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Analytic Functions”

Devoted to geometric function theory, this book brings together 15 research papers accepted for
publication in the Special Issue for Mathematics, entitled “Geometrical Theory of Analytic Functions”.
Scholars studying complex-valued functions of one variable in all aspects starting with special classes
of univalent functions or operator-related results using the theory of differential subordination and
superordination have submitted their lastest findings.

I want to thank all the authors who have decided to submit their works and have contributed to
the success of this Special Issue.

I also want to express my gratitude to Ms. Patty Hu, the Special Issue Managing Editor of
Mathematics, for her continued support.

I'believe the subjects of disscusion taken into consideration in the 15 papers published as part of
this project are variate enough for researchers in geometric function theory and related topics to find
something of interest. We hope for the success of this Special Issue to be validated by many citations
of the published papers!

Georgia Irina Oros
Editor
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Abstract: A new differential-integral operator of the form I"f(z) = (1 —A)S"f(z) + AL"f(z), z €
U, fe A, 0<A<1, ne Nisintroduced in this paper, where 5" is the Sildgean differential operator
and L" is the Alexander integral operator. Using this operator, a new integral operator is defined as:
1
z B
F(z) = {‘B;% I"f(z) - tﬁ+7*2dt} , where I" f(z) is the differential-integral operator given above.
0
Using a differential subordination, we prove that the integral operator F(z) is starlike.

Keywords: differential subordination; analytic function; univalent function; convex function; starlike
function; dominant; best dominant

1. Introduction and Preliminaries

The introduction and study of operators has been a topic that emerged at the very beginning of
the theory of functions of a complex variable. The first operators were introduced during the first years
of the twentieth century by mathematicians like ].W. Alexander, R. Libera, S. Bernardi, P. T. Mocanu
and many more. The Alexander integral operator is such an example, defined by J. W. Alexander in
1915 [1]. This paper is cited in nearly 500 papers. The use of operators has facilitated the introduction of
special classes of univalent functions and studying properties of the functions in those classes, such as
convexity, starlikeness, coefficient estimates, and distortion properties. The Sildgean differential operator
was introduced in 1983 [2] and is cited by over 1300 papers. It has been used in obtaining new classes
of functions and proving many interesting results related to them. The operator we introduce in this
paper gives a new perspective in the theory related to operators by combining the integral Alexander
operator and the differential Salagean operator. The results were obtained also using the means of the
theory of differential subordinations introduced by Professors Miller and Mocanu in two papers in 1978
and 1980 and condensed in the monograph published by them in 2000 [3]. This theory has remarkable
applications allowing easier proofs of already known results and facilitating the emergence of new ones.
The idea of combining integral and differential operators is illustrated in the very recent paper [4] where a
differential-integral operator was defined and using the method of the subordination chains, differential
subordinations in their special Briot-Bouquet form were studied obtaining their best dominant and, as a
consequence, criteria containing sufficient conditions for univalence were formulated. Similar work

Mathematics 2020, 8, 694; d0i:10.3390/ math8050694 www.mdpi.com/journal/mathematics
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containing subordination results related to a class of univalent functions obtained by the use of an operator
introduced by using a differential operator and an integral one can be seen in [5].
We use the well-known notations:

e (U) is the class of functions analytic in the unitdisc U = {z € C: |z| < 1},
e ForacC,neNH, ={fcHU): f(z) =a+buz"+..., z€ U},
e Ay={feHU): f(z) =z+a, 12" +...,ze U}, withA; = A

U
. { feA Re 2f (2 ( ) >0,z¢ U} is the class of starlike functions in U,

zf"(z ”( )
f'(z)

The definitions of subordination, solution of the differential subordination and best dominant of
the solutions of the differential subordination are recalled next as they can be found in the monograph
published by Professors Miller and Mocanu in 2000 [3], which gives the core of the theory of differential
subordination:

If f and g are analytic in U, then we say that f is subordinate to g, written f < g or f(z) < g(z),
if there is a function w analytic in U with w(0) = 0, |w(z)| < 1 for all z € U such that f(z) = g(w(z)),
for z € U. If g is univalent, then f < g if and only if f(0) = g(0) and f(U) C g(U).

Let g : C3 x U — C and & be a univalent function in U. If p is a analytic function in U which satisfies
the following (second-order) differential subordination:

¥(p(2),2p'(2),2%p" (2);2) < h(z),

o K:{feA,Re

+1>0,z¢ U} is the class of normalized convex functions in U.

then p is called a solution of the differential subordination. The univalent function g is called a dominant
of the solutions of the differential subordination or more simply a dominant, if p < g, for all p satisfying
the differential subordination. A dominant g that satisfies § < g for every dominant g is said to be the
best dominant.

A well-known lemma from the theory of differential subordinations that is used in proving the new
results is shown as follows:

Lemma 1. [3] Let g be univalent in U and let 6 and ¢ be analytic in a domain D containing g(U), with ¢p(w) # 0,
when w € g(U). Set

Q(z) =2q'(2) - ¢la(2)], h(z) =0la(x)] +Q(z),

and suppose that
(i) Q is starlike and
! / /
(ii) Re zh'(z) _ R 6 [Q(Z)} zQ'(2) S0, zel

Q) ~ - Lel@)] T Qe
If p is analytic in U, with p(0) = q(0), p'(0) =

— p1(0) = 0, p(U) € D and
Olp(2)] +2p' (2)¢lp(2)] =< 0la(2)] + 2q'(2) - pla(2)] = h(z),
then p(z) < q(z), and q is the best dominant.

In order to define the new differential-integral operator, we need the following definitions:
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Definition 1. [2] For f € A,n € N =N*U {0}, let S" be the differential operator given by S" : A — A with

$°f(z) = f(2)

S f(z) = 2[S"f(2)), z € UL

0

Remark 1. If f € A, f(z) =z + Zajzj, then
j=2

S"f(z) :Z+ij”~ajzj. )
j=2

Definition 2. [6] For f € A,n € N =N*U {0}, let L" be the integral operator given by L" : A — A with

Lf(z) = f(2)
z 70
L'f(2) :/O L) {(t)dt

L"f(z) = /OZ ww, ze U

Z
Remark 2. (a) Forn =1, L1 f(z) = / @dt becomes Alexander integral operator [1].
0
(b)For f € A, f(z) =z+ Eu]-zj, we obtain:
j=2
n o 1 i
L'f(z) =z+ ) — a7 2)
=21

2. Main Results

Using Definition 1 and Definition 2, we introduce a new operator, as follows:

Definition 3. Let 0 < A < 1,n € N = N* U {0}. Denote by I" the differential-integral operator I" : A — A
given by
I"f(z) = (1— A\)S"f(z) + AL"f(z), z € U, ®)

where S is Siligean differential operator, and L" is Alexander integral operator.
Remark 3. (1) For A = 0, I"f(z) = S"f(z), the differential-integral operator is equivalent to Siligean

differential operator.
(b) For A =1, I"f(z) = L"f(z), the differential-integral operator becomes Alexander integral operator.
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(c)For fe A, f(z) =z+ Ea]-zf we obtain
j=2

I"f(z —z+z ]+A]—u]z zel.

4)

Using the differential-integral operator introduced in Definition 3, we define a new integral operator,

which can be seen as generalization of some well-known integral operators.

Definition4. Let ¥ > 0,0 < < 1,n € N=N*U{0},and f € A, I"f € A, where I" is given by Equation (3).

The integral operator F : A — H, ,, is defined as:

F(z) = [5+7 OZ I (t) - tﬁ+7—2dt}

zr

Remark 4. (a) Forn =0, =1,y > 0, we have

1+7/ F(E) -7 Ldt,

which is the Bernardi integral operator [7].
(b) Forn =0,B =1, v =1, we have

which is the Libera integral operator [8].
(c) Forn =0,p =1,y =0, we have

which is Alexander integral operator [1].
(d) For p=1,n € N*, v > 0, we have

Z
F(z) = 1;7 [ o

which was studied in [6].
(e) For n = 0, we have

( _[ﬁ"”)// f tﬁ+7 Zdt];;

B>0,B+v>0andp > 2v(1 — B) studied in [9] where the authors have proved that F € S*.

Using a differential subordination, we prove that the operator given by Equation (5) is starlike.

Theorem 1. Let0 < <1, >0,n € N=N*U{0}, and let

1+z 2z

o=

h(Z) = E"r

(AI=z)1+p+7r+(1-p—7)

®)
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If f € Aand
1 z2(I"f(z))  p—1
B I (2) + B < h(z), zeU, (6)
then )
Fz) = {ﬁ;jyv | Oz () - 2| "

is starlike, i.e., F € S*, where I" f is given by Equation (3).

Proof. From Equation (5) we have

P(z) = P OZ I"f(z) - P24,

zv
and .
2TFB(z) = (B+ ) /O I"f(z) - B2, @)
Differentiating Equation (7), we obtain
PP [+ B | = (B 0If )2 ®
We let .
p(z):z~%,zeu. &)
Using Equations (9) in (8), we have
FP(2)[y + Bp(2)] = (B+I"f(2) - 2P (10)

Differentiating (10), we get

zF'(z) zp'(z)  _ z(I"f(z))
P TP s me T k)

+B-1. 1)

Using (9) in (11), we have

() 1 AR p-1
PO T hE "B i) T B 12

Using Relation (12), the differential subordination of Equation (6) becomes:

_1+z 2z
B R s vy -

In order to prove the theorem, we shall use Lemma 1.
Ifweletf: D Cc C— Cand ¢ : D C C — C be analytic,

p)+ P& )

(13)

9(’(1)) =4, 4)(71)) = m in a domain D.
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Forw = ¢(z) = %, we obtain
B 1 B 1-z
47[q(7~)}*1j§+ﬁ+771+ﬁ+7+z(1—ﬁ—7) (14)
Q) =20@ 986 = T 5T T 15)
and hiz) — 0 14z 2z 16
(Z)_ [q(z)]+Q(z)_E+(1—Z)[1+ﬁ+’y+(l—ﬂ—’y)2]. (16)

Next we show that conditions in Lemma 1 are satisfied. We prove that the function Q is starlike.
Differentiating Equation (15), we have

zQ'(z) _ =z 1+B+7
Qz) 1-z 1+B+y+1-B—7)z
We take Q) 1
zQ'(z z
Re 00 :Rel—z+(1+ﬁ+7)Rel+ﬁ+7+(l—ﬁ—7)z
1 (44?4 (A+p+y)(A—p—7)cosa
2 4B+t (L—p—7)cosaP +(1—p— )7 sinta
_ 2(B+7) >0
M+B8+7+(1—B—7)cosa]2+ (1 —p—q)2sin®a
We have shown that Re zgéz)) >0,z € U,ie, Q€ S* hence (i) from Lemma 1 is satisfied.

We evaluate now:
1—z

e1+5+7+(17577)z
= 2B+ 29(1 — cos )
S [+ B+y+(1—B—7)cosal?+ (1 —B—7)?sina >0,0<p=<1 720

Since Q is starlike and Re ¢[g(z)] > 0, we have

Re¢lq(z)] = R

zh (z)
Q(2)

Next we prove that p(0) = q(0), p € ;1) and p is analytic in U, where

Re

>0,zeU.

p(z) = Zﬁé?’ zeU.

From Equation (4), we have

I'f(z) =z+4Y (1—/\)]‘"+A~jln ajzj:z—i- ijzj,
2 j=2

-
II
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where L
b] = [(1 — A)]n + A *:| 11]'.

]71

From Equation (5), we can write

F(z) =

B+ [* S Y I
- /0 t—&-];b]z’ P24t

1
#+y cjz”'ﬁ_l}
=

and we obtain .
FP(z) = 2P + Yy cjz/*ﬁ*l, ze U
=2

Differentiating Equation (17), we have

BFFN () Fl(e) = pP 4 Y ci(j+p—1)-2/HF2
=2

=
Further, we deduce
zP + Z djz/'*ﬁ*1
_ zF'(2) j=2

p(z) - - =)
k@) e I AL
j=2

For z = 0, we obtain p(0) = 1and p € H[; ), hence F it is analytic in U.
Since q(z) = %, we have g(0) =1, p(0) = g(0) =1 and

0lp(2)] +2p'(2) - ¢lp(2)] < 0[q(2)] +2q'(2) - Plq(2)]

We have proved that we can use Lemma 1. By applying it, we have p(z) < q(z), i.e,

zF'(z) 14z

) <q(z) = 15 %€ u.

is a convex function and

Since ¢(z) = 1 e

—Z

1+z
R
€1

>0,zel,
—Z

the differential subordination in Equation (20) implies

zF'(z)
F(z)

Re > Reg(z) > 0, hence F € §*.

o=

=14+ piz+pz®+....

(17)

(18)

(19)

(20)
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1,
1 =it gt 1,
L = =z4=
f(z) /0 ; dt z+82,
1 1 5
1 _ — ¢l .71 — ~ .2
I'f(z) = 25 f(z)+2L f(z) z+162 ,
125 3\? 25 , 625 4
= 2 —7z2 = — -
F@) (Z RETVR > FH 56T 154"
and
25 1875 ,
2F'(z) _ 1T og* T o5 (o) = 1F2
F(z) 25 625 5 1-z
1 567 T 125m4°
1 z(I'f(2) LBl _48+57)
B I'f(z) B 16 + 52
From Theorem 1, we have:
Iff € A and
4(8 +5z) 1+z 4z
16+ 52 1z A —3) Y
then
25 1875 ,
p(z) = ZE@ _ Tt os T a4z
FE oy 2, B2 127
56 ' 12544
meaning that F(z) *z+§zz+ > 2% is a starlike function
J T T 56" T 12544 :

3. Conclusions

A new differential-integral operator is introduced proving that this operator is starlike. An example is
given to show how the result can be applied in finding such operators. As it is the case for most operators,
special classes of univalent functions could be introduced using it and this is subject to further studies.
Another problem that can be studied is related to the parameters § and -y used in the definition of the
operator. In this paper they are positive but the case of  and 7 being complex numbers could be subject
of further investigation. Starlikeness of certain order 0 < a < 1 can also be further studied both for the
case of B and 7y positive and for f and ¢ complex numbers.
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M.A. and G.O.; writing—original draft preparation, M.A. and G.O.; writing-review and editing, M.A_; visualization,
M.A. and G.O,; supervision, G.O.; project administration, M.A. All authors have read and agreed to the published
version of the manuscript.



Mathematics 2020, 8, 694

Funding: This research received no external funding.

Conflicts of Interest: The authors declare no conflict of interest.

References

1. Alexander, ].W. Functions which map the interior of the unit circle upon simple regions. Ann. Math. 1915,
17,12-22. [CrossRef]

2. Salagean, G.S. Subclass of univalent functions. In Lectures Notes in Math. 1013; Springer: Berlin, Germany, 1983;
pp- 362-372.

3. Mocanu, PT,; Miller, S.S. Differential Subordinations. In Theory and Applications; Marcel Dekker Inc.: New York,
NY, USA; Basel, Switzerland, 2000.

4. Oros, G.I; Alb-Lupas, A. Sufficient conditions for univalence obtained by using Briot-Bouquet differential
subordination. Math. Stat. 2020, 8, 126-136. [CrossRef]

5. P&ll-Szabo, A.O. On a class of univalent functions defined by Siligean integro-differential operator. Miskolc
Math. Notes 2018, 19, 1095-1106. [CrossRef]

6.  Oros, G.I; Oros, G.; Diaconu, R. Differential subordination obtained with some new integral operator. J. Comput.
Appl. 2015, 19, 904-910.

7. Bernardi, S.D. Convex and starlike univalent functions. Trans. Am. Math. Soc. 1969, 135, 429-446. [CrossRef]

8.  Libera, R.J. Some classes of regular univalent functions. Proc. Am. Math. Soc. 1965, 16, 755-758. [CrossRef]

9. Mocanu, PT. Starlikeness of certain integral operators. Mathematica 1994, 36, 179-184.

@ © 2020 by the authors. Licensee MDPI, Basel, Switzerland. This article is an open access article
@ distributed under the terms and conditions of the Creative Commons Attribution (CC BY)
BY

license (http:/ /creativecommons.org/licenses /by /4.0/).






. mathematics m\w

Article

On The Third-Order Complex Differential
Inequalities of {-Generalized-Hurwitz-Lerch
Zeta Functions

Hiba Al-Janaby !, Firas Ghanim 2 and Maslina Darus %*

1 Department of Mathematics, College of Science, University of Baghdad, Baghdad 10071, Iraq;

fawzihiba@yahoo.com

Department of Mathematics, College of Science, University of Sharjah, Sharjah, UAE; fgahmed@sharjah.ac.ae
Department of Mathematical Sciences, Faculty of Science and Technology, Universiti Kebangsaan Malaysia,
Bangi 43600, Selangor, Malaysia

*  Correspondence: maslina@ukm.edu.my

Received: 31 March 2020; Accepted: 2 May 2020; Published: 23 May 2020

Abstract: In the z- domain, differential subordination is a complex technique of geometric function
theory based on the idea of differential inequality. It has formulas in terms of the first, second and
third derivatives. In this study, we introduce some applications of the third-order differential
subordination for a newly defined linear operator that includes ¢-Generalized-Hurwitz—Lerch
Zeta functions (GHLZF). These outcomes are derived by investigating the appropriate classes of
admissible functions.

Keywords: holomorphic function; univalent function; p-valent function; convolution product;
¢-Generalized Hurwitz—Lerch Zeta function; differential subordination; admissible functions

MSC: 30C45; 33C10; 30C80

1. Introduction and Terminology

Complex Function Theory (CFT) is a mathematical branch dating back to the 18th century.
It investigates the functions of complex numbers. This branch has attracted the concern of several
researchers. Among the remarkable names are Euler, Gauss, Riemann, Cauchy and others. It has
numerous implementations in diverse fields of mathematics and science. These functions have many
interesting properties that are not owned by real-valued functions. For instance, infinitely differentiable
functions, holomorphic functions, every holomorphic function in the open unit disk can be represented
as a Taylor series, conformal functions (that is, they preserve angles when f’(z) # 0), line integrals,
and all types of handy formulas. The considerable area in CFT is the Geometric Function Theory
(GFT). The study of GFT includes investigating the interaction between the analytical properties of
the complex holomorphic function and the geometrical properties of the image domain. Riemann [1]
in 1851 introduced the first major result in GFT named the Riemann Mapping Theorem. Later,
in 1907, Koebe [2] was a prominent scientist who studied the univalent functions in the open unit disk.
Thereafter, in 1912, Koebe [3] presented a modified version of the Riemann’s mapping theorem by
utilized univalent functions. The theory tends towards the principle of “univalent” and “holomorphic”,
Riemann’s mapping theorem plays a significant role in the collection of both principles. This synthesis
interprets the formula of a domain where the complex functions being defined, for details see [1,4].

On the other hand, differential inequality theory (inequalities including derivatives of functions)
impacted the development of GFT due to it giving much information regarding the behavior of the
holomorphic function. Further, there are many differential implications in which characterization of a
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holomorphic function is settled by a differential condition. For instance, the Noshiro-Warschawski
theorem states that for a holomorphic function in the unit disk, ®(f’(z)) > 0 implies that f is univalent
function in the unit disk. Most of the known differential implications dealt with real-value inequalities
that involved the absolute value, the imaginary part, or the real part of a complex function [4].

The principle of subordination is central to the theory of differential subordination of
complex-valued function which is the generalizing the formula of differential inequality of real-valued
function. Its origins back to Lindelof [4] in 1909, though Littlewood ([5,6]) and Rogosinski ([7,8])
posed the term and examined the basic outcomes regarding subordination. This principle, as an
advantageous tool, displays its importance to unify the presentation of several geometric classes in
addition to achieving sandwich-type outcomes.

The methods of differential subordination are employed to study upper bounds for holomorphic
functions in the unit disk. This technique inspired numerous researchers to work in GFT.
The implementations and extensions of differential subordination theory have been developed
in this theme and diverse other fields, such as functions of several complex variables, integral
operator theory, meromorphic function theory, harmonic functions theory, differential equations
and partial differential equations. Many papers handled the first-order and second-order differential
subordination methods,but few articles handled the third-order differential subordination method.
In 1935, Goluzin [9] studied the first significant outcome that includes the first-order differential
subordination. Afterwards, Suffridge [10] in 1970 and Robinson [11] in 1947 discussed further
successive investigations into first-order differential subordination. Later, in 1981, Miller and
Mocanu [12] provided a systematic study of the theory of differential subordination. In 1985 [13]
and 1987 [14], they evolved and studied several interesting outcomes on this theory. Next, numerous
important studies were presented by Miller and Mocanu ([15-17]). In 1992, Ponnusamy and Juneja [18]
considered the third-order inequalities and subordination. After that, in 2000, Miller and Mocano in
their monograph [19] provided a marvelous and extensive discussion on this theory with numerous
implementations.

In 2011, Antonino and Miller [20] investigated and extended the second-order differential
subordination to the third-order case. Several authors provided fruitful implementations in the
same direction of study. For their contributions, Tang et al. [21] considered some third-order
differential subordination outcomes for meromorphically p-valent functions associated with the certain
linear operator. At the same time, Tang and Deniz [22] studied a similar problem for holomorphic
functions, involving the generalized Bessel functions. In 2015, Farzana et al. [23] introduced several
third-order differential subordination outcomes for holomorphic functions associated with the
fractional derivative operator. Related to this period, Tang et al. [24] used third-order differential
subordination methods of holomorphic functions associated with generalized Bessel functions to yield
sandwich-type outcomes containing this operator. In the same year, Ibrahim et al. [25] established
some third-order differential subordination outcomes for holomorphic functions associated with
a fractional integral operator (Carlson-Shaffer operator type). Subsequently, the problems of the
third-order differential subordination were studied by El-Ashwah and Hassan [26], El-Ashwah and
Hassan [27], Attiya et al. ([28,29]), Srivastava et al. [30] and Gochhayat and Prajapati [31]. Many of
the studies have not yet been investigated utilizing third-order differential subordination technique.
In this investigation, we impose a new generalized Noor-type linear integral operator Mf,ﬁ(z) on
the class A, of p-valent functions by utilizing {-Generalized Hurwitz-Lerch Zeta functions (GHLZF).
Some outcomes concerning an application of the third-order differential subordination for multivalent
functions including operator Mf,ﬂ(z) are studied.

Denote by D = {z € C: |z| < 1} the open unit disc in the complex plane C, and # (D) the class
of holomorphic functionsinD. Fora € C, j € N = {1,2,3,...}, let

Hla, )= {0 € HD): 8(z) =a+a7 +a, 2T +.}, (1)

12
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and suppose that Ho = #[0,1] and Hq = #H[1,1]. Let A denote the class of all holomorphic functions
¢ in D, normalized by the conditions ¢(0) = ¢/(0) — 1 = 0, and of the formula

¥(z)=z+ i a2, (zeD). ()
=2

The subclass of A involving holomorphic univalent function is denoted by S, [1]. In [4] the
concept of subordination between holomorphic functions given as: for two functions ¢#; and ¥,,
holomorphic in D, the function ¢ is said to be subordinate to ¢, or ¢, superordinate to ¢; in D, written
¥y < Uy, if there is a holomorphic function /z in D with 71(0) = 0 and |1(z)| < 1 for all z € D, such that
01(z) = 92(h(z)). In particular, if the function 8 is univalent in I, then the following characterization
for subordination is gained as:

¥ < 0, if and only if ¢;(0) = 92(0) and & (D) C %(D).

The natural generalization of holomorphic univalent function is a p-valent (multivalent) function,
that is, if for each w, the equation ¢(z) = w has at most p roots in a domain © C C, and if there is wy
such that the equation 9(z) = wy has exactly p roots in a Domain ®. Let A, (p € N = {1,2,3,...})
denote the class involves all p-valent functions in ID of the form

¥(z) =2V + i w2, (zeD). 3)
J=p+1

If 9 is the p-valent function with p = 1, then ¢ is the holomorphic univalent function, [4].

As one of the most remarkable tools, namely Hadamard (convolution) product, utilizes to
formulate assorted operators: differential, integral and convolution operators. The term “Hadamard
product” is attributed to Hadamard in 1899 [1] and defined as: for two functions ¢, € A of the form
9(z) =z+ 27(’:2 ; ¢z, £ =1,2, their convolution, 8; * ¢, is given by

(81%x02)(z) =z+ a2, (zeD). 4)
=2

More generally, the convolution product of two functions ¢, € A, of the formula ¢(z) =
2P+, 07, =12, p €N,is the function 8 * 8, given by

(B1x)(z) =2"+ ) apqa,7, (zeD). 5)
J=p+1

In 1915, Alexander [32] was the first to introduce a linear integral operator which drafted in terms
of the convolution, namely “Alexander operator” as follows: let ¥ € Aand I4 : A — Abe defined as

149(z) = /: Mdi‘ = —log(1l—z) *0¥(z)

(6)

3 -

:z—i—zﬁz].
— ]

-
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”

Later on, in 1965, Libera [33] given another linear integral operator so-called “Libera operator
I, : A — Aby the formula

2[z+1log(1 —z)]
R

1.68(z) = %/0 8(t) dt = 8(z2)
@)

22
=z+ — & Z
]g]ﬂ /

In 1969, Bernardi [34] imposed a more general linear integral operator I : A — A, for ¢ € A and
e>—1,as

L(z) = 12;8/0 ()tSdt—z+2 <€:;> 2% 0(2)
(8

The operator I is called the generalized Bernardi-Libera-Livingston integral operator. For ¢ = 0,
the operator I reduces to the Alexander operator I4 given by Equation (6) and for € = 1, it reduces to
the Libera operator I} defined by Equation (7).

Utilizing the convolution technique, in 1975, Ruscheweyh [35] proposed a linear operator as: let
9 A p>—1land D¥ : A — Abe defined by

> I'(p
D98(z) = @ZW x0(z) =z +J§ % w, 7. )

For p = @ € Ny = NU {0}, yields

090 _ 2(z2718(2))
D®¥(z) = —ar (10)
Further, D%9(z) = 9(z) and D’9(z) = z¢/(z), z € D. The operator D? is called the Ruscheweyh
derivative of @ order of d.
Corresponding to the Ruscheweyh operator D?, @ € N given by Equation (10), in 1999, Noor [36]
considered the following linear operator: let ¢ € A, @ € Ny and I, : A — A be defined as

-1
loB(z) = 85V (2) * 8(2) = {ﬂfW] «8(2)

(11)
o g+ T(@+1)
=z+ Z T T4y w2,
such that
_ z
Ba(z) 85 (2) = (1—-2)%

Evidently, Ip9(z) = z8'(z), 19(z) = 9(z), z € D. This reverse relationship between the operators
I and D% gives a a cause for naming the Noor operator an integral operator. The operator I is called
as the Noor integral operator of @ order of 9.

14
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Analogous to D¥, o > —1 written by Equation (9), in 2002, Choi, Saigo and Srivastava [37]
defined the linear operator I,z : A — A, for ¢ € A, o > —1and § > 0 by

-1
Ip50(z) = 9;1(2) + 9(z) = [ﬁ] «8(2)

(12)

L R TG DT+
L @) MY

such that

O (z) * ﬁgjl(z) =

(1—2)%"

The operator I, 5 is called the Choi-Saigo-Srivastava operator. For p = @ and § = 2 reduces to
the Noor integral operator I, of Equation (11).

In 2002, Liu and Noor [38] provided a linear operator as: for ¢ € Ay, p > —pand I,y : Ay — Ay
defined by

-1
Lopt2) = 000+ 00 = | =iy | <002

(13)
o T(1+)T(p+p)
= ZP i Sl At X AL A ]
L )Y

such that

-1 zP
Po+p(z) * Sl’g(pﬂz)(z) = m-

Obviously, Ipsp9(z) = z0'(z)/p and I4,8(z) = 9(z). The operator I, is an extended
Noor integral operator I, of Equation (11). In addition, the operator I, is closely related to the
Choi-Saigo-Srivastava operator I, 5 of Equation (12).

The Theory of Hypergeometric Functions (HFT) has been incorporated in GFT. Employing
hypergeometric functions in the proof of the famed problem ”Bieberbach conjecture” by de Branges in
1984 [39] has given complex analysts a renewed attention to study the role of special functions. In this
regard a lot of implementations and generalizations are found. The study of this theory gained an
independent status. The Gauss Hypergeometric Function (GHF), denoted by F (i, v; T; w), was first
introduced by Gauss in 1812 [39]. It is given as follows: for y, v and T be complex numbers with T
other than 0, —1, -2, ..., and

e =y W)y v (e Du(v41) 2
]'—(]/l,ll,T,Z) —]go (T)](l)] 7 _1+TZ+W§ (14)
where (¢); is the Pochhammer symbol given by
(o), = Tle+y) _ ) 1, (7=0),
" T ele+)(e+2)-(e+7-1), (EN={1,23.})

15
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Another important special function related to GHF is the incomplete beta function ¢, (i, 7;z)
defined (forp e R, 7 € R\Zy,Zy ={.., -2, —1,0}) by

ep(p, T52) = 2F (1, 1,7, 2) :E(V—H”’ (15)

Other generalized Noor-type linear integral operators between classes of holomorphic functions
associated with hypergeometric functions and its generalizations have been posed by authors.
For instance, Al-Janaby et al. ([40,41]).

Recently, the theory of Hurwitz-Lerch Zeta functions has a fruitful role in the study operators.
This theory is developed with numerous implementations and generalizations by various researchers.
One may refer to Al-Janaby et al. [42,43], Ghanim [44], Ghanim and Darus [45], Ghanim and
Al-Janaby [46], Rdducanu and Srivastava [47], Srivastava and Attiya [48], Srivastava et al. [49,50], Xing
and Jose [51], Choi and Srivastava [52], Milovanovic and Rassias [53] and Rassias and Yang [54-57].

In terms of the Hurwitz—Lerch Zeta function ®(z, v, #7) defined by (see, for example, [58-60])

© ]

D(z,7,1) =), ——= (16
(= 71) ]‘é}) Gen) )
(1 €C\Zy, y€C when [z <1,1<R(y) when |[z]=1).
The following new family of the (GHLZF) was considered systematically by Srivastava [61]:
AL )
r
TT (i) o 17
1 e e v o 1w (17)
= Hys | (7 +7)8° ] n
T Z s 0,2 ’ 1 , 0’ 1 1
SO )7 1) . (03) ]
i=

(0 < min{R(y),R(7)}, 0 < R((); 0<¢),

where

<P‘i€(C (i=1-,p), ,€C\Zy (i=1,---,5),0<p; (i=1,--,1),
0<a (i=1,---,q), and 0§1+Z¢7i_2pi>

i=1

and the equality in the convergence condition holds true for suitably bounded values of |z| given by

e (f1e) (11)

Definition 1. The H-function involved in the right-hand side of Equation (17) is the well-known Fox’s
H-function ([62], Definition 1.1) (see also [30,63]) defined by

(a1, A1), -+, (ay, Ap)
(b1, B1), -+, (b, Bo)
[Emzrdr (e C\{0), |arg(a)] < ),

mn _ pymn
Hyi'(z) = Hyg [z

(18)
_ 1
T 2mi

an empty product is interpreted as 1, m, n,p and q are integers such that

1<sm<q and 0<n<yp,

16
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0<Ai (l:l,,p) and 0 < B; (Zzlr,q),
a;€eC (i=1,---,p) and beC (i=1,---,q)

and L is a suitable Mellin—Barnes type contour separating the poles of the gamma functions
{T(bi + Biv) }iy

from the poles of the gamma functions
{T(1—a; + Ay) o

It is worthy of mention here that, by using the fact that ([61], p. 1496, Remark 7)

él.ig}){Hoz (1), (0,%> ] } =¢T(7) (0<9),

Equation (17) reduces to the following form:

(1 +1)€%

‘D;ﬁl MPy»]Zl )(Z 7,17;0,8) = q:, Pl yp,rv? )(Z 7,1)

=

oo (mi )]p
i ! zl
E —

1=0 (5 + )7 [11 Vi), !

Il
—

(19)

Definition 2. The function O(Pl pr e )(z, v,1) involved in Equation (19) is the multiparameter
extension and generalization of the Hurwitz—Lerch Zeta function ®(z, 7y, 1) introduced by Srivastava et al. ([64],

p. 503, Equation (6.2)) defined by

=~

1(}”1)](11 o

s [

0 (+1)7 - T (i), !

i=1

(01, 1,01, 05)
CIDH],,,,,;,;;V],,,,,VSS (zvm) =

\\[\13
I

<r,s€No; weCG=1,--,1;nvieC\Zy (j=1,---,5);

pi, i €ERY (i=1,--,r;i=1,---,5);
—1 < A when v,z € C;
A= —1and v € Cwhen |z| < V¥

A= —1and % < R(E) when |z| = V*)

() )

S T S _
A=Y o;—=Y pi and Z:=t+) v;i— Zy, r—s
' ' i=1

with

17
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In GFT, the third-order differential subordination methodology for holomorphic functions is
indicated by Antonion and Miller [20], which is required in this investigation.

Definition 3 ([20], Definition 2, p. 441). Let J denote the set of holomorphic functions w that are univalent
on the set D\G(w), where

G(w) = {x €D lim w(z) = oo},
is such that
min|w’(x)| =6 >0
for x € AD\G(w). Further, let 7 (a) = {w(z) € J : w(0) = a}, T (0) = Jo and T (1) = .

Definition 4 ([20], Definition 1, p. 440). Lef T : C*xD — Cand the function 7t(z) be univalent in D.
If the function v(z) is holomorphic in D and satisfies the following third-order differential subordination:

T(v(z),z0'(z), 20" (z),2%0"(2);2) < 7(z), (1)

then v(z) is called a solution of the differential subordination. A univalent function w(z) is called a dominant of
the solutions of the differential subordination, or, more simply, a dominant if v(z) < w(z) for all v(z) achieving
Equation (21). A dominant &(z) that achieves @ (z) < w(z) for all dominants w(z) of Equation (21) is said to
be the best dominant.

The class of admissible functions related to differential subordination is presented next.

Definition 5 ([20], Definition 2, p. 449). Let A beasetin C, w € J and j € N\{1}. The class of admissible
functions denoted by Q[A, w] consists of those functions T : C* x D — C that achieves the following
admissibility condition:

L(f,qxyz) & A

whenever

f=w), g=x(x), R (E + 1) > kR (4“’”“‘) n 1) ,

w'(x)
n(5) = en (0.

wherez € D, x € ID\G(w), and x > ;.

and

The following theorem is a key outcome in third-order differential subordination.

Theorem 1 ([20], Definition 2, p. 449). Let v € H|a, ]| with j > 2, and let w € J(«) and achieve the
following conditions:

20’ (z)

w'(x)

<k

’

() v

18
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wherez € D, x € AD\G(w) and k > . If Nisasetin C, T € O[A, w] and
r (v(z),zv'(z),zzv”(z),z3v”’(z);z) EA,
then

v(z) <w(z) (zeD).

2. Imposed Linear Integral Operator Mf,ﬂ(z)

This section considers a new generalized Noor-type linear integral operator Mf;lﬁ‘(z) for p-valent
functions associated with the GHLZF in D defined in Equation (17). Setting p1 = - -+ , 0, =07 = - -+ =
os=1,and y; € C\Z; (i=1,---,r) as follows:

(1o A1 1) ]
Dy i s (z71:0.¢)

1 f 1'1:111(%)] H2O | (g + )C% E— ] z/
= s ,’ Ul ])6° 1 -
ZI(y) 10 (5 + )7 - i:l(vi)] 02 (. 1), (0, g) /! @)
00 ; (#i);—p -
1 i=1 2,0 1 Z7F
- H22 | (7 + (- p))gt
LR T KA () } v

i=1

Thus, from Equation (22), we derive a new function as:

e VUs 1,11, 1 .
Ylvlllrrm’,l;lr (7/ 17, é/ é/ p) = g r(7) Y |:qu>§l1,~- ,’ly;V1,"'>,Vs (Z/ N é/ é)]

, 23)
£ ATl et g

=2+ —— Hyy | (1+ (= p)Et } ,
(= )7 L) " (1), (o) | G=p)

where Y is defined as:

)
v U

Hgs {17 é%‘ (0, (01 }

(24)
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By employing the principle of convolution product of £ order of GHLZF, we yield

Nogbee (1, 18,8 0) o= e (1,18, 8 0) % ek ke (1,10, )

{—times

(25)

7

Y 11‘[(%); P (f7+(1—p))€5

oo
:Zer Z

j=p+1

oty )y,

1+ G —p) 1}1 Wi)y—p (1 — P)!

Next, we present a new function (Np e (G, p)) given by

(N,f,ﬂ s (LG8, @)) '
1+ G—p)7 EE Wi)y—p (1 = p)!

1

Y+ G —p))iE

(o)
=z + 2

j=p+1

g-pt

r

YH(I‘:)] » H,

1=

}r {(erp)H,} . (26)

0. (03)
such that,

(Wi (i, 000) « (M2 o 080)) = (=

(o+p)p P,
=zl + /, > —1).
,%1 =) (e )

Therefore, from Equation (26), we consider the following linear operator: M pl;}l’ e (0 E )
Ap — A, , which is defined by

Ly, . Ly !
Mg, (s, 0) 8(2) = (N (nmid 6o)) - #0(2)

@

i=1

o
— Zp + Z
J=p+1

{ (+G—=p)7" TTW))—p G —p)! ]/{
Yiljl(l‘i)kp Hy) }

[
+(G—p))Ce ’

r+G=PDEF| () 4y, (0.2)

Remark 1. For suitably specializing the parameters of £, p, {, ¢, v, 1, s, r, v; and p;, the operator Mf,ﬂ(z)

defined in Equation (27) can be reduced to various operators previously mentioned. Thus, we have the following

special cases:

1. Forl=p=v=4n=1,0=0,s=1,1n=1,r=2, yy =2and pp = 1in Equation (27), we yield
the Ruscheweyh operator given in Equation (9).

2 Forl=p=9y=y=10=0,s=2, vn=n=1,r=3 u =2andyy = uzs = p+1,
the operator Equation (27) reduce to the Noor operator defined by Equation (11).

3. Forl=9=1,0=0,5s=2vrn=1n1vn=1r=3 u =n+1y =y = o+ p, the operator
Equation (27), we have the extended Noor operator given by Equation (13).

4. Fort =1,0=0,s=2 =1L, vy=n1vn=1r=3, y=n+1, yp =1,and y3 = p,
the operator Equation (27) provides the Noor-type integral operator defined by [65].
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5 Forl=p=9=n=1,0=0,5s=2, =1 wn=1r=3 =2 pp=pandyu=v,
the operator Equation (27) provides the Noor integral operator given in [66].

6. Forl=p=y=3n=1,0=0,s=1, vy =1,r=23, y3 =2, yp =y, and uz = v, the operator
Equation (27) reduce to the generalized Noor-type linear integral operator defined in [67].

7. Forl=p=9=n=1,0=0s=2v1=1v=1,r=23, g = pp =2and y3 = p + 1, the operator
Equation (27) reduce to Alexander operator given in Equation (6).

8 Forl=p=9=3n=10=0s=1,v1=1,r=2, yy =2and yup = p + 1, the operator Equation
(27) is reduced to 9(z) given by Equation (2).

For convenience, Equation (27) is written as
L,V
M8(2) = My, (1,1:0,8,90) 9(2)- (28)

This operator achieves the differential recurrence relation

A ) ’
ZEIME8(z)] = METB(z) — (1 - A)MbB(2),
(29)
p | +G=p)" TL0)—p G—p)i= Y TT(i)—p HY (+G-p)it
=1 -1 0 (7, 1), (0, %)
where A = . Throughout

1
(+G-p))ge

o) |

this paper, the generalized Noor-type linear integral operator will be denoted by Mf,ﬁ(z).

T
(-p) Y Hl(w);—p Hy3
=

3. Differential Subordination with Mf’,ﬂ(z)

This section introduces certain appropriate class of admissible functions and studies some
third-order differential subordination outcomes for the operator Mf,ﬂ(z) defined by Equation (27).

Definition 6. Let A be a set in C, w € Jy and j € N\{1}. The class of admissible functions ¥ y4[2, w]
consists of those functions ¥ : C* x D — C that satisfy the following admissibility condition:

¥(uq, up, uz, u4;z) & A

whenever
/ (1714)
S il +: w(x)
A

o (P lus =201 = A)up + (1 - A)*uy] o (00" (X)

R( Afuy — (1 — A)uy] ) 2KR< w'(x) +l>'
and

PPlug — (1 — A)3uy] — p[3BA +3p(1 — A)][uz —2(1 — A)up + (1 — A)?uy]  3p?(1 — A)?

w (e T W@ Ay : .

> K2R <X25,,7(NX()X)> ,

wherez € D, x € dD\G(w), and k > j.
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Theorem 2. Let ¥ € X[, w]. If ¢ € Ap and w € Jy achieve the following conditions:

@w%m>>0 M;H10(z) = (1= AMO() | _ |A|x
(x) ) 7 W' (x) =T
and

{3 (M0(z), MH10(2), MyF20(2), M, 20(2);2) 12 € D} € 2,
then

Myd(z) <w(z), (z€D).
Proof. Define the following holomorphic function v(z) in D by
v(z) = /Vlf,ﬂ(z).
From Equations (29) and (33), we have

_ zv'(z) + Mv(z)

MH8(z2) 5
A

Further computations show that

220" (z) + [1 + 72;;(1/4—,4)} zv'(z) + 7"2(114_2A)2u(z)

M20(z) = 4 ,
A2
and
— _ 2(1_A)2 3(1_ 43
Mgz 20" (z) + [3 + LOA A)] 220" (z) + [1 + 73;;(114 A) 4 Spr(AP (/142 A) ] v (z) + 20 (1A3A> v(z)
P - p3
A3
Define the parameters uy, 1y, u3 and 1y as:
p(1-4)
up=f, up= M,
A
2p(1—A 2(1—-A)?
h+ {1+ p<A )]g+p S
usz = fi ’
A2
and

Uy = 3

22
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Now, we define the transformation T : C* x D — C as follows:

I(f, g h t;z) = ¥(uy, up, uz, Uy; z)

’ 2 ’

_ 2p(1-A) 2(1-A)?
(f 8 p(lAA)f h [1 ’ A ]g : = f
—f\z (40)

b
A

A2

P3

t+3 [1 + M} h+ [1 4304 3”2(1””2] g+ Z0AY ¢ >
;Z |-
w

By utilizing Theorem 1 and Equations (33) to (36), and from Equation (40), we yield
T <v(z),zv/(z),z2v”(z),231/”(2);2) =¥ (Mf,ﬂ(z),j\/lf,“l?(z), Mffzﬁ(z), Mﬁ”ﬁ(z);z) BN )
Therefore, Equation (31) becomes
r (v(z),zv’(z),zzv”(z),z3u”'(z);z> e
A computation utilizing Equations (37), (38) and (39) acquire

plus—2(1— Aup + (1 — A)?u]
Alup — (1 — A)uq] !

h
q

and

t plus— (1= APuy] — pBA+3p(1— A)Jfus —2(1 = A)ua + (1 - A)?uy]  3p*(1 - A)? )
q A2fuy — (1 — A)uy] A? ’
We also note that

B M) - (1- AM!(2)]
@'(x)

zv'(z)
w'(x)

= < K.

Hence, the admissibility condition for ¥ € X[, w] in Definition 8 is equivalent to the
admissibility condition of ' € (),[2, w] as given in Definition 5 and by Theorem 1, we obtain

M8(z) < w(z).
The proof of Theorem 2 is complete. [

If 2 # C is a simply connected domain, then 2 = 71(ID) for some conformal mapping #i(z) of D
onto 2. In this case the class T \[2(ID), w] is written as X, [, w]. The following outcome is a directly
consequence of Theorem 2.

Theorem 3. Let ¥ € L[, w)]. If ¢ € Ap and w € Jy achieve the following condition (28) given as follows:

|A| x
<
w'(x) Ty

’

0 (XW"(X)> - MGF9(z) — (1= A)My8(2)
W'(x) ) =
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and
¥ (M;’,ﬂ(z),Mfﬁlﬁ(z),M§+219(z),M§+3z9(z);z) < h(z), (42)

then
My8(z) < w(z), (z€D). (43)

The next outcome is an extension of Theorem 3 to the case where the behavior of w(z) on dD is
not known.

Corollary 1. Let 2 C Cand let w(z) be univalent in D, w(0) = 0. Let ¥ € X[, we] for some e € (0,1)
where we(z) = w(ez). If 0 € Ay achieves

()(wg’()()) >0 vaﬂﬂ(z) — (1 - A)M}9(z) - |Alx
wix) ) =7 wi(x) —r’
and

¥ (Mf,ﬁ(z),Mﬁ“#(z),Mgﬂﬂ(z),Mf,”ﬂ(z);z) €9,
then

M8(z) < w(2),
where z € D and x € D\ G (w;).

Proof. By utilizing Theorem 3, we have Mﬁﬂ(z) =< we(z). Then we get the outcome from we(z) <
w(z). O

The next outcome is an immediate consequence of Corollary 1.

Corollary 2. Let 2 C Cand let w(z) be univalent in D, w(0) = 0. Let ¥ € X yq[l, we| for some e € (0,1)
where we(z) = w(ez). If 0 € Ay achieves

(xwé’(x)) o, |MpTE) - (- AMBE)] Al
wix) ) =7 wi(x) - p’
and
¥ (Mf,ﬂ(z),Mf,“ﬂ(z),Mf,*zﬁ(z),MffSﬁ(z);z) < h(z), (44)
then

M'(z) < w(2),
where z € D and x € D\ G (we).

The following outcome gives the best dominant of the differential subordination of Equation (40).
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Theorem 4. Let 1i(z) be univalent in . Let ¥ : C* x D — C. Suppose that the differential equation:

_ 21 a2

¥<w(z) 2w’ (z) + M“}(Z) 2w (z) + [1 + w] 20 (z) + F'(IA%ZA)W(Z)
! P
A

, 2 ,
AZ
(45)
2B (z) +3 [1 + 7!’(12/\)] zw"(z) + [1 + 7311(1/‘—1‘\) + 73;12(;14)2} zw'(z) + 7;73(1;3’4)3(4;(2)
» ;z | =h(z),
A3
has a solution w(z) with w(0) = 0 which achieves Equation (30). If ¢ € A, achieves Equation (44) and
¥ <Mf,z9(z),Mf,“ﬁ(z),/\/tﬁ“ﬁ(z),Mf,”t?(z);z) , (46)
is holomorhic in D, then
ijz‘}(z) < w(z), (47)

and w(z) is the best dominant.

Proof. By utilizing Theorem 3 that w(z) is a dominant of Equation (44). Since w(z) achieves Equation
(45), it is also a solution of Equation (44) and therefore w(z) will be dominated by all dominants. Thus
w(z) is the best dominant. [

In the case w(z) = Qz (Q > 0) and in view of Definition 8, the class of admissible functions
2 m (2, w] denoted by X x4 [2, Q] is defined below:

Definition 7. Let 2 be a set in C and Q > 0. The class of admissible functions Xy [, Q| consists of those
functions ¥ : C* x D — C that achieve the admissibility condition

L+ Hl n Zp(lAfA)] K+ pz(lAsz)z} ol

¥ <Qei9, [% +(1- A)} Qe

p? !
Az
(48)
Vo [1+ BEA ey [[14 22024 4 W0CAR ]y PUAR] g0
= Z 2,
A3
wherez € D, R(Le™0) > (x — 1)xQ and R(Ve™0) > 0 for all real 8 and x € N\{1}.
Corollary 3. Let ¥ € L[, Q]. If ¢ € A, achieves the following conditions:
AlkQ
Myt - - ) Meca)| < A2, (19)
and
¥ (Mf,ﬁ(z),Mf,‘“ﬂ(z),Mfﬁzﬂ(z),Mf,Ho(z);z) €9, (50)
then

\M”(z)\ < Q(2).
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In the case 2 = w(D) = {z1 : |z1| < @}, (Q > 0), for simplification we denote by X \([Q] to the
class L4 [2, Q.

Corollary 4. Let ¥ € Y\[Q]. If ¢ € A, achieves the following conditions

’Mf,“ﬂ(z) —(1- A)Mgﬂ(z)] < 'A‘;Q,
and
(¥ (Mf,ﬂ(z),M“l(z),M§+219(z),/\/1f;+3z9(z);z)\ <0, 1)
then
)Mf,ﬁ(z)‘ <o

Corollary 5. Ifx > 2, Q > 0. If ¢ € A achieves

ME0() - Mbo(a)| < EZPIAIS p; 412,

then
)Mf’,ﬁ(z)‘ <o.
Proof. Let ¥ (uy,up, u3, ug;z) = up — uq. Utilizing Corollary 3 with 2 = /(D) and

(k—p)lAIQ

h(z) = ’

(Q>0,zeD).

We have to find the condition so that ¥ € X (2, Q], that is, the admissibility condition of
Equation (48) is achieved. This follows since

L+ Hl T 2;?(1AfA)] K4 pz(lAsz)z] Qelt

‘¥ (Qei", [% +(1- A)} Qe?,

,!73
A3

Vo [14 2L A 3y [[14 22024 4 W0AR ]y POAR) Qei9>

PN

(k—p)|A[Q
) :

F - l} AQe?
p

The required outcome is obtained. [
Corollary 6. Ifx > 2, Q > 0. If ¢ € Ay achieves

[2 (11 p52) +

2
[AJ2

Pz(g—l) H 0

’

[ M20(z) — MyH0(2)| <
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then
)Mf,ﬁ(z)‘ <o
Proof. Let ¥ (uy,up, u3, us; z) = ug — up. Utilizing Corollary 3 with 2 = /(D) and

211+ 2A2)’> =] °. (Q>0,zeD).

2

h(z) =

=

>

It is enough to show that ¥ € X ([, Q], that is, the admissibility condition of Equation (48) is
achieved. This follows since

AZ

e e
r?
A2

¥ <Qel’", [% +(1— A)} e,

Vo [1+ BEA ey [[14 2004 4 WOCAR ]y POCAR) Qef9> ‘

i
A3

L+ [1 + p(l 24) ] Kk Qe + [7@ 1)} Qelf

R 41+ B0 [0 o1+ #2040 o
L P
|A[? |A[?

This completes the proof. [

Corollary 7. Ifx > 2, Q > 0. If ¢ € A achieves

st (70 1)

’

2( o
ME?0(z) — Mﬁ“ﬂ(z)] <

then
)Mf,z?(z)‘ <Q.

Proof. Let ¥ (uy,up, U3, Ug;z) = Uy — %u3. Using Corollary 3 with 2 = (D) and

WH 8 1 |z g <1A>y>+\f<;;f*>z<wl>;]g
h(z) = 3 z, (@>0,z€D).

p
[P
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It is adequate to show that ¥ € X ([2, Q], that is, the admissibility condition of Equation (48) is
achieved. This follows since

Lo+ [[1+ 204 pz(lA_zA)Z] Qe

2
A2

¥ (Qei", [% +(1- A)} e,

Vb [ B s [[1s U 2P00] +P3<;;*>3]ggfe)’

Y+ [2_,'_ p(1- )] £+[ p(1- )(1+ ( ))] KQEig-‘y- [!ﬁ({‘%I‘U(p(lAA )] Qele

Ve*’9+[2+ Pl >]£e*’9+[( )(1+ ( )}KQ—&-{il A) (%—1)}9

R(Ve ) + |24 2UA g ge-i0) 4 [P (14 20 g 4 |PAZAR (224 _q)| @

> =
AP
el A e s P (2 )
) \fTs
2(}2+ A 4 |2 (1 4 20 A)))+ P-4 (’”“AA)—l)] Q
> =
[4p

The required outcome is derived. [

4. Conclusions and Future Directions

In the terms of the ¢-Generalized Hurwitz-Lerch Zeta functions (GHLZF) in the z- domain, a new
generalized Noor-type linear integral operator is introduced. This operator was utilized to study new
classes of holomorphic functions in D. In addition, new applications of the third-order differential
subordination outcome that involves this new operator were investigated. The third-order differential
inequalities were imposed in this work to show the uppercase of this new generalized Noor-type linear
integral operator in ID.
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Abstract: Let Q) denote the class of functions f(z) = z + apz> + a3z° + - - - belonging to the normalized
analytic function class A in the open unit disk U= {z : |z| < 1}, which are bi-univalent in U, that is,
both the function f and its inverse f ! are univalent in U. In this paper, we introduce and investigate
two new subclasses of the function class () of bi-univalent functions defined in the open unit disc U,
which are associated with a new differential operator of analytic functions involving binomial series.
Furthermore, we find estimates on the Taylor-Maclaurin coefficients |a,| and |a3]| for functions in
these new subclasses. Several (known or new) consequences of the results are also pointed out.

Keywords: analytic functions; univalent functions; bi-univalent functions; Taylor-Maclaurin series

MSC: 30C45

1. Introduction and Definitions

Let A be the class of all analytic functions f in the open unit disk U= {z : |z| < 1}, normalized
by the conditions f(0) = 0 and f(0) = 1 of the form

flz)=z+ i anz". M
n=2

Further, by S we shall denote the class of all functions in A which are univalent in U.

A function f € A is said to be starlike if f(U) is a starlike domain with respect to the origin; i.e.,
the line segment joining any point of f(U) to the origin lies entirely in f(U) and a function f € A s
said to be convex if f(U) is a convex domain; i.e., the line segment joining any two points in f(U) lies
entirely in f(U). Analytically, f € A is starlike, denoted by S*, if and only if Re (zf/(z)/f(z)) > 0,
whereas f € A is convex, denoted by K, if and only if Re (1 +zf”(z)/f'(z)) > 0. The classes S* («)
and K (a) of starlike and convex functions of order «(0 < a < 1), are respectively characterized by

zf'(z)
Re ( ) > > (zel), ()
and
Re <1 + Zj:,é?) >a  (ze). 3)
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For a function f in 4, and making use of the binomial series

1—-A)"= f (”_’>(_1>w‘ (meN={1,2---},j€Ny=NU{0}),
=0\

Frasin [1] (see also [2—4]) introduced the differential operator Dfn’ 1f (z) defined as follows:

Df(z) = f(2), ()
DL, f(z) = (1=A)"f(z) + (1 (1—A)")zf'(z) = Dupf(z), A > Gm €N, 5)
D, f(z) = DuA(D7'f(z)) (Z€N). ©)

If f is given by Equation (1), then from Equations (5) and (6) we see that

o m ¢
DL, fz) =2+ ) (1 +o-ni (") (—1>J+W> 02", T €N, %
n=2 j=1
Using the relation in Equation (7), it is easily verified that
C'(N2(D;, f(2)) = Dyl f(2) = (1= € (A)D}, 1 f(2) ®)

where C" (A) = f (T;’)(—l)jﬂ)\j.
=1
We observe that for m = 1, we obtain the differential operator D% , defined by Al-Oboudi [5] and
for m = A = 1, we get Salagean differential operator D¢ [6].
In [7], Frasin defined the subclass S(«, s, t) of analytic functions f satisfying the following condition

(5 — 2f(s2)
ke { £(2) - f(t2) } o ®)

forsome0 < wa <1s,te Cwith|s| <1; |t <1;s # tand forall z € U. We also denote by T («,s, t)
the subclass of A consisting of all functions f(z) such that zf'(z) € S(a,s, t). The class S(a,1,t) was
introduced and studied by Owa et al. [8]. When t = —1, the class S(«,1, —1) = Ss(«) was introduced
by Sakaguchi [9] and is called Sakaguchi function of order « (see [10,11]), where as S;(0) = S; is
the class of starlike functions with respect to symmetrical points in U. In addition, we note that
S(a,1,0) = S*(a) and T (a,1,0) = K().

Determination of the bounds for the coefficients a;, is an important problem in geometric function
theory as they give information about the geometric properties of these functions. For example, the
bound for the second coefficient a, of functions in S gives the growth and distortion bounds as well as
covering theorems. It is well known that the n-th coefficient a, is bounded by # for each f € S.

In this paper, we estimate the initial coefficients |ay| and |a3| coefficient problem for certain
subclasses of bi-univalent functions.

The Koebe one-quarter theorem [12] proves that the image of U under every univalent function
f € S contains the disk of radius ;. Therefore, every function f € S has an inverse f~!, defined by

flf@) =2z (z€D)
and

st =w (el <, )= 5),
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where .
fHw) =hw) =w+ Y A" (10)
n=2

A simple computation shows that
w = f(h(w)) = w+ (Ay + ap)w? + (A3 — 2a3 + a3)w® + (Ay + 583 — 5apaz +ag)wt +--- . (11)

Comparing the initial coefficients in Equation (11), we find that Ay = —ay, A3 = 2a§ —az and
Ay = 5a§ + 5axa3 — ay.
By putting these values in the Equation (10), we get

FH(w) = w — apw? + (203 — a3)w® — (5a5 — Sapaz + ag)wt + - .

A function f € A is said to be bi-univalent in the open unit disk U if both the function f and
its inverse f~! are univalent there. Let () denote the class of bi-univalent functions defined in the
univalent unit disk U. Examples of functions in the class Q) are

oz o 1 o 1+z
1-z" 812 S\V1—z

However, the familiar Koebe function is not a member of (). Other common examples of functions
in U such as
2z — 22 and 2
2 1-22

are not members of () either.

Finding bounds for the coefficients of classes of bi-univalent functions dates back to 1967
(see Lewin [13]). Brannan and Taha [14] (see also [15]) introduced certain subclasses of the bi-univalent
function class Q) similar to the familiar subclasses S*(a) and K(«) (see [16]). Thus, following Brannan
and Taha [14] (see also [15]), a function f € A is in the class Sf [a] of strongly bi-starlike functions of
order (0 < < 1) if each of the following conditions are satisfied:

aarg<zfﬂ(z)>‘<E O0<a<1 zel)

feOQand ) 3

and

/
::1rg<zg(w)>‘<E 0<a<1 wel),
g(w) 2

where g is the extension of f~! to U. The classes Sf(«) and Kq () of bi-starlike functions of order «
and bi-convex functions of order «, corresponding (respectively) to the function classes defined by
Equations (2) and (3), were also introduced analogously. For each of the function classes S, (a) and
Ka(a), they found non-sharp estimates on the first two Taylor-Maclaurin coefficients |a,| and |a3| (for
details, see [14,15]).

Motivated by the earlier works of Srivastava et al. [17] and Frasin and Aouf [18]
(see also [10,12,13,19-33]) in the present paper we introduce two new subclasses Bg)()x, a,s,t) and
Bg (A, B,s,t) of the function class (), that generalize the previous defined classes. This subclass is
defined with the aid of the new differential operator Dfn, , of analytic functions involving binomial
series in the open unit disk U. In addition, upper bounds for the second and third coefficients for
functions in this new subclass are derived.

In order to derive our main results, we have to recall the following lemma [34].

Lemma 1. IfP € P then
lexl <2 (k€N),
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where P is the family of all functions P, analytic in U, for which
Re(P(z)) >0 (ze€U),
where P(z) =1+ c1z+ 22 + 323+ -+ (z € U).
Unless otherwise mentioned, we presume throughout this paper that
A>0;meN,s t € Cwith |s] <1; [t <1;s# £ € Ny.

2. Coefficient Bounds for the Function Class Bf) (A, s, 1)

Definition 1. A function f(z) given by Equation (1) is said to be in the class Bg(/\, a,s,t) if the following
conditions are satisfied:

s—1)z(D¢ , f(z))'
feQand |arg E’, )= m’)‘gf( ) <% (0<a<1,zel) 12)
Dm,/\f(sz) — Dm,)tf(tz)
and :
s—tHw(D w))’
arg g Jul m”\f( ) < % 0<a<1 wel) (13)
D;, ,8(sw) — D;  g(tw)
where the function g is given by
g(w) = w — apw?® + (2a3 — a3)w® — (5a3 — 5aaz + ag)w* 4 - - . (14)

We begin by finding the estimates on the coefficients |a;| and |a3| for functions in the class
Bg)()\, a,s,t).

Theorem 1. Let f(z) given by (1) be in the class BE) (A, a,s,t). Then

laa] < 2 (15)

a(6— 252 — 2 —2ts) (1+ 2C]’7’(A)>§

- (1 + C]’."(A))zg [20(25 +2t — 12 — 52— 2ts) + (a — 1) (2 —s — )?]

and )
las] < ha _ 2 .. (16)
@=s—t2 (1+Cr(n)” 13- =2 —ts)| (1+2C (1))
Proof. From Equations (12) and (13), we have
(s— 1z (D% f(2))
- ( " ) _ [p(z))" 17)
D, f(sz) = D; f(tz)
and ,
(s—tw Dfn g(w)
(Phis) [9(ew))", as)

Df‘n’/\g(sw) — Dgl,Ag(tw)
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where p(z) and gq(w) in P and have the forms

p(z) =1+ piz+paz? +psz’ + -

and
q(w) =1+ o + g’ + gzw’ + - - -
This yields the following relations:
m g
(2—s—1t) (1 +G ()L)) ap = apy,
2 2 ¢ 2 2 %
—s2 -2 ; 5 — — 52— 25— '
(B—s2— 12— ts) (1 +2C]’"(A)) a3 — (25 +2t — 52 — 2ts — 12) (1 + c;"(/\)) a3
ale—1
= D‘pz + ( 2 ) p%’
g
—(2-s-1) (1 +C}”(A)> ap = aqy
and
2 2 m ¢ 2 2 m % 2
(6 — 252 — 212 — 2ts) (1 +2C! (A)) — (25 +2f — 2 — 2 — 2ts) (1+cj W) | 2
¢ -1
—(8—s2—12—ts) (1 + 2C}”(A)> a3 = agy + 7"‘(0‘2 )q%.
From Equations (21) and (23), we obtain
p1=-n
and

27
2(2—s—t)? (1 + c;"(A)) 2 = 2P+ ).
Now by adding Equation (22) and Equation (24), we deduce that

[(6 — 252 — 212 —2ts

)
= )+ DR ).

¢ 2
<1+2C}"(/\)) —2(25 42t — 2 — 2 — 2ts) (1+C]’7’(A)> }a%

From Equations (27) and (26), we have

“ {(6 2 -2~ 21s) (14200 (0)) "~ 225+ 2t - 22— 2ts) (14 c;"(A))ﬂ 22
= Rt +a-DE-s- 02 (1+rw) .
Therefore, we have

a*(p2 + 42)

2
ﬂz =
w(6 25 22 ~215) (14201 (1)) — 20(2s 42t — £ — 2~ 2t5) (14 CF (1))

—(—1)(2—s—1)? (1+C}“(A)>2€'
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(28)



Mathematics 2020, 8, 783

Applying Lemma 1 for the coefficients p, and g, we immediately have

2w

lag| <
4
a(6 - 252 — 2 —2ts) (1+2C7" (1))

- (1 +c?;."()\))2g [20(25 42t — 2 — % = 2ts) + (w — 1)(2 — 5 — £)?]

which gives us the desired estimate on |a;| as asserted in Equation (15).
Next in order to find the bound on |a3], by subtracting Equation (24) from Equation (22), we get

23—~ £ 1) (14200(1)) 0 — (6 - 252 22— 21) (14207 (1)) 3 o
= a(p2—q2) + ale—1) (1 —ai)-
From Equations (25), (26) and (29), we obtain
23—~ 1) (14200 (0)) oy
= (6— 252 — 22 —2ts) (1+2C}”(A))é *(pi +93) +a(p2— o)

2¢
22-s— 12 (1+Cr))
or, equivalently,

«*(p? +q3) a(p2 — )

a3 = 7zt 2
22-s-02(1+CrY)" 26— -2 1) (1+2C1'())

Applying Lemma 1 for the coefficients p1, p», 41 and g2, we have

402 2

‘ll3‘§ 2€+ 7
|(2—s—1)2] (1+c;n(A)) |3—82— 12— ts)] (1+2C]’.”(A))

We get desired estimate on |a3| as asserted in Equation (16). [

Putting { = 0 in Theorem 1, we get the following consequence.

Corollary 1. Let f(z) given by Equation (1) be in the class BY (a,s,t), 0 < a < 1. Then

2
la2] < V]a(6—252 — 22 —2ts) — 2a(2s + 2t — 2 — 2 —2fs) + (a — 1)(2 — 5 — £)2]]
nd 4a? 2«
sl < e TG —m)
Putting s = 1 and t = —1 in Corollary 1, we immediately have the following result.

Corollary 2. Let f(z) given by Equation (1) be in the class BY (2,1, 1), 0 < & < 1. Then

las| < a
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and
las| < a(a+1).

If we puts = 1 and t = 0 in Corollary 1, we obtain well-known the class S, [a] of strongly
bi-starlike functions of order a and get the following corollary.

Corollary 3. Let f(z) given by Equation (1) be in the class S{[a], 0 < « < 1. Then

2

Voa+1

laz| <

and
las| < a(4a+1).
3. Coefficient Bounds for the Function Class Bg()\, B,s,t)
Definition 2. A function f(z) given by Equation (1) is said to be in the class Bg(/\, B, s, t) if the following
conditions are satisfied:
(5 = 2Dy f(2))
Dfnﬂf(sz) — Dfn/}‘f(tz

feQandRe( ))>,s (0<p<1,zel) (30)

e [ 5= (D] 8@))
DS, \g(sw) — D, g (tw)

where the function g is given by Equation (14).

)>/3 0<B<1,wel) 31)

Theorem 2. Let f(z) given by Equation (1) be in the class Bf—l()\, B,s,t). Then

2(1-p)
a| < 32
laz] < V/(ssZtZB)(1+ch(Ané(2s+2tﬂ522m)(1+c7mA))“ @2

and

las| < 41-p =+ 20-F) : (33)
z 3
[(2—s5—1)2] (1+C;"(/\)) [(3—s2—12—ts)| (1+2C;"(A))

Proof. It follows from Equations (30) and (31) that there exist p and g € P such that

(s -0z (D, /()
Dgll/\f(sz) — Dfn,}lf(tz)

=p+(1-p)p(z) (34)

and ,
(s—tw (Dimg(w)>
D5, 18(5w) — D g (fw)

where p(z) and g(w) in P given by Equations (19) and (20).
This yields the following relations:

=p+(1-p)g(w) (35)

@2—s—1) <1+C]m(/\)>éa2:(1—,5)171, (36)
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¢ 2¢
(B-s2 =2 —ts) (1+2C1 (1)) a3 — (25 +2t =2 =215 = £) (14 CI' (1))~ a3 @7
= (1 - ﬁ)er
m ¢
—@=s=H(1+C' W) @ = (1- Py (39)
and
2
(6— 252 — 2 —21s) (1+ ZCJY"(A))g — (2542t =2 = £ 2ts) (14 C(V)) g} a3
(39)
¢
(B —P—ts) (1 +2c;"(A)) a3 = (1— B)ga.
From Equations (36) and (38), we obtain
p1=-—n (40)
and %
225 =0 (14+CI'(N) " a = (1= BR(p} + ). @)
Now by adding Equation (37) and Equation (39), we deduce that
¢ 20
_ng2 02 m _ 242 m 2
(6 — 252 — 212 — 2ts) (1 +2CH(A))" —2(2s+2t =2 — £~ 2t5) (1+C (A)) } 3 g

= (1-B)(p2+92)-

Thus, we have

IN

(1-B)(Ip2+l92]) ;
\(6—252—2t2—2ts)(1+2C;”(A))g—2(25+2t—t2—52—2ts)(1+C}”()\)) d
_ 2(1-p) i
(322 —15) (14207 (1)) —(2s42t-2—2215) (1€ () |

a3

which gives us the desired estimate on |ay| as asserted in Equation (32). Next in order to find the
bound on |a3|, by subtracting Equation (39) from Equation (37), we get
¢ ¢
2352 =2~ t5) (14207 (1)) a3 — (6 - 25> — 22 — 21s) (1+2CP(A) ) a3 @)
= (1=B)(p2—12)-
From Equations (40), (41) and (43), we obtain
¢
2(3— 2 —2—ts) (1 +2c;"(A)) a3

(1= +a7)
22512 (1+cr()”

= (1B + (62222 215) (1427 ()

or, equivalently,

(1-B)2(pi+43) (1-B)(p2—42)

ag = z+ -
22512 (14 )T 2622 1) (14207 (1))
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Applying Lemma 1 for the coefficients p1, p2, 41 and g», we have

41-p)? 2(1-p)

las| < 7
@=s—02 (1+Cr )" 1G=s2—2 1) (1+201'())

7

We get desired estimate on |a3| as asserted in Equation (33). [

It is worth to mention that a similar technique in the real space has been used in the study of
random environments, see [35].
Putting ¢ = 0 in Theorem 2, we have the following corollary.

Corollary 4. Let f(z) given by Equation (1) be in the class BY(B,s, t). Then

|az| < %
" 41 py? 2(1-p)
e e R oy L
Putting s = 1 and f = —1 in Corollary 4, we immediately have the following result.

Corollary 5. Let f(z) given by Equation (1) be in the class BY(B,1,—1),0 < p < 1. Then

laa] < /1-B

and

las| < (1-B)(2—B).

If we take s = 1 and t = 0 in Corollary 4, we obtain well-known the class S (B) of strongly
bi-starlike functions of order § and get the following corollary.

Corollary 6. Let f(z) given by Equation (1) be in the class S,(B), 0 < B < 1. Then
|a2| < y/2(1—B)

las| < (1= B)(5—4p).

and

4. Conclusions

In this paper, two new subclasses of bi-univalent functions related to a new differential operator
Dvéw, ,, of analytic functions involving binomial series in the open unit disk U were introduced and
investigated. Furthermore, we obtained the second and third Taylor-Maclaurin coefficients of functions
in these classes. The novelty of our paper consists of the fact that the operator used by defining the
new subclasses of () is a very general operator that generalizes two important differential operators,
Salagean differential operator D¢ and Al-Oboudi differential operator Di - These operators are
playing an important role in geometric function theory to define new generalized subclasses of analytic
univalent functions and then study their properties. The special cases taken from the main results
confirm the validity of these results. We mentioned that all the above estimates for the coefficients ||
and |a3| for the function classes Bf) (A, a,s,t) and Bg (A, B,s, t) are not sharp. To find the sharp upper
bounds for the above estimations, it is still an interesting open problem, as well as for |a,|, n > 4.
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Abstract: The main contribution of this article is to define a family of starlike functions associated with
a cosine hyperbolic function. We investigate convolution conditions, integral preserving properties,
and coefficient sufficiency criteria for this family. We also study the differential subordinations
problems which relate the Janowski and cosine hyperbolic functions. Furthermore, we use these
results to obtain sufficient conditions for starlike functions connected with cosine hyperbolic function.

Keywords: Janowski functions; subordination; cosine hyperbolic function

1. Introduction and Definitions

The aims of this particular section is to include some basic notions about the Geometric Function
Theory that will help to understand our key findings in a clear way. In this regards, first we start
to define the most basic family A which consists of holomorphic (or analytic) functions in D =
{ze C:|z| <1} by:

A= {q : g is holomorphic in D with g(z) =z + ) akzk} .
k=2

Also the set S C A describes the family of all univalent functions which is define here by the
following set builder form:
S ={g € A:qisunivalentin D} .

Next we consider defining the idea of subordinations between holomorphic functions g; and
g2, indicated by q; < g», as; the functions g1, g, € A are connected by the relation of subordination,
if there exists a holomorphic function v with the restrictions v(0) = 0 and |v (z)| < |z| such that
q1(z) = g2(v(z)). Moreover, if the function g, € S in D, then we obtain:

71 = 92 < q1(0) = 92(0) & q1(D) C q2(D). M

Image domains are of primary significance in the analysis of analytical functions. Analytic
functions are classified into various families based on geometry of image domains. In 1992, Ma and
Minda [1] considered a holomorphic function A normalized by the conditions A(0) = 1 and A’(0) > 0
with ReA > 0in D. The function A transforms the D disc into a region that is star-shaped about
1 and is symmetric on the real axis. In particular, if we take A(z) = fi’AL/IZZ with -1 <M < L <1,
then it maps D to a disc which lies in the right-half plan with center on the real axis while ﬁ and

% are its different end points of the diameter. This familiar function is recognized as Janowski
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function [2]. Some interesting problems such as convolution properties, coefficients inequalities,
sufficient conditions, subordinates results, and integral preserving were discussed recently in [3-7]
for some of the generalized families associated with circular domain. The image of the function
A(z) = /T + z shows that the image domain is bounded by right-half plan of the Bernoullis lemniscate
given by |02 — 1| < 1, see [8]. The function A(z) = 1+ 3z + 2z maps D into the image set bounded

by the cardioid

5 2 1
(y2+x272x+§)2716(y2+x27§x+§) =0,

which was examined in [9] and further studied in [10]. The function A(z) = 1 + sin z was established
by Cho and his coauthors in [11] while A(z) = e* is recently studied in [12,13]. Furthermore,
many subfamilies of starlike functions have also been introduced recently in [14-18] by choosing
some particular functions such as functions associated with Bell numbers, functions related with
shell-like curve connected with Fibonacci numbers, functions connected with conic domains and
rational functions instead of the function A.

Differential subordinations are natural generalizations in complex plane of differential inequalities
on real line. Information obtained from derivative plays important role in studying properties of real
valued functions. In complex plane, there are various differential implications, in which a function is
characterized by using differential conditions. Noshiro-Warschawski theorem is an example of such
differential implication which gives the univalency criterion for analytic functions. In numerous cases,
properties of function are determined from the range of the combination of the derivatives of the
function. For more details about differential subordinations, see [19].

Let /1 be a holomorphic function defined on D with #(0) = 1. Recently, Ali et al. have obtained
sufficient conditions on A such that

1+ Az (2) /0" (z) < V1+z = h(z) <V/1+z forn=0,12.

Similar type implications have been investigated in some of the recent papers by different
researchers, for example see the articles contributed by Haq et al. [20], Kumar et al. [21,22],
Paprocki and Sokét [23], Raza et al. [24], Sharma et al. [25] and Tuneski [26].

Now we establish the family S ; of starlike functions connected with cosine hyperbolic function
that are defined by:

!
Shn = {q cA: ZZ (S) < cosh (z), (z € D)} . )
Geometrically, the function # maps D onto an open disk symmetric with respect to the real

axis with centre M and radius w It is interesting to see that the cosine and cosine
hyperbolic functions have the same image domain in D. For detail see [14].

Also, since cosh (z) maps the region D onto the image which is bounded by

’m (v—&—\/vz—l)‘ <1

Thus, the class S}, can also be defined in a different way as; a function q € A belongs to the
class S}, if and only if the following inequality will be true

NEAS 27 (2)\? _
R e (q(z)) Hpst

We need to get the foregoing Lemma to establish our principal results.
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Lemma 1. [27] Let v be a holomorphic function in D with v (0) = 0. If
v (20)| = max {[o ()] for |z| < |z},
then a number | (1 > 1) occurs in such a way that zgv' (zo) = lv (zp) .
To avoid repetitions, we assume the following restrictions
1<M<L<1,jeN={1,2,..}, keNy=NuU{0},
otherwise we will state it where different.

2. Sufficient Conditions Associated with Cosh

Theorem 1. Let an analytic function h (with h(0) = 1) satisfying the relation of subordination

i 14+Lz
/ ]
1+A (2 (2)) < T M ®3)
with the following limitation
L-M
PYE k) B TP N @)
sin/ (1) — |[M] sinl/ (1)
Then
h(z) < cosh (z). (5)
Proof. Let us assume that ‘
p(z) =1+ A (zH (2)) . (6)
Then the function p is holomorphic in D with p(0) = 1. Also consider
v (z) = cosh™! (h(z)), (7)

where we selected the principle branches of the functions that are logarithmic and square root. Then v
is clearly a holomorphic function in D with v (0) = 0. Also since

cosh 1 (z) =1In [z +/z2 — 1} .

To complete the proof of this result, we just need to prove |v (z)| < 1in D. By virtue of (7),
we have .
p(z) =1+A{z0/ (z)sinh (v (z))} .
Therefore .
A{zv' (z) sinh (v (2))}
(L— M) —AM {z0' (z) sinh (v (z))} |

‘ p(z) -1
L—Mp(z)

Now, we suppose that a point zy € D occurs such that

max |v(z)] =|v(z)] = 1.
|z[< =0l
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Also, by Lemma 1, a number [ > 1 exists with zgv' (z9) = [v (2¢). In addition, we also suppose
that v (zg) = ¢! for § € [—7, 7] . Then we have

A{l1v (z9) sinh (e™) }j
(L — M) — AM {Iv (o) sinh (i) }/
AL {1 [sinh ()]} |
(L = M)+ [A]|M] {1 |sinh ()]}

‘M
L — Mp (zp)

Y

. ®)

If |z| =r, = < 0 < 7, then simple calculation illustrates that
N (2
‘cosh (e’e) ‘ = cosh? (cos ) cos? (sin 8) + sinh? (cos §) sin’ (sin 6) = ¢ (6),
N (2
‘sinh (619) ‘ = sinh? (cos ) cos? (sin§) + cosh? (cos 0) sin® (sin ) =  (6) .

A routine simplification ensures that 0, £71, £7 are the roots of ¢’ (§) = 0 and ' () = 0 in
[—t, 7] . Also, since

pO) = ¢(-9),
(@) = wu(-0),

it is enough to conclude that 6 € [0, 7] and thus we achieve

max {9 (6)} = ¢(0)=¢(n) = cosh’(1),
min{gp (0)} = ¢(7)=cos?(1),
max { (0)} = p(0) = p(m)=sinh’(1),
min {5 (1)} = p(5)=sin*(1).
Thus, we have
cos(1) < )cosh(e”))gcoshu), )
sin(1) < )sinh(e”))gsinhu). (10)

Therefore, using (8)-(10), we attain

p(z0) 1 IA|Visind (1)
' L—Mp(z0)| = (L— M)+ |A| [M]|lisinb/ (1)
Now let o
) — |A| U sin/ (1) o
(L—M) + [A] M| Usink/ (1)
Then

[A| (L — M) jli="sind (1)

—~—— >0.
[(L — M)+ |A| |M] U sinh/ (1)]

¢)=

This confirms that the function ¢ is increasing and therefore ¢ (I) > ¢ (1), so

|A]sind (1)
(L= M) + |A|[M]sinh/ (1)

‘ p(z0) —1
L — Mp (zp)
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Now using (4), we achieve

‘ p(z0) —1 >

L — Mp (zo0)

and this contradicts the hypothesis

1+ Lz
1+ Mz’

1+ A (zh (z))j <
Hence the proof is completed. [

If we puth (z) = Zg;g) in (3), we achieve the below Corollary.

Corollary 1. Let q € A and justifying

j
zq' (z)\’ 1+ Lz
1+A{z<q@)> < an
with Y
A > — (=M
sin/ (1) — |[M|sink/(1)
Then q € S; -

If we choose L =1, M = 0 in (11), we get the following result.

Corollary 2. If g € A and obeying the subordination
/ Y
eadz (LY <14
q(2)

Al

with

sin/ (1)
Then q € Sl -

Theorem 2. Let an analytic function h (h(0) = 1) satisfying the relation of subordination

I (z) - 14 Lz

1+ A
TG ST Mz

(Vk eNp), (12)

with the following restriction
A (L — M) cosh® (1)
~ sin(1) — [M|sinh (1)

(13)

Then
h(z) < cosh (z).

Proof. Let us suppose
zh (z)
H(z)

Then the function p is holomorphic in D with p(0) = 1. Inserting (7), we have

p(z)=1+A

zv' (z) sinh (v (z))

pl)=1+4 (cosho (2))F
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and so
Azv' (z) sinh (v (z))

‘ p(z)—1
L— Mp(z)

By virtue of Lemma 1 along with (9) and (10), we have

" (L= M) cosh* o (z) — AM {20/ () sinh (v (2))}

’ p(zo)—1 _ Alv (zp) sinh (v (z))
L—Mp (z) (L — M) cosh® (v (z9)) — AM {Iv (29) sinh (v (29))}
- I|A] |sinh (e)]
 (L->M) ‘COShk (em)‘ +1[A||M] |sinh (ei9)|/
I|A|sin (1)
(L — M) cosh® (1) + 1 |A| [M]sinh (1)
Now let
o) = I|A]sin (1)
! (L — M) cosh* (1) +1[A| [M] sinh (1)’
Then B ‘
) = [Al (L — M) cosh® (1) sinh (1) So.

{(L~ M) cosh¥ (1) + 1 |A| [M[sinh (1)}

Applying (13), we have
' p(z0) —1
L—Mp(z0)| —

A contradiction to the hypothesis occurs and hence the proof is completed.

If we take I (z) = 203 i (12), we obtain the below result.

Corollary 3. Ifq € A and obeying the subordination
k / !
q(z) zq' (z) 1+ Lz
() (G) <1

(L — M) cosh® (1)
Mz sin (1) — [M|sinh (1)’

with

then the function g € 87 ..

If we choose L = 1, M = 0 in (14), we get the following result.

Corollary 4. If g € A and obeying the subordination

142z (12 )k<zq'(z)>’<1+2.

zq' (2) q(z)
with
A > cosh (1)
~ sin(1) 7
then q € S .

Theorem 3. Assume that
(L — M) cosh® (1)

= sin/ (1) — [M] sinb/ (1)
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If his a holomorphc function defined on D with h (0) = 1 and satisfying

(z (z))  1+Lz

144 ,
TR 1Mz

(16)

then
h(z) < cosh (z).

Proof. Let us choose a function

PN GG
pz)=1+A )
Then the function p is holomorphic in D with p(0) = 1. Applying some simple computation,
we get )
/ ; ]
p(z) = 1+A{zv (z) sinh (v (kz))} '
(coshv (z))
and so
2 [z @sinh(o(2))}/
‘ pz) -1 | _ (cosh(o(z)))*
L —Mp (z) _ {zv/(@)sinh(vz)}' | |
L=M {1 +A (cosh(v(z)))¥
A{zv' (z) sinh (0 (2)) Y

(L — M) (cosh o (z))F — AM {zv/ (z) sinh (v (z)) V|

By using Lemma 1, we have

' pzo)—1 | _ A{lv (z0) sinh (0 (20)) Y/
L — Mp (zo) (L — M) cosh® (v (z9)) — AM {lv (z9) sinh (v (z0)) }/
Al )sinhj (e) )j
> ,
| (L~ M) [cosh? (ei%) | + 11 [A] M| [sink/ (e) |
I|A|sind (1)
(L — M) cosh® (1) + 1/ [A| M| sinb/ (1)
Now, let . ‘
o) = UIA|sin/ (1)
(L — M) cosh® (1) + 1/ |A| |[M| sinb/ (1)
Then,

i1\ (L — M) sin/ (1) cosh (1
) PN Mysind (eosh (1)

{(L— M) cosht (1) + 1 |A| | M]sin (1)}

which shows that g is an increasing function and it has its minimum value at [ = 1, so

|A]sin/ (1)
~ (L — M) cosh® (1) + |A| [M] sinh/ (1)

‘ p(z0) —1
L — Mp (zg)

Now by using (15), we have

which yields a contradiction to our assumption. This completes the proof. [
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If weputh (z) = % in (16), we obtain the following result.

Corollary 5. If g € A and obeying the subordination
k / "N
q(z) zq' (z) 1+ Lz
1+A<m%n){z<wn T a7

(L — M) cosh (1)
sin (1) — |M|sinh/ (1)

with

Al =
then q € S .

If we choose L =1, M = 0 in (17), we get the following result.

Corollary 6. If g € A and obeying the subordination
j
1 (L8 )k : <Z‘7'(z))' <14z
2q' (2) q(2)

cosh (1)
sin/ (1)

with
e

Thenq € S’

cosh*
3. Bernardi Integral Operator and Its Relationships

The role of operators in the field of functions theory is very crucial in exploring the nature
of the geometry of analytic functions. Several differential and integral operators were introduced
by using convolution of certain analytic functions. It is found that this formalism gives ease in
more mathematical study and also allows explaining the geometrical properties of analytical and
univalent functions. Alexander was the first, who started studying the operator back in 1916.
Later Libera [28] and Bernardi [29] added several integral operators to study the classes of starlike,
convex, and close-to-convex functions. Also, the mapping properties of these operators was discussed
in [30].

The Bernardi [29] integral operator is defined by;

T (z) = C;gl /OZ #-1g (1) dt, for & > 0. (18)

In this part of the article, we analyze the mapping properties of functions belonging to the class
under the integral operator described in (18) above. Some similar findings of this type are also

S*

cosh
discussed here.

Theorem 4. Assume that

(L — M) (cosh (1) +¢)

M 2 G @) = [NTsinh (1) — (1 + [M]) cosh (1) (cosh(1) + &) (19)
If
zq' (z) 1+ Lz
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then ,
Z; (S) < cosh (z),
where the operator J is given by (18).
Proof. Let a function v be defined by
-1 (2T (Z)>
—cosh™! (2 . 21
v (z) = cos < 72 (21)

where we have chosed the principle branches of the square root and logarithmic functions.
Since cosh ™! z function is defined by

cosh™'z=1In {z + (22 — 1)1/2] ,

therefore v is an analytic function in D with v (0) = 0. To prove our result, we need only to show that
|v(z)| < 1in D. From (21), we have

zJ' (2)
J(2)

= cosh (v (2)).

Logarithmic differentiation of above relation yields

zJ"(z) zJ'(z) _ zv'(z)sinh (v (z))

YWIE T 7@ T cosh(o(2)

Using (18), we have
(€+1)q(2) =27 (2) + 4T (2).-
Differentiating logarithmically, we have
j// J/
W@ _ e [ TS
1) 70 T

zv' (z) sinh (v (z)) + (cosh (v (z)) + &) cosh (v (z))
cosh (v (z)) + & '

Now, we define a function

b ()

zv' (z) sinh (v (z)) + cosh (v (z)) (cosh (v (z)) + &)
s cosh (0(2)) + 2

p(z)

where p is analytic in D with p (0) = 1. Also

p)-1 | _ ‘ Azv'(z) sinh(v(z)) + (cosh(v(z))+¢) cosh(v(z)) ‘
L—Mp(z) (L—M)(cosh(v(z))+&)—AMz{z0/(z) sinh(v(z) )+ (cosh(v(z))+¢) cosh(v(z)) } | *

Suppose that there exists a point zy € D such that

max |v(z)] = |v(z0)| = 1.
|z|<|zo]
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By using Lemma 5, there exists a number ! > 1 such that zov' (z9) = Iv (zg). We also suppose that
v (z9) = /. Then we have

‘ Azp{z0?’(z9) sinh(v(zp))+cosh(v(zp)) (cosh(v(z9))+E&) } ‘
(L—M)(cosh(v(z9))+&)—AMzo{zov’ (z9) sinh(v(zq))+cosh(v(zg)) (cosh(v(zp))+) }

’ p(zo)—1 ‘ _
L—Mp(z)

Azo{lv(ZO) sinh(eig)+cosh(ei9) (cosh(zi9)+§)}
(L—M)(cosh(e®)+&) —AMzo{I0(zo) sinh(e®) +cosh (e ) (cosh (e ) +¢) } |~

Let |z| = r, = < 6 < 7. Then a simple computation shows that
’cosh (e’g) ) = |cosh (cos @) cos (sin6) + i sinh (cos ) sin (sin 0)|
N |2
‘cosh (ele) ‘

A simple computation shows that the equation ¢’ (6) = 0 has five roots in [—7, 77| namely
0, =7, £5.Since ¢ (0) = ¢ (—0), it is sufficient to consider 6 € [0, 7] and this implies that

cosh? (cos 8) cos? (sin §) + sinh? (cos 8) sin? (sinf) = ¢ (6).

max{¢(0)} = ¢(0)=¢ (7 )—coshz()
min{¢ (0)} = (g) cosh? (1

Also, consider

‘sinh (6’9) ‘

N (2
‘sinh (3’9)‘ = sinh? (cos ) cos? (sin 6) + cosh? (cos §) sin? (sin 6) = y (6)

sinh (cos 0) cos (sin 0) + i cosh (cos ) sin (sin 0) ,

Similarly, after simple calculations the equation y’ (6) = 0 has five roots in [—7, 77] namely

0, £m, £75. Since u (8) = pu (—0), it is sufficient to consider those roots which lies in [0, 7] and we
see that

max {p (6)}
min {3 (77) }

=u(m )*coshz(l)—l
> 1 — cos?

INe

<

Thus, we conclude that

cos(l) < ’cosh (e”’)’ < cosh (1),

sin(1) < ’sinh (eif’)) <sinh (1).
Now
V(ZO)*l‘ > A{[e]1]e”|sinh(e) | ~[cosh(e")| ([cosh(e?) | +¢) }
L-Mp(z) | = (L—M)(|cosh(e®)[+&)+|A[[M][e®[{I]e®]|sinh(e®)[+|cosh(e®)[(|cosh(e?)[+¢) }
> [A[{Isin(1)—cosh(1)(cosh(1)+¢)}
= (L—M)(cosh(1)+¢)+[A[[M[{Isinh(1)+cosh(1)(cosh(1)+¢&)} "
Now let
o (1) |A] {Isin (1) — cosh (1) (cosh (1) + &)}

= (L=M) (cosh (1) + &) + [A|[M] {I sinh (1) + cosh (1) (cosh (1) + &)}’
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Then

@ (l) _ [A[[(L=M)(sin(1) cosh(1)+¢ sin(1))+]A|[M] cosh(1){sin(1) (1+&+cosh(1))}]

[(L—M)(cosh(1)+&)+|A||M|{I sinh(1)+(cosh(1)+¢) cosh(1) }]> >0

This shows that ® is an increasing function and has its minimum value at/ = 1, so

‘ p(z0) —1 |A] {sin (1) — cosh (1) (cosh (1) + ¢)}
L—Mp(z9)| = (L—M) (& +cosh (1)) + |A]|M] {sinh (1) + cosh (1) (cosh (1) + &)}
Now by (19), we have
p(z0) —1
‘L_MP(ZO) =t

A contradiction to the hypothesis

zq' (z) 1+ Lz
1+/\z< e ) =< T Mz

Hence we have the required result. [

Theorem 5. Assume that

(L-=M)(E+1)

> .
A2 G (@) = M sinh (1) — (1 + [M]) (1 % &) cosh(1) @)
I
1+ 1Lz
1+Ag9(z) < 1T Mz
then
jT(Z) ~< cosh (z).
where J is the Bernardi integral operator defined in (18) .
Proof. Let a function v be defined by
v (z) = cosh ™! (@) , (23)

where we have chosed the principle branches of the square root and logarithmic functions. Then v is
analytic in D with v (0) = 0. We need only to show that |v (z)| < 1in D. From (23), we have

@ = cosh (v (2)). (24)

Also we define a function
p(z) =1+Aq(z), (25)
where p is analytic in D with p (0) = 1. Now by using (18), (24) and (25), we have

‘ p(z)—1
L— Mp(z)

B ‘ Az {zv' (z) sinh (v (z)) + (1 + &) cosh (v (2)) }
T (L=M)(1+¢&) — AzM {z0' (z) sinh (v (z)) + (1 + &) cosh (v (2))} |

Suppose that there exists a point zg € D such that

max |v(z)] = |v(z)] = 1.
|z[< =]
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By using Lemma 5, there exists a number I > 1 such that zpv’ (z9) = v (z(). We also suppose that
v (z9) = /. Then we have

‘ p(zo)—1 | _ ‘ Azg {297’ (z0) sinh (v (zp)) + (1 + §) cosh (v (zp)) }
L — Mp (zo) (L=M) (1+¢) — AzoM {zpv' (z0) sinh (v (zg)) + (14 &) cosh (v (z9)) }
[A] {1 |sinh (eig)‘ -1+ |cosh (ei9)|}

= (L—M)(1+¢&)+ |A[|M]{l]sinh ()] — (14 &) [cosh (¢i?) ]}

< [A|{lsin (1) — (14 &) cosh (1)}

= (L=M)(1+)+ A M| {lsinh (1) + (14 &) cosh (1)}
Now let

) = [A|{lsin (1) — (14 ¢&)cosh (1)}
(L=M)(1+¢&)+ |A| M| {Isinh (1) + (1+¢&)cosh (1)}

Then

o (1) = A {((L=M) (1+¢)sin(1) +|A][M] (sin(1) (1 +¢)) +sinh (1))}
(L—M) (14 &)+ |A| [M| {Isinh (1) + (14 &) cosh (1)}?

which shows that © is an increasing function and it has its minimum value at/ = 1, so

' p(zo) =1 | |A| {sin (1) — (1 +¢)cosh (1)}
L—Mp(zo)| = (L=M)(1+¢)+|A]|M]|{sinh (1) 4+ (1+¢) cosh (1)}
Now by (22), we have
p(z) 1

e

A contraduction to the hypothesis
L
14Aq(z) < f:MZZ.

Hence we have the required result. [

Theorem 6. Assume that

(L-M)(1+9)
M 2 SR = MTsinh(1) — (1 + M) (1 + &) cosh (1) (26)
If
1+ Azq' (z) < 11:1\L/IZZ, (27)

then
J' (z) < cosh (z),

where T is the Bernardi integral operator defined in (18) .
Proof. Using the same steps as used in the last result, one can easily complete this proof. [

4. Convolution Conditions and Its Consequences

The technique of convolution (or Hadamard product) is extremely important in the solution of
various function theory problems and due to this facts this concept becomes the major part of this
field. The main goal of this portion is to analyze the properties of convolution and its implications
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for the family Sc*osh of starlike functions subordinated with cosine hyperbolic function. For g1,4, € A,

the convolution, denoted by (g1 * q2) (z), is defined by
(1q2) (z) =z+ ) abZr, (ze D).
k=2
Also, the following facts will be true only if g € A;

q(z)*lizzq(z) and q(z)*(l_zz)zzzq/(z), (28)

Now using these concepts we now start to state and prove our first result.

Theorem 7. Let q € A. Then q € S7 if and only if

: {q (2)+ (Zf‘sjz} #0, (z€D), 29)

forall § =6y = coshe g also for 6 = 1.

coshel®—1

Proof. Since given that g € S is holomorphic in D, it follows that g (z) # 0 for all z € D* = D\ {0}.

COs|
That is @ # 0 for z € D which is equivalent to (29) for § = 1. Thus, the proof is completed for § = 1.
Now from (2), a holomorphic function v occurs with the property that v (0) = 0 and |v (z)| < 1 so that

ZZ/(S) = cosh (v (z)),

and it is equivalent to

ZZ/(S) £ cosh (eff’) , for 6 € [0,271]. (30)

Using (28), we can easily obtain

(1_12)2 — cosh <ei9> <in) * (1iz)> #0,

and then by simple computation, we have

q(z) *

_ 52
% {q(z)* (21_522)2} £0, (zeD),

which is the needed relationship.
For the converse part let assume that (29) hold for § = 1, it implies that @ # 0forallz € D.

Thus, the function h(z) = Zgéz)) is holomorphic in D with h(0) = 1. Also, let us take H (z) = cosh (e'?)
for z € D and since we have proven that (29) and (30) are identical, thus forming the relationship
(30), it is evident that H (9D) N h(D) = ¢. Hence, a connected part of C\H (0D) contains the simply
connected domain (D). The univalence of the function b, together with the fact 74(0) = h(0) =1,

illustrates that h < #H and it implies that g € S’ O

cosh”

Theorem 8. Let q € A. Then a neccesary and sufficient condition g € S, is that

CO!

oo o h i0
-y %anz”’l £0, (ze D). 31)

n=2
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Proof. In the last theorem, we have proved that g € S if and only if the relation (29) held. We can
rewrite (29) as

N | =

n=2 n=2
= 1-) ((6—1)n—08)a,z"!
n=2
0
L own cosh (") e

and this completes the proof. [

Theorem 9. If the function q € A satisfies the following inequality

=)

X

n=2

nfcosh( )

cosh (e'?) laa] <1, 32)

then g € S;,

cosh”

Proof. To establish this result, we need to prove the relationship (31) . For this consider

1—- > 1—

ngk

((6—=1)n—08)ayz"?

e

‘((5 —1)n—94) anz"’l‘
2

3
||
]

n

(6 = 1) n )| [an] |2|""

I
T
e

3
||
[S)

Y
—
|
e

[((6 =1)n = 0)| |an|

3
||
]

n — cosh ( ig)

= 1= cosh (ef?) —

e

|an| >0,

where we have used inequality (32) . Thus, by virtue of Theorem 8, the proof is completed. [

5. Conclusions

In the present research article, we examined some interesting properties of starlike functions
associated with the cosine hyperbolic function which is symmetric about the real axis. These results
included convolutions properties, Bernardi integral preserving problems and coefficient sufficiency
criteria. In addition to that we also calculated some conditions on A so that; if for each j € N,
keNy=NuU{0}

(zi (z))  1+Lz

1+A =<
AT (z) 1+ Mz

= h(z) <cosh(z), (z€D).
Furthermore, these results are used to find sufficiency criterion for the function belongs to

the newly defined family S’ ;. Moreover, some other problems like coefficient bounds, Hankel
determinant, partial sum inequalities, and many more can be discussed for this class as a future work.
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Abstract: An important problem in complex analysis is to determine properties of the image of an
analytic function p defined on the unit disc U from an inclusion or containment relation involving
several of the derivatives of p. Results dealing with differential inclusions have led to the development
of the field of Differential Subordinations, while results dealing with differential containments have
led to the development of the field of Differential Superordinations. In this article, the authors
consider a mixed problem consisting of special differential inclusions implying a corresponding
containment of the form D[p](U) € QO = A C p(U), where Q and A are sets in C, and D is a
differential operator such that D[p] is an analytic function defined on U. We carry out this research
by considering the more general case involving a system of two simultaneous differential operators
in two unknown functions.

Keywords: differential inclusions; differential containments; differential inequalities; differential
subordinations; univalent functions

MSC: primary 34A40; 34A60; secondary 30C80

1. Introduction

We begin by introducing the important classes of functions considered in this article.
Let H = H[U] denote the class of functions analytic in the unit disk U, and let

Hlan = {feH:fz) =a+a"+--}.

A common problem in complex analysis is to determine the range of a function
p € Hla, n] from a differential inclusion or containment relation involving several of the
derivatives of p. Let () and A be sets in C, and D be a differential operator such that D[p]
is an analytic function defined on U. A natural question is to ask what conditions on D,
Q) and A are needed so that

D[p](U)c O = p(U)CA. (1)

In this case, we have a differential inclusion = function inclusion. There are many papers
of this type that deal with special differential inclusions implying an inclusion for the
image of the function p. Similarly, there are many papers that deal with special differential
containments and corresponding containments for the image of the function p of the form

QcC D[p](U) = ACpU). 2)

In this case, we have a differential containment = function containment. Both sets of
papers have resulted in many applications in complex analysis. See the monographs [1,2]
for many results, applications and extensive bibliographies of results such as (1) and (2).
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An open question to consider is to combine the two concepts in (1) and (2) and
determine conditions on D, () and A so that the mixed problem of differential inclusions
implies a function containment of the form

D[p](U)c Q = AcCpU). 3)

In this case, we have a differential inclusion = function containment.

In a recent article [3] the authors have extended results described in (1) to systems of
two simultaneous second-order differential operators in two complex-valued functions.
It is our intention to do the same with (3).

2. Definitions

We first indicate the forms of the two simultaneous second-order analytic differential
operators that we will consider in this article.

Definition 1. Let D; : €7 — C and let A;(z) be analytic in U for i = 1,2. For p € H[a,n] and
q € H[b, n] we define the second-order differential operators D;[p, q, Ail, fori =1,2, by

Dilp,q,Ail(2) = Dilp(2), 2/ (2), 2°p" (2),q(2), 24 (2), 24" (2), Ai(2))- )
Throughout this article we will assume that D;[p, q, A;] is analytic in UL

Let (); and A; be sets in C and D;[p, g, A;] be the second-order differential operators
defined in (4), for i = 1,2. The analogue of (3) that we will consider in this article
deals with two simultaneous differential inclusions implying function containments of
the following form

Di[p,9,M](U) € . Ay € p(U) -
Da[p,q,22](U) € Ay C q(U)

In many cases, the containments on the right-sides of (5) can be written in terms of
superordinations. We recall those definitions. Let f and F be members of . The function
f is said to be subordinate to F (or F is superordinate to f), written f < F, if there exists
a function w analytic in U with w(0) = 0 and |w(z)| < 1, such that f(z) = F(w(z)). If, in
addition, F is univalent, then f < F if and only if f(0) = F(0) and f(U) C F(U).

If p and g in (5) are univalent, and A; and A, are simply connected domains, then it
is possible to rephrase the right-side of (5) in terms of superordination. If A is a simply
connected domain containing the point p(0) = g and A; # C, then there is a conformal
mapping g; of U onto A; such that g;(0) = a, and if A is a simply connected domain
containing the point §(0) = b and A, # C, then there is a conformal mapping g, of U onto
A, such that g, (0) = b. In this case, (5) can be rewritten as

(6)

{Dl[quﬂ\l](U) coy {gl(Z) < p(z)
Da[p,q,A2](U) € O 8,(2) < q(z)

We shall refer to the left sides of (5) and (6) as a System of Simultaneous Differential
Inclusions (SSDI).

There are three basic pairs of elements in (5) and (6): the differential operators D;,
the sets (2;, and the sets A; (or functions g;). If two of these elements are given, one would
hope to find conditions on the third.

Our aim in this article is to solve a system of such simultaneous differential inclusions—
analogous to solving a system of simultaneous differential equations in the real-plane. We
restrict our development to systems consisting of two second-order differential inclusions
in two unknown functions. The results presented here can be extended in a natural way to
their corresponding third-order cases. We begin by introducing some important definitions.
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Definition 2. Let Q); be sets in C and let D;[p, g, A;] be the analytic differential operators defined
in(4)fori=1,2.If p € Hla,n] and g € H[b, n] satisfy the SSDI

{Dl[P/ 7, M)(U) C Yy @

Dalp, 4, A2](U) € O
then p and q are called Solutions of the SSDI.

We will show that certain SSDI’s have solutions, and that these solutions have particu-
lar properties such as those given on the right-sides of (5) and (6).

Example 1. Let p € ‘H[0,1] and q € #[0,1] and consider the SSDI given by
{—zp/(z)+29(z):zeU} CU ®)
{ 2p(z)—zq'(z):zeU}CcU

It is easy to check that the univalent functions p(z) = q(z) = z + z2/2 are Solutions of
the SSDI given in (8).

Example 2. Let Q; = {z : Rez > 0}, the right half plane for i = 1,2. Let p € H[0,1] and
q € H[0,1] and consider the SSDI given by

{—zp/(z) +229'(z) :z € U} C Oy
{ 22p"(z) = 5zq'(z) 1z € U} C

It is clear that this SSDI has no solutions since there are no analytic functions p and g
that can satisfy this system at z = 0.

Definition 3. The set of analytic functions {g,, g, } as given in (6) is called a set of subordinants
of the Solutions of the SSDI (6) or more simply a set of subordinants if g, < p and g, < q for
all p and q satisfying the left-side of (6). A set of subordinants {g,, g, } that satisfies g, < g, and
gy < &, for all subordinants {g,,g,} of (6) is called a set of best subordinants of (6). Please
note that the set of best subordinants is unique up to a rotation of U.

It is our intent to show that for certain types of SSDI we can obtain corresponding sets
of subordinants and best subordinants {g,, g,} of the system.

The analogue of the best subordinants in Definition 3 for the SSDI (5) would be finding
the largest inclusion sets A; and A, such that

{Dl[p,q,)\l](U) C Ql = Al C p(U)
Dz[p,q,Az](U) cy = Az C q(U)

3. Admissibility and a Fundamental Theorem

For the development of the theory we need to the consider the following class of
univalent functions defined on the closed unit disc.

Definition 4. Let Q denote the set of functions g that are analytic and univalent on the set
U\E(g), where

E(g) = {§ € au:lglr%g(z) = oo},

and are such that Min|g'({)| = p > 0 for { € QU\E(g). The subclass of Q for which g(0) = a is
denoted by Q(a).
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As a simple example of a member of the class Q(1), consider the function g(z) =
(1+2z)/(1 - z). For this function we have E(g) = {1}, and Min|g’(¢)| = 1/2 > 0 for
{ €9U\{1} and hence g € Q(1).

The following lemma [1] (p. 22) and [4] has played a key role in many results involving
the theory of differential subordinations and will also play a key role in this article.

Lemma 1 (Miller/Mocanu Lemma.). Let g € H[a,n] with q(z) # aand n > 1, and let
p € Q(a). If there exist points zy = roe'® € U and gy € d U\E(p) such that q(zo) = p(go), and
q( Uy,) C p(U), then there exists an m, where m > n > 1 such that

Zop' (Z0) = zoq'(z0)/m and Re &;ﬁ(iéog)o) +1< % {Re

We first define a special class of differential operators needed to solve a SSDI.

209" (20)

7o) 1]‘

Definition 5. Let A; be analytic in U, and g; € Q with corresponding sets E(g;) as given in
Definition 4 for i = 1,2. Let (0, ) be a subset of C x C and let ny and ny be positive integers.
The Set of Admissible Differential Operators ¥, ,.[(M,A2), (Q1, D), (g1, 8,)] consists
of those pairs of differential operators (D1, Dy), with D; : €7 — C as given in Definition 1, for
i = 1,2, which satisfy the two admissibility conditions

Di[r,s,t,85(6),28(2),5°85(2), M(Q)] # D )
_ o t 1 |z8{(2)
whenr = g,(z),s = zgl(z)/ml,Res +1< i Re [ 2 +1,
z€U,{ €dU\E(g,) and m; > ny > 1.
Dalgy (1), 185(1), 1781 (1), p,0,%, Aa(1)] & o (10)
when p = g,(2), 0 = zg5(z) /ma, R Ti1< iR 285 (2) +1
en P = gy\z), 0 =28, 2, Re = € g5(2) ’

z€ U, € 0U\E(g,) and my > np > 1.

In the special case when n; = 1 = 1, we denote the set of operators ¥ 1y[(A1, A2),
(Q1,02),(81,82)] by ¥[(A1, A2), (Q1,02), (81, 85)]- In the special case when Q1 # C and
), # C are simply connected domains and h; and &, are conformal maps of U onto
07 and O, respectively, we denote the set ¥(,, ,,)[(A1,A2), (h1(U), h2(U)), (81, 8,)] by
‘l’(nllnl) [(/\11 Az)' (hl, hz)f (81! gZ)}

In the case of first-order differential operators the admissibility conditions (9) and (10),
with D; : €% — C for i = 1,2 simplify to

Di(g(2), 281 (2) /1, 85(2),£85(0), M(D)] & n 11

whenz € U, { € 0U\E(g,) and my > ny > 1.

Dalgy (1), 181 (1), 85(2), 285(2) /ma, A2 ()] & O (12)

whenz € U, 5y € 0U\E(g;) and mp > np > 1.

A closer look at conditions (9) and (10) [or (11) and (12)] indicate that there are
different conditions on each of the operators D and D, in the pair (D, D;). An operator
pair (D, Dg) may not be in the Set of Admissible Operators as given by Definition 5, but
the pair (Dg, Dy) may be in the Set of Admissible Operators. We will see a case of this
in Examples 3 and 4. In Example 3 we show that the pair (Dy, Dg) is not in the Set of
Admissible Operators, while in Example 4 we show that the pair (Dg, Dy) is in the Set of
Admissible Operators.
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Example 3. Let O = Oy = Oy = {Rez > 0: z € U}, the right-half complex plane, and let
p € Hla,n]) N Q(a)and g € Hb,ny] N Q(b) satisfy the SSDI

{Dﬂl’/qﬂ\l] u) = {2p(z) +zp'(z) —q(z) :z € U} C Q 13
Da[p,q,M)(U) = {q9(z) +zq'(z) :z € U} C Q

We will show that this pair (D1, D,) with the functions g, (z) = g,(z) = (1+z)/(1 —z)
is not in the Set of Admissible Operators. Writing (13) in standard form we see that the
functions Dq and D, are of the form

Dqlr,s,t,0,0,T,AM(z)] =2r+s—p
DZ[rrS/trPro-rTr)\Z(Z)] = P+0' .

We need to show that this pair of operators does not satisfy

(leDZ) € ll] (nq,m1) [(0 O) (Qll QZ)/ (gl'gZ)]'

In order for this last statement to be true, according to condition (9) of the first part of
Definition 5, requires showing that

1+
1—

N

¢ 0,

28,(2) +281(2) /m1 —

N

whenz € U, { € 0U\E(g,) and m; > ny > 1. This condition is equivalent to requiring that

1+z 2z 1+¢
Re |2 —
€ 1fz+(1fz)2m1 1-¢

<0. (14)

Since this is not satisfied when z = 0, condition (14) cannot be satisfied and the pair of
differential operators given in (13) is not in the Set of Admissible Operators.

We next interchange the differential operators in Example 3 to obtain an appropriate
pair of operators.

Example 4. Let QO = Oy = Oy = {Rez > 0: z € U}, the right-half complex plane, and let
p € Hla,n]) N Q(a)and g € Hb, ny] N Q(b) satisfy the SSDI

{Dl[qu/M] U)={q(z) +z4'(z) :z€ U} CQ . )
Da[p,q, M) (U) = {2p(z) +zp'(z) —q(z) :z€ U} C Q

We will show that this pair (Dq, D), with the functions g; (z) = g,(z) = (1+z)/(1 —z),
is in the Set of Admissible Operators. Writing (15) in standard form we see that the functions
Dy and D; are of the form

Dilr,s,t,0,0,T,M(2)] =p+0
Dalr,s,t,0,0,T,Aa(2)] =2r +5—p

We need to show that (D1, D2) € ¥(,, »)[(0,0),(Q1,02), (g1, 8,)]- According to
Definition 5, we need to show that

8,(0) +285(0) €O
2g1(n) +1gy(n) — 8,(2) £ Q

whenz € U, { € 9U\E(g,) and € dU\E(g,). This follows since
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1 2
Relg(0) + £83(0)] = Re | {2 + gy | <0 and
/ 1+7 2n 1+z
Rel2g, (1) +181(1) ~ Ba(2)] = Re |25 4 7705y =12 <0,

Hence (Dy, D) is in the Set of Admissible Operators.
The following theorem is a foundation result for the theory of Second-Order SSDL

Theorem 1. Let O and O, be sets in C, let Ay and A be analyticin U, let g, € Q(a), g, € Q(b),
and let (D1,D2) € ¥y, 1) [(A1,A2), (1, Q2), (81, 82)]- If p € Ha,m] N Q(a) and q €
H[b, ny] N Q(b) satisfy the SSDI

{Dl[l’ré’z/)\l](u) cy (16)

Da[gy,q,A2)(U) C
then g < pand g, < q, and {g,, g, } are a set of subordinants of (16).

Proof. (a) For the first implication, if we assume g; A p, then by Lemma 1 there exist
points zg = ree'® € U, {y € dU\E(g,) and m; > n; > 1 such that g;(z0) = p(o),
gl(uro) C P(U)r

Zor" (o) 1 {RQM

Cop'(Co) = 2081 (z0)/my and Re 5, AT 1< | Remor)

Using these results in (9) of Definition 5 we conclude

+1].

D1[p(Zo), Zop'(20), 50%p" (0), 85(Z0), C084(Z0), Go’g (Z0), A1(Z0)] & Q.

Since this contradicts the first part of (16) we must have g; < p.

(b) For the second implication, if we assume g, & g, then by Lemma 1 there exist
points zg = rpe’® € U, 559 € dU\E(g,) and my > np > 1 such that g,(z0) = q(10),
82(Ur) C q(U),

N o 109" (10) 1 [ o 2082 (20)
7of (10) = 2082 z0)/ms and Re q'(10) = mz{Re 83(20) H]'

Using these results in (10) of Definition 5 we obtain

Dalg; (10), 1081 (10), 10°81 (10).4(10), 10q' (10). 11074 (110), A2 (110)] & O
Since this contradicts the second part of (16) we must have g, < ¢q. O

As a result of the above theorem we can obtain subordinants of a SSDI of the form (16)
by merely checking that the operators D; and D; satisfy the admissibility conditions (9)
and (10) [or (11) and (12)] of Definition 5. This simple algebraic check yields subordinants
of various SSDI that would be very difficult to obtain directly.

In the following two examples we use Theorem 1 to find subordinants of a SSDI.

Example 5. Let U, = {z: |z| <r}, p € H[0,1] N Q(0), g € H[0,1] N Q(0) and suppose

{{—zp/(z)+3g2(z):zell} cl, 17)

{ 2g(z)—zf(z):ze U} cuy’
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for g1(z) = g,(z) = z. It is our intention to prove that

{—zp'(2) —|—3g3(z) czel} cl, . z < p(z). 18)
{ 28(z)—z4'(z) :ze U} Cc Uy z<4q(z)
The differential operators in (17) are of the form
{D1 [P, 82, M](2) = —zp'(2) + 38,(2)
D>[g1,9,A2)(z) = 2g4(2) — zq'(2)
with
Dilr,s,t,0,0,7,M(2)] = —s +3p 19)
Dylr, s, t,0,0,7T,A2(z)] =2r — ¢ '

We will use Theorem 1 to prove (18) with {g,,8,} = {z,z}. We only need to
show that the pair of operators (Dj, D,), as given in (19), satisfy the admissibility condi-
tions of Definition 5, namely that (D1, D2) € ¥y, ,)[(0,0), (U, U), (g}, &,)]- According to
Definition 5 and (19) this requires showing that

{—zga (z)/my +3g,() & U
28, () — 2g4(2)/my ¢ Ty’

whenz € U,{ € dU,5 € 0U,m; > 1 and my > 1. This simplifies to the conditions that

—z/m1 430 ¢ U,
2 —z/my £ Uy

which are true because of the conditions on the four variables. Hence by Theorem 1 we
conclude that

{{ —2p' (@) +3g(2) iz U U {g1<z> =< p(z)
{ 28(2)-27(z):z€U} Uy 82(2) <9(2)’

which proves (18).
Example 6. Let Q0 = Qp = {z : Rez > 0} and A1 (z) be analytic in U, with Re A1(z) > 0. Let
peH[Lnm]NQ(1), g€ H[L n] N Q1) and suppose

{{ —p(2) +8y(2) + A1 (2) 28} (2) sz € U} C 0

{281(2) +281(2) +287(2) —4(z) :z € U} C O
for g,(z) = g,(z) = (1+2)/(1 — z). It is our intention to prove that

{{ —p(2) +8(2) + Mi(2) - zg5(z) iz € U C Oy . {(1+Z)/(1—Z)<P(Z)
{281(2) +281(2) + 2287 (2) —q(z) :ze U} C :

The differential operators in (20) are of the form

{D1 [p,82 M(2) = —p(2) + 8,(2) + M1 (2) - 284 (2)
D>[gy,9,A2)(2) = 28, (2) + 28} (2) + 2281 (z) — q(2)
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with

{Dl[r,s,t,p,U,T,)\l(z)] =—r+p+hi) -0 @)

Dylr,s,t,0,0,T,A2(z)] =2r+s+t—p
We will use Theorem 1 to prove that if p and g satisfy (20) then they have subordinants
g and g, respectively given by g,(z) = g,(z) = (1+2)/(1 — z). We need to show that

the pair (D, D;) as given in (19) is in the Set of Admissible Operators, i.e., that (D1, D;) €
W(,1,)[(0,0), (1, h2), (81, 8,)]- We need to show that

{ —81(2) +£2(0) + M(0) - 83() £ O
2g,(n) +1g1(n) + 128! (1) — g,(2) £ O

when { = ¢ € 9U\E(g,), 7 = ¢'¥ € JU\E(g,) and z € U. This follows since
Re [~ g1(2) +g,(e”) + A1 (") - g5 (e")]

R 1+z 1+ (el 1 Re A(e?) 0 and
I B pe=h (e )17c050 T cosg A
146 ) ) ) 14z 2¢1¢ 4% 14z
i o (i 1 2 o (i) _ _
Re 21_ei¢+e g1 (e?) +e2Pgl (&) -2 e (1—ei¢)2+(1—ei¢)3 T

(26' +28%9) (1 — ) 142 4(sin2¢ —2sing)i 1+z
= Re =Re| ——————— — <0.

(1—e®pB1—e )3  1-z| |1 — ] 1-z

Hence by Theorem 1 we conclude that

’

{{ —p(2) +82(2) + M(2) - 283(2) :2€ U} C Oy {(1+Z)/(1*Z) < p(2)
S

{281(2) +281(2) + 28 (2) —4(2) :z € U} C (1+2)/(1-2) <q(z)

if p and g satisfy (20), then (1+2z)/(1 —z) < p(z) and (1 +2z)/(1 —z) < g(2).

The definition of the pair of operators (D1, D2) € ¥(,, n,)[(A1,A2), (Q1, D2), (81, 82)],
and their dependency on the conditions that g, € Q(a) and g, € Q(b) indicates that
Theorem 1 depends very heavily on the functions g, and g, behaving very nicely on the
boundary of U. If this is not the case or if their behavior on the boundary is unknown, it
may still be possible to obtain a variant of the theorem by the following limiting process.

Theorem 2. Let Ay and Ay be analytic in U, let ()1, ) be a subset of C x C and let g, and g,
be univalent on U, with g,(0) = a and g,(0) = b. Let gjp(z) = g;(pz) and Ajy(z) = Ai(pz)
fori =1,2. Let D; : €7 — C for i = 1,2 and suppose there exists py € (0,1) such that
(D1,D2) € ¥ () 1) [(A1p, A2p), (1, 2), (81, 82)] for all p € (po, 1). If p € H[a,n1] N Q(a)
and g € H[b,ny] N Q(b) have the properties that D1[p,q, A1] and Da[p, q, A] are analytic in
U and

Di[p, gy MJ(U) C Oy
Da[gy,q,A2)(U) C '

then g,(z) < p(z) and g,(z) < q(z).

Proof. If we replace z by pz in p(z), 4(z), g,(2), 8,(2), A1(z) and A (z) we obtain

2.2 01

{Dl [p(pz), 021 (0z), 0?22 p" (02), 85 (02), 285 (02), 072784 (02), M (pz)] € O
Da[g;(02), 281 (0z), 0*2%8! (02),4(pz), p2q' (02), 0°22q" (02), A2(p2)] C O

forz € U. If we set py(z) = p(pz) and g,(z) = q(pz) we obtain
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{131[pp(z>,zp;<z),z2pg<z>,g¢p<z>,zgep(z>,zzge;(z>,A4p<z>}<: o
Dalgy,(2), 281, (2), 2811 (2), 09 2), 28),(2), 21 (2), Aap(2)] € Oz
for z € U. Since (D1, D2) € ¥, ) [(A10,A2p), (D1, 2), (81, 85,)] we can apply Theorem 1

to conclude that g, (0z) < po(z) = p(pz) and g,(pz) < q,(z) = q(pz) for p € (po,1). If we
now let p — 17, we obtain the results g; (z) < p(z) and g,(z) < g(z). O

4. Best Subordinants

In the previous sections we have discussed the problem of finding a set of subordinants
for a SSDI. In this section, we discuss a technique for improving that result by finding a set
of best subordinants of a SSDI.

Theorem 3. Let hy and hy be analytic in U, Ay and )y be analytic in U, and suppose that the
system of simultaneous differential equations

{pl [, 0,\1])(z) = (22)
Da[u,v,A2](z) =

has solutions u = g, € Q(a) and v = g, € Q(b).
Let p € Hla,n1] N Q(a), g € H[b,n2] N Q(b) and (D1, D2) € ¥y, uy)[(A1,A2), (M1, h2),
(81,82)]- If

(23)

me%mwwemcmw
{Dalgy,q,A2)(z) 1z € U} C hp(U)’

then g,(z) < p(z) and g,(z) < q(z), and the set of functions {g, g, } is a set of best subordinants
of (23).

Proof. Since (D1, D2) € ¥y, uy)[(A1,A2), (11, 12), (g1, &,)], from (23) and Theorem 1 we
see that the set of functions {g, g, } form a set of subordinants of SSDI (21). Thus, g, (z) <
p(z) and g,(z) < g(z) for all p and g satisfying (23). On the other hand, the functions g,
and g,, which are solutions of the System of Simultaneous Differential Equations (20), also
satisfy the SSDI (23). Thus, they must be dominant to all subordinants of the system and
hence {g;,g,} is a set of best subordinants of system (23). In conclusion, we have the sharp
results g, (z) < p(z) and g,(z) < q(z). O

5. Open Problems

This article dealt with describing and defining the key terms and elements for finding
subordinants of a System of Simultaneous Second-Order Differential Inclusions. We found
conditions for finding subordinants for some special cases of such systems. In particular, if
p and g are analytic functions satisfying a differential inclusion system of the form

Di[p, g5, M](U) C Oy
Da[gy,4,A2](U) € Oy’

then we found conditions on the special operators D; and D, so that

{D1 [P, &2 M](U) € Oy {g1 (z) < pl2)
D[g1,4,A2](U) € O 82(2) <q(2)

The general problem of determining conditions on the operators D and Dy, the sets
Q) and (), and the functions g; and g, so that analytic functions p and q satisfy
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{D1 [p,9, M) (U) C Oy . {gl(Z) < p(z)
Da[p,q,A2)(U) € O 8(2) <q(2)’

remains an interesting open problem. In addition, the problem of finding the corresponding
set of best subordinants of such systems remains an open question.
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1. Introduction

Let A represent the class of all functions which are analytic and given by the following form
s(z)=z+ ) auz" )
n=2

in the open unit disc E = {z:z € C, |z| < 1}. Let S be class of all functions belonging to .4 which are
univalent and hold the conditions of normalized s(0) = s'(0) —1 =0in E.

For the functions s and 7 in E analytic, it is known that the function s is subordinate to 7 in E given by
s(z) < r(z), (z € E), if there is an analytic Schwarz function w(z) given in E with the conditions

w(0) =0 and |w(z)|<1 forall z€E,

such that s(z) = r(w(z)) forall z € E.
Moreover, it is given by

s(z) <r(z) (z€E)<s(0)=r(0) and s(E)Cr(E)
when r is univalent. By the Koebe one-quarter theorem, we know that the range of every function which
belongs to S contains the disc {w : |w| < 1} [1]. Therefore, it is obvious that every univalent function s

has an inverse s 1, introduced by
s(s'(z)) =z (z€E),

Mathematics 2020, 8, 1888; d0i:10.3390/math8111888 www.mdpi.com/journal/mathematics
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and

1
() = (Jol <n(s) ()= 1),
where
s Hw) = w — apw?* + (243 — a3)w® — (543 — 5agaz +ag)wt 4+ - - - . ()

A function s € A is said to be bi-univalent in E if both s(z) and s~!(z) are univalent in E. The class of
all functions s € A, such thats and s~ € A are both univalent in E, will be denoted by .

In 1967, the class ¢ of bi-univalent functions was first enquired by Lewin [2] and it was derived that
laz| < 1.51. Brannan and Taha [3] also considered subclasses of bi-univalent functions, and acquired
estimates of initial coefficients. In 2010, Srivastava et al. [4] investigated various classes of bi-univalent
functions. Moreover, many authors (see [5-9]) have introduced subclasses for bi-univalent functions.

We define the class S*(¢) of starlike functions and the class K(¢) of convex functions by

zs'(z)

S*(¢) = {s:sGA, @) =< q)(z)},zeE,

K(¢) = {s:seA, 1+Zzl(lz(§) =< (p(z)},zeE.

These classes were described and studied by Ma and Minda [10].

It is especially clear that K = K(0) and S* = 5*(0).

It is also obvious that if s(z) € K, then zs'(z) € S*.

El-Ashwah and Thomas [11] presented the class S}, of functions known as starlike with respect to
symmetric conjugate points. This class consists of the functions s € S, satisfying the inequality

/
Rel 2@ 1.y ek
s(z) =s(-2)
A function s € S is said to be convex with respect to symmetric conjugate points if
/! !
Re{(zs(z))} >0, z€E.
(s(z) =s(=2))

The class of all convex functions with respect to symmetric conjugate points is denoted by Cs.
The Horadam polynomials /1, (x) are given by the iteration relation (see [12])

hn(x) = thnfl(x) + lhn—Z(x)r (” EN> 2)/ 3

with 1y (x) = ¢, hy(x) = dx, and h3(x) = kdx? + cl, where ¢, d, k, | are some real constants.
Some special cases regarding Horadam polynomials can be found in [12]. For further knowledge
related to Horadam polynomials, see [13-16].

Remark 1. ([9,12]). Let Q)(x, z) be the generating function of the Horadam polynomials hy, (x). At that time

et (d—-ckxz & el
Q(x,z) = T2 r;lhn(x)z : (4)
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We took our motivation from the paper written by Wanas and Majeed [17]. They obtained coefficient
estimates using Chebyshev polynomials, but in our study we used Horadam Polynomials instead.

In the present paper, we introduce a new subclass of bi-univalent functions with respect to symmetric
conjugate points by handling the Horadam polynomials /,(x) and the generating function Q(x,z).
Moreover, we find the initial coefficients and the problem of Fekete-Szegt for functions in this new
subclass. Some special cases related to our results were also acquired.

2. Main Results

Definition 1. For 0 < & <1, a function s € o is belong to the class F3* («, x) if it satisfies the following conditions

2z5'(z) 2(zs'(z))

s(z) —s(-2) (s(2) —s(=2))'
20z%s" (z) + 225/ (z)

az(s(z) —5(=2))' + (1 - 0)(s(2) — 5(-2))
< Qx,z)+1-c¢ (5)

and
2wr’ (w)
r(w) —r(-w) (r(w) —r(=w))
20w (w) + 2wr’ (w)
aw(r(w) —r(=w))" + (1 - a)(r(w) — r(-w))
< Qx,w)+1-—c ©)

where ¢, d, and | are real constants as in (3), and r is the extension ofsfl, presented by (2).

In particular, if we set « = 0, we obtain the class F3(0,x) = F;°(x), which holds the
following conditions:
!/ !
% <0Qxz)+1—c
(s(z) —s(-2))
and
2(wr (w))’

where the function r = s~ is presented by (2).
We prove that our first theorem includes initial coefficients of the class F3(«, x).

Theorem 1. Let the function s € o denoted by (1) belong to the class F5¢(«, x). Then

|dx|+/|dx] @

laz] <
V2[(3 —2a)d —2(2 — &)2k]dx? — 2(2 — a)2cl|

and

2
< (@)

S 3G—2a) " d2—a) ®
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Proof. Let s € ¢ be presented by Maclaurin expansion (1). Let us consider the functions ¥ and ®,

which are analytic, and satisfy ¥ (0) =

P(0) =0, [¥(w)| <1and |[®(z)| <1,z w € E. Note that if

|®(z)] = \plz-i-pzzz—i-pgz?’—i-...\ <1 (z€E)

and

¥ (w)| = [qw+gew? +g30° +...| <1 (w € E),

then
|pil

In light of Definition 1, we have

2z’ (z) .

<1 and |/ <1 (ieN).

2(zs'(z))

s(z) —s(-2)

and

2wr’ (w)

(s(2) —s(=2))'

20z%s" (z) + 2z5'(z)
az(s(z) = 5(=2)) + (1 - a) (s(2) — s(~2))
Qx, ®(z))+1-c

2(wr’ (w))'

r(w) —r(-w)

or equivalently

(r(w) —r(=w))’

20w (w) + 2wr’ (w)

aw(r(w) —r(=w)) + (1 —a)(r(w) — r(—w))
Qx,¥(w))+1—c

20z%s" (z) + 225/ (2)
az(s(z) —s(=2)) + (1 - a) (s(2) — s(~2))

1 by (x) = ¢+ ha(x)@(2) + b (x) [@(2)] + - -

2zs'(z) 2(zs'(z))!
s(z) —s(-2) (s(2) —s(=2))’
and
2wr’ (w) 2(wr! (w))’

r(w) —r(-w)

20w (w) + 2wr! (w)
aw(r(w) —r(=w))' + (1 - a)(r(w) — r(-w))
1 by (x) = ¢+ ha(0)¥ () + ha (x) [ (w) P +
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If®(z) = piz+ 2 +p3z°+--- (z € E)and ¥(w) = qrw + qow? + gzw° +
equalities of (9) and (10), we obtain
2z5'(z) n 2(z8'(z))’

s(z) —s(-2) (s(z) = s(=2))’
20225" (z) 4 2z5'(z)
az(s(z) —s(=2)) + (1 —a)(s(z) —s(=2))
= 1+h(x)pz+ [ z(x)pz+h3(x)p%] 24

and
2wr’% 2(w/ﬂ
r(w) —r(-w) (r(w) —r(=w))’
2aw?r" (w) + 2wr' (w)
ww(r(w) —r(=)) + (1 - a)(r(w) - ( w))
= 1+ h(X)qw+ [(x)g + ha(x)a] ©?

(w € E), from the

an

(12)

Thus, upon equating the coincident coefficients in (11) and (12), after some basic calculations,

we acquired
2(2 —a)ay = hy(x)p1

2(3 —2a)as = hy(x)pa + h3(x)p?
—2(2—w)ay = hy(x)q1
2(3 — 2a)(2a3 — a3) = hy(x)g2 + hg(x)q%

From (13) and (15), we obtain that
P1=—q0

and
8(2 — a)%a3 = h3(x)(p} + 77)-
Furthermore, by using (16) and (14), we obtain
4(3 = 2a)a3 = ha(x)(p2 + q2) + h3(x) (p] + 47)-

By using (18) in (19), we get

8(2 —a)?
13 (x)

From (3) and (20), we acquired the result which is desired in (7).
Later, in order to derive the coefficient bound on |a3|, by subtracting (16) from (14)

4(3 —2a) — ha(x) a3 = hy(x)(p2 + 2)-

—4(3 —20) (a3 — a3) = ha(x)(p2 — 42) + h3(x) (P2 — 43)
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and using (17) and (18), we have

—4(3 — 20)h3(x) (pf + 47)
2

82— a) +4(3 —2a)az = hy(x)(p2 — q2)

_ ha(x)(p2—q2) | ) (PF+47)
4(3 —2u) 8(2—a)2

Hence, using (17) and applying (3), we obtain the desired result in (8). [

as + (21)

For a = 0 the class F5(a, x) reduced to the class F5°(x). The following corollary belongs to reduced
class F5¢(x).

Corollary 1. Let the function s € o, presented by (1), belong to the class F3°(x). Then

|aa| < Jd] v/]d2 22
2| < (22)
V/2|(3d — 8k)dx? — 8cl|

2
] < 2] | (@02

3 T (23)

3. Fekete-Szego6 Problem

Fors € S, |a3 — Za3| is the Fekete-Szegd functional, well-known for its productive history in the
area of GFT. It started from the disproof by Fekete and Szego [18] conjecture of Littlewood and Paley,
suggesting that the coefficients of odd univalent functions are restricted by unity.

Theorem 2. For0 < a < 1land § € R, let s, given by (1), be in the class F3° («, x). Then

dx| . 2(2—a)? (kdx®+cl

a3 — a3 -2 jfor ¢ =1 <1 - 2GR
az —Gay| <

|dx[3|1-¢] (2—a)? (kdx?+cl)

,'f0r|@,‘—1|21—2

[2(3—2a) (dx)2—4(2—a)2(kdx2+-cl)| (3—2a) (dx)?

Proof. It follows from (20) and (21) that

[ha (x)](1 = &) (p2 + 42) ha(x)(p2 — q2)
4(3 —2a)h3(x) — 8(2 — a)2h3(x) 4(3 —2a)

i) (067 + g5y ) 12+ (06~ g5y ) 2]

2
az—¢a; =

where
- [ (x)]*(1 - &)
O = iE20(x) —8C - P

Thus, we conclude that

h
i By 0@ < galey
‘u3 —{a;| <

()0 1) 101)] > g3z
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In this way, the proof of Theorem 2 is completed. [

For a = 0 the class F3(a, x) reduced to the class F5°(x). The following corollary belongs to reduced
class F3(x).

Corollary 2. For § € R, let s, presented by (1), belong to the class F3(x). Then

d 8(kdx?+cl
\6x\ for [F—1]<1— (3(;;;)
2
‘113*‘:‘12‘ <
ldx[*[1-¢| s for ‘(’f _ 1‘ >1-— 8(kdx?+cl)

[6(dx)2—16(kdx2+cl)| 3(dx)?

Upon taking ¢ = 1in Theorem 2, we easily acquire the corollary given below

Corollary 3. For 0 < a <1, let s, presented by (1), belong to the class F5(«, x). Then

’ a3 —a3| < |dx]

2l = 2(3-2a)
Remark 2. Different subclasses and results were obtained for some special cases of parameters in our results, such as
corollaries. Furthermore, when we take d = 2,k = 2,¢c = —1,1 = 1, in our results, it can be seen that these results
enhance the study by Wanas and Majeed [17].
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1. Introduction

Quantum calculus or g-calculus is attributed to the great mathematicians L.Euler and C. Jacobi,
but it became popular when Albert Einstein used it in quantum mechanics in his paper [1] published in
1905. F.H. Jackson [2,3] introduced and studied the g-derivative and g-integral in a proper way. Later,
quantum groups gave the geometrical aspects to g-calculus. It is pertinent to mention that g-calculus
can be considered an extension of classical calculus discovered by I. Newton and G.W. Leibniz. In fact,
the operators defined as:

dhf(z) — f(Z+h})sz(Z)

and:

f(z) — f(42)
(1-q)z
where z € Cand h > 0 are the h-derivative and g-derivative, respectively, where & is Planck’s constant,
are related as: ¢ = ¢ = 2™ where I = I1/27. Srivastava [4] applied the concepts of g-calculus by
using the basic (or g-) hypergeometric functions in Geometric Function Theory (GFT). Ismail [5] and
Agarwal [6] introduced the class of g-starlike functions by using the g-derivative. The g-close-to-convex
functions were defined in [7], and Sahoo and Sharma [8] obtained several interesting results for
g-close-to-convex functions. Several convolution and fractional calculus g-operators were defined
by the researchers, which were reposited by Srivastava in [9]. Darus [10] defined a new differential
operator called the g-generalized operator by using g-hypergeometric functions. Let A be the class of

functions of the form:

dof(z) = ,0<g<1,

flz) =z+ i az, )

k=2

analytic in the open unitdisc E = {z : |z| < 1}.
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Let f(z) be given by (1) and g(z) defined as:

g(z)=z+ ): bz,
k=2

The Hadamard product (or convolution) of f and g is defined by:

uxw@:z+ﬁ@m%
=2

Let f, h be analytic functions. Then, f is subordinate to /1, written as f < hor f(z) < h(z),z € E,
if there exists a Schwartz function w(z) analytic in E with w(0) = 0 and |w(z)| < 1 for z € E, such that
f(z) = h(w(z)). If his univalent in E, then f < h, if and only if f(0) = h(0) and f(E) C h(E).

A sequence {by};.; of complex numbers is a subordinating factor if, whenever f(z) =
Zf;lakzk, a1 = 1is regular, univalent, and convex in E, we have }__b,a,2" < f(z),z € E[11].

We recall some basic concepts from g-calculus that are used in our discussion and refer to [2,3,12]
for more details.

A subset B C Cis called g-geometric if zg € B whenever z € B, and it contains all the geometric

sequences {zq } . In GFT, the g-derivative of f(z) is defined as:

af(e) = LO=LE) ge o), e\,

and d,f(0) = f/(0). For a function g(z) = 2k, the g-derivative is:

dgg(z) = K2,

where [k] = f[; =14+q+¢*+..+g 1
We note that as ¢ — 17, d;f(z) — f'(z), which is the ordinary derivative. From (1), we

deduce that:

dof(z) =1+ Y [k] ;2.
k=2
Let f(z) and g(z) be defined on a g-geometric set B. Then, for complex numbers a, b, we have:

dg(af(z) +bg(2)) = adyf(z) + bdgg(2).
dq(f(2)g ( ) = f(42)dq8(2) +8(2)dyf(2).

f(2)\ _ 8(2) def(z) — f(2) dyg(2)
% (g(z)) 2(2)3(72) » 8(2)8(qz) # 0.

iy log f(2)) = M2,

Jackson [2] introduced the g-integral of a function f, given by:

[ f0igt =20-9) - d7¢")
k=0

provided that the series converges.
For any non-negative integer 1, the g-number shift factorial is defined as:

[n]! = { (2] [n] ifn#0,
1 if n=0
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Let A € R and n € N; the g-generalized Pochhammer symbol is defined as:

AL, = A+1]A+2] . A+n—1].

The g-Gamma function is defined for A > 0 as:

T,(A+1) = [A]T,(A) and Ty(1) =1

For complex parameters 4; (1 < i < l),bj #0,-1,-2,..(1 < j < m)with ] < m+ 1, the basic
g-hypergeometric function is defined as,

~ R e [y
1Fn(ay, ..ap; by, ..., by, z) lg(q)k(bl)km(bm)k [( 1)" g ] 2k @

with (5) = @ and I,m € Ny = NU {0}. Here, the g-shifted factorial is defined for a € C as:
(1—a)(1—aq) .. <1 - aqk’1> ifkeN,
(@) = .
1 if k = 0.

Let!=m+1,a; =¢"(A>—1),a; =9 (V2<i<I),and bj = q (V1 < j < m), and by using
the property (%), = Iq(a+k) (1 — q)k /T4(a), from (2), we get the function,
Ty(A+k) 2 o AT

Fan@ =24 L g n® it L ko o

z € E.
In [13], the g-Srivastava—Attiya convolution operator is defined as:

= £ (L) e,

(a € C\Zy;s € Cwhen |z| < 1;Re(s) > 1 when |z| =1).
Using convolution, the operator Dzsy,u, , for A > —1is defined as:

D; o f(2) = I 0 (2) % f(2)

ket a)\* A+ 1
7Z+Z<l+a> [kflk]! mz5,z € E,

where:

s = (6) "+ Rt =+ 5 (el Byt

It is a convergent series with a radius of convergence of one. We observe that Dg,u,o f(z) = f(z)

and D;,O,O f(z) = zd, f(z). The operator D;, 2,1 Teduces to known linear operators for different values of
parameters a,s, and A as:

(i) Ifg — 17, it reduces to the operator Dj , discussed by Noor et al. in [14].

(if) For s = 0, it is a g-Ruscheweyh differential operator [15].

(iii) If s = =1, A = 0, and ¢ — 17, it is an Owa-Srivastava integral operator [16].

(iv) Ifs € Ng,a = 1, A = 0, and g — 17, it reduces to the generalized Srivastava—Attiya integral
operator [17].

(v) If s € Ng,a =0, A = 0, it is a g-Salagean differential operator [18].

(vi) Fors, A € Ny, and a = 0, it is the operator defined in [19].
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The following identities hold for the operator Df , , f(2),

zdy (D30 f(2)) = ([1 ;;ﬂ) D341 f(2) - %D;,H,A () 3)
zdg(Dg a0 f(2)) = ([1 ‘; )J) D o1 f(2) - [K;\—/\]DSW\ f(z). @)

Let P(q) be the class of functions of the form p(z) = 1+ c1z + 222 + ..., analytic in E,
and satisfying:

‘P(Z)*l% < (z€ E,q€(0,1)).

It is known from [20] that p € P(q) implies p(z) < {
z € E.
The classes of bounded g-starlike functions Sy(c, M) and bounded g-convex functions C;(c, M) of

complex order ¢ were defined in [21], respectively, as:
- M} ,

+qzz. It follows immediately that Re p(z) > 0,

2dyf(2)
OIS,

c—1+

C

s,,(c,M){feA:

<c6(C*;M>%,zEE>,

or equivalently,

7

zdgf(z)  14+{c(1+m)—m}z
o < e

1 1
*, :1_7 - .
(CE(C,m M,M>2>

Sq(c, M) = {fe A

The class of bounded g-convex functions C;(c, M) of complex order c is defined as:

014 Gldf(@)

Cile, M)={feA: %”(2)71\/{ <MY,

<ce(C*;M>%,zeE>,

or equivalently,

Cyle, M) = {fe N dq(de;{Z()z)) . 1+{c(ii—;¢2_m}z}
<ce*;m:1—$;M>%>.

Using the operator D, f (z), we now define the following new classes S; .1 (c, M) and
Cyas(c, M) as:
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B ) 2(dgD3, 0 (f(2) 14 {c(1+m) —m)z
St = {7 € s B P FCE(

1 1
*, — _ . _
<O<q<1,ce,m71 ,M>2>.

Special cases:

(i) fc=1,m=1,andgq — 17, then Swrs,)\(c,M) reduces to class 5°(a, A) discussed in [22].

(@) Ifc=1,s=0,A=0,m= —g,thenS; .5 A(c, M) reduces to class S;‘ introduced by Noor et al. [23].

(iii) If s = 0, ¢ = {5 (=1 < m < 0), m = —q, then S, ;5 1(c, M) reduces to class ST; studied by
Noor [24].

(iv) Ifs=0,A=0,c =ae#cosp (a € C*, || < F),and g — 17, then S, ;5 1 (c, M) becomes special
cases of Janowski B-spiral like functions of complex order SP(A, B, a) discussed in [25].

(v) Ifs € No, A = 0,a = 0,and g — 17, then S, ;1 (c, M) reduces to class Hy,(c, M) discussed by
Aouf et al. in [26].

(i) If0<c<1,-1<m<0,andq — 17, then S, ;5 1 (c, M) becomes a special case of the class SZ’A(U,
A, B) with 17 = 0 discussed in [19].

A function f € A is in the class 5,51 (c, M) if and only if:

2dy(D3,0 f2)
Dy, [

qu(DZ,,,/\f(Z))
A-B { Dy fE }

1
<1, )

where A =¢(1+m) —mand B = —m.
The class C; 5,1 (¢, M) is defined as:

Conen(cs M) = {f ol dy(2dq(D; ., f(2)) L1+ {c(1+m) — m}zrz . E},

dq(D;,a,Af(z)) 1—mz
1 1
1 Tm=1—-—; = .
<0<q<,ceC,m M’M>2>

Itis easy to see that f € Cy451(c, M) & zdgf € Sy451(c, M). In order to develop results for the
classes Sy 5,1 (c, M) and Cy 4,1 (c, M), we need the following:

Lemma 1 ([27]). Let 5 and vy be complex numbers with B # 0, and let h(z) be reqular in E with h(0) = 1 and
=

Re[Bl(z) + 7] > 0.If p(z) = 1 + p1z + paz? + ... is analytic in E, then p(z) + ;:gf)(jg < h(z) = p(z) <
h(z).

Lemma 2 ([11]). The sequence {by}, , is a subordinating factor sequence if and only if:
Re{lJrZEbkzk} >0,z€E.
k=1

2. Properties of Classes S, , 1 (¢, M) and C; 45,1 (c, M)

We start the section with the necessary and sufficient condition for a function to be in the class
Sq,a,s,/\ (C/ M) .
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Theorem 1. Let f € A. Then, f € Sy, (c, M) if and only if:

o Ak = 1+ Je(1 -+ m) +m((k] — 1)} et | (B el < let +m)], ©)
wherem =1— 4, (M > 1).

Proof. Let us assume first that Inequality (6) holds. To show f € S, .. (c, M), we need to prove
Inequality (5).

2(dy (D3, /2) —_—
W_l _ Yo 2<[1+ZD ~[[k+ ]1k] L([k] — 1)axzk

A—B{izd”m;"“ﬂz))} (A-B)z+ 1, (A-BK) () Bl

D} f(2)
ria | (f)

= ([k] = 1) |

A+1
" |A-B|- !zk 2 (A B[k])([ﬁi‘;]) Lk
= 1 ([ =1) lag|
A+1],_y

(feeay

- \c<1+m>\—2k:2\ (L) [k =1) =y |

<1

Hence, f € Sy, A (c, M) by using Inequality (6). Conversely, let f € Sy.a,5,1(c, M) be of the form
(1), then:

2(dg (D50 f(2)) s
o e - | oo (1) Gt (K - Dagt
2dg(D, f2) | k+a\° My |
A_B{W} (A =Bzt L (A~ BM)( ) T

Since |Rez| < |z|,, we have:

S
s (F) e () - Dat

(A= B)z+ 52, (A-BK) (fo4) S et

Re <1

Now, we choose values of z on the real axis such that zdy(Dj , , f(2))/ D} , , f (2) is real. Letting

z — 17 through real values, after some calculations, we obtain Inequality (6). [

Remark 1. (i) Ifg — 17,5 € Ng,a = 0, and A = 0, the above result reduces to the sufficient condition for
f(z) to be in class Hy(c, M) (c € C*, M > L) discussed in [26]. (i) If c =1 —a (x € [0,1)),m = 0,A =0,
and q — 17, the above result reduces to the sufficient condition for f(z) to be in class S5, (a) discussed in [28].

Theorem 2. Let f; € S ;¢ (¢, M) having the form:

filz) =z+ Y i, fori=1,2,3,.,1.
p

Then, F € Sy, (c, M), where F(z) = 25:1 cifi(z) with Zle ci=1.

Proof. From Theorem 1, we can write:
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{16 = 1+ 1o+ m) + (K] — 1)} B | () o ”
k=2 b(1+m))| e

Therefore:

= 2 (ol <Z + 2 akl,vzk>
i=1 k=2
oo 1
z+ 2 (E Ci”k,i) zk;

k=2

where however due to (7), we have:

(K =1+ (b1 +m) + m([] — 1)} B e | (Jral)?)
Lise [IiE=T m— ([H]H(D"ak’i)

(feeay’

{lk] =1+ [b(1 +m) +m([k] —1)|} [)‘[lel]lk]T]
|b(1+m)|

1
-5
i=2

Therefore, F € S;45(c, M). O
Theorem 3. Let f; withi = 1,2,...,v belong to the class Sy 5,1 (c, M). The arithmetic mean h of f; is given by:
1 4
h(z) = ngl(z) ®)

belonging to class Sy 45 1 (c, M).

Proof. From (8), we can write:

1
]’l(Z Z

v [ee] [e) v
2 <z + 2 ak,izk> =z+ Z <1 Zuk,,) Z~. 9)
i=1 k=2 k=2 \Yi=1

Since f; € Sy (c, M) forevery i =1,2,...,v, using (6) and (9), we have:

9] s 1 v
14 oG m) £ (6 1)) e | ()| (vz{ak,i)
k S
(158 o)

- % )i (i {14 =1+ [b(1+m) + m((K] - 1)]} L

1

52 [b(1+m)|) = |b(1+m)]|,

and this completes the proof. [

Now, we give the subordination relation for the functions in class S, (c, M) by using the
subordination theorem.

Theorem 4. Let m = 1 — 51 (M > 1). Furthermore, ¢ # 0 with Re(c) > 2(1”1) when m > 0 and
Re(c) < (1+m) when m < Oand)\ >0.1If f € Sy a2 (c, M), then:
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{g+[e(1+m) +mq|}C)2Bsa(2)
2[{q +[e(1 +m) +mq|}Cy 2Bs,a(2) + (1 +m

i (f*8)(z) < g(2) (10)

where §(z) is a convex function in E, C) j = % Bsa(k) = ‘ (

[k+a] )5

5l ) | and:

(L+m)|c|
{g+ lc(X+m) +mq|}Ch2Bsa(2)

{g+[e(1+m)+mq|}C)Bsa(2)
{g+le(14m)+mq|}Cp2Bsa(2)+c(14m)]]

Re f(z) > —1— (11)

The constant Pl is the best estimate.

Proof. Let f(z) € S5, (c, M) and g(z) = z + L3, cxzF. Then:

{q+ le(1 +m) +mq|}Cr2Bsa(2)
2[{q + |e(1 4+ m) + mq|}Cj 2Bsa(2) + |c(1 + m)]] (f*8)(2)

— {5] + |C(1 + m) + mq‘}CA,ZBs,aQ) =
"~ 2[{g+[e(1+m) +mq|}Cr2Bsa(2) + [c(1+ m)]] (Z + ) akckzk> _ (12)

k=2

Thus, (10) holds true if:

{ {q+ |e(1 + m) + mg|}Cp2Bsa(2) . }°° 13
2[{q + |c(1+ m) + mq[}Cr2Boa(2) + [c(T+m)]] *f,_,

is a subordinating factor sequence with a; = 1. From Lemma 2, it suffices to show:

. {9+ c(1 + m) + mq|}Cy 2Bea(2) k}
Re{l L [ e (T m) + mgl}CanBea(@) + et T m) | f 7O

Now, as {[k] =1+ |c(1+ m)+ m([k] —1)|} C)xBs(k) is an increasing function of k (k > 2),
we have:

(14)

{g+[c(14m)+ mQ‘}CA,ZBs,a(Z) zk}
g+ [e(L+ m) + mq[}Ch,Bsa(2) + [c(1+m)[] ¥
{q+ [e(1+m) + mg|}Cp2Bsa(2)
[{q+1c(1+m) + mq[}Cy2Bsa(2) + [c(1 + m)]]
Lo {q + (1 + m) + mq|}Cp 2Bs.a(2) a* }
[{q+Ic(1+m) + mq|}Cp2Bsa(2) + [c(1 + m)]]
— {q+ |c(1 +m) + mq|}C2Bsa(2) .
= Ha+1e(@+m) +mql}Ch2Bsa(2) + [c(1+ m)]]
Y22 o{q + |e(1 4 m) 4+ mq|}Cp2Bsa(2) |ag|
[{q+ [c(T+ m) + mq[}Cp2Bsa(2) + [c(1 + m)]]
{q+ le(1 +m) + mq|}Ca2Bs,a(2) .
[{q + e+ m) + mq[}Cy2Bsa(2) + [c(1 + m)]]
(1+m) |c]
[{q +e(1 + m) + mq[}Cp 2Bsa(2) + [e(1 + m)]]
> 0. (Jz] =r<1)

Re{1+2i°:1 I

:Re{lJr z+

>1-—

r

Hence, (14) holds true in E, and the subordination result (10) is affirmed by Theorem 4.
The inequality (11) follows by taking g(z) = =5 = Y2 ZFin (10).
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Let us consider the function:

_ le(1 +m)|
({g+ lc(1+m) +mq|}Cr2Bsa(2) + [c(1 +m)]]

22 (z € E)

$(z) =z

which is a member of S ;5 1(c, M). Then. by using (10), we have:

{g+ |e(1 +m) +mq|}C) 2Bs,a(2)
2[{g + |e(1 4+ m) + mq|}Cx 2Bs,a(2) + |c(1 + m)]|

It is easily verified that:

zZ

}‘P(Z) = 17

—Z

{g+ |c(1+m) +mq|}CrBsa(2) e
2[{q +[c(1+ m) + mq|}Cy2Bsa(2) + |e(1 +m)|]4’(z)} =—5 (z€E),

{q+|c(14+m)+mq|}Ca2Bsa(2)
{g+]c(1+m)+mq[}Cy 2Bs,a(2)+[c(1+m

min Re {

then the constant o) jy cannot be replaced by a larger one. [
Remark 2. Ifs € Ng,a = 0, A = 0, and g — 1=, Theorem 4 reduces to the subordination result proven
in [29].

Now, we discuss the inclusion results pertaining to classes S, (c, M) and C; 51 (c, M) in
reference to parameters s and A.

1+{c(14+m)—m}z

Theorem 5. For any complex number s, Sg,si12(c, M) C Sya62(c, M) if Re( s

m {1 —cos(axInq)} where a = a; + iay.

) >

Proof. Let f € S;441,1(c, M), then:

qu(D;;,l/\f(Z)) - 14+ {c(1+m)—m}z

D) Tem 0
Let:
h(z) = 1+{c(;;|—:zn1;—m}z
and:
_ zdg(Dy 2 f(2))
- D f(E)

We will show:

r(z) < h(z),

which would prove S;,1(c, M) C Sgas:1,4(c, M). From the identity relation (3), after a few
calculations, we have:

2y (D3, f(2)  [14d DEAE (g

D fz) gt D f(R) g

After some calculations, we have:
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DL fE) 1 {WMA%MJ@»+M&

Dy, f() ~ [1+4] D5 A f(2)
= g7 (7@ + )

Applying logarithmic g-differentiation, we have:
2dy(D5H f(2))
b rsa:rz,l/\f (z)

From (15) and (16), we have:

zdgr(z)

BAEEETIT)

(16)

(2] 14 e m) - m)z
z)+ g~ [a] 1—mz ’

e+
If Re(h(z)) > m {1 —cos(a21nq)}, then from Lemma 1, it implies:
r(z) < h(z),
which implies f(z) € Sy 4,1 (c, M). Therefore, S, ;51 (c, M) C Sgas11,4(c, M). O

Theorem 6. For any complex number s, Cyasy1,0(c, M) C Cyasa(c, M) if Re(w

m {1 —cos(aInq)} where a = aq + iay.

) >

Proof. It is obvious from the fact f € Cys1(c, M)  zdgf € Sgas0(c, M). O

1+{c(1+m)—m}z
1-mz

A
Theorem 7. For any complex number s, Sqqs+1(¢, M) C Sgqs1(c, M) if Re( 11711 ,

A>—1.

) >

Proof. Let f € Sy 45111(c, M), then:

qu(D;,a,Aﬂf(z)) - 14+ {c(1+m)—m}z
D;ra,}tﬂf(z) 1—mz ’

(17)

Consider:

T+ {c(l+m)—m}z
N 1—mz

h(z)

and:

o qu(Df'w,/\f(z))
=Dy, @)

We will show:

q(z) < h(2),

which would conveniently prove S; 55 1+1(c, M) C Sy 45 (c, M). From the identity relation (4), after a
few calculations, we have:

zdg(D; 2 f(2) 1+ A] Doaniaf(@) (4]

D;,g,Af(Z) g D;,Q,Af(z) o

88



Mathematics 2020, 8, 1149

After some calculations, we have:

Dipf) 1 (PO
D 2 f(2) T1+A] D, f(2)

= iy {79@ + W}

Applying logarithmic g-differentiation, we have:

2dy(D5 01 (2))
Dgoraf (z)
From (17) and (18), we have:

quq(z)

:q@)+q&)+qﬂWM

(18)

z[dqq(z)] 14+ {c(1+m)—m}z
O @ W T e

IfRe(h(z)) > 11_Z]A for any value of A > —1, so by Lemma 1, we have q(z) < h(z), which implies

f(z) € Sga51(c, M). Therefore, S 45 1+1(c, M) C Syasr(c, M). O

Remark 3. If we consider ¢ — 1~ withRea > 0,c = 1,m = 1in Theorem 5and A > 0,c =1,m = 1in
Theorem 7, we obtain the special cases of the inclusion results, Theorems 2.4 and 2.5 in [19].

In [30], the g-Bernardi integral operator L, f(z) is defined as:

Lfe) = L2 [Pty

R =L A PR
_Z+k:22<[k+b} az', b=1,2,3,...

Now, we apply the generalized operator Dy , ) on L, f(z) as

k+a]\* [A+1] [1+0]
un?\(Lbf _Z+Z<1+a> ' [k—lk}.l <[k+b]>akz

The identity relation of D} , | (Lyf(z)) is given as:

ady [ D30l Laf )] = (152 Dpar(e) = H0p a2, (19)

The following theorems are the integral inclusions of the classes S, ;s 1 (c, M) and Cy 41 (c, M)
with respect to the g-Bernardi integral operator.

Theorem 8. If f(z) € Sy 4 (c, M) then Lyf(z) € Sy 41(c, M) if Re (el 11+::,'Z mzy s 1]17: for any
complex number s.

Proof. Let g(z) € Sy 451 (c, M), then:

qu(D;,a,Ag(z)) 14+ {c(1+m)—m}z
- = )
Dqla,/\g(z) 1—mz

(20)

Consider:
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T+ {c(l+m) —m}z
N 1—mz

h(z)

and:

u(z) = zdg(D; , 1 L8 (2))
D3, Lig(?)

We will show:
u(z) < h(z),

which would prove Lyg(z) € Sg4,51(c, M). From the identity relation (19), after some calculations,
we have:

zdg(D; .2 108(2)) ([1+b]> Dia82)  p)
D:aLeg(z)  \ g ) (D5, Lg(2) gt

After some calculations, we have:

D8 1
DLz 40

qb‘ZdQ(D;,a,Ang(z)) 0]
Dtsq,a,/\ng(Z)

Applying logarithmic g-differentiation, we have:

zdg(D; , 18(2)) z[dgu(z)]
Gl = R S v/ 21
e R AR e @D
From (20) and (21), we have:
@] 1+ (e +m) - m)z
u(@) + u(z) +q7t [b] 1—mz
If Re(h(z)) > %, so by Lemma 1, we have u(z) < h(z), which implies L,g(z) €

Sq,ﬂrs,/\ (C, M) . O
Theorem 9. If f(z) € Cy sa(c, M), then Ly f(z) € Cyas,1(c, M) for any complex number s.

Proof. Itis an immediate consequence of the fact C; 451 (c, M) < zdgf € Syq51(c, M). O
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1. Introduction and Preliminaries

For two analytic functions fand FinU:={z:z € C and |z| < 1}, itis stated that the function
f is subordinate to the function F in U, written as f(z) < F(z), if there exists a Schwarz function ®,
which is analytic in U with

@(0)=0 and l@(z)] <1 (zeU),

such that f(z) = F ((D(z)) for all z € U. In particular, if F be a univalent function in U, then we have
below equivalence:
f(z) < F(z) <= f(0)=F(0) and f(U)cC F(U).

Let ¥, denote the category of all functions analytic in the punctured open unit disk U* given by
U':={z:zeC and 0<|z| <1} =TU\{0},
which have the form

f(z) = ! + i ak_lzk’l (meN:={1,2,---}). (1)
k=n

z

A function f € ¥, where X is the union of X, for all positive integers 1, is said to be in the class

MS («) of meromorphic strongly starlike functions of order  if we have the condition

arg <7ZJJ:;S)>’ < % (zeU50<as1).

Mathematics 2020, 8, 847; d0i:10.3390 / math8050847 93 www.mdpi.com/journal /mathematics



Mathematics 2020, 8, 847

In particular, MS* := MS' (1) is the class of meromorphic starlike functions in the open unit
disk U.
Let A, be the category of all functions analytic in U which have the following form

flz)=2"+ Z 1z (neN). )
k=n+1
The class A; is denoted by A.
Let S*(a) be the subcategory of A defined as follows

arg<ZJ{;i§))‘ <% (ze[U;0<v¢§1)}.

The classes S*(a) will be called the class of strongly starlike functions of order «. In particular,
S* := 8§*(1) is the class of starlike functions in U.

By means of the principle of subordination between analytic functions, the above definition is
equivalent to

S*(a) = {f:fEA and

1+z
1—z

Swe{rirea ma TE

f(z) )a (zeU;0<a§1)},

Furthermore, let CC («) denote the category of all functions in .4 which are strongly close-to-convex
of order « in U if there exists a function ¢ € S* such that

arg(ZgS))‘<% (zeU; 0<a<1).

In particular, CC := CC(1) is the class of close-to-convex functions in U.

In the year 1978, Miller and Mocanu [1] introduced the method of differential subordinations.
Because of the interesting properties and applications possessed by the Briot-Bouquet differential
subordination, there have been many attempts to extend these results. Then, in recent years,
several authors obtained several applications of the method of differential subordinations in
geometric function theory by using differential subordination associated with starlikeness, convexity,
close-to-convexity and so on (see, for example, [2-13]). Furthermore, based on the generalized Jack
lemma, the well-known lemma of Nunokawa and so on, certain sufficient conditions were derived
in [14-16] considering concept of arg, real part and imaginary part for function to be p-valently starlike
and convex one in the unit disk.

The aim of the current paper is to obtain some new criteria for univalence, strongly starlikeness
and strongly close-to-convexity of functions in the normalized analytic function class A, in the open
unit disk U and meromorphic strongly starlikeness in the punctured open unit disk U* by using a
lemma given by Nunokawa (see [17,18]). Further, the current results are compared with the previous
outcomes obtained in this area.

In order to prove our main results, we require the following lemma.

Lemma 1 (see [17,18]). Let the function p(z) given by
p(z) =1+ Z cpz" (cm #0; m €N)

be analytic in U with
p(0) =1 and p(z) #0 (z € U).
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If there exists a point zo (with |zg| < 1) such that

|arg (p2)] < 5= (12l <z0])

and
|arg (p(a0)) | = 77

for some v > 0, then
zop' (z0)

=ik i=+v-1),
pao 7 U=V
where .
k= % Zm when arg(p(z)) = %
and .
k< 7@ < —m when arg(p(z)) = 7%/
where

[p(z0)]"/" = +ia and a>0.

2. Main Results
Theorem 1. Let p be an analytic function in U, given by
plz) =14 ) cu2" (cm #£0; m>2)
n=m

and p(z) # 0 for z € U. Let wg is the only root of the equation

arctan(2ma) — o = 0.
If
2
’arg (pz(z) - 2p(z)zp’(z)) ’ < g {; arctan(2ma) — 2a| ,
where 0 < « < g, then
ar
jarg (pl2)| < FF (zeD),
Proof. To prove our result we suppose that there exists a point zy € U so that
1%
|arg (p(2))| < - for |z| < |z

and .

Jarg (p(z0)) | = °F.

Then, Lemma 1, gives us that

7 @0) _
z 4

p(zo)

where [p(zo)]% = +ia (a > 0) and k is given by (3) or (4).
s
For the case arg (p(z9)) = 5 when

[p(z0)]x =ia  (a>0),
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with k = m, we have

arg (pZ(ZO) - 2p(zo)ZoP'(20)) = arg <p2(20) < (Zo) )
zop'(z0)
p(z0)
= 2arg (p(z0)) +arg (1 - i2ka)

< am — arctan(2ma)

- (2
=5 (; arctan(2ma) — 20() ,

= arg (p*(z0)) +arg (1 -2

which contradicts with condition (5).

Next, for the case arg (p(zo)) = —% when

2=

[p(z0)]

= —ia (a>0),

with k £ —m, applying the similar method as the above, we can get

arg <p2(zo) — Zp(zo)zop'(zo)> < —a + arctan(2ma)
(2
=5 <E arctan(2ma) — 2a> ,

which is a contradiction to (5).
Therefore, from the two mentioned contradictions, we obtain

g (p(z)| < 5 (z€).

This completes our proof. [J

Let ¢(r,s,t2) : C3 x U — C and let & be univalent in U. If p is analytic in U and satisfies the
(second order) differential subordination

¥(p(z),2p'(2),2°p" (2);2) < h(z), (6)

then p is called a solution of the differential subordination. The univalent function 4 is called a
dominant of the solution of the differential subordination or more simply a dominant, if p < g for all p
satisfying (6). A dominant § satisfying § < ¢ for all dominants g of (6) is said to be the best dominant
of (6). The best dominant is unique up to a rotation of U. If p(z) = 1+ anz" +a,, 12" + - be
analytic in U, then p will be called a (1, n)-solution, g a (1, n)-dominant, and 4 the best (1, 7)-dominant.

The following result, which is one of the types of differential subordinations was expressed in [1].

Theorem 2 ([19], Theorem 3.1e, p. 77). Let h be convex in U, with h(0) = 1 and Reh(z) > 0. Let also
p(z) =1+ anz" +a, 12" + - - be analytic in U. If p satisfies

P (2) +2p(2)zp'(2) < h(z), @)

then
p(z) < q(z) =1/Q(z),
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z 1
/ h(t)tn—dt

Qz) = T
nzn

where

and the function q is the best (1, n)-dominant.
Remark 1. The form (5) cannot be used to obtain in inequality (7). Therefore, Theorem 1 is a small extension of
®)

Theorem 2.
For m = 2 in Theorem 1 we have
2
op(a) =: = arctan(4a) —2a > 0

for « € (0,p) which wy = 1/4 is the smallest positive root of the equation o (). So we have the

#0,

following results
Remark 2. Suppose that f € X with
zf'(2)
z) 1= —
PE = =)

oy ()7

and 0 < « < 1/4 satisfy the following inequality
/ 2 1" /
To) (2[5 - JJ:(())D> <=2

o8 (( f@

where 03 () is given by (8). Then f is meromorphic strongly starlike function of order «.

Remark 3. Suppose that f € Ay with
[f(z
p(z) = f—(z ) #0,

and 0 < a0 < % satisfy the following inequality
2f(z oo ()7
’arg( fz( ) f/(z)> ’ < 2(2) !

where oo () is given by (8). Then
fl2)| _an
‘ arg\[ = | < (ze ).
Since 0, («) given by (8) takes its maximum value at &« = /(4 — 71) /1671, we obtain the following

result.
Corollary 1. Let p be an analytic function in U, given by
p(z) =1+ Z cnz"
n=2
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and p(z) # 0 for z € U. Let

o (Vi)

’arg (pz(z) - Zp(z)zp’(z)) ) < 5 = 0071125,

then
-
=
arg (p(z))| < Y277 ~ 020528 (z € U).
2

Theorem 3. Let p be an analytic function in U, given by
plz) =1+ Y cp2"
n=2

and p(z) # 0 for z € U. Let ag be the smallest positive root of the equation

_ (1+24) /2
2/x<1 2“) cos (7ta)

2 1+ 2«
;arctan R =T —a=0. 9)
— 20 — a<l+2a> sin ()
Suppose that
zp'(z S(a)m
o (1 52 ) | < 75 40
where

B (142a)/2
2a<1+§z> cos (7ta)

2
o) = - arctan —u (11)

1_ 20() (+20)/2
sin (7Ta)

1-20—2
“ [X<1+20¢

and 0 < & < wg. Then
%4
|arg (p(z))| <> (z € U).

Proof. First, let us define

5(a) = %arctan ( n(@) ) -

m(a)

where

1- 2“> (1+20)/2

1 op (1420)/2
1+ 2« )

n(a) :21x< cos () and m(a) :1—2a—2a<1+2a sin (7t ,

then we have 6(0) = 0, 6(a),—1/2 = —1/2, and ¢'(0) > 0. Therefore, there exists in <0,1/2> the

smallest positive root ag of the equality (9), so that §(a) > 0 for « € (0, xp).
Now we suppose that there exists a point zg € U such that

ar
|arg (p(2))| < 5 for |z| < |z

and o
Jarg (p(za))| = °F.
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Then, from Lemma 1, it follows that

———= = ika,

zp'(z0)
p(20)

where [p(zo)]% = +ia (a > 0) and k is given by (3) or (4) for m = 2.

For the case arg (p(z9)) = % when

[p(z0)]x =ia  (a>0),

we have
arg (p(z0) ~ 0 ) —any (mg)(l ) M))
= arg (p(z0)) +arg <1 — ika ﬁ)
= arg (p(z0)) +arg <1 + ;% E’i”<1+2“>/2> ~
Since

ko _ -
ﬁgd(ﬂl 2a+a 1 20(),

we now define a real function g by
g(a) =al™2 p o172 (a>0).
Then this function takes on the minimum value for a given by
. /14 ZDC.
1-—-2u

Therefore, from the above inequality we obtain

kﬁ>a 1422 (1—2a)/2+ 1420 (F172072 2 [1-2a (1+20)/2 o
a2e = 1—2a 1—2a T 1-2a\1+2a o '

Therefore

zp'(zp) ar —I(a) cos (ta)
arg <p(zo) - [P(Zo)o]2> < 5 + arctan <71 TPy sin(mx))

(
< l(txg cos () )

o7t
= —— — arctan

2 1—I(«)sin (7ter)
_ )
= o
which is contradict with condition (10).
Next, for the case arg (p(zo)) = 7% when
1 .
[p(z0)]* = —ia (a>0),
with
ko

ﬁ g 70‘(“17% +a7172a),
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applying the similar method as the above, we can get

arg (p(zo) _ [ZPF’(/Z(OZ)O])2> = arg (p(z9)) + arg (1 — ika 7(,;)%)

ka
= arg (p(zo)) +arg (1 — a% eln(1+2a)/2>

. I(a) cos (7a)

> —-, +arctan (W>
e

f— 2 4

which is a contradiction to condition (10).
Therefore, from the two mentioned contradictions, we obtain

an
larg (p(2))| < 5> (zel)
This completes the proof of Theorem 3. [

Theorem 4 ([19], Corollary 3.4a.3, p. 124). Let § and vy be complex numbers with  # 0 and let p and h be
analytic in U with p(0) = h(0). If P(z) = Bh(z) + y satisfies

(i) Re P%(z) > 0

(ii) P or P~ is convex, then

p(2) +2p'(2) - [Bp(2) + )72 < h(2), 12)

implies p(z) < h(z).

The condition (10) can be written as a generalized Briot-Bouquet differential subordination.
However, It is remarkable that the condition (12) among the outcomes on the generalized Briot-Bouquet
differential subordination collected in ([19], Ch. 3) is not taken into account the case y =0, p =i
which we have in (10).

Corollary 2. Let f € Xy with

— ')

and 0 < a < wg satisfy the following inequality

@) (1. @@
’arg (sz(z) () - To 1)

where 6(a) is given by (11). Then f is meromorphic strongly starlike function of order w.

S(a)mT
2 4

Theorem 5. Let p be an analytic function in U, given by
plz) =1+ Y cuz" (cm #0; m € N)

and p(z) # 0 for z € U. Let « > 0 and B > 0 satisfy the inequality

arctan(ma) > e
28"
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Suppose that

’al‘g <P(Z) {1 _ 2p/(z)r> ’ < g {% arctan(ma) — a| . (13)

Then ot
|arg (p(z))| <> (z € U).

Proof. Suppose that there exists a point zg € U such that
1%
|arg (p(z))| < 5 for |z| < |zo|
and

|arg (p(z0))] = 5

Then, from Lemma 1, it follows that

' (20) _ 4,
p(z0) ’

o7

where [p(zo)]% = +ia (a > 0) and k is given by (3) or (4).
(0)) = -~ Wwhen

For the case arg (p

2=

=ia (a>0),

[p(20)]

with k = m, we have

200 (z0) 1P e
arg <P(Zo) {1_ or'( 0)} >—arg(p(20))+ﬁarg <1_ op'( 0))

p(zo) p(zo)
arg (p(z0)) + Barg (1 — ika)
KTT

< 5 B arctan(maw)

— 27[ (% arctan(ma) — lx>,

which contradicts our hypothesis in (13).

Next, for the case arg (p(zo)) = —% when

[p(z0)]s = —ia  (a>0),

with k £ —m, applying the similar method as the above, we can get

! p
arg (p(zo) {1 _ Zop (20)} > > 2 +,3arctan(mtx)

p(z0)
S arctan (ma) —«
2 4
which is a contradiction to (13).

Therefore, from the two mentioned contradictions, we obtain

g (p(z)| < 5 (e ).
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This completes the proof of Theorem 5. [

Remark 4. By choosing m = 2 and B = 1 in Theorem 5, we have the result obtained by Nunokawa and Sokdét
in ([11], Theorem 2.4).

By choosing

_ (2
P(Z) T f(z) 7& 0/

in Theorem 6, we obtain a sufficient condition for strongly meromorphic starlikeness as follows.

Corollary 3. Let f € X, with
zf'(z
p(z) == — fz) #0

f(2)
Let « > 0and B > 0 satisfy the inequality
arctan(2a) > 72%‘
Suppose that
e[ D, @ (1 OV | 728 ian(on)
| g( o e - ()] >‘<z[n an(e) el (19

Then f is meromorphic strongly starlike function of order .
Theorem 6. Let p be an analytic function in U with p(0) = 1, p’(0) # 0and p(z) # 0 for z € U that satisfies

the following inequality
o (PE (@) +2p @) | _ f@)n
("8 )| <55

where
o) =a+ % (arctan (a) 4+ arctan (Ba))  (a > 0; B2 0). (15)
Then o
larg (p(z))| < 5 (z €U).

Proof. To prove the result asserted by Theorem 6, we suppose that there exists a point zy € U such that

ar
|arg (p(2))| < 5 for |z| < |z

and o
|arg (p(z0))| = =~
Then, from Lemma 1, it follows that
) _ gy,
p(z0) ’

where [p(zo)]% = +ia (a > 0) and k is given by (3) or (4) for m = 1.
For the case

arg (p(z0)) = 5,
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1
w

where [p(z0)]e =ia (a > 0) and k = 1, we have

zp'(z0)

" o)
(e (=50

p(20) (p(20) +z0p'(20))

e < p(z0) — Bzop' (z0) )

p(z0)

1+ ika

= arg (p(z0)) + arg (1 - iﬁktx)
= arg (p(z0)) + arg (1 + ike) — arg (1 — ipka)
ar

2

% + arctan (ka) 4 arctan (Bka)

+ arctan (ka) — arctan (—Bka)

1A%

% + arctan («) + arctan (Bu)

_ &)
T

which contradicts our hypothesis in Theorem 6.
Next, for the case

arg (p(z0)) = 5

where [p(zo)]% = —ia (a > 0) and k < —1, applying the similar method as the above, we can get

p(z0) (p(20) +20p'(20)) ) _ are (L i
arg< p(z0) — Bzop’'(z0) >_ g (plz0)) + g(l—iﬁka)

= f% + arctan (ko) 4 arctan (Bka)

< —% — arctan (a) — arctan (Ba)

which is a contradiction to the assumption of Theorem 6.
Therefore, from the two mentioned contradictions, we obtain

arn
|arg (p(2))| < 5>  (zel)
This completes the proof of Theorem 6. [

Remark 5.
(i) If Ba* < 1in Theorem 6, then (15) is equal to

2
¢ = a+ — arctan
T

)

(ii) By setting p = 0and p(z) := f'(z) # 0 in Theorem 6, we have the result obtained by Nunokawa et al.
in ([20], Theorem 3).

By setting

zf'(2)
()=
8(2)
in Theorem 6, we obtain a sufficient condition for strongly close-to-convexity as follows.

#0,
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Corollary 4. For g € 8* and f € A such that 2f"(0) # ¢"(0), suppose that the following inequality

2(f'(2))* _zf'(2) ga)m
e (f’(Z)g’(Z) ~ 23 8z )’ =2

is satisfied, where

éla) =a+ % (arctan (a) + arctan (Ba)) (a >0, B2 0). (16)

(28] <% eco

Then

Remark 6. Similar to Corollary 4 by setting

_zf'(2)
p(z) = 5 #0,

in Theorem 6, (or g =: f in Corollary 4), we can obtain a sufficient condition for strongly starlikeness.
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1. Introduction, Definitions and Preliminaries

Let A denote the class of normalized analytic functions in the unit disc U := {z € C: |z| < 1} of
the form

flz)=z+ i nZk, z e, 1)
k=2

and let S C A consisting on functions that are univalent in U.
If the function h € A is given by

hz)=z+Y oz z€U, 2)
k=2
then, the Hadamard (or convolution) product of f and h is defined by
(fxh)(z)=z+ ) a2, z € UL
k=2

The theory of g-calculus plays an important role in many areas of mathematical, physical, and
engineering sciences. Jackson ([1,2]) was the first to have some applications of the g-calculus and
introduced the g-analogue of the classical derivative and integral operators [3].
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For 0 < g < 1, the g-derivative operator [2] for f * g is defined by

Dy (f*h)(z) := Dy (z + i akckzk)

k=2
_ U@ @) e e 2 e

Z(l - ﬂi) k=2
where
1— qk k-1
k= 3=, =1+) ¢, [04:=0. 3)
j=1

Using the definition formula (3) we will define the next two products:

(i)  For any non negative integer k, the g-shifted factorial is given by

1
[k, q]t = {

(ii)  For any positive number r, the g-generalized Pochhammer symbol is defined by

1, if k=0,
= k

A= fr+i-tq, if keN
=1

i=

if k=0,
liq], if keN:={12...}.

~

>

1

For A > —1and 0 < q < 1, we define the linear operator ’H;’q A — Aby
A
H, T£(z) * ./\/lq,/H_l(Z) =zDy(f*h)(z), z€T,
where the function M, 1,1 is given by

o A+ 1Lgl1 k

M z):i=z+ z¢, ze U.
q,)»+1( ) k;z [k —1, ‘ﬂ!
A simple computation shows that
HYf(z) =2+ Y gramzt, zeU (A>-1,0<g<1), 4)
k=2

where gl

rq .
=", k> 2. 5
Pr—1 [/\+1rq]k—1 k ()

Remark 1. From the definition relation (4) we can easily verify that the next relations hold for all f € A:
. by A+, A+,
() A+ 1alH F(2) = a1 ) + a2 2Dy (M) V() 2 € U

o k!
i) T)f(z):= lim Hf(z) = Y g zel. 6
(11) h (Z) qi}r{E h f(Z) z+ kgz (/\ ¥ 1)k71 axCxz", 2 ( )

Remark 2. Taking different particular cases for the coefficients c we obtain the next special cases for the
operator Hﬁ’q:
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(- (v +1)

(i)  Forcy = F kDT (kt0) v > 0, we obtain the operator le\,q studied by El-Deeb and Bulboacd [4]:
k—1
A _ DT+l (kg k
NS =2 T g ) T
o [kq]! k
= T o , U (v>0A>-1,0<g<1), 7
Z+;§2M+1:‘7]k—1¢kakz z € (v q ) 7)
where ( )k . )
(=DM 41)
V= T )Tkt v) ®)
13
(ii)  For ¢y = Z—ii) , & > 0,n > 0, we obtain the operator Nn g = My q' studied by El-Deeb and
Bulboacii [5]:
A _ n+1 [k q]' k .
Mo f(z): Z+E<n+k> [A+1q]k1 ,z€; )

(iii)  For ¢y = 1 we obtain the operator Jj 2 studied by Arif et al. [6], defined by

o [kq]! k
3}‘ z):=z+ — g7,z
£z Z 5 A+ 1l ¢
k-1
(iv)  Forcy = We*’”, m > 0, we obtain the g-analogue of Poisson operator defined in [7] by:
0 k—1 k, ].
TAML(Z) =z + " e M. [k.q k, zeU; 10
PIE = L e g o
(v)  For ¢= #}:(j—l)} ,m € Z, L >0, u >0, weobtain the g-analogue of Prajapat operator
defined in [8] by
T+ lp(e=11"  [kq)! K
qu +Z{ T4 ¢ [/\+1,q]k_1akz’zeU (11)

The Koebe one-quarter theorem ([9]) proves that the image of U under every univalent function

—. Therefore, every function f € S has an inverse f~! that satisfies

f € S contains the disk of radius i

ft) =o, (ol <n(n), n( =),

where
f_l(w) =w—apuw*+ (251% — u3> w® — (Su% — Bayas +a4) wr+ ...

A function f € A is said to be bi-univalent in U if both f and f~! are univalent in U. Let
Y. denote the class of bi univalent functions in U given by (1). Note that the functions fi(z) =

ﬁ,fz( z) == log 1 f3(z) —log(1 — z), with their corresponding inverses ffl(w) =7 iuw’
2w w1
il (w) = ZZ‘” s (w) = GET, are elements of X (see [10]). For a brief history and interesting

examples in the Class ¥ see [11]. Brannan and Taha [12] (see also [10]) introduced certain subclasses
of the bi-univalent functions class X. similar to the familiar subclasses $* («) and K («) of starlike and
convex functions of order w (0 < a < 1), respectively (see [11]). Following Brannan and Taha [12],

109



Mathematics 2020, 8, 418

a function f € A is said to be in the class S5. (a) of bi-starlike functions of order « (0 < a < 1), if each
of the following conditions are satisfied:

. zf'(z)|  am
fex, with |arg @) < 5 ze T,
and (w)
zg' (w ar
‘arg 2(w) < Z,WEU,

where the function g is the analytic extension of f ! to U, given by
g(w) = w — ayw?® + (Zag - 113) w? — (5113 — 5apaz + a4> wt4..., wel. (12)

A function f € A is said to be in the class K3, (¢) of bi-convex functions of order a (0 < a < 1),
if each of the following conditions are satisfied:

arg (14 L8| < 3z e,

fex, with

and

zg" (w) ar
arg<1+ o/ (w) )’ < 5 w e U

The classes Sy («) and Ky («) of bi-starlike functions of order « and bi-convex functions of order a
(0 < &« < 1), corresponding to the function classes S* («) and K («), were also introduced analogously.
For each of the function classes S («) and Ky, («), they found non-sharp estimates on the first two
Taylor-Maclaurin coefficients |az| and |a3]| ([10,12]).

The object of the paper is to introduce a new subclass of functions E)q:’}‘ (17; h; @) of the class X, that
generalize the previous defined classes. This subclass is defined with the aid of a general H;\’q linear
operator defined by convolution products together with the aid of g-derivative operator. This new
class extends and generalizes many previous operators as it was presented in Remark 2, and the main
goal of the paper is to find estimates on the coefficients |a,|, |a3|, and for the Fekete-Szeg functional
for functions in these new subclasses.

These classes will be introduced by using the subordination and the results are obtained by
employing the techniques used earlier by Srivastava et al. [10]. This last work represents one of the
most important study of the bi-univalent functions, and inspired many investigations in this area
including the present paper, while many other recent papers deal with problems initiated in this work,
like [13-16], and many others. The novelty of our paper consists of the fact that the operator used
by defining the new subclass of X is a very general operator that generalizes many earlier defined
operators, it does not overlap with those studied in the above mentioned papers (that ol (0) > 0and
®(U) is symmetric with respect to the real axis), while for the function ® from Definition 1 we did not
assume any restrictions like in many other papers, excepting the fact that ®(0) = 1 is necessary for the
subordinations (13) and (14).

If f and F are analytic functions in U, we say that f is subordinate to F, written f(z) < F(z),
if there exists a Schwarz function s, which is analytic in U, with s(0) = 0, and |s(z)| < 1 forallz € U,
such that f(z) = F(s(z)), z € U. Furthermore, if the function F is univalent in U, then we have the
following equivalence ([17,18])

f(z) < F(z) & f(0) = F(0) and f(U) C F(U).
Throughout this paper we assume that @ is an analytic function in U with ®(0) = 1 of the form

@(z) =1+ Biz+ Bpz? + B3z’ +..., z € U.
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Now we define the following subclass of bi-univalent functions qu’/\ (7 h;@):

Definition 1. If the function f has the form (1) and h is given by (2), the function f is said to be in the class
qu’)‘ (1n; h; @) if the following conditions are satisfied:

D, (1)
fex, with 142 M —1] <®(2), (13)
Ui Hh’qf(z)
and N
D, (H,1
U H,Tg(w)

with A > —1,0 < g < 1,and 7 € C\ {0}, where the function g is the analytic extension of f ! to U, and is
given by (12).

Remark 3.
(i)  Putting g — 1~ we obtain that lim E%’A (1,1, ®@) =: G (17;15; D), where G (n; h; P) represents the
q—1-

functions f € ¥ that satisfy (13) and (14) for H;\’q replaced with I]i‘ (6).
(-1 T(v +1)
41k —1)IT(k+v)’

functions f € ¥ that satisfy (13) and (14) for H;’q replaced with N &q (7).
. n+1
(iii)  Putting ¢, = <n F
functions f € X that satisfy (13) and (14) for ’Hg"i replaced with Mﬁ,’f; ).

e
(k—1)!
f € X that satisfy (13) and (14) for Hz\’q replaced with I,?’m (10).

_ m
%} m e Z, ¢ >0,u >0, we obtain the class JZ'M (n,m, ¢, 1;®),

(ii)  Putting ¢ = v > 0, we obtain the class Bg’)\ (n,v; @), that represents the

9
) , o > 0, n > 0, we obtain the class ./\/lqz’}L (n,n,0; D), that represents the
e " m > 0, we obtain the class Ig//\ (1, m; ®), that represents the functions

(iv)  Putting ¢ =

(v)  Putting ¢, = {

that represents the functions f € L that satisfy (13) and (14) for Hh replaced with J q l y " (11).
Remark 4. If the function h, is given by
z
h*(z) = 1—Z, ZGU/
then h.. has the form (2) with ¢, = 1, k > 2, and according to (6) we have
0 f(z) := lim Hg’qf(z) =z+ ). =z + Y kapzt = z2f'(2),z € U, (15)
) g=1- k=2 Dk k=2
forall f € A Of the form (1). Consider the function f,(z) = —Z € ¥, and its inverse analytic extension on

U, g«(w) = 1 let 7 ="T1and ®,(z) = l— Using (15), the relations (13) and (14) become

L (2@re) ) e
1+ﬁ W—l =1+ ) =@, (z) < Pi(2),
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and ( ),
1w (T (@) wgll (w)

Hence, using the notation of Remark 3 (i), we have G (; h; ®) # @ for some values of A, 11, and some special
choices of the functions h and .

To prove our main results we need to use the following lemma:
Lemma 1. [19] [p. 172] If s(z) = Y. py2X is a Schwarz function for z € U, then
k=1

Il <1, gl 1= g% k> 1

2. Coefficient Bounds for the Function Class qu’A (g h; @)

Throughout this paper we are going to assume that A > —1and 0 < g < 1.
Theorem 1. If the function f given by (1) belongs to the class E%’A (7, 1;®), and 5 € C* := C\ {0}, then
Bl V/[Bi
9 g
‘; [(1+q)¢2 — ¢7] B} — ?324’%

laz| <

’

and ) )
[y B | #%[Bi]

qlq+ g2 g2

|az| <
where ¢r_1, k € {2,3}, are given by (5).
Proof. If f € Eq):’/\ (n; h; @), from (13), (14), and the definition of subordination it follows that there

exist two functions U and V analytic in U with U(0) = V(0) = 0 and |U(z)| < 1, |V(w)| < 1 for all
z,w € U, such that

2D, (1) (2)
141 M—l — (U(2)), (16)
U M, f(2)
and N
wDy (H), " g(w)
14t M—l = O(V(w)). 17)
U H,, g(w)
IfU(z) = E .z and V(w) = % ok, z,w € U, from Lemma 1 we have
k=1 k=1
lug] <land |ve| <1, ke N. (18)
Relations (16) and (17) lead to
2D, (H)f(z)
"(A,j) —1=y[e(U() - 1), 19
Hh f(z)
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and < N )
wDy (H, Ao(w)
v —1=n[@(V(w))-1]. (20)
M, g(w)
Since
Ag
zDg (H)," f(2)
(M> —1=g¢raz + [q(l +q)¢pra3 — qtpfaﬂ 24,
H, " f(2)
Ag
wDy (H,"g(w)
S s+ a1+ (2 o) i+
Hy, g (w)
and
7[®(U(z)) —1] = yByuyz +1 (Bluz + Bzu%) 24,
7[®(V(w)) —1] = nBroyw+1 (Blvz + Bzv%) w4 ...
By equalization according the coefficients of z and w in (19) and (20), it follows that
q¢]ﬂ2 = 7731141, (21)
q(1+q)g2a3 — q¢ia3 =1 (Bluz + Bz”%) , (22)
—q¢raz = 1Byoy, (23)
9(1+9)¢2 (203 —a3) — q¢fa3 = n (Byos + B} ) . 4
Using (21) and (23) we obtain
Uy = —0q. (25)
Squaring (21) and (23), after adding relations, we get
27037 = 1B} (1} + o). 26)
Adding (22) and (24) we have
2q {(1 +q9)pr — 47%] a3 =y [Bl (up +v2) + By (u% + v%)} .
From (26), replacing u2 + v? in the above equation, we have
{20 [+ )92 — 93] B} — 29782 | a3 = 1B} (w2 +2),
that is

B{’ (up + v7)

23 111+ 9)p2 — 7] Bz—fqﬂB |
7 1) P1 ,72 1°2

a3 = @7)

Taking the absolute value of (27) and using the inequalities (18) we conclude that
Bi|\/|B
| a2| < ‘ 1 ‘ | 1 |
9 g2 Top 2
) [(1+q)¢2 — ¢7] B} — ?324’1

’

which gives the bound for |a,| as we asserted in our theorem.
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To find the bound for |a3]|, by subtracting (24) from (22), we get

2q(1+q)¢pn <a3 — u%) =y [Bl (up —v2) + By (u% — v%)] . (28)
Form (25), (26) and (28), we obtain

_ 1B (2 —v) | PBY(uf+07)
29(1+q)¢2 20297

as (29)

Taking the absolute value of (29) and using the inequalities (18) we obtain

[l [Bsl ., 7B
ala+) 23

las| <
O
Putting g — 1~ in Theorem 1 we obtain the following corollary:
Corollary 1. If the function f given by (1) belongs to the class Gg (17; h; @) for i # 0, then

|B1]+/[Bil

laz] < — ,

J (202 =91) 5 =2
" nl 1Bl | 1B
1= TR

where ¢p_q, k € {2,3}, are given by (5).

(=D 'r(+1)
4Tk — )T (k + v)

Taking ¢ = , v >0, in Theorem 1 we obtain the following special case:

Corollary 2. If f € B%’)‘ (n,v; @) is given by (1) and 1 # 0, then
|B1]v/[Bi]
q i
’ﬁ [(1+q)p2 — 7] B - ﬁBﬂl’%

|az| <

and .
B B
[l 1B1l  , #°|By]

az| < ’
o5l < g+ D P92

where Y1, k € {2,3}, are given by (8).
. n+1\" . . .
Considering ¢, = wik) « > 0,n > 0,in Theorem 1 we obtain the following result:
Corollary 3. If f € qu,/\ (n,n,0; @) is given by (1) and n # 0, then

[BalV/[Ba]

B.al! 1\* _ _(2g)? 1\ 2 n (24))° |
o [0t (32)" - (B2 (1)) o1 BB, (1)

laz| <
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and
a3 < 7l [Bil[A+1,g], (1 +3)"  n?(Bi ([A+1,q))° (0 +2)*
= ol D) Bl (n+ 1) 2 (2,90 (n+1)*
mk—1
Putting ¢, = k=1 e~ ", m > 0,in Theorem 1 we obtain the following special case:

Corollary 4. If f € Zg’/\ (17, m; @) is given by (1) and n # 0, then

Bi|\/|B
‘uz‘ < ‘ 1‘ : | 1| 2 )
g (3]t —m _ _(24]) - P g (24]) _
\/,7 {(1+q>mmze m _ ([A+1,q])2m26 2m B% — FBZWWIZE 2m

and s
2|y [Bi] [A+ 1,9,  #*Bif* ([A+1,4])

az| < .
los] < q(q+1) [3,q]tm?e™™ * g2 (]2, q]1)* m2e—2m

3. Fekete-Szeg® Problem for the Function Class Eg’/\ (7; h; @)

Theorem 2. If the function f given by (1) belongs to the class £?\:’)‘ (17, h; @) for n # 0, then

a3 — 3| < [nl|B1| (1M +N| + [M = NJ), (30)
with ( ) )
1—u ;131 1
M= , and N=_-———, (31)
2q [(1+q)¢2 — 1] 1BF — 242¢7B, 2q(1+q)¢2

where y € C, and ¢y, k € {2,3}, are given by (5).
Proof. If f € 6%’)\ (1n; h; @), like in the proof of Theorem 1, from (25) and (28) we have

o B1 (2 —v2)

BT 10 2

Multiplying (27) by (1 — u) we get

N2 (1 —p) °B3 (u2 +02)
== 29 [(1+q)¢2 — 7] 1B} — 24°¢7By @

Adding (32) and (33), it follows that

u3—yu%:1181 [(M+N)uy+ (M—N)wvy, (34)

where M and N are given by (31). Taking the absolute value of (34), from (18) we obtain the
inequality (30). O

Remark 5. Algebra shows that the inequality |M| < N is equivalent to

Baygq 1
1— ) S & S
('7 B ) n(1+4)$2

lp—1| <

From Theorem 2 we get the next:
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If the function f given by (1) belongs to the class qu'/\ (n; h; @) for g # 0, then

2 < ] [Bal
‘u3 ”az“q(lﬂ)rm’

where y € C, and

p—1] <

7

B 2
- (e 2
with ¢y, k € {2,3}, are given by (5).
Putting g — 17 in Theorem 2 we obtain the following corollary:
Corollary 5. If the function f given by (1) belongs to the class Gq (17, l; @) for i 0, then
a3 — a3 < Iyl[B] (1M + N| + M= NI,

with )

1—u)nB

_ ( 5 I’l) ’72 1 - , and N = L,
2 (2¢n — ¢?) B2 — 242 B, 42

where y € C, and ¢y, k € {2,3}, are given by (5).

(=) 'r(v+1)

Taking ¢, = 4k=1(k — 1)IT(k + v)

, v > 0in Theorem 2, we obtain the following special case:

Corollary 6. If the function f given by (1) belongs to the class B%’A (17,v;®) for 5 # 0, then
o — a3 < Inl[Ba] (1M +N| + M~ NJ),

with )
M = (1—}!2)77312 s, and Nzi1 ,
2q [(1+q)p2 — ] 4Bt — 2¢°¢7By 29(1+q)¢»

where y € C, and ¢y, k € {2,3}, are given by (8).

1 9
Considering c;, = (%) ,a > 0,n > 0in Theorem 2, we obtain the next result:

Corollary 7. If the function f given by (1) belongs to the class qu’/\ (n,n,0;®) for 7 # 0, then
o5 — pa| < Jyl[Bul (IM+ N| + M~ N]),

with )
v (1= p) 1B}

- 2,41 2 20
2qR1(n,a,/\,q)17B%—2q2([/\[jl]’q]) (%) By

7

and
_ (m+3)"[A+14)

C2q(1+4q) (n+1)"[3,q]"

where y € C, and

Ri(n,a,A,q) = (1+q)% (Zi;)a B <%)2 <Zi;>za
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mk—l

If we take c; = me*m, m > 0 in Theorem 2, we get the next special case:

Corollary 8. If the function f given by (1) belongs to the class Ig’}‘ (17, m; @) for 5 # 0O, then

o — a3 < 1yl[Ba] (1M + N| + [M = NJ),

with .
1— B
M= ( u)n 21 — )
24R(m, A, q) B} — 2% (24 )" m2e-2mB
and
A+1,4],

g qmZe 3, gl
where u € C, and

) — (14 g A (Rt Vo
R( ,A,q)f(1+q)2[;\+1lq]2 ([/\+1,q]) .

We will give a few applications of the above results obtained for special choices of the function ®,
as follows.

1. The circular function ®(z) = 11—;1;; (-1 <B < A<1)isconvexin Uand
1-AB A—-B .
@(U):{we@:‘wfﬁ 17B2}'1f71<B<A§1'

o(U)

{weC:Rew>¥},if—1:B<A§l.

Since By = A — B and B, = B(B — a), replacing this function in Theorem 1 and Theorem 2 we
obtain the next example:

Example 1. If f € £g’}‘ (17; h; %) is given by (1) and n # 0, then

|(l2|< ‘A_B‘\/|A_B|
= > ’
\/ [(1+9)¢2 — ¢7] (A*B)Z*%B(B*A)d’f

==

_ 214 _ RBI2
< [nllA-B|  5*|A— B

e TR
and
| o3 — a3| < /14— Bl 1M+ NI+ M~ NI),
with
M (1—p)y(A-B) ol N 1
219 [(1+q)¢2 — 93] (A~ B) — 20%¢7B (B~ A)’ 29(1+q)¢2’

where pp_1, k € {2,3}, are given by (5).
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Remark 6. For the special values A =1 — 2B and B = —1 (0 < B < 1), the above example yields to the next
special case: if f € Cq):’)\ (11; h; Hq%zﬁ)z) is given by (1) and i # O, then

z

il < 2v2(1- )’
2] = > ’
JJ 000 -ei0-p7 -2 -t
2

ol < e = c(zirp_% =

and
o3 — a3 < 20| (1 - B) M+ NI+ M= NI),

with

_ 4y (1-p) (1-p)° _
M s r0m-al0-p2-aega_p " N uiion

where pp_1, k € {2,3}, are given by (5).

2. Let consider the binomial function ®(z) = (1+2)%, z € U, with « € C*, where the power is
considered at the principal branch, that is ®(0) = 1. Since

':D(Z)=(1+z)“=1+i“(“*l)--];!(afn+l)

n=1

Z", zeT,

afe—1)
2

it follows that By = « and B, = . Replacing this function in Theorems 1 and 2 we get:

Example 2. If f € qu’)‘ (; h; (1 4 2)*) is given by (1) and 17 # 0, then

< Ja]y/[a] ,
B q 21 .2 ‘12 2
210+ 2= 302 = Tala - 143

2 2
7] |ex] i |ex]

az] < ,
las] < q(@+1)da  g%¢?
and
Jas — i3] < Jyllal 1M+ N| + M= NJ),
with ( : ,
1—p)na 1
, and N= ———,
29 [(1+q)92 — ¢7] na? — g*¢fa(a — 1) 201+ )¢

where ¢r_1, k € {2,3}, are given by (5).

14+z\7
I + Z> ,z € U, with ¢ € C*, where the power is considered at the

principal branch, that is (0) = 1, we have B; = 20 and B, = 202, Therefore, from Theorems 1 and 2
we deduce the following example:

3. For the function ®(z) = <

118



Mathematics 2020, 8, 418

Example 3. If f € E%’A (; h; (14 2)%) is given by (1) and 1 # 0, then

ol < 2/2/o] V[o]

4 27,
9 10 00 12 o

2yllel 4’|l

a3| < ,
o5l <+ g 7247
and
a3 — 3| < 2lnlle] (1M + NI+ M~ N),
with ( ) )
4(1—p)no 1
, and N=—+——,
8q11 [(14q)¢2 — p3] 02 — 4g2 202 29(1+4)¢2

where ¢r_1, k € {2,3}, are given by (5).

Remark 7. We mention that all the above estimations for the coefficients |ay

as|, and Fekete-SzegG problem
Sfor the function class qu’/\ (17; h; @) are not sharp. To find the sharp upper bounds for the above functionals,
it still is an interesting open problem, as well as for |a,|, n > 4.
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Abstract: Recently, Special Function Theory (SPFT) and Operator Theory (OPT) have acquired a lot
of concern due to their considerable applications in disciplines of pure and applied mathematics. The
Hurwitz-Lerch Zeta type functions, as a part of Special Function Theory (SPFT), are significant in
developing and providing further new studies. In complex domain, the convolution tool is a salutary
technique for systematic analytical characterization of geometric functions. The analytic functions
in the punctured unit disk are the so-called meromorphic functions. In this present analysis, a new
convolution complex operator defined on meromorphic functions related with the Hurwitz-Lerch
Zeta type functions and Kummer functions is considered. Certain sufficient stipulations are stated
for several formulas of this defining operator to attain subordination. Indeed, these outcomes are an

extension of known outcomes of starlikeness, convexity, and close to convexity.
Keywords: meromorphic functions; Hurwitz-Lerch Zeta-function; Riemann zeta function

MSC: 11M35; 30C50

1. Introduction

During the 18th century, complex analysis (complex function theory) had been
launched, which has become thereafter one of the major disciplines of mathematics. Promi-
nent complex analysts include Euler, Riemann, and Cauchy. This realm has had a great
influence on a variety of research subjects in, for example, engineering, physics, and mathe-
matics, due to its efficient applications to numerous conceptions and problems. Researchers
have happened to meet certain unexpected relationships among obviously different re-
search areas. The study of the intriguing and fascinating interplay of geometry and complex
analysis has been famed as Geometric Analytic Function Theory (GAFT). In other words,
it deals with the structure of analytic functions in the complex domain whose specific
geometries are starlike, close-to-starlike, convex, close-to convex, spiral, and so on. In 1851,
Riemann contributed to the origin of GAFT by presenting the first significant outcome,
namely the Riemann mapping theorem (RIMT). Koebe followed suit in 1907 and proceeded
to the study of univalent function. In light of RMT, he initiated the discussion of the merits
for univalent analytical functions over the open unit disk rather than in a complex do-
main. This modified version led to the creation of the Univalent Analytic Function Theory
(UAFT). One of the gorgeous problems in UAFT is Bieberbach’s conjecture “coefficient
conjecture” posed by Bieberbach in 1916. It states the upper bounds of the coefficient of the
univalent function in the unit disk [1]. For many years, this conjecture posed a challenge
to researchers in the field. Until 1985, De Branges [2] settled all attempts and resolved it.
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The difficulty in resolving this conjecture led to several profound and significant contribu-
tions in GAFT along with the development of several gadgets. These involve Loewner’s
parametric technique, Milin’s and Fitz Gerald’s techniques of exponentiating the Grun-
sky inequalities, Baernstein’s technique of maximal function, and variational techniques
in addition to new subclasses of univalent functions imposed by geometric stipulation.
Among the subclasses considered are the subclasses of convex functions, starlike functions,
close-to-convex function, and quasi-convex functions, consistently. Besides, de Branges
employed hypergeometric function, as a sort of the Special Function Theories (SPFT) in
order to resolve the Bieberbach problem. From an application point of sight, SPFT are such
significant mathematical tools for their interesting merits and remarkable role in the study
of the Fractional Calculus (FRC) and Operator Theory (OPT), for instance, Ghanim and
Al-Janaby [3]. Accordingly, SPFT plays a giant pivotal role in the development of research
in the area of GAFT which includes a lot of new implementations and generalizations. For
instance, Noor [4], El-Ashwah and Hassan [5], Xing and Jose Xing, Rassias and Yang ([6,7]),
Ghanim and Al-Janaby ([8,9]) and Al-Janaby and Ghanim ([10,11]).

In this context, the term hypergeometric function, first coined by Wallis in the year
1655, also known as the hypergeometric series is in the complex plane C and the open
unit disk D = {z € C : |z| < 1}. This function was discussed by Euler first, and then
systematically investigated by Gauss in 1813. It is formulated as [12]:

00 K
2F1(0,v;w;z) = Z M%, (o,veC,weC\{0,—1,...}, |z| <1).

Here (w)y is the Pochhammer (rising) symbol and is defined as:

1 k=0,
(= @ t1)- (@t r—1) xeN={1,2.}.

Subsequently, in 1837, Kummer presented the Kummer function, namely confluent
hypergeometricr function, as a solution of a Kummer differential equation. This function is
written as [12]:

K(gw,z) =Y, (f,))K % =1r1(gw;z), )

(0€C, weC\{0,-1,..}, |z <1).

Furthermore, the Zeta functions constitute some phenomenal special functions that
appear in the study of Analytic Number Theory (ANT). There are a number of generaliza-
tions of the Zeta function, such as Euler-Riemann Zeta function, Hurwitz Zeta function,
and Lerch Zeta function. The Euler-Riemann Zeta function plays a pioneering role in ANT,
due to its advantages in discussing the merits of prime numbers. It also has fruitful imple-
mentations in probability theory, applied statistics, and physics. Euler first formulated this
function, as a function of a real variable, in the first half of the 18th century. Then, in 1859,
Riemann utilized complex analysis to expand on Euler’s definition to a complex variable.
Symbolized by S(x), the definition was posed as the Dirichlet series:

1

x>’

for R(sx) > 1.

e

S(3) =

x=1
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Later, the more general Zeta function, currently called Hurwitz Zeta function, was
also propounded by Adolf Hurwitz in 1882, as a general formula of the Riemann Zeta
function considered as [13]:

)

S(u, ») Z K*I/‘ for R(x)>1, R(u) >1

More generally, the famed Hurwitz-Lerch Zeta function f(j, 5, z) is described as [14]:

Pu(z Z K+y) for R(x)>1, R(u) > 1. 2)

(€ C\Zy, € C when |z| <1;R(%) >1 when |z| =1).

A generalization of (2) was proposed by Goyal and Laddha [15] in 1997, in the
following formula:

$9(2) = ;O(i') (KjW for R(x)>1, R(u) > 1. @)

(hepeC C\Zy, »x€C when |z| <1; R(>x—p) >1 when [z[ =1).

Along with these, there are more remarkable diverse extensions and generalizations
that contributed to the rise of new classes of the Hurwitz-Lerch Zeta function in ([16-26]).

In this effort, by utilizing analytic techniques, a new linear (convolution) operator
of morphometric functions is investigated and introduced in terms of the generalized
Hurwitz-Lerch Zeta functions and Kummer functions. Moreover, sufficient stipulations
are determined and examined in order for some formulas of this new operator to achieve
subordination. Therefore, these outcomes are an extension for some well known outcomes
of starlikeness, convexity, and close to convexity.

2. Preliminaries

Consider the class H of regular functions in D = {z € C: |z| < 1}. The function fj is
named subordinate to f, (or f, is named superordinate to f1) and denotes f; < f, if there
is a regular function @ in D, with @(0) = 0 and |@(z)| < 1 and f1(z) = fa(@(z)). If the
function f; is univalent in D, then

fi=fae fi(0)=1£(0) and  fA(D)C fo(D).

Let X represent the class of normalized meromorphic functions f(z) by
1 & X
Z) = -+ Z k2",
Z 3
that are regular in the punctured unit disk

D*={z:z€C and 0< |z] <1}.

Furthermore, it indicates the classes of meromorphic starlike functions of order ¢ and
meromorphic convex of order § by L« () and Zy(¢), (¢ > 0), respectively (see [22,23,27,28]).

The convolution product of two meromorphic functions f(z) (¢ = 1,2) in the follow-
ing formula:

1 o0
fiz) =2+ X e 2 (£=1,2),
k=1
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is defined by

(fre f)2) = 14 Y e e 2 @
k=1

The meromorphic Kummer function K(o; w, z) is formulated as:

—_

%l _ o (@1 ZF
K02 =2+ Ll e Y ©

N

(0eC,weC\{0,—1,...}, z€ D").

Corresponding to (5) and (3), based on a convolution tool, we imposed the following
new convolution complex operator for f(z) € X as:

Ly (0w, 0)f(2) = K(gw,2) * Woeu(2) * f(2)

1, & (@)xt1 (9)er1 <H+1 )”,]KZK, ©)

ZEJF (W) (kD) DI\ p A +1

K=

where

Bep2) = 0+ 1% 9n®) — e+ ]|

u z(p+1
@)
_1 (@ (ptT T "
_EJFK;I(K—i-l)! ptr+1 z (zel”)
The major goal of this paper is to study the following subordinations:
L¥(o+1,w, z _
‘u(f ©)f(z)  n@ z), > 1)
L;[(Q/w/ p)f(z) h—z
L*(o,w, z
o P)f()<1+Ez’ (C1<E<1)
z 1-z
. Li(o,w,0)f()
#lo,w, z —
ilow o)f L=z (h>1). ®)

z h—z '
In particular, we obtain sufficient conditions for which the function f € X satisfies such
subordination, which extends certain outcomes in this direction concerning starlikeness,
convexity, and close to convexity.
The following lemma will be needed to accomplish our proofs. We refer the reader
to [29], Theorem 3.4, p. 132, for the proof of this lemma.

Lemma 1. Let q(z) be univalent in D and let © and ® be regular in a domain © O q(ID), with
(@) # 0 when @ € q(D). Set

Y(z) = zq'(2)®(a(2)), A(z) =O(a(z)) +Y(2)

Suppose that
(1) Y(z) is starlike in D, and
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) §RZ¢(I$> > 0forz € D.

If p(z) is regular in D with p(0) = ¢(0), p(D) C D and
O(p(2)) + 2’ (2)2(p(2)) < O(a(2)) + zq'(2)P(a(2)), ©)
then p(z) < q(z) and q(z) is the best dominant.

3. Main Outcomes

First, we treat the first subordinate in (8).

Theorem 1. Let ¢ > 0, hh > 1,{ € Rand f € %. Then, if |{| < 1, L (0,, p)f(z)/z # 0in

D* and
Lile+1,w,0)f(2) ‘ L (e+2,w,)f(2)
(Lf(qu)f(z)> <( 1)L;‘(Q+1,w,g;)f(z)_1> < A(2), (10)
where
_ (h(1-2) tH B (h—1)z
Az) = <ﬁ> (@ h(1—z)2)’
we have

Li(o+1,w,p)f(2) L h(1-2)
Lﬁ(Q,(U,gO)f(Z) h—z °

Proof. From (10) and the assumption
Li(ow, p)f(z) /2 #0
in D*, we infer that L7 (¢ + 1, w, p)f(z)/z # 0in D*. Define

sy L2100/
Lilew o)f(z)

Then, p(z) is regular in D* and

iz 2(tierLepf@)  (Liewnfe)

— — . 1
) | Lo+ Lwp)f(2) Lo @ 0)f(2) ()
By virtue of the identity
(L0 w,0)f() = e(Li(e+1,w,0)f(2)) ~ e+ DLi (e w, 0)f(2)
and (11), we get
Lie+2w,p)f(z) zp/(z)
) et tw e PO ) 42
Now, (12) together with (10) imply
op(@) ! + 20" (D) (0(2))" " < A2). (13)
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Let

Then, q is, clearly, convex in D* and

A(z) = 0(a(2))" +2q'(2) (a(2))" "

Let
O(@) = @**! and (@) = @* .

Then, (13) may be written in the form of (9). Denoting zq'(z)®(q(z)) by Y(z) yields

(1—h)zh®(1—z)¢ 1

Y(z) = (-2

’

and

_ N1 _
AE) =0 +Y(E) = (=2 (e “’”)

But, i > 1and |{| < 1. Hence,

%Ziéiﬁj) _ éR(] + Z(ll:zg) 4 (1 _ C)h i Z)

1 (14+0)h

—1+30-0+595

(1+0)(h—-1)
2(1+h)

Y

> 0.

Consequently, Y(z) is starlike. Moreover,

zN'(z)
Y(z)

By employing Lemma 1, we gain p(z) < q(z) thatis

h(1—2z) . §Rz\{’(z)

R h—z Y(z)

> 0.

=1+

Li(e+1,w,0)f(2) L=z
Li(o,w, 0)f(2) h—z =

The proof is completed. [

A special case of Theorem 1is when » = { = 0and ¢ = w = p = 1, where we get

Corollary 1. Ifh > 1and f € X attains f(z)/z # 0 in D* and

zf"(z)  h(l-2z2) (h—1)z
YFe hz Goaa-2
then
() h(1-2)
f&) " hez
Remark 1. When z € R,
_ h(1-2) (h—1)z z 1

AlZ) h—z (h—2)1—2) h—z 1-—z
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Moreover, A(0) = 1 and A(D) = RA(z) < 2((hht11)) forl < h < 2and RA(z) < g‘?ﬁ:; for

2 < h. Hence, this outcome is a generalization of the outcome obtained in [30].

Note that, when

Alz)=1- (11_71)22,
h(1—z)
5h—1
AD) =C-— {T,oo} .
Thus, setting x = 0, { = —1land ¢ = w = p = 1 in the Theorem 1 implies the

following outcome:
Corollary 2. Let h > 1and f € X satisfy f(z)/z # 0in D* and

af 45 _sh-1
e W
V4

fz)

Then,

zf'(z)  h(l-2z2)
f(z) “Thez

Theorem 2. Let 9 >0, -1< <0, -1<E<1landf€X IfL;f(Q,w,p)f(z)/z # 0in D*
and

Lilow 9)f@)\ [ Lile+Lwp
( (e wzg)f(2)> (Q ilet Z“’ g)f(z)> < A(2), (14)
for
(14 E\*( 1+Ez  (1+E)
Az) = ( 1_z) (Q 1—2z * (1—2)2>,
then
Lilewo)f(z) 1+E:
z = 1—2z ’
Proof. Let
L7 (o, w,
MZ)ZM' (15)

Then, clearly p is regular in D*. Then, it follows by (9), that

o(Li(e+1,w,0)f(2) =20'(2) ~ (@~ p(2). (16)
Thus, (14) becomes

op(2)' "¢+ p(2) 2p'(2) < A2).
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Now, we define q(z) by

1+ Ez
az) =3,

Then, q(z) is univalent in D and q(D) = {z : Rq(z) > (1 — E)/2}. Let © and P be

O(@) =@t and  ®(@) = @t

After that, ® and © are regular in C\{0}, and (14) has the form of (9). Moreover,
by letting

(1+ E)z(1+ Ez)¢

Y(z) = zq'(z)®(a(z)) = 1277

we have

Az) = f(a(z)) + Y(2).
Next, by the assumptions of the theorem,

@) gy F2 +(2+§)lfz

R Y(z) 1+Ez

CIE|  2+A _ —C(1-|E])
>1— — = >0,
1+ |E| 2 2(1+ |E|)

and

zY'(z)
Y(z)

zY'(z)
Y(z)

RENE) g [F @) |

Y(z) fa(2))

An application of Lemma 1 now yields the result. [

=0(14+)+R > 0.

Since the function A(z) = 0+ % maps real values to real values, A(0) = o,

A(D) is symmetric with respect to the real axis and

1

§RA(Z)>Q—|—§— , z €D,

L
1-|E|
we may apply Theorem 2 by letting { = —1 to get the following.
Corollary 3. Let =1 < E < 1,0 > Oand f € £. If L} (v, 7)f(2) /z # 0 in D* and
L¥(o+1,w, z

ile OUEN 11

Li(o,w, p)f(z) 20 o(1—IE[)
then

Li(o,w, p)f(z) L 1+Ez
z 1—z°

Theorem 3. Let { > —1,h > land f € . If Lf (o, w, p)f(z)/z # 0in D* and

<L;(Q,w, p)f(2)>§(QLﬁ(Q+1,w/ @)f(2)> L -2 <Q(1 - w>

z z (h _Z)Hé -z
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then

Liow,0)fG)  h(1-z)
Z “Thez

Proof. The outcome yields from Lemma 1 by defining the functions ® and © by ©(w) =
00~ (11 and d(@) = —@ 20, O

Observe that §R<1 — (h(_};(lfiz)) < Z?Zj) when z € D*. Hence, when letting 0 = w =

p = 1 and s = 0 in the above Theorem, we get the following.

Corollary 4. Let h > 1and f € X. If f'(z) # 0in D and

zf"(z) 3h—1
w1455 < a1y

then

4. Conclusions

In this analytic investigation, based on convolution concept, we have defined and
applied prosperously a complex linear operator which is associated with the meromorphic
Hurwitz-Lerch Zeta type functions and Kummer functions. By utilizing this new linear
operator, we have discussed several interesting merits of some new geometric subclasses
of meromorphicy univalent functions in the punctured unit disk D*.
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Abstract: Asymptotic analysis is a branch of mathematical analysis that describes the limiting
behavior of the function. This behavior appears when we study the solution of differential equations
analytically. The recent work deals with a special class of third type of Painlevé differential equation
(PV). Our aim is to find asymptotic, symmetric univalent solution of this class in a symmetric domain
with respect to the real axis. As a result that the most important problem in the asymptotic expansion
is the connections bound (coefficients bound), we introduce a study of this problem.

Keywords: Painlevé differential equation; symmetric solution; asymptotic expansion; univalent
function; subordination and superordination; analytic function; open unit disk

1. Introduction

The advantage of the Painlevé differential equation (PV) is widely recognized in mathematics and
mathematical physics, subsequently the outcomes indicate a part of the nonlinear explanation of special
functions. Successively, various studies for the PVs have been offered from various points of vision,
such as traditional outcomes, asymptotic, geometric or algebraic constructions. Asymptotic solution of
PV-IIl is investigated extensively because of its requests in material sciences (see [1]). Shimomura [2]
presented an asymptotic expansion formal by iteration, and showed the convergence utilizing a
concept of majorant series. Kajiwara and Masuda [3] created the asymptotic expansion solution of
PV-III by using an expression for the rational solutions whose entries are the Laguerre polynomials.
Later, they extended the PV-III into the g-calculus and created the asymptotic expansion solutions by
employing the symmetric affinity Weyl group [4]. Gu et al. studied the meromorphic results of PV-III by
employing a technique of complex numbers [5]. Bothner et al. occupied the Backlund transformation
of PV-III [6]. Fasondini et al. investigated the PV-III in a complex domain [7]. Bonelli et al. presented
a generalization of PV-III by utilizing q-deformed calculus [8]. Amster and Rogers examined A
Neumann-type boundary value problem for a hybrid PV-IIL. They established the existence properties
of approximate outcomes [9]. Recently, Hong and Tu delivered meromorphic results for several types
of g-difference PV-III [10]. Bilman et al. planned the fundamental rogue wave solutions of PV-III [11].
Newly, Zeng and Hu [12] suggested the connection problem of the second nonlinear differential
equation involving a type of PV and they considered the asymptotic expansion solution.

In this work, we investigate a special class of generalized PV-III equations in a complex domain.
We study the asymptotic expansion solution, univalent solution and approximate solution of this class
in view of the geometric function theory. We formulate the PV-III as a boundary value problem in terms

Mathematics 2020, 8, 1198; doi:10.3390/math8071198 131 www.mdpi.com/journal /mathematics
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of the connection estimates. The consequences here are univalent solution with geometric illustration.
The novelty of this work is to study a class of the PV equations analytically. The outcomes are based on
the geometric function theory to describe the geometric behavior of these solutions. The upper bound
of these solutions is indicated by using Janowski formula. Finally, we construct the symmetric solution
by using a convex function in the open unit disk.

2. Methodology

The complex PV-III equation can be formulated by the following structure:

P d ? d
@ = ¢ (BE) —x @ E otk @+ O @
where «, B,y and 0 are real constants. Kitaev [13] introduced the following special PV-III equation (see
Equation (19), p. 83)

g a2 + ar = sin(x({))- )
Asymptotically, Equation (2) becomes
#x(@) | dx(@) _
4 i + i © x(©), 3
subjected to the boundary condition
(X(@©) =+ 200 +0@), | <1Ln>2,{eU={g eC: g <1}), @

where x;, are indicated the coefficients of the expansion of x({). We are able to investigate the
connection problem (coefficient bounds) of Equation (3) by studying the conforming connection
problem of geometric classes in the open unit disk (U). Our exploration method is selected from the
GFT, specific the concept of subordination.

Let A be the family of analytic functions xy € U and normalized by the conditions x(0) = 0 and
x'(0) = 1, formulating by

xX(@)=¢+ ) xl", Ceu ©)
n=2

A sub-class of A is the class of univalent functions. Consequently, a function x € A is starlike in
U if and only if R({x'({)/x(¢)) > 0. In addition, a function x € A is convex in U if and only if
1+ R(EX"(6)/x'(8) > 0.

It is clear that for functions y € A, we have sin(x) € A. For example, the following asymptotic
expansions for given functions in A (see Figure 1)

sin <%> — 0+ 2+ (B3) /64 T4 /2+ /120 — (50°) /8 + O(T)

and

sin <ﬁ) =7 +20%+(178%) /6 4+ 3¢* + (1812%) /120 — (132°) /4 4+ O(Z7).
Definition 1. For two functions x and X in A are subordinated x < X, if a Schwarz function ¢ with ¢(0) =0
and |g(0)| < 1 satisfying x({) = X(¢(Q)), { € U (see [14]). Evidently, x({) < X({) equivalents to
x(0) = Xx(0) and x(U) C X(U).
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Now, rearrange Equation (3), we have the formal

(Ex’(é)) < X" (@)

0 )TN

subjected to the boundary conditions (4), where p(7) = 14 010 + 020% + ... .

) — o), Teu, ®)

f »
£ /f py
2 -/ .-/
L |
: /. ".’
. e
\_:\__ e
o '
= 4
rd -2

Figure 1. The asymptotic expansions of sin (%) and sin (ﬁ), respectively.

Definition 2. For a function x € A, it is said to be in the class V(p) if and only if

(5&) () e 2e0 o

where p(¢) = 1+ p18 + p28? + 3% + ... is convex in A and positive real part with p'(0) > 0,p(0) = 1 (we
denote this class by P).

For example, one can suggest the analytic function

PO =18 =122

Remark 1. Ma and Minda [15] formulated different sub-classes of starlike and convex functions for which
either of the expressions iﬁg) orl+ 5;(‘,/;(5) are subordinate to an additional common superordinate function.
For this class, they presented an analytic function ® with positive real part inJ, @(0) = 1,0’ (0) > 0, and
©® maps U onto an area starlike with respect to 1 and are symmetric with respect to the real axis. The class of

Ma—-Minda starlike functions contains function x € A satisfying the subordination i’g;g) =< O(Q). Likewise,
the class of Ma—Minda convex functions involves the function x € A fluffing the subordination

x"(©)
X'(0)

1+ < 0(0).

Moreover, when ©(() = %, we obtain the main starlike and convex classes, respectively. Ali et al. [16]
combined the two classes in the class

3. Connection Bounds

For functions in the class V(p), the following outcome is found.

Theorem 1. If the function x € V(p) is formulated by (5), then

+0%/3
%, 8)

el < B el <
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where 0(3) = 14 p18 + p28? + p38° + ... is convex in A and positive real coefficients.
Proof. Let x € V(p) having the expansion

X(Q) =T+ xl?+x3%+.., [eu.

Then by the definition of the subordination, there subsists a Schwarz function ¢ with ¢(0) = 0 and

[(C)| < 1 satisfying
(éx’(é)) <1+ éx”(é)) D), T e
x(©) xX'(©) ’ :

Furthermore, we assume that |¢({)| = |{| < 1, then in view of Schwarz Lemma, there occurs a complex
number 7 with |t| = 1 satisfying ¢({) = 1¢. Consequently, we obtain

(iﬁé?) <1 - éﬁé?) - (1 +x28 + (20 — x3) + )

x (1 +2x20 + (6x3 — 4x3) 2 + )
=1+3x20 + (8x3 —3x3)0° + .
=1+p17C +p2‘rzéz + ...

It follows that ]
P17 P1
<=2
Ixal < 3 3
and
p2+pi/3
sl < =—=—
O
Example 1
2
o Letp(Q) =15 =14202 420 + . then [xa| <3, |xal < 2R = 0.416.
0.5
* Letp(Q) = (%g) =14+7+2/2+%/2+ (37%)/8+ (37°) /8 + O(L°)... then
1 05+1/3
ol <3 Ixsl < =g = 0104

We have the following consequence.
Corollary 1. If the function x € V ((%)a) , & € (0,1] then

el <1, n>2. ©)

4. Geometric Behaviors

In this section, we deal with some geometric behaviors of the boundary value problem (6).

Definition 3. For a function x € A, it is said to be in the class V( + /¢? + 1) if and only if

(i’f(g)) (1 + i’(‘(g)) <42+, Ceu. 10)

Note that (see Figure 2)
TH\R+1=14+7+72/2-7/8+0(2°)
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and that the sub-classes of starlike and convex of the above definition are studied in [17].

—
1
|
10 Ve
e
e
N L —
\-'\._ —-"""
—:’7"
-4 " 2 4
"’./'-‘
Figure 2. The complex plane, Riemann surface and the asymptotic expansions of

(C+T2+1), respectively.

We request the following preliminary, which can be located in [17].

Lemma 1. If P is analytic in U and satisfies the subordination

cr'(g
P+ < G, x>0

then P({) < (L + V2 +1).

Theorem 2. If the function x € A is formulated by (5) fulfilling the subordination

, Y W@y w@)
(20 (1,20 , 1+ 57) +5(§(§ ) S Jan

) ) () ()

then x € V({ + /(% + 1). Moreover,

24

1
< = <
Ix2| < 3’ [xal < 1152

Proof. Let x € A having the expansion
X@) =i+l + x>+, (€U

o= (38) (+58)

Furthermore, we let

135
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Thus, in view of Lemma 1 with x = 1, we get

i+ 0 (20 (1, @) | ¢ (%) (1« i@’l(é?)

7o~ G ) U ) g ()
@ (@, (g ()
*<x(é>><1+ K@) >+ (H@g;g)) " (cgé?)

<(@+y@+1)

It follows that P() < (¢ + v/¢? + 1), which implies that x € V({ + 1/{? + 1). Now, a computation
implies that

K@Y (1K' DN _ 1.5 orr 3272
(x(é') >< TAXQ ) +3x28 + (8%3 —33)8* + -
=1+7+37/2-/8+0(3%).

A comparison yields that

1 24
<= < =
Ix2| < 3 [xal < 115

O

Next, result can be found in [18].

Lemma 2. For analytic functions w,® € U), the subordination w < @ implies that

27 27
| @i < [ o(@lrde,
where { = re'?,0,r < 1and q is a positive number.

Theorem 3. If the function x € A is formulated by (5) achieving the subordination inequality (11). Then

WG (= ) [ao=or @

forallg >1and{ =re? € Uand 0 <r < 1.

Proof. According to Theorem 2, we have
éx’(€)> ( éx”(C)) 2
() (+ %) <ev vt
Then in view of Lemma 2, we conclude that
27 (IX(©) X"\ 2
L) (o ) [ao< [ e wapae
:/02”\6f9+,/(319)2+1|w, r— 1

= 27T.

This completes the proof. [
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Theorem 3 indicates the periodicity of solutions of the boundary value problem (6). We illustrate
the following example (see Figure 3):

Example 2.

. Let q = 1, we have

/ e + 1/ (€10)2 +1]d0 = —i(e" + /1 + e20 — tanh ™' (\/1 + €20)) + constant

. Let q = 2 then we get

16 4/ (@)2 4 1[de = 0 — e — e /1 + e — isinh™! (&) + constant.

— teal part

h . — real part
— imaginary part

— imaginary part

Figure 3. Periodic solution of Equation (6), when g = 1 and g = 2, respectively.

We proceed to study some geometric behaviors of Equation (6). We need the following concept.

Definition 4. A majorization of two analytic functions having the asymptotic expansions respectively,
X(0) = Yoo xmC™ and X(0) = Yy_o Xm{™ is denoted by x < X and satisfies the connections bounds
|Xm‘ S ‘xm‘, fOr all m.

Definition 5. For a function x € A, it is said to be in the class V ( ii“é) if and only if

00
X' () X" (0) 1+01¢
( Q) ) (” X (@) ) BT 13)

where { € Uand 01,0 € 0U.

Theorem 4. Let x € V( }igi) Then there is a probability measure v on (9U)2.

Proof. Let x € V( ﬂgig) This yields that

(&) () «rrae

A calculation brings that |x,| < 1 for all n > 1. Furthermore,

1+ 1+4¢
I+of " 1-0

(14)
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1+1f
1+a28

According to Theorem 1.11 in [19], we obtain that the function indicates a probability measure v

in (9U)? achieving

_ 1+aid
0= [, (T8 avieve, teu

Then there is a diffusion constant A satisfying

/(3U>2 G i glé) dv(er 02) = 4 /(au)z (C;((;g)) <1 + C))((/’é(g@))) dv(e1,02)

(geU,AeR,xeA>.

O

5. Symmetric Solution
In this section, we introduce a study regarding the symmetric solution of (6). For this purpose,

we need to define a symmetric class as follows:

Definition 6. For a function x € A, it is said to be in the symmetric class Vsyuperric(P), where @ takes
the formula

Q) =2 1p(0) +p(-0)], TeUpeP,
where p is convex in U if and only if
'@ X"
(%) (%) <00 geu 19

In addition, a function x € A, is stated to be in the symmetric class Vsymme[ric(‘Y), where Y is formulated by
the symmetric construction

4C (%)

Y() = 0@ —p(<0) leUpeP,
where p is convex in U if and only if
X' (@) X" Q)
< (@) > <1+ X(© ) <FO, feu (16)

To establish the existence of symmetric solution of (6), we request the following result
(see Theorem 3.2, p. 97 in [14]).

Lemma 3. Let ® be convex in U such that ®(0) = 1. If p is the analytic solution of the equation

() + %? —o(), p0)=1

and if R(p) > 0, then p is univalent solution. If P € H[1,n] (the class of analytic function) achieves the
subordination ,
gPo)

P(¢)

P(Z) + < ®(7),

then P < p and p is the best dominant.

Theorem 5. Let X € Vsyumetric(P), where p € P is convex and the functional

®(7) = 30(@) +p(-0)], TeU
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satisfies the inequality

(¢ ") z 1+w ! 7 w@y
(jcc(é'))> (H )?c(’(i;) >+ <<1+é§((<§>)) * (<€’2§)))> = ®(0). 17)

Then x € V(p).

Proof. Our aim is to achieve all the conditions of Lemma 3. Since p is convex then ® is convex in U
such that ®(0) = 1. Moreover, p is the univalent solution of the equation

= 20 —p(@) p(0) =1

with R(p) > 0. Suppose that

o~ (38) (+158)

Then, we obtain

, , B 540 a' @YY
T _(20) (@0, (5 (1+ v )

X
W@\ W@y
_ <€7c/(€)> <1+ éx”(é)) N (1 57) N (%)
! "( Cx' (g
X O %) (59)
< P(2).
By Lemma 3, we have
xX'(©) X" (@)
(Sa) (+ %) <rer
Hence, x € V(p). O
In the similar manner of Theorem 5, we have the following outcome
Theorem 6. Let X € Vymmerric(Y), where p € P is convex and the functional
4Cp(0)
O =o—e-0 ¢V
satisfies the inequality
")\ XK@\
! 94 (@) ’
xe o) (+9¢)  (58)

Then x € V(p).

Example 3. Consider the analytic function p({) = %, where it maps U onto the right half-plane convexly.
Then ®() = 4 14 20% 4-27* + O(Z°), where ®(0) = 1 (see Figure 4). By assuming x(J) = {,

=5 =
we have the subordination P({) = <M> (1 + Q) =< ®({). Thus, the solution x € Vsymmem‘c(%)-

( (i
x(©) X (0)
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Imiz)

1.0

0.0

Re(z)

-0.5

-1.0

-1.0 ~0.5

(ordern approximation shown with n dots)

Figure 4. The behavior of ®({) = ifg with a symmetric domain for |, 1.

6. Conclusions

From above, we conclude that the asymptotic behaviors of a special class of Painlevé differential
equations (see [13]) can be recognized by using a geometric representation of the equation.
From this construction, we introduced the oscillatory, connection bound and other properties of
the boundary value problem (6). In addition, Theorem 5 and Theorem 6 indicated that the set
{x : x € V(p)} has symmetric solutions for some symmetric region because Vyumetric (L) C V(p) and

Vsymmetric (‘Y) cV (P) .
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Abstract: It is well known that the conformable and the symmetric differential operators have
formulas in terms of the first derivative. In this document, we combine the two definitions to get
the symmetric conformable derivative operator (SCDO). The purpose of this effort is to provide a
study of SCDO connected with the geometric function theory. These differential operators indicate
a generalization of well known differential operator including the Salagean differential operator.
Our contribution is to impose two classes of symmetric differential operators in the open unit disk
and to describe the further development of these operators by introducing convex linear symmetric
operators. In addition, by acting these SCDOs on the class of univalent functions, we display a
set of sub-classes of analytic functions having geometric representation, such as starlikeness and
convexity properties. Investigations in this direction lead to some applications in the univalent
function theory of well known formulas, by defining and studying some sub-classes of analytic
functions type Janowski function and convolution structures. Moreover, by using the SCDO, we
introduce a generalized class of Briot-Bouquet differential equations to introduce, what is called the
symmetric conformable Briot-Bouquet differential equations. We shall show that the upper bound of
this class is symmetric in the open unit disk.

Keywords: univalent function; conformable fractional derivative; subordination and superordination;
analytic function; open unit disk

MSC: 30C45

1. Introduction

The term Symmetry from Greek means arrangement and organization in measurements.
In free language, it mentions a concept of harmonious and attractive proportion and equilibrium.
In mathematics, it discusses an object that is invariant via certain transformation or rotation or scaling.
In geometry, the object has symmetry if there is an operator or transformation that maps the object
onto itself [1,2].

Salagean (1983) presented a differential operator for a class of analytic functions (see [3]).
Many sub-classes of analytic functions are studied using this operator. Al-Oboudi [4] generalized
this operator. These operators are studied widely in the last decade (see [5-10] for recent works).
Our investigation is to study classes of analytic functions by using the symmetric differential operator in
a complex domain. Recently, Ibrahim and Jahangiri [7] defined a special type of differential operators,
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which is called a complex conformable differential operator. This operator is an extension of the
Anderson-Ulness operator [11].

A conformable calculus (CC) is a branch of the fractional calculus. It develops the term x' =% f/(x).
While the complex conformable calculus (CCC) indicates the term ¢’ (&), where ¢ is a complex variable
and ¢ is a complex valued analytic function. In this work, we present a new SCDO in the open unit
disk. We formulate it in some sub-classes of univalent functions. As applications, we generalize a class
of Briot-Bouquet differential equations by using SCDO.

2. Methodology

This section deals with the mathematical processing to study the SCDO for some classes of
analytic functions in the open unit disk U = {{ € C : |{| < 1}. Let A be the following class of
analytic functions

Y(@)=2&+) vul", Ceu. 1)
n=2

A function Y € A is starlike via the (0,0) ( origin in U) if the linear segment joining the origin to
every other point of Y lies entirely in Y (¢ : |¢] < 1). A univalent function (Y € ®) is convex in U if the
linear segment joining any two points of Y (& : || < 1) lies entirely in Y (¢ : || < 1). We denote these
classes by S* and C for starlike and convex respectively. In addition, suppose that the class P involves
all functions Y analytic in U with a positive real part in U achieving Y (0) = 1. Mathematically, Y € S*
ifand only if ¢ Y/ (&)/ Y () e Pand Y € Cifand only if 1+ ¢ Y" (Z)/ Y' (¢) € P. Equivalently,
R(EY'(€)/ Y (&)) > 0 for the starlikeness and 1 + R(& Y (¢)/ Y’ (¢)) > 0 for the convexity.

For two functions Y and Y, belong to the class A, are said to be subordinate, noting by Y1 < Y3,
if we can find a Schwarz function T with 7(0) = 0and | 7 ()| < 1 achieving Y1(&) = Y2(7(Z)), € U
(the detail can be located in [12]). Obviously, Y1 (&) < Y2(&) if Y1(0) = Y2(0) and Y1(U) C Y2 (U).

Lemma 1 ([12]). Suppose that a € C, n is a positive integer and R[a,n] = {Y : Y(§) = a+ a,&" +
Ay 1 & ) is a set of analytic functions.

i. If ¢ € R then §R< Y (&) +LEY (g’f)) > 0= R(Y (%)) > 0. Inaddition, if ¢ > 0 and Y € N[1,n], then
there occurs some constants a > 0 and b > 0 with b = b(¢,a, n) where

(@) + Y (©) < (%)b S GRIG=IE

ii. If0 € [0,1) and Y € N[1,n] then a constant k > 0 exists satisfying k = k(a, n) so that
R(Y2(@) +2Y(2)2Y' (@) > = R(¥(2)) > k.

iii. If Y € R[a,n] with R(a) > 0 then §R<Y (@ +eY (@) +e2Yy” (C)) > 0Qorfor1: U — R with

R(v (@) + z(g)giééf)) > 0 then R(Y () > 0.

Lemma 2 ([12]). Assume that his a convex function satisfying h(0) = a, and let k € C\ {0} be a complex
number with R(k) > 0.If Y € N[a, n], and

Y (@) +(1/K)EY(§) < h(E), ¢ey,
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then Y (&) < 1(z) < h(z), where
A
((z) = ngk/“/ h(T)T(”*l) dt, ¢eu.
Lemma 3 ([13]). Suppose that Y € A and there occurs a positive constant 0 < v < 1. If

Y (@)-¢ 22

GRS
then

@ <1+4+vg, ceu.
And the result is sharp.
The Operator SCDO

This sections deals with definition of the SCDO as follows:
Definition 1. Let Y (&) € A, and let v € [0,1] be a constant then the SCDO keeps the following operating
S0V @) =Y
sy = (rrartng ) i @ - (et ) e o
:<aa%%%ma)G*i"“‘ﬁ‘(aa%%%aa>Qfﬂﬁ“”y“iﬁ
B ()
S (@) = SHS! Y (@) @

_C+Zn (K ,8) + (=) (v, C))Z Y&

x1(v, &) +xo(v, €)

SEY (&) =SiSE v (2)
:c+)°fnk<"1(v )+ (= )"“Ko(%@)kvngn.

n—=2 K1 (V g + KO(Vr g)
so that k1 (v, &) # —xo(v, §),
limy(v,¢) =1, limm(v,8) =0, x1(v,§)#0, % €U, ve(01),

and
thO(v &) =0, IEKO(V,C) =1, %) #0, V¢euUve(01).

v—0

The value v = 0 indicates the Salagean operator S¥ Y (&) = & + Y5, 1% v, &". We proceed to impose
a linear differential operator having the SCDO and the Ruscheweyh derivative. For Y € A, the
Ruscheweyh derivative is defined as follows:

é’—i—Z:[:kJrn 1Y” ’
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where C¥ ; are the combination terms.

k+n—

Definition 2. Let Y € A,v € [0,1] and 0 < & < 1. The linear combination operator joining R* Y (&) and
Sk (¢) is given by the formal

Cha Y (&) =(1—-a)RF Y (&) +aSE Y (2)

- R 1 (v, + (D" e, )\1F L ®
—erna S ot ) RS

Remark 1.

. k=0 v (@)= V(@)

. V:0:>C’1<a (&) = LE Y (&); [14] (Lupas operator)
© w=0=Ck, Y () =RV ()

e a=lx=1=C Y () =5 (@)

o a=1=0C v () =8 ().

Definition 3. Let € € [0,1),v,a € [0,1and k € N. A function Y € N belongs to the set By(v,, €) if and
only if
R((CE. Y (©)) >e ceu.

Definition 4. The function Y € \ is specified to be in J,(A, B, k) if it satisfies the inequality

1 28K+ v (&) 1+ A€
1+<Sh%@ gvpfﬂ 11 B¢

(geu,—1§B<@A§1,k:1g””beC\{m,vemJD.

o v=0=[6];
e v=0B=0=[7];
e v=0A=1B=—1b=2=]8]

The class I}, (A, B, k) isa generalization of the class of the Janowski starlike functions [15]

1+A¢

&) =T B

ey,

where p(0) =1, p(U) C Q[A, B]. The domain Q[A, B] is a circular domain and it is referring to an
open circular disk with center on the real axis and diameter end points 1=4, provide that B # —1.
Functions in the class J%,(A, B, k) have a circular domain with respect to symmetrical points.

Definition 5. Lete € [0,1),v,a € [0,1and k € Ny. A function Y € A is in the set Si(v, €) if it achieves the
real inequality

Sy (©)
§R< SEY (@) ) >e€, (EU.
Note that Sy(v,€) = §*, $1(0,¢) =C

3. The Outcomes

In this section, we study some properties of the SCDO.

Theorem 1. For Y € A and « € C\{0}, if one of the sequencing subordination valid
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o Theoperator SK Y (&) is of bounded turning type;
® Y satisfies the relation

b
Sver < (15, vsoceu
* Y fulfilled the inequality

k
R((s5 (g))/SVYT@) >0, sef,iey,

® Y admits the inequality

R(astv @) - sty 23 o,

® Y confesses the inequality

g8 Y (8))
"Covoy e
then % € P(e), e€[0,1).

Proof. Formulate a function ¢ as pursues:

k
o(¢) = SYT@’ = 8/(Q) + o) = (S5 (D)) @

By the first relation, S¥ Y (¥) is of bounded turning, this indicates that

R (E) +0(2)) > 0.

Therefore, according to Lemma 1—i, we attain R(c(g)) > 0 which gets the first term of the
theorem. According to second inequality, we indicate the pursuing subordination inequality

(S5 @) =@+ o) < (1

Now, by employing Lemma 1—i, there occurs a fixed constant 2 > 0 with b = b(a) with the
pursuing property

1@ (1)’
g 1-¢)

Consequently, we indicate that R(SX Y (&)/&) > e, for values of € € [0,1). Lastly, agree with the
third relation to get

k
R(c2(©) +200)£7(©) = 2w ((f v @ ) > ®

According to Lemma 1—ii, there occurs a positive fixed number A > 0 achieving the real inequality
R(c(¢)) > A, and yielding
Sk (2)
¢

o(@) = eP(e)
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for a few value in € € [0,1). It indicates from (5) that %(85 Y (&) ) > 0; thus, according to

Noshiro-Warschawski and Kaplan Lemmas, this leads to S¥ Y () is univalent and of bounded turning
in U. Now, via the differentiating (4) and concluding the real case, we indicate that

R(0(8) +20'(2) +820"(2))

= (z(s5 v @ - sty @) +2% L)

> 0.

Thus, by the conclusion of Lemma 1—ii, we have

SiY (©)
R(*

Taking the logarithmic differentiation (4) and indicating the real, we arrive at the
following conclusion:

) >0.

§a'(g) "
R(0(@) + 25+ (@)

L ESET @) LAY ()
(Ve Y

> 0.

k
A direct application of Lemma 1—iii, we get the positive realie., R( S"E@

the proof. [

) > 0. This completes

Theorem 2. Suppose that Y € I%(A, B, n) then for every function of the form

1
~2

x() =5 (@) —¥(=¢)], ¢eu

agrees with the pursuing relation

1 (svk“x(g) B ) PRER

U Csrxe) 1+ B¢

and

%(ﬁx(é‘)’) J1-2 =<,

X(&) /T 1+ 0%

((eu —1<B< A<, m=12.,beC\{0}, ve,1]).

Proof. Because the function Y € J’(A, B, m) then there occurs a function p € J(A, B), where

25441 ¥ ()
@O -V= gy s o)

and

25§ Y (=0)

-0 =(gv g -siv o)
This implies that

1/S5(0) _ 9@ +e(=0)

145 TSFX(E) —1) = FET

148



Mathematics 2020, 8, 363

. 1+ A¢ 1+ AC . . ..
Also, since (&) < 11 B¢ where 11 B¢ is univalent then by the concept of the subordination,
we have
) 1(85“%(5) IR
b\ AmX(E) 1+ B¢’

But the function X(¢) is starlike in U, which means that

ex@)  1-¢
X e

and there occurs a Schwarz function T € U, | 7 (¢)| < |¢] < 1,7(0) = 0 such that

_x@) L 1-7(0?

<

x@) 1470

This implies that there exists {, |{| = A < 1 achieving

Y(Q):

0=y (€U
A computation yields

1-¥(0)| _

gl =IT@F <P

Thus, we conclude that

(@) - 1+\CI4‘2 o Al

T=[gfl = (1= 1812
" (@) - 1+|€\4‘ o 20eP
=g = (=1
Consequently, we obtain
1— A2
R(¥(0)) = 1+ 2 gl =A <1

O
Theorem 3. Suppose that Y € By (v, a, €), and the convex analytic function g satisfies the integral equation

24c¢ (% .
F(é):él—;/or\(('r)dr, Feu

then the subordination ,
(28'(2))
2+4+¢

(o @) <5@ + ;>0

implies the subordination
!/
(ChaF(@) <30,

and the outcome is sharp.

Proof. Here, we aim to utilize the result of Lemma 2. By the conclusion of F(&), we acquire

(@)

(Chak@) + 3P = (chav @)
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Following the conditions of the theorem, we get

(@)

(C}ﬁ,aF(‘?)) A v 8(8) + (ngii))
By assuming
0@) = (CELF(@)
We have , ,
o@) + EED gy 4 EEE)
According to Lemma 2, we obtain
(ChaF(@) < 5(0),

and g is the best dominant. I

Theorem 4. Let g be convex such that g(0) = 1. If

(v @) <s@+8@), teu,

ck .y
then ”‘?@) < g(&), and this result is sharp.
Proof. Define the following function
Cho Y (§)
0(g) = —/———2 7 € R[1,1].

A direct application of Lemma 1 yields

Cha ¥ (€)= 0(8) = (Cha ¥ (©) = 0@) +E¢/(@):

Thus, we introduce the following subordination:

0(8) +¢a'(g) < g(2) +2g'(2)-
CEL Y (©)

Hence, we conclude that —&

Theorem 5. If Y € A fulfills the subordination

1+¢

b
1_§> , ¢eU, b>0,

(¥ (@) < (
then L
%<Cm Y (€)

: )>e eclo).

Proof. Construct ¢ as in (6). Thus, by subordination possessions, we indicate that

(v @) =2¢(@) +e0) < (1%

150

=< g(¢), and g is the best dominant.
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With the help of Lemma 1—i, there occurs a fixed number a > 0 with b = b(a) where

cm;m@_<<1tg>ﬁ

This leads to real conclusion %(Cljla Y (&)/¢) >e€,€e€0,1). O

Theorem 6. If Y € A fulfills the real inequality

Cia Y (2)

R((Cha v (€)=

>>%(%), feUaecC

then C{‘,,A, Y (&) € Br(v,a,€).
Proof. Formulate ¢ as in (6). A clear evaluation gives

/Cla Y (©)

R(P(0) +20(6)8¢'(2)) = 2R(Cha ¥ (€)' =5

) > R(a).

@)

By the advantage of Lemma 1—ii, there occurs a constant « concerning on R(«) where R(0(&)) >
«, this gives R(0(&) ) > €, € € [0,1). By virtue of (7), it implies that %(Clﬁ,a Y (ij))’) > ¢ and hence

based on the idea of Noshiro-Warschawski and Kaplan Theorems, Cﬁ,a Y (&) is univalent and of

bounded boundary rotationin U. [

Theorem 7. The set By(v, a, €) is convex.

Proof. Suppose that Y; € Bi(v,a,€), i = 1,2 achieve the formulas Y1(¢) = ¢+ Yy a,¢" and

Y2(&) = &+ Y os byl respectively. It is adequate to show that the linear combination function

G =w Y1 (§) +waY2(8), €U

belongs to By (v, a, €), where wy > 0,w, > 0and wy + wp = 1.

By the definition of G(&), a computation yields that

G(&) =+ Y (wiay + wyby)Z"
n=2
then under the formal CV 2 We obtain
Ck Z w1ay + wan

mm@+FWMWWQYk¢

[(1 —a)Ch iy ta ( x1(v,8) +x0(v,C)
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By considering the derivative, we have
R{(C,G(2)'}

1) (v, K n—
=1+wR {; {1—“ m+n—1+“(Kl(v;fzv—i—é()jzco(vt(gg §)> }ané 1}

k11, 8) + (=" ko (1, D\ T, s
o tmy ) Jwe )

+w23%{ [1—0( m+”_1+zx<
>1+w1(e—1)+w2(e—l)
|

4. Applications

A set of complex differential equations is an assembly of differential equations with complex
variables. The most important study in this direction is to establish the existence and uniqueness results.
There are diffident types of techniques including the utility of majors and minors (or subordination
and superordination concepts) (see [12]). Investigation of ODEs in the complex domain suggests the
detection of novel transcendental special functions, which currently called a Briot-Bouquet differential
equation (BBDE)

0¥ (@) +(1-w) BN

(n(o) =Y(0),wel0,1], €U, Y€ /\).

In this place, we shall generalize the BBDE into a symmetric BBDE by using SCDO. Numerous
presentations of these comparisons in the geometric function model have recently achieved in [12].

Needham and McAllister [16] presented a two-dimensional complex holomorphic dynamical
system, pleasing the 2-D form

&G =0Cw);, w=0Ew), fweU

and t is in any real interval. Development application of the BBDE seemed newly, with different
approaches (see [17]) to solve the equation of electronic nano-shells (see [18]). Controlled by
the situation effort of traditional shell theory, the transposition fields of the nano-shell take the
dynamic system

G =0(w) +0y(fw);, w=0(w) +6yw), Fwel,

where 6 is the angles between ¢ and w and their conjugates.
Our purpose is to generalize this class of equation by utilizing the SCDO and establish its
properties by applying the subordination concept. In view of (2), we have the generalized BBDE

&Sy (@)

st ) e mo) =), e ®)

The subordination settings and alteration bounds for a session of SCDO specified in the following
formula. A trivial resolution of (8) is given when w = 1. Consequently, our vision is to carry out the
situation, Y € A and w = 0. We proceed to present the behavior of the solution of (8).
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Theorem 8. For Y € A, a € [0, 00) and h is univalent convex in U if

( a(ssy

Shy) <M geu ©)

then

S,]fY (&) < Cexp (/OC %tﬁ),

where T is a Schwarz function in U. In addition, we have

elewp ([ "ED1a0) < farv @] < wlese ([ M ar ).

[ g

Proof. The subordination in (9) implies that there occurs a Schwarz function T such that

(C(SffY(C))’

s ) ~HT@), e

This yields the inequality

(é(Si‘ Y (6))’) 1 A(TE) -1

Sk (©) ¢ ¢
By making the integrated operating, we have
SEY @) _ [FR(T(0) -1
log < =)= /0 . (10)
Consequently, we have
SR(T(0) -1
log Sk ¥ (&) = ( / %d() ~ log(2). an

A calculation brings the next subordination relation

SKY (8) < Eexp (/Og %dﬂ).

Moreover, the function # translates the disk 0|¢|c < 1 into a convex symmetric domain toward
the x-axis; in other words, we have

A(=elg]) < R(A(T(e5))) < h(elg]), o< (0,1],[5] # 0,
which implies the inequalities:
(o) < h(=clg]), Rlelg]) < h(o)
and
PA(T(=elg)) -1 LA(T(0) -1 PA(T(elgh) —1

By employing (10) and the last inequality, we arrive at

ag.

/1 AT (=0lg]) —
0

1
<
- do <log

SEY (@) [ R(T(el)) —1
7 <, d

g
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This equivalence to the fact

oxp ([ HUCEED =14y ¢ |SEY QD) ¢ g ([ HTEIED) =1,

o ¢ 0 s

O

We note that the condition of Theorem 8, which the BB formula subordinates by a convex univalent
function 7 can be replaced by a general condition as follows:

Theorem 9. Suppose that Y € \, a € [0,00) and 0 < v < 1.If

aSEY () —¢ 206
= / ey 12
Cave )ire @ 0
then .
‘&YT@) ~1] <. (13)
Moreover, define the term
vi= 1 0<r<1
T (1)’ !
for some positive constant v, then
I
Sk (&) o+1
( T ) IS A o
Proof. In view of Lemma 3, we have the subordination inequality
k
SVYT@) <14 vg.

Since the result is sharp, then directly, we obtain the inequality (13). Consequently, by ([19],
lemma 5.1.3), we have the inequality (14). [
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Abstract: This work investigates centered polygonal lacunary functions restricted from the unit disk
onto symmetry angle space which is defined by the symmetry angles of a given centered polygonal
lacunary function. This restriction allows for one to consider only the p-sequences of the centered
polygonal lacunary functions which are bounded, but not convergent, at the natural boundary.
The periodicity of the p-sequences naturally gives rise to a convergent subsequence, which can
be used as a grounds for decomposition of the restricted centered polygonal lacunary functions.
A mapping of the unit disk to the sphere allows for the study of the line integrals of restricted centered
polygonal that includes analytic progress towards closed form representations. Obvious closures of
the domain obtained from the spherical map lead to four distinct topological spaces of the “broom

topology” type.

Keywords: lacunary function; gap function; centered polygonal numbers; natural boundary;
singularities; broom topology

1. Introduction

Analytic functions are of clear importance as an area of mathematics and also in physics,
chemistry, engineering, and other applied areas. It is the set of points where analyticity breaks down,
in the form of singularities, that often carries the most information about the function and hence about
the physical phenomenon it describes. In most applications, the set of singularities is a set of discrete
points called isolated singularities. Characteristic of analytic functions is the fact that one can construct
a Taylor series representation where the isolated singularities determine the radius of convergence.
One is then often able to analytically continue functions outside the radius of convergence by various
methods (see References [1,2]).

In certain instances, the singularities are no longer isolated but instead form a curve in the complex
plane called a natural boundary. Analytic continuation is not possible through the natural boundary.
One set of functions that have a natural boundary are the lacunary functions (see References [1,2]).
The Taylor series of Lacunary functions has “gaps” (or “lacunae”) in the powers present in the series
expansion. One simple example is f(z) = ¥, 2" = z 4216 4 281 4 22% ... In this example,
the natural boundary lies on the unit circle and f(z) is analytic in the open unit disk.

Because the natural boundary is difficult to deal with, functions with natural boundaries have
not been heavily utilized in physics over the years. Nonetheless, the presence of natural boundaries
does result in real physical consequences. Creagh and White showed that in optics, the calculation of
evanescent waves extending from elliptical dielectrics can involve functions with natural boundaries
(see Reference [3]). In mechanics, particularly integrable /nonintegrable systems, Greene and Percival
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investigate the role of natural boundaries in the context of Hamiltonian maps (see Reference [4]).
Shado and Ikeda have shown that quantum tunneling in some systemes can be impacted by natural
boundaries which influence instanton orbiting (see Reference [5]). Quite recently, Yamada and Ikeda
have studied Anderson-localized states in the Harper model in quantum mechanics and the role of
natural boundaries associated with the wavefunctions (see Reference [6]).

Guttmann et al. have proven that any solution of a non-solvable Ising-like model must be
expressible in terms of functions having natural boundaries (see References [7,8]). Relatedly, Nickel has
shown that natural boundaries appear in the calculation of the magnetic susceptibility in the 2D Ising
model (see Reference [9]). In molecular kinetic theory, lacunary functions display characteristics
near the natural boundary that are related to Weiner (stochastic) processes. Because of this,
lacunary functions have been studied in connection with Brownian motion (see Reference [10]).

More mathematically, Eckstein and Zajac investigated heat traces of unbounded operators in
Hilbert space (see Reference [11]). Behr et.al. have discussed lacunary generation functions in the
context of their rather comprehensive study of Sobolev-Jacobo polynomials (see [12]). And, recently,
Kisi, Glimiis, and Savas studied A”-lacunary convergence and Cesaro summability with respect to
lacunary sequences (see Reference [13]).

Of the lacunary functions, the family generated by centered polygonal numbers have particularly
interesting features. This family is called centered polygonal lacunary functions. Their special
properties are mainly due to the unusual symmetry present in this family, compared to an arbitrary
lacunary function (see References [14-16]). A class of infinite sequences associated with lacunary
functions are called lacunary sequences and recent work has focused on exploring particular bounded
sequences of numbers arising at the natural boundary of centered polygonal lacunary sequences
(see References [14,15]). These p-sequences, as they are called, have been well characterized
and this work has been significantly enhanced by the construction of graphs to represent the
p-sequences (see Reference [14]). The graphs that have arisen are interesting in and of themselves,
especially in that they reveal self-similarity and scaling that allow for a renormalization approach (see
Reference [15]). The self-similarity hints at the fractal character of the centered polygonal lacunary
functions. Indeed, explicit investigation of this fractal character in the form of Julia sets has recently
been presented (see Reference [16]).

This current contribution builds upon the above-mentioned work and is focused on some of
the substructure in the summation terms of the centered polygonal lacunary functions as well as
the behavior of these functions on restricted subspaces of the unit disk. The periodic nature of the
p-sequences and the fact that there is a well-defined sequence that actually converges to zero at the
natural boundary offers an opportunity to make some degree of sense of the centered polygonal
lacunary functions at the natural boundary. This is the case, at least, when restricting the domain from
the unit disk onto a set of line segments which are determined by the function itself. This restricted
space is referred to here as the symmetry angle space and is defined in Section 4. Symmetry angle
space, as a topology, is very much like the so-called “broom topology” space (see Reference [17]).
Throughout this work, the topology on the unit disk is the normal topology of C and the topology on
the union of line segments is the induced topology, that is, the normal topology of the unit interval.
The periodic nature of the p-sequences suggests a natural decomposition of the centered polygonal
lacunary functions on symmetry angle space.

Further, there is a convenient surjective mapping of the unit disk to the sphere such that the natural
boundary maps to a single point. Symmetry angle space then consists of the union of longitudinal
lines on the surface of the manifold of the 2-sphere, S? [18]. Obvious closures of the mapped symmetry
angle space allow inclusion of the natural boundary as a single point. Line integrals are investigated
which include loops “through” the natural boundary.

The ultimate goal of the current work is to provide some useful insight into the nature of the
natural boundary of centered polygonal lacunary functions. All visualizations of functions in this
work were calculated and produced using MATHEMATICA (see Reference [19]).

158



Mathematics 2020, 8, 568

2. Centered Polygonal Lacunary Functions

Definitions, notation, and some theorems from References [14,15] are briefly collected here for the
convenience of the reader.
The Nth member of a lacunary sequence of functions is defined here as

fulz) =Y 280, 1)

where g(n) is a function of n, a positive integer, that follows the criteria of Hadamard’s gap
theorem (see Reference [2]). (Note that the sum starts at n = 1 for convenience but not necessity.)
Following References [14,15], we use the notation

N
L(giz) = { Y zg<”)}, @)
n=1

to represent the particular lacunary sequence described by g(#), in complex variable z. The lacunary
function associated with the sequence £(g(n);z) is f(z) = limy_,c0 fNn(2). One particularly important
representation of this example function is shown in the bottom left panel of Figure 1 for the example
case of g(n) = T(n), the well-known triangular numbers. Figure 1 shows the modulus of f(z), | f(z)|,
where the graph is limited to 0 < |f(z)| < 1. That is, the graph is truncated at the unity level set.
This is done to better expose the symmetry features of the functions otherwise the divergence at the
natural boundary obscures the view of these features.

A g(n) family of note that yields particularly interesting lacunary functions are the centered
polygonal numbers. The centered polygonal numbers are a sequence of numbers arising from
considering points on an polygonal lattice (see References [20-23]). The centered k-gonal numbers are
defined by the formula (for positive integer k < 0)

. n(n—1)
C(n) = k=

+1, n>1 3)
When g(n) = C®) (1) is the nth centered k-gonal number, then f(z) = ¥, 2CM () is the centered
polygonal lacunary function. Also, £(C%); z) is the centered polygonal lacunary sequence associated
with f.
It turns out that nearly all of the structural features of centered polygonal lacunary functions
are independent of the choice of k (see References [14,15]). This is because the centered polygonal
numbers are related to the triangular numbers (see Reference [24]) in a simple way. The set of triangular

numbers is 1
T:{L” )}. @
2
For convenience, lemmas, theorems, and corollaries are proven in Reference [14] and are stated here

without proof. A couple of definitions from Reference [14] are included as well.

Lemma 1. ©
C +1)—1
DT 1), )

where C%) (n) and T (n) mean the nth member of the respective sequences.

Lemma 2. The sequence of triangular numbers mod p is a 2p-cycle. The sequence is symmetric about the
midpoint of the 2p-cycle. The 2pth member of the 2p-cycle is zero.
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Definition 1. Primary symmetry. The rotational symmetry of the N = 2 member of |£(g;z)|, | f2(z)], is called
the primary symmetry.

Theorem 1. The primary symmetry of |£(g(n);z)| is k = g(2) — g(1).

05

0.0

05

0.0

Figure 1. A particularly illustrative way to present graphs of £(C (), 2). The representation shown
here is especially useful for this work. The contour plot is truncated at the unity level set (blue
shading represents low values and red shading represents high values). The top left panel shows
the example of £(C®);z) where a plot of | fi4(z)|. The top right panel shows a superposition of the
contour plot and a three-dimensional rendering. The truncated contour plot more clearly exposes
the true rotational symmetry of the centered polygonal lacunary functions. The bottom left graph
shows the case of £(Ty;z), where T(n) are the well-known triangular numbers, again for |fi4(z)|.
Despite the intimate relationship between the centered polygonal numbers and the triangular numbers,
the plots are strikingly different. The bottom right panel shows an unshaded contour plot of the same
function shown in the left panel of Figure 1. The superimposed black lines indicate the symmetry
angles. The first 15 symmetry angles are shown (see text for details).

3. The p-Sequences

The centered polygonal lacunary functions have very interesting organizational structure at the
natural boundary (see References [14,15]). Of particular interest are the p-sequences (see Reference [14]).
These arise when considering the value of the centered polygonal lacunary function on the line segment
that runs from the origin to the natural boundary at an angle of ¢ = %, p € Z™. Interestingly, in the
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limit of p — 1_, the sequence £ <C<k) ; pe%> becomes a bounded 4p cycle of complex numbers (see
Reference [14]).

Definition 2. Symmetry angle. Let the primary symmetry be k-fold. The first symmetry angle is &y = 7,
k € Z. The pth symmetry angle is o) = %, p,k € Z. The primary symmetry angle is a;.

At the natural boundary, the p-sequences have intricate structure (see Reference [14]) that is a
manifestation of Lemma 1. Because of Lemma 2, the values of fy(e/*?) oscillate. Further, they take on
the value of zero at values of N = 4mp, where m is a positive integer. This allows for a convergent
sub-sequence which is discussed in Section 5.

This section concludes with an additional theorem specific to centered polygonal numbers
proven here.

Theorem 2. The following rearrangement holds for fx/(pe™®?).

C<k)(vz)

. N in N c(®) (n) mod (kp)
fulpe™) = Y (pekr )0 = zmﬂ g J(4)7% o, ©)
n=1

n=1

where | x| indicates the floor function.

Proof. The identity of Equation (6) follows directly from the identity ¢/ = —1 and the well-known
quotient-remainder formula, 2 = b L%j +a mod b, where a, b, b # 0 are any integers. Each term in the
summation is then,

c® )

pc(k)(n)(e%)ckm _ (71){ tp J(fl)T‘gC(k)("). 7)

Thus Equation (6) holds and Theorem 2 is proven. [

This theorem has real practical use in that it radically speeds up certain calculations and simplifies
certain expressions on MATHEMATICA.

4. Symmetry Angle Spaces

The focus of this work is to restrict the centered polygonal functions, which are analytic on the
open complex disk, to a topological space consisting of the union of the line segments lying along the
symmetry angles which run from the origin to the natural boundary (located on the unit circle).

Let D be the open unit disk in the complex plane and let let D be the closed unit disk.
Further, one can define 7, = pel® for 0 < p < 1 (that, is the line segment along the pth symmetry
angle, Qp. One likewise define the closure of Ip as fp, wherenow 0 < p < 1.

The symmetry angle space is then defined as

P=UZ, ®)
p=1

and its closure,

I
(@

P 1, )

p=1

Note that as p approaches co the symmetry line approaches the real axis. Thus one needs to consider
a second type of closure. If the real line is included, one denotes the subspaces as 7 and P.

Thus, there are four related subspaces upon which the centered lacunary functions are restricted:
P, P, P, and P. These subspaces are related to the so-called broom topological spaces (see
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Reference [17]). They naturally take on a subspace topology, that is the normal topology for a line
segment. All four of these subspaces are arc-connected and, in fact, star-connected through the origin.
In Section 7, subspaces P, P, P, and P are homeomorphically mapped to longitudinal lines of the
sphere. This allows for closed form expressions for integrals of f(z) along paths in these mapped
spaces.

5. Cyclic Decomposition

Along the symmetry angle, the resultant p-sequence has a 4p cycle, and, in fact, the 4p cycle
further breaks into a 2p-cycle at the modulus level as discussed in Section 3. Finally, by Lemma 2
the 2p™ member of the the 2p cycle is zero. Because of this, it is natural to consider a subset of

£ <C(k),pe%> for which N = 2pm, m € Z*; call this subsequence £ (C(k), pe%> . For every member

of this subsequence lim,_,;_ is zero.
One can express the jth cycle as

K, i 2p(i+1)
fi (o) =} pe®, (10)
n=pj+1

where j is any non-negative integer. Thus, the full function can be decomposed into the cyclic
summations,

f(k) — Zf](k> (11)

Figure 2 shows the cyclic summation decomposition of (%) (pe%) for the examples of p = 1 and
p = 3. The fundamental component, fé3>, captures much of the full function, but deviates significantly
as p ~ 0.9. The actual peak occurs at p = pmax. An inspection of Figure 2 shows that pmax increases
with increasing k as the curves are skewed towards the natural boundary.

00 02 04 06 08 10 00 02 04 06 08 10 00 02 04 06 08 10

0,035 ] oa

020 0,030

|

|
0025 }
0020 |
010 0015 |
0010
0.005

0.00 0000

090 092 094 096 098 100 0990 0992 0994 0,99 0.998 1000 00 02 04 06 08 10

Figure 2. Cyclic decompositions for the centered polygonal lacunary functions along three of the line
segments shown in the bottom right panel of Figure 1, that is, k = 3. The first 40 f; are shown. The
top row shows | fyg, (pe% )|: left panel p = 1, middle panel p = 2, right panel p = 3. The bottom row
focuses on the p = 1 case in more detail. The left and middle panels show a sequential blow up near
the natural boundary of the top left graph (note the displayed domain on the p axis). For better clarity,
the first 10 f; are not shown in the left panel and the first 20 f; are not shown in the middle panel.
Finally, the bottom right panel shows the real (blue) and imaginary (red) parts of f4 (peiél ), that is,
k=3p=1
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The higher components j > 1 contribute very little for low values of p. Each of the subsequent
higher components begin to make significant contributions to the full function closer and closer to the
natural boundary. One notices in Figure 2 that both the real (blue curve in figure) and imaginary (red
curve) parts of the component cyclic summations alternate signs. Figure 3 shows cyclic decompositions
for the centered polygonal lacunary functions along the line segments at a; for several different values
of k.

Figure 3. Cyclic decompositions for the centered polygonal lacunary functions along the line segments
at a; for (left-to-right) k = 1, k = 3 (sames as in Figure 2), and k = 8. The other parameters are the
same as in Figure 2. Increasing k skews the graph towards the natural boundary.

6. Parametric Curves

The centered polygonal lacunary functions on P can be represented in a visually instructive way
via the parametric curves:

P(pip) = (Re [/ oelh) | m [1pel) ). @)
The parametric curves for k = 1,2,4,8 are shown in Figure 4. Here values of p € {1,...,10} are

shown for each k. (Note, pk) s plotted in an auxiliary R2 plane, not in the original complex plane
containing P.)

00) 00)

Figure 4. Parametric curves, P®) (p; p) from Equation (12), of fy(z) for four different values of k read
left-to-right, top-to-bottom: k = 1, k = 2, k = 4, k = 8. Shown are the first 10 values of p. The case of
p = 1 has no interior points and is directed at an angle equal to a; in R?. Increasing values of p lead
to closed curves which are bigger and have greater interior area. As p goes from 0 to 1 the curve is
traversed in a counterclockwise direction.

The most obvious feature is that these produce a closed curve in the plane starting at the origin for
p = 0 and returning to the origin for p = 1. Note that the curves P(X) (p; 1) are all degenerate meaning
that the encircled area is zero. Higher values of p give rise to larger and larger enclosed areas (Figure 4).
Hand-in-hand with increasing area is increasing arclength which is also shown in Figures 4 and 5.

A more subtle view of the closed curves reveals an “acceleration” with p and this acceleration
increases with increasing p. The “velocity” is represented as red tangent vectors in Figure 5. One notices
a slow acceleration along the lower arc of the curve (for o < pmax). Acceleration then rapidly increases
at the apex of the curve and along the return path (0 > pmax). The change in acceleration at the
apex corresponds to an abrupt change in arclength with p (see the bottom left panel of Figure 5).
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An incidental observation regarding arclength is that it closely fits an empirical curve of the form
h(p) = A\/p + c regardless of k (see bottom right panel of Figure 5).

Figure 5. Top: Parametric plot PG (p; p) (black curve) superimposed with red vectors indicating the
“velocity” along the curve. One notices a modest “acceleration” until the curve turns back towards the
origin whereupon the acceleration is markedly increased. Bottom left: the arclength (ordinate) versus p
(abscissa) for P®) (p; p). Bottom right: Arclength of P®)(p; p) for p = 1,2, .. .,30 (black dots) associated
with the parametric plots shown in Figure 4 fitted to A/p + ¢ (orange curve). The top curve is for
k =1 and the bottom curve is for k = 8. Fit parameters (A, c) fork =1, k = 2, k = 4, k = 8 respectively:
(1.7880, —1.1038), (1.7571, —0.7926), (1.7175, —0.5052), (1.6794, —0.2701).

Perhaps more interesting, however, is the geometrical behavior of the curves. The initial angle of
the curveatp = 0isap = ﬁ. This is intuitive and quick to prove.

Theorem 3. The initial angle of P (p; p) is a,.

Proof. One can make use of the fact that for small p, fy(z) is dominated by the first term in the sum.
This goes as

lim (k)( e;‘ﬂ?’) = lim % ( %)C(k)(")
’HofN P 79_’0:4:1 pe

i in(k+1) i (3k+2) 2_ int((N2-N)k+2)
= lim (pek’; + pk+1e ke p%e Xy 4. piw 2N)k+ze 2kp ) (13)
0—0
The asymptotic form as p — 0 is ‘ _
lim fl(\f) (pefr) ~ pekr. (14)

p—0
The phase is ;{—7; = ay, which completes the proof. O

Less intuitive is the behavior of the return angle as p — 1_. First after pmax the curve is nearly
a straight line. Further, the angle of that line is % for p = 1, but, interestingly, it asymptotically goes to
% as p — co. The return angle becomes independent of k. The proof of this statement is probabilistic in
nature and is wanting of a more rigorous proof.
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Theorem 4. The return angle of PK) (o; p) for p = 1is F.

Proof. From Theorem 2 and p = 1, one has

C(k)(n) C(k)(n

S D Y
falpe™) =} (-1) (-1 F . (15)

Now, from Equation (3)

2 _
= V 5 ”J =m(n) €N (16)
and
() 2
C (n)k mod k _ % (k(n2 n) 1 modk>
1
=% (17)
So this reduces fy(pe'1) to
i N 1
falpe™) = Y (=)™ (1) ke
n=1
1 Y ®
= (=1)k Y (=1)mmpth. (18)
n=1
The sum is now pure real and setting (71)% = ¢F'. Hence, the return angleis 7. [0
Conjecture 1. For p a positive integer,
. s
Jim P8 o p) = - (19)

Remark 1. The proof is subtle and an analytic one remains elusive. Nonetheless, the conjecture is understandable
on probabilistic grounds. Unfortunately, the limit of p = 1 is not helpful since the function is identically zero
and information about the approach angle is lost. As opposed to the case of lim, 0, the case of lim,_,1_ now

activates many terms in the summation of fz(\;( ) (pe% ). In between pyqx and 1 there is not equal weighting of the
terms in the cyclic summation, but the weights of the higher terms are no longer negligible. Thus, the limit is a
(non-zero) weighted average of many terms. For large p values, the weighed average of many C'X) (n) ultimately
gives rise to Re [fl(f)] =1Im [f;\?)] and, hence, the return angle is .

Because these parametric curves produce enclosed regions, the area within the curves can be
calculated. This area is found through a numerical integration of the curve, however the area of every
value of k for p = 1 will be zero, as the parametric graph of p = 1 is a straight line. Figure 6 is a graph
of the area of the associated parametric curves for 1 < k < 5and 1 < p < 10. Each set of points shows
the area for a distinct k value, with the bottom set being the area of k = 1, and the top being the area of
k = 5. As the p value increases a linear trend appears, however the equation for what p approaches to
does not seem to have a general trend.
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o “ 1‘3 1'?
Figure 6. Plot of area for 1 < p <17 and 1 < k < 5. Where the lowest set is the area of k = 1 and each

successively higher line corresponds to the next greatest k value. The area for each p value approaches
to a distinct line for each k value.

7. Whole Sphere Mapping

Due to the natural boundary of the centered polygonal lacunary functions sitting on the unit
circle in the complex plane, there is no reason to consider the domain outside of the closed disk.
There is an interesting and convenient mapping that maps the disk to S?, which is embedded in R3
as the unit sphere centered at the origin, such that the entire unit circle is mapped to the south pole
((0,0,—1)). As will be seen, this, in some sense, compresses the natural boundary to an isolated
singularity. Further, the symmetry angle spaces map to longitudinal arcs and, given the nature of the
p-sequences, this singularity is, again in some sense, removed.

Specifically, the above map is a parametric mapping that will take point, z = pe/# from D into R,
such that the set of all points in D cover the unit sphere centered at the origin. It is convenient to use
spherical polar coordinates to describe the parametric surface. This is done with the identification,

p=¢ 0<¢p<2m
0 = 2arcsinp 0<6<m. (20)

With this identification, p is expressed as a function of the zenith angle (f) from spherical polar
coordinates, p = sin( %) Likewise, ¢ in the complex plane corresponds directly to azimuthal angle (¢)
of spherical polar coordinates. The parametric mapping on S?, which is embedded in R® parametrically
as (cos(¢p) sin(0), sin(¢) sin(0), cos(#)), can be written as

$:D—§?
z = pe® — (cos(¢) sin(2arcsin p), sin(¢p) sin(2 arcsin p), cos(2 arcsin p)). (21)

Under this mapping, fn(z) becomes fn(¢,0). The example of |f14(¢, )| is shown in Figure 7.
The mapping is that of the centered polygonal lacunary function shown in the upper left panel of
Figure 1. So the centered polygonal functions is the wrapped over the sphere such that the natural
boundary gets pinched into the south pole.

Then the restriction to, for example, P induces the map

SAfp:’D*)SQ

z + (cos(ap) sin(2arcsin p), sin(ap ) sin(2 arcsin p), cos(2 arcsin p) ). (22)

Al

Here S% is the restricted domain of longitudinal arcs; an example is shown in Figure 8. S% (as well

as S%) are star-connected through both the north pole (origin) and south pole (contracted unit circle).

Because of this, one can define loops on S% and S% , with the north pole as the base-point, that traverse

166



Mathematics 2020, 8, 568

one longitudinal arc Szj‘ and return along another S% The fundamental group (in the homotopy sense)
i 7

ismy =T[°*Z =Z*Zx---,where * is the loop product, that is, the concatenation of loops [18].

Figure 7. The whole sphere mapping of D onto S? (see text for the equations of the map). The mapping
is that of the centered polygonal lacunary function shown in Figure 1 under 5. Two different viewpoints
of the same function ( | fl(g) (¢,0)|) are shown. The left panel shows a “front” view such that the north
pole (0,0, 1) is located directly on top and the south pole (0,0, —1) directly on the bottom. The right
panel shows the “bottom” view such that the south pole is directly in the center of the image. The unit
circle maps to the single point at the south pole.

Figure 8. The superposition of the line segments shown in the bottom right panel of Figure 1 onto the
sphere shown in Figure 7 under the mapping .

The spaces S% and S% offer an interesting opportunity to explore closed-loop path integrals of

fn(2). Call the path along the p symmetry angle running from the north pole to south pole in S%, Tp.
Then a closed-loop can be obtained by considering I';; = I'y; — I',. The integral along I’y is expressed as

iy 0
Bk N) = [ "y (ef“» sin (g)) ecozs<2)de. 23)

The second factor accounts for the appropriate integration metric along angle a. This integral can be
evaluated and one has the following theorem.
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Theorem 5. Let k, m, p be any positive integers and let N = 4mp. Then,

n2—n

2mi 4P (-1) 2

Ly(k,4mp) =e*r ) —F— .
! ) n; c®(n)+1

Proof. Now, Equation (23) is

1, (k,4mp) = / e ( i gin <z>> ¢ cos <g> de.

(24)

(25)

Expressing fy(—4mp) in summation form and interchanging the summation and the integration gives

4mp P 0 ck)n) 0
p(k,4mp) = 2 el (C /0 <sin <§>> cos <§> de.

LA 0 2
/0 (sm§> cosid(?fn—“,

Using,

the integral is quickly evaluated.

4m

k 4mp Z e“"p(c %

where ap and C () (n) were expressed in their functional form as well as expressing e/ = —1.

Conjecture 2. Let k and m be positive integers and p =1,

27ti

it = = gy [0 (57 20 (557 1 (55

(500 (54) - (5%)

OO

This can also be written as

2mi

Li(k) = % [nsec (g (1 +Ak)) — 7TCse (% (1 +Ak)>] ,

where 1 is the digamma function (see Reference [25]) and Ay = %.

Remark 2. When p = 1, Equation (28) becomes

168

(26)

(27)

(28)

(29)

(30)

(31)
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This summation yields to a closed form which is Equation (29) (see Reference [19]). Using the relations for the
digamma function built in to MATHEMATICA, this simplifies to Equation (30) (see Reference [19]).

The digamma function has many applications in physics and even in the life sciences (see the
review by Hasmasanu et al. [26])
I, versus k is shown in Figure 9. I; approaches a k-dependent limit value.

0.4

0.3

0.2

0.1

0.0

-0.1

-0.2

0 5 10 15 20 25

Figure 9. I; versus k (dots: || - black, Re[I;] - blue, Im[I1] - red). The curves arise from Equation (30)
in Corollary 2.

Corollary 1. Let k, m, p be positive integers and k # 16. Then, on S%,

27 tan (% nAk>

Jim Lim 1, (k, 4mp) = Lo (k) = B TP (32)
where Ay = k’%.
Proof. Beginning with the summation formula of the tangent function,
7t tan(7tx) g m (33)
(see Reference [25,27]), and x = %. Starting with the right hand side of Equation (32),
1
27T tan <§7TAk) B 16 Ak (34)
kA T kA 2 i (2n—1)2—4 AT%
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Simplify and manipulating gives,

27 tan (% nAk>
—

e

(2n—1)2 - A

Il
=
i
LN

0 x|

Il
[oe]
8:
™ ngk:
-
N
=
|
—
=
N
-
N
fo)}

n=1
> 1
=8
nzzl 4(kn?2 —kn +4)
d 1 > 1
- - _ (35
AT K 42 n>::16<">(n)+1 )

This completes the proof. [

Corollary 2. Let k be a positive integer, then limy o I (k) = % and limy_,o Io(k) = 3.
Proof. The proof follows from Equations (30) and (32) by first making a change of variable k = %
Upon doing this and performing a bit of algebraic simplification, Equation (30) becomes
re2mix (ese (b (VI=T6x +1) ) = sec ({rr (VI=16x+1)))
L(x) = . (36)
V1—16x
One can then expand this expression in a Taylor series about x = 0 to get
I _1 (1 e (20 2) .2 3
1(x)72+(2 (1—i)m)x+ (24— (8 —4i)m 3-1—21 o) x"+0(x7). (37)
Which in the limit of x — 0 becomes %
By a similar procedure, Equation (32) becomes
27tx tan (%7‘(\/1 — 16x>
Io(x) = . (38)
V1—16x
Series expansion gives
1 872\ , 3

which, again is % in the limitof x — 0. O

Based on Corollary 2 the following unproven conjecture is proposed.

Nf—=

Conjecture 3. Let k be a positive integer, then limy_,o, I, (k) =

Remark 3. k = 16 is special and Equations (30) and (32) must be evaluated using limits of k — 16 and

L’Hospital’s rule. When k = 16, Equation (30) becomes Iy = ‘S{zl/; and Equation (32) becomes Ioo = 711—2

The closed-loop integral is then on S% and 5273,

Lij(k) = (k) - (k). (40)
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Of special interest is L,1, where the return path is along —I';. The left panel of Figure 10 shows
the behavior of L for p = 1 through p = 20 and k = 1. A finite limiting values is reached for
Leor = limp—sc0 L1 It is natural to consider a normalized version of Lo to compare different values of
k. This is done by multiplying by % and a graph is shown in the right panel of Figure 10. The dashed
line in the figure represent the limiting value of %Lml as k — oo as given by the following theorem.

Theorem 6. Let k be any positive integer. On S% ,

.k _ .
fim Lo (k) =1 (1)
Proof. One considers ‘
lim — (I (k) — I1(K)), (42)
k—oc0 7T

(c.f., Equations (30) and (32)) and uses the same strategy as in the proof of those expressions. Change of
variable k = % and simplification gives,

27mx tan(%m/lfl()x) + neZi”"‘x(csc(%n(\/1716x+1))7sec(%7r(\/1—16x+1)))

1 =t —Tor
—(lo(x) = 1(¥)) = VI—T6: — 1-16 . 43)

And series expansion yields

%(L,o(x) —L(x)) = (1—i)4 ((8 —4i) — (2 —2i)m)x + (=32 4 16i) (1 — 3)x* + O (x3) . (44)

Thus the limitas x — 0is1+1i. [

1.0 B T e e R T
o
10 e T N ST S A S
0 05| o
00}
00 .
-05 .
.
I
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-05 ’
0 5 10 15 20 25 0 10 20 30 40 50

Figure 10. Left Panel: L,y versus p (dots: |Lp| - black, Re[L1] - blue, Im[L ;] - red) for the case of
k = 1. The curves arise from Equation (30) in Corollary 2. Right Panel: %Lml versus k (| %Lml | - black,
Re[%Lwl] - blue, Im[%Lwl] - red). The dashed lines represent the limy_, «, %Lwl =1-1i

8. Conclusions

This work focused on the centered polygonal lacunary functions restricted to symmetry angle
space. The periodicity of the p-sequences and the existence of a convergent subsequence provided
a framework for decomposition of the centered polygonal lacunary functions. This decomposition
could be potentially useful in renormalization procedures as one approaches the natural boundary.

The surjective spherical mapping of the unit disk such that the natural boundary is mapped to
the south pole was useful in investigating line integrals of the centered polygonal lacunary functions.
Closed form functional representations were achieved in some cases.

It is hoped that this work provides useful insight into the nature of the natural boundary of
centered polygonal lacunary functions, both on the full unit disk and also restricted to symmetry angle
space. Statistical mechanics is the most promising link of this work to physics. This is for two reasons.
First is simply a counting application, for example, the canonical partition function. Second is the
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self-similarity of these functions and the possible use in renormalization schemes applied to phase
transitions. Optics may be the closest experimental link either via simple signal processing scheme or,
more interestingly, in application to, for example the Talbot effect or other such phenomena.
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Abstract: The theory of differential subordinations has been extended from the analytic functions
to the harmonic complex-valued functions in 2015. In a recent paper published in 2019, the authors
have considered the dual problem of the differential subordination for the harmonic complex-valued
functions and have defined the differential superordination for harmonic complex-valued functions.
Finding the best subordinant of a differential superordination is among the main purposes in this
research subject. In this article, conditions for a harmonic complex-valued function p to be the
best subordinant of a differential superordination for harmonic complex-valued functions are given.
Examples are also provided to show how the theoretical findings can be used and also to prove the
connection with the results obtained in 2015.

Keywords: differential subordination; differential superordination; harmonic function; analytic function;
subordinant; best subordinant
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1. Introduction and Preliminaries

Since Miller and Mocanu [1] (see also [2]) introduced the theory of differential subordination,
this theory has inspired many researchers to produce a number of analogous notions, which are
extended even to non-analytic functions, such as strong differential subordination and superordination,
differential subordination for non-analytic functions, fuzzy differential subordination and fuzzy
differential superordination.

The notion of differential subordination was adapted to fit the harmonic complex-valued functions
in the paper published by S. Kanas in 2015 [3]. In that paper, considering (2 and A any sets in the
complex plane C and taking the functions ¢ : C* x U — C and p, a harmonic complex-valued function
in the unit disc U of the form p(z) = p1(z) + p2(z), where p; and p; are analytic in U properties of the
function p were determined such that p satisfies the differential subordination

¥(p(z), Dp(z), D*p(z);z) C Q = p(U) C A.

Inspired by the idea provided by Miller and Mocanu [1], and following the research in [3,4] ,
the notion of differential superordination for harmonic complex—valued functions was introduced in [5].
In that paper, properties of the harmonic complex-valued function p of the form p(z) = p1(z) + pa(2),
with p; and p; analytic in U, such that p satisfies the differential superordination

O C y(p(z),Dp(z), D?p(2);2) = A C p(U).

Continuing the study on differential superordinations for harmonic complex-valued functions
started in paper [5], the problem of finding the best subordinant of a differential superordination for

Mathematics 2020, 8, 2041; doi:10.3390/math8112041 175 www.mdpi.com/journal /mathematics
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harmonic complex-valued functions is studied in the present paper and a method for finding the best
subordinant is provided in a theorem and few corollaries in the Main Results section. Examples are
also given using those original and new theoretical findings.

The well-known definitions and notations familiar to the field of complex analysis are used.
The unit disc of the complex plane is denoted by U. H(U) stands for the class of analytic functions
in the unit disc and the classical definition for class A, is applied, and it is known that it contains all
functions from class H (U), which have the specific form

f(z) =z+a,2" T 4.,

with z € U and A; written simply A. All the functions in class A which are univalent in U form the
class denoted by S. In particular, the functions in class A who have the property that

zf"(z)
Re +1>0
zf'(2)
represent the class of convex functions K.
A harmonic complex-valued mapping of the simply connected region () is a complex-valued
function of the form

f(z) = h(z) +g(2), )

where 1 and g are analytic in Q, with g(zg) = 0, for some prescribed point zy € Q.
We call 1 and g analytic and co-analytic parts of f, respectively. If f is (locally) injective, then f is
called (locally) univalent. The Jacobian and the second complex dilatation of f are given by

11 (Y2 Lol ()2 _ g
IfE) = WP - @I and w(z) =705 z €U,
respectively. If Jf(z) > 0,z € U, then f is a local sense-preserving diffeomorphism.
A function f € C2(Q), f(z) = u(z) + iv(z), which satisfies

azf Bzf
f= T ay? =0

is called harmonic function.
By Har(U) we denote the class of complex-valued, sense-preserving harmonic mappings in U.
For f € Har(U), let the differential operator D be defined as follows

) ) VYo
Df =z 3 35" zh' (z) — z¢'(z), (2)
where g—f and Z—Jj are the formal derivatives of function f
of _1(of o of _1(of o
z <ax ay> and 57 ax oy ®)

The conditions (3) are satisfied for any function f € C’(Q)) not necessarily harmonic, nor analytic.
Moreover, we define the n-th order differential operator by recurrence relation

D%*f = D(Df) = Df + 220" — 22¢", D"f = D(D""'f). )
Remark 1. If f € H(U) (i.e., g(z) = 0) then Df(z) = zf'(z).

In order to prove the main results of this paper, we use the following definitions and lemmas:
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Definition 1 ([3] Definition 2.2). By Q, we denote the set of functions

9(z) = q1(z) + q2(2),

harmonic complex-valued and univalent on U — E(q), where
E(g) = {§ €l : limg(z) = oo} .
z—(

Moreover, we assume that D(q({)) # 0, for { € oU \ E(g).
The set E(q) is called an exception set. We note that the functions

1) =2 qa) =122

are in Q, therefore Q is a nonempty set.

Definition 2 ([5] Definition 2.2). Let ¢ : C*> x U — C and let h be harmonic univalent in U.
If p and ¢(p(z), Dp(z), D*(p(2))) are harmonic univalent in U, and satisfy the second-order differential
superordination for harmonic complex-valued functions

h(z) < ¢(p(z), Dp(z), D*p(2);z) 5)

then p is called a solution of the differential superordination.

A harmonic univalent function q is called a subordinant of the solutions of the differential superordination
for harmonic complex-valued functions, or more simply a subordinant if g < p, for all p satisfying (5).

An univalent harmonic subordinant q that satisfies q < q for all subordinants q of (5) is said to be the best
subordinant. The best subordinant is unique up to a rotation of U.

Lemma 1 ([5] Theorem 3.2). Let h,q be harmonic and univalent functions in U, ¢ : C> x U — C,
and suppose that

#(q(2),tDq(z);{) € h(U),

forzel, edlad0<t< —<1,m>1
Ifp € Qand ¢(p(z), D(p(z));z € U) is univalent in U, then

S|~

h(z) < ¢(p(z), Dp(z);z € U)

implies
q(z) < p(z), ze U.

Furthermore, if ¢(q(z),Dq(z);z € U) = h(z), has an univalent solution q € Q, then q is the
best subordinant.

Let f : U — C. We consider the special set
E(U)={f: feC(U), Df e C'(U)} D C>U).
Lemma 2 ([6] Theorem 7.2.2, p. 131). If the function f € E(U) satisfies

() f(0)=0, f(z) Df(z) #0, z€ U;

2 2
(i) Jf(z) = % —‘% >0,z€ U
2
(iii) Re %;((ZZ)) >0,zcl
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then the function f is convex in U. Furthermore f(U,) is a convex domain for any r € (0,1).

2. Main Results

’

In Definitions 1 and 2, just like in the hypothesis of Lemma 1, the function 4 must have a “nice”
behavior on the border of the unit disc. If this condition is not satisfied or if the behavior of function
g on the border of the domain is unknown, then the superordination q(z) < p(z) can be proven by
using a limiting procedure.

The next theorem and the corollaries give the sufficient conditions for obtaining the best
subordinant for the differential superordination.

Theorem 1. Let i be a convex harmonic complex-valued function in U, with h(0) = a,and let : D C C — C,
¢ : D C C — C be a harmonic complex-valued function in a domain D. Suppose that the differential equation

0l9(2)] + Dq(z) - ¢[g(2)] = h(z), z € U, ©)
has an univalent harmonic solution q that satisfies g(0) = a, q(U) C D and
0lo(2)] < h(z), z € U, )

Let p be a harmonic complex-valued univalent function with p(0) = h(0) = 0[p(0)], p € Q and
p(U) C D. Then

h(z) < 0[p(z)] + Dp(z) - 9[p(2)], ®)
implies
q(z) < p(z), ze U.

The function q is the best subordinant.

Proof. We can assume that /i, p and g satisfy the conditions of the theorem on the closed disc U,

and Dq({) # 0, for || = 1. If not, we can replace i, p and q by h(pz), p(pz) and q(pz), where 0 < p < 1.
These new functions have the desired properties on U, and we can use them in the proof of the

theorem. Theorem 1 would then follow by letting p — 1. We will use Lemma A to prove this result.
Let g : C? x U — C, where

p(r,s) =0(r) +s-¢(r). ©)
For r = p(z), s = Dp(z), relation (9) becomes
¢(p(2), Dp(z)) = 0lp(2)] + Dp(2) - ¢[p(2)], (10)
and the superordination (8) becomes
h(z) < ¢lp(2)] + Dp(2) - ¢[p(2)]. an
For r = ¢(z) and s = Dq(z), relation (9) becomes
¢(9(2), Dq(z)) = 6[9(2)] + Dq(z) - 9lq(2)], z€ U (12)

and (6) is equivalent to
#(q(z),Dq(z)) = h(z), z € U.
Forr = ¢(z) and s = tDq(z), 0 < t < 1, relation (9) becomes

¢(q(2),tDq(z)) = 0[q(2)] + tDq(z) - ¢[q(2)], 0 <t < 1. (13)
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From (6), we have
Dq(z) - 9lq(2)] = h(z) — 6[q(2)]. (14)

Using (14) in (13), we have

9(9(2),tDg(z)) = (1= £)0[q(2)] + th(z), 0 <t < 1. (15)
Since & is a convex function, f(U) is a convex domain and using (7), we have

¢(q(2),tDgq(z)) € h(U), for0 <t < 1.
Since the conditions from Lemma A are satisfied, we have
q(z) < p(z), ze U.
Since ¢ is the solution of Equation (6) we get that g is the best subordinant. [
In the special case when 8(w) = w, and

1

=—, w=gq(z),zel,
Bty q(2)

¢(w)
we obtain the following result for the Briot-Bouquet differential superordination.

Corollary 1. Let B,y € C, B # 0, and let h be a convex harmonic complex-valued function in U, with h(0) = a.
Suppose that the differential equation

q(z)—i—m =h(z),zel

Ba(z) +v
has an univalent harmonic complex-valued solution q that satisfies q(0) = a and q(z) < h(z). If p € Q and
Dp(z)

p(z) + Bl

—————— is harmonic complex-valued univalent in U, then
z)+y

Dp(z)
h(z) < p(z) + Br(2) +

implies q(z) < p(z), z € U. The function q is the best subordinant.
If 0(w) = wand ¢p(w) = pw + 7, B # 0, w = q(z), v € C, we obtain the following result.

Corollary 2. Let B,y € C, B # 0, and let h be a convex harmonic-valued function in U, with h(0) = a.
Suppose that the differential equation

q9(z) + Dq(2)[Bq(z) + 7] = h(z), z € U,

has an univalent harmonic complex-valued solution q that satisfies q(0) = a and q(z) < h(z).
Ifp € Qand p(z) + Dp(z)[Bp(z) + ] is univalent harmonic complex valued in U, then

h(z) < p(z) + Dp(2)[Bp(z) +7]

implies q(z) < p(z). The function q is the best subordinant.

IfO(w) = w, p(w) = %, v # 0, w = q(z), we obtain the following result.
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Corollary 3. Let h be a convex harmonic complex-valued function in U, with h(0) = a. Let v # 0,
with Rey > 0. Suppose that the differential equation

q(z) + %Dq(z) =h(z),zelU

has an univalent harmonic complex-valued solution q that satisfies q(0) = a and q(z) < p(z).

Ifp e Qand p(z) + %Dp(z) is univalent harmonic complex-valued in U, then

h(z) < p(z) + % -Dp(z), ze U

implies
q(z) < p(z), ze U.

The function q is the best subordinant.

Example 1. For vy = 2, the univalent harmonic complex-valued function q(z) = 6z — 4z, is the solution of
the equation

9(2) + 2Dq(z) = h(z) = 92— 22
We next prove that /1 is a harmonic non-analytic function.
h(z) =9(x +iy) — 2(x —iy) = 7x + 11iy.

We have
oh 92h ok 92h _ 92h  9%h _

a— ,@— ,@:11,87%—0,@4’@—0

oh  oh
We obtain that / is univalent harmonic complex-valued function and since P #+ @, we conclude that

it is not analytic.
We next prove that the harmonic function / is also convex.
In order to do that, we show that it satisfies the conditions in the hypothesis of Lemma 2.
We calculate:

oh _oh _
5 _ZE =9z + 2z,
D?h(z) = D(Dh(z)) = 9z — 2%,

(i) h(0) =0, h(z) Dh(z) = (92 —22)(9z+2z) # 0, z € U;

. on* |on|?
(ll) ]I’l(Z) = g - g =77 > 0,

2 s 2 2 )
(iii) Re D?h(z) R 9z -2z  77x"+77y ~0,zcll

Dh(z) < 9z+2z 12122 + 492

As can be seen, all the conditions in Lemma B are satisfied, hence  is a harmonic convex function.
Using Corollary 3, we have:

Ifpe Q p(0) =¢(0) =0and p(z) + DPT(Z) is univalent harmonic complex-valued in U, then

9z -2z < p(z) + DPZ(Z)

implies
6z—4z < p(z), z € U.
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The function g(z) = 6z — 4z is the best subordinant.

Example 2. For v = 1, the univalent harmonic complex-valued function q(z) = 14 2z — 4z is the solution of
the equation:
q(z) + Dg(z) = 1+ 4z = h(z).

We next prove that h is a harmonic complex-valued function.

h(z) =1+4(x+iy) =1+4x+i-4y.

We have 5 5
o _, @h_ o, Fh
ox dx2 ay ay?
’h  %h ) ) .
From 2 + W = 0, we have h(z) = 1+ 4z, is a harmonic complex-valued function.

We next prove that the harmonic function is also convex.
In order to that, we show that it satisfies the conditions in the hypothesis of Lemma B.
We calculate:

oh _ oh
Dh(z) =ziao I =4z,
D?h(z) = D(Dh(z)) = z- th(z) —z. Dgg) =4z

(i) h(0)=1, h(z) -Dh(z) =4z+16z2 £0, z € U;

) on|* |on|?

(it) Jh(z) = Frol il el 16 > 0;

D?h(z) 4z B .
(iii) ReW 7ReE =Rel=1>0,z€l.

As can be seen, all the conditions in Lemma B are satisfied, hence h is a harmonic convex function.
Using Corollary 3 we have:
Ifp € Q p(0) = g(0) = 1and p(z) + Dp(z) is univalent harmonic complex-valued in U, then

144z < p(z) + Dp(z)
implies
1+2z—-4z < p(z), ze U.
The function q(z) = 1+ 2z — 4z is the best subordinant.

Remark 2. Using Example 2 and Example 2.4 in [3], we can write the following sandwich type result:
Ifp € Q, p(0) = q(0) = 1and p(z) + Dp(q) is univalent harmonic complex-valued in U, then

14z z
144z < p(z) + Dp(q) < ]724-172
implies
_ 1+z z
14+2z—-4z < p(z) < 1_Z+1_E,zeu.

3. Conclusions

The notion of differential superordination for harmonic complex-valued functions is a new topic
emerged in the theory of differential superordinations. It contributes to further developing the theory
of differential superordinations. The study done related to the research of this topic is just starting,
so the present paper provides essential means for continuing this idea. The original and new results
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contained in the Main Results section of the present paper are important, since the problem of finding
the best subordinant of the differential superordination for harmonic complex-valued functions is
essential for the study related to the topic as it is well-known from the classical theory of differential
superordinations. No further findings can be done without having a method for finding the best
subordinant. A method is given in Theorem 1 and in the corollaries that follow. Using those results,
researchers interested in the topic should be able to obtain further original results. Two examples are
also enclosed, giving a better view on the idea.

The second example contains a sandwich-type result which makes the connection of the original
results in this paper with the results previously obtained by S. Kanas [3]. The examples are useful
by inspiring researchers in using the theoretical results contained in the theorem and corollaries for
further studies on the subject.
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Abstract: Using the recently introduced Sildgean integro-differential operator, three new classes
of bi-univalent functions are introduced in this paper. In the study of bi-univalent functions,
estimates on the first two Taylor-Maclaurin coefficients are usually given. We go further in the present
paper and bounds of the first three coefficients |a3], |a3] and |a4| of the functions in the newly defined
classes are given. Obtaining Fekete-Szeg6 inequalities for different classes of functions is a topic
of interest at this time as it will be shown later by citing recent papers. So, continuing the study
on the coefficients of those classes, the well-known Fekete-Szegé functional is obtained for each of
the three classes.

Keywords: bi-univalent functions; Sdldgean integral and differential operator; coefficient bounds;
Fekete-Szeg6 problem
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1. Introduction

Let A denote the class of functions of the form:
fl2)=z+ ) a, (M)
k=2

which are analytic in the open unit disk U = {z € C:|z| < 1} and normalized by the conditions
£(0) =0, f'(0) =1. Let S C A denote the class of all functions in .4 which are univalent in U.
The Koebe One-Quarter Theorem [1] ensures that the image of the unit disk under every f € S

function contains a disk of radius i Thus every univalent function f has an inverse f~!, which is
defined by

@) =2 (ze U),
and

F(rt ) =w (ol <n0) n(n=3),

where
g(w) = f1(w) = w— aw?® + (2»1% - u3) w® — (511% — bazaz + a4) wh ()

A function f € Ais said to be bi-univalent in U if U C f(U) and if both f and f~! are univalent
in U. Let X denote the class of bi-univalent functions in U given by (1).

Mathematics 2020, 8, 1110; doi:10.3390/math8071110 183 www.mdpi.com/journal /mathematics
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Studying the class of bi-univalent functions begun some time ago, around the year 1970 as it
can be seen from papers [2-4]. The topic resurfaced as interesting in the last decade, many papers
being published since 2011, for example, [5,6]. Interesting results related to coefficient estimates for
certain special classes of univalent functions appeared like the ones published in [7-13].

The operators have been used ever since the beginning of the study of complex functions.
Many known results have been proved easier by using them and new results could be obtained
especially related to starlikeness and convexity of certain functions. Introducing new classes of analytic
functions is the most common outcome of the study that involves operators.

The study of bi-univalent functions using operators is also an approach that is in trend nowadays
as it can be seen in the very recent results from papers [14,15] and a particular interest is shown to
obtaining the Fekete-Szeg® functional for the special classes that are being introduced as it can be seen
in the very recent paper [16].

The study on coefficients of the functions in certain special classes is a topic that has its origin at
the very beginning of the study of univalent functions. A main result in the theory of univalent
functions is Gronwall’s Area Theorem stated in 1914 and used for obtaining bounds on the coefficients
of the class of meromorphic functions. An analogous problem for the class S was solved by Bieberbach
and its famous conjecture stated in 1916, only proven in 1984, has stimulated the development of
different methods in the geometric theory of functions of a complex variable. Just as in the case of
the classes studied by Gronwall and Bieberbach, in the study of bi-univalent functions, estimates on
the first two Taylor-Maclaurin coefficients are usually given. We extend the study and manage
to give estimates on the fourth coefficient too, concerning the functions in the classes introduced
in the present paper.

Another aspect of the novelty of the results contained in the present paper is given by the operator
used in defining the three new classes for which coefficient estimates are obtained. The operator
was previously defined in the paper [17] as a new type of operator introduced by mixing the two forms
of the well-known Séldgean operator, its differential and integral forms.

Definition 1. [18] For f € A, n € No=NU{0} ={0,1,2,...}, the Saligean differential operator 9" is
defined by
7" A= A,

2°f(2) = f(2),
" f(2) =2 (2" f (z)) ,z € U.

Remark 1. If f € Aand f(z) =z+ ) agz¥, then
k=2

P"f(z) =z+ Y K'azF,z € UL
k=2

Definition 2. [18] For f € A,n € Ny, the Silidgean integral operator I" is defined by
I°f(2) = f(2),
I'f(z) = If(z) = /Zf(t) .
o Ry
I"f(z) =1(I"f (2)),z € U.

The I! is the Alexander operator used for the first time in [19], the I" operator is called
the generalized Alexander operator.
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Remark 2. If f € Aand f(z) =z+ ) a2k, then
k=2

I"f(z) =z + i%zk, ®3)
k=2

ze U, (ne No)and z (1" f(2)) = I"f(2).

Remark 3. We have "I f(z) = 1"2"f(z) = f(z), f€ A, z€ U

Definition 3. [17] Let { > 0,n € Ny. Denote by Z1" the operator given by
21" : A — A,

PI"f (z) = (1 —5) P"f(2) +EI"f (z),z € U.

Remark 4. [17]Iff € Aand f(z) =z+ ) aizk, then
k=2

o0 = -1 o
P1"f(z) =z +kzz {k” (1 — §) +ék7} k= z+kZ;2Fkukzk,z e U, 4)
where T'y = k" <1 - f) +gk%,, k>2.
This generalized operator is the linear combination of the Sdiligean differential and Sdiligean
integral operator.

In 1933, Fekete and Szeg6 [20] proved that

4u -3, n=1,
’u3—ya§‘§ 1+2exp[%], 0<u<l,
3—4y, u<0,ue R

holds for any normalized univalent function and the result is sharp. The problem of maximizing
the absolute value of the functional |a3 — pa3| is called the Fekete-Szegd problem. Many authors
obtained Fekete-Szeg6 inequalities for different classes of functions: [21-23].

In order to prove the original results from the main results part of the paper, the following
lemmas are used:

We denote by P the class of Carathéodory functions analytic in the open unit disk U, for example,

P=A{fe Al f(0)=1, Rf(z) >0, ze€ U}.
Lemma 1. [24] Ifh € P then |ci| < 2, Vk, where h (z) = 1+clz+czzz+~-forz c Uu.
Lemma 2. [1] Let p € P be of the form p(z) = 1+ c1z + cpz> + ... then
= el

<2—-+—and || <2 Vke N.

Cy — 5

Lemma 3. [25] If p(z) = 1+ c1z + c2z% + ...,z € U is a function with positive real part in U and y is
a complex number, then
‘cz - yc%‘ <2max{1; |2u —1|}.
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The result is sharp for the function given by

1422
p(z) = T and p(z) 1=5 2 e u.

2. Main Results

Using the operator shown in Definition 3, we introduce three new classes as follows:

Definition 4. For 0 < o < 1,0 < A < 1a function f(z) given by (1) is said to be in the class Ps. (M) if
the following conditions are satisfied:

2(21'f (2)) + A2 (21"f (2))" ar
arg <(1 —N) PInf (2) + Az (21" f (z))’> ' <72 ®)
and i
w (21"g (w))' + Aw? (21"g (w))" %
e <(1/\) I (w)+)\w(9[”g(w))’>' <3 Q)

where z,w € U and the function g is given by (2).

Example 1. If A = n = 0 we have the well-known class of strongly bi-starlike functions of order :

O<a<l.

wrg? U ' o

2
Example 2. If A = 1 and n = 0 we have the class of strongly bi-convex functions of order a:

arg<1+um>'<?, O0<a<l.

"
Wg<1+z<f<z>>,>‘ <

(f(2)) 2
Definition 5. For 0 < f < 1,0 < A < 1a function f(z) given by (1) is said to be in the class Qg()\) if
the following conditions are satisfied:

2(21"f (2)) + A2 (21"f (2))"
" <(1 —A) Z1"f (z) + Az (21" f (z))’> > P @)
and
g (2@ @) +Aw? (IIg(@)" ) ®)
(1=A)2I"g (w) + Aw (2Ing (w))' ,

where z,w € U and the function g is given by (2).

Example 3. If A = n = 0 we have the well-known class of bi-starlike functions of order B:

(50 () e

Example 4. If A = 1 and n = 0 we have the class of bi-convex functions of order B:

§R<1+Z(f(z))”>>‘3’ §R<1+w(g(w))ﬂ>>‘3, O§ﬁ<1.

(f(2)) (8(w))’
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Definition 6. Let h,1: U — C be analytic functions and
min {R (h(z)),R((z))} >0, (ze U) h(0)=1(0) =1.
A function f(z) given by (1) is said to be in the class Pg’l if the following conditions are satisfied:

2(21'f (2)) + A22 (21'f (2))"
(1=A) 2I"f (2) + Az (21" f (z))'

h(U) ©)

and
w (21'g (w))' + Aw? (21'g (w))"

(1—=X)2I"g (W) + Aw (21"g (w))

;e 1), (10)

where z,w € U and the function g is given by (2).

o
Remark 5. If we let h(z) = <1J_r§> and 1(z) = <1iz

&
, 0 < a < 1 then the class Pg’l reduces to
1 1+z
the class denoted by Py (A).

1+(1-2B)z -
—a— and 1(z) =

reduces to the class denoted by Qg (A).

1—(1-28)z

Remark 6. If we let h(z) = T

, 0 < B < 1 then the class Pg’l

Remark 7. The classes introduced in this paper are defined in the classical way. All subclasses of bi-univalent
functions are defined, the connection with the classes of bi-starlike and bi-convex functions being illustrated
in the examples above. Being defined using relations related to arguments and real part of the functions contained,
a geometric interpretation could be given for the classes. For the class in Definition 4, the geometrical image is
in the first trigonometric dial, the section between two lines that converge at the origin having its maximum
image the entire dial. The class in Definition 5 has its image in the half right plane. The first two classes
defined are connected through the relation obtained for « = 1 and p = 0, PL(A) = Q%(A). The results for
the class of functions Pg’l would generalize and improve the results for the classes of functions from Definitions
4 and 5. For special uses of parameters, new conditions for bi-starlikeness and bi-convexity could be established.
Future interpretations are left to the imagination of interested researchers.

3. Coefficient Estimates
First, we give the coefficient estimates for the class P (A) given in Definition 4.
Theorem 1. Let 0 <« < 1,0 < A < 1and let f(z) given by (1) be in the class Ps.(A). Then

2w

, (11)

laz| <
\/‘4¢xr3 (1+20) +T2(1+ A2 (1— 3&)‘

o 402
asz| < + 12
9l < F i an 2(14A) (12)
and
lag| < 20202 41) 100(206—1) n
4l = 9T, (1131) ~ 32ToT3(1+A) (1+24)—5I4(1+3A)]
8% (1+A)[3(1+24)T3— (1+A)°T3] (13)

3T4(1434)[4aT5(1+2A) +T3(1+A)(1-3)] \/|4le"3(1+2/\)+1"%(1+/\)2(1—3oc) | ’

where Ty, k > 2 are defined in (4).
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Proof. It follows from (5) and (6) that

and

2(21'f (2)) + A2 (21'f ()"

(1—A) ZI"f (2) + Az (21 f (z))

w(21"g (w))' + Aw? (21"g (w))"

(1—A) 2I"g (w) + Aw (21g (w))’

where p (z) and g (w) are in P and have the forms

and

and

p(z)=1+pz+

P222+"'

q(w) =1+ qw+qu’+--.

Equating the coefficients in (14) and (15), we get

(1+A)Tap = apy

F =@

=l @),

1
2(1+2A) oty — T3} (14+4) = > [a (x—1)p3+ thpz]

3T4ay (1+3A) — 39T 3a2a3 (14 A) (1+24) +T3a3 (1+A)° =

1
=P =2) (@=1a+pips(e—1)a+ps

— (14+A)Taas = aqy

2(1+2A)T5 <2a§ - a3> —T23 (1+ 1) =

3y (Sag — Bayas + u4> (1+3A) 430, 30 (2a§ - a3) (1+A)(1+24) —

N =

[ (@ =1) g} + 2095

1
~BR (1+4) = ¢ (€= 2) (@ = Da+qu02 (o — 1) &+ g3

From (18) and (21), we get

pr=—-m
R (1+A) = (p+a}).
From (19), (22) and (25), we obtain
o (p2+ 2)

B =

Applying Lemma 1 for the coefficients p, and g7,

we get (11).

To find the bound on |a3|, first we substract (22) from (19):

40313 (14 2A) — 403 (14 2A) a3 = a (p2 — qo) +

From (24), (25) and (26) follows that

_ a(p2—q2)

o (p} +43)

37 AT, (1+20)

188

7
22 (1+ A7)

4aT5 (1424) + T2 (14+2A)* (1 - 3a)

a(a—1)

2

(14)

(15)

(16)

(17)

(18)

(19)

(20)

(21

(22)

(23)

(24)

(25)

(26)

(27)
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and applying Lemma 1 we get (12).
To find the bound on |ay4], first we substract (23) from (20) and using (24) we get

6 (14 3A) Tyay + 15T (1+3A) ay (a% - u3> —6TaT3a3 (14 A) (1+24) +
1
+21303 (14 1) = 393 (e = 2) (& = D) & prac (a = 1) (p2 + 42) + ¢ (p3 — 43)..
Now we add (20) and (23) and using (24) we get
—15T4 (14 3) oy (ag - a3> F6TT3 (14 A) (1+421) a, (a% - 113) =

=pre(a—1)(p2—q2) +a(ps+4q3),

or equivalently

a(azfa): pia(a —1) (p2 — q2) + & (p3 +43)
2\ ) T 30, (T4 A) (1+24) — 50y (1+3A4)]

Substituting (29) in (28) and applying Lemma 1 we get (13). O

Now we calculate the Fekete-Szeg functional for the the class Pg(A).
Theorem 2. Let f of the form (1) be in the class Pg:(A). Then

a(l—&)

4aT3(14+24)+T3(1+A)% (1-3)

a’(l—g)

4aT3(14+24)+T3(1+A)% (1-3x)

1
< Inasn

L3 .
T3(1+21)”
’ﬂ3 - Eﬁ’ <
4a2(1-8)

4aT3(14+24)+T3(1+A)% (1-3)

’

1
= TWGEE VR

Proof. From Theorem 1 we use the value of a% and a3 to calculate a3 — ga%.

-t = ((6) * sy iran )+ () - s am) |

where 1 (&) = (1) daT5 (1+20) + rg (1+A)2(1-3a)
Then
. T (1’12/\)" AGIEET=
‘113 - 6“%‘ <
dn ‘h @ ’ ‘h @‘ > i
O

Theorem 3. Let 0 < B < 1,0 < A < land let f(z) given by (1) be in the class Qg(/\). Then

|a2‘< 2(]—ﬁ)
- ‘2(1—1—2)\)1"3—1"%(1—&-/\)2"

o _1-p . 40-p

a
losl < I3(1+24)  12(1+ )
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(30)

(31)
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and
lag| < 2(1-p) 10(1-p) +

41 = 31,(1+3A) 32r2r3 (T+A)( 1+2A) 5F4(1+3/\)]
4T (1-B)(14A) [3r3 (1421)-T3(1+A)?

3T4(143A)[205(1424) T3 (1+4)7] \/|4 1424) r3 2r2 1+’

where Ty, k > 2 are defined in (4).
Proof. It follows from (5) and (6) that

Z(21'f (2)) + A2 (21 f (2))"
(1=X)2I"f (z) + Az (21" (z))'

=p+(1-p)r(2)
and
w (21" (w)) + Aw* (21"g (w))”

(1-XA)2I"g (w) + Aw (21"g (w))'

where p(z) and g(w) have the forms (16) and (17).
Equating the coefficients in (33) and (34), we get

=p+(1-p)g(w),

(1 +)\) anz = (1 — ‘B) P1
(1 + 2/\) F3u3 — F2u2 (1 + /\) ( :B) p2
3T4ay (1+3A) — 3Tal3aza3 (14 A) (1+2A) +T3a3 (1+A)° = (1—B) p3
—(1+M)Ta=(1-8)qn

2(1+20)T3 (203 —a3) ~T3a3 (1+ 1) = (1- B) g

_3r, (Sag ~ Sayas + a4> (14 3A) + 32030, (2a§ - 113> (1+A)(1+24) —

a3 (1+4)° = (1-B)gs.
From (35) and (38), we get
P1=—MN
and
2133 (144 = (1= B)? (p} +43).
From (36) and (39), we obtain

2 (1—B) (p2+192)
2 Ay (1420) — 202 (14 A)%

Applying Lemma 1 for the coefficients p, and g2, we get (30).
To find the bound on |a3], first we subtract (39) from (36):

4a3T3 (1+24) — 4T3 (1+2A) a3 = (1= B) (P2~ 2) -
From (42) and (43) follows that

(L=p)(p2—42) (=P’ (i +aD)
4T3 (1+2A) 212 (1+A)?

az =

7

and applying Lemma 1 we get (31).
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(32)

(33)

(34)

(35)

(36)
(37)
(38)

(39)

(40)

(41)

(42)

(43)

(44)
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To find the bound on |ay|, first we subtract (40) from (37) and using (41) we get
6(1+3A) Tyay + 15T (1434) a, (a% - u3> — 6TT3a3 (1+A) (1+421) +
+215a3 (1+4)° = (1= B) (p3 +43) - (45)
Now we add (37) and (40) and using (41) we get
—15T, (1+3A) a (ag - a3> +6TT3 (14 A) (1+42A) (ag - a3) -

=1-p)(ps—143),

or equivalently

_ (1—p) (p3 +43)
o (- 0s) = 5 20505 (T+A) (1+ 23A) Y (1431 "

Substituting (46) in (45) and applying Lemma 1 we get (32). O

Theorem 4. Let f of the form (1) be in the class Qé()\). Then

1-p . 1-¢ < 1
I3(1+21)7 4aT3(1424) —2r3(1+A)% | — 4T3(1424)7
‘113 - 6“%‘ <
4(1-p)(1-¢) 17

> 1
4aT3(14+24)—2T3(144)2 |7 | 4al3(14+24)—213(1+A)% | = 4T3(1+24)

Proof. From Theorem 3 we use the value of a3 and a3 to calculate a3 — 511%.
-8 = -8 [p (1(8) + g ) +an (1)~ gy
2 4T3 (14 22) 4T3 (1+21) /)]

_ - 1
where I @ - <1 - §> AT5 (1+2A) — 212 (14 A)%

Then
1-p . h g < 1
‘% _ ga%‘ <] oy °J| = i
4= ()] |1(E)] 2 o

O

Theorem 5. Let 0 < A < 1and let f(z) given by (1) be in the class Pg’l. Then

/ 2 / 2 1" "
|az] < min | (0)2| +1 (20)| , |1 (0)] + (1" (0)] . 7)
23 (1+1) 4]2r3(1+2A)—r§(1+A) ‘
S IOPHI©)F | H(0)|+1"(0)]
lag] < mln{ M) + 851720

[ (0)]|4T'3(1424) ~T3(1+A4)2|-+[1" (0) T3 (1+A)? (“8)
8T5(1+2A) [2T5(1+2A) T3 (1+A)°]
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and

i L HO)]+]1"(0)] 5
las| < mm{ 36 1+3A zr2r3 1+A Y(1+2A) B4 (113
+\h’ 0)[? +U’ 2 i o)p +\l' )12 [375(14+24) ~T3(1+A4)? |
T2(1+A) 6T, 1+3/\) ’
[r""(0 |+|l”’( )l 1 _ (49)
T4(1+31) 21"21"3(1+A)(1+2)\)—51"4(1+3A)
()] 411" (0) () +]17(0)]  T2(1+A4)[33(1+24) T3 (1+1)?]
[205(1+22) ~T3(1+)%] \/ [2T5(1+24)~T3(1+A4)?| 24T4(1434) ’
where Ty, k > 2 are defined in (4).
Proof. For a start, we write the equivalent forms of the argument inequalities in (9) and (10).
(21 Q) +AR (ISR )
(1=A) 2I"f (z) + Az (21"f (2))’
and
n ! 2 n "
w (21"g (w)) + Aw* (21"g (w)) — 1l (w), 1)

(1- 1) 2Ig (w) + Aw (71"g (w))’

where h(z) and [(w) satisfy the conditions of Definition 6 and have the following
Taylor-Maclaurin series expansions:

h(z) =1+Mmz+hz*+---, (52)

I(w) =1+ hw+Lw?4---. (53)

Substituting from (52) and (53) into (50) and (51), respectively, and equating the coefficients,
we get

(1+A)Tamy =1y (54)

2(1+420)Taa3 — T35 (1+ A2 =hy (55)

34a4 (14 3A) — 3Tol3a0a3 (1+A) (14 2A) + 343 (1 + A) =h3 (56)
—(14+MTay =1 (57)

2(1+2A) T3 (2a§ - a3) 2 (1+1)2 =1 (58)

31, (5113 — Sayas + u4) (1+3A) + 3,30, (2a§ - a3> (1+A)(1+24) —

—T33 (1+A)° = 5. (59)
From (54) and (57), we get
hy ==l (60)
and
233 (1+A)> = h} + 13 (61)
Adding (55) and (58), we obtain
4T3a3 (1+27) — 2T%a5 (14 A)? = hy + Iy, (62)
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Therefore, from (61) and (62), we get

W42
a3 = % (63)
22 (14 A)
and bt ]
32— 2+l (64)

2 [2r3 (1+21) —T2(1+ )\)2] '
We find from (63) and (64) that
2 W OP+] (0
|‘12| = 2 2
212 (1+A)

and

[n" (0) + |1" (0)] .
4 [2r3 (1+21) —T2(1+ A)Z]

jaaf? <
So we get the desired estimate on the coefficient |ay| as asserted in (47).
Next, in order to find the bound on the coefficient |a3|, by substracting (58) from (55), we get
4T3 (1+2A) a3 — 4T3 (1+2A) a3 = hy — Iy, (65)
Substituting the value of aZ from (63) into (65), it follows that

o =D h+5
ST (1424) a2 (1447

So

1) + 1O, [1”(0)] +["(0)]

a3 <
las] < 212 (14 A)? 8I3(1+24)

On the other hand, upon substituting the value of a3 from (64) into (65), it follows that

ha [4T5 (1424) = T3 (1 +A)%] + BT3 (14 A)°
ATy (1420 ra(+24) -3 (1+47]

as

Consequently, we have

[1(0)] [4T5 (1+24) = T3 (1 + A)?| + 1"(0)| T3 (1 + A)®

laz| < 5
8T5 (14 2A) ]zr3 (14210) —T2(1+A) ‘

To find the bound on |ay4], first we add (56) and (59) and using (60) we get

a (az—a>: hs+1s
2\ 75 T 3, (T4 A) (1+24) =504 (1+3A)]

(66)
Now we substract (59) from (56) and using (60) the result is

6/(1+3A) Tyay +15T4 (1+3A) ay <a§ - a3> — 6T,T3a3 (14 A) (14+20) +2T3a3 (14+A)° =hs — I,
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if we substitute (66) we have

R S 5(h3 + 1) N
4T 6Ty (14+30)  6[2To05 (1+A) (1 +2A) — 504 (1+3A)]
2 2] 14

42T, (14 A) [3r3(1+2/\) T3(1+A) ] TR (67)

Finally, if we use (63) then (64) in (67) the resultis (49). O

4. Conclusions

The original results of this paper are about coefficient estimates given the three original classes
defined here. The classes are defined in the paper using an interesting new type of integro-differential
operator, Sdldgean integro-differential operator. Since the only study done on them was related
to coefficient estimates, they could be of particular interest for further studies related to different
other aspects.

As it can be seen in Examples 14, for certain use of the parameters of the class given in Definition 4,
strongly bi-starlikeness and strongly bi-convexity is proven. Similar studies related to starlikeness,
convexity, and close-to-convexity of all the classes defined in the paper using values for the parameters
can be conducted. With these studies, more could be found out about an intuitive or high level
interpretation of the three function classes defined.

With the introduction of Definitions 1 and 2, it is worth investigating the possibility of applying
the Lie algebra method in the work [26] to the complex plane. In the present paper, estimates for
coefficient |a4| are given going further than estimates for coefficients |a;| and |a3| which are usually
obtained in the study of bi-univalent functions.

It remains an open problem to obtain estimates on bound of |a,|,(n € R—{1,2,3,4}) for
the classes that have been introduced here. Particular uses of coefficient estimates could lead to
potentially interesting new results. The results from this paper could also inspire further research
related to integro-differential operators used for introducing new classes of bi-univalent functions.
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