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Figure 8. Health data - PP-Plot. (a) Skew Normal-GL; (b) Skew GL-Normal; (c) Skew {-GL; (d) Skew
GL-t; (e) Skew Normal-Logistic; (f) Skew Logistic-Normal; (g) Skew t-Logistic; (h) Skew Logistic-t.
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Table 2. Performance and accuracy of the distributions.

Model AIC BIC AICC  KS-Test (p-Value) MSE MAD MaxD

Skew GL-Normal 1040.04 1016.26 1050.52 0.993 0.000169  0.0104 0.0379
Skew GL-t 1038.21 1017.54 1050.42 0.9904 0.000152  0.0103  0.0378
Skew Normal-GL 1426.81 1406.42 1438.42 0.05759 0.003472  0.0497 0.1226
Skew t-GL 1048.29 1024.50 1061.76 0.9774 0.000196  0.0103  0.0402
Skew Logistic-Normal 1041.70 1024.71 1051.42 0.993 0.000211  0.0110  0.0401
Skew Logistic-t 1057.58 1037.19  1069.18 0.2235 0.001299  0.0279  0.0975
Skew Normal-Logistic ~ 1442.35 142536  1452.07 0.02585 0.005780  0.0686 0.1371
Skew t-Logistic 1040.60 1019.22 1054.21 0.9774 0.000233  0.0111  0.0407

Observing the results in Table 2 we can see that, through the p-value of the KS test, only the
Skew-Normal Logistic distribution could not be used to model the data. The Skew GL-f distribution
had the smallest values of AIC, BIC, AICC, MSE, MAD and MaxD followed by Skew GL-Normal
and Skew t-Logistics distributions. In contrast, Skew-Normal Logistic distribution showed the worst
results followed by Skew Normal-GL distribution.

Comparing the distributions proposed in this paper with their corresponding distributions given
by Nadarajah and Kotz [6], we can see that: (1) the Skew GL-Normal Skew GL-t and Skew Normal-GL
distributions has smaller values of AIC, BIC, AICC, MSE, MAD and MaxD compared to the Skew
Logistic-Normal Skew Logistic-t and Skew Normal-Logistic distributions, respectively; (2) The Skew
t-Logistic distribution resulted in better performance when compared to the Skew ¢-GL distribution
(Smaller values of AIC, BIC and AICC), however, the Skew f-GL distribution obtained better accuracy
than Skew t-Logistic distribution (Smaller values of MSE, MAD and MaxD).

Again, for this application, in general, the distributions proposed in this paper fit better the data
and the Skew GL-t distribution is preferred to fit this data presenting better results (smaller values of
AIC, AICC, BIC, MSE, MAD and MaxD).

3.3. Application 3: Waiting Time between Eruptions of Old Faithful Geyser

This application shows the versatility of the Skew GL-Normal and the Skew GL-t distributions.
Using data available in the free statistical software R we see the shape of bimodal distribution.
Among the variables available, the waiting time between eruptions of Old Faithful Geyser in Yellow
Stone National Park, Wyoming, USA was used. The data has 272 observations given in minutes.

Once more, to adjust this data set we modify the models by introducing a location parameter
i and a scale parameter 0. The software R was used to calculate the estimates of the parameters
through maximum likelihood method and the R function constrOptim [16] was used to maximize the
log-likelihood function (Appendix A). The maximum likelihood estimates for the parameters of the
models are given by:

Skew Normal-GL: A = —8.23 x 1078, B = —0.010, p = 5.94, fi = 73.59 and & = 9.76;

Skew GL-Normal: 4 = 042, b = 1.59, p = 1.57, ¢ = 048, fi = 66.59 and & = 17.31;

Skew +-GL: A; = —3.33 x 1078, By = —0.222, p = 6.37, 9 = 10714.65, fi = 75.58 and & = 14.37;
Skew GL-t: & = 0.89, 5 = 10.89, p = 1.57, 9 = 35.10, ¢ = 1.02, i = 66.59 and & = 36.51.

We now compare the results of our distribution with the corresponding distribution (special cases)
introduced by Nadarajah and Kotz [6] (Skew Normal-Logistic, Skew Logistic-Normal, Skew t-Logistic
and Skew Logistic-t distributions). It is interesting to note that, when we try to adjust the distributions
given by Nadarajah and Kotz [6] to the data, which have a marked bimodal behavior, we had numerical
problems when trying to calculate their cumulative distribution functions, which did not happen
with our distributions. Thus, it was not possible to calculate the p-value of the KS test, MSE, MAD
and MaxD for the Skew Normal-Logistic, Skew Logistic-Normal, Skew t-Logistic and Skew Logistic-t
distributions.
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The Figure 9 illustrates the fit of the distributions introduced in this paper. The Figure 10 illustrates
the fit of the density function of the distributions introduced by Nadarajah and Kotz [6]. The Figure
11 illustrates the pp — plot of our distributions. The performance of the all fitted distributions are
given in Table 3. Observing the results of the Table 3 we can see that, only the Skew GL-Normal and
Skew GL-t distributions adjusted well to the data with similar accuracies. However, observing the
AIC, BIC and AICC values, the Skew GL-t distribution had a slightly better result. In contrast, Skew
Normal-GL and Skew ¢-GL distributions, even having no numerical problems, are not indicated to
model these data showing poor results. Finally, the Skew Logistic-Normal Skew Logistic-t, Skew
Normal-Logistic and Skew t-Logistic distributions presented numerical problems when calculating
the cumulative distribution functions, showing that they are not flexible enough to model bimodal
data. So, for this application, the Skew GL-t distribution is preferred to fit this data presenting better
results (smaller values of AIC, AICC, BIC, MSE, MAD and MaxD).

Density

Frix)

40 50 60 70 80 90 100

(b)

Figure 9. Faithful data - Fitted distributions. [1] Skew GL-Normal distribution; [2] Skew GL-t
distribution; [3] Skew Normal-GL distribution; [4] Skew t-GL distribution. (a) Probability density
function; (b) Cumulative distribution.
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Density
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Figure 10. Faithful data - Fitted Nadarajah and Kotz [6] distributions. [5] Skew Logistic-Normal
distribution; [6] Skew Logistic-t distribution; [7] Skew Normal-Logistic distribution; [8] Skew

t-Logistic distribution.
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Figure 11. Faithful data - PP-Plot. (a) Skew Normal-GL; (b) Skew GL-Normal; (c) Skew {-GL;
(d) Skew GL-t.

Table 3. Performance and accuracy of the distributions.

Model AIC BIC AICC  KS-Test (p-Value) MSE MAD MaxD

Skew GL-Normal 2055.26  2033.63  2066.95 0.7344 0.000439  0.0171  0.0378

Skew GL-t 2053.27  2028.02 2066.84 0.7344 0.000439  0.0171  0.0378

Skew Normal-GL 3454.74 343311 3466.43 <0.0001 0.009393  0.0805 0.1915

Skew t-GL 2120.98 2095.74  2134.55 0.01705 0.002896 0.0448 0.1077
Skew Logistic-Normal 2149.71 2131.68 2159.49 - - - -
Skew Logistic-t 2147.71  2126.08  2159.40 - - - -
Skew Normal-Logistic 3494.18 3476.15 3503.95 - - - -
Skew t-Logistic 2178.58 2156.95 2190.26 - — - -

From the results of Sections 3.1, 3.2 and 3.3, we can see that: (1) in general, our distributions
adjusted the data better than the distributions given by Nadarajah and Kotz [6]; (2) The Skew
GL-Normal, Skew GL-t, Skew t-GL and Skew Normal-GL distributions can be used to model
symmetrical and asymmetrical unimodal data; (3) Skew GL-t and Skew GL-Normal distributions
can be used to adjust bimodal symmetrical and asymmetrical data, showing high flexibility which is
not common in the literature on probability distributions, and this can be very important in practical
applications; (4) For application 1, the Skew GL-Normal and Skew GL-t distributions are preferable to
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fit this data because they present better and similar results (smaller values of AIC, AICC, BIC, MSE,
MAD and MaxD), and, for applications 2 and 3, the Skew GL-t distribution is preferred to fit this data
presenting better results. Finally, the distributions introduced in this paper are robust to numerical
computation.

4. Conclusions

In this paper, we proposed new skew probability density functions using the Azzalini’s formula
2f(x)G(cx), where f is a symmetric density about zero, and G is a distribution function of a symmetric
density about zero. The expressions for f and G are taken from normal, student-t and generalized
logistic distributions. We derived expressions for the #-th moments in terms of the H and Meijer G
functions [12].

We apply new distributions to three data sets. One application for unimodal data is provided
for total expenditure on education in various countries in 2003. Two applications of bimodal data
are given for the total expenditure on health in various countries in 2009 and waiting time between
eruptions of the Old Faithful Geyser. We conclude that:

1. In general, the distributions introduced in this paper fit better the data when compared with the
Skew Logistic-Normal, Skew Logistic-t, Skew Normal-Logistic and Skew t-Logistic distributions,
introduced by Nadarajah and Kotz [6];

2. The Skew GL-Normal, Skew GL-t, Skew Normal-GL and Skew {-GL distributions can be used to
model symmetrical and asymmetrical unimodal data;

3. The Skew GL-Normal and Skew GL-t distributions can be used to adjust bimodal symmetrical
and asymmetrical data, offering good fits, showing a high flexibility which is not common in the
literature on probability distributions, and this can be very important in practical applications;

4. For application 1, the Skew GL-Normal and Skew GL-t distributions are preferable to fit this data
because they present better and similar results (smaller values of AIC, AICC, BIC, MSE, MAD
and MaxD), and, for applications 2 and 3, the Skew GL-t distribution is preferred to fit this data
presenting better results;

5. The distributions proposed in this paper apply to all applications without presenting numerical
problems, unlike the proposed distributions by Nadarajah and Kotz [6] which had serious
numerical problems to adjust bimodal data. (Section 3.3).

Thus, the proposed distributions in this paper are flexible to adjust symmetric and asymmetric
data, with unimodal and bimodal behavior, and are robust to numerical computation in
practical applications.
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Appendix General R Codes

In this appendix we give the general R code for fitting the distributions introduced in this paper

for practical purpose.

Appendix A.1 Skew Normal-GL Distribution

#READ THE DATA
data <- read.csv(file.choose(), header=T, stringsAsFactor=F, sep=’;’)

#SKEW NORMAL GENERALIZED LOGISTIC DISTRIBUTION - DENSITY
dnormgen <- function(x, a, b, p, ¢, mu, sigma){
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(2/sigma)*dnorm(x=x, mean=mu, sd=sigma)/(1+exp(-c*(x-mu)/sigma*(a+b*abs(c*(x-mu)/sigma)**p)))

}

#GIVE THE INITIAL PARAMETERS HERE
theta <- thetal

#LOG-LIKELIHOOD FUNCTION

loglik <- function(pars){

a <- pars[1]

b <- pars[2]

p <- pars[3]

c <- pars[4]

mu <- pars[5]

sigma <- pars[6]

logl <-sum(log(dnormgen(x, a=a, b=b, p=p, c=c, mu=mu, sigma=sigma)))
return(-logl)

}

#FIT

fit=constrOptim(theta=theta, f=loglik, ui=rbind(c(1, 0, 0, 0, 0, 0),
c(0, 1, 0, 0, 0, 0),

c(0, 0, 1, 0, 0, 0),

c(0, 0, 0, 0, 1, 0),

c(0, 0, 0, 0, 0, 1)), ci=c(0, 0, 0, 0, 0)

, method="Nelder-Mead", outer.iterations=300)

Appendix A.2 Skew GL-Normal Distribution

#READ THE DATA
data <- read.csv(file.choose(), header=T, stringsAsFactor=F, sep=’;’)

#SKEW GENERALIZED LOGISTIC NORMAL DISTRIBUTION - DENSITY

dglnorm <- function(x, a, b, p, c, mu, sigma){

2/sigma*{(a+b* (1+p) *abs ((x-mu) /sigma) **p) xexp (- (x-mu) /sigma* (a+b*abs ((x-mu) /sigma)**p))/
(1+exp (- (x-mu) /sigmax (a+b*abs ((x-mu)/sigma)**p)) ) **2}*kpnorm(ck (x-mu) /sigma, mean=0,sd=1)
}

#GIVE THE INITIAL PARAMETERS HERE
theta <- thetal
#LOG-LIKELIHOOD FUNCTION

loglik <- function(pars){

a <- pars[1]

b <- pars[2]

p <- pars[3]

c <- pars[4]

mu <- pars[5]

sigma <- pars[6]

logl <-sum(log(dglnorm(x, a=a, b=b, p=p, c=c, mu=mu, sigma=sigma)))
return(-logl)

}

#FIT

fit=constrOptim(theta=theta, f=loglik, ui=rbind(c(1, 0, 0, 0, 0, 0),
c(0, 1, 0, 0, 0, 0),

c(0, 0, 1, 0, 0, 0),
c(0, 0, 0, 0, 1, 0),
c(0, 0, 0, 0, 0, 1)), ci=c(0, 0, 0, 0, 0)

B
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, method="Nelder-Mead", outer.iterations=300)

Appendix A.3 Skew t-GL Distribution

#READ THE DATA
data <- read.csv(file.choose(), header=T, stringsAsFactor=F, sep=’;’)

#SKEW T GENERALIZED LOGISTIC DISTRIBUTION - DENSITY

dtgen <- function(x, a, b, p, ¢, v, mu, sigma){

(2/sigma)*dt ((x-mu) /sigma, df=v)/(1+exp(-c*(x-mu)/sigmax* (a+b*abs(c*(x-mu)/sigma)**p)))
}

#GIVE THE INITIAL PARAMETERS HERE
theta <- thetal
#LOG-LIKELIHOOD FUNCTION

loglik <- function(pars){
a <- pars[1]

b <- pars[2]

p <- pars[3]

c <- pars[4]

v <- pars[5]

mu <- pars[6]

sigma <- pars[7]

logl <-sum(log(dtgen(x, a=a, b=b, p=p, c=c, v=v, mu=mu, sigma=sigma)))
return(-logl)

}

#FIT

fit=constrOptim(theta=theta, f=loglik, ui=rbind(c(1, 0, 0, 0, 0, 0, 0),
c(0, 1, 0, 0, 0, 0, 0),

c(0, 0, 1, 0, 0, 0, 0),

c(0, 0, 0, 0, 1, 0, 0),

c(0, 0, 0, 0, 0, 1, 0)), ci=c(0, 0, 0, 0, 0)

, method="Nelder-Mead", outer.iterations=300)

Appendix A.4 Skew GL-t Distribution

#READ THE DATA
data <- read.csv(file.choose(), header=T, stringsAsFactor=F, sep=’;’)

#SKEW GENERALIZED LOGISTIC T DISTRIBUTION - DENSITY

dglt <- function(x, a, b, p, ¢, v, mu, sigma){

2/sigma*{ (a+b* (1+p)*abs ((x-mu) /sigma) **p) *xexp (- (x-mu) /sigma* (a+b*abs ((x-mu) /sigma) **p))/
(1+exp (- (x-mu) /sigmax (at+b*abs ((x-mu) /sigma)**p)))**2}*pt (c* (x-mu) /sigma, df=v)

}

#GIVE THE INITIAL PARAMETERS HERE
theta <- thetal

#LOG-LIKELIHOOD FUNCTION

loglik <- function(pars){

<- pars[1]

<- pars[2]

<- pars[3]
<- pars([4]

< o'W T W

<- pars[5]
mu <- pars[6]
sigma <- pars[7]
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logl <-sum(log(dglt(x, a=a, b=b, p=p, c=c, v=v, mu=mu, sigma=sigma)))
return(-logl)
}

#FIT

fit=constrOptim(theta=theta, f=loglik, ui=rbind(c(1, 0, 0, 0, 0, 0, 0),
c(0, 1, 0, 0, 0, 0, 0),

c(0, 0, 1, 0, 0, 0, 0),

c(0, 0, 0, 0, 1, 0, 0),

c(0, 0, 0, 0, 0, 1, 0)), ci=c(0, 0, 0, 0, 0)

, method="Nelder-Mead", outer.iterations=300)

Appendix Density Plots

In this appendix we give the plots of Nadarajah and Kotz [6] estimated densities given in
Sections 3.1 and 3.2.

Appendix B.1 Application 1: Expenditure on Education

025

020

0.15

Density

0.10

0.05

0.00

08

06

04

02

Figure B1. Education data - Fitted Nadarajah and Kotz [6] distributions. [5] Skew Logistic-Normal
distribution; [6] Skew Logistic-t distribution; [7] Skew Normal-Logistic distribution; [8] Skew t-Logistic
distribution. (a) Probability density function; (b) Cumulative distribution.
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Application 2: Expenditure on Health

Density

Frix)

Figure B2. Health data - Fitted Nadarajah and Kotz [6] distributions. [5] Skew Logistic-Normal
distribution; [6] Skew Logistic-t distribution; [7] Skew Normal-Logistic distribution; [8] Skew ¢-Logistic
distribution. (a) Probability density function; (b) Cumulative distribution.
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Abstract: This paper provides a simplified representation of the exact density function of R, the
sample correlation coefficient. The odd and even moments of R are also obtained in closed forms.
Being expressed in terms of generalized hypergeometric functions, the resulting representations are
readily computable. Some numerical examples corroborate the validity of the results derived herein.
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1. Introduction

Given {(X;Y;),i=1,...,n}, a simple random sample of size n from a bivariate normal
distribution, the sample correlation coefficient,

- 10 (1)

where X = Y1 X;/n, Y = Y1, Yi/n,S% = Y1 (X — Y)z/n and $2 = Y1 (Y — ?)2/11, is the
maximum likelihood estimator of px y, Pearson’s product-moment correlation coefficient. Fisher [1]
obtained the following series representation of the density function of R:

) = g (1-0) T (1) £ty ey o

(n—3 il

which converges for —1 < pr < 1.
Closed-form representations of the exact density of R are derived in Section 2. They are given in
terms of the generalized hypergeometric function,

pEar,capiby, o by) = 3 el o)

where, for example, (1), = I'(a; + k)/T(a1). More specifically, it will be shown that the exact density
of R can be expressed as

*)
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for —1 < pr < 1, which simplifies to

n

g(r) = x(mp) (1= F(n—1,n—1n—-1/2 (1+p7r)/2) ®)

where x(n,0) = [(n —2) B? (%, %) (1-p%) %]/ [r2*1 B(n—1,n)],B(a,b) = T(a)[(b)/T(a+Db)
denoting the beta function. For various results on the hypergeometric function F; (a,b; ¢, z) and its
main properties, the reader is referred to Olver et al. [2], Chapter 15. Closed-form representations of
the odd and even moments of R are provided in Section 3 and some numerical examples are included
in Section 4.

Fisher’s Z-transform is a well-known transformation of R whose associated approximate normal
distribution is known to present some shortcomings, especially when the sample size is small and
|o| is large, in which case the distribution of R is markedly skewed. Winterbottom [3] showed
that the normal approximation requires large sample sizes to be valid. It is also known that, in
the bivariate normal case, the asymptotic variance of Fisher’s Z statistic does not depend on p.
Furthermore, as pointed out by Hotelling [4], the variance of R changes with the mean. The density
and moment expressions derived in this paper remain accurate for any values of p and 7.

2. The Exact Density R

It should be noted that the series representation of the density function of R given in Equation (2)
converges very slowly. It was indeed observed that, in certain instances, more than 1000 terms may be
necessary to reach convergence. Closed-form representations of the exact density function of R are
derived in this section.

First, we note that the identity,

I[1/2] 2% 6)

KT[1/2+K — (28!

can be established by re-expressing the Legendre duplication formula,
T(2k) = V22210 (k) T (k+1/2) @)

as
[2kT(2k)] = (T(1/2)) "' 2% [kT (k)] T(1/2 + k)

Moreover, since T'(3/2 + k) = (1/2+k)T(1/2 + k) = (1/2) (2k+1)T(1/2 + k) and I'(3/2) =
(1/2)T(1/2), it follows from Equation (6) that

T'(3/2) 92k 8)

KTG/2+k) — (@2k+ D)

In order to prove that the representation of the density function of given in Equation (4) is
equivalent to the series representation (2), it suffices to show that

o (@) 2 _ _ r2fn_1 n_1n_1.1.22
Eoteieon-na = nle-)A(-bi-beee)
+2rpT%(5),F1(5, 5 5:7%0%)
Now, letting k = 2j 4 1, we establish that when k odd,
[e¢] 2, 2]' .
20 £ TN + /2 = 2p ()5 (4 4 %) (10)
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Note that
2rp§ Zol 2+ n/2) = ng ST )
= erjg‘,o(rp)]l"(]Jrn/z) (+n/2) 1 z]+1)
However,
WRLAG A = 2er() EIHAENOED

= 2p L T(n/2+))T(n/2+]) ) (7raras)

which, in view of Equation (8), proves the result.
We now show that when k = 2i,

n 1n 11 5,5\ o/n 1
2 22 2’2’”’)r 2 2 ()

2 2

2 2

n_ 1. n_ 1. 1 i
r 2)r2<ﬁ B 1) _ rz(n B 1) 5 r(=3+0)r(s -1 +i)r(1) (2
B G Gy
The result is established by applying identity (7) wherein k is replaced by k — 1. Thus, one has the
following closed-form representation of the exact density function of R:

n—1

4
— 1 3 z z
gi(r) = 7(n—3)] 2" (1 ) B (1-p%) 7
1 1 1.1, .3,
X [rz<% - z)zFl(% —u5—yue 2) +20rT%(3), Fl(%/%/frpzrz)]
A simplified representation of this expression can be obtained by making use of the following

identity listed under “Quadratic transformations with fixed a,b,z” on the Wolfram website,
http:/ /functions.wolfram.com/HypergeometricFunctions/Hypergeometric2F1/17/02/10/ :

12)

at+b+1 2
mlobeda) = R (e e 1) =
2VEEN(5) b (a1 b11.3. (0,
oy 2a (e 1)
which, on making the substitutions, 4 — n —1,b — n — landz — (1 + pr)/2, becomes
I(n—3% 1o
2Fp (n— 1L,n—1;n— 7, H’”) = 7‘?(2)(;(%2)) 2F1(”Tl, ”Tl; %;p2r2> "
gl \/Er(n—%)zFl(ﬂ 13;0%12)
) (88
Multiplying both sides by T2 <”2;1) 2 (%) / {F (n — %) NZ } then yields
r2(17h)r(3)° 1. 14pr) _ p2(n=1 n-1 n-1.1, 2.2
WZH(”—L” Ln—2— ) =T (T) ZFI(TfoTp ’) (15)
+2prT2(3) 21 (5, 5: 307 1)
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Hence, the following form of the exact density function of R:

n— n-1 1Y (1—p2) 2 n-4
22 (M ()rz(z)(l ) ” (1-12) 24F1(n—1,n—l;n—%;%(1+rﬁ)>

7¥/2T (n—3) (n—3)! 2
n-1
271—382 71—1,3 T ”_l l_pZ 2 n—4
- 'z 7123)2((%32)!)( ) (=) T 2R (n=1n—Ln— 331 +pn)

which, on letting k = n — 1 in Equation (6), gives

n-1
2

B (231, 5) n—2)! (1 - ) 11
— 2 'z — — . _—
20 (i —3)l(n —1)! (1 r) 2h <” Ln—=Ln 2’2(1“”)>

Finally, the following representation of the density function of R is obtained on writing

@n—=2)1/[(n=3)(n—1!as (n—2)T2n — 1)/[T(n—1)T(n)] =(n—2)/B(n—1,n):

n-1
2

n—2)B2 (17, 1) (1—p2 12 r
s) = ELE A0 T -2 PR(n -1, -1 - ) ) (6)

Incidentally, this expression is more compact than that proposed by Hotelling [4].

3. Closed Forms for the Moments of R

It is shown in this section that the moments of R can also be expressed in closed forms.
The following moment expressions are available in Anderson [5] pp. 151-152:

K (1) T 2 (20 T35 4) T2 (4 4) .
E(R ) = Var(5d) EO QDT T (1 551 1) forkodd (17)
and |
6 _ =)' () () ,
E(R ) = VR igo a0 (Gleke forkeven (18)
We will show that when k is odd,
n—1
K 20(1-02) 7 T(k41)T2(3) ) w3 kw2 o
E<R) n NICORED) 3F2<2+1/2'2'212+2/P) (19)
and when k is even,
n—1
17’]2 2 op(kl)yp(nsl ‘ . . .
E(Rk): ( )ﬁr(£+§72)( 2 )31:2(2—'1-%,%—%,%—%,%/j_’_%_%,pz) (20)

where the generalized hypergeometric function, ,F, (al,...,up;bl,.,.,bq;z), is as defined in
Equation (3).
Since

k
Sl o) = 5 T

then, according to Equation (19), when k is odd, one has

B(r) = L) AR & R
var('yt) (%) 2o TOH)T2(5)T(3+)T(5+5+i) it
n—1
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r(3/2)

221
PTG/ d (2!

which, in light of Equation (8), that is @ is seen to be equal to the expression given in
Equation (17).

Now, when k is even, according to Equation (20), one has

E(Rk) _ () 7 or(hr(tgh) OXOZ r(5+3+i rz(g—%ﬂ')rg%)r( +4-

which turns out to be equal to the right-hand side of Equation (18) on noting that, as proved earlier,
r(}) 2

r(gz+i)it — @)

4. Numerical Examples

When the series representations of the density function or the moments of R are utilized, the
number of terms required to achieve convergence depends on the length of the observation vector,
the underlying correlation coefficient and the point at which the density function is evaluated in the
former case or the order of the required moment in the latter. In certain instances, even 1000 terms
turn out to be insufficient. The proposed closed-form expressions, which for all intents and purposes
produce exact numerical results, can be evaluated much more quickly.

Consider for example the case, n = 10 and p = —0.97. Table 1 reports the values of the probability
density function (PDF) of R, first determined from f(r) as specified by Equation (2), truncated to 500
and 1000 terms, and then, from g(r), the exact closed-form representation given in Equation (16), for
r = —0.99,-0.25,0.05,0.25,0.95.

Table 1. PDF of R as evaluated from f(r) truncated to m terms and g(r).

r f(r)[m = 500] f(r)[m = 1000] g(r)(Closed form)
—0.99 21.0839 21.1043 21.1043
—0.25 0.0000284304 0.0000284304 0.0000284304

0.05 215111 x 10~° 215111 x 10~° 215111 x 10~©
0.25 420668 x 10~ 420668 x 10~ 4.20668 x 10~7
0.95 461344 x 1071 1.1523 x 10~ 1 1.15232 x 10~ 11

Similarly, when n = 75 and p = 0.80, one obtains the numerical results appearing in Table 2.

Table 2. PDF of R as evaluated from f(r) truncated to m terms and g(r).

r f(r)[m = 500] f(r)[m = 1000] g(r)(Closed form)
—0.90 1.08277 x 10718 1.07281 x 10718 1.57819 x 10~%?
—0.60 450675 x 10719 450675 x 10~19 523693 x 1036
0.60 0.0128167 0.0128167 0.0128167
0.95 6.01144 x 1077 6.01144 x 1077 6.01144 x 1077

Certain moments of R are included Table 3 for some values of k, n and p, along with the computing
times associated with the evaluation of the truncated series representations of the moments given
in Equations (17) and (18) and the closed-form representations specified by Equations (19) and (20).
We observed that the computing times can be significantly reduced by making use of the closed-form
expressions. All the calculations were carried out with the symbolic computing software Mathematica,
the code being available from the author upon request.
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Table 3. Certain moments of R and associated computing times in seconds.

Formula (n,p,k) kth moment Timing
(17) 1000 terms (800, 0.75, 7) 0.134421 0.468
(19) closed-form (800, 0.75, 7) 0.134421 0.032
(18) 1000 terms (200, —0.91,12) 0.324631 0.577
(20) closed-form (200, —0.91,12) 0.324631 0.047
(17) 1000 terms (8,0.255, 23) 0.001752 0.327
(19) closed-form (8, 0.255, 23) 0.001752 5.72459 x 1016
(18) 1000 terms (60, 0.051, 36) 1.16476 x 10~13 0.514
(20) closed-form (60, 0.051, 36) 1.16476 x 1013 6.67869 x 1016
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1. Introduction

Thomas and George [1] introduced a generalized type-1 Dirichlet model having several
mathematical and statistical properties. The density has been derived from the property of the
following ratios:

Let xq, ..., xybesuchthat0 < x; <1,i=1,...,k, 0 <x1+ -+ x; < 1and let

x1 X+ X Xt Xe
x1+x" xp+x+x3" xp e+ xg

S X1+ X

be independently distributed as type-1 beta with parameters (a1, ap), (1 + az + B2, a3), (a1 + ap +
az+ Bo + B3, a4), ., (01 4+ + g + Po+ - - - + Br, a1 ) respectively. Then (xy, ..., X;) has the density
function of the following form:

flxg, e x) = ckxi”*l e x,f"fl(xl +oao)Pr (x4 )P (1 — g — e — )T (1)

Obviously it is a generalization of type-1 Dirichlet probability model. The normalizing constant c; can
be evaluated as

T'(ag +ay) T'(ag + ax + a3 + B2)
T(a)T(az)..T(ags1) Tlar+az+pa)

Tlag 4 Far+Pot-+ph1) T+ +a+hot- -+ 5
Flag 4 +apg+Pat - +Pr1) Tlar+ - +ap+pat---+Pi)

Cx =

for %(acj) >0,j=1,...,k+1, Rlag+---+ aj+pfot-+ ,B]) >0, j =2,..,k, where R denotes the
real part of (-). For more properties of the Model (1) one may refer Thomas and George [1]. Note that

X X1+ x X1+ X
X 1 1 2 1 kl(ler_.

= 4 x
X1+ x2x1+x2+x3 X1+ -+ Xk k)

is structurally a product of k independent real variables and its density can be written in terms of a
G-function of the type Gllzg() The majority of the established special functions can be represented
in terms of the G-function. A notable property of G-functions is the closure property. The closure
property implies that whenever a function is expressible as a G-function of a constant multiple of some
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constant power of the function argument, the derivative and the antiderivative of this function are
expressible so too. A general G-function is defined as the following Mellin-Barnes integral:

mmn _ mmn ay...Ap
Gpy(2) = Gpj <Z bl,...,bq>

{ﬁr(ijrs)}{ . F(lujs)}
Ly A =
27 Jr q I
{ 11 F(lhjs)}{ 11 F(ajJrs)}
j=m+1 j=n+1

where i = \/(—1) and L is a suitable contour.
The existence of different types of contours, properties and applications of G-functions are
available in Mathai and Haubold [2].

2. Integral Representations

z7%ds )

All the random variables considered above take values in [0, 1] and hence the density functions
can be uniquely determined by their moments. For arbitary f, we have

T(ag+ - +aj+po+ - +Bj+1)

k
= Ck
]Ijlr(al—i- tajp+ Bt B+t

©)

where
T(ag+- -+ + 2+ +Bj)

k
Q T(ag 4 4aj+pa+---+8j)

Note that the moments of the product of independent random variables are the products of the
respective moments. Treating Equation (3) as a Mellin transform of the density of x1, the density is
available by the inverse Mellin transform. Thus, the density of x; is the following:

_ 711 T(ay+1t) Tlag+- 4o +Bo+-+pr+1) iy
glx) = Ckl X tdt
27T F 061 +ar + t) F(al + + a1 + B2+ T B+ t)
—1 k0 F0 e g+ F Byt
=GR [l e @

for 0 < x1 < 1 and zero elsewhere.
Proposition 1.

& eyt + g+ Bo A+ By

X1 /l—xl /l—xlfxz.'./»17x17~~.7xk,] x"‘l—lmx”‘k—l
I(a2)T(a3)...T (ag41) Jo 0 0 ! k

x (x4 x)P2 (g )P (1 — = xk)"‘kllldxkdxk,l...dxz.

Gho {xl‘lxl‘#ﬁ(z ..... a1+---+txk+1+ﬂ2+---+ﬂk] _

Proof. The result follows by equating Equation (4) with the marginal density of x; obtained by
integrating out xy, ..., xx from the joint density of x1, ..., X given in Equation (1). [

LetX; j=1,.., k be an ordered set of points in the Euclidean n-space R", n > k. Let O denotes the
origin of a rectangular coordinate system. Now the 1 x n vector X; can be considered as a point in R".
If Xy, ..., Xi are linearly independent then the convex hull generated by these k-points almost surely
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determine a k-parallelotope in R" with the sides 5)?; P (5(_;1 The random volume or k-content 7y ,,
of this random parallelotope is given by

Vikn = |XX/|1/2

where

X1

X

is a matrix of order k x 1, X' is the transpose of X and |(-)| denotes the determinant of (-). The classical
approach to random points and random volumes consists in looking at independently distributed
isotropic random points and dealing with random geometric configurations with the help of techniques
from differential and integral geometry. Mathai [3] looked into random volumes under a more general
structure by deleting the assumptions of independence and isotropy. Mathai [3] has shown that if the
k xn, n > k, real random matrix X of full rank k has the density:

ksl
2

f(X) = CIXX'|*|1 = XX'|

for 0 < XX’ < I, then the probability distribution of v}% . = |XX'| has the following structure:

k

1 .

vin 4 1_[ type-1 beta[tx + E(n +1 7])/ :B}
j=1

Thus, it is possible to express the density of V%l ,, as amarginal density of x; obtained from the joint
density given in Equation (1) with specific set of parameters. The notion v%,n has application in the
study of variance of multivariate distributions. More details on random volumes may be seen from
Mathai [3]. Thomas and Mathai [4] expressed the density of v%,n as a marginal density of x; in the
Model (1) with parameters as

m=at+im=a3=---=m1=p Pa=--=p=—(B+3)

Now let us consider the Gaussian or ordinary hypergeometric function > F; (4, b; ¢; z) which is a
special function represented by the hypergeometric series:

o (), () 27
F(abicz) =) ~—~——
2 1(’1 c Z) r;[) (C)r 7l
where

(@r=@+r—1)(a+r-2)(a) = i (@o=1,a#0

when T'(a) is defined.

Proposition 2.

2F (B, B+ %;2,3;1 —x) = ZZﬁflx*%(l + /2172 0 < x < 1.

Proof. Let us consider the model (1) for the case when k = 2 and take the parameters as
wp =a+2a =03 =pand B = —(B+ 3). Now the density of v%,n as a marginal density of
x1, can be obtained as the following:

(x1) = 1 xzx+%71
S = BB 2 + 1 —1,2p) !

(1= 3 2R (6,5 + 37261 — 1) ®)
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for 0 < x1 < 1 and zero elsewhere, where B(«, B) is the beta function. [

Alternatively, we can obtain the density of V%,n by using Meijer’s G-function given in Equation (4).
Then the density function obtained has the form:

1 1/2\2a+n-3 1/2\26-1
. S 1— : 1
8(x1) ZB(2a+n71,2ﬁ)(x1 ) (1-x )P 0<xn < ©)
and zero elsewhere.
Since the density function is unique, Equations (5) and (6) must be equal. Hence the result follows.
Since Equation (5) is a probability density function we obtain the following relation:

Proposition 3.

/01 x[Qatn=1)=172(1 _ 3 \26=1, (B, B+ %;2/3;1 — x)dx = 22PB(2a +n —1,2p).

Many multivariate procedures based on random samples from multivariate normal populations
can be interpreted as the study of the distribution of vin. The exact distribution of likelihood ratio
criteria for testing hypothesis in MANOVA, MANCOVA, multivariate regression analysis etc can be
obtained as a special case of distribution of vi - Thomas and Thannippara [5,6] expressed the density
of the above mentioned likelihood ratio criteria in terms of the marginal distribution of the generalized
type-1 Dirichlet model given in Equation (1) with specific set of parameter values. The density of the
likelihood ratio criterion Uy, m, n for k = 4 is obtained to be the following:

_Tn+m—-1)T(n+m-—3)

$0) = SR D~ 3T @m) (231 = 2L R (2 m2m 1 - X2 (7)

for 0 < x < 1,n > 4 and zero elsewhere. Since Equation (7) is a probability density function we obtain
the following relation:

Proposition 4.

2T (n —1)I'(n —3)'(2m)
Fn+m—-1Tn+m-3)

1
/ (xl/z)"%(l - xl/z)zm*le](m +2;m;2m; 1 — xl/z)dx =
0

Note that the evaluation of a G-function involves evaluation of residues at poles of different
orders. Hence in such cases we may end up with psi, gamma or zeta functions. The above results are
useful in evaluating the definite integrals involving G-functions of the type Gllzg()
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paper, we consider the corresponding formulas for hyperbolic modular functions, and show that
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modular functions, which are in fact Schwarz-Christoffel transformations. Finally, we present the
simplest formulas for the Gudermann Peeta functions, variations of the Jacobi theta functions.
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1. Introduction

The elliptic integrals were first classified by Euler and Legendre, and then Gauss, Jacobi and Abel
started to study their inverses, the elliptic functions. Starting in the 1830s, Gudermann published a
series of papers in German and Latin, with the aim of presenting these functions in a didactic way, and
to introduce a short notation for them. This notation, with a small modification, has survided until
the present day. Jacobi, in 1829, had found quickly converging Fourier series expansions for most of
the twelve elliptic functions, which have been put in g-hypergeometric form in the authors article [1].
As Gudermann [2] showed, there are second series expansions for the twelve elliptic functions, starting
from the imaginary period, which are not so quickly converging for all values of the variables; these
expansions were also found, without proof, by Glaisher [3]. Since these hyperbolic expansions are
virtually unknown today, we prove them again, and also put them into g-hypergeometric form in
section two. There are many series expansions for squareroots of rational functions of elliptic functions;
as a bonus we also prove some of these. However, before this, we introduce the g-hypergeometric
notation in this first section, this can also be found in the book [4].

In section three, we generalize many of Gudermanns formulas to the very general Carlson [5]
notation, where many formulas can be put into one single equation by using a clever code, and the
symmetry of these functions. This notation has been known for many years, but was only recently
published; by coincidence, the author saw it when he was asked to review this article by Carlson.
In particular, a formula with squareroots, stated without proof by Gudermann, is generalized to a
conjecture of two formulas with squareroots, or twelve elliptic function formulas, which generalize
four formulas with squareroots for trigonometric and hyperbolic functions. Gudermann was the first
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to point out the close relationship between trigonometric and hyperbolic functions. We also state four
Mobius transformations in Carlson’s notation, and generalize Gudermanns formulas for artanh.

In section four, we come to the hyperbolic modular functions, which have not yet appeared in
the English literature; the function SN (u) is the inverse of an hyperbolic integral, which is formed
by changing two minuses to plus in the elliptic integral of the first kind. We calculate the poles,
periods, Mébius transformations for squares, and special values of the hyperbolic modular functions.
Finally, we compute several addition formulas using a short notation for these functions.

In section five, we consider the Peeta functions, which are theta functions with imaginary
function value. We show that the hyperbolic modular functions can be expressed as quotients of Peeta
functions, and that the four Peeta functions are solutions of a certain heat equation with the variable g
as parameter.

Before presenting the g-series formulas in the next section, we present the necessary definitions.

An elliptic integral is given by

'z dx
F(z) = )
) /0 v (1—x2)(1— (kx)?)

where 0 < k < 1.
Abel and Jacobi, inspired by Gauss, discovered that inverting F(z) gave the doubly periodic

elliptic function
F!(w) = sn(w) )

In connection with elliptic functions k always denotes the modulus.

Definition 1. Let § > 0 be an arbitrarily small number. We will always use the following branch of the
logarithm: —7t + 6 < Im (logq) < 7t + 6. This defines a simply connected space in the complex plane.

The power function is defined by
gt = et1o8 ©)

Definition 2. The g-factorials and the tilde operator are defined by

1, n=0;
. — —1
<11,b]>n - 141_[ (1_[7‘”’"1) n=12,... @

= ﬁ (14 g7+ ®)

Definition 3. The g-hypergeometric series is defined by

200(8, ;¢ f (@4 ” ;z” ®)

n:O n q n

where

>
Il
2
<
B

a @)

It is assumed that the denominator contains no zero factors.
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1
By \/z we mean the branch |z|2 exp (i %argz). Everywhere we have y = 7%7. To maintain a

symmetrical form, we put according to Jacobi and Glaisher §' = ¢ . The following lemma will be
used in the proofs.

Lemma 1.1. A Fourier series for the logarithmic potential [6].

log (1 — 2¢% cos (2x) + ¢* Z cos (2nx) (8)

2. Hyperbolic series expansions

The following series were published for the first time by Gudermann in [2], see also [7].

Theorem 2.1.

Cnslin“ _ 2%, - hz( 5 8m: % sinh ((4m — Z)y)} )
chudni = K’k’z Z 1 ,:Z'"lz sinh ((4m —2)y) (10)

mydny _ 7, (tanhy +4 Z >m smh(Zmy)> an
T (cothy + 4"121 )m sinh (2my)> (12)

smuenw _ 7 {tanh y+4 E S - sinh (2my)} (13)
sncitrllrlm ZK’ cothy +4 Z q,m qm sinh (me} o

Proof. We only prove Equation (9), the other formulas are proved similarly.

log snu = log <m>
k2

+ ¥ log (1 — 2% cos2x + g*") — log (1 — 24"~ cos 2x + ¢**~2)
n=1

b}iS) log <2q4 smx) + Z 2 cos 2mx (g2 =1) —g2mm) (15)

k2 mn=1 "

Zq4 smx o Zq”’ cos 2mx
10g< k ) + Z m(1+q™)
The derivative with respect to u finally gives (9).
Theorem 2.2. Hyperbolic series for ,/%,t € {cdu, cnu, dnu} [2]. The comodulus k' is small.

T+cdu | 1 N

[—cdu ~ K [sinhy ~* 2o T g1 SR ((4m =2)y) £
e
s 2m—1
K L:i;’ = % 21 Jq,w sinh ((2m — 1)y) (17)
m=
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[ee] m .
b — (tanh% +4 L qygyn sinh W)

m=1
Thonu _ y SO e
17525 - 2%2’ (COth 2 +4mZ::1 T+(—q)" sinh (my)>

© \m
ky/ T5am = 2o [tanh% +4 21 (111,*/)"1 sinh (my)}
m=

r 1+dnu_i
V1i—dnu ~ 2K

/m

Y.ouy 4
coth2+4 Z T4 g

m=1

sinh (my):|

Proof. All formulas are proved with the help of the previous theorem. We first observe that

Y sn(y)  [1—cdu
en(§)dn(y)  V 1+cdu
sn(4)dn(%) _ [1—cnu

en(4) Vidou

ksn(j)cn(j)_ 1—dnu
dn(4)  V1+dnu

(18)

(19)

(20)

@n

22)

(23)

(24)

The Formulas (16) and (17) follow from Formula (22), the Formulas (18) and (19) follow from

Formula (23) and finally, Formulas (20) and (21) follow from Formula (24).

Theorem 2.3. The following 12 series, found by Gudermann [8] and Glaisher [3], define the second series

expansions of the corresponding elliptic functions.

[8,p-366(6), p-367(3)]snu =
HE {tanhy +4 21 % cosh (Zmy)}
m=

(8, p.366(4), p.368(11)]cnu =

QO (_q)mgrm—1
of [y +4 £ GEE cosh (- 1))

[8,p-366(5),p.368(19)|dnu =
m_r2m—1

X (—1 .
s {mg—hy 4 % sinh ((4m — Z)y)}

[8,p-366(3),p.367(7)|nsu =

ot q/Zm R
o {cothy +4 mgl Togt sinh (Zmy)}

(8,p-366(7),p-368(15)|ncu =

2m—1

® ST .
% 21 4111/2”,71 sinh ((2m — 1)y)
m=

(8, p.367(11), p.368(20)Indu =

oo . m+1 ,mel
I%’Gf’ Zl % cosh ((2m —1)y)
o

y2m—1

i - 2 .
[8,p-366(8), p368(23)]scu = 275 Y 1qusmh((zm ~1)y)
m=1
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8, p 368(24)]1:514 =
21(/ |:smhy 4 Z 1 TgnT Slnh((Zm—l)y)}

[8,p.367(10), p.368(12
2m—1
27 (-1l 2
KkK mEl l+q/2m T
[8,p. 365(1) p.368(16)]dsu =

A sinh ((2m — l)y)}

s
2K smhy+4 Z 1 T

)]sdu
sinh ((2m — 1)y)

[8, (p-367(4)), p.367(12)|cdu =
XE {l +4 ) % sinh (Zmy)}
m=1

8,p-366(9), p- 367( )]deu =

o |1+4 2 1+q’2’" cosh (Zmy)}

Proof. By addition and subtraction of the Formulas (76) and (77) we obtain Formulas (37)—(40):

2

T
d = —
su + csu oK

dsu—csu:% Z

[ee]
nsu + csu = %(tanh2+4 Lo
m=

nsi — csit = 5 (coth Ly} Z

sinhy —8m§1

14m—2

_ q/4m72

sinh ((2m — 1)y)}
/4m 2 sinh ((2m - l)y)

-

) )" sinh (my))

(32)

(33)

(34)

(35)

(36)

(37)

(38)

(39)

(40)

New additions and subtractions give Formulas (34), (32) and (28). The substitution u > u + iK'’

gives Formulas (26), (27) and (25).

Theorem 2.4. According to Heine, these 12 series can be written as follows.

snu =

_ 7 1 2.
enu = o7 [ cotry — Rele vy, 91(1, 5310

2¢-20) ]
i)
|

-

_ 1 4q'e
dnu = 2K’ [coshy +Re( 1-q 24)1(

.3
72

. [tanhy—ilm( 2+ 2001 (1,0; 9% —q% )}

]

nsu = %{ﬁ —ilm( 24 2541 (1,0;T|92; g2~ 2) )

2 —
ncu = sz?R {ql-:q 2471(1/ 27 2"7 Zy)}
ndu = KZ]E,Re{ =7 471( %‘ q’efzy)}
scu = 255 Im {"ZF ! 1,339 q’e’zy)}

200

(41)

(42)
(43)

(44)

(45)

(46)

(47)



Axioms 2015, 4, 235-253

oS = gy [51nhy iIm [efy%ﬂl(lr %/'%M/z?ﬂ/ze*zy)]] (48)
sdu = A Im {e’y%m(l%%\q’% fq/e*y)} (49)
dsu = 7 [y — m[e 2L (1331 0% )] | (50)
cdu = 5% [—1 + 2Rex¢p1 (1,0;1|¢'%; —q’e’zy)] (51)

deu = [71 + 2Rex¢p1 (1,0;1]g"%; q’e’ZV)] (52)

3. Some New Elliptic Function Formulas in Carlsons Notation

Bille Carlson (1924-2013) [5] managed to simplify the great number of elliptic function formulas
into a series of very general formulas. First put

{p.qr} ={cdn} (53)

and use Glaisher’s abbreviations for Jacobis elliptic functions. Thus g is not a g-analogue in this section.
Furthermore, we put

2 (p,q) =ps’ —as’,p,q € {c,dn} (54)
which implies that

A (n,c)=—4(en)=1,A (nd)=— A (d,n) =k

A(d,c) = — A (c,d) =K? (55)

The default function values are u, k. All formulas apply for u € ¥ (Riemann sphere). It is
well-known that

lim snx = lim sdx = sinx, hm cnx = Cos X, l1m dnx =1
k—0t k—0+t —0t

lim scx = tanyx, hm snx = tanhx lim cnx = hm dnx 1

k—0+ 1 k—1- k1 coshx (56)
lim scx = lim sdx = sinhx
k—1— k—1-

All formulas in this section lie between these two limits, i.e., for all limits in k, we get known
trigonometric and hyperbolic function (or trivial) formulas. We first give one of Carlsons results; all
other formulas are presumably new.

Theorem 3.1. Addition formulas [5]. Put ps; = ps(u;, k),i = 1,2, and similar notation for the other functions.
Then -
Psiqsarsy — Psagsirsy _ PSiPSy— & (p,q) & (p1)

Uy + 1y, k 57
ps(ug + up, k) = — 05105275 -+ PSaqeITS: (57)
2 2
SP1 — SP2 SP19P21P> + SP2qP1 1Py
sp(uy + up, k) = = (58)
P SP1aP21P> —SPdP1tP1 1— 4 (p,q) A (p,r)spisp3
S1qS2I'Sy — PS2(S1I's s1qs1ps2gs2+ A (p, q)rsirs
pa(ity + 1, k) — PS1952152 ZPS24SITS1 _ PSI1981PS2G) (p, @)rsirsy (59)

gs1PS2rsy — qS2pS1Tsy gsiqss+ A (p,q) 4 (g 1)

P915911dy — PGSGrdy _ PY1Pdt & (P 9)5937d;59,1d, (60)
P4,59;7d, — Pq;59aTq, 1+ 4 (p,q) A (q,1)sq3sq3

pq(ug + uz, k) =
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Remark 1. A special case of Formula (58) was first given by Gudermann 1838 [9]. Two special
cases of Formula (60) were first given by Gudermann 1838 [9].
Put ps; = ps(u;, k),i = 1,2, and similar notation for the other functions.

Theorem 3.2. Formulas for elliptic functions corresponding to product formulas for trigonometric functions.

ps(iy — g, k) — ps(uuy + up, k) = 22
ps3—ps?

Proof. Use Formulas (57).
A special case of Formula (61) was first given by Gudermann 1838 [10].

Theorem 3.3. Formulas for elliptic functions corresponding to product formulas for trigonometric functions.

2sp1qp,rpy

—2(pq) 2 (pr)spisps

2sp,qp1rpy (62)
1-a(pq)a(pr)spisp3

sp(ug + up, k) +sp(ug — up, k) =
sp(uy +ua, k) —sp(uy — ug, k) =

Proof. Use Formulas (58).

Special cases of Formula (62) were first given by Legendre [11] 1828 , Jacobi 1829 [12], Laurent [13]
and by Gudermann 1838 [10].

Theorem 3.4. Formulas for elliptic functions corresponding to product formulas for trigonometric functions.

2,
P +u2 k) +pa(in — w2 k) = 750 Cf)qlilqrzbq%sq% (63)
2
pq(un + iz, k) — pq(ug — g, k) = - PU s, A‘?;Qj‘;ﬁ;jj;gj;%

Proof. Use formula Equation (60).

Special cases of Formula (63) were first given by Gudermann 1838 [10].

Theorem 3.5. ’
s s
sp(uy + ug, k)sp(uq — up, k) = pi — sp) (64)
A (p.q) & (p,1)spisp3
1+ 4 (q.p) & (p,1)spisp
(w1 4+ up, k)pq(ug — un, k) = (65)
P i 1+ 4 (p,) & ()5G35

Proof. Use Formulas (61), (62), and (63).

Special cases of Formulas (64) and (65) were first given by Jacobi 1829 [12] and by Gudermann
1838 [10].

Theorem 3.6. Put f; = f(2u;),i = 1,2. Then we have

Pq:19; + '} P92 (66)

uy + up, k Uy — iy, k) =
pa(us + uz, k)pq(un — uz k) Pr—
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pq(uy —uzk) _ sq +8q  _ 5qiP9p +5%Pq; 7)
pq(u1 +uz, k) sq;pg, + sq,pq; sq; + 59,

Special cases of Formula (66) were given by Gudermann 1838 [10]. Special cases of Formula (67)
were given by Gudermann 1838 [10].

Theorem 3.7. For p = n, Formula (68) holds unaltered. In the two other cases we only use one of the two
factors qn, rn in either numerator or denominator. This gives the six formulas

sp(uy —up, k) sn(2uy)qn(2uz) — sn(2uz)qn(2uq)

= 6
sp(uy 4+ up, k) sn(2up)rn(2uy) + sn(2uy)rm(2uq) (68)
Special case of Formula (68) were given by Gudermann 1838 [10].
Theorem 3.8. Bisection 1 1
20U —qp
—, k) = 69
SP(Z ) A(p,q) 1+1p 69)

Special cases of the following formulas were given by Gudermann 1838 [10].
Theorem 3.9. Addition formulas [5]. Put ps; = ps(u;,k),i = 1,2, and similar notation for the other functions.

+ Srq 7 ST
1+ pq(uy £uy, k) = (pqslnpz:h:l)i(srzlpql 2) (70)

(pqy — pqyp) (sr1 £s12)

1-— uy +uy k) = 71
pq(u £ uz k) e——— 1)
Half of the following conjecture was given in [2]. We have the well-known formulas
1 /14cosx 1 /1—cosx 1
5\/1—cosx+§\/l+cosxisinx (72)
1 /14cosx 1 [/1—cosx
2\/17cosx 2\/1 + cos x = cotx 3)
1\/1+coshx_1\/coshx—17 1 74)
2V coshx—1 2V 1+coshx sinhx
1 /1+coshx 1\/coshx—1 _
E\/coshx—l +§ 1+4coshx coth x 75)
Conjecture 3.10. We have the twelve formulas
VA patl  va pq—1 —f 76)
pPq - 1" pq+1
VA pa+l Va(pa) [pa—1 _ 77
pq—1 2 pq+1

where f,¢ € {qs,ps}. We choose the right hand side that has the correct limits for lim;_,;+ and
lim;_,;- in Formulas (72)-(75). Ten of the formulas have one limit among these four formulas, and the
remaining two (with ncu) have two limits.
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To be able to compute the inverses of the elliptic functions, we must first prove a number of
Mobius transformations between squares of elliptic functions which govern their transformations.
Most of these can be summarized in the formulas

»  A(pr)+rs?

PA"= (g ) 1152 (78)

2

1
sr? = pq 79
A (p,r)— A (q,1)pg? @)

> 1-pg?
sp? — - P9 80
P A4 p)pd (50)

2 A (pr)gr+ 4 (q,p)

pPq = INCR (81)

Formula (81) is its own inverse. With these formulas we can prove integral formulas for the
twelve inverse elliptic functions like in [14] and [15]. The integral formulas for the inverses of the
elliptic functions are Schwarz-Christoffel mappings from the periodic rectangle of each elliptic function.
The Formulas (78) to (81) do not map each periodic rectangle to the next, but if we take all rectangles
in the vicinity of the origin and agree to start each equation solving with the prerequisite (z) > 0,
the formulas give correct values on the Riemann sphere.

We conclude with a few formulas with the function artanh(x), which again generalize
Gudermanns results.

Theorem 3.11. We have the eighteen formulas

1+ pq(uy £ uy, k) <pq2> <er>
lo — 4 —— ~ * —artanh( =—= | £ artanh — 82
& 1 —pq(u1 +up, k) P9d; sry (82)
log M = artanh (Sr—z) — artanh < St2Pdy ) (83)
1+ pq(ur + up, k) srq sr1pq,
log M = artanh (sriz) + artanh ( ST2pd; > (84)
1—pq(uq — up, k) srq sI1Pq,

Proof. Use Formulas (70) and (71).
Special cases were given by Gudermann 1838 [10].

Theorem 3.12. Assume that p # n and q = n. Then we have the two formulas
spla+b) 1 sn(2b) 1 sr(2b)
log/|=—F—+ == h = h
og spla—b) 2artan on(24) + 2artan sr(20) (85)

Proof. Use Formula (68).

Special cases of Formula (85) were given by Gudermann 1838 [10].
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Theorem 3.13. We have the six formulas

pqla+b) 1 sq(2b)pq(2a) 1 sq(2b)
log W = Eartanh<sqi> — Eartanh( )

Proof. Use Formula (67).
Special cases of Formula (86) were given by Gudermann 1838 [10].

4. Hyperbolic Modular Functions

We will again consider two inverse functions.

Definition 4. Let 0 < k < 1 and consider the following hyperbolic integral.

x t
=, NiET-NEaeT

(86)

(87)

Now put x = SN/ (1) = F~!(u), the hyperbolic modular sine for the module k. Then we further define

CN(u) = V142

the hyperbolic modular cosine for the module k

the hyperbolic modular tangent for the module k
DN (u) = V1 +k2x2

the hyperbolic difference for the module k.

Definition 5. Just like for the elliptic functions, we use the Glaischer notation as follows:

_ _ _ ~ CNu
NSu= S/\/ -, NCu= C./\f ——— ,NDu= DN ,CDu = Nu,etc.
We find that
khm+ SNx = hm SDx = sinhx, hm SNx = coshx, hm DNx =1
—0

hm SCx = tanhx hm SNx = tanx

k—0+
lim CNx = hm DNx = l1m SCx = hm SDx =sinx

7
k—1— COSX

Definition 6. We put
{P,Q,R}={C,D,N}

Furthermore, we put

A (P,Q) =PS*—Q8?
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Definition 7. The Gudermannian function /(x) relates the circular functions and hyperbolic functions
without using complex numbers. It is given by

I(x) = [ ﬁ = arcsin(tanh x) = arctan(sinhx)

= 2arctan {tanh(%x)] = 2arctan (¢¥) — 7 %)

The inverse function or the Mercator function is given by

— (X _dt _ I14sinxy _ 1+4sinx
‘C(x) — JO cost log cosx log T—sinx

= log[tan x + sec x] = log [tan(%n + %x)] (96)
= artanh (sin x) = arsinh (tan x)

The function £(x) is the inverse of I(x). Legendre calculated tables for this function.
Since L¢ > ¢ it follows that [9]

sinhu < SNu < sinhLu (97)

We also find that
coshu < CNu < cosh Lu,tanhu < SCu < tanh Lu (98)

The hyperbolic elliptic functions can also be transformed to the hyperbolic potential functions by
putting

SNu = sinhyp, CN'u = cosh pandSCu = tanh ¢ (99)
The arc 1 is is called the hyperbolic amplitude of the argument u for the module kt; or ¢ = Amu, and vice

versa u = Arg Am(1p).
Next we have [9]

DSNu =CNuDNu,DCNu = SNuDNu (100)
DSCu = %,DDNu = K2SNuCNu (101)

Below is a list of the inverse of the four hyperbolic modular functions:

When t = SNu, sou = ArgSN't;
When t = CNu, sou = ArgCN't;
When t = SCu, so u = ArgSCt;

When t = DNu, sou = Ar¢gDN't;

We have
DAmu = DNu (102)

Formula (87) is equivalent to

ArgAm(t) = (103)

/arsinht d¢
0 \/1+ k2 sinh?(y)

The poles and periods are shown in the following table:
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‘ half period ‘ polesiK ‘ polesK’ + iK ‘ polesK ‘ poles0 ‘ periods ‘
‘ iK ‘ sc ‘ ND ‘ DN ‘ cs ‘ 2;&‘*3;,* ‘
‘ K +iK ‘ NC ‘ SD ‘ CN ‘ DS ‘ 4;5;2512# ‘
‘ K ‘ DC ‘ cp ‘ SN ‘ NS ‘ 451’(45;’ ‘
We have the following special values for the twelve hyperbolic modular functions:
| w | SN | ¢eN | DN | S | SD | ND | ¢D | ¢S | DS | NC | DC | NS |
o fo v 1 oo |1 ]|e]e]1|1]e]
S O O O 0 -2 2 0 T O B
| K | @ [ o] @[ v | g [0 | g [ 1]k ][o0o]k]o]
|2 | o | 1] oo 1] 1| || -1]1]e|
Gl o[l efofafafe]efa]a]-]
|2k | o | -1 | 1 | o | o | 1 | 1] o | o | 1] -1] o |
el fofelfef=fr]of#]o]]

Just like the trigonometric and hyperbolic potential functions can be transformed to each other by
multiplication by i, the trigonometric and hyperbolic modular functions can also be mapped to each
other with utter avoidance of imaginary forms [9]. These transformations look like this (we use the
Glaisher notation and ' means the module k'):

SNui = isnu, CNui = cnu (104)
SCui = iscu, PN ui = dnu
snui = %S/\/’u, cnui = CNu (105)
scui = iSCu, dnui = DNu
Then we have by the Jacobi imaginary transformation [12], compare with [16].
SNu =scu
CNu=ncu
1
SCu =sn'u (106)
DNu = dc'u
This implies
Amui = iamu, amui = iAmu (107)

To be able to compute the inverses of the hyperbolic modular functions, we must first prove a large
number < 132 of Mébius transformations between squares of hyperbolic modular functions which
govern their transformations. Most of these can be summarized in the formulas

A (R,P)+RS?

2
Pe= A (R, Q)+ RS?

(108)

SR? = PQ* -1 (109)
A (R,P)— 4 (R, Q)PO?
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,  1-PQ?
SPT= (P,Q)PQ? o
»  A(P,R)QR*+ A (Q,P)
- 111
PO » (0, R)OR? (111)

Formulas (108) and (109) are inverse to each other. Formula (111) is its own inverse. It is the same
as the previous Formula (81).
We can now easily prove the following integral formulas:

(" dt -
SN (x)_/O N e R (112)
CNfl(x)f/xL o>x>1 (113)
ChoVeE—vEE e T
. x dt
- % o<x<1 114
S€7 ) /o\/l—t2\/1—k’2t2' s (114
i [E dt -
DN (x)f/1 Nt e R (115)
sp—l(x)f/x$ Tosso (116)
o ViFREEVI KRRk T
1 dt
D -1 :/ ——— k<
C~(x) /. t27k2mk7x<1 (117)
o dt
DS~! =/ - x>
S (x) | Ve t27k2x7k>0 (118)
cD\(x) = /# Toran (119)
S h VeI kT
1 dt
1) — @b o<
CS (x) /xm Pl o<x<1 (120)
o dt
“1(x) = [ > 121
NS (x) /x 7 k2+t2,oo>x_0 (121)
1 dt
O L
NC(x) /xm T 0 << (122)

N 1 (123)

1 dat
D (x :/ —_— < x <
(x) x V/1—121 k22—
Formulas (112)—(115) can be found in [9].
The addition formulas for hyperbolic modular functions are

Theorem 4.1. Put PS; = PS(u;, k),i = 1,2, and similar notation for the other functions.

_ PS1Q8,RS; - PS,Q81RS1 _ 4 (P,Q) & (P,R) ~ PSIPS}

k = 124

P‘S(Ml +up, ) 738% — 'PS% 'PSl QSZRSZ " ’]DSZQSlRSl ( )
SP(u+t12,K) = spopRpi=Sptopmr

_ SPLQPRPyESP0PRPE ! (125)

T 1-a(P,Q)A(P,R)SPISP}

_ PS108,RS,—PS,Q8,RS
PQ(u1 +u2,k) = g5 psrRe, 08, P& RS
_ PS1981PS28,—1(P,Q)RS1RS, (126)

082083+4(P,Q)A(QR)
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PO(u1 + up, k) = PUSUR-PDSHRY

—P R
_ POIPQ-5(POSHROSQHRG (127)
1+4(P,Q)A(QR)S Q35 O}

Proof. Use Formula (105).

Special cases of Formulas (124) to (127) were given in [17]. Formulas (124) and (125) are inverse to
each other.

Theorem 4.2. Addition formulas for complex arguments. Put psy = ps(uy, k), PS = PS(ua, k), and similar
notation for the other functions.

_ psiOSRS — iPSqsirs;  PS*psi+ A (p,q) A (p,1) (128)
- PS? + ps? T ps1QSRS +iPSgsitsy

ps(uy +iuy, k)

SP? +sp? ~ sp; QPRP +iSPqp;rp,

sp; QPRP — iSPqp;rp, TN (p,q) 2 (p, r)sp%SP2
. ps1QSRS —iPSqgsirs1  ps1qsiPSQS +i A (p,q)rs1RS
1y +iup, k) = - = 130
pq(in 2K) qs1PSRS — iQSpsirsy qs398%— A (p,q) & (q1) (130)

_ P9sqRQ —iPQSQrq; _ pq; PR +i 4 (p,q)s9;rq; SQRQ
PQRQsq, —ipq Sty 1- A (p,q) 4 (q,1)sq}S Q>

sp(uy + iup, k) = (129)

pq(u + iua, k) (131)

Proof. Use Formula (105).

Special cases of Formulas (128) to (131) were first given by Gudermann 1838 [9].

5. The Peeta Functions

The Peeta functions were first introduced by Gudermann [18], to be able to express the hyperbolic
modular functions by theta functions in a manner similar to the elliptic functions.

Eagle [7] has also spoken of the great importance of these functions.

The four Peeta functions are defined as follows:

Definition 8.
¥1(z,9) = —i61(iz,q); $2(z,q9) = 02(iz,q); ¥3(2,q) = 05(iz,9); ¥4(z,9) = O4(iz,q)  (132)

This is equivalent to
Pi(z9) =2 % (~1)"QE((n+ 1)?) sinh (21 + 1)z

n=0
Po(z,9) =2 f QE((n + %)2) cosh (2n+1)z
= (133)
P3(z,q9) =1+2 ¥ QE(n?) cosh (2nz)
n=1

Py(z,q) =1+2 ofj (—1)"QE(n?) cosh (2nz)
n=1

where QE(x) = ¢, g = exp(rmit), t € U.
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Another definition is

$1(2.9) = 29 sinh (x) TT (1 - q%)(1 — 2¢% cosh (22) + g%)
w@w:mhmm>k
P3(z,) = TT (1—g%)(1+2¢% 1 cosh (2z) + g-2)

k=1

Pa(z,9) = TT (1 - g%)(1 — 2% cosh (2z) + g-2)
k=1

x-
Il
—

(1- qZk)(l + 2q2k cosh (2z) + q4k)

S &:18

This implies [18]

log ¢1(z,q) = f1(q) + logsinh (z) — ; ml ,,zm cosh (2mz)
oo_ m 1 2m
log ¢»(z,q) = fa(g) +logcosh (z) + ¥ %cosh (2mz)
(5] :m+1 m
log ¥3(z,4) = fa(4) + ziiﬁ%mmwm

m
7

=1
log 1)04 (Z’ q) = f4( ) g m Zm) COSh (27’]’12)

(134)

(135)

The hyperbolic modular functions can be expressed in terms of Peeta functions as follows [18]:

Theorem 5.1. 1 pa(ea)
_ iz
SN (u) =k 211/;4(2,,1)
— (K} 2 4a(z4) 136
CN (u) <"2¢“”(4<Z';” (136)
— /r sz
DN @) =k 550
The Peeta functions have the following periodic properties:
‘ y= ‘ z | z+llogg | z+logg | z+ & ‘ z+ i ‘
I I N 1T I 2 O e s 21 2 N s A\ O
| e | e | e | a'eE | cine) | e
| s | w@ | e | oa'wme | we | eE
| omy [ we | e | e | ke [ we)
Theorem 5.2. The Peeta functions have the following zeros:
i1 (mmi+nlogq,q) =
¥2(5 +mmi+nlogq,q) =
$3(% + Llogq+mmi+nlogg,q) =0 (137)
$a(}logq+mmi+mnlogg,q) =0
where m,n € 7.
Theorem 5.3. The four Peeta functions satisfy the following heat equation
2.p: .
iz q) _ O0ilz4) gy (138)

022 9q

210



Axioms 2015, 4, 235-253

Corollary 5.4. Generalization of heat equation to n variables. Put

Then

N aZ N .
AN= Z ﬁ,u(xl,...,xz\],q) = Hlpk(i)(x,-,q),k(l) e{1,...,4} (139)
i=1 9% i=1
ou
AN U= 4q% (140)

Proof. Use [19].

By scaling in g, we can transform Formula (140) to other heat equations.
Example 1. Heat transfer in friction-free (non-viscous) fluid flow.

u  u Ju
2,078  oTu,  oU
a (axZ + ayz) o (141)

Several formulas for theta functions, like logarithmic derivative, immediately transfer to

Peeta functions.
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Abstract: Motivated by the pathway model of Mathai introduced in 2005 [Linear Algebra and Its
Applications, 396, 317-328] we extend the standard kinetic equations. Connection of the extended
kinetic equation with fractional calculus operator is established. The solution of the general form of
the fractional kinetic equation is obtained through Laplace transform. The results for the standard
kinetic equation are obtained as the limiting case.
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1. Introduction

The chemical evolution of a star like sun could be effectively explained by kinetic equations.
The kinetic equations explain the rate of change of chemical composition of a star in terms of the
thermonuclear reaction rates for destruction and production of the species involved. An arbitrary
reaction is characterized by the rate of change %TI;I of a time dependent quantity N(t) between the
destruction rate d and production rate p. Here the destruction or production at time ¢ depends not only
on N(t) but also on the past history N(7), T < t of the variable N. This may be formally represented
by following [1,2]
dN(t)
dt
where N; denotes the function defined by N;(t*) = N(t —t*),t* > 0. It should be noted that d and
p are functionals and Equation (1) represents a functional-differential equation. If we consider a
simplified form of Equation (1) we could consider the decay rate of a radio-active substance which is
given by a homogeneous differential equation

= —d(Nt) + p(N) @

dN
5 =N @)

where N is the number density of the radio-active substance and A is the decay constant. The solution
of this differential equation with initial condition N = Ny at t = O is

N(t) = Noe ™ ®)

If we consider a more general form of the differential Equation (2) for the decay rate of a

radio-active substance as .
= —AN* 4
a 4)
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we have the solution of the form
Na(t) = No[1 + a(a — 1)) "1 5)

where a is a constant. One may get the solution in Equation (3) from Equation (5) as « — 1. These types
of problems arise in many experimental situations where one needs to switch from one family of
functions to another family. In 2005, Mathai [3,4] introduced the pathway model by which one can
switch among three different families of functions, say, type-1 beta families, type-2 beta families
and gamma families. We get three different functional forms by varying the pathway parameter «.
The pathway model in the real scalar case is defined as

calx"[1—a(l —a)|x’] 75,1 —a(l —a)|x|’ > 0,a < 1
flx) = c2|x|7[1+a(1x—1)\x\0}7\%1,—oo<x<oo,a>1 (6)
C3|x|7e’“’7"“é,foo <x<oo,u—1

wherea > 0,0 > 0,7 > 0,17 > 0. ¢1, ¢, and c3 are the normalizing constants when we consider the
functions as statistical densities. The three different functional forms are respectively generalized
type-1 beta, generalized type-2 beta and generalized gamma forms. By writing 1 —a = —(a — 1),
the generalized type-2 beta form can be obtained from generalized type-1 beta form. Both generalized
type-1 beta form and generalized type-2 beta form reduce to generalized gamma form as &« — 1.

Due to this switching property, the pathway model has been widely used in many areas. In this
paper, we use the pathway model to extend kinetic equations. The present paper is organized as
follows: In the next section we discuss the extended kinetic equation and its solution with a brief
description of the extended reaction rate probability integral. Connection of the extended kinetic
equation with fractional calculus is examined in Section 3. In Section 4 we try to solve fractional kinetic
equations and their various generalizations. Concluding remarks are given in Section 5.

2. Extended Kinetic Equations

The following discussion is based on [1,2]. If we consider a production and destruction of nuclei
in the proton-proton chain reaction, we can describe it by the equation
dN;

ar *ZNI'N]'<0'U>Z-J-+ Z NkN[<0'?J>kl (7)
7 KIZi

where N; is the number density of the species i over time. Here the summation is taken over all
reactions, productions or destructions of the species i. The number density N; of the species i can be
expressed by the relation N; = pN A% where p is the mass density, X; is the mass abundance, Ny is
the Avogadro number and A; is the mass of species i in mass units. The mean life time 7;(i) of species i
for destruction by species j is given by the relation [2]

X
Aji) = —= = Nj<‘7v>ij = PNAA*;WZ’%‘]' ®)

where (i) is the decay rate of i for interaction with j. (0v);; denotes the reaction probability for an
interaction involving species i and j defined as

(7o) = \/E | pEeEyaE ©
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2
where  is the reduced mass of the particles given by u = %2 E = - is the kinetic energy of the

particles in the center of mass system. Consider the cross section o (E) for low-energy non-resonant

reactions given by

v!

17.
2 5w) —an(i) 547

o(E)= ¥ 5(0) pra, M2 g <g < 1) (10)
v=0

where Z; and Z; are the atomic numbers of the nuclei i and j, ¢ is the quantum of electric charge, 71 is
the Planck’s quantum of action, B the nuclear barrier height, S(E) is the cross-section factor which
is a slowly varying function of energy over a limited energy range and which can be characterized
depending on the nuclear reaction. The density function of the relative velocities of the nuclei for a
non-degenerate and non-relativistic gas is assumed to be Maxwell-Boltzmann given as

Fuan (E)AE = m(%) * et VEdE (11)

By substituting Equation (11) and Equation (10) in Equation (9) the reaction probability (Uv)ij is

obtained as )
1 3 1
8\2(1\2 & SsW) o, —a-2mn)?—y
o (G B e e
v=0 :

If a deviation from the thermodynamic equilibrium with regard to their velocities is considered
then it results in a deviation from the Maxwell-Boltzmann velocity. In this context, we consider a
more general density function than Maxwell-Boltzmann density function by using the pathway model
defined in Equation (6). The pathway energy density function has the form

one-1t T(H) CE]
fpp(E)dE = = r(ﬁg)ﬁ{lﬂa 1) } dE (13)

fora > 1, 15 — 3 > 0. Replacing the Maxwell-Boltzmann density Function Equation (11) by the
pathway energy density Equation (13), we get the extended thermonuclear reaction probability integral

in the form
S bramnyd T(H) ZS(V)(O)
70~ \ 7 kT ) (L _3 v!

(m - E) v=0

1
X [o E [1—&-(0&—1)%] ot exp{—Zn(%

- } dE (14)

Zie?

1z
Putting y = /£ and x = 271 (557 ) 2 =5 we get

3 , T(&) 2 —v+} gw)
ooy = (=) (,X_mﬂ Y () (i) (15)

where 1 .
L (v,l,x,§> = / v+ (vz—l)y]fﬁe*wizdy (16)
0

Following [5], by taking the Mellin transform of Equation (16) and simplifying, we get

a—1

(a — 1)”*1%1”(%)

r(s)r(u+1+%)r(¢ 1/—1—%) .

My, (s) =
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where R(s) > 0,R(v+1+43) >0, R(— —v—1- —) > 0. By taking the inverse Mellin transform

we get,

1 1 1 s
I L,z )= I'(s)T’ 1+~
w(ng) TR EnE A G

—S
XF(%—V—l—%) {x(zx—l)%] ds (18)
where L is a suitable contour which separates the poles of I'(s) and I'(v + 1+ 5) from the poles of
r (ﬁ v—1-— —) Putting s = 25" and using Legendre’s duplication formula [6]
r(2z) = nf%zzzflr(z)r<z + %)z ecC (19)
we get

1
1 T2 1 1
L <1/,1,x,7> = / T(s F<7+s’>l" v4+1+s
* 2 (a — )VHF( 1 >2m ( ) 2 ( )

<T (g —v—1-) [ &2 ] Ty (20)
1
_ T2 31 (a—l)x2 2- Lot
- (y) Gl'3< T lojin (21)

where Glsé (.) is the G-function originally introduced by C.S. Meijer in 1936, see [5,7,8]. The Gf;()
2

used in Equation (21) converges for all %, x # 0. The contour line L’ appearing in the integral in

Equation (20) is ¢ — ico to ¢ 4 ico for 0 < ¢ < L — v — 1 so that all the poles of l"(s’),l"(% + s’) and

I'(v+1+5¢') lie to the left and all the poles of T (i —v—1-¢ ) lie to the right. Gf; (.) is evaluated

as the sum of the residues at the poles of I'(s’), (% +s ) and (v +1+5).

In most of the cases the nuclear factor S v)(0) used in Equation (15) is approximately constant

(0
across the fusion window. Hence taking $(*)(0) = 0 for v = 1 and v = 2 and taking $°(0) = S(0)
we get

<m>z,--<8<ik;”>;r<;i3>S(°>Gfé<<“1”"ﬂiga*>

2

The following derivations are adapted from [9]. From the Mellin-Barnes representation of

the G-function, G% ;(&> appearing in Equation (20) with v = 0, the poles of I'(s') are

s’ =0,—-1,-2,...; the poles ofl"(%—i-s) are s’ = —%,—%,—%,...; and the poles of T'(1+ ') are

s’ = —1,-2,-3,.... Here the poles of I'(s’) and I'(1 +s’) will coincide at all points except at

’ = 0 and hence the pole s’ = 0 is a pole of order 1, s’ = f%, f%, f%, ... are each of order 1

and s’ = —1,—2,—3,... are each of order 2. The sum of residues corresponding to the pole s’ = 0 is
given by

1
=yar(— -1 2
var( 1) @)
The sum of the residues corresponding to the poles s = — %, — %, — %, ...1s

O L (P (G

R:E)(_
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1
_ 1 1) [@-12]2 1_1.3
= *27Tr(m - i) [T} 1F2(m — 23

where 1 F, is the hypergeometric function defined by

. <a—1)x2) (24)

00 (ﬂ) xr
Fy(a;b,c;x) = r_—
) = ), 0, 0
where
(a), = a(a+1)---(a+r—1) ifr>1,a#0
e 1 ifr=0
The sum of the residues corresponding to poles s’ = —1,-2,-3,....of order 2 can be obtained as
follows:
_ < : 9 (o 2 ’ / 1 ’
Ry= 1 lm 2 [(s +1+ 7T+ (3 +5)
(a—=1)x? =t
(1) () 7
[} 2 _g
_ im 2, | eI+ -1 (a1
- rgos/ilfrf,r as' { (5 +1)2 (" r—1)% - (s'+1) 2% ( 4 )
= 1§ —(D
209‘}11111 r ds’ ( ) (25)
where
r22+s +nI(1+¢)T —1-s5 2
o) - or(E+)r( )((u« b
(' +7)2(s" +7—1)2- - (s + 1) 4
We have 5
Do) = o) 2l (@(s)]
In®(s) :21n[1“(2+s/+r)]+ln[r(%+s/>]+ln[ (—flfs)]
sln( >72ln(s/+r)f~~~721n(s+1)fln(s)
2, [In (D(s")] —2¥(2+¢ +r)+‘}’< +s’)+‘1’<ﬁ—l—s’)
1 2
Cn(OPE) 22y
lim {—ln } <—7—r>+‘I’<L+r>+‘I’(1+r)
s'——1—r a—1

+¥(2+71) fln(W) (26)

where ¥(z) is a Psi function or digamma function (see Mathai [5]) and ¥ (1) = —, ¥ = 0.5772156649.. ..
is Euler’s constant. Now

im0t = ) (-

d 1t (3), 111+ 1) @7)

Then by using Equation (25)-Equation (27) we get,

RFE) 3) 1+

00 (71)1“2\/%1"(“%1 +r> ((oc _ 1)x2>1+r
1
x[¥(~1 =) + ¥ (g +7) + ¥ +0) +¥2+7) —In(P2)]
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- (2ﬁ<i—1>x2) éo(‘“’i)xz)r [A, - 1n(<aj>x2)] B, (28)
where
A,z‘i’(—%—i’)-&-‘?(ﬁ—i—r)+‘P(1+r)+‘1’(2+r) (29)
and

(—)T(5+7)
Bp=—p 7 30
(3),r1(1+1)! (50)

Thus the series representation for the reaction probability is
1 1
S5(0)y —=I'| —=—1
_é) ( ){\/E (oc—l )
2
1
11 —1)22]2 1_1.3
*Zr(m - 7) [%} 1F2(m ~22

S E () [ ()]} o

1

_1
a—1

where A, and B, are as defined in Equations (29) and (30). For detailed theory of extended reaction
rates and its series representations see Haubold and Kumar [10,11], Kumar and Haubold [12].

The following discussion is adapted from [1]. The solution of the differential Equation (4) with
initial condition N;(t) = 1 when t = 0 is

NE(H)dt = [1+ (a« —1)cit] @ 1dt (32)

When ¢; in Equation (32) is a constant, the total number of reactions in the time interval 0 < ¢t < fy is
obtained as

/0t° NE(H)dt = /Ot° [+ (- 1)eit] @ 1dt = ﬁ{u -t -1} @3)

1

Now [1+ (& —1)citg] 1 1isthe probability that the lifetime of species i is < ty when t follows
a distribution with density function

F(H) =62 — )1+ (x—1)it] #1,0< t < o0,¢;>0,1<a<2 (34)
or we have ;
Ni(t) = % (35)

Equation (34) is the Tsallis statistics for & > 1, see [13,14] which can also be seen as a particular case of
the pathway model Equation (6) for & > 1. If ¢; in Equation (32) is a function of time, say ¢;(t), then it
should be replaced by [ c¢;(t)dt. When ¢; = ¢;(t) = d;t where d; > 0 is independent of ¢, then in this

case [¢;(t)dt = '1"2—1‘2, then

11 1
N = rm(_:H)Z) ) < 0

where

I( 1)1 2
q(t) = <o« l)l){Zdz(o; 1)}2[1“&_1)%} 0<t<oo,di>01<a<2 (37)
-2
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The density in Equation (34) is the lifetime density of the destruction of the species i, with the

expected mean value

1

where E(-) is the expected value of (-). The mean value of the lifetime density function given in

Equation (37) is
1
M) r2a-17} 1
E(t) = 1 1 d; 2 (39)
r(m - z) i -
Now as & — 1 we get the expected mean lifetime
2 \?
E(t) = (ﬂ) (40)
of the lifetime density function
1
. 2d;\? 42
g(t):<7>e T,0<t<o0,d;>0 (41)

considered by Haubold and Mathai [1].
From the lifetime density function given in Equation (34) and the mean lifetime Equation (38) we
can infer that

1. the expected lifetime of the species depends on the value of ¢; and «. As ¢;(3 — 2a) increases the
expected lifetime decreases and vice versa.

2. c(%tx) f(£)A(t) can be interpreted as the amount of the net destruction in a small time interval

A(t). As the net destruction is faster the lifetime becomes smaller.

3. Connection of Extended Kinetic Equation to Fractional Calculus

Let ®;(t) be an integrable function as defined in Equation (34) and ®,(t;) = 6(t) be any
integrable function, then by the Mellin convolution property, we have

®(u) = /t %cbl (@2 (7 )dt = _/t%q)l (§)@a(t)at 42)

Then @ (u), after substituting @1 (1) and ®;(t;), takes the form

() = ¢;(2 — a) /:Oﬂu(aq)ci%]*ﬁe(t)dt 43)

for « > 1 which can be considered as a generalized fractional Kober type operator of an integrable
function 6(t). Here as « — 1_ we have

D(u) = ci(2 - «) /jo tle %o n)dt (44)

More general cases can be seen in the paper Mathai and Haubold [15].

4. Fractional Kinetic Equation and Its Solution

The following discussion is based on [16,17]. In Equation (4), if instead of an ordinary classical
integral we use a fractional integral, we get the reaction equation as

N(t) = Ng = —c"oD;y N(t),v > 0 (45)
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where (D; " N(t) represents the Riemann-Liouville fractional integral defined as

oD V(1) = ﬁ /(:0 —u)" " f(u)du,v >0 6)

with (DYf(t) = f(t). Taking Laplace transform, simplifying and then taking the inverse Laplace

transform one gets

o (_1)k(ct)k1/

N =Ny} 2\
*) kg%) I'(1+kv)

where E, (—c"t") is the Mittag-Leffler function, introduced by M. G. Mittag-Leffler in 1903 [18] as

= NoE,(—c"t") (47)

=] Zk

E = _—_—, C R 0, C 48
50 = L gy P € CRIB) >0z )

If we consider a generalization of the fractional kinetic equation considered by Mathai, Haubold
and Saxena [16,17] in the form

N(t) = Not“LE) (—c't") = —c"oDy "N(t),v > 0,0 > 0, > 0 (49)

where E/, () is the generalized three parameter Mittag-Leffler function introduced by Prabhakar [19]
defined as

o k
E} () = ’gir(‘éz)_izp)k!,ﬁ,p,'y € CR(B) > 0,R(p) >0,z€C (50)

then the solution of the fractional kinetic Equation (49) is
N(t) = Not“ 'EJ ! (=) (51)
5. Conclusions

The linear and non-linear kinetic equations establish a connection between the Boltzmann-Gibbs
statistical mechanics and Tsallis non-extensive statistical mechanics. The pathway parameter « plays a
key role in switching between these two cases. The theory of extended reaction rates and its closed
form solutions can be seen in Haubold and Kumar [10] and Kumar and Haubold [12]. Further, the
fractional diffusion equation and its solution help us to understand the connection with the classical
Laplace transform. In 2013, the author has solved the fractional kinetic equations discussed here by
Py-transform [20]. Various fractional differential equations and their solution by various transforms
are studied by many authors, see [21,22]. It should be noted that the Mittag-Leffler function arises in
the solution of a fractional diffusion equation whereas the exponential function arises in the solution of
its classical counterpart. A possible connection of the extended kinetic equation to fractional calculus
can be established through the procedure adopted here.
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Abstract: Recently, probability models with thicker or thinner tails have gained more importance
among statisticians and physicists because of their vast applications in random walks, Lévi flights,
financial modeling, efc. In this connection, we introduce here a new family of generalized probability
distributions associated with the Mittag—Leffler function. This family gives an extension to the
generalized gamma family, opens up a vast area of potential applications and establishes connections
to the topics of fractional calculus, nonextensive statistical mechanics, Tsallis statistics, superstatistics,
the Mittag—Leffler stochastic process, the Lévi process and time series. Apart from examining the
properties, the matrix-variate analogue and the connection to fractional calculus are also explained. By
using the pathway model of Mathai, the model is further generalized. Connections to Mittag-Leffler
distributions and corresponding autoregressive processes are also discussed.

Keywords: generalized Mittag—Leffler density and process; gamma density; Lévi density; pathway
model; Tsallis statistics; superstatistics

1. Introduction

In model building situations in physical, biological, social and engineering sciences, the usual
procedure is to select a probability model from a parametric family of distributions. In many practical
problems, it is often found that the selected model is not a good fit for the experimental data, because
it requires a model with a thicker or thinner tail than the ones available from the parametric family of
distributions. In order to make the tail thicker or thinner, a technique is introduced here by augmenting
a series to the original density. Our first step is to construct the thicker or thinner tailed distribution
associated with the Mittag—Leffler function, because this function is connected to fractional calculus,
the Mittag—Leffler stochastic process, non-Gaussian time series, Lévi flights and in a limiting process to
the topics of Tsallis statistics, superstatistics, as well as to statistical distribution theory.

In reaction rate theory, input-output type situations and reaction-diffusion problems in physics
and chemistry, when the integer derivatives are replaced by fractional derivatives, the solutions
automatically go in terms of Mittag-Leffler functions and their generalizations; see Haubold and
Mathai (2000) [1]. The ordinary and generalized Mittag-Leffler functions interpolate between a purely
exponential law and power-law-like behavior of phenomena governed by ordinary kinetic equations
and their fractional counterparts; see Kilbas et al. (2004) [2], Kiryakova (2000) [3], Mathai (2010) [4] and
Mathai ef al. (2010) [5]. This paper examines a new family of statistical distributions associated with
Mittag-Leffler functions, which gives an extension to the gamma family, which will then connect to
fractional calculus and statistical distribution theory through the theory of special functions. The model
investigated in this paper is useful in the study of life testing problems, reliability analysis, in physical
situations to describe stable solutions, as well as unstable and chaotic neighborhoods, etc. We will start
with the definition of the Mittag-Leffler function.
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A two-parameter Mittag—Leffler function is defined as follows:

=] ok
xy X
Eop(x )—k§:07r(ak+ﬁ),§}%(oc)>O,§ﬁ‘:([5)>0, 1)

where R(-) denotes the real part of (-). Observe that the Mittag—Leffler function is an extension of the
exponential function. When « = 1, 3 = 1, Equation (1) reduces to e*. In statistical model building,
usually, the parameters are real, but since the results to be discussed hold for complex parameters,
as well, we will state the corresponding relevant conditions. Various properties, generalizations and
applications of the Mittag-Leffler function can be seen from Kilbas et al. (2004) [2].

Consider a probability density of the form:

@

) = { aP[1+ &)xP~Te ™E, o (—0x*),p > 0,00 > 0,a > 0,x >0
0, elsewhere,
where C is the normalizing constant and E g (—5x%) is the Mittag-Leffler function. Some interesting
special cases of Equation (2) are the following: The density in Equation (2) includes two-parameter
gamma, exponential, chi square, noncentral chi square and the like. When & = 0, Equation (2) reduces
to the two-parameter gamma density:

fi(x) = CixP~le= x > 0. 3)

For « = = 1in Equation (2), we have the exponential density. For f = 7 and a = % in fi(x),
we have the chi square density with 1 degrees of freedom. For § = p,p = 2,3, -+ in Equation (3), we
have the Erlang density. For p = 1 in Erlang density, we have the exponential density. For fixed values
of a, 3 and for various values of 5, we can look at the graphs that give a suitable interpretation to the
model in Equation (2).

The above figures show a comparison between gamma density and gamma Mittag-Leffler density
for different values of 5. Observe that 6 = 0 corresponds to the gamma density. In Figure 1, as the
value of  decreases, the right tail of the new density becomes thicker and thicker compared to that
of a gamma density. Similarly the peakedness of the curve slowly decreases. In Figure 2, also, 5 = 0
corresponds to the gamma density. When the values of 0 increases from & = 0, the right tail of the new
density becomes thinner and thinner compared to that of a gamma density. Similarly, the peakedness
of the curve slowly increases. Hence, when we look for a model with a thicker or thinner tail while a
gamma density is found to be more or less a proper fit, then a member from the new family of densities
introduced here will become quite useful and handy. Observe that the new density is mathematically
and computationally easily tractable, just like a gamma density.

The moment-generating function of Equation (2) is given by:

M(t)

o (gD 2 (—sxx)F
aP[1+ 5] 5 b e t)x%r((ak:%)dx

O (=8) 00 —1,.—(a—
aﬁ[l"'_a%]%:r((ockﬁﬁ) Jo xokFBTem=0rdx,
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Figure 2. Fora = 1.5, =2and 6 > 0.

On simplification, we obtain mgfas:

Me(t) = aP (1+ﬂ%) | 5
T P ) (e

<l <1, (a—t)>0. 4)
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The characteristic function can be obtained if we replace t by it,i = /—1. If we put —t instead
of t, then we will obtain the Laplace transform of the density. Using the Laplace transform or
moment-generating function, we can easily obtain the integer moments by using the following formula:

I =E(X") = 1"dyL
by = () = (<1 5Ly (Dlico.

Thus, the mean value will be obtained as:

B da
M= 7 a1 o) ©)
and:
2
= ;{M(u“i&) —(“2+0<(2ﬁ+1))([ﬂéw)+ﬁ(ﬁ+l)}‘ ©

Variance:
B Saf(e+1)a* + 3]
b= = T
a a?(a% +3)
Arbitrary moments can be obtained in terms of the generalized Wright hypergeometric function.
That is,

W, =E(x") = /000 x7 f(x)dx

which is nothing but the Mellin transform of the function f with y =s — 1.

5
o (1+&) ALD(B+re), O
Hy = aY 2‘1}1 (Be) ‘7117"‘

] )
where ,'¥;(z) is the generalized Wright's hypergeometric function defined for z € C, complexa;, b; € C
and o, B; € R, = (O,oo),ai,b]- #0;i=1,2,...,p;j=1,2,...,q by the series:

- oo H?:l F(ai + Dé,‘k) Zk
P42 = Yo E] = 5! q e
= {TTy Tty + k) i

®)

The function in Equation (8) was introduced by Wright and is called the generalized Wright's
hypergeometric function. For convergence conditions, the existence of various contours and other
properties, see Wright (1940) [6] or the theory of H-function to be discussed later. If we take 7 as
integers in Equation (7), then we will obtain integer moments. It may be observed that the distribution
function is available in terms of a series of incomplete gamma functions.

2. Estimation of Parameters

In this section, we have given explicit forms of the estimators of the parameters using the method
of moments. The motivation for the method of moments comes from the fact that the sample moments
are consistent estimators for the corresponding population moments. To start with, let us consider the
case for a = 1, 3 = 1 in Equation (2), then the model will become the Mittag-Leffler extension of the
standard exponential distribution and has the density of the form:

g1(x) = (14 8)e "Eq(—56x%). 9)

The moments can be obtained from Equations (5) and (6) with the parameter valuea =1, = 1.
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The moment estimators of 6 and « are given by:

. Z(x,-—?)z—nfz _
(X—W‘Fl,x#l

and: 3 )
L T DI )

Now, consider the Mittag—Leffler extension of standard gamma density. For that, we take s = 1in
Equation (2); thus, the model has the following form:
@(x) = (1+8)xP e ™ Ey 5 (—8x%). (10)

Using the same procedure as above, one can obtain the estimators as:

L (xi —%)° = [T (x; — %)*][L 22 + nx] + 2nx[nx° — 7]

P= Y. x?[4n¥ — 3n — 3] + n¥2[8nX + 13n] + n2¥
= N
&:Z(xi_x) _n(x_.B) _nx, (E—B)#O
n(x—B)
and: .
¢ (=%
a+x—p

If we retain all parameters o, 3,5 and 4, then the analytical solution is quite difficult, but the

numerical solution can be obtained by using software like MATLAB and MAPLE.

3. The Q-Analogue of Generalized Gamma Mittag-Leffler Density
In this section, a generalized density of Equation (2) is considered. Mathai (2005) [7] introduced

the pathway model, where the scalar version of the pathway density is given as follows:

_ _1
A = o P+ alg - Dl T an
fora >0, >0,9>1,—c0o <x <0
plala 1) PT(zLy)
_ — 1 1 B
wherecy = Zr(é)r(q]fl*%) =
For g < 1, writing g — 1 = —(1 — ¢q), we have the form:
12)

B-111 —a(1 — g)[x[f] ™
ca [x[* 1 —a(l —q)|x["]
fora >0, >0,g<1,1—a(l—q)x|’ >0

(1)) P T(5+8+1)
)

wherec; = 2r(%)r(%+1 .
K]
As g — 1, fi(x) and f(x) tend to f3(x), which we refer to as the extended symmetric generalized

gamma distribution, where f3(x) is given by:

B
folx) = 21’2?%) (13)

_ _ 4
|x|[3 Le—alxl ,—00 < x <00,a,B,0>0.
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Now, generalize Equation (2) by using Equation (11). Since the normalizing constants obtained in
this section are in terms of H-functions, a definition of the H-function is given here.

, /1) (@p, _
g Elelonn] = s a9

where:
(s I T-n-a)}
Ty )

¢(s) =

where oc]-,j =1.2,..,p, [5]-,]‘ =1,2,...,q are real positive numbers, aj,j =12,.,pandb;,j=12,..q
are complex numbers and L is a contour separating the poles of T'(b; + ;s),j = 1,2, ..., m from those of
I[(1—a;—s),j=1,2,..,n. The details of convergence conditions, various properties and applications
of H-function are available in Mathai ef al. (2010) [5].

Consider: .
fa(x) = CaxP M1 4a(q —1)xP] TTEL 5 (—5x%), (15)
0P
x>0,9g>1a>0,0>0x>003>0
where:
il = L Hy | 2| 0] o |a>1 16
f T et 2 LT NG b (1e)

The general density in Equation (15), for g > 1, includes the Mittag-Leffler extension of Type 2
beta density and F density. If x > 0 is replaced by |x|, —oo < x < oo, with the appropriate change in
the normalizing constant, then we have the Student ¢ density and Cauchy density as special cases, and
many more. As g — 1, f4(x) reduces to f5(x), where:

=
o

f5(x) = CsxP1e™™E, 5 (—6x%),C5 = par (14 —). 17)

ar

=

«©
0’

This includes the Mittag-Leffler extension of generalized gamma, Weibull, chi-square,
Maxwell-Boltzmann and related densities. If § = 0, Equation (17) reduces to the generalized gamma
density. When p = 1, Equation (17) reduces to Equation (2). In particular, if p = 3, the Mittag—Leffler
extension of Weibull density is obtained,

fo(x) = C6xﬁ*1e*“xﬁE%l1(—(5x”‘). (18)

For x > 0and q < 1, f4(x) takes the following form:

fr(x) = CrxB 11— a(1 — )] T, p (—5x%), (19)
prp
1
0<x< l,11,0(,[3>0,q<1
[a(1—q)]°
where: (L)
T+ S

C71 _ T—q Hl,l 5 - | 0,1) a < 1. 20
T e D e 0

This general density includes the Mittag-Leffler extension of Type 1 beta density, triangular
density, uniform density and many more. As q — 1, Equation (15) reduces to Equation (17). For p = §3,
then Equations (15) and (19) will give the two forms of extended g-Weibull density as given below.

fs(x) :ngﬁfl[l+a(q—1)xﬁ]7‘7%lE%,l(—8x°‘), (21)
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x>0,g>1a>0a>0,p3>0

1

fo(x) = CoxP1[1 —a(1 —q)xP)TTEa 1 (—6x%), (22)

B
1
0<x<———,8,0p>0g<1
[a(1—q)]®
where the normalizing constants Cg and Cg are obtained from Equations (16) and (20), respectively. In
particular, if § = 0, then fg(x) and fo(x) will coincide with g-Weibull density. In particular, for p =1
and p = 1, the integral of Equation (19) can be treated as the pathway fractional integral transform
of the Mittag-Leffler function with appropriate transformation of the variable. More details about
pathway fractional integral transform can be found in Seema Nair ((2009) [8], (2011) [9]).

The model in Equation (15) can be connected to the superstatistics of Beck and Cohen (2003) [10]
and Beck (2006) [11] for g = 2,5 = 0. There is a vast literature on Beck-Cohen superstatistics in
statistical mechanics with many physical interpretations; see, for example, Beck ((2010) [12], (2009) [13]).
From a statistical point of view, it can be obtained as an unconditional density from Bayes’ setup, by
considering generalized gamma as a conditional density with the assumption that the scale parameter
a has a prior gamma density; see Nair and Kattuveettil (2010) [14]. Forp =1,p=1,a=1and 5 =1,
we have Tsallis statistics for 4 > 1 and g < 1, respectively, from the models in Equations (15) and
(19). Thus, we can make a connection to nonextensive statistical mechanics; see, for example, Tsallis
((1988) [15], (2004) [16], (2009) [17]) and Mathai et al. (2010) [5]. (It is stated that over 3000 papers have
been published on this topic during the past 20 years, and over 5000 people from around the globe are
working in this area).

4. Connection to Mittag-Leffler Distributions and Autoregressive Processes

Especially when a = 0, 3 = o, such that 0 < « < 1 in Equation (2), we have the Mittag—Leffler
density, which has the probability density function:

91(x) = 8x* 1Eg o (—6x%),0 < x < 1,6 >0 (23)

and has Laplace transform 5(s* + 51 a special case of the general class of Laplace transforms

discussed by Mathai et al. (2006) [18]. Similarly, for a = 0 in (2) and replacing 3 by oy and 6 by IlJ, one

can arrive at the generalized Mittag-Leffler density, which has the probability density function:
xzx“yfl

o
7ngw(fx?),0<oc<1,’y,p>0,x20 (24)

8(x) = P

where Egﬁ (+) is the generalized Mittag-Leffler function defined as:

5 o (8)FF
ES p(2) = ;;F(ka-*- B)k!"x >0,>0,79>0,

where (8), = 8(6+1)(8 +2)--- (8 +k — 1) and Equation (24) has the Laplace transform of the form:
Lo(t) = [14+ 9% 77, ot < 1. 25)

The Laplace transform in Equation (25) is associated with infinitely-divisible and geometrically
infinitely-divisible distributions, x-Laplace and Linnik distributions. The class of Laplace transforms
relevant in geometrically infinitely-divisible and a-Laplace distributions is of the form L(p) = %,
where 7(p) satisfies the condition 7(bp) = b*y(p) and 7(p) is a periodic function for fixed «. In
Mathai (2010) [4], it is noted that there is a structural representation in terms of the positive Lévi

random variable by using Equation (25).
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A positive Lévi random variable 2 > 0, with parameter « is such that the Laplace transform of
the density of u > 0 is given by e . That is:

Elet] = et (26)

Theorem 4.1. Let y > 0 be a Lévi random variable with Laplace transform as in (26) and x > 0 an
exponential random variable with parameter &, and let x and y be independently distributed. Then, u = yx% is
distributed as generalized Mittag—Leffler random variable with Laplace transform (see [4]):

Lu(t) = [1+pt"]7"

Proof: For proving this result, we will make use of the following lemma of the
conditional argument.
Lemma 1.1. For two random variables u and v having a joint distribution,

E(u) = E[E(ulv)] 27)

whenever all of the expected values exist, where the inside expectation is taken in the conditional
space of u given v and the outside expectation is taken in the marginal space of v.

Now, by applying Equation (27), we have the following: Let the density of u be denoted by g().
Then, the conditional Laplace transform of g, given x, is given by:

l o
E[e="=)|x] = 1", (28)
However, the right side of Equation (28) is in the form of a Laplace transform of the density of
x with parameter t*. Hence, the expected value of the right side, with respect to x, is available by
replacing the Laplace parameter t in [1 + pt]” " (the Laplace transform of a gamma density with the
scale parameter p and shape parameter ) by t*,

L) =[1+pt*] 7,0>0,7>0 (29)

which establishes the result. From Equation (27), one can observe that if we consider an arbitrary
random variable y with the Laplace transform of the form:

Lo(t) = e~ lo®)] (30)
whenever the expected value exists, where ¢(t) is such that:
¢(tx=) = xg(t), lim p(t) = 0, (31)
t—0
then from Equation (28), we have:
E[ef(fﬁr%)y‘x} — o—Xle(®)], (32)

Now, let x be an arbitrary positive random variable having Laplace transform, denoted by Ly(t)
where Ly (t) = 1(t). Then, from Equations (27) and (30), we have:

In particular, when § = 1in Equation (23), we have the standard Mittag-Leffler density introduced
by Pillai (1990) [19]. For the properties of Mittag—Leffler distributions connected to the autoregressive
process, see the papers of Pillai and Jayakumar (1995) [20] and Jayakumar (2003) [21].
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4.1. Moments from Mellin—Barnes Integral Representation

It is shown in Mathai (2010) [4] that for handling problems connected to Mittag-Leffler densities,
it is convenient to use the Mellin-Barnes representation of a Mittag—Leffler function and then proceed
from there. The following gives the Mellin-Barnes integral representation of g(x).

ico I'(s)T'(y— —1..—
8(x) = ok [ RS ke 1aasds, R() > 0 .
_ 11 petio T—ker(d-2) oy (33)
(7 271 Je-ioo T(i-s) s
by taking ay — 1 — s = —s;. One can also look upon the Mellin transform of the density of a positive

random variable as the (s — 1)-th moment, and therefore, from Equation (33), one can write the Mellin
transform as an expected value. That is,

M(s) = E(x*~1)ing
1 To—3+9T(E-%)
I(y) ol (1-s) ’
forl —a < R(s) <1,0,a<1,9>0
1 Tl—g+ g —3)
T(y) T(2—s) :

34

If we replace s — 1 by p, then one can obtain the p-th moment of the generalized Mittag-Leffler
density as follows:
ey _ T 80— &)
I —p)
In particular, for v = 1, we can arrive at the p-th moment of the Mittag-Leffler density of Pillai
(1990) [19], Pillai and Jayakumar (1995) [20]. For o« — 1, Equation (34) reduces to:

,—a < R(p) << 1.

Mq(t) = =Ty —1+45).

I'(7)
Its inverse Mellin transform is then:
g(x):ii/l"('y—l-i-s)xfsds: ! X" le %, x>0,7>0 (35)
BT Ty 2 r(7) e

which is the one-parameter gamma density, and for oy = 1, it reduces to the exponential density. Hence,
the generalized Mittag-Leffler density g can be taken as an extension of a gamma density, such as the
one in Equation (35), and the Mittag-Leffler density g; as an extension of exponential density for ¢ = 1.
It is shown that generalized Mittag-Leffler density (GMLD(«, v, p)) is infinitely and geometrically
infinitely divisible for 0 < a < 1,0 < ¢ < 1, and also, it belongs to the class L; see [21]. Jose et al.
(2010) [22] discussed the first order autoregressive process with GMLD(«, ) marginals. In a similar
manner, we shall construct a first order autoregressive process with GMLD(«, v, p) marginals, which
will be stated as a remark.

Remark: The first order autoregressive process X, = aX,_1 + #ju,a € (0,1) is strictly stationary
Markovian with GMLD(«, 7, p) if and only if the {7, } are distributed independently and identically
as the y-fold convolution of the random variable {V; } where:

Owithprobabilitya*
Va = { M, withprobabilityl — a* (36)

where {M,,} are independently and identically distributed Mittag-Leffler random variables, provided
Xo £ GMLD(«, v, p) and independent of 7,,.
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5. Applications in Reaction-Diffusion Problems

We can look at the model Equation (2) in another way, as well; consider the total integral as:
1= c/ xPle ™ E, o (—5x%)dy, 37)
0

which can be treated as the Laplace transform of the function xP~1E, 5(—6x%), and hence,
cl= %, where C is the normalizing constant of Equation (2), is nothing but the Laplace transform
of the given function. It is shown to be very relevant in fractional reaction-diffusion problems in
physics, since it naturally occurs in the derivation of the inverse Laplace transform of the functions of
the type a%(d + baP), where a is the Laplace transform parameter and dandb are constants.

For more details, see the papers of [8,18,23]. Reaction-diffusion equations are modeling tools for
the dynamics presented by a competition between two or more species, activators and inhibitors or
production and destruction, that diffuse in a physical medium. As an example, [1] considered the
evolution of a star like the Sun, which is governed by a second order system of differential equations,
the kinetic equations, describing the rate of change of chemical composition of the star for each species
in terms of the reaction rates for destruction and production of that species [24-26]. Methods for
modeling processes of destruction and production have been developed for bio-chemical reactions
and their unstable equilibrium states [27] and for chemical reaction networks with unstable states,
oscillations and hysteresis [28].

Consider an arbitrary reaction characterized by a time-dependent quantity N = N(t). It is
possible to equate the rate of change % to a balance between the destruction rate d and the production
rate p of N, that is C}TI;’ = —d + p. In general, through feedback or other interaction mechanisms,
destruction and production depend on the quantity N itself: d = d(N) or p = p(N). This dependence
is complicated, since the destruction or production at time ¢ depends not only on N(t), but also on the
past history N(7), T < t, of the variable N. This may be formally represented by:

dN
a —d(N;) + p(N;) (38)

where N; denotes the function defined by N;(t*) = N(t — t*),t* > 0. The production and destruction
of species is described by kinetic equations governing the change of the number density N; of species i
over time, that is,
dN;
dtl = - ZN,'N]' <oV >+ Z N¢N; < ov >y, 39)
j k1#i

where < ov >, denotes the reaction probability for an interaction involving species mand n, and the
summation is taken over all reactions, which either produce or destroy the species i [29]. The first sum
in Equation (39) can also be written as:

— ZNzN] < ov >1']'= *Ni(ZN]' < ov >,‘j) = Nja;, (40)
j j

where g; is the statistically expected number of reactions per unit volume per unit time destroying
the species i. It is also a measure of the speed at which the reaction proceeds. In the following, we are
assuming that there are Nj(j = 1,...17,...) species j per unit volume and that for a fixed N;, the number
of other reacting species that interact with the i-th species is constant in a unit volume. Following the
same argument, for the second sum in Equation (39) accordingly,

+ Y NgNj < ov >y= +Nib;, (41)
kI #i
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where N;b; is the statistically expected number of the i-th species produced per unit volume per unit
time for a fixed N;. Note that the number density of species i, N; = N;(t), is a function of time, while
the < ov >y, containing the thermonuclear functions (see Haubold and Kumar (2008) [30]), are
assumed to depend only on the temperature of the gas, but not on the time f and number densities N;.
Then, Equation (38) implies that:
dN;i(t)
dt

For Equation (42), we have three distinct cases, ¢; = a; — b; > 0, ¢; < 0 and ¢; = 0, of which the
last case says that N; does not vary over time, which means that the forward and reverse reactions
involving species 7 are in equilibrium; such a value for N; is called a fixed point and corresponds to
a steady-state behavior. The first two cases exhibit that either the destruction (c; > 0) of species i or
production (c; < 0) of species i dominates.

For the case ¢; > 0, we have:

= —(a; — b)) Ni(t). (42)

dN;(t)
dt

= —ciNi(t), (43)

with the initial condition that Nj(t = 0) = Nj is the number density of species i at time t = 0, and it
follows that:
N;(t)dt = Nge™¢i*dt. (44)

The exponential function in Equation (44) represents the solution of the linear one-dimensional
differential Equation (43) in which the rate of destruction of the variable is proportional to the value
of the variable. Equation (43) does not exhibit instabilities, oscillations or chaotic dynamics, in
striking contrast to its cousin, the logistic finite-difference equation [26,29]. A thorough discussion of
Equation (43) and its standard solution in Equation (44) is given in [25].

Let us consider the standard fractional kinetic equation:

N(t) = No = —c* ¢D; UN(t), v > 0 (45)

which is derived by [1]. ¢D; " is the Riemann-Liouville fractional integral of order v. It is very easy to
find the solution of this equation. On applying Laplace transforms on both sides, with parameter p,
one has:

L{N(t)} — NoL{1} = —c"L{oD;'N(t)}
LN} =5 = —c" p " L{N(1)}
(1+c p LN} = 5o
L{N()} = ﬁzru] =Ny Lgo(_l)kcvkpf(vkﬂ) .

Now, applying inverse Laplace transform,

- S ykwky—1f —wkD) | _ A gk (D™
N = No & (e {p e =N B (1) i

This solution can be written in terms of the Mittag—Leffler function as:
N(t) = Ng Ey(=c"t"), v> 0. (46)

Theorem 5.1. For v > 0, let the coefficient of Ny of the fractional integral equation be g(t) an arbitrary
function, so that the fractional integral becomes:

N(#) = No g(t) = —c" oD "N(#). (47)
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Then, the Laplace transforms of the fractional integral equation will be:

LING) = Y0P whereG(p) = Liz(1)) )
+(3)
Now, one can take various forms for G(p); all of the special cases are considered in [23,31].
For example:
Let us consider G(p) = p;ﬁFl(fyl,Bl,p*“) for « > 0, > Ov > 0,c > 0, then
Equation (47) becomes:

_ B B, W
LN} No B R
_ -B o (e p ™ &2 4\ cyvn 49
Nop™® B Gy 7 B (FU7() 9
= No L <§571]>),fk! ’EO( 1)"cvnp (vt ok+B)

On applying inverse Laplace transform, we get:

N = N Bl §(c1en it

Bk & Tt okt B)

o 50
Not[s—l y (v ok fsp (—c't) (50)
L Bt Frakep

Haubold and Mathai (2000) [1] generalized the standard kinetic Equation (43) to a standard
fractional kinetic Equation (45), derived solutions of a fractional kinetic equation that contains
the particle reaction rate (or thermonuclear function) as a time constant and provided the analytic
technique to further investigate possible modifications of the reaction rate through a kinetic equation.
The Riemann-Liouville operator in the fractional kinetic equation introduces a convolution integral
with a slowly-decaying power-law kernel, which is typical for memory effects referred to in [32].
This technique may open an avenue to accommodate changes in standard solar model core physics as
proposed by [33]. In the solution of the standard fractional kinetic Equation (45), given in Equation (46),
the standard exponential decay is recovered for v = 1. However, the Equation (46), for 0 < v < 1,
shows a power-law behavior for t — co and is constant (initial value Np) for ¢ — 0.

6. Application in Financial Modeling

In this section, we present an application of generalized gamma Mittag—Leffler density in
modeling currency exchange rates. Here, we considered 1152 observations starting from 2004 to
2008, of U.S. dollar-Indian rupee foreign exchange rates, which is available at www.rbi.org. The log
returns of the exchange rates are considered. The following Figure 3 is the graph of the log-transformed
data embedded with the generalized gamma Mittag—Leffler density.

From the data, the summary statistics for transformed currency exchange rates obtained are
as follows:

Mean = 0.0110
Variance = 2.0805 x 107°
Coefficientofskewness = 0.2728

For convenience, assume that & = 1; by using the method of moments, estimates of parameters
are obtained and are given as:
76.3057
= 6227.6449
7413.998

> T
|

>
|
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From the figures, we can observe that the generalized gamma Mittag-Leffler density fits well to
the data with the above estimated values of the parameters. Here, we used the chi square statistic to
measure the goodness of fit. The calculated chi square value is 2.44, and the corresponding tabled value
is 15.507. Hence, we conclude that the model in Equation (2) is a good fit to the dataset considered.
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Figure 3. Generalized gamma Mittag-Leffler density fitted to the data on dollar-rupee exchange rate.

7. Multivariate Generalization

In this section, a multivariate analogue of the density in Equation (2) is considered.
The multivariate Mittag—Leffler function will be defined as:
E , RIS gt o)
ploy o opiBr oo By = T = Z  TEATB TG k) (51)

whereﬂ%(ocj) > O,ER([S] >0),j= 1,2,. . p-

A function close to Ep(-) of Equation (37) is the multi-index Mittag—Leffler function of Kiryakova;
see, for example, Kiryakova (2000) [3]. Now, the general density is defined as:

—1
C,Z,x(51 ! --xE” e M T TN E [, o By, 1[3,7;*5;96?1"'35;‘”},
fo(xi,...,xp) = 0 < xj < oo, R(ej) >0,R(B; >0),8>0,j=12,...,p
0, elsewhere.

The normalizing constant is available, by proceeding as before, as:
B
Co o= oty (I o ) s oy | < 1. (52)
Various properties of one form of a multivariate gamma density can be seen from

Griffiths (1984) [34]. The following sections reveal the joint Laplace transform and product moments
of the density function.
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The Joint Laplace transform is available from Equation (52) by replacing a; by a; +t;,j =1,...,p
and then dividing by the normalizing constant. That is:

8
E(e h* tyy) art-ay’ T 0
e hr. ..o tpYp) — aj+1 >0,
()Pl )PP (1 o S sa) (53)

G| <1i=lep

The arbitrary product moments are obtained in terms of generalized Wright function and are
given by:

E(xlﬁ cexh) = fo‘x’ .. 'O°° x?l . -x;pCpx{jl_l o xﬁpile"“x] e
XEp(o; Bj,j = 1...,p=8x- ~~x;"’)dx1 - daxp
71 ! Tp (1+ o] 8 ocp) 14 (Bﬁ"hfo‘”/'”f(Bp+7pr°‘P>/<l/1);_ o 8 xp |7 (54)
ajleay atea’ (B1,01),(Bp,op) ,111,“,1pf’

%((514”)’]) >O,j:1,...,p.

Conditional density of xq given x», ..., xp is given by:

_ Ej(ai;Bii=1,...,0,—6x" - x3
Xfl la-arx p(j; Bjrj P : 1 P lp . (55)

B1
1 .
Ep1(aj; B j = 2,..,,p;7aiTl;xg2 xy)

flxilxz, ..., xp) = a

Regression analysis is concerned with constructing the best predictor of one variable at the
preassigned values of some other variables. Under the minimum mean square principle, the best
predictors can be seen to be the conditional expectation of x1 given x, - - -, x,. Hence, E(xq|x, -+, xp)
is defined as the regression of x; on x3, - - -, x,. In our case:

E(xi|xp,...,xp) = fowxlf(xl\xz,...,xp)dxl
k_x1k apk
_ 1 B1 oo B1— = (=) xp”
= gh Jo xe ’EO (o kB 1)~ T(o0, kT B,)
whereK(X) = E,,,l(oc]';[ij,j:2,.‘.,p;—ﬂ%;x?2~~~x;,x”)
1

2) 3. - L8 L %
B, Soqxl® o xl E " (oiBj+ o, j=2,...,p; Ptk xp")
E(xi]xa, ..., xp) = P o1 3. i b ., 5 (50)
1 a; Ep_1(ocj,f5,-,]—2,...,p,fa{T],x2 cxp?)

where E (2_)1 is the same function appearing in Equation (37), but with an additional Pochhammer

symbol (2), sitting in the numerator. The conditional expectation, E(x1|x2), is the best predictor, best in
the sense of minimizing the expected squared error, also known as the regression of x1 on x, and is
given as:
2) 5 2
EP (0 B + 02 — e 1 152)
S xtxz 1 712 7 o] o3 psA)
Byl = B - o2 e 67)

1 x Q. S e
m a{xﬁ a§‘3~~~app El(“Z,BZ,—W/xQZ)
a5

In a similar manner, we can extend the results in Section 2 to matrix-variate cases, as well.

Let X = (x;5) be m x n, where all x,,s are distinct, X of full rank and having a joint density f(X),

where f(X) is a real-valued scalar function of X. Then, the characteristic function of f(X), denoted by
¢x(T), is given by:

¢x(T) = E[e™ XD, i = /“TandT = (ts) (58)
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is an m X n matrix of distinct parameters ts’s, and let T be of full rank. As an example, we can look at
the real matrix-variate Gaussian distribution, given by the density geometric:

AlZ|BIZ

g(x) = AL emtaxex) 59)
T

where Xism xn, A= A" >0,B = B’ > 0arem x mand n x n positive definite constant matrices,

having Fourier transform as:

o(T) = ef%tr(B*%TAflr’B*%) (60)

where T is the parameter matrix. Motivated by Equations (58) and (60), Mathai (2010) [4] defined
matrix-variate Linnik density and gamma-Linnik density. The following result was given recently in
Mathai (2010) [4], which will be needed for the discussion to follow.

Theorem 7.1. Let y be a real scalar random variable, distributed independently of the m x n matrix X and
having a gamma density with the Laplace transform:

Ly(t)=(1+pt) ",p>0,7v>0

and let X be distributed as a real rectangular matrix-variate Linnik variable having characteristic function

(T T'S,)]

e 2,0 < a < 2; then, the rectangular matrix U = y%X has the characteristic function:

pu(T) = [1+ p(r(T2T'E2)) ) 1
The matrix variable U in Equation (61) will be called a real rectangular matrix-variate Gaussian
Linnik variable when « = 2 and gamma Linnik variable for the general a. By using the
multi-index Mittag—Leffler function of Kiryakova (2000) [3] in Equation (37), one can also define
a gamma-Kiryakova vector or matrix variable. Now, let us consider two independently-distributed
real random variables y and X where y has a general Mittag—Leffler density as in Equation (24) and
X has a real rectangular matrix-variate Gaussian density as in Equation (59). Then, we have the
following results.
Theorem 7.2. Let y follow GMLD (e, 7y, p) and the real rectangular matrix X have the density in
Equation (59), and let X and y be independently distributed. Then, Uy = y%X has the characteristic function:

pu,(T) = 1+ Lo (r (A7 TBIT) ] (©2)

1
Theorem 7.3. Let Uy = y® X, where y and X are independently distributed with y having the density in
Equation (24), and X is a real rectangular matrix-variate Linnik variable with the parameters -y, A, B; then U,
has the characteristic function:

ap v
¢u,(T) = [1+p(tr(AT'T'BT'T) )] ,p,7,0,>0 (63)
8. Conclusion

The model introduced in this paper will be useful for investigators in disciplines of physical
sciences, particularly superstatistics of Beck ((2006) [11], (2009) [13]), nonextensive statistical mechanics
Tsallis ((1988) [15], (2004) [16], (2009) [17]), reaction-diffusion problems in physics and Haubold
(2000) [5], statistical distribution theory and model building. In many physical situations, when the
integer derivatives are replaced by fractional derivatives, naturally, the solutions are obtained in terms
of Mittag—Leffler functions and their generalizations. However, fractional integrals are shown to be
connected to Laplace convolutions of positive random variables. Thus, one can connect the ideas of
fractional calculus to statistical distribution theory via the Mittag—Leffler function. the Mittag-Leffler
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distribution can also be used as waiting time distributions, as well as first passage time distributions
for certain renewal process.
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Abstract: The essentials of fractional calculus according to different approaches that can be useful
for our applications in the theory of probability and stochastic processes are established. In addition
to this, from this fractional integral, one can list out almost all of the extended densities for the
pathway parameter g < 1and g — 1. Here, we bring out the idea of thicker- or thinner-tailed models
associated with a gamma-type distribution as a limiting case of the pathway operator. Applications of
this extended gamma model in statistical mechanics, input-output models, solar spectral irradiance
modeling, etc., are established.
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1. Introduction

In recent years, considerable interest has been shown in so-called fractional calculus, which allows
one to consider integration and differentiation of any order, not necessarily integer. Fractional calculus
is a rapidly growing field both in theory and in applications to real-world problems. There is a revived
interest in fractional integrals and fractional derivatives due to their recently-found applications in
reaction, diffusion, reaction-diffusion problems, in solving certain partial differential equations, in
input-output models and related areas; see, for example [1-6]. There are many books in the area, some
of which are [7-11]. The classical left- and right-hand-sided Riemann-Liouville fractional integral
operators of order « € C, R(«) > 0, are defined as:

0D *f = (I§ ) (x) = ﬁ [ =0 (dt x> 0,R() > 0 M

D% f = (I%)(x) = %

5 /;(t ~ )% (f)dt x > 0, R(a) > 0 o)

The traditional special functions are also related to the classical fractional calculus (FC) and later to
the generalized fractional calculus and are shown to be representable as fractional order integration or
differentiation operators of some basic elementary functions. Such relations provided some alternative
definitions for the special functions by means of Poisson-type and Euler-type integral representations
and Rodrigues-type differential formulas. An example of such a unified approach on special functions,
based on a generalized fractional calculus, can be seen in [8]. The essentials of fractional calculus
according to different approaches that can be useful for our applications in the theory of probability
and stochastic processes are established with the help of the pathway idea in [12].
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The pathway idea was originally proposed by Mathai in the 1970s in connection with population
models and later rephrased and extended in [12] to cover scalar, as well as matrix cases, and it was
made suitable for modeling data from statistical and physical situations. The main idea behind the
derivation of this model is the switching properties of going from one family of functions to another
and, yet, another family of functions. It is shown that through a parameter g, called the pathway
parameter, one can connect a generalized Type 1 beta family of densities, a generalized Type 2 beta
family of densities and generalized gamma family of densities, in the scalar, as well as in the matrix
cases, also in the real and complex domains. It is shown that when the model is applied to physical
situations, then the current hot topics of Tsallis statistics and superstatistics in statistical mechanics
become special cases of the pathway model, and the model is capable of capturing many stable
situations, as well as the unstable or chaotic neighborhoods of the stable situations and transitional
stages. Mathai [12] deals mainly with rectangular matrix-variate distributions, and the scalar case is a
particular case there. For the real scalar case, the pathway model is the following:

n
I (x) = kY M1 —a(1—g)x®]™,1 —a(1—q)x® > 0,4,6,y,n>0,g< 1 @)

where k; is the normalizing constant if a statistical density is needed. For g4 < 1, the model remains
as a generalized Type 1 beta model in the real case. Other cases available are the regular Type 1 beta
density, Pareto density, power function, triangular and related models. Observe that Equation (3) is
a model with the right tail cut off. When q > 1, we may write 1 —q = —(g — 1), 4 > 1, so that i (x)
assumes the form:

P

ha(x) = kpx¥ ™1 {1 +a(g— 1)x9] H,x >0,a,0,v,n>0g>1 4)

which is a generalized Type 2 beta model for real x, and k; is the normalizing constant, if a statistical
density is required. Beck and Cohen’s superstatistics belongs to this case Equation (4), and dozens of
published papers are available on the topic of superstatistics in astrophysics. Fory =1, =1,86 =1,
we have Tsallis statistics for g > 1 from Equation (4). Other standard distributions coming from this
model are the regular Type 2 beta, the F-distribution, Lévi models and related models. When g — 1,
the forms in Equations (3) and (4) reduce to:

ha(x) = kgxyfle*bxe,x >0,b=an>0,v,06 >0 (5)

where k3 is the normalizing constant. This includes generalized gamma, gamma, exponential,
chi-square, Weibull, Maxwell-Boltzmann, Rayleigh and related models; for more details, see [13,14].
If x is replaced by |x| in Equation (3), then more families of distributions are covered in Equation (3).
Note that g is the most important parameter here, which enables one to move from one family of
functions to another family. The other parameters are the usual parameters within each family of
functions.

The paper is organized as follows: In Section 2, the connections of fractional integral operators
to statistical distribution theory and incomplete integrals are given. Section 3 covers the limiting
approach to the generalized gamma model via the pathway operator. The application of the extended
generalized gamma model in statistical mechanics is introduced in Section 4. Generalized Laplacian
density and the stochastic process are introduced in Section 5. In Section 6, we consider the application
of the generalized gamma model in solar spectral irradiance modeling.

2. Statistical Interpretations of Fractional Integrals

A general pathway fractional integral operator is discussed in [15], which generalizes the classical
Riemann-Liouville fractional integration operator. The pathway fractional integral operator has found
applications in reaction-diffusion problems, non-extensive statistical mechanics, non-linear waves,

240



Axioms 2015, 4, 385-399

fractional differential equations, non-stable neighborhoods of physical system, etc. By means of the
pathway model [12], the pathway fractional integral operator (pathway operator) is defined as follows:
Let f(x) € L(a,b),n € C,R(y7) > 0,4 > 0and g < 1, then:

(A1) =0 [T 1 S0 ©

X

where g is the pathway parameter and f(t) is an arbitrary function.

L a
When g — 1, [1 - M] "7 5 e ¥!. Thus, the operator will become:

=t [y = (2
Pyl =x A e 'f(f)dt =« Lf(x)

the Laplace transform of f with parameter L. When g = 0,4 = 1 in Equation (6), the integral will
become,

[ =0 ra =g,

where I is the left-sided Riemann-Liouville fractional integral operator.

Fractional integrals in the matrix-variate cases and their connection to statistical distributions
are pointed out in [16,17]. Let x > 0 and y > 0 be statistically-independently-distributed positive real
scalar random variables. Let the densities of x and y be f1(x) and f,(y), respectively. Then, the joint
density of x and y is f(x,y) = fi(x)f2(y). Let u = x +y,t = y. Then, the density of u, denoted by
g1(u), is given by:

git) = [ filu—np(nd 7)

Here, Equation (7) is in the same format of the Riemann-Liouville left-sided fractional integral for
fi(x) = c;x* L and fa(y) = caf (y), where ¢; and c; are normalizing constants to create densities.
Thus, a constant multiple of the left-sided Riemann-Liouville fractional integral can be interpreted as
the density g1 (u) of a sum of two independently-distributed real positive scalar random variables.

Now, let us look at u = x — y with the additional assumption that # = x —y > 0. Then, the density
of u, denoted by g»(u), will have the format:

2(u) = /: A falt — u)dt ®)

By taking f»(y) = cay* ! and f1(x) = c1f(x), where ¢; and c, are some normalizing constants,
Equation (8) agrees with the density of a structure u = x —y with x —y > 0,x > O,y > 0.
Thus, the right-sided Riemann-Liouville fractional integral can be interpreted as the density of
u=x—y>0x >0y >0, where x and y are statistically-independently- distributed real scalar
random variables.

Let us look into some examples from [16,18]. A real positive scalar random variable x is said to
have a gamma density if its density function is of the form:

(o4
f(x) = %x“*e*m,o <x<oo,a>0,m>0

and f(x) = 0 elsewhere. Here, f(x) > O forallxand [ f(x)dx = 1, so that f(x) can be a statistical

density. In this case:
mD( ()
1= 7/ tocflefmtdt
T'(x) Jo
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Let us take a fraction of this integral, such as e™** times this total integral one. That is,

e—mx(l) — e—mxrn(z:) foootoc—le—mtdt

= r”(’:) St et 0dL =t 4 x

- % f:ix(u fx)‘xfle*“du

m*(I%f)(x)withf (u) = e™™

Thus, the constant multiple of the right-sided Riemann-Liouville fractional integral when
f(u) = e~ can be interpreted as a fraction of the total integral coming from a gamma density.
Let us examine a fraction of the Type 1 beta density. A real scalar random variable u is said to have a
Type 1 beta density if the density function is given by:

u"‘*l(l — u)671

fi) = =5

,0<u<l,a>0,3>0

and zero elsewhere, where B(«, ) = T'(x)I'(f)/T'(x + B). The total probability in this case is given by:

_ ‘1u"‘_1(1—u)[571
1—/0 7]3(“’5) du

Let us consider a fraction of this total probability and consider b**P~1(1). That is,

porbol = et lelont

(
0 B(xp)

o b (b—t)* 1¢P-1
= o B(,B) dt

= TR f)(x), f(t) = 1871

Thus, the left-sided Riemann-Liouville fractional integral when f(t) = ¢t~ can be interpreted as
a fraction of the total integral coming from a beta density.
Similarly, a constant multiple of the left-sided pathway fractional integral can be interpreted as
the density of a sum of two independently-distributed real positive scalar random variables; see [17].
Let x > 0 and y > 0 be statistically-independently-distributed positive real scalar random variables
with densities f1(x) and f>(y), respectively. Let u = x +a(1 —q)y,t = y. Then, the density of u is
given by:
g0 = [T7 A —a(l - g) ()t ©)

U
This is in the same format of the left-sided pathway fractional integral for f;(x) = ¢1 (%) @9 !

and fo(y) = cou! 1 f(y). That is:

1

_x _n
ga(u) = cacpet™t [0 [1 - L) T f(1yar
= C1C2P0(3_'q>

Likewise, statistical interpretations can also be given for other fractional integrals. If we replace
f(t) by a non-negative integrable function, one can obtain a statistical density through this operator.
In addition to this, from this fractional integral, one can list out almost all of the extended densities for
the pathway parameter 4 < 1 and g — 1; for more details, see [17].
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3. Limiting Approach to the Generalized Gamma Bessel Model via the Pathway Operator

Here, we bring out the idea of thicker- or thinner-tailed models associated with a gamma-type
distribution as a limiting case of the pathway operator. Let the integrand of Equation (6) be denoted

by Iy )-
a(l—q)t g
liy.g) = {1 - xf} f(t)n>0 (10)
If we consider any real-valued positive integrable scalar function of t instead of any arbitrary
real-valued scalar function of ¢, one can bring out a statistical density from the pathway fractional
integral operator. Thus, one can say that:

fa(t) = Cljy 0 (8)

is a statistical density. Hence, Equation (6) generalizes all of the left-sided standard fractional
integrals and almost all of the extended densities for 4 < 1 and g — 1. In Equation (6), when
q — 1, the integrand I(;, ., will become:

aiy

Iy = FA()

In particular, if we take f(t) = 1and %L = b > 0, then one has obtained the Gaussian or normal
density. For g — 1 and if f(t) is replaced by tP, we have the gamma density. Similarly, for the standard
Type 1 beta density, the pathway model for g < 1, chi-square density, exponential density and many
more can be obtained as a special case of the pathway integral operator. From Equation (10), one can
obtain the generalized gamma Bessel density as a limiting case. When g — 1_ and replacing f(t) by
tB=19F1(; B; 6t), then g(t) will be:

11
0; otherwise (1)

o(t) = { Ctﬁ’le’btg.Fl(; B;5t); t>0,6,b>0
Some of the special cases of Equation (11) are given in Table 1. For fixed values of 3 and b, we
can look at the graphs for 5 > 0, as well as for 5 < 0. These graphs give a suitable interpretation,
when tail areas are considered. In Figure 1a, note that 5 = 0 is the case of a gamma density. Thus,
when 0 increases from 6 = 0, the right tail of the density becomes thicker and thicker. Thus, when
fitting a gamma-type model to given data and if it is found that a model with a thicker tail is needed,
then one can select a member from this family for appropriate > 0. In Figure 1b, observe that
5 = 0 is the case of gamma density. When $ decreases from 6 = 0, the right tail gets thinner and
thinner. Thus, if we are looking for a gamma-type density, but with a thinner tail, then one from
this family may be appropriate for 5 < 0. For more details of the model in Equation (11), see [19,20].
When g — 1_,1m = 1 and replacing f(t) by t*~1oF;(; B; 5t) in the pathway fractional integral operator,
then we are essentially dealing with distribution functions under a gamma Bessel-type model in a
practical statistical problem, which provides a connection between statistical distribution theory and
fractional calculus, so that one can make use of the rich results in statistical distribution theory for
further development of fractional calculus and vice versa.

Table 1. Special cases of the generalized gamma model associated with the Bessel function.

5=0 Two-parameter gamma density

5=0,a=1 One-parameter gamma density
5=0,p=1 Exponential density
5=0,a= %, p=5n=12,-- Chi-square density

S=ANa= %, p= %, n=1,2,- Noncentral chi-square density
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Figure 1. (a) Gamma Bessel model for § > 0; (b) gamma Bessel model for 5 < 0.

We can look at the model in another way also. Consider the total integral as:
1=cC / tB—1e=b F, (; B; 5t)dt
0

bk

5/
T(B)eb
where C, the normalizing constant of Equation (11), is nothing but the Laplace transform of the

given function. It is shown to be very relevant in fractional reaction-diffusion problems in physics.
Similarly for b = 0, it will become the Mellin transform of the function F; (; 3; 5t).

The g-analogue of generalized gamma Bessel density can also be deduced from the pathway
fractional integral operator, by putting x = 1,n = 1 and replacing f(t) by tP~1F; (; B; 5t), then, g,(t)
will be:

which can be treated as the Laplace transform of the function t#~1yF; (; §; 6t), and hence, C =

1
=111 _ _ j=ri Q- . _ _
(1) = KtP=H1 —b(1 —q)t]=90F1(GB;88); g <1,1—b(1—q)t >'O,t >0,3,b>0 (12)
0; otherwise
where K is the normalizing constant. For fixed values of b and 3, we can look at the graphs for 6 = —0.5,

q<1,6=05,9<1,aswellas for § = 0,q < 1. From Figures 2 and 3, we can see that when g moves
from —1 to one, the curve becomes thicker tailed and less peaked. It is also observed that when & > 0,
the right tail of the density becomes thicker and thicker. Similarly, when & < 0, the right tail gets
thinner and thinner. Observe that for ¢ > 1, writing 1 — g = —(g — 1) in Equation (11) produces the
extended Type 2 beta form, which is given by:

1

p-1 _ i1 TR .
fo(t) = PtP=H1+b(q Uﬂqlﬁﬂﬁﬁﬂ,q>Lt>Q@b>O (13)
0; otherwise

where P is the normalizing constant. From Figure 4, we can see that when g moves from one to co,
the curve becomes less peaked. In this case, also, it is observed that when & > 0, the right tail of the
density becomes thicker and thicker, and when & < 0, the right tail gets thinner and thinner.
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Figure 2. (a) The g-gamma Bessel model for g < 1,6 = —0.50; (b) The g-gamma Bessel model for
q<1,8=05.

Frrref T rrrrrrrrrrrrrrrrrrrrrrri

-1 v 1 2 K) 4 5
1 t

Figure 3. The g-gamma Bessel model for g < 1,6 = 0.

Densities exhibiting thicker or thinner tails occur frequently in many different areas of science.
For practical purposes of analyzing data from physical experiments and in building up models in
statistics, we frequently select a member from a parametric family of distributions. However, it is often
found that the model requires a distribution with a thicker or thinner tail than the ones available from
the parametric family.
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Figure 4. (a) g-gamma Bessel model for 6 = 0.5,4 > 1; (b) g-gamma Bessel model for 5 = —0.5,9 > 1.

4. Applications in Statistical Mechanics

Nonequilibrium complex systems often exhibit dynamics that can be decomposed into several
dynamics on different time scales. As a simple example, consider a Brownian motion of a particle
moving through a changing fluid environment, characterized by temperature variations on a large
scale. In this case, two dynamics are relevant: one is a fast dynamics describing the local motion
of the Brownian particle, and the other one is a slow one due to the large global variations of the
environment with spatio-temporal inhomogeneities. These effects produce a superposition of two
different statistics, which is referred to as superstatistics. The concept of superstatistics has been
introduced by [21,22] after some preliminary considerations in [23,24]. The stationary distributions
of superstatistical systems typically exhibit a non-Gaussian behavior with fat tails, which can decay,
for example, as a power law, a stretched-exponential law or in an even more complicated way [25].
Essential for this approach is the existence of an intensive variable, say 3, which fluctuates on a large
spatio-temporal scale.

For the above-mentioned example of a superstatistical Brownian particle, {3 is the fluctuating
inverse temperature of the environment. In general, however, § may also be an effective friction
constant, a changing mass parameter, a variable noise strength, the fluctuating energy dissipation
in turbulent flows, a fluctuating volatility in finance, an environmental parameter for biological
systems, a local variance parameter extracted from a signal, and so on. Superstatistics offers a very
general framework for treating nonequilibrium stationary states of such complex systems. After the
original work in [21], much effort has been made for further theoretical elaboration; see [26,27]. At the
same time, it has also been applied successfully to a variety of systems and phenomena, including
hydrodynamic turbulence, pattern formation, cosmic rays, mathematical finance, random matrices
and hydro-climatic fluctuations.

From a statistical point of view, the procedure is equivalent to starting with a conditional
distribution of a gamma type for every given value of a parameter a. Then, a is assumed to have a
prior known density of the gamma type. Then, the unconditional density is obtained by integrating
out over the density of a. Let us consider the conditional density of the form:

frja(x|a) = kixY~le™ "o (; %;6x");0 <x<oo,p,ay>0 (14)
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and f(x) = 0 elsewhere, where k; is the normalizing constant. When § = 0, Equation (14) reduces to
generalized gamma density. Note that this is the generalization of some standard statistical densities,
such as gamma, Weibull, exponential, Maxwell-Boltzmann, Rayleigh and many more. When we put
p = 1 in Equation (14), it reduces to Equation (11). When & = 0, p = 2, Equation (14) reduces to folded
standard normal density.

Suppose that 2 has a gamma density given by:

_ N e 0 A>0 (15)
)= ———+——,0<a<oo,nA>
f ﬂ( ) r(n) n
and f,(a) = 0 elsewhere. In a physical problem, the residual rate of change may have small

probabilities of it being too large or too small, and the maximum probability may be for a medium range
of values for the residual rate of change a. This is a reasonable assumption. Then, the unconditional
density of x is given by:

— _ ot Y 5aP
10) = [ fualsio)faa)de = Fvsies oG 15057 (16)
where: o ;
111:/ astn—le—a(A+x0)=2 4, 17)
0

Note that one form of the inverse Gaussian probability density function is given by:

e

nlpe

_3
2

hy(x) =cx [ﬁ+%],v#0,£>0,x20

where c is the normalizing constant. Put % +n—-1= ,%,)\ +xP = ﬁ, 5= % in I1; we can see that
the inverse Gaussian density is the integrand in I;1. Hence, I;1 can be used to evaluate the moments of
inverse Gaussian density. Furthermore, I is the special case of the reaction rate probability integral in
nuclear reaction rate theory, Krétzel integrals in applied analysis, etc. (see [28-31]). For the evaluation
of this integral and for more details, see [19,20]. Hence, we have the unconditional density:

_pA" ! Y. < py 20 o
fx(x) = r(%)r(n) ()\+xp)%+n 0F1(' E"Sx )GO,Z[(S()\J"X )‘O,%Jrn] (18)

where the G-function is defined as the following Mellin-Barnes integral:

m,n
Gpi {z

n] = g [ @z
where:

{m e +9) I ra - o -5)
{0, T (1 =b;—5) H{IT, 1 (e +5) |

with a i j=1,...,pand b;,j =1,...,q being complex numbers and £ a contour separating the poles
of l"(bj + s),j =1,...,m from those of T(l —aj— s),j =1,...,n. Convergence conditions, properties
and applications of the G-function in various disciplines are available in the literature. For rexample,
see [7]. Equation (18) is a superstatistics, in the sense of superimposing another distribution or
the distribution of x with superimposed distribution of the parameter a. In a physical problem,
the parameter may be something like temperature having its own distribution. Several physical
interpretations of superstatistics are available from the papers of Beck and others.

P(s) =
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We can easily obtain the series representation of the unconditional density Equation (18), given by:

= oAV vl R LY. ® T(X4n-K)(=D) [s(A+x?))f
S = TEIT0) (n g0y b0 oFi(; P’éxp)kgo : 3
T(L4m)An .
- pré%r?w: (Aﬁ,)l%moﬂ(: Li5xP)oFi(;1— L —n;8(A +x°)) (19)

)
Apmd>0,8>01-F-n#-v,v=01-,x>0

This series representation provides an extension of the Beck and Cohen statistic.
Thus, Equation (19) gives a suitable interpretation, when tail areas are shifted. This model has
wide potential applications in physical sciences, especially in statistical mechanics; see [19,20].

5. Applications in the Growth-Decay Mechanism

If x is replaced by |x| in Equation (3) and when g — 1, the real scalar case of the pathway model
takes the form, .
hy(x) = C4|x|yflef”‘x‘ ,—o0 < x <oo,a>0 (20)

The density in Equation (20) for y = 1,0 = 1 is the simple Laplace density. For y = 1, we have
the symmetric Laplace density. A general Laplace density is associated with the concept of the
Laplacianness of quadratic and bilinear forms. For the concept of the Laplacianness of bilinear
forms, corresponding to the chi-squaredness of quadratic forms, and for other details, see [14,32].
Laplace density is also connected to input-output-type models. Such models can describe many of
the phenomena in nature. When two particles react with each other and energy is produced, part
of it may be consumed or converted or lost, and what is usually measured is the residual effect.
The water storage in a dam at a given instant is the residual effect of the water flowing into the dam
minus the amount taken out of the dam. Grain storage in a silo is the input minus the grain taken
out. Hence, it is of great importance in modeling this residual effect, and there are many studies on
this concept. There are several input-output-type situations in economics, social sciences, industrial
production, commercial activities, cosmological studies, and so on. It is shown in [33] that when
we have independently-distributed gamma-type input and gamma-type output, the residual part
z = x —y,x = input variable, y = output variable, then the special cases of the density of z is a
Laplace density. In this case, one can also obtain the asymmetric Laplace and generalized Laplace
densities, which are currently used very frequently in stochastic processes, as special cases of the
input-output model.

The generalized gamma Bessel model in Equation (11) has the moment generating function:

bB1 eit
M, (t) = Tliﬁ,bft >0, >0
et (-
Let x and y be two independently-distributed generalized gamma Bessel models having parameters
(01, B1,01) and (ag, By, 82), respectively, o; > 0,p; > 0,8;,i = 1,2. Letz = x —y. Due to the
independence of x and y, the moment-generating function of u is given by:

ﬁl o —t |32 o+t
[04 [Shae o4 ex2
M (t) = = =2- S0 —t>0,00+1>0

ent (=D 2 (o +1)P

when o) = ap = &, 1 = By = B,01 = 8, = & = 0, then the above equation reduces to that of the
generalized Laplacian model of Mathai.
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6. Applications in Solar Spectral Irradiance Modeling

Any object with a temperature above absolute zero emits radiation. The Sun, our singular source
of renewable energy, sits at the center of the solar system and emits energy as electromagnetic radiation
at an extremely large and relatively constant rate, 24 h per day, 365 days of the year. With an effective
temperature of approximately 6000 K, the Sun emits radiation over a wide range of wavelengths,
commonly labeled from high energy shorter wavelengths to lower energy longer wavelengths as
gamma ray, X-ray, ultraviolet, visible, infrared and radio waves. These are called spectral regions;
see Figure 5. The rate at which solar energy reaches a unit area at the Earth is called the “solar
irradiance” or “insolation”. The units of measure for irradiance are watts per square meter (W /m?).
Solar irradiance is an instantaneous measure of rate and can vary over time. The units of measure for
solar radiation are joules per square meter (J/m?), but often watt-hours per square meter (Wh/m?)
are used. As will be described above, solar radiation is simply the integration or summation of solar
irradiance over a time period. For more details, see [34,35].

e UV | Visible | Infrared —>
< 2
NE 24 : 1 Sunlight at Top of the Atmosphere
=
= I
St 1
8 1.59 5250°C Blackbody Spectrum
c
s
T 1
o Radiation at Sea Level
©
= 0.51
g Absorption Bands
Q 05 H20 co, Ho
n

0.
250 500 750 1000 1250 1500 1750 2000 2250 2500
Wavelength (nm)

Figure 5. Solar irradiance spectrum above the atmosphere and at the surface prepared by Robert A.
Rohde (used by copyright from http:/ /www.globalwarmingart.com/wiki/File:Solar-Spectrum-png).

Good quality, reliable solar radiation data are becoming increasingly important in the field of
renewable energy, with regard to both photovoltaic and thermal systems. It helps well-founded
decision making on activities, such as research and development, production quality control,
determination of optimum locations, monitoring the efficiency of installed systems and predicting the
system output under various sky conditions. Especially with larger solar power plants, errors of a
few percent can significantly impact the return on investment. Scientists studying climate change are
interested in understanding the effects of variations in the total and spectral solar irradiance on Earth
and its climate.

A recent set of typical meteorological year (TMY) datasets for the United States, called TMY2
datasets, has been derived from the 30-year historical National Solar Radiation Data Base. In 2000, the
American Society for Testing and Materials developed an AMO reference spectrum (ASTM E-490) for
use by the aerospace community. That ASTM E490 Air Mass Zero solar spectral irradiance is based
on data from satellites, space shuttle missions, high-altitude aircraft, rocket soundings, ground-based
solar telescopes and modeled spectral irradiance. Our dataset consists of 1522 observations collected
from http:/ /rredc.nrel.gov/solar/spectra/am0/. Here, mathematical software MAPLE and MATLAB
are used for the data analysis. The model considered here is the density function given in Equation (11).
In many situations, the gamma model is used to model the spectral density. Figure 6 is the histogram
of the data embedded with gamma and our new probability models. We have not specified any
parameters here to plot the function. The same program generated the two different graphs as shown
below. We calculated the Kolmogorov-Smirnov test statistic for the two different probability models.
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For gamma density, the value of the statistic is obtained as 0.11139, and for our new probability model,
the value is 0.10808. From the table, the value obtained is 0.410. We can see that the two different
probability models are consistent with the data. However, the distance measure of the statistic of our
new probability model is less than the other probability model, and hence, our model is better fit to
the data than the other one.

0.48

I new model

| . gamma model

fit)

400 800 1200 1600 2000 2400 2800 3200 3600 4000

t

Figure 6. The graph of the histogram embedded with the probability models.
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Abstract: In this paper, I consider multivariate analogues of the extended gamma density, which
will provide multivariate extensions to Tsallis statistics and superstatistics. By making use of the
pathway parameter 8, multivariate generalized gamma density can be obtained from the model
considered here. Some of its special cases and limiting cases are also mentioned. Conditional
density, best predictor function, regression theory, etc., connected with this model are also
introduced.
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1. Introduction

Consider the generalized gamma density of the form

g(x) = clx“re*ﬂxé, x>0,a>0,6>0,7v+1>0, 1)

741

where c; = %, is the normalizing constant. Note that this is the generalization of some standard

I'(5=)
statistical densioties such as gamma, Weibull, exponential, Maxwell-Boltzmann, Rayleigh and many

more. We will extend the generalized gamma density by using pathway model of [1] and we get the
extended function as

g1(x) = X1 +a(B—1)x°] F1,x>0,>1,a>0,6>0 ()

5(a(p-1)"7 T(5Ly)

0
where ¢, = m, is the normalizing constant.
o

-1
Note that g1(x) is a generalized type-2 beta model. Also ém} g1(x) = g(x), so that it can
—

be considered to be an extended form of g(x). For various values of the pathway parameter
B a path is created so that one can see the movement of the function denoted by g1 (x) above
towards a generalized gamma density. From the Figure 1 we can see that, as f moves away from 1
the function g;(x) moves away from the origin and it becomes thicker tailed and less peaked.
From the path created by  we note that we obtain densities with thicker or thinner tail compared
to generalized gamma density. Observe that for f < 1, writing p —1 = —(1 — ) in Equation (2)
produce generalized type-1 beta form, which is given by

g2(x) = c3x"[1 —a(1— ﬁ)x‘s]l%ﬁ, 1-a(1-B)x*>0,<1,a>0,6>0
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J
where ¢z = ( ), is the normalizing constant (see [2]).
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Figure 1. The graph of g1 (x), fory =1,a =1, § =2, y = 1 and for various values of .

From the above graph, one can see the movement of the extended gamma density denoted
by g1(x) towards the generalized gamma density, for various values of the pathway parameter p.
Beck and Cohen’s superstatistics belong to the case (2) [3,4]. For vy =1, a =1, 6 = 1 we have Tsallis
statistics [5,6] for p > 1 from (2).

Several multivariate extensions of the univariate gamma distributions exist in the literature [7-9].
In this paper we consider a multivariate analogue of the extended gamma density (2) and some of
its properties.

2. Multivariate Extended Gamma

Various multivarite generalizatons of pathway model are discussed in the papers of
Mathai [10,11]. Here we consider the multivariate case of the extended gamma density of the
form (2). For X; >0,i=1,2,...,n,let

_
fﬁ(xl,xz,...,x,,) = kﬁxl%x;”...xZ”[l—‘,—(ﬁ—l)(ule1 +a2x§2+...+anxg”)] BT,
,B>1,17>0, 51'>0, ﬂi>0,i=1, 2,...,n,

®)

where kg is the normalizing constant, which will be given later. This multivariate analogue can also
produce multivariate extensions to Tsallis statistics [5,12] and superstatistics [3]. Here the variables
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are not independently distributed, but when f — 1 we have a result that X;, X», ..., X, will become
independently distributed generalized gamma variables. That is,

lim fg(xy,x2,..., %) = f(x1,%2,...,%n)

B—1
kx;h XZZ o xZne—blel — by , )
x; >0, bi:qai >0, (5,‘ >0,i=1,2,...,n,

i+l

7o
where k = — i +1>0,i=1,2,...,n
i Ty

The following Lare the graphs of 2-variate extended gammawithy; =1, o =1, 41 =1, ap =1,
61 = 2, dp = 2 and for various values of the pathway parameter . From the Figures 2—4, we can see
the effect of the pathway parameter 3 in the model.
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Figure 2. f =1.2.
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Figure 3. § = 1.5
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0.67

Figure 4. = 2.

Special Cases and Limiting Cases

1.

When B — 1, (3) will become independently distributed generalized gamma variables.
This includes multivariate analogue of gamma, exponential, chisquare, Weibull, Maxwell-
Boltzmann, Rayleigh, and related models.

Ifn=1,a, =1, 6 =1, p=2,(3)is identical with type-2 beta density.

fp=2a=a=...=a,=1,6 =0 =... =06, = 1in (3), then (3) becomes the type-2
Dirichlet density,
D(xq1,%2,...,%X) = dle_lxgrl X T g xp x>0, (5)

wherev; =9;+1,i=1,2,...,n, vy41 =15 — (11 +...+v,) and d is the normalizing constant
(see [13,14]).

A sample of the surface for n = 2 is given in the Figure 5.
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Figure 5. The graph of bivariate type-2 Dirichlet with vy =7, =1, 1 = 6.
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3. Marginal Density

We can find the marginal density of X;, by integrating out Xy, X, ..., X;_1, Xjy1,..., X;—1, Xu.
First let us integrate out Xj;, then the joint density of X;, X»,..., X,,_; denoted by f; is given by

flxy, xo,.x01) = fp(xt, x2,. .., xn)dxy
x>0

Uk

= kgx{'xp o [ (B - Do)+ e )] P (6)
></ xZ"[l+Cxﬁ“]7ﬁdxn,
Xn

where C = -0 (f 3 E =N . By putting y = Cxfr and integrating we get
14 n—1
ksT (5 — 55T (255
flxy, xo,.x001) = £ ]
Snlan(p—1)] 0 T(4Ly) (7)

5 [
x 1+ (B— 1)(11195‘1Sl + azxgz +...+ an_lel”jll)] [/H on

+1>0.

%20,i=12..,n=1,8>0,8>0i=12...,np>1,51>0, 5 e

In a similar way we can integrate out X;, Xo,...,X;_1, Xj+1,...,X;—1. Then the marginal
density of X; is denoted by f, and is given by

fz(xi) — kzx;”[l + (,B— 1)aixil] BT on 31 3it1 ) i (8)
wherex; >0, >1,6; >0, 57 >0,

juAss Vi1 tl v+l +1
(B— 5 n__ontl it Vit mtl

ko = (a:(p-1)) " T(pra =T~ — i1 Sl T4 )

2T T(T (g~ - - 1t '

i - 1 n
, ol vt vt 1+1 7,71+1, _ autl
Yi+1>0, gog = 5=~ = 55 o T >0, g =%~ 5 >0

If we take any subset of (X3, ..., X;), the marginal densities belong to the same family. In the
limiting case they will also become independently distributed generalized gamma variables.

Normalizing Constant

Integrating out X; from (8) and equating to 1, we will get the normalizing constant kg as

rn+l 7+l Wn+1 i
0102 0n(ar(B—1)) 7 (a2(B—1)) 2 ... (an(B—1)) o T(5ly) o)
p= . | ’
T35 . T3z - 7151“ —...— 1t
5i>0,a>0,7+1>0i=12..,np>1,7>0, 5 -1 2l >q

4. Joint Product Moment and Structural Representations

Let (X3,..., X,) have a multivariate extended gamma density (3). By observing the normalizing
constant in (23), we can easily obtained the joint product moment for some arbitrary (hy, ..., hy),
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Y1+ +1 Yutha+1 o mt A+l _ Ynthpt+l
E(xhlxhz xlln) = k r( 1 ) i r( On )r(ﬁ*1 ‘1 on )
1 X2 X B GERIEL 7:1+hn+1 i
0182 on(a(Bp—1)) ... (an(B—1)) I(z=)
+hy+1 r1+hn+1 Vi +h +1 (10)
Mgy = 2t == 2 Hr (F=5)
= n 1
I(phy -t - -1t H[a f1]f>r( =5
Loyt hi+1 1
%—Z%W %+h+1>oﬁ7—2%+ >0, 741>0,4>0p>1 6 >0,
i=1 i di

i=1,2,.
Property 1. The joint product moment of the multivariate extended gamma density can be written as

r(*—i Yi +hi +1)

Si

E(xi”x]z"z..‘xﬁ”) - < s ) HE(y?"), (1)
i1

where Y; s are generalized gamma random variables having density function

Fyyi) = ciylie B0l 1y >0, 851, 4,0, 6 >0, (12)
i+l
o
where c; = %, vi+1>0,i=1,2,...,n,is the normalizing constant.
K
Property 2. Letting hy = ... = h, = 0, in (10), we get
r(z4 — e 72[5744 _ “rn+1) (71+h1+1)
Ex ih) - +11 Z +1 b 41, 13)
My — % = 2y (B 1)) (%)

71+h1+1 ’h+1 <0 mMth+1
Z >

n
i 1 vitl 1
BT >0,[371 Z 5 >0, 11+1>0, 4 >0,
B>1,00>0.( 13) is the hﬁh moment of a random variable with density function of the the form (8),

1+l ,vn+1]

s [ 141
fo() = ks 14 (B — Dayad) 11~ H (1)
where ks is the normalizing constant. Then

T+l "Yn+1]

E(x) = ks ./O"" X[+ (f - 1)) dx 19)

Making the substitution y = a1(p — 1)x1 , then it will be in the form of a type-2 beta density and we
can easily obtained the hﬁh moment as in (13).
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Property 3. Letting hy = ... =h, =0, in (10), we get
F(% _ mthitl  pethe+l - Yut1 )l—v(“y1+h1+1)r(72+h2+1)
E(aiay) = — P - ey, (16)
i+l ntl 3 y 1 1
Mgy = 25— = 255 o1 (B — 1] [aa(B — D] & T (255

1 1
;3’771 'yl+hl+1 72+I12+1 Z'}’z;r >0, ,377 ; Z%(;F >0,B8>1 7i+h+1>0,
=3 !

Y +1>0,a; >0,0 >0, i=1,2, which is the joint product moment of a bivariate extended gamma
density is denoted by f4 and is given by

13+ 'YVH»]}

I R = S
fa(x12) = k4x¥1xzz 1+ (B— 1)(ale1 + azxgz)] [/"1 B (17)

where ky is the normalizing constant. (17) is obtained by integrating out X3, ..., X, from (3). By putting
hy = ... =hy, =0,in (10), we get the joint product moment of trivariate extended gamma density and so on.

Theorem 1. When Xy, ..., X, has density in (3), then

EQGM i 14 (B = 1) (a2 + .+ axd)]")

1 n+hu h nthn
B 1—\(’71+‘511+1).”1—‘(’Y +¢Sn +1)1—~(ﬁl7j_hl_’)/1+§11+1 _“._"/ +” +1)
o 'yl+5h1+1 Tnthn+1 3 ,
0102 Ou(a(B—1)) 1 ...(an(B—1)) Tz — 1) 18
n
iy 1 w1 Yi+hi+1
TNy — - sl — et [ p 2l
= n h; 4
1 1 doritl
Mgy - B — .. mr(ly —h/)Hl{[aiw—l)w(—'& )}
i
1 L |
ﬂi— Zw >0, yi+hi+1>0, Ly XL S0 150,450 8>1,
=1 oi p-1 = 4
N>0,6>0i=12,.

Corollary 1. When Xy, ..., Xy, has density in (3), then

(/3’7 ) (,5 1 W — "/1+h1+1 - 'y,,+(5h”+1)
E{[1+ (B —1)(a1x{" +...+aux)]"'} = T — —E 71; , 19
(ﬁ 51 On ) (,371 )

n . ) 1 n .
L—h’—zw‘+h’+ >0, —I1’>0,L—2%+ >0,a;>0,>1,9>0,
i=1

p-1 di -1 -1 = o

4.1. Variance-Covariance Matrix

Let X be an x 1 vector. Variance-covariance matrix is obtained by taking E[(X — E(X))(X —
E(X))']. Then the elements will be of the form
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Var(x1) Cov(xqy,x2) ... Cov(xq,Xn)
C , V ... C , Xn
E[(X - E(X))(X - E(X))] = | . ovber) Verla) . ovbera)
Cov(xn,x1) Cov(Xn,X2) ... Var(xy,)
where
Cov(xi,xj) = E(xixj) — E(xi)E(x]-), i, j=12,...,ni#]j (20)
and
Var(x;) = E(x?) — [E(x))]%, i=1,2,...,n. (21)

E(x;x;j)’s are obtained from (10) by putting h; = h; = 1 and all other iy = 0, k = 1,2,...,n,
k #1i, j. E(x;)’s and E(x?)’s are respectively obtained from (10) by putting ; = 1 and /; = 2 and all
otherhy =0, k=1,2,...,n, k # i. Where

E(Xle) = /0 /() X]Xzfz(xl,xZ)dxlde. (22)

4.2. Normalizing Constant

Integrate out x; from (8) and equate with 1, we will get the normalizing constant K, as

ntl okl 1
K 5102 Sn(ar (e — 1)) (ap(a—1)) 2 -+ (an(a—1)) "5 I'(L) 23)
a = 1 1 a1 1 1 :
(I () - Ty = Tt = = 1)

5. Regression Type Models and Limiting Approaches
The conditional density of X; given Xy, Xy,...,X;_1, Xi+1,..., X, is denoted by f5 and is
given by

fﬁ(xler/ .. 'rxﬂ)
f6(x]/x21 ey Xic1, X1, - - -/xn)

f5(X,“X1,X2, o Xic1, X1, .,xn) =

Slas(B— 11" T(5)

— i

X!
7itl 1 2itly 1
(5 - 1) 4
5
— 1Da;x;’ -5l
x [1+ 5 5 (p=1)a . — ] P
T4+ (B—1) (o] +aax3? + .+ aiqx T Faa )i + .+ anxy?)
7itl

X [1+(B— 1)(a1x’151 a4+ ai,lefll + aiﬂxfj:ll o agxd) T,
where f; is the joint density of X1, Xy, ..., X;_1, Xi+1,..., X;. When we take the limitas § — 1in
Equation (24), we can see that the conditional density will be in the form of a generalized gamma
density and is given by

m f5(xi[21, 202, .-, Xim1, i, oo, Xn) = %Xf%e_”"xfl, (25)
p1 r(%T,.)

xi20,5i>0,17>0,'y,-+1>0.
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Theorem 2. Let (X1, Xo, ..., Xu) have a multivariate extended gamma density (3), then the limiting case
of the conditional density fg(x;|x1,%2,...,,Xi—1,Xiy1,- - -, %n) will be a generalized gamma density (25).

Best Predictor

The conditional expectation, E(xy|x1,...,x,—1), is the best predictor, best in the sense of
minimizing the expected squared error. Variables which are preassigned are usually called
independent variables and the others are called dependent variables. In this context, X, is
the dependent variable or being predicted and Xj,..., X,,_1 are the preassigned variables or
independent variables. This ‘best” predictor is defined as the regression function of X, on
X100, Xpq-

00
E(xp|x1, ..., x5-1) :/ Xnf7(Xn|x1, ..., Xp—1)dxy

n=

T+l
Onlan(B—1)] o 1"(/311) 5 il g
— _ 1 5 In-1\1— n T BT
~ R ety 1+ (Bt o b R0

00 5 o
X / OxZ”“[l+ (,Bfl)(ulles1 +a2xg2 4ot apxd)] P dxy,.
Xp=

We can integrate the above integral as in the case of Equation (6). Then after simplification we
will get the best predictor of X, at preassigned values of Xj, ..., X,,_1 which is given by

a1
Oulan(B—1)] {snr(ﬁﬂj _ %)r(%)

T(E)T (g — 2 (27)

E(xp]x1, ..., xy-1) =

5 _1
x[1+(B— 1)(51195‘1sl +a2x§2 +..,+a,,_1xf,":ll)] o,
6n>0,a,>0,>1,x>0i=12,...,n—1, }5’771—7’;—:'2 >0, v, +1 > 0. We can take the limit

B — 1in (27). For taking limit, let us apply Stirling’s approximations for gamma functions, see for
example [15]

[(z+a) — (27)225"% 2e % for |z| — o0 and a is bounded (28)

to the gamma’s in (27). Then we will get

5 r('er_+2)
lim E(xp|x1,...,xy21) = niib"wﬂ 29)
k (any) ™ T(5=)

which is the moment of a generalized gamma density as given in (25).

6. Multivariate Extended Gamma When < 1

Consider the case when the pathway parameter f3 is less than 1, then the pathway model has
the form

g(x) = Kx"[1 —a(1— B)x]7F, p<1,a>0,5>0, 5 >0, (30)
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1—a(1—B)x’ > 0,and K is the normalizing constant. g(x) is the generalized type-1 beta model.
Let us consider a multivariate case of the above model as

; o

gp(x1,x2,. .., xn) = Kgx]'xJ? .. xZ"[lf(lfﬁ)(ulx‘;quazx + 4T,
/3<1,;7>0,5‘>0 a,->0i:12 @1
1—(1—B)(arxd +apx2 +. +unx"") >0.

where Kp is the normalizing constant and it can be obtained by solving
Kﬁ/ /x = (1= B .+ apxd) TRdxy L dy = 1 (32)

Integration over x;, yields the following,

u o
Kp A L= (1= B + a1+ Coa) P, (69)

(1 2l dn-1y_ 1
where 1 — [1 (1 ﬁ)(ﬂlgf:(r;g“ﬂn—lxnfl )} i and C; =

(1 .B)ﬂn »
[1-(1— .B)(”lX] Fot X, 1])
then the above integral becomes a type-1 Dirichlet integral and the normalizing constant can be
obtained as

. Letting y = Cixdy,

n ”yj\l

—p)a B ] 1 n+1
H[‘Sj((l B)aj) i ]F(1+1 +711 +_,,+7 : )
Kﬁ__/ ! : - 0 ( )

When B — 1, (31) will become the density of independently distributed generalized gamma
variables. By observing the normalizing constant in (34), we can easily obtaine the joint product
moment for some arbitrary (hy, ..., h,),

hy+1 n+hn+1
r(uHE) | p(nthElp 4

E(xi’lxg2 Ly = Kg

yithi+1

U hi+1 n+hy +1
H[é]((l_ﬁ)al) 5 ]r(1+ Ui +71+ 1+ ++’Y + + )
i 1-p o o0 -
B T(1+ oy + B 4+ (sl | p( 2t
o ! I+ 1 Iy +1 1 1.
H[((lfﬁ)uj)bj]r(l+1z‘8+71 +51+ +.“+'Yn +5n+ )r(')/lts"‘ )...r(7n§+ )
j=1 1 n 1 n
’)/i+hj+1>0, ’Y]‘+1>0, a]‘>0,ﬁ<1, (5]‘>0,]':1,2,‘..,I’l
Letting hp = ... = h; = 0,in (35), we get
r(1+ L R LSS, RIS
E(x') = . s : , (36)
(1= ] A IT(1+ gl + PG 4+ T TEET(Y)

Mm+h+1>0, 7 +1>0, a; >0, p<1, 15]‘>0,1’]>0,j:1,2,...,n
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(13) is the hﬁh moment of a random variable with density function,

P B s T+l
gl(xl) :le]%[l— (1—ﬁ)u1xfl]1*/‘+ 5 Tt , (37)

where Kj is the normalizing constant.

Letting h3 = ... = h, = 0,in (35), we get

E(d)'23?)

1 nt1 hy+1 h
B T(1+ ¢g + 55 4 4 2pblyp(npt (22 8)
T2 b 2 "oy !
t Yi+hi+1 i+l om+l 1+l
[T =pa) T+ + 3 T+ Y (2
j=1 1-p 3 i = 9 1 )

T+ +1) >0, (2 +h+1>0,9+1>0,a1>0,a,>08<1,6>0,9+1>0,
j=12,...,n

If we proceed in the similar way as in Section 4.1, here we can deduce the variance-covariance
matrix of multivariate extended gamma for g < 1.

7. Conclusions

Multivariate counterparts of the extended generalized gamma density is considered and some
properties are discussed. Here we considered the variables as not independently distributed,
but when the pathway parameter § — 1 we can see that X;, Xo, ..., X, will become independently
distributed generalized gamma variables. Joint product moment of the multivariate extended
gamma is obtained and some of its properties are discussed. We can see that the limiting case
of the conditional density of this multivariate extended gamma is a generalized gamma density.
A graphical representation of the pathway is given in Figures 1-4.
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Canada. He is currently the Director of the Centre for Mathematical and Statistical Sciences India. His
research contributions cover a wide spectrum of topics in mathematics, statistics, physics, astronomy,
and biology. He is a Fellow of the Institute of Mathematical Statistics, National Academy of Sciences
of India, and a member of the International Statistical Institute. He is a founder of the Canadian
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and over 25 books.
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1. Early Work in Design of Experiment and Related Problems

A .M. Mathai’s first paper was in the area of Design of Experiment and Analysis of Variance
in Statistics. This work was done after finishing M.A in Mathematics at University of Toronto and
waiting to register for Ph.D, during July-August 1962. This was the first publication which appeared
in the journal Biometrics in 1965, Mathai (1965) [Biometrics, 21(1965), 376-385]. This problem was
suggested by Professor Ralph Wormleighton of the University of Toronto. In two-way classification
with multiple observations per cell the analysis becomes complicated due to lack of orthogonality
in the design. If two factors, such as the amount of fertilizer used and planting methods in an
agricultural experiment to study the yield of corn, are to be tried and if the experiment is planned to
replicate 1 times, it may happen that some observations in some replicate may get lost and as a result,
instead of 1 observations per cell one may have 7;; observations in the (i, j)th cell. When doing the
analysis of the data, for estimating the effects of fertilizers, say, a1, ..., «p, one has to solve a singular
system of linear equations of the type (I — A)a = G where G is known and I — A is singular and
the unknown quantity a’ = (ay,...,a,) is to be evaluated. Due to singularity, one cannot write
o= (I- A)flG. This A = (a,-]-) is the incidence matrix and has the property that all elements are
positive and Z]p:l ajj = 1foreachi = 1,.., p. Mathai observed that this property means that a norm of

A, namely || A || = max; Ef:l ‘u{]‘| = 1 and further, since the design is taking care of a general effect,
one can impose a condition on &y, ..., ap such as a1 + ... + &, = 0. Now, consider A being rewritten as
A = A — C+ C where C is a matrix where all the first row elements are equal to the median a; of the
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first row elements of A, all the second row elements are the median a, of the second row elements of A
and so on. Now, by using the conditions on «;’s, Cx = O (null). Then

(I-Aa=G= (I-Ba=G

where B = (bij), bij = a;j—a;,j=1,..,por 27:1 |bij|= Zle {aij - u,“ = sum of absolute deviations
from the median a;, which is the least possible. Hence the norm || B || = max; Ele |ai]- — a;] is the least
possible and evidently < 1. Then

(I-Ba=G=a=(1-B)'G=(1+B+B+.)G

Note that the convergence of the matrix series is made the fastest possible due to the fact that the
mean absolute deviation is least when taken from the median. Thus, successive approximations are
available from BG, B?G, ... but for all practical purposes of testing hypotheses it is found that the
approximation & ~ BG is sufficient. This approximation avoids matrix inversion or other complicated
operations except one matrix multiplication, namely BG. Encouraged by this work, the thesis was
written on sampling distributions under missing values. A concept called “dispersion theory” was
also developed in the thesis. It is shown that statistical decision making is nothing but a study of a
properly defined measure of scatter or dispersion in random variables. Some dispersions are also
defined in terms of some norms or metrics. Papers were published on the concept, in the journal
Metron, XXVII-34.1-2(1968), 125-135.

2. Work on Generalized Distributions

This work started in 1965 when R.K. Saxena from Jodhpur, India, was visiting McGill University
as a post-doctoral fellow of Charles Fox, the father of Fox’s H-function. Mathai’s group is responsible
to call this function as Fox’s H-function. Such Mellin-Barnes type representations were available from
1888 onwards but since Charles Fox revived the whole area and given a new life it was decided to
call the function as Fox’s H-function. Mathai translated some statistical problems in terms of special
functions and Saxena immediately gave the solutions. Several general densities were introduced.
General compatible structures for conditional densities and prior densities, so that the unconditional
and posterior densities could be easily evaluated in Bayesian analysis problems, were investigated.
The paper got published in the Annals [Mathai and Saxena, Ann. Math. Statist., 40(1969), 1439-1448].

Mathai decided to study the area of special functions and the result of this study is the book from
Oxford University Press; Mathai (1993): A Handbook of Generalized Special Functions for Statistical and
Physical Sciences, Oxford University Press 1993.

2.1. Early Work on Multivariate Analysis

Some problems from multivariate statistical analysis were posed by Mathai, and Saxena could give
the solutions in terms of G and H-functions. These functions were not computable and hence difficult
to utilize in statistics or mathematics. This prompted Mathai and Saxena to look into computable series
forms for G and H-functions and Mathai developed an operator which could solve the difficulties
and computable series forms could be obtained. The work of Mathai and Saxena in the area of special
functions resulted in the following books : A.M. Mathai and R.K. Saxena (Generalized Hypergeometric
Functions with Applications in Statistics and Physical Sciences, Springer-Verlag, Heidelberg and New
York, Lecture Notes No.348, 1973; The H-function with Applications in Statistics and Other Disciplines,
Wiley Eastern, New Delhi and Wiley Halsted, New York, 1978); A.M. Mathai and H.]. Haubold,
Special Functions for Applied Scientists, Springer, New York, 2008, A.M. Mathai, R.K. Saxena and H.].
Haubold, The H-function: Theory and Applications, Springer, New York, 2010.

When exploring statistical distributions and their structural decompositions Mathai established
several results in characterizations of densities, see Mathai (Canadian Mathematical Bullettin, 9(1966),
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95-102, 10(1967), 239-245; South African Journal of Statistics, 1(10)(1967), 43-48), Gordon and Mathai
(Annals of Mathematical Statistics, 43(1972), 205-229). These works and others’ related results were
put together and brought out a monograph on characterizations, see A.M. Mathai and G. Pederzoli,
Characterizations of the Normal Probability Law, Wiley Eastern, New Delhi and Wiley Halsted, New
York, 1977.

3. Work in Multivariate Analysis

Mathai had already noted the densities of several structures could be written in terms of
G and H-functions. Consider x1, xy, ..., X, X;41, ..., Xy mutually independently distributed positive
random variables such as exponential variables, type-1 or type-2 beta variables or gamma variables or
generalized gamma variables efc. Consider the structures

L)

X1...X, X1 Xy

u= 1 = LD 1)
X X r+1 k
r1--Ak X X

where 01, .., are some arbitrary real powers. Then taking the Mellin transforms or the (s — 1)th
moments of u and v and then taking the inverse Mellin transform one can write the density of u as a
G-function in most cases or as a H-function, and that of v as a H-function. Product of independently
distributed type-1 beta random variables has the same structure of general moments of the likelihood
ratio criterion or A-criterion, or a one-to-one function of it, in many of testing hypotheses problems
connected with one or more multivariate Gaussian populations and exponential populations. This
showed that one could write the exact densities in the general cases as G-functions in most of the cases.
Mathai was searching for computable representations in the general cases.

During one summer camp at Queen’s University, Kingston, Ontario, Canada, Mathai met P.N.
Rathie, a post-doctoral fellow of L.L. Campbell of Queen’s University, again from Jodhpur, India, and
also a student of R.K. Saxena. They started the collaboration in information theory and at the same
time investigated ways and means of putting G-function in nice computable series form. First they
developed an operator and later Mathai perfected it, see Mathai (Annals of the Institute of Statistical
Mathematics, 23(1971), 181-197). The operator is of the form

) v
G]/ = {gﬁ—(—lnx)} (2)

which is an operator operating on the integrand in the Mellin-Barnes representation of the density
functions when the densities are written in terms of G-functions. By using this operator, general
series expansions are obtained for G-functions of the types Gg’g, which is coming from product

of independent gamma variables, G;:g, which is coming from product of independent type-1 beta
variables, Gf;/’ﬁ , which is coming from product of independent type-2 beta variables and the general
Gpy' see Mathai (Metron, 28(1970), 122-146; Mathematische Nachrichten, 48(1970), 129-139; South African
Journal of Statistics, 5(1971), 71-90), Mathai and Rathie (Royal Belg. Akad. Class des Sci., 56(1970),
1073-1084; Sankhya Series A, 33(1983), 45-60), Mathai and Saxena (Kyungpook Mathematics Journal,
12(1972), 61-68; Book: Generalized Hypergeometric Functions with Applications in Statistics and Physical
Sciences, Springer Lecture Notes No. 348, Heidelberg and New York, 1973).

By using the same operator in Equation (2) the exact distributions of almost all A-criteria associated
with tests of hypotheses on the parameters of one or more Gaussian populations and exponential
populations are worked out, see Mathai (Publ. I'ISUP Paris, 19(1970), 1-15; Journal of the Indian
Statistical Association, 8(1970), 1-17; Annals of the Institute of Statistical Mathematics, 23(1971), 181-197;
Trabajos de Estadistica, 23(1972), 67-83, 111-124; Skand. Aktuar., 55(1972), 193-198; Sankhya Series A,
34(1972), 161-170; Annals of the Institute of Statistical Mathematics, 24(1972), 53—65, 25(1973), 557-566),
Mathai and Rathie (Journal of Statistical Research, 4(1970), 140-159; Annals of the Institute of Statistical
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Mathematics, 22(1970), 69-116; Statistica, 31(1971), 673-688; Sankhya Series A, 33(1971), 45-60; Annals of
Mathematical Statistics, 42(1971), 1010-1019). Mathai popularized Mellin transform techniques, and
special function technique in general, in statistical distribution theory. Exact distributions of almost all
A-criteria, in the null and non-null cases, are given in explicit computable forms for the most general
cases by Mathai and his co-researchers. The exact distributions in some non-null cases could not be
obtained for the general cases. For example, in testing equality of covariance matrices or equality of
populations in k multivariate normal populations are still open problems for k > 3, in the sense that
some representations for the general case are not available.

3.1. Development of 11-digit Accurate Percentage Points for Multivariate Test Statistics

Even after giving the explicit computable series forms for the various exact distributions of test
statistics in the null (when the hypothesis is true) and non-null (under the alternate hypothesis) for
the general parameters, the series forms were complicated and exact percentage points could not be
computed. When Mathai visited University of Campinas in Brazil he met the physicist R.S. Katiyar.
After six months of joint work of simplifying the complicated gamma products, psi and zeta functions,
Katiyar was able to come up with a computer program. The first paper in the series giving the exact
percentage points up to 11-digit accurate was produced. This paper made all the complicated theory
usable in practical situations of testing of hypotheses in multivariate statistical analysis. The paper
appeared in Biometrika and other papers followed, see Mathai and Katiyar (Biometrika, 66(1979),
353-356; Annals of the Institute of Statistical Mathematics, 31(1979), 215-224; Sankhya Series B, 42(1980),
333-341), Mathai (Journal of Statistical Computation and Simulation, 9(1979), 169-182).

3.2. Development of a Computer Algorithm for Nonlinear Least Squares

After developing a computer program for computing exact 11-digit accurate percentage points
from complicated series forms of the exact densities of A-criteria for almost all multivariate test statistics,
the problem of developing a computer program for non-linear least squares was re-examined. Starting
with Marquardt’s methods, there were a number of algorithms available in the literature but all these
algorithms had deficiencies. There are a few (around 11) standard test problems to test the efficiency of
a computer program. The efficiency of a computer program is measured by checking the following two
items: In how many test functions the computer program fails and how many function evaluations
are needed to come up to the final solution. These are the usual two criteria used in the field to test a
new algorithm. A new algorithm for non-linear least squares was developed by Mathai and Katiyar
which did not fail in any of the test functions and the number of function evaluations needed was least
compared to all other algorithms available in the literature. The paper was published in a Russian
journal, see Mathai and Katiyar (Researches in Mathematical Statistics (Russian), 207(10)(1993), 143-157).
This paper was later translated into English by the American Mathematical Society.

3.3. Integer Programming Problem

The usual optimization problems such as optimizing a quadratic form or quadratic expression,
subject to linear or quadratic constraints, optimizing a linear form subject to linear (linear programming
problem) or quadratic constraints etc. deal with continuous variables. When the variables are
continuous then these optimization problems can be handled by using calculus or related techniques.
Suppose that the variables can only take integer values such as positive integers 1,2,3, ... then
the problem becomes complicated. Many of the standard results available when the variables are
continuous are no longer true when the variables are integer-valued. One such problem was brought
to the attention of Mathai by S. Kounias. This was solved and a joint paper was published, see Kounias
and Mathai (Optimization, 19(1988), 123-131).
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4. Work on Information Theory

When the exact distributions for the test statistics being worked out, side by side the work on
information theory was also progressing. Characterizations of information and statistical concepts were
the ones attempted as a joint venture by Mathai and Rathie. Several characterization theorems were
established for various information measures and for statistical concepts such as covariance, variance,
correlation efc., see for example, Mathai and Rathie (Sankhya Series A, 34(1972), 441-442; Annals of
the Institute of Statistical Mathematics, 24(1972), 473-483; in the book Measures of Information and Their
Applications, IIT Bombay, pp. 1-10, 1974; in the book Essays in Probability and Statistics, Shinko Tsusho,
Tokyo, pp. 607-633, 1976. This collaboration resulted in the first book in the area of characterizations of
information measures, A.M. Mathai and P.N. Rathie*, Basic Concepts in Information Theory and Statistics:
Axiomatic Foundations and Applications, Wiley Eastern, New Delhi and Wiley Halsted, New York, 1975.
One of the measures discussed there is Havrda-Charvat a-generalized entropy

JoG ()] dx —1

="

®)
where f(x) is a density function. This is the continuous version. There is also a discrete analogue.
The denominator is put into the form of the exponent of 2 for ready applications to binary systems.
When a — 1 one has H in Equation (3) going to the Shannon entropy S = — [*_ f(x)In f(x)dx
and hence Equation (3) is called an a-generalized entropy. There are several a-generalized entropies
in the literature, including the one given by Mathai. This Equation (3) in a modified form with
the denominator replaced by 1 — a is developed later by C. Tsallis, as the basis for the whole area
of non-extensive statistical mechanics. The Mathai-Rathie (1975) book can be considered to be the
first book on characterizations. As a side result, as an application of functional equations, Mathai
and Rathie solved a problem in graph theory, see Journal of Combinatorial Theory, 13(1972), 83-90.
Other applications of information theory concepts in social sciences, population studies efc. may be
seen from Kaufman and Mathai (Journal of Multivariate Analysis, 3(1973), 236-242), Kaufman, Mathai,
Rathie (Sankhya Series A(1972), 441-442), Mathai (Transactions of the 7th Prague Conference on Information
Theory, pp. 353-357).

4.1. Applications to Real-Life Problems

Applications of the concepts of information measures, ‘entropy’ or the measure of “uncertainty’,
directed divergence (a concept of pseudo-distance), ‘affinity” or closeness between populations,
concept of ‘distance between social groups’ etc. were applied to solve problems in social statistics,
population studies etc. Mathai had developed a generalized measure of ‘affinity” as well as ‘distance
between social groups’. On application side, dealing with applications of information theory type
measures, see George and Mathai (Canadian Studies in Population, 2(1975), 91-100, 7(1980), 1-7; Journal of
Biosocial Sciences (UK), 6(1975), 347-356; The Manpower Journal, 14(1978), 69-78).

5. Work on Biological Modeling

During one of the visits of Mathai to the Indian Statistical Institute in Calcutta, India, he came
across the biologist T.A. Davis. Davis had a number of problems for which he needed answers. He had
a huge collection of data on the number of petals in certain flowers of one species of plant. He noted
that the petals were usually 4 in each flower but sometimes the number of petals was 5. He wanted to
know whether the occurrence of 5-petaled flowers showed any pattern. His data were insufficient to
come up with any pattern. Patterns, if any, would be connected to genetical factors. Then he had a
question about how various patterns come in nature, in the growth of leaves, flowers, arrangements of
petals and seeds in flowers etc. and whether any mathematical theory could be developed to explain
these. Then he brought in the observations on sunflower. When we look at flowers, certain flowers
such as rose flower, sunflower etc. look more beautiful than other flowers. This appeal is due to the
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arrangements of petals, florets, and color combinations. When we look at a sunflower at the florets or
at the seed formations, after the florets dry up, we see some patterns in the arrangements of these seeds
on the flower disk called capitulum. The seeds look like arranged along some spirals coming from the
periphery going to the center. Let us call these as radial spirals. If one marks a point on the periphery
and then one looks to the left of the mark one sees one set of radial spirals and if one looks to the right
one sees a different set of radial spirals going in the opposite direction. The numbers of these two
sets are always two successive numbers from a Fibonacci sequence of numbers 1,1,2,3,5,8,13,21, ...
(the sum of two successive numbers is the next number). Another observation made is that if one
looks along a radial spiral this spiral does not go to the center but it becomes fuzzy after a while. At
that stage if one draws a concentric circle and then look into the inside of this circle then one will see
that if one started with the pair (13,21), then this has shifted to (8,13) and then to (5,8) and so on.
The same sort of arrangement can be seen in pineapple, in the arrangement of leaves on a coconut
tree crown and at many other places. If one takes a coconut crown and project onto a circle then
the positions of the leaves on the crown form a replica of the seed arrangement in a sunflower. In a
coconut crown if the oldest leaf is in a certain direction, call it 0-th direction then the next older leaf
is not the next one to the oldest, but it is about 6 degrees either to the right or to the left and this 6 is
such that ﬁ = golden ratio = @ This golden ratio also appears at many places in nature and
the above 6 ~ 137.5°. Davis wanted a mathematical explanations for these and related observations.
These observations were made by biologists over centuries. Many theories were also available on
the subject. All the theories were trying to explain the appearance of radial spirals. Mathematicians
try with differential equations and others from other fields try with their own tools. Mathai figured
out that the radial spirals that one sees may be aftermath of something else and radial spirals are not
generated per se. Also the philosophy is that nature must be working on very simple principles. If one
buys sunflower seeds from a shop or look at sunflower seeds on a capitulum the seeds are all of the
same dimensions if one takes one from the periphery or from any other spot on the capitulum. Such a
growth can happen if something is growing along an Archimedes’ spiral, which has the equation in
polar coordinates r = kb after one leaves the center. Davis’ artist was asked to mark points on an
Archimedes’ spiral, differentiating from point to point at § =~ 137.5°, something like a point moving
along Archimedes’ spiral at a constant speed so that when the first points reaches 6 mark a second
point starts, both move at the same speed whatever be the speed. When the second point comes
to the mark 6 a third point starts, and so on. After creating a certain number of points, may be 200
points, remove the Archimedes’ spiral from the paper and fill up the space with any symmetrical
object, such as circle, diamonds efc., with those points being the centers. Then if one looks from the
periphery the two types of radial spirals can be seen. No such spirals are there but it is one’s vision
that is creating the radial spirals. Thus a sunflower pattern was recreated from this theory and Mathai
and Davis proposed a theory of growth and forms. Consider a capillary a very thin tube with built-in
chambers. Consider a viscous fluid being continuously pumped in from the bottom. The liquid enters
the first chamber. When a certain pressure is built up, an in-built valve opens and the fluid moves into
the second chamber and so on. Suppose that the tube opens in the center part of a pan (with a hole
at the center). If the pan is fully sealed so that the only force acting on the liquid is Earth’s gravity.
The flow of the liquid will be governed by the functional equation f(61) + f(62) = f (61 + 62) whose
continuous solution is the linear function f(6) = k6. This is Archimedes’ spiral.

The paper was sent for publication in the journal of Mathematical Biosciences the editor
‘enthusiastically accepted for publication’. In this paper, Mathai and Davis*(Mathematical Biosciences,
20(1974), 117-133), a theory of growth and form is proposed. This theory still stands and since then
there were many papers in physics, chemistry and other areas supporting various aspects of the theory
and none has disputed the theory so far. In 1976 the journal has taken Mathai-Davis sunflower head as
the cover design for the journal and it is still the cover design.
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5.1. Work on Coconut Tree Crown

The coconut crown was also examined from many mathematical points of view and found to be
an ideal crown. This paper may be seen from Mathai and Davis (Proceedings of the National Academy of
Sciences, India, 39(1973), 160-169).

5.2. Engineering Wonder of Bayya Bird’s Nest and Other Biological Problems

Further problems looked into by Mathai and Davis are the following: (1) The engineering aspect
of the egg chamber of bayya bird’s nest. The nest hangs from the tips of tree branches, the mother bird
goes into the egg chamber through the tail opening of the nest, the nest oscillates violently during
heavy winds or storms but no egg comes out of the egg chamber and fall through the tail opening.
Naturally the tail opening is bigger than the diameter of the eggs because the mother bird goes
through that opening. This shape, beng an engineering marvel, was examined by Mathai and Davis;
(2) thermometer birds in Andaman Nicobar Islands; (3) transfer of Canadian Maple Syrup technology
in the production of palm sugar and jaggery in Tamilnadu, India; (4) Nipa palms to prevent sea
erosion along Kannyakumari sea coast; (5) rejuvenation of Western Ghats in Kannyakumari region; All
these projects were undertaken jointly by the Centre for Mathematical Sciences, Trivandrum Campus
(CMS) where A.M. Mathai was the Honorary Director and Haldane Research Institute of Nagarcoil,
Tamilnadu (HRI) where T.A. Davis was the Director and A.M. Mathai was the Honorary Chairman.
Earlier to these studies, George and Mathai had done work in population problems, especially in
the study of inter-live-birth intervals, that is, the interval between two live births among women in
child-bearing age group, see George and Mathai (Sankhya Series B, 37(1975), 332-342; Demography
of India, 5(1976), 163-180; The Manpower Journal, 14(1978), 69-78). Here, Mathai had introduced the
concepts of affinity and distance between social groups.

5.3. Introducing the Phrase ‘Statistical Sciences’

By 1970 Mathai was working to establish a Canadian statistical society and a Canadian journal
of statistics. The phrase ‘statistical sciences” was framed and defined it as a systematic and scientific
study of random phenomena so that the theoretical developments of probability and statistics and
applications in all branches of knowledge will come under the heading ’statistical sciences’, and
random variables as an extension of mathematical variables or mathematical variables as degenerate
random variables. After launching Statistical Science Association of Canada, the term ‘statistical
science” became a standard phrase. Journals and organizations started using the name ‘statistical
science’. Mathai was responsible to introduce these terms into scientific literature.

When G.PH. Styan, a colleague of Mathai, was editing the news bulletin of the Institute of
Mathematical Statistics he posed the question whether the phrase ‘statistical science” was ever used
before launching statistical science association of Canada. There was a response from a Japanese
scientist claiming that he had used the term “statistical science’ before. Incidentally, later the Institute of
Mathematical Statistics changed the name of Annals of Mathematical Statistics to Annals of Statistics
and hence that name was no longer available when statistical science association of Canada changed
its name back to the original proposed name Statistical Society of Canada.

6. Work on Probability and Geometrical Probabilities

Work in mathematical statistics and special functions continued. As a continuation of the
investigation of structural properties of densities, Mathai came across the distributions of lengths,
areas and volume contents of random geometrical configurations such as random distance, random
area, random volume and random hyper-volume. All the theories of G and H-functions, products
and ratios of positive random variables etc. could be used in examining the distributional aspects
of volume of random parallelotopes and simplices. By analyzing the structure of general moments,
Mathai noted that these could be generated by products of independently (1) gamma distributed
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points; (2) uniformly distributed points; (3) type-1 beta distributed points; (4) type-2 beta distributed
points. Out of these, (1) fell into the category of Gg,/;? , the second and third fell into Gg:g category and
(4) fell into ij”z category, for all of which the necessary theory was already developed by Mathai
and his team. Papers were published on the distributional aspects, see Mathai (Sankhya Series A.
45(1983), 313-323; Mathai and Tracy (Communications in Statistics A, 12(15)(1983), 625-632, 1727-1736;
Mathai (Proceedings of ISPS VI Annual Conference, pp. 3-8, 1987; International Journal of Mathematical and
Statistical Sciences, 3(1)(1994), 79-109, 7(1) (1998), 77-96; Rendiconti del Circolo Matematico di Palermo, Serie
II, Suppl., 65(2000), 219-232), Mathai and Pederzoli (American Journal of Mathematical and Management
Sciences 9(1989), 113-139; Rendiconti del Circolo Matematico di Palermo, Serie II, Suppl., 50(1997), 235-258).

6.1. A Conjecture in Geometric Probabilities

Then Mathai came across a conjecture posed by an Australian scientist R.E. Miles, regarding the
asymptotic normality of a certain random volume coming from uniformly distributed random points.
This was proved to be true by H. Ruben. In fact Ruben brought this area to the attention of Mathai.
The structure of the random geometric configuration was known to Mathai and that it was a G-function
of the type G;:g and Mathai realized that a very simple proof of the conjecture could be given by
using the asymptotic formula, or Stirling’s formula which is the first approximation there, for gamma
functions. This was worked out and shown that the conjecture could be proved very easily. This paper
appeared in the journal in probability, see Mathai (Annals of Probability, 10(1982), 247-251). Incidentally,
there is a mistake there. Final representation is given in terms of a confluent hypergeometric function
1F; there but it should be a Gauss hypergeometric function ,F;, one parameter is missed there in
writing the final form. Then Mathai noted that the same conjecture can be formulated in terms of
type-1 beta distributed random points and similar conjectures could be formulated for type-2 beta
distributed random points and gamma distributed random points. These conjectures were formulated
and solved, see Mathai (Sankhya Series A, 45(1983), 313-323; American Journal of Mathematical and
Management Sciences, 9(1989), 113-139); Mathai and Tracy (Communications in Statistics A, 12(15)(1983),
1727-1736; Metron, 44(1986), 101-110).

6.2. Random Volumes and Jacobians of Matrix Transformations

Side by side Mathai was developing functions of matrix argument. The work in this area will
be given later but its connection to geometrical probabilities will be mentioned here. The area of
stochastic geometry or geometrical probabilities is a fusion of geometry and measure theory. When
measure theory is mixed with geometry the standard axiomatic definition for probability measure is
not sufficient. It is quite evident to see that an additional property of invariance is needed because a
geometrical object can be moved around in a plane or in space and the probability statements must
remain the same. The famous Betrand’s paradoxes or Russell’s paradoxes come from lack of invariance
conditions there. The details are discussed in the book, A.M. Mathai, Introduction to Geometrical
Probability: Distributional Aspects and Applications, Gordon and Breach, New York, 1999. Consider a
circle of radius r. Take two points A and B at random and independently on the circumference of this
circle. Here, ‘at random’ could mean that the probability of finding a point, such as A, in an interval of
length ¢ is %. Consider the chord AB. Then AB is a random chord. Let P be the mid point of this
chord and O the center of the circle. Then OP is fixed when AB is fixed and OP is perpendicular to
AB. Consider another situation of selecting a point P at random inside the circle. This can be done
by assigning probability of finding P in a region R inside the circle is % If P is fixed and if P is
the midpoint of a chord then the chord is automatically fixed. In many ways one can geometrically
uniquely determine a chord. The chord can be made ‘random’ by assigning probabilities in many
ways. Two ways are described above. If one asks a question, what is the probability that the length of
this random chord is less than a specified number? The answer will be different for different ways of
assigning probabilities. This is the paradox. Note that all steps in the derivations of the answers will
be correct and valid steps as per the usual axioms of probability.
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In stochastic probability area the methods used are the methods from differential and integral
geometry and usually very difficult. Even if one wishes to talk about the distribution of random volume
of a parallelotope through differential or integral geometry the process is very involved. Mathai
noted that such problems could be easily answered through Jacobians of matrix transformations. A
paper was published in advances in applied probability, see Mathai Advances in Applied Probability,
31(2)(1999), 487-506). More papers were published, see Mathai (Rendiconti del Circolo Matematico di
Palermo, Serie II, Suppl., 65(2000), 219-232; in the book Probability and Statistical Models with Applications,
pp- 293-316, Chapman and Hall, 2001, Rendiconti del Circolo Matematico di Palermo XLVIII(1999),
487-506); Mathai and Moschopoulos (Statistica, LIX(1)(1999), 61-81; Rendiconti del Circolo Matematico di
Palermo, XLVIII(1999), 163-190).

6.3. Applications in Transportation Problems

As an application of geometrical probability problems Mathai explored the travel distance from
the suburb to city core for circular and rectangular grid cities. Many of the European cities are designed
with a city center and circular and radial streets from the center whereas in North America most of
the cities are designed in rectangular grids. Travel distances, time taken and associated expenses are
random quantities and related to the nature of city design. Some problems of this type were analyzed
by Mathai (Environmetrics, 9(1998), 617-628); Mathai and Moschopoulos (Environmetrics, 10(1999),
791-802).

7. Work in Astrophysics

After publishing the two books on generalized hypergeometric functions in 1973 and H-function
in 1978, physicists were interested to use those results in their works. A number of people from
different parts of Germany were using these results. The German group working in astrophysics
problems were trying to solve some problems connected with reaction rate theory. Then H.J. Haubold,
came to McGill University with open problems where help from special function theory was needed.
After converting their problems in terms of integral equations, Mathai noted that the basic integral to
be evaluated was of the following form:

0o _1
I(7,a,b) :/0 xTe by 2 qy 4)

and generalizations of this integral. Note that if 2 or b is zero then the integral can be evaluated by
using a gamma integral. Mathematically, if the nonlinear exponent is of the form X7 or of the form
x~f,p > 0it would not make any difference. Mathai could not find any such integrals in any of the
books of tables of integrals. He noted that the integrand consisted of integrable functions and therefore
one could make statistical densities out of them. For example, f1(x) = ¢1x7e™™,0 < x < 0 isa
density where ¢; is the normalizing constant. Similarly f,(x) = C2e”‘p,p > 0,0 < x < cois a density
where ¢, is the normalizing constant. Then the structure in Equation (4) can be written as follows:

g = [ 2AE)R(5)do ©)

where g(u) can represent the density of u = x1x, where x1 and x; are independently distributed
positive real scalar random variables with the densities f1(x1) and f>(x2) respectively. Once the
structure in Equation (4) is identified as that in Equation (5) then, since the density being unique, it is
only a matter of finding the density g(u) by using some other means. We can easily use the properties
of arbitrary moments. For example
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due to statistical independence of x1 and x,, where E denotes the expected value. Note that E (x‘;’l)

is available from f;(x;) and E <x§*1> from f>(x7). Then g(u) is available from the inverse, that is,

~c4-i00
g(u) = % /Ciioo E(us’l)u’sds (6)
where i = v/—1 and c is determined from the poles of E (usfl). Thus, by using statistical techniques
the integral in Equation (4) was evaluated. After working out many results it was realized that one
could also use Mellin convolution of a product to solve integrals of the type in Equation (4). This was
not seen when the method through statistical distribution theory was devised. Various types of
thermonuclear reactions, resonant, non-resonant, depleted case, high energy cut off case etc. were
investigated. The work also went into exploring exact analytic solar models, gravitational instability
problems, solar neutrino problems, reaction-rates, nuclear energy generation etc. The work until
1988 was summarized in the monograph Mathai and Haubold (Modern Problems in Nuclear and
Neutrino Astrophysics, Akademie-Verlag, Berlin, 1988). Since then a lot of work was done, some
of them are the following: Haubold and Mathai (Annalen der Physik, 44(1987), 103-116; Astronomische
Nachrichten, 308(5)(1987), 313-318; Journal of Mathematical Physics, 29(9)(1988), 2069—-2077; Astronomy
and Astrophysics, 203(1988), 211-216; Astronomische Nachrichten, 312(1)(1991), 1-6; Astrophysics and
Space Science, 176(1991), 51-60, 197(1992), 153-161,214, 49-70,139-149, 228(1995), 77-86, 258(1988),
185-199; American Institute of Physics, Conference Proceedings, 320(1994), 102-116, 320(1994), 89-101;
SIAM Review, 40(4)(1998), 995-997). The collaboration also resulted in two encyclopedia articles,
see Haubold and Mathai (Sun, Enclyclopaedia of Planetary Sciences, pp. 786-794, 1997, Structure of the
Universe, Encyclopedia of Applied Physics, 23(1998), pp. 47-51).

7.1. New Results in Mathematics Through Statistical Techniques

After evaluating the basic integrals in physics problems by using statistical techniques,
it was realized that such statistical techniques could be used to obtain results in mathematics.
Some summation formulae, computable series representations, extensions of several mathematical
identities efc. were obtained through statistical techniques, see Mathai and Tracy (Metron,
XLII-N1-2(1985), 117-126), Mathai and Pederzoli (Metron, XLIII-N3-4(1985), 157-166, Mathai and
Provost (Statistical Methods, 4(2)(2002), 75-98).

8. Work on Differential Equations

One of the problems investigated in connection with problems in astrophysics was the
gravitational instability problem. The problem was brought to the attention of Mathai by Haubold.
Papers by Russian researchers were there on the problem of mixing two types of cosmic dusts.
Mathai looked at it and found that by making a transformation in the dependent variable and by
changing the operator to t% instead of the integer order differential operator D = % one could identify
the differential equation as a particular case of the differential equation satisfied by a G-function.
Then G-function theory could be used to solve the problem of mixing k different cosmic dusts. Thus the
first paper in integer order differential equation was written and published in the MIT journal,
see Mathai (Studies in Applied Mathematics, 80(1989), 75-93). Two follow-up papers were written
developing the differential equation and applying to physics problems, see Haubold and Mathai
(Astronomische Nachrichten, 312(1)(1991), 1-6; Astrophysics and Space Science, 214(1&2)(1994), 139-149).

9. The Idea of Laplacianness of Bilinear Forms and Work on Quadratic and Bilinear Forms

In the 1980’s two students of Mathai, S.B. Provost and D. Morin-Wahhab, finished their Ph.Ds in
the area of quadratic form. Mathai has also published a number of papers on quadratic and bilinear
forms by this time. Then it was decided to bring out a book on quadratic forms in random variables.
On the mathematical side, there were books on quadratic forms but there was none in the area of
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quadratic forms in random variables. Only real random variables and samples coming from Gaussian
population were considered. Later in 2005 Mathai extended the theory to cover very general classes of
populations. This aspect will be considered later when pathway models are discussed. Only when I.
Olkin pointed out to Mathai about the many applications of complex Gaussian case in communication
theory, after the book appeared in print, Mathai and Provost realized that an equal amount of material
was missed out: A.M. Mathai and S.B. Provost, Quadratic Forms in Random Variables: Theory and
Applications, Marcel Dekker, New York, 1992. Work on quadratic forms and related topics may be seen
from Mathai(Communications in Statistics A, 20(10)(1991) 3159-3174; International Journal of Mathematical
and Statistical Sciences, 1(1)(1992), 5-20; Journal of Multivariate Analysis, 41(2)(1992), 178-193; Annals of
the Institute of Statistical Mathematics, 44(1992), 769-779; Journal of Applied Statistical Sciences, 1(2)(1993),
169-178; The Canadian Journal of Statistics, 21(3)(1993), 277-283; Journal of Multivariate Analysis, 45(1993),
239-246; Journal of Statistical Research, 27(1&2)(1993), 57-80).

9.1. Chisquaredness of Quadratic Forms and Laplacianness of Bilinear Forms

In the 1980’s two students of Mathai, S.B. Provost and D. Morin-Wahhab, finished their Ph.Ds in
the area of quadratic form. Mathai has also published a number of papers on quadratic and bilinear
forms by this time. Then it was decided to bring out a book on quadratic forms in random variables.
On the mathematical side, there were books on quadratic forms but there was none in the area of
quadratic forms in random variables. Only real random variables and samples coming from Gaussian
population were considered. Later in 2005 Mathai extended the theory to cover very general classes of
populations. This aspect will be considered later when pathway models are discussed. Only when I.
Olkin pointed out to Mathai about the many applications of complex Gaussian case in communication
theory, after the book appeared in print, Mathai and Provost realized that an equal amount of material
was missed out: A.M. Mathai and S.B. Provost, Quadratic Forms in Random Variables: Theory and
Applications, Marcel Dekker, New York, 1992. Work on quadratic forms and related topics may be seen
from Mathai(Communications in Statistics A, 20(10)(1991) 3159-3174; International Journal of Mathematical
and Statistical Sciences, 1(1)(1992), 5-20; Journal of Multivariate Analysis, 41(2)(1992), 178-193; Annals of
the Institute of Statistical Mathematics, 44(1992), 769-779; Journal of Applied Statistical Sciences, 1(2)(1993),
169-178; The Canadian Journal of Statistics, 21(3)(1993), 277-283; Journal of Multivariate Analysis, 45(1993),
239-246; Journal of Statistical Research, 27(1&2)(1993), 57-80).

9.2. Bilinear Form Book

After publishing the quadratic form book in 1992, a lot of work had been done on bilinear forms.
Even though a bilinear form can be written as a quadratic form, there are many properties enjoyed by
bilinear form and not enjoyed by quadratic forms. Quadratic forms do not have covariance structures.
Then T. Hayakawa of Japan contacted Mathai asking why not bring out a book on bilinear form,
parallel to the one on quadratic form including chapters on zonal polynomials. This book on bilinear
forms and zonal polynomials was brought out in 1995: A.M. Mathai, S.B. Provost and T. Hayakawa,
Bilinear Forms and Zonal Polynomials, Springer, New York, 1995, in the lecture notes series. Additional
papers may be seen from Mathai and Pederzoli (Journal of the Indian Statistical Society, 3(1995), 345-356;
Statistica, LVI(4)(1996), 4-7-41).

10. Functions of Matrix Argument

Meanwhile Mathai’s work on functions of matrix argument was progressing. These are
real-valued scalar functions where the argument is a real or complex matrix. The theory is well
developed when the argument matrix is real positive definite or hermitian positive definite. Note that
when A is a square or rectangular matrix we do not have a concept corresponding to the square root of
a scalar quantity uniquely defined. But if the matrix A is real positive definite or hermitian positive
definite, written as A > O, operations such as square root can be uniquely defined. Hence the theory
is developed basically for real positive definite or hermitian positive definite matrices. Gordon and
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Mathai tried to develop a matrix series and a pseudo analytic function involving general matrices,
the attempt was not fully successful but some characterization theorems for multivariate normal
population could be established, see Gordon and Mathai (Annals of Mathematical Statistics, 43(1972),
205-229). Gordon has two more papers in the area, one in the Annals of Statistics and the other in
the Annals of the Institute of Statistical mathematics. Hence the theory of real-valued scalar functions of
matrix argument is developed when the matrix is real or hermitian positive definite. There are three
approaches available in the literature. One is through matrix-variate Laplace transform and inverse
Laplace transform developed by C. Herz and others, see for example, Herz (Annals of Mathematics,
61(3)(1955), 474-523). Here one basic assumption is functional commutativity f(AB) = f(BA) even if
AB # BA, where A and B are p X p matrices. Under functional commutativity we have the following
result, observing that when A is symmetric there exists and orthonormal matrix P, PP’ = I, P'P = |
such that P’AP = D where D is a diagonal matrix with the diagonal elements being the eigenvalue of
A. Then
f(A) = f(AI) = f(APP') = F(P'AP) = f(D)

Thus, the original function of p(p +1)/2 real scalar variables, can be reduced to a function of p
variables, the eigenvalues of A. Another approach is through zonal polynomials, developed by
Constantine, James and others, see for example James (Annals of Mathematics, 74(1961), 456-469)
and Constantine (Annals of Mathematical Statistics, 34(1963), 1270-1285). In this definition a general
hypergeometric function with » upper parameters and s lower parameters is defined as follows:

PE(X) = o Fa @1, o b1, o b X) = 3 7 0K CR(X) @)
by .

where Cg(X) is zonal polynomial of order k, K = (kl, ...,kp),kl + ... +kp =k, and for example,

14 i—1
@k =T Y52 @) = b(o+ 1) 6+ k= 1), (0)y = 1,0 £ 0 ®
j=1 /

Here also functional commutativity is assumed. They claim uniqueness for the above series by claiming
that Equation (7) satisfies both the integral equations defining matrix-variate function through the
definition of Laplace and inverse Laplace pair. The third approach is due to Mathai and it is defined
in terms of a general matrix transform or M-transform. The M-transform of f(—X) defined by the
equation

g(0) = [ X1 E A= x)ax,Ree) > £ ©)

where R(-) means the real part of (-). Under functional commutativity, f(—X) in Equation (9) reduces
to a function of p variables, the eigenvalues of X. But, still the left side of Equation (9) is a function
of only one variable p. Hence unique determination of f through g(p) need not be expected. It is
conjectured that f is unique when f is analytic in the cone of positive definite matrices. Right now,
f(—X) in Equation (9) remains as a class of functions satisfying the integral equation Equation (9).
In this definition, a general hypergeometric function with  upper and s lower parameters will be
defined as that class of functions for which the M-transform is the following:

Tplor = p)-Typlar —p) g P =1 (10)

80D = Fy (b= p) Ty (b — ) 2
where I',(a) is the real matrix-variate gamma given by
T)(a) = 7% T (a)T (a - %)...F(u - (’”2;1)),3%(”) > ”T*l (11)
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Then that class of function f(—X) is given by the equation Equation (11). It is seen that M-transform
technique is the most powerful in extending univariate results to matrix-variate cases. Some of the
results may be seen from Mathai (Mathematische Nachrichten 84(1978), 171-177; Communications in
Statistics A, A8(1)(1979), 47-55, A9(8)(1980), 795-801;Annals of the Institute of Statistical Mathematics,
33(1981), 35-43, 34(1982), 591-597; Sankhya Series A, 45(1983), 313-323; Proceedings of the VI ISPS
Conference, pp. 3-8, 1987; Indian Journal of Pure Applied Mathematics, 22(11)(1991), 887-903; Journal of
Multivariate Analysis, 41(2)(1992), 178-193; Proceedings of the National Academy of Sciences, LXV(II)(1995),
121-142, LXV(III)(1995), 227-251, LXVI(IV)(1995), 367-393, LXVI(AI)(1996), 1-22; Indian Journal of
Pure and Applied Mathematics, 24(9)(1993), 513-531; Advances in Applied Probability, 31(2)(1999), 343-354;
Rendiconti del Circolo Matematico di Palermo, Series 11, Suppl., 65(2000), 219-232; Linear Algebra and Its
Applications, 183(1993), 202-221; in Probability and Statistical Methods with Applications, pp. 293-316,
Chapman and Hall, 2001), Mathai and Saxena (Journal de Matematica e Estatistica, 1(1979), 91-106),
Mathai and Rathie (Statistica, XL(1980), 93-99; Sankhya Series A, 42(1980), 78-87;), Mathai and Tracy
(Communications in Statistics A, 12(15)(1983), 1727-1736; Metron, 44(1986), 11-110), Mathai and Pederzoli
(Metron, LI(3-4)(1993), 3-24; Indian Journal of Pure Applied Mathematics, 27(3)(1996), 7-32; Linear Algebra
and Its Applications, 253(1997), 209-226, 269(1998), 91-103). The important publication in this area is
the book on Jacobians of matrix transformation: A.M. Mathai, Jacobians of Matrix Transformations and
Functions of Matrix Argument, World Scientific Publishing, New York, 1997. The work on functions of
matrix argument is continuing in the form of applications in pathway models, fractional calculus and
so on. These will be mentioned later.

In connection with matrix-variate integrals it is a very often asked question that whether
matrix-variate integrals can be evaluated by treating them as multiple integrals and by using standard
techniques in calculus. Mathai explored the possibility of explicitly evaluating matrix-variate gamma
and beta integrals as multiple integrals in calculus. The basic matrix-variate integrals are the gamma
integral and beta integrals, where X is a p x p real positive definite matrix or hermitian positive definite
matrix. For example, when X is real and X > O (positive definite) the gamma integral is

—1
X a-td *tr(X)dX,% > i
o X e (@) > 22

and the beta integral is

a=brp_ xptT P
/O<X<,pq 1= XIP 7 dX, Rw) > B wip) > B

The corresponding integrals are there in the complex-variate case also. It is shown that this can be done
explicitly for p = 2 and a recurrence relation can be obtained so that step by step they can be evaluated
but for p > 2 this method of treating as multiple integrals is not a feasible proposition. See Mathai
(Journal of the Indian Mathematical Society, 81(3—4)(2014), 259-271; Applied Mathematics and Computation,
247(2014), 312-318.)

11. Multivariate Gamma and Beta Models

Corresponding to a univariate model there is nothing called a unique multivariate analogue.
Explorations of some convenient multivariate models corresponding to univariate gamma, type-1
beta, type-2 beta, Dirichlet models etc. were conducted in a series of papers. See, for example, Mathai
(In Time Series Methods in Hydrosciences,, pp. 27-36, Elsevier, 1982), Mathai and Moschopoulos (Journal of
Multivariate Analysis, 39(1991), 135-153; Annals of the Institute of Statistical Mathematics,44(1)(1992),
97-106; Statistica, LVII(2) (1992), 189-197, LIII(2)(1993), 231-21). These were some of the works on the
multivariate analogues of gamma and beta densities. Dirichlet models themselves are multivariate
extensions of type-1 and type-2 beta integrals or beta densities. When working on order statistics from
logistic populations, Mathai came across the need for a generalized form of type-1 Dirichlet model, see
Mathai (IEEE Trans. Reliability, 52(2)(2003), 20-206; in Statistical Methods and Practice: Recent Advances,
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pp- 57-67, Narosa Publishing, India, 2003; Proceedings of the 7th Conference of the Society for Special
Functions and Their Applications, 7(2006), pp. 131-142,). Various types of generalizations of type-1
and type-2 Dirichlet densities were considered, see for example, Jacob, Jose and Mathai (Journal of the
Indian Academy of Mathematics, 26(1)(2004), 175-189); Kurian, Kurian and Mathai (Proceedings of the
National Academy of Sciences, 74(A)II(2004), 1-10), Jacob, George and Mathai (Proceedings of the National
Academy of Sciences, 15(3)(2005, 1-9), Thomas and Mathai (Advances in Applied Statistics, 8(1)(2008),
37-56; Sankhya Series A, 71(1)(2009), 49-63), Thomas, Thannippara and Mathai (Journal of Probability
and Statistical Science, 6(2)(2008), 187-200).

11.1. Power Transformation and Exponentiation

Another problem explored is to see the nature of models available by power transformations and
exponentiation of standard probability models. Such a study is useful when looking for an appropriate
model for a given data. These explorations are done in Mathai (Journal of the Society for Probability and
Statistics (ISPS), 13(2012), 1-19).

11.2. Symmetric and Assymetric Models

A symmetric model, symmetric at x = a where a could be zero also, means that for x < a the
behavior of the function or the shape of the function is the same as its behavior for x > 4. In many
practical situations, symmetry may not be there. The behavior for x < a may be different from that for
x > a. Many authors have considered asymmetric models where asymmetry is introduced by giving
different weighting factors for x < a and for x > a so that the total probability under the curve will
be 1. But the shape of the curve itself may change for x < 2 and for x > a. A method is proposed in
the paper referred to in 11.1 above (Mathai 2012) where asymmetry is introduced through a scaling
parameter so that the shape itself will be different for x < a and x > a cases but the total probability
remaining as 1, which may have more practical relevance.

12. The Pathway Model

The basic idea was there in a paper of 1970’s in the area of population studies where it was
shown that by a limiting process one can go from one class of functions to another class of functions,
the property is basically coming from the theory of hypergeometric functions from the aspect of getting
rid off a numerator or a denominator parameter. This idea was revived and written as a paper on
functions of matrix argument where the variable matrix is a rectangular one, see Mathai (Linear Algebra
and Its Applications, 396(2005), 317-328). Let X be a real m x n matrix, m < n and of rank m be a matrix
variable. Let A be m x m and B be n x n constant nonsingular matrices. Consider the function

F(X) = CJAXBX'|"|I — (1 — &) AXBX'|"5,5p > 0 (12)

where «, 17, C be scalar constants. This C can act as a normalizing constant if we wish to create statistical
density out of Equation (12). Consider the case when m = 1,1 = 1 and x > 0. Then one can also take
powers for x and the model in Equation (12) can be written as

fi(x) = c1x” [1 —a(l- a)x‘s] e (13)

wherea > 0,0 > 0,77 > 0,x > 0. In the matrix-variate case in Equation (12) arbitrary powers for
matrices is not feasible even though AXBX' is positive definite because even for a positive definite
matrix, Y, arbitrary power such as Y may not be uniquely defined. Even when uniquely defined
transformation such as Z = Y will create problems when computing the Jacobians. The types of
difficulties that can arise may be seen for the case § = 2 described in the book, A.M. Mathai, Jacobians
of Matrix Transformations and Functions of Matrix Argument, World Scientific Publishing, New York
1997. Hence for the matrix case we consider only when 6 = 1. Consider case —oo < & < 1. Then
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Equation (13) remains as it is given in Equation (13) which is a generalized type-1 beta function. But if
« > 1 then writing 1 — « = —(a — 1) the form in Equation (13) changes to the following:

fx) = cox” [1 +a(a— 1)x‘5] e (14)

fora > 0,a > 1,7 > 0,0 > 0,x > 0. This model is a generalized type-2 beta model. When « — 1 in
Equation (13) and Equation (14), f1(x) and f,(x) reduce to the the form

3(x) = C3x7e*”’7x§,a >0,7>0,x>0 15
Ul

This is a generalized gamma model. Thus three functional forms f(x), f2(x), f3(x) are available for
« <l.w>1,a — 1. This parameter « is called the pathway parameter, a pathway showing three
different families of functions.

The practical utility of the model is that if Equation (15) is the stable or ideal situation in a physical
system then the unstable neighborhoods or functions leading to Equation (15) are given in Equation (13)
and Equation (14). In a model building situation, if the underlying data show a gamma-type behavior
then a best-fitting model can be constructed for some values of the parameters or for some value of
« the ideal model can be determined. Most of the statistical models in practical use in the areas of
statistics, physics and engineering fields can be seen to be a member or products of members from
f1, f2, f3 above. Note that for « > 1 and a — 1 situations we can take 6 > 0 or § < 0 and both these
situations can create statistical densities. Note that f; is a family of finite range models whereas f, and
f3 are families of infinite range models. Extended models are available by replacing x by |x| so that the
whole real line will be covered. In this case the nonzero part of model Equation (13) will be in the range
+[a(1 —«a)] ~# and for others —oo < x < co. Note that in Equation (12) all individual variables x;;s
are allowed to vary over the whole real line subject to the condition I — (1 — a) AXBX' > O (positive
definite). This model is also extended to complex rectangular matrix-variate case, see Mathai and
Provost (Linear Algebra and Its Applications, 410(2005), 198-216).

Note that Equation (13) for y = 0,6 = 1,a = 1,5 = 1 is Tsallis statistics in nonextensive statistical
mechanics. The function, without the normalizing constant c; will then be

g(x) = [1 - (1—a)x] ™= (16)

which is Tsallis statistics. This can be generated by optimizing Tsallis entropy or Havrda-Charvat
entropy with the denominator factor 1 — a instead of 2! ~* — 1, subject the constraint that the first
moment is fixed and this condition can be connected to the principle of the total energy being conserved.
Note that Equation (16) is also a power function model.

& a0 = g

Also Equation (14) fora = 1,6 = 1,1 = 1 is superstatistics in nonextensive statistical mechanics.

Mathai’s students have introduced a pathway fractional integral operator based on Equation (13)
and a pathway transform based on Equation (13) and Equation (14). Equation (13) and Equation (14)
can also be obtained by optimizing Mathai’s entropy

_ S @ -1

1 2
A La<

Ma(f)
subject to two moment type constraints and also the pathway parameter a can be derived in terms
of moments of fi(x) or f(x). Thus, in terms of entropies one can establish a entropic pathway,
in terms of distributions as explained above one can create a distributional pathway, one can also
look into the corresponding differential equations and create a differential pathway, covering the
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three sets of functions belonging to generalized and extended type-1 beta family, type-2 beta family
and gamma family. The theory of quadratic and bilinear forms in random variables is extended
to cover pathway populations, instead of Gaussian population. Note that Gaussian population is
a special case of the extended pathway population or pathway model, see Mathai* (Linear Algebra
and Its Applications, 425(2007), 162-170). Applications and advancement of theory of pathway model
by Mathai and his associates may be seen from the following: Mathai and Haubold (Physica A,
375(2007), 110-122, 387(2007), 2462-2470; Physics Letters A, 372(2008), 2109-2113; Integral Transforms
and Special Functions, 21(11)(2011), 867-875; Applied Mathematics and Computations, 218(2011), 799-804;
Mathematica Aeterna, 2(1),(2012), 51-61; Sun and Geosphere, 8(2)(2013), 63-70, UN Proceedings (2013);
Entropy, 15(2013), 4011-4025), Mathai and Provost (IEEE Transactions on Reliability, 55(2)(2006), 237-244;
Journal of Probability and Statistical Science, 9(1)(2011), 1-20; Physica A, 392(4)(2013), 545-551).

12.1. Input-Output Models

Many practical situations are input-output situations where what is observed is really the residual
effect. Energy may be produced and consumed and what is observed is the net result or the residual
effect. Water flows into a dam, which is the input variable, and water is taken out of the dam, which is
the output variable and the storage at any instant is the residual effect of the input minus the output.
In any production-consumption, creation-destruction, growth-decay situation what is observed is
z = x — y where x is the input variable and y is the output variable and z is the residual effect. Mathai
explored a number of situations where x and y are independently distributed real scalar random
variables or matrix random variables. Observations as widely different as solar neutrinos and the
amount of melatonin present in human body are all residual observations. Some works in this direction
may be seen from Mathai (Annals of the Institute of Statistical Mathematics, 34(1982), 591-597; In Time
Series Methods in Hydrosciences, pp. 27-36, Elsevier, Amsterdam, 1982; Canadian Journal of Statistics,
21(3)(1993), 277-283; Journal of Statistical Research, 27(1-2)(1993), 57-80; Integral Transforms and Special
Functions, 20(12)(2009), 49-63), Haubold and Mathai (Astrophysics and Space Science, 228(1995), 113-134;
Astrophysics and Space Science, 273(2000), 53—-63), Saxena, Mathai and Haubold (Astrophysics and Space
Science, 290(2004), 299-310) and a number of papers on fractional reaction-diffusion equations.

13. Work on Mittag-Leffler Functions and Mittag-Leffler Densities

On Mittag-Leffler functions and their generalizations an overview paper is written, see Haubold,
Mathai and Saxena (Journal of Applied Mathematics, ID 298628(2011), 51 pages). Mittag-Leffler function
comes in naturally when looking for solutions of fractional differential equations. This aspect will be
considered later. Three standard forms of Mittag-Leffler functions in current use are the following:

xk

1+u¢k R(a) >0

; ﬁ+ ay @) > 0. R(B) >

SR 0, 0
a ﬁﬂk) (w) > 0,R(B) >
There is no condition on the parameter . If these are to be written in terms of H-functions then « and
7 have to be real and positive. A generalization can be made by introducing a general hypergeometric
type function, which may be written as

( ) Z )k(xé)k
Eqliin. KT ( [3+txk)(b1)k (bs)g
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where the notation (4;), and (b;), are Pochhammer symbols. Convergence conditions can be worked
out for this general form.

A problem of interest in this case is a general Mittag-Leffler density because such a density is
needed in non-Gaussian stochastic processes and time series areas. Such a density was introduced
based on EZ,/ 8 (x‘s) and it is shown that such a model is connected to fat-tailed models, Lévy,
Linnik models. Structural properties and asymptotic behavior are also studied and it is shown that
such models are not attracted to Gaussian models, see Mathai (Fractional Calculus & Applied Analysis,
13(1) (2010), 113-132), Mathai and Haubold (Integral Transforms and Special Functions, 21(11)(2011),
867-875).

14. Work on Kritzel Function and Kritzel Densities

Another area explored is Krétzel function, Krétzel transform and Kritzel densities. Since Kratzel
transform is important in applied analysis area, a general density is introduced based on Kratzel
integral. The basic Krétzel integral is of the form

g1(x) = / XVe ™~ %dx,a > 0,y>0 17)
0
which can be generalized to the form

) oY
g2(x) :/0 xTe ™ ¥ dx (18)

fora >0,y > 0,a > 0,8 > 0or B < 0. The integrand in Eqaution (17), normalized, is the inverse
Gaussian density. The integral itself can be interpreted as Mellin convolution of a product, the marginal
density in a bivariate case efc. The integral in Eqaution (18) is connected the general reaction-rate
probability integral in reaction-rate theory (8 = %, « = 1is the basic integral in reaction-rate theory)
, unconditional densities in Bayesian analysis, marginal densities in a bivariate set up, and so on.
Different problems in a large number of areas can be connected to Eqaution (18). Note that x7e %",

normalized can act as a marginal density of a real scalar random variable x > 0 and eix%, normalized,
can act as the conditional density of y, given x. In this case Eqaution (18) has the structure of
unconditional density of y in a Bayesian analysis situation. One can also look at Eqaution (18),
normalized, as the joint density of two real scalar positive random variables and in this case Eqaution
(18) integral represents the marginal density of y. For > 0, Eqaution (18) can act as the Mellin
convolution of a product and for g < 0 it can represent the Mellin convolution of a ratio. In this case,
one can connect it to the Laplace transform of a generalized gamma density for « = 1. Many types
of such properties are studied in Mathai (International Journal of Mathematical Analysis, 6(51)(2012),
2501-2510; In Frontiers of Statistics and its Applications, Bonfring Publications, Germany, 2013; Proceedings
of the 10th and 11th Annual Conference of SSFA, 10-11(2011-2012), pp. 11-20). Mathai has also considered
the matrix-variate version of Eqaution (17).

15. Work on Fractional Calculus

Mathai may be credited with making a connection of fractional integrals to statistical distribution
theory, extending fractional calculus to matrix-variate cases, to complex matrix-variate cases, to
many scalar variable (multiple) cases, to many matrix variable cases. Recently Mathai has given a
geometrical interpretation of fractional integrals in a simplex as fractions of certain total integral in
n-dimensional cube. Mathai has also given a new definition to the area of fractional integrals, and
thereby fractional derivatives, as Mellin convolutions of products and ratios in the real scalar case
and as M-convolutions of products and ratios in the matrix-variate case, where one function is of
type-1 beta form, see Mathai (Integral Transforms and Special Functions, 20(12)(2009), 871-882; Linear
Algebra and Its Applications, 439(2013), 29012913, 446(2014), 196-215), Mathai and Haubold (Fractional
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Calculus & Applied Analysis, 14(1)(2011), 138-155; Cornell University arXiv, I-IV(2012) 4 papers; Fractional
Calculus & Applied Analysis, 16(2)(2013), 469-478). Papers are published solving various types of
fractional reaction, diffusion, reaction-diffusion differential equations, see Haubold, Mathai, Saxena
(Bulletin of the Astronomical Society of India, 35(2007), 681-689; Journal of Computational and Applied
Mathematics, 235(2011), 1311-1316; Journal of Mathematical Physics, 51(2010), 103506-8), Saxena, Mathai
and Haubold (Astrophysics and Space Science, 305(2006), 289-296, 297-303, 305-313; Astrophysics and
Space Science Proceedings, (2010), pp. 35-40, 55-62; Axiom, 3(3) (2014), 320-334; Journal of Mathematical
Physics, 55(2014), 083519, d0i:10.1063/1.4891922.

® © 2015 by the authors. Licensee MDPI, Basel, Switzerland. This article is an open access
@ article distributed under the terms and conditions of the Creative Commons Attribution
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