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Preface to "New Development of Neutrosophic
Probability, Neutrosophic Statistics, Neutrosophic
Algebraic Structures, and Neutrosophic Plithogenic
Optimizations”

This Special Issue presents state-of-the-art papers on new topics related to neutrosophic theories,
such as neutrosophic algebraic structures, neutrosophic triplet algebraic structures, neutrosophic
extended triplet algebraic structures, neutrosophic algebraic hyperstructures, neutrosophic
triplet algebraic hyperstructures, neutrosophic n-ary algebraic structures, neutrosophic n-ary
algebraic hyperstructures, re ned neutrosophic algebraic structures, re ned neutrosophic algebraic
hyperstructures, quadruple neutrosophic algebraic structures, re ned quadruple neutrosophic
algebraic structures, neutrosophic image processing, neutrosophic image classi cation, neutrosophic
computer vision, neutrosophic machine learning, neutrosophic arti cial intelligence, neutrosophic
data analytics, neutrosophic deep learning, and neutrosophic symmetry, as well as their applications
in the real world.

The neutrosophic extended triplet group (NETG) is a novel algebra structure studied here
by Xin Zhou, Ping Li, Florentin Smarandache and Ahmed Mostafa Khalil in an article (Results
on Neutrosophic Extended Triplet Groups Equipped with a Partial Order) presenting the concept
of a partially ordered neutrosophic extended triplet group (po-NETG), considering the properties
and structure features of po-NETGs. The authors propose the concepts of the positive cone and
negative cone in a po-NETG, study the speci city of the positive cone in a partially ordered weak
commutative neutrosophic extended triplet group (po-WCNETG), and introduce the concept of a
po-NETG homomorphism between two po-NETGs.

In the next selected paper (Single-Valued Neutrosophic Ideals in Sostak Sense), Yaser Saber,
Fahad Alsharari and Florentin Smarandache introduce the notion of single-valued neutrosophic
ideals sets in Sostak's sense, and then the concept of a single-valued neutrosophic ideal open local
function for a single-valued neutrosophic topological space, studying the basic structure, especially
a basis for such generated single-valued neutrosophic topologies and several relations between
different single-valued neutrosophic ideals and single-valued neutrosophic topologies. For the
purpose of symmetry, the authors also de ne the single-valued neutrosophic relations.

Guansheng Yu, Shouzhen Zeng and Chonghui Zhang study the single-valued neutrosophic
linguistic distance measures based on the induced aggregation method in their paper (-Valued
Neutrosophic Linguistic-Induced Aggregation Distance Measures and Their Application in
Investment Multiple Attribute Group Decision Making), suggesting a new extension of the existing
distance measures based on the induced aggregation view, namely the single-valued neutrosophic
linguistic-induced ordered weighted averaging distance (SVNLIOWAD) measure. Based on
SVNLIOWAD, in order to eliminate the defects of the existing methods, the authors develop a novel
induced distance for single-valued neutrosophic linguistic sets, called the single-valued neutrosophic
linguistic weighted induced ordered weighted averaging distance (SVNLWIOWAD). Then, the
relationship between the two proposed distance measures is explored, and a numerical example
concerning an investment selection problem is constructed to prove the ef ciency of the proposed
method under a single-valued neutrosophic linguistic environment.

Ashraf Al-Quran, Hazwani Hashim and Lazim Abdullah extend, in the paper Hybrid Approach



of Interval Neutrosophic Vague Sets and DEMATEL with New Linguistic Variable, the concept
of Interval Neutrosophic Vague Sets (INVS) to the linguistic variable that can be used in the
decision-making process. The advantages of the linguistic variable of INVS, which is a useful tool to
deal with uncertainty and incomplete information, derives from allowing the greater range of value
for membership functions. In addition, a case study on the quality of hospital service is evaluated
to demonstrate the approach, and a comparative analysis to check the feasibility of the method
is presented, showing that different methods produce different relations and levels of importance,
which is due to the inclusion of the INVS linguistic variable.

The paper of Imaginative Play in Children Using Single-Valued Re ned Neutrosophic Sets,
by Vasantha W. B., llanthenral Kandasamy, Florentin Smarandache, Vinayak Devvrat and Shivam
Ghildiyal, introduces the Single-Valued Re ned Neutrosophic Set (SVRNS), a generalized version of
the neutrosophic set consisting of six membership functions based on imaginary and indeterminate
aspects, and hence it is more sensitive to real-world problems. Machine learning algorithms such as
K-means, parallel axes coordinate, etc., are applied for a real-world application in child psychology.
The study of imaginative pretend play of children in the age group from 1 to 10 years is analyzed
using SVRNS, helping in detecting the mental abilities of a child on the basis of imaginative play.
The authors conclude that SVRNS is better at representing these data when compared to other
neutrosophic sets.

Aggregation operators are key features of decision-making theory, while the neutrosophic
cubic set (NCS), as a generalized version of NS and INS, is a very effective choice when dealing
with vague and imprecise data. Majid Khan, Muhammad Gulistan, Mumtaz Ali and Wathek
Chammam intend, in the paper Generalized Neutrosophic Cubic Aggregation Operators and Their
Application to Multi-Expert Decision-Making Method, to generalize these aggregation operators by
presenting neutrosophic cubic-generalized uni ed aggregation (NCGUA) and neutrosophic cubic
guasi-generalized uni ed aggregation (NCQGUA) operators. The authors employ the multi-expert
decision-making method (MEDMM) to express this complex framework.

In the paper Single Valued Neutrosophic Data Envelopment Analysis: Application to
Hospital Performance Measurement, Wei Yang, Lulu Cai, Seyed Ahmad Edalatpanah and Florentin
Smarandache introduce a model of data envelopment analysis (DEA) in the context of neutrosophic
sets, proposing an innovative process to solve it. Furthermore, the authors analyze the problem of
healthcare system evaluation with inconsistent, indeterminate, and incomplete information using the
new model. The triangular single-valued neutrosophic humbers are also employed to deal with the
data, and the method is used to assess 13 hospitals of Tehran University of Medical Sciences of Iran.
The results prove the ef ciency of the suggested approach and emphasize that the model has practical
outcomes for decision makers.

Another study (Novel Dynamic Multi-Criteria Decision Making Method Based on Generalized
Dynamic Interval-Valued Neutrosophic Set, by Nguyen Tho Thong, Florentin Smarandache, Nguyen
Dinh Hoa, Le Hoang Son, Luong Thi Hong Lan, Cu Nguyen Giap, Dao The Son and Hoang Viet
Long) selected for this Special Issue introduces the generalized dynamic internal-valued neutrosophic
sets, which are an extension of dynamic internal-valued neutrosophic sets. Based on this extension,
the authors develop some operators and a TOPSIS method to deal with the change of both criteria,
alternatives, and decision makers by time. For example, the method is applied to rank students
according to attitude—skill-knowledge evaluation model.

The associative law re ects the symmetry of operation, and other various variation associative



laws re ect some generalized symmetries. In the article Kind of Variation Symmetry: Tarski
Associative Groupoids (TA-Groupoids) and Tarski Associative Neutrosophic Extended Triplet
Groupoids (TA-NET-Groupoids), Xiaochong Zhang, Wangtao Yuan, Mingming Chen and Florentin
Smarandache introduce a new concept of Tarski associative groupoids (or transposition associative
groupoid (TA-groupoid)), presenting many examples, to determine their basic properties and
structural characteristics, and as well to discuss the relationships among a few non-associative
groupoids. Moreover, the researchers suggest a new concept of Tarski associative neutrosophic
extended triplet groupoids (TA-NET-groupoid), examining related properties.

In the next paper (Components Semigroups and Multiset Neutrosophic Components
Semigroups), Vasantha W. B., llanthenral Kandasamy and Florentin Smarandache de ne the usual
product and sum operations of neutrosophic components (NC). Four different NCs are de ned using
the four different intervals: (0, 1), [0, 1), (0, 1] and [0, 1]. In the neutrosophic components, it is assumed
that the truth value or the false value or the indeterminate value is from the intervals (0, 1) or [0, 1) or
(0, 1] or [0, 1]. All the operations de ned on these neutrosophic components on the four intervals are
symmetric. In all four cases, the NC collection happens to be a semigroup under product, and all of
them are torsion-free semigroups or weakly torsion-free semigroups. The NC de ned on the interval
[0, 1) is a group under addition modulo 1, while the NC de ned on the interval [0, 1) is an in nite
commutative ring under addition modulo 1. The authors also examine the multiset NC semigroup
using the four intervals, and derive several interesting properties of these structures.

Abdul Alamin, Sankar Prasad Mondal, Shariful Alam, Ali Ahmadian, Soheil Salahshour and
Mehdi Salimi focus on analyzing the homogeneous linear difference equation in a neutrosophic
environment in the paper and Interpretation of Neutrosophic Homogeneous Difference Equation.
The authors interprete the solution of the homogeneous difference equation with initial information,
the coef cient and both as a neutrosophic number. The theoretical work is followed by numerical
examples and an application in actuarial science, which shows the great impact of neutrosophic set
theory in mathematical modeling in a discrete system to better understand the behavior of the system.

The grand theory of action of Parsons has an important place in social theories, but there are
many uncertainties in this theory, for which classical logic is often insuf cient. In the study Modeling
of Talcott Parsons's Action and Decision-Making Applications for It, the researchers Cahit Aslan,
Abdullah Karg n and Memet Sahin export, for the rst time, the grand theory of action of Parsons
in neutrosociology. The authors achieve a more effective way of dealing with the uncertainties
in the theory of Parsons as in all social theories, proposing a similarity measure for single-valued
neutrosophic numbers, showing, in addition, that this measure of similarity satis es the similarity
measure conditions, obtaining applications that allow nding the ideal society in the theory of
Parsons within the theory of neutrosociology. Finally, the authors compare the data obtained in this
study with the results of the similarity measures de ned previously.

In the article of the Single-Valued Neutrosophic Fuzzy Set and the Soft Set with Applications in
Decision-Making, Ahmed Mostafa Khalil, Dungian Cao, Abdelfatah Azzam, Florentin Smarandache
and Wedad R. Alharbi propose a novel concept of the single-valued neutrosophic fuzzy soft set by
combining the single-valued neutrosophic fuzzy set and the soft set. Five types of operations (e.g.,
subset, equal, union, intersection, and complement) on single-valued neutrosophic fuzzy soft sets
are presented for possible applications. Additionally, several theoretical operations of single-valued
neutrosophic fuzzy soft sets are given. In addition, the rst type for fuzzy decision making based
on a single-valued neutrosophic fuzzy soft set matrix is constructed. To clarify the applicability, the
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authors scrutinize a numerical example using the AND operation of the single-valued neutrosophic
fuzzy soft set for fuzzy decision making.

Fault diagnosis has become more and more important with increasing automation, and the
factors that cause mechanical failures are becoming more and more complex. In order to contribute
to a solution for the given problem, Shchur Iryna, Yu Zhong, Wen Jiang, Xinyang Deng and Jie Geng
propose a single-valued neutrosophic set ISVNS algorithm for processing uncertain and inaccurate
information in fault diagnosis in the paper -Valued Neutrosophic Set Correlation Coef cient and Its
Application in Fault Diagnosis. In order to solve the fault diagnosis problem more effectively, the
authors generate a neutrosophic set by triangular fuzzy number and introduce the formula of the
improved weighted correlation coef cient. Experiments show that the algorithm can signi cantly
improve the accuracy degree of fault diagnosis, and can better satisfy the diagnostic requirements in
practice.

The paper New Multi-Sensor Fusion Target Recognition Method Based on Complementarity
Analysis and Neutrosophic Set, by Yuming Gong, Zeyu Ma, MeWang, Xinyang Deng and Wen Jiang,
investigates a multi-sensor fusion recognition method based on complementarity analysis and a
neutrosophic set. The proposed method has two parts: complementarity analysis and data fusion.
Complementarity analysis applies the trained multi-sensor to extract the features of the veri cation
set into the sensor, obtaining the recognition result of the veri cation set. Based on the recognition
result, the multi-sensor complementarity vector is obtained. Then, the sensor output the recognition
probability and complementarity vectors are used to generate multiple neutrosophic sets, which
are then merged within the group through the simpli ed neutrosophic weighted average (SNWA)
operator. Finally, the neutrosophic set is converted into a crisp number, and the maximum value is
the recognition result.

Yaser Saber, Fahad Alsharari, Florentin Smarandache and Mohammed Abdel-Sattar introduce
the notion of r-single-valued neutrosophic connected sets in single-valued neutrosophic topological
spaces, which is considered as a generalization of r-connected sets inSostak's sense and r-connected
sets in intuitionistic fuzzy topological spaces. In their paper (and Strati cation of Single-Valued
Neutrosophic Topological Spaces), they introduce the concept of r-single-valued neutrosophic
separated and obtain some of its basic properties, also attempting to show that every r-single-valued
neutrosophic component in single-valued neutrosophic topological spaces is an r-single-valued
neutrosophic component in the strati cation of it. For the purpose of symmetry, the authors
conclusively de ne the single-valued neutrosophic relations.

Neutrosophy has been used in sentiment analyses of textual data, but it has not been used
in speech sentiment analysis. Consequently, Kritika Mishra, llanthenral Kandasamy, Vasantha
Kandasamy W. B. and Florentin Smarandache (in the paper Novel Framework Using Neutrosophy for
Integrated Speech and Text Sentiment Analysis) suggest a novel framework that performs sentiment
analysis on audio les by calculating their single-valued neutrosophic sets (SVNS) and clustering
them into positive—neutral-negative, combining the results with those obtained by performing
sentiment analysis on the text les of these audio les.

In another selected paper (Novel MCDM Method Based on Plithogenic Hypersoft Sets under
Fuzzy Neutrosophic Environment), Muhammad Rayees Ahmad, Muhammad Saeed, Usman Afzal
and Miin-Shen Yang advance the study of plithogenic hypersoft sets (PHSS), by investigating four
classi cations of PHSS that are based on the number of attributes chosen for application and the
nature of alternatives or that of attribute value degree of appurtenance. The proposed classi cations
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cover most of the fuzzy and neutrosophic cases with possible neutrosophic applications in symmetry.
As an extension of the technique for order preference by similarity to an ideal solution (TOPSIS), the
paper also suggests a novel multi-criteria decision making (MCDM) method that is based on PHSS.
The proposed PHSS-based TOPSIS method can be employed to solve real MCDM problems precisely
modeled by the concept of PHSS. As an application, a parking spot choice problem is solved by
the proposed PHSS-based TOPSIS under a fuzzy neutrosophic environment and it is validated by
considering two different sets of alternatives along with a comparison with fuzzy TOPSIS in each
case, and the results prove that the method is able to be extended to analyze time series and in develop
algorithms for graph theory, machine learning, pattern recognition, and arti cial intelligence.

Dongsik Jo, S. Saleh, Jeong-Gon Lee, Kul Hur and Chen Xueyou introduce the new notion of
interval-valued neutrosophic crisp sets, providing a tool for approximating unde nable or complex
concepts in the real world in the paper Structures via Interval-Valued Neutrosophic Crisp Sets.
The authors also propose an interval-valued neutrosophic crisp (vanishing) point and obtain some
of its properties, and then de ne an interval-valued neutrosophic crisp topology, base (subbase),
neighborhood, and interior (closure), respectively, and investigate each property, and give some
examples. Finally, they de ne an interval-valued neutrosophic crisp continuity and quotient topology
and study each property.

Fahad Alsharari aims in the paper £-Single Valued Extremally Disconnected Ideal Neutrosophic
Topological Spacesto mark out new concepts of r-single valued neutrosophic sets, called
r-single-valued neutrosophic £-closed and £-open sets. The de nition of £-single-valued
neutrosophic irresolute mapping is provided, discussing its properties, and then the concepts
of £-single-valued neutrosophic extremally disconnected and £-single-valued neutrosophic normal
spaces are established. A useful implication diagram between the r-single-valued neutrosophic ideal
open sets is obtained.

Finally, in the last paper (Study on Some Properties of Neutrosophic Multi Topological Group)
of this Special Issue, the researchers Bhimraj Basumatary, NWary, Dimacha Dwibrang Mwchahary,
Ashoke Kumar Brahma, Jwngsar Moshahary, Usha Rani Basumatary and Jili Basumatary study
some properties of the neutrosophic multitopological group, by introducing the de nitions of a
semi-open neutrosophic multiset, semi-closed neutrosophic multiset, neutrosophic multi regularly
open set, neutrosophic multi regularly closed set, neutrosophic multi continuous mapping, and then
investigating some of their properties. Since the concept of the almost topological group is new, the
authors also provide the de nition of the neutrosophic multi almost topological group, and for the
purpose of symmetry, they use the de nition of neutrosophic multi almost continuous mapping to
de ne a neutrosophic multi almost topological group and examine its properties.

The elds of neutrosophic probability and neutrosophic statistics, neutrosophic algebraic
structures, neutrosophic optimization, and neutrosophic applications in symmetry are receiving more
and more attention, and their importance is hopefully proved by the papers selected for Symmetrys
Special Issue Development of Neutrosophic Probability, Neutrosophic Statistics, Neutrosophic
Algebraic Structures, and Neutrosophic & Plithogenic Optimizations.

Florentin Smarandache, Yanhui Guo
Editors
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Abstract: Neutrosophic extended triplet group (NETG) is a novel algebra structure and it is different
from the classical group. The major concern of this paper is to present the concept of a partially
ordered neutrosophic extended triplet group (po-NETG), which is a NETG equipped with a partial
order that relates to its multiplicative operation, and consider properties and structure features of
po-NETGs. Firstly, in a po-NETG, we propose the concepts of the positive cone and negative cone,
and investigate the structure features of them. Secondly, we study the speci city of the positive
cone in a partially ordered weak commutative neutrosophic extended triplet group (po-WCNETG).
Finally, we introduce the concept of a po-NETG homomorphism between two po-NETGS, construct a
po-NETG on a quotient set by providing a multiplication and a partial order, then we discuss some
fundamental properties of them.

Keywords: partially ordered neutrosophic extended triplet group; positive cone; homomorphism;
quotient set

1. Introduction

Groups play a very important role in algebraic structures [ 1-3], and have been applied in many
other areas such as chemistry, physics, biology, etc. The concept of neutrosophic set theory is proposed
by Smarandache in [4], which is the generalization of classical sets [5], fuzzy sets [6], and intuitionistic
fuzzy sets [5,7]. Neutrosophic sets have received wide attention both on practical applications [ 8-10]
and on theory as well [ 11,12]. The main idea of the concept of a neutrosophic triplet group (NTG),
isdenedin[ 1314]. Foran NTG (G, ), every element ain G has its own neutral element (denoted by
neut(a)) satisfying a neut(a) = neut(a) a= a, and there exists at least one opposite element (denoted
by anti(a)) in G relative to neut(a) satisfying a anti(a) = anti(a) a= neut(a). Here, neut(a) is not
allowed to be equal to the classical identity element as a special case. By removing this restriction,
the concept of neutrosophic extended triplet group (NETG), is presented in [ 13]. Many signi cant
results and several studies on NTGs and NETGs can be found in [15-20]. On the other hand, some
algebraic structures are equipped with a partial order that relates to the algebraic operations, such as
ordered groups, ordered semigroups, ordered rings and so on [21-28].

Regarding these developments, as the motivation of this article, we will consider what it is
like to endow a NETG with a partial order and introduce the concepts of partially ordered NETGs
and positive cones. Then we consider a question: is a subsetP of a NETG G the positive cone
relative to some compatible order on G if P satis es some conditions? To solve this problem,
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we investigate structure features of partially ordered NETGs and try to characterize the positive
cones. Finally, we study properties of homomorphisms and quotient sets in partially ordered NETGs,
and discuss the relationships between homomorphisms and congruences. In particular, the quotient
set equipped with a special multiplication and a partial order provides a way to obtain a partially
ordered NETG. All these results lay the groundwork for investigation of category properties of partially
ordered NETGs.

The rest of this paper is organized as follows. In Section 2, we review some basic concepts, such as
a neutrosophic extended triplet set, a neutrosophic extended triplet group, a weak commutative
neutrosophic extended triplet group and a completely regular semigroup, and several results were
publishedin[ 16,19]. In Section 3, we de ne a partially ordered neutrosophic extended triplet group and
partially ordered weak commutative neutrosophic extended triplet group. Several of their interesting
properties of partially ordered neutrosophic extended triplet group and partially weak commutative
neutrosophic extended triplet group are explained. The homomorphisms and quotient sets of partially
ordered neutrosophic extended triplet group are shown in Section 4. Finally, conclusions are given in
Section 5.

2. Preliminaries

In this section, we recall some basic notions and results which will be used in this paper as
indicated below.

De nition1. ([13]) Let G be a non-empty set together with a binary operatiofihenG is called a neutrosophic
extended triplet set if for ang 2 G, there exist a neutral ofd" (denoted byneut(a)) and an opposite ofd"
(denoted by anfia)), such that neuta) 2 G, anti(a) 2 G, and

a neut(a) = neut(a) a= g

a anti(a) = anti(a) a= neut(a).

The triplet(a, neut(a), anti(a)) is called a neutrosophic extended triplet.

De nition 2. ([13]) Let (G, ) be a neutrosophic extended triplet se{ @, ) is a semigroup, the is called
a neutrosophic extended triplet group (for short, NETG).

Proposition 1. ([[16] Theorems 1 and 2]) L€G, ) be a NETG. The following properties ho8a 2 G

(1) neut(a) is unique;
(2) neut(@ neut(a) = neut(a);
(3) neut(neut(a)) = neut(a).

Notice that ant{a) may be not unique for every element a in a NE{& ). To avoid confusion, we use
the following notations:
anti(a) denotes any certain one opposite of aBanti(a)g denotes the set of all opposites of a.

Proposition 2. ([[19], Theorem 1]) Le{G, ) be a NETG. The following properties ho&la2 G, 8 p, q2
fanti(a)g

(1) p neut(a) 2 f anti(a)g;

(2) p neut(a) = g neut(a) = neut(a) q;
(3) neut(p neut(a)) = neut(a);

(4) a2fanti(p neut(a)g;

(5) anti(p neut(a)) neut(p neut(a)) = a.
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De nition 3. ([16]) Let (G, ) be aNETG. Ifa neut(b) = neut(b) a(8a2 G, 8b2 G), thenGis called
a weak commutative neutrosophic extended triplet group ( WCNETG).

Proposition 3. ([[16], Theorem 2]) Lef{G, ) be a NETG. Ther is a WCNETG iffG satis es the following
conditions:8a2 G, 8b2 G

(1) neut(@) neut(b) = neut(b) neut(a);
(2) neut(@) neut(b) a= a neut(b).

Proposition 4. ([[16], Theorem 3]) Le(G, ) be a WCNETG. The following properties hoBa 2 G, 8b2 G

(1) neut(a) neut(b) = neut(b a);
(2) anti(a) anti(b) 2f anti(b a)g.

De nition 4.  ([29]) A semigroup(S, ) will be called completely regular if there exists a unary operation
a7! a 1on S with the properties:

1 1

a=aa at=zal

(al)y '=aa a a
Proposition 5. ([[19], Theorem 2]) Le{G, ) be a groupoid. Thef is a NETG iff it is a completely
regular semigroup.

Note 1. In semigroup theory, a ! is called the inverse element of a and it is unique. However,
ina NETG, anti(a) is called an opposite element of aand it may not be unique. From Proposition 5,
we get that for arbitrary element aof a NETG (G, ), if we de ne a unary operation a 7! a ! by
a 1= anti(a) neut(a), then (G, ) is a completely regular semigroup.

In the following, we will regard all NETGs as completely regular semigroups, in which a1 =
anti(a) neut(a) for arbitrary element a. Then by Proposition 2, we have in a NETG (G, ), for each
a2 G,a l2fanti(a)ganda ! a=a a != neut(a).

3. Partially Ordered NETGs

An NETG is a special set endowed with a multiplicative operation. Assuming that we introduce
a partial order which is compatible with multiplication in a NETG, we will get the de nition of partially
ordered NETGs as indicated below.

De nition 5. Let(G, ) be a NETG. If there exists a partial order relatioron G such thata b implying
c a ¢ banda ¢ b cforalla2 G, b2 G, c2 G, then iscalled a compatible partial order Gn
and(G, , )iscalled a partially ordered NETG (for short, po-NETG).

Similarly, if (G, ) is a WCNETG and endowed with a compatible partial order, f&n , ) is called a
partially ordered WCNETG ( po-WCNETG). Hence, po-WCNETGs must be po-NETGs.

Remark 1. Obviously, the properties of NETGs and WCNETGs are holding in po-NETGs and
po-WCNETGS, respectively.

In the following, we give an example of a po-NETG.

Example 1. LetG = f0, a b, ¢, 1g with the Hasse diagram as shown in Figure 1, in which 0 denotes the
bottom element (mean the element is smallest element w.r.t. to partial order) and 1 denotes the top element (mean
the element is largest element w.r.t. to partial order) of G. Then G is a partially ordered set.

De ne multiplication on G as shown in Table 1, wheeeb, c to label the elements in the po-NETG and
the multiplication among these elements.
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Table 1. Multiplication  on G.

*10lalblc|1
0O|0|O0Oj0O|0O]O
al|l0|b|c|al|l
b|O0O|c|la|b]|1l
c|O0Oja|bjc|1
1(0(11|1|1
1

a C

0

Figure 1. Hasse diagram.

We can verify that (G, ) is a WCNETG. Moreover,
neut(0) = 0, fanti(0)g= f0,a b, ¢, 1g, 0 1 = 0;

neut(a) = ¢, fanti(a)g= fbg, a 1 = b;

neut(b) = ¢, fanti(b)g= fag, b 1= a

neut(c) = ¢, fanti(c)g= fcg, ¢ 1= ¢
neut(1) = 1, fanti(l)g= fa b, c, 1g, 1 1= 1.

It is easy to see that the partial order shown in Fig.1 is compatible with multiplication . Hence,
(G, , )isapo-WCNETG.

De nition 6. If (G, , )isapo-NETG, thera 2 G is said to be a positive elemennhéut(a) & and a
negative elementd neut(a). The subsePg of all positive elements & is called the positive cone &f and
the subset ¥ of all negative elements the negative cone.

Remark 2. By Proposition 18 a2 G, neut(a) 2 P\ Ng,so R\ Ng 6 A&
Lemmal. Let(G, ) bean NETG. TheB a2 G,
[neut(a)] ! = neut(a) = neut(a 1).

Proof. Leta2 G. Then
[neut(a)] ®= anti(neut(a)) neut(neut(a))
= anti(neut(a)) neut(a)
= neut(neut(a))

= neut(a).



Symmetry2019 11, 1514
On the other hand, by Proposition 2(3), we have neut(a 1) = neut(anti(a) neut(a) =
neut(a). O
Remark 3. If Gisa po-NETG and P G, we shall use the notation
Pl=fal:a2Pg.
Proposition 6. Let(G, , ) be apo-NETG. Thend? PGl =fa2 G:a= neut(a)= a g.
Proof. (=) )Leta?2 G. By Proposition 1 and Lemma 1, we have
neut(a) 2f a2 G:a= neut(a) = a lg,
sofa2 G:a= neut(a) = a 1g6 /A& By Lemmal, itis clear that
fa2 G:a=neu(a)= a 'g P\ Pl
(( =)Letb2 Pg\ PGl, thenneut(b) band9c2 Pgsuchthatb= c 1, so
b= c = anti(c) neut(c) anti(c) c= neut(c) = neut(b ) = neut(b),
thatis, b neut(b), whence b = neut(b). Hence,
c=b =[neut(b)] *= neut(b) = b.
Then we can conclude thatb2 f a2 G:a= neut(a) = a g, and so
Pc\ P;* f a2 G:a= neut(a) = a g
Thus, P\ P;'=fa2 G:a= neut(d = a !g. O
Remark 4. If (G, , )isapo-NETG and P G, then we shall use the notation
P2=fa b:a b2 Pg.

Proposition 7. (1) If (G, , )isapo-NETG, thenp P3.
(2)1f (G, , )isapo-WCNETG, then= P3.

Proof. (1) If (G, , )isapo-NETG, then 8 a2 Pg, by neut(a) 2 Pg, we have a= a neut(a) 2 P2,
andsoPg P2

(2) If (G, , ) is apo-WCNETG, then 8 a2 Pg, 8b 2 Pg, by Propositions 3 and 4, we have
neut(a b) = neut(b) neut(a) = neut(a) neut(b) a b,andsoa b 2 Pg, thus Pé Ps.
Consequently, Pg = PZ. O

Proposition 8. Let(G, , )beapo-WCNETG.TheBa2 G, aRsa ' Pg.

Proof. Let a 2 G and b 2 Pg, then by Propositions 3 and 4, we have neutla b a 1) =
neut(a ) neut(a b) = neutla b) neut(a !) = [neut(b) neut(a)] neut(a 1) = neut(b)
[neut(a) neut(a )] = neut(b) neut(a ! &) = neut(b) neut(neut(a)) = neut(b) neut(a) =
neuttb) (a a !)=[neuttb) a] al=[a neuttb))] al a b a ! thusaba?l2 Ps. Therefore,
akkal Pg. O

Lemma 2. Let(G, ) beaWCNETG.TheBa2 G, 8b2G,(a b) 1=b 1 al
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Proof. We know a bis anelementof G8 a2 G, 8b 2 G and by Proposition 4, we have anti(b)
anti(a) 2 f anti(a b)g. Then using Propositions 1, 5 and Note 1 we get the following identities:

b1 al=[anti(b) neut(b)] [anti(a) neut(a)]

= anti(b) [neut(b) anti(a)] neut(a) (Because the multiplication is associative)
anti(b) [anti(a) neut(b)] neut(a) (BecauseGisa WCNETG)
[anti(b) anti(a)] [neut(b) neut(a)] (Because the multiplication is associative)
=[anti(b) anti(a)] neut(a b) (By Proposition 3)
=(a b L O

Lemma 3. Let(G, , )beapo-NETG. Thend= Py*and R;' = Py.

Proof. Leta2 G. If a2 Pg, then neut(a) a4, it follows by Lemma 1that a ' = neut(a ') a !=
neutt@ a® a a!= neut(a = neut(a !),andsoa 2 Py,whencea=(a !) 12 P ' Hence,
Pc Pyl Similarly, we can prove thatif a2 Pythena 2 Pg,soPy* Pg. Consequently, Pg = Pt.
Similarly, P;*= Py. O

De nition 7. Let(G, ) beaWCNETG.IBa2 G, 8b2 G, 8¢c2 G, a neut(c) = b neut(c) implies
a= b, then we say G satis es neutrosophic cancellation law.

Lemma 4. Let (G, ) be a WCNETG satisfying neutrosophic cancellation law &d G satisfy8 a 2
P,a a= a. Then8a2 G, 8b2 G, a neut(b) 2 Pimplies neua) = a= a 1.

Proof. If a neut(b) 2 P,thena neut(b) = (a neut(b)) (a neut(b)) =(a a) neut(b),and so
a a= a whenceneut(a) = a8a2 G, 8b2 G. Thenby Lemma 1, we geta ! = [neut(a)] ! =
neut(a) = a O

Proposition 9. Let (G, ) be a WCNETG satisfying neutrosophic cancellation law &1d G satisfy the
following conditions:

L P P

(20 P\ P l=fa2G:neuta)= a= a g;
(3) 8a2P,a a= a;

(4 8a2G,aPal P,

then a compatible partial order @hexists such thaP is the positive cone @ relative to it. Moreovers is a
chain with respect to this partial order if and only if[PP 1 = G.

Proof. De ne the relation  on G by
a b, b al2p

By Proposition 1 and Lemma 1, we have 8 a2 G, neut(a) 2 P\ P 1 P,andso isre exive
on G obviously.
Ifnow a bandb athenb a 12 Panda b 12 P.Since by Lemma 2 we know that

(a bl) l:(bl)l al:b al,

we conclude
b al2pP\pl

It follows by (2)that b a 1= neut(b a ). However, by Proposition 4 and Lemma 1,

neuttb a )= neut(a ') neut(b) = neut(a) neut(b),
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thus

b neu(a)=b al a=neuttb al) a=[neut(a) neut(b)] a= neut(a) [a neut(b)] =
[neut(a) a] neut(b) = a neut(b), thatis,b neut(a) = a neut(b).

However, by Proposition 3, we have

b neut(a) = neut(b) neut(a) b= neut(a b) b,
and similarly,
a neut(b) = neut(a) neut(b) a=[neut(b) neut(a)] a= neut(a b) a

therefore,
neut(a b) b= neut(a b) a

and by neutrosophic cancellation law, consequently a= b. Hence, is anti-symmetric.
To prove that is transitive,let a bandb ¢ Then

b al2Pandc b!2P
It follows by (1) that
P P’3(cb?l (bad)=c (b! b al=c neuth) a'=(c al) neut(b).

By (3) and Lemma 4, we have

neutflc a)=c al=(c al) ?

and so
calarP\pP?l p

thatis,c a 12 P. Thus,a c. Therefore, is a partial order on G.
To see that it is compatible, let x  y. Theny x 12 Pand it follows by (1) and (4) that, for every
a2 G,
(ay) (@ax*=(ay) (x' ah=a(y xH a'2p

(y a (x al=zy (aa?l) x'=y neu(a) x *=(y x %) neut(a2 P> P,

which shows that
a X ayandx a y a

It follows that  is compatible.
Finally, note that 8 a2 G,

neut(a) a, a [neut(a)] ‘2P, a neut(a)2 P, a2 P,

so P is the associated positive cone. Suppose now that(G, ) is a chain, then for every a2 G, we have
either
neut(a) aora neut(a).

It follows by Lemma 3 that
a2 Pora2 P 1.

Thus G= P[ P 1 Conversely,if G= P[ P 1 thenforall a b2 G, we have

abl2pPorabl2pl
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that is,
ab'2Porb al=(a bl 2P
Hence, we have eitherb aora b. Therefore, (G, )isachain. O

By the following example, we clarify the above proposition as:

Example 2. LetG = fa, b, cg. De ne multiplication on G as shown in Table 2, wheeeb, c to label the
elements in the po-NETG and the multiplicatioramong these elements.

Table 2. Multiplication  on G.

* | a

b
b
c
a

T 0|0

O|T| o

a
b
c

It is easy to verify tha{G, ) isa WCNETG and G, ) satis es neutrosophic cancellation law, in which
neut(a) = neut(b) = neut(c) = a,

fanti(a)g= fag, a
fantilb)g=fcg, b 1= ¢
fanti(c)g= fbg, ¢ 1= b.

LetP = f ag, thenP satis es all conditions mentioned in Proposition 9. De ne the relatioron G by
X y, y x 12 P, then isapartial orderorGand(G, ) is aantichain. ObviouslyP is the positive
cone of G with respect to this partial order

Proposition 10. Let(G, ) be a po-WCNETG. The8x 2 G, 8y2 G, x yimpliesy x 12 Pg.

Proof. Let8x2 G, 8y2 G.Ifx vy, thenneut(x)= x x * y x 1 hence, by Proposition 4 and
Lemma 1, we have neutly x 1) = neut(x 1) neut(y) = neut(x) neutly) (y x 1) neut(y)=
neutly) (y x ) =(neutly) y) x *=y x L Thus,y x 12 Ps. O

4. Homomorphisms and Quotient Sets of po-NETGs

De nition 8. Let(G, , 1) and(T,, ») be two po-NETGs. The majp: G! T is called a po-NETG
homomorphism of po-NETGs, if f satiseé8a2 G, 8b2 G

(1) f(a b= f(a f(b);
(2) a 1bimplies {a) , f(b).

Proposition 11. Let (G, , 1) and(T,, ») be two po-NETGs, and let : G ! T be a po-NETG
homomorphism of po-NETGs. The following properties hold:

(1) 8a2 G, f(neut(a)) = neut(f(a));

(2) 8a2 G,ff(b):b2fanti(a)gg f anti(f(a))g, and if f is bijective, therf f(b) : b2 f anti(a)gg =
fanti(f(a)g;

(3) 8a2 G,[f(a)] 1= f(a D),

(4) 8a2Pg, f(a) 2 Py;

(5) 8a2 Ng, f(a) 2 Nt.
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Proof.

(1) 8a2 G, 8b2f anti(a)g, since
f(a) f(neut(a)= f(a neut(@)= f(a)= f(neut(a) a) = f(neut(d) f(a),
f(a) f(b)= f(a b)= f(neua)= f(b a)= f(b) f(a),
then we obtain f(neut(a)) = neut(f(a)).
(2) From the proof of (1), we can get that
8a2 G, 8b2fanti(a)g, f(b) 2 fanti(f(a)g,

and so
ff(b) :b2fanti(a)gg f anti(f(a))g.

If fis bijective, then 8 d 2 f anti(f(a))g, 9 c2 G suchthat f(c) = d. Since
f(c @)= f(c) f(a)=d f(a) = neut(f(a)) = f(neut(a)),
we have ¢ a= neut(a). Similarly, we canget a c¢= neut(a). Thus, ¢c2 anti(a) and so
d= f(c) 2f f(b) : b2 f anti(a)gg.
By the arbitrariness of d, we have
fanti(f(a))g f f(b):b2f anti(a)gg.

Then,
ff(b) : b2 f anti(a)gg= fanti(f(a))g.

(3) Leta2 Gandb?2f anti(a)g. By (2), f(b) 2 f anti(f(a))g. Then by (1), we have
[f(a)] != anti(f(a)) neut(f(a))= f(b) f(neut(a))= f(b neut(a)) = f(a 1).

(4) Since8 a2 Pg, neut(a) 1 a we haveneut(f(a)) = f(neut(a)) , f(a),andsof(a) 2 Pr.

(5) Itis similar to (4).
O

De nition 9. Let(G, , ) be a po-NETG and be an equivalence relation on Ggléatis es
822 G,8b2G,8c2G,8d2G, (aab)2g&(cd)2qg) (a cb d)2aq,

thenqis called a congruence on G.
Obviously,q; = f(a,a) :a2 Ggandg = f(a,b) : 8 a, b2 Gg are both congruences @) and they
are called identity congruence on G and pure congruence on G, respectively.

De nition 10. Let(G, , ) be apo-NETG and be a congruence da. A multiplication on the quotient
set@ q= f[a]y: a2 Ggis de ned by
[aly [blg=[a blg.
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Proposition 12. Letarelation on(G/ g, ) be de ned by
8[alqg2 G/ q, 8[blg2 G/ q, [aly [blq, a b
Then,(G/ g, , )isapo-NETG.
Proof. We can verify that is associative. Let[a]l; 2 G/ q(see De nition 10), since

[neut(a)]q [alg = [neut(a) alq=[alq=[a neut(@)]q=[aly [neut(a)],

and
[anti(a)]q [alq=[anti(a) a]q=[neut(d)]q=[a anti(a)lq=[aly [anti(a)]q,

we conclude that (G/ g, ) isa NETG, inwhich 8 [aly 2 G/ g, neut([a]y) = [ neut(a)]q and [anti(a)]q 2
fanti([a]y)0. Thenitis easy to seethat is a partial order on (G/ g, ). Moreover, 8[aly 2 G/ q, 8[b]q 2
Gl q, 8[c]lq2 G/ q,if [l [blg,thena b,sowehavea ¢ b candc a c¢ b Thus,

[alg [clq=[a cg [b c]g=[blq [clq

and
[clqg [aq=[c alg [c blg=[clq [blg
Thus, (G/ g, , )isapo-NETG. O

In the following, we give an example to illustrate Proposition 12.
Example 3. Consider the po-NETGG, , ) is given in Example 1. Now we de ne a relatigron G by
q= (0,0, (aa), (bb), (c,c), (1,1), (ab), (ba), (ac), (ca), (bc), (cb)g.
Then we can verify thad) is a congruence on G with the following blocks:
[0]q= fOg, [alq= fa b, cg, [1]q= flg.

So the quotient seG/ q = f[0]g, [alg, [1]q- By Proposition 12, we knowWG/ g, , ) is a
po-NETG, in whichneut([0]q) = [O0]y neut([a]lg) = [c]lq = [alg. neut([1]y) = [1]g, fanti([0lg)g =
f[0lg: [alg: [1lqa. fanti([alg)g = f[alqg, fanti([1]q)g = f[a]g, [1lq¥, and thenG/ g is a chain, because
O [dg [l

Proposition 13. Let (G, , ) be a po-NETG andj be a congruence o8. Then the natural mapping
\q: (G, , )! (Glg , )dgivenby\y(a) =[alqis apo-NETG homomorphism of po-NETGs.

Proof. As\q(a b)=[a blg=[alg [blg= \q(@) \q(b)8a2 G, 8b2 G.Ifa b, then[aly [blg
which implies \q(a) \g(b). Thus, the natural mapping \q: (G, , )! (G/4 , )isapo-NETG
homomorphism of po-NETGs. O

Next, we give an example to explain Proposition 13.
Example 4. From Example 3, we consider the natural mappigg (G, , )! (G/q , ). Thus,\4(0) =

[0]g, \q(a) = \q(b) = \q(c) = [alg, \¢(1) = [ 1]g. Itis easy to verify thal is a po-NETG homomorphism of
po-NETGs.

10
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Proposition 14. Let (G, , 1) and(T,, »)be two po-NETGs and : (G, , 1) ! (T,, ») bea
po-NETG homomorphism of po-NETGs. We shall use the notation

Kerf=f(ab)2 G G:f(a= f(b)g,
then we can get the following properties:

(1) Kerfisacongruence on G;

(2) fisainjective po-NETG homomorphism of po-NETGs if and onkeiff is an identity congruence 06;

(3) There exists an injective po-NETG homomorphism of po-NEFGEG/ Kerf, , ) ! (T, , 2)such
that f = g \kert-

Proof.

(1) Obviously, Kerfis an equivalence relationon G. Let8a2 G,8b2 G,8c2 G,8d 2 G, if
(a,b) 2 Kerfand (c,d) 2 Kerf, then f(a) = f(b) and f(c) = f(d). Sincef is a po-NETG
homomorphism of po-NETGs, we have f(a c¢) = f(a) f(c)= f(b) f(d)= f(b d), andso
(a c,b d) 2 Kerf. Thus, Kerfis a congruence onG.

(2) If fisan injective po-NETG homomorphism of po-NETGs and if (a,b) 2 kerfthen f(a) = f(b).
Therefore, we get a = b. Hence, by the arbitrariness of (a,b), we obtain kerf is an identity
congruence on G.

Conversely, suppose that kerf is an identity congruenceon G. 8a2 G,8b2 G, if f(a) = f(b),
then (a,b) 2 kerf, soa= h. Therefore, f is an injective po-NETG homomorphism of po-NETGs.

(3) Wedeneamap g: G/ Kerf! Thy 8 [alkers 2 G/ Kerf, g([alkert) = f(a), then gis injective.

8 [&lkerf, [blkers 2 G/ Kerf, we have g([alkert [blkerr) = 9([a blkerr) = f(a b) = f(a)
f(b) = o([alkerr) 9([blkert), and if [a]ert [Dlkers. thena 1 b, thus, f(a) 2 f(b), thatis,
d([Alkers) 2 9([blkers).- Hence, g is an injective po-NETG homomorphism of po-NETGs.

G———— T
@
\Kerf@@ g
G/ Kerf

8a2 G, (g \ker)(d = 9(\kert(®) = 9([Akerr) = f(a), thatis, f = g \kers.
O

In the following, we present an example to illustrate Proposition 14.

Example 5. Consider(G, , 1) be the po-NETG is given in Example 1, in which the partial orderis the
same as the partial order in Example 1. Assume that = fm, n, p, g, rg be a bounded lattice with a partial
order , with the Hasse diagram shown as in Figure 2 whose multiplicatisrde ned as*.

11
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H p

m

Figure 2. Hasse diagram.

x

We can verify that (T,, 2) is a po-NETG, in which 8 x 2 T, neut(x) =
fantilm)g = fm, n, p, q, rg, fantiln)g = fn, g, rg, fanti(p)g = fp, g rg, fanti(gqg =
fg, rg, fanti(r)g = frg. Now, we deneamap f : G ! T by f(0O) = m, f(a
f(b) = f(c) = f(1) = r, then f is a po-NETG homomorphism of po-NETGs, and Kerf
f(0,0), (a a), (b b), (c.c), (1,1), (ah), (ac), (a1l),(ba), (bc) (b1),(ca), (ch) (c1),(1a),(1b),
(1,c)g. Obviously, Kerfis a congruence onG. f is not injective, and of course, ker f is not an identity
congruence on G.

5. Conclusions

In this paper, inspired by the research work in algebraic structures equipped with a partial order,
we proposed the concepts of po-NETGs, deeply studied the relationships between po-NETGs and
their positive cones, and characterized the positive cone of a WCNETG after de ning a partial order
relation on it. Moreover, we found that the quotient set of a po-NETG can construct another po-NETG
by de ning a special multiplication and a partial order on the quotient set, and we also achieved
the interrelation of homomorphisms and congruences of po-NETGs. All these results are useful for
exploring the structure characterization (for example, category properties) of po-NETGs. As a direction
of future research, we will consider the application of the fuzzy set theory and the rough set theory to
the research of algebraic structure of po-NETGs. Furthermore, we will discuss the relation between the
homomorphisms and congruences of po-NETG and the morphisms of ordered lattice ringoids [ 30].
Finally, in the next paper, we will study sub-structures of po-NETGs and we give some examples using
constructions such as central extensions or direct products related to sub-structures of po-NETGs.
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Abstract: This paper studied the single-valued neutrosophic linguistic distance measures based on the
induced aggregation method. Firstly, we proposed a single-valued neutrosophic linguistic-induced
ordered weighted averaging distance (SVNLIOWAD) measure, which is a new extension of the
existing distance measures based on the induced aggregation view. Then, based on the proposed
SVNLIOWAD, a novel induced distance for single-valued neutrosophic linguistic sets, namely
the single-valued neutrosophic linguistic weighted induced ordered weighted averaging distance
(SVNLWIOWAD), was developed to eliminate the defects of the existing methods. The relationship
between the two proposed distance measures was also explored. A multiple attribute group decision
making (MAGDM) model was further presented based on the proposed SVNLWIOWAD measure.
Finally, a numerical example concerning an investment selection problem was provided to demonstrate
the usefulness of the proposed method under a single-valued neutrosophic linguistic environment
and, then, a comparison analysis was carried out to verify the exibility and e  ectiveness of the
proposed work.

Keywords: single-valued neutrosophic linguistic set; distance measure; weighted induced
aggregation; MAGDM; investment selection

1. Introduction

The growing uncertainties and complexities in multiple attribute decision making (MADM) make

it increasingly di  cult for people to judge their attributes accurately. Accordingly, how to measure
such complex and uncertain information e ectively has become a key issue during the process of
decision making. Several tools, such as fuzzy set [1], intuitionistic fuzzy set (IFS) [ 2], picture fuzzy
set [3,4], linguistic term [ 5], and neutrosophic set [6], have been introduced to deal with inaccurate
and uncertain information. The single-valued neutrosophic linguistic set (SVNLS), introduced by
Ye [7], is an up-to-date tool to measure uncertainty or inaccuracy of information by combining the
advantages of single-valued neutrosophic set [8] and linguistic terms [ 5]. The basic element of the
SVNLS is the single-valued neutrosophic linguistic number (SVNLN), which makes it more suitable for
solving uncertain and imprecise information than the existing tools. Ye [ 7] extended the conventional
the technique for order preference by similarity to ideal solutions (TOPSIS) [ 9] approach to SVNLS
environment and explored its application in investment selection problems. Wang etal. [ 10] studied the
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operational laws for SVNLS and presented the SVNL Maclaurin symmetric mean aggregation operator.
Chen et al. [11] studied the ordered weighted distance measure between SVNLSs. Wu et al. [12] studied
the application of the SVNLS in a 2-tuple MADM environment. Kazimieras etal. [ 13] presented a
weighted aggregated sum product assessment approach for SVN decision making problems. Garg and
Nancy [ 14] proposed some SVNLS aggregation operators based on the prioritized method to solve the
attributes' priority in MADM problems. Cao etal. [ 15 studied the SVNL decision making approach
based on a combination of ordered and weighted distances measures.

Distance measure is one of the most popular tools to express the deviation degree between two sets
or variables. Consequently, many types of distance measures have been investigated and proposed in
the existing literature, such as the weighted distance (WD) measure [ 16], ordered weighted averaging
distance (OWAD) measure [17], combined weighted distance (CWD) measure [ 18], and induced OWAD
(IOWAD) measure [ 19]. Among them, the IOWAD measure is a widely used one, recently proposed by
Merig & and Casanovas [L9]. The key advantage of the IOWAD is that it summarizes the minimun
and maximum distance measures and can use induced-ordering variables to depict the intricate
attitudinal characteristics. Now, the IOWAD operator has been widely used in MADM problems and
extended to accommodate several fuzzy environments, such as fuzzy IOWAD (FIOWAD) [ 20, fuzzy
linguistic IOWAD [ 21], intuitionistic fuzzy IOWAD (IFIOWAD) [ 22], and 2-tuple linguistic OWAD
(2LIOWAD) [23].

However, as far as we know, there is no research on the application of the SVNLS with the IOWAD
method. In accordance with the previous analysis, the SVNLS is an excellent method to describe fuzzy
and uncertain information, while the IOWAD is a new tool that can be well integrated into the complex
attitudes of decision makers. In order to develop and enrich the measure theory of SVNLS, this study
explored the usefulness of the IOWAD measure in SVNL environments. For this purpose, the rest of
the article is set out as follows: in Section 2, we brie y introduce some basic concepts. Section 3 rstly
develops the single-valued neutrosophic linguistic induced ordered weighted averaging distance
(SVNLIOWAD) operator, which is the extension of the IOWAD operator with SVNL information.
Furthermore, the single-valued neutrosophic linguistic weighted induced ordered weighted averaging
distance (SVNLWIOWAD) is then introduced to overcome the defects of the SYNLIOWAD operator
and other existing induced aggregation distances. In Section 4, a MAGDM model based on the
SVNLWIOWAD operator is formulated and a nancial decision making problem is also provided to
demonstrate the usefulness of the proposed method. Finally, Section 5 gives a conclusion for the paper.

2. Preliminaries

In this section, we mainly recap some basic concepts of the SVNLS and the IOWAD operator.

2.1. The Single-Valued Neutrosophic Set (SVNS)

De nition 1 [24]. Letu be an elementin a nite sél. A single-valued neutrosophic set (SVN&)n U can
be de ned as in (1): n o
A= uTa(u),la(u),Fa(u) u2U, 1)

whereTa (u), Ia(u), andFa(u) are called the truth-membership function, indeterminacy-membership function,
and falsity-membership function, respectively, which satisfy the following conditions:

0 Ta(u),la(u),Fa(u) 1,0 Ta(u)+ Ia(u)+ Fa(u) 3. 2
A single-valued neutrosophic number (SVNN) is expressed as (Ta(u), la(u),Fa(u)) and is simply

termed asu = ( Ty, ly, Fu). The mathematical operational laws between SVNNs u = ( Ty, Iy, Fy) and
v =(Ty,ly,FR) are de ned as follows:

(1) u v=(Ty+Ty Tu Ty,lu Tv,Fu R);
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2 u=(1 (1 Tu) () ., (Fy) ), >0
(3) u :(( TU) !1 (1 IU) 11 (1 FU) )1 > 0

2.2. The Linguistic Set

LetS= fsj = 1,:::,Igbe a nite and totally ordered discrete term set, where s indicates a
possible value for a linguistic variable (LV) and | is an odd value. For instance, given | = 7, then a
linguistic term set Scould be specied S= fs;, s, 3, 4, S5, S6, S7g= {€xtremely poor, very poor, poor, fair,
good, very good, extremely good@hen, for any two LVs, s and s; in S, should satisfy rules (1)—(4) [24]:

1 s s, 0 i
(2) Neds)=si
() max(s,s) = s, ifi j;
(4) min(s,s) = s,ifi j.
The discrete term setSis also extended to a continuous setS= fs j 2 Rgfor reducing the loss

of information during the operational process. The operational rules for LVs s ,s 2 Sare de ned as
follows [25]:

Q) s s =s4;
2 s =s, 0.

2.3. The Single-Valued Neutrosophic Linguistic Set (SVNLS)

De nition 2 [7]. LetU be a nite universe set an8 be a continuous linguistic set, a SVNLBin U is de ned
asin (3): D E
B=uls ) (Te(u),ls(u),Fa(u))] u2u, @)

wheres () 2 S, the truth-membership functiofig(u), the indeterminacy-membership functitg(u), and the
falsity-membership functiongfu) satisfy condition (4):

0 Tg(u),lg(u),Fg(u) 1,0 Tp(u)+ Ig(u)+ Fg(u) 3. (4)

D E
D For an SVI\éLS B in U, the SYNLN s (u),(TB(u),I%u),FB(u)) is snEpIy termed as u =

S (u)»(Tu,lusFu) . The operational rules for SVNLNs uj = s (), (Tu;, Iy, Fy;) (i = 1,2 are de ned
as follows:

D E
(1) ul u2[)= S (U1)+ (UZ)i (Tul + TU2 Tul TU2*|l:111 TU21 FU1 FUz) ;
(2) ul =D S (u1)1(1 (1 Tul) ;(Iul) ,(Ful) ) 1 > é)y

() U= @ (Tu) .1 (1 ).1 @ F)), >0

D E
De nition 3 [7]. Giventwo SVNLNs 4 = s (), (Tu;, lu, Fyy) (i = 1,2), their distance measure is de ned

using the following formula:

1/1
dupu) = (U)Ty,  (U)Te, + (U, (WDl + (U)Fy,  (W)F, . (5)

wherel 2 (0,+1). If we consider dierent weights associated with individual distances of SVNLVs, then we
can get the single-valued neutrosophic linguistic weighted distance (SVNLWD) measure [10].
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De nition 4. Letuj,u?(j = 1,2,:::,n) be the two collections of SVNLNSs, a single-valued neutrosophic
linguistic weighted distance measure is de ned as following formula:

X
SVNLWD (ug,ud),:::, (un,ul) = Wjd(uj,u?), (6)
=1

P
where the associated weighting vectgrsatisesw 2 [0, ]]and ~ w; = 1.
=1

2.4. The Single-Valued Neutrosophic Linguistic Set (SVNLS)

Motivated by the induced ordered weighted averaging (IOWA) operator [ 26], Merig & and
Casanovas [19] developed the IOWAD operator. Fortwocrispsets X = (x1,:::,Xp)andY = (yq,:::,¥n),
the IOWAD operator be easily obtained as follows:

De nition 5. An IOWAD operator is de ned by a weight vect®¥ = (wy,:: :,wn)T with0 w; 1land

wj = land an order-inducing vector ¥ (ty,:::,tp), such that:
=1

xXo
IOWAD ( t1,X1,¥1 ,::5 theXmYn ) = w;Dj, (7)
=1
where(Dq,:::,Dp) isrecordedds, :: :, dy), induced by the decreasing orde(tf, : : :,t,), andd; = d(xj, i) =
Xi Vi isthe distance betweepand y.

3. Single-Valued Neutrosophic Linguistic-Induced Aggregation Distance Measures

3.1. SVNLIOWAD Measure

Previous analysis has shown that the IOWAD is a very practical tool to measure deviation in many
elds, such as clustering analysis and decision making. In this section, we explore the application of
the IOWAD operator in an SVNL situation and develop the SVNLIOWAD operator.

De nition 6. Letuj,uJQ(j = 1,2,:::,n) be two sets of SVNLNSs, then the SYNLIOWAD operator is de ned
P

by a weight vectoW = (Wl,ZZZ,Wn)T with 0 w; land wj= 1and an order-inducing vector
=1

T =(tg,:::,ty), such that:

D E X
SVNLIOWAD ty,ug,uf ,:::, to,up,uy = wiDj, (8)
=1
where(D4,:::,Dp) is recordedds, :::,dn), induced by the decreasing order(6f, :::,tn), di = d(ui,uio) =
Ui ui0 is the distance between SVNLNSs, de ned in Equation (5).

Using a similar analysis with the IOWAD operator [ 18,19,27,28], it is easy to derive the following
useful properties for the SVNLIOWAD operator:

Theorem 1 (Idempotency)If d; = d(uj,u®) = u; u? = dforalli, then

D E
SVNLIOWAD  tq,ug,ud ,:::, to,up,ul = d. (9)
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Theorem 2 (Boundedness).etmin(u; u?) = xandmax(u; u?) = vy, then
1 |

D E
X SVNLIOWAD ty,ug,ud :::, to,un,ud . (10)

Theorem 3 (Monotonicity). If u; ui0

D E D E

vi V0 foralli, then

SVNLIOWAD tq,ug,ud ,:::, to,up,uy  SYNLIOWAD tg,vq, V9 ,iii, tn,vn, V0 . (11)
D E
Theorem 4 (Commutativity-IOWA operator aggr%qation)_eé ty,ug, U9 ,:in, to,Un,up (i = 1,2,:01,0)
be any possible permutation of the argument vecttr, vy, v9 ,:::, tq,vn,v3 , then
D E D E
SVNLIOWAD  ty,ug,uf ,:::, tn,up,uy = SVNLIOWAD tq,vy,V ,:i:, ta, v,V . (12)

We can also illustrate the property of commutativity by considering the distance measure:

D E D E
SVNLIOWAD  ty,ug,uf ,:::, tn,up,uy = SVNLIOWAD tg,ud,ug ,:::, tq,ud,un . (13)

By considering di erent cases of the weighted vector in the SYVNLIOWAD operator, we can get
several special distance measures. For example:

lfw;= = wp= 1, we obtain the SYNLWD;

If the ordering of weight w; is same as the order-inducing t; for all j, then the SVNLIOWAD
reduces to the SYVNLOWAD measure [15];

If T=(t,0, ,0),then

D E
SVNLIOWAD  ty,uq,ud ,:::, tn,up,ul = Dy (14)

Next, a numerical example is given to show the aggregation process of the SVNLIOWAD operator.

Example 1. Assuming that:

U = (ug,up, U3, Ug, Us)
= ( %.(0.5,0.3,03 , s,(0.3,0.3,09 , ,(05,0.2,0.2, 5,(050.80.2, 5,(0.1,04,0.5)

and

V = (vq,V2,V3,V4,Vs)
= ( s3,(0.7,0.8,0 , s5,(0.4,0.4,0.5, s3,(05,0.7,0.2 , s3,(0.4,0.2,0.6 , ,(0.5,0.7,0.2 ),

are two SVNLNs dened in linguist term setS = fs,5,%,%,5,%,S70 and supposew =
(0.20,0.30,0.15,0.10, 0.)2]3 andT = (5, 8,4, 2,7 are the weight vector and order-inducing variable vector

of the SVNLIOWAD operator, respectively. Then, the calculation steps of the SVNLIOWAD are displayed as
follows:

(1) Calculate the individual distancegwd,v;) (i = 1,2,:::,5) (let = 1) according to Equation (5):

d(u,vi)=j2 05 3 0.7+j2 03 3 0§+j2 04 3 0j= 3.7.
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Similarly, we get
d(up,v2) = 1.5,d(uz,v3) = 2.4, d(ug,v4) = 7.7, d(us,vs) = 3.2;
(2) Sortthe duj,v;) (i = 1,2,:::,5) according to the decreasing order of the order-inducing variable:

D1 = d(up,v2) = 1.5,D, = d(us,vs) = 3.2, D3 = d(uq,vy) = 3.7,
D4 = d(uz,v3) = 2.4, d(ug,v4) = 7.7;

(3) Utilize the SVNLIOWAD operator de ned in Equation (8) to perform the following aggregation:

SVNLIOWAD (U, V)
= 0.20 15+ 0.30 3.2+ 0.15 3.7+ 0.10 2.4+ 0.25 7.7= 3.71.

From the aggregation process of the SVNLIOWAD operator, as well as the existing other induced
aggregation distances, we see that the order-inducing variables are not really infused in the aggregation
results, which fail to express the variation caused by the change of order-inducing variables. Thus, we
needed to develop a new induced aggregation distance operator for SVNLSs to overcome this defect.

3.2. SVNLWIOWAD Measure

The special feature of the SVNLWIOWAD operator is that its induced ordering-variables play a
dual role in the aggregation process. One role is, as the previous SVNLIOWAD operator, to induce
the order of the arguments and the other is to adjust the associated weights. Thus it can better re ect
the in uence of the induced variables on the ensemble results. The SVNLWIOWAD operator can be
de ned as follows.

De nition 7. Letuj,u?(j = 1,2,:::,n) be two sets of SVNLNs, the SVNLWIOWAD operator is de ned

P

by a weight vectoWW = (wl,:::,wn)T with 0 w; land w; = 1; and an order-inducing vector
=1

T =(t1,:::,ty), such that:

D E X0
SVNLWIOWAD tg,ug,u ,:::, to,up,u = $;Dj, (15)
j=1

where(D4,:::,Dp) is recordeddy, :::,d,) induced by the decreasing order(tf,:::,t), di = uy; ui0 is the
distance between SVNLNSs, de ned in Equation (8)(j = 1,2,:::,n) is a moderated weight that is relatively
determined by the weight\2 W and order-inducing variablg 2 T:

Wit (j)
$j = ﬁ, (16)
Wit
=1 it
where( (1),:::, (n)) isapermutation of1,:::,n) suchthat ; ;) t (; forallj> 1. Example 2illustrates

the performance of the SVNLWIOWAD operator.
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Example 2 (Example 1 continuation)To utilize the SVNLWIOWAD operator, we calculated the moderated
weight$ j de ned in Equation (16):

wit (1) 0.20 8
[ T 020 8+ 030 7+ 0.15 5+ 0.10 4+ 0.25 4
._1th 0

$1= = 0.274.

Similarly,
$,=0.359$5= 0.128%, = 0.068%5 = 0.171.

Thus, based on the results of Example 1, we can get the aggregation result of the SVNLWIOWAD operator:

SVNLWIOWAD (U, V)
= 0.274 1.5+ 0.359 3.2+ 0.128 3.7+ 0.068 2.4+ 0.171 7.7= 3.462

Obviously, we got a di erent result compared with the SYNLIOWAD operator in Example 1.
The main reason for the di erence is that the order-inducing variables in the SVNLIOWAD operator
(including the existing IOWAD and its numerous extensions) only act as inducers for the arguments,
and do not participate in the actual calculation process. However, the SVNLWIOWAD's order-inducing
variables can not only act as the inducer, but also participate in the actual calculation progress by
adjusting the associated weights. Therefore, it can measure the e ect of order-inducing variables on the
aggregation results. Consequently, the SVNLWIOWAD can achieve a more reasonable and scienti ¢
measurement over the SVNLIOWAD operator.

The following theorems show some useful properties of the SVNLWIOWAD operator:

Theorem 5 (Idempotency)Let Q be the SVNLWIOWAD operator, if allid= u; ui0 = dforalli, then:

D E
Q tyug,ud iz, to,unud = d (17)

Proof. Becaused; = y; uio = d,thenDj = dfor j = 1,2,:::,n, and we have:

D E X xXo
Q tupud i, thupud = $Dj=d 3
=1 j=1
P D E P
Notethat ~ $;= 1,thusweobtain Q ty,us,uf ,:::, th,up,up =d  $j=d.

=1 j=1

Theorem 6 (Boundedness) et miin( Ui uio) = X andmiax( Ui uio) = vy, then:

D 0E 0
X Q ty,ug,uy i, th,Un,Up y. (18)

P
Proof. Because$; 2 [0,1]and  $; = 1, then:
j=1

D E X X X
Q tl,ul,ug,:::,tn,un,uﬂ = $;D; Siy=y $j=y.
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Similarly,
D E X X X0
Q tyug,ud i, thup,u) = $D; $x=x  $j=x
=1 =1 =1
Thus, we get D oE .
X Q ftg,ug,uy il tp,Un,Up y

Theorem 7 (Monotonicity). If u; u® v; v? foralli, then:

D E D E
Q tyugud i tounud Q tyve VY ta,ve, Ve (19)
Proof. Let
D oF 0 X
Q tg,ug,uy il th,Un,uy = $iDy,
=1
D oF 0 X 0
Q tyvyvy, i ta,vavy = $;DY.
=1
As ui u® v VO forall i, itfollows Dj D?for all j, therefore
D oF 0 X X 0 0 0
Q ty,ug,uy ,iil, th,Un,up = $D;j $jDj= Q ty,v1,vy it th,Vn,Vp
j=1 j=1
D E
Theorem 8 (Commutativity-IOWA operator aggr%qation)_eé ty,ug, U9 ,1n, to, U, Ul (= 1,2,:01,n)
be any possible permutation of the argument vecth,vl,v‘l’ oot th,vn, VO then:
D oF 0 D oF 0
Q tyug,uy it thUn,Up = Q ty,vy, Vg LIl e, Vi,V (20)
D E D E
Proof. The permutation between ti,ug,ud ,:::, tg,unp,ul  and  ty, vy, V0 ,iin, to, v, Ve (i =

1,2,:::,n) follows that the corresponding rearranged arguments D; = D?for all j, therefore

D 0E 0 X X 0 D 0E 0
Q ti,uguj i thunuy = $jDj= $;D7= Q ty,vy, vy Ll th, Vi, Vp
=1 =1

We can also illustrate the property of commutativity by considering the distance measure:
D oE 0 D 0 E 0
Q ty,ug,uy ., th,Un, Uy = Q tg,Uf,ug i, th,Up,Un . (21)

Note that u; uiO = ui0 u; forall i, thus the Equation (20) is easy to prove.

In light of the similar analysis methods in [ 29-34], some particular cases of the SVNLWIOWAD
operator can be achieved by exploring the weight vector and order-inducing values.
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4. A New MAGDM Approach Based on the SVNLWIOWAD Operator

4.1. Steps of the MAGDM Method Based on the SVNWIOWAD Operator

On the basis of the analysis reviewed in the Introduction, it is customary for decision makers
to express their opinions on alternatives over attributes by SVNLNs because of their cognition with
uncertainty and vagueness. Therefore, it is well worth investigating the application of the proposed
SVNLWIOWAD under the SVNL framework. For an MAGDM problem with n alternatives A =
fA1,A,:::, Apgassessed by decision makers with respect tom schemes (attributes)C = fCq,Cp,:::,Cng
the decision steps based on the SVNLWIOWAD are listed as follows:

p
Step 1: Each expertdi(k = 1,2,:::,1) (whose weightis "\, meeting", Oand ", = 1)provides
k=1
his or her performance of attributes by the SVNLNs. Afterwards, the individual decision matrix
Uk = ui(jk) is obtained, where ui(].k) is the k-th expert's evaluation of the alternative A; with respect
m n
to the attribute G;;
Step 2: Aggregate all performances of the individual experts into a collective one and then form

the group decision matrix: 0 1
Uil Uin
U= uijmnz E (22)
Um1 Umn
where u;j = il "kui(jk);
k=1

Step 3: Find the ideal levels for each attribute to construct the ideal scheme, listed in the Table 1;

Table 1. Ideal scheme.

C Co Cn

11 I> N In

Step 4: Utilize Equation (15) to calculate the distance SVNLWIOWAD (Aj,|) between di erent
alternatives Ai(i = 1,2,:::,m) and the ideal schemel;

Step 5: Rank the alternatives and identify the best one(s) according to SVNLWIOWAD (A, 1),
where the smaller the value of SVNLWIOWAD (A, 1), the better the alternative A;j(i = 1,2,:::,m).

4.2. An lllustrative Example: Investment Selection

We explored the application of the proposed approach in an investment selection problem
where three decision makers were invited to assess a suitable strategy. There were four companies
(alternatives) considered as potential investment options, chemical company ( A1), food company (A3),
car company (A3) and furniture company ( A4), according to following possible situations (attributes)
for the next year: C; was the risk, C, was the growth, C3 was the environmental impact, and C4 was
other impacts. The evaluation presented by the decision makers with respect to the four attributes
formed individual SVNL decision matrices under the linguistic term set S = {s; = extremely poor,
Sp = very poor, sz = poor, 4 = fair, s5 = good, sg = very good, and s; = extremely good}, as shown in
Tables 2—4.
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Table 2. Single-valued neutrosophic linguistic (SVNL) decision matrix U1,

C C Cs Cy
A1 $Y,(03,02,03 s,(05030})  §Y(050203 g,(03,0502
Az sV,(06,01,03 5050203 5060103  s(0.60203
Az $,0.7,0003  sP,(030103  s(0601,03 (0601072
Ag $9,(04,02,03  $9,(03,0205  s7,(04,0203 s”,(050303
Table 3. SVNL decision matrix U?2.
C Cz Cs Cy
Ay $2,(04,02,03  $2,(0601,03  52,(060303  52,(04,04,0]}
Az 82,(0.7,02,03  §2,(060203  §2,(07,02,03  s2,(0.50.4,03
A $2,(08,01,03  §2,(04,0203  §2,(0.7,0203  s2,(0.603,03
Ag $2,(04,03,03  §2,(03,01,08  s2,(0501,03  s2,(0.7,01,0]}
Table 4. SVNL decision matrix U3.
C Co Cs Cs
Ay $9,(0501,03 2,006,020} 2060103 s2,(030603
Az $,(05,02,03  §2,(07,02,0)  $2,(0.7,02,03  s,(0.4,06,0.3
Az $2,(0.6,01,03  s2,(04,01,0}  §2,(050203  §,(0.7,020}
Ag $9,(05,0203  §2,(02,01,08  52,(060203  s,(050203

Assuming that the weights of the experts were "; = 0.30,", = 0.37, and"3 = 0.33, respectively,
then the group SVNL decision matrix could be obtained through aggregating the three individual
decision matrices. The results are listed in the Table 5.

Table 5. Group SVNL decision matrix U.

C1

C

Cs

Cq

Ap

S5.26, (0.399, 0.163, 0.330

s3.37,(0.566,0.185,0.144

S4.96 (0.566, 0.186, 0.330

s4.70,(0.335,0.491,0.159

Az

s570,(0.611,0.155, 0.258

$.37,(0.602,0.200, 0.162

s4.70,(0.666, 0.155,0.229

s4.03 (0.514,0.350,0.258

Az

S4.37,(0.714,0.000,0.155

s3.67, (0.365,0.128,0.163

S1.33 (0.611, 0.155, 0.229

s5.70,(0.633,0.180,0.186

Ag

$5.30, (0.432,0.229, 0.330

$.37,(0.271,0.129,0.561

S5.63,(0.450, 0.159, 0.286

s3.67,(0.578,0.185,0.209

The ideal scheme (Table 6) determined by experts represents the optimal results that a supplier
should satisfy, which further serves as a reference point in the aggregation process.

Table 6. Ideal scheme.

C1

C

Cs

Cq

s7,(0.9,0,0

7,(0.9,0,0.)

s7,(1,0,0.9

%,(0.9,0.1,0
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We assumed that the weight and the order-inducing vectors of the SVNLWIOWAD were w =
(0.2,0.15,0.3, 0.% and T =(5,9,7,9, respectively. Based on the available information, we utilized
the SVNLWIOWAD to calculate the distances between the alternative A; and the ideal schemel:

SVNLWIOWAD (Aq,1) = 6.440,SVNLWIOWAD (Az,1) = 5.713,
SVNLWIOWAD (A3, 1) = 5.323,SVNLWIOWAD (A4,1) = 6.810.

Therefore, the ordering of the alternatives through the values of SVNLWIOWAD (A, I)(i =
1,2,3,d was Az A, A; Ay which implies that the optimal company Agj is the best choice
for investment.

To conduct a comparative analysis with the existing methods, in this example we utilized the
SVNLWD, SVNLOWAD, and SVNLIOWAD to measure the relative performance of all alternatives to
the ideal scheme, and the aggregation results are listed in the Table 7.

Table 7. Aggregation results.

A1 Ar A3z Ay Ranking
SVNLWD(A;, 1) 6.828 5.836 5.048 6.444 Az Ay As A
SVNLOWAD (A;,1) 6.466 5.652 4.802 6.460 As A, As A
SVNLIOWAD (A;,1) 6.770 5.788 4.833 6.460 Az Ay Ay Ay

From the Table 7, it is easy to see that the most desirable alternative wasAj for the di erent
distance measures used, which was the same as the result obtained from the SVNLWIOWAD operator.
We also found that the ranking of alternatives may change for the di  erent distance measures used
because the di erent operators include di erent information. The SVNLWD uses the importance of
attributes and the SVNLOWD focuses on the ordered location of the arguments. The SVYNLIOWAD
considers the attitudinal character of the decision-makers, while the SYNLIOWAD operator includes
more information than the SVNLIOWAD as its design function of the order-induced variables. It is
worth pointing out that the SYVNLWIOWAD operator not only combines the advantages of the existing
methods, but also overcomes some of their shortcomings, so that it can achieve a more scienti c and
reasonable result.

5. Conclusions

With the help of SVNLNSs, decision makers may easily evaluate alternatives by linguistic terms
as well as uncertainty degrees, which is very close to human cognition. In order to highlight the
theory and application of SVNLS, in this paper, we explored some distance measures for SVNLSs
from an induced aggregation point of view. Firstly, we put forward the SVNLIOWAD operator, which
is a useful extension of the existing IOWAD operator. Then, a novel induced aggregation distance,
namely the single valued neutrosophic linguistic weighted IOWAD (SVNLWIOWAD) operator, was
developed to overcome the defects of the existing methods. The key feature of the SVNLWIOWAD
is that it extends the functions of the order-inducing variables, which not only induce the order of
arguments, but also moderate the associated weights. Compared with the existing methods, wherein
the order-inducing variables just play the induced function, this dual role enables the SVNLWIOWAD
operator to e ectively measure the intrinsic variation of the induced variables on the integration results.
Therefore, it can consider the complex attitudinal characteristics as well as re ect the in uence of the
induced variables on the aggregation results by moderating the associated weights. An MAGDM
method, based on the SVNLWIOWAD operator, was further presented, which turned out to be a very
powerful approach to handle decision making problems under SVNL situation. Finally, a numerical
example on investment selection and comparative analysis were utilized to demonstrate the feasibility
and e ectiveness of the proposed method.
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For future research, we will consider some methodological extensions and application of
the proposed method with other decision making approaches, such as moving averaging and
probability information.
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Abstract: Nowadays, real world problems are complicated because they deal with uncertainty and
incomplete information. Obviously, such problems cannot be solved by a single technique because
of the multiple perspectives that may arise. Currently, the combination of DEMATEL and the
neutrosophic environment are still new and not fully explored. Previous studies of DEMATEL and
this neutrosophic environment have been carried out based on numerical values to represent a new
scale. Until now, little importance has been placed on the development of a linguistic variable for
DEMATEL. Itis important to develop a new linguistic variable to represent opinions based on human
experience. Therefore, to Il this gap, the concept of Interval Neutrosophic Vague Sets (INVS) has
been extended to the linguistic variable that can be used in the decision-making process. The INVS is
useful tool to deal with uncertainty and incomplete information. Additionally, the advantages of
the linguistic variable of INVS allows the greater range of value for membership functions. This
study proposes a new framework for INVS and DEMATEL. In addition, a case study on the quality of
hospital service has been evaluated to demonstrate the proposed approach. Finally, a comparative
analysis to check the feasibility of the proposed method is presented. It demonstrates thatdi erent
methods produce di erent relations and levels of importance. This is due to the inclusion of the INVS
linguistic variable.

Keywords: INVS; DEMATEL; linguistic variable

1. Introduction

Multi Criteria Decision Making (MCDM) was introduced in the mid-1960s, and is still a hot topic
in decision making. The application elds of the MCDM include in-system engineering [ 1], energy
planning [ 2,3], supply chain-selection [ 4], risk management [5], water resources management [6], and
so on. Besides that, Pamucar et al. [/] used the MCDM method to select of the optimal type of hotel
for investment. MCDM can be de ned as a systematic and standardized method of decision making
to resolve complex problems [8]. This method requires decision makers to choose the best among a
set of alternatives by comparing them according to the relevant criteria. Today, the Trial Evolution
Laboratory (DEMATEL) method approach is one of the widely known MCDM methods. In the 1970s,
the DEMATEL method was developed to solve complex problems in the identifying relationships
between cause—e ect [9]. In DEMATEL, there are formally four basic steps: the development of a direct
in uence matrix, establishing the direct in uence matrix, constructing the total in uence matrix and
producing the in uential relation map. DEMATEL's strengths are as a systematic tool for constructing
and evaluating the structure of complex causal relationships between matrix or diagram variable.
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Generally, crisp numbers are used to represent the existing scale in classical DEMATEL in order to
re ect the ambiguity and vagueness that occur in the decision-making problems. However, several
studies have criticized classical DEMATEL, which is insu  cient to resolve ambiguity due to the
input of linguistic experts into the information [ 10-13]. Thus, the DEMATEL method is extended by
integrating with fuzzy set theory. The combination is called Fuzzy DEMATEL.

Zadeh [14]introduced Fuzzy Sets to overcome the confusion in decision making. Fuzzy DEMATEL
has been successfully applied in various applications. Most of the linguistic variables in DEMATEL
are constructed based on Fuzzy Set. This model has been applied in green supply chain management
practices by [15-17]. Meanwhile Akyuz and Celik [ 18] used Fuzzy DEMATEL to evaluate critical
operational hazards during the gas freeing process. Atanassov [19] extended the concept of the
fuzzy set to the intuitionistic fuzzy set (IFS). An IFS consists of membership and non-membership
to deal with uncertain information. A study by Govindan etal. [ 20] applied IFS with DEMATEL to
handle the linguistic impression and ambiguity of human judgment. Another study by Lietal.[ 21]
used IFS as a linguistic variable with a DEMATEL to identify critical success factors in emergency
management. Hosseini et al. [22] proposed a fuzzy extension of the DAMATEL. In this study, the
linguistic variable is in form of a type 2 fuzzy set to obtain the weight of criteria based on word.
Later, research by Dalalah et al. [23] developed a modi ed fuzzy DEMATEL where the fuzzy distance
measure is presented. The FPIS and FNIS are used to nd similarities of the available alternatives.
There was an attempt made by Abdullah and Zulkii[ 24] to propose the integration of fuzzy AHP
and interval type 2 fuzzy DEMATEL. The authors focus on linguistic variables in interval type-2
fuzzy sets (IT2FS) and the expected value for normalizing the upper and lower membership of IT2FS.
Authors in [ 25] developed an interval type-2 fuzzy set based hierarchical MADM model by combining
DEMATEL and TOPSIS. The inherent complexity that arises in the decision-making problem is solved
using a hierarchical decomposition approach. The interval type-2 fuzzy DEMATEL is used to solve
interdependencies among problem attributes. Baykasoglu et al. [ 26] proposed fuzzy DEMATEL for the
assessment of criteria, weight of criteria and the hierarchical fuzzy TOPSIS method for the assessment
of alternatives by criteria.

Gray system theory is a good theory that combines with MCDM, and this set is being used
with DEMATEL. Julong [ 27] implemented the gray system to solve uncertainties and incomplete
information [ 28-31]. Besides that, the combination between gray—fuzzy and DEMATEL in expert
judgment to evaluate interrelationship of service quality has been done by Tseng [ 32]. In short,
several kinds of extensions of DEMATEL are used to model uncertainty inherent in the assessment.
Nevertheless, some sources of uncertainty are partially or completely overlooked in the previous
literature [28].

The neutrosophic set is a powerful tool for dealing with uncertainty-related issues, and consists
of the level of truth, indeterminate and false degrees. In recent years, the theory extensions of
neutrosophic have made rapid progress among scholars, such as [33-38]. A considerable amount of
literature has been published on neutrosophic and MCDM, such as Dung et al. [ 39], who used interval
neutrosophic set with TOPSIS to evaluate personnel selection. In addition, one work [ 40] suggested
the TOPSIS method for MCDM under a single-valued neutrosophic set, and illustrated it by example.
Abdel-Basset et al. [41] implemented the combination in the neutrosophic context of the Analytic
Hierarchy Process (AHP) and Delphi Method. The authors have highlighted di  erent techniques for
monitoring consistency and evaluating the consensus level of expert opinions. Pamucar et al. [ 42]
developed a new model which combines linguistic neutrosophic numbers (LNNs) and the weighted
aggregated sum product assessment (WASPAS) for evaluating consultants' work in hazardous goods
transport. In addition, Abdel-Basset et al. [ 43] developed a combination of the neutrosophic ANP
and VIKOR method to achieve sustainable supplier choice. The triangular neutrosophic numbers
(TriNs) are used in this study to represent a linguistic variable based on opinion experts and decision
makers. However, a combination of neutrosophic, particularly with DEMATEL, has not yet been fully

30



Symmetry202Q 12, 275

explored [44)]. The literature published related to DEMATEL and the neutrosophic environment, such as
Abdel-Basset et al. 45] simply represents numerical values without focusing on the linguistic variable.

Most experts cannot give accurate numerical values to represent opinions based on human
experience and rather use linguistic assessments as opposed to numerical values to be more
practical [10,46]. This method seems to lack information on the linguistic parameter, since the
key shortcoming of DEMATEL is that it relies on the input of linguistic experts[ 1247]. Hence to I
this gap, we develop a new linguistic variable under the neutrosophic environment. Our proposed
method can be seen as a DEMATEL framework in which interval neutrosophic vague sets are used as
the linguistic variable. The bene ts of our new linguistic variable allow greater range of values for the
membership functions, since a new parameter is added to the interval neutrosophic set. It considers
more range of values while handling the uncertainty that arises in decision-making problems. The
insertion of INVS in DEMATEL gives a new representation of the model.

The remainder of the paper is organized as follows: In Section 2, some fundamental concepts of
interval neutrosophic vague sets is presented. Section 3 discusses the proposed method, and Section 4
introduces an implementation of the proposed method. Finally, Section 5 describes the ndings and
proposal for future study.

2. Preliminaries

This section introduces the basic de nitions related to the interval neutrosophic vague set (INVS).

De nition 1. [48] LetU be a universe discourse and the interval-valued neutrosophRisele ned as follows:
nDhL UihL UihL UiE 0
s= a mia),md(a, ni@,nd(a) , p(@.p(d) a2u (1)

h i h [ h i
where mi(a),md(a) 2 [0,1], ni(a),nd(a) 21[0,1, p(a),pg(a) 2 [0,1] satisesO my(a) + ng(a) +
ps(@d 3. When the upper and lower Iimitslﬂjﬁ(a), ng(a), glasﬁa) in INS are ﬁqual, the ”\|II§ is reduced to

SVNS. For notational convenience, we @& mk(a), mg(a) , ng(a),nd(a) , p5(a),pg(a) to represent
the element S in INS, while the element S refers to an interval-valued neutrosophic number (INN).

De nition 2.  [49] LetSbe a universe discourtk Then an interval neutrosophic vague set denote§gg is
written as:

nh, _, dih  ih 0
Sinv = a mg(a), Mg (a) , Ng(a). Ns(a) , Ps(d).ps(a) >a2 U 2

Whose truth membership, indeterminacy membership and falsity-membership functions are
de ned as:

me h L L+i mY h U U+i Ak hL L+i 7Y hU U+I
mg(a) = m pm ,ni15(a)= my .m |”s(a)= n-,n-" ,ng(a = n- ,n

~ A 3)
and ps(® = p-.pt pe(e = pU ,pV*
where
mL+=1 pL,pL+=1 mL’
0 m- +mY +nt +nY +p- +pY 47, @
0 m-"+ mVU* + ntt o+ pUt 4 ptt o+ pUt gt
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De nition 3.  [49] Let |nv be an INVS of the universe U whe8a 2 U,

m- (@) = [1,1, ™, (8= [1,1],

INV

i, @ = 0,0, 1Y, (3 = [0,0,

INV

p- (@ =1[0,0,p"  (a=00.

INV INV

Then, a unit INVS is denoted agny wherel i n.
De nition 4.  [49] Let |yv be an INVS of the universe U whegég 2 U,

m- ., (@ = [0,0, ™", (a) = [0,0],

INV

a- (@) =11, 77 (a) = [1,1,

@ =117, (@ = [L1.

INV

Hence, a zero INVS is denoted ggy wherel i n.

3. Proposed Method

This section is presented mainly to discuss the development of the INVS-DEMATEL. In this study,
a new linguistic variable for INVS DEMATEL is constructed, and some changes have been made to
DEMATEL without the loss of originality of the DEMATEL method. Figure 1 demonstrates the overall
structure of the proposed method.

...................

{ ve | Yes
1 C i NewlINVS Step 6: Calculate the
t : truct ' H =
S Sy EER— — | linguistic | sums of rows and
linguistic data : ) ;
l i variable | columns
.................. 4
Step 2: Aggregate DM’s N Step 7: Make a
preference he Areall the causal diagram
1 crisp
value>0?
Step 3: Step 8: Determine

the threshold value
and construct NRM

Deneutrosophication to

obtain crisp value

‘ ¥

Step 4: Normalize the . Step 9: Make
Step 5: Construct the decision

direction relation
matrix total relation matrix

v

Figure 1. Algorithm of the proposed method.

The proposed method consists of nine steps, and is basically similar with the concept of DEMATEL.
However, the di erence in the proposed method is especially in the development of the linguistic
variable. The proposed method INVS-DEMATEL uses the linguistic variable developed from the
interval neutrosophic set. De nition of INSin[ 49] is extended to the new linguistic variable in the
form of IVNS. The aggregation operator is used to aggregate all the experts' opinion. The important

32



Symmetry202Q 12, 275

step is, the total relation matrix should be greater than zero before the casual diagram is obtained. The
threshold value is setup and the degree of importance and net impact is obtained from the NRM.

3.1. Construction of Linguistic Variable

Gabus et al. [9] introduced a 4-degree scale in the classical DEMATEL. The most commonly used
are: the original 4-degree scale and a 3-degree scale, but other scales such as a 5-degree scale or even an
8-degree scale are also available $0]. The linguistic variable under neutrosophic environment SVNS
and INS have been developed by [39,40]. In this study, we have constructed a new linguistic variable
for INVS based on Equation (1). The linguistic variable INVS consists of a 5-degree scale. Table 1
shows the linguistic variables for INS:

Table 1. Linguistic variable [39].

Linguistic Variable Interval Neutrosophic Set
No In uence (NI) [0.1,0.3,[0.5,0.4,[0.7,0.9
Very Low In uence (LI) [0.2,0.4,[0.5,0.4,[0.5,0.9
Medium In uence (MI) [0.4,0.4,[0.4,0.9,[0.3,0.4
High In uence (HI) [0.6,0.9,[0.3,0.4,[0.2,0.4
Absolutely In uence (Al) [0.7,0.9,[0.2,0.3,[0.1,0.9

In order to illustrate this conversion, the linguistic variable of “No In uence” from Table 1 is
considered and calculated as follows:

Step 1: Convert linguistic variable of INS to INVS.

Using the denition of the interval neyjrosophic set Equation (1), we have
S= amg(a)ns(@.ps(a) :a2U , where mg(a) = mg(a),mg(a) [0,1,ns(a) = ng(a),ng(a)
[0,1] and ps(a) = pk(a),pg(a) [0, 1]. Therefore, it is represented as[0.1,0.3,[0.5,0.4,[0.7,0.9.

oh Ysing j dedqifion inh o iom INVS, i g=Equation (2)
Dth ,m-*t mY ,miuo"m, nt P'—ﬁ , nY ig‘ﬁj‘ , pLi’RL+ , pUi(EpU+ , therefore we obtain

0.1m-* , mY 02, 0o5n-* , nY 06, 07p*, pY ,08

L+ L

Step 2: Calculation of m* ' mY nt* nY p'* pb is obtained by condition of INVS.

Using Equations (3) and (4) and restatedm-* = 1 p- =1 07=03p-" =1 mt =1 0.1=
09,pY =1 mV* =1 02=08andpY =1 mY* =1 0.2= 0.8. Therefore, we get:
D rh i h io E
[0.1,0.3,[0.2,0.9, 0.5n"" , nY ,06 ,[0.7,0.9,[0.8,0.9
In the de nition of INVS, the indeterminate value is free since vague set do not handle
indeterminacy. Therefore, we can assign any value (if possible) for indeterminacy interval. Therefore,

we reach:
[0.1,0.3,[0.2,0.3, [0.5,0.6%,[0.6,0.4, [0.7,0.9,[0.8,0.9 .

Step 3: verify the linguistic variable for INVS.

Using conditon 0 mt +mY +nt +nY +p- +pY 4% therefore, we have 0.1+ 0.2+
0.5+ 0.6+ 0.7+ 0.8=29and 0 m-* + mU* + nt* + nU* + pt* + pU* 4%,

Therefore, we have 0.3+ 0.2+ 0.65+ 0.6+ 0.9+ 0.8= 3.45.

The rest of calculation for the linguistic variable INVS is calculated similarly. Finally, we propose
the linguistic variables that are de ned in INVS, as presented in Table 2.
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Table 2. The new linguistic variable under the Interval Neutrosophic Vague Sets (INVS) concept.

Linguistic Variable Interval Neutrosophic Vague Set
No In uence (NI) [0.1,0.3,[0.2,0.3, [0.5,0.6%,[0.6,0.4, [0.7,0.9,[0.8,0.9
Very Low In uence (LI) [0.2,0.9,[0.4,0.4, [0.5,0.5%,[0.5,0.4, [0.5,0.4,[0.6,0.9
Medium In uence (M) [0.4,0.1,[0.6,0.4 , [0.40.45,[0.4,0.9, [0.3,0.4,[0.4,0.4
High In uence (HI) [0.6,0.4,[0.6,0.9 , [0.3,0.3%,[0.3,0.4 , [0.2,0.4,[0.2,0.4
Absolutely In uence (Al) [0.7,0.9,[0.8,0.9, [0.2,0.25,[0.2,0.3, [0.1,0.3,[0.1,0.9

3.2. The INVS DEMATEL Procedures
The procedures of INVS DEMATEL with the new linguistic variable are described as follows:
Step 1: Construct linguistic data using the new linguistic variable.

The decision makers (DMs) constructs a decision matrix based on the proposed INVS linguistic
variable. DMs were asked to determine a score using ve linguistic variables that ranged from no
in uence to absolute in uence based on criteria. The kth DM gave the INVS score al"j and the notation
of a; shows the degree to which DM believes criteria i a ects criteria j. The diagonal components are

set to zero for decision making, where:
2 3
(k) 2 a&n
% 0 aén

(5)
0
The matrix contains INVSs in the form of
K P E_Dh  Libh, yldom o ibh, g dor i G ICE
& = MNP = My, My, Myg,my, NG Ny o Ni3 N5 o Pop.Pr o P Pi,

Step 2: Aggregate DM's preferences using the mean operator of INVS.

The membership degrees obtained from the DMs are combined using mean operators of INVS
as follows:

1%
Xi = o 8 (6)
k=1
D E
where H_  is the total number of DMs and a1k. . = Mij, Nij.» Pij =
DhL L+|hU U+|0th L+IhU U+|0rh i h T =
My, My > Myz My, Ny Ny NNy PrysPrp o P3Py

Step 3: Deneutrosophication process to obtain crisp value.

Deneutrosophication is the method by which a crisp number is collected. The deneutrosophication
formula is as follows:

Step 4: Normalizing the direct relation matrix.

- mt+mY mtt + mYt nt +nY U ntt+nYt u+
Bjj = > + > + 1 > ¥ + 1 > n
()
pL +pU pL++pU+
>— 1 pY 1 pY*
The initial direct-relation is normalized using D = B Swhere

1

S= (8)

34



Symmetry202Q 12, 275

Step 5: Constructing the INVS total relation matrix.

In this step, from the normalized matrix D, the INVS total relation matrix is computed using
Equation (9), where | denotes the identity matrix.

T=D (I D)? 9)
Step 6: Calculating the sum of the rows and columns.

The sum of rows denoted as R and the sum of columns denoted as C are both calculated as using
Equations (10) and (11) as follows:

.- é” 5 w0
2— 3n 1

C= gﬁ t”% (11)
=

1
Step 7: Construct a causal diagram.

The graph is constructed by plotting the ( R+ C,R C) data set. TheR+ C on the horizontal axis
characterizes as “Prominence” and the vertical axis R  C represents as “Relation”. Generally, when
R Cis positive, the criterion belongs to the cause group. Otherwise, the criterion belongs to the e ect
group if R Cis negative. This diagraph is very useful as a decision-making aid.

Step 8: Set up the threshold value and the network relationship map.

In this step, the threshold value referred as is calculated by measuring the average of the
component in matrix T. Matrix T elements are considered to be zero if they are lower than , which
means their e ect is lower than other criteria. The network relationship map's advantages can re ect
the MCDM ow. Each graph node represents the object examined, while the arc between two nodes
shows the direction and strength of the in uence relationship [50].

4. lllustrative Example: Hospital Service Quality

The proposed INVS DEMATEL with a new linguistic variable has been tested using a numerical
example provided by [51].

Step 1: Construct the decision matrix with proposed INVS linguistic variable.

Three decision makers are selected to de ne key success factors for the performance of hospital
service. There are seven criteria involved, which are: F;: well-equipped medical facilities, F,: service
personnel with good communication skills, Fj: trusted medical sta with professional competence
of health care, F4: service personnel with immediate-solving abilities, Fs: detailed description of the
patient's condition by the medical doctor, Fg: medical sta with professional skills and F;: pharmacist's
advice for taking medicine. Table 3 shows DMs analysis based on 7 criteria.
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Table 3. Decision makers' (DMs) analysis of the criteria.

F1 Fa Fa A Fs Fe F
Fi 0 HI, MM ML, ML HIE LLHL M MELLHE - MIALHE NI HI M
Fo ML LLHI 0 MI, AL LI HLHL N HLHLME LML HE L HIEL M
F3 M, VUM NI, MI,NI 0 HI, NI, LI NI, ML, AL NI ML HE HI ML, L
Fs  HLHLM  MILALHL LI, MI,MI 0 MI, HI, Al NI, HI,MI NI, Al HI
Fs  HLMIL,MI M, NLAIL - ML, ML HI HI ML, MI 0 NI, MI, HI Al HI, MI
Fs  MLNLMI HLMLME ML NLAL L HIELMI MI, M, MI 0 LI, MI, Al
Fz  HLMIL LI ALHLMI LLVL L HLHLME ALHLNE MIHI A 0

Step 2: Aggregate DM's preferences using mean operator of INVS.

Equation (6) is used to aggregate the DM's opinion; for instance the element of &, can be obtained
as follows:

ap= 1[0.4+ 0.2+ 0.6, 0.7+ 0.5+ 0.8],[0.6+ 0.4+ 0.6,0.6+ 0.4+ 0.§] ,
[0.4+ 0.5+ 0.3,0.45+ 0.55+ 0.35, [0.4+ 0.5+ 0.3,0.5+ 0.6+ 0.4] ,
[0.3+ 0.5+ 0.2,0.6+ 0.8+ 0.4], [0.4+ 0.6+ 0.2],[0.4+ 0.6+ 0.4]

= [0.4,0.67,[0.43,0. , [0.4,0.43,[0.4,0.9 , [0.4,0.46

The rest of the elements are calculated similarly.
Step 3: Deneutrosophication process to obtain crisp value.
Equation (7) is used to obtain crisp value and the result is presented in Table 4.

Table 4. The crisp values of matrix.

F1 F Fs Fs Fs Fe =

F1 0.0000 1.2461 1.2461 1.1022 1.1022 1.4383 0.9911 7.1261
F2 1.1022 0.0000 1.1789 1.0833 1.3519 1.1789 1.1022 6.9975
F3 0.9011 0.7169 0.0000 0.8756 1.0589 0.7169 1.1022 5.3717
Fa 1.3519 1.4383 1.0044 0.0000 1.4383 0.9911 1.1528 7.3769
Fs 1.2461 1.0589 1.2461 1.2461 0.0000 0.9911 1.4383 7.2267
Fe 0.9011 1.2461 1.0589 1.1022 1.1425 0.0000 1.1789 6.6297
F7 1.1022 1.4383 1.0408 1.3519 1.1528 1.4383 0.0000 7.5244

Step 4: Normalizing the INVS direct relation matrix.

Normalizing the direct relation matrix denoted as D can be achieved using Equation (8). The sum
for each row is calculated, and the largest value is obtained by row 7 (see Table 4). Each element in
Table 4 is divided by 7.5244. The result is shown in Table 5.

Table 5. The normalize direct relation matrix.

F1 Fa Fa A Fs Fe =
Fi 0.0000 0.1656 0.1656 0.1465 0.1465 0.1912 0.1317
Fs 0.1465 0.0000 0.1567 0.1440 0.1797 0.1567 0.1465
Fs 0.1198 0.0953 0.0000 0.1164 0.1407 0.0953 0.1465
Fa 0.1797 0.1912 0.1335 0.0000 0.1912 0.1317 0.1532
Fs 0.1656 0.1407 0.1656 0.1656 0.0000 0.1317 0.1912
Fe 0.1198 0.1656 0.1407 0.1465 0.1518 0.0000 0.1567
Fy 0.1465 0.1912 0.1383 0.1797 0.1532 0.1912 0.0000
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Step 5: Construct the INVS total relation matrix.

The total relation matrix T can be computed using Equation (9), where | is denoted as the identity
matrix. Since we have 7 criteria, then identity matrix should be size of 7 7. In this step, Maple
software is used to calculate total relation matrix. Table 6 shows total relation matrix.

Table 6. The Interval Neutrosophic Vague Sets (INVS) total relation matrix.

F1 Fa Fs Fs Fs Fe F

F1 1.562 1.8104 1.8104 1.7226 1.8214 1.7509 1.768
F 1.5936 1.5657 1.6528 1.6225 1.7405 1.627 1.6726
Fs 1.3341 1.3978 1.3108 1.3572 1.4518 1.336 1.4209
Fs 1.8383 1.9587 1.9587 1.7196 1.9871 1.83 1.9091
Fs 1.7028 1.7904 1.7904 1.7354 1.6903 1.7048 1.8053
Fe 1.6069 1.7427 1.7427 1.6584 1.757 1.5243 1.7163
F7 1.8336 1.9825 1.9825 1.8937 1.9824 1.8957 1.7983

Step 6: Calculating the sum of the rows and columns.

The sums of rows are represented by R and sums of columns represented by C is calculated by
Equations (10) and (11). TheR+ Cand R Cvalues are calculated in which these values re ect the
importance and relation values, respectively. Based on the information in Table 7, the importance
degree R+ C of criteria towards hospital service quality isidentiedas F; F4 Fs F» F; Fg F3. The
most important criteria that in uence the hospital service quality are  F; and F4. Meanwhile, Fg and F3
are the least important. The details results are presented in Table 7.

Table 7. The total of rows and columns.

R c R+C Rank of R C Rank ol causelE ect
Importance E ect

F1 12.2457 11.4713 23.717 5 0.7744 4 Cause
Fa 11.4747 12.2482 23.7229 4 0.7735 6 E ect
F3 9.6086 12.2483 21.8569 7 2.6397 7 E ect
Fy 13.2015 11.7094 24.9109 2 1.4921 1 Cause
Fs 12.2194 12.4305 24.6499 3 0.2111 5 E ect
Fe 11.7483 11.6687 23.417 6 0.0796 3 Cause
F7 13.3687 12.0905 25.4592 1 1.2782 2 Cause

Step 7: Construct a causal diagram.

The complex causal relationships of criteria can be seen in the causal diagram illustrated in
Figure 2. In addition, it provides valuable insight into solving problems. The horizontal in this diagram
re ects the level of importance of each criterion, while the vertical axis classi es the criteria into the
category of causes and e ects.
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Figure 2. Causal diagram.

Figure 2 shows that the criteria with positive values of R Care Fq, F4, Fg, F7; these criteria are
categorized into a cause group. On the other hand, Fg, F3 and F5 are categorized into the e ect group.

Step 8: Setup a threshold value and construct the network relationship map.

The threshold value is obtained by taking the average of the INVS total relation matrix,
= 1.7116. The values below the are set by 0, and the values above the are set by 1. Table 8 shows

the new total relation matrix denoted as T . Figure 3 displays the graph of the network relationship
map to visualize the existent of mutual in uence among the criteria. This map is constructed based on
new total in uence in Table 8. It can be seen that F; (well-equipped medical equipment) has arrows
pointing toward the other criteria, which indicates that it has an in uence on them. On the other hand,
there are arrows pointing toward F; (well-equipped medical equipment), which indicates that this
criterion is a ected by some other criteria.

Zr

Figure 3. Network relationship map.
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Table 8. New total in uence.

F1 Fa Fa Fs Fs Fe 7
Fi 0 1 1 1 1 1 1
F, 0 0 0 0 1 0 0
F3 0 0 0 0 0 0 0
Fs 1 1 1 1 1 1 1
Fs 0 1 1 1 0 0 1
Fe O 1 1 0 1 0 1
F7 1 1 1 1 1 1 1

5. Comparison Analysis

In this section, comparison analysis is performed in order to validate the proposed method. For
this purpose, rstly we present comparative analysis between DEMATEL, Neutrosophic DEMATEL
and the proposed method INVS-DEMATEL. In second section, we compare the INVS-DEMATEL with
two other existing models which are interval-valued hesitant fuzzy sets and Neutrosophic DEMATEL.

5.1. Comparative Analysis

Comparative analysis is performed in this study to observe the accuracy of the DEMATEL's
modi cation. Table 9 represents comparative ndings of the INVS-DEMATEL method against
DEMATEL and Neutrosophic DEMATEL methods. It can be seen that INVS-DEMATEL reveals an
obvious di erence degree of importance and net impact. For example, by using the proposed method,
F7 is the most important criterion. The main reason is that the new linguistic variable is included. Even
though a new linguistic variable is suggested, the proposed method was implemented without losing
the originality of the DEMATEL method. In addition, INVS-DEMATEL introduces a new linguistic
variable that consists of truth, falsity and indeterminacy degrees which are not limited to a single
interval. This set provides interval-based membership when dealing with incomplete and inconsistent
information. Meanwhile, classical DEMATEL uses crisp value to solve the uncertainty problems. The
classical DEMATEL cannot represent the better decision under uncertainty. Besides that, Neutrosophic
DEMATEL is characterized by truth membership, indeterminacy membership and falsity membership.
In real life, some complicated problems cannot be solved by SVNS, but need to use several possible
values. Therefore, INVS is blended with DEMATEL to accurately assess the relationship between
the factors.

Table 9. Comparative results of the di erent models.

Type of Assessment Degree of Importance & Net Impact
F; F Fs F, F1 Fg Fs
Cause criterion: Fq, F4, Fg, F7
E ect criterion: Fy, F3, Fg
Fs F, F¢ F1 Fu F5 Fy

Neutrosophic DEMATEL Cause criterion: F, F3, Fg
E ectcriterion: Fq, F4, Fs5, F7
Fs Fo F6 F7 Fs F3 Fi
DEMATEL Cause criterion: Fq, F4, F7
E ect criterion: Fy, F3, Fs, Fg

INVS-DEMATEL with new linguistic variable
(proposed method)

5.2. Comparison between INVS-DEMATEL and the Existing Models

In this study, we have used INVSs as a linguistic variable accompanied with DEMATEL. The
development of a new linguistic variable is important to better represent the opinions of experts. The
INVS-DEMATEL is applied in the case study of hospital service quality to represent the e  ectiveness
of this model. The ndings are in the form of a cause and e ect group. In this section, we will compare
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our proposed INVS-DEMATEL with two other existing models which are interval-valued hesitant
fuzzy sets DEMATEL [28] and Neutrosophic DEMATEL [45].

Umut et al. [ 28] integrate interval-valued hesitant fuzzy sets and DEMATEL to better represent the
uncertainty and vagueness in the decision-making problem. The concept of interval-valued hesitant
fuzzy set is a generalization of fuzzy set and hesitant fuzzy set [ 52]. It consists of the membership
degrees of an element in the form of several possible interval values. However, the interval-valued
hesitant fuzzy set is unable to solve problems that involved indeterminacy. Considering the complexity
of the decision-making process, itis di cult to insert the indeterminacy degree during the process of
collection data in the decision making. This is beyond the scope of interval-valued hesitant fuzzy sets.
Therefore, this integration may lead to incomplete information and results.

Abdel-Baset et al. [45], developed a combination of Neutrosophic and DEMATEL. Neutrosophic
sets involve an indeterminacy degree that helps experts to express their opinions more accurately. The
authors examine the proposed model for selection of supplier. The Neutrosophic DEMATEL method
represents a new scale from 0 to 1 and employs the maximum truth membership degree ( ), the
minimum indeterminacy membership degree ( ) and the minimum falsity membership degree ( ) of
a single value neutrosophic number. Nevertheless, in this analysis, authors focused on the numerical
values in order to convey the opinion of the experts without emphasizing linguistic variable growth.
The DEMATEL method requires qualitative evaluation by experts as data input. Therefore, it is better
to represent the experts' opinion in the form of a linguistic variable.

INVS is able to overcome the classical challenges of DEMATEL methods. INVS is characterized
by multiple intervals instead of a single interval. INVS allows a greater range of value when dealing
with an uncertain and incomplete environment. The use of simple a linguistic variable is not suitable
to express the real preferences of the expert. For this reason, our approach is more focused towards
de ning a new linguistic variable in the entire framework INVS-DEMATEL, and without losing the
originality of DEMATEL.

6. Conclusions

A new INVS-DEMATEL has been successfully proposed. We have constructed a new linguistic
variable for INVS based on the de nition of INS from previous study. The proposed approach is used
for identifying the key success factors of hospital service quality. The results show that F7 is the most
important criterion and the most in uential criterion among these seven criteria, because it has the
highest strength of relation to other criteria. The management should give attention on this criterion
so that the hospital service quality is guaranteed. In addition, F;,F4, Fg and F; are categorized as a
cause criteria group. Meanwhile, the e ect criterion group were F,, F3 and Fs. A comparative analysis
between the proposed methods and the other existing method has been performed. The results show
that di erent methods produce di erence results. This research contributes to the literature by lling
in the gap of linguistic variable in a neutrosophic environment.

In summary, this research's main results are as follows:

In this research, the neutrosophic environment was used to establish the linguistic variable of
the DEMATEL. The new INVS linguistic variable considers more range of value while handling
uncertainty, since a new parameter is added to INS. This is accordance with recommendations by
Rodriguez et al. [53]. It is useful to include the complex linguistic variable to capture information
indi erent forms and to manage uncertainties of di erent types within a single framework.

The combination of INVS and DEMATEL can manage the complex interactions between criteria.
The insertion of a vague set with a neutrosophic set gives a new result on the degree of importance
and net impact.

As an extension of this study, di erent types of threshold value should be explored [ 44].
Additionally, future studies can be extended to another types of aggregation operator. The sensitivity
analysis is recommended for the future studies to show the robustness of INVS DEMATEL and its
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results by changing the criteria weightsindi  erent situations. Additionally, the weighted super-matrix
should be computed to become a long-term stable super-matrix.
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Abstract: This paper introduces Single Valued Re ned Neutrosophic Set (SVRNS) which is a
generalized version of the neutrosophic set. It consists of six membership functions based on
imaginary and indeterminate aspect and hence, is more sensitive to real-world problems. Membership
functions de ned as complex (imaginary), a falsity tending towards complex and truth tending
towards complex are used to handle the imaginary concept in addition to existing memberships in the
Single Valued Neutrosophic Set (SVNS). Several properties of this set were also discussed. The study
of imaginative pretend play of children in the age group from 1 to 10 years was taken for analysis
using SVRNS, since itis a eld which has an ample number of imaginary aspects involved. SVRNS
will be more apt in representing these data when compared to other neutrosophic sets. Machine
learning algorithms such as K-means, parallel axes coordinate, etc., were applied and visualized for a
real-world application concerned with child psychology. The proposed algorithms help in analysing
the mental abilities of a child on the basis of imaginative play. These algorithms aid in establishing a
correlation between several determinants of imaginative play and a child's mental abilities, and thus
help in drawing logical conclusions based on it. A brief comparison of the several algorithms used is
also provided.

Keywords: neutrosophic sets; Single Valued Re ned Neutrosophic Set; applications of Neutrosophic
sets; k-means algorithm; clustering algorithms

1. Introduction

Neutrosophy is an emerging branch in modern mathematics. It is based on philosophy and was
introduced by Smarandache and deals with the concept of indeterminacy [ 1]. Neutrosophic logic is a
generalization of fuzzy logic proposed by Zadeh [ 2]. A proposition in Neutrosophic logic is either true
(T), false (F) or indeterminate (I). This inclusion of indeterminacy makes the neutrosophic logic capable
of analyzing uncertainty in datasets. Hence, it can be used to logically represent the uncertain and often
inconsistent information in the real world problems. Single Valued Neutrosophic Sets (SVNS) [ 3] are
an instance of a neutrosophic set which can be used in real scienti ¢ and engineering applications such
as Decision-making problems [4-11], Image Processing [12-14], Social Network Analysis [ 15], Social
problems [16,17] and psychology [ 18]. The distance and similarity measures have found practical
applications in the elds of psychology for comparing di  erent behavioural and cognitive patterns.

Imaginative or pretend play is one of the fascinating topics in child psychology. It begins around
the age of 1 year or so. lItis at its most prominent during the preschool years when children begin
to interact with other children of their own age and begin to access more toys. It is crucial in child
development as it helps in the development of language (sometimes the child language which cannot
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be deciphered by everyone) and also helps nurture the imagination of tiny-tots. However, the factors
determining the level of imaginative play in children are varied and complicated and a study of
them would help one to assess their mental development. It is here that fuzzy neutrosophic logic
comes into play. In this paper, we propose a new notion of Single Valued Re ned Neutrosophic Sets
(SVRNS) which is a model structured on indeterminate and imaginary notions, coupled with machine
learning techniques such as heat maps, clustering, parallel axes coordinate, etc., to study the factors
that determine and in uence imaginative play in children and how it di ers in children with di  erent
abilities and skills.

Every child is born di  erent. The personality and behaviour of children is an interplay of several
di erentfactors. Psychology is a complicated and varied science and open to subjective interpretations.
The study of child psychology in an objective manner can help one uncover several aspects of child
behaviour and also result in early detection of certain mental disorders. One of the key motivations of
this research is to uncover the factors that determine the mental abilities of a child and the extent of their
imagination which helps in predicting their academic and overall performance in later stages. Machine
Learning is slowly but steadily becoming one of the hot topics of computer science. Amalgamation
of machine learning algorithms and psychology on the basis of complex and neutrosophic logic is
certainly exciting and will help to cover new bounds.

This study primarily focuses on the analysis of imaginative play in children on the basis of
neutrosophic logic and draws conclusions on the same with the help of clustering algorithms.
The approach is initialized by generating a nite number of complex and neutrosophic sets determined
by several cognitive, psychological and biological factors that a ect imaginative play in the mentioned
age group. The primary advantage here is the ability of such sets to deal with the uncertainty,
imagination and indeterminacy present in the study of pretend play in children in the age group from
1 to 10 years. With the help of this study, we aim to distinguish the contribution of several factors of
imaginative play in children and conclude from the study whether the child has any mental disorders
or not and about the general cognitive skills coupled with imagination. This model will also help in
identifying factors which may contribute to potential psychological disorders in young children at an
early stage and predict the academic performance of the child.

In this research, a new complex fuzzy neutrosophic set is de ned which will be used as a model to
study the imaginary and indeterminate behaviour in young children in the age group from 1 to 10 years
by giving them suitable stimuli for imaginary play. The data were collected from di erent sources with
the help of a questionnaire, observations, recorded sessions and interviews, and after transforming the
data into the proposed new neutrosophic logic, they were tted into the newly constructed model and
conclusions were drawn from them using a child psychologist as an expert. This model attempts to
discover the extent to which several factors contribute to imaginative play in children of the speci ed
age group and to detect possibilities of mental disorders such as autism and hyperactivity in young
children on the basis of the trained model.

The paper is organized into seven major sections which are further divided into a few subsections.
Section one is introductory in nature. A detailed analysis of the works related to neutrosophy and its
applications to a few relevant elds are presented in section two. It also provides the gaps that have
been identi ed in those works. Section 3 introduces Single Valued Re ned Neutrosophic Sets (SVRNS)
along with their properties, such as distance measures and related algorithms. It also introduces and
discusses several machine learning techniques used for assessment. The description of the dataset
used for the application of algorithms such as K-means clustering, heat maps, parallel axes coordinate
is given in section four. It also includes the approach involved in processing the data obtained
appropriately into SVRNSs. Section 5 provides an illustrative example of the methods described in
the preceding section. Section 6 details the results obtained from the application of the discussed
algorithms and their respective visualizations. Section 7 discusses the conclusions based on our study
and its future scope.
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2. Related Works

Fink [ 19] explored the role of imaginative play in the attainment of conservation and perspectivism
with the help of a training study paradigm. Kindergarten children were assigned to certain conditions
such as free play in the presence of an experimenter and a control group. The method of their data
collection was observation. The results indicate that imaginative play can result in new cognitive
structures. The relationship between di erent types of play experiences and the construction of certain
physical or social concepts were also discussed, along with educational implications.

Udwin [ 20] studied a group of children who had been removed from harmful family backgrounds
and placed in institutional care. These children were exposed to imaginative play training sessions.
These subjects showed an increase in imaginative behaviour. Age, non-verbal intelligence and fantasy
predisposition were determinants of the subjects’ response to the training programme, with younger,
high-fantasy and high-1Q children being most susceptible to the in uence of the training exercises.

Huston-Stein [21] attempted to establish a relationship between social structure and child
psychology by employing methods of direct observations of eld experiments. The behaviour was
then categorised on the basis of a set of de ned behavioural categories and evaluated on the basis of
suitable metrics. The results focus on establishing correlations between these behavioural categories
and classroom structure and draw conclusions on how such social structures impact imaginative play.

Bodrova [22] related another important parameter, namely academic performance, to imaginative
play. They have established imaginative play as a necessary prerequisite and one of the major sources
of child development. They deduced how imaginative play scenarios require a certain knowledge of
environmental setting and how ita ects the academic excellence of a child.

Seja R3] explored another important factor in child psychology—emotions. They attempted to
determine how imaginative play helps to understand the emotional integration of children. The source
of data collected in this study is elementary school children who were tested on verbal intelligence
and by standard psychological tests. Conclusions were drawn on the basis of an extensive statistical
analysis which also attempted to investigate gender di erences.

Neutrosophy has given importance to the imprecision and complexity of data. This is animportant
reason behind using neutrosophic logic in real life applications. Dhingra et al. [ 24] attempted to
classify a given leaf as diseased or healthy based on the membership functions of the neutrosophic sets.
Image segmentation into true, false and indeterminate regions after preprocessing was used to extract
features and several classi ers were used to arrive at a classi cation. A comparative analysis of these
classi ers was also provided.

Several researchers 25-30] dealt with algebraic structures of neutrosophic duplets, which are a
special case of neutrality. Single Valued Neutrosophic Sets (SVNS), which is particular cases of triplet
following the fuzzy neutrosphic membership concepts in their mathematical properties and operations
are dealt by Haibin [31].

Haibin [ 31] gave the notion of Single Valued Neutrosophic Sets (SVNS) along with their
mathematical properties and set operations. Properties such as inclusion, complement and union were
de ned on SVNS. They also gave examples of how such sets can be used in practical engineering
applications. SVNS has found a major application in medical diagnosis. Shehzadi [ 32] presented the
use of Hamming distance and similarity measures of given SVNSs to diagnose a patient as having
Diabetes, Dengue or Tuberculosis. The three membership functions (truth, falsity and indeterminacy)
were assigned suitable values and distance and similarity measures were applied on them. These
measures were then used to provide a medical diagnosis. Smarandache and Ali [33] provided the
notion of complex neutrosophic sets (CNS). Membership values given to them were of the form a +bi.
Several properties of these sets were de ned. These sets nd applications in electrical engineering and
decision-making elds. Neutrosophic Re ned Sets where de ned in [34].

A more rened and precise view of indeterminacy is provided by Kandasamy [ 35
The indeterminacy membership function was further categorized as indeterminacy tending towards
truth and indeterminacy tending towards false. Hence, resulting in Double-Valued Neutrosophic
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Set (DVNS). Their properties, such as complement, union and equality were also discussed and
distance measures were also de ned on them. On the basis of these properties, minimum spanning
trees and clustering algorithms were described [ 36]. Dice measures on DVNS were proposed in [37].
The importance given to the indeterminacy of incomplete and imprecise data, as often found in the
real world, is a major advantage of the DVNS and hence, is more apt for several engineering and
medical applications.

The model of Triple Re ned Indeterminate Neutrosophic Set (TRINS) was also introduced by
Kandasamy and Smarandache [38]. It categorizes indeterminacy membership function as leaning
towards truth and leaning towards false in addition to the traditional three membership functions of
neutrosophic sets. After de ning the several properties and distance measures, the TRINS was used
for personality classi cation. The personality classi cation using TRINS has been found to be more
accurate and realistic as compared to SVNS and DVNS. Indeterminate Likert scaling using ve point
scale was introduced in [ 39] and a sentiment analysis using Neutrosophic re ned sets was conducted
in [40,41].

To date, the study of imaginative play in children has not been analysed using neutrosophy
coupled with an imaginary concept; thus, to cover this unexplored area, the new notion of Single
Valued Re ned Neutrosophic Sets (SVRNS) that represent imaginary and indeterminate memberships
individually were de ned. A study of imaginative play in children using Neutrosophic Cognitive
Maps (NCM) model was carried out in [42].

3. Single Valued Re ned Neutrosophic Set (SVRNS) and Its Properties

This section presents the de nition of Single Valued Re ned Neutrosophic Set (SVRNS). These sets
are based on the essential concepts of real, complex and neutrosophic values which takes membership
from the fuzzy interval [0,1]. In a way this can be realized as a mixture of re ned neutrosophic sets
coupled with real membership values for imaginary aspect. However SVRNS are di erent from
traditional neutrosophic sets. The neutrosophic logic is powerful and can model concepts of arbitrary
complexity covering incomplete and imprecise data. Children's behaviour is one such complicated
and the imprecise branch that can be modelled as objectively as possible by coupling imaginary or
complex nature of data with its indeterminacy.

The concept of SVRNS are de ned, developed and described in the following.

3.1. Single Valued Re ned Neutrosophic Set (SVRNS)

De nition 1.  Let X be a space of points (objects), with a generic element in X denoted by x. A neutrosophic set
A in X is characterised by a truth membership functibp (x), a true tending towards complex membership
function TCx (x), a complex membership functi@p (x), a false tending towards complex membership function
FCa (x), an indeterminacy membership functibn(x), and a falsity membership functidfy (x). For each
point x in X, there areTp (X), TCa (X), Ca (X), FCa (X), Ian(X), FA(X) 2[0, ] and0 Ta(X)+ TCa(x) +
Ca(X)+ FCaA(X)+ 1a(X) + Fa(x) 6. Therefore, a Single Valued Re ned Neutrosophic Set (SVRNS) A can be
represented by

A= HTp(X), TCa(X),Ca(X),FCa (X),la(X), Fa (X)ijx2 X .

3.2. Distance Measures of SVRNS

The distance measures of SVRNSs are de ned in this section and the related algorithm for
determining the distance is given.

De nition 2. Consider two SVRNSs A and B in a universe of discour¥es Xi, Xo, :::, Xn, Which are
denoted by

A= HTa(X), TCa(Xi),Ca(X),FCa (i) 1a (X)), Fa(xi)ijxi 2 X,
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and
B= hrg(xi), TCg(Xi),Cr(x),FCa(xi),lg(xi), Fe(x)ijxi 2 X ,

whereTa (Xi), TCa (X)), Ca(x), FCa (Xi), 1a (X)), Fa(xi), Te(x), TCg(xi), Ca(xi), FCa(x;), lg(x),
Fg(xi) 2 [0, 1] for everyx; 2F;( Letw;(i= 1, 2,:::, n) be the weight of an elemexnt(i = 1, 2,:::, n), with
wj 0(i=1,2,:::n)and in:1Wi = 1. Then, the generalised SVRNS weighted distance is de ned as follows:

X
d (AB)= 2 WlTa) Ta(a)i +ITCa(X) TCa(x)j +iCa(x) Ca(x)i +

i=1

JFCa(X) FCa(x)j +ila(x) 1800)i +iFa(x) Fe(x)i 1g

where > 0.
The above equation reduces to the SVRNS weighted Hamming distance and the SVRNS weighted Euclidean
distance, when = 1, 2, respectively. The SVRNS weighted Hamming distance is given as

X
d (AB)= T2 WTAG) Ta(o)i+iTCa(K) TCa(u)i+iCalx) Ca(x)i+

i=1

JFCa(x)  FCa(xi)j+ jla(x) Is(xi)j+ jFa(x) Fae(xi)ilg

where = 1.
The SVRNS weighted Euclidean distance is given as

X
d (AB)= 2 WlTa(k) Te()P+iTCA() TCa(x)P+iCalx) Calx)i+
i=1
JFCa() FCa()i2+ ila(x) 18002+ jFa(x) Fa(x)PIe

where = 2.

The algorithm to obtain the generalized SVRNS weighted distance d (A,B) between two SVRNS
A and Biis given in Algorithm 1.

Algorithm 1: Generalized SVRNS weighted distanced (A,B)
Input: X = Xx,X2,:::,Xn, SVRNSA, B where
A= HTA(X), TCa(X),Ca (X)) ,FCa(Xi),1a(Xi), Fa(x)ijxi 2 X ,
B= hTg(x), TCs(xi),Ca(xi) ,FCs(xi),la(Xi), Fa(x)ijxi 2X ,wi(i= 1,2,:::,n)
Output: d (A,B)
begin
d 0
for i=1tondo

X
d d+  w[Ta(x) Te(x)j +JTCa(x;) TCg(xi)j +
i=1

ICa(x) Ca(xi)j +]JFCa(x)) FCa(x)j +
Ha(xi) 1e(x)i + jFa(xi) Fa(xi)j ]

end
d d /6
1
d d ¢
end
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The related owchart is given in Figure 1.

Start

t

X=x5,x3 ..., xo, SVRNS A, B

l

di=0;i=0

False

True

n
dy—dy+ ) willTa(x;) = To(xi)I* +1TCa(xi) - TCh(xi)I'+
i=1

ICa(x;) = Cp(x;)I* +|FCa(x;) — FCp(x;) [} +
114 (x;) = Ip(x;)I* +|Fa(x;) = Fp(x;)I*]

A

Figure 1. Flow Chart for Generalized SVRNS weighted distance d( )

The generalised SVRNS weighted distanced (A, B) for > 0 satis es the following properties:

d (A,B) 0

d (A,B)=0ifandonlyif A=B

d (A,B)=d (B, A)

IfA B C,CisaSVRNSinX,thend (A,C) d (A,B)andd (A,C) d (B, C)

PwbdpE

3.3. K-Means Algorithm

The K-means algorithm for SVRNS is given in Algorithm 2.

50



Symmetry202Q 12, 402

Algorithm 2:  K-means algorithm for clustering SVRNS values

Input: A, Az, :::, Ahp SVRNS,K—Number of Clusters
Output: K Clusters
begin

Step 2. Initialize ; 0,j=1,::;, K;// 0 is a vector with all 0's
Step 3: Initialize nj 0, = 1,::;, K;/[ nj is the number of points in cluster
Step 4: Creation of Clusters repeat

fori=1tondo
j argmind Aj,
j2fl,::,Kg
/Il From Algorithm 1
assign A to cluster |
ioita
nj nj + 1
end
Jj=1:kK
J n] L] 3o L]

until Clusters do not change
end

Step 1. ChooseK di erent SVRNSA; as the initial centroids, denoted as j, j = 1,:::

The related owchart is given in Figure 2.

A A, ..., An SVRNS, K - No of Clusters

'
Choose K different SVRNS A; as the initial
centroids, denoted as o, j <1, ..., K

1

Initialize p; «0,j =1, ..., K;

Initializen; «0,j=1, ..., K;
|

False

i<n

jeargmind,\(/\,, aj)
jefl,...K}

Assign A; to cluster j

B «p+a
nj «n; +1

b

n;j

False

change in
clusters

{ K Clusters /

Stop

Figure 2. Flow Chart for k means clustering of SVRNS values.
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We used the following machine learning techniques in this paper after obtaining and processing
the data.

3.4. Other Machine Learning Techniques

The Elbow method is a technique used to nd the value of appropriate value of K(Number of
clusters) in K-means clustering. It makes the cluster analysis design consistent. A heat map is a
data visualization technique used to show correlation between two attributes in the form of a matrix
where each value is represented as colours. The Principal Component Analysis (PCA) makes use
of orthogonal transformation to convert a set of observations of variables which might be possibly
correlated, into a set of values of linearly uncorrelated variables called principal components. Itis a
widely used statistical technique. Parallel coordinates (also known as Parallel Axes Chart (PAC)) are
highly used for the visualization of multi-dimensional geometry and analysis of multivariate data.
Easy visualization of multiple dimensions is an innate feature of PAC plot, making it simple to analyse
attributes which are associated with other attributes in a similar manner.

4. Dataset Description

Imaginative play is de ned as “a form of symbolic play where children use objects, actions or
ideas to represent other objects, actions, or ideas using their imaginations to assign roles to inanimate
objects or people”. During the early stage, “toddlers begin to develop their imaginations, with sticks
becoming boats and brooms becoming horses. Their play is mostly solitary, assigning roles to inanimate
objects like their dolls and teddy bears”. It has proven to be highly bene cial as it results in early
use of language and proper use of tenses and adjectives. It gives the children a sense of freedom and
allows them to be creative in their own space. It helps children make sense of the physical world and
also their inner selves. It can develop with the help of the most basic tools such as a toy mobile or a
cardboard tube.

The data regarding imaginative play in children were collected from the local school and an
orphanage in Vellore, India.

A child psychologist was present throughout the sessions, analyzed and suggested the various
parameters and recorded the observations about each session. The session at each of these places began
with the expert talking to the child about general things and everyday life as an ice-breaker exercise.
This included talking about his /her favourite subjects, parents and treating him /her with biscuits or
chocolates. The surroundings were made as comfortable as possible. The child was then asked to
conduct an imaginary phone call in whichever way he /she liked. The imaginary conversation was
then recorded as video on a phone. The expert made observations that were recorded on paper in a
running hand description. This signi ed the end of the session.

Overall, 10 such sessions were conducted at the school and 2 were conducted at the orphanage.
The children belonged to the age group of 6 to 8 years. Additionally, in order to make the dataset
diverse as suggested by the expert, 7 videos were taken from the internet in which children conducted
imaginary conversations over the phone. The running hand description thus collected was used by
this expert to assign values to the six membership functions based on which the SVRNS is constructed.

Table 1 provides the parameters which have been used to study imaginative play along with their
description. The parameters 1 to 11 are available in [19] and the other 4 parameters from 12 to 15 are
introduced by us.

52



Symmetry202Q 12, 402

Table 1. Parameter Description.

S.No  Parameter Name Description
1 Imaginative Theme (IT) The then_1e of _the _imag_inati_ve play is assumed by the child and can be based on
a real or imaginative situation and /or setting.
The movements a child may make while s /he conducts the imaginative play are
2 Physical Movements (PM) also an important determinant of the child's cognitive patterns. They are the
ways in which the child uses his /her body during the play.
They are the ways in which the child moves a part of the body in order to
3 Gestures (G) express an idea or some meaning. They are the non-verbal means of
communication using hands, head, etc.
. . The movement of facial muscles for non-verbal communication and also convey
4 Facial Expressions (FE) . . .
the emotions experienced by the child.
The time duration during which the child engages in the imaginative play
5 Nature and Length of Social  activity can determine the extent of his /her imagination. The nature of any form
Interaction (Nol /Lol) of interaction which may take place during the imaginative play be day-to-day,
meaningful in some way, etc. and even the combination of the two.
They are the objects provided to the child to conduct an imaginative play
6 Play Materials Used (PMU) activity. The play material used here was a play mobile phone to conduct an
imaginary talk.
7 Way Play Materials were The child's approach to using the play material provided can give an insight
Used (WPMwu) into his/her imaginative capabilities.
8 Verbalisation (V) Itis _the way i_n which the_ qhild is expressing his /her feelings or emotions during
the imaginative play activity.
It is an important aspect that child's mood and state of mind as in if the child is
9 Tone of Voice (Tol) happy, sad or nervous. For example, a high pitched voice may indicate
happiness or excitement.
10 Role Identi cation (RI) It is_the role a child assumes during the imaginative play and the role s /he
assigns to other people.
11 Engagement Level (EL) It is the extent to which the child involves in the activity of imaginative play.
12 Eye Reaction (ER) It_ref_ers_to the moveme_ntl of the eyes dur_ing the imaginative play activity. It can
give insight into the child's emotions during the play.
13 Cognitive Response (CR) Itis the mental process by which the child forms association between things.
14 Grammar and Linguistics It refers to the ability of a child to make grammatically correct sentences with
(Gal) proper sentence structure and syntax.
Whether the child is making sense of the talks, i.e., if the sentences formed are
15 Coherence (C)

related to one another is called coherence.

Method of Evaluation

The running hand description of the above-mentioned parameters was transformed into a complex
fuzzy neutrosophic sets by the expert/child psychologist, for applying machine learning algorithms
discussed in the earlier section. The methods of evaluation for each parameter as suggested by the
expert are discussed below.

1. Imaginative ThemeAn imaginative theme that is based on the real situation will result in the

increase in the truth membership function and otherwise if the theme is entirely imaginative.
However, since there is always a degree of complex and indeterminacy in this parameter, the
complex and indeterminate membership functions was also assigned certain values from [0,1].
Physical Movementdf physical movements are made, the value of truth membership function will
increase else the falsity membership function will increase. Complex and indeterminacy values
from [0,1] shall be assigned values if movements are di  cult to interpret properly or happened to
be imaginary.

GesturesSimilar to physical movements, any gestures made in accordance with the imaginative
activity will result in an increase in the truth membership value and in falsity value otherwise.
Any indeterminate or complex feature will result in values being assigned to indeterminate and
complex respectively from [0,1].

Facial ExpressionsAny facial expressions made in accordance with the imaginative activity
conducted will lead to an increase in the truth membership and in falsity membership function
otherwise. Complex and indeterminacy membership functions shall be assigned values if facial
expressions are di cult to interpret properly.
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o

10.

11.

12.

13.

14.

15.

Nature and Length of Social InteractioAny interaction that is made in accordance with the play
activity will result in an increase in truth membership functions and in falsity membership
functions otherwise. Indeterminate and complex membership functions shall be assigned values
if the interactions are di  cult to interpret properly.

Play Materials UsedThese are nouns and need not be translated to SVRNS.

Way Play Materials were Usediny usage of play materials in a realistic manner will lead to an
increase in the truth membership and in falsity membership function otherwise. Complex
and indeterminacy membership functions shall be assigned values if usage is di cult to
interpret properly.

Verbalisation:Any verbalisation that is made in accordance with the play activity will result in an
increase in truth membership functions and in falsity membership functions otherwise. Complex
and indeterminacy membership functions shall be assigned values if the verbalizationis di  cult
to interpret properly.

Tone of Voicelf the tone of voice is in accordance with the situation of play activity and high, it
will result in an increase in truth membership functions and in falsity membership functions
otherwise. Complex and indeterminacy membership functions shall be assigned values if the
interactions are di  cult to interpret properly.

Role Identi cation: Any role identi cation that is realistic will lead to an increase in the truth
membership and in falsity membership function otherwise. Complex and indeterminacy
membership functions shall be assigned values if role identi cationisdi  cult to interpret properly.
Engagement Levelf the engagement level is high but the theme and role identi cation are realistic,
truth membership function value increases. If the engagement level is high but the theme and role
identi cation are imaginative, falsity membership function value increases. Other combinations
of engagement level, theme and role identi cation will result in assigning values to the other
membership functions.

Eye ReactionAny eye reaction that is made in accordance with the play activity will result in an
increase in truth membership functions and in falsity membership functions otherwise. Complex
and indeterminacy membership functions shall be assigned values if the eye reaction isdi  cult
to interpret properly.

Cognitive ResponseéAny cognitive response that is made in accordance with the play activity
will result in an increase in truth membership functions and in falsity membership functions
otherwise. Complex and indeterminacy membership functions shall be assigned values if the
cognitive isdi  cult to interpret properly.

Grammar and Linguisticslf the grammar, sentence structure and syntax are correct, the value of
truth membership function will increase. Any error in grammar, syntax or sentence structure will
lead to an increase in the value of falsity membership function. If, however, the linguistics are
di cult to comprehend, indeterminate and complex membership functions' value will increase.
Coherencdf the sentences made are related to one another, the value of truth membership function
will increase. Any incoherence, i.e., making sentences are not related to one another will lead to
an increase in the value of falsity membership function. If, however, the coherence of sentences is
di cult to comprehend, indeterminate and complex membership functions' value will increase.

5. lllustrative Example

This section provides an example on processing of the data obtained as a running hand description.

On the basis of this description, the expert estimated and evaluated the child. The following example
is based on a video of 3-year-old child and the following observations given by the expert are made in
form of running hand descriptions of the 15 parameters given in Table 2.
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Table 2. Parameter Description for Example.

S.No  Parameter Name Description
L The child talks to Mickey Mouse over the phone. The child attempts to discuss
1 Imaginative Theme . . “ R
something she describes “gross”.
2 Physical Movements The child does not use a lot of her body during the conversation.
3 Gestures The child does not use any signi cant gestures during the conversation.
The child is cheerful, serious and astonished when she initiates the conversation,
4 Facial Expressions asks something to the receiver and when comes to know about something
“gross” respectively.
5 Nature and Length of Social ~ The child engages in the conversation for about a minute. The interaction is
Interaction mostly day-to-day and the child is rather expressive of her emotions.
. The child uses a toy mobile to conduct an imaginative conversation between
6 Play Materials Used -
herself and Mickey Mouse.
7 \Lljvsaé/dPIay Materials were The child uses the mobile in a very realistic way.
I The child makes sound and noises in accordance with the mood of the
8 Verbalisation .
conversation.
9 Tone of Voice The tone of the child's voice is high-pitched. She is very expressive.
— The child does not assume any role other than herself. However, she does
10 Role Identi cation . ; . )
imagine herself to be a friend of Mickey Mouse.
11 Engagement Level Z?t?victg”d s engagement level is high and she is attentive throughout the play
12 Eye Reaction The child's eyes widen and narrow during di  erent points of the play activity.
13 Cognitive Response The cognitive response is direct, quick and coherent.
14 Grammar and Linguistics The chll_d makes gran:ma}lcally correct sentences except she does skip
supportive verbs like “will”.
15 Coherence The sentences made are coherent and in sync with the imaginative conversation.

Table 2 depicts a running hand description of the discussed parameters. These parameters are

then assigned real values by the expert. These values are discussed in Table 3.

Table 3. SVRNS for Example.

S.No Parameter Description SVRNS

1 T Entl'relly imaginative theme though the conversation was 10.75. 0. 0, 0, 0.25.i0
realistic

2 PM Not a lot o, 0, 0, 0, 0.25, 0.75

3 G Not a lot o, 0, 0, 0, 0.25, 0.75

4 FE Cheerful, con dent, serious o, 0.75, 0.25, 0, 0,i0

5 Nol/Lol 1 minute; day-to-day, verbal h0.5, 0.25, 0.25, 0, 0,i0

6 PMU Mobile NA

7 WPMwu Realistic 0.75,0,0,0,0.25

8 \% In accordance with imaginative play 0.5, 0.25, 0.25, 0, 0,i0

9 Tol In accordance with imaginative play; high pitched h0.5, 0.25, 0.25, 0, 0,i0

10 RI Self 0.5, 0, 0.25, 0, 0.25,i0

11 EL High 0.5, 0.25, 0.25, 0, 0,i0

12 ER Widening, narrowing; In accordance with imaginative play ho, 0,0.5,0,0.5,0

13 CR Direct; In accordance with imaginative play .75, 0, 0, 0, 0.25,i0

14 GalL Partially correct; In accordance with imaginative play .75, 0, 0.25, 0, 0,i0

15 C In accordance with imaginative play .75, 0, 0, 0.25, 0,i0

Likewise the SVRNS tuples for the other data sets was done with the help of the expert. Then
these SVRNS sets are used for analysis using machine learning algorithms.
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6. Results and Discussions

Several libraries such as pandas, numpy, matplotlib, sklearn, seaborn and pylab associated
with Python were used for data visualization. Programming was carried out using python for the
visualization of the previous discussed algorithms, based on the result of elbow curve, K-means
clustering was done. Logical conclusions have been drawn from these visualizations and the role several
determinants play in determining the imaginative capabilities of the child has also been highlighted.

Heat map, which strongly demonstrates the factors of correlation and associativity, has a colour
scale inwhich lighter shades signify positive correlation and darker shades signify a negative correlation.
Correlation between any two parameters signi es their associated relation. Positive correlation happens
when an increase in one attribute shows an increase in another attribute as well. Negative correlation
happens when an increase in one attribute shows a decrease in another attribute. The heat map, which
strongly demonstrates the factors of correlation and associativity, has a colour scale in which lighter
shades signify positive correlation and darker shades signify a negative correlation. For example,
in Figure 3, which is a heat map for feature T, Grammar and Coherence show extremely positive
correlation whereas Eye Reaction and Role Identi cation show a negative correlation.

The results from the Figure 3 shows the heatmap for feature T (Truth membership).
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Figure 3. Heat map for feature T.

An elbow curve was plotted to determine the optimal number of clusters for K-means and PCA
K-means clustering. Figure 4 shows our elbow curve for feature T where we can see that the sharp
bend comes at k= 4, thus, 4 clusters are optimal.

In Figure 5, while testing K-means on feature T for the parameters “Facial Expression' on the
y-axis against "Imaginative Theme' on the x-axis, it was found that higher concentration of points lies
nearx=0.5andy=0.2.
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concept of SVRNS was used to study the imaginative play in children. The model proposed also
consists of distance measures such as Hamming distance and Euclidean distance for two given SVRNSs.

On the basis of expert opinion, the data was successfully transformed into SVRNS. These sets were
helpful in drawing clusters, heat maps, parallel axes coordinate and so on. The pictorial representation
of the results of these algorithms has helped to gain useful insight into the data collected. We were
able to objectively interpret, for instance, the role of factors such as grammar in imaginative play
in children.

On the basis of the data collected and processed to form SVRNSs, we will be able to successfully
develop an arti cial neural network (ANN), decision trees and other supervised learning algorithms
in this domain for future research and they will be useful for drawing insights into the role of these
parameters by varying the values of the parameters. Other quality measures such as p-value, confusion
matrix and accuracy can also be drawn from it. Since the data under consideration were small, we
were not able to construct ANN.

For future work, we will study the mentally retarded children in this age group and perform a
comparative analysis with the normal children in this age group.

The model will help us in identifying children with autism and attention de cit hyperactivity
disorder (ADHD) and other psychological disorders. The detection of such disorders if any at an early
stage with the help of our model will help parents and doctors to use the necessary measures to treat
and control them quickly.

The model can be further used for other psychological studies like for modeling destructive
behaviours of alcoholics and bulimic children and /or adults.

With this given dataset, cross culture validation was not done. For future research, we shall
consider the study of cross culture among children and try to generate a variation from cross culture
and its e ect or in uence on the cognitive and language abilities of children.
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Abbreviations

The following abbreviations are used in this manuscript:

SVNS Single Valued Neutrosophic Sets

SVRNS Single Valued Re ned Neutrosophic Sets

CNS Complex Neutrosophic Sets

DVNS  Double Valued Neutrosophic Sets

TRINS  Triple Re ned Indeterminate Neutrosophic Sets
NCM Neutrosophic Cognitive Maps

PCA Principal Component Analysis

PAC Parallel Axes Chart

ANN Arti cial Neural Networks

ADHD  Attention de cit hyperactivity disorder
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Abstract: In the modern world, the computation of vague data is a challenging job. Di  erent theories
are presented to deal with such situations. Amongstthem, fuzzy settheory and its extensions produced
remarkable results. Samrandache extended the theory to a new horizon with the neutrosophic set
(NS), which was further extended to interval neutrosophic set (INS). Neutrosophic cubic set (NCS) is
the generalized version of NS and INS. This characteristic makes it an exceptional choice to deal with
vague and imprecise data. Aggregation operators are key features of decision-making theory. Inrecent
times several aggregation operators were de ned in NCS. The intent of this paper is to generalize these
aggregation operators by presenting neutrosophic cubic generalized uni ed aggregation (NCGUA)
and neutrosophic cubic quasi-generalized uni ed aggregation (NCQGUA) operators. The accuracy
and precision are a vital tool to minimize the potential threat in decision making. Generally, in
decision making methods, alternatives and criteria are considered to evaluate the better outcome.
However, sometimes the decision making environment has more components to express the problem
completely. These components are named as the state of nature corresponding to each criterion.
This complex frame of work is dealt with by presenting the multi-expert decision-making method
(MEDMM).

Keywords: neutrosophic cubic set (NCS); neutrosophic cubic generalized uni ed aggregation
(NCGUA); neutrosophic cubic quasi-generalized uni ed aggregation (NCQGUA); multi-expert
decision-making method (MEDMM)

1. Introduction

In real-life problems complex phenomena occur. One of the complex phenomena is to deal with the
vagueness and uncertainty in datBecause uncertainty is inevitable in problems in di erent areas of
life, conventional methods have failed to cope with such problems. The big task was to deal with
uncertain information for many years. Many models have been introduced to incorporate uncertainty
into the description of the system. Zadeh presented their theory Bfizzy sets [1]. The possibilistic
nature of fuzzy set theory attracted researchers to apply itindi  erent elds of sciences like arti cial
intelligence, decision making theory, information sciences, medical sciences and more. Due to its
applicability in sciences and daily life problems, fuzzy set has been extended to interval valued fuzzy
sets (IVFS) R,3], intuitionistic fuzzy sets (IFS) [ 4], interval valued intuitionistic fuzzy sets (IVIFS) [ 5],
cubic sets [6], etc. Over the last decades, researchers used it for decision making problems [7-12].
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Smrandache presented the idea of neutrosophic sets (NS) [L3]. NS provide the more general plate
form to extend the ideas of classic theory and fuzzy set theory. The NS consists of three components:
truth, indeterminacy and falsehood; all three components are independent, and this makes NS more
general than IFS. In fact, NS is a generalization of IFS [L4]. For sciences and engineering problems,
Wang et al. [15] presented single value neutrosophic set (SVNS), which is a class of NS. Wang et al. [L]
further characterized neutrosophic sets to interval neutrosophic set (INS). INS range to an interval
value within [0, 1], which comfort the selectors to make an appropriate choice. Jun et al. [ 17] combined
INS and NS to form neutrosophic cubic set (NCS). NCS enables us to choose both interval value and
single value membership and indeterminacy and falsehood components. The NCS is the generalization
of all abovementioned predeccessors. For example, if the interval part is not taken into account, the
set becomes NS, and if the second part is not considered, the NS is dealt with. Since the NS is a
generalization of IFS, it is concluded that NCS is the generalization of NS, INS, CS, IFS and fuzzy set.
Due to this nature of NCS, it provides more general plate form for uncertain and vague data.

The aggregation operators are an important component of decision making. The insu  cient and
vague data make it challenging for a decision maker to compute the exact decision. This situation can be
minimized by the vague nature of NS and its extensions. The vague nature of NS attracted researchers to
implement itinthe di erent elds of science, engineering and decision-making theory. The researchers
proposed di erent aggregation operators and multi-criteria decision-making methods in NS and
INS [18-27]. The NCS is the more general form of both NS and INS. This nature attracted researchers
toapplyitindi erent elds like science, engineering and decision-making theory. Khan et al. [ 19]
presented neutrosophic cubic Einstein geometric aggregation operators. Zhan et al. [28] worked on
multi-criteria decision making on neutrosophic cubic sets. Banerjee et al. [ 29] used grey rational
analysis (GRA) techniques to neutrosophic cubic sets. Lu and Ye [30] de ned cosine measure to
neutrosophic cubic set. Pramanik et al. [31] used similarity measure to neutrosophic cubic set. Shi and
Ji [32] de ned Dombi aggregation operators on neutrosophic cubic sets. Ye [ 33] de ned aggregation
operators over the neutrosophic cubic numbers. Alhazaymeh et al. [ 34] presented hybrid geometric
aggregation operator with application to multi-attribute decision-making method on neutrosophic
cubic sets.

Contribution. The methodologies to measure the generalized aggregations of neutrosophic
cubic values.

- First neutrosophic cubic generalized uni ed aggregation operators are proposed.

- Second neutrosophic cubic quasi-generalized uni ed aggregation operators are proposed.

- The multi-expert decision-making method is proposed.

- The method is furnished upon numeric data of EMU European Monitory union as an application.
- Comparison is given between some aggregation operators.

Organization. The remaining manuscript is structured as follows. In Section 2, the preliminary
work is reviewed. In Section 3, the NCGUA operators are de ned. In Section 4, the NCQGU operators
are de ned. In Section 5, MEDMM is proposed and applied to a numeric data of EMU as an application.
Lastly, the comparison of some aggregation operators is provided.

2. Preliminaries

This section consists of some work that provides the foundation for our work.

De nition 1. [13] A structure N = (Tn(u), In(u),Fy(u))u2U  is NS, where
Tn(u),In(u),Fy(u) 20 ,1Y] and Tn(u),In(u),Fy(u) are truth, indeterminacy and falsehood
respectively.
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De nition 2. [15] A structure N = (Tn(u), In(u),Fy(W))u2U  is SVNS, where
Tn(u), In(u),Fn(u) 2 [0,1] respectively called truth, indeterminancy and falsehood are simply denoted by
N = (TNaINyFN)-

Denition 3. [16] An INS in U is a structure N = n¢N(u),¢N(u),ﬁN(u) u2U0 where
r]¢,\,(u),‘l3N(u),EN(u) 2D[0,1]O are respectively called truth, indeterminacy and falsehoodUinis
simplyhdenote;d byNh= ?N,*?NFH\, . I?or convenience denoted Y = &, %.Fn by N =
= TR TY &= 1NN By = FLFY
n o

De nition 4. [1r(]3] A striucturerl}l = iu,%(u%,‘?,\j(u)i,ﬁN(u),TN(u), In(u),Fn(u) u2U is NCSinU,
inwhich ¥y = T, Ty & = I}y .Bn = FR.Fy isan INS and(Ty, In,Fn) is NSin U, is simply
denoted byN = &y, 8, Fn, TnoIn Py L[0,00 S+ 8+ By [3,3,and0 Ty +Iy+ Fy 3NV
denotes the collection of NCS in Which is simply denoted by & ¥, %n, N, T InG Py -

h i
Pe nitiion 5. 428] Tlhe sum of two NCSA = ¢A,¢A,¢A,TA,Iﬁ,FA , }NhereﬁA = T TP 8 T
1515 A= FL,F) andB= 5%, Ts,lg,Fs ,Where¥g = T;, Ty %= I5l5 .Fs= F5,Fy
is de ned as
ih i

h i h
- L L LTL TU U UTU L L LyL (U U u,u LpL pUpU
A B= TL+Th TETLTY+TY TVTY b1y ibiLaV+ 1y UY FRLRS YUY  TaTe lale Fa+ Fe FaFs

h i
Pe nitiion 6. IJ;28] Tl?e product of two NCSA = ¢A,¢A,ﬁA,TA,rI]A,FA ; whereﬁ’A = TL T, .8 T
1515 Fa= FL,F) andB= %5,%,F, T, lg,Fg ,where¥g = T5, Ty %= I5,15 .Fs= FL,Fy
is de ned as

h i h i h i
- LTL 7UTU LL jUu L L Ll U U UrU
A B= TLTLTYTY LIS VIY i+ Fy RS FY+FY FVFY Ta+ T TaTela+le lals.FaFe

h i
Pe nitiion 7. [%8] Theiscalarmultiplication onaNC® = &a,8a,Fa,Ta,la,Fa WhereFa = TL T €4 =
1515 ,Fa = FL,F and ascalar k is de ned

k k k k k k
kA= 1 (1 THS1 @ TH 1 @ DS @ )t R R (TN @ Fa)

h i h i h i
Denition 8. [28 Let A = Ti, T), 15,17, FL, FY , Ta, la, Fa, be an NCS andA =
(I3, 1, 12, 10, [0, Q], O, O, 1) be maximum NCS, then the cosine meaq@g) is de ned as

Cm(A) = s ! TR+l To+1 Ii+1 I9+Fa+Fa+Ta+la+1 Fa , Cn(A)2]0, 1

For comparison of two NCS cosine measure is used.

3. The Neutrosophic Cubic Generalized Uni ed Aggregation Operator

The NCGUA operators are the generalization of many aggregation operators. The NCGUA
operators unify several aggregations operators consequent upon their importance to analyze the
imprecise data according to their importance. Moreover, it allows to use arithmetic, quadratic and
geometric aggregation operators. By including a wide range of systems, it can adopt di  erent scenario
without losing any information.
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m r
De nition 9. The NCGUA is de ned asNCGUA (A4, Ay, :::, Ap) = G WA whereC; is the
=1 =1
p| .
relevance that each sub-aggregation has in the systenGy2H0, 1] and  C; = 1,WiJ is theith weight of
j=1

the jth weighing vector W with \fvz [0, 1,j = 1, is the parameter such that; 2 R and A is the argument
value of neutrosophic cubic value.

De nition 10. The further generalization can be expressed as,

1

0 Ly L
NCGUA(A1, Az, :::, Ap) = ng Wiinjé E

=1 =1
where 2 (1 ,1). Usually ;remainsame butfor complex type of aggregatioewint values can be assumed.

The operation used on NC is de ned by [28].
NCGUA operators accomplish properties like monotonicity, boundness and idempotency.

Families of NCGUA Operators

The main aspect of NCGUA operator is that it characterizes a variety of aggregation operators.
The aim of this section is to analyze these sub aggregations operators. First generalized NCOWA,
NCWA and NCPOWA operators are analyzed.

X0 X X
NCGUA(A1, Az,ii:, An) = C1 WA+ C; W?A+Cg WA (1)
i=1 i=1 i=1

where A is the ith largest of A, and w!, w?, w® represent the weights corresponding to the NCOWA,
NCWA and NCPOWA operators, = = 1.
Note thatin NCOWA operator, an additional orderis made of (A1, Az,:::, Ap), thenitis weighted.

Ci=1,Cy= C3=0) NCOWA )
C;=1,C = C3=0) NCWA 3)
C3=1,C = Cr,=0) NCPOWA (4)

Some other family of aggregation operators can be analyzed by assigning valuesto jand , these
values depend on the type of problem under discussion.

The averaging aggregation operators have a most practical operator among their competitors,
but in some situations, other operators like geometric, quadratic, cubic operators are in a much better
position to evaluate the values.

If = = landforall j, the aggregation operator is deduced to NCUA.
X X
NCUA(A1, Az, An) = G WA, (5)
j=1 =1
If ! 1, = 1 andforall j, the aggregation operator is deduced to NCUG.
U L
NCUG(A1, Ap,:::, Ap) = C; A ! (6)
j=1 =1
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If =2, = 1landforallj,the aggregation operator is deduced to NCUQA.
s 2 ke
NCUQA (A1, Az, :::, Ap) = c,-gn w{A?E )
If ! 0, ! 0 andforall j, the aggregation operator is deduced to NCGUG.
NCGUG(A1, Az, il An)=  Cj A (8)

If =2, = 2andforall j,the aggregation operator is deduced to NCQUQA.
0

0 1 2 Lis2
NCQUQA (A1, Ay, i1, Ap) = g C,Zg Wiinzg El ©

=1 i=1

The particular cases of NCUA operators can be analyzed by di erentvalues of and as shown
in Table 1.

Table 1. Types of family of neutrosophic cubic generalized uni ed aggregation (NCGUA) operators.

=1 10 =2 =1
=1 Min Min Min Max
10 Min NCUGA Max
=1 Min NCUGA max
=2 Min NCUGA Max
=1 Min NCUGA Max

and have di erent values in the sub-aggregation operators. Thus, the aggregation operators
have listed aggregation operators above. For further analysis, assume that aggregation operators follow
the weighted averaging aggregation approach. Observe that a di erent scenario may be constructed
by assigning di erentvaluesto and . Today's world has much more complex phenomena; to deal
with such situation, complex aggregation operators become a vital tool. Note that the complex and
simple aggregation operators can be studied by assigning di erent values notonlyto and butto
the weight as well.

4. Neutrosophic Cubic Quasi-Generalized Uni ed Aggregation Operators

The NCGUA operator can further be generalized by quasi- arithmetic means by neutrosophic
cubic quasi-generalized uni ed aggregation (NCQGUA) operator. The characteristic of NCQGUA
operators is that they are a generalization of not only NCGUA operators but of some other aggregation
operators by the function introduced in NCQGUA.

De nition 11. The NCQGUA operator can be de ned as
0 L2
NCQGUA(A1, Ao, i1, Ap) = f
]

g mC; féj 8w g](A )%/ZE
1

where fand g are strictly continuous monotone functions.
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The NCQGUA operator can be deduced to a wide range of aggregation operators. The Table 2
illustrates the range generated by NCQGUA operators.

Table 2. Types of family neutrosophic cubic quasi-generalized unied aggregation
(NCQGUA) operators.

g=a fj =C; NCAO Operator
gj = & fi=Cj NCQA operator
gj=al fi=C NCHA operator
gj=a fi=C NCCA operator
gj= & fi=C NCGA operator
gj = & fj = C].2 NCAUAQA operator
gj=al fi=C NCHUHA operator
gj=a fj = C1‘3 NCUCA operator
gj= & fj = C‘]? NCUGA operator

In Table 1itis assumedthatg; = g2 = :::= gmforall j.

5. The Application of NCQGUA and NCGUA Operators to Multi-Expert Decision-Making
Method

The NCQGUA and NCGUA aggregation operators are generalized forms of most of the aggregation
operators that can easily be deduced under some special conditions. This characteristic 0 ers a great
advantage when applyingthemtodi erent MCDM. For this purpose, the multi-expert decision-making
method MEDMM is proposed. This method is specially designed for complex situations where need of
more than one criterion has a further classi cation, which is the state of nature. In the modern world,
the areal study becomes a vital tool to set foreign policy or investments to a country or region. The
choice of country or region to invest is a risk-taking job. The countries and multinational companies
hire experts for these regions to come up with pro table decisions. For such situation MEDMM is
developed under a NC environment that is a neutrosophic cubic multi-expert decision-making method
(NCMEDMM).

5.1. Algorithm

This decision-making technique, which is specially designed for the problem, has di  erent criteria,
and each criterion has di erent classi cations named as state of nature. The choice of alternatives in
such a situation becomes di erent from the group decision making studied until now. Due to this
phenomenon the following method is proposed.

The problem consist of n alternatives A = fA;,A2, A3z, :::,Apg corresponding to k C =
fCq,C,C3,:::,Cg criteria and has S = f$,S,,S3,:::,Sngm state of nature corresponding to
each criterion.

4  Construction of expert's criteria matrices for each criterion corresponding to the given alternatives
and nite state of nature.

a  Transformation of expert criteria matrices to general group expert's matrix by aggregation operator.

a4  Transformation of all the general group experts' matrices to a single matrix by aggregation operator.

a  Ranking of alternatives.

5.2. Model Formulation

European Monetary Union EMU is an organization working for the bene t of the EU. The EMU
formation has a lot of micro- and macro- nance decisions to build a productive state. All the areas like
economics, nance, politics, marketing, management and EU laws are taken into account for making
any decision.
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Consider an illustrative example in multi-person decision making in the EMU [ 35-38]. This type
of problem in macroeconomics usually deals with huge amounts of capital or other variables. This
makes it critical to nd the accurate decision; otherwise, a small deviation may cause huge economic
di erence in the region. The two di erent criteria are considered to analyze MPDMM. It is very
common that a decision of EMU is usually in uenced by several experts and criteria.

The model consists of the following data.

Criteria

Crl : Internal economic condition.
Cr2 : Global economic condition.

Alternative

A1 : Increase the rates 1%.
A, : Increase the rates 0.5%.
A3 : No change in rates.

A, : Decrease the rates 0.5%.
As : Decrease the rates 1%.

State of nature

S : Negative growth.
S, : Growth close to 0.
S; : Positive growth.

The company collected the data regarding these alternatives. The assumption is that this decision
has potential states of nature bene t corresponding to the two criteria.

Crl : Internal economic condition

S;1 : Negative growth.

S, : Growth close to 0.

S3 : Positive growth.

Cr2 : Global economic condition.

S: : Negative growth.

S, : Growth close to 0.

S3 @ Positive growth.

The EMU nominates individuals responsible for this decision which is divided into three groups;
each group provides their opinion regarding the outcome and the possible strategy. The data of expert
1 subject to criterion 1 is shown in Table 3.

Table 3. Expert 1—Criterion 1.

A [0.25,0.3%,[0.35, 0.4, [0.55, 0.6%,[0.45, 0.5, [0.75,0.8%,[0.87,0.97,
[0.45,0.58,0.30,0.40, 0.50, [0.75,0.85,0.60, 0.70, 0.80, [0.75,0.85%,0.30,0.50, 0.6,
Ay [0.45,0.60,[0.35,0.50, [0.85,0.9%,[0.55,0.65, [0.45,0.5%,[0.35,0.48,
[0.73,0.89,0.30,0.45, 0.80, [0.30,0.40,0.75,0.40, 0.59, [0.61,0.8],0.40,0.60, 0.7,
As [0.45,0.55%,[0.65,0.75, [0.40,0.5%,[0.43,0.53, [0.60,0.7%,[0.25,0.35,
[0.25,0.4%,0.50,0.30, 0.60, [0.45,0.58,0.35,0.50, 0.40, [0.40,0.5%,0.70,0.20, 0.30,
Ay [0.28,0.37,[0.41,0.53, [0.40,0.50,[0.25,0.35, [0.28,0.40,[0.35,0.43,
[0.40,0.50,0.33,0.52,0.50, [0.65,0.78,0.30,0.50, 0.80, [0.25,0.4%,0.30,0.20, 0.50,
As [0.35,0.5%,[0.30,0.50, [0.60,0.70,[0.48,0.60, [0.45,0.5%,[0.53,0.65,

[0.50,0.60,0.30,0.40, 0.40

[0.70,0.80,0.60, 0.50,0.80

[0.80,0.8%,0.50,0.58,0.70
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The data of expert 1 subject to criterion 2 is shown in Table 4.

Table 4. Expert 1—Criterion 2.

A [0.50,0.60,[0.25,0.35, [0.25,0.3%,[0.45, 0.5, [0.35,0.4%,[0.45, 0.5,
[0.45,0.5§,0.55.40,0.50 [0.50,0.60, 0.30, 0.45, 0.50 [0.50,0.5§,0.40, 0.50, 0.60
A, [0.65,0.7%,[0.50, 0.5, [0.40, 0.5%,[0.35, 0.45, [0.50,0.60,[0.55, 0.6,
[0.75,0.8%,0.70,0.80,0.90, [0.50, 0.60, 0.40, 0.50, 0.50, [0.65,0.75,0.40,0.50, 0.60,
As [0.25,0.35,[0.45,0.55, [0.65,0.7%,[0.75,0.85, [0.20,0.3%,[0.35,0.45,
[0.75,0.8%,0.30,0.50, 0.60, [0.85,0.93,0.70,0.80, 0.90, [0.45,0.58,0.30,0.40, 0.50,
Ag [0.55,0.6%,[0.45,0.55, [0.45,0.5%,[0.55,0.60, [0.45,0.5%,[0.50,0.55,
[0.75,0.8%,0.50,0.70, 0.80, [0.70,0.80,0.50,0.50,0.7Q [0.80,0.90,0.50,0.60, 0.7,
As [0.20,0.30,[0.30,0.40, [0.60,0.70,[0.55,0.65, [0.35,0.4%,[0.35,0.45,

[0.50, 0.6(, 0.30, 0.40, 0.60

[0.6,0.79,0.70,0.50, 0.70

[0.75,0.85,0.70, 0.50, 0.70

Subject to this information, the rst criterion is weighted as 0.70 and the second criterion as 0.30.
The NCGUA operators are applied to form the general matrix, which represents the matrix of the
group of experts illustrated in Table 5.

Table 5. Expert 1-General result.

S

S

S

Az

Az

Ay

Asg

[0.4967,0.598 &
[0.3214, 0.421]
[0.4500, 0.550
0.3598, 0.4000, 0.500
[0.5167,0.652p
[0.3992,0.515p
[0.6314, 0.861B
0.3868, 0.5348, 0.837
[0.3964, 0.497F
[0.5991,0.701F
[0.3476,0.544F
0.4289, 0.3497, 0.837
[0.3746,0.471B
[0.4223, 0.536],
[0.4830, 0.586]
0.3738,0.5139, 0.620
[0.3353, 0.486
[0.3000, 0.471B
[0.5000, 0.600D
0.3000, 0.6000, 0.468

(G00TOooo0 © - (G00ITTToD © - (FU0I0ID © (GG © - (Pl <

[0.4754,0.578F
[0.4500, 0.550]
[0.6641,0.765p
0.4873,0.6131,0.736
[0.7726,0.903B
[0.4975, 0.599R
[0.3497, 0.451]
0.6211,0.4277,0.564
[0.4896, 0.622]
[0.5549, 0.666]B
[0.7044, 0.603F
0.4309,0.5757,0.837
[0.4155, 0.515F
[0.3565, 0.438]
[0.6646, 0.785p
0.3496, 0.5000, 0.774
[0.6000, 0.700
[o 5020, 0.615]
[0.6683, 0.784F
o 6283, 0.5000, 0.607741

@mm:mo @mm:mo (gmm:mo (@O <
H'*mnnm»—mmnnnm»—mmmm»mmw

[ 211111110)

[0.6670,0.778F
[0.7996, 0.9324
[0.6641,0.745p
0.3270, 0.5000, 0.600
[0.4655, 0.565p
[0.4179, 0.538R
[0.6217,0.791F
0.4000, 0.56810, 0.712

!
|
|
|

© @O @rmma

[0.3500, 0.436],
[0.2982,0.477P
0.6131,0.2662, 0.386
[0.3358, 0.449F
[0.3500, 0.436]
[0.3544, 0.554])
0.3496,0.2780, 0.571
[0.3817,0.522B
[0.4819, 0.599R
[0.7646, 0.850D
0.6328,0.5547,0.700

(G000 © - (GGPoooon © - (oo

The data of expert 2 subject to criterion 1 is shown in Table 6.
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Table 6. Expert 2—Criterion 1.

A [0.22,0.3%,[0.40, 0.5, [0.70,0.7%,[0.75, 0.85, [0.70,0.8%,[0.15, 0.3,
[0.45,0.58,0.30,0.45, 0.55, [0.70,0.80,0.60,0.70, 0.85, [0.25,0.3%,0.80,0.50, 0.20,
Ay [0.20,0.30,[0.30,0.40, [0.35,0.4%,[0.45,0.60, [0.50,0.60,[0.45,0.55,
[0.60,0.70,0.25,0.45,0.70 [0.30,0.40,0.15,0.40,0.10 [0.40,0.53,0.70,0.30, 0.60
As [0.10,0.2%,[0.25, 0.7, [0.25, 0.3%,[0.40, 0.55, [0.60,0.7%,[0.20, 0.3,
[0.25,0.4%,0.30,0.20, 0.5, [0.40, 0.50,0.35,0.50, 0.40, [0.45,0.5%,0.70,0.20, 0.40,
Ag [0.55,0.65,[0.40,0.50, [0.60,0.70,[0.25,0.35, [0.25,0.40,[0.35,0.43,
[0.45,0.50,0.70,0.50, 0.40, [0.45,0.58,0.80, 0.50, 0.30, [0.75,0.8%,0.30,0.40, 0.85,
As [0.70,0.85,[0.20,0.40, [0.70,0.90,[0.40,0.50, [0.15,0.25,[0.25,0.35,

[0.40, 0.5(,0.90, 0.20, 0.40

[0.50, 0.60,0.90, 0.50, 0.40

[0.80,0.85%,0.30,0.30,0.70

The data of expert 2 subject to criterion 2 is shown in Table 7.

Table 7. Expert 2—Criterion 2.

Sl }

S

Il
+

$3

Ay
Az
As
Ay

As

[0.40, 0.50,[0.50, 0.60)

[0.55,0.68%,0.55.20, 0.60 |
[0.30,0.4%,[0.50,0.55,
[0.70,0.80,0.20,0.60,0.70,
[0.70,0.85,[0.45,0.55,
[0.25,0.3%,0.80,0.50, 0.40,
[0.55,0.6%[0.25,0.35,
[0.85,0.98,0.50,0.30, 0.80,
[0.70,0.80,[0.30,0.40,
[0.40, 0.60, 0.85, 0.40, 0.35

[0.55, 0.6%,[0.40, 0.50,

[0.50, 0.6, 0.60, 0.45, 0.60,
[0.10,0.20,[0.30,0.49,
[0.40,0.50,0.10, 0.40, 0.45,
[0.15,0.2%,[0.70,0.80,
[0.75,0.8%,0.20,0.80, 0.90,
[0.35,0.4%,[0.55,0.60,
[0.20,0.30,0.50, 0.50, 0.30,
[0.30,0.40,[0.55,0.65,
[0.40, 0.50, 0.40, 0.50, 0.50

[0.15,0.2%,[0.35, 0.55,

[0.55,0.68, 0.40,0.50, 0.7,
[0.40,0.50,[0.25,0.35,
[0.65,0.75,0.40,0.30, 0.60,
[0.30,0.4%,[0.35,0.45,
[0.55, 0.6%,0.30,0.40, 0.65,
[0.50,0.50,[0.50,0.55,
[0.40,0.50,0.50,0.50, 0.45,
[0.35,0.4%,[0.35,0.45,
[0.70,0.80,0.40, 0.40, 0.70

Subiject to this information, the rst criterion is weighted as 0.70 and the second criterion as 0.30.
The NCGUA operators are applied to form the general matrix, which represents the matrix of the
group of experts illustrated in Table 8.

Table 8. Expert 2-General result.

éi [0.7000, 0.835}

[0.4000, 0.548p

[0.4458,0.548

[0.7458, 0.828p

S S3
2 [0.2832,0423F & B [0.6235,0. 713}5 z 2 [0.3523,0.551F &
Ay [0.4489,0.562F [0.6145,0.702B [0.2523,0.312%
[0.5423, 0.623F [0.6235,0.723F [0.3931, 0.495p
, 0:4623,03233,0543 o 0.6000,0.6123,0.7127 o 0:6123,0.5000,0.445
[0.2645,0.384F [0.2345, 0.332F [0.4659, 0.715p
Az [0.4124,0.514p [0.3854,0.512B [0.3645,0.4158
[0.6496,0.748F [0.3485, 0.448D [0.5189,0.647B
o 0:2124,0.5217,0.700 o 0-1223,0.4000, 0,662 o 0.6478,0.2485,0512
[0.4125,0.568D [0.2134,0.312F [0.4691,0.612B
A3 [0.4351,0.662B [0.5681,0.712F [0.3500, 0.448F
[0.2500, 0.348F [0.5678, 0.500D [0.5986, 0.7458
0.5489, 0.5000, 0.465 0.2189, 0.6456, 0.647 0.3000, 0.4489, 0.7674
2 [0.5500,0.650D) g g [04875,058%F & 2 [0.3825,04658 g
Ay [0.3456, 0.465] [0.3645, 0.562]1 [0.4360, 0.503p
[0.6647,0.745p [0.3245,0.698] [0.5687, 0.668D
05987,0.3985,0.6123; 0.4989,0.6487,0.300  0-3958,0.4489, 0,665
[0.5125, 0.665p [0.2145, 0.364]L
As [0.2658, 0.468]) % [0.4658, 0.568) E a [0.3125,0.4128 E

SIS

0.887200,0.3152,0.325

0.6685, 0.5000, 0.445

0.3456,0.3456, 0.700
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The data of expert 3 subject to criterion 1 is shown in Table 9.

Table 9. Expert 3—Criterion 1.

S

)

Ss

Az
A3z
Ay

As

[0.20,0.40,[0.30, 0.4,

[0.55, 0.6%,0.30,0.40, 0.6,
[0.35,0.4%,[0.35,0.45,
[0.60,0.7%,0.30,0.45,0.70,
[0.55,0.6%,[0.60,0.7%,
[0.70,0.80,0.60,0.70,0.75,
[0.60,0.7%,[0.25,0.35,
[0.50, 0.6, 0.70,0.20, 0.50,
[0.30,0.40,[0.30,0.40,
[0.55, 0.6%,0.30, 0.40, 0.60

[0.55,0.6%,[0.60, 0.75,

[0.70,0.80,0.60,0.70,0.75
[0.50,0.60,[0.55,0.65,
[0.20,0.30,0.50, 0.55, 0.20,
[0.55,0.6%,[0.60,0.75,
[0.70,0.80,0.60,0.70,0.75
[0.55,0.6%,[0.60,0.75,
[0.70,0.80,0.60,0.70,0.75,
[0.60,0.70,[0.45,0.60,
[0.65,0.80,0.60, 0.50, 0.70

[0.30, 0.40,[0.40, 0.50,

[0.60,0.70,0.30,0.45, 0.65,
[0.50,0.60,[0.40,0.50,
[0.60,0.7%,0.50,0.50, 0.7,
[0.60,0.7%,[0.25,0.35,
[0.50, 0.6, 0.70,0.20, 0.50,
[0.60,0.7%,[0.25,0.35,
[0.50,0.60,0.70,0.20, 0.50,
[0.20,0.40,[0.30,0.40,
[0.55, 0.6%,0.30, 0.40, 0.60

The data of expert 3 subject to criterion 2 is shown in Table 10.

Table 10. Expert 3—Criterion 2.

S

)

Ss

Ay
Az
Az
Ay

As

[0.35,0.45,[0.35, 0.45,

[0.60,0.7%,0.30,0.45,0.70,
[0.55,0.6%,[0.60,0.7,
[0.70,0.80,0.60,0.70,0.75,
[0.45,0.5%,[0.20,0.30,
[0.60, 0.7%,0.50,0.20, 0.6,
[0.55,0.6%,[0.45,0.55,
[0.75,0.8%,0.50,0.70,0.80,
[0.35,0.4%,[0.35,0.45,
[0.60,0.7%,0.30,0.45,0.70

[0.55,0.6%,[0.60, 0.75,

[0.70,0.80,0.60,0.70,0.75
[0.40,0.5%,[0.35,0.45,
[0.50, 0.6, 0.40, 0.50, 0.50,
[0.45,0.5%,[0.20,0.30,
[0.60,0.7%,0.50, 0.20, 0.60,
[0.45,0.5%,[0.55,0.60,
[0.70,0.80,0.50, 0.50, 0.7
[0.45,0.5%,[0.20,0.30,
[0.60,0.7%,0.50, 0.20, 0.60

[0.20,0.40,[0.30, 0.4,

[0.55, 0.6%,0.30, 0.40, 0.6,
[0.35,0.4%,[0.35,0.45,
[0.60,0.7%,0.30,0.45,0.70,
[0.60,0.70,[0.55,0.63,
[0.45,0.5%,0.70,0.40, 0.6,
[0.35,0.45,[0.35,0.45,
[0.60, 0.7%,0.30,0.45, 0.7,
[0.35,0.45,[0.30,0.40,
[0.75,0.8%,0.70,0.50, 0.70

Subject to this information, the rst criterion is weighted as 0.70 and the second criterion as 0.30.
The NCGUA operators are applied to form the general matrix, which represents the matrix of the

group of experts illustrated in Table 11.

Table 11. Expert 3—General result.

S

S

S

Ay

Az

Az

(GO00TTTIo0 © - (000D © - (i © (Pl © - (Gl <

[0.2325,0.410B
[0.3102, 0.410B
[0.5645,0.662F
0.3000, 0.4102, 0.635
[0.3960, 0.495p
[0.4101,0.496p
[0.6000, 0.765p
0.3446, 0.4915, 0.712
[0.5315,0.631P
[0.5405,0.692B
[0.6725,0.782]1
0.5748,0.6289,0.725
[0.5904, 0.650])
[0.2951, 0.396])
[0.5547,0.667R
0.6581,0.3324, 0.583
[0.3713,0.410B
[0.3102,0.410B
[0.5886, 0.675B
0.3000, 0.4101, 0.682

NI, DT —CXHITm) R S S H

[0.5500,0.6500 &
[0.6000, 0.750]
[0.7000, 0.800D)
0.6000, 0.7000, 0.750
[0.4215,0.568F
[0.3925,0.495p
[0.2402, 0.344p
0.4781,0.5396,0.223
[0.5315,0.631p
[0.5405,0.692B
[0.6721,0.780B
0.5742,0.6235,0.725
[0.5315,0.631p
[0.5904, 0.725B
[0.7000, 0.800D)
05714,0.6582,0.7407
[0.5736,0.674F
[0.4072,0.552F
[0.4458,0.548p
0.5972, 0.4475, 0.682

(GSP000000 © - (HTCCTToTtl © - (GGiiiioT © - (GHuiotttn © - (il O

[0.2145, 0.400D
[0.3185, 0.415p
[0.5624, 0.662F
0.3000,0.4123,0.612
[0.4730,0.573p
[0.3912, 0.492F
[0.6000, 0.750
0.4623,0.4921, 0.700
[0.6000, 0.740F
[0.3228,0.5344
[0.4852, 0.584R
0.7000, 0.2347,0.521
[0.5592, 0.707R
[0.2711,0.371B
[0.5182,0.623F
0.6446,0.2577,0.548
[0.2325,0.410B
[0.3000, 0.400]
[0.5823, 0.695p
0.6321,0.4103,0.622

(GS00000 © - (GHOOCOToooD © - (GiiiiinT © - (GGnntn © - (il O

72



Symmetry202Q 12, 496

Now applying NCGUA operator subject to the weight  (0.45, 0.35, 0.2] the following matrix is
obtained illustrated in Table 12.

Table 12. Collective results of experts.

S S

2 [0.3802,0.507p B [0.5470,0.645p B [0.5009,0. essp
Ay [0.3670, 0.529]L [0.5443, 0.653] [0.5941,0.765p
[0.5026, 0.596} [0.6565,0.757R [0.5347,0.631B

o 0-3787,0.3731,0.545  0-6000,06123,0.629 , 0-4003,0.4811,0.554
[0.4145,0.5425 [0.5808, 0.743F [0.4771,0.626p
Az [0.4060, 0.511p [0.4399, 0.5504 [0.3943, 0.488B
[0.6232,0.810] [0.3240,0.380F [0.5794, 0.654B

0.3064,0.5213,0.774

[0.4316,0.680F
[0.5354, 0.686]]
[0.3534, 0.500]
0.4957,0.4457,0.726
[0.4879,0.578B
[0.3720, 0.486p
[0.5552, 0.654%
0.4935, 0.4309, 0.610
[0.5024, 0.645F
[0.2903, 0.458]
[0.4777,0.595F
0.4384,0.4438,0.478

0.5053,0.4376,0.552

[0.4178,0.5368 E
?%

0.4874,0.4579,0.616

E
E
[0.4869,0.626B &
[0.3764, 0.480B E

[0.5523,0.688%
[0.5812, 0.594P
0.3600, 0.6088, 0.763
[0.4659, 0.564]
[0.4492, 0.553]
[0.5225,0.756p
0.4368,0.5786, 0.655
[0.5658, 0.682]1
[0.4715,0.587%
[0.5348, 0.644]
0.6356, 0.4890, 0.575

[0.4194, 0.470]
0.4902,0.3178, 0.528
[0.4512,0.531}
[0.3764, 0.503
[0.4512,0.605p
0.4126,0.3178, 0.602
[0.2979, 0.449F
[0.3925, 0.503}
[0.7177,0.788]
0.5119, 0.4425, 0.686

As

£
(SO (GO © (G
COXTIIIII H-PIEIIIID) IS - NI X H
(SO ©  (EFUUIUID © - (GSHOIEOD G
(gmmm:o (gmmmuo @nmnmc

Now applying NCGUA operator subject to the weight (0.33, 0.33, 0.3%the following matrix is
obtained illustrated in Table 13.

Table 13. Aggregated result of experts.

[0.4808, 0.607

[0.5117, 0.664%

[0.5606, 0.657B
0.4491,0.4790,0.577

[0.5358, 0.542F
[0.4135,0.517R
[0.4899, 0.587R
0.4232,0.4708,0.661
[0.4467,0.619],
[0.4927, 0.628F
[0.4414,0.518]
0.4443,0.4403,0.686
[0.4684, 0.558F
[0.4000, 0.515]
[0.5071, 0.668B
0.4460,0.4282,0.621
[0.4670, 0.602B
[0.3892,0.519B
[0.5694, 0.672R
0.5224,0.4577,0.590

Aq

(S00Io0

As

(@I O (GO (T © (GO <
XTI HPATIITD, XTI —COm - - COTITITDm H

For comparison of NC values, the cosine measure is computed of the alternatives, so that the
values are ranked.

C(A1) = 0.04055C(A;) = 0.4058,C(A3) = 0.04394,C(A4) = 0.03890,C(As) = 0.03750.
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Table 14. Ranking using di erent operators.

Operators Ranking
NCWA As>Ar>A1>As> A3
NCWG Ar>A1>A3>A4>Ag
NCP As>A3>A1>Ar> Ay
NCmax As>Az3>A1>Ar> Ay
NCmin Az3>A5>Ar>A1> Ay

Table 15. Ranking using di erent operators in fuzzy data.

Operators Ranking
FWA As>A3z3>A1>Ar> Ay
FOWA A3>As>Ar>A1> Ay
FPA As>A3z3>Ar>A1> A,
FMax As>A3>A1>Ar> Ay
FMin Ar>A3>As5> A1 > Ay

7. Conclusions

This paper generalized aggregation operators, such as NCGUA operators, which provide a single
plate form for researchers and experts to deal with di erent types of aggregation operators. This
generalization helps to work in a complex frame of work where more than one operator is required.
The data involves inconsistent and indeterminate factors and is furnished upon a daily life problem.
The NCGUA operator is further generalized to NCQGUA aggregation operators. Moreover, it can
include complex aggregation operators that deal with complex environments such as problems with a
wide range of sub-aggregations. It is shown that some particular aggregation operators like NCWA,
NCOWA, NCGA, NCOGA, NCmax, NCmin and other aggregation operators can easily be deduced
from NCQGUA or NCGUA operator. A new decision-making method is formed to deal with the
problem in which each criterion is further classi ed into nature of stats. A numeric example involving
the EMU is provided as an application. It is concluded that the proposed method provides the best
results in comparison to the method previously proposed due to the indeterminate factors involved
in data.
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Abstract: The foremost broadly utilized strategy for the valuation of the overall performance
of a set of identical decision-making units (DMUSs) that use analogous sources to yield related
outputs is data envelopment analysis (DEA). However, the witnessed values of the symmetry or
asymmetry of di erent types of information in real-world applications are sometimes inaccurate,
ambiguous, inadequate, and inconsistent, so overlooking these conditions may lead to erroneous
decision-making. Neutrosophic set theory can handle these occasions of data and makes an imitation
of the decision-making procedure with the aid of thinking about all perspectives of the decision.
In this paper, we introduce a model of DEA in the context of neutrosophic sets and sketch an
innovative process to solve it. Furthermore, we deal with the problem of healthcare system evaluation
with inconsistent, indeterminate, and incomplete information using the new model. The triangular
single-valued neutrosophic numbers are also employed to deal with the mentioned data, and the
proposed method is utilized in the assessment of 13 hospitals of Tehran University of Medical Sciences
of Iran. The results exhibit the usefulness of the suggested approach and point out that the model has
practical outcomes for decision-makers.

Keywords: single-valued neutrosophic set; triangular neutrosophic number; data envelopment
analysis; healthcare systems; performance evaluation

1. Introduction

As a strong analytical tool for benchmarking and e  ciency evaluation, DEA (data envelopment
analysis) is a technique for evaluating the relation e ciency of decision-making units (DMUS),
developed initially by Charens et al. [ 1] on a printed paper named the Charnes, Cooper, and Rhodes
(CCR) model. They extended the nonparametric method introduced by Farrell [ 2] to gauge DMUs
with multiple inputs and outputs. The Banker, Charnes, and Cooper (BCC) model is an extension of
the previous model under the assumption of variable returns-to-scale (VRS) [ 3]. With this technique,
managers can obtain the relative e ciency of a set of DMUs. In time, many theoretical and empirical
studies have applied DEA to several elds of science and engineering, such as healthcare, agriculture,
banking supply chains, and nancial services, among others. For more details, the reader is referred to
the studies of [4-14].

Conventional DEA models require crisp information that may not be permanently accessible in
real-world applications. Nevertheless, in numerous cases, data are unstable, uncertain, and complicated;
therefore, they cannot be accurately measured. Zadeh [15] rst proposed the theory of fuzzy sets (FSs)
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against certain logic. After this work, many researchers studied this topic; details of some approaches
can be observed in [16-20]. Several researchers also proposed some models of DEA under a fuzzy
environment [21-25].

However, Zadeh's fuzzy sets consider only the membership function and cannot deal with other
parameters of vagueness. To overcome this lack of information, Atanassov [ 26] introduced an extension
of FSs called intuitionistic fuzzy sets (IFSs). There are also several models of DEA with intuitionistic
fuzzy data: see [27-30].

Although the theory of IFSs can handle incomplete information for various real-world issues,
it cannot address all types of uncertainty such as inconsistent and indeterminate evidence. Therefore,
Smarandache B1,32] established the neutrosophic set (NS) as a robust overall framework that
generalizes classical and all kinds of fuzzy sets (FSs and IFSs).

NSs can accommodate indeterminate, ambiguous, and conicting information where the
indeterminacy is clearly quanti ed, and de ne three kinds of membership function independently.

In the past years, some versions of NSs such as interval neutrosophic sets B3,34], bipolar
neutrosophic sets [35,36], single-valued neutrosophic sets [ 37-39], and neutrosophic linguistic sets [ 40]
have been presented. In addition, in the eld of neutrosophic sets, logic, measure, probability, statistics,
pre-calculus and calculus, and their applications in multiple areas have been extended: see [41-44].

In real circumstances, some data in DEA may be uncertain, indeterminate, and inconsistent,
and considering truth, falsity, and indeterminacy membership functions for each input /output of
DMUs in the neutrosophic sets help decision-makers to obtain a better interpretation of information.
In addition, by using the NS in DEA, analysts can better set their acceptance, indeterminacy, and rejection
degrees regarding each datum. Moreover, with NSs, we can obtain a better depiction of reality through
seeing all features of the decision-making procedure. Therefore, the NS can embrace imprecise,
vague, incomplete, and inconsistent evidence powerfully and e  ciently. Although there are several
approaches to solve various problems under neutrosophic environments, there are not many studies
that have dealt with DEA under NSs.

The utilization of neutrosophic logic in DEA can be traced to Edalatpanah [ 45]. Kahraman et al. [46]
proposed a hybrid algorithm based on a neutrosophic analytic hierarchy process (AHP) and DEA for
bringing a solution to the e  ciency of private universities. Edalatpanah and Smarandache [47], based
on some operators and natural logarithms, proposed an input-oriented DEA model with simpli ed
neutrosophic numbers. Abdelfattah [ 48], by converting a neutrosophic DEA into an interval DEA,
developed a new DEA model under neutrosophic numbers. Although these approaches are interesting,
some restrictions exist. One of them is that these methods have high running times, mainly when
we have many inputs and outputs. Furthermore, the main aw of [ 48] is the existence of several
production frontiers in the steps of e ciency measure, and this leads to the lack of comparability
between e ciencies.

Therefore, in this paper, we design an innovative simple model of DEA in which all inputs and
outputs are triangular single-valued neutrosophic numbers (TSVNNS), and establishanewe cient
strategy to solve it. Furthermore, we use the suggested technique for the performance assessment of
13 hospitals of Tehran University of Medical Sciences (TUMS) of Iran.

The paper unfolds as follows: some basic knowledge, concepts, and arithmetic operations on NSs
and TSVNNSs are discussed in Section 2. In Section 3, some concepts of DEA and the CCR model are
reviewed. In Section 4, we establish the mentioned model of DEA under the neutrosophic environment
and propose a method to solve it. In Section 5, the suggested model is utilized for a case study of
TUMS. Lastly, conclusions and future directions are presented in Section 6.

2. Preliminaries

In this section, we discuss some basic de nitions related to neutrosophic sets and single-valued
neutrosophic numbers, respectively.
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Smarandache put forward an indeterminacy degree of membership as an independent component
in his papers [31,32], and since the principle of excluded middle cannot be applied to new
logic, he combines non-standard analysis with three-valued logic, set theory, probability theory,
and philosophy. As a result, neutrosophic means “neutral thinking knowledge.” Given this meaning
and the use of the term neutral, along with the components of truth (membership) and falsity
(non-membership), its distinction is marked by fuzzy sets and intuitionistic fuzzy sets. Here, it is
appropriate to give a brief explanation of the non-standard analysis.

In the early 1960s, Robinson developed non-standard analysis as a form of analysis and a branch
of logic in which in nitesimals are precisely de ned [ 49]. Formally, x is called an in nitesimal number
if and only if for any non-null positive integer n we have  jxj % Let" > 0 be an in nitesimal number;
then, the extended real number set is an extension of the set of real numbers that contains the classes of
in nite numbers and the in nitesimal numbers. If we consider non-standard nite numbers1  * = 1+ "
and 0= 0 ",where 0 and 1 are the standard parts and " is the non-standard part, then ] 0,1"[is
a non-standard unit interval. Itis clear that 0, 1, as well as the non-standard in nitesimal numbers
that are less than zero and in nitesimal numbers that are more than one belong to this non-standard
unit interval. Now, let us de ne a neutrosophic set:

De nition 1 ([31,32,41]) (neutrosophic set). A neutrosophic set in universal U is de ned by three membership
functions for the truth, indeterminacy, and falsity of x in the real non-standia@, 1* [, where the summation of
them belongs to [0, 3].

De nition 2 ([34]). If the three membership functions of a NS are singleton in the real standard [0, 1], then a
single-valued neutrosophic set (SVNS) is denoted by:

n o
= % ), xX), (x)x2U,

which satis es the following condition:

0 (+ (+ () 3

D
Denition 3 ([38]). A TSVNN A@= & g"a' , b, b"b', d,c" i is a particular single-valued
neutrosophic number (SVNN) whosge (X), se(X), and ,e (X) are presented as follows:
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D E D
Denition 4 ([38). Let A@ = g ang, v, d,c" and B =  d,d"d,
d, @, fl,fM fU be two TSVNNs, where their elements are[in, U,]. Then, Equations (1) to (3)

are true: D
(hA@ B@ = min(d + d,U; ,min(@ + d™, U;), min(a" + d', U,);
min(b' + €,U; ,min(b™+ €, U;), min(b" + ¢ U1 (1)
min(d + f, Uy ,min(¢™+ ™ Uy), min(c¢" + fY4,Uy) ,
D
(i) A@= & a4, b "o, & " di, 2)
D
(i) A®= d, a &', o, " ', d, " i, > 0. (3)

D
De nition 5 ([38]). ConsiderA@= & g a' , b,b™ b", d,c" ¢ i as a TSVNN. Then, the ranking
function of A2can be de ned with Equation (4):
d+b+d +2@m+ b+ dM)+ (& + b+ M)

AQ@ = - ()

De nition 6 ([20]). Suppose @ and Q@ are two TSVNNSs, then:

() P@ Q@ifandonlyif P@ Q@,
(i) P@< Q@ifandonlyif P2 < Q@.

3. Data Envelopment Analysis

Let a set of n DMUs, with each DMUj (j = 1,2,:::,n) using minputs p;; (i = 1,2,:::,m) produce
soutputs q(r = 1,2,:::,5). If DMU , is under consideration, then the input-oriented CCR multiplier
model for the relative e ciency is computed on the basis of Equation (5) [1]:

Py .
-1V
o = maxp=1 2 o (5)
i= 1 UiPio
S.t: P

r=1Vr0rj .

o 1, j—1,2,...,n

i=1 Uibij

Ve, Or=1,:::,8i=1,:::,m.
where v, and u; are the related weights. The above nonlinear programming may be converted as
Equation (6) to simplify the computation:

Xs
o = Max  ViGo (6)
r=1

S.t:

B

~ Uipp=1
i=1

R P ]
ViGj  uipj O, j=1,2,::0n

r=1 i=1

vi,ui Or=1,:::,si=1,:::,m.

The DMUgyise cientif o = 1;otherwise, itisine cient.
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4. Neutrosophic Data Envelopment Analysis

Like every other model, DEA has been the subject of evolution. One of the critical improvements
in this eld is related to circumstances where the information of DMUs is characterized and measured
beneath conditions of uncertainty and indeterminacy. Indeed, one of the traditional DEA models'
assumptions is their crispness of inputs and outputs.

However, it seems questionable to assume the data and observations are crisp in situations
where uncertainty and indeterminacy are inevitable features of a real environment. In addition, most
management decisions are not made based on known calculations, and there is a lot of uncertainty,
indeterminacy, and ambiguity in decision-making problems. The DEA under a neutrosophic
environment is more advantageous than a crisp DEA because a decision-maker, in the preparation of the
problem, is not obliged to make a subtle formulation. Furthermore, because of a lack of comprehensive
knowledge and evidence, precise mathematics are not su cient to model a complex system. Therefore,
the approach based on neutrosophic logic seems t for such problems [ 31,32]. In this section, we
establish DEA under a neutrosophic environment.

Consider the input and output for the jth DMU as follows:

%]

q H by b bs 1 C3
[pij,pij,pij],[pij,pij,pij], [pij,pij,pij] )

-
|
o
e
E
|

G

8y & & by by bg cy c3
[q”'! q”'! q”']![qrj! qrjl q”']l [q”'l q”'l qr]] 1

E b G
qu = O Orjr G

which are TSVNNSs. Then, the triangular single-valued neutrosophic CCR model called TSVNN-CCR
is de ned as follows:

xXs
(g@ =max  Vilp @)
r=1
s.t.
P
uiPipx=1
P Pl
Vr.q.rj Ui.p.ij 0, j =1,2,:::,,n
r=1 i=1

ViU Or=1,:::,si=1,:::,m.

Next, to solve Model (7), we propose the following algorithm:
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Algorithm 1. The solution of TSVNN-CCR Model

Step 1. Construct the problem based on Model (8).
Step 2. Using De nition 3 (ii, iii), transform the TSVNN-CCR model of Step 1 into

Model (8):
R a & & by b b c c c

o@ = max 1 [Vfdro’quro'quro]'[quro'quro'quro]'[Vfdro'vféro'vfﬁro] (8)
r=

s.t:

m a & & by by by [} 3 C3 _
,1 [Ui Pig: Ui Pio: Ui Piol » [Ui Pig: Ui Pigs Ui Pigls [Ui Pig, UiPio: Ui Pl = 1
i=

P a & & b b b a4 g G

) [V Gyj, Ve g Ve g1 Ve g Vi Gy Ve Gl [V G Ve G Ve Gl

pm & & a bs by by G o [
1[ UiPjj,  UiPjj. Uipij]a[ UiPij,  Uipjj, Uipij]a [Uipijw Ui Pij» Uipij] 0,
Vvi,Up Or=1,:::5,si=1,:::,m.
Step 3. Transform Model (8) into the following model: | '
’ B b B b B R P )

@— B a4 B & B & B n c [ G .
o= max  Vilp Vil  Vilp.  Vilg Vil Vil Vil Vil Vg ©)
=1 r=1 r=1 r=1 r=1 r=1 =1 r=1 r=1
L ! ! !
P g P 5 Py P b P b P P g P g P g o
_ UiBig,  Uibjp,  UiBg v UiBje,  UiPjg,  Uibjp»  UiPjo,  UiPjo,  UiPg i =1
i=1 *i=1 i=1 i=1 i=1 i=1 i=1 1 =1
S 2] x B a P a P a m a
Vidy UiPij,  Vrdy UiPij,  Vrdyj uipjj
r=1 i=1 r=1 i=1 r=1 i=1 |
B b m s P b 2 b P b m by
Vil UiPij,  Vrdy UiPjj,  Vrgy Ui Bjj
=1 i=1 r= i= i= |
B o m e P o m o P g m .
Vr G UiBjj.  Vrdy UiPij,  vrdy uip; i 0,
r=1 =1 r=1 =1 r=1 i=1
Vi,Up Or=1,:::5,5i=1,:::,m.
Step 4. Based on De nitions 4-5, convert TSVNN-CCR Model (9) into crisp Model (10):
@ - (10)
o 0

P a % a by by by 1 [ G
max N [Vr Ggr Vi Gy Vi Gyl » [V Qs Vr s Vr Gl [V Gy Vi s Vi O]

s.t:
m a S & by b, b3 Cy [ C3 _
- [Ui Pig» Ui Pigs Ui Pio] » [Ui Pigs Ui Pigs Ui Pigls [Ui Pig» Ui Pjgs Ui Pig] = 1
i=
P a 3 a by by by G [ G
[Vr rj Ve Gy Ve O 1 Ve Gy Ve g Ve dig L [ve G Ve G Ve Gl

r=

o EY % a by by by G o [
UiPji, UiPjj, UiPj » Ui, Ui, Uibj . UiPjj, Uipjj, UipP; | 0,

i=1
Vvi,Uip Or=1,:::5,si=1,:::,m.
Step 5. Run Model (10) and get the optimal e  ciency of each DMU.

5. Numerical Experiment

In this section, a case study of a DEA problem under a neutrosophic environment is used to reveal
the validity and usefulness of the proposed model.

Case Study: The Eciency of the Hospitals of TUMS

Performance assessments in healthcare frameworks are a noteworthy worry of policymakers
so that reforms to improve performance in the health sector are on the policy agenda of numerous
national governments and worldwide agencies. In the related literature, various methods such as
least squares and simple ratio analysis have been applied to assess the performance of healthcare
systems (see for instance: $0-52]). Nonetheless, due to the applicability of DEA in the solution of
problems with multiple inputs and outputs, it is most commonly used in healthcare systems [ 53].
The utilizations of DEA in the healthcare sector can be found in several works of literature, including for
crisp data [54-56], fuzzy data [ 57,58], and intuitionistic fuzzy data [ 59]. To the best of our knowledge,
none of these current works assessed the e ciency of healthcare organizations with neutrosophic sets.
Therefore, to assess the e ciency of the mentioned systems under a neutrosophic environment, we
used the proposed model to evaluate 13 hospitals of TUMS. It is worth emphasizing that due to privacy
policies, the names of these hospitals are not shared. Furthermore, for the selection of the most suitable
and acceptable items of the healthcare system, which are commonly used for measuring e ciency
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in the literature, we considered two inputs, namely the number of doctors and number of beds, and
three outputs, namely the total yearly days of hospitalization of all patients, number of outpatient
department visits, and overall patient satisfaction.

For each hospital, we gathered the related data from the medical records unit of the hospitals,
Center of Statistics of the University of Medical Sciences, the reliable library, online resources, and the
judgments of some experts. After collecting data, we found that the information was sometimes
inconsistent, indeterminate, and incomplete. The investigation revealed that several reforms by the
mentioned hospitals and other issues have led to considerable uncertainty and indeterminacy about
the data. As a result, we identi ed them as triangular single-valued neutrosophic numbers (TSVNNS).
For example, for “Patient Satisfaction,” we collected data in terms of “satisfaction,” “dissatisfaction,”
and “abstention,” and for each term, the related data was expressed by a triangular fuzzy number.
In addition, each triangular fuzzy number was constructed based on min, average, and max. All data
were expressed by using TSVNNSs, and can be found in Tables 1 and 2.

Table 1. Input information of the nominee hospitals.

Inputs 1 Inputs 2

Number of Doctors

Number of Beds

[404, 540, 67h,[350, 440, 56§ [420, 645,70

[520, 530, 53, [520, 525, 53} [532, 534, 547

[119, 136, 18P, [122, 125, 13, [125, 178,200

[177,180, 18B,[173, 175, 178 [185, 189, 195

[139, 145, 15B,[139, 140, 14, [146, 155, 16}

[208, 214, 21B,[195, 209, 21F [210, 217, 23]

[86, 93,15],[83, 85, 87, [89, 138, 16

[114, 116, 11B,[114, 115, 11F, [116, 118, 12

[110, 117,12],[105, 112,12 [113, 119, 128
[101,107, 11],[95, 100, 104 [108, 112, 11k
[492, 495, 50B,[492, 494, 500, [493, 506, 52{)
[66, 68, 73,[63, 67, 69, [68, 70, 78i
(192,195, 19B,[185, 193, 19F, [194, 196, 20%

[101, 113, 17p,[110, 112, 11} [112, 120, 17}
(561, 694, 86} [510, 640, 750 [582, 857, 931
[123, 179, 199,[122, 125, 13 [195, 200, 205
[101, 153, 155,[140, 145, 150 [145, 149, 16}

1
2
3
4
5 [84, 93, 143,[84, 89, 120, [90, 140, 15%
6
7
8
9

10 [147, 164, 17D,[147, 160, 16, [165, 169, 180 [333, 340, 357,[335, 338, 350 [338, 347,36H
11 [130, 158, 19P,[110, 144, 17§ [146, 177,20% [96, 100,114, [97, 99,103, [99, 110, 12§
12 [128, 137, 18}, [128, 133, 16} [134, 184, 198 [213, 220, 224, [208, 215, 22§ [216, 222, 23}
13 [151,160, 21P, [151, 156, 18], [157, 207, 22 [320, 327, 331, [315, 322, 33]) [323, 329, 338

Next, we used Algorithm 1 to solve the performance valuation problem. For example, Algorithm 1
for DMU ; can be used as follows:
First, we construct a DEA model with the mentioned TSVNNSs:

max®€,  [121.13, 139.24, 140.04[138.64, 139.14, 139.81139.14, 140.02, 141.1i%,
[38,41, 4%,[38, 40, 43,[41, 44, 49iv,

[104.23, 114.04, 278.51[102.37, 109.15, 235.74104.81, 275.25, 279.§&/3

S.t:
[404, 540, 674,[350, 440, 56{) [420, 645, 70 u;

[520, 530, 53b, [520, 525, 530 [532, 534, 54fuy = 1,

( [121.13, 139.24, 140.04[138.64, 139.14, 139.8][139.14, 140.02, 141.]ik; [38,41, 45,[38, 40, 43,
[41, 44, 49iv, [104.23, 114.04, 278.51[102.37,109.15, 235.72[104.81, 275.25, 279.88/3)
( [404, 540, 671,[350, 440, 56Q)[420, 645, 700u;  [520, 530, 53F,[520, 525, 53] [532, 534, 54flu,) O,

( [31.54, 34.93, 38.99[31.54, 34.15, 38.37[34.86, 38.15, 39.98v; [40, 44, 47, [35, 52, 45,
[41, 46, 50iv, [34.54, 36.98, 54.8p,[36.45, 36.80, 41.57[47.61, 54.25, 55.35> v3 )
( < [109, 126, 17p, [112, 115, 12 [115, 168,190u; [nl77,180, 188, [173,175,17R [185,189,195u,) O,
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( [81.62,82.07,85.91[81.41,81.94,83.35[81.78, 85.49,88.16v;  [18,20, 29, [19,21,23,
[28,30,38iv, [hL57.75, 177.57, 264.5p[157.75,176.68, 250.75[180.29, 263.98, 272.16/3)
( [139, 145, 15B, [139, 140, 14}, [146,155,16iu;  [208, 214, 21B, [195,209, 21k [210,217,23]u,) O,

( [19.54, 20.41, 20.59[20.15, 20.25, 20.32[20.54, 20.58, 20.70v;  [18, 21, 25, [15, 19, 23,
[20, 24, 3Qiv, [32.89, 35.56, 87.74,[35.25, 35.50, 35.61[87.50, 87.94, 88.30v3)
( [86, 93,151, [83, 85, 87, [89, 138, 16Qiu;  [114, 116, 11B, [114, 115, 11}, [116, 118, 12ku,) O,

( [23.89,24.60, 26.09[23.56, 23.60, 23.68[25.97, 26.35, 26.72v;  [30, 36,41, [34, 35, 31,
[35,40,57iv, [63.23, 69.58, 120.7B,[63, 65.17, 94.9B[64.47, 118.75, 124.7F v3)
( [84, 93, 143, [84, 89, 120, [90, 140, 15%u; [110, 117,12], [105, 112,12 [113, 119, 12Bu,) O,

( [21.33, 21.49, 23.31[20.94, 24.25, 22.6§[21.38, 23.14, 23.9%v; [50, 55, 60, [50, 53, 57,
[56, 59, 7Qiv, [72.84, 82.84, 94.1,[82.15, 82.68, 84.89 [85.75, 93.50, 97.18v3)
( [101, 113, 17p,[110, 112, 11§ [112, 120, 17Ju;  [101,107, 11}, [95, 100, 104 [108, 112, 11%u,) O,

( [145.77,148.28,169.01145.77, 147.16, 168.31[150.69, 168.95,175.18/;  [40, 44, 44, [42, 43, 45,
[43, 44,55 v, [147.59, 150.37,227.1R[147.30, 147.45,148. 25[218.24, 224.61, 229.43/3)

( [561,694, 864 [510,640,75) [582,857,93pu;  [492, 495, 508 [492, 494,500, [493,506,52Duy) O,
( [11.56, 11.74, 12.96[11.42, 11.61, 11.99[11.58, 12.64, 13.06v;  [60, 75,80, [55, 60, 62,
[78,83,8%iv, [189.37, 202.08, 284.909[189.37, 200.52, 281.§3[270.16, 284.55, 289.1i%/3)

( [123, 179, 199,[122, 125, 13)) [195, 200, 20ku; [66, 68, 73,[63, 67, 69, [68, 70, 7§iu,) O,

( [57.55,62.67,63.03[62.15, 62.50, 62.9362.50,62.97,63.6lv;  [32,35,38, [32, 33,35,
[34,36,45iv, [14.63,14.85, 29.40[14.70,14.75, 15.35[24.75, 28.36, 32.6iv3)
( [101,153, 155, [140, 145, 15Q) [145,149, 16Jiu;  [192, 195, 19, [185, 193, 197, [194, 196, 205u,) O,

( [73.21, 76.03, 81.9p,[75.76, 76.05, 76.35[81.67, 82.27, 82.6iv;  [22, 25,40, [20, 24, 27,
[23,25,29iv, [96.77,97.27,110.39[96.77, 96.89, 105.14[99.76, 108.62, 115.3ik/3)
( [147,164, 17D, [147,160, 16}, [165,169,18lu;  [333, 340, 357, [335, 338, 35)) [338, 347, 36}uy) O,

( [22.90,27.71,35.96[22.90, 26.45, 31.78[27.92,34.62,39.4lv;  [20, 23,24, [21,22, 23,
[22, 25,30iv, [171.53,182.46,384.99[171.12, 178.65, 210.34[175.59, 270.65, 400.]i2/3)
( 130,158, 19p, [110,144, 173 [146,177,205u;  [96,100, 11%,[97,99, 103, [99, 110, 12%u,) O,

( [58.41, 59.12, 60,61[58.08, 58.12, 58.20 [60.49, 60.87, 61.2v,  [25, 31,37, [29,30,32,
[30, 35,52 v,  [59.87, 66.22, 117.3], [59.64, 61.81, 91.57[61.11, 115.39, 121.3Pv3)
( [128, 137, 18], [128, 133, 164 [134, 184, 198u; [213, 220, 22}, [208, 215, 228 [216, 222, 23Lu,) O,

( [66.97, 67.68, 69.17[66.64, 66.68, 66.16[69.05, 69.43, 69.90v;  [20, 27,3}, [23, 26,28,
[24, 30,46iv,  [96.97, 103.32, 154.4F, [96.74, 98.91, 128.47[98.21, 152.49, 158.50v3)
( [151,160, 21D, [151, 156, 18], [157,207, 22fu;  [320,327, 331 [315, 322, 33]) [323,329,33Bu,) O,

vi,up Or=1,23j=1,2
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Table 2. Output information of the nominee hospitals.

Outputs 1

DMU Days of Hospitalization

(in Thousands)

Outputs 2

Patient Satisfaction (%)

Outputs 3
Number of Outpatients
(in Thousands)

[121.13, 139.24, 140.04
[138.64, 139.14, 139.81

[139.14, 140.02, 141.1i7

(38,41, 45,
[38, 40, 43,
[41, 44, 49

[104.23, 114.04, 278.51
[102.37, 109.15, 235.12
[104.81, 275.25, 279.38

[31.54, 34.93, 38.99
[31.54, 34.15, 38.37
[34.86, 38.15, 39.43

[40, 44, 47,
[35, 42, 45,
[41, 46, 50i

[34.54, 36.98, 54.8P,
[36.45, 36.80, 41.57
[47.61, 54.25, 55.35

[81.62, 82.07, 85.91
[81.41, 81.94, 83.35
[81.78, 85.49, 88.1p

[18, 20, 29,
[19,21,23,
[28, 30, 35i

[157.75, 177.57, 264.52
[157.75,176.68, 250.15
[180.29, 263.98, 272.16

[19.54, 20.41, 20.99
[20.15, 20.25, 20.32
[20.54, 20.58, 20.7D

[18, 21, 25,
[15, 19, 23,
[20, 24, 30

[32.89, 35.56, 87.7H,
[35.25, 35.50, 35.41
[87.50, 87.94, 88.30

[23.89, 24.60, 26.49
[23.56, 23.60, 23.68
[25.97, 26.35, 26.7R

[30, 36,41,
[34,35, 37,
[35, 40, 57i

[63.23, 69.58, 120.7R
[63, 65.17, 94.9B
[64.47, 118.75, 124.7p

[21.33, 21.49, 23.31
[20.94, 24.25, 22.68
[21.38, 23.14, 23.94

[50, 55, 60,
[50, 53, 57,
[56, 59, 70

[72.84, 82.84, 94.1B,
[82.15, 82.68, 84.8R
[85.75, 93.50, 97.1B

[145.77, 148.28, 169.01
[145.77, 147.16, 168.31
[150.69, 168.95, 175.18

[40, 44, 4§,
[42, 43,45,
[43, 44, 55i

[147.59, 150.37, 227.1R
[147.30, 147.45, 148.35
[218.24, 224.61, 229.63

[11.56, 11.74, 12.96
[11.42, 11.61, 11.98
[11.58, 12.64, 13.16

[60, 75,80,
[55, 60, 62,
[78, 83, 85

[189.37, 202.08, 284.99
[189.37, 200.52, 281.43
[270.16, 284.55, 289.]2

[57.55, 62.67, 63.0B,
[62.15, 62.50, 62.98
[62.50, 62.97, 63.61

[32, 35,38,
[32, 33, 3,
[34, 36, 45i

[14.63, 14.85, 29.4D,
[14.70, 14.75, 15.25
[24.75, 28.36, 32.6H1

10

[73.21, 76.03, 81.9D,
[75.76, 76.05, 76.95
[81.67, 82.27, 82.64

[22, 25, 40,
[20, 24, 27,
[23, 25, 29i

[96.77, 97.27, 110.3p,
[96.77, 96.89, 105.14
[99.76, 108.62, 115.37

11

[22.90, 27.71, 35.5p,
[22.90, 26.45, 31.38
[27.92, 34.62, 39.41

[20, 23, 26,
[21,22, 23,
[22, 25, 30

[171.53, 182.46, 384.99
[171.12, 178.65, 210.34
[175.59, 270.65, 400.]2

12

[58.41, 59.12, 60.41
[58.08, 58.12, 58.30
[60.49, 60.87, 61.21

[25, 31,37,
[29, 30, 32,
[30, 35, 52i

[59.87, 66.22, 117.3F,
[59.64, 61.81, 91.57
[61.11, 115.39, 121.3p

13

[66.97, 67.68, 69.17
[66.64, 66.68, 66.76
[69.05, 69.43, 69.9D

[20, 27, 31,
[23, 26, 28,
[24, 30, 46i

[96.97, 103.32, 154.4]
[96.74, 98.91, 128.47
[98.21, 152.49, 158.5D

Finally, based on De nition 4, we convert the above model to the following model:

max €,

138.060&,+ 42v, + 175.2/3
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s.t:
529.83381; + 529.583381; = 1,

138.0608,+ 42v, + 17523 529.8338; 529.583%, O,
35.779%, + 43.5/, + 43.866%3 146.9167; 182.0838, O,
83.402%, + 24.5/,+ 209.973%; 148u; 2131, O,
20.36/; + 21.583%, + 57.107%; 104.3333; 116.8333, O,
24.9175,+ 38v, + 86.509%3 110u; 116.0838, O,
22.611%; + 56.416%, + 86.25253 122.916T; 1068u, O,
156.959%; + 44.416%, + 180.249%3 714.916T; 499.5838, O,
12.053%; + 71.333%, + 239.911¥; 165.1667;, 68.916T, O,
62.337%; + 35.333%, + 20.60753 146u; 194.916T, O,
78.344% + 25.75/,+ 102.471¥; 163.5); 343.916T, O,
29.794% + 23.583%, + 231.434%3 159.5;; 104.666T, O,
59.437%; + 33.083%, + 83.149%3 154u; 219.0838, O,
67.997%; + 28.166%, + 120.2%; 177u; 326.0838, O,
vi,up Or=123j=1,2

After computations with Lingo, we obtained  ;, = 0.6673 forDMU ;. Similarly, for the other
DMUs, we reported the results in Table 3. From these results, we can see that DMUs 3, 6, 8, and 11 are
e cientand others are ine cient.

Table 3. The e ciencies of the decision-making units (DMUs) by the triangular single-valued
neutrosophic number-Charnes, Cooper, and Rhodes (TSVNN-CCR) model.

DMUs E fficiency Ranking

1 0.6673 9
2 0.8057 6
3 1.00 1
4 0.5950 10
5 0.8754 4
6 1.00 1
7 0.7024 7
8 1.00 1
9 0.9116 2
10 0.8751 3
11 1.00 1
12 0.8536 5
13 0.7587 8

To authenticate the suggested e ciencies, these e ciencies were compared with the e ciencies
obtained by the crisp CCR (Model (6)), and are given in Figure 1. In this gure, the e  ciencies of
DMUs are found to be smaller for TSVNN-CCR compared to crisp CCR.

It is interesting that DMU 12 ise cientin crisp DEA, butitisine cientwithane ciency score
of 0.8536 using TSVNN-CCR. Therefore, TSVNN-CCR is more realistic than crisp CCR. In addition,
crisp CCR and TSVNN-CCR may give the same e ciencies for certain data. However, the crisp CCR
model does not deal with the uncertain, indeterminate, and incongruous information. Therefore,
TSVNN-CCR is more realistic than crisp CCR.
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Figure 1. Comparison of suggested and crisp models.

6. Conclusions and Future Work

In this paper, a new approach for data envelopment analysis was proposed in that indeterminacy,
uncertainty, vagueness, inconsistent, and incompleteness of data were shown by neutrosophic sets.
Furthermore, the sorting of DMUs in DEA has been presented, and using a de-neutrosophication
technique, a ranking order has been extracted. The e ciency scores of the proposed model have a
similar meaning and interpretation with the conventional CCR model. Finally, the application of
the proposed model was examined in a real-world case study of 13 hospitals of TUMS. The new
model is appropriate in situations where some inputs or outputs do not have an exact quantitative
value, and the proposed approach has produced promising results from computing e  ciency and
performance aspects.

The proposed study had some barriers: rst, the indeterminacy, uncertainty, and ambiguity
in the present report was limited to triangular single-valued neutrosophic numbers, but the other
forms of NSs such as bipolar NSs and interval-valued neutrosophic numbers can also be used to
indicate variables characterizing the neutrosophic core in global problems. Second, the presented
model was investigated under a constant returns-to-scale (CRS), but the suggested method can also be
extended under a VRS assumption, so we plan to extend this model to the VRS. Moreover, although
the arithmetic operations, model, and results presented here demonstrate the e ectiveness of our
methodology, it could also be considered in other types of DEA models such as network DEA and its
applications to banks, supplier selection, tax o ces, police stations, schools, and universities. While
developing data envelopment analysis, models based on bipolar and interval-valued neutrosophic
data is another area for further studies. As for future research, we intend to study these problems.

Author Contributions:  The authors contributed equally to writing this article. All authors have read and agreed
to the published version of the manuscript.
Funding: This work was supported by Quzhou University.
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Abbreviations: List of Acronyms

DEA Data Envelopment Analysis

DMU Decision-Making Units

CCR model Charnes, Cooper, Rhodes model

BCC model Banker, Charnes, Cooper model

CRS Constant Returns-to-Scale

VRS Variable Returns-to-Scale

AHP Analytic Hierarchy Process

TUMS Tehran University of Medical Sciences

FS Fuzzy Set

IFS Intuitionistic Fuzzy Set

NS Neutrosophic Set

SVNS Single-Valued Neutrosophic Set

TSVNN Triangular Single-Valued Neutrosophic number
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Abstract: Dynamic multi-criteria decision-making (DMCDM) models have many meaningful
applications in real life in which solving indeterminacy of information in DMCDMs strengthens the
potential application of DMCDM. This study introduces an extension of dynamic internal-valued
neutrosophic sets namely generalized dynamic internal-valued neutrosophic sets. Based on this
extension, we develop some operators and a TOPSIS method to deal with the change of both criteria,
alternatives, and decision-makers by time. In addition, this study also applies the proposal model to
a real application that facilitates ranking students according to attitude-skill-knowledge evaluation
model. This application not only illustrates the correctness of the proposed model but also introduces
its high potential appliance in the education domain.

Keywords: generalized dynamic interval-valued neutrosophic set; hesitant fuzzy set; dynamic
neutrosophic environment; dynamic TOPSIS method; neutrosophic data analytics

1. Introduction

Multi-criteria decision-making (MCDM) in real world is often dynamic|[  1]. In the dynamic MCDM
(DMCDM) model, neither alternatives nor criteria are constant throughout the whole problem and do
not change over time. Besides, the DMCDM model has to cope with both dynamic and indeterminate
problems of data. For example, when ranking tertiary students during learning time in a university by
the set of criteria based on attitudes-skills-knowledge model (ASK), the criteria, students and lecturers
are changing during semesters. The lecturers' evaluations using scores, or other ordered scales, are also
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subject to indeterminacy because of lecturers' personal experiences and biases. Therefore, a ranking
model that can handle these issues is necessary.

In [2], Smarandache introduced neutrosophic set including truth-membership, an indeterminacy-
membership and a falsity-membership to well treat the problem of information indeterminacy. Since
then, variant forms of MCDM and DMCDM models have been proposed as in [ 3-15]. In order to
consider the time dimension, Wang [ 16] proposed the interval neutrosophic set and its mathematical
operators. Ye [9] proposed MCDM in interval-valued neutrosophic set. Dynamic MCDM for
dynamic interval-valued neutrosophic set (DIVNS) was proposed in[ 14]. The authors have developed
mathematical operators for TOPSIS method in DIVNSs.

In some cases, criteria, alternatives and decision-makers are changing by time. This fact requires
a new method for DMCDM using TOPSIS method in the interval-valued neutrosophic set[ 17] with
diversion of history data. The TOPSIS method for DIVNS in [ 14] did not solve the problem with
the changing criteria, alternatives, and decision-makers. Liu et al. [ 13] combined the theory of both
interval-valued neutrosophic set and hesitant fuzzy set to solve the MCDM problem. However,
this study did not use TOPSIS method, and it did not consider the change of criteria also. In order
to take the history data into account, Je [10] proposed two hesitant interval neutrosophic linguistic
weighted operators to ranking alternatives in dynamic environment. In short, the DMCDM model in
DIVNS based on TOPSIS method has not been addressed before.

The purpose of this paper is to deal with the change of criteria, alternatives, and decision-makers
during time. We de ne generalized dynamic interval-valued neutrosophic set (GDIVNS) and some
operators. Based on mathematical operators in GDIVNS (distance and weighted aggregation operators),
a framework of dynamic TOPSIS is introduced. The proposed method is applied for ranking students
of Thuongmai University, Vietham on attributes of ASK model. ASK model is applicable for evaluation
of tertiary students' performance, and it gives more information that support employers besides a set
of university exit benchmark. It also facilitates students to make proper self-adjustments and help them
pursue appropriate professional orientation for their future career [ 18-21]. This application proves the
suitability of the proposed model for real ranking problems.

This paper is structured as follows: The Section 1 is an introduction, and the Section 2 provides the
brief preliminaries for DMCDM model in both legacy environment and interval-valued neutrosophic
set. The Section 3 presents the de nition of GDIVNS and some mathematical operators on this
set. The Section 4 introduces the framework of dynamic TOPSIS method in GDIVNSs environment.
The Section 5 presents the application of dynamic TOPSIS method in the problem of ranking students
based on attributes of ASK model. The Section 6 compares the result of proposed model with previous
TOPSIS model in DIVNS. The last section mentions the brief summary of this study and intended
future works.

2. Preliminary

2.1. Multi-Criteria Decision-Making Model Based on History

A dynamic multi-criteria decision-making model introduced by Campanella and Ribeiro [1] is a
DMCDM in which all alternatives and criteria are subject to change. The model gives decisions at all
periods or just at the last one. The nal rating of alternatives is calculated as:

8
§ Ri(a), a2 AmH{\1

E(@) = 3 De(F () R(@), a2Al HY, (1)
B 1(a), a2 HE A

where A¢ is a set of alternatives at period t, H{* , Is ahistorical set of alternatives at period t 1 (HOA = ),
R:(a) is rating of alternative aat period t, and Dg is an aggregation operator.
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2.2. Dynamic Interval-Valued Neutrosophic Set and Hesitant Fuzzy Set
Thong et al. [14] introduced the concept of dynamic interval-valued neutrosophic set (DIVNS).

De nition 1. [14] LetU be a universe of discourse, aAdbe a dynamic interval-valued neutrosophic Set
(DIVNS) expressed by,

n Dh i h i h E o
A= x T()TO), KOLIRO), FR(O).F() x2U )

where Ty, Ix, Fx are the truth-membership, indeterminacy-membership, falsity-membership respectively,
=f 1, 2,111, gis set of time sequence and

h i h i h i
T TC) 0,0 15 ), 12()  [0,4; Fe( ).F() [0,1
Example 1. A DIVNS in time sequence = f 1, »gand universal U= fxy, X5, X3gis:

g x1, ([0.5,0.4,[0.1,0.3,[0.2,0.4), ([0.4,0.5%,[0.25, 0.3,[0.3,0.43)
A= 3 %, ([07,0.81,[0.1,0.3,[0.1,0.3),([0.72,0.4,[0.11,0.23,[0.2,0.4)
x3, ([0.3,0.9,[0.4,0.5,[0.6,0.7),([0.4,0.9,[0.5, 0.4, [0.66,0.73)

=W WX/ ©

Hesitant fuzzy set (HFS) rst introduced by Torra and Narukawa [ 19] and Torra [ 20] is de ned
as follows.

De nition 2. [20] A hesitant fuzzy set E on U is de ned by the functidwg(x). Whenhg(x) is applied to U,
it returns a nite subset of [0, 1], which can be represented as

E= xhg(x) x2U (3)
where I(x) is a set of some values|id, 1].

Example 2. LetX = fxq, X5, Xx3gbe the discourse set, ahgl(x;) = 0.1, 0.2y hg(x2) = f0.3gandhg(x3) =
f0.2,0.3,0.5 Then, E can be considered as a HFS:

E = fhxy, 0.1, 0.2y, o, f0.30i, Iz, 0.2, 0.3, 0.5ig

3. Generalized Dynamic Interval-Valued Neutrosophic Set

Extending DIVNS by the concept of HFS is considered how to express the criteria, alternatives,
and DMs that are changing during time criteria, alternatives and decision-makers are changing by time.

In this section, we propose the concepts of generalized dynamic interval-valued neutrosophic
set (GDIVNS) and generalized dynamic interval-valued neutrosophic element (GDIVNE) including
fundamental elements, operational laws as well as the score functions. Then, GDIVNS's theory is
applied for the decision-making model in Section 4.

De nition 3. Let U be a universe of discourse. A generalized dynamic interval-valued neutrosophic set
(GDIVNS) in U can be expressed as,

D E o]
B= xB(x(tr) x2U;8t 2t 4)

wherePe (x(tr)) is expressed for importing HFS into DIVN$,(x(tr)) is a set of DIVNSs at periot} and

t = fty,to,t3,:::,tsg which denotes the possible DIVNSs of the elemedtX to the set, ﬁg(x(t,)) can
be represented by a generalized dynamic interval-valued neutrosophic element (GDIVNE)s WHeand
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n o)
Be(x(tr)) = 1, GDIVNS simpli es to DIVNS [14]. For convenience, we den8te ﬁE(x(t)) = 2@,
where

= L(X( ), TV (x( )) L(X( ). 1Y (x( )) FL(X( ), F(x( ))

is a dynamic interval-valued neutrosophic number.

Example 3. Lett= ft1,topg = f 1, 2gand an universal X= fxq,X2,X3g A GDIVNS in X is given as:
g ([0.2,0.33,[0.4,0.9,[0.6,0.7), ([0.24, 0.39, [0.38, 0.47,[0.56,0.7) , A
% *Xl’( ([0.29,0.37,[0.3,0.9,[0.4,0.58), ([0.4, 0.9, [0.2, 0.3, [0.35, 0.42) ! §
e . (0809[0.1,03[0.1,03),([0.72,0§][0.11,0.25[0.23,0.45) , =
- % . 2’( ([0.4,0.4,[0.2,0.4,[0.3,0.4), ([0.41, 0., [0.26, 0.39, [0.2, 0.3) §
([0.6,0.7,[0.2,0.3,[0.4,0.9), ([0.52, 0.66, [0.34, 0.4,[0.6,0.77) ,
([0.54,0.62,[0.15,0.3,[0.2, 0.4), ([0.4, 0.9, [0.25, 0.3, [0.39, 0.43)

De nition 4. Let®, &; and®, be three GDIVNEs. When> 0, the operations of GDIVNEs are de ned
as follows:

(i) Addition
ﬁls*%'l [812ﬁ1822ﬁ2 1 2 +9
_ O TE(NFTHX() TR ) T () TOx( )+ T(x()) TU(x( ) TY > (X( )) §
|" L)) 1)), |U(X( ) %) PR () PSP ) R (x(O) ;
(i)  Multiplication
ﬁ:I'Sﬁth [8 1288 2%, 1 2 i 9
g* hTLl(X( ) THXCO).TYUXC)) TY(X()) i 8
=8 HE OO + 15600 15O 1OV GO +15(() 19O 15xC) §
Fo(x()) + Fo () PR () PO P () + FU(x( ) FU(x( ) FU(x()
(iii) Scalar Multiplication
B=1l, g2 9
S 11T a1 T E
P2 V) L PO) P ¢
(iv) Power
n o
h = Logh 9
CF TH) L TU) 11 Nx() 11 () B
TReAE R 1 1 () 2
De nition 5. Let® be a GDIVNE. Then, the score functions of the GDIVREre de ned by,
| 1
_1 X X T )+ TY( ) HOEN®) Fr()+FY()

g Al=1
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where = f 1, 2,:::, g and#is number of elements fu Obviously,S® 2[0,1. If S&; S®; ,then
A B

Example 4. Let three GDIVNES:

® = ([1,2,[0,0,[0,0),([1,1],[0,0],[0,0) , ([1,1][0,0][0,0l),([1,1].[0,0[0,0)
® = ([0,01,[1,1],[0,0). ([0, [1,1.[0,0) , ([0,q][1,1][0,0]),([0,0],[1,1],[0,0])
B = ([0,0[1,1,[1, 1. (0,0, [1,1.[1,1) , ([0,0][1,1][1,1]),([0,0].[1,1],[1,1])

According to Equation (5), we have S®; = 1; S®&, = %; S®; = 0. Thus,®; > &, > Bs.

De nition 6.  Let®(j = 1,2,:::,n) be a collection of GDIVNEs. Generalized dynamic interval-valued
neutrosophic weighted average (GDIVNWA) operator is de ned as

GDIVNWA &, ®,,:::,8, = i wi;
goz2 =t 3 19
% &l NETRITO R TU()W% ©)
= [ 2 =1 ! ]%12 3
i SRCORRRTON | MCIORANTON

Theorem 1. Letﬁj(j = 1,2,:::,n) be the collection of GDIVNEs. The result aggregated from GDIVNWA
operator is still a GDIVNE.

Proof. The Equation (6) is proved by mathematical inductive reasoning method.

When n = 1, Equation (6) holds because it simpli es to the trivial outcome, which is obviously
GDIVNE as,

0h w i 1
L1 O TU() ,E
FU()

GDIVNWA #; = %hIL( y oy e ) (7)

Let us assume that (6) is true for n = z,

80 2 3 19
% %aﬁl ARG R IEE TON %
§ j=1 i3l 3

2
ATORANTTOR | LN ORI O
=1 =1 j=1
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Whenn=z+1

?in j= lpleﬁ Wz+1ﬁz+1
= = 80 3 19
%%Qlﬂ() T TR
= izl
. §EQ O JQIU() LR e
Oh =1 A r

Wz+
B¢ 170 L 1 Tu 0" i E ©
L Wz+1 U Wz+ 1 L Wz+1 U Wz+1

! ! - a0 L0

@l ) Ql 3 19
% 1 Th() M 1 TUJ_()W'Z %
. s

=1 13

[ 2
128, 2285, z+12ﬁz+1-§ @ IL( )WJ@ |U( )WJZ$ FL() JQ FU( )W

J_ j= :

It follows that if (6) holds for n = z, thenit holds for n = z+ 1. Because itis also true forn = 1,
according to the method of mathematical inductive reasoning, Equation (6) holds for natural numbers
N and Theorem 1 is proven.

De nition 7. Let®(j = 1,2,:::,n) be a collection of GDIVNEs. Generalized dynamic interval-valued
neutrosophic weighted geometric (GDIVNWG) operator is de ned as

GDIVNWG 8;,%,,:::,8, = @ ﬁ]W"
80 2 =1 32
B o2 TU(>W‘§§1 10" T vO"E o
- [ 2=1 =1 =13 1
128, 228, nmn'g El Q 1 FL]() 1 1 FU()W%
j=1 '

J:
Theorem 2. Letﬁj(j = 1,2,:::,n) be the collection of GDIVNESs. The result aggregated from GDIVNWG
operator is still a GDIVNE.
Proof. The Equation (10) is proved by mathematical inductive reasoning method.

When n = 1, Equation (10) is true because it simpli es to the trivial outcome, which is
obviously GDIVNE,

w,i h Wy wi 1
TL() L TU() o1 |L1(i) 11 1Y () E 1)

GDIVNWG ®; = %h W W
L 1 U 1
1 F ()11 FY()

Let us assume that (10) is true forn = z.

Yz % EQ TL()W’ o o

80 2 32 19
0 ,()W%Eﬂ NERTOREE = lu()WJ é
3 (12)
=1 128, 228, z2ﬁz§ El @ 1 FL() @ 1 Fuj( )Wiz
1
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Whenn=z+ 1

Qgw - @ g g
S 32 3 19
: E@ "2 ok 2 oM 0 '“l”wég
- [ 2] j= =1 3 =1
2Py, 2P zng B _Q 1 O _@ 1 Y )" ,

L h =
%hm)w“l TLO T 1)
1RO A 1 UMHZ 32 . 3 19

| RO %Eﬂ Pro" T w0

— 2=1 =1 =1 =1

My, 228, £412P,s Q! L U Wi
141, 2472 1 1. & j:ll Fj() ,1 o 1 F () Z

Wz+1 Wz+1 i

1 1Y.,0) (13

I(HID'—‘

It follows that if (10) holds for n = z, thenitholds for n = z+ 1. Because itis also true forn = 1,
according to the method of mathematical inductive reasoning, Equation (10) holds for all natural
numbers N and Theorem 2 is proven.

Herein, we de ne the generalized dynamic interval-valued neutrosophic hybrid weighted
averaging (GDIVNHWA) operator to combine the e  ects of attribute weight vector and the positional
weight vector, which are mentioned in De nitions 6 and 7.

Denition 8. Let > 0 and ﬁj(j = 1,2,:::,n) be a collection of GDIVNEs. Generalized dynamic
interval-valued neutrosophic hybrid weighted averaging (GDIVNHWA) operator is de ned as,

DIVHNWG By By, 11 8y = %f' Wi E

go :
128y, z2ﬂz %é

Theorem 3. Letﬁj(j = 1,2,:::,n) be the collection of GDIVNESs. The result aggregated from GDIVNHWA
operator is still a GDIVNE.

Wi

1 T ()
(14)

@N@NW

Proof. The Equation (14) can be proved by mathematical inductive reasoning method.

We rst prove that (15) is a collection of GDIVNES,

802 w; w-3
B %1 oy "1 @1 oy M
2 =1 : j=1 J 3
)@ _ L Wj Q U Wj
=1 1281, 22, 2B BB 2 1 =1 3
1 1 F () 1 1 1 FY() £
J:]_ ] j:]. i
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When n = 1, Equation (15) is true because it simpli es to the trivial outcome, which is
obviously GDIVNE,

2 L s U e :
11 T4() 11 TY() ,
L e U e
wh =B 1 1 1 15() 11 1 1Y() , (16)
W W
101 1 R() 11 1 B()

Let us assume that (15) is true forn = z,

80 2 " .3
El Qo) M1 Qg oquy 'z
2 =t ' =1 ' 3
- B o a0 e e
wif, = [ S1o1h0) 111 Y(0) (17)
j=1 128, 2% 2BBB o 5L =1 3
Wj Wj =3
Ea 1 1 F() 1 1 1 FU() Z
. l-:l J j=1 ]
Whenn=z+ 1,
1 R
W,ﬁj = Wjﬁj wWor 1,
j=1 =1 80 2 3
W
B 2. TH() 1 @, V() '3
2 =1 = 3
w
= [ B 1) "1 %110 M
1281, 228 22ﬂ2§ 2 =1 =1 3
Wi wj
51 Tl 1 FLJ_() 1 T 11 FUJ_() ..,
80 L VJV;ll U Wz+Jl_1 19
1 1 T 1 1 T
% z+1( ) ! z+1( ) ! (18)
L Wz+1 U Wz+ 1
11 114, () A1 1Y () ,
L Wz+11 1 1 pu () Wz+1
"®1 1 1 F ,
) R
31 1 TH() 1 1 TY() 'z
2 j:l ) ]:1 )
- [ 31@1 1ty M 1 v
128y, 228y, k+12ﬁk+!§ 2 =1 : =1 :
1 i 1
&@1 1 F () 1 R
. J:l j=

It follows that if (15) holds for n = z, thenitholds for n = z+ 1. Because itis also true forn = 1,
according to the method of mathematical inductive reasoning, Equation (15) holds for natural numbers
N. According to Equation (15) and De nition 4, we have,
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OP 1z
DIVHNWG &;,85,:::,8 = % wi

80 =1
b
2 0j=1
- 128, zz[ﬁz,:::, nzﬁé El % J?l
2.0
e 8

Thus, Theorem 3 is proven.

4. Dynamic TOPSIS Method

Based on the theory of GDVINS, the dynamic decision-making model is proposed to deal with
the change of criteria, alternatives, and decision-makers during time. n

For eacp1 periodt = ftlbtz,:::,tsg assumeA&(t;) = Ay, Az:::, Ay, and €(t;) = C1,Cp,:::,Ch
and B(t;) = Dj,Dy,:::,Dy being the sets of alternatives, criteria, and decision-makers at period rth,
r = f1,2,:::,sg Foradecision-makerDg,q= 1,:: I?ﬁ the evaluati8n of an alternative Am;m= 1,:::,V,,
onacriteria Cp;p= 1,:::,n, intime sequence = 1, o,:::, | Iisrepresented by the Neutrosophic
decision matrix < 9(t;) = () o nil= L2200 k. where

(o]

ﬁqp( ) = Xgmp( ), T9 dmp. 19 dmp, ,F dmp. ;

taken by GDIVNSs evaluated by decision maker Dg.
Step 1. Calculate aggrggate ratings at peripg, rth,

i h io
Let Xmpo( 1) = Trpa X1 Tipa X 1+ Impa X 1 Impa X |+ Fpg X | +Finpq X, be  the
appropriateness rating of alternative Ap, for criterion Cp by decision-maker Dq in time sequence
,where:m= 1,:::,vi;p= 1,:::5,n;9= 1,:::,h; 1 = 1,01, k. The averaged appropriateness rating

Xmp = Thp(), TRp(X) » Thp(X), 1ap(X) » Frp(X),Fap(X)  can be evaluated as:

Z2 8 0 1;9% 8 0 1;9%3
g - EA g " E
§l :1Tpmq X, 3 1 §l :1Tpmq X, 3
1 o Lo 90 113 +
X—= r Kr r Kr 19
LI —, |I|5qu|E B Iomg X, z (19)
=1 1
n 1% OIT—' 1 L 3
Fpqu|E , F;L)quX|EI ;é
=1
Step 2. Calculatg importance weighf aggregation gt period rth, io
Let ypo( 1) = Tpq ¥, Tpq¥, » Ipq¥ :lpqY . » Feqy, Fpqy, be the weight of Dq to
criterion Cp in time sequence |, where: p= 1,:::,n;q= 1,:::,h;1 = 1,:::,k The average weight

Wp= T5().TY(Y) . 15(V).15(y) , F5(y),F5(y) can be evaluated as:
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D

%
1 ) p. 1ﬁ 2} 113 *
Wp_ hr kr llﬁquE‘ % | y|E %’ y (20)
11

B 1r1 C()Fp
%_ quylg %3 Foa ¥ | E g
1 o

Step 3. Evaluation for aggregate ratings of alternatives with history data.
Using Equation (21), evaluate aggregate ratings and importance weight aggregation.

A(t) = AnAz:in Ay [ A(t o)

or Am2A(t, 1)n&(t;)&Cp 2 E(tr)n€(t, 1)
X XL A(tr)\ A Et,)\ € (1)
Xmp Xmp ! Am 2 A(t)\ A(t, 1)&Cp 2 E(tr)\ E(t 1)

EAm 2 R(t)nR(t, 1)&Cp 2 E(t)ne(t, 1) E
if

x
|

mp —

Step 4. Evaluation for importance weight aggregation of criteria with history data.
Using Equation (22), evaluate aggregate ratings and importance weight aggregation.

n (0]
€(t,) = C1,Cy,:: | €t 1)
8
% if Cp2€(t)n€(t; 1)
§ Lowptoif Cp2€(t)\ E(t; 1) (22)
- if Cp2€(t 1)n€(tr)

Step 5. Calculate the average weighted ratings at period rt".
The average weighted ratings of alternatives at period t,, can be calculated by:

A
Qm= — Xy Wpm= Loovep= 1,100 (23)
Fp=1

Step 6. Determination of A, A, and df ,d, atperiod rt".

Interval-valued neutrosophic positive ideal solution (PIS, A;) and interval-valued neutrosophic
negative ideal solution (NIS, A, ) are:

nn 00
A7 = x, ([1,1,[0,0,[0,0),,([1,1,[0,0][0, ), ([1, 1, [0, 01, [0, O)., (24)

nn 00
AI‘ X, ([010]1[111]1[1!1])1’ ([010]1[1!1]1[1!1])2’:: :1([010]1[1!:I-]v[l!:I-])nr (25)

The distances of each alternativeAy,,,m= 1,2,:::,n from A;’ and A, atperiod t;, are calculated as:

r

2
dn= Qm Af (26)
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q—
dn=(Qm A;)? (27)

where d, and d,, respectively represent the shortest and farthest distances of Ap,.

Step 7. Determination the closeness coe cient.

The closeness coe cient at period t;, is calculated in Equation (28), where an alternative that
is close to interval-valued neutrosophic PIS and far from interval-valued neutrosophic NIS, has
high value:

BCy, = O

= — 28
di + do, (28)

Step 8. Rank the alternatives.
The alternatives are ranked by their closeness coe cient values. See Figure 1 for illustration.

Figure 1. Dynamic TOPSIS method.
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5. Applications

5.1. ASK Model for Ranking Students

Human resources recruitment plays a pivotal role in any enterprise as it exerts tremendous impact
on its sustainable development. Thus, the selection of competent and job-relevant sta will lay the
solid foundation for the successful performance of an enterprise. Notably, every year most of the
businesses invest a large sum of money for job vacancy advertisements (on newspapers, websites,
and in job fairs) and recruitment activities including application screening and interview. However,
to recruit new graduated student the organizations are likely to encounter high potential risks as
there are de nitely inevitable employee turnovers or the selected candidates fall short of employers'
expectation [22]. Mis-assessment of candidate's competence might be rooted from assessors' criteria
and model for new graduated student evaluation.

The above problems underline the need for making the right assessment of potential employees.
Currently, ASK model (attitude, skill and knowledge) has been widely used by many organizations
because of its comprehensive assessment. This model was initially proposed by Bloom [11] with
three factors including knowledge which is acquired through education, comprehension, analysis,
and application skills which are the ability to process the knowledge to perform activities or
tasks, and attitude which is concerned with feeling, emotions, or motivation toward employment.
These elements are given divergent weights in the assessment model according to positions and
requirements of the job. ASK is applicable to evaluate tertiary students' performance to give more
information that support employers besides a set of university exit benchmark. It also facilitates
students to make proper self-adjustments and pursue appropriate professional orientation for their
future career [2324]. Ranking students based on attributes of ASK model requires a dynamic
multi-criteria decision-making model that is able to combine the estimations of di  erent lecturers in
di erent periods. The proposed DTOPSIS completely t to this complex task, and the application
model is depicted bellow.

5.2. Application Model

As mentioned above, the proposed method is applied to rank students of Thuongmai University,
Hanoi, Vietnam. In this research, the datasets were surveyed through three consecutive semesters
under three criteria (attitudes-skills-knowledge). Each student will be surveyed at the beginning
of semester and by the end of semester. With the model assessing student competence, it will be
conducted over semesters and over school years. This is the way of setting the time period in the
decision-making model of this research.

Figure 2 shows the ASK model for ranking students where three lecturesi.e., D1, D», D3 are chosen.
According to the language labels shown in Tables 1 and 2, rating of ve students and criteria' weights
are done by the lectures based on fourteenth criteria in three groups: attitude, skill, and knowledge.
The attitude group includes ve criteria[ 25|, the skill group includes six criteria[ 26], and the knowledge
group includes three criteria [23].

The criteria used for ranking Thuongmai university's students contain 14 criteria divided into
three groups (attitudes-skills-knowledge) in the ASK model. In the early stage of each semester,
the knowledge criteria will not cause many impacts on student competency assessment so that we
only pay attention to 11 criteria in the two remaining groups: attitudes and skills. In the following
semesters, the knowledge criterion shall be supplemented that why all 14 criteria in three group shall
be conducted.

(1) Period t; (the rst semester): the decision-maker provides assessments of three students
A1,A,, Az according to 11 criteria in two groups: attitude, skill. Tables 3 and 4 show the steps of the
model at time t; and Table 5 shows the ranking orderas A; A, As. Thus, the best studentisAj.
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Figure 2. Attitudes-skills-knowledge (ASK) model for recruitment of ternary students.
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Table 1. Appropriateness ratings.

Language Labels

Values

Very Poor
Poor
Medium
Good
Very Good

([0.1, 0.26], [0.4, 0.5], [0.63, 0.76])

([0.26, 0.38], [0.47, 0.6], [0.51, 0.6])
([0.38, 0.5], [0.4, 0.61], [0.44, 0.55])
([0.5, 0.65], [0.36, 0.5], [0.31, 0.48])

([0.65, 0.8], [0.1, 0.2], [0.12, 0.2])

Table 2. The importance of criteria.

Language Lab

els Values

Unimportant

Slightly Important

Important

Very Important
Absolutely Important

([0.1, 0.19], [0.32, 0.47], [0.64, 0.8])
([0.2, 0.38], [0.46, 0.62], [0.36, 0.55])
([0.45, 0.63], [0.41, 0.53], [0.2, 0.42])
([0.66, 0.8], [0.3, 0.39], [0.22, 0.32])

([0.8, 0.94], [0.18, 0.29], [0.1, 0.2])

Table 3. Aggregated ratings at period t;.

Students
Criteria
A, A, Az

c ([0.463, 0.606], [0.018, 0.054], ([0.38, 0.5], [0.022, 0.082], ([0.43, 0.577], [0.021, 0.053],
L [0.014, 0.044]) [0.029, 0.059]) [0.017, 0.048])

c ([0.488, 0.632], [0.005, 0.025], ([0.419,0.578], [0.011,0.037], ([0.419,0.578], [0.011,0.037],
2 [0.008, 0.021]) [0.011,0.026)) [0.011,0.026])

c ([0.463, 0.606], [0.018, 0.054], ([0.463, 0.606], [0.018, 0.054], ([0.423, 0.556], [0.02, 0.066],
s [0.014, 0.044]) [0.014, 0.044)) [0.02, 0.051])

c ([0.423, 0.556], [0.02, 0.066], ([0.463, 0.606], [0.018, 0.054],  ([0.388, 0.523], [0.023, 0.065],
4 [0.02, 0.051]) [0.014, 0.044)) [0.024, 0.056])

c ([0.523, 0.673], [0.005, 0.021], ([0.423, 0.556], [0.02, 0.066], ([0.43, 0.577], [0.021, 0.053],
s [0.005, 0.018]) [0.02, 0.051]) [0.017, 0.048])

c ([0.43, 0.577], [0.021, 0.053], ([0.38, 0.5], [0.022, 0.082], (I0.342, 0.463], [0.026, 0.081],
6 [0.017, 0.048]) [0.029, 0.059]) [0.034, 0.065])

c ([0.38, 0.5], [0.022, 0.082], ([0.388, 0.523], [0.023, 0.065],  ([0.342, 0.463], [0.026, 0.081],
7 [0.029, 0.059]) [0.024, 0.056)) [0.034, 0.065])

c ([0.26, 0.38], [0.036, 0.078], ([0.38, 0.5], [0.022, 0.082], ([0.38, 0.5], [0.022, 0.082],
8 [0.046, 0.078]) [0.029, 0.059]) [0.029, 0.059])

c ([0.463, 0.606], [0.018, 0.054], ([0.523, 0.673], [0.005, 0.021],  ([0.463, 0.606], [0.018, 0.054],
° [0.014, 0.044]) [0.005, 0.018]) [0.014, 0.044]))

c ([0.5, 0.65], [0.016, 0.044], ([0.38, 0.5], [0.022, 0.082], ([0.43, 0.577], [0.021, 0.053],
10 [0.01, 0.038]) [0.029, 0.059]) [0.017, 0.048])

Cu ([0.463, 0.606], [0.018, 0.054], ([0.302, 0.423], [0.03, 0.079], ([0.38, 0.5], [0.022, 0.082],

[0.014, 0.044])

[0.04, 0.071])

[0.029, 0.059])

Table 4. Aggregated weights at period t;.

Criteria Importance Aggregated Weights

Ci ([0.963, 0.996], [0.022, 0.06], [0.004, 0.027])
Co ([0.908, 0.968], [0.041, 0.094], [0.017, 0.056])
Cs ([0.758, 0.89], [0.077, 0.174], [0.014, 0.097])
Cu ([0.648, 0.816], [0.087, 0.204], [0.026, 0.127])
Cs ([0.604, 0.794], [0.06, 0.154], [0.046, 0.185])
Cs ([0.963, 0.992], [0.022, 0.06], [0.004, 0.027])
Cy ([0.834, 0.925], [0.069, 0.149], [0.008, 0.074])
Cs ([0.758, 0.89], [0.077, 0.174], [0.014, 0.097])
Co ([0.758, 0.89], [0.077, 0.174], [0.014, 0.097])
Cio ([0.936, 0.975], [0.037, 0.081], [0.01, 0.043])
Cuy ([0.897, 0.959], [0.05, 0.11], [0.009, 0.056])
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Table 5. Weighted ratings at period t;.

Students Weighted Ratings
Aq ([0.368, 0.409], [0.069, 0.168], [0.03, 0.114])
Ay ([0.34, 0.382], [0.071, 0.181], [0.035, 0.12])
Az ([0.338, 0.377], [0.072, 0.178], [0.035, 0.121])

(2) Period t, (the second semester): At this stage, a new studentA, is added with new criteria in
knowledge group. The steps are shown in Tables 6-12. Finally, the ranking is obtained: A; Aj

Az Aj. Thus, the best studentisAj.
Table 6. The distance of each student from A;'1 and A, at period t;.
Students d, d,,
A, 0.364193 0.773329
Ao 0.380989 0.763987
As 0.382736 0.763579
Table 7. Closeness coe cient at period t;.
Students Closeness Coe cients Ranking Order
Aq 0.679837 1
Az 0.667251 2
A3 0.666116 3
Table 8. Aggregated ratings at period to.
Students
Criteria
Ay Az Az Ay
c (10.699, 0.83], [0.001, 0.005], ([0.566, 0.75], [0.001, 0.009], ([0.637, 0.759], [0.001, 0.007],  ([0.5, 0.6], [0.022, 0.046],
1 [0, 0.002]) [0.001, 0.003]) [0.001, 0.003]) [0.009, 0.022])
c ([0.707, 0.852], [0.001, 0.007], ([0.686, 0.834], [0.001, 0.008], ([0.72, 0.862], [0.001, 0.006],  ([0.498, 0.6], [0.023, 0.049],
2 [0, 0.002]) [0, 0.003]) [0, 0.002]) [0.009, 0.023])
c ([0.709, 0.848], [0.003, 0.016], ([0.643, 0.783], [0.003, 0.018], ([0.603, 0.767], [0.003, 0.019], ([0.56, 0.669], [0.008, 0.029],
3 [0, 0.005]) [0, 0.006]) [0.001, 0.006]) [0.004, 0.016])
c ([0.598, 0.766], [0.004, 0.022], ([0.639, 0.782], [0.004, 0.021], ([0.634, 0.793], [0.004, 0.02], ([0.506, 0.643], [0.009, 0.034],
4 [0.001, 0.007]) [0.001, 0.007]) [0.001, 0.008]) [0.006, 0.021])
c ([0.721, 0.866], [0.002, 0.012], ([0.651, 0.823], [0.002, 0.013], ([0.616, 0.765], [0.002, 0.014], ([0.461, 0.604], [0.013, 0.042],
5 [0.001, 0.015]) [0.002, 0.016]) [0.002, 0.017]) [0.009, 0.035])
c ([0.685, 0.81], [0.001, 0.005], ([0.623, 0.803], [0.001, 0.007], ([0.546, 0.72], [0.001, 0.009],  ([0.3, 0.5], [0.022, 0.08],
6 [0, 0.002]) [0, 0.002]) [0.001, 0.004]) [0.022, 0.044])
c ([0.62, 0.802], [0.002, 0.013], ([0.618, 0.769], [0.002, 0.013], ([0.543,0.72], [0.002, 0.015], ([0.438, 0.569], [0.024, 0.061],
7 [0, 0.004]) [0.001, 0.005]) [0.001, 0.006]) [0.012, 0.03])
c (10.491, 0.648], [0.005, 0.025], ([0.686, 0.862], [0.004, 0.02], ([0.499, 0.709], [0.005, 0.025], ([0.43, 0.567], [0.026, 0.071],
8 [0.002, 0.013]) [0, 0.006]) [0.001, 0.009]) [0.012, 0.033])
c (10.702, 0.847], [0.004, 0.021], ([0.761, 0.891], [0.004, 0.019], ([0.682, 0.828], [0.004, 0.022], ([0.488, 0.598], [0.026, 0.062],
o [0, 0.007]) [0, 0.006]) [0, 0.007]) [0.009, 0.027])
N ([0.687, 0.8], [0.002, 0.01],  ([0.663, 0.836], [0.001, 0.008], ([0.718, 0.842], [0.001, 0.008], ([0.534, 0.636], [0.012, 0.032],
10 [0, 0.003]) [0, 0.003]) [0, 0.003]) [0.006, 0.018])
c ([0.608, 0.751], [0.001, 0.009], ([0.557, 0.722], [0.001, 0.01], ([0.565, 0.75], [0.001, 0.011],  ([0.499, 0.6], [0.023, 0.048],
1 [0.001, 0.003]) [0.001, 0.006]) [0.001, 0.004]) [0.009, 0.023])
c ([0.36,0.533],[0.043,0.12],  ([0.4, 0.516], [0.049, 0.11],  ([0.463, 0.606], [0.033, 0.089], ([0.258, 0.439], [0.049, 0.133],
12 [0.021, 0.06]) [0.023, 0.065]) [0.012, 0.047]) [0.037, 0.087])
c (10.229, 0.373], [0.05, 0.119], ([0.229, 0.373], [0.05, 0.119], ([0.43, 0.568], [0.038, 0.095], ([0.43, 0.568], [0.038, 0.095],
13 [0.055, 0.108]) [0.055, 0.108]) [0.017, 0.047]) [0.017, 0.047])
Ca ([0.284, 0.408], [0.083, 0.167], ([0.284, 0.408], [0.083, 0.167], ([0.269, 0.486], [0.071, 0.179], ([0.431, 0.592], [0.061, 0.137],

[0.046, 0.123])

[0.046, 0.123])

[0.03, 0.098])

[0.017, 0.076])
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Table 9. Aggregated weights at period t».

Criteria Importance Aggregated Weights
Ci ([0.999, 1], [0, 0.003], [0, 0.001])
Cy ([0.997, 1], [0.001, 0.006], [0, 0.002])
Cs ([0.985, 0.998], [0.003, 0.014], [0, 0.004])
Ca ([0.978, 0.997], [0.003, 0.016], [0, 0.005])
Cs ([0.959, 0.993], [0.002, 0.011], [0.001, 0.015])
Cs ([0.999, 1], [0, 0.003], [0, 0.001])
Cy ([0.993, 0.999], [0.002, 0.009], [0, 0.002])
Cs ([0.975, 0.997], [0.004, 0.019], [0, 0.005])
Co ([0.975, 0.997], [0.004, 0.019], [0, 0.005])
Cio ([0.996, 1], [0.001, 0.006], [0, 0.002])
C11 ([0.998, 1], [0.001, 0.005], [0, 0.001])
Cio ([0.963, 0.996], [0.022, 0.06], [0.004, 0.027])
Ci3 ([0.977, 0.998], [0.016, 0.044], [0.005, 0.02])
Cia ([0.897, 0.973], [0.05, 0.11], [0.009, 0.056])

Table 10. Weighted ratings at period ts.

Students Weighted Ratings
A1 ([0.605, 0.76], [0.004, 0.02], [0.001, 0.009])
As ([0.594, 0.761], [0.004, 0.02], [0.001, 0.009])
Az ([0.581, 0.744], [0.004, 0.021], [0.001, 0.009])
Ay ([0.458, 0.588], [0.022, 0.058], [0.011, 0.031])

Table 11. The distance of each student from At"2 and A,, at period ts.

Students d;, d,,
A 0.188874 0.901553
Ao 0.192392 0.900405
Az 0.200641 0.896588
Ay 0.279475 0.848118

Table 12. Closeness coe cient at period t,.

Students Closeness Coe cients Ranking Order

A 0.826789 1
A, 0.823945 2
As 0.817138 3
A4 0.752149 4

(3) Period t3 (the third semester): At this stage, a new student As is considered and an existing
student A, is discarded. The criteria remain the same as in the previous period t,. Tables 13-17 show
the steps of this stage. Finally, the ranking is obtained: As A; A, A; As. Thus, the best student
is As.

5.3. Comparison with the Related Methods

The proposed dynamic TOPSIS method has superior features compared to the method in [ 14].
In Table 18, the ranking order of ve students in three periods are presented. We can observe that at
period t,, the results of the both methods are the same i.e.,A; A, As.
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Table 13. Aggregated ratings at period ts.

Students
Criteria
A A, As Al As
c (10.794, 0.9], [0, O], (0.51, 0.75], ([0.764, 0.893], (0.711,0.822],  ([0.441, 0.569], [0.022, 0.053],
1 [0, 0) [0,0.006], [0,0.002) [0, 0], [0, O]) [0, 0.003], [0, 0.001]) [0.012, 0.027))
. (10.871, 0.951], (0.675,0.818],  ([0.881,0.96],[0,0],  ([0.788,0.891],  ([0.441, 0.569], [0.022, 0.053],
2 [0, 0], [0, 0]) [0, 0.002], [0, 0.001]) [0, 0) [0, 0.001], [0, O]) [0.012, 0.027))
(0.608, 0.785],
c (10.829, 0.918], 5oL 0,005 (10.728, 0.884], ([0.817, 0.91], (10.569, 0.67], [0.005, 0.016],
3 . s U )
[0, 0.001], [0, O]) [0, 0.001], [0, 0]) [0, 0.001], [0, O) [0.004, 0.012))
[0, 0.001))
c (10.711, 0.875], ([0.608, 0.785], ([0.816, 0.922], (0.663,0.795],  ([0.569, 0.67], [0.005, 0.016],
. [0.001, 0.005],
[0, 0.001], [0, O]) 0.0001) [0,0.001],[0,0])  [0,0.002], [0, 0.001]) [0.004, 0.012))
N (10.81,0.912], (10.635, 0.804], (10.777, 0.889], (0.751,0.872],  ([0.48, 0.608], [0.011, 0.032],
5 [0, 0.001], [0, 0.001]) [0, 0.003], [0, 0.001]) [0, 0.001], [0, 0.001]) [0, 0.001], [0, 0.001]) [0.008, 0.021))
(10.832, 0.923], (10.608, 0.785], ([0.744, 0.902], (10.482,069], 4 536 0.637], [0.011, 0.026],
Co [0, 0}, [0, 0)) [0,0.004],[0,0.001)) [0, 0], [0, O]) [0.001, 0.006], [0.006, 0.016))
0L 10, +0.004}, 0, 0. 01 10, [0.001, 0.003]) 006, 0.
(10.591, 0.759], (10.586, 0.733],
o memem BEOEL wwmem  EEODL o semoomon
»0.001], [0, [0, 0.002)) »0.001}, [0, [0.001, 0.002]) 012,0.
c (10.751, 0.898], (10.662, 0.822], (10.732, 0.89], (0.699,0.83],  ([0.268, 0.441], [0.027, 0.079)],
8 [0,0.001],[0,0)  [0,0.003],[0,0.001)  [0,0.001],[0,0]) [0,0.004], [0, 0.001]) [0.033, 0.062))
c ([0.874, 0.95], (10.749, 0.861], ([0.889, 0.963], (10.743,0.853],  (0.418, 0.578], [0.011, 0.039)],
9 [0,0.002],[0,0)  [0,0.002],[0,0.001)) [0,0.002],[0,0]) [0,0.003], [0, 0.001]) [0.011, 0.026))
c (0.757, 0.891], (10.636, 0.804], ([0.837, 0.926], (10.712, 0.818], ([0.5, 0.6], [0.022, 0.044],
10 [0, ], [0, 0]) [0,0.003],[0,0.001) [0, 0], [0, O]) [0, 0.002], [0, 0.001]) [0.009, 0.022))
(0.521, 0.71], (10.651, 0.769],
- ([0.753[,00.8315)3], .01 ot o008 [(()[o(.)eggi]o.[?g]],) 0oL 0,004 ([0.569[,00(.)21], cgod(ig]r))' 0.015],
' [0.001, 0.003]) »0.001}, [0, [0, 0.002)) 004, 0.
(10.753, 0.884], (10.53. 0.662], (10.778, 0.903], (10.544,0.72],
Cr [0.001, 0.007], [0.002, 0.011], [0.001, 0.007], [0.002,0013, (0534 g-c?s:]b[gfslz 0.032],
[0, 0.002)) [0.001, 0.007]) [0, 0.002]) [0.001, 0.005)) [0.006, 0.018))
(10.338, 0.521), ([0.699, 0.83],
o lbamovm BSOS wmoen  BEOSL wowesenm o
+0.002]. [0, 0. [0.003, 0.009]) »0.002], [0, [0, 0.001)) 016, 0.
(10.688, 0.837], (10.407, 0.555), (10.777, 0.916], (10.699, 0.826],
Cua [0.001, 0.005], [0.002, 0.008], [0.001, 0.005], [0.001, 0007, (044 0.569],[0.023,0.057],

[0.012, 0.029])

[0, 0.001]) [0.002, 0.008]) [0, 0.001]) [0, 0.002])
Table 14. Aggregated weights at period ts.
Criteria Importance Aggregated Weights

Ci ([0.99999, 1], [0, 0.00009], [0, 0.00001])
Co ([0.99995, 1], [0.00001, 0.00019], [0, 0.00002])
Cs ([0.99964, 1], [0.00005, 0.00062], [0, 0.00009])
Cu ([0.99912, 0.99998], [0.00009, 0.00097], [0, 0.00018])
Cs ([0.99776, 0.99995], [0.00004, 0.00077], [0.00001, 0.00053])
Cs ([0.99999, 1], [0, 0.00006], [0, 0])
Cy ([0.99985, 1], [0.00003, 0.00039], [0, 0.00005])
Cs ([0.99907, 0.99999], [0.00009, 0.00114], [0, 0.00015])
Co ([0.99842, 0.99996], [0.00014, 0.00154], [0, 0.00024])
Cio ([0.99991, 1], [0.00002, 0.00029], [0, 0.00004])
Cuy ([0.99997, 1], [0.00001, 0.00016], [0, 0.00001])
Ci2 ([0.99615, 0.99988], [0.00112, 0.00657], [0.00004, 0.00152])
Ci3 ([0.99969, 1], [0.00016, 0.00145], [0.00001, 0.00026])
Ci4 ([0.99762, 0.99993], [0.00082, 0.00483], [0.00004, 0.00116])

Table 15. Weighted ratings at period t3.

Students Weighted Ratings
A1 ([0.78, 0.901], [0, 0.001], [0, O])
Az ([0.589, 0.759], [0.001, 0.004], [0, 0.002])
Az ([0.785, 0.91], [0, 0.001], [0, O])
Ay ([0.693, 0.822], [0, 0.003], [0, 0.001])
As ([0.476, 0.599], [0.014, 0.037], [0.009, 0.022])
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Table 16. The distance of each student from A:s and At3 at period ts.

Students d;, d,,
Aq 0.37844 0.776416
Az 0.352522 0.752181
Az 0.381797 0.777005
Ay 0.358066 0.764391
Asg 0.325366 0.738391

Table 17. Closeness coe cient at period t3.

Students Closeness Coe cients Ranking Order

Ay 0.672305 4
Az 0.680890 3
As 0.670525 5
Ay 0.680998 2
As 0.694135 1

Table 18. The dynamic rankings obtained at periods.

Time Period The Method in [14] The Proposed Method
t A1 Az Az A1 Az Az
to As Ax Az Aq A1 Ay Az Ay
t3 As Az Az Aq As Az A A As

At period t5, the method in [ 14] and the proposed method show di erence in ranking order of A;
and A4. In this period, A, Az according to both methods, and the method in [ 14] ranks A4 at the top,
meanwhile, A1 is ranked at the top by the proposed method. The reason is that A4 is evaluated at the
rst time and it has not appeared while A; has historical data, particularly A, were ranked at the top
in the previous period. In this circumstance, the proposed model better utilizes the e  ect of historical
data on the alternatives A; and A4. The result of the dynamic TOPSIS model is time-dependent and
combines the e ect of current and historical data.

At period t3, the result shows di erence in the number of ranked alternatives and in their
preferential order. In this period, the alternative A is not evaluated by decision-makers and it has only
historical data. The method in [ 14] could not process alternative A,, meanwhile the proposed model
could. Moreover, the alternative As is highly ranked by both methods. However, there is a change in
the relative order of Az and A4. The method in [14] ranks A3 Ay, but the proposed method ranks
Az As.

The comparison between the methods again illustrates the e ect of historical data over the output
of the proposed decision-making model. If an alternative is considered and it has good evaluation in
the previous periods, this alternative will have high potential to reach high order. From that point of
view, the proposed model presents good compliance with the perceived dynamic rules. It illustrates
the advantage and applicability of the model.

6. Conclusions

The proposed dynamic TOPSIS (DTOPSIS) model in dynamic interval-valued neutrosophic sets
presents its advantages to cope with dynamic and indeterminate information in decision-making
model. DTOPSIS model handles historical data including the change of criteria, alternatives,
and decision-makers during periods. The concepts of generalized dynamic interval-valued
neutrosophic set, GDIVNS, and their mathematical operators on GDIVNSs have been proposed.
Distance and weighted aggregation operators are used to construct a framework of DTOPSIS in DIVNS
environment. The proposed DTOPSIS ful lls the requirement of an issue that is evaluates tertiary
students' performance based on the attributes of ASK model. Data of Thuongmai University students
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were used to illustrate the proper of DTOPSIS model which opened the potential application in larger
scale also. For the future works, we will extend generalized dynamic interval-valued neutrosophic sets
for some other real-world applications [ 27-35]. Furthermore, we hope to apply GDIVNS for dealing
with the unlimited time problems in decision-making model in dynamic neutrosophic environment
based on the idea in [36,37].
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Abstract: The associative law re ects symmetry of operation, and other various variation associative
laws re ect some generalized symmetries. In this paper, based on numerous literature and related
topics such as function equation, non-associative groupoid and non-associative ring, we have
introduced a new concept of Tarski associative groupoid (or transposition associative groupoid
(TA-groupoid)), presented extensive examples, obtained basic properties and structural characteristics,
and discussed the relationships among few non-associative groupoids. Moreover, we proposed a
new concept of Tarski associative neutrosophic extended triplet groupoid (TA-NET-groupoid) and
analyzed related properties. Finally, the following important resultis proved: every TA-NET-groupoid

is a disjoint union of some groups which are its subgroups.

Keywords: Tarski associative groupoid (TA-groupoid); TA-NET-groupoid; semigroup; subgroup

1. Introduction

Generally, group and semigroup [ 1-5] are two basic mathematical concepts which describe
symmetry. As far as we know the term semigroup was rstly introduced in 1904 in a French book (see
book review [ 1]). A semigroup is called right commutative if it satis es the identity — a*(x*y) = a*(y*x) [4].
When we combine right commutative with associative law, we can get the identity:

(x*y)*z=x*(z*y) (Tarski associative law).

In this study we focused on the non-associative groupoid satisfying Tarski associative law (it
is also called transposition associative law), and this kind of groupoid is called Tarski associative
groupoid (TA-groupoid). From a purely algebraic point of view, these structures are interesting. They
produce innovative ideas and methods that help solve some old algebraic problems.

In order to express the general symmetry and algebraic operation laws which are similar with
the associative law, scholars have studied various generalized associative laws. As early as in 1924,
Suschkewitsch [6] studied the following generalized associative law (originally called “Postulate A”):

x*a)*b=x*c
where the element c depended upon the element a and b only, and not upon x. Apparently, the

associative law is a special case of this Postulate A whenc= a* b, and Tarski associative law explained
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above is also a special case of this Postulate A whenc= b* a. This fact shows that Tarski associative
groupoid (TA-groupoid) studied in our research is a natural generalization of the semigroup. At the
same time, Hosszu studied the function equations satisfying Tarski associative law in 1954 (see [7-9]);
Thedy [10] studied rings satisfying x(yz) = (yx)z, and it is symmetric to Tarski associative groupoid,
since de ning x*y = yx, X(yz) = (yx)z is changed to (z*y)*x = z*(x*y); Phillips (see the Table 12 in [11])
and Pushkashu [12] also referred to Tarski associative law. These facts show that the systematic study
of Tarski associative groupoid (TA-groupoid) is helpful to promote the study of non-associative rings
and other non-associative algebraic systems.

In recent years, a variety of non-associative groupoids have been studied in depth (it should
be noted that the term “groupoid” has many di  erent meanings, such as the concept in category
theory and algebraic topology, see [13]). An algebraic structure midway between a groupoid and a
commutative semigroup appeared in 1972, Kazim and Naseeruddin [ 14] introduced the concept of
left almost semigroup (LA-semigroup) as a generalization of commutative semigroup and it is also
called Abel-Grassmann's groupoid (or simply AG-groupoid). Many di  erent aspects of AG-groupoids
have been studied in [15-22]. Moreover, Mushtaq and Kamran [ 19] in 1989 introduced the notion of
AG*-groupoids: one AG-groupoid ( S, *) is called AG*-groupoid if it satis es

(x*y)*z=y*(x*2z),forany x,y,z2S.

Obviously, when we reverse the above equation, we can get (z*x)*y = z*(y*x), which is the Tarski
associative law (transposition associative law). In [ 23], a new kind of non-associative groupoid (cyclic
associative groupoid, shortly, CA-groupoid) is proposed, and some interesting results are presented.

Moreover, this paper also involves with the algebraic system “neutrosophic extended triplet
group”, which has been widely studied in recent years. The concept of neutrosophic extended triplet
group (NETG) is presented in [ 24], and the close relationship between NETGs and regular semigroups
has been established R5]. Many other signi cant results on NETGs and related algebraic systems can be
found, see [25,26]. In this study, combining neutrosophic extended triplet groups (NETGs) and Tarski
associative groupoids (TA-groupoids), we proposed the concept of Tarski associative neutrosophic
extended triplet groupoid (TA-NET-groupoid).

This paper has been arranged as follows. In Section 2, we give some de nitions and properties
on groupoid, CA-groupoid, AG-groupoid and NETG. In Section 3, we propose the notion of
Tarski associative groupoid (TA-groupoid), and show some examples. In Section 4, we study
its basic properties, and, moreover, analyze the relationships among some related algebraic systems.
In Section 5, we introduce the new concept of Tarski associative NET-groupoid (TA-NET-groupoid)
and weak commutative TA-NET-groupoid (WC-TA-NET-Groupoid), investigate basic properties of TA—
NET-groupoids and weak commutative TA-NET-groupoids (WC-TA-NET-Groupoids). In Section 6,
we prove a decomposition theorem of TA-NET-groupoid. Finally, Section 7 presents the summary and
plans for future work.

2. Preliminaries

In this section, some notions and results about groupoids, AG-groupoids, CA-groupoids and
neutrosophic triplet groups are given. A groupoid is a pair (S, *) where Sis a non-empty set with a
binary operation *. Traditionally, when the * operator is omitted, it will not be confused. Suppose (S, *)
is a groupoid, we de ne some concepts as follows:

(1) 8a b, c2S, a®b*g = a*c*b, Sis called right commutative; if ( a*b*c = (b*g*c, Sis called left
commutative. When Sis right and left commutative, then it is called bi-commutative groupoid.

(2) If &= a(&S),the element ais called idempotent.

(3) Ifforall x, y2S, a*x=a*y) x=y (x*a=y*a) X =y), the element a2S is left cancellative
(respectively right cancellative). If an element is a left and right cancellative, the element is
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cancellative. If (8a29) ais left (right) cancellative or cancellative, then Sis left (right) cancellative
or cancellative.

(4) If 8a b, c2S, a(b*g = (a*h*c, Sis called semigroup. If 8a, I2S, a* b= b * a then a semigroup (S, *)
is commutative.

(5) If 8a2S, & = a, a semigroup (S, *) is called a band.

De nition 1.  ([14,15]) Assume that (S, *) is a groupoid. If S satisfying the left invertive l&8va, b, c2S,
(a*b)*c= (c*b)*a. S is called an Abel-Grassmann's groupoid (or simply AG-groupoid).

De nition 2. ([21,22]) Let (S, *) be an AG-groupoid, for all a, B

(1) If (a*b)*c= b*(a*c), then S is called an AG*-groupoid.
(2) If a*(b*c)= b*(a*c), then S is called an AG**-groupoid.
(3) Ifa*(b*c)= c*(a*b), then S is called a cyclic associative AG-groupoid (or CA-AG-groupoid).

De nition 3. [23] Let (S, *) be a groupoid. S is called a cyclic associative groupoid (shortly, CA-groupoid), if S
satisfying the cyclic associative &=, b, c2S, a*(b*c) c*(a*b).
Proposition 1. [23] Let (S, *) be a CA-groupoid, then:

(1) Foranya,b,c,d,x,3S, (@a*b)*(c*dr (d*a)*(c*b),
(2) Foranya,b,c,d, x,35, (a*b)*((c*d)*(xX*y)F (d*a)*((c*b)*(x*y)).

De nition 4. ([24,26]) Suppose S be a hon-empty set with the binary operation *. If for &h8 ahere is a
neutral “a” (denote by neut(a)), and the opposite of “a” (denote by anti(a)), such that n@8(anti(a)2S,
and: a * neut(aF neut(a) * a= a; a * anti(a)= anti(a) * a= neut(a). Then, S is called a neutrosophic extended
triplet set.

Note: For any a2S, neut(a)and anti(a) may not be unique for the neutrosophic extended triplet set
(S, ®. To avoid ambiguity, we use the symbols { neut(a} and {anti(a)} to represent the sets ofneut(a)and
anti(a), respectively.

De nition 5. ([24,26]) Let (S, *) be a neutrosophic extended triplet set. Then, Sis called a neutrosophic extended
triplet group (NETG), if the following conditions are satis ed:

(1) (S, *) iswell-de ned, thatis, for any a,b»S, a * b2S.
(2) (S, *) is associative, that is, for any a, 28, (a*b) *c= a* (b * ¢).

ANETG Sis called a commutative NETG if a *bb * a,8a, b2S.
Proposition 2. ([25]) Let (S, *) be a NETG. The82S) neut(a) is unique.

Proposition 3. ([29]) Let (S, *) be agroupoid. Then Sisa NETG if and only if it is a completely regular semigroup.

3. Tarski Associative Groupoids (TA-Groupoids)

De nition 6. Let (S, *) be a groupoid. S is called a Tarski associative groupoid (shortly, TA-groupoid), if S
satisfying the Tarski associative law (it is also called transposition associative law): (a kg * (c * b),8 a,
b, @S.
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The following examples depict the wide existence of TA-groupoids.

Example 1. For the regular hexagon as shown in Figure 1, denote{S, G, G2, G°, G*, G°}, where G, G, G2,
G* G?and represent rotation 60, 120, 180, 240, 300 and 360 degrees clockwise around the center, respectively.

Figure 1. Regular hexagon.

De ne the binary operation  as a composition of functions in S, thatis, 8 U, V2S,U V is that the
rst transforming V and then transforming U. Then (S, ) is a TA-groupoid (see Table 1).

Table 1. Cayley tableon S={ , G, &, G®, G* G°}.

G G2 G3 G4 G>
G G2 G3 G* G°
G G G? G? G* G°
G2 G? G3 G* G® G
G3 G3 G* G° G G?
G4 G* G° G G? G?
G> G G G? G? G*

Example 2. Let S= [n, 2n] (real number interval, n is a natural number, x, y2S. De ne the multiplication
* by (
X+y n, ifx+y 3n

X ¥= X+y 2n, if x+y>3n

Then (S, *) is a TA-groupoid, since it satis es (x *y) ¥zx * (z*y),8 X, Yy, 22 S, the proof is as follows:

Casel: xy+z n 3n.ltfollowsthaty+z x+y+z n 3nandxty x+y+z n 3n.
Then (x*y)*z= (Xx+y n)*z=x+y+z 2n=x*(z+y n)=x*(z*y).

Case2:¥y+z n>3n,y+z 3nandx+y 3n. Then(x*y)*z=(x+y n)*c=x+y+z 3n=
X*(z+y n)=x*(z*y).

Case3:y+z n>3ny+z 3nandx+y>3n. Itfollowsthatx+y+z 2n x+3n 2n=x+n
3n. Then (x*y)*z= (x+y 2n)*c=x+y+z 3n=x*(z+y n)=x*(z*y).

Cased: ¥ y+z n>3ny+z>3nandx+y 3n.ltfollowsthatx+y+z 2n 3n+c 2n=z+
n 3n. Then(x*y)*z=(x+y n)*z=x+y+z 3n=x*(@z+y 2n)=x*(z*y).

Caseb5: ¥ y+z n>3n,y+z>3nandx+y>3n. Whenx+ty+c 2n 3n,(x*y)*z=(x+y 2n)
*z=x+y+z 3n=x*(z+y 2n)=x*(z*y);Whenxty+z 2n>3n,(x*y)*z=(x+y 2n)*z=x+
y+z 4n=x*(z+y 2n)=x*(z*y).
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Example 3. Let

( ! ) ( ! )
S= x 0, x is a integralnumber| 10 10
- 00 g 01’ 0 1
! ! !
Denote Sl—( a 0. aisainte ralnumbgr Sz—( 10 1o ) De ne the operation * on
- 00 - g 2= 01 0 1 P |
S:8 x,¥2S, (1) if R S; ory2 S, x*y is common matrix multiplication; (2) if 8 S, and y2S,, x*y = 0 2 .

Then (S, *) is a TA-groupoid. In fact, we can verify that (x*y¥z* (z*y) 8 X, y, 2S, since
() ifx,y, z2S51, by the de nition of opelration * we can get (X*y@zx* (y*z) =x* (z*y);

(i) ifx,y, 22 S, then (x*y)*z= = X* (z*y), by (2) in the de nition of operation *;

01
(i) ifx2S,,y, 2 Sy, then (X*y)*z= y*z= z*y = X (z*y), by (1) in the de nition of operation *;
(iv) ifx2S,,y2S,, 22 S, then (x*y)*z= é 1 *z7 = 2= z*y = x* (z*y), by the de nition of operation *;

(v) ifx2S,, y2 S, 22 S, then (X*y)*z= y*z = y = z*y = x* (z*y), by the de nition of operation *;
(vi) ifx2S,y2S,, 22 S, then (x*y)*z= x*z = x* (z*y), by (1) in the de nition of operation *;
(vii) ifx2 S;,¥2 S, 22 Sy, then (X*y)*z= x*y = x* (z*y), by (1|) in the de nition of operation *;

(vii) if x2S, y2S,, 22S,, then (x*y)*z= x*z = x = x* = x* (z*y), by (1) and (2) in the de nition of

0 1
operation *.

Example 4. Table 2 shows the non-commutative TA-groupoid of order 5. Since (b *a)*h(a*b), (a*b) *b
, (b*b)*a,so(S,*)isnotasemigroup, and it is not an AG-groupoid.

Table 2. Cayley tableon S={a, b,c,d,p

* a b c d e
a a a a a a
b d d c c b
c d c c c c
d d d c c c
e d c c c e

From the following example, we know that there exists TA-groupoid which is a hon- commutative
semigroup, moreover, we can generate some semirings from a TA-groupoid.

Example 5. As shown in Table 3, put S {s, t, u, v, w}, and de ne the operations * on S. Then we can verify
through MATLAB that (S, *) is a TA-groupoid, and (S, *) is a semigroup.

Table 3. Cayley table on S= {s, t, u, v, W}.

* S t u Y, w
S s s S S s
t t t t t t
u s s u u s
v s s u v S
w t t w w t
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Now, de ne the operation on S as Table 4 (or Table 5), theé8nf, n, 2S) (m+ n)*p=m*p+n*pand
(S;+, *) is a semiring (seR7]).

Table 4. A Commutative semigroup ( S, +).

t

c
<

S <c~wn
Scc—~w0n|n
CS SV~
S ccsc
S ccsc
csscs |8

Table 5. Another commutative semigroup ( S,+) with unit s.

+
(7]
—
c

S <ce~uwn
S~~~
S cc s c

S <ce~—~uwn
Sccs <<
sssss |8

Proposition 4. (1) If (S, *) is a commutative semigroup, then (S, *) is a TA-groupoid. (2) Let (S, *) be a
commutative TA-groupoid. Then (S, *) is a commutative semigroup.

Proof. Itis easy to verify from the de nitions.

4. Various Properties of Tarski Associative Groupoids (TA-Groupoids)

In this section, we discussed the basic properties of TA-groupoids, gave some typical examples,
and established its relationships with CA-AG-groupoids and semigroups (see Figure 2). Furthermore,
we discussed the cancellative and direct product properties that are important for exploring the
structure of TA-groupoids.

Figure 2. The relationships among some algebraic systems.
Proposition 5. Let (S, *) be a TA-groupoid. Théhm, n, p, 1, s, t2S:

(1) (m*n) *(p*r) = (M*n)*(p*n);
) (mn)*(pn)*(s*) = (m*r)*((s*t)*(p*n)).
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Proof. (1) Assume that (S, *)is a TA-groupoid, then for any m, n, p, r2 S, by De nition 6, we have
(m*n)*E*N=m*((P*nN*nN=m*@E*(M*N=mMm*(n*N)*p=((m*rN*n)*p=(m*r*(p*n)
(2) Forany m, n, p, 1, s, t2S, by De nition 6, we have

(m*n)*E*N)*@*H=m*n*(s*)*E*nN)=m*n)*(s*nN*(@P*))=((m*n)*(P*1)*(s*N)
= ((m*n)*n)*(s* (p*t)) = ((M*n) *n*((s*t) *p) = ((M*n) *p)*((s*t) *1)
= (M*(p*n))*((s*t)*r) = (M*r)*((s*t)*(p*n)).

Theorem 1. Assume that (S, *) is a TA-groupaid

(1) If 9e2S such tha{8a2S) e*&a, then (S, *) is a commutative semigroup.

(2) Ife2Sis aleftidentity elementin S, then e is an identity element.in S

(3) If Sisaright commutative CA-groupoid, then S is an AG-groupoid.

(4) If Sisaright commutative CA-groupoid, then S is a left commutative CA-groupoid.
(5) If Sisaleft commutative CA-groupoid, then S is a right commutative CA-groupoid.
(6) If Sis aleft commutative CA-groupoid, then S is an AG-groupoid.

(7) If Sis aleft commutative semigroup, then S is a CA-groupoid.

Proof. Itis easy to verify from the de nitions, and the proof is omitted.

From the following example, we know that a right identity elementin  Smay be not an identity
elementin S.

Example 6. TA-groupoid of order 6 is given in Table 6, anglie a right identity element in S, butegs not a left
identity elementin S.

Table 6. Cayley table on S= {e}, &, 63, &, &, &}

*

€1 € €3 €

U G
PP PP PP
@ QPP PP
PSHLPLOP P
LPPHPLP QL
PP PP PP
SO | L

By Theorem 1 (1) and (2) we know that the left identity element in a TA-groupoid is unique.
But the following example shows that the right identity element in a TA-groupoid may be not unique.

Example 7. The following non-commutative TA-groupoid of order 5 given in Table 7. Moreoyemd % are
right identity elementsin S.

Table 7. Cayley table on S= {Xq, X5, X3, X4, Xs}.

* X1 X2 X3 X4 X5
X1 X1 X1 X3 X3 Xg
X2 X2 X2 X4 X4 X5
X3 X3 X3 X1 X1 X5
X4 Xa Xa X2 X2 Xg
X5 X5 X5 X5 X5 X5
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Theorem 2. Let (S, *) be a TA-groupoid

(1) If Sisaleft commutative AG-groupoid, then S is a CA-groupoid

(2) If Sis aleft commutative AG-groupoid, then S is a right commutative TA-groupoid.
(3) If Sis aright commutative AG-groupoid, then S is a left commutative TA-groupoid
(4) If Sis aright commutative AG-groupoid, then S is a CA-groupoid.

(5) If Sis aleft commutative semigroup, then S is an AG-groupoid.

Proof. Itis easy to verify from the de nitions, and the proof is omitted.

Theorem 3. Let (S, *) be a groupoid

(1) If Sisa CA-AG-groupoid and a semigroup, then S is a TA-groupoid.

(2) If Sisa CA-AG-groupoid and a TA-groupoid, then S is a semigroup

(3) If Sis asemigroup, TA-groupoid and CA-groupoid, then S is an AG-groupoid
(4) If Sis asemigroup, TA-groupoid and AG-groupoid, S is a CA-groupoid

Proof. (1) If (S, *) is a CA-AG-groupoid and a semigroup, then by De nition 2, 8 a, b, @S:
b*(c*a=c*(@*b)=(c*a)*b=(b*a)*c.

It follows that ( S, *) is a TA-groupoid by De nition 6.
(2) Assume that (S, *) is a CA-AG-groupoid and a TA-groupoid, by De nition 2, 8 a, b, @S:

a*(b*c)=c*(a*b)=(c*b)*a= (a*b)*c.

This means that (S, *) is a semigroup.
(3) Assume that (S, *) is a semigroup, TA-groupoid and CA-groupoid. Then, we have (8 a, b, 2S):

(@*b)*c=a*(b*c)=c*(@*b)=(c*b)*a.

Thus, (S, *) is an AG-groupoid.
(4) Suppose that (S, *) is a semigroup, TA-groupoid and AG-groupoid. 8 a, b, @S:

c*(b*a=(c*b)*a=(a*b)*c=a*(c*h).
That is, (S, *) is a CA-groupoid by De nition 3.

Example 8. Put S= {e, f, g, h, i}. The operation * is de ned on S in Table 8. We can get that (S, *) is a
CA-AG-groupoid. But (S, *) is not a TA-groupoid, due to the fact that (i * h), *ii* (i * h). Moreover, (S, *) is
not a semigroup, because (i * i) *ii * (i * ).

Table 8. Cayley table on S= {e, f, g, h,}.

* e f g h i

e e e e e e
f e e e e e
g e e e e f
h e e e e f
i e e e g h

From Proposition 4, Theorems 1-3, Examples 4-5 and Example 8, we get the relationships among
TA-groupoids and its closely linked algebraic systems, as shown in Figure 2.
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Theorem 4. Let (S, *) be a TA-groupoid.

(1) Every left cancellative element in S is right cancellative element

(2) ifx, y2S and they are left cancellative elements, then x*y is a left cancellative element;
(3) ifxis left cancellative and y is right cancellative, then x*y is left cancellative;

(4) if x*yisright cancellative, theny is right cancellative;

(5) |Ifforall a2S, & = a, then it is associative. That is, S is a band.

Proof. (1) Suppose thatx is a left cancellative elementin S. If (8p, 2S) p*x = g*x, then:

X*OF(x*p)) = (X*(x*p))™x = ((X*P)*X)*x = (X*P)*(x*X)
= x*(("X)*p) = x*(x*(p*x)) = x*(x*(q*X))
= x*((xx)*q) = (x*a)*(x*x) = ((x*aq)*x)*x
= ()X = x*(x*(x*q)).
From this, applying left cancellability, x*(x*p) = x*(x*q). From this, applying left cancellability two
times, we get that p= g. Therefore, x is right cancellative.

(2) If x and y are left cancellative, and (8p, RS) (x*y)*p = (X*y)*q, there are:
X*(x*(y*p)) = x*((x*p)*y) = (X*y)*(x*p)
= (x*p)*(x*y) (by Proposition 5 (1))
= X((x*y)*p) = x((xy)*p) = x((xy)*a) = x((x*y)*a)
= (xg)*(x*y) = (x*y)*(x*q) = x*((x*a)*y)
= X *(x*(y*q))-

Applying the left cancellation property of  x, we have y*p = y*g. Moreover, sincey is left cancellative,
we can get that p = g. Therefore, x*y is left cancellative.

(3) Suppose thatx is left cancellative and vy is right cancellative. If (8p, RS) (xX*y)*p = (X*y)*q,
there are:

X*(p*y) = (X*y)*p = (X*y)*d = x*(q*y).

Applying the left cancellation property of x, we have p*y = g*y. Moreover, since y is right
cancellative, we can get thatp = q. Therefore, x*y is left cancellative.

(4) If x*y is right cancellative, and p*y = g*y, p, (S, there are:
P*(x*y) = (P*Y)*™* = (q*Y)*™* = g*(X*y).

Applying the right cancellation property of x*y, we have p = g. Hence, we get thaty is
right cancellative.

(5) Assume that for all a2S, &=a. Then, 81, s, t2S,

r(s*t) = (r(s*))*(r(s*1)) = r((r(s*))*(s™)) (1)
= r(r((s*)*(s™1))) = r(r*(s™)).

Similarly, according to (1) we can get r*(t*s) = r*(r*(t*s)). And, by Proposition 5 (1), we have

(s ) = P(P*S) = (PSP = (FYX(rs)
= r*((r*s)*t) = r*(r*(t*s)).
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Combining the results above, we get that r*(s*t) = r*(r*(s*t)) = r*(r*(t*s)) = r*(t*s). Moreover, by
De nition 6, (r*s)*t = r*(t*s). Thus
(r*s)*t = r*(t*s) = r*(s*t).

This means that Sis a semigroup, and for all a2S, & = a
Therefore, we get that Sis a band.

Example 9. TA-groupoid of order 4, given in Table 9. Itis easy to verify that (S, *) is a band, due to the fact that
X*X=X,Yy*y=y,z*z=2z,u*u= u.

Table 9. Cayley table on S= {x, y, z, u}.

X y z u
X X X X X
y y y z y
z u u z u
u u u u u

De nition 7. Assume that (%, *;) and (S, *») are TA-groupoids, § S, = {(a, bJa2S;, b2S,}. De ne the
operation*on § S, as follows:

(&1, &) * (by, bp) = (a*1 by, &*obp), forany (ay, &), (by, 1)2S; S,.

Then (§ S, *) is called the direct product of {S1) and (S, *»).
Theorem 5. If (Sq1, *1) and (S, *») are TA-groupoids, then their direct producty(S S, *) is a TA-groupoid.
Proof. Assume that (a1, &), (b1, ), (¢1, ©)2S;  S,. Since

(a1, ) * ((by, bp)) * (c1, ©2) = (g *1 by, & *2 1) * (1, ©2)
= ((ag *1 b)*1¢1, (@2 *2 b2)*2 €2) = (an *1 (€1 *1 b1), & *2 (C2 *2 b))
= (ag, &) * (¢ *1 by, ©*2 bp) = (&1, &) * ((C1, &) * (b1, bp)).

Hence, (51 S, *)is a TA-groupoid.

Theorem 6. Let (S, * 1) and (S, * ») be two TA-groupoids, if x and y are cancellative2@&,, y 2S,), then (X,
y) 2S; S, is cancellative.

Proof. Using Theorem 5, we can getthatS, S, is a TA-groupoid. Moreover, for any (s, &), (t, to) 2
S1 S, if (X, y) * (s1, %) = (X, y) * (tg, t2), there are:

(Xs1, yS2) = (xty, yt2)
Xs1 = Xt1, yS = yip,

Sincex and y are cancellative, sos; = t1, S = tp, and (s, ) = (t1, t).
Therefore, (X, y) is cancellative.

5. Tarski Associative Neutrosophic Extended Triplet Groupoids (TA-NET-Groupoids) and Weak
Commutative TA-NET-Groupoids (WC-TA-NET-Groupoids)

In this section, we rst propose a new concept of TA-NET-groupoids and discuss its basic
properties. Next, this section will discuss an important kind of TA-NET-groupoids, called weak
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commutative TA-NET-groupoids (WC-TA-NET-groupoids). In particular, we proved some well-known
properties of WC-TA-NET-groupoids.

De nition 8. Let (S, *) be a neutrosophic extended triplet set. If

(1) (S, *) iswell-de ned, that is,&x, y2S) x*y2 S;
(2) (S, *) is Tarski associative, that is, for any x, \23 (X*y)*z= x*(z*y).

Then (S, *) is called a Tarski associative neutrosophic extended triplet groupoid (or TA-NET-groupoid). A
TA-NET-groupoid (S, *) is called to be commutative 8fX, y 2 S) x*y = y*x.

According to the de nition of the TA-NET-groupoid, element a may have multiple neutral
elementsneut(a) We tried using the MATLAB math tools to nd an example showing that an element's
neutral element is not unique. Unfortunately, we did not nd this example. This leads us to consider
another possibility: every element in a TA-NET-groupoid has a unique neutral element? Fortunately,
we successfully proved that this conjecture is correct.

Theorem 7. Let (S, *) be a TA-NET-groupoid. Then the local unit element neut(a) is unique in S.
Proof. For any a25, if there exists s, t2{neut(@)}, then 9 m, n2S there are:
a*s=s*a—aanda*nmEm*a=s;a*t=t*azaanda*n=n*a=t.

(1)s=t*s. Since
ssa*m=(t*a)*m=t*(m*a)=t*s.

(2)t=1t*s. Since
t=n*a=n*(s*a)=(n*a)*s=t*s.

Hence s=t and neut(a) is unique for any a2S.

Remark 1. For element a in TA-NET-groupoid (S, *), although neut(a) is unique, we know from Example 10
that anti(a) may be not unique.

Example 10. TA-NET-groupoid of order 6, given in Table 10. While nddtE& D, {anti(D)} = {D, G |, #, K}.

Table 10. Cayley table on S={D, G I, #, K, L}.

* D G I # K L
D D D D D D D
G D G | # K D
| D I K G # D
# D # G K | D
K D K # | G D
L L L L L L L

Theorem 8. Let (S, *) be a TA-NET-groupoid. Theéhx2S:

(1) neut(x) *neut(x)= neut(x);

(2) neut(neut(x))= neut(x);

(3) anti(neut(x))2 {anti(neut(x))}, x= anti(neut(x)) *x.

Proof. (1) For any x2S, according to x*anti(x) = anti(x)*x = neut(x), we have

neut(x)*neut(x)= neut(x)*((anti(x)*x) = (neut(x)*x)*anti(x) = x*(anti(x)) = neut(x).
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(2) 8x2S, by the de nition of neut(neut(x)), there are:
neut(neut(x))*neut(x)= neut(x)*neut(neut(x))= neut(x).
Thus,

neut(neut(x))*x= neut(neut(x))*(x*neut(x))= (neut(neut(x))*neut(x))*x= neut(x)*x = Xx;
x*neut(neut(x))= (x*neut(x))*neut(neut(x))= x*(neut(neut(x))*neut(x))= x*neut(x) = x.

Moreover, we can get:
anti(neut(x))*neut(x)= neut(x)*anti(neut(x))= neut(neut(x)).
Then,

(anti(neut(x))*anti(x))*x = anti(neut(x))* (x*anti(x)) = anti(neut(x))*neut(x)= neut(neut(x));
x*(anti(neut(x))*anti(x)) = (x*anti(x))*anti(neut(x)) = neut(x)*anti(neut(x))= neut(neut(x)).

Combining the results above, we get

neut(neut(x))*x= x*neut(neut(x))= Xx;
(anti(neut(x))*anti(x))*x = x*(anti(neut(x))*anti(x)) = neut(neut(x))

This means that neut(neut(x)) is a neutral element of x (see De nition 4). Applying Theorem 6, we
get that neut(neut(x)) = neut(x).

(3) For all x2S, using De nition 8 and above (2),

anti(neut(x))*x = anti(neut(x))*(x*(neut(x)))= (anti(neut(x))*neut(x))*x
= neut(neut(x))*x= neut(x)*x= x.

Thus, anti(neut(x))*x = x.

Example 11. TA-NET-groupoid of order 4, given in Table 11. And neut= , neut()= , neut()= ,
{anti( )}={, ,"}. Whileanti( )= , neut(anti( ))=neut()= , = neut().

Table 11. Cayley tableon S={ , , ,"}.

Theorem 9. Let (S, *) be a TA-NET-groupoid. Thehx2 S,8 m, n2{anti(a)},8 anti(a)2{anti(a)}:

(1) m*(neut(x))= neut(x)*n;

(2) anti(neut(x))*anti(x)2{anti(x)};

(3) neut(x)*anti(n) = x*neut(n);

(4) neut(m)*neut(X)= neut(x)*neut(m)= neut(x);
(5) (n*(neut(x))*x= x*(neut(x)*n) = neut(x);

(6) neut(n)*x= x.
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Proof. (1) By the de nition of neutral and opposite element (see De nition 4), applying Theorem 6,
there are:

(2) By Theorem 7(2), there are:

m*x = x*m = neut(x), n*x= x*n = neut(x).
m*(neut(x))= m*(n*x) = (m*x)*n = neut(x)*n.
x*[anti(neut(x))*anti(x)] = [x*(anti(x))]*anti(neut(x)) = neut(x)*anti(neut(x))
= neut(neut(x))= neut(x).
[anti(neut(x))*anti(x)]*x = anti(neut(x))*[x*(anti(x)] =anti(neut(x))*neut(x)
= neut(neut(x))= neut(x).

Thus, anti(neut(x))*anti(x) 2{anti(x)}.

(3) For any x2S, n2{anti(a)}, by x*n = n*x = neut(x) and n*anti(n) = anti(n)*n = neut(n), we get
x*neut(n) = x*[anti(n)*n] = (x*n)*anti(n) = neut(x)*anti(n).

This shows that neut(x)*anti(n) = x*neut(n).

(4) For any x2S, m2{anti(x)}, by x*m = m*x = neut(x) and anti(m)*m = m*anti(m) = neut(m), there are:

neut(m)*neut(X)= neut(m)*(x*m)= (neut(m)*m)*x= m*x = neut(x).
neut(x)*neut(m)= neut(x)*[m*(anti(m))] = [neut(x)*anti(m)]*m.

Applying (3), there are:
neut(x)*neut(m)= [neut(x)*anti(m)]*m = [x*(neut(m))]*m = x*(m*(neut(m))= x*m= neut(x).

That is,
neut(m)*neut(x)= neut(x)*neut(m)= neut(x).

(5) By x*n = n*x = neut(x), there are:

[n*(neut(x))]*x = n*(x*(neut(x))) = n*x = neut(x).
x*[neut(x)*n] = (x*n)*(neut(x)) = neut(x)*neut(x)= neut(x).

Thus, [n*(neut(x))]*x = x*[neut(x)*n] = neut(x).

(6) For any x2S, n2{anti(x)}, by x*n= n*x = neut(x),
neut(n)*x = neut(n)*[x*(neut(x))] = [neut(n)*neut(x)]*x.
From this, applying (4), there are:
neut(n)*x = [neut(n)*neut(X)]*x = neut(x)*x = X.
Hence, neut(n)*x = x.

Proposition 6. Let (S, *) be a TA-NET-groupoid. Thehx, y, z2S:

(1) y*x = z*x, implies neut(x)*y= neut(x)*z;
(2) y*x = z*x, if and only if y*neut(x)= z*neut(x).
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Proof. (1) For any x, y2S, if y*x = z*x, then anti(x)*(y*x) = anti(x)*(z*x). By De nition 6 and De nition 8

there are:
anti(x)*(y*x) = (anti(x)*x)*y = neut(x)*y;
anti(x)*(z*x) = (anti(x)*x)*z = neut(x)*z.

Thus neut(x)*y = anti(X)*(y*x) = anti(x)*(z*x) = neut(x)*z

(2) For any x, y2S, if y*x = z*x, then (y*x)*anti(x) = (z*x)*anti(x). Since
(y*x)*anti(x) = y*(anti(x)*x) = y*neut(x); (z*x)*anti(x)= z*(anti(x)*x) = z*neut(x).

It follows that y*neut(x) = z*neui(x). This means thaty*x = z*x implies y*neut(x) = z*neu{(x).
Conversely, if y*neut(x) = z*neui(x), then (y*neut(x))*x = (z*neut(x))*x. Since

(y*neut(x))*x = y*(x*neut(x)) = y*x; (z*neut(x))*x= z*(x*neut(x))= z*x.
Thus, y*x = z*x. Hence, y*neut(x) = z*neuf(x) implies y*x = z*x.
Proposition 7. Suppose that (S, *) is a commutative TA-NET-groupdd, y2S:
(1) neut(x) * neut(y)= neut(x *y);
(2) anti(x) * anti(y) 2 {anti(x * y)}.
Proof. (1) For any x, y2S, sinceSis commutative, so X * y = y* x. From this, by Proposition 5(1), we have

(¢ry)*(neut(x)*neut(y))= (y*x)*(neut(x)*neut(y))= (y*neut(y))*(neut(x)*x)= y*x = x*y;
(neut(x)*neut(y))*(x*y)= (neut(x)*neut(y))*(y*x)= (neut(x)*x)*(y*(neut(y))= x*y.

Moreover, using Proposition 5(1),

(anti(x)*anti(y))*(x*y) = (anti(x)*anti(y))*(y*x) = (anti(x)*x)*(y*anti(y)) = neut(x)*neut(y);
(x*y)*(anti(x)*anti(y)) = (x*y)*(anti(y)*anti(x)) = (x*anti(x))*(anti(y)*y) = neut(x)*neut(y).

This means that neut(x)*neut(y) is a neutral element of x*y (see De nition 4). Applying Theorem 6,
we get that neut(x)*neut(y) = neut(x*y).

(2) For any anti(x)2{anti(x)}, anti(y)2{anti(y)}, by the proof of (1) above,
(anti(x)*anti(y))*(x*y) = (x*y)*(anti(x)*anti(y)) = neut(x)*neut(y)
From this and applying (1), there are:
(anti(x)*antiy))*(x*y) = (x*y)*(anti(x)*anti(y)) = neut(x*y).
Hence, anti(x)*anti(y) 2{anti(xy)}.

De nition 9. Let (S, *) be a TA-NET-groupoid. 1Bk, y2S) x * neut(y)= neut(y) * X, then we said that S is a
weak commutative TA-NET-groupoid (or WC-TA-NET-groupoid).

Proposition 8. Let (S, *) be a TA-NET-groupoid. Then (S, *) is weak commutativ8 satis es the following
conditions Bx, y2S):

(1) neut(x)*neut(y)= neut(y)*neut(x).
(2) neut(X)*(neut(y)*x)= neut(X)*(x*neut(y)).
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Proof. Assume that (S, *)is a weak commutative TA-NET-groupoid, using De nition 9, there are
(8%, y2S):
neut(x)*neut(y)= neut(y)*neut(x),
neut(x)*(neut(y)*x)= neut(x)*(x*neut(y)).

In contrast, suppose that S satis es the above conditions (1) and (2). there are(8x, y2S):

x*neut(y) = (neut(xX)*x)*neut(y)= neut(x)*(neut(y)*x)= neut(x)*(x*neut(y))
(neut(x)*neut(y))*x=(neut(y)*neut(x))*x= neut(y)*(x*neut(x))= neut(y)*x.

From De nition 9 and this we can getthat ( S, *) is a weak commutative TA-NET-groupoid.

Theorem 10. Assume that (S, *) is a weak commutative TA-NET-groupoid. T8eqy2S:

(1) neut(x)*neut(y)= neut(y*x);
(2) anti(x)*anti(y) 2{anti(y*x)};
(3) (Siscommutative) (S isweak commutative).

Proof. (1) By Proposition 5 (1)), there are:

[neut(x)*neut(y)I*(y*x) = [neut(x)*x]*[y*neut(y)] = [neut(x)*x]*[neut(y)*y] =
[neut(X)*y]*[neut(y)*x] = [y*neut(X)]*[x*neut(y)] = [y*neut(y)]*[x*neut(x)] = y*x.

And, (y*x)*[neut(xX)*neut(y)] = [y*neut(y)]*[neut(x)*x] = y*x. That s,
[neut(X)*neut(y)]*(y*x) = (y*X)*[neut(X)*neut(y)] = y*x.
And that, there are:

[anti(x)*anti(y)]*(y*x) = [anti(X)*x]*[y*anti(y)] = neut(X)*neut(y);
(y*x)*[anti(x)*anti(y)] = [y*anti(y)] * [anti(X)*X] = neut(y)*neut(x)= neut(x)*neut(y)

That is,
[anti(x)*anti(y)]*(y*x) = (y*x)*[anti(x)*anti(y)] = neut(x)*neut(y).

Thus, combining the results above, we know that neut(x)*neut(y)is a neutral element of y*x.
Applying Theorem 6, we get neut(x)*neut(y)= neut(y*x).

(2) Using (1) and the following result (see the proof of (1))
[anti(x)*anti(y)]*(y*x) = (y*X)*[anti(x)*anti(y)] = neut(X)*neut(y)

we can get that anti(x)*anti(y)2{anti(y*x)}.
(3) If Sis commutative, then Sis weak commutative.

On the other hand, suppose that S is a TA-NET-groupoid and S is weak commutative.
By Proposition 5 (1) and De nition 9, there are:

x*y = (x*neut(x))*(y*neut(y))= (x*neut(y))*(y*neut(x))= (neut(y)*x)*(neut(x)*y)
= (neut(y)*y)*(neut(x)*x)= y*x.

Therefore, Sis a commutative TA-NET-groupoid.
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6. Decomposition Theorem of TA-NET-Groupoids

This section generalizes the well-known Cli  ord's theorem in semigroup to TA-NET-groupoid,
which is very exciting.

Theorem 11. Let (S, *) be a TA-NET-groupoid. Then for any$, and all m2{anti(a)}:

(1) neut(x)*n2{anti(x)};

(2) m*neut(x)= (neut(x)*m)*neut(x);
(3) neut(xX)*m= (neut(x)*m)*neut(x);
(4) m*neut(x)= neut(x)*m;

(5) neut(m*(neut(x)))= neut(x).

Proof. (1) For any x2S, n2{anti(x)}, we have m*x = x*m = neut(x). Then, by De nition 6, Theorem 7 (1)
and Proposition 5 (1), there are:

x*[neut(x)*m] = (x*m)*neut(x)= neut(X)*neut(X)= neut(x);
[neut(x)*m]*x = [neut(X)*m]*[x*neut(x)] = [neut(X)*neut(X)]*(x*m)= [neut(X)*neut(x)]*neut(x)= neut(x).

This means that neut(x)*m2{anti(x)}.

(2) If x2S, m2{anti(x)}, then m*x = x*m = neut(x). Applying (1) and Theorem 8 (1),
m*neut(x)= neut(x)*[neut(x)*m}
On the other hand, using Theorem 7 (1) and Proposition 5 (1), there are:
neut(x)*[neut(x)*m]= (neut(x)*neut(x))*[neut(xX)*m]= [neut(X)*m]*[neut(X)*neut(x)]= [neut(x)*m]*neut(x).

Combining two equations above, we get m*neuix) = (neut(xX)*m)*neut(x).

(3) Assume that m2{anti(x)}, then x*m = m*x = neut(x) and m*neu{m) = neutfm)*m = m.
By Theorem 7 (1), Proposition 5 (1) and Theorem 8 (4), there are:

neut(x)*m= [neut(x)*neut(x)]*(neut(m)*m)= (neut(x)*m)[neut(m)*neut(x)]= (neut(x)*m)*neut(x)

That is, neut(x)*m= (neut(x)*m)*neut(x)
(4) It follows from (2) and (3).

(5) Assume m2{anti(x)}, then x*m = m*x = neut(x). Denote t = m*neufx). We prove the
following equations,
t*neut(x) = neut(x)*t = t; t*x = x*t = neut(x).

By (3) and (4), there are:
t*neut(x) = (m*neut(x))*neut(x)= (neut(x)*m)*neut(x)= neut(x)*m= m*neut(x)= t.
Using De nition 6, Theorem 7 (1) and Theorem 8 (1), there are:

neut(x)*t = neut(X)*[m*(neut(x))]= (neut(x)*neut(x))*m= neut(x)*m= m*neut(x)= t.
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Moreover, applying Proposition 5 (1), Theorem 7 (1) and De nition 6, there are:

t*x = [m*(neut(x))]*x = [m*neut(x)] * (neut(x)*x)= (M*x)*[neut(X)*neut(x)]
= neut(x)*[neut(x)*neut(x)]= neut(x).
x*t = x*[m*(neut(x))] = [x*neut(x)]*m = x*m = neut(x).

Thus,
t*neut(X) = neut(x)*t = t; t*x = x*t = neut(x).
By the de nition of neutral element and Theorem 6, we get that neut(x) is the neutral element of t
= m*neui(x). This means that neut(m*(neut(x))) = neut(x).

Theorem 12. Let (S, *) be a TA-NET-groupoid. Then the product of idempotents is still idempotent. That is for
any y1, Y2 2S, (1 *¥2) * (Y1 * ¥2) = y1* Ya.

Proof. Assume that yq, y2 2Sand (y1*y1 = Y1, Y2*Y2 = Y»), then:

(Y1*Y2)*(Y1*Y2) = Y1 [(Y1*Y2)*y2] = Y1 ly1*(y2*y2)] = y1*(y1*y2).

From this, applying De nition 4 and De nition 6,

y1*y2 = [neut(y1*y2)1*(y1*y2) = [anti(y1*y2)*(Y1*Y2)]*(Y1*Y2) = anti(y1*y2)*[(Y1*y2)*(Y1*Y2)]
= anti(y1*y2)*[y1*(Y1*y2)] (BY (Y1*Y2)*(Y1*Y2) = Y1*(Y1*Y2))
= [anti(y1*y2)*(Y1*Y2)I*y1 = neut(y1*y2)*y1.

Thus,
(Y1*Y2)*(Y1*Y2) = Y1*(Y1'Y2) = (Y1*Y2)*Y1
= [neut(y1*y2)*y1]*y1 (By y1*y2 = [neut(y1*y2)]*y1)
= neut(y1*y2)*(y1*y1) = neut(y1*y2)*y1 = y1*yo.
This means that the product of idempotents is still idempotent.

Example 12. TA-NET-groupoid of order 4, given in Table 12, and the product of any two idempotent
elements is still idempotent, due to the fact that,

(71" 22)X(21* 20) = 71* 22, (7™ Z3)X(21* 23) = 21* Z3, (2™ 24) * (21* 24) = 71* 24,
(22" 23)*(22* Z3) = 20* 23, (20" 24)*(22* Z4) = 20 24, (z3* 24)*(23* 24) = Z3* 24.

Table 12. Cayley table on S= {z;, 2, z3, 24}

21 22 Z3 Z4
Z1 Z1 Z1 Z1 Z4
Z2 Zy Z Zy Zp
Z3 Z1 Z1 Z3 Z4
Z4 Zs Z4 Zs Z4

Theorem 13. Let (S, *) be a TA-NET-groupoid. Denote E(S) be the set of afirdint neutral element in S,
S(e)= {a29| neut(a)= e} B €2E(S)). Then:

(1) S(e)is a subgroup of S.
(2) foranye;, &2E(S) q, ) S(a)\ S(&)=;.
B S=1[ ergS(e.
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Proof. (1) For any m2 S(e), neutim) = e That s, eis an identity elementin S(€). And, using Theorem 7
(1),wegete*e=e
Assume that m, n25(e), then neut(m) = neut(n) = e We're going to prove that neutm*n) = e
Applying De nition 6, Proposition 5 (1),

(m*n)*e: m*(e*n): m*n;
e*(m*n)= (e*e)*(m*n)= (e*n)*(m*e)= (e*n)*m
= (e*n)*(e*m)= (e*m)*(e*n)= m*n.

On the other hand, for any anti(m)2{anti(m)}, anti(n)2{anti(n)}, by Proposition 5 (1), we have

(m*n)*[anti(m)*anti(n)] = (m*anti(n))*(anti(m)*n) = [(m*anti(n))*n]*anti(m)
= [m*(n*anti(n))]*anti(m) = (m*neut(n))*anti(m)= (m*e)*anti(m)
= m*anti(m) = neut(m)= e
[anti(m)*anti(n)]*(m*n) = [anti(m)*n]*[m*anti(n)] = anti(m)*[(m*anti(n))*n]
= anti(m)* [m*(n*anti(n))] = anti(m)*(m*neut(n))= anti(m)*(m*e)
= anti(m)*m= neut(m)= e.

From this, using Theorem 6 and De nition 4, we know that neut(m*n) = e Therefore, m*n2S5(e),
i.e., (S(e), *) is a sub groupoid.

Moreover, 8 m2S(e), 992S such that g2{anti(m)}. Applying Theorem 10 (1)(2)(3), g*neu{m) 2
{anti(m)}; and applying Theorem 10 (5), neut{g*neu{m)) = neut(m).

Put t = g*neu(m), we get

t = g*neut(mp{anti(m)},
neut(t) = neut(g*neut(m))= neut(m)=e

Thus t2{anti(m)}, neut(t) = e i.e.,t2S(e) and t is the inverse element of min S(e).
Hence, (S(e), *) is a subgroup of S.

(2) Letx2S(e1) \ S(ey) and ey, 2E(S). We have neut(x) = ey, neut(x) = &. Using Theorem 6, &, = €.
Therefore, g, &) Se)\ Se)=;.

(3) For any x2S, there existsneut(x)2S. Denote e= neut(x), then e2E(S) and x25(e).
This means that S = [ g5 S(€).

Example 13. Table 13 represents a TA-NET-groupoid of order 5. And,
neut(my) = my, anti(m;) = my; neut(m) = mz, anti(my) = my;

neut(mg) = mg, anti(mg) = {mz, Ms}; neut(ny) = My, anti(m,) = my; neut(ns) = mg, anti(ms) = ms.

Table 13. Cayley table on S= {m;, mp, mz, my, ms}.

* mq my m3 my Mg
mi my my my my my
mao ms ms my my my
ms3 my my mg mg m3
my my my my my my
Mg my my mg3 mgz ms

Denote $ = {my, My}, S = {my, mg}, 3= {ms}, then §, S, and S are subgroup of S, andSS, [ S,
[S5, S\ $=:, 5\ $=;.5\ S=;.
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Example 14. Table 14 represents a TA-NET-groupoid of order 5. And,

neut(x) = x, anti(x) = x; neut(y) =y, {anti(y)} = {y, v};
neut(z)=vy, {anti(z)} = {z, v}; neut(u)= u, {anti(u)} = {y, z, u, v}; neut(v)= v, anti(v) = v.

Denote $={x}, S, ={y, z}, S = {u}, 4, = {v}, then §, S,, S and S, are subgroup of S, and
S=S[ S[ SB[ S& S\ $=:.S\ $=;,5\ &=, S\ 5=, &=, S\ §=;.

Table 14. Cayley table on S={x,y, z, u, }.

z

c
<

< Cc N X
cccoccoc X | X
cCccc X
< C N X

< CNK¥ X |¥<
N C < N X

Open Problem. Are there some TA-NET-groupoids which are not semigroups?

7. Conclusions

In this study, we introduce the new notions of TA-groupoid, TA-NET-groupoid, discuss some
fundamental characteristics of TA-groupoids and established their relations with some related algebraic
systems (see Figure 2), and prove a decomposition theorem of TA-NET-groupoid (see Theorem 13).
Studies have shown that TA-groupoids have important research value, provide methods for studying
other non-associated algebraic structures, and provide new ideas for solving algebraic problems.
This study obtains some important results:

(1) The concepts of commutative semigroup and commutative TA-groupoid are equivalent.

(2) Every TA-groupoid with left identity element is a monoid.

(3) A TA-groupoid is a band if each element is idempotent (see Theorem 4 and Example 9).

(4) Ina Tarski associative neutrosophic extended triplet groupoid (TA-NET-groupoid), the local unit
element neut(a)is unique (see Theorem 7).

(5) The concepts of commutative TA-groupoid and WC-TA-groupoid are equivalent.

(6) Ina TA-NET-groupoid, the product of two idempotent elements is still idempotent (see Theorem
12 and Example 12).

(7) Every TA-NET-groupoid is factorable (see Theorem 13 and Example 13-14).

Those results are of great signi cance to study the structural characteristics of TA-groupoids and
TA-NET-groupoids. As the next research topic, we will study the Green relations on TA-groupoids and
some relationships among related algebraic systems (see [23,25,28]).
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Abstract: Neutrosophic components (NC) under addition and product form different algebraic
structures over different intervals. In this paper authors for the rst time de ne the usual product
and sum operations on NC. Here four different NC are de ned using the four different intervals:
(0, 1), [0, 1), (0, 1] and [0, 1]. In the neutrosophic components we assume the truth value or the false
value or the indeterminate value to be from the intervals (0, 1) or [0, 1) or (O, 1] or [0, 1]. All the
operations de ned on these neutrosophic components on the four intervals are symmetric. In all the
four cases the NC collection happens to be a semigroup under product. All of them are torsion free
semigroups or weakly torsion free semigroups. The NC de ned on the interval [0, 1) happens to be
a group under addition modulo 1. Further it is proved the NC de ned on the interval [0, 1) is an

in nite commutative ring under addition modulo 1 and usual product with in nite number of zero
divisors and the ring has no unit element. We de ne multiset NC semigroup using the four intervals.
Finally, we de ne n-multiplicity multiset NC semigroup for nite n and these two structures are
semigroups under + modulo 1 and fM(S),+, g and fn-M(S),+, g are NC multiset semirings.
Several interesting properties are discussed about these structures.

Keywords:  neutrosophic components (NC); NC semigroup; multiset NC; n-multiplicity;
multiset NC semigroup; special zero divisors; torsion free semigroup; weakly torsion free semigroup;
in nite commutative ring; group under addition modulo 1; in nite neutrosophic communicative
ring; multiset NC semirings

1. Introduction

Semigroups play a vital role in algebraic structures [ 1-5] and they are applied in several elds
and it is a generalization of groups, as all groups are semigroups and not vice versa. Neutrosophic sets
proposed by Smarandache in [6] has become an interesting area of major research in recent days both
in the area of algebraic structures [7—11] as well as in applications ranging from medical diagnosis
to sentiment analysis [12,13]. The study of neutrosophic triplets happens to be a special form of
neutrosophic sets. Extensive study in this direction have been carried out by several researchers
in [8,14-17]. Here we are interested in the study of neutrosophic components (NC) over the intervals
(0, 1), (0, 1], [0, 1) and [0, 1]. So far researchers have studied and applied NC only on the interval
[0, 1] though they were basically de ned by Smarandache [ 18] on all intervals. Further they have
not studied them under the usual operation + and . Here we venture to study NC on all the four
intervals and obtain several interesting algebraic properties about them.

Smarandache multiset semigroup studied in [ 19] is different from these semigroups. Further
these multiset NC semigroups are also different from multi semigroups in [ 20] which deals with multi
structures on semigroups.
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Any algebraic structure becomes more ef cient for application only when it enjoys some strong
properties. In fact a set endowed with closed associative binary operation happens to be a semigroup.
This semigroup structure does not yield many applications like algebraic codes or commutative rings
or commutative semirings. Basically to have a vector space one needs at least the basic algebraic
structure to be a group under addition. The same is true in case of algebraic codes. However none of
the intervals [0, 1] or (0, 1) or (0, 1] can afford to have a group structure under +. One can not imagine
of a group structure under product for no inverse element can be got for any element in these intervals.
But when we consider the interval [0, 1) we see it is a group under addition modulo 1.

In fact for any collection of NC which are triplets to have a stronger structure than a semigroup
we need to have a strong structure on the interval over which it is built. That is why this paper studies
the NC on the interval [0, 1). These commutative rings in [0, 1) can be used to built both algebraic
codes on the NC for which we basically need these NC to be at least a commutative ring. With this
motivation, we have developed this paper.

This paper further proves that multiset NC built on the interval [0, 1) happens to be a commutative
semiring paving way to build multiset NC algebraic codes and multiset neutrosophic algebraic codes
which can be applied to cryptography with indeterminacy.

The paper is organized as follows. Section one is introductory in nature. Section 2 recalls the
basic concepts of partial order, torsion free semigroup and neutrosophic set. Section 3 introduces NC
on the four intervals [0, 1], (0,1), [0, 1) and (0, 1] and mainly prove they are in nite NC semigroups
which are torsion free. The new notion of weakly torsion free elements in a semigroup is introduced in
this paper and it is proved that NC semigroups built on intervals [0, 1] and [0, 1) are weakly torsion
free under usual product . We further prove the NC built using the interval [0, 1) happens to be an
in nite order commutative ring with in nite number of zero divisors and it has no unit. In Section 4
we prove multiset NC built using these four intervals are multiset neutrosophic semigroups under
usual product . We prove only in case of [0, 1) the multiset NC is a ring with in nite number of zero
divisors and in all the other interval, M(S) is a torsion free or weakly torsion free semigroup under
Only in case of the interval [0, 1), M(S) is semigroup under modulo addition 1. In Section 5 we de ne
n-multiplicity multiset NC on all the intervals and obtain several interesting properties. Discussions
about this study are given in Section 6 and the nal section gives conclusions and future research
based on their structures.

2. Basic Concepts

In this section we introduce the basic concepts needed to make this paper a self contained one.
We rst recall the de nition of partially ordered set.

De nition 1.  There exist some distinct elemeaf® 2 Ssuch thata< bora> b, and other distinct elements
b,c 2 Ssuch that neitheb < cnorb > c, then we say (S, <) is a partially ordered set. We &8y ) is a
totally ordered set if for every pairla 2 Swe havea borb a.
The set of integers is a totally ordered set and the power set of a set X; P(X) is only a partially ordered set.

Next we proceed on to de ne torsion free semigroup.

De nition 2. A semigroupf S, g is said to be a torsion free semigroup ifépb 2 S,a & b,a" 6 b" for any
1 n<¥.

We recall the de nition of semiring in the following from [21].

De nition 3. For a non empty set,$S,+, g is de ned as a semiring if the following conditions are true

1. fS,+gisacommutative semigroup with O as its additive identity.
2. fS, g isasemigroup.
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3. a (b+tc=a b+a cforallab,c2 S follows distribution law.

If fS, g isacommutative semigroup we ch, +, g as a commutative semiring.

For more, see [21].
For example, set of integers under product is a torsion free semigroup. Finally we give the basic
de nition of neutrosophic set.

De nition 4.  The Neutrosophic components (NC) is a triplet (a, b, c) where a is the truth membership function
from the unitinterval [0, 1], b is the indeterminacy membership function and c is the falsity membership function
all of them are from the unit interval [0, 1].

For more about Neutrosophic components (NC), sets and their properties please refer [6].
Next we proceed onto de ne the notion of multiset.

De nition 5. A neutrosophic multiset is a neutrosophic set where one or more elements are repeated with same
neutrosophic components or with different neutrosophic components.

Example 1. M = fa(0.3,0.4,0.%,a(0.3,0.4,0.5,b(1,0,0.9,b(1,0,0.9,c(0.7,1,09 is a neutrosophic
multiset. For more referlB]. However we in this paper use the term multiset NC to denote elements of
the formf 5(0.3,0.4, 3, 3(0.6,0, 9,(0,0.7,0.5g so 5 is the multiplicity of the NC (0.3, 0.4, 1) and 3 is the
multiplicity of the NC (0.6, 0, 1) and 1 is the multiplicity of the NC (0, 0.7, 0.5).

For more about multisets and multiset graphs [18,22].

3. Neutrosophic Components (NC) Semigroups under Usual Product and Sum

Throughout this section f x,y, zg will denote the truth value, indeterminate value, false value
where X, y, z belongs to [0, 1], the neutrosophic set. However we de ne special NC on the intervals
(0,1), (0, 1] and [0, 1). We rst prove S; = f(X,Y,2)/ X,y,z 2 (0,1)gis a semigroup under product and
obtain several interesting properties about NC semigroups using the four intervals (0, 1), (0, 1], [0, 1)
and [0, 1].

Example 2. Leta=(0.3,0.8,0.5andb=(0.9,0.2,0.7 be any two NC inS;. We de ne produca b=
(0.3,0.8,0.5) (0.9,0.2,0.7)=(0.3 0.9,0.8 0.2,0.5 0.7)=(0.27,0.16, 0.35). Itis again a neutrosophic
setin §.

De nition 6. The four NCS; = f(x,y,2)/ x,¥,z 2 (0,19, S = f(x,v,2)/ x,y,z 2 [0,1)9g, S3 =
f(x,y,2)/ x,y,z22 (0,1]gandS, = f(x,y,2)/ X,y,z 2 [0, 1]g are all only partially ordered sets for if a = (X,
y,z)and b= (s, r,t) areir§ thena< bifand only ifx < s,y < r, z < t; but not all elements are ordered in
S;, that is why we say5; are only partially ordered sets, and denote it(l§y, );where denotes the classical
order relation overreald; i 4.

For instance if a= (0.3,0.7,0.5and b= (0.5,0.2,0.3 are in S; then aand b cannot be compared.
Ifd=(0.8,0.5,0.and c=(0.6,0.2,0.5,thend > cor c< d.
In view of this we have the following theorem.

Theorem 1. LetS, = f(x,y,2)/ x,y,z 2 (0, 1)g be the collection of all NC which are such that the elements
X, y and z do not take any extreme values.

1. f$S;, g isanin nite order commutative semigroup which is not a monoid and has no zero divisors.
2. Everya=(x,Y,2)in S; will generate an in nite cyclic subsemigroup under productSyfdenoted by

(P, ).
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3. The elements of P forms a totally ordered set, (foFif(,y,z) 2 P we seea= a a< a).
4. {51, g has noidempotents arfcs,, g is a torsion free semigroup.

Proof. Proof of 1: Clearlyif a=(x,y,z) andb=(r,s,t) arein S;,thena b=(x r,y sz t)isin
Sy;asx r,y sandz t2(0,1). Hence,fS;, g isasemigroup under product. Further as number
of elements in (0, 1) isin nite sois $,. Finally as the product in (0, 1) is commutative so is the product
in S;. Hence the claim. (1, 1, 1) is not inS; as we have used only the open interval (0, 1), we seef S;, g
is not a monoid. $; has no zero divisors as the elements are from the open interval which does not
include 0, hence the claim.

Proof of 2: Leta = (x,y,z) bein S, weseea a=(x Xx,y Y,z z) = &, and so on
a a ... a=a =(x"y",z") and n can take values from (0,¥ ). Thus ain S generates a cyclic
subsemigroup of in nite order, hence the claim.

Proof of 3: Let P = hai, agenerates the semigroup under product, it is of in nite order and from
the property of elements in (0, 1); a> & > a® > and soon> a". Hence the claim.

Proof of 4: Ifany a=(x,y,z) 2 S; asx,y,z 2 (0,1), and x, y and z are torsion free so is a. We see
a® 6 aforany a2 S;. Furtherif a6 bforno n2 (0,¥); a" = b". Hence the claim.

O

De nition 7.  The four NCS;, Sy, S3 and S4 mentioned in de nition 6 under the usual product forms a
commutative semigroup of in nite order de ned as the NC semigroups.

Theorem 2. LetS, = f(x,y,2)/ x,y,z 2 [0, 1)g be the collection of NG@.S,, g is only a semigroup and not
a monoid and has in nite number of zero divisors. Further all other results mentioned in Theorem 1 are true
with an additional property if & b;(a,b2 S;) we have

H n — H n —
nIgrn¥a = nI!m¥b =(0,0,0
as (0,0,0P2 S,.

Proof as in case of Theorem 1.
In view of this we de ne an in nite torsion free semigroup to be weakly torsion free if a6 b; but

lim a" = lim b"
nl ¥ nl ¥

Thus S, is only a weakly torsion free semigroup.
Itis interesting to note S; is contained in S, and in fact S, is a subsemigroup of S,.The differences
between S; and S, is that S, has in nite number of zero divisors and the r!im¥ a"=(0,0,0 existsin S,

and S is torsion free but S, is weakly torsion free.

Theorem 3. LetS3 = f(x,y,2)/ x,y,z 2 (0, 1]g be the collection of NG.S3, g is a monoid and has no
zero divisors.

Results 2 to 4 of Theorem 1 are true. Finally S; is a subset of S, in fact S; is a subsemigroup of Ss.
The main difference between S; and S; is that S3 is a monoid and S, is not a monoid. The difference
between S, and S3 is that S3 has no zero divisors but S, has zero divisors and S is a monoid.

Next we prove a theorem for S;.

Theorem 4. LetS, = f(Xx,y,2)/ x,y,z 2 [0,1]g. Sy, g is a semigroup and is a monoid and has zero
divisors. Other three conditions of Theorem 1 is true, lil& S is only a weakly torsion free semigroup.

Proof as in case of Theorem 1. We haveS; contained in S, and S, is contained in S, and $;
contained in Sz and Sz is contained in Sy.
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However, it is interesting to note S, and Sg are not related in spite of the above relations.

Now we analyse all these four neutrosophic semigroups to nd out, on which of them we can
de ne addition modulo 1. S; does not include the element (0, 0, 0) as 0 is not in (0, 1), sd5; is not even
closed under addition modulo 1. So S; in not a semigroup or a group under plus modulo 1. Since S3
and S, contains (1, 1, 1) we cannot de ne addition modulo 1; hence, they can not have any algebraic
structure under addition modulo 1. Now consider fS,,+ g, clearly f S, + g is a group under addition
modulo 1.

In view of all these we have the following theorem.

De nition 8. The NCf S,, + g under usual addition modulo 1 is a group de ned as the NC group denoted by
fS,+g

Theorem 5. fS,,+ gis a group under addition modulo 1.

Proof. Foranyy,x2 S, x+y(mod1l) 2 S. (0, 0,0)2 S, acts as additive identity. Further for every x
there is a unique y 2 S, with x + y = (0, 0, 0). Hence the theorem. [

De nition 9. The NCS; under the operations of the usual addition + modulo 1 and usual producrms a
commutative ring of in nite order de ned as the NC commutative ring denoted 8y, +, g

Theorem 6. fS,,+, g is a commutative ring with in nite number of zero divisors and has no multiplicative
identity (1, 1, 1).

Proof. Follows from the Theorem 1 and the fact S, is closed under + modulo 1 by Theorem 5.
The distributive property is inherited from the number theoretic properties of modulo integers. As 1 is
notin [0, 1); (1,1, 1) is notin S, hence the result. 0O

Next we proceed on to de ne multiset NC semigroups in the following section.

4. Multiset NC Semigroups

In this section we proceed on to de ne multiset NC semigroups using $;, S, Sz and S;. We see
M (S;) = f Collection of all multiset NC using elements of S,g. On similar lines we de ne M (S;), M(S3)
and M(Sy) using S, Sz and S, respectively. We prove f M(Sy),+, g is a multiset neutrosophic
semiring of in nite order.

Recall [18], A is a multi neutrosophic set, then A = £5(0.3,0.7,0.9,12(0.6.0.2,0.7,8(0.1,0.5,0.},
(0.6,0.7,0.5%g; that is in the multiset neutrosophic set A; (0.3, 0.7, 0.9) has occurred 5 times; (0.6, 0.2,
0.7) has occurred 12 times or its multiplicity is 12 in A and so on.

Let M(S,;) =f Collection of all multisets using the elements from S;g, M(S;) is anin nite collection.
We just show how the classical product is de ned on M(S;).

Let A = 9(0.3,0.2,0.3,2(0.6,0.7,0.},(0.1,0.3,0.2g and B = f5(0.1,0.2,0.5,10(0.8,0.4,0.5g in
M (S;) be any two multisets. We de ne the classical product  of A and B as follows;

A B=f90.3,02,03 5(0.1,0.2,0.5,90.3,0.2,04 10(0.8,0.4,0.5,
2(0.6,0.7,0.} 5(0.1,0.2,0.5,2(0.6,0.7,0.] 10(0.8,0.4,0.5,
(0.1,0.3,0.2 5(0.1,0.2,0.5,(0.1,0.2,0.5 10(0.8,0.4,0.59

= £45(0.03,0.04, 0.2, 90(0.24, 0.08, 0.2, 10(0.06, 0.14, 0.05,
20(0.48, 0.28, 0.0 5(0.01, 0.06, 0.}, 10(0.08, 0.08, 0.2);

A Bisin M(Sy), thus f M(Sy), g is a commutative semigroup of in nite order de ned as the
multiset NC semigroup.
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De nition 10. Let M(Sj) be the multi NC using elements &(i = 1,2,3,9, f M(S), g on the usual
product is de ned as the multiset neutrosophic semigroup fer 1, 2, 3and 4.

De nition 11. LetfS,, g be the multiset NC semigroup under , elements of the forifg, 0, 0), (0,b, c)
and so on which are in nite in number witl, b,c 2 S, contribute to zero divisors. Hence multisets using these
types of elements contribute to zeros of the fof 0,0; 1 < n < ¥ . As the zeros are of varying multiplicity
we call these zero divisors as special type of zero divisors.

We will provide examples of them.

Example 3. LetR = f(S), g be the multiset NC semigroup under product. Let A = (0.6, 0, 0) and B =
(0,0.4,0.5)beinRA B=(0,0,0). Takeb = f9(0.6,0.9,0gand E=9(0,0,0.4) inR; weg® E-=
f81(0,0,049. TakeWw = f7(0,0.5,0,4(0,0.6,0gandV = f(0.7,0,0.4,20(0.8,0, Qg be two multisets in R;
W V=17 440,0,0+ 7 200,0,0+ 4 440,0,0+ 4 200,0,0g= f7040,0,0q9is a special
type of zero divisor of R.

Thus M(S,) is closed under the binary operation

Theorem 7. The neutrosophic multiset semigroupd (S), g fori =1, 2, 3, 4 are commutative and of
in nite order satisfying, the following properties for each(});i =1, 2, 3, 4.

1. fM(Sy), g has no trivial or non-trivial special type of zero divisors and no trivial or non-trivial
idempotents.

2. fM(Sp), g hasin nite number of special type of zero divisors and no non-trivial idempotents.

3. fM(S3), g has no trivial or non-trivial special zero divisors but has (1, 1, 1) as identity and has no non
trivial idempotents.

4. fM(Ss), g hasnon-trivial special type of zero divisors and has (1, 1, 1) as its identity and has idempotents
of the fornf (0, 1,0, (1,1,0,(0,0,7,(1,0, 1 and so oru.

Proof. 1. Follows from the fact that S; has no zero divisors and idempotents as it is built on the
interval (O, 1).

2. Evident from the fact S, is built on [0, 1) so has special type of zero divisors by de nition but no
idempotent.

3. True from the fact Sz is built on (0, 1], so (1, 1, 1)2 M(S3).

4. S4which is built on [0, 1] has in nite special type of zero divisors as (0, 0, 0) 2 S, by De nition 11
and (1, 1, 1)2 M(S;) and has idempotents of the form f(0,1,0,(1,1,0,(0,0,9,(1,0,1 and
soong.

Hence the claims of the theorem. O

Now we proceed onto de ne usual additionon M (S;)

S = f(x,y,2)/ x,y,z 2 (0,1)gin not even closed under addition. For there are x,y 2 (0, 1) such
that x + y is 1 or greater than 1, so these elements are not in (0, 1), hence our claim.

RecallS, = f(x,y,2)/ x,y,z 2 [0, 1)g. We can de ne addition modulo 1 and product under that
addition both S, and [0, 1) are closed.

Leta=(0.7,0.6,0.9and b=(0.5,0.9,0.3 be in S,, we nd a+ bmod 1.

a+ b=(0.7,0.6,0.9+(0.5,0.9,0.4 = (0.7+ 0.5(mod1),0.6+ 0.9mod1),0.9+ 0.4(mod1)) =
(0.2,0.5,0.3isin S,. (0, 0, 0) inS; acts as the additive identity.

For every a2 S, thereis a unique b2 S, such thata+ b= (0,0,0modl. Thus(S,,+) isaNC
group of in nite under addition modulo 1. Further (S, ) is a semigroup under product of in nite
order which is commutative and not a monoid as (1, 1, 1) isnotin S,.

Now we illustrate how addition is performed on any two neutrosophic multisets in M(S,).

Let A = £7(0.3,0.8,0.4%,9(0.02,0.41,0.9,(0.6,0.3,0.2g and B = f5(0.1,0,0.9,2(0.6,0.5,0g be
any two multisets of M(S;). To nd the sum of A with B under addition modulo 1.
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A+ B=f 35[(0.3, 0.8, 0.45) + (0.1, 0, 0.9)]mod 1, 45[(0.02, 0.41, 0.9) + (0.1, 0, 0.9)]mod 1, 5[(0.6, 0.3,
0.2) +(0.1,0, 0.9)Jmod 1, 14[(0.3, 0.8, 0.45) + (0.6, 0.5,0)Jmod 1, 18[(0.02, 0.41, 0.9) + (0.6, 0.5, 0)Jmod 1,
2[(0.6, 0.3, 0.2) + (0.6, 0.5, 0)Jmodd.= f 35(0.4, 0.8, 0.35), 45(0.12, 0.41, 0.8), 5(0.7, 0.3, 0.1), 14(0.9, 0.3,
0.45), 18(0.62, 0.91, 0.9), 2(0.2, 0.8, @2)

isin M(S,). This is the way addition modulo 1 operation is performed. For M (S3) and M (S;) we
can not de ne usual addition modulo 1 as (1, 1, 1) 2 M(S3) and M(S,).

Next we proceed on to describe the product of any two elementsin M(S;). We take the above A
andBand nd A B.A B=135[(0.3,0.8,0.45) (0.1,0,0.9)], 45[(0.02, 0.41, 0.9) (0.1, 0, 0.9)], 5[(0.6,
0.3,02) (0.1,0,0.9)], 14[(0.3, 0.8, 0.45)0.6, 0.5 0)], 18[(0.02, 0.41. 0.9)(0.0.6, 0.5, 0)], 2[(0.6, 0.3, 0.2)

(0.6, 0.5, 0)p = f 35(0.03, 0, 0.405), 45(0.002,0, 0.81), 5(0.06, 0, 0.18), 14(0.18, 0.4, 0), 18(0.012, 0.205, 0),
2(0.36, 0.15, @), is in M(S).

Theorem 8. f M(S,), + gis a multiset NC semigroup under addition modulo 1.

Proof. M(S,) is closed under the binary operation addition modulo 1. Thus M (S) is the neutrosophic
multiset semigroup under + modulo 1. O

Now we proceed on to de ne a special type of zero divisors. In view of this we have the
following theorem.

Theorem 9. R= fM(S,), g is an in nite commutative multiset NC semigroup, which is not a monoid and
has special type of zero divisors.

Proof. We seeM (S,) under the binary operation product is closed and is associative as the base setS,
is associative and commutative and is closed under the binary operation product. Thus f(S;), g is
commutative semigroup of in nite order. Further M (S;,) does not contain (1, 1, 1) sof M(S,), g is
not a monoid.

From the above de nition and description of special zero divisors R has in nite number
ofthem. O

We have the following theorem.

Theorem 10. f M(S;),+, g is a NC multiset commutative semiring of in nite order which has in nite
numbers of special type of zero divisors.

Proof. Follows from Theorem 8 and Theorem 9. [

Next we proceed on to de ne n- multiplicity neutrosophic multisets and derive some properties
related with them. M (S3) and M (S,) are just multiset NC semigroups under product and in fact they
are monoids. Further M (S;) has in nite number of special zero divisors.

5. n-Multiplicity Neutrosophic Set Semigroups Using S$1,$,S3and S

In this section we de ne the new notion of n-multiplicity NC using  $;,Sp, Sz and S4. We prove
these n-multiplicity NC are of in nite order but what is restricted is the multiplicity n, that is any
element cannot exceed multiplicity n; it can maximum be n, where n is a positive nite integer. Finally
we prove f M(S,),+, g where S, =[0, 1) is a NC n-multiset commutative semiring of in nite order.

We will rst illustrate this situation by some examples before we make an abstract de nition
of them.

Example 4. Let 4M(S;) = fcollection all multisets with entries frons, = f(x,y,2)/ x,y,z 2

(0,1)g, such that any element ir5; can maximum repeat itself only four timgs Heren =
4, A = f4(05,0.7,0.4,3(0.1,0.9,0.7,4(0.1,0.2,0.3,4(0.7,0.8,0.4,4(0.8,0.8,0.8,2(0.9,0.9, 0.9,
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3(0.7,0.9,0.%,(0.6,0.1,0.)g be a 4-multiplicity multiset from 4M(S,). We see the NC
(0.5,0.7,0.4,(0.1,0.2,0.3,(0.7,0.8,0.4 and (0.8, 0.8,0.8) have multiplicity four which is the highest
multiplicity an element of 4M (S;) can have. The NC (0.1, 0.9, 0.7) and (0.7,0.9,0.6) have multiplicity
3. The multiplicity of (0.9, 0.9, 0.9) is two and that of (0.6, 0.1, 0.1) is one. Clegylgoes not contain
the extreme values 0 and 1 8s is built using the open interval (0, 1). However i (S;) we can not

de ne addition.

Thus 4-M(S;) can not have the operation of addition de ned on it. Now we show how the
operation is de ned on 4- M(S;) for the some A,B 2 4-M(S;). Now

A B= 3(0.3,0.7,0.8,2(0.5,0.9,0.5,4(0.2,0.3,0.3g f (0.1,0.3,0.7,2(0.5,0.7,0.)g
= £3(0.03,0.21, 0.55 2(0.05, 0.27, 0.4p, 4(0.02, 0.09, 0.28
6(0.15,0.49, 0.08 4(0.25, 0.63, 0.0 8(0.1, 0.21, 0.0Xg

we now use the fact we can have maximum only 4 multiplicity of an element so we replace
6(0.15, 0.49, 0.08) by 4(0.15, 0.49, 0.08) and 8(0.1, 0.21, 0.04) by 4(0.1, 0.21, 0.04). Now the thresholded
productis f(3(0.03, 0.21, 0.56), 2(0.05, 0.27, 0.42), 4(0.02, 0.09, 0.28), 4(0.15, 0.49, 0.08), 4(0.25, 0.63, 0.06),
4(0.1, 0.21,0.04p 2 4-M(Sy).

f4-M(S;), g is a commutative neutrosophic multiset semigroup of in nite order and the
multiplicity of any element cannot exceed 4.

This semigroup is not a monoid and it has no special zero divisors or zero divisors or units.

De nition 12. 12 Let nM(S) =f collection of all multisets with entries froi§ of at-most multiplicity
n;2 n<¥g(l i< 4).n-M(S) underusualproduct, isde ned as the n-multiplicity NC semigroup,
1 i 4

In view of this we have the following theorem.

Theorem 11. Letn-M(S) = ft(x,y,2)jx,y,z2 §;1 t ng be the n-multiplicity neutrosophic multisets
@a i 4.

1. n-M(S) is not closed under the binary operation “+' under usual addition, fori, 3 and 4.

2.  n-M(S) is a (n-multiplicity neutrosophic multiset) semigroup under the usual product fori=1, 2, 3
and 4.

3. fn-M(S), g isamonoidfori=3and4. .

4. fn-M(S), g has no special zero divisorsSf= S; and S3 but they have no non trivial idempotentS;
and special zero divisors and no non trivial idempotents,Rutas both non trivial special zero divisors
and non trivial idempotents.

Proof. Proof of 1: If A = f(0.3,0.8,0.9g and B = (0.4,0.3,0.1g 2 n-M(S§)). A+ B = (0.7, 1.1,
1.0)g 2 n-M(S) as S; when built using S; and S; and by example 4 n-M(S;). Only M(S,) is closed
under addition.

Proof of 2: Since(S;, ) is closed under product so is n- M (S;) with replacing the numbers greater
than n by n in the resultant product; i = 1,2,3 and 4 are semigroups, hence the claim.

Proofof3: As (1,1,1) 2 Szand Sy soisin n-M(Sg) and n-M(S;,) respectively so they are monoids.

Proof of 4: n-M (S;) has no special zero divisors in case ofS; and Sg. Finally § = f(x,y,2)jx,y,z 2
Sig, has zero divisors and special zero divisors in case of S, and S4 for i = 2 and 4, and non trivial
idempotents contributed by 0's and 1's only in case of S4. Hence the theorem.

O

Example 5. Let 5-M(S;) = fCollection of all neutrosophic multisets which can occur at most
5-times that is the multiplicity is 5 with elements frors, = f(x,y,2)jx,y,z 2 [0,1)gg Let A =
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4(0.2,0.5,0.7,3(0.1,0.2,0.3,5(0.3,0.1,0.2,(0.1,0.2,0.8 2 5-M(S,) We see the multiplicity of (0.3, 0.1,
0.2) is 5 others are less than 5.

LetA = f3(0.3, 0.2, 0), 4(0.5, 0.6, 0.9), 5(0.1, 0.2, @&ndB = 4(0.8, 0.1, 0.9), 2(0.6, 0.6, 0GR
5-M(S;). Nowwe rst nd A B = f5(0.24, 0.02, 0), 5(0.4, 0.06, 0.81), 5(0.08, 0.02, 0.63), 5(0.06, 0.12,
0.423 2 5(M(Sp).

A+ B = f5(0.1, 0.3, 0.9), 5(0.9, 0.8, 0.6), 5(0.3, 0.7, 0.8), 5(0.9, 0.3, 0.6), 5(0.1, 0.2, 0.5), 5(0.7, 0.8,
0.3)g 2 5-M(S,). Addition is done modulo 1. However we have closure axiom to be true under + for elements
inS; and incase of S0 2 S; = (0, 1)). This closure axiom is outed.

If addition modulo 1 is done we have to see that 1 is not included in the interval and 0 is included in that
interval so we need to have only closed open interval [0, 1). Under these two constraints only we c& asake
well as M(S,) and n-M(S,) as semigroups under addition modulo 1.

We can built strong structure only using the [0, 1).

Theorem 12. Let n-M(S,) = Collection of all multisets of S built using,S= f (x,y,2)jx,y,z 2 [0, 1)g with
multiplicity less than orequaltor2 n ¥

f n-M(S,), g is a commutative neutrosophic multiset semigroup of in nite order and is not a monoid,
n-M(S;) has in nite number of zero divisors.

Proof. If Aand B2 n-M(S;) we nd A B and update the multiplicitiesin A Bto be less than or
equaltonsothat A B2 n-M(Sy). by Theorem 11(2).
Clearly (1,1,7 2 n-M(S,) so is not a monoid.
O

Theorem 13. B =fn-M(S,),+, g , the n-multiplicity multiset NC is a commutative semiring of in nite
order and has no unit, where$ [0, 1).

Proof. Follows from the fact f n-M(S;), +g is a commutative semigroup under addition modulo 1,
Theorem 11(1) and Theorem 12 andfn-M(S;), g is a commutative semigroup under . Hence
the claim.

O

6. Discussions

The main motive of this paper is to construct strong algebraic structures with two binary
operations on the NC. Here we are able to get a NC commutative ring structure using the base
interval as [0, 1). This will lead to future research of constructing Smarandache neutrosophic vector
spaces and Smarandache neutrosophic algebraic codes using the same interval [0, 1). Now using the
same interval [0, 1), we construct multiset NC and n-multiset NC 2 n < ¥.On these we were able
to built only neutrosophic multiset(n-multiplication set) commutative semiring structure. Now using
these we can construct Smarandache multiset neutrosophic semi vector spaces which will be taken as
future research. So this is signi cant rst step to develop other strong structures and apply them to
NC codes and NC cryptography.

7. Conclusions

In this paper, authors have made a study of NC on the 4-intervals (0, 1) (0, 1], [0, 1] and [0, 1).
We de neusual+and  onthese intervals which is very different from the study taken so far. The main
properties enjoyed by these NC semigroups are developed. Further of these intervals only the interval
[0, 1) gives a nice algebraic structure viz an abelian group under usual addition modulo 1, which in
turn helps in constructing NC commutative ring under usual addition modulo 1 and product, the ring
has in nite number of zero divisors, whereas all the other intervals are semigroups/monoids which
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are torsion free or weakly torsion free of in nite order under . Further in this paper we introduce the
notion of multiset NC semigroups using these four intervals under product. Furthermore, the multiset
NC forms a commutative semiring with zero divisors only when the interval [0, 1) is used. Finally we
introduce n-multiplicity multiset using these NC. They are also semigroups which is torsion free or
weakly torsion free under product.

For future research we will be using the product and addition modulo 1 in the place of min and
max in Single Valued Neutrosophic Set (SVNS) and would compare the results with the existing ones
when applied as SVNS models to real world problems.

Apart from all these we can use these NC, multiset NC and n-multiplicity multiset NC to built
NC codes which is one of the applications to neutrosophic cryptography which will be taken up by the
authors for future research.
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Abstract: In this manuscript, we focus on the brief study of nding the solution to and analyzingthe
homogeneous linear di erence equation in a neutrosophic environment, i.e., we interpreted the
solution of the homogeneous di erence equation with initial information, coe  cient and both as
a neutrosophic number. The idea for solving and analyzing the above using the characterization
theorem is demonstrated. The whole theoretical work is followed by numerical examples and
an application in actuarial science, which shows the great impact of neutrosophic set theory in
mathematical modeling in a discrete system for better understanding the behavior of the system in an
elegant manner. It is worthy to mention that symmetry measure of the systems is employed here,
which shows important results in neutrosophic arena application in a discrete system.

Keywords: fuzzy set theory; di erence equation; neutrosophic number; simpli ed neutrosophic
symmetry measure

1. Introduction

1.1. Uncertainty Theory and Neutrosophic Sets

The uncertainty theory becomes a very helpful tool for real life modeling in discrete and continuous
systems. The di erent theories of the fuzzy uncertainty theory have been given a new direction
since the setting of the fuzzy set, invented by Professor Zadeh [1]. This is generalized representation
of [1] is established as an intuitionistic fuzzy set theory by Atanassov [ 2]. Atarasov gave a novel
designusing the intuitionistic fuzzy theory, where he demonstrated the idea of a membership function
and non-membership function by which degree of belongingness and non-belongingness, respectively,
can be measured in a set. Liu and Yuan [3] ignited the perception of a triangular intuionistic fuzzy
set, which is the a able blend of a triangular fuzzy number and a intuionistic fuzzy set theory. Ye [ 4]
set up the idea for a trapezoidal intuionistic fuzzy set. Smarandache [ 5] found his more generalized
idea as a neutrosophic set, considering terms of the truth membership function, the indeterminacy
membership function, and the falsity membership function. This theory become more bene cial and
germane, rather than the common fuzzy and intuitionistic fuzzy theory settings.
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Several researchershave already worked in the neutrosophic eld, some of which have developed
the theory [ 6,7], while some have applied the related theories in an applied eld [ 8,9]. Various kinds of
forms and extensions of the Neutrosophic set, such as the triangular neutrosophic set [ 10], the bipolar
neutrosophic sets [11-14], and the multi-valued neutrosophic sets [15], were also found.

1.2. Di erence Equation in an Uncertain Environment

There exist some works associated with di erence equation and uncertainty. Mostly, researchers
have worked onthe di erence equation allied with fuzzy and intuitionistic fuzzy environments. We are
now giving details descriptions of some related published work. Inthe literature[ 16|, Deebaet al. found
a strategy for solving the fuzzy di  erence equation with an interesting application. The model involving
CO2 levels in blood stream ow is thinkingin the view ofthe fuzzy di erence equation by Deebaet
al. [17]. Lakshmikantham and Vatsala [ 18] talk abou tdi erent basic theories and properties of fuzzy
di erence equations. Papaschinopoulos et al. 19,20] and PapaschinopoulosandSchinas [21] discuss
more ndings in a similar context. Papaschinopoulos and Stefanidou [ 22] provide an explanation
on boundedness with asymptotic behavior of a fuzzy di  erence equation. Umekkanet al. [23] give
a nance application based on discrete system modeling in a fuzzy environment. Stefanidou et
al. [24] treat the exponential-type fuzzy di erence equation. The asymptotic behavior of a second
order fuzzy di erence equation is considered by Din [25]. The fuzzy non-linear di erence equation is
considered by Zhang et al. [26], where Memarbashi and Ghasemabadi [27] corporate with a volterra
type rational form by Stefanidou and Papaschinopoulos [ 28]. The economics application is considered
by Konstantinos et al. [29]. Mondal et al. [ 30] solve the second-order intuitionistic di  erence equation.
Non-linear interval-valued fuzzy numbers and their relevance todi  erence equations are shown in [31].
National income determination models with fuzzy stability analysis in a discrete system are elaborately
discussed by Sarkar et al. [32]. The fuzzy discrete logistic equation is taken and stability situations are
found in the literature [ 33]. Zhang et al. [34] show the asymptotic performance of a discrete time fuzzy
single species population model. On discrete time, a Beverton—Holt population replica with fuzzy
environment is illustrated in [ 35]. Additionally, adi erent view of the fuzzy discrete logistic equation
is taken under uncertainty in [ 36]. The existence and stability situation of the di erence equation with
a fuzzy setting is found by Mondal et al. [ 37]. Important results are also found for fuzzy di  erence
equations by Khastan and Alijani [38] and Khastan [39].

1.3. Novelties of the Work

In this connection of the above idea, few advances can still be prepared, which include:

(1) The homogeneous di erence equation, solved and analyzed with a neutrosophic initial condition,
neutrosophic coe cient, and neutrosophic coe cient and initial together as a di erent section,
which was not done earlier.

(2) Establishment of the corresponding characterization theorem for the neutrosophic set with a
di erence equation.

(3) Di erenttheorems, lemmas, and corollary drawn for the purpose of the study.

(4) Numerical examples ofthe di erence equation with a neutrosophic number, solved and illustrated
for better understanding of our observations.

(5) An application in actuarial science, illustrated in a neutrosophic environment for better
understanding of the practical application of the proposed theoretical results.

1.4. Structure of the Paper

In Section 1, we recall the related work and write the novelties of our study. The preliminary
concepts are addressed in Section 2. The di erence equation with a neutrosophic variable is de ned
and corresponds with a necessary theory, for which a lemma is prepared for the study in Section 3.
Section 4 shows the solution of the neutrosophic homogeneous di erence equation. Two numerical
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examples are shown in Section 5. In Section 6, we take an appliance of an actuarial science problem in
the neutrosophic data and solve it. The conclusion and future research scope are written in Section 7.

2. Preliminaryldea

De nition 1.  Neutrosophicset: [6] Let X be a universe set. A single-valued neutrosophic set A on X is
distinct asA = (Ta(X), 1a(X), Fa(x)) :x2 X , whereTa(x), Ia(X), Fa(x) : X! [0, 1] is the degree of
membership, degree of indeterministic, and degree of non-membership, respectively, of thex éleent
suchthatd Ta(x) + 1a(x) + Fa(x) 3.

De nition 2.  Neutrosophicfunction: If we take the set of all real numbers as notattband real valued
fuzzy numbers as notatioRg , then the functionW : R! [0, 1] is called a fuzzy number valued functionwf
satis es the subsequent properties.

(1) W is the upper semi continuous.
(2) Wi isthefuzzy convex,i.e, W( s+ (1 )s) min W(sy),W(sp) forall 55, s,2 Rand 20, 1].
(3) W isnormal,i.e.,, 9 as 2R, suchthatW(s) = 1 N

)
(4) Closure of supgW) is compact, where supg(W) = s2 R W(s) >0.

De nition 3. Triangular neutrosophic number:4Q] If we consider the measure of the truth, for
which indeterminacy and falsity are not dependent, then a Triangular Neutrosophic number is taken as
R = (ro,ra,r2;S0,S1,S2;Wo,W1,W>), where the truth membership, falsity, and indeterminacy membership
function is treated as follows:

Yy To
i To whenrg y<r;

1 wheny=rg

Taly) =

" WOXKK/ /AXXXXX/ ©O

:22 ryl whenr <y 1y

0 otherwise

and 8 oy
% o whensg y<g
0 wheny=g
Faly) =

R g ;’E whens <y s

: 1 otherwise

Wi WG whenwg y<w;

0 wheny=w
NOE Y=

* WXXXKK/ /AXXXXX/ OO
3
=
<

ﬁ whenwi <y wp
1 otherwise
where0 Te(y)+ Fa()+1g(y) 1,y2R.
The parametric setting of the above number is R =
[Tnewr( ): Tnew( )i Inewr( )s Inew( )s Fnew( ), Frew( )],

where
NI( ) =ro+ (r1 ro)

NE()=r2 (r2 1)
NZ()=s1 (1 %)
NZ()=si+ (2 %)
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N3 )=wi (w1 wo)
N3()=wi+ (w2 wy)

Here,0< , , land0< + + 3
The verbal phrase with the number can be written as in Table 1:

Table 1. The verbal phrase of di erent uncertain settings and neutrosophic numbers.

Type of Uncertain Parameter Verbal Phrase Used Functionsand Their Roles
Triangular Fuzzy Number [Low, Medium, High] Membership function fqr measuring
degree of belongingness
Triangular Intuitionistic [Low, Medium, High; Very Low, Memb_ershlp and nor_1—membersh|p
- - function for measuring degree of
Fuzzy Number Medium, Very High] ) .
belongingness and non-belongingness
[Low, Medium, High; Very Low, Truthiness, falsity, and indeterminacy
Trianaular NeutrosophicNumber Medium, Very High; Between low function for measuring
9 P and very low; Medium; Between the degree of truth belongingness, strictly
high and very high] non-belongingness and indeterminacy

De nition 4. Hukuhara di erence on neutrosophic function: LetE be the set of all neutrosophicfunctions,
8 €2 E . If 9 is a neutrosophic numbesy 2 E andw suit the relatiors = & + €, then® is assumed to be the
Hukuhara di erence a8 andg, denoted by = 8 €

3. Di erence Equation with a Neutrosophic Variable

De nition 5. A di erence equation (sometime named as a recurrence relation) is an equation that relates the
consecutive terms of a sequence of numbers.

A gth order di erence equation in the linear form can be articulated:
Xn+q= UiXn+q 1+ OoXn+g 2+ + dgXn + by 1)

where dy, dy,:::,dqand by are constants, which are known.
If b, = O for all n, then Equation (1) is the homogeneous di erence equation. On the other hand,
it will be the non-homogeneous di erence equation if b, , 0, where b, is treated as the forcing factor.
We consider an autonomous linear homogeneous di erence equation of the form:

Xn+1= Xn 1( ’ 0) (2)

with the initial condition xp=g = Xg. The solution of Equation (2) can then be written as:

n

Xn = Xo 3)

Theorem 1. [41]]Letm 2 N, m 2. A linear homogeneous system of them rst orderedlence equation is

given in matrix form as:
Xn+1 = AXp (4)

-
where, X = x%,xﬁ,:::,xnm and A= i,j=1, 2,;::,m

& mom
The solution of Equation (3) can then be written as:
Xn = A"Xg,n 2 N 5)

The di erence Equation (1) is considered as the neutrosophic di erence equation if any one of the
following conditions are added:
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(i)  Theinitial condition or conditions are the neutrosophic number (Type I);
(i) Thecoe cientorcoe cients are the neutrosophic number (Type Il);
(i) The initial conditions and coe cient or the coe cients are both neutrosophic numbers (Type 1lI).

Theorem 2. Characterization theorem: Let us consider the neutrosophic dience equation problem:

&+1= fxn,n), (6)

with initial value &,- ¢ = &g as a neutrospohic nhumber, where B  Z ! E , such that

(1) The parametric form of the function is:

h i flxl()x(),n, n Xin() X ,n,,3
A(xn,n)) (" f2 XZ A(), X3 A0, cf2x2 (), X2 ),n, :
o f3 x3 S0) 3 ( ), n, f3 x3 S0) 3 .n,

2) Thefunctlonsfl xl()x S ), ,f1 xl()x L), ,f2 x2()x (),

f2 x2 (), x4 (),n, , ffnxfn() x3 ()n andfgnxfn() x3 a( )0, are taken as
contlnuous functions, i.e., forarngy> 09 a 1> 0, such that:

fIiL,n th( ), lei,n( ).n, fIiLnl X&,nl( ), lei,nl( ), N1, <2

forall 2 [0, with kxt (), x5 .( ).n, xﬁnl( ), xénl( ),n;, k< qandforany2,> 09
an » > 0, such that:

fon Xen( ) XRa( )i, fa Xt (), g, )in2, <2pforall 20,1

W|thkx1()x 20N, an() x ()nz, k< o,wherenniandm2Z .

In a similar way, the continuity of the remaining four functions, f2 x2 20D, x 20,

2 2 3 3 3 3
xL’n( ), xR’n( ),n, o X 20, x G0 ), and f5 ¢ (), x o ),n, , can bede ned.
The di erence Equation (6) then reduces to the system of six di erence equations, as follows:

XLn+1( ) = an XLn( ), Xé,n( ).n,

Xgne1( )= Ton XLal ) Xga( )i,
X nea( )= 120 xC00), X3,(0)in,
Xane1( )= BB Xn( ) X300 )n,
e ) = 1203 () xga( ),

XR,n+1( ) = fR,n XL,n( ), XR,n( ).n,
with the initial conditions:
XU n=o( ) = XCo( )

X%z,nzo( ) = Xé,o( )
Xi,n: ol )= Xi,o( )

Xé,n: ol )= Xé,o( )
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Xi,nzo( ) = X&,o( )

Xé,nzo( ) = X%e,o( )

Note 1. By the characterization theorem, we can see that a neutrosopiedce equation is transformed into

a system of six dierence equations in crisp form. In this article, we have taken only a single neutrosophic
di erence equation in a neutrosophic environment. Hence, theatice equation converted into six crisp

di erence equations.

De nition 6.  Strong and weak solutions of a neutrosophicdi  erence equation: The solutions of dierence

Equation (6), with initial condition (3.7) to be regarded as:

(1) A strong solution if

XCa( ) Xka()
Xta( ) Xga()
Xta() Xga()
and @ i @h i
@X&,n( ) 0'@Xén( ) <0
h i h i
Do) <0 k() >0
@h i @h i
@Xin()<o’@xén()>o
forevery , , 2]0,1].
(2) A weak solution if
XUa() Xga()
xCa() Xga()
XCa( ) Xga()
and . .
@h i @h i
@ X&,n( ) <0, @ lei,n( ) >0
h i h i
@@xtn( ) >0, @@x;,n( ) <0
h i h i
@@xﬁ’n( ) >0, @@x}m( ) <0
forevery , , 2]0,1].
e nition 7. Let p and. q be neytrosophic numbers, where[fa]( D) =

i
. » 2[0,1]. The metric on the neutrosophic number space is then de ned as:

n (0]
d(p,g) = sup max | PLC) o (). pR( ) ak( ). PEC) (), PR() &) p2() (). p() () -

[0,

Note 2. For some cases, the solution may not become strictly strong or weak solution type. In this scenario, a
speci ¢ time interval or speci c interval of, , or becomes the strong or weak solution. The main objective is

to nd the strong solutions. For scenariosin which neitherthe strong nor weak solutions occur, we call them
non-recommended neutrosophic solutions. We strongly recommended taking strong solutions.
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4. Solution of Neutrosophic Homogeneous Di

Considering linear homogeneous di

erence Equation

erence equations:

Un+1 = aln (7)
In a neutrosophic sense, another inequivalent form of is (7) taken as:
Un+1 @Up =0 (8)

Remarks 1. Equations (7) and (8) are equivalent in a crisp sense, but in fuzzy sense they are not equivalent

Proof 1. If we take the fuzzy di erence Equation (7), it becomes Theorem 1.

[Un+1]( L) [aun]( )

or
utn+1(hl)|’u%%,n+l( );uf,n+1( ),uz n+1( )'u n+1( ) u nhl( )
=a ub (), ub,()iuZ (),ug,( )i () ud ()

Ln+1( ) = au ( )
Ugnea( ) = aU%{,n( )
2n+1( )_ aul%,n( )
Rn+1( )= ag, ()

,n+1( )_ auﬁ,n( )
u:Ii,n+1( ): au%,n( )

but when we take (8), it becomes Theorem 1.

(9)

* XXXKXXXXRK/ /AXXKKXXXXXXX/ ©O

[Un+al ) [aw]lc,  y=0

or

[
L M ), Uz n+l( );uﬁ,n+1( )’ué,n+l( );uf,n+l( )’u%,n+1( )

a ul (),ud ()i ().ug ()iud ()ud () =0,

or

(10)

Clearly, from (9) and (10), we conclude that they are di erent.
Therefore, in a crisp sense, (7) and (8) are the same, but not in a neutrosophic sense.
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Theorem 3. Supposea andg are positive neutrosophic numbers, thens a unique positive solution for
Equation (7).

Proof 2. Let the | , , )-cut of the positive neutrosophic number @o be dened
F]IS [GO]( c ) = uto( )1 u]évo( )»I UE,O( )! uéyo( )v UE,O( )1 u3R’0( ) and [a]( y ) =
al( ),ak( );a( ).a3( );a( ).a()8 ., ., 2[01 and0 + o+ 1, and if @g =

[ 1, 22 3 1. 2, 3 1, 2, 3]then,

Su)= 1+ (2 )
% ugo( )= 3 (3 2
ulo()= 2 (2 1)
Wo()= 2+ (3 2
Wo()=2 (2 1)
o )= 2+ (3 2

Suppose there exists a sequence of netrosophic numberau, of Equation (7), with the positive
netrosophic number ug. Takingthe ( , , )-cut of Equation (7), we have:

[uneade y = [auw] )= @&, Hlul )

or

i
1) U O 0O By O3 610 08,40

q()%()af()aé()af()aé()uo()uvo()U,O()Uo()uo()uo()

Equation (11) then forwards the following system of the crisp homogeneous linear di  erence
equationforall , ,and 2]O0, 1], as follows:

% ut ()= g Out ()

by

u ()= &)k ()

ey ) = 2O, ()
e r( )= RO ( )
u e, () =80} ()
U e () = a30)U3, ()

(12)

h i
and Equation (12|)]has unique solutions utn( ), u1 SO u2n+1( ), “2,n( ); uE‘n( ), ug,n( ) with an

initial condition  ul ;( ), uk o( ); uZ (), Uz 2ol )i u 0( ), ud 2o )
(The unique solution concept of adi erence equation is taken from [42])
Therefore, using Equation (3), solutions are as follows:

8 n
ula()= 30 ()
uka( )= &0 "uko()
uz ()= Z0) "wE ()
WEn( )= &) "WE()
u ()= @) "t ()
W)= &) ")

(13)
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h i
We show that utn( ), u%m( ): ufn( ), u%hn( ): uin( ), ug,n( ) , where each components

i
are given (by 4.5) with the initial condition — ul (), uk ()i uZ (), uzo( )i ud (), ud (),
which indicates the ( , , )-cutof solution @, of (7) with initial condition &g, so that:

h i
unl )= ula()sub ()5 u2 (), uga( )i ud () uda() (14)

Now, i
() Yhnl )5 U200 ), R0 U2 (), 02 C)
g () ulo( ), ah() "uk ()
:E £0) "ol ) &) Wl ) %
() "uBo( ). aB() "udo( )
= [aLh]( o)

h [
Therefore, utn( ), “%e,n( ): ufn( ), “Ez,n( ): uin( ), ug,n( ) represents a positive neutrosophic
number, such that u, = a'ug is the solution of (7).
To prove the uniqueness of the solution, let us assume that there exists an alternative solution Uy,
for Equation (4.1). Proceeding in asimilar way, we then have:

h i
[an]( vy ) = utn( )1 u]F-{’n( )1 uin( )1 U%yn( )1 uE,n( )1 Ug,n( ) for all ( v )2 [01 1] (15)

Therefore, from Equations (14) and (15), we obtain [Gn]( )= [un]( - )for all ( ,,)2]0,1,
i.e.,Un = up. Thus, the theorem is proved.

Theorem 4. Letaandug are positive neutrosophic numbers. There also exists a unique positive solution for
Equation (8).

Proof 3. The proof of this theorem is almost similar to Theorem (3).

Theoreny, 5. Let a ang ugb epositive neutrosophic numbers,
and maxa( ),a5( );g( ). 8&( ); &( ).a() < 1,8 ,, 2[01 andsuplug)  [M1,Nal,
whereM 1, N4 are nite positive real numbers. All the sequences of positive neutrosophic solution of Equation (7)
are then bounded and persist.

Proof 4. , Let u, be a sequence of posifjve neutrosophic solutions of Equation (7).
sincemax al( ), ah( )ia( ).&( ); §( ),&() < 1,8 , , 2[0,1and supp(ug) [M1,Nil,
where M1, N, are nite positive real numbers, it is evident from Equation (9) that all the component
solutions of neutrosophic positive solution up convergetoOasn!1 ie.,uy! Opeto @asn'!l
where (Oneutro)( , , y = [0,0;0,0;0, . Since every convergent sequence is bounded, the sequence of
positive neutrosophic solutions u ,, of Equation (7) is bounded.

Thegrem 6. Let a angl Uo bepositive neutrosophic numbers and

maxa( ),ax( );a( ),&&();a( )a() < 1, 8 ,, 2 [0,1 and supfuo) [M1,N4],
where M, N1 are nite positive real numbers. All the sequences of positive neutrosophic solutions of Equation
(8) are then bounded and persist.

4.1. Solution of Homogeneous @rence Equation of Type |

Consider Equation (4.1) with the fuzzy initial condition @p=g = @p as a neutrosophic number.
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h i
Let [BO]( , ) = uto( )v ujélo( )v UE,O( )v uao( )v UE,O( )1 ugyo( ) ’ 8 y 2 [01 1]1
and 0 < + o+ < 3, where, [go], , ) is the (, , )-cut of & and, if & =

[ 123 1, 20 3 1, 2o 3] then

4.1.1. The Solution When a> 0 Is a Crisp Number and u g Is a Neutrosophic Number

Takingthe ( , , )-cutof Equation (7), we have the following equations:

8

Solutions of the above equations are:
8

c c

c
N
=}

c

XXRXOXXXXX/
c C
AWrwaonN AT
S5 500
A~ AN~~~

4.1.2. The Solution When a = 1 and the Initial Value u ¢ is a Neutrosophic Number

In this case, a sequence of solutions i
8

which lead to convergent solutions.

4.1.3. The Solution Whena< 0 and the Initial Value u ¢ Is a Neutrosophic Number

8
1
u& o
u%o(
§ up of

+

+

w N w N w N

—_~ N AN TN N~

) 1
)= 3
)= 2
)= 2+
)= 2
)= 2

11
m:}
c

-
o
—~
~

3
1
a2
c
P
o
—~
~

IRk
=}
I
mD
c
N
[=)
—~
N—r

1
QJ:J
C

w
e
—~
~

—
1
m:
c
N
o
—
~

=}

I}
933
c

aw

o
—~
~

s given by

ut () =uty()
Ugn( ) = Uro( )
uZ () =uZy()
U () = uiy()
u () =udy()
Ug () = udo()

Leta= , > 0, the real valued number.

From Equation (7), we then have

gn+1( )’U

h i
ne1( ) = uy(),Un()
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Therefore, we obtain the following:
8

u;nﬂ( ) = U%lm( )
ug,m( ) = uzL’”( )
Ui pea( )= Ugg() e
uR,n+1( ): uL,n( )
uz,nﬂ( ) = u:é,n( )
Ugner( )= U000
The rst pairs of equations can be written in the matrix form as:
1 10 1
%u n+1( ) E 0 %UL,n( ) E (22)
n+l( ) 0 u:Fle,n( )
!
From Equation (22), let the co-e cient matrix be A; = 0 0
Therefore, 8 |
no .
» Wwhennis an even natural number
Aln = E O n I
N when n is an odd natural number
Therefore, the solution of (4.1.6), using Theorem (3.1) is given by:
: ( )
% A"% 0 23
Uk of ) B 23
When n is an even natural number, the general solutions are:
8
it ()= "ubo()
ik ()= "uko( )
uZn() = "uge()
2 — n,2 (24)
UR’n( )_ UR,O( )
u ()= ")
uZa( )= "ud ()
When n is odd natural number, the general solutions are:
8
1 - 1
U%’n( )_ nul}O( )
- n
ugyn( )_ u|2_’0( )
— n
Upa() = Uz ol ) (25)
Ugn( )= Ml )
u ()= Muge()
upa( )= "uio()

4.1.4. The Solution Whena > 0 Is Aneutrosophic Number and the Initial Value ug Is a Crisp Number

Letfe] )= aL()aR()af()aé() af()aﬂ() 8 ,, 2[01,and0 + + 3.
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Taking the ( , , )-cut of Equation (7), we have the following equation:

2w, =a0u,0)
W ()= gk ()
20O = 20,0
WEyea( ) = @0 U2 ( ) (2
@)= @O )
()= BOu()

where ug is the initial value. The solutions are as follows:
: ul ()= a() "uo
ul ()= a() "ug
w2, ()= () u
w2 ()= a() u
()= () u
ud ()= a() u

(27)

4.1.5. The Solution Whena< 0 Is a Neutrosophic Number and the Initial Value ug Is a Crisp Number

Let a = ., Where iis a positive fuzzy number. [e]( Ly
L), RO B0). &) ), 3().8 ., 2[0,Q,and0 + + 3.
Equation (7) then splits into the following equations:
S W)= ROURO)
Ln+1 R R,n
Ugne ()= {ODUl ()
Wper() = BOURO) 8)
Unea( )= EC)UZ ()
u ()= 2OH)E.0)
uo ()= 2O ()
In the matrix form, the rst pairs of equations of Equation (28) can be written as:
() E 1) "Bt O) é
0 %u
% Ln+1 R Ln (29)
L) () 0 B0
The solution of (29) is given by:
0 . é !
uLn Uo
% (30)
uén Uo
where, I
0 RC)
Az_ R
L) 0
and

LR

)7 .
=() hen nis odd
0

8 0
LO) & ) 0 henni
§ % . 5 EW enniseven

(WO
=
~—~
~—
>
R
= O
‘3
N
[

R()
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The solution of Equation (30) when nis even is:

%

wa()= 10 RO
()= HO) h
@)= ) A0 fug
Ba()= 20 20) ‘uo
@)= 30 30 Pu
@)= %) 30) fu

In this case, solutions become crisp numbers, i.e.,un( )= ()
The solution of Equation (30) when n is odd: B

4.1.6. The Solution When a> 0 and ug Are Bothneutrosophic Numbers

Let

8

[e]

[@o]; |
2[0,]]and 0

8 n1 1
L= 107 a0 T
g )= l())%lR()nTon
2 ()= 2007 20) Tw
2 O= 27 20) T
5(0)= 307 30) T
0= AN 30 T

() u

,)—aL()aR()af()aé()aL()aR()

ULo( ), URo( ); uLo( ), uRO( ); “Lo( ), URo( )

+

+

3.

The solution of Equation (16), which follows from Equation (26), is thengiven by:

uta( )= 80) "ul()
Uha( )= &) uko()
WEa( )= @0) "uEg( )
w2 ()= &) w2y)
w ()= @) uwdy()
()= a() ()

4.1.7. The Solution When a< 0 and ug Are Both Neutrosophic Numbers

Leta=

8

, > 0. Let[e](

2[0,]and0

+

c)

+

h
= 10 g0 EO) RO

Ut ol ) ugol )i ufo( )y U ol )i U o( ), ugo( )

3.
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The solution of Equation (16), which is follows from Equation (31), is then given by:

8
ul ()= 1)
k()= )
@)= %)
2,()= 2()
@)= 3()
@)= 3()

20 futg()
20) Puk()
20) i)
20) "2 g0)
20 fudg)
30) 2 ()

(34)

The above equations show that the solution for n is even only. When n is odd, the solutions,
which follow from Equation (32), are as follows:

8 n1
()= )T
W)= )T
2 ()= )7
2= )T
B= )7
@,= 207

3() Zudy()

4.2. Solution of Homogeneous Rirence Equation of Type Il

4.2.1. The Solution Whena = 1 and the Initial Condition ug Is a Neutrosophic Number

Taking the ( ,
8

Lok

The solution of Equation (37) is, when n is even:

When n is odd, the solutions are:

ul ()=u
Urn( ) =

8

3 utn( Y=u

3 uéyn( )=u

)-cut of Equation (8), we have the following:

c
>

c
=]

=}
A~ N AN A~~~
~— N

c

c
FOIOCrNINCERIR
>S5

=}

C
=]

c

(35)

(36)

37)

(38)

(39)

For both cases, when eithern is even or odd, uﬁ .()and uén( ) leads to a convergent solution.
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In a similar way, solutions of remaining equations are as follows:

when n is even:

When n is odd:

Taking the ( , , )-cutof (8), we get the following equations:
Ulnea( ) aURL() =0
u:Ili,n+1( ) aui,n( )
ui,n+l( ) aué,n( )
Ugnea) A4 ()
u&,n+1( ) aujli,n( )
Urnea( ) AU ()

In the matrix form, the rst pair of Equation (42) can be written as:

: 0
a
E: a o0

1

Ul e 1)
1

Ugne2( )

" WOXXKKK/ /AXXXXXX/ OO
c c
e
S S

" WKXXKXX/ /AXXXXXX/ O
c C
IrrPgRre
>

c o

rPrr=xoe
R M

N AN SN

=]

5 S
PN

c

=]

=]
—~

c

The solutions of (43) are, when n is even:

8
2 ul () =aul()
Ugn( ) = dUgo( )

— N N
1

~ O~ "
1

The solutions of (44) and (45) are, when n is odd:

In a similar way, the solutions of the remaining Equation (42) are as follows:

When n is even:

When n is odd:

8
Sul ()= auly()
ul ()= aul ()

" WOXXXKK/ /AXXXXXX/ ©O

" VXXKXXK/ /AXXXXXX/ ©O

ub () =aul ()
Ugn( )= aug ()
ub, () =alulq()
()= dulg()

ut () = aug ()
Ug( ) = au ()
ut ()= augo()
Uga( ) = alulo()
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ut o( )
ug ol )
uto( )
ug ol )

Ugol )
ut o )
ugol )
ut o( )

4.2.2. The Solution Whena> 0, a Real Valued Number, and the Initial Condition uglsa
Neutrosophic Number

10

[

(40)

(41)

(42)

(43)

(44)

(45)

(46)

(47)
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4.2.3. The Solution Whena< 0 and When the Initial Condition ug Is a Neutrosophic Number

Leta= m,m> 0, areal valued number.
From Equation (8), after taking the ( , , )-cut, we have the following sets of equations:

% W aa( )+ mu ()= 0

u1n+1( y+mut ()=0
n+()+r71lll()—(3
AT e mi( ) = 0 (8)
G () mn( )= 0
O+ mun( )= 0

Solving the above equations, we get:
8

W)= Cmul ()
i ()= ( mMutg()
@ ()= (maE ()
W2 ()= ( m"u2 o) (49)
)= (mu ()
> 0= (mag0)

4.2.4. The Solution Whena> 0 Is a Positive Neutrosophic Number and the Initial Condition ug Is Nota
Neutrosophic Number

h [
Let[e](Y , )= a1]_-( )!a]]i( ); aE( )!a]%( ), aﬁ( )!ag( ) 18 [ Z[Ovl]yando + + 3.

Takingthe ( , , )-cutof Equation (8), we have the following equation:

% i) = 20 uy

u2 ., ()= &2 ( (50)
uE,n+1( ) = aﬁ( )U‘;,n(
' u:Iin+1( ) = 3( )Uin(

In the matrix form, among the above equations, the rst pair of Equation (50) can be written as:
1 ) 10
% n+1( ) E aR( )
U e 2( ) aL( ) 0

‘Bl
%um( ) E
T (51)
uz ()
The solution of Equation (51), when n is even:

n

8 n
i) = a0 a0) fu
ok, )= 40RO o
2,0= £OZ0) fup .
2n( )= 8%()5J\ZR()2n
ta( )= aL()aSR()é

,n( )= () &) *uo
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When n is odd:

n+

[uN

uﬁ,n( )= d() " &0

rn( )= a() ? aR()
2.0 = &) 26lﬁ() Uo

,()— a&()Ta;()"Zuo
B R0 20)

()= 20) 7 @) T

Uo

Uo

m‘ B NF ,\,‘
L =

[uN

Uo

" UOXXKKRROOXKKXRN/ /AXXXXXXXXKXXXXXXXX/ CO

=3
o
-

(53)

4.2.5. The Solution When a< 0 Is a Neutrosophic Number and when the Initial Condition ugls a

Crisp Number

H .
Leta= m, m>0. Letfm]  y= mi( ),m&( ); m¥( )’mé(i ); m3( ), m3( )I and

[l , , )= ulol )i ugol )i ug ol )y uZo( )i ud ol )y U o)
8 ,, 2[0,]andO + o+ 3.
Takingthe ( , , )-cut of Equation (8), we have the following equations:

% i ()= mOut ()

n+1( )_ %Qn( )ué,n( )
W pey( )= MO, 0)
uzR,n+ 1( )= én( )qu,n( )
UE,M( )= miO)ug,()

Ber( )= M3, 0)

un( )= me( ))"uo
% urn( ) = ( mr( ))"uo
uLn( ) = ( my( ))nuo
urn( ) = ( mr( ))"uo
uen( )= m( ) "uo
Urn( ) = ( mg( ))nUO

4.2.6. The Solution When the In|t|al Condition u g and a > 0 Are Both Neutrosophlc Numbers

Let [el ., = aL()aR() £(,), 30 ); £().8() and el . )
Ut ol ), Ul )i W2 ), Wl )i U o ), Ul )

8 ,, 2[0,]andO + o+ 3.

In this case, the solutions are given, following from Equation (50):

when nis even: ) n

1()= aﬁ()a,%()i Lol )

rn( )= aL()aR()f rol )
Z.0)= af()aé()f Fo()
2 )= af()aé()én rol )
2.0 =)&) fu3o( )
2 )= () &) udy()
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when nis odd:

8 01 %1
uta( )= g0) 7 () T ukg()
n+1 n1
ub ()= a() 2 a() Zuly()
n1 n+1
u2 — z 72
2.0)= () nzla[é( ) . ro( ) 57)
ugn( )= () * a&() *uZy()
n1 n+1
W ()= () 7 &) Tudy()
n+1 n1
Tup ()= @) F () full()
4.2.7. The Solution When the Initial Condition u g and a < 0 Are Both Neutrosophic Numbers
h i
leta=_m, m>0 Let (el ) = mi ),mé(i); mZ( ), ma( ); m3( ), m3( ) and
[GO]( L, ): uto( )’ ujpi’o( ); UE,O( )! uélo( ); UE,O( )1 u%yo( )
8 ,, 2[0,]andO + o+ 3
In a similar way, as seen in Equation (54), we have the following solutions.
The general solutions of the above equations are as follows:
8
utn() = (mu)"uto()
Ugn( )= € mr( ) ug ()
UEn( )= (M) u o ) )
u2 ()= ( mr( )"uZ ()
Wa( )= (M )" )
Pud ()= ( me( )"udo()
5. Numerical Example
Example 1. Solve the dierence equation:
Un+1 = (2!41 6;11415;21415-'“1 (59)
with the initial conditiona,=¢ = (50, 60, 70; 55, 60, 75; 50, 60, BO
Solution 1. Ifthe[an]( o )isthe(, , )-cut of a sequence of neutrosophic numbers, then its components
are as follows:
ut ()= (2+2)"(50+ 10 )
uga()=(6 2)"(70 10)
u? =(4 3)%(60 5
fa()=(4 3)°60 5) 60)

ug,( )= (4+ )"(60+ 15)
ufyn( Yy=(4 2)"(60 10)
u, ()= (4+ )"(60+20)

Remarks 2. We plot the solution fon = 2. From the above Table 2 and Figure 1, we seeu{‘ng( ) is
an increasing function andén( ) is a decreasing function, with respect to On the other handuf 20)
is a decreasing function am% () is an increasing function, with respect ta Additionally, u3 S )isa

decreasing function and3 ( ) is an increasing function, with respect to Therefore, using the concept of
De nition 3.2, we call the soluuon a strong solution.
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Table 2. Solution for n = 2.

' ula()  uga() uf () Uz () uwa()  wd()

0 200.00 2520.00 960.00 960.00 960.00 960.00
0.1 246.84 2321.16 814.55 1033.81 851.96 1042.22
0.2 299.52 2132.48 682.04 1111.32 751.68 1128.96
0.3 358.28 1953.72 562.18 1192.60 658.92 1220.34
0.4 423.36 1784.64 454.72 1277.76 573.44 1316.48
0.5 495.00 1625.00 359.37 1366.87 495.00 1417.50
0.6 573.44 1474.56 275.88 1460.04 423.36 1523.52
0.7 658.92 1333.08 203.96 1557.34 358.28 1634.66
0.8 751.68 1200.32 143.36 1658.88 299.52 1751.04
0.9 851.96 1076.04 93.79 1764.73 246.84 1872.78
1 960.00 960.00 55.00 1875.00 200.00 2000.00

Figure 1. Graph for n = 2.

Remarks 3. We plotted the solution fan = 5. From the above Table 3 and Figure 2, we seaﬂggﬁ ) is
an increasing function andén( ) is a decreasing function, with respect to On the other handuﬁ 20)
is a decreasing function am%n( ) is an increasing function, with respect ta Additionally, uf S )isa

decreasing function andgn( ) is an increasing function, with respect to Therefore, using the concept of
De nition 6, we call the solution a strong solution.

Table 3. Solution for n = 5.

L ut () ug () u? () uZ () u () ud ()

0 1600.00 544,320.00 61,440.00 61,440.00 61,440.00 61,440.00
0.1 2628.35 452,886.16 41,259.65 71,251.56 46,748.74 71,830.84
0.2 4140.56 374,497.60 26,806.90 82,335.47 35,070.38 83,642.38
0.3 6297.12 307,640.56 16,748.05 94,820.44 25,898.19 97,025.57
0.4 9293.59 250,934.66 9982.01 108,844.70 18,790.48 112,143.03
0.5 13,365.00 203,125.00 5615.23 124,556.48 13,365.00 129,169.68
0.6 18,790.48 163,074.53 2937.57 142,114.45 9293.59 148,293.34
0.7 25,898.19 129,756.67 1398.99 161,688.22 6297.12 169,715.30
0.8 35,070.38 102,248.05 587.20 183,458.85 4140.56 193,651.01
0.9 46,748.74 79,721.65 206.06 207,619.30 2628.35 220,330.69

1 61,440.00 61,440.00 55.00 234,375.00 1600.00 250,000.00
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Figure 2. Graph for n = 5.

We interpret the solution for xed

= 0.4 and di erentnin Table 4 and Figure 3.

Table 4. Solutionfor , , = 0.4anddi erentn.
n ut () ug () u? () uZ () u () ud ()
1 151.20 343.20 162.40 290.40 179.20 299.20
2 381.93 1513.38 410.23 1101.80 510.47 1135.19
3 964.79 6673.49 1036.26 4180.33 1454.14 4307.01
4 2437.12 29,427.69 2617.65 15,860.57 4142.31 16,341.19
5 6156.31 129,765.52 6612.33 60,176.40 11,799.88 61,999.93
6 15,551.16 572,219.06 16,703.10 228,314.58 33,613.43 235,233.20
7 39,283.04 2,523,279.35 42,192.90 866,245.64 95,752.00 892,495.51
8 99,231.00 11,126,750.35 106,581.44 3,286,612.28 272,761.37 3,386,206.59
9 250,662.64 49,064,949.17 269,230.24 12,469,696.48 776,994.32 12,847,566.07
10 633,186.78 216,358,699.65 680,089.5147,311,126.78 2,213,363.93 48,744,797.29

Figure 3. Graphfor , , = 0.4anddi erentn.

Example 2. Solve the dierence equation

Up+1 4un =10 (61)
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with initial condition a,=¢ = (50, 60, 70; 55, 60, 75; 50, 60, BO

Solution 2. If [en]( ) isthe (, , )-cutof a sequence of neutrosophic numbers, then it's components are
as follows:

when nis even:
“f,n( ) = 4"(50+ 10 )
u;’n( )= 4"(70 10)
utn( )= 4"(60 5)

" DOXKXKKKXXXR/ AXXXXXKXXXXX/ ©O

ik ()= 4°(60+ 15) (62)
utn( )= 4"(60 10 )
u%{n( ) = 4"(60+ 20 )
when nis odd: 8
L,()=4 70 10)
% ( ) = 4"(50+ 10 )
( ) = 4"(60+ 15 )
Rn()=4"(60 5) (63)
()= 4"(60+ 20)

( )= 460 10)

As previous examples, we easily interpret the solutions in ardnt manner.

6. Application of the Method in Actuarial Science

Let us consider that a sum S is invested at a compound interest of i per unit amount and per unit
of time and & is the amount at the end of time t. We then get the di erence equation associated with
the problem, which is:

Sv1= S+ iS = (1+ )& (64)

If, for some reason, i may vary, we are interested to nd the possible amount after a certain
time interval.

For this problem, let us consider hypothetical data and solve it. Suppose a person has initially
invested Si=¢ = 100065 in a rm, where they get about 4% interest (which may be considered a
neutrosophic value).

As per Table 1, if we take the verbal phrase for a triangular neutrosophic number, we then set the
interest rate as follows:

For the truth part: low as 3%, medium as 4%, high as 5%;
For the falsity portion: very low as 2%, medium as 4%, very high as 6%;

For the indeterminacy part: between low and very low 2.5%, medium 4%, between high and very
high 5.5%,

i.e., we can take% = (3,4,5;2,4,6;2.5,4,5)% per annum rate. We wish to predict the amount of
money after 10 years.
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Therefore, we get the fuzzy di erence equation

S+1= S+iSt= 1+§S (65)

With the initial conditions S=g = 10000$ and? = (3,4,5;2,4,6;2.5,4,5)%.
Solution 3. Equation (65) is equivalent to
S+1= S+ iS = (1+ (0.03,0.04,0.05;0.02,0.04,0.06;0.025,0.04, PS5

or
Si+1 = (1.03,1.04,1.05;1.02,1.04, 1.06; 1.025, 1.04, 1)865 (66)

with the initial condition S=9 = 10000$
The solution of (66) can be written using the concept of (19), as follows:

g St,( ) = 1000q1.03+ 0.01 )'

% Sk,( ) =1000q(1.05 0.01)'
$.() = 1000q1.04 0.02 )!

% S2,( ) = 10000104+ 0.02)' 67)
S ,( ) = 1000q1.04 0.015 )

" s3,() = 1000q1.04+ 0.015 )!

Remarks 4. (1) We plot the solution for = 10. From the above Table 5 and Figure 4, we seesﬂ_r}z?([ ) is

an increasing function andi}m( ) is a decreasing function, with respect to On the other handﬁin( )

is a decreasing function arﬁﬁyn( ) is an increasing function, with respect ta Additionally, ﬁ,n( )isa
decreasing function anS%n( ) is an increasing function, with respect to Therefore, using the concept of
De nition 3.2, we call the solution a strong solution. (2) From Table 5, we can see that we nd the crisp solution
at =1, , = 0(since,at =1, , = 0,the neutrosophic number becomes a crisp number) and for
t = 10is equal to 14802.4428. Therefore, we can say that after 10 years, the most probable chance to get the
money is 14802.4428%.(3) If we consider Oand , = 1,i.e., inthe case that we get the most uncertain
solution interval, we observe that the truthiness of the solution belongs to the inféB8489.1638, 16288.9443

the falsity belongs to the intervfl2189.9442, 17908.47F,0and the indeterminacy belongs to the interval
[12800.8454, 17081.4446

Table 5. Solution for t = 10.

. St() Ske() ,0) S% () s.0) S$.O)

0 13,439.1638 16,288.9463 14,802.4428 14,802.4428 14,802.4428 14,802.4428
0.1 13,570.2126 16,134.4766 14,520.2313 15,089.5813 14,590.3264 15,017.3306
0.2 13,702.4105 15,981.3266 14,242.8714 15,381.7230 14,380.9496 15,235.0219
0.3 13,835.7662 15,829.4861 13,970.2889 15,678.9453 14,174.2808 15,455.5492
0.4 13,970.2889 15,678.9453 13,702.4105 15,981.3266 13,970.2889 15,678.9453
0.5 14,105.9876 15,529.6942 13,439.1638 16,288.9463 13,768.9430 15,905.2433
0.6 14,242.8714 15,381.7230 13,180.4776 16,601.8849 13,570.2126 16,134.4766
0.7 14,380.9496 15,235.0219 12,926.2814 16,920.2240 13,374.0675 16,366.6791
0.8 14,520.2313 15,089.5813 12,676.5060 17,244.0464 13,180.4776 16,601.8849
0.9 14,660.7259 14,945.3915 12,431.0828 17,573.4357 12,989.4133 16,840.1284
1 14,802.4428 14,802.4428 12,189.9442 17,908.4770 12,800.8454 17,081.4446
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Figure 4. Graph for t = 10.

7. Conclusions and Future Research Scope

In this paper, we nd the solution strategy for solving and analyzing homogeneous linear di erence
equations with neutrosophic numbers, i.e., we found the solutions of the homogeneous di  erence
equations with initial conditions and coe  cients, both as neutrosophic numbers. We demonstrate the
solution of di  erent cases using the neutrosophic characterization theorem, which is established in this
paper. The strong and weak solution concepts are also applied to di erent results.

Moreover, the outcomes of the study are as follows:

(1) The di erence type of the homogeneous di erence equation is solved in a neutrosophic
environment and the symmetric behavior between them is discussed.

(2) The characterization theorem for the neutrosophic di  erence equations are established.

(3) The strong and weak solution concept is applied for the neutrosophic di  erence equation.

(4) Di erent examples and real-life applications in actuarial science are illustrated for better
understanding of neutrosophic di  erence equations.

For some limitations, we did not study the di  erent perspectives of related research in the theory
of di erence equations with uncertainty in this present work. From this work, anyone can take
motivation and nd a new theory and results in the following eld, as follows:

(1) The solution of di erence equation can be found with di erent types of uncertainty, such as Type
2 fuzzy, interval valued fuzzy, hesitant fuzzy, rough fuzzy environment.

(2) Finding several methods (analytical and numerical) for solving non-linear rst and higher order
di erence equations or system of di erence equations with uncertainty.

(3) Solving the real-life model associated with the discrete system modeling with uncertain data.

As a nal argument, we can surely say that this research is very helpful to the research community
who deals with discrete system modeling with uncertainty.
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Abstract: The grand theory of action of Parsons has an important place in social theories. Furthermore,
there are many uncertainties in the theory of Parsons. Classical math logic is often insu cient to
explain these uncertainties. In this study, we explain the grand theory of action of Parsons in
neutrosociology for the rst time. Thus, we achieve a more e ective way of dealing with the
uncertainties in the theory of Parsons as in all social theories. We obtain a similarity measure for
single-valued neutrosophic numbers. In addition, we show that this measure of similarity satis es
the similarity measure conditions. By making use of this similarity measure, we obtain applications
that allow nding the ideal society in the theory of Parsons within the theory of neutrosociology.

In addition, we compare the results we obtained with the data in this study with the results of
the similarity measures previously de ned. Thus, we have checked the appropriateness of the
decision-making application that we obtained.

Keywords: neutrosociology; modeling of grand theory of action of Talcott Parsons; single-valued
neutrosophic number; measure of similarity; decision-making applications

1. Introduction

There are many uncertainties in the world. Classical math logic is usually insu  cient to explain
uncertainties. Thus, we are not always able to say for a situation or an event whether it is true or wrong
in an absolute manner. For example, we cannot always say the weather is hot or cold. While the weather
is hot according to some, it may be cold for others. Therefore, Smarandache obtained the neutrosophic
logic and neutrosophic set to deal with uncertainties more objectively in 1998 [ 1]. "T'is the membership
degree, I'is the uncertainty degree and "F' is the non-membership degree in the neutrosophic logic
and neutrosophic sets. “T, |, F” are de ned independently. In addition, a neutrosophic number has the
form (T, I, F). Furthermore, neutrosophic logic is a generalization of fuzzy logic [ 2] and intuitionistic
fuzzy logic [ 3] since fuzzy and intuitionistic fuzzy logic's membership, non—-membership degrees are
de ned dependently. Thus, many researchers have obtained new structures and new applications on
neutrosophic logic and sets [4-15].

In Section 2 of this study, we provide a literature review. In Section 3, we give related works.
In Section 4, we include the de nitions of neutrosophic sets [ 1], single-valued sets [6], similarity
measures in [7] and [16], the theory of social action of Parsons [17], Hausdor measure [18] and
Hamming measure [ 18]. In Section 5, we re-model the social action theory of Parsons which is modeled
in neutrosociology. In Section 6, we obtain a similarity measure for single-valued neutrosophic sets and
prove that this measure meets the requirements of the similarity measure. In Section 7, we create the
decision-making algorithm that we can choose the ideal society among the societies for the social action
theory of Parsons in neutrosociology with the help of similarity measure in Section 6. In Section 8,
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we give sensitivity analysis for numeric example in Section 7; in Section 9, we give comparison methods.
We compare the results we obtained with the data in this study with the results of the similarity
measures previously de ned. Thus, we have checked the appropriateness of the decision-making
application we obtained; in Section 10, we discuss what we obtained in this study and make suggestions
for studies that can be obtained by making use of this study; in Section 11, we give conclusions.

2. Literature Review

Similarity measure and decision-making practices emerge as an important application theory,
especially after the de nition of the fuzzy sets and neutrosophic sets. Many researchers have tried to deal
with uncertainties by making new applications on neutrosophic sets, using similarity measures, TOPSIS
method, VIKOR method, multicriteria method, Maximizing deviation method, decision tree methods,
gray relational analysis method, etc. Recently, Sahin et al. studied combined classic neutrosophic sets
and double neutrosophic sets [19]; Sahin et al. obtained decision-making applications for professional
pro ciencies in neutrosophic theory [ 16]; Ulucay et al. introduced decision-making applications for
neutrosophic soft expert graphs [ 20]; Olgun et al. studied neutrosophic logic on the decision tree [ 21];
Wang et al. studied an extended VIKOR method with triangular fuzzy neutrosophic numbers [ 22];
Biswas et al. introduced TOPSIS method for decision—making applications [23]; Sahin et al. obtained
a maximizing deviation method in neutrosophic theory [ 24]; Biswas et al. studied gray relational
analysis method for decision-making applications [25].

3. Related Works

Smarandache claims that sociopolitical events can be studied mathematically [4]. In addition,
he claims that it is possible to design a tool to describe an equation, an operator, a mathematical
structure or a social phoneme. Studying the past gives us an idea about the future, at least partially.
For this reason, we need to construct neutrosophic theories that may describe the new possible types
of social structures with a neutrosophic number form. Since the social word contains a high degree
of subjectivity that causes a low level of unanimity, these theories necessarily address uncertainty.
Most of the data we come across in the eld of sociology may be vague, incomplete, contradictory,
biased, hybrid, ignorant, redundant, etc. Therefore, they are neutrosophic in nature and neutrosophic
sciences dealing with indeterminacy should be involved in the study of sociology [4].

For the very same reasons, Smarandache proposed a model to be used in neutrosophic studies.
He states that a neutrosophic extension of an element x with a neutrosophic number form.

Parsons, who built his theory on methodological and meta-theoretical debates in the eld of
social science, also paid special attention to hermeneutic to explain the extent of the individual's
voluntary involvement in action [ 26]. He made structural and functional explanations to maintain
social balance and harmony [21]. While Parsons saw culture as values and norms that guide the
actions of individuals in social life, he conceptualized the structure as a system of intertwined and
independent parts [27]. According to Parsons, cultural objects are autonomous. He did this by
distinguishing between the cultural and social systems. He also viewed society as a general system of
action. In addition, many researchers have studied Parsons's social action theory [26—36].

In this study, Parsons's social action theory was aimed to re-model neutrosociology. As in all social
theories, the social action theory of Parsons could not escape uncertainty [21]. Hence, the handling
of it in neutrosociology theory would make this theory more useful. Therefore, we have obtained a
similarity measure with single-valued neutrosophic numbers and included applications where this
measure can be used as the neutrosophic equivalent of the ideal society in this theory.

4. Preliminaries

This section includes the de nitions of neutrosophic sets [ 1], single-valued neutrosophic sets [6],
similarity measures [ 7,16] and theory of social action of Parsons [17], Hausdor measure [18] and
Hamming measure [18].
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Denition 1 ([17]). Parsons, who built his theory on methodological and meta-theoretical debates in the eld
of social science, also paid special attention to hermeneutic to explain the extent of the individual's voluntary
involvement in action (so, which is neutrosophic). He made structural and functional explanations to maintain
social balance and harmony. While Parsons saw culture as values and norms that guide the actions of individuals
in social life, he conceptualized the structure as a system of intertwined and independent parts. According to
Parsons, cultural objects are autonomous. He did this by distinguishing between the cultural and social systems.
He also viewed society as a general system of action.

De nition 2 ([1]). Let X be a universal set. Neutrosophic set S; is identi ed as{8:Ta(y), |ax): Fax) >
x 2 X}. Where; on the condition thdl ~ Ta(x) + la) + Fay 3'; the functions U 10 ,1"[ is truth
function, I:U! 10 ,1*[is uncertain function and F:U ]0 ,1*[ is falsity function.

De nition 3 ([6]). Let X be a universal set. Single-valued neutrosophic number set S; is identi ed as
S={(XTax): lap) Fa)>s X2 X}. Where; on condition thad Tax) + la * Fay 3; the functions T:X
I [0,1]is truth function, I:X ! [0,1] is uncertainly function and F:X [0,1] is falsity function.

De nition 4 ([6]). Let A= {(X:<Ta(x), lap)s Fapy™>} and B= {(x:<Tgy), lg(x)s Fax)>} are single-valued
neutrosophic numbers. If & B; then TA(X) = TB(X)1 IA(X) = IB(X) and FA(X) = FB(X)'

Denition 5 ([6]). Let A= {(x:<Tax): lap)s Fapy>}and B= {(x:<Tg, lgx), Fa(x)>} are single-valued
neutrosophic sets forx U. If A < B; then for8 x 2 U; Ty < Tg(x)s lap) < Ie(x) @nd Fa(x) < Fg( -

Properties 1 ([7]). LetA1, A, and Az are three single-valued neutrosophic numbers and S be a similarity
measure. S provides the following conditions.

i. 0 S(A;, Ay 1

i, S(Ali AZ) = S(AZi Al)

iii. S(Al, A2) = 1, AL = Ay

V. If Ay A, Asthen,S(A1, A3) S(Aq, Aj).

De nition 6 ([16]). LetA; =<Ty, 11, F1> andA, = <Ty, |5, F»> be two single-valued neutrosophic numbers.

Sn(Ag, Ap) =
minfj3(Ty T2) 2(F1 F)jjF1 Faig
afj3(Ty T2) 2(F1 Fo)jjF1 Faig5gr1
minfj4(Ty T2) 3(11 1p)jils l2i g
fmaxja(Ty T2) 3(11 12)jil1 12097 gr 1

minfj5(Ty Tp) 2(F1 Fp) 3(l1 1)}T1 Toig ]
fmaxj5(Ty T2) 2(F1 F2) 3(l1 12)],jT1 T2jgl0Ogr1

1 (213)[

is a similarity measure.
Denition 7 ([18]). LetA; =<Ty, I1, F1> andA, =<Ty, |5, F»> be two single-valued neutrosophic humbers.
Si(AA2) = 1 maXjTy Tojjli 12,jF1  Fig
is a Hausdor similarity measure.
De nition 8 ([18]). LetA1 =<Tq, I1, F1> andA, =<Ty, I, F»> be two single-valued neutrosophic numbers.
SH(AL,A2) = 1 (jT1 Ta+jli I+ jF Fj)/3

is a Hamming similarity measure.
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5. Neutrosophic Modeling of Parson's Theory of Action

According to the perfection of action categories of Parsons, it is inevitable to have deep doubts in
every society and between layers of a particular society. However, “there is no ideal society in the sense
that Marx de nes, within each society the de nition of ideal changes according to the place of a person
within the society. By those who are at the top layer, the society is de ned as ideal, by those at the
lowest layer, it is far from being ideal, and by those in the mid-layer, who can sometimes be completely
ignorant of what is an ideal society, it can be described as a uctuating phenomenon depending on
circumstances. Therefore, we always have a neutrosophic ideal society with an opposite and neutral
triad. Naturally, this is valid for all societies since there are always people with more privileges than
the others. Even in any a democratic society, some people have more privileges although they may
form a small minority” [4].

Parsons developed a theory of action to explain how the macro and micro aspects of a particular
social order show structural integrity together with the participation of its members. He took into
account the voluntary participation of the individual in the social life on one hand, and structural
continuity on the other. Here, it is assumed that the individual acts under the motivation of the social
structure while taking action. According to him, social sciences should consider a trio considering the
purposes, ends and ideals when examining actions.

Grand Theory of Action

The basic paradigm of Parson viewed society as a general system of action is based on the
understanding of “rational social action' of Weber [ 28]. However, according to Weber, sociology is a
science that tries its interpretive understanding of social action to achieve a causal explanation of its
course and its e ects [36].

This interpretation is enriched from the perspective of the sociologist. Thus, social actions become
neutrosophic. Others may agree, partially agree or disagree (1, 0, 0). Likewise, in the theory of
Parson, the possibility of all members of society to partici pate in social values and norms that regulate,
and guide human relations rather than individual activitie s is questionable, uncertain. Here we must see
neutrosophic triplets.

According to Parson's theory, all social actions are based on ve pattern variables. These:

A ectivity versus a ective neutrality;
Self-orientation versus collective orientation;
Universalism versus particularism;

Quality versus performance;

Speci city versus di  useness.

ok wbdPE

Parsons believes that these variables classify expectations and the structure of relationships,
making the intangible action theory more understandable. However, according to Parsons, pattern
variables are twofold, and each pattern variable indicates a problem or riddle that must be solved by
the actor before the action can be performed. At the same time, there is a wide variety between the
traditional society and the modern society. However, these can be seen as binary for neutrosophic
sociological analysis (1, 0), it is very di cult to determine which of the individual's behaviors are
modern or traditional. Therefore, each of them should be considered as triple neutrosophic (1, 0, 0).
The feminists' response to Parsons' family view can be given as an example. According to Parsons,
the instrumental leadership role in the family structure in modern societies should be given to the
spouse—father, on which the family's reputation and income are based [ 32]. However, according to
feminists, this statement by Parsons is nothing more than the continuation of the status quo [ 35].
In addition, these pattern variables (stereotypes) do not say how people will behave when faced with
role con ict, and we will once again encounter uncertainty. This uncertainty can only be answered
by neutrosociology.
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The society model that Parsons has compared to the biologic model of an organism is based on the
understanding of “living systems” that continues in a balanced way. According to him, a change in any
part of the social system leads to adaptive changes in other parts [33]. There are four main problems an
all-action system must solve. These are adaptation, goal-attainment, integration and latent pattern
maintenance (AGIL). In short, these are referred to as AGIL in Table 1.

Table 1. Pure adaptation, goal-attainment, integration and latent pattern maintenance (AGIL) model
for all living systems [33].

A Instrumental Consummatory G
External Adaptation Goal-attainment
Internal Latent pattern maintenance Integration

L

“Adaptation” (A) is concerned with meeting the needs of the system from its environment and
how resources are distributed within the system. Here, the system should provide su  cient resources
from the environment and distribute it within itself. Social institutions are related to interrelated social
rules and roles system that will meet social needs or functions and help solve social system problems.
For example, economy, political order, law, religion, education and family are basic institutions for
these. If a social system will continue to live, it needs structures and organizations that will function to
adapt to its environment. The most dominant of these institutions is the economy. In “achieving the
goal” (G), it is determined that the system reaches the speci c target and which of these targets has
priority. In other words, it should mobilize the resources and energies of the system and determine
the priorities among them. “Integration” (1) refers to the coordination and harmony of parts of the
system so that the system functions as a whole. To keep the system running, it must coordinate,
correct, and regulate the relationships between the various actors or units in the system. “Latent
pattern maintenance” (L) shows how to ensure the continuity of the action within the system according
to a certain order or norm. The system should protect its values from deterioration and ensure the
transfer of social values. Thus, it ensures the compliance of the members of the system. Especially
family, religion, media and education have basic functions. Thanks to these, individuals gain a moral
commitment to values shared socially [30].

The General Action Level is as follows in Table 2:

Table 2. General Action Level [30].

A G

The behavioral organism The personality system

The cultural system The social system

Ultimately we get this series: The social the system, the duciary the cognitive.

Let us rebuild this series neutrosociology: (1, 0, 0) (1, 0, 0) (1, 0, 0).

If we go back to the beginning, “Behavioral organic, Personality system, Cultural system and
Social system” must work continuously to ensure social balance. This will be through “socialization”
and “social control”. If socialization “works”, all members of the society will adhere to shared values,
make appropriate choices between pattern variables, and do what is expected of them in harmony,
integration and other issues. For example, people will marry and socialize their children (L), and the
father in the family will gain bread as it should be (A) [35].
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6. A New Measurement of Similarity for Single-Valued Neutrosophic Numbers

Denition 9. LetA;=<Ty, I, F1>, A2 =<T»y, I, Fo> be two single-valued neutrosophic numbers. We de ne
measure of similarity betweemA&nd A as follows

qi
inf 2 2 i
SuAL A) = 1 (213)] mlg 3(Ty T2)7+( 1y |z). J2(T1 T2) (11 |.2)J39
fmax 3(T1 T2)%+(11 1) j2(T1 T2) (11 1p)ji3g2grl

g —
minf  3(Ty To)*+(F1 F)? j2ATy To) (F1 Fo)ji3g

mak AT, TP+(Fy F2)2 2Ty T2) (R F)j3g2or1
q
minf 2Ty To)*+(1y 1)*+(F1 F)? j&(T1 Ty) (11 1)) (F1 Fa)jl5g

fmax  2(Ty T2)%+(11 12)%+(F1 )2 J3(T1 T2) (11 12) (F1 F)j/5g2grl

We show that the measure of similarity in De nition 9 meets the requirements in Properties 1.

Theorem 1. Let § be the measure of similarity in De nition 9.\&Sprovides the following features.
. 0 Su(A, Az) 1

i Sn(A1, A2) = Sn(Az Ag)

iii. SN(Al, Ag) = 1lifand only if Ay = Ay

iV. If A7 Ay Az then (A1, Az) Sn(Ag Ad).

Proof: (i) SinceA1 and A, are single-valued neutrosophic numbers, we have

q—
mask miqnf 3(Ty T2+ (11 122 j2AT1 T2) (11 12)ji3g =y,
fmaxt 3%TMT1 T2) (11 1)ji3g2grl
, minf  3(Ty T2)%+(11 12)%j2(T1 T2) (11 1)ji3 g
minf e e ——— =0,
fmaxf q3(T1 To)2+( Iy |2)2,j2(T1 To) (11 12)ji3g2gr1
mat mi(?f 3(T1 T2)%+(F1 F2)? j2(T1 T2) (F1 F2)ji3 g = iy
fmaxf 3(qu To)2+(Fy F2)2,j2(T1 To) (F1 Fp)ji3g2grl
, minf 3(Ty T2)?+(F1 F2)2 j2(T1 T2) (F1 F2)j/3g
minf ! =0,

oMt 3Ty To)*+(F1 F2)’, j2A(T1 To) (F Fo)j3g2gr1
minf  2(Ty T)*+( 11 15)+(F1 F2)?, J3(T1 To) (11 12) (F1 Fo)j/5 g

fmaquZ(qu T2)%+(11 12)%+(F1 F2)2 J3(T1 T2) (11 12) (F1 Fo)j/5g2g1

migf 2Ty T2)2+(1y 12)%+(Fy F2)2,j3(T1 T2) (I 12) (Fy F)j/5g

maxf

g= 2,

minf

g= 0.
fmax 2(Ty T2)%+(11 12)°+(F1 F2)2 j3(T1 T2) (I3 12) (F1 F)j/5g2grl

Therefore,
minfSy (A1, A2)g= 1 2/3(1/2 + 1/2 + 1/2) 0,

11
maxSy(Az, A))g= 1 2/3(0+ 0+ 0) =

10

T

Hence,0 Sy(Aq, Ap) 1.

176



Symmetry202Q 12, 1166

(i) q_
Su(Ap Ap) = 1 (2/3)[—mar 30 (s )" AT Ta) (1 123
1y - M
a fmaxt 3(Ty T2)%+(11 12)%j2(T1 T2) (11 12)j/3g2gr1
minf 3(T1 T2)*+(F1 )% j2AT1 To) (F1 F)ji3 g

gfmat 3Ty To)*+(FL F2)%, j2A(T1 To) (FL Fo)j3g2gr1
minf 2(Ty To)*+(11 1)*+(F1 F2)? j3(T1 T2) (11 1p) (F1 Fo)jl5g
fmaer'z(T1 T)%+( 1, |;a2+( F1 F2)23(T1 T2) (11 12) (F1 F)j/5g2grl
minf 3(T, T1)*+(12 1) j2(To T1) (12 10)j/3g
fananqs(Tz T+ (12 1% j2T2 T1) (2 1)ji3d2gr1
mir;lf 3(T2 Ti)?+(F2 F1)? j2(T2 T1) (F2 Fo)ji3g

=1 2/3.f

oMt (T2 T)?+(F2 F)% j2AT2 T1) (P2 F)j/3g2gr1
minf  2(T; T1)*+(12 11)*+(F> F1)? j3(T2 T1) (I2 h) (F2 F1)j/5g

fmax 2(Tz T1)?+(12 11)%+(F2 F1)2j3(T2 T1) (I2 11) (F2 F)j/5g2gr1

= Sn(Az, Ag).

(i) We assume that

q—
inf 3(Ty T2)2+(11 12)?j2(T1 T2) (11 12)i/3
Su(AL A = 1 (2/3) mlg (T1 T2)+(11 12)%,J2(T1 T2) (11 12))/3¢g

g mat 3Ty TP(1n 17Ty T) (1 1)j3d20r1
minf  3(Ty To)*+(F1 F)?, j2(T1 Ty) (F1 F)ji3g

fmax 3(T1y T2)?+(F1 F2)? j2(T1 To) (F1 Fo)ji3g2grl
minf  2(Ty To)*+(11 1)*+(F1 F2)? j3(T1 T2) (11 12) (F1 F)jl5 g

fmax 2(Ty To)2+(11 12)%+(F1 F2)2j3(T1 T2) (I3 12) (F1 F2)j/5g2gr1

1=1

Therefore,

q—
minf 3(Ty T2)*+(11 1)% j2(T1 Tp) (11 1)ji3 g

fma 3(T T2)?+( 11 12)% j2Ty T2) (I3 1)ji3g2gr1
minf  3(T, To)?+(Fy Fz)z,jZ(Tl To) (F1 F)ji3g

(23)]

fmax  3(Ty To)*+(F1 ) j2(T1 To) (F1 Fo)j3g2grl
minf  2(Ty T)*+(1y 12)*+(F1 F2)? j3(T1 T2) (11 12) (F1 Fp)jf5g

fmax 2(Ty Tp)2+(11 12)%+(F1 F2)2 j3(T1 T2) (11 12) (F1 F)j/5g2grl

1= o0

So, qg____
minf 3(Ty T2)*+(11 12)% j2(T1 T2) (1 12)j/3 g
fma><fv'3(a1 T2)?+(11 12)%j2(Ty T2) (11 1p)ji3g2gr1

minf 3(Ty To)*+(F1 F2)%, j2AT1 To) (F1 Fp)jf3g

= Oand

:O,

qua)o‘ 3(Ty To)2+(Fy F2)2,j2(T1 T2) (FL F)j3g2grl
minf  2(Ty T2)%+(11 12)%+(F1 F2)%3(T1 T2) (11 12) (F1 Fa)jisg

fmax 2(Ty To)%+(11 12)°+(F1 F2)2 j3(T1 T2) (I3 12) (F1 F)j/5g2grl

= 0.

Therefore,

q
minf 3Ty T2)2+(lp 1% 2Ty To) (I3 12)/3g= 0,

minf 3(Ty To)?+(F1 F2)? 2(Ty To) (Fr F)/3g= 0,
minf 2(Ty T2)%+(ly )2+ (F1 F)? 3(Ty T2) (I 12) (Fi F)/5g= 0.
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Now, we write all the cases that can make these statements 0 one-by-one.
(a) We assume that

q
ATy T?+ (11 1)°+(F F)? = 0. (1)
Therefore, itis
ATy To)?+ (11 1)+ (F Fp)? = 0.
Here, itis obtainedthat Ty T,=0,l; I,=0andF; F,=0. Hence,wegetT; = T, I1 = Iy
and F; = F,. By De nition 4, Ai= As.
(b) Let q
Ty To)?+ (1 1% = 0, 2
q
Ty T)?+(F Fp)® =0 3)
By (2) and (3), we obtain 3(T; T2)2+(ly 12)2=0and 3(T; To)2+(F F)%=0.
Therefore, we obtain T; To=0,1; lo=0andF; F,=0. Hence,weobtainT; = Ty, 11 = Iy
and F; = F,. By De nition4, A; = Ao.
(c) We assume that q
TL To)?+ (1 1% = 0, 4)
2Ty T2) (F1 F2) =0, (5)
By (4), we have
Ty Tp,=0andl; I, = 0. (6)
Hence, we obtain that F;  F» = 0 by (5) and (6).
Hence, Ty = Ty, 11 = lp,and F; = F,. By De nition 4, we get A1 = A
(d) We assume that
2(T;y T2) (Ip 1n)/3 =0, @
2T,y To) (Ff FR)/B3 =0, (8)
3Ty T2) (Iu 12) (R F2)/5 = 0. 9)
By (7) and (8), we obtain
T1 T2= |1 |2= Fl F2.
Hence, T

T, =0 by (9) and (10).

Hence, Ty = Tyl = lpand F; = F,. By De nition 4, A1 = Ao.

we have

(10)
We assume thatA, = A,. Therefore, by De nition 4, itis Ty, = T, |1 = I, F; = F». Because of this,

q
Sn(AL A2) = 1 (28)]

minf  3(Ty T2)*+(11 12)% j2(T1 Tp) (11 12)j3¢g
q

fmax 3(T1 T2)%+(11 12)2 j2(T1 T2) (1 12)j/3d2gr1
minf 3(Ty To)*+(F1 F2)? 2Ty To) (Fi F2)ji3g

fmax 3(T; T2)?+(F1 F2)? j2(T1 T2) (F1 Fo)ji3g2grl
minf - 2Ty To)*+(11 1)*+(F1 F2)% j3(T1 T2) (11 12) (I 1) (F1 Fp)j/5g

=0
fmax 2(Ty To)?+(11 1)°+(F1 F2)% j3(T1 T2) (11 12) (F1 Fo)j/sg2grl
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(iv) We assume thatA; A, As. ByDenition5,itis Ty T, Tz, 17 o I3, F
Hence, we obtain that

q
mina 3Ty T2+ (1 1% 2Ty To) (i 12)/3g 1,

maxt q3(Tl T2+ (11 192 2Ty T2) (1 12)/3g2g 1,
minf, 3(T1 To)?+ (11 13)% 2(T1 Ta) (1 13)/3 g 1,
maxf 3(T; Ta)2+(ly I3)% 2Ty Ts) (I l3)/3g2g 1.

Therefore, we have

q
minf q3(T1 T2+ (11 12)% 2Ty T2) (I3 12)/3g

minf (T, Ta)?+ (11 13)% 2Ty Ta) (1 13)/3 g
max 3Ty T+ (11 12)% 2(T1 T2) (1 1)/3g2g
max 3(Ty Ta)?+(l1 13)% 2(T1 Ta) (1 13)/3g2g

Hence, q

minf 3(Ty T2)%+ (11 12)% 2(T1 T2) (11 12)/3g
fmafo13(T1 To)?+ (11 12)? 2Ty To) (11 1) /3dg2g+1
minqu(Tl T2+ (1 12)? 2(Ty To) (11 1) /39
fma>o‘\43(T1 T2+ (1 12)% 2(Ty Ta) (1 1) /3g2g+ 1

In addition,

q
mina 3Ty T)?+(F F)2 2Ty T2) (1 F)/3g 1,

maf 3(Ty T)2+(F F)? 2Ty To) (1 F)/3dg2g 1

minf, 3(Ts To)2+(F Fa)? 2(Ty Ta) (F1 Fa)/3g 1,
maxf 3(Ty Ta)°+(F1 F3)% 2Ty Ts) (Fi F3)/3g2g 1

Therefore, we obtain that

q
minf 3(Ty To)2+(F1 F2)? 2Ty T2) (F1 F2)/3g

mint3(Ty Ta)?+(F1 F3)?, 2(T1 T3) (F1 Fa)/3g
max  3(Ty To)2+(F1 R)? 2(Ty To) (F1 F)/3d2g
maxf 3(Ty Ta)?+(F1 F3)?, 2Ty Ts) (F1 F3)/3g2g

Hence,

q
minf 3(Ty T2)?+(F1 F2)2 2Ty T2) (F1 F2)/3 g

€}
fma 3(T1 T2)?+(F1 F2)? 2Ty To) (F1 Fo)/3d2g+1
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q

minf 3(Ty T2)?+(F1 F)2 2Ty T2) (F1 Fo)/3g

€ .
fma 3(T1 T2)?+(F1 F)? 2Ty Ta) (F1 F)/3d2g+1

In addition,

q
minf. _2(Ts T2)?+ (11 12%+(Fp F2)% 3(Ty T2) (1 1) (Fi F2)/5g 1

max  2(Ty T2+ (11 12%+(F1 F)? 3Ty T2) (1 1) (1 F2)/5d¢3 1,
minf. 2(Ts To)?+ (11 13)2+(F1 F)% 3(T1 Ta) (1 13) (F1 F3)/5g 1
max 2(Ty Ta)’+(l1 13)°+(F1 Fo)% 3(T1 Ta) (1 13) (F1 Fa)/5g3 1,

Hence, we have

q
minf 2(Ty T2+ (11 12)%+(F1 F)? 3(T1 T2) (1 1) (F1 F2)/5g

minf (T T2)?+ (11 12)%+(F1 Fa)? 3(T1 Ta) (1 13) (F1 Fa)/5g
maf 2Ty T)%+ (11 1)2+(F R4 3(Ty To) (1 1) (R F)/5d2 1,
max 2(Ty Ta)’+ (11 1)°+(F1 F)% 3(T1 T3) (1 13) (F1 Fs)/5d2.

Hence,
q
minf 2(Ty T2)?+ (11 12)°+(F1 F2)% 3(T1 T2) (1 1) (F1 F2) /59
€
fmaxf 2(Ty To)?+ (11 12)2+(F1 F2)2 3(Ty T2) (1 1) (F1 Fo)/5g2g+1
q
minf 2(Ty T3)?+ (11 13)%+(F1 Fa)% 3(Ty Ta) (1 ls) (F1 Fa)/5g
+ ol
b|

fma 2(T1 Ta)?+(l1 13)%+(F1 F)% 3(Ty Ta) (1 13) (F1 Fa)/5¢2g+ 1
By (11), (12) and (13), we have
q

1 (23) migf 3Ty T3)?+(11 19)% j2(Ty Ta) (11 13)ji3 g

fm(?ﬁ m j2(T1 T3) (11 13)ji3d2gr1
minf 3(Ty Ts)*+(Fy F3)* 2Ty Ts) (F1 Fe)j3g

q fmax 3(Ty Ta)®+(F1 Fa)? j2(T1 Ta) (F1 Fa)ji3g2grl
+ minf 2(T1 Ta)% (11 1)%(F1 Fa)? j3(T1 Ta) (11 13) (11 13) (Fy F3)1/5g

fmaxf 2(T, T3) +( 11 I3) +(Fy F3) J3(T1 T3) (11 13) (Fp F3)J/5 2¢gt1
q

1 (23) mi:f 3(Ty T2)%+(1y 12)% j2ATy T2) (I |2)j)/39

fmaxf m,jZ(Tl T2) (11 12)ji3 12gr1
q
minf 3(Ty T)*+(F1 F2)* j2(T1 T2) (F1 F2)ji39

quaxr 3(T1 T2)?+(F1 F2)% j2Ty T2) (F1 Fp)ji3g2grl

minf 2(T, T2)%+(11 1)%+(F1 R4 J3(T1 T2) (1 1) (Fu F3)J/5Q
e

fmax  2(Ty T2)%+ (11 12)%+(F1 F2)%J3(T1 T2) (11 12) (F1 Fo)jis /29+l

Hence, we getSy (A1, Asz)  Sn(A1, Ay) as desired.
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7. Decision-Making Applications for Neutrosophic Modeling of Talcott Parsons's Action

In this section, we give an algorithm for applications that allow us to nd the ideal society in
the grand theory of action of Parsons by taking advantage of the similarity measure in De nition 9.
In addition, we give a numeric example to this algorithm.

7.1. Algorithm

1. Step: To nd out which societies are closer to the ideal society, the criteria to be considered are
determined. The criteria of the ideal society in the grand theory of action of Parsons [17] are taken as
below:

c1 = a ectivity versus a ective neutrality

¢, = self-orientation versus collective orientation
C3 = universalism versus particularism

¢4 = quality versus performance

Cs = speci city versus di  useness

Let the set of these criteriabe C= {¢;, ¢, :::, Cs}.
2. Step: Let the set of weighted values of the criteria be W = {wq, wo, : ::, wy} and let the weighted
values be taken as below:

the weighted value of the criterion ¢ is wy,
the weighted value of the criterion ¢, is wy,
the weighted value of the criterion ¢z is ws,
the weighted value of the criterion ¢4 is w, and
the weighted value of the criterion cs is ws.

In addition, it must be P im: LW =landwg, wp, i1, wm2[0,1].

In this study, we will take the weighted value of each criterion as equal. If necessary, di  erent
weighted values can be selected for each criterion.

3. Step: Each society that will be taken into ideal society assessment should be evaluated by
sociologists determined as a single-valued neutrosophic number. Let T = {t1, tp, :::, ty} be set of
societies. Symbolic representation of societies as single-valued neutrosophic sets are denoted as:

t1= fop< Thenr Mo Fate)™ @< Tiy(e)r (o) Fra(e)™ 150 05°< Tiy(e)r Tta(es)r Fra(es)™ G2 € (i=12::9g
t2= fC1:< Ty Ma(en) Fra(en) ™ €25 Tta(n)r Ma(ea)r Fra(e)™ 1150 863 Ttgas) s Ita(es)r Frafes)>3 G2 C (i = 1, 2,211, 5)g
t3= feri< Tiy(ey)s a(en) Fra(e™r @21 Tia(en)r a(er): Fra(e™ 15 06 Tig(en) Mta(es)r Fra(en) ™1 62 € (1 = 1, 2,222, 9)g
tn= fo1:< Tyt Mnten)» Frnen > @2 Tta(ea)» Tta(ea): Fin(e)>> 775 ' Tin(eo) Nin(eo)» Fine)>1 G2 C (0 = 1, 2,22, B)g
Here, c1, &, 11, G5 are the criteria in Step 1. Thus, each society will be obtained as a single-valued

neutrosophic number according to the given criteria.

4. Step: To compare how close the societies are to ideal society in the theory of Parsons, an
imaginary perfect society is determined. Perfect society under the similarity measure we have obtained
should be as

| = f;:<1,0,0>,%x,:<1,0,0>,:::,65:<1,0,0>,g2C(i=12::509

Hence, we will accept the existence of an imaginary society thatincludes 100% truth, 0% uncertainty
and 0% falsity according to each criterion.

5. Step: We express the societies given as a single-valued neutrosophic set in step 3 in a table
according to criteria. Thus, we will obtain Table 3.
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Table 3. Criteria table of societies.

C1 C2 C3 Csq Cs
T lue: “Ty(ea): “Ti(or):
t1(c)> lty(co) Fa(ca)> lty(e) Fta(es)>
to <Tty(er)r o) <Tty(ce) <Tty(cs)
Fio(c)™ ly(ca)r Fto(ca)> lty(cs)+ Fta(es)>
Tl (e “Tto(c)» <Tto(co)
lto(es) Fta(es)> lto(es)r Fta(es)>

Ftn (Cl) >

6. Step: We will process each criterion values given for each society separately and each criterion
values of the perfect society | in Step 4 separately with similarity measure. Hence, we will obtain

Table 4.

Table 4. Similarity table for each social criteria to perfect society criteria.

C1 Co C3 Csq Cs
] Sn(ler ta,) Sn(les ta,) Sn(les: ta)
to SN(IC1!t2c1) SN(IC31t2c€) SN('CsitZDS)
o Sullontny) S ) Sulles tny)

7. Step: In this step, we will obtain a weighted similarity table (Table 5).

Table 5. Weighted similarity table for each social criteria to perfect society criteria.

W1C1 W2C2 W3C3 W4Cs Wi5Cs
ty WiSn (I ta, ) W3S (leg. ta,) W5SN (los, tag,)
to WiSh (e t2, ) W3S\ (e t2,) W5SN (o5 t2, )
tn W]_SN (ICl! tnt,l) W3SN (IC3! tnc3) WSSN (|(:51 tncs)

In this study, this step is not needed since we take the same weighted value of each criterion.
More precisely, Tables 4 and 5 will be the same since the weighted values are equal. This step can be

used if necessary.
8. Step:
In this, last step,

Skt )= = g wiSn(ls, ti,)-

we will obtain a similarity value table (Table 6) by applying

Table 6. Similarity value table of societies to the perfect society.

The Similarity Value

tg Sna(ts, )
ts Sna(tz, 1)
tn St 1)

See Figure 1.
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&) % E(
SEE

Figure 1. Diagram of the algorithm.
7.2. Numeric Example

Using the steps in Section 7.1, we show how close the 4 societies are to the ideal society.
1. Step: Let the criteria of an ideal society in the theory of Parsons be as itis in Step 1 of Section 7.1;

c1 = a ectivity versus a ective neutrality

¢, = self-orientation versus collective orientation
c3 = universalism versus particularism

¢4 = quality versus performance

Cs = Speci city versus di  useness

LetC ={c, ¢, :::, s} be the set of criteria.

2. Step: In this example, we will take the weight values of each criterion equal sothat wy=w,=:::
=ws=0.2.

3. Step: Let the set of societies be T= {t;, ty, t3, t4}. We assume that the single-valued neutrosophic
set with evaluation of societies by sociologists according to the criteria in Step 1 will be as below:

t;= fg:< 0.6, 0.2, 0.1>, i< 0.7, 0.2, 0.1>, c3:< 0.4, 0.1, 0.2>, ¢4:< 0.8, 0.1, 0>, &5 :< 0.5, 0.1, 0.2>g
to= fci< 0.5, 0.2, 0.3>, i< 0.6, 0.1, 0.3>, c3:< 0.8, 0.1, 0.2>, ¢4:< 0.4, 0.1, 04>, ¢5:< 0.9, 0, 0.1>g
tz3= fc:< 0.5, 0.2, 0.1>, ;< 0.8, 0.1, 0.1>, c3:< 0.8, 0.1, 0>, ¢4:< 0.7, 0.2, 0.1>, ¢c5:< 0.7, 0.2, 0.3>g
t4= fc1:< 0.7, 0.2, 0.1>, ¢:< 0.6, 0.2, 0.2>, ¢c3:< 0.7, 0.2, 0.1>, ¢4:< 0.7, 0.1, 0.2>, ¢5:< 0.8, 0.1, 0.1>g
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4. Step: Let the dream perfect society that we compare societies be
| = fc;<1,0,0>,¢:< 1,0,0>,¢3:<1,0,0>¢3:<1,0,0>,¢4:<1,0,0>¢c:<1,0, 0>g
5. Step: Let us express the societies as a single-valued neutrosophic set in Step 3 in Table 7.

Table 7. The criteria table of societies.

C1 Co C3 Cyq Cs

t; <0.6,0.2,0.¢ <0.7,0.2,0.¢ <04,01,02 <08,01,6 <05,01,0.2
tp <0.5,0.2,0.3% <0.6,01,08% <08,01,02 <0401,04 <090,0.%
t3 <0.5,0.2,0.¢ <0.8,01,0¢ <08,01,6 <0.7,0.2,0.¢ <0.7,0.2,0.3
t4 <0.7,0.2,0.¢ <0.6,0.2,02 <0.7,02,0 <0.7,0.1,0.2 <0.8,01,0.%

6. Step: Using the similarity measure, we obtain the similarity table (Table 8) which is the
similarity of the criteria of societies to the criteria of the perfect society.

Table 8. The similarity table of the criteria of societies to the criteria of the perfect society.

C1 C2 C3 Cq Cs

tp 0.5351 0.6088 0.4121 0.7489 0.4700
to  0.4263 0.5132 0.6930 0.3734 0.8494
t3 0.4700 0.7196 0.7489 0.6088 0.5610
ty 0.6088 0.5112 0.6088 0.6088 0.7196

7. Step: In this example, there is no need to make any changes in Table 8 since we take the
weighted value of each criterion as equal.

8. Step: In this step, we obtain similarity values of the societies in Table 8 to the perfect society.

Now, we obtain the similarity values of the societies in Table 9 and we obtain Table 10 by dividing
the values in Table 9 by 5, taking the weighted values as equal for each society on 5 criteria and, hence,
getting the results in the range [0,1].

Table 9. The similarity value table of the societies to the perfect society.

The Similarity Value

tl SNl(tlv |) =2.7749
to SNz(tz, |) = 2.8553
t3 SNg(tg, |) =3.1083
t4 SN4(t4, |) = 3.0572

Table 10. The similarity rate of the societies to the perfect society.

The Similarity Value
tl SNl(tlv |) = 0.5549

to SNz(tz, |) =0.5710
t3 SNg(tg, |) =0.6216
t4 SN4(t4, |) =0.6114

In addition, the similarity value of each society to the perfect society in Table 10 is obtained. The
result of the evaluation is given. Thus, societies closest to the perfect society are obtained asts, t4, t2
and t4 respectively.
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8. Sensitivity Analysis

In 7.1 Numeric example, we take the weighted values of criteria W = {wq, wy, :::, Wy} equal
such that

the weighted value of c; criteria wy; = 0.2
the weighted value of ¢, criteria w, = 0.2
the weighted value of c; criteria wz = 0.2
the weighted value of ¢4 criteria w, = 0.2
the weighted value of ¢ criteria wg = 0.2

Thus, societies closest to the perfect society are obtained as 3, t4, to, t1 respectively.
(a) If we take the W = {w; = 0.1,w, = 0.3,w3 = 0.2,w, = 0.2,ws = 0.2}, then we obtain that societies
closest to the perfect society are obtained asts, t4, to and t; respectively (Table 11).

Table 11. The similarity rate of the societies to the perfect society for W = {w; = 0.1,w, = 0.3,w3 = 0.2,
Wy = 0.2,W5 = 02}

The Similarity Value

t Sni(ty, 1) = 0.55235
to Sna(ts, 1) = 0.57975
t3 SN3(t3, |) = 0.64662
t, Sna(ts, 1) = 0.60168

Thus, we obtain the same result with the Numeric Example 7.1.
(b) If we take the W = {w; = 0.2,w, = 0.2,w3 = 0.3,w,4 = 0.1,ws = 0.2}, then we obtain that societies
closest to the perfect society are obtained asts, t4, to and t; respectively respectively (Table 12).

Table 12. The similarity rate of the societies to the perfect society for W = {w; = 0.2,w, = 0.2,w3 = 0.3,
Wy = 0.1,W5 = 02}

The Similarity Value

tl SNl(tlv |) =0.5213
t Sna(ty, 1) = 0.60302
t3 Sna(ts, 1) = 0.63567
ta Snal(ts, 1) = 0.61144

Thus, we obtain same result with Numeric Example 7.1.
(c) If we take the W = {w; = 0.3,w, = 0.1,w3 = 0.2,w, = 0.2,ws = 0.2}, then we obtain that societies
closest to the perfect society are obtained asty, t3, to and t; respectively respectively (Table 13).

Table 13. The similarity rate of the societies to the perfect society for W = {w; = 0.3,w, = 0.1,w3 = 0.2,
Wy = O.2,W5 = 02}

The Similarity Value

ty Sni(ty, 1) = 0.54761
to SNz(tg, |) = 0.56237
t3 Sns(ts, 1) = 0.5967
ty SN4(t4, |) =0.6212

Thus, we obtain a di erent result from Numeric Example 7.1.
(d) If we take the W = {wq = 0.2,w, = 0.2,w3 = 0.1,w,4 = 0.3,ws = 0.2}, then we obtain that societies
closest to the perfect society are obtained ast4, t1, to and ts respectively respectively (Table 14).
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Table 14. The similarity rate of the societies to the perfect society for W = {w; = 0.2,w, = 0.2,w3 = 0.1,
Wy = 0.3,W5 = 02}

The Similarity Value

t1 SNl(tln |) = 0.58866
t2 SNZ(th |) = 0.5391
tg Snalts, ) = 0.36379
t4 SN4(t4, |) =0.61144

Thus, we obtain a di erent result with Numeric Example 7.1.
(e) If we take the W = {w; = 0.2,w, = 0.2,w3 = 0.2,w, = 0.3,ws = 0.1}, then we obtain that societies
closest to the perfect society are obtained asts, t4, t1, and t, respectively respectively (Table 15).

Table 15. The similarity rate of the societies to the perfect society for W = {w; = 0.2,w, = 0.2,wz = 0.2,
Wy = 0.3,W5 = 01}

The Similarity Value

t1 SNl(tl: |) = 0.58287
t Swa(ty, 1) = 0.52346
t3 Snal(ts, ) = 0.62644
ty4 SN4(t4, |) = 0.60036

Thus, we obtain a di erent result from Numeric Example 7.1.
(f) If we take the W = {w, = 0.2,w, = 0.2,w3 = 0.2,w, = 0.1,ws = 0.3}, then we obtain that societies
closest to the perfect society are obtained ast4, to, t3, and t; respectively respectively (Table 16).

Table 16. The similarity rate of the societies to the perfect society for W = {w; = 0.2,w, = 0.2,wz = 0.2,
wy = 0.1,wg = 0.3}.

The Similarity Value

t Sni(ty, 1) = 0.52709
to Sna(ts, 1) = 0.61866
t3 SNg(tg, |) =0.61688
ta SN4(t4: |) = 0.62252

Thus, we obtain a di erent result from Numeric Example 7.1.
Now, we give results in (a), (b), (c), (d), (e) and (f) in Table 17.

Table 17. Ideal societies according to weighted values.

Ideal Societies Respectively

W= {Wl = O.2,W2 = 0.2,W3 = 0.2,W4 = O.l,W5 = 03} tg, t4, t]_, t2
W = {W1 = 0.2,W2 = 0.2,W3 = 0.2,W4 = 0.3,W5 = 01} t4, t3, tz, tl
W= {Wl =0.2,wy;=0.1,w3=0.3,wy = 0.2,wg = 02} t3, t4, 1o, 11
W = {Wl = O.2,W2 = 0.3,W3 = 0.1,W4 = 0.2,W5 = 02} t4, tl, t2, t3
W = {W1 = 0.3,W2 = 0.1,W3 = 0.2,W4 = 0.2,W5 = 02} t4, t3, tz, tl
W= {Wl =0.1,wy,=0.3,w3=0.2,wy =0.2,wg = 02} t3, I4, 1o, 11

As seenin Table 17, if we take W= {w; = 0.2,w, = 0.2,w3 = 0.2,ws = 0.1,w5 = 0.3} or W= {w; = 0.1,
wy = 0.3,wz = 0.2,w, = 0.2,ws = 0.2}, then we obtain same result with Numeric Example 7.1. In other
cases, we obtain di erent results from Numeric Example 7.1.
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9. Study Comparison Methods

In this section, we have compared the obtained results of the data in our Example 1 with the
results of the similarity measures, Hausdor measure [18], Hamming measure [ 18] and the previously
de ned similarity measure [16].

1. If we use the similarity measure in De nition 6 [16] for Example 1, we obtain Table 18 as a
result.

Table 18. The similarity rate according to similarity measure, in De nition 6 [  16)], of the societies to the
perfect society.

The Similarity Value

t1 SNl(tlv |) = 0.661445
to Sna(to, 1) = 0.639916
t3  Sya(ts, ) = 0.691014
t4 SN4(t4, |) = 0.678023

Thus, societies closest to the perfect society are obtained a3, t4, t1 and t, respectively according
to similarity measure in De nition 6 [16].
2. If we use the Hausdor measure [18] for Example 1, we obtain Table 19 as a result.

Table 19. The similarity rate according to Hausdor measure, in De nition 7 [ 18], of the societies to the
perfect society.

The Similarity Value

t1 Sh(tlv |) =0.6
to Sy(to, 1) = 0.64
t3 Sh(ts, )=0.7
ty Sh(t4, |) =07

Thus, societies closest to the perfect society are obtained a3 = t4, t2 and t1 respectively according
to Hausdor similarity measure in De nition 7 [18].
3. If we use the Hamming measure [18] for Example 1, we obtain Table 20 as a result.

Table 20. The similarity rate according to Hamming similarity measure, in De nition 8[ 18], of the
societies to the perfect society.

The Similarity Value

t1 SH(tlv |) =0.78
to SH(to, 1) = 0.76
t3 Sy (ts, 1) = 0.806667
ty SH(ts, )= 0.8

Thus, societies closest to the perfect society are obtained a3, t4, t1 and t, respectively according
to Hamming similarity measure, in De nition 8 [18].
As aresult,

according to our similarity measure, the perfect society is obtained as ts, t4, t2, t1 respectively;
according to similarity measure [16], the perfect society is obtained as t3, t4, t1, to respectively;
according to Hausdor measure [18], the perfect society is obtained ast3 = t4, t2, t1 respectively;
according to Hamming measure [18], the perfect society is obtained as t3, t4, t1, t2 respectively.
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10. Discussions

In this study, we explained the grand theory of action of Parsons, which has an important place in
social theories, for the rsttime in neutrosociology. Thus, like all social theories, we have achieved
a more e ective way of dealing with uncertainties in the theory of Parsons. In addition, we have
obtained a similarity measure for single-valued neutrosophic numbers. By making use of this similarity
measure, we have obtained applications that allow nding the ideal society in the theory of Parsons
within the theory of neutrosociology. Hence, we have added a new structure to neutrosophic theory,
neutrosociology theory. In addition, by utilizing this study, other social theories can be explained in
neutrosociology. Thus, the uncertainties encountered can be dealt with more easily. In addition, by
using neutrosophic numbers and sets related to other social theories, new similarity measures can be
obtained, and the consistency of these measures can be checked.

11. Conclusions

In Section 9, we obtained di erent results for the similarity measure [ 16]; Hausdor measure [18];
and Hamming measure [18]. In addition, we give a comparison in Table 21.

Table 21. Comparison methods.

Ideal Societies, Respectively

Similarity measure in de nition 9 ts, tg, t1, to
Similarity measure in de nition 6 [16] ts, tg, t1, to
Hausdor measure in de nition 7 [18] t3=14,10, 11
Hamming measure in de nition 8 [18] ts, tg, t1, to
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Abstract: In this article, we propose a novel concept of the single-valued neutrosophic fuzzy soft set
by combining the single-valued neutrosophic fuzzy set and the soft set. For possible applications,
ve kinds of operations (e.g., subset, equal, union, intersection, and complement) on single-valued
neutrosophic fuzzy soft sets are presented. Then, several theoretical operations of single-valued
neutrosophic fuzzy soft sets are given. In addition, the rst type for the fuzzy decision-making
based on single-valued neutrosophic fuzzy soft set matrix is constructed. Finally, we present the
second type by using the AND operation of the single-valued neutrosophic fuzzy soft set for fuzzy
decision-making and clarify its applicability with a numerical example.

Keywords: single-valued neutrosophic fuzzy set; soft set; Algorithm 1; Algorithm 2; decision-making

1. Introduction

Many areas (e.g., physics, social sciences, computer sciences, and medicine) work with vague data
that require fuzzy sets [ 1], intuitionistic fuzzy sets [ 2], picture fuzzy sets [ 3], and other mathematical
tools. Molodtsov [ 4] presented a novel approach termed “soft set theory”, which plays a very signi cant
role in different elds. Therefore, several researchers have developed some methods and operations
of soft set theory. For instance, Maji et al. [5] introduced some notions of and operations on soft
sets. In addition, Maji et al. [ 6] gave an application of soft sets to solve fuzzy decision-making.
Maiji et al. [7] proposed the notion of fuzzy soft sets, followed by studies on inverse fuzzy soft sets [ g],
belief interval-valued soft sets [ 9], interval-valued intuitionistic fuzzy soft sets [ 10, interval-valued
picture fuzzy soft sets [ 11], interval-valued neutrosophic soft sets [ 12], and generalized picture fuzzy
soft sets [13]. Furthermore, several expansion models of soft sets have been developed very quickly,
such as possibility Pythagorean fuzzy soft sets [14], possibility m-polar fuzzy soft sets [ 15], possibility
neutrosophic soft sets [16], and possibility multi-fuzzy soft sets [ 17]. Karaaslan and Hunu [ 18] de ned
the notion of type-2 single-valued neutrosophic sets and gave several distance measure methods:
Hausdorff, Hamming, and Euclidean distances for Type-2 single-valued neutrosophic sets. Al-Quran
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et al. [19] presented the notion of fuzzy parameterized complex neutrosophic soft expert sets and
gave a novel approach by transforming from the complex case to the real case for decision-making.
Qamar and Hassan [20] proposed a novel approach to Q-neutrosophic soft sets and studied several
operations of Q-neutrosophic soft sets. Further, they generalized Q-neutrosophic soft expert sets
based on uncertainty for decision-making [ 21]. On the other hand, Ulucay et al. [ 22] presented the
concept of generalized neutrosophic soft expert sets and applied a novel algorithm for multiple-criteria
decision-making. Zhang et al. [ 23] gave novel algebraic operations of totally dependent neutrosophic
sets and totally dependent neutrosophic soft sets. In 2018, Smarandache P4] generalized the soft set to
the hypersoft set by transforming the function F into a multi-argument function.

Fuzzy sets are used to tackle uncertainty using the membership grade, whereas neutrosophic
sets are used to tackle uncertainty using the truth, indeterminacy, and falsity membership grades,
which are considered as independent. As the motivation of this article, we present a novel notion
of the single-valued neutrosophic fuzzy soft set, which can be seen as a novel single-valued
neutrosophic fuzzy soft set model, which gives rise to some new concepts. Since neutrosophic
fuzzy soft sets have some dif culties in dealing with some real-life problems due to the nonstandard
interval of neutrosophic components, we introduce the single-valued neutrosophic fuzzy soft set
(i.e., the single-valued neutrosophic set has a symmetric form, since the membership (T) and
nonmembership (F) are symmetric with each other, while indeterminacy (l) is in the middle), which is
considered as an instance of neutrosophic fuzzy soft sets. The structural operations (e.g., subset,
equal, union, intersection, and complement) on single-valued neutrosophic fuzzy soft sets, and several
fundamental properties of the ve operations above are introduced. Lastly, two novel approaches (i.e.,
Algorithms 1 and 2) to fuzzy decision-making depending on single-valued neutrosophic fuzzy soft
sets are discussed, in addition to a numerical example to show the two approaches we have developed.

The rest of this article is arranged as follows. Section 2 brie y introduces several notions related to
fuzzy sets, neutrosophic sets, single-valued neutrosophic sets, neutrosophic fuzzy sets, single-valued
neutrosophic fuzzy sets, soft sets, fuzzy soft sets, and neutrosophic soft sets. Section 3 discusses
single-valued neutrosophic fuzzy soft sets (along with their basic operations and structural properties).
Section 4 gives two algorithms for single-valued neutrosophic fuzzy soft sets for decision-making.
Lastly, the conclusions are given in Section 5.

2. Preliminaries

In the following, we present a short survey of seven de nitions which are necessary to this paper.

2.1. Fuzzy Set

De nition1 (cf. [1]). Assume thai (i.e.,X = f Xy, X2, ...,Xp0) is a set of elements andxp) is a membership
function of element x2 X. Then

(1) The following mapping (called fuzzy set), is given by
m: X! [0,]

and[0, 11X is a set of whole fuzzy subset over X

2) Let
me ) M) ’”(XP) Xp2 X 2 [0,1%
X1 X2 Xp
and
n(xl), n(Xz), ’n(xp) Xp2 X 2 [0,1%.
X1 X2 Xp
Then
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(1) The unionm[ n,is de ned as

m(x1) _ n(xy) m(xz) _ n(xp) m(Xp) _ n(xp) «

m[ n=
X1 X2 Xp

p2 X
(2) The intersectiom\ n, is de ned as

m\ n= X

m(x1) * n(x1) mMxz) * n(xz) m(xp) * n(Xp) X 2

X1 X2 Xp
2.2. Neutrosophic Set and Single-Valued Neutrosophic Set

De nition 2 (cf. [25,26]) Assume that X (i.e., X= f X1, X2, ...,XpQ) is a set of elements and

Te (Xp)., I (Xp), Fe (Xp)

Xp

F =

(1) If Te(xp) 2]0 ,1*[ (i.e., the degree of truth membershipy,(xp) 2]0 ,1*[ (i.e., the degree of
indeterminacy membership), arfgt (xp) (i.e., the degree of falsity membership), tiferis called a
neutrosophic set on Xlenoted byNS)X.

(2) It Te(xp) 2 [0, 1] (i.e., the degree of truth membershig)(xp) 2 [0, 1] (i.e., the degree of indeterminacy
membership), and: (xp) 2 [0, 1] (i.e., the degree of falsity membership), theis called a single-valued
neutrosophic set on Xlenoted by SVNS)X.

2.3. Neutrosophic Fuzzy Set and Single-Valued Neutrosophic Fuzzy Set

De nition 3  (cf. [27]). Assume that X (i.e., X= f X1, X2, ...,XpQ) is a set of elements and

Te (%p). 1 (Xp), Fe (Xp), M(Xp)
Xp

(1) If Te(xp) 2]0 ,17[ (i.e., the degree of truth membershi),(x,) 2]0 ,17[ (i.e., the degree of
indeterminacy membership), arfet (xp) (i.e., the degree of falsity membership), tikeris called
a neutrosophic fuzzy set on,Xenoted bfNFS)X.

(2) 1f Te(xp) 2 [0, 1] (i-e., the degree of truth membershi)(xp) 2 [0, 1] (i.e., the degree of indeterminacy
membership), an8: (xp) 2 [0, 1] (i.e., the degree of falsity membership), theis called a single-valued
neutrosophic fuzzy set on,Xlenoted by SVNFS)X.

De nition 4 (cf. [27]). LetF,Y 2 (SVNFSX, where

|f _ Tﬁ (Xp)! ||3(Xp))(v':lf (Xp)an(Xp) Xp 2 X, 0 T|f (Xp)+ ||3(Xp)+ Flf (Xp) 3
p

and

Tg(xp), |8 (Xp), Fg(xp), nf(xp)
Xp

Y =

The following operations (i.e., complement, inclusion, equal, union, and intersection) are de ned by

Fe(xp), 1 1g(Xp), Te(xp), 1 m(xp)

(1) Fe= -

Xp2 X
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(2 F Y 0 T (Xp) T(xp). 1¢ (Xp) 12 (Xp), Fe (%p) FO(xp) and m(xp)
m(xp) (8xp 2 X).
@B F=Y() F YandY F.

F (xp) _ Fé’(xp), I (xp) |8(Xp)a Te (xp) ® T8(Xp), m(Xp) _ ”P(Xp)

4 F[V= . Xp2 X
p

5) E\ V= R (xp) " Fg(xp)' le (xp) _ |8(Xp))(a Te (xp) _ T8(Xp), m(xp) " ”P(Xp) Xp 2 X
p

2.4. Soft Set, Fuzzy Soft Set, and Neutrosophic Soft Set

De nition 5 (cf. [4,7,28]). Assume thaiX (i.e.,X = fxq,X2,...,XpQ) is a set of elements andi.e.,| =
fiq,ip,...,iq0) is a set of parameters, whémg g2 N, N are natural numbers Then
(1) The following mapping (called a soft set), is given by

S:11 P(X),

where BX) is a set of all subsets over X
(2) The following mapping (called a fuzzy soft set), is given by

S: 11 [0,1%,

where[0, 1]X is a set of whole fuzzy subset over X.
(3) The following mapping (called a neutrosophic soft set), is given by

€11 (N9X,
where(NS)X is a set of whole neutrosophic subset over X.

Example 1. Assume that the two brothers Mr. Z and Mr. M plan to go the car dealership of ce to purchase a new
car. Suppose that the car dealership of ce contains types of new carbxq, X», X3, Xx4g and | = fiq,io,i3g
characterize three parameters, wheis i‘cheap”, b is “expensive”, and4 is “beautiful”. Then

(1) By De nition 5(1) we can describe the soft setsSgs) = f x1,X30, Sj,) = f X3, X409, andS;;,y = f x20.
Therefore,
fx1,%39 fx3,Xx49 X0
ip 02 s

S =

(2) It is obvious to replace the crisp number 0 or 1 by a membershi% of fuzzy inforg1ation. Therefore,

. ; - 030406 05
Ry De nition 5(02) we carr1] describe theofuzzy soft sets &y, = N % Xet X S,

X1' Xz ' X3 Xg

0.6 09 0.1 0.2 — 07 05 0.2 09

y S(|3) - 71,72,73,74 Then,
8n on on 09
< 03 04 06 0.5 0.6 09 0.1 0.2 07 0

o

o©

N

o

©
|

§= 17 X2' X3 Xg4 X1 X2' X3 X1’ X2 X3 X4

- il i2 i3 ;

i

(3) By De nition 5(3) we can describe the neutrosophic soft sets as

g _ (030705 (01,0805 (02,0608 (04,0709
(|1) - Xl ’ X2 ’ X3 ’ X4 ’

g _ (03,0705 (01,0805 (02,0608 (050803
(i) — X1 ! X2 ' X3 ' X4 '
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and

g _ (03,0705 (01,0805 (02,0608 (08,09,03
(i3) — X1 ! X2 ' X3 ’ X4

3. Single-Valued Neutrosophic Fuzzy Soft Set
In the following, we propose the concept of a single-valued neutrosophic fuzzy soft set and study

some de nitions, propositions, and examples.

De nition 6.  Assume thaiX (i.e.,X = Xy, X2, ...,XpQ) is a set of elements(i.e.,| = fiy,ip,...,igQ) is a
set of parameters, arfX' is called a soft universe. A single-valued neutrosophic fuzzy soft §$toverx,
denoted by SVNFSX!  is de ned by

Tﬁ(lq)(Xp), l,s(lq)(xp), F,g(lq)(xp), m(xp)

Xp

Flg = g2 1 xp2 X, 0 T Op)* e () + Fe () 3,

wherep,q2 N (N are natural numbersandm(xp) 2 [0, 1]. For each parametég 2 | and for eack, 2 X,
Tﬁ(_ )(xp) 2 [0, 1] (i.e., the degree of truth membershit;)(,_ )(xp) 2 [0, 1 (i.e., the degree of indeterminacy
Iq Iq

membership), and,glf_ )(xp) 2 [0, 1] (i.e., the degree of falsity membership).
Iq

Example 2. Assume thaX = f x4, X2, X3g are three kinds of novel cars ahd fiq,i,i3gare three parameters,
whereiy is “cheap’, i, is “expensive”, ands is “beautiful”. Letm?2 [0, 1]X and If(iq) 2 (SVNF9X! are
de ned as followgq = 1,2, 3:

£ _ (03,07,050p (0.1,08050F (02,06080y
(|1) - Xl 1 X2 1 XS ’

£ _ (09,04,050y (03,07,050) (08020608
(|2) - Xl 1 X2 1 XS ’

£ _ (06030505 (0305060) (07,01,0608
(iz) — X1 ! X2 ' X3 '

Additionally, we can write by matrix form as

0 1
I\ X1 X2 X3

‘o % i, | (0.3,0.7,05,0P (0.1,08,05 05 (0.2,0.6,08,0) &
i, | (0.9,0.4,05,0¥ (0.3,0.7,0.5,0% (0.8,0.2,0.6,08 X "
5| (0.6,0.3,05,06 (0.3,0.5,0.6,0 (0.7,0.1,0.6,0.8

De nition 7. LetF ), Y,y 2 (SYNFS*! oversX! andmnP2 [0, %, where

Tﬁnm(xp)"ﬁoq>(xp)’Fﬁoq>(Xp)’ S 21, x,2%X,0 T, I F 3
- + ~ + ~
Xp lge I, Xp ) F(iq)(xp) F(iq)(xp) F(iq)(xp)

Fig =
and

T2 (xp),19  (xp),FQ  (xp), f{x
Y(.q)( p) Y(lq)( p) Y(.q)( p), M(xp)

? . =
(iq) Xp

g2 1, xp2X,0 T2 (x)+ 19 (xp)+ EQ (x 3.
q P Y(‘q)( 2 Y(iq)( 2 Y(iq)( )

Then,F (i) b \?(iq) (i.e.,lE (ia) is a single-valued neutrosophic fuzzy soft subsé&@(}‘)) if

1) mxp) nlxp) 8xp 2 X;

() Forallig2 1,xp2 X, T¢ (Xp) T9 (xp): 1e ) (%) 19 (xp), Fe

X FO  (xp).
Y(ig) (iq) (iq)( p) Y(iq>( p)
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Example 3. (Continued from Example 2). Lét(iq) 2 (SVNF9*! be de ned as followy = 1,2,3:
0 1
| ‘ X1 X2 X3 -
. % i, | (0.4,0.6,0.4,0% (0.2,0.7,0.3,05 (0.3,0.4,0.7,)
i, | (1,0.3,0.5,08 (0.4,0.6,0.4,05 (0.9,0.2,0.4,0p
is | (0.7,0.2,0.4,0¥ (0.4,0.5,0.6,05 (0.8,0.1,0.5,0F

ThUS,'f(iq) b ?(iq) (8|q 2 |)
De nition 8. LetF ), Y,y 2 (SYNFSX! oversX! andmnP2 [0, 7%, where

Tﬁ(lq)(Xp), l,e(lq)(xp), F,g(lq)(xp), m(xp)

Flg = o g2 1, %92 X, 0 Te (o) + e Op)*+ Fe (%) 3
and

Vg = Y<' b lY( >(Xz: Fg(“‘)(xp)'nﬂxp) ig2 1, xp2 X, 0 Tg(‘q)(xp) @) Ry (o) 3
Then,lf(i ) (ia) (i.e., F(, ) is a single-valued neutrosophic fuzzy soft equaY(o)) if F(, ) b Y(I

andF(iq) C Y('q)
De nition 9. Letlf(iq) 2 (SVNF9X! oversX! andm2 [0, 1%, where

- T i (X0): i (X0). P (0 Mxp)
Flo = X5 ig21,%2X,0 Tﬁ(lq)(xp) e, )(xp) F(| (xp) 3

overSX!. Then,

Q) F (ia) is called a single-valued neutrosophic fuzzy soft null set (denotefqilgw, de ned as

— (0110

() F (ia) is called a single-valued neutrosophic fuzzy soft universal set (denotﬁqqp)/, de ned as

X(iq) = (1?(70])“ 21, Xp2 X
P

Example 4. (Continued from Example 2). ThelﬁE(iq),X(iq) 2 (SVNF9*! are de ned as follows:
0 1
| ‘ X1 X2 X3 .
p —_— Il (0111110 (0111110 (0111110
A= .
i |(0,1,1,9 (0,1,1,0 (0,1,1,0
iz|(0,1,2,9 (0,1,1,9 (0,1,1,9

and
X2 X3

0
‘- % (1001) (1,0,0,9 (1,009 &
(1,0,0,9 (1,0,0,9 (1,0,0,9

0| (L0,0.9 (L0,0,9 (L0.0,9
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De nition 10.  LetF (), Y,y 2 (SVNFS*! overs*' andmnP2 [0, %, where

Tﬁ(lq)(Xp), l,e(lq)(xp), F,g(lq)(xp), m(Xp)

Flg = o 02 1, Xp2 X, 0 T (xp)* Ig (xp)+ Fe(Xp) 3
and

. Y<| (Xp), Iy( )(Xp)ng(lq)(Xp)’nP(Xp) . o

Yiig) = ™ ig21,x2X,0 T?(‘q)(xp) (xp) (xp) 3.
Then,

(1) The unionF ;yd V¥, is de ned as

Tﬁ(lq)(xp) Tg(iq)(xp)Jﬁ(iq)(Xp) |8Uq)(xp)xFﬁ(iq)(Xp) F?(iq)(xp),n(xp) n’f)(xp)

FlgdYag = % ig2 1,Xp2 X .

(2) Theintersectior ;) e Y, is de ned as

Tﬁ(lq)(xp) Tg(iq)(xp)’Hf(lq)(Xp) |8(‘q)(xp)": (p) FO (p) n'(xp) n‘P(xp)

ﬁ(iq)e?(iq)= Xp |q2|,Xp2X .

Example 5. (Continued from Examples 2 and 3). Farb 2 [0, 1], let the t-norm (i.e., givenaa b= a” b)
and the t-conorm (i.e., given@as b = a__ b). Then,

0 1
| ‘ X1 X2 X3

. o Bi,1(04,06040% (02070305 (030407] &
FdY=8
i | (1,0.3,0.508 (0.4,0.6,0.4,05 (0.9,0.2,0.4,0p
i3 | (0.7,0.2,0.4,0 (0.4,0.5,0.6,06 (0.8,0.1,0.5,0%

and
X2 X3

0

- % (0307050)2 (0.1,0.8,0.5,05 (0.2,0.6,0.8,0¥ &
FeV=

(0.9,0.4,0.5,0) (0.3,0.7,0.5,0% (0.8,0.2,0.6,0

i3 | (0.6,0.3,0.5,06 (0.3,0.5,0.6,0) (0.7,0.1,0.6,0.8

Proposition 1. Let ;. X (i) F (i) 2 (SVNFSX! overSX! andm2 [0, 1J%. Then the following hold:
@M FagdFag = Foy:
(2) F(lq) eFp = F<|q>v

@3 Fg )d“iuq) = F(uq)

@) Fipe K= A':(lq)’
(5) FigdX(ig = X(ig:

(6) F (Iq) e X(Iq) = F (Iq)'
Proof. Follows from De nitions 9 and 10. [
Proposition 2. LetF ), ¥ (i), i) 2 (SVNFS*! overs*! andmnf,nf% [0, 1%. Then the following hold:

(1) IE(i)d\?(i):\?(i)o'ﬁ(iq)'
@ FapeYiy=Yage F(lq)’
(3) F(|q) d (Y(Iq) d G(|q)) =( F(|q) dYy)dGiy:
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@) FageVueGg)=(FueYupleGyi
®) Fge Vg dGig) = (Fig © Yiig) d (Fig © Gig):
©) Fipd (Yo € Gig) = (Fig d Yiig) € (Fig d Gig)-

Proof. Follows from De nition 10. O

Proposition 3. LetF ), Y, 2 (SYNF9*' overs¥!,mnP 2 [0,7%, and Y;,, b F). Then the
following hold:

WF i d Yo = Fg

@F o) € Yig = Y-

Proof. Follows from De nitions 7 and 10. O

Next, we propose a de nition, example, remark, and two propositions on the complement of
(SVNFS)*X! over SX!'.

De nition 11. Letlf(iq) 2 (SVNF9*! overS*! andm2 [0, 1%, where

. TF( )( p) |F(| (xp), FF (Xp) m(Xp) ]
Flog = % ig2 1, xp2 X, 0 Tﬁ(iq)(xp) (xp) Fe, )(Xp) 3.

Then, the complemeﬁt(I  of F (;,) is de ned as

N F i (Xp)1 1 I|f i (Xp)vTﬁ i (Xp)1 1 rT(Xp)
Fe . = (ia) (g (o ig2 1, Xp2 X
('q) Xp q p

Example 6. (Continued from Example 2). The complemélﬂq) of F (ia) is calculated by
0 1

| ‘ X1 X2 X3
m

Eeo %il (0.5,0.3,0.3,08 (0.5,0.2,0.1,05 (0.8,0.4,0.2,0.}3§
i» | (0.5,0.6,0.9,08 (0.5,0.3,0.3,05 (0.6,0.8080p A
i3 | (05,0.7,0.6,0% (0.6,0.5,0.3,05 (0.6,0.9,0.7,0)

Proposition 4. Let &y, X (i) F (i) 2 (SVNFSX! oversX!, andm2 [0, 1]X. Then, the following hold:

(l) ’ZIE(C|q) X(Iq)’
(2) (|q) A-:(|q),
(3) (F(|q))c_ F(|q)

Proof. Follows from De nitions 9 and 11. O

Remark 1. The equality ofF ) d Iffiq) = Xy and Fg e Iffiq) = /g, does not hold by
the following example.

Example 7. (Continued from Examples 2 and 6). Thénci ) of F (iq) IS calculated by
q q

0 1

X2 X3 c

Egges (0503030}3 (0.5,0.2,0.1,05 (0.8,0.4,0.2,08
(0.5,0.6,0.9,08 (0.5,0.3,0.3,056 (0.6,0.8,0.8,0

i1 | (0.5,0.7,0.6,0% (0.6,0.5,0.3,05 (0.6,0.9,0.7,0)
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and 1

0
X2 X3 ~
_% (03070502 (0.1,0.8,0.5,0p (0206080)7§
(0.9,0.4,05,0y (0.3,0.7,0.5,0% (0.8,0.2,0.6,08

'I'I)

i3 | (0.6,0.3,05,05 (0.3,0.5,0.6,0% (0.7,0.1,0.6,08

This shows thaF(, yd F(lq) & Xy andF e Ffiq) & A,

Proposition 5. LetF (., ¥ (i) 2 (SVNF9*! overs*! andmnP2 [0, %. Then, the following hold:

(1) (F (ig) d Y(|q)) ? (, )

(2) (F(iq) € Y(I ) ?'q) (iq)'

Proof. Considera b= a” b(t-norm)and a b= a_ b (t-conorm) (8a,b 2 [0, 1]). We have
(D) (Figd Y(ig)(xp)

5 0 . 9 . 0
Tep(e) 19 O0) b (x) 19 (Xp). P (Xp) FY (Xp). () m(xp) c

= ig2 1,xp2 X
% ig2 1,xp

Fﬁ(iq)(xp) F$(iq)(xp),l (|ﬁ<iq)(xp) |$(iq)(xp)):Tﬁ(iq)(Xp) T$(‘q)(xp)yl (mxp)  nH(xp))

= X ig2 I,xp2 X
~ Fﬁ(‘q)(xp)'\ F?(‘q)(xp),l U )(Xp) )(Xp))’Tﬁ(‘q)(xp)_Tg“q)(xp):l (m(xp) _ nf(xp)) o leax
= % ig2 1,%p
. A RO . ] N A
FF(, )( p) F( )(xp),l lFuq)(Xp)—l l?(.q)(xp)’Tqu)(xp)— v )(xp) 1 mxp) 1 nfxp) oy
o q4 lixp
Fe  (Xp) F (Xp)vl le (xp) 1 (Xp) TF (Xp) Te (xp), 1 mxp) 1 "‘P(Xp)
= o il o ig2 1,%p 2 X
o qe biXp
OOl L T O0).Te  (xp), 1 mi(xp) R (ol 1§ 00T (xp) 1 flxp)
= % u g2 Lxp2 X e 4 4 % < ig2 1,xp2 X
= 'E?iq)(xp) e ?fiq)(xp)
= Y c
) (F g € Y(ig)(Xp)
0 0
B F(@( p) T ( Xp), IF(‘Q)(XFJ) |{( (xp), K £ )(Xp) F?(‘q)(xp),r‘r(xp) r'rP(xp) ) c
= ig2 I,xp2 X
Xp
FF(‘ (Xp) FO (Xp) 1 (IF(‘ (Xp) Iy( )( p))vTﬁ(‘qJ(Xp) Té’“q)(xp),l (m(xp)  mR(xp)) _
ig2 I,xp2 X
Xp
~ Fﬁ(‘q)(xp)_ F?(‘q)(xp)yl (1 £ )(Xp)_ )(Xp))xTﬁ(‘q)(Xp)A T\?(‘q)(xp)vl (m(xp) * n(xp)) ooy
h Xp q2 lixp
. 0 . A ] N A T0
- FF(lq)(xp)— FQ(IQ)(XP)’]- lF(\u)(Xp) . Iy(lq)(Xp)’TF(‘q)(Xp) T‘;(m)(xp)’l o)1 np(xp) ig2 I,xp2 X
h Xp qs lixp
A 0 N ] N 0
FF(‘Q)(XD) FQ([Q)(XP)'J' ':(Iq)(xp) 1 |g(lq)(xp)’TF(‘q)(Xp) TQ(IQ)(XP)vl mxp) 1 nf(xp) ooy
Xo g hiXp
Feig (o)1 Te (0). e (xp) 1 mi(xp) FS(‘q)(xp),l |8(‘q)(xp)ngm(xp)-1 mixp)
= X ig2 1,xp2 X d X ig2 1,xp2 X

O ) ngq)(xp) d Yfiq)(xp)'
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4. Two Algorithms of Single-Valued Neutrosophic Fuzzy Soft Sets for Decision-Making

Depending on single-valued neutrosophic fuzzy soft sets, in the following, we introduce two new
approaches for fuzzy decision-making problems.

Next, we construct Algorithm 1 as the rst type for decision-making (i.e., the rst application of
a single-valued neutrosophic fuzzy soft set).

Algorithm 1. Determine the optimal decision based on a single-valued neutrosophic fuzzy
soft set matrix.

First step: Input the single-valued neutrosophic fuzzy soft set lf(iq) 2 (SVNF9X! as follows:

Te g 0 T ) (X0). P ) Op), (xp)

Xp

F(iq) = ig21,x2X,0 Tﬁ(iq)(xp)+ |'§(Iq)(Xp)+ Fﬁ(iq)(xp) 3,

to be evaluated by a group of experts n to element x on parameter i, where T,g(_ )(xp) 2 10,7
'q
(i.e., the degree of truth membership), I,e(_ )(xp) (i.e., the degree of indeterminacy
Iq
membership), F,g(, )(xp) (i.e., the degree of falsity membership), and m(xp) 2 [0, 1].
Iq

Second step: Input the single-valued neutrosophic fuzzy soft set in matrix form (written as
Mg p,P.d2 N):

° Tep O le () Fe () mOxa) - T )l (%), Fe (%) (x2) Te i 0) Te ) Ocp). B (%p). m(xp) !
Te ) OO e () FeOa)mxa) T 0) I (), Fe ) (%2),m(xe) Te 1 60): e ) (%0): Fe ) (%p). ()
Mgp= B T 00 le () Fe Galmla)  Te O)le (%) P (xa), m(xo) Te ) (%0): T o (X0). Fe L (xp). 1(p)
Te Ol G Fe G TO) e 0.l () e (00,0 Te o, 00T 060, Fe (69 T000)
Third step:  Calculate the center matrix (i.e.,
d= (Xp)=(Te (xp)+ lg (Xp)+ Rz (X Xp)):
oo 00) = (Te (o) + 1 (xp)+ R (xp))  1(xp)
0 1
de (X d=  (x , de (X
F(il)( 1) F(il)( 2) F(il)( p)
de (X d=  (x , de (X
_ F(iz)( 1) F(iz)( 2) F(iz)( p)
Cy n=
q p . . .
d=  (x d=  (x , de (X
o 00 G, O2) E o %0)

Fourth step: Calculate the d"#(x;) (maximum decision), dm"‘(xj) (minimum decision), and
S(x;) (score) of elementsx; (j = 1,2, ,p):

q q
") = & 1 de () 4 d™M0)= & (d (x))?
T S(xj)F:('qu‘l‘X(xj)+ dm'”(xj). o
(to understand the motivation behind this method, let r be the Euclidean metric on RY,
0=(0, ,0T2R%1=(1, ,)T2R%andqg = (G B ,qq,xj)T 2 RY. Thus
S(xj) = [r(a, DI*+[r(q,01° (=12, ,p).
Fifth step: Obtain the decision p satisfying

Xp = max S(x1),S(x2), ,S(xj) .

Now, we show the principle and steps of the above Algorithm 1 by using the following example.
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Example 8. An investment company wants to choose some investment projects to make full use of idle funds.
There are ve alternativeX = f z;, z», z3, Z4, Z5g that can be selected: two internet education projects (denoted
asz; andzy) and three Im studio investments (representedzasz, zs). According to the project investment
books, the decision-makers evaluate the ve alternatives from the following three pardmetersi,, izg,
whereiq is “human resources’, is “social bene ts”, ands is “expected bene ts”. The data of the single-valued
neutrosophic fuzzy soft sét(iq) 2 (SVNF9*! is given by

0 1

| ‘ 1 ) Z3 Z4 43 =
IE _ Eg) i, | (0.3,0.7,0.5,0p (0.1,0.8,0.5,0p (0.2,0.6,0.8,0y (0.5,0.6,0.50p (0.4,0.7,0.9,01 g
i | (0.9,04,05,0y (0.3,0.7,0.50% (0.8,0.2,0.6,08 (0.3,0.7,0.2,0p (0.7,0.8,0.8,0.8 ’

iz | (0.6,0.3,050p (0.3,05060% (0.7,0.1,0.608 (0.8,0.9,0.60)% (0.7,0.80.90%

Now, we will explain the practical meaning of alternativédy taking the alternative, as an example:
the single-valued neutrosophic fuzzy soft éqpl)(zl) =(0.3,0.7,0.5,0.Ris the evaluation by four expert
groups; the single-valued neutrosophic fuzzy soft value 0.3 (meaning tBasag@ yes in the rst expert group)
in F (iy )(zl) the single-valued neutrosophic fuzzy soft value 0.7 (meaning 70% say no in the second expert
group) in F (,1)(21) the single-valued neutrosophic fuzzy soft value 0.5 (meanifg 58y yes in the third
expert group) inF (i) (21), and fuzzy value 0.2 (meaning 20% say no in the fourth expert groumd,n)(zl)
Then, the single-valued neutrosophic fuzzy soft set in matrix fdfrg 5 in the second step of Algorithm 1 is

given by 1
(0.3,0.7,0.5,0. (0.9,0.4,0.5,0.y (0.6,0.3,0.5,0.p

(0.1,0.8,0.5,05 (0.3,0.7,0.5,0% (0.3,0.5,0.6,0)
Mss= B (0.2,0.6,0.8,0y (0.80.2,0.6,08 (0.7,0.1,0.6,08
(0.5,0.6,0.5,02 (0.3,0.7,0.2,05 (0.8,0.9,0.6,0)t
(0.4,0.7,0.9,0) (0.7,0.8,0.8,08 (0.7,0.8,0.9,0

Thus, we obtain the following center matrix G of M 3 5 in the third step of Algorithm 1.

1
1.3 11 0.8
09 11 1
C3 5= 09 08 11
14 0.7 19
19 2 18

By calculating, we get8®(z), dmi”(zj), and §z) of elementszj = 1,2,3,4,5:
dM(z;) = 0.14,dM¥(z,) = 0.02,dM¥¥(z3) = 0.06,d*(z4) = 1.06,d™(z5) = 2.45;

dM"(z;) = 3.54,dM"(z,) = 3.02,d™"(z3) = 2.66,dM"(z4) = 6.06,d™"(z5) = 10.85;
S(z1) = 3.68,5(22) = 3.04,(z3) = 2.72,5(z4) = 7.12,5(z5) = 13.3.

Finally, we can see from the fth step thaf is the best decision.

Now, we present Algorithm 2 as a second type for a decision-making problem (i.e., a second
application of the single-valued neutrosophic fuzzy soft set) as follows:
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Algorithm 2: Determine the optimal decision based on AND operation of two single-valued
neutrosophic fuzzy soft sets.

First step: Input the single-valued neutrosophic fuzzy soft sets If(iq) 2 (SVNF9*! and
\A((jq) 2 (SVNF9™, de ned, respectively, as follows:

F(. (xp), g (Xp)xFﬁ(‘q)(Xp)x”(Xp)

Xp

ﬁ(iq) = ig2 1, %2 X, 0 Tﬁ(lq)(xp)+ ||£(|q)(xp)+ Fﬁ(lq)(xp) 3,

to be evaluated by a group of experts n to element x on parameter i, where T,g(_ )(xp) 210,17
'q
(i.e., the degree of truth membership), I,e(_ )(xp) (i.e., the degree of indeterminacy
Iq
membership), F,g(, )(xp) (i.e., the degree of falsity membership), and m(xp) 2 [0, 1],
iq

(xp), 19 v )( p)'Fg(jq)(Xp)inRXp)

Xp

Y(J

V= 923 %p2X,0 T (xp)+ 19 (xp)+ F (xp) 3
(o) Ja s o Xp s A Voo U0 T Ty, )+ Ry, (%)

to be evaluated by a group of experts n to element x on parameter j, where TQ?_ )(xp) 210,71
ig
(i.e., the degree of truth membership), I;(? )(xp) (i.e., the degree of indeterminacy
iq

membership), F{(?_ )(xp) (i.e., the degree of falsity membership), and n(xp) 2 [0, 1].
i

Second step: De ne and calculate the AND operation of two single-valued neutrosophic
fuzzy soft sets F () 2 (SVNF9*! and Y ;) 2 (SVNFS*?, denoted by
(F™Y)(iqjq (812 1,j2 ), denedas

Te i (0) T\?( o U0 1 (%) I$<|q)(xp)’ e 1 (X0) - Fg(m)(xp),n(xp) " i)

(F™)iqia) = X

iq2 1,jg2 Ixp2 X .

Third step: De ne and write the truth membership (lfr\?)aq i,y the indeterminacy
membership (lfr\?)ziqjq), and the falsity membership (ﬁﬁ\?)gqjq), respectively, as follows:

Tﬁ(iq)(xp) " T8(jq)(xp), m(xp) ~ Mxp)

fonT . .
(F™){ioio = % ig2 1,ig2 Ixp 2 X
| ||f(iq)(xp) _ |8(j )(Xp)7 m(xp) * rﬁ)(Xp)
kel 9 _ q . .
(F™)(igio) = % ig2 1,jg2 Ixp2 X
and
|:( )( p) _ (Xp) m(xp) " ”P(Xp)
Fourth step: De ne and compute the max-matrices of (Ifr\?)aqjq), (Ifr\?)ziq joy» and
(ﬁr\?)gqjq), respectively, for every xp 2 X as follows (p= 1,2, ,N):

(ﬁﬂ?)aq,iq)(xp) = % (Tﬁ(iq)(xp)/\ Tg(m(xp))*( m(xp) » nf{(xp))

(F™ )i (p) = (e 09) 19 09))  (mxp) ~ mflxg))
and

(ﬁﬁ\?)gq’jq)(xp) = (Fﬁ(iq)(xp) _ F$(jq)(xp)) (m(xp) ~ nf(xp)
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Algorithm 2: Cont.

Fifth step:  Calculate and write the max-decision t1 (i.e.,tt: X! R),t; (i.e.,t;: X! R),

“and t - (i . | = ovT = 7ov | = Av )\ F
andtg (i.e.,,tg: X! R)of (F Y)(iq’jq), (F Y)(iq’jq), and (F Y)(iq
every xp 2 X asfollows (p= 1,2, ,N):

o)’ respectively, for

tr(xp) = & dr(xp)(i,i), tilxp) = & Or(xp)(ii), and @  de(xp)(i. i),

(i.H21 3 (i.pH21 3 (i.n21 3
where
8 . . a I
B (F™) (i 0)s (FY) i (Xp) = maxt (FRY) (o (xp) s (uv) 21 3
dT(Xp)(IIJ) = > ’
"0, otherwise
8 . . an N
- > (FWY)ziq’jq)(xp), (FWY)Eiq,jq)(xp) = maxf(FWY)Euq'vq)(xp) (uv) 21 X
di(xp)(i0) = ,
"0, otherwise
8 . . SN I
I (FNY)Eq,jq)(Xp)’ (FTY)Eq,jq)(XP) = maxf(FWY)(Fuq’Vq)(xp) (uv)21 I
xR (id) =
"0, otherwise
Sixth step: Calculate the scoreS(x,) of element xp as follows (p= 1,2, ,N):

S(xp) = t1(xp) + t1(xp) + te(Xp).

Seventh step: Obtain the decision p satisfying

Xp = max S(x1),S(x2), ,S(xj) .

Now, we show the principle and steps of the above Algorithm 2 using the following example.

Example 9. (Continued from Example 11). Suppose that an investment company also adds three different
parameters] = fjq,jo, 30, wherej; is “marketing management’j, is “productivity of capital”’, andjs is
“interest rates”. The data of the single-valued neutrosophic fuzzy soft éqqtz (SVNFS)* is given by
0 1
J ‘ 71 ¥2) Z3 24 Zg5 =
v = % j1 | (0.5,0.6,0.7,0% (0.3,0.2,0.7,08 (0.6,0.9,0.4,08 (0.8,0.8,0.2,0)L (0.9,0.5,0.4,0p §
j» | (0.8,04,05,0p (0.7,0.9,0.2,0)L (0.3,0.3,0.9,0% (0.9,0.4,050F5 (0.7,0.8,0.7,0p
ja | (0.9,0.9,0.5,08 (0.5,0.9,0.2,0)L (0.6,0.6,0.1,0F (0.5,0.7,0.8,08 (0.6,0.2,0.4,0F

Now, we explain the practical meaning of alternativeédy taking the alternative; as an example:
the single-valued neutrosophic fuzzy soft i’@}l)(zl) = (0.5,0.6,0.7,0.1is the evaluation by four expert
groups; the single-valued neutrosophic fuzzy soft value 0.5 (meani#gsad yes in the rst expert group)
in \?(jl)(zl), the single-valued neutrosophic fuzzy soft value 0.6 (meaning 60% say no in the second expert
group) in Y(jl)({l), the single-valued neutrosophic fuzzy soft value 0.7 (meanitg 38y yes irlthe third
expert group) inY (; (Azl): and fuzzy value 0.4 (meaning 40% say no in the fourth expert group) i) (z1).
Then, by computingﬁFWY)(iq‘jq) (g= 1,2,3 in the second step of Algorithm 2, we obtain the following:
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Ery

21

22

Z3

Z4

Z5

By calculating in the third step of Algorithm 2, we get the truth memberskip™Y)
the indeterminacy membersl‘ﬂéﬁ\?)zi

(q=1,2,3:

(i1,j1)
(i1,]2)
(i1,]3)
(i2,]1)
(i2,]2)
(i2,j3)
(i3,j1)
(i,]2)
(i3, ]3)

(0.3,0.7,0.7,0p
(0.3,0.7,0.5,02
(0.3,0.9,0.5,0.p
(0.5,0.6,0.7,0
(0.8,0.4,0.5,0p
(0.9,0.9,0.5,0.8
(0.5,0.6,0.7,04
(0.6,0.4,0.5,0.p
(0.6,0.9,0.5,08

(0.1,0.8,0.7,05
(0.1,0.9,0.5,01
(0.1,0.9,0.5,0
(0.3,0.7,0.7,0%
(0.3,0.9,0.5,01
(0.3,0.9,0.5,0
(0.3,0.5,0.6,0%
(0.3,0.9,0.6,0
(0.3,0.9,0.6,01

(0.2,0.9,0.8,08
(0.2,0.6,0.9,0
(0.2,0.6,0.8,05
(0.6,0.9,0.6,08
(0.3,0.3,0.9,0
(0.6,0.6,0.6,05
(0.7,0.8,0.6,01
(0.3,0.3,0.9,08
(0.6,0.6,0.6,08

(0.5,0.8,0.5,0)L
(0.5,0.6,0.5,02
(0.5,0.7,0.8,02
(0.3,0.8,0.2,0)1
(0.3,0.7,05,05
(0.3,0.7,0.8,05
(0.8,0.9,0.6,0L
(0.8,0.9,0.6,0%
(0.5,0.9,0.8,0

(0.4,0.7,0.9,0)L
(0.4,0.8,0.9,0)
(0.4,0.7,0.9,0
(0.7,0.8,0.8,0p
(0.7,0.8,0.8,0.2
(0.6,0.8,0.8,08
(0.7,0.8,0.9,0p
(0.7,0.8,0.9,0p
(0.6,0.8,0.9,05

é

é

%l

qla)’

PN 1
(FNY)T Zq Z2 Z3 Z Z5
(in.j) | (03,029 (01,05 (02,03 (05,03 (04,01
(i1,j2) |(0.3,09 (0.1,0.) (0.2,09 (0.5,0.9 (0.4,0.)
(i1,j3) |(0.3,09 (0.1,0.) (0.2,0.5 (0.5,0.9 (0.4,0.)
(i2,i1) | (05,09 (03,09 (06,03 (0.3,0.) (0.7,0.9
(i2,j2) |(0.8,0.9 (0.3,0.) (03,09 (0.3,05 (0.7,09 &’
(i2,j3) |(0.9,0.3 (0.3,0.) (06,09 (0.3,0.5 (0.6,0.3
(i3j1) |(05,049 (03,094 (0.7,0) (08,03 (0.7,0.2
(is,j2) | (0.6,0.9 (0.3,0.) (03,03 (08,04 (0.7,0.9
(is,j3) | (0.6,0.3 (0.3,0.) (0.6,0.3 (0.5,0.9 (0.6,0.§
(ﬁr?)l Z1 Z2 Z3 Z4 Zs5 1
(i.,j1) | (0.7,02 (08,05 (09,03 (0.8,0.) (0.7,0.)
(i1,i2) | (0.7,03 (0.9,0.) (0.6,04 (0.6,0.9 (0.8,0.)
(i,js) |(0.9,0.9 (0.9,0.) (0.6,0.5 (0.7,0.3 (0.7,0.)
(i2,i1) |(0.6,04 (07,04 (0.9,0.3 (0.8,0.) (0.8,0.2
(i2,i2) | (0.4,03 (0.9,0.) (0.3,04 (07,05 (0.8,0.9 &’
(i2,j3) | (0.9,0.3 (0.9,0.) (0.6,0.5 (0.7,0.5 (0.8,0.3
(i3,j1) |(0.6,094 (05,049 (0.8,0.) (0.9,0 (0.80.2
(i3,j2) | (04,03 (0.9,0.) (03,03 (09,09 (0.8,0.9
(is,j3) | (0.9,0.3 (0.9,0.) (0.6,0.3 (0.9,0.9 (0.8,0.9
A~ 1
(F~Y)F y4) v z3 Z Z5
(inj1) | (07,02 (0.7,05 (08,03 (05,09 (0.9,0.)
(i,j2) | (05,09 (0.5,0) (09,09 (0.502 (0.9,0.)
(i1,j3) | (05,09 (0.5,0.) (08,05 (0.8,0.9 (0.9,0.)
(i2j1) | (0.7,04 (0.7,04 (06,03 (0.2,0.) (0.8,0.2
(i2,i2) |(05,09 (05,09 (09,09 (0505 (08,09 ¢
(i2,j3) | (05,03 (0.5,0.) (06,05 (0.8,05 (0.8,0.3
(i3,j1) |(0.7,0.4 (06,04 (0.6,0.) (0.6,0.) (0.9,0.9
(is,j2) | (05,09 (0.6,0.) (0.9,0.3 (0.6,0.4 (0.9,0.9
(is,j3) | (0.5,0.3 (0.6,0.) (0.6,0.3 (0.8,0.4 (0.9,0.6
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By calculating in the fourth step of Algorithm 2, we obtain the max-matrice(sféw)aq i (ﬁﬁ\?)ziq o

and(lff\?)zq’jq) (p=1,2,3,4,5,q= 1,2,3, respectively, for every,22 X as follows:

( FrY ) T 1 V4] Z3 Z4

(i1, i1) 025 03 025 0.3 o 25
(i1,2) 025 01 03 035 0.25
(i1,3) 025 01 035 035 0.25

(i2,j1) 045 035 045 0.2 0.45
(i2,j2) 0.5 0.2 0.35 0.4 0.4
(injs) | 06 02 055 04 04
(iz,]j2) 0.4 0.2 0.3 0.6 O 45
(i3,]3) 0.45 0.2 0.45 0.45

(F~Y)! y4) v z3 Z

0
(inj1) | 014 04 027 0.8 007
(inj2) | 014 009 024 012 0.08
(injs) | 018 009 03 014 0.07
(i2j1) | 024 028 027 008 0.16

(i2j) | 008 008 012 035 0.16
(i2j3) | 027 009 03 035 024
(i3j1) | 024 02 008 0.09

(i3j2) | 008 009 009 0.36 016
(i3js) | 027 009 018 036 _048

M%mrrrrrm

(=Y

(FWY)F X1 V4 z3 Z Zs
(inj) | 025 004 025 016 _06
(i.j2) | 009 016 025 009 06
(i1,j3) 0.09 0.16 0.09 0.36 _ 0.6
(ij) | 009 009 009 001 03
(inj) | 009 016 025 0 03
(izj3 | 004 016 001 009 0.2
(i3, 1) 0.09 0.04 0.25 025 0.4
(i3, ]2) 0.09 0.25 0.36 0.04 0.4
(izj3) | 004 025 009 016 0.09

By calculating in the fth step of Algorithm 2, we obtain the max-decistgnt, andt¢ of elements,y,
respectively, as follows ® 1, 2,3,4,5:

t1(z1) = 2, t7(z2) = 0.3,t1(z3) = 0.8, t1(z4) = 2.05,t7(z5) = 1.5;

t1(z1) = 0.24,t,(z2) = 0.68,t,(z3) = 0.54,1,(z4) = 1.06,t,(z5) = 0.48;
tF(Zl) =0, tF(Zz) = 0.25,t|:(23) =0, t|:(24) =0, t|:(25) = 3.87.

By calculating in the sixth step of Algorithm 2, the scog,) of elementgp(p = 1,2, 3,4, J, respectively,
are as follows:

S(z1) = 2.24,5(2,) = 1.23,S(z5) = 1.34, S(z4) = 3.11, S(z5) = 5.85.
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Finally, we know from the seventh step ttmthas a high value. Therefore, the experts should sejext
the best choice.

Remark 2.

(1) By means of Algorithms 1 and 2, we can see that the nal results are in agreement.Xghsishe most
accurate and re nable.

(2) By comparing the steps in Algorithms 1 and 2, we can see that step 4 and step 5 in Algorithm 2
are complicated in their process compared to step 2 and step 3 in Algorithm 1, respectively. So, if we take
the complexity of these steps into consideration, Algorithm 2 gives its decision concisely.

(3) Algorithms 1 and 2 that we have elaborated here arrive at their decisions by combining the concept of
single-valued neutrosophic fuzzy set theory and soft set theory. As result, we can apply Algorithm 1 to picture
fuzzy soft setsq9], generalized picture fuzzy soft sets3], and interval-valued neutrosophic soft set&]|
Further, Algorithm 2 can be applied to possibility m-polar fuzzy soft sEssdnd possibility multi-fuzzy soft
sets [17].

5. Conclusions

We introduced the notion of the single-valued neutrosophic fuzzy soft set as a novel neutrosophic
soft set model. We discussed the ve operations of the single-valued neutrosophic fuzzy soft set, such
as subset, equal, union, intersection, and complement. The structure properties of the single-valued
neutrosophic fuzzy soft set are explained. Then, a novel approach (i.e., Algorithm 1) is presented as
a single-valued neutrosophic fuzzy soft set decision method. Lastly, an application (i.e., Algorithm 2)
of a single-valued neutrosophic fuzzy soft set for fuzzy decision-making is constructed, and the
two approaches (i.e., Algorithms 1 and 2) introduce an important contribution to further research
and relevant applications. Therefore, in the future, we will provide a real application with a real
dataset or we will apply the two approaches (i.e., Algorithms 1 and 2) to lung cancer disease [ 30|
and coronary artery disease [31]. In addition, we will describe in more detail in order to clarify if the
methods (i.e., Algorithms 1 and 2 ) converge or diverge from standard approaches such as fuzzy sets
[1], intuitionistic fuzzy sets [2], picture fuzzy sets [3].
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Abstract: With the increasing automation of mechanical equipment, fault diagnosis becomes more
and more important. However, the factors that cause mechanical failures are becoming more and
more complex, and the uncertainty and coupling between the factors are getting higher and higher.
In order to solve the given problem, this paper proposes a single-valued neutrosophic set ISVNS
algorithm for processing of uncertain and inaccurate information in fault diagnosis, which generates
neutrosophic set by triangular fuzzy number and introduces the formula of the improved weighted
correlation coe cient. Since both the single-valued neutrosophic set data and the ideal neutrosophic
set data are considered, the proposed method solves the fault diagnosis problem more e ectively.
Finally, experiments show that the algorithm can signi cantly improve the accuracy degree of
fault diagnosis, and can better satisfy the diagnostic requirements in practice.

Keywords: neutrosophic set; fault diagnosis; triangle fuzzy number; weighted correlation coe  cient

1. Introduction

With the development of automation technology, these mechanical machines gradually came into
the stage of fully automated control operation [ 1-5]. In this way, people's hands are comparatively free,
and machines are more intelligent and comprehensive; however, this kind of full automation greatly
increases the probability of mechanical equipment failure as well [ 6-11]. If the mechanical equipment
has faults, the quality of the manufactured products will not pass the standard, which willa  ect the
economic bene ts of the enterprise [ 12-15]; additionally, it will bring potential danger to personal
safety [16-19]. In order to solve this problem, it is necessary to carry out fault diagnosis on mechanical
equipment on a regular basis to detect and repair mechanical equipment and ensure its normal operation.

1.1. Research Status

Therefore, the fault diagnosis of mechanical equipment has been widely concerned by
many scholars, and has been applied in the military [ 20,22-24], medical [ 25-28], economic [29-32],
and other elds. Inref. [ 33], looking at the problem of low e  ciency of fault diagnosis of automobile
exhaust system, based on a cold test, a fault diagnosis method is proposed for port vehicle exhaust
system based on the principal component analysis. The variance contribution rate of principal
component model is analyzed by the change of each variable of measurement data, and the fault
diagnosis is achieved; In ref. [34], aiming at the problem of fault diagnosis of the data-driven system,
a new diagnosis method based on Bayesian network (BN) combined with fault frequency is proposed
to realize fault diagnosis; In ref. [ 35], based on the particle Iter (PF) program, a dual estimation method
is applied to fault diagnosis; In ref. [ 36], for the problem of bearing diagnosis under the condition
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of variable speed, the method of support vector machine and neural network is used for bearing
fault diagnosis; On the basis of machine learning technology, a new depth neural network model with
domain self-adaptability is proposed in ref. [ 37], which realizes fault diagnosis, but the selection of the
best parameters of the model is random, and the application of the model is limited.

In the actual operating environment of mechanical equipment, fault information is usually
inaccurate, incomplete and uncertain. Itis di cult to use the above fault diagnosis method for
deterministic analysis and processing of fault information. In order to deal with the uncertain and
inaccurate information in the fault information, so as to better handle the fault information and
get more accurate fault diagnosis results, Smarandache B8] proposed the theory of neutrosophic
set from a philosophical point of view. It describes the uncertainty, imprecision, and inconsistent
information in the objective world much better. The literature [ 39] introduced the theory of interval
neutrosophic set and single-valued neutrosophic set; The literature [ 40] proposed the theory of
simpli ed neutrosophic set; Literature [ 41] proposed a single-valued neutrosophic set SVNS method
with a weighted correlation coe  cient to realize fault diagnosis. However, the correlation coe  cient
does not comprehensively consider the single-valued neutrosophic set and ideal neutrosophic set data
under various faults [ 42—46], only the maximum value between them is considered [ 47-49]. This does
not completely deal with the uncertain and inaccurate information in the fault information, and may
lead to an incorrect diagnosis.

1.2. Contribution of This Work

Based on the problems above, properly handling the uncertain information in the fault diagnosis
process is an important goal to be achieved, however, complicated and changeable environmental
information, the mutual in uence between the factors causing the failure are di cult to handle. Due
to neutrosophic set's outstanding performance in handling uncertain information issues, this paper
proposes a single-valued neutrosophic set ISVNS algorithm, which generates neutrosophic set by
triangular fuzzy number and introduces the formula of the improved weighted correlation coe cient.
In addition, the ISVNS algorithm comprehensively considers the single-valued neutrosophic set
and ideal neutrosophic set data of various faults, so make it possible to analyze the data more
comprehensively and make more accurate judgments. Finally, an example was used to diagnose
the fault; the degree of accuracy of the fault diagnosis was calculated; the excellent productivity of the
improved method, proposed in this paper was obtained by comparison. For the currentdi  culties in
dealing with some uncertain issues, this method may have some enlightenment.

Due to the Overall Equipment E ectiveness (OEE) and the Overall labor e ectiveness (OLE) are
simple and practical production management tool, which has been widely used in European and
American manufacturing and Chinese multinational companies. The global equipmente  ciency index
has become an important standard for measuring the production e ciency of enterprises, so it is also
important to consider the proposed method's impact on OEE and OLE. During the simulation process
in the laboratory, the ratio of the operating hours and the planned working hours is relatively high;
therefore, the fault can be repaired in a more timely manner based on the diagnosis result, and the OEE
and the OLE can be improved.

The remainder of this paper is organized as follows. Section 2 brie y introduced triangular fuzzy
numbers and single-valued neutrosophic sets. Section 3 proposed improved correlation coe cient
between single-valued neutrosophic sets. In Section 4, a numerical example is given to fault diagnosis
and fault diagnosis accuracy based on the proposed approach. Some conclusions are shown in Section 5.
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2. Preliminaries

2.1. Triangular Fuzzy Numbers

About data sets D = fdy,dy, ,dng take its minimum value | = minfd,,d,, ,dnhg average value
m = mearid;,dy, ,dng maximum value u = maxfd;,dp, ,dng sos=[Il;m;u] named as triangular
fuzzy number [9] of this data set D, as shown in Figure 1:

8 |

Membership
degree

0 [
Figure 1. Geometric Interpretation of Triangular Fuzzy Number.

It can be seen from the geometric interpretation of the triangular fuzzy number in the gure above:
If x = m, sox completely belongs to D;
IfI x u,soxtakes a certain degree of data setD;
If x <l orx> u, sox completely does not belong to the data set D.
And, for two triangle fuzzles Mj; = (l1,mq,u;) and M, = (I, my,u), have the following
counting method:
M1 Mgz =(lg+ Iz, mg+ myug+ up)
M1 Mz (l1l2, mmg, ugup)

M1 (11, mg, up)
1,1 01 1

M_]_ up'mg’ly

2.2. Single-Valued Neutrosophic Sets

Neutrosophic set introduced by Smarandache [38] is an e ective tool for solving the problems
under complex environment. The de nition of neutrosophic set is as follows.

De nition 1. X denote a space of points or objects, and each element of it is denotédhasitrosophic set
A in X is characterized by a truth-membership functibg, an indeterminacy-membership functibnand a
falsity-membership functioRa. Ta(x), Ia(X) andFa(x) are real standard or non-standard subset$0of, 1* [.
That is:

Ta:X 70 ,1%]

o i X710 ,1%] 1)

Fa:X7'0 ,1%[

For Formula (1)0  supTa(x) + supla(X) + supRa(x) 3*.

To facilitate the application of neutrosophic set in real scienti c and engineering problems, the
notion of SVNS was de ned as follows.

De nition 2. X denote a space of points or objects, and each element of it is denot@dhasitrosophic set
A in X is characterized by a truth-membership functibf(x), a indeterminacy-membership functibg(x)
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and a falsity-membership functidfy (x). If Ta(x) : X! [0,1], Ia(x) : X! [0, andFa(x) : X! [0,]
satis ed:
X2 X 7! Ta(x) 2[0,1]
X2X 7 1a(x) 20,7

X2 X 7! Fa(x) 21]0,7] 2)
0 Ta(X)+ Ia(X)+ Fa(x) 3
then an SVNS A in X can be denoted as:
A= X Ta(x), Ia(X), Fa(x) x2 X (3)

which is called an SVNS. Especially Xf includes only one elemert, = Ta(x), Ia(x), Fa(x) is called a
single-valued neutrosophic number (SVN).

For any two SVYNSs (A = Ta(x), 1a(X), Fa(x) ,B= Tg(x), Ig(x), Fg(x) operational relations
are de ned as follows:

(DA+B= Ta(X)+ Ta(x) Ta(X)Te(X), Ia(x)+ Is(x) 1a(X)Is(X),
Fa(x) + Fa(x) Fa(X)Fs(x)
(20 A By Ta(X)Te(X).1a(X)1e(x), Fa(X)Fa(X) E (4)
(B A=pl (1 Ta(®) .1 g1 1a(x) .1 (1 Fa(9) . >0
(DA = Tax) ,Ia(x),Fa(x), >0

These are a series of common laws in operation for SVNSs.

Moreover, the assumption and operation requirements are as follows: Because ISVNS algorithm
generates neutral set by triangular fuzzy number, the fault template data of each fault must be greater
than or equal to 3.

3. The Proposed Method

3.1. Correlation Coecient between Single-Valued Neutrosophic Sets

For any two neutrosophic sets A = fTp,Fa,lagand B = fTg, Fg,Igg the improved correlation
coe cientis de ned as follows:
_ 2C(A,B)
~ C(AA)+C(BB)
2 [Ta(xi) Te0i)+ Fa(xi) Fe(xi)*+ 1a(x) 1a(xi)] (5)

W(A, B)

P ITA206)+ Fa20a)+ 120001+ | [Ta2(x)+ Fa2(a)+ 162(x)]
i=1 i=1

In addition, the correlation coe cient forany A = fTa,Fa,lagand B = fTg, Fg, Iggmust satisfy
the following three mathematical rules10:

g W(A,B) = W(B,A)
30 W(AB) 1 (6)
if A= B, WA,B)=1

For Formula (5), prove separately as follows:

(1) According to the structural symmetry of the Formula (5), the condition W(A,B) = W(B,A)
is satis ed.
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(2) For each element in the Formula (5), they are satised 0, so obviously W(A,B)  0; The proof of
inequality W(A,B) 1 as follows:
R

C(A,B) 1[TA(Xi) Te(x) + Fa(xi) Fa(x) + 1a(x;) Is(xi)]

= Ta(xg) Te(x1) + Ta(x2) Te(x2) +  + Ta(xn) Te(Xn)
+Fa(x1) Fa(xy) + Fa(x2) Fa(x2) +  + Fa(xn) Fa(xn)
+la(xg) Is(x1) + 1a(x2) Is(x2) +  + Ia(Xn) I8(Xn)

And because of the inequality:
@+ b?

ab >

Therefore, we can get:

P
C(A,B) = 1[TA(Xi) Te(xi) + Fa(xi) Fa(xi) + 1a(xi) 18(xi)]
i=
= Ta(x1) Te(xy) + Ta(x2) Te(x2) +  + Ta(Xn) Ta(Xn)
+Fa(x1) Fa(x1) + Fa(x2) Fe(x2) +  + Fa(xn) Fa(xn)
+1a(x1) IB(x1) + Ia(x2) IB(x2) +  + Ia(Xn) IB(Xn)
TAZ(Xl)';TBZ(Xl) " TAZ(X2)+2TBZ(X2) n + TAZ(Xn);TBZ(Xn)
+ Fa2(x)+ Fe2(x1) + Fa2(x2)+ Fe2(xp) + + Fa2(xn)+ Fg2(Xn)
+ |A2(X1);|BZ(X1) + |A2(X2)';|BZ(X2) + + |A2(Xn)';|82(xn) )
P 2]
=3 [TA%(6) + Fa%06) + 1a2(x)] + l[TBZ(Xi)"' Fe?(x) + 18%(x)]
1= 1=
= 3[C(A,A) + C(B,B)]
Therefore: 1
C(A,B) E[C(A,A) + C(B,B)]
There is:

2C(A,B) C(A,A)+ C(B,B)

Finally, contacting the previous types, there are:

2C(A,B)
C(A,A) + C(B,B)

W(A,B) =

In summary, the conditon0  W(A,B) 1is satis ed;
(3) fA=B,soforanyx 2 X(i= 1,2, ,n),all Ta(xj) = Tg(xi), Fa(xi) = Fg(xi), Ia(xi) = Ig(Xj),
we can see from the structure of Formula (5), W(A,B) = 1.

In practical application, it is usually necessary to consider the weight of neutrosophic sets, so the
weighted correlation coe cient of neutrosophic sets is given:

2 " WITA() To(x) + Fa(x) Fa(x) + 1a(x) 1s(x)]
W(A,B) = = 7 (7)
wi[Ta2(xi) + Fa2(x) + 1a2(x)]+ — wi[Te?(x) + Fa?(x;) + 18%(x))]
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]
Among them, w;j(j = 1,2, ,n) represents the weight of the i fault template, and owi= 1

i=1
In addition, the formula satis es the three conditions of the formula and proves to be the same as the
Formula (5), which is not repeated here.

3.2. Fault Diagnosis Method

Based on the above analysis, properly handling the uncertain information in the fault diagnosis
process is an important goal to be achieved, however, complicated and changeable environmental
information, the mutual in uence between the factors causing the failure are di  cult to handle. Due to
neutrosophic set's outstanding performance in handling uncertain information issues, this paper
proposes a single-valued neutrosophic set ISVNS algorithm, which generates neutrosophic set by
triangular fuzzy number and introduces the formula of the improved weighted correlation coe cient.

The objectives of the proposed algorithm are to rationally process the uncertain information in
the diagnosis process, and obtain correct and reasonable fault diagnosis results from the fault data.
Therefore, the laboratory simulation of the algorithm is carried out under the assumption that the
actual fault is one of several known fault templates, the collected fault data is reasonable, and there is
no major abnormality. The operating requirement is to collect fault data in a stable and equal time
interval way. The detailed ow chart of the fault diagnosis method is shown in Figure 2:

Figure 2. The detailed ow chart of the fault diagnosis method.

Step 1: For fault template set A= fA1,A5, ,Amng and test sample setC= fC1,C;, ,Chg
Firstly, three fuzzy numbers of fault template data and test sample data are generated, and the
calculation method is as follows:
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In a group number, the largest value is the right end value of the triangle; the minimum value is
the left end-point of the triangle; the average value is the upper-end value of the triangle; the height of
the triangle is 1, as shown in Figure 1.

Step 2: By comparing the three fuzzy number of each attribute of the test sample and the three
fuzzy number of the same attribute of the fault template, the degree of determinacy-membership
Ta, Cj) . the degree of non-membership Fa, (C;), and the degree of indeterminacy-membership |4, (C;)
are obtained, as shown in Figure 3, and the calculation method is as follows:

u(Xx)

Membership
degree

L

X

Figure 3. Each degree of membership and neutrsophic set generate a schematic diagram.

Ta,(C)): The ratio of the overlapping area of the analyzed sample triangular fuzzy number and
the triangular fuzzy number of the fault template under a certain attribute, and the analyzed sample
total area of the triangular fuzzy number;

Fa,(C;): The ratio of the area of the part not overlapped with the fault template in the analyzed
sample triangular fuzzy number to the total area of the analyzed triangular fuzzy number. Moreover,
for each attribute, the sum of the non-membership degree and the determined membership degree is 1;

Ia,(Cj): The calculation of the indeterminacy-membership degree is as follows:

(Ry+ Rp)/2 (8)

Among them, Ri1= 1 Si/ S, Ry = S¢/max fSa, S, Scg S is the overlapping area of the analyzed
sample triangular fuzzy number and the triangular fuzzy number of the fault template under the
current attributes, fSijk = A, B, Cgis the area of the k fault triangular fuzzy number of the under the
current attribute.

Finally, each degree of membership, the relationship of Aj(i= 1,2, m)andCi(j= 1,2, n)is
shown below: n o
Ai = <Tp(C)),Fal(Cj).Ia(C) > Cj2Cj=1,2, ,n 9)

Among them T, (Cj),Fa,(Cj).1a(C)) 2 [0,1] respectively denote the degree
of determinacy-membership, the degree of non-membership, and the degree of
indeterminacy-membership between Ai(i = 1,2, m) and Cj(j = 1,2, n), also
0 Ta(Cj).Fa(Cj).Ia(C)) 3.

Step 3: Ta,(Cj).Fa,(Cj).Ia,(Cj) can be expressed as single-valued neutrosophic setaj =<
tij, fij, i >, at this point, a single-valued neutrsophic set decision matrix can be generated as follows:

D = (Zal)m N - - 3
<tyq, finn > <ty fipi> < tin, fij, ij; >
B <tenfaizn> <ty i > < ton, fzn, ion > (10)
< tmlv fm11 |m1 > < tm2: fm21 |m2 > < tmna fmna |mn >
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Step 4. After obtaining the single-valued neutrosophic set decision matrix D, the ideal
single-valued neutrudophic number for attribute j(j = 1,2, ,n) can be generated by column
as follows:

aj=<tjf,i;>=<max(tj),min(f;), min (i) > (11)
| I |

Among them, max(t;;), min (f;;), min (i;;) respectively denote the maximum value of the jth column
| | |
in tjj, the minimum value of the jth columnin f;;, the minimum value of the jth columnin ij;.
Step 5: According to Formula (7), generated weighted correlationcoe  cientbased on single-valued

neutrsophic set decision matrix D and the ideal single-valued neutrudophic number a, the calculation
formula is as follows:

P .
2_ Wj[tijtj+fijfj+|ij|j]
12)
P . P .
wilty 2+ f2+ il + o owlt 2+ F 240

W(Ai,B) =

P
Among them, w;j(j = 1,2, ,n) represents the weight of the j attribute, and wj= 1 8; =<
=1
tj, fij,ijj > denote single-valued neutrosophic set for attribute j from decision matrix D, aj =<
ti,f j,i j > denote the ideal single-valued neutrudophic number for attribute  j.
Step 6: Finally, sorting the W(A;, B) of each analyzed sample, the largest value indicates that the
template data belongs to this kind of fault.

4. lllustrative Example and Discussion

In this section, in order to demonstrate the validity and accuracy rate of the proposed method,
an example of a motor rotor is used. The data in this paper is originated from ref. [ 11], and the data
analysis software is the LABVIEW environment12.

4.1. Fault Diagnosis
The speci ¢ steps for fault diagnosis using the ISVNS method proposed in this paper are as follows:

(). According to the fault template data, the triangular fuzzy numbers under various attributes are
obtained, in turn, as shown in Table 1: According to the analyzed sample data, the triangular
fuzzy numbers under various attributes are obtained, in turn, as shown in Table 2: For the
analyzed sample Xk (k = 1, 2, 3, 4 represents thek attribute), Xk and Gy, s (Wwhere G = X,Y,Z
represent A, B, C three kinds of faults) are used for matching, respectively. The neutrosophic
numbers (T, F, ) statistics generated by the determined-membership degree T, non-membership
degree F, and indeterminacy-membership degree |, are calculated, as shown in Table 4:

(ii). Next, for the same fault template, neutrosophic sets with di  erent attributes under fuzzy sample X,
we can get the single-valued neutrosophic decision matrix, as shown in Table 3:

(iii). According to the single-valued neutrosophic set decision matrix and Formula (11) under sample
Xin Table 3, the ideal neutrosophic set By can be obtained as follows:

Bx = [< 0.9612,0.0388,0.674%,< 0.7540,0.2460, 0.5972,

< 0.9836,0.0164,0.6454,< 0.9966, 0.0034,0.5757] (13)

(iv). The weights of attributes j(j = 1,2, 3,4 are all the same, that is the weight matrix w is as follows:

w =[0.25,0.25,0.25,0.35 (14)
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Next, according to Table 3, Formula (7), (13), (14), for the fault template type A;
(A= X11 X45A,= Y11 Y45A3= Z11 Z45)and the ideal single-valued neutrosophic set By,
calculate the improved weight correlation coe cient as follows:

8
W[A]_,Bx] = 0.8126

S W[A2,Bx] = 0.4133 (15)
WI[A3, Bx] = 0.5398

(v). Finally, according to Formula (15), A1 > Az > Ao, it can be seen that the analyzed samples X1-X4
belong to the rst type of fault, namely, the X fault.

Table 1. Triangle fuzzy number of fault template.

Min Value Average Value Max Value Area
X11-X15 0.0661 0.1614605 0.2006 0.06725
X X21-X25 0.121 0.149226 0.3468 0.1129
X31-X35 0.0899 0.1123885 0.1296 0.01985
X41-X45 0.357 4.3256515 4.666 2.1545
Y11-Y15 0.1567 0.181797 0.2038 0.02355
Y Y21-Y25 0.3071 0.329311 0.351 0.02195
Y31-Y35 0.1865 0.242014 0.3218 0.06765
Y41-Y45 4.094 4.715255 8.896 2.401
Z11-715 0.3006 0.3294004 0.3476 0.0235
Z 221-725 0.2801 0.343854 0.3647 0.0423
Z31-7235 0.1151 0.136169 0.1864 0.03565
Z41-745 9.385 9.810633 10.112 0.3635

Table 2. Triangular fuzzy numbers data of the analyzed sample.

Min Value Average Value Max Value Area
X1 0.1416 0.14265 0.144 0.0012
X X2 0.1028 0.11092 0.3058 0.1015
X3 0.1279 0.133655 0.1378 0.00495
X4 4.06 4.0938 4.18 0.06

Table 3. Single-valued neutrosophic set decision matrix under sample X.

Diagnosis Fault X1 X2 X3 X4
X11-X45 (0.9612,0.0388,0.9914) (0.7540,0.2460,0.6610) (0.0127,0.9873,0.6451) (0.9966,0.0034,0.9348)
Y11-Y45 (0,1,0.6751) (0,1,0.5972) (0,1,1) (0.0871,0.9129,0.9989)
Z11-745 (0,1,0.6747) (0.0126,0.9874,0.6722) (0.9836,0.0164,0.6952) (0,1,0.5757)
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Table 4. The calculation result of the membership degree of the analyzed sample X.

Analyzed Sample Fault Template Neutrosophic Number
X11-X15 (0.9612,0.0388,0.9914)
X1 Y11-Y15 (0,1,0.6751)
711-715 (0,1,0.6747)
X21-X25 (0.7540,0.2460,0.6610)
X2 Y21-Y25 (0,1,0.5972)
721-725 (0.0126,0.9874,0.6722)
X31-X35 (0.0127,0.9873,0.6451)
X3 Y31-Y35 0,1,1)
731-735 (0.9836,0.0164,0.6952)
X41-X45 (0.9966,0.0034,0.9348)
X4 Y41-Y45 (0.0871,0.9129,0.9989)
741-745 (0,1,0.5757)

4.2. Fault Diagnosis Accuracy

To verify the accuracy of fault diagnosis, separately extract arbitrary 40 faults data from the three
faults template [ 1842]; These 120 faults data are used as a diagnosis template. Diagnose the fault
type to which it belongs. Finally, compare each test sample with its original fault template [ 4344],
Calculate the overall accuracy of fault diagnosis.

The SVNPWA algorithm inref. [ 44] is used for verifying these 120 unknown fault samples, and the
diagnosis accuracy is 98.33%. Moveover, the ISVNS algorithm proposed in this paper also applied for
diagnosing the same 120 unknown fault samples, and the diagnosis accuracy is 99.16%. The diagnosis
results are shown in Table 5.

Table 5. Diagnosis results of applying the SVNPWA and proposed algorithm.

SVNPWA The Proposed Algorithm
Unknow Fault - - - - . -
Times of Right Times of Error Times of Right Times of Error
X 38 2 40 0
40 0 39 1
z 40 0 40 0

It can be seen from Table 5: Compared with the SVNPWA algorithm, the fault diagnostic accuracy
rate of the ISVNS algorithm, proposed in this paper, is improved by 0.83%. Thatis, the ISVNS algorithm
can better satisfy the diagnostic needs than the basic SVNPWA algorithm.

5. Conclusions

This paper proposes an ISVNS algorithm, which introduces the improved weighted correlation
coe cientformula, and more comprehensively considers both single-valued neutrosophic set and ideal
neutrosophic set under various faults, e ectively solved the problem of fault diagnosis. An example
of a motor rotor is illustrated that the ISVNS algorithm could improve the diagnostic accuracy rate
compared with the SVNPWA algorithm. In conclusion, the ISVNS algorithm can obtain better fault
diagnosis accuracy, and satisfy the fault diagnosis needs in practice.

Since the collection and aggregation of data on technical faults is a laborious process. Moreover, the
parameters in the diagnosis process are automatically generated in the laboratory simulation, without
human intervention—therefore, the proposed method could be automating in practical application.
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Therefore, the next step of the work will focus on how to automating the proposed method in order to
scale the use of the proposed algorithm.
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Abstract: To improve the ef ciency, accuracy, and intelligence of target detection and recognition,
multi-sensor information fusion technology has broad application prospects in many aspects.
Compared with single sensor, multi-sensor data contains more target information and effective fusion
of multi-source information can improve the accuracy of target recognition. However, the recognition
capabilities of different sensors are different during target recognition, and the complementarity
between sensors needs to be analyzed during information fusion. This paper proposes a multi-sensor
fusion recognition method based on complementarity analysis and neutrosophic set. The proposed
method mainly has two parts: complementarity analysis and data fusion. Complementarity
analysis applies the trained multi-sensor to extract the features of the veri cation set into the sensor,
and obtain the recognition result of the veri cation set. Based on recognition result, the multi-sensor
complementarity vector is obtained. Then the sensor output the recognition probability and the
complementarity vector are used to generate multiple neutrosophic sets. Next, the generated
neutrosophic sets are merged within the group through the simpli ed neutrosophic weighted average
(SNWA) operator. Finally, the neutrosophic set is converted into crisp number, and the maximum
value is the recognition result. The practicality and effectiveness of the proposed method in this
paper are demonstrated through examples.

Keywords: neutrosophic set; target recognition; complementarity analysis; data fusion

1. Introduction

In daily life, target recognition involves all aspects of our lives, such as intelligent video
surveillance and face recognition. These applications also make target recognition technology more
popular. The development of related technologies has greatly enriched the application scenarios of
target recognition and tracking theories. Research on related theoretical methods has also received
extensively attention. Target recognition involves image processing, calculation computer vision,
pattern recognition and other subjects.

Generalized target recognition includes two stages, feature extraction, and classi er classi cation.
Through feature extraction, image, video, and other target observation data are preprocessed to extract
feature information, and then the classi er algorithm implements target classi cation based on the
feature information [ 1]. Common image features can be divided into color gray statistical feature,
texture edge feature, algebraic feature, and variation coef cient feature. The feature extraction methods
corresponding to the above features are color histogram, gray-level co-occurrence matrix method,
principal component analysis method, wavelet transform [ 2]. The classic target classi cation algorithms
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include decision tree, support vector machine [ 3], neural network [ 4], logistic regression, and naive
Bayes classi cation [5-8]. On the basis of a single classi er, the ensemble classi er integrates the
classi cation results of a series of weak classi ers through an ensemble learning method, so as to obtain
a better classi cation effect than a single classi er, mainly including Bagging and Boosting [ 9]. With the
development of high-performance computing equipment and the enlargement in the amount of
available data, deep learning related theories and methods have developed rapidly, and the application
of deep learning in the direction of target recognition has also made it break through the limitations of
traditional methods based on deep neural networks [ 10-12]. Classi cation network models include
LeNet, AlexNet, VggNet.

In practical applications, multi-source sensor data is often processed in decision analysis [ 13-19]
as the number of sensors increases. For the problem of uncertain information processing, there are
many theoretical methods such as Dempster-Shafer evidence theory [20-2€)], fuzzy set theory [ 27,29,
D number [29-32] and rough set theory [33].

Smarandache B4] rstly generalized the concepts of fuzzy sets [ 35|, intuitionistic fuzzy sets
(IFS) [36] and interval-valued intuitionistic fuzzy sets (IVIFS) [ 37], and proposed the neutrosophic set.
It is very suitable to use the neutrosophic set to deal with uncertain and inconsistent information in
the real world. However, its authenticity, uncertainty, and false membership function are de ned in
the real number standard or non-standard subset. Therefore, non-standard intervals are not suitable
for scienti c and engineering applications. Therefore, Ye [ 38] introduced a simpli ed neutrosophic set
(SNS), which limits the true value, uncertainty, and false membership function to the actual standard
interval [0, 1]. In addition, SNS also includes single value neutrosophic set (SVNS) [39-41] and interval
neutrosophic set (INS) [42].

As a new kind of fuzzy set, neutrosophic set [ 43,44] have been used in many elds, such as
decision-making [ 45-48], data analysis [49,50], fault diagnosis [ 51], the shortest path problem [ 52].
There is also a lot of progress in the related theoretical research of neutrosophic set. For example,
score function of pentagonal neutrosophic set [53,54].

Existing multi-sensor fusion methods, such as evidence theory, have complex calculation and long
calculation time [ 55|, and there are a few methods that use neutrosophic set in mul ti-sensor fusion.
Therefore, this paper proposes a multi-sensor fusion based on neutrosophic set. First, the complementarity
vectors between multiple sensors are calculated. Then these complementarity vectors and the probability
of sensor output are used to form a group of neutrosophic sets, and generated neutrosophic sets are
fused through the SNWA operator. Finally, the neutrosophic set is converted to the crisp number, and the
maximum value is the recognition result. The proposed metho d has simple calculation and fast operation,
and can effectively improve the accuracy of target recognit ion.

The rest of this article is organized as follows: Section 2 introduces some necessary concepts,
such as neutrosophic set and multi-category evaluation standard. The proposed multi-sensor fusion
recognition method is listed step by step in Section 3. In Section 4, an example is used to illustrate and
explain the effective of proposed method. Some results discussion are shown in Section 5.

2. Preliminaries

2.1. Neutrosophic Set

De nition 1.  The the simpli ed neutrosophic set (SNS) is de ned as follows [38]:

Xis a nite set, with a element of X denoted by x. A neutrosophic set (A) in X contains three parts:
a truth-membership functioffT,), an indeterminacy-membership functidi,), and a falsity-membership
function (Fp).
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0 Te(x) 1 @y
0 Ip(x) 1 2
0 Fp(x) 1 ®3)
0 Tp(X)+ lp(X)+ Fp(x) 3 4)

A single-valued neutrosophic set P on X is de ned as:
P = fhx, Te(x), Ip(x), Fe(X)ij x 2 Xg (5)

This is called a SNS. In particular, X includes only one elemerltl = hx, Tp(x), Ip(X), Fp(X)i is called
a SNN (the simpli ed neutrosophic number) and is denotedilsy hm p, ni. The numbersn p, n denote the
degree of membership, the degree of indeterminacy-membership, and the degree of non-membership.

De nition 2.  The crisp number of each SNN is deneutrosophicated and calculated as follows [56]:

- m
S=Em+p) (G (6)

S can be regarded as the score of SNN, so SNN can be sorted according to crisp number S

2.2. Commonly Used Evaluation Indicators for Multi-Classi cation Problems

The index for evaluating the performance of a classi er is generally the accuracy of the classi er,
which is de ned as the ratio of the number of samples correctly classi ed by the classi er to the total
number of samples for a given test data set [57].

The commonly used evaluation indicators for classi cation problems are precision and recall.
Usually, the category of interest is regarded as the positive category, and the other categories are
regarded as the negative category. The prediction of the classi er on the test data set is correct or
incorrect. There are four situations as follows:

. True Positive(TP): The true category is a positive example, and the predicted category is a

positive example.
« False Positive (FP): The true category is negative, and the predicted category is positive.
¢ False Negative (FN): The true category is positive, and the predicted category is negative.
e True Negative (TN): The true category is negative, and the predicted category is negative.

Based on the above basic concepts, the commonly used evaluation indicators for multi-
classi cation problems are as follows.

1. Precision or precision rate, also known as precision (P):

TP

P TP+ P @
2. Recall rate, also known as recall rate (R):
TP
R= T+ EN ®

3. F1 score is an index used to measure the accuracy of the classi cation model. It also takes
into account the accuracy and recall of the classi cation model. The score can be regarded as
a harmonic average of model accuracy and recall. Its maximum value is 1 and its minimum value
is 0:

_ 2 P R

P+ R ©)

F
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2.3. AdaBoost Algorithm

AdaBoost is essentially an iterative algorithm [ 58], and its core idea is to train some weak classi er
h; based on the initial sample using the decision tree algorithm. Use the classi er to detect the sample
set. For each training sample point, adjust its weight according to whether the result of its classi cation
is accurate: if h; makes it classi ed correctly, reduce the weight of the sample point; otherwise, increase
the sample the weight of the point. The adjusted weight is calculated according to the accuracy of the
detection result. The sample set after adjusting the weight constitutes the sample set to be trained at
the next level, which is used to train the next level classi er. In this way, iterate step by step to obtain
a new classi er until the classi er hy, is obtained, and the sample detection error rate is 0.

Combine hy, hy, ..., hy according to the error rate of the sample detection: make the weak classi er
with the larger error account for the smaller weight in the combined classi er, and the weak classi er
with the smaller error account for the larger weight to obtain a combined classi er.

The algorithm is essentially a comprehensive improvement of the weak classi er trained by
the basic decision tree algorithm. Through continuous training of samples and weight adjustment,
multiple classi ers are obtained, and the classi ers are combined by weight to obtain a comprehensive
classi er that improves the ability of data classi cation. The whole process is as follows:

e Train weak classi ers with sample sets.

« Calculate the error rate of the weak classi er, and obtain the correct and incorrect sample sets.

. Adjust the sample set weight according to the classi cation result to obtain a redistributed
sample set.

After M cycles, M weak classi ers are obtained, and the joint weight of the classi er is calculated
according to the detection accuracy of each weak classi er, and nally a strong classi er is obtained.

2.4. HOG Feature

Histogram of oriented gradient (HOG), which is a feature descriptor for target detection.
This technology counts the number of directional gradients that appear locally in the image.
This method is similar to the histogram of edge orientation and scale-invariant feature transform,
but the difference is hog calculate the density matrix based on the uniform space to improve accuracy.
Navneet Dalal and Bill Triggs rst proposed HOG in 2005 for pedestrian detection in static images or
videos [59].

The core idea of HOG is that the shape of the detected local object can be described by the light
intensity gradient or the distribution of the edge direction. By dividing the entire image into small
connected areas (called cells). Each cell generates a directional gradient histogram or the edge direction
of the pixel in the cell, and the descriptor is represented by combining the histogram. To improve
the accuracy, the local histogram can be compared and standardized by calculating the light intensity
of a larger area (called block) in the image as a measure, and then using this value (measure) to
normalize all cells in the block. This normalization process completes better illumination/shadow
invariance. Compared with other descriptors, the descriptors obtained by HOG maintain the invariance
of geometric and optical transformations (unless the object orientation changes).

2.5. Gabor Feature

Gabor feature [60] is a feature that can be used to describe the texture information of an image.
The frequency and direction of the Gabor Iter are similar to the human visual system, and it is
particularly suitable for texture representation and discrimination. The Gabor feature mainly relies on
the Gabor kernel to window the signal in the frequency domain, so as to describe the local frequency
information of the signal.

In terms of feature extraction, Gabor wavelet transform is compared with other methods: on the
one hand, it processes less data and can meet the real-time requirements of the system; on the other
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trained base sensor on the veri cation set, and then the sensor complementarity vector is calculated in
each category.

Data fusion aims at different target types, based on the sensor complementarity vector,
the recognition results of different sensors are generated by the neutrosophic set. Then the fusion of the
neutrosophic set can be obtained in different categories, and nally the neutrosophic set is converted
into crisp number, and the maximum value is taken as the recognition result.

3.1. Complementarity

The main steps of the multi-sensor complementarity analysis are proposed as follows:
» According to the data test result, the sensor recognition matrix can be obtained.
. The sensor preference matrix for different target types is obtained from multiple sensor

recognition matrices.
¢ The sensor complementarity vector is gotten from the sensor preference relationship matrix.

3.1.1. Sensor Recognition Matrix

Suppose there are n types of sensors Xq, Xo, X3, ,Xn, and m types of target types
Y1, Y2, Ys, , Ym. For a certain data seti, the recognition results of all its samples can be represented
by the following recognition matrix R;.
2 . .
r'a r'e r'1m
oy o M om
Ri = . o . (10)
M1 M2 Mom

3.1.2. Sensor Preference Matrix

To obtain the preference relationship matrix between sensors, the preference between sensors
needs to be de ned. For two sensors, if the recognition performance of the sensor X; on the target
Yj is better than the recognition performance of the sensor X, then for the target Y;, the sensorXy is
better than the sensor X,. The recognition results of a certain sensor on the samples in the data set i
can be organized in the form of a recognition matrix, but the rows and columns become the recognized
category of the sample and the true category of the sample. Furthermore, for the target of category Y;,
according to the recognition matrix, we can get Table 1:

Table 1. R}: The recognition situation of a certain sensor to the target of category ;.

Real-Recognition Y; Non-Y;
Y; I’i" EY l’i'
i ii ik
_ k6 j _
non-Y; ary & ary
k6 16 K6 j

Record the above matrix as R} in Table 1, where rijj is the number of correct recognition of the

category Y; by the sensor, a rikj is the number of samples that the sensor misrecognizes non-targets.
K6 j

a rijk is the number of misrecognized category Y; samples into other categories. &4 a rly is the
K6 j 16 k6]
number of samples other than the above three cases number. If the optimal performance of sensor

recognition is expressed as a matrix:
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2 3
h

a 0
I :§ =1 N z (11)

0 & &
K6jl=1

Which means the category is fully recognized correctly. Then the recognition performance of

this sensor to the category Y; is de ned as il . Therefore, if there are two sensors X, and X|,

b
o)

the preference value of the recognition accuracy rate of X, versus X, in the category (representing the

priority of the recognition ability of Xy over X, in the category of Y;) is de ned as:

1 I
i krk 11k _ R (12)
Pl = 1 + 1 - Rkj Ij + le Ij
GO S GUIN 3

In the same way, the recognition accuracy preference value of sensor X, vs Xy on category Y; is
de ned as follows:
k.|
RY%
K|, L
RS I + Ry

pjlk =

(13)

It is easy to get from the above two formulas that p/,+ p/,, = 1, which is the sum of the two
preference values is 1. Ifl = k, then p/ « = 0.5. For the case where multiple sensors recognize at the
same time, the preference relationship matrix P! on the category Y; can be obtained. For each target
category in the data seti, a corresponding preference relationship matrix can be obtained.

3.1.3. Sensor Complementarity Vector

Next, using the method in D-AHP theory [ 62], the complementarity vector can be calculated by
the preference relationship matrix.
According to the classi er preference relation matrix P of category Y;.

2 . ) 3
Py Pl Pl
- Pla; Pl Plon
P = . . . (14)
Pj nl Pj n2 Pj nn

It is calculated that for each sensor complementarity vector Cl of category Yi, Clisal n
dimensional vector. The owchart of the Cl calculation is presented as Figure 2, the calculation steps
are as follows:

1. Express the importance of the index relative to the evaluation target through the preference
relationship, and construct the D number preference matrix Rp.

2. According to the integrated representation of the D number, transform the D number preference
matrix into a certain number matrix R,.

3. Construct a probability matrix R, based on the deterministic number matrix Rp, and calculate the
preference probability between the indicators compared in pairs.

4. Convert the probability matrix Rp into a triangularized probability matrix RTp, and sort the
indicators according to their importance.

5. According to the index sorting result, the deterministic number matrix R, is expressed as a matrix
RT,, nally Clis obtained.
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4. Simulation

4.1. Data Set

The data source type of the experiment consists of two types: visible light image and infrared
lightimage. There are four target types: sailboat (1), cargo ship (2), speed boat (3), and shing boat (4).
The structure of the experimental data is shown in Tables 2 and 3. The data consists of a train set,
a veri cation set, and a test set. The veri cation set and the test set are the same pictures. Since the
information of visible light and infrared sensors needs to be fused in the veri cation set and test set,
two visible and infrared images taken at the same location are required for the same target, as shown
in Figures 3—6. Due to the lack of data, K = 8 cross-validation is used for veri cating and testing.
This means that the validation set (test set) is divided into eight groups, and when a certain one group
is tested, the remaining seven groups are used as the validation set. The image features use Gabor and
HOG, and the classi er uses AdaBoost.

Table 2. Target recognition image of infrared data.

Infrared Light Data  Train Set  Validation Set  Test Set

Sailboat 65 28 28
Cargo ship 68 35 35
Speed boat 63 25 25
Fishing boat 79 35 35

Table 3. Target recognition image of visible light data.

Visible Light Data  Train Set  Validation Set  Test Set

Sailboat 65 28 28
Cargo ship 79 35 35
Speed boat 70 25 25

Fishing boat 78 35 35

Figure 3. Visible light image and infrared light image for the same sailboat.

Figure 4. Visible light image and infrared light image for the same cargo ship.
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Table 4. Base sensor recognition confusion matrix.

Sensor 1 Sensor 2
Visible light + HOG + AdaBoost Infrared light + HOG + AdaBoost
Sensor 3 Sensor 4

Visible light + GABOR + AdaBoost Infrared light + GABOR + AdaBoost

4.3. Base Sensor Recognition Confusion Matrix

The veri cation set is input into the trained base sensor, and the recognition confusion matrix of
the base sensor can be obtained according to the recognition result of the sensor. The Tables 5-8 are the
identi cation confusion matrixs of the base sensors on the veri cation set.

Table 5. Recognition confusion matrix of sensor 1.

Real Category/ldentify Category  Sailboat Cargo Ship Speedboat Fishing Boat

Sailboat 23 0 2 0
Cargo ship 0 29 3 0
Speed boat 1 1 20 0
Fishing boat 0 0 0 31

Table 6. Recognition confusion matrix of sensor 2.

Real Category/ldentify Category  Sailboat Cargo Ship Speedboat Fishing Boat

Sailboat 16 3 6 0
Cargo ship 1 13 17 1
Speed boat 0 0 18 4
Fishing boat 0 1 9 21

Table 7. Recognition confusion matrix of sensor 3.

Real Category/ldentify Category  Sailboat Cargo Ship Speedboat Fishing Boat

Sailboat 16 1 8 0
Cargo ship 5 17 10 0
Speed boat 0 0 22 0
Fishing boat 0 0 0 31

Table 8. Recognition confusion matrix of sensor 4.

Real Category/ldentify Category  Sailboat Cargo Ship Speedboat Fishing Boat

Sailboat 25 0 0 0
Cargo ship 5 25 0 2
Speed boat 0 10 1 11
Fishing boat 0 0 6 25

4.4. Preference Matrix

Tables 9—12 show the preference comparison matrix of the four sensors for the four types of target.

Table 9. Preference matrix P(1, 1) of Sailboat.

P(1,1) Sensorl Sensor2 Sensor3 Sensor4

Sensor 1 0.500 0.801 0.821 0.690
Sensor 2 0.198 0.500 0.532 0.355
Sensor 3 0.178 0.467 0.500 0.326
Sensor 4 0.309 0.644 0.673 0.500
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Table 10. Preference matrix P(1, 2) of Cargo ship.

P(1,2 Sensorl Sensor2 Sensor3 Sensor4

Sensor 1 0.500 0.859 0.826 0.794
Sensor 2 0.140 0.500 0.436 0.386
Sensor 3 0.173 0.563 0.500 0.448
Sensor 4 0.205 0.614 0.551 0.500

Table 11. Preference matrix P(1, 3) of Speedboat.

P(1,3 Sensorl Sensor2 Sensor3 Sensor4

Sensor 1 0.500 0.856 0.769 0.802
Sensor 2 0.143 0.500 0.358 0.403
Sensor 3 0.230 0.641 0.500 0.548
Sensor 4 0.197 0.596 0.451 0.500

Table 12. Preference matrix P(1, 4) of Fishing boat.

P(1,4) Sensorl Sensor2 Sensor3 Sensor4

Sensor 1 0.500 1.000 0.500 1.000
Sensor 2 0 0.500 0 0.561
Sensor 3 0.500 1.000 0.500 1.000
Sensor 4 0 0.438 0 0.500

4.5. Complementarity Vector

According to the previous research, the complementarity vector can be obtained from the
preference matrix, as shown in Table 13, which re ects the complementarity between the 4 sensors if the
target to be identi ed is the rst type of target sailboat. These information also re ect the importance
of each sensor, so the complementary vector is used as the weight to generate the neutrosophic set
when fusing the neutrosophic set.

Table 13. Complementarity vector: C.

Sensorl Sensor2 Sensor3 Sensor4

C(1,1)  0.473 0.138 0.106 0.283
c(1,2 0513 0.102 0.166 0.219
c(1,3  0.500 0.086 0.231 0.183
C(1,4  0.382 0.132 0.382 0.104

4.6. Data Fusion

When identifying an unknown target, the four sensors can obtain the probability of the category
through the trained classi er, as shown in Table 14.

Table 14. Probability of the 4 sensors to recognize the unknown target.

Type Sailboat Cargo Ship Speedboat Fishing Boat

Sensor 1 0.256 0.122 0.180 0.442
Sensor 2 0.136 0.237 0.315 0.312
Sensor 3 0.078 0.107 0.352 0.463
Sensor 4 0.099 0.162 0.286 0.453

According to these probabilities, by Equation (16), the complementarity vectors are converted
into weight vectors, as shown in Table 15.
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Table 15. Weight vector: H.

Sensorl Sensor2 Sensor3 Sensor4

W(1,1 0.817 0.238 0.183 0.487
W(1,2) 0.833 0.167 0.262 0.355
W(1,3) 0.853 0.147 0.393 0.311
W(1,4) 0.789 0.274 0.789 0.210

Use Equation (17) to combine P and W and get four neutrosophic sets in one category. The current
recognition framework has four categories, so four groups of neutrosophic set are obtained, as follows:

2 3
agl = [0.209, 0.607, 0.184

_ 8 a;,=[0.032,0.205,0.761
a; =

a;3=1[0.014,0.168,0.817

a14 = [0.048, 0.439,0.513

3
ap, = [0.102,0.731,0.167

2
e g a22:[0.039,0.127,0.8332
2 ays = [0.029,0.242,0.729

aps = [0.057,0.297,0.645

? o= [0.154,0.699, 0.1473
_ E as» = [0.046,0.101, 0.843
ags = [ 0.138,0.255, 0.607
a4 = [ 0.089,0.222, 0.699

2 a1 = [0.348,0.442, 0.21103
_ g asp = [0.085,0.189, 0.736
847 3 a43=[0.365,0.425,0.210
a4 = [0.095,0.116,0.749

Combine these four groups of neutrosophic sets according to Equation (18) to obtain 4
neutrosophic sets:

a;= 025 a;;+ 025 ap+0.25 a3+ 0.25 a;y=[0.079,0.492,0.310
a,= 025 ap+0.25 axp+ 0.25 ayz+ 0.25 ay, =[0.058,0.506,0.286
az= 025 agzg;+ 025 az+ 0.25 azz+ 0.25 azy=[0.108,0.479,0.291
az= 025 a4+ 025 ay+ 0.25 ayz3+ 0.25 ay4=[0.234,0.399,0.293

Furthermore, the four neutrosophic sets are transformed into crisp numbers by Equation (19).

RS= 4= Max(S) = Max[S; = 0.181S, = 0.142,S3 = 0.252,S, = 0.427

Therefore, the recognition result of the unknown target is shing boat.

4.7. Recognition Result

After all the test sets are nally tested, the results of the method proposed in this paper are shown
in Table 16. And the results of two other fusion methods such as simple fusion (Table 17) and D-S
fusion (Table 18) are given to compare with the proposed method.
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Table 16. The proposed method recognition result.

Real Category/ldentify Category  Sailboat Cargo Ship Speedboat Fishing Boat

Sailboat 27 0 1 0
Cargo ship 1 31 3 0
Speed boat 0 0 25 0
Fishing boat 0 0 0 35

Table 17. Simple fusion result.

Real Category/ldentify Category  Sailboat Cargo Ship Speedboat Fishing Boat

Sailboat 27 0 1 0
Cargo ship 1 33 1 0
Speed boat 1 1 21 2
Fishing boat 0 0 0 35

Table 18. D-S fusion result.

Real Category/ldentify Category Sailboat Cargo Ship  Speedboat Fishing Boat

Sailboat 26 1 1 0
Cargo ship 2 28 5 0
Speed boat 0 0 25 0
Fishing boat 0 0 2 33

The recognition results of the 4 base sensors on the test set are shown in Tables 19-22:

Table 19. Sensor 1 recognition result.

Real Category/ldentify Category  Sailboat Cargo Ship Speedboat Fishing Boat

Sailboat 25 0 3 0
Cargo ship 0 31 4 0
Speed boat 1 1 23 0
Fishing boat 0 0 0 35

Table 20. Sensor 2 recognition result.

Real Category/ldentify Category  Sailboat Cargo Ship Speedboat Fishing Boat

Sailboat 17 3 8 0
Cargo ship 1 14 18 2
Speed boat 0 1 19 5
Fishing boat 0 1 10 24

Table 21. Sensor 3 recognition result.

Real Category/ldentify Category  Sailboat Cargo Ship Speedboat Fishing Boat

Sailboat 17 1 10 0
Cargo ship 6 18 11 0
Speed boat 0 0 25 0
Fishing boat 0 0 0 35
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Table 22. Sensor 4 recognition result.

Real Category/ldentify Category  Sailboat Cargo Ship Speedboat Fishing Boat

Sailboat 28 0 0 0
Cargo ship 6 27 0 2
Speed boat 0 12 1 12
Fishing boat 0 0 6 29

The multi-category evaluation criteria is used in the previous article to evaluate the classi cation
results, shown in Table 23. It can be seen that the method proposed in this paper has improved
in the recall rate, accuracy rate, F1 score and other indicators compared with these four sensors.
After multi-sensor fusion recognition, the accuracy rate of a single sensor is increased by 3.25% at the
lowest and 35.77% at the highest, and the average performance of a single sensor is improved by 21.13%.
At the same time, compared with the other two fusion methods, the method proposed in this parper
also performs better.It can be seen that the accuracy of fusion recognition can be signi cantly improved.

Table 23. Recognition result analysis.

Category Accuracy Rate RecallRate F1Score CountTime Correct Rate

Sailboat 0.962 0.893 0.926
Cargo ship 0.969 0.886 0.925 o
Sensor 1 Speedboat 0.767 0.920 0.836 545 92.68%
Fishing boat 1.000 1.000 1.000
Sailboat 0.944 0.607 0.739
Cargo ship 0.737 0.400 0.519 o
Sensor 2 Speedboat 0.345 0.760 0.475 525 60.16%
Fishing boat 0.774 0.686 0.727
Sailboat 0.739 0.607 0.667
Cargo ship 0.947 0.514 0.667 o
Sensor 3 Speedboat 0.543 1.000 0.704 1625 717.24%
Fishing boat 1.000 1.000 1.000
Sailboat 0.824 1.000 0.903
Cargo ship 0.692 0.771 0.730 o
Sensor 4 Speedboat 0.143 0.040 0.063 1585 69.11%
Fishing boat 0.674 0.829 0.744
Sailboat 0.929 0.929 0.929
) . Cargo ship 0.966 0.800 0.875 o
D-S fusion Speedboat 0.758 1.000 0.862 4345 91.56%
Fishing boat 1.000 0.943 0.971
Sailboat 0.931 0.964 0.947
. . Cargo ship 0.971 0.943 0.957 o
Simple fusion Speedboat 0.913 0.840 0.875 41 94.30%
Fishing boat 1.000 0.946 0.972
Sailboat 0.964 0.964 0.964
Cargo ship 1.000 0.886 0.940 o
Proposed method o - ihoat 0.862 1.000 0.926 3985 95.93%
Fishing boat 1.000 1.000 1.000

5. Results

Aiming at the problem of multi-sensor target recognition, this paper proposes a new method based
on the complementary characteristics of sensors in the fusion of neutrosophic set, which improves
the accuracy of target type recognition. Using the identi cation of the sea surface vessel type
as the veri cation scenario, the category-oriented sensor complementarity vector is constructed
through feature extraction, sensor training of the target's infrared and visible image training data.
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The multi-sensor neutrosophic set model is performed on the target to be recognized to realize the
multi-sensor. Compared with other methods, the method proposed in this paper performs better in
recognition accuracy, Compared with other fuzzy mathematics theories, the neutrosophic set theory is
more helpful for us to deal with the complementary information between sensors. At the same time,
the three sets of functions included in the neutrosophic set allow us to exibly adjust the weight and
other parameters, and the calculation of the neutrosophic set is simple, it takes less time to run the
program. Further research will mostly concentrate on the the proposed method can be used to more
complicated study to further demonstrate its ef ciency.
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Abstract: Neutrosophy is a recent section of philosophy. It was initiated in 1980 by Smarandache.
It was presented as the study of origin, nature, and scope of neutralities, as well as their interactions
with different ideational spectra. In this paper, we introduce the notion of single-valued neutrosophic
ideals sets in Sostak's sense, which is considered as a generalization of fuzzy ideals in Sostak's
sense and intuitionistic fuzzy ideals. The concept of single-valued neutrosophic ideal open local
function is also introduced for a single-valued neutrosophic topological space. The basic structure,
especially a basis for such generated single-valued neutrosophic topologies and several relations
between different single-valued neutrosophic ideals and single-valued neutrosophic topologies, are
also studied here. Finally, for the purpose of symmetry, we also de ne the so-called single-valued
neutrosophic relations.

Keywords: single-valued neutrosophic closure; single-valued neutrosophic ideal; single-valued
neutrosophic ideal open local function; single-valued neutrosophic ideal closure; single-valued
neutrosophic ideal interior; single-valued neutrosophic ideal open compatible

1. Introduction

The notion of fuzzy sets, employed as an ordinary set generalization, was introduced in 1965 by
Zadeh [1]. Later on, using fuzzy sets through the fuzzy topology concept was initially introduced in
1968 by Chang [2]. Afterwards, many properties in fuzzy topological spaces have been explored by
various researchers [3—13]

Paradoxically, it is to be emphasized that being fuzzy or what is termed as fuzzy topology in fuzzy
openness concept is not highlighted and well-studied. Meanwhile, Samanta et al. [ 14,15] introduced
what is called the graduation of openness of fuzzy sets. Later on, Ramadan [ 16] introduced smooth
continuity, a number of their properties, and smooth topology. Demirci[ 17] investigated properties
and systems of smooth Q-neighborhood and smooth neighborhood alike. It is worth mentioning
that Chattopadhyay and Samanta [ 18] have initiated smooth connectedness and smooth compactness.
On the other hand, Peters [19] tackled the notion of primary fuzzy smooth characteristics and structures
together with smooth topology in Lowen sense. He [ 20] further evidenced that smooth topologies
collection constitutes a complete lattice. Furthermore, Onassanya and HoSkova-Mayerova [21]
inspected certain features of subsets ofa-level as an integral part of a fuzzy subset topology. Likewise,
more specialists in the eld like Coker and Demirci[ 22], in addition to Samanta and Mondal [ 23,24],
have provided de nitions to the concept of graduation intuitionistic openness of fuzzy sets based on
Sostak’s sense 5] according to Atanassov's [ 26] intuitionistic fuzzy sets. Essentially, they focused on
intuitionistic gradation of openness in light of Chang. On the other hand, Limetal. [ 27] examined
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Lowen's framework smooth intuitionistic topological spaces. In recent times, Kimetal.[ 28] considered
systems of neighborhood and continuities within smooth intuitionistic topological spaces. Moreover,
Choi et al. [29] scrutinized smooth interval-valued topology through graduation of the concept of
interval-valued openness of fuzzy sets, as suggested by Gorzalczany [30] and Zadeh [31], respectively.
Ying [ 32] put forward a topology notion termed as fuzzifying topology, taking into consideration the
extent of ordinary subset of a set openness. General properties in ordinary smooth topological spaces
were elaborated in 2012 by Lim et al. [33]. In addition, they [ 34-36] inspected compactness, interiors,
and closures within normal smooth topological spaces. In 2014, Saber et al. [37] shaped the notion of
fuzzy ideal and r-fuzzy open local function in fuzzy topological spaces in view of the de nition of
Sostak. In addition, they [ 38,39] inspected intuitionistic fuzzy ideals, fuzzy ideals and fuzzy open local
function in fuzzy topological spaces in view of the de nition of Chang.

Smarandache H|0] determined the notion of a neutrosophic set as intuitionistic fuzzy set
generalization. Meanwhile, Salama et al. [41,42] familiarized the concepts of neutrosophic crisp set
and neutrosophic crisp relation neutrosophic set theory. Correspondingly, Hur et al. [ 43,44] initiated
classi cations NSet(H) and NCSet including neutrosophic crisp and neutrosophic sets, where they
examined them in a universe topological position. Furthermore, Salama and Alblowi [ 45] presented
neutrosophic topology as they claimed a number of its characteristics. Salama et al. [46] de ned a
neutrosophic crisp topology and studied some of its properties. Others, such as Wang et al. [ 47],
de ned the single-valued neutrosophic set concept. Currently, Kim et al. [ 48] has come to grips with a
neutrosophic partition single-value, neutrosophic equivalence relation single-value, and neutrosophic
relation single-value.

Preliminaries of single-value neutrosophic sets and single-valued neutrosophic topology are
reviewed in Section 2. Section 3 is devoted to the concepts of single-valued neutrosophic closure space
and single-valued neutrosophic ideal. Some of their characteristic properties are considered. Finally,
the concepts of single-valued neutrosophic ideal open local function has been introduced and studied.
Several preservation properties and some characterizations concerning single-valued neutrosophic
ideal open compatible have been obtained.

2. Preliminaries

In this section, we attempt to cover enough of the fundamental concepts and de nitions.
De nition 1 ([49]). A neutrosophic setl (NS, for short) on a nonempty s&is de ned as
H=h,Ty, Iy, 1 k2Si,
where
Ty :S!lc 0,1'b, 15:S!lc 0,1'b, Fy:S!lc 0,1'b
and
0 Tu(k)+ In(k)+ Ry(k) 3%,

representing the degree of membership (nariglyk)), the degree of indeterminacy (namely(k)), and the
degree of nonmembership (namely(l)); for allk 2 S to the setH.

De nition 2 ([49)). LetH andR be fuzzy neutrosophic sets $ Then,H is a subset oR if, for eactk 2 S,

inf Ty(x) inf Tr(k), inflyg(x) inflg(k), infFRq(x) infFR(k)
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and
sup Ty (k) supTr(k), suply(k) suplr(k), supRy(k) supFRr(k).

De nition 3 ([47]). LetH be a space of points (objects) with a generic elemehtdanoted byk. Then,
H is called a single-valued neutrosophic set (in sh8NS) in S if H has the formH = hTy, |4, i,
where F, Iy, R4 :S! [0, 1].
In this case, Ty, Iy, Fy are called truth-membership function, indeterminacy-membership function,
and falsity-membership function, respectively, and we will denote the set@¥hI5E % in S asSVNS(S).
Moreover, we will refer to the Null (empty§VNS (or the absolute (univers§VNS) in S asOy (or 1y)
and dene byOy =(0,1,1 (orly =(1,0,0)foreactk 2 S.

De nition 4 ([47]). LetH = hTy, Iy, i be anSVNS on S. The complement of the ddt(H®, for shor)
and is de ned as follows: for eveky?2 S,

The(K) = Fi(K), The(k) =1 Tn(k), Fye(k) = Th(k).
De nition 5 ([50]). Suppose tha 2 SVNS(S). Then,
(i) H issaidto be contained iR, denoted byH R |, if, foreveryk 2 S,
Th(k)  Tr(k), Tu(k) Ir(k), Fa(k) Fr(k);
(i) H issaidto be equalt@, denotedbH = H,ifR R andH R
De nition 6 ([51]). Suppose thati,R 2 SVNS(S). Then,
(i) the unionofH andR (H[R , for short) isanSVNS in S de ned as
H[R =(Tu[ Tr,In\ IR, 4\ ),

where(Th [ TrR)(K) = TH(K) [ Tr(kK) and(F4 \ FR)(K) = Fy(k)\ FR(k), foreactkk 2 S;
(i) theintersection oH andR, (H\R , for short), isanSVNS in S de ned as

H\R =(Ty\ Tr,In[ IR, [ FR)-

De nition 7 ([45]). LetH 2 SVNS(S). Then,

S
(i) the union offH igi23( i23Hj, for shor) isanSVNS in S de ned as follows: for evely2 S,

\ \
I T, 0, R

i2J i2J i2J i2J

T
(i) the intersection ofH jgi23( i23H;, for short) isanSVNS in S de ned as follows: for evely2 S,

\ \
CHYREC T (0 (0, ().
| | N

i2J i2J i2J i2

De nition 8 ([52]). A single-valued neutrosophic topology Brisa map(t T,t',tF) : IS 1 | satisfying the
following three conditions:
(SVNT1) tT(0)=tT(1)= 1andt'(0)=t'(1)=tF(Q) = tF() =0,
(SYNT2) tT(H\R ) tT(H)\ tT(R), t'(H\R ) t'(H)[ t"(R),
tF(H\R ) tF(H)[ tF(R),foranyH,R 2 IS,
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(SUNT3) tT([izjHi) \ izt T(Hi), t'(LigjHi) [ 2t '(Hy),
tF([i2jHi) [ izt F(Hi), foranyfH igiz 2 15.

The pair (X,t7,t',tF) is called single-valued neutrosophic topological spaces
(SVNTS, for shor). We will occasionally write t T'F for (t T,t',t F) and it will cause no ambiguity.

3. Single-Valued Neutrosophic Closure Space and Single-Valued Neutrosophic Ideal in
Sostak Sense

This section deals with the de nition of single-valued neutrosophic closure space. The researchers
examine the connection between single-valued neutrosophic closure space and SVNTS based in
Sostak sense. Moreover, the researchers focused on the single-valued neutrosophic ideal notion where
they obtained fundamental properties. Based on Sostak's sense, where a single-valued neutrosophic
ideal takes the form (S,LT,L',LF) and the mappings LT,L',LF:1S1 |, where (LT,L' LF) arethe
degree of openness, the degree of indeterminacy, and the degree of non-openness, respectively.

In this paper, S is used to refer to nonempty sets, whereas | is used to refer to closed interval [0, 1]
and |, is used to refer to the interval (0, 1]. Concepts and notations that are not described in this paper
are standard, instead, S is usually used.

De nition 9. A mappingC : IS Ip! 1S is called a single-valued neutrosophic closure operat® ibn
foreveryH,R 2 1S andr,s2 lo, the following axioms are satis ed:

(Cp) C((0.1.7),5) = ( 0.1.7),

(Ca)H  C(H,s),

(C3)C(H,s) _C(R,s)= C(H_R ,9),
(C4) C(H,s) C(H,r)ifs r,

(Cs) C(C(H,s),s) = C(H,s).

The pair (X, C) is a single-valued neutrosophic closure space (SVNCS for shord.
Suppose that C; and C, are single-valued neutrosophic closure operators on S. Then, C; is ner
than C,, denoted by C, C;iff C1(H,s) Cy(H,s),forevery H2 ISands2 .

Theorem 1. Let (S,t T'F) be anSVNTS. Then, for anyH 2 IS ands 2 Iy, we de ne an operator
Cirr: 15 lg! IS asfollows:

AN

Cie(H,99= fR2 I*:HR, t"R) s t'@R) 1 s tFf@R) 1 sg
Then,(S,C;tir) isanSVNCS

Proof. Suppose that (S,t T'F) is an SVNTS. Then, C4, (C5) and (C,) follows directly from the
de nition of C, 1ir.

(C3) SinceR,H H[R ,Citr(R,s) Cinr(H[R ,s)and C;rr(H,s) Cinr(H[R ,9),
therefore,

Cine(H,9)[ Cinr(R,s)  Cine(H[R ,59).
Let (X,t T'F) be an SVNTS. From (C,), we have

H Cinr(H,9), tT(l Cimr(H,9)) S,'[I(l Cimr(H,s) 1 s
andtF(1 Cyne(H,9) 1 s
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R Cinr(R,9), tT(l C;mr(R,9)) S,tl(l Cirr(R,9) 1 s
anth(l Citr(R,9) 1 s
Itimplies that H[R Cinr(H,9 [ Cinr(R,9),
tT(L (Cime(H,9[ Cime(R,9)) = tT((L Cime(H,9)\ (1 Cymir(R,9)))

tT(@ Cire(H,9)\ tT(L Cime(R,9) s

t!(

=

(Cire(H 9 [ Cime(R,9))) = t'((1 Cire(H,9)\ (1 Cinir(R,9)))
t'(( CtTlF(H,S))[tl(l Cirr(R,s) 1 s

[

tF(l (Cirr(H,9) [ Cimr(R,9)) = tF((l Cine(H,9))\ (1 Ci7nr(R,9))
tF(l CtTIF(H,S))[tF(l Cirr(R)s) 1 s

Hence,C,nr(H,s) [ Cinir(H[R ,5) Cinr(H[R ,s). Therefore,
Cre(H,9 [ Cire(H[R .9 = Cre(H[R ,9).
(Cs) Suppose that there existss 2 1g, H 2 15, and k 2 S such that
Ci1r(Cimir(H, 9),8)(k) > C,nie(H, 9)(k).

By the de nition of C,vir, there existsD 2 1Swith D H ,andt™(1 D ) st'(1 D) 1 sand
tF(1 D) 1 ssuchthat

Cinr(Cimie(H,9),9)(k) > D(k) C;mir(H,s)(k).

SinceCytie(H,s) D andt"(1 D) st/ (1 D) 1 sandtf(1 D) 1 s, bythede nition
of C;1ir(C; mir), we have

CtTIF(CtTIF(H ,S),S) D .

It is a contradiction. Thus, C,7r(C;mr(H,s),s) = C,nr(H,s). Hence, C,ri is a single-valued
neutrosophic closure operatoron S. [

Theorem 2. Let(S,C) beanSVNCSandH 2 S . De ne the mapping I'F : 151 1onS by

td(H) = [ fs21pjC(1 H ,5=1 Hg ,
| \ ) _ _
te(H)= f1 s21pjC(1 H ,9)=1 Hg ,

\ _ _
tEH)= f1 s21pjC(T H ,9=1 Hg ,
Then,

(1) tl'FisanSVNTS onS;
(2) Ctgu: is nerthan C.
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Proof. (SVNT1) Let (S,C) beanSVNCS SinceC((0.1.0),r) =(0.1.) and C(1,0,0,r) =( 1,0,0 for
every s2 lg, (SVNTL1).
(SVNT2) Let (S, C) be anSVNCS Suppose that there existsH 1, H» 2 1S such that

td(H1\H 2) < td(H)\ td(Ho), t&(H1VH 2) > t&(H) [ té(Ho),

tE(H1\H 2) > tE(H) [ tE(H2).
There existss 2 g such that

td(Hi\H 2) < s< td(Hp)\ tl(Hy), t&(Hi\H 2) > 1 s> t&(Hy) [ t¢(Ho),

tEHI\H 2)> 1 s> tE(HY)[ tE(HY).
For eachi 2 f 1, 29, there existss 2 Iowith C(H;,s)= 1 H ; such that
s<s té(Hi), te(H) 1 s<1 s té(H) 1 s<1 s
In addition, since (1 H ;,r)= 1 H ; by C, and C,4 of De nition 9, forany i 2 f 1, 2g,
C(IH DI @A H2,9=(1H [ (T H 2).
ltfollows that t{(H1\H 5) s tl(Hi\H ) 1 sandtE(Hi\H ) 1 s ltisa contradiction.
Thus, for every H,R 2 15, t[(H\R ) td(H)\ tI(B), tL(H\R) ti(H) [ tL(R),
and tE(H\R ) tE(H)[ t&(R).
(SVNT3) Suppose that there existsH = ~ 5, H; 2 IS such that

té(H)<[ td(H), té(H>>[ tL(H)), tE(H)>[ tE(H).
i21 i2l i21

There existssy 2 1g such that

(IH) < o< b tI(HY), th(H)> 1 so> | th(HD), tEH)> 1 s> | tE(H).
i2l i2l i2l

Foreveryi 2 |, there existsC(H;,s)= 1 H ;ands 2 Igsuch that
so<s tl(H), 1 s>1 s ti(H), 1 s>1 s t&(H)).
In addition, since C(1 H j,rg) C(1 H ;,s)= 1 H ;, by C, of De nition 9,
C@His=1H ;.
It implies, forall i2 I,
ClH,) CAHs)=1H,;

It follows that
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Thus, CI(1 H ,5) = 1 H ,thatis, tI(H) so, ti(H) 1 s, andtE(H)
contradiction. Hence, t l'F is an SVNTS on S.
(2) SinceH C(H,r),

td(I C(H,9) stl(T CH,9) 1 stflI C(H,9) 1 s

1 5. ltisa

From Cs of De nition 9, we have Ct'CI'IF(H,S) C(H,s). Thus, Ctgu: is nerthan C. O

Example 1. LetS = fa,bg. Dene B,H,A 2 IS as follows:
B = h0.2,0.2,(0.3,0.3,(0.3,0.3i;H = h0.5,0.5,(0.1,0.9,(0.2,0.i.

We de ne the mappin€ : 1S 1g! 1S as follows:

® (011, if A=(01D, s2 I
% B\H, if 06 A B\H , 0<r<%,
B, if A B ,A6 H, 0<r<%,
C(A,s) = or08 A B 1<r<3i
§H, it A H A6B, O<r< i
B[H, if 06 A B[H ,0<r<3,
1 otherwise

Then,C is a single-valued neutrosophic closure operator.

From Theorem 2, we have a single-valued neutrosophic topgggy’,t £) on'S as follows:

8
1, if A=(1,0,00r(0,1,0,
% 2, if A=BS
3, if A=H¢
tlay=_ 2! ’
c(A) i, if A=BC[H ¢
3, if A=BC\H ¢,
"0, otherwise.
8 :
0, if A=(1,0,00r(0,1,0,
% 1, if A=BS
1 - c
5, if A=H
to(A)= _ 2 ’
c(A) 3, if A=BC°[H ¢
3, if A=BC\H ¢
"1, otherwise.
8 :
0, if A=(1,0,00r(0,1,7),
% 1, if A=BS
1 if A=He°
t&(A)= _ 7. !
c(A) 3, if A=BC°[H ¢,
3, if A=BC\H ¢,
"1, otherwise.

Thus, thet ['F is a single-valued neutrosophic topology®n

De nition 10. A single-valued neutrosophic ide@VYNI ) on S in Sostak's sense on a nonempty Ses a

family LT, L', LF of single-valued neutrosophic setsSrsatisfying the following axioms:

247



Symmetry202Q 12, 193

(Ly) LT(0) = 1andL'(0)= LF(0) = O.

(L) IfH B ,thenLT(R) L T(H),L'(R) L '(H),andLF(R) L F(H), for each single-valued
neutrosophic se® ,H in IS,

(L)) LT(R[H ) L T(R)\L T(H),L"(R[H ) L "(R)[L '(H),andLF(R[H ) L F(R)[
L F(H), for each single-valued neutrosophicBeH in IS,

If Ly andL, areSVNI onS, we say that 1 is nerthan L, denotedby; L o, iffL{(H) L J(H),
Li(H) L 5(A),andLF(H) L 5(H),forH 2 IS.

The triable(X, (t T,t ', tF),(LT,L',LF) is called a single-valued neutrosophic ideal topological space in
Sostak sens&YNITS , for short).

We will occasionally writel T'F, LT'F and LT 1% 1 1 for (LT,L',LF), (LT,L!,LF), and
LT,L',LF:1S1 1|, respectively.

Remark 1. The condition{L,) and(L3), which are given in De nition 10, are equivalent to the following
axioms:LT(H[R )= LT(H)\L "(R),L'(H[R )& L'(H)[L '(R),andLF(H[R )& LF(H)[
LF(R), foreveryR,H 2 1S,

Example 2. LetS = f a,bg. De ne the single-valued neutrosophic s&sC,H,A and(LT,LT,LT) : 1S
| as follows:

R = 10.3,0.9,(0.4,0.5,(0.5,0.9i; C= Nh0.3,0.4,(0.5,0.5,(0.3,0.9i,
H = h0.1,0.3,(0.5,0.5,(0.5,0.5i.

1, if B=(0.1.0,

i, if A= R,

2, if (0.1.) < A<R,
0, otherwise

8
3
L'(A)=

().§

0, if A=(0.1.9,
i, if A=C,

i if (0L)<A<C
1, otherwise

L'(A) =

W AW 00

if A=(0,1,0,

if A=H,

if (0.1.) < A<H,
otherwise

LT(B) =

W AW OO
= BNl o

Then,LT'FisanSVNI onS.

Remark2. () fLT(1)= 1,L'(1) = 0,andLF(1) = 0, thenL T'F is called a single-valued neutrosophic
proper ideal.

(i) FLT(1)=0,L"'2) = 1,andLF(1) = 1, thenLT'F is called a single-valued neutrosophic improper
ideal.

Proposition 1. LetfL ['Fg;, ; be a family 0fSVNI onS. Then, their intersection ;, ;L T'F is alsoSVNI .

Proof. Directly from De nition 7. O
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- . . . S .
Proposition 2. LetfL ['Fgi, ; be a family 0fSVNI onS. Then, their union™ ;5 ;L "'F is also afSVNI .
Proof. Directly from De nition 7. O

4. Single-Valued Neutrosophic Ideal Open Local Function in Sostak Sense

In this section, we study the single-valued neutrosophic ideal open local function in Sostak's sense
and present some of their properties. Additionally, properties preserved by single-valued neutrosophic
ideal open compatible are examined.

De nition 11. Letst,p 2 lpands+ t+ p 3. A single-valued neutrosophic poink;, of S is the
single-valued neutrosophic set ift for eactk 2 H , de ned by

(s,t,p), if x =Kk,

%sep()= 011, if x6 k.

A single-valued neutrosophic poinksip is said to belong to a single-valued neutrosophic set
H = hTy, Iy, Ryi 2 1S, denoted bstp 2 H iff s< Ty, t Iy andp Fq. 1. We indicate the set
of all single-valued neutrosophic points$asSVNP (S).

For every Xst,p 2 SVNP(S) and H 2 IS we shall write Xst,p quasi-coincident with H, denoted by
Xs't,qu y |f

s+ Tu(k)>1, t+ig(k) 1, p+Fy(k) 1.

Forevery R,H 2 S we shall write HGR to mean that H is quasi-coincident with R if there exists
k 2 S such that

TH(K)+ Tr(k) > 1, Iq(K)+ Ir(k) 1, Ry(k)+ FRr(k) 1.

De nition 12.  Let(S,t T'F) be anSVNTS. For each 2 lg, H 2 15, xs1,, 2 SVNP(S), a single-valued
neutrosophic open Qir-neighborhood ofgx p is de ned as follows:

Qmir(Xst,p, 1) = THj (Xst,p)aH, tT(H) r, t'(H) 1 r, tF(H) 1 rg

Lemma 1. A single-valued neutrosophic poirt; , 2 C, rir (R, r) iff every single-valued neutrosophic open
Q; mir-neighborhood ofsx p is quasi-coincident with .

De nition 13. Let(S,t T'F) be anSVNTS for eactH 2 1S, Then, the single-valued neutrosophic ideal
open local functioid 7 (t 'F, L T'F) of H is the union of all single-valued neutrosophic poirts  such that if
R2 Qme(Xstp,r)andL™(C) r, LY(C) 1 r, LF(O 1 r,thenthereis atleastone2 S for
which To(K) + Tu(K) 1> Te(K), Ir()+ 1n(k) 1 Ie(k), and (k) + Fy(k) 1 Fe(k).

Occasionally, we will write. H/ for H/(t T'F, LT'F) and it will have no ambiguity.

Example 3. Let (S,t T'F,LT'F) be anSVNITS . The simplest single-valued neutrosophic idealSois
LJ'F:1S 1 I, where

1, if R =(1,0,0,

LTlF R) =
o (R) 0, otherwise

If we takeL T'F = LJ'F, for eactH 2 1S we haveH? = C,mie(H,1).
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Theorem 3. Let(S,t T'F) be anSVNTS andL]'F,L]'F 2 SVNI (S). Then, foramyH,R 2 15 andr 2 Iy,
we have

(1) IfH R ,thenH’ R 7;

r.i

2 LT L ], L] L bandLf L 5 thenH?(LT'FtTF) H 2((LI'F,tT'F);

(3) Hl?: tTIF(Al?,r) CtTIF(H’r);

@ (H)? H

G) (H/_R)=(H_R)

6) ILT(H) r, L'(R) 1 r,andL?(R) 1 rthen(H_R)?=A7_R7?=H}
7 1t (R) r, t'(R) 1 r,andtf(R) 1 r,then(R*"H?) (R"H)?

8) (H/"R}?) (H"R)’.

Proof. (1) Suppose thatH 2 1S and H? 6 R/. Then, there existsk 2 S and s,t, p 2 g such that
Tup(k) s> Trp(k), Inp(k) <t Irz(K), FRyp(k) < p  Fry(K). 6y

SinceTrz(kK) < s, Irz(k) t,and Frz(k)  p. Then, there existsD 2 Q;tiry(Xst,p. ), LT(O r,
L'(©O 1 r,andLF(C) 1 rsuchthatforany k;2S,

To(k)) + Tr(k1)) 1 Te(ke), Ip(ke)+ Ir(k) 1> Ic(ky), Fo(ki)+ Fr(ke) 1> Fe(ky).
SinceH R ,

To(k)) + Tu(k) 1 Te(ka), Ip(ke)+ In(k) 1> Ic(ke), Fo(ks) + Ra(ke) 1> Fe(ka).
SO,)'TH?(E) <'s, Iyz(k) t,and Ry2(k) pand we arrive at a contradiction for Equation (1). Hence,
o (F;) gupposeHr?(LI'F,t TIFYy 6 H7(L]'F,t T'F). Then, there existss,t, p 2 lpand k 2 S such that

TH;?(LIIF’tTIF)(k) <s TH?(LIIF,ITlF)(k)’
IH?(LI'F,tTIF)(k) t> IH?(L;’IF’tTIF)(k), 2)

FH?(L':IL'IF'ITIF)(k) p> FH;)(L;'IF’tTIF)(k)-

SinceTH?(LIIF‘tTIF)(k) < s, |HI?(L':IL'IF‘tT|F)(k) t, and FHr?(LPF‘tﬂF)(k) P, D 2 Q;mir(Xst,p,r) with
LI(© rLI(©O 1 randLf(C) 1 r.Thus,foreveryk;2S,

Tp(k) + Th(k) 1 Te(ke), Ip(ke)+ In(ky) 1> Ic(ky), Fo(ke)+ Ry(ky) 1> Fe(ky).
sinceLI(C) L T(Q) 1 LY L LC) 1 randL5Q L FQ) 1
Tp(k) + Th(ky) 1 Te(ke), Ip(k)+ In(ky) 1> Ic(ky), Fo(ky)+ Ry(ky) 1> Fe(ky).

Thus, TH?(L}'F,tT'F)(k) <Ss, 'H?(L}'F,tTIF)(k) t, and FH;)(LEIFYtTIF)(k) p. This is a contradiction for
Equation (2). Hence, H7((LT'F,t T'F)) H ?((LI'F,tT'F)).
(3)() ) SupposeH? 6 C,rir(H,r). Then, there existss,t,p 2 lpand k 2 S such that

THI?(k) S> TCtT”:(H,r)(k)' |H?(k) < t lCtT”:(H,r)(k)v FH;)(k) < p FCIT”:(H,r)(k)' (3)
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SinceTy2(k) s, Ih2(k) < tand Ryz(K) < p, Xst,p 2 H 7. So there is at least onek; 2 S for every
D 2 Q;ne(Xst,p,r) with LT(C) r, LI(CQ) 1 r, LI(C) 1 rsuchthat

Tp(ky) + Th(ky) > Te(k)) + 1, Ip(ky) + IH(ky)  Ic(ke) + 1, Fo(ky) + Fy(ky)  Fe(ky) + 1.

Therefore, by Lemma 1, xstp 2 C,mir(H,r) which is a contradiction for Equation (3). Hence,
H,? CtTH:(H,I').
(( ) SupposeH;? 6 C,me(H/,r). Then, there existss, t,p 2 lpand k 2 S such that

Thp(k) < s Te emzn(K), Twz(k) - t> e omzn(k), Faz(k)  p> Foomzn(k). (4)

SinceTCtTlF(Hr?J)(k) t, |CITIF(H?ar)(k) < S CtTIF(HI?, r)(k) < pwe have Xst,p 2 CtTu:(H;'),r). So,
there is at least onek; 2 S with R 2 Q, mir(Xst,p, ) such that

Tr(ky) + Thz(k) > 1, Ir(ky) + Inz(k) 1, FRe(ky)+ Ryz(k) L

Therefore, H?(k;) 6 0. Lets; = Thz(Ky), t1 = ly2(ky), and py = FRy2(kg). Then, (Ki)s,t.p 2 Hy
and s;+ Tr(ky) > 1,t3+ Ir(ki) 1,and p+ Fr(ki) 1sothatR 2 Q;mir((Ki)s,ty,p, 7). Now,
(K1)s,t,.p; 2 H7 implies there is at least one k’2 S such that TD(kO) + TH(kO) 1> Tc(kol), ID(kO) +
h(k) 1 1e(kY),and oK)+ Ry (kY 1 Fe(kd,foral LT(CQ) rL'(C 1 rLFO 1 r,
and D 2 Q;mir((K1)s,t;,p;-F). That is also true for R. So there is at least onek” 2 S such that
Tr(KY+ Ta(K) 1> Te(k), R(K)+ 14(F 1 1c(k’), and Fr (Y + Ry (k) 1 Re(kS.
SinceR 2 Q;mir(kst,p, ) and R is arbitrary; then Ty2(k) > s, Iy2(k)  tand Tye(k) p. ltisa
contradiction for (4). Thus, H?  C,ne(H/,r).

(4) () ) Can be easily established using standard technique.

(5)() ) SinceH,R H[R .By(1),H’ (H[R )/andR;? (H[R )/. Hence,H’[B/
(HIR ).

(( ) Suppose(H?[R /) 6 (H[R ). Then, there existss,t,p 2 lpand k 2 S such that

Trzr (K < s Tr 2K Irzr (K 1> Tgr y2(K), Rz oK) P> Fur )z(k). ()
Since T(H?[R ?)(k) < S I(H?[R ?)(k) t, and F(H;)[R ?)(k) p, we have TH;’(k) < S, |H?(k) t,

Frz(k)  por Tre(k) < t,Ig2(k) t, Fr2(k) t. So, there existsD1 2 Q, rir(Xst,p, ') such that for
everyk; 2 S andforsomeLT(C) r,L'(C) 1 rLFG) 1 r,wehave

Tp,(ki) + Th(ky) 1 Tg(ky), Ip,(k)+ In(k) 1> Ig(ky), Fp,(ki)+ Ry(ky) 1> Fg(ky).

Similarly, there exists D, 2 Q,tir(Xst,p,I) such that for every k; 2 S and for some L T(G) r,
L'(GQ) 1 rLRG) 1 r,wehave

Tp,(ki) + Th(k) 1 Tg(k1), Ip,(kKe)+ In(k) 1> Ig(k1), Fp,(ki)+ FRya(ky) 1> Fg(ka).

SinceD = D1"D 2 2 Q;mir(Xst,p, ) and by (L3),LT(CG[C,) L (CQ)\L (&) r LY(CG[C),)
L'(CQ)[L (&) 1 r,andLF(G[C,) L (Q)[L (&) 1 r.Thus,foreveryk,2S,

To(ky) + Trip (k) 1 Tgjc,(ka),
Ip(ky) + Ign (k1) 1 Igjc,(ka),
Fo(ky) + Rrip (k1) Fgpe,(ka).
Therefore, Tiyr y2(K) < s, I(wr j2(K)  t,and Fyr y2(k)  p. So, we arrive at a contradiction for
(5). Hence,(H/[R 7) (H[R )/
(6), (7), and (8) can be easily established using the standard technique. [
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Example 4. LetS = fa,bg. DeneR,C,H 2 S as follows:

R; = h0.5,0.5,0.5,(0.5,0.5,0.5,(0.5,0.5,0.5i; R, = h(0.4,0.4,0.3,(0.1,0.1,0.},(0.1,0.1,0.}i;
Rs= h0.3,0.3,0.3,(0.1,0.1,0.1,(0.1,0.1,0.3; C = h0.3,0.3,0.3,(0.3,0.3,0.3,(0.1,0.1,0.}i;

G = 10.2,0.2,0.2,(0.2,0.2,0.2,(0.1,0.1,0.}; G = h0.1,0.1,0.},(0.1,0.1,0.}, (0.1,0.1,0.}i.

DenetT'F,LTIF: X1 | asfollows:

8 8

2 1, if H=(0,1,9, 2 1, if H=(0,1,9,
tT(H)=_ 1, if H=(100, LT(H)=_ 3 if H=G,

© 3, if H=Ry; © 2, if0<H<G;

8 8

2 0, if (0,1,9), 2 0, if H=(0,1,9,
t'(H)=_ 0, if H=(100, L'(R)=_ 3, if H=G,

- 3, if H=Ry; 1 if 0<H< G

8 8

2 0, if H=(0,1,9, 2 0, if H=(0,1,9,
tf(H)= _ 0, if H=(1,0,0, LF(H)= _ 3, if H=G,

© 3, if H=Rg ~ 1 if0<H<G.

LetG= h(0.4,0.4,0.%,(0.4,0.4,0.%,(0.4,0.4,0.3. Then,G'%’ = R;.

Theorem 4. LetfH ;g5 IS be a family of single-valued neutrosophic setSand(S,t T'F, L T'F) be an
SVNITS . Then,

@ CHp?:i2) CHiziz g
@ (H):i2) (Hi:i2Y7

S
PSroof. (1) Since é—h H; for all i 2 J and by Theorem 3 (1), we obtain
(C(H)D?Zi23 (T Hj, i2 7 Then, (1) holds.
(2) Easy, so omitted. O
Remark 3. Let(S,t T'"F,LT'F) be anSVNITS andH 2 1S, we can de ne

Clre(H,r)= H[H 7, int’re(H,)= HA L (2 H )L

It is clear, C7r ¢ is a single-valued neutrosophic closure operator @ntf(LT),t'?(L"),t F?(LF) is the
single-valued neutrosophic topology generated:ﬁMF, ie.,

t?(1)(H) = [ frjClre(l H ,r)= 1 Hg .

Now, if LT'F = L{'F, then,C?r e (H,r) = H, [H = C’re(H,r)[H = Cine(H,r), forH 2 13, So,
tTIF?(LEIF)z t TIF.

Proposition 3. Let(S,t T'F,LT'F) be anSVNITS ,r 2 Ip, andH 2 IS. Then,

(1) CETIF(l!r) =1
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(2) C?TIF(er) =0

@ It (HIR 1) int7ne(Hn) [ int7re(R.0);

4) int;?TIF(H!r) H C?TIF(H!r) Cimie(H,r);

(5) C?TIF(l H.,rn=1 int?TIF(H!r) and1 C;?TIF?(H!r): int?TIF(l H )
6) int’ne(H\R ,r) = int?re(H,r)\ int? e (R, ).

Proof. Follows directly from de nitions of CleF, intt?T,F, C;mir, and Theorem 3 (5). O

Theorem 5. Let (S,t{'F,LT'F) and (S,t]'F,LT'F) be SVNTS% and t['F to'F. Then,
HP(tF LTIF) H 2] LTF),

Proof. SupposeH7(t7'F,LT'F) 6 H7(t['F,LT'F). Then, there existss,t, p 2 lo, k 2 S such that

TH?(téI'IF,LTIF)(k) s> THF(tIIF’LTIF)(k)y
IH;?(téI'IF’LTIF)(k) <t IH;?(tiI'IF’LTIF)(k)a (6)

FHr?(tleF’LﬂF)(k) <t FH;?(t:'LI'IF’LTIF)(k).

SinceTH?(tI'F,LT'F)(k) <'s, IH}?(ti”F,LT'F)(k) t, FHr?(ti”F,LT'F)(k) p, there existsD 2 Qtiru:(Xs’t’p,r)
with LT(G) r,L'(C) 1 randLF(G) 1 r,suchthatforanyk;?2S,

Tp(k) + Th(ky) 1 Tck), Ip(k)+ In(ky) 1> Ic(ky), Fo(ky)+ Ry(ky) 1> Fe(ky).

SincetlT“: t;”:, D 2 QtleF(XS,t,p.l’). Thus, TH;»(tzﬂFYLﬂF)(k) < s IHI?(téI'IF'LTIF))(k) t,
FHr?(térlF‘LTIF)(k) p. Itis a contradiction for Equation (6). O

Theorem 6. Let (S,tT'F,LT'F) and (S,tT'F,L]'F) be SVNTS% and L]'F L J'F. Then,
HALTFETIF) HO2(LIIF (TR,

Proof. Clear. O

De nition 14. LetQ be a subset df, and0 62Q. A mappingb™,b',bF : Q| | is called a single-valued
neutrosophic base @ if it satis es the following conditions:

(1) bT(2) = 1andb'(2) = bF(2) = 0;
(2) ForallH,R2 Q,

bT(H\R ) bT(H)\ b"(R), b'(H\R ) b'(H)[ b'(R), bF(H\R ) bF(H)[ bF(R).

Theorem 7. De ne amappingb: Q! 1lonS by

b'(H) = [ ftT(R)\I T(OjH

- R\ (1 C)g,
bi(H)= ' ft/(R)[1 '(OQjH = R\ (1 C)ag,
bF(H)= 't (R)[I F(OjH = R\ (1 C)a.
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Then,b™'F is a base for the single-valued neutrosophic topalddy?.

Proof. (1) SinceLT(0)= 1andL'(0)= LF(0)= 0,wehaveb’(1) = 1andb'(1) = b"(1) = 0;
(2) Suppose that there existsH,H» 2 Q such that

b'(H1\H 2) 6 bT(H1)\ bT(Hy),
b'(H1\H 2) 6 b'(Hy) [ b'(Hy),
bP(H1\H 2) 6 bF(H1) [ bF(H2).

There existss,t,p 2 lpand k 2 S such that

bT(H1\H 2)(k) <5 bT(H1)(x)\ bT(H2)(k),
b'(H1\H 2)(k) t> b'(H1)(k)\ b'(H2)(K), (7)

bP(H1\H 2)(k)  p> bF(H1)(K) [ bT(H2)(K).

Since bT(H1)(k) s, b'(H)(k) < t, bF(H1)(k) < p, and bT(H2)(k) s, b'(H2)(k) < t,
bF(H2)(k) < p, thenthere existsR1,R1,C;,G 2 Qwith H; = R4\ (1 Cq)andH,= R,\ (1 C ),
such that bT(H,) tT(R)\L T(Q) s, b'(Hy) t'(Ry)[L "(C) < t, bF(Hy)
tF(R)[L F(GQ) < p,and bT(H2) tT(R)\L I(G) s b'(Hz) t'(R)[L (G) < t,
bF(H,) tF(R2)[L F(G) < p. Therefore,
Hi\H 2 =(R1\ (2 C 1)\ (R2\ (1 C))
=(R1\R 2)\ ((1 C 1)\ (1 Cy))
=(R1\R )\ (1 (G[Cy).

Hence, from De nition 14, we have

bT(H1\H 5)  tT(R1\R 2)\L (G [C»)
tT(R)\ tT(R)\L "(C)\L (G)
=(t"R)\L ")\ (tT(R)\L (G) s

b'(Hi\H 2)  t'(R1\R 2)[L (G[C2)
t'(R)[ t'(Ry)[L "(C)IL (&)
=(t'Ry[L ) t'R)IL (&) < t,

bF(H1\H 2)  t7(R1\R 2)[L F(G[C»)
t" (R tF(R2) L H(Q)[L (G)
=(tF(R)[L Q) [ t"(RIL (S < p.

It is a contradiction for Equation (7). Thus,

b"(Hi\H 2)  bT(H1)\ bT(Hp),b'(H1\H 2) b'(Hy) [ b'(H2),bF(Hi\H 2)  bF(H1) [ bF(Hy).

O
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Theorem 8. Let(S,t T'F) be anSVNTS, andL ]'F andL {'F be two single-valued neutrosophic idealsSin
Then, forevery 2 lgandH 2 1S,

(1) H?(LIIF\L }'IF,ITIF): H?(LIIF,ITIF)[H ?(L}'IF,ITIF),
(2) H?(LIIF[L ;'F,t): H?(LIIF,tT?(LglF))\H ?(L;IF,tT?(LIIF)).

Proof. (1) Suppose thatH/(L{'F\L TPt TPy 6 HZ(L'F,tTF) [H ?(L]'F,t T'F), there existsk 2 S
and s,t,p 2 lg such that

Tuzanw a0 8> Thzapm (T Tz gem (0, ®
Tz Leny(K) <t gz oy (KT Tz ey (K),

Fazare 509 <P Fapren (N Fyzs ey (k).

Since TH?(LI,tT)(k) [ TH?(L},tT)(k) < s IH?(L'l.t')(k)\ IH;-’(L'Z,t')(k) t, FH?(LlF,t F)(k)\
FH?(LE,tF)(k) p, we ha.Ve, TH?(LI,IT)(k) < S IH;?(L_!L,tl)(k) t, FH?(LE,tF)(k) P, and
lwzsin(K) < sz (@)t Ryzgecr (k) p.

Now, TH?(LI,tT)(k) < s IH?(Lll‘t.)(k) b Fapes r(K)  pimplies that there exists Dy 2
Qi me(Xst,p,r) and for some LI(G) r,LY(G) 1 randLf(C) 1 r such thatforevery
k1 2S,

Tp, (k) + Th(k) 1 Tg(k), o, (ki) + Tu(k) 1 Ig(ki), Fp,(ka)+ Ry(ky) 1 Fg(ka).

Once again,TH;)(l_;t T)(k) <s, 'H,?(L'Z,t')(k) t, FH,?(Lg,t F)(k) p, implies there exists D, 2
Qimir(Xstp,r) andforsome LI (G) r,LY(G) 1 randL5(G) 1 r,suchthatforky 2 S,

Tp,(k1) + Th(ky) 1 Tg(ke), Ip,(ke)+ IH(k) 1 Ig(k), Fp,(ki))+ Fy(ky) 1 Fe(k),
Therefore, for every ki 2 S, we have

Top ,(k1) + Th(k) 1 Toic,(ke), Ipyp ,(ki) + Th(k) 1 Igc,(Ka),

Fo,p ,(k1) + Fy(k1) 1 Fgpe,(ky).

Since(D1"D 2) 2 Q;ne(Xst,p, 1) and (LT\L 1)(G\Cp) 1, (LI\L D)(G[C2) 1 r,and(LP\
LE)(C_l[_C 2) 1 rwehave Tupqry 1amy(K) S g ey (K) > tand Rz ey gery(k) > t
and this is a contradiction for Equation (8). So that

HALIFAL TF e TFy | 2(LTF e TIF) [H 2(LDIF ¢ TIF),
On the opposite direction, LT'F L T'W\L T'"Fand L]'F L T'"™\L JIF so by Theorem 3 (2),

HZWIFAL TFtT) H 2(LTF e TF) [H 2(LIF e TF),
Then,

H2(LTFAL JF ¢ TRy = H2(LTF ¢ TF) [H 2(LDF L TIF).

(2) Straightforward. [
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The above theorem results in an important consequence. t T'F?(LT'F) and [t T'"F?(LT'F)]?(LT'F)
(in short t ??) are equal for any single-valued neutrosophic ideal on S.

Corollary 1. Let (S,t T'F,LT'F) be anSVNITS. For everyr 2 lgandH 2 11X, H(LT'F) =
H2(LTIF,t TIF?) andt T'F?(LTIFy = { TIF??

Proof. Putting L]'F = LJ!F in Theorem 8 (2), we have the required result. [

Corollary 2. Let(S,t T'F) be anSVNTS, andL ]'F andL ['F be two single-valued neutrosophic idealsSn
Then, foranyH 2 1S and r2 Ig,

(1) tT?(LIIF“ ;’IF) = ( t TIF?(L;’IF))?(LD - ( t TIF?(LIIF))?(LD,
(2) tT?(L'lI'IF\L ;’IF): tTIF?(L'{IF)\ IT?(L;-IF).

Proof. Straightforward. O

De nition 15. For anSVNTS (S, t T'F) with a single-valued neutrosophic iddal'F, t T'F is said to be
single-valued neutrosophic ideal open compatible Wittt, denoted by T'F L T'F| if for eactH,C 2 1S
andxsip 2 H with LT(C) r,L'(C) 1 r,andLF(C) 1 r,thereexistd 2 Q,rir(xt,r) such that
To(k)+ Th(k) 1 Te(k), Ip(k)+ Iq(k) 1> Ig(k),andFp(k) + Fy(k) 1> Fe(k) holds for any
k2S,thenLT(H) r,L'(H) 1 randLF(H) 1 .

De nition 16. LetfR ;gj> ; be an indexed family of a single-valued neutrosophic sgtsafch thatR ;gH
for eachj 2 J, whereH 2 IS. Then,fR j0j2 4 is said to be a single-valued neutrosophic quasi-covr ifff
T (k) + TszJ(Rj)(k) 1 I (k) + IWJ_N(R],)(k) < 1,and g (k) + ':Wm(Rj)(k) < 1,foreveryk 2 S.

Further, let (S,t T'F) be anSVNTS, foreacht T(R;) r,t'(R)) 1 r,andtF(R;)) 1 .
Then, any single-valued neutrosophic quasi-cover will be called single-valued neutrosophic quasi
open-cover of H.

Theorem 9. Let(S,t "'F) be anSVNTS with single-valued neutrosophic iddal''F on'S. Then, the following
conditions are equivalent:

v t L.

(2) If for everyH 2 IS has a single-valued neutrosophic quasi open-covi® ¢, ; such that for each
LT+ Tr( 1 TeK), Ih(K)+ Ir(K) 1> Ig(k), andRy(k)+ Fr(k) 1> Fe(k)
for everyk 2 S and forsom& T(C) r,L'(C) 1 r,andLF(C) 1 r,thenLT(H) r,
L'(H) 1 r,andLF(H) 1 r,

(3) ForevenH2 IS, HAH ?=(0,1,1) impliesLT(H) r,L'(H) 1 r,andLF(H) 1 r,

(4) ForeveryH 2 IS,LT(18) r,L'(®) 1 r,andLF(8) 1 r,wherel¥ = = xgp such that
Xst,p 2 H but xstp 62 H,

(5) Foreveryt ™A H) rt'AH) 1 r,andtF?A@ H) 1 rwehavelT(8) r,
L'(#) 1 r,andLF(18) 1 r,

(6) ForeveryH 2 IS,if A contains noR & (0,1,) withR R 7, thenLT(H) r,L'(H) 1 r,
andLF(H) 1 r.

Proof. Itis proved that most of the equivalent conditions ultimately prove the all the equivalence.

(1)) (2): LetfR ;g2 5 be a single-valued neutrosophic quasi open-cover of H 2 IS such that for
23T+ Tri() 1 Tek), () + IR(K) 1> Ic(k), and Ry (k) + Fri(k) 1> Fe(K) for
everyk 2R andforsome LT(C) r,L'(C) 1 r,andL"(C) 1 r. Therefore, asfR jgjz;isa
single-valued neutrosophic quasi open-cover of R, for each xstp 2 H, there exists at least oneR
such that xstpqR;j and forevery k 2 S, Ty(k) + Tr, (k) 1 Tc(k), In(k) + Ir (k) 1> Ic(K),
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and Ry (k) + Fr, (k) 1> Fc(k) for every k 2 S and for some LT(C) r, L'(C) 1 rand
LF(C) 1 r. Obviously, Rj 2 Q;mir(Xst,p.r). By (1), we haveLT(H) r,L'(H) 1 r, and
LF(H) 1 r.

(2)) (1): Clear from the fact that a collection of fR ;gj>; which contains at least one R; 2
Q; 71r(Xst,p, 1) of each single-valued neutrosophic point of H, constitutes a single-valued neutrosophic
quasi-open cover of H.

(1)) (3): LetH\H ? = (0,1,1, for every k 2 S, x; 2 H implies xstp 62 H. Then, there
exists D 2 Q;rir(Xst,p,f) and LT(C)  r,L'(C) 1 r,LF(C 1 rsuchthatforevery k2SS,
To(k)+ Th(k) 1  T(k), Ip(k)+ 14(k) 1> Ic(k),and Fp(k)+ Fy(k) 1> Fc(k). SinceD 2
Qi mir(Xst,p, ), By (1), we haveLT(H) r,L'(H) 1 r,andLF(H) 1 .

(3)) (1): Foreveryxstp 2 H, there existsD 2 Q, ir(Xst,p, ') such that for every k 2 S, Tp (k) +
Th(k) 1 Te(k), Ip(k)+ Ix(k) 1> Ie(k),and Fp(k) + Fy(k) 1> Fc(k),forsomeLT(C) r,
L'(© 1 r,LF(C) 1 r. Thisimplies xstp 62 H. Now, there are two cases: eitherH? = (0,1, 1)
or H? 6 (0,1, but s > Thz(k) 6 O, t Iy?(k) 6 1, and p Fiz(k) 8 1. Let, if possible,
Xstp 2 H suchthatt > Ty2(k) 6 0,t  Iy2(k) 6 1, andt  Fy2(k) 6 1. Lets®= Ty2(k) 6 O,
t%= I47(k) & 1,and p°= Ry7(k) & 1. Then,xew0m0 2 H (k). In addition, X002 H . Thus, for every
V 2 Qrir(Xstp,T), forevery LT(C) r,L'(C) 1 r,andLF(C) 1 r,thereisatleastonek 2 S
such that Ty(k) + Ty(k) 1> Tc(k), lv(k)+ Ix(k) 1 Ic(k), and R/(k) + Fy(k) 1  Fe(k).
Sincexst,p 2 H, this contradicts the assumption for every single-valued neutrosophic point of H. So,
H? =(0,1,). That meansxstp 2 H implies xstp 62 H. Now this is true for every H 2 1S. So, for
anyH 2 IS,H\H 7 =(0,1,1. Hence, by (3), we haveLT(H) r,L'(H) 1 r,LF(H) 1 r,
which implies t T'"F L TIF,

(3)) (4): Letxstpintd. Then, xstp 2 H but xstp 62 H. So, there exists aD 2 Q,tir(Xst,p, ) Such
thatforevery k2 S, Tp(k)+ Th(k) 1 Tc(k), Ip(k) + 1q(k) 1> Ic(k), and Ry (k) + Fq(K)
1> Fe(k), forsomeLT(C) r,L'(Q) 1 r,LF(C) 1 r. Since® H ,forevery k 2 S,
Tp(k)+ Te(k) 1 Tc(k), Ip(k) + lg(k) 1> Ic(k), and Fp(k) + Fe(k) 1> Fc(k), for some
LT(©) r,L'(© 1 randLF(C) 1 r. Therefore, xst,p 6217 implies that 7 = (0,1, or
1976 (0,1,1) but s> Tazt Iz and p Fgr. Letxoop0in SVNP(S) such that 0 Tz(K) < s,
t leo(k) < t and p Fez(k) < P i.e., X 2 197 Then, for eachV 2 Q;mir(X010p0,T)
and foreach LT(C) r,L'(©Q) 1 r,LF(© 1 r, thereis atleast onek 2 S such that
Tv(K) + Te(k) 1> Te(k), lv(K)+ lg(k) 1 Ic(k),and Ry(k) + Fg(k) 1 Fc(k). Sinceld
H, then for each V 2 Q,mr(Xgpopor) and foreach LT(C)  r, L'(Q 1 r, LF(Q 1 o,
there is at least onek 2 S such that Ty (k) + Ty(k) 1> Tc(k), Iv(k)+ Ig(k) 1  Ic(k), and
R(K)+ Ri(k) 1 Fo(k). Thisimplies xg0p0 2 HY. Butass?< s,t%< t, and p°< p, xst,p 2 1€
implies X002 14, and therefore, xg0,0 62 H. This is a contradiction. Hence, H = (0,1, 1), so that
Xstp 2 18 implies xstp 6287 with 147 =(0,1,1). Thus, 18\ 1, = 0, for every H 2 1X. Hence, by (3),
LT(®) r,L'(8) 1 r,andLF(®) 1 .

(4)) (5): Straightforward.

(4)) (6): LetH 2 1S and H R 6 (0,1,) with R R 7. Then,forany H 2 IS, H =
[ (H\H 7). Therefore, H? = (&[ (H\H [?))7 = ®7[ (H\H })?. by Theorem 3 (5).

Now, by (4), we have LT(18) r,L'(8) 1 r,andLF(1#) 1 r,thenl8’=(0,1,1). Hence,
(H\H )7 = H?but H\H 7 H 7, then H\A 7 (H\H /)’. This contradicts the hypothesis
about every single-valued neutrosophic set H 2 15,if (0,1,) 6 R H with R R ;’ Therefore,
H\H ?=(0,1,9),sothatH = ¥ by (4),wehave LT(H) r,L'(H) 1 r,andLF(H) 1 r.

(6)) (4): Since, for everyH 2 15, H\H 7 = (0,1,1). Therefore, by (6), asH contains no
non-empty single-valued neutrosophic subset R with R R 7, LT(H) r,L'(H) 1 r,and
LF(H) 1 r.

(5)) (1): ForeveryH 2 15, xsip 2 H, there exists anD 2 Q;rir(Xst,p,I) such that Tp (k) +
Tu(k) 1 Te(k), Ip(k)+ Ig(k) 1> Ic(k),and Fp(k)+ Fq(k) 1> Fg(k) holds for every k 2 S
and forsome LT(H) r,L'(H) 1 r,andLF(H) 1 r. Thisimplies xstp 62 H. LetR =
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H[H . Then,R, = (H[H )/ = H?[ (H7)? = H? by Theorem 3(4). So.C’¢(R,r) = R[R 7= R.
Thatmeanst T?(1 R ) rt'> (@ R ) 1 r,andt™(1 R ) 1 r. Therefore, by (5), we have
LT(R) rL'(R) 1 r,andLF(R) 1 r.

Once again, for any Xst,p in SVNP(X), xst,p 62R; implies xstp 2 R but xstp 62 F = H? So,
asB = H_H /, xst,p 2 H. Now, by hypothesis about H. Then, for any xstp 2 H 7. So,R = H. Hence,
LT(H) r,L'(H) 1 r,andLF(H) 1 r,ie,t™ L TF O

Theorem 10. Let (S,t T'F) be anSVNTS with single-valued neutrosophic ideal"'F on S. Then, the
following are equivalent and implied by L .

(1) ForevenH 2 IS, HAH ?=(0,1,1) impliesH, = (0,1,);

(2) ForanyH 2 IS,187=(0,1,0;

(3) ForevenH2 IS, HAH 7= H?.

Proof. Clear from Theorem 9. O

The following corollary is an important consequence of Theorem 10.
Corollary 3. Lett T'F L TIF Then,b(t T'F,LT'F) is a base for T'F? and alsab(t T'F, L T'F) = t TIF?,

Denition 17. LetH,R 2 SVNS onS. If H is a single-valued neutrosophic relation on aSethenH is
called a single-valued neutrosophic relationBif, for everyk,k; 2 S,

Tr(k, k1) min(Ty(K), T (k1)),

Ir(k,k1) max(ly(k),Iq(ky)), and

FR(k, k1) max(Fy (K), Ry (ke)).

A single-valued neutrosophic relatidth on S is called symmetric if, for evelyk, 2 S,
TH(K k1) = T (ke k), TH(K k1) = Ig(ke,K), Ra(k, k1) = Ry(ke, k); and

Tr(k,k1) = Tr(ks, k) Ir(k, k1) = Ir(k1, k), F(k k)= Fr(kg,K).

In the purpose of symmetry, we can replace De nition 3 with De nition 17.

5. Conclusions

In this paper, we de ned a single-valued neutrosophic closure space and single-valued
neutrosophic ideal to study some characteristics of neutrosophic sets and obtained some of their
basic properties. Next, the single-valued neutrosophic ideal open local function, single-valued
neutrosophic ideal closure, single-valued neutrosophic ideal interior, single-valued neutrosophic
ideal open compatible, and ordinary single-valued neutrosophic base were introduced and studied.

Discussion for further works:
We can apply the following ideas to the notion of single-valued ideal topological spaces.

(@ The collection of bounded single-valued sets [53];
(b) The concept of fuzzy bornology [54];
(c) The notion of boundedness in topological spaces. [54].
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Abstract: This paper aims to introduce the notion of r-single-valued neutrosophic connected sets in
single-valued neutrosophic topological spaces, which is considered as a generalization of r-connected
sets in Sostak's sense and-connected sets in intuitionistic fuzzy topological spaces. In addition,
it introduces the concept of r-single-valued neutrosophic separated and obtains some of its basic
properties. It also tries to show that every r-single-valued neutrosophic component in single-valued
neutrosophic topological spaces is an r-single-valued neutrosophic component in the strati cation of
it. Finally, for the purpose of symmetry, it de nes the so-called single-valued neutrosophic relations.

Keywords: stratification of single-valued neutrosophic topologica | spaces;r-single-valued neutrosophic
separated;r-single-valued neutrosophic connected and r-single-valued neutrosophic component

1. Introduction

Under a neutrosophic environment, Smarandache had established a generalization of intuitionistic

fuzzy sets. His neutrosophic framework has a very large impact of constant applications for different
elds in applied and pure sciences. In 1965, Zadeh [ 1] de ned the so-called fuzzy sets (FS) and,
later on, Atanassov [2] de ned the intuitionistic fuzzy sets (IFS ) in 1983. Topology is, of course,
a cornerstone notion of mathematics, especially for ordinary subjects. The main concept of fuzzy
topology (FT ) was de ned by Chang [ 3]. Moreover, Lowen [ 4] gave the introduction to the
concept of strati ed fuzzy topology in the sense of Chang's fuzzy topology. Lee et al. and Liu
et al. in their papers [ 5,6] investigated fuzzy connectedness (F -connecteflin fuzzy topological spaces.
Again, researchers in [7—10] have studied the concept of (F -connectell Sostak [L1], however, also
introduced the concept of smooth topology as an extension of Lowen and Chang's work.

In his paper [ 12], Smarandache characterized the neutrosophic set into three segment neutrosophic
sets (F-Falsehood, I-Indeterminacy, T-Truth), and neutrosophic topological spaces (SVN T) presented
by Salama et al. [L314]. Single valued neutrosophic sets (in sort, SVN) were proposed by
Wang et al. [15. Meanwhile, Kim et al. [ 16] inspected the single valued neutrosophic relations
(SVNRs) and symmetric closure of SVN R, respectively. In recent times, Saber et al. [L7] familiarized
the concepts of single-valued neutrosophic ideal open local function and single-valued neutrosophic
topological space.
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In this paper, we introduce the concept of r-single-valued neutrosophic connected sets and
r-single-valued neutrosophic component in single-valued neutrosophic topological spaces. We then
de ne the strati cation of the single-valued neutrosophic topological spaces and show that every
r-single-valued neutrosophic component in a single-valued neutrosophic is an r-single-valued
neutrosophic component in the strati cation of it. We have performed distinguished de nitions,
theorems, and counterexamples in-depth analysis to investigate some of their signi cant properties
and to nd out the best results and consequences. It can be said that different crucial notions in single
valued neutrosophic topology were developed and generalized in this article. Different attributes like
connectedness and strati cation which have a signi cant impact on the overall topology's notions
were also studied.

Innovative aspects and bene ts of this article compared to relevant recent research on groups
related to it are very useful. This paper studies connectedness and strati cation of single-valued
neutrosophic topological spaces. What makes this paper interesting is the introduction of the concept
of r-single-valued neutrosophic separated. The authors obtain some of its basic properties. They show
that every r-single-valued neutrosophic component in single-valued neutrosophic topological spaces
is an r-single-valued neutrosophic component in the strati cation of it.

A neutrosophic set is a power general formal framework, which generalizes the concept of the
classic set, fuzzy set, interval valued fuzzy set, intuitionistic fuzzy set, and interval intuitionistic fuzzy
set from a philosophical point of view. The applications aspects of these kinds of sets can be further
noted. It can be seen In Geographical Information Systems (GIS) where there is a need to model
spatial regions with indeterminate boundary and under indeterminacy (see [ 18]). In addition, possible
applications to superstrings and z¥ space—-time are touched upon (see [L9)). It can also be applicable to
control engineering in average consensus in multi-agent systems with uncertain topologies, multiple
time-varying delays, and emergence in random noisy environments (see [20]).

In this work, X is assumed to be a nonempty set,z = [0, 1] and z = (0, 1]. Fora2 z,a(x)= a
forall x 2 X. The family of all single-valued neutrosophic sets on X is denoted by zX.

2. Preliminaries

This section is devoted to bring a complete survey and previous studies and important related
notions and ideas.

De nition 1 ([21]). Let X be a non-empty set. A neutrosophic set (bridy/S) in X is an object having
the form

S = fhx, §s, fis, fisi : x 2 Xg,

wheregs, fig, iy and the degree of membership (nanggl{x)), the degree of indeterminacy (namBi(x)),
and the degree of non-membership (nanigj¢x)); for all x 2 X to the setS. A neutrosophic se§ =
fhx, s, As, i : x 2 Xg can be identi ed ags, Aig, s in ¢ 0, 1" bin X.

De nition 2 ([22]). Suppose thaG and E areNS% of the formS = fhx, §s, As, i : x 2 Xg and
E = fhx,§s, s, Msi : x 2 XgThen,S E , iff for every x2 X,

infgs(x) inf §e(x), Iinfhg(x) infRAg(x), infAg(x) infAE(x),

supgs(x) supge(x), supfs(x) suphe(x), supfis(x) supfiE(x).

De nition 3 ([15]). LetX be a space of points (objects), with a generic eleméftienoted by. Then,S is
called a single valued neutrosophic set (bri§y N S) in X, if S has the forn8 = fhx, §s, As, isi : x 2 Xg,
wheregs, Aig, s : X ! [0,1].
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In this casegs, fis, s are called truth-membership, indeterminacy-membership, falsify-membership
mappings, respectively, and we will denote the set @ %N S%in X asI*X. Moreover, we will refer to the
Null (empty) SVN'S (resp. the absolute (univers8\/N S) in X as0 (resp.1) and de ned byd = ho, 1, 1i
(resp.1= h1,0,0) for each X2 X.

De nition 4 ([15]). LetS = fhx,§s, s, Msi : x 2 Xgbe anSVN 'S on X. The complement of the s®t
(briey S°) is de ned as follows:

Gse(x) = Ms(x), Ase(X) = 1 FAs(x), fse(x) = §s(x),
for every x2 X.

De nition 5 ([23]). LetS = fhx,§s,As,fsi : x 2 XgandE = fhx,§g, Ag, M : x 2 Xg be an
SVNS. Then,

(i) A SVNS Siscontained in the othé8VN S E(briey, S E ), if and only if
gs(x)  Ge(x), RAs(x) FAe(x), Ms(x)  M(x)

for everyw 2 X,
(i)  we say thatS is equal toE, denoted bys = E,ifS E andS E .

De nition 6 ([22]). Let S = fhx,§s,As,Asi : x 2 XgandE = fhx,§g, Ag, Mgl : x 2 Xg be an
SVNS. Then,

() theintersection 08 andE (briey, S\E )isaSVN Sin X de ned as:
S\E =(gs\ Ge fs[ fg, s [ M)

where(ffs [ E)(x) = Ms(x) [ Me(x) and(ds\ Ge)(x) = Gs(x)\ e(x), forall x2 X,
(i)  the union ofS andE (briey, S[E )isanSVN S on X de ned as:

S[E =(gs[ Ge.fis\ fg M5\ fiE).

De nition 7 ([13]). LetfS;,j 2 Ggbe an arbitrary family o6V N S% onX. Then,

() theintersection ofSj,j 2 Gy (briey, TJ-ZGSJ-) is SVN S overX de ned as:

\ \
CoS0=( G500 | Fs(, (),
»G i2G i2G i2G

forall x 2 X, <
(i) theunion offSj,j 2 Cg (briey, j2¢S)) isSVNS overX de ned as:
[

\ \
Cospo=(t as(, R, (),
j2G j2G j2G j2G

forall x 2 X.

De nition 8 ([24]). A single-valued neutrosophic topolog$ VN T) on X is an ordered triplef(9, £, £™ as
mappings frone* to z such that:

(SVNT1) £9(0) = £9(1) = 1andtN(0) = (1) = £™0) = £M(1) = o,
(SVNT2) f9(S\E) f9(S)\ f9(E), ti(s\E) th(s)[ th(E),
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f™S\E) €NS)[ (E), forallS,E 2 2%,
(SVNT3) f’i’([ i26Sj) |\ jZGf?(Sj)v ([ i26S) [ i2aEM(S)),
fm([ j2GSj) [ jZGfm(Sj) for aIIij,j 2 Gg 2 ZX.

The quadruple (X,f9, £ £™ is called SVNT S. £9, £ and £ "may be interpreted as the degree
of openness, the degree of indeterminacy, and the degree of non-openness, respectively, and any single
valued neutrosophic (briey, SVNS) set in X is known as a single valued neutrosophic open set
(briey, r- SVNO) setin X. The elements of 9,1 £ Mare called open single valued neutrosophic sets
(such that, forany SVNS S 2 X and r 2 Ip, we obtain £9(S) r,t(S) 1 r,andffi(S) 1 1]
Then, the complement of r-SVNO s a single valued neutrosophic closed set (brie y, - SVNC), and this
will cause no ambiguity. Occasionally, we will write  £9/™for (£9, €M £™ and it will be no ambiguity.

Denition 9 ([17). Let (X,£9,¢M,€™ be anSVNTS. A mappingC : zX z5 ! zX is called
a single-valued neutrosophic closure operator if, for e 2 z* andr,s 2 zg, it satises the
following conditions:

(C1) C(0,r) = 0,

(C)S C(S.n),

(C) C(S.r)[ C(E;r)= C(S[E,),
(Cy) C(S,r) C(S,9)ifr s.

(Cs) C(C(S,r1),r) = C(S,1).

The pair (X, C) is a single-valued neutrosophic closure space (briey, SVNCS).

Theorem 1 ([17]). LetC¢q ¢n ¢ be an single-valued neutrosophic closure operatof obe ne the mappings

o] fi m
9 . €8 :zX1 zb
Cfg Ct_ﬁ Cfﬁ‘ y

§ [ . \ .
€€,(S)=" fr220jCra(Sor) = %, € (S)= 1 r1220]Cen(S°r) = S,

- \
f(r:”rm(S)= f1 r2zjCem(SSr)= S.

Then,('[gf tgn_) isanSVNT onX.
f’m

A
It )
g' Ceh

De nition 10 ([25]). Let f : ()?,fg,ff,ff) ! (\?,fg,fg,fg‘) be a mapping and 2 zg. Then,f is said
to beSVN-continuous iftd(S)  €3(f 1(S)), €2(S)  €1(f (S)), andf(S) €I(f X(S)) for all
S22z,

3. Connectedness in Single-Valued Neutrosophic Topological Spaces

The aim of this section is to introduce the r-single-valued neutrosophic separated (briey,
r-SVN SEP), r-single-valued neutrosophic connected (briey, r-SVNCON), and r-single-valued
neutrosophic component (briey, r-SVNCOM).

De nition 11. Let (X,€9,¢M, €™ be anSVNTS. For everyS,E,R 2 zX, S and E are called
r-single-valued neutrosophic separated (brie Y6 ¥ N SEP) if forr 2 zg,

Cfg“yfﬁ’fr”n(s,r)\E = Cfg’fﬁ’fr"n(E,r)\S = 6
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A SVNS, R is calledr-single-valued neutrosophic connected (brig36VN CON) if -SVNSEP SE 2
z* f OgsuchthatR = S[E does notexist. SVNS R is said to b&§ VN CON ifitis r-SVN CON for
any r 2 zo. A quadruple(X, 9,0, £™ is said to be SVNCON if 1is r-SVN CON.

Remark 1. LetS andE ber-SVN SEP. Then for evenR 2 zX and ri  r. We haveCeg ¢ ¢m(R, 1)
Ces ¢ngem(R, 1), and S andE are said to be;-SVN SEP. Conversely, from this fact, R isr;-SVN CON

andr rq,thenR iscalledrSVNCON.
Example 1. LetX = fa,b, cg be a set. De né&;, E, 2 ZX as follows:
B =n2110,(1,2,0,(1,1,0i; E=NK0,0,9,(0,0,1,(0,0,Di.

We de ne anSVNT (€9, 7, £ on X as follows: for eacs 2 zX,

8 . 8 y
1,if S= 0, 0,if S= 0,
% 1,if S=1, % 0,if S=1,
£9(s)= _ LiifS=E, t7(S)= _ 2,if S=E,
2 lifs= g 2 lifs= g,
" 0, otherwise " 1, otherwise
8 N
0,if S= 0,
% 0,if S= 0,
tS)= _ 2,if S= E,
2 lifs=6,
1, otherwise
We thus obtain

8 -
3 0.ifS=0r22,
ES,if S Eqpr

3 ESifS Eor
0, otherwise

Cfg'fﬁyfm(s, r) =

WIELNI-
WINNIE=

lfr  3andl r 3 thenEf = Cegenen(Er,r)\Ep = OandEf = Cegenen(Epr)\Eq = O.
Thus,E;[E, = 1isnotr-SVNCONforr  fandl r 2. 1fr> fandl r< (X, €9,60,¢M
isr-SVN CON.

Before we proceed further, we need to recall the following theorem given in [ 17] and prove its
second part.

Theorem 2 ([17]). Suppose thatX,t9,fM,t™ isanSVNT S. For everyr 2 zgandS 2 zX. De ne an
operator Gg ¢fi ¢m: 2¥xZo ! z as follows:

Copnen(S1)= fE275:E S, €9(E9) rt"E) 1 rtWE) 1 rg
Then,
(1) (X,Cegenem) isanSVNCS
@ fgfgfﬁfm =f é,f{;gfﬁfm = ¢f andfg"fg‘fﬁ‘rm _—

Proof. (1) It has been proven in [17].
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(2) Suppose thatf9(E) = r, f1(E) = 1 rand f™(R) = 1 r. Then, Ceqenen(ESr) = EC.

Therefore, fg 9, fg ~ ffandtl M Suppose that
tG ¢fi ¢ t§ ¢fi ¢ t§ ¢h e
G G f A m m
9 6 f9, ¢ e £m
Cf@,t'ﬁ,fﬁ1 Cf'j,fﬁ,rm Cfg,t‘ﬁ,fﬁ"

Then, there existsE with Cyg ¢ ¢m(ES,r) = E° such that

£9 (E) r>tIE), €] (B) 1 r<fWE), € (B 1 r<tME). @

Ceg ¢hi ¢ £4 ¢fi ¢ tG ¢fi ¢

By the de nition of Ceg ¢ri ¢, we have £9(E)  r,€M(E) 1 randf™E) 1 r.Itisa contradiction
for Equation (1). O

Example 2. LetX = fa bg be a set. De né;, B 2 zX.
E, = h(0.2,0.2,(0.3,0.3,(0.3,0.3i:E = h0.5,0.9,(0.1,0.9, (0.1,0.Di.

We de ne the mapping czX Zp ! z* as follows:

o

8 , if S=0, r2l,
% E/\E,, if 06S E\E, 0<r<

=

M

S E1.S6 B, 0<r<
C(S,r) = or06S E; 1<r<3}
f S EpS6FE, 0<r<i
if 06S E [Ep0<r<i

otherwise

B,
Ei[Eo,
15

Then, C is a single-valued neutrosophic closure operator. ) )
From Theorem 1, we have a single-valued neutrosophic top@l@gyg,tg) on X as follows:

8 . . .
1, if S=1or0,
% 2, if S= E,
1 =Y
g — 2 |f S— E2,
te(S) 3, if S=EF[H ¢
% 3, if S= ES\ES,
"0, otherwise.
8 .
0, if S=1lor0,
% 1, if S=Ef,
1 — EC
A — > if S— Ez,
te(®) 3, if S= ES[ES,
% 3, if S= ES\ES,
"1, otherwise.
8 o
0, if S=1or0,
% i, if S=E,
- 1 — EC
Moy~ 7 it S=E,
te(®) 3, if S=Ef[ES,
% 3, if S=ES\ES,
"1, otherwise.
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Thus, the(tg, t gt'C“) is a single-valued neutrosophic topologyXn

Theorem 3. Let(X, 9,0, £™ be anSVN T S. Then, the following are equivalent.

(1) (X, f9,¢0 €™ isr-SVNCON.

(2 fS[E = 1andS\E = Ofor(f9(E) r,f"(E) 1 rfME) 1 r)and(f9(S) r,
fA(S) 1 rf®S) 1 r), thenE=0orS= 0,

(3) ifS[E = 1,E\E, = Ofor (f9(E®) r,€M(E®) 1 r,€WES) 1 r)and(f9(S° r,
ti(se 1 r,tM%S% 1 r),thenE= 0orS=0.

Proof. (1)) (2): Letthere existS,E 2 zX f Ogsuch thatforevery (f9(E) r,€M(E) 1 r,tTE)
1 r)and (f9(S) r,€"%(S) 1 rf%S) 1 r),S[E = 1,S\E = 0. Itimplies

SC\E°¢=10, S°[E°= 1.

Since Ceg ¢ ¢m(SC 1) = S¢and Ceq ¢n¢m(ES,r) = E° from Theorem 2, S¢ and E° are -SVNSEP.
SupposeS = 1. Then,E = S\E = 0. Itis a contradiction. Hence, S°¢ 2 z% f Og. Similarly,
E¢2 zX f Og. Furthermore, SC[E ¢ = 1. Thus,1is notr-SVN CON.

@) (3): Itis trivial.

(3) (1): Suppose that (X,f9,£1,£™ is not -SVNCON. Then, there exist -SVNSEP
S,E22z* f Ogsuchthat S[E = 1. SinceS\E  Cegenen(S,1)\E = 0, we have S\E = 0.
Thus, SC\E ¢ = 0implies E° S . Hence, Ceq¢ien(S,r)\E = 0implies, Ceqenem(S,r) E ©
Thus, Ceg ¢rem(S,r) S . By Denition 9 (Cz), we have Ceg ¢ ¢m(S,1) = S. By Theorem 2, we obtain
(€9(s®)  r, 7S 1 r, £™S® 1 r). Similarly, we have (f9(E®) r,fN(E®) 1 o,
fME®) 1 r).Itisacontradiction. [

Lemmal. Let(X,€9,tM ™ be anSVNT SandS,E,R 2 zX. If EandR arer-SVNSEP, thenS \ E
andS\R arerSVNSEP.

Proof. LetEand R ber-SVNSEP. Thus,
Ceaeren(SVE, 1)\ (S\R)  Cegenem(E,)\R =0
Similarly, Ceg ¢ri¢an(S\R ,r)\ (S\E)= 0. Thus,S\E and S\R arer-SVNSEP. [

Theorem 4. Let(X, 9,1, €™ be anSVNT SandS 2 zX. Then, the following are equivalent.

(1) Sisr-SVNCON,
(2) IfEandR arerSVNSEPsuchthatS E[R ,thenS\E = 0orS\R = 0,
3) IfEandR are rSVNSEPsuchthatS E[R ,thenS E orS R .

Proof. (1)) (2):LetE,R2 zX ber-SVNSEPsuchthatS E [R .ByLemmal,S\E and S\R
arer-SVNSEP. SinceSisr-SVNCONandS= S\ (E[R)=(S\E)[ (S\R ),thenS\E =0
orS\R = 0.

(2) ) (3): Itis easily proved.

(3)) (1):LetEand R ber-SVNSEPsuchthatS=E[R .By(3),S E orS R .IfS E
and E,R arer-SVN SEP, then

R =R\S R\E R\ Ces ¢nen(E, 1) = 0.
Hence,R = 0.I1fS R ,similarly E= 0. O

Theorem 5. Let(X, 9,1 ™ be anSVNT SandS, E 2 zX.
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(1) 1fSisr-SVNCON,S E  Ceamm(S,r), thenEisr-SVN CON.
(2) If SandEarer-SVN CON single-valued neutrosophic sets which arem&VN SEP, thenS [E is
r-SVN CON.

Proof. (1) LetR,D 2 zX ber-SVNSEP such that E = R[D .Put,R;=S\R andD; = S\D,
then R, and D; arer-SVNSEPsuchthatS = R, [D ;. SinceSisr-SVNCON,R; = 0or Dy = 0.
IfRy=0,thenS=D;=S\D)S D .lItimplies

E  Cegenem(S,r)  Cegenem(D,r).

Hence,R = R\E R\  Cggenem(D,r) = 0.

If D, = 0, similarly D = 0. Therefore, Eis r-SVN CON.

(2) Let R and D be r-SVNSEP such that S[E = R[D . SinceS is r-SVNCON,
by Theorem4(3),S R orS D . Say,S R . SupposethatE D . Since(S[E)\R = S
and (S[E)\D = E,byLemmal,Sand Earer-SVNSEP. Itis a contradiction. Thus, E R Hence,
S[E R ,byTheorem4 (3),S[E isr-SVNCON. O

Theorem 6. Let(X,t9,fM,™ be anSVNT S. LetB = fS; 2 X Sjisr SVNCON sets,j 2 Gybe
a family in X such that no two members Bfare r-SVN SEP, then j26Sjisr-SVNCON.

Proof. PutS = SjZGSj. LetE,R 2 zX ber-SVNSEPsuchthatS = E [R . Since any two members
S;;Si 2 B are not -SVNSEP, by Theorem 5 (2), S;[S ; is r-SVNCON. From Theorem 4 (3),
Si[Si E orS;[S; R .SayS§;[S; E .ltimpliesthat S E . Thus,Sisr-SVNCON. 0O

Corollary 1. Let(X,f9,£M,™ beanSVNT S. LetB = fS; 2 zXj Sjist SYNCON sets,j 2 Ggbe
afamily inX. If *;,6S; 6 0,then” ;,S;is-SVNCON.

Lemma 2. Let f : (X, t"g, m) (Y, fg,fz,t"") be a mapping from aSVNTS(X fg, ff) to
anotherSVNT S (Y, fg £ ,t”zm) Then, the following are equivalei®,S 2 zX, E 22" andr2 z,

(1) fisSVN continuous.

(2 f(Cfg,flﬁffw(S,f)) szgfgfzﬁw(f(s),r)-
e 1 e .~ -

(3) Cf]? sffvf]r_n( f (E)y r) f (szg ’fg ’f;‘( Ea r)) .

Proof. (1)) (2): Suppose that f is SVN  continuous  Then, t"lg((f 1s)9 fzg(SC),
£0(F 1(S)9)  €5(SO) and €]((f X(S))©)  €5(SC). Hence,
Ceg ¢n (nl(F(8).1) -2 2Vjt(s) E, t9EY) o fNEY 1 rfNEY 1 g
ViE2ZYys e, 0 XE)Y n e (B 1o
£ ((f YE)NS 1 rg
fi(f XE)22"js f YE), €3((F }EYS) r €7(F HEYS) 1 o,
£, ((f YENS 1 rg
1‘[ ft XEN22'js t YE), €3 YEYY T, flﬁ((f ENS 1o,
((F YE)ND 1 rg]
(Ceg el 1(S).1)).
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2) 3). ForallE 2z7. By (2),
f(Ces e (1)) Cog e nl(£(S).1).
Putting S = f 1(E), we obtain
f(Ces n el f Y(E),1)) Ceg enen(f(1 YE)).r) Ceg en (BT

Hence, Cff ’ff,ff‘](f l(E), r) f l(Ct_zg ,fg,f;n(E’ I’)) .

(3)) (2). It follows that C m(E,r) = Eimplies C

- - - 1 — 1
5.1 o ren(f (BN = 1 YE). O

Theorem 7. Let()z,flg,ff,ff), (7,€5, €0, €5 be twoSVNT Sk andf : X ! ¥ is SVN-continuous
mapping. IfS isr-SVN CON, then f(S) isr-SVN CON.

Proof. LetE,R 2 z¥ be two r-SVN SEP%such that f(S) = E[R . We obtain
S f(f HsS)=1 YE[R)=f XE)[ f Y(R).
Since f is SV N-continuous, by Lemma 2,

Ceg ¢ el f YE ) f 1(cfzgf§f;n(|z,r)).

Thus,
cflg’fmﬁ(f YE )\ f YR)) f l(Cfglfzﬁfzm(E,r))\ f Y(R)
= f l(CfglfS’f?(E,r)\R )
= f 1(0) = 0.

Likewise, we obtain f Y(E)\ C.g . n(R,r) = 0. It implies that f Y(E),f Y(R) 2 zX are
27272

r-SVN SEP%. SinceS isr-SVN CON, then we have by Theorem 4 (3),S f {(E)orS f i(R),
soS f 1(E). Thus, f(S) f(f Y(E)) E .Hence, f(S)isr-SVNCON. O
Example 3. LetX = Y = fa,bg be a set. De nd&;, Ey, Es, By, By, B3 2 zX:

E, = 1(0.5,0.9,(0.5,0.,(0.9,0.8i, E,= h0.4,0.9,(0.1,0.9,(0.1,0.Di,
Es = h(0.3,0.9,(0.1,0.9,(0.1,0.), B;= h0.4,0.9,(0.5,0.5,(0.6,0.9i,

B, = h(0.2,0.2,(0.2,0.2,(0.1,0.), Bs= h0.1,0.9,(0.1,0.9,(0.1,0.Di.

De ne £8ffh gghfm- 72X 1 72X 35 follows:

8 . 8 .
51, if S=0, 51, if S=0i,
. 1, if S=1 . 1, if S=1
fg S = 1 H ~g S = 1 1
(S) 3 1, if S= 6, $5(S) 3 1, if S= 8y,
0, otherwise. 0, otherwise.
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8 . 8 -
go,ifS:O, go,ifS:O
0,if S=1 0, if S=1
] — 3 ] ~RA _ )
f(s)‘g 1 if S=E, S(S)_g 1, if S= By
1, otherwise. 1, otherwise.
8 . 8 -
%0,if8=0, %0,if8=0,
oo -0, if S=1, rfves . 0, if S=1,
T®=5 1 is=g SS)= 5 1 irs=a,
1, otherwise. 1, otherwise.

Dene f : (X,€97M) 1 (Y,59"M be a map as follows(a) = band f(b) = a If J9(By) 3,
JABy) 1 JandJ™By) 1 3. Thenf %(B;)= h0.5,0.9,(0.5035,(0.9,08i is }-single-valued
neutrosophic open set . Thus, f is SVN-continuous. However, by Theorem 7, for evén2 zX is

r-SVNCON, then f(S) isr-SVNCON in Y.

De nition 12. Let (X,£9,f, ™ be anSVNTS. A SVNs Sis calledr-single-valued neutrosophic
component-SVN COM, for short) in(X, 9,1, M if S is a maximar-SVNCON in (X, 9,0, £M),
ie,ifE S andEisr-SVNCON, thenE = S.

Corollary 2. Let(X,f9,€ €™ be anSVNT S.

(1) 1fSisarSVNCOM, Ceg¢nem(S,r) = S

(2) IfS1,S, 2 zX are rSVNCOM in X such thatS;\'S , = 0, thenS;, S, 2 zX are rSVNSEP.
(3)  Each single-valued neutrosophic poiptxis SVN CON.

(4) EveryrSVNCOM is acrisp set.

Proof. Straightforward. O

4. Strati cation of Single-Valued Neutrosophic Topological Spaces

In this section, we obtain crucial results in the strati cation of the single-valued neutrosophic
topology as follows.

De nition 13.  The strati cation of the single-valued neutrosophic topol¢§W N T) on X is a mapping from
zX to z such that

(SVNT1) f9(a)= 1andffi(d)= tM&) = 0,8a2 z,

(SUNT2) f9(S\E) (9(S)\ f9(E), f€N(S\E) tN(S)[ t(E),
fNS\E) WS)[ ™E), forallS,E 2 zX,

(SUNT3) €9([ j265) \ j2cf9(S)). ([ i26S) [ jZGfﬁ(Sj)1
an([ szSJ-) [ jzgfﬁ‘(Sj), for aIIij,j 2 (€] 2 zX.

The ordered pair SVNTS (X, 9, fﬁ £ is called strati ed. Let (€9} f) and (£9,¢7,¢€0)
be SVN GO%on X. We say that (t'g f fD is ner then (f'g f t'zm) [(t?, t' f;‘) is coarser then
(fg, f‘)] if fg(S) £9(s), f (S) f (S)and £;(S) f,(S)forall S 2 zX

Theorem 8. Let(X,£9,€M,£™ be anSVNT S. De ne the mappinggJ, €1, £': X | z as follows: for all
S 2 Z%,
g _ b il o [ .
t(S)=f 9(§)jsS=(§\ &)g
26 j2G
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R VoL g . [ -
t(S)= f %(S)jS= S\ &)g
i2G j2G

m _ \ [ m . _ [ ~
ts)= f tMS)is=" (S)\ y)g
i2G j2G

Then,(f3, ¢

st st-fsn:) is the coarsest strati e VN T onX which is ner than (f9, 7, ™.

Proof. Firstly, we will show that (t“st st f;5 isastratied SVNT on X,
(SVNT1) Foreverya 2 z, there eX|stsacoIIect|onflgW|th a= a\ 1,we obtain 3 (a) £9(1) = 1,

St(a) (1) = 0and t“st(a) £M(1) = 0. Thus, ft(a) = land fst(a) = fst(a) = 0.
(SVNT2) Suppose there existsE, R 2 zXandr 2 Zo with

t89E\R) < r< tS(E)\ tS(R),
A A A
fQ(EVR)> 1 r> fy(E)[ fa(R),

fME\R)> 1 > NE)[ tNR).

Since[f t(E) > r,f (R) > r], [€ t(E) <1 r,fsﬁt(R) <1l 1] aspd [f t(E) <1 r,f (R) <1 r],
by the de nition of (f9, €7, £M, there existfE; jj 2 Ggwith E= "j,g(E\ &) and fR | j k 2 Kg with
R = " ok(Rk\ &) such that

t3(E) \ €9(E) > r, tN(E) [ fR(E) <1 r and £N(E) [ fNE)<1 T,
j2G j2G i2G

f’g \ § m [ ~ m [ m
a(R) f9RY) >r, f4(R) f(Ry) < 1 r and f(R) f4(R<1 r.
k2K k2K k2K

Sincez is completely distributive lattice, we have

[ (B\ &)]\ [[ (Ri\ &gl = [ (B\R )\ (&\ &)

E\R =
HZG k2 K j2G
= (EJ\R k)\ é-jk- (éjk= éj\ ék)
j2G

Moreover, since f9(E\R )  f9(E)\ t9(Ry), fM(E\R ) tN(E)[ fM(Ry) and f(E\R )
f™E) [ £™Ry), we obtain

; (N (R ; (R o
fS(E\R) f9E\R W) (9N PR = (CIE)N [ TORII> T,
j.k j.k j2G k2K

[ [ [ [
fR(E\R) E"(E\R ) " EERY)=1 "EILL "RII<1 T,

ik ik i2G k2K

~ [ ~ [ ~ i [ e [ m
f(E\R) f9(E\R ) ("B (R =1 EEI[ f(RII<1 v

j.k ik i2G k2K
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It is a contradiction. Hence, for each E,R 2 zX,
G G G A A A i i i
fR(EVR)  fG(B)\ f4(R). fGE\R) tg(B)[ f5(R), fHE\R) f{E)[ fH(R).
(SVNT3) Suppose there exists a family fE; 2 X ji2 Gandr 2 zgwith

fgt(_[ ) < r<\ fgt(Ej),

j2G i2G

' g1 o>l ),

i2G i2G

. [ [ .
fu( E)>1 r>  fi(E)
i2G i2G

Since[fsgt(gj) r,fsﬁt(Ei) 1 rand t“sﬁt"(Ej) 1 r]forall j 2 G there exists a family fE, j k 2 K;g
with § = K2K; Ej\ & such that

; v
t5(E) ta(Ex) > T,

k2K,

e L othEg<t T
k2K;

=) : thE) <1 T

k2K;

. S S S o S - .
Since " jo6E = j2a( ek (Bk\ &) = jk(Ei\ &), we obtain

< [ L o B
fa( E) 9B = ( f9(Ep) T,
i2G

j2 jik j2G k2K;
il [ S
fa( ) FE= ( t(E) 1 T
j2G ik j2G k2K;

f;‘:([ E) [ f'""(E.-k):[ (! tWE) 1 r
i2G

i2 jk j2G k2K,
Itis a contradiction. Hence, for each fE;gj2¢ 2 zX

i g
i2G

o [ [ [ [ _.m
t9(E). R s)  fNE). tHC s)  tlE).
j2 i [

j2G 26 i2G 26 i2G

Secondly, for eachS 2 zX there exists a family figwith S= S\ 1, such that i€d(s) €9(s),
t"sﬁt(S) fAi(S)and t3(S) £M(S)]. Hence,(fgt,fft,f;}) is nerthan (£9,€f £™. Finally, if a strati ed
SVNT (U9,0%,0M is nerthan (£9,€1,£™), we show that [f5(S) ga(s), ti(s) 0f(s) and
fo(S) UME)] foreachS 2 zX.
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Suppose that there existE 2 zZXandr 2 Zp such that
t3(E) > r> UI(E), fhE)<1 r<UE), tHE) <1 r< ONE).

Since[t"g(E) > r,f_ft(E) <1 rand t"z'(E) < 1 r] thereexistsfE; | j2 Gywith E = SjZG(Ej\ &)
such that

- v [ m [
t3(E) £9(E) > r, L(E) tfE) <1 r, tNE)
j2G i2G i2G

fYE)<1 r.

On the other hand, since [09(E))  t9(E), Uf(E) M(E) and UNE) ME)] foral j2 G
we have

e - VoL VoL . Vo v
U9(E) = Ug(_[ (§\ &)) U9(E\ &) [U9(E)\ U9(a)l=  U%(E) f9(g) > r,

i2G i2G j2G j2G i2G

[

0" = 0" B\ a) | ORE\a) | ORE)[ 0= L O%E) | eRE)<1 1
26 26 i2G i2G i2G

onE)= 0 (E\a) | OME\a) | ONE)[ U&= | OME) | €YE)<1 v
26 26 i2G i2G i2G

Itis a contradiction. [

Remark 2. From De ntion 13 and Theorem 8, we ha(ed, £, €7) as a strati cation forSVN T (€9, €1, £ )
onX.

Example 4. LetX = fa,b,cgbe a set. De n&;, E, 2 z* as follows:

E; = (0.5,0.5,0.5,(0.5,0.5,0.5, (0.5,0.5,0.5i : E, = (0.4,0.4,0.%,(0.4,0.4,0.3,(0.6,0.6, 0.5i.

We de nefd, 0 €M: zZXxz, |z as follows: for everg 2 zX,

8 1,if S=0, 8 0,if S= 0,
% 1,if S =1, % 0,if S=1,
) 1if S= g, $if S= B,
f9(s)= _ Lifs=5, t1(S)= _ iif S= B,
2if S=EI[E, 7.if S=E[E,
2if S=E\E,, 1if S=E\E,,
" 0, otherwise " 1, otherwise
8 0,if S= 0,
% 0,if S=1,
) 2ifS=F
fMS)= _ 3if S= B,
3,if S= B[E»
1,if S=E\E,,
" 1, otherwise
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If §s(w) = aforany0.5< a < 0.6 fig(w) = afor every0.5< a < 0.6and§s(w) = 0.6 for all
b 0.6 since

S=(a\ D[ (b\ (EL[E2)=(a\ [ (B\E»).

Then,
t4(S) = 9D\ (9(E [E L 9D\ €9(E] =,
t(S) = "D [ C"EENN (DI "(E) = 7,
€(S) = €7D [ €& [E\ (YD [ CNEN = 5.

If §s(w) = a80.5< a< 0.6 fig(w) = a80.5< a< 0.6andgs(w) = b80.5< a,b 0.6 we have
; = .
f(S) = §.6(S) = 1.£4(S) = 3.
If §s(w) = 0.5 Ag(w) = 0.5andgs(w) = 0.6,since8b 0.6a 0.5
S=(b\ (E[E2))=(a\E)[ (B\E»),

we obtaintd(S) = 2, €5(S) = 1, €X(S) = &.
If §s(w) = 0.5 Ag(w) = 0.5 andgs(w) = b,80.5< b < 0.6, since

S=(b\ (B[E2)=(b\Ey)[ (B\E»),
we obtainfg(S): %,t‘jt(s): %,fg(s): %
If §s(w) = a, Aig(w) = a, andgs(w) = b, 80.4< ab < 0.5anda < b, since for every
S1= fi,El,El[EzgandSZ= fEo, E1 \E 20
S=(a\Ey[ (b\Ey),

we havetd(S) = Z, t"st(S) = 1, t"_f;(S) = 1. We can obtain the following:

8
1,if S= 3,
% 3,if gs(w) = a,fis(w) = aandfs(w) = bfor0.5 ab 06,a< b,

£3(s)= _ 1,if gs(w)= afig(w)= afor0.4 a< 0.5andfs(w)= b, for0.5< b 0.6,
2,if gs(w) = a,As(w) = aandfs(w) = bfor0.4 ab 05a<b,
0, otherwise
8
0,if S= 3,
% 3,if §s(w) = a,As(w) = aandfs(w)= bfor0.5 ab 06,a< b,
£5(S) = 1,if gs(w) = a,As(w) = afor0.4 a< 0.5andfix(w) = b, for0.5< b 0.6,
E 1,if §s(w) = a,Ag(w) = aandfs(w) = bfor0.4 ab 05a< b,

1, otherwise
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0,if S=3a

7.if §s(w) = a,As(w) = aandfs(w) = b for0.5 ab 0.6,a< b,
1,if gs(w) = a,fs(w)= afor0.4 a< 0.5andfis(w)= b, for0.5< b

1,if §s(w) = a,Ag(w) = aandfs(w) = bfor0.4 ab 05a<b,
1, otherwise

HWOE

TV AR 0

Theorem 9. Let(X, €9, €A, ¢™, (v,09,00 0™ be twoSVNT Sk and Iet(f'st, St,

nd(
be strati cation for(9, £f, £ and(L~Jg U .0m, r espectlvely Iff : (X,£9,¢€0 €M ' (Y gs,
r-SVN-continuous, then f. (X, 3, St,fS"t’) (Y, Ust,Ust,Ust) is r-SV N -continuous.

Proof. Suppose there existr 2 z5, R 2 zi, such that

U(R) > r> €3(f L(R)),
ULR)< 1 r<i(f X(R))

UNR) <1 r< Mt YR))

sinceU4(R) > r, 1 (R) <1 rand UM(R) < 1 r,bythe de nition of (U
family fR jgjzgwith R = ~j56(Rj\ &) such that

- Vs “F [ .-
Us(R) U%(Rj) >, Ug(R) U'(Rj))<1 ,
i2G i2G

[

UM(R) UMR;)<1 r.
i2G
Since
f Y(R)= f 1([ (Rj\ &)) = [ f YR\ g,
i2G i2G

and by Remark 2 and Theorem 8, we obtain

£3(f (R)) \ £9(f Y(R))),
i2G

£5(f A(R)) b oens 1(R)),
i2G

€ URY) LN L(R)).
26

Since f : (X,€9,¢,¢™ 1 (¥,09,00, 0™ is r-SVN-continuous, that is, £9(f (R;))
fi(r }(Ry)  UNR), fM(f X(R;) UMR,)forevery j2 G

dor 1 Voche ey Y GO(R.
fo(f “(R)) f9(f “(Ryj)) U%(Rj) >,
i2G i2G
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Ueng wryy)
26 i2G

£2(f (R)) Uf(R;)<1 T,

i [ . [
fa(f *(R)) £ Y(R)))

i2G j2G

UMR;) <1 r

Itis contradiction. Hence, f : (X,t3 €% ¢M 1 (¥,09,0% 0T is r-SVN-continuous. O

The converse of the previous theorem is not true in general as it will be shown by the
following example.

Example 5. LetX be a nonempty set. De ni8VNT % (€9, €1, €™ and (09, €9, (™), for eacts 2 zX and
deneR 2 zX asfollowsR = 10.5,0.5,0.5,(0.5,0.5,0.5,(0.5,0.5, 0.5i,

. - ( . ( . -
= 1,if S=0,1 0,if S=0,1 . 0,if S=0,1
9(S) = ' sy = ! o vg) = ) v,
(S) 0, otherwise (S) 1, otherwise (s) 1, otherwise
8 . 8 s 8 .
i 2 1,if S=0,1, 2 0,if S5=0,1, ) 2 0,if S=0,1,
09(8):> 1if S=R, ljﬁ(s):> 2if S=R, U"‘(S):> 2jif S= R,
0, otherwise * 1, otherwise * 1, otherwise

since 0= t3(R) < G9(R) = {,0= t(R) > UR(R) = 2and0 = tN(R) > OMR) = 2,

then the identity mapping idx : (X,£9,€7,¢€™ 1 (X,09, G,Clﬁ') is not r- -SV N -continuous.

Since for every a family fig and R = R\ 1, we have Ust(R) Ud(i) = 1, Ust(R) Ufi(l) = oand
St(R) U™1) = 0. Thus, U? (R)— 1, Ust(R)— 0 and Ust(R)— 0. Hence,

1,if S= 3a8a?2 z,
0, otherwise,

0,if S=&8a2 zg

f5(S) = Ug(S) = 1, otherwise

th(s)= Gl(s) =

0,if S=4a8a2 zg

fa(S) = Ug(S) = 1, otherwise.

Therefore, idy : (X, €5, €%, M 1 (X,0%,G7%, G is r-SVN -continuous.

In the following, we will show that every r-SVNCOM in the single-valued neutrosophic is
r-SVN COM in the strati cation of it.

Theorem 10. Let (X,t3, €% £™) be a strati cation of anSVNTS (X,£9,¢0,¢™. A SVYNS Sis a
r-SVNCOM in (£9,£0, M iff SisarSVNCOM in (X, 3, ¢5, €M)

Proof. (1) Let S be r-SVNCOM in (X, fg t“st fST) Suppose that S is not r-SVNCON in
(X,€9,€0,¢™. Then,E 6 0and R & f)arer SVNSEPIin (X,f9,f0 ™ suchthat S = E[D.
Sincefd €3, 61 tlandf™ £ then, from Theorem 8, we get

t~g £ t~m(E r) Cfg,fﬁ’fm(E, r), Cf.g £ fm(R r) Cfgyfﬁ’fr'n(R , r).

Hence,E,R arer-SVNSEPin (X,£3,¢8, €M), Thus, Sisnot -SVNCOM in (X, €3, €5, £7). e reach
a contradiction.
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(2) Now, we show that, if S is r-SVNCOM in (X,€9,€0, €™, then S is r-SVNCON in
,fsgt,fst,t's"t}) Let S be ar-SVNCOM in (X,f9,€% £™. Then, by Corollary 2 (1), we have
Cfgyfﬁyfm(s I’) =S

Supposing that S is not r-SVNCON in (X,£3, €% ¢, then E$ 0,R 6 Oarer-SVNSEP

in (X,£3,¢0,¢7) such that S = E [R . Sincef? fsgt, £ el em D then Ceg ¢ ((S.1)
Ces ¢ngm(S,r) = S. Thus, Cfgf t~m(S r)= S. SinceE S, we have C fgf fm(E r) S It implies
that S = fgf fm(E N[R . Put Cfgf fm(E r) = D. If x 2 supp(E), then X 2 suppS). SinceS

isar-SVNCOM in (X,£9,€0 €™, by Corollary2(4), x12S = D[R ,thatis, D(x) [R (x) = 1.
SinceD\R = 0, thus, R(x) = 0. It implies that D(x) = 1. Therefore, D is a crisp set. Since
f3(1 D) r,t“sﬁt(si D) 1 r,andfi(1 D) 1 r.ByTheorems (1)and (2), for each family,
fé.j\Cj 1D = jZGé‘]\ng'
8ipy=! ¢ ¢o fi Dy ' fl ¢
fa1 D)= f f9G)g r, fq(1 D)= f f%(Gg 1 r,
j2G j2G

£ D ):\ ¢! £™G)g 1 .
i2G
Letd = 0. SinceD(x) = 1 for any x 2 supp(D), we have
- oL -
(1 D )x)= [ &G\C)()) 1=D(Xx) = (1 F)[ (1 Cp(x).
i2G j2G
Hence, (1 D )(x) = SjZG(Q)(x) for x 2 supg(E). If y 62upp(D), then
1=(1 D)W =(H\CHY G,

j2G

. . = s . = S N
Thus, forany family f&\C;:1 D = ;564 \C;g,wehavel D = ;,cG. Itimplies

83 D)=t D)= \ "G 1 o,
j2G

(A D)=tMi D)= %) 1
i2G
Thus, Ceg ¢ ¢m(D,r) = D. Itimplies
Cf“g fﬁ fm(cfgf, f (E r) I’) fgf f (E r)

m(R r,r) = C

Similarly, Cgg ¢n ¢m(C €0 ¢ fm(R r). Thus, E and R are r-SVNSEP in

fgt“ ofs
(X,£9,¢0 £ from

Crocnem(R,NVE  (Cegpenem(Crg on (R, 1),1)VE ) = (Cpg on (R, 1),1)\E ) = 0,
st"st'" st st'"st'" st
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m(E r,r)\R )= 0.

C-g w(E,N\R Crs w(C_g w(D,r),r)\R )=(C
£6 ¢5 em(E,T) (Ceo,enen(Ceg en ¢m(D.1). AR ) = (Cegen o

Thus, Sis not -SVNCOM in (X, 9, £, f”‘) It is a contradiction.

(3) LetSbear-SVNCOM in (x,fgt,fst,fs"t‘) From (1), Sisr-SVNCON in (X, 9, A, fﬁ) There
exists ar-SVNCOM R in (X, 9,1, containing S. From (2),R isr-SVNCON in (X, 3, St,f:“).
Thus, S = R.

Let R be ar-SVNCOM in (X, 9,0, £™. Similarly, R isar-SVNCOM in (X, f_St,fst,fm) O
Example 6. In Example 4, we proved th4€J, St, T) is a strati cation for SVNT (£9,£0,¢™M on X.
By Theorem 10, we can clearly see that @8N COM in (9,7, t™ isr-SVNCOM in (£3,¢" fsﬁt‘),

st tstr
The opposite is also true.

For the purpose of Symmetry, we can apply the idea in the following de nition into De nition 3
and get the desired symmetry's consequences.

Note ASVNS R in X X is called a single valued neutrosophic relation ( SVN R, for short) in
X, denoted by R = fh(x,x1)dr (X, X1), fir (X, X1), R (X, x2)i : (%, %1) 2 X Xg,wheregg : X X!
[0,1,Ag : X X! [0,1,fig : X X! [0,1]denote the truth-membership function, indeterminacy
membership function and falsity-membership function of R, respectively.

De nition 14 ([17]). LetS,E 2 X IfSisa single-valued neutrosophic relation on a Xetthen'S is

called a single-valued neutrosophic relationtif, for everyx, x; 2 X, Gs(x,x1)  min(§e(x), §e(x1)),

As(x,x1) ~ max(fig(x), Ag(x1)) andfis(x,x1)  max(fE(x), Me(X1)) - )
Moreover, a single-valued neutrosophic relat®on X is called symmetric if, for any,kq 2 X,

Gs(k ki) = gs(ky, k), Ais(k k) = FRAs(ky, k), Ms(k ki) = (ke k); and Ge(k ki) = ge(ka, k)

Ae(k, k1) = Ae(ky, k),  Me(k ky) = MEe(ke, K).

Example 7. Let X = fXq,X2, X3, X4,X50. A a single valued neutrosophic relati@on X is given in the
following table.

S X1 X2 X3 X4 X5

x; (0.2,0.6,0.4) (0,0.3,0.7) (0.9,0204) (03,091 (0.3,0.9, 1)

X, (0.4,0501) (0.1,07,00  (1,1,1) (1,03,0)  (0.5,0.6, 1)
xs  (0,1,1) (1,05,0) 0,0,00  (0.2,08,0.1) (1,08, 1)
xs  (1,0,0) 0,0,1)  (05,0.7,0.1) (0.1,0.4,1) (1,0.8,0.8)
xs  (0,1,0) (0.9,0,0) (0,0.1,0.7)  (0.8,0.9,1)  (0.6,1,0)

5. Conclusions

In this paper, authors have made a study of the connectedness, the idea of component, and the
strati cation of single-valued neutrosophic topological spaces which are different from the study
taken so far and obtained some of their basic properties. Next, the concepts of an r-SVNSEP
and r-SVN COM were introduced and studied. It has been proven that every r-SVNCOM in an
single-valued neutrosophic topological spaces is r-SVN COM in the strati cation of it. We will
now go into detail on some of the conclusions of the research. Firstly, a single-valued neutrosophic
connected (-SV N CON) has the same properties in a single-valued neutrosophic topological spaces
(see Theorem 3). Secondly, a single-valued neutrosophic separated (-SVN SEP) has the same
properties in a single-valued neutrosophic topological spaces (see Theorems 4 and 5). Finally,
it has been proven that every single-valued neutrosophic component ( r-SVN COM) in single-valued
neutrosophic topological spaces isr-SVN COM in the strati cation of it.
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Discussion for Further Works
It is known that the notion of boundedness in topological spaces (see [ 26]) plays a signi cant role
in topological aspects. It is also well known that the collection of bounded sets is an ideal. This concept
is generalized to the concept of bornology (which is essentially an interesting ideal). There is also the
corresponding generalized notion in fuzzy topics (the concept of fuzzy bornology (see [27]).
Therefore, the following ideas could be applied to the notion of single-valued neutrosophic
topological spaces.

(@)  The collection of bounded single-valued sets;
(b)  The concept of fuzzy bornology;
(c)  The notion of boundedness in topological spaces.
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Abstract: With increasing data on the Internet, it is becoming dif cult to analyze every bit and make
sure it can be used ef ciently for all the businesses. One useful technique using Natural Language
Processing (NLP) is sentiment analysis. Various algorithms can be used to classify textual data based
on various scales ranging from just positive-negative, positive-neutral-negative to a wide spectrum of
emotions. While a lot of work has been done on text, only a lesser amount of research has been done
on audio datasets. An audio le contains more features that can be extracted from its amplitude and
frequency than a plain text le. The neutrosophic set is symmetric in nature, and similarly re ned
neutrosophic set that has the re ned indeterminacies |, and I, in the middle between the extremes
Truth T and False F. Neutrosophy which deals with the concept of indeterminacy is another not so
explored topic in NLP. Though neutrosophy has been used in sentiment analysis of textual data, it has not
been used in speech sentiment analysis. We have proposed a novel framework that performs sentiment
analysis on audio les by calculating their Single-Valued Neutrosophic Sets (SVNS) and clustering them
into positive-neutral-negative and combines these results with those obtained by performing sentiment
analysis on the text les of those audio.

Keywords: sentiment analysis; Speech Analysis; Neutrosophic Sets; indeterminacy; Single-Valued
Neutrosophic Sets (SVNS); clustering algorithm; K-means; hierarchical agglomerative clustering

1. Introduction

While many algorithms and techniques were developed for sentiment analysis in the previous years,
from classi cation into just positive and negative categories to a wide spectrum of emations, less attention
has been paid to the concept of indeterminacy. Early stages of work were inclined towards Boolean
logic which meant an absolute classi cation into positive or negative classes, 1 for positive and 0 for
negative. Fuzzy logic uses the memberships of positive and negative that can vary in the range 0 to 1.
Neutrosophy is the study of indeterminacies, meaning that not every given argument can be distinguished
as positive or negative, it emphasizes the need for a neutral category. Neutrosophy theory was introduced
in 1998 by Smarandache [], and it is based on truth membership T, indeterminate membership | and false
membership FthatsatisesO0 T+ I+ F 3, and the memberships are independent of each other. In case
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of using neutrosophy in sentiment analysis, these memberships are relabelled as positive membership,
neutral membership and negative membership.

Another interesting topic is the speech sentiment analysis, it involves processing audio. Audio les
cannot be directly understood by models. Machine learning algorithms do not take raw audio les as
input hence it is imperative to extract features from the audio les. An audio signal is a three-dimensional
signal where the three axes represent amplitude, frequency and time. Previous work on detecting the
sentiment of audio les is inclined towards emotion detection as the audio datasets are mostly labelled
and created in a manner to include various emotions. Then using the dataset for training classi ers are
built. Speech analysis is also largely associated with speech recognition. Speech analysis is the process of
analyzing and extracting information from the audio les which are more ef cient than the text translation
itself. Features can be extracted from audio using Librosa package in python. A total of 193 features per
audio le have been retrieved including Mel-Frequency Cepstral Coef cients (MFCC), Mel spectogram,
chroma, contrast, and tonnetz. The goal of this project is to establish a relationship between sentiment
detected in audio and sentiment detected from the translation of the same audio to text. Work done
in the domain of speech sentiment analysis is largely focused on labelled datasets because the datasets
are created using actors and not collected like it is done for text where we can scrape tweets, blogs or
articles. Hence the datasets are labelled as various emotions such as the Ryerson Audio-Visual Database of
Emotional Speech and Song (RAVDESS) dataset which contains angry, happy, sad, calm, fearful, disgusted,
and surprised classes of emotions. These datasets have no text translation provided hence no comparison
can be established. With unlabelled datasets such as VoxCeleb1/2 which have been randomly collected
from random YouTube videos, again the translation problem arises leading to no meaningful comparison
scale. We need audio data along with the text data for comparison, so a dataset with audio translation was
required. Hence LibriSpeech dataset [2] was chosen, it is a corpus of approximately 1000 h of 16 kHz read
English speech.

The K-means clustering algorithm performs clustering of n values in K clusters, where each value
belongs to a cluster. Since the dataset is unlabelled features extracted from the audio are clustered using
the K-means clustering algorithm. Then the distance of each point from the centroid of each cluster is
calculated. 1-distance implies the closeness of an audio le to every cluster. This closeness measure
is used to generate Single Value Neutrosophic Sets (SVNS) for the audio. Since the data is unlabelled,
we performed clustering of SVNS values using the K-means clustering.

Sentiment analysis of the text has various applications. It is used by businesses for analysing customer
feedback of products and brands without having to go through all of them manually. An example of this
real-life application could be social media monitoring where scraping and analysing tweets from Twitter on
a certain topic or about a particular brand or personality and analysing them could very well indicate the
general sentiment of the masses. Ever since internet technology started booming, data became abundant.
While it is simpler to process and derive meaningful results from tabular data, it is the need for the hour to
process unstructured data in the form of sentences, paragraphs or text les and PDFs. Hence NLP provides
excellent sentiment analysis tools for the same. However, sentiment cannot be represented as a black and
white picture with just positive and negative arguments alone. To factor in indeterminacy, we have the
concept of neutrosophy which means the given argument may either be neutral or with no relation to the
extremes. Work done previously related to neutrosophy will be explained in detail in the next section.

For the sentiment analysis of text part, the translation of the audio is provided as text les along with
the dataset which mitigates the possibility of inef cient translation. In this paper, using Valence Aware
Dictionary and Sentiment Reasoner (VADER), a lexicon and rule-based tool for sentiment analysis on the
text les, SVNS values for text are generated. Then K-means clustering is applied to visualize the three
clusters. The rst step is the comparison of the two K-means plots indicating the formation of a cluster
larger than the rest in audio SVNS implying the need for a neutral class. Then both the SVNS are combined
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for this could be the fact that human language is inclined towards positivity. It is even more dif cult to
detect neutral sentiment. Ribeiro and others have pointed out a similar observation in [ 5] that twelve
out of twenty-four methods are better in classifying positive sentiment and neutral sentiment is harder
to identify. They also concluded from their experiments that VADER tool provides consistent results for
three-classes (positive, neutral, negative) classi cation.

Similarly, Hutto and Gilbertin [ 6] did an excellent job in comparing VADER tool eleven sentiment
analysis techniques depending on Naive Bayes, Support Vector Machine (SVM) and maximum entropy
algorithms. They concluded that VADER is simple to understand and does not function like a black
box where the internal structure of process cannot be understood as in complex machine learning
and deep learning sentiment analysis techniques. VADER also performs in par with these benchmark
models and is highly ef cient as it only requires a fraction of second for analysis because it uses a
lexicon rule-based approach, whereas its counterpart SVM can take much more time. VADER is also
computationally economical as it does not need any special technical speci cations such as a GPU for
processing. The transparency of the tool attracts a larger audience as its users include professionals from
businesses and marketing as well as it allows researchers to experiment more. Hutto and Gilbert's analysis
is applied in [ 7] to rule out the neutral tweets. They built an election prediction model for 2016 USA
elections. They used VADER to remove all the neutral tweets that were scraped to focus on positive and
negative sentiments towards Donald Trump and Hilary Clinton.

Fuzzy logic gives the measure of positive and negative sentiment in decimal gures, not as absolute
values 0 or 1 like Boolean logic. If truth measure is T, then Fis falsehood according to the intuitionistic fuzzy
setand | is the degree of indeterminacy. Neutrosophy was proposed in[ 1], itwastakenas0 T+ |+ F
3. The neutrosophy theory was introduced in 1998 by Smarandache [1]. Neutrality or indeterminacy was
introduced in sentiment analysis to address uncertainties. The importance of neutrosophy in sentiment
analysis for the bene t of its prime users such as NLP specialists was pointed out in [ 8]. To mathematically
apply neutrosophic logic in real world problems, Single Valued Neutrosophic Sets (SVNS) were introduced
in [9]. A SVNS for sentiment analysis represented by hPa, Ia, Nai where “Pp' is the positive sentiment
score, 1,"is the indeterminacy or neutrality score and © N,'is the negative sentiment score.

Re ned Neutrosophic sets were introduced in [ 10]. Furthermore, the concept of Double Valued
Neutrosophic Sets (DVNS) was introduced in [ 11]. DVNS are an improvisation of SVNS. The indeterminacy
score was split into two: one indicating indeterminacy of positive sentiment or © T the truth measure and
the other one indicating indeterminacy of negative sentiment or © F' the falsehood measure. DVNS are
more accurate than SVNS. A minimum spanning tree clustering model was also introduced for double
valued neutrosophic sets. Multi objective non-linear optimization on four-valued re ned neutrosophic set
was carried out in [12].

In [13] a detailed comparison between fuzzy logic and neutrosophic logic was shown by analyzing
the #metoo movement. The tweets relevant to the movement are collected from Twitter. After cleaning,
the tweets are then input in the VADER tool which generates SVNSs for each tweet. These SVNS are then
visualized using clustering algorithms such as K-means and K-NN. Neutrosophic re ned sets[ 10,14-16]
have been developed and applied in various elds, including in sentiment analysis recently. However no
one has till now attempted to do speech sentiment analysis using neutrosophy and combine it with text
sentiment analysis.

A classi er with SVM in multi class mode was developed to classify a six class dataset by extracting
linear prediction coef cients, derived cepstrum coef cients and mel frequency cepstral coef cients [ 17].
The model shows a considerable improvement and results are 91.7% accurate. After various experiments
it was concluded in [ 18] that for emotion recognition convolutional neural networks capture rich features
of the dataset when a large sized dataset is used. They also have higher accuracy compared to SVM. SVMs
have certain limitations even though they can t data with non-linearities. It was concluded that machine
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learning is a better solution for analysing audio. In[ 19] a multiple classi er system was developed for
speech emation recognition. A multimodal system was developed in [ 20] to analyze audio, text and visual
data together. Features such as MFCC, spectral centroid, spectral ux, beat sum, and beat histogram are
extracted from the audio. For text, concepts were extracted based on various rules. For visual data, facial
features were incorporated. All these features were then concatenated into a single vector and classi ed.
A similar approach was presented in [ 21] to build multimodal classi er using audio, textual and visual
features and comparing it to its bimodal subsets (audio+text, text+visual, audio+visual). The same set
of features were extracted from audio using openSMILE software whereas for text convolutional neural
networks were deployed. These features were then combined using decision level fusion. From these
studies it can be very well inferred that using both audio and textual features for classi cation will yield
better or sensitive results.

3. Basic Concepts

3.1. Neutrosophy

Neutrosophy is essentially a branch of philosophy. It is based on understanding the scope and
dimensions of indeterminacy. Neutrosophy forms the basis of various related elds in statistical analysis,
probability, set theory, etc. In some cases, indeterminacy may require more information or in others, it
may not have any linking towards either positive or negative sentiment. To represent uncertain, imprecise,
incomplete, inconsistent, and indeterminate information that is present in the real world, the concept of a
neutrosophic set from the philosophical point of view has been proposed.

Single Valued Neutrosophic Sets (SVNS) is an instance of a Neutrosophic set. The concept of a
neutrosophic set is as follows:

De nition 1. ConsiderX to be a space of points (data-points), with an elemenKimepresented by.
A neutrosophic sefA in X is denoted by a truth membership functidi (x), an indeterminacy membership
function 15 (x), and a falsity membership functidfy (x). The functionsT 5 (x), Ia(X), andFa(x) are real standard
or non-standard subsets pf 0,1+ [;thatis,

Ta(¥):X 10,17

Ia(x):X ] 0,17,

Fa(x): X ] 0,17],

with the condition 0  supTa(Xx)+ supla(x)+ supf(x) 3*.

This de nition of a neutrosophic set is dif cult to apply in the real world in scienti c and engineering
elds. Therefore, the concept of SVNS, which is an instance of a neutrosophic set, has been introduced.

De nition 2. ConsiderX be a space of points (data-points) with elemenXidenoted by. An SVNS A in
X is characterized by truth membership functidp(x), indeterminacy membership functidp (x), and falsity
membership functiofra (x). For each poink 2 X, there ar€Ta(x), Ia(X),Fa(x) 2 [0,1],and 0 Ta(x) +
Ia(X)+ Fa(x) 3. Therefore, an SVNS A can be represented by

A = fhx, TA(x), lA(x), FA(X)ijx 2 Xg

The various distance measures and clustering algorithms de ned over neutrosophic sets are given
in[2,11,14].
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3.2. Sentiment Analysis of Text and VADER Package

Sentiment analysis is a very ef cient tool in judging the popular sentiment revolving around any
particular product, services or brand. Sentiment analysis is also known as opinion mining. Itis, in all
conclusive trails, a process of determining the tone behind a line of text and to get an understanding of the
attitude or polarity behind that opinion. Sentiment analysis is very helpful in social media understanding,
as it enables us to pick up a review of the more extensive general assessment behind speci ¢ subjects. Most
of the existing sentiment analysis tools classify the arguments into positive or negative sentiment based on
a set of prede ned rules or “lexicons'. This enables the tool to calculate the overall leaning polarity of the
text and thus makes a decision on the overall tone of the subject.

VADER is an easy-to-use, highly accurate and consistent tool for sentiment analysis. It is fully open
source with the MIT License. It has a lexicon rule-based method to detect sentiment score for three classes:
positive, neutral, and negative. It provides a compound score that lies in the range [ 1, 1]. This compound
score is used to calculate the overall sentiment of the input text. If the compound score  0.05, then it
is tagged as positive. If the compound score is 0.05 then it tagged as negative. The arguments with
the compound score between ( 0.05, 0.09 is tagged as neutral. VADER uses Amazon's Mechanical Turk
to acquire their ratings, which is an extremely ef cient process. VADER has a built in dictionary with a
list of positive and negative words. It then calculates the individual score by summing the pre-de ned
score for the positive and negative words present in the dictionary. VADER forms a particularly strong
basis for social media texts since the tweets or comments posted on social media are often informal, with
grammatical errors and contain a lot of other displays of strong emotion, such as emojis, more than one
exclamation point, etc. As an example, the sentence, "This is good!!!" will be rated as being ‘'more positive'
than "This is good!" by VADER. VADER was observed to be very fruitful when managing social media
writings, motion picture reviews, and product reviews. This is on the grounds that VADER not just tells
about the positivity and negativity score yet in addition tells us how positive or negative a text is.

VADER has a great deal of advantages over conventional strategies for sentiment analysis, including:

1. Itworks very well with social media content, yet promptly sums up to different areas.
2. Although it contains a human curated sentiment dictionary for analysis, it does not speci cally

require any training data.
3. Itcan be used with real time data due to its speed and ef ciency.

The VADER package for Python analysis presents the negative, positive and indeterminate values for
every single tweet. Every single tweet is represented as hNy, Ix, Pxi, where x belongs to the dataset.

3.3. Speech Analysis

An important component of this paper is speech analysis which involves processing audio. Audio les
cannot be directly understood by models. Machine learning algorithms do not take raw audio les as
input hence it is imperative to extract features from the audio les. An audio signal is a three-dimensional
signal where the three axes represent amplitude, frequency and time. Extracting features from audio les
helps in building classi ers for prediction and recommendation.

Python provides a package called librosa for the analysis of audio and music. In this work, librosa
has been used to extract a total 193 features per audio le. To display an audio le as spectrogram, wave
plot or colormap librosa.display is used.

Figure 2 is a wave plot of an audio le. The loudness (amplitude) of an audio le can be shown in
wave plot.
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In the integration module the SVNS values obtained from speech module and text module was
combined together, there by combining both the branches. The nal SVNS are calculated by averaging the
audio and text SVNS which are again clustered and visualized for comparison.

4.2. Data Processing

Dataset played a crucial role in this research work. The reason being we wanted to map audio SVNS to
text SVNS for comparison so a dataset with audio translation was required. Hence LibriSpeech dataset [ 2]
was chosen. LibriSpeech is a corpus of approximately 1000 h of 16kHz read English speech. The data is
derived from read audiobooks from the LibriVox project, and has been carefully segmented and aligned.
For this purpose the following folders have been used:

1. Dev-clean (337 MB with 2703 audio)
2. Train-clean (6.3 GB with 28,539 audio)

We used the dev clean (337MB) folder to test algorithms in the initial phase and then scaled up to
train clean-100 (6.3 GB) to get the nal results. We did not scale further due to hardware limitations.
The reason for selecting the “clean” speech sets was to eliminate the more challenging audio and focus
more on speech analysis. Since these are audio books, the dataset is structured in the following format.
For example, 84-121123-0001. ac is present in the sub directory 121123 of directory 84, it implies that
the reader ID for this audio le is 84 and the chapter is 121123. There is a separate chapters.txt which
is provided along with the dataset that provides the details of the chapter. For example, 121123 is the
chapter "Maximilian' in the book "The Count of Monte Cristo'. In the same sub directory 121123 a text
le is present, 84-121123.trans.txt which contains the audio to text translation of the audio les in that
directory. The reason for choosing this dataset over others is that it provides audio to text translations of
the audio les.

The processing of audio le from . ac format to .wav format was carried out. The dataset was
available in . ac format. It was necessary to convert these les into .wav format for further processing and
extracting features. For this ffmpeg was used in shell script with bash. Ffmpeg is a free and open-source
project consisting of a vast software suite of libraries and programs for handling video, audio, and other
multimedia les and streams.

4.3. Feature Extraction

The audio les were then fed into the python feature extraction script which extracted 193 features
per audio le. Using the Librosa package in python following features were extracted

MFCC (40)
Chroma (12)
Mel (128)
Contrast (7)
Tonnetz (6)

agkrwnNPE

The following npy les were generated as result:

Lo

X_dev_clean.npy (2703 193)
2. X_train_clean.npy (28,539 193)

Then these les were normalized using sklearn. The screenshot of the normalized audio features is
given in Figure 10.
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Figure 10. Normalized audio features.

4.4. Clustering and Visualization

4.4.1. K-Means

The K-means algorithms used for clustering SVNS values for sentiment analysis was proposed in [ 13].
It is a simple algorithm which produces the same results irrespective of the order of the dataset. The input
is the SVNS values as dataset and the number of clusters (K) required. The algorithm then picks K SVNS
values from the dataset randomly and assigns them as centroid. Then repeatedly the distance between
other SVNS values and centroids are calculated and they are assigned to one cluster. This process continues
till the centroid stops changing. Elbow method speci es what a good K (number of clusters) would be
based on the sum of squared distance (SSE) between data points and their assigned clusters' centroids.

4.4.2. Hierarchical Agglomerative Clustering and Visualization

Hierarchical clustering is a machine learning algorithm used to group similar data together based on
a similarity measure or the Euclidean distance between the data points. It is generally used for unlabelled
data. There are two types of hierarchical clustering approaches: divisive and agglomerative. Hierarchical
divisive clustering refers to top to down approach where all the data is assigned to one cluster and
then partitioned further into clusters. In hierarchical agglomerative clustering all the data points are
treated as individual clusters and then with every step data points closest to each other are identi ed
and grouped together. This process is continued until all the data points are grouped into one cluster,
creating a dendogram. The algorithm for hierarchical agglomerative clustering of SVNS values is given in
Algorithm 1.
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Algorithm 1: Hierarchical agglomerative clustering.

Input: N number of SVNSsfs,...snQg
Output: Cluster
begin
Step 1. Create a distance matrix X using Euclidean distance function dist(s;, s;)
fori  1,Ndo
forj i+ 1,Ndo
| % dist(s;,s)
end
end
Step2: X f Xq,X2,...,Xn0D
Step 3: Perform clustering
while X.size > 1do
(Xmin1: Xmin2) ~ minimum_dist(Xg, Xp) 8Xa, Xp 2 X
Remove Xmin1 and Xpminz from X
Add centef Xmin1, Xmin20 to X
Alter distance matrix X accordingly
end
Results in cluster automatically
end

4.5. Generating SVNS Values

4.5.1. Speech Module

Since the dataset was unlabelled, K-means algorithm was used for clustering. With K being set
to 3, the clusters were obtained. Let the cluster centres beB;, B, and Bsz. By, B, and B3 were mapped
as positive, neutral, and negative clusters, respectively. We randomly selected 30 samples from each
cluster and mapped the maximum sentiment of the sample as the sentiment of the cluster. For every
data point P, in the dataset distance was calculated to the centres of each cluster. 1-distance implied the
closeness measure to each cluster or class (positive, neutral or negative). SVNS for audio were created
using 1-distance and stored in a .csv le as hPa, Ia, Nai.

4.5.2. Text Module

The next task is sentiment analysis of text translation using VADER. VADER is a tool used for
sentiment analysis which provides a measure for positive, neutral and negative classes for each input
sentence. Using VADER text translation for each audio was analysed and SVNS were generated and stored
in.csv leas hPr, I+, Nti. Taking the csv le of text SVNS as input, K-means cluster with K, taken as 3,
was performed.

4.5.3. Integration Module

Next, we proceed on to combine the SVNS, the audio SVNS values are represented byhPa, I o, Nl
and the text SVNS values are represented by hPr, I+, Nti and the combined SVNS are represented by
hPc, Ic, Nci, where the component values are calculated as
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_ (Pr+ Pa)
Pe= ———
_ (r+1a)
le= -+ (1)
_ (Nt + Nja)
Ne = 2

Combined SVNS values were generated using equations given in Equation (1). The visualization of
combined SVNS is carried out next. Using K-means clustering and hierarchical agglomerative clustering
algorithms, the SVNS of audio, text and combined modules were visualized into 3 clusters.

5. Experimental Results and Data Visualisation

5.1. Speech Module

The elbow method speci es what a good K, the number of clusters would be based on the SSE
between data points and their assigned clusters' centroids. The elbow chart of the audio were created to
decide the most favourable number of clusters, they are given in Figure 11a,b for the dev-clean folder and
train-clean folder, respectively.

(a) Dev-clean (b) Train-clean
Figure 11. Elbow chart for dataset.

The elbow method generates the optimum number of clusters as three as shown in Figure 11a,b.
Hence, the dataset is clustered into three clusters — positive, indeterminate and negative. The results for
the clustering of the dataset into three is visualised in 2D and 3D in Figures 12a,b and 13a,b. The 2D
visualization of the clusters is given in Figure 12a,b for dev-clean and train-clean respectively. Figure 13a,b
are the K-Means clustering in 3D for dev-clean and train-clean respectively.

Once clusters are formed, we calculate the Euclidean distance of each data point from the centre of
the cluster. Let the cluster centres be By, B, and Bs. For every data point P in the dataset distance was
calculated to the centres of each cluster. 1-distance implied the closeness measure to each cluster or class
(positive, neutral or negative). Euclidean distance d can be calculated using the formula given Equation (2).

q
d=  (x2 x1)2+(y2 y1)? )

The sample SVNS values generated from the audio features is given in Figure 14a.
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(a) Dev-clean (b) Train-clean
Figure 12. K-means clustering in 2D for audio dataset.

(a) Dev-clean (b) Train-clean
Figure 13. K-means clustering in 3D for audio dataset.

(a) Audio SVNS

(b) Text SVNS
Figure 14. Sample SVNS values.

5.2. Text Module

The audio to text translations are given in the dataset, a sample from the dataset is given Figure 15.
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Figure 15. Sample audio to translation.

Now the text le is processed with the VADER tool for analysis, which generates SVNS values in
form of hNt, I+, Pri. For the sake of notational convenience, we created and populated .csv le in the
order of hPr, I+, Nti, where Py is positive, It is the indeterminate membership and N+ is the negative
membership. A sample of the .csv le that contains the SVNS values is shown in Figure 14b. VADER also
gives a composite score for every line, depending on which the tool also provides a class label, i.e., positive
or neutral or negative. Since we were working with unlabelled data, we did not have a method to validate
the labels provided by the tool.

In the case of the textual content of a novel, this is a narration, so one cannot get high values for
positivity or negativity only, neutrals takes the maximum value when SVNS value is used; which is
evident from Figure 14b. The obtained SVNS values are clustered using K-means algorithm and visualized
in Figures 16a,b and 17a,b. Figure 16a,b are results of the K-means clustering in 2D on dev-clean and
train-clean datasets respectively.

(a) Dev-clean results (b) Train-clean results
Figure 16. K-means clustering in 2D text SVNS values.

Similarly the clustering results are represented in 3D in Figure 17a,b. Dev-clean folder contains 2703
audio les and train-clean folder contains 28,539 audio les.

The clustering visualisation clearly shows the presence of 3 clusters indicating the existence of
neutrality in the data.
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Table 2. Train-clean-100 clustering results.

SVNS Ci c2 C3
Audio 7830 13,234 7475
Text 9332 15,028 4179

Combined 8389 13,174 6976

Instead, if we used the max of the SVNS values present in the cluster to map the cluster to a class
tag. Accordingly we obtained C1 cluster was positive class, C2 cluster was neutral and C3 cluster was the
negative class. Though it can be inferred from the changing number of data points in the clusters and their
ratios to one another that analysis of audio separately and text separately, and then combining the two
together with neutrosophic sets is effective to address the indeterminacy and uncertainty of data.

7. Conclusions and Further Work

Work on analyzing sentiment of textual data using neutrosophic sets has been sparse and little,
only [ 13,14] made use of SVNS and re ned neutrosophic sets for sentiment analysis. Analysis of audio or
speech sentiment analysis using neutrosophy has not been carried out, until now. To date, there has been
no way to accommodate the neutrosophy in the sentiment analysis of audio. In the rst of a kind, we used
the audio features to implement the concept of neutrosophy in speech sentiment analysis. We proposed a
novel framework that combines audio features, sentiment analysis, and neutrosophy to generate SVNS
values. The initial phase of the work included extracting features from audio, clustering them into three
clusters, and generating the SVNS. This was followed by using the VADER tool for text and generating
SVNS. Now there were two SVNS for every audio le; one from the audio les and the other from the text

le. These two were combined by averaging out the SVNS and the newly obtained SVNS were clustered
again for nal results. This is an innovative contribution to both sentiment analysis and neutrosophy. For
future work, while combining the SVNS weights can be set according to priority or depending on the
reliability of the data. For example, if the audio to text translations are bad then weights can be set in the
ratio 4:1 for audio SVNS to text SVNS where the resulting SVNS will depend 80% on the audio SVNS and
20% on the text SVNS. Similarly, other similarity measures other than distance measures can be used for
generating SVNS values for audio les.
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Abbreviations

The following abbreviations are used in this manuscript:

NLP Natural Language Processing

SVNS Single-Valued Neutrosophic Sets

MFCC Mel-Frequency Cepstral Coef cients

RAVDESS Ryerson Audio-Visual Database of Emotional Speech and Song
VADER Valence Aware Dictionary and Sentiment Reasoner

SVM Support Vector Machine

DVNS Double Valued Neutrosophic Sets

SSE Sum of Squared Distance
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Abstract: In this paper, we advance the study of plithogenic hypersoft set (PHSS). We present four
classi cations of PHSS that are based on the number of attributes chosen for application and the nature
of alternatives or that of attribute value degree of appurtenance. These four PHSS classi cations
cover most of the fuzzy and neutrosophic cases that can have neutrosophic applications in symmetry.
We also make explanations with an illustrative example for demonstrating these four classi cations.
We then propose a novel multi-criteria decision making (MCDM) method that is based on PHSS, as an
extension of the technique for order preference by similarity to an ideal solution (TOPSIS). A number
of real MCDM problems are complicated with uncertainty that require each selection criteria or
attribute to be further subdivided into attribute values and all alternatives to be evaluated separately
against each attribute value. The proposed PHSS-based TOPSIS can be used in order to solve these real
MCDM problems that are precisely modeled by the concept of PHSS, in which each attribute value
has a neutrosophic degree of appurtenance corresponding to each alternative under consideration,
in the light of some given criteria. For a real application, a parking spot choice problem is solved
by the proposed PHSS-based TOPSIS under fuzzy neutrosophic environment and it is validated by
considering two different sets of alternatives along with a comparison with fuzzy TOPSIS in each case.
The results are highly encouraging and a MATLAB code of the algorithm of PHSS-based TOPSIS
is also complied in order to extend the scope of the work to analyze time series and in developing
algorithms for graph theory, machine learning, pattern recognition, and arti cial intelligence.

Keywords: Soft set; hypersoft set; plithogenic hypersoft set (PHSS); multi-criteria decision making
(MCDM); PHSS-based TOPSIS

1. Introduction

A strong mathematical tool is always needed in order to combat real world problems involving
uncertainty in the data. This necessity has urged scholars to introduce different mathematical tools
to facilitate the world for solving such problems. In 1965, the concept of fuzzy set was introduced
by Zadeh [1], in which each element is assigned a membership degree in the form of a single crisp
value in the interval [0, 1]. It has been studied extensively by the researchers and a number of real life
problems have been solved by fuzzy sets [2-5]. However, in some practical situations, it is seen that
this membership degree is hard to be de ned by a single number. The uncertainty in the membership
degree became the cause to introduce the concept of interval-valued fuzzy set in which the degree
of membership is an interval value in [0, 1]. Later on, the concept of intuitionistic fuzzy set (IFS) was
proposed by Atanassov [6] in 1986, which incorporates the non-membership degree. IFS had many
applications [7-10].
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However, IFS is unable to deal with indeterminate information, which is very common in belief
systems. This inadequacy was addressed by Smarandache 11] in 2000, who introduced the concept of
neutrosophic set in which membership (T), indeterminacy (I) and non-membership (F) degrees were
independently quantiedi.e., T,1,F2 [0,1] and the sum T + | + F need not to be contained in [0, 1].
All of these mathematical tools have been thoroughly explored and successfully applied to deal
with uncertainties [ 12-15], yet these tools usually fail to handle uncertainty in a variety of practical
situation, because these tools require all notions to be exact and do not possess a parametrization tool.
Consequently, soft set was introduced by Molodstsov [ 16] in 1999, which can be regarded as a general
mathematical tool to deal with uncertainty. Molodstsov [ 16] de ned soft set as a parameterized family
of subsets of a universe of discourse. In 2003, Maji et al. [L7] introduced aggregation operations on soft
sets. Soft sets and their hybrids have been successfully applied in various areas [18-21]

In a variety of real life MCDM problems, the attributes need to be further sub-divided into
attribute values for a better decision. This need was ful lled by Smarandache [ 22], who introduced the
concept of hypersoft set as a generalization of the concept of soft set in 2018. Besides, Smarandache]
introduced the concept of plithogenic hypersoft set with crisp, fuzzy, intuitionistic fuzzy, neutrosophic,
and plithogenic sets. In 2020, Saeed et al. 23] presented a study on the fundamentals of hypersoft set
theory. Smarandache [24,25] developed the aggregation operations on plithogenic set and proved that
the plithogenic set is the most generalized structure that can be ef ciently applied to a variety of real
life problems [26—29]

A PHSS-based TOPSIS is proposed in the article to deal with MCDM problem, in which attribute
may have attribute values and each attribute value has a neutrosophic degree of appurtenance of
each alternative. The proposed method is authenticated by taking two different sets of alternatives.
A comparison with fuzzy TOPSIS is made in each case. It shows that the results are highly inspiring.
A MATLAB code of the algorithm of PHSS-based TOPSIS is also complied in order to encompass
the scope of the work to analyze time series and in developing algorithms for graph theory, arti cial
intelligence, machine learning, pattern recognition, and neutrosophic applications in symmetry.
It appears quite pertinent to point out that the article gives detailed insight on PHSS with related
de nitions and its implementation in MCDM process. The scope of the work can be extended in other
mathematics directions as well by introducing important theorems and propositions [24]

The remainder of this article is organized, as follows. In Section 2, we brie y review some
basic notions, leading to the de nitions of soft sets, hypersoft sets, plithogenic sets, and plithogenic
hypersoft sets (PHSSs), along with an illustrative example. Section 3 consists of the four proposed
classi cations of PHSSs based on different criteria. More explanations with an illustrative example
for the four classi cations are also made. In Section 4, the algorithm of the proposed PHSS-based
TOPSIS is given, along with its application to a real life parking spot choice problem under fuzzy
neutrosophic environment and its comparison with fuzzy TOPSIS. Section 5 provides the conclusion
and future directions.

2. Preliminaries

This section comprises of some necessary basic concepts that are related to plithogenic hypersoft
set (PHSS), which is also de ned in this section along with an illustrative example for a clear
understanding. Throughout the study, let U be a non-empty universal set, P(U) be the power set of
U, X U be a nite set of alternatives, and A be a nite set of n distinct parameters or attributes,
as given by

A= fa,a, ,ag, n 1

The attribute values of ay, ap, ,an belong to the sets A1, A, ..., An, respectively, where Aj\ A; = f,
fori & j,andi,j2f1,2,...,ng. Moreover, we consider a nite number of uni-dimensional attributes
and each attribute has a nite discrete set of attribute values. However, it is worth mentioning that
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the attributes may have an in nite number of attribute values. In such a case, every structure with
non-Archimedean metrics can be dealt in depth [30,31].

2.1. Soft Sets

Asoft setover Uisamapping F : B! P(U),B A withthevalue Fg(a) 2 P(U) ata2 B and
Fg(a) = f if a62 Bltis denoted by (F, B) and written as follows [16]:

(F,B)= f(a,Fg(a) : a2B, Fg(a) 2 P(U)g.

Moreover, a soft set over U can be regarded as a parameterized family of the subsets of U. For an
attribute a 2 B, Fg(a) is considered as the set ofa-approximate elements of the soft set (F, B).

2.2. Hypersoft Sets

Let C denote the cartesian product of the sets A1, Ay, ..., Ap,i.e.,,C= A; Ay, ... Apn 1L
Subsequently, a hypersoft set(H,C) over U is a mappingdenedby H : C! P(U) [22. For an
n-tuple (g1,92,...,9n) 2 C,,whereg; 2 Aj, i = 1,2,3,...n, a hypersoft set is written as

(H,©) = f(9,H(9)) :9=(91,92,-..,9n) 2C, H(g) 2 P(U)g.
It may be noted that hypersoft set is a generalization of soft set.

2.3. Plithogenic Sets

A set X is called a plithogenic set if all of its members are characterized by the attributes under
consideration and each attribute may have any number of attribute values [ 24]. Each attribute value
possesses a corresponding appurtenance degree of the elemenk, to the set X, with respect to some
given criteria. Moreover, a contradiction degree function is de ned between each attribute value and
the dominant attribute value of an attribute in order to obtain accuracy for aggregation operations on
plithogenic sets. These degrees of appurtenance and contradiction may be fuzzy, intuitionistic fuzzy or
neutrosophic degrees.

Remark 1. Plithogenic set is regarded as a generalization of crisp, fuzzy, intuitionistic fuzzy. and neutrosophic

sets, since the elements of later sets are characterized by a combined single attribute value (degree of appurtenance),
which has only one value for crisp and fuzzy sets i.e., membership, two values in case of intuitionistic fuzzy set
i.e., membership and hon-membership, and three values for neutrosophic set i.e., membership, indeterminacy,
and non-membership. In the case of plithogenic set, each element is separately characterized by all attribute
values under consideration in terms of degree of appurtenance.

2.4. Plithogenic Hypersoft Set (PHSS)

LetX U andC= A; A, ... Ap,where n 1andA,isthe set of all attribute values
of the attribute &,i = 1,2,3,...,n. Each attribute value g possesses a corresponding appurtenance
degreed(x, g) of the member x 2 X, in accordance with some given condition or criteria. The attribute
value degree of appurtenance is a function that is de ned by

d:X C! P(0,1), 8 x2X,

such that d(x,g) 2 [0, 1]}, and P([0, 1]!) is the power set of [0, 1)}, where j = 1,2,3 are for fuzzy,
intuitionistic fuzzy, and neutrosophic degree of appurtenance, respectively.

Furthermore, the degree of contradiction (dissimilarity) between any two attribute values of the
same attribute is a function given by

c:A; Al P(01), 1 i nj=1,23.
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For any two attribute values g; and g, of the same attribute, it is denoted by c(g1,g>) and satis es the
following axioms:

c(91,91) = 0,
c(91,92) = ¢(92,91)-

Subsequently, (X,A,C,d,c) is called a plithogenic hypersoft set (PHSS) [22]. For an n-tuple
(91,92,...,0n) 2 C,gi 2 A;, 1 i n,aplithogenic hypersoftset F: C! P(U) is mathematically
written as

Ffg1,92,....9n9 = fx(dx(91),dx(g2),....dx(gn)), x2 Xg.

Remark 2. Plithogenic hypersoft set is a generalization of crisp hypersoft set, fuzzy hypersoft set, intuitionistic
fuzzy hypersoft set, and neutrosophic hypersoft set.

2.5. lllustrative Example

Let U = fmy, mp, mg,..., mygg be a universe containing mobile phones. A person wants to buy
a mobile phone for which the mobile phones under consideration (alternatives) are contained in
X U ,given by

X = f m2! m3! m5! m89
The characteristics or attributes of the mobile phones belong to the set A = f a, &, a3, a49, such that

a; = Processor power,

a = RAM,

ag = Front camera resolution,
a4 = Screen size in inches.

The attribute values of a1, ap, ag, a4 are contained in the sets A1, Ay, A3, A4 given below.

A, = fdual-core, quad-core, octa-coreg,
A, = f2GB, 4GB, 8GB, 16GB,

Az = f2MP, 5MP, 8MP, 16MPg,
A;=14,45,5,55,86.

1. Soft set

Consider B = fap,a3g A . Afterwards, a soft set (F,B), de ned by the mapping F : B! P(U),
is given by
(F,B) = f(a,fmy msg), (ag,f my, mz, mgg)g

Element-wise, it may be written as

Fg(a) = fmp,msg, Fg(ag) = fmy mz mgg.

2. Hypersoft set
LetC= A; A, Az Ay, Then, ahypersoft setoverU is afunction f : C! P(U). For an element
(octa-core, 8GB, 16MP, 5.5 2 C, itis given by

f(f octa-core, 8GB, 16MP, 5.8) = f ms, mgg

3. Plithogenic hypersoft set
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For the same tuple (octa-core, 8GB, 16MP, 5.5 2 C, a plithogenic hypersoft set F : C ! P(U)
is given by

F(f octa-core, 8GB, 16MP, 5.8) = f ms (dmg(0octa-core), dm (8GB), dmg(16MP), dm,(5.5)) ,
Mg (dmg (0Cta-core), dmg (8GB), dmg (16MP), dmg(5.5)) g,

where dn(g) stands for the degree of appurtenance of the attribute value g 2
(octa-core, 8GB, 16MP, 5.5to the element ms 2 X. A similar meaning applies to dmg(9).

3. The Four Classi cations of PHSS

In this section, we propose the four different classi cations of PHSS that are based on the number
of attributes chosen for application and the characteristics of alternatives under consideration or that
of the attribute value degree of appurtenance function. The same example from Section 2 is considered
to each classi cation for a practical understanding. Figure 1 shows a diagram for these classi cations.

Figure 1. Flowchart of four classi cations of plithogenic hypersoft sets (PHSS).
3.1. The First Classi cation

This classi cation is based on the number of attributes that are chosen by the decision makers
for application.

3.1.1. Uni-Attribute Plithogenic Hypersoft Set

Let a2 A be an attribute required by the experts for application purpose and the attribute values
of a belong to the nite discrete set Y = fyq,yo,...,ym@, m 1. Hence, the degree of appurtenance
function is given by

d:X Y! P(0,1), 8x2X,
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such that d(x,y) [0, 1]}, where P([0, 1') denotes the power set of [0, 1! and j = 1,2, 3 stands for
fuzzy, intuitionistic fuzzy, or neutrosophic degree of appurtenance, respectively.
The contradiction degree function between any two attribute values of a, is given by

c:Y Y! P(0,1), 8y2Y, j=1,23.
For any two attribute values yq,y» 2 VY, itis denoted by c(y;,Yy2) and the following properties hold:

c(y1.y1) = 0,
c(y1,Y2) = c(y2, Y1)

Subsequently, (X, a,Y,d, ¢) is termed as a uni-attribute plithogenic hypersoft set. For an attribute value
y 2 Y, a uni-attribute plithogenic hypersoftset F:Y ! P(U) is mathematically written as

F(y) = fx(dx(y)) : x 2 Xg.
3.1.2. Multi-Attribute Plithogenic Hypersoft Set

Consider a subsetB of A, consisting of all attributes that were chosen by the experts, given by

B=fby,by,...,bng, m> 1.

Let the attribute values of by, by, ..., by, belong to the sets By, By, . . . ,Bn, respectively, and
Yn=B; B, ... Bm.

Afterwards, the appurtenance degree function is

d:X Ym! P(0,1)), 8 x2X,
suchthatd(x,y) [0,1]),j = 1,2,3. In this case, the contradiction degree function is given by
c:B B! P(0,1), 1 i mj=1,23.

The degree of contradiction between any two attribute values y; and y», is denoted by c(y1,y2) and it
satis es the following axioms:

C(yl= yl) = O,
c(y1,Y2) = c(y2,Y1)-

Subsequently, (X, B, Ym, d, c) is called a multi-attribute plithogenic hypersoft set. For an m-tuple
(Yu,¥Y2,--2¥m) 2 Ym,¥; 2 B, 1 i m, a multi-attribute plithogenic hypersoftset F:Yy,! P(U)is
mathematically written as

F(fys,y2,....ym@ = fx(dx(y1),dx(y2),...,dx(ym)),x 2 Xg.

Example 1. Consider the previous example in which= fm;, my,ms,...,mggandX U is given by
X = fmy, m3, ms, mgg. The attributes belong to the skt= f a;, ap, a3, 49, such that

&, = Processor power,

a = RAM,

ag = Front camera resolution,

a4 = Screen size in inches.

The attribute values ofiaap, ag, a4 are contained in the sets;AA,, Az, A4 given below:
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A, = fdual-core, quad-core, octa-apre
A, = f2GB, 4GB, 8GB, 16G®

Az = f2MP, 5SMP, 8MP, 16MPy,
Ay=14,45,555,8.

1. Uni-attribute plithogenic hypersoft set

Consider the most demanding feature of a mobile phone given by the attribute ag that stands for
front camera resolution. The set of attribute values of ag is Az = f2MP, 5SMP, 8MP, 16MPg. Then,
the uni-attribute plithogenic hypersoftset F: A3 ! P(U) is given by

F(g) = fx(dx(9)),89 2 Az, x 2 Xg,

where dx(g) denotes the degree of appurtenance ofx 2 X, to the set X, w.r.t. the attribute value
g 2 Asz. For an attribute value 16MP 2 A3, we have

F(16MP) = f ms(dmg(16MP)), mg(dmg(16MP)) g,

2. Multi-attribute plithogenic hypersoft set
Let B = fag, a4g be the set of attributes required by the customer. Therefore, we need Az and A4
given by

Az = f2MP, 5MP, 8MP, 16MPyg,
Ay=f4,45,555,86.

Suppose that the customer is interested to buy a mobile phone with speci ¢ requirements of 16MP front
camera with 5.5 inch screen size. In this case, we take(16MP,5.5 2 A3 A4 and a multi-attribute
plithogenic hypersoftset F: Az Az! P(U) is given by

F(f 16MP, 5.59) = f M5 (dimg (16MP), A (5.5)) , Mg (dng (16MP), dm, (5.5)) g,

where dm,(g) stands for the degree of appurtenance of ms to the set X w.r.t. the attribute value
g 2 (16MP,5.5.

3.2. The Second Classi cation

This classi cation is based on the nature of the attribute value degree of appurtenance that may
be crisp, fuzzy, intuitionistic fuzzy, or neutrosophic degree of appurtenance.

3.2.1. Plithogenic Crisp Hypersoft Set

A plithogenic hypersoft set X is crisp if the appurtenance degree dx(g) of each memberx 2 X,
w.r.t. each attribute value g, is crisp, i.e., dx(g) is either 0 or 1.

3.2.2. Plithogenic Fuzzy Hypersoft Set

If the appurtenance degree dy(g) of each memberx 2 X, w.r.t. each attribute value g, is fuzzy,
then it is called the plithogenic fuzzy hypersoft set. Mathematically, dx(g) 2 P([0, 1]).

3.2.3. Plithogenic Intuitionistic Fuzzy Hypersoft Set

If the attribute value appurtenance degree dyx(g) of each x 2 X, w.r.t. each attribute value,
is intuitionistic fuzzy degree, then it is called the plithogenic intuitionistic fuzzy hypersoft set.
Mathematically, it is written as dyx(g) 2 P([0, 1).
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3.2.4. Plithogenic Neutrosophic Hypersoft Set
A plithogenic hypersoft set X is called plithogenic neutrosophic hypersoft setif dx(g) 2 P([0, 1]3).
Example 2. For(octa-core, 8GB, 16MP, 52 C, we have the following results:

1. Plithogenic crisp hypersoft set
F(f octa-core, 8GB, 16MP, 59 = fms(1,1,1,9,mg(1,1,1, )g.
2. Plithogenic fuzzy hypersoft set
F(f octa-core, 8GB, 16MP, 5% = f m5(0.9, 0.2, 1, 0.7 mg(0.5, 0.5, 0.25, 0.3y
3. Plithogenic intuitionistic fuzzy hypersoft set

F(f octa-core, 8GB, 16MP, 595 = f m5 ((0.9, 0.2, (0.2,0.9,(1,0),(0.75,0.),
mg((0.5,0.29, (0.5,0.9, (0.25,0.3, (0.9, 0) g.

4. Plithogenic neutrosophic hypersoft set

F(f octa-core, 8GB, 16MP, 555 = f ms((0.9,0.7,0.}, (0.2,0.3,0.5, (1,0.25, 0, (0.75,0.3,0.)),
mg((0.5,1,0.25, (0.5,0.9,0.5, (0.25,0.7,0.1, (0.9,0.8,0) g.

3.3. The Third Classi cation

This classification is based on the properties of attribute values and degree of appurtenance function.

3.3.1. Plithogenic Re ned Hypersoft Set

Let (X,A,C,d,c) be a plithogenic hypersoft set and A denote the set of attribute values of
an attribute a. If an attribute value g 2 A of the attribute ais subdivided or split into at least
two or more attribute sub-values g;,02,03,... 2 A, such that the attribute sub-value degree of
appurtenance function d(x,g;) 2 P([0, 1)), for i = 1,2,3,... and j = 1,2, 3 for fuzzy, intuitionistic
fuzzy, neutrosophic degree of appurtenance, respectively, then X is called a re ned plithogenic
hypersoft set. It is represented as (X, A, C,d,c).

3.3.2. Plithogenic Hypersoft Overset

If the degree of appurtenance of any element x 2 X w.rt. any attribute value g 2 A of
an attribute ais greater than 1, i.e.,d(x,g) > 1, then X is called a plithogenic hypersoft overset.
It is represented as (Xq, A, C,d, ).

3.3.3. Plithogenic Hypersoft Underset

If the degree of appurtenance of any element x 2 X w.rt. any attribute value g 2 A of
an attribute a less than 0, i.e.,d(x,g) < O, then X is called a plithogenic hypersoft underset.
It is represented as (Xy, A, C,d,c).

3.3.4. Plithogenic Hypersoft Offset

A plithogenic hypersoft set (X,A,C,d,c) is called a plithogenic hypersoft offset if it is both
an overset and an underset. Mathematically, if d(x;,g1) > 1 and d(x2,92) < O for the same or
different attribute values g1,g92 2 A that correspond to the same or different members xq,xs 2 X,
then (Xqi, A, C, d, €) is a plithogenic hypersoft offset.

310



Symmetry202Q 12, 1855

3.3.5. Plithogenic Hypersoft Multiset

If an element x 2 X repeats itself into the set X with same plithogenic components given by

x(c1,Co, .. .,Cn), X(C1,Cp, . . . ,Cn),

or with different plithogenic components given by

X(C1,Cp, .. .,Cn), x(dy,dy, ... ,dn),
then (X, A, C,d, c) is called a plithogenic hypersoft multiset.

3.3.6. Plithogenic Bipolar Hypersoft Set

If the attribute value appurtenance degree function is given by
d:X ¢! P( 1,0 P(0,1), 8 x2X,

where j = 1,2, 3, then,(X,, A, C,d,c) is called plithogenic bipolar hypersoft set. It may be noted that,
for an attribute value g, d(x,g) allots a negative degree of appurtenance in [ 1,0] and a positive
degree of appurtenance in [0, 1] to each elementx 2 X with respect to each attribute value g.

Remark 3. The concept of plithogenic bipolar hypersoft set can be extended to plithogenic tripolar hypersoft set
and so on up to plithogenic multipolar hypersoft set.

3.3.7. Plithogenic Complex Hypersoft Set

If forany x 2 X, the attribute value appurtenance degree function, with respect to any attribute
value g, is given by

d:X c! P(0,1) P(0,1),j=1,23,

such that d(x, g) is a complex number of the form ¢;.€%, where ¢, (amplitude) and ¢, (phase) are
subsets of[0, 1], then (Xcom, A, C, d, €) is called a plithogenic complex hypersoft set.

Example 3. Consider the same example of choosing a suitable mobile phone fronkike $@h,, ms, ms, mgg.
The attributes are g ap, ag, a4, whose attribute values are contained in the sefsA®, Az, Ag4.

1. Plithogenic re ned hypersoft set

Consider an attribute a; = screen size ininches whose attribute values belong to the set
A,=14,45555,8 Arenementof A,isgiven by

Ay=14,45,4.7,555,58%

such that forall x 2 X, .
d(x,g) 2 P([0,1'),8 g 2 A,.

Therefore, a plithogenic re ned hypersoft set | : A;4 !  P(U) is given by

F(f4,45,4.7,5,55,580 = fms dmg(4), dmg(4.5), O (4.7), de (5), dm (5.5), g (5.8) , i (6)
Mg A (4), g (4.5), dng (4.7), dimg (5)., dng (5.5), g (5.8), g (6) 0.

2. Plithogenic hypersoft overset
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Let each attribute value has a single-valued fuzzy degree of appurtenance to all the elements of X.
Subsequently, for (octa-core, 8GB, 16MP, 5.52 C, a plithogenic hypersoft overset R, : C! P(U) is
given by

Fo(f octa-core, 8GB, 16MP, 5.8) = f m5(0.9,0.2,1.3,0.75 mg(0.5,0.5,0.25, 0.8).

It may be noted that dmy(16MP) > 1.
3. Plithogenic hypersoft underset

A plithogenic hypersoft underset de ned by the function F,:C! P(U) is given by
Fu(f octa-core, 8GB, 16MP, 5.§) = fms(0.9,0.2, 0.3,0.79,mg(0.5,0.5,0.25, 0.8).

It may be noted that dmy(16MP) < 0.
4. Plithogenic hypersoft offset

A plithogenic hypersoft offset is a function Fy : C! P(U), as given by
Fof (f octa-core, 8GB, 16MP, 5.6) = f ms(0.9,0.2, 0.3,0.79,mg(0.5,1.5,0.25, 0.3y

Note that dmy(16MP) < 0 and dmg(8GB) > 1.
5. Plithogenic hypersoft multiset

A plithogenic hypersoft multiset F,: C! P(U) is given by
Fn(f octa-core, 8GB, 16MP, 5.§) = fms(0.9,0.2,0.3,0.76 ms(0.7,0.1, 0.9, 1, mg(0.5, 0.5, 0.25, 0.7y.

It should be noted that the element ms repeats itself with different plithogenic components.
6. Plithogenic bipolar hypersoft set
A plithogenic bipolar hypersoftset F : C! P(U) is given by

F(f octa-core, 8GB, 16MP, 5.5) = f ms(f 0.1,0.9,f 1,0.2,f 0.9,0.3,f 0.5,1g),
mg(f 0.5,a3,f 0.9,1g,f 0.2,02,f 1,0.8)g.

7. Plithogenic complex hypersoft set
A plithogenic complex hypersoft set Feom : C!  P(U) is given by
Feom(f octa-core, 8GB, 16MP, 5.5) = f m5(0.9%,0.289,0.3"%%,0.7%¢),
mg(0.56>%, >3, 0.25%79, 0.9 ) g.
3.4. The Fourth Classi cation

The attribute value degree of appurtenance may be a single crisp value in [0, 1], a nite discrete
set or an interval value in [0, 1]. Therefore, we have the following classi cation of PHSS.

3.4.1. Single-Valued Plithogenic Hypersoft Set

A plithogenic hypersoft set is called a single-valued plithogenic hypersoft set if the attribute value
appurtenance degree is a single number in [0, 1].

312



Symmetry202Q 12, 1855

3.4.2. Hesitant Plithogenic Hypersoft Set

If the attribute value degree of appurtenance is a nite discrete set of the form  fmy, my, ..., mig,
1 i< ¥, included in [0,1], then such a plithogenic hypersoft set is called a hesitant plithogenic
hypersoft set.

3.4.3. Interval-Valued Plithogenic Hypersoft Set

A plithogenic hypersoft set is known as an interval-valued plithogenic hypersoft set if the attribute
value appurtenance degree function is an interval value in [0, 1]. The interval value may be an open,
closed, or semi open interval.

Example 4. For (octa-core, 8GB, 16MP, 552 C, with each attribute value having fuzzy degree of
appurtenance, we have the following results:

1. Single-valued plithogenic hypersoft set
F(f octa-core, 8GB, 16MP, 5.5) = fms(0.9,0.2,1,0.75 mg(0.5,0.5,0.25, 0.3.

Each attribute value is assigned a single value in [0, 1] as a degree of appurtenance toms and mg.

2. Hesitant plithogenic hypersoft set

F(f octa-core, 8GB, 16MP, 5.5) = f ms(f0.9,0.7%,10.2,0.9,f 1,0.93,f 0.75, 0.%),
mg(f 0.5,0.1,f 0.5, 0.9, f 0.25, @y, 0.9, 1) g.

3. Interval-valued plithogenic hypersoft set

F(f octa-core, 8GB, 16MP, 5.8) = f ms([0.25, 0.7%,[0.2,0.6,[0.1, 0.9, [0.75, 1),
mg([0.5, 0.4, [0.3, 0.9, [0.25, 0.8, [0.9, 7).

Each attribute value has an interval value degree of appurtenance in [0, 1] to each elementms and mg.

4. The Proposed PHSS-Based TOPSIS with Application to a Parking Problem

In this section, we use the concept of PHSS in order to construct a novel MCDM method,
called PHSS-based TOPSIS, in which we extend TOPSIS based on PHSS under fuzzy neutrosophic
environment. Moreover, a parking spot choice problem is constructed in order to employ the newly
developed PHSS-based TOPSIS to prove its validity and ef ciency. Two different sets of alternatives
are considered for the application and a comparison is performed with fuzzy TOPSIS in both cases.

4.1. Proposed PHSS-Based TOPSIS Algorithm

Let U be a non-empty universal set, and let X U be the set of alternatives under consideration,
given by X = fxq,X2,...,Xmg. LetC = A; A, ... Ap,where n 1and A, is the set of all
attribute values of the attribute g, i = 1,2,3,...,n. Each attribute value g has a corresponding
appurtenance degreed(x, g) of the member x 2 X, in accordance with some given condition or criteria.
Our aim is to choose the best alternative out of the alternative set X. The construction steps for the
proposed PHSS-based TOPSIS are as follows:

S1: Choose an ordered tuple(g1,92,...,9n) 2 C and construct a matrix of order n m, whose entries

are the neutrosophic degree of appurtenance of each attribute value g, with respect to each alternative
X 2 X under consideration.
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S2: Employ the newly developed plithogenic accuracy function A, to each element of the matrix
obtained in S1, in order to convert each element into a single crisp value, as follows:

Tgt+lg+t R Tyt lgy+ Ry,

Ap(Tg, lg, Fy) = 3 + 3 cr(9.94q), 1)

where Tg, lg, Ry represent the membership, indeterminacy, and non-membership degrees of
appurtenance of the attribute value g to the set X, and Ty, lg,, Fg, Stand for the membership,
indeterminacy, and non-membership degrees of corresponding dominant attribute value, whereas
cr(g, gq) denotes the fuzzy degree of contradiction between an attribute value g and its corresponding
dominant attribute value g4. This gives us the plithogenic accuracy matrix.

S3: Apply the transpose on the plithogenic accuracy matrix to obtain the plithogenic decision matrix
Mp = [mij]m n Of alternatives versus criteria.

S4: A plithogenic normalized decision matrix Np = [yjj]lm n is constructed, which represents the
relative performance of alternatives and whose elements are calculated as follows:

— o M C
Yij = $—, |= 1,2,3,...n.
2 2
a_mj
i=1
S5: Construct a plithogenic weighted normalized decision matrix Vp = [Vijlm n = NpWh,
where W, = [wy Wy ... wyp] is a row matrix of allocated weights wy assigned to the criteria

a, k=1,2,3,...,nand § wy, = 1,k= 1,2,...,n. Moreover, all of the selection criteria are assigned
different weights by the decision maker, depending on their importance in the decision making process.

S6: Determine the plithogenic positive ideal solution Vg and plithogenic negative ideal solution V,
by the following formula:

m
V; = rp:';11><(vij) if g 2 bene t criteria, rin:irll(vij) if g 2 costcriteria,j = 1,2,3,...n ,
m
Vp = mirl1(vij) if & 2 bene t criteria, mrgf((vij) if & 2 costcriteria,j = 1,2,3,...n
1= i=

S7: Calculate plithogenic positive distance S|+ and plithogenic negative distance S, of each alternative
from VJ and V, , respectively, while using the following formulas:

U
SI_'-:%J é(vij V?’)Z, i:l72137"'m1
i=1
v
u n
SI =F'é(Vij Vi )21 i=1!213""m'

S8: Calculate the relative closeness coef cientC; of each alternative by the following expression:

Ci= —/————, i=1,2,3,...m
ICEE "

S9: The highest value from fC,,Cy,...,Cng belongs to the most suitable alternative. Similarly,
the lowest value gives us the worst alternative.
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4.2. Parking Spot Choice Problem

Based on the proposed method, a parking spot choice problem is constructed. Parking a vehicle at
some suitable parking spot is an interesting real life MCDM problem. A number of questions arises in
mind, for instance, how much will the parking fee be, how far is it, will it be an open or covered area,
how many traf ¢ signals will be on the way, etc. Thus, it becomes a challenging task in the presence of
so many considerable criteria. This task is formulated in the form of a mathematical model in order
to apply the proposed technique to choose the most suitable parking spot. Consider a person at a
particular location on the road, who wants to park his car at a suitable parking place. Keeping in mind
the person's various preferences, a few nearby available parking spots are considered, having different
speci cations in terms of parking fee, distance between the person's location and each parking spot,
the number of signals between the car and the parking spot, and traf ¢ density on the way between
the car and the parking spot. Figure 2 shows the location of car to be parked at a suitable parking spot.

Figure 2. A real life parking spot choice problem.

Let U be a plithogenic universe of discourse consisting of all parking spots in the
surrounding area, where
U= fPl,Pz,Pg, A ,Plog.

The attributes of the parking spots, chosen for the decision, are &, &, as, a4 given below:

ay = Parking fee,

a, = Distance between car and parking spot,

ag = Number of traf ¢ signals between car and parking spot,
a, = Traf ¢ density on the way between car and parking spot.

The attribute values of aq, ap, ag, a4 belong to the sets A1, A, Az, A4, respectively.
A1 = flow fee (f1), medium fee (f,), high fee (f3)g,

A, = fvery near (r1), almost near (r,), near (r3), almost far (r4), far (rs), very far (rg)g,
A3 = fone signal (s1), two signals (s;)g,
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A4 = flow (dy), high (dy), very high (ds)g.

The dominant attribute values of ay, ap, az, a4 are chosen to befy,rq1, s, and dq, respectively, and the
single-valued fuzzy degree of contradiction between the dominant attribute value and all other
attribute values is given below.

1 2
Cr(fy, f2) = 3 cr(fy, fa) = 3’
1 2 3 4 >
Ce(rura) = & Cr(rurg) = & Cr(rura) = & Ccr(rurs) = &, Cr(rure) = &,
1
Cr(s1, %) = >
1 2
Ce(dy, do) = 3 Cr(dy, d3) = 3

Two different sets of alternatives are considered for the application of PHSS-based TOPSIS, along with
a comparison with fuzzy TOPSIS in each case.

4.2.1. Casel

In this case, the parking spots under consideration (alternatives) are contained in the set X U ,
given by
X = f Pl! PZ! P31 P4g

The neutrosophic degree of appurtenance of each attribute value corresponding to each alternative
P1, P>, P3, P4 is given in Table 1.

Let C = A; A, Az A, and consider an element (fy,rq,5,d;) 2 C for which the
corresponding matrix that was obtained from Table 1 is given below:

2 (0.7,0.9,0.} (0.6,0.5,0.2 (0.2,0.3,0.% (0.7,0.9,0.33
(0.8,0.1,0.7 (0.9,0.4,05 (0.9,0.4,0.) (0.8,0.4,0.2
(1.0,0.8,0.5 (0.7,0.5,0.5 (0.4,0.4,0. (0.6,0.5,0.F
(0.1,0.2,1.0 (0.3,1.0,0.5 (0.7,0.9,0.2 (0.9,0.7,0.5

()

Table 1. Degree of appurtenance of each attribute value w.r.t. to each alternative.

Sr. Variables Py P> P3 P4
1 f1 (05,0.1,0.3) (0.5,0.0,0.7) (0.1,0.4,0.5) (0.2,0.1,0.6)
2 fo (0.7,0.9,0.1) (0.6,0.5,0.2) (0.2,0.3,0.6) (0.7,0.9,0.3)
3 f3 (0.5,0.5,0.1) (0.0,0.1,0.5) (0.1,0.1,0.9) (0.5,0.7,0.2)
4 r (0.8,0.1,0.7) (0.9,0.4,0.5) (0.9,0.4,0.00 (0.8,0.4,0.2)
5 ro (0.9,0.3,0.2) (0.6,0.1,0.0) (0.5,0.2,0.4) (0.9,0.1,0.4)
6 rs (0.9,0.2,0.3) (0.8,0.3,0.1) (0.6,0.0,0.6) (0.2,0.2,0.5)
7 ra (0.8,0.3,0.2) (1.0,0.1,0.5) (0.8,0.5,0.1) (0.7,0.3,0.6)
8 rs (2.0,0.3,0.2) (1.0,0.3,0.2) (0.8,0.2,0.8) (0.6,0.5,0.6)
9 re (0.8,0.1,0.0)0 (0.6,0.8,0.5) (0.9,0.7,0.1) (0.4,0.8,0.7)
10 S1 (0.0,05,05) (0.4,0.1,0.6) (0.2,0.2,0.7) (0.8,0.3,0.4)
11 S (2.0,0.8,0.6) (0.7,0.5,0.5) (0.4,0.4,0.7) (0.6,0.5,0.7)
12 d; (0.1,0.2,1.0) (0.3,1.0,0.6) (0.7,0.9,0.2) (0.9,0.7,0.5)
13 do (0.1,0.4,0.8) (0.2,0.2,0.8) (0.2,0.6,0.3) (0.2,0.8,0.5)
14 ds (0.5,0.6,0.9) (0.9,0.6,0.3) (0.9,0.7,0.5) (0.6,0.7,0.6)
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This MCDM problem is solved by the proposed PHSS-based TOPSIS and fuzzy TOPSIS, as follows:
A. Application of PHSS-based TOPSIS for Case 1

Apply the plithogenic accuracy function (1) to the matrix (2) in order to obtain the plithogenic
accuracy matrix given by:

? 0.6667 0.5667 0.4778 0.733%

g 0.5333 0.6000 0.4333 0.46
0.9667 0.7500 0.6833 0.8508°
0.4333 0.6333 0.6000 0.7000

The plithogenic decision matrix M is constructed by taking the transpose of the plithogenic
accuracy matrix. It is a square matrix of order 4, given by

3
0.6667 0.5333 0.9667 0.4333

_ 8 0.5667 0.6000 0.7500 0.63£
~ 4 0.4778 0.4333 0.6833 0.60
0.7333 0.4667 0.8500 0.7000

Mp

A corresponding table, as shown in Table 2, of alternatives versus criteria may also be drawn to
see the situation in a clear way.

Table 2. Alternatives versus criteria table.

Al/Cr fo ri S dy

Py 0.6667 0.5333 0.9667 0.4333
P, 0.5667 0.6000 0.7500 0.6333
Ps 0.4778 0.4333 0.6833 0.6000
Py 0.7333 0.4667 0.8500 0.7000

A plithogenic normalized decision matrix Np is obtained as:

? 0.5387 0.5205 0.5898 0.361%
_ f 0.4579 0.5855 0.4576 0.52
~ 4 03861 0.4229 0.4169 0.50
0.5925 0.4555 0.5186 0.5836

Np

A weighted normalized matrix W, is constructed as:
W, =] 0.4,0.22,0.15,0.28 (3)

whereas the plithogenic weighted normalized decision matrix Vp = [vij]s 4is given, as follows:

3
0.2155 0.1145 0.0885 0.0831

_ f 0.1832 0.1288 0.0686 0.12%
0.1544 0.0930 0.0625 0.11
0.2370 0.1002 0.0778 0.1342

Vp
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The plithogenic positive ideal solution Vg and plithogenic negative ideal solution V, are
determined, as follows:

V+

p = 0.1544,0.0930, 0.0625, 0.0831
Y

f0.2370,0.1288,0.0885, 0.1342

p

The plithogenic distance of each alternative from the Vg and V,, , respectively, is determined as:

2 3 2 3
0.0697 0.0573
o = E 0.0601? < - § 0.05882_
0.0320 0.0956
0.0986 0.0305
The relative closeness coef cient G, i = 1, 2, 3, 4, of each alternative is computed as:
C, = 0.4511,
Co = 0.4944,
C3 = 0.7494,
C4 = 0.2366.

The highest value corresponds to the most suitable alternative. Since C3 = 0.7494 is the maximum
value and it corresponds to Ps, therefore, the most suitable parking spotis P;. The Table 3 is constructed
to rank all alternatives under consideration.

Table 3. PHSS-based TOPSIS ranking table.

s S Ci Ranking
P; 0.0697 0.0573 0.4511 3
P, 0.0601 0.0588 0.4944 2
P; 0.0320 0.0956 0.7494 1
P, 0.0986 0.0305 0.2366 4

A bar graph presented in Figure 3 is given, in which all alternatives Py, P, P3, P4 are ranked by
PHSS-based TOPSIS.

Figure 3. Ranking of Parking Spots by PHSS-based TOPSIS for Case 1.
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It is evident that the parking spot P; is the most suitable place to park the car while Py is not a
good choice for parking based on the selection criteria.

B. Application of Fuzzy TOPSIS for Case 1

In order to see the implementation of fuzzy TOPSIS [ 32-34] for the current scenario of the parking
problem, we apply the average operator [ 27,35] to each element of the matrix 2 and take the transpose
of the resulting matrix in order to obtain the decision matrix given by:

3
0.5667 0.5333 0.8000 0.4333

_ 6 0.4333 0.6000 0.5667 0.63%
0.3667 0.4333 0.5000 0.60
0.6333 0.4667 0.6000 0.7000

M

Applying the fuzzy TOPSIS to the decision matrix M, along with the same weights
given in matrix (3), we obtain the values of positive distance S*, negative distance S , relative
closenessC; and ranking of each alternative, as given in Table 4.

Table 4. Fuzzy TOPSIS ranking table.

s S Ci  Ranking
P, 0.0888 0.0592 0.4000 3
P, 0.0591 0.0841 0.5872 2
P; 0.0320 0.1176 0.7863 1
P, 01170 0.0373 0.2417 4

A bar graph in Figure 4 is given in which all alternatives Py, P,, P3, P4 are ranked by Fuzzy TOPSIS.
A comparison is shown in Table 5, in which it can be seen that the result obtained by the proposed
PHSS-based TOPSIS is aligned with that of fuzzy TOPSIS.

Figure 4. Ranking of Parking Spots by Fuzzy TOPSIS for Case 1.

Table 5. Comparison analysis for case 1.

Sr. Parkings PHSS-Based TOPSIS Ranking Fuzzy TOPSIS Ranking

1 P, 3rd 3rd
2 P, 2nd 2nd
3 P3 1st 1st
4 P, 4th 4th
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Itis observed in Table 5 that the results obtained by both methods coincide in terms of the ranking
of each alternative, but differ in the values of the relative closeness of each alternative. It is due to
the nature of the MCDM problem in hand in which each alternative needs to be evaluated against
each attribute value possessing a neutrosophic degree of appurtenance w.r.t. each alternative and a
contradiction degree is de ned between each attribute value and its corresponding dominant attribute
value to be taken into consideration in the decision process. In such a case, the proposed PHSS-based
TOPSIS produces a more reliable relative closeness of each alternative, as it can been seen in the
parking spot choice problem that was chosen for the study. Therefore, it is worth noting that the
proposed PHSS-based TOPSIS can be regarded as a generalization of fuzzy TOPSIS3P], because

the fuzzy TOPSIS cannot be directly applied to MCDM problems in which the attribute values have

a neutrosophic degree of appurtenance with respect to each alternative. In the case of the parking
problem, fuzzy TOPSIS is applied after applying simple average operator to the neutrosophic elements
of the matrix (2). However, it does not takes into account the degree of contradiction between the
attribute values, which is the limitation of fuzzy TOPSIS. This concern is precisely addressed by the

proposed PHSS-based TOPSIS.

4.2.2. Case 2

In this case, the set of parking spots under consideration is given by

X = f Py, Ps, P, Py0.

The neutrosophic degree of appurtenance of each attribute value that corresponds to each alternative
of f Py, Ps, Ps, P7g is given in Table 6.

Table 6. Degree of appurtenance of each attribute value w.r.t each alternative.

Sr. Variables =5 Ps Ps P7
1 fa (0.5,0.1,0.3) (0.6,0.6,0.8) (0.7,0.2,0.4) (0.9,0.5,0.2)
2 f, (0.7,0.9,0.1) (0.8,0.8,0.5) (0.4,0.4,0.7) (0.7,0.2,0.1)
3 fa (0.5,0.5,0.1) (0.4,0.2,05) (1.0,0.5,0.9) (1.0,0.7,0.6)
4 r (0.8,0.1,0.7) (0.9,0.5,0.2) (0.5,0,0.9) (0.8,0.6,0.1)
5 r (0.9,0.3,0.2) (0.5,04,0.2) (0.7,0.504) (0.9,0.6, 0.8)
6 rs (0.9,0.1,0.3) (0.5,0.7,0.3) (0.9,1.0,0.6) (0.2,0,1.0)
7 f (0.8,0.3,0.2) (1.0,0.2,1.0) (1.0,0.5,0.7) (0.8,0.8,0.9)
8 rs (0.2,0.3,0.9) (1.0,0.1,0.8) (0.4,0.6,0.8) (0.8,0.6,0.6)
9 rs (0.5,0.7,0.5) (0.8,0.2,0.0) (0.6,0.3,0.7) (0.0,0.9,0.9)
10 s (0,05,05) (0.8,0.4,06) (0.9,0202) (0.8 0.4,0.7)
11 s (1.0,0.8,0.6) (0.7,1.0,0.2) (0.2,0.4,0.7) (0.9,0,1.0)
12 dq, (0.1,0.2,1.0)0 (1.0,0.4,0.3) (0.7,0.5,0.6) (0.8,0.5,0.7)
13 do (0.1,04,08) (0.7,1.0,0.8) (0.6,0.6,1.0) (1.0,0.8,0.8)
14 ds (0.5,0.6,0.9) (1.0,0.6,0.5) (1.0,1.0,0.5) (1.0,0.5,0.8)

Let C = Ay A, Az A, and consider an element (fp,rq,5,d;) 2 C for which the
corresponding matrix obtained from Table 6, is given below:

2 (0.7,0.9,0.} (0.8,0.8,0.5 (0.4,0.4,0.F (0.7,0.2,0.13
(0.8,0.1,0. (0.9,0.5,0.2 (0.5,0.0,0.9 (0.8,0.6,0.)
(1.0,0.8,0.5 (0.7,1.0,0.2 (0.2,1.0,0.F (0.9,0.0,1.)
(0.1,0.2,1.0 (1.0,0.4,0.3 (0.7,05,0.3 (0.8,0.5,0.F

(4)

The proposed PHSS-based TOPSIS and fuzzy TOPSIS are employed, as follows:
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A. Application of PHSS-Based TOPSIS for Case 2

The plithogenic accuracy matrix in this case is given by

? 0.6667 0.9222 0.6444 0.5113;.
0.5333 0.6000 0.4333 0.46i
0.9667 0.9333 0.6500 0.95
0.4333 0.6333 0.6000 0.7000

Plithogenic decision matrix My is given by
2 3
0.6667 0.5333 0.9667 0.4333
_ f 0.9222 0.6000 0.9333 0.63§
~ 4 0.6444 0.4333 0.6500 0.60
0.5111 0.4667 0.9500 0.7000

Mp

A plithogenic normalized decision matrix Np is then constructed as:

2 0.4748 0.5205 0.5464 0.361?5

N :E 0.6568 0.5855 0.5275 0.52(82
P 0.4590 0.4229 0.3674 0.50

0.3640 0.4555 0.5369 0.5836

The plithogenic weighted normalized decision matrix Vp is given, as follows:

? 0.1899 0.1145 0.0820 0.08331
_ f 0.2627 0.1288 0.0791 0.12
~ 4 0.1836 0.0930 0.0551 0.11
0.1456 0.1002 0.0805 0.1342

Vp

The plithogenic positive ideal solution Vp+ and plithogenic negative ideal solution V, are
determined, such that
V+

p = £0.1456,0.0930,0.0551, 0.0831
V

f0.2627,0.1288,0.0820, 0.1342

p

The plithogenic positive distance S*, plithogenic negative distance S , relative closenessC;, and
ranking of each alternative is shown in Table 7.

Table 7. PHSS-based TOPSIS ranking table.

s S G Ranking

P; 0.0561 0.0901 0.6163 3
Ps 0.1306 0.0131 0.0912
Ps 0.0496 0.0929 0.6518
P; 0.0576 0.1206 0.6769

=N A

A graphical representation of the ranking of all alternatives obtained by PHSS-based TOPSIS,
is shown in Figure 5.
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Figure 5. Ranking of Parking Spots by PHSS-based TOPSIS for Case 2.

It can be seen that the parking spot Py is the most suitable alternative in the light of chosen criteria.
B. Application of Fuzzy TOPSIS for Case 2

In this case, the decision matrix M for the implementation of fuzzy TOPSIS is given by

2 0.5667 0.5333 0.8000 0.433%
_ f 0.7000 0.6000 0.6333 0.63
"~ 4 05000 0.4333 0.6333 0.60
0.3333 0.4667 0.6333 0.7000

M

By implementing the fuzzy TOPSIS to the matrix M, with the same weights given in (3), the values
of positive distance S*, negative distance S , relative closenessC;, and ranking of each alternative are
shown in Table 8.

Table 8. Fuzzy TOPSIS ranking table.

s S Ci  Ranking
P, 0.0908 0.0724 0.4439 3
Ps  0.1453 0.0224 0.1337 4
Ps 0.0694 0.0863 0.5543 2
P, 00516 0.1397 0.7301 1

The ranking of all alternatives can also been visualized as a bar graph in Figure 6, in which all
alternatives Py, Ps, Ps, Py are ranked by Fuzzy TOPSIS.

The most suitable parking spot obtained by fuzzy TOPSIS is also P;.

A comparison of rankings obtained by PHSS-based TOPSIS and fuzzy TOPSIS is shown in
Table 9 for case 2.

It may be noted that similar results are obtained in case 2, with the help of proposed PHSS-based
TOPSIS and fuzzy TOPSIS with exactly same ranking of each alternative, but with a considerably
different values of the relative closeness of each alternative as shown in Table 9. Therefore, it is
accomplished that the results that were obtained by the PHSS-based TOPSIS are valid and more
reliable and PHSS-based TOPSIS can be regarded as the generalization of fuzzy TOPSIS on the basis of
the study conducted in the article.
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Figure 6. Ranking of Parking Spots by Fuzzy TOPSIS for Case 2.

Table 9. Comparison analysis for case 2.

Sr. Parkings PHSS-Based TOPSIS Ranking Fuzzy TOPSIS Ranking

1 Py 3rd 3rd
2 Ps 4th 4th
3 Ps 2nd 2nd
4 Py 1st 1st

5. Conclusions

It has always been a challenging task to deal with real life MCDM problems, due to the
involvement of many complexities and uncertainties. In particular, some real life MCDM problems
are designed in a way that the given attributes need to be further decomposed into two or more
attribute values such that each alternative is then required to be evaluated against each attribute
value in order to perform a detailed analysis to reach a fair conclusion. To deal with such situations,
a novel PHSS-based TOPSIS is proposed in the present study, and it is applied to a MCDM parking
problem with different choices of the set of alternatives and a comparison with fuzzy TOPSIS is done
to prove the validity and ef ciency of the proposed method. All of the results are quite promising and
graphically depicted for a clear understanding. Moreover, the algorithm of the proposed method is
produced in MATLAB in order to broaden the scope of the study to other research areas, including
graph theory, machine learning, pattern recognition, etc.
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Abstract: In this paper, we introduce the new notion of interval-valued neutrosophic crisp sets
providing a tool for approximating unde nable or complex concepts in real world. First, we deal
with some of its algebraic structures. We also de ne an interval-valued neutrosophic crisp (vanishing)
point and obtain some of its properties. Next, we de ne an interval-valued neutrosophic crisp
topology, base (subbase), neighborhood, and interior (closure), respectively and investigate some
of each property, and give some examples. Finally, we de ne an interval-valued neutrosophic crisp
continuity and quotient topology and study some of each property.

Keywords: interval-valued neutrosophic crisp set; interval-valued neutrosophic crisp (vanishing)
point; interval-valued neutrosophic crisp topological space; interval-valued neutrosophic crisp base
(subbase); interval-valued neutrosophic crisp neighborhood; interval-valued neutrosophic crisp
closure (interior); interval-valued neutrosophic crisp continuity; interval-valued neutrosophic crisp
quotient topology

MSC: 54A10

1. Introduction

Numerous mathematicians have been trying to nd a mathematical expression of the
complexation and uncertainty in real world for a long time. For example, Zadeh [ 1] de ned a fuzzy set
as a generalization of a classical set in 1965. Zadeh?] (1975), Pawlak [3] (1982), Atanassov ] (1983),
Atanassov and Gargov [5] (1989), Gau and Buchrer [6] (1993), Smarandache [7] (1998), Molodtsov [8]
(1999), Lee B], Torra [10Q], Jun et al. [11] (2012), and Lee et al. [L2] (2020) introduced the concept of
interval-valued fuzzy sets, rough sets, intuitionistic fuzzy sets, interval-valued intuitionistic fuzzy sets,
vague sets, neutrosophic sets, soft sets, bipolar fuzzy sets, hessitant fuzzy sets, cubic sets combined
by interval-valued fuzzy sets and fuzzy sets, and octahedron sets combined by interval-valued fuzzy
sets, intuitionistic fuzzy sets, and fuzzy sets, in turn, in order to solve various complex and uncertain
problems.

In 1996, cCoker [L3] proposed the concept of an intuitionistic set as the generalization of a classical
set and the special case of an intuionistic fuzzy set and he studied topological structures based on
intuitionistic sets in [ 14]. Kim et al. [15] dealt with categorical structures based on intuitionistic
sets. They also obtained further properties of intuionistic topology in [ 16]. In 2014, Salama et
al. [17] de ned neutrosophic crisp sets as the generalization of classical sets and the special case
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of neutrosophic sets proposed by Smarandache [7,18,19], and studied some of its properties. Moreover,

they dealt with topological structures based on the neutrosophic crisp sets in [ 17]. Hur et al. [ 20]
investigated categorical structures via neutrosophic crisp sets. Many researchers [21-29] have discussed
topological structures via neutrosophic crisp sets. Recently, Kim et al. [ 30] introduced the concept of an

interval-valued set as the generalization of a classical set and the specialization of an interval-valued

fuzzy set, and applied it to topological structures.

This paper considers two perspectives. First, we de ne the interval-valued neutrosophic crisp
set, a new concept that combines the interval-valued set and neutrosophic crisp set. As an example,
suppose a country conducts a poll during an election that determines the highest head of administration.
At this time, the preference for Candidate A is divided into three groups: Favor, neutral, and rejection
among its citizens from the viewpoint of neutrosophic crisp set, but the minimum and maximum for
each of a favor, neutral, and rejection from the viewpoint of interval-valued neutrosophic crisp set.
The group is considered. Then, it is believed that the results of the poll by the new concept are more
accurate than those by the neutrosophic crisp set. Thus, this new concept is nheeded. Second, since the
topology can be applied to high dimensional data sets, big data, and computational evaluations (see
[31-33], respectively), we study topological structures based on interval-valued neutrosophic crisp
sets. In order to accomplish such research, rst, we recall some de nitions related to intuitionistic
sets, interval-valued sets, and neutrosophic crisp sets. Secondly, we introduce the new concept of
interval-valued neutrosophic crisp set and obtain some of its algebraic structures, and give some
examples. We also de ne interval-valued neutrosophic crisp points of two types and discuss the
characterizations of the inclusion, equality, intersection, and union of interval-valued neutrosophic
crisp sets. Thirdly, we de ne an interval-valued neutrosophic crisp topology, an interval-valued
neutrosophic crisp base and subbase, and study some of their properties. Fourthly, we introduce
the concepts of interval-valued neutrosophic crisp neighborhoods of two types and nd some of
their properties. In particular, we prove that there is an IVNCT under the hypothesis satisfying
some properties of interval-valued neutrosophic crisp neighborhoods. Moreover, we de ne an
interval-valued neutrosophic crisp interior and closure and deal with some of their properties.
In particular, we show that there is a unique IVNCT for interval-valued neutrosophic crisp interior
[resp. closure] operators. Finally, we introduce the concepts of interval-valued neutrosophic crisp
continuous [resp. open and closed] mappings and quotient topologies and obtain some of their
properties.

Throughout this paper, we assume that X, Y are non-empty sets, unless otherwise stated.

2. Preliminaries

In this section, we recall the concept of an intuitionistic set proposed in [ 13]. We also recall some
concepts and results introduced and studied in [30,34,35], respectively.

De nition 1 ([13]). The formA = ( A%, A%3 such thatA2, A®2 X, and A2\ A%2= £[is called
an intuitionistic set (briey, 1S) of X, where A2 [resp. A®3 represents the set of memberships [resp.
non-memberships] of elementsXfto A. In fact, A2 [resp. A% is a subset oK agreeing or approving
[resp. refusing or opposing] for a certain opinion, suggestion, or policy.

The intuitionistic empty set [resp. the intuitionistic whole set]Xf denoted by_E[resp. )?], is de ned
by £= (&£ X) [resp.X = ( X,A)]. The set of all ISs of will be denoted byS(X). It is also clear that for
eachA 2 IS(X), ca = (Ca2,C 62 is an intuitionistic fuzzy set inX proposed by Atanassod][ Thus we can
consider the intuitionistic set A in X as an intuitionistic fuzzy set in X.

Furthermore, we can easily check that for each 1S(X), A2 [ A826 X (in fact, A2°\ A% 6 A
in general (see Example 1) butd? [ A®2= X, thenA2°\ AS% = /£ We denote the familjA 2 1S(X) :
A2 [ A%2= Xgas IS (X).
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Example 1. Let X = fa,b,c, d, eg be a set and consider the IS A in X given by:
Then clearly, & [ A%26 X. Infact, A2°\ AS%26 A&

For the inclusion, equality, union, and intersection of intuitionistic sets, and the complement of an
intuitionistic set, the operations []and <> on IS(X), refer to [13].

De nition 2 ([34,36]). The formA = AT, A' AF suchthatAT, A!, AF X is called a neutrosophic
crisp set (brie y, NCS) inX, whereAT, A', and AF represent the set of memberships, indeterminacies, and
non-memberships respectively of elements of X to A.

We consider neutrosophic crisp empty [resp. whole] sets of two typ¥s denoted by N, AN
[resp. X n. X2n]and de ned by (see Remark 1.1.1 in [34]):

"E.I.,N = hE £ Xi, @,N = h&E X, Xi [resp.leN = h, X, A, XZ,N = hX,A_:,/CE]
We will denote the set of all NCSs in X denoted by (.

Itis obvious that A = hA, & A% 2 NC(X) for each ordinary subset A of X. Then we can consider
an NCS in X as the generalization of an ordinary subset of X. Itis also clearthat A = A2, /& A82 is
an NCS in X for each A 2 1S(X). Thus an NCS in X can be considered as the generalization of an
intuitionistic setin X. Furthermore, we can easily see that for eachA 2 N(X),

CA: mAT,CAI,CAFi

is a neutrosophic set in X introduced by Salama and Smarandache [7,18,19]. So an NCS is a special
case of a neutrosophic set.

De nition 3 ([34]). Let A2 NC(X). Then the complement of A, denoted by A = 1, 2) and de ned by:
D E D
Al,C = AF,AIC,AT , AZ,C - AF,AI,AT

De nition 4 ([34]). Let A, B2 NC(X). Then A is said to be:
() A 1l-type subset of B, denoted by A B, if it satis es the following conditions:

AT BT, Al B' AF BF
(i) A 2-type subset of B, denoted by A B, if it satis es the following conditions:

AT BT, Al B AF B\
De nition 5 ([34]). Let A, B2 NC(X).

() The i-intersection of A and B, denoted b\ AB (i = 1, 2) and de ned by:
D E D E
A\1B= AT\ BT,A'\ B AF[ BT , A\?B= AT\ B",A'[ B',AF[ BF
(i) The i-union of A and B, denoted by[A B (i = 1, 2) and de ned by:

D E D
A[tB= AT[ BT,A'[ B',AF\ BF , A[?B= AT[ BT,A'\ B' A\ BF
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D E D E
i) [JA= AT, A", AT  hiA= AF Al AF

The followings are immediate results of De nitions 3, 4, and 5.

Proposition 1 (See Proposition 3.3 in [20] and also compare it with Proposition 3.5in[ 15]). LetA,B,C 2
NC(X) andleti= 1, 2 Then we have:

(1) (See Proposition 1.1.1in[34)&N i A i XiN,
(2) If A i B and B iC,thenA i C,

3) A\'B jAandA\'B B,

(4 A A['BandB ;A['B,

(5 A ;Bifandonlyif A\ B= A,

(6) A ;Bifandonlyif A['B= B.

Proposition 2 (See Proposition 3.4 in [20] and also compare it with Proposition 3.6 in[ 15]). LetA,B,C 2
NC(X) andleti= 1, 2 Then we have:

(1) (Idempotentlaws): A[TA= A A\ A= A,

(2) (Commutative laws): A['B= B[ A, A\'B= B\'A,

(3) (Associative laws): A[ ' (B['C)=(A['B)['C,A\T(B\'C)=(A\'B)\'C,

(4) (Distributive laws): A[(B\'C)=(A['B)\1(A['C),
A\VI(B['C)=(A\IB)['(A\C),

(5) (Absorptionlaws): A[T(A\'B)= A, A\ (A['B)= A

(6) (DeMorgan's laws): (A[ 1B)1¢= Alc\ 1BLC (A[ 1B)2¢= A2C\ 2B2C
(A [ 2 B)l,c - Al,C\ 2 Bl‘C, (A [ 2 B)Z,C - AZ,C\ 1 BZ’C,
(A\ 1 B)l,c - Al,C[ 1 Bl,C, (A\ 1 B)Z,C - AZ,C[ 2 BZ’C,
(A\ 2 B)l,c - Al,C[ 2 Bl,C, (A\ 2 B)Z,C - AZ,C[ 1 BZ’C,
7 Aic i,c —
© (o) A 2 Ai = A A\ By = Ay,
(8b) A[ :XlN-A\leN:A-
(B0) X 'CE ’Aiéw = Xin,
(8d) A['A'CS LAV TANC 8 /R, in general.

De nition 6 (See B4,37)). Leta2 X. Then the forma, = Hhf ag, & f ag®i [resp.a,, = hWEfag,fagi]is
called a neutrisophic crisp [resp. vanishing] pointin X.
We denote the set of all neutrisophic crisp points and all neutrisophic crisp vanishing poitsympe(X).

De nition 7 (See [34,37]) Leta2 X and let A2 NC(X). Then,

(i) a, saidto belongto A, denotedby & A, ifa?2 AT,
(i) a,, saidto belong to A, denoted by,a2 A, if a 62AF.

Result 1 ([34], Proposition 1.2.6). Let A 2 NC(X). Then,

A= An[ 1Ay,
where Ay = a,2a8 ANy = g oadny.Infact Ay = AT £AT and Ay = ZEA!AF .

De nition 8 ([30,35]). The form[A ,A*]=fB X:A B A*gsuchthatA , A* Xiscalled
an interval-valued sets (brie y, IVS) irX, whereA [resp.A™ ] represents the set of minimum [resp. maximum]
memberships of elementofo A. Infact, A [resp.A*]is a minimum [resp. maximum)] subset ¥f agreeing
or approving for a certain opinion, suggestion, or policy.

[4& A [resp.[X, X]] is called the interval-valued empty [resp. whole] seXimnd denoted bfE[resp. X].
The set of all IVSs in X will be denoted by I\8).
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For any classical subsetA of X, [A, A] 2 IVS(X) is obvious. Then we can consider an IVS in X as
the generalization of a classical subset of X. Also, if A=[A ,A"]2 IVS(X),thenc, = [c, .c,.]is
an interval-valued fuzzy setin X introduced by Zadeh [ 2]. Thus an interval-valued fuzzy set can be
considered as the generalization of an IVS.

Furthermore, we can easily check that foreach A 2 IVS(X), A 6 A* (infact, A*\ A ‘6 A
in general (see Example 2) butif A = A* then A*\ A °= /& We denote the family f A 2 IVS(X) :
A = A*gaslIVS (X).

Example 2. Let X = fa,b,c,d,eg and consider the IVS A in X given by:
A =[fabg,fa, b cg.
Then we can easily calculate that & A* and A"\ A 6 A&

For the inclusion, equality, union, and intersection of intuionistic sets, and the complement of an
intuitionistic set refer to [30,35].

3. Interval-Valued Neutrosophic Crisp Sets

In this section, we introduce the concept of an interval-valued neutrosophic crisp set combined by
a neutrosophic crisp set and an interval-valued set, and obtain some of its properties.

De nition 9. The form [AT- ,AT*],[A"» AT [AF | AF*] is called an interval-valued neutrosophic
crisp set (brie y, IVNCS) in X, wherd AT | AT-+], [A!" ALY [AR AR+ 2 1IVS(X).

In this case,[AT ,AT*], [A"" ,A'"*], and [AF ,AF*] represent the IVS of memberships,
indeterminacies, and non-memberships respectively of elements of X to A.

In particular, an IVNCS is de ned as three types below.

AnIVNCS A = [AT ATH][AL [ AL*][AR AF*] in Xis said to be of:

() Type 1, if it satis es the following conditions:
[AT, ,AT’+]\ [AI, ,AI'+]= E [AT, ,AT'+]\ [AF, ,AF‘+]= E

[AI, ,A|’+]\ [AF, ,AF’+]= E

equivalently, A+ \ Al* = £ ATH\ AR = £ AlY\ AFY = £
(i) Type 2, if it satis es the following conditions:

[AT AT\ [AL A= &£ [AT AT\ [AR AR = &

[AI, ,AI’+]\ [AF, ,AF’+]: E [AT, ,AT’+][ [AI, ,AI’+][ [AF, ,AF’+]: R,
equivalently, A"\ At = £ AT\ ART = £ AP\ ARY = £

AT [ ALY [ AR =X,
(iii) Type 3, if it satis es the following conditions:

[AT, ,AT’+]\ [AI' ,AI’+]\ [AF’ ,AF’+]= E
[AT, ,AT’+][ [AI, ,AI’+][ [AF’ ,AF’+]: x’
equivalently, At \ ALY\ AR* = £ AT [ AL AR = X,

The set of all IVNCSs of Type 1 [resp. Type 2 and Type 3 iis denoted byVN 1(X) [resp. VN »(X)
and IVN 3(X)], and IVNCS(X) = IVN(X) [ IVNa(X) [ IVN3(X), wherelVNCS(X) is the set of all
IVNCSs in X.
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D E
For any classical subsetA of X, [A,A], E[AS A°] 2 IVNCS(X) is clear. Then we can consider

an INCS in X can be considered as the generalization of a classical subset oiX. Moreover, if A =
[AT  ATH][AL [ ALY] AR AFY] 2 IVNCS(X), then:

CA :([CAT, ’CAT,+]1[CAI, ’CA|,+]’[CAF, ’CAF,+])

is an interval neutrosophic set in X proposed by Ye [38]. Thus we can consider an IVS as the
generalization of an IVNCS.

Remark 1.

(1) IVNo(X)  IVNy(X), IVN2(X)  IVN3(X),
(2) IVN1(X) 6 IVN2o(X), IVN1(X) 6 IVN3(X) ingeneral,
(3) IVN3(X) 6 IVN1(X), IVN3(X) 6 IVN,(X) in general.

Example 3. Let X = fa/b,c,d, e f,g, h,ig. Consider two IVNCSs in X given by:
A= Hfab.cg,fab,cdg][fegfe fg] [fg hg fg higli,

B= Hfab,cg,fab,cgl[faefgfaefgl[fghigfghigli.
(i) [AT, ,AT'+]\ [AI, ,A|'+]= J:3 [AT, ,AT’+]\ [AF, ,AF'+]= Ji
[AY ALY\ [AF  AR*] = £ But

[AT-  ATH][ [A AV [AF ,AR*]=[fab,cd e f,g,hg, Xg] 6 R.ThenA 2 IVN4(X) but
A 62IVN,(X). Moreover, we have:

[AT, ,AT’+]\ [AI, ,AI'+]\ [AF, ,AF‘+]= E

Thus A62IVN3(X). So we can con rm that Remark 1 (2) holds.
(i) [B" ,BT*]\ [B" ,B"*]\ [BY ,BR]= &

B ,B™*][ BC" ,B"*][ [BF ,BF*]= R.But

BT ,BT*]\ [B" ,B'"*]=[fag,fag] 6 &
Then B2 IVN3(X) but B62IVN 1(X), B 62IVN4(X). Thus we can con rm that Remark 1 (3) holds.

De nition 10. We may de ne the interval-valued neutrosophic crisp empty sets and the interval-valued
neutrosophic crisp whole sets, denoted®y,n and X yn (i = 1, 2, 3, 9, respectively as follows:

D E D E
) AN DE}EE)%E, A VN EX X,

D E
AN = DEX’EE’ Ay N = DﬁiﬁiﬁfE,

(i) Xyvn = XX, B, Xouvn R EE
D E D E
Xaiwvn = X, BEX | Xqvn R, R, %

De nition 11. LetA 2 IVNCS(X). Then the complements &f denoted byA' (i = 1, 2, 3, is an IVNCS
in X, respectively as follows:

D E
Al,C - [AT, ,AT'+ ]C, [AI’ ,A|,+ ]C, [AF, ,AF’+ ]C ,
D E
AZ,C - [AF, ,AF’+],[AI’ ,AI’+],[AT’ ,AT’+]

D E
A3'C: [AF, ,AF'+],[AI' ,AI’+]C,[AT’ ,AT'+]
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Example 4. Let A = Hfab,cg,fab,cdg],[feg,fe fg],[f g, hg,fg,h,ig]i be the IVNCS inX given in
Example 3. Then we can easily check that:
Alc =< [fegf, g hig,fdef,ghig],[fabcdghigfab,cd, f,ghig],
[fabcdefg,fabcdef,ig] >,
AZ¢= Hfg, hg,fg,higl.[feg fe fal[fabcg fab.cdgi,
A3¢=< [fg,hg,fg h,ig],[fabcdghigfab,cd,f, g hig]
[fab,cg,fab,cdg]> .

De nition 12. LetA, B 2 IVNCS(X). Then we may de ne the inclusions betwe&rand B, denoted by
A iB(i= 1, 2,asfollows:
A lBiﬁ:[AT, ,AT'+] [BT‘ ,BT’+], [AI, ,A|’+] [BI, ,BI’+],
[AF, ,AF’+] [BF, ,BF’+],
A zBiff[AT’ ,AT'+] [BT’ ,BT’+], [AI, ,A|'+] [BI, ,B|'+],
[AF, ,AF’+] [BF' ,BF’+].

Proposition 3. Forany A2 IVNCS(X), the followings hold:

(1) Awn 1A 1 Xyvn, BN 2A 2Xa)uN,
(@) Awn AN Xigvn  jXiavn, (0= 1, 2,3, 4)=1, 2)

Proof. Straightforward. O

De nition 13. Let A, B2 IVNCS(X), (Aj)j2; IVNCS(X).

() The intersection of A and B, denoted by AB (i = 1, 2), is an IVNCS in X de ned by:
A\1B=< [AT- ,AT*]\ [BT ,BT*],[Al ALY B! ,B''7],
[AF  AF+][ [BF ,BF*]>,
A\2B=< [AT ,AT+]\ [BT ,BT*],[A} ,A*][ [B" ,B"],

[AF AFF][ [BR ,BFY]> .
(i9 The intersection ofAj)j2 3, denoted by }ZJAJ- (i=1, 2,isanIVNCS in X de ned by:

*
\* VT Taq ) [ 1+ L F F+ '
Aj= AN LANTL A AL AT AT
23 i2J i2J i2J
* +
\2 VT Taq L [ g L F F+
Aj: [AJ’ iAJ" ]l [AJ’ IAJ" ]l [AJ' rAJ'Y ]
j23 j23 j23 j23

(i) The union of A and B, denoted by[A B (i = 1, 2), is an IVNCS in X de ned by:
A[tB=< [AT ,AT*][ [BT ,BT*],[Al ,Al*][ [B" ,B'"],
[AF  AF*]\ [BF ,BF*]>,
A[2B=< [AT ,AT*][ [BT ,BT*],[A! ,Al*]\ [B" ,B'"],

[AF AR\ [BR (BFY]> .
(i% The union of(A;)j2 5 denoted by }2JAJ- (i=1, 2,isanIVNCS in X de ned by:

* +
[t - Taq [ [ . F F+
Ap= AN AL A AL AT AT
23 j23 j23 j23
* +
[* [ T T [ . F F+
A] = [AJ’ 1Aj’ ]1 [AJ’ !Aj’ ]1 [AJ‘ vAj, ]
23 j23 23 j23
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iy [JA= [AT AT [A" A7) [AT JATH]C .
(v) < > A= [AF  AF*Ic Al ALF][AF AR .

From De nitions 10-13, we get similar results from Propositions 3.5 and 3.6 in [30].

Proposition 4. Let A, B, C2 IVNCS(X),i= 1, 2 Then,

(1) fA BandB C,then A ;C,
20 A {A['BandB ;A['B,
3) A\iB jAandA\'B B,
(4) A ;Bifandonlyif A\ B= A,
(5 A ;Bifandonlyif A[' B= B.

Proposition 5. Let X A, B, C2 IVNCS(X), (Aj)j25 IVNCS(X),andleti= 1, 2 k=1, 2, 3 Then

(1) (Idempotentlaws) AT A= A, A\ A= A,

(2) (Commutative laws) A 'B= B[ A, A\'B= B\ A,

(3) (Associative laws) A" (B[ 'C)=(A['B)['C, A\/(B\'C)=(A\B)\'C

(4) (Distributive laws) A[ ' (B\'C)=(A['B)\'(A['C),
AVI(BLIQ=(AVBI[I(AVC),

(49 (Generalized distributive laws) JZJA)[ A = LALTA),

S,
(TlasAD VA= j2.](AJ'\ 'A),

(5) (Absorptionlaws) A '(A\'B)= A, A\'(A['B)= A, _

(6) (DeMorgan's lawsY A [ B)k¢= Akc\ipke (A\ip)ke= pkec[ipgke
(69 (Generalized DeMorgan's law$) |, ; Aj)<C = }zJA'."C,

(7) (Alo)ke=

(8) (8a) A[! A-:rIVN A, A\ A-:rIVN_A-:rIVNv
(8b) A[' X_LLIVN X| wn, AVTX N = A,

(8c) XuiwnTC= A vn, X1ivn2C= Bavn, Xuvn 3= AN,
Xaun 1= ABvn, X2uvn 2= AN, Xawn e = MBun,
X3ivn 1= A un, Xavn 2= Xavn, Xaivn 3= Xavn,

1c — 2¢C — 3C —

X4, VN A vN s XagvN T = Xaivn s Xavn T" = X3 vN s
1c — 2,C — 3Cc —

A vn T = Xvns Avn T = Xogvns Aivn T = X
1c — 2,C — 3cC —

A vn = Xo vy A ivn T = Xivny A2uvn T = X v
1c 2C — 3cC —

Az vN X3 VN ABivN T = A ivN, A vN T = A vN

Ay S = Xawn, AN 2C = Agun, Bavn 3¢ = AN
(8d) A[TAKCE Xjyn, AVTAKCE A |y ingeneral(see Example 5)

wherej= 1, 2, 3, 4

Example 5. Consider the IVNCS A in X given in Example 4. Then,
A\ lAl,C
= Hfab,cg,fahb,cdg],[feg,fe fg],[fg hgfg,h,ig]
\1<[fef,ghigfdef,ghig.[fabcdaghigfabcd,f,ghig],
[fabcdefg,fabcdef,ig] >
= HA&fdg)l, [Ef fg],[fabcdef,g,hg Xq]i
6 A uN -
Similarly, we can check that:

A[ lAl’c6 Xj,IVN- A\ 1A2’c6 ’[E.IVN! A[ 1A2’°6 Xj,IVN-

Additionally, we can easily check the remainders.
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A neighborhood system of a point is very important in a classical topology. Then we propose an
interval-valued neutrosophic crisp point to de ne the concept of an interval-valued neutrosophic crisp
neighborhood. Moreover, when we deal with separation axioms in an interval-valued neutrosophic
crisp topology, the notion of interval-valued neutrosophic crisp points is used. Then we de ne it below.

D E
Be niton 14. Leta 2 I%( A 2 IVNCS(X). Then the form [fag,fag], & [fag® fag‘] [resp.

£ [fag,fag), [fag® fag®] ]is called an interval-valued neutrosophic [resp. vanishing] poinXirand

denoted bya,,, [resp. a,,,]. We will denote the set of all interval-valued neutrosophic pointXimas
IVNp(X).

(i) We saythat g, belongsto A, denoted by,a 2 A,ifa2 AT*.
(i) We saythat g,, belongsto A, denoted by,a, 2 A, if a 62AF" .

Prop05|t|0n6 Let A2 |VNCS(X) ThenA AN [ ANy »

where Ayn = & L 2A Bun s ANy =
In fact, D

Awn = [AT ATH] E[AT ,AT’+]C

aIVNV 2A Syny -

and D E
Awvny = BE[AY  AM] AR ,AF’+]

S S
Proof. AIVN = D1IVN2A Ay — 1IV§2A [fag fag] E[fag fag]
D 2A[fagfag] aINZAﬂ-:vT aIVNZA[fag fag]
D[ aat fag, a2AT’+fag]:E[Ea2ATv+fag: aar. fag’]

[AT' ,AT'+],ﬂ_:, [AT’+ C, AT, CE

E

D
= [AT, ,AT’+],ﬂ_:,[AT‘ ,AT|+B: , .
s S
Ay = ggNNZAaVNﬁ B 2 Flfag fol [t o]
" b w2’ s w2alfe.f el T 2alf ag,fag]

= oEL a2an fag’ a2AL+fag:E war- fag’ par fagf]
E[Al' ,A|’+],[AF' ,AF'+]
Then we have, D E D E
D[AT, ,AT'+],ﬂ_:,[AT' ’AT,+]C [1 E[AI’ ,A|'+],[AF' 'AF,+L
= D[AT, ,AT’+][ EE[ [AI, ,A|'+],[AT' ’AT,+]C\ [AF,E’AF,+]
= T, T+ I I+ T+C F, T, ¢ F+
[A" ADT] AN JAYTLLIA \ AT A \ A
- [AT' ,AT’+],[A|’ ,A|*+],[AF' ,AF'+
= A.
This completes the proof. [

Awn [ ANy

Example 6. Let X = fa,b,c,d, g f, g, h,ig and consider the IVNCS in X given by:

A = Hfabg,fab,cg],[fdg,fdeg][ff,gg,ff,g hg]i.

Then clearly, we have:
Ag/N D E
Davi2a 20T agl fE [f ag” f agf]

= [fabg fab,cg], E[fag®\f bg®\f cgfag®\f bg‘]

E
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E

D
D[fabg,fab,cg],E[fd,ef,g,él,ig,fc,d,ef,g,h,ig]
[AT AT E[AT AT

Awnv D E
= TG 2a fElfag fag] [fag® fagf]
=< A [fdg,fdeg],[fagt\f bg®\f cg®\f dg®\f eg®\f hg®\f igF
fpg°\f bg®\f cg\f dg°\f eg\E ig] >
= fdg,fd,eg],[f f,gg,f f,g.h
o5 fdo.fd.egl.[f f,0g.f . g h]
- ﬂ_:,[AI' ,AI'+],[AF' ,AF’+] )
ThusAwn [ L Awvny = Hfabg,fab,cg],[fdg, fdeg],[ff,g9,ff,g,hgli = A.So we can con rm that
Proposition 6 holds.

Proposition 7. _II__et(Aj)jZJ IVNCSQ_X) and let a2 X.
D) a,, 2 jlzJAj [resp. &, 2 J-12JA]-] . ayy 2 Ajlresp. a,,, 2 Ajlforeach 2 J.
(2 ayy 2 " ayAjlresp. g,y 2 T 25A]], thereexists P Jsuchthat g, 2 Aj[resp. g, 2 Aj.

T T . T T
Proof. (1) Supposea,, 2 f;Ajandlet A = f,;A. SinceAT = ;AT a2 A

Then a 2 AJ.T'+ foreachj 2 J Thusa,, 2 Ajforeachj 2 J The converse is proved similarly.
The proof of the second paréis omitted. s - -

(2) Supposeay,, 2 ~hyAjandlet A = Th A Since ART = 5 AT a 62 Al
Then a 62AjT’+ for some j 2 J. Thus a,, 2 Ajforsomej 2 J The converse is shown similarly.
The proof of the rst part is omitted.

O

Proposition 8. Let A,B 2 IVNCS(X). Then,

(1) A ;Bifandonlyifg, 2 A) a,, 2 Blresp.a,, 2 A) a,, 2 B]foreach& X.
(20 A= Bifandonlyifa, 2 A, a,, 2Blresp.a,, 2 A, a,, 2 B]foreach& X.

Proof. Straightforward. [

When we discuss with continuities in a classical topology, the concepts of the preimage and image
of a classical subset under a mapping are used. Then we de ne ones of an IVNCS under a mapping as
follows.

De nition 15. Let f: X! Y be amapping, £ IVNCS(X), B2 IVNCS(Y).

(i) Theimage of A under f, denoted b{Af), is an IVNCS in Y de ned as:

D E
f(A) = [f(AT ), FAT)LIF(A" ), f(AV)LIF(AT ), F(ART)]

(i) The preimage of B under f, denoted by*B), is an interval set in X de ned as:

D E
f4B)= [f }B" ), f YBT)LIf *(B" ). f }(B")LIf 4B ), f Y(BFY)]

Itis clear that f(a,,, ) = f(a),, and f(a,,,) = f(a),,, foreach & X.

From the above de nition, we have similar results of the image and the preimage of classical
subsets under a mapping.
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Proposition 9. Letf : X ! Y be amappingA, A;, Ay 2 IVNCS(X), (Aj)j25 IVNCS(X) and let
B, By, B, 2 IVNCS(Y), (Aj)j25 IVNCS(Y). Leti= 1, 2k= 1, 2, 31= 1, 2, 3, 4 Then,

(1) IfA1L jAzthen (A1) i f(Ap),

(2) IfBy By thenf 1(By) ;f (By),

(3) A ;f (f(A)) andif f isinjective, then A= f 1(f(A)),
(4) f(f é(_B)) i Band if f is surjective, ¢f 1(B)) = B,

6) (1208 = [t X8y,

© 11 1B =g 2t B, . .

(7 f(TinAj)i iT‘}ZJf(Aj)and if f is surjective, then1(f i23A)i = 23 F(A),
@) f( j23A) i j22f(Aj) andif fisinjective, then € j,5A)) = 25 T(A)),

(9) If f is surjective, then (A)kS | f(AKS),

(10) f X(Bk¢)= f Y(B)ke,

1) f Y(Awn) = Auns f 1 Xvn) = X,

(12) f("E,lVN) = /EJVN andif fis SUrjeCtive, then (fXI,IVN) = X|,|VN!

(13) Ifg:Y! Zisamapping, theffg f) Y(C)= f (g }(C)), foreach @ [Z].

Proof. The proofs are straightforward. [

4. Interval-Valued Topological Spaces

In this section, we de ne an interval-valued neutrosophic crisp topology on X and study some
of its properties, and give some examples. We also introduce the concepts of an interval-valued
neutrosophic crisp base and subbase, and a family of IVNCSs gets the necessary and suf cient
conditions to become IVNCB and gives some examples.

From this section to the rest sections, 1, [ 1,\ %, 3¢ /& \yn, and X1 yn are denoted by ,\,[ ¢,
Avn, and Xy , respectively.

De nition 16. Let/&E6 t IVNCS(X). Thent is called an interval-valued neutrosophic crisp topology
(brie y, IVNCT) on X, if it satis es the following axioms:

(IVNCO31) Avn, Xiyn 2 t,
(IVNCOy) é\ B2t forany A B2 t,
(IVNCOg3) j25Aj 2 t forany family(A;);2 ; of members df.

In this case, the paifX,t) is called an interval-valued neutrosophic crisp topological space (briey,
IVNCTS) and each member bfis called an interval-valued neutrosophic crisp open set (brie y, IVNCOSXin
An IVNCS A is called an interval-valued neutrosophic crisp closed set (brie y, IVNCCS) in X SiRA .

It is obvious thatf AAyn , Xjvn g [resp. IVNC (X)]is an IVNCT on X, and called the interval-valued
neutrosophic crisp indiscrete topology (brie y, IVNCIT) [resp. the interval-valued neutrosophic crisp discrete
topology (brie y, IVNCDT)] on X. The pair(X,t ) [resp. (X,t, )] is called an interval-valued
neutrosophic crisp indiscrete [resp. discrete] space (brie y, IVNCITS) [resp. (brie y, IVNCDTS)].

IVNCT (X) represents the set of all IVNCTs ot For an IVNCTSX, the set of all IVNCOs [resp.
IVNCCSs] in X is denoted by IVNCQ®X) [resp. IVNCQ(X)].

Remark 2. (1) For each 2 IVNCT (X), consider three families of IVSs in X:
tT = f[AT ,AT*]21IVS(X):A2tg t'=f[A" AV ]2 1IVS(X):A21tg,

tF=f[AF* AR 2 1IVS(X):A2tg.

Then we can easily check thdt, t ' andt F are IVTs on X.

In this caset ' [resp.t ! andt F] is called the membership [resp. indeterminacy and non-membership]
topology ot and we writet = tT,t' tF . Infact, we can considéiX,t T,t ', t F) as an interval-valued
tri-topological space on X (see the concept of bitopology introduced by Kelly [39]).
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Furthermore, we can consider three intuitionistic topology on X proposed by cCoker [14]:
t.=f(AT AT*9)215(X):A21tg t, = f(A" A" )21S(X):A 2 tg,

t.=fARTS AR )21S(X):A2tg

Let us also consider six families of ordinary subsets of X:
th =fAT  X:A2tg t"t=fAT" X:A2tg,

th = fAl X:A2tg t'"=fA" X:A2tg,

Cc

tF = fAT*® X:A2tg tF* = fA" X:A2tg.

Thenclearlyt ™ , t T+, th+ th [ tF | tF* are ordinary topologies on X.
(2) Let(X,t,) be an ordinary topological space. Then there are four IVNCTs on X given by:

( D E
(12 f [GGLAE[GSG] 2 IVNC(X):G2tgifG6 X
f AAvn, Xivn g ifG = X,
D E
2_ T [GGLRIGCT 2 IVNC(X):G2togifG6 X
fAvn, Xivn g ifG= X,
( D E
3 T [EGLE[EG] 2 IVNC(X):G21t.gifG6 A&
fAAvn, Xivn g ifG = /&
D E
o T [EGLRIEGT 2 IVNC(X):G21t.gifG6 A&
fAvn, Xivn g ifG= A
(3) Let(X,t,,) be an IVTS introduced by Kim et al. [30]. Then clearly,

D E
t="f [A ,A*]LE[AT A ] 2 1IVNC(X):A2t,g2 IVNCT(X).

(4) Let(X,t,) be an ITS introduced by cCoker [14]. Then clearly,
D E
t = f [AZ,A%%) EE[AB2A2° 2 IVNC(X):A2t,g2IVNCT(X).
(5) Let(X,t,.) be aneutrosophic crisp topological space introduced by Salama and SmaraBdgache [
Then clearly,

D E
t =f [AT,AT],[A, A" [AF,AF] 2 IVN (X)) :A2t,.92 IVNCT(X).

From Remark 2, we can easily see that an IVNCT is a generalization of a classical topology, an
IVT, an IT, and neutrosophic crisp topology. Then we have the following Figure 1:
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,QWHUYDO YDOXHG QHXWURVRSKLF FULVS W

IHXWURVRSKLF FUL

(&

Figure 1. The relationships among ve topologies.

Example 7. (1) Let X = f a,bg. Then we can g3sily check that:g
tIVN,l = fAun, yn s bIVN  &yny ’bIVNV . R [f bg,fbg] )

Hf ag, f ag], [f ag, f ag], [f bg, f bg]i , Xvn .
(2) LetA 2 IVNCS(X). ThenA is said to be nite, ifAT*, Al"* ‘andAF* are nite. Consider the family

t = fU 2 IVNCS(X) : U = Ayn or UCis nite g.

Then we can easily prove that2 IVNCT (X).
In this caset is called an interval-valued neutrosiophic crisp co nite topology (brie y, IVNCCFT) on X.
(3) LetA 2 IVNCS(X). ThenA is said to be countable, AT*, A", and AF* are countable.
Consider the family:
t = fU 2 IVNCS(X) : U = Ay or UCis countableg.

Then we can easily show that2 IVNCT (X).

In this caset is called an interval-valued neutrosiophic crisp cocountable topology (brie y, IVNCCCT)
on X.

(4)LetX= fab,cd,e f,g,h,igand the familyt of IVNCSs on X given by:

t = fAyn, A1, Az, Az, Ag, Xiyn G,

where A = hfabg, fab,cg][feg fe fg][fgg fgig)i,

Az = Hfadg,facddg][feg feg][fg hg fg higli,

Az = Nfag,facg] [feg,feg][fghgfghigli,

A4 = hfab.dg fab,cdg[feg fe fg] [fgg.fg idli.
Then we can easily check thaR IVNCT (X).

(5) Let X = 0, 1g. Consider the family of IVNCSs on X given by:
D E
t = fAyn, [fOg fog], £ [f1g,f1g] ,XvnO.

Then we can easily prove thiat2 IVNCT (X). In this case(X,t) is called the interval-valued neutrosophic
crisp Sierpir?ski space.

From De nition 16, we have the following.

Proposition 10. Let X be an IVNCTS. Then:

(1) Avn, Xiyn 2 IVNCC(X),
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(2 A[ B2 IVNCC(X) forany A B 2 IVNCC(X),
(3)  j20A; 2 IVNCC(X) forany(A))jz; IVNCC(X).

To discuss IVNCT (X) with a view-point of lattice theory, we de ne an order between two IVCTSs.

De nition 17. Lett,, t 2 IVNCT (X). Then we say that; is contained irt, ort is coarser that, ort,
is nerthant,ift; to,i.e, A2 t,foreach A2 t;.

Foreacht 2 IVNCT(X),t,,,, t t is clear.

IVN 1

From De nitions 14 and 16, we get the following.

o T
Proposition %1. Let(tj)j2s IVNCT(X). Then j5,t; 2 IVNCT (X).
Infact, 5t isthe coarsest IVNCT on X containing eatch

Proposition 12. Lett, g 2 IVNCT (X). We de net ~ g andt _ g as follows:
trg=fW:W2t,W2gg,

t _g=fw:w=U[V,U2t,V 2gg.
Then we have:

(1) t N gisanIVNCT on X which is the nest IVNCT coarser than bothandg,
(2) t _gisanIVNCT on X which is the coarsest IVNCT ner than bothandg,

Proof. (1) Clearly,t » g 2 IVNCT (X). Let h be any IVNCT on X which is coarser than both t and g,
andletW 2 h. ThenW 2t andW 2 g. ThusW 2 t ~ g. Soh is coarser thant * g.
(2) The proofis similarto (1). O

From De nition 17, Propositions 11 and 12, we can easily see that (IVNCT(X), ) forms a
complete lattice with the least element t ,, , and the greatest elementt ..

A topology on a set can be a complicated collection of subsets of subsets of a set, and it can be
dif cult to describe the entire collection. In most cases, one describes a subcollection (called a base and
a subbase) that “generates” the topology. Then we de ne a base and a subbase in an IVNCT. Moreover,
we introduce the various intervals via IVNCSs in real line R.

De nition 18. Let(X,t) be an IVNCTS.

(i) A subfamilyb oft is called an interval-valued neutrosophic crisp base (brie y, IVNCBY} faf for each
A2t,A= Ay orthere isb” bsuchthat A= ~ b’

(i) A subfamily s oft is called an interval-valued neutrosophic crisp subbase (brie y, IVNCSHB) fdr
the familyb = f s’:s’isa nite subset of sgis an IVNCB fort .

Remark 3. (1) Letb be an IVNCB for an IVNCTt on a non-empty seX and consider three families of IVSs
in X:
b" = f[AT ,AT*]2 IVS(X): A2 bg, b' = f[A" Al ]2 IVS(X): A2 bg,

bF = f[AFC AF 12 IVS(X) : A 2 bg.

Then we can easily see that, b', andbF are an interval-valued base (s&€]j fort T, t !, andt F, respectively.
Furthermore, we can consider three intuitionistic base on X de ned by cCoker [14]:

b, = f(AT ,AT*%) 2 1S(X) : A2 bg, b, = f(A" ,A"* ]2 IS(X) : A 2 bg,

b, = fAF* S, AR ) 2 I1S(X) : A 2 bg.
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Let also us consider six families of ordinary subsets of X:
b =fAT"  X:A2bg b"" =fAT" X :A2 bg,

b =fA" X:A2bg b =fA"" X :A2 bg,

[

bF = fAT*® X :A2bg bF* = fA" X : A2 bg.

Then clearly, b™ , b"™*, b'* b , b% , bF* are ordinary bases for ordinary topologies
tT ettt tF | tB* on X, respectively.
(2) Lets be an IVNCSB for an IVNCTt on a hon-empty set X and consider three families of IVSs in X:

sT = f[AT ,AT*]2 IVS(X): A2 sg, s' = f[AM", A 12 IVS(X) : A 2 sg,

sF=f[AF* AR 2 1VS(X): A 2 sg.

Then we can easily see that, s', andsF are an interval-valued subbases (s@@)[fort T, t'!, andtF,

respectively.
Furthermore, we can consider three intuitionistic base on X de ned by cCoker [14]:

st= (AT AT+ 2 1S(X): A2 sg s = f(A" A2 1S(X) : A 2 sg,

se= fAFTC AF )2 1S(X) 1 A 2 sg.

Let also us consider six families of ordinary subsets of X:
s =fAT  X:A2sg s"" = fAT* X:A2sg

sh = fAl  X:A2sg s'""=fA'"" X:A2sg
s = fAT*® X:A2sg sF*=fAF © X:A2sqg

Then clearly, s™ , sT*, s'* sl sk | sF* are ordinary subbases for ordinary topologies
tT ettt tF | tB* on X, respectively.

Example 8. (1) Lets = fH(ab),(a¥)],[£A.[E( ¥,d]i : a b2 Rgbe the family of IVNCs irR.
Thens generates an IVNCT onR which is called the “usual left interval-valued neutrosophic crisp topology
(brie y, ULIVNCT)” on R. In fact, the IVNCBb fort can be written in the form:

b= fRyng[f\ 92(559 :Sg 2 s, Gis nite g

andt consists of the following IVNCSs iR:

D E
t = fAvn.Rivngl[f [[ (g.b).(c¥).E£LEg

or D E
t = fAvn.Rivng[f [ (a. b, Rl &£ g,

whereg;, bj,c 2 R, fa :j 2 Jgis bounded from below,< inffg :j2 Jganda,b 2 R, fa k2 Kgis
not bounded from below.

Similarly, one can de ne the “usual right interval-valued neutrosophic crisp topology (brie y, URIVNCT)”"
onR using an analogue construction.

(2) Consiggr the familg of IVNCSs inR: E

s=1f [(ab),(a,¥)\ ( ¥ b).E[A( ¥, a][ [b,¥]
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1a, b, a, bl 2 R, a1 a, bl bg
Thens generates an IVNCT on R which is called the “usual interval-valued neutrosophic crisp topology
(brie y, UIVNCT)” on R. In fact, the IVNCBb fort can be written in the form:

b= fRyng[f\ gZng :Sg 2 s, Gis nite g

and the elements tfcan be easily written down as in (1).
(3) Consider Ble familgo 4 Of IVNCSs inR:

Sp,g = f [[abl[a¥)\ ( ¥, bl B[A( ¥.a[ [b¥]
tab2Rand0 a b 1g.

Thensig i generates an IVNCT g ; on R which is called the “usual unit closed interval interval-valued
neutrosophic crisp topology” oR. In fact, the IVNCBbq ; for t ;1 can be written in the form:

E

bog = FRivNG[\ g26Sy : Sy 2 Spo,qp. Gis nite g

and the elements ofcan be easily written down as in (1).
In this case([0, 1], t,17) is called the “interval-valued neutrosophic crisp nusual unit closed interval” and
denoted by0, 1];ync; - In fact,

D E
[0, Wivner = [[0,4,[0,¥)[ ( ¥, 1, E£LE .

(4) Letb = fa,, a2 Xg[f a,,, :a2 Xg. Thenbis an IVNCB for the interval-valued neutrosophic
crisp discrete topology; on X.
(5) Let X= fab,c,de f,g, h,igand consider the familp of IVNCSs in X given by:

b= fA,B,XNN g,

where A= Hfa bg,fabcg[feg fe fg],[fgg.fgid]i,

B= Hfadg,facdg][feg feg],[fg hg fg higli.
Assume thatb is an IVNCB for an IVNCTt on X. Then by the de nition of basé, t. ThusA, B2 t. So
A\ B= Hfag,fa gl [feg,feg],[fg bhgfg,h,ig]li 2 t. However for an)b0 b,A\ B6 > b’. Henceb
is not an IVNCB for an IVNCT on X.

From (1), (2), and (3) in Example 8, we can de ne interval-valued neutrosophic crisp intervals as
following.

De nition 19. Leta b2 Rsuchthata b. Then:
D E

(i) (The closed intervalg, b]ynci =D[[ab],[a ¥)\ ( ¥,b]],ﬂ5EE.

(i) (The openintervalfa, b)yynci = [(ab),(a ¥)\ ( ¥,b)],ELE,
(iii) (The half open interval or the half closed interval)

D E
(ablivner = [(abl,(a, ¥)\ ( ¥,b]], E £,

D E
[ab)vi = [[ab),[a ¥)\ ( ¥ blELE,

(iv) (The half interval-valued real line)

D E
( ¥,awner = [( ¥,4a,( ¥, a]lE2E,
D E
( ¥, awner = [( ¥,39,( ¥,9, 8L,
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D E
[a¥)wner = [[a¥) [a¥)]. L,
D E
(a¥)wner = [(a¥),(a¥)]. L,

(v) (Theinterval-valued real line)

D E
( ¥.¥)wmer = [( ¥.¥),( ¥ ¥)].EE = Ryn.

The following provide a necessary and suf cient condition which a collection of IVNCSs in a set
X is an IVNCB for some IVNCT on X.

Theorem 1. Letb IVNCS(X). Thenb is an IVNCB for an IVNCTt on X if and only if it satis es the
following properties:

S
(1) Xwn = b,
(2) 1fBy,B22 banda,, 2 B;\ By[resp.a,,, 2 Bi\ By], then there exist® 2 b such thata,,, 2 B
Bi1\ Ba[resp.q,, 2B Bi\ Bl

Proof. The proof is the same as one in classical topological spaces. [
Example 9. Let X = f a, b, cg and consider the family of IVNCSs in X given by:
b=f Al, A2, A3, Agg,

where A = Hf bg,f a bg], [f bg, f bg], [f cggf cg]i

Az = [fbcg,fbcg],[fag fag] & ,

As= B ag,f ag],[f cg,  cgl. [f by, f bi

As= [fbg AE[fcg,feg] |
Then clearlyb satis es two conditions of Theorem 1. Things an IVNCB for an IVNCTt on X. In fact,
we have:

5 t = fAun ,AE1,A2,A3, As, As, Ag, A7, XIvN O,

where A = D[f b, cg, X],[f a by, f a bg], & , E

Ag = D[fa,bg,fa,bgl,[f bchgyfb,CQ],E :

A;= X,[facg,facg], £ .

The following provide a suf cient condition which a collection of IVNCSsinaset X isan IVNCB
for some IVNCT on X.

-, S . .
Proposition 13. Lets IVNCS(X) such thatX;yny = ~ s. Then there exists a unique IVNCIT on X
such thats is an IVNCSB fort .

T
Proof. Letb = fB 2 IVNCS(X) : B= [L;Sand$§ 2 sg. Lett = fU 2 IVNCS(X) : U =

£ or there is a subcollection b’ of b such that U = bog. Then we can show that t is the unique
IVNCT on X suchthats isanIVNCSBfort. 0O

In Proposition 13, t is called the IVNCT on X generated by s.
Example 10. Let X = fa, b, c, d, eg and consider the family of IVNCSs in X given by:

s=f Al, Az, A3, A4g,

343



Symmetry202Q 12, 2050

where A = Hf ag, f ag], [f bg, f ba], [f c,dg, f ¢, dg]i ,
Az = Hfab,cg,fab,cg][fbdg,fb dg][feg,feg]i,
As = Hfb,c,eg,fbceg],[fc ey fcd eg], [fdg,fdg]i,
Ay = @f c,dg, fc,dg],[facg,facg],[fabgfabg]i.
Then clearly, s = X,yn. Letb be the collection of all nite intersections of members.cfhen we have:

b= A1, Az Az Ay As, Ag, A7, Ag, Ag, Ajo, A11, A120,

where A = Hf ag,fag], [fbg,fbg],[fc d gg fcdegi,
Ag = DE [f bg, f ba], [f c, dg, f c, dg] £
A7;= ER[fabcdgfahb,cdg]
Ag = Hfb,cg,b,cg], [ f dgl,[f d, eg, fid, eg]i ,
Ag= [fcg,fegl, & [fabeg,fabeg] |
A0 = Hf cg.fcg], [f cg, f og]. [f b, dg, f a, b, d]i ,
A= DﬂEE[fc,d,eg,fc,d,eg] , E
A= [feg,fegl, £ [fab,degfabdeg .
Thus we have the generated IVNETby s:
t = fAvN, AL A2, Az, Ag, As, As, A7, Ag, Ap, A10, A11, Ar2, A1, Ara, Ats, Are, Ar7, A1 Xivn G,
where Az = [fab,cg,fab,cg],[fb,dg,fb,dg], & ,
A= Hfab,ceg fab,ceg[fbcegfbcd ggl[fdgfdgi,
Ais= facdgfacdg[fabegfabeg .
A= D[fa,b,c,eg,fa,b,c,eg],[fb,c,d,eg,fb,c,d,eg],EE,
A7 = D[fab,c,dg,fab,c,dg],Ea,b,c,dg,fa,b,c,dg],E ,

Aig= X,[faceg,faceg] &£ .

Remark 4. By using“ 5, [ 2, \ 2, (i = 1, 2, 3, /A Ny X2n, andINC(X), we can have the de nitions
corresponding to De nitions 16 and 18, respectively.

5. Interval-Valued Neutrosophic Crisp Neighborhoods

In this section, we introduce the concept of interval-valued neutrosophic crisp neighborhoods of
IVNPs of two types, and nd their various properties and give some examples.

De nition 20. Let X be an IVNCTS, & X, N 2 IVNCS(X). Then:
(i) N is called an interval-valued neutrosophic crisp neighborhood (brie y, IVNCNj.gf, if there exists
aU 2 IVNCO(X) such that:

a,, 2U N,ie,a2u™ NT |

(if) N is called an interval-valued neutrosophic crisp vanishing neighborhood (brie y, IVNCVN),Qf ,
if there exists a L2 IVNCO (X) such that:

auyw 2U N, ie,a6XNF*  uf*,

The set of all IVNCNSs [resp. IVNCVNs] o4, [resp.a,,,, ] is denoted byN(a,,, ) [resp.N(,,,, )] and
will be called an IVNC neighborhood system pf aresp. a,,, I-
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Example 11. LetX = fa,b,c,d, e f,g,h,igand lett be the IVNCT onX given in Example 7 (4). Consider
the IVNCS N= Hfab,dg,fab,c,dg],[feg,feg],[fgg,fag]i in X. Then we can easily check that:

N 2 N(ay)\ N(ayw ) N2 N(by )\ N(byy )
N 2 N(dyy)\ N(dyw) N2 N(cyw)-

An IVNC neighborhood system of a,,, has a similar property for a neighborhood system of a
point in a classical topological space.

Proposition 14. Let X be an IVNCTS, & X.

[IVNCN1] IfN 2 N(a,, ), theng, 2 N.

[IVNCN2] IfN 2 N(a,,)and N M,then M 2 N(a,, ).

[IVNCN3] If N,M 2 N(a,, ), then N\ M 2 N(a,,)-

[IVNCN4] If N 2 N(a,, ), then there exists M N(a,,, ) such that N2 N(by ) for each f/y 2 M.

Proof. The proofs of [[VNCN1], [[VNCN2], and [IVNCNA4] are easy.

[[VNCNB3] Suppose N,M 2 N(a,, ). Thenthere areU, V 2 IVNCO(X) such thata,, 2 U
Nanda,, 2V M.LetW= U\ V. Thenclearly, W2 IVNCO(X)anda,, 2W N\ M. Thus
N\ M 2 N(a,,) O

In addition, an IVNC neighborhood system of &, has the similar property.

Proposition 15. Let X be an IVNCTS, & X.

[IVNCVN1] IfN 2 N(a,,, ) thena,, 2 N.

[IVNCVN2] IfN 2 N(a,,,)andN M,then M 2 N(a,,.)-

[IVNCVN3] IfN,M 2 N(a,,, ), then N\ M 2 N(a,,,)-

[IVNCVN4] If N 2 N(a,,, ), then there existM 2 N(a,,, ) such thatN 2 N(b,,,) for each
byny 2 M.

IVNV

Proof. The proof is similar to one of Proposition 15. [

From De nition 20, we have two IVNCTs containing a given IVNCT.
Proposition 16. Let(X,t) be an IVNCTS and let us de ne two families:
tyy = FU 2 IVNCS(X) :U 2 N(a,, ) foreacha,, 2 Ug

and
tyw = fU 2 IVNCS(X) :U 2 N(a,,, ) foreacha,,, 2 Ug.

Then we have:
(D) tyns tuwy 2 IVNCT(X),
2t t,,andt t

IVNV *

Proof. (1) We only prove that t ,,,, 2 IVNCT(X).

(IVNCO ) From the de nition of t ., ,we have Ayn, Xjyn 2ty -

(IVNCO) LetU, V 2 IVN (X) suchthatU ,Vv 2t andleta,,, 2 U\ V. Then clearly,
U, V 2 N(a,,,)- Thusby [IVNCVN3], U\ V 2 N(a,,,)- SoU\ V 2 tigy -

(IVNCO ) Let (Uj)j2 5 be any family of IVNCSs in t ., letU = ~,,U; and let a,,, 2 U.
Then by Proposition 7 (2), there is jo 2 Jsuch that a,,,,, 2 Uj,. SinceUj; 2 t ., Uj, 2 N(a,,, ) by
the de nition of t SinceUj, U, U 2 N(a,,,) by [[VNCVNZ2]. So by the de nition of t
U 2 hVNV'

(2) LetU 2 t. Thenclearly, U 2 N(a,,)and U 2 N(a,,,) foreacha,, 2 Gand a,,, 2 G,
respectively. ThusU 2t , andU 2 t So the results hold. O

IVNV * IVNV ?

IVN IVNV *
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Remark 5. (1) From the de nitions of N andt ynv , we can easily have:

tyy = t[fU2IVNCS(X):VT"  UT ,V2tg

and

t t[f U2IVNCS(X):UP* VR v2tg.

IVNV

(2) For any IVNCTt on a set X, we can have six IVTs on X given by:

= (U™ U 12 VS04 U 2ty

IVN

| — I, I, .
tyy = fIU" ,UMT21IVS(X) U 2t

IVN

tF = f[URT S UR T2 1IVS(X) U 2t,,0

IVN

el o= fUT ,UT 12 1IVS(X) 1 U 2t 0

IVNV
th = FIUN UM T2 1Vs(X):u 2t 0,
th = FIURT S URT 12 IVS(X) 1U 2ty 0.

Furthermore, we have 12 ordinary topologies on X:

tho=ful X:U2t,0tl Y =fut*] X:U2t,,9

IVN VN
tllv’N:fUI' XZU2t|ng1t||v':1:fU|'+] X:U2t,,9,

C C
th = fuf* Xx:u2t,,9 th =fuf X:U2t,,0

IVN

th =fuh X:U2t th+ = fyh X:U2t

IVNV v 9 IVNV v 9

th, = ful Xou2t,,0th = fult o Xiu2t,,0
Cc
th, = fuRT xau2t,,0t0t = fulbt xXiu2t,,0

Example 12. Let X = fa,b,c,d,e f, g, h,ig and consider IVNCTt on X given in Example 7 (4). Then from
Remark 5 ((1), we have:

t =t [f A5,A6,A7g,

IVN

where A = Hfa b, cg,fa b,cg],[feg,fe fg],[fgg,.faigli,
Ae = Hfacdg,facdd][feg feg],[fghgfg hig)i,
A7 = Hfab,cdg,fab,cdg],[feg,fe fg],[fgg,fgig]i.
Additionally, we have:
t|VNv =t [f Ag, A91A101A119,

where A = Hfa bg,fab, cg],[feg,fe fa],[fgg, fagi,
Ag = Hfadg,facdg] [feg feg].[fg hg.fg hgli,
A1o = hfag,facg],[feg feg][fgg fg hgi,
A1 = Hfab,dg,fabcdg][fegfe fg][fggfad]i.
So we can con rm that Proposition 16 holds.
Furthermore, we can obtain six IVTs on X for

T | F T | F
tIVN’ tIVN’ tIVN' tIVNV’ tIVNV’ tIVNV'

Additionally, we have 12 ordinary topologies on X:
tT’ tT'+ tl’ t|’+ tF’ tF‘+

IVN' " "IVN " "IVN’ "IVN’ TIVN ' TIVN’
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T, T+ I I+ F, F+
Cviw e Bvv s Bon e B Bvi s B -

The following is the immediate result of Proposition 16 (2).

Corollary 1. Let(X,t) be an IVNCTS and let IVNCE [resp. IVNCG and IVNCG 1be the setof
all IVNCCSsw.rt.t [resp.t,,, andt ., ] Then,

IVN

IVNCC; IVNCCtIVN ,and IVNCC; IVNCC;

IVNV -~

Example 13. Let(X,t) be the IVNCTS given in Example 12. Then we have:
IVNCC; = f Ay ,X|VN,A§_,A5,A§, Aﬁg,
IVNCC: = IVNCC: [f Ag, Ag, ASg,
IVCIIVNV = IVC [f AC,Ag,Ago,Aglg,
where A = Hfgg,fg,igl,[fabcdhg,fabecd,f,hg][fahbgfab,cgi,
A5 = Hfg,hg,fg higl[fabcd fgfab,cd fg],[fadgfacdg]i,
A§= Hfg hg,fghig]l[fabcd fg,fabcd, fg],[fagfacg]i,
Aj = Hfgg fgigl.[fab,cdhg,fab,cd, f,hg],[fabdgfab,cdg]i,
AZ = Nfgg.fgigl.[fabcdhg,fab,cd, f,hg],[fabcgfab,cg]i,
Ag = Hfg hg,fghig]l[fabcd fgfabcd,fg],[facdgfacdg]i,
AS = Hfgg fgigl.[fab,cdhg,fab,cd, f,hg],[fab,cdgfahb,cdgi,
Ag = Hfgg.fagl,[fab,cdhg,fahb,cd,f, hg],[fabg,fab,cg,
A§ = Hfg,hg,fg,hgl[fabcd fgfab,cd, fg],[fadgfacdg]i,
Af,= Hfgg,fg,hg] [fabcd fg,fabcd fg],[fag facg]i,
Af, = Hfgg,fgg].[fabcdhg,fabcd,f, hg][fahbdg,fahb,cdgi.
Thus we can con rm that Corollary 1 holds.

Now let us consider the converses of Propositions 14 and 15.

Proposition 17. Suppose to each2 X, there corresponds a €t (a,,,, ) of IVNCSs inX satisfying the
conditions [IVNCVN1], [IVNCVNZ2], [IVNCVN3], and [IVNCVN4] in Proposition 15. Then there is an
IVNCT on X such that N (a,,,, ) is the set of all IVNCVNs of g,,, in this IVNCT for each & X.

Proof. Let,

tyw = FU 2 IVNCS(X) :U 2 N(a,,, ) foreacha,,, 2 Ug,

where N(a,,, ) denotes the set of all IVNCVNs in t.
Then clearly, t,,, 2 IVNCT(X) by Proposition 16. We will prove that N (a,,, ) is the set of all
IVNCVNs of a,,,, int,,, foreacha2 X.

LetV 2 IVN (X)suchthatV 2 N (a,,, ) andlet U be the union of all the IVNCVPs b
suchthatU 2 N (a,,, ). If we can prove that:

in X

IVNV

ayyw 2U VandU2t,.,.,

then the proof will be complete.

SinceV 2 N (a,,, ), &y\, 2 U by the de nition of U. Moreover, U V. Supposeb,,,, 2 U.
Then by [IVNCVN4], there is an IVNCS W 2 N (b, ) suchthatV 2 N (c,,,) foreachc,, 2 W.
Thus ¢, 2 U. By Proposition 9, W  U. So by [IVNCVN2], U 2 N (b, ) foreachb 2 U.
Hence by the de nition of t U2t - Thiscompletes the proof. [

IVNV

IVNV ?

Proposition 18. Suppose to each2 X, there corresponds a st (a,,,,) of IVNCSs in X satisfying the
conditions [IVNCN1], [[IVNCN2], [IVNCNZ3], and [IVNCN4] in Proposition 14. Then there is an IVNCT on
Xsuchthat N (a,, ) is the set of all IVNCNs of g,  in this IVNCT for each a2 X.
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Proof. The proof is similar to Proposition 17. [

The following provide a necessary and suf cient condition which an IVNCSs is an IVNCOS in an
IVNCTS.

Theorem 2. Let(X,t) be an IVNCTS,A 2 IVNCS(X). ThenA 2 t ifand only if A 2 N(a,, ) and
A 2 N(a,,, ) foreacha,, a, 2 A.

Proof. Suppose A 2 N(a,,) and A 2 N(a,,,) for each a,,,
Ua ’ Va

a,w 2 A. Then there are
2 t suchthata,, 2Us ~ Aanda,,, 2V, A Thus,

A=( [ awN)[ ( [ aIVNV) ( [ Ua|VN)[ ( [ VaIVNV) A.

By 2A Byny 2A &

VN IVNV

N 2A Avny

S S .
SoA =( ayy 2A anN) [ ( ayny 2A VaNNV ). SlnceualvN , VaNNV 2t,A2t.

The proof of the necessary condition is easy. [

Now we will give the relation among three IVNCTs, t,t,, andt

' T IVN IVNV *

Proposition19. t =t \ t

IVN IVNV *

Proof. From Proposition 16 (2),itisclearthatt t, \ t

IVN IVNV *

Conversely, letU 2t \ t - ThenclearlyU 2t  andU 2t,,, . ThusU is an IVNCN of
each ofits IVNCPs a,,,, and an IVNCVN of each of its IVNCVPs &, . Thus, thereareUq , Uq

VNV

t suchthata,, 2U, ~ Uanda,,, 2Us, 6 U.Sowehave:
o [
Uivn = &y UaIVN U
ayn 2V ayy 2V
and [
Uiyny = Ay Ay
By 2U vny

By Proposition 5, we get:

[ [ .
U=Uwn[ Uwny  ( Ua, I [ ( Ua ) U ie,

aIVN2U aIVNV2U

U= ( [ UaIVN)[( [ UaIVNV)'

3y 2Y ayny 2V

. . S S
It is obvious that (5 2uUa, )[ ("4, 20Ya,, )2t HenceU 2 t. Thereforet,, \ t,,, t.
This completes the proof. O

From Proposition 19, we get the following.
Corollary 2. Let(X,t) be an IVNCTS. Then,

IVNCC; = IVNCCtIVN\ IVNCCt

IVNV -~

Example 14. In Example 12, we can easily check that Corollary 2 holds.

6. Interiors and Closures of IVNCSs

In this section, we de ne interval-valued neutrosophic crisp interiors and closures, and
investigate some of their properties and give some examples. In particular, we will show that there is
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aunique IVNCT on a set X from the interval-valued neutrosophic crisp closure [resp. interior] operator.

In an IVNCTS, we can de ne a closure and an interior as well as two other types of closures and
interiors by Proposition 16.

De nition 21. Let(X,t) be an IVNCTS, A2 IVNCS(X).

() The interval-valued neutrosophic crisp closurédolv.r.t. t, denoted byVNcl (A), is an IVNCS in X
de ned as: \
IVNcl(A)= fK:K°2tand A Kag.

(i)  The interval-valued neutrosophic crisp interior &fw.r.t. t, denoted byVNint (A), is an IVS in X
de ned as: [
IVNint(A)= fG:G2tand G Ag.

(i)  The interval-valued neutrosophic crisp closuré\ofv.r.t. t
de ned as:

denoted byl (A),is an IVNCS inX

IVN ?

\
clyy(A)= fK:K°2t,, and A Kg.

IVN

(iv)  The interval-valued neutrosophic crisp interior &fw.r.t. t ,, , denoted bynt, (A), is an IVS in X
de ned as: [
int, (A)= fG:G2t,,andG Ag.

IVN
(v)  The interval-valued neutrosophic crisp closurédofv.r.t. t . , denoted byl (A), is an IVNCS inX
de ned as:

\
Clyw (A) = fK:K°2t and A Kg.

IVNV

(vi)  The interval-valued neutrosophic crisp interior®fw.r.t. t ., , denoted bynt ., (A), is an IVNCS in
X de ned as:

[
int,w (A= fG:G2t and G Ag.

IVNV
Remark 6. From the above de nition, it is obvious that the followings hold:
IVNint (A) int,, (A), IVNint (A) int ., (A)

and
clyy (A) IVNcl(A), cl\ (A) IVNcI(A).

Example 15. Let(X,t) be the IVNCTS given in Examples 12 and 13. Consider two IVNCSs in X:
A = Hfab,cg,fab,cdg][faegfaefg][fgg fag]i,

B= Hfg,hg,fgh,ig],[fabcd fg,fabcde fg],[fagfacgli.

Then,
IVNint (A) :SSfGZt :G Ag= A;[ Az= Hfabg,fab,cg],[feg,fe fgl, [fog,fag,ig]i,
inthN(A): fG2 tIVN :G Ag: A]_[ A3[ A5
= Hfab,cg,fabog][feg fe fallfgg faigli,
int,(A)= "fG2t,,, :G Ag= A[ Az[ Ag[ A
= Hfabg,fab,cgl[feg,fe fa][fgg.fogli
and

IVNcI(B)= ' fF:FC2t, B Fg= AS\ AS
= Hfg,hg,fg higl,[fabcd fg,fabcd, fg],[fadg,facdg]i,
clyy(B)= fF:FC21t,,.,,B Fg= A5\ A5\ AS\ AS,
= Hfg,hg,fg,hig],[fab,cd, fg,fabcd fg],[facdg,facdg,
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Chvnv (B)= fFIF 2 tiyny, B Fg= AS\ AS\ AS\ AS,
Hfgg,fg,hgl,[fabcd fg,fabcd fg],[fadgfacdg]i.
Thus we can con rm that Remark 6 holds.

Proposition 20. Let(X,t) be an IVNCTS, A2 IVNCS(X). Then,

IVNint (A®) = ( IVNcl(A))€ and IVNCI(A®) = ( IVNint (A))°.

s s D . .E
fu2t:U A= "fu2t:U AF A" AT g
szZt :UuT  AF U' AIS UF ATg
= Tfuzt:uT AF U Al UF ATg
=( fu®:U2t,A U%)C
= (IVNcl (A))C.
Similarly, we can show that IVNcl(A€) = ( IVNint (A))¢. O

Proof. IVNint (A®)

Proposition 21. Let(X,t) be an IVNCTS, A2 IVNCS(X). Then,
IVNint (A) = int,,, (A)\ int, (A).
Proof. The proof is straightforward from Proposition 19 and De nition 21. O
The following is the immediate result of De nition 21, and Propositions 20 and 21.

Corollary 3. Let(X,t) beanIVNCTS and let 2 IVNCS(X). Then,

IVNcl(A) = cl, (A) [ clyy (A).
Example 16. Let A and B be two IVNCSs in X given in Example 15. Then we can easily check that:

intjyn (A)\ intyyny (A) = IVNInt (A), cliyn (B) [ clivny (B) = IVNcl(B).

Theorem 3. Let X be an IVNCTS, A2 IVNCS(X). Then:

(1) A2 IVNCC(X), ifA = IVNcl(A),
(2) A2 IVNCO(X), A= IVNint(A).

Proof. Straightforward. [

Proposition 22 (Kuratowski Closure Axioms) . Let X be an IVNCTS, AB 2 IVNCS(X). Then,

[IVNCKO] IfA B, then IVNcl(A) IVNcl(B),

[IVNCK1]  IVNcl(Ayn) = Avn,
[IVNCK2] A  IVNcl(A),

[IVNCK3]  IVNcl(IVNcl(A)) = IVNcl (A),
[IVNCK4]  IVcl(A[ B) = IVNcl(A)[ IVNcl(A).

Proof. Straightforward. [

Let IVNcl : IVNCS(X) ! [IVNCS(X) be the mapping satisfying the properties [IVNCK1],
[IVNCK2], [IVNCK3], and [IVNCK4]. Then the mapping 1Vcl is called the interval-valued
neutrosophic crisp closure operator (brie y, IVNCCO) on X.
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Proposition 23. Let IVNcl be the IVNCCO onX. Then there exists a unique IVNCT on X such
that IVNcl (A) = IVNcl(A), for eachA 2 IVNCS(X), wherelVNcl(A) denotes the interval-valued
neutrosophic crisp closure of A in the IVNCTS, t). In fact,

t = fA®2 IVNCS(X) : IVNcl (A) = Ag.
Proof. The proof is almost similar to the case of classical topological spaces. [

Proposition 24. , Let X be an IVNCTS, AB 2 IVNCS(X). Then,

[IVNCIO] IfA  B,then IVNint(A) IVNint (B),
[|VNC|1] IV Nint (XIVN) = XIVN»

[IVNCI2] IVNint (A) A,

[IVNCI3]  IVNint (IVNint (A)) = IVNint (A),
[IVNCI4] IVNint (A\ B) = IVNint (A)\ IVNint (A).

Proof. Straightforward. [

Let IVNint : IVNCS(X) ! IVNCS(X) be the mapping satisfying the properties [IVNCI1],
[IVNCI2], [IVNCI3], and [IVNCI4]. Then the mapping IVNint is called the interval-valued
neutrosophic crisp interior operator (brie y, IVNCIO) on ~ X.

Proposition 25. Let IVNint be the IVNCIO onX. Then there exists a unique IVNCIT on X such that
IVNint (A) = IVNint (A) for eachA 2 IVNCS(X), wherelVNint (A) denotes the interval-valued
neutrosophic crisp interior of A in the IVNCT$X,1). In fact,

t = fA2 IVNCS(X) : IVNint (A)= Ag.
Proof. The proof is similar to one of Proposition 23. [

7. Interval-Valued Neutrosophic Crisp Continuous Mappings

In this section, we de ne an interval-valued neutrosophic crisp continuity and quotient topology,
and study some of their properties.

De nition 22. LetX,t), (Y,d) be two IVTSs proposed if3)]. Then a mapping : X ! Y is said to be
interval-valued continuous, if f1(V) 2 t for each V2 d.

De nition 23. LetX,t), (Y,d) be two IVNCTSs. Then a mappinig: X ! Y is said to be interval-valued
neutrosophic crisp continuous, if £(V) 2 t for each V2 d.

From Remark 2 (1), and De nitions 22 and 23, we can easily have the following.
Theorem 4. Let(X,t), (Y,d) betwo IVNCTSs and lef : X | Y be a mapping. Thehis interval-valued
neutrosophic crisp continuous if and onlyfif: (X, tT) ! (Y,d"), f: (X, t") ! (Y,d"),andf: (X,tF)!
(Y, d) are interval-valued continuous, respectively.

The followings are immediate results of Proposition 9 (13) and De nition 23.

Proposition 26. Let X, Y, Z be IVNCTSs.

(1) The identity mappingid X ! X s continuous.
(2) Iff:X! Yandg:Y! Zarecontinuous,thengf: X! Ziscontinuous.
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Remark 7. From Proposition 26, we can easily see that the class of all IVNCTSs and continuous mappings,
denoted byVNCTop , forms a concrete category.

The followings are immediate results of De nition 23.

Proposition 27. Let X, Y be INCTSs.

(1) IfXisanIVNCDTS,the f: X I Y iscontinuous,
(2) IfYisanIVNCITS, then f: X ! Y is continuous.

Theorem 5. Let X, Y be IVNCTSs and let £ X ! Y be a mapping. Then the followings are equivalent:

(1) fiscontinuous,

(2) f (C) 2 IVNCC(X) foreach @2 IVNCC(Y),

(3) f 1(S) 2 IVNCO(X) for each member S of the subbase for the IVNCT on' Y,
(4) IVNcl(f YB)) f (IVNcl(B)) foreach B IVNC(Y),

(5) f(IVNcl(A)) IVNcl(f(A)) foreach A2 IVNC(X).

Proof. The proofs of (1)) (2)) (3)) (1) are obvious.
(2)) (4): Suppose the condition (2) holds and let B 2 INC(Y). By Proposition 22 [IVNCK2],
B IVNcl(B). Then by Proposition 9 (2), f %(B) f (IVNcl(B)). Thus by Proposition 22 [INCKO],

IVNcl (f %(B)) IVNcl(f (IVNcl(B))).
SincelVNcl(B) 2 IVNCC(Y), f 1(IVNcl(B)) 2 IVNCC(X) by the condition (2). So by Theorem 3
(1), IVNcl(f Y(IVNcl(B))) = f 1(IVNcl(B)).HencelVNcl(f 1(B)) f (IVNcl(B)).

(4)) (5): Suppose the condition (4) holds and let B = f(A) foreach A 2 IVNC (X). Then we have
IVNcel(f (f(A))) f Y(IVNcl(f(A))). Thus by Proposition 9 (3), IVNcl(A) f L(IVNcl(f(A))).
So by Proposition 9 (1) and (4), f(IVNcI(A))  IVNcl(f(A)).

(5)) (4): The proofis similarto (4)) (5). O

Theorem 6. LetX, Y be IVNCTSs and lef : X | Y be a mapping. Thef is continuous if and only if
f 1(IVNint (B)) IVNint (f 1(B)) for each B2 INC(Y).

Proof. The proof is straightforward. [

De nition 24. Let(X,t), (Y,d) be two IVNCTSs. Then a mapping:fX ! Y is said to be:

(i) Interval-valued neutrosophic crisp open, ifd) 2 dforeach U2 t,
(i) Interval-valued neutrosophic crisp closed, {{Tf) 2 IVNCC(Y) for each @ IVNCC(X).

Proposition 28. LetX, Y, Z be IVNCTSs, letf : X! Yandg:Y ! Z be mappings. If, gare open [resp.
closed], then g g is open [resp. closed].

Proof. The proof is straightforward. O

Theorem 7. Let X, Y be IVNCTSs and letf : X ! Y be a mapping. Thei is open if and only if
IVNint (f(A))  f(IVNint (A)) for each A2 IVNC (X).

Proof. The proof is straightforward. [

Proposition 29. Let X, Y be IVNCTSs and letf : X ! Y be injective. Iff is continuous, then
f(IVNint (A)) IVNint (f(A)) for each A2 IVNC (X).
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Proof. The proof is straightforward. O

The following is the immediate result of Theorem 7 and Proposition 29.

Corollary 4. Let X, Y be IVNCTSs and letf : X ! Y be continuous, open, and injective. Then
f(IVNint (A)) = IVNint (f(A)) for each A2 IVNC (X).

Theorem 8. Let X, Y be IVNCTSs and letf : X ! Y be a mapping. Thef is close if and only if
IVNcl(f(A)) f(IVNcl(A)) foreach A2 IVNC(X).

Proof. The proof is straightforward. [

The following is the immediate result of Theorems 5 and 8.

Corollary 5. LetX, Y be IVNCTSs and lef : X ! Y be a mapping. Thehis continuous and closed if and
only if f(VINcl(A)) = IVNcl(f(A)) for each A2 IVNC (X).

De nition 25. Let(X,t), (Y,d) be two IVNCTSs. Then a mappinig: X ! Y is called an interval-valued
neutrosophic crisp homeomorphism, if f is bijective, continuous, and open.

Theorem 9. LetX, Y be IVNCDTSs and leff : X | Y be a mapping. Thehis a homeomorphism if and
only if f is bijective.

Proof. The proof is straightforward. O

De nition 26. Let(X,t) be an IVNCTS, lety be asetand lett: X ! Y be a surjective mapping. Ldte
the family of IVNCSs in Y given by:

d=fB2 IVNC(Y): f }(B)2tg.

Thendis called the interval-valued neutrosophic crisp quotient topology (brie y, IVNCQT) on Y.
It can easily be seen thdt2 IVNCT (Y). Itis also obvious that for eagh2 IVNC(Y), Bis closed ird
if and only if f 1(B) is closed in X.

Proposition 30. Let (X,t), (Y,d) be two IVNCTSs, wherd is the IVNCQT onY. Then a surjection
f : X! Y iscontinuous and open. Moreovelis the nest topology on Y which f is continuous.

Proof. The proof is similar to the classical case. [

The following is the immediate result of Proposition 30.

Corollary 6. Let(X,t), (Y,d) be two IVNCTSs. If a mapping : X ! Y is continuous, open, and sujective,
thendis the IVNCQT on Y. But the converse does not hold in geng8ak Example 17).

1 . . .
Example 17. Let ([0,1],t) be an IVNCTS and leA = [é’ 1]. Consider the characteristic functian, :
[0, !f O0,1g, wheref 0, 1g is the interval-valued neutrosophic crisp Sier?mild space (see Example 7 (5)).
Then we can easily see that the topology 0nlg is the IVNCQT. On the other hand,%, Dvne) 2 t but

cA((%, 1)vnci) is not open inf 0, 1g. Thusc , is not an open mapping.

Theorem 10. Let(X,t), (Y,d), (Z,s) be IVNCTSs, wherel is the IVNCQT onY. Letf : X! Y and
g:Y ! Zbe mappings. Then g is continuous if and only if g is continuous.
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Proof. The proof is similar to the classical case. [

8. Conclusions

We obtained various properties of IVNCSs and discussed with IVNCTSs which can be considered
as an interval-valued tri-opological space. Moreover, we de ned an interval-valued neutrosophic
crisp base and subbase and proved the characterization of an interval-valued neutrosophic crisp
base. Next, we introduced the concept of interval-valued neutrosophic crisp neighborhoods and
obtained some similar properties to classical neighborhoods. Furthermore, we de ned interval-valued
neutrosophic crisp closures and interiors, and found some properties. We also introduced the concept
of interval-valued neutrosophic crisp continuities and obtained its various properties.

In future, we expect that one can apply the concept of IVNCSs to group and ring theory,
BCK-algebra, and category theory, etc. We also expect that one can de ne the notions of interval-valued
soft sets and interval-valued neutrosophic crisp soft sets. Besides, the theorems developed in this
manuscript will promote future studies on the geometry calibration for multi-cameras.
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Abstract: This paper aims to mark out new concepts of r-single valued neutrosophic sets, called
r-single valued neutrosophic £-closed and £-open sets. The de nition of £-single valued neutrosophic
irresolute mapping is provided and its characteristic properties are discussed. Moreover, the concepts

of £-single valued neutrosophic extremally disconnected and £-single valued neutrosophic normal

spaces are established. As a result, a useful implication diagram between the r-single valued
neutrosophic ideal open sets is obtained. Finally, some kinds of separation axioms, namely r-single
valued neutrosophic ideal- R; (r-SVNIR;, for short), where i = f0,1,2,3), and r-single valued
neutrosophic ideal- T; (r-SVNIT;, for short), where j = f1,2, 2% 3,4g, are introduced. Some of their
characterizations, fundamental properties, and the relations between these notions have been studied.

Keywords: r-single valued neutrosophic £-closed; £-single valued neutrosophic irresolute map-
ping; £-single valued neutrosophic extremally disconnected; £-single valued neutrosophic normal;
r-SVNIR;; r-SVNIT;

1. Introduction

In 1999, Smarandache introduced the concept of a neutrosophy [1]. It has been used
at various axes of mathematical theories and applications. In recent decades, the theory
made an outstanding advancement in the eld of topological spaces. Salama et al.and Hur
et al. [2-6], for example, among many others, wrote their works in fuzzy neutrosophic
topological spaces (FNTS), following Chang [ 7]'s discoveries in the way of fuzzy topological
spaces (FTS).

Sostak, in 1985 B], marked out a new de nition of fuzzy topology as a crisp subfamily
of family of fuzzy sets, which seems to be a drawback in the process of fuzzi cation of
the concept of topological spaces. Yan, Wang, Nanjing, Liang, and Yan [9,10] developed a
parallel theory in the context of intuitionistic  1-fuzzy topological spaces.

The idea of “single-valued neutrosophic set” [ 11] was set out by Wang in 2010. Gay-
yar [12], in his 2016 paper, foregrounded the concept of a “smooth neutrosophic topological
spaces”. The ordinary single-valued neutrosophic topology was presented by Kim [ 13].
Recently, Saber et al. [4,15] familiarized the concepts of single-valued neutrosophic ideal
open local function, single-valued neutrosophic topological space, and the connectedness
and strati cation of single-valued neutrosophic topological spaces.

Neutrosophy, and especially neutrosophic sets, are powerful, general, and formal
frameworks that generalize the concept of the ordinary sets, fuzzy sets, and intiuitionistic
fuzzy sets from philosophical point of view. This paper sets out to introduce and examine
a new class of sets calledr-single valued £-closed in the single valued neutrosophic topo-
logical spaces in Sostak's sense. More precisely, different attributes, like £-single valued
neutrosophic irresolute mapping, £-single valued neutrosophic extremally disconnected,
£-single valued neutrosophic normal spaces, and some kinds of separation axioms, were
developed. It can be fairly claimed that we have achieved expressive de nitions, distin-
guished theorems, important lemmas, and counterexamples to investigate, in-depth, our
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consequences and to nd out the best results. It is notable to say that different crucial
notions in single valued neutrosophic topology were generalized in this article. Different
attributes, like extremally disconnected and some kinds of separation axioms, which have
a signi cant impact on the overall topology's notions, were also studied.

It is notable to say that the application aspects to this area of research can be further
pointed to. There are many applications of neutrosophic theories in many branches of
sciences. Possible applications are to control engineering and to Geographical Information
Systems, and so forth, and could be secured, as mentioned by many authors, such as
Reference [16-20].

In this study, X is assumed to be a nonempty set,x = [0, 1] and xo = (0, 1]. Fora 2 X,
a(n) = aforall n 2 X. The family of all single-valued neutrosophic sets on X is denoted

by xX.

2. Preliminaries

This section is devoted to provide a complete survey and trace previous studies related
to the idea of this research article.

Denition 1 ([21]). LetX be a non-empty set. A neutrosophic set (brieNS) in X is an object
having the form

sp = fhn,fs,(n),$s,(n),Rs,(n)i :n2 Xg,

where N ~ _
f:Xlc 0,1'b $:X!c 0,1'b A:X!lc 0,1'b

and
0 fs,(n)+ $s,(n)+ As, (n) 3°

represent the degree of membership (namglfn)), the degree of indeterminacy (namély (n)),
and the degree of non-membership (narfig|yn)), respectively, of ang 2 X to the sefsy.

De nition 2 ([11]). Let X be a space of points (objects), with a generic elemeXtdenoted
by n. Then,s, is called a single valued neutrosophic set (brigBY,NS) in X, if s, has the
form sy = Ws,,$s,,Rs,i, wherefs,,$s,,As, : X ! [0,1. In this casefs,,$s,,Rs, are
called truth membership function, indeterminancy memibigrgunction, and falsity membership
function, respectively.

Let X be a nonempty set and= [0, 1] andxp = ( 0, 1]. A single-valued neutrosophic set
s, on X is a mapping de ned as, = hs,,%$s,,As,i : X! xsuchthatd fs (n)+ $s,(n)+
fs,(n) 3.

We denote the single-valued neutrosophic kétsl, i andhl, 0, G by 0 and 1, respectively.

De nition 3 ([11]). Letsy = IFs,,$s,,As,i be anSVNSon X. The complement of the st
(briey sf) is de ned as follows:

Feg(n) = fis,(n),  $sg(n) = [$s,15(n),  Fisg(n) = Fs,(n).

De nition 4 ([22,23]). Let X be a non-empty set and let,,gn 2 xX be given by
sn = Ifs,,%s,, s, i andgn = Wg,, $g,, Ag,i. Then:

(1) We Say thasn gn |f an an, $Sn $gn, ﬁsn ﬁgn .
(2) Theintersection o, andgp denoted by, \ g, is an SVNS and is given by

Sn\ On = I‘-'Ts‘n\ r~gn' $Sn[ $gn’ ﬁsn[ ﬁgni'
(3) The union ofs, andg,, denoted by, [ gn is an SVNS and is given by

Sn[ On = t-f:lSn[ an, $Sn\ $gn, ﬁSn\ ﬁgnl
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For any arbitrary familyf sngj»; xX of SVNS, the union and intersection are given by
@) gizjlsnli = Migjfisyp LiziSso [i2ifs,pi
() “izjlsnli = hlizjfisyy \i2i¥sen \ i2i sl

Denition 5 ([12]). A single-valued neutrosophic topological space is an ordered quadruple
(X, €73, £0) wheref™, €%, : xX | x are mappings satisfying the following axioms:
(SVNT1) £7(0)= €7(i) = 1andt"(0) = £7(1) = £7(8) = £7(Q) = o,
(SVNT2) 7(sn\ gn) €7(sn)\ €7(gn), £%(sn\ On)_ t3(sn) [ £%(gn),
€(sn\ gn)  €M(sn) [ €"(gn), forallsn,gn 2 2%,
(SUNT3) €7([ jadlsnl) \ ja2cf ([snl)). £3([ i2clsnl;) [ 2l *([snl}),
([ j2dlsnl)) [ j2cf"([sn];) forallf[snl;.j 2 Gy 2 zX.
The quadrupléX, 7, €%, £1) is called a single-valued neutrosophic topological SEBUN TS,
for short). We will occasionally write™ for (t 7, t ®,t 1) and it will cause no ambiguity

De nition 6  ([14]). Let (X,t7,t%,tM) be an SVNTS. Then, for evesy 2 xX andr 2 xo,
the single valued neutrosophic closure and the single valued neutrosophic intesprané
de ned by:

\ . .
Cern(sn, 9= fgn2x¥:sn gn, t7([gnl9) 1. t3%(09al® 1 1, tT([gnl9) 1 rg,
. [ o y
intersn(Sn,S) = fogn2xX:sn gn, t7(gn) 1, t%gn) 1 r, th(gn) 1 rg

De nition 7 ([24]). Let(X,t "®7) be an SVNTS and 2 xo,sn 2 xX. Then,
(1) sn is r-single valued neutrosophic semiopen (r-SVNSO, for shorjff = Cersn(int ¢rsn

(Snvr)!r):

(2) snisr-single valued neutrosophlz-open (r-SVNoO, for short) iffsp ~ Cersn(int¢rsn (Cersn
(sn,r),r),1).
The complement of SVNSO (resp. r-SVNbO) is said to be am  SVNSC (resp. r-
SVNDC), respectively.

De nition 8 ([14]). LetX be a nonempty setamd2 X. If s2 (0,1],t 2 [0,1) andp 2 [0, 1).
Then, the single-valued neutrosophic poigt ¥ in X is given by

(s,t,p), if x=n,

Xst,p(K) = (0,1,1), otherwise

We sayxstp 2 spiff s< fg (n), t $Sngn) andp fs,(n). To avoid the ambiguity, we

denote the set of all neutrosophic points bgxg1).
A single-valued neutrosophic s&t is said to be quasi—coincidgnt with another single-valued
neutrosophic set,, denoted bg,qgn, if there exists an element2 X such that

Fsu(M)+ Fgo(n) > 1, $s,(n) + $g,(n) 1, Fs,(n) + Ag,(n) 1.

De nition 9 ([14]). Amappingl " = 17,1 %1 ° xX 1 xis called single-valued neutrosophic
ideal (SVNI) onX if it satis es the following conditions:
(1) 17(0)= 1andI $(0) = 17(0) = 0.
(I2) If sn gn. thenl "(gn) | "(sn), | $(gn) | $(Sn)1 and | ﬁ(gn) | ﬁ(Sn)a for

On.Sn 2 X )
(13) 17(snl gn) 1 "(sn)\I T(gn), 1 %(sn[ gn) | $(SNn)[l %(gn) and

I A(sn[ gn) | N(sn) [ f(gn), for eactsy,gn 2 x*.

The triple (X, t 711 7¥M) is called a single valued neutrosophic ideal topological space in

Sostak's sense (SVNITS, for short).
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De nition 10 ([14]). Let(X,t 7® | 7%1) pe an SYNITS for each, 2 x*. Then, the single valued
neutrosophic ideal open local functifsy]E(t 71,1 ) of s, is the union of all single-valued
neutrosophic pointss, , such that, ifgn 2 Q,rsi(Xsti.r) andl "(Va) r, 15(vh) 1 7,

1 A(vh) 1 r, then there is at least ome 2 X for whichfs,(n) + Fgn(n) 1> Fy(n),
$s,(n)+ $g,(n) 1 $y,(n),andfs,(n) + Ag,(n) 1 Ay (n).

Occasionally, we will write  [s,]£ for [sp]E(t *1, 1 73), and it will cause no ambiguity.
Remark 1 ([14]). Let(X,t % | ") pe an SVNITS ands, 2 xX. Then,
ClEsn(sn,r) = sn[ [snlf,  intErsn(sn,r) = s\ [(sS)ELC.

Itis clear thatCIfmﬁ is a single-valued neutrosophic closure operator(ar{é(l "t ST‘7"5(I $t he
(1 M is the single-valued neutrosophic topology generate(dlf)%ﬁ, ie.,

C()(s) = | 1] Clfrn(sEur) = s

Theorem 1 ([14]). Letf[snligi23 xX be a family of single-valued neutrosophic set¥Xamd
()N(,t“mg, | 797 be an r-SVNIéI’S. Then,

O GUsah)E:i29 Clsali: i2 )

@ CIsal):i20F ( (sal)f:i2 ).

Theorem 2 ([14]). Let(X, 7%, | 1) be an SVNITS andn, gn 2 XX, r 2 Xo. Then,
(1) inttg,r$ﬁ(5n_ gn,r) inttgfgﬁ(sn;r) _ intf‘l’$ﬁ(gn!r)i

(2) intersa(sn,r)  iNtEren(Sn,T)  Sn Clfran(sn.1)  Cersa(sn.r),

3 C'?mﬁ([sn]ca rN=I im?r’s;ﬁ(sna NI¢, and[C|§r‘$ﬁ(Sn: Nl¢= im?r’&sﬁ([sn]ca r,

(4) intEran(Sn™ On,T) = iNtEren(Sn,T) ~ iNtErgn (g, T).

3. £-Single Valued Neutrosophic Ideal Irresolute Mapping

This section provides the de nitions of the r-single-valued neutrosophic £-open set
(SVNE£O, for short), the r-single-valued neutrosophic £-closed set (SVNEC, for short) and
the £-single valued neutrosophic ideal irresolute mapping ( £-SVNI-irresolute, for short), in
the sense of Sostak. To understand the aim of this section, it is essential to clarify its content
and elucidate the context in which the de nitions, theorems, and examples are performed.
Some results follow.

De nition 11.  Let(X, 7%, 1 757) pe an r-SVNITS for everg, 2 xX andr 2 xo. Then,s, is
called r-SVNEC iffCIfm;ﬁ(sn, r) = sp. The complement of the r-SVNE£C is called r-SVN£O.

Proposition 1. Let(X,t "5, 1 7%%) pe an r-SVNITS ands, 2 xX. Then,

(1) snisr-SVNECff[sp]f  sp,

(2) snisr-SVNEOQiff ([sn]E)¢  [sn]C,

(3) ft7([sn]®) rt3([sn]®) 1 rth(sn]®) 1 r, thens,isr-SVNEC,

(4) fti(sp) rt3sp) 1 rth(sp) 1 r,thens,isr-SVNEO,

(5) If sp is 1-SVNSC (resp. r-SVNC), thenint, rsi ([Sn]E, 1) sn (respint, rsa([int, rsi(Sn, )]
1) sn).

Proof. The proof of (1) and (2) are straightforward from De nition 11.
Lett ([sn]®) rt¥([sn]) 1 rth([sn]) 1 r. Then,

Sn = Ceren(Sn,T) CItEr"$ﬁ(Sn-r) = sn[ [snlf  [snlf-
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Hence, s, is anr-SVNE£C.
(4) The proof is direct consequence of (1).
(5) Let s, be anr-SVNSC. Then,

Sn intersa(Cersn(Sn,r),r) intfmﬁ(lemﬁ(sn,r),r) = intersa([sn [ [snlf].1)

intfr"$ﬁ([3n]r£, r).
The another case is similarly proved. O
Example 1. Suppose thaX = f a,bg. De ne #,, gn, Vi 2 xX as follows:

gn = h(0.3,0.3,(0.3,0.3,(0.3,0.3i; # = 10.7,0.7,(0.7,0.9,(0.7,0.9i;

Vi = 1(0.2,0.2,(0.2,0.3,(0.2,0.9i.

De ne €73 | F$1 - X 1 x as follows:

8 ~
. - 8
oIy s 1 if sa=(0,19,
) 1, if sp= 1, 5 1 if shn = V.
£ (sn) = 2 % if Sn= gn; I "(sn) = 3 i o< snn<’ Vi
E = : 3 ,
2 3 .'f Sn #n "0, if otherwise
0, if otherwise
8 ~
. - 8
E O, |f Sn -~ 9’ E 0, |f SnZ(O,l,:D,
0, if sp =1, 2 if s =V
f$(5n) - E %' if sn= gn; |$(Sn) - 3 i' if 6n< Snn<' Vh;
2 f sy = #h > ise
"1, if otherwise 1. I otherwise
8 ~
oo 8
3 0, if sn =0, 3 0 if sn=(0,1,9,
O, if Sh = 11 2 if s, =V
£fi(sn) = %1 if sn = dn; 1 N(sn) = 3 i’ if f)n< s n<’ Vh;
2 2 i so= 2 it otherwise
> . ! 1, if otherwise
1, if otherwise

(1) Gn= h0.6,0.6,(0.6,0.9,(0.6,0.9i is 3-SVNEC butf"([G,]°) 6 3, €%([Gn]°) 6 %, and
fN([Gn]%) 6 3,
(2) Gn= h(0.6,0.9,(0.6,0.6,(0.6,0.8i intersi([Gnlé, 1) = 0but Gy is notis3-SVNSC.

Lemma 1. Let(X, 7% | F$7) be an SVNITS. Then, we have the following.

(1) Every intersection of -SVNEC's is r-SVNEC.
(2) Every union of r-SVN£OQO's is r-SVNEO.

Proof. (1) Let f[sn]igi2; be a family of r-SVN£C's. Then, for every i 2 j, we obtain
[sn]i = Clfs([sn]i.1), and, by Theorem 1(2), we have
T Vo \ o\ \ .

i2jlsnli = Clirsa([snli,r),r) = ([snli [ ([snli)r) [snlil  ([snli)r

i2] i2] i2] i2]

\ \ e e \

[snlil € [snli)¥ = Clirsa( [snliuT).
i2] i2] i2]

T .
Therefore, jog[sn]j is r-SVNEC.
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(2) From Theorem 1(1). O

Lemma 2. Let(X, ¥ | 1) pe an SVNITS for each2 xg. Then,

(1) Foreachr-SVNEGs, 2 xi, Snqgn iff anCIEmﬁ(gn, r),~
2 xsyt,kqCIgmﬁ(gn, r) iff snagn for every r-SVNEOs, 2 x* with Xgtx 2 Sn.

Proof. (1) Lets, be anr-SVNEO and snggn. Then, for any n 2 X, we obtain
Fsn(N) + Fgo(n) > 1, $s,(n) + $g,(n) 1, Fs,(n) + Ag,(n) 1.
This implies that fg,  fig e, $g,  $s,c @nd g,  Fs e hence,gn  [sn]® Since

Sn is -SVNEO, Clren(gn,r)  Cliran([Sn]C 1) = [ sn]C, it follows that syTCIErer (gn, 1)

(2) Let X5t kACIErgr (gn. T). Then, snAClErer(gn, 1) With Xgik 2 sn. By (1), we have

gnagsn for eachr-SVN£O sy, 2 xX. On the other hand, let s,0gn. Then,gn  [sn]®. Sincesp
is r-SVN£O,

ClErsn(gn.1)  Clgrsn([sn]®r) = [sn]® and spGClErsr(gn, 1).
SinceXstk 2 Sn, we obtain xsyt'kﬁCItfmﬁ(gn,r) O

De nition 12.  Suppose that f ()?,ffsﬁ,l £~$ﬁ) ! (\7,f§$ﬁ,l £$ﬁ) is a mapping. Then,

(1) fis called £-SVNI-irresolute iff f1(s,) is r-SVNEO in X for any r-SVNEOsy in Y,

(2) fiscalled £-SVNI-irresolute open iff(§n) is r-SVNEO in Y for any r-SVNEOSs; in X,

(3) fiscalled £-SVNI-irresolute closed iff$,) is r-SVNEC in Y for any r-SVNECs;, in X.
Theorem 3. Let f : ()N(,ff%,l :m) ! (\?,f;$ﬁ,l £$ﬁ) be a mapping. Then, the following
conditions are equivalent:

(1) fis £-SVNI-irresolute,

(2) f Y(sp)isr-SVNEC, for each -SVNEG, 2 Y,

(3) f(ClZsn(sn,1))  ClZrsn(f(sn),r) for eactsn 2 X, 1 2 xq,
1 2

(4) CI?mﬁ(f Ygn),r) f l(Clﬁm;ﬁ(gn,r)) for eactgn 2 XY, 1 2 xo.
1 2
Proof. (1)) (2): Letsy be anr-SVNEC in Y. Then, [sy]¢is r-SVN£O in Y by (1), we obtain

f 1([sn]°) isr-SVNEO. But, f *([sn]®) =[f *(sn)]® Then, f (sn) isr-SVNEC in X.
(2)) (3): Foreachs, 2 x* and r 2 xo, sinceCIﬁmﬁ(Clﬁmﬁ(f(sn), r) = Climﬁ(f(sn),r).
2 2 2

From De nition 11, Clgmﬁ(f(sn),r) is r-SVNEC in Y. By (2), f 1(CI?m;ﬁ(f(sn),r)) is r-
2 2

SVNE£C in X. Since
sp f 1(f(5n)) f 1(CI§F$ﬁ(f(Sn)!r))!
2

by De nition 11, we get,
Clﬁmﬁ(sn, r) CI?mﬁ(f l(Clt’%r~$ﬁ(f(sn), N),r)= f 1(CI?,—SBﬁ(f(sn),r)).
1 1 2 2
Hence,

f(C|§{”$ﬁ(5nyr)) f(f 1(C|§£$ﬁ(f(sn)ar))) C|§2r$ﬁ(f(3n),r)-

(3) (4): Foreachgn 2 x” and r 2 xo, put sp = f (gn). By (3),

f(C|t§{'$ﬁ(f 1(9n)ar)) C'ér“ssﬁ(f(f l(gn))'r) C'%ssﬁ(gn,r)-
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It implies that CI §,~$ﬁ(f Ygn),r) f l(CI?rsﬁ(gn,r)).
1 2

(4)) (1): Let g, be anr-SVNEO in Y. Then, [gn]¢ is an r-SVNEC in Y. Hence,
Cl?r‘ssﬁ([gn]c, r) = [ gnl% and, by (4), we have,
2

f 1([9n]c)= f 1(C|t£~2r”$ﬁ([gn]crr)) C'?{'s;ﬁ(f 1([gn]c)ar)-

On the other hand, f 1([gn]®) Cltﬁmﬁ(f Y([gn]©).r). Thus, f 1([gn]°) = Clﬁmﬁ(f 1
1 1

([gn]°).r). thatis f *([gn]®) is anr-SVNEC setin X. Hence, f 1(gn) is anr-SVNEO set in
X. O

Theorem 4. Let f : ()N(,ffssﬁ,l ISBH) ! (\?,f;$ﬁ,l ?ﬁ) be a mapping. Then, the following

conditions are equivalent:

(1) fis £-SVNI-irresolute open,

(2) f(int?mﬁ(sn,r)) int?mﬁ(f(sn),r) for eactsp 2 XX, r 2 Xo,
1 2

(3) int?mﬁ((f Ygn),r) f l(int?mﬁ(gn,r)) for eactgn 2 XV, 1 2 Xo,
1 2

(4) Foranygnp 2 x" and any r-SVN£Cs, 2 xX with f (gn) sn, there exists an r-SVNEC
Vi 2 XY with gn Vi such that f 1(Vp)  sp.

Proof. (1)) (2): For every sy 2 xX, r 2 Xg and int?mﬁ(sn,r) sy from Theorem 2(2),
1

we have f(int?mﬁ(sn, r))  f(sn). By (1), f(int?mﬁ(sn, r)) is r-SVN£O in Y. Hence,
1 1
f(intEgn(sn, 1)) = intEgn (F(intfrgr(sn, 1)) intErgn(F(sn),1).
f‘l fZ f‘1 fZ

(2)) (3): For eachgy, 2 xY andr 2 X0, put sp = f 1(gn) from (2),
f(intErsn(f H(gn).1))  intEsa(f(f Y(gn)).1)  intZren(gn,1).
1 2 2
It implies that
int?r”ﬁéﬁ(f Ygn),r) f 1(f(int?r~$ﬁ(f Ygn).r)) f l(int§r$ﬁ(9n,r))-
1 1 2

(3)) (4): Obvious. N
(4)) (1): Let#, be anr-SVNEO in X. Putgn = [ f(#,)]°and sp = [#,]° such that sy, is
r-SVNEC in X. We obtain

fign) = f HIFEIOD =1F (FENIC [#]° = sn.

From (4), there existsr-SVN£O V, 2 x7 with gn Vhsuchthat f (V) s, =[#]C
It implies #, [f Y(V]¢ = f Y[W]9. Thus, f(#) f(f (M%) [Vn]®. On the
other hand, since g,  V,, we have
f(#) =[9]° [Va]"
Hence, f(#,) = [ Vh]C, that s, f(#,) isr-SVN£Oin Y. O
Theorem 5. Let f : ()N(,f?ﬁ,l I%) ! (\?,f§$ﬁ,l £$ﬁ) be a mapping. Then, the following
conditions are equivalent:

(1) fis £-SVNI-irresolute closed.
2 f(C|§r$ﬁ(gn,r)) C'?mﬁ(f(gn),r) for eachgn 2 xX, 1 2 Xo.
1 2
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Proof. Obvious. O

Theorem 6. Letf : (X,f:s;ﬁ,l I$ﬁ
conditions are equivalent:
(1) fis £-SVNI-irresolute closed,

2) CI?mﬁ(f Ysp),r) f 1(Clt§,~$ﬁ(sn,r)) for eactsn 2 x¥, 1 2 xo.
1 2

) ! (V,f;%,l ;$ﬁ) be a bijective mapping. Then, the following

Proof. (1) ) (2) : Suppose that f is an £-SVNI-irresolute closed. From Theorem 5(2),
we claim that, for each g, 2 xX and r 2 xg,

f(C|%$ﬁ(gn, r) Cl%m(f(gn),r).

Now, for all s, 2 x?, r 2 xo, put gn = f (sp), since f is onto, it implies that
f(f (sn)) = sn. Thus,

f(CI?r-gﬁ(f Y(sn),1)) Clﬁmﬁ(f(f Ysn)).r) = Clﬁmﬁ(sn,r).
1 2 2
Again, since f is onto, it follows:
C|§F$ﬁ(f Ysn),r) = f 1(f(C|t£~r“$ﬁ(f Ysn).1)) f l(C|§r~$ﬁ(5n,"))-
1 1 2
(2)) (2) :Puts, = f(gn). By the injection of f, we get
C'?Fsﬁ(gnar) = Clifsﬁ(f Y(f(gn)).r) f 1(C|t£~r'$ﬁ(f(gn)!r))!
1 1 2
for the reason that f is onto, which implies that
f(C|§r$ﬁ(gn,r)) f(f l(CI’Emﬁ(f(gn),r))) = CI?mﬁ(f(gn),r).
1 2 2

O

4. £-Single Valued Neutrosophic Extremally Disconnected and  £-Single Valued
Neutrosophic Normal

This section is devoted to introducing £-single valued neutrosophic extremally dis-
connected (E-SVNE-disconnected, for short) and £-single valued neutrosophic normal
(E-SVN-normal, for short), in the sense of Sostak. These de nitions and their components,
together with a set of criteria for identifying the spaces, are provided to illustrate how the
ideas are applied.

De nition 13.  An SVNITS (X, €751, /%) is called £-SVNE-disconnectediif (CIZ: (sn, 1))
r, €%(Clfs(sn,r)) 1 1, €0(ClEs(sn,r)) 1 rforeachf™(sp) r,€%sy) 1
t(sy) 1 1.

De nition 14.  Let(X, {751 | 7%) pe an SYNITS and 2 xo. Then,sn 2 xX is said to be:

(1) r-single valued neutrosophic semi-ideal open set (r-SVNSI@),iff CI?mﬁ (intgesi(Sn,r),r),
(2) r-single valued neutrosophic pre-ideal open set (r-SVNPIQ) jff intfr~$ﬁ(CI§r~$ﬁ(sn, r),r),
(3) r-single valued neutrosophazideal open set (-SVAIO) iff sy, intfmﬁ(CI?mﬁ(intfmﬁ Sn,T),

r),r),

(4) r-single valued neutrosophic-ideal open set (r-SVHNIO) iff sy, Cf‘l’$ﬁ(intff$ﬁ(c|t£~r$ﬁ
(sn,r),r),r),

(5) r-single valued neutrosophib-ideal open (r-SVNS8IO) iff s; Clﬁmﬁ(intfrssﬁ(CI?mﬁ
(Snvr)!r)ar)a
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(6) r-single valued neutrosophic regular ideal open set (r-SVNRIO}jff= intfrs;ﬁ(CI?mﬁ

(sn,r),r1).

The complement sfSVNSIO (resp.r-SVNPIO, r-SVNalO, r-SVNbIO, r-SVNSbIO, r-
SVNRIOQ) are called-SVNSIC (resp.r-SVNPIC, r-SVNalC, r-SVNbIC, r-SVNSbIC, r-SVNRIC).

Remark 2. The following diagram can be easily obtained from the above de nition:

r SVNalO ) r SVNSIO) r SVNSO

+ + +
r SVNRIO ) r SVNPIO) r SVNbIO ) r SVNbO
+

r SVNSIO) r SVNSbIO ) r SVNbIO.

Theorem 7. Let (X, 7% | 7¥1) be an SVNITS and 2 Xo. Then, the following properties
are equivalent:

(1) (X, 790 | 73R js £.SVNE-disconnected,

@ €7([intE(sn,]%) 1, E%([intEs(sn,0]®) 1 1, €0(fintEs(sn, 1)) 1 rfor each
£7([sn]®) rt%([sn]® 1 r€([sa]® 1 7,

(3) Clrsn(intersn(sn.r),r)  intersn(ClErss(sn,r).r), for eachs, 2 xX,

(4) Every r-SVNSIO set is r-SVNPIO,

5) f7(ClE(sn.1)) 1. €%(ClEs(sn,r)) 1 1, €(ClEs(sn,r)) 1 rforeachr-SVNSIO
Sh 2 xi,

(6) Every r-SVNSIO setis r-SVNPIO,

(7) For eacts, 2 x>~<, Sp is r-SVNalO set iff it is r-SVYNSIO.

Proof. (1)) (2):The proofis direct consequence of De nition 14.
(2) (3): For each s, 2 xX, ff(inter(sn,r)) r, f$(intf$(sn,r))
1 1, f(inten(sn,r)) 1 r,and, by (2), we have

£ (lintE (finter (sn, IO 1, E¥(intEs(fintes(sn, DISNI) 1 1,
EA(intEs(finten(sn, IS NS 1 1.

Thus,
fF(CiE (inter(sn,r), 1)) 1, E5(Cls(intes(sn,r),r)) 1 1, €0([ClE(inten(sn,r),r)) 1 1
hence,

C|t£~r~$ﬁ(intfl’$ﬁ(5n.r),r) = intff$ﬁ(C|t£~r$ﬁ(intfl’$ﬁ(5n,r),r),r) intfr”Sﬁ(Clt£~r$ﬁ(Sn,r),r).

(3)) (4): Lets, be anr-SVNSIO set. Then, by (4), we have

sn Clwgn(intersn(sn,r), 1) intersn(ClEess(sn, 1), 1).

Thus, sp is an r-SVNPIO set.

(4)) (5): Sincesp is an r-SVNShIO set, sy, CI?mﬁ(intfrssﬁ(CIfmﬁ(sn,r),r),r). Then,
Clrgn(sn, 1) is 1-SVNSIO, and, by (4), ClEg(sn,r) int ¢ren (ClErsn(Sn.1).1); hence,
£7CIE(sn,1)) 1 €%CIEs(sn,r)) 1 1, €0CIE(sn,r)) 1 1.

(5)) (6): Lets, be anr-SVNbIO set, then, by (5), ClErss(sn, 1) intersa(Cl°(sn,r).1).
Thus,

Sn ClErn(sn.1)  intersn(ClErsn(sn.1),1).
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Therefore, sy is an r-SVNPIO set.

(6)) (7): Letspy be anr-SVNSIO. Then, sy, is r-SVNSbIO, by (6), sp is an r-SVNPIO set.
Sincesy is r-SVNSIO and r-SVNPIO, s, is r-SVNalO.

(7)) (1): Suppose thatf™(sp) 1, €%(sn) 1 r,€0(sy) 1 1, then Clgrs(sn,r)

is r-SVNSIO, and, by (7), Cltﬁmﬁ(sn,r) is r-SVNalO. Hence,
ClEigi(sn, 1) interss (Clrgs (intersn(C17(Sn,1),1),1),1) = interss (ClErgn(sn, 1), 1) ClEsa(sn,1).
Hence,
f7(ClEsn(sn,1) 1, €%(ClEg(snr)) 1 1 €7(ClEga(snr)) 1 1.
Thus, (X, 7% | 7%M) js £.SVNE-disconnected. [

Theorem 8. Let (X, 75,1 7%1) be an SVNITSr 2 xo andsn 2 xX. Then, the following
are equivalent:

(1) (X, €73 | F3M) js £-SVNE-disconnected,

(2) Clrsn(sn, 1)aCersi(gn,r), for everyt™(sn) 1, €%(sn) 1 r,€i(sp) 1 rand
every r-SVN£Og, 2 xX with s,qgn, ) )

(3) Clrsn(intersn (ClErsn(sn, 1),1),1)GCersn(Qn, 1), for everys, 2 x* and r-SVNEOg;, 2 x*
with spqgn.

Proof. (1) (2): Letff(sn) r,€%sy) 1 r,€0(sy) 1 r.Then, by (1),

£7(ClEr(sn,r)) v, £%Cls(snr)) 1 1, t0(ClE(snr)) 1 1.
Since [Clrsr(sn, )] is an r-SVNEO and Clrsq (Sn, 1)T[ClEren (sn, 1)1, itimplies that
ClErsn(Sn, 1)ACrsn ([Clren(sn, 1% 1).

(2) (@) Letff(sn) 1, €5%sn) 1 r,€(s)) 1 1. Since[ClEn(sn,M)]Cis an
r-SVN£O, then, by (2),

C|t£~'r$ﬁ(5n,r)quF$ﬁ([C|t£~r$ﬁ(Sn,r)]c,r).
This implies that Cl Fren (Sn, 1) interen(ClErsn(Sn,1).1)  ClErsn(Sn.T), SO
£7(ClE:(sn,1)) 1, €%ClEs(sn,r)) 1 1, £7(ClEa(snr)) 1 1.

(2)) (3): Suppose thatsp 2 xX and On is anr-SVN£O with spqgn. Since

£7(inter (ClEc(sn,r),1)) 1, €3(intes(ClEs(sn,r),r)) 1 1, €W(inten(ClEr(sn,r),r)) 1t
By (2), we have ClEqg (int ¢rsn (ClErsn(Sn, 1), 1), 1)GCers (T, T).

() (2): Letff(sy) 1, t%sn) 1 r,£i(sp) 1 randg,beanr-SVNEO with
sn0gn. Then, by (3), we obtain leﬂﬁ(intfm;ﬁ(CI?mﬁ(sn, r),r),r)aCersi(gn,r). Since

Clran(Sn 1) Cleran(iny ¢rsn(ClEran(sn, 1), 1),1),
then, we have Clws(sn, 1)qCersn(gn,r). O
De nition 15.  An SVNITS (X, ¥ | 7%} js called £-SVN-normal if, for everfsn]1d[sn]2

with £7([sn]l1) . t%([snl1) 1 r, €A(sn]y) 1 rand[sh]yis r-SVNEO, there exists
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[gn]j2x>?,forj:f1,29withff([gn]‘i) rE%[gnl) 1 r€R(onld) 1 1 [gnl2is
r-SVNEC such thafsn]>  [gnl1, [Snl1  [9n]2 @and[gn]10[gn]2.

Theorem 9. Let (X, ¥ | 1) pe an SVNITS; then, the following are equivalent:
(1) (X, €780 | 73h) s an £-SVN-normal.
(2) (X, 73 | 73} is an £-SVNE-disconnected.

Proof. (1)) (2): LetfT(sn) 1, €%(sn) 1 r,€(sy) 1 rand[Clfg(sn,r)]¢be an
r-SVNEO. Then, sqT[ClEze (Sn, 1)]°. By the £-SVN-normality of (X, 71,1 %), there exist
[gn]i 2 XX, fori = f1,2gwith

€(gnld) 1 €3%(gnl) 1 1 (gnld) 1 T,
and [gn]5 r-SVNEC such that [C|§r'$ﬁ(5na NI  [9nl1,sn [gn]z2 @nd [gn]1dlgn]2. Since
C'?mﬁ(sn, r C|t£~r“$ﬁ([gn]21 r)=[gnl2 [gnlf CI?F%(Snv r,

we have Cler(sn, 1) = [ gnlz. Since[ClErsi(sn,1)I¢  [gnls  [9nlS = [ClEran(sn.1)]C sO
[Clrsn(sn. 1)1 = [gnl1. Hence, Crgi(sn, 1) = [ gnlS and

£7(Clr(sn,1)) 1, £%Cls(snr)) 1 1, t7(ClEa(snr)) 1 T

Thus, (X, 71,1 /%) is an £-SVNE-disconnected.
(2) (1): Suppose thatf"(s)) r,t%(ss) 1 1, f(sy)) 1 randgnisan
r-SVNEO with s,0gn. By the £-SVNE-disconnected of (X, 7% | F7) we have

£7(ClEr(sn,r)) v, €%Cls(snr)) 1 1, t0(ClEi(snr)) 1 T,

and [Clesn(sn, 1)]¢ is r-SVNEO. Sincesn@n, Sn ClErsn(sn.r) and gn  [Clgrsn(sn, 1)]1C.
Thus, (X, 70| ¥ js an £-SVN-normal. O

Theorem 10. Let (X, £ 1 7%%) be an SYNITSsn, snx* andr 2 xo. Then, the following
properties are equivalent:

(1) (X, £73 | F3M) js £-SVNE-disconnected.

(2) If s7isr-SVNRIO, thensy, is r-SVNEC.

(3) If spisr-SVNRIC, thens, is r-SVNE£O.

Proof. (1)) (2): Letsy be anr-SVNRIO. Then, sy = intfmﬁ(CI?mﬁ(sn,r),r) andtf(sy) 1,

f7(ClE(sn,)) 1, t%(ClEs(snr)) 1 1, €M(CiEa(snr)) 1T

Hence sp = int¢rsi(ClErsi(Sn.1).1) = ClErsn(Sn. ).
(2)) (1): Suppose thatsy = intfrgﬁ(CIﬁmﬁ(sn,r),r),then t(sn) . t%sy) 1
t(sn) 1 r,by(2),snisr-SVNEC. This implies that

Cl?fgﬁ(sn, r) C|t£~r~$ﬁ(intfr'$ﬁ(C|?r~$ﬁ(Sn, r),r), r) = intfr'$ﬁ(C|t£~r$ﬁ(Sn, r), r) CI?mﬁ(Sn, r).
Thus,
£7(ClEr(sn,1)) v, £%Cls(snr)) 1 1, t0(ClE(snr)) 1 T,

then (X, 70 | 791 is an £-SVNE-disconnected.
(2), (3): Obvious. O
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Remark 3. The union of two r-SVNRIO sets need not to be an r-SVNRIO.

Theorem 11. If (X, €7 | 7$7) is £-SVNE-disconnected argh,gn 2 XX, r 2 Xo. Then, the
following properties hold:

(1) If s, andgy are r-SVNRIC, thers, gy, is r-SVNRIC.
(2) If sy andgp are r-SVNRIO, thens, _ gy is -SVNRIO.

Proof. Letsyand gn ber-SVNRIC. Then, £7([sa]®) 1 €%([sn]) 1 r,€0([sn]) 1 r
and £7([gn]) 1. €%([gn]® 1 r.£9(gn]® 1 r, by Theorem 7, we have

7 ([intE (s, 019 1, E3(intEg(sn, ]9 1 v, €O(lintEa(sn )] 1,
and
£ ([intg(gn, N1 1. E3(lintgs(gn, I 1 v, €O(fintEa(gn, NI L1 .

This implies that

sn On = Cersn(intErsn(sn, 1), 1) » Cersn(intErs(gn, ). 1)
= intErsn(Sn, 1) iNtErsn(Qn, 1) = iNtEesn(Sn ™ Gn,T)
Cersn(intErgn(Sn ™ gn, 1), 1).
On the other hand,

Cersn(intErsn(Sn, 1) ™ intErsn(gn, 1), 1)
Cersn (intfran(Sn, 1),1) » Cersn(intgesn(gn, 1), 1)
= sp” On.

Cersn(intgrss(Sn ™ Gn, 1), 1)

Thus, Cfmﬁ(int?mﬁ(sn N gn,1),r) = sp™ gnh. Therefore, sp ™ gn is anr-SVNRIC.
(2) The proof is similar to that of (1). O

Theorem 12. Let (X, 7% | 7¥) be an SVNITS and 2 xg. Then, the following properties
are equivalent:

(1) (X, €780 | F$M) js £-SVNE-disconnected,

2) fF(CIE,:(sn,r)) r,£%(ClEs(sn.r)) 1 r,€M(Clf(sn,r)) 1 r,foreveryr-SVNSIO

sp 2 xX,

3) f7(ClE(sn,1)) 1.€%ClEs(sn,r)) 1 r,€0(ClEs(sn,r)) 1 r,foreveryr-SVNPIO
sn 2 x%,

4) f7(ClE(sn.1)) r.€%Clgs(sn,r)) 1 r,€7(ClEs(sn,r)) 1 r,foreveryr-SVNRIO
sp 2 xX.

Proof. (1) ) (2) and (1) ) (3). Let sy be anr-SVNSIO (r-SVNPIO). Then, sy is r-
SVNSbIO, and, by Theorem 7, we have,

€7(Clr (1)) 1,E%(ClEg(sn,1)) 1 r,€0(ClE(snr)) 1 1.

(2) @and(3) (4). Lets, beanr-SVNRIO. Then, s isr-SVNPIO and r-SVNSIO. Thus,
€7(ClE(sn,r)) 1, E%ClEs(snr)) 1 1, €R(ClEn(sar) 1t

(4)) (1). Suppose that

£7(inter (ClEe(sn,1),1)) 1o €%(intes(ClEs(sn,r), 1)) 1, €7(inter(ClEa(sn,r).1)) .
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Then, by (4), we have

£7(CIE (inter (CIE-(Sn,1),1),1)) T, £3(ClEs(intgs(ClEs(sn, 1), 1),1)) T,
ti(CiEs(inten(ClEs(sn, 1), 1).1)) 1.
Hence,
Clgrsn(sn, 1) Clgrsn(intersn(Clrsn(sn, 1), 1), 1)
intfr"$ﬁ(C|t£~r~$ﬁ(intff$ﬁ(clgr$ﬁ(5n,r),r)ar)vr)

intrer (ClEesn(Sn, 1), 1) ClErgs(Sn, 1)

Thus, €7(Clgr(sn,1)) r,£5(ClEs(sn, 1)) 1 r,£0(Cl(sn, 1)) 1 r; hence,
(X, €730 | 79M) is an £-SVNE-disconnected. [

De nition 16. Let(X, 7% | 7%1) pe an SVNITS. Thens, is said to be an r-SVNESO &,
Cfl’$ﬁ(intt£~($ﬁ(5n, r), I’)

De nition 17.  Let(X, 71,1 71) be an SVNITS for each2 xo, Sp 2 XX andxstp 2 Pt(xX).
Then,xst,p is called an r-SVNI -cluster point ofsy, if, for everygn 2 Qgrsi(Xst,p, I), we have

anintff$ﬁ(C|§r$ﬁ(gn, r,r.

De nition 18.  Let(X, 71,1 /1) he an SVNITS for each2 xo, Sp 2 XX andxstp 2 Pt(xX).
Then, the single-valued neutrosopllic-closure operator is a mappirdy ¢rsa - xX xo! xX
that is de ned asCy¢rsn(Sn, 1) =  fXst,p 2 Pt(xX) is r-SVNdI -cluster point ofs,g.

Lemma 3. Let (X, 1 73) be an SVNITS. Thens, is r-SVNESO iff Cersn(sn, ) = Cgrsn
(intgrsn(sn, 1), T).

Proof. Obvious. O

Lemma 4. Let(X, 7 1 f3) be an SVNITS for each, 2 x* andr 2 xg. Then,Cers(Sn,T)
Caersi(Sn,r).

Proof. Obvious. O

Lemma 5. Let (X, {1,171 be an SVNITS ands, be an r-SVNESO. TherCersa(sn,r) =
Cd|fr"$ﬁ(sna r)-

Proof. We showthat C¢rsi(sn,r)  Cgygersn(sn,r). Suppose that Gersi(sn, ) 6 Cgyersi(Sn,r).,;
then, there existn 2 X and s,t, p 2 Xg such that

r~Cfr(sn,r)(n) <s chlrf‘(Sn,r)(n)l $Cf$(sn,r)(n) t> $Cdlf$(sn,r)(n)y (1)

A n(snn (M P> ey igsnn (M)

By the de nition of C ¢rs, there existst7([gn]®) 1, €%([gn]®) 1 1, €7([gn]®)
1 rwith s, gnsuchthat

ITCt.r(Sn,r)(n) an(n) < s< I’NCdlfr(Sn,r)(n)! $Cf$(sn,r)(n) $gn(n) >t> $Cd|fr'(5n,f)(n)’

fic ooy (M) Fou(M) > D> Fic, (6,0 (0).
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Then, [gn]® 2 Q¢rsa(Xst,p, ) and

[snl°  [gn]® ) ClEn([snl%r)  ClEsn([gn]®r)
) Cl?rssﬁ([sn]clr) int¢ren([gn]® 1)
) [intgmﬁ(snyr)]c [gn]®

Thus, int£:s(sn, 1)Tgn]. Hence, int¢rsn(Clgrsn ([n]° 1), 1)TCersn (intErgg (sn, 1), 1), 7).
Sinces, is an r-SVN£SO, we haveintfmﬁ(lemﬁ(gn, r),r)0sn. SO,Xst,p is not an r-SVNdI -
cluster point of sp. Itis a contradiction for equation 3. Thus, C ¢rsa(Sn,r)  Cyersa(Sn,r).
By Lemma 4, we have Cersi(Sn,r) = Cyersa(sn,r). O

Theorem 13. Let(X, 7% | 7$) be an SVNITS. Then, the following properties are equivalent:
(1) (X, 780 | 73h) js £.SVNE-disconnected,
(2) If sp is r-SVNSDbIO and gp is r-SVNESO, thenCI?mﬁ(sn,r) N Cersa(Qn, 1) Ceren

(sn” gn),
(3) If sy is r-SVNSIO and gy is r-SVNESO, thenClfrgs(sn, 1) » Cersa(gn, r) Cersn

(sn” gn), _ B
(4) Clrsn(sn, 1)aCersi(gn, 1), for every r-SVNSIO ses, 2 x* and every r-SVNESQy, 2 x*
with s,qgn,
(5) If spis an r-SVNPIO andgy is an r-SVNESO, therCI?mﬁ(sn, )" Cersa(Qn,r)  Cersn
(sn” gn).

Proof. (1)) (2): Lets, be anr-SVNSbIO and g, be an r-SVN£SO, by Theorem 7, ff
(Clge(sn.1))
r€%(Clis(sn,r)) 1 1, €0(Clfi(sn,r)) 1 1. Then,

ClEign(sn, 1) Ceran(gn,r)  Cersn(intEran(gn, 1), 1) Cersn[ClEras(gn, 1) ~ intErsn(gn, 1), 1]
Cf‘r'$ﬁ [Clgf'$ﬁ [gn N int?rgﬁ(gn, r), r], I’] Cf‘r'$ﬁ [Cf‘f’$ﬁ [gn N inttf:r'$ﬁ(gn, I’), I’], r]
Cersn[gn ” intrss(gn, 1), 1] Cersi[gn ™ g, r].

Hence, Clfrsr (S, 1)~ Cersn(gn,1)  Cersa(Sn” gn).

(2)) (3): It follows from the fact that every r-SVNSIO set is anr-SVNSbIO.

(3)) (4): Clear.

(4)) (1): Lets, be anr-SVNSIO. Since[Clgrsn(sn,1)]¢  Cersn(intErgs (ClEren ([Sn],
r),r),r) we have, [ClEss(sn, r)]¢is an r-SVNESO. Then, by (4),ClE¢(Sn, r)GC¢rs ([ClErss
(sn.1)]%1). Thus, Clfrg(sn,r) [Cersn (ClErsn(sn, )] NI = intersn(ClErga (sn, 1), T).
Therefore, £7(CIg-(sn,1)) 1, €%(ClEs(sn,r)) 1 1, €0(ClEi(sn,r)) 1 1. Thus,
by Theorem 12, (X, 70 | F%1) js £-SVNE-disconnected.

(2)) (5): It follows from the fact that every r-SVNPIO is an r-SVNSbIO. O

Corollary 1. Let(X, £ | 7¥1) pe an SVNITS. Then, the following properties are equivalent:

(1) (X, €73 | 73M) js £-SVNE-disconnected.

(2) If sy is an r-SVNSIO and gy, is an r-SVN£ESO, thenCI?mﬁ(sn,r) N Cyersn(Qn, 1)
Cersn(Sn ™ On).

(3) If sp is an r-SVNSIO andgp, is an r-SVN£SO, thenCIfrmﬁ(sn,r) N Cyersi(gn,T)
Cersn(Sn ™ On).

(4) If s, is an r-SVNPIO andgy is an r-SVNESO, thenCI?rsﬁ(sn,r) N Cyersi(On,r)
Cersi(Sn ™ gn).

¢r$i(Sn = On

Proof. It follows directly from Lemma 3 and5. O
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5. Some Types of Separation Axioms

In this section, some kinds of separation axioms, namely r-single valued neutrosophic
ideal-R; (r-SVNIR;, for short), where i = f0,1,2,3), and r-single valued neutrosophic
ideal-T; (r-SVNIT;, for short), where j = 1,2, 2% 3,4g, in the sense of Sostak are de ned.
Some of their characterizations, fundamental properties, and the relations between these
notions have been studied.

De nition 19. Let(X, £ | 1) pe an SYNITS and 2 xo. Then,X is called:

(1) r-SVNIRqiff Xst,pGC!Eran (Vs ty,py. 1) IMpliesys, 1, o, GCIEren (Xst,p, 1) for anyxse,p 6 ys,,
t1, P1.

(2) r-SVNIRy iff xs,t,quIfmﬁ(ysl,tlypl, r) implies that there exist-SVN£EO setssn, g, 2 xX
such that %tp 2 Sn, ¥Ys;,t;,p; 2 9n @ndSnGYn.

(3) r-SVNIRy iff Xst.pQVh = lemﬁ(vn, r) implies there exist-SVN£EO setssn, gp 2 xX such
that Xst,p 2 Sn, Vo gn @andsnqgn.

(4) r-SVNIRg iff [Va]l1 = Clfrgr([Val1, 1)AVhl2 = Clfrsn([Valz.1) implies that there exist
r-SVNEO setssp, gn 2 xX such thatfValr  sn, [Vhl2  9n andsnagn.

(5) r-SVNITyiff Xst,p0Ysy t1,p, IMplies that there exists SVNEO sn 2 x* such thatxst,p 2 Sn
and ys, t,,p, dSn-

(6) r-SVNIT, iff Xst,p0Ys, t;,p, iIMplies that there exist-SVNEO setssn, g, 2 xX such that
Xst,p 2 Sny Ysy,ts,pr 2 9n @andspagn.

@) r—SVNITz% iff Xst,p0Ys, t;,p, iIMplies that there exist-SVNEO setssn, g, 2 xX such that
Xst.p 2 Sn, Ysitrps 2 On andClErgr (Sn, 1)TCIEren (g, 1)

(8) r-SVNIT3iffitis r-SVNITR » and r-SVNIT;.
(9) r-SVNIT,iffitis -SVNITR 3 and r-SVNIT;.

Theorem 14. Let (X, | 1) be an SVNITS and 2 xg. Then, the following statements

are equivalent:

(1) (X, €730 | 730 s r-SVNIR,.

(2) If xst,pOsn = lemﬁ(sn, r), then there exists-SVN£O g, 2 xX such thatxst pdgn and
Sn On.

(3) IfXst,pUsn = Clrgn(sn. ), thenClErsn(Xst,p, 1) Tsn = ClErsn(sn. 1).

4 If XS,t,quIfr"ﬂiﬁ(ysl,tl,plr r, thenc'frssﬁ(xs,t,py r)GC|frsﬁ(yS1,t1,pla r.

Proof. (1)) (2): Letxstplsn = Clrgn(sn,r). Then,
s+ fg,(n)<1, t+%,(n) 1, p+Hhs,(n) 1,

for every ys, t,p, 2 Sn, We have s; < s, (n), tg $s,(n) and pg As,(n). Thus,
Xst,p0CIErsr (Yspty,pr 1) Since (X, €751 71 is an r-SVNIR,, we obtain ys, t;,p, GCIErss
(Xst,p,7). By Lemma 2(2), there exists anr-SVNEO V, 2 xX such that Xst,pQVh and
Ysiti,pr Vhe Let
On = B fVh © Xst,p0Vhs Ystips 2 V-
Ysy.t1,p1 2 Sn
From Lemma 1(1), gn is an r-SVN£O. Then, Xst,p0dn, Sn ~ In.
(2)) (3): LetXxst,pOsn = Cl‘f,~$ﬁ(sn,r). Then, there exists anr-SVN£O g, 2 xX such

that Xst,p00n and s, gn. Since for everyn 2 X,
s<1 fgy(n), t 1 $g,(n), p 1 HAg,(n),
we obtain

Clfran(Xstp: ") ClEesn([gn]°r) = [gnl®  [snl®
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Therefore, ClE s (Xst,p, 1)TSn = ClErgn(Sn,T).
(3)) (4) Let Xs’t’pqclffyi(ysl’tl,pl,r). Then, Xs,t'pQCIfﬂmﬁ(ys&tl’pl,I’) = lerg;ﬁ(clfrg;ﬁ

(Yste.p1): 7). By (3), 81, t1, pa(Xst,p, r)qCItEr"fBﬁ (Ysp.t1.p1s 1)
(4)) (1): Clear. O

Theorem 15. Let(X, 7 | 7¥M) he an SVNITS and 2 xo. Then, ifX is

(1) [r-SVNIR3zand r-SVNIRy]) @ r-SVNIR,) ® r-SVNIR;) (9 r-SVNIRy.
(2) r-SVNIT,) r-SVNIR;.

(3) r-SVNIT3) r-SVNIRs,.

(4) r-SVNIT4) r-SVNIRs.

(5) r-SVNIT,) @ r-SVYNIT3) ® r-SVNIT,; ) (© r-SVNIT,) (@ r-SVNIT;.

Proof. (1a). Let Xst.pQVh = Clégr(Vh, 1), by Theorem 14(3), Clf g (Xst,p, 1)GVh = Clfrgs
(Va,1). Since (X, 71,1 731) is r-SVNIR3 and Clrsn(Xst,p. 1) = Cléren(ClEran (Xstp. 7). 1),
there exist r-SVN£O setssy, gn 2 x* such that Xst,p 2 lemﬁ(xs,t,p, N smV gnand
Sntgn. Hence, (X, £7%0 | 73) js r-SVNIR,.

(1,). For each xs,t,quIfmﬁ(ysmtl,pl, r), by r-SVNIR; of X, there exist r-SVN£O sets
Sn,gn 2 x>~< such that Xstp 2 Sn, Ys;ty,p 2 Cl‘tc'mﬁ(ysl,tl,pl,r,r) gn and spggn. Thus,
(X, €730, 73) is r-SVNIRy.

(o). Let (X, €791, 1 7$M) he r-SVNIR;. Then, for every Xs,plCIEre (Vs t1,py. F. 1) @nd
Xst.p & Ys; t;,p,, there existr-SVN£O setssp, gn 2 xX such that Xst,p 2 Sns Vs ty,p; 2 9n @nd
Sn0gn. Hence, Xstp 2 Sn - [gn]C. Sincegp is an r-SVNEO set, we obtain lemﬁ(xs,t,p, r
C'frssﬁ([gn]cyr) =[9n]®  [Ysitipl® Thus, ysi,tl,plqumﬁ(xs,t,par) and (X, €7%0,1 730 is
r-SVNIR.

(2). Let xsvt,quIf@ﬁ(ysi,tz,pl, r). Then, Xst p0Ys, t;,p,- BY r-SVNIT; of X, Eher~e exi§t r-
SVNEO setssn, gn 2 XX such that Xstp 2 Sn, Vs, t;.p, 2 9n @nd sndgn. Hence, (X, €730, ] 730y
isr-SVNIR;.

(3) and (4) The proofs are direct consequence of (2) .

(5a). The proof is direct consequence of (1).

(5p). For each Xst,pQys, t;,p,» Since X is both r-SVNIR; and r-SVNITy, then, there

exists anr-SVNEO set\j, 2 xX such that Xs¢,p 2 Vi and ys, 1, p,GVn. Then,
Xt 2 Vh = imfrssﬁ(vn,r) intfmn([)/sl,tl,pl]c,r) = [C|fr”$ﬁ(YS1,t1,p1,r)]c-

Hence, xs,t,paCIfmﬁ(ysl,tl,pl, r). By r-SVNIR; of X, there existr-SVNEO setssn, gn 2
xX such that Xst,p 2 Sn, ler-s;ﬁ(ysl‘tl,pl, r) gnandsnfgn. Thus,sn, [gn]¢ so

Clfrgn(sn 1) Clirsn([9n]S 1) = [9nl®  [ClEesn(Ysytypro 1)1
It'r[]p“%s Clif$ﬁ(snv r)qC|fF$ﬁ (ysl,tl,plv r) Wlth XS,t,p 2 Sn and yS]_,tl,pl 2 lef$ﬁ (ysl,tl,plv r)
Thus, (X, €70 | 73 s r-SVNIT,;.
(5¢). Let Xst,pQYs, t;,p,- ThEN, DY r-SVNITZ% of X, there existr-SVN£O setssp, gn 2 xX

such that Xst,p 2 Sn, Vs, t;,p; 2 Gn and ClE 24 (Sn, 1)TACIE 4 (g, 1), which implies that s,qgn.
Thus, (X, 7% 1 /1) is r-SVNITS,.
(5q). Similar to the proof of (5¢). O

Theorem 16. Let (X, 7% | 1) be an SVNITS and 2 xg. Then, the following statements
are equivalent:

(1) (X, €790 | 730 js r-SVNIR,.
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(2) If Xstp 2 sn andsy, is r-SVN£O set, then there existsSVN£O setgp 2 xX such that
Xst,p 2 0n ler'$ﬁ(gnrr) Sn- )

(3) If Xst,pOsn = Cl‘f'mﬁ(sn,r), then there exists-SVNEO set[gn]; 2 xX,j = f1,2g9 such that
Xst,p 2 [Onl1, Sn [9nl2 andC|t£F$ﬁ([gn]la r)qC|fF$ﬁ([gn]2! r.

Proof. Similar to the proof of Theorem 14. [

Theorem 17. Let (X, | 1) be an SVNITS and 2 xg. Then, the following statements

are equivalent:

(1) (X, 730 | 73) is -SVNIRs.

(2) If [snl10[sn]2 and[sn]1, [Sn]2 arer-SVNEC sets, then there existsSVNEO setgn 2 xX
such thatfsn]1  gn andc'fmﬁ(gn, ) [snl2

(3) Forany[snly [sn]2, where[sp]y is anr-SVNEO set, andsp]» is anr-SVNEC set, then,
there exists an r-SVN£O sef, 2 xX such thaf[sn]1  gn lem;ﬁ(gn, r)  [snlo.

Proof. Similar to the proof of Theorem 15. [

Theorem 18. Let f : (X,f{‘o‘;ﬁ,l £~$ﬁ) L (Y, 6551 2%7) be a £-SVNI-irresolute, bijective,
£-SVNI-irresolute open mapping an@?,ffﬁ,l £$ﬁ) is r-SVNIRy. Then,(\?,f£$ﬁ,l £$ﬁ) is

-SVNIR,.

Proof. Letyst pQVh = CI?(Vh,r). Then, by De nition 11, V; is an r-SVNEC setin Y. By The-
orem 3(2), f (W) is anr-SVNEC setin X. Putystp = f(Xstp). Then, xst.pGf 2(Vh). By r-
SVNIR; of X, there existr-SVNEO setssn, gn 2 XX such that xst,p 2 sn, f *(Va)  gnand
sndgn. Sincef is bijective and £-SVNI-irresolute open, ysip 2 f(sn), Va  f(f 1(Vh))

f(gn) and f(sn)qf(gn). Thus, (¥, 65,1 2% is r-SVNIR,. O

Theorem 19. Let f : ()?,f?;ﬁ,l fﬁﬁ) (7,655 1 7% be an £-SVNI-irresolute, bijective,

1| 2
£-SVNI-irresolute open mapping ar@, £1°",1 I*") be arr-SVNIRs. Then,(V, €51 7% is
r-SVNIRs.

Proof. Similar to the proof of Theorem 18. O

6. Conclusions

In summary, we have introduced the de nition of the  r-single valued neutrosophic £-
closed and r-single valued neutrosophic £-open sets over single valued neutrosophic ideal
topology space in Sostak's sense. Many consequences have been arisen up to show that
how far topological structures are preserved by these r-single valued neutrosophic £-closed.
We also have provided some counterexamples where such properties fail to be preserved.
The most important contribution to this area of research is that we have introduced the
notion of £-single valued neutrosophic irresolute mapping, £-single valued neutrosophic
extremally disconnected spaces,£-single valued neutrosophic normal spaces and that we
de ned some kinds of separation axioms, namely r-SVNIR;, wherei = f0,1,2,3), and
r-SVNIT;, where j = f1,2, 2% 3,4g, in the sense of Sostak. Some of their characterizations,
fundamental properties, and the relations between these notions have been studied.
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Abstract: In this paper, we studied some properties of the neutrosophic multi topological group. For
this, we introduced the de nition of semi-open neutrosophic multiset, semi-closed neutrosophic
multiset, neutrosophic multi regularly open set, neutrosophic multi regularly closed set, neutrosophic
multi continuous mapping, and then studied the de nition of a neutrosophic multi topological group
and some of their properties. Moreover, since the concept of the almost topological group is very
new, we introduced the de nition of neutrosophic multi almost topological group. Finally, for the
purpose of symmetry, we used the de nition of neutrosophic multi almost continuous mapping to
de ne neutrosophic multi almost topological group and study some of its properties.

Keywords: neutrosophic multi continuous mapping; neutrosophic multi topological group;
neutrosophic multi almost continuous mapping; neutrosophic multi almost topological group

1. Introduction

Following the introduction of the fuzzy set (FS) [ 1], a variety of studies on generali-
sations of FS concepts were performed. In the sense that the theory of sets should have
been a particular case of the theory of FSs, the theory of FSs is a generalisation of the
classical theory of sets. Following the generalisation of FSs, many scholars used the theory
of generalised FSs in a variety of elds in science and technology. Fuzzy topology (FT) was
rst introduced by Chang [ 2], and Intuitionistic fuzzy topological space (FITS) was de ned
by Coker [3]. Many researchers studied topology based on neutrosophic sets (NS), such as
Lupianez [4-7] and Salama et al. [8]. Kelly [ 9] de ned the concept of bitopological space
(BTS) in 1963. Kandil et al. [LQ] studied the topic of fuzzy bitopological space (FBTS). Some
characteristics of Intuitionistic Fuzzy Bitopological Space (IFBTS) were addressed by Lee
et al. [11]. Garg [12] investigated how to rank interval-valued Pythagorean FSs using a
modi ed score function. A Pythagorean fuzzy method for order of preference by similarity
to ideal solution (TOPSIS) method based on Pythagorean FSs was discussed, which took
the experts' preferences in the form of interval-valued Pythagorean fuzzy decision matrices.
Moreover, different explorations of the theory of Pythagorean FSs can be seen in [13-19].
Yager [20] proposed the g-rung orthopair FSs, in which the sum of the gth powers of the
membership (MS) and non-MS degrees is restricted to one [21]. Peng and Liu [ 22] studied
the systematic transformation for information measures for g-rung orthopair FSs. Pinar
and Boran [23] applied a g-rung orthopair fuzzy multi-criteria group decision-making
method for supplier selection based on a novel distance measure.

Cuong et al. [24] proposed a picture FS as an extension of FS and Intuitionistic fuzzy
set (IFS) that contains the concept of an element's positive, negative, and neutral MS de-
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gree. Cuong [25] investigated several picture FS characteristics and proposed distance
measurements between picture FS. Phong et al. P6] investigated some picture fuzzy rela-
tion compositions. Cuong et al. [ 27] examined the basic fuzzy logic operators: negations,
conjunctions, and disjunctions, as well as their implications on picture FSs, and also devel-
oped main operations for fuzzy inference processes in picture fuzzy systems. For picture
FSs, Cuong et al. 8] demonstrated properties of an involutive picture negator and some
related De Morgan fuzzy triples. Viet et al. [ 29] presented a picture fuzzy inference system
based on MS graph, and Singh [30] studied correlation coef cients of picture FS. Garg [ 31]
studied some picture fuzzy aggregation operations and their applications to multi-criteria
decision-making. Quek et al. [ 32] used T-spherical fuzzy weighted aggregation operators
to investigate the MADM problem. Garg [ 33] suggested interactive aggregation operators
for T-spherical FSs and used the proposed operators to solve the MADM problem. Zeng
et al. [34] studied on multi-attribute decision-making process with immediate probabilistic
interactive averaging aggregation operators of T-spherical FSs and its application in the
selection of solar cells. Munir et al. [ 35] investigated T-spherical fuzzy Einstein hybrid
aggregation operators and how they could be applied in multi-attribute decision-making
issues. Mahmood et al. [36] proposed the idea of a spherical FS and consequently a
T-spherical FS.

Many researchers also studied FT and then generalised it in the IFS and then to the
neutrosophic topology. Warren [ 37] studied the boundary of an FS in FT. Warren [ 37]
studied some properties of the boundary of an FS and found that some properties are not
the same as the properties of the crisp boundary of a set. Later, many authors studied
the properties of the boundary of an FS. Tang [ 38] made heavy use of the notion of fuzzy
boundary. Kharal [ 39] studied Frontier and Semifrontier in IFTSs. Salama et al. [40]
studied generalised neutrosophic topological space (NTS), where they have discussed
on properties of generalised closed sets. Azad [4]] introduced the concepts of fuzzy
semi-continuity (FSC), fuzzy almost continuity (FAC), and fuzzy weakly continuity (FWC)
(FWC). Smarandache B2,43] suggested neutrosophic set (NS) theory, which generalised
FST and IFST and incorporated a degree of indeterminacy as an independent component.
Mwchahary et al. [ 44] studied on properties of the boundary of neutrosophic bitopological
space (NBTS). Many authors studied the properties of the boundary of an FS by several
methods (FS, IFS, and NS), but some of its properties are not the same as the properties of
the crisp boundary of a set.

Blizard [ 45] traced multisets back to the very origin of numbers, arguing that in
ancient times, the number was often represented by a collection of n strokes, tally marks,
or units. The idea of fuzzy multiset (FMS) was introduced by Yager [ 46] as fuzzy bags.
In the interest of brevity, we consider our attention to the basic concepts such as an open
FMS, closed FMS, interior, closure, and continuity of FMSs. Yager, in [46], generalised
the FS by introducing the concept of FMS (fuzzy bag), and he discussed a calculus for
them in [47]. An element of an FMS can occur more than once with possibly the same
or different MS values. If every element of an FMS can occur at most once, we go back
to FSs §8]. In [49], Onasanya et al. de ned the multi-fuzzy group (FMG), and in[ 50,51],
the authors de ned fuzzy multi-polygroups and fuzzy multi-Hv-ideals and studied their
properties. In [ 52], Neutrosophic Multigroup (NMG) and their applications are observed.

A new type of FS (FMS) was studied by Sebastian et al. [53]. This set makes use of ordered
sequences of MS functions to express problems that are not covered by other extensions
of FS theory, such as pixel colour. Dey et al. [54] were the rst to establish the concept of
multi-fuzzy complex numbers and multi-fuzzy complex sets. Over a distributive lattice,
the authors [54] proposed multi fuzzy complex nilpotent matrices. Yong et al. [ 55] recently
proposed the notion of the multi-fuzzy soft set, which is a more general fuzzy soft set, for
its application to decision making.
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Motivation

There is a lot of ambiguity information in the real world that crisp values cannot
manage. The FS theory [l], proposed by Zadeh, is an age-old and excellent tool for dealing
with uncertain information; however, it can only be used on random processes. As a
result, Sebastian et al. p6] introduced FMSs, Atanassov [57] suggested the IFS theory,
and Shinoj et al. [58] launched intuitionistic FMSs, all based on FS theory. The theories
mentioned above have expanded in a variety of ways and have applications in a variety of
elds, including algebraic structures. Some of the selected papers are those on FSs[59-61]
FMSs [62-64], IFSs [65-72], and intuitionistic FMSs [ 73]. However, these theories are
incapable of dealing with all forms of uncertainty, such as indeterminate and inconsistent
data in various decision-making situations. To address this shortfall, Smarandache [ 74]
proposed the NS theory, which makes Atanassov's [ 57] theory very practical and easy to
apply. In this current decade, neutrosophic environments are mainly interested by different
elds of researchers. In Mathematics, much theoretical research has also been observed
in the sense of neutrosophic environment. A more theoretical study will be required to
build a broad framework for decision-making and to de ne patterns for the conception
and implementation of complex networks. Deli et al. [ 75] and Ye [76,77] proposed the
notion of neutrosophic multiset (NMS) for modelling vagueness and uncertainty in order
to improve the NS theory further. From the literature survey, it was noticed that precisely
the properties of the neutrosophic multi topological group (NMTG) are not performed.
Now, as an update for the research in NMS, we introduced the de nition of a neutrosophic
semi-open set, neutrosophic semi-closed set, neutrosophic regularly open set, neutrosophic
regularly closed set, neutrosophic continuous mapping, neutrosophic open mapping,
neutrosophic closed mapping, neutrosophic semi-continuous mapping, neutrosophic semi-
open mapping, neutrosophic semi-closed mapping. Moreover, we tried to prove some
of their properties and also cited some examples. We de ned the neutrosophic multi
almost topological group by using the de nition of neutrosophic multi almost continuous
mapping and investigate some properties and theorems of a neutrosophic multi almost
topological group.

2. Materials and Methods

Denition 1 ([42]). Let X be a non-empty xed set. A neutrosophic set (MS)s an object
with the formA = f< X, My ,Sa, ga > :x 2 Xg,whereT,I,F : X! [0, ] and0 mu +
sat ga  3andm (X), sa(x), andga(x) represents the degree of MS function, the degree
indeterminacy, and the degree of non-MS function, respectively, of each ele@efitaxsetA.

De nition 2 ([78]). A neutrosophic multiset (NMS) is a type of neutrosophic set (NS) in which
one or more elements are repeated with the same or different neutrosophic components.

Example 1. Let X = fa, b, cg then
8 9
< < a0.6,01,0.2,< 305,0.1,0.3,< 304,0.2,04, =
A= <b030504,< b0.205,06>,< b0.1,05,07,
< ¢0.4,05,0.6>,< ¢0.3,05,0.7,< ¢, 0.2,0.6,0.8 '

is an NMS, as the elementsé, care repeated.
HoweverB = f< a,0.8,0.3,0.1>, < b,0.5,0.3,0.4>,< ¢,0.4,0.4,0.6> gis an NS and
not an NMS.

n 0
De nition 3 ([52)). The Empty NMSisdenedabym = m 2 X;< mq,q > , wherem

can be repeated.
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n 0
De nition 4 ([52)). The Whole NMSisde nedakyy = m 2 X;< m(19q > , wherem can

be repeated.

De nitionp  ([57)). LetX 6 f,anda neptrosophic multiset (NM$) on X can be expressed

asA = m2X; mer, , then the complement oA is de ned asA® =

n (m)+= A(m) FoAm) >

m2 X; mc Faml= amTam> - where m can be repeated depending on its multiplicity, and
theT, =, F values may or may not be equal.

n (o]
De nition 6 ([52]). LetX & f and A = m2 X; M<T )= Agm) F A@m) > and B =
n [0}
m?2 X; M<T 50 = am Fagm > are NMSs. Then
n o]
M) AeB= M2 XiMsmin(Tx(m),T o(m) max(=(m).= s(m) max(F a(m) Fo(m)>

(i) AdB= M2 XiMemax(T p(m),Ta(m).min(= a(m).= s(m)),min (F a(m) Fa(m)>

Denition 7 ([78]). LetX 6 f, and a neutrosophic multiset topology (NMT) afiis a familyt x
of neutrosophic multi subsets of X if the following conditions hold:
()  Onm.Inm 2 tx;
(II) GieGy2tyfor G, Gy 2 ty;
(i) dG 2tx,8 Gy :i12J 4 tx.
Then(X,tx) is known as a neutrosophic multi topological space (NMTS), and any NMS in
tx is called a neutrosophic multi-open set (NMOS). The elemenhgadre said to be NMOSs, an
NMS F is neutrosophic multi closed set (NMCoS) if 8 NMOS.

De nition 8 ([52]). Let X be a classical group aml be a neutrosophic multiset (NMS) oX.
Then A is said to be neutrosophic multi groupoid over X if

@) TSmn) TCm) ! T(n);
(i) 1;(mn) 1;S(m) ! 1;8(n);
@iy FS(mn) FS(m) ! FS(n), 8m.n2 Xandi= 1,2,... P,

Moreover,A is said to be neutrosophic multi-group (NMG) ovkErif the neutrosophic multi
groupoid satis es the following:
0 Tem?t TSm);
@ 1Sm?  8(m);
i) R°®m?1 FSm),8m2 Xandi=1,2,...P.

De nition 9 ([52]). Let G be an NMG in a groupX, ande be the identity ofX. We de ne the
NMS Ge by

Ge=fm2 X:Tg(m) = Tg(e), =c(m) = =g(6), Fec(m) = Fs(e)g

We note for an NMGG in a groupX, foreverym2 X : Tg m 1 = Tg(m), =g m 1 =
=g(m) andFg m 1 = Fg(m). Moreover, for the identitg2 X : Tg(e) < Tg(m), =g(6€) <
=g(m) andFg(e) 4 Fg(m).

3. Results
De nition 10. Let(X,tx) be NMTS. Then foran NMSA = < x,m\,, Sn;, Oy, > (X2 X,
the neutrosophic interior of A can be defined asNM % Int  (A) =

< x,dmy,, esy;,edy, > 1 x2 X .

De nition 11. Let(X,tx) be NMTS. Then foran NMSA = < x,m\;, Sn;, Oy, > (X2 X,
the neutrosophic closure ofA can be defined asNM v Cl (A) =
< x,em, dsy;, ddy, > 1 x2 X .
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De nition 12. LetG be an NMG on a grouiX. Lettyx be a NMT onG, then(G ,tx) is known

as a neutrosophic multi topological group (NMTG) if it satis es the given conditions:

(i) a:(G,tx) (G,tx) ! (G,tx) denedbya(m,n) = mn,8 m,n 2 X, is relatively
neutrosophic multi continuous;

(i) b:(G,tx) ! (G,tx) denedbyb(m) = m 1, 8m2 X, is relatively neutrosophic
multi continuous.

De nition 13. LetA be an NMS of an NMTY X,tx), thenA is called a neutrosophic multi
semi-open set (NMSOS) of XB aB 2 tx, suchthatA 4 MN v Int(MN  CI(B)).

Example 2. Let X = f a, bg:

< 40.8,0.1,0.2»,< 30.7,0.1,0.3>,< 3,0.6,0.2,0.4>,
< b,0.7,0.2,0.3>,< b,0.6,0.3,0.4>,< b,0.4,0.2,0.5

<a0.90.1,0.21>,< 408,0.1,0.2,< 30.7,0.2,0.3>,

B= < b, 08,0.2,0.2>,< b0.7,0.2,0.3>,< b,05,0.2,0.4

Thent = fO0x, 1x, Bgis neutrosophic multi topological space.
Then CI(B) = 1y, Int(CI(B)) = 1x.
Hence, B is NMSOS.

De nition 14. LetA be an NMS of an NMTY X, tx), thenA is called a neutrosophic multi
semi-closed set (NMSCoS) of X9faBC® 2 ty, suchthat MNv CI(MN  Int(B)) 4 A.

Lemma 1. Letf : X! Y be a mapping andA,g be a family of NMSs ofY, then (1)
f YdAx) =df (A and(i)f 1(eAs) = ef 1(Aj).

Proof. Proof is straightforward.
Lemma 2. LetA, Bbe NMSsof Xand Y, theix A B = (A® 1x)d (1x B 9.

Proof. Let (p,g) beanyelementofX Y,(1x A B )(p,9= max(1lx A (p),1x B (q) =

maxf (A€ 1x)(p,d), (B¢ Ix)(p,a)g = f(A® 1x) d (1x B ©)g(p,g), for each
(p.g 2 X Y.

Lemma3. Letf;: X; ! Y;andAjbeNMSsof;,i= 1,2wehavdf, f5) l(Al A o) =
f1 H(A1) f2 YAy).

Proof. Foreach(p1, p2) 2 X1 X, we have

(A A 2)((f1(p1).f2(p2)

minf A1f 1(p1), Azf 2(p2)g

min f1 X(A1)(p1). f2 HA2(p2)
f1 XA 2 HA2) (pup2).

(f1 f2) "(A1 A 2)(p1p2)

Lemmad4. Lety : X ! X Y bethe graph of amappirfg: X ! Y. Then, ifA,B is NMSs
ofXandY,y YA B )= Aef 1(B).

Proof. For eachp 2 X, we have

y (A B )(p)= (A B )y(p) (A B )(p.f(p)

minfA(p),B(f (p))g
Aef 1(B) (p).
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Lemma 5. For a familyf Ag, of NMSs of NMTS (X, x), d NM v CI(Az) 4 NM v
CI(d(A3)). Inthe case thaB is a nite set,dNM v CI(Az) 4 NM v CI(d(A3a)). Moreover,
dNM v Int(Az) 4 NM v Int(d(Aj)), where a subfamilid of (X, x) is said to be subbase
for (X, x) if the collection of all intersections of memberB dérms a base fqiX, x).

Lemma 6. For an NMS A of an NMTS (X, x), (@ Ixm  NM v Int(A) = NM v
Cl(lNM A ),and (b)lNM NM v C|(A)= NM v Int(lNM A )

Proof. Proof is straightforward.

Theorem 1. The statements below are equivalent:

(i) A isan NMCoS;

(i)  ACisan NMOS;

(i) NM v Int(NM v CI(A)) 4 A;
(iv) NM v CI(NM v Int(A®)) < A€

Proof. (i) and (ii) are equivalent follows from Lemma 6, since for an NMS A of an
NMTS (X, x) suchthatlyy NM v Int(A) = NMv Cl(1ym A )andlyy NM v
Cl(A) = NM v Int(lNM A )

()) (iii). By de nition, 9 an NMCoS B such that NM v Int(B) 4 A 4 B; hence,
NM v Int(B) 4 A 4 NM v CI(A) 4 B. SinceNM v Int(B) is the largest NMOS
contained in B, we have NM v Int(NM v CI(B)) 4 NM v Int(B) 4 A;

(iii)) (i) follows by taking B = NM v CI(A);

(iiy, (iv) can similarly be proved.

Theorem 2. (i) Arbitrary union of NMSOSs is an NMSOS;
(ii) Arbitrary intersection of NMSCoSs is an NMSCoS.

Proof. (i) Let f A 59 be a collection of NMSOSs of an NMTS (X, x). Then9aB,; 2 x such
that B4 4 A3 4 NM v CI(By) foreach . Thus,e B4 4 dAz4 d NM v CI(By) 4
NM v CI(d(Bj)) (Lemma5),anddB, 2 , this shows that d B, is an NMSOS;

(i) Let f Aag be a collection of NMSCoSs of an NMTS (X, x). Then9aB; 2 x
such that NM v Int(Bg) 4 Az 4 Bsyforeach . Thus, NM v Int(e(Ba)) 4 € NM v
Int(By) 4 e Ag4 e By(Lemmab),anddB, 2 , this shows that e B; is an NMSCoS.

Remark 1. Itis clear that every NMOS (NMCoS) is an NMSOS (NMSCoS). Thenwerse is not true.

Example 3. From Example 2, it is clear thd is a neutrosophic multi semi-open set, liis
not NMOS.

Theorem 3. If (X, x) and(Y, y) are NMTSs, andX is a product related t&Y. Then the
productA B of an NMSOSA of X and an NMSOSB of Y is an NMSOS of the neutrosophic
multi-product space X Y.

Proof. LetP 4 A 4 NM v CI(P)and Q 4 B4 NM v CI(Q), where P 2 x and
Q2 yv.ThenP Q 4 A B 4 NMv CI(P) NM v CI(Q). For NMSs P's of X and
Q's of Y, we have:

(@) inffP,Qg= minfinf P, inf Qg;

(b) inf fP Inm g= (|nf P) Inm s

() inffiym Q g= Iwm (inf Q).
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Itis suf cienttoprove Nmv CI(A B )< NM v CI(A) NM v CI(B). LetP 2 xand
Q2 vy.Then

NMV CI(A B ) =inf{(P Q)°(P Q <A B
=inf{(P® 1yw)d(Inm Q 9j(P® Iwm)d(Inm Q ©)
<ABg
= inf{(P® 1ym)d (Iwnm Q 9)jP°< AorQ€< B}

inf f(P® Iwv)d(Inm Q 9)jP°< Ag,

inf f(P® Iym)d(Inw Q 9jQ°<Bg

Since, inff (PS¢ 1ym)d (Inv Q ©)jPC< A g< inff(P¢ 1ww)jP°< Ag

= min

= InffPCj P¢< A g Iyww= NMyv CI(A) Iym
andinff (P® 1Inm)d (Inv Q ©)jQ°< Bg<inff(lyv Q )jQ°<Bg
= 1um infoCjQC< B g= 1um NM v CI(B)

we have, NM v CI(A B ) < minfNMv CI(A) 1ym,Inm NM v CI(B)g =
NM v CI(A) NM v CI(B), hence the result.

De nition 15. An NMS A of an NMTS (X, tx) is called a neutrosophic multi regularly open set
(NMROS) of (X,tx) if NM v Int(NM v CI(A)) = A.

Example 4. Let X = f a bg and

< a0.4,05,0.5,< 30.3,0.5,0.6>,< 30.2,0.6,0.7,

A= 1050706 <b040507, < b03,05,08

Thent = fO0x, 1x,Agis neutrosophic multi topological space.
Clearly, CI(A) = AC, Int(CI(A)) = A.
Hence, A is NMROS.

De nition 16. An NMS A of an NMTS(X,tx) is called a neutrosophic multi regularly closed
set (NMRCoS) of(X,tx) if NM v CI(NM v Int(A)) = A.

Theorem 4. An NMS A of NMTS (X, tx) is an NMRO if A®is NMRCo.
Proof. It follows from Lemma 3.

Remark 2. It is obvious that every NMROS (NMRCoS) is an NMOS (NMCoS). The converse
need not be true.

Example 5. Let X = f a bg and

A = < a0.8,0.1,0.2»,< 30.7,0.1,0.3>,< 30.6,0.2,0.4>,
B < b,0.7,0.2,0.3>,< b,0.6,0.3,0.4>,< b,0.4,0.2,0.5
<a0.90.1,0.2>,< 4038,0.1,0.2,< 30.7,0.2,0.3>,

B= < b0.8,0.2,0.2>,< b,0.7,0.2,0.3>,< b,0.5,0.2,0.4

Thent = fO0x, 1x, Bgis a neutrosophic multi topological space.
Then CI(B) = 1y, Int(CI(B)) = 1x, which is not NMROS.

Remark 3. The union (intersection) of any two NMROSs (NMRCo0S) need not be an
NMROS (NMRCoS).
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Example 6. Let X = f & bg and
t = fOx,1x,A,B,A B gisaneutrosophic multi topological space, where

< 40.4,05,0.6>,< 30.3,0.5,0.72,< a0.2,0.6,0.8>,

A= £ b070503 <b0605 04 <b040506
5. <a060504,<2a070503,< 2080402,

~ < b0.3,050.7,< b04,05,06,< b0.6,05,04

Al g <2060504,<2a070503,<a0804,02,

< b,0.7,0.5,0.3>,< b,0.6,0.5,0.4>,< b,0.4,0.5,0.6>

Here, CI(A) = BC, Int(CI(A)) = A, and CI(B) = A€, Int(CI(B)) = B.
Then CI(A ~ B) = 1x.

Thus, Int(CI(A ~ B)) = 1x.

Hence, A and B is NROS, but A ~ B is not NROS.

Theorem 5. (i) The intersection of any two NMROSs is an NMROS;
(ii) The union of any two NMRCoSs is an NMRCoS.

Proof. (i) Let A; and A, be any two NMROSs of an NMTS (X, tx). SinceA;e A,
is NMOS (from Remark 3), we have A;e A2 4 NM v Int(NM v Cl(Ai1e Aj)).
Now, NM v Int(NM v CI(A;eAy) 4 NM v Int(NMv CI(A;)) = A and
NM v Int(NM v CI(A1eAy) 4 NM v Int(NM v CI(Ay)) = A, implies that
NM v Int(NM v CI(Ar1e A3)) 4 Aie Ay, hence the theorem;

(i) Let A; and A, be any two NMROSs of an NMTS (X,tx). SinceA;d A, is
NMOS (from Remark 3), we have A;d A, < NM v CI(NM v Int(A;d Aj)). Now,
NM v CI(NM v Int(A;dA3) < NM v CI(NM v Int(A;)) = A and NM v
CI(NM v Int(A1d A3) < NM v CI(NM v Int(Az)) = A, implies that A;d A, 4
NM v CI(NM v Int(A1d Ay)), hence the theorem.

Theorem 6. (i) The closure of an NMOS is an NMRCoS;
(i) The interior of an NMCoS is an NMROS.

Proof. (i) Let A be an NMOS of an NMTS (X,tx), clearly, NM v Int(NM v CI(A))4
NM v CI(A) ) NMv CI(NM v Int(NM v CI(A))) 4 NM v CI(A). Now, A is
NMOS impliesthat A 4 NM v Int(NM v CI(A)), and hence,NM v CI(A) 4 NM v
CI(NM v Int(NM v CI(A))). Thus, NM v CI(A) is NMRCosS;

(i) Let A be an NMCoS of an NMTS (X,tx), clearly, NM v CI(NM v Int(A))<
NM v Int(A) ) NM v Int(NM v CI(NM v Int(A))) < NM v Int(A). Now, A is
NMCoS implies that A < NM v CI(NM v Int(A)), and hence,NM v Int(A) < NM v
Int(NM v CI(NM v Int(A))). Thus, NM v Int(A) is NMROS.

De nition 17. Letf :(X,tx) ! (Y,ty) be a mapping from an NMT$X,tx) to another
NMTS (Y,ty), thenf is known as a neutrosophic multi continuous mapping (NMCM), if
f 1(A) 2 ty foreachA 2 ty, or equivalentlyf 1(B) is an NMCoS ofX for each CONMB

of Y.

Example 7. Let X = Y = fa b,cgand
8 9
< < a04,05,0.6>,< 30.3,0.50.7,< 30.2,0.6,0.8, =
A= <b030504,< b0.20506>,< b0.1,0507%,  ;
< ¢0.4,05,0.6>,< ¢ 0.3,0.5,0.7,< ¢, 0.2,0.6,0.8 '
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9
< < a0.6,01,02,< 80.5,0.1,0.3,< 504,0.2,04, =
B=_  <b030504,<b0.20506>,< b0.10507, .
' <¢04,05,06>,<¢0.3,05,0.7,<0.20.6,08

Thenty = f0Ox, 1x,Agandty = fO0y, 1y, Bg are neutrosophic multi topological spaces.
Now, de neamapping f:(X,tx)! (Y,ty) by f(a) = f(c) = cand f(b) = b.
Thus, f is NMCM.

De nition 18. Letf :(X,tx) ! (Y,ty) be a mapping from an NMT$X,tx) to another
NMTS (Y,tv), thenf is called a neutrosophic multi open mapping (NMOM)fi{fA) 2 ty for
eachA 2 ty.

De nition 19. Letf :(X,tx) ! (Y,ty) be a mapping from an NMT$X,tx) to another
NMTS (Y,ty), thenf is said to be a neutrosophic multi-closed mapping (NMCoM)(B) is an
NMCoS of Y for each NMCo8 of X.

De nition 20. Letf :(X,tx) ! (Y,ty) be a mapping from an NMT$X,tx) to another
NMTS (Y,ty), thenf is called a neutrosophic multi semi-continuous mapping (NMSCM), if
f 1(A)is the NMSOS of X, for eachA 2 tvy.

Denition 21. Letf :(X,tx) ! (Y,ty) be a mapping from an NMT$X,tx) to another
NMTS (Y,ty), thenf is called a neutrosophic multi semi-open mapping (NMSOMj) (fA) is a
SONMS for eachA 2 ty.

Example 8. Let X = Y = fa b,cgand

8 9
< <a0.6,01,02,< 805,01,0.3,< 304,0.2,04, =

A= <b030504,<b0.20506,< b0.10507,  ;
" <¢04,05,06>,<¢0.3,050.72,<0.206,08 ’
8 9
< < 4a0.3,05,04,< 30.2,0.5,0.6>,< 50.1,05,0.7, =

B=_  <Db06,0102,<b05,01,03,< b04,0.204, .
° <¢04,05,06>,<¢0.3,05,0.7,<0.20.6,08

Thenty = fOx,1x,Agandty = fO0y, 1y, Bg are neutrosophic multi topological spaces.
Clearly, A is a semi-open set.

Thenamapping f:(X,tx) ! (Y,ty) denedby f(a) = b, f(b) = aand f(c) = c.
Hence, f is NMSOM.

De nition 22. Letf :(X,tx) ! (Y,ty) be a mapping from an NMT$X,tx) to another
NMTS (Y,ty), thenf is called a neutrosophic multi semi-closed mapping (NMSCoM)(B) is
an NMSCosS for each NMCoB of X.

Remark 4. From Remark 1, an NMCM (NMOM, NMCoM) is also an NMSCM (NMSOM,
NMSCoM).

Example 9. Let X = Y = fab,cgand

8

< <a0.4,05,06>,< 80.3,05,0.7~,< 40.2,0.6,0.8>,
A=_ <b030504,<b0.20506>,< b0.10507,  ;

" <¢04,05,06>,<¢0.3,05,0.72,<¢0.20.6,08 ’

9
< < a0.4,05,06>,< 80.3,05,0.7~,< 80.2,0.6,0.8, =
B=_  <Db040604,<b0.3,0505,< b0.20.506, .
" <¢06,05/05,<04,05,0.6>,<c0.20.6,09 ’
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Thenty = fOx,1x,Agandty = fOy, 1y, Bg are neutrosophic multi topological spaces.
Letusde neamapping f:(X,tx)! (Y,ty) by f(& = f(c) = cand f(b) = b.
Thus, f is NMSCM, which is not an NMCM.

Theorem 7. Let X1, X5, Y1 and Y, be NMTSs such thaiX; is product related toX,. Then,
the productf 1 fai Xy Xp! Y1 Y2 of NMSCMs f1: X4 ! Y1 andf,: Xo ! Yo
is NMSCM.

Proof. Let A d A; B , ,where Ay's and By,'s are NMOSs of Y; and Yo, respectively,
be an NMOS of Y;  Y,. By using Lemma 1(i) and Lemma 3, we have

h i
(f1 f2) MA)=d f1 YAa) f2 1A,

where (f1 f)) 1(A) is an NMSOS follows from Theorem 3 and Theorem 2 (i).

Theorem 8. LetX, X; andX,be NMTSsandp; : X1 Xo ! X (i = 1, 2) be the projection
of X;  Xzonto X. Then,iff : X1 X; Xjyisan NMSCM, pf is also NMSCM.

Proof. For an NMOS A of X;, we have (pif) *(A)=1f 1 p 1(A) .p is an NMCM and
f is an NMSCM, which implies that (p;f) 1(A) is an NMSOS of X.

Theorem 9. Letf : X I Y be a mapping from an NMTZ to another NMTSY. Then if the
graphy : X! X Y off isNMSCM, f is also NMSCM.

Proof. From Lemma4,f (A)= Lymef (A)=y (lwm A ), foreach NMOS A of
Y. Sincey isan NMSCMand 1y A isanNMOS X Y, f 1(A)is an NMSOS of X and
hencef is an NMSCM.

Remark 5. The converse of Theorem 9 is not true.

De nition 23. A mappingf : (X,tx) ! (Y,ty) from an NMTS X to another NMTSY is
known as a neutrosophic multi almost continuous mapping (NMACM) if1(A) 2 tx for each
NMROS A of Y.

Example 10. Let X = Y = fa,bgand

< 40.4,05,05,< 40.3,05,0.6>,< 80.2,0.6,0.7>,
< b,0.5,0.7,0.6>,< b,04,05,0.7~,< b0.3,05,0.8 '’

< a0.5,0.7,0.6>,< 50.4,0.5,0.7,< a0.3,0.5,0.8,
< b,04,0.5,0.5,< b0.3,05,0.6>,< b0.2,0.6,0.7>

Thenty = fOx,1x,Agandty = fOy, 1y, Bg are neutrosophic multi topological spaces.
Clearly, CI(B) = BS, Int(CI(B)) = B.

Hence, B is NMROS.

Now, let us de ne amapping f: (X,tx)! (Y,ty) by f(a) = b, f(b) = a.

Thus, f is NMACM.

Theorem 10. Letf : (X,tx) ! (Y,ty) be a mapping. Then the below statements are equivalent:

(@ f isan NMACM;

(b) f 1(F)isan NMCoS, for each NMRCoB of Y;

(¢ f Y(A)Y4 NM v Int(f }(NM v Int(NM v CI(A)))), for each NMOSA of Y;
(d NMvClf Y{NMv CI(NMv Int(F))) 4 f 1(F),foreach NMCoF of Y.
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Proof. Considerthat f 1(A¢) = f 1(A) ° forany NMS A of Y, (a), (b) follows from
Theorem 4.

(@) (c). SinceA isan NMOS of Y, A 4 NM v Int(CI(A)), hence,f (A) 4
f I(NM v Int(NM v CI(A))). From Theorem 6 (i), NM v Int(NM v CI(A)) is an
NMROS of Y, hencef Y(NM v Int(NM v CI(A))) is an NMOS of X. Thus,f (A) 4
f {(NM v Int(NM v CI(A))) = NM v Int(f Y(NM v Int(NM v CI(A))).

() (a. Let A be an NMROS of Y, then we have f (A) 4 NM v
Int f YNM v Int(NM v CI(A))) = NM v Int f Y(A) . Thus,f Y(A) = NM v
Int f L(A) . This showsthatf 1(A)is an NMOS of X.

(b) , (d) similarly can be proved.

Remark 6. Clearly, an NMCM is an NMACM. The converse need not be true.
Example 11. Let X = Y = fa bgand

< §0.4,05,05,< 40.3,05,0.60,< 30.2,0.6,0.72,
< b,0.5,0.7,0.6>,< b,0.4,05,0.7~,< b0.3,05,08 '

< a0.5,05,0.6>,< 40.6,0.5,0.7~,< 30.2,0.6,0.9>,
< b,0.4,04,0.7,< b0.3,05,0.5,< b 0.4,05,0.6>

Then,tx = f0x, 1x,Agand ty = fOy, 1y, Bg are neutrosophic multi topological spaces.
Clearly, CI(B) = BC, Int(CI(B)) = B.

Hence, B is NMROS in ty.

Now, a mapping f:(X,tx)! (Y,ty) denedby f(a) = a f(b) = b.

Then clearly, f is NMACM but not NMCM.

Theorem 11. Neutrosophic multi semi-continuity and neutrosophic multi almost continuity are
independent notions.

De nition 24. AN NMTS (X,tx) is called a neutrosophic multi semi-regularly space (NMSRS)
if and only if the collection of all NMROSs of X forms a base for NWT.

Theorem 12. Letf : (X,tx) ! (Y,ty) be a mapping from an NMTX to an NMSRSY. Then
f is NMACM iff f is NMCM.

Proof. From Remark 6, it suf ces to prove that if f is NMACM, then it is NMCM. Let
A2 ty,then A = d A,, where Ay's are NMROSs of Y. Now, from Lemma 1(i), 5, and
Theorem 10 (c), we obtain

f Y(A)=df Y(Al))4d NMv Int f {(NM v CI(Al) =dNMvV Int f (A, .

ANMvV Intd f YAy =NMv iInt f YA, .

which shows that f 1(Ajg) 2 tx.

Theorem 13. Let X1, X5, Y1 andY, be the NMTSs, such that; is product related t&». Then
the productf, fo:X; Xo! Yy Y of NMACMs f: X3! Yy andf,:Xo! Ypis
NMACM.

Proof. LetA = d As B , ,where Ay's and By's are NMOSs of Y1 and Y,, respectively,
be an NMOS of Y;  Y,. From Lemma 1(i), 3, 5, and Theorem$, and 10 (c), we have

n 0
(f1 f2) M(A)=d f1 Y(Aa) f2 !By
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44 NM v Int f1 {(NM v Int(NM v CI(AL)))
NMvV Int f 2 NM v Int NM v Cl By

4d hNM v Intnfl ANM v Int(NM v CI(Ag) fo ' NM v Int NM v Cl By >
4 NM v Inthd (f1 f) P NM v Int(NM v CI(Aa)) NM v Int NM v Cl By |
= NM v Inthd (f1 f) ' NMv iInt NMv Cl A, By !
4 NM v Inth(fl f,) LNMviInt NMv Cld Az By !

h i
=NMV Int (f; f2) XNM v Int(NM v CI(A)))

Thus, by Theorem 10 (c),f; f»is NMACM.

Theorem 14. LetX, X;andX,beanNMTSsandy; : X; X! Xi(i = 1, 2) be the projection
of X;  Xzonto X. Theniff : X! X; X, isan NMACM, pif is also an NMACM.

Proof. Since p; is NMCM De nition 16, for any NMS A of X;, we have (i) NM v
Clpp (A) 4 p; X{(NM v CI(A)) and (i) NM v Int g Y(A) < pi Y(NM v Int(A)).
Again, since (i) each p; is an NMOS, and (ii) for any NMS A of X; (@) A 4 p; 1pi(A)
and (b) p; pi(A) 4 A,wehavep, NM v Int g 1(A) 4 pipi Y(A) 4 A, and hence,
pi NM v Int p; Y(A) 4 NM v Int(A).

Thus, NM v Int p; 1(A) 4 pi 'pi NM v Int p }(A) 4
pi Y(NM v Int(A) establishes that NM v Int p; 1(A) 4 p Y{(NM v Int(A)).
Now, for any NMOS A of X;,

(mf) A= f tp YA)

4 NMv Int f TNMv Int NMv Cl p; }A)
NMv iInt f 1 NMv Int p; {(NM v CI(A))
NMv Int f 1 p Y(NM v Int(NM v CI(A)))
NM v Int(pif) Y(NM v Int(NM v CI(A)))

N

Theorem 15. Let X andY be NMTSs such thaK is product related t&Y and letf : X! Y bea
mapping. Then, thegraph : X! X Y off isNMACM if f is NMACM.

Proof. Consider that y isan NMACM and A is an NMOS of Y. Then, using Lemma 4 and
Theorems 10 (c), we have

f Y(A) Inwef HA)

y Y(Inm A )4 NM v Inty YNM v Int(NM v Cl(Iym A )))
NMvV Inty Y(1ym NM v Int(NM v CI(A)))

NMv Inty {(NM vV Int(Iyzwm NM v CI(A)))

NM v Int y Y(NM v Int(NM v CI(A)))

Thus, by Theorem 10 (c),f is NMACM.

Conversely, let f be an NMACM and B = d By A y , where By'sand Ay's are
NMOSs of X and Y, respectively, be an NMOS of X Y.

SinceBae NM v Int f 1 NM v Int NM v Cl Ay is an NMOSs of X con-
tained in

NM v Int(NM v CI(Ba))e f 1 NM v Int NM v Cl A,

BaeNM vV Int f 1 NM v Int NM v Cl A,
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f (B)

h i
4 NM vV Int NM Vv Int(NM v CI(Ba))ef Y NM v Int NMv Cl A,

and hence, using Lemmas 1(i), 4 and 5, and Theorems 10 (c), we have

4d BaeNMv Intf 1 NMv Int NMv Cl A,
4d NMvV Int(NM vV Int(NM v CI(Ba))) ef X NM v Int NM v Cl Ay

4

I &1

NMvVv Intdy Y(NMv Int(NM v CI(Ba))) NMvV Int NMv Cl Ay
NMvinty 1d NMv Int NMv Cl By A

NMvinty INMviInt NMv Cld By A,

NM v Int y Y(NM v Int(NM v CI(B)))

Thus, by Theorem 10(c),y is NMACM.

De nition 25. LetG be an NMG on a grougX. Now, if tx is an NMT onG, then(G ,tx) is said
to be a neutrosophic multi almost topological group (NMATG) if the given conditions are satis ed:
(i) a:(G,tx) (G,tx) ! (G,tx):a(m,n) = mnis NMACM,;
i) b:(G,tx) ! (G,tx):b(m)=m Lis NMACM.
Then(G ,tx) is known as an NMATG.

Remark 7. (G ,tx) is an NMATG if the below conditions hold good:

(i) Forgg, g2 2 G andevery NMROSP containingg; g, in G, 9 open neighborhood® and S
ofggand g in GsuchthatR S 4 P;

(i) Forg 2 G and everyN in G containingg 1, 9 open neighborhodd of g in G so that
R 14s.

Remark 8. For any P,Q 4 G, we denoteP Q by PQ and dened asPQ =
fgh:g2P,h2QgandP 1= g ':g2P . If P = fagfor eacha 2 G, we denote

P Q byaQandQ P byPa

Example 12. Let,G = (Z3,+) be a classical group and
8 9
< <0,04,05,06,<0,0.3,05,0.72,<0,0.20.6,08, =
A= <1,030504,<1,020506,<1 010507,
< 2,04,05,06,< 2,0.3,05,07>,< 2, 0.2,0.6,0.8

Thentg = f0g, 1g,Agis NTS and the mapping : (G,tg) (G,tg) ! (G,tg):a(m,n) =
mnandb: (G,tg) ! (G,tg): b(m) = m *are NMACM. Hence,(G ,tg) is NMATG.

Theorem 16. Let(G ,tyx) be an NMATG and let a be any element®f Then
@ m:(G,tx)! (G, tx) :m(x) = ax,8x 2 G, is NMACM;
(b) 1a:(G,tx)! (G,tx) :1a(x) = xa,8x 2 G, is NMACM.

Proof. (a) Let p2 G and let R be an NMROS containing apin G. By De nition 25, 9 open
neighborhoods P,Q of a, pin G suchthat PQ 4 R. Especially,aQ 4 R,i.e.,my(Q) 4 R.
This proves that ny is NMACM at p, and hence,ny is NMACM.

(b) Supposep 2 Gand R 2 NMRO(G) contain pa Then 9 open setsp 2 P and
a2Q in Gsuchthat PQ 4 R. This proves Pa4 R. This shows that | 5is NMACM at p.
Since arbitrary element pisin G, hence,l 3is NMACM.

Theorem 17. LetU be NMROS in a NMATG (G, tx). The below conditions hold good:

(@) mU 2 NMROS(G),8m?2 G:
(b) Um2 NMROS(G),8m2 G;
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(c) U 12 NMROS(G).

Proof. (a) We rst show that mU 2 tx. Let p 2 mU. Then by De nition 25 of NMATGs,
9NMOSsm 12 W; and p 2 W, in G such that W,;W, 4 U. Especially, m W, 4 U.
That is, equivalently, W, 4 mU. This indicates that p2 NM v Int(mU) and thus, NM v
Int(mU) = mU. Thatis mU 2 tx. Consequently, mU 4 NM v Int(NM v CI(mU)).

Now, we have to prove that NM v Int(NM v CI(mU)) 4 mU. As U is NMOS,
NM v CI(U) 2 NMRCS(G). By Theorem 16, m,, 1: (G ,tx) ! (G,tx) is NMACM,
and therefore, mMNM v CI(U) is NMCoS. Thus, NM v Int(NM v CI(mU)) 4 NM v
Cl(mU) 4 mNM v CI(U),i.e.,m INM v Int(NM v ClI(mU)) 4 NM v CI(U). Since
NM v Int(NM v Cl(mU)) is NMROS, it follows that m INM v Int(NM v CI(mU)) 4
NM v Int(NM v CI(U)) = U,ie, NM v Int(NM v CI(mU)) 4 mU. Thus mU =
NM v Int(NM v CI(mU)). This proves that mU 2 NMROS(G).

(b) Following the same steps as in part (1) above, we can prove that Um 2
NMROS(G),8m2 G.

(c)Letp 2 U 1 then 9 opensetp 2 Win Gsuchthat W 14 U) w4 U 1
Thus, U 1 has interior point p. Thus, U ! is NMOS. Thatis, U1 4 NM v
Int NMv Cl U ' . Now we have to provethat NM v Int NMv ClU 1 4 U 1
Since U is NMOS, NM v CI(U) is NMRCoS and thus NM v CI(U) 1is CoNMS
in G. Thus, NM v Int NMv CIU?' 4 NMv ClU?! 4 NMv CI(U) ')

NM v IntNMvcClU!l 4 (NMvcClU) 14 Ul Thus,Ul = NM v
Int NMv Cl U 1 | ThisprovesthatU 12 NMROS(G).

Corollary 1. LetQ be any NMRCoS in an NMATG inG. Then

(@ mQ 2 NMRCS(G), foreach n? G;
(b) Q 12 NMRCS(G).

Theorem 18. LetU be any NMROS in an NMATGG. Then

(@ NMyv CI(Um) = NM v CI(U)m, for each n2 G;
(b) NM v CI(mU) = mNM v CI(U), foreachnm? G;

0 NMvclut!=nNmMmvclu) L

Proof. (a) Assume p 2 NM v CIl(Um) and consider g = pm L. Letq 2 W be
NMOS in G. Then 9 NMOSs m 1 2 V; and p 2 V, in G, such that V4V, 4 NM v
Int(NM v CI(W)). By hypothesis, thereisg 2 Um e Vo, ) gm?! 2 UeV,V, 4
UeNM v Int(NMv CI(W)) ) U eNM v Int(NMv CI(W)) 8 Oy ) U e
(NM v CI(W)) 6 Oym - SinceU is NMOS, Ue W 8 Oyy . Thatis,m2 NM v CI(U)m.

Conversely, letg2 NM v CI(U)m. Theng= pgforsome p2 NM v CI(U).

To prove NM v CI(Uym4 NM v CIl(Um).

Let pg 2 W be an NMOS in G. Then 9 NMOSs m 2 V; in G and
p 2 V,in G so that ViV, 4 NM v Int(NMv CI(W)). Since p 2
NM v CI(U), UeV, 6 Oum- There is g 2 U e V, This implies
gm2 (Um)e NM v Int(NM v CI(W))) (Um)e (NM v CI(W)) 6 Oyy . From Theo-
rem 17,Umis NMOS and thus (Um) e W & Oym , therefore g2 NM v CIl(Um). Therefore
NM v CI(Um) = NM v CI(U)m.

(b) Following the same steps as in part (1) above, we can prove that NM v CI(mU) =
mNM v CI(U).

(c) SinceNM v CI(U) is NMRCoS, NM v CI(U) 1is NMCoS in G. Therefore,
U l4 NMv CI(U) ‘thisgivesNM v Cl U 1 4 NM v CI(U) 1. Next,letq2 NM v

ClI(U) ! Theng= p ! forsomep2 NM v Cl(U). Letg2 V be any NMOS in G. Then9
open setUin Gsuchthat p2 U with U 14 NM v Int(NM v CI(V)). Moreover, there is
m2 A e Uwhichimplies m 12U e NM v Int(NM v CI(V)). Thatis,U 1e NM v
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INt(NM v CI(V)) 8 Oym )U e NM v CI(V) 8 Oyw ) U eV 6 Oym,sinceU lis
NMOS. Therefore, 2 NM v CI(U) 1. Hence,NMv Cl U ! 4 NM v cCl(U) L.

Theorem 19. LetQ be NMRCo subset in an NMATGS. Then the below assertions are true:

(@ NMv Int(mQ) = aNM v Int(Q),8m2 G;
(b) NM v Int(Qm) = NM v Int(Q)a,8m2 G;

© NMvintQ ! =NMvV Int(Q) L

Proof. (a) SinceQ is NMRCoS, NM v Int(Q) is NMROS in G. Consequently, mNM v
Int(Q) 4 NM v Int(mQ). Conversely, letg2 NM v Int(mQ) be an arbitrary element.
Supposeq = mp, for some p 2 Q. By hypothesis, this proves mQ is NMCoS, and that is
NM v Int(mQ) is NMROS in G. Assume thatm 2 U and p 2 V be NMOSs in G, such
that UV 4 NM v Int(mQ). ThenmV 4 mQ, which means that mV 4 mNM v Int(Q).
Thus, NM v Int(mQ) 4 mNM v Int(Q).

(b) Following the same steps as in part (1) above, we can prove that NM v Int(Qm) 4
NM v Int(Q)m.

(c) SinceNM v Int(Q) is NMROS, NM v Int(Q) lis NMOS in G. Therefore,
Q 14 NM v Int(Q) limpliesthat NM v Int Q 1 4 NM v Int(Q) . Next, let g

be an arbitrary element of NM v Int(Q) 1 Theng= p % forsomep2 NM v Int(Q).
Letq2 V be NMOS in G. Then9 NMOS U isin G, suchthat p2 U with U 14 NM v
CI(NM v Int(V)). Moreover, there is g 2 Q e U, which implies g 1 2 Q e NM
CI(NM v Int(V)). ThatisQ e NM v CI(NM v Int(V)) 6 Oam ) Q e NM
Int(V) 6 Oow ) Q eV 6 Oyw, sinceQ 1is NMCoS. Hence, NM v Int Q 1

NM v Int(Q) 1.

In < <

Theorem 20. LetU be any NMSOS in an NMATGG. Then
@ NMyv CI(mU)4 mNMv CI(U),8m2 G;

(b) NMv ClI(Um)4 NM v CI(Uym,8m2 G;

¢ NMvcClU?! 4NMvVCI(U) L

Proof. (&) As U is NMSOS, NM v CI(U) is NMRCoS. From Theorem 16,
m,1:(G,tx) ! (G,tx) isNMACM. Thus, mNM v CI(U) is NMCoS. Hence, NM v
Cl(mU) 4 mNM v CI(U).

(b) As U is NMSOS, NM v CI(U) is NMRCoS. From Theorem 16,
Im1:(G,tx) ' (G,tx) is NMACM. Thus, NM v Cl(U)m is NMCoS. Therefore,
NM v CI(Um)4 NM v CI(U)m.

(c) SinceU is NMSOS, NM v CI(U) is NMRCoS, and hence, NM v CI(U) tis
NMCoS. Consequently, NM v CI(U) 4 NM v CI(U) L

Theorem 21. Let U be both NMSO and NMSCo subset of an NMATG. Then the below
statements hold:

(@ NM v ClI(mU) = mNM v CI(U), foreach n2 G;
(b) NM v CI(Um) = NM v CI(U)m, foreachn? G;

¢ NMvclut!=nNMvclu) L

Proof. (a) SinceU is NMSOS, NM v CI(U) is NMRCoS, from which it implies that
NM v CI(mU) 4 mNM v CI(U). Further, neutrosophic multi semi-openness of U gives
NM v CI(U)= NM v CI(NM v Int(U)) ) mNM v CI(U) = mNM v CI(NM v
Int(U). As U is NMSCoS,NM v Int(U) is NMROS in G. From Theorem 20, mNM v
Cl(U) = mNM v CI(NM v Int(U)) = NM v CI(mNM v Int(U)) 4 NM v Cl(mU).
Hence, NM v CI(mU) = mNM v CI(U).
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(b) Following the same steps as in part (1) above, we can prove that NM v Cl(Um) =
NM v ClI(U)m.

(c) By hypothesis, this proves NM v CI(U) is NMRCoS and therefore NM v CI(U) !
is NMCoS. Consequently, NM v CI U * 4 NM v CI(U) ! Next, since U is NMSOS,
NM v CI(U)= NM v CI(NM v Int(U))) NM v CI(U) 1= NM v CI(NM v Int(U).
Moreover, as U is NMSCoS, NM v Int(U) is NMROS. From Theorem 18,

NM v CI(U) ' = NM v CI NMv Int(U) ' 4 NM v CI U 1. This shows
thatNMv Cl U 1 = NM v cl(U) L.

Theorem 22. From Theorem 21, the following statements hold:

(@ NM v Int(mU) = mNM v Int(U), foreach n2 G;
() NM v Int(Um) = NM v Int(U)m, for each n2 G;

€ NMvintU?l=NMV IntU) .

Proof. (a) As U is NMSCoS, NM v Int(U) is NMROS. From Theorem 16,
m, 1:(G,tx) ! (G,tx) is NMACM. Therefore, m 1 1(NM v Int(U)) = mNM v
Int(U) is NMOS. Thus, mNM v Int(U) 4 NM v Int(mU). Next, by assumption,
it implies that NM v Int(U) = NM v Int(NM v CI(U)) ) mNM v Int(U) =
mMNM v Int(NM v CI(U)). As U is NMSOS, NM v CI(U) is NMRCoS. From Theo-
rem 19, mMNM v Int(NM v CI(U)) = NM v Int(mNM v CI(U)) < NM v Int(mU).
Thatis, NM v Int(mU) 4 mNM v Int(U). Therefore, we have, NM v Int(mU) =
mNM v Int(U). Hence, it was proved.

(b) As U is NMSCoS, NM v Int(U) is NMROS. From Theorem 16,
m, 1:(G,tx) ! (G,tx) is NMACM. Thus, | ! (NM vV Int(U)) = mNM v
Int(U) is NMOS. Therefore, NM v Int(U)m 4 NM v Int(Um). Next, by assump-
tion, this proves that NM v Int(U) = NM v Int(NM v CI(U)) ) NM v Int(U)m =
NM v Int(NM v CI(U))m. As U is NMSOS,NM v CI(U) is NMRCoS. From Theorem
19,NM v Int(NM v CI(U))m= NM v Int(NM v CI(U)m) < NM v Int(Um). That
is, NM v Int(Um) 4 NM v Int(U)m. Therefore, NM v Int(Um) = NM v Int(U)m.
Hence, it was proved.

(c) From assumption, this proves that NM v Int(U) is NMROS and therefore
NM v Int(U) !is NMOS. Consequently, NM v Int U 1 4 NM v Int(U) % Next,
as U is NMSCoS,NM v Int(U) = NM v Int(NM v CI(U)) ) NM v Int(U) =
NM v Int(NM v CI(U)) 1. Moreover, as U is NMSOS,NM v CI(U) is NMRCoS. From
Theorem 19,NM v Int(U) 1= NM v Int(NM v ClU) ¥ 4 NM v Int U ! . This

provesthat NM v Int U 1 = NM v Int(U) L

Theorem 23. Let A be NMOS in an NMATG G. Then aA 4 NM v
Int(aNM v Int(NM v CI(A))) fora2 G.

Proof. Since A is NMOS, so A 4 NM v Int(NMv CI(A)) ) aA 4 aNM v
Int(NM v CI(A)). From Theorem 17,aNM v Int(NM v CI(A)) is NMOS (in fact, NM-
ROS). Hence,aA 4 NM v Int(aNM v Int(NM v CI(A))).

Theorem 24. Let Q be any neutrosophic multi-closed subset in an NMAGS ThenNM v
Cl(aNM v CI(NM v Int(A))) 4 aQ foreach 2 G.

Proof. Since Q is NMCoS, so Q < NM v CI(NM vV Int(Q)) ) aQ < aNM v
CI(NM v Int(Q)). From Theorem 17, aNM v CI(NM v Int(Q)) is NMCoS (in fact,
NMRCoS). Therefore, aQ < NM v Cl(aNMv CI(NM v Int(A))). Hence, NM v
Cl(aNM v CI(NM v Int(A))) 4 aQ.
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4. Conclusions

To deal with uncertainty, the NS uses the truth membership function, indeterminacy
membership function, and falsity membership function. By discovering this concept, we
were able to generalise the idea of an almost topological group to an NMATG. First, we
developed the de nitions of NMSOS, NMSCoS, NMROS, NMRCoS, NMCM, NMOM,
NMCoM, NMSCM, NMSOM, NMSCoM to propose the de nition of NMATG. Some
properties of NMACM were demonstrated. Finally, we de ned NMATG and demonstrated
some of their properties using the de nition of NMACM. In this study, an NMATG
is conceptualised for the environments of the NS along with some of their elementary
properties and theoretic operations. Novel numerical examples are given for de nitions
and remarks to study NMATG. We expect that our study may spark some new ideas for
the construction of the NMATG. Future work may include the extension of this work for:

(1) The development of the NMATG of the neutrosophic multi-vector spaces, etc.;
(2) Dealing NMATG with multi-criteria decision-making techniques.
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