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Data science, information theory, probability theory, statistical learning, statistical
signal processing, and other related disciplines greatly benefit from non-negative measures
of dissimilarity between pairs of probability measures. These are known as divergence
measures, and exploring their mathematical foundations and diverse applications is of
significant interest (see, e.g., [1-10] and references therein).

The present Special Issue, entitled Divergence Measures: Mathematical Foundations and
Applications in Information-Theoretic and Statistical Problems, is focused on the study of the
mathematical properties and applications of classical and generalized divergence measures
from an information-theoretic perspective. It includes eight original contributions on the
subject, which mainly deal with two key generalizations of the relative entropy: namely,
the Rényi divergence and the important class of f-divergences. The Rényi divergence
was introduced by Rényi as a generalization of relative entropy (relative entropy is a.k.a.
the Kullback-Leibler divergence [11]), and it found numerous applications in information
theory, statistics, and other related fields [12,13]. The notion of an f-divergence, which
was independently introduced by Ali-Silvey [14], Csiszar [15-17], and Morimoto [18],
is a useful generalization of some well-known divergence measures, retaining some of
their major properties, including data-processing inequalities. It should be noted that,
although the Rényi divergence of an arbitrary order is not an f-divergence, it is a one-to-
one transformation of a subclass of f-divergences, so it inherits some of the key properties
of f-divergences. We next describe the eight contributions in this Special Issue, and their
relation to the literature.

Relative entropy is a well-known asymmetric and unbounded divergence measure [11],
whereas the Jensen-Shannon divergence [19,20] (a.k.a. the capacitory discrimination [21]) is
a bounded symmetrization of relative entropy, which does not require the pair of probability
measures to have matching supports. It has the pleasing property that its square root is
a distance metric, and it also belongs to the class of f-divergences. The latter implies, in
particular, that the Jensen-Shannon divergence satisfies data-processing inequalities. The
first paper in this Special Issue [22], authored by Nielsen, studies generalizations of the
Jensen—-Shannon divergence and the Jensen—-Shannon centroid. The work in [22] further
suggests an iterative algorithm for the numerical computation of the Jensen-Shannon-type
centroids for a set of probability densities belonging to a mixture family in information
geometry. This includes the case of calculating the Jensen—Shannon centroid of a set of
categorical distributions or normalized histograms.

Many of Shannon’s information measures appear naturally in the context of horse
gambling, when the gambler’s utility function is the expected log-wealth. The second
paper [23], coauthored by Bleuler, Lapidoth, and Pfister, shows that, under a more general
family of utility functions, gambling also provides a context for some of Rényi’s information
measures. Motivated by a horse betting problem in the setting where the gambler has
side information, a new conditional Rényi divergence is introduced in [23]. It is compared
with the conditional Rényi divergences by Csiszar and Sibson, and the properties of all
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the three are studied in depth by the authors, with an emphasis on the behavior of these
conditional divergence measures under data processing. In the same way that Csiszar’s
and Sibson’s conditional divergences lead to the respective dependence measures, so does
the new conditional divergence in [23] lead to the Lapidoth—Pfister mutual information.
The authors further demonstrate that their new conditional divergence measure is also
related to the Arimoto-Rényi conditional entropy and to Arimoto’s measure of dependence.
In the second part of [23], the horse betting problem is analyzed where, instead of Kelly’s
expected log-wealth criterion, a more general family of power-mean utility functions is
considered. The key role in the analysis is played by the Rényi divergence, and the setting
where the gambler has access to side information provides an operational meaning to the
Lapidoth-Pfister mutual information. Finally, a universal strategy for independent and
identically distributed races is presented in [23] which, without knowing the winning prob-
abilities or the parameter of the utility function, asymptotically maximizes the gambler’s
utility function.

The relative entropy [11] and the chi-squared divergence [24] are classical divergence
measures which play a key role in information theory, statistical machine learning, signal
processing, statistics, probability theory, and many other branches of mathematics. These
divergence measures are fundamental in problems pertaining to source and channel coding,
large deviations theory, tests of goodness-of-fit and independence in statistics, expectation—
maximization iterative algorithms for estimating a distribution from an incomplete data,
and other sorts of problems. They also belong to the generalized class of f-divergences. The
third paper [25], by Nishiyama and Sason, studies integral relations between the relative
entropy and chi-squared divergence, the implications of these relations, their information-
theoretic applications, and some generalizations pertaining to the rich class of f-divergences.
Applications that are studied in [25] include lossless compression, the method of types and
large deviations, strong data-processing inequalities, bounds on contraction coefficients and
maximal correlation, and the convergence rate to the stationarity of a type of discrete-time
Markov chain.

The interesting interplay between inequalities and information theory has a rich his-
tory, with notable examples that include the relationship between the Brunn—-Minkowski
inequality and the entropy power inequality, transportation-cost inequalities and their
tight connections to information theory, logarithmic Sobolev inequalities and the entropy
method, inequalities for matrices obtained from the nonnegativity of relative entropy,
connections between information inequalities and finite groups, combinatorics, and other
fields of mathematics (see, e.g., [26-30]). The fourth paper by Reeves [31] considers ap-
plications of a two-moment inequality for the integral of fractional power of a function
between zero and one. The first contribution of this paper provides an upper bound on
the Rényi entropy of a random vector, expressed in terms of the two different moments.
This also recovers some previous results based on maximum entropy distributions under a
single moment constraint. The second contribution in [31] is a method for upper bound-
ing mutual information in terms of certain integrals with respect to the variance of the
conditional density.

Basic properties of an f-divergence are its non-negativity, convexity in the pair of
probability measures, and the satisfiability of data-processing inequalities as a result of
the convexity of the function f (and by the requirement that f vanishes at 1). These
properties lead to f-divergence inequalities, and to information-theoretic applications
(see, e.g., [4,10,32-37]). Furthermore, tightened (strong) data-processing inequalities for
f-divergences have been of recent interest (see, e.g., [38—42]). The fifth paper [43], authored
by Melbourne, is focused on the study of how stronger convexity properties of the function
f imply improvements of classical f-divergence inequalities. It provides a systematic
study of strongly convex divergences, and it quantifies how the convexity of a divergence
generator f influences the behavior of the f-divergence. It proves that every (so-called)
strongly convex divergence dominates the square of the total variation, which extends
the classical bound provided by the chi-squared divergence. Its analysis also yields im-
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provements of Bayes risk f-divergence inequalities, consequently achieving a sharpening
of Pinsker’s inequality.

Divergences between probability measures are often used in statistics and data science
in order to perform inference under models of various types. The corresponding methods
extend the likelihood paradigm, and suggest inference in settings of minimum distance
or minimum divergence, while allowing some tradeoff between efficiency and robustness.
The sixth paper [44], authored by Broniatowski, considers a subclass of f-divergences,
which contains most of the classical inferential tools, and which is indexed by a single scalar
parameter. This class belongs to the family of f-divergences, and is usually referred to as the
power divergence class, which has been considered by Cressie and Read [7,45]. The work
in [44] states that the most commonly used minimum divergence estimators are maximum-
likelihood estimators for suitably generalized bootstrapped sampling schemes. It also
considers optimality of associated goodness-of-fit tests under such sampling schemes.

The seventh paper by Verdti [46] is a research and tutorial paper on error exponents
and a-mutual information. Similarly to [23] (the second paper in this Special Issue), it
relates to Rényi’s generalization of the relative entropy and mutual information. In light of
the landmark paper by Shannon [47], it is well known that the analysis of the fundamental
limits of noisy communication channels in the regime of vanishing error probability (by
letting the blocklength of the code tend to infinity) leads to the introduction of the channel
capacity as the maximal rate which enables to obtain reliable communication. The channel
capacity is expressed in terms of a basic information measure: the input-output mutual
information maximized over the input distribution. Furthermore, in the regime of fixed
nonzero error probability, the asymptotic fundamental limit is a function of not only the
channel capacity but the channel dispersion, which is expressible in terms of an information
measure: the variance of the information density obtained with the capacity-achieving
distribution [48]. In the regime of exponentially decreasing error probability, at fixed code
rate below capacity, the analysis of the fundamental limits has gone through three distinct
phases: (1) the early days of information theory and the error exponents analysis at MIT;
(2) expressions for the error exponent functions by incorporating the relative entropy; and
(3) the error exponent research with Rényi information measures. Thanks to Csiszar’s
realization of the relevance of Rényi’s information measures to this problem [32], the
third phase has found a way to express the error exponent functions as a function of
generalized information measures, and also to solve the associated optimization problems
in a systematic way. While in the absence of cost constraints, the problem reduces to
finding the maximal a-mutual information, cost constraints make the problem significantly
more challenging. The remained gaps in the interrelationships between three approaches,
in the general case of cost-constrained encoding, motivated the present study in [46].
Furthermore, no systematic approach has been suggested so far for solving the attendant
optimization problems by exploiting the specific structure of the information functions. The
work by Verdd in [46] closes those gaps, while proposing a simple method to maximize the
Augustin—Csiszdr mutual information of order & under cost constraints [32,49], by means of
the maximization of the a-mutual information subject to an exponential average constraint.

In statistical inference, the information-theoretic performance limits can often be
expressed in terms of a statistical divergence measure between the underlying statistical
models (see, e.g., [50] and references therein). As the data dimension grows, computing the
statistics involved in decision making and the attendant performance limits (divergence
measures) face complexity and stability challenges. Dimensionality reduction addresses
these challenges at the expense of compromising performance because of the attendant
loss of information. The eighth and last paper in the present Special Issue [51] considers
linear dimensionality reduction, such that the divergence between the models is maximally
preserved. Specifically, this work is focused on Gaussian models where discriminant
analysis under several f-divergence measures are considered. The optimal design of the
linear transformation of the data onto a lower-dimensional subspace is characterized for
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zero-mean Gaussian models, and numerical algorithms are employed to find the design for
general Gaussian models with non-zero means.

It is our hope that the reader will find interest in the eight original contributions of
this Special Issue, and that these works will stimulate further research in the study of the
mathematical foundations and applications of divergence measures.

Acknowledgments: The Guest Editor is grateful to all the authors for their contributions to this
Special Issue, to the anonymous peer-reviewers for their timely reports and constructive feedback.
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Abstract: The Jensen—-Shannon divergence is a renown bounded symmetrization of the
Kullback-Leibler divergence which does not require probability densities to have matching supports.
In this paper, we introduce a vector-skew generalization of the scalar a-Jensen-Bregman divergences
and derive thereof the vector-skew a-Jensen—-Shannon divergences. We prove that the vector-skew
a-Jensen—-Shannon divergences are f-divergences and study the properties of these novel divergences.
Finally, we report an iterative algorithm to numerically compute the Jensen-Shannon-type centroids
for a set of probability densities belonging to a mixture family: This includes the case of the
Jensen—Shannon centroid of a set of categorical distributions or normalized histograms.

Keywords: Bregman divergence; f-divergence; Jensen—-Bregman divergence; Jensen diversity;
Jensen-Shannon divergence; capacitory discrimination; Jensen-Shannon centroid; mixture family;
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1. Introduction

Let (X, F, ) be a measure space [1] where X denotes the sample space, F the o-algebra of
measurable events, and y a positive measure; for example, the measure space defined by the Lebesgue
measure i with Borel o-algebra B(RY) for X = R? or the measure space defined by the counting
measure i, with the power set c-algebra 2% on a finite alphabet X. Denote by L, (X, F,u) the
Lebesgue space of measurable functions, P; the subspace of positive integrable functions f such that
[y f(x)du(x) =1and f(x) > Oforall x € X, and P; the subspace of non-negative integrable functions
fsuchthat [, f(x)du(x) =1and f(x) > 0forallx € X.

We refer to the book of Deza and Deza [2] and the survey of Basseville [3] for an introduction
to the many types of statistical divergences met in information sciences and their justifications.
The Kullback—Leibler Divergence (KLD) KL : P; x P; — [0,00] is an oriented statistical distance
(commonly called the relative entropy in information theory [4]) defined between two densities
p and g (i.e., the Radon-Nikodym densities of y-absolutely continuous probability measures P and

Q) by
KL(p:q):= /plog gdy. (1)
Although KL(p : q) > 0 with equality iff. p = g y-a. e. (Gibb’s inequality [4]), the KLD may

diverge to infinity depending on the underlying densities. Since the KLD is asymmetric, several
symmetrizations [5] have been proposed in the literature.
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A well-grounded symmetrization of the KLD is the Jensen—Shannon Divergence [6] (JSD), also
called capacitory discrimination in the literature (e.g., see [7]):

_ 1 . ptq ptq
IS(p,q) = 2(I(L(p.z )+KL(q.2 >), )
- 1/(P10g 2P +q10gi2q >dV_IS(q/P)- 3)
2 p+q p+q

The Jensen-Shannon divergence can be interpreted as the total KL divergence to the average
distribution pTJrq. The Jensen—-Shannon divergence was historically implicitly introduced in [8]
(Equation (19)) to calculate distances between random graphs. A nice feature of the Jensen-Shannon
divergence is that this divergence can be applied to densities with arbitrary support (i.e., p,q € Py with
the convention that 0log0 = 0 and log § = 0); moreover, the JSD is always upper bounded by log 2.
Let X, = supp(p) and X; = supp(q) denote the supports of the densities p and g, respectively, where
supp(p) := {x € & : p(x) > 0}. The JSD saturates to log 2 whenever the supports X, and X, are

disjoints. We can rewrite the JSD as

1(p,q) = h (P+f1> _ (p) +h(q) )

2 2 ’

where h(p) = — [ plog pdu denotes Shannon’s entropy. Thus, the JSD can also be interpreted as the
entropy of the average distribution minus the average of the entropies.

The square root of the JSD is a metric [9] satisfying the triangle inequality, but the square root of
the JD is not a metric (nor any positive power of the Jeffreys divergence, see [10]). In fact, the JSD can
be interpreted as a Hilbert metric distance, meaning that there exists some isometric embedding of
(X,/]S) into a Hilbert space [11,12]. Other principled symmetrizations of the KLD have been proposed
in the literature: For example, Naghshvar et al. [13] proposed the extrinsic Jensen—Shannon divergence
and demonstrated its use for variable-length coding over a discrete memoryless channel (DMC).

Another symmetrization of the KLD sometimes met in the literature [14-16] is the Jeffreys
divergence [17,18] (JD) defined by

J(p,q) =KL(p:q) +KL(g:p) = /(P —q)log Zdu =J(q,p)- (5)

However, we point out that this Jeffreys divergence lacks sound information-theoretical justifications.
For two positive but not necessarily normalized densities § and §, we define the extended
Kullback-Leibler divergence as follows:

KL (p:q) = KL(p:a)+ [qdu— [ pdn, ©

— [ (plosZ+q-p)an )

The Jensen-Shannon divergence and the Jeffreys divergence can both be extended to positive
(unnormalized) densities without changing their formula expressions:

s = g (ke (p 20) exe (7: 25T, )
= (KL (ﬁ : p;q) +KL (q ”;‘1)) = 15(p, ), ©)
() = KLY (pa) + KL (p:0) = [ (- )log e =1 (p.4). (10)
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However, the extended JS™ divergence is upper-bounded by (3 log2)( [ (7 + §)du) = 3 (u(p) +

1(q)) log 2 instead of log 2 for normalized densities (i.e., when u(p) + u(q) = 2).

Let (pq)a(x) := (1 —a)p(x) + ag(x) denote the statistical weighted mixture with component
densities p and ¢ for « € [0, 1]. The asymmetric a-skew Jensen-Shannon divergence can be defined for
a scalar parameter « € (0,1) by considering the weighted mixture (pg). as follows:

JSi(p:q) = (1—a)KL(p: (pq)a) +aKL(q: (pq)a), (11)
_ p q
= (1 —zx)/plog (pq)ady—i—a/qlog (pq)“dy. (12)

Let us introduce the a-skew K-divergence [6,19] Ky (p : q) by:

Ky(p:q):==KL(p: (1—a)p+aq) =KL(p: (pq9)a)- (13)

Then, both the Jensen-Shannon divergence and the Jeffreys divergence can be rewritten [20] using
K, as follows:

IS(p.q) = %(K% (p:9)+K; (@:p)), (14)
I(pa) = Ki(p:q)+Kilg:p) (15)

since (pq)1 = q,KL(p : ) = Ki(p: q) and (pg)1 = (qp) ;-
We can thus define the symmetric a-skew Jensen—Shannon divergence [20] for a € (0,1) as follows:

I5%(p.q) = %Ka(p 1) + %Ka(q :p) =18%(q,p)- (16)

The ordinary Jensen-Shannon divergence is recovered for a = 3.

In general, skewing divergences (e.g., using the divergence K, instead of the KLD) have been
experimentally shown to perform better in applications like in some natural language processing
(NLP) tasks [21].

The «-Jensen—Shannon divergences are Csiszar f-divergences [22-24]. An f-divergence is defined
for a convex function f, strictly convex at 1, and satisfies f(1) = 0 as:

()= [ator (B ) ar= f) =0 (17)

We can always symmetrize f-divergences by taking the conjugate convex function f*(x) = xf (%)
(related to the perspective function): I¢, ¢« (p,q) is a symmetric divergence. The f-divergences are
convex statistical distances which are provably the only separable invariant divergences in information
geometry [25], except for binary alphabets X (see [26]).

The Jeffreys divergence is an f-divergence for the generator f(x) = (x —1)logx, and the
a-Jensen—-Shannon divergences are f-divergences for the generator family f,(x) = —log((1 —
a) +ax) — xlog((1 —a) + %). The f-divergences are upper-bounded by f(0) + f*(0). Thus, the
f-divergences are finite when f(0) + f*(0) < oo.

The main contributions of this paper are summarized as follows:

e  First, we generalize the Jensen-Bregman divergence by skewing a weighted separable
Jensen-Bregman divergence with a k-dimensional vector & € [0,1]F in Section 2. This yields
a generalization of the symmetric skew a-Jensen-Shannon divergences to a vector-skew parameter.
This extension retains the key properties for being upper-bounded and for application to densities
with potentially different supports. The proposed generalization also allows one to grasp a better
understanding of the “mechanism” of the Jensen—Shannon divergence itself. We also show how to
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directly obtain the weighted vector-skew Jensen—Shannon divergence from the decomposition of
the KLD as the difference of the cross-entropy minus the entropy (i.e., KLD as the relative entropy).

*  Second, we prove that weighted vector-skew Jensen-Shannon divergences are f-divergences
(Theorem 1), and show how to build families of symmetric Jensen-Shannon-type divergences
which can be controlled by a vector of parameters in Section 2.3, generalizing the work of [20] from
scalar skewing to vector skewing. This may prove useful in applications by providing additional
tuning parameters (which can be set, for example, by using cross-validation techniques).

e Third, we consider the calculation of the Jensen—Shannon centroids in Section 3 for densities
belonging to mixture families. Mixture families include the family of categorical distributions and
the family of statistical mixtures sharing the same prescribed components. Mixture families
are well-studied manifolds in information geometry [25]. We show how to compute the
Jensen—Shannon centroid using a concave—-convex numerical iterative optimization procedure [27].
The experimental results graphically compare the Jeffreys centroid with the Jensen-Shannon
centroid for grey-valued image histograms.

2. Extending the Jensen—Shannon Divergence

2.1. Vector-Skew Jensen—Bregman Divergences and Jensen Diversities

Recall our notational shortcut: (ab), := (1 —a)a + ab. For a k-dimensional vector a € [0, 1],
a weight vector w belonging to the (k — 1)-dimensional open simplex Ay, and a scalar y € (0,1), let us
define the following vector skew a-Jensen—Bregman divergence (a-JBD) following [28]:

BT 6 02) 1= 3 wiBi ((BuBa)e  (B162),) > 0, (18)
i=1
where By is the Bregman divergence [29] induced by a strictly convex and smooth generator F:

Br (61 : 02) := F(01) — F(62) — (61 — 62, VF(62)), (19)

with (-, -) denoting the Euclidean inner product (x,y) = x "y (dot product). Expanding the Bregman
divergence formulas in the expression of the a-JBD and using the fact that

(0102)a; — (0162)7 = (7 — ;) (61 — 62), (20)

we get the following expression:

k
IB?’%W(Gl 10y) = (Z w;F ((6192)061')) ((6162) <sz )61 = 62), VF(<6102)7)>' 0

i=1

The inner product term of Equation (21) vanishes when
k
v = Zwiai = Q. (22)
i=1

Thus, when y = & (assuming at least two distinct components in « so that y € (0,1)), we get the
simplified formula for the vector-skew a-JBD:

K
JBE (61 : 62) = <Z wiF((9192)af)> F((61602)a) - (23)

i=1

10
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This vector-skew Jensen—-Bregman divergence is always finite and amounts to a Jensen diversity [30]
Jr induced by Jensen’s inequality gap:

JBEY (61 :62) = Jr((6102)ay,- - -, (6162)ay; w01, - . ., Wy Zwl (0102)a;) — F ((6162)a) 2 0. (24)

The Jensen diversity is a quantity which arises as a generalization of the cluster variance when
clustering with Bregman divergences instead of the ordinary squared Euclidean distance; see [29,30]
for details. In the context of Bregman clustering, the Jensen diversity has been called the Bregman
information [29] and motivated by rate distortion theory: Bregman information measures the minimum
expected loss when encoding a set of points using a single point when the loss is measured using
a Bregman divergence. In general, a k-point measure is called a diversity measure (for k > 2), while
a distance/divergence is the special case of a 2-point measure.

Conversely, in 1D, we may start from Jensen’s inequality for a strictly convex function F:

k

Y wiF(6;) > F (i wi9i> : (25)

i=1 i=1

Let us notationally write [k] := {1,...,k}, and define 6, := min;c{6;}; and Oy :=
max;e g {6;}; > 0 (i.e., assuming at least two distinct values). We have the barycenter § = }_; w;0; =:
(6,40 ) which can be interpreted as the linear interpolation of the extremal values for some y € (0, 1).
Let us write 6; = (6,,00m )4, for i € [k] and proper values of the a;s. Then, it comes that

0 = ZwiGi, (26)
= Zwi 9 6M>0(, (27)
= Zwl 0m + ai0p), (28)

= <1 - Zwioci) 0 + sziwiGM, (29)
i i
= (QmeM)Zz win; = (emeM)W (30)
so that y =}, wjn; = &.

2.2. Vector-Skew Jensen—Shannon Divergences

Let f(x) = xlogx — x be a strictly smooth convex function on (0,00). Then, the Bregman
divergence induced by this univariate generator is

Bf(Piq):P10g§+‘1—P=kl+(P¢Q)r (31)

the extended scalar Kullback—Leibler divergence.
We extend the scalar-skew Jensen-Shannon divergence as follows: JS**“(p : q) := JBY,"(p : q)
for h, the Shannon’s entropy [4] (a strictly concave function [4]).

Definition 1 (Weighted vector-skew (a, w)-Jensen-Shannon divergence). For a vector a € [0,1]* and
a unit positive weight vector w € Ay, the (a, w)-Jensen—Shannon divergence between two densities p,q € Py is

defined by:

JS*“(p:q) szKL (PD)e; = (P9)a) = h ((p0)a) — Y wik (pq)e;)

i= i=1

11
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with & = YX_, wia;, where h(p) = — J p(x)log p(x)du(x) denotes the Shannon entropy [4] (i.e., —h is
strictly convex).

This definition generalizes the ordinary JSD; we recover the ordinary Jensen-Shannon divergence
whenk =2,a; =0,a, =1, and w; = wp = 3 witha = 1: JS(p,q) = ]S(O'l)'(%'%)(p 1 q).

Let KLy 5(p : q) := KL((pq)a : (pq)p).- Then, we have KL, 5(q : p) = KL;_4,1-5(p : ). Using this
(«, B)-KLD, we have the following identity:

k
IS““(p:q) = Y wKLya(p:q), .
i=1

k
= Y wKLi_w1-a(q:p) =IS% " (q:p), (33)
i=1

since Zle wi(l—w;) =1 —a=1—a& wherel; = (1,...,1) is a k-dimensional vector of ones.
A very interesting property is that the vector-skew Jensen-Shannon divergences are
f-divergences [22].

Theorem 1. The vector-skew Jensen—Shannon divergences JS*™(p : q) are f-divergences for the generator

Fao() = Tho wi(au + (1 - a)) log (4t with & = Y5 wia.

Proof. First, let us observe that the positively weighted sum of f-divergences is an f-divergence:

Yk, wilg(p:q) = I¢(p : q) for the generator f(u) = YK wifi(u).
Now, let us express the divergence KL, g(p : 9) as an f-divergence:

KLug(p:q) =1Ir, ,(p:a). (34)

with generator
(1—a)+au

f,x,/g(u) = (au+1—a)log =B+ pu (35)
Thus, it follows that
k
1*“(p:q) = Y wKL((pq)e : (P9)a), (36)
i=1
k
= Y wils (p:q) 37)
i=1
= Iy (PO (38)

Therefore, the vector-skew Jensen—Shannon divergence is an f-divergence for the following
generator:

k
wi) +oju
faw(u) = L wi(aju + (1 —a;)) log Ul;_i_&lu, (39)
where & = Zé‘:l wWik;.
When « = (0,1) and w = (3, ), we recover the f-divergence generator for the JSD:
1
fis(u) = 5 log 1 + ulog 1 . (40)
2 T4 +au
1 2
= 2<logl+ +u10g1+ ) (41)

12
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Observe that f; , (1) = ufuw(1/u) = fi_gw(u), wherel —a := (1 —ay,..., 1 —ay).
We also refer the reader to Theorem 4.1 of [31], which defines skew f-divergences from any
f-divergence. O

Remark 1. Since the vector-skew Jensen divergence is an f-divergence, we easily obtain Fano and Pinsker
inequalities following [32], or reverse Pinsker inequalities following [33,34] (i.e., upper bounds for the vector-skew
Jensen divergences using the total variation metric distance), data processing inequalities using [35], etc.

Next, we show that KL, 4 (and JS*) are separable convex divergences. Since the f-divergences
are separable convex, the KL, 4 divergences and the JS** divergences are separable convex. For the
sake of completeness, we report a simplex explicit proof below.

Theorem 2 (Separable convexity). The divergence KLy g(p : q) is strictly separable convex for a # B and
x € X,NA,.

Proof. Let us calculate the second partial derivative of KL, 4(x : y) with respect to x, and show that it
is strictly positive:

o2 = (B0
ﬁKL“,ﬁ(x 1Y) = m >0, (42)

for x,y > 0. Thus, KL, is strictly convex on the left argument. Similarly, since KL, g(y : x) =
KL; 4,1-p(x : y), we deduce that KL, 4 is strictly convex on the right argument. Therefore, the
divergence KL, g is separable convex. [

It follows that the divergence JS““(p : gq) is strictly separable convex, since it is a convex
combination of weighted KL, z divergences.

Another way to derive the vector-skew JSD is to decompose the KLD as the difference of the
cross-entropy h* minus the entropy 4 (i.e., KLD is also called the relative entropy):

KL(p:q) =h*(p:q) —h(p), (43)

where h*(p : q) := — [plogqdu and h(p) := h*(p : p) (self cross-entropy). Since a;h*(p; :
q) +axh™ (p2: q) = h*(ayp1 + agpy : q) (for ay = 1 — ay), it follows that

o

Il
—_

IS (p:q) = wKL((pQ)a; : (P9)y), (44)

1=

w; (W ((p@)a; = (p9)y) — h((Pq);)) s (45)

1

k k
= h” <2wi(w)ai : <me> - ;wih((;ﬂq)ai)- (46)

Here, the “trick” is to choose v = & in order to “convert” the cross-entropy into an entropy:
(25 wi(pg)a; = (pq)4) = 1((pqg)z) when ¢ = & Then, we end up with

.

JS“(p:q) =h((pg)z) — ; wih ((pq)a;) - (47)

13
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When & = (7, &) witha; = 0and a, = 0 and w = (wy, w;) = (3, 3), we have & = }, and we
recover the Jensen-Shannon divergence:

]S(p:q):h«w)h(z?)%(q)_ (48)

2 2

Notice that Equation (13) is the usual definition of the Jensen-Shannon divergence, while
Equation (48) is the reduced formula of the JSD, which can be interpreted as a Jensen gap for Shannon
entropy, hence its name: The Jensen—Shannon divergence.

Moreover, if we consider the cross-entropy/entropy extended to positive densities § and 4:

Wp ) =~ [(ploga+ddn, he(p) =Wi(p:p) =~ [(Plogp+p)dn,  (49)
we get:
k
ISYY (5 0) = Y oKL (e, (p)) = v (P szm (P, (50)

Next, we shall prove that our generalization of the skew Jensen-Shannon divergence to
vector-skewing is always bounded. We first start by a lemma bounding the KLD between two
mixtures sharing the same components:

Lemma 1 (KLD between two w-mixtures). For a € [0,1] and g € (0,1), we have:

KLyp(p:q) =KL ((p7)a : (p7)p) < logmax { T ﬁ;}

Proof. For p(x),q(x) > 0, we have

(1—a)p(x) + ag(x) i 1-a a
(= p)p(x) + pax) = {1—5’[5}' (51)

Indeed, by considering the two cases & > f (or equivalently, 1 —a« < 1— ) and a« <  (or

equivalently, 1 —a > 1 — ), we check that (1 —a)p(x) < max {} 5 ﬁ} (1—-B)p(x) and ag(x) <

max {%_;g, %} Bq(x). Thus, we have —g:ggzggi%g; < max {%%"‘, %} Therefore, it follows that:
l—a l—a
KL ((pq)a : (pq)p) < /(pq)a log max { -l 5} du = logmax {1ﬁ, ,B} . (52)
Notice that we can interpret logmax {% B ﬁ} = max{log %_;g, log %} as the co-Rényi

divergence [36,37] between the following two two-point distributions: («,1 —«) and (B,1 — B).
See Theorem 6 of [36].

A weaker upper bound is KL((pq)« : (pq)p) < log ﬁ Indeed, let us form a partition of the
sample space X into two dominance regions:

* Rpy:={xe X :q(x)<p(x)}and
e Ry={xe X :q(x)>px)}

We have (pq)a(x) = (1 —a)p(x) + ag(x) < p(x) for x € Ry and (pq)a(x) < q(x) for x € R,
It follows that

KL ((pa)e: (p0)p) < [ (pe)log o5 sdn(a) + [ (pa)a(x)log gt

14
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That is, KL((pq)a : (pq)p) < —log(1l — B) —logp = log ﬁ Notice that we allow a« € {0,1}
but not B to take the extreme values (i.e., € (0,1)). O

In fact, it is known that for both «, € (0,1), KL ((pq). : (pq)g) amount to compute a Bregman
divergence for the Shannon negentropy generator, since {(pq), : v € (0,1)} defines a mixture
family [38] of order 1 in information geometry. Hence, it is always finite, as Bregman divergences are
always finite (but not necessarily bounded).

By using the fact that

k
IS*(p:q) = ;wiKL ((P9)a; = (P2)a), (53)

we conclude that the vector-skew Jensen-Shannon divergence is upper-bounded:

Lemma 2 (Bounded (w, «)-Jensen—Shannon divergence). JS*“ is bounded by log ﬁ where & =
Yl wia; € (0,1).

Proof. We have JS*(p : q) = L; wKL ((pq)a, : (p9)a). Since 0 < KL ((pq)e; : (P1)x) < log g7y,
it follows that we have

< o, . < .

0<J5"“(p:q) <log 0=7)

Notice that we also have

]S (p:g) < ;wi log max { 11__0;i, D;i} .

O

The vector-skew Jensen-Shannon divergence is symmetric if and only if for each index i € [k]
there exists a matching index (i) such that a,(;) = 1 — ; and w,(;) = w;.
For example, we may define the symmetric scalar a-skew Jensen—Shannon divergence as

Upa) = SKL((pa)a (p)y) + 2 KLUpA1 -« (pa),), &9
- % / (p4)alog ES;’))Z dy+% / (P4)1-alog (?Z;gd% ©9)
- % [(ap)1-alog (?5;§;“du++; [(ap)atog ((Z;’;:d% (56)
_ h((Pq)%)_h((r)q)a)+2h((w)1fa)/ (57)
) o

since it holds that (ab), = (ba);_. for any a,b, c € R. Note thatJS{ (p,q) # JS*(p,q).

Remark 2. We can always symmetrize a vector-skew Jensen—Shannon divergence by doubling the dimension of
the skewing vector. Let « = (a1, ..., ax) and w be the vector parameters of an asymmetric vector-skew JSD,
and consider o' = (1 —ay,...,1 — o) and w to be the parameters of JS* . Then, ]S )55 is g symmetric
skew-vector JSD:

! w w 1 1 !/
JsE N ED (prg) = SIS (prg) + IS (pa), (59)
]. ]. / w w
= SIS"(p )+ 518 (g p) = ST (g1 p). (60)

15
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Since the vector-skew Jensen—Shannon divergence is an f-divergence for the generator fy o, (Theorem 1),
we can take generator f;, ,(u) = M to define the symmetrized f-divergence, where fy, ,(u) =
Ufw,a (L) denotes the convex conjugate functzon When foq. yields a symmetric f-divergence I, , we can apply
the generic upper bound of f-divergences (i.e., I[f < f(0) + f*(0)) to get the upper bound on the symmetric

vector-skew Jensen—Shannon divergences:

Ifa,w(p : q) < ftxw( )+fo>¢kw( ) (61)
< Zw, ( log + a;log — ) (62)
since
fru) = who(3), )
k (1—aj)u+a;

= Zwi((l—ai)u+u¢i)log( (64)

1-a&)u+a’

For example, consider the ordinary ]ensen—Shannon divergence with w = (%, %) and « = (0,1). Then,

we find JS(p : w) = If(o,l),(%,%) (p:q) < 3log2+ 3log2 = log2, the usual upper bound of the JSD.

As a side note, let us notice that our notation (pg), allows one to compactly write the following
property:

Property 1. We have q = (qq) for any A € [0,1], and ((p1p2)r(9192)2)a = ((P141)a(p292)a)a for any
a,A €10,1].

Proof. Clearly, q = (1 — A)q+ Aq =: ((g9),) for any A € [0,1]. Now, we have

((P1P2)A(9192)1)a (1 —a)(p1p2)a + a(q192)1, (65)
= (1-a)(A=M)p1+Ap2) +a((1 = A)g1 + Aq2), (66)
= (1-M(1-a)pr+aqg) +A((1—a)p2 +aqa), (67)
= (1= (pq1)a + A(p292)ar (68)
= ((P141)a(p292)a)r- (69)

O

2.3. Building Symmetric Families of Vector-Skewed Jensen—Shannon Divergences

We can build infinitely many Vector—skew ]ensen—Shannon divergences. For example, consider
a = (0,1,%) and w = (3,3,7) Then, & = 3 + 9 = 9,and

h(p) +h(q) + 1 ((pa)s
15 (p:q) = ((pa)s ) - R 3 (0y) # 157 (q : p)- (70)

Interestingly, we can also build infinitely many families of symmetric vector-skew Jensen-Shannon
divergences. For example, consider these two examples that illustrate the construction process:

e Consider k = 2. Let (w, 1 — w) denote the weight vector, and & = (a1, ;) the skewing vector.
We have & = waq + (1 — w)ay = ay + w(ag — ap). The vector-skew JSD is symmetric iff. w =

16
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1-w=1(witha = “®)and ay = 1 — a;. In that case, we have @ = 1, and we obtain the
following family of symmetric Jensen—Shannon divergences:

]S(D"lﬂx)’(%’%)(p,q) - K ((pQ)%) o h((PQ)a) +2h((pQ)lfzx)’ (71)
- ((pq)%> _ h((pq)IX) ;‘h((qp)tx) _ ]S(zx,lfrx),(%,%)(q’p)_ (72)

¢  Consider k = 4, weight vector w = (%, %, %, %), and skewing vector & = (a1,1 — a3, 42,1 —ap)

for wy, ay € (0,1). Then, & = %, and we get the following family of symmetric vector-skew JSDs:

1501 () = ((pg)y ) — D) P w) EH(P)e) THPT) 1) 7y
_ ((PLI)%) 2h((p9)ay) +2h((9P) ey )6+ h((P4)ag) + 1((9P)ay) 79)
— ]S(’Xl,lxz) (q,p). 75)

* We can similarly carry on the construction of such symmetric JSDs by increasing the
dimensionality of the skewing vector.

In fact, we can define

k
]’Sgé,w(p,q) = h( %) Zwl ) ) 2 ((pq 1— o ZWJS’XI p, (76)
i=1
with L L
198 (p,q) =1 ((pa) ) - ((pq)a)+2 ((P9)1-o) 77)

3. Jensen—-Shannon Centroids on Mixture Families

3.1. Mixture Families and Jensen—Shannon Divergences

Consider a mixture family in information geometry [25]. That is, let us give a prescribed set
of D + 1 linearly independent probability densities po(x), ..., pp(x) defined on the sample space X'
A mixture family M of order D consists of all strictly convex combinations of these component densities:

M= {m(x;e) :zie (1—29) 0> 0, 291<1} (78)

i=1 i=1

For example, the family of categorical distributions (sometimes called “multinouilli” distributions)
is a mixture family [25]:

Mz{mg(x):ieié(x—x (1—26) (x —xo } (79)
i=1

where §(x) is the Dirac distribution (i.e., 6(x) = 1 for x = 0 and §(x) = 0 for x # 0). Note that the
mixture family of categorical distributions can also be interpreted as an exponential family.

Notice that the linearly independent assumption on probability densities is to ensure to have an
identifiable model: 6 < m(x;@).

The KL divergence between two densities of a mixture family M amounts to a Bregman
divergence for the Shannon negentropy generator F(6) = —h(my) (see [38]):

KL(I’I/IGl : m92> = BF(el : 92) = B_h(mg)((?l : 62) (80)
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On a mixture manifold M, the mixture density (1 — a)my, 4 amy, of two mixtures my and my,
of M also belongs to M:
(1—a)mg, + amg, =mgg,, €M, (81)

where we extend the notation (616, := (1 — )6y + a6, to vectors 6; and 0p: (616}, = (6165),.
Thus, the vector-skew JSD amounts to a vector-skew Jensen diversity for the Shannon negentropy

convex function F(0) = —h(my):
k
]S""w(mgl : mgz) = Z leL ((mGlf’}’Igz)al. : (mglmgz)&) , (82)
i=1
k
= Z leL (m(9192)“’_ : m(elgz)a) , (83)
i=1
k
= win ((«9192),xl. : (9192),}), (84)
i=1
= JBF"(61:62), (85)
k
= ) wiF ((6:102)e;) — F ((6162)a), (86)
i=1
= h(mg,p,),) — Ew h ( (6162)a ) (87)

3.2. Jensen—Shannon Centroids

Given a set of n mixture densities myg,,...,mg, of M, we seek to calculate the skew-vector
Jensen—Shannon centroid (or barycenter for non-uniform weights) defined as mg:, where 6* is the
minimizer of the following objective function (or loss function):

L(6) := ) w;JS*™" (mg, : my), (88)
=1

where w € Ay is the weight vector of densities (uniform weight for the centroid and non-uniform
weight for a barycenter). This definition of the skew-vector Jensen-Shannon centroid is a generalization
of the Fréchet mean (the Fréchet mean may not be unique, as it is the case on the sphere for two
antipodal points for which their Fréchet means with respect to the geodesic metric distance form
a great circle) [39] to non-metric spaces. Since the divergence JS*% is strictly separable convex, it
follows that the Jensen—-Shannon-type centroids are unique when they exist.

Plugging Equation (86) into Equation (88), we get that the calculation of the Jensen-Shannon
centroid amounts to the following minimization problem:

n k
L(6) = ) w; (Z% w;F((6,0)s) — F ((eje)a)>. (89)

=

This optimization is a Difference of Convex (DC) programming optimization, for which we
can use the ConCave—-Convex procedure [27,40] (CCCP). Indeed, let us define the following two
convex functions:

n k

A(Q) = ZZWJ'ZUZ‘F((Q]‘G)M), (90)
j=1i=1

B(o) = fwjp((eje)&). 91)
j=1
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Both functions A(6) and B(#) are convex since F is convex. Then, the minimization problem of
Equation (89) to solve can be rewritten as:

min A(6) — B(6). (92)

This is a DC programming optimization problem which can be solved iteratively by initializing 6
to an arbitrary value 6() (say, the centroid of the 6;s), and then by updating the parameter at step ¢
using the CCCP [27] as follows:

o+ = (VB)"H(VA(!)). (93)

Compared to a gradient descent local optimization, there is no required step size (also called
“learning” rate) in CCCP.

We have VA(0) = i, vk, wjwia;VF((0;0),) and VB(0) = Y/ w;aVF ((6,6)a)-

The CCCP converges to a local optimum 6* where the support hyperplanes of the function graphs
of A and B at 8* are parallel to each other, as depicted in Figure 1. The set of stationary points is
{6 : VA(8) = VB(0)}. In practice, the delicate step is to invert VB. Next, we show how to implement
this algorithm for the Jensen—Shannon centroid of a set of categorical distributions (i.e., normalized
histograms with all non-empty bins).

ming A(0) — B(6)

VA0 = VB(6Y)

L L —

6° o1 62 0304 0
Figure 1. The Convex—ConCave Procedure (CCCP) iteratively updates the parameter 6 by aligning

the support hyperplanes at 6. In the limit case of convergence to 6%, the support hyperplanes at 6* are
parallel to each other. CCCP finds a local minimum.

3.2.1. Jensen-Shannon Centroids of Categorical Distributions

To illustrate the method, let us consider the mixture family of categorical distributions [25]:

M= {mg(x) = iéié(x—x,-)Jr (1%9,») (S(xxo)}. (94)
i=1 i=1

The Shannon negentropy is

gl

D D
F(0) = —h(my) = 291- log 6; + (1 — 6i> log <1 — 26i> . (95)
i=1 i=1 i=1

1 1

We have the partial derivatives

VF() = [891} o 5gFO) =log (96)
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Inverting the gradient VF requires us to solve the equation VF(0) = 7 so that we get 6 =
(VF)~1(57). We find that

“(n) = (V)1 1 o) 0 — (VE1(m)) — &P ;
VE () = (VE)" (1) = S5 1eXp(ﬂ])[e p(n:)li 0= (VE ()i = TEE2, expln) ,vie Dl (97)

Table 1 summarizes the dual view of the family of categorical distributions, either interpreted as
an exponential family or as a mixture family.
We have JS(p1, p2) = Jr(61,6,) for p1 = my, and po = mg,, where

Jr(or o) = TR g (B0, ©8)

is the Jensen divergence [40]. Thus, to compute the Jensen—-Shannon centroid of a set of n densities
P1,- - -, pn of a mixture family (with p; = mg,), we need to solve the following optimization problem
for a density p = my:

min Y. 18(pi p), (99)
meinZ:: Te(6:,6), (100)
ngn);:F(ei);F(e) —F(Glje), (101)
EmemlF —ZP(G +9> .= E(8). (102)

The CCCP algorithm for the Jensen-Shannon centroid proceeds by initializing 6(°) = %Zi 0;
(center of mass of the natural parameters), and iteratively updates as follows:

p(t+1) _ < ZV (9 +9()>>. (103)

We iterate until the absolute difference |E(8()) — E(8(*+1)| between two successive 8(!) and §(/+1)
goes below a prescribed threshold value. The convergence of the CCCP algorithm is linear [41] to
a local minimum that is a fixed point of the equation

9—MH( T ) (104)
where My(vy,...,vy) = H (TP, H(v;)) is a vector generalization of the formula of the

quasi-arithmetic means [30,40] obtained for the generator H = VF. Algorithm 1 summarizes the
method for approximating the Jensen—Shannon centroid of a given set of categorical distributions
(given a prescribed number of iterations). In the pseudo-code, we used the notation (/*1)9 instead of
6(+1) in order to highlight the conversion procedures of the natural parameters to/from the mixture
weight parameters by using superscript notations for coordinates.
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Figure 2 displays the results of the calculations of the Jeffreys centroid [18] and the Jensen-Shannon
centroid for two normalized histograms obtained from grey-valued images of Lena and Barbara.
Figure 3 show the Jeffreys centroid and the Jensen-Shannon centroid for the Barbara image and its
negative image. Figure 4 demonstrates that the Jensen—Shannon centroid is well defined even if the
input histograms do not have coinciding supports. Notice that on the parts of the support where only
one distribution is defined, the JS centroid is a scaled copy of that defined distribution.

Jeffreys vs Jensen—Shannon histogram centroids

Percentage
0.006 0.008
| |

0.004

0.002
|

0.000
|

T T T T T T
0 50 100 150 200 250

grey intensity value
Barbara/Lena grey histograms
Figure 2. The Jeffreys centroid (grey histogram) and the Jensen-Shannon centroid (black histogram)
for two grey normalized histograms of the Lena image (red histogram) and the Barbara image (blue
histogram). Although these Jeffreys and Jensen—-Shannon centroids look quite similar, observe that
there is a major difference between them in the range [0, 20] where the blue histogram is zero.
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0.008
|

0.006
|

Percentage

0.004
|

0.002
|

0.000
|

I I I I I I
0 50 100 150 200 250

grey intensity value
Barbara (red)/invert Barbara (blue) histograms

Figure 3. The Jeffreys centroid (grey histogram) and the Jensen-Shannon centroid (black histogram)
for the grey normalized histogram of the Barbara image (red histogram) and its negative image (blue
histogram which corresponds to the reflection around the vertical axis x = 128 of the red histogram).
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Jensen—Shannon histogram centroid (hon—matching support)

0.010
|
=

0.008
|
——
=

Percentage
0.006
!

0.004
|

0.002
|

|

T T T
0 50 100 150 200 250

0.000

grey intensity value
partially zero—clamped Barbara/Lena grey histograms

Jensen—Shannon histogram centroid (disjoint support)

Percentage
0.006 0.008 0.010 0.012
! ! ! !

0.004

0.002
|

0.000
|

T T T T T T
0 50 100 150 200 250

grey intensity value
partially zero—clamped Barbara/Lena grey histograms

Figure 4. Jensen-Shannon centroid (black histogram) for the clamped grey normalized histogram of
the Lena image (red histograms) and the clamped gray normalized histogram of Barbara image (blue
histograms). Notice that on the part of the sample space where only one distribution is non-zero, the JS
centroid scales that histogram portion.

3.2.2. Special Cases

Let us now consider two special cases:

¢  For the special case of D = 1, the categorical family is the Bernoulli family, and we have

F(0) = 6log6 + (1 —0)log(1 — 0) (binary negentropy), F'(8) = log %5 (and F"'(0) = 9(11779) > 0)
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and (F))"1() = 1%
becomes

o+ — (F')~1 (ZwiF’ (6“) 2+ bi )) ) (105)

1

¢ Since the skew-vector Jensen-Shannon divergence formula holds for positive densities:

S (pig) = VKL (0 (D) (e

k k
= Lo | KL s ((p0)s) + [ (i = Yowi [ (pauche | 107
i=1 i=1

= JS¥(p:49), (108)

we can relax the computation of the Jensen-Shannon centroid by considering 1D separable
minimization problems. We then normalize the positive JS centroids to get an approximation of
the probability ]S centroids. This approach was also considered when dealing with the Jeffreys’
centroid [18]. In 1D, we have F(8) = 6log6 — 0, F/(8) = logf and (F')~1(y) = €.

In general, calculating the negentropy for a mixture family with continuous densities sharing the
same support is not tractable because of the log-sum term of the differential entropy. However, the
following remark emphasizes an extension of the mixture family of categorical distributions:

3.2.3. Some Remarks and Properties

Remark 3. Consider a mixture family m(0) = Y2, 6;p;(x) + (1 -yb, Gi) po(x) (for a parameter 6
belonging to the D-dimensional standard simplex) of probability densities po(x),..., pp(x) defined respectively
on the supports Xy, Xy, ..., Xp. Let 6 := 1 — Y2, 6;. Assume that the support X;s of the p;s are mutually
non-intersecting (X; N X; = @ for all i # j implying that the D + 1 densities are linearly independent) so that
mg(x) = 0;p;(x) forall x € X;, and let X = U;X;. Consider Shannon negative entropy F(6) = —h(my) as
a strictly convex function. Then, we have

F(O) = —h(mg)= /X g (x) log mg (%), (109)
- 29 |, pix)log 6ipi(x))dn(x), (110)
= iGiIOgGi—Z&h(Pi) (111)

i=0 i=0

Note that the term Y_; 0;h(p;) is affine in 6, and Bregman divergences are defined up to affine terms so
that the Bregman generator F is equivalent to the Bregman generator of the family of categorical distributions.
This example generalizes the ordinary mixture family of categorical distributions where the p;s are distinct
Dirac distributions. Note that when the support of the component distributions are not pairwise disjoint,
the (neg)entropy may not be analytic [42] (e.g., mixture of the convex weighting of two prescribed distinct
Gaussian distributions). This contrasts with the fact that the cumulant function of an exponential family
is always real-analytic [43]. Observe that the term Y _; 0;h(p;) can be interpreted as a conditional entropy:
Y. 0ih(p;i) = h(X|©) where Pr(© = i) = 6; and Pr(X € S|® = i) = [5 pi(x)du(x)
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Notice that we can truncate an exponential family [25] to get a (potentially non-reqular [44]) exponential
family for defining the p;s on mutually non-intersecting domains X;s. The entropy of a natural exponential
family {e(x: 0) = exp(x'6 — () : 6 € O} with cumulant function () and natural parameter space
®is —y*(n), where n = V(0), and p* is the Legendre convex conjugate [45]: h(e(x : 0)) = —p*(Vp()).

In general, the entropy and cross-entropy between densities of a mixture family (whether the
distributions have disjoint supports or not) can be calculated in closed-form.

Property 2. The entropy of a density belonging to a mixture family M is h(mg) = —F(0), and the
cross-entropy between two mixture densities mg, and mg, is h* (mg, : my,) = —F(6) — (61 — 0:) 1p =
F*(2) — 6, 172.

Proof. Let us write the KLD as the difference between the cross-entropy minus the entropy [4]:

KL(mg, : mg,) = h*(mg, : mg,) — h(my,), (112)
= Bp(61:62), (113)
= F(61) — F(62) — (61 — 62) ' VF(62). (114)

Following [45], we deduce that i(mg) = —F(0) +cand h* (mg, : mg,) = —F(6,) — (61 —62) "172 —
c for a constant c. Since F(0) = —h(myg) by definition, it follows that ¢ = 0 and that i (myg, : my,) =
—F(62) — (61 — 62) 172 = F*(172) — 6, 17 where = VF(6). O

Thus, we can numerically compute the Jensen-Shannon centroids (or barycenters) of a set of
densities belonging to a mixture family. This includes the case of categorical distributions and the
case of Gaussian Mixture Models (GMMs) with prescribed Gaussian components [38] (although in
this case, the negentropy needs to be stochastically approximated using Monte Carlo techniques [46]).
When the densities do not belong to a mixture family (say, the Gaussian family, which is an exponential
family [25]), we face the problem that the mixture of two densities does not belong to the family
anymore. One way to tackle this problem is to project the mixture onto the Gaussian family.
This corresponds to an m-projection (mixture projection) which can be interpreted as a Maximum
Entropy projection of the mixture [25,47]).

Notice that we can perform fast k-means clustering without centroid calculations using
a generalization of the k-means++ probabilistic initialization [48,49]. See [50] for details of the
generalized k-means++ probabilistic initialization defined according to an arbitrary divergence.

Finally, let us notice some decompositions of the Jensen-Shannon divergence and the skew Jensen
divergences.

Remark 4. We have the following decomposition for the Jensen—Shannon divergence:

IS(p1,p2) = h (p“;pz) - ) erh(m), (115)
= hg(p1:p2) —hys(p2) =0, (116)

where
e p2) = (P 72) = h), (17)

and his(p2) = hﬁ(pz : p2) = h(p2) — 3h(p2) = %h(p2). This decomposition bears some similarity
with the KLD decomposition viewed as the cross-entropy minus the entropy (with the cross-entropy always
upper-bounding the entropy).
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Similarly, the a-skew Jensen divergence
JE(61 : 62) := (F(61)F(62))a — F ((6162)x), wa € (0,1) (118)
can be decomposed as the sum of the information It (6,) = (1 — a)F(61) minus the cross-information C§(6; :
92) :=F ((9192)0() — D(F(Qz).‘
]%(91 : 92) = I%(Gl) - C%(91 : 92) > 0. (119)
Notice that the information I§(61) is the self cross-information: If(61) = Cg(61 : 61) = (1 — a)F(61).
Recall that the convex information is the negentropy where the entropy is concave. For the Jensen—Shannon

divergence on the mixture family of categorical distributions, the convex generator F(0) = —h(my) =
Y2 1 0'10g 6’ is the Shannon negentropy.

Finally, let us briefly mention the Jensen—Shannon diversity [30] which extends the Jensen-Shannon
divergence to a weighted set of densities as follows:

k
IS(p1,--- prswe, ..., wi) 1= ZwiKL(pi 1 p), (120)
i=1

where p = 2;‘:1 w;p;. The Jensen—Shannon diversity plays the role of the variance of a cluster with
respect to the KLD. Indeed, let us state the compensation identity [51]: For any g, we have

k k
Y wiKL(p;i:q) =) wKL(p;: p) + KL(p : q). (121)
i=1 i=1
Thus, the cluster center defined as the minimizer of Z?:l w;KL(p; : q) is the centroid p, and

k
Z wKL(p; : p) =1S(p1, -, powr, ..., wi). (122)
i=1

4. Conclusions and Discussion

The Jensen-Shannon divergence [6] is a renown symmetrization of the Kullback-Leibler oriented
divergence that enjoys the following three essential properties:

1.  Itis always bounded,
2. itapplies to densities with potentially different supports, and
3. itextends to unnormalized densities while enjoying the same formula expression.

This JSD plays an important role in machine learning and in deep learning for studying
Generative Adversarial Networks (GANSs) [52]. Traditionally, the JSD has been skewed with a scalar
parameter [19,53] « € (0,1). In practice, it has been experimentally demonstrated that skewing
divergences may significantly improve the performance of some tasks (e.g., [21,54]).

In general, we can symmetrize the KLD KL(p : ¢q) by taking an abstract mean (we require
a symmetric mean M(x,y) = M(y, x) with the in-betweenness property: min{x,y} < M(x,y) <
max{x,y}) M between the two orientations KL(p : ) and KL(q : p):

KLym(p, q) := M(KL(p : q),KL(q : p)). (123)

We recover the Jeffreys divergence by taking the arithmetic mean twice (i.e., J(p,q) = 2A(KL(p :
q),KL(q : p)) where A(x,y) = #), and the resistor average divergence [55] by taking the harmonic
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mean (i.e., Rxr(p,q) = HKL(p : q),KL(g : p)) = %m where H(x,y) = o 21). When we

take the limit of Holder power means, we get the following extremal symmetr1zat1ons of the KLD:

KL™(p:q) = min{KL(p:q),KL(g:p)} = KL™(q: p), (124)
KL™(p:q) = max{KL(p:q),KL(g:p)} = KL™(q: p). (125)

In this work, we showed how to vector-skew the JSD while preserving the above three properties.
These new families of weighted vector-skew [ensen—Shannon divergences may allow one to fine-tune
the dissimilarity in applications by replacing the skewing scalar parameter of the JSD by a vector
parameter (informally, adding some “knobs” for tuning a divergence). We then considered computing
the Jensen—-Shannon centroids of a set of densities belonging to a mixture family [25] by using the
convex—concave procedure [27].

In general, we can vector-skew any arbitrary divergence D by using two k-dimensional vectors

€ [0,1]* and B € [0,1]% (with « # B) by building a weighted separable divergence as follows:

D“P%(p : q) sz i (pa)p,) = D TP (g p), a £ B (126)

This bi-vector-skew divergence unifies the Jeffreys divergence with the Jensen-Shannon a-skew
divergence by setting the following parameters:

KLODOM (p ) = KL(p:q) +KL(g: p) = J(p.q), (127)
KLOO0.GD (2 g) = ZKL(p: (pa)e) + oKL(  (pa)e). (128)

We have shown in this paper that interesting properties may occur when the skewing vector g is
purposely correlated to the skewing vector a: Namely, for the bi-vector-skew Bregman divergences
with B = (@,...,a) and & = }; w;n;, we obtain an equivalent Jensen diversity for the Jensen-Bregman
divergence, and, as a byproduct, a vector-skew generalization of the Jensen-Shannon divergence.
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Abstract: Motivated by a horse betting problem, a new conditional Rényi divergence is introduced.
It is compared with the conditional Rényi divergences that appear in the definitions of the dependence
measures by Csiszdr and Sibson, and the properties of all three are studied with emphasis on their
behavior under data processing. In the same way that Csiszar’s and Sibson’s conditional divergence
lead to the respective dependence measures, so does the new conditional divergence lead to the
Lapidoth—Pfister mutual information. Moreover, the new conditional divergence is also related to the
Arimoto-Rényi conditional entropy and to Arimoto’s measure of dependence. In the second part
of the paper, the horse betting problem is analyzed where, instead of Kelly’s expected log-wealth
criterion, a more general family of power-mean utility functions is considered. The key role in
the analysis is played by the Rényi divergence, and in the setting where the gambler has access to
side information, the new conditional Rényi divergence is key. The setting with side information
also provides another operational meaning to the Lapidoth—Pfister mutual information. Finally,
a universal strategy for independent and identically distributed races is presented that—without
knowing the winning probabilities or the parameter of the utility function—asymptotically maximizes
the gambler’s utility function.

Keywords: conditional Rényi divergence; horse betting; Kelly gambling; Rényi divergence; Rényi
mutual information

1. Introduction

As shown by Kelly [1,2], many of Shannon’s information measures appear naturally in the context
of horse gambling when the gambler’s utility function is expected log-wealth. Here, we show that
under a more general family of utility functions, gambling also provides a context for some of Rényi’s
information measures. Moreover, the setting where the gambler has side information motivates a new
Rényi-like conditional divergence, which we study and compare to other conditional divergences.
The proposed family of utility functions in the context of gambling with side information also provides
another operational meaning to the Rényi-like mutual information that was recently proposed by
Lapidoth and Pfister [3]: it measures the gambler’s gain from the side information as measured by the
increase in the minimax value of the two-player zero-sum game in which the bookmaker picks the
odds and the gambler then places the bets based on these odds and her side information.

Deferring the gambling-based motivation to the second part of the paper, we first describe
the different conditional divergences and study some of their properties with emphasis on their
behavior under data processing. We also show that the new conditional Rényi divergence relates to the
Lapidoth-Pfister mutual information in much the same way that Csiszar’s and Sibson’s conditional
divergences relate to their corresponding mutual informations. Before discussing the conditional
divergences, we first recall other information measures.
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The Kullback-Leibler divergence (or relative entropy) is an important concept in information
theory and statistics [2,4-6]. It is defined between two probability mass functions (PMFs) P and Q over
a finite set X" as

P(x)
D(PIQ) # ¥, P(x)log 1. M

where log(-) denotes the base-2 logarithm. Defining a conditional Kullback-Leibler divergence is
straightforward because, as simple algebra shows, the two natural approaches lead to the same result:

D(Py|x||Qy|x|Px)

P(X)D(PYIX:XHQY\X:J() (2)
xesupp(Px)

= D(PxPy|x||PxQy|x), 3)

where supp(P) £ {x € X : P(x) > 0} denotes the support of P, and in (3) and throughout Px Py x
denotes the PMF on X' x ) that assigns (x,y) the probability Px(x) Py|x(y|x).

The Rényi divergence of order « [7,8] between two PMFs P and Q is defined for all positive a’s
other than one as

Da(P[|Q) = —— log ), P e 4)

XeX

A conditional Rényi divergence can be defined in more than one way. In this paper, we consider
the following three definitions, two classic and one new:

DS(PyixllQvixIPx) £ Y. P(x)Da(Pyx=x|Qv|x=x). 5)
xesupp(Px)

Dg (Py|x||Qy|x|Px) = sz(PXPY\XHPXQY\X)r (6)

DX (Pyix|QuixlPy) £ Zglog Y P(x)2'F Pe(Prxeel@nie), )

xesupp(Px)

where (5) is inspired by Csiszar [9]; (6) is inspired by Sibson [10]; and (7) is motivated by the horse
betting problem discussed in Section 9. The first two conditional Rényi divergences were used to
define the Rényi measures of dependence of Csiszér I (X;Y) [9] and of Sibson I§ (X;Y) [10]:

(XY) £ %IHD o (Py(x[[Qy[Px), ®)
E(X;Y) £ ném D3 (Pyx[|Qy|Px), )
Y
where the minimization is over all PMFs on the set ). (Gallager’s Ej function [11] and I3 (X;Y) are

in one-to-one correspondence; see (65) below.) The analogous minimization of D}(-) leads to the
Lapidoth—Pfister mutual information J,(X;Y) [3]:

Jo(X;Y) £ QDQiSY Dy (Pxy||QxQy) (10)

= min D} (Py /1 Qv|Py) (1
Y

where (11) is proved in Proposition 5.

The first part of the paper is structured as follows: In Section 2, we discuss some preliminaries.
In Sections 3-5, we study the properties of the three conditional Rényi divergences and their associated
measure of dependence. In Section 6, we express the Arimoto—Rényi conditional entropy H,(X|Y)
and the Arimoto measure of dependence I2(X;Y) [12] in terms of Dj (Px|y||Ux|Py). In Section 7,
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we relate the conditional Rényi divergences to each other and discuss the relations between the Rényi
dependence measures.

The second part of the paper deals with horse gambling under our proposed family of power-mean
utility functions. It is in this context that the Rényi divergence (Theorem 9) and the conditional Rényi
divergence D1 (-) (Theorem 10) appear naturally.

More specifically, consider a horse race with a finite nonempty set of horses X', where a bookmaker
offers odds o(x)-for-1 on each horse x € X, where 0: X — (0, 00) [2] (Section 6.1). A gambler spends
all her wealth placing bets on the horses. The fraction of her wealth that she bets on Horse x € X is
denoted b(x) > 0, which sums up to1lover x € X, and the PMF b is her “betting strategy.” The winning
horse, which we denote X, is drawn according to the PMF p, where we assume p(x) > 0 for all x € X.
The wealth relative (or end-to-beginning wealth ratio) is the random variable

S = b(X)o(X). (12)

Hence, given an initial wealth <, the gambler’s wealth after the race is 7vS. We seek betting
strategies that maximize the utility function

1 Bl i
U ﬁ{ﬁlogE[S] if p#0, 13)

E[log S] if =0,

where § € R is a parameter that accounts for the risk sensitivity. This optimization generalizes the
following cases:

(@) In the limit as B tends to —oo, we optimize the worst-case return. The optimal strategy is
risk-free in the sense that S does not depend on the winning horse (see Proposition 8).

(b) If B = 0, then we optimize E[log S], which is known as the doubling rate [2] (Section 6.1).
The optimal strategy is proportional betting, i.e., to choose b = p (see Remark 4).

() If B =1, then we optimize E[S], the expected return. The optimal strategy is to put all the
money on a horse that maximizes p(x)o(x) (see Proposition 9).

(d) Ingeneral, if B > 1, then it is optimal to put all the money on one horse (see Proposition 9).
This is risky: if that horse loses, the gambler will go broke.

(e) Inthelimit as § tends to +oco, we optimize the best-case return. The optimal strategy is to put
all the money on a horse that maximizes o(x) (see Proposition 10).

Note that, for  # 0 and 77 £ 1 — B, maximizing Ug is equivalent to maximizing

st=n
)

which is known in the finance literature as Constant Relative Risk Aversion (CRRA) [13,14].
We refer to our utility function as “power mean” because it can be written as the logarithm of a
weighted power mean [15,16]:

%
Uy g [zpm <b<x>o<x>)ﬁ] - 15)

Because the power mean tends to the geometric mean as f tends to zero [15] (Problem 8.1), Up is
continuous at g = 0:

lim U = logI:I(b<x>o<x))”(“) (16)

= E[log S]. (17)
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Campbell [17,18] used an exponential cost function with a similar structure to (15) to provide an
operational meaning to the Rényi entropy in source coding. Other information-theoretic applications
of exponential moments were studied in [19].

The second part of the paper is structured as follows: In Section 8, we relate the utility function Ug
to the Rényi divergence (Theorem 9) and derive its optimal gambling strategy. In Section 9, we consider
the situation where the gambler observes side information prior to betting, a situation that leads to the
conditional Rényi divergence D (-) (Theorem 10) and to a new operational meaning for the measure
of dependence Jo(X;Y) (Theorem 11). In Section 10, we consider the situation where the gambler
invests only part of her money. In Section 11, we present a universal strategy for independent and
identically distributed (IID) races that requires neither knowledge of the winning probabilities nor of
the parameter j3 of the utility function and yet asymptotically maximizes the utility function for all
PMFs pandall B € R.

2. Preliminaries

Throughout the paper, log(-) denotes the base-2 logarithm, X and ) are finite sets, Pxy denotes a
joint PMF over X x )V, Qx denotes a PMF over &, and Qy denotes a PMF over ). An expression of
the form Py Py|x denotes the PMF on & x ) that assigns (x,y) the probability Px (x) Py|x(y|x). We use
P and Q as generic PMFs over a finite set X. We denote by supp(P) = {x € X : P(x) > 0} the
support of P, and by P(X’) the set of all PMFs over X. When clear from the context, we often omit
sets and subscripts: for example, we write ), for } .y, ming, o, for minig o ep(x)xp(y), P(¥)
for Px(x), and P(y|x) for Py|x(y|x). When P(x) is 0, we define the conditional probability P(y|x) as
1/]Y|. The conditional distribution of Y given X = x is denoted by Py|x—y, thus

Py|x=x(y) = P(y|x). (18)

We denote by 1{condition} the indicator function that is one if the condition is satisfied and zero
otherwise.
In the definition of the Kullback-Leibler divergence in (1), we use the conventions

01og2:0 Vg >0, plogg:oo Vp > 0. (19)

In the definition of the Rényi divergence in (4), we read P(x)*Q(x)'~* as P(x)*/Q(x)*~! for
« > 1 and use the conventions

0_ P _
6_(), 0= Vp > 0. (20)

For a being zero, one, or infinity, we define by continuous extension of (4)

Do(P[|Q) = —log ) Q(x), (21)
xesupp(P)
D:1(P||Q) = D(P[|Q), (22)
A P(x)
D« (P|Q) = logm?x () (23)

The Rényi divergence for negative « is defined as

1—a
DU(PIQ) & - los T 3 @)
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(We use negative a in the proof of Proposition 1 (e) below and in Remark 6. More about negative
orders can be found in [8] (Section V). For other applications of negative orders, see [20] (Proof of
Theorem 1 and Example 1).)

The Rényi divergence satisfies the following basic properties:

Proposition 1. Let P and Q be PMFs. Then, the Rényi divergence Dy (P||Q) satisfies the following:

(a)  Foralla € [0,00], Dy(P||Q) > 0. If € (0,00], then Do (P||Q) = 0 if and only if P = Q.

(b)  Forall a € [0,1), Dy(P||Q) is finite if and only if |supp(P) Nsupp(Q)| > 0. Forall x € [1,00],
Dy (P||Q) is finite if and only if supp(P) C supp(Q).

(c)  The mapping « — Dy (P||Q) is continuous on [0, co].

(d)  The mapping « — D, (P||Q) is nondecreasing on [0, oo].

(e)  The mapping a — =2 D, (P||Q) is nonincreasing on (0, o).

(f)  The mapping & — (1 — &) Dy (P||Q) is concave on [0, o0).

(§)  The mapping & — (« — 1) Dy ,,(P||Q) is concave on (0, c0).

(h)  (Data-processing inequality.) Let Ax’|x be a conditional PMF, and define the PMFs

ZP ) Axrx (x']x), (25)
ZQ x) Axrx (x']x). (26)

Then, for all a € [0, 0],
Du(P'|Q") < Da(P[|Q). (27)

Proof. See Appendix A. [

All three conditional Rényi divergences reduce to the unconditional Rényi divergence when both
Py|x and Qy|x are independent of X:

Remark 1. Let Py, Qy, and Px be PMFs. Then, for all « € [0, 00],
D (Py[|Qy|Px) = DE(Py[|Qy[Px) = Dy (Pr[|Qy|Px) = Da(Py||Qy). (28)
Proof. This follows from the definitions of DS(+), DE(+), and D1(-) in (5)~(7). O

3. Csiszar’s Conditional Rényi Divergence

For a PMF Py and conditional PMFs Py|x and Qy|x, Csiszar’s conditional Rényi divergence Dy ()
is defined for every a € [0, c0] as

DS (Pyix[|QvixIPx) = ). P(x)Da(Pyjx—x||Qy|x=x)- (29)
xesupp(Px)

Fora € (0,1) U (1,00),
1

Di(Pyix||Qyix|Px) = — 3 P(x)log ) P(ylx)"Qlylx)' ™, (30)
xesupp(Px) Y
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which follows from the definition of the Rényi divergence in (4). For « being zero, one, or infinity, we
obtain from (21)—(23) and (2)

D§(Pyx[QvixIPx) =~ ), P(x)log ),  Qylx), (31)
xesupp(Px) yesupp(Py|x=x)
Df (Pyx||Qy|x|Px) = D(Py|xl|Qy|x|Px), (32)
c P(y|x)
D, (P Px) = P(x) log max . 33
( Y|X||QY|X| X) xesu%(PX) ( ) ) p Q(y|x) (33)

Augustin [21] and later Csiszér [9] defined the measure of dependence
IF(X;Y) = Héin Dz (Py|x||Qy|Px)- (34)
Y

Augustin used this measure to study the error exponents for channel coding with input constraints,
while Csiszar used it to study generalized cutoff rates for channel coding with composition constraints.
Nakiboglu [22] studied more properties of I$(X;Y). Inter alia, he analyzed the minimax properties of
the Augustin capacity

sup Iy (Px, Py|x) = sup min Dg (Py|x||Qy|Px), (35)
PyeA PxeA Qy

where A C P(X) is a constraint set. The Augustin capacity is used in [23] to establish the sphere
packing bound for memoryless channels with cost constraints.

The rest of the section presents some properties of D (-). Being an average of Rényi divergences
(see (29)), DS(+) inherits many properties from the Rényi divergence:

Proposition 2. Let Px be a PMF, and let Py|x and Qy|x be conditional PMFs. Then,

(a)  Foralla € [0,00], Dg(Py|x||Qy|x|Px) > 0. If« € (0, 00], then DF(Py|x||Qy|x|Px) = 0 if and only
if (Py|X:x = Qy|x=x forall x € supp(Px)).

(b)  Forall a € [0,1), D§(Py|x||Qyx|Px) is finite if and only if (|supp(Py|x—x) N supp(Qy|x=x)| >
0 for all x € supp(Px)). For all & € [1,00], D§(Pyx||Qy|x|Px) is finite if and only if
(supp(Py|x—x) C supp(Qy|x=x) for all x € supp(Px)).

(c)  The mapping « — Dg(Py|x || Qy|x|Px) is continuous on [0, oo].

(d)  The mapping « — Dg(Py|x||Qy|x|Px) is nondecreasing on [0, co].

(e)  The mapping o — 1TT"‘Dl,f(Py‘XHQY‘;dPX) is nonincreasing on (0, c0).

() The mapping « — (1 — a) Dg(Py|x||Qy|x|Px) is concave on [0, c0).
(§)  The mapping a — (a — 1) DY, (Py|x[|Qy|x|Px) is concave on (0, ).

Proof. These follow from (29) and the properties of the Rényi divergence (Proposition 1). For Parts (f)
and (g), recall that a nonnegative weighted sum of concave functions is concave. [0

We next consider data-processing inequalities for DS (). We distinguish between processing Y
and processing X. The data-processing inequality for processing Y follows from the data-processing
inequality for the (unconditional) Rényi divergence:
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Theorem 1. Let Px be a PMF, and let Py|x and Qy|x be conditional PMFs. For a conditional PMF Ay'|xy,
define

Py x(y'[x) = ;PYIX(WX)AY’IXY(yllxry)r (36)

Qyx(y'|x) = ;QY\X(]/PC)AY’\XY(]//|xr]/)' (37)
Then, for all & € [0, o],

D5 (Pyx]|Qyx|Px) < Dg(Py|x||Qy|x|Px)- (38)

Proof. See Appendix B. 0O

The following data-processing inequality for processing X holds for « € [0,1] (as shown in
Example 1 below, it does not extend to a € (1,0]):

Theorem 2. Let Px be a PMF, and let Py|x and Qy|x be conditional PMFs. For a conditional PMF By x,
define the PMFs

Px(x') £ ZPX ) Bx|x (x'|x), (39)
! ! / [ ! /
Byjx(x|x) 2 Px(x) Bx/x(x'|x)/Px'(x") if Px (J'C ) >0, (40)
1/|X| otherwise,
Pyx' (y|x") = ZBX|X’(x|x/)PY|X(]/|x)r (41)
Qyx' (y]x") ZBX|X’ x|x") Qyx (y]x). (42)
Then, forall « € [0,1],

Dz (Pyjx [|Qyjx'|Px) < Dg(Py|x||Qy|x|Px)- (43)

Note that Py, Py|x, and Qy|x’ in Theorem 2 can be obtained from the following marginalizations:
Py (x") Pyx' (y]x") ZPX x) Bxrx (x'|x) Py|x (y]x), (44)

Pxr(x") Qy|x (y]x") ZPX x) Bx|x (x']x) Qy|x (y/x). (45)

Proof of Theorem 2. See Appendix C. [

As a special case of Theorem 2, we obtain the following relation between the conditional and the
unconditional Rényi divergence:

Corollary 1. For a PMF Px and conditional PMFs Py|x and Qy|x, define the marginal PMFs

ZPX ) Pyix(y]x), (46)
ZPX x) Qyx (yx). (47)

Then, for all « € [0, 1],
Du(Py||Qy) < DZ(Pyix|Qyx|Px)- (48)
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Proof. See Appendix D. O

Consider next « € (1, 00]. It turns out that Corollary 1, and hence Theorem 2, cannot be extended
to these values of a (not even if Qy|x is restricted to be independent of X, i.e., if Qy|x = Qy):

Example 1. Let X =) = {0,1}. For € € (0,1), define the PMFs P, QE/E)' and Pl(fe\;( as

Px(0) = 0.5, Px(1) =05, (49)
Q) =1-¢ QY =¢ (50)
PX(0[0) =1—¢, PY‘X(1|O) €, (51)
P (011) =€, P (1) =1—e. (52)
Then, for every o € (1, 00|, there exists an € € (0,1) such that
Du (Pr[|QY") > DE(PYX11QYPx), (53)

where the PMF Py is defined by (46) and, irrespective of €, satisfies Py (0) = Py(1) = 0.5.

Proof. See Appendix E. [J

4. Sibson’s Conditional Rényi Divergence

For a PMF Py and conditional PMFs Py|x and Qy|x, Sibson’s conditional Rényi divergence D7 ()
is defined for every a € [0, c0| as

Dg (Py|x||Qy|x|Px) £ Da(PxPy|x||PxQy|x)- (54)
Fora € (0,1) U (1,00),
1 _
D3 (PyxllQuxlPx) = —log ¥ P() LP(ylx)*Qylx)! (55)
xesupp(Px) y
1
— (2=1)Da(Py|x=x[|Qy|x=x)
— log ) P(x)2 ix=xlieY|X=x], (56)
xesupp(Px)

where (55) and (56) follow from the definition of the Rényi divergence in (4). For a being zero, one, or
infinity, we obtain from (21)—(23) and (3)

D§(Pyx||QyjxIPx) = —log ).  P(x) Y. Q(ylx), (57)
xéesupp(Px) yesupp(Py|x=x)
D (Pyx||Qyx|Px) = D(Py|x||Qy|x|Px), (58)
P
D& (Py|x||Qy|x|Px) =log max max (ylx) (59)

xesupp(Py) v Qylx)

Sibson [10] defined the measure of dependence

EB(X;Y) = fgin D3 (Py|x || Qy|Px). (60)
Y

This minimum can be computed explicitly [10] (Corollary 2.3): For « € (0,1) U (1,0),

I3(X;Y)

10%2 ZP P(y|x) 1 , (61)
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and for a« being one or infinity,

F(XY)=I1(XY), (62)
I5(X;Y) = lome;ax P(y|x), (63)
Y

where I(X;Y) denotes Shannon’s mutual information.

The concavity and convexity properties of D3 (-) and I3 (X;Y) were studied by Ho—Verdu [24].
More properties of I$(X;Y) were collected by Verdu [25]. The maximization of I (X;Y) with respect
to Px and the minimax properties of D (-) were studied by Nakiboglu [26] and Cai-Verdu [27].

The conditional Rényi divergence Dj(-) was used by Fong and Tan [28] to establish strong
converse theorems for multicast networks. Yu and Tan [29] analyzed channel resolvability, among
other measures, in terms of D3 (-).

From (61) we see that Gallager’s Ey function [11], which is defined as

L e
Eo(p, Px, Pyx) & —ng[ZP(x)P(WW] , (64)
¥y | x

is in one-to-one correspondence to Sibson’s measure of dependence:

o 1—«
EO6Y) = 1B (1 P P ) )

Gallager’s Ey function is important in channel coding: it appears in the random coding
exponent [30] and in the sphere packing exponent [31,32] (see also Gallager [11]). The exponential
strong converse theorem proved by Arimoto [33] also uses the Ej function. Polyanskiy and Verda [34]
extended the exponential strong converse theorem to channels with feedback. Augustin [21] and
Nakiboglu [35,36] extended the sphere packing bound to channels with feedback.

The rest of the section presents some properties of D3 (-). Because D (-) can be written as an
(unconditional) Rényi divergence (see (54)), it inherits many properties from the Rényi divergence:

Proposition 3. Let Px be a PMF, and let Py|x and Qy|x be conditional PMFs. Then,

(a)  Foralla € [0,00], D3 (Py|x||Qy|x|Px) = 0. If« € (0, 00], then DF(Py|x||Qy|x|Px) = 0 if and only
if (Py|x=x = Qy|x=x for all x € supp(Px)).

(b)  Forall x € [0,1), D§(Py|x||Qy|x|Px) is finite if and only if (there exists an x € supp(Px) such that
|supp(Py|x=x) N supp(Qy|x=x)| > 0). Forall & € [1,00], D§(Py|x||Qy|x|Px) is finite if and only
if (supp(Py|x—x) € supp(Qy|x—x) for all x € supp(Px)).

(c)  The mapping a — D3 (Py|x || Qy|x|Px) is continuous on [0, c0].

(d)  The mapping a — Dj (Py|x||Qy|x|Px) is nondecreasing on [0, co].

()  The mapping a — =2 D (Py|x||Qy|x|Px) is nonincreasing on (0, o).

() The mapping a — (1 — a) D (Py|x||Qy|x|Px) is concave on [0, ).

(§)  The mapping a — (a — 1) DT, (Py|x[|Qy|x|Px) is concave on (0, o).

Proof. These follow from (54) and the properties of the Rényi divergence (Proposition 1). O

We next consider data-processing inequalities for Df (-). We distinguish between processing Y
and processing X. The data-processing inequality for processing Y follows from the data-processing
inequality for the (unconditional) Rényi divergence:
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Theorem 3. Let Px be a PMF, and let Py|x and Qy|x be conditional PMFs. For a conditional PMF Ay'|xy,
define

Py x(y'[x) = ;PYIX(WX)AY’IXY(yllxry)r (66)

Qyx(y'|x) = ;QY\X(]/PC)AY’\XY(]//|xr]/)' (67)
Then, for all & € [0, o],

D3 (Pyx||Qyx|Px) < D (Py|x||Qy|x|Px)- (68)

Proof. See AppendixF. O

The data-processing inequality for processing X similarly follows from the data-processing
inequality for the (unconditional) Rényi divergence:

Theorem 4. Let Px be a PMF, and let Py|x and Qy|x be conditional PMFs. For a conditional PMF By x,
define the PMFs

Px(x') £ ZPX ) Bx|x (x'|x), (69)
! ! / [ ! /
Byjx(x|x) 2 Px(x) Bx/x(x'|x)/Px'(x") if Px (J'C ) >0, 70)
1/|X| otherwise,
Pyx' (y|x") = ZBX|X’(x|x/)PY|X(]/|x)r (71)
Qyx' (y]x") ZBX|X’ x|x") Qyx (y]x). (72)
Then, for all « € [0, c0],

D3 (Pyjx [|Qyix'|Px) < Dg(Py|x||Qy|x|Px)- (73)

Proof. See Appendix G. [

As a special case of Theorem 4, we obtain the following relation between the conditional and the
unconditional Rényi divergence:

Corollary 2. Let Px be a PMF, and let Py|x and Qy|x be conditional PMFs. Define the marginal PMFs

ZPX x) Py|x(y|x), (74)
ZPX ) Qyx (y]x). (75)

Then, for all a € [0, 0],
Du(Py[|Qy) < DZ(Py|x|Qy x| Px)- (76)

Proof. This follows from Theorem 4 in the same way that Corollary 1 followed from Theorem 2. []
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5. New Conditional Rényi Divergence

Let Px be a PMF, and let Py|x and Qy|x be conditional PMFs. For & € (0,1) U (1,00), define

Dgc.(PY\XHQY\X‘PX) = X f 1 IOg Z P(x)Z%DMPY\X:xHQY\X:x) (77)
xesupp(Px)
‘x B o
=—log )} PPN QU (78)
xesupp(Px) y

where (78) follows from the definition of the Rényi divergence in (4). (Except for the sign, the
exponential averaging in (77) is very similar to the one of the Arimoto—-Rényi conditional entropy;
compare with (147) below.) For a being zero, one, or infinity, we define by continuous extension of (77)

Dé(Py‘XHQydeX) £ —log max Z Q(ylx), (79)
*€sUPP(PX) yesupp (Py x—)
D} (Py|x|IQyix|Px) £ D(Pyx||Qy|x|Px), (80)
P(y|x)
D% (Py(x[|Qvix|Px) £log ) P(x)max : (81)
| | xesupp(Px) v Qi)

This conditional Rényi divergence has an operational meaning in horse betting with side
information (see Theorem 10 below). Before discussing the measure of dependence associated with
D}(-), we establish the following alternative characterization of D} (-):

Proposition 4. Let Py be a PMF, and let Py|x and Qy|x be conditional PMFs. Then, for all o € [0, 0],

Dy (Pyix||Qy|x|Px) = ITQlin D (Px Py x| Qx Qy|x)- (82)
X

Proof. We first treat the case « € (0,1) U (1, 00). Some algebra reveals that, for every PMF Qy,

&

Da(PxPy x| QxQrix) = Da(QxlIQx) + =7 log ¥ P(x) L P(rx)* Q=)' | , (83)
xesupp(Px) Y

where the PMF Q;('X) is defined as

1/a

P(x) [T, P(yx)* Qylx)' ]
Zx/esupp(PX) P(xl) [Zy P(}/|x')“Q(3/|x')lfﬂ

The right-hand side (RHS) of (82) is thus equal to the minimum over Qx of the RHS of (83). Since
D, (Q;{(a) |Qx) > 0 with equality if Qx = Q;}(a) (Proposition 1 (a)), this minimum is equal to the
second term on the RHS of (83), which, by (78), equals D; (Pyix||Qyx|Px)-

For « = 1 and a = oo, (82) follows from the same argument using that, for every PMF Qx,

QM (x) & (84)

1/a”

D1 (PxPy|x[|QxQy|x) = D(Px[|Qx) + D(Py|x|Qyx|Px), (85)
Deo(PxPyxllQxQvix) = D QU™ 1Qx) +1og ¥ Prymax X (5g)
xesupp(Px) v Qylx)
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where the PMF Q;(OO) is defined as

P(x) max, [P(y|x)/Q(yl|x)]

#(00) A
Qx '(x) = : (87)
X Zx’€supp(PX) P(xl) maxy [P(y|x,)/Q(y‘xl)]
For « = 0, (82) holds because
min Do (PxPy|x[|QxQy|x) =min—log )} Q(x) ) Q(ylx) (88)
Qx Qx xesupp(Px) yesupp(Py|x—x)
= —logmax Z Q(x) E Qylx) (89)
QX xesupp(Py) yesupp(Py|x=x)
—log max Y QU (90)
xesupp(Px) yesupp(Py|x=x)
= D (Py|x||Qyx|Px), 91)

where (88) follows from the definition of Dy(P||Q) in (21), and (91) follows from (79). O

Tomamichel and Hayashi [37] and Lapidoth and Pfister [3] independently introduced and studied
the dependence measure

Ju(X;Y) & Qriligy Do (Pxy||QxQy)- (92)

(For some measure-theoretic properties of J,(X;Y), see Aishwarya-Madiman [38].) The measure
Ja(X;Y) can be related to the error exponents in a hypothesis testing problem where the samples are
either from a known joint distribution or an unknown product distribution (see [37] (Equation (57))
and [39]). It also appears in horse betting with side information (see Theorem 11 below).

Similar to I(X;Y) in (34) and I§(X;Y) in (60), the measure J,(X;Y) can be expressed as a
minimization involving the new conditional Rényi divergence:

Proposition 5. Let Pxy be a joint PMF. Denote its marginal PMFs by Px and Py and its conditional PMFs by
PY\X and Px‘y, s0 Pxy = PXPY|X = Pyp)qy. Th(ZI’l,fOI’ alla € [0, OO},

Juo(X;Y) = Igin D; (Py|x||Qy|Px) (93)

Y
= min Dy (Px|y[|Qx|Py). (94)

Qx

Proof. Equation (93) holds because
min D; (Py|x||Qy|Px) = minmin D, (PxPy|x || QxQy) (95)
Qv Qv Qx

= Jo(X;Y), (96)

where (95) follows from Proposition 4, and (96) follows from (92). Swapping the roles of X and Y
establishes (94):

min D; (Px|y||Qx|Py) = minmin D, (PyPx|y||QyQx) 97)
Qx Qx Qv
= Ju(X;Y), (98)
where (97) follows from Proposition 4, and (98) follows from (92). O

The rest of the section presents some properties of D3 (-).
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Proposition 6. Let Px be a PMF, and let Py|x and Qy|x be conditional PMFs. Then,

(a)

(b)

(c)
(d)
(e)
)
(g)

Proof.

(@)

(b)
(©)

Forall w € [0,00], Dy (Py|x||Qy|x|Px) > 0. If & € (0,00], then Dy (Py|x||Qy|x|Px) = 0 if and only
if (Py|x=x = Qy|x=x forall x € supp(Px)).

Forall a € [0,1), Dy (Py|x||Qy|x|Px) is finite if and only if (there exists an x € supp(Px) such that
|supp(Py|x—x) Nsupp(Qy|x—x)| > 0). Forall a € [1,00], Dy (Py|x||Qy|x|Px) is finite if and only
if (supp(Py|x—+) C supp(Qy|x—x) for all x € supp(Px)).

The mapping « — Dy (Pyx||Qy|x|Px) is continuous on [0, o).

The mapping « — Dy (Py|x||Qy|x|Px) is nondecreasing on [0, co].

The mapping o — =% D (Py|x||Qyx|Px) is nonincreasing on (0, 00).

The mapping & — (1 — a) Di (Py|x||Qy|x|Px) is concave on [0, 1].

The mapping o — (« — 1) D%/a(Py‘XHQy‘X|PX) is concave on [1, 00).

We prove these properties as follows:

For all « € [0, co], Proposition 4 implies
Dy (Py(x|IQyx|Px) = rgin De (Px Py|x[|QxQyx)- 99)
X

The nonnegativity of D}(-) now follows from the nonnegativity of the Rényi divergence
(Proposition 1 (a)). If (Py|X:x = Qy|x=x for all x € supp(Px)), then PxPy|x = PxQy|x. Hence,
using Qx = Px on the RHS of (99), D; (Py|x||Qy|x|Px) equals zero. Conversely, if a € (0, co]
and Dj(-) = 0, then PxPyjx = QxQy|x for some Qx by Proposition 1 (a), which implies
(Py|x=x = Qy|x=x forall x € supp(Px)).

This follows from the definitions in (77) and (79)—(81) and the conventions in (20).

Fora € (0,1) U (1,00), D1(-) is continuous because it is, by its definition in (77), a composition of
continuous functions. The continuity at « = 1 follows from a careful application of L'Hopital’s
rule.

We next consider the continuity at & = 0. Define T = MiN e qupp(py) (%) Then, foralla € (0,1),

a1
(« — 1) Dy (Pyx[| Qv x|Px) = alog Y P(x)2"% PelPrix=elQuix=s) (100)
xesupp(Pyx)
>alog Y 2% Da(Py|x=x|Qy|x=x) (101)
xesupp(Px)
>alog  max 2% Da(Py|x=x|Qy|x=x) (102)
xesupp(Px)
=walogt+ max (a—1)Du(Pyx=xQy|x=x), (103)
xesupp(Px)

where (100) follows from the definition in (77). On the other hand, for all « € (0,1),

a1
(« = 1) Dy (Pyjx[|Qyix|Px) = alog ) P(x)2"x Pe(Prix=clQnx=y) (104)
xesupp(Px)
<alog max 2“7 D (Py|x=x[| Qv x=x) (105)
xesupp(Px)
= max ((X - 1) DN(PY|X:xHQY\X:x)~ (106)
xesupp(Px)
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Because lim,_,o #log T = 0, it follows from (103) and (106) and the sandwich theorem that

lim D2 (P Px) = lim max (& — 1) Dy (Pyix— _ 107
lim x (Pyix|IQyx|Px) zxwtx—lxesupp(zvx)( ) Da(Py|x=x|Qy|x=x) (107)

= —log max Y Q(y|x), (108)

*EsuPP(PX) y esupp (Pyx—r)

where (108) follows from the continuity of the Rényi divergence (Proposition 1 (c)) and the
definition of Dy(P||Q) in (21).

We conclude with the continuity at & = co. Observe that

. . a a1
lim D; (Pyx||Qyx|Px) = Jlim p— log ) P(x)2= D (Py|x=x[|Qy|x=x) (109)
x€supp(Px)
=log Z P(x) 2limeses Da(Py|x=xQy|x=x) (110)
xéesupp(Px)
P(y|x
=log ), P(x)max Q((y||x))' (111)
xéesupp(Px) Y Y

where (109) follows from the definition in (77), and (111) follows from the continuity of the
Rényi divergence (Proposition 1 (c)) and the definition of D (P||Q) in (23).
(d) Foralla € [0, o], Proposition 4 implies

Dy (Py|x|IQyx|Px) = rréin Dq (Px Py|x[|Qx Qyx)- (112)
X

Because a — Dy (P||Q) is nonincreasing on [0, oo] (Proposition 1 (d)) and because the pointwise
minimum preserves the monotonicity, the mapping « — D} (-) is nonincreasing on [0, co].
(e) By Proposition 4,

1

: 1—«a .
—f ming, % Da(PxPy|x||QxQy|x) ifa € (0,1],
“D;(pYX|QYX|pX):{ ox = Da(PxPy(x]| 1X) (0,1]

g . (113)
maxgy 5+ Da(PxPy|x[|QxQy(x) ifa € (1,00).

By the nonnegativity of the Rényi divergence (Proposition 1 (a)), the RHS of (113) is nonnegative
for « € (0,1] and nonpositive for & € (1,00). Hence, it suffices to show separately that the
mapping & — =2 D (Py|x||Qy|x|Px) is nonincreasing on (0,1] and on (1, 00). This is indeed
the case: the mapping a — =% D, (PxPy|x||QxQy|x) on the RHS of (113) is nonincreasing on
(0, 0) (Proposition 1 (e)), and the monotonicity is preserved by the pointwise minimum and
maximum, respectively.

(f)  Fora € [0,1], Proposition 4 implies that

(1 —a) Dy (Py|x||Qy|x|Px) = Igixn[(l — o) Do (Px Py x| Qx Qy|x)]- (114)

Because a + (1 — &) Dy (PxPy|x||QxQy|x) is concave on [0, 1] (Proposition 1 (f)) and because
the pointwise minimum preserves the concavity, the mapping a ~— (1 — «) D; (Py|x [|Qy|x|Px)
is concave on [0, 1].

(g) This follows from Proposition 1 (g) in the same way that Part (f) followed from
Proposition 1 (f). O

We next consider data-processing inequalities for D} (-). We distinguish between processing Y
and processing X. The data-processing inequality for processing Y follows from the data-processing
inequality for the (unconditional) Rényi divergence:
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Theorem 5. Let Px be a PMF, and let Py|x and Qy|x be conditional PMFs. For a conditional PMF Ay'|xy,
define

Pyx(y'|x) £ ;PY|X(V|X)AY’|XY(y/|xr;V)r (115)

Qvx(¥'|x) £ ;QY\X(]/|X)AY’\XY(]/|XJ/)- (116)
Then, for all « € [0, 0],

D; (Pyx||Qy'x|Px) < Dg(Py|x||Qv|x|Px)- (117)

Proof. We prove (117) for « € (0,1) U (1, 0); the claim will then extend to & € [0, co] by the continuity
of D}(+) in & (Proposition 6 (c)). For every x € supp(Px), we can apply Proposition 1 (h) with the
substitution of Ay/|y x=, for Ay’|y to obtain

DIX(PY/|X:)C ||QY/\X:X) < Dtx<PY\X:x|| QY|X:x)- (118)

Fora € (0,1) U (1,00), (117) now follows from (77) and (118). O

Processing X is different. Consider first Qy|x that does not depend on X. Then, writing Qy|x =
Qy, we have the following result (which, as shown in Example 2 below, does not extend to general

Qy|x):

Theorem 6. Let Px and Qy be PMFs, and let Py|x be a conditional PMF. For a conditional PMF By x, define
the PMFs

Py (x') £ Y Px(x) Bxx(x'|x), (119)
X
P By ! Pxr(x')  if Py (x!

By (x[) & x (%) Bxrx (¥'|x)/ Px (x') if Py (x') >0, (120)

1/|X] otherwise,
Pyixr (y|x') £ Y Bxixr(x[x") Pyx (y]x). (121)

Then, for all « € [0, 00,

Dy (Py|x'[|Qy|Px') < Dy(Py|x||Qy|Px)- (122)

Once we provide the operational meaning of Di(-) in horse betting with side information
(Theorem 10 below), Theorem 6 will become very intuitive: it expresses the fact that preprocessing
the side information cannot increase the gambler’s utility; see Remark 8. Note that Py’ and Py|x’ in
Theorem 6 can be obtained from the following marginalization:

PX’( )PY|X’ y|x ZPX BX’|X |x)Py‘X(y|x) (123)

Proof of Theorem 6. We show (122) for « € (0,1) U (1, 00); the claim will then extend to a € [0, o0] by
the continuity of D} () in a (Proposition 6 (c)). Consider first a € (1,00). Then, (122) holds because

a—1

Dz (Py|x[|Qy|Px’)

1
o

=log ), Pxl(x ZPyp« y|x) Qy (y)'* (124)
x'esupp(Px’)
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1

=log ), Px(x lZ[ZBxx'(xX’)PY|x(yIX)Qy(y)17Ha (125)
Yy

x'€supp(Px) x

=log ), lE[ Y. Px(x)Bx'|X(X’|x)PYx(ny)Qy(y)l?“] ] (126)

x'esupp(Px’) L ¥ Lxesupp(Px)

1
<log Y}, % [Z[wa)zaqu(xwx)mx<y|x>Qy<y>*7‘}“] (127)
x'esupp(Px’) xesupp(Px) L ¥

19

=log ), Px(x)l Y Bxx(¥ ][ZPYD( (ylx)*Qy(y)'~ ] (128)

xesupp(Px) x' esupp(Px’)
=log ), Px(x) lz PY|X(y|x)“QY(y)1“] (129)
xesupp(Px) Y
x—1
= x(Pyx||Qy[Px), (130)

where (124) follows from (78); (125) follows from (121); (126) follows from (120); (127) follows from
the Minkowski inequality [16] (Il 2.4 Theorem 9); (129) holds because Px(x) > 0 and Px/(x') = 0
imply Bx’|x (x"|x) = 0, hence the first expression in square brackets on the left-hand side (LHS) of (129)
equals one; and (130) follows from (78).

The proof for « € (0,1) is very similar: (124)-(126) and (128)—(130) continue to hold, and (127) is
reversed [16] (III 2.4 Theorem 9). Because now "‘“;1 < 0, (122) continues to hold fora € (0,1). O

As a special case of Theorem 6, we obtain the following relation between the conditional and the
unconditional Rényi divergence:

Corollary 3. Let Px and Qy be PMFs, and let Py|x be a conditional PMF. Define the marginal PMF
ZPX x) Py|x (ylx). (131)
Then, for all « € [0, o0,
Dy (Py||Qy) < Dz(Py|x[|Qy|Px)- (132)

Proof. This follows from Theorem 6 in the same way that Corollary 1 followed from Theorem 2. [

Consider next Qy|x that does depend on X. It turns out that Corollary 3, and hence Theorem 6,
cannot be extended to this setting:

Example 2. Let X = {0,1} and Y = {0,1,2}. Define the PMFs P, Py|x, and Qy|x as

Py(0) = 0.5, Py(1) = 05, (133)
Py|X( |O) =0.96, Py|X(1|0) =0.02, Py‘x(2|0) =0.02, (134)
Pyx(01) =012, Pyx(1]1) =002,  Pyx(2|1) = 0.86, (135)
Qv|x(0]0) =0.06,  Qy|x(1]0) =092,  Qy|x(2|0) =0.02, (136)
Qy|X(0|l) =0.02, Qy|x(1|l) =0.16, QY\X(2|1) = 0.82. (137)
Then, for « = 0.5 and for « = 2,
Do (Py[|Qy) > D; (Pyx[IQy|x|Px), (138)

46



Entropy 2020, 22, 316

where the PMFs Py and Qv are given by
ZPX ) Py|x(y]x), (139)

ZPX x) Qyx (y[x). (140)

Proof. Numerically, Dg5(Py||Qy) ~ 1.11 bits, which is larger than D(])'.5(Py‘ x|IQy|x|Px) ~ 0.93 bits.
Similarly, Dy (Py||Qy) = 2.95 bits, which is larger than D%(Py|X||Qy|X|Px) ~ 2.75 bits. [

6. Relation to Arimoto’s Measures

Before discussing Arimoto’s measures, we first recall the definition of the Rényi entropy. The
Rényi entropy of order « [7] is defined for all positive a’s other than one as

Hzx(X) =

1 o
- log;P(x) : (141)

For a being zero, one, or infinity, we define by continuous extension of (141)

Ho(X) £ log |supp(Px)l, (142)
Hi(X) £ H(X), (143)
Ho(X) £ —logmfo(x), (144)

where H(X) denotes Shannon’s entropy. The Rényi entropy can be related to the Rényi divergence as
follows:

Hy(X) = log|X| — Da(Px||Ux), (145)

where Uy denotes the uniform distribution over X'.

There are different ways to define a conditional Rényi entropy [40]; we use Arimoto’s proposal.
The Arimoto-Rényi conditional entropy of order « [12,38,40,41] is defined for positive a other than
one as

Ha(X]Y) 2 falog

lz 1 (146)
yé€supp(Py) x

@ (P
- = log Y. y)2 = Ha(Pxpy=y), (147)
yesupp(Py)

where (147) follows from the definition of the Rényi entropy in (141). The Arimoto-Rényi conditional
entropy plays a key role in guessing with side information [20,42—44] and in task encoding with side
information [45]; and it can be related to hypothesis testing [41]. For « being zero, one, or infinity, we
define by continuous extension of (146)

Ho(X]Y) £lo og max ‘supp Px|y— y) (148)
yesupp(P

Hy(X|Y) £ H(X]Y), (149)

Heo(X[Y) = —log )  P(y)maxP(xy), (150)

yé€supp(Py)

where H(X|Y) denotes Shannon’s conditional entropy. The analog of (145) for Hy(X|Y) is
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Remark 2. Forall a € [0, 0],

Hy(X]Y) =log|X| — Dy (Px|y||Ux|Py) (151)
= log|X| — rgin Dy (Py Px|y || QyUx). (152)
Y

Proof. Equation (151) follows, using some algebra, from the definition of D1 (-) in (78)-(81); and (152)
follows from Proposition 4. (The characterization in (152) previously appeared as [40] (Theorem 4).) O

Arimoto [12] also defined the following measure of dependence:

R(X;Y) = Hy(X) — Ha(X]Y) (153)
e P(x)* JF
B L e 159

where (154) follows from (141) and (146). Using Remark 2, we can express I2(X;Y) in terms of D} (-):
Remark 3. Forall a € [0, o],

I3 (X;Y) = Dy (Px)y [[Ux|Py) — Da(Px||Ux). (155)
Proof. This follows from (145), (151), and (153). O

7. Relations Between the Conditional Rényi Divergences and the Rényi Dependence Measures

In this section, we first establish the greater-or-equal-than order between the conditional Rényi
divergences, where the order depends on whether « € [0,1] or a € [1,00]. We then show that
this implies the same order between the dependence measures derived from the conditional Rényi
divergences. Finally, we remark that many of the dependence measures coincide when they are
maximized over all PMFs Py.

Proposition 7. Forall a € [0, 0],

D; (Py|x||Qv|x|Px) < D5 (Pyix||Qv|x|Px)- (156)
Proof. This holds because
D; (Pyx||Qyx|Px) = Ig;n Dy (Px Py|x || QxQy|x) (157)
< Dy (PxPy|x||PxQy|x) (158)
= D (Py|x||Qy(x|Px), (159)

where (157) follows from Proposition 4, and (159) follows from the definition of D5 (+) in (54). O
Theorem 7. Forall a € [0,1],

D; (Pyx[|Qvx|Px) < D5 (Py|x[|Qv|x|Px) < Dg(Py|x||Qy|x|Px)- (160)

Forall x € [1,00],
DS (Py|x[|Qyx|Px) < Dy (Pyx[|Qv|x|Px) < D§(Py|x||Qy|x|Px)- (161)

Proof. For both « € [0,1] and & € [1, 0], the relation D} (-) < D$(+) follows from Proposition 7.
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We next show that D(-) < Dg(-) for a € [0,1]. We show this for & € (0,1); the claim will then
extend to « € [0, 1] by the continuity in « of D5 (-) and Dg(-) (Proposition 3 (c) and Proposition 2 (c)).
Fora € (0,1),

(¢ — 1) DF(Pyx||Qyjx|Px) =log Y~ P(x) Y_P(ylx)*Q(ylx)' ™" (162)
xéesupp(Px) y

> ), P(x)log) P(ylx)*Q(ylx)* (163)
xesupp(Px) y

= (a« — 1) D5 (Py|x||Qy|x|Px), (164)

where (162) follows from (55); (163) follows from Jensen’s inequality because log(-) is a concave
function; and (164) follows from (30). The proof of the claim for « € (0,1) is finished by dividing
(162)-(164) by « — 1, which reverses the inequality because « — 1 < 0.

We conclude by showing that DS(-) < D1(-) for a € [1,0]. We show this for a € (1,0); the
claim will then extend to a € [1, 0] by the continuity of DS(-) and D2(-) in a (Proposition 2 (c) and
Proposition 6 (c)). For a € (1, 0),

Di(PyxQuxlP) = ¥ P() 7 log Y Pyl Qulv)' (165)
xesupp(Px) y

-= ¥ P(x)log[ZP(ﬂx)“Q(mx)l"‘] (166)
xesupp(Px) y

<tolg Y P [2P<y|x>“@<y|x>l“] (167)
x€supp(Px) y

= Dy (Pyix[|Qyx|Px), (168)

where (165) follows from (30); (167) follows from Jensen'’s inequality because log(-) is a concave
function; and (168) follows from (78). [

Corollary 4. Forall « € [0,1],
J.(X;Y) < IB(XY) < IS(X;Y). (169)
Forall x € [1,00],
F(XY) < Jo(X;Y) < F(X;Y). (170)

Proof. By (34) and (60) and Proposition 5, respectively,

(X;Y) = Héin Dz (Pyx||Qy|Px), (171)
Y

F(X;Y)= %in Dz (Py|x||Qy|Px), (172)
Y

Ja(X;Y) = min Dy (Py|x[|Qy|Px). (173)
Y

The corollary now follows from (171)—(173) and Theorem 7. [

Despite I§(X;Y), I3(X;Y), [2(X;Y), and J.(X;Y) being different measures, they often coincide
when maximized over all PMFs Py:
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Theorem 8. For every conditional PMF Py|x and every a € (0,1) U (1,00),
max I;(Px, PY\X) = maXx I;(Px, PY\X) (174)
Px Px

= IlfIlJaX I;(Px, PY\X)~ (175)
X

In addition, for every conditional PMF Py|x and every a € [3,1) U (1,00),
maX]a(Px,Py‘X) = maXI;(Px, PY\X)- (176)
Px Py
For o € (0, %), the situation is different: there exists a conditional PMF Py|x such that, for every
a € (0, %),
max Jo(Px, Py|x) < max I3(Px, Py|x). (177)
Py Py
Proof. Equation (174) follows from [9] (Proposition 1); (175) follows from [12] (Lemma 1); and (176)

follows from [38] (Theorem V.1) for a € (1, c0).
We next establish (176) for « € [3,1). Observe that, for a € [3,1), (176) is equivalent to

max —2"5 Je(PxPrx) = max —2"% & (PxPrix), (178)
Px Px

Fora € [%, 1), (178) holds because

max —2" 7 Je(Px.Prx) — maxmin —2 "% Da(Prix[Qy|Px) (179)
Px Px Qv .
— — minmax )~ Px(v) [2P(y|x>“Qy<y>”] (180)
X QY x Y
= —maxmin ) Px(x) [EP(Wx)“QY(]/)l“] (181)
QY PX x y
= — maxmin lz P(yx)“Qy(y)M] (182)
Qy x y
=— maxminZP(yx)“Qy(y)l_“] (183)
L&
- L1
= — [maxmin }_ Px(x) }_ P(y|x)*Qy (y)' (184)
[ @ P y ]
- L1
= — |minmax ) Px(x) )" P(y|x)* Qy(y)' " (185)
[ P Qv % y ]
L1
= — minmax [Z Px(x) Y- P(yl2)* Qv (y)' ™ (186)
X QY X y ]
— max min —2 % D& (Pyjx||Qy[Px) (187)
Px  Qy
— max —2 5 (P Prx) (188)
Px
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where (179) follows from Proposition 5; (180) follows from (78); (181) and (185) follow from a minimax
theorem and are justified below; (187) follows from (55); and (188) follows from (60).

To justify (181), we apply the minimax theorem [46] (Corollary 37.3.2) to the function f: P()) x
P(X) =R,

f(Qy, Px) ZPX )Y Pylx)* Qv ()| . (189)
Yy

The sets of all PMFs over & and over ) are convex and compact; the function f is jointly
continuous in the pair (Qy, Px) because it is a composition of continuous functions; for every Qy €
P(Y), the function f is linear and hence convex in Px; and it only remains to show that the function
f is concave in Qy for every Py € P(X). Indeed, for every A,A’ € [0,1] with A + A" = 1, every
Qy, Q) € P(Y), and every Px € P(X),

F(AQy +A'QY, Px) (190)
= LPx( [Z ylx)* [/\Qy(y)Jr)\'Q’y(yﬂl_“]a (191)
Yy
=Y Px(x >[ [AP(y|x) T Qy<y>+A’P<y|x>1“aQ'y<y>]1‘“] : (192)
x y
zZPXw{ Y [AP(ylx) ™7 Qy(y)] " T Z[A’P<y|x>1“ag9<y>]1‘“] } (193)
x y y
ZZPx(X){?\[ZP(J/X)“Qy(J/)l“ Can Y P(y|x)“Q ] } (194)
x y Y
zszm{A Y P(y|x)* Qy(y)'* Y Y P(y|x)* Yw“]“} (195)
X y y
= Af(Qy, Px) + A f(Qy, Px), (196)

where (193) follows from the reverse Minkowski inequality [16] (III 2.4 Theorem 9) because « € [%, 1);
and (195) holds because the function z — z(1=%)/% js concave for a € [%, 1).

The justification of (185) is very similar to that of (181); here, we apply the minimax theorem to
the function g: P()) x P(X) = R,

g(Qy, Px) ZPX (x) Y P(ylx)*Qy(y)' = (197)
Y

Compared to the justification of (181), the only essential difference lies in showing that the function
g is concave in Qy for every Px € P(X): here, this follows easily from the concavity of the function
z—zl % fora € [3,1).

We conclude the proof by establishing (177). Let X = Y = {0, 1}, and let the conditional PMF
Py|x be given by Py|x(y|x) = 1{y = x}. (This corresponds to a binary noiseless channel.) Then,
denoting by Ux the uniform distribution over X,

I'I‘lljaX I;(Px,Py‘X) > I;(Ux,Py‘X) (198)
X

=log?2, (199)
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where (199) follows from (61). On the other hand, for every « € (0, %) and every PMF Py,

o
Ju(Px, Pyjx) = 17— Heo(Px) (200)
o
<
<12 log2 (201)
< log2, (202)

where (200) follows from [3] (Lemma 11); (201) follows from (144); and (202) holds because « € (0, %)
Inequality (177) now follows from (199) and (202). O

8. Horse Betting

In this section, we analyze horse betting with a gambler investing all her money. Recall from
the introduction that the winning horse X is distributed according to the PMF p, where we assume
p(x) > 0 for all x € X; that the odds offered by the bookmaker are denoted by 0: X — (0, ); that
the fraction of her wealth that the gambler bets on Horse x € X is denoted b(x) > 0; that the wealth
relative is the random variable S £ b(X)o(X); and that we seek betting strategies that maximize the
utility function

Ug £

1 Bl
{ 5logE[SP] if p #0, (203)

E[log S] if p=0.

Because the gambler invests all her money, b is a PMEFE. As in [47] (Section 10.3), define the constant

-1
sy 1
c& [Z . (x)] (204)

X

and the PMF
r(x) 2 o) (205)

Using these definitions, the utility function Ug can be decomposed as follows:

Theorem 9. Let B € (—o0,1), and let b be a PMF. Then,

Up = logc + Dﬁ(pﬂr) —Dy_5(gP|Ib), (206)
where the PMF g(P) is given by
(x) P o)
X) Po(x) "~
gy e PO - (207)

Thus, choosing b = ¢\P) uniquely maximizes Ug among all PMFs b.

The three terms in (206) can be interpreted as follows:

1. The first term, log c, depends only on the odds and is related to the fairness of the odds. The odds
are called subfair if ¢ < 1, fair if c = 1, and superfair if c > 1.

2. The second term, Dj,_g)(p[|r), is related to the bookmaker’s estimate of the winning
probabilities. It is zero if and only if the odds are inversely proportional to the winning
probabilities.
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3. The third term, —D;_g( ¢'P)||b), is related to the gambler’s estimate of the winning probabilities.
It is zero if and only if b is equal to g(F).
Remark 4. For B = 0, (206) reduces to the following decomposition of the doubling rate E[log S|:
E[log S| =logc+ D(pl||r) — D(p||b). (208)

(This decomposition appeared previously in [47] (Section 10.3).) Equation (208) implies that the doubling
rate is maximized by proportional gambling, i.e., that E[log S| is maximized if and only if b is equal to p.

Remark 5. Considering the limits p — —oco and B 1 1, the PMF g(P) satisfies, for every x € X,

Jim g = (209)
CB) () p(x)1{x € S}
e ) = P I € SY (210

where the set S is defined as S = {x' € X : p(x')o(x") = max[p(x)o(x)]}. It follows from Proposition 8
below that the RHS of (209) is the unique maximizer of limg , o U, and it follows from the proof of
Proposition 9 below that the RHS of (210) is a maximizer (not necessarily unique) of Uy.

Proof of Remark 5. Recall that we assume p(x) > 0 for every x € X. Then, (209) follows from (207)
and the definition of ¢ in (204). To establish (210), define T = maxy[p(x)o(x)] and observe that, for
every x € &,

B
i P = i P pl)ela)/e] 7 5 (211)
Ywex pP(X) [p(x")o(x")/T] TP
p(x)1{x € S} o1

T Lvex p(@)I{x € S}’

where (211) follows from (207) and some algebra; and (212) is justified as follows: if x € S, then
[p(x)o(x)/r]ﬁ/(lfﬁ) equals one; and if x ¢ S, then [p(x)o(x)/r]ﬁ/(lfﬁ) tends to zero as B 1 1 because
p(x)o(x)/T < 1and because limgy % = +oo. O

Remark 6. Using the definition in (24) for the Rényi divergence of negative orders, it is not difficult to see from
the proof of Theorem 9 below that (206) also holds for B > 1. However, because the Rényi divergence of negative
orders is nonpositive instead of nonnegative, the above interpretation is not valid anymore; in particular, for
B > 1, choosing b = ¢'P) is in general not optimal.

Proof of Theorem 9. We first show the maximization claim. The only term on the RHS of (206) that
depends on b is —Dl_ﬁ(g(ﬁ) |b). Because 1 — B > 0, this term is maximized if and only if b = g(F)
(Proposition 1 (a)).

We now establish (206) for B € (—o0,0) U (0,1); we omit the proof for = 0, which can be found
in [47] (Section 10.3). For B € (—o0,0) U (0,1),

Ug = ;log;p(x)b(x)ﬁo(x)ﬁ. (213)

53



Entropy 2020, 22, 316

Forevery x € X,

L L
p(x)b(x)P Y, p()TPo(x)TF | g (x) Po(x)P, (214)
x'eX
which follows from (207). Now, (206) holds because
L L1 _
Upg = ﬁlog Y p(x)TFo(x)TP +—logz:g(ﬁ)(x)1 Pb(x)P (215)
ﬁ x'eXx ‘B X
L B
=1 Piog ¥ p(x)Pro(x) ™ — Dy_p(g®t) 16)
‘B x'eX
—B VTR p(x) TP (8)
—logc+ + 5olog Y, p(x)Fr(x")F — Dy1_p(g' D) (217)
x'eX
=loge+D 1 (plr) = D1p(sPb), (218)

where (215) follows from (213) and (214); (216) follows from identifying the Rényi divergence (recall
that g(ﬁ) and b are PMFs); (217) follows from (205); and (218) follows from identifying the Rényi
divergence (recall that r is a PMF). O

The rest of the section presents the cases B — —co, p > 1, and p — +co.
Proposition 8. Let b be a PMF. Then,

lim Ug = logmin [b(x)o(x)] (219)

B——00

<logec. (220)
Inequality (220) holds with equality if and only if b(x) = c¢/o(x) forall x € X.

Observe that if b(x) = c¢/o(x) for all x € X, then S = ¢ with probability one, i.e., S does not
depend on the winning horse.

Proof of Proposition 8. Equation (219) holds because

lim Ug = ﬁhm log [Zp )o(x))ﬁ] (221)

B——00
= logmin [b(x)o(x)], (222)
X
where (222) holds because, in the limit as 8 tends to —co, the power mean tends to the minimum (since

pis a PMF with p(x) > 0 for all x € X' [15] (Chapter 8)).
We show (220) by contradiction. Assume that there exists a PMF b that does not satisfy (220), thus

b(x)o(x) > ¢ (223)
for all x € X. Then,
1=) b(x) (224)
c
> ; o) (225)
=1, (226)
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where (224) holds because b is a PMF; (225) follows from (223); and (226) follows from the definition of
c in (204). Because 1 > 1 is impossible, such a b cannot exist, which establishes (220).

It is not difficult to see that (220) holds with equality if b(x) = c/o(x) for all x € X'. We therefore
focus on establishing that if (220) holds with equality, then b(x) = c/o(x) for all x € X. Observe first
that, if (220) holds with equality, then, for all x € X,

b(x)o(x) > c. (227)

We now claim that (227) holds with equality for all x € X. Indeed, if this were not the case, then
there would exist an x” € X for which b(x")o(x") > ¢, thus (224)—(226) would hold, which would lead
to a contradiction. Hence, if (220) holds with equality, then b(x) = c/o(x) forallx € X. O

Proposition 9. Let f > 1, and let b be a PMF. Then,
Up < log max {p(x)l//go(x)} . (228)
Equality in (228) can be achieved by choosing b(x) = 1{x = x'} for some x' € X satisfying
p(x')/Po(x') = max p(x)!Po(x)] (229)
Remark 7. Proposition 9 implies that if B > 1, then it is optimal to bet on a single horse. Unless | X | = 1, this
is not the case when B < 1: When B < 1, an optimal betting strategy requires placing a bet on every horse. This

follows from Theorem 9 and our assumption that p(x) and o(x) are all positive.

Proof of Proposition 9. Inequality (228) holds because

Us =+ 108 p()b(x) o (x)” (230)
B logzp /5 (231)
]' / /
B loga inea;{ x')o(x )ﬁ} (232)
[13 log max [p(x’) o(x’)/g} (233)
= log max [p(x’)l/ﬁo(x’)} , (234)
x'e

where (231) holds because b(x) € [0,1] and B > 1, and (233) holds because b is a PMF. It is not difficult
to see that (228) holds with equality if b(x) = 1{x = x’} for some x’ € X satisfying (229). O

Proposition 10. Let b be a PMF. Then,
lim Ug =1 b 235
G Up ogmax[ (x)o(x)] (235)
< logmaxo(x). (236)
X
Equality in (236) can be achieved by choosing b(x) = 1{x = x'} for some x" € X satisfying

o(x') = mxaxo(x). (237)
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Proof. Equation (235) holds because

%
Gim Up = lim log [Xxlp( ) (b(x)o(x))" ] (238)
= log max [b(x)o(x)], (239)

where (239) holds because in the limit as  tends to +oo, the power mean tends to the maximum (since
pis a PMF with p(x) > 0 for all x € X [15] (Chapter 8)). Inequality (236) holds because b(x) < 1 for
all x € X. It is not difficult to see that (236) holds with equality if b(x) = 1{x = x’} for some x’ € X
satisfying (237). O

9. Horse Betting with Side Information

In this section, we study the horse betting problem where the gambler observes some side
information Y before placing her bets. This setting leads to the conditional Rényi divergence D} (-)
discussed in Section 5 (see Theorem 10). In addition, it provides a new operational meaning to the
dependence measure J,(X;Y) (see Theorem 11).

We adapt our notation as follows: The joint PMF of X and Y is denoted pxy. (Recall that X
denotes the winning horse.) We drop the assumption that the winning probabilities p(x) are positive,
but we assume that p(y) > 0 for all y € ). We continue to assume that the gambler invests all her
wealth, so a betting strategy is now a conditional PMF by, and the wealth relative S is

S £ b(X|Y)o(X). (240)

As in Section 8, define the constant

-1
N 1
and the PMF

rx(x) 2 S (242)
The following decomposition of the utility function Up parallels that of Theorem 9:

Theorem 10. Let p € (—oo,1). Then,
Up =loge+ D4 (pxivllrxlpy) — Drp(iisy’ Ibxivsy’). (243)

where the conditional PMF ggg)y and the PMF ggf ) are given by

1 i
P(x\y)lfﬁlo( X) *ﬁﬁ , (244)
Y p(X'|y)Po(x') TP
5 %rﬁ

G . PO [T p ) o)
gy (y) = i (245)
Ly ) [ p([y) P o(x') T

Sii (xly) 2

Thus, choosing bx|y = gg?l)Y uniquely maximizes Ug among all conditional PMFs by|y.
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Proof. We first show that Uﬂ is umquely maximized by ggq)y The only term on the RHS of (243) that

depends on by|y is —D;_p (gX‘YgY ||bX‘ng )). Because 1 — B > 0, this term is maximized if and only

if by|y gg(ﬁ) = ggglgy P (Proposition 1 (a)). By our assumptions that p(y) > 0 forally € Y and o(x) > 0

for all x € X, we have gg(ﬁ ) (y) > O forall y € Y. Consequently, bx‘yggf ) = ggg%(ggf )if and only if

bxyy = g§5>y

Consider now (243) for B = 0. For = 0, (243) reduces to

E[log S] = logc + D(pxjypyllrxpy) — D(px|ypy|lbxyPY), (246)

and some algebra reveals that (246) holds.
We conclude with establishing (243) for B € (—o0,0) U (0,1). For € (—o0,0) U (0,1),

Uy = ;log§p<x,y>b<x|y>ﬁo<x>ﬁ. (247)

For every x € X and every y € ),

1-p

L L

Pl y)b(xly)Po(x)f = Y p(y [Zp (+'[y') P o(x') T ] 8P )8 (el P b(xly)f, (248)
yey x'ex

which follows from (244) and (245). Now, (243) holds because

1-8
log Yy [ y p(x'w')ww(x')lﬂ

yey x'eX

+3 “10g Y[98} (xly) 2 (1)) P [o(xly) 2P ()] (249)
XY
g 11F
1 _P_

log Y ply [Z p(x'w’)lﬁo(x’)w] — Di_p (88t Ibxive) (250)

yey x'eX

1-p
1 - ;ﬁ
=logc+ 5log Y p(y [ Y p( ) TFrx(x)TE |~ Dyg(giiyey Ibxvst)  @51)
yey x'eX

10gC+D (PX\Y||VX|PY) Dl_ﬁ(gﬁﬁ)yg(f)Ibewg(f)), (252)

where (249) follows from (247) and (248) and the fact that gg/ﬁ ) (y) = gg,ﬁ ) (y)1=F gg/ (y)B; (250) follows
by identifying the Rényi divergence; (251) follows from (242); and (252) follows by identifying the
conditional Rényi divergence using (78). O

Remark 8. It follows from Theorem 10 that, if the gambler gambles optimally, then, for p € (—oo,1),

Ug = logc + D (PX|YHVX|PY) (253)

Operationally, it is clear that preprocessing the side information cannot increase the gambler’s utility, i.e.,
that, for every conditional PMF pyr|y,

%(PX\Y'HVXWY’) < D (PX\Y||VX|PY) (254)
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where px|y’ and py’ are derived from the joint PMF pxyy' given by

pxyy (X, u.y") = py(y) pxpy (xy) py iy (V' [y).- (255)

This provides the intuition for Theorem 6, where (254) is shown directly.

The extreme case is when the preprocessing maps the side information to a constant and hence leads to the
case where the side information is absent. In this case, Y' is deterministic and px|y equals px. Theorem 9 and
Theorem 10 then lead to the following relation between the conditional and unconditional Rényi divergence:

D1 (pxlirx) < D4 (pxivlirxlpy), (256)
where the marginal PMF pyx is given by

px(x) =) pxy(x,y). (257)
Y

This motivates Corollary 3, where (256) is derived from (254).

The last result of this section provides a new operational meaning to the Lapidoth—Pfister mutual
information J,(X;Y): assuming that § € (—o0,1) and that the gambler knows the winning probabilities,
J1/-p) (X;Y) measures how much the side information that is available to the gambler but not the
bookmaker increases the gambler’s smallest guaranteed utility for a fixed level of fairness c. To see
this, consider first the setting without side information. By Theorem 9, the gambler chooses b = ()
to maximize her utility, where ¢(#) is defined in (207). Then, using the nonnegativity of the Rényi
divergence (Proposition 1 (a)), the following lower bound on the gambler’s utility follows from (206):

Ug > logc. (258)

We call the RHS of (258) the smallest guaranteed utility for a fixed level of fairness ¢ because
(258) holds with equality if the bookmaker chooses the odds inversely proportional to the winning
probabilities. Comparing (258) with (259) below, we see that the difference due to the side information
is J1/(1-p)(X;Y). Note that J; ,(;_g) (X; Y) is typically not the difference between the utility with and
without side information; this is because the odds for which (258) and (259) hold with equality are
typically not the same.

Theorem 11. Let B € (—oo,1). If bxy is equal to ggg)yfrom Theorem 10, then
Up > logc+ ]117(}(; Y). (259)
Moreover, for every ¢ > 0, there exist odds 0: X — (0, 00) such that (259) holds with equality.

Proof. For this choice of bx|y, (259) holds because

Up = logc + D%(wal\rxlpy) (260)
>logc+ min D 7 261
2 logc 7XI€I};I(1X) ﬁ(PX\YHVXWY) (261)
= logc + Iﬁ(X; Y), (262)

where (260) follows from Theorem 10, and (262) follows from Proposition 5.
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Fix now ¢ > 0, let 7 achieve the minimum on the RHS of (261), and choose the odds

c
o(x) = R (263)

Then, (261) holds with equality because rx = 75 by (241) and (242). [

10. Horse Betting with Part of the Money

In this section, we treat the possibility that the gambler does not invest all her wealth. We restrict
ourselves to the setting without side information and to € (—c0,0) U (0,1). (For the case B = 0,
see [47] (Section 10.5).) We assume that p(x) > 0and o(x) > Oforall x € X. Denote by b(0) the fraction
of her wealth that the gambler does not use for betting. (We assume 0 ¢ X'.) Then, b: X U {0} — [0, 1]
is a PMF, and the wealth relative S is the random variable

S2b(0) +b(X)o(X). (264)

As in Section 8, define the constant

-1
ca lz 0(1@] . (265)

X

We treat the cases ¢ < 1 and c > 1 separately, starting with the latter. If ¢ > 1, then it is optimal to
invest all the money:

Proposition 11. Assume c > 1, let B € R, and let b be a PMF on X U {0} with utility Up. Then, there exists

a PMF V' on X U {0} with b'(0) = 0 and utility Ug > Ug.

Proof. Choose the PMF ¥’ as follows:

) {O(C) b(0) +b(x) ifxe X, 266)
0 ifx =0.
Then, for every x € X,
b'(0) 4+ b'(x)o(x) = c-b(0) + b(x)o(x) (267)
>b(0) +b(x)o(x), (268)

where (268) holds because ¢ > 1 by assumption. For g > 0, Ul/3 > Up holds because (268) implies

E[S'P] > E[SP]. For < 0and B =0, Ué > Ug follows similarly from (268). [

On the other hand, if B < 1 and the odds are subfair, i.e., if ¢ < 1, then Claim (c) of the following
theorem shows that investing all the money is not optimal:

Theorem 12. Assumec < 1,let p € (—00,0) U (0,1), and let b* be a PMF on X U {0} that maximizes Ug
among all PMFs b. Defining

S22 {xecX:b*(x) >0}, (269)
r é 1— EXES p(lx), (270)
1- ZXES o(x)

1

B
7(x) & max{O, At p(x)ﬁo(x)m - 0(17)} Vxe X, (271)
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the following claims hold:

(a)  Both the numerator and denominator on the RHS of (270) are positive, so I is well-defined and positive.
(b)  Foreveryx € X,

b*(x) = v(x)b"(0). (272)
(c)  The quantity b*(0) satisfies
wimy 1
TS T o &)

In particular, b*(0) > 0.

Claim (b) implies that for every x € X, b*(x) > 0 if and only if p(x)o(x) > I. Ordering the
elements x1, X, ... of X such that p(x1)o(x1) > p(x2)o(xz) > ..., the set S thus has a special structure:
it is either empty or equal to {x1,x2,...,x;} for some integer k. To maximize Uy, the following
procedure can be used: for every S with the above structure, compute the corresponding b according
to (270)—~(273); and from these b’s, take one that maximizes Ug. This procedure leads to an optimal
solution: an optimal solution b* exists because we are optimizing a continuous function over a compact
set, and b* corresponds to a set S that will be considered by the procedure.

Proof of Theorem 12. The proof is based on the Karush-Kuhn-Tucker conditions. By separately
considering the cases B € (0,1) and B < 0, we first show that, for f € (—o0,0) U (0,1), a strategy b(+)
is optimal if and only if the following conditions are satisfied for some u € R:

(a1 [= 1 B0 >0,
x;( p(x) (b(0) +b(x)o(x)) {< Y iE5(0) =0, (274)
and, for every x € &,
p-1 | =p ifb(x) >0,
p(x)o(x) (b(0) +b(x)o(x)) {<y i£b(x) = 0. (275)
Consider first B € (0,1), and define the function t: P(X U {0}) — R,
T(0) £ 1 p(x) (6(0) + b(x)o(x)" (276)

xeX

Since B > 0 and since the logarithm is an increasing function, maximizing Ug = % log E[SFP] over
b is equivalent to maximizing T(b). Observe that T is concave, thus, by the Karush—-Kuhn-Tucker
conditions [11] (Theorem 4.4.1), it is maximized by a PMF b if and only if there exists a A € R such that
(i) forall x € X U {0} with b(x) > 0,

oT
and (ii) for all x € X U {0} with b(x) =0,
oT
36(x) (b) < A (278)
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Henceforth, we use the following notation: to designate that (i) and (ii) both hold, we write

(279)

ot b) =A ifb(x) >0,
<A ifb(x)=0.

Dividing both sides of (279) by 8 > 0 and defining y = %, we obtain that (279) is equivalent to

= if b
1 ot b{ poi (x)>8, (280)

B ob(x) ( <u ifb(x)

Now, (280) translates to (274) for x = 0 and to (275) for x € X.

Consider now B < 0, and define T as in (276). Then, because g < 0, maximizing Uz = L1ogE[SF]
is equivalent to minimizing 7. The function 7 is convex, thus Inequality (278) is reversed. Dividing by
B < 0 again reverses the inequalities, thus (280), (274), and (275) continue to hold for § < 0.

Having established that, for all € (—c0,0) U (0,1), a strategy b is optimal if and only if (274) and
(275) hold, we next continue with the proof. Let € (—c0,0) U (0,1), and let b* be a PMF on X U {0}
that maximizes Ug. By the above discussion, (274) and (275) are satisfied by b* for some p € R. The
LHS of (274) is positive, so 1 > 0. We now show that for all x € &,

b*(x) = max{O, {p(x)yo(x)ﬁ} . i;*((;))) } (281)
To this end, fix x € X. If b*(x) > 0, then (275) implies
cry = [PEOPTTE b (0)
e = [P -5 (252)

and the RHS of (282) is equal to the RHS of (281) because, being equal to b*(x), it is positive. If
b*(x) = 0, then (275) implies

{p(x)o(x)ﬁ} = _ b7(0) <0 (283)
T <0,

so the RHS of (281) is zero and (281) hence holds.
Having established (281), we next show that b*(£) = 0 for some £ € X. For a contradiction,
assume that b*(x) > 0 for all x € X. Then,

Y p(x) (07(0) + b* (x)o(x)) = Y —— (284)

xeX xeXx O(X)
>, (285)

where (284) follows from (275), and (285) holds because ¢ < 1 by assumption. However, this is
impossible: (285) contradicts (274).
Let now £ € X be such that b*(£) = 0. Then, by (281),

p(2)o(£)F1TF  b*(0)
{ ‘ } o) = (286)

Because p(%) and o(%) are positive, this implies b*(0) > 0. Thus, by (274),

Y p(x) (6°(0) + b* (x)o(x))P ' = 1. (287)

xeX
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Splitting the sum on the LHS of (287) depending on whether b*(x) > 0 or b*(x) = 0, we obtain

=Y p(x)(b*(0) +b*(x) T Y p(x) (0%(0) + b (x)o(x)) P! (288)
xeS x¢S
= Z o) + ) plx (289)
xeS x¢S
=) (lx +b*(0)F [1— Y P(x)], (290)
xeS xeS

where (289) follows from (275). Rearranging (290), we obtain

y[l—zo(lx)l—b* 51[1—2;7 ] (291)

xeS xe$S

Recall that ¢ > 0 and b*(0) > 0. In addition, 1 — }_ s p(x) > 0 because b*(%) = 0 and hence
£¢ S.Thus,1-) ,cs ﬁ > 0, so both the numerator and denominator in the definition of I in (270)
are positive, which establishes Claim (a), namely that I is well-defined and positive.

To establish Claim (b), note that (291) and (270) imply that u is given by

p="b"0)F'T, (292)

which, when substituted into (281), yields (272).
We conclude by proving Claim (c). Because b* is a PMF on X U {0},

0)+ Y b*(x) (293)
xeX
0)[1+ ) y(x)], (294)
xeX

where (294) follows from (272). Rearranging (294) yields (273). O

11. Universal Betting for IID Races

In this section, we present a universal gambling strategy for IID races that requires neither
knowledge of the winning probabilities nor of the parameter B of the utility function and yet
asymptotically maximizes the utility function for all PMFs p and all § € R. Consider n consecutive
horse races, where the winning horse in the ith race is denoted X; fori € {1,...,n}. We assume that
X, ..., Xy are IID according to the PMF p, where p(x) > 0 for all x € X. In every race, the bookmaker
offers the same odds 0: X — (0,00), and the gambler spends all her wealth placing bets on the horses.
The gambler plays race-after-race, i.e., before placing bets for a race, she is revealed the winning
horse of the previous race and receives the money from the bookmaker. Her betting strategy is hence
a sequence of conditional PMFs (bx,, bx,|x,, bx;|x;X,s - - - » DX, | X, X,---X,,_, )- The wealth relative is the
random variable

£TTo(Xil X, ..., Xizq)o(X). (295)
i=1

We seek betting strategies that maximize the utility function

(296)

» [Ll0gE[S] ifp#0,
E[logS,] ifp=0.

62



Entropy 2020, 22, 316

We first establish that to maximize Up, for a fixed p € R, it suffices to use the same betting
strategy in every race; see Theorem 13. We then show that the individual-sequence-universal strategy
by Cover—Ordentlich [48] allows to asymptotically achieve the same normalized utility without
knowing p or  (see Theorem 14).

For a fixed B € R, let the PMF b* be a betting strategy that maximizes the single-race utility Upg
discussed in Section 8, and denote by U; the utility associated with b*. Using the same betting strategy
b* over n races leads to the utility Upg,, and it follows from (295) and (296) that

U/S,n = nUE. (297)
As we show next, n U; is the maximum utility that can be achieved among all betting strategies:

Theorem 13. Let f € R, and let (bx,, bx,|x,, bx5x,Xyr - - - DX, | Xy X5--X,, ) De @ sequence of conditional
PMFs. Then,

Up,, < nlj. (298)

Proof. We show (298) for > 0; analogous arguments establish (298) for § < 0 and B = 0. We prove
(298) by induction on n. For n = 1, (298) holds because U} is the maximum single-race utility. Assume
now 1 > 2 and that (298) is valid for n — 1. For B > 0, (298) holds because

Uy, = élogE[sﬁ] (299)
—glog X P()-- P [ TbCls™1)Po(x,) (300)
X1,eeesXn i=1
_ )
= ;bg Yo P(xi) e Plaor) | [T o(xilx™Po(xi)P | Y P(xn) b(xalx™)Po(xu)P  (301)
X1, Xp—1 | i=1 Xn
. :
< llslogx“g”l’(xﬁ ++ P(xy_1) E b(xilxi‘l)ﬁf)(xi)ﬁ_ bg)%;P(xn)b(xn)ﬁO(xn)ﬁ (302)
n—1 T
= élog Y, PCa)- Pleaon) | [T ol )Po(xi)P| Yo P(xa) b (x0)P o(xn)P (303)
X1, Xp—1 | i=1 1 Xn
— Up, 1+ Uj (304)
< (n—=1)Ug +Uj (305)
= nlj, (306)

where (303) holds because b* maximizes the single-race utility Ug, and (305) holds because (298) is
valid forn —1. O

In portfolio theory, Cover—Ordentlich [48] (Definition 1) proposed a universal strategy. Adapted
to our setting, it leads to the following sequence of conditional PMFs:

Joer () b(xi) Sima (b, x'1) dp (b)

b(x;|x 1) = : , (307)
Z fbep()() Si—l(br xl_l)dﬂ(b)
where i € {1,2,...}; u is the Dirichlet(1/2,...,1/2) distribution on P(X); So(b, x°) £ 1; and
) i
Si(b,x') £ [ Tb(xj)o(x;). (308)
j=1
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This strategy depends neither on the winning probabilities p nor on the parameter . Denoting
the utility (296) associated with the strategy b(x;|x'~1) by l:lﬁ,n, we have the following result:

Theorem 14. For every p € R,

X -1

nUj —log2 — ———log(n +1) < Ug (309)
< nlUj. (310)
Hence,
1 .
Jlim - Up, = Up. (311)

Proof. Inequality (310) follows from Theorem 13; and (311) follows from (309) and (310) and the

sandwich theorem. It thus remains to establish (309): We do so for B > 0; analogous arguments

establish (309) for B < 0 and B = 0. For a fixed sequence x" € X", let b be a PMF on X that maximizes

Sn(b,x™), and denote the wealth relative in (295) associated with using b in every race by S, (x™), thus
n

Su(x") = ! b(x;)o(x;). (312)

Let 5,(x") denote the wealth relative in (295) associated with the strategy b(x;|x'~1) and the
sequence x". Using [48] (Theorem 2) it follows that, for every x"* € X",
A 1 ~

on(x") 2 2(n +1)(1X-1)/2 on(x"). (613

This implies that (309) holds for § > 0 because

A 1 A
Ugy = 5 log E[S,(X™)F] (314)
> élogE[sTn(X”)ﬁ] —log2 — WT_l log(n+1) (315)
> 8 log Y P(x1)---P(xy) [ [0 (xi)Po(x;)P —log2 — 5 log(n+1) (316)
X1 ,eeesXn i=1
. X|l—-1
=nlp —log2 — | ‘2 log(n+1), (317)

where (315) follows from (313), and (316) follows from (312). [

Remark 9. As discussed in Section 8, the optimal single-race betting strategy varies significantly with different
values of B, thus it might be a bit surprising that the Cover—Ordentlich strategy is not only universal with
respect to the winning probabilities, but also with respect to B. This is due to the following two reasons: First,
for fixed winning probabilities and a fixed B, it is optimal to use the same betting strategy in every race (see
Theorem 13). Second, for every x™* € X", the wealth relative of the Cover—Ordentlich strategy is not much worse
than that of using the same strategy b(-) in every race, irrespective of b(-) (see (313)). Hence, irrespective of the
optimal single-race betting strategy, the Cover—Ordentlich strategy is able to asymptotically achieve the same
normalized utility.
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Appendix A. Proof of Proposition 1

These properties mostly follow from van Erven-Harremoés [8]:

(a) See [8] (Theorem 8).

(b)  This follows from the definitions in (4) and (21)-(23) and the conventions in (20).

(c)  This follows from [8] (Theorem 7) and the fact that lim,_,; D,(P||Q) = D(P||Q) by L'Hopital’s
rule. (Note that & — D, (P||Q) does not need to be continuous at « = 1 when the alphabets are
not finite; see the discussion after [8] (Equation (18)).)

(d)  See [8] (Theorem 3).

() Leta,a’ € (0,00) satisfy « < a’. Then,

L D,(PQ) = Di-u(QlIP) (A1)
> Dy w(QIIP) (A2
= =D, (PlQ), (A3)

where (A1) and (A3) follow from [8] (Lemma 10), and (A2) holds because the Rényi divergence,
extended to negative orders, is nondecreasing ([8] (Theorem 39)).

(f)  See [8] (Corollary 2).

(g) Fora e (0,00),

(0= 1)D1a(PIQ) = (1= 1 ) Dr/aPlIQ) (A1
= winf BD(R|P) + <1 - i) D(R|Q)} (A5)
= inf [D(R]|P) + (a ~ 1) D(R|Q)], (6)

where (A5) follows from [8] (Theorem 30). Hence, (« — 1) D1, (P||Q) is concave in « because
the expression in square brackets on the RHS of (A6) is concave in « for every R and because
the pointwise infimum preserves the concavity.

(h)  See [8] (Theorem 9).

Appendix B. Proof of Theorem 1

Beginning with (29),
D§(Pyx||QyxIPx) = ). P(x)Da(Pyx=x||Qy’|x=x) (A7)
xesupp(Px)
< ). P(x)Da(Pyjx—||Qy|x=x) (A8)
xesupp(Px)
= Dg (Py|x||Qv(x|Px), (A9)

where (A8) follows by applying, separately for every x € supp(Px), Proposition 1 (h) with the
conditional PMF Ay/jy x—.
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Appendix C. Proof of Theorem 2

We show (43) for & € (0,1); the claim then extends to « € [0,1] by the continuity of DS (-) in «
(Proposition 2 (c)). Let & € (0,1). Keeping in mind that « — 1 < 0, (43) holds because

(¢ — 1) D (Py|x'||Qy|x' | Px’)

= x/(x)1og )  Pyx'(y|x')" Qyx(y|x')
Y. Px(x)log ) Pyix(ylx')* Qupx (ylx') (A10)
x'esupp(Px’) Y

o 1—a

= ), Px(x)log), ZBX|X’(X|XI)PY|X(3/|X)] lZBX|X/(X|X’)QY|X(y|X) (A11)
x'esupp(Px) yLx x

> ) PX/(x’)logzzBX‘X/(x\x’)Py|X(y|x)“Qy‘X(y|x)1_”‘ (A12)
x'esupp(Px) y x

= Yo Pe(x)log Y. Bxx(x[x) Y Pyix(y]x)* Qyx (ylx)'* (A13)
x'esupp(Px’) xesupp(Px) y

> Y Px(x) Y Bxx(x|x)log) Pyx(yx)* Qyx(ylx)'* (A14)
x'esupp(Px’) xesupp(Px) y

= x (% xx(x'|x) | log )  Pyx(yx)" Qyx(y|x)

Y, Px(x) Y, Bxx(¥'[x) | log ) Pyjx(y%)* Qyx(y[x)' " (A15)

xesupp(Px) x' esupp(Px’) Y

= ). Px(x)log}_ Pyx(ylx)* Qux(ylx)' (A16)
xesupp(Px) y

= (a — 1) D (Py|x[|Qy|x|Px), (A17)

where (A10) follows from (30); (A11) follows from (41) and (42); (A12) follows from Holder’s inequality;
(A13) holds because Bx|x/(x|x") = 0 if Px/(x') > 0 and Px(x) = 0; (A14) follows from Jensen’s
inequality because log(-) is concave; (A15) follows from (40); (A16) holds because Px(x) > 0 and
Px/(x") = 0imply Bx/|x(x"|x) = 0, hence the expression in square brackets on the LHS of (A16) equals
one; and (A17) follows from (30).

Appendix D. Proof of Corollary 1
Applying Theorem 2 with X’ £ {1} and the conditional PMF Bx/|x (x'|x) £ 1, we obtain

Dz (Pyjx [|Qyix’|Px’) < Dg(Pyx||Qyx|Px)- (A18)

To complete the proof of (48), observe that

Dz (Py|x'[|Qyx'|Px') = Dg (Py||Qy|Px) (A19)
= Du(Py[|Qy), (A20)

where (A19) holds because (41) and (46) imply Py x’(y|x’) = Py(y) and because (42) and (47) imply
Qy|x’ (¥]x") = Qy(y); and (A20) follows from Remark 1.

Appendix E. Proof of Example 1

If & = oo, then it can be verified numerically that (53) holds for € = 0.1. Fix now a € (1,00). Then,
foralle € (0,1),

1
a—1
1
a—1

D (Py QL) =

log {0.5”‘ (1— €)%+ 0.5 elﬂ (A21)

> log {0.5"‘ el_"‘} (A22)
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« 1
= log 0.5 + log —. A2
“_1og05+ 08 - (A23)

The RHS of (53) satisfies, for sufficiently small €,

DE(PY%[1QY1Px) = 050+ 05 Dy (P _y[1QY) (A24)
. 0.5 Q B 1—« EEPAY. % i
=7 log {e (I—€e)*+(1—¢e)e } (A25)
— D(Of’l log {el_"‘ (1—e)*+e 11— e)l_"‘)} (A26)
05 u
< = log[2¢! ] (A27)
= 0_51 log2 +0.51og é, (A28)

where (A27) holds for sufficiently small € because lim, o ((1 — €)* +€2*~1(1 —€)!7*) = 1. Because
lim, | log % = 090, (53) follows from (A23) and (A28) for sufficiently small €.

Appendix F. Proof of Theorem 3
Observe that, forall ¥’ € X and ally’ € )/,

Px(x") Py x(y'|x") ZPX ) Pyix (y]x) 1{x" = x} Ay xy (v |x,y), (A29)

Px(x") Qyrx (v'[x") ZPX x) Qyx (y|x) 1{x" = x} Ay xy (v'|x, ). (A30)

Hence, (68) follows from (54) and

Dy (Px Py x||PxQy’|x) < Da(PxPy|x||PxQy|x), (A31)

which follows from the data-processing inequality for the Rényi divergence by substituting
Ly—xAy'|xy for Axy/|xy in Proposition 1 (h).

Appendix G. Proof of Theorem 4
Observe that, forall ¥’ € X’ and ally’ € ),

Py (x") Pyjx (v']x") ZPX ) Pyx (y|x) Bxx (x'|x) 1{y" = y}, (A32)

Py (x") Qyjx (v']x") ZPX x) Qy|x (y]x) Bxx (x'|x) 1{y’ = y}. (A33)

Hence, (73) follows from (54) and

Dy (Px' Py|x'||Px'Qy|x') < Da(PxPy|x||PxQy|x), (A34)

which follows from the data-processing inequality for the Rényi divergence by substituting Bx/|x 1y/—y
for Ax'y'|xy in Proposition 1 (h).
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Abstract: The relative entropy and the chi-squared divergence are fundamental divergence measures
in information theory and statistics. This paper is focused on a study of integral relations between
the two divergences, the implications of these relations, their information-theoretic applications, and
some generalizations pertaining to the rich class of f-divergences. Applications that are studied in this
paper refer to lossless compression, the method of types and large deviations, strong data—processing
inequalities, bounds on contraction coefficients and maximal correlation, and the convergence rate to
stationarity of a type of discrete-time Markov chains.
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1. Introduction

The relative entropy (also known as the Kullback-Leibler divergence [1]) and the chi-squared
divergence [2] are divergence measures which play a key role in information theory, statistics, learning,
signal processing, and other theoretical and applied branches of mathematics. These divergence
measures are fundamental in problems pertaining to source and channel coding, combinatorics and
large deviations theory, goodness-of-fit and independence tests in statistics, expectation—-maximization
iterative algorithms for estimating a distribution from an incomplete data, and other sorts of problems
(the reader is referred to the tutorial paper by Csiszar and Shields [3]). They both belong to an
important class of divergence measures, defined by means of convex functions f, and named
f-divergences [4-8]. In addition to the relative entropy and the chi-squared divergence, this class
unifies other useful divergence measures such as the total variation distance in functional analysis,
and it is also closely related to the Rényi divergence which generalizes the relative entropy [9,10].
In general, f-divergences (defined in Section 2) are attractive since they satisfy pleasing features
such as the data—processing inequality, convexity, (semi)continuity, and duality properties, and they
therefore find nice applications in information theory and statistics (see, e.g., [6,8,11,12]).

In this work, we study integral relations between the relative entropy and the chi-squared
divergence, implications of these relations, and some of their information-theoretic applications.
Some generalizations which apply to the class of f-divergences are also explored in detail. In this
context, it should be noted that integral representations of general f-divergences, expressed as a
function of either the DeGroot statistical information [13], the E,-divergence (a parametric sub-class of
f-divergences, which generalizes the total variation distance [14] [p. 2314]) and the relative information
spectrum, have been derived in [12] [Section 5], [15] [Section 7.B], and [16] [Section 3], respectively.
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Applications in this paper are related to lossless source compression, large deviations by the
method of types, and strong data—processing inequalities. The relevant background for each of these
applications is provided to make the presentation self contained.

We next outline the paper contributions and the structure of our manuscript.

1.1. Paper Contributions

This work starts by introducing integral relations between the relative entropy and the chi-squared
divergence, and some inequalities which relate these two divergences (see Theorem 1, its corollaries,
and Proposition 1). It continues with a study of the implications and generalizations of these relations,
pertaining to the rich class of f-divergences. One implication leads to a tight lower bound on the relative
entropy between a pair of probability measures, expressed as a function of the means and variances
under these measures (see Theorem 2). A second implication of Theorem 1 leads to an upper bound
on a skew divergence (see Theorem 3 and Corollary 3). Due to the concavity of the Shannon entropy,
let the concavity deficit of the entropy function be defined as the non-negative difference between the
entropy of a convex combination of distributions and the convex combination of the entropies of these
distributions. Then, Corollary 4 provides an upper bound on this deficit, expressed as a function of the
pairwise relative entropies between all pairs of distributions. Theorem 4 provides a generalization
of Theorem 1 to the class of f-divergences. It recursively constructs non-increasing sequences of
f-divergences and as a consequence of Theorem 4 followed by the usage of polylogairthms, Corollary 5
provides a generalization of the useful integral relation in Theorem 1 between the relative entropy and
the chi-squared divergence. Theorem 5 relates probabilities of sets to f-divergences, generalizing a
known and useful result by Csiszar for the relative entropy. With respect to Theorem 1, the integral
relation between the relative entropy and the chi-squared divergence has been independently derived
in [17], which also derived an alternative upper bound on the concavity deficit of the entropy as a
function of total variational distances (differing from the bound in Corollary 4, which depends on
pairwise relative entropies). The interested reader is referred to [17], with a preprint of the extended
version in [18], and to [19] where the connections in Theorem 1 were originally discovered in the
quantum setting.

The second part of this work studies information-theoretic applications of the above results.
These are ordered by starting from the relatively simple applications, and ending at the more
complicated ones. The first one includes a bound on the redundancy of the Shannon code for universal
lossless compression with discrete memoryless sources, used in conjunction with Theorem 3 (see
Section 4.1). An application of Theorem 2 in the context of the method of types and large deviations
analysis is then studied in Section 4.2, providing non-asymptotic bounds which lead to a closed-form
expression as a function of the Lambert W function (see Proposition 2). Strong data—processing
inequalities with bounds on contraction coefficients of skew divergences are provided in Theorem 6,
Corollary 7 and Proposition 3. Consequently, non-asymptotic bounds on the convergence to stationarity
of time-homogeneous, irreducible, and reversible discrete-time Markov chains with finite state spaces
are obtained by relying on our bounds on the contraction coefficients of skew divergences (see
Theorem 7). The exact asymptotic convergence rate is also obtained in Corollary 8. Finally, a property
of maximal correlations is obtained in Proposition 4 as an application of our starting point on the
integral relation between the relative entropy and the chi-squared divergence.

1.2. Paper Organization

This paper is structured as follows. Section 2 presents notation and preliminary material which is
necessary for, or otherwise related to, the exposition of this work. Section 3 refers to the developed
relations between divergences, and Section 4 studies information-theoretic applications. Proofs of the
results in Sections 3 and 4 (except for short proofs) are deferred to Section 5.
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2. Preliminaries and Notation

This section provides definitions of divergence measures which are used in this paper, and it also
provides relevant notation.

Definition 1. [12] [p. 4398] Let Pand Q be probability measures, let y be a dominating measure of P and Q
(ie, P,Q < y), and let p := and q:= dy & pe the densities of P and Q with respect to y. The f-divergence
from P to Q is given by

Ds(PIQ) = [af(E) (1)

where
£0) = tim (), 07 () =0, @
o(3) = (2) i 2, oo

It should be noted that the right side of (1) does not depend on the dominating measure p.

Throughout the paper, we denote by 1{relation} the indicator function; it is equal to 1 if the
relation is true, and it is equal to O otherwise. Throughout the paper, unless indicated explicitly,
logarithms have an arbitrary common base (that is larger than 1), and exp(-) indicates the inverse
function of the logarithm with that base.

Definition 2. [1] The relative entropy is the f-divergence with f(t) := tlogt fort > 0,

D(P[|Q) := D¢(P||Q) (4)

= / p logg dp. (5)

Definition 3. The total variation distance between probability measures P and Q is the f-divergence from P
to Q with f(t) := , which is given by
[P —Ql == Ds(P[|Q) 6)

= / p—qldp. @

Definition 4. [2] The chi-squared divergence from P to Q is defined to be the f-divergence in (1) with
f(t):=(t—=1)%0r f(t) :=t> =1 forall t >0,

X*(PllQ) := Df(PIIQ) ®)
_ (P — ‘7)2 du = ﬂzd -1 9
J = [ Pdu, ©)

The Rényi divergence, a generalization of the relative entropy, was introduced by Rényi [10] in
the special case of finite alphabets. Its general definition is given as follows (see, e.g., [9]).

Definition 5. [10] Let P and Q be probabilz’ty measures on X dominated by u, and let their densities be
respectively denoted by p = and q= Q . The Rényi divergence of order a € [0, 0] is defined as follows:
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e Ifae(0,1)U(1,00), then

1
Da(Pl|Q) = — 1ogE [p"(2)4'~*(2))] (10)
= i 7 log Z P*(x) Qlflx(x), (11)
xeX

where Z ~ y in (10), and (11) holds if X is a discrete set.
® By the continuous extension of D, (P||Q),

1

Do(P||Q) = e log oA (12)
D1(P|Q) = D(P[Q), (13)
Do (P||Q) = log esssup Z((g (14)

The second-order Rényi divergence and the chi-squared divergence are related as follows:

Dy (P[|Q) = log(1+ x*(P||Q)), (15)

and the relative entropy and the chi-squared divergence satisfy (see, e.g., [20] [Theorem 5])

D(P[|Q) < log(1+ x*(P[Q)). (16)

Inequality (16) readily follows from (13), (15), and since D, (P||Q) is monotonically increasing in
a € (0,00) (see [9] [Theorem 3]). A tightened version of (16), introducing an improved and locally-tight
upper bound on D(P||Q) as a function of x?(P||Q) and x?(Q||P), is introduced in [15] [Theorem 20].
Another sharpened version of (16) is derived in [15] [Theorem 11] under the assumption of a bounded
relative information. Furthermore, under the latter assumption, tight upper and lower bounds on the

ratio fz(gj“'l%)) are obtained in [15] [(169)].

Definition 6. [21] The Gyorfi-Vajda divergence of order s € [0, 1] is an f-divergence with

_1)2
f(t) =¢s(t) == s—f—t(ll—)s)t' t > 0. (17)

Vincze-Le Cam distance (also known as the triangular discrimination) ([22,23]) is a special case with

1)
I
Nl

In view of (1), (9) and (17), it can be verified that the Gyorfi—Vajda divergence is related to the
chi-squared divergence as follows:

1 . 2 J—
Dy, (PIIQ) = {52 A PIO=a)PteQ),  oc 01 (18)
x*(QlIp), s = 0.
Hence,
Dy, (PIQ) = X*(P[Q), (19)
Dy, (P||Q) = x*(QIIP). (20)
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3. Relations between Divergences

We introduce in this section results on the relations between the relative entropy and the
chi-squared divergence, their implications, and generalizations. Information-theoretic applications are
studied in the next section.

3.1. Relations between the Relative Entropy and the Chi-Squared Divergence

The following result relates the relative entropy and the chi-squared divergence, which are
two fundamental divergence measures in information theory and statistics. This result was recently
obtained in an equivalent form in [17] [(12)] (it is noted that this identity was also independently
derived by the coauthors in two separate un-published works in [24] [(16)] and [25]). It should be noted
that these connections between divergences in the quantum setting were originally discovered in [19]
[Theorem 6]. Beyond serving as an interesting relation between these two fundamental divergence
measures, it is introduced here for the following reasons:

(a) New consequences and applications of it are obtained, including new shorter proofs of some
known results;
(b) An interesting extension provides new relations between f-divergences (see Section 3.3).
Theorem 1. Let P and Q be probability measures defined on a measurable space (X ,.7 ), and let
Ry=(1-A)P+AQ, Ae01] (21)

be the convex combination of P and Q. Then, for all A € [0,1],

A
loge D(P[[Ry) = /0 X P”RS — (22)
142 2 A
L2 2Ry, [|Q) = /0 R(RiQ) (23)

Proof. See Section 5.1. [

A specialization of Theorem 1 by letting A = 1 gives the following identities.

Corollary 1.
1
e D(PIQ) = [ (P (1=5)P+5Q) T, @9
1
1R(PIQ) = [ 6P+ -s0(Q) <. @)

Remark 1. The substitution s 1= %th transforms (24) to [26] [Equation (31)], i.e.,

b d
P10 = [ (PR ) 15 @)

1+t )14t

In view of (18) and (21), an equivalent form of (22) and (24) is given as follows:

Corollary 2. Fors € [0,1], let ¢s: [0,00) — R be given in (17). Then,

A
ks D(PIR) = [ Dy, (PIQ)ds, A€ [0,1], 7)

1
e D(PIQ) = [ 5Dy (P|Q) ds. 8)
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By Corollary 1, we obtain original and simple proofs of new and old f-divergence inequalities.

Proposition 1. (f-divergence inequalities).
(a) Pinsker’s inequality:
D(P[|Q) = 3|P - Qf*loge. (29)

(b)

e D(PIQ) < 3X%(PIIQ) + § A*(QIIP). (30)

Furthermore, let { P, } be a sequence of probability measures that is defined on a measurable space (X ,.7 ),
and which converges to a probability measure P in the sense that

. dp,
nlgr.}o esssup (X) =1, (31)
with X ~ P. Then, (30) is locally tight in the sense that its both sides converge to 0, and

3 X3(Pu|P) + ¢ X*(P|| )

li —1. (32
LD P) :

(c) Forall6 € (0,1),
D(PIQ) > (1-0) log( 125 ) Da(PIQ) )

Moreover, under the assumption in (31), for all 6 € [0, 1]

D(P|[Px)

i 1
nlgr.}o W = 5 loge. (34)
(d) [15] [Theorem 2]:
wge D(PIQ) < 3 X*(PIQ) + ;1P Ql. (35)

Proof. See Section5.2. [

Remark 2. Inequality (30) is locally tight in the sense that (31) yields (32). This property, however, is not
satisfied by (16) since the assumption in (31) implies that

log (1 + x*(Pul|P))

T )
Remark 3. Inequality (30) readily yields
D(P[Q) +D(QIIP) < § (}*(PIQ) +x*(QlIP)) loge, (37)

which is proved by a different approach in [27] [Proposition 4]. It is further shown in [15] [Theorem 2 b)] that

D(P[Q) + D(Q|P)
X*(PIQ) +x*(QlP)

where the supremum is over P <> Q and P # Q.

sup = lloge, (38)
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3.2. Implications of Theorem 1

We next provide two implications of Theorem 1. The first implication, which relies on the
Hammersley—-Chapman—-Robbins (HCR) bound for the chi-squared divergence [28,29], gives the
following tight lower bound on the relative entropy D(P||Q) as a function of the means and variances
under P and Q.

Theorem 2. Let P and Q be probability measures defined on the measurable space (R, ), where R is the real
line and % is the Borel o—algebra of subsets of R. Let mp, mg, 01%, and aé denote the expected values and
variances of X ~ Pand Y ~ Q, i.e.,

E[X] =: mp, E[Y] =:mq, Var(X)=:03, Var(Y) =: aé. (39)
(a) Ifmp # mg, then
D(P|Q) = d(r[s), (40)

where d(r||s) :=rlog L + (1 —r) log 3=£, for r,s € [0,1], denotes the binary relative entropy (with the
convention that 0log % =0), and

1 b
ri=s+,-<01), (41)
a
=r—_— 1 42
si=r— o €01, (42)
a .= mp—mQ, (43)
b:=a®+ 0} —0p, (44)

2
v::\/(fz—kb—. (45)
P 4q2

(b)  The lower bound on the right side of (40) is attained for P and Q which are defined on the two-element set
U = {uy,uy}, and

P(”l) =T, Q(”l) =5, (46)

with r and s in (41) and (42), respectively, and for mp # mq

1— 2 2
Uy :=mp + ﬂ, Up := mp — il . (47)
r 1—r
(c) Ifmp = mg, then
inf D(P = 4
inf (PIlQ) =0, (48)

where the infimum on the left side of (48) is taken over all P and Q which satisfy (39).
Proof. See Section 5.3. [

Remark 4. Consider the case of the non-equal means in Items (a) and (b) of Theorem 2. If these means are
fixed, then the infimum of D(P||Q) is zero by choosing arbitrarily large equal variances. Suppose now
that the non-equal means mp and mg are fixed, as well as one of the variances (either o3 or (7(22).
Numerical experimentation shows that, in this case, the achievable lower bound in (40) is monotonically
decreasing as a function of the other variance, and it tends to zero as we let the free variance tend to infinity.
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This asymptotic convergence to zero can be justified by assuming, for example, that mp, mg, and 0’(22 are fixed,
and mp > mgq (the other cases can be justified in a similar way). Then, it can be verified from (41)—(45) that

_ (mp—mg)? (1) _ <1>
r= ‘71% +0 Uf; , s=0 Ofé , (49)

which implies that d(r||s) — 0 as we let op — co. The infimum of the relative entropy D(P||Q) is therefore
equal to zero since the probability measures P and Q in (46) and (47), which are defined on a two-element set and
attain the lower bound on the relative entropy under the constraints in (39), have a vanishing relative entropy in
this asymptotic case.

Remark 5. The proof of Item (c) in Theorem 2 suggests explicit constructions of sequences of pairs probability
measures {(Py, Qn) } such that

(a)  The means under P, and Qy, are both equal to m (independently of n);
(b)  The variance under P, is equal to o3, and the variance under Q,, is equal to aé (independently of n);
(c)  The relative entropy D(Py | Qn) vanishes as we let n — co.

This yields in particular (48).

A second consequence of Theorem 1 gives the following result. Its first part holds due to the
concavity of exp(—D(P||-)) (see [30] [Problem 4.2]). The second part is new, and its proof relies on
Theorem 1. As an educational note, we provide an alternative proof of the first part by relying on
Theorem 1.

Theorem 3. Let P < Q, and F: [0,1] — [0, c0) be given by

F(A):=D(P|(1-A)P+AQ), VAel01] (50)
Then, forall A € [0,1],
F(A) < log< ! >, (51)
1—-A+Aexp(—D(P|Q))
with an equality if A = 0 or A = 1. Moreover, F is monotonically increasing, differentiable, and it satisfies
F(A) > % [exp(P(/\)) - 1] loge, VA€ (0,1], (52)
tim T 20)1p) toge, 63

so the limit in (53) is twice as large as the value of the lower bound on this limit as it follows from the right side

of (52).
Proof. See Section 5.4. [

Remark 6. By the convexity of the relative entropy, it follows that F(A) < A D(P||Q) forall A € [0,1]. It can
be verified, however, that the inequality 1 — A + A exp(—x) > exp(—Ax) holds for all x > 0and A € [0,1].
Letting x := D(P||Q) implies that the upper bound on F(A) on the right side of (51) is tighter than or equal to
the upper bound A D(P||Q) (with an equality if and only if either A € {0,1} or P = Q).

Corollary 3. Let {P]'}]m:l, with m € N, be probability measures defined on a measurable space (X, .F ), and let

{ocj}}”:l be a sequence of non-negative numbers that sum to 1. Then, foralli € {1,...,m},
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D<Pl- | izij]) < —log<ai+(1 exp( T Y i D(P;||P;) )> (54)
j=1

i7i

Proof. For an arbitrary i € {1,...,m}, apply the upper bound on the right side of (51) with A := 1 —a;,
P:=P;and Q := 1%“1 'Z‘oc jPj. The right side of (54) is obtained from (51) by invoking the convexity of

the relative entropy, Wthh gives D(P||Q) < 11— th iD(P;||P;). O

The next result provides an upper bound on the non-negative difference between the entropy of a
convex combination of distributions and the respective convex combination of the individual entropies
(it is also termed as the concavity deficit of the entropy function in [17] [Section 3]).

Corollary 4. Let {P;}"" j—1, with m € N, be probability measures defined on a measurable space (X, 7),and let
{uc]} " . be a sequence of non-negative numbers that sum to 1. Then,

0< H(iajpj) - iajH(Pj) < iailog<txi+( exp< Tz 24 D(P|Py) )) (55)
j=1 j=1 i=1 j#i

Proof. The lower bound holds due to the concavity of the entropy function. The upper bound readily
follows from Corollary 3, and the identity

H<Z ac]-Pj> — Y ajH(Pj) =) _a;D (PZ- [ Z«xjpj) (56)
j=1 j=1 i=1 j=1
m

Remark 7. The upper bound in (55) refines the known bound (see, e.g., [31] [Lemma 2.2])
m m m 1
H Y aF | =) oH(P) < ) ajlog - = H(a), (57)
j=1 j=1 j=1 j

by relying on all the %m(m — 1) pairwise relative entropies between the individual distributions {P]}]’-”:1
Another refinement of (57), expressed in terms of total variation distances, has been recently provided in [17]
[Theorem 3.1].

3.3. Monotonic Sequences of f-Divergences and an Extension of Theorem 1

The present subsection generalizes Theorem 1, and it also provides relations between f-divergences
which are defined in a recursive way.

Theorem 4. Let P and Q be probability measures defined on a measurable space (X,.7). Let Ry, for A € [0,1],
be the convex combination of P and Q as in (21). Let fy: (0,00) — R be a convex function with fy(1) = 0,
and let { fi(-) }32, be a sequence of functions that are defined on (0, co) by the recursive equation

1-x ds
ka(x) = A fk(l —S) 5 x>0, ke {O, 1,. } (58)

Then,

@ {Dy(P|lQ) }120:0 is a non-increasing (and non-negative) sequence of f-divergences.
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(b) ForallA € [0,1]andk € {0,1,...},

d
Dy (RalP) = [ Dy (ReJP) 59)

Proof. See Section 5.5. [

We next use the polylogarithm functions, which satisfy the recursive equation [32] [Equation (7.2)]:

X

T if k=0,
Lix(x) := | (60)
/ L) g ikt
0 s ’ -
This gives Lij(x) = —log,(1 — x), Lip(x foxi log,(1 —s)ds and so on, which are
real-valued and finite for x < 1.
Corollary 5. Let
fk(x) = Lik(l—X), x>0, ke {0,1,} (61)

Then, (59) holds for all A € [0,1] and k € {0,1,...}. Furthermore, setting k = 0 in (59) yields (22) as a
special case.

Proof. See Section 5.6. [
3.4. On Probabilities and f-Divergences
The following result relates probabilities of sets to f-divergences.

Theorem 5. Let (X, .7, u) be a probability space, and let C € .F be a measurable set with u(C) > 0. Define the
conditional probability measure

uiCné)
uc) ’

Let f: (0,00) — R be an arbitrary convex function with f(1) = 0, and assume (by continuous extension
of f at zero) that f(0) := lim+f(t) < oco. Furthermore, let f: (0,00) — R be the convex function which is
=0

given by

pe(€) := VEeZ. (62)

Ft) = tf<1), V> 0. 63)
Then,
Df(pelln) = f(1(C)) + (1—n(C)) £(0). (64)

Proof. See Section5.7. [

Connections of probabilities to the relative entropy, and to the chi-squared divergence, are next
exemplified as special cases of Theorem 5.

Corollary 6. In the setting of Theorem 5,
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D =1 , 65
(VCH.”) og ]l(C) (65)

X (pellp) = (1 -1, (66)

1(C)
so (16) is satisfied in this case with equality. More generally, for all « € (0,00),

1
D, =1 . 67

Proof. See Section 5.7. [

Remark 8. In spite of its simplicity, (65) proved very useful in the seminal work by Marton on
transportation—cost inequalities, proving concentration of measures by information-theoretic tools [33,34]
(see also [35] [Chapter 8] and [36] [Chapter 3]). As a side note, the simple identity (65) was apparently first
explicitly used by Csiszdr (see [37] [Equation (4.13)]).

4. Applications

This section provides applications of our results in Section 3. These include universal lossless
compression, method of types and large deviations, and strong data—processing inequalities (SDPIs).

4.1. Application of Corollary 3: Shannon Code for Universal Lossless Compression

Consider m > 1 discrete, memoryless, and stationary sources with probability mass functions
{P;}",, and assume that the symbols are emitted by one of these sources with an a priori probability «;
for source no. i, where {a;}" ; are positive and sum to 1.

For lossless data compression by a universal source code, suppose that a single source code is

m
designed with respect to the average probability mass function P := ];104 ;P
Assume that the designer uses a Shannon code, where the code assignment for a symbol x € X

is of length ¢(x) = {log ﬁ] bits (logarithms are on base 2). Due to the mismatch in the source

distribution, the average codeword length /,y¢ satisfies (see [38] [Proposition 3.B])

m m m m
Y aiH(P) + ) a;D(P||P) < layg < Y a;H(P) + ) a;D(Pi||P) + 1. (68)
i= i1 i= i1

The fractional penalty in the average codeword length, denoted by v, is defined to be equal to the
ratio of the penalty in the average codeword length as a result of the source mismatch, and the average
codeword length in case of a perfect matching. From (68), it follows that

i=1 i

m m

Y a; D(P||P) 1+ Y a; D(P||P)
= <v<—H1 (69)
1+ Y a;H(P;) a;H(P;)

1

We next rely on Corollary 3 to obtain an upper bound on v which is expressed as a function of
the m(m — 1) relative entropies D(P;||P;) for all i # jin {1,...,m}. This is useful if, e.g., the m relative
entropies on the left and right sides of (69) do not admit closed-form expressions, in contrast to the
m(m — 1) relative entropies D(P; || Pj) for i # j. We next exemplify this case.

Fori € {1,...,m}, let P; be a Poisson distribution with parameter A; > 0. Foralli,j € {1,...,m},
the relative entropy from P; to P; admits the closed-form expression
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A4
]
From (54) and (70), it follows that

D(P,||P) < —1og<txi+(1—ai)exp<—fi(%)‘)>>, (71)

where

fileA) = Y a; D(P||P;) (72)
i#i

= ;{aj [/\l- log<f\\;) + (A= Ay) 10ge} } (73)
j#i

The entropy of a Poisson distribution, with parameter A;, is given by the integral representation [39-41]

e 00 1— e Nill—e™)\ g

Combining (69), (71) and (74) finally gives an upper bound on v in the considered setup.

(74)

Example 1. Consider five discrete memoryless sources where the probability mass function of source no. i is
given by P; = Poisson(A;) with A = [16,20,24, 28, 32]. Suppose that the symbols are emitted from one of the
sources with equal probability, so & = [%, %, %, %, %] Let P := %(Pl + ...+ Ps) be the average probability
mass function of the five sources. The term Y_; a; D(P;||P), which appears in the numerators of the upper and
lower bounds on v (see (69)), does not lend itself to a closed-form expression, and it is not even an easy task to
calculate it numerically due to the need to compute an infinite series which involves factorials. We therefore
apply the closed-form upper bound in (71) to get that Y; a; D(P;||P) < 1.46 bits, whereas the upper bound
which follows from the convexity of the relative entropy (i.e., Y; a;fi(a, A)) is equal to 1.99 bits (both upper
bounds are smaller than the trivial bound log, 5 ~ 2.32 bits). From (69), (74), and the stronger upper bound
on Y_; a; D(P;||P), the improved upper bound on v is equal to 57.0% (as compared to a looser upper bound of
69.3%, which follows from (69), (74), and the looser upper bound on Y_; a; D(P;||P) that is equal to 1.99 bits).

4.2. Application of Theorem 2 in the Context of the Method of Types and Large Deviations Theory

Let X" = (X3,...,Xn) be a sequence of i.i.d. random variables with X; ~ Q, where Q is a
probability measure defined on a finite set X', and Q(x) > 0 for all x € X. Let & be a set of probability
measures on X such that Q ¢ &, and suppose that the closure of & coincides with the closure
of its interior. Then, by Sanov’s theorem (see, e.g., [42] [Theorem 11.4.1] and [43] [Theorem 3.3]),
the probability that the empirical distribution Py» belongs to & vanishes exponentially at the rate

1 1
lim — log —<———— = inf D(P 75
0, 108 B ] Anf D(P[IQ)- (75)

Furthermore, for finite 11, the method of types yields the following upper bound on this rare event:

—~ X| —
P[Pxn € 2] < (n —|i_X|| _‘ 1 1) exp(—n piQ;D(P”Q)) (76)
|¥|-1 —ni
<(n+1) exp( nplgéz D(PHQ)), (77)

whose exponential decay rate coincides with the exact asymptotic result in (75).
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Suppose that Q is not fully known, but its mean mg and variance (7(22 are available. Let m; € R

and 41, €1, 01 > 0 be fixed, and let &7 be the set of all probability measures P, defined on the finite set
X, with mean mp € [m1 — 61, m1 + 61] and variance 012, € [012 — 81,0’12 +¢&1], where |my —mg| > 61.
Hence, & coincides with the closure of its interior, and Q ¢ 2.

The lower bound on the relative entropy in Theorem 2, used in conjunction with the upper
bound in (77), can serve to obtain an upper bound on the probability of the event that the empirical

distribution of X" belongs to the set &, regardless of the uncertainty in Q. This gives

P[Pxn € 2] < (n+1)/¥1™1 exp(—nd*), (78)
where
d* := inf d(r||s), (79)
mp,U'l%

and, for fixed (mp, mo, UI%, (7(22), the parameters r and s are given in (41) and (42), respectively.

Standard algebraic manipulations that rely on (78) lead to the following result, which is expressed
as a function of the Lambert W function [44]. This function, which finds applications in various
engineering and scientific fields, is a standard built-in function in mathematical software tools such as
Mathematica, Matlab, and Maple. Applications of the Lambert W function in information theory and
coding are briefly surveyed in [45].

Proposition 2. Fore € (0,1), let n* := n*(e) denote the minimal value of n € N such that the upper bound
on the right side of (78) does not exceed € € (0,1). Then, n* admits the following closed-form expression:

n*:max{ {_(/H_l) W) loge—‘ —1,1}, (80)

d*
with
x w1/ (1X]=1)
gie d* (e exp(—d*)) e[-1,0) 1)
(]JX]—1)loge e

and W_1(+) on the right side of (80) denotes the secondary real-valued branch of the Lambert W function (i.e.,
x 1= W_1(y) where W_q: [—1,0) — (—c0, —1] is the inverse function of y := xe*).

Example 2. Let Q be an arbitrary probability measure, defined on a finite set X, with mean mg = 40 and
variance Ué = 20. Let & be the set of all probability measures P, defined on X, whose mean mp and variance
03 lie in the intervals [43,47) and [18,22], respectively. Suppose that it is required that, for all probability
measures Q as above, the probability that the empirical distribution of the i.i.d. sequence X" ~ Q" be included
in the set 2 is at most ¢ = 10710, We rely here on the upper bound in (78), and impose the stronger condition
where it should not exceed €. By this approach, it is obtained numerically from (79) that d* = 0.203 nats. We
next examine two cases:

(i) If |X| = 2, then it follows from (80) that n* = 138.

(ii) Consider a richer alphabet size of the i.i.d. samples where, e.g., | X | = 100. By relying on the same universal
lower bound d*, which holds independently of the value of | X| (X can possibly be an infinite set), it follows
from (80) that n* = 4170 is the minimal value such that the upper bound in (78) does not exceed 10~1°.

We close this discussion by providing numerical experimentation of the lower bound on the

relative entropy in Theorem 2, and comparing this attainable lower bound (see Item (b) of Theorem 2)
with the following closed-form expressions for relative entropies:
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(a) The relative entropy between real-valued Gaussian distributions is given by

2 2y o 00 1[(mp—mg)®+0p
D (N (mp,op) ||N(mQ,UQ))—logg+§ 2 —1| loge. (82)

(b) Let E, denote a random variable which is exponentially distributed with mean y > 0;
its probability density function is given by

eu(x) = :lex/” 1{x > 0}. (83)

Then, for a;,a, > 0and dq,dp € R,

d —dy —
log %2 +4 T 2" %2 loge, di > do,
D(Es, +diq||Ea, +d2) = ap ap (84)

, d1 < dz.

(o]

In this case, the means under P and Q are mp = dq +a; and mg = dy + ay, respectively, and the

variances are 03 = a7 and U'é = a. Hence, for obtaining the required means and variances, set

ay = 0op, 4ap :O'Q, d1 = mp —0p, dQZmQ—(TQ. (85)

Example 3. We compare numerically the attainable lower bound on the relative entropy, as it is given in (40),
with the two relative entropies in (82) and (84):

(i) If (mp,mg, Ul%,aé) = (45,40,20,20), then the lower bound in (40) is equal to 0.521 nats, and the two
relative entropies in (82) and (84) are equal to 0.625 and 1.118 nats, respectively.

(it) If (mp,mq, (712,,0(22) = (50, 35, 10, 20), then the lower bound in (40) is equal to 2.332 nats, and the two
relative entropies in (82) and (84) are equal to 5.722 and 3.701 nats, respectively.

4.3. Strong Data—Processing Inequalities and Maximal Correlation

The information contraction is a fundamental concept in information theory. The contraction of
f-divergences through channels is captured by data—processing inequalities, which can be further
tightened by the derivation of SDPIs with channel-dependent or source-channel dependent contraction
coefficients (see, e.g., [26,46-52]).

We next provide necessary definitions which are relevant for the presentation in this subsection.

Definition 7. Let Qx be a probability distribution which is defined on a set X, and that is not a point mass,
and let Wy x: X — Y be a stochastic transformation. The contraction coefficient for f-divergences is
defined as

(Py[|Qy)

D¢ (Py

1e(Qx, Wyx) = sup =, (86)
/ YIx Px: Dy(Px[|Qx)€(0,00) D¢ (Px[|Qx)

where, forally € ),
Py(y) = (PxWypx) () = [ dPx(x) Wy (wl), 7)
Qy(y) = (QxWyx) (y) = /XdQX(x) Wy|x (yx). (88)

The notation in (87) and (88) is consistent with the standard notation used in information theory (see, e.g.,
the first displayed equation after (3.2) in [53]).
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The derivation of good upper bounds on contraction coefficients for f-divergences, which are
strictly smaller than 1, lead to SDPIs. These inequalities find their applications, e.g., in studying
the exponential convergence rate of an irreducible, time-homogeneous and reversible discrete-time
Markov chain to its unique invariant distribution over its state space (see, e.g., [49] [Section 2.4.3]
and [50] [Section 2]). It is in sharp contrast to DPIs which do not yield convergence to stationarity at
any rate. We return to this point later in this subsection, and determine the exact convergence rate to
stationarity under two parametric families of f-divergences.

We next rely on Theorem 1 to obtain upper bounds on the contraction coefficients for the following
f-divergences.

Definition 8. For « € (0, 1], the a-skew K-divergence is given by

Ky(P||Q) :=D(P|| (1~ a)P +aQ), (89)

and, for « € [0,1], let
Sa(P|Q):=aD(P||(1—a)P+aQ)+ (1 —a)D(Q] (1 —a)P +aQ) (90)
= a Ko (P[|Q) + (1 —a) K14 (Q[ P), 1)

with the convention that Ky(P||Q) = 0 (by a continuous extension at & = 0 in (89)). These divergence measures
are specialized to the relative entropies:

Ki(P|Q) = D(P||Q) = S1(P[[Q), So(P[|Q) = D(QI|P), (92)

and S 1 (P||Q) is the Jensen—Shannon divergence [54-56] (also known as the capacitory discrimination [57]):

S1(PIQ) = 3 D(P|| 3(P+Q)) + 3 D(Q| 3(P+Q)) (93)
H(3(P+Q)) — 3H(P) — $H(Q) :=JS(P||Q). (94)

It can be verified that the divergence measures in (89) and (90) are f-divergences:

Ke(P[|Q) = Dg, (P|Q), € (0,1], (95)
S«(P||Q) = D5, (PQ),  a€10,1], (96)
with
ko(t) :=tlogt —tlog(a+ (1 —a)t), t>0, ac(0,1], (97)
sa(t) :=atlogt— (at +1—a) log(a + (1 — a)t) (98)
= aky(t) + (1 —a)thky_, (1) t>0, «€0,1], (99)

where ky (-) and sy (-) are strictly convex functions on (0, 00), and vanish at 1.

Remark 9. The a-skew K-divergence in (89) is considered in [55] and [58] [(13)] (including pointers in the
latter paper to its utility). The divergence in (90) is akin to Lin’s measure in [55] [(4.1)], the asymmetric a-skew
Jensen—Shannon divergence in [58] [(11)—(12)], the symmetric x-skew Jensen—Shannon divergence in [58] [(16)],
and divergence measures in [59] which involve arithmetic and geometric means of two probability distributions.
Properties and applications of quantum skew divergences are studied in [19] and references therein.
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Theorem 6. The f-divergences in (89) and (90) satisfy the following integral identities, which are expressed in
terms of the Gyorfi-Vajda divergence in (17):

roge Ka(PlIQ) = /OasD%(PHQ) ds, a € (0,1], (100)
ke Su(PIQ) = [ ga(5) Dy (PIQ)ds, ac [0,1], 01)

with
quls)=as1{s e (0a]} + (1-0)(1-s)1{se WD)}, (ns) e[01]x[01. (102

Moreover, the contraction coefficients for these f-divergences are related as follows:

12 (Qx, Wyx) < 1, (Qx, Wyx) < S‘EIP]WS(QX, Wyx), a€(0,1], (103)
se(0,x

:uXZ(QX/ WY‘X) S P[Sa(QX/ WY‘X) S SI(JP),”tPs(QX/ WY|X)/ S [O/ 1]/ (104)
s€(0,1

where p,2(Qx, Wy|x) denotes the contraction coefficient for the chi-squared divergence.
Proof. See Section 5.8. [

Remark 10. The upper bounds on the contraction coefficients for the parametric f-divergences in (89) and (90)
generalize the upper bound on the contraction coefficient for the relative entropy in [51] [Theorem II1.6] (recall
that K1 (P||Q) = D(P||Q) = S1(P||Q)), so the upper bounds in Theorem 6 are specialized to the latter bound
atx = 1.

Corollary 7. Let

e (Wyx) i= S‘ép 12 (Qx, Wy x), (105)

where the supremum on the right side is over all probability measures Qx defined on X. Then,

12 (Qx, Wy x) < 1k, (Qx, Wy x) < 2 (Wyjx),  a € (0,1], (106)
12 (Qx, Wy x) < s, (Qx, Wyx) < pe(Wyix), € [0,1]. (107)

Proof. See Section5.9. [

Example 4. Let Qx = Bernoulli(%), and let Wy|x correspond to a binary symmetric channel (BSC) with
crossover probability e. Then, j,2(Qx, Wy|x) = p2(Wyx) = (1 - 2¢)2. The upper and lower bounds on
Hi, (Qx, Wy|x) and ps, (Qx, Wy|x) in (106) and (107) match for all a, and they are all equal to (1 — 2¢)2.

The upper bound on the contraction coefficients in Corollary 7 is given by i, (Wy|x), whereas the
lower bound is given by p,2(Qx, Wy|x), which depends on the input distribution Qx. We next
provide alternative upper bounds on the contraction coefficients for the considered (parametric)
f-divergences, which, similarly to the lower bound, scale like y,2(Qx, Wy|x). Although the upper
bound in Corollary 7 may be tighter in some cases than the alternative upper bounds which are next
presented in Proposition 3 (and in fact, the former upper bound may be even achieved with equality
as in Example 4), the bounds in Proposition 3 are used shortly to determine the exponential rate of the
convergence to stationarity of a type of Markov chains.
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Proposition 3. Forall a € (0,1],

1
& Umin
(1—a) loge<%> +20—1
(1-3a+ 3062) OQmin

VXZ(QXI WY‘X) S ‘uka(QX/ WY‘X) S . ]’lXZ(QX/ WY‘X)/ (108)

12 (Qx, Wypx) < s, (Qx, Wy x) < 12 (Qx, Wy x), (109)

where Qmin denotes the minimal positive mass of the input distribution Qx.
Proof. See Section 5.10. O

Remark 11. In view of (92), at « = 1, (108) and (109) specialize to an upper bound on the contraction
coefficient of the relative entropy (KL divergence) as a function of the contraction coefficient of the chi-squared
divergence. In this special case, both (108) and (109) give

12 (Qx, Wy x) < pxL(Qx, Wyx) < 12 (Qx, Wy x), (110)

1
Qmin
which then coincides with [48] [Theorem 10].

We next apply Proposition 3 to consider the convergence rate to stationarity of Markov chains
by the introduced f-divergences in Definition 8. The next result follows [49] [Section 2.4.3], and it
provides a generalization of the result there.

Theorem 7. Consider a time-homogeneous, irreducible, and reversible discrete-time Markov chain with a
finite state space X, let W be its probability transition matrix, and Qx be its unique stationary distribution
(reversibility means that Qx (x)[W]yy = Qx(y)[Wly,x for all x,y € X). Let Px be an initial probability
distribution over X. Then, forall « € (0,1] and n € N,

K (PxW™[|Qx) < pix, (Qx, W") Ka(Px||Qx), (111)
Sa(PxW™||Qx) < us, (Qx, W") Sa(Px||Qx), (112)

and the contraction coefficients on the right sides of (111) and (112) scale like the n-th power of the contraction
coefficient for the chi-squared divergence as follows:

1
& Cmin
(1—a) loge(%) +20—1
(1 —3a + 3a2) Qmin

(1,2 (Qx, W))" < e, (Qx, W) < (1 (Qx, W), (113)

(1,2 (Qx, W))" < s, (Qx, W") < (12 (Qx, W)™ (114)

Proof. Inequalities (111) and (112) hold since QxW" = Qx, for all n € N, and due to Definition 7
and (95) and (96). Inequalities (113) and (114) hold by Proposition 3, and due to the reversibility of the
Markov chain which implies that (see [49] [Equation (2.92)])

n

12 (Qx, W) = (1,2(Qx, W))", neN. (115)
O

In view of (113) and (114), Theorem 7 readily gives the following result on the exponential decay
rate of the upper bounds on the divergences on the left sides of (111) and (112).
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Corollary 8. Forall « € (0,1],

1/n

Tim (py, (Qux, W)™ = iy (Qx, W) = lim (s, (Qx, W")) (116)

Remark 12. Theorem 7 and Corollary 8 generalize the results in [49] [Section 2.4.3], which follow as a special
case at « = 1 (see (92)).

We end this subsection by considering maximal correlations, which are closely related to the
contraction coefficient for the chi-squared divergence.

Definition 9. The maximal correlation between two random variables X and Y is defined as

Pm(X;Y) == S}lp E[f(X)g(Y)], (117)
8

where the supremum is taken over all real-valued functions f and g such that
E[f(X)] =E[g(V)] =0, E[f*(X)]<1, Eg (V)] <1 (118)

It is well-known [60] that, if X ~ Qx and Y ~ Qy = QXWY‘ x, then the contraction coefficient for
the chi-squared divergence i, (Qx, Wy|x) is equal to the square of the maximal correlation between

the random variables X and Y, i.e.,
Pm(X;Y) = /12 (Qx, Wy x)- (119)

A simple application of Corollary 1 and (119) gives the following result.

Proposition 4. In the setting of Definition 7, for s € [0,1], let Xs ~ (1 —s)Px +sQx and Ys ~ (1 —s)Py +
sQy with Px # Qx and Px <> Qx. Then, the following inequality holds:

D(Py||Qy) D(QY|PY)}
m Xs}Ys = , . 120
2 )>maxw D(Px1Qx) ¢ D(QxPx) (120

Proof. See Section 5.11. [

5. Proofs

This section provides proofs of the results in Sections 3 and 4.

5.1. Proof of Theorem 1

Proof of (22): We rely on an integral representation of the logarithm function (on base e):

ox—1
log, x = /0 Ao YE>o (121)
Let p be a dominating measure of P and Q (i.e, P,Q < p), and let p := ?TI;r q:= CCITSr and
ry e ddRyA —(1-A)p+Ag, YAeo1], (122)

where the last equality is due to (21). Forall A € [0,1],
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ioke D(PIIRy) = [ plog, (£) ap (123)

—/ /P—HJTA— dudo, (124)

where (124) holds due to (121) with x := %, and by swapping the order of integration. The inner
integral on the right side of (124) satisfies, for all v € (0,1],

p(p—r2) / ( o(p—1p) )
————= _du = —r 1+ —=—]d 125
pro—p) M e ) (12
(p—r2)*
= —ryd —i—v/i d 126
/(P /\) I3 p+v(m—p) M ( )
_ (p—1)?
—v/ (1—v)p+ory dp (127)
2
—[(1—
v (1—-v)p+or,
== X*(P||(1=v)P+0R,), (129)
where (127) holds since [ pdu =1,and [ r, du = 1. From (21), for all (A,v) € [0,1] x [0,1],
(1—v)P4+ovRy = (1—Av)P+AvQ = Ry, (130)
The substitution of (130) into the right side of (129) gives that, for all (A,v) € [0,1] x (0,1],
p(p—12) 12
—— = _du=- P||R)y). 131
p+0(1’)\*;7) H Z)X( H /\v) ( )
Finally, substituting (131) into the right side of (124) gives that, for all A € (0,1],
1 1,
foge D(PI[R)) :/0 7 X (P[Rpy) dv (132)
A
=/ S C(PIIR) ds, (133)
0

where (133) holds by the transformation s := Av. Equality (133) also holds for A = 0 since we have
D(P|[Ry) = D(P||P) = 0.

Proof of (23): Forall s € (0,1],

ewlo) = [ B9 g,

q
1 [(sp+(1=s)g) —q)?
- ?2/ ; du (134)
2
1 T’,S—q
- L[l (135)

— x*(Ri5 ]| Q), (136)
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where (135) holds due to (122). From (136), it follows that for all A € [0, 1],

[ LeriQas = [Fsas 2Pl = 122 22(PIQ)
0 s s 0 '

5.2. Proof of Proposition 1
(a) Simple Proof of Pinsker’s Inequality: By [61] or [62] [(58)],

P—QP,  if[P-Qle01],
X(PIQ)=1§ |p-q

(137)

(138)

We need the weaker inequality x?(P||Q) > |P — Q|?, proved by the Cauchy-Schwarz inequality:

_ 2
X*(P|Q) —/(pqq)dﬂ /qdu

(/15 vaon)
=|P-QP.

By combining (24) and (139)—(141), it follows that

! d
loge D(P[|Q) = / 2(P|| (1*S)P+5Q)?S
> [ IP-(@-9p+sQ)f T
:/ s|P—QJ*ds

0
=3 I1P—0Qf.

(b)  Proof of (30) and its local tightness:

oge D(PIQ) = /1 2(P||(1fs)P+SQ)§
()
_//1—sp+sq dpe ds
S//S(P—W( S+;)dyds

—/sds/udy—i-/ s)ds/(p_pq)zd

= 37 (PIIQ) + 5 X*(QIIP),

(139)

(140)

(141)

(142)

(143)

(144)

(145)

(146)

(147)

(148)

(149)

(150)

(151)

where (146) is (24), and (149) holds due to Jensen’s inequality and the convexity of the hyperbola.

We next show the local tightness of inequality (30) by proving that (31) yields (32). Let {P,} be a
sequence of probability measures, defined on a measurable space (X, .#), and assume that {P, }
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converges to a probability measure P in the sense that (31) holds. In view of [16] [Theorem 7] (see

also [15] [Section 4.F] and [63]), it follows that

lim D(Py[|P) = lim x*(Px[|P) =0,

and
: D(P”HP) 1
5% X2 (P, [[P) — 2 1B
n—oo x2(P||Py)

which therefore yields (32).
(c)  Proof of (33) and (34): The proof of (33) relies on (28) and the following lemma.

Lemma 1. Foralls, 6 € (0,1),

Dy, (PI|Q) >mm{1—9 9}.

Dy, (P[|Q) ~ 1-5"s
Proof.
_\2
Dy (PIQ) = [ (("’);’lq an
/ P 9> (1-0)p p+oq 4
O)p+6g (1—s)p+sq
. [1-06 0 p—4q)
me{l—s's}/(l—é))p—i—Qq dp
0 0
:min{l_s } Dy, (P[|Q).
O

From (28) and (155), for all § € (0,1),

0 1
s D(PIQ) = [ 5Dy (PIQ)ds+ [ 5Dy (P[Q) s

0s(1-0 1
=), R Dy (P|Q)ds + [ 0Dy, (P|Q) ds

_ [—9—|—loge(116)] (1 6) Dgy(P|Q) +6(1 — 0) Dy, (PI|Q)
= (1-0) 105, (125 ) Da(PIQ)

This proves (33). Furthermore, under the assumption in (31), for all 6 € [0, 1],

D(P|P,) D(PIE) . (PP

Iim —————* = lim
n—c0 D, (P||Py)  n—c0 x2(P||Py) n—c0 Dy, (P||Py)
2
1
jloge %(1)

NI—

loge,
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(153)

(154)

(155)

(156)

(157)

(158)

(159)

(160)
(161)
(162)

(163)

(164)

(165)

(166)
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where (165) holds due to (153) and the local behavior of f-divergences [63], and (166) holds due
to (17) which implies that ¢}/ (1) = 2 for all 6 € [0, 1]. This proves (34).
(d) Proof of (35): From (24), we get

1
ke DPIQ) = [ (P (1=5)P+5Q) T (167
= [@Ia-5)P+5Q) -2 2(PIQ) —~+/sdsxamQ> (168)

= [R@Ia-9P+5) -2 21 L +1,4(PIQ). (169)

Referring to the integrand of the first term on the right side of (169), for all s € (0,1],

L@ - 9P+ s0) £ (PQ)]

_ Y 1 1

s [ (v q)hl—ﬂp+w | (170)

o1 (9—p)°

— 51 S)/q[(l—s)p—i—sq] dy (171)

lq—pl q-p
=s(1=3) [lg—pl- TP TPy (172)
<11{g=p}

<(1-5) [(3—p)H{ag = p}dn (73)
=3(1-5)|P-Q, (174)

where the last equality holds since the equality [ (g — p) du = 0 implies that
'/W—W)qup}®4=/kp—qﬂip2q}¢4 (175)
=1 [lp—alan=}IP-Ql. (176)

From (170)-(174), an upper bound on the right side of (169) results. This gives

1
ms DPIQ) <3 [ (1=5)ds|P— Q|+ 1 A(PIQ) (177)
= 11P=Ql+ 3 (PQ)- (178)

It should be noted that [15] [Theorem 2(a)] shows that inequality (35) is tight. To that end,
lete € (0,1), and define probability measures P and Q. on the set A = {0,1} with P¢(1) = &2
and Q(1) = e. Then,

e D(P[1Q0)

im _ (179)
el0 1 |Pe — Qe + 3 x2(Pe[|Qe)
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5.3. Proof of Theorem 2

We first prove Item (a) in Theorem 2. In view of the Hammersley—-Chapman—-Robbins lower
bound on the x? divergence, for all A € [0,1]

(P - )P +2Q) > <E[>3a;(§gﬂ>z, (150)
where X ~ P,Y ~ Qand Z) ~ R, := (1 — A)P + AQ is defined by
7, = {X, with probability 1— A, as1)
Y, with probability A.
For A € [0,1],
E[Z)] = (1 = A)mp + Amg, (182)
and it can be verified that
Var(Z)) = (1—A)op + Aoy + A(1 = A) (mp — mg)*. (183)
We now rely on (24)
e D(PIQ) = [ el -pp+ag) & 189
to get a lower bound on the relative entropy. Combining (180), (183) and (184) yields
oge D(PIIQ) = (mp —mq)* /01 (1— )03+ Ak + 1(1 A (mp —mg)? (185)
From (43) and (44), we get
1 A L A
/0 (1= A)op + Ao +A(1 = A)(mp — mq)? A= /0 (o —aA)(B +al) da, (186)

where
/ b2 b
.f 2
o= U—P+H+Z, (187)
b2 b
. 2 _
B:=\/op+ 12 o (188)

By using the partial fraction decomposition of the integrand on the right side of (186), we get
(after multiplying both sides of (185) by loge)

= ;2”@2 [aiﬁbg(aiz) * aiﬁbg(ﬁiaﬂ (189)
() st

(o)

D(P[Q)

v
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where (189) holds by integration since « — aA and p + aA are both non-negative for all A € [0,1].
To verify the latter claim, it should be noted that (43) and the assumption that mp # mg imply that
a # 0. Since a, B > 0, it follows that, forall A € [0, 1], either « —aA > 0or B +aA > 0 (ifa < 0, then the
former is positive, and, if 2 > 0, then the latter is positive). By comparing the denominators of both
integrands on the left and right sides of (186), it follows that (x —aA)(f +aA) > 0 forall A € [0,1].
Since the product of « — aA and  + aA is non-negative and at least one of these terms is positive, it
follows that « — aA and  + aA are both non-negative for all A € [0, 1]. Finally, (190) follows from (43).

If mp —mg — 0 and op # o, then it follows from (43) and (44) thata — O and b — (712) — 0’(22 # 0.

Hence, from (187) and (188), « > ’g’ — oo and B — 0, which implies that the lower bound on D(P||Q)
in (191) tends to zero.

Letting r := txiﬁ and s := %, we obtain that the lower bound on D(P||Q) in (40) holds.
This bound is consistent with the expressions of r and s in (41) and (42) since, from (45), (187) and

(188),

b
o U"‘ﬂ 1 b
= = = — -, 192
a+pB 20 2+4av (192)

x—a a a
a+/3_r_a+ﬁ_r_%' (193)

r

It should be noted that r,s € [0,1]. First, from (187) and (188), « and B are positive if op # 0,
which yields r = % S (0,1). We next show thats € [0,1]. Recall that « — aA and  + aA are both
non-negative for all A € [0,1]. Setting A = 1 yields « > a, which (from (193)) implies that s > 0.
Furthermore, from (193) and the positivity of a + f, it follows that s < 1 if and only if § > —a.

The latter holds since p 4+ aA > 0 for all A € [0,1] (in particular, for A = 1). If op = 0, then it follows

from (41)—(45) that v = ﬁ, b=a’+ (7(23, and (recall that a # 0)

2
(@) Ifa >0, thenv = %imphesthatr: %Jr& =lLands=r— 4 =1— % = % € [0,1];
(i) ifa <0, thenv = —% implies thatr = 0,ands =7 — 5, = % =2 ¢ [0,1].

21,2
ﬂ+(7Q

We next prove Item (b) in Theorem 2 (i.e., the achievability of the lower bound in (40)). To that
end, we provide a technical lemma, which can be verified by the reader.

Lemma 2. Let r, s be given in (41)—(45), and let u; » be given in (47). Then,

(s —r)(u1 —uz) = mg —mp, (194)
04— 0p

U +up = mp+mg+ (195)

mQ — mp ’
Let X ~ Pand Y ~ Q be defined on a set i = {uy,us} (for the moment, the values of u; and u5
are not yet specified) with P[X = 1] =7, P[X =up] =1—7, QY =] =s,and Q[Y = up] =1 —s.

We now calculate 11 and u; such that E[X] = mp and Var(X) = 3. This is equivalent to

ruy + (1 —r)up = mp, (196)

ru% + (1 —r)ul = m% + 0123. (197)
Substituting (196) into the right side of (197) gives

rut 4+ (1—r)uj = [rug + (1 — r)uz]z + 03, (198)
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which, by rearranging terms, also gives

op
Uy —up ==+ Fa—7) (199)
Solving simultaneously (196) and (199) gives
1— 2
1y = mp + % (200)
2
ro
y =mpF /7 _PT. (201)

We next verify that, by setting 17, as in (47), one also gets (as desired) that E[Y] = mg and
Var(Y) = U'é. From Lemma 2, and, from (196) and (197), we have

E[Y] = suy + (1 —s)up (202)
= (ruy + (1 —r)uz) + (s — ) (ug — up) (203)
=mp+ (s —r)(u1 —up) =mgq, (204)

E[Y?] = suj + (1 —s)u3 (205)
=g + (1=r)u3 + (s — r) (uf — 13) (206)
= E[X?] + (s — r) (u1 — uz) (u1 + 112) (207)
0.2 o 0.2
= mjp +0p + (mg —mp)<mp+mQ+M> (208)
= mp + 0. (209)

By combining (204) and (209), we obtain Var(Y) = Ué. Hence, the probability mass functions P
and Q defined on U = {uy,uy} (with 17 and u, in (47)) such that

Plu1)=1—Plup)=r, Qu1) =1-Q(up) =s (210)

satisfy the equality constraints in (39), while also achieving the lower bound on D(P||Q) that is equal
to d(r||s). It can be also verified that the second option where

(1—7r)o? o3
P P
Uy = mp — 77‘ , Up=mp—+ =7

(211)

does not yield the satisfiability of the conditions E[Y] = mg and Var(Y) = aé, so there is only a unique
pair of probability measures P and Q, defined on a two-element set that achieves the lower bound
in (40) under the equality constraints in (39).

We finally prove Item (c) in Theorem 2. Let m € R, 03, and Jé be selected arbitrarily such that
aé > 03. We construct probability measures P; and Q;, depending on a free parameter ¢, with means
mp = mq = m and variances ¢3 and Ué, respectively (means and variances are independent of &),
and which are defined on a three-element set U := {1, uy, u3} as follows:

P(uy)=r, Pup)=1-r, P.(u3) =0, (212)
Qe(ur) =s, Qe(up) =1—s—¢, Qe (us) =¢, (213)
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with & > 0. We aim to set the parameters r, s, u1, up and u3 (as a function of m, op, o and ¢) such that

lim D(P||Q¢) = 0. (214)
=0T
Proving (214) yields (48), while it also follows that the infimum on the left side of (48) can be
restricted to probability measures which are defined on a three-element set.
In view of the constraints on the means and variances in (39), with equal means m, we get the
following set of equations from (212) and (213):

ruy + (1 —r)up =m,

(
sup + (1 — s — €)up + eug = m, (215)
ru? + (1—r)ul = m? + 03,
suf + (1 —s —e)uj +eui = m> +0p.

The first and second equations in (215) refer to the equal means under P and Q, and the third and
fourth equations in (215) refer to the second moments in (39). Furthermore, in view of (212) and (213),
the relative entropy is given by

r 1—r

Subtracting the square of the first equation in (215) from its third equation gives the equivalent
set of equations

rug + (1 —r)uy =m,
s+ (1 —s—e)up+euzg =m,
r(1—r)(u — u2)? = 03,

sul + (1 —s—e)ud +eud =m? +0'Q

(217)

We next select u1 and uy such that u; — up := 20p. Then, the third equation in (217) gives
r(l—r) = }1, sor = 2 Furthermore, the first equation in (217) gives

Uy =m++op, (218)
Uy = m — Op. (219)

Since 7, u;, and u, are independent of ¢, so is the probability measure P, := P. Combining the
second equation in (217) with (218) and (219) gives

25 —1
U =m — (1 + > )Up. (220)

€

Substituting (218)—(220) into the fourth equation of (217) gives a quadratic equation for s,
whose selected solution (such that s and r = 1 be close for small € > 0) is equal to

0.2
s=1]1-¢e+ <£—1+e>s : (221)
P

Hence, s = 1 4+ O(y/e), which implies that s € (0,1 — ¢) for sufficiently small ¢ > 0 (as it is
required in (213)). In view of (216), it also follows that D(P||Q,) vanishes as we let ¢ tend to zero.

We finally outline an alternative proof, which refers to the case of equal means with arbitrarily
selected 03 and Ué. Let (03, O'é) € (0,00)%. We next construct a sequence of pairs of probability

96



Entropy 2020, 22, 563

measures {(P,, Qn)} with zero mean and respective variances (3, (fé) for which D(P,||Qy) — O as

n — oo (without any loss of generality, one can assume that the equal means are equal to zero). We start

Hy = 1/1+n(0(22—1), (222)

and define a sequence of quaternary real-valued random variables with probability mass functions

by assuming (03, O'é) € (1,00)2. Let

1
Qn(a) := {21 an (223)
2n .

1_L ,=11
Py(a) := {25 an (224)
o a= £,
with
2
-1
gi=2 T (225)
05—
If>1,forn=1,...,[¢], we choose P, arbitrarily with mean 0 and variance UIZJ. Then,
Var(Py) =1— & 4 £12 = o3, (226)
1
D(Pu|Qn) =d <f’;’ n) — 0. (227)

Next, suppose min{c3, (Té} := 02 < 1, then construct P, and Q, as before with variances 2(%12’ >1
and z%é > 1, respectively. If P, and Q, denote the random variables P}, and Q), scaled by a factor of
-2, then their variances are 03, (fé, respectively, and D(P,||Q,) = D(P,||Q},) — 0as we let n — oco.

To conclude, it should be noted that the sequences of probability measures in the latter proof
are defined on a four-element set. Recall that, in the earlier proof, specialized to the case of (equal
means with) (71% < (7(22, the introduced probability measures are defined on a three-element set, and the
reference probability measure P is fixed while referring to an equiprobable binary random variable.

5.4. Proof of Theorem 3
We first prove (52). Differentiating both sides of (22) gives that, forall A € (0,1],

F'(A) = % x*(P|Ry) loge (228)
> %{exp(D(PHR;\)) - 1} loge (229)
= %{exp(F()\)) - 1} loge, (230)

where (228) holds due to (21), (22) and (50); (229) holds by (16) and (230) is due to (21) and (50).
This gives (52).
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We next prove (53), and the conclusion which appears after it. In view of [16] [Theorem 8],
applied to f(t) := —logt for all t > 0, we get (it should be noted that, by the definition of F in (50),
the result in [16] [(195)—(196)] is used here by swapping P and Q)

F(A)

Ag& - %XZ(QHP) loge. (231)

Since lim F(A) = 0, it follows by L'Hopital’s rule that

A—=0*

!
lim F(A) =2 lim F(A)

i, =2 lim 257 = 2(QIP) loge, (232)

which gives (53). A comparison of the limit in (53) with a lower bound which follows from (52) gives

. F(n) . 1

> il _

)}g{)l* ) _Algg+ P [exp(F(A)) 1} loge (233)
R L ep(F() -1
T Ty e .
. FA) . et—1
- T =
= 2x°(Q|IP) loge, (236)

where (236) relies on (231). Hence, the limit in (53) is twice as large as its lower bound on the right side
of (236). This proves the conclusion which comes right after (53).

We finally prove the known result in (51), by showing an alternative proof which is based on (52).
The function F is non-negative on [0,1], and it is strictly positive on (0,1] if P # Q. Let P # Q
(otherwise, (51) is trivial). Rearranging terms in (52) and integrating both sides over the interval [A, 1],
for A € (0,1], gives that

1 F'(t) Ldt
/A S FO) 1 dtz/A < loge (237)
zlog%, YA€ (0,1]. (238)

The left side of (237) satisfies

LR P exp(—F()
/A W di = A 1—exp(—F(1)) d (239)
1 d

= /A S{los(1—exp(—F(1))) } dt (240)

_ 1—exp(—=D(P[Q))
_10g< l—exp(—F(/\)) ) (241)

where (241) holds since F(1) = D(P||Q) (see (50)). Combining (237)—(241) gives
1—exp(=D(PQ)) _ 1

e (F(N) 2 X YA€ (0,1], (242)

which, due to the non-negativity of F, gives the right side inequality in (51) after rearrangement of
terms in (242).
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5.5. Proof of Theorem 4
Lemma 3. Let fy: (0,00) — R be a convex function with fo(1) = 0, and let { fi(-) -, be defined as in (58).

Then, { fr(-) } 2 is a sequence of convex functions on (0, ), and

fr(x) > fria(x), Yx>0, ke{0,1,...}. (243)

Proof. We prove the convexity of {fx(:)} on (0,00) by induction. Suppose that fi(-) is a convex
function with fi(1) = 0 for a fixed integer k > 0. The recursion in (58) yields f;,1(1) = 0 and, by the
change of integration variable s := (1 — x)s/,

ds’
fer1(x /fksx—s +1) x>0 (244)

Consequently, for t € (0,1) and x # y with x,y > 0, applying (244) gives

Foa (1= Dx+ ty) = / F(ST(1 = Dx+ty] = +1) ds;f’/ (245)
:/0 fk((l—t)(s’x—s'+1)+t(s’y—s’+1))ds—s/, (246)
S(l—t)/olfk(s’x—s’+1 —+t/ Fus'y — +1)d— (247)
= (1= t)fir1(x) + tfi1 (v), (248)

where (247) holds since fi(+) is convex on (0, o0) (by assumption). Hence, from (245)—(248), fy.1(-) is also
convex on (0, c0) with fi,1(1) = 0. By mathematical induction and our assumptions on fy, it follows that
{fi(-) } 2, is a sequence of convex functions on (0, co) which vanish at 1.

We next prove (243). Forall x,y > 0Oand k € {0,1,...},

fi1(y) = fi1 (%) + fi1 (%) (y — x) (249)

(
= frpa(x) + f"(xi( —x), (250)

where (249) holds since fi(-) is convex on (0, 00), and (250) relies on the recursive equation in (58).
Substituting y = 1 into (249)-(250), and using the equality f;1(1) = 0, gives (243). [

We next prove Theorem 4. From Lemma 3, it follows that Dy (P[|Q) is an f-divergence for
all integers k > 0, and the non-negative sequence { D, (P||Q)}{’, is monotonically non-increasing.
From (21) and (58), it also follows that, for all A € [0,1] and integer k € {0,1,...},

Dpr (Ra[IP) = / pfin )dﬂ (251)
= / P / " A/Pfk ) % du (252)
~ [ / fi1 ) )OS dp (253)
:/O /Pfk(%) du Si,/ (254)
= /0A Dy, (Ry||P) d?f/, (255)
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where the substitution s := ;q)s/ is invoked in (253), and then (254) holds since % =1+ (q%)sl for
s’ € [0,1] (this follows from (21)) and by interchanging the order of the integrations.
5.6. Proof of Corollary 5

Combining (60) and (61) yields (58); furthermore, fy: (0,00) — R, given by fo(x) = 1 — 1 for
all x > 0, is convex on (0,0) with fp(1) = 0. Hence, Theorem 4 holds for the selected functions
{fi(-)} 2 in (61), which therefore are all convex on (0, %) and vanish at 1. This proves that (59) holds
forall A € [0,1] and k € {0,1,...}. Since fo(x) = 1 — 1 and f;(x) = —log,(x) for all x > 0 (see (60)
and (61)), then, for every pair of probability measures P and Q:

Ds,(PIQ) = x*(QIIP), Dp(P|Q) = g D(QIIP). (256)
Finally, combining (59), for k = 0, together with (256), gives (22) as a special case.

5.7. Proof of Theorem 5 and Corollary 6

For an arbitrary measurable set £ C X, we have from (62)

pe(®) = [ 265 dto), @)

where 1¢: X — {0,1} is the indicator function of C C X, i.e., 1¢(x) := 1{x € C} for x € X. Hence,

Cg‘; (x) = 1:(%)' Vxe X, (258)
and
Dl = [, F(SE) an (259)
= [ () )+ [ FO) dut (260)
—0) f( g7 ) +MX\C) 5O (261)
= F(u(C)) + (1= u(C)) £(0), (262)

where the last equality holds by the definition of fin (63). This proves Theorem 5. Corollary 6 is next
proved by first proving (67) for the Rényi divergence. For all « € (0,1) U (1, ),

1 duc\"
Da(pclli) = — log /X(d”;) dy (263)
1 1 \"
- — log/c<y(c)> du (264)
1 1 \"
= 1 — 2
1 s( (55) @) (269
=lo L (266)
By
The justification of (67) for « = 1 is due to the continuous extension of the order-a Rényi

divergence at &« = 1, which gives the relative entropy (see (13)). Equality (65) is obtained from (67) at
« = 1. Finally, (66) is obtained by combining (15) and (67) with « = 2.
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5.8. Proof of Theorem 6
(100) is an equivalent form of (27). From (91) and (100), for all « € [0, 1],

roge Sa(PIQ) = & s Ku(P[Q) + (1 — &) o Ki—a(Q]IP) (267)
—a [ 5Dy (PIQ)ds+ (1-a) [ 5Dy (P ds (268)

113 1
:04/0 sD¢S(PHQ)ds+(1—zx)/a (1—5)Dy, . (Q||P) ds. (269)

Regarding the integrand of the second term in (269), in view of (18), for all s € (0,1)

D, ,(QIIP) = 7= ! oo QI -9P+5Q) (270)
12 2(P[| (1=s)P+5Q) (271)
Dy, (P||Q), (272)

where (271) readily follows from (9). Since we also have Dy, (P||Q) = x*(P||Q) = Dy, (Q||P) (see (18)),
it follows that

Dy, . (QlIP) = Dy, (P[|Q), s € [0,1]. (273)

By using this identity, we get from (269) that, for all « € [0, 1]

« 1
s Sa(PIQ) = [ 5Dy, (P Q) ds + (1= a) [ (1—5)Dy, (P Q) s @73)
1
= | 84(5) Dy (PI[Q) &, (275)

where the function g, : [0, 1] — R is defined in (102). This proves the integral identity (101).
The lower bounds in (103) and (104) hold since, if f: (0,00) — R is convex, continuously twice
differentiable and strictly convex at 1, then

12 (Qx, Wy x) < mr(Qx, Wyx), (276)

(see, e.g., [46] [Proposition 11.6.5] and [50] [Theorem 2]). Hence, this holds in particular for the
f-divergences in (95) and (96) (since the required properties are satisfied by the parametric functions
in (97) and (98), respectively). We next prove the upper bound on the contraction coefficients in (103)
and (104) by relying on (100) and (101), respectively. In the setting of Definition 7, if Px # Qx, then it
follows from (100) that for « € (0,1],

Ka(Py||Qv)  Jo sDg,(Py[|Qy)ds

_ 277
Ka(Px[|Qx)  [§ sDy,(Px]|Qx) ds 7
< Jo 3 #4.(Qx Wyx) Dy (Px[[Qx) ds (278)
fo sDy, (Px||Qx) ds
< sup M‘PS(QX/WHX)‘ (279)
se(0,a]

Finally, taking the supremum of the left-hand side of (277) over all probability measures Px such
that 0 < Ky (Px[|Qx) < oo gives the upper bound on py, (Qx, Wy|x) in (103). The proof of the upper
bound on s, (Qx, Wy x), for all w € [0,1], follows similarly from (101), since the function g.(-) as
defined in (102) is positive over the interval (0,1).
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5.9. Proof of Corollary 7
The upper bounds in (106) and (107) rely on those in (103) and (104), respectively, by showing that

sup g, (Qx, Wyx) < p2(Wyx).- (280)
s€(0,1]

Inequality (280) is obtained as follows, similarly to the concept of the proof of [51] [Remark 3.8].
Forall s € (0,1] and Px # Qx,

Dy, (PxWy|x || QxWy/x)
Dy, (Px||Qx)
~ XP(PxWyx || (1 — ) Px Wy x +sQx Wy x)

x2(Px || (1 —s)Px +5Qx) (281)
< 2 ((1 =) Px +5Qx, Wy|x) (282)
< ]’lXZ(WY\X)r (283)

where (281) holds due to (18), and (283) is due to the definition in (105).

5.10. Proof of Proposition 3

The lower bound on the contraction coefficients in (108) and (109) is due to (276). The derivation
of the upper bounds relies on [49] [Theorem 2.2], which states the following. Let f: [0,00) — R
be a three-times differentiable, convex function with f(1) = 0, f”(1) > 0, and let the function
z: (0,00) — R defined as z(t) := M, forall t > 0, be concave. Then,

15 (Qx, Wyjx) < ];"E();—ng) 2(Qx, Wyx). (284)

Fora € (0,1],1letz,1: (0,00) = Rand z,5: (0,00) — R be given by
zan () = M £ 0, (285)
zea(t) == ) =sl0) g (286)

t

with k, and s, in (97) and (98). Straightforward calculus shows that, for & € (0,1] and ¢ > 0,

0 +2a(1 —a)t

1oon
Lo () = — <0, (287)
oge 2la+ (1-a)t]
1 .n o [ +2(1 — a)t]
Toge Za2() = —
LR
2(1— 1—a)t 1—a)t 1—a)t
A0 g (1 0w ] gy
t o at(1—a)t 2[a+ (1 — a)t]

The first term on the right side of (288) is negative. For showing that the second term is also
negative, we rely on the power series expansion log, (1 4+ u) = u — Ju? + $u® — ... foru € (-1,1].
Setting u := — 117, for x > 0, and using Leibnitz theorem for alternatmg series ylelds

log.(141) = —log ([1- %) > % 4 % x>0 (289)
Be T 7% 1+ T+x  2(1+4x)? '
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Consequently, setting x := (17“” € [0,00) in (289) fort > 0and a € (0,1], proves that the second

term on the right side of (288) is negatlve Hence, z/ | (t), 2, 5(t) < 0,s0both z41,242: (0,00) — R are

concave functions.
In view of the satisfiability of the conditions of [49] [Theorem 2.2] for the f-divergences with f = k,
or f = s,, the upper bounds in (108) and (109) follow from (284), and also since
ky(0) =0, K,(1) = a loge, K!(1) = «® loge, (290)
s2(0) = —(1—a) loga, sh(1) = (2a —1)loge, si(1) = (1—3a+3a%) loge. (291)

5.11. Proof of Proposition 4

In view of (24), we get

D(Py|Qy) fo (Py || (1 —s)Py +5Qy) & (292)
D(Px[|Qx) [ x2(Px || (1 —s)Px +5Qx) &
) fol 1 (1= 5)Px +5Qx, Wy x) x2(Px || (1 —5)Px +sQx) & 293)
fo (Px || (1 —s)Px +sQx)
< sup pya((1—s)Px +5Qx, Wy|x). (294)

s€(0,1]

In view of (119), the distributions of X, and Y, and since ((1 —s)Px + SQ)()WY‘X =(1-s)Py+
sQy holds for all s € [0, 1], it follows that

om(X5;Ys) = /1 (1= 5)Px +5Qx, Wyx), s € [0,1], (295)

which, from (292)—(295), implies that

D(P:
sup Pm(Xs;Ys) > ( YHQY)

. 296
s€(0,1] D(Px||Qx) (296)

Switching Px and Qx in (292)—-(294) and using the mapping s — 1 — s in (294) gives (due to the
symmetry of the maximal correlation)

D P
sup pm(Xe V) > | 2(QxIPY)

) 297
sef0,1] D(Qx/||Px) @97)

and, finally, taking the maximal lower bound among those in (296) and (297) gives (120).
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Abstract: This paper explores some applications of a two-moment inequality for the integral of the rth
power of a function, where 0 < r < 1. The first contribution is an upper bound on the Rényi entropy
of a random vector in terms of the two different moments. When one of the moments is the zeroth
moment, these bounds recover previous results based on maximum entropy distributions under a
single moment constraint. More generally, evaluation of the bound with two carefully chosen nonzero
moments can lead to significant improvements with a modest increase in complexity. The second
contribution is a method for upper bounding mutual information in terms of certain integrals with
respect to the variance of the conditional density. The bounds have a number of useful properties
arising from the connection with variance decompositions.

Keywords: information inequalities; mutual information; Rényi entropy; Carlson-Levin inequality

1. Introduction

The interplay between inequalities and information theory has a rich history, with notable
examples including the relationship between the Brunn—-Minkowski inequality and the entropy power
inequality as well as the matrix determinant inequalities obtained from differential entropy [1]. In this
paper, the focus is on a “two-moment” inequality that provides an upper bound on the integral of the
rth power of a function. Specifically, if f is a nonnegative function defined on R" and p, g, r are real
numbers satisfying 0 < < land p <1/r —1 < g, then

([ 565 a) < Cupa ([ 1615051 5) o (/) ax) P

where the best possible constant Cp,,, is given exactly; see Propositions 2 and 3
ahead. The one-dimensional version of this inequality is a special case of the classical
Carlson-Levin inequality [2—4], and the multidimensional version is a special case of a result presented
by Barza et al. [5]. The particular formulation of the inequality used in this paper was derived
independently in [6], where the proof follows from a direct application of Holder’s inequality and
Jensen’s inequality.

In the context of information theory and statistics, a useful property of the two-moment inequality
is that it provides a bound on a nonlinear functional, namely the r-quasi-norm || - ||, in terms of
integrals that are linear in f. Consequently, this inequality is well suited to settings where f is a
mixture of simple functions whose moments can be evaluated. We note that this reliance on moments
to bound a nonlinear functional is closely related to bounds obtained from variational characterizations
such as the Donsker—Varadhan representation of Kullback divergence [7] and its generalizations to
Rényi divergence [8,9].

107



Entropy 2020, 22, 1244

The first application considered in this paper concerns the relationship between the entropy of a
probability measure and its moments. This relationship is fundamental to the principle of maximum
entropy, which originated in statistical physics and has since been applied to statistical inference
problems [10]. It also plays a prominent role in information theory and estimation theory where the fact
that the Gaussian distribution maximizes differential entropy under second moment constraints ([11],
[Theorem 8.6.5]) plays a prominent role. Moment-entropy inequalities for Rényi entropy were studied
in a series of works by Lutwak et al. [12-14], as well as related works by Costa et al. [15,16] and
Johonson and Vignat [17], in which it is shown that, under a single moment constraint, Rényi entropy
is maximized by a family of generalized Gaussian distributions. The connection between these
moment-entropy inequalities and the Carlson-Levin inequality was noted recently by Nguyen [18].

In this direction, one of the contributions of this paper is a new family of moment-entropy
inequalities. This family of inequalities follows from applying Inequality (1) in the setting where f
is a probability density function, and thus there is a one-to-one correspondence between the integral
of the rth power and the Rényi entropy of order r. In the special case where one of the moments is
the zeroth moment, this approach recovers the moment-entropy inequalities given in previous work.
More generally, the additional flexibility provided by considering two different moments can lead to
stronger results. For example, in Proposition 6, it is shown that if f is the standard Gaussian density
function defined on R”, then the difference between the Rényi entropy and the upper bound given
by the two-moment inequality (equivalently, the ratio between the left- and right-hand sides of (1)) is
bounded uniformly with respect to 7 under the following specification of the moments:

1—-r 1 [2(1—7r 1—r 1 [2(1—7
Lo _lor 1 f0-n _1-r 1 fa-n

T 7 n+1 "7 r r n+1 "~

(2)

Conversely, if one of the moments is restricted to be equal to zero, as is the case in the usual
moment-entropy inequalities, then the difference between the Rényi entropy and the upper bound
diverges with n.

The second application considered in this paper is the problem of bounding mutual information.
In conjunction with Fano’s inequality and its extensions, bounds on mutual information play
a prominent role in establishing minimax rates of statistical estimation [19] as well as the
information-theoretic limits of detection in high-dimensional settings [20]. In many cases, one of the
technical challenges is to provide conditions under which the dependence between the observations
and an underlying signal or model parameters converges to zero in the limit of high dimension.

This paper introduces a new method for bounding mutual information, which can be described
as follows. Let Pxy be a probability measure on & x ) such that Py x_, and Py have densities
f(y | x) and f(y) with respect to the Lebesgue measure on R". We begin by showing that the mutual
information between X and Y satisfies the upper bound

106Y) < [ Var(F(y | X)) dy, 3)

where Var(p(y | X)) = [ (f(y|x) — f(y))* dPx(x) is the variance of f(y | X); see Proposition 8
ahead. In view of (3), an application of the two-moment Inequality (1) with » = 1/2 leads to an upper
bound with respect to the moments of the variance of the density:

[yl var(£(y | X)) dy @

where this expression is evaluated at s € {p,q} with p < 1 < q. A useful property of this bound is
that the integrated variance is quadratic in Px, and thus Expression (4) can be evaluated by swapping
the integration over y and with the expectation of over two independent copies of X. For example,
when Py y is a Gaussian scale mixture, this approach provides closed-form upper bounds in terms of
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the moments of the Gaussian density. An early version of this technique is used to prove Gaussian
approximations for random projections [21] arising in the analysis of a random linear estimation
problem appearing in wireless communications and compressed sensing [22,23].

2. Moment Inequalities

Let LP(S) be the space of Lebesgue measurable functions from S to R whose pth power is
absolutely integrable, and for p # 0, define

ity = (fireor ac) "

Recall that || - ||, is a norm for p > 1 but only a quasi-norm for 0 < p < 1 because it does not satisfy
the triangle inequality. The sth moment of f is defined as

M) = [ %] 1)

where || - || denotes the standard Euclidean norm on vectors.

The two-moment Inequality (1) can be derived straightforwardly using the following argument.
For r € (0,1), the mapping f — |/ f||- is concave on the subset of nonnegative functions and admits
the variational representation

; = inf tgeL Y, 5
£l = in { gl €€ ®)

where r* = r/(r —1) € (—o0,0) is the Holder conjugate of r. Consequently, each ¢ € L"" leads to
an upper bound on ||f||,. For example, if f has bounded support S, choosing g to be the indicator
function of S leads to the basic inequality ||f||, < (Vol(S))1=")/7| f||;. The upper bound on ||f||,
given in Inequality (1) can be obtained by restricting the minimum in Expression (5) to the parametric
class of functions of the form g(x) = vy ||x[|"F + v ||x||"7 with v1,1, > 0 and then optimizing over the
parameters (vy,1;). Here, the constraints on p, g are necessary and sufficient to ensure that ¢ € L' (R").

In the following sections, we provide a more detailed derivation, starting with the problem of
maximizing || ||, under multiple moment constraints and then specializing to the case of two moments.
For a detailed account of the history of the Carlson type inequalities as well as some further extensions,

see [4].

2.1. Multiple Moments

Consider the following optimization problem:

maximize | f||;
subjectto  f(x) >0 forallx € S
M, (f) <m; forl <i<k

For r € (0,1), this is a convex optimization problem because || - ||} is concave and the moment
constraints are linear. By standard theory in convex optimization (e.g., [24]), it can be shown that if the
problem is feasible and the maximum is finite, then the maximizer has the form

k =
f(x) = (Zvl* |x|sl’> , forallx €S.
i=1
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The parameters v, - - - , v/ are nonnegative and the ith moment constraint holds with equality for all i
such that v} is strictly positive—that is, v/ > 0 = pus,(f*) = m;. Consequently, the maximum can
be expressed in terms of a linear combination of the moments:

FA 0= 1) = 1) = Zv ;.

For the purposes of this paper, it is useful to consider a relative inequality in terms of the moments
of the function itself. Given a number 0 < r < 1 and vectors s € RF and v € Rk , the function ¢, (v, s) is

defined according to
1-r

er(v,s) = (/ (Zv, )_lr’dx>r,

if the integral exists. Otherwise, ¢,(v, s) is defined to be positive infinity. It can be verified that c,(v, s)
is finite provided that there exists i, j such that v; and v; are strictly positive and s; < (1 —7r)/r <s;.

The following result can be viewed as a consequence of the constrained optimization
problem described above. We provide a different and very simple proof that depends only on
Holder’s inequality.

Proposition 1. Let f be a nonnegative Lebesgue measurable function defined on the positive reals R .. For any
number 0 < r < 1 and vectorss € Rk and v € R’;, we have

k
£l < er(v,s) ;w/\/lsi(f)-

Proof. Let g(x) = Zf 1 Vi x°i. Then, we have

A1l = g™ (F9)" Ml < g™ Il o (&) Il = lg™ 11" I = (Cr v,s) sz M, (f )) ,

i=1
where the second step is Holder’s inequality with conjugate exponents 1/(1 —r) and 1/r. O

2.2. Two Moments
For a,b > 0, the beta function B(a, b) and gamma function I'(a) are given by
1
B(a,b) = / (11— )bl ds
0
I'(a) = / t1le~t dt,
0

and satisfy the relation B(a,b) = IT'(a)['(b)/T(a +b), a,b > 0. To lighten the notation, we define the
normalized beta function

B(a,b) = B(a,b)(a+b)*tap". (6)

Properties of these functions are provided in Appendix A.
The next result follows from Proposition 1 for the case of two moments.

Proposition 2. Let f be a nonnegative Lebesgue measurable function defined on [0,00). For any numbers
pqrwith0<r<landp<1l/r—1<yq,

Ifll < e (P @)) ™ (MMM ()],
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where A = (g+1—1/r)/(q — p) and

1 S/ A r(1-A)
lp’(p'q)_(q—p)B(l—r’ 1—r ) 7

where B(-, ) is defined in Equation (6).

Proof. Lettings = (p,q) and v = (y!=*,9=*) with A > 0, we have
e [ (A A g T
[cr(v,5)]1 /o ('y xF+4 " x ) dx.

1
Making the change of variable x — (yu) 77 leads to

r 1 oo yb—l B (a,b)
,8)]| T = du = Ay
er(vs)] q—r’/o A+wt T g

where s = =A and b = % (1 — A) and the second step follows from recognizing the integral
representation of the beta function given in Equation (A3). Therefore, by Proposition 1, the inequality

Il < (B22) T (M) 0 M),

holds for all v > 0. Evaluating this inequality with

A My (f)
(1=M)Mp(f)’

leads to the stated result. [

The special case ¥ = 1/2 admits the simplified expression

A M1 — A=Y
(9 — p)sin(7A)

P1/2(p,q) = (8)

where we have used Euler’s reflection formula for the beta function ([25], [Theorem 1.2.1]).
Next, we consider an extension of Proposition 2 for functions defined on R". Given any
measurable subset S of R”, we define

w(S) = Vol(B" Ncone(S)), )
where B" = {u € R" : |ju|| <1} is the n-dimensional Euclidean ball of radius one and
cone(S) = {x € R" : tx € S for some ¢ > 0}.
The function w(S) is proportional to the surface measure of the projection of S on the Euclidean sphere
and satisfies
i

w(S) < w(®") = Mz +1) (10)

for all S C R". Note that w(R+) = 1and w(R) = 2.
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Proposition 3. Let f be a nonnegative Lebesgue measurable function defined on a subset S of R". For any
numbers p,q,r with0 <r <landp <1/r—1 <4y,

1r -
Fllr < [0 (S) e ()] ™ [Munp ()P [Ming (I,
where A = (q+1—1/r)/(q — p) and ¢ (p, q) is given by Equation (7).
Proof. Let f be extended to R" using the rule f(x) = 0 for all x outside of S and let g: Ry — R4 be
defined according to

s =~ [ FM ) do(u),

Sn—-1

where S"~! = {u € R" : |lu| = 1} is the Euclidean sphere of radius one and ¢ (u) is the surface
measure of the sphere. In the following, we will show that

£l < (@(S) 7 lIglls (1)
Mus(f) = Ms(g). (12)

Then, the stated inequality then follows from applying Proposition 2 to the function g.
To prove Inequality (11), we begin with a transformation into polar coordinates:

17l = [ [ 1l e dotw) d. (13)

Letting 1.,ne(s) (*) denote the indicator function of the set cone(S), the integral over the sphere can be
bounded using:

Lo £ do0) = [ Tegnes) () [ (t)|" do(u)

(g (/Snllcone(s)(u) da(u)>1_r </S”1 |f(tu)] dcT(u)>r
D (@(S) g, (14)

where: (a) follows from Holder’s inequality with conjugate exponents -~ and 1, and (b) follows from
the definition of ¢ and the fact that
/ [y Teonets) () £ 1 dor(u)

= /S” 11c0r1e( )( )dU( )

Plugging Inequality (14) back into Equation (13) and then making the change of variable t — y% yields

71 < n @SN [T g et dt = @(S)' gl

The proof of Equation (12) follows along similar lines. We have
Mus(f) @ [7 [ ey ¢ o) s

O[T v dotndy
= M;(g)

112



Entropy 2020, 22, 1244

where (a) follows from a transformation into polar coordinates and (b) follows from the change of
variable t — y%.

Having established Inequality (11) and Equation (12), an application of Proposition 2 completes
the proof. O

3. Rényi Entropy Bounds

Let X be a random vector that has a density f(x) with respect to the Lebesgue measure on R".
The differential Rényi entropy of order » € (0,1) U (1, o0) is defined according to [11]:

11rlog (/Rnf’(x)dx) .

Throughout this paper, it is assumed that the logarithm is defined with respect to the natural base and
entropy is measured in nats. The Rényi entropy is continuous and nonincreasing in r. If the support
set S = {x € R" : f(x) > 0} has finite measure, then the limit as r converges to zero is given by
ho(X) = log Vol(S). If the support does not have finite measure, then h,(X) increases to infinity as r

hr(X) =

decreases to zero. The case r = 1 is given by the Shannon differential entropy:

m(X) = = [ f(x)log f(x) dx.

Given a random variable X that is not identical to zero and numbers p,q,r with 0 < r < 1 and
p <1/r —1 < g, we define the function

rA
1—7r

log E[|x]7] + {1=2)

L(X;p,q) = r

log E [|X1],
where A = (q+1—-1/r)/(q— p).

The next result, which follows directly from Proposition 3, provides an upper bound on the
Rényi entropy.

Proposition 4. Let X be a random vector with a density on R". For any numbers p,q,r with 0 < r < 1 and
p < 1/r —1 < gq, the Rényi entropy satisfies

hy(X) <logw(S) +log r(p, q) + L (X" p.9), (15)
where w(S) is defined in Equation (9) and ,(p, q) is defined in Equation (7).

Proof. This result follows immediately from Proposition 3 and the definition of Rényi entropy. [

The relationship between Proposition 4 and previous results depends on whether the moment p
is equal to zero:

*  One-moment inequalities: If p = 0, then there exists a distribution such that Inequality (15)
holds with equality. This is because the zero-moment constraint ensures that the function that
maximizes the Rényi entropy integrates to one. In this case, Proposition 4 is equivalent to previous
results that focused on distributions that maximize Rényi entropy subject to a single moment
constraint [12,13,15]. With some abuse of terminology, we refer to these bounds as one-moment
inequalities. (A more accurate name would be two-moment inequalities under the constraint that
one of the moments is the zeroth moment.)

e Two-moment inequalities: If p # 0, then the right-hand side of Inequality (15) corresponds to
the Rényi entropy of a nonnegative function that might not integrate to one. Nevertheless,
the expression provides an upper bound on the Rényi entropy for any density with the same
moments. We refer to the bounds obtained using a general pair (p,q) as two-moment inequalities.
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The contribution of two-moment inequalities is that they lead to tighter bounds. To quantify
the tightness, we define A,(X; p, q) to be the gap between the right-hand side and left-hand side of
Inequality (15) corresponding to the pair (p, g)—that is,

Ar(X;p,q) = logw(S) +1og ¢ (p, q) + L ([IX[|"; p, q) = s (X).

The gaps corresponding to the optimal two-moment and one-moment inequalities are defined
according to

A(X) = ipanAr(X; 220
A(X) = irq1fA,(X; 0,q).

3.1. Some Consequences of These Bounds

By Lyapunov’s inequality, the mapping s — 1 log E [| X|*] is nondecreasing on [0, %), and thus
1
Lr(Xip.q) < Lr(X;0,q) = C1og EIX[T], p 20. (16)

In other words, the case p = 0 provides an upper bound on L,(X; p, q) for nonnegative p. Alternatively,
we also have the lower bound

r

Li(X;p,q) 2 = logE [|X|¥], 17)

—r

which follows from the convexity of log E [| X|°].
A useful property of L,(X; p, q) is that it is additive with respect to the product of independent
random variables. Specifically, if X and Y are independent, then

L/(XY;p,q) = Ly(X;p,q) + L (Y; p,q). (18)

One consequence is that multiplication by a bounded random variable cannot increase the Rényi
entropy by an amount that exceeds the gap of the two-moment inequality with nonnegative moments.

Proposition 5. Let Y be a random vector on R" with finite Rényi entropy of order 0 < r < 1, and let X be an
independent random variable that satisfies 0 < X < t. Then,

he(XY) < he(8Y) + A (Y5 p, ),
forall0 <p<1/r—1<q.

Proof. Let Z = XY and let Sz and Sy denote the support sets of Z and Y, respectively. The assumption
that X is nonnegative means that cone(Sz) = cone(Sy). We have

(@)
h(Z) < logw(Sz) +logyr(p,q) + L (11 Z|]"; p,4)

(b) n
= h(Y) + L (IX|% p;9) + B (Y5 p,9)

(©

< h(Y)+nlogt+A(Y;p,9q),

where (a) follows from Proposition 4, (b) follows from Equation (18) and the definition of A,(Y; p, q),
and (c) follows from Inequality (16) and the assumption |X| < t. Finally, recalling that ,(tY) =
he(Y) + nlogt completes the proof. [
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3.2. Example with Log-Normal Distribution

If W ~ N(u,0?), then the random variable X = exp(W) has a log-normal distribution with
parameters (y, o). The Rényi entropy is given by

1/1—r

1
) o? + 5 log(Zm’%az),
and the logarithm of the sth moment is given by

logE[|X|°] = pus + %(72 s2.

With a bit of work, it can be shown that the gap of the optimal two-moment inequality does not depend
on the parameters (y,0?) and is given by

() =108 (B ( 517y 5177 ) | 71 =37 ) * 3 1

1 1
T—; 573 log(27trT).

(19)

The details of this derivation are given in Appendix B.1. Meanwhile, the gap of the optimal one-moment
inequality is given by

~ . ~( r 11\1 1 1/1—r 1 1
A(X) = 1rq\f {log (B (1 =7 q) q) + zqaz} ~3 ( . ) 0% — Elog(anHaz). (20)
The functions A,(X) and A,(X) are illustrated in Figure 1 as a function of r for various 0.
The function A, (X) is bounded uniformly with respect to * and converges to zero as r increases to one.
The tightness of the two-moment inequality in this regime follows from the fact that the log-normal
distribution maximizes Shannon entropy subject to a constraint on E [log X]. By contrast, the function

A,(X) varies with the parameter 02, For any fixed r € (0,1), it can be shown that A, (X) increases to
infinity if o2 converges to zero or infinity.

0-5 T Al T ‘\ T T T T
1 1
A}
1 1
' . o2 =1 Y o2=10 o2 =0.1
1 A}
' .-
04 I| A} ‘\ _—’—
1 ) . ="
1 A LY ’_—‘
H \ R .o
03] X ' ’
— A}
. 1
1
)
1

Figure 1. Comparison of upper bounds on Rényi entropy in nats for the log-normal distribution as a
function of the order r for various ¢
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3.3. Example with Multivariate Gaussian Distribution

Next, we consider the case where Y ~ N (0, I,;) is an n-dimensional Gaussian vector with mean
zero and identity covariance. The Rényi entropy is given by
_n

he(Y) = 5 log(27tr=

-
)

),
and the sth moment of the magnitude ||Y|| is given by

23T (1)
E[||Y|] = —2—.
] = ¢
The next result shows that as the dimension # increases, the gap of the optimal two-moment
inequality converges to the gap for the log-normal distribution. Moreover, for each r € (0,1),

NI=

the following choice of moments is optimal in the large-n limit:

1-r 1 [2(1—7) 1—-r 1 [2(1—7)
— _= = 4+ i 21
P r r\ n+1~7 I r +r n+1 1)

The proof is given in Appendix B.3.

Proposition 6. If Y ~ N (0, I,,), then, for each r € (0,1),

lim A (Y) = lim Ar(Y; pu, gn) = Ar(X),

n—00

where X has a log-normal distribution and (py,, g, ) are given by (21).

Figure 2 provides a comparison of A,(Y), A;(Y; pu,qn), and A, (Y) as a function of 1 for r = 0.1.
Here, we see that both A,(Y) and A,(Y; pu, qn) converge rapidly to the asymptotic limit given by the
gap of the log-normal distribution. By contrast, the gap of the optimal one-moment inequality A, (Y)
increases without bound.

0.8

T T T *
x A x
=] Ar(Y}pmqﬂ) X
0 A(Y) x
0.6 [===  A(X) . |
b 4
X
b 4
041 N |
b 4
02l =&
. ---n--n-- . - e . - - - - - - --7
s 9--8--B--%-8--8--8--8--8--8--9-9
0 | | | | | | |
2 4 6 8 10 12 14
n

Figure 2. Comparison of upper bounds on Rényi entropy in nats for the multivariate Gaussian
distribution NV (0, I,;) as a function of the dimension n with r = 0.1. The solid black line is the gap of
the optimal two-moment inequality for the log-normal distribution.
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3.4. Inequalities for Differential Entropy

Proposition 4 can also be used to recover some known inequalities for differential entropy by
considering the limiting behavior as r converges to one. For example, it is well known that the
differential entropy of an n-dimensional random vector X with finite second moment satisfies

1
h(X) < 5 log (2meE [LIXIF] ). (22)
with equality if and only if the entries of X are i.i.d. zero-mean Gaussian. A generalization of this result
in terms of an arbitrary positive moment is given by
r(%4+1) n n
< s ) 4 & = 1 s
h(X) <log T2+ + 7 log 7 + . log (esE [HHXH D , (23)

for all s > 0. Note that Inequality (22) corresponds to the case s = 2.

Inequality (23) can be proved as an immediate consequence of Proposition 4 and the fact that /,(X)
is nonincreasing in r. Using properties of the beta function given in Appendix 4, it is straightforward
to verify that

lim ,(0,9) = (eq)1 T (1 +1) , forallg > 0.
r—1 q

Combining this result with Proposition 4 and Inequality (16) leads to
1 1 "
h(X) <logw(S) +1logT 54—1 +§log(qu[HX|| ).

Using Inequality (10) and making the substitution s = nq leads to Inequality (23).

Another example follows from the fact that the log-normal distribution maximizes the differential
entropy of a positive random variable X subject to constraints on the mean and variance of log(X),
and hence

h(X) < E[log(X)] + %log (27te Var(log(X))), (24)

with equality if and only if X is log-normal. In Appendix B.4, it is shown how this inequality can be
proved using our two-moment inequalities by studying the behavior as both p and g converge to zero
as r increases to one.

4. Bounds on Mutual Information

4.1. Relative Entropy and Chi-Squared Divergence

Let P and Q be distributions defined on a common probability space that have densities p and
g with respect to a dominating measure u. The relative entropy (or Kullback-Leibler divergence) is

D(PIQ) = [ piog () a

and the chi-squared divergence is defined as

defined according to

2
el = [,
q
Both of these divergences can be seen as special cases of the general class of f-divergence measures and
there exists a rich literature on comparisons between different divergences [8,26-32]. The chi-squared

divergence can also be viewed as the squared L, distance between p/ /g and /7. The chi-square can
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also be interpreted as the first non-zero term in the power series expansion of the relative entropy ([26],
[Lemma 4]). More generally, the chi-squared divergence provides an upper bound on the relative
entropy via

D (P| Q) <log(1+ x2(P|Q)). (25)

The proof of this inequality follows straightforwardly from Jensen’s inequality and the concavity of
the logarithm; see [27,31,32] for further refinements.
Given a random pair (X, Y), the mutual information between X and Y is defined according to

I(X;Y) =D (Pxy | PxPy).
From Inequality (25), we see that the mutual information can always be upper bounded using
1(X;Y) < log(1+ x*(Px[|PxPy))- (26)
The next section provides bounds on the mutual information that can improve upon this inequality.

4.2. Mutual Information and Variance of Conditional Density

Let (X,Y) be a random pair such that the conditional distribution of Y given X has a density
fyix(y|x) with respect to the Lebesgue measure on R”". Note that the marginal density of Y is given by

fry) =E { FrixwlX )] . To simplify notation, we will write f(y|x) and f(y) where the subscripts are
implicit. The support set of Y is denoted by Sy.

The measure of the dependence between X and Y that is used in our bounds can be understood in
terms of the variance of the conditional density. For each y, the conditional density f(y|X) evaluated
with a random realization of X is a random variable. The variance of this random variable is given by

Var(f(y]X)) = E [(f(]X) - f)*], 27)

where we have used the fact that the marginal density f(y) is the expectation of f(y|X). The sth
moment of the variance of the conditional density is defined according to

V(Y1) = [yl Var(f(y1%)) dy. @8)

The variance moment V;(Y|X) is nonnegative and equal to zero if and only if X and Y are independent.
The function «(t) is defined according to

. te(01]. (29)

The proof of the following result is given in Appendix C. The behavior of x(t) is illustrated in
Figure 3.
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Figure 3. Graphs of x(t) and tx(#) as a function of ¢.

Proposition 7. The function «(t) defined in Equation (29) can be expressed as

k(t) = 22—, t € (0,1]

w=op (W (-t (1)) +1) -1,

where

and W (-) denotes Lambert’s W- function, i.e., W(z) is the unique solution to the equation z = w exp(w) on the
interval [—1,00). Furthermore, the function g(t) = tx(t) is strictly increasing on (0, 1] with lim;_, g(t) =
1/eand g(1) =1, and thus

1 1

o <x(t) < T te (0,1],

where the lower bound 1/ (et) is tight for small values of t € (0,1) and the upper bound 1/t is tight for values
of t close to 1.

We are now ready to give the main results of this section, which are bounds on the mutual
information. We begin with a general upper bound in terms of the variance of the conditional density.

Proposition 8. For any 0 < t <1, the mutual information satisfies
[(X;Y) < K(f)/s LF)' ™ Var(£(y | X)) dy.
Y
Proof. We use the following series of inequalities:
a)
= /f(]/)D (PX\Y:y HPX) dy

()
< [ £ tog (14 23(Pxy—y |1Px)) dy

< /f(y) log <1+Var(]{2(g/ |)X))) dy

o o (1)

119



Entropy 2020, 22, 1244

where (a) follows from the definition of mutual information, (b) follows from Inequality (25),
and (c) follows from Bayes’ rule, which allows us to write the chi-square in terms of the variance of the

conditional density:
fyx) .\
(Far )

Inequality (d) follows from the nonnegativity of the variance and the definition of x(t). [

_ Var(f(ylX))
fAly)

X (Pxjy—y[|Px) = E

Evaluating Proposition 8 with t = 1 recovers the well-known inequality I(X;Y) < x?(Px y||PxPy).
The next two results follow from the cases 0 < t < % and t = %, respectively.

Proposition 9. For any 0 < r < 1, the mutual information satisfies
I (Y !
1(X;Y) < &(t) (e (Y) vomx)) ,
wheret = (1—7r)/(2—7).

Proof. Starting with Proposition 8 and applying Holder’s inequality with conjugate exponents
1/(1—t)and 1/t leads to

1t t
1) <xlo) ([ Frdy) ([ vartrwl x)dy) = s (),
where we have used the fact thatr = (1 —2t) /(1 —t). O

Proposition 10. For any p < 1 < q, the mutual information satisfies

4

. W (Sy) Vit (Y[X) Vg M (YX)
1&Y) < cd) \/ (@-p)

where A = (g —1)/(q — p) and

A=A (1 —A)=(1=4)
c = "(5)\/ iin(m\)) ‘
with k(1) = 0.80477....

Proof. Evaluating Proposition 8 with t = 1/2 gives

1060) < x(d) [\ Var(fly ] X)) dy.

Evaluating Proposition 3 with r = % leads to

2
([ Vartrtv 1 0)ay) < @S pualp )V (0VE (Y1),

Combining these inequalities with the expression for ,,(p,q) given in Equation (8) completes
the proof. O

The contribution of Propositions 9 and 10 is that they provide bounds on the mutual information
in terms of quantities that can be easy to characterize. One application of these bounds is to establish
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conditions under which the mutual information corresponding to a sequence of random pairs ( Xy, Yy)
converges to zero. In this case, Proposition 9 provides a sufficient condition in terms of the Rényi
entropy of Y, and the function V;(Y,|X,), while Proposition 10 provides a sufficient condition in
terms of V;(Y,|X,,) evaluated with two difference values of s. These conditions are summarized in the
following result.

Proposition 11. Let (X, Yy) be a sequence of random pairs such that the conditional distribution of Yy given
Xy has a density on R". The following are sufficient conditions under which the mutual information of I(Xy; Y)
converges to zero as k increases to infinity:

1.  There exists 0 < r < 1 such that

lim €h'(Yk)V0(Yk|Xk) =0.
k—o0
2. Thereexists p < 1 < q such that

. -1 1-
Jim Vi, (VX0 Vg P (] Xe) = 0.

4.3. Properties of the Bounds

The variance moment V;(Y|X) has a number of interesting properties. The variance of the
conditional density can be expressed in terms of an expectation with respect to two independent
random variables X; and X, with the same distribution as X via the decomposition:

Var(f(y[X)) = E[f(y|1X)f(y|X) = f(y|X0) f (y]X2)] -

Consequently, by swapping the order of the integration and expectation, we obtain

Vs(Y[X) = E[Ks(X, X) — Ks(X1, X2)], (30)
where

KeCxr,x) = [ Il Fla) fvlxe) dy.

The function K;(x1,x7) is a positive definite kernel that does not depend on the distribution of X.
For s = 0, this kernel has been studied previously in the machine learning literature [33], where it is
referred to as the expected likelihood kernel.

The variance of the conditional density also satisfies a data processing inequality. Suppose that
U — X — Y forms a Markov chain. Then, the square of the conditional density of Y given U can be
expressed as

Fulhe) =B | frxIXD) frx(v/X3) | U = u],

where (U, X7, X3) ~ PyPy, {uPx,|u- Combining this expression with Equation (30) yields
Vs(Y[U) = E [Ks(X], X3) — Ks(X1, X2)], (31)

where we recall that (X7, Xp) are independent copies of X.
Finally, it is easy to verify that the function V;(Y) satisfies

Vs(aY|X) = |a|*"Vs(Y|X), foralla # 0.

Using this scaling relationship, we see that the sufficient conditions in Proposition 11 are invariant to
scaling of Y.
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4.4. Example with Additive Gaussian Noise

We now provide a specific example of our bounds on the mutual information. Let X € R” be a
random vector with distribution Px and let Y be the output of a Gaussian noise channel

Y =X+W, (32)

where W ~ N(0,I,) is independent of X. If || X|| has finite second moment, then the mutual
information satisfies

1Y) < & log <1 + %E [|X||2D , (33)

where equality is attained if and only if X has zero-mean isotropic Gaussian distribution.
This inequality follows straightforwardly from the fact that the Gaussian distribution maximizes
differential entropy subject to a second moment constraint [11]. One of the limitations of this bound
is that it can be loose when the second moment is dominated by events that have small probability.
In fact, it is easy to construct examples for which || X|| does not have a finite second moment, and yet
I(X;Y) is arbitrarily close to zero.

Our results provide bounds on I(X;Y) that are less sensitive to the effects of rare events.
Let ¢, (x) = (271) ™"/? exp(—||x|?/2) denote the density of the standard Gaussian distribution on R”.
The product of the conditional densities can be factored according to

_ y—xi|\ _ V2y — (x1 +x2)/V2
sotmsota =g (17 0]) o (Y20 00020

=en (Vi e (M)

where the second step follows because ¢,(-) is invariant to orthogonal transformations.
Integrating with respect to y leads to

X1+ x2 T 0 <x1 x2>
V2 Nove )

where we recall that W ~ N(0, I,,). For the case s = 0, we see that Ky(x1, x,) is a Gaussian kernel, thus

KS(X1,X2) = Z_nTHE |:HW+

Vo(Y|X) = (471)"% [1 _E [e*%HXszHZH , (34)

A useful property of V(Y|X) is that the conditions under which it converges to zero are weaker
than the conditions needed for other measures of dependence. Observe that the expectation in
Equation (34) is bounded uniformly with respect to (X1, X»). In particular, for every € > 0 and x € R,
we have

1-E [e—%<Xl—Xz>j <E+2P[|X—x|>¢],

where we have used the inequality 1 — e™* < x and the fact that P [| X — Xp| > 2¢] <2P[|X — x| > €].
Consequently, Vp(Y|X) converges to zero whenever X converges to a constant value x in probability.

To study some further properties of these bounds, we now focus on the case where X is a Gaussian
scalar mixture generated according to

X =AVU, A~N(01), U>0, (35)
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with A and U independent. In this case, the expectations with respect to the kernel K;(x1, x2) can be
computed explicitly, leading to

r(e ; 5 5
(gl 4w - (A+U)ia+Un)t

2n 1+l +w)

Vs(Y[X) = (36)

where (U3, Uy) are independent copies of U. It can be shown that this expression depends primarily
on the magnitude of U. This is not surprising given that X converges to a constant if and only if U
converges to zero.

Our results can also be used to bound the mutual information I(U;Y) by noting that U — X — Y
forms a Markov chain, and taking advantage of the characterization provided in Equation (31).
Letting X| = A;v/U and X}, = Ayv/U with (Aj, Ay, U) be mutually independent leads to

1+s s s
V.(Y|U) = r(z%)E A (1+1ul)z(1+uzs);1 37)
Tt (1+5(U +Up)) 2

In this case, V;(Y|U) is a measure of the variation in U. To study its behavior, we consider the simple
upper bound

I
27T

s—1
2

Pl # WE[(1+U) 7], (38)

Vs(Y[U) <

which follows from noting that the term inside the expectation in Equation (37) is zero on the event
U; = U,. This bound shows that if s < 1 then Vs(Y|U) is bounded uniformly with respect to
distributions on U, and if s > 1, then V;(Y|U) is bounded in terms of the (5! )th moment of U.

In conjunction with Propositions 9 and 10, the function V;(Y|U) provides bounds on the mutual
information I(U;Y) that can be expressed in terms of simple expectations involving two independent
copies of U. Figure 4 provides an illustration of the upper bound in Proposition 10 for the case where
U is a discrete random variable supported on two points, and X and Y are generated according to
Equations (32) and (35). This example shows that there exist sequences of distributions for which our
upper bounds on the mutual information converge to zero while the chi-squared divergence between
Pxy and PxPy is bounded away from zero.

1 T T T T

. . Proposition 10

0.8 fchi-square divergence ‘
upper bound (26)

06 L _

04} ]

0 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5

Figure 4. Bounds on the mutual information I(U;Y) in nats when U ~ (1 —€)d + €d,(c),
with a(e) =1+ 1/+/¢, and X and Y are generated according to Equations (32) and (35). The bound
from Proposition 10 is evaluated with p = 0 and g = 2.
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5. Conclusions

This paper provides bounds on Rényi entropy and mutual information that are based on a
relatively simple two-moment inequality. Extensions to inequalities with more moments are worth
exploring. Another potential application is to provide a refined characterization of the “all-or-nothing”
behavior seen in a sparse linear regression problem [34,35], where the current methods of analysis
depend on a complicated conditional second moment method.
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Appendix A. The Gamma and Beta Functions

This section reviews some properties of the gamma and beta functions. For x > 0, the gamma
function is defined according to I'(x) = f0°° t*~1e~t dt. Binet’s formula for the logarithm for the gamma
function ([25], [Theorem 1.6.3]) gives

logT(x) = (x — ;) logx —x + élog(Zn) +6(x), (A1)

where the remainder term 6(x) is convex and nonincreasing with lim,_,0 6(x) = oo and limy_, 8(x) = 0.
Euler’s reflection formula ([25], [Theorem 1.2.1]) gives

T(x)I(1 - x) = ﬁ 0<x<l (A2)

For x,y > 0, the beta function can be expressed as follows
a—1

B(x,y) = m - ./0-1 P - Yl dE = /Ooo O—tw du, (A3)

where the second integral expression follows from the change of variables t — /(1 + u). Recall that
B(x,y) = B(x,y)(x +y)**¥x~*y~ Y. Using Equation (A1) leads to

log <E(x,y) 271(’;1]/)) = 0(x) +0(y) — 0(x +y). (A4)

It can also be shown that ([36], [Equation (2), pg. 2])

xX+y

B(x,y) > o

(A5)

Appendix B. Details for Rényi Entropy Examples

This appendix studies properties of the two-moment inequalities for Rényi entropy described in
Section 3.
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Appendix B.1. Log-Normal Distribution

Let X be a log-normal random variable with parameters (3, c~) and consider the parametrization

1-— / 1—r
_1—r (1—7r)u
q_ 1_

where A € (0,1) and u € (0, ). Then, we have

s A r(1-A) rA(1=A)
lpr(p'q)_B(l—r' 1—r ) (1—7r)u

. _ 1/1=r\ o, 1 5
Lr(X,P,q)—y+2< . >c7 +2ua.

Combining these expressions with Equation (A4) leads to

A (X;p,q) = 9(1 /\r) + G(r(ll:i\)) 9(1 r) + %uaz - %log (u(72> - %log(r%). (A6)

We now characterize the minimum with respect to the parameters (A, 1). Note that the mapping

A () +0(5 rd=A) ) is convex and symmetric about the point A = 1 / 2. Therefore, the minimum
with respect to A is attamed at A = 1/2. Meanwhile, mapping u ~ uc? — log(uc?) is convex and
attains its minimum at u = 1/¢2. Evaluating Equation (A6) with these values, we see that the optimal
two-moment inequality can be expressed as

8:(x) =20 (5 )~ 0 (155 ) + 3108 (er™)

By Equation (A4), this expression is equivalent to Equation (A1). Moreover, the fact that A,(X)
decreases to zero as r increases to one follows from the fact that 6(x) decreases to zero and x increases
to infinity.

Next, we express the gap in terms of the pair (p, q). Comparing the difference between A,(X; p, q)
and A,(X) leads to

Ar(X;P,q)—Ar(X)Jr;fP(M(‘i 2 )+9< )+9<(1—?))_29(2(1r—r))’

where ¢(x) = x —log(x) — 1. In particular, if p = 0, then we obtain the simplified expression

i) =)+ 59 (- 520)7) o555 - ) +0) )

This characterization shows that the gap of the optimal one-moment inequality A,(X) increases to

infinity in the limit as either > — 0 or 0 — 0.
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Appendix B.2. Multivariate Gaussian Distribution

LetY ~ N (0,1 n) be an n-dimensional Gaussian vector and consider the parametrization

- 7’
p=> /\
1—r

)\

where A € (0,1) and z € (0, 0). We can write

logw(Sy) = glogn log( ) —logl"

(A r(1=A)\ [rA(—A
lpr(pﬂ):B(l—r 1—r 1—r \/>

(1-2)

Furthermore, if
Il SERVARSY (A7)

then L,(||Y||"; p,q) is finite and is given by

Le(IYN" p,9) = Qra(A,2) + glog2+ % [1ogr (%) “logT (g)] ,

rA n 1—-A [(1-r)nz r(l—A) n A [(1-r)nz
—rlOgr(zr_ r 2A(1—/\)>+ 1= o8t o aa—

~ oy losT (5,)- (A8)

Here, we note that the scaling in Equation (21) corresponds to A = 1/2and z = n/(n + 1), and thus
the condition Inequality (A7) is satisfied for all n > 1. Combining the above expressions and then
using Equations (A1) and (A4) leads to

00 = 25) (2 (1) + e~ s i )
+1ire(%)ilir9(g>' (A9)

Next, we study some properties of Qr(A,z). By Equation (A1), the logarithm of the gamma
function can be expressed as the sum of convex functions:

logT(x) = ¢(x) + 5 log <i) + 3 log(27) ~1+6(x),
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where ¢(x) = xlogx +1 — x. Starting with the definition of Q(A,z) and then using Jensen’s
inequality yields

A n 1-A [(1-r)nz
Qr,n(zr/\)z 1—7’(P(21’_ r 2)L(1—)\)>

r(1—A) (n A | (1—7)nz r n
L q)(2r+r 2/\(1A)>_1rq)<2r)
A _ 1-A
:aq)<l— (T)az)—i—( p )(p<1+ ( A)az)
where a = 2(1 — r) /n. Using the inequality ¢(x) > (3/2)(x — 1)?/(x + 2) leads to

<1— (w)bz> (1+ (g)bzﬂ

1

2(1+ (2 A)bz)_, (A10)

-1
zZ

an(/\ Z) 5

where b =2(1 —r)/(9n).

Observe that the right-hand side of Inequality (A10) converges to z/2 as n increases to infinity.
It turns out this limiting behavior is tight. Using Equation (A1), it is straightforward to show that
Qn (A, z) converges pointwise to z/2 as n increases to infinity—that is,

. 1
nl1_r)ro10 Qrn(A,z) = EZ’ (A11)

for any fixed pair (A, z) € (0,1) x (0, 0).

Appendix B.3. Proof of Proposition 6

Let D = (0,1) x (0,00). For fixed r € (0,1), we use Q,(A,z) to denote the function Q, (A, z)
defined in Equation (A8) and we use G,(A,z) to denote the right-hand side of Equation (A9).
These functions are defined to be equal to positive infinity for any pair (A,z) € D such that
Inequality (A7) does not hold.

Note that the terms 0(n/(2r)) and 0(n/2) converge to zero in the limit as n increases to infinity.
In conjunction with Equation (A11), this shows that G, (A, z) converges pointwise to a limit G(A, z)
given by

G021 =012 o) (L) + e~ o~ gt

At this point, the correspondence with the log-normal distribution can be seen from the fact that G(A, z)
is equal to the right-hand side of Equation (A6) evaluated with uo? = z.

To show that the gap corresponding to the log-normal distribution provides an upper bound on
the limit, we use

limsup A, (Y) =limsup inf G,(A,z)
n—oo n—oo (Az)ED

< inf limsup G,(A,z)

(/\ Z)GD n—o00

= inf G(A,z)
(Az)eD

— A(X). (A12)
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Here, the last equality follows from the analysis in Appendix B.1, which shows that the minimum of
G(A,z)isaattained at A =1/2and z = 1.

To prove the lower bound requires a bit more work. Fix any € € (0,1) and let D = (0,1 — €] x
(0, 00). Using the lower bound on Q, (A, z) given in Inequality (A10), it can be verified that

liminf inf |Qya(z,A) — %logz >

1
n—00 () z)eD, 2°

Consequently, we have

liminf inf G,(A,z) = inf G(A,z) > A(X). (A13)
n—00  ()z)eD, (Az)€De

To complete the proof we will show that for any sequence A, that converges to one as n increases to
infinity, we have

liminf inf G,(Ay,z) = co. (A14)

n—00 z¢(0,00)

To see why this is the case, note that by Equation (A4) and Inequality (A5),

TA rA-My _g(_r_ 1 -
6(1—r)+6( 1—r ) 6(1—r) 2 Zlog(ZT[T’)\(l—/\))
Therefore, we can write
G (A,2) > Qu(A,2) — %mg (A(1= A)z) + e, (A15)

where ¢, is bounded uniformly for all n. Making the substitution u = A(1 — A)z, we obtain

u 1
i > 1 - | - = +cy,.
Inf Gu (Az2) 2 Inf {Q” (2" A1 — A)) 2 IOg”} e

Next, let b, = 2(1 —r)/(9n). The lower bound in Inequality (A10) leads to

u 1 u 1 1
i - ) - = > 1 | — ] — = .
i’;‘f) [Q” <A’ A1 - /\)) 2 log ”} = 5’;‘% [2)\ <1 — A+ \/bTu) 2 log ”} (Al6)

The limiting behavior in Equation (A14) can now be seen as a consequence of Inequality (A15) and
the fact that, for any sequence A, converging to one, the right-hand side of Inequality (A16) increases
without bound as n increases. Combining Inequality (A12), Inequality (A13), and Equation (A14)
establishes that the large n limit of A,(Y) exists and is equal to A,(X). This concludes the proof of
Proposition 6.

Appendix B.4. Proof of Inequality (24)
Givenany A € (0,1) and u € (0,00) let

P<r):1;r_\/1;r<lj\)\)u
q(r) = 1;r+\/1;r (12\)\)”'

We need the following results, which characterize the terms in Proposition 4 in the limit as r increases
to one.
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Lemma A1. The function ¢,(p(r),q(r)) satisfies

lim ¢, (p(r),q(r)) =/ —-

r—1 u

Proof. Starting with Equation (A4), we can write

00 = = o (05) o (1) -o(5))

As r converges to one, the terms in the exponent converge to zero. Note that q(r) — p(r) =
V/TA(1 = A)/(1 —r) completes the proof. [

Lemma A2. If X is a random variable such that s — E [|X|®] is finite in a neighborhood of zero, then E [log(X)]
and Var(log(X)) are finite, and

lim L, (X; p(r),q(r)) = E [log | X|] + 5 Var(log X|).

r—1

Proof. Let A(s) = log(E [|X|°]). The assumption that E [| X|®] is finite in a neighborhood of zero means
that E [(log | X|)™] is finite for all positive integers m, and thus A(s) is real analytic in a neighborhood
of zero. Hence, there exist constants 6 > 0 and C < oo, depending on the distribution of X, such that

‘A(s) —as+ bsz‘ < C|s]?, forallls| <34,

where 2 = E [log |X|] and b = 1 Var(|X|). Consequently, for all r such that 1 — & < p(r) < (1 —r)/r <
q(r) <149, it follows that

L p(r),q(r) —a— (52 +u)b| < Cl (Ap()P + (1= D)lg)F) -

Taking the limit as r increases to one completes the proof. [
We are now ready to prove Inequality (24). Combining Proposition 4 with Lemma Al and

Lemma A2 yields

limsup h,(X) < %log (271) + E [log X] + u Var(log X).

r—oo u 2

The stated inequality follows from evaluating the right-hand side with u = 1/ Var(log X), recalling that
h(X) corresponds to the limit of /,(X) as r increases to one.

Appendix C. Proof of Proposition 7

The function x: (0,1] — R can be expressed as

k(t) = sup pi(u), (A17)

1€ (0,00)

where p;(u) = log(1 + u)/ut. For t = 1, the bound log(1 + u) < u implies that p;(#) < 1. Noting that
lim,_,0p1(1) = 1, we conclude that (1) = 1.
Next, we consider the case t € (0,1). The function p; is continuously differentiable on (0, c0) with

sgn(p;(u)) = sgn (u — t(1+ u)log(1+u)). (A18)
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Under the assumption ¢ € (0,1), we see that p;(u) is increasing for all u sufficiently close to zero and
decreasing for all u sufficiently large, and thus the supremum is attained at a stationary point of p;(u)
n (0, o). Making the substitution w = log(1 + u) — 1/t leads to

pi(u) =0 <= we"’ = —-¢

1
t

Fort € (0,1), it follows that —1e~

) i e (W (“tew (<1)) +1) -1,

where Lambert’s function W(z) is the solution to the equation z = we™ on the interval on [—1, c0).

€ (—e™1,0), and thus p} (1) has a unique root that can be expressed

Lemma A3. The function g(t) = tx(t) is strictly increasing on (0,1] with lim;_,0 g(t) =1/eand g(1) = 1.

Proof. The fact that g(1) = 1 follows from «(1) = 1. By the envelope theorem [37], the derivative of
¢(t) can be expressed as

_ log(1+uf) « log(1+uf)
- *)t tlog<ut) (u*)t

u=uy (ut

gt = S tpu(w)

In view of Equation (A18), it follows that p}(u;) = 0 can be expressed equivalently as

*
Uy

=1, Al9
() log(l +u) (A19)
and thus
*log u’t
/(1)) = 1— Uy 08 Uy > A20
sen(s'(1) =50 (1= T (A20)

Noting that ulogu < (1 + u)log(1+ u) forall u € (0, 00), it follows that ¢’ () > 0 is strictly positive,
and thus g(t) is strictly increasing.
To prove the small ¢ limit, we use Equation (A19) to write

uf uj loguy
log(g(t)) =1 L) - Lot : A21
g(s(t) Og(l—kuf) (14 uf)log(1+ uf) (A21)
Now, as t decreases to zero, Equation (A19) shows that u; increases to infinity. By Equation (A21), it
then follows that log(g()) converges to negative one, which proves the desired limit. []
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1. Introduction

The concept of an f-divergence, introduced independently by Ali-Silvey [1], Morimoto [2],
and Csisizar [3], unifies several important information measures between probability distributions,
as integrals of a convex function f, composed with the Radon-Nikodym of the two probability
distributions. (An additional assumption can be made that f is strictly convex at 1, to ensure that
D¢ (p||v) > 0 for p # v. This obviously holds for any f”(1) > 0, and can hold for some f-divergences
without classical derivatives at 0, for instance the total variation is strictly convex at 1. An example
of an f-divergence not strictly convex is provided by the so-called “hockey-stick” divergence, where
f(x) = (x — )4+, see [4-6].) For a convex function f : (0,00) — R such that f(1) = 0, and measures
P and Q such that P < Q, the f-divergence from P to Q is given by D¢(P||Q) := [ f ( ) dQ. The
canonical example of an f-divergence, realized by taking f(x) = xlogx, is the relative entropy (often
called the KL-divergence), which we denote with the subscript f omitted. f-divergences inherit
many properties enjoyed by this special case; non-negativity, joint convexity of arguments, and a data
processing inequality. Other important examples include the total variation, the x?-divergence, and
the squared Hellinger distance. The reader is directed to Chapter 6 and 7 of [7] for more background.

We are interested in how stronger convexity properties of f give improvements of classical
f-divergence inequalities. More explicitly, we consider consequences of f being x-convex, in the
sense that the map x — f(x) — xx?/2 is convex. This is in part inspired by the work of Sason [8],
who demonstrated that divergences that are xk-convex satisfy “stronger than x?” data-processing
inequalities.

Perhaps the most well known example of an f-divergence inequality is Pinsker’s inequality, which
bounds the square of the total variation above by a constant multiple of the relative entropy. That
is for probability measures P and Q, |P — Q|%,, < ¢ D(P||Q). The optimal constant is achieved for
Bernoulli measures, and under our conventions for total variation, c = 1/2loge. Many extensions
and sharpenings of Pinsker’s inequality exist (for examples, see [9-11]). Building on the work of
Guntuboyina [9] and Topsee [11], we achieve a further sharpening of Pinsker’s inequality in Theorem 9.

Aside from the total variation, most divergences of interest have stronger than affine convexity, at
least when f is restricted to a sub-interval of the real line. This observation is especially relevant to
the situation in which one wishes to study D¢(P[|Q) in the existence of a bounded Radon-Nikodym
derivative dg € (a,b) € (0,00). One naturally obtains such bounds for skew divergences. That is
divergences of the form (P,Q) +— D¢((1 —#)P +tQ||(1 —s)P +sQ) for t,s € [0,1], as in this case,
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837?;28 < max { =t L, L1, Important examples of skew-divergences include the skew divergence
[12] based on the relative entropy and the Vincze-Le Cam divergence [13,14], called the triangular
discrimination in [11] and its generalization due to Gyorfi and Vajda [15] based on the x2-divergence.
The Jensen-Shannon divergence [16] and its recent generalization [17] give examples of f-divergences
realized as linear combinations of skewed divergences.

Let us outline the paper. In Section 2, we derive elementary results of x-convex divergences and
give a table of examples of k-convex divergences. We demonstrate that x-convex divergences can
be lower bounded by the x?-divergence, and that the joint convexity of the map (P, Q) — D #(P|1Q)
can be sharpened under x-convexity conditions on f. As a consequence, we obtain bounds between
the mean square total variation distance of a set of distributions from its barycenter, and the average
f-divergence from the set to the barycenter.

In Section 3, we investigate general skewing of f-divergences. In particular, we introduce
the skew-symmetrization of an f-divergence, which recovers the Jensen-Shannon divergence and
the Vincze-Le Cam divergences as special cases. We also show that a scaling of the Vincze-Le
Cam divergence is minimal among skew-symmetrizations of x-convex divergences on (0,2). We
then consider linear combinations of skew divergences and show that a generalized Vincze-Le
Cam divergence (based on skewing the x2-divergence) can be upper bounded by the generalized
Jensen-Shannon divergence introduced recently by Nielsen [17] (based on skewing the relative
entropy), reversing the classical convexity bounds D(P||Q) < log(1+ x?(P||Q)) < loge x*(P||Q).
We also derive upper and lower total variation bounds for Nielsen’s generalized Jensen-Shannon
divergence.

In Section 4, we consider a family of densities {p;} weighted by A;, and a density q. We use
the Bayes estimator T(x) = argmax; A;p;(x) to derive a convex decomposition of the barycenter
p = Y; Aip; and of g, each into two auxiliary densities. (Recall, a Bayes estimator is one that minimizes
the expected Value of a loss function. By the assumptions of our model, that P(6 = i) = A;, and
P(X € A0 = i) = [, pi(x)dx, we have E((6,0) f)\ )Pa(x) (x)dx for the loss function £(i, j) =
1 — 8;(j) and any estimator f. Tt follows that E€(6 0) > IM(G T) by Aé(x)pé(x)(x) < A Prie) (%)
Thus, T is a Bayes estimator associated to £. ) We use this decomposition to sharpen, for x-convex
divergences, an elegant theorem of Guntuboyina [9] that generalizes Fano and Pinsker’s inequality to
f-divergences. We then demonstrate explicitly, using an argument of Topsoe, how our sharpening
of Guntuboyina’s inequality gives a new sharpening of Pinsker’s inequality in terms of the convex
decomposition induced by the Bayes estimator.

Notation

Throughout, f denotes a convex function f : (0,00) — RU {oo}, such that f(1) = 0. For a convex
function defined on (0, ), we define f(0) := lim,_,o f(x). We denote by f*, the convex function
f*:(0,00) = RU {oo} defined by f*(x) = xf(x~!). We consider Borel probability measures P and Q
on a Polish space & and define the f-divergence from P to Q, via densities p for P and g for Q with
respect to a common reference measure y as

Dy pll) = [, 5 (£) ad

P 1)
= Jipgs0y af (q) du+ F(0)Q({p = 0}) + £*(0)P({g = 0}).

We note that this representation is independent of y, and such a reference measure always exists,
take y = P + Q for example.
For t,s € [0,1], define the binary f-divergence

D) =sf (1) + (1-9)f (=) @
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with the conventions, f(0) = lim,_y+ f(t), 0f(0/0) = 0, and 0f(a/0) = alim; . f(t)/t. For a
random variable X and a set A, we denote the probability that X takes a value in A by P(X € A),
the expectation of the random variable by EX, and the variance by Var(X) := E|X — EX|?. For a
probability measure y satisfying u(A) = P(X € A) for all Borel A we write X ~ p, and, when there
exists a probability density function such that P(X € A) = [, f ) for a reference measure
v, we write X ~ f. For a probability measure y on X, and an L2 functlon f: X = R, we denote

Var, (f) = Var(f(X)) for X ~ p.

2. Strongly Convex Divergences

Definition 1. A R U {co}-valued function f on a convex set K C R is k-convex when x,y € Kand t € [0,1]
implies

FA=0)x+ty) < (1= 1) f(x) +tfy) —xt(l = 1) (x —y)*/2. ()

For example, when f is twice differentiable, (3) is equivalent to f”(x) > « for x € K. Note that
the case x = 0 is just usual convexity.

Proposition 1. For f : K — R U {0} and k € [0, c0), the following are equivalent:

1. f is x-convex.

2. The function f — x(t — a)?/2 is convex for any a € R.

3. The right handed derivative, defined as f' (t) = limy, o w satisfies,
fe(t) = fils) +x(t—s)

fort >s.

Proof. Observe that it is enough to prove the result when x = 0, where the proposition is reduced to
the classical result for convex functions. [

Definition 2. An f-divergence Dy is x-convex on an interval K for k > 0 when the function f is x-convex on
K.

Table 1 lists some x-convex f-divergences of interest to this article.

Table 1. Examples of Strongly Convex Divergences.

Divergence f %« Domain
relative entropy (KL) tlogt ﬁ (0, M]
total variation @ 0 (0,0)
Pearson’s )? (t—1)? 2 (0,00)
squared Hellinger 2(1— /1) M~:/2 (0, M]
reverse relative entropy —logt 1/ M? (0, M]
. —1)?
Vincze- Le Cam (tt +1) (e (0, M]
Jensen—Shannon (t+1)log 21 + tlogt m (0, M]
Neyman's x° % -1 2/ M3 (0, M]
Sason’s s log(s + )T —log(s +1)D"  2log(s+ M) +3  [M,c0),s > e 3/2
Tta
4(1-t7 a M, ),
a-divergence %, o # +1 M= [M,e0), >3
@ O,M], «<3

Observe that we have taken the normalization convention on the total variation (the total variation
for a signed measure y on a space X can be defined through the Hahn-Jordan decomposition of the
measure into non-negative measures y* and p~ such that y = u* — =, as ||y = p™(X) + u~ (X)
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(see [18]); in our notation, |u|ry = ||| /2) which we denote by |P — Q|ry, such that |P — Q|ry =
sup 4 |[P(A) — Q(A)| < 1. In addition , note that the a-divergence interpolates Pearson’s x2-divergence

when a = 3, one half Neyman’s y2-divergence when a = —3, the squared Hellinger divergence when
« = 0, and has limiting cases, the relative entropy when a« = 1 and the reverse relative entropy when
a = —1. If f is k-convex on [a, b], then recalling its dual divergence f*(x) := xf(x~!) is xa3-convex on

[%, 1]. Recall that f* satisfies the equality D £+ (P[|Q) = Ds(Q|[P). For brevity, we use x?-divergence to
refer to the Pearson x2-divergence, and we articulate Neyman'’s x? explicitly when necessary.
The next lemma is a restatement of Jensen'’s inequality.

Lemma 1. If f is k-convex on the range of X,

Ef(X) > f(E(X)) + 5 Var(X).

Proof. Apply Jensen’s inequality to f(x) —xx?/2. O

For a convex function f such that f(1) = 0 and ¢ € R, the function f(t) = f(t) + c(t — 1) remains
a convex function, and what is more satisfies

D¢(P[|Q) = D#(P||Q)
since [ ¢(p/q—1)qdu = 0.
Definition 3 (y2-divergence). For f(t) = (t — 1)2, we write
X*(P||Q) = D¢(P|Q).

We pursue a generalization of the following bound on the total variation by the x?-divergence
[19-21].

Theorem 1 ([19-21]). For measures P and Q,

2
Py < 2019 @

We mention the work of Harremos and Vadja [20], in which it is shown, through a characterization
of the extreme points of the joint range associated to a pair of f-divergences (valid in general), that
the inequality characterizes the “joint range”, that is, the range of the function (P,Q) — (|P —
Qlrv, X*(P||Q)). We use the following lemma, which shows that every strongly convex divergence
can be lower bounded, up to its convexity constant x > 0, by the x?-divergence,

Lemma 2. For a k-convex f,
K
D¢(P||Q) > §X2(PIIQ)-

Proof. Definea f(t) = f(t) — f1.(1)(t — 1) and note that f defines the same x-convex divergence as
f. Thus, we may assume without loss of generality that f/ is uniquely zero when t = 1. Since f is
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Kk-convex ¢ : t — f(t) —x(t — 1)2/2is convex, and, by f’ (1) = 0, ¢, (1) = 0 as well. Thus, ¢ takes its
minimum when ¢ = 1 and hence ¢ > 0 so that f(t) > «(t — 1)2/2. Computing,

D(Pl0) = [ £ (5 ) 40
= 2 / ( _1) 4Q

(PIIQ).
O

Based on a Taylor series expansion of f about 1, Nielsen and Nock ([22], [Corollary 1]) gave the
estimate

f”( )

D¢(Pl|Q) = X*(PlIQ) ©)

for divergences with a non-zero second derivative and P close to Q. Lemma 2 complements this
estimate with a lower bound, when f is k-concave. In particular, if f”(1) = x, it shows that the
approximation in (5) is an underestimate.

Theorem 2. For measures P and Q, and a k convex divergence D I

P —QlFy < f( ||Q) (6)

Proof. By Lemma 2 and then Theorem 1,

Ds(P 2
f<K||Q> > LU 5 1p_ g, )

O

The proof of Lemma 2 uses a pointwise inequality between convex functions to derive an
inequality between their respective divergences. This simple technique was shown to have useful
implications by Sason and Verdu in [6], where it appears as Theorem 1 and is used to give sharp
comparisons in several f-divergence inequalities.

Theorem 3 (Sason—Verdu [6]). For divergences defined by g and f with cf(t) > g(t) for all t, then
Dg(P[|Q) < D¢ (P[|Q)-
Moreover, if f'(1) = ¢'(1) = 0, then

Dg(P]|Q) 8(t)

sup = sup

pro Df(PIIQ) w4 f(t)

Corollary 1. For a smooth x-convex divergence f, the inequality

Ds(P|IQ) = 5x*(PIIQ) ®)
is sharp multiplicatively in the sense that

. D¢(P||Q)  «
nf 2———— = —,
226 32PN T 2 ©)
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iFF1(1) = x.

In information geometry, a standard f-divergence is defined as an f-divergence satisfying the
normalization f(1) = f/(1) = 0, f”(1) = 1 (see [23]). Thus, Corollary 1 shows that 1x? provides a
sharp lower bound on every standard f-divergence that is 1-convex. In particular, the lower bound in
Lemma 2 complimenting the estimate (5) is shown to be sharp.

Proof. Without loss of generality, we assume that f'(1) = 0. If /(1) = « + 2¢ for some ¢ > 0, then
taking ¢(t) = (t — 1)? and applying Theorem 3 and Lemma 2

sup —S-— =L — sup &£ <

10
9P DA(PIIQ) oo F(r) {10

Dy(PIQ) _ s 2
K

Observe that, after two applications of L'Hospital,

gl+e) .. g(+e g"(1)

lim = lim = =

eNfIte) N fAte  FID)

(t)
()

oqQ

RN

<sup
t#£1

~

Thus, (9) follows. O

Proposition 2. When Dy is an f divergence such that f is k-convex on [a, b] and that Py and Qg are probability
measures indexed by a set © such that a < 42 (x) < b, holds for all 6 and P = Jo Podp(0) and Q =

dQp
Jo Qodp(0) for a probability measure y on ©, then
dPy  dP\?
DA(PIQ) < [ DytriliQodn(e) 5 [ [ (42~ 45) dQin an
In particular, when Qg = Q for all 6
D¢(Pl|Q)
K dPy  dP\?
< [ oyl -5 [ [ (G0 5) doim) (12)

< | Dp(Rol|Q)dp(0) = x [ |Po = PPhyidn(6)

Proof. Let df denote a reference measure dominating y so that dy = ¢(0)d6 then write vy = v(6,x) =

% ()9(0).
pirlle) = [ 1 (55 ) 40

_ /Xf< @Zlgdy(@)) 0 (13)
_ /Xf( @ljgi)v((),x)d6> dQ

By Jensen’s inequality, as in Lemma 1

dPG dPg dPg dpg
f < ”Gde) I8 <dQe> 2 <dQe_/®dQ9V9d6> Vot
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Integrating this inequality gives

o= [, (i (i) w5 (3 - i) o a9

Note that

/){/@(;igz / Py deo) Vpd0dQ = // (dpe_‘”’) 4Qdy,

and

//f(dP9> %)d0dQ = //f<dP9> 6,010
_/ / f<dpg>dQedﬂ(9) (15)

= [, D(PslIQ0)an(e)

Inserting these equalities into (14) gives the result.
To obtain the total variation bound, one needs only to apply Jensen’s inequality,

© (dPy  dP\? dP,
(%~ 55) 0= ([, |5 - il «0) )
= |Py — P4y
0

Observe that, taking Q = P = [ Pad(6) in Proposition 2, one obtains a lower bound for the
average f-divergence from the set of distribution to their barycenter, by the mean square total variation
of the set of distributions to the barycenter,

« [ 1Po = Plyan(6) < [ Dy(Pel [P)duo). 17)

An alternative proof of this can be obtained by applying |Py — P|3,, < Dg(Py||P)/x from
Theorem 2 pointwise.
The next result shows that, for f strongly convex, Pinsker type inequalities can never be reversed,

Proposition 3. Given f strongly convex and M > 0, there exists P, Q measures such that
D¢(P|[Q) = M|P — Qlrv- (18)

Proof. By x-convexity ¢(t) = f(t) — xt*/2 is a convex function. Thus, ¢(t) > ¢(1) + ¢/, (1)(t — 1) =
(ff(1) —x)(t — 1) and hence lim; o Ltt) > lim¢ oo /24 (f1. (1) — ) (1 - %) = 0. Taking measures

on the two points space P = {1/2,1/2} and Q = {1/2t,1 — 1/2t} gives D¢(P||Q) > %@ which
tends to infinity with t — oo, while [P — Q|ry <1. O

In fact, building on the work of Basu-Shioya-Park [24] and Vadja [25], Sason and Verdu proved [6]

ﬁf lelTQv f(0) + £*(0). Thus, an f-divergence can be bounded
above by a constant multiple of a the total variation, if and only if f(0) + f*(0) < oco. From this
perspective, Proposition 3 is simply the obvious fact that strongly convex functions have super linear

(at least quadratic) growth at infinity.

that, for any f divergence, supp_
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3. Skew Divergences

If we denote Cvx(0,00) to be quotient of the cone of convex functions f on (0, o) such that
f(1) = 0 under the equivalence relation f; ~ f, when fj — f, = ¢(x — 1) for ¢ € R, then the map
f + Dy gives a linear isomorphism between Cvx(0,00) and the space of all f-divergences. The
mapping T : Cvx(0,00) — Covx(0,00) defined by 7 f = f*, where we recall f*( ) = tf(t71), gives
an involution of Cox(0,0). Indeed, D7¢(P||Q) = Df(Q||P), so that D7 (5))(P|[Q) = Df(P|[Q).
Mathematically, skew divergences give an interpolation of this involution as

(P,Q) = Ds((1—t)P+tQ|[(1 —5)P +3Q)

gives Df(P||Q) by taking s = 1 and t = 0 or yields D« (P||Q) by taking s = 0 and ¢ = 1.

Moreover, as mentioned in the Introduction, skewing imposes boundedness of the
Radon-Nikodym derivative 5—5, which allows us to constrain the domain of f-divergences and
leverage x-convexity to obtain f-divergence inequalities in this section.

The following appears as Theorem III.1 in the preprint [26]. It states that skewing an f-divergence
preserves its status as such. This guarantees that the generalized skew divergences of this section are
indeed f-divergences. A proof is given in the Appendix A for the convenience of the reader.

Theorem 4 (Melbourne et al [26]). For t,s € [0,1] and a divergence Dy, then
S¢(P[IQ) = Ds((1 = )P+ £Q[[(1 = s)P +5Q) (19)
is an f-divergence as well.

Definition 4. For an f-divergence, its skew symmetrization,

=1 (1159) 1o (o"52)

Ay is determined by the convex function

() (29)

Observe that A¢(P[[Q) = Af(Q]|P), and when f(0) < o0, A¢(P||Q) < SUP ¢ [0.2] f(x) < ooforall P,Q

; dP dQ
SICC P72 aP+Q)72
Jensen-Shannon divergence. When f(x) = (x — 1)? up to a normalization constant the x*-divergence’s

skew symmetrization is the Vincze-Le Cam divergence which we state below for emphasis. The work

< 2. When f(x) = xlog x, the relative entropy’s skew symmetrization is the

of Topsee [11] provides more background on this divergence, where it is referred to as the triangular
discrimination.
(t—1)?

Definition 5. When f(t) = fl), denote the Vincze—Le Cam divergence by

A(P[|Q) = Dy (P||Q)-

If one denotes the skew symmetrization of the y2-divergence by A2, one can compute easily from
(20) that A,2(P[|Q) = A(P]|Q)/2. We note that although skewing preserves O-convexity, by the above
example, it does not preserve k-convexity in general. The skew symmetrization of the x?-divergence a
2-convex divergence while f(t) = (t — 1)?/(t + 1) corresponding to the Vincze-Le Cam divergence
satisfies f"'(t) = ﬁ, which cannot be bounded away from zero on (0, o).
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Corollary 2. For an f-divergence such that f is a x-convex on (0,2),
K K
Ap(PlIQ) = JA(PIIQ) = 58(PIQ), (21)

with equality when the f(t) = (t — 1)* corresponding the the x*-divergence, where Ay denotes the skew
symmetrized divergence associated to f and A is the Vincze- Le Cam divergence.

Proof. Applying Proposition 2

P+Q|[Q+P
=0 (F58%7)

1 Q+P\ 1 Q+P\ « 2P 20 \?
<30 (7 %57) 422 (d[%57) -5/ (5r i) #r @2

= A¢(Pl|Q) - § API|Q):
U

When f(x) = xlogx, we have f”(x) > 10% on [0, 2], which demonstrates that up to a constant
10% the Jensen-Shannon divergence bounds the Vincze-Le Cam divergence (see [11] for improvement
of the inequality in the case of the Jensen-Shannon divergence, called the “capacitory discrimination”
in the reference, by a factor of 2).

We now investigate more general, non-symmetric skewing in what follows.

4

Proposition 4. For a, B € [0,1], define

Cla) = {1—oc when o < B 22)
o when o > B,
and
Sa,p(Pl|Q) = D((1 — )P +aQ|[(1 - )P + BQ). (23)
Then,
Sa,(Pl1Q) < C(a)Deo(a]|B)|P — Ql1v, (24)

where Deo (|| B) := log (max {%, 1= }) is the binary oco-Rényi divergence [27].

We need the following lemma originally proved by Audenart in the quantum setting [28]. It is
based on a differential relationship between the skew divergence [12] and the [15] (see [29,30]).

Lemma 3 (Theorem IIL.1 [26]). For P and Q probability measures and t € [0, 1],
So+(P[|Q) < —logt[P — Qlrv. (25)
Proof of Theorem 4. If « < B, then Dw (||B) = log L;g and C(a) =1 — a. In addition,
(1-p)P+pR=1t(1-a)P+aQ)+(1-1)Q (26)

with t = %, thus

Sup(Pl|Q) = Sot((1 —a)P +aQl|Q)
< (=logt) [((1 —a)P +aQ) — Qlrv (27)
= C(#) Deo(a[B) [P = QlTv,
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where the inequality follows from Lemma 3. Following the same argument for a > B, so that C(«) = «,

Do (a]|B) = log g, and
(1=p)P+pQ=1t((1—a)P+aQ)+(1-1)P (28)
fort = g completes the proof. Indeed,

Sap(Pl1Q) = So.4((1 —a)P +aQl[P)
< —logt|((1—a)P+aQ) — P|ry (29)
= C(a) Deo(a]|B) [P — QlTv-

O

We recover the classical bound [11,16] of the Jensen-Shannon divergence by the total variation.
Corollary 3. For probability measure P and Q,
JSD(P||Q) <log2|P—Ql|rv (30)
Proof. Since JSD(P||Q) = 4 So1 (PIIQ) + : $,1(PllQ). O

Proposition 4 gives a sharpening of Lemma 1 of Nielsen [17], who proved S, (P||Q) < D (a[[B),
and used the result to establish the boundedness of a generalization of the Jensen-Shannon Divergence.

Definition 6 (Nielsen [17]). For p and q densities with respect to a reference measure y, w; > 0, such that
Y wi =1land «; € [0,1], define

JS*(p:q) = ) wi D((1 —ai)p + aiq||(1 — &) p + aq) (31)

where )1 win; = &.

Note that, when n = 2, a1 = 1, ap = 0 and w; = %, JS*“(p : q) = JSD(p||q), the usual
Jensen-Shannon divergence. We now demonstrate that Nielsen’s generalized Jensen—Shannon
Divergence can be bounded by the total variation distance just as the ordinary Jensen-Shannon
Divergence.

Theorem 5. For p and q densities with respect to a reference measure p, w; > 0, such that Y ;' ; w; = 1 and
€ (0,1),
loge Vary(a) |p —qlty < JS*"(p:q) < AH(w) |p —qlrv (32)

where H(w) = — }; w;logw;> 0 and A = max; |a; — &;| with & = Y fU]w,

Note that, since &; is the w average of the a; terms with &; removed, &; € [0,1] and thus A4 < 1.
We need the following Theorem from Melbourne et al. [26] for the upper bound.

Theorem 6 ([26] Theorem 1.1). For f; densities with respect to a common reference measure y and A; > 0
such that Y7 1 Aj =1,
hy (Y Aifi) = Y Aihy(fi) < TH(A), (33)
i i

where h.,(f;) = — [ fi(x)log fi(x)d ()andT:supi\fi—ﬁhvwithﬁ:Z#l-lﬁ—fhfj.
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Proof of Theorem 5. We apply Theorem 6 with f; = (1 — a;)p + a;q, A; = w;, and noticing that in
general

hv(z/\ifz‘) - Z)‘h“r(fz‘) = Z/M'D(fi”f)f (34)

we have

]S (p:q) = Zwl (1—a;)p+aiql|(1 —a)p + aq)

(35)
< TH(w)
It remains to determine 7 = max; |f; — fi|rv,
f fi
R
_ ((1 —&)p+ag) — (1 —ai)p+aiq)
1—w; (36)
_(@i—a)(p—q)
1-— w;
= (ai — ;) (p —9)-
Thus, 7 = max;(«; — &;)|p — q|ltv = A|p — q|1v, and the proof of the upper bound is complete.
To prove the lower bound, we apply Pinsker’s inequality, 2loge|P — Q|%,, < D(P||Q),
n
J$*(p:q) = 3 wiD((1 = a;)p + gl (1 — &)p + &q)
i=1
1 1 P
=) wi2loge |((1 —a;)p+waiq) — (1 —a)p+&
2 ; ) )P+ aiq) — (( )P +aq)|ty (37)

= loge sz *"‘) lp— q|TV
i=1

=loge Varw(“) |P - ‘7|2TV'
O

Definition 7. Given an f-divergence, densities p and q with respect to common reference measure, . € [0, 1]"
and w € (0,1)" such that Y_; w; = 1 define its generalized skew divergence

n
D¥(p:q) = ) wiDs((1—a;)p+aiql|(1 - a)p +ag). (38)
i=1
where & = Y ; w;n;.
Note that, by Theorem 4, D?'w is an f-divergence. The generalized skew divergence of the

relative entropy is the generalized Jensen—Shannon divergence JS**. We denote the generalized skew
divergence of the x?-divergence from p to g by

Xaw(p:q) wa (1—wj)p +aigl|(1 —ap+ aq) (39)
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Note that, whenn = 2and a1 = 0, ap = 1 and w; = %, we recover the skew symmetrized
divergence in Definition 4

D}O'”'(l/z’l/z)(i’ :q) = As(pllg) (40)

The following theorem shows that the usual upper bound for the relative entropy by the
x?-divergence can be reversed up to a factor in the skewed case.

Theorem 7. For p and q with a common dominating measure y,

Xaw(P:q) < Neola,w)]S™(p : q).

Writing N (@, w) = max; max { 117_’{" &} Fora € [0,1]" and w € (0,1)" such that }_; w; = 1, we

&’

use the notation Noo (&, w) := max; eDeo(wi]|7)

where & =), w;n;.
Proof. By definition,
n
S (p:q) = ) wiD((1 - a;)p + a;ql| (1 — &)p + ag).
i=1
Taking P; to be the measure associated to (1 — «;)p + a;q and Q given by (1 — &)p + &g, then
dp;  (1—w;)p+aig 1—w; w Do (a;]|)
_—— < —_— = o\ < ) , .
dQ 1-a)p+ag — 1-a’ & ¢ < Noo(a, ) 1)

Since f(x) = xlog x, the convex function associated to the usual KL divergence, satisfies f”(x) = =, f
is e~ Pe(®)_convex on [0, sup, ; % (x)], applying Proposition 2, we obtain

2
Liwi [y (76— #6) 4Q
Q> <Y wiD(R|Q) - ’;I\g:fa wd)Q) . )

D (Z wiPi
i

Since Q = Y; w;P;, the left hand side of (42) is zero, while

L . (dl’_‘”’) dQ = Zwl/ (‘;1;—1)2%

=Y wi(P|P) 43
= ch,w(p : q)
Rearranging gives,
2
XIX w(p : ) o,
m < JS*(p:q), (44)

which is our conclusion. [

4. Total Variation Bounds and Bayes Risk

In this section, we derive bounds on the Bayes risk associated to a family of probability measures
with a prior distribution A. Let us state definitions and recall basic relationships. Given probability
densities {p;}"" ; on a space X with respect a reference measure y and A; > Osuch that}°}' ; A; =1,
define the Bayes risk,

Ri=Ry(p)=1— [ max{Aipi(x)}an(x) (45)
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If /(x,y) = 1—6x(y), and we define T(x) := argmax; A;p;(x) then observe that this definition is
consistent with, the usual definition of the Bayes risk associated to the loss function ¢. Below, we
consider 6 to be a random variable on {1,2,...,n} such that P(6 = i) = A;, and x to be a variable with
conditional distribution P(X € A|6 = i) = [, pi(x)du(x). The following result shows that the Bayes
risk gives the probability of the categorization error, under an optimal estimator.

Proposition 5. The Bayes risk satisfies

R= méinEe(e,é(X)) =E4(6, T(X))

where the minimum is defined over: X — {1,2,...,n}.

Proof. Observe that R = 1 — [, Ap(x)pr(x) (X)dp(x) = EL(6, T(X)). Similarly,

E€(6,0(X)) =1~ [ AggyyPa) (0)n(x)
> 1= [ Aroprin (®)dp() = R,
which gives our conclusion. [

It is known (see, for example, [9,31]) that the Bayes risk can also be tied directly to the total variation
in the following special case, whose proof we include for completeness.

=1
=3

2R =1—|p1 — p2|1v (46)

Proposition 6. Whenn =2and Ay = Ay the Bayes risk associated to the densities py and p; satisfies

[p1—p2l+p1+p2
2

Proof. Since pr = , integrating gives [, pr(x)du(x) = |p1 — p2|rv + 1 from which the

equality follows. [

Information theoretic bounds to control the Bayes and minimax risk have an extensive literature
(see, for example, [9,32-35]). Fano’s inequality is the seminal result in this direction, and we direct
the reader to a survey of such techniques in statistical estimation (see [36]). What follows can be
understood as a sharpening of the work of Guntuboyina [9] under the assumption of a x-convexity.

The function T(x) = argmax;{A;p;(x)} induces the following convex decompositions of our
densities. The density g can be realized as a convex combination of q; = % where Q =1— [ Arqdu

and q; = 7(173”%

7= (1-Q)q1 + Qqa.

If we take p := }_; A;p;, then p can be decomposed as p; = ){T_pRT and p; = HTT”T so that

p = (1-R)p1 + Rpy.

Theorem 8. When f is k-convex, on (a,b) with a = inf; , ;ZI "((;)) and b = sup; ’; "((;C))

KW
YA (pilla) > Dp(RIIQ) + 2
where ) 5
1—-—R R
W= Wik pi ) == SR 2 onllgn) + a2 (oallga) + Wo
1-0Q Q
for Wo > 0.
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Wy can be expressed explicitly as

4 pi — Yisr b pi]?
WO = /(1 —/\T)V{;lr/\i#T (i;) dy — / Z )\i ]#q 1-ArFJ d‘u,

where for fixed x, we consider the variance Var, .7 (%) to be the variance of a random variable
taking values p;(x)/q(x) with probability A;/ (1 — Ar(,) for i # T(x). Note this term is a non-zero
term only when n > 2.

Proof. For a fixed x, we apply Lemma 1

s (B) = e (B) +a-an & 1207 ()

iZT | (47)
> anf (B = an) |7 (E2200 ) 4 S, (2))]

Integrating,

3 3 7A Al 1
Cayplln) = [arf () g+ fa-any (FRIEESE) 1 S, )

where N
' Ao pi = Sier = pi?
W, :/ i GLelipmy 49
0 i#;(x) 1 —)\T(X> q ,'I/l ( )

Applying the x-convexity of f,

[as () a=-0) [ms ()
>(1-Q) (f(fl)‘_TPQT> +§Varq1 (’?)) (50)

=(1-Q)f(A1-R)/(1-Q)) + W,

with

(51)
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Similarly,
p—Arpr\  _ p— Arpr
Ja-anr (5255 )= for (5 205)
p—Arpr Qx
> Qf (/qzq(l—)\ﬂ) + 7W2 (52)
where

2 2
Var, (PMPT _ R) (53)

Writing W = Wy 4+ W; 4+ W,, we have our result. [

Corollary 4. When A; = 1, and f is x-convex on (inf; , p; /g, sup; . pi/q)

1
5 LPs(pilla)

(54)
K

> Dy(RI|(n—1)/n) + 5 <n2<1 - R llo) + (5

n—1

2
) X oall) +W0>

further when n = 2,

D¢(p1llg) + D¢ (p2llq) 1—|p1 — p2lrv
2 = Dy 2

1
)
(1 +1p1 = P2l onll) + (= [pr = palrv )22 (02l 9) ) -
(55)

_|_

N =

1
n

Proof. Note that q; = g2 = g, since A; = ;- implies At = % as well. In addition, Q =1 — [ Apqdy =

”T_l so that applying Theorem 8 gives

knW(Ai, pi,q)

Dy(pilla) = nDg(R[|(n —1)/n) + >

1

. (56)

n
1=
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The term W can be simplified as well. In the notation of the proof of Theorem 8,

Wy = n*(1—R)*x*(p1,9)

nR \? 5
Wy = <nl> X (p2l19) (57)
1 1
Wo — / 1 Zi;éT(Pi — a1 Zj;éT Pj)zd#'
q
For the special case, one needs only to recall R = M while inserting 2 for n. 0O

Corollary 5. When p; < q/t* for t* > 0, and f(x) = xlogx

i t*w(/\i’ Pi, 5])
EAD(ln) > D(RIjQ) + 1D

for D(p;||q) the relative entropy. In particular,

t'wW Ai/ ir
YD (pilla) = D(pllg) + D(r|[p) + "~ ipict)

where P =1 — [ Appdy for p = Y; Aip; and t* = min A;.

Proof. For the relative entropy, f(x) = xlogx is f;-convex on [0, M] since f”(x) = 1/x. When
pi < q/t* holds for all i, then we can apply Theorem 8 with M = tl* For the second inequality, recall
the compensation identity, Y; A;D(p;l|q) = ¥; AiD(pillp) + D(p||q), and apply the first inequality to
Y. D(pil||p) for the result.

O

This gives an upper bound on the Jensen—Shannon divergence, defined as JSD(u||v) =
%D(M lu/2+v/2) + %D(v\ l/2 +v/2). Let us also note that through the compensation identity

YiAiD(pillg) = XiAiD(pillp) + D(pllg), XiAiD(pillg) > i AiD(pil|lp) where p = Y A;p;. In the
case that A; = %

Y AiD(pill9)
> Y AiD(pillp) (58)
ZQfC;f)+u—®fGRQ)+ﬁN

Corollary 6. For two densities p1 and py, the Jensen—Shannon divergence satisfies the following,
1— _
JSDUHHPZ)ZID<|pHZPﬂTV

1/2>
1 (59)

1 (1P = 2l )22 01l 1p) + (1= [p1 = P2l )% (e2l 1) )

+
with p(i) defined above and p = p1/2 + pa2/2.

Proof. Since (MfW < 2and f(x) = xlog x satisfies f”'(x) > 3 on (0,2). Taking g = w, in the

n = 2 example of Corollary 4 with x = % yields the result. [
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Note that 2D((1+ V) /2|[1/2) = (1+ V)log(1+ V) + (1 — V) log(1 — V) > VZ?loge, we see that
a further bound,

2,2 _ 2.9
ISD(pllps) > 2BEy2 . LV enlle) + A= VIR eallp), .

can be obtained for V = |p; — pa|7v.

On Topsee’s Sharpening of Pinsker’s Inequality

For P;, Q probability measures with densities p; and g with respect to a common reference measure,
", ti =1, witht; > 0, denote P = Y, t;P;, with density p = Y, t;p;, the compensation identity is

t;D(P;||Q) = D(P||Q) + ) _ t;D(P;||P). (61)

1 i=1

™=

Theorem 9. For P and Py, denote My = 27%P; + (1 — 27K\ P,, and define

M (k) = Mk]l{P1>P2} +P21{P1§P2}

Mk]l{PlSPZ} + Pz]l{P1>P2}
= My (k) =
Mi{P1 > P2} + P {P; < P}

- M{Py < P} + Po{P > P}

then the following sharpening of Pinsker’s inequality can be derived,

& 2(My(k), M, 2(Mo(k), M
D(P1||P2) 2 (210g€>|P1 _P2|%"V+ sz <X ( 1(2) k+1) 4 X ( 2(2) k+l)) )
k=0

Proof. Whenn =2and t =t, = %, if we denote M = @, then (61) reads as

1 1
ED(PlHQ) + ED(PZHQ) = D(M||Q) +]JSD(Py||Py). (62)
Taking Q = P,, we arrive at
D(Py||P,) = 2D(M]|P2) + 2JSD(P1||P2) (63)

Tterating and writing My = 2P + (1 —27%)P,, we have

D(Py||P,) = 2" (D(MnHPZ)+22]SD(M11||P2)> (64)
k=0

It can be shown (see [11]) that 2"D(My,||P,) — 0 with n — oo, giving the following series
representation,

D(P1||P,) =2 Y 25JSD(My]|P»). (65)
k=0

Note that the p-decomposition of M is exactly p; = M(i), thus, by Corollary 6,

D(Py||P) =2 Y 25JSD(My||P>)
k=0

oo 2 2
>y 2t <|Mk _ P2y loge+ X (Ml(’;),MkH) L X (MZ(I;)/Mk-&-l)) (66)
k=0
o0 2 2
— (2loge)|P — Pafiy + Y 2 <X (Ml(g)/MkJrl) L X (MZ(I;)/Mk+1)) .
k=0

Thus, we arrive at the desired sharpening of Pinsker’s inequality. [
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Observe that the k = 0 term in the above series is equivalent to

X2 (M1(0), Moy1) | xX2(M2(0), Mos1)\ _ x*(pn,p) | X*(p2,p)
0 (L0 Mon) ol 2laen)  2iep), (©7)

where p; is the convex decomposition of p = P72 in terms of T(x) = argmax{p; (x), p2(x)}.

5. Conclusions

In this article, we begin a systematic study of strongly convex divergences, and how the strength
of convexity of a divergence generator f, quantified by the parameter «, influences the behavior of
the divergence Dy. We prove that every strongly convex divergence dominates the square of the total
variation, extending the classical bound provided by the x2-divergence. We also study a general notion
of a skew divergence, providing new bounds, in particular for the generalized skew divergence of
Nielsen. Finally, we show how x-convexity can be leveraged to yield improvements of Bayes risk
f-divergence inequalities, and as a consequence achieve a sharpening of Pinsker’s inequality.

Funding: This research was funded by NSF grant CNS 1809194.
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Appendix A

Theorem A1. The class of f-divergences is stable under skewing. That is, if f is convex, satisfying f(1) =0,
then

fo) = e -0 (020 (a1

is convex with f(1) = 0 as well.

Proof. If y and v have respective densities u and v with respect to a reference measure 7y, then
ru+ (1 —r)vand tu + 1 — tv have densities ru + (1 — r)vand tu + (1 — t)v

Spaa(pl) = [ f (= e ) (e (1 oy (a2)
—/f( 8 :;) (1—1))ody (A3)
:/f 2 vdy. (A4)

Since f(1) = f(1) = 0, we need only prove f convex. For this, recall that the conic transform g of a
convex function f defined by g(x,y) = yf(x/y) for y > 0is convex, since

y1+Yy2 (xl-l-xz }/1+y2> ity ( yi Y2 xz)
= 2y =2 A5
2 f 2 / 2 2 f ity ity (49
< Dftxi/y) + Zf(xa/v2). (A6)

Our result follows since f is the composition of the affine function A(x) = (rx 4 (1 —r),tx + (1 —t))
with the conic transform of f,

flx) = g(A(x)). (A7)
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1. Motivation and Context

Divergences between probability measures are widely used in statistics and data
science in order to perform inference under models of various kinds; parametric or semi-
parametric, or even in non-parametric settings. The corresponding methods extend the
likelihood paradigm and insert inference in some minimum “distance” framing, which
provides a convenient description for the properties of the resulting estimators and tests,
under the model or under misspecification. Furthermore, they pave the way to a large
number of competitive methods, which allows to trade-off between efficiency and robust-
ness, among other things. Many families of such divergences have been proposed, some of
them stemming from classical statistics (such as the Chi-square divergence), while others
have their origin in other fields, such as information theory. Some measures of discrepancy
involve regularity of the corresponding probability measures while others seem to be
restricted to measures on finite or countable spaces, at least when using them as inferential
tools, henceforth in situations when the elements of a model have to be confronted with
a dataset. The choice of a specific discrepancy measure in specific context is somehow
arbitrary in many cases, although the resulting conclusion of the inference might differ
accordingly, above all under misspecification.

The goal of this paper is explained shortly. The current literature on risks, seen from
a statistical standpoint, has developed in two main directions, from basic definitions and
principles, following the seminal papers [1,2].

A first stream of papers aims to describe classes of discrepancy indices (divergences) as-
sociated with invariance under classes of transformations and similar properties;
see [3-5] for a review.

The second flow aims at making use of these indices for practical purposes under
various models, from parametric models to semi-parametric ones, mostly. Also the litera-
ture in learning procedures makes extensive use of divergence-based risks, with a strong
accent on the implementation issues. Following the standard approach, their properties
are mainly considered under i.i.d. sampling, providing limit results, confidence areas, etc;
see [6,7] and references therein for review and developments, and the monographs [8,9].
Also comparison among discrepancy indices are considered in terms of performances
either under the model, or with respect to robustness (aiming at minimizing the role of
outliers in the inference by providing estimators with redescending influence function), or
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with respect to misspecification, hence focusing on the loss in estimation or testing with
respect to the distance from the assumed model to the true one.

This literature, however, rarely considers the rationale for specific choices of indices
in relation with the concepts which define statistics, such as the Bayesian paradigm or
the maximum likelihood (ML) one; for a contribution in this direction for inference in
models defined by linear constraints, see [10]. In [11], we could prove that minimum
divergence estimators (in the class of the ones considered in the present paper) coincide
with MLEs under i.i.d. sampling in regular exponential models (but need not, even in
common models such as mixtures). Here it is proved that minimum divergence estimators
are indeed MLEs under weighted sampling, instead of standard i.i.d. one, commonly met
in bootstrap procedures which aim at providing finite sample properties of estimators
through simulation.

This paper considers a specific class of divergences, which contains most of the
classical inferential tools, and which is indexed by a single scalar parameter. This class of
divergences belongs to the Csiszar-Ali-Silvey-Arimoto family of divergences (see [4]), and
is usually referred to as the power divergence class, which has been considered by Cressie
and Read [12]; however this denomination is also shared by other discrepancy measures of
some different nature [13]. We will use the acronym CR for the class of divergences under
consideration in this paper.

Section 2 recalls that the MLE is obtained as a proxy of the minimizer of the Kullback-
Leibler divergence between the generic law of the observed variable and the model, which
is the large deviation limit for the empirical distribution. This limit statement is nothing
but the continuation of the classical ML paradigm, namely to make the dataset more
“probable” under the fitted distribution in the model, or, equivalently, to fit the most “likely”
distribution in the model to the dataset.

Section 3 states that given a divergence pseudo distance ¢ in CR the Minimum
Divergence Estimator (MDE) is obtained as a proxy of the minimizer of the large deviation
limit for some bootstrap version of the empirical distribution, which establishes that the
MDE is MLE for bootstrapped samples defined in relation with the divergence. This fact
is based on the strong relation which associates to any CR ¢-divergence a specific RV
W (see Section 1.1.2); this link is the cornerstone for the interpretation of the minimum
¢-divergence estimators as MLEs for specific bootstrapped sampling schemes where W
has a prominent role. Some specific remark explores the link between MDE and MLE in
exponential families. As a by product, we also introduce a bootstrapped estimator of the
divergence pseudo-distance ¢ between the distribution of the data and the model.

In Section 4, we specify the bootstrapped estimator of the divergence which can be
used in order to perform an optimal test of fit. Due to the type of asymptotics handled in
this paper, optimality is studied in terms of Bahadur efficiency. It is shown that tests of fit
based on such estimators enjoy Bahadur optimality with respect to other bootstrap plans
when the bootstrap is performed under the distribution associated with the divergence
criterion itself.

The discussion held in this paper pertains to parametric estimation in a model Pg
whose elements Py are probability measures defined on the same finite space
Y :={dy,...,dx}, and 0 € © is an index space; we assume identifiability, namely different
values of 0 induce different probability laws Py’s. Also all the entries of Py will be positive
for all 6 in ©®.

1.1. Notation
1.1.1. Divergences

We consider regular divergence functions ¢ which are non negative convex functions
with values in R* which belong to C? (R) and satisfy ¢(1) = ¢/(1) = 0 and ¢"(1) = 1;
see [3,4] for properties and extensions. An important class of such functions is defined
through the power divergence functions
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XV —yx4+9-—1
v(r—1)
defined for all real v # 0,1 with ¢@g(x) := —logx + x — 1 (the likelihood divergence
function) and ¢1(x) := xlog x — x + 1 (the Kullback-Leibler divergence function). This class
is usually referred to as the Cressie-Read family of divergence functions (see [12]). It is a
very simple class of functions (with the limits in ¢y — 0,1) which allows to represent nearly
all commonly used statistical criterions. Parametric inference in commonly met situations
including continuous models or some non-regular models can be performed with them;
see [6]. The L; divergence function ¢(x) := |x — 1] is not captured by the CR family of

functions. When undefined the function ¢ is declared to assume value +oo.

Associated with a divergence function ¢, ¢ is the divergence between a probability
measure and a finite signed measure; see [14].

For P := (p1,...,px) and Q := (qq,...,qk) in SK, the simplex of all probability
measures on ), define, whenever Q and P have non-null entries

$(Q,P) Z PW(qk)

Pk

Py (x) = 1

Indexing this pseudo-distance by 7y and using ¢, as divergence function yields the
Kullback-Leibler divergence KL(Q,P) := ¢1(Q,P) = Y qx log(%), the likelihood or
modified Kullback-Leibler divergence

KLn(Q, P) := ¢0(Q, P) zpklog(zk)

the Hellinger divergence

$1/2(Q, P) ZP <\/7 )21

the modified (or Neyman) x? divergence

The x? divergence
2
L
Z P ( - 1)

is defined between signed measures; see [15] for definitions in more general setting, and [6]
for the advantage to extend the definition to possibly signed measures in the context of
parametric inference for non-regular models. Also the present discussion which is restricted
to finite spaces ) can be extended to general spaces.

The conjugate divergence function of ¢ is defined through

() =xo(3) @

and the corresponding divergence ¢(P, Q) is

K
_ . Pk)
— s
Yao(f
which satisfies

$(P,Q) = ¢(Q,P)
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whenever defined, and equals +co otherwise. When ¢ = ¢, then ¢ = ¢1_,, as follows by
substitution. Pairs (¢,, ¢1_,) are therefore conjugate pairs. Inside the Cressie-Read family,
the Hellinger divergence function is self-conjugate.

For P = Py and Q € SX we denote ¢(Q, P) by ¢(Q,0) (resp ¢(6,Q), or ¢(¢',6), etc.
according to the context).

1.1.2. Weights

This paragraph introduces the special link which connects CR divergences with
specific random variables, which we call weights. Those will be associated to the dataset
and define what is usually referred to as a generalized bootstrap procedure. This is the
setting which allows for an interpretation of the MDE’s as generalized bootstrapped MLEs.

For a given real valued random variable (RV) W denote

M(t) := log E[exp(tW)] 3)

its cumulant generating function which we assume to be finite in a non-void open neigh-

borhood of 0. The Fenchel Legendre transform of M (also called the Chernoff function) is
defined through

oV (x) = M*(x) := sup(tx — M(t)). (4)

The function x — ¢"(x) is non-negative, is C* and convex. We also assume that

EW = 1 together with VarW = 1 which implies ¢"V (1) = (q)w)/(l) =0and ((pw)”(l) =1

Hence ¢"(x) is a divergence function with corresponding divergence ¢"'. Associated with

¢" is the conjugate divergence q;VV with divergence function ;VV , which therefore satisfies

#"(Q, P) = ¢ (P, Q) whenever neither P nor Q have null entries.

It is of interest to note that the classical power divergences ¢, can be represented
through (4) for v < 1 or v > 2. A first proof of this lays in the fact that when W has a
distribution in a Natural Exponential Family (NEF) with power variance function with
exponent & = 2 — v, then the Legendre transform ¢" of its cumulant generating function
M is indeed of the form (1). See [16,17] for NEF’s and power variance functions, and [18]
for relation to the bootstrap. A general result of a different nature, including the former
ones, can be seen in [19], Theorem 20. Correspondence between the various values of vy
and the distribution of the respective weights can be found in [19], Example 39, and it can
be summarized as presented now.

For v < 0 the RV W is constructed as follows: Let Z be an auxiliary RV with density

)/ 1=
fz and support [0,0) of a stable law with parameter triplet <—127,O, W)
in terms of the “form B notation” on p 12 in [20]; then W has an absolutely continuous
distribution with density

finty) =PI =) )10 1)

For v = 0 (which amounts to consider the limit as y — 0in (1)) then W has a standard
exponential distribution E(1) on [0, o).
For 4 € (0,1) then W has a compound Gamma-Poisson distribution

C(POI(6), GAM(w, B))

where

1 1 0%
0=—,a= ,B= .
Y 1—7/3 1—7

For v = 1, W has a Poisson distribution with parameter 1, POI(1).
For v = 2, the RV W has normal distribution with expectation and variance equal to 1.
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For ¢ > 2, the RV W is constructed as follows: Let Z be an auxiliary RV with density
ol

fz and support (—oo,00) of a stable law with parameter triplet (71’ 0, W)

in terms of the “form B notation” on p 12 in [20]; then W has an absolutely continuous
distribution with density

fuly) = SRW = D) oy

v ER.
exp(1/7) Y

2. Maximum Likelihood under Finitely Supported Distributions and Simple
Sampling
2.1. Standard Derivation

Let X3, ... X, be a set of n independent random variables with common probability
measure Py and consider the Maximum Likelihood estimator of 6. A common way to
define the ML paradigm is as follows: For any 6 consider independent random variables
(X1,0,... X, ) with probability measure Py , thus sampled in the same way as the X;’s, but
under some alternative 6.

Denote

1 n
Pn == 25)(1,
ni3
and
1 n
P)’l@ = E Zéxle

the empirical measures pertaining respectively to (Xj,...X,) and (X 9,... Xy9)-

Define 6);, as the value of the parameter 6 for which the probability that, up to a
permutation of the order of the X;g’s, the probability that (X7, ... X, ) coincides with
X1, ... Xy is maximal, conditionally on the observed sample X, ... Xj,. In formula

Opmp = argm@ang(Pn,g = Py|Py). (5)

An explicit enumeration of the above expression Py( P,y = P,|P,) involves
the quantities
nj = card{i: X; = d;}

forj=1,...,Kand yields
n!Pg (d])n]

Py( Py = Pux|Pux) = —— ©)
n;!
=1 /

]

as follows from the classical multinomial distribution. Optimizing on 6 in (6) yields

K I’l]'
= ; log Pg (d])

Oy = argmeax

1 n
= — log Py(X;).
argmeaxn; og Py (X;)

It follows from direct evaluation that

Oy = arg irelfKLm(Pg, Py).

Introducing the Kullback-Leibler divergence KL(Py, Py) it thus holds

Oy = arg i%fm(Pn,Pg) = arg iréthL(Pn,Pg).
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We have recalled that minimizing the Kullback-Leibler divergence KL(P,, #) amounts
to minimizing the Likelihood divergence KL, (6, P,;) and produces the ML estimate of 7.

2.2. Asymptotic Derivation

We assume that

lim P, = P, a.s.
n—eo o1

This holds for example when the X;’s are drawn as an i.i.d. sample with common
law Py, which we may assume in the present context. From an asymptotic standpoint,
Kullback-Leibler divergence is related to the way P, keeps away from Py when 6 is not
equal to the true value of the parameter 67 generating the observations X;’s and is closely
related with the type of sampling of the X;’s. In the present case, when i.i.d. sampling of
the X; p’s under Py is performed, Sanov Large Deviation theorem leads to

lim %log Py(Pog = Pa|Pa) = —KL(61,6). @)

This result can easily be obtained from (6) using Stirling formula to handle the factorial
terms and the law of large numbers which states that for all j’s, n;/n tends to Py, (d;) as
n tends to infinity. We note that the MLE 6y, is a proxy of the minimizer of the natural
estimator 67 of KL(67,0) in 0, substituting the unknown measure generating the X;’s by
its empirical counterpart P,,. Alternatively as will be used in the sequel, 6,1, minimizes
upon 6 the Likelihood divergence KL;,(6,07) between Py and Py, substituting the un-
known measure Py, generating the X;’s by its empirical counterpart P,. Summarizing we
have obtained:

The ML estimate can be obtained from a LDP statement as given in (7), optimizing in
g in the estimator of the LDP rate where the plug-in method of the empirical measure of
the data is used instead of the unknown measure Py,.. Alternatively it holds

Oy = argnbinK/L\m(G, or) (8)

with .
KL, (6,07) := KL, (6, Py).

This principle will be kept throughout this paper: the estimator is defined as max-
imizing the probability that the simulated empirical measure be close to the empirical
measure as observed on the sample, conditionally on it, following the same sampling
scheme. This yields a maximum likelihood estimator, and its properties are then obtained
when randomness is introduced as resulting from the sampling scheme.

3. Bootstrap and Weighted Sampling

The sampling scheme which we consider is commonly used in connection with the
bootstrap and is referred to as the weighted or generalized bootstrap, sometimes called wild
bootstrap, first introduced by Newton and Mason [21].

Let X, ..., X, with common distribution P on Y := {dy,...,dg}.

Consider a collection Wy, ..., W, of independent copies of W, whose distribution satis-
fies the conditions stated in Section 1. The weighted empirical measure P}V is
defined through

1 n
W._
pY = - Z;Wiéxi-
i=1
This empirical measure need not be a probability measure, since its mass may not
equal 1. Also it might not be positive, since the weights may take negative values.

Therefore P}V can be identified with a random point in RX. The measure P}’ converges
almost surely to P when the weights W;’s satisfy the hypotheses stated in Section 1.
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We also consider the normalized weighted empirical measure

n
B =) Zidx, )
i=1
where W
Z = i 1
i W, (10)
whenever 27:1 W; # 0, and
Ry = oo

when i, W; = 0, where LW = co means P (dy) = oo forall dy in V.

3.1. A Conditional Sanov Type Result for the Weighted Empirical Measure

We now state a conditional Sanov type result for the family of random measures 3.
It follows readily from a companion result pertaining to P}¥ and enjoys a simple form when
the weights W; are associated to power divergences, as defined in Section 1.1.2. We quote
the following results, referring to [19].

Consider a set Q in RX such that

clQ = cl[Int(Q))] (11)

which amounts to a regularity assumption (obviously met when () is an open set), and
which allows for the replacement of the usual liminf and lim sup by standard limits in
usual LDP statements. We denote by P" the probability measure of the random family of
iid. weights W;.

It then holds

Proposition 1 (Theorem 9 in [19]). The weighted empirical measure P} satisfies a conditional
Large Deviation Principle in RX namely, denoting P the a.s. limit of P,,

lim 11ogPW(p,ZV € Q‘Xy) = —¢"(Q,P)

n—oo 1
where oV (Q), P) := infgen ¢" (Q, P).

As a direct consequence of the former result, it holds, for any Q C SK satisfying (11),
where SK designates the simplex of all pm’s on ).

Theorem 1 (Theorem 12 in [19]). The normalized weighted empirical measure B satisfies a
conditional Large Deviation Principle in SK

gijr;o%long(‘By € Q‘X?) = —rilr;fogbw(mﬂ, P). (12)
A flavour of the simple proofs of Proposition 1 and Theorem 1 is presented in
Appendix A; see [19] for a detailed treatment; see also Theorem 3.2 and Corollary 3.3
in [22] where Theorem 1 is proved in a more abstract setting.
We will be interested in the pm’s in (2 which minimize the RHS in the above display.
The case when ¢" is a power divergence, namely ¢" = ¢,, for some 7 enjoys a special
property with respect to the pm’s Q achieving the infimum (upon Q in 3) in (12). It holds
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Proposition 2 (Lemma 14 in [19]). Assume that ¢V is a power divergence. Then

Qe arginf{ ir;éfoqbw(mQ,P),Q € Q}

and

Qe arginf{ng(Q, P),Qc¢€ Q}

are equivalent statements.

Indeed Proposition 2 holds as a consequence of the following results, to be used later
on.

Lemma 1. For Q and P two pm's such that the involved expressions are finite, it holds
(i)  Fory # 0and v # 1it holds that

. 1 e
Jnf ¢y (mQ, P) =;[1—(1+v(7—1)¢7(g,p)) V),

(i) infyp091(mQ, P) = 1 — exp(~KL(Q, P)) = 1~ exp(~1(Q, P)).
(iii) inf,, 20 po(mQ, P) = KLw(Q, P) = ¢o(Q, P)

In the case where W is a RV with standard exponential distribution, then a link
between the present approach and Bayesian inference can be drawn, since the normalized
weighted empirical measure B is a realization of the a posteriori distribution for the
Dirichlet prior on the non parametric distribution of X. See [23].

The weighted empirical measure P}’ has been used in the weighted bootstrap (or
wild bootstrap) context, although it is not a pm. However, conditionally upon the sample
points, its produces statistical estimators T(P}¥) whose weak behavior (conditionally upon
the sample) converges to the same limit as does T(P,) when normalized on the classical
CLT range; see eg Newton and Mason [21]. Large deviation theorem for the weighted
empirical measure P,‘lN has been obtained by [24]; for other contributions in line with
those, see [22,25]. Normalizing the weights produces families of exchangeable weights
Z;, and the normalized weighted empirical measure B}’ is the cornerstone for the so-
called non-parametric Bayesian bootstrap, initiated by [23], and further developed by [26]
among others. Note however that in this context the RV’s W;’s are chosen distributed as
standard exponential variables. The link with spacings from a uniform distribution and
the corresponding reproducibility of the Dirichlet distributions are the basic ingredients
which justify the non parametric bootstrap approach; in the present context, the choice of
the distribution of the W;’s is a natural extension of this paradigm, at least when those W;’s
are positive RV’s.

3.2. Maximum Likelihood for the Generalized Bootstrap

Let’s turn back to the estimation of 7 , assuming Py, the common distribution of the
independent observations Xy, ..., X;,;. We will consider maximum likelihood in the same
spirit as developed in Section 2.2, here in the context of the normalized weighted empirical
measure; it amounts to justify minimum divergence estimators as appropriate MLEs under
such bootstrap procedure.

We thus consider the same statistical model Pg and keep in mind the ML principle as
seen as resulting from a maximization of the conditional probability of getting simulated
observations close to the initially observed data. Similarly as in Section 2 fix an arbitrary 0
and simulate Xy g, ..., X,  with distribution Py. Define accordingly P}% and ‘Bm) making
use of i.i.d. RV’'s Wy, ..., W,,. Now the event ‘,]31% (k) = ny/n has probability 0 in most cases
(for example when W has a continuous distrib{ltion), and therefore we are led to consider
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events of the form %ZVG € Vi(Py) , meaning max| BV, (di) — Pn(dk)’ < e for some ¢ > 0;
notice that V;(P,) defined through

Ve(Py) := {Q e sk mkax|Q(dk) — Py(dp)] < 8}

has non-void interior.
For such a configuration consider

PY (Y5 € Ve(Pa)|X10, -, Xno, Pu) (13)

where the X; ¢ are randomly drawn i.i.d. under Py. Obviously for 6 far away from 6t the
sample (X1 9,..., X, ) is realized “far away ” from (Xj, ..., X;;), which has been generated
under the truth, namely Py, , and the probability in (13) is small, whatever the weights, for
small e.

We will now consider (13) for large 1, since, in contrast with the first derivation of the
standard MLE in Section 2.1, we cannot perform the same calculation for each n, which
was based on multinomial counts. Note that we obtained a justification for the usual MLE
through the asymptotic Sanov LDP, leading to the KL divergence and finally back to the
MLE through an approximation step of this latest. From Theorem 12 together with the a.s.
convergence of P, to Py, in SX it follows that for some a < 1 < f8

~ inf " (mVae(Por), 0) (14)

o1
< lim 710gPW(mZ\,/9 € VG(PH)|X1,9/- H/X'rl,arpn)

n—oo 1

< — inf oW (mV;y.(Py.),0
< - infg (mVge(Pay), 0)

where 9" (Ve (01),0) = infev, (p, ) ¢" (1, 0)-
As e — 0, by continuity it holds that

o1
lim lim = log P" (%1% € Ve(Pu)| X1/, Xno, P2 ) (15)

e—~>0n—o0o n

= — inf ¢ (mPy,,0).
Inf ¢ (mPe;.,0)
The ML principle amounts to maximize

PW (g’pz\,}@ € Ve(PVl)|X1,9/' "/Xn,Gr Pn) (16)

over 0. Whenever © is a compact set we may insert this optimization in (14) which yields,
following (15)

1
lim lim — log sup P" (qs,‘ﬁ, € Ve(Py)|X10, .., Xno, Pn>
6

e—+0n—oo

. . W
= nb o o™ (mPor, 0).

We consider weights W’s such that there exists a power divergence function ¢,
satisfying (4), which amounts to ¢" = ¢,; by the results quoted in Section 1.1.2 this holds
when 1y € (—o0,1] U [2, +00).

By Proposition 2 the argument of the infimum upon 6 in the RHS of the above
display coincides with the corresponding argument of ¢" (61, 8), which obviously gets 07.
This justifies to consider a proxy of this minimization problem as a “ML” estimator based
on normalized weighted data.
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A further interpretation of the MDE in the context of non-parametric Bayesian proce-
dures may also be proposed; this is postponed to a next paper.
Since
9" (6r,0) = ¢" (6,07)

the ML estimator is obtained as in the conventional case by plug in the LDP rate.
Obviously the “best” plug in consists in the substitution of Py, by Py, the empirical measure
of the sample, since P, achieves the best rate of convergence to Py, when confronted to any
bootstrapped version, which adds “noise” to the sampling. We may therefore call

K
W W o ) ~W PQ(dk)
b = arg nd 570, Po) 1= ang ok 32 PuCa)7" (75 v

B . K Pn (d )
~orgjnt ) Py(dy) 9" ( A )

the MLE for the bootstrap sampling; here ¢" (with divergence function @) is the conjugate
divergence of ¢" (with divergence function ¢). Since ¢"Y = ¢, for some 7, it holds
¢ = P11

We can also plug in the normalized weighted empirical measure, which also is a proxy
of Py, for each run of the weights. This produces a bootstrap estimate of 67 through

) K o/ Po(d
o argggé(l)w(g,mnw) = argeig(gkz ‘an(dk)(pW( o (di) ) (18)
=1

P (dk)
.k B (di)
- argelg(f)kzzl PG(dk)q)W( Py(dx) )

where P} is defined in (9), assuming 7 large enough such that the sum of the W;’s is not
zero. Whenever P(W = 0) > 0, these estimators are defined for large n in order that
LW (d;) be positive for all k. Since E(W) = 1, this occurs for large samples.

For a given weighted bootstrapped sample with weights Wy, ..., W, leading to the
weighted normalized empirical measure DUAS 6}9/ is the MLE in the sense of (16), hence
defined as a proxy of the maximizer of

4
PY (il € V(B Xn0,- ) Xno B )

where the vector (W{,. .., W,Q) is an independent copy of (W,..., W,). This estimator
usually differs from the bootstrapped version of the MLE based on P, (see (8)) which is
defined for n large enough through

08, = argirelfKLm(G, DUADY

When J is not a finite space then an equivalent construction can be developed based
on the variational form of the divergence; see [6].

Remark 1. We may also consider cases when the MLE defined through 0%, defined in (17) coincide
with the standard MLE 0y, under i.i.d. sampling, and when its bootstrapped counterparts 0}
defined in (18) coincides with the bootstrapped standard MLE 6%, defined through the likelihood
estimating equation where the factor 1/n is substituted by the weight Z;. It is proved in Theorem 5
of [11] that whenever Pg is an exponential family with natural parametrization @ € R and
sufficient statistics T

P9 (d]) = exp [T(d])’G — C(Q)], 1 S ] S K
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where the Hessian matrix of C(0) is definite positive, then for all divergence pseudo distance ¢
satisfying regularity conditions (including therefore the present cases), 0%y, equals Oy, the classical
MLE in ‘Pg defined as the solution of the normal equation

fZT = VC(Om1)

irrespectively upon ¢. Therefore on reqular exponential families, and under i.i.d. sampling, all
minimum divergence estimators coincide with the MLE (which is indeed one of them). The proof
of this result is based on the variational form of the estimated divergence Q — ¢(Q, P), which
coincides with the plug in version in (17) when the common support of all distributions in Peg is
finite. Following verbatim the proof of Theorem 5 in [11] substituting P, by ) it results that
0} equals the weighted MLE (standard generalized bootstrapped MLE 6%, ) defined through the
normal equation

Z ZT(X;) = VC(64),

where the Z;'s are defined in (10). This fact holds for any choice of the weights, irrespectively on
the choice of the divergence function ¢ with the only restriction that it satisfies the mild conditions
(RC) in [11]. It results that for those models any generalized bootstrapped MDE coincides with the
corresponding standard bootstrapped MLE.

Example 1. A-When W has a standard Poisson POI(1) distribution then the resulting estimator
is the minimum modified Kullback-Leibler one. which takes the usual weighted form of the standard
generalized bootstrap MLE

BIB’OI( ) .= = arg sup Z <V\]1];CV(X)) log Py (k)
i=1 Vi

which is defined for n large enough. Also in this case 0}y, coincides with the standard MLE.

B-If W has an Inverse Gaussian distribution IG(1,1) then ¢(x) = ¢_1(x) = 1(x — 1)%/x
for x > 0 and the ML estimator minimizes the Pearson Chi-square divergence with generator
function ga(x) = L(x — 1)% which is defined on R.

C-If W follows a normal distribution with expectation and variance 1, then the resulting
divergence is the Pearson Chi-square divergence ¢y (x) and the resulting estimator minimizes the
Neyman Chi-square divergence with ¢(x) = ¢_1(x).

D-When W has a Compound Poisson Gamma distribution C(POI(2),T(2,1)) distribution
then the corresponding divergence is @1 ,5(x) = 2(y/x — 1)2 which is self conjugate, whence the
ML estimator is the minimum Hellinger distance one.

4. Bahadur Efficiency of Minimum Divergence Tests under Generalized Bootstrap

In [27] Efron and Tibshirani suggest the bootstrap as a valuable approach for testing,
based on bootstrapped samples. We show that bootstrap testing for parametric models
based on appropriate divergence statistics enjoys maximal Bahadur efficiency with respect
to any bootstrap test statistics.

The standard approach to Bahadur efficiency can be adapted for the present general-
ized Bootstrapped tests as follows.

Consider the test of some null hypothesis HO: 81 = 8 versus a simple Hypothesis H1
Or =6

We consider two competitive statistics for this problem. The first one is based on the
bootstrap estimate of ¢"V (6, 07) and

Tox = EIS(G,mZYX) - T(m,ZYX)
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which allows to reject HO for large values since lim;, .« T, x = 0 whenever HO holds. In the
above display we have emphasized in %KX the fact that we have used the RV X;’s. Let

Lu(t) := PV (T, x > t[Xq,..., Xn).

We use P" to emphasize that the hazard is due to the weights. Consider now a set of
RVs Z1,...,Z, extracted from a sequence such that

lim Pn,Z = Pg/
n—00

a.s; we have denoted P,z the empirical measure of (Zy,...,Z,); accordingly define
&Byé, the normalized weighted empirical measure of the Z; s making use of weights
(Wl’,...,W,’I) which are iid. copies of (Wy,...,Wy), drawn independently from
(Wi, ..., Wy). Define accordingly

Tyz:= &’(9,‘433,72) = T(‘ﬁyz)'
Define
Lu(Tpz) == PY(Tow > Tzl X1, .-, Xn)
which is a RV (as a function of T}, 7). It holds

lim T,z = ®(0,0') as

n—o0

and therefore the Bahadur slope for the test with statistics T, is ®(¢’,6) as follows from

1 ~ ~
lim —log Ly(T,,z) = ~inf{ ®(Q,0r) : B(6,0) > B(6,0') }
= —inf{®(Q,07) : (Q,0) > ®(¢,0) }
=—9(0,0)
If 67 = 6. Under HO the rate of decay of the p-value corresponding to a sampling
under H1 is captured through the divergence ®(¢’, 6).
Consider now a competitive test statistics S (&BZV X) and evaluate its Bahadur slope.
Similarly as above it holds, assuming continuity of the functional S on SK

lim ilogpw(s(m}yx) > 5(%2{2) ’Xl,...,Xn>

n—oo

= —inf{®(Q,0r) : S(Q) > S(¢')}
> —@(9/,9]“)

as follows from the continuity of Q — ®(Q, 07). Hence the Bahadur slope of the test based
onS (‘BZVX) is larger or equal ®(¢’,0).

We have proved that the chances under HO for the statistics T}, x to exceed a value
obtained under H1 are (asymptotically) less that the corresponding chances associated
with any other statistics based on the same bootstrapped sample; as such it is most specific
on this scale with respect to any competing ones. Namely the following result holds:

Proposition 3. Under the weighted sampling the test statistics T(‘BHWX) is the most efficient

among all tests which are empirical versions of continuous functionals on SK.
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Appendix A
A Heuristic Derivation of the Conditional LDP for the Normalized Weighted Empirical Measure

The following sketch of proof gives the core argument which yields to Proposition 1; a
proof adapted to a more abstract setting can be found in [22], following their Theorem 3.2
and Corollary 3.3, but we find it useful to present a proof which reduces to simple argu-
ments. We look at the probability of the event

PV € V(R) (A1)

for a given vector R in RX, where V(R) denotes a neighborhood of R, therefore defined
through

(Qe V(R)) <= (Q(d;) = R(d;);1 <1 <k)

We denote by P the distribution of the RV X so that P, converges to P a.s.
Evaluating loosely the probability of the event defined in (A1) yields, denoting Px»
the conditional distribution given (Xj,...,Xy)

Py (p,ZV € V(R)) -

|

L=
VR
S|
1M1=

Widx, (d;) = R(dl)>>
Wi = R(dl)>>
T nR(dz)>

n

LSt~ Rl
&V~ P(dn)

i=1

=

Il
—

I
/N N

(-

/N
S|
=

=

I
o

/H:\ =
=
1
=
l

I
—

- [~

7

N
Il
—_
s
—

where we used repeatedly the fact that the r.v’s W are i.i.d.. In the above display, from the
second line on, the r.v’s are independent copies of W for all i and /. In the above displays
n; is the number of X;’s which equal d;, and the W; ; are the weights corresponding to these
X;’s. We used the convergence of n;/n to P(d;) in the last display.

Now for each Iin {1,2,...,K} by the Cramer LDP for the empirical mean, it holds

1 1 _R@)\ _ R(d;)
mlogP<miZWi,l ~ P(d;)) = _q)w(P(dj))

ie.,

1 13 R\ _ R(@) w(R(d)
nbgp(n,;wﬂ = P(l)) = P<d1>“"w(P<dl>>

as follows from the classical Cramer LDP, and therefore
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%logPX{z (an € V(R))

1 K1
~ ;logPX{’ ﬂ E .Ewi’l ~ R(dl)

1=1 i=1

& w(R(d) W
— lzzlgo (P(dl))P(dl)_ ¢ (R'P)

where the limit in the last line applies to the case where we let n — ..

A precise derivation of Proposition 1 involves two arguments: firstly for a set ()
C RX a covering procedure by small balls allowing to use the above derivation locally, and
the regularity assumption (11) which allows to obtain proper limits in the standard LDP
statement.

The argument leading from Proposition 1 to Theorem 1 can be summarized now.

For some subset () in S with non-void interior it holds

ot e0)- Y (( ene)n (=)

m=#0

and (P,‘Z/V e mQ) C (L, W; = m) for all m # 0. Therefore

Pyy (mnw € Q) =Py | U (P,KV € mQ)
m=£0

Making use of Proposition 1

.1 W _ W
nlgrolo Elog PXi« (‘13” € Q) =—¢ mgo mQ), P

Now

oV | | mo,P| = ni&fo Qirelg oV (mQ, P).
m#0

We have sketched the arguments leading to Theorem 1; see [19] for details.
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Abstract: Over the last six decades, the representation of error exponent functions for data transmis-
sion through noisy channels at rates below capacity has seen three distinct approaches: (1) Through
Gallager’s Ey functions (with and without cost constraints); (2) large deviations form, in terms of
conditional relative entropy and mutual information; (3) through the a-mutual information and the
Augustin—Csiszar mutual information of order a derived from the Rényi divergence. While a fairly
complete picture has emerged in the absence of cost constraints, there have remained gaps in the
interrelationships between the three approaches in the general case of cost-constrained encoding.
Furthermore, no systematic approach has been proposed to solve the attendant optimization prob-
lems by exploiting the specific structure of the information functions. This paper closes those gaps
and proposes a simple method to maximize Augustin—Csiszar mutual information of order & under
cost constraints by means of the maximization of the a-mutual information subject to an exponential
average constraint.

Keywords: information measures; relative entropy; Rényi divergence; mutual information;
a-mutual information; Augustin—Csiszar mutual information; data transmission; error exponents;

large deviations

1. Introduction
1.1. Phase 1: The MIT School

The capacity C of a stationary memoryless channel is equal to the maximal symbol-
wise input-output mutual information. Not long after Shannon [1] established this result,
Rice [2] observed that, when operating at any encoding rate R < C, there exist codes
whose error probability vanishes exponentially with blocklength, with a speed of decay
that decreases as R approaches C. This early observation moved the center of gravity of
information theory research towards the quest for the reliability function, a term coined by
Shannon [3] to refer to the maximal achievable exponential decay as a function of R. The
MIT information theory school, and most notably, Elias [4], Feinstein [5], Shannon [3,6],
Fano [7], Gallager [8,9], and Shannon, Gallager and Berlekamp [10,11], succeeded in up-
per/lower bounding the reliability function by the sphere-packing error exponent function
and the random coding error exponent function, respectively. Fortunately, these functions
coincide for rates between C and a certain value, called the critical rate, thereby determin-
ing the reliability function in that region. The influential 1968 textbook by Gallager [9]
set down the major error exponent results obtained during Phase 1 of research on this
topic, including the expurgation technique to improve upon the random coding error expo-
nent lower bound. Two aspects of those early works (and of Dobrushin’s contemporary
papers [12,13] on the topic) stand out:

(@) The error exponent functions were expressed as the result of the Karush-Kuhn-
Tucker optimization of ad-hoc functions which, unlike mutual information, carried
little insight. In particular, during the first phase, center stage is occupied by the
parametrized function of the input distribution Px and the random transformation
(or “channel”) Py|x,
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BN 1+p
Eo(p, Px) = —log )’ (Z Px (%) Py (J/Ix)> , )

yeB \xe A

introduced by Gallager in [8].

(b) Despite the large-deviations nature of the setup, none of the tools from that then-
nascent field (other than the Chernoff bound) found their way to the first phase of the
work on error exponents; in particular, relative entropy, introduced by Kullback and
Leibler [14], failed to put in an appearance.

To this date, the reliability function remains open for low rates even for the bi-
nary symmetric channel, despite a number of refined converse and achievability results
(e.g., [15-21]) obtained since [9]. Our focus in this paper is not on converse/achievability
techniques but on the role played by various information measures in the formulation of
error exponent results.

1.2. Phase 2: Relative Entropy

The second phase of the error exponent research was pioneered by Haroutunian [22]
and Blahut [23], who infused the expressions for the error exponent functions with meaning
by incorporating relative entropy. The sphere-packing error exponent function correspond-
ing to a random transformation Py|x is given as

Esp(R) = sup min D(Qyx[ Py x| Px)- 2)
PX Qy‘xt A—B
I(Px,Qyx) <R

Roughly speaking, optimal codes of rate R < C incur in errors due to atypical chan-
nel behavior, and large deviations establishes that the overwhelmingly most likely such
behavior can be explained as if the channel would be supplanted by the one with mutual
information bounded by R which is closest to the true channel in conditional relative
entropy D(Qy/x|Py|x|Px). Within the confines of finite-alphabet memoryless channels,
this direction opened the possibility of using the combinatorial method of types to obtain
refined results robustifying the choice of the optimal code against incomplete knowledge
of the channel. The 1981 textbook by Csiszar and Korner [24] summarizes the main results
obtained during Phase 2.

1.3. Phase 3: Rényi Information Measures

Entropy and relative entropy were generalized by Rényi [25], who introduced the
notions of Rényi entropy and Rényi divergence of order a. He arrived at Rényi entropy by
relaxing the axioms Shannon proposed in [1], and showed to be satisfied by no measure but
entropy. Shortly after [25], Campbell [26] realized the operational role of Rényi entropy in
variable-length data compression if the usual average encoding length criterion E[¢(c(X))]
is replaced by an exponential average a ! log E[exp(a £(c(X))]. Arimoto [27] put forward
a generalized conditional entropy inspired by Rényi’s measures (now known as Arimoto-
Rényi conditional entropy) and proposed a generalized mutual information by taking
the difference between Rényi entropy and the Arimoto-Rényi conditional entropy. The
role of the Arimoto-Rényi conditional entropy in the analysis of the error probability of
Bayesian M-ary hypothesis testing problems has been recently shown in [28], tightening
and generalizing a number of results dating back to Fano’s inequality [29].
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Phase 3 of the error exponent research was pioneered by Csiszar [30] where he es-
tablished a connection between Gallager’s Ey function and Rényi divergence by means
of a Bayesian measure of the discrepancy among a finite collection of distributions intro-
duced by Sibson [31]. Although [31] failed to realize its connection to mutual information,
Csiszdér [30,32] noticed that it could be viewed as a natural generalization of mutual infor-
mation. Arimoto [27] also observed that the unconstrained maximization of his generalized
mutual information measure with respect to the input distribution coincides with a scaled
version of the maximal Ej function. This resulted in an extension of the Arimoto-Blahut
algorithm useful for the computation of error exponent functions [33] (see also [34]) for
finite-alphabet memoryless channels.

Within Haroutunian’s framework [22] applied in the context of the method of types,
Poltyrev [35] proposed an alternative to Gallager’s Ey function, defined by means of a
cumbersome maximization over a reverse random transformation. This measure turned
out to coincide (modulo different parametrizations) with another generalized mutual
information introduced four years earlier by Augustin in his unpublished thesis [36], by
means of a minimization with respect to an output probability measure.

The key contribution in the development of this third phase is Csiszar’s paper [32]
where he makes a compelling case for the adoption of Rényi’s information measures in the
large deviations analysis of lossless data compression, hypothesis testing and data trans-
mission. Recall that more than two decades earlier, Csiszar [30] had already established
the connection of Gallager’s Ej function and the generalized mutual information inspired
by Sibson [31], which, henceforth, we refer to as the a-mutual information. Therefore,
its relevance to the error exponent analysis of error correcting codes had already been
established. Incidentally, more recently, another operational role was found for a-mutual
information in the context of the large deviations analysis of composite hypothesis test-
ing [37]. In addition to #-mutual information, and always working with discrete alphabets,
Csiszar [32] considers the generalized mutual informations due to Arimoto [27], and to
Augustin [36], which we refer to as the Augustin—Csiszar mutual information of order a.
Csiszér shows that all those three generalizations of mutual information coincide upon their
unconstrained maximization with respect to the input distribution. Further relationships
among those Rényi-based generalized mutual informations have been obtained in recent years
in [3845]. In [32] the maximal a-mutual information or generalized capacity of order «
finds an operational characterization as a generalized cutoff rate-an equivalent way to
express the reliability function. This would have been the final word on the topic if it
weren't for its limitation to discrete-alphabet channels, and more importantly, encoding
without cost constraints.

1.4. Cost Constraints

If the transmitted codebook is cost-constrained, i.e., every codeword (cy,...,cy) is
forced to satisfy > " ; b(c;) < 16 for some nonnegative cost function b(-), then the channel
capacity is equal to the input-output mutual information maximized over input probability
measures restricted to satisfy E[b(X)] < 6. Gallager [9] incorporated cost constraints in his
treatment of error exponents by generalizing (1) to the function

1 1+p
Eo(p, Px,7,0) = —log Z (Z Py (x) exp(rb(x) — r9)P;&’ (yx)) , (3)
yeB \xe A

with which he was able to prove an achievability result invoking Shannon’s random coding
technique [1]. Gallager also suggested in the footnote of page 329 of [9] that the converse
technique of [10] is amenable to extension to prove a sphere-packing converse based on
(3). However, an important limitation is that that technique only applies to constant-
composition codes (all codewords have the same empirical distribution). A more powerful
converse circumventing that limitation (at least for symmetric channels) was given by [46]
also expressing the upper bound on the reliability function by optimizing (3) with respect
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to p, r and Px. A notable success of the approach based on the optimization of (3) was the
determination of the reliability function (for all rates below capacity) of the direct detection
photon channel [47].

In contrast, the Phase Two expression (2) for the sphere-packing error exponent for
cost-constrained channels is much more natural and similar to the way the expression
for channel capacity is impacted by cost constraints, namely we simply constrain the
maximization in (2) to satisfy E[b(X)] < 6. Unfortunately, no general methods to solve the
ensuing optimization have been reported.

Once cost constraints are incorporated, the equivalence among the maximal a-mutual
information, maximal order-& Augustin—Csiszar mutual information, and maximal Ari-
moto mutual information of order a breaks down. Of those three alternatives, it is the
maximal Augustin-Csiszdr mutual information under cost constraints that appears in the
error exponent functions. The challenge is that Augustin-Csiszar mutual information is
much harder to evaluate, let alone maximize, than a-mutual information. The Phase 3
effort to encompass cost constraints started by Augustin [36] and was continued recently by
Nakiboglu [43]. Their focus was to find a way to express (3) in terms of Rényi information
measures. Although, as we explain in Item 62, they did not quite succeed, their efforts were
instrumental in developing key properties of the Augustin—-Csiszar mutual information.

1.5. Organization

To enhance readability and ease of reference, the rest of this work is organized in
81 items, grouped into Section 13 and an appendix.

Basic notions and notation (including the key concept of a-response) are collected in
Section 2. Unlike much of the literature on the topic, we do not restrict attention to discrete
input/output alphabets, nor do we impose any topological structures on them.

The paper is essentially self-contained. Section 3 covers the required background
material on relative entropy, Rényi divergence of order «, and their conditional versions,
including a key representation of Rényi divergence in terms of relative entropies and a
tilted probability measure, and additive decompositions of Rényi divergence involving the
K-response.

Section 4 studies the basic properties of a-mutual information and order-a Augustin—
Csiszar mutual information. This includes their variational representations in terms of
conventional (non-Rényi) information measures such as conditional relative entropy and
mutual information, which are particularly simple to show in the main range of interest in
applications to error exponents, namely, « € (0, 1).

The interrelationships between a-mutual information and order-a Augustin-Csiszar
mutual information are covered in Section 5, which introduces the dual notions of a-adjunct
and («)-adjunct of an input probability measure.

The maximizations with respect to the input distribution of a-mutual information and
order-a Augustin—Csiszar mutual information account for their role in the fundamental
limits in data transmission through noisy channels. Section 6 gives a brief review of the
results in [45] for the maximization of a-mutual information. For Augustin—Csiszar mutual
information, Section 7 covers its unconstrained maximization, which coincides with its x-
mutual information counterpart. Section 8 proposes an approach to find Cg (), the maximal
Augustin-Csiszar mutual information of order « € (0,1) subject to E[b(X)] < 6. Instead of
trying to identify directly the input distribution that maximizes Augustin—Csiszar mutual
information, the method seeks its (w)-adjunct. This is tantamount to maximizing a-mutual
information over a larger set of distributions.

Section 9 shows

pC®, (6) = minmax Ey(p, Px,,0), (4)

1+p r=0 Px

where the maximization on the right side is unconstrained. In other words, the minimax
of Gallager’s Ej function (3) with cost constraints is shown to be equal to the maximal
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Augustin—-Csiszar mutual information, thereby bridging the existing gap between the Phase
1 and Phase 3 representations alluded to earlier in this introduction.

As in [48], Section 10 defines the sphere-packing and random-coding error exponent
functions in the natural canonical form of Phase 2 (e.g., (2)), and gives a very simple proof
of the nexus between the Phase 2 and Phase 3 representations, namely,

Esp(R) = sup {p Ce (6)—p R}, (5)

P?O I+p

with or without cost constraints. In this regard, we note that, although all the ingredients
required were already present at the time the revised version of [24] was published three
decades after the original, [48] does not cover the role of Rényi’s information measures in
channel error exponents.

Examples illustrating the proposed method are given in Sections 11 and 12 for the
additive Gaussian noise channel under a quadratic cost function, and the additive exponen-
tial noise channel under a linear cost function, respectively. Simple parametric expressions
are given for the error exponent functions, and the least favorable channels that account
for the most likely error mechanism (Section 1.2) are identified in both cases.

2. Relative Information and Information Density
We begin with basic terminology and notation required for the subsequent development.

1. If (A,.#,P)is aprobability space, X ~ P indicates P[X € F| = P(F) for all F € .Z.

2. If probability measures P and Q defined on the same measurable space (A, .%) satisfy
P(A) = 0forall A € # such that Q(A) = 0, we say that P is dominated by Q, denoted
as P « Q. If P and Q dominate each other, we write P «» Q. If there is an event
such that P(A) = 0 and Q(A) = 1, we say that P and Q are mutually singular, and
we write P 1 Q.

3. IfP«Q, then g—g is the Radon-Nikodym derivative of the dominated measure P with
respect to the reference measure Q. Its logarithm is known as the relative information,
namely, the random variable

ip|o(a) = log %(ﬂ) €[—w,+x), aecA 6)

As with the Radon-Nikodym derivative, any identity involving relative informations
can be changed on a set of measure zero under the reference measure without in-
curring in any contradiction. If P « Q « R, then the chain rule of Radon-Nikodym

derivatives yields

ZPHQ(a) + ZQHR(“) = 1p”R(ﬂ), ae A. @)

Throughout the paper, the base of exp and log is the same and chosen by the reader
unless explicitly indicated otherwise. We frequently define a probability measure P
from the specification of 1p|o and Q » P since

P(A) = L exp (zP”Q(u)) dQ(a), Ae Z. ®)

If X ~ Pand Y ~ Q, itis often convenient to write 1|y (x) instead of 1p o (x). Note that

E[exp(lxuy(Y))] =1 )
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Example 1. If X ~ N{(ux,0%) (Gaussian with mean px and variance o) and Y ~
Ny, 0%), then,

1, 02 1{(a—uy)? (a—pux)?
ix|y(a) = 3 log a% t5 <( U];Y) _ ! U;;X) ) loge. (10)
X Y X

Let (A, #) and (B, ¥) be measurable spaces, known as the input and output spaces,
respectively. Likewise, A and B are referred to as the input and output alphabets
respectively. The simplified notation Py|x: .A — B denotes a random transformation
from (A, 7) to (B,¥), i.e. for any x € A, Py|x_,(") is a probability measure on (B,¥),
and for any B € ¢, Py|x_.(B) is an .7 -measurable function.

We abbreviate by P4 the set of probability measures on (A,.%), and by P 4« the
set of probability measures on (A x B, # ®@¥). If P € Py and Py|x: A — Bisa
random transformation, the corresponding joint probability measure is denoted by
P Py|x € Paxp (or, interchangeably, Py|xP). The notation P — Py|x — Q simply
indicates that the output marginal of the joint probability measure P Py is denoted
by Q € Pg, namely,

Q(B) = | Pyx(Blx) dPx(x) = E[Pyx(BIX)], Bew. a

If Px — Py|x — Py and Py|x_, < Py, the information density 1x;y: A x B — [—00, 0)
is defined as

v (@b) = 1pip, (), (a,b)e AxB. (12)

Following Rényi’s terminology [49], if PxPy|x « Px x Py, the dependence between
X and Y is said to be regular, and the information density can be defined on (x,y) €
A x B. Henceforth, we assume that Py x is such that the dependence between its
input and output is regular regardless of the input probability measure. For example,
if X =Y e R, then Py|x_,(A) = 1{a € A}, and their dependence is not regular, since

for any Px with non-discrete components Pxy & Py x Py.
Leta > 0, and Px — Py|x — Py. The a-response to Px € P4 is the output probability
measure Py[,] < Py with relative information given by

1

iy (y) = - logElexp(aixy (X;y) —#a)l, X~ Px, (13)

where x, is a scalar that guarantees that Py[,) is a probability measure. Invoking (9),
we obtain

Ky = alogE[E% [exp(a 1xy (X; Y))m], (X,¥) ~ Px x Py. (14)

For brevity, the dependence of x, on Px and Pyl x is omitted. Jensen’s inequality
applied to (-)* results in x, < 0 for & € (0,1) and x, > 0 for « > 1. Although the
a-response has a long record of services to information theory, this terminology and
notation were introduced recently in [45]. Alternative terminology and notation were
proposed in [42], which refers to the a-response as the order « Rényi mean. Note that
k1 = 0 and the 1-response to Px is Py. If py[,] and py|x denote the densities of Py[,)
and Py|x with respect to some common dominating measure, then (13) becomes

Pyial(y) = eXp(*%“) Ex [P”ﬂx(le)]f X~ Px. (15)

For & > 1 (resp. « < 1) we can think of the normalized version of p’;‘/' x asarandom
transformation with less (resp. more) “noise” than py,x.
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We will have opportunity to apply the following examples.

Example 2. IfY = X + N, where X ~ N(ux,0%) independent of N ~ N(uy, 0%,), then
the a-response to P is

Y[a] ~N(;¢X+VN,0¢(7)2(+012\]). (16)

Example 3. Suppose that Y = X + N, where N is exponential with mean , independent of
X, which is a mixed random variable with density

fx(t) = fﬂ(s(t) - (1 — fy) ;e—f/%’ 1{t > 0}, (17)

with a y = ¢. Then, Y[a], the a-response to Py, is exponential with mean « .

3. Relative Entropy and Rényi Divergence

Given a pair of probability measures (P, Q) € P2, relative entropy and Rényi diver-

gence gauge the distinctness between P and Q.

9.

10.

Provided P « Q, the relative entropy is the expectation of the relative information
with respect to the dominated measure

D(P|Q) = E|ipo(X)], X~P (18)
= E[eXp (1PHQ(Y))1PHQ(Y)]/ Y ~Q (19)
>0, (20)

with equality if and only if P = Q. If P « Q, then D(P||Q) = . As in Item 3, if
X ~Pand Y ~ Q, we may write D(X|Y) instead of D(P|Q), in the same spirit that
the expectation and entropy of P are written as E[X] and H(X), respectively.

Arising in the sequel, a common optimization in information theory finds, among the
probability measures satisfying an average cost constraint, that which is closest to a
given reference measure Q in the sense of D(-|Q). For that purpose, the following
result proves sufficient. Incidentally, we often refer to unconstrained maximizations
over probability distributions. It should be understood that those optimizations are
still constrained to the sets P 4 or Pg. As customary in information theory, we will
abbreviate maxp,cp, by maxy or maxp,.

Theorem 1. Let Pz € Py and suppose that g: A — [0,00) is a Borel measurable
mapping. Then,

min{D(X | Z) + E[g(X)]} = —log E[exp(~g(2))], (21)

achieved uniquely by P¥, <> Py defined by
ixx|z(a) = —g(a) —logElexp(-g(2))], ae A (22)
Proof. Note that since g is nonnegative, 7 = E[exp(—g(Z))] € (0, 1]. Furthermore,

§g(t) exp(=g(t)) dPz(t) _ [o, 1 ]

Elexp(—g(2))] en]

E[g(X*)] = (23)
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11.

12.

Therefore, the subset of P 4 for which the term in {-} in (21) is finite is nonempty: Fix
any Py from that subset, (which therefore satisfies Px « Pz « Py) and invoke the
chain rule (7) to write

D(X | Z) +E[3(X)] = E [ (X) + 1212(X) + ()| 24)
= D(X|| X*) —logE[exp(—g(Z))], X ~Px, (25
which is uniquely minimized by letting Px = P§. Note that for typographical conve-

nience we have denoted X* ~ P¥. [

Let p and g denote the Radon-Nikodym derivatives of probability measures P and
Q, respectively, with respect to a common dominating o-finite measure y. The Rényi
divergence of order « € (0,1) u (1, 0) between P and Q is defined as [25,50]

D(PIQ) = -~ log L — o6
- 1 logE[exp(a1pp(2) + (1~ ahigie(2))], Z~R  @7)
~ . 1 log E[exp(1pjo(1) |, Y ~Q (28)
= L 1ogE[exp((x - Dipo(0)], X~P, 29)

where (28) and (29) hold if P £ Q, and in (27), R is a probability measure that
dominates both P and Q. Note that (28) and (29) state that (+ — 1)D¢(X|Y) and
t D14+(X]Y) are the cumulant generating functions of the random variables 1)y (Y)
and 1y y(X), respectively. The relative entropy is the limit of Dy (P|Q) as a 1 1, so it
is customary to let D1 (P|Q) = D(P||Q). For any & > 0, D,(P||Q) = 0 with equality
if and only if P = Q. Furthermore, D,(P|Q) is non-decreasing in «, satisfies the
skew-symmetric property

(1 -a)Da(P|Q) = a D1—«(Q[P), «€][0,1], (30)
and

inf Dy(P|Q) =00 <= P L Q= inf Dy(P|Q) = c0. (31)
ae(0,1) a>1

The expressions in the following pair of examples will come in handy in
Sections 11 and 12.

Example 4. Suppose that 02 = a 07 + (1 —a)o2 > 0and a € (0,1) U (1, 0). Then,

1. o7 1 0%  a(py — po)?
Dy (N(VOJ&) I N(Pll,tflz)) =3 logg—é + mloga—% + Tloge, (32)

|
=3
aQ
|
+
|

1 1

= lim Do (0,08 ) | M (a1, ) ). (34)

D(/\/'(}lo/ 002) | N(yl,alz)) = % alz ; (ﬁ - 1) loge + (7/112_(750)2 loge (33)

176



Entropy 2021, 23, 199

13.

14.

Example 5. Suppose Z is exponentially distributed with unit mean, i.e., its probability
density function is e '1{t > 0}. For dy > dy and « such that (1 —a)po +ap; > 0
we obtain

do —dq H 1 ( P‘o)
D Z+d Z+d :710 e+10 7-&-*10 o+ 1—a)— ,
w(Ho ol 1) o8 & TToa 08 ( )y1

do—d
Do Z +do | 1 Z +dy) = (”O_1+° 1>1oge+1og"l (35)
M1 M Ho
= lim Do (po Z +do || p1 Z + da)- (36)

Intimately connected with the notion of Rényi divergence is the tilted probability
measure P, defined, if D, (P1|Py) < oo, by

1p,|Q(a) = a1po(a) + (1 —a)1po(a) + (1 — a)Du(Py | Po), (37)

where Q is any probability measure that dominates both Py and P;. Although (37) is
defined in general, our main emphasis is on the range « € (0, 1), in which, as long as
Py £ Py, the tilted probability measure is defined and satisfies P, « Pp and Py « Py,
with corresponding relative informations

15, |p, () = 1p,0(a@) — 1p,0(a) (38)
— (1= @)Da(Py | Po) + & (1p,g(a) — 15, (@) ) (39)
ip,|p, (@) = 1p,1o(a) —1po(a) (40)
— (1= @)Da(Py || Po) = (1= ) (1p,10(@) = 15, 0()), (41)

where we have used the chain rule for Py, « Py « Q and Py « P; « Q. Taking a linear
combination of (38)—(41) we conclude that, forall a € A,

(1 —a)Da(P1[[Po) = (1 = &) 1p,p, (a) + & 1p,p, (a). (42)

Henceforth, we focus particular attention on the case « € (0, 1) since that is the region
of interest in the application of Rényi information measures to the evaluation of error
exponents in channel coding for codes whose rate is below capacity. In addition, often
proofs simplify considerably for a € (0,1).

Much of the interplay between relative entropy and Rényi divergence hinges on the
following identity, which appears, without proof, in (3) of [51].

Theorem 2. Let « € (0,1) and assume that Py £ Py are defined on the same measurable
space. Then, for any P « Py and P « Py,

a«D(P[Py) + (1 —a) D(P[Po) = D(P|[Pa) + (1 —a)Da(Py || Po), (43)

where Py is the tilted probability measure in (37) and (43) holds regardless of whether the
relative entropies are finite. In particular,

D(P| Py) < o0 <= max{D(P | P,), D(P | P1)} < . (44)

Proof. = We distinguish three overlapping cases:
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15.

1e.

(1) D(P| Px) < oo: Taking expectation of (42) with respect to a < X ~ P, yields
(43) because

E|1p,p,(X) | = D(PI[Po) — D(P|P2), (45)

E|1p,p,(X)| = D(P|Py) — D(P|P2), (46)

where, thanks to the assumption that D(P | P,) < oo, we have invoked
Corollary Al in the Appendix twice with (P, Q, R) < (P, Py, Pp) and (P, Q,R) «—
(P, Py, P1), respectively;

(2) max{D(P|Py),D(P| P1)} < oo: The proof is identical since we are entitled to
invoke Corollary Al to show (45) (resp., (46)) because D(P || Py) < oo (resp.,

D(P| Py) < ).
(8 D(P||Px) = o0 and max{D(P | Py), D(P| P1)} = oo: both sides of (43) are equal
to co.

Finally, to show that (44) follows from (43), simply recall from (31) that
Da(Pl Hpo) <oo. [

Relative entropy and Rényi divergence are related by the following fundamental
variational representation.

Theorem 3. Fix « € (0,1) and (Py, Py) € Pj. Then, the Rényi divergence between Py and
Py satisfies

(1) Da(P1|Po) = min{a D(P[[P1) + (1 —a) D(P|Po)}, (47)

where the minimum is over P 5. If Py &£ Py, then the right side of (47) is attained by the
tilted measure Py, and the minimization can be restricted to the subset of probability measures
which are dominated by both Py and Py.

Proof. If Py L P, then both sides of (47) are +c0 since there is no probability
measure that is dominated by both Py and P;. If Py £ P4, then minimizing both sides
of (43) with respect to P yields (47) and the fact that the tilted probability measure
attains the minimum therein. [J

The variational representation in (47) was observed in [39] in the finite-alphabet
case, and, contemporaneously, in full generality in [50]. Unlike Theorem 3, both of
those references also deal with « > 1. The function d(«) = (1 — &) D, (P1]|Po), with
d(1) = limgy d(a), is concave in & because the right side of (47) is a minimum of affine
functions of «.

Given random transformations Py|x: A — B, Qy|x: A — B, and a probability
measure Py € P 4 on the input space, the conditional relative entropy is

D(Pyx | Qy|x | Px) = D(PyxPx | QyjxPx) (48)
—E[D(Pyx(1X) 1Qx(1¥)], X~Px. @9

Analogously, the conditional Rényi divergence is defined as

Du(Py|x | Qyix | Px) = Da(Py|xPx || QyjxPx)- (50)
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17.

A word of caution: the notation in (50) conforms to that in [38,45] but it is not univer-
sally adopted, e.g., [43] uses the left side of (50) to denote the Rényi generalization of
the right side of (49). We can express the conditional Rényi divergence as

Do (Py|x || Qyix|Px)

2 i 1 logE[eXP((“ —1)Dy (PY\X('|X) I QY|X('|X)))]/ X ~Px, (51

-1
1 dPyx '
Py logE (Y1X) , (XY)~ PXPy\X/ (52)
where (52) holds if PxPy|x « PxQy|x- Jensen’s inequality applied to (51) results in
Du(Pyjx | QujxIPx) < E[Da(Pyix(13) | Quix(1X)], ae @1 (53)
Da(Pyjx | QuxIPx) = E[ DalPyjx (1X) | Quix(1X)], &> 1. (54)
Nevertheless, an immediate and crucial observation we can draw from (51) is that the

unconstrained maximizations of the sides of (53) and of (54) over Px do coincide: for
alla >0,

sup Da(Pyx | Qyix|Px) = S;PE[DN(PHXHX) I Qy|x('|X))] (55)
= SUE Da(Py|x=q | Qy|x=a)- (56)

Conditional Rényi divergence satisfies the following additive decomposition, origi-
nally pointed out, without proof, by Sibson [31] in the setting of finite A.

Theorem 4. Given Px € P4, Qy € Pg, Py|X: A— B,anda € (0,1) U (1, 0), we have
Da(Py|x | Qv|Px) = Da(Pyx || Py[a]|Px) + Da(Py[q]|Qy)- (57)

Furthermore, with x, as in (14),

Dy (Py|x I PY[a]|PX> = IXK_“ T (58)

Proof.  Select an arbitrary probability measure Ry € Pg that dominates both Qy
and Py, and, therefore, Py[a] too. Letting (X, Z) ~ Px x Ry, we have

Du(Pyx | Qy|Px) = ‘xlj logEK(ﬂfffyRy(x, Z))a (j%(z))l_al (59)
1110gE[ elanxr (:2)12) (S 2)) () ] (60)
e e () (20 ()]
ax_“ﬁpillogEl(dﬁg]( ) (j% )1 ] (62)

— S Du(PygyIQy), (63)
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18.

where (61) follows from (13), and (62) follows from the chain rule of Radon-Nikodym
derivatives applied to Py[,] « Py « Ry. Then, (58) follows by specializing Qy = Py[,),
and the proof of (57) is complete, upon plugging (58) into the right side of (63). [

A proof of (57) in the discrete case can be found in Appendix A of [37].

For all « > 0, given two inputs (Px, Qx) € Pﬁ and one random transformation
Py|x: A — B, Rényi divergence (and, in particular, relative entropy) satisfies the data
processing inequality,

Dy (Px | Qx) = Du(Py | Qy), (64)

where Px — Pyjx — Py, and Qx — Pyjx — Qy. The data processing inequality
for Rényi divergence was observed by Csiszar [52] in the more general context of
f-divergences. More recently it was stated in [39,50]. Furthermore, given one input
Px € P4 and two transformations Py|x: A — B and Qy|x: A — B, conditioning
cannot decrease Rényi divergence,

Da(Py|x | Qy|x|Px) = Da(Py | Qy). (65)

Since Dq(Pyx | Qy|xIPx) = Da(PxPy|x | PxQy|x), (65) follows by applying (64) to
a deterministic transformation which takes an input pair and outputs the second
component. Inequalities (53) and (65) imply the convexity of D, (P|Q) in (P, Q) for
« € (0,1].

4. Dependence Measures

In this paper we are interested in three information measures that quantify the de-

pendence between random variables X and Y, such that Px — Py|x — Py, namely, mutual
information, and two of its generalizations, - mutual information and Augustin—Csiszér
mutual information of order «.

19.

20.

The mutual information is

I(X;Y) = I(Px, Pyx) = D(Py|x || Py | Px) (66)
= lglyn D(Pyx | Qv | Px) (67)
= Hélyn D(Pxy [ Px x Qy). (68)

Givena € (0,1) u (1, 0), the a-mutual information is defined as (see [30-32,40,42,45])

L(X;Y) = Ia(Px, Py|x) (69)
= Iglyn Da(Pyix || Qv [ Px) (70)
= rrélyn Du(Pxy || Px x Qy) (71)
= Dy (PY\X | Py[a) |PX) (72)
1
~ ——logE|exp((« = )Da (Pyx(1X) [ Py ) )|, X~Px  (73)
= Du(Pyjx | PylPx) — Du(Pypug | Py ) (74)
Ky
o (75)
— L 1og BIE fexp(a iy (X; V) [ VII, (X, ¥) ~ Px x Py, (76)

where (72) and (74) follow from (57); (73) is a special case of (51); (75) follows from
Theorem 4; and, (76) is (14). In view of (67) and (69), we let I (X;Y) = I(X;Y). The
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21.

22.

23.

24.

25.

notation we use for a-mutual information conforms to that used in [40,42,45,53]. Other
notations include K, in [32,38,39] and I§ in [43]. Ip(X;Y) and I (X;Y) are defined by
taking the corresponding limits.

Theorem 4 and (72) result in the additive decomposition

I (X;Y) = Da(Pyx | Qy|Px) — Da(Py[y [ Qv), (77)

for any Qy with D, (PY | Qy) < oo, thereby generalizing the well-known decompo-
sition for mutual mformatlon

I(X;Y) = D(Py|x | Qv|Px) — D(Py | Qy), (78)

which, in contrast to (77), is a simple consequence of the chain rule whenever the
dependence between X and Y is regular, and of Lemma A1l in general.

Example 6. Additive independent Gaussian noise. If Y = X + N, where X ~ N(0,0%)
independent of N ~ N(0,0%,), then, for a > 0,

Y[a] ~ N(O, a0+ 1712\,), (79)

1 2
L(X; X + N) = (X + N; X) :2log<l+tx§§>. (80)
N

If w € (0,1), (47) and (69) result in

(1 —a)Ia(Px, Py|x)

= qain {D(Qx | Px) + ¢ D(Qupx | P | Q) + (1) HQx, Q) f- 81

For & > 1 a proof of (81) is given in [39] for finite alphabets.

Unlike I(Px, Py|x), we can express I,(Px, Py|x) directly in terms of its arguments
without involving the corresponding output distribution or the a-response to Px. This
is most evident in the case of discrete alphabets, in which (76) becomes

la(X; clog ) (Z Px (%) Py x—, y)) (82)
yeB \xe A
I(X;Y) = —logmax D7 Px(x)1{Pyx (y|x) > 0}, (83)
xeA
In(X;Y) = log<2 sup PYX(b|a)>. (84)
bey a: Px(a)>0

For example, if X is discrete and H, (X) denotes the Rényi entropy of order «, then for
alla >0,

Ha(X) = L (X; X). (85)

If X and Y are equiprobable with P[X # Y] = J, then, in bits, [,(X;Y) = 1 — hy(6),

where h,(6) denotes the binary Rényi entropy.

In the main region of interest, namely, « € (0,1), frequently we use a different
1

parametrization in terms of p > 0, with a = Tip
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26.

27.

28.

Theorem 5. For any p > 0, we have the upper bound

Pl (GY) < min AD@uxlPrx P +o1(PxQrx)}  (59)

Proof.  Fix Qy|x: A — B, and let Px — Qy|x — Qy. Then,

1 (X;Y)<D_1 (Pxy|Px x Qy) (87)
1+p 1+p
_1+p . 1 0
S %1)51{1 +pD(RXYHPXY) t1 g +pD(RXYHPX x Qy)} (88)
1
< ED(QY|XPXHPXY) + D(QyxPx[Px x Qy) (89)
1
= ED(QY|XHPY|X|PX) + I1(Px, Qy|x), (90)

where (87), (88) and (90) follow from (69), (47) and (66) respectively. [

Just like (53), we will show in Section 7 that (86) becomes an equality upon the
unconstrained maximization of both sides.

Before introducing the last dependence measure in this section, recall from Definition 7
and (58) that Py, « Py, the a-response (of Py|x) to Px defined by

1
vy (v) = - log Elexp (w1xy (X;y) + (1= ) Du Py | Py Px) )1 (OD)

attains ming, Da(Py|x[Qy|Px), where the expectation is with respect to X ~ Px. We
proceed to define Py, « Py, the (x)-response (of Py x) to Px by means of

iy () =+ g Elexp(atxy(X:9) + (1~ a)De (Pyx (1X) | Py )|, 92

with X ~ Px. Note that Py<1> = Py[l] = Py.
In the case of discrete alphabets, (92) becomes the implicit equation

Pﬂé
) = ) Px(a) P19 yeb, 93)

ae A ZbeB P?|x<b|a) Pll/;f;(b),

which coincides with (9.24) in Fano’s 1961 textbook [7], with s < 1 — &, and is also
given by Haroutunian in (19) of [22]. For example, if A = B is discrete and Y = X,
then Py, = Px, while P{‘;M (y) =cPx(y),ye A

The {a)-response satisfies the following identity, which can be regarded as the coun-
terpart of (57) satisfied by the a-response.

Theorem 6. Fix Px € Py, Pyx: A — Band Qy € Pp. Then,

Da(Pyyy | Q)

~ 10 E[exp (1 — a) (Du(Pyx (%) Pyeey) — DalPyix(1X)1Q1)) )| 9)

Proof.  For brevity we assume Qy « Py. Otherwise, the proof is similar adopting a
reference measure that dominates both Qy and Py. The definition of unconditional
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Rényi divergence in Item 11 implies that we can write (« — 1) times the exponential

of the left side of (94) as
ol (9P ) 49y )
- (“o2m) (§2m) ] (95)

— E[exp (w1 (X:¥) + (1 - ) Du(Ryx (10| Py<a>))(‘j§jm)“1 %)

exp( (& = 1)Da Py | Qy))

—E E [exp (vc xy(X:Y) +(1-a) (lelle(Y) * Da (PY‘X('|X) | PY<“>>>) ‘XH
— E[exp (1 &) (Da (Pyx(1X) | Pyeay ) = Da(Prix(1X)1Qx) ) | ©7)

where (X,Y) ~ Px x Py, (96) follows from (92), and (97) follows from the definition
of unconditional Rényi divergence in (27). O

Theorem 7. Ifa € (0,1], then

Da(Py(ay | Qv) < E[Da(Pyjx(1X) 1 Qv) | = E| Da(Pyx (1X) | Pyewy) | (98)
D(Pyyy | Qy)- (99)

If o = 1, inequalities (98) and (99) are reversed.

Proof. Assume « € (0,1]. Jensen’s inequality applied to the right side of (94) results
in (98). To show (99), again we assume for brevity Qy « Py, and define the positive
functions V: A x B — (0,00) and W: A x B — (0,%0),
V(x,y) = exp (mx;y(x;y) +(1- “)ly<a>uy(y))/ (100)
W(x,y) = exp (anxy () + (1= €ig |p, ). (101)

Note that, with (X,Y) ~ Px x Py, and (x,y) € A x B,

ELV(x,Y)] = exp (& — 1)Da(Py x—s |Prcay)). (102)
E[W(x, Y)] = exp( (& = 1)Da(Pyx—c|Qy)), (103)

E[M] = EXP((l - “)ly<¢x>|\y(}/)>'

E[exp (a1 (X;y) + (1= 0)Da (P (1X) IPriy)) | (104)

dPY<1J¢>
= —ap. W) (105)

where (104) uses (100) and (102) and (105) follows from (92). Then,

Da(Py|x=x | Qv) = Da(Py|x=x | Py(ay)

C Lo EVCY)
= T—a B EW(x,Y)] (106)
1 V(x,Y) Vi(x,Y)
<1_1XIE[ BV 8 W ) (107
Y
_E[E[V((x,y))](%w( )~ l@mﬂ))], (108)

where the expectations are with respect to Y ~ Py, and
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29.

30.

31.

*  (107) follows from the log-sum inequality for integrable non-negative random
variables,

E[V]log ][E[?[[V]] < ]E[Vlog X]], (109)

e (108) « (100) and (101).
Taking expectation with respect to X ~ Px of (106)-(108) yields (99) because of
Lemma Al and (105). If # > 1, then Jensen’s inequality applied to the right side of

(94) results in (98) but with the opposite inequality. Moreover, (107) is reversed and
the remainder of the proof holds verbatim. [

In the case of finite input-alphabets, a different proof of (99) is given in Appendix B
of [54].

Introduced in the unpublished dissertation [36] and rescued from oblivion in [32], the
Augustin—Csiszar mutual information of order « is defined for &« > 0 as

50X Y) = I5(Px, Pyjx) = minE| Du(Pyix(-X) | Q)] (110)
— E| Da(Pyjx (1X) | Pycay) | (1)

where (111) follows from (98) if « € (0, 1], and from the reverse of (99) if « > 1. We
conform to the notation in [40], where I was used to denote the difference between
entropy and Arimoto-Rényi conditional entropy. In [32,39,43] the Augustin—Csiszar
mutual information of order « is denoted by I,. In Augustin’s original notation [36],
I°(Px) means If_ p(PX, Py|x), p € (0,1). Independently of [36], Poltyrev [35] intro-
duced a functional (expressed as a maximization over a reverse random transforma-
tion) which turns out to be pI © (X Y) and which he denoted by Eq(p, Px), although

in Gallager’s notation that Corresponds to pI 1 (X Y), as we will see in (233). I§(X;Y)

and IS (X;Y) are defined by taking the correspondmg limits.
In the discrete case, (110) boils down to

(X)) = mif‘a_1 2. Px(x)log Y Py (ylx) Q) (), (112)
xeA yeB

which can be juxtaposed with the much easier expression in (82) for I,(X; Y) involving
no further optimization. Minimizing the Lagrangian, we can verify that the minimizer
in (112) satisfies (93). With (X, Y) ~ Px x Qy, we have

C . _ s 1
I5(X;Y) = nélynEllog P[Py|x(Y|X) 015 | (113)
. Pyx(Y[X)
H(XY) = Ellog| —————|| |,
IS (X;Y) %lyn [ og o) ) (114)

where the expectations are with respect to X.

The respective minimizers of (72) and (110), namely, the a-response and the {(«)-
response, are quite different. Most notably, in contrast to Item 7, an explicit expression
for Py, is unknown. Instead of defining Py, through (92), [36] defines it, equiva-
lently, as the fixed point of the operator (dubbed the Augustin operator in [43]) which
maps the set of probability measures on the output space to itself,

dp a
d%((zg)(y)zEK ng@'X)) eXP((l—“>Da(Py|x(-IX)Q))l, (115)
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32.

where X ~ Px. Although we do not rely on them, Lemma 34.2 of (« € (0,1)) and
Lemma 13 of [43] (& > 1) claim that the minimizer in (110), referred to in [43] as the
Augustin mean of order #, is unique and is a fixed point of the operator T, regardless
of Px. Moreover, Lemma 13(c) of [43] establishes that for « € (0,1) and finite input
alphabets, repeated iterations of the operator T, with initial argument Py, converge
to PY<1X>‘

It is interesting to contrast the next example with the formulas in Examples 2 and 6.

Example 7. Additive independent Gaussian noise. If Y = X + N, where X ~ N(0,0%)
independent of N ~ N0, 012\,), then

o2,
Ya) ~ N( (2— 1 +A+snr>> (116)
snr = %, (117)
N

1 2
A = [4snr+ <tx snr> . (118)

This result can be obtained by postulating a zero-mean Gaussian distribution with variance
vy as Py, and verifying that (92) is indeed satisfied if v, is chosen as in (116). The first step
is to invoke (32), which yields

A w x?
Da (Py|X:x \| Py<a>) -2+ 27 loge (119)
2 1 U2
Ay = log 1% o1 log é, (120)

where we have denoted sz = a v2 + (1 — a)0%;. Since Y ~ N(0,0% + %),

1 oox+oy 1 v (y-x?
ixy(xy) = 2log 012\] +§ (7%—&—012\, - 012\] loge, (121)
o3 +U’ 1 2 2
oy (¥) = flog X 2 N +2<0§310N Zz>loge (122)

Assembling (120) and (121), the right side of (92) becomes

L 10 E[exp(a 1y (X9) + (1~ 0)De (Pyjx(1X) | Prcyy )|

1. 024034 1421 1—
X N+iy oge+ &

- Elog 0% 202 +0% 2a A
+bugson (40 5 00) =
2 2 2 2
- ; oyt 1ot e (L o)
2 2
log 2#?5420%)2( (124)
- %k,g aX;—%rfN +;<U§J/+20N Zi) loge, (125)
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33.

where (124) follows by Gaussian integration, and the marvelous simplification in (125) is
satisfied provided that we choose

2 .2
KO0y U
2_ X« (126)

s :
02 — 0%,

Comparing (122) and (125), we see that (92) is indeed satisfied with Y{a) ~ N/ (0, vﬁ) ifv2
satisfies the quadratic equation (126), whose solution is in (116)—(118). Invoking (32) and
(116), we obtain

asnr 1 1 1
E(X;X+N)=———1 =1 1+-(A - —
(X X+N) 14+aA+asnr oge+20g< Jr2( s zx))

1 2— 14+ A+snr

- 1 . 127
2(1—a) BTy uAtasnr (127)

Beyond its role in evaluating the Augustin-Csiszdr mutual information for Gaussian
inputs, the Gaussian distribution in (116) has found some utility in the analysis of
finite blocklength fundamental limits for data transmission [55].

This item gives a variational representation for the Augustin-Csiszdr mutual informa-
tion in terms of mutual information and conditional relative entropy (i.e., non-Rényi
information measures). As we will see in Section 10, this representation accounts
for the role played by Augustin—-Csiszdr mutual information in expressing error
exponent functions.

Theorem 8. For « € (0,1), the Augustin—Csiszdr mutual information satisfies the varia-
tional representation in terms of conditional relative entropy and mutual information,

(1= ) (P, Prix) = min{o D(QupxlPypxlPx) + (1= ) 1(Px, Q) f, - (128)

where the minimum is over all the random transformations from the input to the
output spaces.

Proof. Invoking (47) with (Py, Pp) «— (Pyl x—, Qy) we obtain

(1 — ) Da(Pyx—[Qv) = Hl%iyn{“ D(Ry|Pyjx=y) + (1 —a) D(RYHQY)} (129)

= min {“ D(Ry|x=x|Py|x=x) + (1 — @) D(RY|X=x||QY)}- (130)

Ry|x=x

Averaging over x ~ Py, followed by minimization with respect to Qy yields (128)
upon recalling (67). O

In the finite-alphabet case with « € (0,1) U (1, ), the representation in (128) is implicit
in the appendix of [32], and stated explicitly in [39], where it is shown by means of
a minimax theorem. This is one of the instances in which the proof of the result is
considerably easier for « € (0, 1); we can take the following route to show (128) for
« > 1. Neglecting to emphasize its dependence on Py, denote

fu(Qv Ryjx) = 17— D(Ryjx|PyxIPx) + D(Ryjx|QvIPx). (13D

Invoking (47) we obtain

Da(Py|x—«[Qy) = nax {LC D(Ry|x=xlPyjx=x) + D(RY|X—x|QY)}‘ (132)

Y[ X=x

186



Entropy 2021, 23, 199

34.

35.

36.

37.

Averaging (132) with respect to Px followed by minimization over Qy, results in

I7 (Px, Py|x) = minmax fo(Qy, Ry |x) (133)
Qv Ryix
> maxmin fx(Qy, Ry|x) (134)
Ryix Qy
o
= max{ D(Ry x| Pyx|Px) + I(Px, Ryx)}/ (135)
Ryx (1—«a

which shows > in (128). If a minimax theorem can be invoked to show equality in
(134), then (128) is established for & > 1. For that purpose, for fixed Ry|x, f(-, Ry|x) is
convex and lower semicontinuous in Qy on the set where it is finite. Rewriting

f(Qy, Ry|x)

1
= 7= DRyx[[Pyix|Px) + D(Ryx[|QvIPx) — D(Ry|x[[Py|x|Px), (136)

it can be seen that f(Qy, -) is upper semicontinuous and concave (if « > 1). A different,
and considerably more intricate route is taken in Lemma 13(d) of [43], which also
gives (128) for « > 1 assuming finite input alphabets.

Unlike mutual information, neither I,(X;Y) = I,(Y; X) nor I$(X;Y) = IS(Y; X) hold
in general.

Example 8. Erasure transformation. Let A = {0,1}, B = {0,1, e},

1-6, a=0b;
Pyx(bla) =16,  b=e; (137)
0, a#b+#e,

with 6 € (0,1), and Px(0) = % Then, we obtain, for « € (0,1) U (1, 0),

(X Y) = IE(X;Y) = - - - log(5 T 5)20*%)), (138)
Ia(Y;X) = i 7 log (5 +(1-9) z“—l), (139)
IS(Y;X) = [(X;Y) = 1 — 6 bits. (140)

It was shown in Theorem 5.2 of [38] that a-mutual information satisfies the data
processing lemma, namely, if X and Z are conditionally independent given Y, then

I(X;Z) < min{[,(X;Y), I,(Y; Z)}, (141)
1,(Z; X) < min{I,(Z;Y), 1(Y; X)}. (142)
As shown by Csiszar [32] using the data processing inequality for Rényi divergence,

the data processing lemma also holds for I7.
From (53), (54) and the monotonicity of D, (P|Q) in «, we obtain the ordering

<v<l1, (143)

[5(XY) < L(GY) < IECGY) < IE(XGY) < I(X;Y), 0<B<
¢ <1 <B. (144)

it
I(XY) < EXGY) < EXY) < L(XY)<(XY), l<v<a

The convexity /concavity properties of the generalized mutual informations are sum-
marized next.

187



Entropy 2021, 23, 199

Theorem 9.

(a) ol L (X;Y) and pI°, (X;Y) are concave and monotonically non-decreasing in
+p T+po
p=0.
(b) I(-, Py|x) and IZ (-, Py|x) are concave functions. The same holds for I (-, Py|x) if
a>1

(c) Ifa € (0,1), then I(Px,-), Io(Px, -) and I (Px, -) are convex functions.

Proof.
(a) According to (81) and (128), respectively, with a = ﬁ € (0,1),pl L (X;Y)
+p
and p I¢; (X;Y) are the infima of affine functions with nonnegative slopes.

T+p
(b)  For mutual information the result goes back to [56] in the finite-alphabet case.
In general, it holds since (67) is the infimum of linear functions of Px. The same
reasoning applies to Augustin—Csiszar mutual information in view of (110).
For a-mutual information with a > 1, notice from (51) that Dy (Py|x || Qy|Px)
is concave in Py if & > 1. Therefore,

Lo(A Py + (1= A) PR, Pyx) (145)
= inf Da(Py x| Qy[A Pk + (1-A) Pg) (146)
Y
> inf A Du(Pyjx [ Qv Pg) + (1= A) Da(Pyx | Qy| P§) (147)
Y
> AIy(Pg, Pyx) + (1= A) L(PY, Py ). (148)

(c) The convexity of I(Px, -) and I,(Px, -) follow from the convexity of D, (P|Q)
in (P, Q) for « € (0,1] as we saw in Item 18. To show convexity of I§(Px, -)
if « € (0,1), we apply (169) in Item 45 with Py|x = )‘Pll/\x +(1- )\)PS'X, and
invoke the convexity of I,(Px, -):

(1-a) I7(Px, Py|x)
= max{(1- &) I(Qu APy + (1 = Py ) = D(Px | Qx)},  (149)
< %ix{)\(l —a) I,(Qx, Plqu) — D(Px | QX))
+(1=2) (1 @) L(Qx PEy) — D(Px | Qx) ) } (150)

<(1-a) (M;(px, Pl + (1= VIE(Py, P3|x))- (151)
O

Although not used in the sequel, we note, for completeness, that if « € (0,1) u
(1,00), [38] (see corrected version in [41]) shows that exp((l — %) L (-, Py|X))/(lX -1
is concave.

5. Interplay between I, (Px, Py|x) and I3 (Px, Py|x)

In this section we study the interplay between both notions of mutual informations

of order «, and, in particular, various variational representations of these
information measures.

38. Forgivena e (0,1) u (1,) and Py|x: A — B, define Qxy,) «» Px, the a-adjunct of

PX by

1QypuIPx (¥) = (@ = 1) Da (PY\szHPY[a]) — Ka, (152)

with x, the constant in (14) and Py[a, the a-response to Py.
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39.

40.

41.

42.

43.

Example 9. Let Y = X + N with X ~ N(0,0%) independent of N ~ N(0,0%), and

2
[ . . .
snr = é The w-adjunct of the input is

021+azsnr
X1 4asnr )

Qx[a] = N(o (153)

Theorem 10. The {a)-response to Qx,] is Py[y], the a-response to Px.

Proof. = Wejust need to verify that (92) is satisfied if we substitute Y{«) by Y[a], and
instead of taking the expectation in the right side with respect to X ~ Px we take it
with respect to X ~ Qx[,]- Then,

E|exp(axy (X;y) + (1= 0)Da (Pyjx (1X) | Priy )|

= E[exp (10, I (X) + €1 (X) + (1= ) Da (P (1X) [ Pypyg) )| (154)
— Elexp(a i,y (X;y) — )] (155)
exp (’X lY[rx]HY(y))' (156)

where (154) is by change of measure, (155) follows by substitution of (152), and (156)
is the same as (13). O

For given a € (0,1) u (1,0) and Py|x: A — B, we define Qx(,, «» Px, the {a)-
adjunct of an input probability measure Px through

1Qx e IPx (¥) = (1 — &) Da (me:x H Py<a>) + Ua, (157)

where Py, is the (a)-response to Px and v, is a normalizing constant so that Qx,
is a probability measure. According to (9), we must have

E[exp (zQX ol PX(X))] -1, X~ Py. (158)
Hence,

v = (€= 1) Da Py | Priay | Qxcay ) (159)
With the aid of the expression in Example 7, we obtain

Example 10. Let Y = X + N with X ~ N(0,0%) independent of N ~ N(0,0%), and

2
snr = % Then, the {«)-adjunct of the input is

1+ a(A+snr) ) (160)

_ 2
Q¢ N(O’UX 1+ a(A—snr)+2aZsnr

which, in contrast to Qx,), has larger variance than 0% ifa e (0,1).

The following result is the dual of Theorem 10.

Theorem 11. The a-response to Qxy, i Py, the {a)-response to Px. Therefore,

Ve = (@—1) 1, (QX@, Py|X). (161)
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Proof. The proof is similar to that of Theorem 10. We just need to verify that we
obtain the right side of (92) if on the right side of (91) we substitute Px by Qx(a) and

PY[:X] by PY<1X>' Let X ~ QX<a>' Then,

% log E[exp (“ 1x,y(X;y) + (1 —)Dy <PY|X I PY<1x>|QX<tx>) )]

1
= logE[exp (le<a>”pX(X) +aixy(X;y) — va>] (162)
1
— —logE[exp (wixy (Xiy) + (1 - ) Da (Pyyx (1X) | Prioy) )| 163)
= vy (Y), (164)

where (162)—(164) follow by change of measure, (157), and (92), respectively. [

44. By recourse to a minimax theorem, the following representation is given for a €
(0,1) U (1, o0) in the case of finite alphabets in [39], and dropping the restriction on the
finiteness of the output space in [43]. As we show, a very simple and general proof is
possible for « € (0,1).

Theorem 12. Fixa € (0,1), Px € P and Pyx: A — B. Then,

(1= 2) (X Y) = min{ (1 ) I£(Qx, Pyjx) + D(Qx | Px) (165)
where the minimum is attained by Qx4 the a-adjunct of Px defined in (152).
Proof. The variational representations in (81) and (128) result in (165). To show

that the minimum is indeed attained by Qx{,), recall from Theorem 10 that the {a)-
response to Qx{,] is Py[4]- Therefore, evaluating the term in {} in (165) for Qx < Qx{a]

yields, with X ~ Qx{[a]-

(1= a) I3 (Qx[a) Py|x) + D(Qx[a | Px)

— (1 - &) E| Da(Pyx (%) | Pyjuy) | + D(Qxpag | Px) (166)
- —x, (167)
= (1= 1) L(X;Y), (168)

where (167) follows from (152) and (168) results from (69)-(75). O

45. For finite-input alphabets, Lemma 18(b) of [43] (earlier Theorem 3.4 of [35] gave an
equivalent variational characterization assuming, in addition, finite output alphabets)
established the following dual to Theorem 12.

Theorem 13. Fixa € (0,1), Px € P4 and Py|x: A — B. Then,
(- E(6Y) = max{(1 - &) L(Qx Prix) ~ D(Px [ Qo). (169
X

The maximum is attained by Qxy,, the (a)-adjunct of Px defined by (157).

Proof.  First observe that (165) implies that > holds in (169). Second, the term in {}
on the right side of (169) evaluated at Qx « Qx<u> becomes

(1= ) Ln(Qx¢ay Pyix) = D(Px | Qx¢ay)
= (1= ) In(Qx¢ay, Pyix) + (1 = ) I7 (Px, Py|x) + Va (170)
= (1—=a)I7(Px, Py|x), (171)
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46.

47.

where (170) follows by taking the expectation of minus (157) with respect to Px.
Therefore, < also holds in (169) and the maximum is attained by Q X{a)r @S W€ wanted
toshow. [

Hinging on Theorem 8, Theorems 12 and 13 are given for a € (0, 1) which is the region
of interest in the analysis of error exponents. Whenever, as in the finite-alphabet case,
(128) holds for « > 1, Theorems 12 and 13 also hold for & > 1.

Notice that since the definition of Qy, involves Py, the fact that it attains the
maximum in (169) does not bring us any closer to finding I (X; Y) for a specific input
probability measure Pyx. Fortunately, as we will see in Section 8, (169) proves to be the
gateway to the maximization of I{(X;Y) in the presence of input-cost constraints.
Focusing on the main range of interest, & € (0,1), we can express (169) as

£5(Px, Pyx) = max{ L(Qx, Pyx) — 1 D(P | Q) a72)
) :
= Ig;g{ﬂ(é) 122 } (173)
S (AR (174)

where we have defined the function (dependent on &, Px, and Py|x)
I(¢) = max Io(Qx, Py|x), (175)
D(Px||Qx) <&
and ¢, is the solution to

1

H(ng) - 1_&a

(176)

Recall that the maxima over the input distribution in (172) and (175) are attained by

the (a)-adjunct Qx, defined in Item 41.

At this point it is convenient to summarize the notions of input and output probability

measures that we have defined for a given «, random transformation Py|x, and input

probability measure P:

*  DPy: The familiar output probability measure Px — Py|x — Py, defined in Item 5.

®  Py[y): The a-response to Py, defined in Item 7. It is the unique achiever of the
minimization in the definition of a-mutual information in (67).

* Py, The {a)-response to Px defined in Item 26. It is the unique achiever of
the minimization in the definition of Augustin—Csiszar a-mutual information
in (110).

*  Qxq: The a-adjunct of Py, defined in (152). The {x)-response to Qx[4] is Py[q]-
Furthermore, Qx{,) achieves the minimum in (165).

*  Qx¢: The (x)-adjunct of Px, defined in (157). The a-response to Qx sy i Py (s
Furthermore, Qx/,, achieves the maximum in (169).

6. Maximization of I,(X;Y)

Just like the maximization of mutual information with respect to the input distribu-

tion yields the channel capacity (of course, subject to conditions [57]), the maximization
of I,(X;Y) and of I (X;Y) arises in the analysis of error exponents, as we will see in
Section 10. A recent in-depth treatment of the maximization of a-mutual information is
given in [45]. As we see most clearly in (82) for the discrete case, when it comes to its
optimization, one advantage of I,(X;Y) over I(X;Y) is that the input distribution does not
affect the expression through its influence on the output distribution.

48. The maximization of a-mutual information is facilitated by the following result.
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49.

50.

Theorem 14 ([45]). Given a € (0,1) v (1, 0); a random transformation Py|x: A — B;
and, a convex set P < P 4, the following are equivalent.

(a) P € P attains the maximal a-mutual information on P,

I.(P, Py|x) = max I(P, Py|x) < . (177)
pPeP

(b)  Forany Px € ‘P, and any output distribution Qy € Pp,

Da(Py|x | Py{4)/Px) < Da(Pyjx || PYy| PX) (178)
< Da(Pyx | QvIPx), (179)

where P{/"[a] is the a-response to Py.

Moreover, if Py[,x] denotes the x-response to Px, then
Da(Py(a]| Pypyy) < Iu(Px, Py|x) — Ie(Px, Py|x) < 0. (180)

Note that, while I,(-, Py|x) may not be maximized by a unique (or, in fact, by any)
input distribution, the resulting a-response P;k[a] is indeed unique. If P is such that
none of its elements attain the maximal I, it is known [42,45] that the a-response to
any asymptotically optimal sequence of input distributions converges to P{,“[a]. This is
the counterpart of a result by Kemperman [58] concerning mutual information.

The following example appears in [45].

Example 11. Let Y = X + N where N ~ N(0,0%) independent of X. Fix a € (0,1) and
P > 0. Suppose that the set, P < P 4, of allowable input probability measures consists of

those that satisfy the constraint
1—a)X? 2P + 0%
E|exp, —% > aié\]. (181)
2(a2P + 0%) aP+ oy
We can readily check that X* ~ N(0, P) satisfies (181) with equality, and as we saw in
Example 2, its a-response is P;/k[vc] = N(0,a P + 0?). Theorem 14 establishes that P; does
indeed maximize the a-mutual information among all the distributions in P, yielding (recall

Example 6)

1 aP
L(X;Y)==log(1+ = ). 182
max «(XY) =5 0g< + 02> (182)

Curiously, if, instead of P defined by the constraint (181), we consider the more conventional
P = {X: E[X?] < P}, then the left side of (182) is unknown at present. Numerical evidence
shows that it can exceed the right side by employing non-Gaussian inputs.

Recalling (56) and (178) implies that if P§ attains the finite maximal unconstrained
a-mutual information and its a-response is denoted by P}",‘[a], then,

max [y(X; Y) = max (P, Py|x) = max Da(Py|x=a| Pfj)), (183)

which requires that P3(Af) = 1, with

Ay = {x € At Da(Py|x=|Pypy) = max D,X(Pﬂxzap;*[u])}. (184)
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51

For discrete alphabets, this requires that if x ¢ A}, then P§(x) = 0, which is tanta-
mount to

X P ET P X) | = exp (ST L (X% YY), (185)
yeBB

with equality for all x € A such that P§(x) > 0. For finite-alphabet random transfor-
mations this observation is equivalent to Theorem 5.6.5 in [9].
Getting slightly ahead of ourselves, we note that, in view of (128), an important
consequence of Theorem 15 below, is that, as anticipated in Item 25, the unconstrained
maximization of I,(X;Y) for « € (0,1) can be expressed in terms of the solution
to an optimization problem involving only conventional mutual information and
conditional relative entropy. For p > 0,

% 5‘;{1’ I (X;Y)=sup mij\ B{D(QY|XHPY|X|PX) +pI(Px, QY\X)}- (186)

T+p X Qyx: A—

7. Unconstrained Maximization of I (X;Y)

52.

In view of the fact that it is much easier to determine the a-mutual information
than the order-« Augustin—Csiszar information, it would be advantageous to show
that the unconstrained maximum of I (X;Y) equals the unconstrained maximum of
I,(X;Y). In the finite-alphabet setting, in which it is possible to invoke a "minisup”
theorem (e.g., see Section 7.1.7 of [59]), Csiszar [32] showed this result for « > 0. The
assumption of finite output alphabets was dropped in Theorem 1 of [42], and further
generalized in Theorem 3 of the same reference. As we see next, for a« € (0,1), itis
possible to give an elementary proof without restrictions on the alphabets.

Theorem 15. Let « € (0,1). If the suprema are over P 4, the set of all probability measures
defined on the input space, then

sup I (X;Y) = sup L(X;Y). (187)
X X

Proof. Inview of (143), > holds in (187). To show <, we assume supy [(X;Y) < o
as, otherwise, there is nothing left to prove. The unconstrained maximization identity
in (183) implies

sup Iu(X;Y) = sup Da(PY|X:uHP§k[a]) (188)
X ae A
— sup E[Du(Pyx (1X)1 P | (189)
PXeP
> inf E|D, (P X 190
inf sup E[Dy(Px(1X)1Q)] (190)
> inf E|D, (P | X 191
sup inf E[Da(Pyx(X)1Q)] (191)
=sup I;(X;Y), (192)
X

where P;“[a] is the unique a-response to any input that achieves the maximal a-mutual
information, and if there is no such input, it is the limit of the a-responses to any
asymptotically optimal input sequence (Item 48). [
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Furthermore, if {X,} is asymptotically optimal for I, i.e., lim, o0 Io(Xy; V) =
supy I(X;Y), then {X,} is also asymptotically optimal for I because for any § > 0,
we can find N, such that forall #u > N,

Io(Xn; Yn) +6 > SUE D (Py|x=alPy(y) (193)
ae

> E| Da(Pyjx (-1Xn) 1 P{uy) | (194)

= Ivf (Xn)Yn) (195)

= I:X(Xn}Yn)- (196)

8. Maximization of I;(X;Y) Subject to Average Cost Constraints

This section is at the heart of the relevance of Rényi information measures to error

exponent functions.

53.

54.

Givena € (0,1), Py|x: A — B, a cost function b: A — [0, %) and real scalar 6 > 0,
the objective is to maximize the Augustin—Csiszar mutual information allowing only
those probability measures that satisfy E[b(X)] < 6, namely,

Ci6) = sup IS(Px, Pyy). (197)

E[b(X)] < 6

Unfortunately, identity (187) no longer holds when the maximizations over the input
probability measure are cost-constrained, and, in general, we can only claim

Ci(0) = sup Lu(Px, Py|x). (198)

X
E[b(X)] <6

A conceptually simple approach to solve for Cg(0) is to

(a) postulate an input probability measure Py that achieves the supremum in (197);
(b) solve for its (a)-response Py using (92);
(c) show that (Pg, PY) is a saddle point for the game with payoff function

B(Px,Qv) = | Da(PrixerlQy) Py, (199)

where Qy € P4 and Py is chosen from the convex subset of P 4 of probability
measures which satisfy E[b(X)] < 6.

Since Py is already known, by definition, to be the («)-response to Py, verifying the
saddle point is tantamount to showing that B(Px, Py) is maximized by P} among
{Px € P4: E[b(X)] < 6}. Theorem 1 of [43] guarantees the existence of a saddle point
in the case of finite input alphabets. In addition to the fact that it is not always easy
to guess the optimum input Py (see e.g., Section 12), the main stumbling block is
the difficulty in determining the {a)-response to any candidate input distribution,
although sometimes this is indeed feasible as we saw in Example 7.

Naturally, Theorem 15 implies

Cs(0) <sup (X Y). (200)
X

If the unconstrained maximization of I7 (-, Py|x) is achieved by an input distribution
X* that satisfies E[b(X*)] < 6, then equality holds in (200), which, in turn, is equal to
I3 (P%, Py|x). In that case, the average cost constraint is said to be inactive. For most
cost functions and random transformations of practical interest, the cost constraint is
active for all 6 > 0. To ascertain whether it is, we simply verify whether there exists
an input achieving the right side of (200), which happens to satisfy the constraint.

194



Entropy 2021, 23, 199

55.

56.

If so, C5(6) has been found. The same holds if we can find a sequence {X;} such
that E[b(X,)] < 0 and I4(Xy;Yu) — supy [(X;Y). Otherwise, we proceed with
the method described below. Thus, henceforth, we assume that the cost constraint
is active.

The approach proposed in this paper to solve for Cg(0) for « € (0,1) hinges on
the variational representation in (172), which allows us to sidestep having to find
any (w)-response. Note that once we set out to maximize I7(Px, Py x) over P =
{Px € P4: E[b(X)] < 6}, the allowable Qx in the maximization in (175) range over a
¢-blow-up of P defined by

rg('P) = {Qx € P4: 3Px € P, such that D(Px|Qx) < g} (201)

As we show in Item 56, we can accomplish such an optimization by solving an
unconstrained maximization of the sum of a-mutual information and a term suitably
derived from the cost function.

It will not be necessary to solve for (176), as our goal is to further maximize (172)
over Py subject to an average cost constraint. The Lagrangian corresponding to the
constrained optimization in (197) is

Lo (v, Px) = IS(X;Y) — vE[b(X)] + v 6, (202)

where on the left side we have omitted, for brevity, the dependence on 6 stemming
from the last term on the right side. The Lagrange multiplier method (e.g., [60])
implies that if X* achieves the supremum in (197), then there exists v* > 0 such that
forall Pxyon Aand v > 0,

L, (v*, Px) < Ly(v*, P%) < Ly (v, P%). (203)

Note from (202) that the right inequality in (203) can only be achieved if

E[b(X*)] = 6, (204)
and, consequently,
c . % pEY s o .
C3(0) = Lo (v*, Px) = rggn})ixlw(v, Px) = nll?ix rlgg]La(V, Px). (205)

The pivotal result enabling us to obtain C§(0) without the need to deal with Augustin—
Csiszar mutual information is the following.

Theorem 16. Given a € (0,1), v > 0, Pyx: A — B, and b: A — [0,0), denote
the function

Alv) = m)?x{la(X; Y)+ 1 logElexp(~(1 — a)v b(X))]}. (206)
Then,
sup La(v, Px) = 10+ Au(v), (207)
PeP
and
C5(60) = min{v 0+ Aa(v)). (208)

Proof. Plugging (172) into (197) we obtain, with X ~ Px, and X ~ Qx,
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57.

sup Ly(v,Px) = sup{I;(X;Y) —vE[b(X)] + v 6} (209)
PxePy Px
- P}S(IQEA{QIQS%A{M(QX, Pyix) — 1= D(Px| Qx>} —VE[b(X)] + ve} (10)
= v+ gmax {14(Qx, Pyx) — 1 (P Q) +v(1 - WX} @11
1 .
=v0+ erxl(?%(A{Ia(QX, Py|x) + - log E[exp(—v(1 — zx)b(X))]} (212)
=v0+A(v), (213)

where (209) and (213) follow from (202) and (206), respectively, and (212) follows by
invoking Theorem 1 with Z ~ Qx and

g(a) = (1 —aj)vb(a), (214)

which is nonnegative since &« € (0,1) and v > 0. Finally, (208) follows from (205)
and (207). O

In conclusion, we have shown that the maximization of Augustin—Csiszar mutual
information of order a subject to E[b(X)] < 6 boils down to the unconstrained
maximization of a Lagrangian consisting of the sum of a-mutual information and
an exponential average of the cost function. Circumventing the need to deal with
{a)-responses and with Augustin—Csiszdr mutual information of order « leads to a
particularly simple optimization, as illustrated in Sections 11 and 12.

Theorem 16 solves for the maximal Augustin—Csiszar mutual information of order
« under an average cost constraint without having to find out the input probability
measure Py that attains it nor its («)-response Py (using the notation in Item 53).
Instead, it gives the solution as

1
-

C;(0) = min{v@ + m)?x{l,x(X; Y)+ 1

=0

log E[exp(—(1 — a)v b(X))] } } (215)

Although we are not going to invoke a minimax theorem, with the aid of Theorem 9-(b)
we can see that the functional within the inner brackets is concave in Px; Furthermore,
if V e (0,1], then log E[V"] is easily seen to be convex in v with the aid of the Cauchy-
Schwarz inequality. Before we characterize the saddle point (v*, Q%) of the game in
(215) we note that (P, Py) can be readily obtained from (v*, Q%).

Theorem 17. Fix a € (0,1). Let v* > 0 denote the minimizer on the right side of (215), and
Q¥ the input probability measure that attains the maximum in (206) (or (215)) for v = v*.
Then,

(a) Q¥ is the {a)-adjunct of P%.
(b) Py = Qi[a], the a-response to Q%.

(c) P% «» Q% with
Ip¥ ot (a)=—(1—a)w*b(a)+ 1, acA, (216)
where T, is a normalizing constant ensuring that Py is a probability measure.

Proof.

(a) We had already established in Theorem 13 that the maximum on the right side
of (210) is achieved by the (a)-adjunct of Px. In the special case v = v*, such

196



Entropy 2021, 23, 199

Px is Pg. Therefore, Q%, the argument that achieves the maximum in (206) for
v = v*, is the (w)-adjunct of P}.

(b) According to Theorem 11, the a-response to Q% is the («)-response to P,
which is P§ by definition.

(c) For v = v*, P§ achieves the supremum in (209) and the infimum in (211).
Therefore, (216) follows from Theorem 1 with Z ~ Q% and g(-) given by (214)
particularized to v = v*.

O

The saddle point of (215) admits the following characterization.
Theorem 18. If w € (0,1), the saddle point (v*, Q%) of (215) satisfies
E[b(X*)exp(—(1—a)v*b(X*))] = 0E[exp(—(1 —a)v* b(X¥))], X* ~ Q% (217)
Da(Pyx—a | Q1) = v*b(a) + ca(v®), ac A, (218)

where QT/[“] is the a-response to Q%, and c,(v*) does not depend on a € A. Furthermore,

Ay (V) = cu(VF), (219)
CS(0) = v™ 0 + co(VF). (220)

Proof. First, we show that the scalar v* > 0 that minimizes
1 _
f(v) =v6+ L,(Q%, Pyix) + iz log E[exp(—(1 — a)vb(X*))] (221)

satisfies (217). If we abbreviate V = exp(—(1 — a)b(X*)) € (0,1], then the dominated
convergence theorem results in

1 E[VVIogV]
1—a E[VY]

(222)

d 1 v
dv{vGJr 1_(XlogIEl[V ]} =0+

Therefore, (217) is equivalent to f (v*) = 0, which is all we need on account of the
convexity of f(-). To show (218), notice that for all a € A,

(1—a)v*b(a) — 1, = 1o |p (4) (223)
= (1 —a)Da(Py|x=4 | PY) + Va, (224)

where (223) is (216) and (224) is (157) with Py gy < Py in view of Theorem 17-(b). In
conclusion, (218) holds with

U+ Ty

ca(V¥) 1

(225)
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58.

Finally, (206) implies

Ay (v*) logIE[exp( (1—a)v*b(X*))] (226)

IO((Q?{! PY|X) +

IOgE[eXP((“ —1)Dq (Py|x C1X*) | PY))

1 logE[exp(( 1)v* b(X*))] (227)
T . 1 log E[exp((a — 1) (v* b(X*) + ca(v)))]

i,x log E[exp ((« — 1)v* b(X™))] (228)

= ca(v?), (229)

where (227) follows from the definition of a-mutual information and Theorem 17-(b),
and (228) follows from (218). Plugging (219) into (208) results in (220). O

Typically, the application of Theorem 18 involves

(a) guessing the form of the auxiliary input Q% (modulo some unknown parameter),

(b)  obtaining its a-response Q;‘;[‘X], and

(c) verifying that (217) and (218) are satisfied for some specific choice of the
unknown parameter.

With the same approach, we can postulate, for every v > 0, an input distribution RY,
whose a-response R;’/[“] satisfies

Da (PHXZQ |\ R;M) —vb(a) +culv), acA, (230)

where the only condition we place on ¢, (v) is that it not depend on a € A. If this is
indeed the case, then the same derivation in (226)—(229) results in

Ay (V) = ca(v), (231)

and we determine v* as the solution to 8 = —¢,(v*), in lieu of (217).
Sections 11 and 12 illustrate the effortless nature of this approach to solve for A, (v).
Incidentally, (230) can be seen as the a-generalization of the condition in Problem 8.2
of [48], elaborated later in [61].

9. Gallager’s Ep Functions and the Maximal Augustin-Csiszar Mutual Information

In keeping with Gallager’s setting [9], we stick to discrete alphabets throughout

this section.

59.

In his derivation of an achievability result for discrete memoryless channels, Gal-
lager [8] introduced the function (1), which we repeat for convenience,

1+p
Eo(p, Px) = logZ(Z Px(x gg )). (232)

yeB \xeA
Comparing (82) and (232), we obtain

Eolp, Px) = p 11 (X;Y), (233)
which, as we mentioned in Section 1, is the observation by Csiszar in [30] that triggered

the third phase in the representation of error exponents. Popularized in [9], the
Ey function was employed by Shannon, Gallager and Berlekamp [10] for p > 0
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60.

and by Arimoto [62] for p € (—1,0) in the derivation of converse results in data
transmission, the latter of which considers rates above capacity, a region in which
error probability increases with blocklength, approaching one at an exponential rate.
For the achievability part, [8] showed upper bounds on the error probability involving
Eo(p, Px) for p € [0, 1]. Therefore, for rates below capacity, the a-mutual information
only enters the picture for a € (0,1). One exception in which Rényi divergence of order
greater than 1 plays a role at rates below capacity was found by Sason [63], where
a refined achievability result is shown for binary linear codes for output symmetric
channels (a case in which equiprobable Px maximizes (233)), as a function of their
Hamming weight distribution.

Although Gallager did not have the benefit of the insight provided by the Rényi
information measures, he did notice certain behaviors of Ey reminiscent of mutual
information. For example, the derivative of (233) with respect to p, at p «<— 0 is equal to
I(X;Y). As pointed out by Csiszdr in [32], in the absence of cost constraints, Gallager’s
E( function in (232) satisfies

max Eg(p, Px) = p maxI 1 (X;Y) =p maxI® (X;Y), (234)
Px X X T

L
1+
in view of (233) and (187).

Recall that Gallager’s modified Ey function in the case of cost constraints is

1+p
Eo(p, Px,7,0) ——10g2<2 Px(x) exp(rb(x) —r0)P. J;g(y\ )) (235)

yeB \xe A

which, like (232) he introduced in order to show an achievability result. Up until
now, no counterpart to (234) has been found with cost constraints and (235). This is
accomplished in the remainder of this section.

In the finite alphabet case the following result is useful to obtain a numerical solution
for the functional in (206). More importantly, it is relevant to the discussion in Item 61.

Theorem 19. In the special case of discrete alphabets, the function in (206) is equal to
1

Tlog ) (Z Py W)>a (236)

yeB \ac A

Ay(v) = max

where the maximization is over all G: A — [0, ) such that

Z G(a)exp(—(1 —a)vb(a)) = 1. (237)

aeA

Proof. Recalling (82) we have

L(XY)+ 7 i . log E[exp(—(1 —a)v b(X))]

logz(x PP . xw)

yeB \xe A
L logEfexp(~(1 - )y b(X))] (238)
[ ]\
T a- 1 log Z ( Elexp(—(1 — a)vb(X))] (239)
= —qlog ), (Z G(a) Py x ylﬂ)) (240)
yeB \ac A
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61.

where

Px(x)
Yaea Px(a) exp(—(1 —a)vb(a))

Glx) = (241)

O

We can now proceed to close the circle between the maximization of Augustin—Csiszar
mutual information subject to average cost constraints (Phase 3 in Section 1) and
Gallager’s approach (Phase 1 in Section 1).

Theorem 20. In the discrete alphabet case, recalling the definitions in (202) and (235) , for
0 >0,

max Eg(p, Px,7,0) = pmax L 1 <r + r,PX), r>0; (242)
Py Px ~ T+p 0
minmax Eg(p, Px,t,0) = pC®, (6), (243)
7>0 PX ﬁ

where the maximizations are over P 4.

Proof. With

_ _1+p 7
“Ts and V—r—P =1 (244)

the maximization of (235) with the respect to the input probability measure yields
max Eg(p, Px,1,0)
Px

1 I+p
— rrlljax{(l +p)r6—log 2 <2 Px(x) exp(rb(x))P. +;§ (y|x)> } (245)

yeB \xeA

1
_ _ o
=pvl+ pnlljax log Z (Z Px(x)exp(1—a)v b(x))PYX(y|x)> (246)
yeB \xe A
1
= pv9+pm€x logZ (2 Yx(y|x)> (247)
yeB \xeA
=pv0+pA(v) (248)
= pmaxLy(v, Px), (249)
Px
where

e the maximization on the right side of (247) is over all G: A — [0, ) that satisfy
(237), since that constraint is tantamount to enforcing the constraint that Px € P 4
on the left side of (247);

®  (248) <= Theorem 19;

e  (249) < Theorem 16.
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The proof of (242) is complete once (244) is invoked to substitute a and v from the
right side of (249). If we now minimize the outer sides of (245)—(249) with respect to r
we obtain, using (205) and (244),

r
i Eo(p, Px,7,0) = pmi Le(——,P 250
min max o(p, Px,1,0) P minmax ,X(l_a, x) (250)
= pmi Ly(v, P 251
prlggrr})ix «(V, Px) (251)
=pC¢, (6). (252)
T+p

O

In p. 329 of [9], Gallager poses the unconstrained maximization (i.e., over Px € P 4)
of the Lagrangian

Eo(p, Px,1,0) + v Z Px(a)b(a) —y@. (253)
ac A

Note the apparent discrepancy between the optimizations in (243) and (253): the latter
is parametrized by r and v (in addition to p and 6), while the maximization on the
right side of (243) does not enforce any average cost constraint. In fact, there is no
disparity since Gallager loc. cit. finds serendipitously that v = 0 regardless of r and 6,
and, therefore, just one parameter is enough.

62. The raison d’étre for Augustin’s introduction of I in [36] was his quest to view Gal-
lager’s approach with average cost constraints under the optic of Rényi information
measures. Contrasting (232) and (235) and inspired by the fact that, in the absence of
cost constraints, (232) satisfies a variational characterization in view of (69) and (233),
Augustin [36] dealt, not with (235), but with

rréin D,X(PY‘XHQﬂPX), where pY|X:x = Pyjx—x exp(r'b(x)).
Y

Assuming finite alphabets, Augustin was able to connect this quantity with the
maximal I$(X;Y) under cost constraints in an arcane analysis that invokes a min-
imax theorem. This line of work was continued in Section 5 of [43], which refers
to ming, Da(ﬁy\xHQHPX) as the Rényi-Gallager information. Unfortunately, since
Py| x is not a random transformation, the conditional pseudo-Rényi divergence
D, (Py| x| Qy|Px) need not satisfy the key additive decomposition in Theorem 4 so the
approach of [36,43] fails to establish an identity equating the maximization of Gal-
lager’s function (235) with the maximization of Augustin-Csiszar mutual information,
which is what we have accomplished through a crisp and
elementary analysis.

10. Error Exponent Functions

The central objects of interest in the error exponent analysis of data transmission
are the functions Egp(R, Px) and Er(R, Px) of a random transformation Py|x: A — B.
Reflecting the three different phases referred to in Section 1, there is no unanimity in the
definition of those functions. Following [48], we adopt the standard canonical Phase 2
(Section 1.2) definitions of those functions, which are given in Items 63 and 67.

63. If R > 0 and Px € P4, the sphere-packing error exponent function is (e.g., (10.19)
of [48])

Esp(R, Px) = min D(Qyx | Pyx [ Px)- (254)
Qvix: A— B
I(Px,Qyix) <R

64. Asa function of R > 0, the basic properties of (254) for fixed (Px, Py|x) are as follows.
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65.

(a) If R > I(Py, PY|X)r then Esp(R, Px) = 0;

(b) If R < I(Px, Py|x), then Egp(R, Px) > 0;

(c) The infimum of the arguments for which the sphere-packing error exponent
function is finite is denoted by R (Px);

(d)  On the interval R € (Ro(Px), I(Px, Py|x)), Esp(R, Px) is convex, strictly de-
creasing, continuous, and equal to (254) where the constraint is satisfied with
equality. This implies that for R belonging to that interval, we can find pg > 0
so that forallr > 0,

Esp(”r Px) = ESP(R, Px) —pPrY+pPrRR. (255)

In view of Theorem 8 and its definition in (254), it is not surprising that Esp(R, Px) is
intimately related to the Augustin—Csiszar mutual information, through the following
key identity.

Theorem 21.
Esp(R,Px) = sup{p I (X;Y) —pR}, R=>0; (256)
=0 T+p
Roo(Px) = I§(X;Y). (257)

Proof.  First note that > holds in (256) because from (128) we obtain, for all p > 0,

plI% (X;Y) = min{D(Qy\x“PY\xWX) +pI(Px, Qy|x)} (258)
T+o Qy|x

< glin_ {D(QY|XHPY|X\PX) +pI(Px, Qy|x)} (259)
I(erQ:(l\);.) <R

< Esp(R,Px) + pR, (260)

where (260) follows from the definition in (254). To show < in (256) for those R such
that 0 < Egp(R, Px) < o0, Property (d) in Item 64 allows us to write

min{D(QY\XHPY|X|PX) +pr I(Px, QY\X)} = min{Esp(r, Px) + pr 7} (261)
Qy|x r=0
> Esp(R, Px) +pr R, (262)

where (262) follows from (255).

To determine the region where the sphere-packing error exponent is infinite and show
(257), first note that if R < I§(X;Y) = lim,|o I7(X;Y), then Egp(R, Px) = o because
for any p > 0, the function in {} on the right side of (256) satisfies

pI

1
1+p

(X;Y)—pR = pl‘l%(X; Y)—p5(X;Y)+pI5(X;Y)—pR (263)
P
>pI§(X;Y)—pR, (264)

where (264) follows from the monotonicity of I{(X;Y) in « we saw in (143). Con-
versely, if I§(X;Y) < R < oo, there exists € € (0,1) such that I$(X;Y) < R, which
implies that in the minimization

£06Y) = min{ = D(QyxlPyxIP) + 1(Px, Qo) | (265)

Qy|x

we may restrict to those Qy|x such that I(Px, Qy|x) < R, and consequently, IS (X;Y) >
152 Esp(R, Px). Therefore, to avoid a contradiction, we must have Egp (R, Px) < c0.
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The remaining case is I§(X;Y) = o. Again, the monotonicity of the Augustin-
Csiszdr mutual information implies that I5(X;Y) = o for all « > 0. So, (128) pre-
scribes D(Qy x| Py|x|Px) = o for any Qy/x is such that I(Px, Qy|x) < o. Therefore,
Esp(R, Px) = o for all R > 0, as we wanted to show. [

Augustin [36] provided lower bounds on error probability for codes of type Px as a
function of I (X;Y) but did not state (256); neither did Csiszar in [32] as he was inter-
ested in a non-conventional parametrization (generalized cutoff rates) of the reliability
function. As pointed out in p. 5605 of [64], the ingredients for the proof of (256) were
already present in the hint of Problem 23 of Section IL.5 of [24]. In the discrete case, an
exponential lower bound on error probability for codes with constant composition
Px is given as a function of I ; (Py, Py x) in [44,64]. As in [64], Nakiboglu [65] gives

+0
(256) as the definition of the sphere-packing function and connects it with (254) in

Lemma 3 therein, within the context of discrete input alphabets.

In the discrete case, (257) is well-known (e.g., [66]), and given by (83). As pointed
out in [40], maxx I§(X;Y) is the zero-error capacity with noiseless feedback found
by Shannon [67], provided there is at least a pair (a1,a;) € A? such that PY‘ X—a; L
Py|x—,,- Otherwise, the zero-error capacity with feedback is zero.

66. The critical rate, R¢(Pyx), is defined as the smallest abscissa at which the convex
function Egp(-, Px) meets its supporting line of slope —1. According to (256),
I;(X; Y) = R¢(Px) + Esp(Rc(Px), Px). (266)
67. If R > 0and Px € P4, the random-coding exponent function is (e.g., (10.15) of [48])
Ex(R,Px) =  min {D(Qyx|PyxIPx) + [I(Px, Qux) ~RI*},  (@67)
QY\X: A—-B
with [t]t = max{0, t}.
68. The random-coding error exponent function is determined by the sphere-packing
error exponent function through the following relation, illustrated in Figure 1.
I5(X;Y) |
2

I I
T T —

Roo (Px) Re(Px)  I(Px,Pyx) R

Figure 1. Eg(-, Px) and E. (-, Px).
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69.

70.

Theorem 22.
Ex(R, Px) = min{Esp(r, Px) + 7 — R} (268)
>
0, R = I(Px, Py|x);
= { Esp(R, Px), R e [Rc(Px), I(Px, PY\X)]; (269)
I$(X;Y)—R, Re[0,Rc(Px)]-
2
= sup {p It (X5Y) - pR}. (270)
p€[0,1] I+p

Proof. Identities (268) and (269) are well-known (e.g. Lemma 10.4 and Corollary
10.4 in [48]). To show (270), note that (256) expresses Egp (-, Px) as the supremum of
supporting lines parametrized by their slope —p. By definition of critical rate (for
brevity, we do not show explicitly its dependence on Px), if R € [R¢, I(Px, Pyl x)], then
Esp(R, Px) can be obtained by restricting the optimization in (256) to p € [0, 1]. In that
segment of values of R, Esp(R, Px) = E;(R, Px) according to (269). Moreover, on the
interval R € [0, R¢], we have

max {plcl (X,‘Y)—pR} =I§(X;Y)—R (271)
pefo1] " T 2
= Esp(Rc, Px) + Rc — R (272)
= EI(R/ PX)/ (273)

where we have used (266) and (269). O

The first explicit connection between E(R, Px) and the Augustin—Csiszdr mutual
information was made by Poltyrev [35] although he used a different form for I3 (X;Y),
as we discussed in (29).

The unconstrained maximizations over the input distribution of the sphere-packing
and random coding error exponent functions are denoted, respectively, by

ESP(R) = sup ESp(Rr PX)/ (274)
Px

Ex(R) = sup Ex(R, Px). (275)
Px

Coding theorems [8-10,22,48] have shown that when these functions coincide they
yield the reliability function (optimum speed at which the error probability vanishes
with blocklength) as a function of the rate R < maxy I(X;Y). The intuition is that,
for the most favorable input distribution, errors occur when the channel behaves
so atypically that codes of rate R are not reliable. There are many ways in which
the channel may exhibit such behavior and they are all unlikely, but the most likely
among them is the one that achieves (254).

It follows from (187), (256) and (270) that (274) and (275) can be expressed as

Esp(R) = sup{p supl 1 (X;Y) —pR}, (276)
0=0 x P

E+(R) = sup {p supl 1 (X;Y) —pR}. (277)
pelor] L X

Therefore, we can sidestep working with the Augustin—Csiszdr mutual information
in the absence of cost constraints.

Shannon [1] showed that, operating at rates below maximal mutual information, it
is possible to find codes whose error probability vanishes with blocklength; for the
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71.

72.

converse, instead of error probability, Shannon measured reliability by the conditional
entropy of the message given the channel output. That alternative reliability measure,
as well as its generalization to Arimoto-Rényi conditional entropy, is also useful
analyzing the average performance over code ensembles. It turns out (see e.g., [28,68])
that, below capacity, those conditional entropies also vanish exponentially fast in
much the same way as error probability with bounds that are governed by Esp(R)
and Er(R) thereby lending additional operational significance to those functions.
We now introduce a cost function b: A — [0, o0) and real scalar § > 0, and reexamine
the optimizations in (274) and (275) allowing only those probability measures that
satisfy E[b(X)] < 6. With a patent, but unavoidable, abuse of notation we define

Esp(R,6) = sup Esp(R, Px) (278)
]E[b ]<9
= sup {p sup IL (X;Y)—pR (279)
p=0 1+
b(X
= sup {p (Cl } (280)
=0 I+p
= sup { +pm1n{v6+A1(v)}} (281)
p=0 Lte
= il;}g {—pR—nggl{va
+max{pl 1 (XY)+(1+p) log]E[exp(—prb(X))]}}}, (282)

where (279), (281) and (282) follow from (256), (208) and (206), respectively.
In parallel to (278)—(281),

Ex(R,0) = sup  Er(R,Px) (283)
Px:

E[b(X)] <6

= sup sp sup I (X;Y)—pR (284)
pel01] Px: 1FP

E[b(X)] <8

- sup {p@cl (0 >pR}, (255)

pel01] e

where (284) follows from (270). In particular, if we define the critical rate and the
cutoff rate as

Re = sup R¢(Px), (286)

Ro= sup IS(XY), (287)

respectively, then it follows from (270) that

Ex(R)=Ro—R, Rel0,Re]. (288)
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Summarizing, the evaluation of Esp(R,0) and Ex(R, #) can be accomplished by the
method proposed in Section 8, at the heart of which is the maximization in (206)
involving a-mutual information instead of Augustin-Csiszar mutual information. In
Sections 11 and 12, we illustrate the evaluation of the error exponent functions with
two important additive-noise examples.

11. Additive Independent Gaussian Noise; Input Power Constraint

73.

We illustrate the procedure in Item 58 by taking Example 6 considerably further.

Suppose A = B = R, b(x) = x? and Py|x_, = N(a,0%;). We start by testing whether
we can find RY; € P 4 such that its x-response satisfies (230). Naturally, it makes sense
to try RY, = N(0,02) for some yet to be determined o2. As we saw in Example 6, this
choice implies that its a-response is Ry, = (0, 0% + 0%). Specializing Example 4,

we obtain
Da (Py| wes | R;M) — D, (N (x, aﬁ,) | NV (o,w2 + (7%,)) (289)
1 wo? 1 a(l—a)o? 1 ax?
= E log (l + 0_12\]> — m log (1 + 0(20'2 n 0']2\] + E 0(20'2 n 0_12\] log e. (290)
Therefore, (230) is indeed satisfied with
1 wo? 1 a(l—a)o?
1 %
= 1 292
v 2202 + 0% 08 292)

where (292) follows if we choose the variance of the auxiliary input as

2
2
_IN(®
-4 ( . 1). (294)

In (294) we have introduced an alternative, more convenient, parametrization for the
Lagrange multiplier

2 2
A=2Y9N ¢ 0,a). (295)
loge

In conclusion, with the choice in (293), V| (0, (72) attains the maximum in (206), and

in view of (231), A, (v) is given by the right side of (291) substituting o? by (293).
Therefore, we have

v+ A (v) = %snrloge +cq (/\zlzge> (296)

log «

297
BL, @)

A 1 1 1 1
= zsnrloge+ 2log(l 3= vc) - mlog(w—/\(l —a))+

where we denoted snr = U%.
N

206



Entropy 2021, 23, 199

74.

In accordance with Theorem 16 all that remains is to minimize (297) with respect
to v, or equivalently, with respect to A. Differentiating (297) with respect to A, the
minimum is achieved at A* satisfying

1 a—A*
= R A A (2%8)
whose only valid root (obtained by solving a quadratic equation) is
1+asnr—aA
A o—— 2
2snr (1 —a) € (0.a), 299)
with A defined in (118). So, for « € (0, 1), (208) becomes
1+asnr—aA 1 2snr (1 —a) 1
c 2\ _ - i
C;(snroyy) i0—a) loge+zlog(1+1+txsnr—aA “>
asnr+aA—1
21—« 1°g< 2snra? > (300)
Letting & = ﬁ, we obtain
1 1
€, (snrod) = (1 - B)loge + = log(1 + Bsnr) — — L log((1+p)B),  (301)
T+ 2p 2 20
with

1 1 A\ 1 1+p |4  (1+p \?
ﬁ2<1 ocsnr+snr)2(1 snr +\/snr+<snr 1) ' (302)

Alternatively, it is instructive to apply Theorem 18 to the current Gaussian/quadratic
cost setting. Suppose we let Q% = N(0,0*2), where 0*? is to be determined. With the
aid of the formulas

2
E[Xz e_”Xz] L — (303)
(1+2uac?)?
x|l 1
E[e ] N (304)

where i1 > 0, and X ~ N(0,0?), (217) becomes

N :
azﬁ‘i‘(l—l){))\ ’ (305)
upon substituting 02 « ¢*? and
1- 1-
pevi S L (306)
loge 20y

Likewise (218) translates into (291) and (292) with (v, 0?) « (v*,*?), namely,
1 ao*? 1 w(1 — a)o*?
*)=-log| 1+ — log| 1+ ————— 1, 307
alv?) =3 og( oy ) 2(1—a) og( 0202 + g%, (307
ao%,

A =

R (308)
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75.

76.

Eliminating o*2 from (305) by means of (308) results in (299) and the same derivation
that led to (300) shows that it is equal to v*6 + ¢, (v*).

Applying Theorem 17, we can readily find the input distribution, P, that attains
C5(0) as well as its (a)-response Py (recall the notation in Item 53). According to
Example 2, P}, the a-response to Q% is Gaussian with zero mean and variance

1 1
0%+ ao*? = 012\1(1 i a) (309)
2
1
—?<2—“+A+snr>, (310)

where (309) follows from (308) and (310) follows by using the expression for A in
(118). Note from Example 7 that P§ is nothing but the {x)-response to N(0, snr o%;).
We can easily verify from Theorem 17 that indeed P§ = N/(0, snr o) since in this case

(216) becomes
lP;?HQ;k{(a) = —(1—a)*a® + 14, (311)

which can only be satisfied by P§ = N/(0,snro%;) in view of (305). As an independent
confirmation, we can verify, after some algebra, that the right sides of (127) and (300)
are identical.

In fact, in the current Gaussian setting, we could start by postulating that the distri-
bution that maximizes the Augustin-Csiszar mutual information under the second
moment constraint does not depend on « and is given by P§ = N(0,0). Its {a)-
response Py (ay Was already obtained in Example 7. Then, an alternative method to
find C§(0), given in Section 6.2 of [43], is to follow the approach outlined in Item
53. To validate the choice of P§ we must show that it maximizes B(Px, P} <D‘>) (in the

notation introduced in (199)) among the subset of P 4 which satisfies E[X?] < 6. This
follows from the fact that D, (Py| x=x[Py <a>> is an affine function of x2.

Let’s now use the result in Item 73 to evaluate, with a novel parametrization, the error
exponent functions for the Gaussian channel under an average power constraint.

Theorem 23. Let A = B =R, b(x) = x%, and Py|x_, = N(a,03,). Then, for g € [0,1],

1
Esp(R, snro%) = %(1 —B)loge — 5 log(1+snr (1 - B)), (312)
1 2
2 B(L—B)+ s
The critical rate and cutoff rate are, respectively,
1 1 snr 1 snr?

1 snr snr? 1 1 1 snr2
R0=2<1+2—E> loge+210g<2+2 1+4>- (315)
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Proof. Expression (315) for the cutoff rate follows by letting p = 1 in (301) and
(302). The supremum in (281) is attained by p* > 0 that satisfies (recall the concavity
result in Theorem 9-(a))

R=Loce, (sro?) (316)
dP T+p p<—p*
1 1\ 1 \
=3 log (snr + ﬁ) ~3 log(1+p™), (317)

obtained after a dose of symbolic computation working with (301). In particular,
letting p* = 1, we obtain the critical rate in (314). Note that if in (302) we substitute
p — p*, with p* given as a function of R, snr and § by (317), we end up with an
equation involving R, snr, and 8. We proceed to verify that that equation is, in fact,
(312). By solving a quadratic equation, we can readily check that (302) is the positive
root of

1+p =snr(1—[3)+;. (318)
If we particularize (318) to p < p*, with p* given by (317), namely,
p* = —1+exp(—2R) (snr + ;), (319)
we obtain
exp(2R) — — P 1 (320)

snrB(1—B)+17

which is (313). Notice that the right side of (320) is monotonic increasing in g > 0
ranging from 1 (for § = 0) to 1 + snr (for B = 1). Therefore, 8 € [0, 1] spans the whole
gamut of values of R of interest.

Assembling (281), (301) and (317), we obtain

Esp(R, snr o%)

* *
=—p*R+ %(1 —B)loge + % log(1+ Bsnr) — 1% log((1+p*)B) (321)

=—p*R+ %(1 —p)loge + glog(l + Bsnr) — ! +2p* log B

+(1+p%)R— 1+2P* log(snr+ ;) (322)
~R+ %(1 —B)loge — %log(l + Bsnr) (323)
= (1 p)loge — 5 log(1 + snr (1~ ), (324)

where (324) follows by substituting (313) on the left side. [J

Note that the parametric expression in (312) and (313) (shown in Figure 2) is, in fact,
a closed-form expression for Egp (R, snr 012\]) since we can invert (313) to obtain

1 4
B = 5(1 —exp(—2R)) (1 + \/1 + snr (1 — exp(—2 R))> (325)
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Esp<R1 snrajz\[) —snr= 5dB
%loge_‘ m— SNr = ].OdB
—snr = 15dB

20 |

10 |

The random coding error exponent is

Esp(R,0), Re (R, ilog(1+ snr));

(326)
Rp—R, Re[0,R],

Er(Rr 6) = {

with the critical rate Rc and cutoff rate Ry in (314) and (315), respectively. It can be
checked that (326) coincides with the expression given by Gallager [9] (p. 340) where
he optimizes (235) with respect to p and r, but not Px, which he just assumes to be
Px = N(0,0). The expression for R in (314) can be found in (7.4.34) of [9]; Ry in (314)
is implicit in p. 340 of [9], and explicit in e.g., [69].

I

1 2 llog(1+snr) 3 R

Figure 2. E,(R,snr (712\,) in (312) and (313); logarithms in base 2.

77.

The expression for Egp(R, 6) in Theorem 23 has more structure than meets the eye.
The analysis in Item 73 has shown that Eg, (R, Px) is maximized over Px with second
moment not exceeding 6 by P§ = N(0,6) regardless of R € (O, 1log(1 +sn r)) The
fact that we have found a closed-form expression for (254) when evaluated at such
input probability measure and Py|x_, = N(a,0%) is indicative that the minimum
therein is attained by a Gaussian random transformation Q;‘;‘X. This is indeed the
case: define the random transformation

Qfjxee = N(Ba,?), (327)
2
(‘% —1+snrB(1—p). (328)

In comparison with the nominal random transformation Py x_, = Na, UIZ\,), this
channel attenuates the input and contaminates it with a more powerful noise. Then,

1 2
I(Px, Qyjx) = 5 log (1 - M) =R. (329)
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Furthermore, invoking (33), we get

D(Q3x/IPyixIP%) = E[D(N(BX*, 02 ) | (X", 0% )) | (330)
1 2 1 2
= 2<(ﬁ—1)2snr+%—l) loge—zlog;% (331)
snr 1
= 7(1—ﬁ)loge— Elog(l—i—snrﬁ(l—ﬁ)) (332)
= Esp(R,snrod), (333)

where (333) is (312). Therefore, Q;"q « does indeed achieve the minimum in (254) if

Pyjx—q = N(a,0%) and P§ = N(0,0). So, the most likely error mechanism is the
result of atypically large noise strength and an attenuated received signal. Both effects
cannot be combined into additional noise variance: there is no ¢ > 0 such that
Qy|x—a = N(a,0?) achieves the minimum in (254).

12. Additive Independent Exponential Noise; Input-Mean Constraint

This section finds the sphere-packing error exponent for the additive independent

exponential noise channel under an input-mean constraint.
78. Suppose that A = B = [0, ), b(x) = x, and

Y=X+N, (334)

where N is exponentially distributed, independent of X, and E[N] = . Therefore
Py|x—, has density

1 _toa
Prix-alt) = z¢~ 7 1{t > a). (335)
It is shown in [70,71] that
I(X; X+ N) =log(1+ , 336
I ( ) = log(1 + snr) (336)
snr= —, (337)
¢
achieved by a mixed random variable with density
FE(t) = . 5(t) + b e E+01(t > 0. (338)
;+0° T Trop

To determine C§(snr), « € (0,1), we invoke Theorem 18. A sensible candidate for
the auxiliary input distribution QY is a mixed random variable with density

Gt = T*5(H) + (1 — F*);e_t/y 14t > 0}, (339)
= ai*, (340)

where I'* € (0,1) is yet to be determined. This is an attractive choice because its
x-response, Q;‘;[a], is particularly simple: exponential with mean a y = ri*/ as we can
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79.

verify using Laplace transforms. Then, if Z is exponential with unit mean, with the
aid of Example 5, we can write

Da (Pyjx—s | Q%) = DalgZ +x | ap 2) (341)

_x ap, 1 _a L
fa#loge—klog 7 +1_alog<tx+(1 “)oc],t) (342)

I*x w 1 «
=7 loge —logI'* + 17“108(“(1—“” )- (343)
So, (218) is satisfied with
1"*

v = 7 loge, (344)
(v = 1 ! —log(a + (1 - a)T*) ~ log ™ (345)

To evaluate (217), it is useful to note that if y > —1, then

1
—Z] _
E[Ze ] o (346)
1
-z -~
]E[e ] o (347)
Therefore, the left side of (217) specializes to, with X* ~ Q%,
_T*
E[b(X*)exp(—(1—a)v* b(X*))] = pa=T%) 5 (348)
*
(14 10— ) )
1
= sz(r*—1>, (349)
while the expectation on the right side of (217) is given by
E[exp(—(1 — a)v* b(X*))] = a + I* —al™. (350)
Therefore, (217) yields
1 1
snr = ﬁ — m (351)
whose solution is
1
* 2 _1_
r* = 2psnr <\/(1 +snr)” +4psnr—1 snr), (352)
with p = % So, finally, (220), (344) and (345) give the closed-form expression
C5(0) =snrT*loge —logT™ + log(a + (1 — a)T'*). (353)

11—«

As in Item 73, we can postulate an auxiliary distribution that satisfies (230) for every
v > 0. This is identical to what we did in (341)—(343) except that now (344) and (345)
hold for generic v and I'. Then, (351) is the result of solving 8 = —¢,(v*), which is, in
fact, somewhat simpler than obtaining it through (217).

We proceed to get a very simple parametric expression for Egp(R, 0).
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Theorem 24. Let A = B = [0,0), b(x) = x, and Y = X + N, with N exponentially
distributed, independent of X, and E[N]| = {. Then, under the average cost constraint
E[b(X)] < snr,

Esp(R,{snr) = <’17 — 1) loge +logy, (354)
R =log(1+nsnr), (355)
where yy € (0,1].

Proof. Rewriting (353), results in

*

pC¢, () =psnrT*loge —plogl™ + (1+p)log1+pr

, 356
T+p 1+ 1Y ( )

which is monotonically decreasing with p. With I'* = %F* (p,snr), the counterpart of

(317) is now
d

R= 30C%) (O - (357)
= (T* + p*T*) (snr - 1}7* + %) loge + log % (358)
= (I'* +p*f*)(snr+ é%) loge—I—logli—i:;j; (359)
= log m, (360)

where the drastic simplification in (360) occurs because, with the current parametriza-
tion, (351) becomes

1-T* =1+ p*T*)T*snr. (361)

Now we go ahead and express both p* and I'* as functions of snr and R exclusively.
We may rewrite (357)—(360) as

spx _ XPp(=R)—T*
= 1—exp(—R)’ (362)

which, when plugged in (361), results in

r* = %(1 —exp(—R)) <1, (363)
¥ _ (1 + snr) exp(—R)z— 1 - 0/ (364)
(1 —exp(=R))
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80.

where the inequalities in (363) and (364) follow from R < log(1 + snr). So, in conclusion,

Esp(R,0) = max {p C¢ (0)—p R} (365)
p=0 T+p
=p*C%, (6)—p"R (366)
1+p*
£ B
= p*snr* loge — p* log IT'* +(1+p*)log11—:pp£—p*R (367)
= p*snrT*loge — p*logI'™* + (1+ p*)(R +1logI'*) — p* R (368)
=p*snrT*loge +logI'™* + R (369)
_ snr B exp(R) —1
= (exp(R) =3 1> loge + log —ar (370)
= (; - 1) loge +log, (371)
where we have introduced
_exp(R)—-1  T*
7= snr ~ 1—snrl*’ (572)

Evidently, the left identity in (372) is the same as (355). O

The critical rate and the cutoff rate are obtained by particularizing (360) and (356) to
p* =1and p = 1, respectively. This yields

1+T7
Rc = log 2r;kl , (373)
Ro =snrI]loge —log(4T7T) + 2log(1+ I7), (374)
\/(1 +snr)? +4snr—1—snr
= . (375)
2snr
As in (326), the random coding error exponent is
Esp(R R e (R, log(1 ;
Er(ngsnr) — Sp( /anr)/ € ( Crs Og( + snr))’ (376)
Ro—R, Re[0,R],

with the critical rate R and cutoff rate Ry in (373) and (375), respectively. This function
is shown along with Egp (R,  snr) in Figure 3 for snr = 3.

In parallel to Item 77, we find the random transformation that explains the most likely
mechanism to produce errors at every rate R, namely the minimizer of (254) when
Px = P%, the maximizer of the Augustin—Csiszar mutual information of order a. In
this case, Pg is not as trivial to guess as in Section 11, but since we already found
Q% in (339) with I' = T'*, we can invoke Theorem 17 to show that the density of P5
achieving the maximal order-a« Augustin—Csiszdr mutual information is

r#+ 1-T* aT* *
)= — —tI*/g
px(t) T Ao o(t) + ST A—aT ¢ e 1{t > 0}, (377)
whose mean is, as it should,
«af 1-T*
e =0. 7
I'*aw+ (1—a)l* Gsnr =6 (378)
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Let Q} be exponential with mean 6 + x, and Q;X:a have density

t—a

1 it
ix=alt) = —€" F Lt > a}, (379)
with
k=2, (380)

and 7 as defined in (372). Using Laplace transforms, we can verify that P — Q;’;‘ x—
QF where P5 is the probability measure with density in (377). Let Z be unit-mean
exponentially distributed. Writing mutual information as the difference between the
output differential entropy and the noise differential entropy we get

I(Pg, Qﬁx) =h((0 +x)Z)—h(xZ) (381)
0

= log (1 + K) (382)

=R, (383)

in view of (363). Furthermore, using (335) and (379),

D(Q¥x I PyjxIPx) = IOg% + (g - 1) loge (384)
=logn + (117 - 1) loge (385)
= Egp(R, {snr), (386)

where we have used (380) and (354). Therefore, we have shown that Q;“(l x is indeed
the minimizer of (254). In this case, the most likely mechanism for errors to happen is
that the channel adds independent exponential noise with mean ¢/, instead of the
nominal mean (. In this respect, the behavior is reminiscent of that of the exponential
timing channel for which the error exponent is dominated (at least above critical rate)
by an exponential server which is slower than the nominal [72].

—_—

Re log(1 + snr)

Figure 3. Error exponent functions in (354), (355) and (376).

13. Recap

81.

The analysis of the fundamental limits of noisy channels in the regime of vanishing
error probability with blocklength growing without bound expresses channel capacity
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in terms of a basic information measure: the input-output mutual information maxi-
mized over the input distribution. In the regime of fixed nonzero error probability, the
asymptotic fundamental limit is a function of not only capacity but channel disper-
sion [73], which is also expressible in terms of an information measure: the variance
of the information density obtained with the capacity-achieving distribution. In the
regime of exponentially decreasing error probability (at fixed rate below capacity)
the analysis of the fundamental limits has gone through three distinct phases. No
information measures were involved during the first phase and any optimization with
respect to various auxiliary parameters and input distribution had to rely on standard
convex optimization techniques, such as Karush-Kuhn-Tucker conditions, which not
only are cumbersome to solve in this particular setting, but shed little light on the
structure of the solution. The second phase firmly anchored the problem in a large
deviations foundation, with the fundamental limits expressed in terms of conditional
relative entropy as well as mutual information. Unfortunately, the associated maxi-
minimization in (2) did not immediately lend itself to analytical progress. Thanks to
Csiszar’s realization of the relevance of Rényi’s information measures to this problem,
the third phase has found a way to, not only express the error exponent functions as a
function of information measures, but to solve the associated optimization problems
in a systematic way. While, in the absence of cost constraints, the problem reduces
to finding the maximal a-mutual information, cost constraints make the problem
much more challenging because of the difficulty in determining the order-a Augustin—
Csiszar mutual information. Fortunately, thanks to the introduction of an auxiliary
input distribution (the {(«)-adjunct of the distribution that maximizes I5), we have
shown that #-mutual information also comes to the rescue in the maximization of
the order-a Augustin—Csiszdr mutual information in the presence of average cost
constraints. We have also finally ended the isolation of Gallager’s Ey function with
cost constraints from the representations in Phases 2 and 3. The pursuit of such a
link is what motivated Augustin in 1978 to define a generalized mutual information
measure. Overall, the analysis has given yet another instance of the benefits of varia-
tional representations of information measures, leading to solutions based on saddle
points. However, we have steered clear of off-the-shelf minimax theorems and their
associated topological constraints.

We have worked out two channels/cost constraints (additive Gaussian noise with
quadratic cost, and additive exponential noise with a linear cost) that admit closed-
form error-exponent functions, most easily expressed in parametric form. Further-
more, in Items 77 and 80 we have illuminated the structure of those closed-form
expressions by identifying the anomalous channel behavior responsible for most
errors at every given rate. In the exponential noise case, the solution is simply a
noisier exponential channel, while in the Gaussian case it is the result of both a noisier
Gaussian channel and an attenuated input.

These observations prompt the question of whether there might be an alternative
general approach that eschews Rényi’s information measures to arrive at not only the
most likely anomalous channel behavior, but the error exponent functions themselves.
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Appendix A
Recall that the relative information 1p| is defined only if P « Q, while D(P[Q) €
[0, +0] is always defined and equal to +oo if (but not only if) P & Q.
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Lemma Al. IfQ « Rand X ~ P « R, then

E|1pjr(X) — 1g)r(X)| = D(P Q), (A1)
regardless of whether the right side is finite.
Proof. If P « Q « R, we may invoke the chain rule (7) to decompose

1p|r(a) —1gr(a) = 1po(a). (A2)

Then, the result follows by taking expectations of (A2) whena < X ~ P.

To show that (A1) also holds when P K Q, i.e., that the expectation on the left side is
+00, we invoke the Lebesgue decomposition theorem (e.g. p. 384 of [74]), which ensures
that we can find w € [0,1), Py L Q and Py « Q, such that

P=uaP;+(1—a)P. (A3)
Since P; 1 Py, we have
1
D(Py || P) = log -, (Ad)
1
D(Py | P) =1 . A
(Po| P) = log (A3)

If Xl ~ Pl, then

E[lpuR(Xl) - ZQ”R(Xi)] = E[lleR(Xl) - lQHR(Xl)] _E[lPlHR(Xl) - lPHR(Xl)] (A6)
D(Py | Q) — D(Py | P) (A7)

D(P:| Q) log ¢, (A8)

where

o (A7) < (A1) with (P,Q,R) « (P1,Q, R) and (A1) with (P,Q, R) « (P, P, R), which
we are entitled to invoke since Py is dominated by both Q and R;

o (A8) <= (A4).
Analogously, if Xo ~ Po, then

]E[IPHR(XO)] = E[IPOHR(XO)] - E[IPOHR(XO) - IPHR(XO)] (A9)
= D(Po |R) —D(Po | P) (A10)
=D(Py | R) —log T (A11)

Therefore, we are ready to conclude that

E[lpuR(X) - ZQHR(X)]

= “E[IPHR(Xi) - ZQ||R(X1)] +(1—-a) E[lpuR(Xo) - IQHR(XO)] (A12)
=aD(P|Q)+ (1 —a)D(Po|R)—(1— “)E[lguR(Xo)] — h(a) (A13)
— 4o, (A14)

where
e (A12) = (A3);
*  (Al3) < h(-) is the binary entropy function, (A8) and (A11);
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. (Al4) <:E[1QHR(XO)] - —oo<:Po<xe A: 99(x) = o) 1Py L Q.
O

Corollary Al. Suppose that Q « Rand X ~ P « R. Then,
E[ZQHR(X)] = D(P|R)-D(P|Q), (A15)

as long as at least one of the relative entropies on the right side is finite.
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Abstract: In statistical inference, the information-theoretic performance limits can often be expressed
in terms of a statistical divergence between the underlying statistical models (e.g., in binary hypothesis
testing, the error probability is related to the total variation distance between the statistical models).
As the data dimension grows, computing the statistics involved in decision-making and the attendant
performance limits (divergence measures) face complexity and stability challenges. Dimensionality
reduction addresses these challenges at the expense of compromising the performance (the divergence
reduces by the data-processing inequality). This paper considers linear dimensionality reduction
such that the divergence between the models is maximally preserved. Specifically, this paper focuses
on Gaussian models where we investigate discriminant analysis under five f-divergence measures
(Kullback-Leibler, symmetrized Kullback-Leibler, Hellinger, total variation, and x2). We characterize
the optimal design of the linear transformation of the data onto a lower-dimensional subspace for
zero-mean Gaussian models and employ numerical algorithms to find the design for general Gaussian
models with non-zero means. There are two key observations for zero-mean Gaussian models. First,
projections are not necessarily along the largest modes of the covariance matrix of the data, and, in
some situations, they can even be along the smallest modes. Secondly, under specific regimes, the
optimal design of subspace projection is identical under all the f-divergence measures considered,
rendering a degree of universality to the design, independent of the inference problem of interest.

Keywords: dimensionality reduction; discriminant analysis; f-divergence; statistical inference

1. Introduction
1.1. Motivation

Consider a simple binary hypothesis testing problem in which we observe an n-
dimensional sample X and aim to discern the underlying model according to:

Hy: X~ P vs. Hi: X~Q. 1

The optimal decision rule (in the Neyman-Pearson sense) involves computing the likelihood
ratio % (X) and the performance limit (sum of type I and type II errors) is related to the
total variation distance between [P and Q. We emphasize that our focus is on the settings in
which the 1 elements of X are not statistically independent, in which case the likelihood
ratio % (X) cannot be decomposed into the product of the coordinate-level likelihood ratios.
One of the key practical obstacles to solve such problems pertains to the computational cost
of finding and performing the statistical tests. This renders a gap between the performance
that is information-theoretically viable (unbounded complexity) versus a performance
possible under bounded computational complexity [1,2].

Dimensionality reduction techniques have become an integral part of statistical anal-
ysis in high dimensions [3-6]. In particular, linear dimensionality reduction methods
have been developed and used for over a century for various reasons, such as their low
computational complexity and simple geometric interpretation, as well as for a multitude
of applications, such as data compression, storage, and visualization, to name only a few.
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These methods linearly map the high-dimensional data to lower dimensions while ensuring
that the desired features of the data are preserved. There exist two broad sets of approaches
to linear dimensionality reduction in one dataset X, which we review next.

1.2. Related Literature

(1) Feature extraction: In one set of approaches, the objective is to select and extract
informative and non-redundant features in the dataset X. These approaches are generally
unsupervised. These widely-used approaches are principal component analysis (PCA),
and its variations [7-9], multidimensional scaling (MDS) [10-13], and sufficient dimension-
ality reduction (SDR) [14]. The objective of PCA is to retain as much variation in the data
in a lower dimension by minimizing the reconstruction error. In contrast, MDS aims to
maximize the scatter of the projection and maximizes an aggregate scatter metric. Finally,
the objective of SDR is to design an orthogonal mapping of the data that makes the data
X and the responses conditionally independent (given the projected data). There exist
extensive variations to the three approaches, and we refer the reader to Reference [6] for
more discussions.

(2) Class separation: In another set of approaches, the objective is to perform classifi-
cation in the lower dimensional space. These approaches are supervised. Depending on the
problem formulation and the underlying assumptions, the resulting decision boundaries
between the models can be linear or non-linear. One approach pertinent to this paper’s
scope is discriminant analysis (DA), that leverages the distinction between given mod-
els and designs a mapping such that its lower-dimensional output exhibits maximum
separation across different models [15-20]. In general, this approach generates two ma-
trices: within-class and between-class scatter matrices. The within-class scatter matrix
shows the scatter of the samples around their respective class means, whereas, in contrast,
the between-class scatter matrix captures the scatter of the samples around the mixture
mean of all the models. Subsequently, a univariate function of these matrices is formed such
that it increases when the between-class scatter becomes larger, or when the within-class
scatter becomes smaller. Examples of such a function of between-class and within-class
matrices is a classification index that includes the ratio of their determinants, difference of
their determinants, and ratio of their traces [17]. These approaches focus on reducing the
dimension to one and maximize separability between the two classes. There exist, however,
studies that consider reducing to dimensions higher than one and separation across more
than two classes. Finally, depending on the structure of the class-conditional densities,
the resulting shape of the decision boundaries give rise to linear and quadratic DA.

The f-divergences between a pair of probability measures quantifies the similar-
ity between them. Shannon [21] introduced the mutual information as a divergence
measure, which was later studied comprehensively by Kullback and Leibler [22] and
Kolmogorov [23], establishing the importance of such measures in information theory,
probability theory, and related disciplines. The family of f-divergences, independently
introduced by Csiszar [24], Ali and Silvey [25], and Morimoto [26], generalize the Kullback-
Leibler divergence which enable characterizing the information-theoretic performance
limits of a wide range of inference, learning, source coding, and channel coding problems.
For instance, References [27-30] consider their application to various statistical decision-
making problems [31-34]. More recent developments on the properties of f-divergence
measures can be found in Reference [31,35-37].

1.3. Contributions

The contribution of this paper has two main distinctions from the existing literature
on DA. First, DA generally focuses on the classification problem for determining the
underlying model of the data. Secondly, motivated by the complexities of finding the
optimal decision rules for classification (e.g., density estimation), the existing criteria
used for separation are selected heuristically. In this paper, we study this problem by
referring to the family of f-divergences as measures of the distinction between a pair of
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probability distributions. Such a choice has three main features: (i) it enables designing
linear mappings for a wider range of inference problems (beyond classification); (ii) it
provides the designs that are optimal for the inference problem at hand; and (iii) it enables
characterizing the information-theoretic performance limits after linear mapping. Our
analyses are focused on Gaussian models. Even though we observe that the design of the
linear mapping has differences under different f-divergence measures, we have two main
observations in the case of zero-mean Gaussian models: (i) the optimal design of the linear
mapping is not necessarily along the most dominant components of the data matrix; and
(i) in certain regimes, irrespective of the choice of the f-divergence measure, the design
of the linear map that retains the maximal divergence between the two models is robust.
In such cases, this makes the optimal design of the linear map independent of the inference
problem at hand rendering a degree of universality (in the considered space of the Gaussian
probability measures).

The remainder of the paper is organized as follows. Section 2 provides the linear
dimensionality reduction model, and it provides an overview of the f-divergence measures
considered in this paper. Section 3 formulates the problem, and it helps to facilitate the
mathematical analysis in subsequent sections. In Section 4, we provide a motivating
operational interpretation for each f-divergence measure and then characterize an optimal
design of the linear mapping for zero-mean Gaussian models. Section 5 considers numerical
simulations for inference problems associated with the f-divergence measure of interest for
zero-mean Gaussian models. Section 6 generalizes the theory to non-zero mean Gaussian
models and discusses numerical algorithms that help characterize the design of the linear
map, and Section 7 concludes the paper. A list of abbreviations used in this paper is
provided on page 22.

2. Preliminaries

Consider a pair of n-dimensional Gaussian models:
P: N(up,Zp), and Q: N(ugp Zq), 2)

where pp, 1o and Xp, Ly are two distinct mean vectors and covariance matrices, respec-
tively, and P and Q denote their associated probability measures. The nature selects
one model and generates a random variable X € R”. We perform linear dimensionality
reduction on X via matrix A € R™*", where r < 1, rendering

Y 2A-X. )

After linear mapping, the two possible distributions of Y induced by matrix A are denoted
by Po and Q4, where

Pa : N(A-pp,A-Zp-AT) @
Qa: N(A-pg A-EZg-AT)

Motivated by inference problems that we discuss in Section 3, our objective is to design the
linear mapping parameterized by matrix A that ensures that the two possible distributions
of Y,ie, [Pp and Q4, are maximally distinguishable. That is, to design A as a function of
the statistical models (i.e., pp, pip, Zp and Lq) such that relevant notions of f-divergences
between P and Q4 are maximized. We use a number of f-divergence measures for
capturing the distinction between P4 and Q4, each with a distinct operational meaning
under specific inference problems. For this purpose, we denote the f-divergence of Q4
from Pp by D¢(A), where

Dy(A) 2 Er, |£( 552 ) |- ®)
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We use the shorthand D (A) for the canonical notation D¢(Qa || Pa) for emphasizing the
dependence on A and for the simplicity in notations. Ep, denotes the expectation with
respect to P5, and f : (0, +c0) — R is a convex function that is strictly convex at 1 and
f(1) = 0. Strict convexity at 1 ensures that the f-divergence between a pair of probability
measures is zero if and only if the probability measures are identical. Given the linear
dimensionality reduction model in (3), the objective is to solve

: D¢(A), 6
p:  max F(A) (6)

for the following choices of the f-divergence measures.
1. Kullback-Leibler (KL) divergence for f(t) = tlogt:

N dQa
DKL(A) = EQA |:10g CUPA:| . (7)
We also denote the KL divergence from Pa to Qa by Dk (Pa || Qa).
2. Symmetric KL divergence for f(t) = (t — 1) logt:
DskL(A) = Di(Qa || Pa) + Dk (Pa || Qa) - )

3. Squared Hellinger distance for f(t) = (1 — /)%

H2(A) é/}Rr(\/@— \/ﬁ)z. ©)

4. Total variation distance for f(t) = 1. |t —1]:

1
drv(A) £ 5 [ 1d0s—dPa|. (10)
5. x2-divergence for f(t) = (t — 1)

A/ (dQA—dIP’A)Z. (1)

2 =

We also denote the x?-divergence from Py to Qa by x*(Pa || Qa)-

3. Problem Formulation

In this section, without loss of generality, we focus on the setting where one of the
covariance matrices is the identity matrix, and the other one has a covariance matrix
X in order to avoid complex representations. One key observation is that the design
of A under different measures has strong similarities. We first note that, by defining

A 2A. Z]%D/Z, 7 S 2[51/2 - (ng — pp), and T S 21;1/2 ‘Lo - )2151/2, designing A for
maximally distinguishing

N(A -pp,A-Zp-AT) and N(A-pg A-Zg-A") (12)
is equivalent to designing A for maximally distinguishing
N(©O,A-AT) and N(A-p,A-L-AT). (13)

Hence, without loss of generality, we focus on the setting where yp = 0, Zp = I;, and Zg =
Z. Next, we show that determining an optimal design for A can be confined to the class of
semi-orthogonal matrices.

Theorem 1. For every A, there exists a semi-orthogonal matrix A such that D¢(A) = D¢(A).
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Proof. See Appendix A. O

This observation indicates that we can reduce the unconstrained problem in (6) to the
following constrained problem:

. T _

Q: Jnax, D¢(A) st A-A =1I,. (14)
We show that the design of A in the case of y = 0, under the considered f-divergence
measures, directly relates to analyzing the eigenspace of matrix . For this purpose, we
denote the non-negative eigenvalues of T ordered in the descending order by {A; : i € [n]},
where for an integer m we have defined [m] = {1,...,m}. For an arbitrary permutation
function 7 : [n] — [n], we denote the permutation of {A; : i € [n]} with respect to 7t by
{Ax@i) ¢ i € [n]}. We also denote the eigenvalues of A - £- AT ordered in the descending
order by {v; : i € [r]}. Throughout the analysis, we frequently use Poincaré separation
theorem [38] for finding the row space of matrix A with respect to the eigenvalues of X.

Theorem 2 (Poincaré Separation Theorem). Let X be a real symmetric n X n matrix and A
be a semi-orthogonal r x n matrix. The eigenvalues of ¥ denoted by {); : i € [n]} (sorted in
the descending order) and the eigenvalues of A - L. - AT denoted by {v; : i € [r]} (sorted in the
descending order) satisfy

/\nf(rfi) <7 < /\i , Vie [1"] . (15)

Finally, we define the following functions, which we will refer to frequently throughout
the paper:

hi(A) 2A-E-AT, (16)
h(A) =u'-AT-A-p, (17)
ha(A) =’ AT [ (A)] A p (18)

In the next sections, we analyze the design of A under different f-divergence measures.
In particular, in Sections 4 and 5, we focus on zero-mean Gaussian models for P and Q
where we provide an operational interpretation of the measure in the dichotomous mode
in (4). Subsequently, we will discuss the generalization to non-zero mean Gaussian models
in Section 6.

4. Main Results for Zero-Mean Gaussian Models

In this section, we analyze problem Q defined in (14) for each of the f-divergence
measures separately. Specifically, for each case, we briefly provide an inference problem
as a motivating example, in the context of which we relate the optimal performance limit
of that inference problem to the f-divergence of interest. These analyses are provided in
Sections 4.1-4.5. Subsequently, we provide the main results on the optimal design of the
linear mapping matrix A in Section 4.6.

4.1. Kullback—Leibler Divergence
4.1.1. Motivation

The KL divergence, being the expected value of the log-likelihood ratio, captures,
at least partially, the performance of a wide range of inference problems. One specific
problem whose performance is completely captured by Dy (A) is the quickest change-
point detection. Consider an observation process (time-series) {X; : t € N} in which the
observations X; € R” are generated by a distribution with probability measure P specified
in (2). This distribution changes to Q at an unknown (random or deterministic) time «, i.e.,

Xi~P t<x, and Xi~Q t>x . (19)
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Change-point detection algorithms sample the observation process sequentially and aim
to detect the change point with the minimal delay after it occurs subject to a false alarm
constraint. Hence, the two key figures of merit capturing the performance of a sequential
change-point detection algorithm are the average detection delay (ADD) and the rate of
false alarms. Whether the change-point « is random or deterministic gives rise to two
broad classes of quickest change-point detection problems, namely the Bayesian setting
(x is random) and minimax setting (x is deterministic). Irrespective of their discrepancies
in settings and the nature of performance guarantees, the ADD for the (asymptotically)
optimal algorithms are in the form [39]:

1
ADD ~ —————. (20)
D (Q | P)
Hence, after the linear mapping induced by matrix A, for the ADD, we have
2
ADD (21)

" DkL(Qa [ Pa)’

where ¢; and ¢ are constants specified by the false alarm constraints. Clearly, the design
of A that minimizes the ADD will be maximizing the disparity between the pre- and
post-change distributions P4 and Q4, respectively.

4.1.2. Connection between Dy and A

By noting that A is a semi-orthogonal matrix and recalling that the eigenvalues of /1 (A)
are denoted by {; : i € [r]}, simple algebraic manipulations simplify Dk (Qa || Pa) to:

1 1
D Pp) = = |log ——— — Tr[hy (A hy(A)] . 22
KL(@A ” A) 2 0og |h1(A)| 7+ I'[ 1( )]+ 2( ) ( )
By setting, and leveraging, Theorem 2, the problem of finding an optimal design for A that
solves (14) can be found as the solution to:

max ) gkL(vi) st A <7i<A Vie[r], (23)
{7 +i€r]} i=1

where we have defined

giL(x) £ 5 (x—logx—1). @)

Likewise, finding the optimal design for A that optimizes Dk (Pa || Qa) when u = 0 can
be found by replacing gk (i) by gkL (%) in (23). In either case, the optimal design of A is

constructed by choosing r eigenvectors of X as the rows of A. The results and observations
are formalized in Section 4.6.

4.2. Symmetric KL Divergence
4.2.1. Motivation

The KL divergence discussed in Section 4.1 is an asymmetric measure of separation
between two probability measures. It is symmetrized by adding two directed diver-
gence measures in reverse directions. The symmetric KL divergence has applications in
model selection problems in which the model selection criteria is based on a measure
of disparity between the true model and the approximating models. As shown in Ref-
erence [40], using the symmetric KL divergence outperforms the individual directed KL
divergences since it better reflects the risks associated with underfitting and overfitting of
the models, respectively.
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4.2.2. Connection between Dgk and A

For a given A, the symmetric KL divergence of interest specified in (8) is given by

Dok (A) = 5 - [Te([m(A)] 7 + 11 (A)) + Ia(A) + s (A)] 7 25)

By setting # = 0, and leveraging Theorem 2, the problem of finding an optimal design for
A that solves (14) can be found as the solution to:

max Y eskL(vi) st Aoy <1 <A Vie[r], (26)

{riiell} ;5
1

where we have defined

gskL(x) =

NI~

4.3. Squared Hellinger Distance
4.3.1. Motivation

Squared Hellinger distance facilitates analysis in high dimensions, especially when
other measures fail to take closed-form expressions. We will discuss an important instance
of this in the next subsection in the analysis of d1y. Squared Hellinger distance is symmetric,
and it is confined in the range [0, 2].

4.3.2. Connection between H? and A

For a given matrix A, we have the following closed-form expression:

1 —

4-hi(A)|2 T AT .y (A)+L] LA

Ay = 2 g M@ (y 1 (A) +1] y>‘ 28)
ha(A) +1,/} 4

By setting # = 0, and leveraging Theorem 2, the problem of finding an optimal design for

A that solves (14) can be found as the solution to:

.

max HgH (’)/Z) s.t. /\Vl—(‘r—i) <9 <A; Vie [1’] p (29)
{virielr]} 17

where we have defined

N (x+1)2
==

gH(x) (30)
4.4. Total Variation Distance
4.4.1. Motivation

The total variation distance appears as the key performance metric in binary hy-
pothesis testing and in high-dimensional inference, e.g., Le Cam’s method for the binary
quantization and testing of the individual dimensions (which is in essence binary hy-
pothesis testing). In particular, for the simple binary hypothesis testing model in (65),
the minimum total probability of error (sum of type-I and type-II error probabilities) is
related to the total variation d1y/(A). Specifically, for a decision rule d : X — {Hg, H1 }, the
following holds:

inf [Pa(d = Hi) +Qa(d = Ho)] =1 —drv(A). (31)
The total variation between two Gaussian distributions does not have a closed-form ex-

pression. Hence, unlike the other settings, an optimal solution to (6) in this context cannot
be obtained analytically. Alternatively, in order to gain intuition into the structure of a
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near optimal matrix A, we design A such that it optimizes known bounds on dry/(A).
In particular, we use two sets of bounds on d1y(A). One set is due to bounding it via the
Hellinger distance, and another set is due to a recent study that established upper and
lower bounds that are identical up to a constant factor [41].

4.4.2. Connection between d1y and A

(1) Bounding by Hellinger Distance: The total variation distance can be bounded by the
Hellinger distance according to

1

1H(A) < dry(a) < H(a) 1~ A

4

(32)

It can be readily verified that these bounds are monotonically increasing with H*(A) in
the interval [0, 2]. Hence, they are maximized simultaneously by maximizing the squared
Hellinger distance as discussed in Section 4.3. We refer to this bound as the Hellinger bound.
(2) Matching Bounds up to a Constant: The second set of bounds that we used are
provided in Reference [41]. These bounds relate the total variation between two Gaus-
sian models to the Frobenius norm (FB) of a matrix related to their covariance matrices.
Specifically, these FB-based bounds on the total variation d1y/(A) are given by

Lo dwv(a) <3 (33)
100 = min{1, \/¥_; gTv(7i)} ~ 2
where we have defined
A (1 2
gTv(x) = (x —1> : (34)

Since the lower and upper bounds on dty(A) are identical up to a constant, they will be
maximized by the same design of A.

4.5. x*-Divergence
4.5.1. Motivation

x>-divergence appears in a wide range of statistical estimation problems for the
purpose of finding a lower bound on the estimation noise variance. For instance, consider
the canonical problem of estimating a latent variable 6 from the observed data X, and denote
two candidate estimates by p(X) and q(X). Define IP and Q as the probability measures
of p(X) and ¢(X), respectively. According to the Hammersly-Chapman-Robbins (HCR)
bound on the quadratic loss function, for any estimator 6, we have

[Eglg(X)] - Ep[p(X)]]?

varg(@) > su , (35)
i Q[P
which, for unbiased estimators p and g, simplifies to the Cramér-Rao lower bound
_ )2
varg () > sup a—p)* (36)

prg X(QIIP)°

depending on P and Q through their x-divergence. Besides the applications to estimation
problems, x? is easier to compute compared to some of other f-divergence measures (e.g.,
total variation). Specifically, for product distributions x? tensorizes to be expressed in terms
of the one-dimensional components that are easier to compute than the KL divergence and
TV variation distance. Hence, a combination of bounding other measures with x* and then
analyzing x? appears in a wide range of inference problems.
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4.5.2. Connection between x? and A

By setting u = 0, for a given matrix A, from (11), we have the following closed-form
expression:

2(A) = ! —1 (37)
A [ (A)]/[2(h(A) 1 - 1]
=[Ign(v) -1, (38)
i=1
where we have defined
A 1
S (x) = 7){(2 = (39)

Aswe show in Appendix C, for x?(A) to exist (i.e., be finite), all the eigenvalues {A; : i € [r]}
should fall in the interval (0,2). Subsequently, finding the optimal design for A that op-
timizes x*>(Pa || Qa) when # = 0 can be done by replacing g, in (38) by gy,, which is
given by

2

Based on this, and by following a similar line of argument as in the case of the KL divergence,
designing an optimal A reduces to identifying a subset of the eigenvalues of X and assigning
their associated eigenvectors as the rows of matrix A. These observations are formalized in
Section 4.6.

4.6. Main Results

In this section, we provide analytical closed-form solutions to design optimal matrices
A for the following f-divergence measures: Dy, Dski, H?, and x2. The total variation
measure dy does not admit a closed-form for Gaussian models. In this case, we provide
a design for A that optimizes the bound we have provided for dty in Section 4.4. Due
to their structural similarities of the results, we group and treat Dk, Dsk|, and dty in
Theorem 3. Similarly, we group and treat H? and x? in Theorem 4.

Theorem 3 (Dk|, Dsky, dtv). For a given function g : R — R, define the permutations:

x A

.
T arg max Z §(Ariy) - (41)

i=1
Then, for Df(A) € {DkL(A), DskL(A),d1v(A)} and functions g¢ € {gkL, §skL, §TV }
1. For maximizing Dy, set ¢ = g and select the eigenvalues of AZA" as
Yi=Agey,  for  i€]r]. (42)
2. Rowi € [r] of matrix A is the eigenvector of X associated with the eigenvalue ;.

Proof. See Appendix B. O

By further leveraging the structures of functions gk , gskL, and g1y, we can simplify
approaches for designing the matrix A. Specifically, note that the functions gk , gskL, andgTv
are all strictly convex functions taking their global minima at x = 1. Based on this, we have
the following observations.
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Corollary 1 (DKL/ DSKLr dTV)- For maximizing Df(A) S {DKL(A), DSKL(A)/dTV(A)}r
when Ay, > 1, we have vy; = A; for all i € [r], and the rows of A are eigenvectors of T associated
with its r largest eigenvalues, i.e., {A; : i € [r]}.

Corollary 2 (D, Dsky, d1v). For maximizing Df(A) € {DkL(A), DskL(A),drv(A)},
when A1 < 1, we have v; = A,_,4; for all i € [r], and the rows of A are eigenvectors of L
associated with its r smallest eigenvalues, i.e., {A;:i € {n—r+1,...,n}}.

Remark 1. In order to maximize D¢(A) € {DkL(A), DskL(A),drv(A)} when Ay < 1 <
A1, finding the best permutation of eigenvalues involves sorting all the n eigenvalues A;’s and
subsequently performing r comparisons as illustrated in Algorithm 1. This amounts to O(n -
log(n)) time complexity instead of O(n - log(r)) time complexity involved in determining the
design for A in the case of Corollaries 1 and 2, which require finding the r extreme eigenvalues in
determining the design for 1t*.

Remark 2. The optimal design of A often does not involve being aligned with the largest eigenvalues
of the covariance matrix X., which is in contrast to some of the key approaches to linear dimensionality
reduction that generally perform linear mapping along the eigenvectors associated with the largest
eigenvalues of the covariance matrix. When the eigenvalues of . are all smaller than 1, in particular,
A will be designed by choosing eigenvectors associated with the smallest eigenvalues of ¥ in order to
preserve largest separability.

Next, we provide the counterpart results for the H? and x2-divergence measures. Their
major distinction from the previous three measures is that, for these two, D¢(A) can be
decomposed into a product of individual functions of the eigenvalues {; : i € [r]}. Next,
we provide the counterparts of Theorem 3 and Corollaries 1 and 2 for H? and x2.

Theorem 4 (H?, x2). For a given function ¢ : R — R, define the permutations:

x* L

T arg mﬂaxng()\n(i)) . (43)

i=1
Then, for Df(A) € {H*(A), x*(A), x*(Pa || Qa)} and functions g € {gn, 8x1/ 812}
1. For maximizing Dy, set ¢ = g and select the eigenvalues of ATA " as
Yi=Aw@y,  for i) (44)
2. Rowi € [r] of matrix A is the eigenvector of X associated with the eigenvalue ;.

Proof. See Appendix C. O

Next, note that g is a strictly convex function taking its global minimum at x = 1.
Furthermore, g, for i € [2] are strictly convex over (0,2) and take their global minimum at
x=1

Corollary 3 (H?, x?). For maximizing D¢(A) € {H?(A), x2(A), x2(Pa || Qa)}, when Ay > 1,
we have y; = A; for all i € [r], and the rows of A are eigenvectors of T associated with its r largest
eigenvalues, i.e., {A; : i € [r]}.

Corollary 4 (H?, x?). For maximizing Ds(A) € {H*(A), x*(A), x*(Pa || Qa)}, when Ay <1,

we have y; = Ay, for all i € [r], and the rows of A are eigenvectors of L associated with its r
smallest eigenvalues, i.e., {Aj:i € {n—r+1,...,n}}.
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Algorithm 1 Optimal Permutation 77* When A, <1 < A4

1: Initialize i <—n, j < 1, py < A Vk € {i,j}, m* + @
2: Sort the eigenvalues of X in descending order {A; : k € [n]}
3: while |77*| # r do

4 ifgr(pi) > gf(pj) then

5: T — 7 U {p;}

6: i+—i—1

7: else

8: T Tt UA{p;}

9: je—j+1

10: end if

11: end while

12: return 77*

Finally, we remark that, unlike the other measures, total variation does not admit
a closed-form, and we used two sets of tractable bounds to analyze this case of total
variations. By comparing the design of A based on different bounds, we have the following
observation.

Remark 3. We note that both sets of bounds lead to the same design of A when either Ay < 1 or
Aw > 1. Otherwise, each will be selecting a different set of the eigenvectors of X to construct A
according to the functions

2
gn(x) = M versus gty (x) = (1 - 1) . (45)

X X

5. Zero-Mean Gaussian Models-Simulations
5.1. KL Divergence

In this section, we show gains of the above analysis for the KL divergence measure
Dk (A) through simulations on a change-point detection problem. We focus on the
minimax setting in which the change-point « is deterministic. The objective is to detect a
change in the stochastic process X; with minimal delay after the change in the probability
measure occurs at ¥ and define T € N as the time that we can form a confident decision.
A canonical model to quantify the decision delay is the conditional average detection delay
(CADD) due to Pollak [42]

CADD(t) = sup Ec [t—x|T>x], (46)

xk>1

where [Ey is the expectation with respect to the probability distribution when the change
happens at time x. The objective of this formulation is to optimize the decision delay for the
worst-case realization of the random change-point « (that is, the change-point realization
that leads to the maximum decision delay), while the constraints on the false alarm rate
are satisfied. In this formulation, this worst-case realization is ¥ = 1, in which case all
the data points are generated from the post-change distribution. In the minimax setting,
a reasonable measure of false alarms is the mean-time to false alarm, or its reciprocal, which
is the false alarm rate (FAR) defined as

A 1

FAR(T) B

(47)

where E, is the expectation with respect to the distribution when a change never occurs,

ie,x = oco. Astandard approach to balance the trade-off between decision delay and false
alarm rates involves solving [42]
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minCADD(7) st FAR(7) <a, (48)

where « € R controls the rate of false alarms. For the quickest change-point detection
formulation in (48), the popular cumulative sum (CuSum) test generates the optimal
solutions, involving computing the following test statistic:

t
A dQA(Xi)>
Wit] = log| ——==] . 49
0= o, Dos( e )
Computing W|t] follows a convenient recursion given by
N 3 dQa (X)) \\ "
W[t = (W[t 1] +10g(dIP’A(Xt) , (50)

where W[0] = 0. The CuSum statistic declares a change at a stopping time T given by
T Zinf{t>1: W[H] > C}, (51)

where C is chosen such that the constraint on FAR(T) in (48) is satisfied.
In this setting, we consider two zero-mean Gaussian models with the following pre-
and post-linear dimensionality reduction structures:

P:  N(0I,) and Q: AN(0,X)

Pa: N(0,I,) and Qa: N(0,h1(A)) ’ 2

where the covariance matrix X is generated randomly, and its eigenvalues are sampled from
a uniform distribution. In particular, for the original data dimension 1, [0.91] eigenvalues
are sampled such that {A; ~ 1/(0.064,1)}, and the remaining eigenvalues are sampled
such that {A; ~ U(1,4.24)}. We note that this is done since the objective function lies in
the same range for the eigenvalues within the range [0.0649, 1] and [1,4.24]. In order to
consider the worst case detection delay, we set ¥ = 1 and generate stochastic observations
according to the model described in (52) that follows the change-point detection model in
(19). For every random realization of covariance matrix X, we run the CuSum statistic (50),
where we generate A according to the following two schemes:

(1) Largest eigen modes: In this scheme, the linear map A is designed such that its rows
are eigenvectors associated with the r largest eigenvalues of X.

(2) Optimal design: In this scheme, the linear map A is designed such that its rows
are eigenvectors associated with r eigenvalues of X that maximize Dk (A) according to
Theorem 3.

In order to evaluate and compare the performance of the two schemes, we compute
the ADD obtained by running a Monte-Carlo simulation over 5000 random realizations
of the stochastic process X; following the change-point detection model in (19) for every
random realization of X and for each reduced dimension 1 < r < 9. The detection delays
obtained are then averaged again over 100 random realizations of covariance matrices
L for each reduced dimension r. Figure 1 shows the plot for ADD versus r for multiple
initial data dimension n and for a fixed FAR = ﬁ. Owing to the dependence on Dk (A)
given in (21), the delay associated with the optimal linear mapping in Theorem 3 achieves
better performance.
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Figure 1. Comparison of the average detection delay (ADD) under the optimal design and largest

eigen modes schemes for multiple reduced data dimensions r as a function of original data dimension
n for a fixed false alarm rate (FAR) which is equal to 1/5000.

5.2. Symmetric KL Divergence

In this section, we show the gains of the analysis by numerically computing Dgk (A).
We follow the pre- and post-linear dimensionality reduction structures given in (52), where
the covariance matrix X is randomly generated following the setup used in Section 5.1.
As plotted in Figure 2, by choosing the design scheme for Dsk) (A) according to Theorem 3,

the optimal design outperforms other schemes.
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Figure 2. Comparison of the empirical average computed for the optimal design and largest eigen

modes schemes for multiple reduced data dimensions r

233

as a function of original data dimension .



Entropy 2022, 24, 188

5.3. Squared Hellinger Distance

We consider a Bayesian hypothesis testing problem given class a priori parameters
pp,, P, and Gaussian class conditional densities for the linear dimensionality reduction
model in (52). Without loss of generality, we assume a 0-1 loss function associated with
misclassification for the hypothesis test. In order to quantify the performance of the
Bayes decision rule, it is imperative to compute the associated probability of error, also
known as the Bayes error, which we denote by P,. Since, in general, computing P, for
the optimal decision rule for multivariate Gaussian conditional densities is intractable,
numerous techniques have been devised to bound P,. Owing to its simplicity, one of the
most commonly employed metric is the Bhattacharyya coefficient given by

BC(A) 2 /R VP, Q4. (53)

The metric in (53) facilitates upper bounding the error probability as

P, < \/PF, Pax - BC(A) (54)

which is widely referred to as the Bhattacharrya bound. Relevant to this study is that the
squared Hellinger distance is related to the Bhattacharyya coefficient in (53) through

H?(A) =2 —BC(A). (55)

Hence, maximizing the Hellinger distance H?(A) results in a tighter bound on P, from
(54). To show the performance numerically, we compute the BC(A) via (55). For the pre-
and post-linear dimensionality reduction structures as given in (52), the covariance matrix
X is randomly generated following the setup used in Section 5.1. As plotted in Figure 3,
by employing the design scheme according to Theorem 4, the optimal design results in a
smaller BC(A) and, hence, a tighter upper bound on P, in comparison to other schemes.

—~~ Data Dimension n = 50
< 0.8+ é. - -+ Largest eigen modes
6/ TS ssL -¢ Optimal design
041 R G f-=--=---o- B
£ B St ?
L 3
o p—{ . .
(&) 0.8 Data Dimension n = 100
&E ’ LD .. - Largest eigen modes
8 TSs g g -¢& Optimal design
0047 ‘~:::::§::: ____ _8: ______ i N
CS‘) 1 1 1 B [Tt -?
> 1 3
< 0.8 Data Dimension n = 500
= & - -z Largest eigen modes
% T~a. -y -¢- Optimal design
ﬁ 04r  FTeel_ R
] T®--a L
= il T
m 1 1 1 1 Q
1 5 7 9

3
Dimension r

Figure 3. Comparison of the empirical average of the Bhattacharyya coefficient BC(A) under optimal
design and largest eigen modes schemes for multiple reduced data dimensions r as a function of
original data dimension #.
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5.4. Total Variation Distance

Consider a binary hypothesis test with Gaussian class conditional densities following
the model in (52) and equal class a priori probabilities, i.e., pp, = pg,. We define ¢;;
as the cost associated with deciding in favor of H; when the true hypothesis is H; such
that 0 < 7,j < 1, and denote the densities associated with measures P5, Qa by fp, and
fo,, respectively. Without loss of generality, we assume a 0-1 loss function such that
cij=1Vi#jand¢; = 0V i The optimal Bayes decision rule that minimizes the error
probability is given by

fo, (x) =t
RO

Since the total variation distance cannot be computed in closed-form, we numerically
compute the error probability P, under the two bounds (Hellinger-based and FB-based)
introduced in Section 4.4.2 to quantify the performance of the design of matrix A for the
underlying inference problem. The covariance matrix X is randomly generated following
the setup used in Section 5.1. As plotted in Figure 4, by optimizing the Hellinger-based
bound according to Theorem 4 and optimizing the FB-based bound according to Theorem 3,
the two design schemes achieve a smaller P,. We further observe that the bounds due to
FB-based are loose in comparison to Hellinger-based bounds. Therefore, we choose not to
plot the lower bound on P, for the FB-based bounds in Figure 4.

1. (56)

0 Data Dimension n = 50
E T T 3
10 E O —H— Hellinger bound ]
r T - —/A Hellinger based Upper Bound |{
r = === EE: T £l |7 Hellinger based Lower Bound [
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E - FB based Upper Bound
F V- \E —[3- Largest cigen modes
20 TV 4
107 ¢ Vo—e
C | | L — =ty |
1 3 . .
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Figure 4. Comparing the logarithm of the empirical average value for P, under the two bounds on

dtv(A) (Hellinger-based and Frobenius norm (FB)-based) with the largest eigen modes scheme for
multiple projected data dimensions r as a function of initial data dimension .

5.5. x*>-Divergence

In this section, we show the gains of the proposed analysis through numerical evalua-
tions by numerically computing x*(A), to find a lower bound on the noise variance varg(8)
up to a constant. Following the pre- and post-linear dimensionality reduction structures
given in (52), the covariance matrix X is randomly generated following the setup used in
Section 5.1. As shown in Figure 5, constructing the optimal design according to Theorem 4
achieves a tighter lower bound in comparison to the other scheme.
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Figure 5. Comparison of the lower bound on noise variance given by (A % ) under the optimal and

largest eigen modes schemes for multiple reduced data dimensions r as a function of original data
dimension 7.

6. General Gaussian Models

In the previous section, we focused on ¢ = 0. When u # 0, optimizing each f-
divergence measure under the semi-orthogonality constraint does not render closed-form
expressions. Nevertheless, to provide some intuitions, we provide a numerical approach to
the optimal design of A, which might also enjoy some local optimality guarantees. To start,

note that the feasible set of solutions given by M, = {AeR™:A-AT =1,} owing to
the orthogonality constraints in Q is often referred to as the Stiefel manifold. Therefore,
solving Q requires designing algorithms that optimize the objective while preserving
manifold constraints during iterations.

We employ the method of Lagrange multipliers to formulate the Lagrangian function.
By denoting the matrix of Lagrangian multipliers by L € R"™", the Lagrangian function of
problem (14) is given by

L(A,L)=Ds(A)+ (L A-AT —1,). (57)

From the first order optimality condition, for any local maximizer A* of (14), there exists a
Lagrange multiplier L* such that

VAaL(A,L =0, 58
AL(A,L) AL (58)
where we denote the partial derivative with respect to A by V A. In what follows, we iterate
the design mapping A using the gradient ascent algorithm in order to find a solution for A.
As discussed in the next subsection, this solution is guaranteed to be at least locally optimal.

6.1. Optimizing via Gradient Ascent

We use an iterative gradient ascent-based algorithm to find the local maximizer of
D¢(A) such that A € M. The gradient ascent update at any given iteration k € N is
given by

(59)

AT = AR 4 0. VAL(A,L) A
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Note that, following this update, since the new point A¥*1 in (59) may not satisfy the
semi-orthogonality, i.e., Ak*1 ¢ M, it is imperative to establish a relation between the
multipliers L and A* in every iteration k to ensure a constraint-preserving update scheme.
In particular, to enforce the semi-orthogonality constraint on A¥*1, a relationship between
the multipliers and the gradients in every iteration k is derived. Following a similar line of
analysis for gradient descent in Reference [43], the relationship between multipliers and
the gradients is provided in Appendix E. More details on the analysis of the update scheme
can be found in Reference [43], and a detailed discussion on the convergence guarantees of
classical steepest descent update schemes adapted to semi-orthogonality constraints can be
found in Reference [44].

In order to simplify VA L(A, L) and state the relationships, we define A SL+LT
and subsequently find a relationship between A and A¥ in every iteration k. This is obtained
by right-multiplying (59) by A¥*! and solving for A that enforces the semi-orthogonality
constraint on A¥*1. To simplify the analysis, we take a finite Taylor series expansion
of A around & = 0 and choose « such that the error in forcing the constraint is a good
approximation of the gradient of the objective subjected to A - AT = I,. As derived in the
Appendix E, by simple algebraic manipulations, it can be shown that the matrices Ay, A1,
and A,, for which the finite Taylor series expansion of A ~ Ag + & - A1 + a? - A, is a good
approximation of the constraint, are given by

Ao £ —% [VADs(A)- (A)T +A-VaDs(A)'|, 0
A 2 —% [(VADJ:(A) +A0A> . (VADf(A) +AOA)T] / (61)
A é_%[1\1'A-VADf(A)T-f—VADf(A)‘(A)T'Al +Aog A1+ A1 Ag| . (62)

Additionally, we note that, since finding the global maximum is not guaranteed, it is im-
perative to initialize A® close to the estimated maximum. In this regard, we leverage the
structure of the objective function for each f-divergence measure as given in Appendix D.
In particular, we observe that the objective of each f-divergence measure can be decom-
posed into two objectives: the first not involving u (making this objective a convex problem
as shown in Section 4), and the second objective a function of u. Hence, leveraging the
structure of the solution from Section 4, we initialize A° such that it maximizes the ob-
jective in the case of zero-mean Gaussian models. We further note that, while there are
more sophisticated orthogonality constraint-preserving algorithms [45], we find that our
method adopted from Reference [43] is sufficient for our purpose, as we show next through
numerical simulations.

6.2. Results and Discussion

The design of A when u # 0 is not characterized analytically. Therefore, we resort
to numerical simulations to show the gains of optimizing f-divergence measures when
u # 0. In particular, we consider the linear discriminant analysis (LDA) problem where the
goal is to design a mapping A and perform classification in the lower dimensional space
(of dimension r). Without loss of generality, we assume n = 10 and consider Gaussian
densities with the following pre- and post-linear dimensionality reduction structures:

P:  N(0I,) and Q: N(pX)

]P)A : N(O, Ir) and QA : N(A U, l’ll (A)) (63)

where the covariance matrix I is generated randomly the eigenvalues of which are sampled
from a uniform distribution {A; ~ ¢/(0,1)}!°,. For the model in (63), we consider two
kinds of performance metrics that have information-theoretic performance interpretations:
(i) the total probability of error related to the d1y(A), and (ii) the exponential decay of error
probability related to Dk (Pa || Qa). In what follows, we demonstrate that optimizing

237



Entropy 2022, 24, 188

appropriate f-divergence measures between Pp and Q4 lead to better performance when
compared to the performance of the popular Fisher’s quadratic discriminant analysis (QDA)
classifier [20]. In particular, the Fisher’s approach sets r = 1 and designs A by solving

T2

arg max (oA . (64)
AcRlxn A- (In“‘z) 'IAT

In contrast, we design A such that the information-theoretic objective functions associated
with the total probability of error (captured by d1y/(A)) and the exponential decay of error
probability (captured by Dk (Pa || Qa)) are minimized. The structure of the objective
functions is discussed in Total probability of error and Type-II error subjected to type-I
error constraints. Both methods and Fisher’s method, after projecting the data into a lower
dimension, deploy optimal detectors to discern the true model. It is noteworthy that, in
both methods the data in the lower dimensions has a Gaussian model, and the conventional
QDA [20] classifier is the optimal detector. Hence, we emphasize that our approach aims
to have a design for A that maximizes the distance between the probability measures
after reducing the dimensions, i.e., the distance between P4 and Q4. Since this distance
captures the quality of the decisions, our design of A outperforms that of Fisher’s. For each
comparison, we consider various values for y and compare the appropriate performance
metrics with that of Fisher’s QDA for each. In all cases, the data is synthetically generated,
i.e.,, sampled from a Gaussian distribution where we consider 2000 data points associated
with each measure P and Q.

6.2.1. Schemes for Linear Map

(1) Total Probability of Error: In this scheme, the linear map A is designed such that
d1v(A) is optimized via gradient ascent iterations until convergence. As discussed in
Section 4.4.1, since the total probability of error is the key performance metric that arises
while optimizing dy (A), it is expected that optimizing d1y (A) will result in a smaller
total error in comparison to other schemes that optimize other objective functions (e.g.,
Fisher’s QDA). We note that, since there do not exist closed-form expressions for the total
variation distance, we maximize bounds on dry (A) instead via the Hellinger bound in (33)
as a proxy to minimize the total probability of error. The corresponding gradient expression
to optimize HZ(A) (to perform iterative updates as in (59)) is derived in closed-form and is
given in Appendix D.

(2) Type-1I Error Subjected to Type-I Error Constraints: In this scheme, the linear map
A is designed such that Dy (Pa || Qa) is optimized via gradient ascent iterations until
convergence. In order to establish a relation, consider the following binary hypothesis test:

Hy : X ~Pap versus H; : X ~Qa. (65)

When minimizing the probability of type-II error subjected to type-I error constraints,
the optimal test guarantees that the probability of type-II error decays exponentially as

o ~108(Qa(d = Hy))

§—00 S

= Dk (Pa || Qa), (66)

where we have define d : X — {Hy, H1 } as the decision rule for the hypothesis test, and
s denotes the sample size. As a result, Dx| (P4 || Q4) appears as the error exponent for
hypothesis test in (65). Hence, it is expected that optimizing Dk (Pa || Qa) will result
in a smaller type-II error for the same type-I error when comparing with a method that
optimizes other objectives (e.g., Fisher’s QDA). The corresponding gradient expression to
optimize the Dk (Pa || Qa) is derived in closed-form and is given in Appendix D.

For the sake of comparison and reference, we also consider schemes in which A
is designed to optimize the objectives Dk (A), the largest eigen modes (LEM), and the
smallest eigen modes (SEM), which carry no specific operational significance in the context
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of the binary classification problem. In the case of LEM and SEM schemes, the linear map
A is designed such that the rows of A are the eigenvector associated with the largest and
smallest modes of the matrix X, respectively. Furthermore, we define 1 as the vector of all
those of appropriate dimension.

6.2.2. Performance Comparison

After learning the linear map A for each scheme described in Section 6.2.1, we perform
classification in the lower dimensional space of dimension r to find the type-I, type-II,
and total probability of error for each scheme. Tables 14 tabulate the results for various
choices of the mean parameter u. We have the following important observations: (i) we
observe that optimizing H?(A) results in a smaller total probability of error in comparison
to the total error obtained by optimizing the Fisher’s objective; it is important to note that
the superior performance is observed despite maximizing bounds on dry/(A) (that is sub-
optimal) and not the distance itself; and (ii) we observe that except for the case of 4 = 0.8 - 1,
optimizing Dk (Pa || Qa) results in a smaller type-II error in comparison to that obtained
by optimizing the Fisher’s objective indicating a gain in optimizing Dk (Pa || Qa) in
comparison to the Fisher’s objective in (64).

Tablel.y =02-1,r =1.

Fisher's QDA Dy (Pa || Qa) H2(A) Dki(A) SEM LEM
Pa(d = Hy) 331/2000 331/2000 331/2000  331/2000  337/2000  915/2000
Qa(d = Hy) 1226/2000 63/2000 63/2000  63/2000  64/2000  811/2000
Total Error 1557/4000 394 /4000 394/4000  394/4000  401/4000  1726/4000

Table2. y =04-1,r =1.

Fisher's QDA Dy (P4 || Qa) H2(A) DL (A) SEM LEM
Pa(d = Hy) 344/2000 344/2000 344/2000  345/2000  347/2000  782/2000
Qa(d = Hp) 594/2000 63/2000 63/2000  63/2000  64/2000  739/2000
Total Error 938/4000 407 /4000 407/4000  408/4000  411/4000  1521/4000

Table3.y =06-1,r = 1.

Fisher's QDA Dk (Pa || Qa) HZ(A) Dk (A) SEM LEM
Pa(d = Hy) 326/2000 326/2000 335/2000  318/2000  335/2000 638/2000
Qa(d =Hyp) 137/2000 55/2000 108/2000 57/2000 61/2000 669/2000
Total Error 463/4000 381/4000 443/4000  375/4000  396/4000  1307/4000

Table4. y =08 -1,r = 1.

Fisher's QDA Dk (Pa || Qa) HZ(A) DkL(A) SEM LEM
Pa(d = Hy) 264/2000 264./2000 159/2000  255/2000  307/2000  561/2000
Qa(d = Hy) 25/2000 53/2000 64,/2000 55/2000 60/2000 580/2000
Total Error 289/4000 317/4000 214/4000  310/4000  367/4000  1141/4000

It is important to note that the convergence of the gradient ascent algorithm only
guarantees a locally optimal solution. While we have restricted the results that consider
a maximum separation of u = 0.8 - 1, we have performed additional simulations for
larger separation between models (greater u > 0.8). We have the following observations:
(i) solution for the linear map A obtained through gradient ascent becomes highly sensitive
to the initialization AY; specifically, it was observed that optimizing the Fisher’s objective
outperforms optimizing H?(A) for various initializations A°, and vice versa, for other
random initializations; and (ii) the gradient ascent solver becomes more prone to getting
stuck at the local maxima for larger separations between the models. We conjecture that
the odd observation in the case of # = 0.8 - 1 when optimizing Dy (Pa || Qa) (where
optimizing the Fisher’s objective outperforms optimizing Dk (Pa || Qa)) supports this
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observation. Furthermore, we note that, since the problem is convex for y = 0, a deviation
from this assumption moves the problem further from being convex, making the solver
prone to getting stuck at the locally optimal solutions for larger separation between the
Gaussian models.

6.2.3. Subspace Representation

In order to gain more intuition towards the learned representations, we illustrate
the 2-dimensional projections of the original 10-dimensional data obtained after optimiz-
ing the corresponding f-divergence measures. For brevity, we only show the plots for
Dk (Pa || Qa) and H?(A). Figures 6 and 7 plot the two-dimensional projections of the
synthetic dataset that optimize Dy (Pa || Qa) and H?(A), respectively. As expected, it is ob-
served that the total probability of error is smaller when optimizing H?(A). Figure 8 shows
the variation in the objective function as a function of gradient ascent iterations. As the
iterations grow, the objective functions eventually converges to a locally optimal solution.
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Figure 7. Two-dimensional projected data obtained by optimizing H?(A).
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Figure 8. Convergence of the gradient ascent algorithm as a result of optimizing H?(A).

7. Conclusions

In this paper, we have considered the problem of discriminant analysis such that sepa-
ration between the classes is maximized under f-divergence measures. This approach is
motivated by dimensionality reduction for inference problems, where we have investigated
discriminant analysis under Kullback-Leibler, symmetrized Kullback-Leibler, Hellinger,
X2, and total variation measures. We have characterized the optimal design for the linear
transformation of the data onto a lower-dimensional subspace for each in the case of zero-
mean Gaussian models and adopted numerical algorithms to find the design of the linear
transformation in the case of general Gaussian models with non-zero means. We have
shown that, in the case of zero-mean Gaussian models, the row space of the mapping matrix
lies in the eigenspace of a matrix associated with the covariance matrix of the Gaussian
models involved. While each f-divergence measure favors specific eigenvector compo-
nents, we have shown that all the designs become identical in certain regimes, making the
design of the linear mapping independent of the inference problem of interest.
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SDR Sufficient Dimension Reduction
DA Discriminant Analysis

KL Kullback Leibler

TV Total Variation

ADD Average Detection Delay
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FAR False Alarm Rate

CuSum Cumulative Sum

BC Bhattacharyya Coefficient

LEM Largest Eigen Modes

SEM Smallest Eigen Modes

LDA Linear Discriminant Analysis
QDA Quadratic Discriminant Analysis

Appendix A. Proof of Theorem 1

Consider two pairs of probability measures (Pa, Qa) and (Pgz, Q4 ) associated with
the mapping A in space X and A in space ), respectively. Let ¢ : X — ) denote any
invertible transformation. Under the invertible map, we have

dQs =dQu - |T]7!, and dPgz =dP,-|T| ", (A1)

where | 7| denotes the determinant of the Jacobian matrix associated with g. Leveraging
(A1), the f-divergence measure D (A) simplifies as follows.

Ds(A) = Ep, [f(j%‘ﬂ (A2)
dQ;
=/ f<dP:) dP (y) (A3)
_ _ dQa - |7 (x)|?
= /X T ()]~ 'f<W> [T (x)| dPa(x) (Ad)
= [, F() apato (A5)
= D¢(A). (A6)

Therefore, f-divergence measures are invariant under invertible transformations (both
linear and non-linear) ensuring the existence of A for every A as a special case for lin-
ear transformations.

Appendix B. Proof of Theorem 3

We observe that Dk (A), Dsk (A), and the objective to be optimized through the
matching bound Section 4.4.2, Matching Bounds up to a Constant on d1y(A) can be
decomposed as the summation of strictly convex functions involving gk (x), gsk (),
and gTv(x), respectively. Since the summation of strictly convex functions is strictly convex,
we conclude that each objective D¢ € { Dk (A), Dski(A),dtv(A)} is strictly convex.

Next, the goal is to choose {7;}]_; such that Dy € {Dk((A), DskL(A),drv(A)} is
maximized subjected to spectral constraints givenby A, _,_;) < i < A;. In order to choose
appropriate 7;’s, we first note that the global minimizer for functions g € {gKkL, gskL, 8TV}
appears at x = 1. By noting that each g is strictly convex, it can be readily verified that
gf(x) is monotonically increasing for x > 1 and monotonically decreasing for x < 1. This
will guide selecting {+;}/_,, as explained next.

In the case of A, > 1, i.e.,, when all the eigenvalues are larger than or equal to
1, the objective of maximizing each Dy € {Dk| (A), DskL(A),dtv(A)} boils down to
maximizing a monotonically increasing function (considering the domain). This is trivially
done by choosing ; = A; for i € [r], proving Corollary 1. On the other hand, when A <1,
i.e., when all the eigenvalues are smaller than or equal to 1, following the same line of
argument, the objective boils down to maximizing each D¢ € {Dk| (A), DskL(A),dTv(A)},
where each Dy is a monotonically decreasing function (considering the domain). This is
trivially done by choosing v; = A,,_,; fori € [r].

When A, <1 < Ay, the selection process is not trivial. Rather, an iterative algorithm
can be followed, where we start from the eigenvalues farthest away from 1 on both sides
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and, subsequently, choose the one in every iteration that achieves a higher objective. This
procedure can be repeated recursively until  eigenvalues are chosen. This procedure is
also discussed in Algorithm 1 in Section 4.6.

Finally, constructing the optimal matrix A, which maximizes D ¥ for any data matrix X,
becomes equivalent to choosing eigenvectors as the rows of A associated with the chosen
permutation of eigenvalues for each of the aforementioned cases.

Appendix C. Proof for Theorem 4

We first find a closed-form expression for x%(A) and x?(Pa || Qa ). From the definition,
we have

XP(A) QM/Wexp{—;(YT-KyY)} dy —1, (A7)

where we defined Ky 2. hi(A)~! —I,. We note that K is a real symmetric matrix
since 111(A) is a real symmetric matrix. We denote the eigen decomposition of K; as
K; =U-© U', where the matrix © is a diagonal matrix with the eigenvalues {6;}/_, as
its elements. Based on this decomposition, we have

2(A) — 1 . I(yT veuT. _
(A = A /rexp[ S(y"-veu Y)} dy —1 (A8)

(27‘()5 .

:m./rexp[_;(w?@.w)} dw —1 (A9)

R LR G0 EA T

where we have defined W = UT - Y. We note that, in order for XZ(A) to be finite, it is
required that the eigenvalues {6;}’_; be non-negative. Hence, based on the definition of
K, all the eigenvalues A; should fall in the interval (0,2). Hence, we obtain:

R BT B i .
“A)_<zn>%-|hl<A>| iHl/— e"p{ (oe)faw-1 @
:,— A2
@)% - n(A) E (12
1 1
“ @)\l A

Recall that the eigenvalues of 11 (A) are given by {+;}/_, in the descending order. Therefore,
(A13) simplifies to:

! 1

X*(A) :11 m—lzq&m(%)—l- (A14)

Hence, from (A14), maximizing x*(A) is equivalent to choosing the eigenvalues {7;}/_,
such that they maximize gy, (x). Similarly, the closed-form expression for x?(Pa || Qa) can
be derived as follows:

Py | @A)z(”’)(?)';' / exp{—;-(YT-Kz-Y)} dy—1,  (A15)

where we defined Kj 2. I, — 11 (A)~1. We note that Kj is a real symmetric matrix
due to h1(A) being a real symmetric matrix. Hence, following a similar line of argument
as in the case of x?(A), and as a consequence of Theorem 2, we conclude that all the
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eigenvalues A; should fall in the interval (0.5, ) to ensure a finite value for x?(Pa || Qa)-
Following this requirement, since the integrands are bounded, we obtain the following
closed-form expression:

m@A): 1
1 K|

X*(Pa |l Qa) = —~1. (A16)

Recall that the eigenvalues of /1 (A) are given by {;}/_;; then, (A16) simplifies to

2

2(Pa || Qa) 1_[ ngz Yi)—1. (A17)

Hence, from (A17), maximizing x?(Pa || Qa) is equivalent to choosing the eigenvalues
{7i}/_, such that they maximize gy, (x).

We observe that H2(A), x>(A), and x?(Pa || Qa) can be decomposed as the product of
r non-negative identical convex functions involving gy (x), gy, (), and gy, (x), respectively.
Hence, the goal is to choose {7;}/_; such that Dy € {H*(A),x*(A), x*(Pa | Qa)} is
maximized subjected to spectral constraints given by A,_(,_;) < 7 < A;. In order to
choose appropriate 1;’s, we first note that the global minimizer for each ¢ € {gH, x,, S, }
is attained at x = 1. Leveraging this observation, along with the structure that each g
is convex, it is easy to infer that each g¢(x) is monotonically increasing for x > 1 and
monotonically decreasing x < 1. From the exact same argument in Appendix B, we obtain
Corollaries 3 and 4.

Therefore, similar to Appendix B, constructing the linear map A that maximizes
Dy e {H2(A),x*(A), x’(Pa || Qa)} for any data matrix I boils down to choosing eigen-
vectors as rows of A associated with the chosen permutation of eigenvalues for each of the
aforementioned cases.

Appendix D. Gradient Expressions for f-Divergence Measures
For clarity in analysis, we define the following functions:
(A) =p" AT Ap, (A18)
ha(A) =p'-AT-[(A)]-Ap (A19)

Based on these definitions, we have the following representations for the divergence
measures and their associated gradients:

Dy (A) = % {108 |hl(1A)| —r+Tr[h (A)] + hz(A)] , (A20)

VaDk(A) = [ (A)) - [L = (&) = A’ AT [ (A) 7] A E

+mA) At
Dyt (Pa || Qa) = 5 [log 1 (A)| —r + Te[ma(A) ] +s(A)], (a21)

VaDkL(Pa || Qa) = (Ir - [hl(A)}_l) A Z+A-p-p’

Dk (A) = 5 - [Tr([ (M) +n(A)) + ha(A) + hs(A)] —7, (A22)

VaDski(A) = | — [1(A)] 2 = [1(A)] - A-p-p” - AT - Iy (A)}*l} AL
+

(1 +m(A) ™) - A (A23)
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L, [am(a)E p AT (A +L] A
R T R e ) -
2
_[le_HHgii)] = % ’ [hl(A)]_1 AL+ [hl(A)'i‘Ir}_l' [_A' [E+ 1] — % 'A'P"VT

1

+ 2~A-y-yT-AT-[h1(A)+1,]1~A-[z+1n]] .

Appendix E. Proof for Lagrange Multipliers
Denoting VAL by A and V ADyg by A, and further post-multiplying (59) by ARHL

we have:
Ak-‘rl . (Ak+1)T — Ak . (Ak+1)T Y A (Ak+1)T , (A25)
L =A (A" +a- AT +a-A - (AF4a-A)T, (A26)
0=AF AT+ A (AT +a-A-AT. (A27)

Substituting A = A + A - A in (A27) and simplifying the expression, we obtain:
2 A+AFAT A (AT = —a- (A-AT+A- (AHTA+A-AF AT - A-AT) . (A28)

By noting that A is symmetric, taking the Taylor series expansions of A around & = 0 and
equating the terms of « in both sides, we obtain the relationships in (60)—(62).
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