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Preface to "Hypercompositional Algebra and
Applications”

This Special Issue is about Hypercompositional Algebra, which is a recent branch of Abstract
Algebra.

Asitis known, Algebra is a generalization of Arithmetic, where Arithmetic (from the Greek word
—arithmés—meaning “number”) is the area of mathematics that deals with numbers. During the
classical period, Greek mathematicians created a Geometric Algebra where terms were represented
by sides of geometric objects, while the Alexandrian School that followed (which was founded
during the Hellenistic era) changed this approach dramatically. Especially, Diophantus made the
first fundamental step towards Symbolic Algebra, as he developed a mathematical notation in order
to write and solve algebraic equations.

In the Middle Ages, the stage of mathematics shifted from the Greek world to the Arabic,
and in AD 830 the Persian mathematician Muammad ibn Misa al-Khwarizmi wrote his famous
treatise al-Kitab al-mukhtaar fiisab al-jabr wa’l-muqabala which contains the first systematic solution
of linear and quadratic equations. The word “Algebra” derives from this book’s title (al-jabr).
After the 15th century AD, the stage of mathematics changed again and went back to Europe,
leaving the Islamic world which was in decline, while the European world was ascending as the
Renaissance began to spread in Western Europe. However, Algebra essentially remained Arithmetic
with non-numerical mathematical objects until the 19th century, when the algebraic mathematical
thought changed radically due to the work of two young mathematicians: the Norwegian Niels
Henrik Abel (1802-1829) and the Frenchman Evariste Galois (1811-1832), on the algebraic equations.
It was then understood that the same processes could be applied to various objects or sets of entities
other than numbers. Therefore, Abstract Algebra was born.

The early years of the next (20th) century brought the end of determinism and certainty to
science. The uncertainty affected Algebra as well and was expressed in the work of the young French
mathematician, Frederic Marty (1911-1940), who introduced an algebraic structure in which the rule
of synthesizing elements gives a set of elements instead of one element only. He called this structure
“hypergroup”, and he presented it during the 8th congress of Scandinavian Mathematicians, held in
Stockholm in 1934.

Unfortunately, Marty was killed at the age of 29, when his airplane was hit over the
Baltic Sea while he was in military duty during World War II. His mathematical heritage on
hypergroups is three papers only. However, other mathematicians such as H. Wall, M. Dresher,
O. Ore, M. Krasner, and M. Kuntzmann started working on hypergroups shortly thereafter. Thus,
the Hypercompositional Algebra came into being as a branch of Abstract Algebra that deals
with structures endowed with multi-valued operations. Such operations, which are also called
“hyperoperations” or “hypercompositions”, are laws of synthesis of the elements of a nonempty set,
which associate a set of elements, instead of a single element, with every pair of elements.

Nowadays, this theory is characterized by huge diversity of character and content, and can
present results in mathematics and other sciences such as computer science, information technologies,
physics, chemistry, biology, social sciences, etc.

This Special Issue, titled “Hypercompositional Algebra and Applications” contains 11
peer-reviewed papers written by 24 outstanding experts in the theory of hypercompositional
structures. The names of the authors are in alphabetical order:

ix



Hossein Aghabozorgi, Madeline Al Tahan, Svajone Bekesiene, Hashem Bordbar, Jan Chvalina,
Irina Cristea, Bijan Davvaz, Mario De Salvo, Dario Fasino, Domenico Freni, Dariush Heidari, Sarka
Hoskova-Mayerova, Morteza Jafarpour, Milica Kankaras, étépe’m Kfehlik, Violeta Leoreanu-Fotea,
Giovanni Lo Faro, Christos G. Massouros, Gerasimos Massouros, Michal Novék, Bedfich Smetana,
David Stanék, Vahid Vahedi, and Naveed Yaqoob.

The introductory paper in this Issue is a review paper on the foundations of the hypergroup
theory that focuses on the presentation of the essential principles of the hypergroup, which is
the prominent structure of the Hypercompositional Algebra. The 20th century was not only the
period when the hypergroup came into being, but it was also characterized by the multi-volume
and extremely valuable work Eléments de mathématique by Nicolas Bourbaki, where the notion
of the mathematical structure, an idea related to the broader and interdisciplinary concept of
structuralism, was introduced. Towards this direction, the paper generalizes the notion of the
magma, which was introduced in Algebre by Nicolas Bourbaki (1943, by Hermann, Paris), in order
to include the hypercompositional structures and thereafter it reveals the structural relation between
the fundamental entity of the Abstract Algebra, the group with the hypergroup, as it shows that both
structures satisfy exactly the same axioms but under different synthesizing laws.

I hope that this Special Issue will be useful not only to the mathematicians who work on the
Hypercompositinal Algebra but to all scientists from different disciplines who study the Abstract
Algebra and seek its applications.

Christos G. Massouros
Editor
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Abstract: This paper is written in the framework of the Special Issue of Mathematics entitled “Hyper-
compositional Algebra and Applications”, and focuses on the presentation of the essential principles
of the hypergroup, which is the prominent structure of hypercompositional algebra. In the beginning,
it reveals the structural relation between two fundamental entities of abstract algebra, the group
and the hypergroup. Next, it presents the several types of hypergroups, which derive from the
enrichment of the hypergroup with additional axioms besides the ones it was initially equipped
with, along with their fundamental properties. Furthermore, it analyzes and studies the various
subhypergroups that can be defined in hypergroups in combination with their ability to decompose
the hypergroups into cosets. The exploration of this far-reaching concept highlights the particularity
of the hypergroup theory versus the abstract group theory, and demonstrates the different techniques
and special tools that must be developed in order to achieve results on hypercompositional algebra.

Keywords: group; hypergroup; subhypergroup; cosets

1. Introduction

The early years of the 20th century brought the end of determinism and certainty to
science. The emergence of quantum mechanics rocked the well-being of classical mechanics,
which was founded by Isaac Newton in Philosophiae Naturalis Principia Mathematica. In 1927,
Werner Heisenberg developed his uncertainty principle while working on the mathematical
foundations of quantum mechanics. On the other hand, in 1931 Kurt Gédel published his
two incompleteness theorems, thus giving an end to David Hilbert’s mathematical dreams
and to the attempts that are culminating with Principia Mathematica of Bertrand Russell.
In 1933, Andrey Kolmogorov published his book Foundations of the Theory of Probability,
establishing the modern axiomatic foundations of probability theory. In the same decade
the uncertainty invaded algebra as well. A young French mathematician, Frédéric Marty
(1911-1940), during the 8th Congress of Scandinavian Mathematicians, held in Stockholm
in 1934, introduced an algebraic structure in which the rule of synthesizing elements results
to a set of elements instead of a single element. He called this structure hypergroup.
Marty was killed at the age of 29, when his airplane was hit over the Baltic Sea, while
he was in the military during World War II. His mathematical heritage on hypergroups
was only three papers [1-3]. However, other mathematicians such as M. Krasner [4-8],
J. Kuntzmann [8-10], H. Wall [11], O. Ore [12-14], M. Dresher [13], E. J. Eaton [14,15], and
L. W. Griffiths [16] gradually started working on hypergroups shortly thereafter (see the
classical book [17] for further bibliography). Thus, hypercompositional algebra came
into being.

Hypercompositional algebra is the branch of abstract algebra that deals with structures
equipped with multivalued operations. Multivalued operations, also called hyperoper-
ations or hypercompositions, are laws of synthesis of the elements of a nonempty set,
which associates a set of elements, instead of a single element, to every pair of elements.
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The fundamental structure of hypercompositional algebra is the hypergroup. This paper
enlightens the structural relation between the groups and the hypergroups. The study of
such relationships is at the heart of structuralism. Structuralism is based on the idea that
the elements of a system under study are not important, and only the relationships and
structures among them are significant. As it is proved in this paper, the axioms of groups
and hypergroups are the same, while these algebraic entities” difference is based on the
relationship between their elements, which is created by the law of synthesis. In groups,
the law of synthesis of any two elements is a composition, i.e., a single element, while in
hypergroups it is a hypercomposition, that is, a set of elements.

The next section of this paper generalizes the notion of magma, which was introduced
in Eléments de Mathématique, Algebre [18] by Nicolas Bourbaki, and so will include algebraic
structures with hypercomposition. The third section presents a unified definition of the
group and the hypergroup. This definition of the group is not included in any group
theory book, and its equivalence to the already-known ones is proved in the fourth section.
The fifth section presents another, equivalent definition of the hypergroup, while certain
of its fundamental properties are proved. As these properties derive directly from the
axioms of the hypergroup, they outline the strength of these axioms. So, for instance it is
shown that the dominant in the bibliography definition of the hypercomposition includes
redundant assumptions. The restriction that a hypercomposition is a mapping from E x E
into the family of nonempty subsets of E is needless, since, in the hypergroups, the result
of the hypercomposition is proved to be always a nonvoid set. The sixth section deals
with different types of hypergroups. The law of synthesis imposes a generality on the
hypergroup, which allows its enrichment with more axioms. This creates a multitude of
special hypergroups with many and interesting properties and applications. The join space
is one of them. It was introduced by W. Prenowitz in order to study geometry with the tools
of hypercompositional algebra, and many other researchers adopted this approach [19-34].
Another one is the fortified join hypergroup, which was introduced by G. Massouros in
his study of the theory of formal languages and automata [35-42], and he was followed
by other authors who continued in this direction e.g., [42-52]. One more is the canonical
hypergroup, which is the additive part of the hyperfield that was used by M. Krasner as
the proper algebraic tool in order to define a certain approximation of complete valued
fields by sequences of such fields [53]. This hypergroup was used in the study of geometry
as well e.g., [32,33,54-60]. Moreover, the canonical hypergroup became part of other
hypercompositional structures like the hypermodule [61] and the vector hyperspace [62].
In [61], it is shown that analytic projective geometries and Euclidean spherical geometries
can be considered as special hypermodules. Furthermore, the hyperfields were connected
to the conic sections via a number of papers [63-65], where the definition of an elliptic
curve over a field F was naturally extended to the definition of an elliptic hypercurve
over a quotient Krasner’s hyperfield. The conclusions obtained in [63—65] can be applied
to cryptography as well. Moreover, D. Freni in [66] extended the use of the hypergroup
in more general geometric structures, called geometric spaces; [67] contains a detailed
presentation of the above. Also, hypergroups are used in many other research areas, like
the ones mentioned in [68], and recently, in social sciences [69-73] and in an algebraization
of logical systems [74,75]. The seventh section refers to subhypergroups. A far-reaching
concept of abstract group theory is the idea of the decomposition of a group into cosets
by any of its subgroups. This concept becomes much more complicated in the case of
hypergroups. The decomposition of the hypergroups cannot be dealt with in a similar
uniform way as in the groups. So, in this section, and depending on its specific type,
the decomposition of a hypergroup to cosets is treated with the use of invertible, closed,
reflexive, or symmetric subhypergroups.

Special notation: In the following, in addition to the typical algebraic notations, we use
Krasner’s notation for the complement and difference. So, we denote with A - - B the set of
elements that are in the set A, but not in the set B.
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2. Magma

In Eléments de Mathématique, Algébre [18], Nicolas Bourbaki used the Greek word
magma, which comes from the verb udcow (= “knead”), to indicate a set with a law of
composition. The following definition extends this notion in order to incorporate more
general laws of synthesizing the elements in a set.

Definition 1. Let E be a nonvoid set. A mapping from E X E into E is called a composition on E
and a mapping from E X E into the power set P(E) of E is called a hypercomposition on E. A set
with a composition or a hypercomposition is called a magma.

The notation (E, L), where L is the composition or the hypercomposition, is used
when it is required to write the law of synthesis in a magma. The image L (x,y) of (x,y)
is written x_Ly. The symbols + and - are the most commonly used instead of L. A law
of synthesis denoted by the symbol + is called addition and x + y is called the sum of x
and y if the synthesis is a composition, and the hypersum of x and y if the synthesis is a
hypercomposition. A law of synthesis denoted by the symbol - is called multiplication, and
x -y is called the product of x and y if the synthesis is a composition and the hyperproduct of
x and y if the synthesis is a hypercomposition; when there is no likelihood of confusion,
the symbol - can be omitted and we write xy instead of x - y.

Example 1. The power set P(E) of a set E # & is a magma if
(X,Y) > XUY or (X,Y) —» XNY.
Example 2. The set N of natural numbers is a magma under addition or multiplication.

Example 3. A nonvoid set E becomes a magma under the following law of synthesis:

(0 y) = {xy}
The above law of synthesis is called b-hypercomposition. E also becomes a magma if
(x,y) — E.
This law of synthesis is called total hypercomposition.

Two significant types of hypercompositions are the closed and the open ones. A hyper-
composition is called closed [76] (or containing [77], or extensive [78]) if the two participating
elements always belong to the result of the hypercomposition, while it is called open if
the result of the hypercomposition of any two different elements does not contain these
two elements.

Example 4. Let S be the set of points of a Euclidian geometry. In S we define the following law of
synthesis “-”: if a and b are distinct points of S, then a - b is the set of all elements of the segment
ab; while a - a is taken to be the point a, for any point a of S (Figure 1). Then, the set S of the points
of the Euclidian geometry becomes a magma. Usually, a - b is written simply as ab and it is called
the join of a and b. It is worth noting that we can actually define two laws of synthesis: an open and

a closed hypercomposition, depending on whether we consider the open or the closed segment ab.

a b
[ @

Figure 1. Example 4.

Any finite magma E can be explicitly defined by its synthesis table. If E consists of n
elements, then the synthesis table is a n x n square array heading both to the left and above

3
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by a list of the n elements of E. In this table (Cayley table), the entry in the row headed by
x and the column headed by y is the synthesis x_Ly.

Example 5. Suppose that E = {1,2,3,4}. Then the law of the synthesis is a composition in the
first table and a hypercomposition in the second.

L 1 2 3 4

1 1 3 2 3

2 3 2 1 4

3 1 2 1 1

4 2 3 4 1

T | 2 3 4

1 {1,23} {1,3) {2,4) {1,3,4}
2 13} {1,234} {13 {24}
3 {1,23} {1,2) {1,234} {1}
4 {23 {2,3) 13,4} {13

Let (E, L) be a magma. Given any two nonvoid subsets X, Y of E, then
X1lY={xlyeE | xeX, yeY}, ifLisacomposition

and X1lY= U (xly), iflisahypercomposition.
xeX, yeYy

If X or Y is empty, then X LY is empty. If 2 € E we usually write a L Y instead of {a} LY
and X _la instead of XL {a}. In general, the singleton {a} is identified with its member a.
Sometimes it is convenient to use the relational notation A ~ B to assert that subsets A
and B have a nonvoid intersection. Then, as the singleton {a} is identified with its member
a, the notation a ~ A or A ~ ais used as a substitute for 2 € A. The relation ~ may be
considered as a weak generalization of equality, since, if A and B are singletons and A ~ B,
then A = B. Thus, a = b_Lc means a = b_Lc, if the synthesis is a compositionand a € b_Lc,
if the synthesis is a hypercomposition.

Definition 2. Let (E, L) be a magma. The law of synthesis
(x,y) > xLPy=ylx

is called the opposite of L. The magma (E, L°F) is called the opposite magma of (E, L). When
1°P = 1, the law of synthesis is called commutative and the magma is called commutative magma.

Definition 3. Let E be a magma and X a subset of E. The set of elements of E that commute with
each one of the elements of X is called the centralizer of X. The centralizer of E is called the center
of E. An element of the center of E is called the central element of E.

Every law of synthesis in a magma induces two new laws of synthesis. If the law of
synthesis is written multiplicatively, then the two induced laws are:

a/b={x€E | ax~xb} and b\a={x € E | a =~ bx}.

Thus, x ~ a/bif and only if 4 =~ xb and x ~ b\a if and only if 2 =~ bx. In the case of a
multiplicative magma, the two induced laws are named inverse laws and they are called the
right and left division, respectively. It is obvious that if the magma is commutative, then the
right and left divisions coincide.
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Proposition 1. If the law of synthesis in a magma (E,-) is an open hypercomposition, then
a/a=a\a = aforall ainE, whilea/a = a\a = E for all a in E, when the law of synthesis is a
closed (containing) hypercomposition.

Example 6. On the set Q of rational numbers, multiplication is a commutative law of synthesis.
The inverse law is as follows:

% if b#0
a/b=4¢ & if b=0,a#0
Q if b=0,a=0
Here, the law of synthesis is a composition and the inverse law is a hypercomposition.
Example 7. In Example 4, a law of synthesis was defined on the set S of the points of a Euclidian
geometry. If we consider the open hypercomposition, then the inverse law is the following: If a and
b are two distinct points in S, then a/b is the set of the points of the open halfline with endpoint

a, that is opposite to point b, while a/a = a, for any point a of S (Figure 2). Usually, this law is
called the extension of a over b, or “a from b”.

ab a b b/a

Figure 2. Example 7.
Example 8. Let (E,-) be a magma and let / and \ be the right and left division. A new law of
synthesis, called the extensive enlargement of “-”, can be defined on E as follows:
a®Ob=a-bU{a,b}, foralla,beE
Denoting the two induced laws of synthesis by «/ and \ o, it is immediate that:

[ a/bu{a},ifa#b [ b\aU{a}, ifa#b
”@/b_{E, ifa—=p b\@”_{E, ifa=0

Obviously, the extensive enlargement is a closed (containing) hypercomposition.

Definition 4. An element 0 of a magma (E, L) is called left absorbing (resp. right absorbing) if
0Lx = 0 (resp. xL0 = 0) for all x € E. An element of a magma is called absorbing if it is a
bilaterally absorbing element.

A direct consequence of the above definition is Proposition 2:

Proposition 2. If a magma has a left (resp. right) absorbing element, then the relevant induced law
of synthesis is a hypercomposition.

Definition 5. A law of synthesis (x,y) — x_Ly onaset E is called associative if the property
(xly)lz=xl1l(ylz)

is valid, for all elements x,y,z in E. A magma whose law of synthesis is associative is called an
associative magma.
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Example 9. If the law of synthesis is the b-hypercomposition denoted by +, then
(x+y)+z={xyt+z=(x+2)U(y+2) ={xz}U{yz} ={x, y, 2}

and  x+(y+z)=x+{yz} =(x+y)U(x+z) ={xytU{xz} ={x y z}

Hence (x +y) +z = x+ (y+2z), forall x,y,z in E. Thus, the b-hypercomposition is associative.

Example 10. The law of synthesis defined in Example 4 on the set S of the points of a Euclidian
geometry is associative. For the verification, it is required to consider many cases. The following
Figure 3 presents the general case for the open hypercomposition, in which the points a, b, ¢ are not
collinear. The result of both a(bc) and (ab)c is the interior of the triangle abc.

Figure 3. Example 10.

The interaction of the law of synthesis with the two induced laws in an associative
magma gives the mixed associativity.

Proposition 3. In an associative magma (E, -) the properties

(a/b)/c=a/(cb) right mixed associativity
c\(b\a) = (bc)\a  left mixed associativity
(b\a)/c = Db\(a/c)

are valid, for all a,b,c € E.
Proof. Let x ~ (a/b)/c. Then we have the following sequence of equivalent statements:
x~ (a/b)/cexc~a/bsarm (xc)b < arx(ch) < x~a/ch,

therefore (a/b)/c = a/(cb). Similar is the proof of the left mixed associativity. Next, let
x ~ (b\a)/c. Then we have the sequence of implications:

x~ (b\a)/cexcrblasarxbxe) earx (bx)cebxra/cs x~b\(a/c),
hence (b\a)/c =b\(a/c). O
Corollary 1. In an associative magma (E, -) the equalities
(A/B)/C = A/(CB)
C\(B\4) = (BC)\A
(B\A)/C = B\(A/C)

are valid for all nonvoid subsets A, B, C of E.

6
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Proposition 4. In an associative magma (E, -) it holds that
b= (a/b)\a and b= a/(b\a)
foralla,b € E.

Proof. Let x ~ a/b. Then, a ~ xb, therefore a ~ (a/b)b, hence b ~ (a/b)\a. The proof of
the second relation is similar. [J

Corollary 2. In an associative magma (E, -) the inclusions
BC (A/B)\A and BC A/(B\A)
are valid for all nonvoid subsets A, B of E.

Definition 6. A hypercomposition (x,y) — x_Ly on a set E is called weakly associative if for all
elements x,y,z in E,
(xly)lz~xLl(ylz).

A magma whose law of synthesis is weakly associative is called a weakly associative magma.

Example 11. Suppose that the law of synthesis on a magma E, with more than three elements, is
the following one:

xly=E--{x,y} foreveryx,y € Ewithx #y
xlx=x forall x € E

Then E is not an associative magma, because
(xLlx)ly=xly=E--{x,y}, while, x. (xLly) =xL[E--{x,y}] =E--{x}.
However, E is a weakly associative magma, since
(xLly)Llznxl(ylz) # @, forall x,y,zin E.

Proposition 5. The result of the hypercomposition in a weakly associative magma E is always a
nonempty set.

Proof. Suppose that x Ly = @ for some x,y € E. Then, (xLy)lz = @ for any z € E.
Therefore, (xLy) Lz Nx1(yLlz) = @, which is absurd. Hence, x_Ly is nonvoid. O

Definition 7. A hypercomposition (x,y) — x_Ly on a set E is called weakly commutative if, for
all elements x,y in E,
xly~ylx.

A magma whose law of synthesis is weakly commutative is called a weakly commutative magma.

Example 12. Let (E, -) be a magma and let © be the extensive enlargement of the law of synthesis.
Then (E, ®) is a weakly commutative magma, since

{xyy Cxoynyox
for all elements x, y in E.

Two statements of magma theory are dual statements if each one results from the other
by interchanging the order of the law of synthesis L, that is, interchanging a_Lb with b_La.
Observe that the axiom of associativity is self-dual. The two induced laws of synthesis | /
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and \ | have dual definitions, hence they must be interchanged in a construction of a dual
statement. Therefore, the following principle of duality holds:

Given a theorem, the dual statement, which results from the interchange of the order of
the synthesis | (and necessarily interchange | / and \ | ), is also a theorem.

A direct consequence of the principle of duality is the following proposition:
Proposition 6. The opposite law of an associative law of synthesis is associative.
Proposition 7. The extensive enlargement of an associative law of synthesis is associative.

Proof. Let ® denote the extensive enlargement of an associative law of synthesis, which is
written multiplicatively, then:

(a@b)oc=[{ab}Uabl©Gc=a0cUbOcU(ab)®c =

={a,c} UacU{b,c} UbcUabU {c} U (ab)c =
={a,b,c} UacUbcUabUa(bc) =a® (boc) O

Proposition 8. Let (E, L) be an associative magma. If an element a of E commutes with the

elements b and c of E, then it commutes with their synthesis as well.

Proof. al (blc) = (aLlb)Llc= (bLla)lc=0bl(alc) =bl(cLla)= (bLlc)Lla. O

Definition 8. A law of synthesis (x,y) — x_Ly on a set E is called reproductive if the equality
x1E=Elx=E

is valid for all elements x in E. A magma whose law of synthesis is reproductive is called a
reproductive magma.

Example 13. The following laws of synthesis in E = {1,2,3} are reproductive:

L] 1 2 3 1 1 2 3
1 1 2 3 1 {13} (3} 2}
2 2 3 1 2 {2} {1,2,3) {2}
3 3 1 2 3 2} 1) {1,2,3)

3. Groups and Hypergroups

Definition 9. An associative and reproductive magma is called a group if the law of synthesis on the
magma is a composition, while it is called a hypergroup if the law of synthesis is a hypercomposition.

We observe that the two algebraic structures we just defined are equipped with the
same operating rules, that is, the axioms of associativity and reproductivity, but with
different synthesizing laws for their elements. Of course, if the singletons are identified
with their members, then the groups are special cases of the hypergroups. The term
group was first used in a technical sense by the French mathematician Evariste Galois
(25 October 1811-31 May 1832). His brilliant paper “Une Mémoire sur les Conditions de
Résolubilité des Equations par Radicaux” was submitted in January 1831, for the third
time, to the French Academy of Sciences. It was followed by his famous letter describing
his discoveries, written the night before he was killed in a duel at the age of 21, in May
1832. Galois’s manuscripts, with annotations by Joseph Liouville, were published in 1846
in the Journal de Mathématiques Pures et Appliquées. Evariste Galois discovered the notion of
normal subgroups and realized their importance. Another young French mathematician,

8
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Frédéric Marty (23 June 1911-14 June 1940), who was born a hundred years later, while
working on cosets determined by not normal subgroups, introduced the hypergroup. His
mathematical heritage on hypergroups was only three papers [1-3], as he was killed at
the age of 29 during World War II, in the Gulf of Finland, while serving in the French Air
Force as a lieutenant. For the record, Frédéric Marty’s father, Joseph Marty, was also a
mathematician who was killed in 1914, when Frédéric was only 3 years old, during World
War I.

Example 14. Let E = {a}. There is only one associative and reproductive magma, whose law of
synthesis is defined by the following table:

Example 15. Let E = {a,b}. There is only one group with two elements. The following table
shows this group.

1 ‘ a b
a a b
b b a

On the other hand, there exist eight nonisomorphic hypergroups with two elements. The following
tables display these hypergroups. Observe that the first one is the above group.

L ‘ a b L ‘ a b 1 ‘ a b

a a b a a b a a b

b b a b b {a, b} b {a,b} {a,b}
L ‘ a b L ‘ a b 1 ‘ a b

a a {a,b} a a {a, b} a a {a,b}
b b {a,b} b {a,b} b b {a,b} {a,b}
L] a b L | a b

a b {a, b} a {a,b} {a,b}

o
(ol

{a b} {ab} {a,b}  {ab}

Example 16. Let E = {a, b, c}. There is only one group with three elements. The following table
displays this group.

1 ‘ a b c
a a b
b c
c a b

However, there are 3999 nonisomorphic hypergroups with three elements; [79] presents a
software that can calculate and print all these 3999 hypergroups.

Example 17. A magma endowed with the b-hypercomposition is a hypergroup, called b-hypergroup.

Example 18. A magma endowed with the total hypercomposition is a hypergroup, called total
hypergroup.

7

Theorem 1. Let (G, -) be a group or a hypergroup. If “©” is the extensive enlargement of “-”,
then (G, ®) is a hypergroup.
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Proof. By Proposition 7, the extensive enlargement of - is associative. Moreover:
xOH=Hox={x}UH=H

and the theorem holds. [

4. The Reproductive Axiom in Groups

Recall the definition of the group that is mentioned in the previous section:

Definition 10. (FIRST DEFINITION OF A GROUP). An associative and reproductive magma is
called a group, if the law of synthesis on the magma is a composition.

In other words, a group is a set of elements equipped with a law of composition that
is associative and reproductive. The next theorems give some important properties of
the group structure. In this section, unless otherwise indicated, the law of synthesis is a
composition that will be written multiplicatively, and G will denote a multiplicative group.

Theorem 2. Let G be a group. Then:

i There exists an element e € G such that ea = a = ae, forall a € G.
ii.  For each element a € G there exists an element a' € G such that a'a = e = aa’.

Proof. (i) Let x € G. By reproductive axiom, x € xG. Consequently, there exists ¢ € G,
for which xe = x. Next, let y be an arbitrary element in G. Since the composition is
reproductive y € Gx, therefore, there exists z € G such that y = zx. Consequently,
ye = (zx)e = z(xe) = zx = y. In an analogous way, there exists an element ¢ such that
éy = y for all y € G. Then the equality e = ée = ¢é is valid. Therefore, there exists e € G
such that ea = a = ae, foralla € G.

(ii) Let a € G. By reproductive axiom, e € a G. Thus, there exists ' € G, such that
e = aa’. Also by reproductive axiom, ¢ € Ga. Therefore, there exists a” € G, such that
e = a”a. However:

a'=ed = (a"a)a’ =a"(ad") =a"e=4d".

Hence 4’ and a” coincide. Therefore aa’ = e = a’a. O

The element e is called the neutral element of G or the identity of G. Moreover, 4’ is
called the symmetric of a in G. If the composition is written multiplicatively, then e is called
the unit of G and it is denoted by 1. Furthermore, a’ is called the inverse of a and it is
denoted by a~!. If the composition is written additively, then e is called the zero of G and it
is denoted by 0. Also 4’ is called the opposite of a and it is denoted by —a.

Corollary 3. For each a,b € G,

a/b=ab ' and b\a = b la.

Corollary 4. Let e be the identity of a group G. Then:
e/b="b""1 and b\e=1b""

forallb € G.

Corollary 5. Let e be the identity of a group G. Then:

b/b=e=0b\band (b/b)/b=b"1=b\(b\b)

10
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forallb € G.

Theorem 3. Let G be an associative magma whose law of synthesis is a composition. Then G is a
group if the following two postulates are fulfilled:

i There exists an element e € G such that ea = a = ae, forall a € G.
ii.  For each element a € G, there exists an element a’ € G such that a'a = e = aa’.

Proof. It must be proved that the reproductive axiom is valid for G. Since aG C G, for all
a € G, it has to be proved that G C aG. Suppose that x € G. Then:

x=ex = (aa")x = a(a'x).

The product a’x is an element of G, thus x € aG. Hence G C aG, therefore aG = G.
Similarly, Ga = G. O

Theorems 2 and 3 lead to another definition of the group.

Definition 11. (SECOND DEFINITION OF A GROUP). An associative magma G in which the law
of synthesis is a composition is called a group if:

i There exists an element e € G such that ea = a = ae, forall a € G.
ii.  Foreach element a € G, there exists an element ' € G such that a'a = e = aa’.

Yet, one-half of the above definition’s postulates (i) and (ii) can be omitted by the
following dual propositions:

Proposition 9. The postulates (i) and (ii) of Definition 11 are equivalent to:

i*.  There exists an element e € G withea = a, foralla € G.
ii*.  For each element a € G, there exists an element a' € G such that a’a = e.

Proposition 10. The postulates (i) and (ii) of Definition 11 are equivalent to:

i**. There exists an element e € G with ae = a, forall a € G.
ii**. For each element a € G, there exists an element a’ € G such that aa’ = e.

We quote the following well known and important Theorems 4, 5, 6, 7, 8, and 9, which
can be easily proved with the use of the second definition of the group, because we want to
show in the next sections that similar theorems can be proved only in very specific types of
hypergroups.

Theorem 4. The neutral element of a group is unique.

Theorem 5. The symmetric of each element of a group is unique.

Theorem 6. The symmetric of the neutral element is the neutral element itself.

() =

Theorem 7. For each a € G,

Theorem 8. For each a,b € G,
(ab) ' =ba" L.

11
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Theorem 9. The cancellation law:

ac = bc implies a =b
ca =cb implies a =b

Theorem 10. A finite associative magma G is a group if the law of synthesis on the magma is a
composition in which the cancellation law holds.

Proof. Let G = {ay, - - ,a,} and let a be an arbitrary element in G. Then:
aG = {aay,--- ,aa,} C G.

From the cancellation law, it follows that the n elements of aG are all distinct. Therefore
aG and G have the same cardinality. Consequently, since G is finite, aG = G is valid. Duality
gives Ga = G and so the theorem. [J

Theorem 11. An associative magma G whose law of synthesis is a composition is a group if and
only if the inverse laws are compositions.

Proof. Let G be a group. We will prove that b/a and a\b are elements of G, for all pairs
of elements a, b of G. By reproduction, Ga = G for all 2 € G. Consequently, for every
b € G there exists x € G, such that b = xa. Thus, x = b/a. Dually, a\b is an element of G.
Conversely now: suppose that the right quotient b/a exists for all pairs of elements a, b of
G. Thus, for each a,b € G, there is an element x in G such that b = xa. Therefore G C Ga
for all 2 € G. Next, since Ga C G, forall a € G, it follows that Ga = G, foralla € G. Ina
similar way, the existence of the left quotient a\b for all pairs of elements a, b of G, yields
aG = G, for all a € G. Thus, the reproductive law is valid and so G is a group. [

Corollary 6. An associative magma G is a group if and only if the equations
xa="band ay=>
are solvable for all pairs of elements a, b of G.

Proof. By Theorem 11, G is a group if and only if b/a and a\b are elements of G, for all a, b
in G, which equivalently implies that the equations xa = b and ay = b, respectively, are
solvable for all pairs of elements a, b of G.

Having proved the above, another definition can be given for the group.

Definition 12. (THIRD DEFINITION OF A GROUP). An associative magma G in which the law
of synthesis is a composition is called a group if the right quotient b/a and the left quotient a\b
result in a single element of G, foralla, b € G.

Or else:
An associative magma G in which the law of synthesis is a composition is called a group if

the equations
xa="b and ay=>

are solvable for all pairs of elements a, b of G.

Definition 13. A group that has the additional property that for every pair of its elements
ab=ba

is called an Abelian (after N.H. Abel, 1802-29) or commutative group.

12
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In abstract algebra, we also consider structures that do not satisfy all the axioms of
a group.

Definition 14. An associative magma in which the law of synthesis is a composition is called a
semigroup. A semigroup with an identity is called a monoid.

Definition 15. A reproductive magma in which the law of synthesis is a composition is called a
quasigroup. A quasigroup with an identity is called loop.

Definition 16. A magma that is the union of a group with an absorbing element is called almost-group.

5. Fundamental Properties of Hypergroups.
Recall the earlier mentioned definition for the hypergroup:

Definition 17. (FIRST DEFINITION OF A HYPERGROUP). An associative and reproductive
magma is called a hypergroup if the law of synthesis on the magma is a hypercomposition.

In this section, unless otherwise indicated, the law of synthesis is a hypercomposition
that will be written multiplicatively, and H will denote a multiplicative hypergroup.

Theorem 12. ab # & is valid for all the elements a, b of a hypergroup H.

Proof. Suppose that ab = & for some a,b € H. By the reproductive axiom, aHH = H and
bH = H. Hence:
H=aH=ua(bH)=(ab)H=20H =9

which is absurd. [
Theorem 13. a/b # @ and b\a # & is valid for all the elements a, b of a reproductive magma E.

Proof. By the reproductive axiom, Eb = E for all b € E. Hence, for every a € E there exists
x € E, such thata € xb. Thus, x € a/b and therefore a/b # @. Dually, b\a # @. O

Theorem 14. If a/b # @ and b\a # & for all pairs of elements a,b of a magma E, then E is a
reproductive magma.

Proof. Suppose that x/a # @ for all a,x € E. Thus, there exists y € E, such that x € ya.
Therefore x € Ea for all x € E, and so E C Ea. Next, since Ea C E for all a € E, it follows
that E = Ea. By duality, E = aE. [

Following Theorem 14, another definition of the hypergroup can be given:

Definition 18. (SECOND DEFINITION OF A HYPERGROUP). An associative magma is called a
hypergroup if the law of synthesis is a hypercomposition and the result of each one of the two inverse
hypercompositions is nonvoid for all pairs of elements of the magma.

Theorem 15. In a hypergroup H, the equalities

ii H=H/a=a/H and

ii. H=a\H=H\a

are valid for all a in H.

Proof. (i) By Theorem 12, the result of the hypercomposition in H is always a nonempty

set. Thus, for every x € H there exists y € H, such that y € xa, which implies that x € y/a.
Hence H C H/a. Moreover, H/a C H. Therefore H = H/a. Next, let x € H. Since

13
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H = xH, there exists y € H, such thata € xy, which implies that x € a/y. Hence H C a/H.
Moreover, a/H C H. Therefore H = a/H. (ii) follows by duality. [J

Likewise to the groups, certain axioms were removed from the hypergroup, thus
revealing the following weaker structures.

Definition 19. A magma in which the law of synthesis is a hypercomposition is called a hyper-
goupoid if for every two of its elements a, b it holds that ab # &, otherwise it is called a partial
hypergroupoid.

In the case of finite hypergroupoids, the ratio of the number of hypergroups over
the number of hypergroupoids is exceptionally small. For instance, we come across one
3-element hypergroup in every 1740 hypergroupoids of three elements [79].

Definition 20. An associative hypergoupoid is called a semihypergroup, while a reproductive
hypergoupoid is called a quasihypergroup.

Definition 21. The magma which is the union of a hypergroup with an absorbing element is called
almost-hypergroup.

Definition 22. A reproductive magma in which the law of synthesis is weakly associative is called
Hy-group [80].

Because of Proposition 5, the result of the hypercomposition in an Hy-group is
always nonvoid.

Many papers have been written on the construction of examples of the above algebraic
structures. Among them are the papers by P. Corsini [81,82], P. Corsini and V. Leoreanu [83],
B. Davvaz and V. Leoreanu [84], I. Rosenberg [85], I. Cristea et al. [86-90], M. De Salvo and
G. Lo Faro [91,92], C. Pelea and I. Purdea [93,94], C.G. Massouros and C.G. Tsitouras [95,96],
and S. Hoskova-Mayarova and A. Maturo [70], in which hypercompositional structures,
defined in terms of binary relations, are presented and studied.

It is worth mentioning that a generalization of the hypergroup is the fuzzy hypergroup,
which was studied by a multitude of researchers [97-127]. An extensive bibliography on
this subject can be found in [124]. It can be proved that similar fundamental properties
as the aforementioned ones are valid in the fuzzy hypergroups as well [125,126]. For
instance, a o b # Oy is valid for any pair of elements 4, b in a fuzzy hypergroup (H, o) [125].
Generalizations of the fuzzy hypergroups are the mimic fuzzy hypergroups [125,126] and
the fuzzy multihypergroups [127].

6. Types of Hypergroups

The hypergroup being a very general structure, was equipped with further axioms,
which are more or less powerful and lead to a significant number of special hypergroups.
One such important axiom is the transposition axiom. Initially this axiom was introduced
by W. Prenowitz in a commutative hypergroup, all the elements of which also satisfy the
properties aa = a and a/a = a. He named this hypergroup join space and used it in the
study of geometry [19-24]. The transposition axiom in a commutative hypergroup is:

a/bNc/d # @ implies adNbc # &

A commutative hypergroup that satisfies the transposition axiom is called a join
hypergroup. Later on, ]. Jantosciak generalized the transposition axiom in an arbitrary
hypergroup H as follows:

b\anc/d # @ implies adNbc # @ forall a,b,c,d € H.

14
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A hypergroup equipped with the transposition axiom is called transposition hyper-
group [128].

These hypergroups attracted the interest of a large number of researchers, including
L Cristea et al. [102,107-112], P. Corsini [100-103,129,130], V. Leoreanu-Fortea [101,103-105,131,132],
I. Rosenberg [85,132], S. Hoskova-Mayerova, [133-137], J. Chvalina [135-138],
P. Rackova [135,136], Ch.G. Massouros [139-150], G.G. Massouros [144~152], . Nieminen [153,154],
A. Kehagias [115], R. Ameri [117,118,155], M. M Zahedi [117], and G. Chowdhury [123].

Proposition 11. [150] The following are true in any transposition hypergroup:
i. a(b/c) Cab/c and (c\b)a C c\ba,

ii. a/(c/b) Cab/c and (b\c)\a C c\ba,

iii.  (b\a)(c/d) C (b\ac)/d = b\(ac/d),

iv. (b\a)/(c/d) C (b\ad)/c =b\(ad/c),

v. (b\a)\(c/d) C (a\bc)/d = a\(bc/d).

The hypergroups are much more general algebraic structures than the groups, to the
extent that a theorem similar to Theorem 2 cannot be proved for the hypergroups. In fact, a
hypergroup does not necessarily have an identity element. Moreover, in hypergroups there
exist different types of identities [149,150,156]. In general, an element ¢ of a hypergroup H
is called right identity, if x € x -eforall x in H. If x € e - x for all x in H, then x is called left
identity, while x is called identity if it is both a right and a left identity; i.e., if x € xeNex
for all x € H. If the equality e = ee is valid for an identity e, then e is called idempotent
identity. A hypergroup H is called semiregular if every x € H has at least one right and one
left identity. An identity is called scalar if a = ae = ea for all a € H, while it is called strong
if ae = ea C {e,a} for all a € H. More generally, an element s € H is called scalar if the
result of the hypercomposition of this element with any element in H is a singleton; that
is,if sa € H and as € H for all a € H. If only the first membership relation is valid, then
s is called left scalar, while if only the second relation is valid, then s is called right scalar.
When a scalar identity exists in H, then it is unique but the strong identity is not necessarily
unique. Both scalar and strong identities are idempotent identities.

Remark 1. If a hypercomposition has a scalar identity e, then it is neither open nor closed
(containing) because e ¢ ex and x ~ ex.

Proposition 12. If ¢ is a strong identity in H and x # e, then x/e = e\x = x.

Proof. Let t € x/e. Then x € te C {t,e}. Since x # ¢, it follows that t = x. Thus x/e = «x.
Similarly, it can be proven that e\x = x. [J

Corollary 7. If e is a strong identity in H and X is a nonempty subset of H, not containing e,
then X/e = e\ X = X.

Proposition 13. If e is a scalar identity in H, then x/e = e\x = x.

Corollary 8. If X isa non-empty subset of H and if e is a scalar identity in H, then X /e = e\ X = X.
Theorem 16. i. If a hypergroup H contains a scalar element, then it contains a scalar identity e
as well.

ii. The set U of the scalar elements of a hypergroup H is a group.

Proof. (i) Let s be a scalar element. Then, per reproductivity, there exists an elemente ¢ H

such that se = s. Also, because of the reproductive axiom, any element y € H can be
written as y = xs, x € H. Hence ye = (xs)e = x(se) = xs = y. Similarly, ey = y.
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(ii) Let s € U. Then, per reproductivity, there exists an element s’ € H such that ss’ = e.
If y € H then, because of the reproductive axiom, y = xs, x € H. Hence ys’ = (xs)s’ =
x(ss') = xe = x, and therefore s’ is a right scalar element. Similarly, there exists a left scalar

/ / . ! . / ! !/ /
element s” such that s"’s = e. But s’ isequal to s’ since s’ = s"e = §''(ss') = (s’ s)s’ =

es’ = s'. Consequently, U is a subgroup of the hypergroup H. O

The group of the scalars was named the nucleus of H by Wall [11].

An element x’ is called right e-symmetric of x, or right e-inverse in the multiplicative
case, if there exists a right identity e # x” such that e € x - x’. The definition of the left
e-symmetric or left e-inverse is analogous to the above, while x’ is called the e-inverse or
e-symmetric of x, if it is both right and left inverse with regard to the same identity e. If
is an identity in a multiplicative hypergroup H, then the set of the left inverses of x € H,
with regard to e, will be denoted by S,;(x), while S, (x) will denote the set of the right
inverses of x € H with regard to e. The intersection S,;(x) NS¢, (x) will be denoted by
Se(x). A semiregular hypergroup H is called regular if it has at least one identity e and if
each element has at least one right and one left e-inverse. H is called strictly e-regular if
for the identity e the equality S, (x) = Ser(x) is valid for all x € H. In a strictly e-regular
hypergroup, the inverses of x are denoted by S.(x) and, when there is no likelihood of
confusion, e can be omitted, and the notation S(x) is used for the inverses of x. We say that
H has semistrict e-regular structure if S,;(x) ~ Ser(x) is valid for any x € H. Obviously, in
the commutative hypergroups there exist only the strict e-regular structures.

Proposition 14. If e is an identity in a hypergroup H, then S, (x) = (e/x) - -{e} and Ser(x) =
(x\e) - -{e}.

Corollary 9. If S,;(x) N Ser(x) # @, then x\eNe/x # .

Definition 23. A reqular hypergroup is called reversible if it satisfies the following conditions:

i. zexy=xezy, forsomey € S(y),
ii. zexy=yecx'z, forsome x' € S(x).

The enrichment of a hypergroup with an identity creates different types of hyper-
groups, depending on the type of the identity.

Proposition 15. If H is a transposition hypergroup with a scalar identity e, then, for any x in H,
the quotients e/ x and x\e are singletons and equal to each other.

Proof. Obviously e/e = e\e = e. Let x # e. Because of reproduction, there exist x’ and x”,
such thate € x’x and e € xx”. Thus x € x’\e and x € e/x”. Hence x"\e = e¢/x" . Therefore,
because of transposition, ex” ~ x’e is valid. Since e is a scalar identity, the following is true:
x” = ex” and x’e = x’. Thus ' = x”. However, x' € ¢/x and x” € x\e. Therefore e¢/x
and x\e are equal, and since this argument applies to any i,y € H, such thate € y'x and
e € xy”, it follows that e/x and x\e are singletons. [

Definition 24. A transposition hypergroup that has a scalar identity e is called quasicanonical
hypergroup [157,158] or polygroup [159-161].

The connection of quasicanonical hypergroups with color schemes, relation algebras,
and finite permutation groups, as well as with weak cogroups, produces a lot of exam-
ples of quasicanonical hypergroups (e.g., see [160]). In [162], quasicanonical hypergroups
appear as Pasch geometries. In a Pasch geometry (A,A.e), A becomes a quasicanoni-
cal hypergroup with scalar identity e and a~! = a*, when ab = {x|(a,b,x") € A} (see
also [128]). The following example from [158] shows the structural relation of groups with
the quasicanonical hypergroups.
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Example 19. Let(G, -) be a group and e its identity. The following hypercomposition is defined
on G:

xoy=A{xyx-y}, if y#x 1 xy#e
xox 1=x1lox=gG, if x#e
xXoe=eox=x, forall x € G

Then (G, o) becomes a quasicanonical hypergroup. Note that this construction can be used to
produce new quasicanonical hypergroups from other quasicanonical hypergroups.

In the quasicanonical hypergroups, there exist properties analogous to (i) and (ii) of
Theorem 2, which are valid in the groups:

Theorem 17. [128,141] If (Q, -, ) is a quasicanonical hypergroup, then:

i For each x € Q there exists one and only one x' € Q such that e € xx’ = xx.
ii. zexy=xeczy =>yex'z.

Corollary 10. A quasicanonical hypergroup is a reversible hypergroup.

The inverse of Theorem 17 is also true:

Theorem 18. [128,141] If a hypergroup Q has a scalar identity e and:
i For each x € Q there exists one and only one x' € Q such that e € xx' = x'x
i. zexy=xeczy =>yex'z

then the transposition axiom is valid in Q.

When the hypercomposition is written multiplicatively, x’ is denoted by x ! and it
is called the inverse of x, while, if the hypercomposition is written additively, the identity
is denoted by 0 and the unique element x’ is called opposite or negative, and it is denoted
by —x.

Proposition 16. In a quasicanonical hypergroup Q,
i xl=e/x=x\eand x=e/x"' =x"\e forallx € Q.
i. x/y=xy ' and y\x =y x forall x,y € Q.

Proof. (i) is a direct consequence of Proposition 15. Next, for (ii), applying (i), Proposition
11, and Corollary 8, we have:

x/y=x/ (e/y‘l) Cxy te=axy!
and xy~t = x(e/y) C xe/y = x/y.
Therefore, the first equality is proved. The second one arises from duality. [

The aforementioned Theorems 4, 5, 6, 7, and 8, which are valid in the groups, are also
valid in the quasicanonical hypergroups. The cancellation law (Theorem 9), though, is
valid in the quasicanonical hypergroups as follows:

ac = bc implies b~ lancc™! # @
ca = cb implies ba ' Necc™! # @

More generally the following theorem is valid:

Theorem 19. If Q is a quasicanonical hypergroup, then ab ~ cd implies that bd~! ~ a~lc and
cla~db .
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Proof. As it is mentioned above, Theorem 8 is valid in the quasicanonical hypergroups as

-1

well. Indeed, the equality (ab) ™" = b~'a~! follows from the sequence of implications:

xeab;aexb V;aa ' Cxbla eexb e x e la

Next, let x € abNcd. Then xx ! € ab(cd)™' = abd~'c™!. Hence e € abd~'c!, thus
¢ € abd~!. Therefore, there exists y € bd~! such that c € ay. Reversibility implies that
y € a~lc. Consequently, bd ! ~ a~!c. By duality, c la ~ db~1. O

A commutative quasicanonical hypergroup is called canonical hypergroup. The canoni-
cal hypergroup owes its name to J. Mittas [163,164] while it was first used by M. Krasner
for the construction of the hyperfield, which is a hypercompositional structure that he in-
troduced in order to define a certain approximation of complete valued fields by sequences
of such fields [53]. The hyperfields, which were constructed afterward, contain interesting
examples of canonical hypergroups [165-170]. An example of such a canonical hypergroup
is presented in the following construction by J. Mittas [171].

Example 20. Let E be a totally ordered set and 0 its minimum element. The following hypercompo-
sition is defined on E:

_ [ max{x,y} ifx#y
x+y{ {zeE | z<x} ifx=y

Then (E,+) is a canonical hypergroup.

We cite the above example because the hyperfield, which J. Mittas constructed based
on this canonical hypergroup, is now called a tropical hyperfield (see, e.g., [54-58]) and
it is used in the development of the tropical geometry. Example 19 also gives a canonical
hypergroup, when (G, -) is an abelian group. The hyperfield that is constructed based
on this canonical hypergroup leads to open problems in both hyperfield and field theo-
ries [168,169].

J. Mittas studied the canonical hypergroup in depth [163,164,172-180]. Also motivated
by the valuated hyperfield theory, he introduced ultrametric distances to the canonical
hypergroups, thus defining the valuated and the hypervaluated canonical hypergroups.
Next, he proved that the necessary and sufficient condition for a canonical hypergroup to
be valuated or hypervaluated is the validity of certain additional properties of a purely
algebraic type; that is, properties that are expressed without the intervention of the valua-
tion or the hypervaluation, respectively. Thus, three special canonical hypergroups came
into being:

(a) The strongly canonical hypergroup, which also satisfies the axioms:
S:lfxex+a, thenx+a=x, forall x,a € H.
Sp:If (x+y)N(z+w) # &, theneitherx+y Cz+w or z+w C x+y.

(b) The almost strongly canonical hypergroup, which also satisfies the above axiom S, and
the axiom:
AS: If x # y, then either (x —x)N(y—x) =@ or (y—y)N(y —x) = .

(c) The superiorly canonical, which is a strongly canonical hypergroup that also satisfies
the axioms:
Ss:lfzzwex+yand x #y, thenz —z =w — w.
Spolfxez—zandy ¢ z—z thenx —x Cy—uy.

J. Mittas has presented a very deep and extensive study on these hypergroups, with a
great number and variety of results, among which we mention the following theorem [178]:

Theorem 20. The necessary and sufficient condition for a canonical hypergroup to be hypervaluated
is to be superiorly canonical.
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In all the above cases, the neutral element is scalar. Let us now consider hypergroups
that are equipped with a strong identity.

Definition 25. A fortified transposition hypergroup (FTH) is a transposition hypergroup T with a
unique strong identity e, which satisfies the axiom:

For every x € T - -{e} there exists one and only one element x' € T - -{e}, the symmetric
of x, such that: e € xx' and furthermore, for x it holds that e € x'x.

If the hypercomposition is commutative, the hypergroup is called a fortified join hypergroup (FJH).

The fortified join hypergroup was introduced for the study of languages and automata
with tools of hypercompositional algebra [35-43].

It has been proved that every fortified transposition hypergroup consists of two
types of elements, the canonical (c-elements) and the attractive (a-elements) [141,144,149]. An
element x is called canonical if ex = xe is the singleton {x}, while it is called attractive if
ex = xe = {e,x}. A denotes the set of the attractive elements (a-elements) and C denotes
the set of the canonical elements (c-elements). By convention, e € A.

Proposition 17. If (T, -, e) is a fortified transposition hypergroup, then the following are valid:

i. If x#e thenx/e=e\x =x

ii. ele=e\e=A

iii. Ifae€ A thena/a=a\a= A

iv. If x,y are attractive elements, then {x,y} C xy

v. If x,y are attractive elements, then x € x/y and x € y\x

vii IfacAandce C, thenac=ca=c

vii. Ifac€ Aanda #e thene/a=ea ' = {e,a} =ale=a\e

viii. If x,y are attractive elements, then xy—* = x/y U {y ™1} and y~1x = y\x U {y~1}.

A detailed and thorough study of the properties of the a-elements and c-elements is
presented in [141,144,149]. Theorems 4, 5, 6, and 7, which are valid for the groups, are also
valid for the fortified transposition hypergroups (FTH). Theorem 8, though, is not valid in
the FTH, as generally (aa~1) ' £aa1 (or —(a — a) # a — a in the additive case). This led

to the definition of two types of elements: those that satisfy the equality (aa™!) = aa!

(or —(a — a) = a — a in the additive case), which are called normal and for which Theorem
8 is valid, and the rest, which are called abnormal [141,144,149].

“ o

Theorem 21. If (Q, -)is a quasicanonical hypergroup and “©” is the extensive enlargement of “-”,
then(Q, ®) is a fortified transposition hypergroup consisting of attractive elements only.

Proof. Per Proposition 7, the extensive enlargement of an associative law of synthesis is
also associative. Next, for the proof of the transposition axiom, we observe that:

b\eaNce/d = [b\aU{a}]N[c/dU{c}] and
a0dNboc=[adU{a,d}]N[bcU{b,c}]

Therefore, if b\ sa ~ ¢ /d, we distinguish the cases:
ifb\a ~ c/d, thenad = bc,thusa ©d =~ b ¢;
ifceb\a, thena € bc, thusa € a®dNbO ¢, consequentlya ©d ~ b c;
ifaecc/d thenc€ad, thusc€ca®dNbOc, consequentlya ©d =~ b ©®c;
ifa=c,thena®d~b®ec.
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Finally, if e is the neutral element of the quasicanonical hypergroup, then:
ae=aeU{a, e} ={a, e}, foralla € Q. O

Example 21. Let H be a totally ordered set, dense and symmetric around a center denoted by 0 € H.
The partition H = H ~U {0} UH 7 is defined with regard to this center and according to it,
foreveryx € H andy € H ™V itisx <0 < y;and foreveryx, y€e H, x <y = —y < —x,
where —x is the symmetric of x with regard to 0. Then H, equipped with the hypercomposition:

x+y =A{xy} ify # —x
and x+ (=x) =0, |x|] U{—]|x|}

becomes an FJH in which x — x # —(x — x), for every x # 0. So, all the elements of (H,+)
are abnormal.

The fortified transposition hypergroup is closely related to the quasicanonical hyper-
group as per the following structure theorem:

Theorem 22. [141] A transposition hypergroup H containing a strong identity e is isomorphic to
the expansion of the quasicanonical hypergroup C U {e} by the transposition hypergroup A of all
attractive elements with regard to the identity e.

Definition 26. A transposition polysymmetrical hypergroup (TPH) is a transposition hypergroup
(P, -) with an idempotent identity e, which satisfies the axioms:

i. Xx€xe=ex
ii.  Foreveryx € P--{e} there exists x' € P - -{e}, the symmetric of x, such that e € xx’, and
furthermore, x' satisfies e € x'x.

The set of the symmetric elements of x is denoted by S(x). A commutative transposition polysym-
metrical hypergroup is called a join polysymmetrical hypergroup (JPH).

A direct consequence of this definition is that for a nonidentity element x, S(x) U {e} =
x\e = e/x, when x is attractive, and S(x) = x\e = e/x, when x is non attractive.

Example 22. Let K be a field and G a subgroup of its multiplicative group. In K we define a
hypercomposition “+" as follows:

x+y ={zeK|z=xp+yq, pgqeG}

Then (K, +) is a join polysymmetrical hypergroup having the 0 of K as its neutral element. Since
x+0={xq, q¢€ G}, theneutral element 0 is neither scalar nor strong. The symmetric set of
an element x of Kis S(x) = {—xp | p € G}.

Example 23. Let (A;,-), i € I, be a family of fortified transposition hypergroups that consist only
of attractive elements, and suppose that the hypergroups A;, i € I have a common identity e. Then
T= 'UIAi becomes a transposition polysymmetrical hypergroup under the hypercomposition:

ic

a®b = ab if a, b are elements of the same hypergroup A;

aob={a, e b} ifacA;-{e}, beAj-{e} and i #]
Observe that e is a strong identity in T. Moreover, if a € A;, then S(a) = (T --A;) U {a'} where
a’ is the inverse of a in A;.
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Example 24. Let A;, i € I be a family of totally ordered sets that have a common minimum element
e. The set A = ‘UI A; with hypercomposition:
1€

[min{x,y}, max{x,y}] if x, ye;,icl
Xy =
le, x] U [e, y] if xe€N;, yeN; and i#j, i, jel

becomes a [PH with neutral element e.

Proposition 18. If x is an attractive element of a transposition polysymmetrical hypergroup, then
S(x) consists of attractive elements.

Proof. Let ¢ € ex. Then x € e\e. Moreover, x € e/x’' for any x' € S(x). Thus,
e/x' Ne\e # @, which, by the transposition axiom, gives ee Nex’ # &, or e € ex’. Hence x’
is attractive. [

Proposition 19. The result of the hypercomposition of two attractive elements in a transposition
polysymmetrical hypergroup consists of attractive elements only, while the result of the hypercompo-
sition of an attractive element with a non attractive element consists of non attractive elements.

Proposition 20. If the identity in a transposition polysymmetrical hypergroup is strong, then
{x,y} Cxyand x € x/y, x € y\x, for any two attractive elements x, y.

The algebraic properties of transposition polysymmetrical hypergroups are studied
in [145,146].

Definition 27. A quasicanonical polysymmetrical hypergroup is a hypergroup H with a unique
scalar identity e, which satisfies the axioms:

i.  Forevery x € H there exists at least one element x' € H, called symmetric of x, such that
e € xx'ande € x'x.
ii. If z € xy, there exist x', y' € S(x) such that x € zy' and y € x'z.

A commutative quasicanonical polysymmetrical hypergroup is called a canonical polysymmetrical
hypergroup.

Example 25. Let H be a set that is totally ordered and symmetric around a center, denoted by
0 € H. Then H, equipped with the hypercomposition:

v, if |x|<|y| forevery x,ye H U{0} or x,ye {0}UH ™
x+y =
[x,y], ifxeH and ye H™

becomes a canonical polysymmetrical hypergroup. Suppose now that x,y,a,b € H" and
x<y<a<b. Thenx/y =a/b =H~.Thus, x/yNa/b # & . However, x +b = {b}
and y + a = {a}. Therefore (x + b) N (y +a) = &, and so the transposition axiom is not valid.

The canonical polysymmetrical hypergroup was introduced by J. Mittas [181]. In
addition, J. Mittas and Ch. Massouros, while studying the applications of hypergroups
in the linear spaces, defined the generalized canonical polysymmetrical hypergroup [31].
Moreover, J. Mittas, in his paper [174], motivated by an observation about algebraically
closed fields, discovered a special type of completely regular polysymmetrical hypergroup,
which, later on, C. Yatras called M-polysymmetrical hypergroup. C. Yatras, in a series of
papers, studied this hypergroup and its properties in detail [182-184]. J. Mittas also defined
the generalized M-polysymmetrical hypergroups that were studied by himself and by Ch.
Massouros [185,186].
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Definition 28. A M-polysymmetrical hypergroup H is a commutative hypergroup with an idem-
potent identity e that also satisfies the axioms:

i X € xe = ex,

ii.  Forevery x € H - -{e} there exists at least one element x' € H - -{e}, such that e € xx', and
e € x'x, (symmetric of x),

iii. Ifze€xyandx' € S(x), y € S(y), 2 € S(z), thenz' € X'y

Proposition 21. [182,183] Every M-polysymmetrical hypergroup is a join hypergroup.

In addition to the aforementioned hypergroups, other hypergroups have been defined
and studied. Among them, are the complete hypergroups and the complete semihyper-
groups [17,102,107,112,187-189], the 1-hypergroups [102,107,190], the hypergroups of type
U [191-198], the hypergroups of type C [199,200], and the cambiste hypergroup [28].

7. Subhypergroups and Cosets

Decompositions and partitions play an important role in the study of algebraic struc-
tures. Undoubtedly, this study is of particular interest in the theory of hypercompositional
algebra. It has recently been addressed in various papers from different perspectives
(e.g., [188,201-204]). Moreover, in [33] it is proved that general decomposition theorems
that are valid in hypergroups give as corollaries well-known decomposition theorems in
convex sets. A far-reaching concept of abstract group theory is the decomposition of a
group into cosets by its subgroups. The hypergroup, though, being a more general struc-
ture than that of the group, has various types of subhypergroups. In contrast to groups,
where any subgroup decomposes the group into cosets, in the hypergroups, not all the
subhypergroups can define such a partition. This section presents the subhypergroups that
can create a partition in the hypergroup and the relevant partitions.

Definition 29. A nonempty subset K of H is a semi-subhypergroup when it is stable under the
hypercomposition, i.e., it has the property xy C K for all x,y € K. K is a subhypergroup of H if it
satisfies the reproductive axiom, i.e., if the equality xK = Kx = K is valid for all x € K.

7.1. Closed and Ultra-Closed Subhypergroups

From the above Definition 29, it derives that when K is a subhypergroup and a,b € K,
the relations a € bx and a € yb always have solutions in K. If, for any two elements 2 and
b in K, all the solutions of the relation a € yb lie inside K, then K is called right closed in
H . Similarly, K is left closed when all the solutions of the relation a € bx lie in K. K is
closed when it is both right and left closed. Note that the concepts subhypergroup and
closed subhypergroup are self-dual. A direct consequence of the definition of the closed
subhypergroup is the proposition:

Proposition 22. The nonvoid intersection of two closed subhypergroups is a closed subhypergroup.

The relevant property is not valid for every subhypergroup, since, although the
nonvoid intersection of two subhypergroups is stable under the hypercomposition, the
validity of the reproductive axiom fails. This was one of the reasons that led, from the
very beginning of the hypergroup theory, to the consideration of more special types of
subhypergroups, one of which is the above defined closed subhypergroup (e.g., see [5,13]).
An equivalent definition of the closed hypergroup is the following one:

Definition 30. [205,206] A subhypergroup K of H is called right closed if K is stable under the
right division, i.e., if a/b C K for all a,b € K. K is called left closed if K is stable under the left
division, i.e., if b\a C K, forall a,b € K. K is called closed when it is both right and left closed.
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Proposition 23. If the hypercomposition in a hypergroup H is closed (containing), then H has no
proper closed subhypergroups.

Proof. According to Proposition 1, if a hypercomposition is closed, then a/a = H, for all
a € H. Consequently, the only closed subhypergroup of H is H itself. [

Proposition 24. If K is a subset of a hypergroup H such that a/b C K and b\a C K, for all
a,b € K, then K is a closed subhypergroup of H.

Proof. Initially, it will be proved that K is a hypergroup, i.e., that aK = Ka = K, for any a in
K. Let x € K. Then a\x C K. Therefore x € aK. Hence K C aK. For the reverse inclusion,
now suppose that y € aK. Then K/y C K/aK. So KN (K/aK)y # @. Thus, y € (K/aK)\K.
Per mixed associativity, the equality K/aK = (K/K)/a is valid. Thus:

(K/aK)\K = ((K/K)/a)\K C (K/a)\K C (K/K)\K C K\K C K

Hence y € K and so aK C K. Therefore aK = K. The equality Ka = K follows by duality.
The rest comes from Definition 30. [J

Proposition 25. If K is a closed hypergroup of a hypergroup H, then:
K=K/a=a/K=a\K=K\a
forall ain K.

Proposition 26. If K is a subhypergroup of H, then:

H--KC(H--K)x and H--KC x(H--K)
forall x € K.

Proof. Lety € H--Kand y ¢ (H--K)x. Per reproductive axiom, y € Hx and since
y ¢ (H - -K)x, y must be a member of Kx. Thus, y € Kx C KK = K. This contradicts the
assumption, and so H - -K C (H - -K)x. The second inclusion follows by duality. [

Proposition 27. i. A subhypergroup K of H is right closed in H if and only if (H - -K)x = H - K,
forall x € K.

ii. A subhypergroup K of H is left closed in H if and only if x(H - -K) = H - -K, for all x € K.
iii. A subhypergroup K of H is closed in H if and only if x(H - -K) = (H - -K)x = H - -K, for all
x € K.

Proof. (i) Let K be right closed in H. Suppose that z € H - -K and zx N K # @. Then there
exists an element y in K such that y € zx, or equivalently z € y/x. Therefore z € K, which
is absurd. Hence (H - -K)x C H - -K. Next, because of Proposition 26, H - -K C (H - -K)x
and therefore H - -K = (H - -K)x. Conversely now: suppose that (H - -K)x = H - -K for all
x € K. Then (H--K)xNK =@ forall x € K. Hence t ¢ rxandsor ¢ t/x forall x,t € K
and r € H - -K. Therefore t/x N (H - -K) = @ which implies that ¢ /x C K. Thus K is right
closed in H. (ii) follows by duality and (iii) is an obvious consequence of (i) and (ii). O

Corollary 11. i. If K is a right closed subhypergroup in H, then xXK N K = &, forall x € H - -K.

ii. If K is a left closed subhypergroup in H, then Kx NK = &, forall x € H - -K.
iii. If K is a closed subhypergroup in H, then xK NK = @ and Kx NK = @, forall x € H - -K.
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Proposition 28. Let A be a nonempty subset of a hypergroup H and suppose that

Ay=AUAAUA/AUA\A
A = AOUAOAOUAO/AOUAO\AO

Ap=Ap 1UA, 1Ay 1 UA /A1 U An—l\An—l

Then (A) = L>J0An is the least closed subhypergroup of H, which contains A.
n>

If A is a singleton, then the above procedure constructs the monogene closed sub-
hypergroup of the hypergroup H. It is easy to see that if the hypercomposition is open,
then (a) = {a} , while if it is closed, (a) = H for all # € H. The notion of the monogene
subhypergroups was introduced by J. Mittas in [177] for the case of the canonical hyper-
groups. In [67], there is a detailed study of the monogene symmetric subhypergroups of
the fortified join hypergroups. These studies highlight the existence of two types of the
order of an element: the principal order, which is an integer, and the associated order, which is
a function. A subcategory of the monogene subhypergroups is the cyclic subhypergroups;
that is, subhypergroups of the form:

U ak, aeH
keN

It is easy to observe that in the case of the open hypercompositions, the cyclic subhy-
pergroup, which is generated by an element g, is the element 4 itself. The study of cyclic
subhypergroups has attracted the interest of many researchers [207-218]. A detailed study
and thorough review of cyclic hypergroups is given in [219].

The closed subhypergroups are directly connected with the ultra-closed subhyper-
groups [17,220]. The properties of these subhypergroups, together with their ability to
create cosets in special hypergroups, were studied in a long series of joint papers by M.
De Salvo, D. Freni, D. Fasino, and G. Lo Faro [191-195]; D. Freni [196-198]; M. Gutan
et al. [198-200]; and L. Haddad and Y. Sureau [221,222]. A new definition for the ultra-
closed subhypergroups, with the use of the induced hypercompositions, is given below.
After that, Theorem 24 proves that this definition is equivalent to Sureau’s definition.

Definition 31. A subhypergroup K of a hypergroup H is called right ultra-closed if it is closed and
a/a C K foreach a € H. K is called left ultra-closed if it is closed and a\a C K for each a € H. If
K is both right and left ultra-closed, then it is called ultra-closed.

Theorem 23. i. If K is right ultra-closed in H, then, either a/b C K, or a/bN K = &, for all
a,b € H. Moreover, if a/b C K, thenb/a C K.

ii. If Kis left ultra-closed in H, then, either b\a C K, or b\a N K = &, for all a,b € H. Moreover,
if b\a C K, then a\b C K.

Proof. Suppose thata/bNK # &, a,b € H. Thena € sb, for some s € K. Next, assume that
b/an(H--K) # @. Thenb € ta, t € H--K. Thusa € s(ta) = (st)a. Since K is closed, per
Proposition 27, st C H - -K. So a € ra, for some r € H - -K. Therefore a/a N (H - -K) # &,
which is absurd. Hence b/a C K. Now let x be an element in K such that b € xa. If
a/bN (H--K) # &, there exists y € H - -K such that a € yb. Therefore b € x(yb) = (xy)b.
Since K is closed, per Proposition 27, xy C H - -K. So, b € zb for some z € H - -K. Therefore
b/bN (H--K) # @, which is absurd. Hence a/b C K. Duality gives (ii). [

Theorem 24. Let H be a hypergroup and K a subhypergroup of H. Then:

i. K is a right ultra-closed subhypergroup of H if and only if KaN (H - -K)a = &, forall a € H.
ii. K is a left ultra-closed subhypergroup of H if and only if aK Na(H - -K) = &, forall a € H.
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Proof. Suppose that K is a right ultra-closed subhypergroup of H. Then a/a C K for all
a € H. Since K is right closed, then (a/a)/s C K is valid, or equivalently, a/(as) C K
for all s € K. Theorem 23 yields (as)/a C Kforalls € K. If KaN (H--K)a # o, then
there exist s € Kand r € H - -K, such that sa Nra # &, which implies that r € as/a. But
(as)/a C K, hence r € K, which is absurd. Conversely now: let Ka N (H - -K)a = @ for all
a€ H. Ifae K, thenKN (H--K)a = @. Therefore s ¢ ra, foreverys € Kandr € H - -K.
Equivalently,s/aN (H - -K) = &, forall s € K. Hences/a C Kforalls € Kand a € K. So K
is right closed. Next, suppose thata/a N (H - -K) # @ for some a € H. Thena € (H - -K)a,
or Ka C K(H - -K)a. Since K is closed, per Proposition 27, K(H - -K) C H - -K is valid. Thus
Ka C (H - -K)a, which contradicts the assumption. Duality gives (ii). [

7.2. Invertible Subhypergroups and their Cosets

Definition 32. A subhypergroup K of a hypergroup H is called right invertible if a/bNK # @&
implies b/a N K # @&, with a,b € H, while it is called left invertible if b\a N K # & implies
a\bNK # @&, witha,b € H. K is invertible when it is both right and left invertible.

Note that the concept of the invertible subhypergroup is self-dual. Theorem 4 in [134]
gives an interesting example of an invertible subhypergroup in a join hypergroup of partial
differential operators.

Theorem 25. If K is invertible in H, then K is closed in H.

Proof. Let x € K/K. Then K =~ xK, thus K ~ x\K. Since K is invertible, K ~ x\K
implies K ~ K\x from which it follows that x € KK. Since K is a subhypergroup, KK = K.
Therefore x € K. Consequently K/K C K. Since invertibility is self-dual, K\K C K is valid
as well. [

The converse of Theorem 25 is not true. In [17] there are examples of closed hyper-
groups that are not invertible. On the other hand, the following proposition is a direct
consequence of Theorem 23.

Proposition 29. i. The right (left) ultra-closed subhypergroups of a hypergroup are right (left) invertible.
ii. The ultra-closed subhypergroups of a hypergroup are invertible.

Theorem 25 and Proposition 23 give the following result:

Proposition 30. A hypergroup H has no proper invertible subhypergroups if its hypercomposition
is closed (containing).

Proposition 31. A hypergroup H has no proper invertible sublypergroups if the hypercomposition
is open.

Proof. Suppose that K is an invertible subhypergroup of H and a is an element of H that
does not belong to K. Because of the reproductive axiom, there exists b € H such that
a € Kb . Therefore a/bN K # @&, which, per invertibility of K, implies that b/a N K # @.
Hence b € Ka, and so

a € Kb C K(Ka) = (KK)a = Ka.

Thus, a/aN K # @. But, according to Proposition 1, a/a = a. Therefore a € K, which
contradicts the assumption. [

Proposition 32. i. K is right invertible in H, if and only if the implication a € Kb = b € Ka
is valid forall a,b € H.
ii. K is left invertible in H if and only if the implication b € aK = a € bK is valid for all a,b € H.
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Lemma 1. i. If the implication Ka # Kb = Ka N Kb = @ is valid for all a,b € H, then ¢ € Kc,
foreachc € H.

ii. If the implication aK # bK = aKNbK = @ is valid for all a,b € H, then ¢ € cK, for each
c€H.

Proof. (i) There exists x € H such that ¢ € Kx. Hence K¢ C Kx. Therefore Kc N Kx # &.
So, ¢ € Kx = Ke. (ii) is the dual of (i). [J

Theorem 26. i. Kis right invertible in H, if and only if the implication Ka # Kb = KaNKb = @
is valid for all a,b € H.

ii. K is left invertible in H, if and only if the implication aK # bK = aK N bK = & is valid for
alla,b € H.

Proof. (i) Let K be right invertible in H. Assume that Ka # Kb and that ¢ € Ka N Kb.
Then Kc C Ka and Kc C Kb. Moreover, ¢ € Ka N Kb implies that c/a N K # @ and
c¢/bNK # @. But K is invertible, consequently we have the sequence of the following
equivalent statements:

a/cNK#@andb/cNK # &; a€ Kcand b € K¢; Ka C Kcand Kb C Kc

Therefore, Ka = Kc and Kb = Kc. Thus, Ka = Kb, which contradicts the assumption.
So, Ka N Kb = @. Conversely now: suppose that Ka # Kb = KaN Kb = @ is valid for all
a,b € H and moreover, assume that a/b N K # &. Thena € Kb, consequently Ka C Kb .
Since Ka N Kb # &, it derives that Ka = Kb. Per Lemma 1, b € Kb. Therefore b € Ka, which
implies that b/a N K # . (ii) is the dual of (i). U

Theorem 27. i. If K is right invertible in H, then H ,/* K = {Kx | x € H} is a partition in H.
ii. If K is left invertible in H, then H ,/ K = {xK | x € H} is a partition in H.
iii. If K is invertible in H, then H K = {KxK | x € H} is a partition in H.

Proof. The proofs of (i) and (ii) are similar to the proof of (iii). So, we prove (iii).

(iii) According to Lemma 1, if c is an arbitrary element in H, then ¢ € Kc and ¢ € cK.
¢ € Kc implies cK C KcK, and since ¢ € cK, it derives that ¢ € KcK. Now suppose that
there exist a, b € H such that KaK N KbK # @. Let ¢ € KaK N KbK. ¢ € KaK implies that
there exists y € Ka such that c € yK. However, due to the invertibility of K, it follows that
a € Ky and y € cK. Hence a € KcK and therefore KaK C KcK. Moreover, ¢ € KaK implies
that KcK C KaK. Consequently KaK = KcK. In the same way KbK = KcK, and therefore
KaK = KbK. O

Theorem 28. Let K be a right invertible subhypergroup of a hypergroup H and let X = Kx, x € H.
Then X xY = XY K is a hypercompositionin H /'K = {Kx | x € H} and (H /* K, %) is
a hypergroup.

Corollary 12. If K is a subgroup of a group G, then (G * K, %) is a hypergroup.

Theorem 29. Suppose that K is a subgroup of a group G, and K C M C G. Then (M " K, %) is
a subhypergroup of (G ' K, ) if and only if M is a subgroup of a group G.

Proof. Suppose that M K is a subhypergroup of G ,”* K. Then:

Kyx«(M /"K)=M /*K=(M /K)*Kx, forall Krxe M /K
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Therefore KxM = M = MKzx, for all x € M. Since e € K, it follows that xM = M and
Mx = M for all x € M. Thus, M is a subgroup of G. Conversely now, let M be a subgroup
of G and x € M. Then:

Kxs(M /K)=KxM *K=KM "K=M /K
and (M, "K)*Kx=MKx "K=Mx,/"K=M, K.
Consequently, (M " K, *) is a subhypergroup of (G , K, *). O

7.3. Reflexive, Closed Subhypergroups and their Cosets

As shown above, when the hypercomposition is open or closed, there do not exist
proper invertible subhypergroups. So, in such cases, the hypergroup cannot be decomposed
into cosets with the use of the previous techniques, and different methods need to be
developed in order to solve the decomposition problem. Such a method that uses a
special type of closed subhypergroups is presented below, for the case of the transposition
hypergroups.

Definition 33. A subhypergroup N of a hypergroup H is called normal or invariant if aN = Na,
foralla € H.

Proposition 33. N is an invariant subhypergroup of a hypergroup H if and only if N\a = a/N,
foralla € H.

Proof. Suppose that N is invariant in H. Then we have the sequence of equivalent
statements:
x€N\a; a € Nx; a€ xN; x€a/N

Therefore N\a = a/N. Conversely now, suppose that N\a = a/N. Then we have the
following equivalent statements:

x€aN;a€ x/N; a € N\x; x € Na
Consequently, N is invariant. []

Definition 34. A subhypergroup R of a hypergroup H is called reflexive if a\R = R/a, for all
a € H.

Obviously, all the subhypergroups of the commutative hypergroups are invariant and
reflexive. The closed and reflexive subhypergroups have a special interest in transposition
hypergroups because they can create cosets.

Theorem 30. If L is a closed and reflexive subhypergroup of a transposition hypergroup T, then
the sets L/ x form a partition in T.

Proof. Let L/xNL/y # @. Then x\LNL/y # &, and therefore xLN Ly # @. Con-
sequently, x € Ly/L. Next, using the properties mentioned in Propositions 11 and 3
successively, we have:

L/xCL/(Ly/L) CLL/Ly=L/Ly= (L/y)/L=L\(L/y) = (L\L)/y=L/y
Hence L/x C L/y. By symmetry, L/y C L/x,andso L/x = L/y. O

According to the above theorem, for each x € T there exists a unique class that
contains x. This unique class is denoted by L. The set of the classes modulo L is denoted
by Ty. Note that L € Tr. Indeed, since L is closed, L/x = L for any x € L.
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Proposition 34. If xy N L # &, then L/x = Lyand L/y = Ly.

Proof. xy N L # @ implies both x € L/y and y € x\L = L/x. Therefore Ly = L/y and
L,=L/x. O
Y

From the above proposition, it becomes evident that L, and L/ x are different classes
in T;. The following theorems reveal the algebraic form of the class Ly, x € T.

Theorem 31. If Ly is a class, then L/ Ly is also a class modulo L and L/Ly = L/y for some
y € Ly.

Proof. Lety € L,. It suffices to prove that L/Ly = L/y, because this implies that L/Ly
is a class modulo L. Since y € Ly, it follows that L/y C L/Ly. For the proof of the
reverse inclusion, let z € L/Ly. Then LNzLy # &, hence Ly Nz\L = LyNL/z # @.
By Theorem 30, Ly = L/z,andsoy € L/z.Then, yzNL # @andz € y\L = L/y .
Consequently, L/Ly € L/y , hence the theorem. [J

Theorem 32. If Ly is the class modulo L of an element x in T, then:
Ly=Lx/L=L\Lx=L/(L/x) = (x\L)\L.

Proof. Let x € T. Since L is reflexive, x\L = L/x. Applying the transposition axiom, we

get xL ~ Lx, which implies that x € Lx/L and x € L\xL. Next, from Proposition 11 (ii),

it follows that L/(L/x) C Lx/L. For the proof of the reverse inclusion, Corollary 2 and
Proposition 11 (ii) sequentially give:

Lx/L C [L/(Lx/L)\L C (LL/Lx)\L = (L/Lx)\L

Since L is reflexive, the equality (L/Lx)\L = L/(L/Lx) holds. Therefore, Proposition 3
and Proposition 11 (ii) give:

L/(L/Lx)=L/[(L/x)/L] CLL/(L/x)=L/(L/x)
Consequently, L/(L/x) = Lx/L. Duality yields the rest. [J
Corollary 13. If T is a quasicanonical hypergroup, then Ly = xL.
Proof. Per Proposition 16, x/L = xL~1 thus:
Ly = (x/L)/L = (xL*l)L*l = (xL)L = x(LL) = xL. O

Proposition 35. If L is a reflexive closed subhypergroup of a transposition hypergroup T, then:

(L/x)(L/y) € L/xy, x,y €T.
Proof. The successive application of Proposition 11 (iii) and mixed associativity gives:

(L/x)(L/y) = (A\L)(L/y) € (\LL)/y = (*\L)/y = (L/x)/y = L/xy. O

A direct consequence of the above proposition is that the partition which is defined by
L is regular. Therefore, a hypercomposition “+” is defined in T}, by

(L/x)-(L/y) ={L/z | z € xy}.

Next, it is apparent that L is the neutral element of the above hypercomposition and
that the transposition is valid. Hence the theorem:
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Theorem 33. If L is a reflexive closed subhypergroup of a transposition hypergroup T, then
(T, +, L) is a quasicanonical hypergroup.

Example 26. A three-dimensional Euclidian space becomes a hypergroup under the hypercomposi-

tion defined in Example 4. 1t is easy to verify that this is a commutative transposition hypergroup of

idempotent elements; that is, a join space. The notation E;’ is used for this hypergroup. A line L of

the Euclidian space is a reflexive closed subhypergroup of E?. The cosets that L defines in E? are the
halfplanes L/ x, which are drawn in the following Figure 4. <E?) . is a quasicanonical hypergroup,

L is its neutral element, and the symmetric of any element L/ x is the element L/ (L/x).

Figure 4. Example 26.

7.4. Symmetric Subhypergroups and their Cosets

As mentioned above, when the hypercomposition in a hypergroup is closed (contain-
ing), then there do not exist closed subhypergroups. In this case, other types of subhy-
pergroups must be used for the decomposition of the hypergroup. An example of such
a hypergroup is the transposition hypergroup with idempotent identity, which consists
of attractive elements only. As shown in the sixth section of this paper, the transposition
hypergroups can have one (fortified transposition hypergroups) or more (transposition
polysymmetrical hypergroups) symmetric elements for each one of their elements. Ob-
viously, a transposition polysymmetrical hypergroup becomes a fortified transposition
hypergroup when the set S5(x) of the symmetric elements of any one of its elements x is a
singleton, and moreover, when its identity is strong. The quite general case of the decompo-
sition of the transposition polysymmetrical hypergroups with strong identity into cosets is
pesented below. Since the result of the hypercomposition between two attractive elements
contains these two elements, there do not exist proper closed subhypergroups. There exist,
though, subhypergroups that contain the symmetric element of each one of their elements.
These subhypergroups are the ones that decompose the transposition polysymmetrical
hypergroups into cosets. In the following, P signifies a transposition polysymmetrical
hypergroup with strong identity.

Definition 35. A subhypergroup M of a transposition polysymmetrical hypergroup is called
symmetric if S(x) € M, forall x in M .

Proposition 36. Let x,y be two elements in P such that e ¢ xS(y), then xS(y) = x/y U S(y)
and S(y)x = y\x U S(y).

29



Mathematics 2021, 9, 1014

Proof. xS(y) C x(e/y) C xe/y = {x,e}/y=x/yUe/y = x/yU{e} US(y). Since e is not
in xS(y), it follows that xS(y) C x/y U S(y). Moreover, since e € yS(y), it follows that
y € e/S(y). Therefore x/y C x/(e/S(y)). Hence:

x/yUS(y) Cx/(e/S(y))US(y) € xS(y)/eUS(y) =xS(y) US(y) = xS(y)

Thus, xS(y) = x/y U S(y). Dually, S(y)x = y\xUS(y). O

Proposition 37. Let M be a symmetric subhypergroup of P. If x ¢ M, then:
i. x/MNM=@ and M\xNM = &,

ii. xM = x/MUM and Mx = M\xUM,

iii. M/x = MS(x) and x\M = S(x)M,

iv. (x/M)M = xM and M(M\x) = Mx.

Proof. The two statements in each one of (i)-(iv) are dual, and therefore it is sufficient to
prove only one of them.

(i) Let x ¢ Mand y € M such that x/yN M # &. Then, x € My = M, which contradicts
the assumption for x. Thus, x/ MNM = @.

(ii) Since M is symmetric, S(M) = M. Thus, e ¢ xM, since x ¢ M. So, via Proposition 36:

xM = xS(M) = x/MUS(M) = x/MUM.
(iii) According to Proposition 36, the equality M S(x) = M/x U S(x) holds, therefore
M/x=M/xUe/x =M/xUS(x) =M S(x).

(iv) Since x € x/M, it follows that xM C (x/M)M. In addition, because of (ii), x/M C
xM, thus,
(x/ M)M C (xM)M = x(MM) = xM. O

Theorem 34. Let M be a symmetric subhypergroup of P. If x,y & M, then:
i. x/M~y/M implies x/M =y/M,

ii.  M\x~ M\y implies M\x = M\y,

iii.  M\(x/M) = M\(y/M) implies M\ (x/M) = M\(y/M),

iv. (M\x)/M~=~ (M\y)/M implies (M\x)/M = (M\y)/M.

Proof. (i) x/MNy/M # @ implies that x € (y/M)M. Since y ¢ M, from (iv) and (ii) of
Proposition 37, it follows that (y/M)M = yM C y/MU M. Thus, x € y/M U M. Since
x ¢ M, it follows that x € y/M. Thus, x/M C (y/M)/M = y/(MM) = y/M. By
symmetry, y/M C x/M. Hence x/M = y/M.

(ii) is the dual of (i).

(iii) Per Corollary 1, mixed associativity, and Propositions 11 and 37 (iv), we have:

M\ (x/M) = M\(y/M) = (M\x)/M ~ M\(y/M) = M\x ~ [M\(y/M)|]M =
= M\x ~ M\[(y/ M)M] = M\x ~ M\yM = xeyM =y € x/M =

=y/MC (x/M)/M=y/MCx/(MM)=y/MCx/M= M\(y/M) C M\(x/M).

By symmetry, M\ (x/M) C M\ (y/M), thus the equality is valid.
Finally, (iv) is true because (M\x)/M = M\ (x/M) and (M\y)/M = M\(y/M). O
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If x € P and M is a nonempty symmetric subhypergroup of P, then X (i.e., the left
coset of M determined by x) and dually, X (i.e., the right coset of M determined by x) are
given by:

e — M, ifxeM and 1 — M, ifxeM
M~ x/M, ifx¢M M~ | M\x, ifxéM

Since, per Corollary 1, the equality (B\A)/C = B\(A/C) is valid in any hypergroup,
the double coset of M determined by x can be defined by:

B { M, ifxeM
MZ U M\(x/M) = (M\x)/M, ifx¢ M

Per Theorem 34, the distinct left cosets and right cosets, as well as the double cosets,
are disjoint. Thus, each one of the families:

P,/M:{x]\e/l | xEP},P/‘M:{xﬁ | xep} and PY"M = {xy | x € P}

forms a partition of P. If M is normal, then it follows that Xe = X0 = XM Therefore:

P/ M=P  "M=P,/M

Proposition 38. Let M be a symmetric subhypergroup of P. Then:
i XEXxe, X Ex— and x € xp,
M M

ii. xe Cay and x- C xp,

i o= ()5 = (%)

Proposition 39. Let M be a symmetric subhypergroup of P. Then:
*M=x/MUM and Mx = M\xU M.

Proof. The two equalities are dual. Per Proposition 36, the equality xS(M) = x/M U S(M)
is valid. But M is symmetric, so S(M) = M. Therefore, xM = x/M U M. O

Proposition 40. Let M be a symmetric subhypergroup of P. Then:
i X«cM=xM=x-UM,
M M
ii. Mxs =Mx=x->UM.
M M

Proof. (i) If x € M, the equality is true, because each one of its parts equals to M. If x € M,
then the sequential application of Propositions 37 (iv) and 39 gives:

er/IM =x/MM=xM=x/MUM = xe UM.
Duality gives (ii). [
Corollary 14. Let Q be a nonvoid subset of P and M a symmetric subhypergroup of P. Then:

QM =QM=Q MUM and MQ, =MQ=Q UM

Proposition 41. Let M be a symmetric subhypergroup of P. Then:

MxM:Mx]T/I:xMUM:MxM:xFAM:xMM
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Proof. Per Proposition 40 (i): MxM = M(x& U M) = Mx; UMM = Mx; UM, and
since the hypercomposition is closed, Mx« UM = MxA?. Per duality: MxM = x;IM.
Next, per Propositions 38 (iii) and 40, we have:

MxM:M(Jc]\<71>1\7I:ij\<—/I = (x&)ﬁUM:xMUM

Duality yields the rest. [J

Proposition 42. Let M be a symmetric subhypergroup of P. Then:

(xy)Ae/IM Cxeye U M and (xy)FAM Cxoys U M

Proof. Per Corollary 14, (xy)z\? C (xy)X/IM = (xy)M . But x € x/M, thus we have:
(xy)M C (x/M)yM = xe (yM). Now, per Proposition 40:

xﬁ(yM) =X (]/1\7I U M) =Xy U erAM =Xy U (sz/I U M) = (xﬁyﬁ U xl\e/l) UM
Since the hypercomposition is closed, x+ 1+ U x+ = x«y- is valid, and therefore:
MM M MM
(xﬁy—» U x«—) UM =xcy- UM.
MM~ M M’M
Duality gives the second inclusion. [J

Corollary 15. If X, Y are nonvoid subsets of P and M is a symmetric subhypergroup of P, then:

(XY)c MC X< Yo UM and (XY)-MC X-Y- UM
M M M M M M

Proposition 43. Let M be a symmetric subhypergroup of P. Then:

(xy)p = xmym UM

Proof. Per Proposition 38 (iii) and Corollary 15:

= (0w € (i M) 5 = (i) UM €

M M
- (x&)ﬁ(xﬁ)ﬁUM: xymIM O

Corollary 16. If X, Y are nonvoid subsets of P and M is a symmetric subhypergroup of P, then:
(XY)y = XmYmUM

Corollary 17. If X, Y are nonvoid subsets of P and M is a symmetric subhypergroup of P, then:
i XmYm N M # & implies (XMYM)M = XmYmMUM,

A hypercomposition that derives from P’s hypercomposition can be defined in each
one of the families P,/ M, P M and P «"M. Thusin P «"M, this hypercomposition is:

xmcym={zm | z € xpym}-
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If the induced hypercompositions of - are denoted by » and ¥, then:
xm~ym ={zm | xm € z2m - ym} = {zm | x € zmym}
and ym>xm={zm | xm €Eym - zm} = {zm | x € ymzm}.

It is obvious that xp; # yar # @ and ypr  xp # @. Therefore, according to Theorem
14, the following proposition is valid:

Proposition 44. The reproductive axiom is valid in (P M, )

In the families P .~ M and P M, the associativity may fail. However, it is valid in
PY'M, as per the next Proposition:

Proposition 45. The associative axiom is valid in (P M, )

Proof. It must be proved that

(xm - ym) = zm = XM+ (YM * Zm)-
This is true if and only if ((xpmym)mzm)y = (m(Ymzm)a) - So, if xyym NM = @,
then Corollary 17 (ii) yields (xpym)y = Xxmym and the above equality is obvious. If
xpym N M # @, then Corollary 17 (i) yields (xpym )y = ¥mym U M. Hence:

(xmym)zm = (xmym U M)zm = xmymzm U Mzm
= xpmymzm Uzp UM = xpypmzpy UM

Since xpyym "M # @ and xpym € xpmymzuy, it follows that M C (xpymzm )y is
valid. Therefore:

((emym) pzm) = (xmymzm U M)y = (xmymzm) y UM = (Xmymzum) -
Duality yields (xpymzm) pr = (Xm(¥m2zm) 1) yyr @nd so the associativity is valid. [
Proposition 46. The transposition axiom is valid in (P M, )

Proof. Suppose that yp; ~ xpr Nzy # wa # 2. Then:

{pm | xm€ym-pm}N{qm | zm €qum - wm} # T &
< {pm | x € ympm} N {4m | z € quwom} # .

Therefore y'\x Nz/w’ # & for some y' € yp and w’' € wy. Thus, xw’ Ny'z # &, and so
Xy wpmNzpy - ym # 9.0

Propositions 44, 45, and 46 give the theorem:

Theorem 35. If M is a symmetric subhypergroup of P, then (P M, ) is a transposition
hypergroup.

A consequence of Proposition 41 is that M - xp; = xp1 + M = {xp;, M} for every x;
in P"M. Hence:

Proposition 47. M is a strong identity in the hypergroup P M.
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Proposition 48. P "M consists only of attractive elements.
Since {xp, ym} € xp1 - ym forall xpp, ypm € P M, the following is true:

Proposition 49. The hypercomposition in (P M, ) is closed.

Proposition 50. If y € S(x), then M € xp1 « ypy, for all xpp € P VM.

Propositions 47 and 50 give as a consequence the following theorem:

Theorem 36. If M is a symmetric subhypergroup of P, then (P M, ) is a transposition
polysymmetrical hypergroup.

Corollary 18. If M is a symmetric subhypergroup of a fortified transposition hypergroup of
attractive elements T, then (T M, > is a fortified transposition hypergroup, M is its strong
identity, and each one of its elements is attractive.

7.5. The Cosets in Quasicanonical Hypergroups

It is apparent that the subgroups of a group are symmetric, closed, and invertible. The
same is true in the case of the quasicanonical hypergroups. Indeed, per Proposition 16,
x/y = xy~!and y\x = y~'x, therefore a subhypergroup U of a quasicanonical hypergroup
Q is symmetric if and only if it is closed. Moreover, since the reversibility is valid in
the quasicanonical hypergroups, if U is a symmetric subhypergroup of a quasicanonical
hypergroup Q, then the implications a € rb = b € r"'a and a € br = b € ar~! hold for
every a,b € Q, r € U. Therefore, because of Proposition 32, U is invertible. Hence the
left and right cosets of a subhypergroup U of a quasicanonical hypergroup Q are of the
form all and Uag, a € Q, respectively, and create partitions in Q. The quotient hypergroup
Q U defined by the left cosets and the quotient hypergroup Q U defined by the
right cosets are transposition hypergroups, but not necessarily quasicanonical ones. For
example, although U is a right scalar identity for the left cosets, since all - U = all, it need
not be a left scalar identity as well, since all ~ U - all.

Double cosets have the form Uall and also create a partition in Q. It is easy to observe
that (Uall) ™' = Ua~U and that U is a bilateral scalar identity. Hence:

Theorem 37. If U is a symmetric subhypergroup of a quasicanonical hypergroup Q, then the

quotient hypergroup of the double cosets Q U s a quasicanonical hypergroup with scalar
identity U.

Corollary 19. If U is a normal symmetric subhypergroup of a quasicanonical hypergroup Q, then

the left, right, and double cosets coincide and the quotient hypergroup Q VU isa quasicanonical
hypergroup with U as its scalar identity.

8. Conclusions and Open Problems

This paper presents the structural relation between the hypergroup and the group.
As it has been proved, these two algebraic structures satisfy the exact same axioms and
their only difference appears in the law of synthesis of their elements. The law of syn-
thesis in the hypergroups is so general that it allowed this structure’s enrichment with
further axioms which created a significant number of special hypergroups. Many of these
special hypergroups are presented in this paper, along with examples, their fundamental
properties, and the different types of their subhypergroups and applications. Among
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them, the transposition hypergroup has important applications in geometry and computer
science [67]. This hypergroup satisfies the following axiom:

b\aNc/d # @ implies ad Nbc # &, foralla,b,c,d € H,

which was named transposition axiom [24]. If this axiom’s implication is reversed, the
following new axiom is created:

ad Nbc # & implies b\aNc/d # @, foralla,b,c,d € H.

We will call this axiom rev-transposition axiom (i.e., reverse transposition axiom) and the
relevant hypergroup rev-transposition hypergroup (i.e., reverse transposition hypergroup) or rev-
join hypergroup (i.e., reverse join hypergroup) in the commutative case. The relation between
these two hypergroups is very interesting. For example, the following proposition is valid
in the rev-transposition hypergroups:

Proposition 51. The following are true in any rev-transposition hypergroup:
i. ab/cCa(b/c) and c\ba C (c\b)a,

ii. —ab/cCa/(c/b) and c\ba C (b\c)\a,

iii.  (b\ac)/d =b\(ac/d) C (b\a)(c/d),

iv. (b\ad)/c="b\(ad/c) C (b\a)/(c/d),

v. (a\bc)/d =a\(bc/d) C (b\a)\(c/4).

T~~~

The comparison of Proposition 51 with Proposition 11 reveals that the reversal of the
implication in the transposition axiom reverses the inclusion relations in properties (i)—(v).
The study of this hypergroup and its potential applications present an interesting open
problem of the theory of the hypercompositional algebra.

However, the following property also applies:

b\anNc/d #@ < adNbc # @, foralla,b,c,d € H

We will name this axiom bilateral transposition axiom. Under this axiom, the inclusion
relations of Propositions 11 and 51 become equalities. Examples of hypergroups verify-
ing the bilateral transposition axiom are the quasicanonical hypergroups, the canonical
hypergroups, and of course, the groups and the abelian groups. So, the following question
arises: Do there exist other hypergroups satisfying the bilateral transposition axiom apart from the
quasicanonical and the canonical ones?

In addition, as it is shown in Section 7, many questions remain open in the decom-
position of hypergroups. Addressing these quesions necessitates the introduction of new
tools and techniques, as hypercompositional algebra is an off-the-map region of abstract
algebra, which requires great caution in the application of processes for achieving correct
results. It is very easy to be led to wrong conclusions when relying on methods and results
of classical algebra. Such a case is indicated in remark 2 in [67].
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Abstract: The various branches of Mathematics are not separated between themselves. On the
contrary, they interact and extend into each other’s sometimes seemingly different and unrelated
areas and help them advance. In this sense, the Hypercompositional Algebra’s path has crossed,
among others, with the paths of the theory of Formal Languages, Automata and Geometry. This paper
presents the course of development from the hypergroup, as it was initially defined in 1934 by F.
Marty to the hypergroups which are endowed with more axioms and allow the proof of Theorems and
Propositions that generalize Kleen’s Theorem, determine the order and the grade of the states of an
automaton, minimize it and describe its operation. The same hypergroups lie underneath Geometry
and they produce results which give as Corollaries well known named Theorems in Geometry, like
Helly’s Theorem, Kakutani’s Lemma, Stone’s Theorem, Radon’s Theorem, Caratheodory’s Theorem
and Steinitz’s Theorem. This paper also highlights the close relationship between the hyperfields and
the hypermodules to geometries, like projective geometries and spherical geometries.

Keywords: hypergroup; hyperfield; formal languages; automata; convex set; vector space; geometry

1. Introduction

This paper is written in the context of the special issue “Hypercompositional Algebra and
Applications” in “Mathematics” and it aims to shed light on two areas where the Hypercompositional
Algebra has expanded and has interacted with them: Computer Science and Geometry.

Hypercompositional Algebra is a branch of Abstract Algebra which appeared in the 1930s via the
introduction of the hypergroup.

It is interesting that the group and the hypergroup are two algebraic structures which satisfy
exactly the same axioms, i.e., the associativity and the reproductivity, but they differ in the law of
synthesis. In the first one, the law of synthesis is a composition, while in the second one it is a
hypercomposition. This difference makes the hypergroup a much more general algebraic structure
than the group, and for this reason the hypergroup has been gradually enriched with further axioms,
which are either more powerful or less powerful, leading thus to a significant number of special
hypergroups. Among them, there exist hypergroups that were proved to be very useful for the study
of Formal Languages and Automata, as well as convexity in Euclidian vector spaces. Furthermore,
based on these hypergroups, there derived other hypercompositional structures, which are equally as
useful in the study of Geometries (spherical, projective, tropical, etc.) and Computer Science.

A binary operation (or composition) “-” on a non-void set E is a rule which assigns a unique element
of E to each element of E X E. The notation 4; - aj = a, where a;,a j- Ak are elements of E, indicates that

ay is the result of the operation “ - ” performed on the operands 4; and a;. When no confusion arises,
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the operation symbol “ - ” may be omitted, and we write a;a; = a;. If the binary operation is associative,
that is, if it satisfies the equality

a(bc) = (ab)c forall a,b,c € E

the pair (E,-) is called semigroup. An element e € E is an identity of (E,-) if for alla € E, ea = ae = a.
A triplet (E, -, e) is a monoid if (E,-) is a semigroup and e is its identity. If no ambiguity arises, we can
denote a semigroup (E, ) or a monoid (E, -, e) simply by E. A binary operation on E is reproductive if
it satisfies:

aE =Ea=E forall ac€E

Definition 1. (Definition of the group) The pair (G, -) is called group if G is a non-void set and - is an associative
and reproductive binary operation on G.

This definition does not appear in group theory books, but it is equivalent to the one mentioned
in them. We introduce it here as we consider it to be the most appropriate in order to demonstrate the
close relationship between the group and the hypergroup. Thus, the following two properties of the
group derive from the above definition:

Property 1. In a group G there is an element ¢, called the identity element, such that ae = ea = a forall a in G.

Property 2. For each element a of a group G there exists an element a’ of G, called the inverse of a, such that
a-a' =a -a=e.

The proof of the above properties can be found in [1,2]. If no ambiguity arises, we may abbreviate
(G,") to G.

Example 1. (The free monoid) Often, a finite non-empty set A is referred to as an alphabet. The elements of
AWl e the functions from {1,...,1} to A, are called strings (or words) of length 1. When 1 = 0, then we
have A® which is equal to {&}. The empty set & is the only string of length 0 over A. This string is called the
empty string and it is denoted by A. If x is a string of length | over A and x(i) = a;, i = 1,...,1, we write
x = (m,az,...,a;). The set

strings(A) = A* = UA{l,...,n}
n=0
becomes a monoid if we define

(al,ﬂz,. . .,tll)(bl,bz,...bk) = (lll,az,...,al,bl,bz,. "bk)

The identity element of this binary operation, which is called string concatenation, is A. The strings of length
1 generate the monoid, since every element (ay,...,a;) is a finite product (ay) ... (a;) of strings of length 1.
The function g from A to AV which is defined by

ga) =(a),acA

is a bijection. Thus we may identify a string (a), of length 1 over A, with its only element a. This means that
we can regard the sets AV and A as identical and consequently we may regard the elements of A* as words
a1ay ...ap in the alphabet A. It is obvious that for all x € A* there is exactly one natural number n and exactly
one sequence of elements ay, ay, ..., a, of A, such that x = ayay ...a,. A*is called the free monoid on the set (or
alphabet) A.
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A generalization of the binary operation is the binary hyperoperation or hypercomposition “ -” on a
non-void set E, which is a rule that assigns to each element of E X E a unique element of the power set
P(E) of E. Therefore, if a;,a j are elements of E, then g; - a; C E. When there is no likelihood of confusion,
the symbol “-” can be omitted and we write a;a; C E. If A, B are subsets of E, then A - B signifies the

union |J a-b. Inparticularif A = @ or B = &, then AB = & . In both cases, aA and Aa have the
(a,b)eAxB
same meaning as {a}A and A{a} respectively. Generally, the singleton {a} is identified with its member a.

Definition 2. (Definition of the hypergroup) The pair (H, -) is called hypergroup, if H is a non-void set and - is
an associative and reproductive binary hypercomposition on H.

The following Proposition derives from the definition of the hypergroup:
Proposition 1. In a hypergroup the result of the hypercomposition of any two elements is non-void.

The proof of Proposition 1 can be found in [3,4]. If no ambiguity arises, we may abbreviate (H, -) to
H. Two significant types of hypercompositions are the closed and the open ones. A hypercomposition
is called closed [5] (or containing [6], or extensive [7]) if the two participating elements always belong to
the result of the hypercomposition, while it is called open if the result of the hypercomposition of any
two elements different from each other does not contain the two participating elements.

The notion of the hypergroup was introduced in 1934 by F. Marty, who used it in order to study
problems in non-commutative algebra, such as cosets determined by non-invariant subgroups [8-10].
From Definitions 1 and 2 it is evident that both groups and hypergroups satisfy the same axioms
and their only difference is that the law of synthesis of two elements is a composition in groups,
while it is a hypercomposition in hypergroups. This difference makes the hypergroups much more
general algebraic structures than the groups, to the extent that properties similar to the previous 1
and 2 generally cannot be proved for the hypergroups. Furthermore, in the hypergroups there exist
different types of identities [11-13]. In general, an element ¢ € H is an identity ifa € aeNea foralla € H.
An identity is called scalar if a = ae = ea for all a € H, while it is called strong if a € ae = ea C {e, a} for
all 2 € H. Obviously, if the hypergroup has an identity, then the hypercomposition cannot be open.

Besides, in groups, both equations a = xb and a = bx have a unique solution, while, in the
hypergroups, the analogous relations a € xb and a € bx do not have unique solutions. Thus F. Marty
in [8] defined the two induced hypercompositions (right and left division) that derive from the
hypergroup’s hypercomposition:

|ib — {xeH|aexb) and bi| — {xeH|aeby).

If H is a group, then 4 = ab™' and ¢; = b~'a. It is obvious that if “.” is commutative, then
the right and the left division coincide. For the sake of notational simplicity,a / b or a : b is used to
denote the right division, or right hyperfraction, or just the division in the commutative hypergroups
and b \ a or a..b is used to denote the left division, or left hyperfraction [14,15]. Using the induced
hypercomposition we can create an axiom equivalent to the reproductive axiom, regarding which,
the following Proposition is valid [3,4]:

Proposition 2. In a hypergroup H, the non-empty result of the induced hypercompositions is equivalent to the
reproductive axiom.
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W. Prenowitz enriched a commutative hypergroup of idempotent elements with one more axiom,
in order to use it in the study of Geometry [16-21]. More precisely, in a commutative hypergroup H,
all the elements of which satisfy the propertiesaa = aand a / a = a, he introduced the transposition axiom:

a/bnc/d+# o implies adNbc+ & forall a,b,c,d € H.

He named this new hypergroup join space. For the sake of terminology unification, a commutative
hypergroup which satisfies the transposition axiom is called join hypergroup. Prenowitz was followed by
J. Jantosciak [20-23], V. W. Bryant, R. J. Webster [24], D. Freni, [25,26], ]. Mittas, C. G. Massouros [2,27-29],
A. Dramalidis [30,31], etc. In the course of his research, J. Jantosciak generalized the transposition
axiom in an arbitrary hypergroup as follows:

b\anc/d+# @ implies adNbc # & forall a,b,c,d e H

and he named this hypergroup transposition hypergroup [15]. These algebraic structures attracted the
interest of a big number of researchers, among whom there are, J. Jantosciak [15,22,23], I. Cristea [32-35],
P. Corsini, [35-42], V. Leoreanu-Fortea [40—46], S. Hoskova-Mayerova, [47-51], ]J. Chvalina [48-52],
P. Rackova [49,50], C. G. Massouros [3,6,12,13,53-62], G. G. Massouros [3,12,13,53-62], R. Ameri [63-65],
M. M. Zahedi [63], I. Rosenberg [66], etc.

Furthermore, it has been proved that these hypergroups also comprise a useful tool in the study
of Languages and Automata [67-71] and a constructive origin for the development of other, new,
hypercompositional structures [53,57,58,72,73].

Definition 3. A transposition hypergroup, which has a scalar identity e, is called quasicanonical
hypergroup [74,75] or polygroup [76-78].

In the quasicanonical hypergroups, there exist properties analogous to 1 and 2 which are valid in
the groups:

Proposition 3. [15,53] If (Q, -, e) is a quasicanonical hypergroup, then:

(i)  foreacha € Q there exists one and only one a’ € Q such that e € aa’ = a’a
(i) ceab=>aect’ =bea'c

The inverse is also true:

Proposition 4. [15,53] If a hypergroup Q has a scalar identity e and

(i) foreacha € Q there exists one and only one a’ € Q such thate € aa’ = a’a
(ii) ceab=>aech =>beac

then, the transposition axiom is valid in Q.

A commutative quasicanonical hypergroup is called canonical hypergroup. This hypergroup was
first used by M. Krasner [79] but it owes its name to J. Mittas [80,81].

A non-empty subset K of a hypergroup H is called semi-subhypergroup when it is stable under
the hypercomposition, i.e., xy € K for all x,y € K. K is a subhypergroup of H if it satisfies the
reproductive axiom, i.e., if the equality xK = Kx = K is valid for all x € K. Since the structure
of the hypergroup is much more complicated than that of the group, there are various kinds of
subhypergroups. A subhypergroup K of H is called closed from the right (in H), (resp. from the left) if,
for every element x in the complement K° of K, it holds that (xK) N K = & (resp.(Kx) N K = @). K is
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called closed if it is closed both, from the right and from the left [82-84]. It has been proved [1] that a
subhypergroup is closed if and only if it is stable under the induced hypercompositions, i.e.,

a/bCKand b\aCK forall a,beK.

A subhypergroup K of a hypergroup is invertible if a / bNK # & implies b /anK# &,
and b\aNK# @ implies 2 \ bNK # @. From this definition it derives that every invertible
subhypergroup is also closed, but the opposite is not valid.

Proposition 5. [1,14] If a subset K of a hypergroup H is stable under the induced hypercompositions, then K is a
subhypergroup of H.

Proposition 6. [1,14] If K is a closed subhypergroup of a hypergroup H and a € K, then:

a/K=K/a=aK=K=Ka=K\a=a\K.

It has been proved [14,60,62] that the set of the semi-subhypergroups (resp. the set of the closed
subhypergroups) which contains a non-void subset E is a complete lattice. Hence, the minimum (in
the sense of inclusion) semi-subhypergroup of a hypergroup H, which contains a given non-empty
subset E of H, can be assigned to E. This semi-subhypergroup is denoted by [E| and it is called the
generated by E semi-subhypergroup of H. Similarly, (E) is the generated by E closed subhypergroup
of H. For notational simplicity, if E = {a1,...,4,}, then [E] = [a1,...,a,] and (E) = (ay,...,a,) are
used instead.

Duality. Two statements of the theory of hypergroups are dual statements (see [15,53]), if each one of
them results from the other by interchanging the order of the hypercomposition “-”, that is, interchanging
any hyperproduct ab with ba. Observe that the reproductive and the associative axioms are self-dual.
Moreover, observe that the induced hypercompositions / and \ have dual definitions; hence, they must
be interchanged during the construction of a dual statement. So, the transposition axiom is self-dual as
well. Therefore, the following principle of duality holds for the theory of hypergroups:

Given a Theorem, the dual statement, which results from the interchange of the order of the
hypercomposition (and the necessary interchange of /and \), is also a Theorem.

Special notation: In the following pages, apart from the typical algebraic notations, we are using
Krasner’s notation for the complement and difference. So, we denote with A..B the set of elements that
are in the set A, but not in the set B.

2. Formal Languages, Automata Theory and Hypercompositional Structures

Mathematically, a language whose words are written with letters from an alphabet %, is defined
as a subset of the free monoid X* generated by . The above definition of the language is fairly general
and it includes all the written natural languages as well as the artificial ones. In general, a language is
defined in two ways: It is either presented as an exhaustive list of all its valid words, i.e., through a
dictionary, or it is presented as a set of rules defining the acceptable words. Obviously the first method
can only be used when the language is finite. All the natural languages, such as English or Greek are
finite and they have their own dictionaries. Artificial languages, on the other hand, may be infinite,
and they can only be defined by the second way.

In the artificial languages, precision and no guesswork are required, especially when computers are
concerned. The regular expressions, which are very precise language-defining symbols, were created
and developed as a language-defining symbolism. The languages that are associated with these
expressions are called regular languages.

47



Mathematics 2020, 8, 1338

The regular expressions were introduced by Kleene [85] who also proved that they are equivalent
in expressive power to finite automata. McNaughton and Yamada gave their own proof to this [86],
while Brzozowski [87,88] and Brzozowski and McClusky [89] further developed the theory of regular
expressions. In regular languages the expression x + y where x and y are strings of characters from an
alphabet X means “either x or y”. Therefore x + y = {x, y}. In this way the monoid X* is enriched with
a hypercomposition. This hypercomposition is named B-hypercomposition [67-69].

Proposition 7. [67,68] A non-void set equipped with the B-hypecomposition is a join hypergroup.

A hypergroup equipped with the B-hypercomposition is called B-hypergroup [67-69]. Moreover,
the empty set of words and its properties in the theory of the regular languages leads to the following
extension: Let 0 ¢ X*. In the set Z* = Z*U{0} a hypercomposition, called dilated B-hypercomposition,
is defined as follows: -

x+y={xy} if x,yeX* and x#y
x+x={x, 0} forall xex*

The associativity and the commutativity of the dilated B-hypercomposition derive without
difficulty. Moreover, the transposition axiom is verified, since

H, if x=y
x/y=y\x=3 {xy}, if x#y and x=e
x, if x#y and x#e

This join hypergoup is called dilated B-hypergroup and it has led to the definition of a new class of
hypergroups, the class of the fortified transposition hypergroups and fortified join hypergroups.

An automaton A is a collection of five objects (X, S, 0, so, F), where X is the alphabet of input
letters (a finite nonempty set of symbols), S is a finite nonvoid set of states, s, is an element of S
indicating the start (or initial) state, F is a (possibly empty) subset of S representing the set of the
final (or accepting) states and 0 is the state transition function with domain S X X and range S, in the
case of a deterministic automaton (DFA), or P(S), the powerset of S, in the case of a nondeterministic
automaton (NDFA). X* denotes the set of words (or strings) formed by the letters of ¥ —closure of 2~
and A € Z* signifies the empty word. Given a DFA A, the extended state transition function for A,
denoted 6% is a function with domain S x 2* and range S defined recursively as follows:

i  0*s,a) =0(s,a) forall s in S and a4 in X
ii. 0*(s,A)=s forall s in S
iii.  0*(s,ax) = 6*(0(s,a),x) forall s in S,x in X* and a in X.

In [67-71] it is shown that the set of the states of an automaton, equipped with different
hypercompositions, can be endowed with the structure of the hypergroup. The hypergroups that have
derived in this way are named attached hypergroups to the automaton. To date, various types of attached
hypergroups have been developed to represent the structure and operation of the automata with the
use of the hypercompositional algebra tools. Between them are:

i.  the attached hypergroups of the order, and
ii.  the attached hypergroups of the grade.

Those two types of hypergroups were also used for the minimisation of the automata. In addition,
in [69] another hypergroup, derived from a different definition of the hypercomposition, was attached
to the set of the states of the automaton. Due to its definition, this hypergroup was named the attached
hypergroup of the paths and it led to a new proof of Kleene’ s Theorem. Furthermore, in [70], the attached
hypergroup of the operation was defined in automata. One of its applications is that this hypergroup can
indicate all the states on which an automaton can be found after the t-clock pulse. For the purpose of
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defining the attached hypergroup of the operation, the notions of the Prefix and the Suffix of a word
needed to be introduced. Let x be a word in X*, then:
Prefix(x) = {y e £* | yz=x forsome z € X*} and Suffix(x) = {z € &* ) yz = x for some y € X*}

Let s be an element of S. Then:

[ ={xex* | 5*(so,x) = s} and Pg = { {si €S | si = 0*(so,Y), y € Prefix(x), x € IS}}

Obviously, the states s, and s are in Ps.
Lemma 1. If r € Ps, then P, C Ps.

Proof. P, = {s;€ S | si = 0%(so, ), y € Prefix(v), v € I;} and since r € P, it holds that 6*(r,z) = s,
for some z in Suf fix(x), x € I;. Thus 6*(s;, y;) =, yi € Suf fix and so the Lemma. O

With the use of the above notions, more hypercompositional structures can be attached on the set
of the states of the automaton.

Proposition 8. The set S of the states of an automaton equipped with the hypercomposition

s—i—q:PSUPq forall s, g€ S

becomes a join hypergroup.

Proof. Initially, notice thats+ S = |J (Ps UP;) = S. Hence, the reproductive axiom is valid. Next,
qes
the definition of the hypercomposition yields the equality:

s+(q+7) =s+(P,UP) =PU( [ ] Py
u€P;UP,

Per Lemma 1, the right-hand side of the above equality is equal to Ps U (Pq U P,) which, however,

is equal to (Ps U P;) U P, . Using again Lemma 1, we get the equality (PsUP;) UP, = ( |J Py)UP,
vePSUPq
Thus:

(|J Po)uP = (PsuP)+r=(s+q)+r
vEP;UP,

and so, the associativity is valid. Next, observe that the hypercomposition is commutative and therefore:

_ ]S if sePy
S/q_q\s_{ {reS|PsC P, if s¢P,

Suppose thats / gNp / r # @. Then, (s +r) N (q+p) = (PsUP,) N (P, UP,) which is non-empty,
since it contains s,. Hence the transposition axiom is valid and so the Proposition. O

Proposition 9. The set S of the states of an automaton equipped with the hypercomposition
s+qg=PsNP; forall s, q€S

becomes a join semihypergroup.
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Proof. Since s, € P;, for all v € S, the result of the hypercomposition is always non-void. On the

other hand
- | S, if sely
LRI g A

hence, since s / g, with s, g in S, is not always nonvoid, the reproductive axiom is not valid.
The associativity can be verified in the same way as in the previous Proposition. Finallyifs /gNp /r # &,
thens / gNp / r = S and so the intersection (s +-r) N (g + p) which is equal to (Ps N P;) N (P; N Pp) is
non-empty, since it contains s,. O

G. G. Massouros [68-73], G. G. Massouros and ]. D. Mittas [67] and after them J. Chvalina [90-92],
L. Chvalinova [90], M. Novak [91-94], S. Kfehlik [91-93], M. M. Zahedi [95], M. Ghorani [95,96] etc,
studied automata using algebraic hypercompositional structures.

Formal Languages and Automata theory are very close to Graph theory. P. Corsini [97,98], M.
Gionfriddo [99], Nieminen [100,101], I. Rosenberg [66], M. De Salvo and G. Lo Faro [102-104], I. Cristea
et al. [105-108], C. Massouros and G. Massouros [109,110], C. Massouros and C. Tsitouras [111,112]
and others studied hypergroups associated with graphs. In the following we will present how to
attach a join hypergroup to a graph. In general, a graph is a set of points called vertices connected by
lines, which are called edges. A path in a graph is a sequence of no repeated vertices v1, v2, ..., Uy,
such that 0107, 0503, ..., U,_10, are edges in the graph. A graph is said to be connected if every pair of
its vertices is connected by a path. A tree is a connected graph with no cycles. Let 7 be a tree. In the set

" oa

V of its vertices a hypercompostion
x -y is the set of all vertices which belong to the path that connects vertex x with vertex y. Obviously
this hypercomposition is a closed hypercomposition, i.e., x, y are contained in x - y for every x, yin V.

can be introduced as follows: for each two vertices x, yin V,

Proposition 10. If V is the set of the vertices of a tree T, then (V, -) is a join hypergroup.

Proof. Since {x, y} C xy, it derives that xV = V for each x in V and therefore the reproductive axiom
is valid. Moreover, since 7~ is an undirected graph, the hypecomposition is commutative. Next,
let x, y, z be three arbitrary vertices of 7. If any of these three vertices, e.g., z, belongs to the path
that the other two define, then (xy)z = x(yz) = xy. If x, y, z do not belong to the same path, then
there exists only one vertex v in xy such that vz N xy = {v}. Indeed if there existed a second vertex
w such that wz N xy = {w}, then the tree 7 would have a cycle, which is absurd. So (xy)z = xy U vz
and x(yz) = xv U yz. Since xy Uvz = xv U yz, it derives that (xy)z = x(yz). Now, for the transposition
axiom, suppose that x, y, z, w are vertices of 7 such thatx / yNz / w # @. If x, y, z, w are in the
same path, then considering all their possible arrangements in their path, it derives that xw N yz # @.
Next, suppose that the four vertices do not belong to the same path. Thus, suppose that z does not
belong to the path defined by y, w. Then, z ¢ yw. Consider zy and zw. As indicated above, since there
are no cycles in 7, there exists only one vertex v in xy such that zy = yv U vz and zw = wv U vz. Now,
we distinguish between the cases:

(i) if x,y, w do not belong to the same path, then for the same reasons as above there exists only one
sin xy such that xy = ysUsx and sw = ws Usx. Sincex / yNz / w # &, there exists r in V such
that x € ry and z € rw. Thus, since 7~ contains no cycles, and in order for srv not to form a cycle, s
and v must coincide. Hence, v € xw N yz and therefore xw N yz # &.

(ii) if x belongs to the same path with y and w, then:

(ila) if x € yw, then yw = yx Uxw and xw C x / y. Hence, v = x, x € xw N yz and therefore
xwNyz # 3.
(iip) ifx¢yw, thenx/ynNz/w=.0
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A spanning tree of a connected graph is a tree whose vertex set is the same as the vertex set of
the graph, and whose edge set is a subset of the edge set of the graph. Any connected graph has at
least one spanning tree and there exist algorithms, which find such trees. Hence, any connected graph
can be endowed with the join hypergroup structure through its spanning trees. Moreover, since a
connected graph may have more than one spanning trees, more than one join hypergroups can be
associated to a graph. On the other hand, in any connected or not connected graph, a hypergroup can
be attached according to the following Proposition:

Proposition 11. The set V of the vertices of a graph, is equipped with the structure of the hypergroup, if the
result of the hypercomposition of two vertices v; and v is the set of the vertices which appear in all the possible
paths that connect v; to vj, or the set {vi, vj}, if there do not exist any connecting paths from vertex v; to
vertex v;.

2.1. Fortified Transposition Hypergroups

Definition 4. A fortified transposition hypergroup (FTH) is a transposition hypergroup H with a unique strong
identity e, which satisfies the axiom:

for every x € H..{e} there exists one and only one element y € H..{e} , such that e € xy and e € yx.
y is denoted by x~1 and it is called inverse or symmetric of x. When the hypercomposition is written additively,
the strong identity is denoted by 0, the unique element y is called opposite or negative instead of inverse
and the notation —x is used. If the hypercomposition is commutative, the hypergroup is called fortified join
hypergroup (FJH).

It has been proved that every FTH consists of two types of elements, the canonical (c-elements) and
the attractive (a-elements) [53,57]. An element x is called canonical if ex = xe is the singleton {x}, while it
is called attractive if ex = xe = {e, x}. We denote with A the set of the a-elements and with C the set of
the c-elements. By convention e € A.

Proposition 12. [53,57]

-1

(i)  if x is a non-identity attractive element, then e / x = e-x~! = {x‘l,e} =x"e=ux\e

L—yx\e

(ii)  if x is a canonical element, then e / x = x~
(iii) if x, y are attractive elements and x # y, then x -y~ =x / yU {y‘l} and y™Lx=y\xU {y‘l}

(iv) if x, y are canonical elements, then x-y™' =x /y and y™'-x =y \ x.

Theorem 1. [57]

(i) the result of the hypercomposition of two a-elements is a subset of A and it always contains these
two elements.

(ii)  the result of the hypercomposition of two non-symmetric c-elements consists of c-elements,
(iii)  the result of the hypercomposition of two symmetric c-elements contains all the a-elements.
(iv)  the result of the hypercomposition of an a-element with a c-element is the c-element.

Theorem 2. [53,57] If H is a FTH, then the set A of the attractive elements is the minimum (in the sense of
inclusion) closed subhypergroup of H.

The proof of the above Theorems as well as other properties of the theory of the FTHs and FJHs
can be found in [53,55-57,61]. The next two Propositions refer to the reversibility in FTHs.

Lemma2. Ifwex -y, thenw-x"'Ne-y#@andw-y ' Ne-x+ @
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Proof. w € x -y impliesx € w / yand y € x \ w. Moreover x € x"! \ eand y € e /y ~'. Consequently,
w/ynxt\e#andx\wnyee/ y ' # 3. Next, the transposition axiom gives the Lemma. O

Proposition 13. If w € x - y, and if any one of x, y is a canonical element, then

xew-ytand yex-w

Proof. We distinguish between two cases:

(i) Ifx,yeC thene-x =xande-y = y. Next Lemma 2 applies and yields the Proposition.
(ii) Suppose that x € A and y € C. Then, according to Theorem 1(iv), x -y = y; thus, w = y. Via
Theorem 1(iii), A C y - y~!; thus, x € y - y~!. Per Theorem 2, x™! € A, consequently y = x~1y.

Hence the Proposition is proved. O

Proposition 14. Suppose that x, y are attractive elements and w € x - .

(i) if w=y =e, then e € xe implies that e € ex, while x ¢ ee
(i) if w=x #y, then x € x -y implies that x € xy~', while, generally, y ¢ xx~!

-1,

(iii) in any other case w € x - y impliesx € w-y Landy e x 1w

Sketch of Proof. Cases (i) and (ii) are direct consequences of the Theorem 1, while case (iii) derives
from the application of Lemma 2. O

The property which is described in Proposition 13 is called reversibility and because of Proposition 14,
this property holds partially in the case of TPH.
Another distinction between the elements of the FTH stems from the fact that the equality

-1
(xx‘l) = xx~! (or —(x — x) = x — x in the additive case) is not always valid. The elements that satisfy
the above equality are called normal, while the others are called abnormal [53,57].

Example 2. Let H be a totally ordered set, dense and symmetric around a center denoted by 0 € H. With regards
to this center the partition H = H~ U {0} UH™ can be defined, according to which, for every x € H™ and
yeH"itisx<0<yand x <y = —y < —x for every x, y € H, where —x is the symmetric of x with regards
to 0. Then H, equipped with the hypercomposition:

x+y={x,y}, ify#*-x

and
x4 (=x) = [0, |x] U {~Ixl}

becomes a FJH in which x — x # —(x — x), for every x # 0.
Proposition 15. The canonical elements of a FTH are normal.

Proof. Let x be a canonical element. Because of Theorem 1, A C xx~! while, according to Theorem 2,
-1

A7l = A. Thus A™! C xx~! and therefore A C (xx‘l) . Suppose that z is a canonical element in xx~ .

Per Proposition 13, x € zx. So xx~! C z(xx‘l). Hence, we have the sequence of implications:

-1

1 -1 ~1)71
eez(xx );z € xx ;ze(xx )
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So, xx7! C (xx‘l)_l. Furthermore xx~! C (xx‘l)_1 implies that (xx‘l)_1 c [(xx‘l)_l]_l = xx~! and

therefore the Proposition holds. O
An important Theorem that is valid for TFH [53] is the following structure Theorem:

Theorem 3. A transposition hypergroup H containing a strong identity e is isomorphic to the expansion of
the quasicanonical hypergroup C U {e} by the transposition hypergroup A of all attractive elements through the
identity e.

The special properties of the FTH give different types of subhypergroups. There exist
subhypergroups of a FTH that do not contain the symmetric of each one of their elements, while there
exist others that do. This leads to the definition of the symmetric subhypergroups. A subhypergroup K
of a FTH is symmetric, if x € K implies x~! € K. It is known that the intersection of two subhypergroups
is not always a subhypergroup. In the case of the symmetric subhypergroups though, the intersection
of two such subhypergroups is always a symmetric subhypergoup [57,62]. Therefore, the set of
the symmetric subhypergroups of a FTH consist a complete lattice. It is proved that the lattice of
the closed subhypergroups of a FTH is a sublattice of the lattice of the symmetric subhypergroups
of the FTH [57,62]. An analytic and detailed study of these subhypergroups is provided in the
papers [1,60,62]. Here, we will present the study of the monogene symmetric subhypergroups, i.e.,
symmetric subhypergroups generated by a single element. So, let H be a FJH, let x be an arbitrary
element of H and let M(x) be the monogene symmetric subhypergroup which is generated by this
element. Then:

X-X...oX (n times)  if n>0
=1_e ifn=0 )
xboxbxmt (- times) ifn<0
and:
o M if mn>0 2
K xt = i
xM (x : x‘l)mm”mll‘n” if mn<0

From the above, it derives that:
xm+n C xm . xn

Theorem 4. If x is an arbitrary element of a FJH, then the monogene symmetric subhypergroup which is
generated by this element is:
M(x) = U x" - (x-x_l)n

(m,n)€ZxNy

Proof. The symmetric subhypergroup of a normal FTH which is generated from a non-empty set
X consists of the unions of all the finite products of the elements that are contained in the union
X~1 U X [62]; thus, from (1) we have:

M(x) = U xk-(x_l)l: U ko x

(k,1)eN2 (k,1)eN2

. Ce ko i 1 minfk, I}
According to (2), it is x*-x™" = «x -(x-x ) . But k-1 € Z; therefore, the Theorem
is established. O

From the above Theorem, Proposition 13 and Theorem 1, we have the following Corollary:

53



Mathematics 2020, 8, 1338

Corollary 1. Every monogene symmetric subhypergroup M(x) with generator a canonical element x is closed, it
contains all the attractive elements and also

Remark 1.

(i)  Sincee € x-x~! the inclusion x™ - (x : x‘l)n Cx™- (x : x‘l)q is valid for n < q.
(i) forx =e,itis M(e) = {e}.

Let us define now a symbol w(x) (which can even be the +0), and name it order of x and
simultaneously order of the monogene subhypergroup M(x). Two cases can appear such that one revokes
the other:

L. For any (m,n) € Z x Ny, with m # 0, we have:

egx" '(vac_l)’1
Then we define the order of x and of M(x) to be the infinity and we write w(x) = + co.
Proposition 16. If w(x) = + oo, then x is a canonical element.

Proof. Suppose that x belongs to the set A of the attractive elements. Then, per Theorem 1.(i), x” C A
and x € x™. Consequently:
eex-egxm-egxm-(x-x_l)n

This contradicts our assumption and therefore x is a canonical element. O
The previous Proposition and Theorem 1 result to the following Corollary:
Corollary 2. If w(x) = + oo, then x™ does not contain attractive elements for every m € Z*.
Proposition 17. If w(x) = + oo, then
XN =g, ifm>0 and X" " Nx" =3, if m<0
forany (m,n) € Z x Ny, with m # 0.

n —-n
Proof. Frome ¢ x™ - (x . x‘l) it derives that ™ N (x . x‘l) = &. According to Proposition 16, x is a
—-n n
canonical element and therefore, because of Proposition 15, x is normal; thus, (x . x‘l) = (x . x‘l) .

n
Therefore x™ N (x . x‘l) =@ or "N (x"-x") = @. So, the Proposition follows from the reversibility.
]

Proposition 18. w(x) = + oo, if and only if

(i)  x™ CC, forevery meZ*
(ii) X" Nx"2 =g, forevery my, my € Z with my # my.
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Proof. If w(x) = + oo, per Corollary 2, x™ does not contain attractive elements for every m € Z*.
Moreover, if n # 0, then (ii) derives from Proposition 17. If n = 0, then ¢ ¢ x™ and assuming that
m = my + my with mymy > 0, we successively have:

egx™ egx™tM o My T N g2 = g

Conversely now. If for every m € Z*, the intersection x™ N A is void and if for every my,my € Z
with mq # my, the intersection x™ N x™2 is also void, then e ¢ x"1x™"2 and therefore:

e¢ x™ ™M if mymy <0

and

} lf mymy >0

_ _p\min{[mq], [mo]
egx™ mz(xx 1)

Thus,

m

e¢gx" - (x . x‘l)n for every (m,n) € Zx Ny

So, the Proposition holds. O
IL. There exist (m,n) € Z x Ny with m # 0 such that:

n
eex™ ~(x'x‘1)

Proposition 19. Let p be the minimum positive integer for which there exists s € Ny such that e € xP - (x . x‘l)s.

Then for a given m € Z* there exist n € N such that e € x™ - (x . x‘l)n if and only if m is divided by p.
Proof. Let m = kp, k € Z. Frome € x - (x : x‘l)r it derives that

kr n
e € X ~<x-x_1) = x™" -(x-x_l)

Therefore, the Proposition.
. 1)n for every n € N, so p = 1, and thus the

Conversely now. If x is an a-element, then e € x - (x X~
_1)n withm =kp+r,keZ,0 <r <p. Then:

Proposition. Next, if x is a c-element, and ¢ € x™ - (x - X

n n n
ee xm-(x-x_l) = xkp+’-(x-x_1) C xkp-xr-(x~x_1)

According to our hypothesis ¢ € x” -(x-x‘l)s Moreover, per Theorem 1, the sum of two

non-opposite c-elements does not contain any a-elements. Consequently, there do not exist a-elements

r et (o = () (o) = )

in x”, and so

Thus o o
xkpg(x-x_l)_ e (x-x_l) P

and therefore
ec (x,x—l)lkl(r?+n) o (x-x—l)n . (x.x_1)|k|(p+n)+n

This contradicts the supposition, according to which p is the minimum element with the property
S
eexP -(x-xfl) . Thusr =0,and som = kp. O
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Form = kp, k € 7, let g; be the minimum non-negative integer for which e € x* - (x . x‘l)qk. Thus
a function g : Z — Ny is defined which corresponds each k in Z to the non-negative integer gy.

Definition 5. The pair w(x) = (p, q) is called order of x and of M(x). The number p is called principal order
of x and of M(x), while the function q is called associated order of x and of M(x).

Consequently, according to the above definition, if x is an attractive element, then e € x - (x . x‘l)
and therefore w(x) = (1,q) with g(k) = 1 for every k € Z*. Moreover, if x is a self-inverse canonical

element, then e € x2

'(x : x‘l)o, ifx¢gx-xlandeex- (x : x‘l), if x € x-x~! and thus w(x) = (2,49) with
g(k) = 01in the first case and w(x) = (1,q) with g(k) = 1 in the second case (for every k € Z).
Moreover, we remark that the order of eis w(e) = (1,4), with q(k) =0, for every k € Z, and e is
the only element which has this property. Yet, it is possible that there exist non-identity elements x € H
with prime order 1, and this happens if and only if there exists an integer 1 such that x™! € (x . x‘l)n,

as for example when x is a self-inverse canonical element.

2.2. The Hyperringoid
Let >* be the set of strings over an alphabet £. Then:

Proposition 20. String concatenation is distributive over the B-hypecomposition.
Proof. Leta,b,c € £*. Then, a(b+¢) = alb,c} = {ab,ac} = ab+ac. O

Via the thorough verification of the distributive axiom in all the different cases and taking into
consideration that 0 is a bilaterally absorbing element with respect to the string concatenation on the
set 2%, it can also be proved that:

Proposition 21. String concatenation is distributive over the dilated B-hypecomposition.

Consequently, ©* and T* are algebraic structures equipped with a composition and a
hypercomposition which are related with the distributive law.

"o “uor

Definition 6. A hyperringoid is a non-empty set Y equipped with an operation “-” and a hyperoperation “+

such that:

i.  (Y,+)isahypergroup
ii. (Y, -)isasemigroup
iii.  the operation “-” distributes on both sides over the hyperoperation “+ ”.

If the hypergroup (Y, +) has extra properties, which make it a special hypergroup, it gives birth to
corresponding special hyperringoids. So, if (Y, +) is a join hypergroup, then the hyperringoid is called
join. A distinct join hyperringoid is the B-hyperringoid, in which the hypergroup is a B-hypergroup.
A fortified join hyperringoid or join hyperring is a hyperringoid whose additive part is a fortified join
hypergroup and whose zero element is bilaterally absorbing with respect to the multiplication. A special
join hyperring is the join B-hyperring, in which the hypergroup is a dilated B-hypergroup. If the
additive part of a fortified join hyperringoid becomes a canonical hypergroup, then it is called hyperring.
The hyperrigoid was introduced in 1990 [67] as the trigger for the study of languages and automata with
the use of tools from hypercompositional algebra. An extensive study of the fundamental properties of
hyperringoids can be found in [61,113-116].

Example 3. Let (R, +,-) be a ring. If in R we define the hypercomposition:

a®b={a,ba+b), forall a,beR
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then (R, ®, -) is a join hyperring.

Example 4. Let < be a linear order (also called a total order or chain) on'Y, i.e., a binary reflexive and transitive
relation such that for all y,y' € Y, y # y either y <y’ or y’ < yisvalid. Fory,y €Y, y <y, the set
[zeY | y <z <y'}is denoted by [y,y’] and the set {ze€Y ( y <z <y'}is denoted by |y, y’[. The order is
dense if no |y, y'[ is void. Suppose that (Y,-, <) is a totally ordered group, i.e., (Y,-) is a group such that for
aly <y andx €Y, it holds that x -y < x -y’ and y-x < y’ - x. If the order is dense, then the set Y can be
equipped with the hypercomposition:

T if x=y
y= Jmin{x, y}, max{x, y}[ if x#y
and the triplet (Y, +, -) becomes a join hyperringoid. Indeed, since the equalities

x+y = |min{x,y}, max{x,y} [ =y +x

and
(x+y) +z=]min{x,y,z}, max{x,y,z}[= x+ (y+2)

are valid for every x,y,z € Y, the hypercomposition is commutative and associative. Moreover,
x if x=y

x/y=y\x=3 {teY : x<t} if y<x
fteY :t<x} ifx<y

Thus, when the intersection (x / y) N (z / w) is non-void, the intersection (x +w) N (z + y) is also non-void.
So, the transposition axion is valid. Therefore (Y, +) is a join hypergroup. Moreover,

X-y=x-y+x-z ify=z
x-(y+z)= x-lyzl=x- U tl= U x-t}=x-y+x-z, if y#z
y<t<z y<t<z

It is worth mentioning that the hypercomposition:
x +y = [min{x,y}, max{x,y}], forall x,yeY
endows (Y, -) with the join hyperringoid structure as well.

As per Proposition 20, the set of the words £* over an alphabet X can be equipped with the
structure of the B-hyperringoid. This hyperringoid has the property that each one of its elements,
which are the words of the language, has a unique factorization into irreducible elements, which are
the letters of the alphabet. So, this hyperringoid has a finite prime subset, that is a finite set of initial
and irreducible elements, such that each one of its elements has a unique factorization with factors
from this set. In this sense, this hyperringoid has a property similar to the one of the Gauss’ rings.
Moreover, because of Proposition 21, £* can be equipped with the structure of the join B-hyperring
which has the same property.

Definition 7. A linguistic hyperringoid (resp. linguistic join hyperring) is a unitary B-hyperringoid (resp. join
B-hyperring) which has a finite prime subset P and which is non-commutative for |P| > 1.

It is obvious that every B-hyperringoid or join B-hyperring is not a linguistic one.

Proposition 22. From every non-commutative free monoid with finite base, there derives a linguistic hyperringoid.

57



Mathematics 2020, 8, 1338

Example 5. Let {0, 1} express the set of 2 X 2 matrices, which consist of the elements 0,1, that is the following
16 matrices:

S R R R R I T

P ES PR PR HA O HHTS L
S EE ETS HA TS

o it

aelo s

Consider the set T of all 2 X 2 matrices deriving from products of the above matrices, except the zero matrix.
T becomes a B-hyperringoid under B-hypercomposition and matrix multiplication. Observe that none of the
matrices A1, Bg, Cyq can be written as the product of any two matrices from the set T while all the matrices in T
result from products of these three matrices. Therefore, T is a linguistic hyperringoid, whose prime subset is
{A1, Bs, C4}. Furthermore, if T is enriched with the zero matrix, then it becomes a linguistic join hyperring.

M. Krasner was the first one who introduced and studied hypercompositional structures
with an operation and a hyperoperation. The first structure of this kind was the hyperfield,
an additive-multiplicative hypercompositional structure whose additive part is a canonical hypergroup
and the multiplicative part a commutative group. The hyperfield was introduced by M. Krasner
in [79] as the proper algebraic tool in order to define a certain approximation of complete valued
tields by sequences of such fields. Later on, Krasner introduced the hyperring which is related to the
hyperfield in the same way as the ring is related to the field [117]. Afterwards, J. Mittas introduced the
superring and the superfield, in which both the addition and the multiplication are hypercompositions
and more precisely, the additive part is a canonical hypergroup and the multiplicative part is a
semi-hypergroup [118-120]. In the recent bibliography, a structure whose additive part is a hypergroup
and the multiplicative part is a semi-group is also referred to with the term additive hyperring and
similarly, the term multiplicative hyperring is used when the multiplicative part is a hypergroup.

Rings and Krasner’s hyperrings have many common elementary algebraic properties, e.g., in both
structures the following are true:

0 x(=y) = (=x)y =
(i) (=x)(-y) =xy
(i) w(x-y)=wx—-wy, (x—y)w=xw—yw

In the hyperringoids though, these properties are not generally valid, as it can be seen in the
following example:

Example 6. Let S be a multiplicative semigroup having a bilaterally absorbing element 0. Consider the set:
P = ({0} xS5) U (Sx{0})

With the use of the hypercomposition “+”:

(x,0) + (v,0) = { (x,0), (v,0)}

(0,%) +(0,y) = {(0,x), (0,y)}

(x,0)+(0,y) = (0,y) + (x,0) = {(x,0), (O,y)} for x#y
(x,0) + (0,x) = (0,x) + (x,0) = { (x,0), (0,x), (0,0)}
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P becomes a fortified join hypergroup with neutral element (0,0). If (0,x) is denoted by X and (0,0) by 0,
then the opposite of X is —x = (x,0). Obviously this hypergroup has not c-elements. Now let us introduce in P
a multiplication defined as follows:

(xllyl) : (x2, yz) = (X1x2, y1yz)

This multiplication makes (P, +,-) a join hyperring, in which

~(xy) = =[(0,x)(0,y)] = =(0,xy) = (xy,0) # 0 while X(=7) = (0,x)(y,0) = (0,0) =0

Similarly, (=%)y = 0 # —(¥¥). Furthermore

(=%)(=y) = (x,0)(y,0) = (xy,0) = —xy

More examples of hyperringoids can be found in [61,113-116].

3. Hypercompositional Algebra and Geometry

It is very well known that there exists a close relation between Algebra and Geometry. So, as it
should be expected, this relation also appears between Hypercompositional Algebra and Geometry.
It is really of exceptional interest that the axioms of the hypergroup are directly related to certain
Euclid’s postulates [121]. Indeed, according to the first postulate of Euclid:

“HitroBw amod moevtde onpelov €ml maxv onuetov evBelory ypopunv dyoyetv” [121]

(Let the following be postulated: to draw a straight line from any point to any point [122])

So, to any pair of points (a,b), the segment of the straight line ab can be mapped. This segment
always exists and it is a nonempty set of points. In fact, it is a multivalued result of the composition of
two elements. Thus, a hypercomposition has been defined in the set of the points. Next, according to
the second postulate:

“Kai memepaopuévny eD0eioey Ktk 16 ovvexéc e evelog ekParetv” [121]

(To produce a finite straight line continuously in a straight line [122])

The setsa / band b / a are nonempty. Therefore, as per Proposition 2, the reproductive axiom is valid.
Besides, it is easy to prove that the associativity holds in the set of the points. It is only necessary to
keep in mind the definition of the equal figures given by Euclid in the “Common Notions”:

“Tax 1@ oOT® Lo Kl aAAAoLg oty lo” [121]
(Things which are equal to the same thing are also equal to one another [122])

So, the set of the points is a hypergroup. Moreover, through similar reasoning, it can be proved
that any Euclidean space of dimension #n can become a hypergroup. Indeed:

Proposition 23. Let (V, +) be a linear space over an ordered field (F, +,-). Then V, with the hypercomposition:
Xy = {Kx—l—)\y|1<,/\€l-"1, K+A= 1}
becomes a join hypergroup.

This hypergroup is called attached hypergroup. Properties of vector spaces can be found via the
attached hypergroup. Thus, for example:
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Proposition 24. In a vector space V over an ordered field F, the elements a;, i = 1, ... , k are affinely dependent
if and only if there exist distinct integers s1, ... ,Sp,t1, ... ,tm that belong to {1, ... ,k} such that:

as,,...,a5,] N [ag,, ... a1, # @

In fact, several hypergroups can be attached to a vector space [28]. The connection of
hypercompositional structures with Geometry was initiated by W. Prenowitz [16-19]. The classical
geometries, descriptive geometries, spherical geometries and projective geometries can be treated as
certain kinds of hypergoups, all satisfying the transposition axiom. The hypercomposition plays the
central role in this approach. It assigns the appropriate connection between any two distinct points.
Thus, in Euclidian geometry, it gives the points of the segment; in spherical geometry, it gives the points
of the minor arc of the great circle; in projective geometry it gives the point of the line. This development
is dimension free and it is applicable to spaces of arbitrary dimension, finite or infinite.

3.1. Hypergroups and Convexity

Several geometric notions can be described with the use of the hypercomposition. One such
notion is the convexity. It is known that a figure is called convex, if the segment joining any pair of its
points lies entirely in it. As mentioned above, the set of the points of the plane, as well as the set of the
points of any vector space V over an ordered field, becomes a hypergroup under the hypercomposition
defined in Proposition 23. From this point of view, that is, with the use of the hypercomposition,
a subset E of V is convex if ab C E, for all a,b € E. However, a subset E of a hypergroup which has this
property is a semi-subhypergroup [14]. Thus:

Proposition 25. The convex subsets of a vector space V are the semi-sublhypergroups of its attached hypergroup.

Consequently, the properties of the convex sets of a vector space are simple applications of the
properties of the semi-subhypergroups, or the subhypergroups of a hypergroup, and more precisely,
the attached hypergroup. So, this approach, except from the fact that it leads to remarkable results, it also
gives the opportunity to generalize the already known Theorems of the vector spaces in sets with fewer
axioms than the ones of the vector spaces. Next, we will present some well-known named Theorems
that arise as corollaries of more general Theorems which are valid in hypercompositional algebra.

In hypergroups the following Theorem holds [2,14]:

Theorem 5. Let H be a hypergroup in which every set with cardinality greater than n has two disjoint subsets
A, Bsuch that [A] N [B] # @. If (Y;);e with card I > n is « finite family of semi-subhypergroups of H,
in which the intersection of every n elements is non-void, then all the sets Y; have a non-void intersection.

The combination of Propositions 24, 25 and Theorem 5 gives the corollary:

Corollary 3. (Helly's Theorem). Let (C;),¢; be a finite family of convex sets in RY, with d + 1 < card I. Then,
if any d + 1 of the sets C; have a non-empty intersection, all the sets C; have a non-empty intersection.

Next, the following Theorem stands for a join hypergroup:

Theorem 6. Let A, B be two disjoint semi-subhypergroups in a join hypergroup and let x be an idempotent
element not in the union AUB. Then [AU{x}]NB=gor [BU{x}]|NA=0

The proof of Theorem 6 is found in [2,14] and it is repeated here for the purpose of demonstrating
the techniques which are used for it.
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Proof. Suppose that [AU{x}]NB # @ and [BU{x}]NA # &. Since x is idempotent the equalities
[AU {x}] = Ax and [BU {x}] = Bx are valid. Thus, there exista € A and b € B, such thataxNB # &
and bxNA # &. Hence,x € B/aandx € A/ b. Thus, B/ anA /b # & Next, the application
of the transposition axiom, gives BbN Aa # &. However, Bb C B and Aa C A, since A, B are
semi-subhypergroups. Therefore, A N B # &, which contradicts the Theorem’s assumption. O

Corollary 4. Let H be a join hypergroup endowed with an open hypercomposition. If A, B are two disjoint
semi-subhypergroups of H and x is an element not in the union A U B, then:

[AU{x}]NB=@ or [BUX}|NA = 2.

The attached hypergroup of a vector space, which is defined in Proposition 23, is a join hypergroup
whose hypercomposition is open, so Corollary 4 applies to it and we get the Kakutani’s Lemma:

Corollary 5. (Kakutani’s Lemma). If A, B are disjoint convex sets in a vector space and x is a point not in their
union, then either the convex envelope of A U {x} and B or the convex envelope of B U {x} and A are disjoint.

Next in [2] it is proved that the following Theorem is valid:

Theorem 7. Let H be a join hypergroup consisting of idempotent elements and suppose that A, B are two
disjoint semi-subhypergroups in H. Then, there exist disjoint semi-subhypergroups M, N such that A C M,
BCNand H= MUN.

A direct consequence of Theorem 7 is Stone’s Theorem:

Corollary 6. (Stone’s Theorem). If A, B are disjoint convex sets in a vector space V, there exist disjoint convex
sets M and N, such that ACM,BC Nand V = MUN.

During his study of Geometry with hypercompositional structures, W. Prenowitz introduced the
exchange spaces which are join spaces satisfying the axiom:

if c€{a,b) and c # a, then (a,b) = (a,c)

The above axiom enabled Prenowitz to develop a theory of linear independence and dimension
of a type familiar to classical geometry. Moreover, a generalization of this theory has been achieved by
Freni, who developed the notions of independence, dimension, etc., in a hypergroup H that satisfies
only the axiom:

xe(AU{y}), x¢(A) = ye(AU{x}), forevery x,y € H and A CH.

Freni called these hypergroups cambiste [25,26]. A subset B of a hypergroup H is called free or
independent if either B = &, or x ¢ (B — {x}) for all x € B, otherwise it is called non-free or dependent. B
generates H, if (B) = H, in which case B is a set of generators of H. A free set of generators is a basis of
H. Freni proved that all the bases of a cambiste hypergroup have the same cardinality. The dimension
of a cambiste hypergroup H is the cardinality of any basis of H. The dimension theory gives very
interesting results in convexity hypergroups. A convexity hypergroup is a join hypergroup which satisfies
the axioms:

i.  the hypercomposition is open,
ii. abNac+ @ implies b=c or beac or c€ab.

Prenowitz, defined this hypercompositional structure with equivalent axioms to the above, named
it convexity space and used it, as did Bryant and Webster [24], for generalizing some of the theory of
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linear spaces. In [2] it is proved that every convexity hypergroup is a cambiste hypergroup. Moreover
in [2] it is proved that the following Theorem stands for convexity hypergroups:

Theorem 8. Every n+1 elements of a n-dimensional convexity hypergroup H are correlated.

One can easily see that the attached hypergroup of a vector space is a convexity hypergroup and,
moreovet, if the dimension of the attached hypergroup Hy of a vector space V is n, then the dimension
of V is n — 1. Thus, we have the following corollary of Theorem 8:

Corollary 7. (Radon’s Theorem). Any set of d+2 points in R can be partitioned into two disjoint subsets,
whose convex hulls intersect.

Furthermore, the following Theorem is proved in [2]:

Theorem 9. If x is an element of a n-dimensional convexity hypergroup H and ay,...,a,,0,41 are n+1
elements of H such that x € aq - - - ana,11, then there exists a proper subset of these elements which contains x in
their hyperproduct.

A direct consequence of this Theorem is Caratheodory’s Theorem:

Corollary 8. (Caratheodory’s Theorem). Any convex combination of points in R? is a convex combination of at
most d+1 of them.

In addition, Theorems of the hypercompositional algebra are proved in [2], which give as
corollaries generalizations and extensions of Caratheodory’s Theorem.

An element g of a semi-subhypergroup S is called interior element of S if for each x € S, x # g,
there exists y € S, y # 4, such that a € xy. In [2] it is proved that any interior element of a
semi-subhypergroup S of a n-dimensional convexity hypergroup, is interior to a finitely generated
semi-subhypergroup of S. More precisely, the following Theorem is valid [2]:

Theorem 10. Let a be an interior element of a semi-subhypergroup S of a n-dimensional convexity hypergroup
H. Then a is interior element of a semi-subhypergroup of S, which is generated by at most 2n elements.

A corollary of this Theorem, when H is R4, is Steinitz’s Theorem:

Corollary 9. (Steinitz's Theorem). Any point interior to the convex hull of a set E in RY is interior to the convex
hull of a subset of E, containing 2d points at the most.

D. Freni in [123] extended the use of the hypergroup in more general geometric structures, called
geometric spaces. A geometric space is a pair (S, B) such that S is a non-empty set, whose elements are
called points, and B is a non-empty family of subsets of S, whose elements are called blocks. Freni was
followed by S. Mirvakili, .M. Anvariyeh and B. Davvaz [124,125].

3.2. Hyperfields and Geometry

As it is mentioned in the previous Section 2.2, the hyperfield was introduced by M. Krasner in
order to define a certain approximation of a complete valued field by a sequence of such fields [79].
The construction of this hyperfield, which was named by Krasner himself residual hyperfield, is also
described in his paper [117].

" 1

Definition 8. A hyperring is a hypercompositional structure (H,+,-), where H is a non-empty set, " is an

internal composition on H, and “4" is a hypercomposition on H. This structure satisfies the axioms:
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i.  (H,+) is a canonical hypergroup,

ii. ~ (H,-)is a multiplicative semigroup in which the zero element 0 of the canonical hypergroup is a bilaterally
absorbing element,

iii.  the multiplication is distributive over the hypercomposition (hyperaddition), i.e.,

z(x+y) =zx+zy and (x+y)z=xz+yz

forallx,y,z € H.
If H..{0} is a multiplicative group then (H, +,) is called hyperfield.

J. Mittas studied these hypercompositional structures in a series of papers [126-133]. Among the
plenitude of examples which are found in these papers, we will mention the one which is presented in
the first paragraph of [130].

Example 7. Let (E,-) be a totally ordered semigroup, having a minimum element 0, which is bilaterally absorbing
with regards to the multiplication. The following hypercomposition is defined on E:

_ | max{x, y} if x#y
x—i—y—{ zeE|z<x} if x=y

Then (E,+,-) is a hyperring. If E..{0} is a multiplicative group, then (E,+,-) is a hyperfield.

We referred to Mittas” example, because nowadays, this particular hyperfield is called tropical
hyperfield (see, e.g., [134-138]) and it is proved to be an appropriate and effective algebraic tool for the
study of tropical geometry.

M. Krasner worked on the occurrence frequency of such structures as the hyperrings and
hyperfields and he generalized his previous construction of the residual hyperfields. He observed
that, if R is a ring and G is a normal subgroup of R’s multiplicative semigroup, then the multiplicative
classes ¥ = xG, x € R, form a partition of R and that the product of two such classes, as subsets of
R, is a class modG as well, while their sum is a union of such classes. Next, he proved that the set
R = R / G of these classes becomes a hyperring, if the product of R’s two elements is defined to be
their set-wise product and their sum to be the set of the classes contained in their set-wise sum [117]:

x-y=xyG
and
X+y= {zG|zexG+yG}

He also proved that if R is a field, then R/G is a hyperfield. Krasner named these
hypercompositional structures quotient hyperring and quotient hyperfield, respectively.

In the recent bibliography, there appear hyperfields with different and not always successful
names, all of which belong to the class of the quotient hyperfields. For instance:

(a) starting from the papers [139,140] by A. Connes and C. Consani, there appeared many papers
(e.g., [135-138]) which gave the name «Krasners” hyperfield» to the hyperfield which is constructed
over the set {0, 1} using the hypercomposition:

0+0=0,0+1=1+0=1,14+1={0,1}

Oleg Viro, in his paper [135] is reasonably noticing that «To the best of my knowledge, K did not
appear in Krasner’s papers». Actually, this is a quotient hyperfield. Indeed, let F be a field and let
F* be its multiplicative subgroup. Then the quotient hyperfield F / F* = {0, F*} is isomorphic
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to the hyperfield considered by A. Connes and C. Consani. Hence the two-element non-trivial
hyperfield is isomorphic to a quotient hyperfield.

(b) Papers [139,140] by A. Connes and C. Consani, show the construction of the hyperfield, which is
now called «sign hyperfield» in the recent bibliography, over the set {-1, 0, 1} with the following
hypercomposition:

0+0=0,0+1=140=1,1+1=1,-1-1=-1,1-1=-1+1={-1,0,1}

However, this hyperfield is a quotient hyperfield as well. Indeed, let F be an ordered field and let
F* be its positive cone. Then the quotient hyperfield F / F* = {-F*,0,F"} is isomorphic to the
hyperfield which is called sign hyperfield.

(c) The so called «phase hyperfield» (see e.g., [135,136]) in the recent bibliography, is just the quotient
hyperfield C / R*, where C is the field of complex numbers and R™ the set of the positive
real numbers. The elements of this hyperfield are the rays of the complex field with origin
the point (0,0). The sum of two elements zR™, wR™ of C / RT with zR" # wR™ is the set
{(zp +wq)RT ) p,q € R}, which consists of all the interior rays xR of the convex angle which is
created from these two elements, while the sum of two opposite elements gives the participating
elements and the zero element. This hyperfield is presented in detail in [141].

Krasner, immediately realized that if all hyperrings could be isomorphically embedded into
quotient hyperrings, then several conclusions of their theory could be deduced in a very straightforward
manner, through the use of the ring theory. So, he raised the question whether all the hyperrings
are isomorphic to subhyperrings of quotient hyperrings or not. He also raised a similar question
regarding the hyperfields [117]. These questions were answered by C. Massouros [142-144] and then
by A. Nakassis [145], via the following Theorems:

Theorem 11. [142,143] Let (©, -) be a multiplicative group. Let H = ® U {0}, where 0 is a multiplicatively
absorbing element. If H is equipped with the hypercomposition:

x+0=0+x=x forall xeH,
x+x=H.{x} forall xe€®,
x+y=y+x={xy} forall x,ye® with x#y,

then, (H, +,-) is a hyperfield, which does not belong to the class of quotient hyperfields when © is a periodic group.

Theorem 12. [144] Let O = O®{1,-1} be the direct product of the multiplicative groups ® and {-1,1},
where card ® > 2. Moreover, let K = © U {0} be the union of © with the multiplicatively absorbing element 0.
If K is equipped with the hypercomposition:

w+0=0+w=w forall weKk,
(x,1) + (x,1) = K.{(x,1), (x,—1),0} forall (x,i) € @,
(%, 1) + (x,—i) = K. {(x, 1), (x, i)} forall (x,i) € ©,

(i) + (v, ) = (1), (x,=0), (v, 1), (=)} forall (x,i),(y,)) € © with (y,j) # (x,1), (x,~0),

then, (K, +,) is a hyperfield which does not belong to the class of quotient hyperfields when ® is a periodic group.

Proposition 26. [145] Let (T*,-) be a multiplicative group of m, m > 3 elements. Let T = T* U {0}, where 0 is
a multiplicatively absorbing element. If T is equipped with the hypercomposition:

a+0=0+a=a forall aeT,
a+a=1{0,a} forall aeT¥,
a+b=b+a="T.{0,a,b} forall a,beT* with a#b,
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then, (T, +,-) is a hyperfield.

Theorem 13. [145] If T* is a finite multiplicative group of m, m > 3 elements and if the hyperfield T
is isomorphic to a quotient hyperfield F / Q, then Q U {0} is a field of m-1 elements while F is a field of
(m—1)% elements.

Clearly, we can choose the cardinality of T* in such a way that T cannot be isomorphic to a quotient
hyperfield. In [144,145] one can find non-quotient hyperrings as well.

Therefore, we know 4 different classes of hyperfields, so far: the class of the quotient hyperfields
and the three ones which are constructed via the Theorems 11, 12 and 13.

The open and closed hypercompositions [5] in the hyperfields are of special interest. Regarding
these, we have the following:

Proposition 27. In a hyperfield K the sum x + y of any two non-opposite elements x, y # 0 does not contain the
participating elements if and only if, the difference x — x equals to {—x, 0, x}, for every x # 0.

Proposition 28. In a hyperfield K the sum x + y of any two non-opposite elements x, y # 0 contains these two
elements if and only if, the difference x — x equals to H, for every x # 0.

For the proofs of the above Propositions 27 and 28, see [141]. With regard to Proposition 28, it is
worth mentioning that there exist hyperfields in which, the sum x + y contains only the two addends
x, y,ie. x+y={x,y}, wheny # —xand x, y # 0 [141].

Theorem 14. [141] Let (K, +,-) be a hypetfield. Let t be a hypercomposition on K, defined as follows:

xty=(x+y)Ufx,y} if y#-xand x,y+0
xt(-x) =K forall x € K..{0}
xT0=0tx=x forall x e K

Then, (K, *,-) is a hyperfield and moreover, if (K,+,-) is a quotient hyperfield, then (K,*t,-) is a quotient
hyperfield as well.

Corollary 10. If (K, +,) is a field, then (K, t,-) is a quotient hyperfield.

The following problem in field theory is raised from the study of the isomorphism of the quotient
hyperfields to the hyperfields which are constructed with the process given in Theorem 14:

when does a subgroup G of the multiplicative group of a field F have the ability to generate F via the
subtraction of G from itself? [141,143]

A partial answer to this problem, which is available so far, regarding the finite fields is given with the
following theorem:

Theorem 15. [146] Let F be a finite field and G be a subgroup of its multiplicative group of indexn and order m.
Then, G-G = F, if and only if:

n=2and m>?2,

n=23and m>25,

n=4,-1€G and m> 11,

n=4,-1¢G and m >3,

n=2>5,charF =2 and m > 8§,

n=2>5,charF =3 and m > 9,

n =>5,charF # 2,3 and m > 23.
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Closely related to the hyperfield is the hypermodule and the vector space.

Definition 9. A left hypermodule over a unitary hyperring P is a canonical hypergroup M with an external
composition (a,m) — am, from P x M to M satisfying the conditions:

i. a(m+n)=am+an,
ii. (a+b)m=am+bm,
iii.  (ab)m = a(bm),

iw. 1lm=m and Om =0

foralla,b e Pandall m,n € M.

The right hypermodule is defined in a similar way. A hypermodule over a hyperfield is called
vector hyperspace.

Suppose V and W are hypermodules over the hyperring P. The cartesian product V x W
can become a hypercompositional structure over P, when the operation and the hyperoperation,
forv, vy, vp € V,w, wy, wp € W, and a € P, are defined componentwise, as follows:

(v1, w1) + (v, wp) = U {(v,w) |v e +v2, wew +w)
a(v,w) = (av,aw)
The resulting hypercompositional structure is called the direct sum of V and W.
Theorem 16. The direct sum of the hypermodules is not a hypermodule.
Proof. Let V and W be two hypermodules over a hyperring P. Then:
(a+b)(v,w) = U{c(v,w) I cea+bl = U{(cv,cw) | cea+b}
On the other hand:

a(v,w) +b(v,w) = (av,aw) + (bv,bw) = U{(x, y) |xeav+bv, y €aw+bw} =
= Ul{(x,y) |xe(a+b)v, ye (a+b)wy = U{(sv,rw) |s,rea+ b}

Therefore:
(a+b)(v,w) Ca(v,w)+b(v,w)

Consequently axiom (ii) is not valid. O

Remark 2. Errors in Published Papers. Unfortunately, there exist plenty of papers which incorrectly consider
that the direct sum of hypermodules is a hypermodule. For instance, they mistakenly consider that if P is a
hyperring or a hyperfield, then P" is a hypermodule or a vector hyperspace over P respectively. Due to this error,
a lot of, if not all the conclusions of certain papers are incorrect. We are not going to specifically refer to such
papers, as we do not wish to add negative citations in our paper, but we refer positively to the paper by P. Ameri,
M Eyvaziand S. Hoskova-Mayerova [120], where the authors have presented a counterexample which shows that
the polynomials over a hyperring give a superring in the sense of Mittas [118,119] and not a hyperring, as it is
mistakenly mentioned in a previously published paper which is referred there. This error can also be highlighted
with the same method as the one in Theorem 16, since the polynomials over a hyperring P can be considered as
the ordered sets (ag, a1, ...) where a;, i=0, 1, ... are their coefficients.

Following the above remark, we can naturally introduce the definition:
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Definition 10. A left weak hypermodule over a unitary hyperring P is a canonical hypergroup M with an
external composition (a,m) — am, from P x M to M satisfying the conditions (i), (iii), (iv) of the Definition 9
and, in place of (ii), the condition:

ii’". (a+b)m Cam+ bm, forall a,b € P and all m € M.

The quotient hypermodule over a quotient hyperring is constructed in [147], as follows:

Let M be a P-module, where P is a unitary ring, and let G be a subgroup of the multiplicative
semigroup of P, which satisfies the condition aG bG = abG, for all a,b € P. Note that this condition is
equivalent to the normality of G only when P..{0} is a group, which appears only in the case of division
rings (see [144]). Next, we introduce in M the following equivalence relation:

x~yex=ty teG

After that, we equip M with the following hypercomposition, where M is the set of equivalence classes
of M modulo ~:

E+y:{@ez\_/l|w:xp+yq, p,qeG}

i.e., X + i consists of all the classes w € M which are contained in the set-wise sum of X, Y. Then (]\_/I, -g-)

becomes a canonical hypergroup. Let P be the quotient hyperring of P over G. We consider the external
composition from P X M to M defined as follows:

ax =ax foreach 7€ P, X € M.

This composition satisfies the axioms of the hypermodule and so M becomes a P- hypermodule.

If M is a module over a division ring D, then, using the multiplicative group D* of D we can
construct the quotient hyperring D = D / D* = {0, D*} and the relevant quotient hypermodule M.
For any @ € M it holds that @42 = {0, @}. In [147] it is shown that this hypermodule is strongly
related to the projective geometries. A. Connes and C. Consani, in [139,140] also prove that the
projective geometries, in which the lines have at least four points, are exactly vector hyperspaces over
the quotient hyperfield with two elements. Moreover, if V is a vector space over an ordered field
F, then, using the positive cone F* of F we can construct the vector hyperspace V over the quotient
hyperfield F = F / F* = {F~, 0, F*}. In [147] it is shown that every Euclidean spherical geometry
can be considered as a quotient vector hyperspace over the quotient hyperfield with three elements.

Modern algebraic geometry is based on abstract algebra which offers its techniques for the study
of geometrical problems. In this sense, the hyperfields, were connected to the conic sections via a
number of papers [148-150], where the definition of an elliptic curve over a field F was naturally
extended to the definition of an elliptic hypercurve over a quotient Krasner hyperfield. The conclusions
obtained in [148-150] were extended to cryptography as well.

4. Conclusions and Open Problems

In this paper we have initially presented the relationship between the groups and the hypergroups.
It is interesting that the groups and the hypergroups are two algebraic structures which satisfy exactly
the same axioms, i.e., the associativity and the reproductivity, but they differ in the law of synthesis.
In the first ones, the law of synthesis is a composition, while in the second ones, it is a hypercomposition.
This difference makes the hypergroups much more general algebraic structures than the groups, and for
this reason, the hypergroups have been gradually enriched with further axioms, which are either more
powerful or less powerful and they lead to a significant number of special hypergroups.

We have also presented the connection of the Hypercompositional Algebra to the Formal Languages
and Automata theory as well as its close relationship to Geometry. It is very interesting that the
transposition hypergroup, which appears in the Formal Languages, is the proper algebraic tool for the
study of the convexity in Geometry. The study of this hypergroup has led to general Theorems which
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have as corollaries well known named Theorems in the vector spaces. Different types of transposition
hypergroups, as for example the fortified transposition hypergroup, give birth to hypercompositional
structures like the hyperringoid, the linguistic hyperringoid the join hyperring the algebraic structure
of which is an area with a plentitude of hitherto open problems. Moreover, the hyperfield and the
hypermodule describe fully and accurately the projective and the spherical geometries, while they are
directly connected to other geometries as well. Moreover, the classification problem of hyperfields
gives birth to the question:

when does a subgroup G of the multiplicative group of a field F have the ability to generate F via the
subtraction of G from itself?

This question is answered for certain finite fields only and still remains to be answered in its entirety.
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Abstract: The fuzzyfication of hypercompositional structures has developed in several directions. In this
note we follow one direction and extend the classical concept of reducibility in hypergroups to the fuzzy
case. In particular we define and study the fuzzy reduced hypergroups. New fundamental relations
are defined on a crisp hypergroup endowed with a fuzzy set, that lead to the concept of fuzzy reduced
hypergroup. This is a hypergroup in which the equivalence class of any element, with respect to a
determined fuzzy set, is a singleton. The most well known fuzzy set considered on a hypergroup is the
grade fuzzy set, used for the study of the fuzzy grade of a hypergroup. Based on this, in the second part of
the paper, we study the fuzzy reducibility of some particular classes of crisp hypergroups with respect to
the grade fuzzy set.

Keywords: fuzzy set; reducibility; grade fuzzy set

1. Introduction

In the algebraic hypercompositional structures theory, the most natural link with the classical
algebraic structures theory is assured by certain equivalences, that work as a bridge between both
theories. More explicitly, the quotient structure modulo the equivalence B defined on a hypergroup
is always a group [1], the quotient structure modulo the equivalence I' defined on a hyperring is a ring [2],
while a commutative semigroup can be obtained factorizing a semihypergroup by the equivalence -y [3].
A more completed list of such equivalences is very clearly presented in [4]. All the equivalences having this
property, i.e., they are the smallest equivalence relations defined on a hypercompositional structure such
that the corresponding quotient (modulo that relation) is a classical structure with the same behaviour,
are called fundamental relations, while the associated quotients are called fundamental structures. The
study of the fundamental relations represents an important topic of research in Hypercompositional
Algebra also nowadays [5-7]. But this is not the unique case when the name “fundamental” is given to an
equivalence defined on a hyperstructure. Indeed, there exist three other equivalences, called fundamental
by Jantosciak [8], who observed that, unlike what happens in classical algebraic structures, two elements
can play interchangeable roles with respect to a hyperoperation. In other words, the hyperoperation does
not distinguish between the action of the given elements. These particular roles have been translated by
the help of the following three equivalences. We say that two elements x and y in a hypergroup (H, o) are:

1. operationally equivalent, if their hyperproducts with all elements in H are the same;
2. inseparable, if x belongs to the same hyperproducts as y belongs to;
3. essentially indistinguishable, if they are both operationally equivalent and inseparable.
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Then a hypergroup is called reduced [8] if the equivalence class of any element with respect to the
essentially indistinguishable relation is a singleton. Besides the associated quotient structure (with
respect to the same fundamental relation) is a reduced hypergroup, called the reduced form of the
original hypergroup. Jantosciak explained the role of these fundamental relations by a very simple
and well known result. Define on the set H = Z x Z*, where Z is the set of integers and Z* = Z \ {0},
the equivalence~that assigns equivalent fractions in the same class: (x,y) ~ (u,v) if and only if xv = yu,
for (x,y),(u,v) € H. Endow H with a hypercompositional structure, considering the hyperproduct
(w,x)o (y,z) = (wz —&—/;y, xz) ., where by ¥ we mean the equivalence class of the element x with respect
to the equivalence ~. It follows that the equivalence class of the element (x,y) € H with respect to all
three fundamental relations defined above is equal to the equivalence class of (x, y) with respect to the
equivalence ~ . Therefore H is not a reduced hypergroup, while its reduced form is isomorphic with Q,
the set of rationals.

Motivated by this example, in the same article [8], Jantosciak proposed a method to obtain all
hypergroups having a given reduced hypergroup as their reduced form. This aspect of reducibility of
hypergroups has been later on considered by Cristea et al. [9-11], obtaining necessary and sufficient
condition for a hypergroup associated with a binary or n—ary relation to be reduced. The same author
studied the regularity aspect of these fundamental relations and started the study of fuzzyfication of the
concept of reducibility [12]. This study can be considered in two different directions, corresponding to
the two different approaches of the theory of hypergroups associated with fuzzy sets. An overview of
this theory is covered by the monograph [13] written by Davvaz and Cristea, the only one on this topic
published till now. The fuzzy aspect of reducibility could be investigated in two ways: by studying the
indistinguishability between the elements of a fuzzy hypergroup (i.e., a structure endowed with a fuzzy
hyperoperation) or by studying the indistinguishability between the images of the elements of a crisp
hypergroup through a fuzzy set. By a crisp hypergroup we mean a hypergroup, but the attribute “crisp” is
used to emphasize that the structure is not fuzzy. The study conducted in this article follows the second
direction, while the first direction will be developed in our future works.

The aim of this note is to study the concept of fuzzy reduced hypergroup as a crisp hypergroup which is
fuzzy reduced with respect to the associated fuzzy set. One of the most known fuzzy sets associated with a
hypergroup is the grade fuzzy set ji, introduced by Corsini [14]. It was studied by Corsini and Cristea [15]
in order to define the fuzzy grade of a hypergroup as the length of the sequence of join spaces and fuzzy sets
associated with the given hypergroup. For any element x in a hypergroup H, the value i (x) is defined as
the average value of the reciprocals of the sizes of all hyperproducts containing x. The properties of this
particular fuzzy set, in particular those related to the fuzzy grade, have been investigated for several classes
of finite hypergroups, as: complete hypergroups, non-complete 1-hypergroups or i.p.s. hypergroups (i.e.,
hypergroups with partial scalar identities). Inspired by all these studies, first we introduce the definition
of fuzzy reduced hypergroups and present some combinatorial aspects related to them. Then we focus on
the fuzzy reducibility of i.p.s. hypergroups, complete hypergroups and non-complete 1-hypergroups with
respect to the grade fuzzy set ji. Theorem 3 states that any proper complete hypergroup is not reduced,
either fuzzy reduced with respect to ji. Regarding the i.p.s. hypergroups, we show that they are reduced,
but not fuzzy reduced with respect to ji (see Theorems 4 and 5). Finally, we present a general method
to construct a non-complete 1-hypergroup, that is not reduced either fuzzy reduced with respect to .
Some conclusions and new research ideas concerning this study are gathered in the last section.

2. Review of Reduced Hypergroups

In this section we briefly recall the basic definitions which will be used in the following, as well as
the main properties of reduced hypergroups. We start with the three fundamental relations defined by
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Jantosciak [8] on an arbitrary hypergroup. Throughout this note, by a hypergroup (H, o), we mean a
non-empty set H endowed with a hyperoperation, usually denoted as o : H x H — P* (H) satisfying the
associativity, i.e., for all a,b,c € H thereis (a0 b) oc = ao (boc) and the reproduction axiom, i.e., for all
a € H, thereisao H = Hoa = H, where P* (H) denotes the set of all non-empty subsets of H.

Definition 1 ([8]). Two elements x,y in a hypergroup (H, o) are called:

1. operationally equivalent or by short o-equivalent, and write x ~, y,if xoa = yoa,and aox = a oy, for any
a € H;

2. inseparable or by short i-equivalent, and write x ~; y, if, foralla,b € H x €aob <=y €aolb;

3. essentially indistinguishable or by short e-equivalent, and write x ~. vy, if they are operationally equivalent
and inseparable.

Definition 2 ([8]). A reduced hypergroup has the equivalence class of any element with respect to the essentially
indistinguishable relation ~, a singleton, i.e., for any x € H, there is £, = {x}.

Example 1. Let (H, o) be a hypergroup, where the hyperoperation “o” is defined by the following table.

o| a b c d

a a a a,b,c a,b,d
b a a ab,c ab,d
c|abc abc ab,c c,d
d | abd abd c,d a,b,d

One notices that a ~, b, because the lines (and columns) corresponding to a and b are exactly the same, thereby:
o = by = {a, b}, while ¢, = {c} and d, = {d}. But, on the other side, the equivalence class of any element in
H with respect to the relation ~; is a singleton, as well as with respect to the relation ~., by consequence (H, o)
is reduced.

In [11] Cristea et al. discussed about the regularity of these fundamental relations, proving that in
general none of them is strongly regular. This means that the corresponding quotients modulo these
equivalences are not classical structures, but hypergroups. Moreover, Jantosciak [8] established the
following result.

Theorem 1 ([8]). For any hypergroup H, the associated quotient hypergroup H/ ~. is a reduced hypergroup,
called the reduced form of H.

Motivated by this property, Jantosciak concluded that the study of the hypergroups can be divided
into two parts: the study of the reduced hypergroups and the study of all hypergroups having the same
reduced form [8].

3. Fuzzy Reduced Hypergroups

As already mentioned in the introductory part of this article, the extension of the concept of reducibility
to the fuzzy case can be performed on a crisp hypergroup endowed with a fuzzy set, by defining, similarly
to the classical case, three equivalences as follows.

Definition 3. Let (H, o) be a crisp hypergroup endowed with a fuzzy set . For two elements x,y € H, we say that

1. xand y are fuzzy operationally equivalent and write x ~, y if, forany a € H, p(xoa) = u(y o a) and
plaox) = plaoy);
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2. xandy are fuzzy inseparable and write x ~; y if u(x) € p(aob) <= p(y) € p(aob), fora,b € H;
3. xandy are fuzzy essentially indistinguishable and write x ~, y, if they are fuzzy operationally equivalent
and fuzzy inseparable.

Definition 4. The crisp hypergroup (H, o) is called fuzzy reduced if the equivalence class of any element in H with
respect to the fuzzy essentially indistinguishable relation is a singleton, i.e.,

forall x € H,%f, = {x}.

Notice that the notion of fuzzy reducibility of a hypergroup is strictly connected with the definition
of the involved fuzzy set.

Remark 1. It is easy to see that, for each hypergroup H endowed with an arbitrary fuzzy set u, the following
implication holds: for any a,b € H,
anr~ob=an~gb.

Remark 2. (i) First of all, let us better explain the meaning of yu (a ob) , for any a,b € H and any arbitrary fuzzy
set y defined on H. Generally, a o b is a subset of H, so p (a o b) is the direct image of this subset through the fuzzy
set ju, i.e., p(aob) ={u(x)|x €aob}.

From here, two things need to be stressed on. Firstly, if a o b is a singleton, i.e., aob = {c}, then y (aob)
is a set containing the real number y (c). Therefore we can write y (c) € u (aob), but it is not correct writing
i(c) = pu(aob), because the first member is a real number, while the second one is a set containing the real
number u (c).

Secondly, if a € x oy, then, clearly y (a) € pu(xoy), but not also viceversa because it could happen that
p(a)epu(x'oy')forag x'oy.

(it) Generally, a ~; b # a ~¢; b, as illustrated in the next example. Indeed, if a ~; b then a € x oy if
and only if b € x oy. But it can happen that y (a) € p(x' oy') witha ¢ x' oy', soalsob & x' oy'. And if
(@) # u(b), then i (b) & p (x' oy/), thus a b,

(iii) Finally, it is simple to see the implication p (a) = p (b) = a ~; b.

The following example illustrates all the issues in the above mentioned remark.

Example 2 ([16]). Let (H, o) be a hypergroup represented by the following commutative Cayley table:

ole m ay a3
e ay ap,as ap,as
aq ap,as e e
a ai ai
as a1

Ome notices immediately that ay ~; ag, while ay #; aj.

(a)  Define now on H the fuzzy set y as follows: p (e) =1, u (a1) = p (a2) = 0.3, 4 (a3) = 0.5. Since y (a1) =
# (a2) , it follows that ay ~; ap. Moreover, since e o a; = {a }, we have

pleoay) = {p(ar)} = {03} > pu(a2),

while it is clear that y (a3) & p(ecay),soay ;i as.
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(b)  If we define on H the fuzzy set y by taking p (e) = p (a1) = 1, p (a2) = p (az) = 3, it follows that e ~fi a1
and ar ~fi as.

Once again, it is evident that the three equivalences ~,, ~;, and ~, are strictly related with the
definition of the fuzzy set considered on the hypergroup.
Now we will present an example of an infinite hypergroup and study its fuzzy reducibility.

Example 3. Consider the partially ordered group (Z,+, <) with the usual addition and orderings of integers.
Define on Z the hyperoperation a xb = {x € Z | a+b < x}. Then (Z, %) is a hypergroup [17]. Define now on
Z the fuzzy set y as follows: 1(0) = 0 and pu(x) = |}7‘,for any x # 0. We obtain 25, = {x}, for any x € Z,
therefore (Z, *) is fuzzy reduced with respect to p. Indeed, for two arbitrary elements x and y in Z, we have x ~¢, y
ifand only if u(x xa) = u(y * a), for any a € Z, where u(x xa) = { |xia|, \x+}z+l\’ |x+¢11+2|’ ...} and similarly,
ulyxa) = {ﬁ, ‘y+;+1| ,...}. Since a is an arbitrary integer, for any x and y we always find a suitable integer a

such that x +a > 0 and y + a > 0. This means that the sets y(x * a) and u(y % a) contain descending sequences of
positive integers, so they are equal only when x = y. Therefore x ~, y.

In the following, we will study the fuzzy reducibility of some particular types of finite hypergroups,
with respect to the grade fuzzy set ji, defined by Corsini [14]. We recall here its definition. With any crisp
hypergroupoid (H, o) (not necessarily a hypergroup) we may associate the fuzzy set yi considering, for any
u € H,

L
() = ISR [xoy]
q(u)
where Q(u) = {(a,b) € H?> | u € aob}and ¢(u) = |Q(u)|. By convention, we take ji(u) = 0
anytime when Q(u#) = @. In other words, the value ji(u) is the average value of reciprocals of the sizes
of all hyperproducts x o y containing the element u in H. In addition, sometimes when we will refer to
formula (1), we will denote its numerator by A(u), while the denominator is already denoted by g(u).

, 1)

Remark 3. As already explained in Remark 2 (ii), generally, for an arbitrary fuzzy set, x ~; y #» x ~g; y, while the
implication holds if we consider the grade fuzzy set j. Indeed, if x ~; y, then x € aobifand only ify € aob
and therefore Q(x) = Q(y), implying that q(x) = q(y), and moreover A(x) = A(y). This leads to the equality
ji(x) = Ji(y). By consequence, based on Remark 2 (iii), it holds x ~ ; y, with respect to ji.

Example 4. Let us consider now a total finite hypergroup H, i.e., x oy = H, for all x,y € H. It is easy to see that
X ~ Yy forany x,y € H, meaning that X, = H, for any x € H. Thus, a total hypergroup is not reduced. What can
we say about the fuzzy reducibility with respect to the grade fuzzy set ji?
Forany u € H, there is
2
oy = T _ 1
|H*  [H
Since, x ~o y for any x,y € H, it follows that x ~¢, y, for any x,y € H. Then, it is clear that ji(x) = ji(y),
forall x,y € H, implying that x ~; y, for all x,y € H. Concluding, it follows that any total finite hypergroup is

neither reduced, nor fuzzy reduced.

Based now on Remarks 1 and 3, the following assertion is clear.
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Corollary 1. If (H, o) is a not reduced hypergoup, then it is also not fuzzy reduced with respect to the grade fuzzy
set Ji.

3.1. Fuzzy Reducibility in Complete Hypergroups

The complete hypergroups form a particular class of hypergroups, strictly related with the join
spaces and the regular hypergroups. Their definition is based on the notion of complete part, introduced
in Koskas [1], with the main role to characterize the equivalence class of an element under the relation
B*. More exactly, a nonempty set A of a semihypergroup (H, o) is called a complete part of H, if for any
natural number n and any elements a1, 4, . .., a, in H, the following implication holds:

n n
AﬁHa,- #@@Hﬂi C A.
i=1 i=1

We may say, as it was mentioned in the review written by Antampoufis et al. [18], that a complete part
A absorbs all hyperproducts of the elements of H having non-empty intersection with A. The intersection
of all complete parts of H containing the subset A is called the complete closure of A in H and denoted

by C(A).
Definition 5. A hypergroup (H, o) is called a complete hypergroup if, for any x,y € H, there is C (x oy) = xoy.

As already explained in the fundamental book on hypergroups theory [19] and the other
manuscripts related with complete hypergroups [16,20], in practice, it is more useful to use the following
characterization of the complete hypergroups.

Theorem 2 ([19]). Any complete hypergroup may be constructed as the union H = | J Ag of its subsets, where
g€G

(1) (G, ) is a group.
(2) The family {Ag, |g € G} is a partition of G, i.e., for any (§1,82) € G%, §1 # &, thereis Ag, N Ag, = @.
(3)If (a,b) € Ag, X Ag,, thenaob = Ag,g,.

Example 5. The hypergroup presented in Example 2 is complete, where the group G = (Z3, +) and the partition
set contains Ay = {e}, Ay = {a1}, and Ay = {ap, az}. It is clear that all conditions in Theorem 2 are fulfilled.

Let (H, o) be a proper complete hypergroup (i.e., H is not a group). Define now on H the equivalence
/IN/I by:
x ~y <= g € Gsuch thatx,y € A,. (2)

Proposition 1. On a proper complete hypergroup (H, o), the equivalence~in (2) is a representation of the
essentially indistinguishability equivalence ~, .

Proof. By Theorem 2, one notices that, for any element x € H, there exists a unique ¢ € G such thatx € Ay, .
In the following, we will denote this element by g. First, suppose that x ~ y, i.e., there exists g = g, € G
such that x,y € Ag, . For any arbitrary element a € H, we can say thata € A, , with g, € G, and by the
definition of the hyperproduct in the complete hypergroup (H, o), thereis xoa = Ag, o, = Ag o, =Yy 04,
(and similarly, a o x = a o y,) implying that x ~, y (i.e., x and y are operationally equivalent). Secondly,
forany x € aob = Ag,e, N Ag,, it follows that g,¢, = gx; but gx = gy, 50y € Ag,e, = aob. Thereby,
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x € aobifand only if y € a o b, meaning that x ~; y (i.e., x and y are inseparable). We have proved that
NgNe .

Conversely, let us suppose that x ~, y. Since x and y are inseparable, i.e., x € a0 b if and only
if y € aob, we may write x,y € Ag,q,. Therefore there exists ¢x = g, &p € G such that x,y € Ag,,
sox~y. O

Example 6. If we continue with Example 2, we notice that the equivalence classes of the elements of H with
respect to the equivalence~defined in (2) are: é = {e}, d1 = {m}, d» = {ap,a3} = d3. Regarding now the
essentially indistinguishability equivalence ~., we have the same equivalences classes: é, = {e}, 1, = {m},
e = {ay,a3} = d3,. This is clear from the Cayley table of the hypergroup: the lines corresponding to a, and az are
the same and every time ap and as are in the same hyperproduct, so they are equivalent. Since these properties are
not satisfied for a; and e, their equivalence classes are singletons.

Proposition 2. Let (H, o) be a proper complete hypergroup and consider on H the grade fuzzy set ji. Then ~C~,
(with respect to the fuzzy set ji).

Proof. By the definition of the grade fuzzy set ji, one obtains that
1
ji(x)=——, forany x € H. 3)
| Ags |

Take now x,y € H such that x ~ y. There exists g» € G such that x,y € A, thereby i (x) = i (y)
and by Remark 2 (ii) we have x ~; y. Moreover, by Proposition 1 there is x ~, y and by Remark 1 we get
that x ~, y. Concluding, we have proved that x ~ y = x ~, y, with respect to yi. [

Theorem 3. Any proper complete hypergroup is not reduced, either fuzzy reduced with respect to the grade fuzzy set.

Proof. Since (H, o) is a proper complete hypergroup, there exists at least one element g in G such that
|Ag| > 2,i.e., there exist two distinct elements a and b in H with the property thata ~ b. Then a ~, b and
a ~, b, meaning that (H, o) is not reduced, either fuzzy reduced with respect to the grade fuzzy set ji. [

3.2. Fuzzy Reducibility in i.p.s. Hypergroups

Anip.s. hypergroup is a canonical hypergroup with partial scalar identities. The name, given by
Corsini [21], originally comes from Italian, the abbreviation “i.p.s.” standing for “identita parziale scalare”
(in English, partial scalar identity). First we dwell on the terminology connected with the notion of identity
in a hypergroup (H,0). An element x € H is called a scalar, if [xoy| = |[yox| = 1, forany y € H.
An element e € H is called partial identity of H if it is a left identity (i.e., there exists x € H such that
X € eox) or aright identity (i.e., there exists y € H such that y € y oe). We denote by I, the set of all partial
identities of H. Besides, for a given element x € H, a partial identity of x is an element u € H such that
x € xouUJuox. Theelement u € H is a partial scalar identity of x whenever from x € x o u it follows
x = xouand from x € u o x it follows that x = u o x. We denote by I, (x) the set of all partial identities of
x, by Ips (x) the set of all partial scalar identities of x, and by Sc(H) the set of all scalars of H. It is obvious
that Ips(x) = I,(x) N Sc(H).

Remark 4. The term “partial” here must not be confused with the “left or right” (identity), but it must be connected
with the fact that the element u has a partial behaviour of identity with respect to the element x. So, u is not a
left/right (i.e., partial) identity for the hypergroup H. Besides, an i.p.s. hypergroup is a commutative hypergroup,
so the concept of partial intended as left/right element satisfying a property (i.e., left/right unit) has no sense. It is
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probably better to understand an element u having the property of being partial identity for x as an element having a
similar behaviour as an identity but only with respect to x, so a partial role of being identity.

Let us recall now the definition of an i.p.s. hypergroup. All finite i.p.s. hypergroups of order less than
9 have been determined by Corsini [21-23].

Definition 6. A hypergroup (H, o) is called i.p.s. hypergroup, if it satisfies the following conditions.

1. It is canonical, i.e.

. it is commutative;
® it has a scalar identity O such that 0 o x = x, for any x € H;
o cvery element x € H has a unique inverse x* € H, thatis 0 € x o x~1;

o itisreversible,soy €Eaox =>x€a loy, foranya,x,y € H.

2. It satisfies the relation: for any a,x € H,if x €aox, thenaox = x.
The most useful properties of i.p.s. hypergroups are gathered in the following result.

Proposition 3 ([21]). Let (H, o) be an i.p.s. hypergroup.

For any element x in H, the set x o x ™1 is a subhypergroup of H.
For any element x in H, different from {0}, we have: or x is a scalar of H, or there exists u € Sc(H) \ {0}
such that u € x o x~1. Moreover |Sc(H)| > 2.
3. Ifxisascalar of H, then the set of all partial scalar identities of x contains just 0.
If x is not a scalar of H, then I,5(x) C Sc(H) Nx o x~! and therefore |I,s(x)| > 2.

Proposition 4. Let (H, o) be an i.p.s. hypergroup. For any scalar u € H and for any element x € H, there exists a
unique y € H such that u € x oy.

Proof. The existence part immediately follows from the reproducibility property of H. For proving the

unicity, assume that there exist y1,y2 € H,y1 # yp such that u € x oy; Nx o yo. Then, by reversibility,

it follows that y1,y2 € x~! o u. Since u is a scalar element, we get [x ! ou| = 1 and theny; = y, =
-1

x tou. O

Example 7 ([21]). Let us consider the following i.p.s. hypergroup (H, o).

H|[o 1 2 3
0ojo 1 2 3
11 2 03 1
212 03 1 2
313 1 2 0

Here we can notice that 0 is the only one identity of H. In addition, Sc(H) = {0,3}, and 0 € 0 o u only for
u = 0,50 Is(0) = {0}. Also, only for u = 0 there is 3 € 3 o u, thus Is(3) = {0}. (In general, if x € Sc(H)
then Ips(x) = {0}, according with Proposition 3). Similarly, one gets I,(1) = I,(2) = {0,3} and since
Sc(H) = {0,3}, it follows that Ips(1) = Ips(2) = {0,3}.
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Note that, in an i.p.s. hypergroup, the Jantosciak fundamental relations have a particular meaning,
in the sense that, for any two elements there is

ar~ob<—=a~b<—ar~.b<a=0bh.
By consequence, one obtains the following result.
Theorem 4. Any i.p.s. hypergroup is reduced.

In the following we will discuss the fuzzy reducibility of an i.p.s. hypergroup with respect to the
grade fuzzy set fi.

Theorem 5. Any i.p.s. hypergroup is not fuzzy reduced with respect to the fuzzy set ji.

Proof. Since any i.p.s. hypergroup contains at least one non-zero scalar, take arbitrary such a u € Sc(H).
We will prove that u ~ fi Oand u ~ o 0, therefore \@ fe\ > 2, meaning that H is not fuzzy reduced.
First we will prove that, for any u € Sc(H), there is j(0) = #i(u), equivalently with u ~; 0. For doing

this, based on the fact that ji(x) = ‘;((;C)) , for all x € H, we show that A(0) = A(u) and g(0) = q(u).

Let us start with the computation of 4(0) and q(u). If 0 € x oy, it follows that y € x 1 00, thatisy =
x~!and then Q(0) = {(x,y) € H? | 0 € xoy} = {(x,x™!) | x € H}. Thereby q(0) = [Q(0)| = n = |H].
On the other hand, by Proposition 4, we have q(u) = n = |H| (since for any x € H there exists a unique
y € Hsuchthatu € xoy.)

Let us calculate now A(0). By formula (1), we get that

y 1 Y 1
A(0) = L o
(xy)€Q(0) lxoyl  [GlxoxTl|
1 1 .
I Z ———— = |Sc(H)| + Z L
aesam) 19007 st 10X 5ot o x

Since, for u € Sc(H),3x & Sc(H) such that u € x o x~1 N I;5(x), we similarly get that

1
|x o x~1|

A(u) =[Sc(H)|+ ),

x¢Sc(H)

and it is clear that A(0) = A(u), so ji(0) = ji(u). Therefore 0 ~f; u.

It remains to prove the second part of the theorem, that is 0 ~, u, equivalently with H0ox) =
fi(uox) Vx € H.

If x € Sc(H), then uox € Sc(H) and by the first part of the theorem, there is ji(1 o x) = ji(0) =
fi(x) = fi(00 ).

If x ¢ Sc(H), then since Sc(H) C Ips(a), for any a ¢ Sc(H), it follows that Sc(H) C Ips(x),souox =
x, and then i(u o x) = ji(x) = ji(0 o x). Now the proof is complete. []

3.3. Fuzzy Reducibility in Non-Complete 1-Hypergroups

In this subsection we will study the reducibility and fuzzy reducibility of some particular finite
non-complete 1-hypergroups defined and investigated by Corsini, Cristea [24] with respect to their fuzzy
grade. A hypergroup H is called 1-hypergroup if the cardinality of its heart wp is 1.
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The general construction of this particular hypergroup is the following one. Consider the set H =
H, = {e}UAUB,where A = {ay,...,a,} and B = {bl,...,bﬁ},withoc,,B >2and n = a + B +1, such that
ANB=Qande ¢ AUB. Define on H the hyperoperation “o” by the following rule:

. foralla e A, aoa = by,

e forall (a,ay) € A? such thatay # ap, seta; oay = B,
e forall (a,b) € AxB,setacb=boa=e,

o forall (bb') € B? thereisbob' = A,

. foralla € A,setaoce=coa= A,

. forallbe B, boe =¢e¢ob = Band

e coe=c.

H, is an 1-hypergroup which is not complete.

We will discuss the (fuzzy) reducibility of this hypergroup for different cardinalities of the sets A
and B.

(1) Let us suppose n = |Hg| = 6, where H = Hs =¢eUAUB,a = |A|=2,=|B| =3, ANB=0Q,
e ¢ AUBwith A = {ay,a2}, B = {by,by,b3}. Thus the Cayley table of (Hg, o) is the following one

H e a ap bl b2 b3
el|le A A B B B
ay by B e e e
a, by e e e
b1 A A A
by A A
bs A

From the table, we notice immediately that the elements b, and b3 are essentially indistinguishable,
while the equivalence class with respect to the ~, relation of all other elements is a singleton. Thereby H is
not reduced.

Calculating now the values of the grade fuzzy set ji, one obtains ji(e) = 1,ji(a1) = ji(a2) =
0.5, ﬁ (bl) = 0467, ]7 (bz) = ‘17 (bg) = 0.333. Since ﬁ(lll) = ﬁ(ﬂz), it follows that a; ~fi a3. But ]7(611 o 611) =
p({br1}) = {#(b1)}, while ji(ay 0 a2) = i(B) = {}(b1), ji(b2)}, so ji(ar o a1) # ji(ay © a2), meaning that
ay 5, az, thatis ay £, as.

On the other side, we have by ~, b3 because they are also operationally equivalent, and by ~; b3
because ji(by) = ji(bs3). This is equivalent with by ~ fe b3 and therefore H is not reduced with respect to .

(2) Consider now the most general case. The Cayley table of the hypergroup H is the following one:

H e i an Ay b1 bz s b‘g
e |le A A A B
ap by B B e [ e
an bl B e
Ay by e e e
by A A A
b A A
bﬁ A
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As already calculated in [24], there is ji(e) = 1, ji(a;) = 1, forany i = 1,...,a, while ji (b;) =
> +af+2B—a
Bla* +2p)
elements in B\ {1} are operational equivalent, by consequence also fuzzy operational equivalent,
and indistinguishable and fuzzy indistinguishable (because their values under the grade fuzzy set i
are the same). Concluding, this non complete 1-hypergroup is always not reduced, either not fuzzy

reduced with respect to ji.

,and Ji (bj) = %, forany j = 2,...,B. As in the previous case, we see that any two

4. Conclusions and Open Problems

The pioneering paper of Rosenfeld [25] on fuzzy subgroups has opened a new perspective of the
study of algebraic structures (hyperstructures) using the combinatorial properties of fuzzy sets. Regarding
this, there are two distinct views: one concerns the crisp (hyper)structures endowed with fuzzy sets,
and the other one is related to fuzzy (hyper)structures, that are sets on which fuzzy (hyper)operations
are defined. Several classical algebraic concepts have then been extended in the framework of these two
lines of research, reducibility in hypergroups, defined by Jantosciak [8] already in 1990, being one of them.
In this paper, we have focussed on the study of fuzzy reducibility in hypergroups, extending the concept of
reducibility to hypergroups endowed with fuzzy sets. For a better understanding of this subject, we have
chosen the grade fuzzy set ji [14] and have investigated the fuzzy reducibility of some particular classes
of hypergroups: those with scalar partial identities, complete hypergroups, and special non-complete
1-hypergroups. Several connections between reducibility and fuzzy reducibility (with respect to j) have
been underlined and motivated by several examples.

In our future work, following the other connection between fuzzy sets and (hyper)structures, we aim
to describe the reducibility of fuzzy hypergroups [26], by studying the reduced fuzzy hypergroups: they are
fuzzy hypergroups which are reduced. Moreover, these aspects will also be investigated in the case of the
mimic fuzzy hypergroups [27].
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Abstract: Inspired by the concept of regular local rings in classical algebra, in this article we ini-
tiate the study of the regular parameter elements in a commutative local Noetherian hyperring.
These elements provide a deep connection between the dimension of the hyperring and its primary
hyperideals. Then, our study focusses on the concept of regular local hyperring R, with maximal
hyperideal M, having the property that the dimension of R is equal to the dimension of the vectorial
hyperspace % over the hyperfield % Finally, using the regular local hyperrings, we determine the
dimension of the hyperrings of fractions.

Keywords: Krasner hyperring; prime/maximal hyperideal; length of hypermodules; regular local
hyperring; parameter elements

1. Introduction

A regular local ring is known as a Noetherian ring with just one maximal ideal gen-
erated by n elements, where # is the Krull dimension of the ring. This is equivalent with
the condition that the ring R has a system of parameters that generate the maximal ideal,
called regular system of parameters or regular parameter elements [1]. In commutative
algebra, the theory of regular local rings plays a fundamental role and it has been de-
veloped since the late 30s and early 40s of the last century, thanks to the studies of two
great mathematicians, Wolfgang Krull and Oscar Zariski. This happened just some years
after that Frederic Marty introduced hypergroups as a generalization of groups in such
a way that the single-valued group operation was extended to a hyperoperation, i.e., to
a multi-valued operation. It is important to stress the fact that not all the properties of
the group, such as the existence of the neutral element and the inverse, have been exactly
transferred to the hypergroups, meaning that it is not obligatory that a hypergroup contains
a neutral element or inverses. These requirements were requested later on, for so called
canonical hypergroups, that were defined as the additive parts of the Krasner hyperrings
and hyperfields [2,3].

The hyperring is a hypercompositional structure endowed with one hyperoperation,
namely the addition, and one binary operation, namely the multiplication, satisfying
certain properties. Krasner [2] introduced the concept of hyperring for the first time in
1957 and investigated its applicability to the theory of valued fields. There are some
other types of hyperrings: if the multiplication is a hyperoperation and the addition is
a binary operation, we talk about the multiplicative hyperrings, defined by Rota [4]. If
both, the addition and the multiplication, are hyperoperations with the additive part being
a canonical hypergroup, then we have superrings [5], which were introduced by Mittas
in 1973 [6]. Until now, the most well known and studied type of hyperrings is the Kras-
ner hyperring, that has a plentitude of applications in algebraic geometry [7,8], tropical
geometry [9], theory of matroids [10], schemes theory [11], algebraic hypercurves [12,13],
hypermomographies [14]. In addition, the theory of hypermodules was extensively inves-
tigated by Massouros [15]. In this article, the free and cyclic hypermodules are studied
and several examples are provided such as the one obtained as a quotient of a P-module
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over a unitary ring P. Recently, Bordbar and his collaborators in [16-18] have introduced
the length and the support of hypermodules and studied some properties of them, that
are used also in this paper. Moreover, the connection between the hyperrings/hyperfields
theory and geometry is very clearly explained by Massouros in [19]. This paper is a pylon
in the current literature on algebraic hypercompositional algebra, because it describes the
development of this theory (with a lot of examples and explanation of the terminology)
from the first definition of hypergroup proposed by E. Marty to the hypergroups endowed
with more axioms and used now a days.

In this paper, the theory of regular local rings is applied in the context of commutative
Noetherian Krasner hyperrings, with only one maximal hyperideal, namely the local
hyperrings. We first define the regular parameter elements in an arbitrary commutative
local hyperring of finite dimension. These elements come up from the nice and deep
relation existing between the dimension of a local hyperring with maximal hyperideal M
and the set of the generators of its M-primary hyperideals (see Theorem 4). More precisely,
since in a local hyperring R with maximal hyperideal M, the dimension of the ring R is
equal with the height of the hyperideal M, i.e., dimR = htg M as stated in Corolarry 1, we
can say that the regular parameter elements are a consequence of the investigation of the
height of M and the set of the generators for M-primary hyperideals in R. The other main
objective of Section 3 is expressed by the result regarding the dimension of the quotient
hyperrings (see Proposition 5). In Section 4, using the local hyeprring R with maximal
hyperideal M and the structure of the quotient hyperring, we introduce the hypermodule

I\JZIQ over the hyperrings R and &, respectively. Since & is a hyperfield, we conclude that

1\% is a vectorial hyperspace over the hyperfield & 41+ as a direct consequence of Theorem 6.
Moreover, the investigation on the relation between the dimension of the hyperring R
(equivalently, the height htg M of the maximal hyperideal M) and the dimension of the
vectorial hyperspace % conducts us to the definition of the regular local hyperrings. They
are exactly local Noetherian hyperrings with the property that the maximal hyperideal M
can be generated by d elements, where d is the dimension of the hyperring. This follows
from the main result of this section, i.e., Theorem 7, saying that the dimension of a local
Noetherian hyperring R is the smallest number of elements that generate an M-primary
hyperideal of R. Finally we apply these results in the class of the hyperrings of fractions,
i.e., hyperrings of the form Rp = S ~IR, where S = R \ P,with P a prime hyperideal of S, is
a multiplicatively closed subset of R. We prove that the height of the prime hyperideal P is
equal to the height of the hyperideal S~! P in the hyperring of fractions Sp (see Theorem 8).
Final conclusions and some future works on this topic are gathered in the last section of

the paper.

2. Preliminaries

In this section we collect some fundamental results regarding hyperrings, but for more
details we refer the readers to [16-18]. Throughout the paper, R denotes a Krasner hyperring,
unless stated otherwise and we call it by short a hyperring. It was introduced by Krasner [2]
as follows.

Definition 1. A (Krasner) hyperring is a hyperstructure (R, +, -) where
1. (R, +) is a canonical hypergroup, i.e.,

(a) (a,be R=a+bCR),

()  (Va,b,ceR)(a+ (b+c)=(a+b)+0),
(c) (Va,b e R) (a+b=0b+a),

(@) (30eR)(VaeR) (a+0={a}),

(e) (VaeR)(F—a€cR)(0€a+x<x=—a),
) (Va,b,c e R)(c€ea+b=acc+(-D)).

2. (R,-) is a semigroup with a bilaterally absorbing element 0, i.e.,
(a) (a,be R=a-beR),
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(b) (Va,b,ceR)(a-(b-c)=(a-b)-c),
(c) (VaeR)(0-a=a-0=0).
3. The product distributes from both sides over the sum
(a) (Va,b,ceR)(a-(b+c)=a-b+a-cand (b+c)-a=b-a+c-a).
Moreover, if (R, -) is commutative, i.e.,
4. (Ma,beR)(a-b=0b-a),
the hyperring is called commutative.

Definition 2. If every nonzero element in a hyperring R with multiplicative identity 1 is invert-
ible, i.e.,

(i) (VaeR)(Fa'eR)(a-a!=1R),

then R is called a hyper field.

Definition 3. A nonempty set I of a hyperring R is called a hyperideal if, for all a,b € I and
r€ R, wehavea—b C Iand a-r € 1. A proper hyperideal M of a hyperring R is called a maximal
hyperideal of R if the only hyperideals of R that contain M are M itself and R. A hyperideal P of
a hyperring R is called a prime hyperideal of R if, for every pair of elements a and b of R, the fact
that ab € P, implies either a € P or b € P. In addition, a nonzero hyperring R having exactly one
maximal hyperideal is called a local hyperring.

Definition 4. A hyperring homomorphism is a mapping f from a hyperring Ry to a hyperring Ry
with units elements 1, and 1g,, respectively, such that

1. (Va,b € R) (f(a+g, b) = f(a) +r, f(b)).
2. (Va,b € R) (f(a-g, b) = f(a) g, f(D))
3. f(Ig,) = 1g,.

Definition 5. Let f : R — S be a hyperring homomorphism, I be a hyperideal of R and | be a

hyperideal of S.

(i)  The hyperideal < f(I) > of S generated by the set f(I) is called the extension of I and it is
denoted by I°.

(ii) The hyperideal f~1(J) = {a € R | f(a) € J} is called the contraction of | and it is denoted
by J¢. It is known that, if | is a prime hyperideal in S, then J¢ is a prime hyperideal in R.

Definition 6. A prime hyperideal P of R is called a minimal prime hyperideal over a hyperideal I
of R if it is minimal (with respect to inclusion) among all prime hyperideals of R containing 1. A
prime hyperideal P is called a minimal prime hyperideal if it is a minimal prime hyperideal over the
zero hyperideal of R.

Definition 7. A hyperring R is called Noetherian if it satisfies the ascending chain condition
on hyperideals of R: for every ascending chain of hyperideals Iy C I C Iz C ... there exists
N € Nsuch that I, = Iy, for every natural number n > N (this is equivalent to saying that
every ascending chain of hyperideals has a maximal element). A hyperring R is called Artinian
if it satisfies the descending chain condition on hyperideals of R: for every descending chain of
hyperideals Iy 2 I D I3 D ... there exists N € N such that I, = Iy, for every natural
number n > N (this is equivalent to saying that every descending chain of hyperideals has a
minimal element).

Definition 8. Let R be a hyperring with unit element 1. An R-hypermodule M is a commutative
hypergroup (M, +) together with a map R x M — M defined by

(a,m)—a-m=ameM 1)
such that for all a,b € R and my, my € M we have:
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(a+b)my = amy + bmy.

a(my +mp) = amy + amy.

(ab)ymy = a(bmy).

LZOM = Ole = OM

1mq = mq, where 1 is the multiplicative identity in R.

Gk =

Moreover, if R is a hyperfield, then M is called a vectorial hyperspace [20].
The next few results concern the concept of the radical of a hyperideal [16].

Definition 9. The radical of a hyperideal I of a hyperring R, denoted by r(I), is defined as
r(I)={x|x" €1, forsome nec N}.

It can be proved that the radical of 1 is the intersection of all prime hyperideals of R containing I.
In addition, a hyperideal P in a hyperring R is called primary if P # R and the fact that xy € P
implies either x € P ory € r(P).

Lemma 1. Let I be a hyperideal of the hyperring R, where r(I) is a maximal hyperideal of R. Then
I is a primary hyperideal of R.

Proposition 1. Let R be a Noetherian hyperring, M a maximal hyperideal of R and let P be a
hyperideal of R. Then the following statements are equivalent:

1. Pisprimary.
2. r(P)=M.
3. M'"CPCM,forsomen € N.

Definition 10. Let R be a commutative hyperring. An expression of the type
PhCchC...CP, 2)

(note the strict inclusions), where Py, . .., P, are prime hyperideals of R, is called a chain of prime
hyperideals of R; the length of such a chain is the number of the “links” between the terms of the
chain, that is, 1 less than the number of prime hyperideals in the sequence.

Thus, the chain in (2) has length n. Note that, for a prime hyperideal P, we consider
P to be a chain, with just one prime hyperideal of R, of length 0. Since R is non-trivial, it
contains at least one prime hyperideal, so there certainly exists at least one chain of prime
hyperideals of R of length 0.

Definition 11. The supremum of the lengths of all chains of prime hyperideals of R is called the
dimension of R, denoted by dimR.

Definition 12. Let P be a prime hyperideal of a commutative hyperring R. The height of P, denoted
by htr P, is defined to be the supremum of the lengths of all chains

PhCcPC...CP;
of prime hyperideals of R, for which P, = P, if this supremum exists, and it is oo, otherwise.
We conclude this preliminary section recalling the notion of vectorial hyperspace.
Definition 13 ([20]). Let V be a vectorial hyperspace over a hyperfield F. A linear combination

of vectors v1,va,..., vy is a set of the form Y[, rjv;. Moreover, for a vectorial hyperspace V
over a hyperfield F and A C V, A is called linearly independent if for every finite set of vectors
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{v1,v2,...,v.} CA0€ Y} rivimpliesr; = 0for 1 <i < n.If Ais not linearly independent
then A is called linearly dependent.

Definition 14 ([20]). Let V be a vectorial hyperspace over F. The set A C V is called a spanning
set if each vector of V is contained in a linear combination of vectors from A. We say V is the
span of A and write V = Span[A|. In addition, a basis for a vectorial hyperspace V is a subset B
of V such that B is both spanning and linearly independent set. A vectorial hyperspace is finite
dimensional if it has a finite basis. Moreover, the number of the elements in an arbitrary basis of a
vectorial hyperspace is called the dimension of the vectorial hyperspace, denoted here by vdimV .

Note that we denote the dimension of the vectorial hyperspace by vdimV (where “v”
stays for “vectorial”) in order to not confuse it with the dimension of a hyperring, denoted
here as dimR.

3. Regular Parameter Elements in Local Hyperrings

In this section, we introduce the notion of the regular parameter elements in a local
hyperring and by using representative examples, we present some of their properties
connected with the length and the dimension of the related vectorial hyperspace.

Definition 15. A unitary hyperring R is called principal hyperideal hyperdomain when it has no
zero divisors and all its hyperideals are generated by a single element.

M. Krasner had the great idea to construct hyperrings and hyperfields as quotients of
rings and fields, respectively, called by him quotient hyperrings and quotient hyperfields, while
this construction is known in literature as Krasner’s construction [3]. The importance of these
hyperrings and hyperfields in Krasner’s studies is very clear explained by G. Massouros
and Ch. Massouros in [19], as well as their different names given by some authors [7-11],
with the risk of creating confusions. Therefore, in order to keep the original terminology,
we recommend to read the papers of Nakasis [21] and Massouros [15,22,23].

Example 1 ([3,21]). Let (R, +,-) bearing and G a normal subset of R (which means that rG = Gr
for every r € R) such that (G, -) is a group and the unit element of G is a unit element of R. Define
an equivalence relation = on R as follows: v = s if and only if rG = sG. Then, the equivalence
class represented by r is P(r) = {s € R | sG = rG} = rG. Define now a hyperoperation & on the
set of all equivalence classes R/ G as follows: P(r) & P(s) = {P(t) | P(t) N (P(r) + P(s)) # @}
={tG | 3¢1,82 € G suchthat t = rg1 +sg} = {tG | tG C rG + sG}, and define a binary
operation on R/ G as rG - sG = rsG(P(r) - P(s) = P(rs)). Then, (R/G, ®, -) forms a hyperring.
Moreover, if we choose R to be a field, then we get that (R/G, &, -) is a hyperfield.

Notice that the condition on the normality of G can be substituted with a more general one, i.e.,
rGsG = rsG, for every r,s € R*, which is practically equivalent to the normality of G only when
the multiplicative semigroup is a group, so only when R is a field, as Massouros proved in [22].

Proposition 2. Let R be a principal hyperideal hyperdomain and let p € R — {0}. Then the
following statements are equivalent:

(i)  pRis a maximal hyperideal of R.
(ii) pR is a non-zero prime hyperideal of R.

Proof. (i) — (ii) This implication is clear because p # 0 and every maximal hyperideal
of a hyperring is also a prime hyperideal.

(i) — (i) Since pR is a prime hyperideal of R, i.e., p is not a unit element of R, we
have pR C R. Let I be a hyperideal of R such that pR C I C R. Since R is a principal
hyperideal hyperdomain, there exists an element a2 € R such that I = aR. In addition, a can
not be a unit element because [ is a proper hyperideal. Since R is a unitary hyperring, it
follows that p € I and so p = ab for some b € R. Since pR is a prime hyperideal, it follows
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that p is irreducible and because 4 is not a unit, we have that b is a unit element of R. Thus,
pR = aR = I and therefore pR is a maximal hyperideal. O

Example 2 ([16]). Consider the set of integers Z and its multiplicative subgroup G = {—1,1}.
Based on Example 1, the Krasner’s construction % is a principal hyperideal hyperdomain. In
addition, the prime (also maximal) hyperideals of % have the form < pG >, where p is a prime
number. In % we have < 0Z >C< 2Z > a chain of prime hyperideals of length 1. Since every
nonzero prime hyperideal of % is maximal, there does not exist a chain of prime hyperideals of % of
length 2, therefore dim% =1

Remark 1. Let R be a non-trivial commutative hyperring. By [16], every prime hyperideal of R is
contained in a maximal hyperideal of R (and every maximal hyperideal is prime). Moreover, every
prime hyperideal of R contains a minimal prime hyperideal. It follows that dimR is equal to the
supremum of lengths of chains Py C Py C ... C Py of prime hyperideals of R, with P, a maximal
and Py a minimal prime hyperideal. Indeed, if we have an arbitrary chain of prime hyperideals of R
with length h, like Py C P{ C ... C P}, then it is bounded above by the length of a special chain as
it follows. If P} is not a minimal prime hyperideal, then another prime hyperideal can be inserted
before it. On the other hand, if P} is not a maximal hyperideal of R, then another prime hyperideal
can be inserted above it. Thus, if dimR is finite, then

dimR = sup{htgM | M is a maximal hyperideal of R}
= sup{htgP | Pisa prime hyperideal of R}.
As a consequence, we have the following result.

Corollary 1. If R is a local commutative hyperring with the maximal hyperideal M, then dimR =
htg M.

The first property on the height of a hyperideal is highlighted in the next result.

Theorem 1 ([16]). Let R be a commutative Noetherian hyperring and let a € R be a non-unit
element. Let P be a minimal prime hyperideal over the principal hyperideal (a) of R. Then,
htgP < 1.

Now we can extend Theorem 1 to the case when P is a minimal prime hyperideal over
a hyperideal I generated not by one element, but by n elements.

Theorem 2 ([16]). Let R be a commutative Noetherian hyperring. Suppose that I is a proper
hyperideal of R generated by n elements and P is a minimal prime hyperideal over 1. Then,
hitgP < n.

Lemma 2. Ina commutative Noetherian hyperring R, let I be a hyperideal and P a prime hyperideal
of R, such that I C P and htgl = htgP. Then, P is a minimal prime hyperideal over 1.

Proof. Suppose that P is not a minimal prime hyperideal over I. Then, by Remark 1, there
exists a prime hyperideal Q of R which is minimal and I € Q C P. Thus, htgl < htrQ <
htg P, obtaining a contradiction. So P is a minimal prime hyperideal over I. [

The next theorem states the conditions under which there exists a proper hyperideal
of height n and generated by n elements.

Theorem 3 ([17]). Let R be a commutative Noetherian hyperring and P a prime hyperideal of R,
with htg P = n. Then there exists a proper hyperideal I of R having the following properties:

(i) ICP.
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(ii) 1 is generated by n elements.
(iii) htrl = n.

We have now all the elements to determine the dimension of a commutative local
Noetherian hyperring.

Theorem 4. Suppose that R is a commutative local Noetherian hyperring, having M as its unique
maximal hyperideal. Then, dimR is equal to the smallest number of elements of R that generate an
M-primary hyperideal. In other words,
i
dimR = min{i € N,3aq,a,,...,a; € R, Z Rajis an M — primary hyperideal }.
j=1

Proof. Let

i
d=min{i e N,Jay,a,,...,a; €R, Z Rajis an M — primary hyperideal }.
j=1

By using Corollary 1 and Theorem 2, we have dimR = htrM < d, because an M-
primary hyperideal must have M as its minimal prime hyperideal. On the other hand, by
using Lemma 2 and Theorem 3, there exists a hyperideal P of R which has M as a minimal
prime hyperideal and which can be generated by dimR = htg M elements. In addition,
every prime hyperideal of R is contained in M. Hence, M must be the only one associated
prime hyperideal of P. Thus, P is an M-primary hyperideal.

As a result that there exists an M-primary hyperideal of R which can be generated by
dimR elements, we have d < dimR. Therefore, d = dimR and this completes the proof. [

Definition 16. Let R be a local hyperring of dimension d, with M as its unique maximal hyperideal.
By regular parameter elements of R we mean a set of d elements of R that generate an M-primary

hyperideal of R.

Remark 2. Based on Theorem 4, we conclude that each local hyperring of dimension at least 1
possesses a set of regular parameter elements.

Example 3. On the set R = {0,1,2} define the hyperaddition + and the multiplication - by the
following tables

+]0 1 2 o1 2
0[o 1 2 0[o 0 0
1/1 R 1 1[0 1 2
212 1 M 210 20

Then, R is a commutative local Noetherian hypering and M = {0,2} is the only maximal hyperideal
of R. Thus, dimR = htgr M and M is an M-primary hyperideal. One can check that htr M = 0, so
dimR = 0. Therefore this hyperring has no regular parameter elements.

Proposition 3. Let R be a local hyperring of dimension d, with the unique maximal hyperideal M,
and let ay,ay, . .., a4 be a set of reqular parameter elements for R. For any ny,ny,...,ng € N, we

have that ay',ay?, ..., a," form a set of regular parameter elements for R, too.

Proof. The proof is straightforward. [
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Proposition 4. Let f : R — S be a surjective homomorphism of commutative hyperrings. Sup-
pose that Q1,Qz,...,Qu, P1, Pa, ..., Py are hyperideals of R, all of which containing Ker f, with
r(Q;) =P, fori=1,2,...,n. Then

I=01NQ2N...NQx

is a (minimal) primary decomposition of I if and only if
IF=Q{NnQ5N...NnQy;

with r(Q¢) = Pf fori = 1,2,...,n is a (minimal) primary decomposition of I°.

Proof. The proof is straightforward. O

We can conclude that I is a decomposable hyperideal of R (meaning that it has a
primary decomposition) if and only if I¢ is a decomposable hyperideal of S. Moreover, if

I=01NQN...NQy

where 7(Q;) = P;, fori = 1,2,...,n, then we call the set {Py, P, ..., P}, the set of the
associated prime hyperideals related to I and denoted by assg!. Using Proposition 4, for the
hyperideal I° of S the related associated prime hyperideals form the set

assgl® = {P°| P € assgl} = {P{,P5,...,Pp}.

Corollary 2. Let I be a proper hyperideal of the commutative hyperring R. Using the canonical
hyperring homomorphism from R to the quotient &, we conclude that if | is a hyperideal of R such

that I C ], then | is a decomposable hyperideal of R if and only if % is a decomposable hyperideal of
%, and we have

ass§(§) = {? : P € assg]}.

Theorem 5 ([17]). Let R be a commutative Noetherian hyperring, P a prime hyperideal of R and 1
a proper hyperideal of R generated by n elements, such that I C P. Then:

P

P
htr — < htgP < htg— + n.
Il I

Proposition 5. Let R be a local commutative hyperring of dimention d with its maximal hyperideal
M, and let ay,ay,...,a; € M. Then,

dimR — t < dim R/ (ay,a,...,a;) < dimR.

Moreover, dimR /(ay,ap, ...,a;) = dimR — ¢t ifand only if a1, ay, . .., a; are all distinct elements
and form a set of reqular parameter elements of R.

Proof. Using Corollary 1, we have dimR = htg M and therefore
dimR/(ay,az,...,at) = htg (4 ay,..a)M/(a1,02, ..., az).
By using Theorem 5, we conclude that
dimR — t < dim R/ (ay,a,...,a;) < dimR.

Now let can : R — R/ (ay,az, .. .,Jlt) be the canonical hyperring homomorphism such
that can(r) =r+ (ay,az,...,a:). Set M = ﬁ

Suppose that dimR/(ay,ay,...,a;) = d —t. Then, t < d, and by using Theorem 4,
there exist @, 1,@12,...,43 € R/(ay,a2,...,a;), where aj = aj+ (a1,ap,...,a¢) for j =
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t+1,...,d,such that (a;1,a12,...,a;) is an M-primary hyperideal of R/ (ay, a2, ..., a;).
Therefore, a;y1,a¢42,...,a5 € M. Thus,

(ﬂ],ﬂz, Y Y A .,ﬂd)
(a1,a2,...,at)

is an M-primary hyperideal of R/ (ay,ay, .. .,at). By using Proposition 4 and Corollary 2,
we conclude that (a1,4a,...,4,4) is an M-primary hyperideal of R. It now follows from
Theorem 4, that ay, a, ..., a, are all distinct and {ay,a,...,4,} is a set of regular parameter
elements of R. Therefore, a1, ay, ..., a; are all distinct and form a set of regular parameter
elements of R.

Now suppose that t < d and there exist a1, ...,4; € M such that

ary,az,...,at,0t41,---,44

form a set of regular parameter elements of R. Thus, (a1,4,,...,4;) is an M-primary
hyperideal of R. Therefore, by using Proposition 4 and Corollary 2, (a;17, 12, ...,a3)
is an M-primary hyperideal of R/(ay,ay,...,at). Thus, by using Theorem 4, we have
d —t > dimR. But, it follows from the first part that d — t < dimR, and so the proof is
complete. O

4. Regular Local Hyperrings

The aim of this section is to define the regular local hyperrings. For doing this, we will
first prove that, in a local Noetherian hyperring R with the unique maximal hyperideal
M, the R-hypermodule % is a vectorial hyperspace over the hyperfield % Then we will
establish a relation between the dimension of the hyperring R and the dimension of the
vectorial hyperspace % Finally, we will present a new characterization of the dimension
of the hyperring of fractions.

Definition 17 ([18]). Let M be a hypermodule over the commutative hyperring R, N be a subhy-
permodule of M and I C M with I # 0. We define the hyperideal

(N:gI)={reR|r-x €N forall x € I}.

For any element m € M, we denote (N :g m) instead of (N :g {m}). In addition, in the special
case when N = 0, the hyperideal

(0:gI)={reR|r-x=0forallx €I}

is called the annihilator of I and is denoted by Anng(I). Moreover, for any element m € M, we
call the hyperideal (0 :g m) the annihilator of the element m.

Example 4. Let us continue with Example 3, where R is an R-hypermodule and its hyperideal M
is a subhypermodule. We have

Anng(M) = (0:g M) ={reR|r-m=0 forallme M} = M.
Moreover, for m = 2 we have
(0:g2)={reR|r-2=0} =10,2}.

Proposition 6. Let M be a hypermodule over the commutative hyperring R and I be a hyperideal
of R such that I C Anng(M). Then, M is a hypermodule over &.

Proof. Suppose that r,#’ € Rsuch thatr+1 =11+ 1. Wehaver —+ C I C Anng(M),
and so (r — r')m = 0 for any arbitrary element m € M. Thus, rm = r'm. Hence, we can
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define a mapping & x M — M such that (r + I, m) — rm. It is a routine to check that
M has an %—hypermodule structure. [

Proposition 7. Let R be a local hyperring with its maximal hyperideal M and consider the
hyperfield F = % Let N be a finitely generated R-hypermodule. Then the R-hypermodule % has
a natural structure as a hypermodule over % as an F-vectorial hyperspace.

Moreover, let nq,ny, ..., 1n; € N. Then the following statements are equivalent.
(i) N is generated by ny,ny, ..., ny.
(ii) The R-hypermodule 35 is generated by ny + MN,ny + MN, ..., n; + MN.
(iii) The F-vectorial hyperspace % is generated by ny + MIN,ny + MN, ..., ny + MN.

Proof. Since the R-hypermodule % is annihilated by M, i.e., M C Ann R(%), by using
Proposition 6, it has a natural structure as hypermodule over £. In addition, since F = %
is a hyperfield, % is also an F-vectorial hyperspace.

It is clear that (i) implies (if).

The R-hypermodule and F-vectorial hyperspace structures of % are related by
the formula

r(n+ MN) = (r+ M)(n + MN)

forallr € Rand n € N. Thus, the equivalence of statements (ii) and (iii) is clear.

It remains to prove that (i7) implies (7). Assume that (ii) holds, so the R-hypermodule
% is generated by the elements

n1 + MN,ny + MN,...,n; + MN.

Let G = Rny + Rny + ... + Rn;. First, we will show that N = G + MN. Let n € N. Then
there exist 71,75, . .., € R such that

n+ MN = ry(ny + MN) + ro(ny + MN) + ...+ r¢(n; + MN).

Hence, n — ' ; rin; € MN. It follows that N € G + MN. On the other side, it is clear
that G + MN C N. Thus, we have N = G + MN. Now by using Corollary 2.9 in [16], we
conclude that N = G, so N is generated by the elements ny,ny,...,n;. O

Theorem 6. The F-vectorial hyperspace % in Proposition 7 has finite dimension and the number
of the elements in each minimal generating set for the R-hypermodule N is equal to vdim p%,

Proof. Since N is a finitely generated R-hypermodule, it follows from Proposition 7 that
% is a finitely generated F-vectorial hyperspace. Therefore, its dimension is finite.
Let {n},nj,...,n),} be a minimal generating set for N. By Proposition 7, we know that
the set
{n} + MN, n} —i—MN,...,n’p + MN}

is a generating set for the F-vectorial hyperspace % and since {n},ny,...,n)} isa minimal
generating set for N, it follows that no proper subset of {1} + MN, n5 + MN, ..., n, + MN}
generates % Thus, the set {n} + MN,n, + MN, .. .,n;, + MN} is a basis for the F-
vectorial hyperspace % and so vdim p% =p. O

Note that the R-hypermodule % is annihilated by M. If R is a Noetherian hyperring,
e
hyperfield &;. In addition, using Proposition 7, the dimension of the vectorial hyperspace

then by Proposition 6 has a natural structure as a vectorial hyperspace over the

% is equal to the number of the elements in an arbitrary minimal generating set for M.
Therefore, we have the following result.
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Theorem 7. Let R be a local Noetherian hyperring with maximal hyperideal M. Then,

dimR < vdim% 2
Proof. The inequality is clear because M is an M-primary hyperideal of the hyperring R
and as mentioned before vdim R % is the number of the elements of an arbitrary minimal
generating set for M. Based on Theorem 4, dimR is the smallest number of elements that
generate an M-primary hyperideal of R. [

Definition 18. Let R be a local Noetherian hyperring with maximal hyperideal M. Then, R is
called a regular hyperring when dimR = vdim% %

Remark 3. For a local Noetherian hyperring R with one maximal hyperideal M and dimR = d,

we have the following statements:

(i)  The dimension of the %—vectorial hyperspace % is the number of the elements in each minimal
generating set for the hyperideal M. By using Theorem 4, at least d elements are needed to
generate M, and R is a reqular hyperring when the hyperideal M can be generated by exactly
d elements.

(ii) Suppose that R is a regular hyperring and a1, a,...,a; € M. By using Proposition 7, the
elements ay, ay, . .., a4 generate M if and only if aq + M2,a,+M?,...,a;+M?in %form
a basis for this %—vectorml hyperspace, equivalently if and only if ay + M2, ay + M2, ..., a4 +
M? form a linearly independent set.

We conclude this section with a new characterization of the dimension of the hy-
perring of fractions Rp = S “1R where S = R \ P, with P a prime hyperideal of S, is a
multiplicatively closed subset of R. As proved in [16,17], Rp is a local Noetherian hyperring.
First, we recall the main properties of the hyperring of fractions.

Proposition 8 ([16]). Let S be a multiplicatively closed subset of a hyperring R.

(i)  Every hyperideal in S™'R is an extended hyperideal.

(ii) If I is a hyperideal in R, then I° = S™IR ifand only if IN S = @.

(iii) A hyperideal I is a contracted hyperideal of R if and only if no element of S is a zero divisor in
R/L

(iv) The prime hyperideals of SR are in one-to-one correspondence with the prime hyperideals of
R that don’t meet S, with the correspondence given by P > S~1P.

Theorem 8. Let S be a multiplicatively closed subset of R and P be a prime hyperideal of R such
that PN S = @. Then, htgP = htg_1zS™'P.

Proof. By Proposition 8, it follows that S~!P is a prime hyperideal of S~'R. Let
PhCchC...CP,=P
be a chain of prime hyperideals of R. Again by Proposition 8, it follows that
PsCPlC...CP;

is a chain of prime hyperideals of S™'R with P¢ = P¢ = S~!P, and therefore htgP <
htg_1xS~1P. On the other side, if

QCC...CQ
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is a chain of prime hyperideals of S™!R with Q, = P, then using Propositions 8, we
get that

QCiC...CQy,

is a chain of prime hyperideals of R with Q% = P = P. So we have htg_13S™!P < htgP.
Therefore, it follows that htgP = htg_1xS™1P. O

Combining the previous results, we get now the following important consequence.
Corollary 3. For a prime hyperideal P of a commutative hyperring R, it follows that
htrP = htg,S™'P = dim(Rp).
In the following we will illustrate the previous results by several examples.

Example 5. Let R be a commutative Noetherian hyperring. Suppose that there exists a prime
hyperideal P of R with htP = n and that can be generated by n elements ay,ay, . . .,a,. Consider
the localisation hyperring Rp, that is a local hyperring. According with Theorem 8 and Corollary 3,
it has dimension n. Since the dimension of localization hyperring Rp is n, the maximal hyperideal
of this hyperring, i.e.,

n n
a .
PRp = () Ra)Rp =} Rp,
i=1 i=1
can be generated by n elements, that are also reqular parameter elements, it follows that Rp is a
reqular hyperring.

Example 6. Let p be a prime number. Based on Example 2, we have htzpZ = 1. Since pZ is a
prime hyperideal of Z which can be generated by one element, it follows from Example 5 that Z,7, is
a reqular hyperring of dimension 1 and p is a reqular parameter element.

Example 7. Let R be a principal hyperideal hyperdomain which is not a hyperfield, and let M be a
maximal hyperideal of R. By using Proposition 2, M is a prime hyperideal of R and also principal
hyperideal with height 1. Using Example 5, it follows that R4 is a reqular hyperring of dimension 1.

5. Conclusions

In this paper, we have to define the regular parameter elements in a commutative
local Noetherian hyperring R with maximal hyperideal M and present some properties
related to them. After investigating some results concerning the quotient hypermodule %

over the hyperfield %, our study has focused on regular local hyperrings. We have studied
the relation between the dimension of a commutative local Noetherian hyperring and the
dimension of the vectorial hyperspace % over the hyperfield %

Our future work will include new results regarding the regular local hyperrings. In
particular we will investigate whether they are hyperdomains or not. In addition, we will
study the properties of the hyperideals generated by a subset of the regular parameter
elements and the relation between the length of these hyperideals and the dimension of
the hyperring.
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1. Introduction

In 1934, Frederic Marty [1] defined the concept of a hypergroup as a natural generalization of
a group. It is well known that the composition of two elements in a group is an element, whereas
the composition of two elements in a hypergroup is a non-empty set. The law characterizing such
a structure is called the multi-valued operation, or hyperoperation and the theory of the algebraic
structures endowed with at least one multi-valued operation is known as the Hyperstructure Theory.
Marty’s motivation to introduce hypergroups is that the quotient of a group modulo of any subgroup
(not necessarily normal) is a hypergroup. Significant progress in the theory of hyperstructures
has been made since the 1970s, when its research area was enlarged and different hyperstructures
were introduced (e.g., hyperrings, hypermodules, hyperlattices, hyperfields, etc.). Many types of
hyperstructures have been used in different contexts, such as automata theory, topology, cryptography
and code theory, geometry, graphs and hypergraphs, analysis of the convex systems, finite groups’
character theory, theory of fuzzy and rough sets, probability theory, ethnology, and economy [2].
An overview of the most important works and results in the field of hyperstructures up to 1993 is given
in the book by Corsini [3], this book was followed in 1994 by the book by Vougiouklis [4]. An overview
regarding the applications of hyperstructure theory is given in the book by Corsini and Leoreanu [5].
The book by Davvaz and Leoreanu-Fotea [6] deals with the hyperring theory and applications. A more
recent book [7] gives an introduction into fuzzy algebraic hyperstructures.

A set is a well-defined collection of distinct objects, i.e., every element in a set occurs only once.
A generalization of the notion of set was introduced by Yager [8]. He introduced the bag (multiset)
structure as a set-like object in which repeated elements are significant. He discussed operations on
multisets, such as intersection and union, and he showed the usefulness of the new defined structure
in relational databases. These new structures have many applications in mathematics and computer
science [9]. For example, the prime factorization of a positive integer is a multiset in which its elements
are primes (e.g., 90 has the multiset {2,3,3,5}). Moreover, the eigenvalues of a matrix (e.g., the

101



Mathematics 2020, 8, 244

5 x 5 lower triangular matrix (aij) with a11 = ap = —5, a33 = 1, ayg = ass = 0 has the multiset
{-5,-5,1,0,0}) and roots of a polynomial (e.g., the polynomial (x +2)%(x — 1)x3 over the field of
complex numbers has the multiset {—2,—2,1,0,0,0}) can be considered as multisets.

As an extension of the classical notion of sets, Zadeh [10] introduced a concept similar to that
of a set but whose elements have degrees of membership and he called it fuzzy set. In classical sets,
the membership function can take only two values: 0 and 1. It takes 0 if the element belongs to the
set, and 1 if the element does not belong to the set. In fuzzy sets, there is a gradual assessment of
the membership of elements in a set which is assigned a number between 0 and 1 (both included).
Several applications for fuzzy sets appear in real life. We refer to the papers [11-13]. Yager, in [8],
generalized the fuzzy set by introducing the concept of fuzzy multiset (fuzzy bag) and he discussed a
calculus for them in [14]. An element of a fuzzy multiset can occur more than once with possibly the
same or different membership values. If every element of a fuzzy multiset can occur at most once, we
go back to fuzzy sets [15].

In [16], Onasanya and Hoskova-Mayerova defined multi-fuzzy groups and in [17,18], the authors
defined fuzzy multi-polygroups and fuzzy multi-H,-ideals and studied their properties. Moreover,
Davvaz in [19] discussed various properties of fuzzy hypergroups. Our paper generalizes the work
in [16,17,19] to combine hypergroups and fuzzy multisets. More precisely, it is concerned with
fuzzy multi-hypergroups and constructed as follows: After the Introduction, Section 2 presents some
preliminary definitions and results related to fuzzy multisets and hypergroups that are used throughout
the paper. Section 3 introduces, for the first time, fuzzy multi-hypergroups as a generalization of fuzzy
hypergroups and studies its properties. Finally, Section 4 defines some operations (e.g., intersection,
selection, product, etc.) on fuzzy multi-hypergroups and discusses them.

2. Preliminaries

In this section, we present some basic definitions and results related to both fuzzy multisets and
hypergroups [20,21] that are used throughout the paper.

2.1. Fuzzy Multisets

A multiset is a collection of objects that can be repeated. Yager in his paper [8] introduced, under
the name bag, a structure similar to a set in which repeated elements are allowed. He studied some
operations on bags, such as intersection, union, and addition. Moreover, he introduced the operation
of selecting elements from a bag based upon their membership in a set. Furthermore, he suggested a
definition for fuzzy multisets (fuzzy bags). A multiset (bag) M is characterized by a count function
Cp : X — N, where N is the set of natural numbers.

In a multiset, and unlike a set, the multiple occurrences for each of its elements is allowed and it
is called multiplicity. For example, the multiset {«, B} contains two elements « and B, each having
multiplicity 1, whereas the multiset {«, 8, B} contains two elements a having multiplicity 1 and B
having multiplicity 2. The two multisets {«, 8, B} and {«, B} are not equal although they are considered
equal as sets.

Definition 1 ([17,22]). Let X be a set. A multiset M drawn from X is represented by a function Cpg : X —
{0,1,2,...}. Foreach x € X, Cpt(x) denotes the number of occurrences of x in M.

Assume X = {ay,...,a;}. For a multiset M on X with count function Cyy, the following two
equivalent expressions are used:
M= {a1/ny,...,ap/ng}
and
M=A{ay,...,a1,...,a,...,0;c}.
- L

n Ny
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Here, x; has multiplicity n; foralli = 1,...,k, or equivalently, Cp1(x;) = n; foralli =1,..., k.
One potential useful application for the theory of multisets lies in the field of relational
databases [8].

Example 1. Consider a class of eight students and a relation of students over the scheme (student name, grade)
given as follows:

R ={(Sam, 90), (Nader, 85), (Mady, 90), (Tala, 60), (Joe, 70), (Ziad, 95), (Lune, 85), (Bella, 60)}. Assume we are
interested in finding the grades of students in this class. We can take the projection of R on grades and get:

Projgmde = {60/ 70,85,90, 95}.

The set Projgyaq, does not give the set of grades of all students in the class but it gives the set of different grades
of the students. If we need the set of grades of all students in the class then we need to consider the following
multiset M:

M = {60, 60,70, 85,85,90,90,95} = {60/2,70/1,85/2,90/2,95/1}.

Or equivalently, we can say that M is a multiset with count function Cyy defined as follows: Cp1(60) =
Cm(85) = Cp(90) = 2 and Cpy(70) = Cp(95) = 1. The notation used here for the multiset M is the same as
that used by Yager in his pioneering paper [8] about multisets.

Definition 2 ([23]). Let X be a non-empty set. A fuzzy multiset A drawn from X is represented by a function
CMy : X — Q, where Q is the set of all multisets drawn from the unit interval [0, 1].

In the above definition, the value CM 4(x) is a multiset drawn from [0, 1]. For each x € X, the
membership sequence is defined as the decreasingly ordered sequence of elements in CM 4 (x) and it
is denoted by:

{1y (), 15 (%), il ()} iy (%) > 05 (%) > . >l (x).

Fuzzy sets introduced by Zadeh [10] can be considered as a special case of fuzzy multisets by setting
p = 1sothat CMx(x) = ul (x).

Example 2. Let X = {0,1,2,3}. Then A = {(0.5,0.5,0.3,0.1,0.1)/1,(0.65,0.2,0.2,0.2) /3} is a fuzzy
multiset of X with fuzzy count function CM 4. Or equivalently, we can write it as:

CM(0) = CM4(2) = 0,CM4(1) = (0.5,0.5,0.3,0.1,0.1), CM4 (3) = (0.65,0.2,0.2,0.2).

Let A,B be fuzzy multisets of X with fuzzy count functions CM,, CMp respectively.
Then L(x; A) = max{j : ;4];4(35) # 0} and L(x) = L(x; A, B) = max{L(x; A),L(x; B)}. When we
define an operation between two fuzzy multisets, the length of their membership sequences should be
set as equal. In case two membership sequences have different lengths then the shorter sequence is
extended with zeros. As an illustration, we consider the following example.

Example 3. Let X = {0,1,2,3} and define the fuzzy multisets A, B of X as follows:

A = {(04,0.2)/0,(0.5,0.3,0.1)/1, (0.65,0.2,0.2,0.2) /3},
B = {(0.5,0.3,0.1,0.1)/1,(0.5,0.1) /2, (0.65,0.2,0.2) /3}.

In order to define any operations on A, B, we can rewrite A, B as follows:
A =1{(04,0.2)/0,(0.5,0.3,0.1,0)/1,(0,0) /2, (0.65,0.2,0.2,0.2) /3},

B = {(0,0)/0,(0.5,0.3,0.1,0.1) /1, (0.5,0.1) /2, (0.65,0.2,0.2,0) /3}.
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Definition 3 ([24]). Let X be a set and A, B be fuzzy multisets of X. Then

1. A C Bifand only if CM 4 (x) < CMp(x) forall x € X. i.e., ;/A(x) < y%(x),j =1,...,L(x) forall
x € X, ‘ ‘

2. A= Bifandonly if CM4(x) = CMp(x) forall x € X. i.e., py (x) = py(x),j=1,...,L(x) for all
x € X, ,

3. AN B is defined by p, p(x) =

u s(x),j=1,...,L(x) forall x € X,
4. AUB is defined by p/, p(x) = p

T (x) Vi(x),j=1,...,L(x) forall x € X.

S
—

=
N~—

>
?\

=

Example 4. Let X = {0,1,2,3} and define the fuzzy multisets A, B, C of X as follows:

A =1{(05,0.3,0.1,0.1)/1,(0.65,0.2,0.2,0.2) /3},
B = {(0.5,0.3,0.1,0.1)/1,(0.5,0.1) /2, (0.65,0.2,0.2,0.2) /3},
C ={(05,0.3)/0,(0.5,0.1) /2,(0.35,0.3,0.1) /3}.
Then it is clear that:

1. ACBand A # B,
2. ANC = {(0.35,0.2,0.1)/3}, and
3. AUC=4{(05,0.3)/0,(0.5,0.3,0.1,0.1)/1,(0.5,0.1) /2, (0.65,0.3,0.2,0.2) /3}.

Definition 4 ([25]). Let X,Y be non-empty sets, f : X — Y be a mapping, and A, B be fuzzy multisets of X, Y
respectively. Then

1. The image of A under f is denoted by f(A) with fuzzy count function CMg ) defined as follows: For all
yey,

Vi=y CMa(x) if f7(y) # @

0 otherwise.

CMg(a)(y) = {

2. The inverse image of B under f is denoted by f~1(B) with fuzzy count function CMy-1p) defined as:
CMj1(p)(x) = CMp(f(x)) forall x € X.

2.2. Hypergroups

Let H be a non-empty set and P*(H) be the family of all non-empty subsets of H. Then, a
mapping o : H x H — P*(H) is called a binary hyperoperation on H and (H, o) is called a hypergroupoid.
In the above definition, if A and B are two non-empty subsets of H and x € H, then we define:
AoB= |J aob,xoA={x}oAand Aox = Ao {x}.

acA
beB

A hypergroupoid (H, o) is called a semihypergroup if “o" is associative, i.e., if x o (yoz) = (xoy) oz
for all x,y,z € H and is called a quasihypergroup if the reproduction axiom is satisfied, i.e.,if x o H =
H = Hox for all x € H. The couple (H, o) is called a hypergroup if it is a semihypergroup and a
quasihypergroup. A hypergroup (H, o) is called commutative if x oy = y o x forall x,y € H. A subset
S of a hypergroup (H, o) is called a subhypergroup of H if (S, o) is a hypergroup. To prove that S is a
subhypergroup of H, it suffices to show that the reproduction axiom is satisfied for S.

Example 5. In the finite hypergroup, we can represent the hyperoperation by the Cayley square table in the
same way as for the finite group. The only difference is that various places in the table may contain several
elements instead of a single element, i.e.,

e a b
{et | {a,b} | {ab}
{a} | {e,b} | {eb}
{o} | {e,a} | {ea}

SR ¥
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is a hypergroup.
Definition 5 ([17,26]). Let (Hy,01) and (Hy, 03) be hypergroups and f : Hy — Hp be a mapping. Then f is:

1. a homomorphism if f(x o1y) C f(x) o f(y) forall x,y € Hy;
2. a strong homomorphism if f(x o1 y) = f(x) op f(y) forall x,y € Hy;
3. an isomorphism if f is a bijective strong homomorphism.

Example 6. Let H be any non-empty set and define o on H as follows:
xoy =H forall x,y € H.
Then (H, o) is a hypergroup known as total hypergroup.
Example 7. Let H be any non-empty set and define o on H as follows:
xoy ={x,y}forall x,y € H.
Then (H, o) is a hypergroup known as biset hypergroup.

Example 8. Let Z be the set of integers and define x on Z as follows: For all x,y € Z,

27 if x,y h ity;
oy = ifx,y ‘ave same parity
2Z+1 otherwise.

Then (Z,*) is a commutative hypergroup.

For more examples and details about hypergroups, we refer to the books [3-6,26,27] and to the
papers [20,21,28-32].

3. Construction of Fuzzy Multi-Hypergroups

Inspired by the definition of the multi-fuzzy group [25] and the fuzzy multi-polygroup [17], we
introduce the concept of the fuzzy multi-hypergroup. Further, we investigate their properties. It is
well known that groups and polygroups [26] are considered as special cases of hypergroups. Hence,
the results in this section can be considered as more general than that in [17,25].

Definition 6 ([7]). Let (H,o) be a hypergroup and u be a fuzzy subset of H. Then u is called a fuzzy
subhypergroup of H if for all x,y € H, the following conditions hold.

1 p(x) Au(y) < infrexoy p(2);
2. for every x,a € H there exists y € H such that x € aoyand y(x) A u(a) < u(y);
3. for every x,a € H there exists z € H such that x € zoaand p(x) A p(a) < u(z).

Definition 7. Let (H, o) be a hypergroup. A fuzzy multiset A over H is a fuzzy multi-hypergroup of H if for
all x,y € H, the following conditions hold.

1. CMa(x) ANCMa(y) < infreroy CMa(z) (or equivalently, CMa(x) ACMua(y) < CMa(z) for all
zZExoy);

2. forevery x,a € H there exists y € H such that x € aoy and CM4(x) ACMy(a) < CMx(y);

3. for every x,a € H there exists z € H such that x € zoaand CMy(x) ANCMa(a) < CM4(z).

Remark 1. It is clear, using Definitions 6 and 7, that if (H, o) is a hypergroup and u is a fuzzy subhypergroup

of H then u is a fuzzy multi-hypergroup of H. Hence, the results of fuzzy subhypergroups are considered a
special case of our work.
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Remark 2. Let A be a fuzzy multiset over a commutative hypergroup (H, o). Then conditions 2. and 3. of
Definition 7 are equivalent. Hence, to show that A is a fuzzy multi-hypergroup of H, it suffices to show that
either conditions 1. and 2. of Definition 7 are valid or conditions 1. and 3. of Definition 7 are valid.

We present different examples on fuzzy multi-hypergroups.

Example 9. Let (H, o) be the hypergroup defined by the following table:

o|lal|b
a|H|a
blalb

It is clear that A = {(0.2,0.1) /a, (0.5,0.4,0.4) /b} is a fuzzy multi-hypergroup of H.

Example 10. Let (Hy, 01) be the hypergroup defined by the following table:

o1| 0 1 |2
0|{0,1}|{0,1} | H
1 {01} | {01} | Hy
2| H | H |2

It is clear that A = {(0.2,0.1)/0,(0.2,0.1) /1,(0.5,0.4,0.4) /2} is a fuzzy multi-hypergroup of Hy.

Example 11. Let (Z, %) be the hypergroup defined in Example 8. It is clear that A, with the fuzzy count
function CM 4, is a fuzzy multi-hypergroup of Z.. Where

CM(x) = (0.7,0.5,0.5) if x is an even integer;

(0.7,0.3,0.2)  otherwise.
Proposition 1. Let (H, o) be a hypergroup and A be a fuzzy multi-hypergroup of H. Then the following
assertions are true.

1. CMu(z) > CMa(x1) A.. . ACMy(xy) forallz € x10...0x,andn > 2;
2. CMx(z) > CMy(x) forall z € x".

Proof.

* Proof of 1. By mathematical induction on the value of n, CM4(z) > CMa(x1) A... ANCMa(xy)
forallz € xj 0...0xy,is true for n = 2. Assume that CM4(z) > CMu(x1) A... ANCMa(xy) for
allz € x;o...0oxyandletz’ € xq0...0x,0x,,1. Then there exists x € x10...0x, suchthatz’' €
x o x,41. Having A a fuzzy multi-hypergroup implies that CM 4 (z') > CM4(x) ACMa(xp41).
And using our assumption that CM4 (x) > CMa(x1) A ... ACM4(xy,) implies that our statement
is true for n + 1.

® Proof of 2. The proof follows from 1. by setting x; = x foralli =1,...,n. O

Example 12. Let (H, o) be any hypergroup and a € H be a fixed element. We define a fuzzy multiset A of H
with fuzzy count function CMy as CMa(x) = CMy(a) for all x € H. Then A is a fuzzy multi-hypergroup of
H (the constant fuzzy multi-hypergroup).

Remark 3. Let (H, o) be a hypergroup. Then we can define at least one fuzzy multi-hypergroup of H, which is
mainly the one that is described in Example 12.
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Proposition 2. Let (H, o) be the biset hypergroup and A be a fuzzy multiset of H. Then A is a fuzzy
multi-hypergroup of H.

Proof. Let A be a fuzzy multiset of H. Since (H, o) is a commutative hypergroup, it suffices to show
that conditions 1. and 2. of Definition 7 are satisfied. (See Remark 2). For condition 1., let x,¥ € H and
z € xoy = {x,y}. Itis clear that CM4(z) > CM4(x) ACMy(y). For condition 2., leta,x € H. Then
there exists y = x € H such thatx € aoyand CMy(y) = CMu(x) > CMa(a) ACM4(x). Therefore,
A is a fuzzy multi-hypergroup of H. O

Proposition 3. Let (H, o) be the total hypergroup and A be a fuzzy multiset of H. Then A is a fuzzy
multi-hypergroup of H if and only if A is the fuzzy multiset described in Example 12.

Proof. If A is the fuzzy multiset described in Example 12 then it is clear that A is a fuzzy
multi-hypergroup of H. Let A be a fuzzy multi-hypergroup of H and a € H. For all x € H, we
have x € aoa = H and a € x o x. The latter and having A a fuzzy multi-hypergroup of H implies that
CMy(x) > CMa(a) and CMy(a) > CMa(x). Thus, CMy(x) = CMg(a) forallx € H. O

Notation 1. Let (H,o) be a hypergroup, A be a fuzzy multiset of H and CMa(x) =
(1Y (x), g2 (x), ..., 4l (x)). We say that CMa(x) > 0 if pYy (x) > 0.

Definition 8. Let (H, o) be a hypergroup and A be a fuzzy multiset of H. Then A, = {x € X : CM4(x) > 0}.

Proposition 4. Let (H, o) be a hypergroup and A be a fuzzy multi-hypergroup of H. Then A, is either the
empty set or a subhypergroup of H.

Proof. Let a € A, # ©. We need to show that the reproduction axiom is satisfied for A,. We
show thatao A, = A, and A, oa = A, is done similarly. For all x € A, and z € a o x, we have
CMy(z) > CMy(a) ANCMu(x) > 0. The latter implies that z € A, and hence, A, oa C A,. Moreover,
for all x € A,, Condition 2. of Definition 7 implies that there exist y € H such that x € aoy
and CM4(y) > CMa(x) ACMy(a) > 0. The latter implies that y € A, and x € ao A,. Thus,
A, CaoA,. 0O

Definition 9. Let (H, o) be a hypergroup and A, B be fuzzy multisets of H. Then A o B is defined by the
following fuzzy count function.

CMyop(x) = V{CMa(y) A\CMp(z) : x €yoz}.

Theorem 1. Let (H, o) be a hypergroup and A be a fuzzy multiset of H. If A is a fuzzy multi-hypergroup of H
then Ao A = A.

Proof. Let z € H. Then CMy(z) > CMy(x) ACM4(y) for all z € x oy. The latter implies that
CMu(z) > V{CMa(x) N\CMp(y) : z € xoy} > CMaoa(z). Thus, Ac A C A. Having (H,0) a
hypergroup and A a fuzzy multi-hypergroup of H implies that for every x € H there exist y € H such
that x € x oy and CMy4(y) > CMy(x). Moreover, we have CMyo4(x) = V{CMu(y) ANCMp(z) : x €
yOZ} > CMA(X) /\CMA(y) = CMA(X). Thus, AC Ao A. O

Notation 2. Let (H,o) be a hypergroup, A be a fuzzy multiset of H and CMa(x) =
(uh (x), % (x), ..., uby(x)). Wesay that CM 4 (x) > (t1,...,tx) if p > kand piy (x) > ti foralli =1,... k.
If CMa(x) # (t1,...,t) and (t1,...,t) Z? CMa(x) then we say that CMy(x) and (ty,...,t) are
not comparable.
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In [19], Davvaz studied fuzzy hypergroups and proved some important results about them related
to level subhypergroups of fuzzy hypergroups. In what follows, we do suitable changes to extend the
results of [19] to fuzzy multi-hypergroups.

Theorem 2. Let (H,o) be a hypergroup, A a fuzzy multiset of H with fuzzy count function CM and t =
(t1,...,tx) wheret; € [0,1] fori=1,...,kand t; >ty > ... > ty. Then A is a fuzzy multi-hypergroup of H
if and only if CMy is either the empty set or a subhypergroup of H.

Proof. Let CM; be a subhypergroup of H and x,y € H. By setting t) = CM(x) A CM(y), we get
that x,y € CM;,. Having CM;, a subhypergroup of H implies that for all z € xoy, CM(z) >
to = CM(x) A CM(y). We prove condition 2. of Definition 7 and condition 3. is done similarly.
Leta,x € Hand t) = CM(x) ACM(a). Then a,x € CM;,. Having CM;, a subhypergroup of H
implies that 2 o CMy, = CM;,. The latter implies that there exist y € CM;, such that x € aoy. Thus,
CM(y) > tg = CM(x) ACM(y).

Conversely, let A be a fuzzy multi-hypergroup of H and CM; # @. We need to show that
CM; =aoCM; = CM;oaforalla € CM;. We prove that CM; = a o CM; and CM; = CM; o a is done
similarly. Let x € CM;. Then CM(z) > CM(x) ACM(a) > t for all z € a o x. The latter implies that
z € CM;. Thus, a0 CMy C CM;. Let x € CM;. Since A is a fuzzy multi-hypergroup of H, it follows
that there exist y € H such that x € aoy and CM(y) > CM(x) A CM(a) > t. The latter implies that
y € CM; and hence, CM; CaoCM;. O

Proposition 5. Let (H, o) be a hypergroup, A a fuzzy multiset of H with fuzzy count function CM and
t = (t1,...,t),s = (s1,...,5n) Where t;,;s; € [0,1] fori = 1,...,max(k,n) and t; > tp > ... > I,
§1>8p > ... > sp Ift < sand CM; = CM; then there exist no x € H such that t < CM(x) < s.

Proof. Let CM; = CM; and suppose that there exist x € H such that t < CM(x) < s. Then x € CM;
and x ¢ CM; which contradicts the given. [

Proposition 6. Let (H, o) be a hypergroup and S be a subhypergroup of H. Then S = CM; for some
t=(t1,..., tx) wheret; € [0,1] fori=1,...,k, ty Z0,and t; > tp > ... > t;.

Proof. Lett = (t1,...,tx) where t; € [0,1] fori = 1,...,k and define the fuzzy multiset A of H
as follows:
t ifxes

0 otherwise.

CM(x) = {

It is clear that S = CM;. We still need to prove that CM is a fuzzy multi-hypergroup of H. Using
Theorem 2, it suffices to show that CM, # @ is a subhypergroup of H for all &« = (ay,...,as) with
a; € [0,1] fori =1,...,s. One can easily see that
H ifa =0
CMy=4S if0<a <t
@ if (« > t) or (« and t are not comparable).

Thus, CM, is either the empty set or a subhypergroup of H. [

4. Operations on Fuzzy Multi-Hypergroups

In this section, we define some operations on fuzzy multi-hypergroups, study them, and present
some examples.
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Proposition 7. Let (H,o) be a hypergroup and A,B be fuzzy multisets of H. If A and B are fuzzy
multi-hypergroups of H and one of them is the constant fuzzy multi-hypergroup then A N B is a fuzzy
multi-hypergroup of H.

Proof. We prove conditions of Definition 7 are satisfied for AN B. (1) Let x,y € H and z €
xoy. Then CManp(z) = CMa(z) A CMjp(z). Having A, B fuzzy multi-hypergroups of H implies
that CMy4(z) > CMy(x) ACMa(y) and CMp(z) > CMp(x) A CMp(y). The latter implies that
CMAQB(Z) > CMA(X) A CMA(]/) N CMB(X) N CMB(y) = CMAQB(X) N CMAQB(y). (2) Without
loss of generality, let B be the constant fuzzy multiset of H with CMp(x) = a for all x € H. Let
a,x € H. Then there exist y € H such that x € aoy and CM4(y) > CMa(x) ACMg4(a). The latter
implies that CM pp(y) = CMa(y) Aa > CMa(x) ACMp(a) N = (CMa(x) Aa) A(CMy(a) Na) =
CMang(x) ACMang(a). (3) is done in a similar way to (2). O

Example 13. Let (H, o) be the hypergroup defined in Example 9 and A, B be fuzzy multisets of H defined as:
A =1{(0.2,0.1)/4a,(0.5,04,04)/b}, B = {(0.7,0.05,0.05) /a, (0.7,0.05,0.05) / b}.

Since A is a fuzzy multi-hypergroup of H and B is a constant fuzzy multi-hypergroup of H, it follows that
ANB =1{(0.2,0.05)/a,(0.5,0.05,0.05) /b} is a fuzzy multi-hypergroup of H.

Definition 10. Let H be any set and A, B be fuzzy multisets of H with fuzzy count functions CM 4, CMp
respectively. Then the fuzzy multiset A4 B is given as follows: For all x € H,

_ CM4(x) + CMp(x)
> .

CM(x)
Example 14. Let H = {a,b}, A, B be fuzzy multisets of H given as :
A ={(0.8,0.4,0.4)/a,(0.1,0.1)/b}, B = {(0.6,0.4,0.4,0.4) /a, (0.3,0.1,0.1) /b}.
Then Al B = {(0.7,0.4,0.4,0.2) /a, (0.2,0.1,0.05) /b}.

Proposition 8. Let (H,o) be a hypergroup and A,B be fuzzy multisets of H. If A and B are fuzzy
multi-hypergroups of H and A or B is constant then A\Y B is a fuzzy multi-hypergroup of H.

Proof. Without loss of generality, let B be the constant fuzzy multiset of H with CMp(x) = « for
all x € H. We prove that the conditions of Definition 7 are satisfied for A4 B. (1) Let x,y € H and
. . . CMa(z)+a (CMA(x)ANCMA(y))+u
z € xoy. Having CMy(z) > CMa(x) A CM4(y) implies that 3 > 5 . We
get that CM(z) = SMalie > CMalnta \ CMAWTL _ cpf(x) A CM(y). (2) Leta,x € H. Then
there exist y € H such that x € aoy and CM4(y) > CMu(x) A CMy(a). The latter implies that
CM(]/) _ CMAéy)Jrzx > (CMA(x)/\(ZfMA(a))+a _ CMAéx)-i-tx A CMA(za))-i-a — CM(x) A CM(a). (3) is done in
a similar way to (2). O

Example 15. In Example 13, AWYB = {(0.45,0.075,0.025)/4a,(0.6,0.225,0.225)/b is a fuzzy
multi-hypergroup of H.

Definition 11. Let H be a non-empty set and A be a fuzzy multiset of H. We define A’, the complement of A,
to be the fuzzy multiset defined as: For all x € H,

CMar(x) = (1= ply (x),..., 1= py (x)) when CMu (x) = (pp(x), g4 (%), ..., ply (x)).
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Remark 4. Let (H,o0) be a hypergroup and A be the constant fuzzy multi-hypergroup of H defiend in
Example 12. Then, A’ is also a fuzzy multi-hypergroup of H.

We present an example of a (non-constant) fuzzy multiset A of H where A and A’ are both fuzzy
multi-hypergroups of H.

Example 16. Let H = {a, b}, (H, o) be the biset hypergroup on H and A be a fuzzy multiset of H defined as:
A =1{(0.4,0.3,0.3)/a,(0.2,0.1) /b}. Proposition 2 asserts that A and A’ = {(0.7,0.7,0.6) /a, (0.9,0.8) /b}
are fuzzy multi-hypergroups of H.

Remark 5. Let (H, o) be a hypergroup and A be a fuzzy multi-hypergroup of H. Then, A’ is not necessary a
fuzzy multi-hypergroup of H.

The following example is an illustration for Remark 5.

Example 17. Let (H, o) be the hypergroup defined in Example 9 and A be the fuzzy multi-hypergroup of H
defined as: A = {(0.2,0.1)/a, (0.5,0.4,0.4)/b}. Then A’ = {(0.9,0.8)/a,(0.6,0.6,0.5) /b} is not a fuzzy
multi-hypergroup of Has b € a o a and CM 4/(b) # CMy/(a).

Definition 12. Let X be any set, S C X and A a fuzzy multiset of X with fuzzy count function CM 4. Then
the selection operation & is defined by the fuzzy multiset A ® S with the fuzzy count function CM as follows:

CMy(x) ifxeS

0 otherwise.

CM(x) = {

Proposition 9. Let (H, o) be a hypergroup and S be a subhypergroup of H. If A is a fuzzy multi-hypergroup
of S then A ® S is a fuzzy multi-hypergroup of H.

Proof. Letz € xoy. If x ¢ Sory ¢ Sthen CM(z) > 0 = CM(x) ACM(y). If x,y € Sthenz € xoy.
Having A a fuzzy multi-hypergroup of S implies that CM4(z) > CMa(x) ACM4(y). The latter
implies that CM(z) = CM4(z) > CMa(x) ACMy(y) = CM(x) ACM(y). We prove condition 2. of
Definition 7 and condition 3 is done similarly. Leta,x € H. If a ¢ Sor x ¢ S then for all y € H with
x €aoy, CM(y) > 0 =CM(x) ANCM(a). If a,x € S then there exist y € S such that x € a0y and
CMu(y) > CMa(x) ACMy(a). The latter implies that CM(y) > CM(x) ACM(a). O

Definition 13. Let X be any set, S C X and A a fuzzy multiset of X with fuzzy count function CM 4. Then,
the selection operation © is defined by the fuzzy multiset A ® S with the fuzzy count function CM.

CMy(x) ifx ¢S

0 otherwise.

CM(x) = {

Proposition 10. Let (H, o) be a hypergroup and S C H with H — S a subhypergroup of H. If A is a fuzzy
multi-hypergroup of H — S then A © S is a fuzzy multi-hypergroup of H.

Proof. A ® S is given by the fuzzy count function CM where

CM(x) 0 ifxesS 0 ifxgH-S
x) = =
CMy(x)  otherwise. CMy(x)  otherwise.

One can easily see that A® S = A ® (H — S). Proposition 9 completes the proof. [
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Proposition 11. (Hy,01), (Hp, 02) be hypergroups with fuzzy multisets A, B respectively. If A and B are
fuzzy multi-hypergroups of Hy and Hy respectively then A x B is a fuzzy multi-hypergroup of the productional
hypergrpup (Hy x Hp, o), where for all (x,y) € Hy X Hy, CMaxp(x,y) = CMa(x) A CMg(y).

Proof. Let (x3,13) € (x1,y1) o (x2,42). Then x3 € xjo0x; and y3 € y; oy,. Having A,B
fuzzy multi-hypergroups of Hy, H, respectively implies that CM4(x3) > CM(x1) A CM4(x2) and
CM5(y3) > CMp(y1) A CMp(y2). We get now

CMAXB(JC3,y3) = CMA(X3) A CMB(y3) > CMA(JCl) A CMA(XZ) A CMB(y1) A CMB(]/Q).

The latter implies that CM 4« p(x3,y3) > CMaxp(x1,¥1) A CMaxp(x2,y2). We now prove condition
2. of Definition 7 and condition 3. is done similarly. Let (x,y),(a,b) € H; x Hp,. Having
x,a € Hj, y,b € Hjp implies that there exist z € Hj,w € Hp such that x € aoz,y € bow
and CMA(Z) > CMA(X) AN CMA(LI),CMB(ZU) > CMB(y) AN CMB(b) We get that CMAXB(Z,ZU) =
CMA(Z) A CMB(ZU) > CMA(X) N CMA(EI) A CMB(ZU) > CMB(y) A CMB(b) = CMAxB(X,y) AN
CMuaxp(a,b). The latter implies that there exist (z,w) € Hp, Hy such that (x,y) € (a,b) o (z,w)
and CMAXB(Z,ZU) > CMAXB(JC,y) AN CMAXB(EZ, b) ]

Corollary 1. (H;, o;) be a hypergroup with fuzzy multiset A; fori =1,...,n. If A; is a fuzzy multi-hypergroup
of H; then Ay X ... x Ay is a fuzzy multi-hypergroup of the productional hypergroup (Hy X ... X Hy,0),
where for all (x1,...,x,) € Hy X ... X Hy, CMa, x..xa, (X1, ..., Xn) = CMp, (x1) A... ACMag, (xn).

Proof. The proof follows by using mathematical induction and Proposition 11. [J

Example 18. Let (H, o) be the hypergroup defined in Example 9 and (], %) be the biset hypergroup on the set
{c,d}. Then, the productional hypergroup (H X ], ) is given by the following table:

. () (a,d) (b,¢) (b,d)
() (,¢) {(a,¢), (a,d)} | {(a,c), (bc)} Hx]
(a,d) | {(a,¢),(a,d)} (a,d) Hx] {(a,d),(b,d)}
(b,¢) | {(a,c),(b,c) HxJ (b,¢) {(b,c), (b,d)}
(b, d) Hx] {(a,d), (b,d)} | {(b,c), (b,d)} (b,d)
Sincee A = {(0.2,0.1)/4,(0.5,0.4,04)/b} is a fuzzy multi-hypergroup of H and B =

{(0.3,0.05) /¢, (0.2,0.2,0.1) /d} is a fuzzy multi-hypergroup of J. Then
A x B ={(02,0.05)/(a,c),(0.2,0.1)/(a,d),(0.3,0.05)/(b,c),(0.2,02,0.1)/(b,d)}
is a fuzzy multi-hypergroup of H X |.

The following propositions (Propositions 12 and 13) deal with the strong homomorphic image
and pre-image of a fuzzy multi-hypergroup.

Proposition 12. Let (Hy,01), (Hp, 02) be hypergroups, A, B be fuzzy multisets of Hy, Hy respectively and
f + Hy — Hp be a strong homomorphism. If A is a fuzzy multi-hypergroup of Hy then f(A) is a fuzzy
multi-hypergroup of Hp,

Proof. Let y1,y» € Ho and y3 € yj o2 y2. If f~1(y1) = @ or f~(y2) = @ then CMj(a)(y1) = Oor

CMf(A) (yz) = 0. We get that CMf(A) (y3) >0 = CMf(A) (yl) AN CMf(A) (yz) If f_l (}/1) # @ and
f~1(y2) # @ then there exist x1,x, € Hj such that CM4(x1) = Vf(x)=y, CMa(x) and CMa(x2) =

111



Mathematics 2020, 8, 244

Vf(x)=y, CMa(x). Having f a homomorphism implies that y3 € f(x1) o2 f(x2) = f(x1 01 x2). The
latter implies that there exists x3 € x7 o xp such that y3 = f(x3). Since A is a fuzzy multi-hypergroup of
Hj, it follows that CMf(A) (}/3) > CMy (X3) > CMA(xl) ANCMy (XZ) = CMf(A) (}/1) N CMf(A) (]/2) We
prove now condition 2. of Definition 7 and condition 3. is done similarly. Let y,b € Hy. If f~!(y) = @
or f~1(b) = @ then for all z € H, such thaty € bo,z, CMy(a)(z) = 0 = CMga)(y) A CMy(4)(D).
If f~1(y) # @ and f~1(b) # @ then there exist x;,a € Hj such that CM(x1) = Vf(x)=y CMa(x)
and CMx(a) = Vf(x)—p CMa(x). Having A a fuzzy multi-hypergroup of H; implies that there exist
xp € Hwith x1 € xp 01 aand CMy(x2) > CMa(x1) ACMy(a). Since f is a strong homomorphism,
it follows that y = f(xl) S f(X2) 0y b and CMf(A)<f(X2)) > CMA(Xz) > CMA(xl) A\ CMA(CI) =

We can use Proposition 12 to prove Proposition 9.

Corollary 2. Let (H, o) be a hypergroup and S be a subhypergroup of H. If A is a fuzzy multi-hypergroup of S
then A ® S is a fuzzy multi-hypergroup of H.

Proof. Let f : S — H be the inclusion map defined by f(x) = x for all x € S. One can easily see that
CMg(n) is the fuzzy count functionof A® S. [

Proposition 13. Let (Hy,01), (Ha, 02) be hypergroups, A, B be fuzzy multisets of Hy, Hy respectively and
f : Hy — Hy be a surjective strong homomorphism. If B is a fuzzy multi-hypergroup of Hy then f~1(B) isa
Sfuzzy multi-hypergroup of Hy.

Proof. Let x1,x, € Hy and x3 € xq 01 xo. Then CMf_1(B)(X3) = CM3p(f(x3)). Having f(x3) € f(x1 01
x) = f(x1) o f(xy) implies that CMf,l(B)(xg,) = CMp(f(x3)) > CMp(f(x1)) ANCMp(f(x2)) =
CMj1(g)(x1) ACMj1(py(x2). We prove now condition 2. of Definition 7 and condition 3. is done
similarly. Let x,a € Hy. Having y = f(x),b = f(a) € Hp and B a fuzzy multi-hypergroup of Hp
implies that there exist z € Hp such that y € bopz and CMp(z) > CMp(y) A CMp(b). Since f is a
surjective strong homomorphism, it follows that there exist w € Hj such that f(w) =z and x € z oy w.
We get now that CM-1()(z) = CMp(z) = CMp(y) A CMp(b) = CMf1(p)(x) ACMfa(gy(w). O

5. Conclusions

In this paper, a new link between algebraic hyperstructures and fuzzy multisets was initiated and
as a result fuzzy multi-hypergroups were defined and studied. In particular, different operations on
fuzzy multi-hypergroups were defined and studied and several results and examples were obtained.
The foundations that we made through this paper can be used to get an insight into other types of
hyperstructures. As a result, different real life problems involving the concept of the fuzzy multiset
can be dealt with from a different perspective.
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Abstract: The main objective of our paper is to focus on the study of sequences (finite or countable)
of groups and hypergroups of linear differential operators of decreasing orders. By using a suitable
ordering or preordering of groups linear differential operators we construct hypercompositional
structures of linear differential operators. Moreover, we construct actions of groups of differential
operators on rings of polynomials of one real variable including diagrams of actions—considered as
special automata. Finally, we obtain sequences of hypergroups and automata. The examples, we
choose to explain our theoretical results with, fall within the theory of artificial neurons and infinite
cyclic groups.

Keywords: hyperstructure theory; linear differential operators; ODE; automata theory

1. Introduction

This paper discusses sequences of groups, hypergroups and automata of linear dif-
ferential operators. It is based on the algebraic approach to the study of linear ordinary
differential equations. Its roots lie in the work of Otakar Bortivka, a Czech mathemati-
cian, who tied the algebraic, geometrical and topological approaches, and his successor,
FrantiSek Neuman, who advocated the algebraic approach in his book [1]. Both of them
(and their students) used the classical group theory in their considerations. In several
papers, published mainly as conference proceedings such as [2-4], the existing theory
was extended by the use of hypercompositional structures in place of the usual algebraic
structures. The use of hypercompositional generalizations has been tested in the automata
theory, where it has brought several interesting results; see, e.g., [5-8]. Naturally, this ap-
proach is not the only possible one. For another possible approach, investigations of
differential operators by means of orthognal polynomials, see, e.g., [9,10].

Therefore, in this present paper we continue in the direction of [2,4] presenting results
parallel to [11]. Our constructions, no matter how theoretical they may seem, are motivated
by various practical issues of signal processing [12-16]. We construct sequences of groups
and hypergroups of linear differential operators. This is because, in signal processing (but
also in other real-life contexts), two or more connecting systems create a standing higher
system, characteristics of which can be determined using characteristics of the original
systems. Cascade (serial) and parallel connecting of systems of signal transfers are used in
this. Moreover, series of groups motivated by the Galois theory of solvability of algebraic
equations and the modern theory of extensions of fields, are often discussed in literature.
Notice also paper [11] where the theory of artificial neurons, used further on in some
examples, has been studied.

Another motivation for the study of sequences of hypergroups and their homomor-
phisms can be traced to ideas of classical homological algebra which comes from the

115



Mathematics 2021, 9, 319

algebraic description of topological spaces. A homological algebra assigns to any topo-
logical space a family of abelian groups and to any continuous mapping of topological
spaces a family of group homomorphisms. This allows us to express properties of spaces
and their mappings (morphisms) by means of properties of the groups or modules or their
homomorphisms. Notice that a substantial part of homology theory is devoted to the study
of exact short and long sequences of the above mentiones structures.

2. Sequences of Groups and Hypergroups: Definitions and Theorems
2.1. Notation and Preliminaries

It is crucial that one understands the notation used in this paper. Recall that we
study, by means of algebra, linear ordinary differential equations. Therefore, our notation,
which follows the original model of Bortivka and Neuman [1], uses a mix of algebraic and
functional notation.

First, we denote intervals by | and regard open intervals (bounded or unbounded).
Systems of functions with continuous derivatives of order k on J are denoted by C¥(J); for
k = 0 we write C(]) instead of C(]). We treat C¥(]) as a ring with respect to the usual
addition and multiplication of functions. We denote by J; j the Kronecker delta, i,j € N, i.e.,
;i = 6jj = 1 and §;; = 0, whenever i # j; by (57,] we mean 1 — §;;. Since we will be using
some notions from the theory of hypercompositional structures, recall that by P(X) one
means the power set of X while (P)*(X) means P(X) \ @.

We regard linear homogeneous differential equations of order n > 2 with coefficients,
which are real and continuous on |, and-for convenience reasons—such that po(x) > 0 for
all x € ], i.e., equations

Y () + puea ()" () + - 4 pol(x)y(x) = 0. (1)
By A, we, adopting the notation of Neuman [1], mean the set of all such equations.

Example 1. The above notation can be explained on an example taken from [17], in which Neuman
considers the third-order linear homogeneous differential equation

v (x) — mm ) - 1% ()~ 1y o

on the open interval | € R. One obtains this equation from the system

Vi =
v = —yi+qa(X)ys
5 = —q1(0)y2

Here g1 € C™(]) satisfies the condition q1(x) # 0 on ]. In the above differential equation we

have n = 3, po(x) = —Zigi;, p1(x) = (q1(x) — 1) and pa(x) = —q?ll((_xi). It is to be noted that
the above three equations form what is known as set of global canonical forms for the third-order

equation on the interval |.

Denote Ly (py—1,---,p0) : C"(J) — C"(]) the above linear differential operator de-
fined by

n—1
La(pat,--- po)y(x) =y (x) + Y pr(x)y®(x), ¢)
k=0

where y(x) € C*(]J) and po(x) > 0 for all x € . Further, denote by LA, (]) the set of all
such operators, i.e.,

LA (]) = {L(pu-1,---,po) | pe(x) € C(]), po(x) > 0} ®)
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By LA, (J)m we mean subsets of LA, (]) such that p,, € C(]), i.e., thereis py(x) > 0
for all x € J. If we want to explicitly emphasize the variable, we write y(x), px(x), etc.
However, if there is no specific need to do this, we write y, pi, etc. Using vector notation

p(x) = (pu—1(x),..., po(x)), we can write

n—1

Lo(P)y =y + Y pey®. @)
k=0

Writing L(§) € LA, (]) (or L(p) € LA, (])n)is ashortcut for writing L, (F)y € LA, (])
(or, Ly (P)y € LA, (])m).

On the sets of linear differential operators, i.e., on sets LA, (J), or their subsets
LAy (J)m, we define some binary operations, hyperoperations or binary relations. This is
possible because our considerations happen within a ring (of functions).

For an arbitrary pair of operators L(7), L(§) € LA, (])m, where p = (py—1,...,Po),
4 = (qn-1,---,90), we define an operation “o,,” with respect to the m-th component by
L(pP) om L(g) = L(if), where i = (1,1, ...,up) and

U (x) = P ()1 (x) + (1 = S ) i (x) ®)

forallk=n—1,...,0,k # mand all x € J. Obviously, such an operation is not commuta-
tive.

Moreover, apart from the above binary operation we can define also a relation “<,,”
comparing the operators by their m-th component, putting L(7) <, L(§) whenever, for all
x € ], there is

pm(x) = qm(x) and at the same time py(x) < gi(x) (6)

forallk =n—1,...,0. Obviously, (LA, (])m, <m) is a partially ordered set.

At this stage, in order to simplify the notation, we write LA, (]) instead of LA, (])
because the lower index m is kept in the operation and relation. The following lemma is
proved in [2].

Lemma 1. Triads (LA, (]), om, <m) are partially ordered (noncommutative) groups.

Now we can use Lemma 1 to construct a (noncommutative) hypergroup. In order
to do this, we will need the following lemma, known as Ends lemma; for details see,
e.g., [18-20]. Notice that a join space is a special case of a hypergroup—in this paper we
speak of hypergroups because we want to stress the parallel with groups.

Lemma 2. Let (H, -, <) be a partially ordered semigroup. Then (H, x), where x : H x H — H is
defined, for all a,b € H by

axb=1[a-b)<={x€H|a-b<x},

“ o

is a semihypergroup, which is commutative if and only if
a group, then (H, *) is a hypergroup.

is commutative. Moreover, if (H, -) is

Thus, to be more precise, defining
st LA, () X LA, (J) = P(LAL(])), (7)

by
L(P) %m L(§) = {L(#) | L(P) om L(§) <m L(#)} ®)

for all pairs L(7), L(7) € LA, (])m, lets us state the following lemma.

Lemma 3. Triads (LA, (]), *m) are (noncommutative) hypergroups.
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Notation 1. Hypergroups (LA, (]), xm) will be denoted by HILA,,(]) for an easier distinction.

Remark 1. As a parallel to (2) and (3) we define

L(qn,- ... q0)y(x) = f ge(x)y® (x),q0 # 0,4 € C(J) )
k=0
and o
LA (J) ={qn,---,q0) | 90 # 0,qx(x) € C(J)} (10)

and, by defining the binary operation “o,,” and “<,,” in the same way as for LAy (])m, it is easy to
verify that also (LA, (]), om, <m) are noncommutative partially ordered groups. Moreover, given a
hyperoperation defined in a way parallel to (8), we obtain hypergroups (LA, (J)m, *m), which will
be, in line with Notation 1, denoted HILA, (]) .

2.2. Results

In this subsection we will construct certain mappings between groups or hypergroups
of linear differential operators of various orders. The result will have a form of sequences
of groups or hypergroups.

Define mappings F, : LA, (J) — LA,_1(J) by

Fu(L(Pu_t,- - P0)) = L(pu—2s--., p0)
and ¢ : LAy (]) = LA, (J) by

¢n: (L(pu-1,---,p0)) = L(Pn—2,---, po)-

It can be easily verify that both F, and ¢, are, for an arbitrary n > 2, group homomor-
phisms.

Evidently, LA, (J) € LA,(]),LA,_1(J) € LA,(]) for all admissible n € N. Thus
we obtain two complete sequences of ordinary linear differential operators with linking
homomorphisms F, and ¢, :

idp idy idy3

LA(J) ———————LA(]) ————LAy(]) ———— ... (11)
Tido \K Tidl X Tidz ¢3
LAg(J) < LA (J) <——— Lho(J) <
— idy—2n-1 — Hn—ln — HVln+1
LAy o(]) LA, -1(]) LA, (]) '
Tld”m Tidrﬂm Tld" Pnt1
n—1 Fy Fn+1

where idy i, 1, idy are corresponding inclusion embeddings.

Notice that this diagram, presented at the level of groups, can be lifted to the level
of hypergroups. In order to do this, one can use Lemma 3 and Remark 1. However, this
is not enough. Yet, as Lemma 4 suggests, it is possible to show that the below presented
assignment is functorial, i.e., not only objects are mapped onto objects but also morphisms
(isotone group homomorphisms) are mapped onto morphisms (hypergroup homomor-
phisms). Notice that Lemma 4 was originally proved in [4]. However, given the minimal
impact of the proceedings and its very limited availability and accessibility, we include it
here with a complete proof.
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Lemma 4. Let (Gg, -k, <g),k = 1,2 be preordered groups and f : (Gy,1,<1) — (Ga,2,<2)
a group homomorphism, which is isotone, i.e., the mapping f : (G1,<1) — (Gy, <p) is order-
preserving. Let (Hy, %),k = 1,2 be hypergroups constructed from (Gy, -k, <x),k = 1,2 by
Lemma 2, respectively. Then f : (Hy,*1) — (Hp, *2) is a homomorphism, i.e., f(a %1 b) C
f(a) %o f(b) for any pair of elements a,b € Hj.

Proof. Leta,b € Hj be a pair of elements and ¢ € f(a *; b) be an arbitrary element. Then
thereisd € a%1b = [a-1b)<,,i.e, a-1b <; d such that c = f(d). Since the mapping
f is an isotone homomorphism, we have f(a) - f(b) = f(a-1b) < f(d) = ¢, thusc €

[f(a) -2 f(b))<,. Hence
flaxb) = f(la-1b)<,) C [f(a) 2 ()< = fla) %2 (D).
m

Consider a sequence of partially ordered groups of linear differential operators

LAo(J) - LA, (J) 2 Lao()) & ...

R L () S L1 () & Lan() 2 Laya () o

given above with their linking group homomorphisms Fy : LA (J) — LA ((]) for
k=1,2,.... Since mappings F, : LA, (]) — LA, _1(J), or rather

Fy: (LAn(]),Om, Sm) — (LAn—l(])rom/ Sm)/

for all n > 2, are group homomorphisms and obviously mappings isotone with respect to
the corresponding orderings, we immediately get the following theorem.

Theorem 1. Suppose | C R is an open interval, n € N is an integer n =2 2,m € N such
that m < n. Let (HILA, (])m, *m) be the hypergroup obtained from the group (LA, (J)m, om) by
Lemma 2. Suppose that Fy : (LA, (J)m, om) — (LA, _1(J)m, om) are the above defined surjective
group-homomorphisms, n € N,n = 2. Then F, : (HLA,(])m, *m) — HLA,_1(])m, *m) are
surjective homomorphisms of hypergroups.

Proof. See the reasoning preceding the theorem. 0O

Remark 2. It is easy to see that the second sequence from (11) can be mapped onto the sequence
of hypergroups

HLA)(])m ¢~ HLA; (J)m 2 HLAy(])p <2 ...

Fu Fue
L2 HILA,, 1 (I)m P HLAI’!(])H’! AR

This mapping is bijective and the linking mappings are surjective homomorphisms F,. Thus
this mapping is functorial.

3. Automata and Related Concepts
3.1. Notation and Preliminaries

The concept of an automaton is mathematical interpretation of diverse real-life systems
that work on a discrete time-scale. Various types of automata, called also machines, are
applied and used in numerous forms such as money changing devices, various calculating
machines, computers, telephone switch boards, selectors or lift switchings and other
technical objects. All the above mentioned devices have one aspect in common-states are
switched from one to another based on outside influences (such as electrical or mechanical
impulses), called inputs. Using the binary operation of concatenation of chains of input
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symbols one obtains automata with input alphabets in the form of semigroups or a groups.
In the case of our paper we work with input sets in the form of hypercompositional
structures. When focusing on the structure given by transition function and simultaneously
neglecting the output functions and output sets, one reaches a generalization of automata—
quasi-automata (or semiautomata); see classical works such as, e.g., [3,18,21-24].

To be more precise, a quasi-automaton is a system (A, S, §) which consists of a non-
void set A, an arbitrary semigroup S and a mapping 6 : A X 5§ — A such that

6(6(a,r,s)) =d(a,r,s) (12)

for arbitrary a € A and r,s € 5. Notice that the concept of quasi-automaton has been
introduced by S. Ginsberg as quasi-machine and was meant to be a generalization of the
Mealy-type automaton. Condition (12) is sometimes called Mixed Associativity Condition
(MAC). With most authors it is nameless, though.

For further reading on automata theory and its links to the theory of hypercomposi-
tional structures (also known as algebraic hyperstructures), see, e.g., [24-26]. Furthermore,
for clarification and evolution of terminology, see [8]. For results obtained by means of
quasi-multiautomata, see, e.g., [5-8,27].

Definition 1. Let A be a nonempty set, (H,-) be a semihypergroup and § : A x H — Aa
mapping satisfying the condition

5(8(s,a),b) € 6(s,a-b) (13)

for any triad (s,a,b) € A x H x H, where 5(s,a-b) = {6(s,x);x € a-b}. Then the triad
(A, H, d) is called quasi-multiautomaton with the state set A and the input semihypergroups (H, ).
The mapping 6 : A x H — A is called the transition function (or the next-state function) of
the quasi-multiautomaton (A, H,d). Condition (13) is called Generalized Mixed Associativity
Condition (or GMAC).

In this section, R, [x] means, as usually, the ring of polynomials of degree at most 7.

3.2. Results

Now, consider linear differential operators L(m, p,_1,...,po) : C*(R) — C®(R)
defined by

n n—1 k
L sl = m L e S 19

Denote by L 41 A, (R) the additive abelian group of differential operators L(m, p,_1, . . .,
po), where for L(m, py—1,...,p0), L(k, gn-1,---,90) € La1An(R) we define

L(m,pp-1,...,po) + L(k,gn-1,-..,90) = L(m +k, pp—1 + Gu—1,---, po + 90), (15)

where

nely n—1 k X
L0+, o1+ n1sespo+00)f = 1+ K) L L5 () + g0 L. 1)

dxn & duxk
Suppose that p; € R,,_1[x] and define
Ot Ru[x] X La1An(R) — Ry [x] (17)
by
af(x) =
(L m pucrsop0)) = m ST ) p it T pele) e Bl 18)
k=0
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Theorem 2. Let L41A,(R), R, [x] be structures and 6, : Ry[x] x La1Ay(R) — R, [x] the
mapping defined above. Then the triad (R, [x],La1An(R), 8,) is a quasi-automaton, i.e., an action
of the group L o1 A, (R) on the group R, [x].

Proof. We are going to verify the mixed associativity condition (MAC) which should
satisfy the above defined action:

Suppose f € Rn[x]/ f('x) = Zg:()akxk/ L(m/pl’l—ll'“/po)/ L(k/Qn—lz---/qo)
e LA, (R) Then
On(0n(f, L(M, pr1,-- -, P0)), LK, Gu1,- -, 90)) =

n n—1
:%( LI fa >+m+2pk<x>,L<k,qn1,...,%)) -

k=0

:5n<m n!-ay +m+ f(x +2Pk L(k, q— 1,---/’70)> =
LG
dx”

n—1
+men!-ag+m+ f(x +Zpk +qu(X)+k:

= (m+k)n!-an+ (m+k)+ f(x +Z pr(x) +qi(x)) =

n—1

= (m+k)(n!-ap +1)+ f(x) + Y (pe(x) + qe(x)) =

k=0

n n—1
= (m+ ) T ) O K) T () +a4(0) =

= 5n(f/L(m+k/Pn—1 +Qn—l/-- -+ Po +’70)) =
- 5n(f; L(m/ Pn—1,-- ~,P0) + L(k/ an-1,-- -/qO))/ (19)

thus the mixed associativity condition is satisfied. [

Since R, [x], L A1A,(R) are endowed with naturally defined orderings, Lemma 2 can
be straightforwardly applied to construct semihypergroups from them.

Indeed, for a pair of polynomials f,g € R,[x] we put f < g, whenever f(x) <
g(x),z € Ry[x]. In such a case (R, [x], <) is a partially ordered abelian group. Now we
define a binary hyperoperation

#: Ry[x] x Ry[x] = P*(Ryu[x]) (20)
by
fg={l;h € Ry[x], f(x) + g(x) < h(x),x e R} = [f + g)<. (21)

By Lemma 2 we have that (R, [x], #) is a hypergroup.
Moreover, defining

#:La1A(R) x La1Ay(R) = P*(La1An(R)) (22)

by L(m, p(x)#L(k, q(x}) = [ L(m, p(x)) +qu—5) = [L(mJrlc,p(—xSJrq(—xﬁ)S =
{L(r,u (—S m+k<rp—§+ﬁ<u—§} which means

pi(x) +q;(x) <wuj(x),

wherej =0,1,...,n—1, we obtain, again by Lemma 2 that the hypergroupoid (L 41A,(R), #)
is a commutative semihypergroup.
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Finally, define a mapping

0 LarAn(R) x Ry[x] — Ry [x] (23)

by
ou(L(m, py—1,...,p0, f)) = L(m,poo f+ pu—1,---,poo f + p1,Po)- (24)

Below, in the proof of Theorem 3, we show that the mapping satisfies the GMAC con-
dition.
This allows us to construct a quasi-multiautomaton.

Theorem 3. Suppose (L, Ay (R),#), (Ry[x],#) are hypergroups constructed above and oy, :
La1An(R) x Ry[x] — Ry[x] is the above defined mapping. Then the structure

(La1An(R),#), (Rn[x],#),0u)
is a quasi-multiautomaton.
Proof. Suppose L(m, p) € La1An(R), f,g € Ry[x]. Then

Ou(on(L(m, P), f),g) = on(L(m,po f+ pu_1,...,po f+P1,P0),8) =
=L(m,pog+pof+pu-1,...,po8+pof+pipo)=
=L(m,po(g+f)+pn-1,...po(8§+f)+p1po) €
€{on(L(m,poh+py1,...poh+p1,po);f,&h € Rylx], f+g < h} =
= (L, M, pp-1,---,P1,P0), lf + §)<) = ou(L(m, P), f#g), (25)

hence the GMAC condition is satisfied. [

Now let us discuss actions on objects of different dimensions. Recall that a homo-
morphism of automaton (S, G, ds) into the automaton (T, H, 1) is a mapping F = ¢ X i :
Sx G — T x Hsuchthat¢ : S — T is a mapping and ¢ : G — H is a homomorphism
(of semigroups or groups) such that for any pair [s, g] € S x G we have

$(9s(s,8)) = or(@(s), ¥(8)), i.e, pods =dro (P x ). (26)

In order to define homomorphisms of our considered actions and especially in order to
construct a sequence of quasi-automata with decreasing dimensions of the corresponding
objects, we need a different construction of a quasiautomaton.

If f € Ry[x], f(x) = Yo anx* and L(m, §) € La1An(R), we define

Tu(L(m, pp—1,...,p0), f) = L(m, ay + pp—1,...,a1 + po + ap). (27)
Now, if g € Ry, [x], g(x) = Zi_, bxk, we have

T (Tu(L(M, Pp—1,-- -, P0), f),8) =
= u(L(m, an + pp—1,...,01+ p1+a0),8) =
= L(m,an +by+ pu—1,...,41 + b1 + po+ag+by) =

=T, (L(m, Pn—1s--+s po), i (ﬂk + bk)x> =

k=0
=T (L(m, pp_1,...,p0), f + 8)- (28)

Hence 7, : La1A,(R) X Ry[x] — La1A,(R) is the transition function (satisfying
MAC) of the automaton A = (L 414, (R), R,_1[x], 7).
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Consider now two automata—A, 1 = (Lg14, 1(R),R,,_1[x], 7,_1) and the above
one. Define mappings

¢ LarAn(R) — LaA, 1 (R),

¥ 2 Rufx] = Rypq[x] (29)
in the following way: For L(m, p,_1,...,po) € La1A,(R) put
¢n(L(m, pp—1,-..,p0)) = L(m, pu—2,...,p0) € La1A,_1(R) (30)
and for f € R,[x], f(x) = L}_, axx* define

n n—1
Yn(f) = ¥ <2 ’lkxk> =
k=0

akxk eR,_1 [x]
k=0

(31)
Evidently, there is ¢, (f + §) = ¥n(f) + ¥(g) for any pair of polynomials f, g € R, [x]

Theorem 4. Let (Pn : ]LAlAn (R) — LAlAn_1(R), #’n 'Ry, [x} — Rn_1[x], Tyt ]LAlAn (R) X
Ry[x] = La1A,(R), n € N,n = 2, be mappings defined above. Define F, : Ay, — A,_1
as mapping

F, = 4711 X llJn : LAlAn(R) X Ry, [x} — H—‘AlAnfl (R) X ]Rnfl[ ]
Then the following diagram

L1An(R) x Ry[x] o

La1A,(R) (32)
‘P”len (Pn
T,
La1An 1(R) x R, q[x] - La1A,—1(R)

is commutative, thus the mapping F, = ¢n X ¢y, is a homomorphism of the automaton A, =
(La1A,(R), Ry [x], T) into the automaton A, 1 = (La1Ay—1(R), Ry—1[x], Ty—1)-

Proof. Let [L(m, P), f] € La1An(R) x Ry[z], f(x) = YF_o axx*. Then

(pn o) (L(m, P), f) = ¢u (’l’n <L(m, [ ..,po),ki:)akxk>) =

¢n((m, a0+ pp_1,...,a1 +po+ao)) = L(m,ap_1 + pp—z,...,a1 + po +4ag) =

n—1
=Ty1 (L(m, Pn—2,---1P0)s Y akxk>
k=0

=T, ((qﬁn X ) (L(m, Pn—1,---,P0) i ukxk>>
k=0

= (T-10 (@n X ¢n)))(L(m, P), f),

(33)
Thus the diagram (32) is commutative. [J

Using the above defined homomorphism of automata we obtain the sequence of
automata with linking homomorphisms Fy : Ay — A,_1, ke N, k>2:

F.- Fu
o (LA (R), Ry [x], Tym1) €5 (LarAn(R), Ry [x], )
E F I
(La1A1(R),71) <= (La1A2(R), 1) :

E o E LA o (R), Rya[x], Tn) €. (34)
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Here, for L(m,P —1,P — 0) € L 41A2(R) we have
2

Lm, pr,poy(x) = m LG 4 () W gy )

for any y(x) € CZ(R) and any L(m, pg) € La1A1(R) it holds L(m, po)y(x) = mdﬁ(xx) +
po(x)y(x)-

The obtained sequence of automata can be transformed into a countable sequence of
quasi-multiautomata. We already know that the transition function

Oy @ LAlAVI(R) X Rn[x] — LAlAn(R>
satisfies GMAC. Further, suppose f,g € Ry[x], f(x) = Lo axx’, g(x) = 1L byx*. Then
Yn(f#g) = Yu({lh € Rulx], f + 8 S h}) =

= {pu(h);h € Rulx], f +
= {u;u € Ry [x], ¢u(f

w—f
Il

+ ||/\

(f )

) Su)=

= Pu(f)#n(g);
here grad ¢, (h) < grad h for any polynomial i € f#g. Thus the mapping ¢, : (R, [x], #) —
(Ry—1[x],#) is a good homomorphism of corresponding hypergroups.
Now we are going to construct a sequence of automata with increasing dimensions,

i.e., in a certain sense sequence “dual” to the previous sequence. First of all, we need a
certain “reduction” member to the definition of a transition function

/\; : I[‘AlAn (R) X Rn [x} — IL’AlAn (R)/ (36)

namely red,, 1 : R;[x] — R,_1[x] whenever r > n — 1. In detail, if f(x) = ¥} ,ax* €
R,[x], then

r r n—1
red, 1(f) = red, 1 (Z akxk> =red,_; (Z axk + ) akxk_1> =

k=0 k=n k=0

n—1
= E a1 e R,_q[x]. (37)
k=0

Further, L(m, py—2,...,po)n € La1Au(R) is acting by

k
dy(x)
L(m, pp—2,...,p0)ny(x) = dx” —|— Z B (38)
whereas L(m, py—2,...,P0)n-1 € La1A, 1(R), ie.,
d” 1 dk ( )
L(m, pn-2,---,P0)n—1y(x) = x” 1 Z pr(x (39)

Then for any pair (L(m, py—1,- .., po), f) € La1An(R) x Ry[x], where f(x) = Yp_, arxk,
we obtain

Ap = A} o (id x red, 1) (40)
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and

n—1
(A o (id x redy—1)) (L(m, pp—1, ..., po, f) = Ay (L(m, Puts---/P0)s ) akx"> =

k=0
=L(m,py_1+ay_1,...,p0o+ag) € La1An(R), (41)

thus the mapping Ay, : La1A,(R) x R, [x] — La1A,(R) is well defined. We should verify
validity of MAC and commutativity of the square diagram determining a homomorphism
between automata.

Suppose L(m, py_1,...,p0) € La1An(R), f,g € Rylx], f(x) = Ti_gmxt, g(x) =
Yio bixk. Then

/\H(AH(L(mI Pn—l; sy pO)If)/g) =

= An(L(mr Pn—1 ++an-1,---, Po + aOrg) =

=L(m,pp-1+ay-1+by_1,...,p0+ao+by) =
n

= An <L(m, Pu—t, - P0), Y (ax+ bk)xk> =

k=0
= M (L(m, pp—t,-- -, p0), f+8), (42)

thus MAC is satisfied.
Further, we are going to verify commutativity of this diagram

)\nfl

LatA,—1(R) xR, LaiA,_1(R) (43)

gnlxﬂnll \L’?n]

An
LAlAn (]R) X ]Rn [x] ]LAlAn (R)

Where én—l (L(m/ pn721 sy Po)n—l) - L(m/ Pn—l; ey pO)H/ i'e'l

n—1 n—2 n n—2

and 17,1 (ZZ;& ﬂkxk) = ay_1x" + Y5 agxk.
Considering L(m, py—2,...,po) and the polynomial f(x) = ZZ;& axxk similarly as
above, we have

(1n—1)(L(m, pu—2,...,p0), f) = ln—1(L(M, pp—2 + an—2,..., po + ao)n—1) =
= n-1(Au—1(L(m, pu—2,-- -, 0), f) = (fn—10 Ap—1)(L(m, pu—2,--.,p0), f)- (45)

Thus the above diagram is commutative. Now, denoting by T,,_; the pair of mappings
(8n—1,Mu-1), we obtain that T;; 1 : (La1A;—1(R), Ry—1[x], Ay—1) = (Lar1An(R), Ry[x], Ay)
is a homomorphism of the given automata. Finally, using T} as connecting homomorphism,
we obtain the sequence

(LarAq(R), Ry [x], A1) 25 (L1 Ao (R), Ry[x], Ag) 2 (La1As(R), Ry[x], Az) 2 ..

U= (LatAp_1(R),Ry—1[x], Ay—1) LEN (LatAn(R), Ry [x], An) Dy . (46)

4. Practical Applications of the Sequences

In this section, we will include several examples of the above reasoning. We will
apply the theoretical results in the area of artificial neurons, i.e., in a way, continue with
the paper [11] which focuses on artificial neurons. For notation, recall [11]. Further on we
consider a generalization of the usual concept of artificial neurons. We assume that the
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inputs ux; and weight w; are functions of an argument ¢, which belongs into a linearly
ordered (tempus) set T with the least element 0. The index set is, in our case, the set C(]) of
all continuous functions defined on an open interval | C R. Now, denote by W the set of
all non-negative functions w : T — R. Obviously W is a subsemiring of the ring of all real
functions of one real variable x : R — R. Further, denote by Ne(@,) = Ne(wyq, ..., W)
forr € C(J), n € N the mapping

yr(t) = i wr,k(t)xr,k(t) + b,
k=1

which will be called the artificial neuron with the bias b, € R. By AN(T) we denote the
collection of all such artificial neurons.

4.1. Cascades of Neurons Determined by Right Translations

Similarly as in the group of linear differential operators we will define a binary opera-
tion in the system AN(T) of artificial neurons Ne(-) and construct a non-commutative group.

Suppose Ne(w,), Ne(ws) € AN(T) such thatr,s € C(J) and @0, = (wy1,...,Wrn),
Ws = (Ws1,...,Wsyu), wheren € N. Letm € N, 1 < m < n be a such an integer that
Wym > 0. We define

Ne(@y) -m Ne(ws) = Ne(@y,),
where
Wy = (W1, Wun) = (Wy1(t), ..., Wun(t)),

ZT)u,k(t) = wr,m(t)ws,k(t) + (1 - 5m,k>wr,k(t)'t €T

n
and, of course, the neuron Ne(@,) is defined as the mapping v, () = ¥ wi(t)xx(t) +
k=1

by, t € T, by, = b,bs.

The algebraic structure (AN(T), -,) is a non-commutative group. We proceed to
the construction of the cascade of neurons. Let (Z, +) be the additive group of all inte-
gers. Let Ne(@s(t)) € AN(T) be an arbitrary but fixed chosen artificial neuron with the
output function

Y(t) = Y Wi (B)xs,(t) + b,
k=1

Denote by ps : AN(T) — AN(T) the right translation within the group of time varying
neurons determined by Ne(ws(f)), i.e.,

ps(Ne(@p(t)) = Ne(@p(t) -m Ne(@s(t))

for any neuron Ne(@w,(t)) € AN(T). In what follows, denote by pf the r-th iteration of ps
for r € Z. Define the projection 775 : AN(T) x Z — AN(T) by

75 (Ne(@p(t)), 1) = ps(Ne(@p(t))-

One easily observes that we get a usual (discrete) transformation group, i.e., the action
of (Z,+) (as the phase group) on the group AN(T). Thus the following two requirements
are satisfied:

1. ms(Ne(wy(t)),0) = Ne(wp(t)) for any neuron Ne(w,(t)) € AN(T).

2. ms(Ne(wp(t)),r +u) = ms(ms(Ne(@p(t)),r),u) for any integers r,u € Z and any
artificial neuron Ne(@,(t)). Notice that the just obtained structure is called a cascade
within the framework of the dynamical system theory.

4.2. An Additive Group of Differential Neurons

As usually denote by Ry, [t] the ring of polynomials of variable t over R of the grade at
most n € Ny. Suppose @ = (wy(t), ..., wx(t)) be the fixed vector of continuous functions

126



Mathematics 2021, 9, 319

wr : R — R, by be the bias for any polynomial p € R;[t]. For any such polynomial
p € R, [t] we define a differential neuron DNe(@) given by the action

n dkfl ar
) = Lo i 5 )

Considering the additive group of R, [t] we obtain an additive commutative group
DN(T)of differential neurons which is assigned to the group of R, [t]. Thus for DNe, (@),
DNey (@) € DN(T) with actions

! d*1p(t d"p(t
y(t) = Y (T Py, TP
k=1 t

and 1
v d*q(t) d"q(t)
2() = Yt +

we have DNe, (@) = DNe,(@) + DNe,(w) € DN(T) with the action

n k—1 n
u(t) = y(0) +2(0) = 3 wy(n TP HIO) 4 PO 4(0)
k=1

Considering the chain of inclusions
Ru[t] C Rytq[t] C Rygo[t] ...
we obtain the corresponding sequence of commutative groups of differential neurons.

4.3. A Cyclic Subgroup of the Group AN(T),, Generated by Neuron Ne(@,) € AN(T),,

First of all recall that if Ne(@,), Ne(@;) € AN(T),, r,s € C(J), where
Wr(t) = (wp1(t), ..., wrn(t)), Ws(t) = (ws1(t),..., wsnu(t)), are vector function of weights

such that wy, (t) # 0 # ws,(t), t € T with outputs y,(t) = i wy i (1) Xk () 4 by, ys(t) =
k

-1
n
Y wg i (t)xx(t) + bs (with inputs x4 (t)), then the product Ne(i@,) -, Ne(ws) = Ne(w@,) has
k=1

the vector of weights
Wy (t) = (Wy1(t), ..., wun(t))

with wu,k(t) = wr,m(t)ws,k(t) + (1 - 5m,k)wr,k(t)/t €T.

The binary operation “-;,,” is defined under the assumption that all values of functions
which are m-th components of corresponding vectors of weights are different from zero.

Let us denote by ZAN,(T) the cyclic subgroup of the group AN(T),, generated by
the neuron Ne(w;) € AN(T),,. Then denoting the neutral element by N1(¢),, we have
ZAN,(T) =

={...,[Ne(@,)] % [Ne(@,)] "', N1(&)m, Ne(@,), [Ne(@,)]?, ..., [Ne(@,)]?, ... }.
Now we describe in detail objects
[Ne(@,))?, [Ne(@,)]¥,p € N, p > 2, N1(&)u and [Ne(,)] " *, (48)

i.e., the inverse element to the neuron Ne(@, ).
Let us denote [Ne(@,)]? = Ne(;), with @s(t) = (ws1(t),...,wsn(t)). then

ws,k(t) = wr,m(t)wr,k(t) + (1 - 5m,k)wr,k(t) = (wr,m(t) +1- 5m,k)wr,k(t)'
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Then the vector of weights of the neuron [Ne(@,)]? is

Ws(t) = ((wrm(t) + 1wy 1(t),. ..,w%m(t), v (e () + Dwrn (1)),

the output function is of the form

ys(t) = Y (Wrm(t) + Dy (D xe (1)) + w7 xn (t) + 0.

It is easy to calculate the vector of weights of the neuron [Ne(@, )] :

(@7 (1) + D)0y,1 (1), o, W7 (), (@7 (1) + D)0p (1)),

Finally, putting [Ne(@,)]? = Ne(@,) for p € N, p > 2, the vector of weights of this
neuron is

Wy(t) = ((wf,,_nl(t) + Vw1 (), ..., whu(t), ..., (wml(t) + Dwy ().

Now, consider the neutral element (the unit) N1(€),, of the cyclic group ZAN,(T).
Here the vector € of weights is & = (ey,...,em,...,en), where e,, = 1 and ¢, = 0 for each
k # m. Moreover the bias b = 1.

We calculate products Ne(@s) - N1(€), N1(€)) - Ne(@s). Denote Ne(@,), Ne(w,)
results of corresponding products, respectively-we have @, (t) = (w, 1(t),..., wun(t)),
where

wu,k(t) = Ws,m(t)ex(t) + (1 — (Sm,k)ws,k(t) = ws,k(t)

if k # mand wy, ,(t) = Wsp(t)(en(t) + 0 wsm(t)) = wsm(t) for k = m. Since the bias
is b = 1, we obtain y,(t) = x,(t) + 1. Thus Ne(@,) = Ne(ws). Similarly, denoting
Z?)v(t) = (wv,l(t)f s rwv,n(t))f we obtain wv,k(t) = em( )ws k( ) + ( mk)ek(t) = ws,k(t)
for k # m and wy, i (t) = ws () if k = m, thus @y (t) = (ws(t), ..., wsn(t)), consequently
Ne(@,) = Ne(s) again.

Consider the inverse element [Ne(@w,)] ! to the element Ne(@, € ZAN(T),,. Denote
Ne(@s) = [Ne(@,)] 1, @s(t) = (ws1(t), ..., wsnu(t)), t € T. We have Ne(@,) - Ne(@s) =
Ne(@,) -m [Ne(@,)] ! = N1(&) . Then

=e = wr,m(t)ws,l(t) + w1 (t),

0 =ex = Wrm(t)wsp(t) +wy2(t),

O = En == Wr,m(t)wsln(t) + wr,n(t).

From the above equalities we obtain

wrl(t) 1 wrn(t)
d s Wsm(t) = s, Weplt) = ——
Wy (F) 1) Wy (F) s (t) Wy m (1

Ws 1 (t) = -

~—

Hence, for [Ne(@,)]~! = Ne(@;s), we get
Bo(t) = (— walh) 1 ...,_wff"(f)) _

W (1) wem (1) Wy (1)




Mathematics 2021, 9, 319

where the number 1 is on the m-th position. Of course, the bias of the neuron [Ne(@,)] ! is
b, !, where b, is the bias of the neuron Ne (@, ).

5. Conclusions

The scientific school of O. Bortivka and F. Neuman used, in their study of ordinary
differencial equations and their transformations [1,28-30], the algebraic approach with
the group theory as a main tool. In our study, we extended this existing theory with
the employment of hypercomposiional structures—semihypergroups and hypergroups.
We constructed hypergroups of ordinary linear differential operators and certain sequences
of such structures. This served as a background to investigate systems of artificial neurons
and neural networks.
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Abstract: In this paper, we define and study the concept of the factorizable semihypergroup, i.e.,
a semihypergroup that can be written as a hyperproduct of two proper sub-semihypergroups.
We consider some classes of semihypergroups such as regular semihypergroups, hypergroups,
regular hypergroups, and polygroups and investigate their factorization property.
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1. Introduction

The decomposition property of a set appears as a key element in many topics in algebra,
being connected, for example, with equivalence relations (and called partition), factorizable
semigroups [1,2], factorization of groups [3], breakable semigroups [4], or recently introduced breakable
semihypergroups [5]. A group G is called factorized if it can be written as a product of two subgroups
A and B. This means that any element g in G has the form g = ab for some a € A and b € B [3]. One of
the most famous results about factorization of groups, proven in 1955 by Ito [6], concerns the product
of two abelian subgroups. More precisely, it is proven that any group G = AB written as the product
of two abelian subgroups is metabelian. A survey on some topics related to factorization of groups
was published in 2009 by Amberg and Kazarin [3]. The problem of the factorization of groups has been
immediately extended to the theory of semigroups. We mention here the systematic studies of Tolo [2],
Catino [1], or Tirasupa [7]. A semigroup is called factorizable if it can be written as the product of two
proper subgroups [1]. Besides the concept of left univocal factorization, (A, B) of a semigroup S = AB
is defined by the supplementary condition: for any 4,4’ € A and b,b’ € B, the equality ab = a'b’
implies that 4 = 4’ (and similarly for the right univocal factorization). In the same article [1], after
constructing all the semigroups that have a univocal factorization with factors isomorphic with a pair
of prescribed semigroups, the author presented necessary and sufficient conditions that a factorization
of a semigroup by right simple semigroups be univocal and characterized the semigroups with this
factorization property.

Motivated by the above-mentioned studies, in this paper we introduce the notion of the factorizable
semihypergroup, and we investigate the factorization property for special semihypergroups, as regular
semihypergroups, hypergroups, regular hypergroups, and polygroups. Then, we also present some
properties connected with the left (right) univocal factorization. It is worth mentioning here that
the problem of decomposition or factorization in hypercompositional algebra has been previously
studied by the authors in [5] related with breakable semihypergroups, or by Massouros in [8,9]. In [8],
the separation aspect was studied for hypergroups, join spaces, and convexity hypergroups, while
in [9], it was proven that from the general decomposition theorems, which are valid in hypergroups,
well known decomposition theorems for convex sets were derived as corollaries, like Kakutani’s
lemma, Stone and Helly’s theorem, etc.
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2. Preliminaries

For the basic concepts and terminology of semihypergroups or hypergroups, the reader is refereed
to the fundamental books [10-12]. In the following, we will recall those related to the identity element,
invertible element, or zero element, as well as the basic properties of regular semihypergroups and
regular hypergroups, or polygroups. See also [13,14] for more details regarding small polygroups.

Let S be a semihypergroup, i.e., S is a nonempty set endowed with a hyperoperation o : S x
S — P*(S), so a function from the Cartesian product S x S to the family of nonempty subsets of
S, which is associative: any three elements a,b,c € S satisfies the property (aob)oc =ao (boc),
where the left side member of the equality means the union of all hyperproducts u o c, withu € ao b.
A semihypergroup is a hypergroup if the reproduction axiom is verified, as well: for any a € S, there is
aoS =S = Soa. Sometimes, especially in the case of semihypergroups, when there is no risk of
confusion, the hyperoperation is omitted, and the hyperproduct between two elements is simply
denoted by ab, as we will do also throughout this paper. Besides, we denote the cardinality of a set S
by |S|. An element a € S is called left (right) scalar if [ax| = 1 (respectively, |xa| = 1), forallx € S. If a
is both a left and right scalar, then it is called a two-sided scalar, or simply a scalar. An element ¢ in a
semihypergroup S is called the left (right) identity if x € ex (respectively, x € xe), forall x € 5. If e is
both a left and an identity, then it is called a two-sided identity, or simply an identity. An element e in
a semihypergroup S is called a left (right) scalar identity if ex = {x} (respectively, xe = {x}), for all
x € 5. If eis both a left and right scalar identity, then it is called a two-sided scalar identity, or simply a
scalar identity. An element a’ € S is called a left (right) inverse of the element a € S if there exists a left
(right) identity e € S such that e € a’a (respectively, e € aa’). If a’ is both a left and right inverse of 4,
then it is called a two-sided inverse, or simply an inverse of 4. An element zero in a semihypergroup S
is called a left (right) zero element if Ox = {0} (respectively, x0 = {0}), for all x € S. If zero is both a
left and a right zero, then it is called a two-sided zero, or simply a zero.

A regular hypergroup is a hypergroup that has at least one identity and every element has at
least one inverse. The regularity property for semihypergroups is not the same, in the sense that
a semihypergroup S is called regular if every element x of S is regular, i.e., if there exists s € S
such that x € xsx. Notice that any regular semigroup is a regular semihypergroup, and moreover,
based on the reproduction axiom, every hypergroup is a regular semihypergroup (but not necessarily
a regular hypergroup).

Definition 1 ([12]). A polygroup is a system (P,0,1, 1), where 1 € P,~ is a unitary operation on P, o maps
P x P into the family of non-empty subsets of P, and the following axioms hold for all x,y,z € P:

(P1) xo(yoz)=(xoy)oz,
(P)) lox=x=xo01,
(P;) x€yozimplisy € xoz tandz ey tox

Theorem 1. Let S be a semihypergroup with the scalar identity element one such that every element x € S has
a unique inverse, denoted by x~'. Then, S is a polygroup if and only if:

(P3) Vx,yes, (xy)t =y a7,

where A=V = {a~!|ac A} for ACS.

Proof. We can restrict our attention to the “only if” part, since the “if” part is obvious. Let x,y,z € S
such that x € yz. Then, 1 € xx~! C y(zx~!), and thus, y ! € zx~1. Hence, the property (P}) implies
y € xz~ L. Similarly, z € y~!x. Therefore, S is a polygroup. [

3. Factorizable Semihypergroups

Based on the definition of factorizable semigroups, in this section, we first introduce and study
the main properties of factorizable semihypergroups.
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Definition 2. A semihypergroup S is said to be factorizable if there exist some proper sub-semihypergroups A
and B of S such that S = AB and |ab| = 1 for every a € A and b € B. The pair (A, B) is called a factorization
of S, with factors A and B.

It is clear that every factorizable semigroup can be considered as a factorizable semihypergroup.
In the following, we give some examples of factorizable proper semihypergroups (i.e., they are

not semigroups).

Example 1. Let S = {1,2,3} be a semihypergroup represented by the Cayley table:

o 1 2 3
1 1 1 1
2 1 2 3
314{1,23} 3 {2,3}

Then, the pair (A, B), where A = {1,2} and B = {2,3}, is a factorization of S.

Example 2. Let S = {1,2,3,4,5} be a semihypergroup with the following Cayley table:

o|1 2 3 4 5
111 2 3 4 5
212 1 3 4 5
313 3 ({123} 5 {4,5}
414 4 5 {1,2,4} {3,5}
515 5 {45} {36} {12345}

Then, the pair (A, B), where A = {1,2,3} and B = {1,2,4}, is a factorization of S.

Lemma 1. If a semihypergroup S is factorizable as S = AB, where A has a left identity and B has a right
identity, then S has a two-sided identity.

Proof. Suppose that e is a left identity of the sub-semihypergroup A and ¢’ is a right identity of
the sub-semihypergroup B. Since ¢,¢/ € S, we have ¢ = ab and ¢/ = 4V’ for some 4,4’ € A and
b,b' € B. Thus, e = ab € a(be’') = (ab)e’ = ee’; thus, e = e¢’. Similarly, one obtains ¢’ = ee’. Therefore,
e =¢ € AN Bisatwo-sided identity element of S. [

Similarly, we can prove the following lemma.

Lemma 2. If a semihypergroup S is factorizable as S = AB, where A has a left scalar identity and B has a right
scalar identity, then A, B, and S have a two-sided scalar identity.

In the next theorem, we present a sufficient condition such that a factorizable semihypergroup is
a hypergroup.

Theorem 2. If a semihypergroup S is factorizable as S = AB, where A and B are hypergroups such that
ANB # @, then S is a hypergroup.

Proof. Let S be a semihypergroup and (A, B) a factorization of S, where A and B are hypergroups
such that e € AN B. Then, for every x € S, there exista € A and b € B such that x = ab. By the
reproducibility property of A and B, there exist a’,a”,a* € A and V/,b”,b* € B such thata € a'a”,
a” € ea*,b € b'b”’,and e € b'b*. Thus, we can write:

x=uabe (a'a")b Ca'(ea*)b C a' (b'b*)a*b = (a'b')(b*a*b).
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Hence, x € (a'b’)z = yz, with z € b*a*b and y = a'b’. Similarly, one proves that x € ty, witht € S,
meaning that the reproducibility property in S holds, as well. Therefore, S is a hypergroup. [

The following example shows that the converse of the above theorem does not hold necessarily.

Example 3. Let S = {1,2,3,4,5,6} be a hypergroup with the Cayley table:

o 1 2 3 4 5 6
1 1 2 3 4 5 6
2 2 1 4 3 6 5
3 1 2 3 4 5 6
4 2 1 4 3 6 5
5 11{135) {246} (135} {246} (1,35} (24,6}
6 | {246} (1,35} ({246} ({125 ({246} {135}

Then, the pair (A, B), where A = {1,2,3,4} and B = {1,3,5}, is a factorization of S, but A is not a
hypergroup, while B is a hypergroup.

Theorem 3. Let the semihypergroup S be factorizable as S = AB, where A is a group. If B is contained in the
semihypergroup class C;, (i = 1,2,3), then so, S is, where:

Cy = the class of regqular semihypergroups;
C, = the class of hypergroups;
C3 = the class of regular hypergroups.

Proof. We denote by e the identity of the group A, which is, based on Lemma 1, a left scalar identity of S.

(1) Assume that B is a regular semihypergroup, and let x = ab be an arbitrary element in S = AB.
Then, there exits b’ € B such that b € bb'b. Thus, x = ab € abb’a~'ab and, thereby, x € xx'x,
for some x” € b'a~!. This means that any element in S is regular, so the semihypergroup S is
regular, as well.

(2) Assume that B is a hypergroup and S = AB. Then there exista € A and b € B such that e = ab.
Thusa~! = eb = b € AN B. So, by Theorem 2, we conclude that S is a hypergroup.

(3) Assume that B is a regular hypergroup. Then, by Lemma 1, the identity elements of S, A, and
B are the same. Let x = ab, witha € A and b € B, be an arbitrary elementof Sand y € b~ 1a71.
Then, ya = b~!; hence, 1 € b='b = yab, soy = (ab)~'. Thus, (ab)~! = b~1a~!. Therefore, S is a
regular hypergroup.

O

Definition 3. A factorization (A, B) of a semihypergroup S is called left univocal (respectively right univocal)
if the following condition holds:

(Va,a' € A,b,b' € B) ab=d'b/ = a = d'( respectively, b =b").
A factorization (A, B) of a semihypergroup S is called univocal if it is both left and right univocal.

Example 4. Let S = {1,2,3,4} be a semihypergroup with the following Cayley table:

2 3 4
2 3 4
{12y 4 {3,4}

4 {1,3} {24}
(3,4} {24} {1,2,3,4}

= W N =] o
= W N ==
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Then, the pair (A, B), where A = {1,2} and B = {1, 3}, is a left univocal factorization of S.

Example 5. Let S = {1,2,3,4} be a semihypergroup with the following Cayley table:

ol1 2 3 45 6
11 2 3 45 6
221 3 54 6
313 3 {1,2} 6 6 {45}
4145 6 12 3
5054 6 21 3
6|6 6 {45 3 3 {1,2}

Then, the pair (A, B), where A = {1,4} and B = {1,2,3}, is a left univocal factorization of S.

Lemma 3. Let (A, B) be a left univocal factorization of a semihypergroup S. Then, the following assertions hold:

(i) Ifa=abfora,a’ € Aandb € B, thena = a'.
(ii) Leta € A, Ay C A, and By C B be such that a € A1Bq. Then, a € A;.
(iii) Letac A, A1 C A, b € B,and By C B be such that ab € A1By. Then, a € A;.
(iv) Ifa € A1b, with A1 C A, thena € Ay and a = ab.
(v) Foreverya € A, there exists b € B such that a = ab.

Proof.

(i) Suppose thata = a’b fora,a’ € Aand b € B. Then, ab € a'(bb), and thus, ab = a'b’ for b’ € bb,

which implies thata = a’.

(ii) Leta € A, Ay C Aand By C Bbesuch thata € A;By. Then, we have a = a1b;, with a; € A; and
b1 € B;. Hence, Assertion (i) implies that a = a; € A;.

(iii) Leta € A, A1 C A, b € B, and By C B be such that ab € A;By. Then, we have ab = aby,
witha; € Ajand by € B,soa =a; € A;q.

(iv) This follows immediately from Assertion (i).

(v) Foreverya € A, thereexista’ € A and b € B such that a = a’b. Then, Assertion (i) implies a = a’,
as required.

Lemmad4. Let (A, B) be a left univocal factorization of a semihypergroup S. Then, AN B is a left zero semigroup
formed by right scalar identities of A.

Proof. First we prove that the intersection AN B is nonempty. Let b be an element of B such that b = eb/,
withe € Aand b’ € B. Then, for every a € A, it follows that ab € (ae)b’; thus, Lemma 3 (iii) implies
a € ae. Again, by Lemma 3 (v), there exists b” € B such that e = eb”, while b = a*b*, with a* € A and
b* € B. Thus, a*b” € (a*a*)b*. It follows that a* € a*a* by Lemma 3 (iii). Hence, a* € a*e = a*eb”, so
a* = a*b” by Lemma 3 (iv). Thereby, a* = a*b” = (a*a*)b*, and thus, a* = a*b* = b, which shows
that ANB # @.

Now, let e be an arbitrary element in A N B. Then, ee € AN B, with |ee| = 1 and e(ee) = (ee)e;
thus, e = ee, because of the univocal factorization. Moreover, since ae = (ae)e, it follows that a = ae;
thus, e is a scalar right identity of A. Therefore, A N B is a left zero sub-semigroup of S formed by right
scalar identities of A. O

Remark 1. Note that the property “to be a scalar” is essential in Lemma 4, i.e., if (A, B) is a left univocal

factorization of a semihypergroup S and e is a right identity, but not a scalar one, then e € A N B, as we can see
in the following example.
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Example 6. Let S = {1,2,3,4} be a semihypergroup with the following Cayley table:

o1l 2 3 4
111 {1,2} 1 1
2|11 {1,2} 1 1
311 2 {3,4} 3
41 2 {3,4} 4

Then, the pair (A, B), where A = {3,4} and B = {1,2,4}, is a factorization of S. We observe that the
element 3 is a right, but not scalar, identity of A, which does not belong to A N B.

Theorem 4. Let (A, B) be a left univocal factorization of a polygroup P. Then, the following assertions hold:

(i) A and B are sub-polygroups of P.
(ii) AN B = {1}, where one is the identity of the polygroup P.

Proof.

(i) Let P be a polygroup with the identity one and (A, B) be a left univocal factorization of P.
First, we prove that both A and B contain one. Since there exists 2 € A such that1 = aa 1,
it follows that a € 4221, and hence, a = a’a~! for some a’ € a2. Thus, a € aa—! = 1; hence,

l=a=a'€ANB.

Now, for every a € A, there exista’ € A and b’ € Bsuch thata=! = a'b’. Thus, 1 € aa~! = ad'l/;
and hence, 1 € aa’, by Lemma 3 (ii). This means that A is a polygroup.

Furthermore, let b € B. Then, b1 = a'b' witha' € Aand V' € B. Thus, 1 € b=1b = a'b'b, so
a’' = 1,by Lemma 3 (iv). Hence, b~! = b’ € B, meaning that B is a polygroup.

(ii) This follows from Assertion (i) and Lemma 4.
O

Example 7. Let P = {1,2,3,4,5,6} be a polygroup with the following Cayley table:

o1 2 3 4 5 6
111 2 3 4 5 6
212 1 3 5 4 6
313 3 {12} 6 6 {45}
414 5 6 1 2 3
515 4 6 2 1 3
616 6 {45 3 3 ({12}
Then, the pair (A, B) where A = {1,2,3} and B = {1,4} is a factorization of P.

Lemma 5. Let (A, B) be a left univocal factorization of a polygroup P. Then, |P| = |A| - |B].

Proof. Let (A, B) be a left univocal factorization of a polygroup P. Since P = AB, it is sulfficient to
prove that for every x € P, there exist uniquea € Aand b € Bsuch thatx = ab. If x = ab = a't’, then,
by definition, we get a = a4/, and hence, ab = ab’. Therefore, b € aa~1b'. Thus, there exists a” € A
such that b € a”b’. Hence, a” € bb'~1. It follows that a” € A N B, meaning that a” = 1, by Theorem 4.
We conclude thatbh = b'. O

Proposition 1. The minimum order of a non-commutative left univocal factorizable polygroup is six.

Proof. First, we show that every left univocal factorizable polygroup of order less than six is
commutative. Let (A, B) be a left univocal factorization of a polygroup P and |P| < 6. Then, Lemma 5
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implies |P| = 4 and |A| = |B| = 2. Consider P = {1,4,b,c}, A = {1,a}, and B = {1,b}. Since A and
B are sub-polygroups of P, by Theorem 2, we havea = a~ ! and b = b~!, and hence, c = c!. Now,
for every x,y € P we have:

xy=(xy) =y x =yx

Therefore, P is a commutative polygroup. Now, one can see that the symmetric group on the
set {1,2,3}, denoted S3 = {(),(12),(13),(23),(123),(132)}, as a polygroup has a left univocal
factorization S3 = {(), (12)}{(), (123),(132)}, which completes the proof. []

4. Conclusions

Many properties from semigroup theory have been extended to semihypergroup theory, showing
their similarities but also differences, and the factorization property, discussed within this note, is one
of them. Following the classical paper of Catino [1], we defined a factorizable semihypergroup as a
semihypergroup that can be written as a hyperproduct of its two proper sub-semihypergroups. One of
the main results presented here showed that if the semihypergroup S is factorized as S = AB with
A a group and B a regular semihypergroup, a hypergroup, or a regular hypergroup, then also S has
the same algebraic hypercompositional structure as B. Regarding the polygroups, it was proven that
for a left univocal factorizable polygroup P = AB, both factors are sub-polygroups of P, with the
intersection containing only the identity of P. Moreover, we determined that the minimum order of a
non-commutative left univocal factorizable polygroup is six.
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Abstract:
conditions, are complete hypergroups or non-complete 1-hypergroups. Furthermore, we classify the

In this paper, we show a new construction of hypergroups that, under appropriate

1-hypergroups of size 5 and 6 based on the partition induced by the fundamental relation 8. Many of
these hypergroups can be obtained using the aforesaid hypergroup construction.

Keywords: hypergroups; complete hypergroups; fundamental relations

1. Introduction

Hypercompositional algebra is a branch of Algebra experiencing a surge of activity
nowadays that concerns the study of hyperstructures, that is, algebraic structures where
the composition of two elements is a set rather than a single element [1]. The subjects,
methods, and goals of the hypercompositional algebra are very different from those of
classic algebra. However, the two fields are connected by certain equivalence relations,
called fundamental relations [2,3]. Through fundamental relations, the analysis of algebraic
hyperstructures can make use of the wealth of tools typical of classical algebra. Indeed,
fundamental relations are peculiar equivalence relations defined on hyperstructures, in
such a way that the associated quotient set is one of the classical algebraic structures.

More precisely, a fundamental relation is the smallest equivalence relation defined
on the support of a hyperstructure such that the corresponding quotient set is a classical
structure having operational properties analogous to those of the hyperstructure [4-7]. For
example, the quotient structure modulo the equivalence * defined on a semihypergroup
(or a hypergroup) is a semigroup (or a group, respectively) [2,8-10]. Analogous definitions
and results are also known in hyperstructures endowed with more than one operation, see
e.g., [11]. Moreover, hypergroups can be classified according to the height of a f*-class,
that is, the least number of order-2 hyperproducts that can cover that class, see [12].

If (H, o) is a hypergroup and ¢ : H — H/p* is the canonical projection then the kernel
wy = ¢ *(1/p+) is the heart of (H, o). The heart of a hypergroup plays a very important
role in hypergroup theory. Indeed, if we know the structure of wy then we have detailed
information on the partition determined by relation * since p*(x) = wy o x = x o wy, for
all x € H. When the heart of a hypergroup (H, o) has only one element ¢, this element is also
the identity of (H, o), since x € p*(x) = x o ¢ = € o x. According to a definition introduced
by Corsini in [4], the hypergroups whose heart has size 1 are called 1-hypergroups. In ([12]
Theorem 2), we characterized the 1-hypergroups in terms of the height of their heart,
and in [13] Sadrabadi and Davvaz investigated sequences of join spaces associated with
non-complete 1-hypergroups.

In this paper, we deepen the knowledge of 1-hypergroups. In particular, we classify
the 1-hypergroups of cardinalities up to 6 on the basis of the partition of H induced by
B*. This technique allows us to explicitly construct all 1-hypergroups of order 5, and
enumerate those of order 6 by means of scientific computing software. We recall that
the study of small-size algebraic hyperstructures is both a practical tool to analyze more
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elaborate structures and a well-established research topic in itself. In fact, the enumeration
and classification of hyperstructures having small cardinality have made it possible to
solve various relevant existence issues in hyperstructure theory, see e.g., [14-17].

The plan of this paper is the following: In the forthcoming Section 2, we introduce
the basic definitions, notations, and fundamental facts to be used throughout the paper.
In Section 3, we present a new construction of hypergroups that, under appropriate hy-
potheses, are complete hypergroups or non-complete 1-hypergroups. Moreover, we prove
a few results concerning the B-classes of 1-hypergroups and sufficient conditions for 1-
hypergroups to be complete, which are relevant in subsequent sections. In Section 4, we
determine the 1-hypergroups of size 5, up to isomorphisms. In Section 5 we classify the
1-hypergroups of size 6, up to isomorphisms. The 1-hypergroups of size 4, and many
1-hypergroups of size 5 and 6, can be determined by the construction defined in Section 3.
The paper ends with some conclusions and directions for future research in Section 6.

2. Basic Definitions and Results

Let H be a non-empty set and let P*(H) be the set of all non-empty subsets of H. A
hyperproduct o on H is amap from H x H to P*(H). Forall x,y € H, the subset x o y is the
hyperproduct of x and y. If A, B are non-empty subsets of H then Ao B = Uycayep X0 V-

A semihypergroup is a non-empty set H endowed with an associative hyperproduct
o, thatis, (xoy) oz =xo(yoz)forall x,y,z € H. We say that a semihypergroup (H, o) is
a hypergroup if for all x € H, we have x o H = H o x = H, the so-called reproducibility
property.

A non-empty subset K of a semihypergroup (H, o) is called a subsemihypergroup of
(H, o) if it is closed with respect to the hyperproduct o, thatis, x oy C K forall x,y € K.
A non-empty subset K of a hypergroup (H, o) is called a subhypergroup of (H,o) if
xoK = Kox =K, forall x € K. If a subhypergroup is isomorphic to a group, then we say
that it is a subgroup of (H, o).

Given a semihypergroup (H, o), the relation * in H is the transitive closure of the
relation B = {J,;>1 Bn where B; is the diagonal relation in H and, for every integer n > 1,
Bn is defined recursively as follows:

xBny = z1,...,2z0) € H" : {x,y} Cz10zp0- -0z,

We let f*(x) denote the f*-class of x € H. The relations § and f* are among the
best known fundamental relations [3]. Their relevance in hyperstructure theory stems
from the following facts [2]: If (H, o) is a semihypergroup (respectively, a hypergroup)
then the quotient set H/B* equipped with the operation f*(x) ® p*(y) = B*(z) for all
x,y € Hand z € x oy is a semigroup (respectively, a group). Moreover, the relation g* is
the smallest strongly regular equivalence on H such that the quotient H/* is a semigroup
(resp., a group). The canonical projection ¢ : H — H/B* is a good homomorphism,
that is, ¢(xoy) = ¢(x) ® ¢(y) for all x,y € H. The relations p and p* are also useful
to introduce notable families of semihypergroups and hypergroups, including the fully
simple semihypergroups [18-20] and the 0-simple semihypergroups [14,21-23], having
interesting connections with partially ordered sets and integer sequences. Furthermore,
we recall from [8,10] that if (H, o) is a hypergroup then S is transitive, so that p = * in
every hypergroup.

If (H, o) is a hypergroup then H/B* is a group and the kernel wy = q)*l(lH/ﬁ*) of
@ is the heart of (H, o). Furthermore, if |wy| = 1 then (H, o) is a 1-hypergroup. For later
reference, we collect in the following theorem a couple of classic results concerning the
heart of a hypergroup, see [2,4].

Theorem 1. Let (H, o) be a hypergroup. Then,

1. PB(x)=xowy=wgox,forallx € H;
2. (xoy)Nwy # @<= (yox)Nwy # @, forall x,y € H.
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If A is a non-empty set of a semihypergroup (H, o) then we say that A is a complete
part if it fulfills the following condition: for every n € N — {0} and (x1,x,...,x,) € H",

(xj0---0x,)NA#@ = (x10---0x,) C A.

For every non-empty set X of H, the intersection of all the complete parts containing
X is called the complete closure of X and is denoted with €(X). Clearly, X is a complete
part of (H, o) if and only if €(X) = X. If (H, o) is a semihypergroup and ¢ : H — H/p* is
the canonical projection then, for all non-empty set A C H, we have ¢(A) = ¢~ 1(p(A)).
Moreover, if (H, o) is a hypergroup then

€(A) = ¢~ (p(A)) = Aowy = wy o A.

A semihypergroup or hypergroup (H, o) is completeif xoy = €(xoy) forall x,y € H.
If (H, o) is a complete (semi-)hypergroup then

xoy =C(a) = p*(a),

for every x,y € H and a € x oy. Recently, Sonea and Cristea analyzed in [24] the commu-
tativity degree of complete hypergroups, stressing their similarities and differences with
respect to group theory. The interested reader can find all relevant definitions, properties
and applications of hyperstructures and fundamental relations, even in more abstract
contexts, also in [4,25-30].

In what follows, if (H, o) is a finite hypergroup and |H| = nthenweset H = {1,2,...,n}.
Moreover, if (H, o) is a (possibly infinite) 1-hypergroup then we adopt the convention
wyH = { 1 } .

3. Main Results

In this section, we prove some results which will be used to classify the 1-hypergroups
of sizes 4, 5 and 6. To this aim, we now give a construction of hypergroups which, under
certain conditions, allows us to determine non-complete 1-hypergroups, starting from
complete 1-hypergroups.

3.1. A New Construction

Let (G, -) be a group with |G| > 2 and let § = { Ay }xeg be a family of non-empty and
pairwise disjoint sets indexed by G. Leti,j € G — {15} be not necessarily distinct elements
and let ¢ : A; X A; — P*(A;;) be any function such that foralla € A; and b € A;

U ¢(a,x) = | ¢(x,b) = Ay 1

XGA" XEA;

As a shorthand, introduce the infix notation * : A; X A; — A;; defined by axb =
@(a,b) for every a € A;and b € A;. This operation is naturally extended to sets as follows:
for X € P*(A;) and Y € P*(4;) let

axY=Jaxy, Xxb=|)=xxb, XY= [J xxu.
yey xeX xeX,yeY

Hence, the condition (1) can be reformulated as A; xb = ax A; = A;;. Now, let
H = Ukeg Ak and consider the hyperproduct o : H x H — P*(H) defined as follows: for
all x,y € H let

toy — Ays  ifxe A, ye Asand (r,s) # (i,)),
xxy ifx € Ajand y € A;.

The following result shows the usefulness of this construction.
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Proposition 1. In the previous notation,

1.
2.

o NSO W

foreveryr,s € Gand x € As we have Ay ox = Aysand x o Ay = Agy;
the hyperproduct o is associative: for every r,s,t € G, x € A;, y € Asand z € Ay, we have

(xo y) 0z = A(rs)t = Ar(st) =X0 (y 0z);

forevery zq1,z2,...,2zy € Hwithn > 3 there existsr € G such that zyozp o - 0z, = Ay;
(H, o) is a hypergroup such that B = Bp;

foreveryx € H,x € Ay <= B(x) = Ay,

H/B = Gand wy = Ay,

if |A1,| = 1 then (H, o) is a 1-hypergroup;

(H, o) is complete if and only if a x b = A;; for everya € A;jand b € A;.

Proof. In the stated hypothesis we have:

1.

@

Letr,s € Gandx € As. Ifr #iors # jthen A, ox = Uyea, (yox) = Ays. Otherwise,
ifr=iands = jthen A, ox = A;ox = A;xx = A;; by Equation (1). The identity
x o A, = Ass can be derived by similar arguments.

Foreveryr,s,t € Gand x € A;, y € As and z € Ay, we have

(r,s) # (i,j) = (xoy)oz=Ai0z= Ay,

Moreover, since j # 1¢ and the sets of the family § are pairwise disjoint, if (r,s) = (i, )
then Aj; # Ajand a oz = Ajj); = Ay, for every a € xxy C Ajj. Therefore,

(xoy)oz=(xxy)oz= |J aoz= Ay

acxxy

The identity x o (y 0 z) = A(,); follows analogously.

It suffices to apply points 1. and 2. above and proceed by induction on .

By 2., (H, o) is a semihypergroup. To prove that it is a hypergroup it remains to prove
that the hyperproduct o is reproducible. Let x € H. If x € A; then

xoH= |Jxoy= ( U xoy)U( U xoy>

yeH YEA; yEH-A;

— (onj)U< U Ai,> — AgU(H— Ag) = H.

reG—{j}

Ifx € Ay withh # ithenxo H = Uyernxoy = Urec A = H because hG = G.
Therefore x o H = H. The identity H o x = H can be shown analogously, by consid-
ering separately the cases x € Ajand x € H — A;. Therefore o is reproducible and
(H, o) is a hypergroup. Consequently, we have the chain of inclusions

Pr PSSP S

Now, let x,y € H be such that xfy. Hence, there exists n > 3 such that x3,y. By
point 3., there exists r € G such that {x,y} C A,. For every a € A; we have
{x,y} C A, = x oa and we obtain xByy.

Let x € Ag. If a € Ay then Ay = x o4, and soy € Ay implies yBox. Conversely, if
yBox then there exist a,b € H such that {x,y} C aob. From the definition of the
hyperproduct o it follows that there exists r € G such thataob C A,. Therefore,
since x € Ax N A, and the sets of the family § are pairwise disjoint, we obtain
y€aobC A, = Ayg. Finally, Ay = B(x) because B, = B.

The application f : G — H/B such that f (k) = Ay is a group isomorphism. Moreover,
since 15,5 = f(1g) = A1, we conclude wy = Aj..
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7. The claim follows immediately from points 4. and 6.
8.  Trivial.
O

We stress the fact that the hypothesis i,j # 1 placed in the above construction is
essential for the validity of Proposition 1. In fact, if that hypothesis is not fulfilled then
the hyperproduct o defined by our construction may not be associative, as shown by the
following example.

Example 1. Let G = Z, (i,j) = (2,1), Ay = {a,b}, and Ay = {c,d}. Consider the function
¢ : Ay X Ay — P*(Ay) represented by the following table:

*

1S

b
c ¢ d
d d ¢

In this case, the previous construction determines the following hyperproduct table:

o a b c d
a Al A1 Az A2
b A A Ay A
c [ d A1 A1
d d C A1 A1

We have c x Ay = dx A1 = Apand Ap xa = Ay xb = Ay, hence the hyperproduct o is not
associative because

(coa)oa={c} C Ay co(aoa)=coA; = A;.

Remark 1. The complete hypergroups have been characterized by Corsini in [4] by means of a
construction very similar to ours. In fact, the above construction reduces to the one in [4] if the
condition in Equation (1) is replaced by ¢(a,b) = A;; for every a € A;and b € A;. In that case,
the hypergroup thus produced is complete.

3.2. Auxiliary Results

Now, we prove two results that are valid in every hypergroup. Recall that in every
hypergroup the relation 8 is an equivalence coinciding with §* [8,10].

Proposition 2. Let (H, o) be a hypergroup. Forall x,y € H,x o B(y) = B(x) o B(y) = B(x) oy.

Proof. By Theorem 1(1) we have x o f(y) = xo (wgowpgoy) = (xowy) o (wgoy) =

B(x) o p(y) = B(x) o (wr oy) = (B(x) cwn) oy = p(x)oy. D

Proposition 3. Let (H, o) be a hypergroup. If a is an elements of H such that B(a) = {a} then
both a o b and b o a are B-classes, for all b € H.

Proof. By Proposition2,aob = B(a)ob = B(a) o B(b). The identity boa = B(b) o B(a) is
obtained analogously. O

The next results concern the properties of 1-hypergroups.

Corollary 1. Let (H, o) be a 1-hypergroup. If there exists only one B-class of size greater than 1
then H is complete.
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Proof. Let 3(x) be the only B-class with |f(x)| > 1. By Proposition 3, we only have to
prove thatif 2 € B(x) thenboth aoband b o a are B-classes, forallb € H.Let ¢ : H — H/p
be the canonical projection and ¢ € a o b. We prove thataob = B(c). If |B(c)| = 1 then
aob=pB(c). If |B(c)| > 1 then B(c) = B(x) = B(a). Consequently,

p(x) = ¢(c) = ¢(a) @ @(b) = ¢(x) ® ¢(b),

hence ¢(b) = 1,5 and we have b € wy = {1}. Finally, aob = aol = B(a) = B(c).
Analogous arguments can prove that also boa isa B-class. [

Remark 2. If H is not a complete 1-hypergroup and H owns exactly two B-classes, B(a) and B(b),
of size greater than 1, then B(a) o B(a) = B(b) or B(b) o B(b) = B(a).

From Corollary 1 we get the following results.

Proposition 4. Let (H, o) be a finite 1-hypergroup. If |H/B| = p and there exists a p-class of
size |H| — p + 1, then H is a complete hypergroup.

The previous proposition allows us to find a simple proof to a result shown in [4]
providing a taxonomy of all 1-hypergroups of size up to 4.

Theorem 2. If (H, o) is 1-hypergroup and |H| < 4 then (H, o) is a complete hypergroup. More-
over, (H, o) is either a group or is one of the hypergroups described by the following three hyper-
product tables, up to isomorphisms:

) 1 2 3 4
1 1 2,3,4 2,3,4 23,4
2 23,4 1 1 1
3 23,4 1 1 1
4 2,34 1 1 1

o 1 2 3 4

1 1 23 23 4

2 23 4 4 1

3 23 4 4 1

4 4 1 1 23

Proof. Let (H, o) be a 1-hypergroup of size < 4 that is not a group. Two cases are possible:
(i) |[H| = 3 and |H/B| = 2; (ii) |[H| = 4 and |H/B| € {2,3}. In both cases (H, o) is a
complete 1-hypergroup by Proposition 4. The corresponding hyperproduct tables are
derived from Remark 1. [

Proposition 5. Let (H, o) bea 1-hypergroup and let a, b be elements of H such that B(a) o p(b) = {1}
and B(a) o B(a) = B(b). Then,

1. B(b)op(a) = {1} and B(b) o p(b) = p(a);
2. ifd,a" € B(a)and a' oa” = A then

(@) Aox=xo0A=p(a)forall x € B(b);
(b)  ifthereexistb',b" € B(b) suchthatb’ ob” = {a'} orb' ob” = {a"} then A = B(b).
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Proof. 1.  The claim follows immediately from Theorem 1.
2. (@ Bla) = (') =a’' ol =d'o(a"ox) = (doa’)ox = Aox and B(a) =
B(a")=10a" = (xo0da')oa" =x0(a' 0a")=x0A.
(b) It ob'={d},thenA=doa" = ob")oad" =V 0o (V' od")=001=p(b).
In the same way, if ¥’ ob” = {a"} then A = d'od” = d' o (V' ol") =
(@' ob')ob" =10b" = B(b).
O

In the forthcoming sections, we will determine the hyperproduct tables of 1-hypergroups
of sizes 5 and 6, up to isomorphisms. Since B is an equivalence, the S-classes of a hyper-
group (H, o) determine a partition of H in disjoint subsets. By Theorem 1(1), if (H, o) is a
finite 1-hypergroup such that H = {1,2,...,n} and wy = {1} then the first row and the
first column of the hyperproduct table exhibits the sets of the partition. In order to find the
1-hypergroups of size n with |H/B| = r, we will consider all the non-increasing partitions
of the integer (n — 1) in exactly (r — 1) positive integers.

4. 1-Hypergroups of Size 5

In this section we determine the hyperproduct tables of 1-hypergroups of size 5, apart
of isomorphisms. Hence, we put H = {1,2,3,4,5} and proceed with the analysis by
considering the following cases, corresponding to the non-increasing partitions of 4:

1 |H/B| =2, B(2) ={2,3,4,5};
2. |H/B|=3,p(2) ={2,3,4}, B(5) = {5};
3 [H/Bl =3 B2) = (2,3}, B4) = {45},
4. |H/B| =4,p(2) = {2,3}, p(4) = {4}, B(5) = {5};
5. |H/B| =5and B(x) = {x} forall x € H.

Case 1. In the first case H/ = Zy5, so we only have the following complete hypergroup:

01 1 2 3 4 5
1 1 2,345 2345 2345 253,45
2 234,55 1 1 1 1
3 2345 1 1 1 1
4 2,345 1 1 1 1
5 234,55 1 1 1 1

Case 2. By Proposition 4(2), (H, o) is a complete hypergroup and so its hyperproduct table
is the following, apart of isomorphisms:

0 1 2 3 4 5
1 1 234 234 234 5
2 234 5 5 5 1
3 234 5 5 5 1
4 234 5 5 5 1
5 5 1 1 1 234
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Case 3. Here H/8 = Z3 and, setting
following partial hyperproduct table:

B(2) = {2,3} and B(4) = {4,5}, we derive the

1 2 3 4 5

o

1 1 23 23 45 45
2 23 1 1
3 2,3 1 1
4 45 1 1

5 45 1 1

By Proposition 5,

ifa,b,a’, b are elements in B(2) then
laob|=]a'ob|=1 = 4o04=405=504=505={2,3};

ifa,b,a’, b are elements in f(4) then

laob|=|a'ob/|=1 == 202=203=302=303={4,5}.

Therefore, if we denote

o 2 3 o 4 5
P 2 Q: 4
3 5

then we can restrict ourselves to the following three sub-cases:

The tables P and Q do not contain any singleton entry. Here, one complete hyper-
group arises,

o35 1 2 3 4 5
1 1 23 23 45 4,5
2 23 45 45 1 1
3 23 45 45 1 1
4
5

4,5 1 1 23 23
4,5 1 1 23 23

The table P contains (one or more) singleton entries in the main diagonal only. Without
loss of generality, we can set 202 = {4} and obtain

o 2 3 o 4 5
p 2 4 4,5 Q: 4 23 2,3
3 45 R 5 2,3 S

where R € {{4},{5},{4,5}} and S € {{3},{2,3}}, that is to say there are 6 tables
to examine. Rejecting the hyperproduct tables that are not reproducible and the
isomorphic copies, we are left with the following 4 hypergroups:

oo 1 2 3 4 5 o 1 2 3 4 5

1 1 23 23 45 4,5 1 1 23 23 45 4,5
2 23 4 45 1 1 2 23 4 45 1 1
3 23 45 45 1 1 3 23 45 45 1 1
4 45 1 1 23 23 4 45 1 1 23 23
5 45 1 1 23 3 5 45 1 1 23 23
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% 1 2 3 4 5 o 1 2 3 4 5
1 1 23 23 45 4,5 1 1 23 23 45 4,5
2 23 4 45 1 1 2 23 4 45 1 1
3 23 45 5 1 1 3 23 45 4 1 1
4 45 1 1 23 23 4 45 1 1 23 23
5 45 1 1 23 23 5 45 1 1 23 23

¢ The table P contains at least one singleton entry off the main diagonal, for instance
203 = {4}. Consequently, from Proposition 5 we have

o 2 3 o 4 5

P: 9 4 Q: 4 23 2,3
3 5 2,3 2,3

where every empty cell can be filled with {4} or {5} or {4,5}, giving rise to 27 more
tables. After checking reproducibility and isomorphisms, we find the following

8 hypergroups:

s 1 2 3 4 5 0 1 2 3 4 5

1 1 23 23 45 45 1 1 23 23 45 4,5
2 23 45 4 1 1 2 23 5 4 1 1
3 23 45 4,5 1 1 3 2,3 45 4,5 1 1

4 45 1 1 23 23 4 45 1 1 23 23
5 45 1 1 23 23 5 45 1 1 23 23
010 1 2 3 4 5 O11 1 2 3 4 5
1 1 23 23 45 45 1 1 23 23 45 45
2 23 45 4 1 1 2 23 45 4 1 1
3 23 45 5 1 1 3 23 5 45 1 1
4 45 1 1 23 23 4 45 1 1 23 23
5 45 1 1 23 23 5 45 1 1 23 23
012 1 2 3 4 5 013 1 2 3 4 5
1 1 23 23 45 4,5 1 1 23 23 45 4,5
2 23 45 4 1 1 2 23 45 4 1 1
3 23 4 45 1 1 3 23 4 5 1 1
4 45 1 1 23 23 4 45 1 1 23 23
5 45 1 1 23 23 5 45 1 1 23 23
014 1 2 3 4 5 015 1 2 3 4 5
1 1 2,3 2,3 45 4,5 1 1 2,3 2,3 45 4,5
2 23 5 4 1 1 2 23 5 4 1 1
3 23 45 5 1 1 3 23 4 5 1 1
4 45 1 1 23 23 4 45 1 1 23 23
5 45 1 1 23 23 5 45 1 1 23 23

Case 4. Here, being |H/B| = 4, three more 1-hypergroups are obtained by considering that
the quotient group H/  is isomorphic to either the group Z4 or the group Z, x Z,.
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e If H/B = Z4 and the B-class B(2) is associated with a generator of Z, then we have

o 1 2 3 4 5
1 1 23 23 4 5
2 23 4 4 5 1
3 23 4 4 5 1
4 4 5 5 1 23
5 5 1 1 23 4

e If H/B = Z4 and the B-class B(2) is not associated with a generator of Z, then we have

017 1 2 3 4 5
1 1 2,3 2,3 4 5
2 23 1 1 5 4
3 23 1 1 5 4
4 4 5 5 2,3 1
5 5 4 4 1 23

e IfH/B = Zy x Z then we have

o;g 1 2 3 4 5
1 1 23 23 4 5
2 23 1 1 5 4
3 23 1 1 5 4
4 4 5 5 1 2,3
5 5 4 4 2,3 1

Case 5. Lastly, in this case we have trivially H = Zs as |[H/B| = 5.

Therefore we have obtained the following result.

Theorem 3. Apart of isomorphisms, there are 19 1-hypergroups of size 5. Of these hypergroups,
exactly 7 are complete.

Remark 3. With the only exception of the hypergroup (H,o4) in case 3, the 1-hypergroups of
size 5 can be determined by the construction defined in Section 3.1. In fact, the hypergroups
(H, o) with k € {1,2,3} are also complete. The hypergroups (H, o) with k € {5,6,---,15}
are obtained by considering G = Zz, Ay = {1}, Ay = {2,3}, A3 = {4,5} and the functions
@ 2 Ax X Ay — P*(Az) defined as gi(a,b) = aoxbfora,b € Ayandk € {5,6,---,15}.

5. 1-Hypergroups of Size 6

In this section we classify the product tables of 1-hypergroups of size 6, apart of
isomorphisms. Hence, we assume H = {1,2,3,4,5,6}, wy = {1} and distinguish the
following nine cases:

[H/Bl =2, B(2) = {2,3,4,5,6};

[H/B| =3, p(2) = {2,3,4,5}, p(6) = {6};

[H/B| =3, p(2) = {2,3,4}, B(5) = {56},

1
2
3
4
2- |H/B| =4, H/p =74, p(2) = {2,3}, B(4) = {4,5}, B(6
7
8
9

[H/B| =4, H/B = Ly, ()—{234} p(5) = {5}, ﬁ(; %Z{
|H/B| =4, H/P =Ly x Ly, p(2) = {2,3,4}, B(5) = {5}, B(6) = {6};
[H/B| =4, H/ﬁ Lo X I, B(2 ):{2,3} p(4) = {4,5}, B(6) = {6};
[H/B| = 5,B(2) = {2,3}, B(4) = {4}, B(5) = {5}, B(6) = {6};

[H/B| = 6.
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In all aforesaid cases, except case 3, we can give the hyperproduct tables of the
1-hypergroups, apart of isomorphisms. To achieve this goal, we use the partition of H
into B-classes, the involved quotient group and the reproducibility condition that the
hyperproduct tables must satisfy. In case 3, we obtain a too high number of tables and
it is impossible to list them. Nevertheless, with the help of a computer algebra system,
we are able to perform an exhaustive search of all possible hyperproduct tables and to
determine their number, apart from isomorphisms. To improve readability, we postpone
the discussion of case 3 at the end of this chapter.

Case 1. The quotient group H/ B is isomorphic to Z.

o 1 2 3 4 5 6
1 1 2,3,4,56 23,456 23456 23456 23456
2 23,456 1 1 1 1 1
3 234,56 1 1 1 1 1
4 2,3,45,6 1 1 1 1 1
5 2,3,45,6 1 1 1 1 1
6 23,456 1 1 1 1 1

Case 2. The quotient group H/ B is isomorphic to Zs.

) 1 2 3 4 5 6
1 1 2,3,4,5 2,3,45 23,45 23,45 6
2 23,45 6 6 6 6 1
3 23,45 6 6 6 6 1
4 2,3,4,5 6 6 6 6 1
5 23,45 6 6 6 6 1
6 6 1 1 1 1 2,3,4,5

Case 4. By Corollary 1, we obtain two complete non-isomorphic hypergroups. In particular,
where the only B-class of size larger than 1 is associated to a generator of Z4, we have the
following hyperproduct table:

) 1 2 3 4 5 6
1 1 2,3,4 2,34 23,4 5 6
2 23,4 5 5 5 6 1
3 2,34 5 5 5 6 1
4 23,4 5 5 5 6 1
5 5 6 6 6 1 2,3,4
6 6 1 1 1 2,3,4 5

Instead, if the only B-class of size larger than 1 is associated to a non-generator of Zg,
we obtain the following table:

o 1 2 3 4 5 6
1 1 2,3,4 2,34 23,4 5 6
2 2,34 1 1 1 6 5
3 23,4 1 1 1 6 5
4 2,34 1 1 1 6 5
5 5 6 6 6 2,3,4 1
6 6 5 5 5 1 2,3,4
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Case 5. Considering that the group Z, has only one element x of order 2 and that B(6) is

the only B-class of size 1, we have to examine two sub-cases, depending on whether the

class B(6) is associated to the element x or not.

1. |H/B|=4 H/B=Zs B(2) ={2,3}, B(4) = {4,5}, B(6) = {6} and B(6) associated
to the only element of Z4 having order two;

2. |H/B|=4,H/B =7y B(2) = {2,3}, B(4) = {4,5}, B(6) = {6} and B(6) associated
to a generator of Zj.

In the first case we obtain a complete hypergroup,

1 2 3 4 5 6

1 1 23 23 45 45 6
2 23 6 6 1 1 4,5
3 23 6 6 1 1 4,5
4 45 1 1 6 6 2,3
5
6

(¢]

4,5 1 1 6 6 23
6 45 45 2,3 23 1

In the second case, by using the multiplicative table of Z4 and the reproducibility of
H, we obtain the following partial table:

o 1 2 3 4 5 6
1 1 23 23 45 45 6
2 23 X Y 6 6 1
3 23 Z T 6 6 1
4 4,5 6 6 1 1 2,3
5 45 6 6 1 1 23
6 6 1 1 23 2,3 4,5

with XUY =ZUT =XUZ =YUT = {4,5}. If we suppose that X € {{4},{4,5}}, up
to isomorphisms, we obtain 12 hyperproduct tables corresponding to the following values
of thesets X,Y,Z, T:

(x1) X={4},Y={5},Z2={5}, T={4};

(k2) X ={4},Y ={5},Z = {5}, T = {4,5};

(x3) X={4},Y={5},Z={4,5},T = {4},

(k) X={4},Y ={5)},Z= {45}, T = {4,5);

(x5) X={4},Y={45},Z={5},T=1{45};

(x¢) X={4},Y={4,5},Z={4,5}, T ={4};

(k) X=1{4},Y=1{4,5),Z=1{45),T={5)

(xg) X={4},Y={45},Z={45},T={4,5};

(x0) X={4,5},Y={4},Z={4},T={4,5};

(410) X = {4,5}, Y = {4}, Z = {5}, T = {4,5};

(x11) X ={4,5}, Y ={4},Z={4,5}, T = {4,5};

(x12) X ={4,5}, Y = {4,5}, Z = {4,5}, T = {4,5}.

Remark 4. The previous 12 hypergroups can be derived from the construction shown in Section 3.1,
where we let G = Zy, A1 = {1}, Ay = {2,3}, Az = {4,5}, Ay = {6}, and ¢ : Ay X
Ay — P*(A3) is the function defined as ¢(a,b) = ax b fora,b € Ayand k € {1,2,...,12}.
Incidentally, we note that the hypergroup arising from %1 is also complete.
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Case 6. In this case we obtain only one 1-hypergroup, which is also complete:

) 1 2 3 4 5 6
1 1 2,3,4 2,3,4 23,4 5 6
2 2,34 1 1 1 6 5
3 234 1 1 1 6 5
4 2,34 1 1 1 6 5
5 5 6 6 6 1 2,3,4
6 6 5 5 5 2,3,4 1

Case 7. In this case, we also obtain only one 1-hypergroup, which is also complete:

1 2 3 4 5 6

1 1 23 23 45 45 6
2 23 1 1 6 6 4,5
3 23 1 1 6 6 45
4 45 6 6 1 1 23
5
6

e}

45 6 6 1 1 23
6 45 45 2,3 23 1

Case 8. Here the quotient group is isomorphic to Zs and we deduce one complete hypergroup:

o 1 2 3 4 5 6
1 1 23 23 4 5 6
2 23 4 4 5 6 1
3 23 4 4 5 6 1
4 4 5 5 6 1 23
5 5 6 6 1 23 4
6 6 1 1 23 4 5

Case 9. Here B(x) = {x},Vx € {2,3,4,5,6}, and so H is a group of order 6, that is H = Z;
or H = S3.

To conclude the review of 1-hypergroups of size 6, hereafter we consider the most
challenging case, where a very high number of tables arises.

Case 3. Here the quotient group H/ B is isomorphic to Zs, f(2) = {2,3,4} and B(5) = {5,6}.
In this case there is only one complete 1-hypergroup; its multiplicative table is the following:

o 1 2 3 4 5 6
1 1 234 234 234 56 56
2 234 56 56 56 1 1
3 234 56 56 56 1 1
4 2,34 56 56 56 1 1
5 5,6 1 1 1 234 2,34
6 5,6 1 1 1 234 2,34

In order to find the other 1-hypergroups, we make sure that the sub-cases we are
dealing with are disjoint from each other, which means that a hypergroup of a sub-case can
not be isomorphic to a hypergroup of another sub-case.
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If (H, o) is not a complete hypergroup then we can start from the partial table

o 1 2 3 4 5 6
1 1 2,3,4 2,34 234 56 56
2 234 1 1
3 234 1 1
4 2,34 1 1
5 5,6 1 1 1
6 5,6 1 1 1
and the partial sub-tables

o 2 3 4 5 5 6
P 2 Q: 5

3 6

4

Taking into account Proposition 5, there are three options:

1. In the partial table Q there is at least one hyperproduct which is a singleton, for
instance {2}, and for all a,a’ € {2,3,4} we have aoa’ = {5,6}. We consider two
sub-cases:

(la) the singleton can appear only in the main diagonal:

(¢]

Q:

“n N |G
=N x| o

5
6

By reproducibility, we have R,S € {{3,4},{2,3,4}} and T € P*({2,3,4}).
This yields 22 - 7 = 28 tables to examine.
(1b)  The singleton must appear off the main diagonal,

o 5 6
Q: 5 R 2
6 T S

with R, S € {{3,4},{2,3,4}} and T € P*({2,3,4}). Thus other 22 -7 = 28
tables arise.

2. The partial table Q contains at least one hyperproduct of size two, for instance {2,3},
but there are no singletons inside Q. Moreover, for all 4,4’ € {2,3,4}, we have
aoa’ = {5,6}. We obtain two subcases, again:

(2a)  the hyperproduct {2,3} can appear only in the main diagonal,

o 5 6
Q: 5 23 234
6 2,34

and 606 € {{2,3},{2,4},{3,4},{2,3,4}}. Hence, 4 cases tables arise.
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(2b)  the hyperproduct {2,3} must appear out of the main diagonal,

6

2,3
T

o

Q:

»n =" w

5
6
the hyperproducts R and T belong to the set {{2,4},{3,4},{2,3,4}} and
S € {{2,3},{2,4},{3,4},{2,3,4}}. Therefore 3% - 4 = 36 cases arise.

3. The partial table P contains at least one singleton. Without loss in generality, we can
suppose that {5} is among them. From Proposition 5 we deduce 505 = 506 =
605 = {2,3,4}. The following two possibilities arise:

(3a)  Singletons can appear only in the main diagonal of P. Therefore we put
202 = {5} and obtain

o 2 3 4

o 5 6
P: ; 556 51’26 g’g Q: 5 234 234
4 4 6 2/ 3/ 4 T

4 56 56 S

where R, S € {{5},{6},{5,6}}. Moreover, from Proposition 5, we deduce that
T # {2}, thatis T € P*({2,3,4}) — {{2}}, and 3? - 6 = 54 cases arise.

(3b)  There is a singleton cell off the main diagonal of P, for instance, 2 0 3 = {5}.
We obtain

o 5 6

5 Q: 5 234 234
6 2,34 R

=~ W N

We consider two sub-cases:

i. R = {2,3,4}: the 8 empty cells in table P can be filled with either {5},
or {6}, or {5,6}. Hence, 3% cases arise.

ii. |R| < 3: from Proposition 5, R # {2}, R # {3},and soR € {{4},{2,3},
{2,4},{3,4} }. Moreover the table P can not contain the hyperproduct
{6}, that is every cell in P has to be filled with {5} or {5,6}. Thus,
28 .4 = 512 cases arise.

All the previous sub-cases have been examined with the help of a computer algebra
system based on MATLAB R2018a running on an iMac 2009 with an Intel Core 2 processor
(3.06 GHz, 4 GB RAM). The complete enumeration of all 1-hypergroups in case 3 took
about 2 min utilizing the subdivision into sub-cases described above, while without that
subdivision the running time for solving case 3 exceeded 90 min. We report in Table 1 the
number of 1-hypergroups found in each sub-case considered above, up to isomorphisms.

Table 1. Number of non-isomorphic, non-complete 1-hypergroups found in case 3, |H| = 6.

Case (1a) (1b) (2a) (2b) (3a) (3b) Total
Hypergroups 13 13 3 12 12 1180 1233

Remark 5. The 1-hypergroups in sub-cases (1a), (1b), (2a) and (2b) can be derived from the
construction shown in Section 3.1, where G = Z3, Ay = {1}, A, = {5,6}, A3 = {2,3,4} and
¢ : Ay X Ay — P*(A3) is the function defined by the corresponding partial tables Q.
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In Table 2 we summarize the results obtained in our case-by-case review of 1-hypergroups
of order 6. In that table, we report the number of 1-hypergroups found in each case and the
number of complete hypergroups among them. Theorem 4 states the conclusion.

Table 2. Number of non-isomorphic 1-hypergroups, |H| = 6.

Case 1 2 3 4 5 6 7 8 9 Total
Hypergroups 1 1 1234 2 13 1 1 1 2 1256
Complete 1 1 1 2 2 1 1 1 2 11

Theorem 4. Up to isomorphisms, there are 1256 1-hypergroups of size 6, of which 11 are complete.

6. Conclusions and Directions for Further Research

A 1-hypergroup is a hypergroup (H, o) where the kernel of the canonical projection
¢ : H — H/pBis asingleton. In this paper, we enumerate the 1-hypergroups of size 5 and
6. The main results are given in Theorem 3 for |[H| = 5 and Theorem 4 for |H| = 6. In
particular, in Section 4 we show a representation of the 19 1-hypergroups of size 5. To
achieve this goal, we exploit the partition of H induced by B. In this way, we reduce the
analysis of a tough problem to that of a few sub-problems that can be solved explicitly or
by means of scientific computing software on an ordinary desktop computer. Moreover,
in Section 3.1 we give a construction of hypergroups which, under certain conditions, are
1-hypergroups. That construction is very flexible and many 1-hypergroups of size 5 and 6
can be determined in that way.

To highlight a direction for possible further research, we point out that many hyper-
groups found in the present work are also join spaces or transposition hypergroups. To be
precise, let (H, o) be a hypergroup and, for every a,b € H, leta/b and b\a denote the sets
{xeH|aecxob}and {x € H|a € box}, respectively. The commutative hypergroups
fulfilling the transposition axiom, that is

a/bNc/d# @ — aodNboc# o

for all a,b,c,d € H are called join spaces. These hypergroups have been widely used
in Geometry [31,32]. In [33] Jantosciak generalized the transposition axiom to arbitrary
hypergroups as follows:

b\anNc/d #@ = aodNboc# &,

forall a,b,c,d € H. These particular hypergroups are called transposition hypergroups.
A number of results on transposition hypergroups can be found in, e.g., [33-35]. For
example, it is known that the complete hypergroups are also transposition hypergroups.
The construction shown in Section 3.1 produces transposition hypergroups when a xd Nb
c# @, foralla,b e A;jand ¢, d € Aj. Indeed, ifxeb\anc/dthena € boxandc € xod.
Thus, we have aod Uboc C boxod. By point 3. of Proposition 1, there exists k € G
such that b o x od = Ay. By definition of o, if k # ij thenaod = b o ¢ = Ay. Otherwise, if
k =ijthenwe havea,b € Aj, c,d € Aj,ao d =axdand boc = bx*c. Hence, by hypotesis,
aodNboc # @.

Based on the preceding comment, we plan to characterize and enumerate the
1-hypergroups of small size that also are join spaces or transposition hypergroups in
further works.
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Abstract: In this paper, which is based on a real-life motivation, we present an algebraic theory of
automata and multi-automata. We combine these (multi-)automata using the products introduced
by W. Dorfler, where we work with the cartesian composition and we define the internal links
among multiautomata by means of the internal links” matrix. We used the obtained product of n-ary
multi-automata as a system that models and controls certain traffic situations (lane shifting) for
autonomous vehicles.

Keywords: hypergroup; automata theory; cartesian composition; autonomous vehicles; cooperative
intelligent transport systems

1. Introduction

1.1. Motivation

Every physical object in real time and space is defined by its specific properties such as its
position in spacetime, temperature, shape, or dimension. This set of properties may be regarded as
a state in which the physical object evinces. While focusing on transport infrastructure, there are a lot
of elements of characteristic properties. These characteristics are considered as states of elements
in the transport infrastructure, for example, a state of traffic lights, a state of velocity, a state of
mileage, or a state of traffic density. A clear description of such states is not the only requirement.
The possibility of a state change is an equally important requirement. In this respect, the algebraic
theory of automata suggests a specific tool (automata or multi-automata) that enables to change
a state using the transition function and input words. In other words, the input symbol (or input
word) is applied to a state by a transition function, and consequently, a new state is obtained. In the
past, these structures were considered as systems that transmitted a specific type of information.
Nowadays, this concept cannot sufficiently describe or even control real-life applications as these
are too complex. In such complex and difficult systems, a change of a state causes a change of
another state, for example, a train that passes a railroad crossing stops vehicles on a road. In current
traffic, a driver of a vehicle usually responds to the change in the state of the surrounding elements
in transport—generally, this is what we consider a human factor. Traffic situations will get more
complicated when autonomous vehicles or even whole autonomous systems that control the traffic
are included. In the case of autonomous systems, we suggest that every vehicle communicates with
other vehicles or the infrastructure, and as a result, it influences the next state of a system. The fact that
autonomous vehicles can communicate and send information about their state or information about
a planned change of their state is considered as an advantage that makes the traffic infrastructure more
effective. In this paper, we construct a cartesian composition of multi-automata, i.e., we combine some
multi-automata (or automata) and we add internal links between their particular states. This new
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approach to a system of multi-automata with an internal link (SMAl) is defined by matrices and
enables to describe and control the above-mentioned problems.

1.2. Basic Terminology of the Hyperstructure Theory

Before we introduce a theory of automata, recall some basic notions of the algebraic
hyperstructure theory (or theory of algebraic hypercompositional structures). For further reference see,
for example, books [1,2]. A hypergroupoid is a pair (H, *), where H is a nonempty set and the mapping
« : Hx H — P*(H) is a binary hyperoperation (or hypercomposition) on H (here P*(H) denotes the
system of all nonempty subsets of H). If a* (b*c) = (a*b) *cholds forall a,b,c € H, then (H, ) is
called a semihypergroup. If moreover the reproduction axiom, i.e., relation a * H = H = H * a for all
a € H, is satisfied, then the semihypergroup (H, %) is called hypergroup. By extensive hypergroup in
the sense of hypercompositional structures we mean a hypergroup that {a,b} C axbforalla,b € H,
i.e., that the elements are included in its “resalt of hyperoperation”. For the same application on this
theory in other science or real-life problems see, for example, [3-7].

1.3. Some Notions of the (Multi-) Automata Theory

In the field of automata theory, several types of automata are considered. In this work, we focus
on automata without outputs, i.e., a structure composed from a triad of an input alphabet, a set of states,
and a transition function. For completeness, let us note that the automaton is a quintuple consisting of
the above-mentioned triad plus an output alphabet, and an output function. For more details, see [8-11].
For details regarding terminology and some minor deviations from standard usage, see Novak, Kfehlik,
and Stanék [12]. Further on, we recall the following definition (notice that condition 1 is sometimes
omitted if we regard a semigroup instead of a monoid).

Definition 1 ([13]). By a quasi—automaton we mean a structure A = (I1,S,5) such that I # @ is a monoid,
S#Q@andd: 1 x S — S satisfies the following condition:

1. There exists an element e € I such that 6(e,s) = s for any state s € S.
2. 0(y,6(x,s)) = d(xy,s) for any pair x,y € I and any state s € S.

The set 1 is called the input set or input alphabet, the set S is called the state set and the mapping 0 is called
next-state or transition function. Condition 1 is called the unit condition (UC) while condition 2 is called the
Mixed Associativity Condition (MAC).

Next, we are going to work with the idea of a quasi-multiautomaton as a hyperstructure
generalization of a quasi-automaton, see [14-18]. When adjusting the conditions imposed on the
transition function ¢, it must be defined cautiously because we get a state on the left-hand side of
Definition 1, condition 2, whereas we get a set of states on the right-hand side.

Definition 2 ([13]). A quasi—multiautomaton is a triad MIA = (I, S, 8), where (I, ) is a semihypergroup, S is
a non-empty set and 6 : 1 X S — S is a transition function satisfying the condition:

5(b,6(a, s)) € 6(axb, s) foralla,be I, s €S. (1)

The semihypergroup (1,x) is called the input semihypergroup of the quasi-multiautomaton A (I alone is
called the input set or input alphabet), the set S is called the state set of the quasi—multiautomaton A, and § is
called next-state or transition function. Elements of the set S are called states, elements of the set I are called
input symbols or letters. Condition (1) is called Generalized Mixed Associativity Condition (GMAC).

In the theory of automata, ways to combine automata into one structure have been described.

We will recall homogeneous, heterogeneous products, and cartesian composition, which was introduced by [9].
These products were constructed and investigated primarily on classical automata without output
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in [19]. In the following definition, we recall all three types of products/compositions introduced by
W. Dorfler

Definition 3 ([20]). Let Ay = (I,5,6), Ay = (I,R,7) and B = (], T,0) be quasi—automata. By the
homogeneous product Ay x Ay we mean the quasi—automaton (I,S X R,6 x T), where 6 x T: I X (S x R) —
S X R is a mapping satisfying, forall s € S,r € R,a € H, (6 x T)(a,(s,r)) = (61(a,s), (a,r)), while the
heterogeneous product Ay @ B is the quasi-automaton (I X [,S X T,6 @0 ), where§ QT : (I X J) X (SXT) —
S x T is a mapping satisfying, foralla € I,b € J,s € S,t € T,6 @0 ((a,b), (s,t)) = (6(a,s),o(b,t)). For1,]
disjoint we, by A - B, denote the cartesian composition of A and B, i.e., the quasi-automaton (IUJ,S x T,6 - 0),
where -0 : (IU]) x (SxT) — S x Tisdefined, forallx € IU],s € Sandt € T, by

(6(x,s),t) ifxel,

t
(6-0) <x1<5't)>:{(s,a<x,t>) ffrel.

One can see that in the homogeneous product, we have the same input set, which operates on every
component of the state set. In the heterogeneous product, the input is a pair of symbols such that each
input symbol from the pair is operated on the respective component of the state pair. In the cartesian
composition, the input is directed to the corresponding state and operates on one component of the
state pair only.

Notice that generalizing the homogeneous or heterogeneous product of automata to the case
of quasi-multiautomata is rather straightforward; see Chvalina, Novak, and Kfehlik [20]. However,
applying the GMAC condition, which distinguishes the transition function of a quasi-multiautomaton
from a transition function of a quasi-automaton, on cartesian composition of quasi-multiautomata is
not straightforward. In Chvalina, Novdk, and K¥ehlik [13] two extensions of this condition:

e  Extension Generalized Mixed Associativity Condition (E-GMAC),
*  Small Extension Generalized Mixed Associativity Condition (SE-GMAC)

and their applications were suggested.

Definition 4 ([13]). Let A = (I,5,0),B = (], T, o) be e-quasi-multiautomata with input semihypergroups
(Io), (], *) and transition maps 6 : I x S — S,0 : | x T — T satisfying conditions

0(y,0(x,s)) € 6(x-y,s)Ud(L,s) forallx,y € I,s € S, )
oy, o(x,t)) eo(x-y, t)Uo(],t) forallx,y € J,t € T. 3)

By the cartesian composition of e-quasi-multiautomata A and B, denoted as A -p B, we mean the
e-quasi-multiautomaton A -p B = (((IU]),©),S X T, 5 -0), where 6 -c is forall x € IU], s € S and
t € T defined by

(6(x,s),t) ifxel,

: @)
(s,0(x,t) ifxel,

(0-0)(x, (s, 1) = {

and o : (IU]) x (IU]) — P*(IU])is forall x,y € I U] defined by

xoyClIl ifxyel,
xoy=RxxyCJ ifxyc],
{x,y} ifxel,yeJorxe]Jyel

and -0 : (IU]) x (SxT)— (SxT)
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When modelling the process of data aggregation from underwater wireless sensor networks,
Ktehlik and Novdék [21] suggested that using an internal link between respective automata in their
cartesian composition describes the real-life context better because the internal link influences not
only the given individual automaton but to a certain extent the whole system. In this paper we make
use of [21]. Therefore, we include the following definition. For an example explaining the concept
(together with calculations) see [21], Example 1.

Definition 5 ([21]). Let A = (I,S,04) and B = (], T, dp) be two quasi-automata 65 : I xS — S,0p :
] x T — T with disjoint input sets I, ]. By A - B we denote the automaton A -B = (IU],S x T,y - dp),
where Sy -0 : (IU]) X (SXT) = SxTand¢:S — ], 0: T — Iisdefined by

(On(x,5);08(9(da(x,5), 1)) fxel,

(6a(0(s(x,),9)):5(x, 1)) ifxe ], ©

(‘SA ’ 5153) (x, (S/t)) = {

forallx € IU],s € Sandt € T. The quasi—automaton A - B is called the cartesian composition of
quasi-automata A and B with an internal link. If in Definition 4 we replace Condition (4) with (5), we call the
resulting quasi-multiautomaton the cartesian composition of quasi-multiautomata A and B with an internal link.

2. New Theoretical Model

In the classical theory, automata were considered as systems for transfering information of specific
types. However, given complicated systems used nowadays, their benefits may not seem sufficient.
In [9,13,19,20] we presented some real-life applications. In this section, we introduce an extension of
ideas first included in [21] regarding internal links in the cartesian composition of quasi-multiautomata.
We discuss systems in which there is a whole set of internal links. For our theoretical purposes we will
organize them in a matrix considered by, for example, Golestan et al. [22]. In Section 3, we show the
application of our theoretical results in the context of autonomous cars and their navigation.

Notation 1. We are going to use the following notation:

n
Cartesian product of state sets : QRS =8 xXS xS x...x S,
i=1

n
Cartesian product of transiton functions: T[] =01-02-63-...0
i=1

Definition 6. Let MA; = (I;,S;, ;) be e-quasi-multiautomata with input semihypergroups (1;, *;) and
0; I} x S; — S; satisfying condition

0i(y, (6i(x,s)) € 0i(y *; x,5) Udi(I;,s) forall x,y € I;,;s € S;,i € {1,2...,n}. (6)

By n-ary cartesian composition of the e-quasi-multiautomata we mean the following system of
e-quasi-multiautomata with internal link (SMAIl):

n n n
Alfec — ((U Ii,<>> ,®Si,H5i/Mnn((P)> ’
i=1 i=1 =1

n n n n
where [16;: U I x ® S; — & S; and matrix M, (@), called matrix of internal links, where @ij: Si = I

i=1 i=1 i=1 i=1
fori,je{1,2...,n},ie,
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P11 P12 - Pin
2 .. P2
Mun (@) = (P,ﬂ v _ (P,n is defined by
Pl Pu2 - Pun

<ﬁ(5i> (x,(51;82;--58n)) = (01 -0+ oo 0n) (x, (515825 -+ -58n)) =

(01(@11(91(x,51)),51); 02 (@12(61(x,51)),92); - - -5 0n(@1n(61(x,51),80))  ifx € Ih,
(01(p21(02(x,52)),51); 02(922(02(x,52)),82); - - -5 6n (@20 (02(x,52)),8n)) if x € I, )

(01(@n1(0n(x,5n)),51); 02(@n2(0n(x,81)),82); - - 5 Ou(Pun(On(X,8n)),8n) if x € Iy,

and ¢ UIxUI—>P*( )zsforallxyeUIdeﬁnedby

1 i=1

xoy = x*y CIL ifx,yEIi,
{x,y} ifx € Ij,y € I wherei # k.

satisfies the condition:

(ﬁél) (y, (H(S) , (815525 -5 Sn ) (H(S) xoy, (51,82 ...;8 n))uééi(li,si). (8)
i=1

i=1

One can easily explain what is meant by Definition 6 using Figure 1. When an arbitrary input
X € U I; is applied, the system, i.e., the cartesian composition, has to find out in which input set x

belongs Therefore, we determine the correct line in Equatlon (7), which through using we obtain
a new state of the system. If, for example, x € I, the new state ] € S; will be computed Then, it will
be adjusted to s} € Sj using ¢y, i.e., by the self-mapping internal link. This new state s{ € S; will be
mapped to remaining input sets I, I, . . . as defined by the matrix of internal links. In other words,
the matrix determines which other states can be influenced by the change of the primary state. We
apply inputs on states using respective transition functions. If there is 0 instead of ¢;; in the matrix
of internal links, then the link between the state set Sl-]- and input set I]- does not exist. Notice that
in Equation (7) e.g., 61(@u1(6n(x,51)),51) = 61(@n1 ('), s1) = 81(i1, 1) = s”. Since we obviously have
to regard directions (see the oriented arrows), the matrix of internal links is not symmetric.

In Section 3 we apply the matrix of internal links in the context of modelling the navigation
of autonomous vehicles. In this context, each vehicle obviously adjusts its behaviour based on the
behaviour of other vehicles. Also obviously, not all vehicles need to be autonomous, which explains
the use of zeros in the matrix (only autonomous vehicles communicate).

The above reasoning can be seen applied in the following example. Notice that we will use it also
for the construction of the state set in Theorems 2 and 4 of Section 3.

Example 1. Consider a section of a road in front of an autonomously controlled intersection in Figure 2.
All vehicles are autonomous with compatible self-driving control parameters. Every car is in a certain state s,
for example, car Az is in state s = (3;45;250;1;0;0), which means, for example, that car number 3 going at
45 km / h is in the position 250 m from the intersection in the 1st lane from the right. The first O means no change
in speed while the second O means that the car is about to turn left.

In our system it is obvious that vehicle Az does not need to communicate with vehicle Ay because it is
not an obstacle in its intended driving operation. Thus, introducing an internal link between Az and Ay is
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not necessary. However, vehicles A1 and Aj are problematics for Az because it intends to turn left. Therefore,
Aj should increase its speed while Ay should slow down.

143,<

““
Ry

Figure 1. SMAil—A system of multiautomata with internal links.

VT

Ay

A

As

A

Figure 2. Lane shifting.

Remark 1. Notice that some theoretical requests in the above example are not possible or even absurd, i.e.,
we have to keep in mind their feasibility. We already faced this problem in [12,23], where it was eliminated by
using a suitable state set, input set, or operations on them. In this paper, we will choose special input and state
sets as well.

3. SMAil—Application of the Theoretical Model for Autonomous Cooperation

We are going to construct our system, called SMAi/, for the above context of Example 1. Naturally,
Example 1 is an example of a possible usage of SMAil only.

First, we need to define suitable sets S%  and 15 M7 where p € N is the index. The elements of
the state set are ordered pairs—the first component being an ordered sextuple of numbers while the
second component is a matrix. The state set is

Sk = {[s; Al,lsc R, A€ Mm} )
where

7

R = {S = (51,52,...56)|51 = p;52,53,85 € Ry ;54, € Nisg € (—

NE
N

)} (10)

162



Mathematics 2020, 8, 835

and

o .. A [0} fori =141, j = nil,;
M = . t. . i € ] ' , 11
wn : | ey {-1,0,1} for otherwise -
ﬂml . amn

where m,n are a odd numbers. The state set describes the complete position of every vehicle in
all lanes. Notice that this is the same approach as in [24,25]. Now, the elements of RZ defined by
Equation (10) correspond to states mentioned in Example 1, i.e., 51 stands for the vehicle number, s,
for its speed, s3 for distance from the intersection, s4 for the respective lane (calculated from the right
using odd numbers only, even number are reserved for positions between two lanes), s5 stands for
changing velocity (i.e., an interval (0, 1) is deceleration, an interval (1, o) is acceleration, 1 stands for
constant speed), s¢ stands for changing direction (i.e., an interval [—7,0) means manoeuvring left,
interval (0, §] means manoeuvring right, 0 means straight direction). Of course, more parameters
can be used; for an example see [26]. Matrices A used in Equation (9) are taken from the set M, ,
defined by Equation (11). Notice that we use these matrices in the form suggested in [25,27,28] where,
for the purpose of its control policy, the intersection is divided into a grid of reservation tiles. To be
more precise,

€ My,n (12)

where 0 are parts of the grid (or tiles) occupied by the given vehicle, 1 stands for tiles occupied by some
other vehicles and —1 are free tiles. The above matrix A describes the situation depicted in Figure 3
from the point of view of Aj.

Next, for construction of the i-th quasi-multiautomaton and consequently SMAil, we will need
an input alphabet, i.e., input sets (since we will be working with quasi-multiautomata, these will be
algebraic hyperstructures). As mentioned above, we will define If; - where p € Nis the index of the
input set.

c11 --- Cip
I‘F;M = |:i/Cm,le| - (il/i2/"'/i6)/
Cml -+ Cwmn
, . Iy , . ¥ T
|11:p/ZZEIR0/Z3E<0/1>/Z4€]~\I0/156]R /15E _ZIZ ’

cje{-11},ie{1,2...,n},je{1,2,...,m} 3 (13)
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s | A
of ... 1l L
(LS S R
(A R N A

Figure 3. Lane shifting; grid view of vehicle A3.

It is obvious that input sets I"; M and I‘q, u are disjunct for p # g, because the first component
of every vector used in [F,Aym] € I]’; M 18 p while the first component of every vector used in
[i, Bym| € I]q/M isg,ie.,

I";,M N I‘q/,M =@, forevery p,q € N, where p # g.

Since vector components are real (or even natural) numbers, we can suppose that their sets are
ordered; we write < for this ordering. For all p € N we define hyperoperation ), : I]’; X I{j M
P*(I},,,) by:

[ﬁr Am,n} *p [17, Bm,n] = (14)

{[®, Cp,n] | min{u;, v;} < w; < max{u;,v;}, foreveryi € N,Cpp € {Apn, Bmn}}-

In the following example we show what we mean by the hyperoperation. Notice that the
hyperoperation will be later on used to construct a hypergroup in Theorem 1, which will fulfil the
assumption regarding input alphabet stated in Definition 2.

Example 2. Consider two elements [d,Ap3],[C, Caps] € B, where [d,Azgj] =
1 -1 1 R -1 -1 -1
(2,62,0;1; 4; -5 ll _1 _1H and [C,Ca3] = l(z,- 81,1,2,5, %), [ 1 -1 —1ll- Then the

hyperoperarion

o1 -1 1 mo -1 -1 -1
d,An3] %p [C,Cos] = [ (2,620, 1; 4 — ), *p (281125 ), =
[@,A2,3] #p [€, Ca 3] [( g) [1 1 _1H P {( 6/ {1 -1 —1”

7T 7T
{[@rorsirgirsire) Do) [62 <12 <810 <L1<r <24<rs<5-F <re< 2},

[e)}

SO e S
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Theorem 1. For every index p € N, the pairs (15 o *p) are hypergroups.

Proof. First, we have to show that the associativity axiom holds, ie., for all
[il, Appn; [0, B ; [@,Cmp] € Iy, there is [il,Amn] *p ([0,Bmn]*p [@ Cup]) =
([i, Apu,n) *p [0, Bumu]) *p [@,Cmpu].  Without losing generality, we can show that associativity
axiom holds for both matrices and vectors. First, we consider vectors:

—

it %y (Tp @) = il ¥ {7, min{v;, w;} <7r; < max{o;,w;}} =

%5 = U {?,min{u,-,si} <t <max{uj,s;}} =

Se {7 min{o;w;) <ri<max{v,w;}} Se {7 min{o;w;} <ri<max{v,w;}}
{£, min{u;, min{v;, w;}} < t; < max{u;, max{v;, w;}}} = {£, min{u;, v;, w;} <t; < max{u;,v;, w;}}} =
{f, min{min{u;, v;},w;} < t; < max{min{u;,v;},w;}} =
U {€ min{w;,a;} < ¢; < max{w;,a;}} = U Gxp W =
de {b,min{u;,v;} <b;<max{u;v;} } de{b,min{u;,v;} <b;<max{u;,v;} }

{E, min{u;,v;} < b; < max{ui,vi}} sp W = (il %p T) % D.
In the case of matrices, the proof is straightforward:

Ax, (B, C) =A%, {B,C} =A%, BUA%,C={AB}U{A C}={AB,C}
={A,C}U{B,C} =A%, CUBx%,C={AB}*,C=(Ax,B)x,C.

The reproductivity axiom holds automatically because the hyperoperation defined above is
obviously extensive, i.e., forall A, B € I{; v there is {A,B} C Ax p B. So for arbitrary [, By, »] we have
[T, Bi,n] * 15 M= U [0, Bu,u] * [if, Cun] = If; - Thus, for all indices p € N the structures

[il,Cn )€ 14
(I, o4 *p) are hypergroups. [

At this point, everything is ready for the construction of an e-quasi-multiautomaton with the state
set S’% u and input set Ilp; u for p-th quasi-automaton, where p € N.

Remark 2. We consider ordered pairs of vectors and matrices as elements of the input set and also of the state
set. As a result, we will denote elements with index 1 for input and with index s for the state, i.e., [El, lmn] Ais

an input word and [u®, M, | is a state.

Theorem 2. For every index p € N the triple MA, = (IC M S% v Op) s an e-quasi-multiautomtaton with
input hypergroup (15 o *p), Where transition function 6 : If; M X S% M S% u 18 defined by

5 (|@ b . [0°,K51] ) = (15)

citkin --- ek
(Va1 -v1; ap - v +ap; az - v3; ag + vy = mod 21 —1; a5 - vs; ag +0-vg),,

Cmtkpn oo Cunkin

Proof. This proof is constructed as follows: first we calculate left hand side condition E-GMAC,
second we show that left hand side is included in right hand side.
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The left hand side:

& ([ 3un] 24,0y ([0B1a] , [10%,Us] ) ) =

dp ({(fl, inn} A, K\/M, byuy + by; baug; by + 1y = mod 21 — 1; bsus; bg + 0 - u6)s , (bl-jui]-)sD =

s
[(1/a1p,. az(bzuz + bz) + ap; a3b3u3; a, + b4 + Uy = mod 21 — 1; 615175115} ag + (0 . b6))s , (ﬂ,‘]‘bl‘juij)s] =
[(\ / pz,‘ az(bzuz + bz) + ay; agbsus; ag + by + ug = mod 21 — 1; asbsus; a6> p (aijbijui]’)s:| =
s

[(p, az(bzuz + bz) + ay; azbsus; ag + by + uy = mod 21 — 1; asbsus; aé)s , (ai]-bi]-uij)s} =
[0°, Vo] -

The right hand side:

oy ([‘;l/ ;nn} A, *p {E;,B;n,n] ’ [”S/U?n,n]) Udp (Ilr;/\/l' [uS,Ui,m]) )

From the definition of hyperoproduct *, in Equation (14), we simply observe that the left hand
side is not included in the right part of the right hand side union. Therefore, we have to proof, that the
left hand side belongs to the left part of the right hand side union. Therefore we calculate:

b (B [0,0]) = U & ([F.Pa] [0, 6]

[P Pl ] €1 0

There exist an input word [E,C%,n} € I]’; am such that the vector is ¢ =

aytbnn ... aybiy

(p; “2125;:7“%12‘”; asbs; ay + by; asbs; a6) and the matrix is C = . Thus,

Ap1bwt oo Amnbmn

0 Vi =0 ([0, ] 0 € U o ([7R] [0 03]),
[P o] €15 0

As a result, E-GMAC holds and the structure MA, = (Ig M’S{J/,M’ép) is an
e-quasi-multiautomaton. [

Once Theorem 2 is proved we will show a practical application af e-quasi-multiautomata in
intelligent transport systems. In the following example, the e-quasi-multiautomaton represents an
autonomous vehicle. Its state is described by parameters organized into a sextuple while the matrix is
used to detect its environment. This example is also linked to Example 1.

Example 3. We consider matrix B equivalent to matrix A of Equation (12), which describes the situation in
Figure 3. The vehicle As—in Figure 4 depicted in green (while other, non-autonomous, vehicles are red)—detects
its surroundings and saves the data to matrix B. This model is suitable for a situation where only one vehicle,
such as As, is autonomous and it is not possible to establish communication with other vehicles (because they are
not autonomous). We consider a state [as, Bfn,n] S S%,, A Where ds = (3;30;200;2;0;0) and values in matrix B

corresponding to values in the first picture of Figure 4. If we apply the input {57, S’mn} € I% m by the transition
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1 11 111 -1 11
-1 11 -1 11 -1 11
-1 11 -1 1 1 1 11
-1 11 -1 1 1 1 1 1

1 1 1 1 1 1 1 11

function 3, where s = (3,1,0,99;1,0;, -7 ) and S}, ,, = 1 11 1 1 1 =1 1 1 |,thenthe

1 1 1 1 11 -1 11

1 11 111 -1 11

1 11 1 11 -1 11

1 1 1 1 11 -1 11

1 11 1 11 -1 11

first component of the input word is used to control the direction, i.e., it changes the state of the sextuple.
The second component of the input word changes the matrix that detects the surroundings of a vehicle. This way
we obtain a new state [1*, R, |, where 5; = (3;30;198;3;0; — ) and the entries of the matrix RS, , are —1 for
a1, 04,31, 34, A41, 444, 17, 427, A67, 77, 487, 497, A10,7 and 1 for other cases.

We know from the new state [r°, RS, | that the vehicle Az does not change its velocity or its acceleration.
We also know that the vehicle Az is positioned about 2m far from the intersection border and is between lane 2
and 3, and it turns to the left. We can see the position surroundings in Figure 4. Consequently, this is what we
use in the next step as input for full inclusion in lane 3.

ne4 | Lane 3 Lane 4 | Lane 3 | Lane 2

Lane 3 | Lane 2 | Lane 1 4 | Lane 3 | Lane 2 | Lane

-1(-1|- -1]-11-1 -1)-1|-1f-1]-1 -1 |-1|-1|-1
-1]- -1(-1]-1 -1(-1-1 -1(-11-1

- - -1(-1-1 -1]-11]-1
-1(-1-1 1(-1(-1

-1]-11-1 -1(-1(-1

-1]-1-1 -1]-11-1

1[-1}-1 -1 -1 -1

-1-1-1[-1|-1}]-1[-1|-1]|-1
-1(-1|-1|-1|-1|-1|-1|-1|-1

Figure 4. Lane change.

We will use the e-quasi-multiautomata from Theorem 2 for the construction of a system called
SMAIl. Necessarily, a change on any component of the state of the system must trigger a change
on another component of the state. However, there may be situations where the change of other
components are not necessarily required. Therefore, we include the following theorem in which we
assert that there are such inputs for which the state of the multiautomata do not change.

Theorem 3. For every e-quasi-mulltiautomaton MA, = (I{; M,S%M, dp) there is an input [E,Eﬁmn} for
which holds

o9 ([ B/ 58] ) = [5° Sl - (16)
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Proof. Consider an arbitrary state [s°,S;, | € S% u Of the' e-quasi-mulltiautomaton MA . For input
r 1

111 ... 14,
words [el,Elm,n] = |(ey;ene3;eq5e55€6), | ... ... ... , Where ey = p; ep = S;ﬁ; e3 =1;e4 =

Tog -or lum

0; es = 1; eg = sg, there holds Equation (16). Indeed,

5 ([ B/ [5°/Shual ) =

i s

5 111 e 11,1 a1 ... A1p
dp (p;m;l;o;l;SG)i, , 1 (s1; 825 83; 84585, 86)s, | vor oer ... =
1ml 1mn Aml  --- Amn
5 5 1ya1r o0 Lypan,
\/ P2, s ,1-53,04+s,=modk—1,1-55,5,+0-5 =
< P Sz+12+52+1 3.0+ 54 586 + 6
Lamr o Lyn@mn
S
al ... Apn
1
p,MS3,S4,S5,S6 P = [s°,S5,.]
s+ 1 mn
Ayl --- Amn

O

In Example 4 we consider different e-quasi-multiautomata as parts of a cooperative intelligent
transport system. Some e-quasi-multiautomata represent autonomous vehicles while some are
non-autonomous vehicles. Obviously, non-autonomous vehicles cannot detect their surroundings.
In such cases we will use e-quasi-multiautomata, in which all entries of state matrices are 0.
This explains the inclusion of the following lemma.

Lemma 1. Let SPpy = {[S,‘A”S eRF, ajj = 0}, then a structure subMA, = (IeM,gRM, bp) is

a sub-e-quasi-multiautomaton of e-quai-multiautomaton MA, = (I@ M S% M 0p)-

Proof. Itis obvious that SP; C S’% yanddy : Ilp} M X SPrm — SPra. Next, we can see that E-GMAC
holds because all entries in the state matrix are zero. Thus, the second component of the state can
not change for any input. Therefore, the proof for the first component is the same as the proof of the
Theorem 2. [O

In what follows, we will note that every state [,s°, ,S;, ,] is equal to {(psﬁ, pSE) ,pbfj} e S% M
and every input [pzfl,pA%n} is equal to [(pall,. L pl) ,paﬁj} € If; m from e-quasi-multiautomaton
MA, = (Ig M Sf;z M (Sp), where p € Nis an index. In the other words, such as ,s}, the upper index s
denotes state element, lower index 1 denotes position in the sextuple and the lower index p denotes
the p — th e-quasi-multiautomaton. The indices in matrices have the same meaning. As far as input
words are regarded, we use upper index 1; other indices have the same meaning.

Now we need to define the matrix of internal links. First, we define ¢, : §% M I{; 2\ forall
pe{l,2,...,n}by

S S S S S S S _ 1 1 1 1 1 1 1
Ppp ([(pS1p52p53,pSapS5,p56) p At n]) = [(pV1pV2pTs,pVlpUs,pT6) Bl -
I oS — e ol s N ol oS SY. ot — 1. 1 _
where ,v} = ps§ = p; pvh = pEF pUy = 0,95; puly = psi +1+sgn (s8); vk = < P = 0 and
]

entries of the input matrix are dependent on the occupancy of the tiles.
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Corollary 1. For mapping ¢pp added to every e-quasi-multiautomaton MA, = (I{; M RM’ dp) from
Theorem 2 there holds the condition E-GMAC.

Proof. The proof is obvious. On the left hand side we have up to four changes of the original state
in the E-GMAC condition (two inputs and two applications of the internal link). However, we have
a suitable input for the right hand side, similar to the proof of Theorem 2. I

Now we will define a mapping for two different e-quasi-multiautomata, i.e., from the state
set of the pth e- quasi -multiautomaton to the input set of the gth e-quasi-multiautomaton. We define
mapping @p; : SR M IV mforallp,g € {1,2,...,n}, where p # qbetween two e-quai-multiautomata

MAp = (I}, 1, S 0p)) and MA, = (( VM,SRM,éq)) by
@pq ([(p51, 953, pS3, pS1s 55, pSe)pAim]) = (401, 4V 4V gV qU5s q06) g Blm] (17)

where

S

P52 |pSé|
s+1+“ pSs +A -0 qv3 = 0,99; vy = 0;yv5 = 1,505 = 0.

1 S 1
VY =q #£ 583, U5 =
q01 = 4 7 pS17 qV2 = 10

Next we add a meaning of the parameters A and «

1 ifpsi=gs; and gs5 <psj and psi>1

1 if psy >gsy and  psi >0
A=<1 if psj <gs; and sy <0 and oc_{

) 0 otherewise
0 otherewise

At this point we can give the main theorem of this section in which we are going to use all results
obtained above, i.e., e-quasi-multiautomata, hypergroups, and internal links. By Definition 6 we obtain
the n-ary cartesian composition of e-quasi-multiautomata with internal links.

Theorem 4. Let MA| = (I}, 1, Skap 1), MAs = (I3 01, Skp 62)), - - i MA, = ((I]F;M,S%M,ép)) be an

e-quasi-multiautomata with disjoint input-sets IV A and p > 2. Then a quadruple

P P p
SMAIl = ( (U Ig,M,<>> Q@ Sk [ i M,m(q))>
i=1 i=1 i=1
is a system of the cartesian composition of e-quasi-multiautomata with internal links.

Proof. We have to demonstrate that the condition E-GMAC holds, i.e., that there is

(L1 ([7An) ({10 ) (300] 01 8201 )

<H5> ([ A +p |F, an],é[isa : im}) ué@. (Boae 5" Sual) - (18)

i=1
We prove, while maintaining generality, that
t . t . t t ‘
<H 51‘) < [, Al <H 5i> ( (6, | @ [15°) 83 > ) € Q6 (B 5% Sual ), (19)
i=1 i=1 i=1 i=1

i.e., Formula (18) without the left part of the right hand side of E-GMAC. There are two cases. The first,
both input words are in the same input set, and the second, input words are from different input sets.
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—

(a) For the first case, we consider {pﬁ",pAfn,n] , {pb’,pBlm,n} € 15 v On the left hand of

—

Equation (19), we know that the input [pb’/pBlm,n} works upon one component from
([15% Shunl + [25° Syun] - -+, [15°, S5,n]) and the state can alter by the internal link ¢,,. This is
performed again for input {pﬁ,pAlm,n} , then we have an input [pﬁ,pCl,n,n} € 15 v for which holds
following (considering the proof of Theorem 2):

Ip( [pEZIPA;n,n} O {pEZIPBlm,n] ps®s Siunl)) = 0p( [pngpqn,n} [ps*s Siunl)-

—

When the inputs {p‘;l/pAin,n} or {pbl,pBﬁnln} are applied on the state [;s°,

»in] Other states react

to this change by mapping ¢,. It is obvious that mapping ¢, influences other states by the input
from the respective input set. Then for every component of the state on the right side there exists
an element from the corresponding input set, that state on the left hand side is included on the
right hand side.

(b)  For the second case, we consider different inputs {ptﬁ,pAin,n} € 11}; M {qgquB;n,n} € I;; M
now. On the left-hand side, we have an influence on two different components in the tuple
([15% 1Synl + [25° Siunl -/ [15°, Syyu]) itis evident that the same inputs are the same on the
right-hand side if internal links ¢,p, @49 do not change. At the moment, ¢;,,, ¢y, influence
corresponding components of the state, we have suitable inputs on the right-hand side, as in
proof of Theorem 2. For mapping the influence of ¢,, and ¢4s on other components, we have the
same situation as case a). Thus, it is obvious that SMAil holds condition E-GMAC.

O

In the conclusion of this section, we will demonstrate the theory explained by using the example
of SMAI! to describe and model a situation with several autonomous vehicles in traffic lanes each
intending to perform some action.

Example 4. We will consider five e-quasi-multiautomata MA; = (I}, Sk, 61),MA;, =
(I%UWS%QM' 5), MA; = (I%M,S%M, d3), MA, = (I%)M'S%QM' 04), MA5 = (I%M,S%M,55), where every
e-quasi-multiautomaton represents a vehicle. The e-quasi-multiautomata MAy, MIA3, MIA4 are autonomous
vehicles and MA, MAs are ordinary vehicles. Figure 5 depicts the state of every vehicle, where the vehicles
MA, MAs5 are denoted in red colour in the same as verge of the road and other colour are used for autonomous
vehicles. The complete situation with detection field of each vehicle is presented in Figure 6. In fact, Figure 5 is
state of SMAII, i.e.,

([11,5, lan,n] ’ [ZSSI Zan,n] ’ [3ts/ 3’1—67;1,71] ’ [4”5/ 4usm,n] ’ [5,05, 5VSm,n]) .

Next, we need a matrix of the internal link

00 0 00
0 ¢ ¢ ¢ 0
0 ¢ ¢ ¢ 0],
0 ¢ ¢ ¢ O
00 0 0O

where 0 means no internal link and ¢ mean internal link between vehicles given by the respective indices.
We are going to describe how to proceed, i.e., what input symbols to use, if the grey car, represented by
e-quasi-multiautomaton MA3, wants to change lane and turn left to lane 5.

We have two approaches to start changing the lane: we can correct of the state of the vehicle directly by the
component on the 2nd, 3rd and 4th position in the input word, or to use the internal link and 6th component of

the input. We will use an input {(331, 31', 30.98', 30, 31', 3 ), 3(bi,j)l = 1} € I%M, which will operate on
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the 6th component. Then, the resulting state—full correction—uwill be made by the internal link. The calculation
will be done according to Equations (7) and (15), i.e.,

1

93 ([(331, 31’, 3099, 30', 31, 3% ), 3(bij) = 1} 3t 3’1-6111,?1]) =

33, $0, 5192.06, B, 31, 3= ) 4TS, | (20)
5

We obtain a state with new elements on the 5", 6th positions where these components have an effect on
other components by means of the internal link @33 between the state and input of the e-quasi-multiautomaton
MAg;. With this internal link, we obtain a new input:

933 ([(335, B0°%, 5192.06°, 3°, 51°, 3gs> ,3Tf1,m}> = [(331, st 51, 51, 41, 305) ’3C;,m] )

111 1 111 111 -1
-111 -1 111 111 -1
-111 -1 111 111 -1
-111 -1 111 111 1

111 1 111 111 1

where 3C}, ,,, = 1 11 1 111 111 1 |, i.e., matrix to correct the state matrix

111 1 111 111 1

111 1 111 111 1

111 1 -111-111 -1

111 1 -111-111 -1

111 1 -111-111 -1

detecting other vehicles or obstacles near vehicle As.
When we apply a new input on the state [ (33, $30, 5192.06, 3, 31, 3% ) ,3T5, ,,,|, we obtain

53 ([(33lr 3111 311/ 3111 3ll/ 301)r 3C$1,m] ’ [3ts/ 3Tsm,n]) = [(3351 3305/ 31920651 34551 3151 é)s) /3sz,m] ’

where matrix D has the same size and entries as depicted for MIA3 in Figure 7.

Now consider internal link @3y, i.e., state of the e-quasi-multiautomaton MAy will be changed by the state
[(33°, B0°, 5192.06°, $°, 31°, 3%°) 3T5, ] of the e-quasi-multiautomaton MAgz, which we obtained in
Equation (20).

We will proceed using the definition of the link between two different e-quasi-multiautomata given
as Equation (17).

$32 ([(335, B0°, 3192.06°, 3°, 51°, %S) ﬁTMD —

30 !
|:<221, 2 <31 + 0.0628) , 20.99°, 50, 51, 201> IZM;/z,m] , (21)

where ;Mj, ,,, is a suitable matrix which enables us to obtain a state matrix with entries given in Figure 7 for
the state of MAy. After we apply the input obtained by the internal link @3, in Equation (21) with the help of
transition function 6y, we get a new state depicted in Figure 7 for e-quasi-multiautomaton MA,.

Next state of the (vehicle) MIAy will not affect velocity by internal link @,4, because the input obtained by
@4 from state [(33°, B0°, 5192.06°, $3°, 31°, 3F°) ,3T5, | has parameters A = 0 and « = 0.

Thus, the input [(44’, 3(%)1 , 0.99, 0, 51, 305) , ;m} operates as neutral input on states of MIA4
except for the distance given by 4s5. Thus, we will present a new situation on the lanes, i.e., a new state after the
application of one input. See Figure 7.
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000CO0DO0OCO0CODOOOTGO -1 -1 -1)-1 -1 -1 =il -1|-1 - 1] 1]-1 -1 -1 0000O0OO0COCODOOTCO
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(1,30,200,1, e, e) (2,30,195,5,1,0) (3,30,194,3,1,0) (4,30,192,1,1,0) (5,30,191, 3, ¢, ¢)
State of IM[A; state of M[A, State of MA3 State of MAy state of MlAg
Figure 5. SMAI! for lane change.
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Figure 6. Complete situation in lanes with detection field of each vehicle.
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(1.30,190,1, e, e) (2,31,885, 190, 5, 1, 0) (3,30,193,4,1,0) (4,30,194,1,1,0) (5,30, 200, 3, e, e)
State of MIA; state of MA, State of MA5 state of MIA, State of MAz

Figure 7. A new state of SMAil with the release position.

4. Conclusions

In this paper, we presented the concept of cartesian compositions, which was first introduced by
W. Dorfler. In the past, cartesian compositions were generalized in the sense of hyperstructure theory
(using complete hypergroups). Now we considered the internal link between the cartesian product
of state sets. We described these internal links by matrices and decision functions. These functions
determine which state will influence other components. Our modified concept of the cartesian
composition is suitable to describe and control systems used for real-life applications, as was shown in
examples throughout the paper. While constructing our system called SMAil, we assumed that it was
made up of e-quasi-multiautomata of a similar nature. This fact affected the proof of the E-GMAC
condition (see Theorem 4), which was a substantial simplification of the procedure discussed in [13].
In our future research, we shall concentrate on answering the question of whether the internal link
may not remove the necessity to use the extensions of GMAC, i.e., whether the pure GMAC could be
used instead of E-GMAC.
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Abstract: In this paper, we introduce generalized quadratic forms and hyperconics over quotient
hyperfields as a generalization of the notion of conics on fields. Conic curves utilized in cryptosystems;
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1. Introduction

In 1934, Marty initiated the notion of hypergroups as a generalization of groups and referred to
its utility in solving some problems of groups, algebraic functions and rational fractions [1]. To review
this theory one can study the books of Corsini [2], Davvaz and Leoreanu-Fotea [3], Corsini and
Leoreanu [4], Vougiouklis [5] and in papers of Hoskova and Chvalina [6] and Hoskova-Mayerova and
Antampoufis [7]. In recent years, the connection of hyperstructures theory with various fields has
been entered into a new phase. For this we advise the researchers to see the following papers. (i) For
connecting it to number theory, incidence geometry, and geometry in characteristic one [8-10]. (ii) For
connecting it to tropical geometry, quadratic forms [11,12] and real algebraic geometry [13,14]. (iii) For
relating it to some other objects see [15-19]. M. Krasner introduced the concept of the hyperfield and
hyperring in Algebra [20,21]. The theory which was developed for the hyperrings is generalizing
and extending the ring theory [22-25]. There are different types of hyperrings [22,25,26]. In the most
general case a triplet (R, +, -) is a hyperring if (R, +) is a hypergroup, (R, -) is a semihypergroup and
the multiplication is bilaterally distributive with regards to the addition [3]. If (R, -) is a semigroup
instead of semihypergroup, then the hyperring is called additive. A special type of additive hyperring
is the Krasner’s hyperring and hyperfield [20,21,24,27,28]. The construction of different classes of
hyperrings can be found in [29-33]. There are different kinds of curves that basically are used in
cryptography [34,35]. An elliptical curve is a curve of the form y?> = p(x), where p(x) is a cubic
polynomial with no-repeat roots over the field F. This kind of curves are considered and extended
over Krasner’s hyperfields in [13]. Now let g(x,y) = ax? + bxy + cy?> +dx +ey + f € Flx,y] and
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¢(x,y) = 0 be the quadratic equation of two variables in field of F, ifa = ¢ = 0 and b # 0 then
the equation g(x,y) = 0 is called homographic transformation. In [14] Vahedi et. al extended this
particular quadratic equation on Krasner’s quotient hyperfield g The motivation of this paper goes
in the same direction of [14]. If in the general form of the equation of quadratic form one suppose
that ae # 0 and b = 0 then initiate an important quadratic equation which is called a conic. Notice
that the conditions which are considered for the coefficients of the equations of a conic curve and a
homographic curve are completely different. Until now the study of conic curves has been on fields.
At the recent works the authors have investigated some main classes of curves; elliptic curves and
homographics over Krasner’s hyperfields (see [13,14]). In the present work, we study the conic curves
over some quotients of Krasner’s hyperfields.

2. Preliminaries

In the following, we recall some basic notions of Pell conics and hyperstructures theory that
these topics can be found in the books [2,36,37]. Moreover, we fix here the notations that are used in
this paper.

2.1. Conics

According to [36] a conic is a plane affine curve of degree 2. Irreducible conics C come in three
types: we say that C is a hyperbola, a parabola, or an ellipse according as the number of points at
infinity on (the projective closure of) C equals 2,1, or 0. Over an algebraically closed field, every
irreducible conic is a hyperbola. Let d be a square free integer nonequal to 1 and put

d ifd=1 (mod 4),

4d ifd=2,3 (mod 4).

The conic C : Qp(x,y) = 1 associated to the principal quadratic form of discriminant A,

2 ay+134y2 ifd=1 (mod 4),
Qo(x,y) =

x? — dy? ifd =2,3 (mod 4),

is called the Pell conic of discriminant. Pell conics are irreducible nonsingular affine curves with a
distinguished integral point N = (1, 0). The problem corresponding to the determination of E(Q) is
finding the integral points on a Pell conic. The idea that certain sets of points on curves can be given a
group structure is relatively modern. For elliptic curves, the group structure became well known only
in the 1920s; implicitly it can be found in the work of Clebsch, and Juel, in a rarely cited article, wrote
down the group law for elliptic curves defined over R and C at the end of the 19th century. The group
law on Pell conics defined over a field F. For two rational points p,q € Q(F), draw the line through O
parallel to line p, g, and denote its second point of intersection with p * g which is the sum of two p, g,
where O is an arbitrary point in pell conic perchance in infinity, is identity element of group. In the
Figure 1 the operation is picturised on the conic section Qr(f11)-
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Qg (f11)

Figure 1. Conic section Qg (f1,1)-

Example 1. Consider f11(x) = x~! + x over finite field F = Z;. Then we have a Caley table of points
(Table 1):

Table 1. Conic group (Qz, (f1,1), ®4p)-

. [ 0o @2 -1 G (31 (21 (-1,-2 (o)
(O,oo) (O,oo) (1,2) (2,—1) (3,1) (—3,—1) (—2,1) (—1,—2) (oo,oo)
L2) | (L2 (-L-2) (=3-1) (-21) (1)  (2-1)  (0) (o)
(2,-1) (2,-1) (-3,-1) (1,2) (-1,-2) (00, 00) (0,00) (-2,1) (3,1)
Y | B1 (21 (-L-2) (12) () (o) (-3-1) (2-1)
(-3,-1) | (-3-1) (1) (o0 (0w (-1L-2) (L2 (-1  (-21)
(-21) | (-21)  @-1) () (o0  (L2) (-L-2) (1) (=31
(-1-2) | (-1,-2) ()  (-21) (-3-1) (2-1) (41 (o)  (12)
(0,00) | (0,00 (-1,-2) (31) (-1 (=241 (-3,-1) (L2 (0,

The associativity of the group law is induced from a special case of Pascal’s Theorem. In the
following, we recall Pascal’s Theorem which is a very special case of Bezout’s Theorem.

Theorem 1 ([38] Pascal’s Theorem). For any conic and any six points p1, pa, ..., Pe 0n it, the opposite sides of
the resulting hexagram, extended if necessary, intersect at points lying on some straight line. More specifically, let
L(p, q) denote the line through the points p and q. Then the points L(p1, p2) N L(pa, p5), L(p2, p3) N L(ps, pes),
and L(ps, pa) N L(pe, p1) lie on a straight line, called the Pascal line of the hexagon Figure 2.

Figure 2. Pascal line of the hexagon.

2.2. Krasner’s Hyperrings and Hyperfields

Let H be a non-empty set and P*(H) denotes the set of all non-empty subsets of H. Any function
- from the cartesian product H x H into P*(H) is called a hyperoperation on H. The image of the
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pair (a,b) € H x H under the hyperoperation - in P*(H) is denoted by a - b. The hyperoperation
can be extended in a natural way to subsets of H as follows: for non-empty subsets A, B of H, define

A-B= U a-b. The notation a - A is applied for {a} - A and also A - a for A - {a}. Generally,
acAbeB

we mean H* = H x H... x H (k times), for all k € N and also the singleton {a} is identified with
its element a. The hyperstructure (H, -) is called a semihypergroup if x - (y-z) = (x-y) - z for all
x,Y,z € H, which means that

Uwuz= xo

UEXY vEY-z

A semihypergroup (H, -) is called a hypergroup if the reproduction law holds: x- H = H-x = H,
forall x € H.

Definition 1. [2] Let (H, -) be a hypergroup and K be a non-empty subset of H. We say that (K,-) is a
subhypergroup of H and it denotes K < H, if for all x € Kwe have K- x = K = x - K.

Let (H,-) be a hypergroup, an element e, (resp. ¢;) of H is called a right identity (resp. left
identity ;) if foralla € H, x € a- e, (resp. a € ¢; - a). An element e is called an identity if, foralla € H,
a € a-eNe-a. Arightidentity e, (resp. left identity ¢;) of H is called a scalar right identity (resp.
scalar left identity) if foralla € H,a = a-e, (a = ¢; - x). An element ¢ is called a scalar identity if for
alla € Hya=a-e=e-x. Anelementa’ € H is called a right inverse (resp. left inverse) of a in H if
e; € a-a, for some right identities e, in H (¢; € a’ - a). An element a’ € H is called an inverse of a € H
ifeea -ana-a, for some identities in H. We denote the set of all right inverses, left inverses and
inverses of a € H by i,(a), i;(a), and i(a), respectively.

Definition 2. [2] A hypergroup (H, -) is called reversible, if the following conditions hold:

(i) At least H has one identity e;
(ii)  every element x of H has one inverse, that is i(x) # @;
(iv) x €y-zimpliesthaty € x-z' andz € y' - x, where z' € i(z) and y' € i(y).

Definition 3. [2,23] A hypergroup (H, +) is called canonical, if the following conditions hold:

(i) foreveryx,y,z€ Hx+ (y+z)=(x+y)+z
(ii) foreveryx,y €c Hx+y=y+x,
(iii)  there exists 0 € H such that 0 + x = {x} for every x € H,
(iv) for every x € H there exists a unique element x' € H such that 0 € x + x'; (we shall write —x for x" and
we call it the opposite of x.)
(v) zex+yimpliesycz—xandx €z—y;

Definition 4. [2] Suppose that (H, -) and (K, o) are two hypergroups. A function f : H — K is called a
homomorphism if f(x-y) C f(x) o f(y), for all x and y in H. We say that f is a good homomorphism if for all

xandyin H, f(x-y) = f(x) o f(y).

The more general hyperstructure that satisfies the ring-like conditions is the hyperring. The notion
of the hyperring and hyperfield was introduced in Algebra by M. Krasner in 1956 [21]. According
to the current terminology, these initial hypercompositional structures are additive hyperrings and
hyperfields whose additive part is a canonical hypergroup. Nowadays such hypercompositional
structures are called Krasner’s hyperrings and hyperfields.

Definition 5. [20] A Krasner’s hyperring is an algebraic structure (R,+,-) which satisfies the
following axioms:

(1) (R, +) is a canonical hypergroup,
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(2) (R, -) is a semigroup having zero as a bilaterally absorbing element, i.e., x -0 =0-x = 0.
(3)  The multiplication is distributive with respect to the hyperoperation +.

A Krasner’s hyperring is called commutative if the multiplicative semigroup is a commutative
monoid. A Krasner’s hyperring is called a Krasner’s hyperfield, if (R — {0}, -) is a commutative group.
In [20] Krasner presented a class of hyperrings which is constructed from rings. He proved that if R
is a ring and G is a normal subgroup of R’s multiplicative semigroup, then the multiplicative classes
% = xG,x € R, form a partition of R. He also proved that the product of two such classes, as subsets
of R, is a class mod G as well, while their sum is a union of such classes. Next, he proved that the set
R = & of these classes becomes a hyperring, when:

(i) xGa®yG = {zG|z € xG+yG}, and
(i) xGOYG = xyG,

Moreover, he observed that if R is a field, then % is a hyperfield. Krasner named these
hypercompositional structures quotient hyperring and quotient hyperfield, respectively. At the same
time, he raised the question if there exist non-quotient hyperrings and hyperfields [20]. Massouros
in [27] generalized Krasner’s construction using not normal multiplicative subgroups, and proved
the existence of non-quotient hyperrings and hyperfields. Since the paper deals only with Krasner’s
hyperfields we will write simply quotient hyperfields instead of Krasner’s quotient hyperfields.

3. Hyperconic

The notion of hyperconics on a quotient hyperfield will be studied in this section. By the use of
hyperconic Qf(f; ;), we present some hyperoperations as a generalization group operations on fields.
We investigate some attributes of the associated hypergroups from the hyperconics and the associated
Hy-groups on the hyperconics.

Let ¢(x,y) = ax? + bxy + cy? +dx +ey + f € F[x,y] and g(x,y) = 0 be the quadratic equation of
two variables in field of F. If ¢ = 0 and equation g(x,y) = 0 still stay in quadratic and two variables or
the other word ¢ = 0 and (a,b) # 0 # (e, b), then it can be calculated as an explicit function y in terms
of x, also with a change of variables, can be expressed in the form of Y = AX? + BX or AX ! + BX,
where A,B € F.

For this purpose if a,e # 0 = bsetx = Xandy = Y — fe ! then Y = AX? + BX, where
A= —ae l,B=—de . Ifb#A0=asetx =X —eb ! and y=Y— db~lthen Y = AX1, where
A=edb 2 —fb- L Ifb#0#asetx=X—eb landy =Y +2aeb 2a, —db~! that

0, if char(F)=2
R FTRT: char(F) # 2,

then Y = AX~! + BX, where A = —ae?b3 +edb=2 — fb~! and B = —ab~'. Reduced quadratic
equation of two variables ax? + bxy + dx + ey + f = 0 in field of F can be generalized in quotient
hyperfield F.

Definition 6. Let F be the quotient hyperfield and (A,B) € F? and fz (%) be equal to Ax~' & Bx
or A%> @ Bx. Then the relation § € f 45(X), is called generalized reduced two variable quadratic
equation in F2. Moreover the set Q(fx 5, F) = {(x,7) € F?|§ € f45(%)} is called conic hypersection,
and if A # 0, Q(fap F) is named non-degenerate conic hypersection. For all a € A and b € B,
Q(fan F) = {(x,y) € Fly = f,p(x)} is conic section and for a # 0 is non-degenerate conic section, in which
fap(z) = az® + bz or az~! + bz corresponding to f4 g. It is also said to Q(f15,F) = U xx7,
(£7)€Q(fa,8F)
conic hypersection, as a subset of F2, and Q(f, 4, F) = Q(fup F) = {(x,y)|(x,y) € Q(fa/b,F)} , where
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(x,y) = (%,9) forall (x,y) € Q(fa5 F)-

Theorem 2. Using the above notions we have Q(fz 5, F) =

Q(fa,h/ F)

U
acAbeB
Proof. Let (x,y) € Q(f4 5 F) and without losing of generality f(x) = Ax? + Bx. Then

(%,

<

) € Q(fas F) < 7€ Ax* & Bx
— jc A2+ Bx
<= §j=ax2+bx, forsome (a,b) € Ax B
=y =agx* + bgx forsome g€ G
> y=a'x*>+bx, wherea' =ag, ' = bg
> (x,¥) € Q(fyrp, F), forsome (a',b') € AxB
—ane U Qb

acAbeB

Consequently, Q(f 5, F) = Q(fap F). O

U
ac€A,beB

Example 2. Let F = Z be thefield of order 5, G = {£1} < F*and f, (%) = %2, Then we have F = {0,1,2},
Q(fi,()’F) = Q(fl,O’F) U Q(f(fl),ofp)/ where

Q(f1,ofF) ={(0,0),(1,1),(=1,1),(2,-1), (-2, -1)},
Q(f(q)/o/P) = {(0,0), (1/ _1)1 (_1’ _1)/ (2/ 1)/ (_2/ 1)}/
atd Q(f,0 F) = Qs F) = {(0,0), (L), B 1)} = QU0 F) = QU0 F)- I this case Q(f;, F) i

(2,1)
a non-degenerate conic hypersection because A =1 # 0.

Definition 7. Let F be a field, x € F and G be a subgroup in F*. We take

0 01, if fop(z) =az’+ bz
)l 0, i fup(z) =az 40z

{x}, if G={1}
gx(fa,b) = {Z € P‘fa,b(z) = fa,h(x)}/ lf G 7£ {1}rfa,b(z) =az® + bz
“xxh, if G # (1} fup(z) = az1 + bz

Obviously, 0~ is an element outside of F. We denote 0~1 = % by co, where co ¢ F, and 0 = oo.
Suppose that Geo(fup) = {0}, fop(c0) = 00, f,,(O) = oo, foralla € A,b € B, also X = {%|x € X}

where £ = (x, fo(x)) and X C FU{O}. Moreover, 0-0 =0 =0+ 0,x-0 = {(()9 lj:x ’ 8 and
, I x =

. — 071
x+0 = o, ¥0 , for all x in field of (F,+,).
x, fO=0

Remark 1. It should be noted that associativity by adding O to field of (F,+,-) for two operations of "+ " and
”." remains preserved.
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Definition 8. Let Q(f 4 p, F) be a non-degenerate conic hypersection, F,, = F U {co} and
Qr(fap) = {2:x € F, 2 ¢ Lo},
Qr(fap) = U Qr(fan),

acA,beB

where Lo = {(x,0)|x € F,}. Forall £;,%; € Qr(fa)

XZ/OB] = (x; Obe]',fa,b(xi Oabx]')) in which {(x; Oabx]',())} =LopN Lurb(fi,x}),

and
{(xy) € Ply = fap () = 2200200 (e — s}, 3y £ 25,0 ¢ (i)
Lﬂb(ﬁilﬁ) — {(x,y) €F2|y7fa,b(xi) :fé,b(xi)(xfxi)}f Xi = Xj ¢{O}
! {(x,y) €F2|(’)7éx6 {xi,x]‘}}U{@}, xl-;éxj,Oe{xi,x]-}
{(O,y)ly € F, = FU{eo}}, (xi,x;) = (0,0),

and f{; p is meant by formal derivative f, .

We denote Qr(fap) by Qp(fap) and Qr(f45) by Qp(f4p) also take O = {O} = O, f(O) =
{f(O)} = f(O)and, (O, f(O)) = (O, f(O)) = (O, f(O)). Moreover, O ©® O = OQand O® O = O
O, Hx#0 0 {0, ifO=0"1
0, ifx=0 x, fO=0
Lo N L(%;, %) = {(00,0)} if fup(xi) = fap(x;). In addition say to L, (%;, %;) the line passing from %;, %;,
Intuitively each line passing from (O, co) is called vertical line, and every vertical line pass through (O, c0). @
is playing an asymptotic extension role for function f,,

also, for all x in hyperfield of (F,®,®), x ® O = { and agree to

Remark 2. By adding O to hyperfield of (F, ®, ®) associativity for two hyperoperations of "®” and "®”
remains preserved.

— g2
Suppose that £ € Q(f,;, F) and ¥ = { {xb - fap(x) = ax"+ b Hence, we the

{x,—x}, fap(x) = ax™! +bx
following proposition

Proposition 1. if |Qr(f, , ) N Qr(f,,,,)| = 2 then Q(f, , . F) = Q(f,,,,, F)-

Proof. Let {¥1, %} C Qr(f, , ) NQr(f,,,) %1 # X2 andi,j =1,2. Then

ap,by
XoY1 — X1Y2
M=0= "5 5
) bix: — 7& . X1X2 — X5X1
Yi = ajxi +0jXi = X1 7 X2 —x3y1 + x3Y2
br=b2= x2xp — x3x1
142 241
Xoy1 — X1Y2
m=0= " "1/
yi=ax; L+ bix; = x| # £x3 = xlel JClle
R . . ) 1 2
! I Jot b*b*_xz y1+x7y2
1= = —1 -1 -
XoX] T — X1X,

Hence Q(f, , ,F) = Q(/,

by F), as we expected. [J
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Definition 9. Let Q(f 4 5, F) be a non-degenerate conic hypersection then it is named hyperconic and denoted
to Qe (fa ), if the following implication for all a,c € A and b,d € B holds:

Qr(fun) N Qr (fo) #{ {0} fu(m)=ad+bx o 0y 0n(f).

{O0,&}, fop(z) =ax~1+bx

Proposition 2. Let £; = (x;, f(x;)) and X; = (xj, f(x;j)) belong to QF(fa ), then

: ”b( ) fnb( )
xf@(i) ] ) 7%, 0 & {xi,xj},
YT fa’b(xl) xi=x; {0},
Xi @, Xj = fﬂb(xl)
X X 7& O = x]‘,
xj xj 7& 0= Xi,
© (xi,x;) = (O, 0).

Proof. The proof is straightforward for the first two cases. If f, ,(x;) = f, ;5 (xj) then

_xif,, () = xif, (%) xif, (%) — xf, (%)

O T )= fa) 0 -

{(xi 0, %,0)} = Lo N L(%;, %)) = {(00,0)} = x; 8,,xj = c©.

Suppose that (x;,x;) € QF(fy) by regarding Definition 8 if x; # O = x; then
{(xi0,0,00} = LoN Ly (%, 0) = {(x;,0)} = x;0,0 = x;,
if x; # O = x; then proof is similar to previous manner, ultimately if x; = x; = O then
{(0e,,0,0} =LiNLO,0)={(0,0)} = Oe, 0=0. O

Remark 3. (Qr(fap),®,,) is a conic group, for all (a,b) € A x B. Notice that e , is the group operation on
the conic Qr (fap)-

Example 3. Let F = Zs the field of order 5, G = {1} < F* and f (%) = %2, Then we have
P = {0,1,2}, Qe(f,) = Or(fyy) UQR(Fa), where Qr(f,) = {O, (1,1), (~1,1), (2, 1), (~2, 1)}

o)
and Qr(f,,) = {0,(1,1), 2, 1)}, Qr(f,_,, ) {0,(1,-1),(-1,-1),(21), (-2, 1)}, and Qe (f_, ) =
{0,(1,1),(2,1)}, in this case Qr(fi, )zsahyperconzc because Qr(f,,) N Qr(f_, =0.

Definition 10. We introduce hyperoperation "o” on Qr(f g) as follows:
Let (x,y), (x",y') € Qr(fap) If (x,y) € Qr(fap) and (X', y') € Qr(fo ) for some a,a’ € Aand b, b’ € B.

{50 %11 (x1, %)) € Gu(fap) X G (furp) b, if QF(fup) = QF(fur)
(x,y)o(x,y') =
Qr(fap) U QF(farr), otherwise.

Theorem 3. (Qr(f AB) o) is a hypergroup.

Proof. Suppose that {X,Y,Z} C Qr(fz3)by Bezout's Theorem (x,y) o (
Now let X = (X,y) S QF(fa,b),Y = (X,,y,> S QP(fa’b’) = (x”,y) QF(faNbN) where
J = {(a,b),(a,b),(a",b")} C AxB. If (x,y) = (x1,31) and (¥,y/) =
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and x’ = x]. Because Gx(fop) = Gx, (fap) and Gy (fop) = Gy (fap) we have Gx(fop) x Gu(fap) =
Gy (fap) ¥ gxa (fap) thus

{@KZ, w) € gx(fu,b) X gx’ (fa,b)} = {@KZ,ZU) € gx] (fu,b) X gxi (fa,b)}

and that is (x,y) o (x,y") = (x1,11) o (x],¥}) , consequently "o" is well defined. If X = (O, o) or
Y = (O,00) or Z = (O, ), associativity is evident. If this property is not met, the following cases
may occur:

Casel. If |J| = 1. In this case we have Qr(f,5) = Qr(far ) = Qr (far p)-

[(x,y) o (X, y)] o (x",y") = {(m;)\(xl, x}) € Gx(fap) X gx/(fa,b)} o (x",y")
= { oo, (i ), 3{) € Galfap) X Gur (fup) X Ger ()} -

Similarly

(x,y)o[(xy) o (x",y")] = {xi.ab(x;'°ahx}/</)|(xir x;, ) € Gu(fap) X Gur(fap) X G (fu,b)} :
On the other hand we have

L%, %)) N L(x1 0, %, 0) = {(x10,, %;,0)} € Lo,
L(J;;, x’;/(l) ﬂ L(@, x;/.ab\xllcl) e {(x] .nb xk! 0)} g L(]
Therefore by Pascal’s Theorem we have

L(fo(’, xie, x;) N L(JE; ., xA;(’, %) C Lo,

and in addition .
{((xi o X)) 0, 3,0)} = Lo L(xi o, ¥, ),

{(xie, (x]®,x{),0)} = LyN L(T; x] e, xf),

LonL(xje, x,x0) = L(Y, x;e,, x) N L(x] e, %) = Lo N L(%},x] e, x7).
On the other word
(x;®

/ "n__ . / "
ab x]) .ab xk = Xi .ab (x] .ab xk )

So

((xl- ., x;) ., x,’(’) = (xl- ., (x; ., x,’(’)) for all (x;, x;, X)) € Gx(fap) X Gur(fap) X Gur (fap)
Case2. If |J| = 2. () If Qr (fap) = Qr(farpr) # Qr(far pr). We have

[(x,y) o (', y)] o (x",y") = [{Zo,@(z,w) € Gx(fap) % G (fap)}] o (x",y")
= U (u,0) 0 (x",y")

(wo)e(xy)o(x'y")

= Qr(fap) U QF(farp)-
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Otherwise

(x,y)o[(x,y") o (X", y")] = (x,y) o (QF (farpr) U QF (far o))
= Qr(fowr) N Qr(fap) U Qr(far pr)
= Qr(fap) U QF(farp)-

(ii) If Qr(fap) # Qr(farpr) = Qr(far p). This case similar to (i).
(111) If QF (fa,b) = QP (ftl”,h”) # QF (fa’,b’)' We have

[(x,y) o (¥, y")] o (x",y") = (Qr(fap) U Qr(farpr)) © (x",y")
= QF(fa,h) U QF(fa’,b’) ) QF(fa”,b”)
= Qr(fap) U Qr(farpr)-

On the other hand

(xy)o[(x,y) o (X", y")] = (x,y) o (Qr (farw) U Qr(far )
= Qr(fap) U Qr(farpr) U Qr(far p)
= Qr(fap) U Qr(farr)-

Case3. If |J| = 3. In this case we have

[, y) o (¥, y")] o (x",y") = (Qr(fup) UQE(fwp)) © (x",y")
= Qr(fap) UQF(farpr) U QE(farpr)-

On the other hand

(xy)o[(x,y") o (X", y")] = (x,y) o (QF (farp) U Qe (far o))
= Qr(fap) UQF(farpr) U Qr(farpr)-

”_

To prove the validity of reproduction axiom for “o” let us consider two cases:

Casel. If |[A x B| = 1 then F = Fand Qr(f1 3) = Qr(fap), Wwherea € A,b € Balso (Qr(fs),©)
is a conic group, hence there is nothing to prove.

Case2. If |A x B| > 1, consider arbitrary element £ € Qr(f,») € Qr(f4 5), then

??OQF(fA,B):G?O U QP(fz‘,j))U(??OQF(fa,b))/

a#i€ A,b#jEB

:( U )?OQF(ﬁ‘,]'))UQF(fa,b)r

a#i€Ab#jEB

= (UQe(fi)) U Qrfun)
i€A,jeB

= Qr(fap)-

Similarly, Qr(f 5) © = Qr(f4 3) and reproduction axiom is established. Thus, (Qr(f4 5),©) is
a hypergroup. O

Remark 4. The hyperconic and the associated hypergroup are conic and conic group, respectively, if G = {1}.
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Example 4. Let F = Zs be the field of order 5 and G = {+1} < F*. We have F = {0,1,2}.
In addition, if we go back to Example 3 then Qp(f;;) = Qr(f,,) Y Qr(f_,,) is hyperconic, where
Qr(f)) = {0, (11), (-1,1), 2, 1), (-2, -1)} S

Qr(fi1y) =10, (1, =1),(=1,-1),(2,1), (=2, 1)}, Qe (f;5) = {0, (1,1),(2,1)}. Now let H = Qk(f, )
and K = Qr(f, (—1>,0)‘ Then H and K are reversible subhypergroups of Qr(f, ), which are defined by the Caley
Tables 2 and 3, respectively.

-1),0

Table 2. Cayle table (Qz,(f1,0),°)-

o o (1,1) (—1,1) (2,—1) (—2,—1)
o o (+£1,1) (+1,1) (£2,-1) ,(£2,-1)
1,1) (£1,1) 0, (£2,-1) 0, (£2,-1) (£1,1), (£2,-1)  (£1,1),(£2,-1)
(-1,1) (£1,1) 0, (£2,-1) 0, (£2,-1) (£1,1), (£2,-1)  (£1,1),(£2,-1)
(2,-1) | (£2,-1) (£1,1),(£2,—-1) (£1,1),(£2,-1) (+1,1),0 (+1,1),0
(=2,-1) | (£2,-1) (£1,1),(%2,-1) (£1,1),(£2,-1) (+£1,1),0 (+£1,1),0
Table 3. Caley table (Qz, (f(_1)0),°)-
o o (1,—1) (-1,-1) (2,1) (—2,1)
[} [} (£1,-1) (£1,-1) (£2,1) ,(£2,1)
(1,-1) | (£1,-1) 0, (£2,1) 0, (£2,1) (£1,-1),(£2,1)  (£1,-1),(£2,1)
(=1,-1) | (£1,-1) 0, (£2,1) 0, (£2,1) (£1,-1),(£2,1)  (£1,-1),(£2,1)
(2,1) (£2,1)  (£1,-1),(£2,1)  (£1,-1),(£2,1) (+1,-1),0 (+1,-1),0
(=2,1) (£2,1)  (£1,-1),(£2,1) (*1,-1),(£2,1) (*1,-1),0 (*1,-1),0
Proposition 3. H is subhypergroup of Qp(fap) ifand only if H = U Qr(fi;) or H < Q;;(F),

(ij)eICAxB
for some (i,j) € A x B.

Proof. (=). Let us assume that H £ Qf(f;) for every (i,j) in A x B. Thenin A x B exist (i, ) # (s, t)

such that HNQF(fij) # @ # HNQF(fst). Now let I={(i,j) € A x BIHNQf(f;;) # @}, thus we have

HC ( U Qr(fij) © U  (Qr(fij) NH) o (Qr(fst) NH) C H. Accordingly, H = (”L)J IQF(fi,j)-
L])e

ij)el (s,b),(i,j)el
(«). Itis obvious. O

Proposition 4. Let H be a subhypergroup of Qr(fzp). Then H is reversible hypergroup if and only if
H < Qr(fi;), for some (i, j) € A x B.

Proof. (<«). First we prove that H < Qf(f; ;) is a regular reversible hypergroup for all (i, j) € A x B.
Let (x,y) and (x/,y') are elements in Qf(f;;)-

Casel. If x' & Gx(f,p), then

(", y") € (xy) o (¥, y) = (x",y") = Zojw, for some(z,w) € Gx(fap) X Gur (fap)
=¥ =z ojjw,
— z = x" ojih where, w o;ih = O,
—> (2, fo(2)) = " eghand h € Gu(fa) = Gor(fup)
= (2, fap(2)) € (", fap(x")) o (X', fap(x)).
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Case2. If x" € Gy (fop), thenz,w € Gy(f,,) and 1 € 2o = {Fopx, e, 0,0}, where x o, n =
Othenz € mowand @ € 2 o1

Case3. If Y € 00X = Xooo,thenoo € YoX and X € oo o Y. Notice that o € X o X, for all
X € Qr(fij) (i.e. every element is one of its inverses).

(=). Assume that (x,y) € HNQr(f;;) and (¥',y') € HN Qp(fss), in which (i,7) # (s,t), (x,y) #
O # (¢,y) and (x",y") € (x,y) o (x,y') NQr(fi). Then (x', ) € (z,w) o (x",y") Qe (fj), where
z € Gx(fap)- Hence Qr(fi;) = Qr(fs+) and this means reversibility conditions do not hold. [

The class of H,- groups is more general than the class of hypergroups which is introduced by
Th. Vougiouklis [39]. The hyperstructure (H, o) is called an H,—group if x o H = H = H o x, and also
the weak associativity condition holds, thatis x o (yoz) N (xoy)oz # @ forall x,y,z € H. In [13,14]
the authors have investigated some hyperoperations denoted by & and ¢ on some main classes of
curves; elliptic curves and homographics over Krasner’s hyperfields. In the following, we study them
on hyperconic. Consider the following hyperoperation on the hyperconic; (Qz(f4 5):

(% 9)3(x,y") ={(@,@)|(v,w) € (£ x F)o (&' xy')},
forall (%,7), («,y") in Qr(f4,3)-
Proposition 5. (Qr(f ), ) is an Hy-group.
Proof. The proof is straightforward. [J

Proposition 6. If ¥, , + Qr(fig) — Qr(fas) ¥.,(xy) = (¥,7) then ¢, is an epimorphism
of Hy-groups.

Proof. The base of the proof is similar to the proof of Proposition 3 in [14]. [

Example 5. Let G = {+1} be a subgroup of F*, where F = Zs. Consider f, (%) = 2 ®xon F = {0,1,2}.
Consequently Qp(fi1) = {0,(1,2),(2,1),(2,2)} is a hyperconic, a calculation gives us the Tuble 4 of
Hy,-group.

Table 4. Conic Hy,-group, (QZ-5 (fi1),9)-

5 & (1,2) &) 22)

o o 1222 @2 - (22,02
12 | 12,22 12,02 12,cD0) 12,210,022
)| @) 12,20,  Qlh) (12,2022
(2,2) | (1,2),(2,2) (1,2),(2,1),(2,2) (1,2),(2,1),(2,2) (1,2),(2,1),(2,2)

Let A be a finite set called alphabet and let K be a non-empty subset of A, called key-set and also
let “-” be a hyperoperation on A. In [40] Berardi et.al. utilized the hyperoperations with the following
conditionk - x = k-y = x =y, forall (x,y) € A2 and k € K. Let the subhypergroup (Qf(fim,n), o) of

—

(Qr(fin,a),0) and A = {ax|2 € Qr(fmn)}, where ay = i(x). Notice that i(x) = Gx(f,), is the set of
all inverses of %, for all £ € Qr(fm,n). We define the hyperoperation ¢ on A as bellow:

ay o ay = {ay|w € uov}.
Theorem 4. (A, o) is a canonical hypergroup which satisfies Berardi’s condition.

Proof. The proof is similar to the one of Theorem 4.1in [13]. O
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4. Conclusions

Conic curve cryptography (CCC) is rendering efficient digital signature schemes (CCDLP). They
have a high level of security with small keys size. Let ¢(x, y) = ax? + bxy + cy? + dx +ey + f € F[x,y]
and g(x,y) = 0 be the quadratic equation of two variables in field of F, if 2 = ¢ = 0 and b # 0 then
the equation g(x,y) = 0 is called homographic transformation. In [14] Vahedi et. al extended this
particular quadratic equation on the quotient hyperfield é Now suppose that ae # 0 and b = 0 in
¢(x,y). Then the curve is called a conic. The motivation of this paper goes in the same direction
of [14]. In fact, by a similar way the notion of conic on a field extended to hyperconic over a quotient
hyperfield hyperfield, as picturized in Figure 3. Notice that as one can see the group structures of these
two classes of curves have different applications, the associated hyperstructures can be different in
applications. In the last part of the paper a canonical hypergroup which is assigned by (Qf(f,,,), ©)
is investigated.

HYPERCONIC f, ,

Figure 3. Hyperconic, Qg (f A,B)-
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Abstract: This paper presents the study of algebraic structures equipped with the inverted asso-
ciativity axiom. Initially, the definition of the left and the right almost-groups is introduced and
afterwards, the study is focused on the more general structures, which are the left and the right
almost-hypergroups and on their enumeration in the cases of order 2 and 3. The outcomes of these
enumerations compared with the corresponding in the hypergroups reveal interesting results. Next,
fundamental properties of the left and right almost-hypergroups are proved. Subsequently, the
almost hypergroups are enriched with more axioms, like the transposition axiom and the weak
commutativity. This creates new hypercompositional structures, such as the transposition left/right
almost-hypergroups, the left/right almost commutative hypergroups, the join left/right almost
hypergroups, etc. The algebraic properties of these new structures are analyzed and studied as well.
Especially, the existence of neutral elements leads to the separation of their elements into attractive
and non-attractive ones. If the existence of the neutral element is accompanied with the existence of
symmetric elements as well, then the fortified transposition left/right almost-hypergroups and the
transposition polysymmetrical left/right almost-hypergroups come into being.

Keywords: hypercompositional algebra; magma; left/right almost-group; left/right almost-hyper
group; transposition axiom; Mathematica

1. Introduction

This paper is generally classified in the area of hypercompositional algebra. Hyper-
compositional algebra is the branch of abstract algebra which studies hypercompositional
structures, i.e., structures equipped with one or more multi-valued operations. Multi-
valued operations, also called hyperoperations or hypercompositions, are operations in
which the result of the synthesis of two elements is multi-valued, rather than a single
element. More precisely, a hypercomposition on a non-void set H is a function from H x H
to the powerset P(H) of H. Hypercompositional structures came into being through the
notion of the hypergroup. The hypergroup was introduced in 1934 by Marty, in order to
study problems in non-commutative algebra, such as cosets determined by non-invariant
subgroups [1-3].

In [4] the magma is defined as an ordered pair (H, L) where H is a non-void set and
“1” is a law of synthesis, which is either a composition or a hypercomposition. Per this
definition, if A and B are subsets of H, then:

AlB={albeH | ac A, be B}, if L isacomposition
and

AlB= U

(ar)en B(aLb), if 1 is a hypercomposition
a,0)eAX
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In particular if A = @ or B = &, then AL B = & and vice versa. ALb and a_L B have
the same meaning as A1 {b} and {a}_LB. In general, the singleton {a} is identified with
its member 4. Sometimes it is convenient to use the relational notation A ~ B instead of
AN B # @. Then, as the singleton {a} is identified with its member 4, the notation a ~ A
or A =~ ais used as a substitute for 2 € A or Aa. The relation ~ may be considered as a
weak generalization of equality, since, if A and B are singletons and A ~ B, then A = B.
Thus, a = blc means either 2 = b_Lc, when the synthesis is a composition or a € b_Lc,
when the synthesis is a hypercomposition.

It is possible that the result of the synthesis of a pair of elements in a magma is the
void set, when the law of synthesis is a hypercomposition. Then, the structure is called a
partial hypergroupoid, otherwise, it is called a hypergroupoid.

Every law of synthesis in a magma induces two new laws of synthesis. If the law of
synthesis is written multiplicatively, then the two induced laws are:

a/b={x€E | a~xb}

and
b\a={x€E | a~xbx}

Thus x =~ a/bif and only if a = xb and x = b\a if and only if 2 =~ bx. In the case of a
multiplicative magma, the two induced laws are named inverse laws and they are called the
right division and the left division, respectively [4]. It is obvious that, if the law of synthesis
is commutative, then the right division and left division coincide.

A law of synthesis on a set H is called associative if the property,

(xLly)lz=x1l(ylz)

is valid, for all elements x,y,z in H. A magma whose law of synthesis is associative, is
called an associative magma [4].

Definition 1. An associative magma in which the law of synthesis is a composition is called a
semigroup, while it is called a semilypergroup if the law of synthesis is a hypercomposition and
ab # O for each pair of its elements.

A law of synthesis (x,y) — x_Ly on a set H is called reproductive if the equality,
x1H=Hlx=H

is valid for all elements x in H. A magma whose law of synthesis is reproductive is called a
reproductive magma [4].

Definition 2. A reproductive magma in which the law of synthesis is a composition is called a
quasigroup, while it is called a quasi-hypergroup if the law of synthesis is a hypercomposition and
ab # O for each pair of its elements.

Definition 3. [4] An associative and reproductive magma is called a group, if the law of synthesis
is a composition, while it is called a hypergroup if the law of synthesis is a hypercomposition.

The above unified definition of the group and the hypergroup is presented in [4],
where it is also proved analytically that it is equivalent to the well-known dominant
definition of the group.

A composition or a hypercomposition on a non-void set H is called left inverted
associative if:

(aLlb)Lc = (cLb)La, foreverya,b,c € H,
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while it is called right inverted associative if
al(blc)=cl(bLla), foreverya,b,c € H.

The notion of the inverted associativity was initially conceived by Kazim and Naseerud-
din [5] who endowed a groupoid with the left inverted associativity, thus defining the
LA-semigroup. A magma equipped with left inverted assisiativity is called a left inverted
associative magma, while if it is equipped with right inverted assisiativity is called a right
inverted associative magma.

Recall that if (E, 1) is a magma, then the law of synthesis:

(x,y) = xLPy =ylx
is called the opposite of “_L”. The magma (E, L°) is called the opposite magma of (E, L) [4].

Theorem 1. If (H, L) is a left inverted associative magma, then (H, L°P) is a right inverted
associative magma.

Proof.
al(bLlc) = (bL°c)Lla = (cLlb)Lla=

= (alb)Llc=cl%(alb) =cl(bLa) O

As it is detailed in [4] the group and the hypergroup satisfy exactly the same axioms,
i.e., the reproductive axiom and the associative axiom. This led to the unified definition of the
group and the hypergroup that was repeated as Definition 3 in this paper. Using the same
approach, the definition of the left/right almost-group and the left/right almost-hypergroup is:

Definition 4. (FIRST DEFINITION OF THE LEFT/RIGHT ALMOST GROUP/HYPER
GROUP) A reproductive magma which satisfies the axiom of the left inverted associativity is called
a left almost-group (LA-group), if the law of synthesis on the magma is a composition, while it is
called a left almost-hypergroup (LA-hypergroup) if the law of synthesis is a hypercomposition. A
reproductive, right inverted associative magma, is called a right almost-group (RA-group) or a right
almost-hypergroup (RA-hypergroup) if the law of synthesis is a composition or a hypercomposi-
tion respectively.

Remark 1. Obviously if the law of synthesis is commutative, then the LA- or RA- groups and
hypergroups are groups and hypergroups respectively, indeed:

(alb)Llc= (cLlb)la=al(clb)=al(blc)

As shown in Theorem 11 in [4], when the law of synthesis is a composition, then the
reproductive axiom is valid if and only if the inverse laws are compositions. Hence another
definition can be given for the left/right almost-group:

Definition 5. (SECOND DEFINITION OF THE LEFT/RIGHT ALMOST-GROUP) A magma
which satisfies the axiom of the left/right inverted associativity is called a left/right almost-group
(LA-group/RA-group), if the law of synthesis on the magma is a composition, and the two induced
laws of synthesis are compositions as well.

Thus, if the law of synthesis on a magma is written multiplicatively, then the magma
is a left/right almost-group if and only if it satisfies the axiom of the left/right inverted
associativity and both the right and the left division, a/b, b\a respectively, result in a single
element, for every pair of elements 4, b in the magma.
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In a similar way, because of Theorem 14 in [4],if a/b # @ and b\a # &, for all pairs of
elements 4, b of a magma, then the magma is reproductive. Therefore, a second definition
of the left/right almost-hypergroup can be given:

Definition 6. (SECOND DEFINITION OF THE LEFT/RIGHT ALMOST-HYPERGROUP)
A magma which satisfies the axiom of the left/right inverted associativity is called a left/right
almost-hypergroup (LA-hypergroup/RA-hypergroup), if the law of synthesis on the magma is a
hypercomposition and the result of each one of the two inverse hypercompositions is nonvoid for all
pairs of elements of the magma.

Example 1. This example proves the existence of non-trivial left almost-groups (Table 1) and right
almost-groups (Table 2).

Table 1. Left almost-group.

° 1 2 3
1 1 2 3
2 3 1 2
3 2 3 1

Table 2. Right almost-group.

° 1 2 3
1 1 3 2
2 2 1 3
3 3 2 1

Example 2. This example presents a non-trivial left almost-hypergroup (Inble 3) and a non-trivial
right almost-hypergroup (Table 4).

Table 3. Left almost-hypergroup.

° 1 2 3
1 {1} {1} {1,2,3}
2 {1 {1} {2,3}

3 {2,3} {2,3} {1,2,3}
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Table 4. Right almost-hypergroup.

o 1 2 3
1 {2 {3} {1,3}

2 {1,2} {1,3} {1,2,3}
3 {1,3} {1,2,3} {1,2,3}

Remark 2. It is noted that in the groups, the unified definition which uses only the reproductive
axiom and the associative axiom, leads to the existence of a bilaterally neutral element and conse-
quently to the existence of a symmetric element for each one of the group’s elements, as it is proved
in Theorem 2 in [4]. The same doesn’t hold in the case of the left or right almost-groups. Indeed, if e
is a neutral element in a left almost-group, then:

(ale)lc=alcand (ale)lc= (cle)la=cla
Hence the composition is commutative and therefore the left almost-group is a group.
A direct consequence of Theorem 1 is the following theorem:

Theorem 2. If (H, L) is a left almost-group or hypergroup, then (H, L°P) is a right almost-group
or hypergroup respectively.

Corollary 1. The transpose of the Cayley table of a left almost-group or hypergroup, is the Cayley
table of a right almost-group or hypergroup respectively and vice versa.

Example 3. The transpose of the Cayley Table 5 which describes a LA-hypergroup is Table 6, which
describes a RA-hypergroup.

Table 5. Left almost-hypergroup.

° 1 2 3
1 {1 {1,2} {13
2 {1,3} {1,2,3} {3}
3 {1,2} {2} {1,2,3}
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Table 6. Right almost-hypergroup.

o 1 2 3
1 {1) {1,3) {1,2)
2 {1,2) {1,2,3} {2
3 {1,3} {3} {1,2,3}

Corollary 2. The cardinal number of the left almost-groups which are defined over a set H is equal
to the cardinal number of the right almost-groups defined over H.

Corollary 3. The cardinal number of the left almost-hypergroups which are defined over a set H is
equal to the cardinal number of the right almost-hypergroups defined over H.

Hypercompositional structures with inverted associativity were studied by many
authors (e.g., Yaqoob et al. [6-10], Hila et al. [11,12], etc.).

Special notation: In the following, in addition to the typical algebraic notations, we use
Krasner’s notation for the complement and difference. So, we denote with A--B the set of
elements that are in the set A, but not in the set B.

2. Hypercompositional Structures with Inverted Associativity

The hypergroup, was progressively enriched with additional axioms, thus creating
a significant number of special hypergroups, e.g., [13-55]. Prenowitz enriched the hyper-
group with an additional axiom, in order to use it in the study of geometry [56—61]. More
precisely, he introduced the transposition axiom

a/bNc/d # @ implies ad Nbc # &, foralla,b,c,d € H,

into a commutative hypergroup of idempotent elements, i.e., a commutative hypergroup
H, all the elements of which satisfy the properties aa = a and a/a = a. He named this new
hypergroup join space. Prenowitz was followed by others, such as Jantosciak [62,63], Barlotti
and Strambach [64], Freni [65,66], Massouros [67-71], Dramalidis [72], etc. For the sake
of terminology unification, the commutative hypergroups which satisfy the transposition
axiom are called join hypergroups. It has been proved that the join hypergroups also comprise
a useful tool in the study of languages and automata [35-38,73,74]. Later on, Jantosciak
generalized the above axiom in an arbitrary hypergroup as follows:

b\aNc/d # @ implies ad Nbc # &, foralla,b,c,d € H.

He named this particular hypergroup transposition hypergroup [33].

A quasicanonical hypergroup or polygroup [26-29] is a transposition hypergroup H
containing a scalar identity, that is, there exists an element e such that ea = ae = a for each a
in H. A canonical hypergroup [17-19] is a commutative polygroup. A canonical hypergroup
may also be characterized as a join hypergroup with a scalar identity [23]. The following
Proposition connects the canonical hypergroups with the RA-hypergroups.

Proposition 1. Let (H, -) be a canonical hypergroup and “/” the induced hypercomposition which
follows from “-". Then (H, /) is a right almost-hypergroup.
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Proof. In a canonical hypergroup (H, -) each element x € H has a unique inverse, which is
denoted by x~1. Moreover e/x = x~! and y/x = yx~! [4,32,34]. Thus:

-1

a/(b/c)= a/(bc”) = u(bcq) = a(cb”) = (ac)b™! = (ca)b™! = c(abil) =
_ c(ba*)_l —=c/ba V' =c/(b/a)
Hence, the right inverted associativity is valid. Moreover, in any hypergroup holds [4,75]:
a/H=H/a=H
Thus, the reproductive axiom is valid and therefore (H, /) is a RA-hypergroup. [

Subsequently, the left and right almost-hypergroups can be enriched with additional
axioms. The first axiom to be used for this purpose is the transposition axiom, as it has
been introduced into many hypercompositional structures and has given very interesting
and useful properties (e.g., see [75,76]).

Definition 7. If a left almost-hypergroup (H, -) satisfies the transposition axiom, i.e.,
b\aNnc/d # @ implies ad Nbc # &, forall a,b,c,d € H

then it will be called transposition left almost-hypergroup. If a right almost-hypergroup satisfies the
transposition axiom, then it will be called transposition right almost-hypergroup.

Example 4. This example presents a transposition left almost-hypergroup (Table 7) and a transpo-
sition right almost-hypergroup (Table 8).

Table 7. Transposition left almost-hypergroup.

o 1 2 3
1 {1,2,3} {1,2,3} {1,2,3}
2 {1,3} {1,2} {1,3}
3 {2,3} {2,3} {1

Table 8. Transposition right almost-hypergroup.

° 1 2 3

1 {1,2} {1,2,3} {1,3}
2 {1,2} {1,3} {1,2,3}
3 {1,2,3} {1,2} {1,3}

In [4] the reverse transposition axiom was introduced:
ad Nbec # & impliesb\aNc/d # &, foralla,b,c,d € H

Thus, the following hypercompositional structure can be defined:

197



Mathematics 2021, 9, 1828

Definition 8. If a left (right) almost-hypergroup (H, -) satisfies the reverse transposition axiom,
then it will be called a reverse transposition left (right) almost-hypergroup.

Definition 9. A hypercomposition on a non-void set H is called left inverted weakly associative if
(ab)cN (cb)a # @, for every a,b,c € H,

while it is called right inverted weakly associative if
a(bc) Nc(ba) # @, for every a,b,c € H.

Definition 10. A quasi-hypergroup equipped with a hypercomposition which is left inverted weakly

associative is called a weak left almost-hypergroup (WLA-hypergroup), while it is called a weak right
almost-hypergroup (WRA-hypergroup) if the hypercomposition is right inverted weakly associative.

Recall that a quasi-hypergroup which satisfies the weak associativity is called Hy-
group [77].

Proposition 2. A commutative WLA-hypergroup (or WRA-hypergroup) is a commutative Hy-group.
Proof. Suppose that H is a commutative WLA-hypergroup, then:

(ab)cN (cb)a # @ < (ab)cNa(ch) # & < (ab)cNa(be) # @.
Hence H is an Hy-group. U

Proposition 3. Let (H, -) be a left almost-hypergroup. An arbitrary subset Iy, of H is associated to
each pair of elements (a,b) € H? and the following hypercomposition is introduced into H:

axb=abuU ly.
Then (H, *) is a WLA-hypergroup.

Proof. Since xH and Hx are subsets of x+H and Hx*x respectively, it follows that the
reproductive axiom holds. On the other hand:

(axb)xc= (abU L) xc= (ab)xcUly*c= { U (chI,C)] U [ U (chISC)] =
reab s€ly,

= (ab)cU { U Im] U [ U (sculsc)]

reab s€ly

and

(cxb)*xa= (cbUly)xa= (cb)xaUly*xa= [ U (raulm)} U { U (saulsa)} =

rech s€ly

= (ch)au [ U Im] U [ U (sauls,z)]

rech s€ly

Since (ab)c = (cb)a, it follows thata (bxc)N(axb)xc # 2. O

Proposition 4. If bﬂ Hlab # @, then (H, ) is a transposition WLA-hypergroup.
abe

It is obvious that if the composition or the hypercomposition is commutative, then the
inverted associativity coincides with the associativity. Thus, a commutative LA-hypergroup
is simply a commutative hypergroup. However, in the hypercompositions there exists a
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property that does not appear in the compositions. This is the weak commutativity. A
hypercomposition on a non-void set H is called weakly commutative if

abNba # &, foralla,b € H.

Definition 11. A left almost commutative hypergroup (LAC-hypergroup) is a left almost-hypergroup
which satisfies the weak commutativity. A right almost commutative hypergroup (RAC-hypergroup)
is a right almost-hypergroup which satisfies the weak commutativity. A LAC-hypergroup (resp.
RAC-hypergroup) which satisfies the transposition axiom will be called join left almost-hypergroup
(resp. reverse join left almost-hypergroup). A LAC-hypergroup (resp. RAC-hypergroup) which
satisfies the reverse transposition axiom will be called reverse join left almost-hypergroup (resp.
reverse join right almost-hypergroup).

Example 5. This example presents a join left almost-hypergroup (Table 9) and a join right almost-
hypergroup (Table 10).

Table 9. Join left almost-hypergroup.

° 1 2 3

1 {2,3} {1,2,3} {1,3}
2 {1,2 {1,3 {1,2,3}
3 {1,3} 2,3} (1,2

Table 10. Join right almost-hypergroup.

o 1 2 3

1 {1,3 {1,2 {1,2,3}
2 {1,2,3} {1,3} {1,2}
3 {1,3) {1,2} {2,3}

A weak left almost-hypergroup which satisfies the weak commutativity will be named
a weak left almost commutative hypergroup (WLAC-hypergroup). Analogous is the definition
of the weak right almost commutative hypergroup (WRAC-hypergroup),

Proposition 5. If (H, ) is a LAC-hypergroup, then (H, x) is WLAC-hypergroup.

Proposition 6. Let (H, -) be a left almost-hypergroup and 1,, = Iy, forall a,b € H, then (H, *)
is a WLAC-hypergroup.

Proposition 7.
i. If (H,-) is a LAC-hypergroup and bﬂHIab # O, then (H, ) is a weak join left almost-
a,be

hypergroup.
ii. —If (H,-)isa LA-hypergroup, 1, = I, forall a,b € H and bﬂHIab # &, then (H,*) isa
abe

weak join left almost-hypergroup.
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Corollary 4. If H is a left almost-hypergroup and w is an arbitrary element of H, then H endowed
with the hypercomposition

xxy =xyU{xy w}

is a weak join left almost-hypergroup.

Remark 3. Analogous propositions to the above 3—7, hold for the right almost-hypergroups as well.

3. Enumeration and Structure Results

The enumeration of hypercompositional structures is the subject of several papers
(e.g., [78-87]). In [78] a symbolic manipulation package is developed which enumer-
ates the hypergroups of order 3, separates them into isomorphism classes and calculates
their cardinality. Following analogous techniques, in this paper, a package is developed
(see Appendix A) which, when combined with the package in [78], enumerates the left
almost-hypergroups and the right almost-hypergroups with 3 elements, classifies them in
isomorphism classes and computes their cardinality.

For the purpose of the package, the set H = {1,2,3} is used as the set with three
elements. The laws of synthesis in H are defined through the Cayley Table 11:

Table 11. General form of a 3-element magma’s Cayley table

o

1

2

3

an

aiz

ai3

az1

a2

az3

asi

as2

as3

where the intersection of row i with column j, i.e., a;;, is the result of ioj. As in the case
of hypergroups, in the left almost-hypergroups or right almost-hypergroups, the result
of the hypercomposition of any two elements is non-void (see Theorem 4 below). Thus,
the cardinality of the set of all possible magmas with 3 elements which are not partial
hypergroupoids, is 7° = 40 353 607. As it is mentioned above in the commutative case the
left inverted associativity and the right inverted associativity coincide with the associativity.
Among the 40 353 607 magmas only 2520 are commutative hypergroups, which are the
trivial cases of left almost-hypergroups and right almost-hypergroups. Thus, the package
focuses on the non-trivial cases, that is on the non-commutative magmas. The enumera-
tion reveals that there exist 65 955 reproductive non-commutative magmas which satisfy
the left inverted associativity only and obviously the same number of reproductive non-
commutative magmas which satisfy the right inverted associativity only. That is, there exist
65 955 non-trivial left almost-hypergroups and 65 955 non-trivial right almost-hypergroups.
Moreover, there exist 7036 reproductive magmas which satisfy both the left and the right
inverted associativity i.e., there exist 7036 both left and right almost-hypergroups. Fur-
thermore, there are 16 044 reproductive magmas that satisfy the left inverted associativity,
the right inverted associativity and the associativity. This means that there exist 16 044
structures which are simultaneously left almost-hypergroups, right almost-hypergroups
and hypergroups. Finally, there do not exist any reproductive magmas which satisfies both
the left (or right) inverted associativity and the associativity.

The following examples present the worth mentioning cases in which a hypercompo-
sitional structure is (a) both left and right almost-hypergroup and (b) simultaneously left
almost-hypergroup, right almost-hypergroup and non-commutative hypergroup.
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Example 6. The hypercompositional structure described in Cayley Table 12 is both left and right

almost-hypergroup.

Table 12. A LA- and RA-hypergroup.

° 1 2 3

1 {1} {1,2} {1,2,3}
2 {1,2} {3} {1,3}
3 {1,2,3} {1,2,3} {1,2,3}

Example 7. The hypercompositional structure described in Cayley Table 13 is simultaneously left
almost-hypergroup, right almost-hypergroup and non-commutative hypergroup.

Table 13. A non-commutative hypergroup which is also left and right almost-hypergroup.

° 1 2 3

1 {1 {1 {1,2,3}
2 {1 {1 {2,3}
3 {1,2,3} {1,2,3} {1,2,3}

A magma though, with three elements, can be isomorphic to another magma, which

results from a permutation of these three elements. The isomorphic structures which
appear in this way, can be considered as members of the same class. These classes can
be constructed and enumerated, with the use of the techniques and methods which are
developed in [78]. Having done so, the following conclusions occurred:

The 65 955 non-trivial left almost-hypergroups are partitioned in 11 067 isomorphism
classes. 10 920 of them consist of 6 members, 142 have 3 members, 4 have 2 members
and the last one is a one-member class. The same are valid for the 65 955 non-trivial
right almost-hypergroups.

The 7036 both left and right almost-hypergroups are partitioned in 1174 isomorphism
classes. 1172 of them consist of 6 members, while the other 2 have 2 members.

The 16 044 noncommutative structures which are simultaneously left almost-hyper
groups, right almost-hypergroups and hypergroups are partitioned in 2733 isomor-
phism classes. 2617 of them consist of 6 members, 110 have 3 members and the last 6
have 2 members.

The above results, combined with the ones of [78] for the hypergroups, are summa-

rized and presented in the following Table 14:
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Table 14. Classification of the LA-hypergroups and the RA-hypergroups with three elements.

Classes with
4or5
Members

Classes with Classes Classes
1 Member with 2 with 3

(Rigid) Members Members

Total Isomorphism
Number Classes

Classes
with 6
Members

non-trivial left 65 955 11 067 1 4 142 0
almost-hypergroups

10 920

non-trivial right

11 067 1 4 142 0
almost-hypergroups

65 955

10 920

non-trivial both left
and right 7036 1174 0 2 0 0
almost-hypergroups

1172

simultaneously left
almost-hypergroups,
right
almost-hypergroups
and non-commutative

hypergroups

16 044 2733 0 6 110 0

2617

non-commutative
hypergroups
(satisfying the

associativity only)

4628 800 0 1 56 0

723

simultaneously left
almost-hypergroups
and non-commutative
hypergroups

simultaneously right
almost-hypergroups
and non-commutative

hypergroups

commutative
hypergroups (trivial
left
almost-hypergroups
and trivial right
almost-hypergroups)

2520 466 6 3 78 0

399

hypergroups 23192 3999 6 10 244 0

3739

In the above table we observe that there is only one class of left almost-hypergroups
and only one class of right almost-hypergroups which contains a single member. The
member of this class is of particular interest, since its automorphism group is of order 1.
Such hypercompositional structures are called rigid. Additionally, observe that there are
6 rigid hypergroups all of which are commutative. A study and enumeration of these
rigid hypergroups, as well as other rigid hypercompositional structures is given in [81].
The following Table 15 presents the unique rigid left almost-hypergroup, while Table 16
describes the unique rigid right almost-hypergroup with 3 elements.

Table 15. The rigid left almost-hypergroup of three elements.

° 1 2 3

1 {1,2,3} {2,3} {2,3}
2 {1,3} {1,2,3} {1,3}
3 {1,2} {1,2} {1,2,3)
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Table 16. The rigid right almost-hypergroup of three elements.

° 1 2 3

1 {1,2,3} {1,3} {1,2}
2 {2,3} {1,2,3} {1,2}
3 2,3} {1,3} {1,2,3}

More generally, the next theorem is valid:

Theorem 3. A non-void set H equipped with the hypercomposition:

_J H ifx=y
"y‘{ H--{x}, ifx#y

becomes a rigid left almost-hypergroup, while equipped with the hypercomposition:

y — H, ifx=y
Y {H"{y}, ifx#y

becomes a rigid right almost-hypergroup. Both of them satisfy the transposition axiom.

Remark 4. There exist 81 hypergroupoids of two elements, 3 of which are LA-hypergroups, 3 are
RA-hypergroups, 4 are commutative hypergroups and 4 are non-commutative hypergroups. The
enumeration of the two-element crisp and fuzzy hypergroups can be found in [82].

4. Algebraic Properties

In hypercompositional algebra it is dominant that a hypercomposition on a set E is a
mapping of E x E to the non-void subsets of E. In [4], it is shown that this restriction is
not necessary, since it can be proved that the result of the hypercomposition is non void in
many hypercompositional structures. Such is the hypergroup (see [4], Theorem 12, and [75],
Property 1.1), the weakly associative magma ([4], Proposition 5) and consequently the
Hy-group ([76], Proposition 3.1). The next theorem shows that in the case of the left/right
almost hypergroups the result of the hypercomposition is non-void as well. The proof is
similar to the one in [4], Theorem 12, but not the same due to the validity of the inverted
associativity in these structures, instead of the associativity.

Theorem 4. In a left almost-hypergroup or in a right almost-hypergroup H, the result of the
hypercomposition of any two elements is non-void.

Proof. Suppose that H is a left almost-hypergroup and cb = &, for some ¢, b in H. Because
of the reproductivity the equalities H = Hc = cH and H = Hb = bH are valid. Then, the
left inverted associativity gives:

H = Hc = (Hb)c = (cb)H = @H = &,

which is absurd. Next assume that H is a right almost-hypergroup and bc = &, for some
b,cin H. The right inverted associativity gives:

H=cH =c¢(bH) = H(bc) = Ho = o,

which is absurd. O
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Proposition 8. A left almost-hypergroup H is a hypergroup if and only if a(bc) = (cb)a holds for
alla,b,cin H.

Proof. Let H be a hypergroup. Then, the associativity (ab)c = a(bc) holds for all a,b, ¢
in H. Moreover because of the assumption, a(bc) = (cb)a is valid for all a,b,c in H.
Therefore (ab)c = (cb)a, thus H is a left almost-hypergroup. Conversely now, suppose that
a(bc) = (cb)a holds for all a, b, c in H. Since H is a left almost-hypergroup, the sequence of
the equalities a(bc) = (cb)a = (ab)c is valid. Consequently, H is a hypergroup. [

Theorem 5. In any left or right almost-hypergroup H the following are valid:

i a/b # @andb\a # @, forall a,b in H,

ii. H=H/a=a/Hand H=a\H = H\a, forallainH,

iii.  the non-empty result of the induced hypercompositions is equivalent to the reproductive axiom.

Proof. (i) Because of the reproduction, Hb = H for all b € H. Hence, for every a € H there
exists x € H, such thata € xb. Thus, x € a/b and, therefore, a/b # . Similarly, b\a # @.

(ii) Because of Theorem 4, the result of the hypercomposition in H is always a non-
empty set. Thus, for every x € H there exists y € H, such that y € xa, which implies that
x € y/a. Hence, H C H/a. Moreover, H/a C H. Therefore, H = H/a. Next, let x € H.
Since H = xH, there exists y € H such that 2 € xy, which implies that x € a/y. Hence,
H C a/H. Moreover, a/H C H. Therefore, H=a/H.

(iii) Suppose that x/a # @, for all a,x € H. Thus, there exists y € H, such that
x € ya. Therefore, x € Ha, for all x € H, and so H C Ha. Next, since Ha C H for all
a € H, it follows that H = Ha. Per duality, H = aH. Conversely now, per Theorem 4, the
reproductivity implies that a/b # @ and b\a # @, foralla,bin H. O

Proposition 9. In any left or right almost-hypergroup H the following are valid:
i. a(b/c)Ua/(c/b) C (ab)/c and

ii.  (c\b)aU (b\c)\a C c\(ba)

foralla,b,cin H.

Proof. (i) Let x € a(b/c). Then, b/cNa\x # @ (1). Next, if x € a/(c/b), thena € x(c/D)
orc/bNx\a # @ (2). From both (1) and (2) it follows that xc Nab # &. So, there exists
z € ab, such that z € xc which implies that x € z/c. Hence, x € (ab)/c. Thus (i) is valid.
Similar is the proof of (ii). O

Corollary 5. If A, B, C are non-empty subsets of any left or right almost-hypergroup H, then the
following are valid:

i, A(B/C)UA/(C/B) C (AB)/C and
ii. (C\B)AU (B\C)\A C C\(BA).

Proposition 10. Let a, b, ¢, d be arbitrary elements of any left or right almost-hypergroup H. Then
the following are valid:

i.  (b\a)(c/d) C (b\ac)/dNb\(ac/d),
ii.  (b\a)/(d/c) C (b\ac)/d,
iii.  (c\d)\(a/b) Cd\(ac/b).

Proof. (i) Let x € (b\a)(c/d). Then, because of Proposition 9.i, there exists y € b\a, such
that x € y(c/d) C (yc)/d. Thus xd Nyc # @ or xd N (b\a)c # &. Because of Proposition
9.ii, it holds that: (b\a)c C b\ac. Therefore x € (b\ac)/d (1). Next, since x € (b\a)(c/d),
there exists z € ¢/d, such that x € (b\a)z. Because of Proposition 9.ii, the inclusion relation
(b\a)z C b\(a z) holds. Thus, bx Naz # & or equivalently bx Na(c/d) # & or, because of
Proposition 9.i, bx Nac/d # &. Therefore, x € b\ (ac/d) (2). Now (1) and (2) give (i).
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(ii) Suppose that x € (b\a)/(d/c). Then there exists y € b\a such that
x €y/(d/c) C (yc)/d. Thus, xd Nyc # & or equivalently xd N (b\a)c # &. But according
to Proposition 9.ii, the inclusion (b\a)c C b\ac holds. Hence, x € (b\ac)/d.

(iif) can be proved in a similar manner. O

Corollary 6. If A, B, C, D are non-empty subsets of any left or right almost-hypergroup H, then
the following are valid:

i, (B\A)(C/D) C (B\AC)/D N B\(AC/D),
ii. (B\A)/(D/C) C (B\AC)/D,
iii. (C\D)\(A/B) C D\(AC/B).

Proposition 11. Let a, b be elements of a left or right almost-hypergroup H, then:

i. be(a/b)\a and
ii. bea/(b\a).

Proof. (i) Let x € a/b. Thena € xb. Hence, b € x\a. Thus, b € (a/b)\a. Therefore, (i) is
valid. The proof of (ii) is similar. [J

Corollary 7. If A, B are non-empty subsets of any left or right almost-hypergroup H, then:

i. BC(A/B)\A and
ii. BC A/(B\A).

Remark 5. The above properties are consequences of the reproductive axiom and therefore are valid
in both, the left and the right almost-hypergroups as well as in the hypergroups [39].

Proposition 12.

i.  Inany left almost-hypergroup the following property is valid:
(a/b)/c = (bc)\a (mixed left inverted associativity)
ii.  Inany right almost-hypergroup the following property is valid:

c\(b\a) = a/(cb) (mixed right inverted associativity).

Proof. (i) Let x € (a/b)/c. Then the following sequence of equivalent statements is valid:
x € (a/b)/ce xcNa/b# D ac (xc)bsac (be)x & x € (be)\a.
Similar is the proof of (ii). U

Corollary 8.
i.  If A, B,C are non-empty subsets of a left almost-hypergroup H, then:

(A/B)/C = (BC)\A.
ii. If A, B,C are non-empty subsets of a right almost-hypergroup H, then:
C\(B\A) = A/(CB).

Proposition 13.

i.  Inany left almost-hypergroup the right inverted associativity of the induced hypercompositions
is valid:

b\(a/c) =c\(a/b).
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ii.  Inany right almost-hypergroup the left inverted associativity of the induced hypercompositions
is valid:
(b\a)/c = (c\a)/b.
Proof. For (i) it holds that:

b\(a/c)={x e H | bxNa/c#2}={x € H| ac€ (bx)c} =
={x €eH |ae(bx)c}={x € H | a/bNcx # @} =c\(a/b).

Regarding (ii) it is true that:

(W\a)/c={x e H| bP\anxc# 2} ={x € H| a€b(xc)}
={x €eH | accxb)}={x e H| c\anxb# @} = (c\a)/b.

This completes the proof. ]

Corollary 9.
i.  If A, B,C are non-empty subsets of a left almost-hypergroup H, then:

B\(A/C) = C\(A/B).
ii. If A, B,C are non-empty subsets of a right almost-hypergroup H, then:
(B\A)/C = (C\A)/B.

5. Identities and Symmetric Elements

Let H be a non-void set endowed with a hypercomposition. An element e of H is
called right identity, if x € x-eforall x in H. If x € e - x for all x in H, then e is called
left identity, while e is called identity if it is both right and left identity. An element e of
H is called right scalar identity, if x = x -efor all x in H. If x = e x for all x in H, then e
is called left scalar identity, while e is called scalar identity if it is both right and left scalar
identity [4,13,18,88]. When a left (resp. right) scalar identity exists in H, then it is unique.

Example 8. The Cayley Tables 17 and 18 describe left/right almost-hypergroups with left/right
scalar identity.

Table 17. Left almost-hypergroup with left scalar identity.

o 1 2 3
1 {1} {2} {3}
2 3) (1,2,3} (1,3}
3 {2} {12} {1,2,3}
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Table 18. Right almost-hypergroup with right scalar identity.

o 1 2 3
1 {1} {31 {2}
2 {2} {1,2,3} {1,3)
3 {3} {1,2} {1,2,3}

If the equality e = ee is valid for an identity e, then e is called idempotent iden-
tity [4,39,88]. e is a right strong identity, if x € x-e C {e,x} for all x in H while e is
a left strong identity, if x € e-x C {e,x}. e is a strong identity, if it is right and left
strong [4,32,34,39,88-90]. Note that the strong identity needs not be unique [32,34,39]. Both
the scalar identity and the strong identity are idempotent identities.

Theorem 6. If e is a strong identity in a left almost-hypergroup H, then

x/e=e\x =x, forall x € H— {e}

Proof. Suppose thaty € x/e. Then x € ye C {y,e}. Consequently y = x. [

Let e be an identity element in H and x an element in H. Then, x will be called right
e-attractive, if e € e - x, while it will be called left e-attractive if e € x - e. If x is both left and
right e-attractive, then it will be called e-attractive. When there is no likelihood of confusion,
e can be omitted. See [32] for the origin of the terminology.

Proposition 14. In a left almost-hypergroup with idempotent identity e, e\e is the set of right
e-attractive elements of H and e/ e is the set of left e-attractive elements of H.

Proof. Suppose that x is a right attractive element of H. Then e € ex. Thus x € e\e.
Additionally, if x € e\e, then e € ex. Hence ¢\e consists of all the right attractive elements
of H. The rest follows in a similar way. [

When the identity is strong and x is an attractive element, thene-x = x - e = {¢, x},
while, if x is non-attractive, then e - x = x - e = x is valid. In the case of a strong identity,

the non-attractive elements are called canonical. See [32] for the origin of the terminology.

Proposition 15. If x is not an e-attractive element in a left almost-hypergroup with idempotent
identity e, then xe consists of elements that are not e-attractive.

Proof. Suppose that y € xe and assume that y is attractive. Then
ye C (xe)e = (ee)x = ex.
Since ¢ € ey, it follows that e € ex, which is absurd. [

Proposition 16. If x is a right (resp. left) e-attractive element in a transposition left almost-
hypergroup with idempotent identity e, then all the elements of xe are right (resp. left) e-attractive.

Proof. Let y € xe, then x € y/e. Moreover, x € e\e. Thus e\e Ny/e # &, which implies
that ee N ey # @. Therefore, e € ey. [
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Proposition 17. If x is a right (resp. left) attractive element in a transposition left almost-
hypergroup with idempotent identity e, then its right (resp. left) inverses are also right (resp. left)
attractive elements.

Proof. Since e € ex, it follows that x € e\e. Moreover, if x’ is a right inverse of x, then
e € xx'. Therefore, x € ¢/x’. Consequently, e¢\e ~ ¢/x’. Transposition gives ee ~ ex’ and
since ¢ is idempotent, e € ex’. Thus, ¥’ is right attractive. [

Corollary 10. If x is not a right (resp. left) attractive element in a transposition left almost-
hypergroup with idempotent identity e, then its right (resp. left) inverses are also not right (resp.
left) attractive elements.

Proposition 18. If a left almost-hypergroup (resp. right almost-hypergroup) has a right scalar
identity (resp. left scalar identity), then it is a hypergroup.

Proof. Suppose that e is a right scalar identity in a left almost-hypergroup H. Then for any
two elements b, ¢ in H we have:

bec = (be)c = (ce)b = cb.

Hence H is commutative and therefore H is a hypergroup. Similar is the proof for the
right almost-hypergroups. [

Proposition 19. If a left almost-hypergroup or a right almost-hypergroup H has a strong identity e
and if it consists only of attractive elements, then x,y € xy.

Proof. (ex)y = {e,x}y = {e,y} Uxy and (yx)e = yx U {e}. Since (ex)y = (yx)e it derives
that yx U {e} = xy U {e,y}. Similarly, xy U {e} = yx U {e, x}. Therefore:

xyU{e} =yxU{e,x} =xyU{ey}tU{ex} =xyU{e x,y}.
Hence, x,y € xy. O

Corollary 11. If a left almost-hypergroup or a right almost-hypergroup H has a strong identity e
and if it consists of attractive elements only, then

i. xe€x/yandx e y\x, forallx,y € H
ii. x/x=x\x=H,forallx,y € H

Proposition 20. If a left almost-hypergroup or a right almost-hypergroup H has a strong identity e
and if the relation e € bc implies that e € cb, for all b,c € H, then H is a hypergroup.

Proof. For any two elements in H we have:

cb C {e,c}b = (ec)b = (bc)e = {e} Ubc. (i)
If e € bc then cb C be. Moreover,

be C {e,b}c = (eb)c = (cb)e = {e} Ucb. (ii)

According to the assumption if e € bc, then e € cb. Hence bc C cb. Thus cb = be. Next, if
e ¢ bcthen e ¢ cb and (i) implies that cb C bc while (ii) implies that bc C cb. Thus cb = be.
Consequently H is commutative and therefore H is a hypergroup. U
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Proposition 21. If a left almost-hypergroup or a right almost-hypergroup H has a strong identity e
and if A is the set of its attractive elements, then

A/AC Aand A\A C A.

Proof. Since A is the set of the attractive elements, e/e = A and e\e = A is valid. Therefore:
A/A = (e\e)/(e/e) C (e\ee)/e = (e\e)/e

Bute\e = e/e, thus
(e\e)/e= (e/e)/e =ee\e =e\e=A

Consequently A/A C A. Similarly, AAA C A. O

An element x' is called right e-inverse or right e-symmetric of x, if there exists a right
identity x" # e such that e € x - x". The definition of the left e-inverse or left e-symmetric is
analogous to the above, while x’ is called e-inverse or e-symmetric of x, if it is both right and
left inverse with regard to the same identity e. If ¢ is an identity in a left almost-hypergroup
H, then the set of the left inverses of x € H, with regard to e, will be denoted by S (x), while
Ser(x) will denote the set of the right inverses of x € H with regard to e. The intersection
Ser(x) N Ser(x) will be denoted by S, (x).

Proposition 22. If e is an identity in a left almost-hypergroup H, then

Ser(x) = (e/x) - -{e} and S.r(x) = (x\e) - -{e}.

Proof. y € ¢/x, if and only if e € yx. This means that either y € S,;(x) or y = ¢, if x is right
attractive. Hence, e/x C {e} U S,/(x). The rest follows in a similar way. [

Corollary 12. If S,;(x) N Ser(x) # &, x € H, then x\eNe/x # &.

Proposition 23. If H is a transposition left almost-hypergroup with an identity e and z € xy, then:
i eyNx'z #o, forall X' € Sy(x),
i. xeNzy # @, forally’ € Se(y).

Proof. z € xy implies that x € z/y and that y € x\z. Let X’ € S,(x) and iy € Ser(y).
Thene € x'x and e € yy'. Thus x € x'\e and y € e\y'. Therefore x'\eNz/y # & and
x\zNe/y # &. Hence, because of the transposition, ey Nx'z # Fand xeNzy # . O

Proposition 24. Let H be a transposition left almost-hypergroup with a strong identity e and let
x,Y, z be elements in H such that x,y,z # e and z € xy. Then:
i if Se(x) N Sy(z) = @, theny € x'z, forall X' € Sy(x),
ii.  if Ser(y) N Ser(z) = &, then x € zy’, for all y' € Ser(y).

Proof. (i) According to Proposition 23, z € xy implies that ey N x'z # @ for all x’ € S;(x).
Since ¢ is strong ey = {e,y}. Hence {e,y} Nx'z # @. But S,;(x) and S,(z) are disjoint.
Thus e ¢ x'z, therefore y € x'z. Analogous is the proof of (ii). [

6. Substructures of the Left/Right Almost-Hypergroups

There is a big variety of substructures in the hypergroups, which is much bigger
than the one in the groups. Analogous is the variety of the substructures which are
revealed here in the case of the left/right almost-hypergroups. For the consistency of
the terminology [4,13,33,55,91-99], the terms semisub-left/right almost-hypergroup, sub-
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left/right almost-hypergroup, etc. will be used in exactly the same way as the prefixes
sub- and semisub- are used in the cases of the groups and the hypergroups, e.g., the terms
subgroup, subhypergroup are used instead of hypersubgroup, etc. The following research
is inspired by the methods and techniques used in [93-97].

Let H be a left almost-hypergroup. Then,

Definition 12. A non-empty subset K of H is called semisub-left-almost-hypergroup (semisub-LA-
hypergroup) when it is stable under the hypercomposition, i.e., when it has the property xy C K for
all x,y € K.

Definition 13. A semisub-LA-hypergroup K of H is a sub-left-almost-hypergroup (sub-LA-
hypergroup) of H if it satisfies the reproductivity, i.e., if the equality xK = Kx = K is valid for all
x € K.

Example 9. In the left almost-hypergroup, which is described in the Cayley Table 19, {5,6,7}
is a semisub-LA-hypergroup while {1,2}, {3,4},{1,2,3,4},{1,2,5,6,7} and {3,4,5,6,7} are
sub-LA-hypergroup.

Table 19. Left almost-hypergroup.

1 2 3 4 5 6 7

1 {1,2} {1,2} {1,2,3,4} {1,2,3,4} {1,2,5,6,7} {1,2,5,6,7} {1,2,5,6,7}
2 {1} {1,2} {1,2,3,4} {1,2,3,4} {1,2,5,6,7} {1,2,5,6,7} {1,2,5,6,7}
3 {1,2,3,4} {1,2,3,4} (3,4} {4} {3,4,5,6,7} {3,4,5,6,7} {3,4,5,6,7}
4 {1,2,3,4} {1,2,3,4} {3} {3,4) {3,4,5,6,7} {3,4,5,6,7} {3,4,5,6,7}
5 {1,2,5,6,7} {1,2,5,6,7} {3,4,5,6,7) {3,4,5,6,7} {5,7} {7} (6,7}

6 {1,2,5,6,7} {1,2,5,6,7} {3,4,5,6,7} {3,4,5,6,7} {6,7} {7} {7}

7 {1,2,5,6,7} {1,2,5,6,7) {3,4,5,6,7} {3,4,5,6,7} 6,7} 6,7} {6,7}

Proposition 25. If a semisub-LA-hypergroup K of H is stable under the induced hypercompositions,
then K is a sub-LA-hypergroup of H.

Proof. We have to prove the reproductivity. Let x € K. Obviously xK C K and Kx C K.
Next let y be an element of K. Then x\y = {z € H | y € xz} is a subset of H. Therefore,
there exists an element z € K such that y € xz C xK. Thus K C xK. Similarly, y/x C K
yields K € Kx. [

Proposition 26. If K is a sub-LA-hypergroup of H, then H--K C (H--K)s and
H--KCs(H--K),foralls € K.

Proof. Let r be an element in H - -K which does not belong to (H - -K)s. Because of the
reproductive axiom, r € Hs and since r ¢ (H - -K)s, r must be a member of Ks. Thus,
r € Ks C KK = K. This contradicts the assumption and so H - -K C (H - -K)s. The second
inclusion follows similarly. [

Proposition 27. If K is a sub-LA-hypergroup of H, A C Kand B C H, then

i. A(BNK)C ABNKand
ii. (BNK)ACBANK.

Proof. Lett € A(BNK). Thent € ax, witha € A and x € BN K. Since x lies in BN K, it
derives that x € B and x € K. Hence ax C 4B and ax C aK = K. Thus ax C ABN K and
therefore t € AB N K. The second inclusion follows similarly. [
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The next definition introduces the notion of the closed sub-LA/RA-hypergroups.
The significance of the closed subhypergroups which is mentioned in [4,13,33,55,91-96,99]
remains exactly the same in the case of the sub-LA /RA-hypergroups.

Definition 14. A sub-LA-hypergroup K of H is called right closed in H if it is stable under the
right induced hypercomposition, that is if a/b C K for any two elements a and b in K. Similarly,
K is called left closed if b\a C K, for all a,b € K. K is closed when it is both right and left closed.

Proposition 28.

i.  Kisaright closed sub-LA-hypergroup of H, if and only if xXKNK = &, for every x € H - -K

ii.  Kisaleft closed sub-LA-hypergroup of H, if and only if Kx N K = @, for every x € H - -K

iii.  Kis a closed sub-LA-hypergroup of H, if and only if xK N K = & and Kx NK = &, for
every x € H--K

Proof. (i) Suppose that xXK N K # & for some x € H. So there exist y,z € K such thaty € xz
or equivalently x € y/z. Since K is right closed y/z C K, therefore x € K. Conversely now.
Let y,z € K. Then for every x € y/z we have that y € xz or equivalently xXK N K # @.
Consequently x € K, thus y/z C K. The proof of (ii) is similar, while (iii) derives directly
from (i) and (ii). O

Proposition 29.
i.  Asub-LA-hypergroup K of H is right closed in H, if and only if

(H--K)s=H- K, forall s € K.
ii. A sub-LA-hypergroup K of H is left closed in H, if and only if

s(H--K)=H- K, forall s € K.
iii. A sub-LA-hypergroup K of H is closed in H, if and only if

s(H--K)=(H--K)s=H- K, forall s € K.

Proof. (i) Let K be right closed in H. Suppose that z lies in H - -K and assume that
zs N K # &. Then, there exists an element y in K such that y € zs, or equivalently, z € y/s.
Therefore z € K, which is absurd. Hence (H - -K)s C H - -K. Next, because of Proposition
26, H--K C (H--K)s and therefore H - -K = (H - -K)s. Conversely now. Suppose that
(H--K)s =H--Kforalls € K. Then (H - -K)s N K = @ for all s € K. Hence x ¢ rs and so
r¢ x/sforallx,s € Kand r € H - -K. Therefore x/s N (H - -K) = @ which implies that

x/s C K. Thus K is right closed in H. (ii) follows in a similar way and (iii) is an obvious
consequence of (i) and (ii). O

Proposition 30.
i.  If Kisasub-LA-hypergroup of H and

KxN(H--K)x =2

forall x € H, then K is right closed in H.
ii.  If Kisasub-LA-hypergroup of H and

xKNx(H--K) =2

forall x € H, then K is left closed in H.
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Proof. (i) From the reproductive axiom we have:
KU(H--K)=H=Hx=KxU(H--K)x

According to the hypothesis Kx N (H - -K)x = @, which implies that KN (H - -K)x = @
when x € K. Therefore, H = KU (H:-K)x is a union of disjoint sets. Thus
(H--K)x = H--K. So, per Proposition 29, K is right closed in H. Similar is the proof
of (if). O

Proposition 31.
i.  IfKisaright closed sub-LA-hypergroup in H, A C Kand B C H, then

(BNK)A=BANK.
ii.  IfKisaleft closed sub-LA-hypergroup in H, A C Kand B C H, then

A(BNK) = ABNK.

Proof. (i) Let t € BAN K. Since K is right closed, for any element y in B - -K, it is valid
that yANK C yKNK = @. Hencet € (BNK)ANK. But (BNK)A C KK = K. Thus
t € (BN K)A. Therefore BANK C (BN K)A. Next the inclusion becomes equality because
of Proposition 27. (ii) derives in a similar way. [

Proposition 32.
i If K is a right closed sub-LA-hypergroup in H, A C Kand B C H, then

(BNK)/A=(B/A)NK.
ii.  IfKisaleft closed sub-LA-hypergroup in H, A C Kand B C H, then

(BNK)\A =B\ANK.

Proof. (i) Since BN K C B, it derives that (BNK)/A C B/A. Moreover A C K and
BNK C K, thus (BNK)/A C K. Hence (BNK)/A C (B/A)NK. For the reverse inclusion
now suppose that x € (B/A) N K. Then, there exista € Aand b € Bsuch thatx € b/a
or equivalently b € ax. Since ax C K it derives that b € K and so b € BN K. Therefore
b/a C (BNK)/A. Thus x € (BNK)/A. Hence (B/A)NK C (BNK)/A. (ii) derives in a
similar way. [

Although the non-void intersection of two sub-LA-hypergroups is stable under the
hypercomposition, it is usually not a sub-LA-hypergroup since the reproductive axiom is
not always valid in it.

Proposition 33. The non-void intersection of any two closed sub-LA-hypergroups of H is a closed
sub-LA-hypergroup of H.

Proof. Let K, M be two closed LA-subhypergroups of H and suppose that x, y are two
elements in KN M. Then xy C K and xy C M. Therefore xy C KN M. Next, since K, M
are closed LA-subhypergroups of H, x/y and y\x are subsets of K N M. Thus, because of
Proposition 25, KN M is a closed LA-subhypergroup of H. [

Corollary 13. The set of the closed sub-LA-hypergroups of H which are containing a non-void
subset of H, is a complete lattice.

212



Mathematics 2021, 9, 1828

Proposition 34. If K is a closed sub-LA-hypergroups of H and x € K, then:

x/K=K/x=K=K\x=x\K

Proof. Since K is closed x/K C K and K/x C K. Let y € K. Because of the reproduc-
tivity x € yK or equivalently y € x/K. Therefore x/K = K. Moreover since K is a LA-
subhypergroups of H, yx C K. Thusy € K/x. So K/x = K. The equalities K = K\x = x\K
follow in a similar way. [

Corollary 14. In any left almost-hypergroup, K is a closed sub-LA-hypergroup if and only if:
K/K=K\K=K
Definition 15. A sub-LA-hypergroup M of H is called right invertible if x/y N M # @& implies

y/x N M # &, while it is called left invertible if y\x " M # @& implies x\y "M # &. If M is
right and left invertible, then it is called invertible.

Direct consequence of the above definition is the following proposition:

Proposition 35.

i.  Misaright invertible sub-LA-hypergroup of H, if and only if:
xeMy=yeMx x,ycH
ii. M is a left invertible sub-LA-hypergroup of H, if and only if:

xceyM=yexM, x,yc H

Proposition 36. If K is an invertible sub-LA-hypergroup of H, then K is closed.

Proof. Tet x € K/K. Then KNxK # @ and x\KNK # &. Since K is invertible
K\xNK # @. Thus x € KK. But K is a LA-subhypergroup of H, so KK = K. There-
fore x € K. Hence K/K C K. Similarly, K\K C K and so the Proposition. [

Definition 16. If H has an identity e, then a sub-LA-hypergroup K of H is called symmetric if
x € Kimplies S,;(x) U Ser(x) C K.

Proposition 37. To any pair of symmetric sub-LA-hypergroups K and M of a LA-hypergroup H
there exists a least symmetric sub-LA-hypergroup KV M containing them both.

Proof. Let U be the set of all symmetric subhypergroups R of H which contain both K
and M. The intersection of all these symmetric subhypergroups R of H is a symmetric
subhypergroup with the desired property. []

7. Fortification in Transposition Left Almost-Hypergroups

The transposition left almost-hypergroups can be fortified through the introduction of
neutral elements. Next, we will present two such hypercompositional structures.

Definition 17. A transposition LA-hypergroup H, is left fortified if it contains an element e which
satisfies the axioms,

i.  eisaleftidentity and ee = e
ii.  forevery x € H - -{e} there exists a uniquey € H - -{e} such that e € xy and e € yx
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1

For x € H - -{e} the notation x™* is used for the unique element of H - -{e} that

satisfies axiom (ii). Clearly (x~1) ~! = x. The next results are obvious.

Proposition 38.
i Ifx#e thene\x = x.
ii  e\e=H.

Proposition 39. Let x € H - -{e}. Thene € xy ore € yx impliesy € {x~1,e}.

Now the role of the identity in the transposition left almost-hypergroups can be clari-
fied.

Proposition 40. The identity e of the transposition left almost-hypergroup is left strong.

Proof. It suffices to prove that ex C {e,x}. For x = e the inclusion is valid. Let
x # e. Suppose that y € ex. Then x € e\y. Bute € xx!, hence x € e¢/x~!. Thus,
(e\y) N (e/x7!) # @. The transposition axiom gives ¢ = ee = yx~!. By the previous
proposition, y € {e, x}. Therefore, the proposition holds. [

Proposition 41. The identity e of the transposition left almost-hypergroup is unique.

Proof. Suppose that u is an identity distinct from e. Then, there would exist the inverse of
e, i.e., an element v distinct from u such that u € ev, which is absurd because ev C {e,v}. O

Proposition 42. If H consists of attractive elements only and e # x then

e/x =ex ' = {e,xil} = x\e.

Proof. Since e is a left strong identity, ex ™! = {e,x~!} is valid. Moreover

e/x={z€H |eczx}= {e,x‘l}andx\e:{zeH | e € xz} = {e,x‘l}.D

Corollary 15. If A is a non-empty subset of H and e ¢ A then:

e/A=eAt=ATU{e} = A\e
Definition 18. A transposition polysymmetrical left almost-hypergroup is a transposition left
almost-hypergroup P that contains a left idempotent identity e which satisfies the axiom:

for every x € P - -{e} there exists at least one element x' € P - -{e}, a symmetric
of x ,such that e € x x’" which furthermore satisfies e € x'x.

The set of the symmetric elements of x is denoted by S(x) and it is called the symmetric set of x.

Example 10. Cayley Table 20 describes a transposition polysymmetrical left almost-hypergroup in
which, the element 1 is a left idempotent identity.
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Table 20. Transposition polysymmetrical left almost-hypergroup.

° 1 2 3

1 {1} {1,2} {1,3}
2 {1,3} {1,2,3} {1,3}
3 {1,2} {1,2} {1,2,3}

Proposition 43. e\ x always contains the element x.
Corollary 16. If X is non-empty, then X C e\X.

Proposition 44. Let x # e. Then

i.  S(x)U{e} =e/xand S(x) = x\e, if x is attractive

ii. eS(x)=-e/x,ifeis left strong identity and x is attractive
iii. ~S(x) = x\e = e/x, if x is non attractive.

Corollary 17. Let X be a non-empty set and e & X. Then

i. S(X)U{e} =e/Xand S(X) = X\e, if X contains an attractive element
ii. — eS(X) =e/X, ifeis left strong identity and X contains an attractive element
iii. S(X) = X\e=e/X, if X consists of non-attractive elements.

Proposition 45. For every element x of a transposition polysymmetrical left almost-hypergroup it
holds ex C {e} U S(S(x)), while for every x' € S(x) it holds: (ex) N S(x') # @.

Proof. Lety # e and y € ex, then x € e\y. Moreover, for every x’ € S(x) itholds x € e/x’.
Consequently e/x' Ne\y # @, so, per transposition axiom, ee Nyx’ # &, thatis e € yx’
and thusy € S(x') € S(S(x)). O

Proposition 46. If x # e, is a right attractive element of a transposition polysymmetrical left
almost-hypergroup, then S(x) consists of left attractive elements.

Proof. Let ¢ € ex. Then x € e¢\e. Moreover, if X’ is an arbitrary element from S(x), then
e € xx’. Therefore x € e/x’. Consequently e\e Ne/x’ # &. Per transposition axiom
eeNx'e # @ .Soe € x'e. Thus x’ is an attractive element. [

Corollary 18. If x is a non-attractive element, then S(x) consists of non-attractive elements only.

Corollary 19. If x # e, is an attractive element of a transposition polysymmetrical left almost-
hypergroup, then S(x) consists of attractive elements only.

Proposition 47.

i.  If xis a right attractive element of a transposition polysymmetrical left almost-hypergroup,
then all the elements of xe are right attractive.

ii.  If x is a left attractive element of a transposition polysymmetrical left almost-hypergroup,
then all the elements of ex are left attractive.

Proof. Assuming that x is a right attractive element we have that e € ex, which implies that
x € e\e. Additionally, if z is an element in xe, then x € z/e. Thus (z/e) N (e\e) # &. Per
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transposition axiom, (ee) N (ez) # @ and therefore e € ez, i.e., z is right attractive. Similar
is the proof of (ii). [

8. Conclusions and Open Problems

In [70,93] and later in [4], with more details, it was proved that the group can be
defined with the use of two axioms only: the associativity and the reproductivity. Likewise,
the left/right almost-group is defined here and their existence is proved via examples. The
study of this structure reveals a very interesting research area in abstract algebra.

This paper focuses on the study of the more general structure, i.e., of the left/right
almost-hypergroup. The enumeration of these structures showed that they appear more
frequently than the hypergroups. Indeed, in the case of the hypergroupoids with three
elements, there exists one hypergroup in every 1740 hypergroupoids, while there is one
non-trivial purely left almost-hypergroup in every 612 hypergroupoids. The same holds
for the non-trivial purely right almost-hypergroups, as it is proved in this paper that the
cardinal number of the left almost-hypergroups is equal to the cardinal number of the
right almost-hypergroups, over a set E. Moreover, there is one non-trivial left and right
almost-hypergroup in every 5735 hypergroupoids. Considering the trivial cases as well,
i.e., left and right almost-hypergroups which are also non-commutative hypergroups, there
exists one left almost-hypergroup in every 453 hypergroupoids. This frequency, which
is nearly 4 times higher than that of the hypergroups, justifies a more thorough study of
these structures.

Subsequently, these structures were equipped with more axioms, the first one of which
is the transposition axiom:

b\aNc/d # @ implies ad Nbc # @, foralla,b,c,d € H

The transposition left/right almost-hypergroup is studied here.
In [4] though, the reverse transposition axiom was introduced:

ad Nbc # @ implies b\aNc/d # &, foralla,b,c,d € H

The study of the reverse transposition left/right almost-hypergroup is an open problem.

Additionally, open problems for algebraic research are the studies of the properties of
all the structures which are introduced in this paper (weak left/right almost-hypergroup,
left/right almost commutative hypergroup, join left/right almost hypergroup, reverse join
left/right almost hypergroup, weak left/right almost commutative hypergroup) as well
as their enumerations. Especially, for the enumeration problems, it is worth mentioning
those, which are associated with the rigid hypercompositional structures, that is hyper-
compositional structures whose automorphism group is of order 1. The conjecture is that
there exists only one rigid left almost-hypergroup (and one rigid right almost-hypergroup),
while it is known that there exist six such hypergroups, five of which are transposition
hypergroups [81].

Author Contributions: Conceptualization, investigation, C.G.M. and N.Y.; software, validation,
writing—original draft preparation, writing—review and editing, funding acquisition, C.G.M. Both
authors have read and agreed to the published version of the manuscript.

Funding: This research received no external funding. The APC was funded by the MDPI journal
Mathematics and the National and Kapodistrian University of Athens.

Institutional Review Board Statement: Not applicable.
Informed Consent Statement: Not applicable.
Data Availability Statement: Not applicable.

Conflicts of Interest: The authors declare no conflict of interest.

216



Mathematics 2021, 9, 1828

Appendix A

The following is the Mathematica [100] package that implements the axioms of left
inverted associativity, right inverted associativity, associativity and reproductivity for
testing whether a magma is a LA-hypergroup, a RA-hypergroup, a LRA-hypergroup or a
non-commutative hypergroup.

BeginPackage ["LRHtest‘"];
Clear ["LRHtest‘x"];

LRHtest: :usage = "LRHtest[groupoid] returns
1: for Left Asso
for Right Asso
for Left+Right Asso
for Hypergroup
for Hypergroup + Left Asso
for Hypergroup + Right Asso
for Hypergroup + Left+Right Asso"

~N O O WwN

Begin[" ‘Private‘"];
Clear["LRHtest‘Private‘x*"];

LRHtest [groupoid_List] := Module[{r}, r = 0;
If [groupoid != Transpose[groupoid] && ReproductivityTest [groupoid],
If [LeftAs([groupoid], r = 1];
If [RightAs[groupoid], r = r + 2];
If [Asso[groupoid], r = r + 4]]; Return([r]l];

LeftAs[groupoid_List] :=
Not [MemberQ [
Flatten[Tablel[
Union[Flatten[
Union[Extract [groupoid,
Distribute[{groupoid[[i, j1], {k}}, List]]11]1] ==

Union[Flatten[

Union[Extract [groupoid,
Distribute[{groupoid[[k, j11, {i}}, Listl1111, {i, 1,

Length[groupoidl}, {j, 1, Length[groupoid]l}, {k, 1,
Length[groupoid]}], 2], Falsel];

RightAs[groupoid_List] :=
Not [MemberQ[
Flatten[Table[
Union[Flatten[
Union[Extract [groupoid,
Distribute[{{i}, groupoid[[j, k11}, List]1]1] ==
Union[Flatten[
Union[Extract [groupoid,
Distribute [{{k}, groupoid[[j, 111}, List]11111, {i, 1,
Length[groupoidl}, {j, 1, Length[groupoid]l}, {k, 1,
Length[groupoid]l}], 2], Falsell;

Asso[groupoidl_List] :=
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Not [MemberQ[
Flatten[Tablel[
Union[Flatten[
Union[Extract [groupoidl,
Distribute[{groupoid1[[i, jl1, {k}}, Listl]11] ==
Union[Flatten[
Union[Extract [groupoidl,
Distribute [{{i}, groupoidi[[j, k11}, List]111]1, {i, 1,
Length[groupoid1]l}, {j, 1, Length[groupoidill}, {k, 1,
Length[groupoid1]}], 2], Falsell;

ReproductivityTest [groupoid_List] :=
Min[Table[
Length[Union[Flatten[Transpose[groupoid] [[j]1111], {j, 1,
Length[groupoid]}]] == Length[groupoid] &&
Min[Table[
Length[Union[Flatten[groupoid[[j]1111], {j, 1,
Length[groupoid]}]] == Length[groupoid];

End[];
EndPackage[];

Use of the package:
for checking a magma, for instance the following one:

{1} {1} {2,3}

{1} {1} {2,3}

{1,2,3} {2,3} {1,3}

write in Mathematica:

In[1]:=LRHtest [{{{1}, {1}, {2, 3}}, {{1}, {1}, {2, 3}}, {{1, 2, 3}, {2,3}, {1, 3}}}]
And the output is:

Out[1]=2

where number 2 corresponds to «RA-hypergroup»
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