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Flows of thermal origin and heat transfer problems are central in a variety of disci-
plines and industrial applications. The present Special Issue entitled “Thermal Flows”
consists of a collection of studies by distinct investigators and research groups, dealing
with different types of flows relevant to both natural and technological contexts. It com-
prises 11 papers covering some of the latest advances in these fields. Both reviews of
the state-of-the-art and new theoretical, numerical and experimental investigations are
presented, which illustrate the structure of these flows, their stability behavior and the
possible bifurcations to different patterns of symmetry and/or spatiotemporal regimes.
Moreover, different categories of fluids are considered (liquid metals, gases, common fluids
such as water and silicone oils, organic and inorganic transparent liquids and nanofluids).

The first part of this collection [1–3] focuses on a very classical problem, generally
falling under the heading of Rayleigh–Bénard convection (RB), that is, the behavior of fluid
systems heated from below and cooled from above. In particular, the first study [1] finds its
motivations in the field of thermal comfort in the building heating and ventilation sector,
where thermal control is traditionally implemented via floor heating and/or ceiling cooling;
interestingly, the response of RB convection to the application of time-periodic cooling is
assessed by means of sophisticated LBM simulations. Thermogravitational convection is
still at the root of the following two numerical investigations [2,3], where, however, a shift
is implemented in the intended outcomes. In particular, the context is changed from the
design of heating/cooling systems to the much more fundamental area relating to natural
phenomena of a geophysical or astrophysical interest. Indeed, flows of the RB type are
also known for their remarkable ability to produce important large-scale features (such
as a self-sustained magnetic field) in rotating cosmic objects, relevant exemplars being
the sun [2] and terrestrial or gas giant planets [3]. Rotating thermal convection is yet the
main subject of analysis in [4], where the non-linear dynamics of such flow are considered
on the surface of a hemisphere. It is shown that, just like a half soap bubble located on a
heated plate, a hemisphere undergoing rigid or differential rotation can mimic the behavior
of large-scale fluid systems (the numerous atmospheric and oceanic flows, which can
effectively be modeled as two-dimensional thermal convection on a curved surface).

The next paper on the list [5] is still somehow relevant to typical natural phenomena,
as it is concerned with the behavior of a viscous non-isothermal mixing layer of water.
In isothermal conditions, such a kind of flow is the simplest configuration allowing for
the well-known Kelvin–Helmholtz (or KH) instability that takes place when two parallel
currents with different velocities meet. It typically develops in the form of a wave. This
study examines the changes that are introduced in these dynamics when the fluid displays
a stable thermal stratification.

Paper [6] is a review of the landmark experimental results obtained with regard to
a completely different mechanism of convection, which does not require the presence of
buoyancy or gravity, namely Marangoni (or thermocapillary) convection. This genus of
fluid motion is relevant to a variety of technological sectors (including, but not limited
to, soldering processes, film and spray coating and several techniques for the production
of crystals of different types). The authors of paper [6] offer a masterful exposition on
the state of the art for Marangoni flows in “liquid bridges” (LBs) made of silicone oil and
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other transparent organic liquids (an LB is a column of liquid held by surface tension
between two supporting disks at different temperatures). When this type of convection,
initially steady and axisymmetric, becomes unstable, it can produce waves travelling in the
azimuthal direction that, under certain conditions, can cause the accumulation of tracer
particles with various sizes and densities into esthetically appealing structures known as
“PAS”. Surface tension effects are still central in the next work [7], where the planar laminar
free-surface flow of a Newtonian fluid (as typically encountered in slot and blade coating
applications) is examined analytically at moderate Reynolds and capillary numbers under
adverse or favorable pressure gradients.

Following the treatment of thermogravitational and thermocapillary convection, two
studies [8,9] are also included, which concentrate on a third fundamental variant of ther-
mally induced flows, namely fluid motion produced in non-isothermal systems by the
application of “vibrations” (thermovibrational convection). Vibrations enable a time-
varying acceleration, which formally makes the emerging convective structures a variant of
buoyancy convection. As in the parent phenomena, these processes are extremely sensitive
to the relative directions of the acceleration and the prevailing temperature gradient. In
particular, [8] focuses on a case where these vectors are parallel. The complexity of this
specific arrangement (with respect to the companion situation in which vibrations and
temperature difference are perpendicular) stems from the properties that are inherited from
the corresponding case with steady gravity, i.e., the standard RB. The need to overcome a
threshold to induce convection from an initial quiescent state, together with the opposite
tendency of acceleration to damp fluid motion when its sign is reversed, causes a variety
of possible solutions that can display synchronous, non-synchronous, time-periodic and
multi-frequency responses. A very special case is represented by “circular translational
vibrations”, i.e., a situation where the entire fluid domain moves along a circular path [9].
The peculiarity of this flow originates from the absence of a preferred direction for the
vibrations and the existence of a rotating force field in the non-inertial reference frame
moving with the fluid container.

The “rotating fluid” theme, already addressed to a certain extent in [9] and in [2–4],
returns (although under different perspectives) in [10], where the main purpose is the
presentation of an analytical dependence on the critical Reynolds number for a flow near
a rotating disk (such a subject being essential for the analysis of the thermal response of
disks and blades in relation to the design of gas and steam turbines).

The last work of the sequence [11] finally addresses another important long-standing
issue in engineering, that is, the thermal performances of circular pipes with inserts. Such
a subject is examined in combination with the use of a nanofluid (water and titanium
dioxide) for different values of the Reynolds number. The resulting problem aligns with
current efforts aimed to design more efficient heat-exchange technologies to be used in
a variety of fields (processor and electronic chip cooling, nuclear reactor cooling, food
processing, cooling systems in commercial buildings, just to cite a few).

As witnessed by all of these studies, problems concerned with heat transfer and
related (forced or natural) flows continue to burgeon and bring surprises to this day. Along
these lines, the focused papers included in this Special Issue have been collected under the
optimistic hope that they will serve as a new important resource for physicists, engineers
and advanced students interested in the physics of non-isothermal fluid systems, fluid
mechanics, environmental phenomena, meteorology, geophysics, thermal, mechanical and
materials engineering.

Conflicts of Interest: The author declares no conflict of interest.
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Abstract: The problem of Rayleigh–Bénard’s natural convection subjected to a temporally periodic
cooling condition is solved numerically by the Lattice Boltzmann method with multiple relaxation
time (LBM-MRT). The study finds its interest in the field of thermal comfort where current knowledge
has gaps in the fundamental phenomena requiring their exploration. The Boussinesq approximation
is considered in the resolution of the physical problem studied for a Rayleigh number taken in the
range 103 ≤ Ra ≤ 106 with a Prandtl number equal to 0.71 (air as working fluid). The physical
phenomenon is also controlled by the amplitude of periodic cooling where, for small values of
the latter, the results obtained follow a periodic evolution around an average corresponding to the
formulation at a constant cold temperature. When the heating amplitude increases, the physical
phenomenon is disturbed, the stream functions become mainly multicellular and an aperiodic
evolution is obtained for the heat transfer illustrated by the average Nusselt number.

Keywords: Rayleigh–Bénard convection; time periodical cooling; Lattice Boltzmann method

1. Introduction

The building sector is one of the largest energy consuming sectors. It represents a
large proportion of total energy consumption, much higher than industry and transport
in many countries [1–5]. The major challenge to guarantee good comfort is that energy
consumption and the level of comfort are often in conflict in a room [6].

In a confined space, thermal comfort depends on the operation of controlled instal-
lations (i.e., heating, ventilation and air conditioning) [7]. Therefore, to assess the energy
performance of the building, a thermal analysis is essential in order to predict the thermal
responses and calculate building loads (heating/cooling). The key of good thermal comfort
is the temperature control. To assess it, two models exist: physical or white-box models
based on the energy and mass balance equations, and data-driven or black box models
based on artificial neural network and developed after sufficient data are available.

In order to propose an adequate design of the indoor environment where people work
and live, several papers have been published on the thermal comfort of buildings [8–10].
Rayleigh–Bénard (RB) convection is a classical problem of natural convection. It appears
in several applications of engineering and building, such as thermal comfort by using
floor heating or ceiling cooling. The other challenge is the energy storing, so either phase
change materials or liquid storing are integrated to enhance the thermal building inertia.
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Chandrasekhar [11] and Drazin and Reid [12] implemented a full report on the lineariza-
tion theory. Moreover, many numerical studies of RB natural convection in rectangular
enclosures have been carried out for Newtonian fluids [13–15]. Other researchers were
interested in the Rayleigh-Bénard convection in viscoplastic fluids leading to numerical
and experimental investigations [14–17]. The Rayleigh number (Ra) is the parameter that
quantifies the intensity of the thermal driving in convection. For sufficiently large Ra,
Rayleigh–Bénard convection flow becomes turbulent. Significant progress in our under-
standing of turbulent convection has been obtained by both experimental and numerical
studies [18–20]. The Rayleigh–Bénard convection with all the issues illustrated above
becomes more complex in the case of time-dependent boundary conditions [21]. The
Rayleigh–Bénard problem, with linear temperature increase, was studied by Kaviany [22]
and extended later on by Kaviany and Vogel [23], with the inclusion of solute concentration
gradients. The solute gradient represents either the phase diagram solute redistribution
near phase change interface or the stabilized long-term energy storing solar pound. Ac-
cording to the results of the Rayleigh–Bénard convection studies, a sufficient condition has
been found to control the frequency of heat pulsation in order to initiate convection in a
periodically heated and cooled cavity from top wall [24].

Aniss et al. [25] have studied the influence of the gravitational modulation on the sta-
bility threshold in the case of a Newtonian fluid confined in Hele-Shaw cell and subjected
to vertical periodic motion. A time-dependent perturbation expressed in Fourier series has
been applied to the wall temperature according to Bhadauria and Bhatia [26]. They found
that it is possible to advance or delay the onset of convection. Umavathi [27] also inves-
tigated the effect of external modulation on the thermal convection in a porous medium
saturated by a nanofluid. It was found in this last study that the low frequency symmetric
thermal modulation is destabilizing while moderate and high frequency symmetric modu-
lation is always stabilizing. Recently, Himraneet et al. [28] have studied numerically the
Rayleigh–Bénard convection using the Lattice Boltzmann method. The authors considered
periodic heating at the lower wall of the cavity. For high values of Rayleigh number, they
obtained an unsteady regime in the form of temporal evolution with several frequencies.
Abourida et al. [29] have examined Rayleigh–Bénard convection in a square enclosure
with a top wall submitted to constant or sinusoidal cold temperature and sinusoidally
heated bottom wall. It was observed that by varying the two imposed temperatures, basic
differences were noted in comparison to the case of variable hot temperature and that
of constant boundary temperature conditions. Raji et al. [30] have presented Rayleigh–
Bénard convection inside square enclosure with a time-periodic cold temperature in the top
wall. They proved that the variable cooling can lead to a significant improvement in heat
transfer compared to constant cooling, particularly at certain low periods. The influence
of thermoelectric effect on the Rayleigh–Bénard instability has been well investigated by
researchers [31–33].

The literature review has shown that Rayleigh–Bénard’s convection problem is still
relevant and often considered with constant boundary conditions whereas reality suggests
that heating and cooling conditions are modulated over time (i.e., scrolling of the days). In
the present study, the problem of time-periodic cooling applied to Rayleigh–Bénard convec-
tion is investigated using Lattice Boltzmann method with multiple relaxation time (LBM-
MRT). The study finds its interest in the field of thermal comfort where current knowledge
has gaps in the fundamental phenomena (theoretical funds) requiring their exploration.

2. Mathematical Formulation

Lattice Boltzmann method was adopted for the resolution of fluid flow and transports
phenomena. This method has non-linearity in its mathematical formulation and therefore
approximates the temporal variation wall temperature (totally explicitly unsteady). Fluid
flow is described as a movement of particles. In two-dimensional domain, the particles’
moving is done by distribution functions with DnQm model, where “n” denote dimensions
and “m” discrete velocities [34]. In our study, we used D2Q9 model for dynamic field
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and D2Q5 for thermal model. Finally, collisions and advection terms are computed by the
Boltzmann equation of the distribution functions [35,36]:

fi(x + eiδt, t + δt)− fi(x, t) = Ω( fi) + δtFi (1)

where fi is the distribution function with velocity ei at lattice node x at time t, δt is the
discrete time step, Ω( fi) is the collision operator and Fi is the implemented external forces
term. Then, the collision operator in indicial form is as follows:

fi(x + eiδt, t + δt)− fi(x, t) = −1/τ
[

fi(x, t)− f eq
i (x, t)

]
+ δtFi (2)

where f eq
i is the equilibrium function which is expressed by:

f eq
i = wiρ

[
1 + 3eiv + 9(eiv)

2/2− 3v2/2
]

(3)

The factors wi are given as:
{

4
9 , 1

9 , 0, 0, 1
9 , 1

36 , 0, 0, 1
36

}
, τ is the relaxation time without

dimension. The nine discrete velocities are defined as follows:

ei =





(0, 0); i = 0
c[cos((i− 1)π/2), sin((i− 1)π/2)]; i = 1, 2, 3, 4√

2c[cos((2i− 9)π/2), sin((2i− 9)π/2)]; i = 5, 6, 7, 8
(4)

The collision term is expressed in the Multiple Relaxation Time model (MRT)
D’Humières [37], where better stability is observed with a wide range of Prandtl Number
values [38].

Ω = −M−1C[mi(x, t)−mi
eq(x, t)] (5)

The flow field formulation becomes:

fi(x + eiδt, t + δt)− fi(x, t) = −M−1C[mi(x, t)−mi
eq(x, t)] + M−1δt(1− C/2)D (6)

where M is the projection matrix of fi and f eq
i into the moment space. So, the expression of

m = M f and meq = M f eq are given by:



ρ
e
φ

jx − (δt/2)ρFx
qx

jy − (δt/2)ρFy
qy
pxx
pxy




=




1 1 1 1 1 1 1 1 1
−4 −1 −1 −1 −1 2 2 2 2
4 −2 −2 −2 −2 1 1 1 1
0 1 0 −1 0 1 −1 −1 1
0 −2 0 2 0 1 −1 −1 1
0 0 1 0 −1 1 1 −1 −1
0 0 −2 0 2 1 1 −1 −1
0 1 −1 1 −1 0 0 0 0
0 0 0 0 0 1 −1 1 −1







f0
f1
f2
f3
f4
f5
f6
f7
f8




. (7)

The fluid density ρ, components moment jx and jy are the conserved quantities. The
six other moments are non-conserved ones and are relaxed linearly in time namely: energy
e, energy squared φ, energy flux in the two directions qx, qY and diagonal/off-diagonal
component of the strain-rate tensor pxx, pxy. The collision operator is carried out in the
moment space and in indicial form:

m∗i (x, t) = mi(x, t)− C[mi(x, t)−mi
eq(x, t)] (8)

For the thermal model, the two-dimensional D2Q5 model with five velocities is used
in this work. This model was chosen and validated by several authors in the literature [30]
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due to its simplicity and accuracy. The Boltzmann equation with multi-relaxation time can
be written as:

gi(x + eiδt, t + δt)− gi(x, t) = −N−1E[ni(x, t)− ni
eq(x, t)] (9)

where gi(x, t) is distribution function of temperature, N is projection matrix of gi and geq
i

into the moment space, and with the same procedure of temperature (first population)
n = Ng. The transformation matrix N is given by:




n0
n1
n2
n3
n4




=




1 1 1 1 1
0 1 0 −1 0
0 0 1 0 −1
−4 1 1 1 1
0 1 −1 1 −1







g0
g1
g2
g3
g4




(10)

The boundary conditions, according to their macroscopic mathematical formulation
are illustrated in Figure 1 for velocities:

U(0, Y, t) = U(1, Y, t) = U(X, 0, t) = U(X, 1, t) = 0 (11)

V(0, Y, t) = V(1, Y, t) = V(X, 0, t) = V(X, 1, t) = 0 (12)
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Figure 1. Physical model.

Temperature boundary conditions:

θ(X, 1, t) = Amp · sin(2π f t) (13)

θ(X, 0, t) = 1 (14)

∂θ(X, Y, t)
∂X

∣∣∣∣
X=0

= 0 and
∂θ(X, Y, t)

∂X

∣∣∣∣
X=1

= 0 (15)

The instantaneous and average Nusselt number Nu(t) at hot and cold wall (Y = 0 and
Y = 1) is obtained as:

Nuh(X, 0, t) = −∂θ(X, Y, t)
∂Y

∣∣∣∣
Y=0

and Nuhavg(t) =
∫ 1

0
Nu(X, t)dX (16)
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Nuc(X, 1, t) = −∂θ(X, Y, t)
∂Y

∣∣∣∣
Y=1

and Nucavg(t) =
∫ 1

0
Nu(X, t)dX (17)

Before presenting the different results obtained, it is necessary to test the validity of
our digital code. Thus, we compared the results of our simulations with those of the various
studies carried out on the analysis of Rayleigh–Bénard convection in square cavities filled
with air. Different discretization methods have been adopted by these reference studies.
Table 1 quantitatively summarizes the values of the average Nusselt number obtained as a
function of thermal gradient intensity imposed and characterized by the Rayleigh number.
We note that our results show good agreement with those of the literature. The code is also
successfully validated for the case of time-periodic temperature condition. Figure 2 shows
a good agreement between the present hot and cold Nusselt numbers as function of time
and those of Wang et al. [39].

Table 1. Nusselt numbers’ validation.

References
Ra

103 104 105 106

Present Work 1.0035 2.1502 3.912 6.321
Ourtatani et al. [13] 1.0004 2.158 3.910 6.309

Turan [14] 1.0000 2.154 3.907 6.309
Bouabdallah et al. [40] 1.0000 2.2000 3.900 6.400
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In what follows, we present the influence of the various control parameters gov-
erning the natural convection problem. The different results are represented in terms of
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streamlines, isotherms and heat transfer rate over a time period. Finally, we analyze the
periodicity of the convective regime, by means of phase portraits obtained by the heat
exchange coefficients.

3. Results

The range of the Rayleigh number values is taken 103 ≤ Ra ≤ 106. The amplitude
of heating is taken between 0.0 and 0.8, and the working fluid is assumed to be air with
Pr = 0.71.

In order to better study the behavior of the flow, we varied the amplitude for the three
cases, 0.2, 0.5 and 0.8. Figure 3 represents the stream functions for the amplitude 0.2 as a
function of the Rayleigh number for the four quarter-period f = 1/2πτp = 1/3× 10−4.
Note that the stream function is obtained from the velocity integral and represents the fluid
flow rate. When the Rayleigh number is equal to Ra = 104, an invariant cell is observed for
the four quarter-period.
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Figure 3. Evolution of streamlines over a period as a function of the Rayleigh number (Amp = 0.2 and |f| = 0.33 × 10−4).

This means that the modulation of cooling has little influence on the dynamic fields.
The only difference is that the flow increases characterized by ψmax is increasingly larger
than the general temperature gradient is maximum (in the heating period). Same case
for the Rayleigh Ra = 105 with the presence of small vortices on the upper left and lower
right side. As the thermal draft increases, for a Rayleigh number 106, the flow loses its
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symmetry and subsequently becomes multicellular. For this Rayleigh value and a period
of τp/2, the upper secondary cell grew further and took up most of the space of the cavity,
in turn becoming counter-rotating bicellular. This spatial multi-cellular (mainly bicellular)
competition is persistent throughout the period.

Figures 4 and 5 represent the isocurrents for amplitudes 0.5 and 0.8 respectively, as a
function of Rayleigh for the four quarter-period (with f = 1/3 × 10−4). The flow structure
for the Rayleigh 104 is essentially single-cell, with vortices on the upper right and lower
left sides being very small. These findings are similar to the same Rayleigh with a smaller
temperature modulation (Amp = 0.2). On the other hand, for Rayleigh equal to 105, it is
always the same type of flow (i.e., mainly single-cell) but the vortices of the corners are
strongly present and influence the size of the main cell. The upper secondary cell still
grows (Ra = 106) and the flow becomes predominantly counter-rotating bicellular and then
becomes mainly monocellular again at the end of the period due to the decrease of the
upper cell.
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Finally, for the temporal step τp, this main cell will be oriented on the right side
with one other cell on the lower left side. When the amplitude increases (i.e., Amp = 0.8,
Figure 5), an essentially bicellular spatial competition is observed even for Ra = 105 and
this competition persists even for the maximum Rayleigh of 106.

The isotherms corresponding to the different Rayleigh number and the quarter-periods
for Amp = 0.2 (Figure 6) show that the heat distribution is consistent with the circulation
of the fluid revealed by the stream functions. We also note that the isothermal lines
are transported by the movement of fluid. For the Rayleigh 103 (not presented in this
figure), the isotherms are stratified for all quarter-periods. The isotherms’ distortion begins
around Ra = 104, evolving the form of a vortex. We notice that for Ra = 105, isotherms
are concentrated on the two horizontal walls for the four beats of the period. When
the Rayleigh number reaches to 106, we clearly see the conformity of the temperature
distribution with respect to the fluid circulation, and distortion is always present for the
four-quarter period.

Figure 7 provides evolution of isotherms as function of Rayleigh number and the
quarter-period for Amp = 0.8. Visibly, this figure shows that the heat distribution is
consistent with the circulation of the fluid revealed by the stream functions. Additionally,
we note that the isothermal lines are transported by the fluid flow. For Ra = 103(not shown
in the figure), isotherms are stratified for all quarter periods, and distortion begins around
the Rayleigh value 104 in appearance of a vortex. We notice that for Raleigh equal to 105,
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the temperature lines are found concentrated on the two horizontal walls for the four times
of the period.
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Figure 8 gives the temporal evolution of the Nusselt number at the cold wall for the 
last considered periods. The periodic oscillatory regime is established for most Rayleigh 

Figure 6. Evolution of isotherms over a period as a function of the Rayleigh number (Amp = 0.2 and |f| = 0.33 × 10−4).

When the Rayleigh reaches to 106, we can clearly see the conformity of the temperature
distribution with respect to the circulation of the fluid, and the distortion is always present
for the four quarters of a period. It can be seen, for the last quarter of a period τp/2, that
the temperature lines are concentrated much more on the cold wall compared to that of the
opposite side; this is due to a cooling which is more intense.

Figure 8 gives the temporal evolution of the Nusselt number at the cold wall for the
last considered periods. The periodic oscillatory regime is established for most Rayleigh
numbers. For high Rayleigh numbers, the cold Nusselt curves exhibit quasi-periodic
shapes when the cooling modulation amplitude is small (Amp ≤ 0.5) and aperiodic shapes
for high amplitudes (Amp > 0.5). We note that the more the amplitude increases, the
more the heat transfer module intensifies. In the case of Rayleigh 106, the curve loses its
periodicity due to the appearance of unsteady phenomena. Note that when the amplitude
increases, instabilities appear even for the intermediate Rayleigh numbers and lower than
Ra < 106. Additionally, it is apparent that for low modulation amplitudes, the curves have
a quasi-symmetrical shape, whereas when the modulation increases, the physical behavior
of the cavity is different between heating and cooling. It should also be noted that it is no
longer the increase in the Rayleigh number that governs the growth of transfer rate.
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Figure 8. Evolution of the Nusselt number “Nuc” (at the top wall) as a function of time for different Ra over the last
two periods.
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Figure 9. Evolution of the Nusselt number “Nuc” (at the top wall) as a function of time for different Amp over the last
two periods.
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Figure 10 illustrates the phase portraits of the normalized Nuc and Nuh (cold and hot
Nusselt respectively) for different Ra, and for Amp = 0.4 and 0.8, respectively. It is well
known that when boundary conditions are not modulated, hot and cold Nusselt numbers
must be the same to ensure energy balance. In the case where the boundary conditions are
modulated, the heat transfers on the hot and cold sides follow different evolutions [41–44].
The main observation is that for a Rayleigh of 103, 104 and 105, the limit cycle indicates that
the regime is periodic; on the other hand for the Rayleigh 106, the limit cycle is replaced by
a cross cycle indicating the birth of natural instabilities and their addition to the pulsation
imposed by the boundary condition. For Amp = 0.8, the limit and cross cycles are stretched
diagonally showing that reaching the maximum value of Nuc induces the fall of Nuh to its
minimum value and vice versa.
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4. Conclusions

In this study, the Lattice Boltzmann method has been used in order to investigate
Rayleigh–Bénard convection in square cavity submitted to a time-periodic cooling. The
Rayleigh number value considered is between 103 and 106, while the amplitude varies 0.2
to 0.8 and Prandtl value kept constant at 0.71. The flow state as well as the thermal fields
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depends on the values of control parameters (Ra and Amp). For the dynamic field, the
obtained results show that the flow structure changes from predominantly monocellular to
predominantly counter-rotating bicellular flow for Rayleigh number values Ra= 106 and
low values of the heating amplitude. This phenomenon was obtained for lower Rayleigh
values (Ra = 104) by increasing the value of the heating amplitude.

The analysis of the heat transfer show that for small values of amplitude heating, the
averaged Nusselt curves follow a periodic evolution around an average corresponding
to the formulation according to a constant cold temperature. An unsteady evolution is
observed when the thermal draft increases; this unsteadiness has appeared for low Rayleigh
numbers by increasing the value of the heating amplitude.
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Abbreviations

C Lattice speed
cs Sound speed (cs = 1/

√
3)

ci Micro-discrete velocities
f Frequence
f Distribution function of momentum equation
f eq Distribution function for equilibrium momentum equations
G Gravitational acceleration (m/s2)
g Thermal distribution function
H Convective exchange coefficient
H Correction term
J Components of momentum
L Cavity length (m)
m Moments
meq Equilibrium moments
M Transformation matrix
N Thermal transformation matrix
Nu Average Nusselt number
Nux Local Nusselt number
Pr Prandtl number Pr = υ/α

rj Position node

Ra Rayleigh number Ra =
(

g β ∆Tre f L3
)

/(υ α)

S Matrix with Sj diagonal relaxation rates elements
t Lattice time
tk Time at a step k
T Dimensional temperature
U Dimensionless horizontal velocity component
V Dimensionless vertical velocity component
x Dimensional longitudinal coordinate
y Dimensional vertical coordinate
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X Dimensionless longitudinal coordinate
Y Dimensionless vertical coordinate
Subscript
c Cold
h Hot
t Time derivative
Greek symbols
α Thermal diffusivity coefficient (m2/s)
β Coefficient of thermal expansion (K-1)
ε The second order energy
µ Dynamic viscosity (kg/m/s)
υ Kinematic viscosity (m2/s)
δt Time step
Ψ Dimensionless stream function
τ Relaxation time
ρ Density (Kg/m3)
θ Dimensionless temperature
Θ Diagonal relaxation matrix of σi
Ψ Thermal source term vector
ϕ Energy flux
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Abstract: The relative importance of the helicity and cross-helicity electromotive dynamo effects for
self-sustained magnetic field generation by chaotic thermal convection in rotating spherical shells is
investigated as a function of shell thickness. Two distinct branches of dynamo solutions are found
to coexist in direct numerical simulations for shell aspect ratios between 0.25 and 0.6—a mean-field
dipolar regime and a fluctuating dipolar regime. The properties characterising the coexisting dynamo
attractors are compared and contrasted, including differences in temporal behaviour and spatial
structures of both magnetic fields and rotating thermal convection. The helicity α-effect and the
cross-helicity γ-effect are found to be comparable in intensity within the fluctuating dipolar dynamo
regime, where their ratio does not vary significantly with the shell thickness. In contrast, within the
mean-field dipolar dynamo regime the helicity α-effect dominates by approximately two orders of
magnitude and becomes stronger with decreasing shell thickness.

Keywords: rotating thermal convection; convection-driven dynamos; numerical simulations;
bistability; mean-field magnetohydrodynamics; spherical shells

1. Introduction

Thermal flows give rise to some of the most characteristic large-scale features of cosmic
objects—their self-sustained magnetic fields [1,2]. For instance, the Sun and several of the planets in
the Solar System display substantial magnetic fields [3,4]. The solar magnetic field drives solar activity
and strongly affects planetary atmospheres [5,6]. Earth’s field shields life from solar radiation [7].
Farther out, the gas giants, the ice giants, and the Jovian moons all have significant magnetic
fields [8]. These fields are sustained by dynamo processes in the interiors or the atmospheres of
their celestial hosts where vigorous convective motions of electrically conductive fluids generate
large-scale electric currents [9–11]. The convective flows are driven primarily by thermal buoyancy
forces due to thermonuclear fusion in stellar interiors and secular cooling in planetary interiors,
respectively. Thermal convection in celestial bodies is highly turbulent in nature and, at the same time,
strongly influenced both by rotation and by the self-generated magnetic fields. Considerable attention
has therefore been devoted to this fascinating and important subject, and for topical reviews we refer
to the papers by Busse and Simitev [12], Jones [13], Wicht and Sanchez [14] and references within.

Conceptually, dynamo generation of large-scale magnetic fields is understood on the basis of
mean-field dynamo theory [15–17], a well-established theory of magnetohydrodynamic turbulence.
A cornerstone of the theory is the turbulence modelling of the mean electromotive force—the sole
source term arising in the Reynolds-averaged magnetic induction equation governing the evolution
of the large-scale field, see Section 3.5 further below. The electromotive force is usually approximated
by an expansion in terms of the mean field and its spatial derivatives where the expansion coefficients
are known informally as “mean-field effects”. The turbulent helicity effect, also called α-effect (in this
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work, when we refer to “helicity” without further qualification, we intend the helicity associated with
the α-effect—this shorthand should not be confused with other helicities, such as “magnetic helicity”),
has been studied extensively in the research literature on mean-field dynamo theory, for example,
see [16,18] and references therein. In contrast, the cross-helicity effect, also known as γ-effect [19],
has been a subject to a rather small number of studies, for example, [20,21] and works cited therein.
This is due to the currently prevailing treatment of turbulence where large-scale velocity is neglected
because of the Galilean invariance of the momentum equation. However, such treatment leads to the
neglect of the large-scale shear effects, which are, in fact, significant. For example, large-scale rotation
is ubiquitous in astro/geophysical objects, for example, the Solar internal differential rotation is
substantial and well measured [22,23] while numerical simulations suggest it is an essential ingredient
of the dynamo process and likely to be responsible for the regular oscillations of convection-driven
spherical dynamos [24,25]. Similarly, a number of studies of plane-parallel flows confirm that
cross-helicity effects are not small compared to helicity effects [26,27]. Apart from its role in dynamo
generation, cross-helicity is an important Solar observable. For instance, measurements of the
cross-helicity component 〈uzbz〉 at the Solar surface are available from the Swedish 1-m Solar Telescope
and can be used to calculate the magnetic eddy diffusivity of the quiet Sun by quasilinear mean-field
theory [28].

Cross-helicity has not been explored in models of self-consistent dynamos driven by thermal
convection in rotating spherical shells and this paper aims to contribute in this direction. The main
goal of this work is to investigate the relative importance of the helicity and cross-helicity effects as
a function of the thickness of the convective shell. Intuitive arguments suggest that the α-effect is
important in the case of the geodynamo and the cross-helicity effect is important in the case of the
global solar dynamo. Indeed, the geodynamo operates in the relatively thick fluid outer code of the
Earth where large-scale columnar structures are believed to develop. The coherent columnar structures
are characterised by relatively large-scale vorticity and generate a strong helicity α-effect. In contrast,
the global solar dynamo operates in the thinner solar convection zone where columnar structures are
thought difficult to maintain and so vorticity may have a less regular structure, thus increasing the
relative importance of the cross-helicity effect. To assess this hypothesis, we present a set of dynamo
simulations that differ mainly in their shell thickness aspect ratio η = ri/ro, see Figure 1, while other
governing parameters are kept fixed. Along with estimates of the relative strength of the helicity and
cross-helicity effects, we report on the mechanisms of electromotive force generation and its spatial
distribution. Variation of shell thickness is also relevant to the case of the geodynamo as the inner
core did not exist at the time of formation of the Earth, but nucleated sometime later in the geological
history of the planet and continues to grow in size.

η

Figure 1. Illustration of shell thickness aspect ratio variation.

The geodynamo and the solar global dynamo are also different in that the former has a dominant
and rarely reversing dipole, while the latter exhibits a regular periodic cycle. To capture this essential
difference while comparing quid pro quo, we have performed this study at parameter values where two
distinct dynamo branches are known to coexist [29–31]. These branches have rather different magnetic
field properties, in particular one branch is non-reversing while the other branch is cyclic, and also
display significant differences in zonal flow intensity and profile. It is reasonable to expect that the
two branches will offer different mechanisms of helicity and cross-helicity generation and thus in this
paper we proceed to study both branches. Bistability, in itself, may play a role in aperiodic magnetic
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field polarity reversals, a notable feature of the geodynamo [32], as well as in the regular cycle of the
solar dynamo [33]. We have previously investigated the hysteretic transitions between the coexisting
dynamo branches with variation of the Rayleigh, Prandtl and Coriolis numbers (defined further below).
In addition, in this paper we demonstrate for the first time that the distinct dynamo branches coexist
also when the shell thickness η is varied. The discussion of this dichotomous behaviour runs as a
secondary theme of the article.

The paper is structured as follows. Details of the mathematical model and the numerical methods
for solution are given in Section 2. In Section 3, we describe the set of dynamo simulations performed
in the context of this work. We pay particular attention to the description of the two coexisting dynamo
branches, which are studied for the first time here as a function of the thickness of the convective
shell. In the process, we describe the typical morphology and time dependent behaviour of thermal
convection flows. In Section 3.5, we briefly summarise the mean field arguments related to the
helicity and cross-helicity mechanisms for the generation of a large-scale magnetic field. In Section 3.6,
the cross-helicity properties of our dynamo solutions and the relative contributions of the α-and
γ-effects are assessed. Section 4 is devoted to concluding remarks.

2. Materials and Methods

This section describes a standard mathematical formulation of the problem of thermal convection
and magnetic field generation in rotating spherical fluid shells. A set of transformations used to recast
the problem in a scalar stream-function form and a pseudo-spectral algorithm used for the numerical
solution of the equations is presented. The exposition in this section is standard and follows our
previous articles, for example, [34,35]. This section also serves as an introduction and a review of the
typical approach to the formulation and solution of this important problem.

2.1. Mathematical Formulation

We consider a spherical shell full of electrically conducting fluid as shown in Figure 2. The shell
rotates with a constant angular velocity Ω about the vertical coordinate axis. We assume that a static
state exists with the temperature distribution

TS = T0 − βd2r2/2, (1a)

β = q/(3 κ cp), (1b)

T0 = T1 − (T2 − T1)/(1− η). (1c)

The evolution of the system is governed by the equations of momentum, heat and magnetic induction,
along with solenoidality conditions for the velocity and magnetic fields,

∇ · u = 0, (2a)
(
∂t + u · ∇

)
u = −∇π − τk× u + Θr +∇2u + B · ∇B, (2b)

P
(
∂t + u · ∇

)
Θ = Rr · u +∇2Θ, (2c)

∇ · B = 0, (2d)

Pm
(
∂t + u · ∇

)
B = PmB · ∇u +∇2B, (2e)

written for the perturbations from the static reference state and with notations defined in Table 1.
In this formulation, the Boussinesq approximation is used with the density $ having a constant value
$0 except in the gravity term where

$ = $0(1− αΘ), (3)

and α is the specific thermal expansion coefficient α ≡ −(d$/ dT)/$ = const. With the units of
Table 2, five dimensionless parameters appear in the governing equations, namely the shell radius
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ratio η, the Rayleigh number R, the Coriolis number τ, the Prandtl number P and the magnetic Prandtl
number Pm defined by

η =
ri
ro

, R =
αγβd6

νκ
, τ =

2Ωd2

ν
, P =

ν

κ
, Pm =

ν

λ
, (4)

where λ is the magnetic diffusivity. Since the velocity u and the magnetic flux density B are solenoidal
vector fields, the general representation in terms of poloidal and toroidal components is used

u = ∇× (∇v× r) +∇w× r, (5a)

B = ∇× (∇h× r) +∇g× r. (5b)

Taking r · ∇× and r · ∇×∇× of the momentum Equation (2b), two equations for w and v are obtained

[(∇2 − ∂t)L2 + τ∂ϕ]w− τQv = r · ∇ × (u · ∇u− B · ∇B), (6a)

[(∇2 − ∂t)L2 + τ∂ϕ]∇2v + τQw−L2Θ = −r · ∇ × [∇× (u · ∇u− B · ∇B)], (6b)

where ∂ϕ denotes the partial derivative with respect to the angle ϕ of a spherical system of coordinates
(r, θ, ϕ) and where the operators L2 and Q are defined as

L2 ≡ −r2∇2 + ∂r(r2∂r),

Q ≡ r cos θ∇2 − (L2 + r∂r)(cos θ∂r − r−1 sin θ∂θ).

The heat equation for the dimensionless deviation Θ from the static temperature distribution can be
written in the form

∇2Θ + RL2v = P(∂t + u · ∇)Θ, (6c)

and the equations for h and g are obtained by taking r· and r · ∇× of the dynamo Equation (2e)

∇2L2h = Pm[∂tL2h− r · ∇ × (u× B)], (6d)

∇2L2g = Pm[∂tL2g− r · ∇ × (∇× (u× B))]. (6e)

For the flow we assume stress-free boundaries with fixed temperatures

v = ∂2
rrv = ∂r(w/r) = Θ = 0 at r = ri and r = ro. (7a)

For the magnetic field we assume electrically insulating boundaries such that the poloidal function h
must be matched to the function h(e), which describes the potential fields outside the fluid shell

g = h− h(e) = ∂r(h− h(e)) = 0 at r = ri and r = ro. (7b)

This is a standard formulation of the spherical convection-driven dynamo problem [13,36–38]
for which an extensive collection of results already exists [24,34,39,40]. The results reported below
are not strongly model dependent as confirmed by simulations of convection driven by differential
heating [41], for cases with no-slip conditions at the inner boundary and an electrical conductivity of
the exterior equal to that of the fluid [25,42], and for thermo-compositional driving [35]. Thus, aiming to
retain a general physical perspective, we intentionally use here a generic model formulation with a
minimal number of physical parameters including only those of first-order importance for stellar and
planetary applications.
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Table 1. Notation used in Section 2.1, where not defined in the main text.

Notation Quantity Notation Quantity

(r, θ, ϕ) Spherical polar coordinates TS Background temperature distribution

t Time T1, T2 Temperature inner, outer boundary

r Position vector wrt centre of sphere q Density of uniformly distributed heat
sources

d Thickness of the spherical shell κ Thermal diffusivity

ri, ro Inner and outer radii of the shell ν Kinematic viscosity

u Velocity field perturbation µ Magnetic permeability

B Magnetic flux density perturbation cp Specific heat at constant pressure

Θ Temperature perturbation from the
background state

γ Gravitational acceleration magnitude

π Effective pressure ∂ Partial derivative notation

Table 2. Units of non-dimensionalisation.

Quantity Unit

Length d
Time d2/ν

Temperature ν2/γαd4

Magnetic flux density ν(µ$)1/2/d

x

y

z

r

θ

ϕ

d

Ω

Figure 2. Schematic illustration of the three-dimensional region considered in this study, the associated
spherical coordinate system and the position of the axis of rotation. The region is assumed full of
electrically conducting fluid.

2.2. Numerical Methods

For the direct numerical integration of the convection-driven dynamo problem specified by the
scalar Equation (6) and the boundary conditions (7) we use a pseudo-spectral method described
by [43]. The code has been benchmarked for accuracy, most recently in [44,45], and has been made
open source [46]. All dependent variables in the code are spatially discretised by means of spherical
harmonics Ym

l and Chebychev polynomials Tn, for example,

v(r, θ, ϕ) =
Nl ,Nm ,Nn

∑
l,m,n

Vm
l,n(t)Tn

(
2(r− ri)− 1

)
Ym

l (θ, ϕ), (8)
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and similarly for the other unknown scalars, w, h, g and Θ. The nonlinear terms in the equations are
computed in physical space and then projected onto spectral space at every time step. Time integration
makes use of an IMEX combination of the Crank–Nicolson scheme for the diffusion terms and the
Adams–Bashforth scheme for the nonlinear terms with both schemes of second order accuracy.

When the spectral powers of the kinetic and magnetic energies drop by more than three orders
of magnitude from the spectral maximum to the cut-off wavelength, we consider the simulations to
be reasonably resolved [47]. In all the cases reported here, a minimum of 41 collocation points in the
radial direction has been considered, together with spherical harmonics up to order 96. These numbers
provide sufficient resolution, as demonstrated in Figure 7 for two typical dynamo solutions.

2.3. Diagnostics

It is convenient to characterise the non-magnetic convection and the convection-driven
dynamo solutions using their energy densities. To understand the interactions between various
components of the flow, we decompose the kinetic energy density into mean poloidal, mean toroidal,
fluctuating poloidal and fluctuating toroidal parts as follows

Ep =
1
2
〈| ∇ × (∇v× r) |2〉, Et =

1
2
〈| ∇w× r |2〉, (9a)

Ẽp =
1
2
〈| ∇ × (∇ṽ× r) |2〉, Ẽt =

1
2
〈| ∇w̃× r |2〉, (9b)

where 〈·〉 indicates the average over the fluid shell and time as described in Section 3.5 and v refers
to the axisymmetric component of the poloidal scalar field v, while ṽ is defined as ṽ = v − v.
The corresponding magnetic energy densities Mp, Mt, M̃p and M̃t are defined analogously with
the scalar fields h and g for the magnetic field replacing v and w.

To assess the predominant configuration of the magnetic field, we define the dipolarity ratio

D = Mp/M̃p. (10)

When Mp > M̃p then D > 1 and the corresponding solutions will be referred to as “Mean Dipolar”,
for reasons to be explained below, and denoted by MD following [29]. When Mp < M̃p then D < 1
and the corresponding solutions will be referred to as “Fluctuating Dipolar” and denoted by FD.

To quantify heat transport by convection the Nusselt numbers at the inner and outer spherical
boundaries Nui and Nuo are used. These are defined by

Nui = 1− P
riR

dΘ
dr

∣∣∣∣∣
r=ri

, Nuo = 1− P
roR

dΘ
dr

∣∣∣∣∣
r=ro

, (11)

where the double bar indicates the average over the spherical surface.
Other quantities are defined in the text as required.

3. Results

3.1. Parameter Values Used

In order to investigate the effects of the shell thickness on the properties of non-magnetic
convection and on dynamo solutions we perform a suite of numerical simulations varying the shell
aspect ratio between η = 0.1 and η = 0.7. To compare the simulations on an equal footing, as well as
to keep the number of runs required to a manageable level, all parameters except those depending on
the aspect ratio are kept at fixed values. The value of the Prandtl number is set to P = 0.75 allowing
us to use a relatively low value of the magnetic Prandtl number Pm = 1.5 as appropriate for natural
dynamos. The Coriolis number is fixed to τ = 2× 104 representing a compromise between the fast
rotation rate appropriate for the geodynamo and the relatively slow rotation rate appropriate for the
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solar dynamo. To ensure that dynamos are driven equally strongly, we fix the value of the Rayleigh
number at 3.8 times the critical value Rc for the onset of convection for each shell thickness aspect ratio
as shown in Figure 3 below. The required values of the critical Rayleigh number are determined as
explained in the next section where we also discuss general features of the onset of thermal convection.
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Figure 3. Critical parameter values for the onset of convection and values of the Rayleigh number used
in this work as a function of the shell thickness aspect ratio η in the case P = 0.75, and τ = 2× 104.
(a) The critical Rayleigh number Rc for the linear onset of convection is plotted in solid blue curve
marked by full circles. The values used in the simulations are given by R = 3.8Rc; they are plotted in
solid black curve marked by empty circles. (b) The critical wave number mc (left y-axis) and the critical
frequency ωc (right y-axis) for the onset of convection are denoted by green squares and red triangles,
respectively. Local asymptotic approximations (12) are shown by correspondingly coloured dashed
curves in all panels. (Colour online).

3.2. Linear Onset of Thermal Convection

The onset of thermal convection in rapidly rotating spherical shells has been extensively studied,
for example, most recently as a special case of the onset of thermo-compositional convection [48].
In general, two major regimes are found at onset–columnar convection and equatorially-attached
convection. The equatorially-attached regime occurs at small values of the Prandtl number P and
consists of flows that take the form of non-spiralling rolls trapped near the equator with a relatively
large azimuthal length scale. This regime can be understood as a form of inertial oscillations, for
example, [49]. The columnar regime is realised at moderate and large values of P and features
elongated rolls parallel to axis of rotation that are spiralling strongly and have a relatively short
azimuthal length scale. At the selected values of the Prandtl and the Coriolis numbers, the simulations
reported in this study belong to the columnar regime of rapidly rotating convection.

To determine accurate values for the critical parameters at onset we use our open source numerical
code [50]. The code implements a Galerkin spectral projection method due to Zhang and Busse [51] to
solve the linearised versions of Equations (6a) and (6c). The method leads to a generalised eigenvalue
problem for the critical Rayleigh number Rc and frequency ωc of the most unstable mode of thermal
convection at specified other parameter values and at specified azimuthal wave number m of the
convective perturbation. Numerical extremisation and continuation problems then are tackled in order
to follow the marginal stability curve in the parameter space as detailed in [48]. The critical values
thus obtained are shown in Figure 3. The critical Rayleigh number Rc and drift frequency ωc decrease
with decreasing shell thickness while the critical azimuthal wave number mc increases.

It is interesting to compare and validate these results against theoretical results for the onset
convection in rapidly rotating systems. The asymptotic analysis of this problem has a long and
distinguished history of local and global linear stability analysis [52–56], see also [48] for a brief
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overview. Converting results of Yano [57] to our dimensionless parameters, length and time scales,
we obtain

Rc = 7.252
(

Pτ

1 + P

)4/3
(1− η)7/3, (12a)

mc = 0.328
(

Pτ

1 + P

)1/3
(1− η)−2/3, (12b)

ωc = 0.762
(

τ2

P(1 + P)2

)1/3

(1− η)2/3, (12c)

for the critical parameters of viscous columnar convection in an internally heated spherical shell.
While expressions (12) are not strictly valid asymptotic results for the spherical shell configuration
studied here, they provide a reasonable agreement with the numerical results plotted in Figure 3.

3.3. Finite-Amplitude Convection and Dynamo Features

As the value of the Rayleigh number is increased away from the onset, rotating columnar
convection undergoes a sequence of transitions from steady flow patterns drifting with constant
angular velocity to increasingly chaotic states as described in detail in [40]. When the amplitude of
convection becomes sufficiently large so that the magnetic Reynolds number defined as Rm = Pm

√
2E

reaches values of the order 102, onset of dynamo action is typically observed [34]. Three examples
of dynamo solutions are shown in Figure 4 to (i) illustrate typical spatial features of chaotic thermal
convection in rotating shells and the associated magnetic field morphology and (ii) to reveal how these
features vary with decreasing shell thickness. Outside of the tangent cylinder the flow consists of pairs
of adjacent spiralling convection columns as seen in the second row of Figure 4. Within the columns
the fluid particles travel in clockwise and anticlockwise directions parallel to the equatorial plane and
up towards the poles or down towards the equatorial plane as columns extend through the height
of the convective shell. In agreement with the linear analysis, as the shell thickness is decreased the
azimuthal wave number rapidly increases with the thin shell solution η = 0.7 showing a cartridge of
fine scale columns closely adjacent to each other and exhibiting much weaker spiralling and slower
drift than in the thick shell cases. These convective patterns strongly influence the structure and the
morphology of magnetic fields as illustrated by the first row of Figure 4 where magnetic fieldlines
of the three dynamo solutions are shown. The fieldlines are intricately knotted and exhibit a rather
complicated structure within the convective domain in all three cases. The imprint of the convective
columns is visible in the thick shell cases η = 0.2 and η = 0.4 where the magnetic fieldlines are coiled
around the convective columnar structures indicating the presence of toroidal field and poloidal field
feedback and amplification processes. Outside of the convective domain, the magnetic field of the
thickest shell case η = 0.2 is well organised and emerges from the polar regions of the domain in the
form of big bundles of opposite polarities with fieldlines proceeding to close and forming extensive
overarching loops that are characteristic of a strong dipolar field symmetry. A similar picture is seen
in the mid-thickness case η = 0.4 although in this case there appear to be several magnetic “poles”
where strong bundles of vertical fieldlines emerge at the surface of the spherical domain. In the thin
shell case η = 0.7 the magnetic field is much less organised with numerous fieldline coils inside the
convective domain and barely visible but still dominant dipolar structure outside.
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Figure 4. Snapshots of spatial structures of dynamo solutions with increasing shell thickness aspect
ratio η and with R = 3.8× Rc, τ = 2× 104, P = 0.75 and Pm = 1.5. Three cases are shown as follows:
η = 0.2, R =4,000,000 (left column); η = 0.4, R =1,500,000 (middle column); and η = 0.7, R =180,000
(right column). Magnetic poloidal fieldlines are plotted in the top row, contours of the radial velocity
ur in the equatorial plane are plotted in the middle row, and contours of the temperature perturbation
Θ in the equatorial plane are plotted in the bottom row. (Colour online).

While typical, the spatial structures described in relation to Figure 4 are only snapshots of
the three dynamo solutions at fixed moments in time. An illustration of the temporal behaviour
exhibited in our dynamo simulations is shown in Figure 5. The main magnetic and kinetic energy
density components of two distinct dynamo cases are plotted as functions of time, and the chaotic
nature of the solutions is clearly visible. The time dependence of the time series consists of continual
oscillations around the mean values of the respective densities with periods much shorter than the
viscous diffusion time. Kinetic energy densities are displayed in the second row of the figure and
show that the fluctuating components of motion dominate the flow with the fluctuating toroidal
velocity being the strongest. The mean poloidal component of motion is negligible in both cases in
agreement with the constraint of the Proudman–Taylor theorem on motions parallel to the axis of
rotation. The mean toroidal component, representing differential rotation, appears to be weak in both
cases plotted in Figure 5 more so in the case to the left marked MD for reasons we will discuss further
below. The differential rotation, however, is known to be the component most strongly impaired in the
presence of the magnetic field [34]. This leads us to a discussion of the features of the magnetic energy
densities plotted in the first row of Figure 5. Here, the differences between the two cases illustrated are
rather more pronounced. The total magnetic energy density of the case in Figure 5a is approximately
six times larger than that in Figure 5d. More significant is the essential qualitative difference in the
balance of magnetic energy components. The axisymmetric poloidal component Mp is dominant
in the case shown in Figure 5a while it has a relatively small contribution in the case of Figure 5d.
The axial dipole coefficient H0

1 and the axial quadrupole coefficient H0
2 in Figure 5c,f reveal that this
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difference is due to the fact that the case to the left is dominated by a strong dipole and the case to the
right is less strongly dipolar and the time series suggests the presence of magnetic field oscillations.
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Figure 5. Chaotic dynamo attractors at identical parameter values—a Mean Dipolar (MD) dynamo
(left column (a–c)) and a Fluctuating Dipolar (FD) dynamo (right column (d–f)) both at η = 0.5,
R = 8.2× 105, τ = 2× 104, P = 0.75 and Pm = 1.5. Panels (a,d) show time series of magnetic dipolar
energy densities and panels (b,e) show kinetic energy densities. The component Xp is shown by solid
black line, while Xt, X̃p, and X̃t are shown by red, green and blue lines, respectively. X stands for either
M or E. Panels (c,f) show the axial dipolar H0

1 and the axial quadrupolar H0
2 coefficients at midshell

r = (ri + ro)/2 by red and blue lines, respectively. Note the very different ordinate scales between
panels (a,c,d,f). The ordinate scales of panels (b,e) are identical. (Colour online).

The solutions plotted in Figure 5a–f are examples of two types of dipolar dynamos that have been
observed in numerical simulations [29,34,58,59], namely those with D > 1 to which we will refer to as
“Mean Dipolar” (MD) and those with D ≤ 1 that we will call “Fluctuating Dipolar” (FD). The typical
spatial structures of the MD and FD dynamos are illustrated in Figure 6. The radial magnetic field
plotted in the second column of Figure 6 shows the predominant dipolar symmetry of the dynamos,
particularly clearly in the MD case where the north and the south hemispheres have opposite polarities
entirely. The FD case displays a band of reversed polarity in a belt near the equator. In time this
band propagates towards the poles and replaces the initial polarity leading to periodically occurring
reversals. The stationary dipole of the MD case is stronger in intensity and inhibits differential rotation.
This is confirmed by the profiles of the differential rotation plotted in the left part of the third column of
Figure 6 that are markedly different. The FD case is characterised with a stronger geostrophic rotation
largely aligned with the tangent cylinder while the mean zonal flow of the MD is weaker and exhibits
a non-geostrophic rotation that is retrograde near the equator. The columnar convective structure of
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the solutions remains similar in the MD and the FD case. Time-averaged kinetic and magnetic energy
power spectra are shown in Figure 7.

M
D

FD

Figure 6. A MD (top row) and a FD (bottom row) dynamo solutions at η = 0.5, R = 8.2 × 105,
τ = 2× 104, P = 0.75 and Pm = 1.5 corresponding to the cases shown in Figure 5. The first column
shows meridional lines of constant Bϕ in the left half and of r sin θ∂θh = const. in the right half.
The second column shows lines of constant Br at r = 1.675ro. The third column shows meridional lines
of constant uϕ in the left half and of r sin θ∂θv in the right half. The fourth column shows contours of
the radial flow ur on the equatorial plane. Positive values are shown in red; negative values are shown
in blue, and the zeroth contour line is shown in green. (Colour online).
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Figure 7. Typical power spectra of velocity (blue) and magnetic field (red). The top row shows
an MD dynamo solution whereas the bottom row shows an FD dynamo solution both at η = 0.4,
R =1,500,000, τ = 2× 104, P = 0.75 and Pm = 1.5. From left to right, power spectra as a function of
the spherical harmonic degree l, order m, and Chebychev polynomial degree n are shown, respectively.
Lines represent the average spectra and shaded areas go from the minimum to the maximum values
for each mode in the averaging period. A period of one viscous-diffusion time unit is used for the
time-averaging period in both cases. (Colour online).
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3.4. Bistability and General Effects of Shell Thickness Variation

One of the most remarkable features of MD and FD dynamos introduced above is that these two
very distinct types can coexist at identical parameter values. Coexistence was first reported in [29].
Indeed, in each of the Figures 5–7, two different cases obtained at the same parameter values are shown.
Within the parameter range of coexistence it is the initial conditions that determine which of the two
chaotic attractors will be realised. Figure 8 shows the dipolarity ratio D as a function of the shell
thickness aspect ratio η. Several observations can be made immediately. First, bistability only seems to
occur for aspect ratios between η = 0.25 and η = 0.6 and both to the left and to the right of this interval
FD dynamos are found. In contrast, alternating regimes appeared on each side of the hysteresis loop
in previous studies [29,42] where continuation as a function of all remaining parameters R, P, Pm and
τ was performed. A further observation is that the FD dynamos have a decreasing dipolarity with
increasing aspect ratio, that is, dipolarity seems to decrease with shell thickness. The MD dynamos,
on the other hand, show little variation of dipolarity with aspect ratio but can still be separated into
two groups, one for thin shells and another for thick shells. In this respect, it is apparent that thinner
shells result in dynamos that are more dipole-dominated.

It is also interesting to note that there is a clear division between MD and FD dynamos also
in the energy density space. Figure 9 shows a compilation of plots of magnetic energy density as a
function of kinetic energy density. Dots represent instantaneous values; circles/triangles are mean
values over time. The aspect ratio, η, increases from darker to lighter colours. Blue dots and circles
represent simulations that started off as fluctuating dipolar dynamos whereas warm colours and
greens represent simulations starting off as mean dipolar dynamos. Green symbols and dots represent
simulations starting off as mean dipolar dynamos at η = 0.6 and η = 0.7 which were repeated starting
from a higher magnetic energy and lower kinetic energy (triangles) relative to the original simulations
(circles). Three regions can be clearly identified that correspond to simulations that finished as high
and low dipolarity MD dynamos (regions I and II in Figure 9), and to simulations that finished as FD
dynamos (region III in Figure 9). It is evident that dipolarity is preserved throughout the computations
(most warm coloured dots and circles end up in region I and II; all blue dots and symbols end up in
region III). The exception to this rule happens when the magnetic energy density of the initial MD
condition is not big enough or its ration to the kinetic energy density is small (green circles). In this
case the solutions drift to an FD state and remain there. If, on the other hand, the initial MD condition
sees its magnetic energy density scaled up sufficiently, the solution will remain an MD dynamo (green
dots and triangles).
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Figure 8. Bistability as a function of the shell thickness aspect ratio η. (a) The dipolarity ratio D =

Mp/M̃p and (b) the Nusselt number at r = ri in the cases R = 3.8× Rc, τ = 2× 104, P = 0.75 and
Pm = 1.5. Full red and empty blue circles indicate FD and MD dynamos, respectively. Red dotted
lines and blue dotted lines connect dynamos that were started from FD and MD initial conditions,
respectively. (Colour online).
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Figure 9. A “phase portrait” of magnetic vs. kinetic energy density values for dynamos with
R = 3.8× Rc, τ = 2× 104, P = 0.75 and Pm = 1.5. Dots are instantaneous values; large markers
are time-averaged values. The aspect ratio η increases from darker to lighter colours (blue to orange).
Blue dots and points represent dynamos that were started from FD initial conditions. Warm colours
and greens represent simulations that were started from MD initial conditions. Green symbols and
dots represent simulations that were started as from MD initial conditions at η = 0.6 and η = 0.7 and
that were repeated starting from a higher magnetic energy and lower kinetic energy (triangles) relative
to the original simulations (circles). (Colour online).

3.5. The Cross-Helicity Effect

In order to model the effect of turbulence (or, at least, small-scale chaotic motion) on dynamo
action, we consider a separation of scales. This approach is justified as dynamos tend to exhibit
long-lasting large-scale structures (for example, the Earth’s dipolar field) together with complex
turbulent motions at smaller scales. We perform an averaging approach where, for the velocity field u
and the magnetic field b, we write

u = U + u′, (13a)

b = B + b′. (13b)

Capital letters represent large-scale components of each field, and will be referred to as the “mean”
components within this and the following section. As described in the literature [15,16,20], there are
several ways to perform this scale separation. Here, we perform the scale separation by assuming that
the steady large-scale components of the flow and magnetic field can be identified with their respective
time-averaged zonal components. The mean flow is then described as

U = 〈u〉 = 1
2πτ

∫∫
u dϕ dt, (14)

for a suitable time scale τ, and a similar expression can be constructed for the mean magnetic field.
In principle, we can apply this separation of scales to all the main dynamical variables and all the
model equations. Here, however, we only focus on the induction equation in order to gauge the effect
of turbulent transport on the generation of the magnetic field through dynamo action.
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Applying the above scale separation to the induction equation

∂tb = ∇× (u× b) + λ∇2b, (15)

where λ is the magnetic diffusivity (note that Equation (16) is an alternative formulation of
Equation (2e)), we find the induction equation for the mean magnetic field to be

∂tB = ∇× (U× B) +∇× EM + λ∇2B, (16)

where the turbulent electromotive force, EM, is defined as

EM = 〈u′ × b′〉. (17)

Through an application of the two-scale direct-interaction approximation (TSDIA) of inhomogeneous
MHD turbulence (see [60] and references therein), the turbulent electromotive force can be written, in
terms of mean variables, as

EM = αB− βJ + γΩ. (18)

Here, J = ∇×B and Ω = ∇×U. The coefficients α, β and γ can be expressed in terms of the turbulent
residual helicity, H = 〈b′ · j′−u′ ·ω′〉, the turbulent MHD energy, K = 〈u′2 +b′2〉/2, and the turbulent
cross-helicity W = 〈u′ · b′〉, respectively [15,61]. Following [20], they are modelled as

α = Cατ〈b′ · j′ − u′ ·ω′〉 = CατH, (19a)

β = Cβτ〈u′2 + b′2〉 = CβτK, (19b)

γ = Cγτ〈u′ · b′〉 = CγτW, (19c)

with Cα, Cβ and Cγ being model constants. Here, τ is the characteristic time of turbulence, which is
often expressed as

τ = K/ε, (20)

with the dissipation rate of the turbulent MHD energy, ε, defined by

ε = ν

〈
∂u′a
∂xb

∂u′a
∂xb

〉
+ λ

〈
∂b′a
∂xb

∂b′a
∂xb

〉
. (21)

Substituting (18) into the mean induction equation (16), we have

∂tB = ∇× (U× B) +∇× (αB + γΩ)−∇× [(λ + β)∇× B] . (22)

Thus, in addition to the transport enhancement or structure destruction due to turbulence through the
enhanced diffusion λ + β, there is also transport suppression or structure formation due to turbulence
represented by the helicities α and γ [60].

In the classical mean field theory of dynamos [10,15], the turbulent electromotive force
is composed of the first two terms on the right-hand side of Equation (18), namely αB − βJ.
Dynamos resulting from this model are known as “α dynamos”, where the turbulent diffusion is
balanced by an α-effect. The properties of these terms have been discussed widely in the literature,
and so we do not repeat this discussion here. Instead, let us now consider the final term on the
right-hand side of Equation (18), γΩ. Unlike the other terms describing the electromotive force,
the mean variable in this term depends on the mean velocity and not the mean magnetic field.
Yokoi [20] describes how a fluid element subject to a Coriolis-like force (a mean vorticity field)
can contribute to the turbulent electromotive force through γ, a measure of the turbulent cross
helicity. Dynamos in which the main balance is between −βJ and γΩ are known as “cross-helicity
dynamos”, where the cross-helicity term replaces the α-effect term in balancing the turbulent diffusion.
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Cross-helicity dynamos have been studied much less than α dynamos, and this study represents an
initial step in addressing this potentially important imbalance. In particular in Figure 10, we calculate
all three contributions to the turbulent electromotive force in our dynamo simulations in order to
determine their relative importance. These results are discussed below.

10
4

10
5

10
6

10
7

10
4

10
5

10
6

10
7

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8

10
-2

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8

10
-1

10
0

10
1

(a) (b)

γ
/

α

γ
/

α

ηη

Figure 10. Magnitude of α-, β-, and γ-effects with increasing shell thickness aspect ratio η for dynamo
solutions with R = 3.8× Rc, τ = 2× 104, P = 0.75 and Pm = 1.5. The upper panels show root-mean
squared time-averaged values of the α-effect (red circles), β-effect (green triangles up) and γ-effect
(blue squares). The lower panels show the ratio of γ-to α-effects. Column (a) contains MD dynamo
solutions (empty symbols) while column (b) contains FD dynamo solutions (full symbols) as shown in
Figure 8. (Colour online).

3.6. Properties and Relative Importance of Cross-Helicity

The variation of the turbulent transport coefficients α, β, and γ as a function of shell thickness is
displayed in Figure 10. For simplicity, in this initial investigation, we take CAτ = 1, where A = α, β,
or γ. Thus, the three effects are represented by the turbulent residual helicity H, the turbulent MHD
energy K and the turbulent cross-helicity W, respectively. For MD dynamo solutions, there is a clear
disparity between the α- and β-effects, and the γ-effect. The γ-effect is, for the range of η considered,
about two orders of magnitude smaller than the other effects. Thus, across a wide range of shell
thickness aspect ratios, MD dynamos can be considered to be operating predominantly as α dynamos.
In contrast, for FD dynamo solutions, a different picture emerges. Across the range of η considered,
the α- and γ-effects are of a similar magnitude. Thus, both these effects are potentially important in
balancing the β-effect. Therefore, FD dynamo solutions represent a “mixture” of an α dynamo and a
cross-helicity dynamo.

Figure 11 displays z-projections of the azimuthally-averaged components of the electromotive
force. For the MD dynamo solutions, shown in (a), the γ-effect follows an antisymmetric pattern about
the equator, just like the other effects. This behaviour is expected from the pseudoscalar nature of γ

and the symmetry of magnetic fields in MD dynamos [20]. For FD dynamo solutions, such as those
displayed in (b), the components of the electromotive force no longer exhibit antisymmetry about the
equator. This behaviour is, in part, due to the more complex spatial structure of the magnetic fields
of FD dynamos compared to MD dynamos. This feature, combined with generally weaker magnetic
field strengths and different flow profiles (see Figures 5 and 6, for example), results in the α-effect
being weaker for FD dynamos. Thus, both the α- and γ-effects become of comparable importance in
sustaining dynamo action.
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[EM]z = [αB]z −[βJ]z [γΩ]z

(a) MD
η = 0.6

η = 0.3

[EM]z = [αB]z −[βJ]z [γΩ]z

(b) FD
η = 0.65

η = 0.3

Figure 11. Spacial structures of the azimuthally-averaged z-component of the electromotive force EM

and its α-, β- and γ-effect constituents as given by Equation (18). Four dipolar dynamo solutions are
plotted as follows. (a) MD dynamo solutions with η = 0.3, P = 0.75, τ = 2× 104, R =2,500,000,
Pm = 1.5 (top row) and η = 0.6, P = 0.75, τ = 2× 104, R =410,000, Pm = 1.5 (bottom row). (b) FD
dynamo solutions with η = 0.3, P = 0.75, τ = 2 × 104, R =2,500,000, Pm = 1.5 (top row) and
η = 0.65, P = 0.75, τ = 2× 104, R =300,000, Pm = 1.5 (bottom row). In each column contour lines
of the quantities denoted at the column heading are plotted with positive contours shown in red,
negative contours shown in blue, and the zeroth contour shown in green. (Colour online).

4. Summary and Discussion

Rotating thermal convection is ubiquitous within the interiors and the atmospheres of celestial
bodies. These fluid regions usually contain plasmas or metallic components so vigorous convection
drives large-scale electric currents and generates the self-sustained magnetic fields characteristic of
these cosmic objects. In this article the relative importance of two main mechanisms for magnetic
field generation and amplification is assessed, namely the helicity- and the cross-helicity effects of
mean-field dynamo theory. The motivation for this study was to test the hypothesis that the turbulent
helicity effect, also known as the α-effect, is more important in the case of the geodynamo, while the
cross-helicity effect, also known as the γ-effect, is more significant in the case of the solar global
dynamo, due to differences between the shell aspect ratio of the solar convection zone and that of
Earth’s inner core. The following novel results are reported in the article.

(a) Critical parameter values for onset of convection determined numerically as functions of the shell
radius ratio, η.

(b) Bistability and coexistence of two distinct dynamo attractors found as a function of the shell
radius ratio, η.

(c) Spatial distributions and time-averaged values of turbulent helicity and cross-helicity EMF effects
obtained (1) for both types of dynamo attractors, as well as (2) as functions of the shell radius
ratio, η.

Further details and a discussion of these results follows.
To assess α- and γ- electromotive effects, we performed, and report here, an extensive suite of

over 40 direct numerical simulations of self-sustained dynamo action driven by thermal convection
in rotating spherical fluid shells, where the shell thickness aspect ratio η is varied at fixed values of
the other parameters. The simulations are based on the Boussinesq approximation of the governing
nonlinear magnetohydrodynamic equations with stress-free velocity boundary conditions. While the
use of fully compressible equations is desirable, it is not feasible for global dynamo simulations.
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Indeed, the fully compressible MHD equations allow sound wave solutions with periods many orders
of magnitude shorter than the convective turnover time and the magnetic diffusion timescales that
are of primary interest. The Boussinesq approximation is justified and generally used for modelling
convection in Earth’s inner core where density variation between the inner–outer core boundary
and the core mantle boundary is small [13,14,38,47]. The density contrast between the bottom (ρi)
and the top (ρo) of the Solar convection zone is five orders of magnitude giving a density scale
number of log(ρi/ρo) ≈ 12 [62], and the anelastic approximation is more appropriate and commonly
used in global solar convection models, for example, [11,33,63]. However, anelastic and Boussinesq
simulations show many similarities [63], with Boussinesq models able to mimic solar periodicity and
active longitude phenomena [25,42]. Thus, in this work the Boussinesq approximation is used for
uniformity across various shell radius ratios and to focus on the effects of shell thickness in isolation
from effects of density stratification.

Coexistence of distinct chaotic dynamo states has been reported to occur in this problem in
terms of certain governing parameters in [29,31]. In this study, we establish that two essentially
different nonlinear dynamo attractors coexist also for an extensive range of shell thickness aspect
ratios η ∈ [0.25, 0.6]. Since this is precisely the range of values where most celestial dynamos operate,
this result is significant as it demonstrates that field morphologies may be dependent on the initial
state of a dynamo. We proceed to discuss in detail the contrasting properties characterising the
coexisting dynamo regimes (mean-field dipolar (MD) dynamos and fluctuating dipolar (FD) dynamos)
including differences in temporal behaviour and spatial structures of both the magnetic field and
rotating thermal convection. We find that the relative importance of the electromotive dynamo effects
is different in the cases of mean-field dipolar dynamos and fluctuating dipolar dynamos. The helicity
α-effect and the cross-helicity γ-effect are comparable in intensity in the case of fluctuating dipolar
dynamos and their ratio does not vary significantly with shell thickness. In contrast, in the case of
mean-field dipolar dynamos the helicity α-effect dominates by approximately two orders of magnitude
and becomes even stronger with decreasing shell thickness. Our results, therefore, indicate that both
dynamo mechanisms are important for solar global magnetic field generation as the solar dynamo is
of a fluctuating dipolar type. Our results also indicate that the cross-helicity effect may be important
in understanding dynamo mechanisms in stellar dynamos. The latter may also be of fluctuating
dipolar type and markedly different from the solar dynamo, for example, having large-scale magnetic
structures being dominant in only one hemisphere [64]. Since the geodynamo is of a mean-field
dipolar type, the helicity effect appears, indeed, to be more significant in this case and our results
show this effect will become even stronger as the inner solid core grows in size by iron freezing.
Simulations of the geodynamo with nucleation and growth of the inner core have been recently
reported by Driscoll [65] and Landeau et al. [66]. These authors find that pre-inner core nucleation
dynamos exhibit weak thermal convection, low magnetic intensity and non-dipolar field morphology,
while post-inner core nucleation and with increasing inner core size their solutions have stronger axial
dipole morphology. Our results similarly demonstrate that FD and multipolar dynamos occur when
the value of the shell radius ratio η is smaller than 0.25. However, our FD solutions exhibit vigorous
convection and can be described as strong-field dynamos even though they are of lower magnetic field
intensity than corresponding MD dynamos. A further discrepancy is that for η > 0.25 we find that MD
and FD dynamos coexist. These discrepancies can be attributed to significant differences in thermal
and velocity boundary conditions between our model and the models of [65,66]. Most importantly,
the governing parameters values in [65,66] are controlled by thermochemical evolution models and
vary with inner core size (age), while in our study all parameter values apart from η are kept fixed.

It will be of interest to revisit the analysis of helicity and cross-helicity effects using the more
general anelastic approximation of the governing equations. Further, there are many questions that
remain to be answered on how the dynamic balance between the components of the electromotive force
affects different aspects of dynamo action, including how to switch between MD and FD dynamos.
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Abstract: The onset of convection in the form of magneto-inertial waves in a rotating fluid sphere
permeated by a constant axial electric current is studied in this paper. Thermo-inertial convection is a
distinctive flow regime on the border between rotating thermal convection and wave propagation.
It occurs in astrophysical and geophysical contexts where self-sustained or external magnetic fields
are commonly present. To investigate the onset of motion, a perturbation method is used here with
an inviscid balance in the leading order and a buoyancy force acting against weak viscous dissipation
in the next order of approximation. Analytical evaluation of constituent integral quantities is enabled
by applying a Green’s function method for the exact solution of the heat equation following our
earlier non-magnetic analysis. Results for the case of thermally infinitely conducting boundaries and
for the case of nearly thermally insulating boundaries are obtained. In both cases, explicit expressions
for the dependence of the Rayleigh number on the azimuthal wavenumber are derived in the limit of
high thermal diffusivity. It is found that an imposed azimuthal magnetic field exerts a stabilizing
influence on the onset of inertial convection and as a consequence magneto-inertial convection with
azimuthal wave number of unity is generally preferred.

Keywords: rotating thermal magnetoconvection; linear onset; sphere

1. Introduction

Buoyancy-driven motions of rotating, electrically conducting fluids in the presence of
magnetic fields represent a fundamental aspect of the dynamics of stellar and planetary
interiors, see, e.g., in [1–4]. The problem of magnetic field generated and sustained by
convection is rather difficult to attack both analytically and numerically because of its es-
sential nonlinearity and scale separation [5,6]. Valuable insights can be gained by studying
magnetoconvection, the simpler case of an imposed magnetic field, which has received
much attention ever since the early work of Chandrasekhar [7], see in [8,9]. For instance, the
propagation of rotating magnetoconvection modes excited in the deep convective region of the
Earth’s core has been proposed as a possible mechanism for explaining features of observed
longitudinal geomagnetic drifts [10,11], see also the recent review of Finlay et al. [12]. A rather
detailed classification of magnetoconvection waves in a rotating cylindrical annulus has
been recently attempted by Hori et al. [13] and the authors of [14] who proceeded further
to make useful comparisons with nonlinear spherical dynamo simulations and to provide
estimates for the strength of the “hidden” azimuthal part of the magnetic field within the
core. These authors used the rotating annulus model of Busse [15,16] and only considered
values of the Prandtl number of the order unity. However, both spherical geometry as well as
small values of the Prandtl number are essential features of a planetary or a stellar interior [17].
At sufficiently small values of the Prandtl number, a different style of convection exists
that is sometimes called inertial or equatorially-attached convection or thermo-inertial
waves [18–21]. In this limit, convection oscillates so fast that the viscous force does not enter
the leading-order balance. The latter is then reduced to the Poincaré equation in a rotating
spherical system [22–24]. On the longer time scale of the next order of approximation the
buoyancy force maintains convection against the weak viscous dissipation. This regime of
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convection thus represents a transition between thermal convection and wave propagation
in rapidly rotating geometries. It is important to understand how this regime of inertial
convection is affected by an imposed magnetic field.

With this in mind, we study in the present paper the onset of magneto-inertial-
convection. In particular, we consider a rotating fluid sphere permeated by a constant axial
electric current as proposed by Malkus [11] in the limit of low viscosity and high thermal
diffusivity (small Prandtl number). A similarly configured problem was also investigated
by Zhang and Busse [25] who derived an explicit dependence of the critical Rayleigh
number on the imposed field strength but were not able to obtain an explicit dependence
on the azimuthal wavenumber of the modes as this requires the evaluation of a volume
integral of the temperature perturbation [25]. In an earlier paper, we proposed a Green’s
function method for the exact solution of the heat equation [26] which then allowed the
analytical evaluation of the integral quantities needed to find a fully explicit expressions for
the critical Rayleigh number and frequency for the onset of convection and to study mode
competition. Here, we apply the same approach to the case of magneto-inertial convection
and we consider both value and flux boundary conditions for the temperature.

In the following we start with the mathematical formulation of the problem in Section 2.
The special limit of a high ratio of thermal to magnetic diffusivity will be treated in Section 3.
The general case requires the symbolic evaluation of lengthy analytical expressions and will
be presented in Section 4. A discussion of the results and an outlook on related problems
will be given in the final Section 5 of the paper.

2. Mathematical Formulation of the Problem

We consider a homogeneously heated and self-gravitating sphere as illustrated in
Figure 1. The sphere is filled with incompressible and electrically conducting fluid char-
acterized by its magnetic diffusivity η, kinematic viscosity ν, thermal diffusivity κ, and
density $. The sphere is rotating with a constant angular velocity Ωk where k is the axial
unit vector. The gravity field is given by g = −gr0r, where r is the position vector with
respect to the center of the sphere, r is its length measured in fractions of the radius r0 of
the sphere, and g is the amplitude of the gravitational acceleration. Following Malkus [11],
we assume that the fluid sphere is permeated by a toroidal magnetic field B ∼ k× r. As
the Lorentz force like the centrifugal force can be balanced by the pressure gradient, a
static state of no motion exists with the temperature distribution TS = T0 − βr2

0r2/2. We
employ the Boussinesq approximation and assume constant material properties η, ν, κ, and
$ everywhere except in the buoyancy term where the density is assumed to have a linear de-
pendence on temperature with a coefficient of thermal expansion α ≡ (d$/dT)/$ = const.

z

x

y

rθ

φ

Ω

Figure 1. Geometrical configuration of the problem. A part of the outer spherical surface is removed
to expose the interior of sphere to which the conducting fluid is confined.
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In order to study the onset of magnetoconvection in this system, we consider the
linearized momentum, magnetic induction, heat, continuity, and solenoidality equations:

∂tũ + τk× ũ +∇(π − b̃ · j× r) + (j× r) · ∇b̃− j× b̃ = Θ̃r + Pm∇2ũ, (1a)

∂tb̃− (j× r) · ∇ũ + j× ũ = ∇2b̃, (1b)

R̂ r · ũ +∇2Θ̃− (P/Pm)∂tΘ̃ = 0, (1c)

∇ · ũ = 0, ∇ · b̃ = 0, (1d)

respectively, that govern the evolution of infinitesimal velocity perturbations ũ, tempera-
ture perturbations Θ̃, and magnetic field perturbations b̃ away from the static state. The
equations have been non-dimensionalized using the radius r0 as a unit of length, r2

0/η as
a unit of time, η2/gαr4

0 as a unit of temperature, and
√

µ$η/r0 as a unit of magnetic flux
density. The dimensionless magnetic field takes the form j× r + b̃, where j = jk is the
vector of the density of the imposed electric current. The problem is then characterized
by five dimensionless parameters, namely, the Rayleigh number, the Coriolis parameter,
the Prandtl number, the magnetic Prandtl number Pm, and the non-dimensional current
density given by

R̂ =
αgβr6

0
ηκ

, τ =
2Ωr2

0
η

, P =
ν

κ
, Pm =

ν

η
, j, (2)

respectively. In fact, in the results obtained below the two Prandtl numbers enter only as
their ratio S = P/Pm = η/κ. To signify that in our definition of the Rayleigh number the
magnetic diffusivity replaces the kinematic viscosity we have attached a hat to R̂.

3. Perturbation Analysis Results

Without loss of generality we assume that the velocity, the magnetic field, and the
temperature perturbations have an exponential dependence on time t and on the azimuthal
angle φ. Further, as both the velocity field and the magnetic field are solenoidal we use the
poloidal-toroidal decomposition

ũ = u exp
(
i(ωτt + mφ)

)
=
(
∇× (∇v× r) +∇w× r

)
exp

(
i(ωτt + mφ)

)
, (3a)

b̃ = b exp
(
i(ωτt + mφ)

)
=
(
∇× (∇h× r) +∇g× r

)
exp

(
i(ωτt + mφ)

)
, (3b)

Θ̃ = Θ exp
(
i(ωτt + mφ)

)
. (3c)

Equation (1b) can now be written in the form

b =
mγ

ω
u− i

ωτ
∇2b, (4)

where the parameter γ is defined as γ = j/τ, and in the ∇-operator the φ-derivative is
replaced by its eigenfactor im. This allows us to transform Equation (1a) in the form

iω
(

1− m2

ω2 γ2
)

u +
(

1− m
ω

γ2
)

k× u−∇π̌ =
1
τ

Θr +
Pm

τ
∇2u +

m2γ2

ω2τ
∇2u

+
2mγ2

iω2τ
k×∇2u +

mγ

ωτ
∇2bb +

2γ

iωτ
k×∇2bb +

Pm

τ
∇2ub, (5)

where π̌ is the effective pressure. In Equation (5), the magnetic field b appears only in the
form of the boundary layer correction bb, which is required as the basic dissipationless
solution does not satisfy all boundary conditions [25]. For the same reason, the Ekman
layer correction ub must be introduced [22].
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Following the procedure of earlier papers [22,26], we use a perturbation approach and
solve Equation (1a) in the limit of large τ, using the ansatz

u = u0 + τ−1u1 + ..., ω = ω0 + τ−1ω1 + ..., b = b0 + τ−1b1 + ..., (6)

The heat equation is solved unperturbed.

3.1. Zeroth-Order Approximation

In the following we shall assume the limit of large τ such that in zeroth order of
approximation the right hand side of Equation (5) can be neglected. The left hand side
together with the condition ∇ · u = 0 is of the same form as the equation for inertial
modes [22,26]. In the nonmagnetic case, the inertial modes corresponding to the sectorial
spherical harmonics yield the lowest critical Rayleigh numbers for the onset of convec-
tion [26]. We shall assume that this property continues to hold as long as the parameter γ
is sufficiently small so that the nonmagnetic limit is approached in the left-hand side of
Equation (5). The sectorial inertial modes are given by

v0 = Pm
m (cos θ) f (r), w0 = Pm

m+1(cos θ)ψ(r), (7a)

with

f (r) = rm − rm+2, ψ(r) = rm+1 2im(m + 2)
(2m + 1)(λ0(m2 + 3m + 2)−m)

, (7b)

where λ0

λ0 =
1

m + 2


1±

√
m2 + 4m + 3

2m + 3


, (7c)

is the frequency of the inertial modes. The sectorial magneto-inertial modes are then
described by the same velocity field (7a) and by a magnetic field b0 = mγu0/ω0. In the
above expressions, the subscript 0 refers to the dissipationless solution of Equation (1). The
frequency ω0 of the magneto-inertial waves is determined by

λ0 =
ω2

0 −m2γ2

ω0 −mγ2 , (8)

which yields

ω0 =
λ0

2
±
√

λ2
0

4
+ mγ2(m− λ0). (9)

With account of (7c), this dispersion relation allows for a total of four different frequencies
ω0. For small values of γ2, these are given by

ω01,2 =
1

m + 2


1±

√
m2 + 4m + 3

2m + 3




+ m2γ2(m + 2)


1±

√
m2 + 4m + 3

2m + 3



−1

−mγ2, (10a)

ω03,4 =−m2γ2(m + 2)


1±

√
m2 + 4m + 3

2m + 3



−1

+ mγ2. (10b)
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The upper sign in expression (10a) refers to retrogradely propagating modified inertial
waves, while the lower sign corresponds to the progradely traveling variety. The effect
of the magnetic field tends to increase the absolute value of the frequency in both cases.
Expression (10b) describes the dispersion of the slow magnetic waves. The upper sign
refers to the progradely traveling modified Alfven waves and the lower sign corresponds
to retrogradely propagating modified Alfven waves.

3.2. First-Order Approximation

The magneto-inertial waves described by expressions (7a) satisfy the condition that
the normal component of the velocity field vanishes at the boundary. This property
implies that the normal component of the magnetic field vanishes there as well. Additional
boundary conditions must be specified when the full dissipative problem described by (5)
is considered. We shall assume a stress-free boundary with either a fixed temperature (case
A) or a thermally insulating boundary (case B),

r · u = r · ∇(r× u)/r2 = 0 and
{

Θ = 0 (case A)
∂rΘ = 0 (case B)

}
at r = 1. (11)

Additionally, we shall assume an electrically insulating exterior of the sphere which requires

g = 0 at r = 1 (12)

and the matching of the poloidal magnetic field to a potential field outside the sphere.
After the ansatz (6) has been inserted into Equation (5) such that terms with u1 appear

on the left hand side, while those with u0 and ω0 appear on the right hand side, we obtain
the solvability condition for the equation for u1 by multiplying it with u∗0 and averaging it
over the fluid sphere,

iω1

〈
|u0|2

〉(
1 +

(
m2

ω2
0
− m(ω2

0 −m2γ2)

ω2
0(ω0 −mγ2)

)
γ2

)
(13)

= 〈Θr · u∗0〉+
(
〈u∗0 · ∇2u0〉

mγ

ω0
+ 〈u∗0 · ∇2b0b〉

)(
m
ω
− ω2

0 −m2γ2

ω2
0 −mω0γ2

)
γ

τ
,

where the brackets 〈...〉 indicate the average over the fluid sphere and the ∗ indicates the
complex conjugate. We have neglected all terms connected with viscous dissipation, i.e., we
have assumed the vanishing of Pm, as we wish to focus on the effect of ohmic dissipation.
The effects of viscous dissipation have been dealt with in the earlier paper [26]. Because
〈u∗0 · ∇2u0〉 vanishes, as demonstrated in [27], we must consider only the influence of the
boundary layer magnetic field b0b. It is determined by the equation

iω0τb0b = ∇2b0b. (14)

As the solutions of this equation are characterized by gradients of the order
√

τ, the
boundary layer correction needed for the poloidal component is of the order

√
τ smaller

than the correction needed for the toroidal component. For large τ we need to take into
account only the contribution g0b given by

g0b = −g0(r = 1) exp
(
−(1 + is)(1− r)

√
|ω0|τ/2

)

= −mγ

ω0
w0(r = 1) exp

(
−(1 + is)(1− r)

√
|ω0|τ/2

)
, (15)
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where s denotes the sign of ω0. The solvability condition thus becomes reduced to

iω1

〈
|u0|2

〉(
1 +

(
mγ2(m−ω0)

ω0(ω0 −mγ2)

))
(16)

=
1
τ
〈Θr · u∗0〉 −

3
2

mγ2(m−ω0)(s + i)
(ω0 −mγ2)

√
2|ω0|τ

∫ 1

−1
|Pm+1

m |2d(cos θ)

× (m + 1)(m + 2)

∣∣∣∣∣∣∣∣

2m(m + 2)

(2m + 1)
(

ω2
0−m2γ2

ω0−mγ2 (m + 1)(m + 2)−m
)

∣∣∣∣∣∣∣∣

2

.

3.2.1. Explicit Expressions in the Limit τS� 1

Equation (1c) for Θ can most easily be solved in the limit of vanishing ω0τS. In this
limit, we obtain for Θ,

Θ = Pm
m (cos θ) exp(imϕ + iωτt)q(r), (17)

with

q(r) = R̂
(

m(m + 1)rm+4

(m + 5)(m + 4)− (m + 1)m
− m(m + 1)rm+2

(m + 3)(m + 2)− (m + 1)m
− crm

)
, (18)

where the coefficient c is given by

c =





m(m + 1)
(m + 5)(m + 4)− (m + 1)m

− m(m + 1)
(m + 3)(m + 2)− (m + 1)m

, case A,

(m + 4)(m + 1)
(m + 5)(m + 4)− (m + 1)m

− (m + 2)(m + 1)
(m + 3)(m + 2)− (m + 1)m

, case B.
(19)

As Θ and the left hand side of Equation (16) is imaginary, the real parts of the two terms on
the right hand side must balance. We thus obtain for R̂ the result

R̂ = s
√

τ

2|ω0|
γ2(m−ω0)

(ω0 −mγ2)

∣∣∣∣∣∣∣
m(m + 2)

ω2
0−m2γ2

ω0−mγ2 (m + 1)(m + 2)−m

∣∣∣∣∣∣∣

2

(20)

×(2m + 9)(2m + 7)(2m + 5)2(2m + 3)
m + 2
m + 1

1
b

,

where the coefficient b assumes the values

b =

{
m(10m + 27) case A,

14m2 + 59m + 63 case B.
(21)

Obviously the lowest value of R̂ is usually reached for m = 1, but the fact that there
are four different possible values of the frequency ω0 complicates the determination of
the critical value R̂c. Expression (20) is also of interest, however, in the case of spherical
fluid shells when the (m = 1)-mode is affected most strongly by the presence of the inner
boundary. Convection modes corresponding to higher values of m may then become
preferred at onset as their r-dependence decays more rapidly with distance from the outer
boundary according to relationships (7b).
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3.2.2. Solution of the Heat Equation in the General Case

For the solution of Equation (1c), in the general case it is convenient to use the Green’s
function method. The Green’s function G(r, a) is obtained as solution of the equation

[
∂rr2∂r +

(
− iω0τS r2 −m(m + 1)

)]
G(r, a) = δ(r− a), (22)

which can be solved in terms of the spherical Bessel functions jm(µr) and ym(µr),

G(r, a) =

{
G1(r, a) = A1 jm(µr) for 0 ≤ r < a,

G2(r, a) = Ajm(µr) + Bym(µr) for a < r ≤ 1,
(23)

where

µ ≡
√
−iω0τS, A1 = µ

(
ym(µa)− jm(µa)

ym(µ)

jm(µ)

)
, (24a)

A = −µjm(µa)
ym(µ)

jm(µ)
, B = µjm(µa). (24b)

A solution of Equation (1c) can be obtained in the form

q(r) = −m(m + 1)R̂
(∫ r

0
G2(r, a)

(
am − am+2

)
a2da +

∫ 1

r
G1(r, a)

(
am − am+2

)
a2da

)
. (25)

Evaluations of these integrals for m = 1 yield the expressions

q(r) =





2R̂
(ω0τS)2

(
r(µ2 + 10)− µ2r3 − 10

(
µr cos(µr)− sin(µr)

)

r2
(
µ cos µ− sin µ

)
)

case A,

2R̂
(ω0τS)2

(
r(2µ2 + 10)− µ2r3 − (µ2 − 10)

(
µr cos(µr)− sin(µr)

)

r2
(
2µ cos µ− (2− µ2) sin µ

)
)

case B.

(26)

Lengthier expressions are obtained for m > 1. This first-order approximation of the
temperature perturbation is illustrated in Figure 2 for the preferred modes of inertial mag-
netoconvection. The preferred modes of convection at onset are determined by minimizing
the values of the critical Rayleigh number R̂ at given values of the other parameters. The
critical Rayleigh number R̂ and frequency ω1 are calculated on the basis of Equation (16)
using expressions (26). In the case m = 1 we obtain

R̂ =
189
20

s
√

2τγ2(ω0 − 1)√
|ω0|(ω0 − γ2)(6 λ0 − 1)2 (27)

×





(
µ−4 − 525µ−8 − 175 Re

{
sin µ

µ6(µ cos µ− sin µ)

})−1
case A,

(
µ−4 + 231µ−8 + 7 Re

{
(µ5 − 8µ3 + 9µ) cos µ− 9 sin µ

µ8
(
(µ2 − 2) sin µ + 2µ cos µ

)
})−1

case B,

where Re{} indicates the real part of the term enclosed by {}.
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(Case A)
S=0.0001, γ=0.1 S=0.05, γ=0.1 S=0.09, γ=0.1 S=0.13, γ=0.1

(Case B)
S=0.0001, γ=0.1 S=0.05, γ=0.1 S=0.1, γ=0.1 S=0.15, γ=0.1

Figure 2. Contour plots of the (normalized) temperature perturbation Θ(r) of the preferred mode given by Equations (17)
and (26) in case A (top row) and case B (bottom row) with values of S and γ as specified in the panels and τ = 104, m = 1
and frequency ω01. Expressions (17) and (18) for the limit τS� 1 appear identical to the plots in the first column.

4. Discussion

Expressions (27) have been plotted as functions of S in Figures 3c and 4c for cases
A and B, respectively. Four distinct curves appear as there are four possible values of ω0
for each m. For values S of the order 10−2 or less, expressions (20) are well approached.
The retrograde mode corresponding to the positive sign in (7c) always yields the lower
value of R̂, but it loses its preference to the progradely traveling modified Alfven mode
corresponding to the upper sign in (10b) as S becomes of the order 10−1 or larger. This
transition can be understood on the basis of the increasing difference in phase between Θ
and ur with increasing S. While the mode with the largest absolute value of ω is preferred
as long as Θ and ur are in phase, the mode with the minimum absolute value of ω becomes
preferred as the phase difference increases as the latter is detrimental to the work done by
the buoyancy force. The frequency perturbation ω1 usually makes only a small contribution
to ω which tends to decrease the absolute value of ω. This transition shifts towards smaller
values of S and γ as τ is increased as illustrated in Figure 5. The magneto-inertial convective
modes corresponding to higher values of m = 1 . . . 8 exhibit similar behavior as Figures 3d
and 4d demonstrate for the cases A and B, respectively. The value m = 1 is always the
preferred value of the wavenumber, except possibly in a very narrow range near γ = 0.03,
as indicated by Figure 3a,b in the case A, and possibly near γ = 0.02 in the case B and
Figure 4a,b. The axisymmetric mode m = 0, given for comparison in Figures 3c,d and 4c,d,
is never preferred in contrast to the purely non-magnetic case where it becomes the critical
one near the transition from retrograde to prograde inertial convection modes as seen in
Figure 6.
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Figure 3. Case A. (a) The critical Rayleigh number R̂c as a function of the wave number m for γ = 0.1 and τ = 102 . . . 106

increasing from bottom with log-scale decades given by the five thick lines. (b) The critical Rayleigh number R̂c as a function
of γ for S = 1 and m = 1 . . . 8 increasing from bottom. (c) Competition of modes with increasing S for γ = 0.1 and m = 1.
Explicit expressions (20) in the limit τS� 1 are shown by broken lines. (d) The critical Rayleigh number R̂c as a function of
S for γ = 0.1 and m = 1 . . . 8 increasing from bottom. The axisymmetric mode m = 0 is given for comparison in panels (c,d)
by a dot-dashed line. In panels (b–d) τ = 104.
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Figure 4. Case B. (a) The critical Rayleigh number R̂c as a function of the wave number m for γ = 0.1 and τ = 102 . . . 106

increasing from bottom with log-scale decades given by the five thick lines. (b) The critical Rayleigh number R̂c as a function
of γ for S = 1 and m = 1 . . . 8 increasing from bottom. (c) Competition of modes with increasing S for γ = 0.1 and m = 1.
Explicit expressions (20) in the limit τS� 1 are shown by broken lines. (d) The critical Rayleigh number R̂c as a function of
S for γ = 0.1 and m = 1 . . . 8 increasing from bottom. The axisymmetric mode m = 0 is given for comparison in panels (c,d)
by a dot-dashed line. In panels (b–d) τ = 104.
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Figure 5. The boundary where the transition from modes characterised by ω01 to modes characterised by ω03 occurs in
various cross-sections of the parameter space. The value of the parameters are m = 1, S = 1, γ = 0.1, and τ = 5000 where
they are not varied on the axes. Case A is denoted by a solid lines and Case B by broken lines.
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Figure 6. Competition of modes with increasing τP in the non-magnetic case discussed in [26]. The Rayleigh number R as a
function of τP for m = 0 (thick dash-dotted lines) and m = 1 (thin lines). Results based on the explicit expressions (4.6)
and (3.4) from [26] are shown in solid lines and broken lines, respectively, in the case m = 1. (a) Case A, fixed temperature
boundary conditions. (b) Case B, insulating thermal boundary conditions.

For very large values of τ and S, the Rayleigh number R̂ increases in proportion to√
τ(τS)2 for fixed m. In spite of this strong increase, Θ remains of the order τ3/2S on the

right hand side of Equation (1a). The perturbation approach thus continues to be valid for
τ −→ ∞ as long as S� 1 can be assumed. For any fixed low value of S, however, the onset
of convection in the form of prograde inertial modes will be replaced with increasing τ at
some point by the onset in the form of columnar magneto-convection because the latter
obeys an approximate asymptotic relationship for R of the form τ4/3 (see, for example,
Eltayeb et al. [28]). This second transition depends on the value of S and will occur at
higher values of τ and R for lower values of S. There is little chance that magneto-inertial
convection occurs in the Earth’s core, for instance, as S is of the order 30,000 while the
usual estimate for τ is 1015, but it might be relevant for understanding of rapidly rotating
stars with strong magnetic fields.

5. Conclusions

A main result of the analysis of this paper is that for small values of the magnetic
Prandtl number Pm and γ an azimuthal magnetic field exerts a stabilizing influence on the
onset of convection in the form of sectorial magneto-inertial modes. As a consequence,
magneto-convection with azimuthal wave number m = 1 is generally preferred at onset
for both thermally-infinitely conducting and thermally-insulating boundaries. In contrast,
in the absence of a magnetic field, inertial modes with azimuthal wave number m = 1 are
preferred, but only in the case of thermally-insulating boundaries, while in the case with
infinitely conducting thermal boundaries large azimuthal wave numbers are preferred soon
after moderately large rotation is reached [26] and magnetic field is absent. Axisymmetric
magneto-convection is never the preferred mode at onset while in the non-magnetic case it
appears to be realized in a minute region of the parameter space only. These results are
also in contrast to previous magnetoconvection results obtained for larger values of Pm
where a destabilizing role of the azimuthal magnetic field has been found.

The region of the parameter space investigated in the present paper differs consider-
ably from those analyzed in previous work. Most authors have emphasized regimes of high
magnetic flux density where the magnetic field exerts a destabilizing influence and strongly
decreases the critical Rayleigh number for onset of convection (see, for example, in [28,29]).
Unfortunately, no explicitly analytical results are possible in that region of the parameter
space. Moreover, the choice of parameter values has often been motivated by applications
to the problem of the geodynamo in which case the parameter S is large, perhaps as large
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as 105, when molecular diffusivities are used. On the other hand, small values of S may
be relevant for magneto-convection in stars where a high thermal diffusivity is generated
by radiation.
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Abstract: Numerical simulations of rotating two-dimensional turbulent thermal convection on a
hemisphere are presented in this paper. Previous experiments on a half soap bubble located on a
heated plate have been used for studying thermal convection as well as the effects of rotation on a
curved surface. Here, two different methods have been used to produce the rotation of the hemisphere:
the classical rotation term added to the velocity equation, and a non-zero azimuthal velocity boundary
condition. This latter method is more adapted to the soap bubble experiments. These two methods
of forcing the rotation of the hemisphere induce different fluid dynamics. While the first method is
classically used for describing rotating Rayleigh–Bénard convection experiments, the second method
seems to be more adapted for describing rotating flows where a shear layer may be dominant.
This is particularly the case where the fluid is not contained in a closed container and the rotation
is imposed on only one side of it. Four different diagnostics have been used to compare the two
methods: the Nusselt number, the effective computation of the convective heat flux, the velocity and
temperature fluctuations root mean square (RMS) generation of vertically aligned vortex tubes (to
evaluate the boundary layers) and the energy/enstrophy/temperature spectra/fluxes. We observe
that the dynamics of the convective heat flux is strongly inhibited by high rotations for the two
different forcing methods. Also, and contrary to classical three-dimensional rotating Rayleigh–Bénard
convection experiments, almost no significant improvement of the convective heat flux has been
observed when adding a rotation term in the velocity equation. However, moderate rotations induced
by non-zero velocity boundary conditions induce a significant enhancement of the convective heat
flux. This enhancement is closely related to the presence of a shear layer and to the thermal boundary
layer just above the equator.

Keywords: computational fluid dynamics; turbulence; rotating thermal convection; Rayleigh–Bénard

1. Introduction

Many atmospheric and geophysical flows are actually fluid flows on curved surfaces and can
be modeled by two-dimensional thermal convection. In nature and technological applications [1],
many physical phenomena are actually related to buoyancy-driven flows whether affected by
background rotation or not. In particular, buoyancy driven by temperature, and affected by the
rotation of the Earth, is one of the leading force in oceans [2–4] and atmosphere. The combined
effects of rotation and buoyancy lead to the formation of large structures called cells (such as polar,
Ferrel or Hadley [5] cells). Large scale flows generated by rotation and buoyancy are also observed
in the outer core of the earth [6–9]. These large scale zonal flows are also observed on the Sun and
other planets of our solar system [10,11]. The Rayleigh–Bénard convection model is commonly used
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for studying such physical phenomena. This model consists, in general, in a cylindrical convection
cell on a rotating table [12–19]. Much insight about the role of rotation on such flows has been
gained from such an experimental model. Other systems have been proposed to study the role of
rotation on thermal convection and notably in a curved geometry which bears some relevance to
atmospheric flows. A half soap bubble heated at the equator has been recently proposed in some
numerical and physical experiments [20,21] to study thermal convection. Indeed, in these experiments,
thermal convection and the movement of large scale structures have been observed on the surface
of the bubble. The results obtained in these experiments have shown some strong similarities with
atmospheric flows [20–22]. It has been shown in particular in these studies that the dynamics of
vortices on the bubble surface and tropical cyclones [20–22] present the same statistical behavior.
Heating on one side (the equator) is responsible for the creation of intense thermal convection leading
to turbulent velocity and temperature fields whose statistical properties can be described by theories
of turbulent thermal convection elaborated by Corrsin, Obukhov and Bolgiano [20,21]. Further and by
subjecting the bubble to rotation, strong effects of the rotation have been observed on the nature of the
fluctuations. These experiments of hemispherical bubbles heated at the equator allow to study thermal
convection without the presence of lateral walls. A variety of physical phenomena of relevance to
atmospheric and geophysical flows can be explored with such numerical and experimental setup.

We here consider such a hemispherical system numerically and explore two different ways for
forcing the rotation of the bubble. The first method to force a rotation on a system is to add a rotation
term in the mathematical model. This method is classically used in numerical simulations of rotating
Rayleigh–Bénard convection where the cells (top and bottom plates, lateral walls) are submitted to a
rotating force. It has also been used in our first study of rotating half soap bubble where second-order
temperature structure functions have been used to compare the numerical simulations to the physical
experiments [23]. However, this solid rotation does not exactly correspond to the experimental
protocol where the bubble is located on a rotating table (it does not correspond to classical rotating
Rayleigh–Bénard convection experiments either since, in this case, it is the boundaries, both upper and
lower as well as lateral, of the container which produce the rotation of the fluid). In the experiments
on rotating half soap bubbles, only the equator is subjected to the rotation force leading to the presence
of a shear layer. The effects of this forcing as well as the differences with a global rotation forcing are
the subject of this paper. As we will see below, the two methods affect the flow but their effects are
markedly different from each other. The mathematical way to reproduce this phenomenon is to impose
a non-zero azimuthal velocity at the equator. We will show in the sequel that these two different ways
for forcing the half bubble into rotation, global rotation and azimuthal velocity at the equator, lead to
different flow behaviors.

Even if our setup is different from the classical Rayleigh–Bénard setting, we will however compare
our results with those obtained with classical rotating Raleigh–Bénard experiments. A stereographic
transform, fully described in our previous papers, allows us to project the Navier–Stokes equations
onto the equatorial plane. Regular Cartesian grid based methods can then be used to numerically
solve the equations. The two rotation forcing models are described in Section 2 and the results are
analyzed and discussed in Sections 3–6. In these sections, we will present and discuss the effects of
rotation on the Nusselt number, the convective heat flux, the temperature and velocity fluctuations,
and the spectral properties.
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2. Mathematical Model and Numerical Computations

We first describe the mathematical model corresponding to the non-rotating case [24].
The equations for two-dimensional thermal convection under the Boussinesq approximation [25]
can be used to describe the fluid behavior which does not depend on the coordinate system:





DU
Dt

= −1
ρ
∇p + ν∇2U− βTg− FU

∇ ·U = 0
DT
Dt

= α∇2T − ST

(1)

where
D
Dt
≡ ∂

∂t
+ (U · ∇) is the total time derivative, U denotes the velocity, p the pressure, ρ the

mass density, ν the kinematic viscosity, β the coefficient of thermal expansion, g the gravity field, T the
temperature of the fluid, α the coefficient of thermal diffusion, F is the friction factor and S is the
thermal dissipation coefficient. Unlike Rayleigh–Bénard convection, two additional terms, FU and
ST, have been added in order to compensate respectively the injection of kinetic and thermal energies.
As explained in [24], if the parameters F and S are kept equal to zero, an accumulation of kinetic
and thermal energies leading to a numerical burst of the bubble can be observed. Indeed, in usual
Rayleigh–Bénard experiments, the top plate is cooled allowing to keep a constant global averaged
temperature. In the experiments on soap bubbles, we do not have a specific cooling process. Only the
exchange of heat between the bubble and the surrounding air and the friction with the air stabilize
experimental conditions. We have to take into consideration these interactions with the air in the
numerical simulations to stabilize the computations. This is why we have to artificially remove a small
part of thermal and kinetic energies in the equations. This stabilization process can be interpreted as a
way to take into consideration the interaction between the bubble and the surrounding air. See [24] for
more details about this stabilization process.

As mentioned in the introduction, the purpose of this paper is the study of two different methods
for mathematically rotating a hemispherical cap subjected to a thermal gradient:

• Method 1: adding a rotation term 2Ω × U in the velocity equation, where Ω denotes the
rotation vector

• Method 2: adding a non-zero azimuthal velocity boundary condition U f at the equator.

The equations with the rotation forcing term has to be written in a non-dimensional form. Using L,
δT and the characteristic velocity U =

√
βgδTL (where δT denotes the difference of temperature

between the pole and the equator, and L the characteristic length equal to the radius of the bubble
(L = r)), the equations can be made non-dimensional. As in many papers about thermal convection,

the control parameters in our numerical simulations are the Rayleigh number Ra =
gβL3δT

να
and

the Prandtl number Pr =
ν

α
. Various values for the Rayleigh and Prandtl numbers have been used,

but the only numerical results presented in this article are for Ra = 3.108 and Pr = 7. We also have

to define the corresponding dimensionless friction factor F̃ =
FL
U

and the dimensionless thermal

dissipation coefficient S̃ =
SL
U

. We remind here that the goal of these dimensionless factors is to
take into consideration the interaction between the bubble and the air. The empirical evaluation of
their respective values has been described in [24] and we chose here F̃ = S̃ = 0.06, which leads to
a stationary state in the non-rotating case. Using the same notation for the dimensionless pressure,
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velocity and temperature, the non-dimensional equations, with a rotation forcing term (Method 1), can
thus be written as:





DU
Dt

= −∇p +

√
Pr
Ra
∇2U + Tk0 −

1
Ro

k0 ×U− F̃U

∇ ·U = 0
DT
Dt

=
1√

Pr.Ra
∇2T − S̃T

(2)

where Ro =

√
βgδTL
2ΩL

denotes the Rossby number, Ω = |Ω| the rotation rate and k0 the vertical unit
vector. Adding a rotation term in the equation is classically used for modeling rotating Rayleigh–Bénard
experiments. However, method 2 best describes our physical experiment where the bubble lays on top
of a rotating table. Only the part of the bubble in contact with the table is submitted to the rotation
forcing thus creating a shear stress and possibly shear induced instabilities. Both methods induce a
rotation of the bubble but the corresponding flows present different physical behaviors in terms of
the capacity of convecting the heat flux. Four analysis tools will be used in the next parts to compare
both methods:

• the Nusselt number criterion
• the convective heat flux (defined in the sequel)
• the velocity and temperature fluctuations RMS (to evaluate the shear and thermal boundary

layers)
• the energy/enstrophy/temperature spectra and fluxes

Two kinds of coordinate systems are considered here: C0(x0, y0, z0) the usual 3D orthogonal
Cartesian coordinates and C(x, y) a 2D orthogonal Cartesian coordinate system obtained by a
stereographic projection onto the equatorial plane. The stereographic projection is a well known
mapping allowing to project a sphere onto a plane. Usually, the projection is defined on the entire
sphere, but in the present study we do not need to described the whole sphere. Thus, we use in this
study a version of the stereographic projection restricted to the northern hemisphere. It can be shown
that this mapping is bijective and preserves the angles. The consequences being that a Cartesian grid
on the plane corresponds to a Cartesian grid on the surface of the sphere. The two kind of coordinates
are related to each other by the following equalities:





x0 =
2xr2

r2 + x2 + y2

y0 =
2yr2

r2 + x2 + y2

z0 = r
r2 − (x2 + y2)

r2 + x2 + y2

(3)

and 



x =
rx0

r +
√

r2 − (x2
0 + y2

0)

y =
ry0

r +
√

r2 − (x2
0 + y2

0)

(4)

where r denotes the radius of the sphere. Figure 1 illustrates the stereographic projection where a point
P on the sphere is projected on P′ on the equatorial plane. Using the stereographic coordinates and the
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calculations detailed in [24], the Navier–Stokes Equation (2) for a hemisphere of radius r = 1 can thus
be written using stereographic coordinates:

∂u
∂t

+ u
∂u
∂x

+ v
∂u
∂y

+
2

1 + x2 + y2

(
−xu2 − 2yuv + xv2

)
=

√
Pr
Ra

[
(1 + x2 + y2)2

4

(
∂2u
∂x2 +

∂2u
∂y2

)
− u−

(
1 + x2 + y2

)(
x

∂u
∂x

+ y
∂u
∂y

+ y
∂v
∂x
− x

∂v
∂y

)]

−
(

1 + x2 + y2

2

)2
∂p
∂x
− xβgT +

1
Ro

v− F̃u.

∂v
∂t

+ u
∂v
∂x

+ v
∂v
∂y

+
2

1 + x2 + y2

(
yu2 − 2xuv− yv2

)
=

√
Pr
Ra

[
(1 + x2 + y2)2

4

(
∂2v
∂x2 +

∂2v
∂y2

)
− v−

(
1 + x2 + y2

)(
x

∂u
∂y
− y

∂u
∂x

+ x
∂v
∂x

+ y
∂v
∂y

)]

−
(

1 + x2 + y2

2

)2
∂p
∂y
− yβgT − 1

Ro
u− F̃v.

(5)

∂u
∂x

+
∂v
∂y

=
4 (xu + yv)
1 + x2 + y2 (6)

∂T
∂t

+ u
∂T
∂x

+ v
∂T
∂y

=
1√

Pr.Ra
(1 + x2 + y2)2

4

(
∂2T
∂x2 +

∂2T
∂y2

)
− S̃T (7)

where (u, v) are the two components of the velocity field in the (x, y) stereographic coordinates.
As can be noticed, the stereographic projection of the Navier–Stokes equations induced much more
complicated expressions, with a couple of extra terms, compared to the usual cartesian coordinates
formulation. But since the stereographic coordinates form a two-dimensional orthogonal basis,
traditional numerical methods to solve the equations on cartesian grids can be used. The circular
domain in the equatorial plane, a no-slip boundary condition on the equator, as well as a Dirichlet
boundary condition for T are defined by using a L2-penalization method. This kind of method consists
in adding two penalization terms: T−Tb

C , in the temperature equation and U−Ub
C , in the momentum

equation and to consider the set of equations on the whole square domain. The boundaries are then
considered like a porous medium of very low permeability [26]. In our numerical simulations, C is set
equal to 1016 in the bubble, and equal to 10−10 outside. The boundary conditions are then imposed by
taking Ub = 0 and Tb = 1 for method (1) and Ub = U f and Tb = 1 for method (2). When C = 1016

in the bubble, these extra terms vanish and we solve the regular Equation (1), and when C = 10−10

outside the bubble, all the other terms are numerically very small compared to the extra terms except
the pressure gradient. There is a coupling between these terms and the pressure gradient to yield
Darcy equations and we get U = U f and T = 1 at the boundary. Finite differences schemes have
been chosen for solving the equations described in the previous part. A staggered uniform Cartesian
grid with a mesh size l = δx = δy, where δx and δy are the discretization steps in each direction
on the projection plane, is used to discretize the spatial domain. The corresponding uniform time
steps is denoted δt. The unsteady term in the governing equations is solved by using a second-order
Gear scheme. The convection terms are solved using an explicit scheme whereas the linear terms are
solved using an implicit one. If one denotes by Un the approximation of U at time tn = nδt, then the
approximation of the total time derivative of a general variable φ using the second-order Gear scheme
can be written as:

Dφ

Dt
≈ 3φn

2δt
− 4φn−1 − φn−2

2δt
+ 2(Un−1 · ∇)φn−1 − (Un−2 · ∇)φn−2 (8)
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Figure 1. Stereographic projection: the point P of coordinates (x0, y0, z0) on the sphere is projected on P’
of coordinates (x, y) on the plane. N and S denote respectively the north and south poles. (Reproduced
with permission from [24]).

As shown in Figure 2, the discrete values of the velocity field are located at the middle of the
cell sides and the discrete values of the pressure p and the temperature T are located at the center of
each cell. A Murman-like scheme is used for the approximation of the convection terms. This kind of
scheme has been fully described in [27]. A time splitting has been used to first solve the temperature
equation and then the coupled pressure and velocity equations since the temperature equation can
be solved separately. A parallel process by Message Passing Interface (MPI) is used to solve both of
them. A linear system of equations AT = E, where A is a pentadiagonal matrix, T is the temperature
vector and E the explicit part of the discretized temperature equation is obtained by the discretization
of the temperature equation. The matrix A being not a self-adjoint matrix anymore in our present
curved surface problem, we have to solve this linear problem using a biconjugated gradient method.
The discretization of the coupled velocity-pressure system of equations leads to solving a discrete
linear system LlVn

l = Bn−1
l where Ll represents the discrete operator, Bn−1

l is the discrete equivalent
of the right hand side of (8) and Vn

l = (Un
l , pn+1/2

l ) is the approximate solution we are looking for.
All the numerical results presented in the following have been obtained with Ra = 3× 108, Pr = 7
on a 1024× 1024 grid. A grid convergence analysis in order to verify that the grid is dense enough to
describe a turbulent flow had been carried out in [24]. We had computed the global temperature on
the bubble for different sizes of the grid and for a given Rayleigh number. The results obtained with
the grids 1024× 1024 and 2048× 2048 for various values of the Rayleigh number, and various values
of the rotation rates, were almost exactly the same, whereas the results obtained with coarser grids
(256× 256 and 512× 512) were slightly different. As shown in [24], a fine grid (2048× 2048) would be
better to describe the boundary layer at the equator, but would not modify the global behavior of the
fluid in the bubble. The grid 1024× 1024 has thus been chosen in the present study for performing the
various numerical simulations. Different values for the parameters F̃ and S̃ have been tested in [24] to
stabilize the computations. The bubble can be stabilized with F̃ = 0.06 and S̃ = 0.06 which are the
values used in the numerical simulations. Examples, in the non-rotating case, for the temperature and
the vorticity fields are given in Figure 3 for two different times: at the beginning of the simulation (top)
and in the stationary state (bottom). We can observe in Figure 3 thermal plumes emerging at the base
of the bubble. The experiment is similar to a long two-dimensional toric Bénard cell in the beginning
of our simulation: the cold fluid is heated from below, and the plumes are convected upward. In the
beginning, there is no interaction between the plumes and the center of the domain remains empty.
We can also observe these small thermal structures emerging from the heated equator on the vorticity
field. The plumes continue to grow over time and start to interact with each other. As can be observed
in Figure 3, the small structures along the equator are now giving birth to vortices that move along the
bubble surface. A stationary state can be achieved and the results presented in the sequel have been
obtained in this regime of the numerical experiments.

60



Fluids 2020, 5, 185

vi,j+ 1
2

ui− 1
2 ,j pi,j, Ti,j ui+ 1

2 ,j

vi,j− 1
2

Figure 2. Description of numerical spatial cell: the velocity components are computed in the middle
of the cell borders whereas the pressure and the temperature are computed at the center of the cell.
(Reproduced with permission from [24]).

Figure 3. Top: Beginning of the simulations; mushroom shape structures are created at the equator.
Bottom: Stationary state; plumes move up on the bubble and the structures start to interact with each
other. Left: Temperature fields. Right: Vorticity fields.

3. Nusselt Number Criterion

The Nusselt number is usually defined as the ratio of the total vertical heat flux and the conductive
heat flux, and can be evaluated on any horizontal plane in a Rayleigh–Bénard cell. But since our
experiment is not a Rayleigh–Bénard cell, we have to first define a local Nusselt number and then
compute the average of all the local Nusselt numbers on the bubble. For a given latitude l, we can
define the local Nusselt number Nu(l) as:

Nu(l) =
< Uk0 T >l −α∂k0 < T >l

αδTL−1
(9)
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where Uk0 denotes the vertical component of the velocity, along the vertical unit vector k0, T is the
temperature, and < . >l stand for a temporal average in time over a latitude l. We can then obtain
a global Nusselt number Nu by averaging the local Nusselt numbers over all latitudes. In classical
Rayleigh–Bénard experiments a constant heat transfer is established between the two plates and the
difference between “local” vs. “global” Nusselt numbers is meaningless. In these cases, it is possible to
calculate a Nusselt number by averaging over any horizontal plane. However, local and global Nusselt
numbers are important physical values to evaluate when the heat transfer depends on the height, as in
an open channel or in our bubble experiment (see Equations (4) and (5) in [28] for instance). The global
Nusselt number has to be understood as a global indicator of the convection vs conduction balance in
the cell.

Physical and numerical experiments found in the literature show that the rotation introduces three
different regimes [12,14–19] in three-dimensional Rayleigh–Bénard experiments. The three regimes can
be characterized using the Nusselt number. For low rotation (small Ω and large Ro), the flow remains
almost unaffected by the rotation. The heat transfer measured by the Nusselt number does not change
in this regime and a large scale circulation is observed in the cell. For moderate rotations, the flow is
affected by the rotation leading to an enhancement of the heat flux. In this regime, in 3D, the large
scale circulation is replaced by vortical structures (also called plumes in the literature). The enhanced
convective heat flux is directly related to the vortical structures created by the moderate rotation of the
system. For high rotation, the fluid is totally dominated by the rotation forcing and the convective heat
flux is decreased. The transition between the moderate and the high rotation regimes is defined in [29]
as the rotation for which the Nusselt number is maximum.

In our results, we also observe three different regimes. The ratio Nu(Ro)/Nu(+∞) for various
values of Ro and the ratio Nu(U f )/Nu(0) for various values of U f are reported in Figure 4. The relative
Nusselt number is hardly affected for high values of Ro or small azimuthal velocities. For low values
of Ro or high values of the azimuthal velocity, the relative Nusselt number decreases, showing that the
flow is dominated by rotation. For intermediate values of both control parameters, the relative Nusselt
number is greater than 1. As can be observed, the rotation created with the rotation forcing term
(Method 1) does not significantly increase the heat flux. The maximum increase being less than 5%.

However, an increase of more than 15% is observed when the rotation is created by a moderate
azimuthal velocity boundary condition (Method 2). This increase of the convective heat flux is of the
same order as the one observed in the 3D rotating Rayleigh–Bénard case [12,14–19]. Note here that
the Nusselt number ratio does not present a narrow maximum as in 3D experiments and simulations
but a wide and plateau-like region, making it difficult to define an exact transition limit as in [29]
between the regime where the Nusselt number is enhanced by rotation and the regime where the
Nusselt number is decreased at high rotation rates. So we use a slightly modified definition for this
transition in our study and define the three regimes by comparison to the non-rotational case as:

• Regime I where the Nusselt number is unchanged: low rotation,
• Regime II where the Nusselt number is increased: moderate rotation,
• Regime III where the Nusselt number is decreased: high rotation.

Considering the results shown in Figure 4, this definition for the transition from Regime II to
Regime III seems to be more natural and better adapted for the functional shape of the variation of the
relative Nusselt number versus Ro or U f . The structures responsible for the Nusselt enhancement in
regime II will be described in the next part.
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Figure 4. Red circles: Method 1, ratio δ of the Nusselt number Nu(Ro) in the presence of global
rotations to Nu(∞) (no rotation). Black stars: Method 2, ratio δ of the Nusselt number Nu(U f ) in the
presence of azimuthal velocity boundary conditions to Nu(0) (no rotation).

4. Convective Heat Flux

The convective heat flux, created by the buoyant forces, corresponds to the transport of heat by
the movement of the fluid from hot areas (at the equator) to cold ones (north pole). In classical
Rayleigh–Bénard experiments, the structures responsible for the convective heat flux are called
“plumes” [13,30] and are usually characterized by a strong correlation between the temperature
fluctuations θ = T − 〈T〉 (where < . > denotes the overall time and space average) and the vertical
velocity. In our numerical simulations, the vertical velocity is replaced by the radial component
(pointing to the north pole) UR of the velocity, and the convective heat flux is then defined by
Φ(l) = 〈θ.UR〉l where l denotes the latitude in radians. This mathematical object precisely measures
the heat that is moved upward from the equator to the north pole. We obtain with our convective heat
flux Φ(l) the same kind of information as the plumes counting described by Pieri et al. (see Figures 5
and 6 in [13]). Our results for various values of the Rossby number (Method 1) and of the velocity
boundary condition U f (Method 2) are summarized in Figure 5.

Figure 5. Left: Convective heat flux Φ(l) for various values of the Rossby number and of velocity
boundary condition U f . Right: Zoom close to the equator with µ = 0.01.

The first striking observation is that moderate velocity rotations induced by the non-zero velocity
boundary condition (Method 2) create increases of the convective heat flux at the equator, and this
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initial bonus of heat flux is then maintained in the bulk of the bubble. This increase is observed for all
the values of U f for which the Nusselt number was increased (Nu(U f )/Nu(+∞) ratio larger than 1).
It can be observed that the profile of the heat flux for U f = 0.2 is the same as the profile of the heat flux
without rotation confirming the result obtained with the Nusselt number criterion. Relatively strong
velocity rotations in Method 2 decrease the convective heat flux at the equator leading to a decrease of
the Nusselt number. This observation can be linked to our analysis about the instabilities and thermal
boundary layers of the next part. Thermal plumes are created at the edge of the thermal boundary
layer. When the shear layer is thinner than the thermal boundary layer then the “new born” plumes
are boosted by a non-zero average velocity field. But when the shear layer limit reaches the thermal
boundary layer limit, the “new born” plumes are swept by the rotations.

No increase is observed with the rotations induced by Method 1, and we even observe that the
convective heat flux is strongly decreased in the bulk. Again, this result will be discussed in light of
the analysis of the RMS of velocity fluctuations in the next section: high velocity rotations prevent the
structures from reaching the high latitude areas. However, we can observe in the equator area (Figure 5
right) that very high velocity rotations (Ro = 0.05 for instance) induce the same kind of increase as
those obtained with Method 2. But, since the global rotations also completely inhibit the dynamics in
the bulk, the benefit of the increase is immediately erased as we get farther from the equator. The extra
convective heat flux in the equator area is not sufficient to compensate the lack of heat flux in the bulk.
Thus, the overall balance in this situation is negative and leads to a Nusselt number lower than the
one obtained in the no-rotation case.

We can also visualize the plumes responsible for the convective heat flux in the convective heat
fields θ.UR for various values of the parameters Ro and U f . In Figure 6, mushroom-shaped plumes
can be observed in the non-rotating case. Short and medium sized plumes are present all around the
bubble. The effects of rotation through Method 1 for Ro = 0.2 can be observed in Figure 6. The long
plumes have completely been suppressed and only the short plumes are present very close to the
equator. Most of the surface of the bubble is now completely free of structures. In the case of Method 2,
moderate velocity rotations increase the length of the plumes as can be observed in Figure 6. However,
for high velocity rotations (top Figure 7), long plume structures are still present but are very localized
in a small part of the bubble. For very high rotations (bottom Figure 7), very few and very localized
structures can be observed almost reaching the north pole. This is a completely different phenomenon
from what we can observe with a very small Rossby number in Method 1. With Method 1, the long
plumes are suppressed but short plumes are still present all over the bubble. With Method 2, however,
short plumes are absent and a few, localized, and weak heat structures succeed in detaching from
the equator to escape to the north pole. This is a clear observation of the intermittent character of the
dynamics induced by the rotations created by Method 2.

Even if our setup is completely different we can make a parallel with two new studies about
3D rotating Rayleigh–Bénard Convection. Rajaei et al. [31] recently published new results about
the rotation dominated regime in rapidly rotating Rayleigh–Bénard convection. They found that
the transition to the rotation dominated regime coincides with the suppression of vertical motions,
the strong penetration of vortical plumes into the bulk and a reduced interaction of vortical plumes
with their surroundings. In Alards et al. [32], the authors study in detail, with a Lagrangian
approach, the transition from the rotation-unaffected regime, where the heat transfer is constant,
to the rotation-affected regime, where the heat is enhanced. They found a sharp transition in the
horizontal acceleration statistics near the top plane at a Rossby number lower (Ro ≈ 2.25) than
the one typically found for the transition between rotation-unaffected/affected regimes (Ro ≈ 2.7).
According to their study, the steepening of the velocity gradients at the boundary and the generation
of swirling convective flows in the boundary layers are two partially separate processes: heat transfer
enhancement at Ro ≈ 2.7 and generation of vertically aligned vortex tubes at Ro ≈ 2.25. They also
observe a crossing between the thermal and the Ekman layers for a Rossby number equal to 1.4
whereas the maximum of the Nusselt enhancement is located for Ro between 0.1 and 0.2.
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Figure 6. Convective heat flux fields. Top: No-rotation case. Middle: Method 1 with Ro = 0.2.
Bottom: Method 2 with U f = 0.12. Left: Side view. Right: North pole view.
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Figure 7. Convective heat flux fields with method 2. Top: U f = 0.3. Middle: U f = 0.5. Left: Side view.
Right: North pole view.

5. Velocity and Temperature Fluctuations RMS

It has been shown in Section 3 that the Nusselt number is greatly influenced by the way the
rotation is forced on the bubble. The difference between the two methods is that in one case the rotation
is imposed on the whole bubble (Method 1 with the rotation term in the equation) whereas in the
other method the rotation is imposed at the equator only (Method 2). The latter method creates a
shear layer that might be responsible for the Nusselt number enhancement. So in this part, the RMS of
the fluctuations of azimuthal (parallel to the equator) and radial (pointing to the north pole) velocity
components are studied and compared to the thermal boundary layer (evaluated with the temperature
fluctuations RMS as in [24]).

It can be noticed in Figure 8 that the rotations created by Method 1 significantly change the
temperature fluctuations in the bulk of the bubble, but not so much at the equator. Indeed, in the
bulk, the temperature fluctuations are suppressed by high rotation whereas close to the equator the
location and the height of the maximum of the RMS is not significantly modified by the rotation
forcing. This can be also observed in Figure 9 (top), where no difference can be observed in the
temperature profiles at the equator, except a small increase beyond the thermal boundary layer for
very high rotations.

66



Fluids 2020, 5, 185

Figure 8. Temperature fluctuations RMS. Top: Method 1 for various values of the Rossby number.
Bottom: Method 2 for various values of the forcing U f . Right: Zoom around the equator; µ = 0.05.

From this first observation, we can conclude that the rotations induced by Method 1 do not
modify the thermal boundary layer, but suppresse the temperature fluctuations in the bulk of the
bubble. Let us now turn to Method 2. Moderate rotations forced by the velocity boundary condition
U f (Method 2) slightly increase the temperature fluctuations in the bulk but significantly modify them
close to the equator. Indeed, a shift of the maximum location of the RMS away from the equator can
be observed. This shift is accompanied by a small increase of the maximum for moderate rotations,
and a strong decrease for high rotations. The shift is also more important for large rotation velocity U f
(bottom of Figure 8). The temperature increases at the equator can be also verified in Figure 9 (bottom)
where the temperature is directly related to the rotation velocity values U f . So Method 1 influences the
flow essentially in the bulk of the bubble while Method 2 essentially influences the thermal boundary
layer which grows with the forcing velocity and which eventually also influences the bulk.

The study of the radial (pointing to the north pole) UR and azimuthal (parallel to the equator) UA
velocity components fluctuations can complete this analysis.

As can be observed in Figure 10, rotations created by Method 1 significantly decrease the velocity
fluctuations (both radial UR and azimuthal UA). The size of the area where the fluctuations are the
largest decreases with the increase of the rotation speed. It can also be observed that the azimuthal
velocity component fluctuations present a “double bump” shape. This particular shape corresponds
in fact to clockwise and counterclockwise fluctuations. This aspect can be verified by visualizing the
averaged azimuthal velocity component Figure 11 (Left). We can observe three bands: close to the
equator the average motion is in the same direction as the forcing (counterclockwise), then in the other
direction and finally again in the same direction as the forcing. The bandwidth is decreasing as the
rotation is increasing. This phenomenon, also highlighted in the soap bubble experiments, might be
related to the circulation cells in the atmosphere where easterly and westerly winds are observed.
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Figure 9. Temperature profiles. Top: Method 1 for various values of the Rossby number.
Bottom: Method 2 for various values of the forcing U f . Right: Zoom around the equator; η = 0.01.

Figure 10. Method 1. Left: Radial velocity component fluctuations RMS for various values of the
Rossby number Ro. Right: Azimuthal velocity component fluctuations RMS for various values of the
Rossby number Ro.
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Figure 11. Azimuthal velocity profiles. Left: Method 1 for various values of the Rossby number Ro;
Right: Method 2 for various values of U f .

With Method 2, the influence of the rotation forcing U f on the fluid can be observed in Figure 12.
Except for very large forcings (U f = 0.5 for instance), the radial velocity component fluctuations are
increased around the pole. Moderate rotations with Method 2 seem to push more fluid to the pole
than the convection alone without rotation. A close look at the area above the equator (Figure 12 right)
allows us to remark that the RMS profiles present a minimum when U f 6= 0. We conjecture that this
minimum corresponds in fact to the limit of a shear layer, only present with this way of rotating the
bubble, and has to be compared to the limit of the thermal boundary layer (BL). The size of these
two layers for various values of the rotation forcing U f are summarized in Figure 13. Two linear fits
obtained from the first six values of U f , from U f = 0 to U f = 0.3, are also materialized in this figure.
We note a linear growth of this shear layer thickness with the velocity forcing. The slope of the linear
fit for the shear layer thickness is estimated at 3.5× 10−2, whereas the slope for the thermal boundary
layer one is about 3.7× 10−3. The shear layer thickness grows faster than the thermal layer, but we
could not find any theoretical explanations for the values of these linear growth.

The thermal boundary layer size increases slowly while the shear layer size increases faster.
When the size of this shear layer reaches the size of the thermal boundary layer near U f ≈ 0.25 both
keep the same size and continue to grow with increasing forcing velocity U f . This observation might be
related to the phenomenon discussed in the previous part: the Nusselt number increases for moderate
velocity rotations up to U f ≈ 0.2. As long as the shear layer size is smaller than the thermal boundary
layer size the convective heat flux is enhanced by the rotation forcing, leading to an enhancement of
the Nusselt number. But when the shear layer is the same size as the thermal boundary layer then the
enhancement is stopped, and the Nusselt number starts to decrease.

This kind of competition between different characteristic scales has been also observed in
three-dimensional Rayleigh–Bénard numerical experiments in [29,33,34] in the context of the transition
between a regime where the heat transfer is not significantly affected by rotation and a rotationally
controlled regime. In the non-rotationally affected regime, Rajaei observed that the kinematic boundary
layer thickness remains constant and then starts to decrease when the rotation dominates the dynamics
(see Figure 3.4 in [29]). This transition corresponds to a transition from a Prandtl–Blasius type layer
to an Ekman type layer. The boundary layer related to the low velocity rotation regime (where they
observe a Large Scale Circulation) is of Prandtl–Blasius type and the one related to the moderate
velocity rotations regime is of Ekman type. Other observations were provided by King et al. [33] (see
in particular Figure 3b) who found that the transition from non-rotating to rotationally controlled
heat transfer occurs when the thermal boundary layer and the Ekman layer thicknesses are crossing
each other.

Our observations show that for the transition between our Regime II and our Regime III,
the thickness of this shear layer (found with Method 2 only) becomes comparable to the thickness of
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the thermal boundary layer. In fact, this transition corresponds to the progressive disappearance of
the thermal plumes described in the previous part. Also, compared to Method 1, we do not observe
the “double bumps” in the azimuthal velocity component RMS which was related to circulation cells.
This can be also verified in the azimuthal velocity profiles in Figure 11 (right) where we do not find
the caracteristic three bands. This phenomenon seems thus to be a consequence of the global rotation
of the system like in the Earth’s system, and cannot be reproduced with Method 2. Also in Figure 11
(right), we can clearly observe that the azimuthal velocity at the equator is directly linked to the forcing
value U f . In short, in the context of our two-dimensional numerical experiments, the convective heat
enhancement (measured by the Nusselt number) can be produced by Method 2. Method 1 can produce
a very small enhancement of the Nusselt number (less than 5%). Large circulations, detected in the
azimuthal velocity component, can be produced with Method 1 but not with Method 2. As it will
be shown in the next part, more insight into the dynamics of the flow can be obtained using global
physical properties like spectra and fluxes.

Figure 12. Velocity fluctuations RMS for various values of U f (method 2). Top: Radial velocity
component. Bottom: Azimuthal velocity component. Right: Zoom close to the equator; µ = 0.05.
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Figure 13. Thermal boundary and shear layers sizes (polar angle in radians) for various values of the
velocity forcing U f .

6. Spectra and Fluxes

Energy, enstrophy and temperature spectra/fluxes are commonly used to study two or
three-dimensional turbulence as well as Rayleigh–Bénard convection cells. Indeed, according to
the corresponding theories, it is well known that inverse or direct cascades of energy/enstrophy in 2D
or 3D turbulence or the presence of a Bolgiano–Obukhov regime in Rayleigh–Bénard convection
can be detected using energy/enstrophy/temperature spectra and fluxes [24]. Very recently,
Sharma et al. [35,36] published new results on rapidly rotating forced and decaying turbulence.
Their studies are based on numerical simulations in a cube of size (2π)3 with periodic boundary
conditions on all the sides. In the decaying case, they observed that the turbulent flow evolves in time
with a real Rossby number decreasing to ∼10−3 and the flow becoming quasi two-dimensional
with strong coherent columnar structures arising due to the inverse cascade of energy (as in
classical two-dimensional turbulence where strong vortices are observed). They propose a new
scaling for the energy spectrum of three-dimensional rapidly decaying turbulence: E(k) =

Cε2/3
ω k−3 exp

(
−C(k/kd)

2), where εω is the enstrophy dissipation rate, kd the enstrophy dissipation
number, and C a positive real constant. For the rapidly rotating forced turbulence, they propose a
scaling split into two components related to the horizontal plane and the vertical rotation axis in the
range of wavenumbers smaller than the forcing scale: E(k⊥, k‖) ≈ k−5/2

⊥ k−1/2
‖ where ⊥ and ‖ denote

the directions perpendicular and parallel to the vertical rotation axis. However,our numerical setup
being different, and our rotation speed being weaker, we cannot expect to obtain the same results.

Mathematical tools specifically designed for spherical problems has to be used to obtain global
properties, such as spectra or fluxes, for our numerical simulations. The definitions of the spherical
harmonics decomposition are first recalled and then used to compute these various physical indicators
(spectra and fluxes) of interest.
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Any function f with spherical symmetry can be easily written as a linear combination of special
functions {Ym

k },

f (θ, ϕ) =
+∞

∑
k=0

+k

∑
m=−k

f m
k Ym

k (θ, ϕ), (10)

the so-called spherical harmonics defined by:

Ym
k (θ, ϕ) =

√
2k + 1

4π

(k−m)!
(k + m)!

Pm
k (cos(θ)) eimϕ. (11)

Here, Pm
k (.) denotes the associated Legendre polynomials. The expansion coefficients f m

k are then
obtained by projection of f onto the spherical harmonics:

f m
k =

∫ 2π

0

∫ π/2

0
f (θ, ϕ)Ym

k (θ, ϕ) sin(θ)dθdϕ

=

√
2k + 1

4π

(k−m)!
(k + m)!

∫ 2π

0

∫ π/2

0
f (θ, ϕ)Pm

k (cos(θ)) e−imϕ sin(θ)dθdϕ

(12)

The integration over ϕ is actually a Fourier transform and is numerically computed with a
traditional routine. The power spectrum can then be computed from the coefficients f m

k :

‖ f ‖2 =
+∞

∑
k=0

f 2
k =

+∞

∑
k=0

k

∑
m=−k

| f m
k |2. (13)

The coefficients f m
k are thus equivalent to the Fourier coefficients and the coefficients fk are

equivalent to the Fourier wavenumbers in a traditional Fourier power spectrum. For instance,
the thermal energy is defined as:

‖T‖2 =
+∞

∑
k=0

T(k)2 =
+∞

∑
k=0

k

∑
m=−k

|Tm
k |2, (14)

where

Tm
k =

∫ 2π

0

∫ π/2

0
T(θ, ϕ)Ym

k (θ, ϕ) sin(θ)dθdϕ (15)

Energy, enstrophy and thermal fluxes can be also computed using the spherical harmonics
coefficients. The energy flux is usually computed in the Fourier domain from the nonlinear term in the
Navier–Stokes equation:

ΠE(k) =
∫ +∞

k
SE(k′)dk′ (16)

where SE(k) is the nonlinear energy transfer function and is obtained by angular integration of

Û∗(k). ̂(U.∇)U(k). Here, the symbol .̂ denotes the usual Fourier transform. The enstrophy and
thermal fluxes are obtained in the same way:

ΠZ(k) =
∫ +∞

k
SZ(k′)dk′

ΠT(k) =
∫ +∞

k
ST(k′)dk′

(17)

where SZ(k) and ST(k) are the enstrophy and thermal transfer functions. They are obtained by angular

integration of ŵ∗(k). ̂(U.∇)w(k) and T̂∗(k). ̂(U.∇)T(k).
So, in our study, we replace the usual Fourier decompositions by spherical harmonics

decompositions, and the angular integration of the Fourier coefficients by a summation of the spherical
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coefficients f m
k over the degree m = −k to m = k. The results are strictly equivalent to classical energy,

enstrophy and thermal fluxes and can be considered as such.
Energy, enstrophy and temperature spectra and fluxes are given in three separate Figures 14–16

for relatively strong (Ro = 0.75 and U f = 0.3), moderate (Ro = 6 and U f = 0.15) and no rotations.
The values for relatively strong rotations are those leading to 80% of the initial (without rotation)
Nusselt number, and the values for moderate rotations are those leading to the highest enhancement
of the Nusselt number.

Figure 14. First and second rows: Energy spectra and fluxes for strong, moderate and no rotation
for methods 1 and 2. Third and fourth rows: Tukey windowed energy spectra and fluxes for strong
rotations. Method 1 with Ro = 0.75. Method 2 with U f = 0.3. Radius of the window R = 0.98.
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Figure 15. First and second rows: Enstrophy spectra and fluxes for strong, moderate and no rotation
for methods 1 and 2. Third and fourth rows: Tukey windowed enstrophy spectra and fluxes for strong
rotations. Method 1 Ro = 0.75. Method 2 U f = 0.3. Radius of the window R = 0.98.
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Figure 16. First and second rows: Temperature spectra and fluxes for strong, moderate and no rotation
for methods 1 and 2. Third and fourth rows: Tukey windowed temperature spectra and fluxes for
strong rotations. Method 1 Ro = 0.75. Method 2 U f = 0.3. Radius of the window R = 0.98.

6.1. Energy Spectra and Fluxes

The first observation is that the energy spectra corresponding to the rotating bubbles are above the
spectrum of the non-rotating one at large and small scales (except at large scales for the case Ro = 0.75.
As previously noticed, strong rotations with Method 1 prevent large structures to develop towards the
pole). One can also notice that the slope of the energy spectrum (observed for moderate wave numbers)
is not modified by the rotations. Rotations created by Method 2 induce an energy increase at large
scales. The third observation concerns the small scales. Rotations created by Method 1 do not modify
the energy spectrum at small scales whereas strong oscillations are detected for rotations created by
Method 2. This pattern had been previously observed in temperature spectra and it had been proven
that it is due to the boundary conditions at the equator [24]. These oscillations in the energy spectra are
due to the non-zero velocity boundary condition. What we observe here is that Method 2 intensifies
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the shear layer and now the energy spectrum is also affected by these instabilities. These oscillations
can be removed by excluding the shear layer above the equator from the computations. This can be
done by using a circular version of a Tukey window [37] to smoothly remove the shear layer without
introducing spurious artifacts. We recall here that a Tukey window allows to smooth a step from 1 to 0
with a cosine function shape decrease. We present in bottom of Figure 14 the effects of this windowing
process on the energy spectra and fluxes for the strong rotations cases (Ro = 0.75 and U f = 0.3).
The windowed and non-windowed non-rotating cases are also shown in this figure. The radius from
which the window decreases has been chosen equal to R = 0.98. Even if it is a very short window,
it still allows to significantly reduce the oscillations. It had been shown in [37] that a larger window
would allow to completely remove them. As expected, the windowing process affects particularly the
results obtained with Method 2 where a strong shear layer is present whereas it does not significantly
modify the results obtained with Method 1 where there are kinematic and thermal layers but almost
no shear layer.

In our previous paper, we have shown that, in absence of rotation, as the Rayleigh number
increases, the energy (resp. enstrophy) spectra tend to follow a k−11/5 (resp. k−1/5) scaling
corresponding to the Bolgiano regime [38–41]. Our results were consistent with Verma et al. [40] and
Kumar et al. [41] confirming the two-dimensional nature of our experiment with a strong kinetic
energy inverse cascade. In our present numerical simulations with an intermediate Rayleigh number
(Ra = 3× 108) we observe a k−3 slope at intermediate scale, and the rotations created with method 2
tend to strengthen the buoyancy and a k−11/5 slope is observed. Particularly at large scales. The shape
of the energy fluxes remains essentially the same, and we can observe that the strongest inverse energy
transfer correspond to the highest Nusselt number enhancement. Strong rotations created by Method
1 lead to a weaker energy flux.

6.2. Enstrophy Spectra and Fluxes

We can observe in the enstrophy spectra that strong rotations created by Method 1 decrease
the quantity of enstrophy at large scales whereas strong or moderate rotations created by Method 2
increase the quantity of enstrophy in this range of scales (first and second rows of Figure 15). This can
be explained by the fact that in Method 2 very long structures stretching from the equator to the
pole appear in the bubble, while Method 1 rotations pack the structures in a band above the equator.
The size of this band depends on the rotation velocity. As already observed in the energy spectra,
the rotations created with Method 2 strengthen the buoyancy and enable a Bolgiano regime at large
scales where a k−1/5 can be observed. At intermediate scales, a Kraichnan-like regime with a k−1

slope takes place. As mentioned above, the rotations created with Method 1 weaken the buoyancy at
large scales.

We can also observe in Figure 15 that Method 2 substantially modifies the enstrophy flux in
the bubble. Method 1 does not really change the enstrophy flux, but Method 2 strongly increases it.
In particular, it can be noticed the appearance of a bump at small scales around k = 400. The higher
the azimuthal velocity, the higher the bump. We believe that this bump is created by instabilities in the
shear layer, and can be removed by excluding the shear layer above the equator from the computations.
Again, this can be done by using the circular version of a Tukey window [37] to smoothly remove the
shear layer without introducing spurious artifacts. We present in Figure 15 (third and fourth rows)
the effects of this windowing process on the enstrophy spectra and fluxes for the strong rotations
cases (Ro = 0.75 and U f = 0.3). The non-rotating non-windowed case is also shown in this figure.
The size of the window has been chosen as R = 0.98. The windowing process does not significantly
change the enstrophy spectra at large scales. But we can verify that the instabilities in the shear
layer are responsible for the shape of the spectrum at very small scales (in particular for Method 2).
The difference is even more striking in the enstrophy flux. We can observe that the small shear layer
is influencing the whole flux, and is in particular responsible for the bump located at k = 400. If we
remove from the figure the flux obtained with U f = 0.3, R = 1, we can zoom and observe that the
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remaining fluxes are very similar at small scales (Figure 17). It can be noticed that concerning Method
1 the windowed enstrophy flux is very similar to the windowed non-rotating enstrophy flux. Even in
the non-rotating case the boundary layer plays an important role in the transfer of enstrophy through
scales. Thus we can conclude that the shear layer is really dominant in our experiments, for both
methods of rotation, but in particular when rotating the bubble with Method 2.

Figure 17. Tukey windowed enstrophy fluxes for strong rotations. Method 1 Ro = 0.75. Method 2
U f = 0.3 with radius of the window R = 0.98 only.

6.3. Temperature Spectra and Fluxes

The temperature spectra are composed of two branches leading to an oscillatory behavior.
This characteristic feature has been studied and explained in detail in [24]. It was shown that the
temperature spectrum presents dual branches because the mean temperature profile has a steep
variation near the equator. These oscillations can be removed by subtracting the average temperature
profile from the temperature fields.

Here, we observe that the rotations created by Method 1 do not significantly modify the
temperature spectrum, whereas the rotations created by Method 2 largely increase the oscillations,
in particular at small scales. This is consistent with our previous results since rotations induced by
Method 2 strengthen the instabilities in the shear layer and thus enhance its influence in the fluid.
Without rotation, we can observe a k−1/2 scaling in the temperature spectrum. This scaling changes
slightly with rotation values and a k−1/5 for strong rotation with Method 2 (U f = 0.3) is observed.
We do not have any explanation for theses results. We can observe in the temperature fluxes that the
rotation leading to the highest enhancement of the Nusselt number (for U f = 0.15) has the highest
temperature flux. Once again the influence of the instabilities in the shear layer can be studied by
removing them with the Tukey windowing process. The results are summarized in Figure 16 (third
and fourth rows). Again, removing the shear layer allows to reduce the oscillations as observed in [24].
However, here we just remove a very small area above the equator whereas in [24] the average profile
of temperature was removed. We can also observe that the windowing significantly modifies the
temperature fluxes in the non-rotating case and also in the case of the rotation induced by Method 1.
The effect is actually the same for both cases.
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In conclusion, we observe a mix of the Bolgiano and Kraichnan regimes. The rotations created
by Method 2 strengthen the buoyancy at large scales and the Bolgiano regime seems to be dominant
in this range of scales. This is particularly observed in the enstrophy spectra where a k−1/5 slope is
detected in the results for Method 2. Also, two characteristics seem to play a very important role:
the boundary layers that clearly influence the whole flow, and the intermittency induced by the shear
layer in Method 2. Different physical mechanisms can be responsible for these phenomena and can be
different in two and three-dimensional thermal turbulence: for instance, tubes of vorticity can clearly
not be produced in two-dimensional experiments. However, plumes of convective heat can still be
produced in two-dimensional experiments.

7. Conclusions

We have presented numerical simulations of a rotating thermal convection experiment. The results
for the non-rotating version of this experiment have been reported in [20–22,24]. The purpose of
the present paper was to analyze the reaction of the fluid when two different kinds of rotation
are applied to the bubble: a solid rotation forced by a rotation term in the equations (Method 1),
and a global rotation forced by a non-zero azimuthal velocity boundary condition at the equator
(Method 2). The second-order temperature structure functions have already been analyzed in [23] for
a rotating bubble with Method 1 for various values of the Rossby number. Three different regimes
were observed in the temperature structure functions depending on the Rossby number. We have
also found in the present study three different regimes when analyzing the convective heat transfer:
regime I when the Nusselt number is unchanged, regime II when the Nusselt number is increased, and
regime III when the Nusselt number is decreased. Three-dimensional Rayleigh–Bénard experiments
also present three different regimes depending on the Rossby number [12,14–19]. In our numerical
simulations, when the velocity is low (Regime I), the fluid remains unaffected and we do not observe
any increase of the heat transfer. For moderate velocity rotations (Regime II), the convective heat
transfer from the equator to the north pole is improved by about 5% with Method 1 and more than
15% with Method 2. For relatively high rotations (Regime III), we observe a large drop in the heat
transfer efficiency with both methods. These numerical simulations have been analyzed with four
different tools: the Nusselt number, the convective heat flux, the RMS of velocity and temperature
fluctuations, and the energy/enstrophy/temperature spectra/fluxes. The enhancement of the heat
transfer, measured by the Nusselt number, is created by the elongation of the plumes that stretch from
the equator to the north pole for moderate rotations. These plumes are completely suppressed by
high rotations induced by Method 1 and strongly inhibited by high rotations induced by Method 2.
Rotations induced by Method 2 create a shear layer with strong velocity fluctuations near the equator.

We have shown that the Nusselt number enhancement is controlled by the relative thicknesses of
the thermal and shear layers, in the same way as in [33] where they compare the thermal and the viscous
layers. When the thermal boundary layer is larger than the shear layer, the heat transfer is enhanced by
the rotation and we observe an increase of 15–18% of the Nusselt number compared to the non-rotating
case (Regime II). When the thickness of the shear layer reaches that of the thermal boundary layer,
the creation of the plumes is affected by the rotation and we observe shorter plumes in the bulk of
the bubble. With Method 2, when the velocity rotation is relatively high, most of the plumes are
suppressed but intermittent and rare very long structures that stretch from the equator to the pole are
present. In this case, the dynamics of the fluid is completely modified and the global Nusselt number
is decreased compared to the non-rotating one. The analysis of the energy/enstrophy/temperature
spectra and fluxes also confirms that the small shear layer, strengthened by high azimuthal velocity
rotations, plays a very important role in the statistical properties of the bubble. This method for
producing the rotations strengthens the buoyancy leading to a Bolgiano-like scaling at large scales.
At intermediate scales, a Kraichnan-like scaling is observed in the energy and enstrophy spectra.
We also observe a dominant inverse cascade of energy and a dominant direct cascade of enstrophy.
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Abstract: A non-modal transient disturbances growth in a stably stratified mixing layer flow is
studied numerically. The model accounts for a density gradient within a shear region, implying a
heavier layer at the bottom. Numerical analysis of non-modal stability is followed by a full three-
dimensional direct numerical simulation (DNS) with the optimally perturbed base flow. It is found
that the transient growth of two-dimensional disturbances diminishes with the strengthening of
stratification, while three-dimensional disturbances cause significant non-modal growth, even for a
strong, stable stratification. This non-modal growth is governed mainly by the Holmboe modes and
does not necessarily weaken with the increase of the Richardson number. The optimal perturbation
consists of two waves traveling in opposite directions. Compared to the two-dimensional transient
growth, the three-dimensional growth is found to be larger, taking place at shorter times. The non-
modal growth is observed in linearly stable regimes and, in slightly linearly supercritical regimes, is
steeper than that defined by the most unstable eigenmode. The DNS analysis confirms the presence
of the structures determined by the transient growth analysis.

Keywords: stratified mixing layer; non-modal instability; Kelvin-Helmholtz instability; Holmboe in-
stability

1. Introduction

The mixing layer flow is the simplest configuration allowing for the well-known
Kelvin-Helmholtz (or KH) instability that takes place when two parallel flows having
different velocities meet. The instability develops as a wave (or KH mode) in the shear
layer separating two uniform flows. Studies of this phenomenon started in the early works
of Lord Kelvin [1] and Strutt and Lord Rayleigh [2]. The phenomenon appears to be so
complicated and to pose so many questions that in spite of hundreds of studies published,
it remains the subject of many current researches [3–6]. For the details, the reader is referred
to review papers [7–9].

The isothermal mixing layer is known to be linearly unstable either in the inviscid limit
or starting from relatively low Reynolds numbers within the Newtonian viscous model [10].
It is also known that the flow remains linearly stable for the streamwise dimensionless
wavenumber larger than unity [10,11]. At the same time, studies [12,13] showed that
temporal non-modal disturbances growth can take place in the isothermal inviscid and
viscous mixing layer flows, respectively. A similar mechanism was discovered recently in
round jets [5].

The classical result on the linear stability of an inviscid mixing layer flow stably
stratified by density (or temperature) stays that the flow becomes linearly stable for the
gradient Richardson number exceeding 0.25 [10–15]. Later studies showed that along with
the monotonic Kelvin-Helmholtz instability, an oscillatory instability is also possible [16].
The latter is the Holmboe instability that develops as two waves traveling in opposite
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directions [10,17]. Furthermore, numerical calculations [18–20] supported by experiments
of [21] showed that a three-dimensional mode traveling at an angle to the base velocity may
attain the largest growth rate. For example, a shear layer characterized by a relatively thin
region of stably stratified fluid can exhibit Holmboe instability [16,21,22], whose growth
rate increases with increasing stratification. Despite the valid Squire transformation proved
in [23], the flow is predicted to be linearly unstable to a three-dimensional disturbance.

It was shown in [10] that the instability at small Richardson numbers is governed by
two monotonic KH modes, one of which can become unstable. With further increase of the
Richardson number, the pair of monotonic modes are replaced by a pair corresponding to
complex conjugated eigenvalues related to the Holmboe instability. It was shown recently
that KH instability plays an important role in the formation of interfaces between coating
and substrate materials and metallic materials [24,25]. The non-linear evolution of KH and
Holmboe instabilities was studied in quite a large number of articles (e.g., [17,26–33]). A
difference in the nonlinear disturbances growth compared with the predictions of linear
stability theory was reported in [31]. Surprisingly, the issue of non-modal growth of
disturbances at short times was addressed only by [14] for non-stratified mixing layers and
by [32] for a stratified inviscid model. The study [32] described the non-modal amplification
of the stratified mixing layer in terms of the interaction of gravity wave and vortex energy
of the optimal perturbation for large wavenumbers. It was shown that the amplified
transient growth can be three-dimensional and is associated with wave generation due to a
vertical motion at large wavenumbers.

This study extends the previous results of [12] and [29] to viscous thermally stratified
mixing layers. We show that the non-modal growth in this flow is governed mainly by the
Holmboe-type modes. In the following, we examine their dynamics and interaction via
consideration of a fully nonlinear three-dimensional model.

The paper is organized in the following way. In Section 2, we outline the fundamental
details of the instability analysis and give a formulation of the optimal growth methodology,
including the derivation of an adjoint operator. Section 3 discusses the implementation of
different techniques for the calculation of the largest possible non-modal growth. Section
4 presents non-modal instability properties as a function of the Richardson number and
evolution of the optimal disturbances within three-dimensional models. The summary and
conclusions are derived in Section 5.

2. Formulation of the Problem and Numerical Techniques

We consider a flow of an incompressible Newtonian fluid in a thermally stratified
mixing layer. After the Boussinesq approximation is applied, the flow is governed by the
momentum, continuity, and energy equations

∂u
∂t

+ (u·∇)u = −1
ρ
∇p + ν∆u +
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∇·u = 0 (1b)

∂T
∂t

+ (u·∇)T = κ∆T (1c)

Here, u =
(
ux, uy, uz

)
is the velocity with components in the streamwise (x), spanwise (y)

and vertical (z) directions; p and T are the pressure and the temperature, ρ is the density, ν is
the kinematic viscosity,
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is gravitational acceleration, γ is the thermal expansion acceleration,
ez is the unit vector in the z-direction (vertical direction), T is the mean temperature, which is
defined below, κ is the thermal diffusivity, and ∆ denotes the Laplacian operator.

The stratified mixing layer flow is modeled as two horizontal fluid layers moving in
opposite directions with velocities ±Umax when the colder fluid layer is located under the
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warmer one. It is assumed that the base flow and temperature profiles can be described by
hyperbolic tangent profiles

U(z) = Umaxtanh
(

z
δv

)
, T(z) = T1 + T

[
1 + tanh

(
z

δT

)]
(2)

where T1 and T2 are temperatures of lower and upper fluid layers, respectively, (T2 > T1),
T = 0.5(T2 − T1), and δv and δT are the thicknesses of the velocity and temperature layers
(note δv > δT for a Prandtl number larger than unity). The thickness of the velocity layer is
defined following assumptions derived in [30] where the authors showed that presentation
of base flow based on the “tanh” profile provides a better fit to the experimental data and is
proportional to momentum thickness.

Seeking a solution as a linear combination of the steady base flow (U, T) and an

infinitesimal disturbance
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where 𝓜 is the mass matrix, p is the eigenvector, and 𝑺 = 〈𝒑,𝓜𝒑〉 is the Gram matrix, 

which is the complex-valued Hermitian matrix. Then, using factorization of the positive 

definite Gram matrix 𝑺 = 𝑭𝐻𝑭, the maximum energy growth at time 𝜏 can be calculated 

as the value of the 2-norm of the matrix 𝑭𝑒𝑥𝑝(𝜦𝜏)𝑭−1 and is equal to the square of its 

maximal singular value. This method allows for the calculation of non-modal growth based 

on a separated part of the spectrum. Following the arguments of [13], only a discrete part of 

the spectrum should be included in the analysis. To separate the discrete part of the spec-

trum, we tried the approach of [13] and extracted the eigenvectors that have finite amplitude 

inside and are near the mixing zone and vanish far from it. Alternatively, we included in 

the analysis only those modes whose pseudospectrum is located at a distance smaller than 

a given 𝜀 from the eigenvalues of the linearized problem. 

The second approach is the iterative forward/backward time integration applying a 

random initial perturbation. The evolution forward is governed by the operator ℒ and is 

followed by the integration backward governed by the adjoint operator, ℒ∗. The latter is 

derived in the next section. This approach involves both discrete and continuous parts of 

the spectrum and results in the growth function value at a given time and the corresponding 

optimal initial vector [43]. 

To validate the results, we apply the full three-dimensional DNS with the optimally 

perturbed base flow as the initial condition. This validation shows that the second approach 

that involves forward/backward time integrations yields the correct results. 

2.2. Adjoint form of the Orr-Sommerfeld, Squire, and Energy Equations 

= (
¯
v, θ), we arrive at the dimensionless linearized equations

for the velocity,
¯
v, and temperature, θ, perturbations:

∂
¯
v

∂t
+

(
¯
v·∇

)
U + (U·∇)¯v = −∇p + Re−1∆

¯
v + Riθez (3a)

∇·¯v = 0 (3b)

∂θ

∂t
+

(
¯
v·∇

)
T + (U·∇)θ = Pe−1∆θ (3c)

Equations (3a–3c) are rendered dimensionless using the scales δv, Umax, δv/Umax,
ρU2

max, and (T2 − T1) for length, velocity, time, pressure, and temperature, respectively.
The Reynolds number is defined by Re = Umaxδv/ν, Pr = ν/κ is the Prandtl number,
Pe = RePr = Umaxδv/κ is the Péclet number, Ri = γg(T2 − T1)δv/U2

max is the bulk
Richardson number, and δ = δv/δT is the velocity and temperature thicknesses ratio.

For the modal analysis, we assume an exponential dependence of the perturbations
on time and apply the Fourier integral expansion in the infinite x- and y-direction, i.e.,
˜
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random initial perturbation. The evolution forward is governed by the operator ℒ and is 

followed by the integration backward governed by the adjoint operator, ℒ∗. The latter is 

derived in the next section. This approach involves both discrete and continuous parts of 

the spectrum and results in the growth function value at a given time and the corresponding 
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To validate the results, we apply the full three-dimensional DNS with the optimally 
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random initial perturbation. The evolution forward is governed by the operator ℒ and is 

followed by the integration backward governed by the adjoint operator, ℒ∗. The latter is 

derived in the next section. This approach involves both discrete and continuous parts of 

the spectrum and results in the growth function value at a given time and the corresponding 
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To validate the results, we apply the full three-dimensional DNS with the optimally 

perturbed base flow as the initial condition. This validation shows that the second approach 

that involves forward/backward time integrations yields the correct results. 

2.2. Adjoint form of the Orr-Sommerfeld, Squire, and Energy Equations 

(z) exp[i(αx + βy) + λt]. Subsequently, the linearized continuity and momentum
equations can be rearranged into a system of Orr-Sommerfeld and linearized energy
equations (see, e.g., [28]) that read

λ˜
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(z), (4a)

L =

( LOS Lwθ

LTw LSqθ

)
(4b)

LOS = ∆−1
(

iα(−U∆ + Uzz) + Re−1∆2
)

, (4c)

Lwθ = −Ri
(

α2 + β2
)

∆−1 (4d)

LTw = −Tz, (4e)

LSqθ
= Pe−1∆− iαU. (4f)

Here, λ is a complex time increment, α and β are real wavenumbers in the x− and y−
directions respectively, L is the linearized generalized operator, LOS is the Orr-Sommerfeld
operator that determines the evolution of perturbation of the vertical velocity component
w; LTw and Lwθ are operators coupling the velocity perturbation w with temperature
perturbations θ; LSqθ

is the Squire operator that determines the evolution of perturbation
of temperature θ; Tz and Uzz are the first and second derivatives of temperature and
velocity profiles (Equation (2)), respectively. Note that the Laplacian operator reduces to
∆ = ∂2

∂z2 −
(
α2 + β2), and ∆−1 denotes the inverse Laplacian operator.
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Equations (4a–4f) define an eigenproblem for eigenvalues λ and eigenvectors ˜
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2.2. Adjoint form of the Orr-Sommerfeld, Squire, and Energy Equations 

. The
existence of an eigenvalue λ having a positive real part is a sufficient condition for linear
instability. Therefore, the linear stability problem reduces to finding a Reynolds number
at which the real part of the leading eigenvalue (i.e., the eigenvalue with the largest real
part) changes its sign from negative to positive and then minimizing Re over all possible
values of Ri, α, and β. An extended analysis of Squire’s theorem [27,30] demonstrated
that a three-dimensional unstable mode can become most unstable in strongly stratified
viscous flow.

2.1. Non-Modal Analysis

Considering the non-modal disturbances growth, we are interested in a short-time
behavior of small finite-amplitude perturbation governed by the linearized equations.
We exploit the homogeneity of the x- and y-direction by assuming solutions in the form
ˆ
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(z, t) exp(iαx + iβy). It can be shown that by applying the continuity equation
and excluding the pressure, an arbitrary three-dimensional infinitesimal perturbation is
described by
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where 𝓜 is the mass matrix, p is the eigenvector, and 𝑺 = 〈𝒑,𝓜𝒑〉 is the Gram matrix, 

which is the complex-valued Hermitian matrix. Then, using factorization of the positive 

definite Gram matrix 𝑺 = 𝑭𝐻𝑭, the maximum energy growth at time 𝜏 can be calculated 

as the value of the 2-norm of the matrix 𝑭𝑒𝑥𝑝(𝜦𝜏)𝑭−1 and is equal to the square of its 

maximal singular value. This method allows for the calculation of non-modal growth based 

on a separated part of the spectrum. Following the arguments of [13], only a discrete part of 

the spectrum should be included in the analysis. To separate the discrete part of the spec-

trum, we tried the approach of [13] and extracted the eigenvectors that have finite amplitude 

inside and are near the mixing zone and vanish far from it. Alternatively, we included in 

the analysis only those modes whose pseudospectrum is located at a distance smaller than 

a given 𝜀 from the eigenvalues of the linearized problem. 

The second approach is the iterative forward/backward time integration applying a 

random initial perturbation. The evolution forward is governed by the operator ℒ and is 

followed by the integration backward governed by the adjoint operator, ℒ∗. The latter is 

derived in the next section. This approach involves both discrete and continuous parts of 

the spectrum and results in the growth function value at a given time and the corresponding 

optimal initial vector [43]. 

To validate the results, we apply the full three-dimensional DNS with the optimally 

perturbed base flow as the initial condition. This validation shows that the second approach 

that involves forward/backward time integrations yields the correct results. 

2.2. Adjoint form of the Orr-Sommerfeld, Squire, and Energy Equations 

=
(
ux, uy, uz, θ

)
. Furthermore, the two velocity components ux and uy can

be replaced by the vertical vorticity component η = ∂uy/∂x− ∂ux/∂y. Thus, consideration
of the perturbation vector (w, η, θ)T where uz = w is the vertical velocity component
yields an equivalent formulation. The resulting linearized dynamical matrix operator L is
expressed as

∂

Fluids 2021, 6, x FOR PEER REVIEW 5 of 17 
 

〈𝕢1, 𝕢𝟐〉 = ∫ [
1

2(𝛼2 + 𝛽2)
(𝑤1𝑤2

∗ +
𝑑𝑤1

𝑑𝑧

𝑑𝑤2
∗

𝑑𝑧
+ 𝜂1𝜂2

∗ +
𝑅𝑖

𝑇𝑧(0)
𝜃1𝜃2

∗)] 𝑑𝑧 (8) 

where * denotes the complex conjugate. In the following, the inner product of two com-

plex vectors 𝕢𝑖 and 𝕢𝑗 associates with the energy norm (7), (8) and is given by 

〈𝕢𝑖 , 𝕢𝑗〉𝐸 = 〈𝕢,M𝕢〉 = ∫ [𝑤𝑗
∗, 𝜂𝑗

∗, 𝜃𝑗
∗]

𝑗
M[

𝑤𝑖

𝜂𝑖

𝜃𝑖

]

𝑖

𝑑Ω
Ω

 with M = [
−Δ 0 0
0 1 0
0 0 𝑅𝑖 𝑇𝑧(0)⁄

] (9) 

So that 𝐸(𝑡, 𝛼, 𝛽) = ‖𝕢‖𝐸
2  is the energy amplification at time 𝑡 = 𝜏, or growth func-

tion, is defined as ([38–40]) 

𝐺(𝜏, 𝛼, 𝛽) = max
𝕢(0)≠0

𝐸(𝜏)

𝐸(0)
 (10) 

Substitution for 𝐸(𝜏) in (10), with assuming 𝐸(0) = 1, and recalling that 𝕢(𝜏) =

𝑒𝑥𝑝 (ℒ𝜏)𝕢(0) = 𝛷(𝜏)𝕢(0), yields 

𝐺(𝜏, 𝛼, 𝛽) = max
𝕢(0)≠0

〈𝛷(𝜏)𝕢(0), 𝛷(𝜏)𝕢(0)〉 = max
𝕢(0)≠0

〈𝕢(0), 𝛷∗(𝜏)𝛷(𝜏)𝕢(0)〉 = ‖𝛷∗(𝜏)𝛷(𝜏)‖ (11) 

where 𝛷∗(𝜏) is the adjoint of the operator 𝛷(𝜏) (see Section 2.2). The operator 𝛷∗(𝜏)𝛷(𝜏) 

is self-adjoint and normal, its eigenvalues are real and non-negative, and ‖𝛷∗(𝜏)𝛷(𝜏)‖ =

max
𝑖

𝜎𝑖 = 𝜎𝑚 is the largest eigenvalue that corresponds to the maximum possible relative 

growth attainable at the time τ. The eigenvector 𝕢𝑚 corresponding to the eigenvalue 𝜎𝑚 is 

the disturbance which yields this maximal growth value. 

To examine possible non-modal disturbance growth, we applied two independent ap-

proaches. The first one is the Gram matrix factorization, followed by the singular value de-

composition (SVD) method [41,42]. The energy norm (7) of an arbitrary perturbation 𝒒(𝑡) 

can be connected with the Euclidean norm of the vector 𝒌(𝑡) defined by the eigenvector 

decomposition of the matrix 𝓛: ‖𝒒‖2
2 = ∑ 𝒌𝑖

∗〈𝒑𝑗
∗, 𝒑𝑖〉𝒌𝑗𝑖,𝑗 , as follows 

‖𝒒‖𝐸
2 = 𝒒∗𝓜𝒒 = ∑𝒌𝑖

∗𝒑𝑗
∗

𝑖,𝑗

ℳ𝑗𝑖𝒑𝑖𝒌𝑗 = ∑𝒌𝑖
∗𝑺𝒌𝑗

𝑖,𝑗

 (12) 

where 𝓜 is the mass matrix, p is the eigenvector, and 𝑺 = 〈𝒑,𝓜𝒑〉 is the Gram matrix, 

which is the complex-valued Hermitian matrix. Then, using factorization of the positive 

definite Gram matrix 𝑺 = 𝑭𝐻𝑭, the maximum energy growth at time 𝜏 can be calculated 

as the value of the 2-norm of the matrix 𝑭𝑒𝑥𝑝(𝜦𝜏)𝑭−1 and is equal to the square of its 

maximal singular value. This method allows for the calculation of non-modal growth based 

on a separated part of the spectrum. Following the arguments of [13], only a discrete part of 

the spectrum should be included in the analysis. To separate the discrete part of the spec-

trum, we tried the approach of [13] and extracted the eigenvectors that have finite amplitude 

inside and are near the mixing zone and vanish far from it. Alternatively, we included in 

the analysis only those modes whose pseudospectrum is located at a distance smaller than 

a given 𝜀 from the eigenvalues of the linearized problem. 

The second approach is the iterative forward/backward time integration applying a 

random initial perturbation. The evolution forward is governed by the operator ℒ and is 

followed by the integration backward governed by the adjoint operator, ℒ∗. The latter is 

derived in the next section. This approach involves both discrete and continuous parts of 

the spectrum and results in the growth function value at a given time and the corresponding 

optimal initial vector [43]. 

To validate the results, we apply the full three-dimensional DNS with the optimally 

perturbed base flow as the initial condition. This validation shows that the second approach 

that involves forward/backward time integrations yields the correct results. 

2.2. Adjoint form of the Orr-Sommerfeld, Squire, and Energy Equations 

∂t
= L

Fluids 2021, 6, x FOR PEER REVIEW 5 of 17 
 

〈𝕢1, 𝕢𝟐〉 = ∫ [
1

2(𝛼2 + 𝛽2)
(𝑤1𝑤2

∗ +
𝑑𝑤1

𝑑𝑧

𝑑𝑤2
∗

𝑑𝑧
+ 𝜂1𝜂2

∗ +
𝑅𝑖

𝑇𝑧(0)
𝜃1𝜃2

∗)] 𝑑𝑧 (8) 

where * denotes the complex conjugate. In the following, the inner product of two com-

plex vectors 𝕢𝑖 and 𝕢𝑗 associates with the energy norm (7), (8) and is given by 

〈𝕢𝑖 , 𝕢𝑗〉𝐸 = 〈𝕢,M𝕢〉 = ∫ [𝑤𝑗
∗, 𝜂𝑗

∗, 𝜃𝑗
∗]

𝑗
M[

𝑤𝑖

𝜂𝑖

𝜃𝑖

]

𝑖

𝑑Ω
Ω

 with M = [
−Δ 0 0
0 1 0
0 0 𝑅𝑖 𝑇𝑧(0)⁄

] (9) 

So that 𝐸(𝑡, 𝛼, 𝛽) = ‖𝕢‖𝐸
2  is the energy amplification at time 𝑡 = 𝜏, or growth func-

tion, is defined as ([38–40]) 

𝐺(𝜏, 𝛼, 𝛽) = max
𝕢(0)≠0

𝐸(𝜏)

𝐸(0)
 (10) 

Substitution for 𝐸(𝜏) in (10), with assuming 𝐸(0) = 1, and recalling that 𝕢(𝜏) =

𝑒𝑥𝑝 (ℒ𝜏)𝕢(0) = 𝛷(𝜏)𝕢(0), yields 

𝐺(𝜏, 𝛼, 𝛽) = max
𝕢(0)≠0

〈𝛷(𝜏)𝕢(0), 𝛷(𝜏)𝕢(0)〉 = max
𝕢(0)≠0

〈𝕢(0), 𝛷∗(𝜏)𝛷(𝜏)𝕢(0)〉 = ‖𝛷∗(𝜏)𝛷(𝜏)‖ (11) 

where 𝛷∗(𝜏) is the adjoint of the operator 𝛷(𝜏) (see Section 2.2). The operator 𝛷∗(𝜏)𝛷(𝜏) 

is self-adjoint and normal, its eigenvalues are real and non-negative, and ‖𝛷∗(𝜏)𝛷(𝜏)‖ =

max
𝑖

𝜎𝑖 = 𝜎𝑚 is the largest eigenvalue that corresponds to the maximum possible relative 

growth attainable at the time τ. The eigenvector 𝕢𝑚 corresponding to the eigenvalue 𝜎𝑚 is 

the disturbance which yields this maximal growth value. 

To examine possible non-modal disturbance growth, we applied two independent ap-

proaches. The first one is the Gram matrix factorization, followed by the singular value de-

composition (SVD) method [41,42]. The energy norm (7) of an arbitrary perturbation 𝒒(𝑡) 

can be connected with the Euclidean norm of the vector 𝒌(𝑡) defined by the eigenvector 

decomposition of the matrix 𝓛: ‖𝒒‖2
2 = ∑ 𝒌𝑖

∗〈𝒑𝑗
∗, 𝒑𝑖〉𝒌𝑗𝑖,𝑗 , as follows 

‖𝒒‖𝐸
2 = 𝒒∗𝓜𝒒 = ∑𝒌𝑖

∗𝒑𝑗
∗

𝑖,𝑗

ℳ𝑗𝑖𝒑𝑖𝒌𝑗 = ∑𝒌𝑖
∗𝑺𝒌𝑗

𝑖,𝑗

 (12) 

where 𝓜 is the mass matrix, p is the eigenvector, and 𝑺 = 〈𝒑,𝓜𝒑〉 is the Gram matrix, 

which is the complex-valued Hermitian matrix. Then, using factorization of the positive 

definite Gram matrix 𝑺 = 𝑭𝐻𝑭, the maximum energy growth at time 𝜏 can be calculated 

as the value of the 2-norm of the matrix 𝑭𝑒𝑥𝑝(𝜦𝜏)𝑭−1 and is equal to the square of its 

maximal singular value. This method allows for the calculation of non-modal growth based 

on a separated part of the spectrum. Following the arguments of [13], only a discrete part of 

the spectrum should be included in the analysis. To separate the discrete part of the spec-

trum, we tried the approach of [13] and extracted the eigenvectors that have finite amplitude 

inside and are near the mixing zone and vanish far from it. Alternatively, we included in 

the analysis only those modes whose pseudospectrum is located at a distance smaller than 

a given 𝜀 from the eigenvalues of the linearized problem. 

The second approach is the iterative forward/backward time integration applying a 

random initial perturbation. The evolution forward is governed by the operator ℒ and is 

followed by the integration backward governed by the adjoint operator, ℒ∗. The latter is 
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perturbed base flow as the initial condition. This validation shows that the second approach 

that involves forward/backward time integrations yields the correct results. 

2.2. Adjoint form of the Orr-Sommerfeld, Squire, and Energy Equations 

, (5a)

L =



LOS 0 Lwθ

Lηw LSq 0
LTw 0 LSqθ


 (5b)

Lηw = −iβUz, (5c)

LSq = Re−1∆− iαU (5d)

In this case, the coupling operator Lηw and the Squire operator governing the vorticity
perturbation LSq are added to the equations system (4a–4f). The non-modal analysis
examines the maximum energy growth at a particular time period of the flow disturbance,
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(0), over all possible initial conditions in terms of energy norm, produced by a sum of
kinetic and potential energies, and assuming that the temperature perturbation alters the
latter. The squared energy norm is represented by the inner product (to be defined below):

E(t) =
∣∣∣
∣∣∣
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E (6)

For fixed wavenumbers, the integrals in x- and y- coordinates scale out of the problem,
and the energy norm in terms of w, η, and θ becomes

E(t, α, β) =
∫ [ 1

2(α2 + β2)

(
|w|2 +

∣∣∣∣
dw
dz
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2
+ |η|2 + C|θ|2

)]
dz (7)

where the coefficient C is a positive definite scalar. The choice of C will not change the
norm qualitatively [34,35]. It was shown in [36] that the perturbation energy is associated
with the Brunt-Väisäla frequency and can be expressed in terms of the local Richardson
number Ril = Ri

Tz
(see also [37]). Following this result, we define C = Ril(z = 0) = Ri

Tz(z=0) .
It is easy to see that the above energy norm is produced by the inner product
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The second approach is the iterative forward/backward time integration applying a 

random initial perturbation. The evolution forward is governed by the operator ℒ and is 
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where 𝓜 is the mass matrix, p is the eigenvector, and 𝑺 = 〈𝒑,𝓜𝒑〉 is the Gram matrix, 

which is the complex-valued Hermitian matrix. Then, using factorization of the positive 

definite Gram matrix 𝑺 = 𝑭𝐻𝑭, the maximum energy growth at time 𝜏 can be calculated 

as the value of the 2-norm of the matrix 𝑭𝑒𝑥𝑝(𝜦𝜏)𝑭−1 and is equal to the square of its 

maximal singular value. This method allows for the calculation of non-modal growth based 

on a separated part of the spectrum. Following the arguments of [13], only a discrete part of 

the spectrum should be included in the analysis. To separate the discrete part of the spec-

trum, we tried the approach of [13] and extracted the eigenvectors that have finite amplitude 

inside and are near the mixing zone and vanish far from it. Alternatively, we included in 

the analysis only those modes whose pseudospectrum is located at a distance smaller than 

a given 𝜀 from the eigenvalues of the linearized problem. 

The second approach is the iterative forward/backward time integration applying a 

random initial perturbation. The evolution forward is governed by the operator ℒ and is 

followed by the integration backward governed by the adjoint operator, ℒ∗. The latter is 

derived in the next section. This approach involves both discrete and continuous parts of 

the spectrum and results in the growth function value at a given time and the corresponding 

optimal initial vector [43]. 

To validate the results, we apply the full three-dimensional DNS with the optimally 

perturbed base flow as the initial condition. This validation shows that the second approach 

that involves forward/backward time integrations yields the correct results. 

2.2. Adjoint form of the Orr-Sommerfeld, Squire, and Energy Equations 

(τ) =
exp(Lτ)
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where Φ∗(τ) is the adjoint of the operator Φ(τ) (see Section 2.2). The operator Φ∗(τ)Φ(τ)
is self-adjoint and normal, its eigenvalues are real and non-negative, and ||Φ∗(τ)Φ(τ)|| =
max

i
σi = σm is the largest eigenvalue that corresponds to the maximum possible relative

growth attainable at the time τ. The eigenvector
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m corresponding to the eigenvalue σm is
the disturbance which yields this maximal growth value.

To examine possible non-modal disturbance growth, we applied two independent
approaches. The first one is the Gram matrix factorization, followed by the singular value
decomposition (SVD) method [41,42]. The energy norm (7) of an arbitrary perturbation q(t)
can be connected with the Euclidean norm of the vector k(t) defined by the eigenvector
decomposition of the matrix L: ||q||22 = ∑i,j k∗i 〈p∗j , pi〉k j, as follows

||q||2E = q∗Mq = ∑
i,j

k∗i p∗jMji pik j = ∑
i,j

k∗i Sk j (12)

whereM is the mass matrix, p is the eigenvector, and S = 〈p,Mp〉 is the Gram matrix,
which is the complex-valued Hermitian matrix. Then, using factorization of the positive
definite Gram matrix S = FH F, the maximum energy growth at time τ can be calculated
as the value of the 2-norm of the matrix Fexp(Λτ)F−1 and is equal to the square of its
maximal singular value. This method allows for the calculation of non-modal growth
based on a separated part of the spectrum. Following the arguments of [13], only a discrete
part of the spectrum should be included in the analysis. To separate the discrete part of
the spectrum, we tried the approach of [13] and extracted the eigenvectors that have finite
amplitude inside and are near the mixing zone and vanish far from it. Alternatively, we
included in the analysis only those modes whose pseudospectrum is located at a distance
smaller than a given ε from the eigenvalues of the linearized problem.

The second approach is the iterative forward/backward time integration applying a
random initial perturbation. The evolution forward is governed by the operator L and is
followed by the integration backward governed by the adjoint operator, L∗. The latter is
derived in the next section. This approach involves both discrete and continuous parts of
the spectrum and results in the growth function value at a given time and the corresponding
optimal initial vector [43].

To validate the results, we apply the full three-dimensional DNS with the optimally
perturbed base flow as the initial condition. This validation shows that the second approach
that involves forward/backward time integrations yields the correct results.
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2.2. Adjoint form of the Orr-Sommerfeld, Squire, and Energy Equations

We derive the adjoint operator considering the derivation of the adjoint form of the
first- and second-order spatial derivatives and the first-order time derivatives. As noted
by [44], the direct and adjoint parabolic problems have opposite directions of stable time-
like evolution. From the definition (5a,b) and using (9) the adjoint operator L∗ can be
obtained as follows:
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∂x2 + ∂2

∂y2 is the 2D Laplacian and Uz is the first derivative of the velocity

profile (Equation (2)). Evidently, the adjoint operator L∗ of the adjoint system ∂
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)∗
in terms of a periodical in the stream- and span-wise direction perturbation will

be expressed as

L∗ =



L∗OS L∗ηw L∗Tw

0 L∗Sq 0
L∗wθ 0 L∗Sqθ


 (15)

where the entries of the matrices are

L∗OS = ∆−1
(
−2iαUz

∂

∂z
−
(

iαU + Re−1∆
)

∆
)

, L∗wθ = −Ri
(

α2 + β2
)

(16a)

L∗ηw = −∆−1iβUz, L∗Sq = −Re−1∆− iαU (16b)

L∗Tw = −∆−1Tz, L∗Sqθ = −Pe−1∆− iαU (16c)

Finally, in accordance with Equation (11), the time integration forward/backward
iterative procedure will result in the optimal initial vector, which maximizes growth at the
specified time and a given set of parameters (α, β, Re, Ri, Pe) [43,45].

3. Calculations Techniques

For the non-modal analysis, the linear system (Equation (5)) was discretized via
a second-order central finite difference method. The eigenvalues and eigenvectors of
matrix L were calculated using the QR algorithm. The verification of the method and
test calculation for the isothermal mixing layer can be found in [13]. Table 1 presents an
example of the convergence of four leading eigenvalues belonging to the discrete part of
the spectrum for a non-isothermal case. It is shown that the use of 1000 grid points yields
four converged decimal digits for the first mode; however, the convergence slows down
for the next modes. Despite this, it is shown that the growth function calculated by the
iterative integration method converges to the value of 21.71 already for 700 grid points.
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Table 1. Convergence of four least stable eigenvalues belonging to the discrete spectrum for stratified flow α = 0.5, β = 0,
Re = 1000, Ri = 0.8.

N
1st Mode 2nd Mode 3rd Mode 4th Mode Growth Function,

G (t = 10)λr λi λr λi λr λi λr λi

500 0.0260 ±0.3653 −0.0460 ±0.2653 −0.1379 ±0.2710 −0.1466 ±0.0778 21.70

600 0.0334 ±0.3986 −0.0460 ±0.2653 −0.1361 ±0.3004 −0.1466 ±0.0684 21.70

700 0.0324 ±0.4591 −0.0460 ±0.2653 −0.1352 ±0.3017 −0.1466 ±0.0650 21.71

800 0.0324 ±0.4597 −0.0459 ±0.2654 −0.1334 ±0.3112 −0.1454 ±0.0583 21.71

900 0.0324 ±0.4597 −0.0459 ±0.2654 −0.1317 ±0.3310 −0.1497 ±0.0287 21.71

1000 0.0324 ±0.4597 −0.0458 ±0.2654 −0.1250 ±0.3302 −0.1497 ±0.0259 21.71

1100 0.0324 ±0.4597 −0.0458 ±0.2654 −0.1250 ±0.3302 −0.1496 ±0.0259 21.71

1200 0.0324 ±0.4597 −0.0458 ±0.2653 −0.1262 ±0.3302 −0.1492 ±0.0256 21.71

1300 0.0324 ±0.4597 −0.0457 ±0.2653 −0.1262 ±0.3302 −0.1489 ±0.0256 21.71

1400 0.0324 ±0.4597 −0.0457 ±0.2652 −0.1262 ±0.3302 −0.1489 ±0.0255 21.71

1500 0.0324 ±0.4597 −0.0457 ±0.2652 −0.1262 ±0.3302 −0.1489 ±0.0255 21.71

The calculated spectrum was examined via analysis of its pseudospectrum [46]. The
ε-pseudospectrum was computed as the minimal singular value of the matrix (λI −L),
as was proposed in [47–49]. If us is the singular vector of the matrix corresponding to the
minimal singular value, then ε = ||(λI −L)us||2 estimates the accuracy of the calculation
of the eigenvalue λ. It was found that for the stratified mixing layer configuration, the
relatively large part of the eigenvalues corresponds to a relatively large ε-pseudospectrum
(ε = 10−2, 10−3), consequently, the eigenvalues calculation accuracy can be even more
demanding than in the isothermal case. Results of [13] show that only the eigenmodes with
the pseudospectrum ε < 10−6 contributed to the optimal growth in isothermal flow. This is
the main limitation of applying the SVD-based method [41] here. A series of tests show
that we cannot use the SVD-based method based on a full spectrum for the same reasons
as in the case of isothermal flow [10], i.e., we again have to separate part of the spectrum
that corresponds to a non-accurate replication of the continuous modes. Figure 1 shows
that the growth functions calculated based on extracting the vectors vanishing outside the
shear layer (Figure 1a) and based on extracting the vectors corresponding different ε values
(Figure 1b) do not yield converged consistent results within the SVD-based method. It is
emphasized, however, that despite the obvious scatter in the results shown in Figure 1,
they do show that significant non-modal growth can be expected even in cases of a strong,
stable stratification. It also supports the results of [32], indicating that optimal perturbation
can be located outside the shear layer.

We succeeded in obtaining reliable converged quantitative results using the iterative
integration method, which, similarly to the isothermal case [13], converges to within three
decimal places already on the 700 nodes grid. This method is used for the computation
of the results presented below. It should be noted that this method, compared to the
SVD-based one, requires much longer computational runs. To validate the non-modal
analysis results, the direct numerical simulations taking the optimal vector as an initial
condition were carried out. The fully non-linear time-dependent problem was solved using
the approach described in [13].
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Figure 1. Comparison of growth functions calculated using the singular value decomposition (SVD) method based on
extracted vectors (a) located in |z| < L, i.e., vanishing outside the shear zone and (b) corresponding to the values of their
pseudospectrum, for Ri = 0.9, Re = 1000, α = 0.5, β = 0.

4. Results

In the following, we describe results on non-modal growth in the stratified mixing
layer for Pr = 9, Re = 1000, and Rδ =

√
Pr = 3, assuming the fluid properties close to water,

where heat diffuses much slower than momentum. The test calculations (Table 2) show
that the least unstable eigenmode (or KH mode) is only slightly affected by the increase of
the Prandtl number. The results of [48] also show that for a bounded channel flow, heat
diffusivity does not affect linear stability. Conversely, the eigenvalues corresponding to
the oscillatory Holmboe modes change noticeably with the increase of the Prandtl number,
followed by a narrowing of the layer where the temperature varies.

Table 2. Least unstable eigenvalues at various Prandtl numbers for α = 0.5, β = 0, Re = 1000.

Pr KH Modes, Ri = 0.01 Holmboe Modes, Ri = 0.8

0.7 0.140 (1.45 × 10−3, ±0.5806)

1 0.139 (2.69 × 10−3, ±0.5455)

7 0.131 (3.84 × 10−3, ±0.4594)

9 0.129 (3.24 × 10−3, ±0.4597)

4.1. Non-Modal Instability as a Function of the Richardson Number

In this section, we present a characteristic case of non-modal energy growth for
varying Ri and fixed α, β, Pe, and Rδ. Results for the target time t = 10 are summarized in
Table 3 (2D case) and Table 4 (3D case). It is seen from Table 2 that the flow is unstable to 2D
perturbations (α = 0.5, β = 0, Re = 1000) for Ri≤ 0.8. At small Richardson numbers (Ri < 0.1),
the monotonic KH mode grows similarly to the isothermal case. With the increase of Ri, the
two KH modes turn into a pair of Holmboe modes [10]. Further increase of the Richardson
number, Ri > 0.8, makes the flow linearly stable; however, the non-modal growth remains
possible. Although all the eigenvalues are negative, the Holmboe modes remain to be the
least stable ones. An examination of the growth function, G, at a relatively short time, t = 10,
shows that the highest amplification occurs at a small Richardson number, and the growth
function decreases with the increase of Ri. Note that non-modal amplification reaches its
value, for example, 76.4, for Ri = 0.1, while amplification of the least unstable mode at
t = 10 is much smaller, approximately 1.4. This result may be important for the choice
of the initial vector for non-linear calculation where the least unstable mode is usually
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taken as the initial condition. Based on the foregoing results, we argue that at small times
the non-modal growth is expected to dominate, i.e., the optimal vector will grow faster
than just one least unstable eigenmode. With the steepening stratification, i.e., increase
of the Richardson number, a contribution of two-dimensional disturbances into transient
non-modal growth diminishes.

Table 3. The variations of the leading eigenvalues and values of amplification function, G, (at an
arbitrary time t = 10) with increasing Richardson number for α = 0.5, β = 0, Re = 1000 (2D case).

Richardson Number
Least Unstable/Leading Stable Mode

G (t = 10)
λreal λimag

0.01 0.129 0.00 97.2

0.1 3.76 × 10−2 ±0.16 76.4

0.5 4.42 × 10−2 ±0.34 22.9

0.8 3.24 × 10−2 ±0.46 21.7

0.9 −3.64 × 10−2 ±0.26 21.5

1.0 −2.93 × 10−2 ±0.26 20.9

2.0 −1.42 × 10−2 ±0.25 15.3

3.0 −1.29 × 10−2 ±0.25 12.4

Table 4. The leading eigenvalues, leading monotone and oscillatory (KH-, Holmboe-type) modes, and values of growth
function, G, at t = 10 for the increasing Richardson number at α = 0.5, β = 1, Re = 1000 (3D case). The linearly unstable
range is denoted by the gray color.

Richardson
Number

Ri

Least Unstable/Leading Stable Modes Monotone
Modes
λimag

Holmboe-Type Modes
G (t = 10)

λreal λimag λreal λimag

0.001 −1.42 × 10−4 ±0.50 −0.054 - - 132.6

0.01 −1.42 × 10−4 ±0.50 −0.11 −4.22 × 10−2 ±0.16 63.8

0.2 −1.42 × 10−4 ±0.50 −0.27 −6.06 × 10−2 ±0.29 43.4

0.3 −1.42 × 10−4 ±0.50 −0.25 −4.98 × 10−3 ±0.45 47.4

0.5 −1.43 × 10−4 ±0.50 −0.17 −4.43 × 10−3 ±0.29 53.5

0.7 5.35 × 10−3 ±0.30 −0.17 5.35 × 10−3 ±0.30 55.0

1.0 9.04 × 10−3 ±0.33 −0.17 9.04 × 10−3 ±0.33 73.9

2.0 −1.42 × 10−4 ±0.50 −0.27 −1.24 × 10−3 ±0.32 122

3.0 −1.42 × 10−4 ±0.50 −0.27 −2.74 × 10−3 ±0.34 158

4.0 −1.42 × 10−4 ±0.50 −0.27 −3.53 × 10−3 ±0.36 192

5.0 −1.42 × 10−4 ±0.50 −0.27 −4.88 × 10−3 ±0.40 221

10.0 −1.42× 10−4 ±0.50 −0.27 −5.60 × 10−3 ±0.42 378

Based on the results for the isothermal mixing layer [13], where the largest amplifica-
tion is yielded by 3D optimal disturbance, we examine a particular parameter set, α = 0.5,
β = 1, Re = 1000, and vary only the Richardson number. These parameters characterize the
perturbation that attains a large non-modal growth in the case of isothermal flow. Table 4
shows that the leading mode belongs to the continuous spectrum, Imag (λ) = ±α, so that
the leading monotone (λ = 0, KH) and oscillatory (λ 6= 0, Holmboe) modes are presented
in additional columns. It is seen that the oscillating Holmboe modes attain larger growth
rates than the monotone ones. Computations of the growth function G (t = 10), using
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the adjoint forward/backward time integration technique, show large non-modal growth
of linearly stable 3D disturbances for Ri < 0.01. The growth function decreases with the
increase of the Richardson number for Ri ≤ 0.2. Above the value Ri = 0.3, the growth
function G (t = 10) starts to increase. We observe that the value of G (t = 10) continues to
increase with increasing Ri.

It should be noted that for a relatively strong stratification, in the interval of 0.7 ≤ Ri ≤ 1,
we found an additional linear instability. A similar result was reported in [19], where it was
shown that stratified shear flow could be unstable to 3D disturbances propagating at an
angle to the mean flow. Linear instability at large Richardson numbers for 2D perturbation
was also reported in [37,50].

We emphasize that, similarly to the 2D case, the 3D non-modal growth at short times
can be significantly larger than the modal one. The least unstable modes in the linearly
unstable region are characterized by a minimal growth rate, making them almost neutral.
For example, for Ri = 0.7 and Ri = 1, non-modal amplification reaches values 55 and 73.9,
while exponential amplification of the least unstable mode at t = 10 is about unity in both
cases.

Similar to the isothermal case, the values of the growth function in the 3D case are
larger than in the 2D case for stratified flow so that the strongest amplification could be
reached via 3D optimal perturbation.

4.2. Transient Dynamics of Optimal Perturbation

We start exploring the optimal vector evolution from the two-dimensional case, β = 0,
and consider Ri = 1, for which only non-modal transient growth exists. Figure 2 shows
the amplitude of the initial optimal disturbances in terms of the temperature and u- and
w- velocity components. We observe that amplitudes of the optimal disturbances are
symmetric with respect to the mixing layer midline with the maxima of both of them
shifted from the symmetry plane z = 0. These shifts indicate that the non-normal growth is
governed mainly by the Holmboe modes, whose patterns are discussed in [10]. Contrary to
the isothermal case [13], the optimal vector components are not localized only in the shear
layer and are noticeably wider. This explains why the selection of vectors lying inside the
shear layer is not justified for the stratified model considered here.
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Figure 2. Amplitudes of the initial optimal disturbance for Ri = 1, Re = 1000, α = 0.5, β = 0
yielding the maximal transient growth at t = 10.
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To investigate the non-modal growth mechanism, we plot spatial patterns of optimal
vector time evolution. Figure 3 shows that the u-velocity component’s evolution is repre-
sented by two waves traveling in the opposite direction to the mean flow. Such a behavior
can be a replication of the well-known Holmboe instability mechanism [16].
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Following [51,52] explanations of the linear stability dynamics using the “buoyancy-
vorticity wave interaction approach” in an inviscid flow, we presented the ηy− vorticity
component at four indicative time moments: initial state, growth, maximum at t = 10, and
further decaying (Figure 4). Note that similar to the isothermal case [13,14], results for the
stratified layer show that the initial optimal vector structures are elongated against the
shear in the streamwise direction. This allows us to attribute the initial amplification to the
Orr mechanism [14,53]. With the increase of time, the perturbation develops into two series
of vortices whose origins are located at the lines z = ±1, i.e., at the edges of the temperature
stratification layer. At the same time, we observe the development of another vortex series
with the origins located at the midline. These vortices attain larger amplitude and change
their patterns from elongating against the shear to tilting with the shear. Furthermore,
the maximal energy growth corresponds to the vertically positioned midline vortices
generating vertical velocity. Hence, our calculations confirm the suggestion of [51,52] that
vorticity growth occurs due to persistent vertical velocity produced by the propagated
waves in the two strong density gradient regions.
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Figure 4. Evolution of the spanwise vorticity component, ηy, of a two-dimensional optimal vector
calculated for the maximal growth at tmax = 10. Ri = 1, Re = 1000, α = 0.5, β = 0. Solid and
dashed lines represent positive and negative values of ηy.

Figure 5 illustrates snapshots of the temperature field where the base temperature
profile and the 2D optimal disturbance are superposed. The time evolution of optimal
temperature disturbance θ exhibits an extension of the initial temperature layer due to
two waves propagating in opposite directions along the x-axis. Such perturbation leads
to elevation of the cold fluid and moving down of the warm fluid, which is driven by the
vertical velocity component. During the evolution, the perturbation extracts energy from
the mean flow, followed by an increase of the growth function. After passing the maximal
growth stage, the cold fluid is naturally descending, which corresponds to the growth
function decrease. Owing to the small values of the Holmboe modes decay rates, these
up-and-down motions of the fluid persist for a relatively long time. The evolution at larger
times results in merged heated structures below and above the midplane, corresponding
to an increase in the amplitude of the oscillations and an increase of kinetic and potential
energy. At later times, the amplitude of the non-modal disturbance decreases, as expected.
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Figure 5. Snapshots of the base flow superposed with 2D optimal temperature perturbation calculated for the maximal
growth at tmax = 10. Ri = 1, Re = 1000, α = 0.5, β = 0. The blue color corresponds to cold fluid; the red color corresponds
to warm fluid.

Figure 6 illustrates the amplitudes of the optimal vector components for Ri = 2,
Re = 1000, α = 0.5, β = 1, the parameters characteristic for 3D transient growth. Similar
to the 2D case, the optimal vector amplitude has two symmetric maxima, indicating the
dominance of the Holmboe-like modes in the initial optimal disturbance. It is shown
that the spanwise vorticity component, ηy, has a maximum also at z = 0, supporting the
suggestions of [52]. The amplitude of all components of the 3D initial optimal vector decays
beyond z = ±10, making it narrower than the 2D optimal vector.
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Growth function of the three-dimensional optimal temperature perturbation and
patterns of its time evolution are illustrated in Figures 7 and 8, respectively, for the case
α = 0.5, β = 1, Re = 1000, Ri = 2. It is shown that the growth function value at t = 10 is similar
to those obtained using the forward/backward time integration method, G = 122 (Table 4),
which justifies the results obtained using two approaches. As already mentioned, the
growth rates of the Holmboe modes are low so that the optimal perturbation energy slowly
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decays at longer times. Similar to the 2D case, the three-dimensional structures exhibit
two lines of vortices ordered along with the shear layer and tending to be tilted against
the shear slope at the initial stage, constantly changing inclination at later times. At each
time moment, corresponding to the maximum of the growth function, the temperature
layer’s width increases; however, it does not exceed the width observed in the 2D case.
Figure 9 shows the evolution of the streamwise velocity at the same times as in Figure 7.
The optimal perturbation is composed of two waves traveling in the opposite direction.
The wave’s amplitude grows and decreases, reflecting in the non-monotonic growth of
kinetic energy at longer times.
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Figure 7. Growth function of the 3D optimal temperature perturbation superposed with base flow
profile for Ri = 2, Re = 1000, α = 0.5, β = 1. The numbers represent different stages of increase and
decrease in growth function. The optimal disturbances corresponding to some of these stages are
shown in Figure 8.
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Figure 8. Time evolution of the 3D optimal temperature perturbation superposed with base flow profile for
Ri = 2, Re = 1000, α = 0.5, β = 1, yielding the maximal values at tmax = 10. The blue color corresponds to cold fluid; the red
color corresponds to warm fluid. The growth function increases at t = 0, 5, 20, 35, attains maximal values at t = 10, 25,
and decays at t = 15, 30.
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Figure 9. Time evolution of the streamwise velocity component of a three-dimensional optimal vector calculated for the
maximal growth at t = 10, Ri = 2, Re = 1000, α = 0.5, β = 1. The growth function increases at t = 0, 5, 20, 35, attains
maximal values at t = 10, 25, and decays at t = 15, 30.

Contrary to the 2D case, the spanwise vorticity component of initial optimal pertur-
bation appears as three lines of vortices with the centers located in the middle plane and
the z = ±1 planes. When the growth function increases, e.g., at times t = 0, 5, 20, 35, the
vortices are always oriented against the shear. The central vortex splits into two smaller
vortices, moves from the midline above and below, and scrolls. At times t = 10, 25, at which
the growth function attains a maximum, the vortices are strongly tilted with the shear, thus
supporting the distinctions between 2D and 3D non-modal growths.

5. Conclusions

The non-modal disturbances growth and transient dynamics of optimal perturbation
in stratified viscous mixing layers were investigated. The flow exhibits strong transient
growth for streamwise and spanwise wavenumbers, at which the flow is either asymptoti-
cally or neutrally stable. Comparing the calculated flow structures with those observed
in several previous experimental and numerical studies at the parameters corresponding
to linearly unstable regimes, we conclude that the mixing layer flow at early stages of
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the linear instability development can be strongly affected by the temporal disturbances
growth when the optimal perturbation is localized inside the shear zone. The main findings
of the performed study are as follows.

• It is known that increasing stratification stabilizes two-dimensional perturbations,
which are linearly unstable in the isothermal case. We found that with an increase of
the Richardson number, these perturbations exhibit a non-modal growth at relatively
short times. This non-modal growth is governed mainly by the Holmboe modes. The
non-modal growth weakens and then decays with a further increase of the Richardson
number.

• We examined the effect of stratification on linearly stable three-dimensional distur-
bances, which were found to attain large non-modal amplifications in the stably
stratified configuration. It was found that the largest amplification is reached by
3D optimal perturbations, whose growth functions are noticeably larger than those
computed for the 2D stability problem.

• It was shown that at short times the non-modal growth of the optimal disturbance
gains a larger amplitude than the leading eigenvector growing due to the linear
instability. This means that the optimal vector can be a better choice for the initial
conditions applied in fully non-linear computations.

In the case of stratified flow, we could not find a clear criterion to define which part of
the spectrum should be taken into account to obtain a correct and numerically converged
growth function. We could not obtain comparable results using SVD decomposition-
based approaches for studying the non-modal growth, trying different extractions of the
(seemingly) discrete part of the spectrum. This shows that the stratified mixing layer is a
significantly more complicated problem, and the question about which part of the spectrum
contributes to the non-modal growth is yet to be investigated.
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Abstract: Coherent structures by the particles suspended in the half-zone thermocapillary liquid
bridges via experimental approaches are introduced. General knowledge on the particle accumulation
structures (PAS) is described, and then the spatial–temporal behaviours of the particles forming the
PAS are illustrated with the results of the two- and three-dimensional particle tracking. Variations of
the coherent structures as functions of the intensity of the thermocapillary effect and the particle size
are introduced by focusing on the PAS of the azimuthal wave number m = 3. Correlation between
the particle behaviour and the ordered flow structures known as the Kolmogorov–Arnold—Moser
tori is discussed. Recent works on the PAS of m = 1 are briefly introduced.

Keywords: thermocapillary-driven convection; half-zone liquid bridges; particles; coherent struc-
tures; particle accumulation structure (PAS); high Prandtl number fluids

1. Introduction

Coherent structures by suspended particles were first found in thermocapillary half-
zone liquid bridges by Schwabe et al. [1]. In the geometry of a “half-zone liquid bridge,”
a liquid is bridged between the coaxial face-to-face disks by its surface tension, and each
disk is kept at a constant but different temperature to impose a non-uniform temperature
distribution over the free surface of the liquid bridge. One defines the intensity of the
thermocapillary effect by the Reynolds number Re = |γT |∆TL/(ρν2), where γT is the
temperature coefficient of surface tension γ, L is the characteristic length of the system,
ρ and ν are the density and the dynamic viscosity of the test liquid, respectively. The
temperature difference between the end disks, ∆T, is the governing factor to vary the
thermocapillary effect. The intensity is also generally described as the Marangoni number
Ma = |γT |∆TL/(ρνκ) = RePr, where κ is the thermal diffusivity of the test liquid, and
Pr = ν/κ indicates the Prandtl number. Schwabe et al. [1] found such unique phenomenon
in the traveling-wave-type oscillatory convections in the liquid bridges of high Pr fluids,
and named this as the particle accumulation structure (PAS). In the geometry concerned,
the thermocapillary-driven convection exhibits a transition from the two-dimensional time-
independent (“steady”) convection to the three-dimensional time-dependent (“oscillatory”)
one [2–5] by so-called hydrothermal-wave instability [6]. There exist two types of oscillatory
convection [4,5] before the secondary instability [7]: the standing-wave-type oscillation
and the travelling-wave-type oscillation. In the former, one finds a pair of thermal waves
propagating over the free surface with the same amplitude and the same propagation
speed but in the opposite azimuthal directions. In the latter, on the other hand, one finds
a single thermal wave propagating in an azimuthal direction. The PAS is formed in the
travelling-wave-type oscillatory convection [1,8,9]. After the onset of the hydrothermal-
wave instability, the oscillatory convection emerges in the liquid bridge accompanied by an
azimuthal wave number m, depending on the liquid bridge shapes defined as the aspect
ratio Γ = H/R [2,3,5] and the volume ratio V/V0 = V/(πR2H) [10], where H and R are
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the distances between the disks (or, the height of the liquid bridge) and the disk radius,
respectively, and V is the volume of the liquid bridge. Here V0 indicates the volume of a
straight cylinder, of which the end disks correspond to the end surfaces. The PAS has the
same azimuthal wave number as the oscillatory convection by the hydrothermal-wave
instability [8,9,11–14]. Such characteristics were also well reproduced by the numerical
simulations for the PAS of m = 3 [15–20].

Tanaka et al. [8] indicated via terrestrial experiments that there exist two-types of PAS
of the same m by varying the intensity of the thermocapillary effect; spiral loops 1 (SL1) and
2 (SL2). Typical examples of those are illustrated in Figure 1 for the PAS of m = 3. These
are the snapshots observed through the transparent top rod; the white dots correspond
to the particles suspended in the liquid bridge. The black circle at the centre is an outlet
of the channel drilled through the bottom rod for a liquid supply. The PAS consists of
the major structure called the “blade” [8]: When one observes the PAS from above in the
laboratory frame, it seems to be rotating without changing its shape as the rigid structure.
The azimuthal direction of the rotation of the PAS is the same as that of the thermal wave
over the free surface. The number of the blades matches to the azimuthal wave number m
of the oscillatory convection after the onset of the primal instability. The tip of the blades
corresponds to the trajectory of the particles travelling near the free surface toward the
cold end from the hot end in the case of γT < 0. After the travel near the free surface,
the particles then penetrate into the central region of the liquid bridge, and rise toward
the hot end by following the return flow. The particles change their direction toward the
free surface near the hot end to form the tip of the adjacent blade. The net azimuthal
direction of the particles forming the PAS is opposite to that of the PAS. The SL1-PAS is the
basic structure; if one follows the radial position of the blade (r) by varying the azimuthal
position (θ), one obtains ∂r/∂θ > 0 from the central region toward the tip, and ∂r/∂θ < 0
from the tip toward the central region. The SL2-PAS exhibits an additional loop structure
near the tip; when the particles forming the PAS travel near the free surface, they exhibit a
sharp additional rotation near the free surface before penetrating into the central region of
the liquid bridge. Existing research has dealt mainly with the SL1-PAS, because this type
of PAS emerges at lower Ma than that for the SL2-PAS [8,9,11]. That means one has to
add larger ∆T to realize the SL2-PAS, which induces a severe and inevitable problem for
carrying out the experiments under the normal gravity condition; that is, the evaporation
of the test liquid. When one conducts terrestrial experiments, one has to prepare the liquid
bridge with a characteristic length L is small enough in order to prevent the deformation
of the liquid bridge due to the static pressure [21]. In order to realize high Re for small L,
however, a large ∆T must be imposed between the both ends of the liquid bridge. This
might be one of the critical reasons why the amount of research on the SL2-PAS has been
limited compared to those on the SL1-PAS. One can find some research via numerical
simulation on SL2-PAS [20].

In this article, the author introduces the experimental results accumulated in terrestrial
environments, which lead to future microgravity experiments on the International Space
Station (ISS) by the project “Japanese European Research Experiments on Marangoni
Instability (JEREMI)” [22,23].
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Figure 1. Snapshots of particle accumulation as viewed from above (top row) and from the side
(bottom row) in a liquid bridge of Pr = 28.6, Γ = 0.68 (R = 2.5 mm), and V/V0 = 1.0: (a) spiral
loop (SL)1-particle accumulation structures (PAS) under Ma = 4.7× 104 and (b) SL2-PAS under
Ma = 5.8× 104. The direction of the PAS rotation or the travelling-wave-type oscillatory convection
by the hydrothermal wave instability is counterclockwise for both cases in the top row, and is from
right to left in the bottom row. Note that Ma is evaluated by applying H for the characteristic length
L. (Figure 2 in Toyama et al. [11]).

2. Materials and Methods

The geometry of the interests is quite simple as aforementioned; one prepares a
set of cylindrical disks placed face-to-face with a designated distance between the both
end surfaces. There exist a fair amount of research dealing with the half-zone liquid
bridges [2,5,24–38]. Note that the transparent rod enables one to observe the particles’
behaviours through it. Such a technique was introduced by Hirata et al. [29,30], and has
been widely spread to the various research groups. Here an example of the experimental set
up is introduced in Figure 2 according to Gotoda et al. [13]. A liquid is sustained between
the top rod made of sapphire and the bottom one made of aluminium. End surfaces of
the both rods are finished to have the same radius R. The top rod is heated by the electric
heater winding the rod. The temperature of the rod is measured by the thermocouple, and
is controlled by the PID controller. The bottom rod is connected to the base block with the
drilled channels. The block is cooled by the flow of coolant pumped from the constant
temperature bath. In order to suppress undesignated natural convection around the liquid
bridge, an external shield is often installed coaxially to the liquid bridge. An infrared (IR)
camera is commonly used to measure the surface temperature. One might have to prepare
a tiny window for the IR camera installed on the external shield. The particles’ behaviours
are observed by camera(s). If one has two cameras, simultaneous observation is possible
through the top rod for the top view and through the external shield for the side view.
Oba et al. [14] applied three-dimensional particle tracking velocimetry (3-D PTV) with a
conventional algorithm; a cubic beam splitter was installed above the top rod in order to
realize simultaneous observation via multiple cameras with a different incident angle to
the central axis of the liquid bridge through the top rod. It is noted that the characteristic
time for the oscillatory convection becomes shorter as the characteristic length becomes
smaller; thus high-speed camera(s) might have to be installed for precise observations.
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A variety of test liquids have been employed as high Pr fluids. Silicone oil has
been widely used as in Chun and Wuest [24] because of its transparency for visible
light and well-known thermal properties including surface tension that exhibits almost
linear variation against temperature. Due to the high temperature needed in order to
realize thermocapillary-driven convection under high Ma, evaporation of the test liq-
uid becomes a common and severe problem to conducting the experiment as aforemen-
tioned. A liquid supply system through the rod has been installed in order to keep V/V0
constant [13,14,39–41]. One finds apparatus with a similar mechanism used for micrograv-
ity experiments [9,42–44].

The existing research has dealt with high Pr fluids in a range of 1 . Pr . 200. In
the following, the effect of Pr on the coherent structures and the thermal flow field will
be introduced, especially in the cases of Pr . 30. Microgravity experiments [21,43–50]
dealt with higher Pr than those in terrestrial experiments thus far. Further research is
indispensable to discussing the Pr effect on the coherent structures and the oscillatory
convection induced by the hydrothermal wave instability in the case of Pr > 100.

1. Liquid bridge 

2. CMOS camera 

3. Infrared camera 

4. Sapphire rod 

5. Aluminum rod 

6. Heater 

7. Cooling channel

8. Thermocouples 

9. Thermal insulation material 

10. Diffuser 

11. Inlet/Outlet 

12. Injection tube 

13. Automatic syringe pump 

14. Acrylic shield
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Figure 2. Cross-sectional view of the experimental apparatus (not to scale). The liquid bridge is
heated from above in this configuration. A narrow ZnSe window is placed at a portion of the external
shield for the infrared camera to detect the surface temperature through the shield. The CMOS
camera for the side view and the displacement sensor are omitted. (Figure 3 in Gotoda et al. [13]).

3. Thermocapillary-Driven Convection and Coherent Structures
3.1. General View

The physical mechanism for particle accumulation has been discussed over a decade;
three major models have been proposed so far. At the early stage after the PAS discovery,
Schwabe et al. [9] proposed that the particles were gathered near the free surface due to the
Marangoni effect. Through fine experimental observation by using the liquid of Pr = 15,
they found that the tip of the PAS blade is located on the colder region of the thermal wave
over the free surface. They considered that there exists thermocapillary-driven flow toward
the colder region due to the negative temperature coefficient of the surface tension, which
drives the particles approaching the free surface toward the low-temperature band. When
the particles return to the internal region of the liquid bridge, they follow a narrow band of
the stream lines to form the PAS. It was indicated, however, that such spatial correlation
between the PAS tip and the relatively cold band over the free surface is not always realized;
Toyama et al. [11] illustrated the spatial correlations between the SL1- and SL2-PASs and
the thermal wave over the free surface (see Figure 3). They conducted a simultaneous
observation of the surface temperature from the side and the particle motion inside the
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liquid bridge of Pr = 28.6 through the top rod, and reconstructed those distributions in the
rotating frame of reference. It was indicated that the tip of the PAS blade locates between
the cold and hot bands in the liquid bridge of higher Pr than that in Schwabe et al. [9].
This experimental work revealed that the particles are not collected by the thermocapillary
effect over the free surface.
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Figure 3. Correlation between PAS and surface temperatures for (a) SL1-PAS under Ma = 4.7× 104

and (b) SL2-PAS under Ma = 5.8× 104 in a liquid bridge of Pr = 28.6, Γ = 0.68 (R = 2.5 mm), and
V/V0 = 1.0 (the same condition as shown in Figure 1): Row (1) illustrates the top views of the PASs,
and rows (2) and (3) the absolute temperature and the temperature deviation over the free surface in
a range of 0 ≤ θ ≤ 2π/3 (as defined in row (1)), respectively. Ma is evaluated by applying H for the
characteristic length L. (Figure 11 in Toyama et al. [11]).

Two other models are called the (i) “phase locking model” [51] and (ii) “particle–free-
surface interaction model” [17,52]. Pushkin et al. [51] proposed a model based on the “phase
locking” between the flow field and the particle motion; they suggested that a PAS would
be formed by “synchronization” between the particle turnover motion due to the basic
flow in the liquid bridge and the azimuthal convective motion due to the hydrothermal-
wave instability. Hofmann and Kuhlmann [17] proposed a model by considering density-
matched particles: the PAS would be formed through the transfer of particles that “collide”
with the free surface to specific streamlines. They illustrated the presence of closed stream
tubes in the flow in the rotating frame, and that particles accumulate on these stream
tubes. It was considered that an effect of the finite particle size would force transfers of
the particle from one streamline to another. After the proposals of these models, there
has been active discussion in this decade [20,39,53–57]. It is indispensable and of great
importance to accumulate comprehensive knowledge from experimental and numerical
approaches with fine spatial–temporal resolution to lead comprehensive understandings
of the PAS formation.

When one pays attention to the formation process of the PAS, especially in order to
evaluate the formation time [8,9], we have to measure the accumulation; how much the
accumulation is realized. Some measures have been introduced such as “contrast” [41] and
“K(t) parameter” [58]. It was indicated that the formation time of SL1-PAS of m = 3 is of
the order of the thermal diffusion time in terrestrial experiments [59]. It must be noted,
however, that it is rather impossible in the experiments to disperse the particles without
disturbing the thermal-flow field in the liquid bridge [59,60] to evaluate the time it takes
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for the particles to form the PAS. We need supportive data from fine numerical simulation
precisely solving the particles’ behaviour even close to the free surface and walls [57].

In the following, knowledge on the PAS in fully developed states is introduced.

3.2. Particle Path Lines to Form Coherent Structures
3.2.1. Path Lines

The PAS seems to rotate azimuthally without changing its shape as a rigid structure
at a constant angular velocity in the laboratory frame [8], as aforementioned. When one
observes the PAS in the rotating frame of reference, the particles exhibit a coherent structure
inside the liquid bridge [13,14,61]. Figure 4 illustrates the typical examples of the path
lines of the particles forming (a) a triangle zone of the particle depletion and (b) the SL1-
PAS observed from above (i) in the rotating frame of reference and (ii) in the laboratory
frame [13]. The images are obtained by accumulating the snapshots for 7 s or 10 periods.
When one observes the particles in the liquid bridge in the laboratory frame (column (ii)),
the particles almost scatter inside the liquid bridge except for the particle depletion zone.
At an appropriate ∆T, the particles gather along closed orbits to form coherent structures
in the frame of reference rotating with the traveling-wave-type oscillatory convection
due to the hydrothermal-wave instability ((b) in column (i)). Mukin and Kuhlmann [55]
indicated that the PAS emerges after the particle transfer from the chaotic streamlines to
other streamlines located inside of Kolmogorov–Arnold–Moser (KAM) tori, and that such
particle transfer is realized by the interaction with the free surface. These KAM tori are
three-dimensional closed stream tubes in the liquid bridge, and the spatial structures of the
particle accumulations match well to those of the KAM tori such as T3

3, T9
3, and Tcore [61].

Figure 4. Top views of path lines of particles of 15 µm in diameter (a) before and (b) after PAS
formation in (i) the rotating frame of reference and in (ii) teh laboratory frame by averaging over
7 s (10 times fundamental periods of hydrothermal wave (HTW)) in a liquid bridge of Pr = 28.6,
Γ = 0.64 (R = 2.5 mm), and V/V0 = 1.0: (a) Ma = 3.13× 104 and (b) Ma = 4.30× 104. Note that
white regions at the top and bottom right in the images in the column (ii) are the regions where the
light from the light source never irradiates in the liquid bridge: the light is supplied to the liquid
bridge through the free surface from the left in these images, and one cannot avoid the refraction of
the light due to the curvature of the free surface. Those regions become vague and are not apparent
by integrating images for a long period in the rotating frame of reference as shown in the column (i).
Ma is evaluated by applying H for the characteristic length L. (Figure 6 in Gotoda et al. [13]).

3.2.2. Pattern Map

The particle accumulation depends on the intensity of the thermocapillary effect; the
occurring condition is described as a function of Ma [9,11]. Figure 5 illustrates a typical
example of the variation of the particle distribution in the rotating frame of reference
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for the particles of different sizes [13]. One notices the formation, the development, and
the decay of the coherent structures as Ma varies. After the formation of the coherent
structures, the width of the PAS varies as a function of Ma; such variation can be seen for
the KAM tori predicted by employing the modelled convection field [58]. Note that, even
under the same Ma, the shape of the coherent structure depends on the particle size or
corresponding Stokes number St = $d2

p/(18H2) [17], where $ is the density ratio between
the particle ρp and the test fluid ρf or $ = ρp/ρf, and dp is the particle diameter. In the
present study, the value of St is of the order of 10−5. Dependence of the coherent structure
on St were examined via numerical simulation by considering a modeled traveling flow
in the straight liquid bridge [58]. It has been indicated that the spatial structure of the
particle accumulation is defined by the combination of the turnover motion in the r–z
plane and the azimuthal motion [8,60,62]. In the following, individual particle behaviour is
focused upon.

(a) (b)

Figure 5. Variations of coherent structures by the particles as a function of Ma for (a) dp = 15 µm and (b) dp = 30 µm.
Conditions are the same as indicated in Figure 4. The azimuthal direction of the thermal wave over the free surface due to
the HTW is counterclockwise for all images. Ma is evaluated by applying H for the characteristic length L. ( Figure 5 in
Gotoda et al. [13]).

3.2.3. Particle Behaviours

When one pays their attention to a single particle motion, one finds its characteristics
to form the PAS. In addition to the basic turnover motion in the r–z plane due to the
thermocapillary-driven convection, the particle exhibits azimuthal motion in the oscillatory
convection [8]; the net azimuthal direction of the particle motion is opposite to that of
the PAS itself. When the particle forms the PAS, the turnover motion itself varies as Ma;
Gotoda et al. [13] indicated the variation of the particle trajectory from (i) strictly periodic
to (ii–iii) quasi-periodic and (iv) period doubled by varying Ma (Figure 6a). Such variation
is clearly illustrated by monitoring the particle position in r (frame (b)) and its Fourier
spectrum (frame (c)). When attention is paid to the absolute minimum of the particle
position in r (corresponding to RPAS as indicated in Figure 4), the variation of the minimum
position of the particle in r depends on Ma. In the case of (i), the minimum position is
almost constant. By increasing Ma for (ii) and (iii), it exhibits periodic modulations. By
further increasing Ma to realize the period-doubled PAS [55], the minimum position of
the travelling particle in r exhibits a large oscillation, showing alternative values of 0.7
and 0.8 mm each time in this case, as the particles penetrate to the deepest position in the
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liquid bridge. One finds a fundamental frequency f (p)0 = 2.4 Hz and its subharmonics

f (p)0 /2 = 1.2 Hz (the frame (c)-(iv)) for the turnover motion of the particle; this subharmonic
frequency corresponds to the period-doubled trajectory of the PAS in the rotating frame of
reference. It must be emphasized that the oscillatory convection itself is strictly periodic
and not modulated under these conditions, which was also indicated by Toyama et al. [11]
under Ma for SL1- and SL2-PASs, and even under slightly higher Ma with no stable PASs.
Through the tracking of a single particle forming the PAS, the frequency ratio between the

particle turnover motion f (p)0 and the HTW f (HTW)
0 remains almost constant (about 1.6 in

this series of the experiments) under the condition where the PAS is fully formed; the ratio
is independent of Ma.
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Figure 6. (a) Reconstructed SL1-PAS configurations in a rotating frame of reference by tracking a
single particle forming PAS, (b) time series of particle radial positions, and (c) its power spectral
density (PSD) for Ma of (i) 3.3× 104, (ii) 3.7× 104, (iii) 4.2× 104, and (iv) 4.6× 104, respectively.
Conditions of the liquid bridge are the same as indicated in Figure 4. The particle diameter is 15 µm.

Arrows in row (c) indicate the fundamental frequency of the particle turnover motion f (p)0 . Ma is
evaluated by applying H for the characteristic length L. (Figure 9 in Gotoda et al. [13]).

In order to depict the particles’ trajectory to form the PAS, one can monitor the Poincaré
section. Figure 7 illustrates some example of the Poincaré section at z ∼ H/2. When one
tracks a single particle forming the PAS, the particle passes several fixed areas in the r–θ
plane. In the case of the PAS of m = 3, one finds three pairs of the area; a pair consists of
the area locating near the free surface (“A” in the frame) and near the liquid-bridge centre
(“B”). The area “A” near the free surface corresponds to the trajectory near the tip of the
PAS blade passing the plane downward, and the area “B” near the centre corresponds to
the trajectory where the particle follows the return flow inside the liquid bridge from the
region near the cold disk toward the hot disk. One finds finite sizes of the areas. Note that
these experimental results were obtained by employing rather big particles (dp = 30 µm)
and a light sheet of finite thickness. One could measure not only the size but also their
shape in the Poincaré section, if one employed finer particles with finer resolution of the
observation system, in order to compare with those of the KAM tori [58] .

Through such observation, one can find the particle departing from a certain trajectory
to another (see Figure 8); the top frame illustrates an example of the Poincaré section detected
at z = 0.81 ± 0.09 mm under Ma|L=H = 5.2× 104 (the same as row (c) in Figure 7 but
in a different experimental run). Frames (a)–(c) indicate the sections obtained in the same
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experimental run to track a single particle under the same condition but in different successive
periods. Frame (d) illustrates all the data obtained in a single experimental run for 73.2 s;
that is, the sum of (a) to (c) corresponds to the original section shown as frame (d). From
these successive sections, one observes that this particle does not stay to settle at a certain
structure, but switches among specific structures. In this case, the particle (a) stays on the
core first, then (b) migrates to stay for a while on a structure wrapping the core, and then
(c) migrates to finally settle on the PAS. Each structure resembles the KAM torus realized in
the thermocapillary-driven convection in the half-zone liquid bridge; the structure known as
the toroidal core, the structure wrapping the toroidal core, and the PAS of m = 3 resembles
Tcore, T9

3, and T3
3 [61], respectively. The middle and bottom frames of the figure illustrate

the corresponding temporal variations of the r- and θ-positions of a particle on the Poincaré
section, respectively. In the variation of the r-position, the corresponding KAM torus is
indicated; section (a) exhibits the paths of the particle on the core, that is, the particle is
attracted by Tcore first. Then, the particle switches to the attractor T9

3 in section (b). This torus,
however, does not keep attracting the particle; one finds that the particle migrates between the
attractors T9

3 and Tcore. Finally, in this case, the particle is attracted to T3
3 to keep forming the

PAS (the section (c)). This scenario of the particle migration is not thus far predictable; each
torus becomes unstable and they keep attracting particle under high Ma. It was indicated
that the particle would not be able to stay for a long period especially on the core, which
might reflect that the torus Tcore in the high-Pr liquid bridge becomes weakly chaotic [20].
Further research is needed to describe the attractivity of each structure of KAM tori and the
mechanism on the interaction between the particles and the KAM tori.

o

o

(i) (ii)

(a)

(b)

(c)

A
B

o

(iii)

Figure 7. PASs observed through the top rod in a rotating frame of reference under Ma = (a)
4.1× 104, (b) 4.7× 104, and (c) 5.2× 104 in a liquid bridge of Pr = 28.5, Γ = 0.68 (R = 2.5 mm),
and V/V0 = 1.0 with suspended particles 30 µm in diameter: Columns (i,ii) indicate the projected
images, and Poincaré sections at midheight of the liquid bridge, respectively. Images for column (i)
are obtained by by integrating 500 frames (for about 8.3 s). Images for (ii)-(a) and -(b) are obtained
by integrating 3900 frames (for almost 65 s), and -(c) 2340 frames (for almost 39 s). Column (iii)
shows a zoomed view of the 1/3 = 1/m0 region of the image in (ii). The fundamental frequencies

f (HTW)
0 are (a) 1.41 Hz, (b) 1.42 Hz, and (c) 1.44 Hz. The rotating direction of the HTW in this figure

is counter-clockwise in the laboratory frame. Ma is evaluated by applying H for the characteristic
length L. ( Figure 2 in Yamaguchi et al. [12]).
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Figure 8. (left) Poincaré section at the midheight of the liquid bridge obtained by integrating (a)
0 ≤ t [s] ≤ 6.1, (b) 6.1 ≤ t ≤ 33.4, (c) 33.4 ≤ t ≤ 73.2 and (d) total images of the section for 73.2 s
detected at z = 0.81± 0.09 mm under Ma = 5.2× 104 (same as row (c) in Figure 7 but in a different
experimental run). (Middle) and (right) corresponding temporal variations of r- and θ-positions of a
particle on the Poincaré section, respectively. The histogram on the right of the top graph illustrates
the particle number density measured with a constant interval ∆r = 0.1 mm in the observation period.
The direction of the travelling-wave-type oscillation is counter-clockwise in the laboratory frame.
The conditions are the same as those in Figure 7. (Figure 4 in Yamaguchi et al. [12]).

It is of great importance and indispensable to detect the three-dimensional behaviour
of the particles in order to understand the mechanism of PAS formation and the correlation
with the KAM tori. It is, however, quite difficult especially under normal gravity conditions
because of the small size of the liquid bridge with the deformed free surface. The time-
dependent deformation of the free surface in the oscillatory convection prevents the precise
measurement of the particles with the visible light through the free surface. In such a sense,
microgravity conditions are an ideal environment because one can employ larger liquid
bridges [21,42–50,63–65]. Under normal gravity, some efforts have been made to realize
three-dimensional measurements of the particles inside the liquid bridge of O(10−3 m)
through the transparent top rod [60,62,66]. Oba et al. [14] realized the three-dimensional
reconstruction of the particles’ position as a function of time by applying 3-D PTV with a
classical algorithm (see Figure 9): frames (a) and (b) illustrate the reconstructed trajectories
of the particles in the bird’s-eye view and the top views, respectively, and frame (c) shows
the distributions of all trajectories in the r-φ (top) and the z-φ (bottom) planes. The figures
in frames (a) and (b) consist of the trajectories of the particles on the PAS (14 trajectories
in blue), on the toroidal core (16 in red), and on the structure wrapping the core (3 in
green). Note that the trajectories were obtained in the 1/3 region of the liquid bridge in
the azimuthal direction by the experiments, and the same results are plotted repeatedly
with a phase difference of ±2π/3 in the rest region; this process is based on the three-fold
rotational symmetric structure of the flow field. Because of the high frequency of the
particle motions in the small-size liquid bridge, Oba et al. [14] employed synchronized
high-speed cameras. One can track the motion of the particles forming the various coherent
structures as a function of time.
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(c)

Figure 9. Reconstructed trajectories of particles in (a) bird’s-eye view and (b) top view, respectively,
in the liquid bridge of Pr = 28.6, Γ = 0.68 (R = 2.5 mm), and V/V0 = 1.0 with suspended particles
of 30 µm in diameter. The figures consist of the trajectories of the particles on the PAS (14 trajectories
in blue), on the core (16 in red) and on the structure wrapping the core (3 in green). The direction of
HTW is clockwise, and the net direction of the particles on the PAS is counter-clockwise (in positive
φ direction) in the laboratory frame. Bundles of pathlines which form the PAS obtained by the
numerical simulation [67] are also drawn in grey. Frame (c): distributions of all trajectories in the r-φ
(top) and the z-φ (bottom) planes. (Figure 9 in Oba et al. [14]).

When one obtains the three-dimensional behaviour of the particles, their motions at
designated area can be monitored (see Figure 10). It was found that the particles form
various structures which resemble various KAM tori such as T3

3, T9
3, and Tcore as indicated

by the model flow [58]. As aforementioned, one needs finer tracking with smaller particles
in order to make a comprehensive comparison between the KAM tori and the coherent
structures in more detail.

r / R = 0.7 – 0.8

r/R = 0.7

r/R = 0.8
HTW

φ

PAS
core

PAS

core

Figure 10. (left) Coherent structure under the same condition as shown in Figure 9, and (right)
spatial distributions of paths in the z–φ space in 0.7 ≤ r/R < 0.8. In the right frame, the particles
attracted to T3

3, Tcore and T9
3 are drawn in blue, red and green, respectively. The arrow indicates

the direction of motion of the particles concerned. The direction in r of the particle motions is also
indicated; � indicates the motion toward the free surface (or in positive r direction), and ⊗ that
toward the centre axis of the liquid bridge (or in negative r direction).

3.2.4. On-Going Topics

The azimuthal wave number of the oscillatory convection depends on the shape of
the liquid bridge, especially on the aspect ratio Γ. Because of the gravity effect as well as
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the Rayleigh limit, the main target of the investigation has been the oscillatory convection
with 2 ≤ m ≤ 4 [8,9]. Note that the experiments with short liquid bridges for larger m
(m ≥ 5) [68] involve the critical problem of the evaporation; one has to increase ∆T to
realize higher Ma despite smaller characteristic length L. Therefore, it is rather difficult
to find any knowledge accumulated from the experimental approaches to the PAS of
m = 1 and m ≥ 5. As for the PAS of m = 1, a small amount of research from terrestrial
experiments can be found: Sasaki et al. [69] and Schwabe et al. [9] examined the PAS of
m = 1 in the liquid bridge of moderate Pr. Despite the fact that Schwabe et al. [9] indicated
that the existing range of the PAS of m = 1 against Γ and Ma is much narrower than those
of the PAS of 2 ≤ m ≤ 4, it was found that two types of PAS of m = 1 exist by varying
Ma. It must be noted that the PAS of m ≥ 2 also exhibits two types by increasing Ma
(SL1- and SL2-PASs [8] as introduced), but the variation of the PAS of m = 1 is different
from those: when one observes from above, the particles form the closed path with a
spiral structure inside the liquid bridge for the SL-PAS under lower Ma [69]. Such a spiral
structure corresponds to the helical motion following the return flow in the central region.
As for the SL-PAS under higher Ma, on the other hand, the particles form the closed path
without such a spiral structure. That is, this type of PAS realized at higher Ma exhibits a
simpler structure. It seems opposite to the correlation for the SL1- and SL2-PASs of m ≥ 2
against Ma. Schwabe et al. [9] also realized the SL-PAS of m = 1 with a spiral structure in
the central region of the liquid bridge. The author’s group at Tokyo University of Science
recently realized the SL-PAS with a spiral structure in the liquid bridge of Pr = 28.6, and
succeeded in the reconstruction in the rotating frame of reference (see Figure 11a) [70]. This
PAS of m = 1 is realized under Ma|L=H = 1.86× 104 or ∆T = 20 K in the liquid bridge
of Γ = 2.0 (R = 0.75 mm) and V/V0 = 0.8. The induced oscillatory convection seems to
correspond to the type of hydrothermal wave (HTW) (b) indicated by the linear stability
analysis [71] by judging the spatial distribution of the temperature deviation over the
free surface (frame (b)). Recently the SL-PAS of m = 1 with a spiral structure was finely
reproduced in the liquid bridge of Pr = 8 by Capobianchi and Lappa [72] via the numerical
simulation. They indicated the correlation between the coherent structure and the KAM
torus. It must be noticed, however, that they reproduced the coherent structure only by the
particle lighter than the test liquid, or, $ = ρp/ρl < 1. The terrestrial experiments [9,69,70]
have revealed that the particles of $ > 1 realize the coherent structure of m = 1 as those of
m ≥ 2 [8,9,13,14,59,60,62]. As for the SL-PAS of m = 1 without a spiral structure, it was also
numerically reproduced by Barmak et al. [73,74]. They illustrated that the attracting orbit
exhibits multiple revolutions. Knowledge on the PAS of m = 1 has gradually accumulated,
but further research is surely needed via experimental approaches for comprehensive
understanding of the coherent structures of m = 1 in tall liquid bridges.
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Figure 11. (a) Coherent structure in the rotating frame of reference observed through a hot disk and
(b) temperature-deviation distribution over free surface from a terrestrial experiment with a liquid
bridge of Γ = 2.0 (R = 0.75 mm) and V/V0 = 0.8 under Ma|L=H = 1.86× 104. The image of (a) the
coherent structure is drawn by integrating for 10 fundamental periods or 3.8 s, and the temperature
deviation in (b) is obtained by averaging the images for 65 fundamental periods or 24.7 s. The arrow
in the row (a) indicates the direction of the travelling wave.

110



Fluids 2021, 6, 105

4. Concluding Remarks

Coherent structures by particles suspended in half-zone thermocapillary liquid bridges
through experimental approaches were introduced in this article. After Schwabe et al. [1]
found this unique phenomenon called particle accumulation structure (PAS), general
knowledge on the shape, the occurring conditions, and their formation processes has
accumulated. By focusing on the spatial–temporal behaviour of the particles forming the
PAS of the azimuthal wave number m = 3, a correlation between the particle behaviour and
the ordered flow structures known as the Kolmogorov–Arnold–Moser tori was illustrated
as functions of the intensity of the thermocapillary effect and the particle size. Recent
works on the PAS of m = 1, through the experimental and numerical approaches, were
briefly introduced. Knowledge accumulated via ground-based research on this unique
phenomenon would lead to future research including microgravity experiments on the
International Space Station (ISS) by the project “Japanese European Research Experiments
on Marangoni Instability (JEREMI)” [22,23].
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Abstract: The planar flow of a steady moving-wall free-surface jet is examined theoretically for
moderate inertia and surface tension. The method of matched asymptotic expansion and singular
perturbation is used to explore the rich dynamics near the stress singularity. A thin-film approach is
also proposed to capture the flow further downstream where the flow becomes of the boundary-layer
type. We exploit the similarity character of the flow to circumvent the presence of the singularity.
The study is of close relevance to slot and blade coating. The jet is found to always contract near the
channel exit, but presents a mild expansion further downstream for a thick coating film. We predict
that separation occurs upstream of the exit for slot coating, essentially for any coating thickness near
the moving substrate, and for a thin film near the die. For capillary number of order one, the jet profile
is not affected by surface tension but the normal stress along the free surface exhibits a maximum that
strengthens with surface tension. In contrast to existing numerical findings, we predict the existence
of upstream influence as indicated by the nonlinear pressure dependence on upstream distance and
the pressure undershoot (overshoot) in blade (slot) coating at the exit.

Keywords: coating flow; free surface; boundary layer; stress singularity; matched asymptotic expansions

1. Introduction

We examine the free-surface flow of a planar moving-wall jet at moderate Reynolds and capillary
numbers near and far from the channel exit as encountered in coating flow. With the advent of
high-speed coating and the use of low-viscosity liquids, inertia is becoming increasingly important but
has been traditionally neglected in the modelling of coating flow. General aspects on the classification
and analyses of coating flows can be found in the reviews by Ruschak [1] and Weinstein and Ruschak [2].
The current work focuses on slot and blade coating flows which, in addition to the substrate movement,
typically involve an adverse or a favorable pressure gradient.

In slot coating, the liquid is forced into the slot die, and distributes through the narrow slot before
it emerges onto the moving substrate. A low-pressure area or vacuum is imposed upstream of the
die to facilitate a faster and more stable coating process. Consequently, part of the flow is driven
downstream by the moving substrate and part of it circulates upstream in the low-pressure area,
which causes a streamwise adverse pressure gradient to act inside the channel formed between the
downstream die and the moving substrate. In blade coating, the flow lies between a fixed blade of a
prescribed shape and a substrate moving parallel to itself. The coating liquid is dragged inside the
channel by the moving substrate, which causes a hydrodynamic pressure rise at the upstream of the
blade. The pressure rise causes the blade to reject most of the liquid, and only a fraction passes into the
narrow channel. Since the drag flow can only carry half of the coating liquid, a streamwise favorable
pressure gradient is generated to carry the rest [3]. In this case, the pressure gradient forces the coating
liquid in the same direction as the movement of the substrate inside the channel. In both slot and blade
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coating, the moving substrate drags the flow out of the channel in the form of a free-surface wall jet,
and a thin layer of liquid film is obtained. In the present work, only the pressure gradient immediately
upstream of the blade or die exit is accounted for, which is found in reality to be very close to constant.
Consequently, the flow inside the channel will be assumed to be a superposition of Couette (velocity
driven) and Poiseuille (pressure driven) flows.

Aside from its industrial importance, coating flow is fundamentally important as it spans various
flow regimes. In an effort to clearly identify these regimes, de Ryck and Quere [4] carried out different
experiments on fibre coating and used dimensional arguments, which illustrate the situation of coating
flow in general. The visco-capillary range corresponds to slow coating flow and negligible Weber
number, obeying the well-known Landau equation [5]. In this case, the film thickness results from a
balance between capillarity and viscous forces. For coating flow of liquids of low viscosity (such as
water) at higher velocity (about 1 m/s), the measurements of de Ryck and Quere were shown to deviate
considerably from the Landau law, even if the capillary number remained negligible (Ca < 0.05).
This is the visco-inertial regime, corresponding to a Weber number of order 1. At larger velocities
(We > 1), the coating flow does not seem to depend any longer on the surface tension. This observation
corroborates well findings for coating flow in general, as the thickness measurements reported by
Lee et al. [6] and Becker and Wang [7] indicate for slot coating. De Ryck and Quere [4] also point out
that the boundary-layer regime should be relevant to most industrial fibre-coating processes. Similarly,
the more recent thickness measurements of Chang et al. [8] for low-viscosity slot-coating films show
that viscous and surface tension effects become important only below a critical Reynolds number.
At low speed, the minimum wet thickness increases with increasing capillary number but becomes
independent of the capillary number for Ca > 0.3. Above the critical Reynolds number, fluid inertia
becomes dominant. In this region, the minimum wet thickness decreases as the Reynolds number
increases. Chang et al. [8] also established that inertial forces cannot be neglected in slot coating for Re
larger than 10, which roughly corresponds to a substrate speed of 1 m/s. The earlier measurements of
Carvalho and Kheshgi [9] show that the visco-capillary model remains valid at capillary numbers below
unity. Their measurements also indicate that the model becomes less and less useful as the capillary
number and the Reynolds number rise beyond unity. According to Romero et al. [10], high capillary
number (Ca ≈ 5) and Reynolds number (Re ≈ 3) occur in higher-speed coating operations. It is this
inertial regime that is of primary interest in the present study.

Although inertia has the desirable effect of lowering the flow limit and stabilizing the coating
process [9], existing studies have predominantly focused on the role of surface tension. Lee et al. [6]
and Chin et al. [11] showed that reducing the viscosity lowers the minimum thickness and increases
the maximum coating speed. They found that a higher viscosity of the coating solution tends to
be destabilizing, and a lower coating speed under high viscosity induces coating defects such as
air entrainment and ribbing. Lee et al. [6] measured the minimum wet thickness for extrusion slot
coating. In their experiment, the range of Reynolds number was low, from 0.2 to 24. They noticed that
there exists a critical capillary number beyond which the minimum wet thickness becomes constant
regardless of the value of Ca. Following the work of Lee et al. [6], and using a highly viscous fluid in
the slot coater, Yu et al. [12] found that a minimum wet thickness can be reached if a low viscous fluid
is used as a bottom carrier layer. Chang et al. [8] visualized the slot coating process for a low viscosity
fluid, and observed that beyond a critical Reynolds number (Re = 20), both viscous and surface tension
effects become negligible, with inertia dominating the flow.

Although extensive theoretical work has been devoted to the analysis of coating flow, the focus has
been primarily on inertialess flow of a non-Newtonian fluid [13]. To a much lesser extent, numerical
studies accounting for inertia were also carried out. An overview of high-speed blade coating was
given by Aidun [14], with direct relevance to paper coating. One of the earlier numerical work was
done by Saito and Scriven [15], who carried out a finite-element analysis coupled to an iterative
scheme to examine the capillary number effect on the curved meniscus close to the static contact
line in slot coating. They showed that the downstream meniscus no longer remains attached to the
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slot die at higher capillary number and lower flow rate. They found that the rate of convergence is
highly dependent on the capillary number, and became exceedingly slow for Ca > 10. Carvalho and
Kheshgi [9] and Jang and Song [16] examined the low-flow limit for slot coating in the inertial-capillary
regime. Iliopoulos and Scriven [17] examined numerically the influence of particle suspensions on
the blade and substrate. They found that the blade coating thickness increased with the Reynolds
number, for any capillary number, but the coating thickness tapered off at the higher capillary numbers.
In their study, the approximate ranges were, 0 < Re < 55 and 10 < Ca < 30. Lin et al. [18] carried out a
comparison between numerical predictions and experiment, assessing operating windows for slot
coating for their Reynolds number ranging from 0 to 100.

Perhaps the scarcity of theoretical studies on inertial coating flow is due to the stronger singularity
at the contact point (line) at higher Reynolds number. Bajaj et al. [19] reported that for surface-tension
dominated flow, a circulation appears upstream of the exit. This recirculation zone was found to
gradually shrink with increasing Reynolds number. Consequently, a geometric singularity emerges
in slot coating flow, resulting from the discontinuous slope at the contact line, which is increasingly
exposed in relatively stronger flows. The singularity is also physical as a result of the change in the
boundary condition from adherence at the die wall to the shear-free condition on the free surface
(see also below). Inertia can be used to counteract the receding action of the downstream meniscus and
the flow reversal, and delay the onset of the flow limit [9]. However, this gain will be offset by the
strengthening of the singularity, which is no longer attenuated by a dominant surface tension. In this
case, the circulation just upstream of the contact line weakens and eventually disappears altogether
with increasing inertia, causing a more abrupt drop in the shear stress and a stronger singularity.
We recall that the flow limit corresponds to a minimum coating thickness for a substrate speed or a
maximum substrate speed for a given coating thickness. Inertia helps reduce the flow limit when,
for instance, lower viscosity liquids are used, which tend to spread more easily [6]. The measurements
and theoretical predictions of Carvalho and Keshghi [9] indicate that thinner films can be obtained at
faster web speeds. Finally, the imposition of appropriate boundary conditions for free-surface inlet
and outlet flows remains an open issue, particularly for small or vanishing surface tension [20].

Coating flow is modelled as a free-surface wall jet emerging from a channel bounded by a
semi-infinite stationary (die or blade) wall and an infinite moving substrate. We assume inertia to
remain relatively important, allowing the asymptotic development of the flow field in terms of some
inverse power of the Reynolds number. The jet is assumed to be subject to a constant favorable or
adverse pressure gradient far upstream where the flow acquires a Couette–Poiseuille (CP) character,
typically as encountered in blade and slot coating. The assumption of fully developed upstream
flow and the channel flow geometry are generally reasonable and commonly adopted in numerical
simulation [15,19,21,22]. In roll coating, for instance, it is established that when the radius of the roller

is large compared to the capillary length
√
σ
ρg , then the effect of the curvature of the cylinder is very

weak and results in only small perturbations to the uniform film thickness on the roller [23]. Here σ is
the surface tension coefficient, ρ is the fluid density and g is the gravitational acceleration.

The stress singularity constitutes the major difficulty in a computational approach.
The incorporation of the singularity point and its immediate vicinity is unavoidable in this case
since the entire flow domain must be considered (discretized). The neighborhood region around the
singularity, which is crucial to the rest of the flow domain, is difficult to handle numerically. In a
numerical approach, the singularity is typically smoothed out or smeared over. The present asymptotic
approach represents a viable alternative, at least for the flow in the vicinity of the singularity, which is
avoided altogether as a result of the flow similarity in the free-surface layer and the boundary layer
near the wall. In a numerical approach, the mesh is typically refined near the singularity, thus capturing
more closely the singular behavior; the numerical difficulty resides in handling the resulting stronger
flow gradients. Mitsoulis [24] conducted a finite-element analysis of blade coating. From his figures,
we can see that both the shear stress as well as the pressure and the normal stress become singular
at the channel exit. Finally, although the flow is primarily dominated by the stress singularity close
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to the exit, this eventually influences the accuracy of the numerical predictions of the flow further
downstream and upstream.

Saito and Scriven [15] used an iterative numerical scheme to determine the free surface profile.
They reported on earlier studies [25] where convergence difficulties were encountered. This was
particularly the case for slot coating, with severe bending of the free surface. Convergence difficulties
were also encountered when inertia grows large at a fixed flow rate and dominates surface tension.
Saito and Scriven [15] were able to overcome the convergence difficulties by combining simple coordinate
parametrizations of parts of the free surface, and computing accurately the derivatives of finite-element
residuals with respect to free-surface locations along the spines. Alternatively, mapping techniques
have also been used more recently, where the governing equations and boundary conditions are
transformed to an equivalent set defined in a known reference frame [9,21,22]. The volume-of-fluid
approach has also been employed [16].

The present asymptotic approach circumvents the singularity altogether and does not require
an iterative scheme to determine the shape of the meniscus. Perhaps more importantly, the present
formulation provides a deeper insight on the flow structure and the rich dynamics near the singularity
(see Section 7 for further discussion on this point and the relation with the triple-deck approach).
We observe that the use of the singular perturbation technique also provides a procedure by which
higher-order terms could be determined to the desired accuracy [26]. The formulation is essentially
analytical, providing the steady flow solution in a manner that is completely amenable to the
implementation of a linear or nonlinear stability analysis. Generally, asymptotic analyses have
been successfully adopted for flows in the visco-capillary range [27,28]. Timoshin [29] developed a
high-Reynolds-number asymptotic theory and examined the stability of boundary-layer flow over
a coated surface. More recently, Tsang et al. [30] implemented a high-Reynolds-number asymptotic
approach to study the interaction of a boundary layer on a solid plate and the free surface above. Studies
of closer relevance to the present flow in the visco-inertial range were also conducted, but to a much
lesser extent. Tillett [31] analyzed the laminar symmetric free-jet flow near the channel exit using the
method of matched asymptotic expansions. Miyake et al. [32] carried out a similar analysis on a vertical
jet of inviscid fluid, taking into account gravity effect. Philippe and Dumargue [33] applied an analysis
similar to Tillett’s for viscous axisymmetric vertical jets, emphasizing the interplay between the effects
of gravity and inertia on the free surface shape and the velocity profile. Their approach, which is similar
to the one in the present study, was validated against experiment. A local similarity transformation
was carried out by Wilson [34] for the axisymmetric viscous-gravity jet emerging from a tube, but,
unlike the present formulation, Wilson neglected the upstream influence. Khayat and co-workers
examined the flow of a jet emerging from a channel of Newtonian [35,36] and non-Newtonian [37,38]
liquids. We refer the reader to the book by Sobey [39] on interactive boundary layer and triple-deck
theory for a perspective on asymptotic analyses, their applications and historic development.

Asymptotic analysis has also been applied to study coating flow, but the majority of the studies
focused on dominant surface tension. Ruschak [26] performed a theoretical analysis based on the
thin-film theory of Landau and Levich [5] to determine the effects of different parameters on the
flow limit of extrusion slot coating for a Newtonian fluid. Ruschak considered a very small capillary
number by setting the coating speed close to zero, and determined the film thickness in the slow
flow (negligible inertia) limit by carrying out a singular perturbation method. Ruschak observed that
film thickness becomes thinner for smaller capillary number, and noticed that gravity does not affect
the flow much in the limit considered in the study. Higgins and Scriven [40] extended Ruschak’s
analysis by incorporating the viscous effect in the coating bead (inside the channel) with variable
meniscus location. They concluded that as the coating speed increases, the dynamic contact angle
increases, resulting in an altered coating behavior. Christodoulou and Scriven [41] provided an
asymptotic analysis based on a thin-film approach in slide coating. Carvalho and Kheshgi [9] assessed
the low-flow limit for slot coating, which is defined as the maximum substrate speed possible without
any coating defects at a fixed minimum thickness or vice versa. By modifying the visco-capillary
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model, Carvalho and Kheshgi [9] developed a 2D numerical tool to study the effect of higher capillary
numbers. They observed that at higher capillary number (Ca > 0.3), inertia started to dominate the
flow, delaying the onset of the low-flow limit. Of close relevance to the present formulation is the
matched asymptotic approach used by Rushack and Scriven [42], focusing on low flow rate and high
surface-tension limits for an inertialess jet.

Other coating configurations were also analyzed. Savage [43] and, later, Gaskell et al. [44] analyzed
the meniscus roll-coating flow of an inertialess fluid. Kelmanson [45] examined the effect of inertia
in the small- and large- surface-tension limits for a coating film flowing around a rotating cylinder.
Blythe and Simpkins [46] developed an asymptotic analysis using the Landau–Levich equation to
examine the inertialess falling coating flow on a fibre. Later, Jang et al. [16] proposed a model for
slot coating by modifying the visco-capillary model to accommodate the high capillary and to some
extent inertia effects. Unlike the visco-capillary model, they accounted for the pressure variation
under the slot die, which enabled them to predict the coating thickness at high capillary and Reynolds
numbers. They observed that when Re > 10 the film thickness decreased with increasing inertia,
and visco-capillary model did not show good agreement with the simulation for Ca > 0.2.

Finally, the present work is reminiscent of the early treatment of Goldstein [47] of the flow near the
trailing edge of a semi-infinite plate, where the flow downstream of the singular edge was examined.
Later, Stewrtson [48] and Messiter [49] developed a more comprehensive treatment of the flow very
near the singularity, laying down the foundation for the triple-deck theory [39]. They established a
rational theoretical approach for the investigation of separation and other non-linear features emerging
in external flow situations. The present wall-jet flow differs fundamentally from the external separation
flow due to the absence of an external inviscid flow. The present development is somewhat of the same
level as the asymptotic treatment of Goldstein. The more complete analysis of the full Navier–Stokes
equations and the implementation of a triple-deck approach may be envisageable in a future extension.

2. Problem Formulation and the Physical Domain

We consider the planar flow of an incompressible Newtonian fluid of density ρ, viscosityµ and surface
tension σ, flowing between the semi-infinite stationary blade or slot die and the translating substrate,
separated by a distance D. The flow is induced by the simultaneous forward translation velocity V of the
substrate and an applied adverse or favorable pressure gradient g far upstream, where fully-developed
Couette–Poiseuille (CP) flow is assumed to prevail. The assumption of fully-developed flow far upstream
is commonly adopted in numerical studies on slot coating [10,15,21]. We also assume the CP flow to
hold for blade coating as the pressure gradient is sensibly constant over a sufficiently long upstream
distance [17]. Far downstream, the flow becomes uniform with speed V and film thickness T.

Non-dimensional variables are introduced by measuring the coordinates (x, z), the velocity
components (u, w), the stream function ψ and the pressure p in units of D, V, VD and ρV2, respectively.
There result three dimensionless parameters appearing in the problem, namely the Reynolds number
Re, the capillary number Ca, and the thickness-to-gap ratio Q, which are expressed as

Re =
ρVD
µ

, Ca =
µV
σ

, Q =
T
D

. (1)

A parameter related to Q, which is conveniently introduced here:

G ≡ 3− 6Q, (2)

with 2G being the dimensionless applied pressure gradient scaled by µV
D2 . Clearly, Q < 1 for coating

flow. Consequently, −3 < G = O(1) < 3. The final thickness T is typically greater than half the gap
for blade coating where G < 0. That the pressure gradient can be constant far upstream is easily
observed in blade coating for a long flat or even angled blade. We refer the reader to the numerical
studies of Iliopoulos and Scriven [17], particularly their figures for different blade angles, and Mitsoulis
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and Athanasopoulos [50]. For slot coating, the pressure gradient is commonly directly related to the
flow rate, which can be independent of the substrate speed [10]. In this case, G can be positive or
negative, and is typically assumed to be constant in numerical studies of slot coating [15,22,25]. Finally,
the value of G varies typically from −0.05 to −0.20 in blade coating [17,24,50], and from 0.05 to 0.20 in
slot coating [11,18].

Figure 1 illustrates the flow configuration schematically where dimensionless notations are used.
We conveniently choose the stationary wall (slot die or blade) to lie along the x axis at z = 0, and the
moving substrate at z = 1. The z axis lies across the channel, with the origin coinciding with the contact
line (x = z = 0) between the stationary wall and the free surface z = ζ(x). The figure depicts the
two possibilities for the flow far upstream that typically correspond to a thin or a thick coating film,
involving an adverse (G > 0) or a favorable (G < 0) pressure gradient, respectively. In both cases,
the pressure gradient is generally expected to be constant. Figure 1 also illustrates the four regions or
layers that constitute the physical domain, which will be discussed in Section 2.2.
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Figure 1. Schematic illustration of the coating flow domain. The two possible Couette–Poiseuille
profiles correspond to a favorable pressure gradient

(
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and an adverse pressure gradient(
Q < 1

2 , G > 0
)
. The domain is subdivided in four layers: (I) the core layer, (II) the free-surface layer

(x > 0), (III) the stationary wall slip layer (x < 0), and (IV) the substrate slip layer. Double arrows
indicate matching directions.

2.1. Governing Equations and Boundary Conditions

The problem is formulated in terms of the stream function ψ, with u = ψz and w = −ψx.
The stream function and velocity corresponding to the CP flow far upstream turn out to be the
leading-order solution in the core layer I, and are conveniently introduced here in terms of G as

ψ0(z) =
1−G

2
z2 +

G
3

z3, u0(z) = (1−G)z + Gz2. (3)

In the current study, the Reynolds number, Re, is assumed to be moderately large and G = O(1)
at most. If Q = 1/2 (G = 0), the flow is only driven by the forward substrate translation, resulting in
drag flow. For steady laminar planar flow, the non-dimensional Navier–Stokes equations take the
following form:

ψzψxz −ψxψzz = −px +
1

Re (ψxxz +ψzzz),
ψxψxz −ψzψxx = −pz − 1

Re (ψxxx +ψxzz).
(4)

Except for the stress components, a subscript with respect to x or z denotes partial differentiation.
For x > 0, the kinematic and dynamic boundary conditions at the free surface z = ζ(x) are

ψ(x > 0, z = ζ) = 0, (5)
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p(x > 0, z = ζ)ζ′ − 1
Re

(2ζ′ψxz +ψxx −ψzz)

∣∣∣∣∣
z=ζ

= − 1
ReCa

ζ′ζ′′

1 + ζ′2
, (6)

p(x > 0, z = ζ) +
1

Re
[2ψxz + ζ

′(ψzz −ψxx)]z=ζ = − 1
ReCa

ζ′′

1 + ζ′2
. (7)

Here, a prime denotes total differentiation. In addition, the following conditions must be satisfied
at the walls and far upstream:

ψz(x, z = 1) = 1, ψ(x, z = 1) = 1− G
6

, (8)

ψz(x < 0, z = 0) = 0, (9)

ψ(x < 0, z = 0) = 0, (10)

ψ(x→ −∞, z) ∼ 1−G
2

z2 +
G
3

z3. (11)

It is worth noting that in the coating literature, the pressure scale is taken as µV/D instead of the
current ρV2 scale. In the former case, the pressure becomes Rep(x, z), which we shall use as such.
The overall solution strategy of problem (4)–(11) along with the flow structure is summarized next.

2.2. The Physical Domain and the Flow Structure

The physical domain is shown schematically in Figure 1. As the fluid emerges out of the channel,
the shear stress vanishes at the channel exit, causing free-surface layer II to develop along the free surface.
The core layer I is influenced by the thin free-surface layer and the jet contraction. It is important to
recall that the core layer remains predominantly of inviscid rotational character. However, this inviscid
layer cannot extend to the stationary die or blade wall where significant viscous shearing occurs
upstream of the stress singularity (x < 0) at the exit, forcing the formation of the slip layer III in the
vicinity of the die or blade. Similarly, the core flow must also adjust to the shearing viscous flow in the
slip layer IV upstream and downstream. Consequently, the predominantly inviscid core flow profile
cannot satisfy adherence at the rigid walls, thus causing a slip layer to form with thickness that is
not expected to be significant at high Reynolds number, but can be large otherwise. It is therefore
fundamentally important to examine the flow in the slip layer and the extent of upstream influence.
In fact, the thickness of the wall layers will turn out to be of O

(
Re−1

)
. The layer IV along the moving

substrate is expected to grow rapidly with distance downstream of the channel exit.
The flow in each layer of the domain (Figure 1) is dominated by different physical mechanisms

with corresponding characteristic length scales. The flow in layers II, III and IV, near the free surface,
the die or blade and the moving substrate, respectively, is shear dominated, and is of the boundary-layer
type. In the core layer I, both shear and elongation are in balance as a result of the predominance of the
Couette–Poiseuille character of the flow upstream and downstream of the channel exit. At the channel
exit, x = 0, the shear stress undergoes a step change from a non-zero value τxz(x < 0, z = 0) ≈ 1−G at
the die or blade to zero at the free surface z = ζ(x). The effect of this drop diffuses upstream inside the
channel (x < 0) over a certain distance where fully developed Couette–Poiseuille flow is recovered,
and downstream (x > 0), toward the moving substrate. In the limit of infinite Reynolds number,
the flow retains the Couette–Poiseuille profile (3), which will turn out to be the lowest-order solution
in the core layer I. In this limit, the jet height remains horizontal, with ζ(x) = 0. In this case, the jet
does not contract, and mass remains conserved throughout the upstream channel and downstream
jet. For finite Reynolds number, the Couette–Poiseuille profile is modified when the fluid leaves the
channel in the form of the wall jet. As the fluid detaches itself from the stationary wall, the removal of
the wall stress causes the free-surface layer II to develop, where the Couette–Poiseuille profile adjusts
itself so as to satisfy the stress-free (zero-traction) condition at the free surface. At infinite Reynolds
number, the zero-traction condition would not be imposed; there is no viscous mechanism for the stress
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singularity to dissipate. In this limit, all the conditions of the problem would be satisfied since the
Couette–Poiseuille profile continues undisturbed downstream from the exit. However, as the inviscid
flow is governed by the Euler equations with no unique solution, the fully developed Couette–Poiseuille
flow can be assumed to be everywhere the proper inviscid limit. Consequently, the core flow is,
not affected by the in the free-surface layer II to lowest order; this layer, however, induces perturbations
to the Couette–Poiseuille flow when higher-order terms are included, with some upstream influence.
This assumption is similar to the one made for channel and tube flows with mild [51] and severe [52]
constrictions, where the flow field in the core region, to leading order, satisfies the inviscid equations
of motion. The reader is again referred to the book by Sobey [39] for other asymptotic analyses on
interactive boundary layers.

The analysis of the flow in the core layer I is conducted separately upstream (x < 0) and downstream
(x > 0) of the exit. The flow is obtained as a perturbation to the Couette–Poiseuille flow by solving
Equation (4) subject to the far-upstream condition (11) and the matching condition with the free-surface
layer II as the vertical double-arrow between layers I and II indicates in Figure 1. The upstream
and downstream flows in layer I are matched at x = 0 as the horizontal double-arrow indicates.
Boundary-layer solutions are sought in layers II, III and IV near the free surface and the walls, but not
all layers admit a similarity solution. For the flow downstream of the exit, a similarity solution is
possible in the free-surface layer II.

This determines completely the flow in layers I and II. The details will be given in Sections 3 and 4.
We observe that no matching is required at x = 0 between the free-surface layer II and the slip layer III.
Consequently, the singularity is entirely circumvented in the solution process, which constitutes a major
advantage of the present approach. In Section 3, we also use a thin-film approach to analyze the flow
far downstream. This is an appropriate approach since the flow is completely of the boundary-layer
type at some distance downstream from the exit. In Section 5, we examine the flow near the stationary
wall or slip layer III. The flow in layer III is matched onto the flow in the core layer I for x < 0 as the
vertical double-arrow between layers I and III indicates. Finally, the flow in the slip layer IV near the
moving substrate is examined in Section 6. The non-similarity solution is obtained separately for x < 0
and x > 0, and matched at x = 0.

3. The Flow in the Free-Surface Layer II and the Coating Film Profile Near and Far from the Exit

In this section, we examine the flow structure in the free-surface layer II. As the layer grows with
downstream distance, it eventually invades the entire film region, at which point we adopt a thin-film
approach to capture the flow far from the die or blade exit. The flows near and far downstream from
the exit are matched to obtain the profile of the coating film everywhere downstream.

3.1. The Flow in the Free-Surface Layer Close to the Die or Blade Exit

In addition to the kinematic and dynamic conditions (5)–(7) at the free surface, the matching of the
flow at the edge of the free-surface layer and the core layer also provides conditions needed to solve
for the flow near the free surface as well as the core stream function and pressure terms. The matching
process is detailed in Appendix A. For a successful application of the matching rule (A1), it is required
that the stretching transformation must be expressed in the canonical form y = εη where y = z− ζ(x)
is the near boundary transverse coordinate in the free-surface layer II. Here, ε(Re) << 1 is the small
parameter in the problem or the aspect ratio as referred to by Weinstein and Ruschak [2], which will
be defined precisely shortly. The core expansion in this case, must be written in terms of y, not z;
otherwise (A1) will be satisfied only approximately.

To examine the free-surface layer structure, we let ε = Re−α, where α is to be determined.
Anticipating that the height ζ of the free surface is of the same order of magnitude as the boundary-layer
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thickness, one can write ζ(x) = εh(x), and henceforth work with h(x), with the matching indicating that
h(x) = O(1). The following change of coordinates is introduced, namely,

x = ξ, z = y + ζ(x) = ε(η+ h). (12)

The use of ξ instead of x helps emphasize the distinction between the core region where the (x, z)
variables are used, and the free-surface layer where the (ξ,η) variables are used, and makes clearer the
mathematical development in each region. The aim is to find a solution of the problem in the (ξ, η)
plane in the form of a boundary-layer expansion in ε. In order to match this to the core (predominantly)
CP flow, it is necessary to have ψ ∼

(
1−G

2

)
ε2η2 as η→∞ in layer II, to lowest order in ε. Therefore,

ψmust be of order ε2. In order to determine the value of α, the convective and viscous terms in the
transformed momentum Equation (4) must balance. This is achieved upon taking the value of α = 1/3
similar to the case of a Newtonian jet [31–33] as well as a non-Newtonian jet [37]. The streamwise and
transverse velocity components are now expressed in terms of the stream function as u = ψz = 1

εψη
and w = −ψx = −ψξ + h′ψη, respectively. Considering the fact that the streamwise velocity u in
layer II must match the velocity in the core layer I, that is u ∼ (1−G)εη as η→∞ , it is concluded
that u is of order ε. From continuity, w is of order ε2. Consequently, the momentum conservation
Equation (4) become

ψηψξη −ψξψηη = −ε2
(
pξ − h′pη

)

+ε2ψηηη + ε
4
(
ψξξη − 2h′ψξηη + h′2ψηηη − h′′ψηη

)
,

(13)

−ψηψξξ +ψξψξη + h′′ψ2
η +h′

(
ψηψξη −ψξψηη

)

= −pη − ε2
(
ψξηη − h′ψηηη

)
− ε4

(
∂
∂ξ − h′ ∂∂η

)3
ψ.

(14)

Similarly, the boundary conditions on the free surface, i.e., at η = 0, can be rewritten as

ψ = 0, (15)

h′p +ψηη + ε
2
(
h′′ψη + h′2ψηη

)
= −Ca−1ε4 h′h′′

1 + ε2h′2
, (16)

p + ε2
(
2ψξη − h′ψηη

)
+ ε4h′

(
2h′ψηξ + h′′ψη − h′2ψηη

)
= −Ca−1ε4 h′′

1 + ε2h′2
. (17)

The expansion for ψ in the free-surface layer II begins with a term in ε2, and precedes in powers
of ε as

ψ(ξ,η) = ε2Ψ2(ξ,η) + ε3Ψ3(ξ,η) + · · · . (18)

Similarly, h is expanded as

h(ξ) = ε−1ζ(ξ) = h0(ξ) + εh1(ξ) + · · · . (19)

From (18) and (19), it is concluded that the pressure p in the free-surface layer is of order ε4. Hence,

p(ξ,η) = ε4P4(ξ,η) + ε5P5(ξ,η) + · · · . (20)

This leaves the leading-order shear-stress term in Equation (16) to balance the surface tension
term, indicating that surface tension is of order ε

2

Ca = 1
CaRe2/3 . We shall see in Section 3.2 that for

a thin film at high Reynolds number, surface tension is of order 1
CaRe3 (refer also to Weinstein and

Ruschak [2]). Consequently, for coating flow, which behaves like a thin film far downstream of
the exit, surface tension becomes negligible when 1

CaRe3 <
1

CaRe2/3 << 1 or Ca >> 1
Re2/3 >

1
Re3 . So,

even for a relatively moderate Reynolds number, say Re = 64, Ca needs only be greater than 0.06 for
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surface tension to be negligible. In this work, we assume a moderate surface tension with Ca remaining
of order one.

Recalling that u = 1
εψη and w = −ψξ + h′ψη, then the velocity components take the following

for:
u(ξ,η) = εU1(ξ,η) + ε2U2(ξ,η) + · · · , (21)

w(ξ,η) = ε2W2(ξ,η) + ε3W3(ξ,η) + · · · (22)

In this case, U1 = Ψ2η, U2 = Ψ3η and W2 = −Ψ2ξ + h0
′Ψ2η, and so on.

We next consider the leading-order solution of problem (14) and (15). Thus, to leading order in ε,
Equation (13) reduce to:

Ψ2ηΨ2ξη −Ψ2ξΨ2ηη = Ψ2ηηη. (23)

The above problem is similar to the case of symmetric free jet [31–33] with different boundary
conditions. The conditions at the free surface are deduced from Equation (15) as

Ψ2(ξ, 0) = Ψ2ηη(ξ, 0) = 0. (24)

To complete the problem for Ψ2, another boundary condition is required, which is obtained by
matching the flow at the edge of the free-surface layer with the flow in the core layer downstream
of the channel exit. This is shown in Appendix A. To this order, there is no interaction between the
free-surface layer II and the flow in the core layer I, this latter still retaining the Couette-Poiseuille
profile. The resulting condition is conveniently written here:

Ψ2(ξ,η→∞) ∼
(1−G

2

)
η2. (25)

We observe that the growth of the free-surface layer II can be estimated by considering the
balance of the viscous and inertial terms in Equation (23) and using Equation (25), thus indicating that

η ∝ ξ
Ψ2
∼

(
2

1−G

)
ξ
η2 . This leads to y ∝

(
2

1−G

)1/3( x
Re

)1/3
or

δ ∝
( 2

1−G
x

Re

)1/3
, (26)

which suggests that the thickness of the free-surface layer for a coating film decreases like Re−1/3

with increasing Reynolds number. However, this also suggests that, for the same substrate speed
(same Reynolds number), the free-surface layer is expected to be thicker for slot coating (G > 0)
compared to blade coating (G < 0). As an interesting consequence, the surface layer grows faster for the
thinner film

(
Q < 1

2

)
in slot coating than for the thicker film

(
Q > 1

2

)
in blade coating. This fundamental

observation has an important practical significance in modelling coating film flow, which will be
discussed in Section 3.2 when the near exit flow is matched to the thin-film flow. Finally, as we shall
see, the boundary-layer growth is different along the stationary and moving walls.

We now turn to the solution of problem (23)–(25), which admits a similarity profile:
Ψ2(ξ,η) = ξ2/3f2(θ), where θ = ηξ−1/3 is the similarity variable. The problem for f2(θ) is given by

3f′′′2 + 2f2f′′2 − f′22 = 0, (27)

f2(0) = f′′2 (0) = 0, (28)

f2(θ→∞) ∼
(1−G

2

)
(θ+ c1)

2, (29)

where c1 = (1−G)−1/3d1 is a constant function of G to be determined numerically. Problem (27)–(29)
is solved as an initial-value problem using a fourth-order Runge–Kutta scheme (IMSL-DIVERK),
coupled with a shooting technique. Equation (27) is integrated subject to conditions (28) and a guessed
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value f′2(0) for the slope at the origin. The slope is adjusted until reasonable matching is achieved with
the asymptotic form (29) at large θ, or, more precisely, until f′′2 ∼ 1−G is reached. The value of c1 is then
determined upon matching the numerical solution and its asymptotic form. Matching the numerical
solution with its asymptotic behavior, we find d1 = 0.892. Moreover, the slope f′2(0) = (1−G)2/3e1

is related to the velocity at the film surface where we numerically find e1 = 1.611. We observe that
the numerical solution was carried out by scaling out the factor 1–G from the problem. The variables
were rescaled by letting f2(θ) = (1−G)1/3g2(t) and t = (1−G)1/3

θ. In this case, problem (27)–(29)

reduces to: 3g′′′2 + 2g2g′′2 − g′22 = 0, g2(0) = g′′2 (0) = 0, g2(t→∞) ∼ (t+d1)
2

2 . Pursuing the solution
and the matching process to next order, the governing equation for Ψ3(ξ,η) becomes

Ψ2ηΨ3ξη + Ψ3ηΨ2ξη −Ψ2ξΨ3ηη −Ψ3ξΨ2ηη = Ψ3ηηη, (30)

subject to the boundary conditions

Ψ3(ξ, 0) = Ψ3ηη(ξ, 0) = 0, (31)

Ψ3(ξ,η) ∼ G
3
η3 as η→∞. (32)

A similarity solution is also possible, namely Ψ3(ξ,η) = ξ f3(θ), resulting in the following problem
for f3(θ):

3f′′′3 + 2f2f′′3 − 3f′2f′3 + 3f′′2 f3 = 0, (33)

f3(0) = f′′3 (0) = 0, (34)

f3(θ→∞) ∼ G
3

[
(θ+ c1)

3 − 6
1−G

]
+ c2(θ+ c1). (35)

here c2 = G(1−G)−2/3d2, where the constant d2 = 1.654 is determined numerically. Here again,
the numerical solution is obtained for the rescaled equation and boundary conditions:

3g3
′′′ + 2g2g3

′′ − 3g2g3
′ + 3g2

′′g3 = 0, (36)

g3(0) = g3
′′ (0) = 0 , g3(t→∞) ∼ 1

3

[
(t + d1)

3 − 6
]
+ d2(t + d1). (37)

We find it is helpful to summarize in Table 1 the constants and numerical values that are used in
the numerical results.

Table 1. Constants arising in the solution of f2(θ) and f3(θ).

c1 = d1

(1 − G)1/3 c2 = G
(1 − G)2/3 d2 f′2(0) = (1−G)2/3e1 f′3(0) =

G
(1−G)2/3 e2

d1 = 0.892 d2 = 1.654 e1 = 1.611 e2 = 2.85

We recall that G is directly related to the flow rate (or coating thickness) through G = 3(1− 2Q).
The height of the free surface is then obtained to the current order by substituting (A11) and (A18) into
Equation (19), yielding

ζ(x) = εc1x1/3 + ε2 c2

1−G
x2/3 = c1

( x
Re

)1/3
+

c2

1−G

( x
Re

)2/3
. (38)

This expression reveals clearly the intricate interplay between inertia and flow rate (coating
thickness). In particular, the free-surface height ζ(x) or the thickness χ(x) ≡ 1− ζ(x) can exhibit an
extremum depending on the value and signs of the constants involved. An important observation to
make here is the absence of surface-tension effect on the film profile given by Equation (38). This is
not surprising since Ca = O(1), which is relatively large. In this range of capillary number, the film
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thickness remains essentially independent of surface tension as this has been clearly demonstrated
experimentally. The reader is referred, among others, to Lee et al. [6] and Becker and Wang [7] where
film thickness measurements were reported for slot coating. In their numerical simulation.

Saito and Scriven [15] examined the influence of flow parameters, such as the flow rate, the capillary
number and the Reynolds number, on the shape of the meniscus in slot coating. They observed
that the effect of inertia was the least evident to interpret given the non-monotonic response in the
meniscus profiles as they varied the Reynolds number. A similar non-monotonic response was also
reported more recently by Carvalho and Kheshgi [9] who plotted the numerically found film profiles
for different capillary numbers for constant Re/Ca ratio. Incidentally, this ratio is the Ohnesorge number
Oh−2 ≡ Re

Ca [53], and not the “Property” number as sometime referred to in the coating literature.
The non-monotonic response becomes particularly clear when the separation angle and the radius
of curvature near the contact line are plotted against Re, displaying a maximum and a minimum,
respectively, which is illustrated in Saito and Scriven [15].

At the free surface (z = ζ), the velocity becomes

u(x, z = ζ) = εx1/3f′2(0) + ε
2x2/3f′3(0) =

( x
Re

)1/3
f′2(0) +

( x
Re

)2/3
f′3(0). (39)

We note that f′3(0) = G(1−G)−2/3e2 where e2 = 2.85. Both the initial slope f′3(0) and c2 increase
with positive G values, reflecting a higher order strengthening effect of the adverse pressure gradient
on the flow near the free surface. In contrast, the trend is reversed for negative G, pointing to a higher
order weakening effect of the favorable pressure gradient on the flow close to the free surface.

It is interesting to observe that both the free-surface height (or film thickness) and the velocity
depend on x

Re rather than x. This is also the case for the pressure along the free surface of the
meniscus, which is determined by inserting Equations (18)–(20) into condition (17). To the current
order, the pressure may be written as

Re2p(ξ, 0) = −2
3

[( x
Re

)−2/3
f′2(0) + 2

( x
Re

)−1/3
f′3(0)

]
+

2
9

We−1
(
c1

( x
Re

)−5/3
+

c2

1−G

( x
Re

)−4/3
)
. (40)

Here We = Ca/Re is the Weber number. Thus, near the exit, the pressure behaves like x−2/3 in
the absence of surface tension, which is different from the x−1/2 behavior reported by Aidun [14].
Moreover, the strength of the pressure singularity depends intricately on inertia, surface tension and
the flow rate (or upstream pressure gradient). In the absence of surface tension, the singularity weakens
with inertia and the flow rate for both slot and blade coating. As mentioned earlier. Chang et al. [8]
observed that viscous and surface-tension effects become negligible for Re > 20. One expects the
pressure to be vanishingly small along the free surface. In this case, Equation (40) gives an estimate of
pressure on the order of Re−4/3.

Although surface tension can play a significant role, not only by becoming dominant near the exit,
but also by altering the force behavior as we shall see when we discuss the normal stress distribution
shortly. For now, we consider the effects of inertia and flow rate on the film height, the velocity and the
pressure along the film surface.

Figure 2 depicts the dependence of the film height (Figure 2a), the velocity (Figure 2b) and the
pressure (Figure 2c) along the free surface, on the flow rate (or pressure gradient) and inertia. It is
evident from the figure that as the dimensionless flow rate Q increases, the film height in Figure 2a
drops as expected, signalling a thicker film and a longer relaxation distance. This behavior agrees
well with existing numerical predictions as confirmed by comparing with Saito and Scriven [15] and
Carvalho and Kheshgi [9]. Very close to the exit, the film height (Figure 2a), the velocity (Figure 2b)
as well as the pressure (Figure 2c) increase sharply and monotonically with distance, for any flow
rate, indicating a strong contraction. This behavior is the result of the dominance of the x1/3 term in
Equations (38) and (39) near the origin. Although the height and the streamwise velocity components
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are continuous at the exit (as they remain equal to zero immediately before x = 0), the flow behavior
is intrinsically singular through the surface slope, transverse velocity and stress components, and is
well illustrated in the pressure behavior near x = 0 (Figure 2c). We observe from Figure 2a that the
separation angle is consistently 90 degrees for the order of capillary and Reynolds numbers considered
here. The separation angle is the angle between the normal to the stationary slot or blade wall and the
normal to the surface at the contact line (x = z = 0). Further downstream, only the film at low flow
rate, typically depicting the behavior of a film in slot coating, continues to grow, resulting in a smaller
coating thickness. While the film height grows monotonically with distance for a drag film (Q = 0.5),
the free-surface height and velocity for blade coating (Q > 0.5) exhibit a maximum before decaying,
indicating a local expansion. However, the presence of the maximum should be interpreted with
some caution. The non-monotonic behavior suggests a relatively strong influence of the higher-order
x2/3 term, which should not dominate the leading-order x1/3 term if the expansions (38) and (39) are
to remain uniformly valid. However, this does not seem to be the case for the range of flow rates
reported in Figure 2. The expansion displayed for the thicker film in blade coating (Q > 0.5) appears
to be physically real as can be established from the numerical values of the various terms. However,
the validity of (38) and (39) also depends on the thickness of the free-surface layer II (boundary layer
along the free surface), which is assumed to be small compared to the free-surface height. The curves

in Figure 2a are based on the near-exit solution (38). The error is O
(

x
Re

)2/3
, except for the Q = 0.5

(G = 0), which is O
(

x
Re

)1/3
since c2(G = 0) = 0 as per Table 1. Despite the relatively large error, the case

Q = 0.5 is included to illustrate the trend as Q increases. The more accurate prediction is given in
Section 3.2 when the far field is examined. The pressure profiles in Figure 2c are essentially monotonic;
the pressure increases and decays asymptotically to zero. A slight overshoot ahead of the decay is
observed for the thicker coating films. Despite the clear dependence of the elongation rate, the second
term on the left of (17) that yields the wild non-monotonic dynamics in Figure 2b, the monotonicity
of the pressure is mainly caused by surface tension. Although this behavior is reported for We = 1,
the same trend is predicted essentially for any moderate level of surface tension. This behavior sharply
contrasts that of the normal stress, which depends strongly on surface tension as we shall now see.
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Figure 2. Meniscus profiles (a), corresponding streamwise velocity (b) and pressure (c) along the free
surface for various coating thickness or flow rates for We = 1. The drag-out case (Q = 0.5) is also
included for reference.

The influence of flow rate and surface tension on the (negative) primary normal stress difference
τtt − τnn (Hoop stress) along the free surface is displayed in Figure 3 for Re = 10. Both the cases of slot
coating (Q < 0.5) and blade coating (Q > 0.5) are illustrated in the presence (Figure 3a) and the absence
(Figure 3b) of surface tension. Intricate non-monotonic behavior can be expected for blade coating,
resulting from the dynamics already observed in Figure 2a,b, thus allowing the possibility of extrema,
and the waviness displayed in the free surface and velocity profiles. Indeed, Figure 3a shows that
the normal stress exhibits a relatively strong localized maximum followed by an asymptotic decay
towards zero further downstream. This behavior is reminiscent of that reported by Bajaj et al. [19]
for viscoelastic creeping flow. They examined numerically the influence of Weissenberg number and
viscosity ratio on the normal stress along the free surface for dilute polymer solutions. Their figures
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also show a local maximum for τtt − τnn close to the die exit followed by a decay similar to Figure 3a.
A major difference, however, is worth noting here: the plots of Bajaj et al. [19] do not clearly display
the singularity at the origin. They do assess, on the other hand, the existence and strength of the
singularity by examining the behavior of the rate-of-strain components. As to the crucial role of surface
tension, especially near the exit, it is demonstrated in Figure 3b, where the Hoop stress is plotted in
the absence of surface tension. Comparison between Figure 3a,b clearly indicates that the dynamics
exhibited in the stress near the origin in Figure 3a are caused by surface tension. Figure 3b shows that
the Hoop stress increases essentially monotonically, exhibiting a very weak overshoot for the thicker
coating film before decaying to zero.

Fluids 2020, 5, x 17 of 51 

Weissenberg number and viscosity ratio on the normal stress along the free surface for dilute polymer 
solutions. Their figures also show a local maximum for tt nn   close to the die exit followed by a 
decay similar to Figure 3a. A major difference, however, is worth noting here: the plots of Bajaj et al. 
[19] do not clearly display the singularity at the origin. They do assess, on the other hand, the 
existence and strength of the singularity by examining the behavior of the rate-of-strain components. 
As to the crucial role of surface tension, especially near the exit, it is demonstrated in Figure 3b, where 
the Hoop stress is plotted in the absence of surface tension. Comparison between Figure 3a,b clearly 
indicates that the dynamics exhibited in the stress near the origin in Figure 3a are caused by surface 
tension. Figure 3b shows that the Hoop stress increases essentially monotonically, exhibiting a very 
weak overshoot for the thicker coating film before decaying to zero. 

 
Figure 3. Influence of flow rate on the normal-stress difference along the film surface as function of
distance at Re = 10, and (a) We = 5 and (b) in the absence of surface tension.

129



Fluids 2020, 5, 180

Figure 4 displays the variation with the inclination angle for Re =10 and We = 0.1 of the free-surface
curvature (Figure 4a) and pressure along the free surface (Figure 4b). The abscissa is the angle of
inclination of the normal to the free surface from the z direction, as depicted in the inset of Figure 4b.
We see that the curvature rises with increasing flow rate. This is expected as the meniscus in slot
coating contracts more than in blade coating. The results in Figure 4 are overall qualitatively similar to
the numerical results of Saito and Scriven [15] and Lee et al. [21], when compared to their figures for the
slot coating flow. The agreement is particularly obvious when comparison is made with the high Ca
curves of Saito and Scriven [15]. Similar to their curve for Ca = 2, we also find that the surface curvature
exhibits a change in concavity at low inclination angle for any flow rate. At low capillary number,
Saito and Scriven [15] as well as Lee et al. [21] predict a linear growth, which remains monotonic
for very low capillary number. Saito and Scriven observed that a large portion of the curvature is
constant when the capillary number is very small; but the curvature varies more and more rapidly,
displaying a maximum, as Ca increases, a behavior that is also reflected in the rapid variation and the
maxima we see in Figure 4a, especially for blade coating (Q > 0.4). Simultaneously, the pressure in
Figure 4b displays a similar linear growth for small inclination angle as in the earlier numerical studies,
but tends to increase sharply for larger angles as the singularity is approached near φ = 90 degrees.
This behavior is also captured by Lee et al. [21].

The similarity between our high-Re results and the high-Ca results at Re = 0 of Saito and
Scriven [15] highlights the crucial role of surface tension. In this regard, it is helpful to examine the
current predictions for the curvature relative to a flow with higher surface tension. For Ca < 1, the shape
of the meniscus near the separation line has often been approximated as a static meniscus, which was
deduced by Ruschack (1976) using a quasi-static approach where the shape of the meniscus is the
arc of a circle of constant curvature as predicted by Landau and Levich (1942). The theory imposes
an upper bound on the meniscus curvature as it cannot exceed 2

1−Q (when using our dimensionless
notations). Based on the results in Figure 4a, this criterion appears to be plausible at best for the lowest
flow rate considered here (Q = 0.4). This observation corroborates well that of Saito and Scriven [15]
who found that the quasi-static assumption is valid only for large surface tension, which is not the
case here. The convective (dynamic) effects are simply too dominant for Ruschak’s approximate to
approximation hold.

3.2. The Coating Profile near and Far from the Exit

In order to capture the coating profile at any location downstream of the exit, we exploit the flow
structure as the free-surface layer II grows and invades the entire film region, at a critical location x = xc.
Downstream of this location, the flow becomes of the boundary-layer or thin-film type. We exploit this
simplification and formulate the flow using a thin-film approach, and match it at x = xc with the flow
obtained earlier near the exit. Far from the exit for x > xc, the conservation equations, adherence and
no-penetration conditions at the moving substrate z = 1, and the kinematic and dynamic conditions at
the free surface z = ζ(x) reduce to

ux + wz = 0, Re(uux + wuz) = −Repx + uzz, pz = 0, (41)

u(x, z = 1) = 1, w(x, z = 1) = 0, (42)

w(x, ζ) = u(x, ζ)ζ′(x), (43)

uz(x, ζ) = 0 p(x, ζ) =
ζ′(x)
ReCa

. (44)
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We proceed by using a Karman–Pohlhausen approach, and integrate the momentum equation

across the film, using condition (43) and noting that px(x) =
ζ′′ (x)
ReCa , to obtain

d
dx

1∫

ζ

u2dz = −ζ
′′ (1− ζ)
ReCa

+ Re−1uz(x, z = 1). (45)
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Different levels of accuracy have been adopted in the literature for the velocity profile across
the film in the presence of inertia, ranging from the simplest parabolic, cubic and quartic profiles [2]
to spectral expansions [54,55]. Another alternative would be the use of the asymptotic approach of
Higgins and Scriven [40] for visco-capillary flow, which is based on a small departure from the plug
flow that prevails far downstream. For our purpose here, we adopt the parabolic profile, which is
the simplest and most commonly used, to obtain the following velocity distribution in terms of the
thickness χ(x) ≡ 1− ζ(x) as

u(x, z) = −3
2
χ∞ − χ(x)
χ3(x)

[
(1− z)2 − 2χ(x)(1− z)

]
+ 1, (46)

where χ∞ = χ(x→∞) = Q is the coating film thickness far downstream. The velocity along the free
surface is then u(x, z = ζ) = 1

2

(
3χ∞χ − 1

)
. Substituting (45) into Equation (46) leads to the following

equation for the thickness of the coating meniscus:

5
ReCa

χ3 d2χ

dx2 −
(
χ2 − 6χ2∞

)dχ
dx

+
15
Re

(χ− χ∞) = 0. (47)

This equation requires two boundary conditions, which can be imposed as initial conditions at the
location x = xc, where the near-exit profile given by (38) matches the far-exit profile dictated by (47).
For this, we choose to match the surface height and its slope. This leaves xc as unknown, which we
determine by matching the concavity. In the absence of surface tension, only the height and slope need
to be matched. In this case, (47) admits an analytical solution:

χ2 − χ2
c + 2χ∞(χ− χc) − 10χ2∞ ln

(
χ− χ∞
χc − χ∞

)
=

30
Re

(x− xc), (48)

where χc ≡ χ(x = xc) is the thickness at xc. In this case, upon matching the thickness and the slope,
xc and χc are determined by solving the following two equations:

χc = 1− c1

( xc

Re

)1/3
− c2

(1−G)

( xc

Re

)2/3
, (49)

45
χc − χ∞
χ2

c − 6χ2∞
+ c1

( xc

Re

)−2/3
+ 2

c2

(1−G)

( xc

Re

)−1/3
= 0. (50)

It is not difficult to deduce that the matching location turns out to be simply proportional to Re,
whereas the corresponding thickness is independent of Re. Both quantities are of course functions of
the flow rate (minimum coating thickness).

Figure 5 depicts the composite thickness (Figure 5a) and the free-surface height (Figure 5b) profiles
with downstream position for a typical minimum blade coating thickness range (0.5 ≤ Q = χ∞ ≤ 0.9)
in the absence of surface tension. Figure 5a depicts the typical monotonic decrease in thickness with
distance. The profiles appear to saturate as Q approaches one. The matching location (see Table 2)
xc for each profile coincides with the intersection of the free-surface layer with z = 1, which suggests
that matching occurs further downstream for a thicker film, which is reflected in Figure 5b where the
free-surface (boundary) layer is plotted along with the surface height. Again, the matching location
coincides with the free-surface layer II reaching the moving substrate (z = 1). We observe that G drops
from 0 to −2.4 when Q increases from 0.5 to 0.9, indicating that a drop in pressure in the blade region
yields a thicker coating film and thinner free-surface layer. The thinning of the free-surface layer with
(negatively) increasing pressure gradient is expected as the favorable pressure difference effectively
contributes additional flow inertia in blade coating, as illustrated by Iliopoulos and Scriven [17].
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Table 2. Influence of flow rate on matching location and corresponding film thickness between the
flow near the exit and the flow far from the exit.

xc/Re χc χ∞=Q G

0.0173 0.7690 0.5 0

0.0206 0.825 0.6 −0.6

0.0442 0.824 0.7 −1.2

0.1539 0.814 0.8 −1.8

0.5824 0.865 0.9 −2.4
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An estimate of the error resulting from the use of the parabolic profile can be obtained by examining
the shear stress at the moving substrate. The shear stress along the wall far downstream is generally
deduced from

τxz(x ≥ xc, z = 1) = 3
χ(x) − χ∞
χ2(x)

. (51)

We consider the case of drag flow, in the absence of pressure gradient. In this case,

τxz(x, z = 1) = 3
2

2χ(x)−1
χ2(x) . Matching the shear stress yields the following equation for the film thickness

at x = xc: 2χ2
c − 6χc + 3 = 0, leading to the only admissible root: χc =

3−√3
2 = 0.634, which is close to

0.769 (from Table 2) but not exactly the same as a result of the parabolic approximation (46), suggesting
an error of 20%. Consequently, the thin-film Equation (47) is based on a crude approximation of the
parabolic velocity profile (see discussion by Weinstein and Ruschak [2]). Higher-order polynomials or
spectral representation may be used for a more accurate description [54,55]. Our aim here, however, is to
demonstrate how the current asymptotic theory, which is valid upstream of the exit and downstream
close the exit, can be matched at some location with the thin-film flow to provide a formulation to
predict the flow anywhere. A more thorough approach involves adopting the asymptotic flow as
initial condition for a computational (finite-element) implementation, thus avoiding having to deal
numerically with the singularity at the exit.

4. The Flow in the Core Layer I

The flow in the core layer (region I in Figure 1) remains predominantly of inviscid rotational
character. For this reason, the flow retains predominantly the CP profile since there is little viscous
mechanism for it to develop as it approaches the exit and moves beyond the exit. The core layer is
central in the current formulation as it is matched at the edge of each of the three boundary layers:
the free-surface layer (region II), the stationary wall layer near a slot die or blade (region III), and the
moving-wall layer near the substrate or web (region IV). Since the treatment is similar to earlier
studies on the symmetric jet, only a summary of the formulation is outlined here. In fact, the present
core formulation reduces to that of Tillett [31] by setting G = −1. The formulation of Khayat [37]
is also recovered in the limit of a Newtonian fluid. Since the core flow does not satisfy adherence,
the core formulations for the current wall jet and the symmetric jet are not affected by the nature of the
boundary at z = 1, irrespective of whether it is a solid line (for the wall jet) or a symmetry line (for the
symmetric jet).

The core layer is divided into two different regions: upstream (x < 0) and downstream (x > 0)
of the exit at x = 0. The solution of problems (4) is sought in each region separately. As in the
case of the symmetric free jet [31,37], we determine ψ and p by considering a correction to the base
Couette-Poiseuille flow resulting from its interaction with the free-surface layer (II). In this case,
the dominant corrections for both the stream function and the pressure turn out to be of O

(
Re−1

)
so that

ψ(x, z) = ψ0(x, z) + Re−1ψ(x, z), p(x, z) = Re−1p(x, z). (52)

Here, we recall that ψ0 =
(

1−G
2

)
z2 + G

3 z3 is the Couette-Poiseuille stream function given in (1).

In this case, ψ(x, z) represents the deviation from the base flow due to its interaction between the core
and free-surface layer. The character of the base flow is similar to the laminar flow of a free jet [31]
and channel or tube flow with constriction [51,52,56] at high Reynolds number. In such cases, as well,
the fully developed (Poiseuille) profile is the flow to leading order. When examining the flow with
severe constriction, Smith [56] expanded (1) as in (52) above. Although Smith’s leading order terms in
(1) still satisfy the inviscid equations of motion, they do not exactly correspond to fully developed flow
as in (52). Smith adopted the free-streamline theory, and obtained the proper inviscid limiting form of
the Navier–Stokes equations [56].
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We observe that, given the ellipticity of the governing equations in the streamwise direction,
the departure from the Couette–Poiseuille profile extends upstream to include the region x < 0,
causing the upstream influence. Substituting (52) into (4) leads to

u0ψxz − u0zψx = −px + 2G, u0ψxx = pz. (53)

Upon eliminating the pressure and noting that w = −ψx, one deduces the following problem for
w(x, z) over the ranges −∞ < x < ∞ and 0 ≤ z ≤ 1:

wxx + wzz −
u′′0
u0

w = 0, (54)

w(x→ −∞, z) ∼ 0, (55)

w(x < 0, z = 0) = w(−∞ < x < ∞, z = 1) = 0, (56)

w(x > 0, z→ 0) ∼ 2G
1−G

. (57)

In addition, w must remain bounded as |x| → ∞ . Condition (57) is deduced from (A22), which is
obtained from the matching between the core and the free-surface layers. The solution of problem
(54)–(57) will now be examined separately for x < 0 and x > 0.

For x < 0, it is not difficult to see that problem (54)–(57) admits a general solution of the following
form [31,37]:

w(x < 0, z) = −
∞∑

n=1

AneβnxVn(z). (58)

Here, Vn(z) and βn are orthogonal shape functions and corresponding eigenvalue governed by:

V′′n +


β2

n −
u′′0
u0


Vn = 0. (59)

Vn(0) = 0, (60)

Vn(1) = 0. (61)

The solution of (59)–(61) is obtained numerically subject to the additional normalization condition
V′n(0) = 1. Figure 6 depicts the profiles of the shape functions for the first five modes for Q
= 0.35. We observe that βn increases with n (see Appendix B). For large n, problem (59)–(61)
tends to a Sturm-Liouville problem with eigenvalues βn ∼ nπ and trigonometric shape functions

Vn(z) ∼ sin(nπz)
nπ . The profiles in Figure 6 clearly acquire the trigonometric character for larger n values.

The profiles for other Q values present the same trend.
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The stream function, velocity components and pressure to O
(
Re−1

)
are then given by

ψ(x < 0, z) = (1−G)
z2

2
+ G

z3

3
+ Re−1

∞∑

n=1

An

βn
eβnxVn(z), (62)

u(x < 0, z) = (1−G)z + Gz2 + Re−1
∞∑

n=1

An

βn
eβnxV′n(z), (63)

w(x < 0, z) = −Re−1
∞∑

n=1

AneβnxVn(z), (64)

p(x ≤ 0, z) = Re−1


2Gx−

∞∑

n=1

An

βn
eβnx

([
(1−G)z + Gz2

]
V′n − [(1−G) + 2Gz]Vn

). (65)

We observe that the pressure at the stationary die or blade (z = 0) is simply Rep(x ≤ 0, z = 0) = 2Gx,
corresponding to fully-developed flow. Additional correction is determined when we examine
the boundary layer near the stationary wall in Section 5. In this regard, we emphasize that the
solution in the core layer is predominantly inviscid rotational. Consequently, the flow field given
by (62)–(65) is not expected to satisfy adherence at the moving substrate (z = 1) and the stationary
slot or blade wall (z = 0). This becomes particularly evident when examining the velocity at the

walls: u(x < 0, z = 0) = Re−1
∞∑

n=1

An
βn

eβnx , 0 and u(x < 0, z = 1) = 1 + Re−1
∞∑

n=1

An
βn

eβnxV′n(z = 1) , 1.

This signals the presence of the slip layers III and IV in Figure 1, which will be dealt with in
Sections 5 and 6, respectively.

The coefficients An are determined by matching the inside and outside flows at the exit, x = 0,
and will therefore be determined after the outside flow is examined next. Thus, for x > 0, the solution
of problem (54)–(57) takes the following form:
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w(x > 0, z) = 2
G

1−G
V0(z) +

∞∑

n=1

Ane−βnxVn(z). (66)

The additional term V0(z) contributes to the matching of the core flow with the flow in the
free-surface layer. It satisfies the following equation and boundary conditions:

V′′0 −
u′′0
u0

V0 = 0, V0(0) = 1, V0(1) = 0, (67)

which admits an analytical solution:

V0(z) = 2kz(1 + kz) ln
∣∣∣∣∣

z
1 + kz

∣∣∣∣∣+ 1 + 2kz + z(1 + kz)
[
2k ln|1 + k| − 1 + 2k

1 + k

]
, (68)

where k = G
1−G . It is useful to examine the first contribution in (66) as it is the term that survives with

increasing downstream distance. The profiles of G
1−G V0(z) are shown in Figure 7 for 0.4 ≤ Q ≤ 0.8.

A couple of interesting distinctions can be made between slot coating (Q ≤ 0.5) and blade coating
(Q ≥ 0.5). For slot coating, G

1−G V0(z) decreases monotonically with z and remains positive. In contrast,
it exhibits a minimum and remains negative for blade coating. This behavior suggests that the vertical
flow is predominantly towards the moving substrate in slot coating, and away from it in blade coating.
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As mentioned above, the coefficients An are found by matching the flow at the exit. For this
purpose, equating the expressions (58) and (66) at x = 0 yields

V0(z) = −1−G
G

∞∑

n=1

AnVn(z), (69)

137



Fluids 2020, 5, 180

which is a spectral representation of V0(z) in terms of the orthogonal shape functions Vn(z).
Upon projecting and noting that 〈VnV0〉 = 1

β2
n

, where the brackets < > denote integration over
the interval 0 ≤ z ≤ 1, we have

An = −
( G

1−G

) 〈VnV0〉〈
V2

n

〉 = −
( G

1−G

) 1

β2
n

〈
V2

n

〉 . (70)

A useful relation is obtained by first noting from (68) that V′0(1) = −(1−G). Consequently,
upon differentiating (69) and evaluating it at z = 1, we have

∞∑

n=1

AnV′n(1) = G. (71)

Finally, the flow field downstream of the die or blade exit become

ψ(x > 0, z) = (1−G)z2 + G
z3

3
+ Re−1


−2

G
1−G

xV0(z) +
∞∑

n=1

An

βn
e−βnxVn(z)


, (72)

u(x > 0, z) = (1−G)z + Gz2 + Re−1


−2

G
1−G

xV′0(z) +
∞∑

n=1

An

βn
e−βnxV′n(z)


, (73)

w(x > 0, z) = Re−1


2

G
1−G

V0(z) +
∞∑

n=1

Ane−βnxVn(z)


, (74)

p(x ≥ 0, z) = −Re−1
∞∑

n=1

An

βn
e−βnx

([
(1−G)z + Gz2

]
V′n − [(1−G) + 2Gz]Vn

)
. (75)

Here again, we see that the core solution does not ensure adherence at the moving
substrate. This is clearly reflected in the value of the streamwise velocity at the moving substrate:

u(x > 0, z = 1) = 1 + Re−1
[
2Gx +

∞∑
n=1

An
βn

e−βnxV′n(1)
]
, 1, indicating the existence of a slip layer near

the substrate, which will be discussed in Section 6. Interestingly, we can further see that the streamwise

elongation rate component is also not zero since ux(x > 0, z = 1) = Re−1
[
2G−

∞∑
n=1

Ane−βnxV′n(1)
]
, 0.

In particular, using (71), we see that the exit ux(x = 0, z = 1) = GRe−1. These expressions will help
estimate the thickness of the slip layer IV (see Section 6).

Unlike the velocity, expressions (65) and (75) for the core pressure turn out to be valid everywhere:
in the core layer as well as at the stationary and the moving walls and near the free surface. The uniform
validity of the pressure can be shown by determining the composite solution across the film [31,37].
Physically, the reason for the validity of the core pressure in the boundary layers is the result of the
hydrostatic nature of the pressure in each layer and its invariability across each layer. Interestingly,
while the core pressure given by (65) and (75) yields a correction to the Poiseuille level at any location,
this correction is not felt at the stationary slot or blade wall to the current order. In fact, setting z = 0 in
(65) and recalling that Vn(0) = 0 from (60), we obtain the linear behavior: p(x ≤ 0, z = 0) = 2Re−1Gx.
The departure from the Poiseuille level will be established once we examine the pressure in the slip
layer III near the stationary wall in the next Section 5. In contrast, the departure becomes increasingly
evident for z > 0 as one approaches the moving substrate for a given x position. Indeed, evaluating the
pressure at the moving substrate (75) gives

Rep(x ≤ 0, z = 1) = 2Gx−
∞∑

n=1

An

βn
eβnxV′n(1), (76)
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Rep(x ≥ 0, z = 1) = −
∞∑

n=1

An

βn
e−βnxV′n(1). (77)

These expressions clearly signal the departure from the Poiseuille level. Figure 8 displays the
pressure distribution along the moving substrate, typically illustrating the case for slot (Figure 8a)
and blade (Figure 8b) coating. For each flow rate, the figure shows the linear behavior of the pressure
starting far upstream, dictated by the 2Gx term in (76). Upon approaching the exit, the pressure
experiences an exponential deviation, which is sustained beyond the exit as the pressure continues to
decay and relaxes eventually to zero. The rate of relaxation is slower for a thinner film in slot coating
and a thicker film in blade coating. A similar behavior is also predicted for the pressure distribution
along the centerline of a symmetric planar jet as shown by Khayat [37] for the Newtonian limit (n = 1).
Incidentally, the pressure continues to decrease for a shear-thinning fluid.

The departure from the Poiseuille level may be estimated by examining the pressure at the

exit from (76)–(77), namely Rep(x = 0, z = 1) = −
∞∑

n=1

An
βn

V′n(1). This expression, however, is not

particularly illuminating as the dependence on the flow rate is only implicit through the value of An

and βn, as well as V′n(1), as indicated in the table in Appendix B. In contrast, the influence of Q on the
departure in the pressure gradient at the exit can be determined explicitly. Indeed, since the pressure
gradient must match at the exit, then upon equating px(x = 0, z = 1) from (76) and (77), we find that

Repx(x = 0, z = 1) =
∞∑

n=1

AnV′n(1) = G = 3(1− 2Q), (78)

which explicitly reflects the dependence of the departure from the constant upstream slope
2G = 6(1− 2Q). Thus, the pressure gradient along the moving substrate evolves from 2G = 6(1− 2Q)

far upstream and reduces to G = 3(1− 2Q) at the exit, which is also reflected Figure 8. Only the drag
flow does not experience any change in the (zero) magnitude of the pressure gradient. Incidentally,
(78) shows that (71) is equivalent to matching the pressure gradient at x = 0.

Interestingly, while the core pressure near the moving substrate exhibits a departure from the
Poiseuille level, it retains the same behavior near the stationary die or blade. Another interesting
observation worth making is the absence of transverse pressure gradient near both the stationary and
moving walls. This is easily confirmed by showing from (65) and (75) that pz(x, z) vanishes at z = 0 an
z = 1. The absence of a transverse pressure gradient suggests, in turn, the existence of a boundary or
slip layer near each wall. The flow structure in each slip layer is examined in the next two sections.

5. The Flow Near the Stationary Slot and Blade Walls (Slip Layer III)

The flow structure in the boundary or slip layer III near the die or blade wall, the lower-wall
layer, is examined in this section. In this layer, similar to the free-surface layer I, the transverse
coordinate near the boundary will be taken as y = z = εη, where ε is the same small parameter used
before. To examine the structure of layer III upstream of the channel exit, the near-wall coordinates
are introduced as x = ξ and z = εη. Similar to the free-surface layer, matching with the core flow

upstream of the channel exit shows that ψ ∼ (1−G)
y2

2 = (1−G)ε
2η2

2 as η→∞ . Therefore, ψmust
be of O

(
ε2

)
close to the lower wall. In this case, the transformed Equation (4), along with conditions

(10) and (11) become (dropping the overbar):

ψηψξη −ψξψηη = −ε2pξ + ε
2ψηηη + ε

4ψξξη,

ψηψξξ −ψξψξη = pη + ε
2ψξηη + ε

4ψξξξ,

ψ(ξ,η = 0) = ψη(ξ,η = 0) = 0,

ψ(ξ→ −∞,η) ∼ (1−G)ε
2η2

2 + Gε
3η3

3 .

(79)
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Figure 8. Influence of the flow rate on the pressure distribution along the moving substrate for (a)
Q ≤ 0.5 and (b) Q ≥ 0.5. Drag flow corresponds to Q = 0.5.

The streamwise and transverse velocity components become u = 1
εψη and w = −ψξ, respectively.

Noting from the expressions (79) that p is of order ε2, the flow field expansion reads

ψ(ξ,η) = ε2Ψ2(ξ,η) + ε3Ψ3(ξ,η) + · · · , (80)

p(ξ,η) = ε2P2(ξ,η) + ε3P3(ξ,η) + · · · . (81)
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On inserting (80) and (81) in (79), we obtain a hierarchy of problems to different orders, each problem
requiring only one boundary condition in the x direction. The problem is therefore well posed by
imposing the far-upstream flow as condition. Consequently, the matching of the upstream flow with
the flow in the free-surface layer II at the channel exit (x = 0) is not necessary. Moreover, the rescaling
in the streamwise direction is not required unless one wants to capture the flow structure very close to
the exit, and the distance x is assumed to remain at least of O(1). In contrast to the flow in a constricted
(dilated) channel [51], where the streamwise direction x is rescaled in terms of the inverse power of the
indentation slope (and the Reynolds number), the flow is not captured very close to the origin in the
present formulation.

We determine the additional boundary conditions to solve the problem (79) by matching between
the lower-wall and the core layers. Proceeding as in Section 2 and Appendix A, we find that

Ψ2 ∼ (1−G)η
2

2 and Ψ3 ∼ Gη
3

3 for large η. It is not difficult to show that the solution is trivial in both
cases. Thus,

Ψ2(ξ,η) = (1−G)
η2

2
, P2(ξ,η) = 0, (82)

Ψ3(ξ,η) = G
η3

3
,P3(ξ,η) = 2Gξ. (83)

Thus, up to O
(
ε3 = Re−1

)
, the flow retains its Couette–Poiseuille character near the stationary die

or blade wall. The correction is established when considering the next order. The equations for Ψ4 and
P4 are

Ψ2ηΨ4ξη −Ψ4ξΨ2ηη = −P4ξ + Ψ4ηηη, P4η = 0. (84)

Matching with the core flow by equating E3H4ψ = H4E3ψ yields the desired matching
condition Ψ4(ξ,η→∞) ∼ ηψ3z(x, z = 0) where, upon recalling that V′n(z = 0) = 1, we obtain

ψ3z(ξ, z = 0) =
∞∑

n=1

An
βn

eβnξ from (62). By using (82) and eliminating the pressure from (84), the problem

for Ψ4(ξ,η) becomes,

(1−G)ηΨ4ξηη = Ψ4ηηηη,

Ψ4(ξ,η = 0) = Ψ4η(ξ,η = 0) = 0, Ψ4(ξ→ −∞,η) ∼ 0,

Ψ4(ξ,η→∞) ∼ η
∞∑

n=1

An
βn

eβnξ.

(85)

The solution of problem (85) is not trivial, signaling the departure from the C-P flow. We seek a

similarity solution of the form Ψ4(ξ,η) =
∞∑

n=1

An
βn

eβnξFn(η), where the functions Fn(η) are governed by

F
′′′′
n = (1−G)ηβnF′′n ,

Fn(0) = F′n(0) = 0, F′n(∞) ∼ 1, F′′n (∞) ∼ 0.
(86)

Although an analytical solution is possible in terms of Airy functions, problem (86) can be
more conveniently solved numerically. The problem is further simplified by eliminating the
explicit dependence on G and βn by introducing the transformation η→ (1−G)1/3

β1/3
n η and

Fn → (1−G)1/3
β1/3

n Fn .
Figure 9 illustrates the profiles of Fn and its derivatives plotted against η, reflecting a

monotonic behavior of Fn(η) and its derivatives. Of particular physical significance are the values
F′′n (η = 0) = c3(1−G)1/3

β1/3
n and F′′′n (η = 0) = c4(1−G)2/3

β2/3
n , which, as we shall see, are directly

related to the shear stress at the wall and pressure, respectively. Here c3 = 1.0651 and c4 = −0.7765.
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We recall that the pressure is hydrostatic across the slip layer III, which is reflected by the 
absence of the z dependence in (88). Figure 10 illustrates the influence of the flow rate on the pressure 
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β−2/3
n F′′′n as curve (4).

To the current order, we determine the flow field in the slip layer III by inserting (82) and (83) as
well as Ψ4 into (80), yielding

ψ(x, z) =
1−G

2
z2 +

G
3

z3 + Re−4/3
∞∑

n=1

An

βn
eβnxFn

(
Re1/3z

)
. (87)

Of particular interest are the pressure and the shear stress at the wall:

Rep(x) = 2Gx + Re−1/3c4(1−G)2/3
∞∑

n=1

An

β1/3
n

eβnx, (88)

τxz(x, z = 0) = 1−G + c3(1−G)1/3Re−2/3
∞∑

n=1

An

β2/3
n

eβnx. (89)

We recall that the pressure is hydrostatic across the slip layer III, which is reflected by the absence of
the z dependence in (88). Figure 10 illustrates the influence of the flow rate on the pressure (Figure 10a)
and the wall shear stress (Figure 10b) at Re = 10. The range Q < 0.5 is taken to correspond typically to slot
coating, and Q = 0.5 corresponds to drag flow. In this case, the adverse pressure gradient in Figure 10a
opposes the action of the forward translation of the substrate, exhibiting the constant positive gradient
2G = 6(1− 2Q) far upstream. However, the pressure rises rather rapidly as the flow approaches the die
exit after becoming positive at a point that depends on the flow rate. However, this dependence is not
monotonic. As Q departs (decreases) from the drag-flow level, Q = 0.5, where there is no change in the
pressure, the pressure rises at the exit, but only to reach a maximum around Q = 0.4 and drops again
as illustrated for Q = 0.35. This non-monotonicity is a consequence of flow separation, which will be
discussed shortly. More generally, the rise in pressure depends also on inertia; its behavior is estimated
from (88) to be Rep(x = 0, z) ∼ −Re−1/3. We observe that the explicit dependence on Q is not evident
from (88) since the coefficients An and eigenvalues βn also depend on Q (or G as shown in Appendix B).
The shear stress plots in Figure 10b show that the stress experiences a drop near the exit. We have also
included the shear stress curves that correspond to the Couette–Poiseuille level for each flow rate as
asymptotes, which roughly help locate the inception of the slip layer. The rise in adverse pressure above
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the Poiseuille level (Figure 10a) is caused by the flow acceleration as the film approaches the exit; the flow
converges sharply as the film contracts at the exit (see Figure 2). The rise in the pressure is accompanied
by a drop in the shear stress, resulting in a loss in forward flow momentum; the increase in pressure in
the direction of the flow is, of course, akin to an increase in the potential energy of the fluid, leading to a
reduced kinetic energy and a deceleration of the fluid.
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We observe that the flow in the wall layer is slower than in the core layer, and therefore expect
a greater influence of the increasing pressure gradient. This seems to be particularly the case for a
thinner coating film, here typically illustrated by Q = 0.35 for slot coating in Figure 10. The adverse
pressure gradient is sufficiently large for the shear stress to vanish and a separation to eventually occur,
with flow reversal occurring as it separates from the die wall.

We consider next the case of blade coating, which is typically illustrated in Figure 11, where we
display the pressure (Figure 11a) and the wall shear stress (Figure 11b) for Q > 0.5 and Re = 10. The drag
flow (Q = 0.5) is again included for reference. The pressure at the blade exit drops below atmospheric
for the same reason as the rise in pressure in slot coating, namely as a result of the meniscus curvature
and the film acceleration while moving along curved streamlines (see Figure 4a). For a higher flow rate,
the fall in pressure is sharper, with a corresponding sharper rise in the wall shear stress (Figure 11b).
Thus, a thicker film has to adjust more rapidly in height and velocity as Figure 2 indicates. Although
the profiles in Figure 11 somewhat mirror those in slot coating, there are two important distinctions
to observe. While the deviation from the Poiseuille level is non-monotonic with respect to Q for slot
coating, the response is monotonic for blade coating (Figure 11a). This monotonicity is also reflected in
the location of the inception of the slip layer, which coincides with the location of departure of the shear
stress from the Couette-Poiseuille level, as illustrated in Figure 11b. More importantly, in contrast to
slot coating, there is no possibility for separation in blade coating since there is no adverse pressure
gradient (Figure 11a) and the wall shear stress remains positive (Figure 11b). Finally, the drop in
pressure below atmospheric has been reported in the literature, which we will elucidate further next.

In their computational analysis of high-speed blade coating, Iliopoulos and Scriven [17] reported on
pressure drop below atmospheric, similar to the drop predicted by the present formulation (Figure 11a).
Direct full quantitative comparison is difficult since Iliopoulos and Scriven included the effect of forces
such as shear thinning, the elastic deformation of the substrate and blade, as well as the wear on
the blade from particle collisions, which are not accounted for in our study. Nevertheless, we will
see that the comparison reveals important fundamental agreement and discrepancies when inertia is
involved. In any case, the effect of the various additional forces do not seem to make any significant
qualitative and quantitative difference, which can be confirmed by referring to figures of Iliopoulos
and Scriven [17]. These figures indicate that the pressure upstream of the blade rises gradually from
ambient to a sharp peak at the entrance to the blade region. The adverse pressure gradient causes the
deflection of the excess liquid. The pressure then decreases linearly across the channel between the
blade and the moving substrate, and drops below atmospheric at the blade exit. As mentioned earlier,
this further drop is caused by the meniscus curvature and the film acceleration while moving along
curved streamlines. The pressure then rises gradually back to atmospheric level as the film tends to
uniform (plug) flow conditions.
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Figure 11. Pressure (a) and shear stress (b) distributions along the stationary blade or die wall for
Re = 10 and various coating thicknesses (Q ≥ 1/2). Also added are the Couette–Poiseuille levels in (b)
to show the leading edge of the wall layer far upstream.

This behavior is also captured by the present theoretical analysis, which is depicted from the
pressure profiles in Figure 12 for the three cases considered by Iliopoulos and Scriven [17], namely for
Re = 1, 5 and 12 and corresponding flow rates of 0.58, 0.6 and 0.62, respectively. We have also included
Figure 9 of Iliopoulos and Scriven as the top-right inset for reference, which depicts the pressure
profiles for the trailing stiff blade geometry. We note that we used a much narrower streamwise
range in Figure 12 than in the inset. In addition, our ambient pressure is 0 as opposed to 1 in the
inset. Although the same flow rates are used by Iliopoulos and Scriven (inset), the present pressure
gradients are higher. This is expected since the shear stress is higher for a Newtonian fluid. The flow
rates used in Figure 12 were deduced from Figure 10 of Iliopoulos and Scriven [17] where the coating
thickness is plotted against the Reynolds number. Incidentally, as they report: “Figure 10 suggests
that for a stiff trailing blade with deformable substrate, raising the Reynolds number, or equivalently
increasing the substrate speed, the liquid density, or decreasing the viscosity, leads to a thicker coating
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film. For Re around 55, the coated thickness becomes equal to the gap between the blade and the
substrate”. This response is in line with the basic premise of the present theory which stipulates that the
thickness increases with inertia, resulting from the drop in viscous effects responsible for the onset of
the free-surface layer and the ensuing film contraction. In fact, the film thickness is equal to the channel
gap as Re tends to infinity. In this case, the flow retains its CP profile across the exit region and further
downstream. We emphasize that the CP is a solution of the Euler’s equations. Another important
agreement between the theoretical and numerical predictions is the dependence of the pressure drop
below atmospheric on inertia. This is reflected in the inset at the bottom left of Figure 12, where we plot
Rep(x = 0) against Re based on the three cases reported in the main figure. Clearly, the trend in the
numerical and theoretical data points is essentially the same. The pressure at the exit increases rapidly
in the small Re range and tapers (decaying to zero) for large Re. More precisely, expression (88) indicates

that the pressure at the exit reduces to Rep(x = 0) = Re−1/3c4(1−G)2/3 ∞∑
n=1

An

β1/3
n

, which suggests that

the pressure drops below atmospheric is of order Re−1/3. However, we note that if the flow rate (or G)
varies with the Reynolds number as the data of Iliopoulos and Scriven [17] seem to suggest for a
flexible substrate, then the dependence of the pressure drop on Re may differ slightly. We recall that An

and βn are G dependent (see Appendix B). In fact, it seems that Rep(0) behaves like Re−1/7, a behavior
which is surprisingly the same for both the theoretical and numerical predictionsFluids 2020, 5, x 37 of 51 
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Figure 12. Pressure profiles along the stationary blade (x < 0) and the free surface (x > 0) for Re = 1, 5
and 12 (Q = 0.58, 0.6 and 0.62). Inset on top right shows Figure 13 from Iliopoulos and Scriven [17],
and inset on bottom left shows the values of Rep(0) against Re from current theory (squares) and the
numerical results of Iliopoulos and Scriven [17] (circles).
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Figure 13. Influence of the flow rate on the shear stress distribution along the moving substrate
at Re = 10 for (a) Q ≤ 1/2 and (b) Q ≥ 1/2. Drag flow corresponds to Q = 1/2. Corresponding
fully-developed profiles are included in lighter lines.

Figure 12 reveals, however, two fundamental features that do not seem to be captured by the
numerical simulation (top-right inset). The first is the accelerated drop below atmospheric near the exit
(main Figure 12) as opposed to the continuous linear drop in the inset. This means that the numerical
simulation does not indicate the existence of any upstream influence, which is rather inaccurate given
the elliptic nature of the governing equations. The second discrepancy concerns the stress singularity
at the exit, which should inevitably be reflected in the pressure singularity as shown in figure but not
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in the inset. The pressure singularity is a consequence of elongational effect; near x = 0, the streamwise
momentum equation reduces to the balance between the pressure gradient and the gradient of the
excess normal stress, thus yielding Repx = uxx. Consequently, the jump in ux from zero to a large
positive value (see Figure 2b) leads to the jump in the pressure. The pressure singularity can manifest
itself numerically in the form of spikes as reported in Figure 11b of Mitsoulis and Athanasopoulos [50].
We suspect that the singularity was smoothed over in the finite-element calculation of Iliopoulos and
Scriven [17]. As we shall see next, the flow is very different in the slip layer IV along the moving
substrate. We have already reported on the pressure profiles in Figure 8, which turn out to be smooth.
The shear stress profiles require further development as we shall see in the next section.

6. The Flow Near the Moving Substrate (Slip Layer IV)

To examine the structure of the slip layer IV near the moving substrate, we let y = 1 − z > 0.
The scaling in the transverse direction is changed by writing y = γη > 0, where γ is the small parameter
in the problem, defined as γ = Re−β or Re = γ−1/β, whereβ is to be determined. Similar to the analysis
of the free-surface layer II and the slip layer III, the following change of coordinates is introduced, namely
x = ξ, z = 1− γη. Letting ψ(ξ,η) = 1− G

6 +ψ(ξ,η) and proceeding as before, we see that in order to
match the flow at the edge of the layer IV to the core layer I, the stream function and pressure must

tend to ψ(ξ,η→∞) ∼ −γη and p(ξ,η→∞) ∼ ε3
[
2Gx−

∞∑
n=1

An
βn

eβnxV′n(1)
]
, respectively, to lowest

order in γ. In this case, for the inertial and viscous terms to balance in the transformed momentum
equations, we must have β = 1/2. Therefore, Re = γ−2 = ε−3 and γ = ε3/2. In this case, the problem
for ψ(ξ,η) and p(ξ,η) becomes (dropping the bar):

ψηψξη −ψξψηη = −ε3pξ − ε3/2ψηηη − ε9/2ψξξη,

ψηψξξ −ψξψξη = pη − ε3/2ψξηη − ε9/2ψξξξ,

ψ(ξ,η = 0) = 0, ψη(ξ,η = 0) = −ε3/2,

ψ(ξ→ −∞,η) ∼ −ε3/2η+ ε3η2
(

1+G
2

)
−Gε9/2 η3

3 .

(90)

Additional conditions for the stream function and the pressure are established from matching
with the core flow. However, these conditions are not the same upstream (x < 0) and downstream
(x > 0) of the exit. The two problems will be treated separately in each region. However, for any x,
the expansions of the stream function and the pressure take the forms:

ψ(ξ,η) = 1− G
6
+ ε3/2Ψ2(ξ,η) + ε3Ψ3(ξ,η) + ε9/2Ψ9/2(ξ,η) + . . . , (91)

p(ξ,η) = ε3P3(ξ,η) + ε4P4(ξ,η) + . . . . (92)

Proceeding as in the previous sections, we find that the first two terms are contributions to the
Couette-Poiseuille flow:

Ψ3/2(ξ,η) = −η, (93)

Ψ3(ξ,η) =
(1 + G

2

)
η2. (94)

The correction occurs at the next order, O
(
ε6

)
, and the problem is governed by

Ψ9/2ξη = P3ξ + Ψ9/2ηηη, (95)

P3η = 0, (96)

Ψ9/2(ξ,η = 0) = Ψ9/2η(ξ,η = 0) = 0, (97)
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Ψ9/2(ξ→ −∞,η) ∼ −G
3
η3 , Ψ9/2(ξ,η→∞) ∼ −G

3
η3. (98)

We consider the solution of problem (95)–(98) separately upstream and downstream of the exit.
For x < 0, the pressure remains dictated by its core value from (65):

p3(x ≤ 0,η→∞) ∼ 2Gx−
∞∑

n=1

An

βn
eβnxV′n(1), (99)

which, when inserted in (95), leads to the following equation for Ψ9/2(ξ < 0,η):

Ψ9/2ξη = −
∞∑

n=1

AneβnxV′n(1) + Ψ9/2ηηη + 2G. (100)

The solution may be written as Ψ9/2(ξ < 0,η) = −G
3 η

3 +
∞∑

n=1
AneβnxV′n(1)Gn(η), where the

coefficients Gn(η) are governed by

G′′′n −βnG′n − 1 = 0, Gn(0) = G′n(0), G′′′n (∞) ∼ 0. (101)

This problem admits an analytical solution Gn(η) = −η+ 1√
βn

(
1− e−

√
βnη

)
, and the stream

function near the moving substrate becomes

Ψ(ξ < 0,η) = 1− G
6 −Re−1/2η+ Re−1

(
1+G

2

)
η2 −Re−3/2 G

3 η
3

−Re−3/2
∞∑

n=1

An
βn

eβnxV′n(1)
[
η− 1√

βn

(
1− e−

√
βnη

)]
.

(102)

When expressed in terms of z, this expression leads to the following expression for the velocity
and the shear stress near the moving substrate:

u(x < 0, z) = u0(z) + Re−1
∞∑

n=1

An

βn
eβnxV′n(1)

(
1− e−

√
βnRe(1−z)

)
, (103)

τxz(x < 0, z) = 1−G + 2Gz−Re−1/2
∞∑

n=1

An√
βn

eβnxV′n(1)e−
√
βnRe(1−z). (104)

The exponential term that constitutes the main correction and ensures adherence at the
moving substrate. Finally, the skin drag coefficient along the wall for x < 0 becomes

τxz(x < 0, z = 1) = 1 + G−Re−1/2
∞∑

n=1

An√
βn

eβnxV′n(1). This expression can be used to estimate the

starting point of the slip layer IV, a point where the flow begins to deviate from the Couette-Poiseuille
limit. Thus, the commencement of the slip layer would correspond, in practice, to a position x0

satisfying

∣∣∣∣∣∣∣∣

1+G−Re−1/2
∞∑

n=1

An√
βn

eβnx0 V′n(1)

1+G

∣∣∣∣∣∣∣∣
equal to a small tolerance. Of course, the starting point depends

on Q and Re (see below). The slip layer IV should not be confused with the boundary layer examined
by Carvalho and Kheshgi [9], which emanates at the dynamic contact line of the upstream meniscus in
slot coating. Obviously, the upstream meniscus is not accounted for in the present formulation.

For x > 0, the problem is much more complicated, but remains mathematically manageable.
The difficulty stems from the core pressure (65), which takes a different form than (99):

P3(x > 0,η→∞) ∼ −
∞∑

n=1

An

βn
e−βnxV′n(1), (105)
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which, when inserted in (95), leads to the following equation for Ψ9/2η(ξ > 0,η):

Ψ9/2ξη =
∞∑

n=1

Ane−βnxV′n(1) + Ψ9/2ηηη. (106)

In addition to conditions (97), Equation (106) must be solved subject to flow matching at the
channel exit (x = 0):

Ψ9/2η

(
ξ = 0+,η

)
= Ψ9/2η(ξ = 0−,η) = −Gη2 −

∞∑

n=1

An

βn
V′n(1)

(
1− e−

√
βnη

)
. (107)

The solution may be conveniently written in the form

Ψ9/2η(ξ,η) = −Gη2 −
∞∑

n=1

AnV′n(1)
[
Un(ξ,η) +

1
βn

(
1− e−

√
βnη

)]
, (108)

where the coefficients Un(ξ,η) are governed by the following problem

Unξ = Unηη − e−
√
βnη + 2− e−βnx,

Un(ξ,η = 0) = Un(ξ = 0+,η) = 0,
(109)

which is of the transient heat conduction type with a source term, admitting the solution:

Un(ξ,η) =
ξ∫

0

∞∫

0

2−e−βns−e−
√
βny√

4π(ξ−s)

[
exp

(
− (η−y)2

4(ξ−s)

)
− exp

(
− (η+y)2

4(ξ−s)

)]
dyds

=
ξ∫

0

(
2− eβn(ξ−t)

)
erf

(
η√
4t

)
dt− 1

βn

(
1− eβnξ

)
sinh

(√
βnη

)

− 1
2

ξ∫

0
eβnt

[
e
√
βnηerf

(
2
√
βnt+η

2
√

t

)
− e−
√
βnηerf

(
2
√
βnt−η
2
√

t

)]
dt.

(110)

This, in turn, yields the following expression for the velocity to O
(
Re−1

)
near the moving substrate:

u(x > 0, z) = (1−G)z + Gz2 + Re−1
∞∑

n=1

AnV′n(1)
[

1
βn

(
1− e−

√
βnη

)
+ Un(ξ,η)

]
, (111)

which is easily evaluated numerically. The shear stress or drag at the substrate takes the following
form to O

(
Re−1/2

)
:

τxz(x > 0, z = 1) = 1 + G−Re−1/2
∞∑

n=1

AnV′n(1)


4

√
x
π
+

1− eβnx
√
πβn

+
eβnxerfc

(√
βnx

)

√
βn


. (112)

We recall again that the pressure is hydrostatic across the slip layer IV, and therefore remains
as in Figure 8. Figure 13 illustrates the influence of the flow rate on the wall shear stress at Re = 10.
The ranges Q < 0.5 and Q > 0.5 in Figure 13a,b are again taken to correspond typically to slot and blade
coating, and Q = 0.5 corresponds to drag flow. We have also included the shear stress curves that
correspond to the CP level for each flow rate as asymptotes, which roughly help locate the inception of
the slip layer IV. For slot coating, Figure 13a indicates that the shear stress drops sharply from its CP
level just before the exit, and can exhibit a minimum followed by a maximum before the sharp drop
for a thin coating film as illustrated for Q = 0.35. For any Q < 0.5, Figure 13a suggests that the flow
separates; the vanishing of the shear stress is accompanied by an adverse pressure (Figure 8a). It seems
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that the separation always occurs at x < 0, at a location further upstream for the thinner coating film.
In contrast, for blade coating, the shear stress plots in Figure 13b show that the stress experiences a rise
near the exit. Although the stress can vanish for a thick coating film (Q > 0.6), there is no possibility of
a separation given the favorable pressure gradient (see Figure 8b).

The rich dynamics and steep gradients exhibited by the shear stress for slot coating in Figure 13a,
especially upstream of the exit, contrast sharply the smooth and mild behavior exhibited by the
pressure in Figure 8a. This may seem at first physically unrealistic given the intimate coupling between
stress and pressure gradients in the conservation equations. As a check, we examine the validity of
the streamwise momentum equation along the wall for x < 0, which reduces to −Repx + τxz,z = 0.

Clearly, upon noting from (104) that τxz,z (x < 0, z = 1) = 2G −
∞∑

n=1
AneβnxV′n(1), we deduce that

Repx(x < 0, z = 1) = 2G−
∞∑

n=1
AneβnxV′n(1), which is the same result that is achieved upon evaluating

the pressure gradient from (65) at z = 1. As to the transverse momentum equation, it reduces to
−Repz + τzx,x +τzz,z = 0 at z = 1. Noting that τzx,x +τzz,z = uzx + wzz = −wzz + wzz = 0 at the
moving substrate, this leaves pz = 0, which is the case to the current order as per (96). We thus confirm
that momentum is conserved in the streamwise and transverse directions.

7. Discussion and Concluding Remarks

The planar laminar free-surface coating flow of a Newtonian fluid is investigated in the current
study. The flow near and far from the channel exit is examined at moderate Reynolds and capillary
numbers, subject to the substrate translation, and an adverse or a favorable constant pressure gradient
applied far upstream of the channel exit as encountered in slot and blade coating flows. Although the
flow far downstream is relatively simple to analyze as it becomes of the boundary-layer or the thin-film
type, the treatment remains challenging in the vicinity of the exit. The method of matched asymptotic
expansion is adopted to examine the influence of inertia and the applied pressure gradient on the shape
of the free surface and the flow field. At the channel exit, a stress singularity occurs where the boundary
condition changes from no-slip at the lower wall, to slip at the free surface, leading to the development
of a boundary layer along the free surface. As a result, the flow domain consists of four different regions
(Figure 1): the core layer I, the free-surface layer II, the slot or blade slip layer III, and the slip layer IV
near the moving substrate. The layers II, III and IV are shear dominated, and the flow is obtained using
a boundary-layer approach, but not all layers allow a similarity solution. In contrast, the core layer
I is inviscid rotational where both shear and extensional flows are in balance. The small parameter
in the problem turns out to be ε = Re−1/3, based on the balance of inertia and viscous effects in the
free-surface layer II, allowing the asymptotic development of the flow by expanding the flow field.

As the fluid emerges from the channel in the form of the jet, it experiences a drastic drop in the
shear stress and rise in normal stress at the channel exit as it slips along the free surface. This type of
singularity constitutes a major hurdle in a theoretical methodology, particularly in a computational
approach. Moreover, there is a wealth of physical mechanisms and phenomena that cannot be easily
captured by a numerical approach. The boundary-layer structures in layers II and III are investigated
in detail. The similarity solutions obtained in the two layers do not require matching at the exit.
Consequently, the presence of the singularity is circumvented, constituting a major advantage of the
present formulation. The shape of the free surface is determined by matching the free-surface layer
flow with the core flow outside the channel exit.

The inviscid character of the core layer I can be perplexing given the parabolic Couette-Poiseuille
flow as the leading-order velocity profile. This is a pivotal point which embeds the major premise on
which the present theory is built, and can be explained as follows. The Couette-Poiseuille flow is only
recovered in the limit of infinite Reynolds number (ε→ 0). In this limit, there is no viscous mechanism
for the flow to change as it nears and traverses the exit. The fully developed Couette-Poiseuille
velocity profile imposed far upstream retains its shape, and the free surface remains flat (horizontal).
We therefore interpret the Couette-Poiseuille profile in the present context to correspond to inviscid
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rotational flow. Mathematically, any fully-developed profile: u = u(z), w = 0, satisfies Euler’s equations,
which are the inviscid limit of the Navier–Stokes’ equations for infinite Reynolds number. In the present
problem, although the Couette-Poiseuille profile is derived by integrating the (viscous) Navier–Stokes’
equations, this profile does indeed satisfy Euler’s equations as well as all the boundary conditions at
the solid walls and flat free surface in the inviscid limit. Physically, one expects that if the Reynolds
number is large enough (excluding turbulence), one should observe a profile close to the parabolic
profile, even downstream (such as the case of water out of a garden hose). This hypothesis, and the
present approach, have been amply validated for an axisymmetric jet (see, for instance, Philippe and
Dumargue [33]). Thus, in this inviscid limit, the parabolic (or any) profile imposed far upstream
remains unchanged as the fluid emerges at the exit. There is simply no viscous mechanism for the
shear stress to relax or (equivalently) for a boundary layer to form along the free surface. Consequently,
the free surface remains horizontal. In fact, the shear stress vanishes everywhere in the inviscid limit
(zero viscosity) regardless of the value of the velocity gradient. In this limit, the dynamic conditions (6)
and (7) are identically satisfied.

The core layer of the slot or blade coating flow should, apparently, be similar to the channel flow
with a fine constriction considered by Smith [51]. Both flows comprise a leading-order fully developed
contribution and an inviscid rotational first-order correction. However, there is an important difference
as a result of the presence of a free surface in coating flow. In coating, the fully developed flow
prevails everywhere, including the region downstream of the die or blade exit, only in the limit of infinite
Reynolds number. In this limit, the free surface remains flat. The situation is different in Smith’s case.
The Poiseuille flow is recovered in the limit of zero slope of the indentation at any Reynolds number,
and therefore exists in that limit. In the absence of the constriction, the flow physically exists and is
certainly viscous. Therefore, we tend to consider the Couette-Poiseuille flow in coating as inviscid as it
is reached only in the limit of infinite Re, satisfying Euler’s equations without any viscous mechanism
capable of altering the Couette-Poiseuille profile as the flow traverses the exit. This is an unphysical
limit flow. It is important to emphasize that whether the Couette-Poiseuille flow is labelled as inviscid
or viscous has no consequence on the present development and results.

The free surface is found to always contract near the channel exit regardless of the level of inertia
and direction of the applied pressure gradient. The film tends to slightly expand further downstream
for a thick blade coating film (Figure 2). For Ca = O(1), we show that the shape of the meniscus is
not affected by surface tension. However, surface tension appears to alter significantly the dynamics
in the normal stress, especially for blade coating where it causes a maximum to emerge near the exit
(Figure 3). Further downstream where the flow becomes of the boundary-layer type, we illustrate how
the near-exit solution can be matched to a thin-film formulation (Figure 4). Alternatively, the near-exit
solution can be used as initial condition for a computational approach, thus avoiding the incorporation
of the singularity.

Given the inviscid character of the core layer I for any finite Reynolds number, the core solution
does not satisfy adherence at the walls where slip layers III and IV emerge. The detailed flow structure
is obtained in the slip layers. In particular, we find as a result of the vanishing wall shear stress and the
presence of adverse pressure (Figure 10), that a separation may eventually occur for a thin film in slot
coating. Separation appears to be even more unavoidable near the moving substrate for slot coating
(Figure 13). Finally, the undershoot exhibited by the pressure at the blade is captured in Figure 12.
Both the current and existing numerical results from the literature appear to suggest that the pressure
drop below atmospheric grows like Re−1/7. However, unlike existing numerical predictions that show
a linear decay sustained all the way to the exit, the current predictions show a further nonlinear drop,
thus reflecting an upstream influence not predicted when using a numerical approach.

We would like to conclude this section by discussing two important issues that are not addressed
in the present study and are worth elaborating on for future consideration. The first being the case
of small-flow rate (Q < 1/3) in slot coating. The present formulation cannot handle such a situation,
which involves bending of the free surface as it invades the region between the channel walls upstream
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of the exit. Consequently, the free-surface height experiences a significant departure from the infinite-Re
limit of a flat surface, which violates the validity of expansion (19). We suspect that this would be an
entirely different flow regime where the pressure gradient may no longer be assumed small relative to
the Reynolds number. We also suspect that the flow in the immediate vicinity of the singularity with
(approximate) solution to the full Navier–Stokes equations must be considered, which leads us to the
second issue.

In fact, the second important issue concerns the flow very near the singularity. Much of
twentieth-century boundary-layer theory was concerned with two problems, one the external flow
over a plate (either infinite or semi-infinite length), the second flow in a slightly deformed channel
by the presence of a mild constriction placed on the wall(s). The problem considered in this paper
combines elements of both channel flow (through an upstream oncoming Couette–Poiseuille flow)
with aspects of flow past a finite plate (through having the blade or die wall of the channel terminate
with a free surface flow downstream of that point, so having elements of a wake-like flow). The present
solution remains incomplete since the flow structure very near the blade or die exit is essentially left
out. Only an approximation for the flow near the free surface downstream of the blade or die is derived.
Since this boundary-layer solution (derived in Section 3) is only an approximate solution of the full
Navier–Stokes equations, higher-order corrections remain envisageable.

The present development has a close parallel with the solution near the trailing point of a finite
plate as proposed by Goldstein [47], who was able to develop approximate solutions to the wake,
with the approximations including a singularity at the trailing edge. As in the present coating flow,
the solution was developed in powers of x1/3, where x was the distance from the trailing edge, and the
singularity was in effect an infinite transverse velocity (order x−2/3 as x→ 0) and a singularity in the
pressure and stress from x < 0 to x > 0. The singularity was circumvented, and Goldstein was able to
analyze the leading order far wake flow. It took three decades before the asymptotic structure was
properly explained, when Stewartson [48] and Messiter [49] determined the triple-deck structure about
the trailing edge point. Hence, the present paper puts the coating flow problem in a similar position
to that for the trailing edge problem after Goldstein’s development but before that of Stewartson
and Messiter: a much more complex asymptotic structure near the blade or die is needed if the
analysis is to be complete or extendable to higher order. Extension to either higher-order terms (in the
present expansions) or larger parameter values may need a much more complicated interaction region.
The idea is then is to seek a uniformly valid solution across the singularity, and thus provide the flow
details very close to the edge. In analogy to the flow near the trailing edge, we anticipate the existence
of a very small region near the edge of the blade or the die where derivatives of the flow variables
are of the same order in both directions. In other words, both shearing and elongation are dominant
mechanisms. In this case, the correct approximate (and not just the boundary-layer) solution of the full
Navier–Stokes equations must be sought. Different attempts were made early on to achieve uniform
validity but the approach developed by Stewartson [48] and Messiter [49], or the now well-established
triple-deck approach, looks the most promising for future development.
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Appendix A. Matching between the Free-Surface and Core Layers

The matching rule employed by Van Dyke [57] is adopted here for the streamfunction and the
pressure, but the pressure will turn out to be uniformly valid across the core and the free-surface layer.
Thus, only the matching of the streamfunction is detailed here. In this case, Van Dyke’s rule states that

EnHmψ = HmEnψ, (A1)

where m and n are integers. Here, En is the core-expansion operator, which truncates immediately
after the term of order εn where the expansion is expressed in terms of core variables. Hm is the
corresponding boundary-layer expansion operator. The left- and right-hand sides of expressions
(A1) must be exactly the same for all the values of m and n. Depending on the values of m and n,
we need different levels of matching to obtain the boundary conditions for the inner and core solutions,
and simultaneously to determine the free surface height to each order in ε.

We recall from (1) that, to leading order, the stream function in the core region is ψ0(z), which can
be expressed in terms of y = z− ζ(x). In this case, the stream function expression (52) for the core flow
must be cast in terms of y, and takes the following form (Khayat 2014, Tillett 1968):

ψ(x, z) =
(1−G

2

)
(y + εh)2 +

G
3
(y + εh)3 + ε3ψ(x, y + εh) + O

(
ε3

)
. (A2)

A useful expression is obtained upon expanding ψ(x, z) = ψ(x, y + εh) about y = 0:

ψ(x, y + εh) = ψ(x, 0) + yψy(x, 0) + y2

2 ψyy(x, 0) + . . . . .

+εhψy(x, 0) + εhyψyy(x, 0) + . . . . . .

+
(εh)2

2 ψyy(x, 0) + . . . . . .

(A3)

We first consider the matching between the free-surface and core layers to O(ε). The asymptotic
form (27)–(29) for Ψ2 is determined by considering the application of (A1) for m = 2 and n = 0. Applying
E0 on (A2) gives

E0ψ =
(1−G

2

)
y2 − G

3
y3. (A4)

As this expression must be cast in inner variables when the operator H2 is applied, it is rewritten
in the following form:

E0ψ = (1−G)
ε2η2

2
+ G

ε3η3

3
. (A5)

Therefore,

H2E0ψ =
(1−G

2

)
ε2η2 =

(1−G
2

)
y2. (A6)

On the other hand, to leading order, the expansion for the stream function in the free-surface layer
is obtained from (20) as ψ = ε2Ψ2. Thus, E0H2ψ = ε2Ψ2, which, when matched with (A5), leads to
Ψ2 ∼ (1−G)η

2

2 for large η or condition (27)–(29).
Next, we determine h0(x) in (19) by considering the application of (A1) for m = 2 and n = 1.

Applying E1 on (A2), we have

E1ψ =
(1−G

2

)(
y2 + 2εh0y

)
+

G
3

(
y3 + 3εh0y2

)
. (A7)

The terms surviving to O
(
ε2

)
are identified by expressing E1ψ in terms of η =

y
ε and using (A2)

for m = 1 to yield:

H2E1ψ =
(1−G

2

)
y2 + ε(1−G)h0y. (A8)
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On the other hand, we note from (29) that H2ψmay be written in terms of the core variables as

H2ψ = ε2ξ2/3f2 ∼
(1−G

2

)
ε2ξ2/3(θ+ c1)

2 =
(1−G

2

)
ε2ξ2/3

(
ηξ−1/3 + c1

)2
, (A9)

which yields

E1H2ψ =
(1−G

2

)
y2 + ε(1−G)c1x1/3y. (A10)

Equating (A8) and (A10) leads to

h0(x) = c1x1/3 =
d1

(1−G)1/3
x1/3. (A11)

Even to this order, we begin to sense the difference in behavior of the film height (thickness)
between slot and blade coating for G > 0 and G < 0, respectively. Clearly, (A11) indicates that in both
cases the height grows like x1/3 but at a higher rate, leading ultimately to a thinner film for slot than
for blade coating. A more accurate prediction of the film thickness will be achieved by considering the
next order.

In order to determine the asymptotic behavior of Ψ3(ξ,η→ 0) in the free-surface layer, we set
n = 0 and m = 3, and match the expressions:

H3E0ψ = 2y2 − 4
3

y3, (A12)

E0H3ψ = E0
(
ε2Ψ2 + ε

3Ψ3
)
, (A13)

yielding Ψ3 ∼ G
3 η

3 or condition (35).
Finally, to obtain h1(x) and ψ(x, 0), (A1) is applied for m = n = 3. This step is algebraically much

more involved, and is only summarized here. Noting that H3ψ = ε2Ψ2 + ε
3Ψ3 = ε2ξ2/3f2 + ε

3ξf3 and
using the asymptotic forms (29) and (32) give

H3ψ = ε2ξ2/3
{
(1−G)

(ηξ−1/3+c1)
2

2

}

+ε3ξ

[
G
3

{(
ηξ−1/3 + c1

)3 − 6
1−G

}
+ c2

(
ηξ−1/3 + c1

)]
.

(A14)

Thus,
E3H3ψ = (1−G)

y2

2 + G
3 y3 + εx1/3yc1[(1−G) + Gy]

+ε2x2/3
[
(1−G)c2

1
2 + Gyc2

1 + c2y
]
+ ε3x

[
c2c1 +

1
3

(
Gc3

1 − 6G
1−G

)]
.

(A15)

Recalling (A2) and (A3), we observe that

E3ψ =
(

1−G
2

)[
y2 + 2ε

(
h0 + εh1 + ε

2h2
)
y + ε2

(
h2

0 + 2εh0h1
)]

+G
3

(
y3 + 3ε

(
h0 + εh1 + ε

2h2
)
y2 + 3ε2

(
h2

0 + 2εh0h1
)
y + ε3h3

0

)
+ ε3ψ(x, 0).

(A16)

Consequently,

H3E3ψ = (1−G)
y2

2 + G y3

3 + εy(1−G + Gy)h0

+ε2
[(

1−G
2 + Gy

)
h2

0 + (1−G)yh1
]
+ ε3

[
(1−G)h0h1 + G

h3
0

3 +ψ(x, 0)
]
.

(A17)

Equating (A15) and (A17), and recalling that h0 = c1x1/3, the correction for the free surface height
to the next order is obtained as

h1(x) =
c2

(1−G)
x2/3. (A18)
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In addition, one has

ψ(x, 0) = − 2G
1−G

x (A19)

Condition (A19) yields the third boundary condition in (59)–(61).

Appendix B. Values of Eigenvalues and Coefficients for the First Six Modes

n βn An V
′
n(1) Q G

1 4.2800 −0.4202 −6.4042 0.3500 0.9000
2 7.3840 −1.0934 3.9830 0.3500 0.9000
3 10.4550 −1.9273 −3.0082 0.3500 0.9000
4 13.5250 −2.8259 2.4900 0.3500 0.9000
5 16.6000 −3.7257 −2.1727 0.3500 0.9000
6 19.6840 −4.5943 1.9603 0.3500 0.9000
1 3.7694 −0.8589 −1.7827 0.4000 0.6000
2 6.7715 −1.4428 1.4067 0.4000 0.6000
3 9.8205 −1.8071 −1.2695 0.4000 0.6000
4 12.9010 −2.0410 1.2002 0.4000 0.6000
5 15.9972 −2.2018 −1.1588 0.4000 0.6000
6 19.1061 −2.3235 1.1314 0.4000 0.6000
1 3.4080 −0.5525 −1.2056 0.4500 0.3000
2 6.4685 −0.6824 1.1067 0.4500 0.3000
3 9.5680 −0.7372 −1.0716 0.4500 0.3000
4 12.6800 −0.7652 1.0538 0.4500 0.3000
5 15.8100 −0.7835 −1.0430 0.4500 0.3000
6 18.9400 −0.7978 1.0358 0.4500 0.3000
1 2.7680 1.2325 −0.8453 0.6000 −0.6000
2 6.0642 0.9314 0.9162 0.6000 −0.6000
3 9.2630 0.8624 −0.9423 0.6000 −0.6000
4 12.4370 0.8303 0.9560 0.6000 −0.6000
5 15.5980 0.8126 −0.9644 0.6000 −0.6000
6 18.7550 0.8037 0.9701 0.6000 −0.6000
1 2.5130 2.4107 −0.7898 0.7000 −1.2000
2 5.9320 1.5087 0.8832 0.7000 −1.2000
3 9.1700 1.3402 −0.9186 0.7000 −1.2000
4 12.3650 1.2668 0.9375 0.7000 −1.2000
5 15.5400 1.2272 −0.9492 0.7000 −1.2000
6 18.7000 1.2053 0.9572 0.7000 −1.2000
1 2.3240 3.5018 −0.7660 0.8000 −1.8000
2 5.8400 1.8988 0.8672 0.8000 −1.8000
3 9.1100 1.6433 −0.9065 0.8000 −1.8000
4 12.3200 1.5358 0.9278 0.8000 −1.8000
5 15.5000 1.4783 −0.9411 0.8000 −1.8000
6 18.6700 1.4464 0.9503 0.8000 −1.8000
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Abstract: Thermovibrational flow can be seen as a variant of standard thermogravitational convection
where steady gravity is replaced by a time-periodic acceleration. As in the parent phenomena, this
type of thermal flow is extremely sensitive to the relative directions of the acceleration and the
prevailing temperature gradient. Starting from the realization that the overwhelming majority
of research has focused on circumstances where the directions of vibrations and of the imposed
temperature difference are perpendicular, we concentrate on the companion case in which they
are parallel. The increased complexity of this situation essentially stems from the properties that
are inherited from the corresponding case with steady gravity, i.e., the standard Rayleigh–Bénard
convection. The need to overcome a threshold to induce convection from an initial quiescent state,
together with the opposite tendency of acceleration to damp fluid motion when its sign is reversed,
causes a variety of possible solutions that can display synchronous, non-synchronous, time-periodic,
and multi-frequency responses. Assuming a square cavity as a reference case and a fluid with
Pr = 15, we tackle the problem in a numerical framework based on the solution of the governing time-
dependent and non-linear equations considering different amplitudes and frequencies of the applied
vibrations. The corresponding vibrational Rayleigh number spans the interval from Raω = 104 to
Raω = 106. It is shown that a kaleidoscope of possible variants exist whose nature and variety calls
for the simultaneous analysis of their temporal and spatial behavior, thermofluid-dynamic (TFD)
distortions, and the Nusselt number, in synergy with existing theories on the effect of periodic
accelerations on fluid systems.

Keywords: thermovibrational convection; gravity modulation; thermofluid-dynamic distortions;
patterning behavior

1. Introduction

The direction of the prevailing temperature gradient is known to be an essential factor
determining the properties of many distinct forms of thermal convection. This concept
applies to both the stability scenario (i.e., the hierarchy of bifurcations undergone by the
considered system when the applied temperature difference is increased) and the related
patterning behavior. Archetypal situations for which the response of fluid systems to the
application of an imposed temperature difference has been widely explored in the past
are the cases where the thermal gradient is parallel or perpendicular to a fundamental
reference direction typical of the considered problem.

For standard thermogravitational flow, i.e., fluid convection induced by buoyancy
effects in non-thermally homogeneous fluids, this “reference direction” is obviously repre-
sented by gravity. Two fundamental conditions have enjoyed widespread attention over
the years, leading to a true dichotomy in the literature, i.e., the cases where the angle Θ
between the temperature gradient and gravity is either 0◦ or 90◦. The former circumstance
corresponds to the paradigm of Rayleigh–Bénard (RB) convection (namely fluid motion
in a domain uniformly heated from below and cooled from above), the latter (originally
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studied by Hadley [1]) can be technically realized considering systems laterally bounded
by vertical walls kept at different constant temperatures.

This rigid classification can also be found in companion problems where gravity is
replaced by surface-tension effects (that is the case of fluid systems with a free surface, i.e.,
an interface where a liquid is in contact with another immiscible fluid). Fluid flow takes
a different nomenclature according to the angle formed by the prevailing temperature
gradient and the free interface. In particular, Θ = 0◦ and 90◦ correspond to the so-called
thermocapillary and Marangoni–Bénard (MB) convection types, respectively.

Interestingly, buoyancy and surface-tension driven convection share more than a
simple similarity in the related nomenclature. For both cases, a certain temperature
difference (∆T) must be exceeded before convection is produced when the temperature
gradient is vertical (i.e., a “critical” ∆T exists), whereas fluid starts to move immediately
(regardless of the effective magnitude of ∆T) when this gradient is horizontal.

However, while Marangoni–Bénard convection has been investigated essentially in
infinite layers or domains uniformly heated from below with large horizontal extension, for
Rayleigh–Bénard convection, a significant number of studies have been appearing where
insights have been sought from consideration of the simplified setting corresponding to
a square cavity. This configuration has enjoyed a widespread attention over the years
owing to its simplicity and the concurrent possibility to produce flows that display or
break the various intrinsic symmetries of this geometry (reflectional symmetries with re-
spect to the vertical, horizontal, and diagonal directions). Moreover, it is known that if the
Rayleigh number is increased beyond a certain critical threshold, the flow established inside
the cavity can develop a complex sequence of instabilities (steady→time-periodic→low-
dimensional chaos→fully turbulent states) even if fluid motion is forced to maintain a
two-dimensional (2D) structure. Owing to space limitations, we do not strive to review
the incredible amount of work existing on this subject. Mizushima [2] provided a com-
plete characterization of the critical Rayleigh number for the onset of convection from the
diffusive state considering convective disturbances with different possible symmetries.
Mizushima and Adachi [3] concentrated on the ensuing non-linear regime, illustrating
that the combination of fundamental modes that become critical for similar values of the
Rayleigh number can result in different patterns. Relevant examples of typical dynamics
can also be found in the numerical study by Goldhirsch et al. [4], where several compli-
cated flow structures and textural transitions were observed together with multi-stability
effects, i.e., the possibility to obtain different solutions (for a fixed geometry and boundary
conditions) depending on the considered initial conditions.

For the turbulent regime, the reader is referred to the interesting theoretical works by
Villermaux [5] and Kadanoff [6] and the more recent review (specifically devoted to the
square cavity) by Lappa [7] (and all references therein).

Although the field of RB convection has reached a level of maturity, in the sense that
various techniques are in position to address almost any question, we may ask regarding
the various possible states or regimes for this type of flow—unfortunately, the companion
problem where steady gravity is replaced by an acceleration changing periodically in time
has not received considerable (similar) attention.

This flow is generally referred to as ‘thermovibrational convection’ because the most
obvious (simplest) way to create an acceleration that varies sinusoidally in time is to apply
vibrations to a fluid container. The average value of the acceleration produced in this way is
zero, which explains why this form of convection is extremely relevant to the microgravity
environment (conditions established onboard the International Space Station and other
orbiting platforms), and it has recently enjoyed a remarkable resurgence in interest.

Similar to all the other types of thermal convection discussed before, also in this case,
the angle between the imposed temperature gradient and the direction of the acceleration
can have a remarkable impact on the emerging flow. In addition to the acceleration ampli-
tude, the imposed ∆T, and the aforementioned angle Θ, an additional degree of freedom
influencing the dynamics is represented by the ‘frequency’ of vibrations. Nevertheless, only
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a limited number of studies are available in the literature where this variant of buoyancy
flow was considered (Monti et al. [8]; Alexander [9]; Alexander et al. [10,11]; Feonychev
and Dolgikh [12]; Gershuni and Lyubimov [13]; Monti et al. [14]; Naumann [15]; Mial-
dun et al. [16]; Melnikov et al. [17]; Lyubimova et al. [18]; Bouarab et al. [19]; Shevtsova
et al. [20,21]; Maryshev et al. [22]; Vorobev and Lyubimova [23]; Lappa, [24–28]; Lappa
and Burel [29]). Still fewer articles have been devoted to the case where vibrations and
temperature gradient are parallel. Moreover, most of them examined cases where vibra-
tions were combined with steady gravity (modulated gravity), leading to results (see, e.g.,
Lappa [30] for an exhaustive review), which have limited translational relevance to pure
thermovibrational convection.

To the best of our knowledge, only Hirata et al. [31] considered the pure thermovibra-
tional flow in a square cavity assuming zero gravity and no inclination between vibrations
and the temperature gradient. In the present study, an attempt is made to extend that
earlier investigation to larger values of the Prandtl number and the Rayleigh number and
elaborate a unified picture of the related hierarchy of instabilities and patterning behavior.

2. Mathematical Model
2.1. The Geometry

In keeping with a large portion of the work outlined in the introduction for standard
RB convection, a simple 2D square cavity is considered. Microgravity conditions are
assumed (no steady gravity). The direction of the temperature gradient and vibrations as
well as the wall boundary conditions can be seen in Figure 1.
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Figure 1. Square cavity with characteristic size L, delimited by solid walls (one at y = 0 cooled, the
other at y = 1 heated, perfectly conducting conditions on the remaining sidewalls: T = y for x = 0 and
x = 1).

The buoyancy force responsible for fluid motion is produced by a sinusoidal displace-
ment of the cavity with respect to time in addition to a temperature difference imposed
along the same direction of shaking (along the y axis in Figure 1). The time periodic
displacement (i.e., the vibrations) can be modeled mathematically as:

slab(t) = bsin(ω t)n̂ (1)
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where b is the amplitude, ω = 2πf is the angular frequency of the displacement, and n̂ is
the unit vector along the direction of vibrations. The ensuing time-varying acceleration can
formally be obtained by taking the second derivative of Equation (1), which reads:

g(t) = gω sin(ω t)n̂ where gω = b ω2 (2)

and satisfies the condition:

ω

2π

2π/ω∫

0

g(t)dt =
ω

2π
gω n̂

2π/ω∫

0

sin(ω t)dt = − 1
2π

gω n̂[cos(ω t)]2π/ω
0 = 0 (3)

which shows that its time-averaged value over one period of oscillation 2π/ω is zero.

2.2. Balace equations and boundary conditions

Using the Boussinesq approximation, and scaling the Cartesian coordinates (x,y), time
(t), velocity (V), pressure (p), and temperature (T) by the reference quantities L, L2/α, α/L,
ρα2/L2,and ∆T, respectively (where α is the fluid thermal diffusivity and ρ is the fluid
density), the balance equations for mass, momentum, and energy can be cast in compact
form as:

∇ ·V = 0 (4)

∂V
∂t

= −∇p−∇ · [VV] + Pr∇2V + PrRaωT sin(Ωt)n̂ (5)

∂T
∂t

+∇ · [VT] = ∇2T (6)

where:
Pr =

ν

α
(7)

Ω =
ωL2

α
(8)

Raω =
bω2βT∆TL3

να
(9)

and βT is the thermal expansion coefficient, ν is the fluid kinematic viscosity, and ∆T is the
imposed temperature difference. As the reader will easily realize, Ω is the non-dimensional
frequency of vibrations and Raω might be seen as a variant of the classical Rayleigh number
(based on the amplitude of the vibrations-induced acceleration bω2 in place of the standard
gravity g).

Since in the present work, the vibrations and the imposed temperature gradient are
both directed along the y axis, the projection of the momentum equation on the coordinate
axes shown in Figure 1 reads:

∂u
∂t

= −∂p
∂x
− (V · ∇V)u+Pr(∆V)u (10)

∂v
∂t

= −∂p
∂y
− (V · ∇V)v+Pr(∆V)v + PrRaωT sin(Ωt) (11)

where:

(V · ∇V)u =

(
u

∂u
∂x

+ v
∂u
∂y

)
, (∆V)u =

(
∂2u
∂x2 +

∂2u
∂y2

)
(12)

(V · ∇V)v =

(
u

∂v
∂x

+ v
∂v
∂y

)
, (∆V)v =

(
∂2v
∂x2 +

∂2v
∂y2

)
. (13)
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These equations must be integrated with the relevant initial and boundary conditions,
which in the present work are set as follows:

T = y and u = v = 0 for 0 ≤ x ≤ 1, 0 ≤ y ≤ 1 and t = 0 (14)

i.e., quiescent conditions and linear temperature distribution along y at the initial instant
(t = 0) and

T = y and u = v = 0 for x = 0, x = 1, 0 ≤ y ≤ 1 and t > 0 (15)

T = 0 and u = v = 0 for y = 0, 0 ≤ x ≤ 1 and t > 0 (16)

T = 1 and u = v = 0 for y = 1, 0 ≤ x ≤ 1 and t > 0 (17)

i.e., no-slip conditions for all the solid walls, conducting thermal conditions for the walls
parallel to imposed vibrations, and different constant temperatures on the perpendicular
boundaries.

2.3. Embedded Symmetries

Notably, following Mizushima [2], assembled in this way, these equations and the
related boundary conditions allow meaningful “a priori” reflections about the possible
symmetries of the emerging convective modes in a square cavity, which can be categorized
as follows:

• (ss): The symmetric–symmetric mode. This mode is characterized by an even number
of rolls along the two coordinate axes. It reduces to a configuration with the central
symmetry if the same number (m) of rolls affects both the x and y directions, i.e.,
mx = my (whereas a columnar arrangement is obtained if my > mx).

• (sa): The symmetric–antisymmetric mode. This mode displays symmetry only with
respect to the y-axis; accordingly, the flow typically features an odd number of rolls
along y and an even number of rolls along the other axis.

• (as): The antisymmetric–symmetric mode. This mode displays symmetry only with
respect to the x-axis; accordingly, the flow typically features an odd number of rolls
along x and an even number of rolls along the other axis.

• (aa): The antisymmetric–antisymmetric mode. No symmetry is retained in this case,
as the number of rolls is odd along both axes (a single column being obtained for
my > mx = 1).

This classification, largely used in the past (see, e.g., Mizushima [2] and Mizushima
and Adachi [3]) to interpret the typical patterning behavior of standard buoyancy con-
vection in square cavities heated from below and cooled from above (Rayleigh–Bénard
convection), will be applied in the present work to characterize the spatial properties of the
emerging thermovibrational flow.

3. Numerical Method

The integration of Equations (4)–(6) in addition to the initial and boundary conditions
allows for the unknown pressure (p), velocity (V), and temperature (T) fields to be found.
The related procedure (time-marching algorithm) is described in the present section.

Along these lines, it is worth starting from the simple observation that, as implicitly
made evident by the aforementioned set of equations, these three fundamental physical
quantities (“primitive variables”) display a varying degree of interrelation, depending on
the specific couple considered. As an example, while V and p are intimately linked through
the momentum equation, the temperature field (T) can be determined once the velocity
field is known through the energy equation (Equation (6)).

In particular, the link between the first two unknowns is at the root of the so-called
class of projection or fractional methods (Harlow and Welch [32]; Chorin [33]; Temam [34];
Gresho and Sani [35]; Gresho [36]; Guermond and Quartapelle [37]; Guermond et al. [38]).
These techniques rely on the so-called Hodge decomposition theorem, which states that
any vector field can be decomposed into a divergence-free contribution and the gradient
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of a scalar potential (a curl-free part). Stripped to its essentials, the related computational
scheme can synthetically be described as follows. Initially, the pressure is artificially
neglected in the balance of momentum in order to obtain an equation (Equation (18)) where
only the velocity field requires solving for:

∂V∗

∂t
= −∇ · [VV] + Pr∇2V + PrRaωT sin(Ωt)n̂. (18)

In this way, even though the pressure is initially unknown, a time-marching procedure
can be started. However, the field V* obtained through integration of this equation is called
‘provisional’ because, obviously, it does not account for the impact of pressure on fluid
flow; moreover, it does not satisfy the incompressibility constraint (represented by the
separate equation for the balance of mass). Nevertheless, using the aforementioned Hodge
decomposition theorem, V* can formally be split into two contributions as follows:

V*= V+ C∇p (19)

where V and∇p play the role of divergence-free vector and the gradient of a scalar potential,
respectively. This step is purely formal, as p is one of the unknowns. The next conceptual
ingredient needed to obtain a complete time-marching procedure that consists of forcing
V = V*−C∇p into Equation (4). In this way, indeed, a ‘working’ equation for the effective
determination of the pressure is obtained:

∇2 p =
1

∆t
∇ ·V∗. (20)

This equation represents the ‘core’ of all variants pertaining to the aforementioned
class of projection (or fractional) methods. After Equation (18) has been integrated, the
pressure can be determined solving Equation (20); finally, the sought divergence-free
velocity field can be computed from Equation (19) as V = V*−C∇p (assuming C = ∆t where
∆t is the time integration step).

The well-posedness of this approach is guaranteed by another important fundamen-
tal theorem—that is, the so-called theorem of the inverse calculus (see, e.g., Ladyzhen-
skaya [39]); it states that a vector field is uniquely determined when its divergence and
curl are assigned; in the present case, these are ∇ ·V = 0 and ∇∧V = ∇∧V∗, where the
latter equality follows from the well-known mathematical property of the curl operator
to annihilate the gradient of a scalar function, i.e., ∇∧∇p = 0 (Gresho [36]; Lappa [40];
Lappa and Boaro [41]).

In the present work, we have used the specific variant of this class of methods available
in the OpenFOAM computational platform (OpenCFD Ltd 2019, London, UK), i.e., the so-
called PISO (Pressure Implicit Split Operator) approach (originally elaborated by Issa [42]).
The OpenFOAM implementation of this method relies on a collocated grid approach, which
means that the unknowns are defined in the center of the computational cells. Moreover,
in order to improve the coupling of velocity and pressure, a special interpolation of the
velocity is applied on the cell faces (Rhie and Chow [43]), while the third unknown T is
determined in a segregated manner after the computation of V and p. Finally, we wish to
remark that we have used backward differencing in time and upwind differencing schemes
in space for both the convective term and diffusion term, while the solution of Equation
(20) has been based on a Generalized Geometric-Algebraic Multi-Grid (GAMG) strategy.

4. Validation

Before numerical results can be interpreted, it is imperative that the strategy for the
solution of the governing equations is validated against available relevant benchmarks.
Given our specific target, the earlier study by Hirata et al. [31] is specifically considered
for such a purpose. In particular, three cases are chosen: (a) Ω = 200, Raω = 7 × 104,
(b) Ω = 500, Raω = 105, and (c) Ω = 200, Raω = 105 (the velocity signals for these cases
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are readily available to the reader in the original study, making the comparison with the
current results straightforward). As the reader will realize by inspecting Figure 2, the
present results are in excellent agreement with the original signals reported by Hirata
et al. [31], both in shape and periodicity.
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For the sake of completeness, additional validation has been obtained considering
quantitative comparison with other well-known benchmarks in the literature concerned
with classical RB convection in a square cavity ([44,45]). These comparisons have already
been published in Lappa and Inam [46] and are not duplicated here for the sake of brevity.

5. Grid Refinement Study

Due to the potential complexity of the flow considered in this study, close attention
must also be given to the grid adopted for the numerical simulations. Although mesh
refinement criteria for thermovibrational flow are not available, meaningful indications in
this regard can be obtained through ‘analogies’ with parent forms of convection. As an ex-
ample, relevant similarities with standard gravitational convection in high-Pr fluids include
the development of thermal boundary layers for relatively high values of the Rayleigh
number. For the case of standard buoyancy flow, as an example, Russo and Napolitano [47]
showed that a working correlation for the thickness of the thermal boundary layer can be
introduced as follows:

δBL ∼= Ra−1/4. (21)

The presence of such boundary layers cannot be ignored when designing an adequate
mesh and can be translated into precise numerical requirements. As an example, relevant
information along these lines can be found in the study on RB convection by Shishkina
et al. [48], where the number of cells required in the thermal boundary layer has been
specified directly as a function of Ra, i.e.,

NBL ∼= 0.35Ra0.15. (22)

Another important influential factor to be taken into account (especially when one
targets high-Ra regimes) in the preliminary definition of a computational grid is the so-
called Kolmogorov length scale, i.e., the need to keep the size of the computational cell
sufficiently small to capture the ‘eddies’ that are produced when the flow assumes a
turbulent behavior. It is known that for standard RB convection (De et al. [49]), this
characteristic (non-dimensional) length scales as

ζRa = 1.336(Ra)−0.32. (23)

All these criteria should be regarded as a set of multiple requirements finally leading
to a relevant mesh. Assuming the worst conditions considered in the present work, i.e., the
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highest possible value of Raω , all these constraints taken together would return a uniform
mesh 102 × 102.

To verify the consistency of this way of thinking with the standard approach generally
used to define a suitable mesh (i.e., a ‘classical grid refinement study’), we have increased
progressively the number of computational nodes until convergence has been obtained. The
outcomes of such a study are presented in Figure 3, where the maximum of the difference
between the instantaneous temperature and the corresponding time-averaged (over the
period of vibrations) value has been plotted (the so-called thermofluid-dynamic distortion).
It can be seen that the results for a grid of size 82 × 82 are extremely close to that of the
grid size 102 × 102, which implicitly indicates that (toward the end to save computational
time) one may limit to considering the former coarser mesh. However, in order to meet all
the possible criteria described before (see Table 1), we have decided to use the 102 × 102
mesh for all the cases considered in the present work.
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Figure 3. Convergence of the thermofluid-dynamic disturbances as a result of grid refinement for the
case Pr = 7, Raω = 106, Ω = 100.

Table 1. 102 × 102 grid results versus theoretical requirements.

Criteria Theoretical Values Values Provided by the Numerical
Simulation

Cell size determined by Kolmogorov length scale 1.61 × 10−2 9.80 × 10−3

Boundary layer thickness (Russo and Napolitano) 3.16 × 10−4 2.98 × 10−2

Number of cells required in boundary layer (Shishkina et al.) 3 3

As an additional layer of validation, comparisons with an in-house explicit code have
also been made (this is presented a posteriori in Section 6.2, where the same mesh resolution
of 102 × 102 is used).

6. Results

With the numerical approach robustly tested by (1) verifying its ability to capture
available results in the literature and (2) checking its convergence under mesh refinement
(forcing the used grids to also satisfy existing practical and theoretical criteria about
mesh design), we have then simulated a vast range of cases by varying parametrically
the vibrational Rayleigh number and the frequency of vibrations over three orders of
magnitude. In particular, the same value of the Prandtl number originally considered
by Lappa [7] has been examined (Pr = 15) with the two-fold purpose of (1) extending
that earlier study conducted for classical RB convection in a square cavity to the case of
thermovibrational flow and (2) expanding the space of parameters originally examined by
Hirata et al. [31]. In order to consider conditions for which the flow can still be considered
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laminar or weakly chaotic (the investigation of the fully turbulent regime being beyond the
scope of the present work), the maximum value of the Rayleigh number has been limited
to 106.

The work/study progresses with the aid and support of both global parameters and
detailed velocity fields for a better representation of the emerging dynamics. While a
coarse-grained macroscopic perspective is used at the beginning by providing results in
terms of maps (Sections 6.1 and 6.2) and general trends in terms of ‘distortions’ (Section 6.3)
and Nusselt number (Section 6.4), the problem is considered from a fine-grained microme-
chanical level in Section 6.5 (in terms of flow temporal behavior and related symmetries).
We finally link (Section 7) the resulting statistics to the evolution of global parameters to
provide useful information about the underlying cause-and-effect relationships.

6.1. Regime Classification

As the present study has been expressly conceived as an extension of the numerical
investigation originally conducted by Hirata et al. [31], the simplest way to place the present
results in an adequate context is to start from an overview of that work (see Figure 4).
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The diversity of flow regimes that exist for pure thermovibrational convection in a
square cavity when the temperature gradient is imposed parallel to the vibration can be
clearly seen in this figure. Hirata et al. [31] split these regimes into four possible categories,
namely, Synchronous (SY), Subharmonic (SU), Non-periodic (NP), and Stable (ST) solutions.
Unfortunately, these authors limited themselves to considering values of the vibrational
Rayleigh number in the range (104 ≤ Raω ≤ 105, the constraint on the upper value being
essentially an outcome of the limited computational resources available at that time). This
figure is instructive also for another reason. It shows the well-known stabilization of
thermovibrational flow when the frequency of vibrations is increased (Simonenko and
Zen’kovskaja [50]; Simonenko [51]; Gershuni and Zhukhovitskii [52]; Gershuni et al. [53];
Gershuni and Zhukhovitskii [54]); we will come back to this fundamental concept later.

A total of 66 new simulations have been conducted in the present work. In line with
Hirata et al. [31], Ω has been varied from Ω = 1 to Ω = 103, with the addition of a very high
value of Ω = 104. As explained before, a fluid with Pr = 15 has been considered in place of
Pr = 7. Another distinguishing mark of the present analysis is the extension to Raω = 106.

Before starting to deal with the detailed discussion of these results, we wish to antici-
pate that although the regimes (SY, SU, NP, and ST) were sufficient to compartmentalize
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the flow in the range of parameters considered by Hirata et al. [31], additional classes of
flow have been identified for the cases simulated here in the interval (105 < Raω < 106).
These new findings have implicitly led to the need to introduce a distinction within the
synchronous regime whereby a flow may be synchronous and periodic or synchronous
and non-periodic (SY-P or SY-NP). Relevant examples of such new solutions are shown
in Figure 5a,b, respectively. In particular, Figure 5a relates to the circumstances where the
velocity signal is identical over each period for all periods (therefore, the signal can be
considered synchronous and periodic). By contrast, although the signal shown in Figure 5b
is still synchronous in time with the applied forcing (i.e., the vibrations), it also exhibits
turbulent busts every period; moreover, the signal is not periodic, as the bursts display a
more or less erratic evolution in time.
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periodic(SY-P) and (b) the case synchronous and non-periodic(SY-NP).

6.2. Map Extension

The main outcome of the present parametric investigation, i.e., the extended map, is
presented in Figure 6. It is divided into regions where clusters of convective modes can be
observed. Although stabilization is achieved at extremely high frequencies (Ω = 104), the
predominant flow regime apparent for high vibrational Rayleigh numbers (Raω > 5 × 105)
is the aforementioned SY-NP case denoted by
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the axes of the reference Cartesian system differ from solver to solver).  
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insets represents the forcing applied to the system; it is instrumental in making evident
that the turbulent bursts for the SY-NP mode occur synchronously with the forcing but do
not display the same behavior for each period. These solutions are less ordered than those
found for the lower vibrational Rayleigh numbers whereby they appear in less organized
clusters. The appearance of the SY-P regime is more sporadic. However, this mode of
convection also exists at extremely high Rayleigh numbers (Raω = 106), which indicates
that an increase in Raω does not systematically lead to a more chaotic system (in some
regions of parameters (Ω = 103), the flow reverts from an NS-NP back to an SY-P state).

In agreement with Hirata et al. [31], in the range of low frequencies Ω < 200, the fluid
displays a stationary behavior over a certain sub-interval of the period τ (= 2π/Ω) of the
applied vibrations.

In addition to enlightening the reader on the complexity and unpredictability of the
flow regime (with the exception of extremely high values of Ω for which the dynamics
reduce to the emergence of a quiescent thermally diffusive state), this map provides a
picturesque description of the velocity signals and the fluid behavior.

The thermal response of the system is described in the next section where some dedi-
cated (‘ad hoc’) definitions and concepts are introduced.

However, before starting to deal with thermal effects, we wish to remark that an extra
layer of validation (with respect to that illustrated in Section 4) has been implemented
comparing the results obtained here for the new cases (using OpenFOAM) with those
provided by the same code used by Lappa [25] and Lappa and Burel [29] (see Figure 7).
Both OpenFOAM and this code pertain to the same class of pressure–velocity methods
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discussed before. However, while OpenFOAM is based on an implicit approach (for
what concerns the time integration) and on a collocated distribution of unknowns, the
computational platform used by Lappa [25] and Lappa and Burel [29] relies on an explicit
approach and a ‘staggered’ arrangement of variables, respectively.
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It can be seen that despite the differences highlighted above, the shape and periodicity
of the signals produced by both codes are in agreement (the discrepancy in signal amplitude
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can be expected as the exact location of the probes and the positive direction of the axes of
the reference Cartesian system differ from solver to solver).

6.3. Themofluid-Dynamic Disturbances

A further understanding of the observed dynamics can be gained through the so-
called thermofluid-dynamic (TFD) distortions. These characteristic quantities have enjoyed
a widespread use in past studies concerned with the effect of vibrations on non-isothermal
fluid systems (see, e.g., Monti et al. [14]). They can be used to characterize in a synthetic
way the thermal response of the fluid to the application of a time-varying acceleration.

However, a proper introduction of these characteristic quantities requires a short
excursus on the peculiar properties of thermovibrational flows. In particular, it is worth
recalling that a non-isothermal fluid subjected to vibrations can develop a stationary
response in addition to the oscillatory velocity field directly induced by the time-periodic
acceleration. The latter can easily be explained assuming a straightforward cause-and-
effect relationship between the time-varying buoyancy force and the induced fluid motion.
The former requires a more involved interpretation. This stationary response (detectable
through analysis of the time-averaged flow field) is an outcome of the non-linear nature of
the balance equations (Savino and Lappa [55]). It becomes significant when the frequency
of vibrations is sufficiently high and their amplitude is relatively small, i.e., in the so-
called Gershuni regime (Simonenko and Zen’kovskaja [50]; Simonenko [51]; Gershuni
and Zhukhovitskii [52]; Gershuni et al. [53]; Gershuni and Zhukhovitskii [54]; Savino and
Lappa [55]; Lappa [30]). Indeed, for the opposite circumstances for which the frequency
is small and the amplitude large, the linear response (direct proportionality between
the oscillatory flow and the time-dependent acceleration) is dominant [55]. The time-
averaged and fluctuating components of the velocity and temperature fields can formally
be defined as:

V =
Ω
2π

2π/Ω∫

0

Vdt, T =
Ω
2π

2π/Ω∫

0

Tdt (24)

and
V′ = V −V, T′ = T − T. (25)

In the present work, these quantities have been determined “a posteriori” after evalu-
ating V and T via direct numerical solution of the governing equations in their complete
time-dependent and non-linear form, as illustrated in Section 3.

The above-mentioned distortions can be defined accordingly as follows:

δT(x, y, t) = T(x, y, t)− Tdi f f (x, y) (26)

where Tdiff represents the temperature field that would be established in the absence
of convection (in other words, a purely diffusive temperature profile, which using the
reference system indicated in Figure 1 would simply read Tdiff = y).

Taking into account that (as illustrated above) the local temperature can be split into a
time-averaged steady component plus a fluctuating part (Tj = T j + Tj

′), Equation (26) can
be further expanded as:

δT = T′(x, y, t) + T(x, y, t)− Tdi f f (x, y) = δT + T′(x, y, t) (27)

where δT represents the companion averaged distortion, i.e.,

δT = T(x, y, t)− Tdi f f (x, y). (28)

Global measures can be defined accordingly as:

TFD = max (δT) for 0 ≤ x ≤ 1, 0 ≤ y ≤ 1 to ≤ t ≤ to + τ (where τ=2π/Ω) (29)

170



Fluids 2021, 6, 30

TFDaveraged = max
(
δT
)

for 0 ≤ x ≤ 1, 0 ≤ y ≤ 1 (30)

.
These quantities are reported in Figures 8 and 9 for different circumstances (δT and

δT represented by dashed and solid lines, respectively).
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As quantitatively substantiated by these figures, the oscillatory thermofluid dynamic
disturbance (TFD) is generally higher that the time-averaged one over the considered range
of frequencies.

In particular, the time-averaged disturbances are approximately constant if their
dependence on either Raω or Ω is considered until the critical value of Ω = 500 is attained,
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where these disturbances are seen to increase (with the exception of the case Raω = 2 × 105

for which the TFDaveraged tends to 0).
For what concerns the oscillatory disturbances, an increase in TFD occurs until the

critical value of Ω = 100, while for Ω > 100, the opposite trend can be seen.
Remarkably, all the TFD distortions tend to zero as the frequency grows. A simple way

to think about this scenario is to consider that it reflects the existence of the almost quiescent
states already reported in Figure 6. However, from a physical point of view, this trend can be
interpreted directly, taking into account a well-known property of thermovibrational flow
for high frequencies (for Ω≥ 104, i.e., when the Gershuni regime is approached (Savino and
Lappa [55]). As originally argued by Birikh at al. [56], indeed, in the limit as the frequency
tends to infinite, if temperature distortions with respect to the purely diffusive case are
present, the major role of the mean vibration force is that of forcing isotherms to turn and
become perpendicular to the vibration direction. To elucidate further the significance of
this observation, one should keep in mind that in other words, this simply means that
an intrinsic property of thermovibrational convection induced by vibrations parallel to
the imposed temperature difference is to tend naturally to a quiescent thermally diffusive
state as Ω is increased (which provides the sought physical justification for the ST states
reported in the existence map).

Apart from showing that the oscillatory disturbances prevail over the time averaged
ones, Figures 8 and 9 are also instrumental in revealing that the increase of the vibrational
amplitude (Raω) affects the two types of distortions differently: as already explained to
a certain extent before, the time-averaged disturbances seem quasi-independent of the
increase in Raω (or value of Ω in fact), whereas the instantaneous (complete) TFD are
appreciably affected by both Raω and Ω.

6.4. Evaluation of the Nusselt Number

In keeping with the previous section, further analysis of the thermal behavior of the
system may be carried out by looking at another global parameter, i.e., the classical Nusselt
number, namely the ratio of heat transfer due to convection over the heat transfer due
to conduction along a given boundary. In our case, this non-dimensional number can be
defined as:

Nu =

1∫

0

∂T
∂y

dx (31)

and we introduce accordingly

Numax= max (Nu) for to ≤ t ≤ to + τ. (32)

In the case of high frequencies, it has been shown in the previous section that when
parallel to the temperature gradient, the vibrations have a stabilizing effect on the flow.
This trend can still be appreciated when cases with Raω > 105 and the SY-NP and NS-NP
regimes are considered. As witnessed by Figure 10, a remarkable decrease in Numax occurs
for Ω = 1000 (Numax ideally tending to 1 in the limit as Ω→∞). However, as still evident
in this figure, a peak is located Ω = 100. For all values of Raω at low frequencies (Ω < 20),
Numax remains constant; then, it grows for intermediate frequencies (50 < Ω < 100) and
finally decreases for high values of Ω (Ω > 1000).
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Figure 11. Influence of Raω on the maximum Nusselt number (Numax) across the heated wall of the
cavity.

Notably, the peak located at Ω∼= 100 is consistent with the maximum taken by the TFD
(see again Figure 8), and the key to understanding this finding lies in considering that, given
the dominance of instantaneous effects on time-averaged ones, the effective configuration
of the temperature field (in terms of topology of the isotherms and ensuing heat exchange
at the boundaries) must essentially be ascribed to the fluctuating components of velocity
and temperature. As already outlined above, the tendency of the Nusselt number toward
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the unit value as Ω is increased is indirect evidence of the fact that fluid motion tends to be
suppressed in those conditions.

6.5. Streamlines and Patterning Behaviors

In this section, we finally concentrate on the effective patterning behavior of the flow
for the different regimes reported in Figure 6. Emphasis is put on the interval 105 < Raω ≤
106, as these circumstances were not covered in the earlier study by Hirata et al. [31].

Along these lines, we begin from the case Raω = 106, Ω = 104, i.e., a condition for
which the flow is almost negligible (“stable state”). As shown by Figure 12, it manifests
itself as an (ss) convective mode characterized by two rolls along each coordinate axis. This
extremely weak flow starts as a four-roll configuration. From there, small rolls nucleate
at the corners of the cavity and, as time passes, they tend to merge with their respective
neighbors until the original quadrupolar arrangement is recovered. This nucleation occurs
twice in the space of a period rapidly regaining the four-roll configuration. The periodicity
of this evolutionary scenario is consistent with the velocity signal (which is sinusoidal and
synchronous with the forcing period).
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Figure 12. Instantaneous patterning behavior for the case ST, where it is shown that the nucleation of the external rolls
occurs at approximately 0.3τ and 0.8τ and that the four-roll configuration is re-established fully when the acceleration tends
to zero.

Another characteristic type of solution present in the map (Figure 6) is the synchronous
and periodic state (SY-P). This mode of convection can be found mainly at the center and
at the left side of the map for Raω < 5 × 105. As illustrated in Figure 13, this regime
presents periodically identical instantaneous velocity fields and streamlines. In this case,
the quadrupolar (four-roll) configuration is interrupted at each period by the genesis of
two small rolls in the center of the lower part of the cavity, which are eventually flattened,
hence allowing the flow to return to the original pattern.

The next figure of the sequence (Figure 14) illustrates a Subharmonic case (SU). In this
figure, the typical behavior of a subharmonic mode of convection can be recognized in both
the velocity field and streamlines snapshots. The period of the flow is double with respect
to that of the forcing. However, the signature of the forcing period τ can still be recognized
if one considers the two spikes (one large and one small) visible in the signal (then, these
spikes are repeated with a slightly lower amplitude in the second forcing period). This is
also quantitatively substantiated by the panels (a) and (b), where the magnitude of the first
velocity field is (slightly) higher than that of the second.
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second period) for the case Raω = 3.5 × 105, Ω = 500 (SU), accompanied by the velocity signal. The 24 red dots represent the
time at which the snapshots are taken (six snapshots for each period).
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In terms of spatial symmetry, the (aa) type is dominant (one single roll). However,
during one period of flow oscillation, modes with the (ss) symmetry are excited, which
combined with the main roll give rise to one diagonal clockwise-oriented vortex with
two small counter-rotating eddies located in opposite corners of the cavity or a columnar
arrangement of three superposed rolls slightly inclined to the left.

The next case serves to reveal the intrinsic features of the synchronous and non-
periodic regime (SY-NP) found at higher vibrational Rayleigh numbers and at low and
intermediate frequencies. As already explained in Section 6.1, a distinguishing mark of this
type of solutions is the existence of bursts in the velocity signal, which display a more or
less random nature.

In particular, here, the case of Raω = 8.5 × 105, Ω = 100 is taken as a representative
example (Figure 15). As a fleeting glimpse into this figure would immediately confirm, the
fluid becomes almost quiescent over a fixed sub-interval of each period.
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Figure 15. Instantaneous streamlines and velocity magnitude over two periods for the case Raω = 8.5 × 105, Ω = 100,
accompanied by the velocity signal. The 12 red dots represent the time at which the snapshots are taken (six snapshots for
each period).

Although the velocity profile shows a large difference in behavior over time, the
instantaneous velocity field and streamlines witness that the actual pattern is different at
each turbulent burst. This is evident in the third, fourth, and fifth snapshots of the sequence
for each period. Although the bust occurs at the same point in time, the flow structure
changes considerably.

When the velocity magnitude is close to zero, the streamlines present again the four-
roll configuration; when a burst occurs, as shown in snapshot 3, existing vortices merge, and
new rolls appear randomly. In terms of spatial symmetry, although in certain sub-intervals
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of the period solutions with the (sa) symmetry also appear (two vertically extended rolls in
a side-by-side configuration), the (ss) mode with four rolls is generally dominant.

Figure 16 can be finally used to get insights into the non-synchronous and non-periodic
regime (NS-NP) apparent in the region of high vibrational frequencies. Easily identifiable,
these solutions exhibit no adherence to the imposed vibrational forcing. As the reader
will easily realize by inspecting Figure 16, the behavior of the flow changes randomly and
presents a number of interesting and unpredictable topological (in terms of streamlines)
features, which essentially result from the excitation and superposition of convective modes
with different symmetries.
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snapshots for each period).

7. Discussion and Conclusions

Originally conceived as an extension of other works in the literature, the present
study has confirmed that a kaleidoscope of solutions can be obtained in an apparently
innocuous configuration such as a square cavity subjected to vibrations parallel to the
applied temperature difference. Considering relatively high values (heretofore unexplored)
of the vibrational Rayleigh number and non-dimensional angular frequency, two new
states have been identified in the space of parameters, namely, periodic and non-periodic
synchronous modes of convection. The peculiarity of the latter resides in its ability to pro-
duce turbulent bursts, which occur synchronously with the forcing but do not display the
same behavior in each period of oscillation. Although the appearance of the synchronous
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periodic solution is more sporadic, this mode of convection can manifest itself also for high
Rayleigh numbers, which indicates that an increase in Raω does not systematically lead to
more chaotic phenomena.

Comparison with equivalent studies conducted for the same value of the Prandtl
number, same geometry, and same range of values of the Rayleigh number for classical
Rayleigh–Bénard convection indicates that the set of potentially excitable modes with
different symmetries is greatly expanded when the steady gravity is replaced by a time-
periodic acceleration. From the limited series of snapshots included in the present work, the
predominantly occurring symmetries are represented by the symmetric–symmetric mode
(ss) (generally appearing as a quadrupolar pattern) and the diagonal mode characterized
by a predominant central vortex ornated with two smaller outer corner rolls. However,
occasional manifestations of other patterns are also possible, including (but not limited to)
the vertical two-roll configuration (sa), the columnar arrangement of three horizontally
stretched rolls, as well as other three-roll configurations. In line with earlier studies on
the companion problem of standard RB convection, we argue that an explanation for this
variety of multicellular states can be rooted in the existence of multiple solutions, i.e.,
different possible modes of convection that coexist in the space of parameters and can be
excited for comparable values of the driving force (Mizushima [2]; Hof et al. [57]; Leong [58];
Lappa [59]). These modes are not mutually exclusive, nor are they truly progressive, which
means that they can be excited at different times or at the same time, resulting in new
patterns due to their non-linear combination.

A comparison of instantaneous and time-averaged effects also leads to meaningful
conclusions. The former is generally dominant over the entire range of values of and Ω
considered. The dependence on the problem parameters also displays notable differences.
While time-averaged quantities are almost independent from the vibrational Rayleigh
number, instantaneous ones grow (as expected) with this parameter. However, as the
angular frequency of the imposed vibrations is increased, both fluctuating and time-
averaged (stationary) effects (as properly quantified through the so-called TFD distortions)
tend to be damped until a completely motionless state is attained (for a cut-off value of the
frequency that grows with the considered value of Raω). This scenario is consistent with
that revealed by the Nusselt number (which tends to 1 as this cut-off value is exceeded,
thereby indicating that purely thermally diffusive conditions are established). It is also
congruent with the so-called Birikh’s law, i.e., the expected tendency of the time-averaged
vibration force to create isotherms perpendicular to the direction of vibrations when the
frequency becomes relatively high (thereby causing a strong increase in the value of the
Rayleigh number needed to produce convection, which ideally tends to infinite in the limit
as Ω→∞, [60]).

The peak visible in both the instantaneous TFD and Nu plot at Ω ∼= 100 for relatively
high values of the vibrational Rayleigh number calls for a complementary explanation.
This can be further elaborated in its simplest form on the basis of the argument that the
fluctuating components of velocity and temperature are dominant and therefore play a
crucial role in determining the intensity of the heat exchange at the solid boundaries.
Moreover, we argue that an explanation for the non-monotone behavior must be sought
in the spatial symmetries of the dominant flow. Indeed, the specific value of the angular
frequency for which the maximum is attained (Ω ∼= 100) in the range of high values
of the vibrational Rayleigh number corresponds to conditions where the (ss) symmetry
(multicellular state) is dominant (its reverberation on the heat exchange being an increase
in magnitude).

Given the lack of studies specifically conceived to investigate the properties of pure
thermovibrational flow in conditions for which the temperature gradient is parallel to the
direction of shaking, this work has been conducted under the optimistic idea that it may
provide a common point of origin from which many studies in the community may depart
(including meaningful extensions to three-dimensional configurations). These future works
might be based on the same variegated approach used in the present work, which has
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proven instrumental in unraveling processes that are interwoven or overshadowed and
successful at illuminating the dynamical mechanisms at play on these systems, thereby
making research results easier to compare and providing researchers with reasonable
values to assume for areas outside their experience.
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Nomenclature

Nomenclature
b Vibration amplitude
Nu Nusselt number
p Pressure
Pr Prandtl number
Ra Rayleigh number
s Displacement
T Temperature
t Time
u Velocity component along x
V Velocity
v Velocity component along y
x Horizontal coordinate
y Vertical coordinate
Greek Symbols
α Thermal diffusivity
βT Thermal expansion coefficient
ν Kinematic viscosity
ρ Fluid density
ω Dimensional angular frequency
Ω Non-dimensional angular frequency
∆T Temperature difference
τ Non-dimensional period of vibrations
δ Thickness
ζ Kolmogorov length scale
Subscripts
BL Boundary layer
Cold Cold
diff Diffusive
Hot Hot
max Maximum
Superscripts
Lab Laboratory
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Abstract: This article experimentally investigates thermal vibrational convection in horizontal lay-
ers, subject to circular translational oscillations in the horizontal plane. The definite direction of
translational vibrations lacks investigation, and the case of a layer heated from above is considered.
At large negative values of the gravitational Rayleigh number, the thermovibrational convection
appears in a threshold manner with an increase in the vibration intensity. Our results show that
in the case of strong gravitational stabilization, thermovibrational convection develops in the form
of patterns with strong anisotropy of spatial periods in orthogonal directions. The vibroconvective
patterns have the form of parallel rolls divided along their length into relatively short segments.
The layer thickness determines the distance between the rolls, and the longitudinal wavelength,
depends on the Rayleigh number. Convective cells are studied using the noninvasive thermohromic
methodic. It is found that when using the tracers for flow visualization, the concentration and
type of the visualizer particles have a serious impact on the shape of the observed vibroconvective
structures. In particular, the presence of even a small number of tracers (used in the study of velocity
fields by the PIV method) generates flows and intensifies the heat transfer below the threshold of
thermovibrational convection excitation.

Keywords: plane layer; circular translational vibrations; thermal vibrational convection; convec-
tive patterns

1. Introduction

The study of thermal vibrational convection (TVC) (Gershuni and Lyubimov [1]) is
the object of high interest nowadays, in connection with its potential use in effectively
controlling the convection and heat transfer in various technological devices, particularly
at zero gravity (Gershuni and Zhukhovitskii [2], Mialdun et al. [3]). According to Gershuni
and Lyubimov [1], TVC is the averaged convection, excited in a non-isothermal fluid by
the oscillating force fields. This is done by the oscillating inertial forces arising in the
non-inertial frame of reference associated with the cavity, as a result of the cavity vibrations.
The non-isothermal liquid oscillations lead to the appearance of averaged mass forces as
a result of nonlinear effects, which generates the averaged convective flows. The last has
been well-studied, both theoretically and experimentally, in the case of linear translational
vibrations of a cavity with a non-uniform in density (for example, non-isothermal or multi-
component) liquid. Wide theoretical studies are carried out both in the limiting case of
high vibration frequencies (using the equations of averaged convection) and in the region
of arbitrary frequencies (Simonenko and Zen’kovskaja [4], Gershuni et al. [5], Smorodin
et al. [6], Vorobev and Lyubimova [7], Lappa [8]], Crewdson and Lappa [9]). The thermal
vibrational convection equations obtained by the averaging method in the approximation
of high dimensionless frequencies ω ≡ Ωh2/ν� 1 (Simonenko and Zen’kovskaja [4]) are
often used. They correspond to the case when the characteristic size of the cavity h is much
greater than the thickness of the viscous boundary layers δ ≡

√
2ν/Ω, and the oscillations

of the fluid are inviscid. In this case, the thermovibrational mechanism is determined
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by the vibrational parameter Rv = (bΩβΘh)2/2νχ, where b is the vibration amplitude,
Ω = 2π f —radian frequency of vibration, Θ—characteristic temperature difference, β, χ
and ν—coefficients of volumetric expansion, thermal conductivity, and kinematic viscosity
of the fluid.

Linear translational vibrations, which have the preferred direction of oscillations,
determines the shape of convective structures. For instance, in plane layers, the linear
vibrations lead to two-dimensional convective structures, elongated in the general case
across the vibration axis. Exceptions are the linear vibrations directed along the temperature
gradient (Crewdson and Lappa [9]).

A more general case is the one, when the cavity performs translational oscillations
of elliptical polarization, considered theoretically by Kozlov [10]. The case of circular
translational vibrations, when the cavity moves along a circular path, is of special interest.
This type of vibration has no preferred direction—it leads to a rotating inertial force field
in a non-inertial reference frame associated with the cavity. A theoretical description of
TVC (equations of thermal vibrational convection obtained by the averaging method in the
high-frequency approximation) for this case, as well as the problem of vibroconvective sta-
bility of liquid in a horizontal layer with isothermal boundaries of different temperatures,
are considered in Reference [10]. It is shown that in the horizontal layers, the vibrations of
circular polarization in the horizontal plane act similarly to vibrations of linear polarization.
The fundamental difference lies in the absence of a preferred direction. According to the
results of the linear stability theory, at the threshold, the most dangerous disturbances
are characterized only by the square of the wavenumber, while the shape of convective
structures (two-dimensional rolls, hexagonal or rectangular convective cells) remains unde-
fined. Determining the type of disturbances developing in the supercritical region requires
a nonlinear analysis. In this regard, a theoretical study by Pesch et al. [11] is interesting,
where thermal convection in a horizontal layer performing unidirectional and circular
translational oscillations in its own plane is studied. The analysis is based on the Galerkin
method, as well as on direct numerical simulations of the underlying Boussinesq equations,
in contrast to Reference [10], where the equations of vibrational convection obtained by the
averaging method in the high frequency approximation were used. The studies [11] were
carried out in the region of moderate dimensionless frequencies and have demonstrated
that in the case of circular shaking, the onset of convection corresponds to the transverse
roll, like in the case of unidirectional vibrations, with the roll axis selected spontaneously.

Experimental study of thermovibrational convection in a horizontal layer performing
circular translational oscillations is performed by Kozlov et al. in Reference [12]. Since the
experiments were carried out in a gravity field, in addition to the vibrational mechanism,
thermal convection was determined by the thermogravitational mechanism, which is
characterized by the Rayleigh number Ra = gβΘh3/νχ. To exclude the destabilizing
effect of the gravitational convective mechanism, the case of a fluid stably stratified in the
gravity field, when the layer is heated from above, is considered. The studies are carried
out in the area of large negative values of the Rayleigh number, at Ra ∼ −105. According
to the experimental observations, the thermovibrational convection, in this case, develops
in the form of two-dimensional rolls; the wavelength of convective structures is determined
by the layer thickness. The visualization of convective structures was carried out with the
help of calliroscope particles, which is a small amount were located at the lower (cold)
boundary of the layer. The convection excitation threshold found experimentally is in good
agreement with the results of the linear stability theory (Ivanova and Kozlov [13]). It is
interesting, that the wavenumber of two-dimensional convective rolls, observed in the
experiment, is significantly lower than one predicted by the linear theory for large negative
values of the gravitational Rayleigh number; at the same time, it is in good agreement
with the results of the theory in the absence of gravity. In accordance with (Ivanova and
Kozlov [13]), an increase in the negative value of the Rayleigh number, along with an
increase in the threshold value of the vibrational parameter Rv, is accompanied by a sharp
increase in the critical wavenumber.
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Let us mention an interesting case of translational-rotational or pendulum vibra-
tions of the cavity. Such combined vibrations result in an additional thermovibrational
mechanism (Kozlov [14], Kozlov and Selin [15]) which is linear in density inhomogeneity,
and thus, analogous to the Rayleigh mechanism of gravitational convection. It is important
that in thin layers, due to the specific form of the isothermal component of the pulsation
velocity, excited by the rotational component of vibrations, the combined translational-
rotational vibrations result in the renormalization of the external static force field. One can
see that the equations of thermal vibrational convection under pendulum vibrations in
a complete nonlinear formulation have the same form as in the case of translational vi-
brations, both in the case of linear and circular ones, Kozlov [10]. The only difference is
in the renormalization of the static force field. This allows to compensate the effect of
gravity in ground-based experiments and to study thermovibrational convection in layers
under conditions that simulate the microgravity. This was confirmed in an experimental
study of thermovibrational convection in a layer oscillating as a plane pendulum (Ivanova
and Kozlov [13]) and spherical pendulum (Kozlov and Selin [15]). By the way, the experi-
ments have shown that the use of different types of visualizing particles has a significant
effect on the structure of convective flows, up to the fact that convective cells appear to
significantly lower the excitation threshold of thermovibrational convection. In the case of
circular translational vibrations, the presence of even an insignificant number of particles
of practically neutral buoyancy can change the heat transfer in the subthreshold region,
without, however, affecting the excitation threshold of thermovibrational convection.

The aim of this work is the experimental study of the structure of vibroconvective flows
in a horizontal layer heated from above and subjected to circularly polarized translational
vibrations, as well as the study of the effect of different types of tracers on the structure of
observed convective flows and convective heat transfer, in particular, below the excitation
threshold of thermal vibrational convection. Along with the visualization of convective
flows with the help of different types of tracers, the structure of vibroconvective cells was
studied using a thermochromic film, which allows visualization of temperature fields in a
liquid in the absence of tracers, that is, without disturbing the liquid.

2. Formulation and Methods
2.1. Problem Formulation

Convection in a horizontal plane layer with boundaries of different temperatures T1
and T2 is considered (Figure 1). The upper boundary temperature is higher than that of
the lower one (T1 > T2), so the gravity field plays a stabilizing role. The layer performs
translational circular vibrations in the horizontal plane with an amplitude b = 4.4 cm
and frequency Ω, which varies in the interval Ω = 0− 60 s−1. The oscillations are set
using a mechanical vibrator, a description available in Kozlov et al. [12]. The radius vector
r, drawn from the origin of a laboratory coordinate system xyz to the origin of the moving
system x′y′z′ associated with the cavity, rotates with a frequency Ω ≡ 2π f around the
vertical axis z. Thus, the cavity performs translational displacement along the circle path
(translational vibrations of circular polarization). At this, a spatially uniform inertial force
field Ω2r rotates in the non-inertial frame of reference associated with the vibrating cavity.
The direction of the inertial force field coincides with the vector r.
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The layer used in the experiments (Figure 2) is formed by two parallel flat heat
exchangers. The bottom heat exchanger is an aluminum plate 1, with channels through
which the liquid of constant temperature is pumped. The heat exchanger is equipped with a
heat flux sensor, which consists of a thin plate with low thermal conductivity 2 between the
heat exchanger and top-mounted aluminum plate 3 with a thickness of 3 mm. The heat flux
is measured according to the temperature drop ∆T at this thermal resistance. The thickness
of the liquid layer in the experiments is h = 0.42 cm or 0.32 cm, the lateral border diameter
−13.8 cm. The upper heat exchanger 4 is transparent and serves to observe the convective
structures in the layer. It is formed by two polished silicate glass plates 5 with a thickness
of 4 mm, between which the fluid of a given temperature circulates. The temperature of
the working surfaces of the liquid layer is measured by resistance thermometers with an
accuracy 0.1 of ◦C. The temperature of the heat exchangers has constant values, due to
the circulation of water at a given temperature coming from powerful jet thermostats.
The working fluid is ethanol.
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2.2. Experimental Technique and Procedure

In the course of the experiments, at given values of the temperature of the upper
and lower heat exchangers, circular oscillations of a certain amplitude and frequency are
reported to the cavity. The amplitude b is measured accurately to the closest 0.1, mm using
the marker at the cuvette. For this purpose, the moving cavity is photographed by high-
resolution photo camera, and the radius of the marker trajectory is measured. The value of
the amplitude is controlled in all the experiments. The radian frequency of vibration varies
in the interval Ω = 0− 60 s−1 and is kept constant at each step of the experiment with an
accuracy of 0.1 s−1.

At a monotonous stepwise increase of the vibration frequency (while controlling
vibration amplitude), the temperature difference between the layer boundaries Θ ≡ T2− T1
and temperature drop ∆T at thermal resistance are measured. The measurements at each
step are performed after the system reaches the stationary convection regime, which takes
place five minutes after the vibration frequency change. The use of the transparent upper
heat exchanger and the visualizing particles in the working fluid allows for the observation,
and registration, of the convective patterns that form after the thermal convection excitation.
A stroboscopic lamp, or a flash lamp, was used for the layer illumination.

To visualize the vibroconvective structures, along with traditional methods (using the
traces—calliroscope or particles of Rezin-Amberlite), a thermochromic film was used in the
experiments. This film is the microencapsulated liquid-crystal ink protected on both sides
by a transparent polymer base. The ink changes its color when the temperature changes
in a relatively narrow range, so the film can be used as a color temperature indicator.
For the film used in the experiment, the activation range is from 30 ◦C to 35 ◦C. Outside
this area, the film is black. At 30 ◦C, the film turns yellow-green and above 33 ◦C—blue
and dark blue. The film with a thickness of 0.15 mm adheres to the lower boundary of
the liquid layer over the heat flux sensor. To exclude the contact with the working fluid,
the thermochromic film is additionally covered with a transparent film with a thickness
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equal to 0.10 mm. For the visualization of the vibroconvective patterns, the temperature at
the cold lower boundary of the liquid layer is set slightly lower than 30 ◦C. In this case,
under the conditions of convective equilibrium, the film at the surface has a uniform dark
color. In the supercritical area, when the convective cells appear, the flows of the hot liquid
descending from the upper boundary cause an increase in temperature near the surface of
the lower layer boundary. As a result, the film changes its color in the areas of hot stream
hitting. The experiments show that this technique resolves the convective cells even of
a relatively small size. An important feature of the described technique is that it is not
associated with the visualizing particles, which are added to the liquid and play the role
of perturbations.

3. Results

The liquid layer is heated from the top. At definite temperatures of heat exchangers
and definite amplitude of vibrations, the frequency of vibrations is increased in a stepwise
manner. In the absence of the visualizer in the range of low frequencies of vibrations,
the temperature difference between the layer boundaries Θ does not change with fre-
quency; the liquid is in a quasi-equilibrium state (Figure 3, points 3). In this case, the heat
flux, which is characterized by a temperature drop on ∆T, remains unchanged (Figure 3,
points 1). At reaching a certain critical frequency fc there is a threshold increase in heat flux
through the layer ∆T (points 1), accompanied by a decrease in the temperature difference
between the layer boundaries (points 3).

1 
 

 
 
3 
 

 

Figure 3. The dependence of the temperature difference Θ at the layer boundaries and the temper-
ature drop ∆T on heat flux sensor on the vibration frequency f when using the different types of
visualizer (points 1, 3 and 2, 4). The layer thickness h = 4.2 mm.

To visualize the vibroconvective flows, the calliroscope particles with the density
slightly exceeding the density of the liquid were used, the characteristic particle size equals
40± 5 µm. Experiments with and without particles added [12] showed that this visualizer
does not affect the excitation threshold of vibrational convection, as well as the heat flux.
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Below the threshold of the thermovibrational convection excitation, at f < fc, the particles
were randomly distributed at the bottom of the cavity (Figure 4a). At the threshold,
their redistribution in the form of periodically arranged rows is observed (Figure 4b).
The photos of structures in Figure 4 are obtained in the conditions corresponding to the
experiments presented in Figure 3 (points 1, 3). The photos show the top view of the
working layer. At the top, a channel is visible through which the isothermal liquid is
supplied to the central part of the upper transparent heat exchanger. In the top left part
of fragment a, one can see the resistance thermometer sensor, which is a thin copper wire
glued in the form of a snake to the inner boundary of the liquid layer. The sensor covers a
relatively large area, which, unlike a point temperature sensor, makes it possible to measure
the area-average boundary temperature even after developing cellular convection.
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Figure 4. The distribution of the calliroscope particles at the bottom of the layer below (a) and above (b) the threshold of the
thermal vibrational convection excitation. The distribution of the Resin Amberlite particles in the layer with a thickness of
h = 0.42 cm below (c,d) and above (e) the excitation of the thermal vibrational convection. Convective structures in the
supercritical region, visualized using the thermochromic film (f), h = 0.32 cm.

The results obtained in the experiments with the visualization by the Resin Amberlite
particles (mass fraction less than 0.14%) with an average size 30± 10 µm are shown by
points 2, 4. At the vibration frequency f < 4 Hz, the presence of the particles has practically
no effect on the heat transfer. At the same time, already at these frequencies, the particles
begin to gather in heaps located at a significant distance from each other (Figure 4c).

The presence of visualizer particles in the liquid leads to an increase in the heat flux
through the layer, and as a result, the lowering of the temperature difference between the
layer boundaries (Figure 3) in the frequency range ( f = 4÷ 6 Hz) up to the excitation
threshold of thermovibrational convection in the absence of tracers. The particles of the
visualizer form spatial periodic structures in the layer in the form of hills spaced at a
considerable distance from each other (Figure 4c). With an increase in the intensity of
vibrations, the distance between the hills decreases (Figure 4d). It can be assumed that,
in this case, the intensification of heat transfer is caused by steady streaming flows [16],
which are generated by hillocks as a result of fluid oscillations. In this case, the mounds
themselves are formed by these averaged flows. This phenomenon, which was previously
observed in Kozlov, Selin (Reference [15]), is of independent interest, but its description is
beyond the scope of this work. It should be noted that a large number of studies have been
devoted to the influence of vibrations on phase inclusions and their accumulation against
the background of oscillations; a literature review can be found in Lappa (Reference [17]).

When the frequency exceeds the critical value ( f > fc), the structure of the hills
and the distribution of the visualizer particles qualitative change. At f = 6.52 Hz
(Figure 4e), the visualizer particles form the elongated parallel rows similar to the case
with the heavier particles of the calliroscope (Figure 4b). However, the structures formed
by the lighter particles have a clearly visible periodic distribution of the particles along the
rows length. It should be noted that in the supercritical area (at f > fc), the change of ∆T
and Θ, with the vibration frequency in the absence of tracers and in their presence are in
qualitative agreement (Figure 3), which indicates the transition to the thermal vibrational
convection mode.

The comparison of the fragments b and e in Figure 4 shows that in the supercritical
area, the PIV particles visualize vibroconvective structures in the form of two-dimensional
rolls, the distance between which is consistent with the results obtained using a calliroscope
(Figure 4b). The question of the nature of the PIV particles accumulation into periodic heaps
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along the rows length remains open, if this distribution is associated with the interaction
between the particles aggregations similar to ones observed in the subthreshold region
(Figure 4d). The thermochromic visualization of the temperature distribution near the
cold layer boundary answers this question. This technique excludes the presence of any
particles that disturb the convective flows. Below the threshold of thermal vibrational
convection excitation, at f < 6 Hz in the considered case, the thermochromic film at the
boundary of the layer has one color, which indicates the constancy of its temperature
and the absence of convective structures. The photo of the film in the supercritical region
(Figure 4f) demonstrates the presence of the spatial convective cells in the layer, and these
cells are characterized by different spatial periods in perpendicular directions. The distance
between the parallel rolls, which is characterized by the wavelength λ1, corresponds to
the thickness of the working layer, λ1 ∼ 2h. Such structures were previously observed
in Reference [12]; it was shown that the distance between the parallel rolls is completely
determined by the layer thickness. The visualization of convective flows with calliroscope
in Reference [12] allowed an assumption about the two-dimensional form of the convective
structures developing at the excitation threshold of the thermal vibrational convection.
As one can see in Figure 4f, the convective cells are characterized not only by λ1 but also
by a spatial period λ2. The reference directions of this spatial periods are perpendicular
and the value of λ2 is much less than that of λ1.

The characteristic linear dimensions of the structures (wavelength λ) depending on
the vibration frequency are shown in Figure 5; the dashed lines fc indicates the threshold
of convection excitation in layers h = 0.42 cm. The visualizer is the Resin Amberlite
particles, the layer is heated from above, Θ = −30.7. At a low frequency, the particles
in the form of hillocks are distributed fairly uniformly in space, but without pronounced
regularity. In Figure 5 points 1 correspond to the average distance between the hills
tops. With increasing the vibration frequency, the average distance between the centers
of adjacent hills λ0 decreases. At frequency fc there is a redistribution of the particles and
a qualitative change in the structures shape: The particles form the regular parallel rows.
The average distance between the rows λ1 is shown in Figure 5 by the points 2, and the
average distance between the hills in a row λ2 (at f > fc)—by the points 3. The points 4
and 5 show the results of λ1 and λ2 measuring using the thermochromic technique of
visualization of the convective flows in a layer h = 0.32 cm ( f ′c—the threshold frequency).
One can see, the thinner the layer, the shorter is the wavelength λ1 (compare points 2
and 4).

It should be noted that under vibrations, the particles of the visualizer accumulate
in the heaps relatively regularly located at the bottom of the cavity (Figure 4c,d) in the
isothermal case too. The distance between the heaps is smaller than the non-isothermal
case. With increasing the frequency, the distance between the heaps decreases monoton-
ically. There is no redistribution of the particles at any frequency in an explored range;
the distribution of the hillocks remains random, close to the hexagonal one.

In the experiments with using the calliroscope particles as a visualizer (concentration
equals 0.02%) in the absence of heating, the regular patterns are not observed at any
vibration parameters. The visualizer particles with relatively high density are randomly
located at the bottom of the layer. Only when thermovibrational convection is excited,
the visualizer distributes in the form of two-dimensional rows. This indicates that the
presence of a small amount of the calliroscope particles in the liquid does not affect the
excitation threshold of thermal vibrational convection. At the same time, the calliroscope
particles do not visualize the flows with a relatively short wavelength.
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Figure 5. The wavelength of the structures (PIV particles) depending on the vibration frequency in
the ethanol layer with a thickness h = 0.42 cm (points 1–3); thermochromic visualization in layer
h = 0.32 cm (points 4 and 5).

4. Discussion

Figure 6 shows the dimensionless wavenumber k of the spatial structures depending
on the vibrational parameter Rv. The experimental conditions and designations corre-
spond to Figure 5. The wavenumber k0 for the points corresponds to the case of spatial
structures in the form of heaps located in an order similar to the hexagonal one (points 1 in
Figure 5). To calculate the wavenumber, the equation for the hexagonal structures is used,
k0 = 4πh/

√
3λ0 [18].

To calculate the dimensionless wavenumber k in the case of convective structures
characterized by a periodic change in mutually perpendicular directions (points 2 and 3

in Figure 5), the term k =
√

k2
1 + k2

2 is used. Here the wavenumber k1 = 2πh/λ1

corresponds to the periodic distribution with a bigger wavelength (Figure 5, points 2
and 4), and k2 = 2πh/λ2 characterizes the distribution of the hills along each row.

It should be noted that the wavenumber k1 in the supercritical region turns out to be
constant and plactically the same in the layers of different thicknesses, h = 0.42 and 0.32 cm
(Figure 6, transparent circles and squares). Moreover, its value is close to the theoretical
value k = 3.23 [1] of the most dangerous disturbances in the problem of vibrational
convection in plane layer in zero gravity. It is important to note that this wavenumber
corresponds to the optimal size of two-dimensional convective rolls, consistent with the
thickness of the liquid layer; the wavelength is close to twice the thickness of the layer.
At the same time, the total wavenumber of the convective cells k under the conditions of
the performed experiment turns out to be much higher and is in good agreement with
the theoretical value predicted by the linear theory of stability (shown by the dashed line).
This is achieved due to the short-wave modulation of the structure of convective rolls
along their length with the wavenumber k2 = 2πh/λ2. The results indicate that in the
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absence of a selected direction of translational vibrations (at the vibrations of circular
polarization) under the conditions of a strong stabilizing effect of a static gravity field,
the structure of vibroconvective cells is characterized by the strong inhomogeneity in
perpendicular directions.

 

2 

5 
 
 

 
 
 
6 

Figure 6. The dimensionless wavenumbers of different structures depending on the vibrational pa-
rameter Rv. Crosses and circles correspond to the experiments with a layer of thickness h = 0.42 cm
at Ra ≈ −2.9·105, squares—to experiments with a layer of thickness h = 0.32 cm at Ra ≈ −1.3·105

(thermochromic methodic of convective patterns visualization). The horizontal dashed line shows
the theoretical values of the wavenumber k in the threshold at corresponding values of Ra [13].
The dash-dotted vertical lines show the critical values of vibrational parameter Rv at corresponding
values of Ra [13].

One can see that with increase of negative value of Ra the threshold value of corre-
sponding vibrational parameter R∗v grows in good agreement with the theory [13]. At this,
the critical value of total wavenumber k also significantly grows; but the wavenumber k1
practically does not change, it keeps the value, which corresponds to the vortexes occupy-
ing the whole layer thickness, and thus, providing the optimal heat transfer. The growth of
k with |Ra|, which also takes place in good agreement with the linear theory, happens due
to rapid growth of k2. Such a phenomenon is found for the first time and could be named
“the beads instability”, it takes place at high negative Rayleigh numbers (|Ra| > 105), due to
strong interaction of two mechanisms, thermogravitational (playing the stabilizing role)
and the destabilizing thermovibrational one. The dominant role of vibroconvective struc-
tures in the form of parallel rolls with a wavenumber k1 ∼ 3 discovered in the experiments
is consistent with the results of theoretical analysis [11], where it was shown that in the
case of circular shaking, when the system is isotropic in the time average sense, the onset of
convection corresponds to the 2D system of rolls with the roll axis selected spontaneously,
in the case of positive and negative values of Ra. Reference [11], however, corresponds

192



Fluids 2021, 6, 108

to the smaller negative values of |Ra| and moderate dimensionless frequencies (ω ∼ 50),
while in the present study the dimensionless frequency of vibrations is an order higher
(ω ∼ 500). The experiments suggest that the increase of heat transfer in the subthreshold (in
terms of vibrational thermal convection) area in the experiments with visualizer particles
(PIV particles) located near the bottom of the cavity, is associated with the excitation of
the averaged flows generated as a result of the system of heaps formation. As it has been
mentioned, the appearance of the heaps is not of thermal origin. It should be noted that a
similar phenomenon of the formation of a spatially ordered system of hills was observed on
the surface of quartz sand in a cavity filled with liquid, performing high-frequency circular
oscillations in the horizontal plane [19]. In that case, the emergence of a quasi-stationary
“frozen” relief at the interface (liquefied granular medium and pure liquid), performing
tangential circular oscillations, was associated with developing the Kelvin-Helmholtz insta-
bility. This fact was confirmed by comparison with a similar “frozen” relief at the boundary
of liquids at circular vibrations of the cavity [20].

A similar distribution of the particles of the visualizer suspended near the bottom of
the cavity was previously observed in a flat layer performing the oscillations of a spherical
pendulum [15]. In this case, in agreement with the results of the present experiment,
the wavenumber of structures increases with a dimensionless frequency and practically
does not depend on the temperature conditions at the layer boundaries.

5. Conclusions

This article experimentally instigated the structure of the vibroconvective flows excited
in the horizontal plane layer by the translational vibrations of circular polarization under
conditions of high negative Rayleigh numbers. An important feature of the problem is the
absence of a preferred direction of translational vibration. It was found that, in this case,
the vibroconvective cells, developing in a threshold manner upon reaching the threshold
value of the vibration parameter Rv, are characterized by a strong heterogeneity of sizes in
different directions. The wavenumbers, characterizing the spatial periods in perpendicular
directions, differ several times; the convective structures have the form of a system of
parallel rolls, with a regular change in their dimensions along the length. The transverse
size of the rolls is consistent with the thickness of the liquid layer; at the same time,
the total wavenumber of the vibroconvective cells is much higher and is consistent with
the theoretical value predicted by the linear analysis of vibroconvective stability. Such a
selection of the vibroconvective patterns (in the form of asymmetric cells) in the absence of
a definite direction of vibrations is observed for the first time. It will be interesting to check
if such an overcritical behavior (when the size of vibroconvective vortexes is near to the
layer thickness) will remains at much higher negative values of Ra, when predicted by the
linear theory wavenumber k will be extremely high.

It was found that the presence of the relatively dense calliroscope particles in the
liquid, which are located directly at the bottom of the layer, does not affect the excitation
threshold of the thermal vibrational convection. At the same time, the particles of the
visualizer close in density to the liquid, which are suspended near its boundary and under
vibrations gather into the hillocks, cause the increase in heat transport in the subthreshold
region (below the threshold of thermovibrational convection excitation). This is because the
particles change the bottom surface profile, as a result of the redistribution, which leads to
the steady flows and an increase in the heat transfer. With an increase in the dimensionless
frequency, the wavenumber characterizing the spatial arrangement of the hills increases.
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Abstract: The determination of the flow regime of liquid and gas in power plants is the most
important design task. Performing the calculations based on modern calculation methods requires a
priori knowledge of the initial and boundary conditions, which significantly affect the final results.
The purpose of the article is to present the solution for the critical Reynolds number for the flow
near a rotating disk on the basis of the theory of stochastic equations of continuum laws and
equivalence of measures between random and deterministic motions. The determination of the
analytical dependence for the critical Reynolds number is essential for the study of flow regimes
and the thermal state of disks and blades in the design of gas and steam turbines. The result of the
calculation with using the new formula shows that for the flow near a wall of rotating disk, the critical
Reynolds number is 325,000, when the turbulent Reynolds is 5 ÷ 10 and the degree of turbulence is
0.01 ÷ 0.02. Therefore, the result of solution shows a satisfactory correspondence of the obtained
analytical dependence for the critical Reynolds number with the experimental data.

Keywords: stochastic equations; equivalence of measures; nature of turbulence; critical Reynolds number

1. Introduction

The development of new physical and mathematical theories for phenomena occurring
in the nature and technical devices requires the constant application of the theory for
observed varieties of this phenomenon. Therefore, each application of the theory to a
specific process also requires the theoretical comparison between the existing fundamental
methods instead of only the mathematical solutions. It makes possible for scientists and
specialists in various fields to understand the evolution of theoretical ideas as well as the
difference, the essence, and the advantage of the new scientific methodology.

The theories on the nature of the turbulence were formulated in [1–10]. The main
principles of the theory of measures of random stationary processes are described in the
publications of Kolmogorov and Khinchin. These works underlie the statistical theory of
turbulence. On the basis of statistical theory, Obukhov and, later, Heisenberg proposed
the statistical theory for the process of generation of the turbulent field. It is also worth
to mention the publications of J. Taylor in which one first tried to determine the critical
Reynolds number in the function of initial parameters of the fluctuation. However, J. Taylor
determined this dependence semi-empirically for one type of flow. The linear theory of
turbulence led to a certain success. This is especially true for the Orr–Sommerfeld equation,
which allowed calculating only the critical Reynolds numbers. A special place is occupied
by the Landau theory, which has a qualitative character when describing the turbulence as
a quasi-periodic process. However, even in this case, it is impossible to calculate the flow
characteristics despite the qualitative description of the turbulence. Klimontovich inves-
tigated the Leontovich and Sato equations and presented the mathematical formulation

195



Fluids 2021, 6, 5

of the entropy change, when the turbulence occurs. However, this theory only enables us
to represent the turbulence process qualitatively without calculating the characteristics of
the phenomenon.

The development of the theory of strange attractors and mathematical methods for
obtaining a strict solution of the Navier–Stokes equation are presented in [11–32]. It is
known that the theory of strange attractors is based on the measure theory, which allows
one deducing the Kolmogorov–Sinai entropy. Somewhat later, a more general formula for
the Renyi entropy made it possible to extend the application of attractor theory. However,
this theory allows determining only the increase in the number of degrees of freedom in
time. This theory does not allow explaining the spatial change in increasing number of
degrees of freedom.

The theory of solitons was also considered to be useful for certain time for explaining
the origin of the turbulence [10–12]. However, the results of the investigation of solutions
to the Korteweg–de Vries equation provide no basis for determining and calculating the
characteristics of the turbulence phenomenon.

The statistical and stochastic equations and the numerical methods for investigating
the turbulent processes are presented in [33–53]. The above fundamentals of statistical
hydrodynamics and the development of computer technology and numerical methods
enabled us to implement the solution of moment equations for second- and higher-order
correlations using the RANS method [39–50], and later the LES method [39–43].

The most powerful numerical method called DNS is represented by three methodolo-
gies that are fundamentally different from each other. Therefore, the study of the origin of
turbulence by each of the methods has several features that require explanation. However,
all DNS methods are very sensitive to the initial and boundary conditions for each type of
the hydrodynamic flow.

In certain cases, the instantaneous Navier–Stokes equations undergo the artificial
“stochasticization” by adding the left-side additional term. In this case, we need to do
the same in the continuity and energy equations. However, it is necessary to be aware
that if it is done for the instantaneous equations, then an open thermodynamic system is
obtained. However, these methods failed in determining the unified physics and cause of
the turbulence process [33–35].

The special attention was focused on the theoretical solutions for the critical Reynolds
number. It should be noted that the most well-known ratio based on the theory of di-
mension was, as is known, determined with using the experimental data [37–42,52,53].
Therefore, on the basis of these experimental formulas, it was impossible to obtain the new
theory for determining analytically the dependences for the critical Reynolds number of
turbulence in different flows.

At the same time, it is known that in an arbitrary hydrodynamic flow, there are initial
disturbances generated by various causes, both technical and natural. Therefore, it is
obvious that whether or not the particular disturbance, which arises, exists and develops,
depends on the interaction of the main undisturbed motion with this initial disturbance.

The stochastic theory of turbulence based on the stochastic equations and the theory of
equivalent measures make it possible deriving the analytical dependences for the first and
second critical Reynolds numbers in the cases of the isothermal and non-isothermal flows
on the smooth flat plate and in the round tube [54–59]. The progress of this theory gives
a new method for determining the analytical dependences for the profiles of averaged
velocity and the temperature fields [60,61], the friction and heat transfer coefficients [62–64],
the second-order correlations [58,65,66], the correlation dimension of the attractor in the
boundary layer [67–70], the theoretical solutions for the spectral function of the turbulent
medium [71–73], and the formula for the Reynolds analogy [74–76].

It should also be noted that from the results obtained on the basis of the theory of
stochastic equations and the theory of equivalent measures, it was possible for the first
time to investigate the analytical relations for calculating the spatial distribution of the
number of degrees of freedom of a strange attractor. Such distributions of the attractor
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correlation dimension were calculated for the flow in a tube, on a flat plate, and in the
Earth’s atmosphere.

Also, as a result, it was determined that the spectrum E(k)j depends on the wave
numbers k for the interval of generation of turbulence in the form E(k)j ~ kn, n = 1.2 ÷ 1.5.
This formula was named the ratio of uncertainty in turbulence generation [62].

The uncertainty relation derived analytically determines the fact that in the turbulence
generation region, there is the family of perturbations—the vortices, which have a space–
energy similarity (E·L−a) = constant, and each of the perturbations of this family can
interact with the main flow, which leads to the origin and development of turbulence [62].
Moreover, for each type of flow, whether or not it is the flow in a pipe or along a flat plate,
the spatial–energy similarity has its own value of the indicator “a”. Therefore, there is
an uncertainty in both the geometric and energy parameters of the perturbation when
determining the interaction with the main motion.

In accordance with [49–51], the essence of the discovery of the theory of equivalence
of measures in the stochastic process determines the beginning of the interaction between
the deterministic and random field. It is found that this interaction begins when the mass
shift, the momentum shift, and the energy shift of the main undisturbed flow is equal to
the mass fluctuation, momentum, and energy of the random field in the space edge, which
is commensurate with the linear measure of the perturbation at a fixed time. As a result,
the equivalence of substantial time derivatives is observed in the interaction domain.

It should be noted that the main part of publications [54–76] is devoted to such types
of fluid flows as the flow in a round tube and the flow along a smooth flat plate for which
there is a considerable experimental material, which allows calculating the parameters
with using new formulas. Therefore, it is interesting to consider other types of fluid flows,
which are also important for both theory and practice. In this connection, we presented
here the solution for the critical Reynolds number for the motion near a rotating disk.

2. Conservation Equations for Stochastic Process

The equations derived in [54–59] take the form:
The equation of mass (continuity)

d(ρ)colst

dτ
= − (ρ)st

τcor
− d(ρ)st

dτ
, (1)

the momentum equation

d
(

ρ
→
U
)

colst

dτ
=div(τi,j)colst

+div(τi,j)st −
(ρ
→
U)st

τcor
− d(ρ

→
U)st

dτ
+ Fcolst + Fst (2)

and the energy equation

dEcolst
dτ =div(λ ∂T

∂xj
+ uiτi,j)

colst
+div(λ ∂T

∂xj
+ uiτi,j)

st

−
(

Est
τcor

)
−
(

dEst
dτ

)
+ (uiF)colst

+ (uiF)st

(3)

Here, E, ρ,
→
U, ui, uj, ul , µ, τ, τi,j are the energy, the density, the velocity vector, and

the velocity components in the directions xi, xj, xl (i, j, l = 1, 2, 3); the dynamic viscosity, the
time, and the stress tensor τi,j = P + σi,j, δij = 1 if i = j, δij = 0 for i 6= j. P is the pressure of liquid
or gas; λ is the thermal conductivity; cp and cv are the specific heat at constant pressure

and volume, respectively; F is the external force, and σi,j = µ
(

∂ui
∂xj

+
∂uj
∂xi

)
− δij

(
ξ − 2

3 µ
) ∂ul

∂xl
,

(τcor) =
L(

(Est)U,P
/ρ
)1\2 .

Furthermore, L = LU,P = LU is the scale of turbulence. The subscripts (U,P) and (U) refer
to the velocity field and the subscript (T) refers to the temperature field. Ly on x2 = y, or Lx,
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x1 = x. Here, x1 and x2 are the coordinates along the wall and normal to it. The subscript
“colst” refers to the components, which are actually the deterministic. The subscript “st”
refers to the component, which are actually the stochastic. As a result, using the law of
the equivalency of measures between the random and deterministic process at the critical
point, we obtained the sets of stochastic equations of mass, momentum, and energy for the
next space–time areas: (1) the onset of generation (subscript 1, 0, or 1); (2) the generation of
turbulence (subscript 1,1); (3) the diffusion (1,1,1) or 1; (1,1), and (4) the dissipation of the
turbulent fields.

The resulting set of equations can be described by a correlator, which can be written for
each of the four space–time domains (N, M). This correlator also determines the probability
of the fractal origin of this interaction instead of only determining the set of equations for the
interaction of the random and deterministic fields. Therefore, in accordance with [54–59],
this correlator in space–time is

lim
mi→mc ;ri→rc ;∆τi→τc

(DN,M(mi; ri; ∆τi)) = 0 (4)

DN,M(mc; rc; τc) = ∑
i

lim
mi→mc

lim
ri→rc

lim
∆τi→τc

{
m
(

TMZ∗ ∩ TNY∗
)
− R1TM Z∗TN Y∗

m
(

TMZ∗
)}

(5)

The subscript j denotes the parameters mcj (j = 3 means the mass, the momentum, and the
energy). For the case of the binary intersections, it was written that X = Y + Z + W. Subsets Y,
Z, and W are called extended in X as {Y*, Z*, W*} if the measures m(Y), m(Z), and m(W) have the
properties [54–59]:

m(Y) = m(Y∗) = m(TnY) +
k=n−1∪

k=0
m(Tk(Gn−k

1 ))and wandering subsets
k=n−1∪

k=0
m(Tk(Gn−k

1 )) ⊂ Y;

m(Z) = m(Z∗) = m(TnZ∗) +
k=n−1∪

k=0
m
(

Tk
(

Gn−k
2

))
and wandering subsets

k=n−1∪
k=0

m(Tk(Gn−k
2 )) ⊂ Z;

m(W) = m(W∗) = m(TnW) +
k=n−1∪

k=0
m
(

Tk
(

Gn−k
3

))
and wandering subsets

k=n−1∪
k=0

m(Tk(Gn−k
3 )) ⊂W.

(6)

Here Gn
1 is the wandering subset of the expanded subset Y* ⊂ X, Gn

2 is the wandering subset of
the expanded subset Z* ⊂ X, Gn

3 is the wandering subset of the expanded subset W*.
Here subscripts “cr” or “c” refer to the critical point r(xcr, τcr) or rc: the space–time point

of the onset of the interaction between the deterministic field and the random field, which leads
to the turbulence. In addition, subsets Y, Z, W are called extended in X. For the transfer of the
substantial quantity Φ (mass (density ρ), momentum (ρU), energy (E)) of the deterministic (lam-
inar) motion into the random (turbulent) one, for domain 1 of the start of turbulence generation,
the pair (N, M) = (1, 0) with the equivalence of measures is written

(
dΦcolst

)
1,0 = −R1,0(Φst) and(

d(Φ)colst
dτ

)

1,0
= −R1,0

(
Φst
τcor

)
. Applying the correlation DN,M(mc; rc; τc) = D1,1(mc; rc; τc) derived

in [39–44], the equivalence relation for pair (N,M) = (1,1) was defined as
(
dΦcolst

)
1,1 = −R1,1(dΦst),(

d(Φ)colst
dτ

)

1,1
= −R1,1

(
dΦst
dτ

)
, where R1,0 and R1,1 are the fractal coefficients, Φcolst is the part of

the field of Φ, exactly, its deterministic component (subscript colst) is the stochastic component,
the measure of which is zero; Φst is the part of Φ, exactly, the proper stochastic component (subscript
st). It should be noted that the stochastic equations (1)–(3) derived in [54–59] include free terms of
gradient and non-gradient structures on their right-hand side.

3. Sets of Stochastic Equations
The flow near a rotating disk, as well as the previous ones, has an important scientific and

applied significance as the three-dimensional motion of a fluid on a solid surface, but the forced
motion is caused here by the rotational motion of the body. Then, taking into account the previously
presented set of stochastic equations of the considered theory of equivalent measures in the case of a
continuous isothermal medium, we write set (1)–(3) of equations of mass, momentum, and energy in
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accordance with [54–59]. For the area (1) —the onset of generation (subscript 1, 0, or 1) referring the
pair (N, M) = (1,0) is: ( d(ρ)col,st

dτ

)
1,0

= − ρst
τcor

;




(
d(ρ

→
U)col,st
dτ

)

1,0

= −
(

(ρ
→
U)st

τcor

)
;

div(τi,j)col,st1 =
(ρ
→
U)st

τcor



( d(E)col,st
dτ

)
1,0

= −
(
(E)st
τcor

)
1,0

;

div(λ ∂T
∂xj

+ uiτi,j)
col,st1

=
(
(E)st
τcor

)
1,0

(7)

Set (1)–(3) of equations for the area (2)—the area of generation of turbulence (subscript 1,1)
referring to the pair (N, M) = (1,1) is written as:

( d(ρ)col,st
dτ

)
1,1

= −
(

dρst
dτcor

)
;





(
d(ρ

→
U)col,st
dτ

)

1,1

= −
(

d(ρ
→
U)st

dτ

)
;

div(τi,j)col,st2 =
d(ρ

→
U)st

dτ



( d(E)col,st
dτ

)
1,1

= −
(

d(E)st
dτ

)
1,1

;

div(λ ∂T
∂xj

+ uiτi,j)
col,st2

=
(

d(E)st
dτ

)
1,1.

(8)

Set (1)–(3) of equations for the area (3) is the diffusion of the turbulence referring to the pair
(N = p, M = k, l) = (1,1,0) was written as

d(ρ)st
dτ = − (ρ)st

τcor
; dρst

dτ =
(

dρst
dτ

)
1,0

+
(

dρst
dτ

)
1,1

;

d(ρ
→
U)st

dτ = − (ρ
→
U)st

τcor
; d(ρ

→
U)st

dτ =

(
d(ρ

→
U)st

dτ

)

1,0
+

(
d(ρ

→
U)st

dτ

)

1,1∣∣∣ (dEst)
dτ

∣∣∣
1;(1,0)

= (RzTz)1;(1,0)

∣∣∣∣
(Est)j

δτ

∣∣∣∣
1,(1,0)

;
∣∣∣ (dEst)

dτ

∣∣∣ =
∣∣∣ (dEst)1

dτ

∣∣∣+
∣∣∣ (dEst)2

dτ

∣∣∣

(9)

Therefore, for the area (3) of diffusion, we have two fractal equations. The first equation is
written as

d(Est)j

dτ
= −(RzTz)(1,1,1)

(Est)j

τcor1
(10)

Here, (Est) is the field-energy component, which is actually the stochastic one (subscript ‘st’),
the subscript j = 1 refers to the space–time area of the diffusion of turbulence 3).

4. Equations for Critical Reynolds Number
The solution for the velocity field (u, v, and w are the components of the velocity in the radial “r”,

circumferential “φ”, and axial “z” directions) of the deterministic (laminar) motion is presented in [39–
41]. According to this solution, the velocity components are expressed as the dependences in the
radial, circumferential, and axial directions, respectively: u = rωF(ξ), vϕ = rωG(ξ), w =

√
νωH(ξ).

The values F(ξ), G(ξ), H(ξ), and their derivatives in the function ξ = z
√

ω/ν, are also given in [41].
In this case, the flow-motion mode is represented as a function of the coefficient of the moment of
resistance of the disk.

CM =
2M

0.5·ρ·ω2·R5 (11)

Here, M = −2π
R∫
0

r2τzϕdr, Re = R2ω
ν is the Reynolds number and ω, R, are the rotational

velocity and the radius of the disc. Taking into account that the velocity vϕ = rωG(ξ), the value of
the stress τzϕ is written as

τzϕ = µ
dvϕ

dz
= ρrν1/2ω3/2G′(ξ) (12)

Here vϕ = rωG(ξ) is the velocity in the circumferential direction, for z = 0, G(ξ) = 1, for the

current value of z near the critical point G(ξ) ≈ 1 − Kz
(

Ly
z

)√
ω
ν and δ is the thickness of the
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boundary layer, in accordance with [41], δ−1 ≈ K
√

ω
ν . Lx is the scale of the disturbance along the

radial direction (along the current radius “r”), and Ly is the scale of the disturbance along the axial
direction “z”. Then, according to the equivalence of measures of deterministic and random motion,
we write that

div(uiτi,j)col,st1 =

(
(E)st
τcor

)

1,0
(13)

In the first approximation, the left-hand side of the equation takes the form:

div(uiτi,j) ≈ div(vφτzφ) ≈ G′(ξ)ρων1/2ω3/2G(ξ) d
dz r2 = 2G′(ξ)]ρων1/2ω3/2G(ξ)r Lx

Ly
≈

2G′(ξ)ρων1/2ω3/2 Lx
Ly

r
(

1− Kz
(

Ly
z

)√
ω
ν

)
= 2 ∗ 0.616ρων1/2ω3/2 Lx

Ly
r
(

1− Kz
(

Ly
z

)√
ω
ν

)

G′(ξ) = 0.616,

(14)

see [41].
Then, we have the expression

1.232 ρωRν1/2ω1/2 Lx

Ly

r
R

(
1− Kz

(
Ly

z

)√
ω

ν

)
=

Est

τ0
cor

(15)

From the obtained expression, we can determine the dependence for a dimensionless number
at which there is an equivalence of measures between deterministic and random motion called in the
hydrodynamics the critical Reynolds number for the flow in the boundary layer near the disk surface
corresponding to the values of the correlation times

(
τ0

cor
)

1,
(
τ0

cor
)

2,
(
τ0

cor
)

3, τmotion = [ω]−1. Thus,
for the case of the correlation time

(
τ0

cor
)

1 = L√
Est/ρ

, we write

1.232
(

Lx
R

)( r
R
)(

ω2R2

Est/ρ

)
νω

Est/ρ
R2ω
R2ω

√
Est/ρ

νω

(
1− Kz

(
Ly
z

)√
ω
ν

)
= 1 (16)

1.232
(

Lx

R

)( r
R

)(ω2R2

Est/ρ

)
R2ω2

Est/ρ

ν

R2ω

√
Est/ρ

νω

(
1− Kz

(
Ly

z

)√
ω

ν

)
= 1 (17)

1.232
(

Lx

R

)( r
R

)(ω2R2

Est/ρ

)2
ν

R2ω

√
Est/ρ

νω

R2ω

R2ω

(
1− Kz

(
Ly

z

)√
ω

ν

)
= 1 (18)

1.232
(

Lx

R

)( r
R

)(ω2R2

Est/ρ

)2
ν

R2ω

√
Est/ρ

R2ω2
R2ω

ν

(
1− Kz

(
Ly

z

)√
ω

ν

)
= 1 (19)

√
R2ω

ν
= 1.232

(
Lx

R

)( r
R

)(ω2R2

Est/ρ

)3/2(
1− Kz

(
Ly

z

)√
ω

ν

)
(20)

Finally, we obtain

Re ≈ 1.5
(

Lx

R

)2( r
R

)2
(

ω2R2

Est/ρ

)3(
1− Kz

(
Ly

z

)√
ω

ν

)2

, (21)

Re ≈ 1.5
(

Lx
R

)2( r
R
)2
(

ω R√
Est/ρ

)6(
1− Kz

(
Ly
z

)√
ω
ν

)2

(22)

Correspondently, for the correlation time
(
τ0

cor
)

2 = L2

ν , we have

Re ≈
{

1.5
(

Lx
R

)2( r
R
)2
(

ω R√
Est/ρ

)6(
1− Kz

(
Ly
z

)√
ω
ν

)2
}

Re2
st (23)

or

Re ≈
{

1.5
(

Lx
R

)2( r
R
)2
(

ω R√
Est/ρ

)6(
1− Kz

(
Ly
z

)√
ω
ν

)2
}

Re2
st (24)

For the correlation time
(
τ0

cor
)

3 = ν
Est/ρ , we obtain the value

Re ≈
{

1.5
(

Lx
R

)2( r
R
)2
(

ω R√
Est/ρ

)6(
1− Kz

(
Ly
z

)√
ω
ν

)2
}

1
Re2

st
(25)
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or

Re ≈
{

1.5
(

Lx
R

)2( r
R
)2
(

ω R√
Est/ρ

)6(
1− Kz

(
Ly
z

)√
ω
ν

)2
}

1
Re2

st
(26)

5. The Equation for the Critical Point
Now let us determine the position of the critical point. The definition of the critical point is

found from the equation as
+∆V|2∫

−∆V|2
d
(
Ecolst

)
1;0 =

∫

X

dEst (27)

Here Est is the random energy component in the space X with the measure m(Est) < ∞

Est = Est(
→
xi, τi, mi) < ∞ (28)

In accordance with the ergodic theory [39,40]
∫

X

dEst =
1

∆V

∫

V

Estδ((∆V)critic − ∆V)dV =
1

τ0
cor

∫

τ

Estδ(τ
0
cor − τ)dτ = (Est)critic (29)

(Est)critic is the energy of the stochastic field in the critical point,
or ∫

X

dEst =
1
L

∫

L

Estδ((xi)critic − xi)dL =
1

τ0
cor

∫

τ

Estδ(τ
0
cor − τ)dτ = (Est)critic (30)

L is the scale of the disturbance.
Then, taking into account the values of functions F(ξ), G(ξ), H(ξ), in the neighborhood

of critical point and using the equations for Formulas (11) and (12), we find
(
Ecolst

)
1;0 = 0.5ρν2

φ,
vφ = rωG(ξ) is the velocity in the circumferential direction, for z = 0, G(ξ) = 1, for the current value

of z near the critical point G(ξ) ≈ 1− Kz
(

Ly
z

)√
ω
ν .

Then, we may write that

+V|2∫

−V|2
d
(

Ecolst

)
1;0
≈

+L|2∫

−L|2
d
(

Ecolst

)
1;0
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)2 ω
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]
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)2 ω
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]}

≈ 0.5ρω2rLx

[
1− K2z2

(
Ly
z

)
ω
ν

] (31)

So, we obtain
Lx

R
r
R

[
1−

(
Ly

z

)
K2z2 ω

ν

]
=

Est/ρ

(Rω)2 (32)

Then, for the Equation (32), we can write

(
Lx

R
r
R

)2
=

(
Est/ρ

(Rω)2

)2
1

[
1− K2z2

(
Ly
z

)
ω
ν

]2 (33)

6. The Solution for the First Critical Reynolds Number
We substitute Equation (33) in expression (22) for the Reynolds number, then, for the correlation

time
(
τ0

cor
)

1 = L√
Est/ρ

, the critical Reynolds number is

Re ≈ 1.5
(

Lx
R

)2( r
R
)2
(

ω R√
Est/ρ

)6(
1− Kz

(
Ly
z

)√
ω
ν

)2
(34)

Then, we obtain

Re ≈ 1.5
(

ω2R2

Est/ρ

) (1− Kz
(

Ly
z

)√
ω
ν

)2

[
1− K2z2

(
Ly
z
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ω
ν

]2 (35)
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or

Re ≈ 1.5

(
ωR√
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)2
(

1− Kz
(

Ly
z

)√
ω
ν

)2
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1− K2z2

(
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]2 (36)

For the correlation time
(
τ0

cor
)

2 = L2

ν , we have
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st (37)

Then, for the correlation time
(
τ0

cor
)

3 = ν
Est/ρ , we obtain

Re ≈
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(
ωR√
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(

Ly
z

)√
ω
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 1

Re2
st

(38)

Substituting Equation (33) in expressions (36)—(38) for the Reynolds number and neglecting
the terms containing the value K2, we may write the estimate for the critical Reynolds number in the
flow near the rotating disk (K~0.5) as:

(Recritic)1 ≈

1.5

(
ωR√
Est/ρ

)2(
1− 2K

(
Ly

z

)
z
√

ω

ν

) 
Re2

st ≈ 1.5

(
ωR√
Est/ρ

)2(
1− 2

(
Ly

δ

))
Re2

st (39)

For the value of Ly/δ near the wall at the critical point in accordance with [41,49–59], we have
(

Ly

δ

)
≈ 0.02÷ 0.04 (40)

Thus, finally, we have the theoretical solution for the critical Reynolds number for the motion
of the flow near the rotating disk

(Recritic)1 ≈ 1.3

(
ωR√
Est/ρ

)2

Rest
2 (41)

In accordance with [41,77,78], there are the following values for the degree of turbulence
observed in the laboratory and the turbulent Reynolds numbers Rest near the wall of the disk:(
ωR/

√
Est/ρ

)−1
= 0.01 ÷ 0.02 and Rest = 5 ÷ 10. As a result, using Equation (41), we have

Recritic = 325, 000, which agrees with the data [41]. In the case, when the turbulent Reynolds number
is Rest = 5 ÷ 15, we have 3.25 × 105 ≤ Recritic ≤ 7.3 × 106. Therefore, the defined range for the first
critical Reynolds number for the motion near a rotating disk is within the experimental values for the
transition mode 2.9 × 105 ≤ Recritic < 7 × 105 [41].

7. Conclusions
Analytical Formulas (39) and (41), for the critical Reynolds number for the motion of the flow

near a rotating disk based on the theory of stochastic equations of continuum laws and the equivalence
of measures between random and deterministic motion are presented. Also, analytical Formulas (32)
and (33) for the critical point in the case of the motion of the flow near a rotating disk are derived.
The results of solutions show the satisfactory correspondence between the values obtained with using
the analytical dependences for critical Reynolds number (39) and (41), and the experimental data [41].

For the degree of turbulence observed in the laboratory
(
ωR/

√
Est/ρ

)−1
= 0.01÷ 0.02 and the

turbulent Reynolds numbers Rest near the wall of the disk Rest = 5 ÷ 10, we have Recritic = 325, 000,
which agrees with the data [41]. It seems that the obtained dependences for the critical Reynolds
number can be useful for estimating of the flow regime in gas or steam turbines.
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Abstract: To meet the demand for more efficient ways of cooling and heating, new designs and
further development of heat exchangers is essential in industry. The present study focuses on the
thermal performance of a circular pipe with two inserts. The first insert consists of a porous medium
having a porosity of 0.91, and the second one consists of a single twist solid insert. Different ranges
of heating conditions have been applied for different flow rates. Water and titanium dioxide (TiO2)
nanofluid 1% vol are the liquid media used for cooling. Laminar flow is assumed for two different
Reynolds numbers of 1000 and 2000. The results of the study have shown that the twisted tape insert
increases the thermal efficiency of the pipe more than the porous media insert and the plain pipe.
In addition, different temperature readings in the cross section of the pipe have indicated that the
twisted tape helps mixing up the fluid and provides a constant temperature in the overall volume
of the fluid, whereas for the porous media insert and plain pipe the fluid temperature increases in
the fluid particles close to the pipe inner surface. TiO2 nanofluid exhibited an enhancement when
compared to water for a plain and porous pipe. However, this enhancement was absent when a
twisted insert is used.

Keywords: heat enhancement; nanofluid; circular pipe; twisted tape; porous media; metal foam

1. Introduction

The heat transfer method and technology of fluids have been developed a long time ago. It has
been further advanced in the last couple years due to the technological demand for more efficient ways
to cool or heat materials in different industrial sectors. There are a great number of studies focused on
nanofluid technology as a way to improve cooling and heating efficiency in different industries, such as
processor and electronic chip cooling, nuclear reactor cooling, food processing facilities and for use
as a replacement of existing cooling fluids in commercial buildings [1–6]. The objective of this paper
was to investigate heat enhancement in a circular pipe in the presence of metal foam, twisted tapes,
helical coils and a heat exchanger. The novelty is to create mixing without having to embark into a
turbulent flow modelling study. The findings will be useful toward a design of new heat exchangers.

1.1. Nanofluid in Circular Pipe

Ho et al. [7], conducted an experiment in a circular pipe using water-based suspensions of
Al2O3 nanoparticles and microencapsulated nanoparticles. The nanofluid is known to enhance heat
removal and the MicroEncapsulated Phase Change Material (MEPCM) nanoparticles were used for
heat storage. This mixture of both particles in the fluid made the system very attractive for further
investigation. The uniqueness of this study is that the authors were able to accurately measure the
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physical properties of the fluid for different concentrations of each particle type. It was found that the
effectiveness of thermal diffusivity of nanofluids appears significantly increased, while the opposite
effect is observed if MEPCM in water is used. Additional findings indicated that the forced convective
cooling efficiency of incorporating the nanofluid, or the Phase Change Material( PCM) suspension as
the heat transfer fluid in the tube heated with a certain heat flux strongly depends on the flow rate and
particle fraction. In their investigation, n-eicosane was the phase change material used. Saghir et al. [8],
further investigated numerically different types of fluid mixtures—binary and ternary—to study heat
enhancement and heat storage in a circular pipe. The fluid mixture consisted of Al2O3 nanoparticles
and MEPCM nanoparticles mixed in water. This new type of fluid shows a good heat enhancement
and heat storage capability. It was found that microencapsulated phase change material nanoparticles
in water is found to have an excellent heat storage capability when MEPCM is in molten condition.
The higher the MEPCM concentration the better the heat storage achieved. A ternary mixture of Al2O3

and MEPCM nanoparticles in water is the best fluid for heat storage under any flow rate conditions.
It is found that a 3%vol Al2O3 nanoparticles mixed with 20% vol MEPCM nanoparticles in water is the
recommended fluid mixture. In addition, Sekrani et al. [9], investigated the usefulness of nanofluids
in heat enhancement. Their results predicted an enhancement not exceeding 6% assuming that no
segregation or sedimentation of nanoparticles take place.

Bianco et al. [10], investigated experimentally the heat transfer behavior on the water and
ethylene glycol-Al2O3 nanofluids flowing in circular cross-section tubes. The results of the analysis
presented that the heat transfer conductivity of the fluid increases with increasing the particle volume
concentration, although that was increasing the shear stress value on the wall. They found that the
temperature-dependent model increases in the heat transfer coefficient and Nusselt number and
decreases the shear stress on the wall.

1.2. Twisted Tape in Circular Pipe

Later researchers investigated the insert of twisted tape in the pipe with the aim of creating a
strong mixing even in the laminar regime to enhance heat extraction. Eiamsa-Ard et al. [11], obtained
results of heat transfer, friction factor and the thermal performance of a uniformly heated microtube
which is equipped with a single and double twisted tape. Analysis was performed twice on the double
twisted taps; when the blades were rotating in the same direction, and when they were rotating in
an opposite direction. The study used two different values for the Reynolds number (5650 and 1700).
It was reported that the double tapes models were higher for Nusselt number and thermal performance
than the single tape model and the oppositely rotating taps had a higher Nusselt number than the same
direction rotated model. The overall thermal performance factor of the micro-fin tube was increased by
a factor of 2.03 by using the oppositely rotating taps. Kumar et al. [12], conducted a study for a swirling
air jet, running under different conditions, and then compared each one of them to get the best heat
transfer characteristics. In the experiments, a bronze twisted tape was added into the jet nozzle in order
to create a swirling effect. Four different twist ratios were used, and the distance between the jet and
the surface plate varied from 1 to 4. The Reynolds number was maintained in the range of 500 to 3000.
In addition, the researchers introduced another dimensionless parameter called swirl number, which is
the ratio between the axial flux angular momentum to the axial flux axial momentum. They obtained
an equivalent swirl number for each twist ratio used. The temperature distribution on the flat plate is
an IR camera used to capture the temperature distribution when the airflow hits the plate. The results
of the experiments showed that the best heat transfer characteristic was increasing when the twist ratio
is between 1 to 4.5 and it decreased when the twist ratio was between 4 to 7.5. They also found that the
heat transfer rate increases with Reynolds number and decreases with increasing distance of the jet to
plate spacing.

Maddah et al. [13], compared different heat transfer characteristics, using a shad, tube type
heat exchanger with both water and nanofluid flowing in a plain tube, and nanofluid flowing in a
twisted insert tube. The nanofluid used had a 0.01% vol concentration of titanium dioxide (TiO2)
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nanoparticles with a water base fluid. The particle size was 30 nm, and the study was performed
using various Reynolds numbers greater than 2300 and a counter-current flow. The results showed
that by increasing the Reynolds number, the heat transfer coefficient increased for all three models.
On the other hand, the nanofluid model in twisted tapes had a heat transfer coefficient which was
approximately 20% higher than the base pure water model. The efficiency of the heat exchanger was
30% higher for the nanofluid twisted tape model than for water. The experiment also showed that
using a nanofluid in twisted tapes increases the friction factor of the system by 2.5, suggesting that the
size of the nanoparticles and the additional surface area for the twist tape has a significant effect.

1.3. Metal Foam in Circular Pipe

Huang et al. [14], performed both experimental and numerical studies. The main objective of both
studies was to determine how adding a porous medium to a tube influences the core flow. To do this,
porous media with a diameter (marginally smaller than the tube’s diameter) were created and placed in
the tube’s core. The type of porous media was altered, meaning porosities of 0.951, 0.966 and 0.975 were
used, respectively, for different tests. Uniform heat flux was also applied to the walls of the tube, as a
boundary condition. The type of flow experienced in the tube was also altered, meaning both laminar
and fully developed turbulent was used. This was done to see the impact of each and how they relate
to the performance of the porous media. In terms of the numerical study, it also analyzed how the pore
radius ratio could be used to influence the heat transfer performance of the tube. The results showed
that adding porous media influences the heat transfer rate by a factor between 1.6–5.5 (depending on
the type of flow). The flow resistance also increased because the area of contact between the porous
media and the fluid flow increased. For example, the heat transfer enhancement was overshadowed
greatly by the flow resistance, deeming the addition of porous media in that particular case to be poor.
Ghosh et al. [15], conducted a study using an insert of metal foam in a circular pipe They did the
analysis using a cubic shape structure from the metal foam, attached to an isothermal surface once and
placed in between isothermal plates for another attempt. The analysis was done in order to gain a
better understanding on the effect of the porosity and the density in the heat transfer characteristic of
the metal foam. The analysis results concluded that the metal foam sink solution is more suitable for
high Nusselt number and high flow applications.

Additional studies were done in a helical pipe [16–19]. The investigations focused toward the
development of correlation to calculate the friction factor of laminar and turbulent flow. Nanofluids has
been used in the analysis and it was found that the heat transfer decreases as the twist ratio increases.

According to our literature investigation, it was found that there are not many studies comparing
the performance of nanofluids flowing in a twisted tube with metal foam and plain pipes. This provides
an opportunity for more studies to highlight nanofluid technology with the arrangement of twist tape
and metal foam in order to improve the performance of the nanofluid heat transfer characteristics
and the cooling capability. In this current paper, an attempt is made to investigate the effect of the
presence of inserts in a circular pipe. One may mention that the findings should be beneficial for
the design of new heat exchangers for engineering applications. Section 2 will present the problem
description. In Section 3, we present the finite element formulation. Section 4 presents the analysis
results such as the temperature changes, Nusselt number, friction factor and the thermal efficacy for
different conditions. Finally, Section 5 presents the conclusions.

2. Problem Description

In this study, we present a detailed analysis of a circular cross-section pipe with different metal
inserts. The aim is to determine which one is the most efficient to be used in the heat exchanger as
the heat observer component, that will result in an increase in the heat exchanger’s overall efficiency.
The problem consists of a circular pipe having a length L equal to 85 mm and an inner diameter
equal to 6.8 mm and an outer diameter equal to 8 mm. The pipe is composed of three parts where
the first part known as L1, has a length 27.2 mm, followed by the heated section having a length L2

209



Fluids 2020, 5, 195

equal to 37.4 mm and finally the third part insulated section L3 equal to 20.4 mm. Part 1 and part 3
external surface is insulated and part 2 is heated externally with a heat flux q” having an independent
value of 50,000 W/m2 and 75,000 W/m2. Figure 1 presents the model in question. Flow enters the
pipe at a constant flow rate Q and an inlet temperature Tin equal to 18 ◦C. Three different cases were
investigated. The aim is to select the best scenario leading to heat enhancement and the best thermal
efficiency. In the first case, the inside the pipe is free allowing the flow to circulate along the length of
the pipe. In the second case an insert made of aluminum oxide metallic foam having a porosity of
0.91 and a permeability equivalent to 10 PPI (i.e., 9.5478 × 10−7 m2) is investigated. In the third case,
a metallic a single twist insert made of copper is studied in details. Calculated temperatures were
investigated on the surface of the internal pipe in the heated part only. The pipe is made of copper
with a thickness of 0.006 mm. Figure 1 displays in details all components of the numerical setup.
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3. Finite Element Formulation

The copper pipe’s heat transfer rate and thermal efficiency problem presented in this paper required
solving the full Navier-Stokes equation, continuity equation and the energy equation. These equations
were solved using COMSOL software (version 4.3a, COMSOL, Stockholm, Sweden) [20], which utilizes
a finite element method. A three-dimensional model has been created and three velocity vectors u, v,
w, were added in the x, y, z directions, respectively. Two consistent stabilization methods were used
which are the streamline diffusion and the crosswind diffusion. The pressure was the 4th parameter
used in solving the problem. For the free flow in the model, the formulation adopted are as follows:

X-direction momentum equation:

ρf

(
u
∂u
∂x

+ v
∂u
∂y

+ w
∂u
∂z

)
= −∂p
∂x

+ µf

(
∂2u
∂x2 +

∂2u
∂y2 +

∂2u
∂z2

)
(1)

Y-direction momentum equation:

ρf

(
u
∂v
∂x

+ v
∂v
∂y

+ w
∂v
∂z

)
= −∂p
∂y

+ µf

(
∂2v
∂x2 +

∂2v
∂y2 +

∂2v
∂z2

)
+ ρfg (2)

Z-direction momentum equation:

ρf

(
u
∂w
∂x

+ v
∂w
∂y

+ w
∂w
∂z

)
= −∂p
∂z

+ µf

(
∂2w
∂x2 +

∂2w
∂y2 +

∂2w
∂z2

)
(3)

Continuity equation: (
∂u
∂x

+
∂v
∂y

+
∂w
∂z

)
= 0 (4)
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Energy conservation equation:

(ρCp)f

(
u
∂T
∂x

+ v
∂T
∂y

+ w
∂T
∂z

)
= kf

(
∂2T
∂x2 +

∂2T
∂y2 +

∂2T
∂z2

)
(5)

The density of the fluid is ρf, the dynamic viscosity is µf, the pressure is p, and g is the gravity
vector. The three-dimensional velocities are u, v and w in the x, y and z direction, respectively.
The specific heat of the fluid is Cpf and the conductivity is kf. Heat conduction formulation is used to
study the heat in the copper pipe.

When an insert of porous medium is used, one needs to solve in conjunction with the Navier
stokes equation, the Darcy-Brinkman formulation. The formulation in this case becomes:

X-direction Darcy-Brinkman:

µf

κ
u = −∂p

∂x
+ µf

(
∂2u
∂x2 +

∂2u
∂y2 +

∂2u
∂z2

)
(6)

Y-direction Darcy-Brinkman:

µf

κ
v = −∂p

∂y
+ µf

(
∂2v
∂x2 +

∂2v
∂y2 +

∂2v
∂z2

)
+ ρf g (7)

Z-direction Darcy-Brinkman:

µf

κ
w = −∂p

∂z
+ µf

(
∂2w
∂x2 +

∂2w
∂y2 +

∂2w
∂z

)
(8)

and the energy equation used was the following:

(ρCp)eff

(
u
∂T
∂x

+ v
∂T
∂y

+ w
∂T
∂z

)
= keff

(
∂2T
∂x2 +

∂2T
∂y2 +

∂2T
∂z2

)
(9)

The effective heat capacity takes into consideration the heat capacity in the liquid and in the solid
matrix. Similarly, the effective conductivity combines the conductivity of the fluid and the conductivity
of the metallic foam. Readers are invited to consult [21], for more details.

3.1. Boundary Conditions

Two different heat fluxes were applied at the external wall of the middle section of the pipe as
shown in Figure 1. The first applied heat flux is 50,000 W/m2, another equal to 75,000 W/m2 was applied
uniformly around the external wall. In order to remain in the laminar regime two Reynolds number
were selected (1000 and 2000) leading to water flow rate of Q = 5.361 cm3/s and Q = 10.722 cm3/s
respectively. If nanofluid is used, the flow rate is identical to the water flow rate because the kinematic
viscosity of water and TiO2 nanofluid is the same. The differences in physical properties between
the two fluids are the thermal conductivity and the specific heat. The inlet fluid’s temperature is set
equal to Tin = 18 ◦C, and the study runs in a steady state condition. At the outlet, open boundary is
applied which means that normal stresses are set equal to zero. Because the inlet Reynolds number is
set constant for different fluids, the mass rate will change from one case to another with changing fluid.
Table 1 presents the physical properties used in our calculation. The twisted tape used is a 1 mm thick
full 360◦ rotated tape with the same length as the pipe itself.
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Table 1. Physical Property of the material used in the study.

Material Thermal Conductivity K (W/m·k) Density (kg·m3) Heat Capacity Cp (J/kg·k)

Copper 385 8960 376.812
Water 0.613 998.2 4182

Copper Porous Media 82.2713 (effective) 216 895 (effective)

3.2. Mesh Sensitivity

Before running different study cases on COMSOL, the mesh sensitivity was examined whether it
was accurate enough to record the numerical results from the model. In the Table 2, we demonstrated
different mesh sensitivity that we can select using COMSOL software. The mesh levels that COMSOL
supports and the elements numbers for each mesh level are shown above. The average Nusselt number
was evaluated at the inner wall of the pipe for each mesh level, and the results are represented in the
Figure 2a. It is evident that a coarse level will be suitable to be used in the COMSOL model. Figure 2b,
presents the finite element mesh used in our simulation. In addition, the model has been tested by
comparing the numerical data with some experimental results [8]. The model consisted of the same
boundary condition to the current one.

Table 2. Mesh information for different level of meshing.

Mesh Type [20] Number and Types of Elements Used

Extremely Coarse 11,361 domain elements, 2722 boundary elements, 444 edge elements
Extra coarse 25,662 domain elements, 5034 boundary elements, 624 edge elements

Coarser 51,376 domain elements, 8634 boundary elements, 804 edge elements
Coarse 130,257 domain elements, 17620 boundary elements, 1168 edge elements
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3.3. Pipe Inserts

In order to investigate the importance of flow behavior inside the pipe, two different types of
insert have been included in the modelling. The first one consists of a metal foam porous medium.
The porous insert is made of copper and its physical properties are presented in Table 1. Figure 3a
presents the twisted insert in the pipe and Figure 3b presents the 360◦ single twist tape having a 2 mm
thickness. The length (between two twists) is 40.8 mm and the diameter of the insert is identical to the
internal pipe diameter of 6.8 mm. Thus, in this particular case the ratio of the twisted length to the
diameter is equal to 6.Fluids 2020, 5, x FOR PEER REVIEW 7 of 16 
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4. Results and Discussion

This paper focuses on examining the best pipe model to be used for heat enhancement and heat
extraction. As indicated previously, three different types of pipe model were investigated. The first pipe
is a hollow cylinder heated in one external surface and insulated at the remaining surface using internal
fluid circulation to extract heat. The second configuration is identical to the previous configuration
with a porous insert. The third configuration is identical to the first configuration but with a 360◦
single twist tape insert. In order to keep the investigation under the laminar regime valid in all the
scenarios two different Reynolds numbers of 1000 and 2000 were adopted. This translates into flow
rates of 5.361 cm3/s and 10.722 cm3/s for both water and TiO2 nanofluid. The inlet temperature is
always maintained constant at 18 ◦C.

4.1. Temperature and Nusselt Number Variation

The temperature has been measured at the wall of the internal pipe along the heated section only.
Figures 4–6 highlight the temperature variation for the three configurations. Figure 4a presents the
temperature variation at the external heated wall. A high temperature is observed and the temperature
profile is expected. In Figure 4b the temperature variation is non-linear mainly near the end of the
heated section. As the Reynolds number increases, the flow rate leads to more cooling of the internal
wall. The temperature profile is identical for the cases, however, the Nusselt number is evaluated as
well to examine the heat enhancement. By definition, the local Nusselt number is calculated as follows:

Nu =
h D
kw

(10)
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where h is the heat convection coefficient, D is the pipe diameter and kw is the water thermal
conductivity. The heat convection coefficient h is calculated as follows:

h =
q′′

(T− Tin)
(11)
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Figure 6. Temperature and the Nusselt number at the inner wall surface with twisted tape insert.

Figure 4c presents the Nusselt number variation for the two conditions. Due to the laminar regime,
the Nusselt number is independent of the heating intensity and provide a limited heat enhancement
for a constant Reynolds number. However, as the Reynolds number increases the heat enhancement is
more pronounced.

Similarly, the heating and the flow rate are applied when a porous insert is implemented in the
model. By examining Figure 5a, a slower flow rate leads to more heat extraction as observed in the
previous case. In addition, the presence of a porous medium forces the flow to exert more contact
with the pore and thus more heat is extracted. The temperature variation is almost linear contrary
to the previous case where the linearity is removed towards the end of the heated section. Figure 5b
presents the local Nusselt number variation. It is evident from this graph that heat extraction is more
pronounced in the presence of a porous insert as the local Nusselt number is larger in magnitude.

Figure 6 showed the temperature variation and the local Nusselt number when a twisted tape
insert is implemented. Interestingly enough one may judge the shape of the temperature as between
that of a hollow pipe displayed in Figure 4 and a porous configuration as shown in Figure 5.

The waviness of the temperature is due to the measurement of temperature. In some locations,
the insert touches the internal pipe wall creating a drop of the temperature due to metal contact.
However, this waviness is very small and unnoticeable. Figure 6b displays the local Nusselt number.
It is obvious that the heat extraction is more pronounced compared to a regular pipe but the porous
insert provides a better heating enhancement. Although for a hollow pipe the flow is fully developed
in the case of twisted insert (Figure 7) the flow structure inside the pipe was observed, forcing the fluid
to extract the best possible of heat from the pipe. The amount of heat extraction is constant regardless
of the heating conditions due to the laminar regime.
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4.2. Friction Factor Variation

Friction factor is an important parameter to be investigated. Although water is the working fluid
but in the presence of the insert it may affect the pumping power. By definition, the friction factor is
defined as:

f =
2 ∗ ∆p
L
D ∗ρw2

(12)

where ∆p is the pressure change between the pipe inlet and outlet in kPa, D is the diameter of
the pipe, L is the length of the pipe and ρf is the fluid density and w is the fluid velocity on the z
direction. Figure 8 presents the friction coefficient along the entire length of the pipe for a heat flux
of q” = 75,000 W/m2 and for two different Reynolds numbers. It is evident that the flow in the plain
pipe exhibited the lowest friction coefficient when compared to the porous insert case or the twisted
tape case. However, as observed earlier in the presence of a twisted tape case or porous case, the heat
extraction showed better performance at the expense of a higher friction coefficient. As the Reynolds
number increases, the friction coefficient increases correspondingly. The variation pattern along the
flow direction is the same for the case of plain pipe and twisted insert. However, fluctuation in the
pattern exists for the porous insert due to the non-uniform flow circulation between the pores.
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4.3. Thermal Efficiency Ratio

Thermal efficiency is the most accurate parameter to identify the best configuration related to heat
extraction. It has been demonstrated that some configurations may provide a good heat enhancement
but at the expense of a high friction coefficient and therefore a pressure drop. Other configurations
provide a low heat enhancement at the expense of low pressure drop. By definition, the thermal
efficiency is defined as follows:

Thermal efficiency =
Nuaverage∗z

f ∗D
(13)

In the current comparison, Figure 9 presents the thermal efficiency ratio of the case of Reynolds
number equal to 2000 over the case where the Reynolds number is equal to 1000. This coefficient is
calculated along the entire pipe. The heat flux is set equal to 75,000 W/m2 and the inlet temperature is
maintained at 18 ◦C.
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As shown in Figure 9, it is evident that a twisted insert provided the best thermal efficiency
followed by the porous insert. The flow mixing as well as the flow through a porous structure is
evident for the good performance of such pipe as a heat exchanger. Because the twisted tape touches
the inside diameter of the pipe at different location, the point shown in Figure 9 are at the wall of the
internal pipe diameter where no contact exists between the twisted tape and the pipe.

4.4. Effectiveness in Using Nanofluid as Working Fluid

In the present work, the distilled water working fluid showed that the insert of a twist pipe
provided the best thermal efficiency when compared to a porous insert or plain pipe. The reason
is due to the mixing phenomenon happening in the entire pipe. Two factors may have influenced
the performance of the heat enhancement, the low friction coefficient and the high heat extraction
provided by high Nusselt number. In order the study the importance of working fluid in heat extraction,
the model was repeated using a nanofluid. The nanofluid consist of 1% vol TiO2 nanoparticles in
distilled water. The metallic nanoparticles have a diameter of 50 nm and are uniformly distributed in
the solution.

Table 3 presents the physical properties of the nanofluid. The model was computed for the three
configurations for two different Reynolds number of 1000 and 2000, respectively. The heat flux was
maintained constant at 75,000 W/m2 with a constant inlet temperature of 18 ◦C. In this section the ratio
of the thermal efficiency of the nanofluid to distilled water is discussed with the aim to highlight the
usefulness of using nanofluid.

Table 3. 1% vol TiO2 nanofluid physical properties.

ρf (kg/m3) µf (kg/m/s) kf (W/m.K) Cpf (J/kg/K)

1030 0.001019 0.835 4040

Figure 10 presents the study case for no insert. As shown, the nanofluid provided a better
performance when compared to distilled water regardless of the Reynolds number. A very large
heat enhancement with an average of 22% is noticeable for a Reynolds number of 2000 and 15%
enhancement for a Reynolds number of 1000. Both fluids had very small pressure drops but the high
conductivity of the nanofluid and nearly similar viscosity led to a better performance of the nanofluid
over water.
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Figure 11 presents the same scenario but with a porous insert. The insert is identical to the
previous model, having a porosity of 0.91. This copper metallic insert helps heat extraction regardless
of whether the working fluid is a nanofluid or distilled water. In this figure, one may notice that
the nanofluid outperforms distilled water but with a heat enhancement of an average 2% when the
Reynolds number is equal to 2000 and 0.5% when the Reynolds number is equal to 1000. The difference
in performance for the two different Reynolds numbers is due to higher flow rate when the Reynolds
number is equal to 2000. Nerveless the nanofluid demonstrated here its capability to improve the heat
enhancement when compared to water.
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Finally, the study has been extended to a twisted tape insert as shown in Figure 12. It is evident
from the results presented in Figure 12 that the nanofluid did not perform as expected. It is strongly
believed that the mixing effect, while in laminar regime, provides the best heat extraction regardless of
whether a nanofluid is used or not. It is also important to mention that the twisted tape is attached at
some of its part to the internal wall of the pipe thus making it difficult to identify a location to measure
the flow velocity.

Fluids 2020, 5, x FOR PEER REVIEW 14 of 16 

nanofluid outperforms distilled water but with a heat enhancement of an average 2% when the 
Reynolds number is equal to 2000 and 0.5% when the Reynolds number is equal to 1000. The 
difference in performance for the two different Reynolds numbers is due to higher flow rate when 
the Reynolds number is equal to 2000. Nerveless the nanofluid demonstrated here its capability to 
improve the heat enhancement when compared to water. 

 
Figure 11. Thermal efficiency ratio between nanofluid and water (porous insert). 

Finally, the study has been extended to a twisted tape insert as shown in Figure 12. It is evident 
from the results presented in Figure 12 that the nanofluid did not perform as expected. It is strongly 
believed that the mixing effect, while in laminar regime, provides the best heat extraction regardless 
of whether a nanofluid is used or not. It is also important to mention that the twisted tape is attached 
at some of its part to the internal wall of the pipe thus making it difficult to identify a location to 
measure the flow velocity. 

 
Figure 12. Thermal efficiency ratio between nanofluid and water (twisted tape inserts). 

5. Conclusions 

The findings of the current study of the heat enhancement for three different pipe assemblies 
showed the following: 

Figure 12. Thermal efficiency ratio between nanofluid and water (twisted tape inserts).

220



Fluids 2020, 5, 195

5. Conclusions

The findings of the current study of the heat enhancement for three different pipe assemblies
showed the following:

(1) The temperature increases by increasing the heat flux and decreases by increasing the Reynolds
number. As the working fluid changes from water to a nanofluid, the heat extraction by the
nanofluid is in general more pronounced due to its higher conductivity.

(2) The Nusselt number value is higher in the presence of a porous insert but at the expense of a
higher friction coefficient.

(3) The thermal efficiency of the twisted tape insert pipe is higher than that of a porous medium
insert pipe and a plain pipe. This is mainly due to the strong mixing effect.

(4) A nanofluid provided a better heat enhancement in a plain pipe and with a porous insert
when compared to water via thermal efficiency. However, for the twisted pipe, the nanofluid
performance was weak compared to water as working fluid. Thus, one can simply avoid using a
nanofluid and simply use a twisted pipe insert.
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Nomenclature

u, v, w Velocity of the fluid in m/s
Tin Inlet temperature (◦C)
T Measured temperature (◦C)
x, y, z Coordinates in mm
P Pressure in Pa
q” Heat flux in W/m2

L Length of the pipe in mm
D Pipe diameter in mm
ρf Density in kg/m3

µf Viscosity in kg/m s
Cpf Specific heat in J/kg K
kf Conductivity
kw Conductivity of water
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