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José Augusto Itajiba, Cézar Armando Cunha Varnier, Sergio Henrique Lopes Cabral, Stéfano
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1. Introduction

This Special Issue contains the successful invited submissions [1–11] to a Special
Issue of Energies on the subject of the “Design and Control of Electrical Motor Drives”.
Electrical motor drives are widely used in industry, automation, transportation, and home
appliances. Indeed, rolling mills, machine tools, high-speed trains, subway systems,
elevators, electric vehicles, and air conditioners all depend on electrical motor drives.
However, the production of effective and practical motors and drives requires flexibility in
the regulation of current, torque, flux, acceleration, position, and speed. Without proper
modeling, drive, and control, these motor drive systems cannot function effectively.

To address these issues, we need to focus on the design, modeling, drive, and control
of different types of motors, such as induction motors, permanent synchronous motors,
brushless DC motors, DC motors, synchronous reluctance motors, switched reluctance
motors, flux-switching motors, linear motors, and step motors. Therefore, relevant research
topics in this field of study include modeling electrical motor drives, both in transient
and in steady state, and designing control methods based on novel control strategies (e.g.,
PI controllers, fuzzy logic controllers, neural network controllers, predictive controllers,
adaptive controllers, nonlinear controllers, etc.), with particular attention paid to transient
responses, load disturbances, fault tolerance, and multi-motor drive techniques.

This Special Issue encourages and invites original contributions regarding the recent
developments and ideas in motor design, motor drive, and motor control. Potential research
topics include, but are not limited to, the following: motor design, field-oriented control,
torque control, reliability improvement, advanced controllers for motor drive systems,
DSP-based sensorless motor drive systems, high-performance motor drive systems, high-
efficiency motor drive systems, and practical applications of motor drive systems.

To make it clear, the topics of interest for the call for papers included, but were not
limited to, the following:

• Induction motor (IM) and drive;
• Permanent magnet synchronous motor (PMSM) and drive;
• Synchronous reluctance motor and drive;
• Switched reluctance motor and drive;
• Switching flux motor and drive;
• Linear motor and control;
• Step motor and control;
• Fault-tolerant drive;
• DSP-based motor drive;
• High-efficiency motor and drive;
• Sensorless drive system.

The published papers fell into five general areas—DC motor drives, PMSM motor
drives, induction motor drives, flux-switching motor drives, and synchronous reluctance
motor drives. The details are shown in Table 1.

Energies 2021, 14, 7717. https://doi.org/10.3390/en14227717 https://www.mdpi.com/journal/energies
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Table 1. The broad spectrum of published papers.

Detailst

Sub-Topics
DC Motor Drives Induction Motor

Drives

Syncronous
Reluctance

Motor Drives
PMSM Motor Drives

Flux-Switching
Motor Drives

The Main Contents

• Inverse
Optimal
Control

• State
Derivative
Space

• Nonlinear
Control

• Fault-
Tolerant
Control

• Three Level
Inverter

• Star-Delta
Starting

• Rotor
Position
Estimating

• Predictive
Control

• Sensorless
• High-Speed Control
• Backstepping

Control
• Low Inductance

PMSM Control
• FPGA-Based

Control
• Harmonic Current

Suppression

• Sensorless
• Predictive

Control

2. A Short Review of the Contributions in This Issue

Eleven papers were accepted for this Special Issue. Lee et al. [1] proposed that
inverse optimal control in a state derivative space system in DC motor tracking control,
without using a tachometer, but using the feedback of state derivatives, could reduce
cost. In the paper [2] investigated by Kao et al., current harmonic control improved the
three-phase current THD from 5.3% to 2.3%. Tsai et al. [3] implemented FPGA-based
current control and SVPWM ASIC for AC motor drives, which could reduce power loss
by 33% compared to a conventional method. Itajiba et al. investigated a Y-Δ starting
of induction motors. By using a statistical method, the experimental results that used
two forms of Δ connection were studied. Chao et al. [5] proposed an intelligent fault
diagnosis drive system to improve the reliability of inverters. A real-time, smooth switching
method was used for fault-tolerant control. Kasper et al. [6] investigated optimal torque
feedforward and modal current feedback control for low-inductance PM motors. The
method reduced torque ripples and motor losses significantly. Liu et al. [7] designed
a high-speed PM motor, focused on rotor unbalanced radial forces, rotor power losses,
and rotor mechanical strength. Lin et al. [8] used backstepping control to improve the
chattering phenomenon of AC motor drives. In addition, the backstepping control could
reduce nonlinear uncertaintyeffects. Mubarok et al. [9] implemented a wide-adjustable
sensorless IPMSM speed drive system based on current deviation detection under space-
vector modulation. By using the proposed method, the IPMSM motor could be operated
from 0 r/min to 3000 r/min. Liu et al. [10] proposed three types of predictive controllers
for sensorless flux-switching motor drive systems. An estimated rotor position method
that had nearly ±2 electrical degrees was developed. The adjustable speed range was from
4 r/min to 1500 r/min. Finally, Liu et al. investigated sensorless synchronous reluctance
motor drive systems. A rotor position observer that was based on motor parameters was
developed. The experimental results showed that the drive system could be adjusted from
30 r/min to 1800 r/min, with good dynamic responses.

We found the task of editing and selecting papers for this collection to be both inter-
esting and rewarding. We would like to thank the authors, staff, and reviewers for their
effort and time.
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Abstract: A position observer and a predictive controller for sensorless synchronous-reluctance-motor
(SynRM) drive systems are investigated in this paper. The rotor position observer, based on motor
parameters, and stator currents and voltages, was designed and implemented to compute the rotor
position. A pole-assignment technique was used to provide similar converging rates of the position
observer, even when operated at different speeds. Furthermore, a predictive controller was designed to
enhance performance. A digital-signal processor (DSP), TMS-320F-28335, was used as a computation
tool. Several simulated results are provided and compared with the measured results. The measured
results showed that the implemented predictive controller sensorless SynRM drive system could be
adjusted from 30 to 1800 rpm with satisfactory performance, including quicker and better tracking
responses, and a lower speed drop than that of a proportional-integral (PI) controller.

Keywords: rotor position observer; predictive speed controller; digital-signal processor; synchronous
reluctance motor

1. Introduction

Synchronous reluctance motors (SynRMs) that have no magnetic materials mounted on their
rotors have a rugged and simple structure, and are easy to control. These motors have been applied in
vacuum cleaners, sewing machines, and electric vehicles. Several major sensorless techniques have
been proposed for SynRM drive systems, including extended back electromotive force (back-EMF)
modelling [1], correct-slope-estimating [2], adaptive-projection-vector [3], and search-coil-detection
methods [4].

Previous research also found that a position observer is a very effective way to obtain rotor position
because of its simple computation and hardware circuit. For example, Senjyu et al. investigated the
flux-linkage observer for a SynRM. By suitably choosing a time constant of first-order lag compensation,
a precise rotor-position observer was achieved [5]. Lim et al. proposed an online position observer of a
SynRM by using a finite-element method [6]. Vagati investigated a flux-based observer to obtain an
accurate magnetic model [7]. Tuovinen et al. implemented a back-EMF position observer method for a
SynRM drive system that accounted for cross-saturation in the motor [8]. Tuovinen et al. analyzed a
position observer with resistance adaption for SynRM drive systems [9,10]. Awon et al. investigated
a discrete-time observer for sensorless SynRM drives [11]. Tuovinen et al. implemented a full-order
observer for sensorless SynRM drive systems [12].

Moreover, some research studied predictive controllers for SynRM drives. Lin et al. used a
predictive method to design a current controller for a SynRM drive system [13]. Hadla et al. proposed
a predictive stator flux that did not employ any controller calibrations or weighting factors for a
SynRM [14]. Carlet et al. designed a predictive current control that was based on predictive methods

Energies 2020, 13, 2712; doi:10.3390/en13112712 www.mdpi.com/journal/energies5
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that did not require knowledge of the system model [15]. Antonello et al. investigated a hierarchical
scaled-state direct predictive control of a SynRM drive system that kept the current ripple limited even
though the motor was operated at a low switching frequency [16]. Lin et al. studied a dual-vector
modeless predictive current control on the basis of predictive methods for SynRM drives without using
any system models, parameters, or DC link capacitor voltages [17].

Predictive controllers were successfully applied for SynRM drives with an attached encoder or
resolver [13–17]. However, to the authors’ best knowledge, in previous research, predictive controllers
were not employed or were rarely employed in sensorless-synchronous-reluctance-drive systems.
In addition, previous predictive-control research only focused on current-loop controllers and not
speed-loop controllers for synchronous-reluctance-drive systems [1–17]. To fill these gaps in research,
this paper focuses on using a predictive speed controller and rotor-position observer to enhance the
performance of a sensorless SynRM drive. A pole-assignment technique was employed to provide
similar q-axis current responses. Due to smooth q-axis responses, the estimated position error was
bounded in four electrical degrees. Figure 1 demonstrates the structure of the SynRM, which included
an a-b-c phase stator, a rotor, and an air gap. Take the a-phase as an example. The “.” means the
a-phase-current flows out from this paper, and the “x” means the a-phase current flows into this paper.
Compared to other AC motors, this synchronous reluctance motor uses its saliency characteristics to
produce its output torque.

Figure 1. Synchronous-reluctance-motor (SynRM) structure.

2. Mathematical Model

In a synchronous frame, the differential equations of the d-q axis currents of a SynRM can be
expressed as follows.

did
dt

=
1
Ld

[
vd − rsid +ωreLqiq

]
(1)

diq
dt

=
1
Lq

[
vd − rsiq −ωreLdid

]
, (2)

where id and iq are d-q axis currents, d
dt is the differential operator, Ld and Lq are d-q axis inductances,

vd and vq are d-q axis voltages, rs s the stator resistance, and ωre is the electrical-rotor speed. When the
d-axis current remained constant, the reluctance torque of the SynRM was proportional to iq, which can
be shown as follows:

Te = 3
2

P
2

(
Lmd − Lmq

)
idiq,

= Ktiq
(3)

6
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where Te is the reluctance torque, and P is the pole number. The differential equation of the speed is

dωrm

dt
=

1
Jt
(Te − TL − Btωrm), (4)

where ωm is the mechanical-rotor speed, Jt is the inertia of the motor and load, TL is the external load,
and Bt is the viscous frictional coefficient of the motor and load. The differential equation of the rotor
position is expressed as follows:

dθrm

dt
= ωrm, (5)

where θrm is the mechanical-rotor position. The simplified block diagram of the SynRM is shown in
Figure 2. By fixing the d-axis current command and controlling the q-axis current, torque Te was easily
controlled, and speed could then be easily adjusted.

Figure 2. Block diagram of simplified SynRM.

3. Rotor-Position-Observer Design

In this paper, a closed-loop state estimator was derived on the basis of the d-q axis synchronous
frame. From Equations (1) and (2), the following differential equation of the d-q axis currents could be
derived as follows:

dis
dt

= Fis + Gvs (6)

In Equation (6), the related vectors and matrices are defined as

F =

⎡⎢⎢⎢⎢⎢⎣ − rs
Ld

ωre
Lq
Ld

−ωre
Ld
Lq

− rs
Lq

⎤⎥⎥⎥⎥⎥⎦ (7)

G =

⎡⎢⎢⎢⎢⎣ 1
Ld

0
0 1

Lq

⎤⎥⎥⎥⎥⎦ (8)

and

vs =

[
vd
vq

]
, (9)

where F and G are matrices, and is and vs are current and voltage vectors. Figure 3 shows the proposed
closed-loop observer that can be described as follows [11,12]:

dîs
dt

= Fîs + Gvs −K(îs − is) = Fîs + Gvs − K̃is. (10)

From Equation (10), one can define the related vectors and matrix as follows:

K =

[
k1 0
0 k2

]
(11)

and

îs =
[

îds
îqs

]
, (12)

7
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where îds and îqs are the estimated d-q axis currents, ĩs is the estimated current vector, and K, including
k1 and k2, is the gain matrix of the proposed observer. From Equation (10) and Figure 3, one can
understand that a different matrix K can be designed to determine the converging rate of estimated
current vector, îs for different speeds. Detailed analysis is shown as follows.

First, from Equations (10) and (6), one can obtain the current vector error as follows:

d̃is
dt

= F̃is − K̃is. (13)

From Equation (13), the equation can be rewritten as follows:

d̃is
dt

= M̃is (14)

and

M = F−K =

⎡⎢⎢⎢⎢⎢⎣ − rs
Lds

ωre
Lqs
Lds

−ωre
Lds
Lqs

− rs
Lqs

⎤⎥⎥⎥⎥⎥⎦−
[

k1 0
0 k2

]
=

⎡⎢⎢⎢⎢⎢⎣ −
rs

Lds
− k1 ωre

Lqs
Lds

−ωre
Lds
Lqs

− rs
Lqs
− k2

⎤⎥⎥⎥⎥⎥⎦ (15)

The eigenvalues of matrix M can be derived as follows:

det(λI −M) = λ2 + ( rs
Lqs

+ rs
Lds

+ k1 + k2)λ+
rs

2

LdsLqs
+ rs

Lds
k2 +

rs
Lqs

k1 + k1k2 +ωre
2

= 0

(16)

The two eigenvalues α and β of the det(λI −M) are expressed as

α, β = − ( rs
Lqs +

rs
Lds

+k1+k2)

2 ±

√
( rs

Lqs
+ rs

Lds
+ k1 + k2)

2 − 4
(

rs2

LdsLqs
+ rs

Lds
k2 +

rs
Lqs

k1 + k1k2 +ωre2
)

2 (17)

Assuming estimated current vector ĩs has two poles, which are −α and −β, the following equation
exists and can be described as

(λ+ α)(λ+ β) = 0. (18)

From Equation (18), one can obtain

λ2 + (α+ β)λ+ αβ = 0. (19)

Comparing Equations (16) and (19), one can derive

(α+ β) =
rs

Lqs
+

rs

Lds
+ k1 + k2 (20)

and

αβ =
rs

2

LdsLqs
+

rs

Lds
k2 +

rs

Lqs
k1 + k1k2 +ωre

2 (21)

One can assign the two different negative poles,−α and −β, in Equations (20) and (21), at different
operating speeds. As a result, the proposed SynRM drive system had similar dynamic responses for
q-axis current errors at different operating speeds. Moreover, a Lyapunov function candidate V can be
defined as

V = ĩsT̃is. (22)

8



Energies 2020, 13, 2712

From Equation (22), V has a positive definite value. Because MT and M are negative definite
matrices, the differential value of the Lyapunov is expressed as follows [18–20]:

V = ĩsT(MT + M)̃is < 0 (23)

Equation (23) shows that current error vector ĩs asymptotically converges and reaches zero at a
steady state. The ω̃re is defined as

ω̃re = ω̂re −ωre, (24)

where ω̂re is the estimated speed, and ω̃re is the estimated speed error. From Equation (24) and [7,8],
one can use ĩq to replace current vector error ĩs and obtain the following equation:

ω̂re(t) = KP̃iq + KI

∫ t

t0

ĩqdτ+ ω̂re(t0) (25)

where ω̂re(t0) is the initial estimated speed, t0 is the initial value of time, t is the value of the current
time, and τ is the variable. Finally, estimated rotor position θ̂re(t) is

θ̂re(t) =
∫ t

t0

ω̂redτ+ θ̂re(t0) (26)

After digitizing Equations (25) and (26), one can obtain estimated electrical-rotor speed ω̂re(m)

and rotor position θ̂re(m) as follows:

ω̂re(m) = KP̃iq(m) + KI

m∑
n=1

ĩq(n)Δt (27)

and

θ̂re(m) =
m∑

n=1

ω̂re(n)Δt + θ̂re(0), (28)

where θ̂re(0) is the initial estimated position and n is the iterative number. The proposed position
observer is illustrated in Figure 3. First, the current vector observer of the îs was constructed. Next,
the error of the current vector observer,̃is, was computed. After that, motor-speed observer ω̂re was
obtained via proportional-integral (PI) controller. Finally, motor-position observer θ̂re was computed
via an integral controller.

Figure 3. Proposed position observer.
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4. Predictive-Controller Design

Predictive control is a new control technique that has had strong and widespread impact on
industrial applications [20]. It has been used in process control, transportation control, and robotic
control for more than three decades. Because of the powerful computation ability of digital-signal
processors (DSPs), predictive control has been widely utilized for power converters and motor
drives [21,22]. In our paper, predictive control was used for the first time for a sensorless SynRM drive.

The continuous-time dynamic equation of the speed of the SynRM without an external load is

dωrm

dt
=

1
Jt
(Te − Btωrm) (29)

Combining Equations (3) and (29), one can obtain:

ωrm(s)
iq(s)

= Gc(s) =
Kt

Jts + Bt
, (30)

where ωrm(s) is mechanical-motor speed, Gc(s) is the transfer function of the uncontrolled plant, and
Jt and Bt are the inertia of the motor and the viscous frictional coefficient of the motor, respectively.
After inserting a zero-order-hold device in front of transfer function Gc(s), transfer function Gd(s) can
be rewritten as

Gd(s) = H(s)Gc(s) =
1− e−sTz

s
· Kt/Jt

s + (Bt/Jt)
. (31)

By converting the continuous into the discrete domain, discrete transfer function Gd(z) is

Gd(z) =
ωr(z)
iq(z)

=
K
Bt
· (1−e

− Bt
Jt

Tz
)z−1

(1−e
− Bt

Jt
Tz

z−1

⎞⎟⎟⎟⎟⎟⎟⎟⎠
(32)

From Equation (32), one can obtain the discrete-time dynamic speed equation as

ωrm(m + 1) = aωrm(m) + biq(m), (33)

where m is the sampling step of the digital control system. In Equation (33), parameters are shown as

a = e
− Bt

Jt
Tz (34)

and

b =
Kt
Bt

⎛⎜⎜⎜⎜⎝1− e
− Bt

Jt
Tz

⎞⎟⎟⎟⎟⎠. (35)

To simplify the computations of the DSP in this paper, the predictive horizon and control horizon
were selected as 1. Performance index Jp(m) was defined in previous research as follows [21,22]:

Jp(m) = q[ωrm(m + 1) −ω∗rm(m + 1)]2 +
[
Δiq(m)

]2
, (36)

where q is a weighting factor. To prevent the positive speed error from canceling the negative speed
error, or the positive control input from canceling the negative control input, we selected the square
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of the speed error and control input as the performance index. By taking the derivative of Jp(m) to
Δiq(m), one can obtain the following equation:

∂Jp(m)

∂Δiq(m)
= 2qb[ωrm(m + 1) −ω∗rm(m + 1)] + 2

[
Δiq(m)

]
= 0 (37)

From Equation (37), the q-axis difference is obtained as

Δiq(m) =
qb

qb2 + 1

[
ω∗rm(m + 1) − aωrm(m) − biq(m− 1)

]
(38)

Ultimately, the optimal q-axis current is derived as follows:

iq(m) = Δiq(m) + iq(m− 1) (39)

From Equations (38) and (39), one can construct a block diagram as demonstrated in Figure 4.

Figure 4. Block diagram of predictive speed control.

5. Implementation

To evaluate the theoretical analysis and simulated results, a SynRM sensorless drive system was
implemented. The synchronous reluctance motor, type P56H5012, manufactured in the United States, is
shown in Figure 5a. Figure 5b demonstrates the implemented hardware circuit board. The circuit was
a three-phase inverter using six IGBTs, type PS 21265-P/AP, as its power devices. The power devices
were used for providing voltages and currents to the motor. The inverter employed space-vector
modulation with a 10 kHz switching frequency. In addition, the circuit consisted of voltage- and
current-sensing circuits, 12-bit A/D converters, which converted analog signals to digital signals,
an interfacing circuit, and a DSP that was a control center. Two Hall effect sensors, type LTS25-NP,
manufactured in Switzerland, were used as current sensors. A protecting circuit was utilized to prevent
an overload of the SynRM drive system. All hardware circuits were designed by us. The block diagram
of the implemented drive system is demonstrated in Figure 5c. First, the voltages and currents were
read by the DSP via A/D converters. Next, the DSP executed the algorithms of the position observer
to obtain the estimated rotor position and speed. The DSP compared the speed command and the
estimated speed to compute the q-axis command. After that, the DSP used the PI control to obtain
the voltage commands. Then, the DSP used the d-q to an a-b-c axis for coordinate transformation and
to compute the three-phase voltage commands. Finally, the DSP sent triggering signals T1 to T3

′ to
the inverter.

11
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Figure 5. Implemented system. (a) Motor; (b) circuits; (c) block diagram.

A DSP, type TMS-320F-28335 [23], manufactured in the USA, was used as a computation tool to
execute the position-estimating algorithm and predictive-control algorithm. The sampling time of the
current-loop was 100 μs, and the speed loop was 1 ms. The d-axis current command was set at 0.5 A
to provide the required flux linkage. A larger d-axis current command increased the output torque;
however, it also created flux saturation. The q-axis was also adjusted to obtain a quick torque response.
Then, the proposed position observer was used to compute the rotor position.
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A dynamometer, type TM-5MT(DS), made by Neiwa Company, was used for adding an external
load to the SynRM. A power supply was utilized to provide 320 V to the inverter. The motor used in
this paper was a three-phase, four-pole, 220 V, 560 W, 3.4 A, 60 Hz, 1800 rpm, Y-connected SynRM.
Its parameters were as follows:

Stator resistance rs was 2 Ω; d-axis inductance Ld was 148 mH; q-axis inductance Lq was 67.2 mH;
interia, Jt was 0.0024 kg.m2; and friction coefficient Bt was 0.0015 N.m/(rad/sec).

6. Experiment Results

To evaluate the proposed methods, several results are illustrated in this paper. Input DC voltage
was 320 V, the sampling time of the speed-loop control was 1 ms, and the current loop was 100 μs.
The predictive speed control chose one step as the prediction and control horizons. PI speed controller
parameters were determined by pole assignment, which were near P1 = −2 + j0.5 and P2 = −2− j0.5.
After that, one could obtain KP = 45 and KI = 4, and the d-axis current command was 0.5 A.
The parameters of the PI controller of the current loop were determined by pole assignment, which
uses a similar method as the PI controller of the speed loop.

Figure 6a demonstrates simulated line voltage vab. The line voltage was a pulse-width modulation
(PWM) modulated voltage waveform with a 10 kHz switching frequency. Figure 6b shows measured
line–line voltage vab. Both simulated and measured voltages were very close. In addition, the line–line
voltage had positive and negative voltages sequentially because the space-vector pulse-width
modulation (SVPWM) was applied. Figure 7a displays the simulated a-phase current, Figure 7b
displays the measured a-phase current, and both currents were near-sinusoidal waveforms. Figure 7c
displays the measured a-phase current harmonics. Figure 8a illustrates the comparison of the simulated
results of the real and estimated rotor positions. Figure 8b illustrates the comparison of the measured
results of the rotor positions. Figure 8c illustrates the measured estimated position error, which was
between 0 and 4 electrical degrees. The estimated position error had a nonrepetitive waveform due to
the influence of the PI controllers, which is shown in Figure 3. Figure 9a,b shows the q-axis current
errors at operating speeds of 1100 and 1800 rpm, and the q-axis current errors had similar dynamic
responses. The main reason was that similar poles were assigned for different speeds in this paper.
In addition, the q-axis estimated current,̃iq, could reach zero at both operating speeds. Figure 10a,b
illustrates the simulated and measured lowest operating speeds, which were 30 rpm. The SynRM drive
system had obvious torque pulsations when it was operated below 30 rpm. Figure 11a,b illustrates the
highest speeds at 1800 rpm, and they had similar transient responses. Figure 12a shows the simulated
disturbance responses at 500 rpm and 2 N.m, and Figure 12b shows the measured load-disturbance
responses in the same situation. The simulated and measured results were similar. The predictive
speed controller performed better, including quicker recovery time and lower speed drop, than the PI
controller. Figure 13a demonstrates the simulated responses, which reversed repeatedly between 200
and −200 rpm. Figure 13b demonstrates the measured responses under the same circumstances, and
they had similar responses. However, the PI controller had an obvious time delay due to the influence
of the integral parameter. Figure 14a demonstrates the simulated results of the triangular tracking
responses, and Figure 14b demonstrates the measured results of the triangular tracking responses.
The speed of the predictive controller could follow the speed command well. The PI controller, however,
caused an obvious phase leg between its commands and speed responses. By choosing proper PI value
coefficients, error in waveforms for Figures 12–14 could be minimized. However, the tuning of PI
controllers relied on trial and error. In addition, each operation point required one parameter set of PI
controller. Once the operation point changed, the PI controller could not work well. In this paper, the
predictive controller provides a systemic design procedure. By suitably choosing weighting factor q,
a systematic controller, which is illustrated in Equations (38) and (39), could be uniquely obtained,
and the predictive controller parameters were related to the motor parameters, sampling time, and
feedback speed.
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Figure 6. Line–line voltage of motor. (a) Simulated; (b) measured.

14



Energies 2020, 13, 2712

Figure 7. Phase currents. (a) Simulated; (b) measured; (c) harmonics.
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Figure 8. Responses at 500 rpm. (a) Simulated position; (b) measured position; (c) measured estimated error.
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Figure 9. Measured dynamic q-axis current errors at (a) 1100 and (b) 1800 rpm.

Figure 10. Cont.
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Figure 10. Lowest step-input speed at 30 rpm. (a) Simulated; (b) measured.

Figure 11. Highest step-input speed responses at 1800 rpm. (a) Simulated; (b) measured.
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Figure 12. 2 N.m disturbance responses (a) simulated (b) measured.

Figure 13. Cont.
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Figure 13. Square-wave tracking responses using different controllers. (a) Simulated; (b) measured.

Figure 14. Triangular tracking responses using different controllers. (a) Simulated; (b) measured.
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7. Conclusions

In this study, a position observer and a predictive controller for a SynRM were simulated and
implemented. On the basis of the pole-assignment method, the error dynamics of the q-axis currents
had similar poles and close dynamic responses. Both q-axis current errors and rotor-position observer
errors could be converged in 2 s. In addition, the measured position errors of the position observer
could be within four electrical degrees. Compared to previous research [11], which required a full-order
observer to obtain the motor position, this paper provided a simplified method with satisfactory
performance, including quick converging time and small steady-state estimation errors. In addition,
the DSP computation time of the position observer in this paper was shorter than that in previous
research. Furthermore, this paper proposed an original idea that combines the advanced position
observer and speed-loop predictive controller for a SynRM drive system.

Experiment results demonstrated that the adjustable range of the SynRM was between 30 and
1800 rpm. Furthermore, the measured results demonstrated that the proposed rotor observer had
errors below four electrical degrees, and the predictive controller had better dynamic responses than
those of PI controllers. Most of the functions of the predictive controller and position observer were
implemented by the DSP; therefore, the proposed synRM drive system uses simple hardware circuits
that can easily be applied in industry.
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Abstract: Field-excited flux-switching motor drive systems have become more and more popular
due to their robustness and lack of need for a permanent magnet. Three different types of predictive
controllers, including a single-step predictive speed controller, a multi-step predictive speed controller,
and a predictive current controller are proposed for sensorless flux-switching motor drive systems
in this paper. By using a 1 kHz high-frequency sinusoidal voltage injected into the field winding
and by measuring the a-b-c armature currents in the stator, an estimated rotor position that is
near ±2 electrical degrees is developed. To improve the dynamic responses of the field-excited
flux-switching motor drive system, predictive controllers are employed. Experimental results
demonstrate the proposed predictive controllers have better performance than PI controllers, including
transient, load disturbance, and tracking responses. In addition, the adjustable speed range of the
proposed drive system is from 4 r/min to 1500 r/min. A digital signal processor, TMS-320F-2808,
is used as a control center to carry out the rotor position estimation and the predictive control
algorithms. Measured results can validate the theoretical analysis to illustrate the practicability and
correctness of the proposed method.

Keywords: field-excited flux-switching motor; high-frequency injection; predictive controller; digital
signal processor

1. Introduction

The flux-switching motor is a type of double-salient structured motor with two windings in
the stator, including an armature winding and a field winding, which could be replaced by a
permanent magnet. The flux-switching motor has several advantages, including a robust structure,
a sinusoidal back-electromotive force (back-EMF) waveform, and a reasonable torque density [1,2].
Several researchers have investigated the design of different types of flux-switching motors [3–5].
Recently, field-excited flux-switching motors have become more and more popular due to there
being no need for a permanent magnet and the good flux-weakening operational characteristics [6].
Many papers have investigated field-excited flux-switching motors. For example, Ullah et al. proposed
a field-excited linear flux-switching motor [7]. Gaussens proposed an analytical method of air-gap
modeling for a field-excited flux-switching motor, by which the flux linkage and torque were derived [8].

Several papers have studied the control of flux-switching motor drive systems. For instance,
Zhao et al. employed a model predictive controller for a flux-switching drive system to decrease
its torque and flux ripples and to enhance the quality of the drive system [9]. Moreover, Zhao et al.
investigated the low copper-loss control of a field-excited flux-switching drive system to improve its
adjustable speed range and efficiency [10]. Zhao et al. implemented vector control of a field-excited
flux-switching drive to maximize its output torque by using particle swarm optimization [11]. Yang et al.
studied flux-weakening control of a hybrid flux-switching motor to increase its output torque and
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high-speed operating range [12]. Wu et al. investigated field-oriented control and direct torque control
for a five-phase flux-switching motor drive system with a fault-tolerant capability to improve its
dynamics during faulty conditions [13]. Nguyen et al. proposed rotor position sensorless control of a
field-excited flux-switching motor drive system using a high-frequency square-wave voltage injecting
method to replace an encoder [14]. Zhang proposed model reference adaptive control to improve the
dynamics of a sensorless flux-switching motor drive system [15].

Several researchers have proposed sensorless methods for motor drives. For example, Fan et al.
proposed sensorless control of a five-phase interior permanent magnet synchronous motor
(IPMSM) based on a high-frequency sinusoidal voltage injection [16]. Wang et al. investigated
a position-sensorless control method at low speed for PMSM based on high-frequency signal injection
into a rotating reference frame [17]. Compared to previously published papers [9–17], this paper is the
first to propose predictive controllers for a sensorless field-excited flux-switching motor drive system.
To the authors’ best knowledge, this idea is an original idea. This is the first time that a multi-step
predictive speed controller is developed and compared to a single-step predictive speed controller for
a flux-switching motor drive system. This is another main contribution of the paper. The implemented
drive system could be applied for grass cutters and vacuum cleaners due to its robustness, lack of
need for a permanent magnet, and high torque. In addition, the high torque ripple, large volume,
and serious acoustic noise may not be the main issues for the applications of vacuum cleaners and
grass cutters.

2. Flux-Switching Motor

This paper investigates a 3-phase, 6-slot armature winding stator, 7-salient-tooth rotor, field-excited,
flux-switching motor, which is shown in Figure 1. The armature winding is located inside the motor,
and the salient-tooth rotor is located outside of the motor. In Figure 1, the A1, A2, B1, B2, C1, and C2
are armature windings, and F1, F2, F3, F4, F5, and F6 are field windings. All of them are located on the
teeth of the stator. Between the stator and rotor, there is a non-uniform air gap.

Figure 1. The structure of a flux-switching motor.

To explain the basic principle of the flux-switching motor, Figure 2a–d illustrate the different
rotor positions between the rotor and the stator, in which S1, S2, and S3 are the slot numbers of the
stator. Figure 3 shows the induced flux linkage and its related back-EMF. Figure 2a illustrates that the
flux linkage of the F1 field winding rises, but the flux linkage of the F2 field winding decreases. As a
result, the total flux linkage in the A2 armature winding is zero. This situation is also indicated at the
a-point in Figure 3. Here the flux linkage of the A2 armature winding is zero, but the back-EMF of the
A2 armature winding reaches its maximum value. Figure 2b illustrates that both the F1 and F2 field
windings provide rising flux at the A2 armature winding. As a result, the total flux of the A2 armature
winding reaches its maximum value, and the back-EMF of the A2 armature winding is zero, which is
shown at the b-point in Figure 3. Figure 2c illustrates that the flux linkage of the field winding F1 also
rises, but the flux linkage of the field winding F2 also decreases. As a result, the total flux linkage of
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the A2 armature winding is zero, and the back-EMF of the A2 armature winding reaches its negative
minimum value, which is shown at the c-point of Figure 3. Figure 2d illustrates that both the flux
linkage of the F1 and F2 field windings decrease. As a result, the total flux linkage of the A2 armature
winding reaches its negative minimum value, and the back-EMF of the A2 armature winding is zero.
This is illustrated as the d-point in Figure 3. In Figure 3, ωre is the electric rotor speed of the rotor and
λm is the flux linkage of the stator when rotor rotates. According to the above analysis, it is feasible
to generate a flux linkage waveform and a back-EMF waveform, which are sinusoidal and cosine
waveforms, respectively, and are illustrated in Figure 3. By using the back-EMF from the armature
winding, torque is generated and the motor rotates smoothly.

Figure 2. Rotor flux at different rotor positions. (a) R is aligned with the A2 axis; (b) R is between the
F1 and A2 axes; (c) R is aligned with the F1 axis; (d) R is on the left of the F1 axis.

mλ

mλ

re mω λ

re mω λ−

Figure 3. Flux linkage and back-EMF waveforms.

3. Mathematical Model of a Flux-Switching Motor

The synchronous frame d-q axis stator voltage of a flux-switching motor is expressed as follows:

[
vd
vq

]
=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
rs + Ld

d
dt
−ωreLq Ld f

d
dt

ωreLd rs + Lq
d
dt
ωreLq f

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

id
iq
i f

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ (1)
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where vd and vq are the d- and q-axis voltages, rs is the rotor resistance, Ld and Lq are the d- and q-axis
self-inductances, Ld f is the mutual inductance between the d-axis of the armature winding and the
field winding, Lq f is the mutual inductance between the q-axis of the armature and the field winding,

ωre is the electrical rotor speed,
d
dt

is the differential operator, id and iq are the d- and q-axis currents,
and i f is the field current.

The flux linkage of the field winding, λ f , can be expressed as follows:

λ f = L f f i f +
3
2

Ld f id (2)

where λ f is the total flux linkage of the field winding, L f f is the self-inductance of the field winding,
and Ld f is the mutual inductance between the field winding and the d-axis winding. The voltage of the
field winding is expressed as follows:

v f = r f i f + L f f
d
dt

i f +
3
2

Ld f
d
dt

id (3)

where v f is the voltage of the field winding, and r f is the resistance of the field winding. The total
torque is shown as follows:

Te =
3
2

Pm
[
Ldq f i f iq + (Ld − Lq)idiq

]
(4)

The mechanical speed of the motor is

d
dt
ωrm =

1
Jst

(Te − TL − Bstωrm) (5)

where ωrm is the mechanical speed of the rotor, Jst is the inertia of the motor and load, Te is the total
output torque, TL is external load, and Bst is the total viscous friction coefficient. The differential of the
mechanical position of the motor is

d
dt
θrm = ωrm (6)

4. Rotor Position Estimator Design

In this paper, assuming Ldh = Lqh = Lsh, the d-q-f axis high-frequency voltages and high- frequency
currents can be described as follows:⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

vdh

vqh

v f h

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ = j fh

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
Lsh 0 Lms f
0 Lsh 0

3
2

Lms f 0 L f f h

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

idh

iqh

i f h

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ (7)

where vdh, vqh, and v f h are the high-frequency d-axis, q-axis, and field winding voltages, Lsh is the
self-inductance of the d- and q-axis, Lms f is the mutual inductance between the d-axis or q-axis and
the field winding inductance, and L f f h is the high-frequency self-inductance of the field winding.
From Figure 4, the coordinate transformation between d-q-f and α-β-f can be expressed as⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

fd
fq
f f

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ =
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

cosθre sinθre 0
− sinθre cosθre 0

0 0 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

fα
fβ
f f

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦= T(θre)

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
fα
fβ
f f

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ (8)

where fd and fq are the d- and q-axis voltages or currents, fα and fβ are the α- and β-axis voltages
or currents, and T(θre) is the coordinate transformation matrix. Substituting Equation (8) into (7),
one can obtain
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⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
vαh

vβh
v f h

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ = j fh T(θre)
−1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
Lsh 0 Ldq f
0 Lsh 0

3
2

Ldq f 0 L f f h

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦T(θre)

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
iαh

iβh
i f h

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

= j fh

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
cosθre sinθre 0
− sinθre cosθre 0

0 0 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
−1⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Lsh 0 Ldq f
0 Lsh 0

3
2

Ldq f 0 L f f h

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

cosθre sinθre 0

− sinθre cosθre 0

0 0 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

iαh

iβh
i f h

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(9)

where vαh, vβh, and v f h are the α− axis, β− axis, and field winding voltages, and iαh, iβh, and i f h are the
α− axis, β− axis, and field winding currents.

From Equation (9), after doing some mathematical processes, one can obtain

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
vαh

vβh
v f h

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ = j fh

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
Lsh 0 Ldq f cosθre

0 Lsh Ldq f sinθre
3
2

Ldq f cosθre
3
2

Ldq f sinθre L f f h

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

iαh

iβh
i f h

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ (10)

From Equation (10), one can derive the following equation:

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
iαh

iβh
i f h

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ =
1

j fh(L2
shL f f h − 3

2
L2

dq f )

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

LshL f f h − 3
2

L2
dq f sinθre

2 3
2

L2
dq f sinθre cosθre −3

2
LshLdq f cosθre

3
2

L2
dq f sinθre cosθre LshL f f h − 3

2
L2

dq f cosθre
2 −3

2
LshLdq f sinθre

−3
2

LshLdq f cosθre −3
2

LshLdq f sinθre L2
sh

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
vαh

vβh
v f h

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ (11)

In this paper, a high-frequency voltage v f h(t), which is injected into the field winding, is expressed
as follows: ⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

vαh
vβh
v f h

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ =
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
0

v f h(t)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ =
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
0

Vinj sin fht

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ (12)

Substituting Equation (12) into (11) and doing some mathematical processes, one can obtain the
high-frequency α-axis and β-axis currents as follows:

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
iαh

iβh
i f h

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ =
Vinj

j fh(L2
shL f f h − 3

2
L2

dq f )

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
−3

2
LshLdq f cosθre +

3
2

LshLdq f cosθre cos(2 fht)

−3
2

LshLdq f sinθre − 3
2

LshLdq f cos(2 fht)

L2
sh − L2

sh cos(2 fht)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(13)

After using a low-pass filter to remove the high-frequency components, one can obtain the
following equation:

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
iαh_p

iβh_p

i f h_p

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ =
Vinj

j fh(L2
shL f f h − 3

2
L2

dq f )

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
−3

2
LshLdq f cosθre

−3
2

LshLdq f sinθre

L2
sh

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(14)

where iαh_p, iβh_p, and i f h_p are the high-frequency currents after a band-pass filtering.

From Equation (14), the estimated rotor position,
	
θre, can be derived as follows:
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θre � tan−1

∣∣∣∣∣∣ iβh_p

iαh_p

∣∣∣∣∣∣ � tan−1

(
Vinj

3
2

LshLdq f sinθre

j fh(L2
shL f f h − 3

2
L2

dq f )
)

(
Vinj

3
2

LshLdq f cosθre

j fh(L2
shL f f h − 3

2
L2

dq f )
)

(15)

The estimated speed can be described as follows:

	
ωre(k) =

	
θre(k) −

	
θre(k− 1)

ΔT
(16)

where
	
ωre(k) is the estimated speed and ΔT is the sampling interval. In this paper, a speed state

estimator is constructed [18]. A high-order speed estimator is employed to avoid the high-frequency
noise caused by the difference operator. Figure 4 shows the relationship between the estimated rotor
position θ̂re and the real position θre. Figure 5 demonstrates the control block diagram of the sensorless
drive system, which includes the current control of the armature winding, the current control of the
field winding, the rotor position estimation, and the rotor speed control.

reθ

β

α

q d

reθ

d

q

reθ

Figure 4. Estimated and real rotor positions.
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Figure 5. Control block diagram of proposed sensorless drive system.

5. Predictive Controller Design

Predictive control began in the late 1970s and has been developed significantly since then. It has
been widely used in chemical processes, robotics, drying towers, and steam generators [19,20]. Recently,
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it has been used for power converters and motor drives [21–23]. The predictive speed-loop controllers
include single-step and multi-step control inputs. The design methods are discussed as follows.

5.1. One-Step Predictive Speed Controller

By assuming that the external load TL is zero, the discrete dynamics of the speed can be expressed as

ωrm(n + 1) = e
−Bst

Jst
Ts
ωrm(n) +

1
Bst

(1− e
−Bst

Jst
Ts
)Kstiq(n)

= armωrm(n) + brmiq(n)

(17)

and

arm = e
−Bst

Jst
Ts

(18)

brm =
1

Bst

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝1− e
−Bst

Jst
Ts

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠Kst (19)

where Kst is the torque constant of the motor, arm, and brm are the discrete time parameters of the motor,
and n is the step number. By defining xrm(n) = ωrm(n), and u(n) = iq(n), one can obtain

xrm(n + 1) = armxrm(n) + brmu(n) (20)

The output yrm(n) is defined as
yrm(n)= xrm(n) (21)

By using Equation (20) and taking one step back, one can obtain

xrm(n) = armxrm(n− 1) + brmu(n− 1) (22)

By subtracting (20) from (22), one can obtain

Δxrm(n+1) = xrm(n+1) − xrm(n)

= armΔxrm(n) + brmΔu(n)
(23)

and
Δxrm(n) = xrm(n) − xrm(n− 1) (24)

The input difference Δu(n) is defined as

Δu(n) = u(n) − u(n− 1) (25)

The output Δyrm(n + 1) is defined as follows:

Δyrm(n + 1) = yrm(n + 1) − yrm(n) = xrm(n + 1) − xrm(n) (26)

Then we can obtain

yrm(n+1) = Δyrm(n+1) + yrm(n)

= Δxrm(n+1) + yrm(n)

= armΔxrm(n) + brmΔu(n) + yrm(n)

(27)

After that, we can define a cost function as follows [19,20]:
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Ωsp(n) = (ω∗rm(n + 1) − ysm(n + 1))2 + qΔu2(n)

= (Δωrm(n + 1))2 + q(Δun(n))
2 (28)

where q is the weighting factor between the (Δun(n))
2 and the (Δωrm(n + 1))2. Then, by taking the

differential of the Ωsp(n) to the Δu(n) and setting its result to be zero, one can obtain

Δu(n) =
brmω∗rm(n + 1) − armbrmΔωrm(n) − brmωrm(n)

b2
rm + q

(29)

The Δiq(n) is used to replace the Δu(n), and then Equation (29) can be rewritten as follows:

Δiq(n) =
brm(ω∗rm(n + 1) −ωrm(n)) − armbrmΔωrm(n)

b2
rm + q

= k1(ω∗rm(n + 1) −ωrm(n)) − k2 Δωrm(n)
(30)

and
k1 =

brm

b2
rm + q

(31)

k2 =
armbrm

b2
rm + q

(32)

Finally, the q-axis current command is

i∗q(n) = i∗q(n− 1) + Δi∗q(n) (33)

From Equations (30)–(33), the control block diagram of the single-step predictive speed-loop
controller is demonstrated in Figure 6.

−− z

rm kωΔ

st stJ s B+
rmω

sT

rm kω

z−−qi kΔ

LT

−
+

rm kω +

tK
qi k

rm kω

eT ksT

k

k

Figure 6. Single-step predictive speed controller.

5.2. Multi-Step Predictive Speed Controller

In this paper, to implement the multi-step predictive speed controller, a two-step control horizon
and a two-step prediction horizon are developed. The details are discussed as follows. The (n + 1)
augmented model is

Xsm(n + 1) = AsmXsm(n) + BsmΔu(n) (34)
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and

Asm =

[
arm 0
arm 1

]
(35)

Bsm =

[
brm

brm

]
(36)

The augmented state variable for the (n + 2) step is

Xsm(n + 2) = AsmXsm(n + 1) + BsmΔu(n + 1)

= A2
smXsm(n) + AsmBsmΔu(n) + Δu(n + 1)

(37)

In addition, the (n + 1) step predictive output is

ysm(n + 1) = CsmAsmXsm(n) + CsmBsmΔu(n) (38)

The (n + 2) step predictive output is

ysm(n + 2) = CsmA2
smXsm(n) + CsmAsmBsmΔu(n) + CsmBsmΔu(n + 1) (39)

Then, a new predictive output vector can be defined as follows:

Ysm =

[
ysm(n + 1)
ysm(n + 2)

]
(40)

and

Xsm =

[
xsm(n + 1)
xsm(n + 2)

]
(41)

After that, one can obtain
Ysm = FsmXsm + ΘsmΔUsm (42)

and

Fsm =

⎡⎢⎢⎢⎢⎣ CsmAsm

CsmA2
sm

⎤⎥⎥⎥⎥⎦ (43)

Θsm =

⎡⎢⎢⎢⎢⎣ CsmBsm 0

CsmAsmBsm CsmBsm

⎤⎥⎥⎥⎥⎦ (44)

ΔUsm =

⎡⎢⎢⎢⎢⎣ Δu(n)

Δu(n + 1)

⎤⎥⎥⎥⎥⎦ (45)

Now, one can define the performance index as follows [17–19]:

Ψsp = (R∗sm −Ysm)
T(R∗sm −Ysm) + ΔUT

smQΔUsm (46)

and

R∗sm =

⎡⎢⎢⎢⎢⎣ ω∗rm(n + 1)

ω∗rm(n + 2)

⎤⎥⎥⎥⎥⎦ (47)

Q =

[
q 0
0 q

]
(48)

By substituting (42) into (46) and doing the
∂Ψsp

∂ΔUsm
processes, one can obtain
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∂Ψsp

∂ΔUsm
= −2ΘT

sm(R
∗
sm − FsmXsm) + 2

(
ΘT

smΘsm + Q
)
ΔUsm = 0 (49)

After that, one can obtain the optimal ΔUsm as

ΔUsm =
(
ΘT

smΘsm + Q
)−1(

ΘT
smR∗sm −ΘT

smFsmXsm
)

(50)

By substituting (41), (43)–(44), and (47)–(48) into Equation (50), one can finally derive the
following equations: ⎡⎢⎢⎢⎢⎣ Δu(n)

Δu(n + 1)

⎤⎥⎥⎥⎥⎦ =
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

grm

frm
hrm

frm

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ (51)

and
frm = b4

rm + q2 + b2
rmq(a2

rm + 2arm + 3) (52)

grm = b3
rm(ω

∗
rm(n + 1) −ωrm(n)) + armbrmq(ω∗rm(n + 2) −ωrm(n))

+brmq(ω∗rm(n + 2) − 2ωrm(n)) − armb3
rmΔωrm(n)

−brmqΔωrm(n)(a3
rm + 2a2

rm + 2arm)

(53)

hrm = b3
rm(ω

∗
rm(n + 2) − armω∗rm(n + 1) −ω∗rm(n + 1) + armωrm(n))

+brmq(ω∗rm(n + 2) −ωrm(n)) − armbrmqΔωrm(n)(arm + 1)
(54)

The control output in this paper can be rearranged as follows:

⎡⎢⎢⎢⎢⎣ Δiq(n)

Δiq(n + 1)

⎤⎥⎥⎥⎥⎦ =
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

grm

frm
hrm

frm

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ (55)

i∗q(n) = i∗q(n− 1) + Δi∗q(n) (56)

i∗q(n + 1) = i∗q(n) + Δi∗q(n + 1) (57)

Combining (56) and (57), one can provide the control input q-axis current command as follows:

i∗qc(n) = ρi∗q(n) + (1− ρ)i∗q(n + 1) (58)

where ρ is the weighting factor of the control input power. From Equations (51)–(58), one can obtain
the multi-step predictive speed controller, which is displayed in Figure 7.

−− z

rm nωΔ

st stJ s B+
rmω

sT

rm nω

z−−qi nΔ

LT

−+

rm nω +

tK

qi n

rm nω

eT nsT

qi nΔ +qi n +

qci n

Figure 7. Multi-step predictive speed controller.
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5.3. Predictive Current Loop Controller

From Equation (1), one can easily derive the following d-q axis current equations:

d
dt

id =
1
Ld

(
vd − rsid +ωreLqiq

)
(59)

and
d
dt

iq =
1
Lq

(
vq − rsiq −ωre(Ldid + λm)

)
(60)

From Equations (59) and (60), and by inserting a zero-order-hold and taking the discrete form,
one can obtain

id(n + 1) = e
− rs

Ld
Tcu

id(n) +
1− e

− rs

Ld
Tcu

rs

[
vd(n) +ωre(n)Lqiq(n)

]
(61)

and

iq(n + 1) = e
− rs

Lq
Tcu

iq(n) +
1− e

− rs

Lq
Tcu

rs

[
vq(n) −ωre(n)(Ldid(k) + λm)

]
(62)

ud(n)= vd(n) +ωre(n)Lqiq(n) (63)

and
uq(n)= vq(n) −ωre(n)(Ldid(n) + λm) (64)

where ud(n) and uq(n) are the d- and q-axis current loop control inputs, and by finally substituting
(63)–(64) into (61)–(62), one can obtain

id(n + 1) = acd id(n) + bcdud(n) (65)

and
iq(n + 1) = acq iq(n) + bcquq(n) (66)

In Equations (65) and (66), acd, bcd, acq, and bcq, which are the parameters of the IPMSM, can be
expressed as follows:

acd = e
− rs

Ld
Tc

(67)

bcd =
1− e

− rs

Ld
Tc

rs
(68)

acq = e
− rs

Lq
Tc

(69)

and

bcq =
1− e

− rs

Lq
Tc

rs
(70)

By using similar processes [22], one can obtain

vd
∗(n) = z

z− 1

⎛⎜⎜⎜⎜⎝bcdq(id∗(n + 1) − id(n))

b2
cdq + r

− acdbcdqΔid(n)

b2
cdq + r

⎞⎟⎟⎟⎟⎠ − ωre(n)
(
Lqiq(n)

)
(71)
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and

vq
∗(n) = z

z− 1

⎛⎜⎜⎜⎜⎜⎜⎝bcqq
(
i∗q(n + 1) − iq(n)

)
b2

qq + r
− acqbcqqΔiq(n)

b2
cqq + r

⎞⎟⎟⎟⎟⎟⎟⎠+ωre(n)(Ldid(n) + λm) (72)

Then, from Equations (71) and (72), the block diagram of the proposed predictive current control
can be obtained as shown in Figure 8.
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di n
cd

cd

b q
b q r+

dv nΔ
z
z −

cda
( )di nΔ

z−−

cuT
ZOH

re q qL iωre q qn L i nω

q ssL r+

cuT
di n

qv nΔ qi n
cq

cq

b q
b q r+

qi n
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Figure 8. Current loop predictive controller.

6. Implementation

To evaluate the correctness and feasibility of the proposed method, a field-excited flux-switching
sensorless flux-switching motor drive system is implemented. The implemented block diagram of
the drive system is displayed in Figure 9a, which includes a voltage-source inverter, a field-excited
flux-switching motor, an H-bridge circuit that controls the excited field winding, a digital signal
processor, Hall-effect sensors, and A/D converters. The switching frequency of the inverter is 10 kHz,
and the switching frequency of the H-bridge circuit is 20 kHz. In addition, the sampling time of the
current control is 100 μs and the sampling time of the speed control is 1 ms. The DC voltages of the
inverter and H-bridge are both 250 V. The digital signal processor (DSP) is manufactured by Texas
Instruments, type TMS-320-F2808 [23]. To obtain a closed-loop high performance drive system, the DSP
reads the a-phase current, b-phase current, and field winding current via A/D converters. After that,
the DSP executes the rotor position estimation and all of the predictive control algorithms, and it also
determines the inverter and H-bridge triggering signals.

A photograph of the implemented hardware circuit is displayed in Figure 9b, including a DSP,
two drivers, two Hall-effect current sensors, an inverter, and an H-bridge circuit. The insulated
gate bipolar transistor (IGBT) modules are made by the Mitsubishi Company, type CM200dy-12NF.
The photo-couple gate drivers are manufactured by Avago Company, type HCPL-3120. The Hall-effect
sensors are manufactured by the Swiss LEM company, type LA25-NP with a 100 kHz bandwidth.
The A/D converters with fast conversion time are made by Analog Devices, type AD7655. Figure 9c
displays the photograph of the flux-switching motor, which is connected to the dynamometer, in which
a DC generator is used as an external load. The field-excited flux-switching motor is a seven stator
salient teeth motor, with rated specifications of a power of 540 W, a speed of 600 r/min, and a current
of 6 A. Its parameters include a stator resistance of 1.3 Ω, a d-axis inductance of 18.9 mH, a q-axis
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inductance of 23 mH, an inertia of 0.0143 kg-m2, and a friction coefficient of 0.0047 N.m.s/rad. The motor
was assembled in our laboratory because it is not available on the market.
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Figure 9. Photographs of the implementation system. (a) Block diagram, (b) hardware circuits,
and (c) motor and dynamometer.

The details of the control algorithms are shown in Figure 10a–d, which are the flowcharts of the
DSP. Figure 10a is the flowchart of the main program, which waits for the zero-voltage vector to detect
currents. Figure 10b is the speed-loop interrupt service routine, which uses Equation (16) to compute

35



Energies 2020, 13, 3672

ω̂rm and Equations (30) and (33) to determine i∗q. Figure 10c is the current loop interrupt service routine,
which uses Equation (8) to execute the coordinate transformation, the band-pass filtering to obtain iαh,
and finally computes θ̂re. Figure 10d is the flowchart of the H-bridge field current control. The principle
is measuring the current and comparing it with the field current command. Then, proportional-integral
(PI) controller is used as the current controller to obtain the field voltage. Finally, the high-frequency
voltage is injected and pulse-width modulation (PWM) is executed.
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Figure 10. Cont.
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Figure 10. Digital signal processor (DSP) flowcharts. (a) Main program, (b) current loop interrupt
service routine, (c) speed-loop interrupt service routine, and (d) H-bridge field current control.

7. Experimental Results

To verify the proposed methods, our experimental results are illustrated in this section. The input
DC voltage of the inverter and the H-bridge are both 250 V. The switching frequency of the inverter
is 10 kHz, and the switching frequency of the H-bridge is 20 kHz. The sampling time of the a-b-c
axis current control is 100 μs, and the sampling time of the speed control is 1 ms. The selection of the
sampling intervals is based on the required computation time of the current loop and the speed loop.
In addition, a synchronous relationship, in which the current loop executes 10 times and then the speed
loop executes one time, is employed in this paper. The injection high-frequency voltage of the field
winding is ±25V, which is near 10% of the DC bus voltage of the H-bridge.

Figure 11a demonstrates the measured a-phase current at 300 r/min and a 2 N.m load. The current
is influenced by the different switching frequencies of the inverter and field winding. The measured
a-phase current is a near sinusoidal waveform with high-frequency harmonics. The b-phase and
c-phase are similar to the a-phase with a 120 degree phase shift. Figure 11b demonstrates the measured
current of the field winding, which is clearly influenced by an injection of high-frequency voltage,
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which is 1 kHz. Figure 11c demonstrates the measured 1 kHz and 25 V high-frequency voltage, which is
used to inject into the field winding.
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Time s  
(a) 

fi
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(b) 

fhv

Time s

(c) 

Figure 11. Measured signals at 300 r/min and 2 N.m external load; (a) a-phase current, (b) field-excited
winding current, and (c) high-frequency voltage.

Figure 12a demonstrates the measured speed responses of step input at 300 r/min. The rise time is
0.23 s, and the speed reaches its steady-state condition at 0.41 s. In addition, the estimated speed

	
ωrm is

very close to the speed ωrm . Figure 12b demonstrates the estimated and real rotor positions and both of
them are very close. Figure 12c demonstrates the errors of the estimated position and they are near ±2
electrical degrees.
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Figure 12. Measured speed and position responses using a multi-step speed predictive controller.
(a) Speeds, (b) positions, and (c) errors of estimated position.

Figure 13a shows the different PI parameters of transient responses; Figure 13b shows the different
PI parameters of 2 N.m load disturbance responses. From Figure 13a,b, the best PI parameters,
considering both transient responses and load disturbance responses, can be obtained as Kp = 0.1 and
KI = 4.5, which is designed by pole assignment with the following two distinct poles, P1 = −1.9+ j12.4
and P2 = −1.9− j12.4.
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Figure 13. Measured speed responses with different proportional-integral (PI) control parameters.
(a) Transient and (b) load disturbance.

Figure 14a demonstrates the measured speed responses using different controllers, including a
multi-step predictive speed controller (HP = 2), a single-step predictive speed controller (HP = 1),
and a PI speed controller. As one can observe, the multi-step predictive speed controller has a
very smooth response, but the single-step controller has a quicker response with larger overshoot.
The PI controller performs the worst, with the slowest response and largest overshoot. Figure 14b
demonstrates the measured load disturbance responses. The multi-step controller has a very similar
response to the single-step controller. The PI controller, however, has the largest speed drop and the
slowest recovery time.
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Figure 14. Measured speed responses. (a) Transient and (b) load disturbance.

Figure 15a demonstrates the measured speed responses of a triangular command by using an
encoder for comparison. The multi-step controller has a similar response to the single-step controller.
Figure 15b demonstrates the measured speed responses of a triangular command by using the
proposed sensorless method. The speed ripples are increased when compared with using an encoder.
Figure 16a demonstrates the measured speed responses of a trapezoidal command using an encoder.
The multi-step controller has similar responses to the single-step controller. Figure 16b demonstrates
the measured speed responses of a trapezoidal command using the proposed sensorless method.
Figure 16c shows the measured responses of a step-input command using the proposed sensorless
method. The multi-step controller with a small weighting factor has a slower but smoother response
than the multi-step controller, which has a weighting factor of 1.
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Figure 15. Measured triangular speed tracking responses. (a) Using an encoder and (b) using the
proposed senseless method.

Figure 17a–c demonstrate the comparison of different speed operations. Figure 17a demonstrates
the highest speed by using a field-weakening control, which is 1550 r/min with an 1 N.m external load.
The control method effectively reduces the d-axis flux to extend the operational speed range. In addition,
Figure 17a also demonstrates the highest operational speed without using a field-weakening control,
which is 1080 r/min. Figure 17b demonstrates the mid-speed operational range from 100 to 600 r/min
with a 2 N.m external load. All of the different speeds have linear responses. Figure 17c demonstrates
the lowest operational speed, which is near 4 r/min with a 0.5 N.m external load. The lowest speed
has obvious speed ripples. Figure 18a demonstrates the measured line-to-line voltage, vab, which has
high-frequency PWM modulation pulses. Figure 18b demonstrates the excited winding voltage, v f ,
which is controlled by an H-bridge circuit. Figure 18c demonstrates the excited winding current, i f ,
during the transient time interval of the field current regulated control, which is controlled by an
H-bridge circuit. The additional high-frequency flux on the core created core loss, which increases core
loss and reduces the efficiency of the motor. Roughly speaking, this increased high frequency core loss is
near 2% of the total losses of the motor. Comparing the torque and efficiency for analogously dimension
PM and induction motors, for a 0.5 KW motor, the efficiency of a PM is near 90%, the efficiency of an
induction motor is near 87%, and the efficiency of a field-excited flux-switching motor is 87%. For a
0.5 kW motor, the torque of a PM is 100% as a reference, the torque of an induction motor is 90%,
and the torque of a field-excited flux-switching motor is 93%.
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Figure 16. Measured speed tracking responses. (a) Trapezoidal response using an encoder,
(b) trapezoidal response using the proposed sensorless method, and (c) step input using the proposed
sensorless method.
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Figure 17. Measured highest, middle, and lowest operational speeds. (a) Highest speed, (b) middle
speeds, and (c) lowest speed.
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Figure 18. Measured voltages and currents at 300 r/min. (a)-line voltage vab, (b) field-excited voltage
v f , and (c) field-excited current i f .

8. Conclusions

A rotor position estimator and three predictive controllers, which include a multi-step speed
predictive controller, a single-step speed predictive controller, and a predictive current controller for a
field-excited flux-switching motor drive system have been designed and implemented for this paper.
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A 1 kHz, high-frequency voltage is injected into the field winding to obtain the estimated rotor position.
In addition, the high-frequency injection voltage does not occupy any available output voltages in the
inverter. The methods in this paper provide more available voltage for the PWM modulation. The two
different predictive controllers implemented in this research enhance the transient responses, decrease
the speed drops of load disturbances, and improve tracking responses more effectively than previously
published control methods for flux-switching drive systems. In addition, the multiple-step predictive
controller provides smoother speed responses than the single-step predictive controller. These are the
main contributions of this paper versus other similar research.

Experimental results show that the controllable speed range of the motor drive system discussed
in this paper is from 4 r/min to 1500 r/min. Furthermore, the measured results demonstrate that
the errors of the rotor position estimations are below ±2 electrical degrees. Moreover, the proposed
predictive controllers provide better performance than PI controllers at different speeds. However,
all the considerations in the paper are based on a circuit model with fixed parameters. In the future,
methods using field methods or online measuring methods will be thoroughly investigated.

Most functions of the rotor position estimators and predictive controllers are implemented by the
DSP, and only simple hardware circuits are employed. This proposed flux-switching drive system can
be easily applied to meet the high dynamic requirements for applications in household appliances,
such as vacuum cleaners and lawn mowers.
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Abstract: This paper investigates the implementation of a wide-adjustable sensorless interior
permanent magnet synchronous motor drive based on current deviation detection under space-vector
modulation. A hybrid method that includes a zero voltage vector current deviation and an active
voltage vector current deviation under space-vector pulse-width modulation is proposed to determine
the rotor position. In addition, the linear transition algorithm between the two current deviation
methods is investigated to obtain smooth speed responses at various operational ranges, including at
a standstill and at different operating speeds, from 0 to 3000 rpm. A predictive speed-loop controller
is proposed to improve the transient, load disturbance, and tracking responses for the sensorless
interior permanent magnet synchronous motor (IPMSM) drive system. The computations of the
position estimator and control algorithms are implemented by using a digital signal processor (DSP),
TMS-320F-2808. Several experimental results are provided to validate the theoretical analysis.

Keywords: current deviation; SVPWM; IPMSM; wide-adjustable speed; sensorless drive

1. Introduction

Interior permanent magnet synchronous motors (IPMSMs) have better performance than any other
motors because of their robustness, high efficiency, and high ratio of torque to ampere characteristics [1].
They have been used in industry and household appliances, including machine tools, rolling mills,
high-speed trains, electric vehicles, and elevators [2,3]. A sensorless IPMSM drive system can save
space, reduce costs, and prevent the noise interference of high-frequency pulse-width modulation
(PWM) switching. The major sensorless technologies for an IPMSM include three methods. The first
method uses the extended back-electromotive force (back-EMF) estimation to obtain the estimated rotor
position [4–9]. The extended back-EMF estimation method, however, cannot effectively determine
the rotor position at low-speed. The second method uses a high-frequency injection voltage to
produce its related high-frequency currents [10–15]. The high-frequency injection method, however,
requires some extra hardware or software to implement a high-frequency generator and also produces
audible noise and electromagnetic interference [10–15]. To overcome these issues, the third method
uses a stator current deviation to estimate the rotor position. By detecting the current deviation
of the stator current, the position estimator has been successfully applied. For example, Bui et al.
studied a modified sensorless scheme by using a PWM excitation signal [16]. Wei et al. presented
a dual current deviation estimating method to obtain better accuracy of the position estimator [17].
Raute et al. investigated a sensorless technique with the analysis of the inverter nonlinearity effect [18].
Hosogay et al. implemented a position sensorless technique for low-speed ranges based on the d-axis
and q-axis current derivative method [19]. These studies have not required any high-frequency
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injecting signals or a back-EMF estimation [16–19]. These methods [16–19], however, have not been
applied for all ranges of different speeds.

To solve this problem, a current deviation of the stator current using the active voltage vector
(AVV) is developed in [20–23]. These papers, however, have only focused on middle- to high-speed
ranges. In this paper, two novel ideas are proposed as follows:

• a zero voltage vector (ZVV) rotor estimation method is originally proposed to obtain a
high-performance sensorless drive system at a zero-speed with full load conditions.

• a linear combination method, including a zero voltage vector (ZVV) algorithm and an AVV
algorithm, is proposed with predictive control to operate the sensorless IPMSM drive system from
0 rpm to 3000 rpm. This linear combination method is easily implemented when compared to
fuzzy-logic combination methods [24].

2. Mathematical Model of an IPMSM

2.1. The d-q Axis Synchronous Frame Model

According to the rotor flux-linkage coordinate system, the mathematical model of the IPMSM in
the d-q axis synchronous frame is expressed as follows:

[
vd
vq

]
=

[
Rs +

d
dt Ld −ωeLq

ωeLd Rs +
d
dt Lq

][
id
iq

]
+

[
0
ωeλm

]
(1)

where vd and vq are the d-q axis voltages, Rs is the stator resistance, id and iq are the d-q axis currents, Ld
and Lq are the d-q axis inductances, ωe is the electrical rotor speed, and λm is the flux linkage generated
by the permanent magnet material, which is placed in the rotor. The addition of the reluctance torque
and electromagnetic torque can be obtained as

Te =
3
2

P
2

[
(Ld − Lq)id + λm

]
iq (2)

The dynamic mechanical equations of the rotor speed and rotor position are expressed as

d
dt
ωm =

1
Jm

(Te − TL − Bmωm) (3)

and
d
dt
θm = ωm (4)

The electrical rotor position and speed are independently expressed as follows:

θe =
P
2
θm (5)

and
ωe =

P
2
ωm (6)

where TL is the external load, Jm is the inertia, Bm is the viscous coefficient, ωm is the mechanical
angular speed, θm is the mechanical position, and θe is the electrical position.

2.2. The a-b-c Axis Synchronous Frame Model

Considering the three-phase voltage balanced and Y-connected windings of an IPMSM,
the a-b-c-axis stator voltage equation can be stated as follows:
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where vas, vbs, and vcs are the a-, b-, and c-phase voltages, ra, rb, and rc are the a-, b-, and c-phase
resistances, and λas, λbs, and λcs are the a-, b-, and c-phase flux linkages. In Equation (7), the neutral
point voltage is assumed to be zero when the neutral point is free because the fundamental components
of the vas, vbs, and vcs are balanced. The relationship between the magnetic flux linkages of three-phase
stator windings and the three-phase self-inductances, stator currents, and rotor position can be stated
as follows: ⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
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where Laa, Lbb, and Lcc are the three-phase self-inductances, and Mab, Mac, Mba, Mbc, Mca, and Mcb are
the three-phase mutual inductances. The self-inductances are expressed as

Laa = Lls + LAA − LBB cos(2θe) (9)

Lbb = Lls + LAA − LBB cos(2θe +
2π
3
) (10)

and
Lcc = Lls + LAA − LBB cos(2θe − 2π

3
) (11)

The mutual inductances are expressed as

Mab = Mba == −1
2

LAA − LBB cos(2θe − 2π
3
) (12)

Mbc = Mcb = −1
2

LAA − LBB cos(2θe) (13)

and
Mca = Mac = −1

2
LAA − LBB cos(2θe +

2π
3
) (14)

The LAA and LBB are constant parameters.

3. Zero Voltage Vector-Based Current Deviation Rotor Position Estimator

3.1. Basic Principle

The ZVV dominates the duty cycle of a PWM at a standstill and low-speed operating ranges; as a
result, one can substitute vd = 0 and vq = 0 into Equation (1) and obtain

⎡⎢⎢⎢⎢⎣ did
dt
diq
dt

⎤⎥⎥⎥⎥⎦ =
⎡⎢⎢⎢⎢⎢⎣ −Rs

Ld

Lq
Ld
ωe

−Ld
Lq
ωe −Rs

Lq

⎤⎥⎥⎥⎥⎥⎦
[

id
iq

]
−
⎡⎢⎢⎢⎢⎣ 0
λmωe

Lq

⎤⎥⎥⎥⎥⎦ (15)

From Figure 1, the estimated position error θ̃e is first defined as follows:

θ̃e = θe − θ̂e (16)

where θ̃e and θ̂e are the estimated rotor position error and estimated rotor position, respectively.
Second, the estimated d- and -q axis currents are expressed as follows:
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[
îd
îq

]
=

⎡⎢⎢⎢⎢⎣ cos θ̃e − sin θ̃e

sin θ̃e cos θ̃e

⎤⎥⎥⎥⎥⎦
[

id
iq

]
= T

(
θ̃e
)[ id

iq

]
(17)

where îd and îq are the estimated d-axis and q-axis currents, and T(θ̃e) is the coordinate transformation
matrix. By substituting Equation (17) into Equation (15), the dynamic equation of the ZVV-based
estimated q-axis current is

dîq
dt �

1
LdLq

{
Rs
[(

Lq − Ld
)

cos2
(
θ̃e
)
− Lq

]
− 1

2ωe
(
L2

q − L2
d

)
sin

(
2θ̃e

)}
îq

+ 1
LdLq

{
ωe
[(

L2
q − L2

d

)
cos2

(
θ̃e
)
− L2

q

]
− Rs

2

(
Lq − Ld

)
sin

(
2θ̃e

)}
îd

−λmωe
Lq

cos
(
θ̃e
) (18)

β

eθ

q

d

d

q

α

eθ

eθ

Figure 1. The coordinate transformation relationship.

The values of the Ld and Lq are only a few mHs and are lower than 1 Henry. In consequence, Ld is
much greater than L2

d, and Lq is much greater than L2
q . By omitting the L2

d, L2
q , and related items that are

multiplied by the ωe, the dynamic equation of the ZVV-based estimated q-axis current can be derived
as follows:

dîq
dt �

Rs
LdLq
{−
[(

Ld − Lq
)

cos2
(
θ̃e
)
+ Lq

]
îq

+ 1
2 (Ld − Lq) sin (2θ̃e) îd

}
− λmωe

Lq
cos

(
θ̃e
) (19)

Because the estimated position error θ̃e is close by zero at steady-state, it is feasible to assume that
sin

(
2θ̃e

)
�2θ̃e,sin

(
θ̃e
)
�θ̃e,cos2

(
θ̃e
)
� 1, and cos

(
θ̃e
)
� 1. By using these guestimates into Equation (19),

the following equation can be obtained

dîq
dt
� −Rsîq

Lq
+

Rs
(
Ld − Lq

)
îd

LdLq
θ̃e − λmωe

Lq
(20)

3.2. The ZVV Rotor Position Estimating Scheme

In fact, the estimated speed ω̂e is employed to replace the real speed ωe. The estimated rotor
position θ̃e can be assumed to be zero under steady-state conditions. Equation (20), as a result,
is rearranged as follows:

dîq
dt

+
Rîq + λmω̂e

Lq
�

R
(
Ld − Lq

)
i∗d

LdLq
θ̃e (21)

Then, a new variable, Dîq, can be defined as follows:

Dîq �
dîq
dt

+
Rsîq + λmω̂e

Lq
(22)

Substituting (22) into Equation (21), one can obtain

Dîq � Kqθ̃e (23)
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and

Kq �
Rs
(
Ld − Lq

)
i∗d

LdLq
(24)

From Equation (23), the Dîq is nearly proportional to the estimated position error θ̃e. Figure 2 illustrates
the proposed ZVV-based estimator. First, by using the coordinate transformation, one can transfer the
a-, b-, and c-phase current deviations into the estimated d-q axis current deviations. Then, one can
derive the current deviation dîq/dt. By summation of the dîq/dt, λmω̂e/Lq, and Rsîq/Lq, one can obtain
Dîq. Next, one can compute the value of θ̃e after dividing Dîq by Kq and, thus, obtain the estimated
position error. After that, one can use a proportional-integral (PI) controller to acquire the estimated
rotor speed and obtain the estimated position by using an integral operation.
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dt

m e
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λ ω
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dt
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ddi
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eωeω

eθ

qK

Figure 2. Block diagram of the zero voltage vector (ZVV)-based estimator.

4. Active Voltage Vector-Based Current Deviation Rotor Position Estimator

4.1. The AVV Rotor Position Estimation Scheme

At middle and high speeds, the current deviation of the AVV in the a-b-c-stationary frame is used
to estimate the position. From Figure 3, when the a-phase upper leg turns on and the b-phase and
c-phase lower legs turn on, one can obtain

Vdc = vas − vbs (25)

By substituting Equation (7) into (25), one can derive

Vdc = rsias +
dλa

dt
− rsibs − dλb

dt
(26)

dcV

csibsiasi

−
+

aS +

bS −
cS −

 

Figure 3. The main circuit of the mode A+.
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Substituting Equation (8) into (26), one can derive

Vdc = rsias +
d
dt (Laaias + Labibs + Lacics + λm cosθe) − rsibs

− d
dt (Lbaias + Lbbibs + Lbcics + λm cos(θe − 2π

3 ))
(27)

By substituting Equations (9)–(14) into Equation (27) and doing some mathematical processes,
one can obtain

Vdc =
[(

1
2 (3LAA + 2Lls) +

√
3 sin

(
2θe − π3

)
LBB

)
dias
dt +

(
− 1

2 (3LAA + 2Lls) +
√

3 sin(2θe + π)LBB
) dibs

dt
+
(√

3 sin
(
2θe +

π
3

)
LBB

)
dics
dt

]
+ 2
√

3ωeLBB
[
sin

(
2θe +

π
6

)
ias + sin

(
2θe − π2

)
ibs + sin

(
2θe +

5π
6

)
ics
]

−λmωe

(
3
2 sinθe +

√
3

2 cosθe

)
+ rs(ias − ibs)

(28)

In addition, from Figure 3, when the a-phase upper leg turns on and the b-phase and c-phase lower
legs turn on, one can obtain the voltage between the b-phase and c-phase as follows:

0 = vbs − vcs (29)

By using the similar processes shown in Equations (26)–(29), one can derive

0 =
[(√

3 sin(2θe + π)LBB
)

dias
dt +

(
1
2 (3LAA + 2Lls) +

√
3 sin

(
2θe +

π
3

)
LBB

) dibs
dt +

(
− 1

2 (3LAA + 2Lls) +
√

3 sin
(
2θe − π3

)
LBB

)
dics
dt

]
+2
√

3ωeLBB
[
sin

(
2θe − π2

)
ias + sin

(
2θe +

5π
6

)
ibs + sin

(
2θe +

π
6

)
ics
]
+
√

3λmωe cosθe + rs(ibs − ics)
(30)

Moreover, from Figure 3, when the a-phase upper leg turns on and the b-phase and c-phase lower
legs turn on, one can obtain

ias = −(ibs + ics) (31)

Taking the differential of both sides in Equation (31), one can obtain

dias

dt
= −(dibs

dt
+

dics

dt
) (32)

From Equations (28), (30), and (32), one can obtain the following equation:

dias
dt _mode A+

=
{
4Vdc

(
2
3 Lls + LAA + LBB cos(2θe)

)
+ 2ωeLBB[(

−3ias sin(2θe) +
√

3(ibs − ics)(3LBB + cos(2θe))
)

(3LAA + 2Lls) + Ka] + Rsa
}
/[(2Lls + 3LΔ)(2Lls + 3LΣ)]

(33)

where
LΔ = LAA − LBB (34)

and
LΣ = LAA + LBB (35)

When the switching state of the inverter is at a zero voltage state, the motor short circuits. Consequently,
the direct-current (DC) voltage Vdc is equal to zero. By substituting Vdc = 0 into Equation (33),
one can obtain

dias
dt _mode 0 =

{
2ωeLBB

[(
−3ias sin(2θe) +

√
3(ibs − ics)(3LBB + cos(2θe))

)
(3LAA + 2Lls) + Ka] + Rsa

}
/[(2Lls + 3LΔ)(2Lls + 3LΣ)]

(36)
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From Equation (36), the current deviation dias/dt_mode 0 includes a resistance influencing part,
a back-EMF influencing part, and an inductance influencing part. To eject the influences of the
back-EMF and resistance parts, the a-phase compensated current deviation Dias_mode A+ is computed as

Dias_mode A+ = dias
dt _mode A+

− dias
dt _mode 0

=
4Vdc[ 2

3 Lls+LAA+LBB cos(2θe)]
(2Lls+3LΔ)(2Lls+3LΣ)

(37)

From Equation (37), one can observe that the Dias_mode A+ is only related to the inductance and input
DC voltage Vdc. By using a similar method, one can derive the b-phase compensation current deviation
and the c-phase compensation current deviation.

By transferring the a-, b-, and c-axis current deviations into the α− and β− axis current-deviations,
one can obtain the current deviation Diα and Diβ as follows:

[
Diα
Diβ

]
=

⎡⎢⎢⎢⎢⎣ 1 − 1
2 − 1

2

0
√

3
2 −

√
3

2

⎤⎥⎥⎥⎥⎦
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

Dias_mode A+

Dibs_mode B+

Dics_mode C+

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ (38)

By substituting the a-b-c-phase compensated current deviation into Equation (38), the Diα can be
simplified as

Diα =
6VdcLB cos(2θe)

(2Lls + 3LΔ)(2Lls + 3LΣ)
(39)

and the Diβ can be simplified as

Diβ =
−6VdcLB sin(2θe)

(2Lls + 3LΔ)(2Lls + 3LΣ)
(40)

By using the following tan−1 mathematical process, one can obtain the AVV-based estimated electrical
rotor position as follows:

tan−1(
−Diβ
Diα

) = 2θe (41)

4.2. Space-Vector Extension And Compensation

The current deviation is used to estimate the position and is discussed in this section. To obtain
the current deviation, two different currents are sampled for each switching state, and then the
current deviation can be computed. In the real world, the time interval between the two-sampling
intervals should be large enough to obtain an accurate current deviation. However, some turn-on
or turn-off intervals are reduced as the motor speed increases. In addition, the switching interval is
also varied when the voltage vector moves to different positions. To solve this issue, an extension
with a compensation method is used [13]. When the digital signal processor (DSP) detects that the
time interval of the switching state is too short, an extension time is automatically provided to make
the switching time maintain a minimum required switching time, Tmin. In this paper, the minimum
required switching time interval Tmin is set as 20 μs.

However, the extension time of the switching state causes DC bias and harmonics. Therefore,
a compensation time of the whole switching interval is required. Figure 4a,b show the space-vector
pulse width modulation (SVPWM) switching states used in this paper. In each switching interval,
which is 100 μs, three switching states are generated. Figure 4a shows the T1 switching state when it is
too short. When this occurs, the switching state “100” is extended, and its complementary state “011”
is compensated for at the end because the voltage in the whole-time interval Ts should be balanced.
As a result, the DC bias is reduced to zero, and the ac harmonics are compensated. Figure 4b shows
the T2 switching state when it is too short. When this occurs, the switching state “110” is extended.
Then, “001” is compensated for at the end of the entire switching interval Ts.
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Figure 4. Space-vector pulse width modulation extension and compensation. (a) T1 voltage vector;
(b) T2 voltage vector.

5. Current Deviation Detection Technique

In this paper, the current deviation is used to estimate the position of IPMSM. As a result,
the precise detection of the current deviation at AVV and ZVV is very important. As one can observe
in the waveform, shown in Figure 5, the current deviation is obtained for every sampling time, Ts. The
current spike can be avoided by carefully selecting the sampling instance. The first current sampling
instance of each switching state is delayed 10 μs after the power device turns on. The second current
sampling instance is 5 μs before the next switching state occurs. After that, the current deviation
can be computed by subtracting the second captured current with the first captured current over the
time difference.

t

aS

bS

cS

t

t

 

Figure 5. The modulation of inverter and current sampling waveform.

The current deviation can be precisely obtained since the time period of AVV is extended if it is
too narrow when the motor is operated at middle- and high-speeds. The current-deviation of the ZVV
can be obtained because of the large duty cycle of the ZVV when the motor is operated at a standstill
and low-speed ranges.
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6. Linear Transition from Standstill and Low-Speed to High-Speed

A linear transferring method between the ZVV and AVV algorithms is displayed in Figure 6.
This linear transition method is easy to implement and can achieve better performance than other
advanced transition methods, such as fuzzy logic methods. Even though fuzzy logic methods have
better performance and faster responses, they need more complex computations [24]. A lower bound
transition speed, which is 60 rpm, is defined as ωs1. In addition, a higher bound transition speed,
which is 100 rpm, is defined as ωs2. A weighting factor β is utilized in the subsequent equations:

θ̂e = βθ̂zvv + (1− β)θ̂avv (42)

and
ω̂e = βω̂zvv + (1− β)ω̂avv (43)

e eθ ω

β β−

sω sω eω
 

Figure 6. The linear transfer between ZVV current deviation and active voltage vector (AVV)
current deviation.

The weighting factor β in (42) and (43) is defined as follows:

β =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
1

ωs2−ω̂e
ωs2−ωs1

0

, when ω̂e ≤ ωs1

, when ωs1 < ω̂e < ωs2

, when ω̂e ≥ ωs2

(44)

where θ̂zvv and θ̂avv are the estimated positions by using the ZVV and the AVV algorithms, respectively.
The ω̂ zvv and ω̂ avv are the estimated speeds after using the ZVV and AVV algorithms. By using this
method, the estimated positions and estimated speeds can be accurately obtained.

7. Predictive Speed Controller Design

Predictive controllers have been applied in chemical process industries, robotic controls, and other
multivariable systems [25–27]. Recently, predictive controllers have been successfully employed in
motor drives and power electronics [28–30]. A predictive speed controller is designed to improve the
responses of the drive systems. By omitting the external load TL from (3), when the d-axis is zero, it is
possible to derive the transfer function Gp(s) of the IPMSM, which is shown in Figure 7, as follows:

Gp(s) =
ωm(s)
iq(s)

=
Kt/Jt

s + (Bt/Jt)
(45)

By inserting a zero-order hold device and taking the z-transformation, one can obtain

Gp(z) =
ωm(z)
iq(z)

=
Kt

Bt

(1− e−
Bt
Jt

Ts)

(z− e−
Bt
Jt

Ts)

(46)
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Figure 7. Block diagram of the proposed speed-loop predictive controller.

From (46), it is straightforward to derive the speed prediction as

ωm(n + 1) = asωm(n) + bsiq(n) (47)

where

as = e−
Bt
Jt

Ts (48)

and
bs =

Kt

Bt
(1− e−

Bt
Jt

Ts) (49)

The predictive speed equation is shown as

	
ωm(n + 1) = asωm(n) + bsiqp

∗(n)
= asωm(n) + bsiqp(n− 1) + bsΔiq∗(n)

(50)

The performance index can be defined as [28–30]

Jp(n) = α
[	
ωm(n + 1) −ωm

∗(n + 1)
]2
+
[
Δiq∗(n)

]2
(51)

After taking ∂Jp(n)/∂Δiq∗(n) = 0, one can obtain

2αbs
[
asωm(n) + bs

(
iqp(n− 1) + Δiq∗(n)

)
−ωm

∗(n + 1)
]
+ 2Δiq∗(n) = 0 (52)

Next, one can obtain

Δiq∗(n) =
αbs

αbs2 + 1

[
ωm
∗(n + 1) − asωm(n) − bsiqp(n− 1)

]
(53)

and
k =

αbs

αbs2 + 1
(54)

Finally, the q-axis current command is

iqp
∗(n) = iqp(n− 1) + Δiq∗(n) (55)

Load disturbance compensation is shown in Figure 7. By computing the difference between kti∗q(n) and
Jt(Δωm/Δt) + Btωm, the estimated mechanical load can be obtained. Next, the external load T̂m(n)
is estimated by using a low-pass filter. After that, the compensation current iqc(n) can be obtained.
Finally, the q-axis current command iq∗(n), which is the summation of the iqp

∗(n) and the compensation
current iqc(n), can be computed, shown in Figure 7.
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8. Implementation

The implemented circuit of the sensorless IPMSM drive system is discussed here. Figure 8a
demonstrates the closed-loop block diagram of the implemented drive system. The digital signal
processor (DSP) executes the position estimation and predictive control algorithms. As a result, the DSP
is the control center of the IPMSM drive system. Figure 8b displays the implemented circuit, including
an inverter, a 3-phase driving circuit, a DSP, two A/D converters, and two Hall-effect current sensing
circuits. Figure 8c demonstrates the drive system with a dynamometer, which is driven by a DC
permanent magnet motor to equip the external load. By suitably adjusting the input voltage of the
DC motor, a varied load can be obtained. The IPMSM is an 8-pole, 7.7 A, 2000 rpm, 2 kW IPMSM.
The motor has the following parameters: stator resistance = 0.32 Ω, d-axis self-inductance = 0.0049 H,
q-axis self-inductance = 0.0078 H, flux linkage = 0.16 V.s/rad, inertia = 0.00455 kg-m2, viscous coefficient
= 0.003 N.m.s/rad, switching frequency of the inverter = 10 kHz, DC bus voltage = 300 V, current-loop
sampling interval = 100 μs, and the speed-loop sampling interval = 1 ms.
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cS +

aS −
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dcV
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bS +

cS +
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bS −
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ai bi
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(a) 

 
(b) 

 
(c) 

Figure 8. Implemented system. (a) block diagram; (b) circuit; (c) dynamometer.

9. Experimental Results

To verify the theoretical analysis, several measured results are demonstrated in this section.
The speed-loop PI controller is designed by a pole assignment technique. Figure 9 demonstrates the
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relation between the q-axis current deviations and estimated position errors at 0 rpm. When the d-axis
current is too low, the amplitude of the q-axis current deviation is also very low. In order to enhance the
amplitude of the current deviation to reduce the estimated rotor position error, a higher d-axis current
is selected for the rotor position estimation at a standstill condition. From Figure 9, the relationship
between the q-axis current deviation and the estimated position error is nearly a sinusoidal curve.
In addition, the current deviation slope and the estimated position error have the same polarity.
Therefore, it is reasonable to use the q-axis current deviation slope to estimate the position, as explained
in Section 3. Figure 10a demonstrates the estimated and real positions, and they are similar. However,
the estimated rotor position varies above and below the real positions. Figure 10b demonstrates
the estimated and real speeds at 5 rpm. Both of them have obvious speed ripples, which are near
±1 rpm. In addition, the speed computed from rotor estimation has larger speed ripples than the speed
measured by an encoder, which provides more accurate speed information. Figure 10c demonstrates
the estimated position error with only nearby ±2 electrical degrees. This result shows that the estimated
d-axis moves above and below the real d-axis. Figure 11a demonstrates the rotor speed and estimated
speed at 0 rpm under an 11 N·m external load. According to this figure, the estimated speed follows
the real speed well, even though a heavy load is added. However, the estimated speed has a larger
speed ripples than the speed obtained from the encoder. Figure 11b demonstrates the estimated and
real positions using an encoder. Both of them finally reach 0 electrical degrees at steady-states, at which
the motor provides maximum holding torque. Figure 11c shows the position error at 0 rpm under
an 11 N·m load. The estimated error is at a near −2 degrees at no load; however, it reaches 2 degrees
under an 11 N·m load. According to Figure 11a–c, one can conclude that the proposed method can
provide a high-performance speed control at a standstill with a heavy load.

di = −

di = −

 

Figure 9. Measured q-axis current deviations to estimated position errors.

Figure 12a,b show the comparison of the a-phase output current of the hysteresis current control
and the proposed extension and compensation SVPWM when the motor is running at 600 rpm under a
1.5 N·m external load. As we can observe, the output current with the proposed method provides
lower current harmonics than the hysteresis current control method. The major reason is that hysteresis
control uses an infinite gain for a current-loop and then creates high current harmonics. Figure 13a
shows the a-phase current and its related sampling signal. The current is detected twice for each
switching interval in order to compute the current deviation. Figure 13b shows the extended and
compensated SVPWM switching states. In that figure, it can be seen that the sampling interval Ts is
100 μs. The first and second applied voltage vectors are “110” and “010” and are both less than 20 μs.
Therefore, these voltage vectors need to be extended at the first stage and then be compensated for at
the next stage. Besides that, the switching time for the zero voltage vector reaches 20 μs, and it does
not need to be extended. The extended voltage vectors “110” and “010” also need to be compensated
for in the opposite direction, which is “001” and “101”, to keep the total time of switching states from
changing. Hence, the compensation for switching states “001” and “101” are performed before the end

60



Energies 2020, 13, 4431

of the switching interval Ts. Figure 13c shows the related switching points (broken lines) and sampling
points (solid lines). As can be observed, two current sampling points are required for the AVV “110”
and “010” and the ZVV “000”.
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Figure 10. Measured 5 rpm responses. (a) estimated and real positions; (b) estimated and real speeds;
(c) estimated position errors.

Figure 14a–d show the α and β current responses using the AVV and ZVV algorithms at 60 rpm
under a 2 N·m load. Figure 14a shows the iα and iβ using the AVV and the blue line is iα and the red line
is iβ. Figure 14b shows the iα and iβ using the ZVV and the blue line is iα and the red line is iβ. As we can
observe, at low speeds, the ZVV performs better than the AVV with fewer current ripples and current
distortions. The reason is that the ZVV uses a lot of zero vectors, but the AVV does not. In addition,
the αβ trajectory for the ZVV is closer to a circle. This is why the ZVV is employed for low-speed
ranges. Figure 15a–c illustrate the transitional responses from the ZVV algorithm to the AVV algorithm.
Figure 15a shows the estimated and real speeds at about 150 rpm. According to the transition rules in
Equations (48)–(50), when the speed is below 60 rpm, the ZVV estimation algorithm is used. However,
when the motor is at more than 100 rpm, the AVV rotor estimation algorithm is used. If the speeds are
between those two limitations, a weighting factor is considered, which allows the two estimators to
transition smoothly to obtain estimated speeds and positions. Figure 15b compares the estimated and
real positions, and they are close at a standstill and low-speed ranges. Moreover, during the transitional
interval, the estimated and real positions can provide smooth transient responses to demonstrate
that the proposed method is practical and useful. Figure 15c demonstrates the estimated position
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errors. The errors are near six electrical degrees during transitional intervals and then are reduced
to two electrical degrees at steady-states. Figure 16a demonstrates the reverse speed responses from
600 rpm to −600 rpm by using a predictive controller. Figure 16b demonstrates the real and estimated
position responses, and both of them are similar. The results show that the proposed rotor position
estimator can track the real position very well in transient responses and at steady-states. Figure 16c
demonstrates the measured estimated rotor position errors, which are near ±4 electrical degrees during
the transient responses. The estimated motor position errors in these transient responses are larger
than the estimated rotor position errors at a steady-state.
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Figure 11. Measured waveforms at 0 rpm and 11 N-m load. (a) speeds; (b) positions; (c) estimated
position errors.
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Figure 12. Measured phase current at 600 rpm and 1.5 N-m external load. (a) hysteresis current control;
(b) proposed SVPWM.
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Figure 13. Measured waveforms. (a) a-phase current and its sampling points; (b) SVPWM; (c) sampling
and switching points.
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Figure 14. Measured current waveforms at 60 rpm and 2 N-m load. (a) axis current using AVV; (b) axis
current using ZVV; (c) axis trajectory using AVV; (d) axis trajectory using ZVV.
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Figure 15. Measured responses during transition intervals. (a) speeds; (b) positions; (c) position
estimated errors.
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Figure 16. Measured responses from 0 rpm to 600 rpm to−600 rpm. (a) speeds; (b) positions; (c) position
estimated errors.

Figure 17a,b show the measured responses of the drive system with different values of external
loads. Figure 17a shows the responses when a 1 N·m load is added. As we can observe, the estimated
rotor position and estimated rotor speed can follow measured rotor position and rotor speed well.
The position error is only ±2 electrical degrees. Figure 17b shows the responses when a 4 N·m load is
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added, and the estimated position error is near ±3 electrical degrees. Based on these experimental
results, the performance of the sensorless drive system can work well at 1 N·m load and 4 N·m load.
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Figure 17. Measured responses of different loads at 600 rpm. (a) 1 N·m; (b) 4 N·m.

Figure 18a demonstrates a comparison of the speed responses by using different controllers. The PI
controller has near 10% overshoot, which requires 0.3 s to reach a steady-state. However, the predictive
controller only has a 3% overshoot and can reach a steady-state quickly. Figure 18b demonstrates
the load disturbance responses at 600 rpm with a 2 N·m load. The PI controller drops by 150 rpm,
but the predictive controller drops by only 60 rpm. In addition, the predictive controller has a quicker
recovery time than the PI controller. Figure 18c demonstrates the step-input responses at different
speeds by using the proposed predictive controller. All of them are linear responses. The reason is that
the predictive controller uses more state variables than the PI controller. This demonstrates that the
proposed drive system has wide and adjustable ranges, which include different speed ranges.
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Figure 18. Measured responses at different speeds. (a) 600 rpm transient responses; (b) 600 rpm 2 N·m
load responses; (c) different speed responses.

10. Conclusions

A sensorless DSP-based IPMSM drive system using current deviation detection is implemented
in this paper. The ZVV rotor estimating method, which is very suitable for IPMSMs operating at
zero-speeds and low-speeds, is originally investigated. Experimental results show that this ZVV
estimating method can achieve high-performance sensorless speed control at zero-speed under full
load conditions. In addition, a linear combination method, which is the simplest method to combine a
ZVV algorithm and an AVV algorithm, is also proposed in this paper. As a result, the IPMSM drive
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system can be operated from 0 r/min to 3000 r/min. This linear combination method is more easily
implemented than fuzzy-logic combination methods.
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Abstract: Owing to some nonlinear characteristics in the permanent-magnet synchronous motor (SM),
such as nonlinear friction, cogging torque, wind stray torque, external load torque, and unmodeled
systems, fine control performances cannot be accomplished by utilizing the general linear controllers.
Thereby, the backstepping approach adopting three adaptive rules and a swapping function is
brought forward for controlling the rotor motion in the permanent-magnet SM drive system to reduce
nonlinear uncertainties effects. To improve the chattering phenomenon, the backstepping control
with three adaptive rules using a revised recurring sieved Pollaczek polynomials neural network
(RRSPPNN) with reformed grey wolf optimization (RGWO) and a recouped controller is proposed to
estimate the internal collection and external collection torque uncertainties, and to recoup the smallest
fabricated error of the appraised rule. In the light of the Lyapunov stability, the on-line parametric
training method of the RRSPPNN can be derived through an adaptive rule. Furthermore, to obtain a
beneficial learning rate and improve the convergence of the weights, the RGWO algorithm adopting
two exponential-functional adjustable factors is applied to adjust the two learning rates of the weights.
Then, the efficiency of the used controller is validated by test results.

Keywords: backstepping control; Lyapunov stability theorem; grey wolf optimization; permanent-magnet
synchronous motor; Sieved-Pollaczek polynomials neural network

1. Introduction

The permanent-magnet synchronous motors (SMs) [1] with many merits are superior to the
switched reluctance motors (SRMs) and induction motors (IMs). The permanent-magnet SMs [2] can
offer higher efficiency, higher power density, lower power loss, and higher robustness in comparsion
with the SRMs and the IMs at the same volume. The permanent-magnet SMs have mostly adopted
the field-oriented control technique owing to their easy implementation. Thereby, output torque
can result in lower ripple torque in comparison with the SRMs and IMs at the same output torque.
On the other hand, the permanent-magnet SMs controlled by field-oriented control [1,2], which can
achieve fast four-quadrant operation, are much less sensitive to the parameter variations of the
motor. Therefore, they have been widely used in many industrial applications such as robotics [1],
computer numerical control (CNC) tools [2], and other mechatronics [3].

The backstepping designs [4] are befitting for a large type of linearizable nonlinear systems.
Each backstepping phase can produce a novel fictitious-control design denoted by previous design
phases. When the procedure ends, a feedback design can achieve the primitive design aim by utilizing
the last Lyapunov function that made up by adding into the Lyapunov functions regarding all individual
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design phases [4]. Moreover, the backstepping control with an adaptive law has been applied in
a microgyroscope [5], automatic train operation [6], aircraft flight control [7], power switcher [8],
and synchronous generator [9]. Further, the backstepping control by using the modified recurrent
Rogers–Szego polynomials neural network with decorated gray wolf optimization (DGWO) has been
used in the permanent-magnet synchronous linear motor drive system [10]. The recouped mechanisms
in these methods were absent for the estimated uncertainty. Therefore, the main aim of this paper is to
improve control performances by using the proposed backstepping control with three adaptive rules
using a revised recurring sieved Pollaczek polynomials neural network (RRSPPNN) with reformed
grey wolf optimization (RGWO) and recouped controller.

Neural networks (NNs) have better approximation behavior in modeling [11], identification [12]
and control [13] of systems. These NNs were the feedforward network structures with static mapping
functions. They may not exactly respond the dynamic behavior in real time because of absent feedback
loop. The recurrent NNs with feedback loop have been broadly used in the prediction of photovoltaic
power output [14], an accurate electricity spot price prediction scheme [15], a photovoltaic power
forecasting approach [16], and an adaptive energy management control [17] as result of higher
certification and finer control performance. The primary significant property of the recurrent NN is to
recollect feedback message of the foretime effect in the same neuron via its self-link. Moreover, in the
general recurrent NNs, the specific self-link feedback of the hidden neuron or output neuron is in charge
of recollecting the designated preceding activation of the hidden neuron or output neuron and provender
to itself only. Therefore, the outputs of the other neurons have no capacity to infect the designated neuron.
However, in a complex nonlinear dynamic system such as the permanent-magnet SM with nonlinear
wind stray torque, flux saturation torque, cogging torque, external load torque, and interference of
time-varying uncertainties, in general, seriously effect system performances. Hence, if each neuron in the
recurring neural networks is considered as a state in the nonlinear dynamic systems, the self-connection
feedback type is unable to approximate the dynamic systems efficiently. Due to the recurring neurons,
it has certain dynamical merits over static NN and it also has been proverbially applied in photovoltaic
power forecasting and electricity spot price prediction. However, these NNs take a longer time
to process the online training procedure. Hence, some functional-type NNs, such as the amended
recurrent Gegenbauer-functional-expansions NN [18], reformed recurrent Hermite polynomial NN [19],
and mended recurrent Romanovski polynomials NN [20], have been broadly applied in the control and
identification of nonlinear systems as a result of less calculation complexity. However, the adjustment
mechanics of weights were not discussed in these control methods that combined with NNs. It is leads
to larger error in control and identification for system. Moreover, the sieved Pollaczek polynomials [21]
belong to the sieved orthogonal polynomials, according to Ismail [21]. However, the sieved Pollaczek
polynomials combined with the NN have never presented in any control of nonlinear systems.
Although the feedforward sieved Pollaczek polynomials neural network (SPPNN) can approximate
nonlinear function, it may not be an approximated dynamic act of nonlinear uncertainties as a result of
lacking a reflect loop. Because of the many benefits compared to the feedforward SPPNN, the revised
recurring sieved Pollaczek polynomials neural network (RRSPPNN) control is not introduced yet for
controlling the permanent-magnet SM drive system to improve the performances of the nonlinear
system and computation complexity. However, the backstepping technique utilizing the RRSPPNN
with error recouped agency to decrease uncertainties is thus the main motivation in this topic.
Additionally, these learning rates, by utilizing acceleration factors, did not present that the convergent
speed of weights is tardy.

A multi-objective grey wolf optimization (GWO) proposed by Emary et al. [22] was used to attribute
the reduction of system. A GWO and conventional NN training method proposed by Mosavi et al. [23]
was used in a sonar dataset category. Khandelwal et al. [24] proposed to track the programming question
of transmitting network by utilizing the modified GWO. Mirjalili et al. [25] put forward a hunting
mechanism of GWO to mimic the social behavior. Even though these algorithms are highly competitive
and have been used in certain fields, such as distribution system [26], melanoma detection [27],
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and feature selection in classification [28], they have poor exploration capability and suffer from local
optima stagnation. So, to improve the explorative abilities of GWO, a reformed grey wolf optimization
(RGWO) algorithm adopting two exponential-functional adjustable factors is put forward as the novel
method in this paper. This newly proposed algorithm makes up two revisions: Firstly, it can explore
new regions in the look for space because of diverse locations assigned to the leaders. This can increase
the exploration and avoid local perfect stagnation problem. Secondly, an opposition-based learning
method has been used in the initial half of iterations to provide diversity among the search agents.
To speed up the convergence of weights in the RRSPPNN, the RGWO with two exponential-functional
adjustable factors, that is the novel method, is used to adjust the two learning rates of the weights.
This novel method can prevent premature convergence and to acquire optimal learning rates with
fast convergence.

The better control performance of the permanent-magnet SM drive system cannot be reached
by utilizing the linear controller due to the influences of these uncertainties. To heighten robustness,
the backstepping approach with three adaptive rules and a swapping function is proposed to
control the permanent-magnet SM drive system to trace different periodical references. With the
backstepping approach with three adaptive rules and a swapping function, the rotor position of the
permanent-magnet SM drive system preserves the merits of fine transient control performance and
robustness to uncertainties for the tracedifferent periodical references. Moreover, to improve the
large chattering influence under uncertainties, the backstepping control with three adaptive rules by
utilizing RRSPPNN with RGWO is proposed to estimate the internal bunched uncertainty and external
bunched force uncertainty and the recouped controller to recoup the smallest fabricated error of the
appraised rule.

Furthermore, the RGWO algorithm by using two exponential-functional adjustable factors that is
applied for regulating two learning rates of the weights in the RRSPPNN is a novel method to speed up
the convergence of weights in this paper. Finally, the efficiency of the backstepping control with three
adaptive rules using RRSPPNN with RGWO and recouped controller is validated by some test results.

The important issue in this paper is described below. Section 2 presents the models and
conformation of the permanent-magnet SM drive. Section 3 describes the backstepping control with
three adaptive rules using RRSPPNN with RGWO and the recouped controller. Section 4 is the
examination consequences for the permanent-magnet SM utilizing three control methods at five tested
events. Section 5 is the conclusion.

2. Models and Conformation of Permanent-Magnet SM Drive

2.1. Models of Permanent-Magnet SM

For simplicity, in the three-phase as − bs − cs axis coordinate frames via the Clarke and Park
transformations, the voltage equations in the coordinate frames transformation from the three-phase
as− bs− cs axis to the qs− ds axis in the permanent-magnet SM [1] are typified by

uqs = rsiqs + Lqsdiqs/dt +ωes(Ldsids + λps) (1)

uds = rsids + (Ldsdids/dt + λps) −ωesLqsiqs (2)

ωes = psωr1 (3)

θes = psθr1 (4)

The electromagnetic power Pes in the air gap as well as the electromagnetic torque de1 [1] can be
typified by:

Pes = de1ωes = 3ps[λpsiqs + (Lds − Lqs)idsiqs]ωes/2 (5)

de1 = 3ps[λpsiqs + (Lds − Lqs)idsiqs]/2 (6)
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The dynamic equation can be typified by:

Hsdωr1/dt + Usωr1 = de1 − dl1 − dw1 − d f 1 − dc1 (7)

where uds − uqs, ids − iqs and Lds − Lqs stand for the qs− ds axis voltages, the qs− ds axis currents, and the
qs− ds axis inductances; rs and ps stand for the phase winding resistance and the number of pole pairs;
λps, ωes, and ωr1 stand for the permanent-magnet flux linkage, the electric angular speed, and the
angular speed of the rotor; θes and θr1 stand for the electrical angular position and the mechanical
angular position of the rotor; de1, dl1, d f 1, dc1, and dw1 stand for the electromagnetic torque, the external
load torque, the flux saturation torque, the cogging torque, and the wind stray torque; Hs and Us stand
for total moment of inertia of permanent-magnet SM and the total viscous frictional coefficient of
permanent-magnet SM.

2.2. Conformation of Permanent-Magnet SM Drive

The decoupled control technology of the permanent-magnet SM drive system is general adopting
the field-oriented control (FOC) [1,2] to raise dynamic performance. The electromagnetic torque is
produced by the qs− axis current based on the FOC and the rotor flux is generated by the ds− axis
current only. When ids is equal to zero and λps is equal to a constant in Equations (5) and (6), then the
electromagnetic torque de1 will be direct ratio to iqs for a permanent-magnet SM drive in the closed-loop
control. When the generated torque is linearly direct ratio to the qs− axis current, and the ds− axis
rotor flux is a fixed value, the larger torque per ampere can be reached. The electromagnetic torque
Equation (6) can be typified by

de1 = 3λpsi∗qs/2 = ksi∗qs (8)

where ks = 3psλps/2 stands for the propulsion coefficient and i∗qs stands for the mandate of control
current. The permanent-magnet SM drive system can be predigested as Wt(s) = 1/(sHs + Us).

Figure 1 is the conformation of FOC permanent-magnet SM drive system, which makes up
an encoder and three Hall sensors, a permanent-magnet SM, a sinusoidal pulse-width-modulation
(SPWM) current control, a coordinate transformation including inverse Park and Clarke coordinate’s
transformations, cos/sin generator, a speed control loop and a position control loop. The control
technologies in the real-time realization are realized by utilizing the digital signal processor (DSP)
controller. Rotor of permanent-magnet SM is equipped on magnet force brake that is mounted with
different sizes of iron disks to change the total moment of inertia and the total viscous frictional
coefficient, and to add load torque.

The FOC was realized by a digital signal processor (DSP) controller. The nominal values of used
permanent-magnet SM are given as 3-phase, 2-poles, 60 Hz, 220 V, 1 kW, 2.8 A, and 3600 r/min. For the
convenience of controller design, the position and speed signals in the control loop are set at 1 V= 50 rad
and 1 V = 50 rad/s, respectively. The mechanical and electrical parameters of the permanent-magnet
SM are given as Hs = 2.142 × 10−3 Nm sec2 = 0.1071 Nm sec rad/V, Us = 5.86 × 10−3 Nms/rad
= 0.293 Nm/V, rs = 2.5 Ω, Lds = Lqs = 4.62 mH, ks = 0.947 Nm/A by means of an open circuit
test, short circuit test, blocked rotor test, and added load test. With the fulfillment of FOC [1–3],
the permanent-magnet SM drive system can be predigested as the control block diagram portrayed
in Figure 2. The perfect electromagnetic property for the drive system is hence implemented by
controlling the torque current distributions to lie in the qs− axis current when the d-axis current is
equal to zero. Then, the torque per amp property for the drive system will generate.
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Figure 1. Conformation of FOC permanent-magnet SM drive system with DSP controller.

 

Figure 2. Predigested controller with control block diagram.
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3. Design of the Controller

When the permanent-magnet SM drive system with the electromagnetic torque, the wind stray
torque, the flux saturation torque, the cogging torque, the parametric variations, and the external load
torque disturbance is enacted, then Equation (7) is typified by

dvs/dt = (es + Δes)vs + ( fs + Δ fs)ls + gs(dl1 + dw1 + d f 1 + dc1) (9)

dθr1/dt = ωr1 = vs (10)

bs = θr1 (11)

where θr1 and vs stand for the rotor position and rotor speed of the SM to be presumed bounded; Δes and
Δ fs stand for two parametric uncertainties from Hs and Us to be presumed bounded; es = −Us/Hs;
fs = ks/Hs > 0; gs = −1/Hs stand for three real numbers to be presumed bounded; ls = iqs is the
control propulsion of the permanent-magnet SM drive system, i.e., the propulsion current. Equation (9)
can be typified by

dvs/dt = esvs + fsls + dl1 + dw1 + d f 1 + dc1 (12)

where w1 = Δesvs and w2 = Δ fsds stand for two parametric variation that are to be presumed bounded;
w3 = gs(d f 1 + dc1) and w4 = gs(dl1 + dw1) stand for the internal bunched uncertainty and external
bunched force uncertainty to be presumed bounded.

The trace reference locus bm = θm1 is the control goal. The design procedure is as below.
The trace error is typified by

em1 = bm − bs = θm1 − θr1 (13)

Take differential of (13) by

dem1/dt = dθm1/dt− dθr1/dt = dθm1/dt− vs (14)

The stabilizing function is typified by:

εm1 = km1em1 + dθm1/dt + km2μm (15)

where km1 and km2 stand for two positive constants; μm =
∫

em1(t)dt stands for the integral factor.
The fictitious trace error is typified by:

em2 = vs − εm1 (16)

Take the differential of (16) by

dem2/dt = dvs/dt− dεm1/dt = (esvs + fsls + w1 + w2 + w3 + w4) − dεm1/dt (17)

where w1, w2, and w3 stand for three unknown parameters. The estimated errors are typified by

ew1 = ŵ1 −w1 (18)

ew2 = ŵ2 −w2 (19)

ew3 = ŵ3 −w3 (20)

where ew1, ew2, and ew3 are the estimated errors; ŵ1, ŵ2, and ŵ3 are the estimated values of w1, w2 and
w3. The internal bunched uncertainty and external bunched force uncertainty w4 satisfies the condition
|w4| ≤ β1 and is to be presumed bounded.
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3.1. Design of the Backstepping Control with Three Adaptive Rules and a Swapping Function

So, to design the backstepping control with three adaptive rules and a swapping function,
the Lyapunov function can be typified by:

ym1 = e2
m1/2 + e2

m2/2 + e2
w1/(2ς1) + e2

w2/(2ς2) + e2
w3/(2ς3) + cm2μ

2
m/2 (21)

By taking the differential of ym1 and by utilizing Equations (14)–(20) and the integral factor
μm =

∫
em1(t)dt, Equation (21) can be typified by

dym1/dt = em1dem1/dt + em2dem2/dt + ew1ς
−1
1 dew1/dt + ew2ς

−1
2 dew2/dt

+ew3ς
−1
3 dew3/dt + km2μmdμm/dt

= em1(dθm1/dt− vs) + em2((esvs + fsls + w1 + w2 + w3 + w4) − dεm1/dt)
+ew1ς

−1
1 dew1/dt + ew2ς

−1
2 dew2/dt + ew3ς

−1
3 dew3/dt + km2μmdμm/dt

= em1(−km1em1 + εm1 − vs) + em2(esvs + fsls + w1 + w2 + w3 + w4) − dεm1/dt) + ew1ς
−1
1 dew1/dt

+ew2ς
−1
2 dew2/dt + ew3ς

−1
3 dew3/dt + km2μmdμm/dt

= em1(−km1em1 − em2) + em2(esvs + fsls + w4 − dεm1/dt) + ŵ1ς
−1
1 dŵ1/dt + (em2w1 −w1ς

−1
1 dŵ1/dt)

+ŵ2ς
−1
1 dŵ2/dt + (em2w2 −w2ς

−1
1 dŵ2/dt) + ŵ3ς

−1
1 dŵ3/dt + (em2w3 −w3ς

−1
1 dŵ3/dt)

(22)
In accordance with Equation (22), the control propulsion ls in the backstepping control with three

adaptive rules and a swapping function can be typified by

ls = i∗qs = f−1
s [em1 − km3em2 − esvs + dεm1/dt− β1sgn(em2) − (ŵ1 + ŵ2 + ŵ3)] (23)

where km3 stands for a positive constant; β1 stands for upper bound that is a constant, and f−1
s β1sgn(em2)

stands for a swapping function. By utilizing Equation (23), Equation (22) can be typified by:

dym1/dt = −km1e2
m1 − cm3e2

m2 − em2[β1sgn (em2) −w4] − em2[ŵ1 + ŵ2 + ŵ3] + ŵ1ς
−1
1 dŵ1/dt

+w1(em2 − ς−1
1 dŵ1/dt) + ŵ2ς

−1
1 dŵ2/dt + w2(em2 − ς−1

1 dŵ2/dt) + ŵ3ς
−1
1 dŵ3/dt + w3(em2 − ς−1

1 dŵ3/dt)
(24)

For reaching dym1(t)/dt ≤ 0, three adaptive rules dŵ1/dt, dŵ2/dt, and dŵ3/dt can be typified by

dŵ1/dt = ς1em2 (25)

dŵ2/dt = ς2em2 (26)

dŵ3/dt = ς3em2 (27)

By utilizing Equations (25)–(27), and |w4| ≤ β1, then Equation (24) can be typified by

dym1/dt = −km1e2
m1 − km3e2

m2 − em2[β1sgn (em2) −w4]

≤ −km1e2
m1 − km3e2

m2 − |em2|[β1 − |w|]
≤ −km1e2

m1 − km3e2
m2 ≤ 0

(28)

Equation (28) shows dym1(t)/dt to be negative semi-definite (i.e., ym1(t) ≤ ym1(0)), meaning that
em1 and em2 are bounded. The following term is typified by

hm1(t) = km1e2
m1 + km3 e2

m2 = −dqm1/dt (29)

The integration of Equation (29) is typified by:

∫ t

0
hm1(v)dv = qm1(em1(0), em2(0)) − qm1(em1(t), em2(t)) (30)
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Because qm1(em1(0), em2(0)) is bounded and qm2(em1(t), em2(t)) is nonincreasing and presumed
bounded, then lim

t→∞
∫ t

0 qm1(v)dτ < ∞. Moreover, dhm1(t)/dt is presumed bounded, hence hm1(t) is a

uniformly continuous function. By utilizing the Barbalat’s lemma [29,30], it can be portrayed that
lim
t→∞hm1(t) = 0. That is, em1 and em2 will converge to zero when t→∞ . Furthermore, lim

t→∞θr1(t) = θm1

and lim
t→∞vs = dθm1/dt. The stability of the backstepping control with three adaptive rules and a

swapping function can be guaranteed, and consequently, the control block diagram is portrayed in
Figure 3.

Figure 3. Block diagram by using the backstepping control with three adaptive rules and a
swapping function.

3.2. Design of the Backstepping Control with Three Adaptive Rules Using RRSPPNN with RGWO and
Recouped Controller

Because the internal bunched uncertainty and external bunched force uncertainty w4 is unknown,
and its upper bound is troublesome to be decided. The appraised value ŵ4 of the internal bunched
uncertainty and external bunched force uncertainty w4 is not easy to be estimated, and consequently,
the revised recurring sieved Pollaczek polynomials neural network (RRSPPNN) is proposed to adapt
the real value of the internal bunched uncertainty and external bunched force uncertainty w4.

3.2.1. Constitution of RRSPPNN

The RRSPPNN has a three-layer constitution, with the first layer (input layer), the second layer
(hidden layer 1), and the third layer (output layer) portrayed in Figure 4. The semaphore intentions in
each node for each layer are explained in the following expression.
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Figure 4. Constitution of the RRRSPNN.

At the first layer, input semaphore and output semaphore are typified by

ne1
a =

∏
c

q1
a(B)b

1
aco

3
c (B− 1), o1

a = g1
a(ne1

a) = ne1
a , a = 1, 2 (31)

where q1
1 = θm1 − θr1 = em1 and q1

2 = em1(1− z−1) = Δem1 stand for the speed discrepancy and speed
discrepancy alteration, respectively. B is the iteration count. b1

ac stands for the recurring weight through
the third layer and the first layer. o3

c stands for the output of node at the third layer. The symbol
∏

stands for a multiply factor.
At the second layer, input semaphore and output semaphore are typified by

ne2
b(B) =

2∑
a=1

o1
a(B) + δ o2

b(B− 1), o2
b = g2

b(ne2
b) = SPλb (ne2

b ; q), b = 0, 1, · · · , m− 1 (32)

where δ stands for the recurring gain at the second layer. Sieved-Pollaczek polynomials function [21,31]
is adopted as the activation function. SPλj (q; t) stands for the sieved Pollaczek polynomials in the

interval [−1, 1]. SPλ0 (q; t) = 1, SPλ1 (q; t) = 2q and SPλ2 (q; t) = 4q2 − 1 stand for the zero-order, first order
and second order sieved Pollaczek polynomials, respectively. The sieved Pollaczek polynomials may
be generated by the recurrence relation [21,31] SPλn+1(q; t) = 2qSPλn(q; t) − SPλn−1(q; t). The symbol

∑
stands for a summation factor.

At the third layer, semaphore and output semaphore are typified by

ne 3
o =

m−1∑
b=0

b2
cbo2

b(B), o3
c = g3

c (ne3
c ) = ne3

c , c = 1 (33)

where b2
cb stands for the connecting weight through the second layer and the third layer. g3

c stands for
the linear activation function. The output o3

c (B) at the third layer of the RRSPPNN can be typified by:

o3
c (B) = ŵ4(M) = MTT (34)

where M =
[

b2
10 · · · b2

1, m−1

]T
and T =

[
o2

0 · · · o2
m−1

] T
stands for the weight vector at the third

layer and the input vector at the third layer, respectively. The smallest fabricated error ϕw4 is typified by

ϕ w = w4 −w4(M
∗) = w4 − (M∗)TT (35)
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where M∗ stands for an ideal weight vector that reaches the smallest fabricated error. So as to make
up the smallest fabricated error ϕw, the recouped controller xc with an appraised rule is proposed.
It is presumed that the small positive number ew4 stands for greater than absolute value of ϕw,
i.e., ew4 ≥

∣∣∣ϕw
∣∣∣. The Lyapunov function is typified by

ym2 = ym1 + (̃ew4)
2/(2σ1) + (M−M∗)T(M−M∗)/(2γ1) (36)

where σ1 stands for an adaptive gain. ẽw4 = êw4 − ew4 stands for the appraised error to be presumed
bounded. By taking the derivative of ym2 utilizing Equations (14)–(20) and the integral factor
μm =

∫
em1(t)dt, then Equation (36) is typified by

dym2/dt = em1(−km1em1 − em2) + em2(esvs + fsls + w4 − dεm1/dt) + ŵ1ς
−1
1 dŵ1/dt

+w1(em2 − ς−1
1 dŵ1/dt) + ẽw4σ−1

1 d̃ew4/dt + ŵ2ς
−1
1 dŵ2/dt + w2(em2 − ς−1

1 dŵ2/dt)
+ŵ3ς

−1
1 dŵ3/dt + w3(em2 − ς−1

1 dŵ3/dt) + γ−1
1 (M−M∗)Td M/dt

(37)

In accordance with Equation (37), the control propulsion ls = l̂s in the backstepping control with
three adaptive rules by using RRSPPNN with RGWO and recouped controller can be typified by

ls = l̂s = i∗qs = f−1
s [em1 − cm3em2 − esvs + dεm1/dt− (ŵ1 + ŵ2 + ŵ3) − ŵ4(M) − xc] (38)

By utilizing Equation (38), then Equation (37) can be typified by

dym2/dt = −km1e2
m1 − km3e2

m2 + em2[w4 − ŵ4(M) − xc − (ŵ1 + ŵ2 + ŵ3)]

+ŵ1ς
−1
1 dŵ1/dt + w1(em2 − ς−1

1 dŵ1/dt) + ẽw4σ−1
1 d̃ew4/dt + ŵ2ς

−1
1 dŵ2/dt + w2(em2 − ς−1

1 dŵ2/dt)
+ŵ3ς

−1
1 dŵ3/dt + w3(em2 − ς−1

1 dŵ3/dt) + γ−1
1 (M−M∗)Td M/dt

(39)

By utilizing Equations (25)–(27) and ẽw4 = êw4 − ew4, then Equation (39) can be typified by

dym2/dt = −km1e2
m1 − km3e2

m2 + em2[w4 −w4(M
∗)] − em2[ŵ4(M) −w4(M

∗)] − em2xc

+ẽw4σ−1
1 d ẽw4/dt + γ−1

1 (M−M∗)Td M/dt
= −km1e2

m1 − km3e2
m2 + em2ϕw − em2[ŵ4(M) − ŵ4(M

∗)]
−em2xc + (êw4 − ew4)σ−1

1 dêw4/dt + γ−1
1 (M−M∗)Td M/dt

(40)

3.2.2. Recouped Controller with an Adaptive Rule

To reach dym2/dt ≤ 0, the adaptive rule d M/dt, the recouped controller xc, and the appraised rule
dêw4/dt to reduce uncertainties influences can be typified by:

dM/dt = γ1 em2 T (41)

xc = êw4sgn(em2) (42)

d êw4/dt = σ1|em2| (43)

By substituting Equations (41)–(43) into Equation (40) and by utilizing ew4 ≥
∣∣∣ϕw

∣∣∣, then Equation (40)
can be typified by:

dym2/dt = −km1e2
m1 − km3e2

m2 + em2ϕw − em2(M−M∗)TT− em2êw4sgn(em2)

+(êw4 − ew4)σ−1
1 σ1|em2|+ γ−1

1 (M−M∗)Tγ1em2Γ

= −km1e2
m1 − km3e2

m2 + em2ϕw − ew4|em2|
≤ −km1e2

m1 − km3e2
m2 − |em2|(ew4 −

∣∣∣ϕw
∣∣∣)

≤ −km1e2
m1 − km3e2

m2
≤ 0

(44)
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Equation (44) portrays dym2(t)/dt to be negative semi-definite, i.e., ym2(t) ≤ ym2(0), meaning that em1

and em2 are bounded. By utilizing the Barbalat’s lemma [29,30], it can be represented that ym2(t)→ 0 at
t→∞ by way of Equations (29), (30) and (44), i.e., em1 and em2 will converge to zero at t→∞ . The stability
of the backstepping control with three adaptive rules by using RRSPPNN with RGWO and recouped
controller can be ensured and consequently the control block diagram is portrayed in Figure 5.

 

Figure 5. Block diagram by using backstepping control with three adaptive rules using RRSPPNN
with RGWO and recouped controller.

3.2.3. Training of the RRSPPNN

By utilizing the Lyapunov stability and the gradient descent skill with the chain rule, a training
skillfulness of parameters in the RRSPPNN can be derived. The RGWO with two adjusted factors
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is applied to look for two better learning rates in the RRSPPNN to acquire faster convergence.
The connecting weight parametric presented in Equation (41) can be typified by:

db2
cb/dt = γ1 em2 o2

b (45)

A goal function that explains the online training procedure of the RRSPPNN is typified by

L2 = e2
m2/2 (46)

The adaptive learning rule of the connecting weight is typified by:

db2
cb

dt
= −γ1

∂L2

∂b2
cb

= −γ1
∂L2

∂o3
c

∂o3
c

∂ne3
c

∂ne3
c

∂b2
cb

= −γ1
∂L2

∂o3
c

o2
b (47)

It is well-known that ∂L2/∂o3
c = −em2 by way of Equations (45) and (47). Hence, the adaptive

learning rule of recurring weight b1
ac is typified by

db1
ac

dt
= −γ2

∂ L2

∂o3
c

∂ o3
c

∂ o2
b

∂ o2
b

∂ ne2
b

∂ ne2
b

∂ o1
a

∂ o1
a

∂ ne1
a

∂ ne1
a

∂ b1
ac
= γ2 em2 b2

cbSPλb (·)q1
a(B)o

3
c (B− 1) (48)

where γ2 stands for the learning rate. To acquire better convergence, the RGWO is applied to look for
two changeable learning rates in the RRSPPNN. Additionally, for improving convergence and looking
for two perfect learning rates, the RGWO with two adjusted factors is proposed in this study.

3.2.4. Algorithm of Reformed Grey Wolf Optimization (RGWO)

In the RGWO, the optimization is conducted by α, β, and ρ. The RGWO algorithm can be typified by:

H(a1 + 1) = [H1(a1) + H2(a1) + H3(a1)]/3 (49)

where H(a1 + 1) = [γ1 γ2] is a vector two learning rates, H1(a1), H2(a1), H3(a1) are typified by:

H1(a1) =
∣∣∣α(a1) −R1(a1) · [M1(a1) · α(a1) −H(a1)]

∣∣∣ (50)

H2(a1) =
∣∣∣β(a1) −R2(a1) · [M2(a1) · β(a1) −H(a1)]

∣∣∣ (51)

H3(a1) =
∣∣∣ρ(a1) −R3(a1) · [M3(a1) · ρ(a1) −H(a1)]

∣∣∣ (52)

where α(a1), β(a1),ρ(a1) stand for the three vectors as the three best solutions. R1(a1), R2(a1), R3(a1)

and M1(a1), M2(a1), M3(a1) can be typified by:

R1(a1) = R2(a1) = R3(a1) = 2c1(a1)ϕ1 − d1(a1) (53)

M1(a1) = M2(a1) = M3(a1) = 2ϕ2 (54)

where ϕ1 and ϕ2 stand for two random vectors. The updated numbers of two adjusted factors c1(a1)

and d1(a1) control the tradeoff between exploration and exploitation. Two exponential-functional
adjustable factors c1(a1) and d1(a1) stand for the updated values at iteration according to the following
presentation by:

c1(a1) = 2e−a1/at1 (55)

d1(a1) = 2e−a1/at2 (56)

where a1 stands for the iteration number; at1 and at2 stand for the total numbers of iteration allowed
for the optimization. At last, H(a1 + 1) = [γ1 γ2] stands for the best solution in connection with the
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learning rates γi(t), i = 1, 2 of the two weights in the RRSPPNN. Hence, the better numbers could be
optimized by utilizing RGWO with two adjusted factors that yield two changeable learning rates for
two weights to look for two perfect values and to speed-up the convergence of two weights.

4. Test Results

A block diagram of the FOC permanent-magnet SM drive system utilizing the DSP controller is
portrayed in Figure 1. A photo of the examination structure is portrayed in Figure 6. The sampling
time of the control program in the examination is set as 2 ms.

 
Figure 6. A photo picture of the examination structure.

A DSP controller involves 18 channels of input/output (I/O) ports with 6 channels of
pulse-width-modulation (PWM) ports, 6 channels of analog-digital (A/D) converters, and 2 channel
encoder connective ports. The coordinate transformation in the field-oriented control (FOC) is realized
by DSP controller. The used control technologies in the real-time realization by utilizing the DSP
controller are composed of the core program and the sub-core interrupt service routine (SCISR) in
the DSP controller as portrayed in Figure 7. In the core program, parameters and I/O initialization
are processed. The interrupt time for the SCISR is set. After permitting the interruption, the core
program is used to monitor control data. The SCISR with 2 msec sampling time is used for reading the
rotor position of the permanent-magnet SM drive system from encoder and three-phase currents by
way of A/D converter circuit, calculating reference model and position error, executing lookup table
and coordinate transformation, executing the backstepping control with three adaptive rules using
RRSPPNN with RGWO and recouped controller, and outputting three-phase current mandates to swap
sinusoidal pulse-width-modulation (SPWM) voltage source inverter with three-sets of insulated-gate
bipolar transistor (IGBT) power modules by way of the lockout-time and isolated circuits. The SPWM
voltage source inverter with three-sets of IGBT power modules is carried out by SPWM control with a
switching frequency of 15 kHz. Additionally, the tested bandwidth of the position control loop and the
tested bandwidth of the current control loop are about 90 and 900 Hz for the permanent-magnet SM
drive system under the nominal event. The proposed controllers are realized by the DSP controller.
The coordinate transformation in the FOC is realized by the DSP controller. The control goal is to
control the rotor to rotate 6.28 rad cyclically. Then, when the mandate is a sinusoidal reference locus,
the reference is set one.
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Figure 7. Flow chart of the realized program by utilizing DSP controller.

For a comparison of control performance with the four controllers, five events are provided in the
experiment. The four controllers are the popular PI controller as the controller FC1, the backstepping
control with three adaptive rules and a swapping function as the controller FC2, the modified recurrent
Rogers–Szego polynomials neural network with DGWO [10] as the controller FC3, and the backstepping
control with three adaptive rules using RRSPPNN with RGWO and recouped controller as the controller
FC4. Five tested events are as follows. Event CQ1 is the nominal event at periodic step command from
0 rad to 6.28 rad. Event CQ2 is the cogging torque, the column friction torque, and the Stribeck effect
torque, and the parameters variations event with 4 times the nominal value at periodic step command
from 0 rad to 6.28 rad. Event CQ3 is the nominal event due to periodic sinusoidal command from
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−6.28 rad to 6.28 rad. Event CQ4 is the cogging torque, the column friction torque and the Stribeck
effect torque and the parameters variations event with 4 times the nominal value due to periodic
sinusoidal command from −6.28 rad to 6.28 rad. Event CQ5 is the adding load torque disturbance
τlr = 2.5 Nm.

Two control gains of the popular PI controller as the controller FC1 are kpp = 4.5, and kip =

kpp/Tip = 1.8 by using the Kronecker method to construct a stability boundary in the kpp and kip
plane [32–34] on the tuning of the PI controller at Event CQ1 in the position trace so as to reach fine
steady-state and transient-state control responses.

Some control gains of the backstepping control with three adaptive rules and a swapping function
as the controller FC2 are km1 = 2.2, km2 = 2.6, km3 = 2.1, ς1 = 0.1, ς2 = 0.1, ς3 = 0.1, β1 = 9.1 according
to heuristic knowledge [4] at Event CQ1 in the position trace so as to reach fine steady-state and
transient-state control representation.

Some control gains of the modified recurrent Rogers–Szego polynomials neural network with
DGWO [10] as the controller FC3 are given as cx1 = 2.2, cx2 = 2.6, cx3 = 2.1, η1 = 0.1, η2 = 0.1,
η3 = 0.1, γ = 0.2, τ = 0.1 according to heuristic knowledge [4] at Event CQ1 in the position trace so
as to reach fine steady-state and transient-state control responses. Moreover, numbers of neurons
in the input layer, the hidden layer, and the output layer of the modified recurrent Rogers-Szego
polynomials neural network are 2 neurons, 4 neurons and 1 neuron, respectively, so as to demonstrate
the effectiveness of the controller adopting small neuron numbers. The method proposed by Lewis
et al. [35] is used to initialize some parameters of the modified recurrent Rogers–Szego polynomials
neural network. The adjustment process of these parameters involve a continuous reaction for the
duration of the examination.

Some control gains of the backstepping control with three adaptive rules using RRSPPNN with
RGWO and recouped controller as the controller FC4 are km1 = 2.2, km2 = 2.6, km3 = 2.1, ς1 = 0.1,
ς2 = 0.1, ς3 = 0.1, σ1 = 0.2, δ = 0.1 according to heuristic knowledge [4] at Event CQ1 in the position
trace so as to reach fine steady-state and transient-state control responses. Moreover, the number of
neurons in the first layer, the second layer, and the third layer of the RRSPPNN are 2 neurons, 4 neurons,
and 1 neuron, respectively, so as to demonstrate the effectiveness of the controller by adopting small
neuron numbers. The method proposed by Lewis et al. [35] is used to initialize some parameters of the
RRSPPNN. The adjustment process of these parameters is keeping continusly reaction in the duration
of the experiments.

All of the experiments obtained by utilizing the four controllers for controlling the
permanent-magnet SM drive system at five events are as follows. Figure 8a–d are rotor position
responses via experiments obtained by utilizing the controllers FC1, FC2, FC3, and FC4 at Event CQ1.
Figure 9a–d are rotor speed responses by utilizing the controllers FC1, FC2, FC3 and FC4 at Event
CQ1. Figure 10a–d are mandate control propulsion responses by utilizing the controllers FC1, FC2,
FC3, and FC4 at Event CQ1. Figure 11a–d are rotor position responses by utilizing the controllers FC1,
FC2, FC3, and FC4 at Event CQ2. Figure 12a–d are rotor speed responses by utilizing the controllers
FC1, FC2, FC3, and FC4 at Event CQ2. Figure 13a–d are mandate control propulsion responses
by utilizing the controllers FC1, FC2, FC3, and FC4 at Event CQ2. Figure 14a–d are rotor position
responses by utilizing the controllers FC1, FC2, FC3, and FC4 at Event CQ3. Figure 15a–d are rotor
speed responses by utilizing the controllers FC1, FC2, FC3, and FC4 at Event CQ3. Figure 16a–d are
mandate control propulsion responses by utilizing the controllers FC1, FC2, FC3, and FC4 at Event
CQ3. Figure 17a–d are rotor position responses by utilizing the controllers FC1, FC2, FC3, and FC4 at
Event CQ4. Figure 18a–d are rotor speed responses by utilizing the controllers FC1, FC2, FC3, and FC4
at Event CQ4. Figure 19a–d are mandate control propulsion responses by utilizing the controllers FC1,
FC2, FC3, and FC4 at Event CQ4. Figure 20a–d are measured rotor position responses by utilizing the
controller FC1, FC2, FC3, and FC4 at Event CQ5.
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Figure 8. Rotor position responses via experiments at Event CQ1 by utilizing the controller: (a) FC1,
(b) FC2, (c) FC3, (d) FC4.
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Figure 9. Rotor speed responses via experiments at Event CQ1 by utilizing the controller: (a) FC1,
(b) FC2, (c) FC3, (d) FC4.
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Figure 10. Control propulsion responses via experiments at Event CQ1 by utilizing the controller:
(a) Figure 1, (b) FC2, (c) FC3, (d) FC4.
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Figure 11. Rotor position responses via experiments at Event CQ2 by utilizing the controller: (a) FC1,
(b) FC2, (c) FC3, (d) FC4.
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Figure 12. Rotor speed responses via experiments at Event CQ2 by utilizing the controller: (a) FC1,
(b) FC2, (c) FC3, (d) FC4.
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Figure 13. Control propulsion responses via experiments at Event CQ2 by utilizing the controller:
(a) Figure 1, (b) FC2, (c) FC3, (d) FC4.
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Figure 14. Rotor position responses via experiments at Event CQ3 by utilizing the controller: (a) FC1,
(b) FC2, (c) FC3, (d) FC4.
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Figure 15. Rotor speed responses via experiments at Event CQ3 by utilizing the controller: (a) FC1,
(b) FC2, (c) FC3, (d) FC4.
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Figure 16. Control propulsion responses via experiments at Event CQ3 by utilizing the controller:
(a) FC1, (b) FC2, (c) FC3, (d) FC4.
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Figure 17. Rotor position responses via experiments at Event CQ4 by utilizing the controller: (a) FC1,
(b) FC2, (c) FC3, (d) FC4.
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Figure 18. Rotor speed responses via experiments at Event CQ4 by utilizing the controller: (a) FC1,
(b) FC2, (c) FC3, (d) FC4.
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Figure 19. Test results of the control propulsion responses at Event CQ4 by utilizing the controller:
(a) FC1, (b) FC2, (c) FC3, (d) FC4.
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Figure 20. Regulated responses of the rotor positions at Event CQ5 by utilizing the controller: (a) FC1,
(b) FC2, (c) FC3, (d) FC4.
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Figures 8a and 14a obtained by utilizing the controller FC1 for controlling the permanent-magnet
SM drive system at Event CQ1 and Event CQ3 are displayed as fine trace responses of the rotor positions.
Figures 11a and 17a obtained by utilizing the controller FC1 for controlling the permanent-magnet SM
drive system at Event CQ2 and Event CQ4 are displayed in sluggish trace responses of the rotor position
owing to bigger nonlinear disturbance. Because of inappropriate tuning gains or the degenerate
nonlinear effect, the linear controller has weak robustness under bigger nonlinear disturbance.

Figures 8b, 11b, 14b and 17b obtained by utilizing the controller FC2 for controlling the
permanent-magnet SM drive system at Events CQ1, CQ2, CQ3, and CQ4 are displayed as good
trace responses of the rotor positions. However, Figures 10b, 13b, 16b and 19b are displayed as serious
vibration in the control propulsions by utilizing the swapping function with large upper bound at
Events CQ1, CQ2, CQ3, and CQ4. It is a well-known fact that the control propulsions with serious
vibration will wear the bearing mechanism and might excite unstable system dynamics.

Figures 8c, 11c, 14c and 17c obtained by utilizing the controller FC3 for controlling the
permanent-magnet SM drive system at Events CQ1, CQ2, CQ3, and CQ4 are displayed as better trace
responses of the rotor positions due to adaptive mechanism action. Figures 10c, 13c, 16c and 19c
displayed a small vibration in the control propulsions at Events CQ1, CQ2, CQ3, and CQ4. Due to the
on-line adaptive adjustment of the modified recurrent Rogers–Szego polynomials neural network [10],
the magnitudes of vibration in the control propulsions at Events CQ1, CQ2, CQ3, and CQ4 displayed
in Figures 10c, 13c, 16c and 19c have been slightly improved.

Figures 8d, 11d, 14d and 17d obtained by utilizing the controller FC4 for controlling the
permanent-magnet SM drive system at Events CQ1, CQ2, CQ3, and CQ4 are displayed as best
trace responses of the rotor positions due to on-line adaptive mechanism action. Figures 10d, 13d, 16d
and 19d are displayed as smaller vibrations in the control propulsions at Events CQ1, CQ2, CQ3 and
CQ4 due to on-line adaptive mechanism action of the RRSPPNN. Due to on-line adaptive adjustment
of the RRSPPNN under bigger nonlinear disturbance the magnitudes of vibration in the control
propulsions at Events CQ1, CQ2, CQ3, and CQ4 displayed in Figures 10d, 13d, 16d and 19d have been
obviously improved.

Figure 20d obtained by utilizing the controller FC4 for controlling the permanent-magnet SM
drive system at Event CQ5 under load regulation is better than the controller FC1, FC2, and FC3
displayed in Figure 20a–c.

5. Discussion and Analysis

Additionally, the control performances displayed in comparsion results by using the controllers
FC1, FC2, FC3, and FC4 are listed in Table 1 in connection with five events with some test results.
The 0.21, 0.19, 0.15, and 0.10 are the maximum errors of em1 (rad) by utilizing the controllers FC1, FC2,
FC3, and FC4 at Event CQ1, respectively. The 0.11, 0.09, 0.07, and 0.05 are the root-mean-square errors
of em1 (rad) by utilizing the controllers FC1, FC2, FC3, and FC4 at Event CQ1, respectively. The 0.56,
0.36, 0.28, and 0.19 are the maximum errors of em1 (rad) by utilizing the controllers FC1, FC2, FC3,
and FC4 at Event CQ2, respectively. The 0.27, 0.18, 0.13, and 0.09 are the root-mean-square errors of
em1 (rad) by utilizing the controllers FC1, FC2, FC3, and FC4 at Event CQ2, respectively. The 0.21, 0.18,
0.14, and 0.10 are the maximum errors of em1 (rad) by utilizing the controllers FC1, FC2, FC3, and FC4
at Event CQ3, respectively. The 0.10, 0.09, 0.07, and 0.05 are the root-mean-square errors of errors of
em1 (rad) by utilizing the controllers FC1, FC2, FC3, and FC4 at Event CQ3, respectively. The 0.52, 0.37,
0.27, and 0.18 are the maximum errors of em1 (rad) by utilizing the controllers FC1, FC2, FC3, and FC4
at Event CQ4, respectively. The 0.25, 0.18, 0.13, and 0.09 are the root-mean-square errors of em1 (rad)
by utilizing the controllers FC1, FC2, FC3, and FC4 at Event CQ4, respectively. The 3.01, 1.57, 1.13,
and 0.75 are the maximum errors of em1 (rad) by utilizing the controllers FC1, FC2, FC3, and FC4 at
Event CQ5, respectively. The 1.50, 0.78, 0.56, and 0.32 are the root-mean-square errors of em1 (rad) by
utilizing the controllers FC1, FC2, FC3, and FC4 at Event CQ5, respectively. The controller FC4 has

99



Energies 2020, 13, 5870

smaller trace error in comparison with the controllers FC1, FC2, and FC3. The controllers FC4 indeed
yields the exellent control performance from Table 1.

Table 1. Performance comparison of four controllers.

Performance

Five Tested Events Controller FC1

Event CQ1 Event CQ2 Event CQ3 Event CQ4 Event CQ5

Maximum error of em1 (rad) 0.21 0.56 0.20 0.52 3.01

Root-mean-square error of
em1 (rad) 0.11 0.27 0.10 0.25 1.50

Performance

Five Tested Events Controller FC2

Event CQ1 Event CQ2 Event CQ3 Event CQ4 Event CQ5

Maximum error of em1 (rad) 0.19 0.36 0.18 0.37 1.57

Root-mean-square error of
em1 (rad) 0.09 0.18 0.09 0.18 0.78

Performance

Five Tested Events Controller FC3

Event CQ1 Event CQ2 Event CQ3 Event CQ4 Event CQ5

Maximum error of em1 (rad) 0.19 0.36 0.18 0.37 1.57

Maximum error of em1 (rad) 0.15 0.28 0.14 0.27 1.13

Root-mean-square error of
em1 (rad) 0.07 0.13 0.07 0.13 0.56

Performance

Five Tested Events Controller FC4

Event CQ1 Event CQ2 Event CQ3 Event CQ4 Event CQ5

Maximum error of em1 (rad) 0.19 0.36 0.18 0.37 1.57

Maximum error of em1 (rad) 0.10 0.19 0.10 0.18 0.75

Root-mean-square error of
em1 (rad) 0.05 0.09 0.05 0.09 0.32

Furthermore, control characteristic performance comparisons in the controllers FC1, FC2, FC3,
and FC4 are listed in Table 2 for test results. In Table 2, various performances with regard to the control
propulsion with vibration, the dynamic response, the ability of load regulation, the convergence speed,
the position trace error, and the rejection ability of parameter disturbance in the controllers FC4 are
superior to the controllers FC1, FC2, and FC3. Finally, the robust control performance of the controller
FC4 demonstrates outstanding performance for controlling the permanent-magnet SM drive system in
the trace of the periodic step and sinusoidal commands under the occurrence of parameter disturbance
and load regulation due in large part to the on-line adaptive adjustment of the RRSPPNN.

Table 2. Control characteristic performance comparisons of controllers.

Characteristic Performance

Four Controllers
Controller FC1 Controller FC2 Controller FC3 Controller FC4

Vibration in control propulsion Small Middle Smaller Smallest

Dynamic response Slow Fast Faster Fastest

Ability of load regulation

Poor (maximum
error as 3.01 (rad)

with adding load at
6.28 (rad))

Good (maximum
error as 1.57

(rad)with adding
load at 6.28 (rad))

Better (maximum
error as 1.13 (rad)

with adding load at
6.28 (rad))

Best (maximum error
as 0.09 (rad) with

adding load at
6.28 (rad))
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Table 2. Cont.

Characteristic Performance

Four Controllers
Controller FC1 Controller FC2 Controller FC3 Controller FC4

Convergence speed
Middle (traceerror

response at 0.1
(rad) within 0.05 s)

Fast (traceerror
respons at 0.1 (rad)

within 0.04 s)

Faster (traceerror
response at 0.1 (rad)

within 0.03 s) (varied
learning rate)

Fastest (traceerror
response at 0.1 (rad)

within 0.01 s) (varied
learning rate)

Position traceerror Middle Small Smaller Smallest

Rejection ability for parameter disturbance Poor Good Better Best

Learning rate None None Vary (optimal
learning rate)

Vary (optimal
learning rate)

6. Conclusions

The backstepping control with three adaptive rules and RRSPPNN with RGWO and recouped
controller is used to determine the best values for parameters in neural network learning rules,
and thereby robustness in learning control can be improved.

The main contribution of this study is as follows. Firstly, the field-oriented control has been
smoothly applied to control the permanent-Magnet SM drive system to speed up the control response.
Moreover, the backstepping controller with three adaptive rules and a swapping function has been
smoothly derived to overcome influences under the external lumped force uncertainty disturbances
in light of the Lyapunov function. Further, the backstepping control with three adaptive rules and
RRSPPNN with RGWO and recouped controller to estimate the external lumped force uncertainty
has been smoothly derived in the light of the Lyapunov function for diminishing the external lumped
force uncertainty effect and improving the chattering phenomenon. The error recouped controller to
recoup the smallest fabricated error of the error estimation law has been smoothly derived in light of
the Lyapunov function. Two optimal learning rates of the RRSPPNN with two exponential-functional
adjustable factors have been smoothly calculated by utilizing the RGWO algorithm to speed up the
parameter’s convergence.

Finally, some control performances regarding the chattering of control propulsion, the position
response, the ability of load force adjustment, the position tracing error, and the refusal ability of
unknown parameters disturbance by using the backstepping control with three adaptive rules and
RRSPPNN with RGWO and recouped controller are more exceptional than the popular PI controller,
the backstepping control with three adaptive rules and a swapping function, and the modified recurrent
Rogers–Szego polynomials neural network with DGWO [10] from Tables 1 and 2.
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List of Acronyms

SM synchronous motor
RRSPPNN revised recurring Sieved-Pollaczek polynomials neural network
RGWO reformed grey wolf optimization
SRMs switched reluctance motors
IMs induction motors
CNC computer numerical control
DGWO decorated gray wolf optimization
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SPPNN feedforward Sieved-Pollaczek polynomials neural network
DSP digital signal processor
FOC field-oriented control
IGBT insulated-gate bipolar transistor
PWM pulse-width-modulation
SPWM sinusoida pulse-width-modulation
SCISR sub-core interrupt service routine
A/D analog-digital
I/O input/output
GWO grey wolf optimization
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Abstract: Different from the design of conventional permanent magnet (PM) motors, high-speed
motors are primarily limited by rotor unbalanced radial forces, rotor power losses, and rotor
mechanical strength. This paper aimed to propose a suitable PM motor with consideration of these
design issues. First, the rotor radial force is minimized based on the selection of stator tooth numbers
and windings. By designing a stator with even slots, the rotor radial force can be canceled, leading
to better rotor strength at high speed. Second, rotor power losses proportional to rotor frequency
are increased as motor speed increases. A two-dimensional sensitivity analysis is used to improve
these losses. In addition, the rotor sleeve loss can be minimized to less than 8.3% of the total losses
using slotless windings. Third, the trapezoidal drive can cause more than a 33% magnet loss due to
additional armature flux harmonics. This drive reflected loss is also mitigated with slotless windings.
In this paper, six PM motors with different tooth numbers, stator cores, and winding layouts are
compared. All the design methods are verified based on nonlinear finite element analysis (FEA).

Keywords: high-speed motor; permanent magnet motor; variable-frequency drive

1. Introduction

High-speed motors are widely implemented for fan, pump, and compressor applications where
the operating speed is beyond 20~30 krpm. Compared to universal motors, high-speed PM motors use
voltage source inverters instead of mechanical brushes for the AC voltage commutation [1,2]. Due to the
progress on the pulse width modulation (PWM) control and high-density magnets, PM-type high-speed
motors can further increase their power density by increasing the operating speed. Consequently,
these high-density motors are compatible with moving applications under the size constraint [3].

Because of the high-speed rotation, the rotor radial force causes vibration, leading to additional
mechanical losses and degradation of the bearing reliability. As reported in [4], the radial force is
induced by the interaction between the rotor magnet flux and stator armature flux. An analytical
model of radial force is derived in [5]. The radial force frequency is proportional to the rotor operating
speed. Once the force frequency is close to the rotor mechanical natural frequency, the visible resonant
vibration appears at high speed. Considering PM motors with surface-mounted magnets, the resonant
vibration can also split magnets from the rotor surface. To improve the PM rotor structure, [6] proposed
a rotor with a whole cylindrical magnet without an iron shaft to maintain the mechanical structure at
high speed. In addition, [7] designed a rotor pole with several zigzag skew magnets to reduce the
radial force. The cogging torque was reduced as well.

PM synchronous motors require armature windings to generate the electromagnetic torque.
In general, three-phase armature windings can be fixed through stator teeth/slots design or direct
attachment on the stator core. The slotless stator without iron teeth results in advantages at high
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speed [8,9]. In [10] with slotless stators, secondary armature flux harmonics are reduced due to the
lack of a slotted effect during the rotation. In this case, rotor eddy current losses at high speed can be
suppressed. However, the slotless stator requires a higher current density to maintain the same torque
output. It causes the thermal issue on stator windings. In [11] three different slotless windings are
compared among armature flux harmonics, current density, and rotor eddy current loss. The slotless
windings with a diamond shape cause additional armature flux harmonics, which is not suited for
high-speed operation. In [12] different steel thicknesses are compared for the slotless stator. At high
speed, the thinner steel is recommended to reduce the axial eddy current losses reflected by the skin
effect. However, slotless windings result in higher copper losses due to the lower armature flux
density. Recently, [13] proposed slotless windings through a printed circuit board. The low winding
resistance is the primary advantage. Based on these studies, the slotless windings might be suitable for
high-speed motors; however, the high current density and low torque density are two concerns.

Considering the PM rotor structure at high speed, an additional rotor sleeve is required to fix
magnets on the rotor surface. However as mentioned in [14] the rotor sleeve also degrades the energy
conversion performance at high speed. In general, the rotor sleeve can be formulated by copper, steel,
or carbon-fiber. For the copper sleeve, additional eddy current loss is induced once the armature
flux flows across the sleeve. Besides, for the steel sleeve, leakage flux instead of eddy current is the
result since the steel is an additional magnetic material on the rotor [14]. In [15] the rotor sleeve is
realized by carbon-fiber. In this material, no eddy current and leakage flux is induced. However,
carbon-fiber shows poor thermal conduction. This sleeve-covered rotor requires additional temperature
consideration to dissipate the heat outside of the rotor. It is observed that the sleeve design is the
tradeoff between the rotor strength and motor efficiency.

Six-step trapezoidal brushless DC drives are widely implemented for high-speed motors due to
the simple controller implementation with negligible delay issues [16–18]. However, because only
the two-phase conduction is applied, considerable third-order and fifth-order current harmonics are
induced. In this case, relatively high eddy current loss occurs on the rotor, leading to the rotor thermal
issue at high speed [19]. On the other hand, sinusoidal-based vector control uses space vector pulse
width modulation (PWM) to manipulate the sinusoidal current. Without secondary current harmonics,
the eddy current loss in the rotor can be minimized. However, as reported in [20], the complicated
signal process, including the voltage delay compensation and inductance cross-coupling decoupling,
is the major challenge. For trapezoidal six-step commutation, a PM motor with the minor influence of
non-sinusoidal current harmonics is desired to minimize the motor rotor loss.

This paper designed a suitable high-speed PM motor for the fan system. The desired power
is 400 W at the speed 80 krpm. Different from the design of conventional motors, high-speed PM
motors are primarily limited by rotor unbalanced radial forces, rotor losses, and rotor mechanical
strength. These three design issues are improved through several design considerations. First, the rotor
radial force is minimized based on the selection of tooth numbers and windings. Second, rotor losses
are minimized through the motor geometric design using a two-dimensional sensitivity analysis.
In order to maintain the rotor structure at high speed, the cooper sleeve is typically added on magnets.
However, the rotor sleeve-reflected loss dependent on rotor frequency is significant at high speed.
This sleeve loss can be minimized with slotless windings. In this paper, six PM motors with different
tooth numbers, stator core, and winding layouts are compared among rotor radial forces, rotor losses,
and sleeve effects. All the motor design methods are verified based on nonlinear FEA.

2. Reference Case Study

This section defines the targeted specification of the high-speed PM motor. The main characteristics
are listed in Table 1.
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Table 1. Test PM machine characteristics.

Characteristics Values

Rotor poles 2-pole
Rated torque 45.4 mNm
Rated current 10 A
Rated speed 80 krpm (1.33 kHz elec. frequency)

DC bus voltage 24 V
Stator outer radius 58 mm
Rotor outer radius 12.5 mm

In this paper, the reference is based on a 400 W 80 krpm commercial motor reported by Nidec [21].
This motor is primarily designed for the high-speed air blower. The stator and rotor outer diameter are
respectively 58 and 12.5 mm. The DC bus voltage is 24 V for the use of battery DC power.

2.1. Reference Motor

Figure 1 shows a photograph of the (a) stator and (b) rotor for the reference motor. For the
stator, three coils are designed with concentrated windings. By contrast, the rotor contains one
pole pair magnet where the copper sleeve is included on the rotor to fix the magnet. In this paper,
these geometries are fixed to compare the performance difference among six PM motor topologies.

Figure 1. Photograph of reference motor specification: (a) stator and (b) rotor.

2.2. Six Different Motor Topologies

In order to design a suitable motor for high-speed operation, six PM motors with different tooth
numbers, stator core, and winding layouts are compared among rotor radial forces, rotor losses,
and sleeve effects. As seen from the reference motor in Figure 1, a 2-pole rotor is designed to minimize
the ratio of mechanical speed to electrical frequency. This 3-coil-2-pole motor design is commonly
applied for high-speed applications. However, asymmetric 3-coil windings might cause unbalanced
radial force on the rotor due to the interaction between radial and tangential magnet flux. To improve
the influence of radial force, six motors with different stator designs are compared in this paper.

Table 2 lists the main characteristics of these six different motors. For example, the motor
identifier, the 3-coil-2-pole motor with double winding across one slot, is referred to as the 3Slot-1CS.
The corresponding FEA models are shown in Figure 2. It is noted that the winding topologies are
different, leading to the different torque density under the same ampere turns.
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Table 2. The main characteristics of six different motor topologies.

Motor Identifier 3Slot-1CS 6Slot-2CS 6Slot-3CS

Rated power (W) 400 400 400
Rated speed (krpm) 80 80 80

Pole 2 2 2
Coil 3 6 6

Coil span 1 2 3
Winding factor 0.866 0.866 1.000

Motor Identifier 3Sless-1CS 6Sless-2CS 6Sless-3CS

Rated power (W) 400 400 400
Rated speed (krpm) 80 80 80

Pole 2 2 2
Coil 3 6 6

Coil span 1 2 3
Winding factor 0.866 0.866 1.000

Figure 2. The corresponding FEA (Finite Element Analysis) models of six different analyzed PM motors:
(a) 3Slot-1CS, (b) 6Slot-2CS, (c) 6Slot-3CS, (d) 3Sless-1CS, (e) 6Sless-2CS, and (f) 6Sless-3CS.

In general, the torque density is dependent on the magnitude of the winding factor, KWF.
As reported in [22] KWF can be evaluated by:

KWF = sin
(
ξ
2

)
·

sin
(
NS · θS

2

)
NS · sin

(
θS
2

) (1)

where ξ is the coil pitch, Ns is the number of coils per phase per pole, and θs is the electrical angle
between two coils.

In general, KWF is equal to unity when the coil pitch is equal to the pole pitch. Taking the FEA
model in Figure 2c,f, the coil pitch is equal to the pole pitch with 180 deg. At this time, KWF is equal to
unity. Under this effect, the relatively highest torque density is expected.
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3. Rotor Unbalanced Force Analysis

This section analyzes the rotor unbalanced force for these six motors based on FEA. To investigate
the performance of the motor, including the nonlinear properties and the effect of the complex geometry,
the electromagnetic FEA is a popular method. On this basis, FEA is a numerical method to solve the
physical system modeled by complicated differential equations. For AC motors, Maxwell’s equations
are the main target equations to be solved. FEA solves the magnetic vector potential within a well-defined
2-D or 3-D region. The magnetic flux density and magnetic energy can then be derived. To analyze the
mechanical properties of the motion system, e.g., electromagnetic torque, the virtual-work method is applied.

Figure 2a illustrates the original stator with only 3 coils. The corresponding characteristics are
listed by 3Slot-1CS in Table 2. However, the design of 3Slot-1CS results in several disadvantages.
First, the asymmetric stator tooth arrangement and windings layout causes an unbalanced radial force.
Besides, 3Slot-1CS contains a poor winding factor with only 0.866 as calculated by (1). These issues are
investigated as follows.

3.1. Rotor Magnetic Force

The unbalanced magnetic force is one key issue in high-speed motors. In general, the magnetic
force results in rotor eccentricity, acoustic noise, vibration, and mechanical loss. These side effects all
increase as the speed increases, limiting the high-speed region. The magnetic force consists of radial
force Frad and tangential force Ftan. As reported from [23,24], the Maxwell stress tensor equation can be
used to calculate the magnetic force in the rotor. It is shown to be:

Frad =
Ls

2μ0

∮
lc
(B2

n − B2
t ) dl (2)

Ftan =
LS
μ0

∮
lc

rBnBt dl (3)

where Ls is the stack length, μ0 is the magnetic permeability of air, lc is the integration contour, Bn is the
radial magnetic flux density, and Bt is the tangential flux density. It is important to note that Ftan contributes
to the electromagnetic torque while Frad results in the unbalanced rotor vibration and hence acoustic noises.

Based on FEA, Figure 3 illustrates the magnetic radial force Frad versus the rotor position. Regarding
the rotor eccentricity simulation, Figure 4a illustrates the ideal FEA motor simulation without rotor
eccentricity. In this case, both the stator and rotor have the same center location. At no load without
the armature flux, Frad contains the spatial information with respect to 3θe. The peak values occur
when the rotor positions are respectively at 0, 120, and 240 deg. It is observed that the peak radial force
occurs when the rotor magnet is aligned with the stator tooth. By contrast at full load, the location of
the peak value slightly moves away from three positions with the increased magnitude.

Figure 3. Comparison of unbalanced radial force for the 3Slot-1CS motor topology.
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Figure 4. Illustrations of rotor eccentricity: (a) no eccentricity and (b) the eccentricity from the
stator center.

Table 3 summarizes the peak radial force among the six analyzed PM motors in Figure 2. On this
basis, the radial magnetic force is a result of the interaction between rotor magnets and stator teeth.
Considering the slotted stator, 3Slot-1CS contains the worst radial magnetic force because of the
asymmetric stator tooth with the odd coils of 3. By designing the symmetric stator with even coils,
this radial force disappears due to the force cancellation between two teeth with same-phase windings.
By contrast, for the slotless stator, the radial force should be zero because of the lack of an iron tooth for
the interaction with the magnets. However, a small amount of radial force still appears, resulting from
the influence of armature flux as load increases, e.g., 3Sless-1CS. Similar to slotted stators, this force is
cancelled with symmetric stator coils.

Table 3. Radial force of six analyzed motors under an ideal situation.

Motor Identifier 3Slot-1CS 6Slot-2CS 6Slot-3CS

No Load (N) 7.55 ≈0.00 ≈0.00
Rated Load (N) 10.08 ≈0.00 ≈0.00

Motor identifier 3Sless-1CS 6Sless-2CS 6Sless-3CS

No Load (N) ≈0.00 ≈0.00 ≈0.00
Rated Load (N) 0.94 ≈0.00 ≈0.00

It is noted that the radial force analysis in Table 3 is calculated under the assumption of ideal
rotor fabrication. For actual motors, the assembly tolerance due to the rotor installation should be
considered. Figure 4b demonstrates the rotor eccentricity. In this case, the rotor center deviates from the
original stator center. Under this effect, Table 4 investigates the peak radial force with manufacturing
error. In this simulation, 10% rotor eccentricity is analyzed considering the motor fabrication tolerance.
With additional rotor eccentricity, the radial force increases even for motors with symmetric stator.
However, compared to motors with an asymmetric stator, the peak radial force magnitude is still
sufficiently lower than the magnitude with a symmetric stator. Based on this simulation, it is concluded
that the unbalanced radial force can be cancelled using the symmetric stator with even coil numbers,
e.g., 6 coils. More importantly, the high-speed motors for the slotless stator without the iron tooth
significantly reduce the radial force compared to slotted stator motors.
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Table 4. Radial force of six analyzed motors under 10% rotor eccentricity.

Motor Identifier 3Slot-1CS 6Slot-2CS 6Slot-3CS

No Load (N) 7.56 0.58 0.56
Rated Load (N) 10.09 0.69 0.57

Motor identifier 3Sless-1CS 6Sless-2CS 6Sless-3CS

No Load (N) 0.00 0.01 0.01
Rated Load (N) 3.52 0.01 0.01

3.2. Coil Span Design

This part explains the coil span design to maximize the torque output. Although both the 6Slot-2CS
and 6Slot-3CS stator achieve the same cancellation performance on radial force, the torque output can
be different. As mentioned in (1), the torque output is proportional to the corresponding winding
factor. For the 6Slot-2CS with the coil span of 2 in Figure 2b, the relatively low winding factor of 0.866
is the result. By contrast, for 6Slot-3CS, the coil pitch is equal to the pole pitch. Thus, the unity winding
factor is the result.

Figure 5 compares the rated torque output versus the rotor position among three different
slotted stator motors: 3Slot-1CS, 6Slot-2CS, and 6Slot-3CS. Regarding the mechanical load simulation,
the FEA-based transient electromagnetic analysis is applied. The desirable current waveforms are
fed into the motor model. In this case, the condition of the electromagnetic field is equivalent to the
specific load condition. In FEA, the rated load means to supply the rated current.

Figure 5. Torque output comparison among three analyzed slotted stators: 3Slot-1CS, 6Slot-2CS,
and 6Slot-3CS (the same ampere turns).

In this simulation, the per unit value with respect to the average torque of 3Slot-1CS is defined to
easily compare the torque difference. The 3Slot-1CS with concentrated windings in Figure 2a has the
lowest average torque output. Although 6Slot-2CS and 3Slot-1CS contain the same winding factor of
0.866, 6Slot-2CS with distributed windings results in a nearly sinusoidal armature flux distribution,
reducing the torque ripple. More importantly, 6Slot-3CS provides the highest torque of ~15% more
torque under the same ampere turns. It is concluded that 6Slot-3CS with the unity winding factor and
even slot numbers is the suitable motor candidate, balancing the radial force and torque at high speed.
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3.3. Slotless Windings

The stator topology can be designed based on slotted stators in Figure 2a–c or slotless stators in
Figure 2d–f. However, the armature flux distribution can be different. This part compares the armature
flux between these two stator cores.

For example, the 3-coil stator can be realized by Figure 2a 3Slot-1CS and Figure 2d 3Sless-1CS.
For the slotted core, the iron teeth are added in the stator for the arrangement of coil windings. Since
the iron teeth are a magnetic material, the equivalent air gap can be reduced. By contrast, for the
slotless core, the windings are directly attached on the surface of the stator backiron. Under this effect,
the equivalent air gap is increased compared to the slotted core.

Although the tooth design reduces the air gap, secondary flux harmonics are induced because
of the discontinuous air gap distribution. Figure 6 analyzes the air gap flux density versus the rotor
position between (a) 3Slot-1CS and (b) 3Sless-1CS. In this simulation, the magnet flux density at no
load is analyzed between two different stators. Compared to the slotted core, the slotless core has
the lower flux density magnitude due to the larger equivalent air gap. However, a nearly sinusoidal
flux distribution is observed, leading to the advantage of rotor magnet loss reduction at high speed.
In order to balance the torque output and motor loss, the geometric optimal design will be applied in
the next section to find the best-suited high-speed PM motor.

Figure 6. Comparison of magnet flux density distribution along the air gap: 3Slot-1CS and 6Sless-2CS
(no load).

4. Geometric Design for Loss Minimization

Although high-speed motors achieve high power density, the considerable high loss density is
also a result, leading to the rotor thermal issue. This section aims to minimize the motor rotor loss
based on the geometric design. In general PM motor losses consist of (a) copper loss, (b) iron loss,
and (c) magnet eddy current loss. In this section, the property of these losses is explained. The stator
design is then performed to minimize the motor loss balancing the torque output.

Considering firstly slotted stator motors, key stator parameters are selected as the tooth depth
td and tooth width tw [25] Figure 7a defines both td and tw in a slotted stator. It is noted that one
additional parameter, slot width sw, is shown in this figure. However, sw changes are dependent on tw.
Under this effect, the motor copper loss and iron loss can be minimized in slotted motors by the design
of td and tw. By contrast, for slotless motors without an iron tooth, the parameters of slot span sspn and
slot depth sd are selected to determine the slotless stator geometry. Similar to slotted stator motors,
the balance design of copper loss and iron loss can be applied on slotless motors by adjusting sspn and
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sd. Figure 7b illustrates both sspn and sd in a slotless motor. In the following, the property of copper
loss, iron loss, and magnet loss will be investigated. FEA is then applied to verify the performance
comparison between different stator cores.

Figure 7. Illustration of key stator geometric parameters for the (a) slotted stator and (b) slotless stator
PM motor.

4.1. Copper Loss

The copper loss is induced by the winding resistances. The copper loss PCu can be estimated by:

PCu = (Ncoil · I)2 · ρCu · 𝓁slot + 𝓁end
Kratio ·Aend

(4)

where Ncoil is the number of turns per coil, I is the phase current, ρCu is the resistivity of the copper
conductor, lslot is the slot axial end, lend is the average length of end winding, Kratio is the slot ratio,
and finally Aend is the slot cross-section. It is noteworthy that the copper loss causes additional heat
when phase current passes through coil conductors. For slotless stators, more copper loss is expected
because more windings are required to produce the same torque output. However, the low rotor iron
loss is the design tradeoff.

4.2. Iron and Magnet Loss

Different from copper loss, the iron loss and magnet loss are both induced by the variation of
the magnetic field in the iron core. In general, the iron loss can appear in both the stator and rotor.
However, for the surface PM motors analyzed in Figure 2, the rotor iron loss can be negligible due to
the large air gap, including the magnet height.

The iron loss can be subdivided into hysteresis loss and eddy current loss. The hysteresis loss
appears when the ferromagnetic material is repeatedly magnetized with the AC magnetic field. It causes
mutual friction between two internal magnetic domains, resulting in the energy loss [25]. On the other
hand, the eddy current loss is caused by the local circulating current due to the armature reflected
magnetic field. Considering both hysteresis loss Phys and eddy current loss Peddy, the total iron loss
Piron can be shown to be:

Piron = Phys + Peddy= KhysBpeak
2 f +

π2d2σ
6

(
Bpeak f

)2
+ 8.67Keddy

(
Bpeak f

)1.5
(5)

where Khys is the hysteresis loss coefficient, Bpeak is the peak flux density, f is the rotor operating
frequency, d is the strip lamination thickness, σ is the strip lamination conductivity, and Kmag is the
anomalous eddy-current loss coefficient.

It is noteworthy that in (5), only the iron eddy current loss is considered in Peddy. In addition
to iron, the eddy current also appears in magnets, e.g., magnet loss Pmag. For standard PM motors,
Pmag can be negligible at low speed. However, for high-speed motors, the magnet loss Pmag must be
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taken into account to estimate the overall loss [26]. Pmag is mainly caused by air gap armature flux
harmonics, which is formulated by:

Pmag =

∫
ρFe · J2dV (6)

where ρFe is the electric resistivity of the conduction body and J is the armature current density.

4.3. Stator Geometric Design

The stator design of the high-speed motor is performed in this part. Considering firstly the slotted
stator motor in Figure 2a–c, key stator geometric features are selected by the tooth depth td and tooth
width tw [27]. For the geometric design, the copper loss PCu and iron loss Piron are both minimized
by adjusting td and tw. For example, Piron decreases as tw increases due to more flux across the area.
However, PCu might increase as tw increases because of less winding space. By contrast, for the slotless
motors in Figure 2d–f, the winding area instead of teeth area determines the magnitude of loss PCu and
Piron. The windings area can be designed through the parameters of slot span sspn and slot depth sd.

In this paper, the two-dimensional parameter sensitivity analysis is used to design the stator
geometry. Taking the example of 3Slot-1CS in Figure 8a, the total loss versus both td and tw is evaluated.
It is found that the minimum loss is achieved at 13.83W when td = 9.5 mm and tw = 9 mm. By contrast,
for 6Slot-3CS in Figure 8b, the minimum loss is 14.55 W after the geometric design.

Figure 8. Stator geometric design for the total loss minimization: (a) 3Slot-1CS, (b) 6Slot-3CS,
(c) 3Sless-1CS, and (d) 6Sless-3CS (no sleeve, 1 p.u. torque and rated speed 80 krpm).

Similarly, Figure 8c,d compares the total loss respectively for 3Sless-1CS and 6Sless-3CS.
The minimum loss is resultant, respectively, at 78.88 and 26.90 W. It is noteworthy that the design
of 3Sless-1CS considers both sspn and sd because the slot span in Figure 7b can be adjusted with
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concentrated windings. By contrast, only sd is adjusted for 6Sless-3CS with distributed windings
because sspn obviously needs to be kept at the maximum value for the optimization of space utilization
and efficiency.

Table 5 lists the different loss components among the six PM motors analyzed in Figure 2. In this
comparison, the torque output is maintained the same to evaluate their loss distributions. The rotor
speed is selected at the 80 krpm rate speed. Because of the larger equivalent air gap, the slotless
stators result in the higher copper loss than compared to in slotted stators to maintain the same torque.
However, for six coils, the copper loss visibly decreased on 6Sless-2CS and 6Sless-3CS. Although the
total loss is still higher than 6Slot-2CS and 6Slot-3CS, the negligible iron and magnet loss is the primarily
advantage. This property is suited as the topology of the high-speed motor to improve the rotor
thermal issue and magnet demagnetization.

Table 5. Different loss components of six different motors without a sleeve.

Motor Identifier 3Slot-1CS 6Slot-2CS 6Slot-3CS

Tooth Depth (mm) 9.5 9 9
Tooth Width (mm) 9 5 5
Copper Loss (W) 4.20 5.07 5.43

Iron Loss (W) 6.65 7.75 7.73
Magnet Loss (W) 2.98 1.39 1.39

Total Loss (W) 13.83 14.21 14.55

Motor Identifier 3Sless-1CS 6Sless-2CS 6Sless-3CS

Slot Span (deg) 20 60 120
Slot depth (mm) 8 9 9
Copper Loss (W) 77.10 26.88 25.85

Iron Loss (W) 1.00 0.97 1.04
Magnet Loss (W) 0.78 0.01 0.01

Total Loss (W) 78.88 27.86 26.90

4.4. Rotor Sleeve Effect

In Section 4.3, the normal PM rotor without sleeve was analyzed. However, at high speed, the
rotor sleeve is required to maintain the magnets on the rotor surface. Under this effect, the influence of
the rotor sleeve is investigated in this part. In general, the rotor sleeve is realized by a thin layer of
non-magnetic material, e.g., copper, iron or stainless steel. For motors with hundreds of watt output,
the copper sleeve is preferred due to the better ductility and machinability. Unfortunately, the copper
sleeve causes additional eddy loss, increasing the rotor loss as well as the rotor temperature.

Similar to Figure 8, two-dimensional parameter sensitivity analysis is used to determine the stator
geometry of the six analyzed PM motors with a rotor copper sleeve. Figure 9 shows the resulting
geometric design with respect to the total loss. Considering the slotted stators in Figure 9a,b, the total
loss significantly increases compared to the same slotted stators without a copper sleeve. Table 6
summarizes the different motor loss components for PM motors with a copper sleeve. In this table,
the sleeve and magnet loss are combined together since the rotor thermal dissipation is directly
dependent on these losses. It is shown that the sleeve-reflected loss is dominant for high-speed slotted
PM motors, especially for 3Slot-1CS.
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Figure 9. Stator geometric design for the total loss minimization: (a) 3Slot-1CS, (b) 6Slot-3CS,
(c) 3Sless-1CS, and (d) 6Sless-3CS (copper sleeve, 1 p.u. torque and rated speed 80 krpm).

Table 6. Different loss components of six different motors with sleeve.

Motor Identifier 3Slot-1CS 6Slot-2CS 6Slot-3CS

Tooth Depth (mm) 9.5 9 9
Tooth Width (mm) 9 5 5
Copper Loss (W) 7.23 8.39 6.29

Iron Loss (W) 6.61 7.72 7.71
Magnet Loss (W) 50.78 36.86 36.74

Total Loss (W) 64.62 52.97 50.74

Motor Identifier 3Sless-1CS 6Sless-2CS 6Sless-3CS

Slot Span (deg) 20 60 120
Slot depth (mm) 8 9 9
Copper Loss (W) 79.58 27.99 26.88

Iron Loss (W) 1.00 0.98 0.96
Magnet Loss (W) 7.32 0.12 0.01

Total Loss (W) 87.9 29.09 27.85

Figure 10 analyzes the distribution of the armature flux density among these six PM motors.
Because of the nearly trapezoidal wave for 3Slot-1CS with concentrated windings in Figure 10a,
the total loss greatly increases from no sleeve 13.83W to sleeve 64.69 W. By using the distributed
windings, this sleeve loss is slightly decreased due to the nearly sinusoidal armature flux distribution,
e.g., 3Slot-2CS in Figure 10b and 3Slot-3CS in (c). However, the total loss is still significantly higher
than the no-sleeve slotted stator motors with coils.
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Figure 10. Distribution of armature flux density among six different PM motors: (a) 3Slot-1CS,
(b) 3Slot-2CS, (c) 3Slot-3CS, (d) 6Sless-1CS, (e) 6Sless-2CS, and (f) 6Sless-3CS (rated speed).

Figure 9c,d analyzes the total loss for the slotless motors 3Sless-1CS and 6Sless-3CS with respect
to the change of sspn and sd. For 3Sless-1CS, a certain amount of sleeve loss is observed due to
the concentrated windings, leading to the trapezoidal armature flux in Figure 10d. By contrast,
for 6Sless-3CS with distributed windings, the total loss is similar to that on the no-sleeve motor
in Figure 8d. Table 6 also lists the different loss components among the three slotless PM motors.
Compared to slotted motors with a copper sleeve, slotless motors with distributed windings achieve
both the lowest total loss and sleeve loss. As a result, it is concluded that 6Sless-3CS with distributed
windings and a unity winding factor is best suited as the PM motor topology for high-speed operation.

5. Motor Loss Caused by Trapezoidal Commutation

Prior stator design results considered the assumption of three-phase ideal sinusoidal current inputs.
However, at high speed, six-step trapezoidal commutation is preferred due to the implementation
challenge on the sinusoidal space-vector pulse width modulation (SVPWM) [19]. In addition,
the six-step drive has better inverter efficiency because of lower switches compared to SVPWM [19].
Figure 11 explains the six-step trapezoidal drive system analyzed in this section. In general, three Hall
sensors are required to obtain the rotor position. In Figure 11a, the relative location between the motor
and Hall sensors is shown. These three Hall sensors can be attached respectively at 0, 120, and 240 deg
with respect to the motor stator. Besides, (b) demonstrates the corresponding signal flowchart for
the six-step trapezoidal commutation. Three-phase voltages VA/VB/VC are manipulated based on the
desired torque command through six-step commutation.

Figure 11. Illustration of six-step trapezoidal drive system: (a) the relative location between motor and
Hall sensors, and (b) the corresponding six-step commutation signal process.
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In this section, FEA is used to investigate the motor loss caused by the six-step drive. For the test
condition, the trapezoidal wave is used as three-phase current inputs. The full PWM duty is assumed
considering the operation at rated speed. Table 7 shows same loss distributions for six PM motors
considering the trapezoidal current input. It is found that the magnet and sleeve loss all increase
among six motors. For slotted stator motors, the magnet and sleeve loss in the rotor greatly increase
compared to Table 5 with sinusoidal current inputs. By contrast, for slotless motors, magnet and sleeve
loss increase as well. The rotor loss is approximately one third lower than the same loss on slotted
motors. However, compared to slotless motors with sinusoidal currents, the advantage of negligible
rotor loss disappears, resulting in the rotor temperature consideration. Based on this comparison, it is
concluded that slotless stator motors with distributed windings must be designed as the high-speed
PM motor considering the drive of six-step commutation. More importantly, the SVPWM sinusoidal
drive is strongly recommended for high-speed motors by minimizing the rotor magnet and sleeve loss.

Table 7. Different loss components of six different motors.

Motor Identifier 3Slot-1CS 6Slot-2CS 6Slot-3CS

Tooth Depth (mm) 9.5 9 9
Tooth Width (mm) 9 5 5
Copper Loss (W) 10.81 6.07 7.63

Iron Loss (W) 16.50 10.08 9.59
Magnet Loss (W) 84.02 48.91 46.92

Total Loss (W) 111.33 65.06 64.14

Motor Identifier 3Sless-1CS 6Sless-2CS 6Sless-3CS

Slot Span (deg) 20 60 120
Slot depth (mm) 8 9 9
Copper Loss (W) 56.86 35.67 31.65

Iron Loss (W) 1.91 1.38 1.41
Magnet Loss (W) 37.28 16.46 17.13

Total Loss (W) 96.05 53.51 50.19

6. Conclusions

This paper proposed a systematic design for high-speed PM motors with consideration of the
radial force, rotor loss, rotor sleeve, and trapezoidal commutation. First, the unbalanced rotor radial
force is canceled using an even number of stator coils. Considering the rotor manufacturing error,
the proposed even coils also reduce the radial force below 0.01N considering 10% rotor eccentricity.
Second, the rotor loss at high speed is minimized based on the two-dimensional sensitivity analysis.
Specifically, the sleeve reflected eddy current loss is less than 8.3% of the total loss with the slotless
stator. It greatly reduces the demagnetization risk at high speed. Third, the trapezoidal commutation
drive induces additional 33~65% magnet losses at high speed. These losses are also improved once
slotless windings are selected. Considering all high-speed design issues, it is concluded that the
6Sless-3CS topology in Figure 2f with a slotless stator, even coils, and full-pitch distributed windings is
the best-suited PM motor, balancing the torque output and motor loss.
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Abstract: Small sized electric motors providing high specific torque and power are required for
many mobile applications. Air gap windings technology allows to create innovative lightweight and
high-power electric motors that show low phase inductances. Low inductance leads to a small motor
time constant, which enables fast current and torque control, but requires a high switching frequency
and short sampling time to keep current ripples and losses in an acceptable range. This paper proposes
an optimal torque feedforward control method, minimizing either torque ripples or motor losses,
combined with a very robust and computation-efficient modal current feedback control. Compared to
well-known control methods based on the Clarke-Park Transformations, the proposed strategy reduces
torque ripples and motor losses significantly and offers a very fast implementation on standard
microcontrollers with high robustness, e.g., against measurement errors of rotor angle. To verify
the accuracy of the proposed control method, an experimental setup was used including a wheel
hub motor built with a slotless air gap winding of low inductance, a standard microcontroller and
GaN (Gallium Nitride) Power Devices allowing for high PWM switching frequencies. The proposed
control method was validated first by correlation of simulation and experimental results and second
by comparison to conventional field-oriented control.

Keywords: optimal control; modal current control; feedforward torque control; feedback current
control; torque ripples and loss minimization; low inductance permanent magnet motor

1. Introduction

Manufacturers of electric vehicles or electric planes require electric motors with small size,
lightweight construction and maximum efficiency, providing at the same time high torque and power.
For low-power applications (<200 W), electrical motor weight can be reduced by air gap winding
designs offered, e.g., by Faulhaber and Maxxon [1]. A new slotless air gap winding design for a 15-inch
wheel-hub motor providing high power of 40 kW at a speed of 1500 rpm and a very low weight of 20 kg
is presented in References [2–4]. Wheel hub motors take a new step in technology of electric vehicles
as they allow to create completely new designs of mobile applications without a lot of the mechanics
used today and a lot more room for passengers and baggage. High specific power and torque densities
are the main indicators of the quality of wheel hub motors. This way, the very lightweight wheel hub
motors based on air gap windings [2–4] are most promising.

Usually, motors are based on slotted windings, which significantly increase the motor weight
and reduce specific torque and power density. Slotless air gap winding design reduces the weight of
electric motors, as it avoids a big part of stator back-iron needed for conventional slotted machines.
Additionally, a very high torque can be generated without any torque ripple induced by slotted
geometry. However, low number of turns and low iron volume in air gap winding designs lead
to very low phase inductances of only several μH, which makes control a challenge [4,5]. For this
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reason, a high pulse width modulation (PWM) switching frequency of about 100 kHz is needed to
keep current ripples, and accordingly torque ripples and associated losses, in a demanded range.
In addition, the motor control must be adapted to low phase inductance and high PWM frequency for
microcontrollers with a very small sampling step size.

Depending on the phase current waveform, conventional control methods for permanent magnet
(PM) motors can be divided into two groups: based on the block commutation [5–9] and based on
the Clarke-Park Transformations [10–16]. The first one is usually used for low-cost and low-power
applications because of low manufacturing costs and simple design. On the other hand, this leads to a
high torque ripple waveform caused by non-ideal commutation currents [5–9]. This disadvantage is
even more significant for PM motors with low inductance due to the inverse relationship between
phase inductances and current ripples. Trigonometric Clarke-Park Transformations transfer phase
currents into a torque generating Q-part and a field generating D-part (DQ control), dependent on
rotor position [10–16]. This gives the opportunity for smoother phase commutations, which decreases
current and torque ripple but assumes pure sinusoidal waveforms for B-field (magnetic flux density)
and phase currents. For high sampling frequencies, calculation of transformations is a high burden
for the microcontroller. If the B-field consists of significantly higher harmonics, they should be
compensated by adding additionally higher harmonic parts to the phase currents. This method may
be unacceptable for high-frequency control, and only iterative approaches are known [10–14].

This article proposes a combined optimal torque feedforward and modal current feedback
control method for PM motors with very low phase inductance. Previously, in References [17,18],
a high-frequency Combined Optimal Torque and Modal Current Control (OTMIC) was proposed for
low inductance PM motors focused on the minimization of motor losses. In this article, this method
for loss minimization is described as mathematically complete. Further, it is extended to torque
ripple minimization to give a powerful optimization method flexibly adaptable to different goals.
Limitations of References [17,18] given by growing size of symbolic expressions will be avoided by a
new matrix formulation of the algorithm that allows for adaptive real-time applications. It is possible to
switch online between both optimization strategies to fulfill changing demands depending on certain
operation points (e.g., low speed→minimal torque ripple, high speed→minimal loss). In case of
motors based on air gap winding designs, motor B-field is nearly independent of speed, torque and
phase currents. This conclusion was used to explicitly take into consideration all harmonics of B-field
for torque control. In an off-line optimization step, optimal current values for a set of electric angles
are stored in a table for on-line usage under hard real-time conditions. By means of a very robust
modal current control approach, which works independently on rotor angle, the 3-phase current
control problem can be reduced to a 2-phase modal one, based on a linear model of the PM machine
with constant coefficients. It becomes evident that the non-controllable state (one of the 3-phase
currents) can be eliminated without any pre-conditions, e.g., on B-field waveform, and all statements
on stability are global using this approach. Additionally, modal transformation matrices are constant,
especially independent of electrical angle and any physical parameter. This reduces computation effort
significantly compared, e.g., to Park-Clarke Transformation, where transformation matrices change
with the angle. Errors of angle measurement or estimation have only a very limited effect on current
control. Thus, independence of motor parameters increases the robustness of the transformation
due to any physical changes, further allowing for a very fast software implementation on a low-cost
microcontroller with an acceptable sampling step size. Optimization as well as control problem can be
solved symbolically, allowing for very fast and adaptive implementations.

In the second section of this article, a new approach of PM motor control based on the mathematical
model of slotless air gap winding PM motor with very low phase inductance is presented. The proposed
method combines modal feedback control to guarantee the desired stability, dynamics and robustness
margins with optimal feedforward control to minimize important motor features like ohmic losses or
torque ripple. The last section shows the experimental and simulation results of the proposed method
and comparison of the proposed control with conventional Field-Oriented Control (FOC) based on DQ
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Clarke-Park Transformations (DQ control). A PM wheel hub motor with slotless air gap windings and
very small inductances (near 1.5 μH per phase) was used as a test object.

2. Design of the Proposed Combined Optimal Feedforward Torque and Modal Current Feedback
Control for Low Inductance PM Motors

2.1. Operation Principle of PM Motor with Very Low Phase Inductance

The dynamic model of a PM motor with slotless air gap winding is obtained considering the
following assumptions [3]:

1. Rotor consists of surface-mounted permanent magnets.
2. No cogging torque due to slotless design.
3. Harmonic magnetic field density generated by permanent magnets.
4. B-field harmonics and inductance are constant, e.g., independent from speed and phase currents

due to very small current-induced magnetic fields of the windings.
5. Stator has symmetric 3-phase star-connected windings commutated by a 3-phase inverter

(B6-bridge).

A model is shown in Figure 1, where R—phase resistance, L, M—phase self and mutual

inductance, e =
[

ea eb ec
]T

—phase back-EMFs (back electromotive force), u =
[

ua ub uc
]T

,

i =
[

ia ib ic
]T

—phase voltages and currents, uS—voltage at star point and uDC, iDC—input direct
voltage, current to PM motor inverter [2–4].

 

Figure 1. B6-bridge-fed 3-phase permanent magnet (PM) drive connections.

Considering the Y-connection, Kirchhoff’s first Law

ia + ib + ic = 0 (1)

and Kirchhoff’s second Law⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
ua

ub
uc

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ =
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

R 0 0
0 R 0
0 0 R

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

ia
ib
ic

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦+
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

L −M −M
−M L −M
−M −M L

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

dia/dt
dib/dt
dic/dt

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦+
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

ea

eb
ec

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦+
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
1
1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦uS (2)

or more compact
u = R i + L di/dt + e + uS (3)

state the mathematical model of a 3-phase PM motor. The 3-phase back-EMF values

e = ω kM B(ϕ), (4)
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depend on ω—the mechanical angular velocity of the rotor, kM—a motor geometric constant and

B =
[

Ba(ϕ) Bb(ϕ) Bc(ϕ)
]T

—the vector of averaged B-fields acting on air gap winding phases [3],

which itself depends on ϕ—the electrical angle. Obviously, Ba(ϕ) = B(ϕ), Bb(ϕ) = B
(
ϕ− 2π

3

)
and

Bc(ϕ) = B
(
ϕ− 4π

3

)
are given by the harmonic magnetic field density generated by permanent magnets,

calculated by:
B(ϕ) =

∑
k

bk sin(k ϕ). (5)

as a function of electric angle and odd harmonic coefficients, bk. Either FE analysis of the underlying
magnetic circuit or line-fitting of measured back-EMF values give the B-field harmonic coefficients
with very good accuracy [2–4].

Electrical torque is generated by Lorentz force [2–4]:

TE = kM
[

Ba Bb Bc
]⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

ia
ib
ic

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ = kMBTi (6)

acting on the airgap winding. Loss torque:

TL = d ω+ c (7)

collects linear mechanical friction together with back-iron and airgap winding eddy losses into the
linear friction coefficient d and mechanical coulomb friction together with back-iron hysteresis losses
into the constant friction coefficient c. It will be noted that loss torque TL and resulting loss power
depends only on speed and is independent of motor current. Electrical torque TE reduced by loss
torque TL gives motor output torque:

TM = TE − TL. (8)

Equations (1)–(8) describe the motor model in terms of back-EMF, output torque and phase
currents based on information of angular position ϕ, angular velocity ω, B-field harmonics and motor
parameters kM, d and c. Torque Equation (6) shows that the adaptation of phase current waveforms
taking into account the B-field harmonics is the key to motor torque control [2–4].

Phase currents i(ϕ), like B-field, can also be defined as harmonic functions of electrical angle ϕ:

i(ϕ) =
∑

k

ak sin(k ϕ). (9)

Cosine terms are omitted. If included, they would vanish during optimization. From (1), we get
additional constraints:

a3k = 0 (10)

for current coefficients. Average electrical torque:

TA =
1

2π

∫ 2π

0
TE dϕ =

3
2

kM

∑
k

akbk (11)

can then be expressed by Fourier coefficients of phase current and B-Field. Using Equations (5) and
(8)–(11), in this paper will be proposed a new method to generate optimal phase currents to generate
a given torque TRe f for an arbitrary harmonic B-field, while minimizing either the motor losses or
alternatively while minimizing the output torque ripples.
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2.2. Optimal Control for Minimal Motor Losses

Generation of a given torque TRe f with maximum efficiency or, equivalently expressed,
with minimum losses PL is a typical design requirement of an electrical motor. Averaged total
motor losses consist of ohmic and non-ohmic losses [3]:

PL = 1
2π

∫ 2π
0

(
R
(
i2a + i2b + i2c

)
+ d ω2 + c ω

)
dϕ

PL = 3R
2
∑
k

a2
k + d·ω 2 + c·ω,

(12)

where non-ohmic losses depend only on the average angular speed in a pole pair segment:

ω =

∫ 2π

0
ωdϕ and ω 2 =

∫ 2π

0
ω2dϕ (13)

and ohmic losses can be expressed by Fourier coefficients of phase currents according to (9).
Given demands lead to the mathematical optimization problem for minimization of motor losses PL

while generating a demanded torque TRe f :

Min = PL with constraint TA = TRe f (14)

for unknown parameters ak of the phase current harmonics based on the given harmonics bk of the
B-field. The solution of this quadratic optimization problem can be determined analytically, e.g.,
by combining cost function and constraints in a Lagrange function, calculating derivatives and solving
first-order conditions for unknown coefficients:

am =
2
3

TRe f

kM

bm

b
2 (15)

with the sum of squares of selected harmonics of B-field:

b
2
=
∑

m
b2

m (16)

and the selection indices:
m = 1, 5, 7, 11, 13, 17, 19, 23 . . . (17)

Remaining parameters ak are zero. Selection indices show that some odd harmonics of phase
current {3, 9, 15, . . . } will not contribute to torque. The optimal current waveforms can be calculated
from (15) for each electrical angle taking into account the harmonics of B-field, motor constant kM and
given reference torque TRe f . This approach achieves that each demanded torque can be generated with
minimum motor losses for arbitrary B-field and regardless of motor speed. Air gap winding PM motor
design allows to have nearly ideally constant B-field harmonics with minor sensitivity to temperature
changes. If necessary, e.g., for application to other motor types, the effect of temperature on B-field and
phase resistances can be easily incorporated into the model and adapted online.

2.3. Optimal Control for Minimal Torque Ripples

Generation of a given torque TRe f with minimum torque ripples is another typical design
requirement of an electrical motor, especially if vibrations and noise are critical. Torque ripple is
defined as mean square deviation between electrical torque TE and average torque TA:

T2
R =

1
2π

∫ 2π

0
(TE − TA)

2 dϕ (18)
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In this case, optimal current can be determined solving the optimization problem:

Min = T2
R with constraint TA = TRe f (19)

Inserting current definition (9) into the integral (18), the optimization problem stated in (19) again
can be solved analytically by formulating Lagrange function, calculating derivatives and solving the
first-order conditions. Besides this straightforward path, there exists another approach, which leads to
more simple expressions and allows further insight into the solution. Starting from (5), (6) harmonics

tk =
1
π

∫ 2π

0
TE cos(6 k ϕ)dϕ (20)

of electrical torque TE can be determined and collected in vector

t = A a (21)

with matrix

A =
2
3

kM

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

2b1 2b5 2b7 2b11 2b13 2b17 2b19 2b23

b7 − b5 b11 − b1 b13 + b1 b17 + b5 b19 + b7 b23 + b11 b13 b17

b13 − b11 b17 − b7 b19 − b5 b23 − b1 b1 b5 b7 b11

b19 − b17 b23 − b13 −b11 −b7 −b5 −b1 b1 b5

−b23 −b19 −b17 −b13 −b11 −b7 −b5 −b1

0 0 −b23 −b19 −b17 −b13 −b11 −b7

0 0 0 0 −b23 −b19 −b17 −b13

0 0 0 0 0 0 −b23 −b19

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(22)

and vector of current harmonics

a = [a1, a5, a7, a11, a13, a17, a19, a23] (23)

for an example with 23 harmonics. Only average value at zero and multiples of the sixth harmonic
appear. All other coefficients are zero. Matrix A is square and has full rank. Defining the torque
harmonics

t =
[
2 TRe f , 0, 0, 0, 0, 0, 0, 0

]
(24)

in a way that the zero coefficient is given by the demanded torque TRe f and all other torque harmonics
vanish, delivers the solution for the above-mentioned optimization problem by solving the linear
system of equations defined by (21). For practical applications, a much smaller number of harmonics
than given in (23) will be sufficient. The larger number presented here helps to demonstrate the
structure of the matrix. It is important to state that also the torque ripples minimization leads to an
analytical solution for optimal currents that is well suited for online and adaptive applications.

2.4. Modal Current Control

So far, we have two feedforward strategies to implement either loss minimal or torque ripples
minimal operation of the motor. Both strategies rely on current control, which is able to deal with
higher current harmonics, which means also with higher frequencies. A modal current control method,
exploiting all structural benefits of given control problem and allowing for very high-speed control,
will be presented in more detail in this section. The complete model of the PM motor with air gap
winding is defined by (1)–(3). Node Equation (1) shows that only 2 of the 3 phase currents are
independent. Taking this dependency into account, (3) can be written as

G(u− e) = R i + Ldi/dt (25)
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with

G =
1
3

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
2 −1 −1
−1 2 −1
−1 −1 2

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦. (26)

For simplicity, back-EMF e can be neglected and later added to input voltage u as a feedforward
compensation or simply treated as a disturbance for the controller. This coupled system for the 3 phase
currents i can be completely decoupled with a modal transformation

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
JΣ

J1

J2

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ = 1
3

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
1 1 1
−1 −1 2
−1 2 −1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦︸������������������︷︷������������������︸
W

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
ia
ib
ic

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ (27)

applied to system (25) in a way that modal inductance matrix

Λ = W L W−1 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
L− 2M 0 0

0 L + M 0
0 0 L + M

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ (28)

gets diagonal. Phase currents i are transformed to modal currents J =
[

JΣ J1 J2
]T

. Considering (1)
and the first row of the transformation matrix defined in (27), modal current JΣ will be zero. Thus, only
2 out of 3 modal currents associated with the modal inductances L + M are relevant. The decoupled
modal system

1
3

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
0 0 0
−1 −1 2
−1 2 −1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

ua

ub
uc

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ =
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

R 0 0
0 R 0
0 0 R

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

JΣ

J1

J2

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦+
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

L− 2M 0 0
0 L + M 0
0 0 L + M

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

dJΣ/dt
dJ1/dt
dJ2/dt

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ (29)

shows that modal current JΣ is not controllable as the associated row of the modal input matrix is
completely zero. The remaining 2 modal currents, J1 and J2, come from 2 identical first-order systems
with time constant L+M

R . Eliminating non-controllable current JΣ gives the reduced controllable system

1
3

[ −1 −1 2
−1 2 −1

]
︸������������������︷︷������������������︸

Γ

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
ua

ub
uc

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ =
[

R 0
0 R

][
J1

J2

]
+

[
L + M 0

0 L + M

][
dJ1/dt
dJ2/dt

]
(30)

Thus, the 3-phase current control problem is reduced to the control of two completely identical
but decoupled first-order systems, associated with modal currents J1 and J2. The redundant total
current JΣ displays any errors in current control loop and can be used as an indicator of the quality
of the system online. Modal currents J1 and J2 are not connected and can be controlled completely
independent by modal input voltages

V =

[
V1

V2

]
= Γ · u, (31)

as shown in Figure 2. This simple separation based on the modal transformation given in (27)
does not use any trigonometric calculations based on the rotor angle as in conventional Clarke-Park
Transformations, is independent of motor parameters and is well defined for any shape of B-field.
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Figure 2. Modal control loop for modal currents J1,2.

According to (30). motor transfer function is given by

GM(s) =
1/R

1 + L+M
R s

. (32)

For high-speed control of low inductance PM motors with high number of poles, current sensor
dynamics must be included in the control loop with a first-order sensor model

GS(s) =
1

1 + TSs
(33)

and sensor time constant TS. As a microcontroller-driven B6-bridge generates PWM pulses at frequency
fPWM = 1/Δt to control motor input voltage and ADC (Analog-to-Digital Converter) samples current
sensor signals with the same rate, time continuous transfer function

GMS(s) = GM(s)GS(s) (34)

has to be discretized with that frequency to get the discrete transfer function

DMS(z) =
(β− 1 + (1− α)δ)z + ((α− 1)δ− α)β+ α

R(δ− 1)(z− α)(z− β) (35)

with sampling time Δt, discrete eigenvalues of motor α = e−
RΔt

L+M , sensor β = e−
Δt
TS and motor/sensor

speed ratio δ = L+M
R TS

. Very small motor time constant due to low phase inductance allows to achieve
very fast current and electrical torque response with requested time constant TReq, which expands the
possibilities of design for more complex control systems like dynamic stability control or autonomous
driving. To get a controlled system of first order

D(z) =
1− zR

z− zR
(36)

with requested eigenvalues zR = e
− Δt

TReq , it is necessary to use a discrete PID
(Proportional-Integral-Derivative) controller with filtered derivative action:

DC(z) = KP +
KI

z− 1
+

KD

ND + 1
z−1

. (37)

Control parameters can be determined by comparison of coefficients of discrete closed loop

D(z) =
DC(z)DMS(z)

1 + DC(z)DMS(z)
(38)
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and reference transfer function given in (36), as

KP =
(1−α+δ(β−1))R(zR−1)

(δ−1)(β−1)(α−1) ;

KI = R(zR − 1);

KD =
Rδ(zR−1)(β−α)2

(δ−1)2(β−1)2(α−1)2 ;

ND =
β−1+δ(1−α)

(δ−1)(β−1)(α−1) .

(39)

A saturation of output and I-part of the PID controller guarantees safe operation in the case of
limited supply voltages. Outputs from PID controllers DC(z) are two modal control voltages, V1 and
V2. According to (31), V1 and V2 must be transformed back to three control voltages u by means of a
Moore Penrose pseudo-inverse transformation matrix Γ+

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
ua

ub
uc

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ =
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
−1 −1
0 1
1 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦︸��������︷︷��������︸
Γ+

[
V1

V2

]
. (40)

Modal current control ensures system stability regardless of fluctuations in system parameters
caused by changes of motor temperature and other factors. Moreover, it can be implemented for PM
synchronous motors with any waveform of B-field. However, it should be noted, that the motor model
should satisfy the mathematical model described with Equations (1)–(3), which can be very good when
performed for PM motors with air gap windings and also other PM motors.

2.5. Control Diagram of OTMIC

The proposed control diagram of Combined Optimal Torque and Modal Current Control (OTMIC)
is shown in Figure 3. The control algorithm uses a torque reference TRe f and measured electrical
angle ϕ to estimate optimal phase current waveforms for motor loss or torque ripples minimization,

iRe f =
[

iaRe f (ϕ) ibRe f (ϕ) icRe f (ϕ)
]T

, based on one of the optimization methods described in
Sections 3.1 and 3.2. The optimal currents iRe f are used as a reference for measured phase currents i.
Current errors Δi as differences between reference and measured currents are fed to the Modal Current
Control described in Section 2.4 and used to generate the control voltages u, which set PM motor in
motion with the optimal torque waveform via a SVPWM (Space Vector Pulse Width Modulation) and a
B6-bridge. Architecture of OTMIC control allows to simplify the microcontroller torque/current control
loop by using constant matrices with simple coefficients for modal transformation.

 

Figure 3. Proposed Combined Optimal Torque and Modal Current Control (OTMIC) diagram of PM
motor drive system.
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In addition, optimal reference currents according to (9) and (15)–(17) for minimal Loss Control or
from (9) and (21)–(24) for minimal Torque Ripple Control can be calculated off-line for a set of angles
and stored in a table. These simplifications allow to implement the control loop with very small step
size of Δt < 10 μs on a common low-cost microcontroller.

3. Units Simulation and Experimental Results

3.1. Motivation and Experimental Setup

A wheel hub motor for a hub-less scooter, shown in Figure 4 on the experimental setup (left above)
and in the dissembled state (right) for better demonstration of the air gab winding, will be used for
verification of OTMIC control method. The motor has a very low total weight of 2.7 kg, a high nominal
power of 4.8 kW and a nominal torque of 80 Nm. More motor data is given in Table 1, where B odd
Harmonics are 1st, 3rd, 5th and 7th harmonic numbers. The experimental platform shown in Figure 4
was used to verify the proposed OTMIC method with either minimized motor losses or minimized
torque ripples for low inductance PM motors.

 

Figure 4. Experimental setup for OTMIC verification [18].

Table 1. Air gab winding wheel-hub motor parameters [17,18].

Symbol Description Value UOM

Motor Parameters
uDC DC voltage 48 V

Ls + Ms phase inductance 1.5 μH
Rs phase resistance 0.026 Ω
tM motor time constant 58 μs
p number of poles 94 −

kM motor constant 0.304 Nm/(TA)
bk B odd harmonics [1.15 0.2 0.06 0.01] T

c
constant of coulomb

friction and hysteresis
loss

0.0832 Nm

d constant of mechanical
friction and eddy loss 0.0008 Nm·s/rad

Control Parameters
KP Proportional term 0.166 V/A
KI Integral term 0.026 V/A
KD Derivative term 0.013 V/A
ND PID filter term 0.9854 −
TS sensor time constant 1 μs
Δt sampling time 10 μs

fPWM switching frequency 100 kHz
TReq requested time constant 20 μs
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Due to elimination of stator iron, motor inductance is very low (near 1.5 μH per phase). Thus,
motor needs an adapted control with high switching frequency of about 100 kHz to keep current
ripples and total losses in an acceptable range. Control parameters calculated according to (39) are also
given in Table 1.

To drive the motor, six GS61008P MOSFETs (metal–oxide–silicon transistors) from company GaN
Systems, able to switch up to 90 A at a rate up to 300 kHz, were connected as a B6-bridge. Due to limited
MOSFETs cooling of experimental boards, phase current was restricted to 20 A for the experiments.
Hall-effect-based sensors from Allegro ACS730 were used for phase current measurement with a
very small sensor time constant of 1 μs. Rotor angle is delivered by an encoder using 5 k increments.
100 kHz PWM switching frequency to power the B6-bridge requires a very small step size in the
microcontroller (lower than 10 μs). To achieve this requirement, an ARM Cortex-M4F has been used
running at 200 MHz. It allows to implement the control loop shown in Figure 3 in 8.3 μs. In comparison
to the proposed method, a conventional DQ control needs a minimum of 9.4 μs, which underlines the
effectiveness of the proposed method. This comparison can be seen in Figure 5.

 

Figure 5. Step response of simulated and measured torque for OTMIC and FOC (DQ).

This means that OTMIC control can be calculated faster and in addition, gives the optimal torque
in contrast to FOC (DQ) based on the Clarke-Parke Transformations.

3.2. Verification of the Proposed Method

The simulation results presented in this study have been performed through Matlab/Simulink
environment based on the mathematical model of the PM motor described in Section 2 and the control
model presented in Section 3. Conventional DQ field-oriented vector control used as a reference to the
proposed OTMIC was also implemented in the experiment to control the wheel hub motor, with the
parameters in Table 1.

The motor dynamic behavior can be verified by means of step response of electrical torque TE.
As shown in Figure 6, measured and simulated torque of proposed OTMIC and conventional DQ
methods were carried out according to zero velocity, mechanically fixed rotor and 5 Nm reference
torque TRe f (green). Because torque sensor bandwidth was too low for this experiment, electrical torque
generated in air gap winding (grey) was calculated using (6) based on the values of measured currents
and the electric angle with a given motor geometric constant kM, and compared with the simulation
for OTMIC (blue) and DQ (red) control methods. As can be seen form Figure 6, the difference between
both methods is minimal due to the very low motor time constant. The exciting fast torque step
response within 35 μs underlines the very high dynamics of this type of motor. The slight difference
between simulation and measurement is due to parasitic inductances and capacitances in power lines
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and supply. This can be easily considered in the motor model but was not done in this experiment to
show the robustness of the control.

 

Figure 6. Step response of simulated and measured torque for OTMIC and DQ.

For a more detailed demonstration of the basic principles of the proposed control algorithm,
Figure 7 shows the results of modeling the ideal optimal current waveforms to minimize the torque
ripples (OTMIC TRO) and losses (OTMIC LO) for two waveforms of B-Field (Case A with odd harmonic
coefficients bk from Table 1 and Case B with bk from Reference [19], which result from a change in the
air gap between stator and rotor). For a more detailed analysis, the torque RMS (root mean square)
and efficiency value are also presented for a sinusoidal current of conventional DQ control based on
the Clarke-Park Transformations. Figure 7 shows the simulation results of an ideal system without
any errors in the phase current or rotor position measurements. As can be seen, the optimal phase
current waveforms are able to the minimize torque ripples or maximize motor efficiency based on the
Equations (6) and (12). The advantages of the OTMIC TRO are seen very well in Figure 7. In an ideal
system, OTMIC TRO eliminants any torque fluctuations for any waveform of the B-field. OTMIC with
loss optimization (LO) changes the phase current waveform and improves loss rates and efficiency of
the system with increased torque ripples. The advantages of the OTMIC LO in comparison with the
standard DQ method are visible only in the presence of significant parasitic harmonics in the form of a
B-field. Simply said, the ideal sinusoidal B-field leads to the same torque ripples and motor loss for
every method.

 

Figure 7. Working principles of the proposed OTMIC control algorithm for two B-Field waveforms.
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Simulated and measured phase currents and torque results during normal operation of
proposed OTMIC control with minimization of torque ripple (TRO Figure 8a—simulation,
Figure 9a—measurement) and losses (LO Figures 8b and 9b) as well as a conventional vector DQ control
(DQ Figures 8c and 9c) correspond to the references: ω = 8 rad/s and TRef = 10 Nm. The behavior of
phase currents and torque for both OTMIC optimizations given in Figure 9a,b has a slight asymmetry
caused by speed fluctuations of load machine and errors in angle measurements, which could not
be completely avoided in experimental setup. The current and torque harmonic distribution for
the aforementioned control approaches are shown in Figure 8d for simulation and in Figure 9d for
measured results. The amplitude of each harmonic component is normalized relative to that of a
fundamental one. The FFT (Fast Fourier transform) analyses of simulation currents and torques
underline the main idea of the proposed method. As shown in Figure 8d (left), the phase current
waveforms of OTMIC have 5th and 7th harmonics expected to conventional control. On the other
hand, the torque waveform of OTMIC with torque ripple optimization TRO (blue) is deprived of such
harmonics, which leads to the very small torque fluctuations as opposed to DQ control, as shown in
Figure 8d (right).

 
Figure 8. Simulation results of stator current and torque of: (a) OTMIC with torque ripples optimization,
(b) OTMIC with losses optimization, (c) conventional DQ control and (d) harmonic spectrum of phase
current (left) and torque (right) for every method [18].

The harmonic spectrum of measured phase current with OTMIC control shown in Figure 9d
(left) has parasitical 2nd, 4th and 6th harmonics due to inaccuracies in experimental setup, mainly
caused by interactions of control system and load machine, but they are less than 1% of that of the
fundamental one. The necessary 5th and 7th harmonics have a slight deviation of about 0.5% of the
fundamental one compared to simulation results. The current waveform of conventional DQ control
should be quite similar to a sinusoidal, as shown in the simulation results in Figure 8c and harmonic
analyses in Figure 8d (left). However, the harmonic spectrum of measured phase currents by the
conventional method consist of high 3rd and 4th harmonics due to the high sensitivity of the standard
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method based on the trigonometric transformations to errors in the control system, especially errors in
angle measurement.

 
Figure 9. Experimental results of stator current and torque of: (a) OTMIC with torque ripples
optimization, (b) OTMIC with losses optimization, (c) conventional DQ control and (d) harmonic
spectrum of phase current (left) and torque (right) for every method [18].

The measured torque harmonic distribution shown in Figure 9d (right) consists of a large number
of harmonics due to speed errors in rotating shaft and additional torque produced by load machine.
However, the 6th and 12th harmonics retain their tendency and can be compared with the simulation.
In addition, the FFT analyses of measured torques in Figure 9d (right) shows that the proposed
OTMIC control with torque ripple minimization is able to compensate additional harmonics in
B-field. Summarized, the measured results show very good correspondence to theoretical calculations.
As opposed to OTMIC, the Clarke-Park Transformations need a very accurate rotor angle measurement,
which can be seen in the larger asymmetries given in Figure 9c. Thus, the proposed OTMIC method is
less sensitive to speed fluctuations and angle errors due to the absence of trigonometric transformations
of phase currents based on the electric angle.

Figure 10 compares the measured values of motor efficiency for OTMIC control with LO and TRO
and conventional DQ control. Motor efficiency was measured with given constant velocity of 30 rad/s,
variable torque from 1 to 10 Nm and output power from 30 to 300 W. Results show that OTMIC control
with loss minimization increases the system efficiency by 0.7% in compassion to the conventional
method, while delivering the same torque. However, for a correct analysis of the proposed control
in case of a motor loss and efficiency, any errors in the measurement system should be avoided and
motor torque and current should be increased to the rated values, which could not be fully realized in
our experimental setup. More detailed analyses of the system efficiency should be investigated in the
future work.
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Figure 10. Motor efficiency for OTMIC and DQ control.

Simulation and experimental results show that the OTMIC control system is less sensitive to errors
in the electrical angle and phase currents measurements compared to FOC. In addition, the proposed
method worked very robustly independent of deviations of motor parameters like phase resistance
due to the temperature and the speed of fluctuations due to the load motor.

4. Conclusions

This paper proposed a Combined Optimal Torque feedforward and Modal Current feedback
Control architecture (OTMIC) for PM motors with very low inductance and higher harmonic B-field,
which minimizes motor losses or torque ripples/motor noise by means of offline calculation of optimal
current waveform. Optimal three-phase currents are used as reference values to the measured currents.
The optimization algorithm considers all relevant coefficients of B-field harmonic distribution to
calculate the appropriate current waveform off-line and employs an extremely fast table-lookup for
real-time implementation in the microcontroller. Modal current feedback control provides stability,
high system dynamics without deviation of a given reference and high robustness against variation of
motor parameters or errors in rotor angle measurement.

Compared to classical field-oriented control methods based on the cumbersome and complex
Clarke-Park Transformations, the proposed control is simpler for implementation on the microcontroller
and allows to minimize either torque ripples or motor losses. As a result, the proposed OTMIC
control can reach its full potential in high-frequency systems, where simplicity of the control algorithm
and microcontroller calculation time matters. Due to the transformations used in the conventional
DQ method, the phase currents’ waveforms have to be nearly ideally sinusoidal. This means that
conventional methods to achieve the specified requirements of motor torque or total losses demand
the special concepts and additional real-time calculations to adapt the phase current waveform to
the non-sinusoidal waveform of the magnetic field. It complicates the control system and increases
the calculation time in the microcontroller. Moreover, in real high-frequency control systems with
errors in current and angle measurements, this problem can be more significant. Experimental
results show that the Clarke-Park Transformations for electric drives with a very small motor time
constant and high number of poles introduces significant current deviations from the values given.
In this case, the proposed OTMIC control method used for PM synchronous motors with a very
low phase inductance and tested experimentally shows a very good match between simulated and
measured waveforms of phase current and torque. The proposed control can also be applied to other
electric motors such as brushless DC (BLDC), asynchronous or PM motors, with any waveform of
B-field waveform.
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Abstract: This paper presents an extension theory-based assessment method to perform fault diagnosis
for inverters in motor driving systems. First, a three-level neutral-point clamped (NPC) inverter is
created using the PSIM software package to simulate faults for any power transistor in the NPC-type
inverter. Fast Fourier transformation is used to transform the line current signals in the time domain
into a spectrum in the frequency domain for analysis of the corresponding spectrum of features of
the inverter for faults with different power transistors. Then, the relationships between fault types
and specific spectra are established as characteristics for the extension assessment method, which is
then used to create a smart fault diagnosis system for inverters. Fault-tolerant control (FTC) is used
here when the rated output of a faulty inverter is decreased in order to maintain balanced output in
three phases by changing the framework of the transistor connection. This is performed to reinforce
the reliability of the inverter. Finally, by the simulation and experimental results, the feasibility of
the proposed smart fault diagnosis system is confirmed. The proposed fault diagnosis method is
advantageous due to its minimal use of data and lack of a learning process, which thereby reduces
the fault diagnosis time and makes the method easily used in practice. The proposed fault-tolerant
control strategy allows both online and smooth switching in the wiring structure of the inverter.

Keywords: extension theory; smart fault diagnosis; three-level neutral-point clamped inverters;
line current spectrum feature; fault-tolerant control

1. Introduction

Compared to two-level inverters, multi-level inverters [1–5] exert less voltage stress on switches,
feature smaller change rates in their output voltages (dv/dt), and can be applied in high power scenarios.
As multi-level inverters incorporate multiple power transistors that are connected in both series
and parallel, thus making the output line-to-ground voltage waves embedded with many step-like
waveforms, their waveforms become step-like voltage waveforms which are better approximated in
the form of sine waves, thus being suitable for reducing harmonic components.

Multi-level inverters are generally divided as diode-clamped, neutral-point clamped (NPC, I-type),
cascaded H-bridge (CHB), and flying capacitor inverters. Of these types, three-level diode-clamped
inverters [6] are widely used due to their simple circuit and ease of control. The inverter works
by dividing, using capacitors, the voltage on DC side equally into three voltage levels (+Vdc/2, 0,
and −Vdc/2), allowing the output voltage to change in three modes, thus, with diodes and switches,
clamping the output voltage at a neutral point on the DC side. Yet, as the switches may be damaged
when operating in high-current or high-temperature conditions over extended periods of time,
components aging, faulty drive circuits, and other faults, thereby resulting in an inability to work
normally, multi-level inverters should be designed with a fault detection mechanism and fault-tolerant
control in the hope of operation without disruption in the event of a faulty inverter component [7–9].
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In the past, faults in motor drive systems have been diagnosed based on messages from
measurement instruments that are shown directly by numbers or waveforms, which allows easy
and fast indication for fault occurrence. Such a practice requires on-site operators to determine
(directly and from their own experience) what fault a message indicates for subsequent repairs and
component replacement as needed. Such a conventional method of fault diagnosis [10,11] tends to
lead to misjudgment for fault points, causing unnecessary wastes of effort and time for repairs and
component replacement. Hence, a new technology for diagnosing system faults deserves study. In this
regard, there has been much effort made in both Taiwan and overseas [12–15]. The methods that
have resulted from these efforts combine more than two algorithms to form an artificial intelligence
(AI) system for motor fault diagnosis, which can increase the efficiency in fault diagnosis for motor
drive systems and thus helps save labor and time costs. These AI systems are only suitable for motor
fault diagnosis and cannot be directly applied to fault diagnosis for multi-level inverters. As such,
in the research of the same diagnosis, some researchers have used artificial neural networks (ANNs)
to create fault diagnosis systems [16–19]. ANN methods perform diagnosis faster, yet they require
massive data quantities for learning. Therefore, the accuracy of the fault diagnosis is based on the
amount of learning data and the correctness of the learning process. In [20], an effective control
strategy including fault detection, localization, and tolerant operation was proposed for a modular
multi-level converter with a transistor open-circuit fault; however, this method is only applicable to a
large number of series-connected two-level converter modules, and only for AC-to-DC converters.
A novel fault-tolerant control strategy was proposed in [21] for bypassing converter submodules (SM)
with faults and re-regulating the SM capacitor voltage and carrier phase-shift angle to maintain the
main components of circulating current, additionally reducing the total harmonic distortion (THD)
of the grid-connected current to enable the stable operation of the photovoltaic inverter; however,
this method is also only suitable for a large number of series-connected two-level inverters. A detailed
analysis of a single open-switch fault for a NPC active rectifier was presented in [22]. The study
proposed a fault-tolerant control method to reduce the effect of the open-switch fault via compensation
with a distorted reference voltage. Although this method could be used with a three-level NPC
converter, it can only be used in AC-to-DC converters, but not in inverters. A fast fault diagnosis
scheme in a grid-connected photovoltaic (PV) system based on applying the combination of wavelet
multi-resolution singular spectrum entropy and a support vector machine was proposed in [23] to
identify different types of grid faults in a three-phase grid-tied PV system; however, the calculation
procedure of this fault diagnosis method is quite complex and it is aimed at fault detection for a
PV system, rather than the diagnosis of the inverter. A fault prognostics method which makes full
use of the similarities between inverter clusters was proposed in [24]. Although the divergence of
inverter clusters could be used to predict inverter faults, the process for this fault diagnosis method
is quite complicated and the calculation procedure is also very complicated. A diagnostic method
for an open-circuit transistor failure in a hybrid active neutral-point clamped (HANPC) inverter was
proposed in [25]. By analyzing the individual characteristics of each transistor failure, it is possible
to detect the exact location of the failed transistors in a short period; however, this method can only
diagnose transistor faults in the same leg, and other legs will have the same characteristics, so it is
impossible to determine exactly which leg contains the faulty transistor.

In contrast, extension theory-based methods do not require large data quantities for training
as they feature models of matter-elements, the coupling of qualification and quantification,
and non-closure [26–30], while the distances and rank values makes it possible to establish correlation
functions for fault types, and the correlation degrees can be used to identify fault types, thus reducing
the learning process and making determination easier, faster, and more accurate. Hence, this study
proposes an intelligent fault-tolerant control system based on extension theory for locating faults
in a three-level NPC-type inverter. First, the frequency spectra of output line current waveforms
are extracted during a power transistor failure event and used as feature values for fault detection.
Therefore, the proposed extension theory-based method can be applied to accurately locate a faulty
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power transistor. Subsequently, a fault-tolerant control strategy is used to maintain the three-phase
balanced line voltage output if any power semiconductor switch of the inverter fails. Figure 1 illustrates
the overall architecture of the extension theory-based fault-diagnosis and fault-tolerant control system
proposed herein for NPC-type inverters.

Vdc

mf + 1
mf + 5 mf - 5

ia ib ic

Figure 1. Framework for the extension theory-based fault diagnosis and tolerant control system for
neutral-point clamped-type (NPC-type) inverters.

This paper is organized as follows: First, the characteristics of switch faults for three-level
NPC-type inverters are discussed in Section 2. Then, in Section 3, the concept of extension theory is
described in detail. The procedure for using the extension theory-based fault diagnosis method for
a three-level NPC-type inverter is explained in Section 4. Practical tests are detailed in Section 5 to
demonstrate the effectiveness of the proposed fault diagnosis method. Finally, in Section 6, fault-tolerant
control in the event of power switch failure in the three-level NPC-type inverter is analyzed, and the
simulation and experimental results are used to prove the feasibility of the method.

2. Characteristics of Faults for Three-Level Inverters

Considering research on inverter fault diagnosis, this paper targets a three-level NPC inverter as
shown in Figure 2. In general, faults for inverters come in three types: short-circuit faults, open-circuit
faults, and trigger signal faults. A short-circuit fault arises when a switch component is blown due to
an overly high voltage across both ends of the switch. An open-circuit fault refers to a power transistor
without a trigger signal to actuate conductivity through it. A trigger signal fault is the receipt, by a
switch component, of an incorrect trigger signal for command.
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Figure 2. Framework for three-level NPC inverters.

The PSIM software package is the ultimate simulation environment for power electronics and
motor control and was developed by PowerSIM. Using the PSIM software package, a simulation
environment for three-level NPC inverters was created and used to investigate the diagnosis of faults
occurring on any switch at any time. It was observed from the simulations and analysis that the
output waveform measured on an inverter in normal working conditions was a balanced three-phase
waveform. For example, when the inverter has a working frequency at 60 Hz without a faulty power
transistor, the output waveforms of its line currents and their frequency spectra are given as shown in
Figures 3 and 4, respectively. Figure 3 reveals that the waveforms for the line currents are of the same
magnitude and all are sine waves, where each is different in phase by 120◦, which is typical of the
balanced three-phase characteristic. Regarding the parameter setting of the motor drive, a 300 V DC
inverter with a switching frequency of 18 kHz was connected to an induction motor. The frequency
spectra for line currents ia, ib, and ic for an inverter working at 60 Hz without a faulty switch are
shown in Figure 4. We can see from Figure 4 that the frequency spectra at m f − 5, m f + 1, and m f + 5,
multiplied by the working frequency, are very small. Hence, the values of the frequency spectra at
such frequencies were used in this paper as the feature spectra for faults, where m f is defined as the
frequency modulation index:

m f �
fcarrier

fre f erence
=

ftri
fsin

(1)

where ftri is the frequency of a triangular carrier wave, i.e., the switching frequency of inverter (18 kHz
here) and fsin is a sine wave frequency (60 Hz here) and also the working frequency of the inverter.
Therefore, its frequency modulation index m f is 300. Based on this, the frequency spectra for line
currents ia, ib, and ic for an inverter working at 60 Hz without a faulty switch at m f − 5, m f + 1,
and m f + 5, multiplied by the working frequency, are 17.7, 18.06, and 18.3 kHz, respectively.
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Figure 3. Output waveforms of line currents for an inverter working at 60 Hz without any
faulty switches.

(a) 

Figure 4. Cont.
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(b) 

 
(c) 

Figure 4. Frequency spectra of line currents for an inverter working at 60 Hz without any faulty
switches: (a) line current ia; (b) line current ib; (c) line current ic.

If any switch in the inverter is faulty, the characteristics of the inverter change. For instance,
when a switch of the inverter Sa1

+ is faulty, a distorted waveform of its output line current ia can be seen
as shown in Figure 5. Figure 6 shows the waveform of the line current ib with the fault inverter switch
Sb2
−, where the waveform obviously differs from the one in normal working conditions. Figure 7

shows the waveform of the line current ic with the faulty switch Sc2
+, where the distortion is apparent.
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Figure 5. Waveform of line current ia for an inverter working at 60 Hz with faulty switch Sa1
+.

 

Figure 6. Waveform of line current ib for an inverter working at 60 Hz with faulty switch Sb2
−.

 

Figure 7. Waveform of line current ic for an inverter working at 60 Hz with faulty switch Sc2
+.
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It is clear from the above analysis that anomalies can be observed in current frequency spectra
when an inverter is faulty, as in the case of an inverter working at 60 Hz with faulty switch Sc2

+,
where the resultant current frequency spectrum is given as shown in Figure 8. When compared with
the frequency spectra without a fault in Figure 4, this demonstrates that the frequency spectrum of
line current ic has a feature spectrum with relatively major changes at the positions of m f + 1, m f + 5,
and m f − 5.

 
(a) 

 
(b) 

 
(c) 

Figure 8. Frequency spectra of line currents for an inverter working at 60 Hz with faulty switch Sc2
+:

(a) line current ia; (b) line current ib; (c) line current ic.
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Relevant data for power transistor faults can be obtained by simulation and analysis. These data
can be used with extension theory to create an inverter fault diagnosis system for detecting faults in
power semiconductor switches in the main circuits of three-level NPC inverters.

3. Extension Theory

Extension theory, which was proposed by Dr. Cai Wen in 1983, is a formalized tool for studying and
solving problems with qualitative and quantitative methods [29]. The theory structurally consists of
matter-element theory and extension mathematics, in which the extension theory uses logic algorithms
with matter elements. The matter-element theory deals with extensibility and the change of matter
elements, describes them in formalized language, and details computation and reasoning. Extension
mathematics builds adaptive mathematical tools from extension sets and correlation functions. As such,
extension theory creates matter-element models and uses the property transformation of matter
elements for qualitative and quantitative transformation, then determining qualitative and quantitative
effects via correlation functions to clearly express the effects of features.

Extension theory is a science of solving contradictory problems by dealing with extensibility and
rules and methods of transformation. It features (1) the idea of changing contradictory problems into
compatible ones and (2) creates matter-element theory to provide new ways of solving contradictory
problems with matter-element transformation based on the extensibility of matter elements. Extension
theory also (3) creates extension set theory, giving quantitative descriptions of quantitative change to
qualitative changes in the extension domain and critical elements, thus realizing quantitative extension
mathematics in the extension theory based on extension sets [26–30].

3.1. Basic Concept of Extension Matter-Element Theory

In dealing with contradictory problems, if concepts, characteristics, and their corresponding
data are brought together for consideration, it is possible to deduce problem solving methods.
Hence, the concept of “matter elements” was introduced [30], which consists of “name” and
“characteristic” of a matter and the “value” that corresponds to the characteristic. Matter elements are
the basic elements in extension theory that describe matters, denoted by R, N (name), c (characteristic),
and v (value) as an expression as follows:

R = (N, c, v) (2)

Additionally, via the above definition for a matter element, the correlation between the
characteristics of these three basic elements and the corresponding value can be expressed by the
equation below:

v = c(N) (3)

Thus, Equation (2) for a matter element is converted into the following form:

R = (N, c, c(N)) (4)

To understand the relationships between basic matter elements, references can be made to the
expression by a space of matter elements, as Figure 9 shows, where the name, characteristic, and value
are plotted in the x-, y- and z-axes, which also displays the feature of the change of such a combination.
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N

c

v

R N c v

x

y

z

Figure 9. Space of matter elements.

Furthermore, in extension matter-element theory, if the matter elements have multiple
characteristics, they can be expressed by m characteristics, i.e., c1, c2, . . . cm, and m corresponds
to the values of characteristics, i.e., v1, v2, . . . vm, in an equation for their correlations as follows:

R =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
N, c1, v1

c2, v2

. . . . . .
cm, vm

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ =
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

R1

R2

. . .
Rm

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ (5)

In Equation (5), R is called an m-dimensional matter element, whose components are expressed
by Rk = (N, ck, vk) (k = 1, 2, . . . , m). Thus, Equation (5) can be rewritten as R = (N, C, V), where matrix
C = [c1, c2, . . . cm]

T and matrix V = [v1, v2, . . . vm]
T. Therefore, by the way of a multi-dimensional

definition, it enables describing any single thing in the real world.
The characteristic value corresponding to a characteristic can be a single point or a single range.

In the latter case, such a range is referred to as a classical domain which is contained in a neighborhood
domain. Assume point f is any point in the interval F =< aq, bq >, and F0 ∈ F, then, the matter element,
R0, corresponded by F0 =< ap, bp > can be expressed by Equation (6), where C is a characteristic and
Vp is the value for C, i.e., its classical domain:

R0 = (F0 , C , Vp )

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
F0, c1, Vp1

c2, Vp2
...

...
cm, Vpm

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
F0, c1, < ap1 , bp1 >

c2, < ap2 , bp2 >
...

...
cm, < apm , bpm >

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(6)
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A matter element, RF, corresponded by F, can be expressed by Equation (7). Similarly, C is the
value of the characteristic for F and Vq is the value for C, i.e., its neighborhood domain:

RF = (F , C , Vq )

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
F, c1, Vq1

c2, Vq2
...

...
cm, Vqm

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
F, c1, < aq1 , bq1 >

c2, < aq2 , bq2 >
...

...
cm, < aqm , bqm >

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(7)

3.2. Correlation Function

If F0 ∈ F, then the correlation function K(f ) can be defined as follows:

K( f ) =
ρ( f , F0)

D( f , F0, F)
(8)

If set K(f ) ≤ 1, then:

ρ( f , F0) =

∣∣∣∣∣∣ f − ap + bp

2

∣∣∣∣∣∣− bp − ap

2
(9)

D( f , F0, F) =

⎧⎪⎪⎨⎪⎪⎩ρ( f , F) − ρ( f , F0) f � F0

−|(ap−bp)|
2 f ∈ F0

(10)

where:

ρ( f , F) =

∣∣∣∣∣∣ f − aq + bq

2

∣∣∣∣∣∣− bq − aq

2
(11)

Correlation functions can be used to determine the membership grade between f and F0. Extension
correlation functions are given in Figure 10. The figure indicates that if K(f ) > 0, it means that point
f currently lies within domain F0. If K (f ) < −1, it means point f will not be within either of the two
domains, and if −1 ≤ K(f ) ≤ 0, it means that the point lies not within domain F0, but within domain F.
In extension domains, it is possible to make use of transformation of conditions such that f can belong
to the domain of F0.

ap bp

K f 

aq bq
f

Figure 10. The curve for the correlation function.
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4. Extension Theory-Based Fault Diagnosis for Inverters

The inverter fault diagnosis system operates when a switch fails to actuate normally as a result
of having worked in over-current or high-temperature conditions for an extended period of time or
after aging, among other causes. Hence, the present research considers testing switch faults with the
framework for three-level NPC inverters as shown in Figure 2, where the positions of faulty transistors
are identified by extension theory.

To begin with, the waveforms of the line currents in three phases on the inverter under simulation
were subjected to fast Fourier transformation (FFT) to generate the feature frequency spectra for the
line currents at mf + 1, mf + 5, and mf − 5 as input signals in the fault diagnosis system that were built
based on extension theory. The faults were divided into 12 types by switches Sa1

+, Sa2
+, Sa1

−, Sa2
−,

Sb1
+, Sb2

+, Sb1
−, Sb2

−, Sc1
+, Sc2

+, Sc1
−, and Sc2

−.
Additionally, from the 84 records for the feature frequency spectra that were measured with twelve

different switch faults with the inverter working at a frequency range of 30–90 Hz, and additionally
based on the values for the feature frequency spectra of the twelve fault types, the upper and lower
limits for the neighborhood domains in each fault type were identified. The classical domains were
further set by the feature frequency spectra of each fault type.

The diagnosis and identification process for inverter faults with extension theory is delineated
as follows:

Step 1: Create a matter-element model for fault characteristics C1, C2, and C3 on the frequency spectra
for the line current for each fault type.

Rg = (F, C, Vp) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
F0 C1 < x1, y1 >

C2

C3

< x2, y2 >
< x3, y3 >

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ , g = 1, 2, . . . , 12 (12)

Step 2: Input uncategorized fault characteristics C1, C2, and C3 with the frequency spectra of the line
current to create a matter-element model.

Rnew =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
Fnew C1 Vnew1

C2

C3

Vnew2

Vnew3

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ (13)

Step 3: Assign weights to the characteristics of each fault type (W1, W2, and W3) which represent the
significance of these characteristics. Set W1 =W2 =W3 = 1/3 here.

Step 4: Calculate the correlation between uncategorized fault characteristics on the frequency spectra
of the line current and each existing fault type.

λg =
3∑

j=1

WjKg j, g = 1, 2, . . . , 12 (14)

Step 5: The maximum correlation value from the calculation determines the category of the
uncategorized fault characteristics C1, C2, and C3 on the frequency spectra of the line current.
Thus, the fault type is identified.

5. Test Results

In order to identify faulty power transistors, all the fault types were divided into 12 switch fault
conditions, i.e., Sa1

+, Sa2
+, Sa1

−, Sa2
−, Sb1

+, Sb2
+, Sb1

−, Sb2
−, Sc1

+, Sc2
+, Sc1

−, and Sc2
−, as shown in

Table 1.
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Table 1. Types of fault diagnosis.

Fault Condition Type

A faulty Sa1
+ switch F1

A faulty Sa2
+ switch F2

A faulty Sa1
− switch F3

A faulty Sa2
− switch F4

A faulty Sb1
+ switch F5

A faulty Sb2
+ switch F6

A faulty Sb1
− switch F7

A faulty Sb2
− switch F8

A faulty Sc1
+ switch F9

A faulty Sc2
+ switch F10

A faulty Sc1
− switch F11

A faulty Sc2
− switch F12

Tables 2 and 3 show the data for the characteristic frequency spectra of the line currents with a
faulty switch working at 40 and 80 Hz. These measured data were used as inputs in the fault diagnosis
system, generating the results of identification shown in Tables 4 and 5. The two tables indicate that the
data for every fault were accurately identified. For example, considering F5 in the test data in Table 2,
it is clear from the identification results in Table 4 that F5 was determined according to the highest
output correlation at 0.78784, while the correlation F12 was the lowest at −0.33376, which suggests that
F12 was least likely.

Table 2. Data for feature frequency spectra for faulty switches in an inverter working at 40 Hz.

Fault Type

ia Characteristic Frequency
Spectrum (mA)

ib Characteristic Frequency
Spectrum (mA)

ic Characteristic Frequency
Spectrum (mA)

mf + 1 mf + 5 mf − 5 mf + 1 mf + 5 mf − 5 mf + 1 mf + 5 mf − 5

F1 0.59 0.14 0.15 0.26 0.11 0.11 0.33 0.03 0.06
F2 0.43 0.26 0.23 0.17 0.13 0.14 0.26 0.14 0.10
F3 0.37 0.28 0.27 0.22 0.13 0.10 0.15 0.16 0.18
F4 0.56 0.21 0.22 0.31 0.06 0.07 0.26 0.15 0.15
F5 0.26 0.10 0.11 0.58 0.23 0.21 0.30 0.16 0.13
F6 0.21 0.10 0.11 0.32 0.31 0.33 0.12 0.22 0.21
F7 0.13 0.20 0.20 0.36 0.28 0.28 0.24 0.08 0.08
F8 0.32 0.13 0.12 0.56 0.20 0.21 0.26 0.10 0.13
F9 0.31 0.08 0.07 0.28 0.10 0.11 0.59 0.19 0.18
F10 0.19 0.14 0.14 0.18 0.13 0.15 0.37 0.27 0.27
F11 0.20 0.11 0.17 0.19 0.11 0.14 0.39 0.22 0.28
F12 0.22 0.14 0.14 0.25 0.11 0.09 0.48 0.26 0.29

Table 3. Data for feature frequency spectra for faulty switches in an inverter working at 80 Hz.

Fault Type

ia Characteristic Frequency
Spectrum (mA)

ib Characteristic Frequency
Spectrum (mA)

ic Characteristic Frequency
Spectrum (mA)

mf + 1 mf + 5 mf − 5 mf + 1 mf + 5 mf − 5 mf + 1 mf + 5 mf − 5

F1 0.59 0.13 0.14 0.28 0.08 0.08 0.3 0.05 0.06
F2 0.25 0.24 0.24 0.12 0.12 0.12 0.13 0.12 0.11
F3 0.19 0.28 0.30 0.11 0.12 0.13 0.07 0.16 0.16
F4 0.55 0.19 0.19 0.28 0.08 0.08 0.26 0.11 0.10
F5 0.26 0.09 0.10 0.55 0.20 0.20 0.29 0.12 0.11
F6 0.11 0.12 0.13 0.17 0.31 0.31 0.07 0.19 0.19
F7 0.07 0.19 0.18 0.17 0.31 0.31 0.11 0.12 0.13
F8 0.29 0.13 0.11 0.55 0.20 0.20 0.26 0.09 0.10
F9 0.30 0.08 0.07 0.26 0.10 0.11 0.56 0.18 0.17
F10 0.10 0.15 0.14 0.10 0.13 0.15 0.19 0.27 0.29
F11 0.09 0.14 0.17 0.10 0.13 0.14 0.19 0.27 0.32
F12 0.23 0.12 0.14 0.27 0.09 0.09 0.51 0.21 0.23
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6. Fault-Tolerant Control for Three-Level NPC Inverters

6.1. Analysis of Tolerant Control

The switch faults of a three-level NPC inverter are divided into two types: external switch faults
and internal switch faults. In the framework of a three-level NPC inverter in Figure 2, if any of the
external switches Sa1+, Sa2−, Sb1+, Sb2−, Sc1+, and Sc2− are faulty because of an open circuit, then it is
necessary to alter both the switching condition of the inverter and the phase angle of sine reference
voltage in the pulse width modulation (PWM) control signals to keep the output voltage of the inverter
in a balanced three-phase form. The parameters of the induction motor are listed in Table 6.

Table 6. Parameter of the three-phase inductor motor.

Horsepower
(Hp)

Rotor
Resistance

(Ω)

Rotor
Leakage

Inductance
(H)

Stator
Resistance

(Ω)

Stator
Leakage

Inductance
(H)

Magnetization
Inductance

(H)

Moment
of Inertia
(kg-m2)

1 10.4 0.04 11.6 0.04 0.557 0.004

6.1.1. Tolerant Control Strategy for External Switch Faults

When an external switch, for example Sa1
+ or Sa2

−, encounters an open-circuit fault, the a-phase
half-bridge switches (Sa1

+ and Sa2
−) must be deactivated to activate the internal (neutral-point) switches

(Sa1
− and Sa2

+). Specifically, point a is connected to the neutral point and b- and c-phase are still
switched normally. The fault-tolerant control for the occurrence of an open-circuit fault in Sa1

+ is
shown in Figure 11. The voltage phasor diagram corresponding to this situation is illustrated in
Figure 12a. As illustrated in the figure, the phasor positions of the line voltages Vab and Vca without
any switch fault in Figure 11 become those of Vab1 and Vca1, with the voltage magnitude decreasing
by 0.577 times relative to the original line voltage. The line voltage Vbc1 remains unchanged; however,
because the voltage vao is 0, the phase angle of the b-phase voltage should be simultaneously adjusted
to be 150◦ behind that of the a-phase voltage, and the phase angle of the c-phase voltage should be
150◦ ahead of that of the a-phase voltage. After the occurrence of a fault, the three-phase voltage can
still maintain the operation of the balanced three-phase system and the corresponding voltage phasor
diagram of the system is shown in Figure 12b. The phasor positions of the line voltages Vab1 and Vca1

presented in Figure 12a shift to those of Vab2 and Vca2, with the magnitude of the line voltage Vbc2

decreasing by 0.577 times relative to that of the original line voltage Vbc1. Considering switch Sa1
+

with an open-circuit fault as an example, the waveforms of the sine reference voltages in three phases
are shown in Figure 13.

 

Figure 11. Fault-tolerant control for the occurrence of an open-circuit fault in Sa1
+.

151



Energies 2020, 13, 6302

(a) 

 
(b) 

Figure 12. Voltage phasor diagram of fault-tolerant control when a fault occurs in the switch Sa1
+:

(a) unadjusted voltage phase angle; (b) adjusted phase angle of the b-phase voltage such that it is 150◦
behind that of the a-phase voltage; adjusted phase angle of the c-phase voltage such that it is 150◦
ahead of that of the a-phase voltage.
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Figure 13. The waveform of pulse width modulation (PWM) control signals for the case of inverter
switch Sa1+ with an open-circuit fault.

Analysis of the tolerant control strategy for other external switch failures shows the same results
and is not be repeated here for the sake of brevity.

6.1.2. Tolerant Control Strategy for Internal Switch Faults

In the framework of a three-level NPC inverter, in order to exercise the tolerant control of internal
(neutral point) switches, it is necessary to connect a serial-connected H-bridge switch in parallel to
the neutral-point switches in each arm (Sa2+, Sa1−; Sb2+, Sb1−; and Sc2+, Sc1−) as shown in Figure 14.
If any of the internal (neutral point) switches Sa2+, Sa1−, Sb2+, Sb1−, Sc2+, and Sc1− in the inverter
encounter an open-circuit fault, in order for the inverter to remain in operation, it is necessary to
make every parallel-connected tolerant control switch operate at once while altering the switching
condition of the inverter. For example, if switch Sc2+ has an open-circuit fault, where, in this case,
the c phase output of the faulty inverter cannot connect to neutral point o, the c phase voltage, vco,
becomes erroneous and causes current distortion; hence, it is necessary to activate the tolerant control,
i.e., disconnecting H-bridge switches in the c phase (Sc1−, Sc2+), maintaining the tolerant bypass
switches (Sc+, Sc−), and allowing the H-bridge switches (Sa1+, Sa2−, Sb1+, Sb2−, Sc1+, and Sc2−) to
actuate two-level switching of voltage P and voltage N, that is, changing the three-level inverter output
voltage into two-level output where three-phase balanced output is still maintained. Figures 15 and 16
show the fault-tolerant control and the PWM control signal waveforms for the case of inverter internal
switch Sc2+ with an open-circuit fault, respectively.
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Figure 14. Framework of three-level NPC inverter with additional tolerant control switches.

Figure 15. The fault-tolerant control for the occurrence of an open-circuit fault in Sc2+.

154



Energies 2020, 13, 6302

 

Figure 16. The PWM control signal waveforms for the case of inverter switch Sc2+ with an
open-circuit fault.

6.2. Tolerant Control Simulations

When applying tolerant control to an open-circuit fault with external switch Sa1+, for example,
its output line voltage and line current is given as shown in Figure 17. In the case of internal (neutral
point) switch Sc2+ with an open-circuit fault, its output line voltage and line current are also shown
in Figure 18. From Figures 17 and 18, we can observe that if an open-circuit fault occurs at 0.12 s,
which would cause the line current of the corresponding phase and three-phase output line voltage
to be distorted, particularly so in the affected phase, and the tolerant control strategy is enacted at
0.18 s, then it may observed in the figures that once the tolerant control strategy is enacted that the
three-phase output line voltage is downgraded from three-level to two-level output, but it remains
a balanced three-phase system despite the fault. Moreover, although the three-phase line current
displays a small amount of lag in the beginning of tolerant control due to inductive loads, it maintains
a balanced three-phase system output.
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Sa

vab

vbc

vca

ia ib ic

Figure 17. Waveforms of the output line voltage and line current of external switch Sa1
+ with an

open-circuit fault and tolerant control.

vab

vbc

vca

S
ia ib ic

Figure 18. Waveforms of the output line voltage and line current of internal switch Sc2
+ with an

open-circuit fault and tolerant control.

According to the analysis of the tolerant control in Section 6.1, other switch failures in different
phases will also produce the same results. As such, additional results are not presented here for the
sake of brevity.
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6.3. Tolerant Control Experiments

Figure 19 shows the three-level neutral-point clamped (NPC) inverter used in this study. To verify
the experimental results, this study used the digital signal processor TMS320F28335 as the control core
and considered the occurrence of open-circuit faults in the switches to test the fault-tolerant control
strategy. Figure 20 shows that the occurrence of an open-circuit fault in the switch Sa1

+ would distort
the three-phase output line current and voltage. The fault is particularly severe in the ia, vab, and vca

phases, and the fault-tolerant control strategy can be implemented 0.015 s after the occurrence of
the fault. In this situation, the a phase half-bridge switches (Sa1

+ and Sa2
−) are deactivated and the

neutral-point switches (Sa1
− and Sa2

+) are activated. The b- and c-phase switches still operate normally.
The phase angle of the b phase voltage is simultaneously adjusted such that it is 150◦ behind the phase
angle of the a phase reference voltage, and the phase angle of the c phase reference voltage is adjusted
such that it is 150◦ ahead of that of the a phase voltage. After the implementation of the fault-tolerant
control strategy, the three-phase output line voltage is reduced from five to three levels (Figure 20b);
however, after the occurrence of the fault, the output line current and voltage are still maintained via
the operation of the balanced three-phase system. Therefore, the motor can still operate normally with
a reduced load.

Based on the tolerance control analysis detailed in Section 6.1, the same results can be obtained
when other external switches fail.

If any of the internal switches Sa2+, Sa1−, Sb2+, Sb1−, Sc2+, and Sc1− in the inverter experience
an open-circuit fault, in order for the inverter to remain in operation, it is necessary to make every
parallel-connected tolerant control switch (as shows in Figure 14) operate at once. If internal (neutral
point) switch Sc2+ experiences an open-circuit fault, its output line current and voltage are same as
shown in Figure 21. The output line current and voltage still maintain the operation of the balanced
three-phase system. Hence, the motor can also operate normally with a reduced load.

 

Figure 19. Experimental hardware circuits for the three-level NPC inverter.
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Sa

ia

ib

i

(a) 

Sa

va

v

v a

(b) 

Figure 20. Measured waveforms of switch Sa1
+with an open-circuit fault and tolerant control: (a) output

line current; (b) output line voltage.
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(a) 

(b) 

Figure 21. Measured waveforms of switch Sc2
+with an open-circuit fault and tolerant control: (a) output

line current; (b) output line voltage.

According to the previous analysis in Section 6.1, other internal switch failures will also have the
same results.

7. Conclusions

This paper has presented a fault diagnosis system for inverters based on extension theory.
The system can identify the positions of faulty power transistors in a three-level NPC inverter.
The extension theory-based method, as applied here, can be implemented without requiring massive
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data quantities for training, thus being able to reduce the data volume and enable faster identification
with higher accuracy. In addition, the tolerant control strategy of the system is able to be implemented
as soon as any switch in the inverter becomes faulty, where the inverter is enabled to continue supplying
power, enhancing the reliability of power supply by the three-level NPC inverter. Finally, the simulation
and experimental results suggest that the system is able to correctly pinpoint the positions of faulty
power transistors, and, when any switch becomes faulty, it is able to maintain the output line voltage
and line current with three-phase balance by means of the tolerant control strategy, which verifies that
the method proposed herein is viable.
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Abstract: Although this is a fact that is not very explored in the literature, there are two possible
forms to connect the stator winding of an induction motor in the delta. The choice for one of these
forms defines the amplitude of the stator transient current during the switching from star to delta
connection when the motor is driven by a star-delta starting system, which is the most widely
used and diffused method for starting an induction motor. One of the possible forms of the delta
connection gives rise to a switching current with a relatively small amplitude, which gives it the
denomination of preferential. The other form has a relatively higher amplitude of switching current,
but it is the most recommended and indicated in diagrams of catalogues and motor plates. Therefore,
it is here called “common”. With the aim of evidencing how the differences between these two
forms of delta connection are manifested, this paper approaches the issue experimentally, through
a methodology with statistical support, for a better characterization of the performance of each of
these forms of delta connection, in the case of the widely popular star-delta starting method.

Keywords: induction motor; delta connections; star-delta starting

1. Introduction

Despite the growing availability and the consequent increase in the use of electronic
devices for the soft starting of the induction motor, such as the soft starter and the VFD
—Variable frequency drive—the traditional star-delta starting method, mainly composed
of contactors and timing relays, remains one of the most usual and preferred options for
most drive systems in the industry [1]. This is especially true in the case of relatively small
automation systems, be it new or an already running one [2], due to its relatively low cost
as well as the wide availability of services for its installation and maintenance, besides its
robustness as a whole [3].

Currently, many electrical drives perform with equipment that has switched convert-
ers; these have a flexible application and become economically advantageous as the power
of the motors has increased. However, this type of starter has disadvantages such as noise
from its switching and high cost for low power motors. The use of static converters is
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gaining more and more space as they are robust equipment and have become economically
viable with developments in semiconductor materials; this expansion means that fewer
and fewer starts are used that need to change the way the motor is connected, such as the
star-delta starting, compensating start and parallel start [4]. The definition of a preferred
way to start engines is rarely addressed in the literature, considering that there may be
variations when engines of different powers are evaluated.

The preferred start is rarely addressed in the literature, although some works address
the variations of possible delta connections and their consequences in the electrical sys-
tem [4]. Some surveys are focused on starting with drives [5] and in a large part of the
research the improvement of the engine efficiency is evaluated through the use of more
modern materials [6] and optimization of machine parameters [7–9].

In fact, the star-delta starting is one of the most classic methods of starting an induction
motor [10]. As with many other starting methods, it is based on the reduction in the voltage
amplitude applied to the stator winding at the start, to decrease the stator current [11]. In
this case, the value of the amplitude of the applied voltage is 1/

√
3 of the rated voltage

at the start, because of the star connection of the stator winding, which causes an equal
reduction in the value of the amplitude of the stator current [12]. Thus, a while after the
start of the motor, which is adjusted by the operator, the connection of the stator winding
is automatically switched to the delta, and so it remains in the steady-state [13].

For this purpose, there is a wide variety of models and manufacturers on the market
for the star-delta switch, which can bring together several devices to perform this type of
start in a single device. In addition to contactors, these switches should have overcurrent
relays, fuses, and timing relays, which allow the operator to adjust the time interval
during which the motor will run as star-connected. After this interval has elapsed, the star
connection of the stator winding is undone, and the motor runs idle for a short period,
usually Δt = 100 ms, adopted by most manufacturers of these switches, before the delta
connection of the stator winding is performed. Then, at the instant that this connection
is made, there is a sudden increase in the amplitude of the stator current, which must be
accepted by the motor protection system, so as not to unduly take it as a fault current [3].

Figure 1 shows a graphic with the expected performance of the stator current of the
motor along this process, with an indication of the sudden increase in the current. Figure 1
is a representation of the variation that occurs in the transient. Right after receiving the
command to break the circuit, the contactor opens its contacts by generating an arc per
each phase that is properly quenched within a chamber until it passes to zero. Therefore,
the three-phase current continues to flow for some milliseconds, approximately.

 
Figure 1. Stator current behavior in star-delta start-switching overcurrent.

Although the graphic of Figure 1 shows that the sudden increase in the stator current
may be a natural consequence of switching from the star to the delta connection, the
real reasons for this sudden increase are not so obvious. In fact, the amplitude of such
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an overcurrent is strongly influenced by the form of connection adopted for the delta
connection of the stator winding [14].

According to [15] and [16] in the choice between delta connection forms, one of them
will present a relatively smaller amplitude of switching current and is therefore considered
as a delta connection in the preferential form. Consequently, the other form presents an
amplitude of switching current with higher values but, curiously, it is the most commonly
found form in motor plates and/or recommended by installation diagrams.

Therefore, it is called the common form. The difference between both forms of delta
connection is only in the inversion of the connection of the terminals of one of the stator
windings, without which there may be a reversal of the rotation direction of the motor
shaft since the phase sequence of the power supply is not inverted [17]. Thus, with a few
exceptions in the literature, as in [18] and [19], the importance of the correct choice between
these two forms of connecting the stator winding in the delta is not properly diffused or
explored, and so this is the essence of this work. The diagrams in Figure 2 show the two
possible forms of delta connection.

Figure 2. The two possibilities of connection in delta. Preferential on the left and common on
the right.

According to [18], this difference in the amplitude of the switching current occurs
because, invariably, there is a residual magnetic field, both in the rotor magnetic circuit and
in the stator magnetic circuit. Therefore, the rotor movement causes both residual fields
to mutually induce a voltage in the respective circuits during the short time interval in
which the motor runs idle, Δt. Thus, depending on whether the delta connection is made
in the preferential form or in the common one, the combination of the mutually induced
voltage will give different results, causing the amplitude of the switching current to have
significantly different values at the right instant of the delta connection.

As can be seen in Figure 2, there are two ways to connect a star-delta starter in an
induction motor; however, this difference is little discussed considering that the industry
determines a preferred way to start the induction motor. In this way, this paper addresses
an important subject for the study of induction motors, evaluating the differences in the
alteration of the preferred form of connection for induction motors.

In [18] there is a proposing explanation for this fact, with the help of phasor diagrams,
which does not consider any residual magnetic field and thus requires some refinement.
On the other hand, it is important to consider that the influence of the form of the delta
connection superimposes on the effect of the inertia of the rotor, which naturally causes
the reduction in its speed. This reduction in the speed is due to the time elapsed (Δt) since
the star connection of the stator winding is undone until the instant they are connected in
delta [20].

Therefore, since the motor runs idle along with this time interval, an additional
amount of stator current will be necessary to accelerate the rotor and compensate for the
loss of its kinetic energy [21], which represents a part of the total switching current. Thus,
since this part of the switching current does not depend on the form of delta connection,
for the same load condition of a given motor, the reason for the common connection to give
a total switching current with a higher amplitude relies on the residual magnetic field of
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the magnetic circuit of the motor. Specific projects are needed to improve the efficiency of
electrical machines [22–24], and thus meet the development of the industrial sector in a
sustainable manner [25].

To improve energy quality and increase machine efficiency, specific projects have been
developed [26], as highlighted by Orosz et al. [27], who present a study highlighting open
problems related to electric machines and highlighting how optimization can help in the
development of emerging technologies. Optimization is undergoing this great evolution
due to the higher analysis capabilities and can be used in various applications, such as elec-
trical transformers [28] and autotransformers [29], among other applications [30]. Research
that applies artificial intelligence and modern methods of evaluation of the consequences
of parameter changes is promising for addressing the optimization problems [31,32].

However, since there is an influence of the residual value of the magnetic field that
varies sinusoidally over time, this value itself is not constant but depends on several factors
that are difficult to evaluate or to assess, especially the instantaneous values of the current
and voltage on the stator before and after the switching, as well as the motor temperature,
among others [33]. Thus, the occurrence of a greater amplitude of the switching current for
the common form of star connection is of a statistical nature. Consequently, several starts
of the same motor are required, with each of the forms of delta connections to evaluate the
behavior of the switching current.

It is important to mention that the peak current does not depend on the residual mag-
netic field and the residual voltage induced by this field in the stator winding only, but also
significantly on the phase difference between the residual voltage and the supply voltage in
the instant of the reconnection of the motor to the supply in the delta connection [34]. This
phase difference, as well as the residual voltage, is not only influenced by the switching
time Δt and the alternative chosen for delta connection, but also by parameters like inertia,
load torque, and stator leakage [35].

For this purpose, an experimental arrangement was elaborated to, firstly, check the
occurrence of differences in the amplitude of the switching current according to the form
of the delta connection, and then to characterize this difference in amplitude.

2. Materials and Methods

In view of the analysis of the differences in amplitude of the switching current for
the common and the preferential forms of delta connection, a prototype of a drive system
was assembled in the laboratory to enable the sequential use of each of the two forms of
delta connection, with the start of the motor in star connection of the stator winding. As a
sample, a standard three-phase induction motor was used. It was a 380-Y/220-ΔV, 4 poles,
0.75 kW, 1730 rpm, squirrel cage, SF = 1.15 and continuous duty S1 type of motor. The
power circuit of the drive system, with an indication of some contactors providentially
taken for the proposed type of drive, is shown in the diagram in Figure 3.

The channels shown in Figure 3 represent the connection of the experiment for mea-
suring voltage and current that was used in the laboratory analysis. As shown in the
diagram, four contactors are used. Initially, the contactor K1 energizes the terminals 1, 2,
and 3 of the stator winding. Then, the contactor K4 short-circuits the other terminals, 4, 5,
and 6, making the connection in star. After the time interval (Δt) is previously set to the
timing relay, the star connection is undone through the opening of the contactor K4, and the
stator windings are then connected in delta. By doing so, the contactor K2 allows the delta
connection in the common form, whereas the contactor K3 allows the preferential form.

Regarding the control circuit, although there are many commercial models of star-delta
starting solutions, fitted with timers or not, Misir et al. [36] developed a specific solution,
since most of them do not allow the choice between the common or the preferential form.
Moreover, commercial switches do not allow adjustment of the time interval between the
star and the delta connections (Δt) which hinders the analysis of the influence of the inertia
of the motor rotor on the amplitude of the switching current to the delta connection. For
example, this time interval could then be set to 50 ms, besides the usual 100 ms. To do so, a
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PLC-Programmable Logic Controller was chosen for use in the control circuit, allowing
significant simplicity in implementation of the desired actions and easy communication
through a serial interface.

 

Figure 3. Diagram of the power circuit (main) of the proposed drive system.

The PLC model adopted was Siemens® S7-200, Blumenau, Brazil, and Figure 4 shows a
photo of the complete arrangement, containing the command and power circuits, assembled
on a laboratory bench, proper for induction motor tests. In the foreground are the contactors
and the fuses in one of the boards, whereas on the right is the adopted PLC. Between the
motor, taken at the idle mode, and the contactors/fuses board there is an autotransformer
to adjust the available mains voltage from 380 V to 220 V as required by the windings of
the motor stator.

 

Figure 4. Arrangement of star-delta starting tests for analysis.

A star-delta starter is a low voltage starter used to reduce the starting current of the
motor. The great advantage of the star-delta starter is its need to use 1/3 of the peak current

167



Energies 2021, 14, 1318

compared to a direct starting. For this consideration, having VL = supply line voltage,
ILS = supply line current and, IPS = winding current per phase and Z = impedance per
phase winding at stand still condition.

When the winding is star connected, the IPS is equal to the ILS. Then, the voltage in
each phase of the winding is VL/

√
3. Since here, the IPS equals to the ILS, it can be written

IPS =
VL√
3 Z

↔ ILS =
VL√
3 Z

. (1)

When the winding is delta connected, the (ILD) supply line current is root three times
of the winding (IPD) current per phase, the voltage in each phase of the winding is VL.
Thus, the winding current per phase is VL/Z. Rewriting the equation

ILD =
√

3 IPD =

√
3 VL
Z

. (2)

In this way comparing the equations

ILD
ILS

=

√
3 VL
Z

VL√
3 Z

= 3. (3)

In this way, it is possible to say that the starting current of the network in the case of
delta star is one third of the direct switching in the delta.

The voltage equation for a motor consists of the evaluation of the following compo-
nents: the voltage drop of the winding resistance R, the induced voltage proportional to
the rate of change over time of the winding flow connection λ, as follows:

v(t) = Ri(t) +
dλ(t)

dt
= Ri(t) +

d[L(θr)i(t)]
dt

, (4)

wherein θr = ωrt.
Considering a three-phase and bipolar induction motor, whereas the stator wind-

ings have a number of effective turns Ns, resistance Rs, leakage inductance L1s and self-
inductance Ls. Likewise, the equivalent rotor windings have a number of effective turns Nr,
resistance Rr, leakage inductance L1r and self-inductance. θr is the angular displacement
between the stator and rotor axes, disregarding nonideal features such as groove effect,
saturation of the iron core and toothed torque [37].

The winding voltage is given by the sum of the voltage drop of the winding resistance
and the voltage induced by the variation of the winding flow connection. Thus, by deriving
the voltage range of an induction motor, the six voltage equations for the stator and rotor
windings can be calculated by

vas = Rsias +
dλas

dt
(5)

vbs = Rsibs +
dλbs

dt
(6)

vcs = Rsics +
dλcs

dt
(7)

v′ar = R′i′ar +
dλ′

ar

dt
(8)

v′br = R′i′br +
dλ′

br
dt

(9)

v′cr = R′ i′cr +
dλ′

cr

dt
(10)
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wherein vas, vbs, vcs are the stator voltages, ias, ibs, ivs are the stator currents, v′ar, v′br, v′cr
are the rotor voltages, i′ar, i′cr are the rotor currents, λas, λbs, λcs are the stator flux linkages,
λar, λbr, λcr are the rotor flux linkages.

To solve these voltage equations, it is necessary to know the flow connection of each
winding. Considering that there are six windings, each of them will be influenced by the
flow produced by the current flowing in the other five windings. Therefore, the full flow
connection λ from the phase as the winding has the following six components:

λas = λasas + λasbs + λascs + λasar + λasbr + λascr (11)

Therefore,

λas = Lasasias + Lasbsibs + Lascsics + Lasariar + Lasbribr + Lascricr (12)

where the flow connection λxsys represents the flow, which is produced by the current iys
flowing in winding ys and connecting winding xs. The inductance Lxsys is determined as
the ratio of the flux that connects the winding xs to the current iys that generates the flux.
Thus, the six flux linkages in the stator and rotor windings can be calculated by:

⎡
⎢⎢⎢⎢⎢⎢⎣

λas
λbs
λcs
λar
λbr
λcr

⎤
⎥⎥⎥⎥⎥⎥⎦
=

⎡
⎢⎢⎢⎢⎢⎢⎣

λasas λasbs λascs λasar λasbr λascr
λbsas λbsbs λbscs λbsar λbsbr λbscr
λcsas λcsbs λcscs λcsar λcsbr λcscr
λaras λarbs λarcs λarar λarbr λarcr
λbras λbrbs λbrcs λbrar λbrbr λbrcr
λcras λcrbs λcrcs λcrar λcrbr λcrcr

⎤
⎥⎥⎥⎥⎥⎥⎦

(13)

wherein,

⎡
⎢⎢⎢⎢⎢⎢⎣

λas
λbs
λcs
λar
λbr
λcr

⎤
⎥⎥⎥⎥⎥⎥⎦
=

⎡
⎢⎢⎢⎢⎢⎢⎣

Lasas Lasbs Lascs Lasar Lasbr Lascr
Lbsas Lbsbs Lbscs Lbsar Lbsbr Lbscr
Lcsas Lcsbs Lcscs Lcsar Lcsbr Lcscr
Laras Larbs Larcs Larar Larbr Larcr
Lbras Lbrbs Lbrcs Lbrar Lbrbr Lbrcr
Lcras Lcrbs Lcrcs Lcrar Lcrbr Lcrcr

⎤
⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎣

ias
ibs
ics
iar
ibr
icr

⎤
⎥⎥⎥⎥⎥⎥⎦

. (14)

Writing in compact form the inductances can be divided into four groups, according to:

[
λabcs
λabcr

]
=

[
Ls Lsr

[Lsr]
T Lr

][
iabcs
iabcr

]
(15)

thereby, Ls is the inductance matrix of the stator windings, Lr is the inductance matrix
of the rotor windings, and Lsr is the mutual-inductance matrix between the stator and
rotor windings.

The Ls stator inductance matrix consists of the mutual inductance between the stator
windings and the self-inductances of each stator winding. The stator self-inductances con-
sist of the sum of the leakage Lls inductance and Lms magnetizing inductance, according to

Lasas = Lbsbs = Lcscs = Lls + Lms (16)

where,

Lms = μ0N2
s

(
rl
g

)(π

4

)
(17)

wherein, μ0 is the permeability of air, r is the radius of the air gap, and l is the axial length
of the air gap.
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The mutual inductances between the two stator windings are all equal and related to
the inductance of magnetization as:

Lasbs = Lascs = Lbsas = Lbscs = Lcsas = Lcsbs = Lms cos
(

2π

3

)
= −1

2
Lms. (18)

The inductances of the stator windings are given by

Ls =

⎡
⎣ Lasas Lasbs Lascs

Lbsas Lbsbs Lbscs
Lcsas Lcsbs Lcscs

⎤
⎦ =

⎡
⎢⎣ Lls + Lms − Lms

2 − Lms
2

− Lms
2 Lls + Lms − Lms

2
− Lms

2 − Lms
2 Lls + Lms

⎤
⎥⎦. (19)

For the inductance of the rotor windings Lr, the rotor self-inductance Larar, Lbrbr, Lcrcr
consist of the leakage inductance Llr and the magnetizing inductance Lmr, so it has:

Larar = Lbrbr = Lcrcr = Llr + Lmr (20)

where,

Lmr = μ0N2
r

(
rl
g

)(π

4

)
=

(
Nr

Ns

)2
Lms. (21)

The mutual inductances between the two rotor windings are all equal and related to
the inductance of magnetization as:

Larbr = Larcr = Lbrar = Lbrcr = Lcrar = Lcrbr = Lmr cos
(

2π

3

)
= −1

2
Lmr = −1

2

(
Nr

Ns

)2
Lms (22)

where Nr/Ns is the turns ratio of the stator and rotor windings n, inductances of the rotor
windings are given by

Lr =

⎡
⎣ Larar Larbr Larcr

Lbrar Lbrbr Lbrcr
Lcrar Lcrbr Lcrcr

⎤
⎦ =

⎡
⎢⎣

Lls + n2Lms −n2 Lms
2 −n2 Lms

2
− Lms

2 Lls + n2Lms −n2 Lms
2

−n2 Lms
2 −n2 Lms

2 Lls + n2Lms

⎤
⎥⎦ (23)

The same analysis is performed to inductance between the stator and rotor windings
Lsr, considering the rotating at a speed wr, the relative position θr, which is the displacement
angle [37]. Considering the turns ratio between the two windings, we have:

Lasar = Lmr

(
Ns

Nr

)
cos(θr) =

(
Nr

Ns

)
Lms cos(θr),

(
θr =

∫
ωrdt

)
. (24)

So we have the other mutual-inductances

Lasar = Lbsbr = Lcscr =

(
Nr

Ns

)
Lms cos(θr) (25)

Lasbr = Lbscr = Lcsar =

(
Nr

Ns

)
Lms cos

(
θr +

2π

3

)
(26)

Lascr = Lbsar = Lcsbr =

(
Nr

Ns

)
Lms cos

(
θr − 2π

3

)
. (27)

So the matrix Lsr is given by:

Lsr =

⎡
⎣ Lasar Lasbr Lascr

Lbsar Lbsbr Lbscr
Lcsar Lcsbr Lcscr

⎤
⎦ = nLms

⎡
⎣ cos(θr) cos

(
θr +

2π
3
)

cos
(
θr − 2π

3
)

cos
(
θr − 2π

3
)

cos(θr) cos
(
θr +

2π
3
)

cos
(
θr +

2π
3
)

cos
(
θr − 2π

3
)

cos(θr)

⎤
⎦ (28)
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Finally, from Equations (19), (23), and (28) for the calculation inductance of the stator
and rotor windings, and mutual-inductance the full flow connections of the induction
motor are obtained.

As an analytical approach for trying to elucidate this problem, the authors consider
the hysteresis model suggested by [38] that was applied to transformers. In this case,
minor but providential adaptations were added to that model by including the leakage
inductance, for its inherent and significant influence, as well as by considering the value of
the circuit parameters of the stator and the rotor as being the equivalent and referred to the
primary, that is the stator.

The basic principle of hysteresis can be described through two principles; the first is
related to the magnetization curve, with the presence of saturation, which is mathematically
fitted with any function that adds signal coherence. In the second, the magnetization
current will always present the static and dynamic components, described by:

i(λ, t) = i(λ(t)) + k
dλ(t)

dt
, (29)

where λ(t) is the magnetic flux linkage along the time and k is a constant of proportionality.
Considering that the Equation (29) must be derived for Ohm’s and applying Lenz’s

law to the winding circuit we obtain:

V(t) = r i(t) + k
dλ(t)

dt
. (30)

Based on this, it seems to be clear how effective the influence of the residual magnetism
is on the instantaneous value of the current by including the fact that it contributes for not
allowing us to affirm that the initial value of this current should be null. Moreover, it shows
how the instantaneous voltage has similar influence on the instantaneous values of the
current. Nonetheless, the influence of the choice for the preferential or common connection
does not seem clear, since any choice does not represent a change in the phasor voltage
sequence that would cause the rotor to invert its rotating direction.

At last, due to its key influence, the observed difference in the behavior of the residual
magnetism for the common and preferential connections seems to be the most important
item to be researched. For its turn, its initial value and behavior also have not electrical
or magnetic influences but mechanical, as the percent of the rated load, instantaneous
speed and even thermal conditions of the magnetic circuit of the inductions motor. This
challenging scenario has made the authors investigate this problem experimentally in view
of contributing to addressing this very unclear issue.

In the analysis, the current of 10 starts are evaluated, for which the average and
standard deviation are calculated. The standard deviation is given by:

std_Dev =
1

n − 1

n

∑
p=1

(yi,p − yi)
2, (31)

wherein, yi,p is the value of the predicted output i in object p and yi is the average of the
variable i.

3. Results

To check under what conditions the difference between the values of the switching
current to the delta commutation occurs in the common and preferential forms, ten starts
were performed for each of these two forms. In each of the starts, the motor was in the
resting state without any load on its shaft and was run for only a few minutes. In order to
record the transient current, the current probe Tektronix® model A-622, Blumenau, Brazil,
was connected to an oscilloscope and applied to the same phase.

First, the model was applied to the common form of delta connection, to serve as a
reference. Ten starts were performed and the waveform of the switching current of the delta
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connection was recorded (see Table 1). The presented results show that, except for two of
the occurrences, with 9.4 and 11 A, the amplitude of the switching current is characterized
by an average and homogeneous value of about 18 A. However, the most important
result is that the value of the amplitude of the switching current is not repetitive, which
confirms the statistical nature of the event and the influence of the residual magnetism, as
previously mentioned.

Table 1. Amplitude of switching current—Δt = 100 ms.

Start
Amplitude (A) for the

Common Form
Amplitude (A) for the

Preferential Form

1 18.2 13.0
2 11.4 10.2
3 17.8 12.2
4 18.0 13.0
5 18.0 7.8
6 18.0 9.2
7 17.8 13.0
8 18.2 9.8
9 9.4 14.4

10 11.0 13.6
Average 15.8 11.6

Std Deviation 3.4 2.1

For the sake of illustration, Figure 5 shows a typical waveform of the switching current
of the delta connection for the ten different starts performed.

 

Figure 5. Typical current waveform for the common form of delta connection—Δt = 100 ms. (Vertical
scale—5 A/division; Horizontal scale—50 ms per division).

In the sequence, ten starts were performed for the same motor, under the same
conditions, except for the delta connection in the preferential form. Table 1 shows the
experimentally obtained values for the amplitude of the switching current for each of the
ten starts, with the time interval between the star and delta connections (Δt) set to 100 ms.

As expected, for the preferential form of the delta connection, the average value for
the amplitude of the switching current is significantly lower than that obtained for the
common form, which justifies it being given the designation. In addition, it can be noticed
that the variation of values around the average value, or the mean deviation, is also smaller
than in the common form.

Thus, for the sake of illustration, Figure 6 shows a typical waveform of the switching
current for the preferential form of delta connection, with the same value of Δt, 100 ms.
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Figure 6. Typical current waveform for the preferential form of delta connection—Δt = 100 ms
(Vertical scale—5 A/division; Horizontal scale—50 ms per division).

In this case, the value of the amplitude of the switching current was about 13 A, with
negative polarity. In the sequence, ten other starts of the same motor were performed, in
the same conditions as before, with the connection in the common and preferential forms,
but with a value of Δt set to 50 ms.

The expectation for the results of these tests was that the average value of the ampli-
tude would be significantly smaller than that for the similar conditions of before, since
a smaller time interval (Δt) does not allow a significant loss of the rotor speed due to its
inertia, and thus, a smaller amount of power is required from the power grid in the form of
part of the switching current to compensate for the unavoidable loss of speed (see Table 2).

Table 2. Amplitude of the switching current—Δt = 50 ms.

Start
Amplitude (A) For the

Common Form
Amplitude (A) for the

Preferential Form

1 10.8 9.6
2 11.4 9.4
3 15.2 6.2
4 11.4 11.2
5 15.2 7.2
6 15.2 7.0
7 15.2 12.0
8 9.2 6.8
9 15.6 11.0
10 11.4 11.6

Average 13.1 9.2
Std Deviation 2.3 2.1

From a comparison with the results obtained with those of this same form of delta
connection, but with Δt set in 100 ms, shown in Table 1, it is observed that, on average,
the amplitude of the switching current becomes significantly smaller, although the value
of the mean deviation is the same, which confirms the expectations. On the other hand,
it is interesting to note that, on average, the amplitude of the switching current for the
common form of delta connection with Δt = 50 ms is still significantly higher than that for
the preferential form with a higher value of Δt, 100 ms.

A typical waveform of the switching current, in the function of time, is shown in
Figure 7 for the common form and Δt set to 50 ms.
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Figure 7. Typical current for the common form of delta connection—Δt = 50 ms. (Vertical scale
—5 A/division; Horizontal scale—50 ms per division).

For the tests with the delta connection in the preferential form and common form, Δt
with a value of 50 ms, the results of the values of the amplitude of the switching current
are shown in Table 2.

From the results of Table 2 and a comparison with all the previous results, it is noted
that the reduction of the value of Δt causes a significant reduction in the amplitude of the
switching current, regardless of the form of connection, as expected. On the other hand, the
results confirm that, as also expected, for the same form of delta connection the reduction
of Δt tends to decrease the amplitude of the switching current.

In Figure 8 the waveform of the switching current, in the function of time, is shown in
one of the ten starts.

 

Figure 8. Typical current waveform for the preferential form of delta connection—Δt = 50 ms (Vertical
scale—5 A/division; Horizontal scale—50 ms per division).

In this case, the current peak also has negative polarity.

4. Conclusions

The results presented in this work show that for the widely spread option of the
star-delta start of induction motors, for which there are two possible forms of the delta
connection of the stator winding, one has a switching current with a lower average value of
amplitude and is, therefore, considered the preferential form. The other form, on average,
has a greater value of the amplitude of the switching current and is, curiously, the most
commonly indicated and recommended form.
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Thus, the choice between one of these forms has important consequences, since the
amplitude of the switching current is one of the most recognized disadvantages of this
starting option due to the need for careful analysis and setting of the relaying system for
the motor’s protection.

This situation becomes even more critical since the star-delta start shall remain for a
long time as the very first choice for drive motor systems despite the undeniable growing
competition offered by the other start options, based on power electronics components.
Thus, the methodology of comparison of the options available for the star-delta start
proposed and implemented here, based on an adequately developed arrangement of tests
for an induction motor of common use, running idle, experimentally indicates that the
influence of the connection effectively exists, which is significant and overlaps with the
effect of the loss of speed during the switching time interval, along with the inertia of the
motor shaft rules.

The results also confirm the influence of the residual magnetism of the magnetic circuit
of the motor, which explains why the peak of the switching current may have a statistical
nature, by including the negative polarity. The evaluation in different phases did not result
in a variation in the results, so the results of the three-phase system were not presented,
since the results are equivalent for each phase.

Lastly, it is important to reinforce that, although this analyzed issue is not so widely
present in the literature, the obtained results favor the deepening in studies looking for
economically feasible ways to mitigate this switching current, even for the case of the
preferential form. This paper shows that there must be an evaluation of the preferred
connection depending on the conditions in which the motor is used; using a standard
form in all conditions can cause greater losses. For this reason, the evaluation of the motor
connection type is a matter that must be checked in order to improve the efficiency of
electric motors. Other time intervals can be evaluated to check their influence on the shape
of the star-delta starting.
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Abstract: This paper presents the design and implementation of an application-specific integrated
circuit (ASIC) for a discrete-time current control and space-vector pulse-width modulation (SVPWM)
with asymmetric five-segment switching scheme for AC motor drives. As compared to a conventional
three-phase symmetric seven-segment switching SVPWM scheme, the proposed method involves
five-segment two-phase switching in each switching period, so the inverter switching times and
power loss can be reduced by 33%. In addition, the produced PWM signal is asymmetric with respect
to the center-symmetric triangular carrier wave, and the voltage command signal from the discrete-
time current control output can be given in each half period of the PWM switching time interval,
hence increasing the system bandwidth and allowing the motor drive system with better dynamic
response. For the verification of the proposed SVPWM modulation scheme, the current control
function in the stationary reference frame is also included in the design of the ASIC. The design is
firstly verified by using PSIM simulation tool. Then, a DE0-nano field programmable gate array
(FPGA) control board is employed to drive a 300W permanent-magnet synchronous motor (PMSM)
for the experimental verification of the ASIC.

Keywords: SVPWM ASIC; asymmetric five-segment switching; AC motor drives; current control;
FPGA control

1. Introduction

The AC motor drives, including induction motors (IM), permanent-magnet syn-
chronous motor (PMSM) drives, synchronous reluctance motors (SynRM), and others,
have been very popular, being applied to electric vehicles, railway traction engines, and in-
dustrial applications such as CNC tools and robots, because they have higher power density
and efficiency as compared to DC motor drives [1–4]. Since the AC motor is a time-varying,
multi-variable, and nonlinear control system with very complicated dynamic characteris-
tics, it can be reduced to a simpler linear control system by using the field-oriented vector
control method [5–11]. In vector-controlled AC motor drives, various pulse-width modula-
tion (PWM) techniques exist to determine the inverter switch-on and switch-off instants
from the control output modulating signals. Popular examples include sinusoidal PWM
(SPWM), hysteresis PWM, and space-vector PWM (SVPWM). Among them, the SPWM
method generates the inverter switching signals by comparing the modulating signals with
a common triangular carrier wave, in which the intersection points determine the switching
points of the inverter power devices [12,13]. The hysteresis PWM method controls the
inverter output currents to track the reference inputs within the hysteresis band, but with
various switching frequencies [14,15]. The SVPWM method is based on the concept of
voltage vector space, which can be divided into six sectors, and calculates the switch
dwelling or firing time in each sector to generate the PWM signals [16–40]. The relationship
between SVPWM and SPWM was presented in [18], which indicated that the SVPWM can
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be viewed as a particular form of asymmetric regular-sampled PWM. In [24], the relation-
ship between SVPWM and three-phase SPWM was also analyzed and the implementation
of them in a closed-loop feedback converter was discussed as well. The SVPWM technique
is the preferred approach in most applications due to the higher voltage utilization and
lower harmonic distortion (THD) than the other two methods, and hence it can extend
the linear range of the vector-controlled AC motor drives. Furthermore, sensorless and
direct torque control (DTC) cooperating with an SVPWM scheme for a flux-modulated
permanent-magnet wheel motor and induction motor has been described owing to several
advantages, such as low torque/flux ripples in motor drive and reduced direct axis current,
over the conventional hysteresis direct torque control method when the motor is operated
at a light or a sudden increased load [34,37–40]. The SVPWM scheme has also been ex-
tensively applied to the control of a five-phase permanent-magnet motor and multilevel
inverters [35,36].

Different SVPWM techniques can be used for three-phase inverters according to the
choice of the null vector on the voltage space and the number of samplings during a
PWM switching period. They can be divided into seven-segment, five-segment, and three-
segment techniques for the switching sequences and the choice of null vector, and classified
into symmetric and asymmetric techniques according to the number of samplings during a
PWM switching period as well. For the symmetric technique, the sampling period is equal
to the switching period, while the sampling period is one half of the switching period for
the asymmetric technique. So, the asymmetric methods have only 50% switching action
in each switching period as compared with symmetric methods, and hence the sampling
frequency of the current control can be doubled at a certain switching frequency. In [28],
three SVPWM strategies, including symmetric seven-segment technique, symmetric five-
segment technique, and asymmetric three-segment technique, were compared through
simulation analysis. The switching loss of the three-segment scheme is the lowest and the
seven-segment scheme performs better in terms of the THD of the output line voltage.

Figure 1 shows the rotor flux-oriented control (RFOC) structure of a PMSM motor drive
with a SVPWM modulation scheme, in which an asymmetric five-segment switching is
proposed rather than the conventional symmetric seven-segment switching so as to double
the sampling frequency and reduce the switching loss. This control structure, from the
inner to the outer loops, includes the SVPWM modulation, current control loop, torque and
flux control loops, and speed control loop. Conventionally, the execution of all the control
tasks is performed by using a high-performance microprocessor or dual digital signal
processor (DSP) [21,41,42]. It may take a lot of computation time for the microprocessor
or DSP because all the computation of the tasks is very complicated. If the computation
of the current control and the SVPWM tasks can be executed by a field programmable
gate array (FPGA) device, the computation load can be greatly reduced [16,17,22,25,30].
In such cases, the microprocessor or DSP can have enough time to process higher level
tasks, such as position control, motion control, adaptive, fuzzy, or neural-network learning
and intelligent control [43]. In [17], an eight-bit SVPWM control IC was realized with a
symmetrical five-segment switching scheme, but without current control function included
in the chip. In [22], a microcoded machine with a 16-bit computational ALU unit and
control sequencer was designed in an FPGA for the execution of the current control and
SVPWM modulation of an induction motor with symmetrical seven-segment switching
scheme. However, the microcoded machine structure is very complicated.
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Figure 1. The rotor flux-oriented control (RFOC) structure of a permanent-magnet synchronous motor (PMSM) AC motor drive.

This paper describes the design and implementation of an application-specific in-
tegrated circuit (ASIC) for a discrete-time current control and space-vector pulse-width
modulation (SVPWM) with asymmetric five-segment switching scheme AC motor drives.
It can not only reduce the computation load of a microprocessor or DSP, but also reduce
the power transistor switching loss of the inverter. Traditionally, the current control loop is
performed in the synchronously d-q rotating reference frame [3–7]. However, as indicated
in Figure 1, the presented current control loop is performed in the stationary reference
frame rather than the synchronously rotating reference frame in order to simplify the
computation complexity in the FPGA device. Furthermore, because the current reference
commands can be updated two times during one switching period, the current control
system can also increase the sampling frequency two times so as to increase the bandwidth.

The algorithm of the proposed current control and asymmetric five-segment switching
SVPWM scheme was firstly verified by using PSIM simulation tool as applied to the current
control of a PMSM AC motor. The proposed SVPWM scheme and the current controller
function were implemented on a DE0-nano control board with Altera Cyclone IV E FPGA
device for the experimental verification.

This paper is organized as follows. The principle of the asymmetric five-segment
switching SVPWM modulation scheme is described in Section 2. The simulation verification
in PSIM simulation tool is analyzed in Section 3 and the FPGA implementation and the
experimental results are presented in Section 4. A discussion is then given in Section 5.
Finally, the conclusion is given in Section 6.

2. The Principle of the Asymmetrical Five-Segment Switching SVPWM Modulation

Firstly, as shown in Figure 2, for a three-phase PWM inverter of Y-connected AC motor
with neutral point n, the three-phase stator voltages with respect to the inverter ground
can be written as

va0 = van + vn0 (1)

vb0 = vbn + vn0 (2)

vc0 = vcn + vn0 (3)
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where van, vbn, and vcn are the three-phase voltages with respect to the neutral point of the
motor, and vn0 is the neutral-point voltage with respect to the inverter ground.

Figure 2. The pulse-width modulation (PWM) inverter circuit for a Y-connected AC motor.

For balanced three-phase supply, it can be written as

van + vbn + vcn = 0 (4)

Thus, by adding (1)–(3) with the condition of (4), the neutral-point voltage with respect
to the inverter ground, vn0, can be written as

vn0 =
1
3
(va0 + vb0 + vc0) (5)

Substituting (5) into (1)–(3) yields

⎡
⎣ van

vbn
vcn

⎤
⎦ =

⎡
⎣ 2

3 − 1
3 − 1

3
− 1

3
2
3 − 1

3
− 1

3 − 1
3

2
3

⎤
⎦
⎡
⎣ va0

vb0
vc0

⎤
⎦ (6)

Secondly, because the three-phase stator voltages are dependent upon (4), the inputs
of the SVPWM circuit can be reduced from the three-phase variables into α-β two-axes
components with the Clarke transformation given by (7).

[
vα

vβ

]
=

[
1 0 0

0 1√
3

−1√
3

]⎡
⎣ van

vbn
vcn

⎤
⎦ (7)

where vα and vβ are the α-β axes component voltages in the stationary reference frame.
Substituting (6) into (7) yields

[
vα

vβ

]
=

[
2
3 − 1

3 − 1
3

0 1√
3

− 1√
3

]⎡⎣ va0
vb0
vc0

⎤
⎦ (8)

Thus, using (8), one can get the eight output voltage vectors, V0 − V7, corresponding
to the eight switching states of the inverter, as shown in Table 1. The resulted space vector
diagram is shown in Figure 3, which is divided into six sectors from Sector I to Sector VI.
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As can be seen, among the eight voltage vectors, V0 and V7 are the null vectors and V1 − V6
are located on the six corners of the hexagonal diagram.

Table 1. The eight space voltage vectors.

Inverter Switch Status
(Su,Sv,Sw)

Three-Phase Stator Voltages
with Respect to Ground [va0, vb0, vc0]

Space Vectors
[vα, vβ]

(1, 0, 0) [Vdc, 0, 0] V1 =
[

2Vdc
3 , 0]

(0, 1, 0) [0 , Vdc, 0] V3 =
[−Vdc

3 , Vdc√
3
]

(1, 1, 0) [Vdc, Vdc, 0] V2 =
[

Vdc
3 , Vdc√

3
]

(0, 0, 1) [0 , 0, Vdc] V5 =
[−Vdc

3 , −Vdc√
3
]

(1, 0, 1) [Vdc, 0, Vdc] V6 =
[

Vdc
3 , −Vdc√

3
]

(0, 1, 1) [0 , Vdc, Vdc] V4 =
[−2Vdc

3 , 0]

(1, 1, 1) [Vdc, Vdc, Vdc] V7 = [0 , 0]

(0, 0, 0) [0 , 0, 0] V0 = [0 , 0]

Figure 3. Inverter’s eight output voltage space vectors.

The switching waveform generations of the inverter for driving an AC motor can be
accomplished by rotating a reference voltage vector around the vector space. Any instance
of the reference voltage vector can be produced by the two nearest adjacent vectors and
a null vector in an arbitrary sector. For example, as shown in Figure 4, for providing the
reference voltage vector Vs in Sector I to the motor, the voltage-second balance equation
in this sector determines the time length of the two adjacent active inverter states in
the following:

VsT = VAT1 + VBT2 (9)

where T1 and T2 are the dwelling time length for V1 and V2, respectively, and T is the
sampling period, which is one half of the inverter switching period. In order to get the
solution of T1 and T2 in (9), it follows that

[
vα

vβ

]
T =

2
3

Vdc

(
T1

[
1
0

]
+ T2

[
1
2√
3

2

])
(10)
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Figure 4. Determination of the switching time in Sector I.

Thus, T1 and T2 can be, respectively, solved as

T1 =

√
3T

Vdc
(

√
3

2
vα − 1

2
vβ) (11)

and

T2 =

√
3T

Vdc
vβ (12)

Let [
vα

vβ

]
= Vs

[
cos γ
sin γ

]
(13)

then (11) and (12) can be rewritten as the following equations [18]:

T1 = Ta
2√
3

sin(
π

3
− γ) (14)

T2 = Ta
2√
3

sin(γ) (15)

where
a =

Vs
2
3 Vdc

(16)

Similarly, the switching time interval in the other sectors can be derived. Table 2
summaries the results, in which the condition for sector number selection is also illustrated.

Table 2. Dwelling-time interval calculation in each sector.

Sector Sector Selection T1 T2

I vα ≥ 0, 0 ≤ vβ <
√

3vα

√
3T

Vdc
(
√

3
2 vα − 1

2 vβ)
√

3T
Vdc

vβ

II vβ ≥ 0, vβ ≥ √
3|vα|

√
3T

Vdc
(−

√
3

2 vα +
1
2 vβ)

√
3T

Vdc
(
√

3
2 vα +

1
2 vβ)

III vα ≤ 0, 0 ≤ vβ < −√
3vα

√
3T

Vdc
vβ

√
3T

Vdc
(−

√
3

2 vα − 1
2 vβ)

IV vα ≤ 0,
√

3vα ≤ vβ < 0 −√
3T

Vdc
vβ

√
3T

Vdc
(−

√
3

2 vα +
1
2 vβ)

V vβ ≤ 0, vβ ≤ −√
3|vα|

√
3T

Vdc
(−

√
3

2 vα − 1
2 vβ)

√
3T

Vdc
(
√

3
2 vα − 1

2 vβ)

VI vα ≥ 0,−√
3vα ≤ vβ < 0

√
3T

Vdc
(
√

3
2 vα +

1
2 vβ)

−√
3T

Vdc
vβ
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For minimizing the number of switchings in a switching period, the asymmetrically
alternating-reversing pulse sequence with five-segment (V0 −V1 −V2 −V1 −V0) switching
technique is employed without using the null vector V7, as shown in Figure 5a. The pulse
patterns for two consecutive sampling intervals can be configured by beginning with the
null vector V0 on the kT sampling time and also by ending with the same null vector V0 on
the (k + 1)T sampling time, where k = 1, 3, 5, · · · . The time length T0 on the kT and (k + 1)T
sampling time intervals can be different, either for T1 or T2. Therefore, the PWM pulses are
asymmetric with respect to the center point of the switching period. The technique benefits
from one of the inverter legs not switching during a full switching period, only one inverter
leg switching at a time, and only two commutations per sampling period. Thus, the number
of switchings in a switching period is four and is less than the conventional symmetric
seven-segment SVPWM method, in which the number of switchings in a switching period
is six.

Figure 5. Cont.
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Figure 5. The asymmetric five-segment switching space-vector pulse-width modulation (SVPWM) pulse waveform in each
sector: (a) Sector I; (b) Sector II; (c) Sector III; (d) Sector IV; (e) Sector V; (f) Sector VI.

Furthermore, as can be seen from Table 2, the switch dwelling time length T1 and T2
are a function of the component voltages, vα and vβ, the sampling period, T, and the DC
bus voltage, Vdc. The calculations of the functions are very simple, and hence can be easily
carried out by the FPGA-based digital hardware. The pulse waveforms of the proposed
asymmetric five-segment switching SVPWM scheme in other sectors are also shown in
Figure 5. However, there may be the cases of the reference voltage vector travelling across
the sector on the trailing sampling interval. In this case, the sector pulse pattern in the
leading sampling interval must change to the next sector pulse waveforms on the trailing
sampling interval. Figure 6 illustrates a pulse waveform crossing from Sector I to the other
five sectors and from Sector II to I on the trailing sampling interval.

Figure 6. Cont.
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Figure 6. The pulse waveforms of sector crossing on the trailing sampling time: (a) Sector I to II, (b) Sector I to III, (c) Sector
I to IV, (d) Sector I to V, (e) Sector I to VI, (f) Sector II to I.

The scaled reference commands can be routed to the circuit block for the calculation
of the dwelling time duration T1 and T2 in each sector for generating the PWM signals [17].
However, for reducing the computation complexity, an alternative method is used by
calculating the firing time, which is defined as the time interval from the start to the leading
edge of the PWM pulse. For example, in Sector I, the PWM firing times for the switches
Su, Sv and Sw in the kT sampling period can be obtained as follows:

fu = T0

= T −
√

3T
Vdc

(
√

3
2 vα +

1
2 vβ)

(17)

fv = T0 + T1 = Ts − T2

= T −
√

3T
Vdc

vβ
(18)

fw = T (19)
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where T0 = T − T1 − T2. The resulting equations for the PWM firing time in another
sector can be obtained in the same way. Table 3 summarizes the results. As can be seen,
the firing-time equations in Sector I are the same as in Sector II. They are the same in Sector
III and IV and in Sector V and VI as well. Thus the circuit realization for the sectors with
the same firing-time equation can share the same circuit as each other. This can simplify
the circuit complexity for the implementation of the ASIC. As shown in Figure 7, the PWM
pulse pattern on each phase can be generated by comparing the firing-time signal with a
common center-symmetrical triangular wave with amplitude of T and period of 2T, which
can be implemented by an up-down counter. The pulse is low when the firing-time signal
is larger than the magnitude of the triangular wave and is high otherwise.

Table 3. PWM firing time calculation in each sector.

Sector f u f v f w

I, II T −
√

3T
Vdc

(
√

3
2 vα +

1
2 vβ) T −

√
3T

Vdc
vβ T

III, IV T T −
√

3T
Vdc

(−
√

3
2 vα +

1
2 vβ) T −

√
3T

Vdc
(−

√
3

2 vα − 1
2 vβ)

V, VI T −
√

3T
Vdc

(
√

3
2 vα − 1

2 vβ) T T +
√

3T
Vdc

vβ

Figure 7. The SVPWM signal generation on one phase.

3. Simulation Verification Using PSIM

Figure 8 shows the simulation verification of the proposed asymmetric five-segment
switching SVPWM modulation scheme to drive a PMSM motor by using the PSIM simu-
lation tool, in which the PMSM motor model (Sinano 7CB30-2DE6FKS) was constructed,
as shown in Figure 8b. In this simulation, the sampling period is T = 40μs, the DC bus
voltage is Vdc = 40V,vα = 23 cos(40πt), and vβ = 23 sin(40πt). The SVPWM modulation
scheme algorithm was written in C language inside the C block function of PSIM with the
flowchart shown in Figure 9. Figure 10 shows the simulation results of current and speed
responses, the three-phase firing-time signals, and the firing-time signal vector trajectory
with the 20 Hz voltage reference inputs given above and 0.3 Nm load torque at 0.1 s. As can
be seen, the speed is 31.4 rad/s in the steady-state, which can verify the correction of the
algorithm of the proposed SVPWM modulation scheme.
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Figure 8. Simulation verification of the SVPWM scheme: (a) simulation model using C block, (b) PMSM motor model with
pole number equal to 8.
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Figure 9. Flowchart of the proposed asymmetric five-segment switching SVPWM scheme algorithm.

Figure 10. Cont.
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Figure 10. Simulation results with 0.3 Nm load torque at 0.1 s: (a) the reference voltages, current and speed responses, (b)
the three-phase firing-time signals, (c) the firing-time signal vector trajectory.

Figure 11 shows the simulation verification of the discrete-time current control of the
PMSM motor using the proposed SVPWM scheme. A discrete-time proportional-integral
(PI) controller is designed with the pulse transfer function in (20) and the zero-order holder
with sampling frequency of 25 kHz, which is two times of the inverter switching frequency.
As can be seen, the current responses can track the current reference with the amplitude of
3A and frequency of 20 Hz.

H(z) =
kp + kiT − kpz−1

1 − z−1 (20)
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Figure 11. Simulation verification of the current control with 0.3 Nm load torque at 0.4 s: (a) simulation model, (b) the
reference currents, current, and speed responses.

4. FPGA Implementation

A DE0-Nano FPGA control board by Terasic Inc. with Altera Cyclone IV-E device
(EP4CE22F17C6) was employed for the implementation and experiment verification of the
proposed current control and SVPWM ASIC for driving a PMSM servo motor (Sinano) with
rated power of 300 W. Figure 12 shows the designed SVPWM ASIC structure with optional
current control function included. The DE0-Nano board includes a 50 MHz oscillator,
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which can be used as a source clock to the designed multi-clock generation circuit to
give various frequency clock signals, such as 2.5 MHz, 200 kHz, 100 kHz, and 10 kHz,
for the design of the ASIC. A cosine and a sine look-up table, each with 500 words and
10 bits/word, were created by using LPM_ROM function to generate the voltage references,
vα and vβ, in which the frequency can be determined through the modulus-500 counter
as a frequency divider. The voltage references then can be used as the inputs of the sector
selection circuit according to Table 2 and the inputs of the firing time calculation circuit in
each sector according to Table 3. Because some firing time equations are the same, they can
be divided into three groups. The 3:1 multiplexers are used in order to select the three
firing-time signals fu, fv, and fw in each sector. The 50 MHz clock is used as the input of an
up-and-down counter, which counts up from zero to 2000 and then counts down to zero,
for the generation of a triangular carrier signal with an 80 μs period. The three firing time
signals are then compared with the common triangular carrier counter value, respectively,
to generate the three-phase SVPWM signals. A dead-time interval of 2 μs in each phase is
also inserted to generate the six gate signals to drive the inverter. A SPI-DAC interface to a
DAC7513 converter was also designed to illustrate the three-phase firing time signals on
the oscilloscope.

Figure 12. The SVPWM application-specific integrated circuit (ASIC) structure with optional current control function.

The SVPWM ASIC in the FPGA chip was designed, as shown in Figure 13, by using
Altera Quartus II software development system of version 13.1. The experimental results of
the SVPWM three-phase switching signals in each sector are shown in Figure 14. They are
consistent with the expected pulse waveforms in Figure 5. The open-loop experiment result
of the firing-time signal vector trajectory in a steady state is shown in Figure 15, which is
also consistent with the simulation result in Figure 10c. Figure 16 shows the experimental
result of the open-loop current vector trajectory in steady state with the SVPWM scheme.
Two of the three-phase currents are sensed by using two LEM-55P current sensors and
filtered through low-pass filters. The filtered currents are shifted up 1.65 V, being the inputs
to an ADC128S022 A/D converter, in which the input voltage range is between zero and
3.3 V, for the feedback of the PI current control function with 25 kHz sampling frequency.
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Figure 13. FPGA implementation of the proposed SVPWM scheme by using Quartus II version 13.1 tool.

Figure 14. Experiment verification of the three-phase switching signals in each sector of the proposed SVPWM scheme:
(a) Sector I; (b) Sector II; (c) Sector III; (d) Sector IV; (e) Sector V; (f) Sector VI.
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Figure 15. The open-loop experimental result of the firing-time signal vector trajectory in steady state.

Figure 16. The open-loop current vector trajectory in steady state with the SVPWM scheme (7.5 A/V).

For saving the hardware resources, the computation architecture of the PI controller
in the ASIC is shown in Figure 17, which has a control unit and a data path, which
contains a 12-bit adder/subtracter, a 12-bit multiplier, and a limiter. The control unit is a
finite state machine (FSM) which generates the control signals to the data path to control
the computation procedures of the PI controller. The computation procedures of the PI
controller according to the pulse transfer function in (20) are shown in Figure 18. There are
five steps (s1–s5) for the computation of the PI control function. For the 25 kHz sampling
frequency, the input clock frequency for the PI control function is 200 kHz. Therefore, there
are eight clocks, in which three clocks are used for waiting state, needed to accomplish
the computation of the PI controller. Figure 19 shows the experimental result for the
closed-loop current vector trajectory in steady state with different DC bus voltage values.
As can be seen, it can be a circular in the range from 55 to 63 V.
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Figure 17. The computation architecture of the ASIC.

Figure 18. The computation procedures of the proportional-integral (PI) controller.
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Figure 19. The closed-loop current vector trajectory in steady state with different DC bus voltage (7.5 A/V): (a) Vdc = 55 V,
(b) Vdc = 63 V, (c) Vdc = 45 V, (d) Vdc = 50 V.

5. Discussion

Several practical aspects for the implementation of the proposed current control and
SVPWM ASIC are discussed as follows:

Firstly, as shown in Figure 7, the firing-time signals are the modulating signals and
used to compare with a common center-symmetrical triangular carrier wave for generating
the PWM gating signals of the inverter in the proposed SVPWM scheme. This is different
from the conventional SPWM implementation method, in which the sinusoidal control
outputs are the modulating signals. For convenience, the firing time equation of fv in
Table 3 is rewritten as follows:

fv = T −
√

3T
Vdc

vβ = T(1 −
√

3
Vdc

vβ) (21)

The second term on the right-hand side of the equals sign has a relationship with the
duty ratio of the gating signal expressed as

dv =

√
3

Vdc
vβ (22)

Because the duty ratio is 0 ≤ d ≤ 1, it follows that

vβ ≤ Vdc√
3

(23)
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So, the maximum value of the control signals vβ or vα is Vdc/
√

3 and is larger than
Vdc/2, which is the maximum value of the modulating signals in SPWM method. Thus,
as is well known, the SVPWM method has higher voltage utilization by about 115% than
the SPWM modulation method.

Secondly, the term
√

3/Vdc in (22) can be seen as the gain from the control signal vβ

to the duty ratio to generate the gating signal in the SVPWM modulation scheme. Thus,
this gain can be expressed as

Ksvpwm =
dv

vβ
=

√
3

Vdc
(24)

It was found that this SVPWM gain can be included in the PI current controller
parameters. So, although the firing time equations are relative to the dc bus voltage,
the multiplication of the SVPWM gain to the control output signal vβ is not necessary for
the implementation of the firing-time signal. That means the small perturbation of the
DC bus voltage will not affect the performance of the current control and SVPWM ASIC.
As can be seen from the experimental results in Figure 19, the closed-loop current vector
trajectory in steady state can be a circular for the dc bus voltage of 55 and 63 V, respectively.
This finding makes the implementation circuit simpler.

Thirdly, although it is the digital hardware circuit for the computation of the current
control and SVPWM scheme, the timing sequence during the sampling interval from the
sampling of the feedback currents to the current control and firing-time signal output must
be considered for the synchronization, as shown in Figure 20. The computation of the
timing signals must be completed before the next sampling time. The resulted firing-time
signal values are then loaded into the PWM signal generation circuit for the comparison
with an up-down counter at the next sampling time in which the counter starts to count up
from zero or count down from 2000.

Figure 20. The timing sequence of sampling and loading for the proposed current control and SVPWM scheme.

Fourthly, the conventional SVPWM scheme including the symmetric seven-segment
technique, symmetric five-segment technique, and asymmetric three-segment technique
are shown in Figure 21. As can be seen, the symmetric five-segment technique has four
switching times and is the lowest during a switching period, so the switching loss of
the scheme is significantly reduced in comparison with the others. However, in the
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asymmetric three-segment technique, the sampling frequency can be doubled at a certain
switching frequency. The proposed asymmetric five-segment technique can not only have
the advantages of minimum switching times, but also can double the sampling frequency
in the current control loop so as to improve the control performance.

Figure 21. SVPWM switching sequences: (a) symmetric 7-segment, (b) symmetric 5-segment, (c) asymmetric 3-segment.

6. Conclusions

In this work, the design and implementation of an FPGA-based SVPWM ASIC with
an asymmetric five-segment switching scheme for AC motor drives have been performed.
The inverter switch dwelling and firing times on each sector have been derived. It was
found that the firing-time equations in Sector I and II are the same. They are the same in
Sector III and IV and in Sector V and VI as well. These finding allow us to simplify the
circuit complexity for the implementation of the ASIC. Compared with the conventionally
symmetric seven-segment three-phase switching scheme, the inverter switching times
and power loss of this proposed scheme can not only be reduced by 33%, but also the
asymmetric characteristics mean that the reference voltage command signal can be given
in the half period of the PWM switching time interval. Therefore, one can design the
closed-loop current control while doubling the sampling frequency, hence increasing the
bandwidth, and allowing the motor drive system with better dynamic response. For the
verification of the proposed SVPWM modulation scheme, the closed-loop current control
function in the stationary reference frame has been also included in the design of the ASIC.
The ASIC function is firstly verified by using the PSIM simulation tool. Then, a DE0-
nano FPGA control board has been employed to drive a 300 W PMSM AC motor for the
experimental verification. The simulation and experimental results show the performance
of the proposed SVPWM ASIC both in the open-loop pulse-width modulation and in the
current control loop. The proposed current control and SVPWM ASIC can not only be used
in PMSM motor drives, but can also be applied in other AC motor drives.
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Abstract: This study aimed to develop a three-phase permanent-magnet synchronous motor drive
system with improvement in current harmonics. Considering the harmonic components in the
induced electromotive force of a permanent-magnet synchronous motor, the offline response of
the induced electromotive force (EMF) was measured for fast Fourier analysis, the main harmonic
components were obtained, and the voltage required to reduce the current harmonic components
in the corresponding direct (d-axis) and quadrature (q-axis) axes was calculated. In the closed-loop
control of the direct axis and quadrature axis current in the rotor reference frame, the compensation
amount of the induced EMF with harmonic components was added. Compared with the online
adjustment of current harmonic injection, this simplifies the control strategy. The drive system used
a 32-bit digital signal processor (DSP) TMS320F28069 as the control core, the control strategies were
implemented in software, and a resolver with a resolver-to-digital converter (RDC) was used for the
feedback of angular position and speed. The actual measurement results of the current harmonic
improvement control show that the total harmonic distortion of the three-phase current was reduced
from 5.30% to 2.31%, and the electromagnetic torque ripple was reduced from 15.28% to 5.98%. The
actual measurement results verify the feasibility of this method.

Keywords: motor drive; current harmonic reduction; torque ripple reduction

1. Introduction

The induced electromotive force of a permanent-magnet motor may contain harmonic
components because of the design, which produces electromagnetic torque ripples after
multiplying with the phase current of the motor (which also contains harmonic compo-
nents) [1,2]. Therefore, reducing the harmonic components of the motor current provides a
reduction in torque ripples. By performing the harmonic analysis of the current to obtain
the harmonic components contained and then adding them to the current command, the
influence of the current on the torque can be reduced [3,4]. To reduce the current ripple
due to the induced EMF, the harmonic components of the induced EMF can be analyzed
and injected into the voltage command, as shown in [5]. Most methods add the harmonic
components of the induced EMF to the three-phase voltage command. The compensation
parameters of current or induced EMF are based on the analysis of its harmonic compo-
nents. It is known that the three-phase signals containing harmonics can be transformed
into the rotating rotor reference frame and projected on the 0-axis, direct axis (d-axis),
and quadrature axis (q-axis) [6]. With open-end windings and driven each phase current
independently, the zero-sequence harmonics of the induced EMF are added to the 0-axis
voltage command directly, in conjunction with field-oriented control (FOC) can reduce
current harmonics [7]. Torque ripple can be estimated from the calculated energy and
co-energy through the voltage and current feedback, which is used as the feed-forward
compensation amount to reduce the torque ripple and current ripple component [8]. Re-
cently, different control methods have been applied to reduce current harmonics or torque
ripple. By using the Kalman filter, the stator current and permanent-magnet (PM) rotor
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flux are used to track the flux linkage and compensate for the torque ripple caused by the
demagnetization [9]. Artificial neural networks are used to reduce the torque ripple of
the permanent-magnet synchronous motor (PMSM) with non-sinusoidal induced EMF
and cogging torque [10]. Predictive torque control is also used to reduce torque ripple
and improve its control accuracy by compensating for the current prediction errors [11].
Selective current harmonic suppression method is proposed to reduce current harmonics
in case of high-speed operation [12].

In this study, the methods presented in [13,14] were used to conduct fast Fourier
transform (FFT) analysis of induced EMF. The induced EMF of the fifth and seventh
harmonic components was obtained, the contents and offset angles of which were further
analyzed. Moreover, the rotor’s rotating coordinate system was used to obtain the sixth
harmonic component in direct axis and quadrature axis. Compensation was applied to the
q-axis and the d-axis to reduce current harmonic components and torque ripple. Compared
with the techniques mentioned above, the method proposed in this paper requires less
computational burden and does not need to change the control scheme; however, it is
necessary to measure the induced EMF of the motor and analyze its harmonic components
as the reference of compensation.

In this paper, Section 2 introduces the mathematical model of the permanent-magnet
synchronous motor considering the fifth and seventh harmonics; Section 3 proposes a
control strategy to reduce torque ripple with two methods of compensation for abc or qd
coordinate systems; Section 4 first measures the induced EMF of the permanent-magnet
synchronous motor and determines the compensation amount by spectrum analysis, and
compares the current spectrum and torque ripple components with different control strate-
gies.

2. Current and Torque Ripples of Permanent-Magnet Synchronous Motors

If the salience effect is neglected and the d-axis and q-axis inductances are the same,
the voltages of a three-phase permanent-magnet synchronous motor can be expressed as
follows:

νa = Rsia + Ls
d
dt

ia + ea f , (1)

νb = Rsib + Ls
d
dt

ib + eb f , (2)

νc = Rsic + Ls
d
dt

ic + ec f , (3)

where va, vb, and vc are the input phase voltages of the motor; ia, ib, and ic are the three-
phase stator currents; Rs is the equivalent resistance and Ls is the equivalent inductance
of the stator; ea f , eb f , and ec f are the three-phase induced EMF of the motor. Due to the
symmetry of the rotor, the induced EMF contains no even harmonic components. For the
motor with the Y connection, the zero-sequence harmonics can be neglected as they are
coupled to both ends of each phase [15]. Therefore, only the odd harmonics of the positive
and negative sequences need to be considered.

The matrix for transforming the three-phase system to the rotor reference frame and
its inverse transformation is as follows:

Tr
qd =

2
3

[
cos θ̂r cos(θ̂r − 120◦) cos(θ̂r + 120◦)
sin θ̂r sin(θ̂r − 120◦) sin(θ̂r + 120◦)

]
, (4)

Tr−1

qd =

⎡
⎣ cos θr sin θr

cos(θr − 120◦) sin(θr − 120◦)
cos(θr + 120◦) sin(θr + 120◦)

⎤
⎦. (5)
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Under balanced conditions, the three-phase motor uses the transformation matrix Tr
qd

of the rotor reference frame, and the voltages of the q-axis and the d-axis are:

vr
q = Rsirq + Lq

d
dt

irq + ωr(λ
′
m + Ldird), (6)

vr
d = Rsird + Ld

d
dt

ird − ωrLqirq, (7)

where vr
q and vr

d are the input voltages; irq and ird are the currents of the q-axis and d-axis,
respectively.

The three-phase permanent-magnet synchronous motor used in this study mostly
contains the fifth and seventh harmonic components, and the other harmonics barely exist.
Therefore, the fifth and seventh harmonic components were added to the estimated values
in this section. The resultant induced EMF estimates êa, êb, and êc are:

êa = ω̂rλ′
m cos θ̂r + h5ω̂rλ′

m cos[5(θ̂r +
δ5

5
)] + h7ω̂rλ′

m cos[7(θ̂r +
δ7

7
)], (8)

êb = ω̂rλ′
m cos(θ̂r − 120

◦
)+h5ω̂rλ′

m cos[5(θ̂r +
δ5

5
− 120

◦
)] + h7ω̂rλ′

m cos[7(θ̂r +
δ7

7
− 120

◦
)], (9)

êc = ω̂rλ′
m cos(θ̂r+120

◦
)+h5ω̂rλ′

m cos[5(θ̂r +
δ5

5
+120

◦
)] + h7ω̂rλ′

m cos[7(θ̂r +
δ7

7
+120

◦
)], (10)

where Êm = ω̂rλ′
m is the estimated value of the peak induced EMF; h5 and h7 are the

percentages of the fifth and seventh harmonic components of the induced EMF; δ5 and δ7
are the phase differences between the fifth and seventh harmonics and the fundamental
wave of the induced EMF, respectively.

Using the transformation matrix Tr
qd of the rotor’s synchronous rotating coordinate

system, the induced EMF containing the fifth and seventh harmonic components is trans-
formed into components along the q-axis and d-axis, êr

q and êr
d, respectively, expressed

as:
êr

q = ω̂rλ′
m + h5ω̂rλ′

m cos(6θ̂r + δ5) + h7ω̂rλ′
m cos(6θ̂r + δ7)

= ω̂rλ′
m + h6qω̂rλ′

m cos(6θ̂r + δ6q)
, (11)

êr
d = h5ω̂rλ′

m sin(6θ̂r + δ5)− h7ω̂rλ′
m sin(6θ̂r + δ7)

= h6dω̂rλ′
m sin(6θ̂r + δ6d)

, (12)

where the harmonics of the induced EMF along the q-axis and d-axis, êr
q−h and êr

d−h,
respectively, are expressed as:

êr
q−h = h6qω̂rλ′

m cos(6θ̂r + δ6q), (13)

êr
d−h = h6dω̂rλ′

m sin(6θ̂r + δ6d). (14)

It can be seen from Equations (11) and (12) that, when the fifth and seventh harmonic
components of the induced EMF are transformed into the rotor reference frame and further
simplified by the polar coordinate system, they will contain the sixth harmonic components.
Therefore, the sixth harmonic components can be used for compensation in the rotor
reference frame. In the equations above: h6q is the coefficient indicating the percentage
of the sixth harmonic component along the q-axis; δ6q is the phase difference between the
sixth harmonic and the fundamental wave along the q-axis; h6d is the coefficient indicating
the percentage of the sixth harmonic component along the d-axis; δ6d is the phase difference
between the sixth harmonic component and the fundamental wave along the d-axis.
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3. Current Harmonic Improvement Strategy for Closed-Loop Control of Current along
q-Axis and d-Axis

3.1. Closed-Loop Control Strategy for q-Axis and d-Axis Currents with Compensation for
Fundamental Wave of Induced EMF

The closed-loop control of the speed and the q-axis and d-axis currents of the three-
phase permanent-magnet synchronous motor in this study are shown in Figure 1. The
speed feedback ω̂m and position feedback θ̂r in Figure 1 are obtained from the the resolver
and RDC. The three-phase feedback currents îa, îb, and îc of the motor are transformed to
the rotor reference frame to obtain the q-axis current îrq and the d-axis current îrd. Moreover,
the q-axis and d-axis current control strategy is used to obtain the q-axis and d-axis voltage
commands vr

q
∗ and vr

d
∗. Finally, the inverse transformation matrix of the rotor reference

frame is used to obtain the three-phase voltage commands v∗a , v∗b , and v∗c , and then feed
to the space vector pulse width modulation (SVPWM) module to produce the switching
signals.

ai

bi

ci

sG

r
di =

eT ∗
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Figure 1. Three-phase permanent-magnet synchronous motor speed and q-axis/d-axis current closed-loop control block.

The closed-loop control block of the q-axis and d-axis currents is shown in
Figure 1. The three-phase sinusoidal signal without the harmonic components is trans-
formed into two direct current (DC) signals, direct axis and quadrature axis signals respec-
tively in the rotor reference frame. The transformation of the rotor reference frame can
reduce the influence of external disturbance and improve the robustness of the control
strategy. The q-axis and d-axis current regulator of the synchronous motor can be obtained
according to voltage Equations (6) and (7). By reducing the coupling terms ωr(Ldird + λ′

m)
and −ωrLqirq in voltage Equations (6) and (7), the linearized voltages ur

q and ur
d along the

q-axis and d-axis are defined as, respectively:

ur
q = Rsirq + Lq

d
dt irq

= vr
q − ωr(Ldird + λ′

m)
, (15)
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ur
d = Rsird + Ld

d
dt ird

= vr
d + ωrLqirq

, (16)

Decoupling ur
q and irq in Equation (15), and ur

d and ird in Equation (16), independent
linear systems can be obtained, and the q-axis and d-axis current regulator outputs are,
respectively:

ur
q
∗ = Gq ◦ (irq∗ − îrq), (17)

ur
d
∗ = Gd ◦ (ird∗ − îrd), (18)

where irq∗ and ird
∗ are the q-axis and d-axis current commands. The current regulators Gq

and Gd are both proportional-integral controllers with “◦” as the symbol of proportional-
integral operation. The transfer function of the current regulator is expressed as

Gq = kpq +
kiq

s
, (19)

Gd = kpd +
kid
s

, (20)

where kpq and kpd are the proportional gain; kiq and kid are the integral gain. The q-axis
and d-axis voltage commands vr

q
∗ and vr

d
∗ can be expressed as

vr
q
∗ = ur

q
∗ + R̂sîrq + ωr(L̂dîrd + λ̂′

m), (21)

vr
d
∗ = ur

d
∗ + R̂sîrd − ωr L̂qîrq, (22)

The pre-computed feed-forward compensation Rsirq and Rsird can be added into the
q-axis and d-axis voltage commands, respectively, to increase system response speed.

3.2. Compensation Method of Induced EMF Harmonics along Phase-a, Phase-b, and Phase-c

The compensation strategy along the a-axis, b-axis, and c-axis is based on the speed
and the q-axis and d-axis current closed-loop control strategy shown in Figure 1, with
additional compensation for the fifth and seventh harmonic components of the three-phase
induced EMF, as shown in Figure 2. As the induced EMF compensation in Figure 1 contains
only that for the fundamental wave, the fifth and seventh harmonic components of the
induced EMF are not compensated. After transforming the q-axis and d-axis voltage
commands vr

q
∗ and vr

d
∗ with the rotor’s synchronous reference system, compensation for

the fifth and seventh harmonic components of the induced EMF along the a-axis, b-axis,
and c-axis are added, as shown in Figure 2.

3.3. Compensation Method of Induced EMF Harmonics along q-Axis and d-Axis

The fifth and seventh harmonic components of the induced EMF are mapped to the
sixth harmonic component after transformed to the rotor reference frame, as shown in
Figure 3. By compensating on the qd-axis, the calculation of the control strategy can be
simplified. The compensation strategy for harmonics in the induced EMF along the q-axis
and d-axis adds the sixth harmonic component in Figure 1, as shown in Equations (13) and
(14). By adding Equations (13) and (14) into Figure 1 as the compensation, the resulting
control block is as shown in Figure 3. The software was developed based on Figure 3.
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Figure 2. Current harmonics improvement control block of compensation for the induced electromotive force (EMF)
harmonics along the a-axis, b-axis, and c-axis in the q-axis/d-axis current closed-loop control.
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Figure 3. Current harmonics improvement control block of compensation for the induced EMF harmonics along the q-axis
and d-axis in the q-axis/d-axis current closed-loop control.
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4. Measurement Results

A laboratory prototype based on DSP TMS320F28069 is established to verify the pro-
posed method. The photograph of the motor driver and testbed is shown in
Figure 4. The switching frequency of the three-phase inverter is 10 kHz, the sampling time
of the closed-loop current control is 100 μs, and the resolution of the A/D converter is 16-bit,
corresponding to −5~5 V. The resolution of the D/A converter is 12-bit, corresponding to
0~3.3 V, and the measurement bandwidth of the current probe is 100 kHz. The parameters
of the driven motor are shown in Appendix A.

 

 

(a) (b) 

Figure 4. Laboratory prototype photos: (a) motor driver; (b) test bed.

4.1. Measurement of Induced EMF

The prime mover is used to drive the three-phase permanent-magnet synchronous motor at
a speed of 1500 rpm. The parameters are ω̂r = 2π(1500

60 )(
Np
2 ) (rad/s), λ′

m = 0.0153 (V/rad/s),
h5 = 3.30%, h7 = 1.55%, δ5 = 31.51

◦
, and δ7 = 77.35

◦
. After the simplification by the polar

coordinate system, h6q = 4.52%, h6d = 2.48%, δ6q = 45.76
◦
, δ6d = 4.91

◦
are obtained, and

the estimated results are shown in Figure 5. Figure 5a shows the estimated induced EMF
êa, which is very close to the measured ean′ shown in Figure 5e, verifying the correctness of
the estimation in this study. In addition, the estimated values of the fundamental wave,
fifth harmonic component, and seventh harmonic component are shown in Figure 5b–d,
respectively. By using the synchronously rotating reference system to transform from abc
to qd reference systems in Equation (4), êr

q and êr
d can be obtained. In addition, êr

q−h and
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êr
d−h can be obtained using Equations (13) and (14) derived in this study, as shown in

Figure 6. Figure 6 shows êr
q and êr

d. As êr
q contains the fundamental value ω̂rλ′

m and the
sixth harmonic component, whereas êr

d only contains the sixth harmonic component, their
respective responses are the same as shown in Equations (11) and (12).

m rE θ

Time

Time

ae

m rh E θ δ+

m rh E θ δ+

ane ′

Time

Time

Time  
Figure 5. Measured and estimated results of induced EMF of three-phase permanent-magnet syn-
chronous motor driven by the prime mover at a speed of 1500 rpm: (a) estimated êa of a-phase
induced EMF; (b) Êm cos θ̂r; (c) h5Êm cos(5θ̂r + δ5); (d) h7Êm cos(7θ̂r + δ7); (e) ean′ .
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Figure 6. Estimated results of the q-axis and d-axis of the three-phase permanent-magnet synchronous
motor driven by the prime mover at a speed of 1500 rpm: (a) êr

q; (b) êr
d.

4.2. Measured Results of Induced EMF without Compensation for Harmonic Components

The current harmonic improvement control strategy is not added to the control
block of Figure 1. With the effective value of the rated phase current of 23.3 A, the
rated rotational speed of 1500 rpm, and the rated electromagnetic torque of 3.5 N·m,
the measured results are as shown in Figure 7. It can be seen from Figure 7 that the
phase current and the fundamental wave of induced EMF are in phase, and the peak
value of the phase current is 33.04 A. The total harmonic distortion rate of the current
is 5.30%, with 3.30% for the fifth harmonic component and 2.97% for the seventh har-
monic component of the phase current. The current response transformed onto the q-axis
and d-axis is shown in Figure 8. It can be seen from Figure 8 that the average value
of the q-axis current is 32.75 A, and the average value of the d-axis current is not 0 A.
The measurement results for speed response and electromagnetic torque are shown in
Figure 9. In this study, electromagnetic torque is taken as equivalent to kTîrq, which is then
measured by the D/A converter. It can be seen from Figure 9 that the average value of
the electromagnetic torque is 3.01 N·m, and the peak-to-peak value of the electromagnetic
torque is 0.46 N·m. As torque ripple is the peak-to-peak value of electromagnetic torque
divided by the average value of electromagnetic torque, the torque ripple is 15.28%.
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Figure 7. Measured phase currents of a three-phase permanent-magnet synchronous motor driven at
1500 rpm without compensation for harmonic components in induced EMF: (a–d) measured phase
currents îa, îb and îc; (e) spectrum of phase current îa.

Time

Time

di
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Figure 8. Measured q-axis and d-axis currents of a three-phase permanent-magnet synchronous motor
driven at 1500 rpm without compensation for harmonic components in induced EMF: (a) measured
îrq; (b) measured îrd.
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Figure 9. Measured rotational speed and electromagnetic torque of a three-phase permanent-magnet
synchronous motor driven at 1500 rpm without compensation for harmonic components in induced
EMF: (a) measured rotational speed command ω∗

m and rotational speed feedback ω̂m; (b) measured
electromagnetic torque T̂e.

4.3. Measured Results of Induced EMF along Phase-a, Phase-b, and Phase-c with Compensation for
Harmonic Components

The control block in Figure 2 shows the control strategy for induced EMF along
the a-axis, b-axis, and c-axis with compensation for harmonics. The measured results
are as shown in Figure 10. It can be seen from Figure 10 that the phase current and the
fundamental wave of induced EMF are in phase, and the peak value of the phase current is
33.55 A. The total harmonic distortion rate of the current is 2.57%, with 0.43% for the fifth
harmonic component and 0.72% for the seventh harmonic component of the phase current.
The current response transformed onto the q-axis and d-axis is as shown in Figure 11. It
can be seen from Figure 11 that the average value of the q-axis current is 33.25 A, and the
average value of the d-axis current is approximately 0 A. The measurement results of the
speed response and electromagnetic torque are shown in Figure 12. It can be seen from
Figure 12 that the average value of the electromagnetic torque is 3.05 N·m, the peak-to-peak
value of the electromagnetic torque is 0.19 N·m, and the torque ripple is 6.23%.

4.4. Measured Results of Induced EMF along q-Axis and d-Axis with Compensation Strategy for
Harmonic Components

The control block in Figure 3 shows the control strategy for induced EMF along the
q-axis and d-axis with compensation for harmonics. The measured results are as shown
in Figure 13. It can be seen from Figure 13 that the phase current and the fundamental
wave of induced EMF are in phase, and the peak value of the phase current is 33.70 A. The
total harmonic distortion rate of the current is 2.31%, with 0.61% for the fifth harmonic
component and 0.35% for the seventh harmonic component of the phase current. Compared
to the result without compensation, the fifth harmonic component is reduced from 3.30% to
0.61%, and the seventh harmonic component is reduced from 2.97% to 0.35%. With reference
to the experimental results of the selective current harmonic suppression method [12],
the fifth harmonic content is reduced from 19.24% to 5.62%, and the seventh harmonic
content is reduced from 12.87% to 4.63%. In both methods, the fifth and seventh harmonic
components are reduced.
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Figure 10. Measured phase currents of a three-phase permanent-magnet synchronous motor driven
at 1500 rpm with compensation strategy for harmonic components in induced EMF along the a-axis,
b-axis, and c-axis: (a–d) measured phase current îa, îb and îc; (e) spectrum of phase current îa.
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Figure 11. Measured q-axis and d-axis currents of a three-phase permanent-magnet synchronous
motor driven at 1500 rpm with compensation strategy for harmonic components in induced EMF
along the a-axis, b-axis, and c-axis: (a) measured îrq; (b) measured îrd.
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Figure 12. Measured rotational speed and electromagnetic torque of a three-phase permanent-magnet
synchronous motor driven at 1500 rpm with a compensation strategy for harmonic components in
induced EMF along the a-axis, b-axis, and c-axis: (a) measured rotational speed ω∗

m and rotational
speed feedback ω̂m; (b) measured electromagnetic torque T̂e.
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Figure 13. Measured phase currents of a three-phase permanent-magnet synchronous motor driven
at 1500 rpm with a compensation strategy for harmonic components in induced EMF along the q-axis
and d-axis: (a–d) measured phase currents îa, îb and îc; (e) spectrum of phase current îa.

The current response transformed onto the q-axis and d-axis is as shown in Figure 14.
It can be seen from Figure 14 that the average value of the q-axis current is 32.74 A, and the
average value of the d-axis current is approximately 0 A. The measurement results of speed
response and electromagnetic torque are shown in Figure 15. It can be seen from Figure 15
that the average value of the electromagnetic torque is 3.01 N·m, the peak-to-peak value of
the electromagnetic torque is 0.18 N·m, and the torque ripple is 5.98%.
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Figure 14. Measured q-axis and d-axis currents of a three-phase permanent-magnet synchronous
motor driven at 1500 rpm with a compensation strategy for harmonic components in induced EMF
along the q-axis and d-axis: (a) measured îrq; (b) measured îrd.
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Figure 15. Measured rotational speed and electromagnetic torque of a three-phase permanent-magnet
synchronous motor driven at 1500 rpm with a compensation strategy for harmonic components in
induced EMF along the q-axis and d-axis: (a) measured rotational speed command ω∗

m and rotational
speed feedback ω̂m; (b) measured electromagnetic torque T̂e.

5. Conclusions

This study explains the closed-loop control strategy for rotational speed and q-axis and
d-axis currents, as well as the improvement strategy for current harmonics, including the
compensation strategy for induced EMF along an abc reference frame and a qd reference
frame. With the compensation for harmonics in the induced EMF along the q-axis and
d-axis, the total harmonic distortion rate is reduced from 5.30% to 2.31%, in which the
value is reduced from 3.30% to 0.61% for the fifth harmonic component and from 2.97%
to 0.35% for the seventh harmonic component. The peak-to-peak electromagnetic torque
is reduced from 0.46 to 0.18 N·m, whereas the electromagnetic torque ripple is reduced
from 15.28% to 5.98%. The parameters are summarized in Table 1. It can be seen that the
compensation method for harmonics is considerably effective. The method can be used to
improve the jitters and ripples of the electromagnetic torque to enhance the performance of
the servo drive.
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Table 1. Comparison of the closed-loop control strategy for three-phase permanent-magnet synchronous motor speed and
q-axis/d-axis currents.

Without Compensation for
Harmonics in Induced EMF

With Compensation for
Harmonics in Induced EMF along

Phase-a, Phase-b, and Phase-c

With Compensation for
Harmonics in Induced EMF

along q-Axis and d-Axis
Explanation

Peak-to-peak
electromagnetic torque

jitter
0.46 N·m 0.19 N·m 0.18 N·m The current harmonic

distortion rate with
compensation strategy for
the induced EMF along the
q-axis and d-axis is smaller,

and the torque ripple is
lower.

Electromagnetic torque
ripple 15.28% 6.23% 5.98%

Phase-a current total
harmonic distortion rate 5.30% 2.57% 2.31%

Fifth harmonic component
of current 3.30% 0.43% 0.61%

Seventh harmonic
component of current 2.97% 0.72% 0.35%

Additional computational
burden -

h5ω̂rλ′
m cos(5θ̂r + δ5)

+h7 Êmω̂rλ′
m cos(7θ̂r + δ7)

,

h5ω̂rλ′
m cos(5θ̂r + δ5+120

◦
)

+h7ω̂rλ′
m cos(7θ̂r + δ7 − 120

◦
)

,

h5ω̂rλ′
m cos (5θ̂r + δ5 − 120

◦
)

+h7ω̂rλ′
m cos (7θ̂r + δ7 + 120

◦
)

h6qω̂rλ′
m cos(6θ̂r + δ6q),

h6dω̂rλ′
m sin(6θ̂r + δ6d)

Percentage of execution
time in each switching
cycle (100 μs = 100%)

33% 60% 45%
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Appendix A

Table A1. Measured results of three-phase permanent-magnet synchronous motor parameters.

Parameter Value

Equivalent resistance of each phase Rs 45.87 mΩ
Equivalent inductance of each phase Ls 0.338 mH

Rotor flux linkage λ′
m 15.2 × 10−3 V

(rad/s)
Fifth harmonic component of induced EMF h5 3.30%
Seventh harmonic component of induced EMF

h7
1.55%

Rated torque 3.0 N·m
Rated rotational speed 1500 rpm

DC side voltage 24 V
Equivalent viscosity coefficient Beq 11.6 × 10−3 N·m

(rad/s)
Equivalent moment of inertia Jeq 4.43 × 10−3 kg·m2
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Appendix B

ea f , eb f , ec f Three-phase induced EMFs of the motor.

êr
q, êr

d
The voltages observed on the q-axis and d-axis by project the three-phase
induced EMFs to the rotor reference frame.

h5, h7 The fifth and seventh harmonic components of the induced EMF.
ia, ib, ic Three-phase currents of the stator.

îrq, îrd
The currents observed on the q-axis and d-axis by project the three-phase
currents to the rotor reference frame.

Ld, Lq Direct- and quadrature-axis inductance.
Rs Equivalent resistance of the stator.
Tr

qd The transformation matrix to project the abc to the qd reference frame.

Tr−1

qd
The inverse transformation matrix to project the abc to the qd reference
frame.

νa, νb, νc Three-phase voltages of the stator.

δ5, δ7
Phase shifts of each phase from the fifth and seventh harmonic
components, respectively.

δ6q, δ6d
Phase shifts of q-axis and d-axis from the sixth harmonic component,
respectively.

θ̂r Electrical angle of the rotor.
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Abstract: This paper mathematically explains how state derivative space (SDS) system form with
state derivative related feedback can supplement standard state space system with state related
feedback in control designs. Practically, inverse optimal control is attractive because it can construct
a stable closed-loop system while optimal control may not have exact solution. Unlike the previous
algorithms which mainly applied state feedback, in this paper inverse optimal control are carried out
utilizing state derivative alone in SDS system. The effectiveness of proposed algorithms are verified
by design examples of DC motor tracking control without tachometer and very challenging control
problem of singular system with impulse mode. Feedback of direct measurement of state derivatives
without integrations can simplify implementation and reduce cost. In addition, the proposed design
methods in SDS system with state derivative feedback are analogous to those in state space system
with state feedback. Furthermore, with state derivative feedback control in SDS system, wider range
of problems such as singular system control can be handled effectively. These are main advantages
of carrying out control designs in SDS system.

Keywords: inverse optimal control; state derivative space (SDS) system; state derivative feedback;
DC motor control; singular system; nonlinear control

1. Introduction

In modern control, state space system is used to carry out state related feedback
control design. In state space system, state derivative vector

.
x(t) is a dependent function

of both control input vector u(t) and state vector x(t) as follows.

.
x(t) = f (x(t), u(t)) (1)

Previously, in most researches, state related feedback control algorithms u(t) = φ(x(t))
were developed in state space system form so that the following is a stable closed loop system.

.
x(t) = f (x(t), φ(x(t))) (2)

However, in reality the control design approach of carrying out state related feedback
in state space system has some limitations. For instance, not every system can have its state
space system form. Singular systems [1] with pole at infinity are such cases. For example,
electrical circuits [2], aerospace vehicles [3], piezoelectric smart structures [4], and chemical
systems [5] are actually singular systems. Control design of singular systems were mainly
developed in the following generalized state space system or descriptor system form [6,7]
where E is a singular matrix.

E
.
x(t) = F(x(t), u(t)). (3)

Control designs for such systems are carried out in large augmented systems and
usually require feedbacks of both state and state derivative variables [7–11].
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Therefore, comparing with the design processes for standard state space system,
control design processes for singular systems are much more complicate. In the analysis,
singular systems are further classified into impulse-free mode and impulse mode [7,12].
When a singular system has impulse mode, designers have to further investigate if the
system is impulse controllable and if the impulse mode can be eliminated [7]. In the best
case, applying state feedback control only can stabilize singular systems with impulse
mode. Therefore, state feedback control design for a singular systems with impulse mode
is usually considered as very challenging task.

Moreover, in many systems, the direct measurements by sensor are not state signals
but state derivative signals. For example, accelerations sensed by accelerometers [13] and
voltages or more precisely speaking current derivatives sensed by inductors are directly
measured state derivative related signals in many applications. Especially, velocities and
accelerations which can be modelled as state derivative vector are easily available from
measurements in vehicle dynamic systems [14–18] and piezoelectric smart structure sys-
tems [4]. For those applications, we should not insist to apply state related feedback in
control designs because additional numerical integrations or integrators are needed in
implementation that result in complex and expensive controllers. Instead, state derivative
related feedback should be applied. However, it is not convenient to develop state deriva-
tive related feedback algorithms under standard state space system form. Another system
form for people to conveniently develop state derivative feedback is needed.

Inspired by the above analysis, the correspondence author of this paper proposed the
following state derivative space system form, abbreviated as SDS systems and dedicated
for state derivative related feedback control designs.

x(t) = F
( .

x(t), u(t)
)
. (4)

In SDS systems, state vector x(t) is an explicit function vector of state derivative vector
.
x(t) and control vector u(t).

When state derivative related feedback control law u(t) = φ
( .

x(t)
)

is properly de-
signed and applied, one can obtain a stable closed loop system as

x(t) = F
( .

x(t), φ
( .

x(t)
))

. (5)

The linear time invariant system of SDS system, namely, Reciprocal State Space (RSS)
system can be described as

x = f
.
x + gu (6)

where f and g are constant matrices. When u = −K
.
x is properly designed and applied,

the following closed loop system is stable.

x = ( f − gK)
.
x = fc

.
x (7)

It is well known that the eigenvalues of an invertible matrix and the eigenvalues of
its inverse matrix are actually reciprocals to each other and that was why the name of
Reciprocal State Space system was given. Therefore, closed loop system poles are the
reciprocals of the eigenvalues of matrix fc in (7). To construct a stable closed loop RSS
system, all eigenvalues of matrix fc in (7) must have negative real parts by design of
feedback gain K.

Both SDS system and RSS system forms were proposed by the correspondence au-
thor of this paper. State derivative related feedback control algorithms such as sliding
mode control [19,20], H infinity control [21,22], optimal, and LQR control [23] have been
developed in SDS system or RSS system form. Even the complicated singular system with
impulse mode were successfully controlled in SDS system with state derivative related
feedback control laws [22,23].

When systems’ global operations are accurately modeled, they are mostly nonlinear
systems. However, control design of nonlinear systems are more difficult than of linear
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systems. Optimal control is among the handful design approaches that can systematically
handle nonlinear systems.

Mathematically speaking, problems of nonlinear optimal control can be solved based
on a Hamilton–Jacobi–Bellman (HJB) equation to obtain a Lyapunov function of closed-loop
system (or control Lyapunov function) and correlated optimal control law that minimize a
given performance functional. However, it is not easy to solve this equation. In general
cases, exact solution may not even exist [24,25]. For unstable nonlinear systems, the funda-
mental requirement is to find control laws to stabilize them but this requirement may not
be achieved with optimal control. In 1964, Kalman proposed inverse optimal control (IOC)
as the alternative for finding control laws that can stabilize nonlinear systems. In design ap-
proach of inverse optimal control, a control Lyapunov function is selected at the beginning.
Therefore, solving a HJB equation is circumvented. Followed by design steps according to
the Lyapunov stability theorem and the coupling in HJB equation, one can find an optimal
controller related to a meaningful performance integrand [24,26]. More precisely speaking,
the performance integrand to be constructed is related to the control Lyapunov function,
system dynamic and feedback control law because they are coupled in the HJB equation.
Therefore, Inverse optimal control has great design flexibility by varying parameters in
both the performance integrand and the control Lyapunov function to characterize globally
stabilizing controller to meet response constraints of closed loop system [27]. Hence, for un-
stable nonlinear systems, inverse optimal control is usually considered as the last resort to
stabilize them.

Inverse optimal control has been widely applied in robotic control [28,29], biological sys-
tems [30,31], aerospace vehicles [24,32–34] and power systems [35–37]. In this paper, inverse op-
timal control in SDS system with state derivative related feedback is presented. To authors’
best knowledge, this type of research have not been reported before.

To verify the proposed algorithm, a non-traditional speed tracking controller and
torque tracking controller of a DC motor without tachometer by feeding back the voltage
of a small inductor externally connected in series with armature circuit of a DC motor
are provided as one application example. The small inductor serves as sensor in the DC
motor tracking control. Unlike the traditional DC motor controls which apply state related
feedback of speed or current, the inductor’s voltage is state derivative related measurement
feedback of current which is well suitable to apply the proposed IOC algorithm based
on state derivative feedback. The advantages of the proposed controllers with inductor’s
voltage include 1. Inductor’s average power is zero so it does not damage the armature
circuit. 2. No tachometer is needed so it can save the implementation cost. Another ex-
ample of a challenging singular system with impulse mode and bounded disturbance is
also provided.

The organization of paper is described as follows. In Section 2, we introduce the in-
verse optimal control design algorithms for SDS systems with state derivative related feed-
back. In Section 3, we present illustrative examples and simulation results. Finally, we dis-
cuss the results and potential of constructing compact and cheap controller for system with
direct state derivative measurement in Section 4 and conclusions in Section 5.

2. Inverse Optimal Control in State Derivative Space (SDS) System with State
Derivative Related Feedback

This section first introduces stability analysis of SDS system, followed by the algo-
rithms of carrying out inverse optimal control in SDS system with state derivative related
feedback building on the inspirations of inverse optimal control deign in state space system
with state feedback in [26,27,31].

2.1. Stability Analysis of SDS Systems

Consider the following SDS system with proper dimensions.

x = f
( .

x(t)
)
, x(0) = x0, t ≥ 0 (8)
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A Lyapunov function V(x) should be continuously differentiable and meet the follow-
ing requirements.

V(x) > 0, if and only if x 	= 0 and V(0) = 0. (9)

For x 	= 0, taking derivative of V(x) with respect to time t and substituting system
Equation in (8), if the result is negative, the SDS system is stable.

.
V(x) =

dV(x)
dt

=
dV(x)

dx
dx
dt

= V′(x)
.
x =

.
xTV′T( f

( .
x(t)

))
< 0 (10)

For a stable system, when t → ∞, V(x(∞)) → 0 as x(∞) → 0.
For simplicity of presentation and for people to better understand that in formula

derivation of SDS system control designs, state x should be substituted by its SDS system
equation. In this paper, a popular quadratic Lyapunov function V(x) that meets the
requirements in (9) is selected for formula derivation as follows.

V(x) =
1
2

xT Px > 0, (11)

where P is a positive definite and symmetric matrix.
Consequently, using SDS system Equation in (8), if

.
V(x) =

dV(x)
dt

= xT P
.
x =

.
xT Px =

.
xT P f

( .
x
)
< 0 (12)

the SDS system is stable.
Hence, for a stable SDS system, let the performance integrand as

L
( .
x(t)

)
= − .

xT P f
( .

x
)
= − .

V(x(t)) > 0 (13)

We have the following positive performance functional

J(x0) =
∫ ∞

0
L
( .
x(t)

)
dt = −V(x(∞)) + V(x(0)) = V(x0) =

1
2

xT
0 Px0 > 0 (14)

The value of performance functional is bounded, greater than zero and related to the
initial condition x(0) = x0.

2.2. Inverse Optimal Control for SDS Systems with State Derivative Related Feedback

In this section, we explain the inverse optimal nonlinear control design process for
SDS systems with state derivative feedback.

Consider the following nonlinear controlled dynamic SDS system with proper dimen-
sions and initial condition.

x = F
( .

x(t), u(t)
)
, x(0) = x0, t ≥ 0, (15)

with performance functional as

J(x0, u(·)) =
∫ ∞

0
L
( .
x(t), u(t)

)
dt (16)

where u(·) is an admissible control.
The following process is to construct an inverse optimal globally stabilizing control law.

u(t) = φ
( .

x(t)
)

(17)

First, a symmetric and positive definite matrix P serving as the design parameter
should be selected for Lyapunov function in (11).
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Therefore, when the control law u(t) is properly designed and substitute SDS system
Equation in (15), we should have

.
V(x) =

dV(x)
dt

= xT P
.
x =

.
xT Px =

.
xT PF

( .
x(t), u(t)

)
< 0 (18)

For simplicity of presentation, we omit (t) in the following formula derivation.
Second, select another design parameter, namely the performance integrand L

( .
x, u

)
and applying (15) so that we have the following Hamiltonian for the SDS system in (15)
with the performance functional in (16).

H
( .

x, u
)
= L

( .
x, u

)
+

.
V(x) = L

( .
x, u

)
+

.
xT Px = L

( .
x, u

)
+

.
xT PF

( .
x, u

) ≥ 0 (19)

Third, one can have the inverse optimal feedback control law in (17) by setting

∂H
( .

x, u
)

∂u
= 0 (20)

Fourth, applying the obtained inverse optimal feedback control law in the third step, if

.
V(x) =

dV(x)
dt

= xT P
.
x =

.
xT Px =

.
xT PF

( .
x, φ

( .
x
))

< 0 (21)

and the steady-state Hamilton–Jacobi–Bellman Equation is zero as follows.

H
( .

x, φ
( .
x
))

= 0 (22)

Then, the following closed-loop SDS system is stable.

x = F
( .

x(t), φ
( .

x(t)
))

(23)

Therefore, the selection of design parameter L
( .

x, u
)

should meet the requirement of
Hamiltonian in (19). Consequently, the inverse optimal feedback control law in (17) ob-
tained from solving (20) should satisfy both (21) and (22) to guarantee the global asymptotic
stability of the closed-loop SDS system in (23).

Furthermore, from (19), we have the following performance integrand.

L
( .

x, u(t)
)
= − .

V(x) + H
( .

x, u(t)
)
. (24)

Taking integrals of both sides of (24) and using (19) and (22), it follows that

J(x0, u(·)) = ∫ ∞
0 L

( .
x(t), u(t)

)
dt =

∫ ∞
0

[
− .

V(x) + H
( .

x(t), u(t)
)]

dt
= − lim

t→∞
V(x(t)) + V(x0) +

∫ ∞
0 H

( .
x(t), u(t)

)
dt

= V(x0) +
∫ ∞

0 H
( .

x(t), u(t)
)
dt ≥ V(x0) +

∫ ∞
0 H

( .
x(t), φ

( .
x(t)

))
dt

≥ V(x0) = J
(

x0, φ
( .

x(·))),

(25)

Hence, when we apply inverse optimal control law in (17), we have (22). Consequently,
performance functional is the minimum as follows.

J
(

x0, φ
( .

x
))

= minJ(x0, u(·)) = V(x0) =
1
2

xT
0 Px0 > 0 (26)

2.3. Inverse Optimal Control for Affine SDS Systems with State Derivative Related Feedback

Affine systems are nonlinear systems that are linear in the input. Consider the nonlin-
ear affine SDS system with dimension notations given by

xn×1 = fn×1
( .

x(t)
)
+ gn×m

( .
x(t)

)
um×1(t),x(0) = x0,t ≥ 0, (27)
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with performance functional as

J(x0, u(·)) =
∫ ∞

0
L
( .

x(t), u(t)
)
dt. (28)

The following process is to construct an inverse optimal globally stabilizing control law.
First, a symmetric and positive definite matrix P serving as the first design parameter

should be selected for Lyapunov function V(x) in (11). Therefore, when the control law
u(t) is properly designed and substitute SDS system Equation in (27), we should have

.
V(x) =

dV(x)
dt

= xT P
.
x =

.
xT Px =

.
xT P

[
f
( .
x(t)

)
+ g

( .
x(t)

)
u(t)

]
< 0 (29)

Second, we consider the performance integrand L
( .

x(t), u(t)
)

which is also a design
parameter of the form

L1×1
( .

x(t), u(t)
)
= L11×1

( .
x(t)

)
+ L21×m

( .
x(t)

)
um×1 + u1×m

T(t)Rm×m
( .

x
)
um×1(t). (30)

Therefore, L
( .
x(t), u(t)

)
is decomposed into three design parameters,

namely, L11×1

( .
x(t)

)
,L21×m

( .
x(t)

)
and Rm×m

( .
x
)
.

(31)

For simplicity of presentation, we omit (t) and dimension notations in the following
formula derivation.

Third, use (29) and define following Hamiltonian for the SDS system in (27) with the
performance functional specified in (28).

H
( .

x, u
)
= L

( .
x, u

)
+

.
V(x) = L1

( .
x
)
+ L2

( .
x
)
u + uT R

( .
x
)
u +

.
xT P

[
f
( .

x
)
+ g

( .
x
)
u
] ≥ 0 (32)

We should first select a positive definite R
( .
x
)

so that uT R
( .
x
)
u > 0 in (32).

Setting the partial derivative of the Hamiltonian with respect to u to zero,

∂H
( .
x, u

)
∂u

= LT
2
( .

x
)
+ 2R

( .
x
)
u + gT( .

x
)

P
.
x = 0, (33)

the inverse optimal state derivative related feedback control law is obtained as follows.

u = φ
( .

x
)
=

−1
2

R−1( .
x
)[

LT
2
( .

x
)
+ gT( .

x
)

P
.
x
]
. (34)

From (34), we have [
L2

( .
x
)
+

.
xT Pg

( .
x
)]

= −2φT( .
x
)

R
( .

x
)
. (35)

Fourth, substituting (34) into (29), we should have

.
V(x) = dV(x)

dt = xT P
.
x =

.
xT Px =

.
xT P

[
f
( .

x
)
+ g

( .
x
)
φ
( .

x
)]

=
.
xT P

[
f
( .

x
)− 1

2 g
( .

x
)

R−1( .
x
)

LT
2
( .
x
)− 1

2 g
( .
x
)

R−1( .
x
)

gT( .
x
)

P
.
x
]
.

(36)

Therefore, to ensure (34) is a stabilizing control law, L2
( .

x
)

should be selected such that

.
xT P

[
f
( .

x
)− 1

2
g
( .
x
)

R−1( .
x
)

LT
2
( .

x
)− 1

2
g
( .
x
)

R−1( .
x
)

gT( .
x
)

P
.
x
]
< 0. (37)

Fifth, using (32) and (35), L1
( .

x
)

should be selected as

L1
( .

x
)
= φT( .

x
)

R
( .
x
)
φ
( .

x
)− .

xT P f
( .
x
)

(38)

The following is the proof.
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Substituting (35) and (38) into (32), it can be shown that

H
( .

x, u
)
= L1

( .
x
)
+ L2

( .
x
)
u + uT R

( .
x
)
u +

.
xT P

[
f
( .
x
)
+ g

( .
x
)
u
]

= φT( .
x
)

R
( .

x
)
φ
( .

x
)− .

xT P f
( .
x
)
+ L2

( .
x
)
u + uT R

( .
x
)
u +

.
xT P

[
f
( .
x
)
+ g

( .
x
)
u
]

= φT( .
x
)

R
( .

x
)
φ
( .

x
)
+

[
L2

( .
x
)
+

.
xT Pg

( .
x
)]

u + uT R
( .

x
)
u

= φT( .
x
)

R
( .

x
)
φ
( .

x
)− 2φT( .

x
)

R
( .

x
)
+ uT R

( .
x
)
u

=
[
u − φ

( .
x
)]T R

( .
x
)[

u − φ
( .

x
)] ≥ 0

(39)

Based on (39), applying the inverse optimal control law in (34), the steady-state
Hamilton–Jacobi–Bellman equation is zero as follows.

H
( .

x, φ
( .
x
))

= 0 (40)

Consequently, the performance integrand in (30) is obtained as

L
( .

x, u
)
= φT( .

x
)

R
( .
x
)
φ
( .
x
)− .

xT P f
( .

x
)
+ L2

( .
x
)
u + uT R

( .
x
)
u

= φT( .
x
)

R
( .

x
)
φ
( .

x
)
+ L2

( .
x
)
u + uT R

( .
x
)
u − .

xT P
[

f
( .
x
)
+ g

( .
x
)
φ
( .
x
)]

+
.
xT Pg

( .
x
)
φ
( .

x
) (41)

From (35), we have

L2
( .

x
)
= −2φT( .

x
)

R
( .
x
)− .

xT Pg
( .
x
)
. (42)

Substituting (34) and (42) into (41) and using (29) yields

L
( .
x, φ

( .
x
))

= φT( .
x
)

R
( .

x
)
φ
( .

x
)
+

(
−2φT( .

x
)

R
( .

x
)− .

xT Pg
( .

x
))

φ
( .
x
)
+ φT( .

x
)

R
( .

x
)
φ
( .

x
)

− .
xT P

[
f
( .

x
)
+ g

( .
x
)
φ
( .

x
)]

+
.
xT Pg

( .
x
)
φ
( .

x
)

= − .
xT P

[
f
( .
x
)
+ g

( .
x
)
φ
( .

x
)]

= − .
V(x)

(43)

Therefore, based on (43) when inverse optimal law in (34) is applied, the closed loop
SDS system is stable, performance functional in (28) becomes

J
(

x0, φ
( .

x
))

=
∫ ∞

0
L
( .

x, φ
( .
x
))

dt = −
∫ ∞

0

.
V(x)dt = − lim

t→∞
V(x(t)) + V(x0) =

1
2

xT
0 Px0 > 0 (44)

Hence, to have a small value of performance functional, one may consider to select a
diagonal P matrix with positive but small diagonal elements.

2.4. Inverse Optimal Control for Affine SDS Systems with L2 Disturbance

Consider the nonlinear affine SDS system with bounded L2 input disturbance ω(t) [27]
in the following form.

x(t) = f
( .

x(t)
)
+ g

( .
x(t)

)
u + J1

( .
x(t)

)
ω(t), x(0) = x0, ω(·) ∈ L2, t ≥ 0 (45)

with the following performance variables.

z = h
( .

x(t)
)
+ J

( .
x(t)

)
u(t), (46)

We consider the non-expansivity case [27] so that the supply rate is given by

r(z, w) = γ2ωTω − zTz (47)

where γ > 0.
An inverse optimal globally stabilizing control law should be designed so that the

closed loop system satisfies the non-expansivity constraint [27].

∫ T

0
zTzdt ≤

∫ T

0
γ2ωTωdt + V(x0), T ≥ 0, ω(·) ∈ L2 (48)
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The performance integrand is considered as

L
( .

x, u
)
= L1

( .
x
)
+ L2

( .
x
)
u + uT R

( .
x
)
u (49)

Therefore, the performance functional becomes

J(x0, u(·)) =
∫ ∞

0

[
L1

( .
x
)
+ L2

( .
x
)
u + uT R

( .
x
)
u
]
dt (50)

The following process is to construct an inverse optimal globally stabilizing control
law φ

( .
x
)

with state derivative feedback.
First, a symmetric and positive definite matrix P serving as the first design parameter

should be selected for Lyapunov function in (11). Consequently, substituting SDS system
Equation in (45), we have

.
V(x) =

dV(x)
dt

= xT P
.
x =

.
xT Px =

.
xT P

[
f
( .
x(t)

)
+ g

( .
x(t)

)
u + J1

( .
x(t)

)
ω(t)

]
(51)

In [22], H∞ control has been carried out for the same SDS system in (45), and the ωTω
is maximum when disturbance is

ω = ω∗ = 1
2γ2 JT

1
( .

x
)

P
.
x and ω∗Tω∗ = 1

4γ2
.
xT PJ1

( .
x
)

JT
1
( .

x
)

P
.
x (52)

Considering (46) and (52), when an inverse optimal globally stabilizing control law
φ
( .

x
)

is obtained, we should have the following conditions in (53)–(55).

Γ
( .
x, φ

( .
x
)) ≥ 0with Γ

( .
x, u

)
=

1
4γ2

.
xT PJ1

( .
x
)

JT
1
( .

x
)

P
.
x +

[
h
( .

x
)
+ J

( .
x
)
u
]T[h

( .
x
)
+ J

( .
x
)
u
]

(53)
.
xT P

[
f
( .

x(t)
)
+ g

( .
x(t)

)
φ
( .

x
)]

< 0 (54)
.
xT PJ1

( .
x
)
ω ≤ γ2ωTω − zTz + L

( .
x, φ

( .
x
))

+ Γ
( .

x, φ
( .
x
))

(55)

Therefore, applying (55) yields

.
V(x) = dV(x)

dt =
.
xT P

[
f
( .
x
)
+ g

( .
x
)
φ
( .

x
)
+ J1

( .
x
)
ω(t)

]
≤ .

xT P
[

f
( .
x
)
+ g

( .
x
)
φ
( .

x
)]

+ γ2ωTω − zTz + L
( .
x, φ

( .
x
))

+ Γ
( .
x, φ

( .
x
)) (56)

Second, an auxiliary cost functional is specified as

�(x0, u(·)) =
∫ ∞

0

[
L
( .

x, u
)
+ Γ

( .
x, u

)]
dt (57)

From (50), (53), and (57) yields

J
(

x0, φ
( .

x
)) ≤ �(

x0, φ
( .
x
))

=
∫ ∞

0

[
L
( .

x, φ
( .

x
))

+ Γ
( .

x, φ
( .

x
))]

dt (58)

Third, with (45), (49), and (53), and the Hamiltonian has the form

H
( .
x, u

)
= L1

( .
x
)
+ L2

( .
x
)
u + uT R

( .
x
)
u +

.
xT P

[
f
( .

x
)
+ g

( .
x
)
u
]

+ 1
4γ2

.
xT PJ1

( .
x
)

JT
1
( .

x
)

P
.
x +

[
h
( .

x
)
+ J

( .
x
)
u
]T[h

( .
x
)
+ J

( .
x
)
u
] ≥ 0

(59)

Then, with the feedback control law φ
( .

x
)
, there exists a neighborhood of the origin

such that if x0 within this neighborhood and when SDS system in (45) is undisturbed
(ω(t) ≡ 0), the zero solution x(t) ≡ 0 of the closed loop system is locally asymptoti-
cally stable.
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We should select a positive definite R
( .
x
)

so that uT R
( .

x
)
u > 0 in (49), followed by setting

∂H
( .
x, u

)
∂u

= LT
2
( .

x
)
+ 2R

( .
x
)
u + gT( .

x
)

P
.
x + 2JT( .

x
)

J
( .

x
)
u + 2J

( .
x
)
h
( .

x
)
= 0, (60)

and define
Ra

( .
x
)
= R

( .
x
)
+ JT( .

x
)

J
( .

x
)

(61)

the inverse optimal state derivative related feedback control law is obtained as follows.

u = φ
( .

x
)
=

−1
2

R−1
a

( .
x
)[

LT
2
( .

x
)
+ gT( .

x
)

P
.
x + 2JT( .

x
)
h
( .
x
)]

(62)

Consequently, from (62) yields[
L2

( .
x
)
+

.
xT Pg

( .
x
)
+ 2hT( .

x
)

J
( .

x
)]

= −2φ
( .

x
)

Ra
( .

x
)

(63)

L2
( .

x
)

should be selected such that

.
xT P

[
f
( .

x
)− 1

2
g
( .
x
)

R−1
a

(
LT

2
( .
x
)
+ gT( .

x
)

P
.
x + 2JT( .

x
)
h
( .

x
))]

+ Γ
( .
x, φ

( .
x
))

< 0 (64)

According to (53), (64) implies (54).
In addition, the auxiliary cost functional in (57), with

L1
( .
x
)
= φT( .

x
)

Ra
( .

x
)
φ
( .

x
)− .

xT P f
( .
x
)− hT( .

x
)
h
( .
x
)− 1

4γ2
.
xT PJ1

( .
x
)

JT
1
( .

x
)

P
.
x (65)

in the sense that
�(

x0, φ
( .

x
))

= min�(x0, u(·)) (66)

Applying (53), (59), (63), and (65), we have

H
( .
x, u

)
= L1

( .
x
)
+ L2

( .
x
)
u + uT R

( .
x
)
u + Γ

( .
x, u

)
+

.
xT P

[
f
( .

x
)
+ g

( .
x
)
u
]

= φT( .
x
)

Ra
( .
x
)
φ
( .

x
)
+

[
L2

( .
x
)
+

.
xT Pg

( .
x
)
+ 2hT( .

x
)

J
( .

x
)]

u + uT[R
( .

x
)
+ JT

1
( .

x
)

J1
( .

x
)]

u
= φT( .

x
)

Ra
( .
x
)
φ
( .

x
)− 2φ

( .
x
)

Ra
( .

x
)
u + uT Ra

( .
x
)
u

=
[
u − φ

( .
x
)]T Ra

( .
x
)[

u − φ
( .

x
)] ≥ 0

(67)

Hence,
H
( .

x, φ
( .

x
))

= 0 (68)

Furthermore, (67) and (68) imply that

L
( .
x, φ

( .
x
))

+ Γ
( .
x, φ

( .
x
))

= L1
( .

x
)
+ L2

( .
x
)
φ
( .

x
)
+ φ

( .
x
)

R
( .

x
)
φ
( .

x
)
+ Γ

( .
x, φ

( .
x
))

= − .
xT P

[
f
( .

x
)
+ g

( .
x
)
φ
( .

x
)]

> 0
(69)

Substituting (69) into (56) yields

.
V(x) =

dV(x)
dt

=
.
xT P

[
f
( .

x
)
+ g

( .
x
)
φ
( .

x
)
+ J1

( .
x
)
ω(t)

] ≤ γ2ωTω − zTz (70)

Integrating over
[

0, T
]

V(x(T))− V(x0) ≤
∫ T

0

(
γ2ωTω − zTz

)
dt (71)

V(x(T)) +
∫ T

0
zTzdt ≤

∫ T

0
γ2ωTωdt + V(x0) (72)

∵ V(x(T)) ≥ 0 (73)

229



Energies 2021, 14, 1775

∴
∫ T

0
zTzdt ≤

∫ T

0
γ2ωTωdt + V(x0) (74)

Therefore, applying the inverse optimal control law in (62), the closed loop system
satisfies the non-expansivity constraint in (74).

2.5. Brief Mathematical Review of Singular System with Impulse Mode

As mentioned in the introduction, singular systems with impulse mode are difficult in
control designs with state related feedback alone. However, some of singular systems with
impulse mode can be expressed in RSS system form and can be fully controlled with state
derivative feedback. An example of such system will be provided in next section to verify
the proposed design process, but before that, the limitation of applying state feedback
alone to control singular system with impulse mode is reviewed in this subsection.

The researches of linear singular system control mainly focus on the impulse-free
mode. For the following linear and time invariant singular system

E
.
x = Fx + Nu (75)

When matrix E in (75) has zero eigenvalues, it cannot be expressed in state space sys-
tem form. For people to better understand the nature of this kind of system, singular value
decomposition (SVD) can be applied to convert the system to new coordinates as follows.

[
I 0
0 0

][ .
q1.
q2

]
=

[
F11 F12
F21 F22

][
q1
q2

]
+

[
N1
N2

]
u (76)

The singular system is impulse-free when matrix F22 is invertible. Consequently, q2 and
q1 are coupled by the following equation.

q2 = −F−1
22 F21q1 − F−1

22 N2u (77)

Substituting (77) into the first equation in (76) gives the following subsystem in state
space system form with state vector of q1.

.
q1 = (F11 − F12F−1

22 F21)q1 + (N1 − F12F−1
22 N2)u (78)

Therefore, the state vector q1 can be fully controlled with state feedback design if the
subsystem in (78) is controllable. However, through the coupling in (77), state vector q2 is
only stabilized but not fully controlled.

When matrix F22 is noninvertible, the singular system has impulse mode. This kind of
system is usually very difficult to be controlled with state feedback alone. If it is impulse
controllable, applying proper state feedback control may obtain a stabilizing closed loop
systems as follows. [

I 0
0 0

][ .
q1.
q2

]
=

[
Fc11 Fc12
Fc21 Fc22

][
q1
q2

]
(79)

In such case, matrix F−1
c22 must exist. Similarly, state vector q2 still can only be stabilized

through its coupling with q1. If the system is impossible to apply state feedback to obtain
an invertible matrix Fc22, it is called impulse uncontrollable in the research literature.
Consequently, the system is not stabilizable by applying state feedback alone. In short,
applying state feedback alone cannot control the entire singular system. Singular systems
can be stabilized with state feedback control only if it is impulse free or impulse controllable.

However, if matrix F of the singular system with impulse mode in (75) is invertible,
we may express it in the following SDS form to fully control it with state derivative
feedback alone.

x = F−1E
.
x − F−1Nu = f

.
x + gu. (80)
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In next section, we will provide an example that verify the proposed design process in
this section.

3. Examples and Results

In this section, we provide four examples to verify the effectiveness of the proposed
design method. In addition, from both the implementation and mathematical point of
views, the advantages of using direct state derivative measurement in control design of
SDS system are explained.

Example 1. There are part (a) and part (b) in this example for different purposes.

(a) To illustrate the utility of the proposed design process for SDS systems and to emphasize that
some SDS systems have no equivalent state space form, we consider

x(t) =
[

x1(t)
x2(t)

]
=

[
− .

x5
1(t) +

.
x2

2(t)
.
x2

1(t)

]
+

[
0
1

]
u(t) = f

( .
x(t)

)
+ g

( .
x(t)

)
u(t) (81)

Please note that we cannot convert the SDS form in (81) to state space form because the
characteristics of original SDS system will be lost after using square root or power of even number
order operation.

First, we select R
( .
x
)
= 1 and V(x) = 1

2 xT Px = 1
2
[

x1 x2
][ 2 0

0 2

][
x1
x2

]
= x2

1 + x2
2.

Based on (36) and (37), L2
( .

x
)

should be selected such that

.
V(x) =

[
2

.
x1 2

.
x2

][ − .
x5

1 +
.
x2

2
.
x2

1 − 1
2 LT

2
( .

x
)− 1

2
(
2

.
x2

)
]
= −2

.
x6

1 + 2
.
x1

.
x2

2 + 2
.
x2

1
.
x2 − LT

2
( .

x
) .

x2 − 2
.
x2

2 < 0

Select L2
( .

x
)
= 2

( .
x1

.
x2 +

.
x2

1

)
, we have

.
V(x) =

[
2

.
x1 2

.
x2

][ − .
x5

1 +
.
x2

2
.
x2

1 − 1
2 LT

2
( .

x
)− 1

2
(
2

.
x2

)
]
= −2

.
x6

1 + 2
.
x1

.
x2

2 + 2
.
x2

1
.
x2 − LT

2
( .

x
) .

x2 − 2
.
x2

2 < 0
.

V(x) = −2
.
x6

1 − 2
.
x2

2 < 0

Therefore, the closed loop system is stable and the corresponding inverse optimal control law
φ
( .

x
)

is obtained using (34) as

φ
( .
x
)
=

−1
2

R−1( .
x
)[

LT
2
( .
x
)
+ gT( .

x
)

P
.
x
]
= − .

x1
.
x2 − .

x2
1 −

.
x2.

Next, using (38) obtains

L1
( .

x
)
= φT( .

x
)

R
( .
x
)
φ
( .

x
)− .

xT P f
( .
x
)
=

( .
x1

.
x2 +

.
x2

1 +
.
x2

)2 − 2
.
x1

(
− .

x5
1 +

.
x2

2

)
− 2

.
x2

.
x2

1.

Consequently, using (30) obtains the performance integrand in (28) as

L
( .
x, u

)
= L1

( .
x
)
+ L2

( .
x
)
u + uT R

( .
x
)
u

=
( .

x1
.
x2 +

.
x2

1 +
.
x2

)2
+ 2

.
x6

1 − 2
.
x1

.
x2

2 − 2
.
x2

.
x2

1 + 2
( .

x1
.
x2 +

.
x2

1

)
u + uTu.

Furthermore, it can be shown that

H
( .

x, φ
( .
x
))

= L
( .
x, φ

( .
x
))

+
.

V(x) = 0.

(b) To emphasize the possibility of constructing a stable closed loop system in SDS form with state
feedback control, we consider
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x =

[
x1
x2

]
=

[
− .

x1 +
.
x2

.
x1+

.
x3

2

]
+

[
0
1

]
u = f

( .
x
)
+ g

( .
x
)
u (82)

Please note that the spirit of handling nonlinear control in SDS system is to construct a
stable closed loop SDS system with feedback control regardless of using state derivative feedback
or state feedback. In this example, if we use state feedback control u = 2x2, the closed loop SDS
system becomes

x =

[
x1
x2

]
=

[
− .

x1 +
.
x2

− .
x1− .

x3
2

]

If

P =

[
2 0
0 2

]
,

we have
.

V(x) =
.
xT Px =

[
2

.
x1 2

.
x2

][ − .
x1 +

.
x2

− .
x1− .

x3
2

]
= −2

.
x2

1 − 2
.
x4

2 < 0.

Therefore, closed loop SDS system is stable.
Similarly, it is also possible to apply state derivative feedback to stabilize a nonlinear system in

state space form. For example, for the following nonlinear state space system

.
x =

[ .
x1.
x2

]
=

[ −x1 + x2
x1+ x3

2

]
+

[
0
1

]
u

If we apply the following state derivative feedback control u = 2
.
x2, the closed loop SDS

system becomes
.
x =

[ .
x1.
x2

]
=

[ −x1 + x2
−x1 − x3

2

]

and also select the same V(x), it follows

.
V(x) = xT P

.
x =

[
2x1 2x2

][ −x1 + x2
−x1− x3

2

]
= −2x2

1 − 2x4
2 < 0

Therefore, closed loop state space system is stable.

Example 2. A popular actuator widely used in control systems is DC motor. The DC motor
model in [38] is modified and adapted for this example. Figure 1 shows the free-body diagram of
the rotor and the equivalent circuit of the armature. As seen in the figure, a small inductor L1
externally connected in series with armature circuit of a DC motor serves as the only sensor of
the control system and we assume that tachometer is not installed to measure the rotational speed
.
θ of the shaft. The voltage of L1 is measured and used in feedback controller design. Unlike the
traditional DC motor controls which apply state related feedback of angular velocity or current,
the inductor’s voltage (L1 di

dt ) is state derivative related measurement feedback of current deriva-
tive which is well suitable to apply the proposed IOC algorithm based on state derivative feedback.
Furthermore, inductor’s average power is zero so it does not damage the armature circuit. Therefore, the con-
troller can save implementation cost and avoid power lose.
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Figure 1. The rotor free-body and the electric equivalent armature circuit diagram.

In this example, torque tracking controller and rotational speed tracking controller
are constructed based on the design algorithm of inverse optimal control for affine SDS
Systems with state derivative related feedback. This example is used to illustrate the design
method in Section 2.3 for linear time invariant SDS systems, namely RSS systems.

From the above figure, according to Newton’s second law and Kirchhoff’s voltage law,
we can get the following governing Equations.

J
..
θ + b

.
θ = Ki

(L + L1)
di
dt

+ iR = v − K
.
θ

where i is armature circuit’s current, θ is rotor’s rotational angle, R is electric resistance, L is
electric inductance, J is rotor’s moment of inertia, b is motor viscous friction constant, L1 is
the external inductor sensor connected in series with armature circuit, and K represents
both electromotive force constant and motor torque constant in SI unit.

For simulation purpose, the DC motor’s physical parameters in this example are given
as R:1 Ω, L: 0.49 H, J: 0.01 kg.m2, L1: 0.01 H and K : 0.01 V/rad/sec for electromotive force
constant and 0.01 N.m/Amp for motor torque constant.

Defining state vector as x =

[ .
θ
i

]
, using the governing equations, one can obtain the

following SDS system.

x =

[ .
θ
i

]
=

1
Rb + K2

[ −RJ −K(L + L1)
KJ −(L + L1)

][ ..
θ
di
dt

]
+

1
Rb + K2

[
K
b

]
v (83)

Substituting the physical parameters of the DC motor into above SDS system, one obtains

x =

[ .
θ
i

]
=

[ −0.0999 −0.05
0.001 −4.995

][ ..
θ
di
dt

]
+

[
0.0999
0.9990

]
v = f

.
x + gu (84)
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Since the L1 inductor’s voltage is state derivative related measurement, the measure-
ment of the system is given as

y =
[

0 L1
][ ..

θ
di
dt

]
=

[
0 0.01

][ ..
θ
di
dt

]
= C

.
x (85)

The measurement feedback control law is given as

u = −ky = −kC
.
x

where k is the measurement feedback gain.
If the rotational speed of the shaft

.
θ needs to track a reference command r0, the perfor-

mance output equation is given as follows.

z =
[

1 0
][ .

θ
i

]
= Hsx (86)

If the torque T = Ki needs to track a reference command r0, the performance output
equation is given as follows.

z =
[

0 K
][ .

θ
i

]
=

[
0 0.01

][ .
θ
i

]
= Htx (87)

From (83) to (84), the DC motor model is linear and time invariant. Therefore, the SDS
system is also a RSS system as mentioned in introduction section. Therefore, the open loop
system poles: −9.9975 and −2.0025 are the reciprocals of the eigenvalues of matrix f in
the system. Although the open loop RSS system is stable, its tracking performance can be
further improved.

To carry out tracking control, the closed loop system should be stable.
First, a symmetric and positive definite matrix P serving as the design parameter for

Lyapunov function V(x) in (11) is selected as follows.

P =

[
1 0
0 0.5

]
.

Followed by selecting another design parameter R
( .
x
)

as

R
( .
x
)
= 0.0004.

To ensure the closed loop system is stable, based on (37), the L2
( .

x
)

is selected as

L2
( .

x
)
=

[ ..
θ di

dt

][ −0.0999
−0.4999

]
.

Using (34), the inverse optimal law φ
( .

x
)

is obtained as

φ
( .
x
)
= 0.497976

di
dt

= −kC
.
x = −k

[
0 0.01

][ ..
θ
di
dt

]
= −0.01k

di
dt

.

Therefore, we obtain the measurement feedback gain k in (85) as

k = −49.7976.
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Consequently, use (38) to obtain L1
( .
x
)

as

L1
( .

x
)
=

[ ..
θ di

dt

][ 0.0999 0.0500
−0.0005 0.2498

][ ..
θ
di
dt

]

and use (41) to obtain the performance integrand L(
.
x, u).

Applying the obtained control law with feedback gain, the close loop system poles
have been moved to better locations at −10.0102 and −493.9479. We use the following
tracking controller to illustrate the improvement of closed loop system.

u = −ky + Nr0 = −kC
.
x + Nr0

where r0 is given reference command vector to be tracked by performance output and N is
a feedforward gain to be designed.

The steady state derivative is zero (
.
x(∞) = 0) when the RSS closed loop system is

stable. In that case, the steady state is

x = ( f − gkC)
.
x + gNr0 = gNr0.

If the performance output is z = Hx, to have zero tracking error of steady state, let

ε(∞) = r0 − Hx = r0 − HgNr0 = (I − HgN)r0 = 0.

Consequently, the feedforward gain N is obtained as

N = (Hg)right
−1 (88)

where (Hg) −1
right is the right inverse of matrix Hg.

If Hg is a full rank matrix with the size of m × n and m ≤ n, we have

(Hg) −1
right = (Hg)T(Hg(Hg)T)

−1

The feedforward gain N and feedback gain k can be designed separately because they
are independent of each other.

Therefore, according to (86), for rotational speed tracking, we have feedforward gain
Ns as

Ns = (Hsg)right
−1 = 10.01

Similarly, for motor torque tracking, from (87) we have feedforward gain Nt as

Nt = (Htg)right
−1 = 100.1

Since the open loop system is stable, we can give the reference command for system
to track. As seen in Figure 2, there are obvious attenuation and phase lag for tracking a
sin t reference command of rotational speed

.
θ.
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Figure 2. Open loop tracking result of rotational speed
.
θ with reference command sin t.

Furthermore, as seen in Figure 3, both attenuation and phase lag are large for tracking
a sin 50t waveform of reference command of torque Ki.

Figure 3. Open loop tracking result of torque Ki with reference command sin 50t.

Therefore, tracking performance should be improved. Applying the obtained inverse
optimal law, as seen in Figure 4, rotational speed

.
θ can better track sin t reference command.

There is no attenuation and phase lag is only 5.72
◦
.
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Figure 4. Closed loop tracking result of rotational speed
.
θ with reference command sin t.

Applying the obtained inverse optimal law, as seen in Figure 5, torque Ki can track
sin 50t reference command much better. There is no attenuation and phase lag is only 5.72

◦
.

Figure 5. Closed loop tracking result of torque Ki with reference command sin 50t.

Therefore, the control law works well to improve the tracking performance.

Example 3. The following circuit in Figure 6 is a typical singular system with impulse mode
from [39] with C = 1. It is unstable and has pole at infinity. This example is used to illustrate
the design approach of Inverse Optimal Control for Affine SDS Systems with L2 Disturbance in
Section 2.4.

Figure 6. Singular circuit with impulse mode.
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E
.
x =

[
1 0
0 0

]
.
x =

[
0 1
1 0

]
x +

[
0
1

]
u = Fx + Nu, x =

[
vc
iE

]
=

[
x1
x2

]

Since matrix F is invertible, the singular system with impulse mode can be expressed
in the following SDS system form.

x = F−1E
.
x − F−1Nu = f

.
x + gu (89)

For verifying the proposed algorithm, external disturbance ω is added to the system
as follows.

x =

[
0 0
2 0

]
.
x +

[ −1
0

]
u +

[
0.1
−0.1

]
ω = f

.
x + gu + J1ω

z =
[

2 1
] .
x + 0.8u = h

.
x + Ju

u = −K∞
.
x, γ = 0.6

First, a symmetric and positive definite matrix P serving as the design parameter for
Lyapunov function V(x) in (11) is selected as follows.

P =

[
1 0
0 1

]
.

Followed by selecting another design parameter R
( .
x
)

as

R
( .
x
)
= 1.

Consequently,

Γ
( .

x, u
)
=

.
xT

[
4.0069 1.9931
1.9931 1.0069

]
.
x +

.
xT

[
3.2
1.6

]
u + 0.64uTu

To ensure the closed loop system is stable, based on (64), the L2
( .

x
)

is selected as

L2
( .

x
)
=

[ .
x1

.
x2

][ −9.9759
−4.9702

]
(90)

Then using (62) yields

φ
( .

x
)
=

[
2.3707 1.0275

] .
x = −K∞

.
x (91)

Therefore, the obtained full state derivative feedback gain is

K∞ =
[ −2.3707 −1.0275

]
.

Applying the control law, the closed loop system poles locate at −0.5768 ± 0.3923i.
Since their real parts are all negative, the closed loop system are stable.

Applying (65), we have

L1
( .

x
)
=

.
xT

[
2.2102 2.0018
0.0018 0.7245

]
.
x

Furthermore, applying (91) obtains

Γ
( .

x, φ
( .
x
))

=
.
xT

[
15.1901 7.0926
7.0926 3.3266

]
.
x (92)
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Substituting (90) and (92) into (64) yields

− 12.5019xTx < 0

It proved that L2
( .
x
)

is properly selected.
In addition, this SDS system is actually controllable with state derivative feedback

control. For example, if we want to assign the closed loop poles at −2 and −4 using full
state derivative feedback control law u = −K

.
x, the closed loop SDS system becomes

x = f
.
x + gu = ( f − gK)

.
x.

The gain K should be designed such that matrix ( f − gK) has eigenvalues at −0.5 and
−0.25 because they are the reciprocals of −2 and −4, respectively. In this case, using Matlab
command place, one can easily find K =

[ −0.7500 −0.0625
]
. Therefore, using state

derivative feedback control, it is possible to assign all closed loop poles for some singular
systems with impulse mode if they can be expressed in a controllable SDS system form.
However, using state feedback control, it is impossible to assign all closed loop poles for
any singular systems. It is only possible to stabilize some of the singular systems with state
feedback control.

Example 4. It is interesting to compare the proposed inverse optimal control (IOC) in Section 2.4
with sliding mode control (SMC) design for SDS system with matched disturbance because they are
both developed based on Lyapunov stability theorem. Consider the following unstable SDS system
with matched disturbance given in [20].

x(t) = f
.
x(t) + gu(t) + J1ω(t) = f

.
x + g(u + ω(t)) , t ≥ 0 (93)

where f =

⎡
⎣ 1 −0.5 0.25

0 0.5 −0.25
0 0 0.5

⎤
⎦, g = J1 =

⎡
⎣ −0.25

0.25
−0.5

⎤
⎦ (for matched disturbance),

x(t) =

⎡
⎣ x1

x2
x3

⎤
⎦, and ω(t) = 0.2 sin 0.3333t, with the following full state derivative perfor-

mance variables.
z = h

.
x(t) + Ju(t) =

.
x(t)

where h = I3×3 (identity matrix) and J = [0 0 0]T.

(a) For sliding mode control (SMC) [20], the sliding surface is selected as

s =
[ −84 −180 −50

]
x = Cx

Consequently, we have Cg = 1.
The ideal controller is given as

u(t) := −(Cg)−1C f
.
x(t)− (Cg)−1(γ + α)sign

( .
s(t)

)
(94)

where ‖γ‖ > ‖Cgω(t)‖ = 0.2 in this example for countermeasure the matched disturbance
and α > 0 should be selected to ensure that the approaching condition can happen.

In [20], it has been proven that applying the ideal controller in (94), the following
approaching condition happens.

sT(t) · .
s(t) < −α · ‖ .

s(t)‖ < 0
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To avoid or reduce “chattering phenomenon” due to sign
( .
s(t)

)
switching function in

(94), the following modified controller is used.

u(t) := −(Cg)−1C f
.
x(t)− (Cg)−1(γ + α)sat

( .
s(t), ε

)
(95)

where ”sat” is a saturation function to smoothly handle the switching as follows.

sat(
.
s, ε) =

⎧⎪⎨
⎪⎩

1
.
s > ε

.
s
ε

∣∣ .
s
∣∣ ≤ ε

−1
.
s < −ε

=

{
sign

( .
s
) ∣∣ .

s
∣∣ > ε

.
s
ε

∣∣ .
s
∣∣ ≤ ε

Here ε is a small positive value as the bound of the differential sliding surface
.
s such that∣∣ .

s
∣∣ ≤ ε

In this example ε = 0.5,γ = 0.4 and α = 0.05 are used in the simulation. When sliding
surface is selected, we need to tune design parameters of ε, γ and α to have a SMC controller
with good enough performance.

(b) For applying the inverse optimal control (IOC) design method in Section 2.4, we can
follow the same design steps and use the same notations in example 3. In this example,
we have

h = I3×3 (identity matrix) and J = [0 0 0]T

First, we select the following design parameters as

γ = 0.6, P = I3×3 (identity matrix) andR
( .

x
)
= 1

To ensure the closed loop system is stable, based on (64), the L2
( .

x
)

is then selected as

L2
( .

x
)
=

[ .
x1

.
x2

.
x3

]⎡⎣ −79.75
−76.25
−17.50

⎤
⎦

Consequently, using (62) yields

φ
( .

x
)
=

[
40.00 38.00 9.00

] .
x = −K∞

.
x

Therefore, the obtained full state derivative feedback gain is

K∞ =
[ −40.00 −38.00 −9.00

]
.

Applying this control law, the closed loop system poles locate at −0.5 ± 0.5i and −1.
Since their real parts are all negative, the closed loop system are stable.

The state responses and control effort of both SMC and IOC are plotted in the following
figures for comparisons.

The unstable system in this example can be properly controlled by both sliding
mode control (SMC) and inverse optimal control (IOC) to have bounded closed loop
state responses. As shown in Figures 7–10, for matched disturbance case in this example,
when SMC is properly designed, its performance could be better than that of IOC because
SMC can have smaller state responses in Figures 7–9 by applying smaller control effort in
Figure 10.
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Figure 7. State ×1 responses.

Figure 8. State ×2 responses.
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Figure 9. State ×3 responses.

Figure 10. Control u responses.

4. Discussion

The proposed design methods are inspired by other previous work [26,27,31] in inverse
optimal control in state space system with state feedback design approach. The results
show that the use of state derivative feedback for control design in an SDS system is as
simple as the use of state feedback for control design in a state space system.

Therefore, with the understanding of SDS systems, many design tools developed in
state space system with state feedback can be modified and adapted for control designs in
SDS system with state derivative feedback. Since the Hamilton–Jacobi–Bellman equation
is not always solvable to obtain the control Lyapunov function, the existence of optimal
control solution is not always guaranteed. On the other hand, if we can solve for a control
Lyapunov function from HJB equation, we can find from it a control law that achieves the
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minimum of performance functional and the resulting closed loop system has a unique
solution forward in time. Please refer to Chapter 6 in [27] for details, the descriptions and
formula derivations are analogous to those for SDS system case. Since the control Lyapunov
function is predefined in inverse optimal control design process and no need to solve HJB
equation, it is very suitable to find stabilizing control laws for unstable nonlinear systems.

Regarding the examples to verify the proposed methods, Example 1 demonstrates the
design steps for the design approach of inverse optimal control for affine SDS systems with
state derivative related feedback. In the same example, it also suggests that people should
free their mindset in control designs. No matter the system in state space form or SDS form,
the possibilities of applying state feedback or state derivative feedback should be both
checked so that the controller can be simple while perform well. The DC motor tracking
control without tachometer in Example 2 discusses the possibility of using alternative mea-
surement of inductor voltage in DC motor control based on the obtained state derivative
feedback algorithms. This idea seems promising, because the method we propose can
construct a cheap and compact controller without the need for an expensive tachometer.
Furthermore, unlike resistor sensor, the average power of inductor sensor is zero, it will
not damage the armature circuit or cause power loss. Example 3 is a singular system with
impulse mode. This is a very challenging design problem in previous researches using state
feedback in control design of the generalized state space system. Since it can be expressed
in SDS system, the design approach is straightforward. Therefore, some systems that
are difficult to control through state feedback can be controlled through state derivative
feedback in SDS system form.

Since both sliding mode control (SMC) [19,20] and the inverse optimal control in SDS
system form are developed based on Lyapunov stability theorem and their performances
are dependent on tuning their design parameters, we compare them in terms of condi-
tions to use and limitations. SMC methods in [19,20] have low sensitivity to parameter
uncertainties, can work with matched uncertainties as well as matched disturbance that
enter into control inputs and apply discontinuous switching control law to ensure the
finite time convergence. Those are their advantages. However, SMC methods in [19,20]
may suffer from chattering phenomenon and when uncertainties and disturbance are not
matched ones, the performance could be downgraded. On the contrary, the inverse optimal
control method in Section 2.4 can handle bounded disturbance which are not from control
inputs. As shown in Example 4, for system with matched disturbance, the SMC controller
could use smaller control effort to obtain smaller state responses than IOC controller.
However, from the implementation point of view, the structure of IOC controller is simpler
than that of SMC controller and consequently the implementation cost of IOC controller
could be cheaper. The inverse optimal control methods in this paper are suitable for con-
trolling the system with precise parameters, such as the DC motor used for tracking control
in Example 2. Therefore, designers can make tradeoff between IOC and SMC in terms of
performance and cost.

Regarding the future works, for implementation of the DC motor application in
example 2, as seen in Figure 1, there is large electric inductance L in armature circuit in the
model of DC motor. No matter what kind of sensor we use, one potential problem that is
common in DC motor control is inductive kick (kickback) phenomenon or so called Ldi/dt
voltages [39]. Since the windings of the DC motor will produce current conversion during
commutation, the current conversion will cause the inductive kickback that disturbs both
the voltage and current of armature circuit as shown in Figure 11. Therefore the measured
voltage of L1 sensor in Figure 1 will also be disturbed.
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Figure 11. Disturbances due to inductive kickback.

Conventionally, in implementation, various absorption circuits of inductive load
kickback [40] can be used as the countermeasure for disturbance caused by inductive kick.
Other than applying absorption circuits, we are considering another solution of eliminating
disturbance of L1 sensor voltage due to inductive kick in our future research. The basic idea
is as follows. Since the inductive kick is formed by periodic commutation, it has an average
of 0 characteristics, if the T is the time of every commutator segment passes through a
brush, selecting the signal window of L1 sensor voltage with a period as a multiple of T
and calculating the average voltage value of window, the L1 voltage disturbance caused by
the inductive kick of commutators could be considerably decreased. The control voltage is
then generated by feedback of L1 voltage with reduced disturbance. In addition, since this
disturbance of L1 sensor voltage is through control input channel, it can be considered as
matched disturbance. Hence, we will also consider to apply sliding mode control with
state derivative measurement feedback to control it in future.

In this paper, we have proven that the inverse optimal control can be carried out in
SDS system form with state derivative feedback. In future, more challenging problems
such as stochastic systems can be explored. If a system has randomness associated with it,
it is called a stochastic system and does not always produce the same output for a given
input. Stochastic systems exist in many applications such as communication systems,
markets, social systems, and epidemiology. Optimal control [41,42] and inverse optimal
control [42,43] for stochastic systems in state space system form have been solved with
stochastic Hamilton–Jacobi–Bellman equation to obtain state related feedback control laws.
In future, for people who want to develop inverse optimal control for stochastic systems
with state derivative feedback, it is highly recommended to first study [42] because the
design approaches in [42] and this paper are both built on [27].

5. Conclusions

In this paper we have discussed about how SDS system with state derivative feedback
can be supplement of state space system with state feedback in control designs. Followed by
developing inverse optimal control methods in SDS systems with solely state derivative
feedback. As far as the authors know, no similar results have been reported. Inverse optimal
control can construct a stable closed-loop system while nonlinear optimal control may not
have exact solution. Hence, inverse optimal control should be collaboratively used together
with optimal control for designs. The proposed methods are very suitable to find stabilizing
control laws for unstable nonlinear systems. The correctness of proposed methods has
been properly verified by numerical examples and simulations. Especially, in the third
example, a classic difficult problem in control, namely singular system with impulse
mode is fully controllable by state derivative feedback in SDS system form and satisfy the
non-expansivity constraint when the system is subjected to disturbance. On the contrary,
the same system can only be stabilized by state feedback control. The above is the summary
of academic contributions of this paper.
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From application points of view, in vibration systems of vehicle dynamics and smart
structure, accelerations and velocities are available measurements of state derivative vector.
In addition, the inductor voltages in electrical systems are also state derivative related
measurement. For those systems, using state derivative feedback design in SDS system
form are very likely to have more simple, cheap and compact controllers because integrators
or numerical integrations are not needed. Therefore, the idea of connecting a small inductor
in series with an armature circuit as the only sensor of a DC motor control system in
Example 3 is very promising because average power loss of inductor is zero and no
tachometer is needed. DC motors are widely used in many industries and facilities for daily
life. For example, in automotive body electronics, the estimated demand for automotive DC
motors in body domain was 2 billion units in 2020 [44]. So the proposed design approach
of this paper can have a wide range of practical applications.

With understandings and awareness of SDS system form, state derivative feedback
and inverse optimal control, designers can solve more control problems and develop more
new applications based on their previous knowledge and experience in state feedback
designs in state space system without applying too much of advanced mathematics.
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