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Preface to “Advances in Discrete Applied
Mathematics and Graph Theory”

Since its origins in the 18th century, graph theory has been a branch of mathematics that is both
motivated by and applied to real world problems. Research in discrete mathematics increased in the
latter half of the twentieth century mainly due to the development of digital computers. On the other
hand, the advances in technology of digital computers enables extensive application of new ideas
from discrete mathematics to real-world problems.

The present reprint contains twelve papers published in the Special Issue “Advances in Discrete
Applied Mathematics and Graph Theory, 2021” of the MDPI Mathematics journal, which cover
a wide range of topics connected to the theory and applications of Graph Theory and Discrete
Applied Mathematics. The focus of the majority of papers is on recent advances in graph theory
and applications in chemical graph theory. In particular, the topics studied include bipartite
and multipartite Ramsey numbers, graph coloring and chromatic numbers, several varieties of
domination (Double Roman, Quasi-Total Roman, Total 3-Roman) and two graph indices of interest in
chemical graph theory (Sombor index, generalized ABC index), as well as hyperspaces of graphs and

local inclusive distance vertex irregular graphs.
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Abstract: For a simple graph G = (V, E) with no isolated vertices, a total Roman {3}-dominating func-
tion(TR3DF) on G is a function f : V(G) — {0,1,2,3} having the property that (i) e n o) f(w) > 3
if f(v) = 0; (ii) Lowen(o) f(w) = 2if f(v) = 1; and (iii) every vertex v with f(v) # 0 has a neighbor u
with f(u) # 0 for every vertex v € V(G). The weight of a TR3DF f is the sum f(V) = Lycv () f(v)
and the minimum weight of a total Roman {3}-dominating function on G is called the total Roman
{3}-domination number denoted by 7;r3}(G). In this paper, we show that the total Roman {3}-
domination problem is NP-complete for planar graphs and chordal bipartite graphs. Finally, we
present a linear-time algorithm to compute the value of 7, g3, for trees.

Keywords: dominating set; total roman {3}-domination; NP-complete; linear-time algorithm

1. Introduction

Let G = (V,E) be a graph with vertex set V = V(G) and edge set E = E(G).
For every vertex v € V, the open neighborhood Ng(v) = N(v) = {u € V(G) : uv € E(G)}
and the closed neighborhood Ng[v] = N[v] = N(v) U {v}. We denote the degree of v
by dg(v) = d(v) = |[Ng(v)|. A vertex of degree one is called a leaf and its neighbor is a
support vertex, and a support vertex is called a strong support if it is adjacent to at least two
leaves. Let S, be a star with order n. A tree T is an acyclic connected graph. G = (G; U Gy)
is a union graph G such that V(G) = V(G1) UV(G;) and E(G) = E(Gy) UE(Gy).

Given a graph G and a positive integer k, assume that f : V(G) — {0,1,2,...,k} is
a function, and suppose that (Vp, V4, .., Vi) is the ordered partition of V introduced by f,
where V; = {v € V(G) : f(v) =i} fori € {0,1,....k}. Then we can write f = (Vo, V1, .., Vi)
and ws(V(G)) = Loev(c) f(v) is the weight of a function f of G.

A subset S of a vertex set V(G) is a dominating set of G if for every vertexv € V(G) \ S,
there exists a vertex w € S such that wov is an edge of G. The domination number of G
denoted by 7(G) is the smallest cardinality of a dominating set S of G [1]. A function
f:V(G) — {0,1} is called a dominating function(DF) on G if every vertex u with f(u) =0
has a vertex v € N(u) such that f(v) = 1 [2]. The dominating set problem(DSP) is to
find the domination number of G, which has been deeply and widely studied in recent
years [3-7].

A subset S of a vertex set V(G) is a total dominating set of G if J,cs N(v) = V(G).
The total domination number of G denoted by 7;(G) is the smallest cardinality of a total
dominating set S of G [8]. The literature on the subject of total domination in graphs has
been surveyed and provided in detail in a recent book [9]. Moreover, Michael A. Henning
et al. presented a survey of selected recent results on total domination in graphs [10].

The mathematical concept of Roman domination is originally defined and discussed
by Stewart et al. [11] and ReVelle et al. [12]. A Roman dominating function(RDF) on graph
G is a function f : V(G) — {0,1,2} such that every vertex v € V(G) for which f(u) =0
is adjacent to at least one vertex u with f(u) = 2 [13]. The Roman domination number of
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G is the minimum weight overall RDFs, denoted by g (G) [14]. On the basis of Roman
domination, signed Roman domination [15], double Roman domination [16] and total
Roman domination [17] have been proposed recently.

The total Roman dominating function(TRDF) on G is an RDF f on G with an additional
property that every vertex v € V(G) with f(v) # 0 has a neighbor u with f(u) # 0. Let
7:r (G) denote the minimum weight of all TRDFs on G. A TRDF on G with weight v,z (G)
is called a y;r (G)-function. The conception of TRDF was first defined by Hossein Ahangar
et al. [18]. In addition, Nicolds Campanelli et al. studied the total Roman domination
number of the lexicographic product of graphs [17] and Chloe Lampman et al. presented
some basic results of Edge-Critical Graphs [19].

The Roman {2}-dominating function (also named Italian domination) f [20] intro-
duced by Chellali et al. which is defined as follows: f : V(G) — {0,1,2} has the prop-
erty that },cn) f(u) > 2 for f(v) = 0 [21]. Chellali et al. proved that the Roman
{2}-domination problem is NP-complete for bipartite graphs [21]. Hangdi Chen showed
that the Roman {2}-domination problem is NP-complete for split graphs, and gave a
linear-time algorithm for finding the minimum weight of Roman {2 }-dominating function
in block graphs [22]. As a generalization of Roman domination, Michael A. Henning et al.
studied the relationship between Roman {2 }-domination and dominating set parameters
in trees [20].

A Roman {3}-dominating function(R{3}DF) f defined by Mojdeh et al. [23], which is
defined as follows: f : V(G) — {0,1,2,3} has the property that for every vertex v € V(G)
with f(v) € {0,1} and ¥ ,en(o) f(1#) > 3. Mojdeh et al. presented an upper bound on the
Roman {3}-domination number of a connected graph G, characterized the graphs attaining
upper bound and showed that the Roman {3}-domination problem is NP-complete, even
restricted to bipartite graphs [23] .

The total Roman {3 }-domination [24] was studied recently . The total Roman {3 }-dominating
function(TR3DF) on a graph G is an R{3}DF on G with the additional property that every
vertex v € V(G) with f(v) # 0 has a neighbor w with f(w) # 0. The minimum weight of
a total Roman {3}-dominating function on G denoted by g3} (G) is named the total Ro-
man {3}-domination number of G. A g3} (G)-function is a total Roman {3}-dominating
function on G with weight ;g3 (G). Doost Ali Mojdeh et al. showed the relationship
among total Roman {3 }-domination, total domination, and total Roman{2}-domination
parameters. They also presented an upper bound on the total Roman {3}-domination
number of a connected graph G and characterized the graphs arriving this bound. Finally,
they investigated that total Roman {3}-domination problem is NP-complete for bipartite
graphs [24].

In this paper, we further investigate the complexity of total Roman {3 }-domination
in planar graphs and chordal bipartite graphs. Moreover, we give a linear-time algorithm
to compute the 7y, (g3, for trees which answer the problem that it is possible to construct
a polynomial algorithm for computing the number of total Roman {3}-domination for
trees [24].

2. Complexity

In this section, we study the complexity of total Roman {3}-domination of graph. We
show that the total Roman {3}-domination problem is NP-complete for planar graphs and
chordal bipartite graphs. Consider the following decision problem.

Total Roman {3}-Domination Problem TR3DP.
Instance: Graph G = (V, E) , and a positive integer m.
Question: Does G have a total Roman {3}-function with weight at most m?

Please note that the dominating set problem is NP-complete for planar graphs [25]
and chordal bipartite graphs [26]. We show the NP-completeness results by reducing the
well-known NP-complete problem, dominating set, to TR3D.
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Let G be a graph onn vertices. Let T;, be the tree with V (T) = {v, v4, vy, U¢, V4, Ve, Vf, Up, Vg 1,
E(Ty) = {vv,, v40¢, 00, VVF, VVp, VpUg, Vq0p, 0404}, as depicted in Figure 1.

Ve vy Up Vg
Figure 1. The tree T.

Let G’ be the graph obtained by adding edges between v' € T, and v" € T, if
v'v" € E(G) from the union of the trees T, for v € V(G). Please note that |V(G')| =
nx |V(Ty,)| =9nand |E(G")| = |E(G)| +n x |E(Ty)| = |E(G)| + 8n.

Lemma 1. If G is a planar graph or chordal bipartite graph , so is G'.
Lemma 2. ([24]) Let Sy, be a star with n > 3, then y;(r3) (Sn) = 4.
Lemma 3. Let ¢ be a TR3DF of G. If v is a strong support vertex of G, then wy(N[v]) > 4.

Proof of Lemma 3. Let v1,vy, .., vy be leaves of v with k > 2. Since g(NJv;]) > 3 for
i € {1,2,.,k}, we have g(v;) > 3 —¢(v) fori € {1,2,..,k}. Then we(N[v]) = g(v) +
>

Lie{12,..k} 8(vi) = g(v) +g(v1) +g(v2) > 6 —g(v). If g(v) < 2, itis clear that wg (N[v])
4.1f g(v) = 3, there exists a vertex u € N(v) with g(u) # 0. Then wg(N[v]) > 4. O

Lemma 4. If f is a DF of G with w¢(G) < {, then there exists a TR3DF g of G’ with wg(G') <
£+ 8n.

Proof of Lemma 4. For each v € V(G), we define g as follows: V(T,) — {0,1,2,3},

(vq) = g(vp) =1, g(ve) = ¢(vg) =3, ¢(v) = f(v), g(x) = 0 otherwise. It is clear that g is
a TR3DF of G'. Therefore we have that wg(G') = w¢(G) +8n < £+8n. [

Claim 1. Let g bea TR3DF of G, then wg(T}) > 8.

Proof of Claim 1. By Lemmas 2, 3 and definition, we have that wg¢(N[v.] 4 and
w¢(N[vg]) > 4. Since N(v:) 1N(vg) = @, then we can reduce wy(T},) = w ( [vc]) +
we(N[vg]) > 8. O

Claim 2. If there exists a TR3DF h of G' with h(v,) + h(vy) > 3 for va, v, € V(Ty), then there
exists a TR3DF g of G’ such that wg(G') < wy,(G') and g(v,) + g(vp) < 2.

Proof of Claim 2. By the definition of TR3DF, we have wj,(N[ve]) > 3 and wy,(N[v,]) > 3,
then we have wy,(T}) > 9.

If h(v) = 0, then we define ¢ : V(G') — {0,1,2,3} such that g(v,) = g(vf) = g(vp) =
8(vg) = 0,8(v) = g(va) = g(vp) =1, g(vc) = g(vg) = 3, g(x) = h(x) otherwise, seeing
Figure 2. Therefore g is a TR3DF of G’ such that g(v,) 4 g(v;) < 2 and wg(G') = wy(G').

If h(v) > 1, then we define ¢ : V(G') — {0,1,2,3} such that g(v.) = g(vf) = g(vp) =
8(vg) =0, 8(va) = g(vp) =1, g(ve) = g(vg) = 3, g(x) = h(x) otherwise. Therefore g is a
TR3DF of G such that g(v,) + g(vp) < 2 and we(G') < wy,(G'). O
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Figure 2. Pre-labeling of g.

Lemma 5. If ¢ is a TR3DF of G with w¢(G') < { + 8n, then there exists a DF f of G with

Proof of Lemma 5. By Claim 2, w.l.o.g, let g be a TR3DF of G’ with g(v,) + g(vp) < 2 for
04,05 € V(Ty), v € V(G). Define f : V(G) — {0,1} such that f(v) = g(v) if g(v) < 1, and
f(v) =1if g(v) > 2. For each vertex v € V(G), since g(v,) + g(vp) < 2, we have g(v) > 1
or there exists a vertex u € N(v) N V(G) such that g(u) > 1. Therefore f is DSF of G and
wf(G) < wg(G) —8n < Lby Claim 1. [

Theorem 1. By Lemmas 1, 4, 5, the total Roman {3}-domination problem is NP-complete for planar
graphs and chordal bipartite graphs.

3. A Linear-Time Algorithm for Total Roman {3}-Domination in Trees

In this section, we present a linear-time algorithm to compute the minimum weight of
total Roman {3}-dominating function for trees. First, we define the following concepts:

Definition 1. Let u be a vertex of G, and let Filé) on G be a function f : V(G) — {0,1,2,3}
having the property that (i) £ (1) = i, e ngu) £(9) = ji (i) V0 € V(G)\ {1}, Epenpy () >

3 lff(v) <2and ZpeN(v)f(p) >1 lff(v) =3

Dgfinition 2. The mim’mu@ weight overall FL%) fuﬁ;tions on G denoted by 75;{]3) (u,{ G) is the
FlEf’é) number of G, and a 75112]3) (u, G)-function is an Fb(lf’é) function on G with weight 7&13) (u,G).
x,x > 0;

Definition 3. Let coil(x) be a function defined as follows: coil (x) = {0 “0
,x < 0.

Lemma 6. For any graph G with specific vertex u, we have

Yegray (G) = min{\gy (1, G), 7'z (u,G), vza (1, G), vz (1, G)}.

Lemma 7. Suppose Ty and T, are trees with specific vertices v and u, respectively. Let T3 be the
tree with the specific vertex u, which is obtained by joining a new edge uv from the union of Ty and
Ty, as depicted in Figure 3.
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u
new edge uv
3 K kS .
. ’n' '\

T>

Figure 3. T5.

Then the following statements hold for fy&é) (u, Ty).

(a) Fori=0,j€{0,1,2,3}, we have :

TR (1, Ts) = min{y (33 (0, T1) + 7135 (1, To),

min{733 ") (0, Ty) + 7 %) (4, Ty) s = 0,1,2}}

(b) Fori € {1,2,3},j € {0,1,2,3}, we have :
71 (1, T3) = min {35 (0,1) 4 g0 (0 T)ls = 0,1,2,3)

Proof of Lemma 7. Let V(T!) = V(T;) U {u}, E(T}) = E(Ty) U {ou}, f be a v\ (u, G)-

function of T3, f’ be the restriction of f on T and f” be the restriction of f on T».
(@ If fisa 'Yt(%é)(”f T3)-function on T3 , for j € {0,1,2,3}. By the definition of
75;{13) (u, G)-function, we have thatif f(v) = 3, then }_,c Nrj\u) f(w) > 1. It follows from

the fact that f is a 'yf%) (1, G)-function of T3 if and only if f = f” U f’ , where at least

one of followings holds: (i) f is a 7523) (u, G)-function of T, , " is a 7(3’1) (v, Ty )-function

tR3
of Ty ; (ii) f isa ,7(0;011 j=3)) (u, G)-function of T, , f’ is a 'yt(g s) (v, Ty)-function of Ty, for

s €{0,1,2}.
(b) It follows from the fact that f is a 'Yt(zlz]a) (u, Tz)-function of T3, for i € {1,2,3},
j€{0,1,2,3} ifand only if f=f" U f/, where f" isa 7(1 63011(] s))(u, T, )-function of T, and

flisa 75;;011(3 i=s)) (v, Ty )-function of Ty, for s € {0,1,2,3}. O

Lemmas 6 and 7 give the following dynamic programming algorithm 1 for the total
Roman {3}-domination problem in trees.

Algorithm 1 Counting 7, (g3) in trees.

7
8
9
10
11

12
13

Input: A tree T with a tree ordering [v1, vy, .., Uy].
Output: the TR3D number ;g3 (T) of T.
1 forp =1tondo

fori=0to3,j=0to3 do
if j=0 then
L 'y(i'f)(vp) — i
else

L YD) (0,) + o0

forp=1ton—1do

let v, be the parent of v,
fori=0to3andj=0to3 do
if i=0 then
| 2 (0g)=min{min{y(#3~) (v,) + 701G (05)[s = 0,1,2}; 75V (vp) + 710 (0)};
else
L ,y(i,j) (Uq):min{'y(s’c"il(3_i_s>) (UP) + ,y(i,coil(j—s)) (Uq) |s =0, 1,2,3};

u return min{y®) (v4), 712 (04), 7@V (04), 75V (04)}
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4. Conclusions

The total Roman {3}-domination problem was introduced and studied in [24] , and it
was proven to be NP-complete for bipartite graphs. In this paper , we prove that the total
Roman {3}-domination problem is NP-complete for planar graphs or chordal bipartite
graphs , and showed a linear-time algorithm for total Roman {3}-domination problem on
trees. For the algorithmic aspects of the total Roman {3}-domination problem , designing
exact algorithms or approximation algorithms on general graphs , or polynomial algo-
rithms for total Roman {3}-domination problem on some special classes graphs deserve
further research.
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Abbreviations

The following abbreviations are used in this manuscript:

DF Dominating function

DspP Dominating set problem

TRDF  Total Roman dominating function
R3DF  Roman {3}-domination

TR3DF  Total Roman {3}-domination
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1. Introduction

In this paper, we were only concerned with undirected, simple and finite graphs. We
followed [1] for terminology and notations not defined here. For a given graph G, we
denoted its vertex set, edge set, maximum degree and minimum degree by V(G), E(G),
A(G) and 4(G), respectively. For a vertexv € V(G), we used deg; (v) and N (v) to denote
the degree and neighbours of v in G, respectively. The neighbourhood of a vertex v € V(G)
are denoted by Ng(v) = {u € V(G) | uv € E(G)} and Nx;(v) = {u € V(X;) |uv € E(G)}.

As usual, a cycle and a path on n vertices are denoted by C,, and P, respectively. A
complete graph on n vertices, denoted Kj;, is a graph in which every vertex is adjacent, or
connected by an edge, to every other vertex in G. By a stripe mK,, we mean a graph on 2m
vertices and m independent edges. A clique is a subset of vertices such that there exists
an edge between any pair of vertices in that subset of vertices. An independent set of a
graph is a subset of vertices such that there exists no edges between any pair of vertices
in that subset. Let C be a set of colors {c1, ¢y, ..., ¢ } and E(G) be the edges of a graph G.
An edge coloring f : E — C assigns each edge in E(G) to a color in C. If an edge coloring
uses k color on a graph, then it is known as a k-colored graph. The complete multipartite
graph with the partite set (Xq, Xp, . .. X]-), |X;| =sfori=1,2,...j, denoted by Kjxs. We
use [X;, Xj] to denote the set of edges between partite sets X; and X;. The complement
of a graph G, denoted by G, is a graph with the same vertices as G and contains those
edges which are notin G. Let T C V(G) be any subset of vertices of G. Then, the induced
subgraph G[T] is the graph whose vertex set is T and whose edge set consists of all of the
edges in E(G) that have both endpoints in T.

Since 1956, when Erdos and Rado published the fundamental paper [2], major research
has been conducted to compute the size of the multipartite and bipartite Ramsey numbers.
A big challenge in combinatorics is to determining the Ramsey numbers for the graphs.
We refer to [3] for an overview on Ramsey theory. Ramsey numbers are related to other
areas of mathematics, like combinatorial designs [4]. In fact, exact or near-optimal values
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of several Ramsey numbers depend on the existence of some combinatorial designs like
projective planes, which have been studied to date. Many of these connections are briefly
described in [3,5]. There are many applications of Ramsey theory in various branches of
mathematics and computer science, such as number theory, information theory, set theory,
geometry, algebra, topology, logic, ergodic theory and theoretical computer science [6]. In
particular, multipartite Ramsey numbers have applications in decision-making problems
and communications [7]. There are many mathematicians who present the new results of
multipartite Ramsey numbers every year. As a result of this vast range of applications, we
were motivated to conduct research on multipartite Ramsey numbers.

For given graphs Gy, Gy, ..., G, and integer j, the size of the multipartite Ramsey
number m;(Gi, Gy, ..., Gy) is the smallest integer ¢ such that any n-coloring of the edges
of Kjx; contains a monochromatic copy of G; in color i for some i, 1 < i < n, where
Kjx; denotes the complete multipartite graph having j classes with t vertices per each
class. G is n-colorable to (Gy, Gy, ..., Gy) if there exist a t-edge decomposition of G say
(Hy,Hy, ..., Hy), where G; ¢ H, foreachi=1,2,...,n.

The existence of such a positive integer is guaranteed by a result in [2]. The size of
the multipartite Ramsey numbers of small paths versus certain classes of graphs have
been studied in [8-10]. The size of the multipartite Ramsey numbers of stars versus
certain classes of graphs have been studied in [11,12]. In [13,14], Burger, Stipp, Vuuren,
and Grobler investigated the multipartite Ramsey numbers m;(Gy, G2), where G; and
Gy are in a completely balanced multipartite graph, which can be naturally extended to
several colors. Recently, the numbers m;(G1, G2) have been investigated for special classes:
stripes versus cycles; and stars versus cycles, see [10] and its references. In [15], authors
determined the necessary and sufficient conditions for the existence of multipartite Ramsey
numbers 1;(G, H) where both G and H are incomplete graphs, which also determined
the exact values of the size multipartite Ramsey numbers (K1, K1,,) for all integers
m,n > 1and j = 2,3. Syafrizal et al. determined the size multipartite Ramsey numbers of
path versus path [16]. m3(G, P3) and m;(G, P3) where G is a star forest, namely a disjoint
union of heterogeneous stars have been studied in [17]. The exact values of the size Ramsey
numbers 11;(P3, K ,) and m;(Py, K ,,) for j > 3 computed in [18].

In [12], Lusiani et al. determined the size of the multipartite Ramsey numbers of
m]-(KLm, H), for j = 2,3, where H is a path or a cycle on n vertices, and Kj ,, is a star of
order m + 1. In this paper, we computed the size of the multipartite Ramsey numbers
m;(Ky,, Py, nKy) forn,j > 2and m;(nKy, C7), for j < 4and n > 2 which are the new results
of multipartite Ramsey numbers. Computing classic Ramsey numbers is very a difficult
problem, therefore we can use multipartite and bipartite Ramsey numbers to obtain an
upper bound for a classic Ramsey number. In particular, the first target of this work was to
prove the following theorems:

Theorem 1. m;(Ky, Py, nK3) = LZT”J + 1 where j,n > 2.

In [10], Jayawardene et al. determined the size of the multipartite Ramsey numbers
m;(nKy, Cyy) where j > 2 and m € {3,4,5,6}. The second goal of this work extends these
results, as stated below.

Theorem 2. Let j € {2,3,4} and n > 2. Then

0 j=2,n2>2,

- (jin) = (4,2),
mj(nKy, C7) = § 3 (jon) = (3,2),(43),

n j=3n2>3,

[ j=4n=4

10
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We estimate that this value of m;(nK,, C7) holds for every j > 2. We checked the proof
of the main theorems into smaller cases and lemmas in order to simplify the idea of the
proof.

2. Proof of Theorem 1

In order to simplify the comprehension, let us split the proof of Theorem 1 into small
parts. We begin with a simple but very useful general lower bound in the following lemma:

Lemma 1. m;(Kyy, Py, nKp) > LZT”J + 1 where j,n > 2.

Proof. Consider G = Kj; where t = L%”j with partition sets X;, X; = {x},x}, ..., xi} for
i €{1,2,...,j}. Consider x} € X;, decompose the edges of Kjx; into graphs Gy, G, and
Gs, where G; is a null graph and G, = G3, where Gz is G[X; \ {x]}, X,.. ., X;j]. In fact G,
is isomorphic to Ky (;_1); and:

E(Gy) = {xix/| r=2,3,...,jandi=1,2...,t}.

Clearly E(Gt) N E(Gt/) =Q, E(G) = E(Gl) U E(Gz) U E(G3), Kip Z Gy and Py € Gs.
Since |V (Kjx)| = j x LZT”J < 2n, we have |V(G3)| < 2n — 1, that is, nK, ¢ Gz, which

means that m3(Kj o, Py, nKp) > sz—"J + 1 and the proof is complete. [

Observation 1. Let G = Ky 3( or Ky — e). For any subgraph of G, say H, either H has a subgraph
isomorphism to Ky  or H has a subgraph isomorphism to Py.

Proof. Let H C G = Ky3, for G = K4 — e the proof is same. Without loss of generality
(w.lg.), let X = {x1,x2} and Y = {y1,y2, y3} be a partition set of V(G) and P be a maximum
pathin H. If |P| > 3, then H has a subgraph isomorphic to Kj 5, so let |P| < 2. If |P| =1,
then H(= G) has a subgraph isomorphic to P;. Hence, we may assume that |P| = 2, w.l.g.,

and let P = xyy4. Since |P| = 2, x1y», x1y3 and xpy; are in E(H) and there is at least one
edge of {x212, x2y3} in H, in any case, Py C H and the proof is complete. [

We determined the exact value of the multipartite Ramsey number of m(Kj 2, Py, nK3)
for n > 2 in the following lemma:

Lemma 2. my(Ky, Py, nKy) =n+1forn > 2.

Proof. Let X = {x1,x2,...,x,41} and Y = {y1,¥2,...,Yn+1} be a partition set of G =
Ky 1,111. Consider a three-edge coloring G, G and G8 of G. By Lemma 1, the lower bound
holds. Now, let M be the maximum matching in GS. If [M| > n, then the lemma holds, so
let [M| < n—1.1f [M| < n — 2, then we have K33 C G8 and by Observation 1, the lemma
holds, so let [M| = n — 1. W.Lg., we may assume that M = {x1y1, X2y2, ..., Xy—1Yn—1}-
By considering the edges between {x, x,,41} and Y \ {y, y,+1} and the edges between
{Yn, Yns+1} and X\ {xy, x,41}, we have Kz, € G"U GY. Hence, by Observation 1, the
lemma holds. O

In the next two lemmas, we consider m3(Kj 2, P4, 1K) for certain values of #. In partic-
ular, we proved that m3(Kj p, Py, nKy) = n, for n = 2,3 in Lemma 3 and m3(Kj 5, Py, 4K3) =
3 in Lemma 4.

Lemma 3. m3(K o, Py, nKy) = n forn =2,3.
Proof. Let X; = {x},x},...,x}} fori € {1,2,3} be a partition set of G = K3,,. Consider a

three-edge coloring G’, G’ and G? of G. By Lemma 1 the lower bound holds. Now, let M
be the maximum matching in G& and consider the following cases:

11
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Casel: n=2.1f [ M| > 2 then nKy; C G8 and the proof is complete. So let |[E(M)]| < 1.
W.Lg., we may assume that x}x2 € E(M), hence, we have Ky —e = G[x},x3, X3] C G' UG?
and by Observation 1, the proof is complete.

Case 2: n = 3. In this case, if |[E(M)| < 1or |E(M)| > 3, then the proof is the same as
case 1. So let |[E(M)| = 2 and w.l.g., we may assume that E(M) = {ej, ¢, }—considering
any e; and ¢, in E(G). In any case, we have G" U G? has a subgraph isomorphic to K3,
hence, by Observation 1, the lemma holds. Therefore, we have m3(Kj », Py, 3K;) = 3. Now,
through cases 1 and 2, the proof is complete. [

Lemma 4. m3(Kj, P4, 4K;) = 3.

Proof. Let X; = {x!,xb,x}} fori € {1,2,3} be a partition set of G = K343. By Lemma 1,
the lower bound holds. Consider a three-edge coloring (G, GY , G8) of G where 4K, ;(_ GS.
Let M be a maximum matching in G$, if |[M| < 2, then the proof is same as Lemma 3.
Hence, we may assume that |M| = 3 and w.l.g., let E(M) = {ey, ez, e3}. By Observation 1,
there is at least one edge between X and X in G3, say ey = x% x%, and similarly, there is
at least one edge between X3 and {x%, x%} in G3,say e, = x%x?, otherwise K3, C G" U GP
and the proof is Complete. Now, by Observation 1, there is at least one edge between
{x},x3,x3} and {x3,x%} in G¢, and let e3 be this edge. If x} ¢ V(e3) (say e3 = x3x3 ), then
K3 C G"UG"[x}, x3,x§].

Now consider the vertex x1 and xl, since [M| = 3 and e; = x]x?2, it is easy to check
that x]x3, x2x3 € E(Gf) and x{x3,x2x} € E(GS), otherwise K4 — e C G& and the proof
is complete. Similarly, we have x%x%, x?x% € E(G?) and x}x3,xjx} € E(GS). Now, by
considering the edges of G[Xy, xl, x3, xl, x3] it is easy to check that Ky —e C G" U GY and
the lemma holds. Hence, we have x} € V(e3) (say e3 = x1x2), in this case, and we have
Kpp = G[x%, x%, xg, xg] C G" U GY, otherwise, if there exists at least one edge between
{xg, xg} and {x%, x%} in G8, say e, then set e = ¢3 and the proof is the same. Hence, by
considering the vertex x} and x%, since |[M| = 3 and ¢; = x%x%, it is easy to check that
K32 C G U G and by Observation 1 the proof is complete. [

Lemma 5. m3(Kyp, Py, nKp) < | 4| + 1 for each n > 2.

Proof. Let X; = {xi,xé,...,xﬁ} fori € {1,2,3} be a partition set of G = K3x; where
t= L%”J + 1. We will prove this Lemma by induction. For the base step of the induction,
since [ 252 +1=2,|%3| +1=3and [%*] + 1 = 3, lemma holds by Lemmas 3 and 4.
Suppose that n > 5 and m3(Kj 2, Py, n'Kp) < L%”,J + 1 for each 1’ < n. We will show that
m3(Kyp, Py, nKy) < L%”j + 1. By contradiction, we may assume that m3(Kj o, Py, nKp) >
L%”J + 1, that is, K3X([ 2 41) is three-colorable to (Kj,, Py, nK3). Consider a three-edge
coloring (G", GY, G8) of G, such that Kip G, Py Z GY and nK, Z GS. By the induction
hypothesis and Lemma 1, we have m3(Ky2, Py, (n — 1)K;) = LZ(”?%”J +1< 2] +1
Therefore, since K1, € G" and Py £ GY, we have (n — 1)K, C G8. Now, we have the
following cases:
1
Casel: [%|=| (" )J +1.

2n

: 2(n .
Since %] = L%J + 1, we have a copy of H = K3X(L2("§1)J+1) in G. In other

words, for each i € {1,2,3}, there is a vertex, say x € X;, such that x € V(G) \ V(H).
W.Lg., we may assume that A = {x%, x%, x‘i’} would be these vertices. Since H C G, we
have Ky,  G'[V(H)] and Py  GY[V(H)]. Hence, by the induction hypothesis, we have
M = (n—1)K, C G8[V(H)] C G8. We consider that the three vertices do not belong
to V(H), i.e., A. Since nK, Z G8, we have G[A] C G" U G’. Now, we consider the
following Claim:

Claim1. n € BUD where B= {3k | k=1,2,..}and D = {3k+2| k=1,2,...}.

12
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Proof of the Claim. By contradiction, we may assume that n ¢ B U D. In other words,
let n = 3k + 1, then we have:

:L?J:L%JH:LM%)JH:%H,

which is a contradiction implying that n € BU D.

Claim 2. There is at least one vertex in V(H) \ V(M).

Proof of the Claim. Let M = (n — 1)K, C G8, then |V(M)| =2(n — 1) = 2n — 2. Since
1% = L@j +1, by Claim 1, if n € B, we have n = 3k for k > 2. Now, we have:

20Dy = 2O o 200 2 g1 m

Hence, we have |V(H)| = 3 x (2k) = 6k = 2n and thus |V(H) \ V(M)| =2.Ifn € D
then we have:

L@H‘l: L@“’l: [@4—%4—1:2%—1.

Hence, |V(H)| =3 x (2k+ 1) = 6k + 3 = 2n — 1. Therefore, |V(H) \ V(M)| = 1.
By Claim 2, let x € V(H) \ V(M). Since nK, Z G8, we have Ky —e = G[AU {x}] C
G"UG?. Hence, by Observation 1, we again have a contradiction.

Case2: |Z| = |2l
In this case, by Claim 1 we have n = 3k + 1. Since K1, € G" and Py € G, by the

induction hypothesis, we have M = (1 — 1)K, € G8. Now, we have the following claim:
Claim 3. |V(G)\ V(M)| = 3.

Proof of the Claim. Let M = (n — 1)Ky C G8. Since [V(X;)| = | %] +1andn =3k +1,

wehave [2] +1 = LZ(S’};JJ +1=|%+2]+1=2k+1and therefore, |V(G)| = 3 x
(2k+1) = 6k+3=2(3k+1)+1 = 2n+1, thatis, |V(G) \ V(M)| = 2n+1) — (2n —2) =
3.

By Claim 3, we have |V(G) \ V(M)| = 3. W.Lg., we may assume that A" = {x,y,z}
has three vertices, since nK; ¢ G8, and we have G[A’] C G" U G?. We consider the three
vertices belonging to A’, and now, we have the following subcases:

Subcase 2-1: A’ C X; for only one j € {1,2,3}. W.L.g. we may assume that A’ C X;
and EIM) = {¢; | i = 1,2,...,(n—1)}. Since k > 2 and 3k+1 = n > 7 we have
|Xj| > 5and [E(M) N E(G[X2, X3])| > 3, otherwise, K33 € G" U G? and by Observation 1;
a contradiction. W.L.g. we may assume that {x?x? | i = 1,2,3} C (E(M) N E(G¢[Xa, X3))).
Consider G' = G[A,x%,x3,x3,x3,x3,x3] = K3x3. Since nK,  G8, if M’ is a maximum
matching in G8, then |M’| < 3, otherwise we have nK, = M\ {ey,e2,e3} UM’ C GS$; a
contradiction again. Since m3(Kj o, P4, 4K;) = 3 and |[M'| < 3, we have K1, C G C G" or
Py C G C GP; also a contradiction.

Subcase 2-2: [A'N X;| = 1 for each j € {1,2,3}. W.l.g, we may assume that x €
X1,y € Xp and z € X3. Hence G[A’] = K3 € G" U GP. Since |Xj| > 5, we have [E(M) N
E(G3[X;, X;])| > 2 foreachi,j € {1,2,3}. W..g.,, we may assume that x'y’ € E(M) N
E(G8[X; \ {x}, X2\ {y}]), ¥ € X;and y € X,. If x'y and x'z € E(G" UG") then we
have K4 — e C G" U G? and by Observation 1; a contradiction. So let x'y or x'z € E(G3). If
x'y € E(GS), then, since nK, Z G8, wehavey'x,y'z € E(G"U GY), thatis, Ky —e C G" UGY;
we have a contradiction again. So let x'z € E(G8) and x'y € E(G" U G?). Since nK, Z G$,

13
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we have y'x € E(G"UGP). If |[E(G") N E(G[A"])| # 0, then we have Py C GP. So let
xy,yz,zx € E(G) and xy/,yx’ € E(G"). Since |E(M) N E(G8[X;, Xj])| > 2 there is at
least one edge, say y"’'z"" € E(M) N E(G8[X2 \ {y}, X3 \ {z}]). W.lg., we may assume that
y" € X and 2"’ € X3. Since K5  G" and Py Z G” we have y"x,z""y € E(G$). Hence, we
had anK, = M\ {y"z"} U{y"x,2"y}; a contradiction.

Subcase 2-3: |A" N X;| = 2 for only one j € {1,2,3}. W.l.g., we may assume that x,y €
X and z € X,. Hence, we have G'[A’] 2 P; C G" U GY. Since k > 2, we have |Xj| > 5, that
is, |[E(M) N E(G8[Xy, X3])| > 3. W.Lg., we may assume that vu, v'u’ € E(M) N G8[Xy, X3]
where v,v’ € X; and u, 1’ € X3. Now, we have the following claim:

Claim 4. |Ngs(x) N {v,v'}| = |Ngs(y) N{v,o'}| = 0.

Proof of the Claim. By contradiction, w.l.g., we may assume that xv € E(GS$). Since
nK, ¢ G8, we have yu,zu € E(G" UGP). Consider A” = {y,z,u} and M’ = M\ {ou} U
{xv}. Hence, M' = (n — 1)K C G8 and |A" N X;| # 0 for each j € {1,2,3}; we have a
contradiction to subcase 2-2.

Now, by Claim 4, we have K3 = G[A' U {v,v'}] € G'UGP. In this case, by
Observation 1, we have K1, € G" or Py C G"; we have a contradiction again.

Therefore, by Cases 1 and 2, we have m3(Kj 2, Py, nKy) < [%”j +1forn>2 0O

Now, by Lemmas 1 and 5, we have the following lemma:
Lemma 6. m3(Kj o, Py, nKy) = L%”J +1forn>2.

In the next two lemmas, we consider mj(KLz, Py, nK3y) for each values of n > 2 and
j > 4. In particular, we proved that m;(Ky, Py, nKs) = LZT”J +1forn >2andj > 4. We
started with the following lemma:

2(n—1)

Lemma 7. Let j > 4 and n > 2. Given that m;(Ky, Py, (n —1)Ka) = | ;

that m]'(KLz, Py, nKz) < LZTHJ + 1.

| +1, it follows

Proof. Letj > 4andn > 2. Fori € {1,2,...,j} let X; = {xi,xé,...,xi} be partition set
of G = Kjx; where t = LZJ—”J + 1. Assume that m;(Ky, Py, (n — 1)Kz) = LZ(HJ;UJ +1is
true. To prove m;(Ky, Py, nKp) < sz—”J + 1. Consider three-edge coloring (G", G?, G8) of

G. Suppose that nK, Z G8, we prove that K1, € G" or Py C GY. Let M* be the maximum
matching in G$. Hence, by the assumption, [M*| < n — 1, that is |V (Kj;) N V(M*)| <
2(n —1). Now, we have the following claim:

Claim 5. |V(Kjx) \ V(M*)[ > 3.

Proof of the Claim. Consider the following cases:
Case 1: Let2n = jk (2n = 0(mod j)). In this case, we have:

V(G| =jxt=]x <L2]7"J+1> —jx LZJ.”J Y
Hence:
V(G \V(M*)| > jk+1)—2(n—1) = jk+j—2n+2=j+2>6(j > 4).

Case 2: Let 2n = jk+r (2n = r(mod j) where r € {1,2,...,j —1}). In this case, we
have:
. . ik . ik Cgky
V(G) = jx (12 +1) = jx (1B 1) = jx (1B 2] 41) = jx | 5]+ =
jk+ 7.
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Hence we have:

V(G \V(M*)| > jlk+1)—=2(n—-1) = jk+j—2n+2 = jk+j—jk—r+2 =
j—r+22>3.

By Claim 5, G contains three vertices, say x,y and z in V(Kjy;) \ V(M*). Con-
sider the vertex set {x,y,z} and let {x,y,z} C A = V(G) \ V(M*). Now, we have the
following cases:

Case 1: Letx € Xj,y € Xp and z € X3, where X, for i = 1,2, 3 are distinct partition
sets of G = Kjxi- Note that all vertices of A are adjacent to each other in G8. Since t > 2,
we have [ X;| > 2. Consider the partition X; for j > 4. Since |X;| > 2, if [A N X;| > 1 for
at least one j > 4, then we have K4 C G" U G? and the proof is complete by Observation
1. Now, let |[AN Xj| = 0 for each j > 4. Hence, for x‘f € Xy there exists a vertex, say
u such that xju € E(M*). Consider Ngs(x}) N {x,y,z}. If [Ngs(x}) N {x,y,z} <1,
then we have K4 — e C G" U G’ and by Observation 1, the proof is complete. Therefore,
let [Ngs(xf) N {x,y,z}| > 2. WlLg., we may assume that {x,y} C Ngs(x}) N {x,y,z}.
In this case, we have |Ngs(u) N {x,y,z}| = 0. On the contrary, let xu € E(G®) and
set M/ = M*\ {xju} U {x}y,ux}. Clearly M’ is a match where |[M’| > |M*|, which
contradicts the maximality of M*. Hence, we have |Ngs (1) N {x,y,z}| = 0. Therefore, we
have Ky —e C G UG! [x,v,z,u] and, by Observation 1, the proof is complete.

Case 2: Let x,y € X; and z € Xy where X;, Xj are distinct partition sets of G. W.Lg.,
leti = 1and i’ = 2. Consider the partition X;(j # 1,2). Since |X;| > 2,if [A N X;| > 1, then
we have Ky — e C G U G? and by Observation 1, the proof is complete. So let |A N Xj| =0
for each j > 3. Now, we have the following claim.

Claim 6. Let e = v1vp € E(M*), and w.l.g. let |[Ngs(v1) N {x,y,2}| > |Ngs(v2) N {x,y,z}|.
If INgs(01) N{x,y,2}| = 2, then |Ngs(v2) N{x,y,2}| = 0. If [Ngs(v1) N {x,y,2}| =
[Ngs (v2) N {x,y,z}| =1, then vy, v, has the same neighbor in {x,y,z}.

Proof of the Claim. Let [Ngs (v1) N {x,y,z}| > 2. W.lg., we may assume that {w, w'} C
Ngs (v1) N{x,y,z}. By contradiction, let [Ngs (v2) N {x,y,z}| # 0, w.l.g., letw” € Ngs(v2) N
{x,y,z}. Inthis case, we set M’ = (M*\ {v102}) U {v3w, vow”}. Clearly M’ is a match with
|M'| > |M*|, which contradicts the maximality of M*. Thus, let |[Ngs(v;) N {x,y,z}| =1
fori =1, 2, if v; has a different neighbor, then the proof is same.

Claim 7. There is at least one edge, say e = ujuj € E(M*), such that u;, U ¢ X1, X5.

Proof of the Claim. If |X;| > 3, then there is at least one edge, say e = u;u; € E(M*),
such that u;, u; ¢ Xj,Xp. Otherwise, we have K3, C G" U GY [X]-, Xj/] where j,j/ > 3, hence,
by Observation 1; we have a contradiction. So, let |X/\ = 2. In this case, if j > 5, then the
proof is same. Now, let j = 4. We have |M*| < 2, thatis, n < 3. Hence, there is at least one
vertex, say w € (X3 U Xy) N A; a contradiction to [A N X;| = 0.

By Claim 7, there is at least one edge, say e = u;u; € E(M*), such that u;, uj & X1, Xo.
Wlg., lete = uquy € E(M*) such that u; ¢ Xy, Xp, also, w.l.g., assume that |Ngs (u1) N
{x,y,2}| > |Ngs(u2) N {x,y,z}|. If [Ngs(u1) N {x,y,2}| > 2, then by Claim 7, we have
INgs(u2) N {x,y,z}| = 0. Hence, we have Ky —e C G" U G. So, let |Ngs(u1) N {x,y,z}| =
[Ngs (12) N{x,y,z}| = 1, in this case, by Claim 7, we have Ngs (1) N {x,y,2} = Ngs(u2) N
{x,y,z}, and if x or y is this vertex, then Ky —e C G" U GP; otherwise, Ksp, CG'U Gl. In
any case, by Observation 1, the proof is complete.

Case 3: Let x,y,z € X; where X; is a partition set of G = Kjx;, say i = 1. If there
exists a vertex, say w € X; N A, where j # 1, then the proof is the same as Case 2.
Hence, let |[A N X;| = 0. Since |X;| > 3, there exists an edge, say e = vu € E(M*), such
that v,u ¢ X;. Consider the neighbors of vertices v and u in X;. W.lg., let |[Ngs(v) N
{x,y,2}| > |Ngs(u) N {x,y,z}|. If INgs(v) N {x,y,2z}| = 0, then we have K35 C G" UG?,
so let [Ngs(v) N {x,y,z}| > 1. In this case, by Claim 7, we had |Ngs(u) N {x,y,z}| < 1.
Hence, w.l.g., we may assume that yu and zu be in E(G" U G?) and x € Nz (v). Now, set
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M** = (M*\ {ou})U{ox} and A" = (A\ {x}) U {u}, the proof is the same as Case 2 and
the proof is complete.
According to the Cases 1,2 and 3 we have m;(Ky 2, Py, nKp) < LZJ—”j +1. O

The results of Lemmas 1, 2, 6 and 7, concludes the proof of Theorem 1.

3. Proof of Theorem 2

In this section, we investigate the size multipartite Ramsey numbers m]'(nKz, Cy)
for j < 4 and n > 2. In order to simplify the comprehension, let us split the proof of
Theorem 2 into small parts. For j = 2, since the bipartite graph has no odd cycle, we have
my(nKy, C7) = oo. For other cases, we start with the following proposition:

Proposition 1. m3(nKy, C;) = 3 where n = 2,3.

Proof. Clearly, m3(nKy, C7) > 3. Consider K33 with the partition set X; = {xi, xé,xé} for
i =1,2,3. Let G be a subgraph of K33. For n = 2, if 2K, C G, then proof is complete, so
let 2K, Z G. In this case, we have K35, C G, hence C; C G, that is, m3(2K,, C;) = 3. For
n = 3 by contradiction, we may assume that m3(3Kp, C7) > 3, that is, K343 is 2-colorable
to (3K, Cy), say 3Ky G and C; Z G. Since m3(3Ky, Cs) = 3[10], and 3K, Z G, we have
Ce CG.Let A=V (Cg)and Y; = AN X, fori =1,2,3. If there exists i € {1,2,3} such that
|Y;| = 0,sayi =1, then we have A = X, U X3 and Cs C G[Xp, X3]. Let C¢ = wqwy ... wews.
Since C; Z G, for each x; € X; in G, x; cannot be adjacent to w; and w; 1 fori =1,2,...,6.
Hence, we have |[Ng(x;) N V(Cs)| > 3 for each x; € Xj. One can easily check that in
any case, we have 3K, C G; a contradiction, hence, let |Y;| > 1 for each i = 1,2,3. Set
B = (|Y1],|Y2], |Y3]). Now, we have the following cases:

Casel: B = (3,2,1).letA = X3 U {x%,x%, x%} In this case, we have Cq = x%xjx%x%x%x%x%.
Consider the vertex set A’ = V(Ksx3) \ A = {x3,x3,x3}. Since C; € G, we have
IN5(x3) N {x},x2}| < 1. Hence, [Ng(x3) N {x},x2}| > 1. Wlg, let x3x] € E(G). By
similarity, we have [Ng(x3) N {x},x3}| > 1 and |[Ng(x3) N {x}, x3}| > 1, see Figure 1. In
any case, we have 3K, C G; a contradiction again.

Figure 1. B = (3,2,1).

Case2: B = (2,2,2). Wlg, letY; = {xé,xé} fori = 1,2,3. In this case, we have
Co = wwpwswawswewr. Wlg., let wy = x%,wQ = x%. Since |Y3| = 2 and wyws € E(Cq),
we have [{w3, we} NY3| > 1. If [{w3, we } N Y3| = 2, then considering Figure 2a, the proof is
the same as case 1. So let |{w3, ws } N Y3| = 1. Wllg., letws = x?, xg = ws, x% = Wy, x% = We.
In this case, consider Figure 2b and the proof is the same as case 1. Hence, in any case, we
have 3K, C G; again a contradiction.
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Figure 2. (a) |[{ws, ws} N Y3| =2, (b) [{w3, we} NY3| = 1.

By Cases 1 and 2, we have 3K, C G. Thus, the proof is complete and the proposition
holds. O

We determine the exact value of the multipartite Ramsey number mj3(nKj, C7) for
n > 3 in the following lemma:

Lemma 8. For each n > 3 we have m3(nKy, C;) = n.

Proof. First, we show that m3(nKy, C;7) > n. Consider the coloring given by K3, (,_1) =
G" U G" where G" = K, 1, 1 and G’ = Ky _15(n-1)- Since [V(G")| = 2(n—1) and GP
is bipartite, we have nK, ¢ G" and C; ¢ GY, that is, m3(nKy, C7) > n. For the upper
bound, consider K3, with partite sets X; = {xi,xé,...,x;} fori = 1,2,3. We will
prove this by induction. For n = 3, by Proposition 1, the lemma holds. Suppose that
mz(nKy, C7) < n for each n > 4. We will show that m3((n + 1)Ky, C7) < n+1, as follows:
by contradiction, we may assume that m3((n + 1)Kz, C7) > n + 1, that is, K3, (,,11) is 2-
colorable to ((n + 1)Ky, C7), say (n+ 1)K, € Gand C; Z G. Let X! = X; \ {x}}. Hence,
by the induction hypothesis, we have mj3(nKy, C;) < n. Therefore, since |X/| = n and
C; Z G[X], X5, X4], we have M = nK, C G[X], X5, X}]. If there exists i and j such that
xix} € E(G), then we have (n + 1)K, C G; a contradiction. Hence, we have xi x| € E(G)
fori,j € {1,2,3}. Let A = V(Ksxy) \ V(M). Hence, we have |A| = 3n — 2n = n. Since
(n+ 1)Ky € G, we have G[A, x%, x%, x{’] C G. Since |A| = n > 4, one can easily check that,
in any case, we have H C G, where, H € {K5,1’1, K4’2,1, K3’3,1,K3,2’2}. IfH € {K3/3,1,K3,2,2},
one can easily observe that we have C; C H C G; a contradiction again. Solet H €
{K511,Ks21} and consider the following cases:

Casel: A C X;foronlyonei, thatis, H = K51 1. Wlg, let A C X; and {x%, x%, o, xé} -
A. Then, we have K, 1111 € Gand M C G[Xy, X3]. Since n > 4, we have |[M| > 4,
that is, there exists at least two edges, say ey = x1y; and e; = Xy, in E(M), where
{Xl,X2,y1,y2} C Xp UX3. Wlg, let |NG(X1‘) N A‘ > |NG(yz) N A‘ fori = 1,2. One can
easily check that [Ng(y;) N A| < 1, otherwise, we have (n + 1)K, C G; a contradiction.
Since [N (y;) N A| < 1and |A| > 5, we have [Ng(y;) N A| > 4. Hence, we have [Nz (y1) N
Nz(y2) NA| > 3. W.lg., we may assume that {x},x,x3} € N=(y1) N Ng(y2) N A. In this
case, we have C; C é[x%, x%, x%, x%, x?,yl,yz] C G; a contradiction again.

Case2: H=Kyp1. Wlg, let [ ANXy| =n—1land |[ANXp| = 2. Let {x},x},...,x}} C
ANX; and x5 € AN Xy, that is, we have Kyp; C K01 = G[A,x],x},x}] C G and
M C Kj -1, That is, there exists at least one edge, say ¢ = xy, where x € X; and y € X3.
W.Lg., let INg(x) N A| > [Ng(y) N A|. One can easily check that [Ng(y) N A| < 1. Hence,
we have [Ng(y) N A| > 3 and the proof is same as case 1.

By cases 1 and 2, we have the assumption that m3((n + 1)K, C7) > n + 1 does not
hold. Now we have m3(nKy, Cy) = n for each n > 3. This completes the induction step
and the proof. [J

Lemma 9. Forj > 3and n > j, we have m;(nKy, C7) > [2"]—*2]
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Proof. To show that m;(nKp, C7) > |—2”]—+2l , assume that (Z"J—Jrz} > 1. Consider the coloring
given by Kj.;) = G"U G? where t) = (2”]—”1 — 1 such that G" = K(;_1),, and Gh =
Ky, (j—1)t,- Since G is bipartite, we have C; Z G?, and

VG| = (=1 xto= (= DZEET =1 = (= D2 = G-
<(-DEEE D - (1) = () - 2

Since n > j, we have |V(G")| < 2n. Hence, we have nKy Z G". Since Kj ;) = G"U Gb,
we have m;(nKy, C7) > [2”%2] forn>j>3 O

Lemma 10. my(4K,, Cy) = 3.

Proof. By Lemma 9, we have m14 (4K5,C7) > 3. For the upper bound, consider the coloring
given by K43 = G"U G such that C; ¢ GP. Since m3(3K,,C7) = 3, we have 3K, C
G"[X1,X3,X3) € G". Let M = 3Kjy; hence, we have |V (X1 U X, U X3) \ V(M)| = 3.
Wlg., let A = {wq, wyp, w3} be these vertices. If E(G") N E(G[Xy, A]) # @, then we have
4K, C G". Solet K33 C G[Xy, A] C GP. Consider the edge e = v1v; € E(M), and it is
easy to show that [Ny (v;) N X4| > 2 for some i € {1,2}, otherwise, we have 4K, C G'.
In any case, one can easily check that C; C GY; which is a contradiction. Thus, we obtain
TH4(4K2, C7) =3. O

Lemma 11. For n > 4 we have my(nKy, C7) = [%51].

Proof. By Lemma 9, we have my(nKp, C;) > [, To prove my(nkKp, C;) < [%H],
consider Ky, ; with partite set X; = {xi,xé, ... ,xﬁ} fori =1,2,3,4, where t = f”THW We
will prove this by induction. For n = 4 by Lemma 10, the lemma holds. Now, we consider
the following cases:

Case 1: n = 2k, where k > 3. Suppose that my(n'Ky, C7) < [%1 for each n’ < n.
We will show that my(nKy,C7) < ["51] as follows: by contradiction, we may assume
that my(nkKy, C;) > f”TH], that is, Kyx; is 2-colorable to (1K, C7), say nK, ¢ G and
C; € G. Let X! = X; \ {xll} for i = 1,2,3,4. Hence, by the induction hypothesis, we
have my((n — 1)Ky, C7) < [5] = k. Therefore, since |X]| = k = 5 and C; Z G, we have
M = (n—1)Ky C G[X], X}, X}, X}]. If there exists i,j € {1,2,3,4}, where xile € E(G),
then nK, C G; a contradiction. Now, we have K; = é[x%, x%, x?, x‘f] C G8. Since nKk; ZG
and ["51] = [Z51] = k+ 1, we have |V(Kyxx) \ V(M)| = 2n—2(n — 1) = 2, that is,
there exists two vertices, say wy and wy in V(Kyy) \ V(M). Since nK; € G, we have
G[S] € G, where S = {x} |i=1,2,3,4} U {wy, wy }. Hence, we have the following claim:

Claim 8. Let e = v1vy € E(M) and w.l.g., we may assume that |Ng(v1) N S| > |Ng(v2) NS|.
If INg(v1) N'S| > 2 then [Ng(v2) N'S| = 0. If [INg(v1) NS| = 1 then [Ng(v2) NS| < 1. If
|Ng(v;) N'S| = 1 then vy and vy have the same neighbor in S.

Proof of the Claim. By contradiction. We may assume that {w, w’'} C Ng(v1) NS and
w” € Ng(v2) NS, in this case, we set M/ = (M \ {v1v2}) U {vjw, vow”}. Clearly, M’ is a
match with |[M'| > |M| = n — 1, which contradicts the nK, € G . If [INg(v;) N S| = 1 and
v; has a different neighbor, then the proof is same.

Since n > 4 and |[M| > 3. If {wy, wy } C X;j, say Xj, then there is at least one edge, say
e = vu € E(M) such that v,u ¢ X;. Otherwise, we have C; C Kzx3 C G[Xp, X3, Xy]; we
again have a contradiction. W.L.g., let [Ng(v) N S| > |[Ng(u) N S|. Now, by Claim 8 we have
NG (1) N'S| < 1. One can easily check that in any case, we have C; C G[S U {u}]; again a
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contradiction. So w.l.g., let wy € X; and w, € X;. In this case, since [Ng(u#) N S| < 1, we
have C; C G[S U {u}]; a contradiction again.

Case 2: n = 2k + 1 where k > 2, |X;| = k+ 1. Suppose that my((n — 2)K,Cy) <
(=217 for n > 2. We show that my(nKy,C7) < ["51] as follows: by contradiction,
we may assume that my(nKp, C;) > f%}, that is, Kqx; is 2-colorable to (nKy, Cy), say
nKy ¢ Gand C; € G. Let X] = X;\ {x}}. By the induction hypothesis, we have
my((n —2)Ky,Cy) < [712;1} = f%] = k. Therefore, since |X/| = kand C; Z G, we have
M = (n—2)K, C G[X], X}, X}, X}] and thus, we have the following claim:

Claim 9. There exist two edges, say e = uv and e; = u'v’ in E(M) = E((n — 2)Ky), such that
v, v, uand v are in different partites.

Proof of the Claim. W.l.g., assume that v € X{ and u € X}. By contradiction, assume
that |[E(M) N E(G[X}, X}])| = 0, that is, G[X}, X}] C G. Since |V(M)| = 2(n —2) and
|Xi| = k, wehave |[V(M) N X}| > k —2.Sincek >3, [V(M) N X}| > 1(j =3,4). Wlg, let
e; = xjy; € E(M) where x; € V(M) N X]. W.lg., we may assume that y3 € V(M) N X].
Hence, we have y; € V(M) N X{ In other words, take e; = x3y3 and e, = x4y4 and
the proof is complete. Hence, we have |E(M) N E(G[X}, X]'])\ = 0 for j = 3,4, in other
words, if there exists ¢ € E(M) N E(G[X), X]’]), then set ey = ¢} and e, = ¢” and the
proof is complete. Therefore, for each e € E(M) we have v(e) N X} # @ which means that
M| < X{ = k; a contradiction to |M]|.

Now, by Claim 9 there exist two edges, say ¢; = uv and e; = u'v' in E(M) =
E((n —2)K3y), such that v,v/,u and 1’ are in different partite. W.l.g., let ey = x1x; and
ey = X3Xy4, since are these edges, and let x; € X/ fori = 1,2,3,4. Set X!" = X; \ {x;},
hence, we have |X!'| = k. Since C; Z G, we have C;  G[XY, XY, X4, X]/]. Therefore, by
the induction hypothesis, we have (n —2)K, C G[X{, X}, X}, X}]. Let M = (n — 2)K; C
GIXY, Xy, XY, X]], set M* = MU {ej,es} hence |[M*| = n, that is, nK, C G; again a
contradiction. Hence, the assumption that my(nKy, C7) > [“F1] does not hold and we
have my(nKy, C;7) < ["f1]. This completes the induction step and the proof is complete.
By Cases 1 and 2, we have my(nKp, C7) = [“41] forn > 4. O

The results of Proposition 1 as well as Lemmas 8 and 11 concludes the proof of
Theorem 2.

4. Concluding Remarks and Further Works
There are several papers in which the multipartite Ramsey numbers have been studied.
In this paper, as a first target, we compute the size of the multipartite Ramsey number
m;(Ky,, Py, nK3) for n,j > 2. To approach this purpose, we prove four lemmas as follows:
L mj(Kip, Py nKs) > [ 3] + 1 wherej,n > 2;
2. mz(KLz, Py, nKz) =n-+1forn>2;
3. ms(Kyp PynKy) = [%] +1forn>2;
4. Letj>4andn > 2. Given that m;(Ky, Py, (n —1)Kp) = LZ(”J;UJ + 1, it follows that
m; (Ko, Py, nKa) < |2 +1.
We computed the size of the multipartite Ramsey numbers (1K, C7), for j < 4 and
n > 2 as the second purpose of this paper. This extended the result of [10]. To approach
this purpose, we proved the following:
1.  ms3(nKy, Cy) = 3 wheren =2,3;
2. Foreachn > 3 we have m3(nKy, C;) = n;
3. Forn > 4 we have my(nKy, C;) = ["F1]; We estimated our result for m;(nKy, C7)
which holds for every j > 2, so it could be a good problem to work on.
In addition, one can compute 1; (K1, Py, mKy, myK;) and also m]'(nKz, Cy),forj>5
and n > 2 in the future, using the idea of proofs in this paper.
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Abstract: In this work, we obtained new results relating the generalized atom-bond connectivity
index with the general Randi¢ index. Some of these inequalities for ABC, improved, when o = 1/2,
known results on the ABC index. Moreover, in order to obtain our results, we proved a kind of

converse Holder inequality, which is interesting on its own.

Keywords: ABC index; generalized ABC index; general Randi¢ index; topological indices; converse
Holder inequality

1. Introduction

Mathematical inequalities are at the basis of the processes of approximation, estima-
tion, dimensioning, interpolation, monotonicity, extremes, etc. In general, inequalities
appear in models for the study or approach to a certain reality (either objective or subjec-
tive). This reason makes it clear that when working with mathematical inequalities, we can
essentially find relationships and approximate values of the magnitudes and variables that
are associated with one or another practical problem.

In mathematical chemistry, a topological descriptor is a function that associates each
molecular graph with a real value; if it correlates well with some chemical property, it is
called a topological index. For additional information see [1], for application examples
see [2-7].

The atom-bond connectivity index of a graph G was defined in [8] as:

2(dy+dy —2) NG
SNuT e A\
dudv Z

uveE(G)

dy+dy,—2
dudy ’

ABC(G) = )|
uveE(G)

where uv denotes the edge of the graph G connecting the vertices u and v and d, is the
degree of the vertex u.
The generalized atom-bond connectivity index was defined in [9] as:

du—i—dv—Z)ﬂf.

ABC(G)= ¥ ( i

uveE(G)

forany « € R\ {0}. Note that ABC; ), = QABC and ABC_3 is the augmented Zagreb index.

There are many papers that have studied the ABC and ABC, indices (see, e.g., [9-15]).
In this paper, we obtained new inequalities relating these indices with the general Randié¢
index. Some of these inequalities for ABC, improved, when « = 1/2, known results on the
ABC index. In order to obtain our results, we proved a kind of converse Holder inequality,
Theorem 3, which is interesting on its own.
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Throughout this work, a path graph P, is a tree with n vertices and maximum degree
two and a star graph S, is a tree with n vertices and maximum degree n — 1.

2. Inequalities Involving ABC,
In 1998, Bollobés and Erd6s [16] generalized the Randi¢ index for « € R\ {0},

Re(G)= Y (dudo)P.
uveE(G)

The general Randi¢ index, also called the variable Zagreb index in 2004 by Milic¢evi¢ and
Nikoli¢ [17], was extensively studied in [18-20].
The next result relates the ABC, and R B indices.

Theorem 1. Let G be a graph with maximum degree A and minimum degree 6 and o > 0,
B € R\ {0}. Denote by my the cardinality of the set of isolated edges in G.

(DIfB/a < —1and 6 > 1, then:
(20 —2)*5 2 %PRg(G) < ABC4(G) < (2A —2)"A~ 22 Rg(G).

The equality in each bound is attained if and only if G is a regular graph.
2)IfB/a < —1and é =1, then:

27 P(Rp(G) = mz) < ABCy(G) < (24 —2)*A™ 2% (Ry(G) — my).

The equality in the lower bound is attained if and only if G is a union of path graphs Ps and
my isolated edges. The equality in the upper bound is attained if and only if G is a union of a reqular
graph and mj isolated edges.

B)If-1<B/a<—1/2andé > 1, then:
(26 —2)%6 2 2PR4(G) < ABC4(G).

The equality in the bound is attained if and only if G is a regular graph.
DIf-1< /o< —-1/2and 6 =1, then:

2% P(Rg(G) — mp) < ABCy(G).

The equality in the bound is attained if and only if G is a union of path graphs P3 and my
isolated edges.

(5)IfB > 0and 6 > 1, then:
(28 —2)"A™2*"2PR4(G) < ABCy(G) < (26 —2)6 2 %R4(G).

The equality in each bound is attained if and only if G is a reqular graph.
(6)IfB>0,6=1and1+a/B > A, then:

(28 —2)*A"2*2F(Rg(G) — mp) < ABC4(G) < (A—1)"A"*F(Rg(G) — my).

The equality in the lower bound is attained if and only if G is a union of a reqular graph and
my isolated edges. The equality in the upper bound is attained if and only if G is a union of star
graphs Sa11 and my isolated edges.

NIfp>0,0=1and1+ua/p <2, then:

(28 —2)*A™22P(Rg(G) — my) < ABCy(G) <27 F(Rg(G) — my).
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The equality in the lower bound is attained if and only if G is a union of a reqular graph and
my isolated edges. The equality in the upper bound is attained if and only if G is a union of path
graphs Ps and my isolated edges.

B)Ifp>0,0=1and2 <1+a/p <A, then:

(28 —2)*A™272F(Rg(G) —mp) < ABCy(G) < Pwares: (Rp(G) —my).
The equality in the lower bound is attained if and only if G is a union of a reqular graph and

my isolated edges. The equality in the upper bound is attained if and only if o /B € Z and G is a
union of star graphs Sy /gy and my isolated edges.

Proof. First of all, note that ABCy(P,) = 0 and Rg(P2) = 1. Therefore, it suffices to
prove the theorem for the case my = 0, i.e., when G is a graph without isolated edges.
Hence, A > 2.
We computed the extremal values (for fixed A € R) of the function f : [5, A] x (][5, A] \
[1,2)) — R given by:
floy) = (x+y—2)(xy) 1

(1) and (2). If A < —1, then —A — 1 > 0 and f is a strictly increasing function in each
variable, and so,
(26 —2)672 2 < f(x,y) < (2A —2)A2A2,

The equality in the lower (respectively, upper) bound is attained if and only if (x,y) =
(6,0) (respectively, (x,y) = (A, A)).

If § = 1, then f(x,y) > f(1,2) = 27", since x € [1,A] and y € [2,A], and the
equality in this inequality is attained if and only if (x,y) = (1,2).
If A = B/a, then:

dy +dy —2\*

(26 = 2)"67 22 (dydo)’ < (HE D) < (28 2) AT (dydy)
u“to

for every uv € E(G) and, consequently,
(26 —2)"6 2" 2PRg(G) < ABC,(G) < (24 —2)*A 2 %R4(G).

The previous argument shows that the equality in the upper bound is attained if and
only if d, = d, = A for every uv € E(G), i.e., G is regular. If § > 1, then the equality in the
lower bound is attained if and only if d, = d, = ¢ for every uv € E(G), i.e., G is regular.

If A =pB/aand é =1, then:

2B (d,d,)F < (7‘1“ o =2 )

dudy
for every uv € E(G) and, consequently,
27%7FRg(G) < ABCy(G).

The equality in this bound is attained if and only if {d,,d,} = {1,2} for every
uv € E(G), i.e., G is a union of path graphs Ps.
(3) and (4). In what follows, by symmetry, we can assume that x < y. We have:

L) = ey =2 (A= 1y

=x My 2 (g + (v +y - 2) (A - 1)).
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If-1<A<-1/2,then —A—12> —1/2,and so,

Hence,

We have:

of A-1,,A-2 x+y—2
gy By =y (y—T)

- 2
— A1y Y xte xAly A2

5 > 0.

flry) > flx,x) = (20 = 2)x 272 = g(x).

g (x) =222 4 (2w — 2)(—2A —2)x A3
=203 (x4 (x —1)(—24 - 2))
=203 (=24 — 1)x +2A +2).

Since 2A +2 > 0and —2A — 1 > 0, we have:

g (x) =2xA3((=2A — 1)x + 24 +2)
>2x 2320 +2) > 0.

Thus, ¢(x) > g(J) and:

ifé > 2.

flxy) > g(x) > (26 —2)6722,

If A =pB/aand 6 > 1, then:

(20 —2)%52~2 (dudz;)/g < ( dy+dy —2 )’X

dudy

for every uv € E(G) and, consequently,

(20 —2)*6 2 2PR4(G) < ABCq(G).

The previous argument shows that the equality in this bound is attained if and only if

dy = dy = 0 for every uv € E(G), i.e., G is regular.

Assume that § = 1. We proved that f(x,y) > g(x) > g(2) = 27271 for every
x,y € [2,A]. Since df /9y(1,y) > 0 for every y € [2,A], we have f(1,y) > f(1,2) =271
for every y € [2,A]. Since A < 0, we have 2724~ > 2741 and f(x,y) > 27"~ for every
x € [1,A]|NZ,y € [2,A] N Z. Furthermore, the equality in this bound is attained if and only

if (x,y) = (1,2).
If A = B/a, then:

7/371x ‘B du+dv—2 «
2P dude)” < ()

for every uv € E(G) and, consequently,

27*"PRg(G) < ABC4(G).

The equality in this bound is attained if and only if {d,, d,} = {1,2} for every
uv € E(G), i.e,, G is a union of path graphs Ps.

(5). Assume now that A > 0. Thus, —A —1 < —1 and:

o (w) =y A2y ey~ (A - 1)

< x*/\flyf/\72(2 _ x)/

24
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and:

d CA—1.—A—
P ey <y 202 y)

If 5 > 1, then f is a strictly decreasing function in each variable, and so,
(2A —2)A" 2 < f(x,y) < (26 —2)0 242, (1)

The equality in the lower (respectively, upper) bound is attained if and only if
(x,y) = (A, A) (respectively, (x,y) = (6,0)).
If > 0and A = B/a, then:

dy+dy,—2

_ 9\aA—2B-2a B
(28— 2 a2 (dy)° < (Bt

)IX S (25 o 2)0{5—2[3—206 (dud‘(})ﬁ

for every uv € E(G) and, consequently,
(28 —2)*A™2*"2PR4(G) < ABCy(G) < (26 —2)%5 2% Rg(G).

The equality in the lower bound is attained if and only if d, = d, = A for every
uv € E(G), i.e., G is regular. Furthermore, the equality in the upper bound is attained if
and only if d, = d, = ¢ for every uv € E(G), i.e., G is regular.

(6). Note that:

2\ A+1 2
(A—) SA Soas o 2 lia—oan2 @)
2 2
We also have:
MT>A>2 = (A-1DA 1> (28 -2)A72A2, 3)

Assume that 6 = 1. If 2 < x,y < A, then f(x,y) < f(2,2) = 2-2A-1 This inequality
and the lower bound in (1) give:

28 —2)A 2 < f(x,y) <271, (4)

forevery 2 < x,y <A.
Let us consider the function h(y) = f(1,y) = (y — 1)y~* 1 with 2 < y < A. We have:

W)= Ay P T A+ 1)y A 2=y 1 2(<Ady+A+1),

and so, & strictly increases on (0,1 + 1/A) and strictly decreases on (1 +1/A, o).
If 1+ 1/A > A, then h strictly increases on (0, A] and:

i h(2) < h(y) < h(A) _ (A _ 1)A_)‘_1,
for every 2 < y < A. These inequalities and Equation (4) give:
min {27471, (24 = 2)A" 72} < f(x,y) < max {(A —1)A"AL, 27241

for every x € [1,A]NZ,y € [2,A] N Z. Since we have in this case 27*~! = 1(2) < h(A) =
(A —1)A=*~1, we conclude:

(A—1)A™* ! <max {(A-1)a™*1, 27211
<max{(A-1)A "L 271 = (A —1)a™ L

Equation (2) gives:

min {27471, (24 —2)A7 2} = (2A —2)A P2,

25
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Hence,
(2A —2)A™2A 2 < f(x,y) < (A—1)AM,

for every x € [1,A]NZ,y € [2,A]NZ. The equality in the lower (respectively, upper)
bound is attained if and only if (x,y) = (A, A) (respectively, (x,y) = (1,4)).
If > 0and A = B/a, then we obtain:
(28 — 2)A 2624, d, )P < (%) < (A—1)*A P (dydy)P,

u

0
(28 —2)"A™2*"2PR4(G) < ABCy(G) < (A—1)*"A*FR4(G).

The equality in the lower bound is attained if and only if d, = d, = A for every
uv € E(G), ie., G is regular. The equality in the upper bound is attained if and only if
{dy,dv} = {1,A} for every uv € E(G), i.e., G is a union of star graphs Sp ;1.

(7). If 1+ 1/A < 2, then h strictly decreases on [2, A] and:
(A—1)A M =n(A) <h(y) <h(2) =277,
for every 2 < y < A. These inequalities and Equation (4) give:
min {(A —1)A™, (24 —2)A72* 2} < f(x,y) < max {2741, 272471
forevery x € [1,A|NZ,y € [2,A] N Z. Equation (3) gives:
(28— 2)A P2 < f(x,y) <2701,

for every x € [1,A]NZ,y € [2,A]NZ. The equality in the lower (respectively, upper)
bound is attained if and only if (x,y) = (A, A) (respectively, (x,y) = (1,2)).

If B > 0and A = B/«, then we obtain for every uv € E(G):
dy +dy—2
dydy
(28 —2)*A™2*2PR4(G) < ABCy(G) <2 “ PRg(G).

(28 - 2)"A % 2 (d,d, )P < )“ < 2P (d,dy)P,

The equality in the lower bound is attained if and only if d, = d, = A for every
uv € E(G), i.e., G is regular. The equality in the upper bound is attained if and only if
{dy,dv} = {1,2} for every uv € E(G), i.e., G is a union of path graphs P;.

(8).If2 <1+4+1/A <A, then:
h(y) > min {h(2), h(A)} = min {27471, (A —1)A*"1},
for every 2 < y < A. Furthermore,

h(y) < h(1+1/A) = l(ﬂ)“—l - %

AV A A+ 1)AM17
for every 2 < y < A. These facts and (4) give:
min {2747, (A—-1)A™1, 28 -2)A7 72} < f(x,y)

AN 2—2/\—1}

Smax{m,

forevery x € [1,A|NZ,y € [2,A]NZ.
Equations (2) and (3) give:

min {27471, (8~ A, (24 -2)A 2} = (24 - 2)A 22
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Since h(2) < h(1+1/A), we obtain:

9 21 _p-A-1 o AN
(A1)
and so,
A
IA—DA A2 < fly) < —
(8 -282 < fxy) < i

for every x € [1,A]NZ,y € [2,A]NZ. The equality in the lower (respectively, upper)
bound is attained if and only if (x,y) = (A, A) (respectively, (x,y) = (1,14 1/A)).
If > 0and A = B/a, then we obtain:

Mo (Bf
((A+1)?‘+1)

(B/a+1)PHe (a4 p)rth’

and we have for every uv € E(G):

(dudv)ﬁ/

_ xgp
(2A_2)txA72/5*20¢(d”dv)‘3 S <du+dv 2)“ S ( [ ‘B

dydy, a(—|—‘3)0‘+/5

agp
(28 —2)*A™2*2PR4(G) < ABC4(G) < (“ig)“ﬂi Rg(G).

The equality in the lower bound is attained if and only if d, = d, = A for every
uv € E(G), ie., G is regular. The equality in the upper bound is attained if and only if
a/B € Z" and {dy,dy} = {1,1+4 a/B} for every uv € E(G), i.e., G is a union of star graphs
Sa/p2- U

Note that ABC,(G) is not well defined if « < 0 and G has an isolated edge. The
argument in the proof of Theorem 1 gives directly the following result for & < 0.

Theorem 2. Let G be a graph without isolated edges, with maximum degree A and minimum
degree 6, and a < 0, € R\ {0}.
(D IfB/a < —1and s > 1, then:

(28 —2)"A™2"2PR4(G) < ABCy(G) < (26 —2)"6 2% R4(G).

The equality in each bound is attained if and only if G is a regular graph.
(2)If/a < —1and 6 =1, then:

(28 —2)*A™22PR4(G) < ABCy(G) <27 FRg(G).

The equality in the lower bound is attained if and only if G is a reqular graph. The equality in
the upper bound is attained if and only if G is a union of path graphs Ps.

B)If-1<p/a<—1/2and > 1, then:
ABCy(G) < (26 —2)"5 2 2PR4(G).

The equality in the bound is attained if and only if G is a regular graph.
DIf-1< /o< —-1/2and 6 =1, then:

ABC4(G) <27 PRg(G).

The equality in the bound is attained if and only if G is a union of path graphs P3.
(B)Ifp <0andé > 1, then:

(26 —2)"6 2 "2PRg(G) < ABC,(G) < (2A —2)*A 2 %R4(G).
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The equality in each bound is attained if and only if G is a regular graph.
(6)If<0,6=1and1+ua/p > A, then:

(A—1)"A"*PRg(G) < ABC,(G) < (24 —2)"A~ 2 2R4(G).

The equality in the lower bound is attained if and only if G is a union of star graphs S ;1.
The equality in the upper bound is attained if and only if G is a regular graph.

NNIfBp<0,6=1and1+wa/p <2, then:
27%"PRg(G) < ABCy(G) < (2A —2)*A™2*"2PRg(G).

The equality in the lower bound is attained if and only if G is a union of path graphs Ps. The
equality in the upper bound is attained if and only if G is a regular graph.

B)Ifp<0,6=1and2 <1+a/p <A, then:

]8I @20
a1 e R(G) S ABG(G) < (24 —2)%A 2-2PR4(G).

The equality in the lower bound is attained if and only if a /B € Z and G is a union of star
graphs Sy /g 2. The equality in the upper bound is attained if and only if G is a regular graph.

Note that Theorems 1 and 2 generalize the classical inequalities:
2v0—1R(G) < ABC(G) <2vA—-1R(G). (5)
Theorem 1 has the following consequence.

Corollary 1. Let G be a graph with minimum degree 6 and my isolated edges.

(1) If 6 > 1, then:
2,/1- % R_1/4(G) < ABC(G).

The equality in the bound is attained if and only if G is a reqular graph.

(2)If6 =1, then
2V4(R_1,4(G) — ma) < ABC(G).

The equality in the bound is attained if and only if G is a union of path graphs P3 and m,
isolated edges.

Corollary 1 improves the inequality:

2(1- % )R 1,4(G) < ABC(G)

in ([21], Theorem 2.5).
In [22], Lemma 4, the following result appeared.

Lemma 1. Let (X, it) be a measure space and f, g : X — R measurable functions. If there exist
positive constants w, Q with w|g| < |f| < Q|g| p-a.e., then:

Ilalgll < §<\/f e ) I ©

If these norms are finite, the equality in the bound is attained if and only if w = Q and
|f| = wl|g| p-a.e. or f = ¢ =0 p-a.e.
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We need the following converse Holder inequality, which is interesting on its own.
This result generalizes Lemma 1 and improves the inequality in [23] (Theorem 2).

Theorem 3. Let (X, jt) be a measure space, f,g : X — Rmeasurable functions, and1 < p,q < oo
with1/p +1/q = 1. If there exist positive constants a, b with a|g|7 < |f|P < b|g|? u-a.e., then:

I£lplglly < Kp(a, )l fgll, )

with: 1 /ax\1/(29) 1 /b\1/(2p) .
) ) e
Kp(a,b) =
1/(29) 1/(2p)
1 (b) q n 1(a) P

p q\b - dr22

If these norms are finite, the equality in the bound is attained if and only if a = b and
|[fIP = a|g|T p-a.e. or f =g =0 p-ae.

a

Remark 1. Since:

Ky(a,b) = %(g)lMJr %(%>1/4,

Theorem 3 generalizes Lemma 1 (note that a = w? and b = O?).

1

Proof. If p = 2, then Lemma 1 (with w = a /2 and Q = b1/?) gives the result. Assume

now p # 2, and let us define:
kp(a,b) = max {;(g)l/(zq) + ;(z)l/(zp)l ;(z)l/(zfa) N ;(Z>1/(2P) }

We will check at the end of the proof that k,(a, b) = K,(a,b).
Let us consider t € (0,1) and define:

Gi(x) :=tx1 7+ (1 —t)x !
for x > 0. Since:
Glx)=t(1—tx ' —tQ -t 1 =t1—-tx " (x-1),

Gt is strictly decreasing on (0,1) and strictly increasing on (1,00). Thus, if 0 < s < S are
two constants and we consider s < x < §, then:

Gi(x) < max{G(s), G:(S)} =: A,

and if G;(x) = A forsomes < x < S, thenx =sorx = S.

Note that if Gi(s) # G¢(S), the following facts hold: if G(s) > G¢(S) and
Gi(x) = A =Gi(s), then x = 5;if G;(s) < G4(S) and Gi(x) = A = G¢(S), then x = S.

If x1,x0 > 0and sxp < x1 < Sxp, then:

t(%)l_tﬂl—t)(%)t <A,

txp + (1 —t)xa < Axixd .

By continuity, this last inequality holds for every x1,x, > 0 with sxy < x1 < Sxp. If
the equality is attained for some x1,x, > 0 with sx; < x7 < Sxp, then x1 = sxp or x1 = Sx;
(the cases x; = 0 and x» = 0 are direct).
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Chooset =1/p (thus,1 —t =1/q), x = xﬁ = xi/p andy = x;*t = x;/q. Thus,

xP yq
TV ax ®)
p q /

for every x,y > 0 with sy? < x? < Syf. If the equality is attained for some x,y > 0 with
syT < xP < Syf, then xP = sy or x¥ = Sy.

If [ fllp = 0or [[glly = O, then alg|? < |f[P < b[g|? p-ae. gives [|f][, = [gllq = O,
and the equality in (7) holds. Assume now that || f||, # 0 # ||gll4-
Let us define the function:

= (ab)/@)g].
We have:

a b a b
Py L p— q iy T/ p— q — K< P < — K.
Jom=agn,msgn, [m<ip< /U
Ifx=|fl,y=hs=(a/b)"/?,and S = (b/a)/?, then sh? < |f|P < Sh? and (8) gives:
1 1
—|fIP+ - h1 < Alf|h.
p f q f

If the equality in this inequality is attained at some point, then:

p— % P:\/Eq
= o=y

at that point.
Note that: . 11N/
_ L LIV
Gip() = ¥ +q(x)
and so,

A =max{G(s), G(S)} = max{Gl/p((u/b)l/z), Gl/p((b/a)l/z)} =ky(a,b).
Hence, . .
—|fIP 4+ =h1 <kp(a,b)|fl|h,
plfl g1 S kela )If]
1 1
» IFIG + p 171G < kp(a,b) || fhll1.

Recall that these norms are well defined, although they can be infinite.
If these norms are finite and the equality in the last inequality is attained, then:

a b
p— % p— /2
RN

p-a.e. Young's inequality states that:

xP oy
xy < — 4 =—
! P4

for every x,y > 0, and the equality holds if and only if x” = y7. Thus,

1 1
£ llpllAlly < » 115+ p 171G < kp(a, b) || fhl1.
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Therefore, by homogeneity, we conclude:

Ifllpliglly < kp(a, b) [ f8llz-

Let us prove now that k,(a,b) = K,(a,b). Consider the function H;(x) := Gt(x) —
Gt(1/x) fort € (0,1) and x € (0,1]. We have:

Hi(x)

Gl + 35 )
H1—Hx L (x—1) +H1 - t)% x”l(% - 1)

=t1—t)x T x—1)+t1—t)x2(1—x)
(1—8)(1—x) xR —1).

|
-

If t € (0,1/2), then 2t —1 < 0 and Hj(x) > 0 for every x € (0,1), and so, Hy(x) <
H(1) = 0 for every x € (0,1). Hence, G¢(x) < G¢(1/x) for every x € (0,1). If p > 2 and
a < b, then Gy, ((a/b)"/?) < Gy/p((b/a)/?), and:

a

1/b6\V20) 1 ,a\1/(2p)
kp(ab) == (7) )

Ift € (1/2,1), then 2t —1 > 0 and Hj(x) < 0 for every x € (0,1), and so, Hy(x) >
H;(1) = 0 for every x € (0,1). Hence, G¢(x) > G¢(1/x) foreveryx € (0,1). If1 < p <2
and a < b, then Gy,,((a/b)"/?) > Gy, ((b/a)!/?), and:

b

q

a

kp(a,b) = ;(a)l/(Zq) n 1 (b)l/(Zp).

Therefore, ky(a,b) = Ky(a, b).

Ifa =band |f|V = alg|7 p-ae. or f = g = 0 pu-a.e., then a computation gives that the
equality in (7) is attained.

Finally, assume that the equality in (7) is attained. Seeking for a contradiction, assume
that a # b. The previous argument gives that:

N P—\/?‘i
N N

pi-a.e. Since we proved Gl/p((a/b)l/z) + Gl/p((b/a)l/z) (recall that p # 2 and a < b),
we can conclude that:

[fIP = \/ghq p-a.e. or [fIP = \/th p-a.e.
a b
=y o A=y

Since the equality in Young’s inequality gives || f||;, = [||Z, we obtain a = b, a contra-
diction. Therefore, a = b and |f|P = h7 p-a.e. Hence, |f|F = a|g|T p-a.e. O

Hence,

Theorem 3 has the following consequence.
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Corollary 2. If1 < p,q <ocowithl/p+1/q=1,x;,y; > Oanday? < xjp < by?forl <j<k
and some positive constants a, b, then:

k

( ixf)l/p( 2%‘7)1” < Kp(a,b) ixﬂ/ﬁ
= =

where Ky (a, b) is the constant in Theorem 3. If x; > 0 for some 1 < j < k, then the equality in the
bound is attained if and only if a = b and x]? = ay? foreveryl <j <k

The Platt number is defined (see, e.g., [24]) as:

F(G) = Z (d” +dy —2).
uveE(G)

Theorem 4. Let G be a graph with my isolated edges and 0 < o < 1.
(1) Then:

1—
ABC(G) < F(G)*(R_p(1-a)(G) — m2)" ™

The equality in this bound is attained for the union of any regular or biregular graph and my
isolated edges; if G is the union of a connected graph and my isolated edges, then the equality in this
bound is attained if and only if G is the union of any regular or biregular connected graph and my

isolated edges.
(2)If 6 > 1, then:

(8 = )28/ 00 (3 — )28 F(G) R g1 (G)'*
w(A —1)V/2A8/(1-0) 4 (1 — &) (6 — 1)1/250/ (1-2)

ABCy(G) >

7

ifa € (0,1/2], and:

(6 = 1)*26/ 1A — 1) 2AF(G)*R 10 (G)
w(6 —1)1/260/(1=0) 4 (1 — ) (A — 1)1/2A0/ (1-2) ’

ABCy(G) =

ifo € (1/2,1). The equality in these bounds is attained if and only if G is regular.
(3)If6 =1, then:

o

2%(A = 1)*/ 2N/ (1= F(G)* (R, /1o (G) —ma)' ™
ABCL(GC) > ( ) (G)*(R_a/(1-a)(G) — m2)
tx(ZA _ 2)1/2A”‘/(1*"‘) + (1 _ “)za/(zfza)

7

ifa € (0,1/2], and:

—u

2062/(2*2”‘)A”‘(2A _ 2)(17“)/2F(G)“(Rf,x/(lﬂx)(G) - m2)1

ABCy(G) >
( ) w20/ (2—2a) + (1 _ (x)(ZA _ 2)1/2Aa/(1fu¢)

ifa e (1/2,1).

Proof. Since ABCy(P2) = 0and Rg(P2) = 1, it suffices to prove the theorem for the case
my =0, i.e,, when G is a graph without isolated edges. Hence, A > 2.
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Holder’s inequality gives:

oy (detdo2y
ABC[X(G) - uveZE(G) ( - dudvv )
oy /) # 1/(1—a)\ 1—a
< uveZ:E(G)((du+dU 2)%) ) (uvezg(c)((dudv)“) )
a _ _ 1—w
) <”U€ZE(G) (d”erU*z)) (MUG;(G) (duc) v ”‘))

=F(G)"R 4010 (G) "

If G is a regular or biregular graph with m edges, then:

F(G)*R_y(1-0)(G)' % = (A +06 —2)m)" ((Aa8) "/ O-)m)'
_ (A+6—2)"

agj ™M= ABC(G).

Assume that G is connected and that the equality in the first inequality is attained.
Holder’s inequality gives that there exists a constant ¢ with:

dy +dy —2 = c(dydy) %/ (1-%)

for every uv € E(G). Note that the function H : [1,00) x [1,00) — [0,00) given by
H(x,y) = (x +y —2)(xy)*’ (19 is increasing in each variable. If uv, uw € E(G), then:

¢ = (dy + do — 2)(dude)®! 1) = (dy + diy — 2) (ducl)*/ )

implies dy, = dy. Thus, for each vertex u € V(G), every neighbor of u has the same degree.
Since G is a connected graph, this holds if and only if G is regular or biregular.

Assume now thaté > 1. If w € (0,1/2], then:

Kl/vc( 520{/ 1 0() (ZA_z)AZIX/(lftX))

(3 S CRTBMICIRE

o 1)( )/ZADL(A_l)IX/2A1x2/(1fﬂ()+(1_a)(é_1),)(/25“2/(17“)(6_1)(1706)/25“
(A — 1)04/2A/x2/(171x)<5 _ 1)(1706)/25,,4
a(A —1)V/2A8/(=0) 4 (1 — g)(5 — 1)1/25%/ (1=2)
(A — 1)0(/2A(x2/(1—ﬂl) (5 _ 1)(1_a)/2(5a

If & € (1/2,1), then a similar computation gives:

Ki/q ((26 —2)8%/07%) (27 —2) A%/ (172))
(6 —1)1/26%/0-0) (1 — ) (A — 1)1/27%/ (1-2)
(6 — 1)"‘/2(5"‘2/(1*"‘)(A _ 1)(17a)/2Aa

Since:

dy+dy—2

_ 20/ (1—a) _ a/(1-a) _
(26 —2)6 < (du + do — 2) (duddo) EIE)

< (28 —2)A2/ (=),
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Corollary 2 gives:

dy +dy —2\n
ABC,(G)= Yy (=
uveE(G) ( dudy )
o _ / B

- (ZquE(G) (du +dy *2)) (EuveE(G) (dudv) a/(1 a))
B Ky ((20 —2)02/ (=), (27 — 2) A2/ (1=0))
_ F(G)aR_a/(l_a)(G)l—a

Kiya ((26 —2)02/ (=), (24 — 2) A2/ (1=0)) °

1—a

This gives the second and third inequalities.
If the graph is regular, then:

F(G)*R_y /(1) (G)1 ™
Ki/q ((26 —2)82¢/(1=0) (27 — 2) A2/ (1=a))

B ((26 — 2)m)“<(5—2a/(17,x)m)17a

Ky ((20 —2)52/(1-2), (25 — 2)520/ (1-0)))

26 —2)"

If we have the equality in the second or third inequality, then Corollary 2 gives
(26 — 2)62/(1=2) — (2A — 2)A2*/(1=%) " Gince the function h(t) = (2t — 2)t24/(1-2) jg
strictly increasing on [1, c0), we conclude that § = A and G is regular.

Finally, assume that § = 1. If & € (0,1/2], then:

Ky /4 (za/(lfa), (ZA _ 2)A2a/(17a))
o w/2 ,21/2 a?/(1—a
=822 () (-0 (=) ()
DC(ZA _ 2)(1_“)/2A“(2A _ Z)a/ZAaZ/(l—zx) + (1 _ a)zaz/(2—2oc)21x/2
(2A — 2)%/2A0%/ (1=0)pee/2
lX(2A _ 2)1/2A1X/(1*IX) + (1 _ “)206/(2720()
2%(A — 1)a/2Aa2/(1—1x)

If & € (1/2,1), then a similar computation gives:

Kl/(x (206/(1—0()’ (ZA _ 2)A2a/(1—rx))

a2/ 4 (1 — ) (24 — 2)1/2A%/ (170)
202/ (2—2a) Aw (2A _ 2)(1704)/2

Since:
dy+d, —2

2/0°0) < (dy +dy=2)(dud) /170 = LT

S (ZA _ 2)A2D(/(1—D(),
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Corollary 2 gives:

dy +dy —2\n
ABC,(G)= Yy (=
uveE(G) ( dydy )
: —a/(1-

- (ZuveE(G) (dy + do 72)) (EuveE(G) (dudy) a/( o())
> K1/q (22/0-0), (27 — 2) A2/ (1=0))
_ P(G)aR—a/(l—zx)(G)l_a

Ky, (20/(1=2), (27 — 2)A20/ (1-0)) .

1—a

This gives the fourth and fifth inequalities. [J

Theorem 4 has the following consequence.

Corollary 3. Let G be a graph with my isolated edges.
(1) Then:

ABC(G) < /2F(G)(R_1(G) — my).

The equality in this bound is attained for the union of any reqular or bireqular graph and m;
isolated edges; if G is the union of a connected graph and my isolated edges, then the equality in this
bound is attained if and only if G is the union of any reqular or biregular connected graph and m;
isolated edges.

(2)If 6 > 1, then:
2v2AS (A _ 1)1/4(5 _ 1)1/4F(G)1/2R_1(G)1/2
AVA=T1+6v6-1 '

The equality in this bound is attained if and only if G is regular.
(3)If 6 =1, then:

ABC(G) >

2V2A (A — 1)VAF(G)V2(R_1(G) — my) '/
AVA—T+1 '

Theorem 5. If G is a graph with m edges and my isolated edges and a € R, then:

ABC(G) >

ABC4(G) < (m—my —1)*(R—a(G) —my), ifa >0,
ABCy(G) > (m —1)*R_4(G), ifa <0andmy =0.

The equality in the first bound is attained if and only if G is the union of a star graph and m;
isolated edges. The equality in the second bound is attained if and only if G is a star graph.

Proof. Since ABC,(P2) = 0and Rg(P2) = 1, it suffices to prove the theorem for the case
my = 0, i.e., when G is a graph without isolated edges.
In any graph, the inequality d,, + d, < m 4 1holds for every uv € E(G). If « > 0, then:

(st
A — ([t dy =) < (1)1,
()
dy +dy —2\" N L
Zut v~ < _
< i ) < (m—1)%(dydy)™"%,
ABC4(G) < (m — 1)*R_4(G).

If & < 0, then we obtain the converse inequality.
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If G is a star graph, then d,, + d, = m + 1 for every uv € E(G), and the equality is
attained for every a.

If the equality is attained in some inequality, then the previous argument gives that
dy +dy = m+1 for every uv € E(G). In particular, G is a connected graph. If m = 2,
then {d,, d,} = {1,2} for every uv € E(G), and so, G = P; = S3. Assume now m > 3.
Seeking for a contradiction, assume that {d,,d,} # {m,1} for some uv € E(G). Since
dy+d, = m+1,wehave 2 < d,,d, < m—1, and so, there exist two different vertices
u', v € V(G)\ {u,v} with uu’,v0’ € E(G). Since vv’ is not incident on u and u’, we have
dy +d, < m+1,a contradiction. Hence, {d,, d,} = {m, 1} for every uv € E(G), and so,
G is a star graph. [

Corollary 4. If G is a graph with m edges and mj isolated edges, then:
ABC(G) < \/2(m —my —1) (R(G) —m3),
and the equality is attained if and only if G is the union of a star graph and my isolated edges.

Note that Theorem 5 (and Corollary 4) improves Items (1) and (2) in Theorems 1 and
2 for many graphs (when m < 2A —1).

3. Conclusions

Topological indices have become a useful tool for the study of theoretical and practical
problems in different areas of science. An important line of research associated with
topological indices is to find optimal bounds and relations between known topological
indices, in particular to obtain bounds for the topological indices associated with invariant
parameters of a graph (see [1]).

From the theoretical point of view in this research, a new type of Holder converse
inequality was proposed (Theorem 3 and Corollary 2). From the practical point of view,
this inequality was successfully applied to establish new relationships of the generaliza-
tions of the indexes ABC and R; in particular, it was applied to prove Theorem 4 and
Corollary 3. In addition, other new relationships were obtained between these indices
(Theorems 1, 2, and 5) that generalized and improved already known results.
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Abstract: An edge labeling of a graph G = (V, E) using every label from the set {1,2,...,|E(G)|}
exactly once is a local antimagic labeling if the vertex-weights are distinct for every pair of neighboring
vertices, where a vertex-weight is the sum of labels of all edges incident with that vertex. Any local
antimagic labeling induces a proper vertex coloring of G where the color of a vertex is its vertex-weight.
This naturally leads to the concept of a local antimagic chromatic number. The local antimagic
chromatic number is defined to be the minimum number of colors taken over all colorings of G
induced by local antimagic labelings of G. In this paper, we estimate the bounds of the local antimagic
chromatic number for disjoint union of multiple copies of a graph.

Keywords: local antimagic labeling; local antimagic chromatic number; copies of graphs

MSC: 05C78; 05C69

1. Introduction

In this paper, we will consider only finite graphs without loops or multiple edges.
For graph theoretic terminology we refer to the book by Chartrand and Lesniak [1].

An antimagic labeling of a graph G = (V, E) is a bijection f from the set of edges of G
to the integers {1,2,...,|E(G)|} such that all vertex-weights are pairwise distinct, where a
vertex-weight is the sum of labels of all edges incident with that vertex, i.e., for the vertex
u € V(G) the weight wt(u) = Y. f(uv). A graph is called antimagic if it admits an

uveE(G
antimagic labeling. )

The concept of antimagic labeling was introduced by Hartsfield and Ringel [2] who
conjectured that every simple connected graph, other than K3, is antimagic. This conjecture
is still open although for some special classes of graphs it was proved, see for instance [3-8].
Alon et al. [9] proved that large dense graphs are antimagic. Hefetz et al. [10] proved that
any graph on p vertices that admits a Cp-factor, where p is an odd prime and k is a positive
integer, is antimagic. Perhaps the most remarkable result to date is the proof for regular
graphs of odd degree given by Cranston et al. in [11], which was subsequently adapted to
regular graphs of even degree by Bércz et al. in [12] and by Chang et al. in [13].

Recently, two groups of authors in [14,15] independently introduced a local antimagic
labeling as local version of the Hartsfield and Ringel’s concept of antimagic labeling. An
edge labeling using every label from the set {1,2, ..., |E(G)|} exactly once is a local antimagic
labeling if the vertex-weights wt(u) and wt(v) are distinct for every pair of neighboring
vertices u, v.

In [14] authors conjectured that any connected graph other than K, admits a local
antimagic labeling. Bensmail et al. [15] propose the slightly stronger form of the previous
conjecture that every graph without component isomorphic to K has a local antimagic
labeling. This conjecture was proved by Haslegrave [16] using the probabilistic method.

Mathematics 2021, 9, 1230. https:/ /doi.org/10.3390/math9111230 39 https:/ /www.mdpi.com/journal/mathematics
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Any local antimagic labeling induces a proper vertex coloring of G where the vertex-
weight wt(u) is the color of u. This naturally leads to the concept of a local antimagic
chromatic number introduced in [14]. The local antimagic chromatic number x;,(G) is defined
to be the minimum number of colors taken over all colorings of G induced by local antimagic
labelings of G.

For any graph G, x1,(G) > x(G), where x(G) is the chromatic number of G as the min-
imum number of colors needed to produce a proper coloring of G. In [14] is investigated
the local antimagic chromatic number for paths, cycles, friendship graphs, wheels and
complete bipartite graphs. Moreover, there is proved that for any tree T with [ leaves
Xla (T) 2 l + 1.

In this paper, we investigate the local antimagic chromatic number for disjoint union
of multiple copies of a graph G, denoted by mG, m > 1, and we present some estimations
of this parameter.

Please note that G does not have to be necessarily connected. By the symbol x;
we denote the element (vertex or edge) corresponding to the element (vertex or edge) x
in the ith copy of GinmG,i=1,2,...,m.

2. Graphs with Vertices of Even Degrees

A graph G is called equally 2-edge colorable if it is possible to color its edges with two
colors ¢y, ¢y such that for every vertex v € V(G) the number of edges incident to the vertex
v colored with color ¢; is the same as the number of edges incident to the vertex v colored
with color c,. This means that for any vertex v € V(G) is n'(v) = n?(v), where n(v)
denotes the number of edges incident to the vertex v and colored with color ¢;, i = 1,2.
Trivially, if a graph G is equally 2-edge colorable then all vertices in G have even degrees.

Consider that G is an even regular graph. Then there exists an Euler circle in G.
If we alternatively color the edges in the Euler circle with colors c¢; and c; we obtain that
either for every vertex v in G holds n!(v) = n?(v), or there exists exactly one vertex in G,
say w, such that n!(w) = n?(w) + 2.

Consider a 2-edge coloring c of a graph G. Let ¢(G) denote the number of vertices in G
such that n!(v) # n2(v) under the labeling c. In this case we say that c is a c¢(G)-equally
2-edge coloring of G.

Let ¢ be any 2-edge coloring of G. Let f be any bijective mapping in G, f : E(G) —
{1,2,...,|E(G)|}. We define an edge labeling g of mG, m > 1 in the following way

(&) = m(f(e) —1)+1i, ifcle)=crandi=1,2,...,m,
siei) = mf(e)+1—i, ifcle)=cyandi=1,2,...,m.

If an edge in G is labeled with the number t, 1 < t < |E(G)|, then the corresponding
edges in mG are labeled with numbers from the set {m(t — 1) +1,m(t — 1) +2,...,mt}.
Thus we immediately obtain that the labeling g is a bijective mapping that assigns numbers
1,2,...,m|E(G)| to the edges of mG.

Moreover, for the weight of the vertex v;,i = 1,2,...,m, in mG under the labeling g
we obtain the following

wte(v)) = Y glup;) = ) g(ujv;) + ) g(uv;)

uveE(G) uveE(G): c(uv)=c; uveE(G): c(uv)=cp
= ) (m(f(uv) —1)+1) + ) (mf(uv) +1—1)
uveE(G): c(uv)=cy uveE(G): c(uv)=cp

=m X fluv) + (i = m)ne (0)
uveE(G): c(uv)=cy
tmo ¥ fue)+ (1 -ini(o)
uveE(G): c(uv)=cy

=m Y, f(uv)+ (i—mng(v) + (1—i)ni(v)

uveE(G)
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=m - wtf(v) + (i — m)nk(v) + (1 —i)n?(v).
Thus, for every vertex v € V(G) such that n!(v) = n%(v) = deg(v)/2 we obtain

(1—m)deg(v)

wtg(v;) = m-wts(v) + >

1)
fori =1,2,...,m. This means that the corresponding vertices in different copies have the same
weights. Summarizing the previous we obtain the following lemma that will be used later.

Lemma 1. Let G be a graph and let ¢ be a 2-edge coloring of G and let f, f : E(G) —
{1,2,...,|E(G)|}, be a bijection. Let m, m > 1, be a positive integer. Then there exists an edge
labeling g of mG such that the weights of vertices v;, i =1,2,...,m, corresponding to the vertex
v € V(G) satisfying nl(v) = n?(v) = deg(v)/2 will be the same.

Immediately from the previous result we obtain the following theorem for equally
2-edge colorable graphs.

Theorem 1. Let m be a positive integer. Let G be an equally 2-edge colorable graph and let
f be a local vertex antimagic edge labeling of G that uses x;,(G) colors. Let for every edge

uv € E(G) be
lfm)zdeg(u) .

muwts(v) + % # mwt ¢ (u) + (
Then
X1a(mG) < x14(G).

Proof. Let f be a local vertex antimagic edge labeling of G that uses x;,(G) colors. Let ¢
be an equally 2-edge coloring of G. This means that for every vertex v € V(G) is n'(v) =

n?(v) = deg(v)/2.

According to Lemma 1 and Equality (1) we obtain that there exists a labeling ¢ of mG,
m > 1, such that for every v € V(G) and every i = 1,2,...,m holds wtg(v;) = m - wtf(v) +
(1 —m)deg(v)/2. Thus, g is such labeling that the corresponding vertices in different
copies have the same weights. If for all adjacent vertices u,v € V(G) holds

mwtf( )+ (1—m deg ;émwtf( )+ (17m)2deg(u) (2)

then also all adjacent vertices in mG have distinct weights.
Moreover, x;,(mG) < x1,(G). This concludes the proof. [

Note, if G is a regular graph then the condition (2) trivially holds. Results in the next
two theorems are based on the Petersen Theorem.

Proposition 1. (Petersen Theorem) Let G be a 2r-reqular graph. Then there exists a 2-factor in G.

Notice that after removing edges of the 2-factor guaranteed by Petersen Theorem we have
again an even regular graph. Thus, by induction, an even regular graph has a 2-factorization.

Theorem 2. Let G be a 4r-regular graph, v > 1. Then for every positive integer m
Xlu(mG) < Xla(G)'

Proof. Let G be a 4r-regular graph. According to Petersen Theorem G is decomposable
into 2-factors Fy, F,, ..., Fp,. Consider an edge coloring ¢ of G defined such that

c(e) = c1, ifeGE(F]-),j:LZ,...,r,
B o, ifeeE(fo),jzr+1,r+2,...,2r.
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Evidently, c is an equally 2-edge coloring of G. Thus, immediately according to Theorem 1
we obtain the desired result. [

Theorem 3. Let G be a (4r + 2)-reqular graph, r > 0, containing a 2-factor consisting only from
even cycles. Then for every positive integer m

X1a(mG) < x14(G).

Proof. Let G be a (4r + 2)-regular graph containing a 2-factor consisting only from even
cycles. Denote this 2-factor by F;. Let us denote the edges in component F; by the symbols
€1,€, .-, eyg| arbitrarily in such a way that all cycles in F; are of the form eseg 16542 . . . €544,
where s,t are odd integers. As all cycles in F; are even, evidently every vertex in G
is incident with an edge in F; with an even and also with an odd index.

According to Petersen Theorem the graph G — F; is decomposable into 2-factors b, F3, . . .,
Fy41. Consider an edge coloring c of G defined such that

/e 21 1ll - 1 2 ‘V(2G>|/
), i=23,...,r+1,
c(e) = " ! vl
0, ifec€E(F),e=ey;,i=12,. o

orifeeE(F]),]—r+2r+3 L2r+ 1.

c1, ifee E(Fl)
orife € E(F;

~.

It is easy to see that for every vertex v € V(G) holds
n'(v) = n?(v) = 2r + 1.

This means that c is an equally 2-edge coloring of G. By Theorem 1 we obtain that
Xia(mG) < x10(G). O

Corollary 1. Let n, m be positive integers, n > 2, m > 1. Then
Xlﬂ(mCZn) =3.

Proof. In [14] it was proved that x;,(Cx) = 3 for every k > 3. According to Theorem 3
we obtain that if k = 2n then for every positive integer m holds x;,(mCy,) < 3.

Now suppose there exists a local antimagic labeling f that induces a 2-coloring C of mCy,,,
i.e., the set of the vertex weights consists of two numbers C; and C;. As every edge label
contributes exactly once to the vertex weight of a vertex colored C; we obtain

mn-Cr=14+2+---+2nm.

However, every edge label contributes also exactly once to the vertex weight of a vertex
colored C, thus
mn-Cp=1+2+---+42nm.

A contradiction. Thus, x;,(mCy,) > 3. O
Theorem 4. Let n, m be positive integers, n > 1, m > 1. Then
Xla(mCZnJrl) <m+2.

Prqof. Let us denote the vertex set and the edge set of mC2n+1 such that V(Cy,41) =
{vg ti=12,...,21+1,j=12,...,m}and E(Cyps1) = (o, :i=12...2nj=
1,2,. m}u{v1 2Vl+1:] 1,2,.. m} Lete]—vv i=12,....2nj=12,...,m

i7i4+17
jJ _
and let 62n+1 N1 ) =1,2,...,m.
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We define an edge labeling f of mCy,,41 in the following way

) miz 4, ifi=1,3...21+1,j=1,2,...,m,
fle) = m(2n+2—§')+1—j, ifi=24,...2nj=12...m

For the weight of the vertex vf:, i=3,5,...,2n+1,j=1,2,...,m we obtain
we(o]) =f(el_y) + f(el) = [m(2n+2—51) +1— ] + "G +j] = m(2n +2) +1
and fori=2,4,...,2n,j=1,2,...,m, we obtain
witp(o]) =f(e] )+ flel) = [+ ]+ (2 42— ) +1- ]
=m(2n+1)+1.
The weight of the vertex v]i,j =1,2,...,m,is
wtg(0]) =F(e]) + F(Eg0) = [P 4 /] [ o ] = 42,

thus the weights are mn +2,mn +4,...,m(n + 2). Thus, all adjacent vertices have distinct
weights. Moreover we obtain x;,(mCpy1q) < m+2. O

Please note that a cycle Cy,, 11 is 1-equally 2-edge colorable. It is possible to gener-
alize the results from the previous section also for ¢(G)-equally 2-edge colorable graphs.
If we are able to guarantee that for every edge uv € E(G) is

mwt (1) + (i — m)ng (u)+(1 — i)ng (u)
# mwty(0) + (i = m)ng (v) + (1 = i) (v) 3)

then we can prove that
X12(mG) < x1,(G) +min{(m — 1)c(G) : ¢ is a 2-edge coloring of G satisfying (3)}.

This condition is fulfilled for some graphs containing pendant vertices, thus also
for some trees.

Lemma 2. Let G be a graph with | leaves, | > 0. Then
Xla(G) > [+ 1.

Proof. The proof is similar to the proof in [14]. Let f be any local antimagic labeling of a graph
G. Then in the coloring induced by f, the color of a leaf v is f(uv), where uv € E(G).
Hence all the leaves receive distinct colors. Moreover, for any non-leaf w incident with an
edge e with f(e) = |E(G)|, the color assigned to w is larger than |E(G)|. Hence the number
of colors in the coloring induced by fis atleast!/+1. O

Theorem 5. Let G be a graph without a component isomorphic to Ky such that all vertices in G
but leaves have the same even degree. If there exists a 2-edge coloring c of G such that for all vertices
v but leaves holds nl(v) = n2(v) = deg(v) /2, then

ml+1 < x10(mG) < x14(G) + (m — 1)1,

where m is a positive integer and | is the number of leaves in G.
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Proof. Let G be a graph without a component isomorphic to K; such that all its vertices
but leaves have the same even degree 2r. Let ¢ be a 2-edge coloring of G such that for all
vertices v in G but leaves holds 1 (v) = n?(v) = deg(v)/2 = r.

Let f be any local antimagic labeling of a graph G that uses x;,(G) colors. Then using Equality
(1) we obtain that there exists an edge labeling g of mG, m > 1, such that the weights of
non-leaf vertices v;, i = 1,2,...,m, corresponding to a vertex v in G, are

wtg(v;) =m - wte(v) + (1 —m)r.

This means that the weights of corresponding non-leaf vertices in every copy of G are
the same. However, this also means that the adjacent non-leaf vertices in mG have dis-
tinct weights.

Now consider the edges w;u;, i = 1,2,...,m, where w is a leaf. Fori = 1,2,...,m
trivially holds

wtg(wi) = g(wu;) < Y g(vju;) = wig(u;).
uveE(G)

Which means that all adjacent vertices have distinct weights.
Combining the previous arguments we obtain

X1a(mG) < x10(G) + (m —1)L.
The lower bound for x;,(mG) follows from Lemma 2. [

3. Trees

If the graph in Theorem 5 is a forest we immediately obtain the following result.

Theorem 6. Let T be a forest with no component isomorphic to Ky such that all vertices but leaves
have the same even degree. Then

ml+1 < x1a(mT) < x10(T) + (m = 1)1,
where m is a positive integer and | is the number of leaves in T.

Proof. Trivially, any graph containing K; as a component cannot be local antimagic.

Let T be a forest with no component isomorphic to K, such that all vertices but leaves
have the same even degree 2r. Clearly there exists a 2-edge coloring c of T such that for all
vertices v but leaves hold n!(v) = n%(v) = deg(v)/2 = r. Thus, according to Theorem 5
we are done. O

Immediately from the previous theorem we obtain the result for copies of paths and
copies of some stars as x;,(P;) = 3 forn > 3 and x;,(Ky,,) = n+1forn > 2, see [14].

Corollary 2. Let Py, be a path on n vertices, n > 3. Then for every positive integer m, m > 1, holds
Xia(mPy) =2m + 1.
Corollary 3. Let K 5, be a star, n > 1. Then for every positive integer m, m > 1, holds
X1a(mK12y) = 2nm + 1.
Theorem 7. Let Ky 5,41 be a star, n > 1. Then for every positive integer m, m > 1, holds

(2n+1)m+1, ifmisoddorifmisevenand m > n+1,

mK =
Kia(mKa241) {(2n—|—1)m+2, if mis even and m < n + 1.
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Proof. Let us denote the vertices and the edges of mKj 5,11 such that
V(mKygns1) ={w;, 0l :i=1,2,...,m,j=1,2,...,2n+1},
E(mKypyi1) ={w;ivl :i=1,2,...,m,j=1,2,...,2n+1}.

We consider two cases according to the parity of m.
Case 1: when m is odd.
We define an edge labeling g of mKj 5,11 in the following way

i iff=landi=12,...,m,
il |, ifj=2andi=1,2,..., "1,
ML ifj=2andi= "m0,

glwwl) ={3m+1-2i, ifj=3andi=1,2,...,%71,

4m+1-2i, ifj=3andi="31, 153 m,

(G—1)m—+i, ifj=45,...,n+2andi=1,2,...,m,
jm+1—1, ifj=n+3,n+4,....2n+1landi=1,2,...,m.

Evidently g is a bijection and the induced weights of the vertices w;, i = 1,2,...,m, are

2n+1 .
wty(w;) = g g(wio]) = 2
1
j=1
As all vertices of degree 2n + 1 have the same weights and the weights of the leaves are
distinct we obtain x;,(mKj 2,41) < (2n + 1)m + 1. The lower bound follows from Lemma 2.
Case 2: when m is even.
In this case consider a labeling f of mKj 5,41 defined such that
F(w; j)_ i ifj=12,....,2n+1landi =1,
i 2n+1+4g(wiq0l_,), ifj=12,...,2n+1andi=23,...,m.

According to the properties of the labeling g, the labeling f is a bijective mapping that
assigns numbers 1,2, ...,m(2n + 1) to the edges of mKj »,11. The weights of vertices w;,
i=2,3,...,m,are all the same as

2n+1 . 2n+1 . It )41
wtp(w;) = Y. flwol) =Y. [2n+1+g(wi,1vg_1)} — (2n 4 1) 4 QoD (m@ni1) 1)
j=1 j=1

The weight of the vertex w; is

2n+1 . 2n+1

wtywn) = 1 flone]) = L j= (n+ )@+ 1)
= =

If the weight of the vertex w; under the labeling f is the same as the weight of some leaf,
we obtain that x;,(mKj 2,+1) < (2n 4 1)m + 1. This is satisfied when (n +1)(2n +1) <
m(2n + 1), thatis if n + 1 < m. The equality x;,(mKj2,4+1) = (2n 4+ 1)m + 1 holds because
the number of induced colors must be greater then the number of leaves, see Lemma 2.
Now consider that the weight of the vertex wq under the labeling f is greater then the weight
of all leaves, i.e., n +1 > m. Then labeling f induces (21 + 1)m + 2 colors for vertices.

To prove that it is not possible to obtain (21 + 1)m + 1 colors it is sufficient to consider
the fact, that the weight of any vertex of degree 21 + 1 is at least the sum of numbers
1,2,...,2n+1, thusitis at least (n + 1) (2n + 1). However, the weights of leaves are at most
(2n + 1)m. Thus if there exists an edge labeling that induces (21 4+ 1)m + 1 colors for ver-
tices, under this labeling all vertices w;, i = 1,2, ..., m must have the same color/weight,
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say c(w). However, in this case the sum of all edge labels must be equal to m multiple
of c(w), as every edge label contributes exactly once the weight of a vertex of degree 2n + 1.
Thus mc(w) =1+2+--- + (2n + 1)m which implies

2c(w) =2n+1)((2n+1)m+1).

However, this is a contradiction as for m even the right side of the previous equation is
odd. This means that in this case x;,(mKj 2,11) = 2n+1)m+2. O

Please note that Theorem 6 can be extended also for other trees (forests) such that their
non-leaf vertices have even degrees, not necessarily the same. We just need to guarantee
that the adjacent non-leaf vertices will have distinct weights. For some trees, for example for
spiders, we are able to do it. A spider graph is a tree with exactly one vertex of degree greater
than 2. By S(nq,np,...,1m;),1 < n; < mnjyq,i=1,2,...,1—1,1 > 3, we denote a spider
obtained by identifying one leaf in paths P, 11,i = 1,2,...,1. In [17] was proved that if
ny = 1then x;,(S(ny,ny,...,n)) =1+ 1and if ny > 2 then x;,(S(ny,ng, ..., 1)) <1+2.
Moreover, for [ > 4 the described edge labeling induces for the root vertex, the vertex of degree
[, the largest weight over all other vertex weights. Using the presented results we obtain

Theorem 8. Let S(ny,ny, ..., 1n;) be a spider graph. If  is even, 1 > 4, and ny =1
Xia(mS(ny, ny, ..., ny)) =ml+1.
Ifliseven, | > 4, and nqy > 2
ml+1 < x;,(mS(ny,ny,...,n)) < ml+2.

In [18] was proposed the following conjecture.

Theorem 9. Ref. [18] Let T be a tree other than K, with [ leaves. Then
I+1< xu(T) <142

In the light of the previous results trees, for copies of trees we conjecture

Theorem 10. Let T be a tree other than Ky with I leaves. Then for every positive integer m, m > 1,
ml+1 < x;,(mT) < ml +2.

4. Graphs with Chromatic Index 3

In this section we will deal with 3-regular graphs that admit a proper 3-edge coloring.

Theorem 11. Let G be a 3-reqular graph with chromatic index x'(G) = 3. Then for every odd
positive integer m, m > 1, holds
X1a(mG) < X1a(G)-

Proof. Let ¢ be a proper 3-edge coloring of G. Let f be a local vertex antimagic edge
labeling of G that uses x;,(G) colors.
We define a new labeling ¢ of mG, for m odd, in the following way.

m(f(e) —1)+ ifcle) =cpandi=1,2,...,m,
m(f(e) — 1)+1—i—mJr1 ifcle) =cpandi=1,2,..., 251,
gle;) = m(fe) —1)+i—"7, ifc(e) =crandi= "2, "3 o,
mf(e)+1—2i, ifc(e) =czandi=1,2,..., 21,
mf(e) +m+1—2i, ifc(e)ZC3andi—m;“1,m§”3, ,m
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Itis easy to see that if an edge in G is labeled with the number ,1 < t < |E(G)|, then the cor-
responding edges in mG are labeled with numbers from the set {m(t —1) +1,m(t — 1) +
2,...,mt}. Thus, g is a bijection that assigns numbers 1,2, ..., m|E(G)| to the edges of mG.
Now we will calculate a vertex weight of the vertex v; in mG. Let x, y and z be the vertices
adjacent to v in G. Without loss of generality we can assume that c(xv) = ¢, c(yv) = ¢
and ¢(zv) = c3. Then fori =1,2,...,(m — 1) /2 we obtain

wte(v;) =g(xiv;) + g(yivi) + g(z;v;)
=[m(f(x0) = 1) +i) + [m(F(yo) = 1) +i+ 22| + [mf(z0) +1- 2]
=m(f(xv) + f(yv) + f(z0)) + 332 = mwt(v) + 352

Ifi=(m+1)/2,(m+3)/2,...,mthen

wig (i) =g (xivi) + g(yivi) + g(2iv;)
=[m(f(xv) —1)+i]+ [m(f(yv) 1) +i— mT_l] + [mf(zv) +m+1—2i]
=m(f(xv) + f(yo) + f(z0)) + 35" = mwtg(0) + 3. (4)
Thus, in all copies the corresponding vertices have the same weights.
Moreover, as the set of weights of vertices in G under the labeling f consists of x;,(G)

distinct numbers we immediately obtain that also the set of weights of vertices in mG
under the labeling g consists of x;,(G) distinct numbers. Thus, x;,(mG) < x1,(G). O

Analogously, as it was possible to extend the results in Section 2 for graphs with leaves,
we can also extend Theorem 11 for some graphs with pendant vertices.

Theorem 12. Let G be a graph such that all vertices but leaves have degree 3. If there exists
a 3-edge coloring c of G such that for all vertices v but leaves hold nl(v) = n2(v) = n2(v) =1,
then for every odd positive integer m, m > 1,

ml+1 < x1,(mG) < x14(G) + (m — 1)1,
where [ is the number of leaves in G.

Proof. Let G be a graph such that all its vertices but leaves have degree 3. Let ¢ be a 3-edge
coloring of G such that for all vertices v in G but leaves hold n}(v) = n2(v) = n3(v) = 1.
Let f be any local antimagic labeling of a graph G that uses x;,(G) colors. Then using Equality (4)
we obtain that there exists an edge labeling g of mG, m odd m > 1, such that the weights of
non-leaf vertices v;,i = 1,2,...,m, corresponding to a vertex v in G, are

wtg(v;) = mwts(v) + d=gm,

This means that the weights of corresponding non-leaf vertices in every copy of G are the
same. However, this also means that the adjacent non-leaf vertices in mG
have distinct weights.

Now consider the edges w;u;, i =1,2,...,m, where w is a leaf. Trivially holds

wtg(w;) = g(wiu;) < ), g(viur) = whg(uy).
uveE(G)

Which means that all adjacent vertices have distinct weights.
Combining the previous arguments we obtain

X1a(mG) < x1a(G) + (m — 1)L

The lower bound for x;,(mG) follows from Lemma 2. O
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Immediately for forests we obtain the following result.

Corollary 4. Let T be a forest such that all its vertices but leaves have degree 3. Then for every odd
positive integer m, m > 1 holds

ml+1 < x1a(mT) < x14(T) + (m = 1)1,
where | is the number of leaves in T.

Proof. Let T be a forest such that all its vertices but leaves have degree 3. Trivially there
exists a 3-edge coloring c of T such that for all vertices v but leaves hold n!(v) = n2(v) =

n2(v) = 1. Using Theorem 12 we obtain the desired result. [

The next theorem shows how it is possible to extend the previous result for regular
graphs that are decomposable into spanning subgraphs that are all isomorphic either
to even regular graphs or 3-regular graphs.

Theorem 13. Let G be a graph that can be decomposed into factors Gy, Ga, ..., Gy, k > 1, and let
every factor G;, i =1,2,...,k, be isomorphic to a graph of the following types:

type I: a 4-reqular graph,

type 1I: a 2-regqular graph consisting of even cycles,

type III: a 3-regular graph with chromatic index 3.

If every factor G;,i = 1,2, ...,k is of type I or of type 11 then for every positive integer m, m > 1, holds

Xlu(mG) < Xlu(G)-

If at least one factor G;, i = 1,2,. .., k, is of type III then for every odd positive integer m, m > 1, holds
X1a(mG) < X1a(G)-

Please note that the exact value of x;,(Kj) is n, since x;,(Ky) > x(Ky) = n. Inmediately
from the previous theorem we obtain the following result for complete graphs K.

Corollary 5. Let K, be a complete graph on n vertices, n > 4. If n =1 (mod 4) then for every
positive integer m, m > 1, and if n = 0 (mod 4) then for every odd positive integer m, m > 1, we
have x;,(mK,) = n.

5. Conclusions

One interesting problem is to find a local antimagic chromatic number for disjoint
union of arbitrary graphs. According to results proved by Haslegrave [16] we obtain that
this parameter is finite for disjoint union of arbitrary graphs if and only if non of these
graphs contains an isolated edge as a subgraph. Moreover, Haslegrave [16] proved the
following result.

Theorem 14. Ref. [16] For every graph G with m edges, none of which is isolated, and for any
positive integer k, the edges of G may be labeled with a permutation of {k,k+1,...,m +k—1}

in such a way that the vertex sums distinguish all pairs of adjacent vertices.

Immediately from this result we obtain an upper bound for a local antimagic chromatic
number for disjoint union of arbitrary graphs.

Theorem 15. Let G;, i =1,2,...,n, be a graph with no isolated edge. Then

Xm(& Gi) < min{XZa(Gt) + i V(G| = V(G| : t = 1,2,...,n}.

=1
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For some graphs we can obtain a better upper bound.

Theorem 16. Let G;, i = 1,2, be a graph with no isolated edge. Let G, be a graph such that all
vertices but leaves have the same degree. Then

X1a(G1U G2) < x1a(G1) + X1a(G2) + I,

where Iy is the number of leaves in Gy.

Proof. Let G, be a graph such that all vertices but leaves have the same degree r, r > 2
and let I be the number of leaves in G,. Let f;, i = 1,2, be a local vertex antimagic edge
labeling of G; that uses x;,(G;) colors. We define an edge labeling g of G; U G; such that

g(e) _ {fl(e)r ife € E(Gl),
fr(e) + |E(Gy)|, ife € E(Gy).

As f1 and f; are bijections evidently also g is a bijection. For the vertex weights under the
labeling ¢ we obtain the following. If v € V(G;) then

wte(v) =Y. guo)= Y, fi(uv) = wty, (v).

uveE(Gy) uveE(Gy)

Thus, the weights of adjacent vertices in Gy are distinct and they induce x;,(G1) colors.
Ifv € V(Gy) and degg, (v) = r then

wtg(v) =}, gv)= ) (f(u0)+[E(G1)])

uveE(Gy) uveE(Gy)
= Y fa(uv) +r[E(G)| = wtg, (v) + r[E(Gy)].
uveE(Gy)

Ifv € V(Gy) and deg, (v) = 1 then

wtg(0) =}, gwo)= ) (f2(u0) +|E(G1)]) = fa(uv) +|E(G1)]

uveE(Gy) uveE(Gy)
=t (0) + |E(G).

This means that also the weights of adjacent vertices in G, are distinct. Moreover, we obtain
that the labeling ¢ induces at most x;,(Gz) + I colors as the number of colors assigned to
the vertices of degree at least 2 is the same and all the leaves could be assigned with the
colors different from the colors of non leaves.

Combining the previous we obtain that the labeling g induces at most x;,(G1) + x1,(G2) + I»
colors. [J

Theorem 17. Let G be a graph with no isolated edge and with | leaves. Then for every positive
integer m, m > 1 holds

I+2m+1 < x,(GUmMP3) < x1,(G) +2m + 1.

Proof. Let G be a graph with no isolated edge and with [ leaves. The lower bound follows
from Lemma 2. The upper bound is based on the fact that there exists a local antimagic
labeling of mP3 that induces 2m + 1 colors such that the color of every vertex of degree
2 in mP3; will have the same color 2m + 1. Thus, the labeling ¢ of mP; U G described
in the proof of Theorem 16 induces also 2m + 1 colors for vertices in mP3. These colors are
|E(G)|+1,|E(G)| +2,...,|E(G)| +2m and 2|E(G)| + 2m + 1. In general, these colors are
distinct from colors of vertices in G; induced by the labeling g. This concludes the proof. [
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Abstract: Often for understanding a structure, other closely related structures with the former are
associated. An example of this is the study of hyperspaces. In this paper, we give necessary and
sufficient conditions for the existence of finitely-dimensional maximal free cells in the hyperspace
C(G) of a dendrite G; then, we give necessary and sufficient conditions so that the aforementioned
result can be applied when G is a dendroid. Furthermore, we prove that the arc is the unique arcwise
connected, compact, and metric space X for which the anchored hyperspace Cp(X) is an arc for
some p € X.

Keywords: hyperspace; graph; dendroid; dendrite

1. Introduction

In the study of a mathematical structure, sometimes other structures that allow for
visualizing problems in different ways are built.

One of the theories developed using this type of study is the Theory of Hyperspaces;
this theory began with the investigations of F. Hausdorff and L. Vietoris. Given a topological
space X, the 2% hyperspace of all nonempty and closed subsets of X was introduced by
L. Vietoris in 1922, and he proved basic facts about 2X—for example, compactness of X
implies compactness of 2% and vice versa; 2% is connected if and only if X is connected.
When X is a metric space, 2% can be endowed with the Hausdorff metric (defined by F.
Hausdorff in 1914).

The hyperspace of all nonempty, closed and connected subsets of X is denoted by
C(X) and considered as a subspace of 2X. In turn, the hyperspace of all nonempty, closed,
and connected sets of X containing a point p, which is denoted by C,(X), is a subspace
of C(X).

The hyperspaces C(X) and Cp,(X) are subjects of study for many researchers. Among
several topics about hyperspace, one of the most interesting is to recognize a hyperspace
as homeomorphic to some known space: Ref. [1] presents a special class of spaces X for
which C(X) is homeomorphic to the infinite cylinder X x R>(. Another interesting topic is
to analyze topological properties: for compact, connected, and metric X, the hyperspaces
Cp(X) are locally connected for all p € X [2].

Graphs have been widely and deeply studied (see [3-7]) and have proved to be an
excellent tool for representing and modeling different structures in several areas of discrete
mathematics and computation (see [8,9]). As far as hyperspace is concerned, there exist
some works relating both subjects. For example, Duda [10] proved that a space X is a finite
graph if and only if C(X) is a polyhedral. In a dendroid X smooth in a point p, C,(X) is
homeomorphic to the Hilbert cube if and only if p is not in the interior of a finite tree in
X, a result due to Carl Eberhart [11]. Recently, Reyna et al. proved that, in a local space X,
Cp(X) is a polyhedral for all p if and only if X is a finite graph [12].

In this paper, we are concerned with fully determining the existence of maximal finite
dimensional free cells in the hyperspace C(X), first of a dendrite and then a dendroid X,
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as well as examining necessary and sufficient conditions for the hyperspace C,(X) if an arc
provided X is an arc-wise connected space.

2. Definitions

Throughout this paper, the term space is meant to be a connected, compact, and metric
space, and a subspace is understood to be a subset of a space which is a space itself. Given a
space X, the symbol 2% denotes the hyperspace of non-empty closed subsets of X, and C(X)
is the hyperspace of non empty subspaces of X both endowed with the Hausdorff’s metric,
two models of hyperspaces are shown in Figure 1. Notice that X is naturally embedded in
2X via the map x +— {x} (compare with ([13] [0.48]).

M C(M) M C(M)
Figure 1. The hyperspaces C(M) for the path P, and the star Ss.

Given a point p € X, the anchored hyperspace of X at p, denoted by C,(X), is the
subspace of C(X) consisting of those elements containing p. Note that C,(X) is a subspace
of C(X), which in turn is a subspace of 2.

A space X is unicoherent if, for any A, B C X subspaces such that X = AU B, we
have that A N B is connected. The space X is called hereditary unicoherent if each subspace
is unicoherent.

A graph G, consisting of a set V(G), called the vertices of G and a set E(G) of unordered
pairs of elements of V(G), called the edges of G. Letting G be a graph, if two vertices x and
y of G form an edge, we say that they are adjacent, and this is denoted by x ~ y. This fact is
also expressed by saying that x and y are neighbors. A vertex of G is called a ramification
vertex if it has three or more neighbors and a terminal vertex if it has exactly one neighbor.
G is called simple if it contains no loops (a vertex adjacent to itself) and possesses at most
one edge between any two vertices. A path between two vertices u and v of G is a finite
sequence of consecutive adjacent vertices such that the first one is u and the last one is v.
G is connected if there is a path between any two vertices. A cycle in G is a finite sequence
of at least three consecutively adjacent vertices such that the first one and the last one are
adjacent. In this paper, we consider simple and connected graphs without cycles whose
vertices are ramification or terminal vertices, that is, there are no vertices with exactly
two neighbors.

In order to consider a graph G as a metric space, if we use the notation [, v] for the
edge joining the vertices u and v, we must identify any edge [u,v] € E(G) with the closed
interval [0, ] (if  := L([u, v]); therefore, any point in the interior of any edge is a point of
G and, if we consider the edge [u,v] as a graph with just one edge, then it is identified
with the closed interval [0, 1]. A connected graph G is naturally equipped with a distance
defined on its points, induced by taking shortest paths in G. Then, we see G as a metric
graph (see [10,14]); according to this, a dendroid is a simple and connected graph without
cycles which is a hereditary unicoherent space; the comb and the harmonic fan are examples
of dendroids (see Figure 2). By dendrite, we mean a locally connected dendroid. Any tree,
the F,, and the Gehmann dendrite are examples of these types of graphs (see Figure 3).
Throughout this paper, G denotes a dendroid or a dendrite.
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Figure 2. The comb and harmonic fan dendroids.

Z o

Figure 3. The F,, and Gehmann dendrites.

A point p € G is called essential of type I if it is a vertex with infinitely many neighbors
or essential of type II if there exists an infinite sequence of ramification vertices (p,) such
that p, — p. We use the word essential to mean essential of type I or II. A point which
is not a vertex, nor an essential point, is called an ordinary point; we denote T(G), O(G),
R(G), and ES(G) the sets of terminal vertices, ordinary points, ramification vertices, and
essential points, respectively.

The order of a point x in a dendroid G is defined as follows:

—_

, if x is a terminal vertex;

N

,  if x is an ordinary point;
og(x) =

S

,  if x has exactly n neighbors;

3

, if x is an essential point.

An m-dimensional cell (or m-cell for short) in a space X is a subspace M homeomorphic
to [0,1]™, the part of M homeomorphic to (0,1)™ is called the interior manifold of M, and
it is denoted by M°, while M — M° is denoted with dM, and it is called the boundary
manifold of M. If it occurs that the interior manifold M° is actually an open set of X, then
M is called a free cell of X; Figure 4 shows a space with some free cells. In Theorem 2, we
establish sufficient and necessary conditions for the existence of a maximal free m-cell in the
hyperspace C(G) for a dendrite G. Furthermore, in Theorem 3, we establish sufficient and
necessary conditions so that Theorem 2 can be applied when G is an arbitrary dendroid.

—t+—+ Free 3-cell

Free 2-cell
/— Free 1-cell

Figure 4. Free cells.

3. Preliminaries

Given m < n, let A and B be m, n-cells, respectively, with A C B. If m = n, A° is an
open subset of B°. On the other hand, if m < n, then A° is not an open subset of B because
non-empty neighborhoods of B° contain m-dimensional open balls, and none of these can
be contained in A°. Therefore, the next lemma follows at once.
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Lemma 1. (a) If a cell is contained in a higher dimensional cell, then the first one is not a free cell.
(b) Each m-cell contained in a free m-cell is a free m-cell.

In order to show that the cells that we are going to locate in hyperspace C(G) of the
dendrite G are maximal, we need Corollary 1 and Lemmas 2-5; in all of these, except
Lemma 3, it is assumed that A C B are m-cells.

Recall that Int A and Bd A designate, respectively, the topological interior and topological
boundary of the set A.

Lemma 2. If0A = 0B, then A = B.

Proof. Since A° C B°, it remains to show that B° C A°. Let x € B® and suppose x ¢ A°.
Now, if we take y € A°, then x,y € B°. Let a be an arc from x to y contained in B°. Then,

the arc & contains an end point in B — A and the other end point in A°. It necessarily occurs
that« NdA # @, and this is absurd. [

Recall that the Borsuk—Ulam Theorem establishes that, for any continuous map f :
S§" — R", there must exist some point x € S" such that f(x) = f(—x). This theorem,
in particular, implies that no such maps can be one to one, and this is the key piece in the
proof of next lemma.

Lemma 3. The unique homemorphic copy of S contained in S" is S itself.

Proof. Let A be a proper homeomorphic subspace of S"; notice that we can suppose
that the North Pole is not contained in A (otherwise, apply a suitable rotation to S").
If ¢ : S* — Ais a homeomorphism and ¢ is the usual stereographic projection of S” to R"
restricted to A, then 0 o ¢ : S" — R" is a continuous one to one map, a contradiction. [

Corollary 1. If0A C 9B, then A = B.
Lemma4. If B° C A, then A = B.

Proof. Let x € 0B and let U be a neighborhood of x in B. Since UN B® # @, UN A # @,
andhencex e A=A. O

Lemma 5. Let x € 0A, if x ¢ 9B, then x € Bd A.

Proof. Suppose x & Bd A; then, x € Int A and hence Int A N B° is an open set in B
containing x. Thus, there must exist a neighborhood V of x homeomorphic to (0,1)"
contained in Int A N B°, and the latter shows that x cannot belong to any face of A. In other
words, x € 0A. O

If ] = [p1, p2] is an arg, it is a well known fact that C(]) is a 2-cell whose interior
manifold are all subsets in the form A = [a, b], where a # b and none of these points equal
to pp or py (see [10]).

4. Free Cells in Hyperspaces of Dendrites
4.1. The Casen = 2

We are close to announcing Theorem 2 where necessary and sufficient conditions
are given for the existence of a maximal finite dimensional free n-cells in the hyperspace
C(G) of a dendrite G. The free cell built in its proof has the property that all of their
elements contain a certain subspace A. In this particular case, the maximal free cells are the
hyperspaces C(]) with | an edge, and none of these cells have such a property. Therefore,
the case n = 2 needs to be treated separately. However, first, it is necessary to state the
following known property about locally connected topological spaces.
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Lemma 6. In any locally connected topological space, the components of open sets are open sets.

Theorem 1. The hyperspace C(G) of a dendrite G contains a maximal free 2-cell B if and only if
B = C(]) for some edge | of G.

Proof. Let ] be an edge of G and p;, p; their extremes, consider an element A = [4,b] €
(C(]))° and let ¢ > 0 such that N;(A) C J° (where N¢(A) is the union of all open balls
B(x,¢€) as x ranges over all points of A). Hence, if B(A,¢) is the open ball (in the Haus-
dorff metric of C(G)) centered at A, then B(A, ¢) C (C(J))° and C(J) C C(G) is a free 2-cell.

Now, we see that the free cell C(]) is maximal. Let A be a free 2-cell in C(G) containing
C(J). If A € 9C(]), we have (i) A = [p;,x], (j = lorj = 2) or else (i) A = {x} with
x € [p1, p2]. We claim that A € dA. If A is as (i), we have three sub-cases:

(1)  The point p; is a ramification vertex. Suppose with no loss of generality that j = 1.
If A ¢ dA, then A € A° and hence there must exist e > 0 with B(A,¢) C A°. Take
x1, X2 € Ne(A) — A such that [x1, p1] N [x2, p1] = {p1}, [xi, p1] € B(p1,€) (i € {1,2})
and a point u € (x, pp) such that [u, x] C B(x,¢). The set

B={AUwy, p1]U[wy, p1] U [x,w3] | w1 € [x1, p1], w2 € [x2, p1], w3 € [u, x]}

is a 3-cell (see [13] [Theorem 1.100]) contained in B(A,¢) C .A°, and this is absurd.
(2)  The point pj is essential.
A similar analysis as the previous case shows that a 3-cell contained in B(A, ¢) could
be built.
()  The point pj is a terminal vertex, and x is an ordinary point or a terminal vertex. In this case,
we have A € Int C(]), and this contradicts Lemma 5.

The above shows that A € d.A as desired. For the case ii), if we assume that A = {x}
and A ¢ 0A, take H € A° — C(]) (see Lemma 4) and notice that H does not contain
ramification points or essential points; otherwise, in a neighborhood of H contained in
A°, 3-cells or even Hilbert cubes can be located (in the proof of Theorem 2, it is shown
in detail how is this possible). Hence, H is an arc and let q; and g denote their end
points; according to this, it must be p; € [x,g1] or else py € [x,q1]. Suppose p1 € [x,q1],
and, using the fact that H # {x} and A° is arcwise connected, take & C A° an arc
from {x} to H. We claim that there exists L € a such that p; € L. Otherwise, we have
a € C(G) — Cp, (G). Let U be the component of G — {p1 } containing x, let V be the union
of the remaining components and notice that H C V. By Lemma 6, U and V are open sets,
hence/ = {B € C(G) | BC U}and V = {B € C(G) | B C V} are non-empty, disjoint
open sets in C(G) — Cp, (G) (compare with [15] [Theorem 4.5]) and therefore the sets a NI/
and « NV form a separation of «, which is impossible, being « connected. This proves the
existence of the desired L.

The point p; is a ramification vertex or an essential point; since L € A°, as in the
sub-cases (1) and (2) for some suitable ¢ > 0, it is possible to find a 3-cell contained in
B(L,¢') C A°, and this is a contradiction once again. Therefore, in this case, it must be
A € dA and the result now follows from Corollary 1.

For the converse, let B C C(G) be a maximal free 2-cell and let A € 3°. Notice that A
does not contain ramification vertices or essential points. The above remarks result in A
needing to be an arc; if | = [p1, p2] (where p;, py are vertices of G) is the edge containing
A, we claim that B C C(]). Otherwise, let B € B — C(]). Hence, for each x € B and for
each y € A, it occurs that a) p; € [x,y] orb) p» € [x,y]. Suppose without loss of generality
that a) occurs and let & be an arc in B from B to A such that« — {B} C B°. Since B € C(]J)
and A € C(]), there must exist C € a NdC(J). Hence, C has the form [pq,a]. If ¢ > 0 is
such that B(C,€) C B°, then B(C, ¢) contains a 3-cell (if p; is a ramification point) or even a
Hilbert cube (if p; is an essential point). This is a contradiction in any case. This shows that
B € C(J) and therefore B = C(J). O
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4.2. The Casen > 2

We need to introduce some terminology about the hyperspace C(K) for a tree K (for
more details, see [10,12]).

An internal tree T of a tree K is a subgraph which is a tree not containing terminal
vertices of K. Let IT(K) denote the set of internal trees of K. For T € IT(K),let I,..., I, be
those edges of K such that [; N T # @ and [; is not contained in T. We define

D(1,T) =TU (CJ 1,-),
i=1

and we say that this is the canonical representation of D(1, T). Given an internal tree T C K,
let MM(T) be the family of all subspaces of K in the form

((ci)iz)Tr=TU (O[Olﬂi])r

i=1

where 0y, is the vertex of I; contained in T, and [0y, ¢;] is the subarc of I; joining 0;, with c;.

Lemma 7. Let K be a tree, then

(i) For each internal tree T C K, the family 9(T) is a n-cell.
(it)  The hyperspace of C(K) is

C(K)—{ U zm(T)] u[ U C(I)}

TelT(K) I€E(K)

Theorem 2. The hyperspace C(G) of a dendrite G contains a maximal free n-cell (n > 2) if and
only if there exists a tree K C G satisfying the following conditions:

(i) T(K)={p1,....,pn} CR(G)UT(G)UES(G),

(ii)  forallx € K— T(K), ox(x) = og(x).

Proof. For each p; € T(K), letr; € R(K) such that [r;, p;] " R(K) = {r;}.
n n

Put A = K — <U(ri, pi]> and for each x = (x;)"_; € [ [[ri, pi] let Cx denote the set
i=1 i=1

n n

AU (U [ri, xi]> . We claim that the family 9(A) = {Cx | x € [ [[ri, pi]} is a maximal free
i=1 i=1

n-cell in C(G).

That M(A) is actually a n-cell is due to [13], [Theorem 1.100]; therefore, we only need
to verify the maximal and free properties.

Let Cx € (M(A))° and define L = (G — K)U {p1,p2,...,pn}. Puta = d(Cy, L) =
inf{d(c,1) | c € Cx, 1 € L}, a; = d(x;,A),Bij = d(x;,[rj,pj]), where i # jand i,j €
{1,2,...,n}. Since all these quantities are positive, take ¢ > 0 less than all those and
Y € B(Cx,¢). Foreachi € {1,2,...,n}, choose z; € B(x;,¢) NY and notice that z; ¢
AULUIrj,pjlifi # j, and hence z; € (r;, p;). Now, if x € A, there exists z;, z; which are in
different components of K — {x}. Then, x € [z;,zj], which shows that A C | J[z;, zj]; since Y

L]
is arcwise connected, [z, zj] €'Y and therefore A C Y; in particular, no point belonging
i,
to A is a terminal Verte; of Y.

We want to see that Y contains exactly n terminal vertices and these are contained in
the arcs (1, p;). Let y € Y be a terminal vertex of Y. Since y ¢ L, we have y # p; for all
1<i<mnandy ¢ Agivesy € (r;, p;) for some i. For the above argument, it follows that
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Y contains at most 1 terminal vertices; otherwise, two of them must belong to a same arc
(7, pi) which is not possible.

Now, given 1 < i < n,G; = Y U [r, p;] is a subspace of G. Since G is hereditary
unicoherent, Y N [r;, p;| is connected and non-degenerate (i.e., contains more than one
point) because the arc [r;, z;] is contained in the intersection and therefore such intersection
is an arc whose extremes are r; and say y;. The point y; is a terminal vertex of Y. This
shows that Y’ contains at least n terminal vertices. We conclude Y = Cy € (MM(A))°, where
y= iy

Let us verify that n-cell M(A) is actually maximal; for this purpose, suppose there
exists a free n-cell A C C(G) such that M(A) C A with M(A) # A. By Corollary 1, it
must occur that there exists some point Cx € 9901(A) such that Cx € A°. Take ¢ > 0 such
that B(Cy,¢) C A°.

Now, there are several cases to consider about the point Cy. The first one arises when
n

we suppose Cx = AU (U [r:, x,-]) , where, for some index, say i = 1, we have x; = pyisa
terminal vertex of K andl, z;t the same time, a ramification vertex of the dendrite G.

Let u; € [r;, x;] (for 2 < i < n) be points such that [u;, x;] C B(x;,¢) and let L1, L,, ;1 be
two different edges of G such that L1 N L, 1 N K = {p1}. Consider also points 17 € L; and
Upy1 € Lyyq such that [uq, p1] € B(p1,€) and [uy41, p1] € B(py, ).

Foryi € [p1,u1],yi € [ui, xi] (2 < i <n)andy,i1 € [pr,unsa], let Ay = [p1, 1], Ai =

n+1
[ui, y;] and A, 11 = [pi, Yn+1]. The family of all subspaces of the form A U < U Al-) is an
i=1

(n + 1)-cell contained in B(Cx, ¢) C .A°, and this is a contradiction. Similar considerations
show that, if x; is an essential point for some i, then it is possible find an (n + 1)-cell
contained in A°.

A second case is obtained when, for some index 7, say i = 1, it occurs that x; = 7.
In this case, Cx can not belong to Int (M(A)) since this contradicts Lemma 5. However,

if Cx € Fr(M(A)), consider the decomposition C(K) = ( U SJY(T)) U ( U C(I))

TeIT(K) I€E(K)

of Lemma 7 (ii). We claim that we may suppose Cx € | |J M(T) |u | |J C() |,
T#A I€E(K)
where T runs over all internal trees of K different from A. Otherwise, there exists an open

setU of C(G) such that Cx € U C C(G) — ( U SJI(T)) U ( U C(I)).
T#A I€E(K)

Let N be the first positive integer such that B(C, %) C A°NU. Thus, for each
m > N, there exists Y, € C(G) — C(K), such that H(Y;, Cx) < . For each m > N, take
a point iy, € Yy, — K and a point x;,; € Cx such that d(ym, xn) < % Since G is compact,
the sequence (y,,) contains a convergent subsequence. We can suppose without loss of
generality that (y,,) is actually convergent, say, to y. We claim that y € Cy. Indeed, given
g > 0, choose M € N such that y,, € B(y, 5) forall m > M. If m > M satisfies % < 5, then
d(xm,y) < d(Xm, Ym) +dYm,y) < % + 5 < g thatis, x,, € Cx N B(y,¢). With e > 0 being
arbitrary, we conclude that y € Cx.

The above argument shows that y is a cluster point of G — K; this implies that y = p;
for some index i, where p; € R(G) U ES(G), and this case has already been analyzed.

Thus, we may suppose Cx € U Mm(T) | U U C(I)) . In fact, by [10], [6.2, 6.3]

T+£A I€E(K)

T#A I€E(K)
first that Cx € 9C(I) since the points belonging to the boundary manifold of a cell are

or [12], [Lemma 2.6], we must suppose Cx € ( U 8Dﬁ(T)> U ( U aC(I)) . Supposing
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cluster points of their interior manifold, we must have A° N (C(I))° # @. Now, this
set is open in A, and, on the other hand, is contained in C(I); this is impossible since
Dim(A) = n > 2 = Dim(C(I)).

Suppose now Cx € oM (T). Recall that A is the internal tree obtained from K by
removing their terminal edges. It follows by [10], [5.3, 7.1] that Dim(9(T)) < Dim(9(A)).
On the other hand, since Cx is a cluster point of (M(T))°, it must occur that (A)° N
(OM(T))° # @ and notice that this set is open in C(G) and therefore open in .4°. Hence,
there exists a homeomorphic copy of [0,1]" contained in (M(T))°, which is impossible
regarding the dimension of Mi(T).

The final case to consider is obtained when, for some index i, x; = p; with p; € T(G)
orelse x; € (r;, p;). In this case, it is not difficult see that Cx € Int (9(T)) contradicting
Lemma 5. This shows that 91(A) is a maximal free n-cell as desired.

Conversely, let A be a free n-cell, B € A° and let us analyze how B looks. Let
T(B) = {p1,...,px}andletry,...,rs € B— T(B) be the points such that og(r;) < og(r;).

S

Put a; = og(r;) — op(r;) and assume that k + thl- = m > n. Consider ¢ > 0 such that
i=1

B(B,e) C A° and for each 1 < i < s consider also arcs [u;,7i],...,[u;,, ;] such that

[u,-]., r;] € B(r;, €) and [uij, ;] N B = {r;}. In addition, take points v; on the terminal edges

of B such that [vs, p¢] C B(ps,€) for1 <t <k.

n
Letting By = B — (U [pt, vt]> , we obtain that the family # of all subspaces of G has
i=1

k s o;
By U (U[WM) N (U (U[ﬁﬂiﬂ)),
=1 i=1 \j=1

where x; € [v, pt] and vi, € [r:, uij] is a m-cell contained in A, which is absurd. Notice

the form:

that the above argument in particular shows that B — T(B) does not contain [-essential
points. A similar reasoning shows that B — T(B) also does not contain II-essential points.
Now, assume that m < n. If p1, pa, ..., p, are the terminal vertices of B which are ordinal
points of G, for each 1 < t < g, let J; be the edge of G such that p; € J; and for each
ie{l,...,s},letl;,I,..., Ii“i be the edges of G such that ]i], N B = {r;}. Hence, the tree

q s &
K=BU (U ]t> ulUJluy Iij) has m terminal points and satisfies conditions (i) and
=1 =1 \ j=1

(ii) and, by the only if part, we have already seen how to get a maximal free m-cell containing
the above m-cell H. Now, on the one hand, by Lemma 1, the cell H is free; on the other
hand, since # C A°, Lemma 1 (a) gives that 7 is not a free cell and, again, this is absurd.
Thus, we conclude that m = n and K is the desired tree. [

5. Free Cells in Hyperspace of Dendroids

In this section, necessary and sufficient conditions are given so that Theorem 2 can be
applied for dendroids. For this purpose, the notion of convergence space is required.

A non degenerated subspace A of a space X is called convergence space if there exists a
sequence A, of subspaces of X such that:
(1) lmA, =A4,
2 ANA=0.

The subspaces A, can be chosen to be mutually disjoint (see [13] [5.11]).

Theorem 3. Let G be a dendroid, a tree K C G, which satisfies the following conditions:
(i) T(K)={p1,...,pn} CR(G)UT(G)UES(G),
(ii)  forall x € K— T(K), ox(x) = og(x).
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If A is the tree obtained from K by removing their terminal edges, then A induces a maximal
free n-cell M(A) if and only if this cell does not contain convergence subspaces.

Proof. The cell M(A) is constructed as in the proof of Theorem 2. It is not hard to see that,
if Cx € (M(A))° is a convergence subspace, then M(A) can not be a free n-cell. On the
other hand, if M(A) is not a free n-cell, then there exists Y = Cx € ("M(A))° such that,
for each ¢ > 0, there exists Z € C(G) — (M(A))° with H(Y, Z) < «.

Considera; = d(Y, p;), B = H(Y,9(M(A))), yp = H(Y, (M(A))) and 6; = H(Y,C(I))
(where T runs over the set of internal trees of K with T # A and [ runs over the set of
edges of K). Since all these quantities are positive, take ¢ > 0 less than all of them and take
Zy € C(X) — (M(A)) such that H(Z3,Y) < e. If Z; NY # @, we have the following cases:

() Z1—-K#0Q,
in this case p; € Z; for some i. Hence, the ball B(p;, ¢1) intersects Y, and this contra-
dicts the choice of €.

(i) Z; CK,

in this case, Z; € C(K) =

U zm(T)] U { U C(I)}] :
TEIT(K) I€E(K)

If Z; € 9M(A), Z1 € M(T) with T # A or Z; € C(I), again this contradicts the
choice of ¢1. Therefore, Z; and Y are disjoint. Taking 0 < ¢, < H(Z1,Y), in a similar way,
we can obtain a subspace Z, with no points in common with Y and such that H(Z,,Y) < €5.
Continuing with this process, we obtain a sequence (Z,) of mutually disjoint subspaces
convergentto Y. [

6. Characterization of the Arc in Terms of Anchored Hyperspaces

The aim of this section is to prove that the arc is the unique arcwise connected space
X, for which Cp(X) is an arc for some p € X (Theorem 4). An important tool in the proof
of this theorem is the use of order arcs. An order arc in 2% is an arc a contained in 2% such
that, forany A, B € o, A C B or B C A. The concepts and results we use for order arcs can
be found in [13]. We use freely the notation found in there.

Proposition 1. The anchored hyperspace Cy(X) is an arc if and only if it is an order arc.

Proof. Let a an order arc in C(X) from {p} to X. Since p € A for all A € «, we have
a C Cp(CX). Now, it is sufficient to show that {p} and X are also the end points of
Cp(X), and this will be done by proving that neither {p} nor X are cut points of C,(X)
(see [16], [Theorem 1, Pag. 179]). Take different points A, B € C,(X) — {p} if p and -y are
order arcs from A to AU B and from B to A U B respectively, then B Uy C Cp(X) — {p}
is an arc containing the points A and B; this shows that {p} is not a cut point of C,(X).
Similarly, if A, B € C,(X) — {X}, taking B and -y order arcs from {p} to A and from {p}
to B, one obtains that X is not a cut point either and therefore & = C,(X). The converse is
obvious. [

A point p of a space X is an irreducibility point of X if there exists another point g such
that no proper subspace contains both points. The following result is due to Kuratoski and
is a handy tool in the proof of Theorem 4.

Lemma 8 (Kuratoski’s Theorem, [15]). Let X be a space and let p € X. Then, p is point of
irreducibility of X if and only if X is not the union of two proper subspaces both of which contain p.

Theorem 4. Let X be an arcwise connected space. Then, C,(X) is an arc for some p € X if and
only if X is an arc.

Proof. By Proposition 1, C,(X) is an order arc from {p} to X. It follows that X is not the
union of two proper subspaces both containing the point p. By Lemma 8, it turns out that
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p is an irreducibility point of X, if ¢ € X is another point such that no proper subspace of
X contains the points p and g; the arcwise connectedness implies that X = [p, q].
For the converse, suppose without loss of generality that X = [0, 1]. Letting p = 0,
the map
x = [p,x,

is a homeomorphism from X to C,(X). O

The arcwise connectedness hypothesis is necessary in the above theorem (see [13]
[Example 1.1]).

7. Comparative Studies and Conclusions

Some of the main goals on hyperspace research from a theoretical approach are: to
obtain topological models corresponding to familiar or not difficult to handle spaces, to find
relations between hyperspaces and their underlying spaces, uniqueness of hyperspaces,
i.e., to investigate which spaces are the only ones whose hyperspaces possess a given
structure. Motivated by the studies carried out in [17,18], the present work was deemed
convenient by the authors. In the aforementioned works, the existence of cells in hyper-
spaces is characterized. Our work is carried out on infinite graphs and describes when
such cells are free.

In [19], the arc is characterized in terms of anchored hyperspaces within the class
of trees. In our work, we conduct a similar study but within a broader class of spaces,
the arc-connected spaces.

Question: If the class of anchored hyperspaces of an arcwise connected space X
matches the class of anchored hyperspaces of a connected graph G, does it follow that X
and G are homeomorphic?
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Abstract: Let G = (V, E) be a simple graph. A vertex labeling f : V(G) — {1,2,...,k} is defined to
be alocal inclusive (respectively, non-inclusive) d-distance vertex irregular labeling of a graph G if
for any two adjacent vertices x,y € V(G) their weights are distinct, where the weight of a vertex
x € V(G) is the sum of all labels of vertices whose distance from x is at most d (respectively, at most
d but at least 1). The minimum k for which there exists a local inclusive (respectively, non-inclusive)
d-distance vertex irregular labeling of G is called the local inclusive (respectively, non-inclusive)
d-distance vertex irregularity strength of G. In this paper, we present several basic results on the local
inclusive d-distance vertex irregularity strength for d = 1 and determine the precise values of the
corresponding graph invariant for certain families of graphs.

Keywords: (inclusive) distance vertex irregular labeling; local (inclusive) distance vertex irregular
labeling

MSC: 05C15; 05C78

1. Introduction

All graphs considered in this paper are simple finite. We use V(G) for the vertex set
and E(G) for the edge set of a graph G. The neighborhood N (x) of a vertex x € V(G) is
the set of all vertices adjacent to x, which is a set of vertices whose distance from x is 1.
Otherwise, Ng[x] denotes the set of all neighbors of a vertex x € V(G) including x, which
is the set of vertices whose distance from x is at most 1. We are following the standard
notation and the terminology presented in [1].

The notion of the irregularity strength was introduced by Chartrand et al. in [2]. For a
given edge k-labeling « : E(G) — {1,2,...,k}, where k is a positive integer, the associated
weight of a vertex x € V(G) is wa(x) = Lyen, (x) #(xy). Such a labeling « is called irregular
if wy (x) # wa(y) for every pair x, y of vertices of G. The smallest integer k for which an
irregular labeling of G exists is known as the irreqularity strength of G. This parameter has
attracted much attention, see [3-5].

Inspired by irregularity strength and distance magic labeling defined in [6] and inves-
tigated in [7], Slamin [8] introduced the concept of a distance vertex irregular labeling of
graphs. A distance vertex irreqular labeling of a graph is a mapping g : V(G) — {1,2,...,k}
such that the set of vertex weights consists of distinct numbers, where the weight of a
vertex x € V(G) under the labeling f is defined as wtg(x) = ¥, e N, (x) B(¥)- The minimum
k for which a graph G has a distance vertex irregular labeling is called the distance vertex
irregularity strength of G and is denoted by dis(G).

In [8], Slamin determined the exact value of the distance vertex irregularity strength
for complete graphs, paths, cycles and wheels, namely dis(K,) = n, for n > 3, dis(P,) =
[n/2], forn > 4, dis(Cy) = [(n+1)/2], forn =0, 1, 2, 3 (mod 8) and dis(W,) =
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[(n+1)/2], forn =0, 1, 2, 5 (mod 8). Completed results for cycles and wheels are
proved in [9].

Bong et al. [10] generalized the concept of a distance vertex irregular labeling to
inclusive and non-inclusive d-distance vertex irregular labelings. The difference between
inclusive and non-inclusive labeling depends on the way whether the vertex label is
included in the vertex weight or not. The symbol d represents how far the neighborhood
is considered. Thus, an inclusive (respectively, non-inclusive) d-distance vertex irregular
labeling of a graph G is a mapping 8 such that the set of vertex weights consists of distinct
numbers, where the weight of a vertex x € V(G) is the sum of all labels of vertices whose
distance from x is at most d (respectively, at most d but at least 1). The minimum k for which
there exists an inclusive (respectively, non-inclusive) d-distance vertex irregular labeling
of a graph G is called the inclusive (respectively, non-inclusive) d-distance vertex irregularity
strength of G. The non-inclusive 1-distance vertex irregularity strength of a graph G is
using Slamin’s [8] terminology known as the distance vertex irregularity strength of G,
denoted by dis(G). For the inclusive 1-distance vertex irregularity strength, we will use
notation idis(G).

In [10] is determined the inclusive 1-distance vertex irregularity strength for paths
Py, n =0 (mod 3), stars, double stars S(m, n) with m < n, a lower bound for caterpillars,
cycles, and wheels. In [11] is established a lower bound of the inclusive 1-distance vertex
irregularity strength for any graph and determined the exact value of this parameter for
several families of graphs, namely for complete and complete bipartite graphs, paths,
cycles, fans, and wheels. More results on triangular ladder and path for 4 > 1 has been
proved in [12,13].

Motivated by a distance vertex labeling [8], an irregular labeling [2] and a recent paper
on a local antimagic labeling [14], we introduce in this paper the concept of local inclusive
and local non-inclusive d-distance vertex irregular labelings.

Avertexlabeling f : V(G) — {1,2,...,k} is defined to be a local inclusive (respectively,
non-inclusive) d-distance vertex irregular labeling of a graph G if for any two adjacent vertices
x,y € V(G) their weights are distinct, where the weight of a vertex x € V(G) is the sum of
all labels of vertices whose distance from x is at most d (respectively, at most d but at least
1). The minimum k for which there exists a local inclusive (respectively, non-inclusive) d-
distance vertex irregular labeling of G is called the local inclusive (respectively, non-inclusive)
d-distance vertex irreqularity strength of G and denoted by lidis;(G) (respectively, Idis;(G)).
If there is no such labeling for the graph G then the value of lidis; (G) is defined as co. In
the case when d = 1 the index d can be omitted, thus lidis; (G) = lidis(G) (respectively,
1dis; (G) = 1dis(G)). In this paper, we only discuss the case for inclusive labeling with
d = 1. Note that the concept of a local non-inclusive distance vertex irregular labeling has
been introduced earlier in [15] with a different name. For more information about labeled
graphs see [16].

In this paper, we present several basic results and some estimations on the local
inclusive 1-distance vertex irregularity strength and determine the precise values of the
corresponding graph invariant for several families of graphs.

2. Basic Properties

In the following observations, we give several basic properties of lidis(G). The first
observation gives a relation between the local inclusive distance vertex irregularity strength,
lidis(G), and the inclusive distance vertex irregularity strength, idis(G). The second and
third observations give the requirement for giving the label of two vertices which have a
common neighbor.

Observation 1. For a graph G, it holds that lidis(G) < idis(G).

Observation 2. If there exists an edge uv in a graph G such that Ng(u) — {v} = Ng(v) — {u},
then for any local non-inclusive distance vertex irreqular labeling f of a graph G holds f(u) # f(v).
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Observation 3. If there exists an edge uv in a graph G such that Ng(u) — {v} = Ng(v) — {u},
then lidis(G) = oo.

The next theorem gives a sufficient and necessary condition for lidis(G) < co. Note
that the graph G is not necessarily connected.

Theorem 1. For a graph G, it holds that lidis(G) = oo if and only if there exists an edge
uv € E(G) such that Ng[u] = Ng|v].

Proof. If there exists an edge uv € E(G) such that Ng[u] = Ng[v], then immediately
follows Observation 3 and we obtain lidis(G) = co. On the other hand, if lidis(G) = co
then there exist at least two vertices u and v in G that have the same weight under any
vertex labeling. It is only happened if Ng[u] = Ng[v]. O

Immediately from the previous theorem we obtain the following result.

Corollary 1. If there exist two distinct vertices u,v in G such that deg;(u) = deggs(v) =
|[V(G)| — 1, then lidis(G) = oo.

Thus, for complete graphs we obtain
Corollary 2. Let n be a positive integer. Then

1, ifn=1,

oo, ifn>2.

lidis(K,) = {

Now, we present a sufficient and necessary condition for lidis(G) = 1.

Theorem 2. Let G be a graph. Then lidis(G) = 1 if and only if for every edge uv € E(G),
deg () # deg ().

Proof. Consider a labeling that assigns number 1 to every vertex of a graph G. Under this
labeling, the weight of any vertex v in G is wt(v) = deg(v) + 1. Thus, adjacent vertices
can have distinct weights if and only if they have distinct degrees. [

The chromatic number of a graph G, denoted by x(G), is the smallest number of
colors needed to color the vertices of G so that no two adjacent vertices share the same
color, see [1]. The following result gives a trivial lower bound for the number of distinct
induced vertex weights under any local inclusive distance vertex irregular labeling of a
graph G.

Theorem 3. For a graph G, the number of distinct induced vertex weights under any local inclusive
distance vertex irreqular labeling is at least x(G).

3. Local Inclusive Distance Vertex Irregularity Strength for Several Families of Graphs

In this section, we provide the exact values of local inclusive distance vertex irregu-
larity strengths of some standard graphs such as paths, cycles, complete bipartite graphs,
complete multipartite graphs, and caterpillars. We also give results on several products of
graphs, such as corona graphs, union graphs, and join product graphs.

Theorem 4. Let C;, be a cycle on n vertices n > 3. Then

o, ifn =3,
lidis(Cy) = (2, ifnis even,
3, ifnisodd, n>>5.
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Proof. Let V(C,) = {v; : i = 1,2,...,n} be the vertex set and let E(Cy,) = {vjv;11 :
i=1,2,...,n—1}U{v1v,} be the edge set of a cycle C,. The lower bound for the local
inclusive distance vertex irregularity strength of C,, follows from Theorem 3 as

3, if n is odd,
X(Cn) = {

2, if n is even.

As Cj is isomorphic to K3 we use Corollary 2 in this case.
For n even, we label the vertices of C,, as follows

1, ifiisodd,
f(vi) Z{

2, ifiiseven.
Then, for the vertex weights we obtain

wt (o)) = 5, ifiisodd,
= 4, ifiiseven.

Thus, for n even we obtain lidis(C,,) = 2.

For n = 5, we label the vertices such that f(v1) = f(v2) =1, f(v3) =3 and f(v4) =
f(vs) = 2. Then, wtf(v1) = 4, wt(v2) = wif(vs) =5, wts(v3) = 6 and wtr(vy) = 7. Thus,
lidis(Cs) = 3.

For n odd, n > 7, the vertices are labeled in the following way

1, ifiisodd,1<i<mn-—4,
f(v;)) =<2, ifiiseven,2<i<n-—3,
3, fi=n—-2,n—1,n.

The weights of vertices are

6, ifi=1,n-3,

5, ifiisodd,3 <i<n-—4,

4, ifiiseven,2<i<n-35,
W) =g i no,

9, ifi=n-—1,

7, ifi=n.

As adjacent vertices have distinct weights we obtain lidis(C,) = 3 for n odd. The
above explanation concludes the proof. [

Corollary 3. Let P, be a path on n vertices n > 2. Then

1 oo, ifn=2,
lidis(P,) = {2 i;n -

Proof. Let V(P,) = {v; : i = 1,2,...,n} be the vertex set and let E(P,) = {v;v;41 : i =
1,2,...,n — 1} be the edge set of a path P,. The result for n = 2 follows from Corollary 2.

For n > 3, according to Theorem 3, the lidis(P,) should be more than one. Using the
vertex labels for n even as in Theorem 4 and the corresponding vertex weights are

3, ifi=1,n,
wtf(vi) =dq4, ifiiseven,i #n,
5, ifiisodd,i # 1landi # n.

66



Mathematics 2021, 9, 1673

Thus, lidis(P,) = 2. O

The following result deals with complete multipartite graphs.

Theorem 5. Let Ky, n,,...n,, bea complete multipartite graph, n; > 1,i =1,2,...,m,m > 2. Then,

.....

0, !fl =ny =ny,
hdis(Knl,nz,.“,nm) =<1 if”l <ng < --- < Ny,
m, if2<ny=mny=---=ny.
Proof. Let us denote the vertices in the independent set V;, i = 1,2,...,m of a complete
i

multipartite graph Ky, u,,....n,, by symbols v}, vlz, A

If 1 = nq1 = ny, then the vertices v} and v% have the same degrees

m
deg(v1) = deg(v;) = )+ 1 = [V(Kuymy,..m )| = 1
j=3

and thus, by Corollary 1 we obtain lidis(Ky, u,,...,n,,) = 0.

If ny < ny < --- < ny, then all adjacent vertices have distinct degrees. More precisely,
the degree of a vertex vf:, i=12,...,mj=12,...,nis deg(vg) = ij:l nj—n; + 1. Thus,
by Theorem 2, we obtain lidis (K, n,,...n,, ) = 1.

If2 <ny =mny =--- = ny = n consider a vertex labeling f of Ky, u,,...n,, defined
such that

f) =i
fori=1,2,...,m,j=1,2,...,n and the corresponding vertex weights are

wty(o]) = "5 — (n - 1)i.

Thus, all adjacent vertices have distinct weights. Thus, lidis(Ky, u,,...n,,) < m. Using
mathematical induction, it is not complicated to show that lidis(Ky, u,,...n, ) > . This
concludes the proof. [

The following corollary gives the exact value of the studied parameter for complete
bipartite graphs.

Corollary 4. Let Ky, 1 < m < n, be a complete bipartite graph. Then

o, fm=n=1,
lidis(Kin) =<2, ifm=n>2,
1, ifm#n.

The corona product of G and H is the graph G ® H obtained by taking one copy of G,
called the center graph along with |V(G)| copies of H, called the outer graph, and making
the ith vertex of G adjacent to every vertex of the ith copy of H, where 1 < i < |V(G)|. For
arbitrary graphs G, we can prove the following result.

Theorem 6. Let r be a positive integer. Then, for r > 2 holds
lidis(G ©® K;) < lidis(G).

Moreover, if G is a graph with no component of order 1 then also lidis(G ® K;) < lidis(G).
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Proof. If lidis(G) = oo then by Theorem 1 there exists at least one edge uv € E(G) such
that Ng[u] = Ng[v]. However, as for r > 2 or for r = 1 if G has no component of order 1,
in G ® K, all vertices have distinct closed neighborhood and thus lidis(G ® K;) < co.

Now;, consider that lidis(G) < oo and let f be a local inclusive distance vertex irregular
labeling of G. We define a labeling ¢ of G ® K, such that

g(v) =f(v), ifveV(G),
¢(v) =1, if degs. g (v) = 1.
For the vertex weights, we obtain
wte(v) =wtf(v) +r, ifveV(G),
wtg(v) =1+ f(u), if deg; .- (v) = 1and uv € E(G © Ky).

Evidently, for ¥ > 2 or for r = 1 if G has no component of order 1, i.e., deg (v) > 1 for
every v € V(G), we obtain that under the labeling g the vertex weights of adjacent vertices
are different. [

Moreover, we can prove that the parameter lidis(G ® K, ) is finite except the case when
G © K, contains a component isomorphic to Kj.

Theorem 7. Let r be a positive integer. Then,
lidis(G © K;) < |V(G)|
except the case when v = 1 and the graph G contains a component of order 1.

Proof. Let us denote the vertices of a graph G by symbols vy, vy, ..., vy (g)| such that for
everyi=1,2,...,|V(G)| — 1 holds

deg.(v;) < deg;(viy1)

and let vg,j =1,2,...,r be the vertices of degree 1 adjacent tov;, i =1,2,..., |[V(G)], in
G ® K;. Now, we define a labeling f that assigns 1 to every vertex of G. Thus, for every
i=12,...,|V(G)

wtf(v;) = degg(v;) + 1.

We extend the labeling f of the graph G to the labeling ¢ of the graph G ® K, in the
following way

g(vi) =f(v;), ifi=12,...,|V(G)],
(o)) =i, ifi=1,2,...,|V(G)|j=12...,r
The induced vertex weights are
wty(v;) =degq(v;) +1+ri, ifi=1,2,...,[V(G),
wtg(vl) =1+, ifi=12..,|V(G)|j=12...,r

For r > 2 and for r = 1 if the graph G has no component of order 1, i.e., deg(v;) > 1
foreveryi=1,2,...,|V(G)|, we obtain that all adjacent vertices have distinct weights. []

Note that the upper bound in the previous theorem is tight, since lidis(K, ® K;) = n.
Immediately, from Theorem 2, we have the following result

Theorem 8. For r > 2 it holds lidis(G ® K,) = 1 if and only if lidis(G) = 1.
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Moreover, when G has no component of order 1 then lidis(G ® Ky) = 1 if and only if
lidis(G) = 1.

Now, we present results for corona product of paths, cycles, and complete graphs
with totally disconnected graph K;, r > 1. Combining Theorems 3 and 6, we obtain

Theorem 9. Let P, be a path on n vertices n > 2 and let r be a positive integer. Then
lidis(P, ® K;) = 2.
Theorem 10. Let C;, be a cycle on n vertices n > 3 and let r be a positive integer. Then

3, ifn=3andr =1,
2, otherwise.

lidis(C, ® K;) = {
Proof. Let
V(Ci oK) ={v;:i=12...,n}U{o):i=1,2,...,mj=1,2,...,r}
be the vertex set and let
E(Ch ®Ky) ={vjvi;1:i1=1,2,...,n =1} U {vjo,}
U{viv{: i=12,...,mj=12,...,1r}

be the edge set of C;; ® K.
For even n the result follows from Theorems 4 and 6. For n = 3 and r = 1 consider
the labeling illustrated on Figure 1.

Figure 1. A local inclusive distance vertex irregular labeling of C3 ® Kj.

For odd n and (n,7) # (3,1), we define a vertex labeling f of C, ® K; such that

2, fori=1,
v;) =
f(e) {1, fori=2,3,...,n,

i 2, fori=24,...,n—1,nandj=1,
f(o) = .
1, otherwise.

The weights of vertices of degree r 4 2 are

r+3, fori=23,5...,n—2,
wtf(vi) =<r+4, fori=1,4,6,...,n—1,
r+5, fori=2,n.

As the weights of vertices of degree one are either 2 or 3, we obtain that adjacent
vertices have distinct weights. O
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Theorem 11. Let n, v be positive integers. Then

. — oo, fn=1r=1
lidis(Ky ©Kr) = 3 [Lﬂ otherwise.

Proof. As the graph K; ® Kj is isomorphic to the complete graph K, we use Corollary 2 in
this case.
Let (n,7) # (1,1). Let the vertex set and the edge set of K, ® K, be the following

V(K 0K) ={o,0l i =1,2,...,mj=1,2,...,1},

E(K, ® Ky) :{vivj:i:1,2,...,n—1;j:i—l—l,i—l—Z,...,n}
U{o):i=1,2,...,mj=1,2,...,7}.

We define a vertex labeling f of K, ® K, such that

flo) =1+ [=], ifi=12.n,

, 1+ |21, ifi=12,...,n,j=12,..., A,
7 j i
f(0}) = .
1+[§J, ifi=1,2...mj=A+1,A+2,...,r,

where forevery i = 1,2,...,n the parameter A;, 1 < A; <7, is defined such that
i—1=A; (modr).
For the vertex weights, we obtain

wtf(vi) =n(1+ {”T_lb—l—r—l—i—l, ifi=1,2,...,n,

wiste) (2] 424+ [5E], ifi=12m =124,
v =

["—;ﬂ 124 {%J ifi=1,2...mj=A+1,A+2,...,1.

Evidently adjacent vertices have distinct weights. Thus, as the maximal vertex label is
1+ [(n —1)/r], the proof is completed. [

A caterpillar is a graph derived from a path by hanging any number of leaves from
the vertices of the path. We denote the caterpillar as Sy, u,,...n,, Where the vertex set is
V(Suyng,my) ={ci 11 <i<r}uU U;=1{M£ :1 <j <mn;},and the edge setis E(Sy; n,,..n,) =
{cicij1:1<i<r—1}U U;Zl{ciu{: 11 <j<n}.

Theorem 12. For every caterpillar Sy, n,,...n, with at least 3 vertices holds 1idis(Sy, ny,...n,) < 2.

Proof. For a regular caterpillar, thus the case n; = np = ... = n, = n, using Theorem 9,
we obtain that lidis(Sy,u,. ) = 2.

For the other cases, label the vertices of a caterpillar Sy, u,,.. 1, using the following
algorithm.

Step1: Label all vertices with 1.
Then the weights of vertices ¢;, i = 1,2,...,r are deg(c,-) and all vertices of degree 1
have weight 2.

Step 2: Find the smallest index s, 2 < s < r — 1, such that wt(cs 1) = wt(cs).

Step 3: 1f such number does not exist, it means that adjacent vertices have distinct degrees
and thus lidis(Sy, u,,....n,) = 1. We are done.
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Step 4: 1f such number exists either relabel a leaf of adjacent to ¢, (if a leaf exists) from 1
to 2 or relabel the vertex cgyp from 1 to 2. Then wt(cs41) = wt(cs) + 1.
Note that this relabeling will not have an effect on weights of vertices c; for every
i<s.

Step5: Find the smallest index t, s +1 < t < r — 1, such that wt(c;41) = wt(cy).

Step 6: If such number does not exist, it means that adjacent vertices have distinct degrees
and thus lidis(Sy, n,,....n,) = 2. We are finished.

Step 7: If such number exists either relabel a leaf of adjacent to c;11 (if a leaf exists) from 1
to 2 or relabel the vertex ¢;4p from 1 to 2. Then wt(cs11) = wi(ct) + 1.

Step 8: Return to Step 5.

After a finite number of steps, the algorithm stops and the weights of the vertices are
always different from the weights of their neighbors. [

A similar algorithm can be used to obtain a result for closed caterpillars, which are
graphs where the removal of all pendant vertices gives a cycle. We denote the closed
caterpillar as CSy, u,,...n,, Where the vertex set is V(CSy n,,..n,) = {ci 1 1 < i < r}U

le{uf: :1 < j < n}, and the edge set is E(CSy, ny,..n,) = {Ciciy1 :1 < i <r—1}U
{c1¢,} U Ule{c,-uf 11 <j<wn}

Theorem 13. For closed caterpillar CSy, u,,...n, holds

oo, ifr=23and {ny,ny nz} = {n,0,0}, wheren >0,
3/ j =3 d , , = 1, 1, 1 ,
lidis(CSn, ny,.m,) = ifr=3and (ny,n2,m3) = (1,1,1)
3, ifr =346k k> 1and {ny,ny,...,n,} =4{1,0,...,0},
<2, otherwise.

The proof of the next result for the disjoint union of graphs, follows from the fact that
there are no edges between the distinct components.

Theorem 14. Let G;, i = 1,2,...,m be arbitrary graphs. Then

m
lidis<U Gi> = max{lidis(G;) : i = 1,2,...,m}.

i=1
Immediately from the previous theorem, we obtain the following result.

Corollary 5. Let n be a non-negative integer and let G be a graph. Then, lidis(GUnKy) =
lidis(G).

The join G ® H of the disjoint graphs G and H is the graph G U H together with all the
edges joining vertices of V(G) and vertices of V(H). Let A(G) denote the maximal degree
of the graph G.

Theorem 15. For any graph G holds

N Cfe, NG = VG -1,
lidis(G & Ky) = {lidis(G), ifAG) < |V(G)] 1.

Proof. Let w be the vertex of K;. In a graph G @ K the vertex w is adjacent to all vertices
in G we immediately get that lidis(G @ K;) > lidis(G).

If A(G) = |V(G)| — 1 thenin G & Kj there are at least two vertices of degree |V (G)| =
|V(G @ Ky)| — 1 and thus by Corollary 1 we have lidis(G & K7) = oo.
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Let A(G) < |V(G)| — 1. If lidis(G) = co then by Theorem 1 there exists at least two
vertices, say u and v in G such that Ng[u] = Ng[v]. However, these vertices have the same
closed neighborhood also in the graph G @ Kj as

NGex, [u] = Ne[u] U {w} = Ng[o]U{w} = Nk, [0]-
However, this implies that
lidis(G & K;) = oo = lidis(G).

Now, consider that lidis(G) < oo and let f be a corresponding local inclusive distance
vertex irregular graph of G. We define a labeling g of G @ Kj in the following way

1, ifo=uw,
8(v) = .
f(v), ifveV(G).
The induced vertex weights are

Y f(u)+1, ifvo=uw,
wtg(v) = q uev(G)
wte(v) +1, ifv e V(G).
As A(G) < |V(G)| — 1 we get that for any vertex v € V(G) is

o) = ¥ f) < ¥ f(u).

uENGg(v) ueV(G)

Thus, all adjacent vertices have distinct weights. This means that ¢ is a local inclusive
distance vertex irregular labeling of G © Kj. As vertex w is adjacent to every vertex in G
we get lidis(G @ Kj) = lidis(G) in this case. This concludes the proof. []

The graph in the previous theorem is not necessarily connected.

Theorem 16. Let G, i =1,2,...,m, m > 2 be arbitrary graphs. Then

m
lidis<<U G,-) ®K1> = max{lidis(G;) : i = 1,2,...,m}.
i=1

Proof. The proof follows from Theorems 14 and 15. O

A wheel W, with n spokes is isomorphic to the graph C, ® Ky. A fan graph F, is
isomorphic to the graph P, @ Ky, while a generalized fan graph is isomorphic to the graph
kP, @ K. The following results are immediate corollaries of the previous theorems.

Corollary 6. Let W, be a wheel on n + 1 vertices n > 3. Then

oo, ifn =3,
lidis(Wy,) = < 2, ifnis even,
3, ifnisodd, n>b5.

Corollary 7. Let F,, be a fan on n + 1 vertices n > 2. Then

oo, ifn =2,

lidis(F,) = {2 A

72



Mathematics 2021, 9, 1673

Corollary 8. Let kP, @© Ky be a generalized fan graph, k,n > 2. Then
lidis(kP, & Kp) = 2.

If lidis(G) = oo then by Theorem 1 there exist at least two vertices, say 1 and v
in G such that they have the same closed neighborhood Ng[u] = Ng[v]. Thus, we
immediately get

Ngorolul =Nglu]u{w; :i=1,2,...,r}
=Nglo]U{w;:i=1,2,...,7} = Ngo-[0],

where w;, i = 1,2,...,r, are the vertices of K,. Thus, lidis(G @ K;) = oo for every positive
integer r. Now we will deal with the case when lidis(G) < oo and r > 2.

Theorem 17. Let r > 2 be a positive integer and let G be not isomorphic to a totally disconnected
graph. Iflidis(G) < coand r > |V(G)| - lidis(G) then lidis(G @ K;) = lidis(G).

Proof. Let us denote the vertices K, by the symbols w;, i = 1,2,...,r and let r > 2.
Thus, V(G®K,) = V(G)U{w; : i = 1,2,...,r}. In a graph G @ K, all the vertices w;,
i=1,2,...,rareadjacent to all vertices in G thus we immediately get that lidis(G & K,) >
lidis(G).

Let lidis(G) < co and let f be a corresponding local inclusive distance vertex irregular

labeling of G. We define a labeling ¢ of G ¢ K, in the following way
1, fo=w;,i=1,2,...,r,
g(v) = { .

f(v), ifve V(G).

Then, the vertex weights are

ueV(G)

Y fu)+1, ifo=w;i=1,2,...,r,
wtg(v)
wte(v) +71, ifv e V(G).

Evidently, under the labeling g, all adjacent vertices in V(G) have distinct weights. We
need also to prove that no vertex in V(G) has the same weight as in V(K;). Consider that

r > |V(G)| - lidis(G).

As G is not isomorphic to a totally disconnected graph then for the weight of any
vertex v in V(G) we have

wtg(v) =wtp(v) +r > 1+ |V(G)|-Ldis(G) > 14+ Y f(u) = wtg(w;)
ueV(G)

foreveryi =1,2,...,r. Thus, g is alocal inclusive distance vertex irregular graph of G ® K,
and hence lidis(G & K;) < lidis(G). O

Note that for small » the previous theorem is not necessarily true. Consider the graph
G illustrated on Figure 2, evidently lidis(G) = 1. However, lidis(G & K3) = 2.

O——O0—0O0—~CO

Figure 2. A local inclusive distance vertex irregular labeling of a graph G.
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4. Conclusions

In this paper, we introduced the local inclusive distance vertex irregularity strength of
graphs and gave some basic results and also some constructions of the feasible labelings
for several families of graphs. We still have some open problems and conjecture as follows:

Problem 1. Find lidis(Ky, u,,...n,, ) for general case, which is for the case ny < ny < -+ < 1y,
where m > 2.

Problem 2. Characterize graphs for which lidis(G ® K,) = lidis(G).
Conjecture 1. For arbitrary tree T with T # Kp, lidis(T) = 1 or 2.
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Abstract: Domination theory is a well-established topic in graph theory, as well as one of the most
active research areas. Interest in this area is partly explained by its diversity of applications to
real-world problems, such as facility location problems, computer and social networks, monitoring
communication, coding theory, and algorithm design, among others. In the last two decades,
the functions defined on graphs have attracted the attention of several researchers. The Roman-
dominating functions and their variants are one of the main attractions. This paper is a contribution
to the Roman domination theory in graphs. In particular, we provide some interesting properties
and relationships between one of its variants: the quasi-total Roman domination in graphs.

Keywords: quasi-total Roman domination; total Roman domination; Roman domination

1. Introduction

Domination in graphs was first defined as a graph-theoretical concept in 1958. This
area has attracted the attention of many researchers due to its diversity of applications to
real-world problems, such as problems with the location of facilities, computing and social
networks, communication monitoring, coding theory, and algorithm design, among others.
In that regard, this topic has experienced rapid growth, resulting in over 5000 papers being
published. We refer to [1,2] for theoretical results and practical applications.

Given a graph G, a dominating set is a subset D C V(G) of vertices, such that every
vertex not in D is adjacent to at least one vertex in D. The minimum cardinality among all
dominating sets of G is called the domination number of G. The number of works, results and
open problems that exist on this parameter and its variants provide a very wide range of
work directions to consider, which come from their very theoretical aspects to a significant
number of practical applications, passing through a large number of relationships and
connections between some invariants of graph theory itself.

In the last two decades, the interest in research concerning dominating functions in
graphs has increased. One of the reasons for this is that dominating functions generalize the
concept of dominating sets. In particular, the Roman dominating functions (defined in [3],
due to historical reasons arising from the ancient Roman Empire and described in [4,5]),
and their variants, are one of the main attractions. At present, more than 300 papers have
been published on this topic.

In 2019, Cabrera Garcia et al. [6] defined and began the study of an interesting variant
of Roman-dominating functions: the quasi-total Roman-dominating functions. This paper
deals precisely with this style of domination, and our goal is to continue with the study of
this novel parameter in graphs.

Definitions, Notation and Organization of the Paper

We begin this subsection by stating the main basic terminology which will be used in
the whole work. Let G = (V(G), E(G)) be a simple graph with no isolated vertex. Given
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avertexv € V(G), N(v) = {x € V(G) : xv € E(G)} and N[v] = N(v) U {v}. A vertex
v € V(G) is called a leaf vertex if [N(v)| = 1. Givenaset D C V(G), N(D) = UyepN(v),
N[D] = N(D)UD and 9(D) = N(D) \ D. Moreover, given a set D C V(G) and a vertex
v € D, epn(v,D) = {u € V(G)\D : Nu)ynD = {v}}. Also, and as is commonly
defined, G — D denotes the graph obtained from G such that V(G — D) = V(G) \ D and
E(G—D)=E(G)\{uv € E(G) : u € D or v € D}. Moreover, the subgraph of G induced
by D C V(G) will be denoted by G[D].

We say that G is F-free if it contains no copy of F as an induced subgraph. A set
D C V(G) is a 2-packing if N[x] N N[y] # @ for every pair x,y € D. The 2-packing number
of G, denoted by p(G), is defined as max{|D| : D is a 2-packing of G}. A 2-packing of
cardinality p(G) is called a p(G)-set. We will assume an analogous correspondence when
referring to the optimal sets or functions derived from other parameters used in the article.

Let f : V(G) — {0,1,2} be a function on G. Observe that f generates three sets
Vo, V1 and V;, where V; = {v € V(G): f(v) =i} fori € {0,1,2}. In this sense, we will
write f(Vp, V4, V) to refer to the function f. Givenaset D C V(G), f(D) = Yep f(v).
The weight of f is defined as w(f) = f(V(G)) = |V1| + 2|Vz|. We shall also use the
following notations: Vi, = {v € V; : N(v)NV, # @}, Vip = {v € V1 : N(v) C Vp}
and Vi1 = V1 \ (V12U Vip). A function f(Vp, Vi, Va) on G is a dominating function if
N(v) N (V3 UV;) # @ for every vertex v € V. Moreover, f is a total dominating function
(TDF) if N(v) N (V1 U V,) # @ for every vertex v € V(G). Next, we highlight some
particular cases of known domination parameters, which we define here in terms of (total)
dominating functions.

e AsetD C V(G) is a (total) dominating set of G if there exists a (total) dominating
function f(Vp, V4, V2) such that f(x) > 0if, and only if, x € D. The (total) domination
number of G, denoted by (7¢(G)) 7(G), is the minimum cardinality among all (total)
dominating sets of G. For more information on domination and total domination see
the books [1,2,7], the survey [8] and the recent works [9-11].

e A function f(Vy, V4, V2) is a Roman-dominating function if N(v) NV, # @ for every
v € V). The Roman domination number of G, denoted by yr (G), is the minimum weight
among all Roman-dominating functions on G. For more information on Roman
domination and its varieties, see the articles [3,12].

e ATDF f(Vy, V4, V») is a total Roman-dominating function (TRDF) on a graph G without
isolated vertices if N(v) NV, # @ for every vertex v € Vp. The total Roman domination
number, denoted by g (G), is the minimum weight among all TRDFs on G. For recent
results on the total Roman domination in graphs we cite [13-20].

*  Aquasi-total Roman-dominating function (QTRDF) on a graph G is a dominating function
f(Vo, V1, Va) such that N(x) NV, # @ for every x € Vp; and N(y) N (V43 U V,) # @ for
every y € V,. The minimum weight among all QTRDFs on G is called the guasi-total
Roman domination number, and is denoted by 74 (G). This parameter was introduced
by Cabrera Martinez et al. [6].

As consequence of the above definitions and the well-known inequalities p(G) < 7(G)
(see [1]), 1:(G) < vr(G) (see [21]) and 7;r(G) < Yr(G) + 7(G) (see [14]), we establish an
inequality chain involving the previous parameters.

Theorem 1. If G is a graph with no isolated vertex, then
p(G) <7(G) < 11(G) < 7r(G) < qr(G) < Mr(G) < 1r(G) +7(G).

For instance, for the graphs G; and G, given in Figure 1 we deduce the next inequality
chains. In that regard, the labels of (gray and black) coloured vertices describe the positive
weights of a ,¢r (G;)-function, for i € {1,2}.

. P(G(1) ): 1 <3 =7(G) <4 =n(G) <5=17r(G1) <6 =7pr(G1) <7 =
7R (G1)-
e p(G) =1<3=7(G) <4=1(G2) <6=7r(G2) <7 =74r(G2) = 71tr(G2).
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<A
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G 2 . Gy

Figure 1. The labels of (gray and black) coloured vertices describe the positive weights of a v, (G;)-
function, for i € {1,2}.

As mentioned before, the goal of this work is continue the study of the quasi-total
Roman domination number of graphs. In that regard, the paper is organized as follows.
First, we obtain new, tight bounds for this parameter. Such bounds can also be seen
as relationships between this novel parameter and several other classical domination
parameters such as the (total) domination and (total) Roman domination numbers. Finally,
and as a consequence of this previous study, we derive new results on the total Roman
domination number of a graph.

2. Bounds and Relationships with Other Parameters

Let G be a disconnected graph and let Gy,...,G; (r > 2) be the components of G.
Observe that any QTRDF f(Vp, V1, V2) on G satisfies that f restricted to V(G;) is a QTRDF
on Gj, for every j € {1,...,r}. Therefore, the following result is obtained for the case of
disconnected graphs.

Remark 1 ([6]). Let Gy, ..., Gy (r > 2) be the components of a disconnected graph G. Then
r
7qtR(G) = Z'thR(Gi)~
i=1

As a consequence of the above remark, throughout this paper, we only consider
nontrivial connected graphs. Next, we give two useful lemmas, which provide some tools
to deduce some of the results.

Lemma 1. Let G be a nontrivial connected graph. If f(Vo, V1, Va) is a y4r (G)-function, then the
following statements hold.

i) (V=W V] =Vi\ Vi, Vi =Va)isayir(G — Vip)-function.

(i) epn(v, Vo) NVy # @, for every v € V5.

(iii) Ifvqr(G) = Yr(G), then V12 = @.

Proof. Let f(Vp, V1, V2) be a 44r (G)-function. First, we proceed to prove (i). Notice that
G — Vi 0 has no isolated vertex. Hence, the function f'(V{, V{,Vj), defined by Vj = 1,
V] = Vi \ Vipand V; = V,,is a TRDF on G — V;o. Hence, 74z (G — Vi0) < w(f’). Now,
if Yir(G — Vi) < w(f’), then from any 7,z (G — V1 9)-function and the set V; 5, we can
construct a QTRDF on G of weight less than w(f) = 7,r(G), which is a contradiction.
Therefore, the function f’ is a ;g (G — Vi g)-function, as required.

Now, we proceed to prove (ii). Let v € V,. Obviously, N(v) N Vy # @. If epn(v, Vo) N
Vo = @, then the function f'(Vj,V{,V;), defined by V] = V; U{v}, VJ = V, \ {v} and
Vi = Vo, is a QTRDF on G of weight w(f’) < w(f) = 74r(G), which is a contradiction.
Therefore, epn(v, Vo) N Vy # @, which completes the proof of (ii).

Finally, we proceed to prove (iii). Assume that v4r(G) = Yr(G). First, suppose that
Vi, # @. Itis easy to see that the function f'(V{, V{,V;), defined by V| = V1 \ Vi, V) = V>
and Vj = Vy U Vj,, is a Roman-dominating function on G. Hence, 7r(G) < w(f') <
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w(f) = 74tr(G), which is a contradiction. Therefore, V1 » = @, which completes the proof
of (iii). O

Lemma 2. Let G be a nontrivial connected graph. If f(Vo, V1, Va) is a yyr (G)-function such that
| V1| is minimum, then one of the following conditions holds.

(i) Vipg=0Q.

(i) Vi is a 2-packing of G.

Proof. Let f(Vp, V1, V2) be a 74r(G)-function, such that V| is minimal. Assume that
Vig # @. It is clear by definition that V; o is an independent set. Now, suppose that
V1,0 is not a 2-packing of G. Therefore, two vertices u,v € Vg exist at distance two. Let
w € N(u) N N(v). Notice that w € Vp and N(w) NV, # @. With these conditions in mind,
observe that the function f'(V{, V{,V}), defined by V| = V; \ {u, v}, V; = Vo U {w} and
Vi =V(G)\ (V{UV;),isa QTRDF on G of weight w(f’) = w(f) and |V]| < |V;|, which
is a contradiction. Therefore, V;  is a 2-packing of G, which completes the proof. O

We continue with one of the main results of this paper.

Theorem 2. If G is a nontrivial connected graph, then at least one of the following statements holds.

@) vgr(G) = 1tr(G).
(i) yur(G) = min{Yr(G — S) + [S| : S is a 2-packing of G}

Proof. Let f(Vp, V1, V2) be a 74r(G)-function such that [Vi] is minimum. If Vi = @,
then by Lemma 1-(i) we deduce that f is also a 7;g(G)-function, which implies that
Yqtr(G) = 7:r(G). Hence, from now on, we assume that V;y # @. By Lemma 2, it
follows that V; o is a 2-packing of G. Moreover, by Lemma 1-(i) we have the function
f/(Vé = W, Vl/ =WV \ V1,0, V2/ = Vz) is a ’th(G - VLO)-function. Therefore, qutR(G) =
Yr(G — Vig) + [Vig| > min{y;r(G — S) + |S]| : S is a 2-packing of G}. We only need to
prove that 7, (G) < min{y;r(G — S) + [S]| : Sis a 2-packing of G}. In such a sense, let
S be a 2-packing of G for which v,z (G — S) + |S| is minimum, and let g’ (W, W{, W}) be
a 7r(G — S)-function. Observe that the function g(Wy, Wy, W,), defined by Wy = W,
Wi = Wi U S and W, = W), is a QTRDF on G. Therefore, v4:r(G) < w(g) = min{y;r(G —
S) +|S| : Sis a 2-packing of G}, which completes the proof. [

The next proposition is a direct consequence of Theorem 2.

Proposition 1. If G is a nontrivial connected graph, then
Ytr(G) = 11r(G) — p(G).

Proof. If v4r(G) = 7:r(G), then the inequality holds. Assume that 7,r(G) < Yr(G).
By Theorem 2 there exists a 2-packing S of G such that y,r(G) = Yr(G —S) +[S].
Let f'(Vy, V4, V3) be a 11 (G — S)-function and let S’ C N(S) be a set of cardinality |S]
such that N(x) NS’ # @ for every vertex x € S. Observe that the function f(Vy, V1, V2),
defined by V, =V, Vi = V/USU (S \ VJ) and Vy = V(G) \ (V1 U V3), is a TRDF on G.
Therefore, 11r(G) < w(f) < w(f) + S| +[S'] = 1r(G = S) +2[S| = 1ur(G) + S| <
Y4tr(G) + p(G), which completes the proof. [

The bound above is tight. For instance, it is achieved for the graph G given in the
Figure 2. Notice that this figure describes the positive weights of a 7,:r(G)-function.
In addition, it is easy to see that p(G) = 2 and ;r(G) = 8. Hence, 74r(G) = 6 =
1R (G) — p(G), as required.
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Figure 2. The labels of (gray and black) coloured vertices describe the positive weights of a
74tr (G)-function.

It is well-known that ;g (G) > 27(G) > yr(G) for any graph G with no isolated
vertex (see [3,15]). From this inequality chain, we deduce the following result.

Theorem 3. For any nontrivial connected graph G,
29(G) = p(G) < 1r(G) < 37(G).

Proof. By combining the bound 7;z(G) > 279(G) and the bound given in Proposition 1,
we deduce that 74z (G) > 29(G) — p(G).

Now, from the bound yg(G) < 27(G) and the inequality v, (G) < vr(G) +7(G)
given in Theorem 1 we obtain 7,z (G) < vr(G) + 7(G) < 37(G), as desired. [

The lower bounds given in the two previous results are tight. We will show later
that, as a consequence of Lemma 3, the graphs G, € § satisfy the equality established in
Proposition 1, while the graph G, satisfies the equality given in Theorem 3.

With respect to the equality in the bound 7,z (G) < 37(G) above, we can see that this
bound is tight. For instance, it is achieved for the graph G given in the Figure 3. Notice
that this figure describes the positive weights of a 7,:r (G)-function, and as a consequence,
we deduce that 7,r(G) = 6 = 37(G), as required.

Figure 3. The labels of (gray and black) coloured vertices describe the positive weights of a
Yqtr (G)-function.

In addition, we can deduce the following connection. To this end, we need to say that
a graph G is called a Roman graph if yr(G) = 29(G).

Proposition 2. If G is a graph such that y;r(G) = 37(G), then G is a Roman graph.

Proof. From the proof of Theorem 3, we have that 37(G) = 74r(G) < 7r(G) +7(G) <
37(G). Thus, we have equalities in the inequality chain above. In particular, yg(G) =
279(G), which completes the proof. [

Notice that the opposed to the proposition above is not necessarily true. For instance,
the graph G, given in Figure 1 is a Roman graph, but it does not satisfy the equality

Yqtr(G2) = 37(Ga).

The following result gives a lower bound for the quasi-total Roman domination
number and characterizes the class of connected graphs for which 7, (G) € {7(G) +
1,v(G) +2}.

Theorem 4. For any nontrivial connected graph G of order n,

Yqtr(G) = 7(G) + 1.
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Furthermore,
(i) vur(G) = ¥(G) + 1ifand only if G = P,.
(i)  vur(G) = v(G) + 2 if and only if one of the following conditions holds.

(a) G 2 P, has a vertex of degree n — v(G).
(b) G has two adjacent vertices u, v such that |0({u,v})| = n —v(G).

Proof. If G = P,, then it is clear that y;4r(G) = 7(G) + 1. From now on, assume that
G # P,. Let f(Vo, V1, V2) be a v4r(G)-function, such that |V| is minimum. Note that
(V1 \ Vi2) UV is a dominating set of G, and V3| > 1. Hence, v4r(G) = 2|V2| + |V1| >
(IVa| + Vi \ Vi2|) + |V2| > 9(G) + 1, and the lower bound follows.

Now, suppose that v,z (G) = 7(G) + 1. So, we have equalities in the inequality chain
above. In particular, V;, = @ and |V,| = 1, which is a contradiction. Therefore, if G % P,,
then 7,r(G) > 7(G) + 2, and, as a consequence, (i) follows.

We next proceed to prove (ii). First, suppose that v,z (G) = 7(G) + 2. Notice that,

Y(G)+2=w(f) = (IVal + [Vi\ Vi2l) + V2| Z 7(G) + [ V2],

This implies that | V,| € {1,2}, and, in such a case, we consider the following two cases.

Case 1. |V»| = 1. In this case, we have that |V4| = 7(G). Let V, = {v}. Now, as
IN(v) N V1| =1and Vy C N(v), we deduce that [N(v)| = [Vo| +1 = (n— |V1| — |Va]) +
1 = n — v(G), which implies that condition (a) follows.
Case 2. |V5| = 2. Let V, = {u,v}. In this case we have that |V;| = v(G) — 2, and we have
equalities in the inequality chain above. As a consequence, V; ; = @, which implies that
u and v are adjacent vertices. Hence, o({u,v}) = V| and, therefore, |0({u,v})| = |[Vo| =
n— |Vi| = |Vz] = n — ¢(G). Therefore, condition (b) follows.

On the other hand, suppose that one of the conditions (a) and (b) holds. In such a
sense, we consider the next two cases. Recall that v4r(G) > 7(G) + 2 since G % P».

Case 1. Suppose that (a) holds. Let v € V(G) such that |[N(v)| = n —9(G) and w € N(v).
Notice that the function f'(Vj, V{,V;), defined by V; = {v}, Vj = N(v) \ {w} and V| =
V(G)\ (VguUV;),is a QTRDF on G. Hence, 74r(G) < w(f') = 2|V, + V| =2+ 7(G),
which implies that v,z (G) = 7(G) + 2, as required.

Case 2. Suppose that (b) holds. Let u, v be two adjacent vertices such that [0({u,v})| = n —
7(G). Observe that the function f”(V{, V{’, V}'), defined by V' = {u,v}, V' = o({u,v})
and V{" = V(G) \ (V§'UV'),isa QTRDF on G. Hence, 74r (G) < w(f") =2|V)/|+ V]| =
4+ (7(G) —2) = 7(G) + 2, which implies that y;r (G) = 7(G) + 2, as required.

Therefore, the proof is complete. [

Cabrera Martinez et al. [6] in 2019, established that v,r(G) < n — p(G)(6(G) —2) for
any nontrivial graph G of order n and minimum degree §(G). The following bounds for
the total Roman domination number and the domination number, respectively, are direct
consequences of the previous inequality, Proposition 1 and Theorem 3.

Theorem 5. The following statements hold for any nontrivial connected graph G of order n and

4(G) > 4.
(i) 1r(G) <n—p(G)(6(G) —3).
(i) ~(G) < =eONE)=3)

From Proposition 1 and Theorem 1, we obtain the following useful inequality chain.

Y1r(G) — p(G) < 74tr(G) < 14r(G). 1

An interesting question that arises from the inequality chain above is the following.
Can the differences v4r(G) — (7:r(G) — p(G)) and ¥:r(G) — 74tr(G) be as large as possi-
ble? Next, we provide an affirmative answer to the previous question. For this purpose, we
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need to introduce the following family of graphs. Given two integers a,b > 0 (a +b > 2),
a graph G, € G is defined as follows.

e We begin with a nontrivial connected graph G of order |V (G)| = a + b with vertex set
V(G) ={uy,...,ug,01,...,04}

e Attach a path Py = x1xpx3%4 to every u; € V(G),i € {1,...,a}, by adding an edge
between u; and every vertex in {xq, xp, x4 }.

e Attach a double star S, to every v; € V(G), j € {1,...,b}, by adding an edge
between v; and every leaf vertex of 5y .

The Figure 4 shows the graph G, 3 by taking G = Ps. We next give exact formulas for
the total Roman domination number, the quasi-total Roman domination number and the
packing number of the graphs of the family G. These results are almost straightforward to
deduce and, according to this fact, the proofs are left to the reader.

1 1 1
1 1
2 2 2 2 2
uy Up 01 02 U3

Figure 4. The graph G, 3 by taking G as the path graph Ps. The labels of (gray and black) coloured
vertices describe the positive weights of a 7,:r (G 3)-function.

Lemma 3. Let a,b > 0 be two integers, such that a + b > 2. If G is a connected graph such that
|[V(G)| = a+ b, then the following equalities hold.

(i) 1r(Gyp) = 4a + 4b.

(11) ')’qtR(Gu,b) =3a + 4pb.

(iii) p(Ggp) =a+b.

According to the lemma above, for any integers a,b > 0 (a + b > 2), we obtain that
any graph G, € § satisfies

YR (Gap) = (1iR(Gap) —0(Gap)) =b  and  Yir(Gap) — V4R (Gap) = 4,

which provides the answer to our previous question. In addition, and as a consequence
of Lemma 3, we deduce that the lower and upper bounds given in Inequality chain (1)
are tight. For instance, any graph G, € G satisfies that v,z (Ga0) = 1tr(Ga0) — 0(Gap),
while any graph G, € G satisfies that 7,r (Gop) = 7ir(Goyp)-

It is well known that p(G) = 1 for every graph G with a diameter of, at most, two. In
this sense, and as direct consequence of the Inequality chain (1), we have that 74z (G) €
{1r(G) — 1,7r(G)} for every graph G with diameter of, at most, two. We next show
some subclasses which satisfy the equality 7,r(G) = 7:r(G). For this, we need to cite the
following result.

Theorem 6 ([6]). The following statements hold for any nontrivial graph G.
(i) vur(G) =2ifand only if G = P,.
(i)  vur(G) =3 ifand only if G £ Py and 7(G) = 1.
(iii) vur(G) = 4 ifand only if 71(G) = 7(G) = 2.
The join of two graphs G; and G, denoted by G; + Gy, is the graph obtained from G;

and G, with vertex set V(Gy + Gy) = V(Gy) U V(Gy) and edge set E(Gy + Gy) = E(Gy) U
E(Gy) U{uv : u € V(Gy),v € V(Gy)}. Observe that diam(Gy + Gp) < 2 by definition.
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The following result, which is a consequence of Theorem 6, shows that ;g (G + Gy) =
Y4tr(G1 + G2).

Theorem 7. For any nontrivial graphs Gy and Gy,

3, if min{y(Gq1),7(Gy)} =1;
Y4tR(G1 + G2) = 1r(G1 + G2) = { 4 i‘herw;'{sz.( D7)}

We continue analysing other subclasses of graphs with a diameter of two. The follow-
ing results consider the planar graphs with a diameter of two.

Theorem 8 ([22]). If G is a planar graph with diam(G) = 2, then the following statements hold.

(i)  v(G) <2o0r G = Gy, where Gy is the graph given in Figure 5.
(i) 1(G) <3.

Figure 5. The planar graph Gg with diam(Gg) = 2 and (Gg) = 7(Gg) = 3.

Theorem 9. For any planar graph G with diam(G) = 2,

3, Zf’)/<G) =1
T(G) = me(6) = { & LTI T
6, if G = Go.

Proof. If G = Gy, then it is easy to check that 4z (G) = ¥r(G) = 6. From now on, let G #
Go be a planar graph with diam(G) = 2. It is straightforward that 7,r(G) = 1r(G) =3
if and only if 7(G) = 1. Hence, assume that 7(G) > 2. By Theorem 8, it follows that
7(G) = 2and ¢(G) € {2,3}. Next, we analyse these two cases.

Case 1. 9¢(G) = 2. By Theorems 6 and 1 and the well-known bound v;z(G) < 27+(G)
(see [15]) we obtain that 4 = 74 (G) < 1tr(G) < 27:(G) = 4 Thus, 7z (G) = 11r(G) = 4.

Case 2. 74(G) = 3. As a consequence of the Theorem 6 we have that 4z (G) > 5. Let {u, v}
be a v(G)-set. Since ¢(G) = 3 and diam(G) = 2, it follows that u and v are at distance
two. Let w € N(u) N N(v). Notice that the function f, defined by f(u) = f(v) = 2,
f(w) = 1and f(x) = 0 for every x € V(G) \ {u,v,w}, is a TRDF on G, which implies
that 1r(G) < w(f) = 5. Hence, by the fact that 7,r(G) < 7:r(G) we deduce that
Yqtr(G) = 1r(G) = 5.

Therefore, the proof is complete. [J

However, for the case of non-planar graphs with a diameter of two, there are graphs
that satisfy v4ir(G) = 7:r(G) or 14tr(G) = 7:r(G) — 1. For instance, for the graphs G; and
G, given in Figure 1 we have that vz (G1) = 6 = 71r(G1) — 1and y4r(G2) = 7 = 71r(G2).
In connection with this fact, we pose the following open problem.

Problem 1. Characterize the families of non-planar graphs G with diameter two for which
Yatr(G) = 11r(G) or Yir(G) = 1r(G) — 1.

Notice that, as consequence of the Inequality chain (1), any new result for the total
Roman domination number gives us a new result for the quasi-total Roman domination
number and vice versa. In such a sense, we continue with two new bounds for the total
Roman domination number. Before this, we need to introduce the following definition.
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A set S of vertices of a graph G is a vertex cover if every edge of G is incident with at least
one vertex in S. The vertex cover number of G, denoted by B(G), is the minimum cardinality
among all vertex covers of G.

Theorem 10. For any K 3-free graph G with 6(G) > 3,
1R(G) < B(G) +7(G).

Proof. Let D be a v(G)-set and S a B(G)-set. Let f(V, V1, V2) be a function defined by
Vo=V(G)\(DUS),V; =(DUS)\ (DNS)and V, = DN S. Now, we proceed to prove
that f is a TRDF on G. We first note that S is a total dominating set because G is Kj 3-free.
Hence, V1 UV, = D US is a total dominating set of G. Letv € Vj = V(G) \ (D US). So,
N(v) C Sand N(v) N D # @. Hence N(v) NDNS # @, i.e., N(v) NV, # @. Therefore,
fis a TRDF on G, as desired. Thus, 1:r(G) < w(f) < [(DUS)\(DNS)|+2|DNS| =
B(G) + v(G), which completes the proof. [

Lemma 4 ([15]). If G is a graph with no isolated vertex, then there exists a v (G)-function
f(Vo, V1, Vi) such that either V, is a dominating set of G, or the set S of vertices not dominated by
V, satisfies G[S] = kK for some k > 1, where S C V4 and 9(S) C V.

Theorem 11. If G isa {Kj 3, Ky 3 + e}-free graph such that 6(G) > 3, then there exists a g (G)-
function f(Vy, V1, Vo) such that V, is a dominating set of G, and, as a consequence,

"R(G) = 7:(G) +7(G).

Proof. Suppose that there is no ;g (G)-function f(Vj, V{, V;) such that V; is a dominating
set of G. By Lemma 4, there exists a g (G)-function f(Vp, V4, V») such that V; ; satisfies
that G[V4 1] = kKj for some k > 1 and 9(V41) C Vp. We can assume that |V} | is minimum
among all ;g (G)-functions because it is a requirement for the existence of the function f
(see the proof of Lemma 4). Let u, v € V; 1 be two adjacent vertices. Hence, d({u,v}) C V.
Since §(G) > 3, there are two vertices w1, wy € N(v) NV, and as G is a {Kj 3,Kj 3 + e}-free
graph, we deduce that at least one of these vertices is also adjacent to u. Hence, and without
loss of generality, assume that {u, v} C N(w;). Observe that the function g(Wy, Wy, W),
defined by W, = Vo, U{wy }, Wy = V4 \ {u,v} and Wy = V(G) \ (W; UW,), isa TRDF on G
of weight w(g) = w(f) and |W1| < |V1]|, which is a contradiction. Therefore, there exists a
7:r (G)-function f(Vp, V1, V3) such that V; is a dominating set of G. Since V3 U V; is a total
dominating set of G, we deduce that 1;(G) + y(G) < [V UV, + |Va| = 2|Va| + |V3| =
7:r(G), which completes the proof. [

Observe that, if G is a {Kj 3,Kj 3 + e}-free graph of minimum degree at least three
with B(G) = 7¢(G), then the bounds given in the two previous theorems are achieved.
Moreover, let G be a (n — 2)-regular graph obtained from the complete graph K, (1 even)
by deleting the edges of a perfect matching. Notice that G is {Kj 3,Kj 3 + e}-free and
satisfies that 7, (G) =4 = 71+(G) + 7(G).

Theorem 12. If G is a connected {Kj3,Ky3 + e}-free graph such that 5(G) > 3, then the
following statements hold.

@ 1(G) +7(G) = p(G) < 1r(G) < B(G) +7(G).

(i) If1ir(G) = Yr(G), then vyr(G) = 27t(G).

Proof. Statement (i) is a direct consequence of combining Inequality chain (1) and
Theorems 10 and 11. Finally, we proceed to prove (ii). By Theorem 11 there exists a y;r(G)-
function f(Vp, V4, V») such that V; is a dominating set of G. Hence, V1 1 = @. Moreover, as
7tr(G) = 7r(G), we deduce that f is also a 7,¢r (G)-function and Lemma 1 (iii)-(a) leads
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to V1o = @. Therefore V; = @, which implies that V; is a total dominating set of G. Hence,
27(G) < 2|Va| = ygr = ViR < 271(G). Therefore, y4r = 279:(G), as required. [

3. Conclusions and Open Problems

This paper is a contribution to the graph domination theory. We have studied the quasi-
total Roman domination in graphs. For instance, we have shown the close relationship
that exists between this novel parameter and other invariants, such as (total) domination
number, (total) Roman domination number and 2-packing number.

We conclude by proposing some open problems.

e  Settle Problem 1.

e Characterize the graphs that satisfy the following equalities.
- ’thR(G) = 1r(G).
- 79¢r(G) = 11r(G) — p(G).
- rqr(G) =37(G).

e We have shown that if G is a {Kj 3, Kj 3 + e}-free graph with minimum degree §(G) >
3, then 14 (G) > 7t(G) +7(G) — p(G). We conjecture that the previous bound holds
for any graph with no isolated vertex.
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Abstract: A double Roman dominating function on a graph G = (V, E) is a function f : V — {0,1,2,3}
satisfying the condition that every vertex u for which f(1) = 0is adjacent to at least one vertex
assigned 3 or at least two vertices assigned 2, and every vertex u with f(u) = 1 is adjacent to at least
one vertex assigned 2 or 3. The weight of f equals w(f) = }_ycv f(v). The double Roman domination
number 4 (G) of a graph G equals the minimum weight of a double Roman dominating function of
G. We obtain closed expressions for the double Roman domination number of generalized Petersen
graphs P(5k, k). It is proven that g (P(5k, k)) = 8k for k = 2,3 mod 5 and 8k < (P (5k,k)) <
8k 42 for k = 0,1,4 mod 5. We also improve the upper bounds for generalized Petersen graphs
P(20k, k).

Keywords: double Roman domination; generalized Petersen graph; discharging method; graph
cover; double Roman graph

1. Introduction

Double Roman domination of graphs was first studied in [1], motivated by a number
of applications of Roman domination in present time and in history [2]. The initial studies
of Roman domination [3,4] have been motivated by a historical application. In the 4th
century, Emperor Constantine was faced with a difficult problem of how to defend the
Roman Empire with limited resources. His decision was to allocate two types of armies
to the provinces in such a way that all the provinces in the empire will be safe. Some
military units were well trained and capable of moving rapidly from one city to another
in order to respond to any attack. Other legions consisted of a local militia and they were
permanently positioned in a given province. The Emperor decreed that no legion could
ever leave a province to defend another if in this case they left the province undefended.
Thus, at some provinces two units were stationed, a local militia units were stationed at
others, and some provinces had no army. While the problem is still of interest in military
operations research [5], it also has applications in cases where a time-critical service is to be
provided with some backup. For example, a fire station should never send all emergency
vehicles to answer a call.

Similar reasoning applies in any emergency service. Hence positioning the fire stations,
first aid stations, etc. at optimal positions improves the public services without increasing
the cost. A natural generalization, in particular in the case of emergency services, is
the k-Roman domination [6], where in the district not one, but k emergency teams are
expected to be quickly available in case of multiple emergency calls. Special case k = 2, the
double Roman domination, is considered in this work. It is well-known that the decision
version of the double Roman domination problem (MIN-DOUBLE-RDF) is NP-complete,
even when restricted to planar graphs, chordal graphs, bipartite graphs, undirected path
graphs, chordal bipartite graphs and to circle graphs [7-9]. It is therefore of interest to
study the complexity of the problem for other families of graphs. For example, linear time
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algorithms exist for interval graphs and block graphs [8], for trees [10], for proper interval
graphs [11] and for unicyclic graphs [9]. Another avenue of research that is motivated
by high complexity of the problem is to obtain closed expressions for the double Roman
domination number of some families of graphs. In particular, generalized Petersen graphs
and certain subfamilies of generalized Petersen graphs have been studied extensively in
recent years. The results listed in subsection on related previous work include closed
expressions for the double Roman domination number of some, and tight bounds for other
subfamilies [12-15]. For more results on double Roman domination we refer to recent
papers [16-19] and the references there.

The rest of the paper is organized as follows. In Section 2, we recall some basic
definitions and known results that will be used in the following sections. In the last part
of Section 2 our main results, Theorems 6 and 7, are presented. In Section 3, we present
upper and lower bounds for double Roman domination number in generalized Petersen
graphs P(5k, k). Finally, in Section 4, we give an improved upper bounds for double Roman
domination number of generalized Petersen graphs P(20k, k), using the notion of covering
graphs.

2. Preliminaries
2.1. Graphs and Double Roman Domination

Let G = (V, E) be a graph without loops and multiple edges. As usual, we denote
with V = V(G) the vertex set of G and with E = E(G) its edge set.

A set D C V(G) is a dominating set if every vertex in V(G) \ D has at least one
neighbor in D. The domination number y(G) is the cardinality of a minimum dominating
set of G. A double Roman dominating function (DRDF) on a graph G = (V, E) is a function
f:V —{0,1,2,3} with the following properties:

(1) every vertex u with f(u) = 0 is adjacent to at least one vertex assigned 3 or at least
two vertices assigned 2, and
(2) every vertex u with f(u) = 1 is adjacent to at least one vertex assigned 2 or 3 under f.

Define f(U) = Y_,cy; f(u) as the weight of f on an arbitrary subset U C V(G). Then,
the weight of f equals w(f) = f(V(G)) = Lycv(c) f(v). The double Roman domination
number 4 (G) of a graph G is the minimum weight of a double Roman dominating
function of G. A DRD function f is called a ysg-function of G if w(f) = v4r(G).

For any double Roman dominating function f, defined on G we define a partition of
the vertexset V.= VUV, UV, U V3, where V; = Vlf ={u|f(u) =i}

The study of the double Roman domination in graphs was initiated by Beeler et al. [1].
It was proved that 29(G) < y4r(G) < 37(G). Furthermore, Beeler at al. defined a graph G
to be double Roman if 74z (G) = 37(G), where y(G) is the domination number of G. For a
later reference we recall the following result, also obtained by Beeler et al.

Proposition 1 ([1]). In a double Roman dominating function f of weight v, (G), no vertex needs
to be assigned the value 1.

Domination in graphs with its many varieties has been extensively studied in the
past [20-23]. Roman domination and double Roman domination is a rather new variety of
interest [1,2,7,24-27].

2.2. Generalized Petersen Graphs

The generalized Petersen graph P(#, k) is a graph with vertex set U U V and edge set
E1 UEy; UEs, where U = {ug,uy, -+ ,uy,_1}, V. ={vg,v1, -+, 051}, E1 = {ujujq |i =
0,1,...,n—=1}, E; = {wjv; | i =0,1,...,n— 1}, E3 = {vjv;;x | i =0,1,...,n — 1}, and
subscripts are reduced modulo n, see Figure 1. Thus, we identify integers i and j iff
i = jmod n. (As usual, m = r mod n means that m = kn + r, or equivalently, m —r = kn
for some integer k € Z.
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Figure 1. A generalized Petersen graph P(#, k).

It is well known that the graphs P(1, k) are 3-regular unless k = 5 and that P(n, k) are
highly symmetric [28,29]. As P(n, k) and P(n,n — k) are isomorphic, it is natural to restrict
attention to P(n, k) withn > 3and k, 1 <k < 7.

Petersen graphs are among the most interesting examples when considering nontrivial
graph invariants. The domination and its variations (such as vertex domination, exact
domination, rainbow domination, double Roman domination and other) of generalized
Petersen graphs have been extensively studied in recent years, see for example [14,30-36].

2.3. Related Previous Work

The domination number for the generalized Petersen graphs P(ck, k) for integer con-
stants ¢ > 3 was studied by Zhao et al. [37]. They obtained upper bound on y(P(ck, k)) for
general c.

Theorem 1 ([37]). Foranyk > 1andc > 3

%[%W, ¢ =0mod 3,
v(P(ck,k)) < ¢ [§] [%kw — [%k—‘, ¢ =1mod 3,
[£] [%q - %k—‘ + [%W, ¢ =2mod 3.

Shao et al. [14] determine the exact value of v,z (P(n,1)), and Jiang et al. [13] deter-
mine y4gr(P(n,2)).

Theorem 2 ([13,14]). Let n > 3. Then we have

37n, n =0 mod 4,
Yar(P(n,1)) = 3n2+3, n=1,3mod 4,
#, n=2mod 4
and forn > 5
(%], n=0mod 5,

var(P(1,2)) = {

—
G2 ol

1+1,  n=1,234mod>5.

Shao et al. in [14] obtained also a general lower bound on double Roman domination
numbers for arbitrary graphs of a maximum degree greater or equal one.
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Theorem 3 ([14]). If G is a graph of maximum degree N > 1, then

1r(6) = | 5 |

Clearly, as the generalized Petersen graph P(n, k) is 3-regular and has 2n vertices.
Corollary 1 ([14]). In Petersen graphs P(n,k), var(P(n,k)) > [32].

Gao et al. [12] determined the exact value of y;r(P(n,k)) for n = 0 mod 4 and
k =1 mod 2, and presented an improved upper bound for 4 (P(n,k)) in other cases. The
results are summarized in the next theorem.

Theorem 4 ([12]). Fork >3, v;r(P(n,k)) = %, k=1mod 2, n = 0 mod 4.

37”—0—5’%5, k=1mod 4,n # 0 mod 4,
3 Sk k=3mod4,n#0mod4,

2 [ (3k+1)1+T, k=0mod 4,n # 0 mod (3k + 1),
Sn(;k )1) k=2mod4,n=0mod (3k—1),
(% 21+ 34, k=2mod4,n #0mod (3k—1).

Double Roman domination of families P(ck, k) has been studied recently for small
k, including ¢ = 3, 4, and 5. Shao et al. [15] considered the double Roman domination
number in generalized Petersen graphs P(3k, k) and constructed solutions providing the
upper bounds, which gives exact values for v,z (P(3k, k)).

Theorem 5 ([15]).
5k+1, ke {1,2,4}
Yar(P(3k k) = {

5k, otherwise

For small cases in the families P(4k, k) and P(5k, k), the known facts are summarized
in the next proposition.

Proposition 2. y;r(P(4,1)) =6, v4r(P(8,2)) = 14 [13], v4r(P(12,3)) = 18 and
Yar(P(5,1)) = 9 [14], 74 (P(10,2)) = 16 [13],23 < 74r(P(15,3)) < 26 [12].

2k; k=1mod 2,
2k +1; k=0mod2 ~’
¥(P(5k,k)) = 3k for all k > 1. Furthermore, recall the lower bound given in Corollary 1
and recall that Theorem 4 implies 7y4g (P(4k, k)) = 6k for k = 1 mod 2. Thus, we can write
the known facts regarding vz (P(4k, k)) and y4r (P(5k, k)) in the next two propositions.

Wang et al. in [38] showed that (P (4k k)) = { and

Proposition 3. Let k > 1. Ifk = 1 mod 2, then vy g (P(4k, k)) = 6k, and if k = 0 mod 2 then
6k < v4r(P(4k, k)) < 6k + 3.

Proposition 4. Let k > 3. Then 7k + M < var(P(5k k) < 9.
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2.4. Our Results

The main result of our paper are either exact values or narrow bounds for the double
Roman domination numbers of all Petersen graphs P(5k, k). More precisely, we will show
that the following theorem holds.

Theorem 6. Let k > 2.

8k, k=2,3mod5

8k < P(5k,k)) <
var (P ) { 8k + 2, otherwise
As mentioned earlier, a graph G is double Roman if y,4z(G) = 37v(G). Using the
known equality (P (5k, k)) = 3k for all k > 1 [38], we can conclude that the only double
Roman graph in the set of generalized Petersen graphs P(5k, k) is P(5,1).

Corollary 2. There is no double Roman graphs in the set of generalized Petersen graphs P (5k, k)
for k > 2. The graph P(5,1) is a double Roman graph.

We also show that certain generalized Petersen graphs are covering graphs of other
generalized Petersen graphs (Proposition 7). This provides a method for establishing new
upper bounds, see Proposition 8. In particular, we elaborate the case P(20k, k) to obtain
exact values in some, and tight bounds in other cases.

Theorem 7. ,z(P(20,1)) < 40, 74r(P(40,2)) < 64, 74r(P(60,3)) < 96.
Furthermore, let k > 3. Then, for odd k, we have

var (P(20k, k)) = 30k 1)

and for k even,
30k < y4r(P(20k, k)) < 30k + 15. )

By Proposition 1, we can only consider the DRDF of a graph G with no vertex assigned
the value 1.

3. Constructions and Proofs

In this section, the constructions of double Roman dominating functions providing
upper bounds for the double Roman dominating numbers are given. We start by intro-
ducing some convenient notation for representing the DRDFs and providing some basic
constructions.

In order to present the double Roman dominating functions of generalized Petersen
graphs as concise as possible we use two different notations. For smaller graphs, we use
the notation in brackets, showing weights on outer and inner cycles in two lines:

(f(uo) flur) ... f(un1)>
f(vo) f(o1) ... flon1))’

For example, a DRD function showing v,r(P(4,1)) = 6 is the following:
0030
300 0/°
For bigger graphs we use the notation that provides only the values on the outer cycle,
see Table 1. (In this case, the assignment on the inner cycles is completed such that the
weight is minimal, see Lemma 1 for details.)

The columns correspond to the sets U; = {u, Uik, Ujyok, -, Uiy (c—1)k}, and we as-
sume that the inner cycles, sets V; = {v;, v; 1k, Uik, - - -, Uz’+(c—1)k}/ are completed such that
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the whole assignment presents a DRD function. As we can see from Table 1 below, the first
two and the last two columns provide the same information on DRD function, namely the
values at Uy = Uy, and U; = Uy 1. We will use this property observing certain patterns
appearing in case of optimal assignment —it will hold exactly when columns 0 and k will
match, taking into account the shift of rows as indicated in Table 1.

Table 1. A DRD function of U; for P(4k, k).

fluwo)  fluw) o flw) o flug—1) fuk) fugs)
flug)  fluger) oo flug) o fluxe1) fux) fuoki1)
flug)  fluggr) oo flugkss) oo flusk1) f(uzk) f(uzks1)

fluse)  fluserr) oo fluseys) oo fluger)  flug) = f(uo)  f(u1)
0 1 i k—1 k k+1

To better understand the notation in tables, consider the pattern in Table 2 that
provides DRDF(double Roman dominating function) for P(12,3) and P(28,7).

Table 2. An optimal DRDF(double Roman dominating function) of U; for P(4k, k). The first column
provides a DRD function for P(4, 1), the first 3 columns provide a DRD function for P(12,3), and the
first 7 columns provide a DRD function for P(28,7).

0 0 3 0 0 0 3 0
0 0 0 3 0 0 0 3
3 0 0 0 3 0 0 0
0 3 0 0 0 3 0 0
0 1 2 3 4 5 6 7

Considering closely the graph P(12,3) and using the fact that the columns 0 and 4
correspond to the same set of vertices, Uy = Uy, and that the column 4 equals column 0
shifted one row downwards (see Table 1), we can see that the pattern is well defined on the
outer cycle of P(12,3). Obviously, the vertices on the inner cycles could be assigned with
three more weights of 3, so we have a DRDF of P(12,3) of weight 9 +9 = 18. Similarly,
regarding P(28,7), we have Uy = Uy, and the same reasoning applies. Recalling Theorem 4,
the constructions are best possible (compare the bounds in Theorem 3.)

3.1. Basic Constructions for P(5k, k).
Recall that vy (P(5,1)) = 9 [14]. A simple DRD function showing vz (P(5,1)) < 9is

the following;:
3000 3
003 00/

For larger graphs among P(5k, k), we are going to use the notation introduced in Table 3.

Table 3. A DRD function of U; for P(5k, k).

flug)  flur) ... flw) .. flug-q) f(ug) fugi1)
flue)  fluerr) oo flues) o flux-) f () f(tgs1)
fluo)  flumin) oo flusks) .o fuze-1) f(ust) f(uzki1)
fluse)  fluserr) oo flusess) oo f(uak-1) f(ar) fuggy1)
fluge)  flugerr) oo flugey) oo flusko1)  flusg) = f(uo)  f(ua)
0 1 ... i ... k—1 k k+1
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The next two examples provide constructions of DRDF that show 7,4z (P(10,2)) < 16
and 4 (P(35,7)) < 56.
We proceed with two comments on Table 4.

e  First, note that the columns in Table 4 have the following properties: each column
has two consecutive vertices that are assigned two legions: say u; and u; j for some
i. Then, in the column i, vertices u;, o and u; 4 have one neighbor and the vertex
i, 3 has two neighbors in the outer cycle that are assigned 2. Clearly, the missing
legions can be provided by assigning weight 2 to vertices v;, ; and v; 4% on the inner
cycle. In this assignment, each of the vertices u;, o, 1 3¢ and u; 45 is adjacent to two
vertices of weight 2. Hence we have weight 8 for each column.

*  Second, observe that columns 2 and 7 coincide. Recalling the convention given in
Table 3, note that for k = 2, column 2 is column 0 shifted one row upwards (cyclicaly).
Similarly, for k = 7, and columns 0 and 7.

Table 4. A DRDF of U; that implies 4 (P(10,2)) < 16 and 4 (P(35,7)) < 56.

S| Oo | OO NN
O |IN|IDNIO| O
NN OO N
W oo NN O
IN|IN|OO| O
QO | OO N DN
|| NN O| O
N[N |OoO|Oo|O| N

These constructions are optimal, which will follow from the lower bound that will
be proved below. Recall that v, (P(10,2)) = 16 [13], therefore the RDF for v,z (P(10,2))
given in Table 4 is best possible.

A symmetrical construction, given in Table 5 shows v;z(P(15,3)) < 24 and
7ar(P(40,8)) < 64.

Table 5. A DRDF of U; that implies v (P(15,3)) < 24 and ,4(P(40,8)) < 64.

[N el NN NeN N SHE S
NN O|O| O
NIO|O| NN O
WIN| OO N
BlOoO|IN|I DN OO
GO | OO NN
NN O|O| O
N[O | | NN O
| N OO DN

3.2. Double Roman Domination in P(5k, k)—Upper Bounds

Observe that the patterns used in Tables 4 and 5 have period five (columns). This
implies the next proposition.

Proposition 5. Let k = 2 mod 5 or k = 3 mod 5. Then 4 (P(5k, k)) < 8k.

Proof. Recall from previous considerations (Table 4) that y,4z(P(10,2)) < 16 and
74r (P(35,7)) < 56. Observe that if we repeat the columns 2-6 in Table 4, we obtain a DRDF
showing 7,4z (P(60,12)) < 96. By induction, it follows that ;g (P(5(5i +2), (5 + 2)) <
8(5i + 2) for all integers i > 0. Thus, y4r (P (5k, k)) < 8k for k = 2 mod 5.

The statement for k = 3 mod 5 follows from Table 5 by analogous argument. [

The next table provides a DRDF for P(25,5). It is obtained from Table 4 by deleting
columns 3 and 4 and altering only one entry in the original column 5, see Table 6.
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Table 6. A DRDF of U; that implies v,z (P(25,5)) < 42.

2 0 2 2 0 2

2 0 0 2 0 0

0 2 0 2 2 0

0 2 0 0 2 0

0 0 2 0 0 2

0 1 2 3,4,5 6 7 merged columns
0 1 2 3 4 5 columns renamed

It is straightforward to check that the table provides a DRDEF. Observe that we can in
this way delete two columns and alter one column to obtain a DRDF of vy 4z (P(5(5i),5i) <
8(5i) + 2 from 7y (P(5(5i + 2),5i +2) < 8(5i + 2) for all integers i > 0.

The same idea, applied to Table 5 gives a DRDF of P(30, 6) of weight 50. We omit the
details. Using the periodicity of the basic pattern, we have a construction that gives RDF
showing y,r(P(5(5i +1),5i+1) < 8(5i +1) + 2 from v g (P(5(5i +3), (5 +3)) < 8(5i +3)
for all integers i > 0.

Similarly, inserting two columns in the pattern comes with additional costof 8 + 8 + 2 = 18
legions, thus increasing the total weight by 18. For example, see Table 7.

Table 7. An alternative DRDF of U, that shows 7,4 (P(25,5)) < 42 and -y, (P(50,10)) < 82.

2 0 0 2 0 2 0 2 0 0 2
2 0 2 0 2 0 0 2 0 2 0
0 0 2 0 2 0 2 0 0 2 0
0 2 0 2 0 0 2 0 2 0 0
0 2 0 2 0 2 0 0 2 0 2
0 1 2 3 2’ 3 4 5 6 7 8
0 1 2 3 4 5 6 7 8 9 10 columns renamed

For completeness, in Table 8 we give a RDF of P(20,4) proving that v,z (P(20,4)) < 34.
The construction starts with RDF of weight 16 for v,z (P(10,2)), and inserts two columns
as in Table 7. In more detail, note that column 4 is a copy of column 2 and column 3 is
a copy of column 1. Then, additional two legions are assigned to vertex u17 in column 1.
It follows that y,r (P(5(5i +4), (5i +4)) < 8(5i + 4)+2 for all integers i > 0.

Table 8. A DRDF of U; that implies v,z (P(20,4)) < 34.

2 0 2 0 2
2 0 0 0 0
0 2 0 2 0
0 2 0 2 0
0 2 2 0 2
0 1 2 1 2
0 1 2 3 4 columns renamed

Summarizing the arguments, we have a proof of the next proposition.

Proposition 6. Let k =0,1,4 mod 5. Then 4z (P(5k, k)) < 8k + 2.
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3.3. Double Roman Domination in P(5k, k)—Lower Bound

The proof of lower bound in Theorem 8 is based on several technical lemmas. In
all proofs below we assume that f is a DRDF and there are no vertices with f(v) = 1.
As before, let U; = {u;, ujx, Uiy ox, Uivak, Uivar} and Vi = {0;, ik, Uit ok, Vigak Viyar}- Let
us denote with W; the weight of H; = V; U U;, W; = f(H;) = f(V;UU;).

Lemma 1. Let f be DRDF f. Then

if f(U;) = 0then f(V;) > 6and W; > 6,

if f(U;) =2then f(V;) >5and W; > 7,

if f(U;) = 3 then f(V;) > 5and W; > 8,

if f(U;) =4 then f(V;) > 4and W; > 8,

if f(U;) =5 then f(V;) > 4and W; > 9,

if f(U;) = 6then f(V;) >3and W; > 9,

if f(U;) =7 then f(V;) > 4and W; > 11,

if f(U;) = 8 then f(V;) > 3and W; > 11, and
if f(U;) > 9 then W; > 12.

Proof. We will list all possible examples (up to the isomorphism), using the following no-

tation:
<f(uz') fluip)  fluipo)  fuigse) f(”i+4k)>
fi)) fUigr) floizan)  foigae)  f(vipar) )

e Case f(U;) > 9. First, assume f(U;) = 9. Excluding weights 1, the sum 9 can be
achieved as 9 =3 +3+30r9 = 3+ 2+ 2+ 2. In the first case, three vertices among
five can be chosen in two ways, either the two zeros are at adjacent columns or not.
Similarly, in the second case, the 0 can either be next to 3, or not. Thus, we have 4
cases listed below. The values on V; are chosen so that the total weight is minimal.

333 00 33 030 322 20 3220 2
00030/ \00O030/) \00202)\01020)
In all cases we have f(V;) > 3,thus W; > 9+ 3 = 12.

Furthermore, if f(U;) = 10 or f(U;) = 11 then observe that f(V;) > 2, and hence

W; > 12.
e Case f(U;) = 8. Possible subcases with8 =3+3+2=2+2+2+2are

33 200 33 020 323 00 32030
o003 0/ \00O0 3 0/ \0O0202)\0020 2
and
2 2 2 20
02 0 0 2)
In all cases, f(V;) > 3, thus W; > 8 +3 = 11.

e Case f(U;) = 7. There is only one possibility, 7 = 3 + 2+ 2, and we have the
following subcases:
3
" \0

32200 320 20 3 2

002 02) \00 20 2) \0O0
It is obvious that f(V;) > 4and W; > 7+ 4 = 11.

e Case f(U;) = 6. This sum can be achieved as 6 = 3 +3 = 2+ 2 + 2. There are

four subcases:

33 000 303 00 2 2
000 3 0/ \02003) \0O

N O
N O
(el \S)
N O
SN
SN
e

NN
o O
e
=
(el N8}
N O
SN

N O
N~——
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In all cases the value f(V;) is at least 3, which implies W; > 6 +3 = 9.
e Case f(U;) =5. Wehave 5 = 3 + 2, and two possibilities.

32000 30200
0 0202) \0 2030/
Clearly, in both cases f(V;) must be at least 4, which implies W; > 5+4 = 9.
e Case f(U;) = 4. As4 =2+ 2, we have two cases:

22000 2 02 00
0 0202) \0 2030/

As f(V;) > 4 in both cases, we have W; > 4 +4 = 8.

e Case f(U;) = 3. There is only one possible subcase (3 8 g 8 g) with f(V;) =5,
thus W; > 3+5=38.
. . (2 0 0 0 O .
e Case f(U;) = 2. The only possible subcase is <0 ’ 0 3 0> with f(V;) = 5, thus

W;>2+4+5=7.
e Case f(U;) = 0 has two possible subcases,

0 00 0O 00 0 00O
0 300 3) \22020)
with f(V;) = 6,thus W; > 0+6 =6.

This concludes the proof of lemma. [J

In order to prove the lower bound in Theorem 8, we will need to consider the H;
with W; < 8, thus by Lemma 1, the cases W; = 7 (f(U;) = 2, and f(U;) =0)or W; = 6
(f(U;) = 0). In the Figure 2 below all cases (up to the isomorphism) with W; = 6 and
W; = 7 are drawn.

Figure 2. The standard drawing of H; (left) and the case f(H;) = W; = 7 with f(U;) = 2 (right).

First we consider the cases where two adjacent H; have weights less than 8. Note that
the proof of the next lemma also implies that it is not possible to have a DRDF with more
that two consecutive W; < 8.

Lemma 2.

(a) IfW; =6and Wi, 1 = 6then W;_1 > 12.and Wi, > 12.

(b) Ile =7 and W,'+1 =7 then W,',1 > 11 and Wl'+2 > 11.

(c) IfW, = 6and Wi+1 =7 then Wi—l > 11, Wi+2 > 11, and Wi—l + Wi_l’_z > 23.
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Proof. The proof will be derived in several steps using the notation introduced in Table 3.
We only give the values on the outer cycle, and in addition, in some cases (for sets H; and
Hj, 1) the values on the inner cycles are provided in parenthesis, as f(u;)(f(v;)). For other
neighbor sets H,, we will assume that the inner cycles V. are completed such that the whole
assignment is a DRD function. The weights W; are estimated using the results of Lemma 1.

(a)

(b)

Case W; = 6 and W1 = 6 obviously implies that f(U;) = 0 and f(U;;1) = 0. There
are two cases (see Figure 3), for which Table 9 (columns Al and A2) show the minimal
demands that the two neighboring vertices in U;_1 U U; 1 have to fulfil. Without loss
of generality, consider first H;. Since f(U;;1) = 0, we read from Table 9 that at least
three vertices of U; 1 must have weights 3, thus f(U; 1) > 9and W; 1 >9+3 =12.
By analogous reasoning, Wi, > 9 +3 = 12.

Case W; = 7 and W;, 1 = 7 (see Figure 4). First, consider the case when f(U;,1) = 0.
Then, from Table 9 (columns A3 and A4) there are at least two vertices of U;_; which
must have weights 3, and two more vertices with weights at least two, thus f(U;_1) >
10 and W;_1 > 12. By symmetry, f(U;) = 0 implies W, > 12.

Therefore, we may assume that f(U;) = 2 and f(U;,1) = 2. The DRDF for H; is in
Figure 2 (right). Considering neighbor sets H;_; and H;;, we have all subcases listed
in Tables 10 and 11.

In Tables 10 and 11, we fix DRDF on H; (second column), and consider all possible
DRDF with W1 = 7 and f(U;,1) = 2 (third column). The first and fourth columns
provide the minimal f values in H; 1 and H;,, respectively. The labeled graph H; 4
in this case has no symmetries, hence we have to consider five rotations, and in each
case two cases due to reflexion. Thus, we have ten cases in total, b1 to b10, outlined in
Tables 10 and 11.

Figure 4. The two cases with f(H;) = W; = 7and f(U;) = 0.
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Table 9. Demands for U; 1 U U;.1 when W; = 6 or W; = 7 and f(U;) = 0.

(A1) (A2) (A3) (A4)
000)  3+0/2+2 | 0@2) 0+2 000)  3+0/2+2 | 0(0)  3+0/2+2
0(3) 0 0(2) 0+2 0(3) 0 0(3) 0
00)  3+0/2+2 | 0(0) 3+0/2+2 | 0(0)  3+0/2+2 | 0(2) 2+0
000)  3+0/2+2 | 0@2) 0+2 002) 2+0 000)  3+0/2+2
0(3) 0 000)  3+0/2+2 | 0(2) 2+0 0(2) 240

Table 10. Subcases of f(U; 1), f(U;), f(U;r1) and f(U;1p) with W; =7, Wiiy =7 and f(Ujq) =2

(first part).
(b1) (b2) (b3) (b4) (b5)
0 20) 20) 0]0 20 00 2]0 20 03 0[]0 20 00 2]0 20 02 0
2 02 02 2|0 02 20 0]2 02 00 3|2 02 03 0]2 02 00 3
3 00) 00) 3|3 00 02 2|2 00 20 0]3 00 00 33 00 03 0
0 03 03 0|0 03 00 3|0 03 02 2|0 03 20 0]0 03 00 3
3 00) 00) 3|3 00 03 0]3 00 00 3|3 00 02 23 00 20 0

Table 11. Subcases of f(U; 1), f(U;), f(U;11) and f(U; o) with W; =7, Wi,y =7 and f(U; 1) =2
(second part).

(b6) (b7) (b8) (b9) (b10)
0 200 02 2|0 20 ©00) 270 20 03 0|0 20 00 2|0 20 20 0
2 02 20) 0[]0 02 02 2|2 02 00 3|2 02 03 02 02 00 3
3 00) 00) 3|3 00) 20 0]2 00 02 2|3 00 00 33 00 03 0
0 03 03 0]0 03 00 3|0 03 20 0[]0 03 02 2|0 03 00 3
3 00) 00) 3|3 00) 03 0]3 00 00 3|3 00 20 0]3 00 02 2
From Tables 10 and 11 using the results of Lemma 1 we can estimate the weights
Wi b)) Wi_1 > 84+4 =12, Wiy > 84+4 =12, (b2) W;_1 > 6 +5 =11, W;,, >
744 =11, (b3 Wy > 7+4 =11, Wi,p > 8+4 =12, (b W,_; > 8+4 = 12,
Wipp >27+4 =11, b5) Wi_1 > 8+4 =12, Wi.p > 645 =11, (b6) W;_1 >
8+4 =12, Wiy >8+4=12 (b7 Wi > 6+5=11, Wy, > 7+4 = 11, (b8)
Wii1>274+4=11, Wi, >8+4=12, b)Y W;_1 >84+4 =12, W;., >7+4 =11,
(b10) W;_1 > 8+4 =12, Wisp > 8+4 = 12.
(c) Case W; = 6 and W;,1 = 7. First, observe that in the case when f(U;;1) = 0, the

reasoning in case (a) and (b) implies that W;_1 > 12 and W;,, > 11. So we can assume
that f(U;;1) = 2. As seen in Figure 3, three vertices in V; could have weights 2 or
two of them have weights 3. As we know, one vertex in U; ;1 has weight 3 and the
other one (two steps further) has weight 2, see Figure 2. We thus fix the assignment in
H; (second column), add all possible assignments in H; ;1 (third column) and write
the minimal weights on H; 1 and H;,, in the first and fourth column. As each of
the two assignments of H; is reflexion symmetric, it is clear that there are exactly
10 different cases. All possible outcomes for sets H; 1 U H; U H; 1 are given below,
Tables 12 and 13.

In Table 12, we find all subcases (c1 to c5) when two vertices in V; have weights 3.

Table 12. First five subcases of f(U;_1), f(U;), f(U;iy1) and f(U; o) with W; = 6 and W1 = 7.

(c1) (c2) (c3) (c4) (c5)
2 00) 200 03 00) 02 23 00) 00 3]3 00 03 0]3 00 00 3
0 08 00) 3]0 03 20 0[]0 038 02 2]0 03 00 3]0 03 03 0
3 00) 03) 03 00) 00 3|2 00 20 0]3 00) 02 2]3 00 00 3
3 00) 00) 3|3 00 03 03 00) 00 3]2 00 20 0]3 00 02 2
0 03 02 20 03 00) 3|0 038 08 0]0 03 00 3]0 03 20) 0

In Table 13, we have all subcases (c6 to c10) when three vertices in V; have weights 2.
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Table 13. Second five subcases of f(U;_1), f(U;), f(Uj+1) and f(Uj.p) with W; = 6 and W1 = 7.

(c6) (c7) (c8) (c9) (c10)
0 02 20) 0]2 02 02 2|2 02 00 3]2 02 03 0]2 02 00 3
2 02) 00 3|0 02 20 0]2 02 02 2|2 02 00 32 02 03 0
3 00) 03 03 00 00 3|2 00 20 0]3 00 02 2|3 00 00 3
2 02) 00) 3|2 02 038 0]2 02 00 3|0 02 20 0]2 02 02 2
3 00) 02 2|3 00 00 3|3 00 08 0]3 00 00 3|2 00 20 0

O

Similarly, as in case (b), we can estimate the weights W; from Tables 12 and 13
using the results of Lemma 1: (c1) W;_; > 8+3 = 11, W1, > 8+ 4 = 12, (c2)
Wi1>9+43=12,Wip>8+4=12,(3)Wiq >8-+4=12 Wy, >8+4=12,
(CDW; 1 >8+4=12, W, >8+4=12,(c5)W;_1 >9+3 =12, W;,, >8+4 =12,
() Wi > 10+4 =14 Wip > 8+4 =12, (7)) Wiq > 10+4 = 14, Wiy, >
8+4 =12,(8) W;_1 > 11+4 =15 W;;» > 8+4 =12, (9 W; 1 > 10+4 = 14,
Wito >8+4=12(10) Wy > 114+4=15 W, >8+4=12.

Lemma 3.

(a)

(b)

IfW; = 6and W;_q1 > 8, W1 > 8 then either (W;_1 + Wi > 20)

or (Wi_p +Wi_1 > 19, Wii1 + Wi > 19, and Wi_p + Wi_1 + W1 + Wiy > 39).
IfW; =7 and W;_q > 8, W1 > 8 then either (W;_1 + Wi > 18)

or (Wi_p +W;_1 > 18 and Wi 1 + Wi, > 18).

Proof. As in the proof of Lemma 2, we will use the notation introduced in Table 3. We give
only the values on the outer cycle, and in some cases the values on the inner cycles are
provided in parenthesis, as f(u;)(f(v;)). For other neighbor sets H. we will assume that
the inner cycles V., are completed such that the whole assignment is a DRD function.

(@)

Case W; = 6 implies f(U;) = 0 (Figure 3). Recall that either three vertices in V; have
weight 2 or two of them have weight 3, and that Table 9 gives the demands that need to
be fulfilled by the neighboring H,. As W;_1 > 8 and W;;; > 8, according to lemma 1,
we have f(U;_1) > 3and f(U; ;1) > 3. We may also assume that f(U;_1) < f(Uj11).
Thus, we have f(U; 1) € {3,4,5,6}, and all cases are analyzed in Tables 14-16. Note
that there is only one case for f(U;_1) =6 =2+2+2(and f(Uj;1) =6 =2+2+2),
because if f(u,-,l) =6 =3+ 3 then f(ui+1) =3 <6.

Table 14. Subcases of f(U; 1), f(U;) and f(U;,1) with W; = 6 =3+ 3.

(A1-1)* (A1-2)* (A1-3)* (A1-4)*
3 0(0) 0 0 0(0) 3 0 0(0) 3 0 0(0) 3
0 003) 0 0 00) 0 0 003) 0 0 00) 0
0 0(0) 3 3 0(0) 0 3 0(0) 0 2 0(0) 2
0 0(0) 3 0 0(0) 3 2 0(0) 2 2 0(0) 2
0 003) 0 0 00) 0 0 003) 0 0 03) 0
(A1-5)° (A1-6) (A1-7) (A1-8)
3 0(0) 0 2 0(0) 2 2 0(0) 2 2 0(0) 2
0 003) 0 0 003) 0 0 003) 0 0 003) 0
2 0(0) 2 3 0(0) 0 2 0(0) 2 2 0(0) 2
0 0(0) 3 0 0(0) 3 0 0(0) 3 2 0(0) 2
0 003) 0 0 00) 0 0 003) 0 0 00) 0

Reading Table 14 we observe that weights are (A1-1)* W;_; > 3+5 =8, W;;; >
6+3=9(A1-2" W; 1 >3+5=8 W;;; >6+5=11,(A13)* W;_; >5+4 =09,
Wiy1 >54+5=10,(A1-4)* W;_1 >4+4 =8 W1 >7+4 =11, (A1-5)" W;_1 >
54+5=10,Wj;1 >5+4=9,(A1-6) W;_1 > 5+5 =10, W1 > 5+5 =10, (A1-7)
Wi 12>2445=9,W;,1>7+4=11,(A1-8 W, 1 > 6+4=10,W;,1 > 6+4 =10,
so in cases (Al-6), (A1-7), and (A1-8), W;_1 + W;,1 > 20. However, in the first five
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cases (labelled with asterisk), W;_1 + W;11 < 20, and therefore we need to consider
H;_5 and H;, to conclude the proof of assertion (a) of Lemma 3, see Table 15.

Table 15. Subcases™ of f(Ul-,z), f(lli,l), f(u,'), f(ui+1) and f(ui+2) with W;_q + W1 < 20.

(A1-1)* (A1-2)* (A1-3)*
0  30) 00) 03 0] 3 00 00 30 073 00 00 30 0
3 00) 0@ 00 3] 2 0@ 003 00 3|2 02 03 00 3
0 03 00) 30 0] 0 30 00 03 0] 0 30 00 03 0
3 00) 00) 30) 0] 3 00 00 30 0] 0 20 00 20 0
2 0@ 03 00 3]0 03 03 02 2|2z 02 03 02 2
(A1-9)" (A1-5)°
3 00) 00) 30 0] 0 30 00 00 3
2 02 0B 02 2| 2 02 03 02 2
0  20) 00) 20 0] 0 20 00 20 0
0 20) o00) 20 0] 0 03 00 30 0
2 0@ 03 02 2|3 00 03 02 2

From Table 15 we can estimate weights (A1-1)* W;_, > 844 =12, W;_1 >3+5=38§,
Wiz1 2643=9, Wi >6+5=11,(A1-2)* W;_, >8+4=12,W;_1 >3+5=8,
Wi+1 >6+5=11, Wi+2 >54+5=10,(A1-3)" W, _, >7+4=11,W;_1 >5+4 =09,
Wiz1 >54+5=10,W; 1, >54+5=10,(A1-)* W; , >7+4=11,W;_1 >4+4=38,
Wi+l >7+4=11, Wi+2 >44+5=9,(A1-5"W;,_, >5+5=10,W;,_1 >5+5=10,
Wiy1. >25+4 =9 Wiyp >7+4 = 11. Here, in all cases, W;_» + W;_1 > 19,
Wipi+Wipo > 19and Wi o + Wi 1 + Wi + Wiyp > 39.

Table 16. Subcases of f(U;_1), f(U;) and f(U;1q) withW; =6 =2+2+2.

(A2-1) (A2-2) (A2-3) (A2-4) (A2-5)
0 02 2] 0 02 =22 02 00 02 2z]o0o o 2
0 02 2] 0 02 =20 02 20 02 2|0 02 2
3 00) 0] 2 00 22 00 2|2 00 2]z 00 2
0 02 2| 2 0@ 00 02 20 02 2|0 02 2
3 00) 0] 2 00 2|2 00 2|2 00 2|3 00 0
(A2-6) (A2-7) (A2-9) (A2-9) (A2-10)
0 02 2] 2 02 00 02 22 o2 0]z 02 o0
0 02 2] 0 02 20 02 20 02 2] 2 02 0
3 00) 0] 3 00 03 00 02 00 2|2z 00 2
2 02 0] 0 02 20 02 22 o2 0]0 o2 2
0 00 3 ] 0 00 30 00 3|0 00 3]0 00 3
(A2-10) (A2-12) (A2-13) (A2-14) (A2-15)
0 02 2] 2 02 02 02 0] 2 02 072 02 0
0 02 2] 0 02 =22 02 00 02 2|z 02 o0
2 00) 2 | 2 00 20 00 3|0 00 3]0 00 3
2 02 0] 0 02 =22 02 02 o2 00 o 2
0 00) 3 ] 0 00 3|0 00 3|0 00 3]0 00 3

(b)

Reading Table 16 we observe that (A2-1) W;_1 > 6+5 =11, W;,; > 6 +4 = 10,
(A2-2) W;_y > 6+4 =10, W11 >8+4 =12, (A2-3) W;_1 > 6+4 =10, Wi, >
8+4=12,(A2-4) Wi_1 2 4+5=9, W11 >10+4 =14, (A2-5) W;_; > 5+5 =10,
Wi+1 > 8+4 =12, (A2-6) Wi_1 >25+4=09, Wi+1 > 744 =11, (A2-7) W1 >
5+5=10,Wi;1 27+4 =11, (A2-8) W;_1 > 3+5=8, W1 >9+3 =12, (A2-9)
Wi1>64+4=10,W; ;1 >7+4=11,(A2-10) W;_1 > 6+4 =10, W;;, > 7+4 =11,
A2-1)W; 1 >4+4=8W; ;1 >9+4=13,(A2-12) W, { > 4+5=9, W; ;| >
9+4=13,(A2-13) W; 1 >26+4 =10, Wi 11 >26+5=11, (A2-1) W; | > 4+5=09,
Wig1>8+4=12,(A2-15) W; 1 > 4+4 =28, W; ;1 >8+4=12,s0 in all cases
Wi_1 + Wiy1 > 20, which proves the assertion (a) of Lemma 3.

Case W; = 7. First, assume that f(U;) = 2 (see Figure 2), so one vertex in U; has
weight 3 and the other one has weight 2. Possible (due to symmetry) solutions for the
whole set H; 1 U H; U H; ;1 are considered in the following Table 17.
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Table 17. Possible values for f(U; 1), f(U;) and f(U;11) with W; = 7 and f(U;) = 2.

(B1)
- 0 2(0) 0 -
- 2/0 0(2) 0/2 -
- 0/3/2 0(0) 3/0/2 -
- 0 0(3) 0 -
- 0/3/2 0(0) 3/0/2 -
i—2 i—1 i i+1 i+2

Without loss of generality, assume that f(U; 1) < f(U;11). AsW;_1 > 8and W; 1 > 8
we have the following subcases (see Table 18).

Table 18. Subcases of f(U;_1), f(U;) and f(U;y1) with W; =7, f(U;) =2, W;_1 > 8and W; 1 > 8.

(B1-1) (B1-2) (B1-3) (B1-4)*
0 2(0) 0 0 2(0) 0 0 2(0) 0 0 2(0) 0
2 02) 0 2 02) 0 2 002) 0 0 02) 2
0 0(0) 3 0 0(0) 3 2 0(0) 2 0 0(0) 3
0 003) 0 0 003) 0 0 003) 0 0 03) 0
3 0(0) 0 2 0(0) 2 0 0(0) 3 3 0(0) 0
(B1-5) (B1-6)
0 2(0) 0 0 2(0) 0
0 02) 2 0 02) 2
3 0(0) 0 2 0(0) 2
0 003) 0 0 00) 0
0 0(0) 3 2 0(0) 2

Reading Table 18 we observe that in all cases except one (B1-4) we have W;_; + W, >
18. Indeed,in (B1-1) W; 1 >5+5=10, W;,1 >3+5=8,(B1-2) W;_1 >4+5=09,
Wiz1 >5+4+5=10, (B1-3) W;_1 >4+4 =8 W;;; >5+5 =10, (B1-)* W;_; >
3+5=8 W1 >25+4=9,(B1-5 W; 1 >3+5=38 W;;; >5+5 =10, (B1-6)
Wi_1 >4+5=9, W1 >6+4 = 10. In case (B1-4) we need to consider weights on
H;_ 5 and H;, to conclude the proof of assertion (b) of Lemma 3.

As seen from Table 19, in case (B1-4) we can confirm W;_, + W;_1 > 18 and W, 1 +
Wi, > 18.

Table 19. Subcase (B1-4) with W;_, > 7+4 =11, W;_1 > 3+5 =8, W;;; > 5+4 =9 and
Witp >54+4=09.

(B1-4)*

2 0(0) 2(0) 0(2) 0
0 0(3) 0(2) 2(0) 0
3 0(0) 0(0) 3(0) 0
2 0(2) 0(3) 02) 2
0 3(0) 0(0) 0(0) 3

Finally, if f(U;) = 0 (see Figure 4), then observe that in comparison to the case
f(U;) = 2, there must be at least one more vertex of weight 2 in U; 1 U U; 1. We omit
detailed analysis of the cases that confirm W;_; + W;;; > 18.

O

Theorem 8. For all k we have v,z (P(5k, k)) > 8k.

101



Mathematics 2022, 10, 119

Proof. We use the discharging method (see [14]). The basic idea is as follows. Assume that
we have a DRDF. Consider certain subgraphs, in our case the subgraphs H;, that are induced
on V; U U;. Define some rules how the weights of heavy subgraphs are discharged to the
neighbors such that the total weight does not change. Observe the weights of subgraphs
after discharging.

In our case, the discharging rule is simple: If f(H;) = W; > 8 then H; sends 1 (W; — 8)
to H;_; and to H;_;. The new charge of H; is thus 8. We denote the charges after the first
round by W;".

Now we show that if f(H;) < 8 then, after at most four rounds of discharging, the new
charge W;*** of H; is at least 8. Note that once the charge of H; is at least 8, discharging
will never decrease its charge below 8.

First, let us consider the cases of Lemma 2.

(@) IfW;=6and W1 = 6then W;_1 > 12 and W;;, > 12. After discharging, W/ = 8
and W;‘H = 8, as needed.

(b) If W; =7and W;;q =7 then W;_; > 11 and W;, > 11. After discharging we have
Wi=7+3>8and W/, =7+3>8

(0 IW; =6and Wi 1 = 7 then W;_; > 11, W, > 11, and W;_1 + W;p, > 23.
Assume that W;_1 > 11, W, > 12. After the first round of discharging, we get
Wi > 6+ % =7+ % and W, > 7 +2 = 9. However, after the second round of
discharging, we have W;™* > 7 + % + % =8
If W1 > 12, Wi 5 > 11, then observe that already W;" > 8 and Wl-*+1 > 8.

Next, we consider the cases of Lemma 3.

(@ Wi=6and Wi_y >8 Wiy > 8 If Wiy + Wiy > 20, then Wy > 64 2010 — g

and we are done. Otherwise, by Lemma 3, W;_, + W;_1 > 19, W;;1 + Wi4» > 19, and

Wi_p +Wi_1 + Wipq + Wiyp > 39. Assume that W;_, + W;_; = 19 and distinguish

two cases.

(a11) Wi—1 = 9 and W;_, = 10. In the first round of discharging, H; receives % from
H; j,and W | =9 —2- 1 +1 = 9. In the second round of discharging, H; again
receives % from H;_1, and in total H; receives charge 1 from the left side.

(al2) W;_1 = 8 and W;_, = 11. After the first round of discharging, W ; = 8 + % In
the second round of discharging, H; 1 sends 3 to its neighbors. Thus, H; receives
% from the left side.

Recall that by Lemma 3, W;_, + W;_1 = 19 implies W; 1 + W, > 20, and distinguish

two cases.

(@21) Wi11 = 9 and W, > 11. In the first round of discharging, H; receives % from
Hit1,and Wi, =9 —2- 3 + 3 =8+ 3. In the second round of discharging, H;
again receives % from H; 1, so in total H; receives charge % from the right side.

(a22) Wi1 = 8and Wiy > 12. After the first round of discharging, W/, ; > 8 +2 = 10.
In the second round of discharging, H; receives charge 1 from H;;, and also

Wi, > 841 =9. Thus, after the third round W] > 8 + %, and, in the fourth

round H; receives charge % from H; 1. So, in total H; receives charge g from the
right side.
Summarizing, H; receives charge at least % from the left side, and at least % from the
right side. Hence Wi**** > 6+ 2 = 8, as claimed.

(b) Wi;=7and W;_1 >8, Wiy > 8. If W;_1 + Wi 1 > 18 then W' > 7+ (18 — 16)% =8,
as needed. Otherwise, W;_, + W;_1 > 18 and W; 1 + W; 1, > 18. We now show that
Wi_, + W;_1 = 18 implies that H; will in two rounds receive at least % charge from
the left side. Consider two cases.

(b1) W;_1 = 9. In the first round of discharging, H; receives % from the left side.
(b2) If W;_y = 8, then W;_, > 10. After the first round of discharging, W ; > 8 + 1.
In the second round of discharging, H; 1 sends at least % to its neighbors.
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Thus, H; receives at least 4 5 from the left side. By analogous reasoning, Wi 1 + Wi o >
18 implies that H; receives at least 1 from the right side. Consequently, in total H;

receives at least % + %, as claimed.

Therefore, after discharging, each subgraph H; has weight W; at least 8, and conse-
quently, the total weight is at least 8k, as claimed. [J

4. Domination in Generalized Petersen Graphs P(20k, k)

In this section, we discuss how the constructions, and the corresponding upper bounds
can be extended from P(cok, k) to P((hco)k, k), for h = 2,3, .... In particular, we obtain
improved upper bounds for P(20k, k) from upper bounds for P(4k, k) and P(5k, k).

First, we recall the notion of covering graph and h-lift to observe that P(20k, k) is a
covering graph of both P(4k, k) and P(5k, k). For basic information on covering graphs
see [39]. Here we follow the approach used in [40]. Let G = (V4,E1) and H = (V;, E;) be
two graphs, and let p : Vo — Vj be a surjection. We will call p a covering map from H to
G if for each v € V), the restriction of p to the neighborhood of v € V; is a bijection onto
the neighborhood of p(v) in G. In other words, p maps edges incident to v one-to-one onto
edges incident to p(v). H is called a covering graph, or a lift, of G if there exists a covering
map from H to G. Assuming H is a lift of G with a covering map p. If p has a property that
for every vertex v € V(G), its fiber p~!(v) has exactly h elements, we call H a h-lift of G.

Obviously, a long cycle may be a covering graph of shorter cycles. For example, the
cycle Cyp is a 2-lift of Csp, considering the surjection p(v;) = v; mod 50- Furthermore, Cyg is
also a 25-lift of Cy, etc.

Proposition 7. Letk > 1, co > 3, and h > 2. Petersen graph P((hcg)k, k) is a h-lift of P(cok, k).

Proof. Consider the surjection p : V(P((hco)k,k)) — V(P(cok,k)) defined by p(v;) =
Vi mod iy and p(uj) = Ujmod - O

Proposition 8. v g (P((hco)k, k)) < hyar(P(cok, k)).
Proof. Let f be a DRDF of P(cgk, k). Define f as f(v) = f(p(v)) and observe that f is a

DRDF of P((hcp)k, k). Clearly, the weight f(P((hco)k, k)) is exactly hf (P((cok, k)). We omit
the details. [

Corollary 3. 4r(P(20k,k)) < 5y4r(P(4k, k)) < 30k + 15.
As v,4r (P(20k,k)) > 320k = 30k by Corollary 1, we also have
Corollary 4. Ifk =1 mod 2, then 4z (P(20k, k)) = 30k.
Applying Proposition 8 to the case P(20k, k) and P(5k, k), we obtain another Corollary.
Corollary 5. y,4r(P(20k, k)) < 4v4r(P(5k, k)) = 32k + 8.

Clearly, the upper bound in Corollary 5 is only better for k = 1, 2, and 3. In these cases,
we obtain

7ar(P(20,1)) <40, 7ar(P(40,2)) <64, 74r(P(60,3)) < 96, 3)

which, together with Corollary 3 and Theorem 3 implies Theorem 7.

Note that this bound is a considerable improvement over the general bounds given in
Theorem 4 [12]. Indeed the upper bound (2) grows as O(30k). The bounds in Theorem 4
are of the from 3 (20k)F(k) + ¥ + C, where limy_,o, F(k) = 1, so the asymptotic growth is
O(30k + ).

103



Mathematics 2022, 10, 119

References

5. Conclusions and Future Work

In this paper, we have extended the known results on double Roman domination of
families P(ck, k) of generalized Petersen graphs, by adding either exact values or bounds
with gap at most 2 for the family P(5k, k). This naturally continues previous work, where
the families P(3k, k) and P(4k, k) were studied.

There are several interesting related questions that open avenues for future work.
For example:

e Find closed expressions or good lower and upper bounds for ;g (P(6k, k)). Which
graphs among P (6k, k) are double Roman?

e The method used here to improve bounds for ;g (P(20k, k)) using y4r (P(4k, k)) and
v4r (P(5k, k)) may be used to improve bounds for 7y, (P(ck, k)) for larger c.

e Can the small gaps between lower and upper bounds for 7,4z (P(5k, k)) (and, also for
v4r (P(4k, k))) be resolved by finding and proving exact values?

The authors believe that this study has solved the problem on P(5k, k) to the limits
of the standard method. These methods may be sufficient to handle the problem, e.g., on
P(6k, k), but probably can not be applied to much larger c. Covering graphs, as indicated
in Section 4, may provide a tool to provide improved bounds for larger c. On the other
hand, the gaps between the lower and upper bounds in some cases may be solved by other
methods, see for example [41] and the references there.

More generally, this work again shows the power of the discharging method. The
discharging method is most well known for its central role in the proof of the four color
theorem. This proof technique was extensively applied to study various graph coloring
problems, in particular on planar graphs. In [14], it is shown that a suitably altered
discharging technique can also be used on domination type problems and is illustrated on
the double Roman domination on some generalized Petersen graphs. Here, we apply the
method to another family of graphs and the same problem. This may encourage future
applications to other domination type problems.

Author Contributions: D.R.P. and J.Z. contributed equally to this work. All authors have read and
agreed to the published version of the manuscript.

Funding: This work was supported in part by the Slovenian Research Agency ARRS (grants P2-0248,
J2-2512, and J1-1693).

Institutional Review Board Statement: Not applicable.
Informed Consent Statement: Not applicable.
Data Availability Statement: Not applicable.

Acknowledgments: The authors wish to sincerely thank to the anonymous reviewers for their
constructive comments.

Conflicts of Interest: The authors declare no conflict of interest.

1.  Beeler, R.A.; Haynes, T.W.; Hedetniemi, S.T. Double Roman domination. Discrete Appl. Math. 2016, 211, 23-29. [CrossRef]
2. Cockayne, E.J.; Dreyer, P.A., Jr.; Hedetniemi, S.M.; Hedetniemi, S.T. Roman domination in graphs. Discret. Math. 2004, 278, 11-22.

[CrossRef]

3. ReVelle, C.S,; Rosing, K.E. Defendens Imperium Romanum: A classical problem in military strategy. Am. Math. Mon. 2000, 107,

585-594. [CrossRef]

Stewart, I. Defend the Roman Empire! Sci. Am. 1999, 281, 136-138. [CrossRef]

Arquilla, J.; Fredricksen, H. “Graphing”—An Optimal Grand Strategy. Mil. Oper. Res. 1995, 1, 3-17. [CrossRef]

Hening, M. A. Defending the Roman Empire from Multiple Attacks. Discret. Math. 2003, 271, 101-115. [CrossRef]

Ahangar, H.A.; Chellali, M.; Sheikholeslami, S.M. On the double Roman domination in graphs. Discret. Appl. Math. 2017, 232, 1-7.
Barnejee, S.; Henning, M.A.; Pradhan, D. Algorithmic results on double Roman domination in graphs. J. Comb. Optim. 2020, 39,

® N T

90-114.

9.  Poureidi, A.; Rad, N.J. On algorithmic complexity of double Roman domination. Discret. Appl. Math. 2020, 285, 539-551.
10. Zhang, X.; Li, Z; Jiang, H.; Shao, Z. Double Roman domination in trees. Inf. Process. Lett. 2018, 134, 31-34. [CrossRef]

104



Mathematics 2022, 10, 119

11.
12.
13.
14.
15.
16.
17.
18.
19.
20.
21.
22.
23.
24.
25.
26.
27.

28.
29.

30.

31.

32.

33.

34.

35.
36.

37.
38.
39.
40.
41.

Poureidi, A. A linear algorithm for double Roman domination of proper interval graphs. Discret. Math. Algorithms Appl. 2020, 12,
2050011. [CrossRef]

Gao, H.; Huang, J.; Yang, Y. Double Roman Domination in Generalized Petersen Graphs. Bull. Iran. Math. Soc. 2021, 1-10.
[CrossRef]

Jiang, H.; Wu, P; Shao, Z.; Rao, Y.; Liu, J. The double Roman domination numbers of generalized Petersen graphs P(n,2).
Mathematics 2018, 6, 206. [CrossRef]

Shao, Z.; Wu, P; Jiang, H.; Li, Z.; Zerovnik, J.; Zhang, X. Discharging approach for double Roman domination in graphs. IEEE
Acces 2018, 6, 63345-63351. [CrossRef]

Shao, Z.; Erves, R,; Jiang, H.; Peperko, A.; Wu, P; Zerovnik, J. Double Roman graphs in P(3k, k). Mathematics 2021, 9, 336.
[CrossRef]

Amjadi, J.; Nazari-Moghaddam, S.; Sheikholeslami, S.M.; Volkmann, L. An upper bound on the double Roman domination
number. J. Comb. Optim. 2018, 36, 81-89. [CrossRef]

Maimani, H.R.; Momeni, M.; Mahid, ER.; Sheikholeslami, S.M. Independent double Roman domination in graphs. AKCE Int. |.
Graphs Comb. 2020, 17, 905-910. [CrossRef]

Mobaraky, B.P,; Sheikholeslami, S.M. Bounds on Roman domination numbers of graphs. Mat. Vesnik 2008, 60, 247-253.
Volkmann, L. Double Roman domination and domatic numbers of graphs. Commun. Comb. Optim. 2018, 3, 71-77.

Garey, M.R.; Johnson, D.S. Computers and Intractability: A Guide to the Theory of NP-Completeness; W. H. Freeman and Co.: San
Francisco, CA, USA, 1979.

Haynes, HW.; Hedetniemi, S.; Slater, P. Fundamentals of Domination in Graphs; Marcel Dekker: New York, NY, USA, 1998.
Haynes, H.W.; Hedetniemi, S.; Slater, P. Domination in Graphs: Advanced Topics; Marcel Dekker: New York, NY, USA, 1998.

Ore, O. Theory of Graphs; American Mathematical Society: Providence, RI, USA, 1967.

Henning, M.A. A Characterization of Roman trees. Discuss. Math. Graph Theory 2002, 22, 325-334. [CrossRef]

Liu, C.H.; Chang, G.J. Upper bounds on Roman domination numbers of graphs. Discret. Math. 2012, 312, 1386-1391. [CrossRef]
Liu, C.H,; Chang, G.J. Roman domination on 2-connected graphs. SIAM ]. Discret. Math. 2012, 26, 193-205. [CrossRef]

Pavli¢, P,; Zerovnik, J. Roman domination number of the Cartesian products of paths and cycles. Electron. J. Comb. 2012, 16, P19.
[CrossRef]

Steimle, A.; Staton, W. The isomorphism classes of the generalized Petersen graphs. Discret. Math. 2009, 309, 231-237. [CrossRef]
Watkins, M.E. A theorem on Tait colorings with an application to the generalized Petersen graphs. J. Comb. Theory 1969, 6,
152-164. [CrossRef]

Behzad, A.; Behzad, M.; Praeger, C.E. On the domination number of the generalized Petersen graphs. Discret. Math. 2008, 308,
603-610. [CrossRef]

Ebrahimi, B.J.; Jahanbakht, N.; Mahmoodian, E.S. Vertex domination of generalized Petersen graphs. Discret. Math. 2009, 309,
4355-4361. [CrossRef]

Fu, X.; Yang, Y.; Jiang, B. On the domination number of generalized Petersen graphs P(,2). Discret. Math. 2009, 309, 2445-2451.
[CrossRef]

Liu, J.; Zhang, X. The exact domination number of generalized Petersen graphs P(n, k) with n = 2k and n = 2k + 2. Comput. Appl.
Math. 2014, 33, 497-506. [CrossRef]

Tong, C.; Lin, X; Yang, Y.; Luo, M. 2-rainbow domination of generalized Petersen graphs P(,2). Discret. Appl. Math. 2009, 157,
1932-1937. [CrossRef]

Xu, G. 2-rainbow domination in generalized Petersen graphs P(n,3). Discret. Appl. Math. 2009, 157, 2570-2573. [CrossRef]

Yan, H.; Kang, L.; Xu, G. The exact domination number of the generalized Petersen graphs. Discret. Math. 2009, 309, 2596-2607.
[CrossRef]

Zhao, W.; Zheng, M.; Wu, L. Domination in the generalized Petersen graph P(ck, k). Util. Math. 2010, 81, 157-163.

Wang, H.; Xu, X;; Yang, Y. On the Domination Number of Generalized Petersen Graphs P(ck, k). ARS Comb. 2015, 118, 33-49.
Gross, ].L.; Tucker, T.W. Topological Graph Theory; Wiley-Interscience: New York, NY, USA, 1987.

Malni¢, A.; Pisanski, T.; Zitnik, A. The clone cover. Ars Math. Contemp. 2015, 8, 95-113. [CrossRef]

Gabrovsek, B.; Peperko, A; Zerovnik, J. Independent Rainbow Domination Numbers of Generalized Petersen Graphs P(n,2) and
P(n,3). Mathematics 2020, 8, 996. [CrossRef]

105






. mathematics ﬁw\o\w

Article

More on Sombor Index of Graphs

Wenjie Ning !, Yuheng Song ! and Kun Wang 2*

Citation: Ning, W.; Song, Y.; Wang, K.
More on Sombor Index of Graphs.
Mathematics 2022, 10, 301. https://
doi.org/10.3390/math10030301

Academic Editors: Janez Zerovnik

and Darja Rupnik Poklukar

Received: 15 December 2021
Accepted: 13 January 2022
Published: 19 January 2022

Publisher’s Note: MDPI stays neutral
with regard to jurisdictional claims in
published maps and institutional affil-

iations.

Copyright: © 2022 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses /by /
4.0/).

1 College of Science, China University of Petroleum (East China), Qingdao 266580, China;
20180007@upc.edu.cn (W.N.); s20090028@s.upc.edu.cn (Y.S.)

College of Mathematics and Systems Science, Shandong University of Science and Technology,
Qingdao 266590, China

*  Correspondence: skd996195@sdust.edu.cn

Abstract: Recently, a novel degree-based molecular structure descriptor, called Sombor index
was introduced. Let G = (V(G),E(G)) be a graph. Then, the Sombor index of G is defined as

SO(G) = ¥ 4/di(u)+d%(v). In this paper, we give some lemmas that can be used to compare
uveE(G)
the Sombor indices between two graphs. With these lemmas, we determine the graph with maximum

SO among all cacti with 1 vertices and k cut edges. Furthermore, the unique graph with maximum
SO among all cacti with n vertices and p pendant vertices is characterized. In addition, we find the
extremal graphs with respect to SO among all quasi-unicyclic graphs.

Keywords: topological index; vertex degree; Sombor index; cactus; quasi-unicyclic graph

1. Introduction

In this paper, we only consider simple undirected graphs. Let G = (V(G), E(G)) be
a graph with n vertices and m edges. If m = n + k — 1, then G is called a k-cyclic graph. A
1-cyclic graph is usually called a unicyclic graph. The complement G of G is the graph with
the vertex set V(G), and xy € E(G°) < xy € E(G). The degree of a vertex v in G, denoted
by dg(v), is the number of edges incident with v. A vertex of degree one is called a pendant
vertex of G, while the edge incident with a pendant vertex is known as a pendant edge. The
vertex adjacent to a pendant vertex is usually called a support vertex. To subdivide an edge e
is to delete e, add a new vertex x, and join x to the end-vertices of e. Suppose D C E(G).
Then, denote by G — D the graph obtained from G by deleting all the elements in D. If
D = {e}, we write G — e for G — {e} for simplicity. For a connected graph G, if G — e is
disconnected, then e is called a cut edge. If D C E(G°), denote by G + D the graph obtained
from G by adding all of elements in D to the graph G.

A graph invariant is a numerical quantity which is invariant under graph isomorphism.
It is usually referred to as a topological index in chemical graph theory. It is shown that
some topological indices can be used to reflect physico-chemical and biological properties of
molecules in quantitative structure-activity relationship (QSAR) and quantitative structure-
property relationship (QSPR) studies [1-3]. Among various topological indices, degree-based
and distance-based topological indices have been extensively investigated (see in [4-7]).

In 2021, a novel degree-based topological index was introduced by I. Gutman in [8],
called the Sombor index. It was inspired by the geometric interpretation of degree-radii of
the edges and defined as

SO(G)= Y. /di(u)+d%(v)
uveE(G)

for a graph G. I. Gutman [8] also defined the reduced Sombor index as

S0.a(G) = Y /(do(u) =172 + (dg(v) — 1)2.
uveE(G)
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Later, K. C. Das et al. [9] proposed the following index:

SOHG) = Yo \/(do(u) +1)2 + (ds (o) + 1)
uveE(G)

We name it as the increased Sombor index in this paper.

Recently, the Sombor index has received a lot of attention within mathematics and
chemistry. For example, the chemical applicability of the Sombor index, especially the
predictive and discriminative potentials was investigated in [10,11]. The results indicate that
the Sombor index may be successfully applied for the modeling of thermodynamic properties
of compounds and confirm the suitability of this new index in QSPR analysis. For more
chemical applications, the readers may see in [12-14] for reference. K. C. Das et al. [15,16]
obtained some lower and upper bounds on SO in terms of graph parameters. They also
presented some relations between SO and the Zagreb indices. The relations between SO and
other degree-based indices were examined in [17]. Graphs having maximum Sombor index
among all connected k-cyclic graphs of order n, where 1 < k < n — 2, were investigated
in [9,18]. R. Cruz et al. [19] characterized the extremal graphs with respect to SO over all
(connected) chemical graphs, chemical trees, and hexagonal systems. H. Liu [20] determined
the extremal graphs with maximum SO among all cacti with fixed number of cycles and
perfect matchings. N. Ghanbari et al. [21] studied this index for certain graphs and also
examined the effects on SO(G) when G is modified by operations on vertex and edge of G.
Inspired by these works, we establish some new extremal results of the Sombor index.

Recall that a connected graph is a cactus if any two of its cycles have at most one
common vertex. A connected graph G is called a quasi-unicyclic graph if there is a vertex
v € V(G) such that G — v is unicyclic. Let G; and G, be two graphs with no vertices in
common. The join of G; and G;, denoted by G; V Gy, is the graph with V(G V Gy) =
V(G1)UV(Gy) and E(G1 V Gp) = E(G1) UE(Gp) U {x1x2: x1 € V(Gy),x2 € V(Gy)}. Let
Py, Cy and S, be the path, cycle and the star with n vertices, respectively.

This paper is organized as follows. In Section 2, some lemmas are introduced to
compare the Sombor indices between two graphs. As applications, in Section 3, the unique
graph with maximum SO among all cacti with # vertices and k cut edges is determined.
Furthermore, the unique graph with maximum SO among all cacti with n vertices and p
pendant vertices is characterized. In Section 4, we present the minimum and maximum SO
of quasi-unicyclic graphs.

2. Preliminaries

For convenience, let f(x,y) = \/x?+ y?, where x,y > 1. For f(x,y), we have the
following result.

Lemma 1 ([20,22]). Let h(x,y) be defined for x > 1,y > 1as

hooy) = fx+Ly) — flny) =+ D2 42— a2 42

Then, for any value of y > 1, h is increasing as a function of x; for any value of x > 1, h is
decreasing as a function of y.

Let P = uuy - - - ug be a path in a graph G with dg(u) > 3,dg(uy) = - - = dg(up_1) =
2 and dg(uy) = 1. Then, P is called a pendant path in G and u is called the origin of P. In [23],
B. Horoldagva et al. showed the following transformation.

Lemma 2 ([23]). Let P and Q be two pendant paths with origins u and v in graph G, respec-

tively. Let x be a neighbor vertex of u who lies on P and y be the pendant vertex on Q. Denote
G' = (G — ux) + xy. Then, SO(G) > SO(G’).
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Now, we introduce some new transformations which increase the Sombor index of
a graph.

Lemma 3. Let G be a graph and e = uv an edge of G with Ng(u) N Ng(v) = @. Let G’ be the
graph obtained from G by first deleting the edge e and identifying u with v, and then attaching
a pendant vertex w to the common vertex (see Figure 1). If dg(u) > 2 and dg(v) > 2, then
SO(G) < SO(G').

w

G G
Figure 1. Graphs G and G'.

Proof of Lemma 3. Suppose dg(u) = p+1,dg(v) = q+1, Ng(u) = {v,uj,up,...,up}
and N¢(v) = {u,v1,v2,...,04}. Then, p,q > 1. Therefore,

SO(G)—SO(G) = flp+q+1,1)—f(p+1,q9+1)
P
+Y flp+a+1de(w) — f(p+1,dc(u;))]

i=1

q
+ ;[f(p +q+1dg(v;) — f(q+1,dc(v;))]

> f(p+tq+11)—f(p+Llq+1)
> 0.

O

Lemma4. Let G bea graph and Gy (p, q) the graph obtained from G by attaching p and q pendant
edges to u and v, respectively, where u,v € V(G) and p > q > 1. Suppose |[Ng(u) \ {v}| =

ING(0) \ {u}] = a. Let No(u) \ {0} = {x1,%2, ..., xa} and Ne (o) \ {u} = {1, 42, -, ¥a}.
Ifdg(x;) = dg(y;) foreach 1 < i < a, then SO(Gyu(p,q)) < SO(Gyuo(p+1,9—1)).

Proof of Lemma 4. If uv € E(G), then by Lemma 1,

SO(Gu,v(p + 1,11 - 1)) - SO(GM,U(p' q))
= fla+p+2a+q9) —fla+p+1la+q+1)

+ ) fla+p+2de(x)) - flat+p+1dc(x))]

-

i=1

+ ;[f(a +q,dc(yi) — fla+q+1,ds(yi))]

1=

a |l

+p+Df(a+p+21)—pfla+tp+1,1)+(q-1)f(a+q1) —qf(a+q+11)

> ;[h(a+p+1,dc<xi)> —h(a+q,dc(yi)]+ fla+p+2,1) - f(a+4q,1)

+plfla+p+21) = fla+p+1,1)] —qlf(a+q+1,1) - f(a+q,1)]
fla+p+21)—fla+q1)+ph(a+p+1,1)—gh(a+gqg,1)
> 0.

Y

Now, suppose uv ¢ E(G). Thendg(u) = dg(v) = a. Therefore,
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SO(Gu,v(p + Lq - 1)) - SO(Gu,v(p/ ‘7))

a

= ;[ﬂa +p+1dg(x;) — fa+p,de(x:))]

" i[f(a - 1de(w) — fla+ 4,da(y))]
+p+Dfla+p+1,1)—pfla+p,1)+(q-1)f(a+q-1,1) —qf(a+q,1)
= Y [h(a+pde(x;) —h(a+q—1dc(y)]+ fla+p+1,1)— fla+g—1,1)

i=1
+plfla+p+1,1) = fla+p1)] —qlf(a+q1) - fla+q-1,1)]
fla+p+1,1)—fla+q—11)+ph(a+p,1)—qgh(a+g—1,1)
> 0.

Y

O

Lemma 5. Let G be a graph and Cy = v10y030401 a 4-cycle in G. Suppose Ng(v1) N Ng(v3) =

{v2,v4}. Let Ng(v1) \ {v2,v4} = {v11,012,...,01n,} and Ng(v3) \ {v2,v4} = {031,032,
o, U3ny}, Where ny = dg(v1) —2 > 0and ng = dg(vs) —2 > 0. Let G = (G —
{viv11, ..., 0101, }) + {v3011, . .., V301, }. Then, SO(G) < SO(G’).

Proof of Lemma 5. Suppose dg(vp) = 1y +2 and dg(vs) = nyg + 2, where ny,ng > 0. By
Lemma 1,

SO(G') - SO(G)

= Y [f(m +n3+2,dg(01)) — f(n1 +2,dg(01))]
i=1

Y [FOm 4 s + 2, (s)) — Fn3 +2,dg (03))]
=1

+f(nm+n3+2,n+2)— f(ns+2,n+2)— [f(n +2,ny+2) — f(2,ny+2)]

+f(m+n3+2,n4+2)— f(ns+2,n3+2) — [f(ny +2,ns+2) — f(2,n4 +2)]
> f(m+n3+2,ny4+2)— f(ns+2,np+2) —[f(ng +2,n+2) — f(2,ny +2)]

+f(np+nz3+2,n+2)— f(ng+2,n3+2) —[f(n1 +2,n4+2) — f(2,n4 +2)]

ny+1 n1+1

= Y [h(nz+inp+2) —h(i,ny+2)]+ Y [h(nz +i,ns +2) — h(i,ng + 2)]
i—2 i=2

> 0.

O
Lemma 6. Let G be a graph and C3 = v1v903v1 be a 3-cycle in G. Suppose Ng(v1) N Ng(v2) =
{vs}. Let Ng(v1) \ {v2,v3} = {011,012, ..., 01n, y and Ng (v2) \ {01, 03} = {021,022, ..., 020, },
whereny = dg(v1) —2 > 0and ny = dg(v2) —2 > 0. Denote G’ = (G — {v1011,...,0101p, }) +
{022)11, .. .,'02'01”1}. Then, SO(G) < SO(G/)

Proof of Lemma 6. Suppose dg(v3) = n3 + 2, where n3 > 0. By Lemma 1,
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1

SO(G)—-S0(G) = Z[f(”l +n2+2,dg(v1;)) — f(m +2,dg(v11))]
i=1

Y U+ +2,dg (o)) — Fm2 +2,dg(0))]
=1

+f(n +ny+2,2) — f(ny +2,mp +2)
+f(ny+ny+2,n3+2)— f(npy+2,n3+2)
—[f(n1 +2,n3+2) — f(2,n3+2)]

> f(n1+n2+2,n3+2)—f(n2+2,n3+2)
~[f(n1 +2,n3+2) — f(2,n3 +2)]
n1+1

= i[h(n2+i,n3—|—2)—h(i,n3—|—2)]
i=2

> 0.

O

Remark 1. By the definitions of SO and SO%, it is easy to see that Lemmas 3—6 also hold if we
replace SO with SOF in these lemmas.

By Remark 1, we easily get the following result which will be used later.

Theorem 1. Let G be the graph with maximum increased Sombor index among all unicyclic graphs
of order n. Then G = Cz(n — 3,0,0), where C3(n — 3,0,0) is obtained from a 3-cycle C3 by
attaching n — 3 pendant vertices to one vertex of Cs.

Proof of Theorem 1. By considering the version of SOt of Lemma 3, each cut edge of G is
pendant and the girth of G is 3. Moreover, all pendant vertices are adjacent to one common
vertex by Lemma 6. Therefore, G = C3(n —3,0,0). O

3. Sombor Index of Cacti

Denote by CF the set of all cacti of order 1 with k cut edges, and C(1, p) the set of all
cacti of order n with p pendant vertices. Then, 0 < k < n —1and k # n — 2. In this section,
we investigate the maximal values of the Sombor index over the sets CX and C(n, p).

Given two integers k and n with 0 < k <n —1and k # n — 2, if n — k is even, denote
by G; the graph obtained from a star S,,_; by first adding ”_’2‘_2 new edges between its
pendant vertices such that no two of the new edges are adjacent, and then subdividing one
new edge; if n — k is odd, denote by G, the graph obtained from a star S,, by adding "77’2‘*1
new edges between its pendant vertices such that no two of the new edges are adjacent

(see Figure 2).

Figure 2. Graphs G; and G,.

The following theorem shows that the graph S, has maximum Sombor index over
C,’j’l. Therefore, we assume k # n — 1 in the following.
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Theorem 2 ([8]). For any tree T of order n,
SO(Py) < SO(T) < SO(Sy)-
Equality holds if and only if T = P, or T = S,,.

Theorem 3. For graphs in Cf;, where 0 <k <n-—3,

(1) ifn — kis even, Gy is the unique graph with maximum Sombor index;
(2) ifn—kisodd, Gy is the unique graph with maximum Sombor index, where Gy and G, are
depicted in Figure 2.

Proof of Theorem 3. Let G be the graph with maximum Sombor index in Ck. By Lemma 3,
each cut edge of G is pendant. We show that the following propositions hold for G. [J

Proposition 1. Each cycle in G is of length 3 or 4.

Proof of Proposition 1. Suppose to the contrary that G has a cycle C = v1v; - - - 0101 of
length t > 5. Without loss of generality, we assume that dg(v1) = max{dg(v;)|1 <i < t}.
Define G' = (G — v304) + {v103,0104}. Then, G’ € CK and

SO(G') — SO(G)

> f(dg(v1),dg(v3)) + f(dgi(v1),de (v4)) — f(dG(v3),dc(vs))
= f(dg(v1) +2,dg(v3)) + f(dg(v1) +2,dc(vs)) — f(dc(v3),dc(vs))
> 0,

a contradiction to the choice of G. Therefore, Proposition 1 holds. O
Proposition 2. Each 4-cycle has at most one vertex of degree larger than 2 in G.

Proof of Proposition 2. Suppose there is a 4-cycle C = v10,v30401 containing at least
two vertices of degree larger than 2. Since G has maximum Sombor index, any two
vertices of C with degree larger than 2 must be adjacent by Lemma 5. Thus, C contains
exactly two adjacent vertices of degree 2. Without loss of generality, we assume that
dg(v1) =n1+2 > 2,dg(vp) =ny+2>2and dg(vs) = dg(vy) = 2. Suppose Ng(v1) \
{v2,v4} = {0111012,---,Uln1} and Ng(v2) \ {v1,v3} = {02112722,---,02112}' LetG' = (G -
{2722)21, 02022,..., 0202n2}> + {01021, 01022,..., vlvzm}. Then, G/ € C,]; and

SO(G)—=SO(G) > f(ni+ny+2,2)— f(ng+2,n+2)

+f(m +ny+2,2) = f(ny +2,2) — [f(ny +2,2) — £(2,2)]
ny+1
= flm+nm+22)—f(n+2,n+2)+ Y [h(n1+1,2) — h(i,2)]
i=2
> 0,

a contradiction.

By Lemma 6, each 3-cycle has at most one vertex of degree larger than 2. Combining
it with Propositions 1 and 2, G is obtained from s copies of C4 and t copies of C3 by
first taking one vertex of each of them and fusing them together into a new common
vertex v, and then attaching k pendant vertices at v, where 3s + 2t 4+ k +1 = n. Suppose
s > 2. Then, there are at least two 4-cycles C = vx1y1z10 and C' = vxpypzo0. Let G’ =
(G — {x1y1, x2y2}) + {x1%2, y10,120}. Then G’ € Ck and SO(G') — SO(G) > (6f(dg(v) +
2,2)+3f(2,2)) — (4f(dg(v),2) +4f(2,2)) > 0, a contradiction. This implies 0 < s < 1.
Therefore, s = 1 if n — k is even and s = 0 otherwise, i.e., G =& Gy if n — k is even and
G = G, otherwise. [
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Next, we find the maximal graph with respect to the Sombor index among C(#, p)
with n vertices and p pendant vertices. As S,_; is the only graph with n — 1 pendant
vertices, we assume 0 < p < n — 2 in the following. Before we give our main result, we
show a lemma.

Lemma 7. Let G be a graph and e = uv € E(G) with Ng(u) N Ng(v) = @. Suppose N (u) \
{v} = {x1,...,xs5,w1,...,wp} and Ng(v) \{u} = {y1,...,yt,21,...,24}, where d(x;) =
L= d(x) = 2, d(wy) = - = d(wp) = 1, d(p) = - = d(y) = 2and d(z;) =
--- =d(z5) = 1. Suppose s > 2. Let G’ be obtained from G by first deleting the edge e and
identifying u with v, and then subdividing the edge uxy. If t +q > 2, or t = O with q = 1, then
SO(G) < SO(G").

Proof of Lemma 7. By direct calculation, we get

SO(G') — SO(G)

= (p+a)f(s+p+t+ql)—pfs+p+11)—qf(t+q+11)
+(s+t)f(s+p—|—t+q,2)—sf(s+p+1,2)—tf(t+q+1,2)
+f(2,2) - f(t+gq+1,s+p+1)

> qlf(s+p+t+ql)—ft+q+L1)]+s[f(s+tp+t+4q2)—f(s+p+12)]
+f(s+p+t+4q2) - f(t+9+1,2)] (1)
—[flt+g+Ls+p+1)—f(2s+p+1)+f(s+p+12)—f(22)]
s+p s+p s+p
= qY h(t+q+i—11)+t) h(t+q+i—1,2)—) h(i2)
i=2 i=2 =2

+slf(s+p+t+q2)— f(s+p+1,2)]
—[f(t+q+1,s+p+1)—f(Z,S+P+1).

We denote the right side of equation (1) by A. Then, by Lemma 1,

A > s[f(s+p+t+q2)—f(s+p+1,2)]
—flt+g+1s+p+1)—f(2,s+p+1)]

t+q t+q

= sY h(s+p+i—12)=)Y hi,s+p+1)
=2 i=2

> 0

if t+4q > 2. Now, suppose t = 0 and g = 1. Then, A = Z?i;[h(i,l) —h(i,2)] > 0by
Lemma 1, which completes the proof. [J

Denote by DS, ; the double star obtained from a star S, by attaching g pendant
vertices to one pendant vertex. Then DS, ; has n = p + g + 2 vertices.

Theorem 4. For graphs in C(n, p), where0 < p <n—2andn > 5,
(1) if p =n—2, DS, _3, is the unique graph with maximum Sombor index;
(2)if p <n—3andn — pis even, Gy is the unique graph with maximum Sombor index;
(3)ifp < n—3andn — kisodd, Gy is the unique graph with maximum Sombor index, where
Gy and Gy are depicted in Figure 2.

Proof of Theorem 4. If p = n — 2, then any graph in C(, p) is a double star. By Lemma 4,
DS,,_3, is the unique graph with maximum Sombor index. Now suppose p < n — 3. Let G
be the graph with maximum Sombor index in C(n, p). Then, the following claims hold. [J

Claim 1. G must contain a cycle.
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Proof of Claim 1. Suppose not. Then, G is a tree. As p < n — 3, there are two non-
pendant vertices u and v of G with uv ¢ E(G). Let G’ = G + uv. Then, G’ € C(n,p) and
SO(G’) > SO(G), a contradiction to the choice of G.

By the same argument as that of Theorem 3, each cycle in G is of length 3 or 4.
Moreover, each cycle of G has at most one vertex of degree larger than 2. Let T be the graph
obtained from G by deleting all vertices of degree 2 in each cycle. Then, T is a tree. Let d(T)
be the diameter of T. [

Claim 2. d(T) < 3.

Proof of Claim 2. Suppose d(T) > 4. Then there are two non-pendant vertices u and
v of T with uv ¢ E(T). Let G = G+ uv. Then G’ € C(n,p) and SO(G') > SO(G), a
contradiction, which implies Claim 2 holds.

Similarly, we have O

Claim 3. For any two cycles C1 and Cy in G, the length of the path connecting them is 0 or 1.

Proof of Claim 3. Suppose there are two cycles C; and C; such that the length of the
path P connecting them is larger than 1. Let P = ugu - - - u;, where ug € V(Cy) and
u; € V(Cy). Then ! > 1. Define G’ = G + ugu;. Then G’ € C(n, p) and SO(G') > SO(G), a
contradiction, which implies Claim 3 holds. O

Claim 4. Any two cycles of G have one common vertex.

Proof of Claim 4. Suppose there are two cycles C; and C; having no vertices in common.
Then by Claim 3, the length of the path P connecting them is 1. Suppose P = u,v1, where
up € V(Cq) and v € V(Cy). As each cycle of G has at most one vertex of degree larger
than 2, Ng(u1) N Ng(vq) = @.

We show that for each vertex w € (Ng(u1) \ {v1}) U (Ng(v1) \ {u1}), dg(w) € {1,2}.
Without loss of generality, suppose there is a vertex w € Ng(v1) \ {11} with dg(w) >
3. Then w € V(T). Let G = G+ ugw. Then, G’ € C(n,p) and SO(G') > SO(G), a
contradiction.

Now let uy € V(Cy) N Ng(u7). Let G’ be obtained from G by first deleting the edge
uqv1 and identifying u; with v, and then subdividing the edge ujuy. Then G’ € C(n, p)
and SO(G’) > SO(G) by Lemma 7, a contradiction. Therefore, Claim 4 holds. O

Claim 5. All pendant vertices in G are adjacent to u, where u is the common vertex of all cycles
in G.

Proof of Claim 5. Suppose there is a support vertex v # u. Let dg(u, v) be the distance
between u and v in G. Then dg(u,v) € {1,2} by Claim 2. If dg(u,v) = 2, by letting
G' = G+ uv, we get G’ € C(n,p) and SO(G') > SO(G), a contradiction. Therefore,
dg(u,v) =1.

Suppose for each vertex w € Ng(v) \ {u}, dg(w) = 1. Then by Claim 1, there are at
least two vertices of degree 2 adjacent to u except v. Let 7 € Ng(u) \ {v} withdg(uq) = 2.
Denote by G’ the graph obtained from G by first deleting the edge uv and identifying 1 with
v, and then subdividing the edge uu. Then G’ € C(n, p) and SO(G’) > SO(G) by Lemma 7,
a contradiction. Therefore, we may assume that there is a vertex v1 € Ng(v) \ {u} with
dg(v1) > 2. Let G’ = G +uvy. Then G’ € C(n,p) and SO(G’) > SO(G), a contradiction.
This completes the proof of Claim 5.

By the same argument as that of Theorem 3, there is at most one 4-cycle in G. Therefore,
G is obtained from s copies of C4 and t copies of Cs by first taking one vertex of each of
them and fusing them together into a new common vertex u, and then attaching p pendant
vertices at u, where 3s +2t + p+1 =nand 0 < s < 1. Therefore, s = 1 if n — p is even and
s = 0 otherwise, i.e., G = Gy if n — pis even and G = G, otherwise. [J
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4. Sombor Index of Quasi-Unicyclic Graphs

Let QU (n) be the set of all quasi-unicyclic graphs of order n. Denote by co(p, [, q) the
graph obtained from two cycles C, and C; by connecting a vertex u € V(C,) and a vertex
v € V(Cy) by a path vgvy - - - v; of length [ (identifying u with v if | = 0), where vy = u,
vy=vand p+qg+1=n+1 LetO(s,t,r) be a union of three paths P; 1, P;11, Pr41 resp.
with common end vertices, where s+t +r+1=mn,s >t > r > 1 and at most one of them
is 1.

Theorem 5. Let G € QU(n) be the graph with minimum Sombor index, where n > 4. Then
G = 0(s,t,1)oroo(p,1,q), and SO(G) = (2n —5)v/2 +4+/13.

Proof of Theorem 5. As G € QU(n), there is a vertex v, in G such that G — v, = Hisa
unicyclic graph. Let dg(v,) = k. Then k > 2. As G has the minimum Sombor index, k = 2.
Let NG(Z)n) = {‘01,‘02}.

We first show that H has at most two pendant vertices. Suppose H has at least three
pendant vertices. If max{dy(v1),dy(v2)} > 2, then G has at least two pendant paths, say
P =uuy - usand Q = ww - - - wy, where dg(u),dg(w) > 3. Let G’ = (G — uuq) + uywy.
Then, G’ € QU(n) and SO(G’) < SO(G) by Lemma 2, a contradiction. Therefore, we
may assume that dy(v1) = dy(vy) = 1. Then, there is a pendant path P = xxq - - - x;
in G, where dg(x) = a > 3,dg(x1) = -+ = dg(x;_1) = 2 and dg(x;) = 1. Define
G' = (G — {xx1,v10n}) + {v1x1, ;04 }. Then, G’ € QU (n). By direct calculation, we get
SO(G') —SO(G) < f(2,2) — f(1,a) < 0if I =1, and

SO(G") —SO(G) < 2f(2,2) = (f(a,2) + f(1,2))
= f(22) - f(1,2) - [f(a,2) - f(2,2)]
a—1
= —;h@m
< 0 B

if | > 2. This contradicts to the definition of G. Therefore, there are at most two pendant
vertices in H.

Now, we show that every pendant vertex in H is adjacent to v, in G. Suppose there
is a pendant vertex v in H with v ¢ {v1,v,}. Then there is one vertex in {v1,v,}, say vy,
such that dg(v1) = a > 3. Let w be the neighbor of v in G. Obviously, dg(w) = b > 2.
Ifw € {vy,03}, let G = (G — wvy,) + vo,. Then, G' € QU(n) and SO(G') < SO(G) by
Lemma 3, a contradiction. Therefore, w # vy, 0. Now, let G’ = (G — v,,01) + v,,0. Then,
G' € QU(n) and

SO(G') =SO(G) < f(2,2) + f(2,b) = [f(2,a) + f(1,b)]
ﬂlm—f( b) - [f(a,2) = £(2,2)]

= hum)—zgmnm

< 0,

a contradiction.

From the above, G is a bicyclic graph with no pendant vertices. ie., G = O(s,t,r)
or co(p,1,q). By direct calculation, we have SO(O(s,t,r)) = (n—5)f(2,2) + 6f(2,3)
ifr > 2,50(0(s,t,r)) = (n—4)f(2,2) +4f(2,3) + f(3,3) if r = 1, SO(co(p,1,q)) =
( 3)f(2,2) +4f(2,4)if ] = 0, SO(co(p,1,9)) = (n—5)f(2,2) +6f(2,3) if I > 2 and

SO(co(p,1,9)) = (n—4)f(2,2) +4f(2,3)+ f(3,3) if I = 1. Since (n —3)f(2,2) +4f(2,4) >
(n—=5)f(2,2) +6f(2,3) > (n—4)f(2,2) +4f(2,3) + f(3,3), we get G = O(s,t,1) or
oo(p,1,9),and SO(G) = (n —4)f(2,2) +4f(2,3) + f(3,3) = (2n —5)v2+4V/13. O
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Here, we recall some theory of majorization.

A subset X C R" is a convex set if for any x,y € X and any A with0 < A < 1,
Ax+ (1 —A)y € X. Let X C R" be a convex set. For a function f : X — R, if for any
x,y € Xandany A with0 < A < 1, f(Ax+ (1 = A)y) < Af(x) 4+ (1 —A)f(y), then f is
called a convex function. If the inequality above is strict for all x,y € X with x # y, then f is
a strictly convex function. Let I be an interval and f : I — R be a real twice-differentiable
function on I, then it is well-known that f is convex if and only if f”/(x) > 0 forall x € I,
and f is strictly convex if f”/(x) > O forall x € I.

For each vector x = (x1,xp,...,x,) € R", consider the decreasing rearrangement of it,
i.e.,, we always assume that x; > xp > - -+ > x,,. Then we have the following definition and
majorization inequality.

Definition 1 ([24]). For x,y € R",

L )i=1
x<yifgt

1=

k k
Yoxi <Yy, k=12,...,n-1,

i=1

n

Xi Zyi-
1 i=1
When x <y, x is said to be majorized by y (y majorizes x).

Lemma 8 ([25]). Let I C R be an interval and f : I — R a strictly convex function. Let
c = (c1,62,...,0q) and d = (dq1,dy,...,dy) be two vectors in R" with ¢;,d; € 1 for each
i=1,2...,nlIfc<d then i f(c;) <Xy f(d;), with equality if and only if c = d.

Theorem 6. Let G € QU (n). Then,

SO(G) <2(n—4)\/(n—1)2 +4+4/(n =12 +9+ (n +2)V2,

with equality if and only if G = C3(n —4,0,0) V Ky, where C3(n — 4,0,0) is obtained from a
3-cycle C3 by attaching n — 4 pendant vertices to one vertex of Cs.

Proof of Theorem 6. Let v, be a vertex in G such that G — v, = H is a unicyclic graph. Let
V(H) = {v1,vp,...,04—1} and dg(v,) = k. Then, 2 < k < n — 1. By the definition of the
Sombor index, we get

n—1
SO(G) < Y- /(n— 12+ (du(e) +12+ ¥ /(o) + D2+ (du(o) + 12
i=1 ’U,'Zi]'EE(H)

Moreover, the equality holds if and only if dg(v,) = n — 1. First we consider the
maximum value of Y-, er(#) \/(dH(vi) +1)2 4 (du(vj) +1)2. By Theorem 1,

Y /(@n(e) +1)2 + (du(v) + 1)2 = SOF(H) < SOH(C3(n — 4,0,0)),
(1)

UinEE

with equality if and only if H = C3(n —4,0,0).

n—1
Now, we calculate the maximum value of ¥ \/(n —1)2 + (dy(v;) + 1)2. Consider
i=1
the function

g(x):\/(n—1)2+(x+1)2, 1<x<n-2.
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Then, ¢’ (x) = w > 0, 1 < x < n— 2. Therefore, g(x) is strictly
2((n—1)24(x+1)2)2

n—1

convex on 1 < x < n — 2. Note that H is a unicyclic graph and Y. dy(v;) = 2(n — 1),
i=1

by [26], the degree sequence d(H) = (dy(v1), (dy(v2),..., (dy(v,—1)) satisfies d(H) <

n—1
-2,2,2,1,...,1).By L 8, d i) < —2)+2g(2 —4)¢(1), that s,
(n 4) y Lemma 8, . g((dn (@) < g(n —2) +2(2) + (n —)g(1), thatis
n—

n—1
3 V=12 4 (da(o;) +1)2

IN

V=124 (n—2412 424/ (n - 12 + (24 1)2
+(n—4)y/(n =12+ (14 1)2

= (n—1)V2+2y/(n—=1)24+9+ (n—4)y/(n—1)2 +4

M , lity holds if and only if d(H) = (n—2,2,2,1,...,1), i.e.,, H =
oreover, equality holds if and only if d(H) ( ), i.e

n—4
Cs(n—4,0,0).
Based on the above,

SO(G)
(n—1)V2+2y/(n—1)2+9+ (n—4)\/(n—1)2+4

+(n—4)\/(n—1)24+22424/(n—1)2+ 32+ /32 +32

= 2n-4) /(-1 +4+4/(n—12+9+ (n+2)V2

IN

Moreover, the equality holds if and only if G = C3(n —4,0,0) VK;. O

5. Conclusions

As graph invariants, topological indices are used for QSAR and QSPR studies. There-
fore, it is very important to study the extremal graphs with respect to topological indices
in chemical graph theory. Until now, many topological indices have been introduced and
several of them have been found various applications. As a novel index, the Sombor
index has received a lot of attention within mathematics and chemistry. In this paper, we
give some transformations to compare the Sombor indices between two graphs. With
these transformations, we present the maximum Sombor index among cacti CX and C(n, p).
Moreover, the maximum and minimum Sombor index among all quasi-unicyclic graphs
are characterized. It is interesting to consider the minimum Sombor index of cacti with
some graph parameters. We will consider it for future study.
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Abstract: The bipartite Ramsey number B(n1, 1y, ...,1;) is the least positive integer b, such that any
coloring of the edges of K}, with ¢ colors will result in a monochromatic copy of Ky, 5, in the i-th
color, for some i, 1 < i < t. The values B(2,5) = 17, B(2,2,2,2) = 19 and B(2,2,2) = 11 have been
computed in several previously published papers. In this paper, we obtain the exact values of the
bipartite Ramsey number B(2,2,3). In particular, we prove the conjecture on B(2,2,3) which was

proposed in 2015—in fact, we prove that B(2,2,3) = 17.

Keywords: Ramsey numbers; bipartite Ramsey numbers; Zarankiewicz number

1. Introduction

The bipartite Ramsey number B(#n1, 1y, ..., 1;) is the least positive integer b, such that
any coloring of the edges of K}, with t colors will result in a monochromatic copy of K,
in the i-th color, for some i, 1 < i < t. The existence of such a positive integer is guaranteed
by a result of Erd6s and Rado [1].

The Zarankiewicz number z(Kj, ,, t) is defined as the maximum number of edges in
any subgraph G of the complete bipartite graph Ky, ,, such that G does not contain K; as a
subgraph. Zarankiewicz numbers and related extremal graphs have been studied by many
authors, including Kévari [2], Reiman [3], and Goddard, Henning, and Oellermann in [4].

The study of bipartite Ramsey numbers was initiated by Beineke and Schwenk in 1976 [5],
and continued by others, in particular Exoo [6], Hattingh, and Henning [7]. The following
exact values have been established: B(2,5) = 17 [8], B(2,2,2,2) =19 [9], B(2,2,2) = 11 [6].
In the smallest open case for five colors, it is known that 26 < B(2,2,2,2,2) < 28 [9]. One
can refer to [2,9-14] and it references for further studies. Collins et al. in [8] showed that
17 < B(2,2,3) < 18, and in the same source made the following conjecture:

Conjecture 1 ([8]). B(2,2,3) =17.

We intend to get the exact value of the multicolor bipartite Ramsey numbers B(2, 2, 3).
We prove the following result:

Theorem 1. B(2,2,3) = 17.

In this paper, we are only concerned with undirected, simple, and finite graphs. We
follow [15] for terminology and notations not defined here. Let G be a graph with vertex set
V(G) and edge set E(G). The degree of a vertex v € V(G) is denoted by deg - (v), or simply
by deg(v). The neighborhood N (v) of a vertex v is the set of all vertices of G adjacent to v
and satisfies [N (v)| = deg(v). The minimum and maximum degrees of vertices of G are
denoted by §(G) and A(G), respectively. Additionally, the complete bipartite graph with
bipartition (X, Y), where | X| = m and |Y| = n, is denoted by Ky, ,. We use [X, Y] to denote
the set of edges between the bipartition (X, Y) of G. Let G = (X, Y) be a bipartite graph
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and Z C X or Z C Y, the degree sequence of Z denoted by Dg(Z) = (d1,do, .. .,d|z|), is
the list of the degrees of all vertices of Z. The complement of a graph G, denoted by G, is
a graph with same vertices such that two distinct vertices of G are adjacent if and only if
they are not adjacent in G. H is n-colorable to (Hy, Hy, ..., H;) if there exists a t-coloring of
the edges of H such that H; ¢ H' for each 1 < i < t, where H' is the spanning subgraph of
H with edges of the i-th color.

2. Some Preliminary Results

To prove our main result—namely, Theorem 1—we need to establish some preliminary
results. We begin with the following proposition:

Proposition 1 ([8,13]). The following results about the Zarankiewicz number are true:

[} Z(K17/17, 2) =74.
° Z(K16 17, ) <71
° Z(K17 17, ) < 141.
L] Z(K16 17, ) < 133.
° Z(K13 17, ) < 110.
L] Z(K12 17, ) < 103.
e z(Ky1,17,3) < 9.

Proof of Proposition 1. By using the bounds in Table 3 and Table 4 of [8] and Table C.3
of [13], the proposition holds. [J

Theorem 2 ([8]). 17 < B(2,2,3) < 18.

Proof of Theorem 2. The lower bound witness is found in Table 2 of [8]. The upper bound
is implied by using the bounds in Table 3 and Table 4 of [8]. We know that z(Kjg18,2) = 81,
z(Kig18,3) < 156, and 2 x 81 4 156 = 318 < 324 = |E(Kjg18)|- O

Suppose that (G", G?, Gg) is a 3-edge coloring of Ky717, where Ko ¢ G", Kap € G?
and K33 ¢ G8; in the following theorem, we specify some properties of the subgraph with
color g. The properties are regarding A(G$), §(G8), E(G?), and degree sequence of vertices
X, Y in the induced graph with color g.

Theorem 3. Assume that (G", G?, G8) is a 3-edge coloring of Ky7,17, where Kayp ¢ G", Koo € GP,
and K33 € G8. So:

(a) |E(G8)| =141.

(b) A(GE) = 9and 6(GS) =

(© Des(X) = Dcs(Y) = (9,9,9,9,9,8,8,...,8).

Proof of Theorem 3. Assume that X = {x1,x,...,x17}, Y = {y1,¥2,...,y17} is a partition
set of K = Ky717 and (G, G?, G8) is a 3-edge coloring of K, where Koo ¢ G, Ko ¢ G?,
and K33 ¢ G&. Since |E(K)| = 289, if |[E(GS)| < 140 then |E(GS)| > 149—that is, either
|E(G")| > 75 or |[E(G?)| > 75. In any case, by Proposition 1, either K,» C G" or K»» C G?,
a contradiction. Hence, assume that |E(G8)| > (G8)| > 142 then by Proposition 1,
K33 C G8, a contradiction again; that is, |[E(G8)| = 141 and part (a) is true.

To prove part (b), since |E(GS)| = 141 by part (a), we can check that A(G8) > 9
Assume that there exists a vertex of V(K) say x, such that |[Ngg(x)| > 10—that is, A(GS) >
10. Consider x and set Gf = G2\ {x}, hence by part (a), |E(G)| < 141 — 10 = 131.
Therefore, since |E(Kig17)| = 272, so |[E(G$)| > 141—that is, either |E(G})| > 71 or
|E(Gi’)\ > 71. In any case, by Proposition 1 either K, € G] € G" or Ky» C Gf CGha
contradiction. So, A(G8) = 9. To prove §(G8) = 8, assume that M = {x € X, [Ngs(x)| =
9} and N = {x € X, |Ngs(x)| = 8}; by part (a) one can say that |M| > 5, if [M| = 6,
then §(G8) < 7—that is, there is a vertex of X (say x) such that [Ngs(x)| < 7; therefore,
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IN| < 10. If [N| = 10, then |[E(GS[M U N, Y])| = 134, so by Proposition 1, K33 C G$, a
contradiction. Now assume that [N| < 9, thus |E(G8)| < (6 x9) 4+ (9 x 8) + (2 x 7) = 140,
a contradiction again. For |[M| = 7 if [N| > 6, then |[E(GS§[M U N’,Y])| = 111, where
N’ C N and N ! | =6,s0 by Proposition 1, K33 C G¢, a contradiction. Hence assume that
IN| < 5; therefore, |[E(G3)| < (7 x9) 4+ (5 x8) + (5 x7) = 138, a contradiction again.
For |[M| = 8 if [N| > 5, then |[E(GS[M U N’,Y])| = 112, where N’ C N and |[N'| = 5;
therefore, by Proposition 1, K33 C G8, a contradiction, so assume that |[N| < 4—that is,
|[E(G3)| < (8x9)+ (4 x8)+ (5x7) =139, a contradiction again. For |[M| = 9if [N| > 3,
then |[E(GS[MUN’,Y])| = 105, where N’ C N and |[N’| = 3, so by Proposition 1, K33 C G$,
a contradiction. Thus |N| < 2—thatis, |[E(G8)| < (9 x9) 4 (2 x 8) + (6 x 7) = 139, which
is a contradiction again. For |[M| = 10, if [N| > 1, then |E(GS[M U N’,Y])| = 98, where
N’ C N and IN ! | =1; so, by Proposition 1 K33 C G8, a contradiction. Thus, assume that
IN| =0,s0 |E(G8)| < (10 x 9) + (7 x 7) = 139, a contradiction again. Therefore, | M| =5
and |N| = 12—that s, §(G8) = 8, and part (b) is true.

Now, by parts (a) and (b) it is straightforward to say that Dgs(X) = Dgs(Y) =
(9,9,9,9,9,8,8, ...,8)—that is, part (c) is true, and this completes the proof. [

3. Proof of the Main Theorem

In this section, by using the results of Section 2, we will prove the main theorem.

Suppose that (G", G?, G8) is a 3-edge coloring of Ky717, where Ko ¢ G", Kap € G?
and K33 ¢ G8. In the following theorem, we discuss the maximum number of common
neighbors of G¢(x) and G8(x') for x, x" € X.

Theorem 4. Assume that (G", Gl,Gs ) is a 3-edge coloring of K17 17, where K g G", Kz g el
and K33 ¢ G8. Let |[Ngs(x)| = 9 and Ngs (x) = Y1, the following results are true:

(a)  Foreach x € X\ {x1}, we have |[Ngs(x) N Y1| < 5.
i=17

(b)  Assumethatn = Y. |Ngs(x;) NYq|, then 72 < n < 73.
i=1

Proof of Theorem 4. Assume that X = {x1,x,...,x17}, Y = {y1, 2, ..., y17} is a partition
set of K = Kj717, and (G', Gb,G8)isa 3-edge coloring of K, where Ky ¢ G, Koo € GP and
K33 ¢ G8. Without loss of generality (W .1.g.) assume that x = x; and Y1 = {y1,...,y9}.
To prove part (a), by contrast assume that there exists a vertex of X \ {x;} (say x) such that
[NGs(x) NYp] > 6. W.Lg., suppose that x = xp and Yo = {y1,¥2,...,¥6} C Ngz(x2). Since

i=17
K33 € G8, for each x € X\ {x1,x2}, so |[Ngs(x) N Ya| < 2—that is, '21 [Ngs (%) NYs| <
P

6+ 6+ (15 x 2) < 42. Now, since |E(G8[X, Y5])| < 42, one can check that there exists at
least one vertex of Y; (say y), such that [Ngs (y)| < 7, a contradiction to part (c) of Theorem
3. Hence, [Ngs(x) NY;| < 5foreach x € X\ {x;}—thatis, part (a) is true.

To prove part (b), if n < 71, then by part (c) of Theorem 3, it can be checked that there
exists at least one vertex of Y; (say y), such that |[Ngs(y)| < 7, a contradiction. Therefore,

i=17
n > 72. Assume that n > 74 and let Dgs (Y1) = (dy,da, ..., dg). Since Y |Nge(x;) NYq| >
i=1

74, there exist at least two vertices of Y7 (say i/, y”), such that |[Ngs (y')| = |[Ngs (v")| = 9.
Since n > 74 and | X \ {x1}| = 16, there exists at least one vertex of X \ {x1} (say x’), such
that [Ngs (x') NY;| = 5. W.lg., suppose that x’ = xp and Ngs(x2) N Y7 = Yo = {y1,..., Y5}
Now we have the following claims:

Claim 1. Foreach x € X \ {x1,x2}, we have [Ngs(x) N Yz| = 2and Dgs (Y2) = (8,8,8,8,8).

Proof of Claim 1. Since K33 ¢ GS for each x € X \ {x1, x2}, thus |[Ngz(x) N Ya| < 2—that
i=17
is, ¥ [Ngs(xi) NYz| <545+ (15x2) < 40. Now, since |[E(GE[X, Y,])| < 40and [Y,| =5,

i=1
if there exists a vertex of X; )(say x’), such that [Ngs(x) N Ya| < 1, then |E(G8[X, Y2])| <
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39; therefore, there exists at least one vertex of Y, (say y), such that [Ngs(y)| < 7, a

contradiction to part (c) of Theorem 3. So, [Ngs(x) NYz| = 2and Y, |Ngs(y)| = 40,
]/GYZ

therefore by part (c¢) of Theorem 3 Dgs(Y2) = (8,8,8,8,8), and the proof of the claim is

complete. [

Claim 2. Dgs(X1) = (5,4,4,...,4) where X1 = X\ {x1}, in other word |Ngs (x;) N Y| = 4
foreachi € {3,4,...,17}.

Proof of Claim 2. By contradiction, assume that there exists a vertex of X \ {x1, x2} (say
x), such that |[Ngs(x) N Yy| = 5. W.l.g suppose that x = x3 and Ngs(x3) N Y7 = Y3, now by
Claim 1, |[Ngs (x3) N Y| = 2. W.l.g., assume that Y3 = {y1,¥2,Ys,y7,ys}, thus by Claim 1,
Dgs(Y3) = (8,8,8,8,8)—thatis, [Ngs(y)| = 8 foreach y € Y1 \ {y9}. Since A(G8) =9, we

i=17 i=9
can check thatn = Y |[Ngs(x;) NY1] = ¥ [Ngs(yi)| < (8 x 8) +9 = 73, a contradiction.
i=1 i=1

1=
So, Dgs(X1) = (5,4,4,...,4), and the proof of the claim is complete. [

Assume that Ngs(x2) VY] = Y2 = {y1....,y5}, by Claim 1 Dgs(Y2) = (8,8,8,8,8).
Since there exist at lest two vertices of Y; (say v/, "), such that |[Ngs (y')| = |[Ngs (v")| =9,
thus v,y € {y6,¥7,Ys8,y9}. W.lg., we can suppose that ¥ = ys and Ngs(ys) = Xo =
{xl,X3,. . .,xlo}. By Claim 2, |NGg(x) N Y1| = 4 and |NGg(x) N Y2| = 2 for each x €
Xy \ {x1 }—thatis, [Ngs(x) N {y7,ys,yo}| = 1foreach x € X, \ {x1}. Since | X, \ {x1}| =8
and |Ngs(x) N {y7,ys,y9}| = 1, by the pigeon-hole principle, there exists a vertex of
{y7,y8,y9} (say y), such that |[Ngs(y) N Xp \ {x1}| > 3. W.Lg., we can suppose that y = y7
and {x3,x4,x5} C NGg(y7) N X\ {x1}. As|Yz2] =5and |Ngs(x;) N Ya| =2 fori = 3,4,5,
there exist i,i’ € {3,4,5}, such that | Ngs (x;) N Ngs (xy7) N Y2| # 0. W.lg., suppose thati =
3,i" =4and y; € Ngs(x3) N Ngs(x4) N Ya. Therefore, K33 C G8[{x1,x3, x4}, {y1,¥6,¥7}], @
contradiction. So, n < 73 and the proof of the theorem is complete. [

i=17
In part (b) of Theorem 4, we showed that72 <n = Y |Ngs(x;) NY1| < 73. Now we
i=1

consider these two cases independently.

3.1. The Case That n =73

In the following theorem, we prove that in any 3-edge coloring of K717 (say (G”, G?, G8),
where Kyp & G, Kpa € GY), if there exists a vertex of V(K) (say x), such that |[Ngs (x)| = 9

and Y. [Ngs(x;) N Ngs(x)| = 64, then K33 C GS.
xeX\{x}

Theorem 5. Assume that (G, G?, G8) is a 3-edge coloring of K = Ky717, such that Kyo ¢ G,
Kop ¢ GP. Assume that there exists a vertex of V(K) (say x), such that |[Ngs(x)| = 9. If

i=17
Y. [Ngs(x;) NYy| = 73 where Y1 = Ngs(x), then K33 C GS.
i=1

Proof of Theorem 5. By contradiction, assume that K33 ¢ G8. Therefore, by Theorem 3
and Theorem 4, we have the following results:
(@) |E(G$)| =141.
(b) A(G8) =9and 5(G8) =8.
(¢ Dgs(X)=Dgs(Y)=1(9,99998,8,...,8).
(d) Foreachx’ € X\ {x} we have |[Ngs(x) N Ngs(x')| < 5.
() IfA={xeX, |[Ngs(x)|] =9}, then|A] =5and72 < Y, |Ngs(y)| < 73, for
YENGg (%)
eachx € A.
Assume that X = {x1,x2,...,x17}, Y = {y1,¥2,...,y17} is the partition set of K =
Ki717,and (G”, G?, G8) is a 3-edge coloring of K, where Kyp ¢ G, Kyo ¢ G and K33 ¢ GE.
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W.Lg., assume that x = x1, Y7 = {y1,y2,..., 9}, and n = Z [NGs (x;) NY;| = 73. Since

n =73, by (c) we can say that Dgs (Y1) = (d1,da,...,d9) = (9 8,8,...,8)—that is, there
exists a vertex of Y7 (say y), such that |[Ngs(y)| = 9. By (d), | Ngs (xl) ﬁ Ngs(x)] < 5 for
each x € X{\x1}.Set C = {x € X, |Ngs(x) N Ngsg(x1)| = 5}. Now by argument similar to
the proof of Claim 1, we have the following claim:

Claim 3. Assume that x € C and Ngg(x) NYy = Y/, then for each x' € X \ {xy,x}, we have
|NGg (x’) n Y/| = 2 and DGg (Y’) = (8, 8, 8, 8,8)

Here there exists a claim about |C| as follows:
Claim4. |C| <2

Proof of Claim 4. By contradiction, assume that |C| > 3. W.1.g., suppose that {xy, x3, x4} C
C and NGg(Xz) N Yl = Yz = {yl,...,y5}. By Claim 3, |NGg(x) N Yzl = 2 for each
x € X\ {x1,x}. Wlg., suppose that Ngs(x3) "Y1 = Y3 = {y1,Y2, Y6, Y7, ys}. Since
x4 € Cand |NG€(.X4) ﬂY| =2fori =23, Y9 € NGQ(JC4) NY;. Hence, for each y ey,
there is at least one i € {2,3,4} such thaty E NGg(xl) therefore, by Claim 3, Dgs (Y1) =

(8,8,8,8,8,8,8,8,8), which is in contrast to 2 [Ngs(x;) N Yq| = Z |NGs(yi)| = 73, so
i=1
Icl<2 O

Now by considering |C| there are three cases as follows:
Case1: |C|=0. Smcen—73 |Y1| =9and [C| =0, Dgs (X \ {x1}) = (44,...,4,4),
Dgs(Y1) = (9,8,8,8,8,,8,8,8,8), Z |NGs (x;) NY'| = 68,and Dgs (Y') = (9,9,9,9,8,8,8,8),
=1
where Y =Y\ Y;.Set B={y € Y INGs(y)| =9}, s0 |B| = 4.
Now we are ready to prove the following claim:

Claim 5. There exists a vertex of A\ {x1} (say x), such that:

Y. INGs(y)| > 74,
YENgg (x)

in which A = {x € X, |Ngs(x)| = 9}.

Proof of Claim 5. Dgs(X1) = (4,4,...,4,4) and Dgs (Y1) = (9,8,8,8,8,,8,8,8,8) for each
x € A\ {x1}; thus:
Y. INes(y) =32
YENgg (x)NYq
As |Y'| =8, |B| =4, and |[Ngs(x;) N Y| = 5 foreach x € A\ {x1}, there exists at least
one vertex of A\ {x;} (say x), such that |[Ngs(x) N B| > 2, otherwise K353 C GS[A, Y\ B],
a contradiction. Hence, w.l.g., suppose that x, € A, where |[Ngg(x2) N B| > 2. So:

Y INes(y)| >42.

YENgg (x2)NY’
That is,
Y. INes(y)l= Y INes()|+ ) [INs(y)| >42+32=74
YENGg (x2) YENgg (x2)NY’ YENgg (x)NY]

Now by considering x, and Ngs (x2) and by (e) (or part (b) of Theorem 4) K33 C G$, a
contradiction again. [J
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Case 2: |C| = 1. Wlg., suppose that C = {x2}, Ngs(x2) N Y7 = Yo = {y1,...,y5}.
By Claim 3, |[Ngs(x2) N Ngs(x) NY;| = 2 for each x € X\ {x1,x2} and |Ngs(y;)| = 8 for
eachi € {1,2,...,5}. Since there exists a vertex of Y; named y, such that |Ngs(y)| = 9,
w.l.g. we can suppose that y = ys and Ngs(ys) = {x1,%3,%4...,x10}. Since n = 73
and |C|] = 1, Dgs(Xq1) = (5,4,4,...,4,3)—that is, there exist at least seven vertices of
Ngs(y6) \ {x1} (say X3 = {x3,x4...,x9}), such that |Ngs(x) NY;| = 4 for each x € Xj.
Since |X3| = 7, |Ya] = 5, |Ngs(x) NY7| = 4 and |Ngs(x;) N Yz| = 2 for each x € X3,
[NGs (x) N {y7,ys,y9}| = 1 for each x € Xj. Therefore, by the pigeon-hole principle
there exists a vertex of {y7,ys, o} (say y’), such that [Ngs (') N X3| > 3. W.L.g., suppose
that ¥/ = y7 and {x3,x4,x5} C Ngs(y7). Therefore, since |Y,| = 5, there exists i,i’ €
{3,4,5} such that |Ngs(x;) N Ngs(x;) N Ya| # 0. Wlg., suppose that i = 3,i = 4 and
Y1 € NGg(X3) N Ngg (X4) N Y,. Therefore, K33 C Gg[{xl, X3, X4}, {yl,ye, y7}], which is a
contradiction.

Case 3: |C| = 2. W.Lg., suppose that C = {xp,x3}, Ngs(x2) "Y1 = Yo = {y1,...,y5}.
By Claim 3, |Ngs(x2) N Ngs(x3) N Y7| = 2. So, w.l.g. we can suppose that Ngs(x3) N
Ys = Ys = {y1,¥2, Y6, ¥7,ys}. Now, by Claim 3, |[Ngs(y;)| = 8 foreachi € {1,2,...,8}.
Since there is a vertex of Y7 named y, such that [Ngs(y)| = 9, ¥ = y9. W.lg., we can
assume that Ngs(y9) = Xo = {x1,%4,%5...,x11}. Since n = 73 and |C| = 2, Dgs(X7) =
(5,5,4,4,...,4,3,3)—that is, there exist two vertices of X (say x, x’), such that |[Ngs (x) N
Yi| = 3. If [ Ngs (o) N {x, x"}| <1, then there exist at least seven vertices of Ngs (y9) \ {x1},
such that [Ngs(x) NY7| = 4; in this case, the proof is the same as Case 1. Hence, assume
that x,x’ € Ngs(y9). Since |[Ngs(x) NYa| = |[Ngs(x') NYa| = 2, one can check that
INGs(x) N {ye,y7,ys}| = [Ngs(x") N {ye,y7,ys}| = 0. Assume that X; = Ngz(y;) fori =
6,7,8. Since | X;| = 8 and x, x” ¢ X;, then for each x € X; \ {x1} we have [Ngs(x) N Y| = 4.
Therefore, by considering X; \ {x1} and y; for each i € {6,7,8}, the proof is the same as
Case 1 and K33 C G$, a contradiction again.

Therefore, by Cases 1, 2, and 3 the assumption does not hold—that is, K33 C G$ and
this completes the proof of the theorem. O

3.2. The Case That n =72

In the following theorem, we prove that in any 3-edge coloring of K7 17 (say (G”, G?, G8),
where Kyp ¢ G, Kpp € GP), if there exists a vertex of V(K) (say x), such that [Ngs(x)| =9
and Y |Ngs(x;) N Ngs(x)| = 63, then K33 C GS.

xieX\{x}

Theorem 6. Assume that (G', G?, G&) is a 3-edge coloring of K = Ky717, where Ky, Q G",
Kap € GP. Suppose that there exists a vertex of V(K) (say x), such that |Ngs(x)| = 9. If

i=17
Z |NGg(xi) N Y1| =72, where Yl = NGg(x), then K3,3 - GS.
i=1

Proof of Theorem 6. By contradiction, assume that K33 ¢ G¢. Therefore, by Theorems 3
and 4, we have the following results:
(@) |E(GS)| =141
(b) A(G8) =9and 6(G8) =8.
(©) Dgs(X)=Dgs(Y) =1(9,9,9998,8,...,8).
(d) Foreachx € X\ {x1}, we have |[Ngs(x) NYy| <5.
() IfA={xeX, |[Ngs(x)|] =9}, then|A] =5and 72 < Y |Ngs(y)| < 73, for
YENgs (¥)
eachx € A.
Assume that X = {x1,x2,...,x17}, Y = {y1,¥2,...,y17} is a partition set of K = Kj7 17,
and (G’,GY, G?) is a 3-edge coloring of K, where Kap ¢ G', Kpo» ¢ G’ and K33 ¢ G8.

i=17
W.lg., assume that x = x1, Y1 = {y1,y2,...,y9},and n = Y |Ngs(x;) NY1| = 72. Since
i=1
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n = 73, by (c) we can say that Dgs (Y1) = (d1,da,...,d9) = (8,8,8,...,8). SetC = {x €
X, |Ngs(x) N Ngs(x1)| = 5}. Define D and E as follows:

D = {x € X\ {x1}, such that |Ngs(x) N Y1| =5}

E={xe€ X\ {x1}, such that |[Ngs(x) N Y| = 3}.

Here we have a claim about |D| and |E| as follows:
Claim 6. |D| < 3and |E| < 4.

Proof of Claim 6. By contradiction, suppose that |D| > 4. W.lg., assume that {x, x3, x4, x5} C
D, NGg(xZ) N Yl = Yz = {yl,...,y5}. Now, by Claim 3, |NGg(x) N Y2| = 2 for each
x € X\ {x1,x}. WLg.,, we can suppose that Ngs(x3) N Y1 = Y3 = {y1,Y2, Y6, Y7, Ys}-
Consider Ngs(x;) N Y1(i = 4,5). Since [Ngs(x;)) NY;| = 2 (i = 4,5,j = 2,3) and
xi € A, |Ngs(xi) N {ys,ya,y5} = 2, [NGs(xi) N {ye,y7,ys}| = 2, and yo € Ngs(x;)
for i = 4,5; otherwise, if there exists a vertex of {x4, x5} (say x), such that [Ngs(x;) N
{y1,¥2}| # 2, then K33 C G8[{x1,x;,x},Y1] for some i € {1,2}, a contradiction. There-
fore, since |{y3,y4,y5}| = {ve,y7,ys}| = 3 and x4,x5 € A, by the pigeon-hole prin-

ciple [Ngs(x4) M Ngs (x5) N {y3, ya,y5}| = 1 and [Ngs(xs) N Nes(x5) 0 {ye, y7, ys}| = 1.
W.l.g., we can suppose that 3,16 € Ngs(x4) N Ngs(x5), since y9 € Ngs(x4) N Ngs(xs5),
so K33 C G3[{x1,x4,x5},{y3, Y6, Y9}, a contradiction. Therefore, |D| < 3. Now, as

i=17

Y. [Ngs(x)) NY1] = 63 and |D| < 3, we can say that |E| < 4 and the proof of the
i=2
claim is complete. [

Now, by considering |D|, there are three cases as follows:
Case1: |D| = 0. Sincen = 72and |D| =0, Dgs (X \ {x1}) = (4,4,...,4,3), Dgs (Y1) =

i=17

(8,8,8,8,8,8,8,8,8), ¥ [Ngs(x;))NY'| = 69 and Dgs(Y') = (9,9,9,9,9,8,8,8), where
i=1

Y =Y\Y;.Set B={y € Y/, |Ngs(y)| =9}, hence |B| = 5.

Now, we have the following claim:

Claim 7. There exists a vertex of A\ {x1} (say x), such that:

Y. INes(y)| > 75,
YENgg (%)

in which A = {x € X, |Ngs(x)| = 9}.

Proof of Claim 7. Since Dgs(X1) = (4,4,...,4,3)and Dgs (Y1) = (8,8,8,8,8,,8,8,8,8), so
for at least three vertices of A\ {x1},

Y. INas(y)| =32
YENgg (x)NYq

Therefore, since |[Ngs(x;) NY'| = 5 for each x € A\ {x1} and Dgs(Y') = (9,9,9,
9,9,8,8,8), there exists at least one vertex of A\ {x1} (say x), such that [Ngs(x) N B| > 3;
otherwise, K33 C G3[A,Y’\ B, a contradiction. Hence, w.l.g., suppose that x, € A and
|[Ngs (x2) N B| > 3; therefore:

Y [Nge(y)] >3x9+2x8=43.

yENGg(x)ﬁY’
That is, we have:
Y. INes(y)| = Y INes(y)|+ ). |Ngs(y)| > 43+32=75.
YENgg (x2) YENgg (x2)NY’ YENgg (x)NY;
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Now, by considering x; and Ngg(x2) and by (e) (or by part (b) of Theorem 4), K33 C
G8&, a contradiction again. [

Case 2: |D| = 1 (for the case that |D| = 2, the proof is same). W.l.g., assume that
D= {JCZ}, NGg(XQ) N Yl = Yz = {yl,. . .,y5}. Since n =72, |D| =1land |NGg(x) ﬂY1| <5,
|E| =2. As |[Ngs(x) N Yy| =2 foreach x € X\ {x1,x2} and |E| = 2, there exists a vertex
of {ye,y7,ys, Yo} (say y), such that for each vertex of Ngs(y) N X\ {x1} (say x), [Ngs(x) N
Y;| = 4. Wlg., we can suppose that ¥ = ys, Ngs(ys) N X \ {x1} = {x3,%4,...,x90}.
Since |Ngs(y6) N X \ {x1}| = 7 and |Ngs(x) N Y2| = 2 for each x € Ngs(y6) N X\ {x1},
[NGs (x) N {y7,ys,y9}| = 1. Therefore, by the pigeon-hole principle there exists a vertex
of {y7,ys,y9} (say y'), such that |[Ngs(ye) N Ngs(y') N X\ {x1}| > 3. W.Lg., suppose
that ¥/ = y7 and {x3,x4, x5} C Ngs(ys) N Ngs(y7) N X \ {x1}. Therefore, since |Y,| =5
and |Ngg(x) NYz| = 2, there exist at least two vertices of {x3, x4, x5} (say x/,x”), such
that |[Ngs(x') N Ngs(x”) N Ya| # 0. W.Lg., suppose that x’ = x3,x” = x4 and y; €
Ngs (x3) N Ngs (x4). Therefore, K35 C GE[{x1, x3, x4}, {y1,¥6,y7}], a contradiction.

Case 3: |D| = 3. Wlg., suppose that D = {xp,x3,%4}, Nos(x2) NY; = Yo =
{y1,...,y5}. By Claim 3, |Ngs(x2) N Ngs(x3) NY1| = 2. W.lg., we can assume that
Ngs(x3) MYy = Y3 = {y1,¥2, Y6, Y7, ys }- Since x4 € D and |[Ngg(x4) NY;| = 2fori = 2,3,
Yo € Ngs(xa). If [Ngs(xa) N {y1,y2}] # 0, as [Ngz(x2) N Ngs(x4) N Y| = 2and x4 € D,
one can check that |Ngs(x1) N {ys,y7,ys}| = 2—that is, K33 C G8[{x1,x3,x4},Y1], a
contradiction. Hence, |Ngs(x4) N {y1,y2}| = 0. Therefore, |[Ngs(x4) N {ys, ya,ys5}| = 2
and |Ngs(x4) N {ye, y7,ys}| = 2. Wlg., we can suppose that Ngs(x4) NY; = Yy =
{Y3,Y4,Y6,y7,y9}. Since |D| = 3, so |[E| = 4. W.l.g., suppose that E = {xs5,x¢, X7, X3}
Here, we have a claim as follows:

Claim 8. |Ngs(y9) NE| =0.

Proof of Claim 8. By contradiction, suppose that [Ngs(y9) N E| # 0. Assume that x5 €
Ngs(y9) N E—that is, x5y9 € E(G?). Since x5 € E and {xp,x3,x4} = D, by Claim 3,
|NGg (X5) N NGg<Xi>| = ‘Ncg(X5) N Y,l = 2fori = 2,3,4. Consider NGg(X5) NY,, assume
that Ngs(x5) N Yo = {y/, vy}, if {y/, v} = {y1,y2}, then |[Ngs(x5) N Yy| = 1, a contradic-
tion. Therefore, we can assume that [{y/,v"} N {y1,v2}| < 1. If |{y,v"} N {y1,y2}| =0,
then |Ngs(x5) N Y3| = 0, and if [{y/, v} N {y1,y2}| = 1, then |[Ngs(x5) N Y3| < 1. In any
case there exists a vertex of D (say x’), such that | Ngs (x5) N Ngs (x')| = 1, a contradiction.
So, the assumption does not hold and the claim is true. [

Therefore, by Claim 8, since |[Ngs(y9) N D| = 0, we can say that for any vertex of
Ngs(y9) N X\ {x1} (say x), [Ngs(x) NY;| > 4; therefore, by considering Y, and y9, as
[Ngs (o) N X\ {x1}| = 7 and |Ngs(x) N Y1| > 4 for each x € Ngsg(y9) N X \ {x1}, the proof
is similar to Case 1, a contradiction.

Therefore, by Cases 1, 2, and 3 the assumption does not hold—that is, K33 C G$ and
the proof of the theorem is complete. [

Now, combining Theorems 3-6 yields the proof of Theorem 1.

4. Discussion

There are several papers in which the bipartite Ramsey numbers have been studied.
In this paper, we proved the conjecture on B(2,2,3), which was proposed in 2015 and
states that B(2,2,3) = 17. We proved this conjecture by a combinatorial argument with no
computer calculations. This is significant because computing the exact value of Ramsey
numbers is a challenge. To approach the proof of this conjecture, we proved four theorems
as follows:

1. Assume that (G’, G?, G8) is a 3-edge coloring of K17 17, where K5 ¢ G, Kap & Gb
and K33 ¢ GS8. Hence, we have:

@) |E(G?)| =141
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(b) A(G?) =9and §(GE) = 8.
(©) Dgs(X) = Dgs(Y) =(9,9,9,9,9,8,8,...,8).

2. Assume that (G", G?, G8) is a 3-edge coloring of Ky717, where Kyo ¢ G”, Kpp ¢ G?
and K33 ¢ G8. Let [Ngs(x)| = 9 and Ngs (x) = Y3, the following results are true:

(a) Foreachx € X\ {x1}, wehave |[Ngs(x)NY;| <5.
(b) Assume thatn = ii; [NGs(x;) N Yq|, then 72 < n < 73.
i=
3. Assume that (G’,G?,G8) is a 3-edge coloring of K = Kj717, such that Kop ¢ G,
Kap ¢ GP. Assume that there exists a vertex of V(K) (say x), such that |Ngs(x)| = 9. If
11221:17 INGg(JCi) N Y1| =173, where Yl = NGg (x), then K3,3 - GS.
i—

4. Assume that (G", Gb, Gs ) is a 3-edge coloring of K = Kjy717, where Kj» SZ G’,
Kop ¢ GP. Assume that there exists a vertex of V(K) (say x), such that [Ngs(x)| = 9. If

i=17
Y. [Ngs(x;) NY;| = 72, where Y7 = Ngs(x), then K33 C GS.
i=1
One might also be able to compute B(ny,...,ny) for small i, n; like B(2,3,3,3) or
B(3,3,3,3) in the future, using the idea of proofs laid out in this paper.
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Abstract: The Total Coloring Conjecture (TCC) states that every simple graph G is totally (A + 2)-
colorable, where A denotes the maximum degree of G. In this paper, we prove that TCC holds
for dumbbell maximal planar graphs. Especially, we divide the dumbbell maximal planar graphs
into three categories according to the maximum degree: Jg, I-dumbbell maximal planar graphs and
II-dumbbell maximal planar graphs. We give the necessary and sufficient condition for I-dumbbell
maximal planar graphs, and prove that any I-dumbbell maximal planar graph is totally 8-colorable.
Moreover, a linear time algorithm is proposed to compute a total (A + 2)-coloring for any I-dumbbell

maximal planar graph.

Keywords: total coloring; dumbbell maximal planar graphs; I-dumbbell maximal planar graphs;
dumbbell transformation; total coloring algorithm

1. Introduction

All graphs considered in this paper are simple, finite and undirected, and we follow [1]
for the terminologies and notations not defined here. For any graph G, we denote by V(G),
E(G), A(G) and 6(G) (or simply V, E, A and J) the vertex set, the edge set, the maximum
degree and the minimum degree of G, respectively. If uv € E(G), then u is said to be a
neighbor of v. We use N(v) to denote the set of neighbors of v. The degree of v, denoted by
d(v), is the number of neighbors of v, i.e., d(v) = |[N(v)|. A k-vertex is a vertex of degree k.
Given a set X C V, we denote by G[X] the subgraph of G induced by X. A k-cycle is a cycle
of length k, and a 3-cycle is usually called a triangle. We use K, to denote the complete
graph of order n. For a disjoint union of G and H, the joining of G and H, denoted by
G V H, is the graph obtained by joining every vertex of G to every vertex of H. The joined
Cn V Kj of a cycle and a single vertex is a wheel with 1 spokes, denoted by W,,, where C,
and Kj are called the cycle and center of W, respectively.

A total k-coloring of G is a mapping ¢ : VUE — {1,2,--- ,k} such that ¢(x) # ¢(y)
is for any two adjacent or incident elements x,y € V U E. A graph G is totally k-colorable
if it admits a total k-coloring. The total chromatic number x”(G) is the smallest integer
k, such that G has a total k-coloring. Behzad [2] and Vizing [3] posed independently the
following famous conjecture, known as the Total Coloring Conjecture (TCC).

Conjecture 1. For any graph G, A(G) +1 < x"(G) < A(G) + 2.

Obviously, the lower bound is trivial. The upper bound is still unproved. To date,
TCC has been confirmed for general graphs with A < 5 [4-7] and for planar graphs with
A > 7 [8-11]. Therefore, for planar graphs, the only open case is A = 6. Nevertheless,
scholars have studied the total coloring of planar graphs under some restricted condi-
tions [12-17]. Among these, Sun et al. [13] proved that TCC is true for planar graphs
without adjacent triangles. Here, adjacent triangles are two triangles that share a common
edge. Zhu and Xu [17] gave a stronger statement that TCC holds for planar graphs G with
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A(G) = 6, if G does not contain any subgraph isomorphic to a 4-fan. Regardless of the
results in [13] or in [17], the graph G cannot contain adjacent triangles. This leads us to
study the total coloring and total chromatic number of maximal planar graphs, whose faces
are all triangles. In [18], we study the total coloring of recursive maximal planar graphs
and prove that TCC is true for recursive maximal planar graphs. Moreover, (2,2)-recursive
maximal planar graphs are totally (A + 1)-colorable.

A maximal planar graph is a planar graph to which no edges can be added without
violating the planarity. Let G be a maximal planar graph and C be a cycle of G with |C| > 4.
We call the subgraph of G induced by the vertices on C and the vertices located inside (or
outside) C a semi-maximal planar graph based on C, which is denoted by G, (or G,,). In
fact, a semi-maximal planar graph is a triangulated disc.

According to the vertex coloring, maximal planar graphs can be partitioned into three
categories: purely tree-colorable, purely cycle-colorable and impure colorable, refer to [19].
In [20], Xu et al. proposed the purely tree-colorable graphs conjecture, which states that
a maximal planar graph is purely tree-colorable if and only if it is the icosahedron or a
dumbbell maximal planar graph. They further studied the structures and properties of
dumbbell maximal planar graphs in [19]. Then, what is the total coloring of dumbbell
maximal planar graphs? This problem has aroused our concern.

We aim to study the total coloring of dumbbell maximal planar graphs in this paper.
The remainder of this paper is organized as follows. In Section 2, we introduce the dumbbell
transformation and study the structures and properties of dumbbell maximal planar graphs.
In particular, we classify the dumbbell maximal planar graphs into three categories. In
Section 3, we prove that any dumbbell maximal planar graph is totally (A + 2)-colorable. In
Section 4, we propose an algorithm with linear time complexity to compute a total (A + 2)-
coloring for any I-dumbbell maximal planar graph. In Section 5, we make a conclusion for
the paper.

2. Dumbbell Maximal Planar Graphs

We study the structures and properties of dumbbell maximal planar graphs in this
section. Before this, we need to introduce the dumbbell transformation given by Xu [19].

2.1. Dumbbell Transformation

In order to give the dumbbell transformation, we introduce the extending 3-wheel
and 4-wheel operations first.

The extending 3-wheel operation. The extending 3-wheel operation acts on a triangle
of a maximal planar graph, specifically, adding a new vertex in the face and joining it to
every vertex of the triangular face, as shown in Figure 1.

Figure 1. The extending 3-wheel operation.

The extending 4-wheel operation. The object of the extending 4-wheel operation is
a path of length 2. Specifically, an extending 4-wheel operation based on path v;v,03
means: split the vertex v into v and v5, and split the edges v1v; and vv3 into v1v;, v10%
and v,03, Uél)g,, respectively. Hence, the vertices vy, v’z, v3 and v, form a cycle of length 4.
Then, add a new vertex x in this cycle and make x adjacent to vertices v1,v5, v3 and vy,
respectively. The process is shown in Figure 2.
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V3

AR

Figure 2. The extending 4-wheel operation.

A dumbbell is a graph consisting of two triangles Avjvyu and Auvzvy with exactly
one common vertex u, and it is denoted by X = Avjvu U Auvsvy, as shown in the left
of Figure 3. Obviously, a 4-wheel contains exactly two dumbbells, as shown in the right
of Figure 3, where X1 = Avjvou U Auvsvs and Xp = Avjozu U Auvyvy. In this paper,
dumbbells considered are ones contained in a 4-wheel without special assertion.
v2

Vi Yy Vi

Vs Vy

Figure 3. The dumbbell and a 4-wheel.
The dumbbell transformation. For a given dumbbell X = Avyv,u U Auvsvy. First,
add two 3-vertices x and x; on the two triangular faces of X, respectively. Then, implement

the extending 4-wheel operation on path xjux;, the newly added 4-vertex is denoted by v,
as shown in Figure 4.

Vi V) Y
u —
V3 v, A

Figure 4. The dumbbell transformation.

Xu et al. [20] gave the following theorem:

Theorem 1. Let G be a maximal planar graph with a 4-wheel Wy. Then the graphs obtained from
G by implementing the dumbbell transformations on two dumbbells of Wy are isomorphic.

2.2. Structure and Property of Dumbbell Maximal Planar Graphs

The first maximal planar graph with order 9, denoted by Jy, is shown in Figure 5 and is
called a dumbbell maximal planar graph, which is the dumbbell maximal planar graph with
the minimum order. A graph is a dumbbell maximal planar graph if one of the following
conditions is satisfied: (1) it is isomorphic to Jo; (2) it can be obtained from another dumbbell
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maximal planar graph by the dumbbell transformation. In general, if Jy,1(k > 2) is a
dumbbell maximal planar graph, we call the maximal planar graph obtained from /41 by
implementing a dumbbell transformation a dumbbell maximal planar graph. Implement
the dumbbell transformation on each unidentical 4-wheel in J4.1, then we can obtain
dumbbell maximal planar graphs with order 4k + 5. As shown in Figure 5, we give the
dumbbell maximal planar graphs with orders 9, 13, 17 and 21, respectively.

Figure 5. The dumbbell maximal planar graphs with orders 9, 13, 17 and 21.

Jo contains exactly three vertices of degree 4. By the definition of dumbbell maximal
planar graphs, Xu et al. [20] obtained the following observation.

Observation 1. (1) Any dumbbell maximal planar graph has order 4k 4 1, where k > 2; (2) Any
dumbbell maximal planar graph contains exactly three vertices of degree 4.

We give the following theorem on the maximum degrees of dumbbell maximal pla-
nar graphs.

Theorem 2. Except for Jo, the maximum degree of a dumbbell maximal planar graph Jy. .1 (k > 3)
is 6 or 7.

Proof. Obviously, the maximum degree of Jg is 5. As shown in Figure 4, for each dumbbell
transformation, the degree of each vertex on the cycle of the original 4-wheel is increased
by 1, and that of the new 4-wheel is 5. As shown in Figure 5, the maximum degree of J3
is 6; the two non-isomorphic dumbbell maximal planar graphs J;7, which are obtained
from ;3 by implementing the dumbbell transformation on the two unidentical 4-wheels,
have the maximum degrees 6 and 7, respectively; the three dumbbell planar graphs J»;
obtained from J;7 have the maximum degree 6, 7 and 7, respectively. It is observed that the
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degrees of vertices on the wheels of all 4-wheels in these three dumbbell maximal planar
graphs with order 21 are 5 and 6, and the maximum degree of each dumbbell maximal
planar graph obtained by implementing the dumbbell transformation does not exceed 7.
By analogy, the maximum degree of a dumbbell maximal planar graph with higher order
isalways6or7. [

For the dumbbell maximal planar graph with maximum degree 6, we have

Theorem 3. The maximum degree of a dumbbell maximal planar graph G is 6 if and only if G
is obtained from Jg by continuously implementing the dumbbell transformation, and each trans-
formation is implemented on the new 4-wheel generated by the previous transformation (The first
dumbbell transformation is implemented on an arbitrary 4-wheel in Jg).

The proof of Theorem 3 is obvious and therefore omitted.

We call the dumbbell maximal planar graphs with maximum degree 6 described in
Theorem 3 I-dumbbell maximal planar graphs (The I-dumbbell maximalplanar graphs
we define here are dumbbell maximal planar graphs of maximum degree 6, so of course
Jo is not included) and dumbbell maximal planar graphs with maximum degree 7 II-
dumbbell maximal planar graphs. For I-dumbbell maximal planar graphs, we obtain the
following observation.

Observation 2. For any I-dumbbell maximal planar graph, the degrees of vertices on the cycle of
the newly generated 4-wheel are all 5. Furthermore, the other two 4-wheels do not have this property.

Figure 6 shows the generation process of I-dumbbell maximal planar graphs.

Jl7

Figure 6. The schematic diagram of the generation process of I-dumbbell maximal planar graphs.

3. Total Coloring of Dumbbell Maximal Planar Graphs

In Section 2, the dumbbell transformation and dumbbell maximal planar graphs were
introduced. In this section, we study the total coloring of dumbbell maximal planar graphs
based on structural characteristics.

From the previous section, we know that any dumbbell maximal planar graph has
exactly 3 vertices of degree 4, and the maximum degree of a dumbbell maximal planar
graph is 6 or 7, except for Jo. Furthermore, we draw an important conclusion about the
structure of the dumbbell maximal planar graphs.

According to the maximum degree, dumbbell maximal planar graphs can be divided
into the following three categories: Jy, [-dumbbell maximal planar graphs and II-dumbbell
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maximal planar graphs. In Figure 7, we give a total 7-coloring of Jo. Sanders and Zhao [11]
proved that planar graphs with A = 7 are totally 9-colorable. Therefore, we only need to
consider dumbbell maximal planar graphs with maximum degree 6, that is, I-dumbbell
maximal planar graphs.

Figure 7. A total 7-coloring of Jo.

Theorem 4. Any I-dumbbell maximal planar graph is totally 8-colorable.

Proof. [i3 is the I-dumbbell maximal planar graph with the minimum order, and J;3 is
totally 8-colorable, as shown in Figure 8.

7
Figure 8. A total 8-coloring of J;3.

Since the I-dumbbell maximal planar graphs are obtained from Jg by continuously
implementing the dumbbell transformation at a unique 4-wheel only, without loss of
generality, we assume that all I-dumbbell maximal planar graphs are obtained by imple-
menting the dumbbell transformation at the 4-wheel located at the bottom of Jo, as shown
in Figure 6. For convenience, we denote the cycle of the 4-wheel located at the bottom of Jg
by Cs4 = v10203v4v1. Then, for any I-dumbbell maximal planar graph G, G = Gi(;;‘1 U Gocl‘ft,
where Gl.cn4 and GOCL‘[*t are the two semi-maximal planar graphs based on C;. In the following,
we give a total coloring scheme of any I-dumbbell maximal planar graph G. We color
Gfl‘ft the same way in [;3 and color G;:f according to the parity of the number of dumbbell
transformations, which is denoted by I.

When [ is odd, the coloring scheme is:

The colors of vertices v1, v2, v3,v4 on the cycle of the initial 4-wheel are 1,2, 3 and 4,
and the colors of the edges are 5, 6, 7 and 8, respectively;

After the first dumbbell transformation, starting from the vertex opposite the edge
colored with 5, color the vertices on the cycle of newly generated 4-wheel with 5, 6, 7 and §,
and the corresponding edges with 1, 2, 3 and 4 in clockwise order;

The colors of edges between the newly generated 4-wheel and the initial 4-wheel are
3,4,7,8,1,2,5and 6 in clockwise order;
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After the second dumbbell transformation, starting from the vertex opposite the edge
colored with 1, color the vertices on the cycle of newly generated 4-wheel with 1, 2, 3 and 4,
and the corresponding edges with 5, 6, 7 and 8, in clockwise order;

The colors of the edges between the newly generated 4-wheel and the previous 4-wheel
are7,8,1,4,5, 6,3 and 2 in clockwise order;

After the i-th (3 < i < [) dumbbell transformation, the colors of vertices and edges on
the cycle of the newly generated 4-wheel, and the colors of edges between the newly gener-
ated 4-wheel and the previous 4-wheel, are the same as the first dumbbell transformation
when i is odd; the colors of vertices and edges on the cycle of the newly generated 4-wheel,
and the colors of edges between the newly generated 4-wheel and the previous 4-wheel,
are the same as the second dumbbell transformation when i is even;

After the last dumbbell transformation, we specify the color of the wheel center as
1, and the colors of the spokes as 6, 5, 8 and 7 from whose end point is colored with 5 in
clockwise order. Of course, the readers can also use other appropriate colors;

When [ is even, the coloring scheme is similar to that when [ is odd, except that the
color of the wheel center is 5, and the colors of the spokes are 3, 4, 2 and 1 from whose end
point is colored with 1 in clockwise order;

So, we obtain a total 8-coloring scheme of any I-dumbbell maximal planar graph, and
the proof is completed. [

As shown in Figure 9, we give the coloring scheme for / = 3 (on the left) and / = 4 (on
the right), respectively.

v,

Vv Vv, @
Figure 9. The coloring diagram for / = 3 and [ = 4.

Therefore, we obtain the following theorem.

Theorem 5. The TCC holds for dumbbell maximal planar graphs.

4. Total Coloring Algorithm for I-Dumbbell Maximal Planar Graphs

In this section an algorithm with linear time complexity is proposed, which computes
a total (A + 2)-coloring for any I-dumbbell maximal planar graph. It is known that an
arbitrary I-dumbbell maximal planar graph can be obtained from ;3 by continuously
implementing the dumbbell transformation on the newly generated 4-wheel. We introduce
the concept of dumbbell-recursive generation sequence to formalize the generation process.

Definition 1 (Dumbbell-Recursive Generation Sequence). Let J4;.13(I > 0) be an I-dumbbell

maximal planar graph with Wi £ Jy 13[{v}, 0}, v}, v}, 0'}] as the newly generated 4-wheel, where
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vll, vlz, vé, and Ufl denote vertices on the cycle and vl denotes the wheel center, respectively. Starting

from |13, each time we implement the dumbbell transformation, an I-dumbbell maximal planar
graph Juiy 13 is obtained, where i = 1,2, - - - , 1. Then, the dumbbell-recursive generation sequence

of Jays13 is defined as ®(Jy13) = {13 W), W4, -+, Wi}

Now, we give a total coloring algorithm for I-dumbbell maximal planar graphs, as
shown in the following Algorithm 1, which consists of two stages.

Algorithm 1 Total Coloring Algorithm for I-dumbbell Maximal Planar Graph

: Input: An I-dumbbell maximal planar graph [ 13.
: Output: The total coloring dictionary U.
: Stage 1. Dumbbell-recursive generation sequence generation.
D« empty list, i < I.
while 7 is not 0 do
Choose the newly generated 4-wheel Wi according to Observation 2.
Implement the inverse process of dumbbell transformation and obtain Jy;_1);13.

Store W} to .

i+ i—1

. end while

. Store Wg and [i3 to .

. ® «+ reverse(P).

. Stage 2. Total coloring based on .

. Take out J13 from .

: Color /13 as shown in Figure 8, and store the coloring information to U.
214 0.

17: while ® is not empty do

18: Take out the first element W} from &.

O ® NI RN

e e e e e
N U = W N = O

19: Implement dumbbell transformation on Wi and obtain Jy(;11)113, Wi“

20.  if (i+1) is odd then

21: U0t « 1.

22: Color other vertices of Wi“ and the associated edges according to Theorem 4.
23: Store the coloring information of Wi“ to U.

24: else

25: U[o'*+1] « 5.

26: Color other vertices of Wi*l and the associated edges according to Theorem 4.
27: Store the coloring information of Wi“ to U.

28: end if

29: i+—i+1.
30: end while
31: return U.

In the first stage, given an arbitrary I-dumbbell maximal planar graph J4 13, we com-
pute the dumbbell-recursive generation sequence ®( ]y, 13). As mentioned in Observation 2,
we can easily find the newly generated 4-wheel according to the degrees of vertices on
the cycle. Then, the inverse process of dumbbell transformation is implemented to obtain
the previous dumbbell maximal planar graph. By repeating the procedure and storing the
structure information, we obtain the dumbbell-recursive generation sequence.

In the second stage, we give a total (A + 2)-coloring of J4;, 13 based on the dumbbell-
recursive generation sequence ®(Jy13). More precisely, for Jy 13 with V(Jy,13) =
{v1,02,- -+ ,on} and E(Jy413) = {e1,e2, -+ ,em}, let C(Juqaz) = {1,2,- -+, A(Jar13) + 2}
be the color set.

The dictionary structure U = {v1 : ¢(v1), -+ ,0n : p(vn),e1 : ple1), -, em : plem)}
is used to store the total coloring scheme, where ¢(v;), ¢(ej) € C(Jy413),i = 1,---,n,
j=1,---,m. Firstly, take out the initial graph J;3 and color its vertices and edges as shown
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in Figure 8, and store the corresponding coloring information in U. Then, take out the
generation operation information W} stored in @ in turn. The dumbbell transformation
is implemented and the coloring information of the newly generated Wi“ is stored to U
according to I’s parity. Finally, a total (A + 2)-coloring of any I-dumbbell maximal planar
graph can be obtained iteratively.

During the execution of Stage 1 and Stage 2, the order of J4;,13 varies by 4 at each step.
Furthermore, the number of sequence generation and coloring operations is constant at
each step. Therefore, the time complexity of this algorithm is linear.

5. Conclusions

Total coloring is an important and representative problem in the field of graph coloring.
Even for planar graphs, the total coloring conjecture is still open for the case A = 6. In this
paper, we prove that the Total Coloring Conjecture holds for dumbbell maximal planar
graphs, which are generated by implementing the dumbbell transformation continuously.
According to the maximum degree, we divide the dumbbell maximal planar graphs into
three categories: [y, I-dumbbell maximal planar graphs and II-dumbbell maximal pla-
nar graphs. Furthermore, we give the necessary and sufficient condition for I-dumbbell
maximal planar graphs and prove that any I-dumbbell maximal planar graph is totally
8-colorable. Moreover, an algorithm with linear time complexity is presented to compute a
total (A + 2)-coloring of any I-dumbbell maximal planar graph. For future work, we will
further focus on the relationship between the structure and coloring of dumbbell maximal
planar graphs and discuss the condition in which the dumbbell maximal planar graphs are
totally (A + 1)-colorable.
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Abstract: A domination coloring of a graph G is a proper vertex coloring of G, such that each vertex
of G dominates at least one color class (possibly its own class), and each color class is dominated
by at least one vertex. The minimum number of colors among all domination colorings is called
the domination chromatic number, denoted by x,4;(G). In this paper, we study the complexity of
the k-domination coloring problem by proving its NP-completeness for arbitrary graphs. We give
basic results and properties of x4;(G), including the bounds and characterization results, and further
research x,4,(G) of some special classes of graphs, such as the split graphs, the generalized Petersen
graphs, corona products, and edge corona products. Several results on graphs with x,4;(G) = x(G)
are presented. Moreover, an application of domination colorings in social networks is proposed.

Keywords: domination coloring; domination chromatic number; split graphs; generalized Petersen
graphs; corona products; edge corona products

MSC: 05C15; 05C69

1. Introduction and Preliminary
1.1. Introduction

Coloring and domination are two important fields in graph theory, and both have rich
research results. For comprehensive results of coloring and domination in graphs, refer
to [1-17], respectively. Moreover, graph coloring and domination problems are often in
relation. Chellali and Volkmann [18] showed some relations between the chromatic number
and some domination parameters in a graph. For a graph G = (V,E), a vertexv € V
dominates a set S C V if it is adjacent to every vertex of S, meanwhile, we say that v is a
dominator of S, and S is dominated by v. Hedetniemi et al. [19] introduced the concept of a
dominator partition of a graph. A dominator partition is a partition 7w = {Vy, V,, - - -, Vi } of
V(G), such that every vertex v € V is a dominator of at least one block V; of 7r. Motivated
by [19], Gera et al. [20] proposed the dominator coloring in 2006.

Definition 1 ([20]). A dominator coloring of a graph G is a proper coloring, such that every vertex
of G dominates at least one color class (possibly its own class). The dominator chromatic number of
G, denoted by x;(G), is the minimum number of colors among all dominator colorings of G.

Gera researched further in [21,22]. More results on the dominator coloring can be
found in [23-26]. Kazemi [27] proposed the concept of total dominator coloring in 2015,
which is a proper coloring, such that each vertex of the graph is adjacent to every vertex of
some (other) color class. For more results on the total dominator coloring, refer to [28-30].
In 2015, Merouane et al. [31] proposed the dominated coloring:

Definition 2 ([31]). A dominated coloring of a graph G is a proper coloring such that every color
class is dominated by at least one vertex. The dominated chromatic number of G, denoted by
Xdom (G), is the minimum number of colors among all dominated colorings of G.
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More results on the dominated coloring can be found in [32-34].

For problems mentioned above, the domination property is defined either on vertices
or on color classes. Indeed, each color class in a dominator coloring is not necessarily
dominated by a vertex, and each vertex in a dominated coloring does not necessarily
dominate a color class. In this paper, we introduce the domination coloring that both of the
vertices and color classes should satisfy the domination property.

Definition 3. A domination coloring of a graph G is a proper vertex coloring of G, such that
each vertex of G dominates at least one color class (possibly its own class), and each color class is
dominated by at least one vertex. The domination chromatic number of G, denoted by x44(G), is
the minimum number of color classes in a domination coloring of G.

The domination coloring problem is to find a domination coloring of G, such that the
number of color classes is minimized. Here, we describe a possible application for the
domination coloring problem in the following scenario. In a social network, social actors
are represented as vertices and their relationships as edges (two actors are adjacent if they
are friends). Two strangers can become friends by their mutual friend (i.e., intermediary).
Then, each actor wants to develop interpersonal relationships in the social network by
some intermediaries, meanwhile, each actor wants to be the important intermediary of
other strangers. The domination coloring problem involves finding the minimum groups
of actors in the social network with the below properties:

1. Actors in the same group are strangers;
2. Actors in the same group can become friends by at least one common intermediary;
3. Each actor is an intermediary of at least one actor (stranger) group.

We proceed as follows. In the rest of Section 1, we recall some basic definitions that
will be used in the following sections. In Section 2, we analyse the complexity of the
k-domination coloring problem. In Section 3, we present basic results and properties of the
domination chromatic number x4;(G), including the bounds and characterization results.
In Section 4, we further research x4;(G) of some special classes of graphs, including the split
graphs, the generalized Petersen graphs P(n, 1), corona products, and edge corona products.
In Section 5, we investigate some realization results on graphs with x;44(G) = x(G). Finally,
we make a conclusion in Section 6.

1.2. Preliminary

Graphs considered in this paper are finite, simple, undirected, and connected. Let
G = (V,E) be a graph with n = |V| and m = |E|. For any vertex v € V(G), the open
neighborhood of v is the set N(v) = {u|uv € E(G)} and the closed neighborhood is the
set N[v] = N(v) U {v}. Similarly, the open and closed neighborhoods of a set X C V
are, respectively, N(X) = U,ex N(x) and N[X] = N(X) U X. The degree of a vertex
v € V, denoted by deg(v), is the cardinality of its open neighborhood. The maximum and
minimum degree of a graph G is denoted by A(G) and 6(G), respectively. We call a vertex
of degree one a leaf or a pendant vertex, its adjacent vertex a support vertex. Given a set
X C V, we denote by G[X] the subgraph of G induced by X. Given any graph H, a graph
G is H-free if it does not have any induced subgraph isomorphic to H. We denote by P, the
path on 7 vertices and by C, the cycle on n vertices. A tree is a connected acyclic graph.
The complete graph on 1 vertices is denoted by K, and the complete graph of order 3 is
called a triangle. The complete bipartite graph with classes of orders r and s is denoted by
K;s. A star Sy is the graph K; , with k > 1.

An independent set in G is a set of vertices, such that any two vertices in the set are
not adjacent. A matching in a graph G is a set of nonadjacent edges of G. The matching
number a/(G) is the cardinality of a largest matching in G. A vertex cover in a graph G is a
set of vertices, such that each edge has at least one endpoint in the set. The vertex cover
number B(G) is the cardinality of a smallest vertex cover in G. The clique number w(G) of
a graph G is the maximum order among the complete subgraphs of G.

140



Mathematics 2022, 10, 998

A proper vertex k-coloring of a graph G = (V,E) isa mapping f : V — {1,2,-- -, k},
such that any two adjacent vertices receive different colors. In fact, this problem is equiva-
lent to the problem of partitioning the vertex set of G into k independent sets { V4, V5, - - -, Vi }
where V; = {x € V|f(x) = i}. The set of all vertices colored with the same color is called
a color class. The chromatic number of G, denoted by x(G), is the minimum number of
colors among all proper colorings of G.

A dominating set S is a subset of the vertices in a graph G, such that every vertex
in G either belongs to S or has a neighbor in S. The domination number y(G) is the
minimum cardinality of a dominating set of G. A (G)-set is a dominating set of G with
minimum cardinality.

For any undefined terms, the reader is referred to the book by Bondy and Murty [35].

2. Complexity Results

This section focuses on the complexity study of the domination coloring problem, e.g.,
whether an arbitrary graph admits a domination coloring with the most k colors. We give
the formalization of this problem.

*  k-domination coloring problem.
Instance: a graph G = (V, E) without isolated vertices and a positive integer k.
Question: is there a domination coloring of G with the most k colors?

Theorem 1. For k > 4, the k-domination coloring problem is NP-complete.

Proof. The k-domination coloring problem is in NP, since verifying if a coloring is a
domination coloring could be performed in polynomial time. Now, we give a polynomial
time reduction from the k-coloring problem, which is known to be NP-complete, for k > 3.
Let G = (V, E) be a graph without isolated vertices. We construct a graph G’ from G by
adding a new vertex x to G and adding edges between x and every vertex of G. That is, x is
a dominating vertex of G, as shown in Figure 1. We show that G admits a proper coloring
with k colors if and only if G’ admits a domination coloring with k + 1 colors.

X

G G'
Figure 1. The graphs G and G'.

First, we prove the necessity. Let f be a proper k-coloring of G, and the corresponding
color classes set is {V;, V3, - -+, Vi }. We construct a (k + 1)-domination coloring f" of G’/
with the color classes set {V{ =V, Vy=Vy, -, V,; =V, VI;H = {x}}. Itis easy to see that
f' is a domination coloring of G’ since
1. f'is proper;

2. Each vertex other than x dominates at least the color class containing x and x domi-

nates all color classes of f/;

3. Each color class other than {x} is dominated by x and the color class containing x is
dominated by any other vertex.

Then, we prove the sufficiency. Let f’' be a (k + 1)-domination coloring of G/, and
{Vl/, Vzl, cee VIL, V,; +1} is the color classes set. Since f’ is proper, there exists a color class VZ./
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such that Vl-, = {x}. Thus, we can construct a proper k-coloring of G by removing the color

class V; from f'.
From the above, the k-domination coloring problem is NP-complete, for k > 4. O

3. Basic Results and Properties of the Domination Chromatic Number

In this section, we study some properties of the domination coloring and basic results
on typical classes of graphs.

Let G be a connected graph with order n > 2. Then at least two different colors are
needed in a domination coloring since there are at least two vertices in G adjacent to each
other. Moreover, if each vertex receives a unique color, then both the vertices and color
classes satisfy the domination property. Clearly, we get a domination coloring of G with n
colors. Thus,

2 < xaa(G) < n. 1)

Gera et al. [20] introduced the Inequalities (2) for the dominator chromatic number
X4(G) and Merouane et al. [31] obtained Inequalities (3) for the dominated chromatic
number X 4o, (G). Moreover, we can get a similar inequality for the domination chromatic
number x44(G).

max{x(G),7(G)} < xa(G) < x(G) +7(G). (2)
max{x(G),7(G)} < Xaom(G) < x(G) - 7(G). (3)

Proposition 1. Let G be a graph without isolated vertices, then

max{x(G),7(G)} < max{xa(G), Xaom(G)} < xaa(G) < x(G) - 7(G).

Proof. Since any domination coloring of G is also a dominator coloring and a dominated
coloring, max{x4(G), X4om(G)} < x44(G). Both the dominator coloring and dominated
coloring are proper vertex colorings of G, so, x(G) < max{x4(G), X4om(G)}. For any
dominator coloring (dominated coloring) of G, we can get a dominating set by taking a
vertex in each color class. Thus, 7(G) < max{x4(G), Xdom(G)}. Therefore, the left two
parts of the inequality hold.

For the right part of the inequality, we consider a 7(G)-set D of G. A domination
coloring of G can be obtained by giving distinct colors to each vertex x of D and at most
X(G) — 1 new colors to the vertices of N(x). Hence, we totally use at most v(G) + (x(G) —

1)-7(G) = x(G) - 7(G) colors. So, x4a(G) < x(G) - 7(G). O

The bound of Proposition 1 is tight for complete graphs. Since every planar graph is
“4-colorable” [2,3], the following result is straightforward:

Corollary 1. Let G be a planar graph without isolated vertices, then x44(G) < 4v(G).
Proposition 2. Let G be a connected graph with order n and maximum degree A, then x44(G) > &.

Proof. Consider a minimum domination coloring of G. Since G is Sy 1-free, any color
class would not have more than A vertices; otherwise, a vertex dominating such a color

class will induce a star of order at least A + 2, a contradiction. So, x44(G) > %. O

Theorem 2. Let G be a connected triangle-free graph, then x44(G) < 27(G).

Proof. Consider a minimum dominating set S of G. Color every vertex of S with a new
color. Since G does not contain any triangle, the set of neighbors of every vertex of S is
an independent set. Thus, a second new color is given for each neighborhood. Obviously,
this is a proper coloring of G with 2|S| colors, which satisfies that every vertex dominates
at least one color class, and every color class is dominated by at least one vertex. Thus,

Xxad(G) <2v(G). O
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Theorem 3. (1) For the path P,, n > 2,
n
Xad(Pn) =2 LgJ + mod(n, 3);

(2) For the cycle Cy,

N

’ n =4,
de(cn) = 31 n = 3/5/
2- 5] +mod(n,3), otherwise;

(3) For the complete graph Ky, x44(Kyn) = n;

(4) For the complete k-partite graph Ka, ay .0, Xdd (Kay,ap,a) = K
(5) For the complete bipartite graph Ky s, X44(Kyrs) = 2;

(6) For the star Ky ,,, x44(K1,n) = 2;

(7) For the wheel W1 ,,,

3, mniseven,

Xaa(Win) = {4, nis odd.
Proof. (1) Let P, = v1v; - - - v,. By the definition of the domination coloring, we discover
that at most two non-adjacent vertices are allowed in a color class, if not, there exist
no vertex dominating this color class. On the other hand, the vertex adjacent to both
vertices of a color class must be the unique vertex of some color class. For convenience, let
Ps = 0102030405 be a Ps-subgraph of P. If vertices v; and v3 are in a color class, then v,
must be the unique vertex of a color class. If not, v, and v, are partitioned in a color class,
which will result in v4 cannot dominate any color class. Thus, every three vertices of P,
need to be partitioned in two color classes, and the rest form their own color class. Clearly,
it is an optimal domination coloring of P,. Thus, x44(Ps) =2 | 5] +mod(n,3).

(2) For n = 3,4, 5, the result follows by inspection. For n > 6, it is not hard to find the
case is similar to the path P,. As the discussion in (1), the result follows.

(3) For the complete graph K, x(K,) = n. By Proposition 1 and in Equation (1),
Xad(Kn) = n.

(4) Let K4, 4,,--,a, be the complete k-partite graph, and V;(1 < i < k) be the k-partite
sets. Then x44(Ka;a,,a,) = X (Kayay,-,a,) = k. Moreover, the coloring that assigns color i
to each partite set V;(1 < i < k) is a domination coloring. The result follows.

(5) and (6) are special cases of (4).

(7) Let Wy ,, be the wheel with order 1 4 1. Since,

3, mniseven,
4, nisodd.

X(Wl,n) = {

and the corresponding proper colorings are also domination colorings, the result follows. [

Note. For a given graph G, and a subgraph H of G, the domination chromatic
number of H can be smaller or larger than the domination chromatic number of G. That
is to say, induction may be not useful when we want to find the domination chromatic
number of a graph. As an example, consider the graph G = K, and H = P, then
Xdad(Kn) = n > 2 = x44(P2), and consider the graph G = K, , and H = P,,, then
Xad(Knn) =2 <2 [ 3] + mod(2n,3) = Xga(Pan)-

Theorem 4. For the Petersen graph P, x44(P) = 5.

Proof. It is easy to check {{v1,v2,v9},{v3,v4,v6}, {vs,v7}, {vs}, {v10}} is @ domination
coloring of the Petersen graph, as shown in Figure 2. So, x44(P) < 5. By Proposition 2.1
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in [32], X4gom(P) = 4 and x4(P) = 5. Then, x44(P) > 5 by Proposition 1. Therefore,
Xaa(P) =5. O

Figure 2. The Petersen graph.

Next, we consider the bi-stars. Let S, ; be the bi-star with central vertices u and
v, where deg(u) = p > 2 and deg(v) = q > 2. Let X = {x,x2,--,xp_1} and ¥ =
{y1,¥2,- -, y4-1}. Obviously, N(u) = XU {v} and N(v) = Y U {u}, as shown in Figure 3.

p-1 y q-1

Figure 3. The bi-star S 4.

Theorem 5. For the bi-star Spgq withp +q >5, de(sp,q) =4,

Proof. Consider a proper coloring of S, ; in which the color classes V; = {u}, V, = {v},
V3 = X, and V; = Y. Then, each vertex in the set {u} U X dominates the color class V7, and
each vertex in the set {v} UY dominates the color class V,. Moreover, the color class V; is
dominated by any vertex in V3, V; is dominated by any vertex in Vj, V3 is dominated by
vertex u, and Vj is dominated by vertex v. Therefore, this is a domination coloring, and
Xad(Spq) <4

By the Lemma 2.2 in [20], x4(Sp,q) = 3. So, 3 < x4a(Spq) < 4. Suppose that
Xdd(Spq) = 3. It will be result in that each vertex in X or each vertex in y does not
dominate a color class. Thus, x44(Sp,q) =4 O

Theorem 6. Let G be a connected graph with order n. Then x44(G) = 2 ifand only if G = K,
forr,s € N.

Proof. By Theorem 3 (5), if G = Ky, then x,4;(G) = 2. We just need to prove the necessity.

Let G be a connected graph, such that x;; = 2, and V; and V, are the two color classes.
If [Vi| =1or|V,| =1, then G = Kj,,_1. So, suppose that |V;| > 2 and |V;| > 2. For any
vertex x € Vi, since |V;| > 2, it follows that x dominates color class V5. Similarly for any
vertex in V5. Thus, each vertex of V; is adjacent to each vertex of V,, and both V; and V; are
independent. So G = K; s for r,s € N, and the result follows. [

Theorem 7. Let G be a connected graph with order n. Then x44(G) = n if and only if G = K,
forn € N.

Proof. By Theorem 3 (3), x44(G) = n, if G = K;;. We only need to prove the necessity.

Let G be a connected graph with x;;(G) = n. Suppose that G # K. Thus, there
exist two vertices, say x and y, such that they are not adjacent and they have a common
neighbor in G. Now, we define a coloring of G in which x and y receive the same color,
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and each of the remaining vertices receive a unique color. This is a domination coloring, so
X44(G) < n—1, a contradiction. Thus, G = K;;, and we obtain the result. O

4. Domination Coloring in Some Classes of Graphs

In this section, we further research the domination coloring of some classes of graphs,
including the split graphs, the generalized Petersen graphs P(n,1), corona products, and
edge corona products.

4.1. Domination Coloring for Split Graphs

We study the domination chromatic number of split graphs in this subsection.
A graph G is called a split graph if its vertex set can be partitioned into a clique and
an independent set.

Theorem 8. Let G be a split graph with split partition (K, I) and its maximum clique is of order k.
If there exists a dominating set D of G, such that D C K, and every vertex in I is adjacent to at
least one vertex in K — D and nonadjacent to at least one vertex in K — D, then x44(G) = k.

Proof. Consider a minimum domination coloring of G. Obviously, x4;(G) > k. We give
now a construction that yields a domination coloring of G with k colors.

First, we give to each vertex of D a unique new color from the set {1,..., p} and each
vertex of K — D a unique new color from the set {1,...,q}, where p + g = k. We arrange
the vertices in K — D according to a circular order function defined on the set {1,...,q}
as follows:

je{l,...,q} = next(j) = jmod(k) + 1.

We now color the vertices of the independent set I of the split graph G. Leti be a
vertex of I and let N (i) be the set (of colors) of its neighbors. The color of i is given by the
following formula:

c(i)=min{j:je {{1,...,q} \N(i)} Anext(j) € N(i)}.

Since every vertex i in [ is adjacent to at least one vertex in K — D and nonadjacent to
at least one vertex in K — D, at least one color from the set {1, ..., 4} would be available
for i. Thus, every vertex in G is properly colored. On the one hand, given that D C K
is a dominating set of G, each vertex dominates a color class formed by a vertex of D.
On the other hand, from the above construction, each color class formed by a vertex of
D is obviously dominated, and one can observe that each color j will appear only in the
neighborhood of the vertex from the clique colored with the color next(j). Thus, we obtain
that the proposed construction gives a domination coloring for the split graph G with k
colors. [J

4.2. Domination Coloring for Generalized Petersen Graphs P(n,1)

In this subsection, we determine the domination chromatic number of the generalized
Petersen graph P(n,1).

Let n and k be positive integers with n > 3 and k < n — 1. The generalized Petersen
graph P(n, k) is the graph with V(P(n,k)) = {uy, uz, u3, - - -, un} U {vy,v2,03,---,v,} and
E(P(n,k)) = {vjvj;1:1 <i<n}U{ou;: 1 <i<n}U{uujy:1<i<n}wherethe
addition in the subscript is modulo #.

The Cartesian product GOH of two graphs G and H is the graph with V(GOH) =
V(G) X V(H) and E(GDH) = {(gl,hl)(gz,hz) 8= &2 and h]hz S E(H) or hl =
hy and g192 € E(G)}.

The generalized Petersen graph P(n, 1) is isomorphic to the Cartesian product C,,[JKj.
We now proceed to determine x;4(P(n,1)).
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Theorem 9. For the generalized Petersen graph P(n, 1), we have

n, n = 0(mod4),
Xaa(P(n,1)) {n + 1, otherwise.
Proof. The result is obvious when n = 3. Now, let n = 4k + jwherek > 1and 0 < j < 3.
Let S = {N[vyg_3]:1<i<k}U{N[ugy_1]:1<i<k}. ThenS is a family of 2k disjoint
closed neighborhoods in P(n,1). We consider the following cases:

Casel.j=0.

In this case, S covers all the vertices of P(n,1). For each closed neighborhood N{x]
in S, give a color to the vertex x and another color to the neighbors of x. Obviously,
C = {{'041'_3} 1 <i < k} U {{N(U4i_3)} 1 <i < k} U {{u4l~_1} 1 <0 < k} U
{{N(u4i—1)} : 1 <i <k} is a domination coloring of P(#n,1). Thus, x44(P(n,1)) < 4k = n.
On the other hand, any two disjoint closed neighborhoods in § cannot have a common
color, which will result in some vertices having no color class to dominate, and some color
classes will not dominate by any vertex. In this sense, x4;(P(n,1)) > 4k = n. Therefore,
Kaa(P(n,1)) = 4k = n.

Case2.j=1.

In this case, S is a collection of 2k disjoint closed neighborhoods in P(#,1) and the
vertices v,_1 and u, are not covered by S. Similar to Case 1, give two colors to each
closed neighborhood in S and two new colors to v,_1 and u,. Then, C = {{vy_3} :
1<i< k} U {{N(U4i,3)} :1<i < k} U {{M4i,1} 1 <i < k}U{{N(u4i,1)} :1<i <
k}U{v,_1}U{u,}is a domination coloring of P(n,1). Thus, x44(P(n,1)) < 4k+2=n+1.
On the other hand, to ensure that every vertex dominate a color class and every color class
is dominated by a vertex, the vertices v,_; and u, should be colored uniquely, respectively.
Hence, x44(P(n,1)) > 4k 4+ 2 = n + 1. Therefore, x44(P(n,1)) =4k +2 =n+1.

Case3.j =2.

In this case, S is a collection of 2k disjoint closed neighborhoods in P(n,1) and the
vertices v,_p, U;_1, Uy—1 and u, are not covered by S. C = {{vg 3} : 1 < i < k}U
{{N(vgi3)}t : 1 < i < kpU{{ugq} : 1 < i < kFU{N(ug—1)} : 1 <i < k}pU
{vn—2,uy—1} U{v,_1} U{u,} is a domination coloring of P(n,1). Thus, x4:(P(n,1)) <
4k 4+ 3 = n 4 1. On the other hand, to ensure the domination properties, the vertices v,,_»,
Uy-1, Uy—1 and u, need at least three new colors. Hence, x44(P(n,1)) > 4k+3 = n+ 1.
Therefore, x44(P(n,1)) =4k+3=n+1.

Case 4. =3.

In this case, S U N[vg, 1] is a collection of 2k + 1 disjoint closed neighborhoods in
P(n,1) and the vertices u,_1 and u, are not covered by these neighborhoods. Then C =
{{o4ia}: 1 <i <k} U{{N(vgi3)} : 1 <i<kpU{{ug1}:1<i<k}U{{N(ug1)}:
1 <i<k}U{vggi1} U{N(vggs1)} U{tty_1}U{u,} is a domination coloring of P(n,1).
Thus, x44(P(n,1)) < 4k +4 = n+ 1. Similar to the above analysis, x4(P(n,1)) > 4k +4 =
n + 1. Therefore, x44(P(n,1)) =4k +4=n+1.

Thus, the result follows. [

4.3. Domination Coloring for Corona Products

For graphs G and H, the corona product G o H is obtained from one copy of G and
n(G) copies of H by joining with an edge each vertex of the ith copy of H, i € [n(G)], to
the ith vertex of G. If v € V(G), then the copy of H in G o H corresponding to v will be
denoted by H,. We may consider the vertex set of G o H to be

V(GoH)=V(G)U( |J V(Ho)).
veV(G)

The dominator and dominated chromatic numbers of corona products are already known.

Theorem 10 ([36]). If G and H are graphs, then x4(G o H) = n(G) + x(H).
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Theorem 11 ([33]). If G and H are graphs, then X 45, (G o H) = n(G)x(H).
We now give a general result for the domination chromatic number of corona products.
Theorem 12. If G and H are graphs, then x34(G o H) < n(G)(x(H) +1).

Proof. Set n = n(G) and color G o H as follows. First, we color each vertex of V(G) an
unique color. Second, we properly color every copy of H with x(H) distinct colors. Clearly,
the obtained coloring is a domination coloring of G o H. Indeed, each vertex v € V(G)
forms a color class of cardinality 1 and the color class {v} is dominated by any adjacent
vertices of v, while each vertex from H, is adjacent to the vertex v and dominate the color
class {v}, the color class formed by vertices in H, is dominated by the corresponding vertex
v. Therefore, x44(Go H) < n(G)(x(H)+1). O

4.4. Domination Coloring for Edge Corona Products

For graphs G and H, the edge corona G ¢ H is obtained by taking one copy of G and
m(G) disjoint copies of H one-to-one assigned to the edges of G, and for every edge vv’ €
E(G) joining v and v’ to every vertex of the copy of H associated to vv’. If e = vv’ € E(G),
then the copy of H in G ¢ H corresponding to vv’ will be denoted with H,, (or simply H,).
Hence we may consider the vertex set of G ¢ H to be

VGoH) =V(QU( | V(Hyw)).
v’ €E(G)

The dominator and dominated chromatic numbers of edge corona products have been
studied, which were related to the matching number a’ and the vertex cover number B.

Theorem 13 ([36]). If G and H are graphs, then x;(Go H) = B(G) + x(H) + 1.

Theorem 14 ([36]). If G is a graph without pendant vertices, then X 4o, (G © H) > &/ (G)x(H) +
Xdom (G)

Theorem 15 ([36]). If G has k pendant vertices, then X o, (G o H) > &/ (G)x(H) + k.

Theorem 16 ([36]). If G and H are graphs, then X401, (G © H) < B(G)x(H) + Xdom (G), with
equality when G is bipartite graph without pendant vertices.

In the following, we give a general result for the domination chromatic number of
edge corona products.

Theorem 17. If G and H are graphs, then x443(G ¢ H) < B(G)(x(H) +2).

Proof. Let K = {01, -+, vg(g)} be a minimum vertex cover of G, so that [K| = B(G).
Partition E(G) into subsets of edges E1, - - -, E B(G)s such that if e € E;, then v; is an endpoint
ofe,i =1,---,B(G). Partition V — K into subsets of vertices Vy,- - -, Vﬁ(G), such that if
u €V, thenuv; € E;,i =1,---,B(G). It is clear that such partitions always exists since K is
a vertex cover. Notice that each V; is a independent set, i = 1, - - -, B(G).

Now, define a coloring ¢ of G ¢ H as follows. First, for each set of edges E;, reserve
private x(H) colors and color with each of the corresponding subgraphs H,, ¢ € E;.
Second, color the vertices of K with B(G) colors. Third, color the vertices of Vy, - - -, V,B(G)
with additional B(G) colors. Then, c is the domination coloring of G ¢ H. Indeed, each
vertex in each H, dominate a corresponding color class {v;}, and the color classes of those
copies of H with common x(H) colors are dominated by the corresponding vertex v;.
For each vertex v; in K, there exist color classes dominated by v;. Moreover, the color
class {v;} can be dominated by any adjacent vertex of v;. Moreover, each vertex in V;
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dominates the color class {v;}, and the color class V; is dominated by vertex v;. Hence,
Xaa(GoH) < B(G)(x(H) +2). O

5. Graphs with x4;(G) = x(G)

For any graph G, we have x,4;(G) > x(G). In this section, we investigate graphs for
which x44(G) = x(G).

The following theorem directly follows from Proposition 1.

Theorem 18. Let G be a connected graph, if v(G) = 1, then x44(G) = x(G).

A unicyclic graph is a graph that contains only one cycle. In the following, we
characterize unicyclic graphs with x;; = x.

Theorem 19. Let G be a connected unicyclic graph. Then x34(G) = x(G) if and only if G is
isomorphic to C3 or C4 or Cs or the graph obtained from Cs by attaching any number of leaves at
one vertex of Cs.

Proof. For the sufficiency, the result is obvious if G is the graph meet conditions. We
consider only the necessity. Let G be a connected unicyclic graph with x,;;(G) = x(G), and
C the unique cycle of G.

Case 1. If C is an even cycle, then x(G) = 2 and x4,;(G) = 2. It follows that G cannot
contain any other vertices not on C, otherwise x44(G) > 3. By Theorem 3(2), G = Cy.

Case 2. If C is an odd cycle, then x,44(G) = x(G) = 3. Suppose there exists a support
vertex x not on C. Since x or the leaf is a color class in each xg4-coloring of G, it follows
that x44(G) > 4, which is a contradiction. Hence, all of the support vertices lie on C, and
any vertex not on C is a leaf. Moreover, the number of support vertices is at most one.
Otherwise, it follows that some color classes are not dominated, since there exists some
Xda-coloring of G in which every support vertex appears as a singleton color class.

Case 2.1. If |C| = 3, then G is isomorphic to C3 or the graph obtained from C; by
attaching any number of leaves at exactly one vertex of Cs.

Case 2.2. Suppose that |C| > 5. If there exists a support vertex x on C, then there
exists a yg4-coloring {V;, V5, {x}} of G, such that V; contains all of the leaves of x. Now,
we get two vertices u and v on C, such that u € Vj,v € V;, both u and v are not adjacent
to x. Clearly, v does not dominate any color class and the color class V; is not dominated
by any vertex, which is a contradiction. Thus, G has no support vertices and G = C. By
Theorem 3(2), G = Cs. So, the theorem follows. [

For the complete graph K, we know that x44(K,) = x(Ky) = n. Next, we construct a
family of graphs by attaching leaves at some vertices of the complete graph. We denote by
K" the family of graphs obtained by attaching leaves at m vertices of K;;, 1 < m < n. We
take no account of the number of leaves attached at any vertex in the notation, since it does
not impact the domination chromatic number. Moreover, we denote any element in K} by
K. For example, a instance of K2 is shown in Figure 4.

Vo

1 Vi3

Figure 4. A instance of K2.
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Theorem 20. For m < |5 |, x44(K}}') = x(K}}").

Proof. For any 1 < m < n, KI' is n-colorable. So, x(K") = n. Next, we consider a
domination coloring of KJ/'. On the one hand, vertex-attached leaves should be partitioned
into a singleton color class, since each leaf has to dominate a color class formed by its only
neighbor. On the other hand, leaves attached to different vertices have to be partitioned
into different color classes, otherwise, there exists no vertex dominating the color class.
Thus, at most | 5 | vertices can be attached to leaves of Kj;, in order to guarantee that K]} is
n-domination colorable. The result follows. [

6. Conclusions

In this paper, we introduce the concept of domination coloring where both vertices
and color classes should satisfy the domination property. Moreover, an application of
domination coloring in a social network scenario is presented. We prove the k-domination
coloring problem is NP-complete by a reduction from the k-coloring problem. We provide
basic results and properties of the domination chromatic number x;;(G), and further
research x,;,(G) of the split graphs, the generalized Petersen graphs P(n, 1), the corona
products, and edge corona products. In particular, we establish a relationship between
the domination chromatic number and other graph parameters, such as the matching
number, the vertex cover number, and the clique number. Moreover, we provide sufficient
and necessary conditions for connected unicyclic graphs with x;; = X, and construct a
class of graphs with x;; = x. Our future work will focus on the relationships among
the domination chromatic number, the domination number, and the chromatic number,
and discuss graphs with xgq = X, X44 = 7, Xdd = X - v- Moreover, we will explore the
application of domination coloring in practice.
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