
2s !

M(x,y,a) = max{d(x,y,u),d(x,fx,a),d(y,fy,u),

and
N(x,y,a) = min{d(x,fx,u),d(y,fy,a),d(x,fy,a),d(y,fx,a)}.

We say that f is almost R-Geraghty type contraction mapping if there exist L > 0 and Bs € Q)
such that

d(fx, fy,a) < Bs(M(x,y,a)) M(x,y,a) + LN(x, y,a), @
forall x,y,a € X, with xRy, fxR"fy.

Now, we present our main result as follows:

Theorem 1. Let (X, d) be a by-metric space endowed with a binary relation R and f,g: X — X
such that f(X) C g(X), g(X) is a by-complete subspace of X. Assume that f is almost Rg-
Geraghty type contraction mapping and the following conditions hold:

(i) there exists xq in X such that gxoR fxo;
(ii) R is (f,g)-closed and R|yx) is transitive;
(iii) R|y(x) is d-self closed provided (1) holds for all x,y,a € X with gxRgy and fxR"fy.

Then f and g have a coincidence point in X.

Proof. Let xy € X such that gxgR fxo. The proof is finished if gxg = fxg and x¢ is a
coincidence point of f and g. Let us take gxg # fxo, then since f(X) C g(X) we can choose
x1 € X such that fxo = gx7. Continuing this process, we can define a sequence {gx, } in X
by fx, = gxp41, forall n € No.
We divide the proof into three steps as follows.

Step 1: We claim that nlgrolo d(gxn,gxy41,4) = 0. From Lemma 3, we have {gx,} is R-
preserving sequence that is gx,Rgx, 1 and fx,Rfx, 11, forall n € No. If fx,y = fx, 41,
for some 1y € Ny, then x,,,11 is a coincidence point of f and g. Suppose that fx, # fx,.1,
for all n € Ny. Therefore, from (1), we obtain

A(gXn11,8%n+2,8%n) = d(fxn, fXui1,8%n)
< Bs(M(xn, X1, 8%n) ) M(Xn, Xpg1,8%n) + LN (X0, X410, 8Xn) — ()
where
M(xp, Xpy1,8%0) = max{d(gxn,gxn+1,gxn),d(gxn,fxn,gxn),d(gxn+1,fxn+1,gxn),
A(8xn, fXni1,8%n) + d(8Xnt1, fXn, §%n)
2s
= max{d(gx,1,gxn+1,gxn),d(gxn,gxnﬂzgxn)rd(gxn+1/gxn+2fgx")r
d(8xn, §Xn+2,8%n) + d(8Xn11, §Xn+1,8%n) }
2s
= d(gXn11,8%n+2,8%n),
and

N(xn/ xn+1/gxn) = min{d(gx"'fx"'gx”)’ d(gxﬂ+1/ fxn+1r gxn)'d(gx”’fx71+l/gx11)r
d(gxnﬂrfxnrgxn)} =0
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N(xy, Xp41,a)

If d(gxy41,§%n+2,8%n) # 0 for some n € Ny, then we have (due to (*))
A(8%n41,8%n+2,8%n) < Ps(d(8%n11,8%n+2,8%n))A(8Xn+1, §Xn+2,8%n),
yielding that

A(8%n11,8%n42,8%n) — Ps(A(8Xn+1,8%n+2,8%n))A(8X 041, §Xn12,8%n) < 0,

or
A(gxn+1, %n+2,8%n)[1 = Ps(d(§¥n-1, §¥n-2,§%n))] < 0 = (x).
Divide both sides in (**) by d (X1, §¥n+2,8%n) 7# 0, we obtain
1 — Bs(d(gxnr1,8Xn12,8%n)) <0,
or

Bs(d(gxnt1,8Xn+2,8%n)) > 1,

a contradiction [as B : [0,00) — [0, %) and s > 10 Bs(c) < % <1, thatis Bs(c) < 1 forall
¢ € [0,00)]. Therefore, we must have

d(g%n11,8%n+2,8%n) =0, foralln € No. 3)
Thus, by the rectangle inequality and (3) we get

d(8xn, §xnsn,a) < s[d(gxn, §xn41,a) + d(§Xp11, §Xn42,a)), 4

for all n € Ny, a € X. Using (4), Lemma 3 and (1) we have

d(8xni1,8%n12,a) = d(fxn, fXui1,0)
< Bs(M(xp, 41, 8) )M (X0, Xpy1,a) + LN (X0, Xpi1,a). (5)

Observe that
M(xp, Xps1,a) = max{d(gxn, §xn11,4),d(§Xn+1,§Xn+2,4) },

and

min{d(gxy, fXn, a),d(gxp+1, fXnt1,), d(g%n, fXn31,0),d(§Xns1, fXn,a)}
min{d(gxnu, §Xu+1,a), A(§Xn+1,§%n+2,4), A(Xn, §xn+2, ), d(gXn+1,8¥n+1,4) }
0.

Now, if M(xp, xy11,a) = d(gXy+1, §¥n+2,4), then from (5) we have
A(8xn11,8%n+2,0) < Bs(d(8Xn+1, §Xn12,0))d(8Xn11, §¥n+2,0) < d(§Xn11,8Xn42,4),
a contradiction. Hence, M (xy,, x,11,a) = d(gXpn, §xn41,4), and
d(8%n11,8¥n+2,a) < Ps(d(8%n, 8Xn11,))d(gXn, §Xn11,8) < d(8%n, 8%n11,4), (6)

foralln € Ng and a € X, which implies that the sequence {d(gxy, §x+1,a)} is strictly de-

creasing of positive numbers. Hence, there exists 6 > 0 such that lijn d(gxn, §xy41,a) = 6.
n—oo

Suppose that § > 0. So, taking the limit as n — co, from (6) we obtain

1 R 1
gé <6< nlgr(}oﬁs(d(gxn,gxnﬂ,a))é < 55.
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Hence,
) 1
nlgr(}oﬁs(d(gxn/gxn+lra)) s

From the property of s, we conclude that lgrl d(gxn, §xn41,a) = 0 a contradiction, hence,
n—o00
6 =0and
lim d(gxn, gxu41,2) = 0. ?)
Step 2: We claim that d(gx;, gx;, gxx) = 0 for all i,j,k € No. Since {d(gxy,gx,41,4)} is
strictly decreasing and d(gxo, gx1,8%0) = 0, we conclude that d(gx,, gx,+1,8%0) = 0, for
all n € Ny.

Since d(gx,—1,8%m, §xm) = 0 for all m € N and {d(gx,, §xn+1,4)} is strictly decreas-
ing we obtain that

d(gxn, §xn+1,8%m) =0, foralln >m—1. 8)
For0 <n<m—1,wehavem —1 > n+1, so from (8) we have
A(gXm—1,8%m, &¥n+1) = A(§Xm—1,§Xm, §Xn) = 0. (C)]
Thus, by the rectangle inequality, d(gx,, §Xn+1,8Xn+1) = 0, and using (9) we obtain

A0, 801, 85m) < SlA(gT0 G0t 8% 1) + (g1 8 8 1) + (g5, 3 Gn-)]
= sd(gXn, §Xn+1,8Xm—1)
< sd(gXn, §Xut1,8Xn+1) = 0.

Therefore, we get
A(gxn, §Xn4+1,8%m) =0, forall0 <n <m—1. (10)
Hence, from (8) and (10) we have
A(gxn, §xn41,8%m) =0, forall n,m € Ny.

Now, for all ,j,k € No, i < jand d(gx;, gxj,gxj—1) = d(gx, g%}, §xj—1) = 0, applying the
rectangle inequality we get

d(gxi gxj,gxk) < s[d(gx;, gxj,&xj-1) +d(8x, gk, §xj-1) + d(gxk, §%i, §%j—1)]
sd(gxi, 8xi,8%j-1)
szd(gxk,gxi,ng,z) <...< s/*id(gxk,gxi,gxi) =0.

IN

Therefore, for all 7, j, k € Ny, we have

d(gx;, gxj,gxx) = 0. (11)

Step 3: We show that {gx, } is a by-Cauchy sequence. Suppose to the contrary that {gx, } is
not a by-Cauchy sequence. Then there is ¢ > 0 such that for an integer k there exist integers
n(k), m(k) with n(k) > m(k) > k such that

A(8X k), §Xn(k) @) = & (12)

for every integer k, let n(k) be the least positive integer with n(k) > m(k), satisfying (12)
and such that

d(gxm(k)/gxn(k)flfu) <e (13)
Using the rectangle inequality, (11) and (12) we have

e < d(8Xu(k), 8%n(k), @) < S[A(8X k), 8%n(k)—1,3) + A(8X (k) §Xn(k)—1,4)]-
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A(8%X (k) §Xu(k), @)

Again, using the rectangle inequality and (11) in the above inequality, it follows that
& < S [d(X (k) 8Xm(k) -1, @) + A(8%Xu(1) 17 §Xn(k)—1, D)) + 54 (8%, (1), 8% (1) -1, @)]-
In addition,
A(§Xm(k) =1, 8%n(k)=1,8) < S[A(Xm(k) =1/ 8¥m(k), @) + A (8% (k) =1/ §¥mi(k), @)]-

Taking the upper limit as k — o, in the above three inequalities and from (7) and (13) it
follows that

€ < limsup d (g, (), §Xn(k), @) < S, (14)
k—o0
€ .
El < hIkILS:;lp A(SX (k) -1/ §Xn(k)—1,4) < SE, (15)
€ .
— < limsup d(gx,, k), §Xu(k)-1,2) < & (16)
s k—o0

Again, using the rectangle inequality, (11) and (12) we get
A(8X (k) -1 8%n(k) @) < S[A(SXy(k)—1, 8%Xn(k)—1,4) + A(8X (k) 8Xn(k)—1, )],
€ < d(8Xy(k), 8% (i) @) < S[A(8X k), 8% m(k)—1,4) + A(§Xn(k), 8¥m(k)—1,4)]-

Taking the upper limit as k — oo, in the above two inequalities and from (7) and (15), we get

< limsup d(g%xy, (1)1, §¥u(k), @) < s2e. (17)

k—oc0

© | M

Now, from Lemma 3 we have fx,,,t)_1R"fx, ()1 forall m(k), n(k) € No withm(k) < n(k).
Hence, from (1) we conclude that

= d(fxm(k)flffxn(k)flfa)
< Bs(M (%) =15 Xn(k)—1, )M (X () =1 Xy =1, @) + LN (X (1) —1, X ()1, ), (18)

where

M (X (k) -1, Xn(k)—1,4) = max{d (2,11, 8% (k) —1-4), (X (k) 1, f X (k) -1, 9),

A% (k)17 fXn()-1,2) + A(8Xn ()1, fXm(k)—1,9) \
2s ’

A%ty —1, fXn(k)-1,9)s

= max{d(gxm(k)—lrgxn(k)—llu)rd(gxm(k)—lfgxm(k)r”)rd(gxn(k)—lrgxn(k)r”)/

d(gxm(k)—l'gxn(k)'a) + d(gxn(k)—l'gxm(k)/ﬂ)
2s ! (19)
and
N(Xp(k)-17 Xn(k)-1,8) = mIin{d(Xy 001, 8% (k) @), A(§Xn(k) -1/ 8%n(k) @) A(8%m(k) 1, §¥ (k) 4),
A(%u()-1, §Xm(k), @) } - (20)
Taking the upper limit as k — oo, in (19), (20) and using (7), (15)—(17) it follows that
€ .
— < limsup M(x,,5) -1, Xy -1,4) < 8¢, (21)
5 k—o0
and
1ifkn sup N (X (6)—1, ()1, 4) = 0. (22)
—00
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Now, taking the upper limit as k — co in (18) and using (14), (21) and (22), we conclude that

Lim sup d(82,,(k), % (k). 1)

€ k—o0 . 1
-t c < < 2.
S=_< lirl;nsup Ve — 111;1j;1p Bs(M(xy(r)-1, (i -1,0)) < -

—00

Thus, hrkn sup Bs(M(Xy(6) -1, Xn(k)-1,4)) = l Hence, lirkn sup M(X,(k)-1, Xu()-1,4) = 0,
which is a contradiction. Therefore, {gx,} is a by-Cauchy sequence. As g(X) is bp-complete
subspace of X, then there exist z € X such that

lim gx, = hm fxn = gz. (23)

n—00

Now, we show that z is a point of coincidence of f and g. From condition (iii), we
have R|,(x) is d-self closed and (1) holds for all x,y,a € X with gxRgy and fxR"fy. As
{gxn} C g(X), {gxn} is R|y(x)-preserving and gx, — gz so there exists a subsequence
{8%u)} C {8xn} such that gx,, 1y R|g(x)8z for all k € Ny and since R is (f, g)-closed then
e R\g )fz for all k € No.

If fxn<k) = fz for all k > ko, and ko,k € Ny, then klgrolofxn(k) = fz, and since
nlgrgo fx, = gz, we have fz = gz, thatis z is a coincidence point of f and g.

On other hand, if fx, ) # fz forallk > ko, and ko, k € No, then fxn(k)R|g(X)fz and
fxuw) # fzforallk > ko, and ko, k € No. Thus, gx,,4) R |¢(x)82z and fx,,R"[¢(x)fz, and
from (1), we have

d(gxn(k)Jrl/fZ/a) = d(fx fZ a) < ﬁg( ( 12z, a))M(xn(k)/Z/a) + LN(xn(k)rZ/a)/ (24)

where

M(x,1),z,0) = max{d(gxn(k)rgzr”)/d(gxn(k)rgxn(k)+1r”)/d(gzrfzfa)/

A(gxp(k), f2,0) +d(gz, 8y (k) 41, 9) (25)
2s ’
and
N(xuey,z,0) = min{d(§x,(x), §%n(x)+1,2),4(82, f2,2),d (8% (k). f2,a), d(82, 8% n(t)11,) }- (26)
Letting k — co in (25), (26), we get
limsup d(gx,,x), fz,4)
lim sup M(x,,(y), z,a) = max{d(gz,fz,a), ke },
k—o0 2s
and
limsup N(x,,(), z,a) = 0. (27)
k—o0
From Lemma 1, we have
w < limsupd(gx,x), fz,a) < sd(gz, fz,a). (28)
k—o00

Thus,

max{d(gz, fz,a), %} < liI};nsup M(xn(k>,z,a) < max{d(gz, fz,a), W},
—00
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M(u, wy,a)

yields,

limsup M(x,, ), 2,a) = d(gz, fz,a), (29)

k—o0

Again, taking the upper limit as k — oo, in (24) and using Lemma 1, (27) and (29), we get

d(gz fz,0) limsup d(gx;,(1) 11, fZ, )
s k—ro0
< limsup Bs(M(x, ), 2,a)) limsup M(x,,x), 2, a)
k—o0 k—o0
< limsup Bs(M(x, ), 2,a))d(8z, fz,a)
k—ro0
1
< gd(gz,fz,a),
Hence, limsup Bs(M(x, ), 2,a)) = 1, so from the property of B; we conclude that
k—o0

hmsupM( Xy(k),2,a) = 0 implies d(gz, fz,a) = O for all @ € X. That is, gz = fz. This
shows that f and g have a coincidence point. [

The next theorem shows that under some additional hypotheses we can deduce the
existence and uniqueness of a common fixed point.

Theorem 2. In addition to the hypotheses of Theorem 1, suppose that f and g are weakly compatible
and for all coincidence points u,v of f and g, there exists w € X such that guRgw and goRgw.
Then f and g have a unique common fixed point.

Proof. The set of coincidence points of f and g is not empty due to Theorem 1. Suppose
that u and v are two coincidence points of f and g, thatis, fu = gu and fv = gv. We will
show that gu = gv. By our assumption, there exists w € X such that

guRgw and goRgw. (30)

Now, proceeding similarly to the proof of Theorem 1, we can define a sequence {w,}
in X as fw, = gwy foralln € No and wg = w, with lim d(gwy, gwy11,a) = 0. Since

gURgwy (§vRgwp) and R is (f, g)-closed, we conclude that fuR fwy(fvR fwy). Hence,
guRgwi(gvRgw ). By induction, we have

guRgw, and gvRgw,, Vn € Ny. (31)
From (1) and using (31), we obtain
d(gu, gwyi1,a) = d(fu, fwy,a) < Bs(M(u, wy,a))M(u, wy,a) + LN (1, wy, a), (32)

where

max{ (g, g0, 0),d (g, St (g, oy ), L) LA TN,

max{d(gu,gwn,a),d(gwn,gwﬂﬂ,a), d(gu’gwnJrlru)z: d(gwmgu/ Cl) }/

and

N(u, wy,a) min{d(gu, fu,a),d(gw,, fwn, a),d(gu, fwy,a),d(gw,, fu,a)}

= min{d(gu, gu,a),d(gwy, §wy11,a),d(gu, §wy1,a),d(gw,, gu,a)} = 0.
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d(gu,gwnﬂ,a)

Hence,

d(gu, gwuy1,a) < Bs(M(u,wn,a))M(u,wy,a)

1
< gM(M,ZUn,ﬂ) < M(u/wn/a)-
Since,

< M(u,wp,a)

d(gu, gwy11,a) + d(gwn, gu, a) }

= max{d(gu,gwn,a),d(gwn,gwnﬂ,a), %

— max{ (g, g, 0), d(gon 30,11,
Thus,

M, w,,a) = max{d(gu,gwn,a»d(gwn,gwm,a)}.
(Casel): if M(u, wy,a) = d(gu, gwy, a), then

1
d(gu, gwni1,0) < Ps(d(gu, gwn, a))d(gu, gwn, a) < —d(gu, gwn, a) < d(gu, gwn,a), (33)

it follows that d(gu, gw,41,a) < d(gu, gwy, a). Thus, {d(gu, gw,,a)} is strictly decreasing.
Hence, there exists v > 0 such that r}gi;o d(gu, gwy,a) = 7. Letting n — oo in (33), we obtain

=2

<= lim d(gu, gwarr,a) < lim Bs(d(gu, gwn,a)) lim d(gu, gwn,a)
nlgr(}o,l%s(d(gu,gwmﬂ))’Y
v

’

S

IN

IN

this implies
1
s

© | =

< lim Bs(d(gu, gwy,a)) <

n—oo

Thus,
. 1
Jlim Bs(d(gu, gwn,a)) = .

From the property of s, we conclude that 111;[1 d(gu, gwy,a) = 0.
n—oo
(Case2): If M(u, wy,a) = d(gwy, §Wy,+1,4), then

d(gu, g0ns1,8) < Po(d(gwn, §0s11,0))d (g0, 0111, ).

Therefore,
Jim d(gu, gwny1,a) < lim Bs(d(gtwn, gwny1,a)) lim d(gwy, gwy41,a) = 0.

This yields lgn d(gu, gwy11,a) = 0. Therefore, from all cases we conclude that
n—oo

nlgr{}o d(gu, gwy,a) = 0. (34)
Similarly, we can show that
nlgr(}o d(gv, gwy,a) = 0. (35)
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Hence, from (34) and (35), we obtain gu = gv. That is, f and g have a unique point of
coincidence. From Lemma 2 f and g have a unique common fixed point. [

Now, we give an example to justify the hypotheses of Theorem 1.
Example 2. Let X = {p,q,7,t} be a set with by-metric d : X — R defined by

d(p,q,r) =0, d(p,qt)=4, d(prt)=1 d(qrt) =6,

with symmetry in all variables and if at least two of the arguments are equal then d(x,y,a) = 0.
Then (X, d) is a complete by-metric space with s = g. Define a binary relation R on X by

R=Ap.p)(a.9), (1), (p,4), (1) (p.1), (r,p), (r,4)}.
Define f,g: X — Xand B : (0,00) — [0,1) as follows:

(p g r t (p g rt 1+t
f‘(p por t)’ g_<P roq t)’ PO = Saran

We show that all the hypotheses of Theorem 1 are satisfied. Clearly, (X, d) is a complete by-metric
space and f(X) C g(X), §(X) is a by-complete subspace of X. R = R|yx, is transitive. There is
r € Xsuch that g = grR fr = r. Since Rlq(x is finite, then it is d-self closed. We show that R is
(f, g)-closed, we study the nontrivial cases:
o gpRgr=pRq= fpRfr=pRr € R,grRgq = qRr = frRfq =rRp,
*  §PRgq =pRr= fpRfq=pRp gqRgp =1Rp = fqRfp = pRp,
e gqRgr =1Rq = fqRfr = pRr.

Now, we check the contractive condition 2. The nontrivial cases are when a = t, (gpRgr and
frRfr), (grRgqand frRfq) and (gqRgr and fqR fr).

In all three cases, we get M(p,r,t) = M(r,q,t) = M(q,1,t) =6, N(p,r,a) = N(r,q,t) =
N(q,r,t) = 0, and then

L= d(fp, fr,t) = d(p,r,t) < 22 = Bu(6)6 = Bs(M(p,,2))M(p,1,a) + LN(p,1,0),

5
L= d(fr, fg,1) = (7, p,1) < 22 = Bo(6)6 = Bo(M(r,4,))M(r,,a) + LN(7,q,0),
L= d(fg, fr,6) = d(pr,1) < 32 = B.(6)6 = B (M(4,1,0)) M(g,7,) + LN(4,7,a),

Therefore, all the hypotheses of Theorem 1 are satisfied. Then f and g have two coincidence fixed
points p and t. Noting that p, t are not R-comparable so the uniqueness of coincidence point is
not fulfilled.

By taking ¢ = I in Theorems 1 and 2 we deduce the following result.

Corollary 1. Let (X, d) be a complete by-metric space endowed with a transitive binary relation
R:X = Xand f : X — X. Assume that f is almost R-Geraghty type contraction mapping and
the following conditions hold:

(i) there exists xq in X such that xoR f xo;

(ii) R is f-closed;

(iii) 'R is d-self closed provided (2) holds for all x,y,a € X with fxR"fy.

Then f has a fixed point. Moreover, if for u,v € Fix(f), there exists w € X such that uRw and
vRw, then f has a unique fixed point.

200



Axioms 2021, 10, 101

4. Results for Almost g-x-17 Geraghty Type Contraction Mappings in bo-Metric Spaces

Fathollahi et al. [4] introduced the concepts of triangular 2-a-77-admissible mappings
as follows.

Definition 17 ([4]). Let (X, d) be a 2-metric space, f : X — X and a, 17 : X> — [0,00). We say

that f is a triangular 2-a-17-admissible mapping if for all a € X,

(i) a(x,y,a) > n(x,y,a)implies a(fx, fy,a) > y(fx, fy,a), x,y € X,

(ii) { a(x,y,a) > n(x,y,a),
a(y,z,a) = 1(y,z,a),

If we take n(x,y, a) = 1, then we say that f is a triangular 2-a-admissible mapping. In addition, if

we take a(x,y,a) = 1, then we say that f is a triangular 2-y-subadmissible mapping.

implies «(x,z,a) > 1n(x,z,a).

Motivated by Fathollahi [4], we define the following concepts.

Definition 18. Let (X, d) be a by-metric space, f, g : X — X and a, 1 : X> — [0,00). We say

that f is a triangular g-by-a-n-admissible mapping if for all a € X,

(D a(gx, gy, a) 2 1(gx,gy,a) implies a(fx, fy,a) = n(fx fy,a), xyeX,

(i) { w(gx, gy, a) = 1(gx, gy, a),
a(gy, gz,a) = 11(8y, 82,9),

When 1(gx,gy,a) = 1, we say that f is a triangular g-by-a-admissible mapping. In addition,

when a(gx, gy, a) = 1, we say that f is a triangular g-by-n-subadmissible mapping.

implies a(gx,gz,a) > n(gx,8z,a), x,y,z € X.

Definition 19. Let (X, d) be a by-metric space withs > 1and f,g: X — X, a, 17 : X3 = [0, 00).
Suppose for all x,y,a € X,

M(x,y,a) = maX{d(gx,gy,a),d(gxrfx,a)/d(gy,fy,ﬂ), A o) ;Sd(gy’fx’a) }

and
N(x,y,a) = min{d(gx, fx,a),d(gy, fy,a),d(gx, fy,a),d(gy, fx,a)}.

We say that f is almost g-a-1 Geraghty type contraction mapping if there exist L > 0 and Bs € Q)
such that

Vx,y € X, a(gx, gy, a) > 1(gx, gy, a)
= d(fx, fy,a) < Bs(M(x,y,a))M(x,y,a) + LN(x,y,a), (36)

foralla € X.
Now, we state the following corollaries

Corollary 2. Let (X, d) be a complete by-metric space and f,g : X — X, such that f(X) C g(X),
g(X) is a by-complete subspace of X. Assume that f is almost g-a-n Geraghty type contraction
mapping and the following conditions hold:

(i) there exists xo in X such that a(gxo, fxo,a) > 1(gxo, fxo,a) foralla € X;

(ii)  f is a triangular g-by-a-n-admissible mapping;

(iii) if {gxn} is a sequence in X such that a(gxn, §Xp+1,a) > 17(g%Xn, §xny1,a) forall a € X,
n € No and gx, — gz as n — oo, then there exists a subsequence {gx,, )} of {gxn} such
that a (g%, k), 82,a) > 11(8Xy(k), 82, a) forallk € Noand all a € X.

Then f and g have a coincidence point in X. Moreover, suppose that for all coincidence points u, v of f

and g, there exists w € X such that «(gu, gw,a) > n(gu, gw,a) and «(gv, gw,a) > 1(gv, gw,a)

forall a € X and f, g are weakly compatible. Then f and g have a unique common fixed point.
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Proof. Define R on X as
YRy < a(x,y,a) > n(x,y,a).

We note the following:

e since there exists xg € X such that a(gxo, fxo,a) > 17(gxo, fxo,a) for alla € X then
gxoR fxo;

o if gxRgy then a(gx,gy,a) > 1(gx,gy,a). As f is a triangular g-by-a-17-admissible
mapping, a(fx, fy,a) > y(fx, fy,a) and so fxR fy. Thus, R is (f, g)-closed;

¢ if gxRgy and gyRgz, then a(gx, gy,a) > 1(gx,gy,a) and a(gy, gz,a) > 1(gy,8z,a).
As f is a triangular g-b,-a-17-admissible mapping, a(gx, gz,a) > n(gx, gz, a), that is,
gxRgz. Therefore, R| 2(X) is transitive;

o ifgx¥Rgy, fxR"fy, then a(gx,gy,a) = 1(8x,8y,a), a(fx, fy,a) = n(fx, fy,a). Since
f is almost g-a-i7 Geraghty type contraction, so (1) holds;

e from (iii), we have gx, Rgx, 1 for all n € Ng and gx;, — gz as n — oo, then there
exists a subsequence {gx,,() } of {gxx} such that gx,,;)Rgz for all k € No. Hence, all
conditions of Theorem 1 are satisfied. Thus, f and g have a point of coincidence in X.

Finally, if for all coincidence points u, v of f and g, there exists w € X such that a(gu, gw,a) >
n(gu, gw,a) and a(gv, gw,a) > 1(gv, gw, a), then guRgw and goRgw. That is, all hypothe-
ses of Theorem 1 are satisfied. Therefore, f and g have a unique common fixed point. [

By taking ¢ = I in Definitions 18 and 19, we say that f is a triangular by-a-77-admissible
mapping and f is almost a-17 Geraghty type contraction mapping.
Now, we have the following corollary.

Corollary 3. Let (X, d) be a complete by-metric space and f : X — X. Assume that f is almost

-1 Geraghty type contraction mapping and the following conditions hold:

(i) there exists xo in X such that a(xo, fxo,a) > 1(xo, fxo,a) foralla € X;

(ii)  f is a triangular by-a-y-admissible mapping;

(iii) if {xn} is a sequence in X such that a(xy, Xy11,a) > 5(Xn, Xp41,a) foralla € X, n €
No and x, — z asn — oo, then there exists a subsequence {x,} of {xu} such that
(X, 2,8) > 1(X, (1), 2,a) forallk € Noand all a € X.

Then f has a fixed point in X. Moreover, if for u,v € Fix(f) there exists w € X such that

a(w,w,a) > n(w,w,a)and a(v,w,a) > (v, w,a) forall a € X, then f has a unique fixed point.

5. Fixed Point Results in Partially Ordered b,-Metric Spaces

Fixed point theorems for monotone operators in ordered metric spaces are widely
investigated and have found various applications in differential and integral equations.
This trend was started by Turinici [12] in 1986. Ran and Reurings in [24] extended the
Banach contraction principle in partially ordered sets with some applications to matrix
equations. The obtained result in [24] was extended and refined by many authors (see,
e.g., [25-27] and references therein). The aim of this section is to deduce our results in the
context of partially ordered bp-metric spaces. At first, we need to recall some concepts. Let
X be a nonempty set. Then (X, <, d) is called a partially ordered by-metric space with s > 1
if (X, d) is a by-metric space and (X, <) is a partially ordered set.

Definition 20. Let (X, <) be a partially ordered set and x,y € X. Then x and y are called
comparable if x < y or y = x holds.

Definition 21. Let (X, <) be a partially ordered set. A mapping f on X is said to be monotone
non-decreasing if for all x,y € X, x Xy implies fx < fy.
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Definition 22. Let (X, <) be a partially ordered set and f,g : X — X. One says f is g-non-
decreasing if for x,y € X,

g(x) 2 gly) implies  f(x) = f(y).
By putting R == in Theorems 1 and 2, we get the following results.

Corollary 4. Let (X,d, =) be a complete partially ordered by-metric space. Assume that f,g :
X — X, are two mappings such that f(X) C g(X), g(X) is a by-complete subspace of X and f is
a g-non-decreasing mapping. Suppose that there exists a function Bs € Q and L > 0 such that

d(fx, fy,a) < Bs(M(x,y,a))M(x,y,a) + LN(x,y,a), (37)
where
d(ex, fy,a) +d(gy, fx,
M(x,y/a)=maX{d(gx,gy,a),d(gx,fx,a)/d(gy/fy,u), (8.1 u),js (v, fx a)},
and

N(x,y,a) = min{d(gx, fx,a),d(gy, fy,a),d(gx, fy,a),d(gy, fx,a) },
forall x,y,a € X with gx < gy. In addition, suppose that the following conditions hold:

(i) there exists xq in X such that gxog < fxo,

(ii) if {gxn} is a non-decreasing sequence in X with gx, — gz as n — oo, then gx, < gz for all
n € Np.

Then f and g have a coincidence point in X. Moreover, suppose that for all coincidence points u, v of

fand g, there exists w € X such that gu = gw or gv = gw and f, g are weakly compatible. Then

f and g have a unique common fixed point.

By taking ¢ = I in Corollary 4, we obtain the following corollary.

Corollary 5. Let (X, d, <) be a complete partially ordered by-metric space. Assume that f : X —
X is a mapping satisfying the following conditions

(i) f is non-decreasing mapping;

(ii)  there exist a function Bs € Q and L > 0 such that

d(fx, fy,a) < Bs(M(x,y,a))M(x,y,a) + LN(x,y,a), (38)
where
M(x,y,a) = max{d(x,y,u),d(x,fx,a),d(y,fy,u), d(x fy,a) ;;d(y,fx,u) },
and

N(x,y,a) = min{d(x, fx,a),d(y, fy,a),d(x, fy,a),d(y, fx,a) },

forall x,y,a € Xwithx < y;
(iii) there exists xq in X such that xo < fx;
(iv) if {xn} is a non-decreasing sequence in X with x, — z asn — oo, then x, =< z for all
n € No.
Then f has a fixed point. Moreover, if u,v € Fix(f) such that there exists w € X withu < w
and v < w, then f has a unique fixed point. Then f has a fixed point. Moreover, if for every pair
(u,v) of fixed points of f such that there exists w € X with u = w and v =< w, then f has a unique
fixed point.

203



Axioms 2021, 10, 101

6. Application to Integral Equations

In this section, we study the existence of a solution for an integral equation using the
results proved in Section 3. Let X = (C[a, b], R) be the space of all real continuous functions
on [g,b]and p: X x X — R" defined by

p(x,y) = max [x(t) —y(t)],  VxyeX
te(a,b)

Equip X with the 2-metric given by o : X*> — R* which is defined by

o(x,y,a) = min{p(x,y),p(y,a),p(a, %)}, Vx,y,aeX.
As (X, p) is a complete metric space, (X, ) is a complete 2-metric space, according to
Example 1, we define a by-metric on X by

d(x,y,a) = ((T(x,y,u))z, Vx,y,a € X.

It follows that (X, d) is a complete by-metric space with s = 3. Define a binary relation R
on X by
R ={(x,y) € X2 : x(t) < y(t) forall t € [a,00)}. (39)

Now, consider the integral equation:

b
() = q(t) + /h(t,s)A(s,x(s))ds, (40)

where t € [a,b] C R". A solution of the Equation (40) is a function x € X = C[a, b].
Assume that

(@i h:[ab] x[ab] — [0,00),q: [a,b] - Rand A : [a,b] x R — R are continuous
functions on [a, b];

b
() [hts)dt<r<1;
a

(iii) there exists xg € X such that

b
x(t) < q(b) +/h(t,s)A(s,x0(s))ds.

(iv) A is nondecreasing in the second variable and for all x,y,a € X, s € [a, b] there exists

0 < k < - such that

V3

min  {|A(s,x(s)) = A(s,y(s)) |, |A(s,(5)) — a(s)], | A(s,y(s)) — a(s)[}
< JA(sx(s) = A(s,y(9))]
< ke ME) min{|x(s) — y(s)], |x(s) — a(s)], [y(s) — a(s)[},

where

M(x,y,a) = max{d(x,y,a),d(x,fx,u),d(y,fy,u), d(x,fy,a);;d(y,fx,a) }

Now, we are equipped to state and prove our main result in this section.

Theorem 3. Under the assumptions (i)—(iv), the integral Equation (40) has a solution in X.
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Proof. Define f : X — X by

b
fx(t) = q(t)+/h(t,s)A(s,x(s))ds.

Observe that x is a solution for (40) if and only if x is a fixed point of f. Let x,y,a € X such
that xRy for all t € [a, b]. Since A is nondecreasing in the second variable, we have

b

fx(t) = q(t)+/h(t,s)A(s,x(s))ds

a

b
< a0+ [ ht9)A(sy(s)ds

a

= fy(t)

Hence, fxRfy and R is f-closed. From Condition (iii), we conclude that xy < fx, for all
t € [a, b], then xoR fxo. Now, for any x,y,a € X such that fxR"fy we get

b
Ifx(8) = fy(t)] = \/h(fIS)(A(S/X(S))—A(SIJ/(S)))dSI

< /blh(t/S)HA(Sfx(S)) — A(s,y(s))ds
' b
< ke*M“’y’”)/Ih(t,S)Imin{\x(S) —y(s)l1x(s) —als)l, [y(s) —a(s)[}ds
ab
< ke*M“’y’”)a/Ih(t/S)Imin{srg[%] |x(s) —y(S)Irsrg[%]lx(S)—ﬂ(S)l,
max ly(s) —a(s)[ }ds
< ke*M“'y'”)/bIh(t,S)Imin{p(X(S)/y(S))/p(X(S),a(S)),p(y(S),a(S))}ds
ab
<

ke M) / |h(t,s)|o(x,y,a)ds < rke*M(X'V'MU(x,y,a).

a

Therefore,
o(fx fya) < max |fx(1) = fy(t)] < rke Moz, a).
te|a,

It follows that
e—ZM(x,y,a)

d(fx, fy,a) < r2k2e MOV d(x,y,a) < 122 MEVD M(x,y,4) < 3

M(x,y,a).

Thus,

—2M(x,y,a)
d(fx, fy,) < “———M(x,y,0) + LN(x,y,0),
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where

M(x,y,a) = max{d(x,y,a),d(x,fx,a),d(y,fy,a), d(x, fy.a) ;;d(y,fx,a) },

and
N(x,y,a) = min{d(x, fx,a),d(y, fy,a),d(x, fy,a),d(y, fx,a) },

with Bs(t) = % and L > 0. Then f is almost a R-Geraghty type contraction. In addition,
if {x,} € X is an R-preserving sequence such that lim, . X, = x € X, then x,, < x for all
n. Hence, x, Rx, for all n. Therefore, all the hypotheses of Corollary 1 are satisfied. Hence,
f has a fixed point which is a solution for the integral Equation (40) in X = C([a,b],R). O
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