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Preface to ”Advanced Mechanical Modeling of
Nanomaterials and Nanostructures”

The continuous development of novel composite materials with increased mechanical

performances and a low density has encouraged the adoption of different components, such as

functionally graded materials (FGMs), carbon nanotubes (CNTs), graphene nanoplatelets, and

SMART constituents for many practical engineering applications, e.g., biomedicine, aerospace

facilities, the automotive industry, energy devices, and civil applications. In a context where the recent

requirements in design and manufacturing have led to an increased development of nanoshells,

carbon nanotubes, and paramagnetic nanoparticles, this book aims to gather together experts and

young researchers for the mechanical modeling of materials and structures at a small scale. The

physical and mechanical properties of small-scale structures are well known to be size-dependent.

This represents a key aspect largely explored both theoretically and computationally by means of

advanced nonlocal approaches. These are explored here to address both continuum solid mechanics

and fracture mechanics, for which the nonlocal aspect is a requisite for a realistic description

of fracture, including the crack inception or propagation and the structural size effect related

to the existence of a finite-size fracture process zone. Advanced theories and high-performance

computational modeling on the statics or dynamics of nanosystems and nanostructures are welcome,

together with the development of enhanced nonlocal damage and fracturing models, able to capture

the formation and propagation of the internal cracks related to the heterogeneity of complex materials

and interfaces.

Francesco Tornabene and Rossana Dimitri

Editors
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Editorial

Special Issue on Advanced Mechanical Modeling of
Nanomaterials and Nanostructures
Rossana Dimitri * and Francesco Tornabene *

Department of Innovation Engineering, Università del Salento, Via per Monteroni, 73100 Lecce, Italy
* Correspondence: rossana.dimitri@unisalento.it (R.D.); francesco.tornabene@unisalento.it (F.T.)

The increased requirements in design and manufacturing nanotechnology have fa-
vored the development of enhanced composite materials with tailored properties, such as
functionally graded (FG) and carbon-based materials, primarily carbon nanotubes (CNTs),
and graphene sheets or nanoplatelets, because of their remarkable mechanical properties,
electrical conductivity, and high permeability. In such a context, nanoscaled structural ele-
ments such as nanobeams and nanoplates are being widely adopted as key components in
different modern engineering devices, including sensors, actuators, nanoelectromechanical
systems (NEMS), transistors, probes, among others. The complicated nature of similar
structural systems requires a proper investigation of their fundamental properties, from an
experimental, theoretical, and computational perspective. In line with the experimental
findings, classical continuum theories are unable to interpret realistically the physical and
mechanical properties of nanomaterials and nanostructures, whereas nonlocal formulations
are more prone to explore their possible size-dependence in most static, dynamic, fracture
mechanics problems.

This Special Issue has collected 11 papers on the application of high-performing
computational strategies and enhanced theoretical formulations to solve a wide variety of
linear or nonlinear problems in a multiphysical sense, together with different experimental
evidences. Thus, classical and nonclassical theories have been proposed and compared
together with multiscale approaches and homogenization techniques for different structural
members and practical examples.

More specifically, the first paper authored by M. Soltani et al. [1] leverages a Vlasov
thin-walled beam theory and energy method to study the nonlocal flexural-torsional
stability of FG tapered thin-walled beam-columns, accounting for the coupled interaction
among axial and bending forces. The differential quadrature method (DQM) is selected
by the authors as an efficient numerical strategy to solve the coupled governing equations
of the problem, checking for the sensitivity of the response for different input parameters,
such as the power-law index, nonlocal parameter, axial load eccentricity, mode number and
tapering ratio, as useful for design purposes. In the further work by A.H. Sofiyev et al. [2],
a Donnel-type shell theory and first order shear deformation assumptions are applied to
assess the buckling behavior of FG-CNT reinforced composite conical structures under a
combined axial/lateral or axial/hydrostatic loading condition. The governing equations of
the problem are transformed into algebraic equations using the Galerkin procedure, while
providing an analytical expression for the critical value of the combined loading, as useful
for different practical engineering systems and devices.

In the same setting, several works from the literature have recently focused on struc-
tures embedding FG materials, even with possible defects and porosities, and have devel-
oped innovative analytical and numerical models combined with different higher-order
assumptions for many multiphysical problems [3–7] and multiscale electromechanical
applications [8–10]. With the continuous application of carbon nanomaterials, modified
graphene materials doped with epoxy resin have become a key topic for the design and
development of novel epoxy composites. In such a context, the molecular dynamics (MD)
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simulation technology has been successfully applied in the work by Q. Duan et al. [11] for
the evaluation of the effect of a fluorinated graphene oxide layer spacing on the thermo-
mechanical properties of fluorinated epoxy resins (F-EP). In this paper, it is found that a
fluorinated graphene oxide (FGO) with ordered filling can significantly improve the thermo-
mechanical properties of F-EP, and the modification effect is better than that of a FGO with
a disordered filling. The same computational tool is, moreover, applied by X. Song et al. [12]
for the computational study of the surface bonding based on nanocone arrays, accounting
for the effects of separation distance, contact length, temperature and size of cones. The
main findings from [12] have revealed to be useful in designing advanced metallic bonding
processes at low temperatures and pressure with tenable performances. In line with the
previous two works, in the work authored by B. Yang et al. [13], the MD is applied to study
the thermal stability of the nanotwinned diamond and synthesized nanotwinned cubic
boron nitride for nanotwinned structures with enhanced mechanical properties.

Today, graphene nanoribbons (GNR)-based materials represent a valid alternative
for the reinforcement of nanoelectronics structures, due to their outstanding properties.
Their synthesis process, however, cannot avoid the presence of possible defects such as
Stone–Wales (SW), extended line of defects (ELD), and nanopores that can compromise the
integrity of structures. This is gradually leading to an increased amount of works focusing
on the effect of defects and edges on the mechanical properties of GNR, primarily applying
MD simulations [14–16]. Among coupled problems, the work by S.K. Jena et al. [17]
provides a useful investigation on the buckling behavior of Euler–Bernoulli nanobeams
immersed within an electro-magnetic field, based on the Eringen’s nonlocal assumptions
and Rayleigh-Ritz method. The authors propose shifted Chebyshev polynomials to avoid
any ill-conditioning of the system for a higher number of terms in the approximation due
to the orthogonality of functions.

Among the large number of materials suitable for practical applications in tissue
engineering, silk fibroin (SF) obtained from Bombyx mori silkworms is largely applied as
a scaffold material due to its excellent biocompatibility and low immune reaction [18,19].
As the main factors affecting the mechanical properties of fibrous membranes are the
micro-structure and single fiber properties of fibrous membranes, in the work [20], the
authors establish the uniaxial tensile force relationship between single fibers and fibrous
membranes by means of a micro-mechanical approach. The applicability of the analytical
model proposed in [20] is evaluated comparatively against the experimental predictions
from the literature. A different multi-scale mechanics concept is applied in [21], combined
to a classical finite element approach, to assess the tensile behavior in polymers with
randomly oriented and agglomerated cellulose nanofibers, while exploring the property
interactions across different length scales.

At the same time, the extensive use of piezoelectric-based pressure sensors for tac-
tile sensing applications has increased the sensibility of the scientific community versus
polystyrene in lieu of polymer/composite or crystal materials due to its low-cost fab-
rication method and large area fabrication. In this context, the work authored by T.S.
Ramadoss et al. [22] proposes an inexpensive atactic polystyrene as base polymer and
fabricate functional fibers, and an electrospinning method is used. The authors study
experimentally the fiber morphologies by using a field-emission scanning electron micro-
scope, while proposing a unique pressure sensor fabrication method. In the last Ref. [23],
some possible industrial applications of nanomaterials obtained from the waste ashes are
suggested, including, for example, inks for Aerosol Jet® Printing, with useful insights from
a sustainable perspective.

Although this Special Issue has been closed, further developments on the theoretical
and computational modeling of enhanced nanocomposite materials and structures are
expected, including their static, dynamic, and buckling responses, as well as their fracture
mechanics, and these will be useful for many industrial applications.

Conflicts of Interest: The authors declare no conflict of interest.
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Abstract: This paper addresses the flexural–torsional stability of functionally graded (FG) nonlocal
thin-walled beam-columns with a tapered I-section. The material composition is assumed to vary
continuously in the longitudinal direction based on a power-law distribution. Possible small-scale
effects are included within the formulation according to the Eringen nonlocal elasticity assumptions.
The stability equations of the problem and the associated boundary conditions are derived based
on the Vlasov thin-walled beam theory and energy method, accounting for the coupled interaction
between axial and bending forces. The coupled equilibrium equations are solved numerically by
means of the differential quadrature method (DQM) to determine the flexural–torsional buckling
loads associated to the selected structural system. A parametric study is performed to check for the
influence of some meaningful input parameters, such as the power-law index, the nonlocal parameter,
the axial load eccentricity, the mode number and the tapering ratio, on the flexural–torsional buckling
load of tapered thin-walled FG nanobeam-columns, whose results could be used as valid benchmarks
for further computational validations of similar nanosystems.

Keywords: axially functionally graded materials; differential quadrature method; flexural–torsional
buckling; nonlocal elasticity theory; tapered I-beam

1. Introduction

Thin-walled beams with open cross-sections (e.g., channel, angle, I- and Tee-sections)
carry an extensive variety of potential applications as structural components in various en-
gineering fields (from civil to aeronautical engineering) since they offer high performances
with a minimal weight. Moreover, thin-walled beams with varying cross-sections have been
of great interest to designers and researches, especially in recent decades. The optimization
of weight, the reduction in volume, and the improvement of both strength and stability
represent some crucial reasons to increase their use as structural members. Due to the low
torsion stiffness, a slender beam with a thin-walled cross-section subjected to an eccentric
compressive axial force can buckle in the flexural–torsional mode. Thus, investigations
about the stability of tapered thin-walled beams can be very complicated because of the
coupled bending and torsional deformations involved, as well as the arbitrary variation in
the geometrical properties along the longitudinal direction.

As far as advanced multi-phase composites are concerned, functionally graded mate-
rials (FGMs) represent a novel generation of composite materials, based on a smooth and
gradual variation in the volume fraction of their constituent phases in any desired direc-
tion. Compared to traditional materials and laminated composites, FGMs possess some
important advantages, primarily, multifunctionality, a high temperature-withstanding
ability, the reduction or total removal of stress concentrations, together with the improved
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strength and fracture toughness. Due to these favorable features, FGMs can represent ideal
materials for the design of smart engineering systems and devices, which has motivated
their recent extensive use in many engineering applications and modern industries, such
as aerospace, automobile, optics, nuclear, electronic and turbine components.

With the recent development of nanotechnology, nanoscaled structural elements such
as nanobeams and nanoplates are being widely used as key components in different
modern engineering devices, including sensors, actuators, transistors, probes, and nano-
electromechanical systems (NEMS). This requires an appropriate study of the mechanical
properties of similar structural systems, with even more complicated natures. The ex-
perimental tests demonstrate that classical continuum theories cannot be implemented
for the exact analysis of nanostructures, as the size effect can play a significant role in
their mechanical behavior. Thus, various higher-order size-dependent continuum theories,
such as the modified couple stress theory [1], the surface energy theory [2] and nonlocal
elasticity theory [3,4], have been expanded to model small-sized structures. Among these
models, the nonlocal elasticity theory, as suggested by Eringen [3], has been widely used in
the literature to investigate the stability, deformation and vibrational responses of nanos-
tructural elements, assuming that the stress state at an arbitrary point in a body depends
not only on the strain field at that point, but also on the strain fields at all points of the
body. At the same time, FGMs have been increasingly applied in small-sized structures
due to their superior mechanical properties. In such a context, over the past few years,
several investigations have been performed to study the linear and nonlinear mechanical
responses of nanosized structures made from homogenous or FGMs. Moreover, a large
number of works can be found in the literature focusing on the elastic and/or inelastic
static, vibration and instability behavior of beams with a thin-walled cross-section, due to
their vast relevance in many engineering configurations. Among the most relevant works
on the topic, Kitipornchai and Trahair [5] determined the flexural–torsional critical force of
doubly- and/or singly-symmetric I-beams with a geometrical variation under non-uniform
torsion. Wekezer [6,7] studied the stability of thin-walled beams with varying open sections
based on shell theory strain tensors. Considering the influence of geometric nonlinear-
ity, a finite element technique was suggested by Yang and Yau [8] to assess the buckling
behavior of doubly symmetric tapered I-beams. Bradford and Cuk [9] adopted a novel
finite element technique to determine the buckling limit state of web-tapered beams with a
mono-symmetric I-section. In another study, web-tapered beams with a Tee-section were
probed by Baker [10]. A finite element formulation was also applied by Rajasekaran [11,12]
to approximate the linear stability resistance of tapered thin-walled beams. Similarly, a
simple finite element solution was presented by Gupta et al. [13] and Ronagh et al. [14]
to predict the lateral–torsional resistance of tapered I-beams. With the help of the total
potential energy and Hamilton’s principle, Chen [15] computed the vibrational properties
of thin-walled beams with geometrical variation. An innovative finite element formula-
tion was also proposed by Kim [16] to analyze the lateral–torsional buckling (LTB) and
vibration behavior of beams with a tapered I-section under different boundary conditions.
The shear deformation effect was also accounted within the formulation of Li [17] for the
stability study of beams with a linearly variable cross-section under a compressive axial
load. A nonlocal elasticity version was also suggested by Peddieson et al. [18] to elaborate
a nonlocal Benoulli/Euler beam model. A semi-inverse approach was then employed by
Elishakoff et al. [19] for the vibrational analysis of beams made of axially-inhomogeneous
materials, whereas Refs. [20–22] represent some further useful contributions to the lateral–
torsional stability study of thin-walled beams with doubly- and singly-symmetric I-sections
under different boundary conditions. Taking into account small deformations and large
displacements, Mohri et al. [23,24] analyzed the nonlinear flexural–torsional behavior
of thin-walled beams with arbitrary cross-sections by employing the Galerkin method,
while Samanta and Kumar [25] provided a shell finite element solution for the study of
the distortional buckling resistance of beams with a singly-symmetric I-section under
simply supports.
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In the field of nonlocal differential elasticity methodology, Reddy [26] proposed some
pioneering analytical solutions for the static, buckling and vibrational analyses of beams by
considering different shear deformation theories. Some additional analytical outcomes for
cantilever beams with linear tapered section were also presented by Challamel et al. [27].
Wang et al. [28] perused the flexural vibration problem of nano- and microbeams, following
the assumptions of the nonlocal elasticity theory of Eringen in conjunction with the Timo-
shenko beam model. Many further works in the literature have successfully applied the
Eringen nonlocal elasticity approach combined with different beam theories and numerical
solution methods—see Refs. [29–38]. Among them, Pradhan and Sarkar [29] studied the
deformation, instability and vibrational responses of an Euler–Bernoulli beam with variable
geometrical and material properties. Aydogdu [30] derived a generalized nonlocal beam
theory for the mechanical analysis of nanosize beams by means of the Eringen elasticity
assumptions combined with different beam theories. In the same direction, Civalek and
Akgöz [31] studied the free vibrational properties of microtubules, which problem was
solved numerically based on the DQM. Danesh et al. [32] determined the equations of mo-
tion for the longitudinal vibration of nanorods with tapered cross-sections, and solved them
via the DQM. Şimşek and Yurtcu [33] used the Timoshenko beam theory to survey the de-
formation and buckling capacity of nanobeams with varying materials. McCann et al. [34]
studied the lateral buckling resistance of steel beam members under pure bending and with
simply-supported ends, in presence of discrete elastic lateral restraints along their axial
direction. Following the nonlocal continuum theoretical assumptions, a finite element for-
mulation was suggested by Eltaher et al. [35,36] to assess the size effect on the mechanical
response of nanobeams made of FG materials. An Euler–Bernoulli beam model was also
proposed by Shahba et al. [37] to compute the critical axial forces and natural frequencies of
tapered beams with axially non-homogeneous materials. Within the framework of large tor-
sion, Benyamina et al. [38] developed a nonlinear formulation to analyze the lateral stability
and buckling moment of tapered I-section beams under simply–simply supports. Among
the different numerical strategies to handle similar problems, Nguyen et al. [39] proposed
an approximate methodology to evaluate the critical moment of I-section beams in the
presence of discrete torsional bracing. Attard and Kim [40] included the shear deformations
to determine the lateral stability equations for isotropic beams with a thin-walled open
section. Challamel and Wang [41] employed Bessel functions for an exact computation
of the lateral–torsional buckling load of strip cantilever beam members subjected to an
arbitrary loading distribution. A modified couple stress theory was differently combined
with the first-order shear deformable beam model of Ke et al. [42] to describe the size
effect on the dynamic stability of microbeams made of FGMs. A novel finite element
solution was proposed by Borbon [43] to study the coupled vibrational responses of beams
with non-symmetric thin-walled cross-sections, accounting for the possible influence of
loading eccentricities, shear deformation and rotatory inertia, and a further approximate
methodology was successfully introduced by Serna et al. [44] to study the elastic flex-
ural buckling of non-uniform columns subjected to arbitrary axial forces. Akgoz and
Civalek [45] surveyed the free vibrational problem of axially functionally graded (AFG)
non-uniform microbeams based on a Euler–Bernoulli beam model and modified couple
stress theory. In order to exhaustively assess the static and dynamic responses of beams
made of FG piezoelectric materials, an improved three-noded beam element was formu-
lated by Lezgy-Nazargah et al. [46], whereas a novel beam finite element was developed
by Trahair [47] for the lateral stability analysis of cantilever tapered steel beams. Different
examples of nonlocal models and numerical methods can be found in the literature for a
large variety of coupled problems and engineering applications. In Refs. [48,49], the au-
thors proposed a Timoshenko beam nonlocal model to assess the free vibrational response
of magneto-electro-elastic nanobeams [48], also made of FGMs [49]. The von Kármán
geometric nonlinearity was included within a first-order shear deformable beam model by
Liu et al. [50] in a nonlocal elasticity context, to evaluate the buckling and post-buckling
responses of nanobeams made of piezoelectric materials in thermo-electro-mechanical
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conditions. A third-order shear deformable beam theory was adopted by Nami et al. [51]
for a thermal stability analysis of FG nanoplates. Among tapered member applications, a
novel beam finite element was introduced by Mohri et al. [52], together with a large torsion
assumption, to estimate the stability resistance of tapered thin-walled beams. A semi-
analytical procedure based on the Ritz technique was employed by Kuś [53] for analyzing
the lateral stability of linearly tapered-web and/or flange doubly-symmetric I-beams. A
finite element-based solution was proposed by Pandeya and Singhb [54] to survey the free
vibrational behavior of a fixed–free nanobeam with a varying cross-section. According to
the Eringen nonlocal theory and Euler–Bernoulli beam model, the nonlinear vibration of
AFG nanobeams with a tapered section was exploited by Shafiei et al. [55], and a semi-
analytical finite strip procedure was implemented by Zhang et al. [56,57] for the study of
the stability capacity of bars with an open and closed cross-section under an axial loading
condition [56], accounting for the effect of lateral elastic braces on the overall stability re-
sponse in Ref. [57]. Further studies on the nonlocal vibration, buckling, and post-buckling
of size-dependent beams, rods and plates at different scales can be found in [58–67], both
in an analytical and a numerical sense. More specifically, as far as thin-walled structures
are concerned, novel efficient models and computational methods have been developed in
the literature to treat even more complicated applications. Among the most recent works, a
novel optimization methodology was proposed by Maalawi [68] to enhance the vibrational
response of thin-walled box beams with varying material properties. An innovative finite
element formulation was also suggested by Lezgy-Nazargah [69] based on the theory of
a generalized layered global–local beam (GLGB), to carry out an elasto-plastic analysis
of thin-walled beams with reduced computational effort. Nguyen et al. [70,71] derived
an efficient finite element formulation to investigate the flexural–torsional stability and
buckling response of FGM beams with a singly symmetric open section, in the framework
of Vlasov’s theory. Li et al. [72] applied the method of generalized differential quadrature
to rigorously solve the bending, buckling and vibrational problems of AFG beams, account-
ing for nonlocal strain gradient theoretical assumptions. Moreover, Khaniki et al. [73–80]
published several important contributions elated to the static, vibrational and buckling
analysis of small-size beams with a constant or variable cross-section, made of homogenous
and/or FGMs. A finite element approach was recently developed by Koutoati [81] to assess
the static and free vibrations of multilayer composites and FG beams by means of different
shear deformation beam theories. Following the first-order shear deformation theory,
Glabisz et al. [82] formulated an innovate algorithm to analyze the stability and vibrational
problem of nanobeams incorporating different end supports. Within a modified shear
deformation theory context, in which it is not essential to use the shear correction factor, the
stability and free vibration behavior of FG nanobeams were explored by Ebrahim et al. [83]
using the Chebyshev–Ritz method. A double analytical and finite element solution has
recently been proposed by Jrad et al. [84] to assess the triply coupled free vibrational
responses of thin-walled beams under different boundary conditions. More recently, a
third-order shear deformation theory was employed by Arefi and Civalek [85] to check
for the static deformation of cylindrical nanoshells made from FG piezoelectric materials
supported by a Pasternak elastic foundation.

Among the studies on tapered structures, Osmani and Meftah [86] studied the shear
deformation effect on the buckling response of tapered I-shape beams under different
loading conditions. An innovative methodology based on the classical energy approach
was expounded by Chen et al. [87] for predicting the lateral buckling resistance of I-
beams with simple supports. Achref et al. [88] analytically assessed the higher-order
instability loads of beams with thin-walled open cross-sections under different loading
conditions by resorting to a classical finite element approach for comparative purposes.
Different numerical approaches were applied in Refs. [89–93] for the linear stability and
free vibrational study of homogenous and AFG tapered thin-walled beams with an open
cross-section, subjected to different boundary conditions and arbitrary loading cases.
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Based on the available literature, however, it seems that the flexural–torsional stability
of AFG nanobeam-columns with tapered I-section has never been assessed. The current
research is moving in this direction, and is aimed at probing the size-dependent buckling
properties of AFG tapered nanobeams with a doubly-symmetric thin-walled cross-section,
according to Vlasov assumptions. All the mechanical properties in the present work are
graded in the longitudinal direction using the power function except, for the Poisson’s
ratio, wherein the small size effect is taken into account via the Eringen nonlocal elasticity
theory. The nonlocal governing equations of the problem, together with the associated
boundary conditions, are obtained by implementing the Vlosov model and the energy
method, in order to account for the eccentricity effect of of a compressive axial loading
from the centroid within the formulation. The DQM is here employed to solve the resulting
stability equations in a strong form and to determine the flexural–torsional buckling
load. Different numerical examples analyze the effects of several parameters, namely,
the constituent volume fractions, tapering ratio, nonlocal parameter and mode number,
on the flexural–torsional stability of AFG tapered nanobeams with an I-section subjected
to simply supported boundary conditions. The work is organized as follows. After a
preliminary description of the theoretical formulation (Section 2), we provide (in Section 3)
the basic notions of the DQM, here applied as an efficient tool to solve the problem with
reduced computational effort. In Section 4 we present the results from a large parametric
investigation aimed at checking the sensitivity of the mechanical response to different input
parameters, which is useful for design purposes. The main results and concluding remarks
are discussed in Section 5.

2. Problem Definition

The following stability model represents an extension of the formulation proposed in
Ref. [94] for non-prismatic thin-walled nanobeam-columns with an arbitrary distribution
of the material properties in the axial direction, whose numerical outcomes could be useful
for the development and design of thin-walled structures, such as scanning tunneling
microscopes with nonuniform nanobeams at tunneling tips. Due to the rapid development
of nanoscience, the stability of FG nanobeams with variable thin-walled cross sections rep-
resents one of their key design benefits, as here explored theoretically via nonconventional
Eringen nonlocal elasticity, and numerically via the DQM.

2.1. Kinematics

Consider a straight tapered doubly symmetric I-beam made of non-homogeneous ma-
terial, with variable properties along its longitudinal direction, as represented in Figure 1.

 

Figure 1. Geometrical scheme of variable doubly symmetric I-section beam—coordinate system and
notation for the displacement parameters.

The orthogonal right-hand Cartesian coordinate system (x, y, z) is adopted, wherein x
denotes the longitudinal axis, and y and z are the first and second principal bending axes
parallel to the flanges and web, respectively. The origin O of these axes is located at the
centroid of the cross-section. In the current work, it is assumed that the height of the web
and/or width of both flanges can vary linearly along the longitudinal direction (x-axis),
while the thickness remains constant. In the case of doubly-symmetric thin-walled sections,
the shear center coincides with the centroid. In this study, we consider only slender beams,
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such that shear deformations can be ignored in our formulation, together with the local and
distortional deformations. Based on these assumptions and following the Vlasov model
for non-uniform torsion [95], the displacement field for an arbitrary point on the beam can
be expressed as

U(x, y, z) = u(x)− y
∂v(x)

∂x
− z

∂w(x)

∂x
− ω(y, z)

∂θ(x)

∂x
(1a)

V(x, y, z) = v(x)− zθ(x) (1b)

W(x, y, z) = w(x) + yθ(x) (1c)

In these equations, U is the axial displacement, V and W represent the lateral and
vertical displacements (along the y- and z-directions, respectively); u,v,w are the kinematic
quantities defined at the reference surface; ω(y, z) stands for the warping function for the
variable cross-section, which can be defined based on St. Venant torsional theory, and θ is
the twisting angle. The Green strain tensor components in the large displacement include
both the linear and the nonlinear strain parts, as follows

εij =
1
2
(

∂Ui

∂xj
+

∂Uj

∂xi
) +

1
2

(

∂Uk

∂xi

∂Uk

∂xj

)

= εl
ij + ε∗ij i, j, k = x, y, z (2)

where εl
ij denotes the linear part, and ε∗ij refers to the quadratic nonlinear part. For thin-

walled beams, the strain tensor components reduce to the following:

εxx ≈ U′ +
1
2

(

V′2 + W′2
)

= εl
xx + ε∗xx (3a)

εxy =
1
2

(

∂U

∂y
+

∂V

∂x

)

+
1
2

(

∂V

∂x

∂V

∂y
+

∂W

∂x

∂W

∂y

)

= εl
xy + ε∗xy (3b)

εxz =
1
2

(

∂U

∂z
+

∂W

∂x

)

+
1
2

(

∂V

∂x

∂V

∂z
+

∂W

∂x

∂W

∂z

)

= εl
xz + ε∗xz (3c)

By using Equations (1)–(3) and considering a tapering geometry, the non-zero linear
and nonlinear parts of the strain displacement field are defined as

εl
xx = u′ − yv′′ − zw′′ − ωθ′′ (4a)

γl
xz
= 2εl

xz
=

(

y −
∂ω

∂z

)

θ′ (4b)

γl
xy
= 2εl

xy
= −

(

z +
∂ω

∂y

)

θ′ (4c)

ε∗xx =
1
2

[

v′2 + w′2 + r2θ′2
]

+ yw′θ′ − zv′θ′ (4d)

γ∗
xz = −

(

v′ + θ′z
)

θ (4e)

γ∗
xy =

(

w′ + θ′y
)

θ (4f)

where r2 = y2 + z2. In this study, we consider a compressive axial load P acting at the end
of the beam along the z-direction, together with an external bending moment acting around
the major principal axis, M∗

y , while assuming a null bending moment M∗
z with respect to

the z-axis. The most common cases of normal and shear stress associated with the external
bending moment M∗

y and shear force Vz are considered as

σ0
xx =

P

A
−

M∗
y

Iy
z (5a)
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τ0
xz =

Vz

A
= −

M∗′
y

A
(5b)

where τ0
xz is the mean value of the shear stress, σ0

xx stands for the initial normal stress in
the cross-section, and A and Iy are the cross-sectional area and second moment of inertia
around the y-axis, defined as follows:

A =
∫

A

dA (6a)

Iy =
∫

A

z2dA (6b)

2.2. Constitutive Relations

According to the Eringen nonlocal elasticity model [4], the stress at a point inside
a body depends not only on the strain state at that point, but also on the strain states at
all other points throughout the body. For homogenous and isotropic elastic solids, the
nonlocal stress tensor σ at point x can be defined as

σij(x) =
∫

V
α(
∣

∣x′ − x
∣

∣, τ)Cijklεkl(x′)dV(x′) (7)

where εkl and Cijkl denote the linear strain components and the elastic stiffness coefficients,
respectively. In addition, α(|x′ − x|, τ) is the nonlocal kernel function, |x′ − x| is the
Euclidean distance, τ = e0a/l stands for the material parameter, where a is an internal
characteristic length (e.g., lattice parameter, C–C bond length or granular distance) and l is
an external characteristic length in the nanostructures (e.g., crack length, wavelength), and
e0 is a material constant, which is determined experimentally or in an approximate form by
matching the dispersion curves of plane waves with those based on atomic lattice dynamics.

It is possible to express the integral constitutive equation presented in Equation (7) in
the following differential constitutive equation:

σij − µ∇2σij = Cijklεkl (8)

where ∇2 is the Laplacian operator and µ = (e0a)2 stands for the nonlocal parameter. For
a nonlocal AFG I-beam, the nonlocal constitutive relations can be written as

σxx − µ
∂2σxx

∂x2 = Eεl
xx (9a)

τxy − µ
∂2τxy

∂x2 = Gγl
xy (9b)

τxz − µ
∂2τxz

∂x2 = Gγl
xz (9c)

where E and G are the elastic and shear moduli, respectively, and σxx, τxy, and τxz denote
the Piola–Kirchhoff stress tensor components.

2.3. Equilibrium Equations

The principle of minimum total potential energy is applied to obtain the equilibrium
equations together with the boundary conditions. For thin-walled beams, the total potential
energy Π is expressed in its variational form by means of the elastic strain energy Ul and
the strain energy due to initial stress U0,

δΠ = δ(Ul + U0) = 0 (10)
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Note that in a linear stability context, in the absence of an external force, the external
work associated with the applied loads We is equal to zero. At the same time, the variational
form of the strain energy δUl is defined as

δUl =
∫ L

0

∫

A

(

σxxδεl
xx + τxyδγl

xy + τxzδγl
xy

)

dAdx (11)

where L and A stand for the element length and cross-sectional area, respectively, and δεl
xx,

δγl
xz and δγl

xy are the linear parts of the strain tensor in a variational form. By substituting
Equation (4a–c) into Equation (11), the virtual elastic strain energy becomes

δUl =
∫ L

0

∫

A σxx(δu′
0 − yδv′′ − zδw′′ − ωδθ′′ )dAdx +

∫ L
0

∫

A τxy

(

−(z + ∂ω
∂y )δθ′

)

dAdx +
∫ L

0

∫

A τxz

(

(y − ∂ω
∂z )δθ′

)

dAdx (12)

By integration over the cross-sectional area, we get

δUl =
∫

L

(

Nδu′
0 + Mzδv′′ − Myδw′′ + Bωδθ′′

)

dx +
∫ L

0

(

Msvδθ′
)

dx (13)

where N is the axial force, My and Mz denote the two bending moments, Bω is the
bi-moment, and Msv is the St. Venant torsional moment. These stress resultants in
Equation (13) are defined as

N =
∫

A
σxxdA (14a)

My =
∫

A
σxxzdA (14b)

Mz = −
∫

A
σxxydA (14c)

Bω = −
∫

A
σxxωdA (14d)

Msv =
∫

A

(

τxz(y −
∂ω

∂z
)− τxy(z +

∂ω

∂y
)

)

dA (14e)

Moreover, the variation in the strain energy due to the initial stresses can be stated as

δU0 =
∫ L

0

∫

A

(

σ0
xxδε∗xx + τ0

xyδγ∗
xy + τ0

xzδγ∗
xz

)

dAdx (15)

By introducing the first variation in the nonlinear strain-displacement relations, de-
fined by Equation (4d–f), and the initial stresses (5a,b) in Equation (15), we get the follow-
ing relation:

δU0 =
∫ L

0

∫

A ( P
A −

M∗
y

Iy
z)
(

v′δv′ + w′δw′ + r2θ′δθ′ + yθ′δw′+ yw′δθ′ − zθ′δv′ − zv′δθ′
)

dAdx

+
∫ L

0

∫

A (−
M∗′

y

A )(−θδv′ − v′δθ − zθδθ′ − zθ′δθ)dAdx

(16)

At this stage, by integrating Equation (16) over the cross-section, the variation in the
strain energy due to the initial stresses takes the following final form:

δU0 =
∫ L

0

(

P(v′δv′ + w′δw′ +
Iy + Iz

A
θ′δθ′)

)

dx +
∫ L

0

(

M∗
y(θ′δv′+ v′δθ′)

)

dx +
∫ L

0

(

M∗′
y (θδv′ + v′δθ)

)

dx (17)

or equivalently

δU0 =
∫ L

0

(

Pv′δv′ + Pw′δw′ + r2
Oθ′δθ′

)

dx +
∫ L

0

(

−M∗
yv′′ δθ − M∗

yθδv′′

)

dx (18)
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In Equation (18), Iz is the second moment of inertia around the z-axis and r0 is the
polar radius gyration around the centroid, given by

Iz =
∫

A

y2dA, ro =

√

Iy + Iz

A

By introducing Equations (13) and (18) into Equation (10) and setting the coefficients
of δu0, δv, δw, δθ, as to zero, we obtain the equilibrium equations

N′ = 0 (19a)

− M
′′
y − (Pw′)′ = 0 (19b)

M
′′
z − (M∗

yθ)′′ − (Pv′)′ = 0 (19c)

M
′′
ω − M∗

yv′′ − M′
sv − (Pr2

Oθ′)′ = 0 (19d)

under the following boundary conditions

N = 0 or δu0 = 0

−My = 0 or δw′ = 0

M′
y + Pw′ = 0 or δw = 0

Mz − M∗
yθ = 0 or δv′ = 0

−M′
z + (M∗

yθ)′ + Pv′ = 0 or δv = 0

−Bω = 0 or δθ′ = 0

B′
ω + Msv + Pr2

Oθ′ = 0 or δθ = 0

(20)

By substituting Equation (4a–c) into Equation (9) and the subsequent results into
Equation (14), the stress resultants are obtained as

N − µ
∂2N

∂x2 = EAu0
′ (21a)

My − µ
∂2My

∂x2 = −EIyw′′ (21b)

Mz − µ
∂2Mz

∂x2 = EIzv′′ (21c)

Bω − µ
∂2Bω

∂x2 = EIωθ′′ (21d)

Msv − µ
∂2Msv

∂x2 = GJθ′ (21e)

In the previous expressions, J and Iω are the St. Venant torsion and warping constants,
defined as

Iω =
∫

A

ω2dA, (22a)

J =
∫

A

(

(y −
∂ω

∂z
)

2
+ (z +

∂ω

∂y
)

2
)

dA (22b)

This study is established in the context of small displacements and deformations.
According to the linear stability, the nonlinear terms are also disregarded in the equilib-
rium equations. Based on these assumptions, the system of equilibrium equations for
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tapered I-beams under a nonlocal theory are finally derived by placing Equation (21) into
Equation (19)

(

EAu′
0
)′

= 0 (23a)

(EIyw′′ )′′ + µ(Pw′)′′′ − (Pw′)′ = 0 (23b)

(EIzv′′ )′′ + µ(M∗
yθ)′′′ ′ − (M∗

yθ)′′ + µ(Pv′)′′′ − (Pv′)′ = 0 (23c)

(EIωθ′′ )′′ − (GJθ′)′ + µ(M∗
yv′′ )′′ − M∗

yv′′ + µ(Pr2
Oθ′)′′′ − (Pr2

Oθ′)′ = 0 (23d)

The related boundary conditions at the ends of the thin-walled nanobeam can be
expressed as

(

EAu′
0
)′

= 0 or δu0 = 0 (24)

EIyw′′ = 0 or δw′ = 0

−(EIyw′′ )′ − µ(Pw′)′′ + Pw′ = 0 or δw = 0

EIzv′′ − M∗
yθ + µ(M∗

yθ)′′ = 0 or δv′ = 0

−(EIzv′′ )′ − µ(M∗
yθ)′′′ − µ(Pv′)′′ + (M∗

yθ)′ + Pv′ = 0 or δv = 0

EIωθ′′ = 0 or δθ′ = 0

−(EIωθ′′ )′ + GJθ′ − µ(M∗
yv′′ )′ + M∗

yv′ − µ(Pr2
Oθ′)′′ + (Pr2

Oθ′) = 0 or δθ = 0

In the following section, a numerical solution procedure based on the DQM is applied
to solve the governing equations for the flexural–torsional buckling of AFG nanobeams
with varying I-sections, as has been successfully carried out in the literature for a large
variety of problems [96–103].

3. Numerical Solution Method

Due to the varying cross-sectional mechanical properties, the resulting flexural–
torsional stability Equation (23a–d) for I-tapered nanobeams represent a system of three-
coupled fourth-order differential equations with variable coefficients. Under these condi-
tions, it is not possible to accurately estimate a general and straightforward closed-form
solution. For such complicated problems, the DQM-based approach, as proposed for the
first time by Bellman and Casti [96], is here employed as an efficient and easy tool to solve
the coupled differential equations of the problem in a strong form. The basic concept of the
proposed method relies on the possibility of discretizing the derivatives of a function with
respect to a variable in differential equations at some fixed collocation points by means of a
weighted linear summation of the function’s values at its adjacent points. The governing
equations, together with the associated boundary conditions, are thus transformed into
a set of linear algebraic equations, which can be solved with the aid of a computational
algorithm to derive an approximate solution for continuous differential equations. To this
end, it is necessary to divide the computational region into a fixed number of grid points
spanning the solution domain. The accuracy of this numerical approach depends on the
number and types of selected sampling points, as also discussed in Refs. [97–103]. One
of the best options for the sampling points in the stability and vibration analysis is the
Chebyshev–Gauss–Lobatto points:

xi =
L

2

[

1 − cos
(

i − 1
N − 1

π

)]

, if 0 ≤ x ≤ L i = 1, 2, . . . , N (25)

where N is the total number of grid points in the longitudinal direction. According to DQM,
the mth-order derivative of a function f (ξ) at a fixed grid point ξi can be approximated as

dm f

dξm

∣

∣

∣

∣

ξ=ξi

=
N

∑
j=1

A
(m)
ij f (ξ j) f or i = 1, 2, . . . , N (26)
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where f (ξ j) refers to the functional value at grid points ξ j (i = 1, 2, . . . , N), and A
(m)
ij is

the weighting coefficient for the mth-order derivative. The first-order derivative of the
weighting coefficient A

(1)
ij is computed by the following algebraic formulation based on

the Lagrangian interpolation polynomials,

A
(1)
ij =











M(ξi)
(ξi−ξ j)M(ξ j)

f or i 6= j

−
N

∑
k=1,k 6=i

A
(1)
ik f or i = j

i, j = 1, 2, . . . , N (27)

where

M(ξi) =
N

∏
j=1,j 6=i

(ξi − ξ j) f or i = 1, 2, . . . , N (28)

The higher-order DQM weighting coefficients can be acquired from the first-order
ones, as follows:

A
(m)
ij = A

(1)
ij A

(m−1)
ij 2 ≤ m ≤ N − 1 (29)

In order to solve the stability equation by means of the differential quadrature ap-
proach, a dimensionless variable (ξ = x/L) is introduced. By the expansion of Equation
(23), the governing equations of the problem take the following final discrete form:

E(ξ j)Iy(ξ j)(
N

∑
j=1

A
(4)
ij wj) + 2(E(ξ j)I′y(ξ j) + E′(ξ j)Iy(ξ j))(

N

∑
j=1

A
(3)
ij wj)

+(E′′ (ξ j)Iy(ξ j) + 2E′(ξ j)I′y(ξ j) + E(ξ j)I
′′
y (ξ j))(

N

∑
j=1

A
(2)
ij wj) + µP(

N

∑
j=1

A
(4)
ij wj)− L2P(

N

∑
j=1

A
(2)
ij wj) = 0

(30a)

E(ξ j)Iz(ξ j)(
N

∑
j=1

A
(4)
ij vj) + 2(E(ξ j)I′z(ξ j) + E′(ξ j)Iz(ξ j))(

N

∑
j=1

A
(3)
ij vj)

+(E′′ (ξ j)Iz(ξ j) + 2E′(ξ j)I′z(ξ j) + E(ξ j)I
′′
z (ξ j))(

N

∑
j=1

A
(2)
ij vj) + µP(

N

∑
j=1

A
(4)
ij vj)− L2P(

N

∑
j=1

A
(2)
ij vj)

+µM∗
y(ξ j)(

N

∑
j=1

A
(4)
ij θj) + 4µM∗′

y (ξ j)(
N

∑
j=1

A
(3)
ij θj) + (6µM∗′′

y (ξ j)− L2M∗
y(ξ j))(

N

∑
j=1

A
(2)
ij θj)

+(4µM∗′′′
y (ξ j)− 2L2M∗′

y (ξ j))(
N

∑
j=1

A
(1)
ij θj) + (µM∗4

y (ξ j)− L2M∗′′
y (ξ j))θj = 0

(30b)

E(ξ j)Iω(ξ j)(
N

∑
j=1

A
(4)
ij θj) + 2(E(ξ j)I′ω(ξ j) + E′(ξ j)Iω(ξ j))(

N

∑
j=1

A
(3)
ij θj)

+(E′′ (ξ j)Iω(ξ j) + 2E′(ξ j)I′ω(ξ j) + E(ξ j)I
′′
ω(ξ j)− L2G(ξ j)J(ξ j))(

N

∑
j=1

A
(2)
ij θj)

−L2(G′(ξ j)J(ξ j) + G(ξ j)J′(ξ j))(
N

∑
j=1

A
(1)
ij θj)

+µPRc(ξ j)(
N

∑
j=1

A
(4)
ij θj) + 3µPR′

o(ξ j)(
N

∑
j=1

A
(3)
ij θj) + P(3µR′

c(ξ j)− L2Ro(ξ j))(
N

∑
j=1

A
(2)
ij θj)

+P(µR
′′
o (ξ j)− L2R′

o(ξ j))(
N

∑
j=1

A
(1)
ij θj) + µM∗

y(ξ j)(
N

∑
j=1

A
(4)
ij vj) + 2µM∗′

y (ξ j)(
N

∑
j=1

A
(3)
ij vj)

+(µM∗′′
y (ξ j)− L2M∗

y(ξ j))(
N

∑
j=1

A
(2)
ij vj) = 0

(30c)

where Ro = r2
o in Equation (30c).
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By rewriting the problem in matrix form, we get the following relation,









[Kww] [0] [0]
[0] [Kvv] [0]
[0] [0] [Kθθ ]





3N×3N

+





[Pww] [0] [0]
[0] [Pvv] [0]
[0] [0] [Pθθ ]





3N×3N

+





[0] [0] [0]
[0] [0] [Mvθ ]
[0] [Mθv] [0]





3N×3N



×







{w}
{v}
{θ}







3N×1

=







{0}
{0}
{0}







3N×1

(31)

where
[Kww] =

[

a1][A](4) +
[

b1][A](3) +
[

c1][A](2)

[Pww] = P(µ[A](4) − L2[A](2))
(32)

[Kvv] =
[

a2][A](4) +
[

b2][A](3) +
[

c2][A](2)

[Pvv] = P(µ[A](4) − L2[A](2))

[Mvθ ] =
[

i2
]

[A](4) +
[

j2
]

[A](3) +
[

k2][A](2) +
[

l2][A](1) +
[

m2]

[Kθθ ] =
[

a3][A](4) +
[

b3][A](3) +
[

c3][A](2) −
[

d3][A](1)

[Pθθ ] = P(
[

e3][A](4) +
[

f 3][A](3) +
[

g3][A](2) +
[

h3][A](1))

[Mθv] =
[

i3
]

[A](4) +
[

j3
]

[A](3) +
[

k3][A](2)

in which
a1

jk = (EIy

∣

∣

ξ=ξ j
)δjk; b1

jk = (2(EI′y + E′ Iy)
∣

∣

∣

ξ=ξ j

)δjk; c1
jk = ((E′′ Iy + 2E′ I′y + EI

′′
y )
∣

∣

∣

ξ=ξ j

)δjk (33)

a2
jk = (EIz|ξ=ξ j

)δjk; b2
jk = (2(EI′z + E′ Iz)|ξ=ξ j

)δjk; c2
jk = ((E′′ Iz + 2E′ I′z + EI

′′
z )
∣

∣

ξ=ξ j
)δjk

i2jk = (µM∗
y

∣

∣

∣

ξ=ξ j

)δjk; j2jk = (4µM∗′
y

∣

∣

∣

ξ=ξ j

)δjk; k2
jk = ((6µM∗′′

y − L2M∗
y)
∣

∣

∣

ξ=ξ j

)δjk

l2
jk = ((4µM∗′′

y − 2L2M∗′
y )
∣

∣

∣

ξ=ξ j

)δjk; m2
jk = ((µM∗

y
4 − L2M∗′′

y )
∣

∣

∣

ξ=ξ j

)δjk

a3
jk = (EIω |ξ=ξ j

)δjk; b3
jk = (2(EI′ω + E′ Iω)|ξ=ξ j

)δjk; c3
jk = ((E′′ Iω + 2E′ I′ω + EI

′′
ω − L2GJ)

∣

∣

ξ=ξ j
)δjk;

d3
jk = (L2(G′ J + GJ′)

∣

∣

ξ=ξ j
)δjk; e3

jk = P(µRo|ξ=ξ j
)δjk; f 3

jk = P(3µR′
o|ξ=ξ j

)δjk;

g3
jk = P((3µR′

o − L2Ro)
∣

∣

ξ=ξ j
)δjk; h3

jk = P((µR
′′
o − L2R

′′′
o )
∣

∣

ξ=ξ j
)δjk

i3jk = (µM∗
y

∣

∣

∣

ξ=ξ j

)δjk; j3jk = (2µM∗′
y

∣

∣

∣

ξ=ξ j

)δjk; k3
jk = ((µM∗′′

y − L2M∗
y)
∣

∣

∣

ξ=ξ j

)δjk

and δjk is the Kronecker delta, defined as

δjk =

{

0 i f j 6= k;
1 i f j = k.

(34)

In Equation (31), the displacement vectors and the torsion angle vector are defined as

{w}N×1 =
{

w1 w2 . . . wN

}T ; {v}N×1 =
{

v1 v2 . . . vN

}T ;
{θ}N×1 =

{

θ1 θ2 . . . θN

}T (35)

The simple form of the final equation, Equation (31), can be stated as

([K]− λ([P] + [M]))3N×3N{d}3N×1 = {0}3N×1 (36)

or
([K]− λ[KG]){d} = {0} (37)

in which
[KG] = [P] + [M] (38a)
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{d} =







{w}
{v}
{θ}







(38b)

[K] and [KG] are 3N × 3N matrices, λ is the eigenvalues and {d} is the related eigenvectors.
After the implementation of the boundary conditions, we compute the flexural–torsional
buckling load from Equation (37), together with the associated vertical and lateral deflec-
tions and the twist angles of the AFG nanobeams.

4. Numerical Examples

In this section, we perform a parametric investigation to assess the sensitivity of the
linear stability of AFG thin-walled nanobeam-columns (with a variable I-section and simply
supported boundary conditions) to different material properties, as well as to different
web and flange tapering parameters, mode numbers, nonlocal parameters, and axial load
eccentricities. In what follows, we use the subscripts (•)0 and (•)1 to define the mechanical
and geometrical properties of beams in their left (x = 0, ξ = 0) and right (x = L, ξ = 1)
supports, respectively. The dimensionless buckling load parameter is determined as

Pnor =
PcrL2

E0 IZ0
(39)

which accounts for simply supported, tapered beams with I-sections subjected to a com-
pressive axial force. In this regard, it is presumed that the widths of both flanges, b0, and
the web height, d0, of the I-section on the left side increase linearly up to b1 = (1+ β)b0 and
d1 = (1 + α)d0 on the right side (Figure 2). Thus, the flanges and web tapering ratios are
defined as β = b1/b0 − 1 and α = d1/d0 − 1, respectively. Note that these two parameters
(α, β) are non-negative variables and can change simultaneously or separately. At the same
time, by equating (α, β) to zero, we revert to I-beams with a uniform cross-section. The
geometrical schemes and dimensionless parameters are depicted in Figure 2. To perform
the flexural–torsional buckling analysis, it is supposed that the compressive axial load is
applied at three different positions: the top flange (TF) of the left side (i.e., for x = 0), the
centroid, and the TF of the right side (i.e., for x = L).

0

0

1 0(1 ) 1 0(1 )

1 0/ 1 1 0/ 1
,

,

0

0

2 3 0 380

1 70

0 1 0( ) ( )

Figure 2. (a) Schematic representation of double-tapered beam with I-sections. (b) Axial load on the TF at x = 0 (c) Axial
load on the centroid. (d) Axial load on the TF at x = L (e) Geometrical properties.
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For the same benchmark, the beams feature axially varying materials, ranging between
pure ceramic on the side end and pure metal on the right side, according to a simple power-
law function. More specifically, the ceramic phase is made of alumina (Al2O3) with an
equivalent Young’s modulus E0 = 380 GPa, whereas the metal phase is aluminum (Al)
with an equivalent Young’s modulus E1 = 70 GPa, without considering the exact grain
sizes and shapes of each material constituent. This means that the modulus of elasticity at
an arbitrary coordinate is defined as

E(ξ) = E0 + (E1 − E0)ξ
m (40)

where the power-law index m assumes a positive value, and is zero only in a pure
metal member.

We carry out a preliminary study aimed at defining the appropriate number of grid
points within the domain to yield accurate results in terms of flexural–torsional buck-
ling load. In the absence of further numerical nonlocal studies on the same thin-walled
examples, the accuracy of our formulation is checked by comparing our results with
predictions based on a classical finite element method, as performed via the commercial
ANSYS code [104]. In detail, we evaluate the lowest values of the dimensionless buckling
parameter (Pnor) for the same structure made of pure alumina with three different loading
positions and different tapering ratios, α = β = 0 ÷ 1 by steps of 0.2 versus an increased
number of grid points N. The main results are summarized in Table 1, where it seems that
a total number of grid points N = 20 is sufficient to obtain the lowest normalized buckling
load for different axial load positions and non-uniformity parameters. Based on results
in Table 1, we can observe the good agreement between our mathematical DQM-based
formulation and predictions made via the ANSYS code [104] for each selected loading case.

Table 1. Dimensionless buckling load (Pnor) for local tapered homogenous I-beams (alumina) with
different tapering parameters and loading positions.

Axial
Load

Position
α = β

DQM
ANSYS

[104]
Number of Points along x-Direction

n = 5 n = 10 n = 15 n = 20 n = 30

Centroid

0 9.824 9.870 9.870 9.870 9.870 9.866

0.2 12.970 13.006 13.006 13.006 13.006 12.997

0.4 16.550 16.494 16.494 16.494 16.494 16.466

0.6 20.647 20.326 20.326 20.326 20.326 20.276

0.8 25.426 24.497 24.497 24.497 24.497 24.414

1.0 31.184 29.004 29.003 29.003 29.003 27.605

TF of left
end

section

0 9.213 9.248 9.248 9.248 9.248 9.274

0.2 11.974 11.964 11.964 11.964 11.964 12.000

0.4 15.050 14.895 14.895 14.895 14.895 14.907

0.6 18.570 18.029 18.029 18.029 18.029 18.050

0.8 22.915 21.358 21.357 21.357 21.357 21.399

1.0 29.257 24.877 24.876 24.876 24.876 24.956

TF of
right end
section

0 9.213 9.248 9.248 9.248 9.248 9.274

0.2 11.805 11.862 11.862 11.862 11.862 11.922

0.4 14.557 14.610 14.610 14.610 14.610 14.690

0.6 17.524 17.469 17.469 17.469 17.469 17.638

0.8 20.912 20.429 20.429 20.429 20.429 20.737

1.0 25.283 23.488 23.489 23.489 23.489 23.992
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After the validation phase of the model, we continue with a systematic study of the
flexural–torsional buckling of AFG nanobeams with different input parameters, such as
eccentric axial load, web and flange non-uniformity parameters, gradient index, mode
number and nonlocality parameter. In order to assess the linear stability strength of AFG
nanobeams with varying I-sections, we compute the lowest normalized flexural–torsional
buckling loads (Pnor) of AFG tapered thin-walled nanobeams subjected to simply sup-
ported end conditions, as reported in Table 2, for different tapering ratios
(α = β = 0, 0.3, 0.6, 0.9), material compositions (power-law exponent), nonlocal parame-
ters (µ = 0 and 2), and three different loading positions. The compressive axial load can
be applied on the TF of the left side (x = 0), at the centroid, and on the TF of the right side
(x = L). In Figures 3–5, we represent the variation in Pnor depending on Eringen’s nonlocal
parameters (ranging from 0 to 3) for thin-walled beams with homogenous materials or an
FG beam with different gradient indexes m = 0.6, 1.3 and 2, while varying the tapering
ratios from 0 to 0.9 and assuming three axial load positions, namely, on the TF for x = 0,
on the centroid, and the TF for x = L. In this case, we consider a non-uniform beam with
equal web height and flange width tapering ratios, α = β.

 
(a)          (b) 

 
(c)           (d) 

Homogeneous (Alumina) 0.6 1.3 2

Figure 3. Variation in the flexural–torsional buckling load (Pnor) of I-tapered nanobeams with varying tapering and
nonlocality parameters—Figure 2. Effect of the axial load eccentricity, material graduation and tapering parameter on the
normalized buckling load Pnor for simply supported thin-walled nanobeams subjected to a constant compressive load with
two different nonlocal parameters: (a)Homogeneous (Alumina); (b) m = 0.6; (c) m = 1.3; (d) m = 2.

In Tables 3–5, we list the magnitude of the normalized flexural–torsional buckling
parameter, Pnor, for various combinations of web height and flange width tapering ratio, β
and α, and nonlocal parameters (µ = 0, 1 and 3) with different non-homogenous indices
(m = 0.6, 1.2 and 1.8). The contribution of a possible axial load eccentricity at the cross-
section centroid on the buckling resistance is also taken into account. The normalized
buckling parameters are respectively illustrated in Tables 3 and 4 for load positions on the
TF at x = 0 and on the shear center, as well as in Table 5 for a load position on the TF at
x = L.
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Homogeneous (Alumina) 0.6 1.3 2

(a)          (b) 

(c)                (d) 

Figure 4. Variation in the flexural buckling load Pnor of I-tapered nanobeams with variations in the tapering and nonlocality
parameters for different material indexes (axial load on the centroid) (a) Homogeneous (Alumina); (b) m = 0.6; (c) m = 1.3;
(d) m = 2.

Table 2. Effect of the axial load eccentricity, material graduation and tapering parameter on the normalized buckling
load (Pnor) for simply supported thin-walled nanobeams subjected to a constant compressive load with two different
nonlocal parameters.

µ
(nm2) α = β

Axial Load on the TF at x = 0 Axial Load on the Centroid Axial Load on the TF at x = L

Homoge
neous m = 0.8 m = 1.6 m = 2.4 Homoge

neous m = 0.8 m = 1.6 m = 2.4 Homoge
neous m = 0.8 m = 1.6 m = 2.4

0

0.0 9.248 4.602 6.165 7.151 9.870 4.816 6.489 7.571 9.248 4.383 5.863 6.843

0.3 13.416 7.140 9.516 10.879 14.711 7.641 10.272 11.833 13.232 6.596 8.804 10.165

0.6 18.070 10.143 13.401 15.154 20.338 11.104 14.836 16.929 17.506 9.086 12.071 13.839

0.9 23.186 13.578 17.787 19.927 26.738 15.194 20.169 22.823 22.029 11.827 15.648 17.827

2.0

0.0 7.453 3.595 4.836 5.684 7.936 3.756 5.088 6.028 7.453 3.389 4.714 5.705

0.3 10.646 5.744 7.658 8.754 11.750 6.102 8.204 9.471 10.679 5.180 6.899 8.010

0.6 14.010 8.171 10.752 12.080 15.996 8.922 11.902 13.547 14.110 7.261 9.655 11.113

0.9 17.488 10.850 14.071 15.572 20.591 12.178 16.080 18.061 17.713 9.558 12.662 14.450
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0.6 1.3 2

(a)           (b) 

(c)            (d) 

Homogeneous (Alumina) 0.6 1.3 2

 
  

μ
α β

0

 

 

 
  

Figure 5. Variation in the flexural–torsional buckling load Pnor of I-tapered nanobeams with variations in the tapering
and nonlocality parameters for different material indexes (axial load on the TF at x = L): (a) Homogeneous (Alumina);
(b) m = 0.6; (c) m = 1.3; (d) m = 2.

Table 3. Effect of the power-law exponent and tapering parameter on the normalized flexural–torsional buckling load (Pnor)

of simply supported thin-walled nanobeams with different nonlocal parameters (axial load applied on the TF at x = 0).

µ
(nm2) α

m = 0.6 m = 1.2 m = 1.8

β = 0 β = 0.2 β = 0.5 β = 0.8 β = 0 β = 0.2 β = 0.5 β = 0.8 β = 0 β = 0.2 β = 0.5 β = 0.8

0

0.0 4.057 5.488 7.943 10.725 5.483 7.413 10.693 14.373 6.462 8.685 12.418 16.559

0.2 4.065 5.503 7.973 10.778 5.496 7.435 10.739 14.454 6.479 8.713 12.475 16.658

0.5 4.077 5.524 8.015 10.852 5.514 7.467 10.802 14.565 6.502 8.754 12.554 16.793

0.8 4.089 5.543 8.053 10.919 5.531 7.496 10.859 14.664 6.524 8.790 12.625 16.914

1.0

0.0 3.588 4.886 7.089 9.543 4.842 6.598 9.539 12.765 5.715 7.735 11.062 14.650

0.2 3.595 4.899 7.115 9.590 4.852 6.617 9.578 12.835 5.729 7.760 11.111 14.736

0.5 3.605 4.916 7.151 9.654 4.868 6.643 9.632 12.932 5.748 7.793 11.179 14.854

0.8 3.614 4.933 7.184 9.713 4.881 6.668 9.682 13.020 5.765 7.824 11.242 14.962

3.0

0.0 2.899 4.008 5.853 7.848 3.886 5.405 7.871 10.461 4.586 6.346 9.109 11.916

0.2 2.904 4.017 5.873 7.885 3.893 5.418 7.901 10.516 4.594 6.363 9.147 11.985

0.5 2.911 4.030 5.901 7.936 3.902 5.437 7.943 10.594 4.605 6.387 9.200 12.083

0.8 2.917 4.042 5.927 7.985 3.910 5.454 7.982 10.667 4.615 6.409 9.250 12.173
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Table 4. Effect of the power-law exponent and tapering parameter on the normalized flexural–torsional buckling load (Pnor)

of simply supported thin-walled nanobeams with different nonlocal parameters (axial load applied on the centroid).

µ
(nm2) α

m = 0.6 m = 1.2 m = 1.8

β = 0 β = 0.2 β = 0.5 β = 0.8 β = 0 β = 0.2 β = 0.5 β = 0.8 β = 0 β = 0.2 β = 0.5 β = 0.8

0

0.0 4.243 5.837 8.689 12.096 5.756 7.928 11.796 16.392 6.815 9.345 13.814 19.077

0.2 4.244 5.838 8.690 12.097 5.757 7.929 11.797 16.392 6.816 9.346 13.815 19.078

0.5 4.245 5.839 8.691 12.098 5.759 7.930 11.798 16.394 6.817 9.348 13.817 19.079

0.8 4.246 5.840 8.692 12.099 5.760 7.931 11.800 16.395 6.819 9.349 13.818 19.081

1.0

0.0 3.736 5.177 7.741 10.775 5.054 7.023 10.504 14.589 5.989 8.287 12.299 16.949

0.2 3.736 5.178 7.742 10.776 5.055 7.024 10.505 14.589 5.990 8.288 12.300 16.950

0.5 3.737 5.179 7.743 10.777 5.056 7.026 10.506 14.590 5.992 8.289 12.302 16.951

0.8 3.738 5.180 7.744 10.777 5.058 7.027 10.507 14.592 5.993 8.291 12.303 16.953

3.0

0.0 2.990 4.210 6.353 8.840 4.000 5.688 8.610 11.945 4.725 6.716 10.077 13.823

0.2 2.990 4.210 6.353 8.840 4.001 5.689 8.611 11.946 4.726 6.717 10.078 13.823

0.5 2.991 4.211 6.354 8.841 4.002 5.690 8.612 11.947 4.727 6.718 10.079 13.824

0.8 2.992 4.212 6.355 8.842 4.003 5.691 8.613 11.948 4.729 6.719 10.080 13.826

Table 5. Effect of the power-law exponent and tapering parameter on the normalized flexural–torsional buckling load (Pnor)

of simply supported thin-walled nanobeams with different nonlocal parameters (axial load applied on the TF at x = l).

µ
(nm2) α

m = 0.6 m = 1.2 m = 1.8

β = 0 β = 0.2 β = 0.5 β = 0.8 β = 0 β = 0.2 β = 0.5 β = 0.8 β = 0 β = 0.2 β = 0.5 β = 0.8

0

0.0 3.881 5.299 7.808 10.770 5.218 7.133 10.513 14.484 6.160 8.392 12.304 16.869

0.2 3.785 5.158 7.585 10.447 5.080 6.934 10.200 14.037 5.995 8.156 11.939 16.352

0.5 3.648 4.961 7.277 10.005 4.889 6.658 9.775 13.434 5.766 7.830 11.441 15.652

0.8 3.526 4.785 7.005 9.621 4.719 6.416 9.404 12.912 5.564 7.544 11.007 15.046

1.0

0.0 3.378 4.661 6.928 9.595 4.509 6.250 9.312 12.894 5.320 7.358 10.909 15.020

0.2 3.288 4.531 6.726 9.308 4.382 6.066 9.030 12.498 5.168 7.141 10.581 14.566

0.5 3.164 4.352 6.450 8.917 4.209 5.819 8.650 11.965 4.963 6.849 10.138 13.953

0.8 3.054 4.195 6.209 8.577 4.060 5.605 8.323 11.507 4.787 6.598 9.756 13.423

3.0

0.0 2.659 3.748 5.668 7.908 3.465 4.968 7.585 10.607 4.038 5.832 8.891 12.354

0.2 2.584 3.640 5.501 7.678 3.365 4.818 7.354 10.292 3.924 5.656 8.624 12.000

0.5 2.484 3.494 5.276 7.364 3.235 4.621 7.047 9.868 3.779 5.429 8.270 11.519

0.8 2.400 3.370 5.082 7.093 3.128 4.457 6.787 9.505 3.658 5.239 7.968 11.103

Under the first assumed load position, Figure 6 illustrates the variation in the nor-
malized buckling load with respect to the web tapering ratio α and the flange tapering
parameter β for different nonlocal parameters and material compositions, i.e., for a pure
ceramic and AFG with m = 1. The same analysis is repeated for an axial load located at
x = L, whose results are plotted in Figure 7, where the reduction in the buckling load is
observable with increasing values of µ and decreased tapering ratios of α and β. Moreover,
in Figures 8–10 we plot the lowest buckling load Pnor versus the tapering ratio for different
values of gradient indexes, m, and nonlocal parameters (µ = 0, 1, 2 and 3), while assum-
ing α = β, and three different positions of compressive load, as in the previous cases. Note
that a beam subjected to a compressive axial force on the centroid can buckle in a pure
torsional buckling mode. In this context, Table 6 addresses the influence of web and flange
tapering ratios, material composition (power-law exponent), and nonlocal parameters
(µ = 0, 0.5 and 1) on the normalized torsional buckling load of the tapered nanobeam.
Based on the results for both local and nonlocal beams and all non-uniformity ratios, the
stability strength improves as the non-homogeneity parameter increases. In other words,
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a higher flexural–torsional buckling capacity is obtained with an increased power index,
m, due to the increased content of ceramic phase and increased gradient index, under a
fixed ratio of α = β. As also visible in Figures 8–10, the rate of increase in the critical load
with α, β is gradual for increased values of m. Based on a comparative evaluation of the
results in Figures 8–10, with the same assumptions for α, β, m and µ, it seems that the
load position has a significant effect on the stability strength of nanobeams with varying
doubly symmetric I-sections, especially for higher values of the web tapering ratio. As
also expected, the highest buckling capacity is obtained when the axial load is located
exactly on the centroid, whereas the worst response corresponds to a compressive load
applied on the TF owing to the compression of an initial bending moment resulting from a
load eccentricity.

 
(a) 

 

 
(b) 

1

Figure 6. Variation in normalized buckling load (Pnor) of local and nonlocal beams with a tapered I-section for various
webs. Effect of the power-law exponent and tapering parameter on the normalized torsional buckling load (Pnor) of simply
supported thin-walled nanobeams with different nonlocal parameters (axial load applied on the Centroid): (a) pure ceramic,
(b) AFG (m = 1).
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1

 
(a) 

 
(b) 

1

0 0 1 2 3

Figure 7. Variation in the normalized buckling load (Pnor) of local and nonlocal beams with a tapered I-section for various
web and flange tapering ratios and four different Eringen’s parameters (axial load on the TF at x = L): (a) pure ceramic,
(b) AFG (m = 1).

Both tables and figures clearly show that the non-uniformity parameter has a re-
markable influence on the flexural–torsional buckling load. For each selected power-law
exponent, nonlocal parameter and loading position, the stability values of prismatic beams
with α = β = 0 and of double-tapered ones with α = β = 1 are the lowest and highest, re-
spectively. By consulting Tables 3–5 and Figures 6 and 7, one can also note that the response
is much more affected by the flange tapering parameter β than the web non-uniformity
ratio α, since the lowest flexural–torsional buckling modes usually occur with the lowest
axis moment of inertia.

For beam-columns subjected to an axial load on the centroid and on the TF for x = 0,
it is found that the buckling parameter increases with increasing values of both α and β,
due to the enhancement of the cross-section’s geometrical properties along with an overall
increase in flexural and torsional stiffness in the elastic member (see Tables 3 and 4). The
sensitivity of the mechanical response is slightly different for I-beams with an axial load
applied on the TF at x = L. As shown in Table 5 and Figure 7, the linear stability strength
of beams with a constant flange width tends to reduce with increasing values of α. This is
mainly related to the fact that the initial bending moment M∗

y due to axial load eccentricity
is enhanced by increasing the web tapering ratio α. The effect of this phenomenon on the
buckling resistance of web and flange tapered beams is quite negligible when all the section
walls have the same non-uniformity ratio (i.e., for α = β).
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                           (a)          (b) 

 

(c)            (d) 

0 0 1 2 3
Figure 8. Variation in the flexural–torsional buckling load of I-tapered nanobeams with the tapering ratio and power-law
exponent, for different nonlocality parameters (axial load on the TF at x = 0): (a) µ = 0; (b) µ = 1; (c) µ = 2; (d) µ = 3.

(a)          (b) 

(c)           (d) 

0 1 2 3

0 1 2
3

Figure 9. Variation in the flexural–torsional buckling load of I-tapered nanobeams with the tapering ratio and power-law
exponent, for different nonlocality parameters (axial load on the centroid): (a) µ = 0; (b) µ = 1; (c) µ = 2; (d) µ = 3.
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Figure 10. Variation in the flexural–torsional buckling load of I-tapered nanobeams with the tapering ratio and power-law
exponent, for different nonlocality parameters (axial load on the TF at x = L): (a) µ = 0; (b) µ = 1; (c) µ = 2; (d) µ = 3.

Table 6. Effect of the power-law exponent and tapering parameter on the normalized torsional buckling load (Pnor) of
simply supported thin-walled nanobeams with different nonlocal parameters (axial load applied on the Centroid).

α

µ = 0 µ = 0.5 µ = 1.0

β = 0 β =
0.25

β =
0.5

β =
0.75

β =
1.0 β = 0 β =

0.25
β =
0.5

β =
0.75

β =
1.0 β = 0 β =

0.25
β =
0.5

β =
0.75

β =
1.0

m = 1

0.0 26.399 31.400 36.266 41.068 45.851 23.116 28.587 33.610 38.395 43.059 19.151 25.731 31.080 35.936 40.536

0.25 23.264 28.179 33.116 38.108 43.174 20.578 25.743 30.737 35.666 40.588 17.772 23.395 28.526 33.445 38.266

0.5 21.048 25.814 30.706 35.739 40.919 18.770 23.667 28.555 33.493 38.514 16.526 21.651 26.582 31.464 36.362

0.75 19.410 24.025 28.831 33.836 39.040 17.424 22.099 26.863 31.755 36.793 15.526 20.319 25.074 29.885 34.787

1.0 18.155 22.633 27.343 32.291 37.476 16.386 20.881 25.526 30.351 35.365 14.726 19.276 23.882 28.610 33.484

m = 2

0.0 32.917 39.157 45.200 51.149 57.068 28.810 35.822 42.067 47.952 53.660 22.425 32.135 39.040 45.017 50.590

0.25 29.212 35.391 41.552 47.747 54.009 25.880 32.480 38.722 44.811 50.846 21.761 29.544 36.068 42.145 48.015

0.5 26.565 32.587 38.713 44.971 51.374 23.745 30.005 36.136 42.258 48.427 20.660 27.504 33.757 39.811 45.799

0.75 24.596 30.445 36.477 42.709 49.145 22.138 28.118 34.109 40.187 46.387 19.612 25.915 31.943 37.923 43.935

1.0 23.080 28.767 34.688 40.853 47.264 20.890 26.642 32.492 38.494 44.671 18.718 24.658 30.496 36.382 42.371

m = 3

0.0 36.991 43.765 50.277 56.664 63.005 32.637 40.321 46.990 53.227 59.259 24.922 36.356 43.842 50.097 55.888

0.25 32.952 39.692 46.349 53.002 59.699 29.420 36.657 43.364 49.843 56.229 24.530 33.542 40.580 46.993 53.131

0.5 30.034 36.619 43.249 49.973 56.819 27.038 33.908 40.519 47.052 53.592 23.509 31.257 38.008 44.432 50.724

0.75 27.845 34.249 40.783 47.482 54.361 25.229 31.794 38.266 44.764 51.346 22.406 29.456 35.971 42.336 48.675

1.0 26.151 32.379 38.794 45.421 52.272 23.816 30.130 36.454 42.879 49.441 21.420 28.021 34.335 40.613 46.942

Homog
eneous

0.0 55.172 61.392 67.658 73.998 80.419 52.003 57.786 63.516 69.265 75.059 49.179 54.536 59.728 64.886 70.053

0.25 49.161 55.583 62.099 68.739 75.511 46.296 52.418 58.496 64.612 70.798 43.724 49.607 55.278 60.896 66.524

0.5 44.446 50.894 57.492 64.265 71.217 41.822 48.036 54.265 60.575 66.994 39.462 45.506 51.410 57.301 63.234

0.75 40.765 47.145 53.724 60.521 67.539 38.353 44.530 50.784 57.168 63.700 36.189 42.219 48.196 54.216 60.321

1.0 37.852 44.126 50.635 57.395 64.408 35.627 41.713 47.927 54.311 60.880 33.635 39.582 45.549 51.611 57.798
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As was also expected, the nonlocal parameter shows a stiffness-softening effect and
reduces the buckling strength for all the selected loading positions. Based on the plots in
Figures 3–7, it seems that the effect of the Eringen’s nonlocal parameter on the buckling
response is more pronounced at higher tapering ratios and gradient indexes, especially
for beams made of pure ceramic. For example, the normalized buckling load of prismatic
members in Table 5 with m = 1.2 decreases by 36.5% when µ increases from 0 to 3. This
can be explained by the fact that the flexural and torsional stiffness of simply supported
tapered I-beams in a nonlocal theoretical context is inversely proportional to the Eringen’s
parameter. Usually, the introduction of a nonlocal effect increases the deflection response,
or this increase is equivalent to the stiffness reduction in the structural member. Since the
linear buckling resistance of beams is directly proportional to their stiffness, a meaningful
decrease in the critical load is expected. In Figure 11, we represent the effect of the
nonlocality parameter on the first four flexural–torsional buckling loads of nonlocal thin-
walled beams with an I-section. In this way, we account for a compressive axial load
applied at the TF for x = 0, while considering both an AFG prismatic beam with m = 1
and a homogeneous tapered beam with α = β = 0.5. Based on the plots in Figure 11, it is
clear that the nonlocal parameter has more pronounced effects on higher flexural–torsional
buckling modes when compared with the lowest ones. It can also be stated that it is
necessary to rely on nonlocal theories for an accurate estimation of the flexural–torsional
stability limit of nanosized thin-walled beams at higher buckling modes. In addition, it is
clearly observable that the nonlocal parameter effect increases when the µ ranges between
0 and 0.9.

0
1 0.5

                             (a)           (b) 

0 0; 1 0.5;Homogeneous

2 3A l O

Figure 11. Effects of Eringen’s nonlocal parameters on the flexural–torsional buckling load of doubly symmetric I-section
nanobeams under a compressive axial load on the TF at x = 0: (a) α = β = 0; m = 1; (b) α = β = 0.5; Homogeneous.

5. Conclusions

In this paper, we explore the flexural–torsional buckling of AFG nanobeams with
a varying I-section by resorting to the Vlasov model and Eringen’s nonlocal elasticity
theory. The material properties vary in the axial direction of structural elements according
to the power-law distribution of the material constituents. The principle of minimum
potential energy is applied to determine the governing equilibrium equations and boundary
conditions for AFG tapered thin-walled nanobeams subjected to eccentric axial loads. The
governing equations of the problem are implemented and solved numerically by means of
the DQM in order to determine the flexural–torsional buckling load. A broad systematic
investigation checks for the influence of some important parameters, including the web and
flange tapering ratios, the nonlocal parameter, the mode number, the axial load eccentricity
and the non-homogeneity index, on the overall response of doubly symmetric tapered
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nanobeams subjected to simply supported boundary conditions. For all the selected loading
positions, it is found that the flexural–torsional buckling capacity of nanobeams with a
tapered I-section decreases as the nonlocal parameter increases, whereas the buckling load
increases as the flange tapering ratio and ceramic phase, Al2O3, increase. The effect of
the flange tapering parameter β on the buckling capacity is more pronounced than that
related to the web tapering ratio, α. As expected, the buckling capacity reaches its highest
value in the absence of all possible eccentricity. In addition, the elastic buckling capacity
of homogeneous double-tapered beams decreases as the nonlocal parameter increases,
especially when compared to AFG prismatic I-beams. The small-scale effects become even
more pronounced at higher buckling modes, such that they cannot be clearly disregarded
when accurately defining the problem. In its present state, the formulation does not
consider the grain sizes or the shapes of the alumina or aluminum components, but this
will be considered in a more extended formulation that will include possible material
anisotropies. A further extension of the proposed formulation will include the nonlinear
effects on the coupled thermo-mechanical stability of tapered micro/nanosized systems,
accounting for the possible presence of porosities and defects, together with different
boundary and environmental conditions.
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Abstract: Surface bonding is an essential step in device manufacturing and assembly, providing
mechanical support, heat transfer, and electrical integration. Molecular dynamics simulations
of surface bonding and debonding failure of copper nanocones are conducted to investigate the
underlying adhesive mechanism of nanocones and the effects of separation distance, contact length,
temperature, and size of the cones. It is found that van der Waals interactions and surface atom
diffusion simultaneously contribute to bonding strength, and different adhesive mechanisms play
a main role in different regimes. The results reveal that increasing contact length and decreasing
separation distance can simultaneously contribute to increasing bonding strength. Furthermore,
our simulations indicate that a higher temperature promotes diffusion across the interface so that
subsequent cooling results in better adhesion when compared with cold bonding at the same lower
temperature. It also reveals that maximum bonding strength was obtained when the cone angle
was around 53◦. These findings are useful in designing advanced metallic bonding processes at low
temperatures and pressure with tenable performance.

Keywords: surface bonding; nanocone arrays; molecular dynamics simulation

1. Introduction

Surface bonding is an essential step in device manufacturing and assembly, providing
mechanical support, heat transfer, and electrical integration. Traditional surface bonding
techniques in electronic assembly strongly rely on high-temperature processes such as
reflow soldering, which can lead to undesirable thermal damage, toxic solder materials
pollution, and residual stress at the bonding interface [1,2]. Besides, thermo-compression
is another widely used bonding approach because it provides intrinsic interconnections
and excellent bonding strength. However, high bonding pressure and temperature may
result in bond-alignment deviation, high thermal stress, and possible damages to bonded
devices [3].

Consequently, to achieve high-density integration, high performance, and low power
consumption, new high-level surface bonding schemes have to be developed. Recently,
the process compatibility and reliability of cold bonding between surfaces with patterned
arrangements of nanowires, nanoparticles, and nanocones have been improved by studies
of the effects of lowering the temperature and pressure for bonding [4–8]. Such nanometal
bonding methods exhibit high bonding strength and low electrical resistance at the inter-
face at ambient or low temperatures. A maximum adhesion strength of 16.4 N/cm2 was
achieved using a bent, hook-like nanowire surface fastener, showing a room temperature
bonding ability and adaptability to a highly ordered electrode such as the ball grid array
(BGA) [9]. In addition, a new copper/polystyrene core/shell nanowire surface fastener
showed a higher adhesion strength (~44.42 N/cm2) and a much lower contact resistivity
(~0.75 × 10−2 Ω·cm2) [10]. Furthermore, the metallic nano structures exhibit good compat-
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ibility with a bendable or stretchable device, and can be fabricated on flexible electronic
circuits, making them attractive as adhesive materials for wearable applications [11].

To design a nanometal structure with optimum properties, it is crucial to understand
the atomic bonding mechanisms at the nanoscale and accordingly optimize the bonding
process. Several mechanisms and theoretical models, such as van der Waals (vdW) interac-
tions [12], surface coalescence [13,14], and Amonton’s first law [15], have been proposed
to describe the processes of metal nanowires and nanoparticles-based surface bonding.
However, some novel phenomena observed in nanometal-based surface bonding suggest
that different nanostructures relate to different bonding mechanisms. All too often, a single
mechanism is described as the cause of surface bonding when nanometal bonding may be
a combination of mechanisms that contribute to the nanoscale adhesion. It was reported
previously that metal nanocones-based surface bonding, which has relative controllabil-
ity and operational fabrication processes, can be performed at room temperature [16,17].
However, to our knowledge, the discussion of metal nanocones-based surface bonding
from the micro mechanism is still rare.

In this work, we explored the atomic interactions that lead to the formation of surface
joints between copper nanocones using molecular dynamics (MD) simulations. Conical
nanometals with various diameters and heights were then placed in close proximity at
different separation distances and contact lengths to form nanoscale surface bonding at
the interface. The debonding process and the effect of the temperature on the mechanical
properties of the interface bonding between copper nanocones were investigated.

2. Computational Methods

Molecular dynamics (MD) simulation has been proven to be a powerful tool at the
nanoscale and is widely used in the studies of nanomaterials [18]. In the present study,
MD simulations were used to deal with the bonding and debonding process of the copper
nanocones interface joint. Our simulations were based on the massively parallel LAMMPS
code [19]. The visualization was based on Open Visualization Tool (OVITO) [20]. In this
work, we modeled copper nanocones with various diameters and heights. As shown in
Figure 1, the contact length represents the overlap depth of two cones, the separation
distance represents the distance between two cone axes. This study involves a combination
of embedded atom method (EAM) potential and Lennard-Jones potential [21,22]. The
EAM potential [23–25] is proven to accurately depict the many-body atomic interactions in
metallic systems, and is widely used to simulate the deformation behavior, indentation
behavior of thin copper, and Cu composites [26–28]. Therefore, the EAM potential was
used to calculate the interatomic interactions between copper atoms inside the nanocone;
while, in the simulation of the contact process, the Lennard-Jones (LJ) pair potential, which
involves nonbond long-range interactions, was used to describe the interactions between
copper atoms located at the interface of the adjacent nanocones on the opposite surfaces of
the joint. For fcc Cu, an LJ potential with parameters σ = 2.228 Å, ε = 0.415 eV and a cutoff
radius = 4 σ was used in the simulation [29,30].

The initial copper nanocone structure with a diameter of 80 Å and height of 100 Å was
cut from perfect bulk face-centered cubic (fcc) crystals with lattice constant of 0.3615 nm by
atomsk [31]. A single cone was equilibrated and optimized using the conjugate gradient
algorithm to perform an energy minimization of the system for 300 ps, with a time step of
0.5 fs afterwards. Additionally, the two nanocones formed a surface joint with a contact
length of 20 Å and a separation distance of 20 Å, as shown in Figure 1, which allowed
the two cones to be attracted to each other and form cold bonds under diffusion and
intermixing of surface atoms. The configuration contained 29,192 atoms. As shown in
Figure 1, the separation distance represents the distance between the parallel axes of the
two cones, and the contact length represents overlapping depth of the two cones. During
simulation, non-periodic boundary conditions were implemented in each direction. We
conducted a surface bonding simulation with the displaced layer and the fixed layer was
fixed. As shown in Figure 2, the simulation model underwent an equilibration process for
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300 ps in the NVT ensemble at a constant temperature using a Nose–Hoover thermostat
with a simulation input temperature of 300 K [32].

Figure 1. Copper nanocones surface bonding simulation model.

Figure 2. Total energy variation during 300 ps equilibration of a pair of nanocones, as oriented in
Figure 1, with an initial axial separation of 20 Å and a contact length of 20 Å.

To analyze the mechanical properties, such as the maximum load that can be sustained
by the formed bonding joint, we performed MD simulations for the debonding process
under tensile loading. First, the fixed layer was fixed while the displaced layer displaced
along the cone axis by 0.1 Å. Second, the strained structure was equilibrated at the constant
temperature for 30 ps in the NVT ensemble. The loading force acting on the fixed layer
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is averaged over the last 5 ps to reduce fluctuations. This process was repeated until the
structure fractures.

3. Results and Discussion

As shown in Figure 3, the configuration modification of two adjacent copper nanocones
during the bonding and the debonding process was investigated. In the initial state, two
nanocones formed cold bonds and surface joints at the interface with a certain contact
length and separation distance at a temperature of 300 K after equilibrating for 300 ps.
Strong adhesion and bonding took place in the contact zone between the two nanocones.
As the uniaxial tensile loading was performed, the applied load led to a continuous lo-
calized tensile deformation at the contact zone. With increasing tensile deformation, the
diameter of the contact zone became thinner until fracturing and separating from one of
the nanocones. As noted from the figure, the joint interface was not very clear after surface
bonding due to atomic diffusion. It was also found that the adhesion zone with disorderly
atoms distribution occurred at the interface of two cones, which was mainly by diffusion
and viscous flow bonding. Additionally, one of the nanocones left a number of its atoms
adhering to the contacting nanocone after debonding.

Figure 3. Snapshots of two copper nanocones with an initial axial separation of 20 Å and a contact
length of 20 Å at different stages of the uniaxial tensile loading MD simulations.

Figure 4 shows the variation of the axial tensile force exerted on the system and the
number of Cu_A-Cu_B bonds via the imposed displacement. As illustrated, the curve
can be separated into three regimes. In regime one, the force-displacement behaviors
present approximate linearity before yielding, and then the value of tensile force increased
gradually with increasing imposed displacement until the curve reaches the peak. In regime
two, after the first peak, the tensile force decreased rapidly and then raised to another
peak with increasing imposed displacement. Subsequently, the tensile force decreased
and reached a local minimum at about 10 Å, then the relationship between tensile force
and displacement presented a zigzag pattern. Finally, in regime three, the value of tensile
force closed to zero until the two cones separated. It appeared that the interface becomes
harder and stronger repeatedly during the necking phase in regime two, which is different
from the typical material tensile curve. To further study this phenomenon, the number
of Cu_A-Cu_B bonds with a cutoff radius of 3.2 Å was used to describe the formation of
cold bonds and surface joints at the interface. From the results, increasing the displacement
would affect tensile force while increasing Cu_A-Cu_B bonds in the form of steps. During
the bonding process, the top atoms of the nanocones were very active, which not only
formed the van der Waals force connection but also indicated the formation of atomic
diffusion and cold bonds. In the early stages of stretching, both van der Waals interactions
and few created bonds induced elastic deformation. With the increase in deformation, the
van der Waals force decreased, and the necking behavior made the interface thinner, which
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resulted in enhanced surface atom diffusion and intermixing of surface atoms between the
interfaces. More cold bonds were formed. It is also noted that more created metal bonds
accompanied strain hardening, suggesting that the atomic diffusion is helpful to restrain
interface failure.

Figure 4. Variation of the tensile loading force and the number of Cu_A-Cu_B bonds with the axial
displacement for nanocones, with an initial axial separation of 20 Å and a contact length of 20 Å.

In order to further understand the interface bonding mechanism, the adhesion energy
generated by both non-bonded long-range van der Waals force and cold bonds’ interaction
at the interface between the two cones during debonding process was investigated. In this
study, the adhesion energy could be calculated from Equation (1)

Eadhesion = EvdW + Ebond (1)

where Eadhesion is the total interaction energy between Cu_A and Cu_B, Ebond is the Cu_A-
Cu_B bonds’ interaction energy with a cutoff radius of 3.2 Å, and EvdW is long-range
non-bonded van der Waals energy between Cu_A and Cu_B with a cutoff radius of 8.912 Å.
Figure 5 shows the adhesion energy and van der Waals energy distributions with different
axial displacement during the debonding process. The negative value indicates that the
Cu_A and Cu_B atoms attract to each other. The absolute value of the adhesion energy
increases with increasing axial displacement. However, the absolute value of van der Waals
energy decreases with an increase in axial displacement. The reason is that more cold
bonds are formed during the stretching process, as shown in Figure 4, and Ebond increases
continuously, while the absolute value of long-range van der Waals energy decreases with
the increasing distance between Cu_A and Cu_B. It was also found that the contribution of
van der Waals energy and metallic bond energy to the adhesion properties is close before
the tensile force reaches the maximum. With the further increase in tensile displacement,
the bond energy can play a main role in the necking stage.

We also investigated the effect of separation distance and contact length on the joining
strength of two copper nanocones with a diameter of 80 Å and a height of 100 Å at a
temperature of 300 K. Figure 6 shows the maximum axial tensile loading force that the
formed joint between the two nanocones can resist, with the variation of the separation
distance. The results show that the maximum axial tensile loading force decreases with
the increase in the separation distance. When the separation distance is more than 20 Å,
the maximum axial tensile loading force decreases more greatly. This difference should
be ascribed to the following reasons: (1) Both van der Waals force and atomic diffusion
affect the maximum axial tensile loading force, and the closer the distance is, the greater
the influence of atomic diffusion; (2) beyond a certain separation, diffusion ceases and the
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van der Waals attraction, which at this point plays the dominant role in joint formation,
decreases, leading to a steeper decrease in maximum tensile force.

Figure 5. Variation of the adhesion energy and vdW interaction energy with the axial displacement.

Figure 6. The maximum axial force that the interface can resist with the separation distance.

Figure 7 shows the maximum axial force that the interface can resist with separation
distance of 20 Å and various contact length. The curve can be divided into three zones.
The first zone, with a contact length less than 15 Å, is concerned with a small interface
region and limited adherence of active atoms at the tip of nanocones, as shown in Figure 8a.
The slope of the curve in this region is the highest of the three regions. The reason may
be ascribed to relatively large numbers of disordered active atom at the cone tips, which
diffuse in increasing numbers to form cold bonds as the contact length increases. In the
second zone, the increase in maximum axial tensile loading force is due to more atoms on
the surface of the cones being involved in forming the joint as shown in Figure 8b, and the
increment of the number of metal bonds formed by atomic diffusion is smaller than that
of the first zone. Additionally, the increased effective contact area increases the van der
Waals force. In the third zone, where the contact length is more than 20 Å, larger contact
areas are involved in forming the adherence joint, as shown in Figure 8c. On the other
hand, to achieve a larger contact length, larger preloading forces, which will contribute
to the diffusion of interface atoms, are typically used. As a result, more cold bonds are
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formed at the interface so that the slope of the curve in this region is higher than that of the
second zone.

Figure 7. The maximum axial force that the interface can resist with separation distance of 20 Å and
various contact length.

Figure 8. Snapshots of two copper cones forming a bonding interface with a separation distance of
20 Å and various contact lengths: (a) 15 Å; (b) 20 Å; (c) 25 Å.

The effect of temperatures ranging from 300 to 500 K on the strength of the formed
joints between two cones was also investigated in this study. Figure 9 shows the variation
of the maximum tensile force that the contact nanocones can sustain with increased tem-
perature. For simulation at a constant temperature, the maximum tensile force increases
with the increase in temperature as the temperature is lower than 350 ◦C. Additionally, the
maximum tensile force keeps on decreasing with the increase in temperature. It appeared
that the increase in temperature could significantly promote the diffusion of interface atoms,
resulting in increasing joint strength. However, when the temperature was increased, the
maximum tensile forces were continuously decreased. This suggested that higher tem-
perature promotes melting of the joint, and therefore weak resistance to a tensile force.
On the other hand, when the adhesive joint was cooled to 300 ◦C before debonding, the
maximum tensile force kept on increasing with the increase in temperature, as shown in
Figure 7. This result illustrates the significant effect of temperature on the performance of
surface bonding based on metal nanocones, and will thus help to tune the joint strength for
high application.
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Figure 9. Effect of temperature on the strength of the formed joints between two cones.

As mentioned above, both atom diffusion and Van der Waals force depending on
contact configuration determine the joint strength. Therefore, various copper nanocones,
coupled with different diameters and heights, were investigated to find out the effect of
surface structure on bonding strength. Serial simulations were performed with a diameter
of 80 Å, a separation distance of 20 Å, and a contact length of 20 Å. Figure 10 shows
the variation in the maximum tensile force with different heights. The maximum tensile
strength increases when the height is lower than 80 Å. However, the maximum tensile
strength reaches its highest value at a cone height of about 80 Å, which corresponds to
a cone angle of 53◦, and decreases thereafter. From a geometric point of view, a larger
effective contact area and shorter vertical distance between two surfaces were obtained,
with an increasing cone angle corresponding to a lower height diameter ratio. This helps
to improve the interface bonding strength. On the other hand, a larger cone angle means
that there are relatively few disordered active atoms on the tip, which will reduce atoms’
diffusion during the formation of the joint.

Figure 10. Effect of height of the cone on the strength of the formed joints between two cones with
diameter 80 Å, separation distance 20 Å, and contact length 20 Å.

40



Nanomaterials 2021, 11, 1369

4. Conclusions

In this study, we developed a molecular dynamics analysis model of surface bonding
based on metal nanocones arrays. The influences of separation distance, contact length,
temperature, and size of the cones were examined. Specifically, the focus of this study was
devoted to examining and characterizing the resistance capacity to tension force and failure
mechanisms associated with the above parameters. The results reveal that both van der
Waals interactions and surface atoms’ diffusion are essential constituents that determine
the bonding strength. The debonding process of different failure mechanisms is related to
their deformation behavior in different regimes. Noteworthy is the fact that more created
metal bonds accompanied strain hardening during debonding, which is helpful to restrain
interface failure. It is also shown that increasing contact length and decreasing separation
distance can simultaneously contribute to increasing the bonding strength. Additionally,
increasing the operating temperature and subsequent cooling would contribute to atoms’
diffusion and bonding strength increasing. It also reveals that the maximum bonding
strength was obtained when the cone angle was around 53◦. Decidedly, the work offers
bonding and debonding mechanisms involved at the atomic level for surface bonding
based on metal nanocone arrays, which is helpful to design and optimize the surface
bonding process.
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Abstract: Traditional epoxy resin (EP) materials have difficulty to meet the performance requirements
in the increasingly complex operating environment of the electrical and electronic industry. Therefore,
it is necessary to study the design and development of new epoxy composites. At present, fluorinated
epoxy resin (F-EP) is widely used, but its thermal and mechanical properties cannot meet the demand.
In this paper, fluorinated epoxy resin was modified by ordered filling of fluorinated graphene
oxide (FGO). The effect of FGO interlayer spacing on the thermal and mechanical properties of the
composite was studied by molecular dynamics (MD) simulation. It is found that FGO with ordered
filling can significantly improve the thermal and mechanical properties of F-EP, and the modification
effect is better than that of FGO with disordered filling. When the interlayer spacing of FGO is about
9 Å, the elastic modulus, glass transition temperature, thermal expansion coefficient, and thermal
conductivity of FGO are improved with best effect. Furthermore, we calculated the micro parameters
of different systems, and analyzed the influencing mechanism of ordered filling and FGO layer
spacing on the properties of F-EP. It is considered that FGO can bind the F-EP molecules on both
sides of the nanosheets, reducing the movement ability of the molecular segments of the materials,
so as to achieve the enhancement effect. The results can provide new ideas for the development of
high-performance epoxy nanocomposites.

Keywords: fluorinated epoxy resin; fluorinated graphene oxide; ordered filling; molecular dynamics;
elastic modulus; glass transition temperature; microscopic parameters

1. Introduction

Epoxy resin reacts with a curing agent to form a polymer with a three-dimensional
network structure. The cured product has excellent electrical insulation, mechanical proper-
ties, and chemical corrosion resistance. Therefore, EP materials are widely used in electrical
insulation, electronics, aerospace, machinery, and construction [1–4]. As the operating
conditions of epoxy resin materials become increasingly complex, higher requirements
have been put forward for their thermal, mechanical, and insulation properties [5,6]. In
recent years, fluorinated epoxy resin (F-EP) has gradually attracted researchers’ attention
due to excellent insulation and dielectric properties coming from the extremely strong
electronegativity of fluorine and the high bond energy of C-F bond [7–9]. However, the
mechanical strength, heat resistance, and thermal conductivity of F-EP materials cannot
meet the requirements of high voltage insulation materials, which has become a key factor
restricting its further application. Therefore, it is necessary to improve its thermal and
mechanical properties.
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Nano modification is one of the significant means to improve the properties of epoxy
composites. With the continuous advancement of the research and application of carbon
nanomaterials, modified graphene materials doped with epoxy resin have become a hot
spot in current research [10–13]. Graphene oxide is a graphene-based material containing
a large number of oxidizing functional groups obtained after graphite is oxidized. It
retains most of the excellent properties of graphene and has high surface activity. However,
due to the strong van der Waals force [14] on the surface of graphene-based materials,
graphene oxide flakes in the composites are easy to form serious aggregates. Relevant
experimental studies also confirmed that the distribution of graphene directly affects the
macro properties of the composites [15–17]. It is found that the dispersion of nano fillers in
polymer matrix can be improved by fluorination modification, and the fluorine-containing
groups will form a shielding layer on the surface of nano materials, so as to inhibit the
agglomeration of fillers [18–20]. This provides a method guidance for the construction of a
modified graphene packing network with good dispersion.

One dimensional or two-dimensional nano fillers are often affected by their own spa-
tial structure in many aspects. However, the agglomeration and disordered distribution of
nano fillers will seriously affect the modification effect [21–23]. The researchers found that
reasonable assembly of fillers in the polymer matrix has better modification effect on the
properties of composites [24–26]. In addition, the physical and chemical properties of nano
fillers have an important influence on the cross-linking structure and crystallization behav-
ior of polymers, but the mechanism has not been revealed, and the research on this problem
is rare. Sanat K. Kumar et al. reviewed the outstanding theoretical research progress of
polymer-nanoparticle hybrids, focusing on the functionalization of nanomaterials and
self-assembly methods of fillers, and pointed out that the design of the nanofiller network
is a key point of future research [27]. Professor Ahmad Jabbarzadeh has conducted in-depth
and systematic research on the crystallization behavior of nanocomposite polymers. The
effects of the shape, size, and volume fraction of fillers on the crystallization behavior
of the polymer were analyzed, and the crystallization mechanism of the nanocomposite
polymer was revealed [28,29]. These studies provide strong support for the development
of high-performance functional nanocomposites. The two-dimensional properties of modi-
fied graphene make it easy to construct the filler network with layered structure [30,31].
However, there is still a gap in the research on the ordered filling of functional graphene
nanosheets in epoxy resin materials. Moreover, it is difficult to fix the space position of
modified graphene by experimental method, so molecular simulation technology can be
used to realize the pre-study of this method.

At present, molecular dynamics (MD) simulation technology has been widely used
in the design, development, and performance analysis of materials [32–35]. The MD
technology can be used to simulate the structure and properties of high molecular polymers
from the molecular scale, and analyze the correlation between the microstructure and
macroscopic properties of the polymer. MD technology has been widely used by researchers
in the development and research of epoxy composite materials, which not only saves
research time and economic costs, but also deepens the understanding of the modification
mechanism of epoxy composite materials [36–38]. Shenogina [39] built a diglycidyl ethers
bisphenol A (DGEBA)/diethyltoluenediamine (DETDA) cross-linking network system
through MD simulation technology, and studied the influence of the number of molecules,
molecular chain length, and cross-linking degree on the thermal performance of the cross-
linking network. Wang [40] et al. used MD simulation to modify graphene with functional
groups, and explored the effect of graphene modification methods on the Young’s modulus
and thermal conductivity of composites. The results showed that the carboxyl and amine
functionalized graphene nanocomposites have optimal performance, and the numerical
results are in good agreement with the experimental data.

In this study, we established a model of fluorinated graphene oxide (FGO)/F-EP
composites with layer spacing of 3 Å, 6 Å, 9 Å, 12 Å, and disorderly filling. Based on
molecular dynamics simulation technology, the effects of different distribution characteris-

44



Nanomaterials 2021, 11, 1344

tics of FGO nanosheets on the thermal and mechanical properties of the composites were
studied. This study provides a new theoretical understanding for epoxy resin reinforced
by modified graphene, which can guide the design and development of high-performance
epoxy nanocomposites.

2. Model Construction and Simulation Calculation

In this study, we used Material Studio 7.0 to complete the modeling and calculation.
Firstly, the cross-linking network model of fluorine-containing epoxy resin was constructed,
and the DGEBA was fluorinated with hexafluorophobia bisphenol A (BPAF) as a fluorinat-
ing agent [8,41]. The monomer molecular models of DGEBA, methyltetrahydrophthalic
anhydride (MTHPA), and BPAF were constructed. Each monomer molecule was labeled
with reactive atoms and optimized in MD geometry, as shown in Figure 1a. The optimized
monomer molecules were put into an amorphous periodic box according to the ratio in
Table 1. The box density was set at 0.6 g/cm3, the model temperature was 600 K, and the
model was dynamically optimized. Furthermore, graphene unit cells were introduced,
and graphene supercells were constructed according to the periodic box size. The molec-
ular model of graphene oxide (GO) monomer was constructed based on Lerf–Klinowski
method, and the simplest molecular formula was C10O1(OH)1(COOH)0.5. In the model,
epoxy groups and hydroxyl groups are randomly attached to the surface, while carboxyl
groups are distributed at the edges. In this paper, a GO sheet containing 82 carbon atoms
and 22 oxygen atoms is constructed to represent graphene oxide, and hydrogen atoms
are added to prevent unsaturated edges. The GO model is shown in Figure 1a. Then,
the graphene oxide is fluorinated, and fluorine atoms are manually added at its edges to
construct a FGO model.
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Figure 1. Establishment of molecular models. (a) Monomer molecular models of DGEBA, BPAF,
MTHPA, GO, and FGO. (b) Model of F-EP filled with FGO. (c) Crosslinking procedure.

Table 1. Composition of FGO modified F-EP Composites.

System Layer Spacing (Å)
Number of Molecules

FGO DGEBA MTHPA BPAF

F-EP – 0 50 100 25
Random – 3 50 100 25

3-FGO/F-EP 3 3 50 100 25
6-FGO/F-EP 6 3 50 100 25
9-FGO/F-EP 9 3 50 100 25

12-FGO/F-EP 12 3 50 100 25

The FGO nanosheets were filled into the F-EP box to construct the composite material
model, as shown in Figure 1b. The molecular dynamics calculation results of epoxy resin
are greatly affected by the number of model molecules, so we control the same number of
molecules in each model, and only change the interlayer spacing of modified graphene
nanosheets. We filled three FGO Nanosheets in the cell and controlled the FGO Nanosheets
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array to be located in the center of the cell. The distance between FGO layers was set as
3 Å, 6 Å, 9 Å, and 12 Å, respectively. The position coordinates of FGO molecules in the
model were fixed, and a disordered filling model was constructed as the control group.
The unfilled F-EP model and the FGO filled composites models with hidden epoxy resin
are shown in Figure 2.
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Figure 2. Molecular models. (a) Unfilled F-EP. (b) F-EP with disorderly filled FGO nanosheets.
Figure (c) to (e) are the F-EP composite models with ordered filling of FGO (epoxy resin molecules
are hidden). The layer spacing of each model is as follows: (c) 3 Å, (d) 6 Å, (e) 9 Å, (f) 12 Å.

The geometric optimization of the composite model with different FGO layer spacing
was carried out. The box with the lowest energy was selected to calculate the binding
energy parameters of GO, FGO, and F-EP. After the nano-filler is doped into the epoxy
matrix, an inorganic−organic interface layer will be formed between filler and matrix.
Generally, the stronger the interfacial force between the nano-filler and the matrix, the
better the performance of the corresponding composite. Binding energy is an important
parameter to characterize the interfacial bonding force between modified filler and epoxy
system. The larger its absolute value, the stronger the interaction force between matrix and
filler in composite material [42], and the calculation formula is as follows:

Einterface = Etotal − Efiber − Eresin (1)

where Einterface is the interfacial bonding energy between nanofiller and matrix, Etotal is the
total energy of composite material, Eresin is the energy of epoxy substrate, and Efiber is the
energy of nano-filler. The calculation results of bonding energy are shown in Table 2.

Table 2. Binding energy of different modified graphene/F-EP systems (kcal/mol).

System Eresin Efiber Etotal Einterface

GO/F-EP −4761 −769 −4157 1373
FGO/F-EP −4761 −805 −3766 1799

As illustrated in Table 2, the interfacial bonding energy between FGO and matrix after
grafting fluorine element is obviously improved compared with GO. The analysis shows
that fluorine has strong electronegativity, and bonding with carbon will make the common
electrons of fluorocarbon atoms tend to fluorine atoms, forming a negative charge shielding
layer, which inhibits the agglomeration effect of modified graphene materials and provides
more surface area for the interaction between filler and substrate. In addition, due to the
strong polarity of C-F bond, it is easy to react with groups in epoxy resin, and the interfacial
bonding strength between filler and epoxy matrix can be enhanced at low filling mass
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fraction. Therefore, the fluorinated grafting modification of graphene oxide nanosheets is
beneficial to improve its dispersibility and compatibility in epoxy resin matrix.

The model of composites with cross-linking degree of 90% was obtained by further
running the cross-linking program [4], the calculation program is shown in Figure 1c. The
cross-linking temperature was set at 600 K, and the truncation radius of reaction atom
bonding was set at 3.5 Å−7.5 Å. After cross-linking, the model was optimized geometrically
and MD treated to eliminate the internal stress generated during cross-linking. In MD
process, NVT of 100 ps and NPT relaxation of 200 ps were carried out at 600 K, the
Andersen and Berendsen were chosen to control temperature and pressure, respectively.
The pressure of molecular dynamics process is 105 Pa and the time step is 1 fs. The size of
the cross-linking network model of the optimized epoxy resin composite is 43 Å*43 Å*43 Å.
The optimized composite models were annealed, with the annealing span controlled at
600–280 K and the annealing rate selected as 20 K/100 ps. After each round of annealing,
NPT optimization treatment of 200 ps was performed to eliminate the internal stress caused
by temperature change. Finally, the epoxy composite models at different temperatures were
output for the subsequent calculation of system performance and structural parameters.

3. Results and Discussion
3.1. Static Mechanical Performance Calculation

In this paper, the static constant strain method was used to analyze the elastic me-
chanical properties of the system [43]. After MD optimization process, the system had
reached the mechanical equilibrium. Then, a small strain was applied to it and the energy
optimization was carried out again. In the process of molecular simulation, the strain
is applied to different directions and repeated many times. The stiffness matrix can be
calculated as the second derivative of the deformation energy (U) per unit volume (V) with
respect to strain (ε).

Cij =
1
V

∗
∂2U

∂εi∂εj
(2)

In this process, three groups of uniaxial tension, three groups of uniaxial compression,
and six groups of shear deformation were applied to the balanced epoxy resin system in x,
y, and z directions respectively. The stiffness constant matrix can be obtained by extracting
the stress of the optimized deformation system. We found that the elastic mechanical
properties of the matrix did not show obvious anisotropy, which is related to the small
size and mass fraction of FGO. Therefore, we calculated elastic mechanical parameters
according to the isotropic stiffness matrix of conventional epoxy composites.

Cij =

















λ+ 2µ λ λ 0 0 0
λ λ+ 2µ λ 0 0 0
λ λ λ+ 2µ 0 0 0
0 0 0 µ 0 0
0 0 0 0 µ 0
0 0 0 0 0 µ

















(3)

where λ and µ are elastic constants, and the corresponding constants can be obtained by
further solving the matrix.

{

λ = 1
6 (C12 + C13 + C21 + C23 + C31 + C32)

µ = 1
3 (C44 + C55 + C66)

(4)
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According to λ and µ, the static elastic modulus of the system such as Young’s modulus
E, shear modulus G, and bulk modulus K can be obtained.











E = µ
3λ+2µ
λ+µ

G = µ

K = λ+ 2
3µ

(5)

In this study, the static elastic modulus of each model at 300 K is calculated, and the
results are shown in Figure 3. It can be found that when the interlayer spacing is changed
from 3 Å to 12 Å, the mechanical properties of the material show a sinusoidal-like behavior
of first decreasing and then increasing. When the spacing between FGO layers is 9 Å,
the static elastic modulus of the composite reaches the highest, and it can be considered
that the comprehensive mechanical properties of the composite are better at this time.
It is considered that when the interlayer spacing is small, the structure distribution of
the composite material is uneven, which cannot utilize the characteristics of high elastic
modulus of modified graphene. However, when the interlayer spacing is too large, the van
der Waals interaction force between FGO and epoxy matrix is weak, which leads to the
weak deformation resistance of the system. After adjusting the distance between the layers,
the modified graphene can fully contact with the matrix material and form a well dispersed
adsorption layer. The external stress on the substrate can be effectively buffered in the
adsorption layer and transferred to the modified graphene sheet with excellent mechanical
properties. At the same time, the force of FGO on the matrix also limits the movement of a
polymer molecular chain, which makes the epoxy resin form a relatively close cross-linking
network. This can also better bear the stress of the material. Therefore, reasonable control
of FGO filler network structure can improve the mechanical properties of the composites.
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Figure 3. Static elastic modulus of FGO/F-EP composites with different distribution characteristics.

3.2. Thermal Performance Analysis

3.2.1. Glass Transition Temperature

Glass transition temperature (Tg) can be calculated by extracting the density and
temperature parameters of epoxy composites during annealing. During the transition
from glassy state to the rubbery state of polymer, the density and volume of materials will
change with the increase of temperature. There are obvious differences between the change
rates of density and volume of materials with temperatures before and after the glass phase
transition [44]. According to this rule, we can get the Tg of epoxy composites by fitting the
temperature-density curve, and the change of Tg of FGO/F-EP with different interlayer
spacing, as shown in the Figure 4. It can be found that, similar to the change of static elastic
modulus, Tg also shows a sinusoidal change with the increase of the interlayer distance.
The Tg value reaches the highest when the interlayer distance is 9 Å, which is 483 K. We
believe that when the interlayer spacing is small, FGO exists in epoxy substrate in a form
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similar to agglomerated nano-filler, which has an adverse effect on the improvement of Tg
of epoxy composites. With the increase of spacing between FGO layers, FGO nanosheets
with fixed spatial positions form a localized filler network with pivotal effect, and F-EP is
attracted and fixed near the filler to a certain extent, forming a relatively stable cross-linked
network structure. Meanwhile, fluorine atoms existing in both filler and matrix provide a
more stable acting force for this connection form, which delays the glass phase transition
process of the composites and improves Tg. Similarly, when the interlayer spacing is too
large, the pivotal effect of the filler is weakened, and the advantages of the filler itself
and the network structure regulation cannot be fully exploited, which makes the Tg a
downward trend.
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Figure 4. Glass transition temperature of FGO/F-EP composites with different distribution characteristics.

3.2.2. Coefficient of Thermal Expansion

Coefficient of thermal expansion (CTE) is an important parameter to characterize the
stability of polymer materials at high temperature, which can be calculated by calculat-
ing the internal stress generated after the internal deformation of the system [45]. The
calculation formula is:

CTE =
1

V0

(

∂V
∂T

)

P
(6)

where V0 is the volume of the initial model after cross-linking (in this study, the volume
parameter of the system at 300 K is used), and P is the standard atmospheric pressure.
According to the formula (5),

(

∂V
∂T

)

P
can be obtained by linear fitting the volume and tem-

perature parameters of the model. Furthermore, the CTE of FGO/F-EP epoxy composites
with different interlayer spacing can be obtained, and the results are shown in the Figure 5.
It can be found that the overall CTE of the composite material system after adding FGO is
lower than that of the pure resin system. However, when the distance between the FGO
layers is near the range of 3 Å~6 Å, the filler spacing is too small, resulting in agglomeration.
At this time, the filler lacks binding effect on the epoxy resin. As the temperature increases,
the heated movement of the filler makes agglomerates expanded, which leads to a slight
increase in the thermal expansion coefficient of the composite material. When the interlayer
spacing of FGO nanosheets is about 9 Å, the two-dimensional nanosheets have a greater
binding effect on the polymer segments and are not affected by filler agglomeration. When
the composite material is thermally expanded, the segments preferentially fill the free
volume space, so the thermal expansion coefficient of the system is small.
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Figure 5. Coefficient of thermal expansion of FGO/F-EP composites with different distribution
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3.2.3. Thermal Conductivity

In order to study the influence of FGO interlayer distance on the axial thermal conduc-
tivity (TC) of materials, the TC of different systems was studied by using TC script. In this
script, the TC is calculated according to reverse perturbation nonequilibrium molecular
dynamics (RNEMD), and its computer model is shown in Figure 6 [46]. The calculation
formula of thermal conductivity is:

κ = −

∑
transfers

m
2
(

v2
h − v2

c
)

2tLxLy〈∂T/∂z〉
(7)

where κ is the exchange rate of hot particles, vc is the exchange rate of cold particles, LxLy

is the area where heat transfer occurs, and ∂T
∂Z is the temperature gradient in the z direction.
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Figure 6. Mechanism model for heat conduction calculation of RNEMD.

In order to improve the accuracy of the simulation calculation, the composite material
model needs to be extended three times in the Z-axis direction before calculating the TC to
obtain a 1 × 1 × 3 composite unit cell [47]. The TC of each system is calculated 10 times
and the average value is taken. The results are shown in the Figure 7 below.
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Figure 7. Thermal conductivity of FGO/F-EP composites with different distribution characteristics.

Comparing the TC data of different distribution states of FGO/F-EP system, it can be
seen that the orderly-filled FGO can greatly improve the TC of the F-EP system. When the
distance between the modified graphene layers is greater than 9 Å, the TC of the system is
increased by about 4% relative to the disordered filler distribution system. This shows that
graphene itself has good TC, but the commonly used disorderly doping methods often
make fillers agglomerate and stack together, which reduces the interaction area between
fillers and matrix. At the same time, there is a lack of binding force for the polymer
segments outside the filler interface, which makes it difficult to overcome the interfacial
thermal resistance between the filler and the matrix in the heat transfer process. As a result,
even if the nano filler is doped with high thermal conductivity, the improvement of the
thermal conductivity of the composite is very limited.

After FGO is filled in an orderly manner, the uniformly dispersed two-dimensional
FGO nanosheets provide a sufficient surface area of the filler, and the presence of fluorine
also greatly enhances the bonding between the filler and the matrix. In addition, the
polymer segments are bound by spatially fixed fillers, which makes the cross-linking
network structure of epoxy resin molecules between nanosheets more compact. These
factors play a bridging role for F-EP segments on both sides of the filler, which will greatly
reduce the interfacial thermal resistance during heat conduction, thus forming an effective
heat conduction network and improving the overall thermal conductivity of the composites.
At the same time, the interconnected network structure formed between FGO and matrix
relies on strong interaction force, and evenly distributed adsorption layers are produced.
When the temperature rises, the heat flow can spread more rapidly along the uniform
adsorption network structure, thus significantly improving the TC of epoxy composite
materials. Based on this, it can be predicted that the thermal conductivity of composite
materials can be significantly improved by designing a reasonable spatial structure of the
filler network and increasing filler concentration.

3.3. Microscopic Parameter Calculation and Principle Discussion

In order to analyze the influence mechanism of the above performance changes,
the free volume, mean square displacement (MSD), and axial density distribution were
further calculated.

3.3.1. Free Volume

According to the free volume theory, the total volume (Vt) of solid or liquid substances
can be divided into occupied volume (V0) and free volume (Vf) [48]. The size of the free
volume in polymer composites has a significant impact on the thermal and mechanical
properties of the material. By analyzing the distribution of free volume inside the material,
the mechanism of the change in the macroscopic properties of the material can be explored.
In this study, due to the MD treatment during model construction, the volume of different
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epoxy systems is not exactly the same. Therefore, the Vf of each epoxy system cannot be
directly compared. Consequently, the percentage is used to calculate the fractional free
volume (FFV) to characterize; its expression is [49]:

FFV =
Vf

V0 + Vf
× 100% (8)

This paper calculated the FFV of FGO/F-EP system with different interlayer spacing
at 300 K, and the results are shown in Figure 8. With the continuous increase of the distance
between the FGO filler layers, the FFV shows a trend of first decreasing and then increasing.
Compared with the random system, when the interlayer spacing is 3 Å to 9 Å, the FFV of
the composite material is relatively reduced, and when the interlayer spacing is further
increased, the FFV of the system increases significantly. We think that FGO with random
distribution is easy to agglomerate in the system, which makes the free volume of the
system relatively large, while the FGO with reasonable interlayer spacing will be evenly
filled in the epoxy system, and the binding effect of FGO on both sides of the matrix
material will lead to the orderly arrangement of epoxy molecules, which will reduce the
FFV of the system. When the layer spacing is further increased, FGO is distributed too
loosely in the composite material, and the binding effect on the epoxy resin molecules
is relatively weakened. At the same time, more holes are generated in the interface area,
which makes the FFV significantly increased.
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Figure 8. FFV of FGO/F-EP composites with different distribution characteristics.

3.3.2. Mean Square Displacement

A large number of studies have shown that the movement of molecular segments
in polymer composites is one of the important factors affecting material properties. The
strength of segment movement is directly related to the degree of looseness of the composite
network structure. In many application scenarios, reducing the movement capacity of the
chain segment is a key method to ensure that the material has high mechanical properties.
The strength of the internal chain segment movement of the material can be characterized
by the MSD parameter [50], and the MSD is defined as:

MSD =
1

3N

N−1

∑
i=0

(

|Ri(t)− Ri(0)|
2
)

(9)

where N is the total number of atoms in the system, Ri(t)and Ri(0) respectively represent
the displacement vector of the atom i in the epoxy system at time t and the initial time. This
paper calculated the MSD parameters of the FGO/F-EP system with different interlayer
spacing at 300 K, and the results are shown in Figure 9. It can be seen from the figure that the
order of MSD of F-EP with different FGO distribution is 9 Å < 12 Å < Random < 6 Å < 3 Å,
and this result is generally consistent with the trend of the FFV. The analysis suggests
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that the filler itself has an inhibitory effect on the movement of the epoxy resin molecular
chain, but the excessively agglomerated filler has little effect on the matrix, which causes
its effect on the epoxy molecular chain to be limited. After FGO is filled in order, a binding
layer can be generated in the system through interaction force. At the same time, the
fluorine-containing group can also bond with the epoxy matrix. The strong polar C-F bond
also forms a certain barrier effect, and further guides the regular distribution of the resin
matrix chain segments, thereby effectively reducing the MSD of the system.
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Figure 9. MSD of F-EP composite systems with different FGO layer spacing.

3.3.3. Axial Density Distribution

In order to study the effect of graphene addition on the distribution of resin matrix
molecules in the composite material, we calculated the relative density distribution curve
of the FGO/F-EP composite material model in the axial direction (perpendicular to the
FGO surface). The long distance of epoxy resin along the z-axis is divided into several
small areas. The results of axial density distribution are shown in Figure 10.
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Figure 10. Axial density distribution of FGO/F-EP composites with different distribution characteris-
tics. (a) Random; (b) 3-FGO/F-EP; (c) 6-FGO/F-EP; (d) 9-FGO/F-EP; (e) 12-FGO/F-EP.

When FGO is disordered, the axial density of the system shows strong fluctuation,
and there is no obvious density concentration area. When FGO is filled orderly, the axial
density distribution curve of the epoxy composite material model shows three sharp peaks,
and the peak position is the z-axis coordinate corresponding to the three intercalated FGO
in the system. It can be found that the density of the system near the FGO nanosheets is
relatively high, and with the increase of the interlayer spacing, the peak width gradually
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increases, which indicates that the epoxy resin molecules during the cross-linking reaction
will be bound on both sides of the FGO. This is also in line with the previous forecast.
The 3 Å model can clearly see the overlap of the peaks, which proves the effect of filler
agglomeration. The overlap effect of the 6 Å model is weakened, but the peak width does
not change significantly. The peak width of the 9 Å model is significantly increased, and
the adsorption effect of the FGO nanosheets on the epoxy molecules can be clearly seen.
When the interlayer spacing is further increased, the peak amplitude and peak width in
the axial density curve decrease, which is believed to be the reason that the excessive
distance between the FGO layers leads to the weakening of the binding effect on the epoxy
resin molecules.

Based on the research results, we believe that the pre-fixed two-dimensional filler
network can be used to control the cross-linking network of epoxy resin materials. After
functionalizing graphene by fluorination, the epoxy resin can be induced to cross-link into
bonds. The network structure of epoxy resin can be controlled by the binding effect of the
filler network, so that the regular cross-linking region can grow orderly along the spatial
structure of filler network. Through this idea, the number of free segments in polymer
materials can be effectively reduced, and the movement ability of the segments can be
reduced, so as to improve the mechanical strength of the material and increase the glass
transition temperature. This will greatly expand the application of polymer composites and
provide theoretical guidance for the design of high-performance polymer nanocomposites.

4. Conclusions

In this paper, the model of ordered filled FGO nanosheets was constructed, and the
effect of FGO nanosheets spacing on the thermal and mechanical properties of fluorinated
epoxy resin composites was studied. It shows that the orderly filling of FGO can signifi-
cantly improve the static elastic modulus, Tg, CTE, and TC of the composite materials. The
interlayer spacing distribution of FGO nanoflakes in the matrix also has an obvious effect
on the thermodynamic properties of the composites. The results show that the composite
has the best comprehensive properties when the interlayer spacing of FGO is about 9 Å.
Among them, Young’s modulus, bulk modulus, and shear modulus are increased by 9.2%,
6.36%, and 0.57%, respectively. The glass transition temperature increases by 21.79 K, the
thermal conductivity increases by 3.47%, and the thermal expansion coefficient of glass
state decreases by 20%.

Furthermore, the influence mechanism of FGO interlayer distance on the properties
of the composites was analyzed by calculating the microscopic parameters of the systems.
After ordered filling, the aggregation characteristics of FGO are weakened, and the fillers
can be evenly distributed in the composites. There is a strong interaction between the
fluorinated FGO and F-EP, which can induce the ordered distribution of epoxy resin
molecules on both sides of the two-dimensional filler and cross-linking. This makes the
FFV of the materials significantly reduced, and the chains segment motion capacity is
also limited by the filler network. When the FGO layer spacing is too large, the binding
effect is weakened, which leads to the disorder of the microstructure of the composites. By
analyzing the axial density distribution of the composite material, it is found that the fixed-
space functionalized filler network structure does have an adsorption effect on epoxy resin
molecules, and can bind them on both sides of the two-dimensional filler to guide its orderly
cross-linking. We predict that there is a key connection between the crystallization behavior
and glass transition behavior of epoxy resin materials. In the future, we can control the
cross-link behavior of polymer materials by designing functionalized two-dimensional
filler networks and develop high-performance polymers composite materials.
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Abstract: Tactile sensors are widely used by the robotics industries over decades to measure force or
pressure produced by external stimuli. Piezoelectric-based pressure sensors have intensively been
investigated as promising candidates for tactile sensing applications. In contrast, piezoelectric-based
pressure sensors are expensive due to their high cost of manufacturing and expensive base materials.
Recently, an effect similar to the piezoelectric effect has been identified in non-piezoelectric polymers
such as poly(d,l-lactic acid (PDLLA), poly(methyl methacrylate) (PMMA) and polystyrene. Hence
investigations were conducted on alternative materials to find their suitability. In this article, we used
inexpensive atactic polystyrene (aPS) as the base polymer and fabricated functional fibers using an
electrospinning method. Fiber morphologies were studied using a field-emission scanning electron
microscope and proposed a unique pressure sensor fabrication method. A fabricated pressure sensor
was subjected to different pressures and corresponding electrical and mechanical characteristics were
analyzed. An open circuit voltage of 3.1 V was generated at 19.9 kPa applied pressure, followed by
an integral output charge (∆Q), which was measured to calculate the average apparent piezoelectric
constant dapp and was found to be 12.9 ± 1.8 pC N−1. A fabricated pressure sensor was attached to a
commercially available robotic arm to mimic the tactile sensing.

Keywords: electrospinning; non-piezoelectric polymers; tactile sensors; robotic gripper

1. Introduction

Tactile sensing technology has undoubtedly attracted more attention in the field of
robotics. These sensors have been looked upon as the best choice for improving the
precision and contact with a robot’s environment [1–3]. Tactile sensing devices, as shown
in big 1a, which emulate the properties of human skin, in other words electronic skin
structures, have been widely investigated for use in various practical applications such
as smart prosthetics, [4] wearable devices, [5] and artificial robot arms [6,7]. For robotic
applications, the two fundamental research areas on tactile sensor development connected
to object-controlled lifting and grasp functioning with the ability to describe diverse surface
textures have developed continuously [8].

In the last decade, various types of pressure sensors, including resistive, [9] capaci-
tive, [10] triboelectric [11] and piezoelectric [12] sensors, have been intensively examined as
promising candidates for tactile sensing applications. Among all sensor types, piezoelectric-
based pressure sensors are autonomously powered, which generate a consistent electrical
signal in response to applied force/pressure. Hence the piezoelectric-type sensor represents
a prominent, stand-alone and self-reliant sensor, which makes it suitable for robotic tactile
sensing to provide reliable electrical inputs for robotic manipulators [13].

With the development of materials science and versatile fabrication techniques, two-
dimensional (2D) and three-dimensional (3D) resilient nanostructures have been synthe-
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sized sophisticatedly and are receiving greater attention among researchers [14]. In this
direction, electrospinning fabrication methods as shown in Figure 1c, have received signifi-
cant consideration to produce polymer-based one-dimensional functional nanofibers, as
shown in Figure 1d [15,16].

Figure 1. (a) Schematic illustration of a robot touch sensation. (b) Atactic polystyrene chain. (c) Elec-
trospinning set-up. (d) SEM image of nanofibers. Schematics of tactile sensor (e) neutral, (f) com-
pressed and (g) released.

Micrometer/sub micrometer electromechanical polymer fibers are promising compo-
nents for tactile sensing application due their high mechanical flexibility, low weight, and
excellent breathability [17]. These polymer-based sensors primarily comprise piezoelec-
tric polymers, including poly(vinylidene fluoride) (PVDF) [18], poly(vinylidenefluoride-
co-trifluoroethylene) (PVDF-TrFE) [19] and Barium titanite [20]. Although piezoelectric
polymer fibers have already been demonstrated as pressure sensors by various research
groups, piezoelectric polymers are expensive. Hence, there are challenges for low-cost
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manufacturing and large-area fabrication which limits the practical application. On the
other hand, converse electromechanical responses were observed inadvertently with elec-
trospun submicron/micron fiber mats composed of nonpiezoelectric polymers, such as
poly(D,L-lactic acid (PDLLA), [21] poly(methyl methacrylate) (PMMA) [21], and their
composites [22]. These non-piezoelectric materials exhibit piezoelectric properties like
conventional piezoelectric materials, indicating a significant high apparent piezoelectric d
constant

(

dapp

)

, as high as 8500 pm V−1 for an individual material [21] and 29,000 pm V−1

for a composite material [22]. These papers also reported that these excellent electrome-
chanical properties are partly or mainly attributed to the unique electrically charged and
mechanically soft nature of the electrospun fiber mats. Observing piezoelectric properties
in non-piezoelectric material is a fairly new concept, for instance, D. Hassan, et al. demon-
strated piezoelectricity using polystyrene-copper oxide (PS-CuO) nano composites. The
study suggested that the (PS-CuO) nanocomposites are highly sensitive for pressure and
the electrical resistance of nanocomposites decreases with the increase in pressure [23].
Similarly, Y. Ishii, et al. demonstrated the piezoelectric properties in polystyrene polymers
(Figure 1b) and explored the origin of the piezoelectric response. The apparent piezoelec-
tric constant of the fiber mat was measured as 950–1400 pC/N with an applied load of
0.05–0.28 N using the quasistatic method [24]. Conventionally constructing piezoelectric
sensors using polymers/composites or crystals seems to be expensive due to base ma-
terial and fabrication cost. Meanwhile, polystyrene holds a promising future due to its
inexpensive base material, low cost fabrication method and large area fabrication. Figure
1e–g represents the device-operating mechanism; Figure 1e denotes that the sensor has
zero output potential at an ideal state. Figure 1f shows that the sensor exhibits a positive
potential at the terminals when a force is applied. Similarly, Figure 1g represents a negative
potential at the electrode terminal when force is removed from the sensor. In this work,
we have fabricated atactic polystyrene (aPS) microfibers using an electrospinning method.
An as-spun aPS fiber mat was characterized using a field-emission scanning electron mi-
croscope. Subsequently, we constructed a pressure sensor using aPS microfibers; electrical
and mechanical characteristics were studied. Finally, the pressure sensor was attached to a
commercially available Kuka robotic arm structure for tactile sensing application.

2. Materials and Methods
2.1. Materials and Fabrication of Fibers

Atactic polystyrene (aPS) was chosen as the base material of electrospun fibers be-
cause it is a widely used and inexpensive nonpiezoelectric polymer. aPS (Mw ≈ 280,000,
Sigma-Aldrich, Saint Louis, Missouri, USA,) was dissolved in N,N-dimethylformamide
(DMF) with a concentration of 30 wt% at room temperature. Next, the solution was elec-
trospun with commercial apparatus (NANON, Mecc, Ogari-shi, Fukuoka, Japan). Details
of the electrospinning conditions are as follows: the solution was fed with a constant rate
of 5.0 mL h−1 and discharged through a single stainless steel needle (inner diameter of
0.59 mm); here, the needle moved reciprocally in a straight line with a width and speed
of 60 mm and 10 mm s−1, respectively, to produce the electrospun fibers in a wide area.
A metallic drum with a diameter and width of 210 mm and 660 mm, respectively, was
placed 17 cm below the tip of the needle to support the following collector sheet on which
the electrospun aPS fibers were deposited. The collector sheet was composed of a thin
polypropylene (PP) sheet (25 mm × 310 mm with a thickness of 0.15 mm), on one side
of which a conductive carbon tape (20 mm × 310 mm with a thickness of 0.11 mm) was
attached to enhance the adhesion of the electrospun fibers as shown Figure 2a. The col-
lector sheet was attached to the surface of the drum; then, the carbon tape and drum had
electrically connected to each other and were grounded; 12.0 kV was applied to the needle
and the electrospun aPS fibers were deposited for 20 min. The rotating speed of the drum
was 50 rpm.
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Figure 2. Schematics of (a) the collector sheet and (b) developed pressure sensor. Photographs of the
sensor: (c) side-view and (d) top view.

2.2. Sensor Structure

The schematic and pictures of the sensor developed in this study is shown in Figure 2b–d.
Its operation mechanism as a pressure sensor is basically explained using the electret condenser
model reported recently [17]. Briefly, the as-electrospun aPS fiber mat was deposited on the
bottom electrode, which is the conductive carbon tape in the present study, uniquely holds
space charges with both positive and negative polarities [24]. In addition, the positive and
negative space charges are generally distributed in the upper and lower parts of the fiber mat,
respectively. These unique space charges induce compensation charges in the bottom and
upper electrodes. When the distance between the bottom and upper electrodes change due to
application of an external pressure to the sensor and a resulting deformation of the sensor, the
amount of the space charges in a steady state change. This change in the charge amount in the
steady state outputs charges so that pressing and releasing the sensor generate charges and
output voltage.

The collector sheet, on which the aPS fiber mat was deposited, cut to the size of
25 mm × 30 mm and attached to the PET plate (25 mm × 30 mm with a thickness of 0.7 mm)
and used as the bottom part as shown in Figure 2b. An aluminum foil (20 mm × 30 mm
with a thickness of 0.1 mm) was used as a upper electrode, which was attached on a PP
sheet (25 mm × 30 mm with a thickness of 0.15 mm) and PET plate (25 mm × 30 mm with a
thickness of 0.7 mm). The multi-layered PP sheet in Figure 2b was composed of thin PP sheets
with the width and thickness of 25 mm and 0.15 mm, respectively. The multi-layered sheet
kept the upper and bottom electrodes uncontacted and deformed when the external pressure
was applied to the sensor. The PET stopper (20 mm/15 mm × 1 mm with a thickness of
0.7 mm) was attached to the upper plate to prevent the upper electrode from hardly touching
and damaging the aPS fiber mat on the bottom electrode. The conducting carbon tape on the
multi-layered PP sheet and medical paper shown in Figure 2b were introduced to reduce the
generation of contacting charges when the sensor contacted to an object and released it.

2.3. Characterization

The shape of the aPS fiber mat was characterized using a field-emission scanning
electron microscope (FESEM; S-4300, Hitachi, Marunouchi, Tokyo, Japan) after a 6-nm-thick
gold coating. Figure 3a shows the top view of the FESEM image of the as-electrospun
aPS fiber mat. The fibers have smooth morphologies without beaded morphologies and
orients to random directions. The average diameter is determined to be 5.89 ± 0.39 µm
(all errors in this paper represent the standard deviation) from 100 points of diameters
measured from the FESEM images. Figure 3b shows the cross-sectional FESEM image of
the fiber mat. The aPS fibers stack with air spaces and form a fiber mat. The thickness of
the fiber mat is approximately 210 µm. Quantitative testing of the electrical outputs of the
sensors was performed using the handmade setup shown in Figure 4. Here, the sensor was
attached to the L-shaped metallic holder and then it was lowered with a constant speed
of 4.0 mm s-1 through an X-Axis dovetail feed screw (XLSL120-2, Misumi, Bunkyo-ku,
Tokyo, Japan) and DC motor (HG37-30-AB-00, Nidec Copal Electronics, Tokyo, Japan). The
applied load to the sensor was measured with the gravimeter (ACS5000, Kyoto, Japan);
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the load was controlled at the same time as lowering the sensor. The applied load was
converted to pressure, dividing the load by the bottom area of the sensor, 6.25 × 10−4 m2.
The initial height of the bottom of the sensor was fixed 5 mm from the surface of the
gravimeter as shown in Figure 4a. The time-dependent open circuit voltage, Voc(t), and
short circuit current, Isc(t), were measured with a source meter (Model 2450, Keithley,
Beaverton, Oregon, USA). Here, t represents time.

Figure 3. FESEM images of the aPS fiber mat: (a) top view and (b) cross-section view. Inset in
(a) shows the enlarged FESEM image of the fiber mat with the top view.

Figure 4. Schematics of the quantitative testing method for the electrical outputs of the sensor: (a) the
initial state and (b) loading state.

3. Results
3.1. Electrical Characteristics

Figure 5a shows Voc(t) from the sensor when the sensor was loaded with different
values of pressures. Voc(t) was also measured when the pressure was released, as shown
in Figure 5b. The open circuit voltage is generated when the sensor is both loaded and
released, which demonstrates that the present sensor acts as a pressure sensor. The absolute
values of Voc(t) in each peak increases with increasing the applied pressure, as also plotted
in Figure 5c. This result shows that the applied pressure can be identified from the open
circuit voltage of the sensor on the condition that the speed for applying pressure is a
constant value. The maximum open circuit voltage reaches approximately 3.1 V with the
pressure of 19.9 kPa. Although the present study fixed the speed for applying pressure
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at 4.0 mm s−1, the open circuit voltage can increase with an increase in the speed. The
maximum Voc(t) with the applied pressure ≥19.9 kPa is saturated because the PET stopper
touches the bottom substrate so that the distance between the bottom and the upper
electrodes cannot change with the pressure ≥19.9 kPa.

Figure 5. (a,b) Voc(t) when the sensor was (a) loaded and (b) released. (c) The maximum/minimum Voc(t) with different
applied pressures. (d,e) Isc(t) when the sensor was (d) loaded and (e) released. (f) The maximum/minimum Isc(t) with
different applied pressures.

Figure 5d,e show Isc(t) from the sensor when the sensor was loaded and released
with/from different values of pressures, respectively. The short circuit current is also
generated by loading and releasing the pressure. In addition, the absolute values of Isc(t)
in each peak increases with an increase in the applied pressure, as also plotted in Figure 5f,
which is similar to the result of the open circuit voltage. The Isc(t) when the sensor was
loaded was integrated with the time of loading (∆T) using the following equation:

∫ ∆T
Isc(t) dt = ∆Q (1)

Here, ∆Q represents the integrated output charge when the sensor was loaded. ∆Q
changes depending on the distance between the bottom and upper electrodes as reported
recently [17], such that ∆Q changes depending on the value of the applied pressure in
the present sensor. Here, the Voc(t) and Isc(t) from the present sensor changes depending
on the speed for applying pressure; however, ∆Q can be constant even when the speed
changes. Figure 6a shows ∆Q with different applied pressures. ∆Q increased with the
increasing applied pressure. Hence, the applied pressure can be identified from the ∆Q
even when the speed for applying the pressure changes.
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Figure 6. (a) ∆Q with different applied pressures. (b) dapp with different applied pressures.

The apparent piezoelectric d constant (dapp) was calculated from the following equation:

dapp = ∆Q/F (2)

where, F is the load applied to the sensor. Figure 6b shows dapp with different applied
pressures. The dapp is roughly constant for the applied pressure with the range from
11.1 pC N−1 to 15.7 pC N−1; the average dapp is 12.9 ± 1.8 pC N−1. A detailed comparison
is presented in the Table 1, representing electromechanical characteristics and fabrication
parameters for non-piezoelectric polymers.

Table 1. Comparison of different non piezoelectric materials fabricated via electrospinning and the electromechanical
characteristics.

Materials Average
Fiber Size Electrospinning Parameters Principle Electromechanical Properties Reference

poly(methyl
methacrylate)

(PMMA)
1 µm

Rate 0.1 mL/h

Actuation
Piezoelectric constant (dT) =

8.5 nm/V
[21]

Syringe size 0.18 mm
Applied Voltage 8 kV

Distance 10 cm

polymer
poly(DL-lactic
acid) (PDLLA)

0.4 µm

Rate 0.04 mL/h

Actuation
Young modulus = 1.5 kPa
Piezoelectric constant =
29,000 × 10−12 m V−1

[22]
Syringe size 0.18 mm

Applied Voltage 4 kV
Distance 10 cm

atactic polystyrene
(aPS) 5.8 µm

Rate 5.0 mL/h

Sensing
Apparent piezoelectric d constant

(dapp) = 12.9 ± 1.8 pC N−1

Young modulus = 47.7 kPa
This studySyringe size 0.59 mm

Applied Voltage 12 kV
Distance 17 cm

3.2. Mechanical Characteristics

The height of the sensor was measured when different pressures were applied to the
sensor (Figure 7a). The initial height of the sensor is approximately 10.5 mm; the height is
almost maintained up to the applied pressure of 3.4 kPa, which should be considered as
the threshold pressure until the sensor starts to deform.

With the pressure range from 4.0 kPa to 17.9 kPa, the height decreases with the
increasing applied pressure, which represents the sensor deforms increasing with the
pressure. With a pressure of ≥19.9 kPa, the height shows an almost constant value, which
is because the PET stopper touches the bottom substrate, so that the distance between the
bottom and upper electrodes cannot change.
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Figure 7. (a) Height of the sensor when a different amount of pressure was applied to the sensor.
(b) Stress–strain plots for the sensor.

Figure 7b shows the stress–strain plots for the present sensor. Here, the strain was
calculated by dividing the decrement in the height of the sensor by the initial height of the
sensor. As observed in Figure 7a, the threshold stress with the stress of ≤3.4 kPa and the
upper limit of the strain with the strain of around 0.27 was observed. On the other hand, at
the strain range from 0.02 to 0.25, plots are modestly fitted with a linear function. From
the tilting of the fitted linear function, the elastic modulus of the sensor was evaluated to
be approximately 47.7 kPa. In this study, the multi-layered PP sheet was used to keep the
upper and bottom electrodes uncontacted; however, the sheet can be replaced by other
materials and structures so that the elastic modulus of the sensor can be simply controlled.
The controllable elastic modulus will expand the application fields. In addition, a lower
elastic modulus of the sensor with softer structures provides a higher dapp.

4. Application

Commercially available tactile sensors such as thin film, capacitive, optical sensors,
and magnetic sensors are expensive due to complex fabrication technologies. Moreover, the
practical application is inhibited due to the demanding computational power to perform
the manipulation process. Meanwhile, the electrospinning fabrication method represents
a huge advantage when compared to other fabrication methodologies due to the ease of
fabrication and mass production at room temperature. Furthermore, the discovery of piezo-
electricity in polystyrene could pave new paths to new research directions and commercial
usages. The fabricated pressure sensor (25 × 25 × 7 mm) as shown in Figure 2c,d was
connected to a commercially available Kuka LBR IIWA14 R820 model to mimic the tactile
sensing application [25]. The Kuka robotic arm was programmed to grab and release an
aluminum bar weighing 400 g. The Kuka robotic arm has various programmable pinching
forces (force applied to the object to lift); however, we set it to 40 N to lift the aluminum bar.
The pressure sensor attached to the arm as shown in Figure 8a–c represents the aluminum
bar being grabbed and released. Corresponding open circuit voltages were measured
using a DC source meter, and a graph was plotted as depicted in Figure 9. The sensor
generated +13 V and −13 V output voltages during a grab and release operation, and
the output voltage response indicates the steady stage operation in the experiment. From
graph 9, we can conclude that the pressure sensor has a young modulus of 47.7 kPa and
will generate a maximum of 13 V. Conversely, this result may be varied if the device’s
young modulus has altered or when a greater pinching force is applied. In summary, this
study suggests that the pressure sensor built using a low-cost polystyrene polymer material
by the electrospinning method can be used as tactile sensors for robots and could replace
commercially available expensive pressure sensors.
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Figure 8. (a) Pressure sensor attached to the robotic arm; robotic arm (b) grab and(c) release mechanism.

Figure 9. Open circuit voltage with time when the robotic arm grabbed and released the weight.

5. Conclusions

Tactile sensors are vital components to emulate the properties of human skin or
electronic skin. Regardless, tactile sensors such as capacitive, optical, magnetic, and
piezoelectric types are expensive due to high fabrication costs. On the other hand, con-
verse electromechanical responses were observed inadvertently with electrospun submi-
cron/micron fiber mats composed of nonpiezoelectric polymers, such as poly(d,l-lactic acid
(PDLLA), [21] poly(methyl methacrylate) (PMMA) and recently polystyrene (PS). In this
article, we demonstrated the piezoelectric effect from atactic polystyrene (aPS) material and
fabricated microfibers using an electrospinning method. Surface morphology of microfibers
were investigated by FSEM. A pressure sensor was fabricated and the output voltage and
current responses were calculated using a DC source meter with respect to different applied
pressures. A maximum open circuit voltage of 3.1 V was generated at 19.9 kPa applied pres-
sure and the apparent piezoelectric d constant (dapp) was calculated as 12.9 ± 1.8 pC N−1.
The mechanical characteristics of the sensor were evaluated and the stress–strain plot is
presented. A fabricated pressure sensor was attached to a commercially available robotic
arm to mimic the tactile sensing and the corresponding voltage output (13 V) was estimated
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to lift the 400 g aluminum bar. In summary, combining an electrospinning fabrication
method with a low-cost polystyrene polymer material to fabricate a pressure sensor could
pave new paths and new research directions and commercial applications.
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Abstract: In this study, an original and green procedure to produce water-based solutions containing
nanometric recycled carbon particles is proposed. The nanometric particles are obtained starting from
carbon waste ashes, produced by the wooden biomass pyro-gasification plant CMD (Costruzioni
motori diesel) ECO20. The latter is an integrated system combining a downdraft gasifier, a spark-
ignition internal combustion engine, an electric generator and syngas cleaning devices, and it
can produce electric and thermal power up to 20 kWe and 40 kWth. The carbon-based ashes
(CA) produced by the CMD ECO20 plant were, first, characterized by using differential scanning
calorimetry (DSC) and microcomputed tomography (microCT). Afterward, they were reduced in
powder by using a milling mortar and analyzed by scanning electron microscopy (SEM), energy-
dispersive X-ray (EDX) spectrometry, thermogravimetric analysis (TGA), X-ray diffraction (WAXD)
and Fourier-transform infrared (FTIR) spectroscopy. The optimization of an original procedure to
reduce the dimensions of the ashes in an aqueous solution was then developed by using ball milling
and sonication techniques, and the nanometric dimensions of the particles dispersed in water were
estimated by dynamic light scattering (DLS) measurements in the order of 300 nm. Finally, possible
industrial applications for the nanomaterials obtained from the waste ashes are suggested, including,
for example, inks for Aerosol Jet® Printing (AJ® P).

Keywords: recycling; circular economy; nanometric carbon-based ashes; AJ®P

1. Introduction

During the last decade, the circular economy has become an important domain of
academic research, with a sharp increase in the number of articles and journals covering
this topic [1]. Geissdoerfer et al. [1], as well as Schut et al. [2], claim that the most significant
circular economy definition has been provided by Ellen MacArthur Foundation [3,4]. The
use of wastes, including wastes from industrial processes, such as carbon-based ashes (CA),
is, therefore, an important development objective of the circular economy [5].

The management of carbon waste ashes still represents an issue. Even though sig-
nificant amounts of CA are used in various applications, for example, as a substitute for
cement in concrete, [6,7], large quantities of them are not utilized and are disposed of in
landfills [6], with long-term negative effects on the environment and human health. CA
indeed contribute to the formation of particulate matter (PM), which is one of the major
causes of airborne pollution and has been found to induce different cancers, cardiovascular
diseases and reproductive disorders [8]. Hence, it would become necessary to regard CA
as raw material that can be converted into new products rather than waste.
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In the last few years, several studies have proposed the reuse of carbon waste ashes to
obtain nanomaterials for different applications. As an example, Ramanathan et al. investi-
gated the use of CA, obtained as a byproduct of the coal combustion from power plants,
for the synthesis of nanosized particles due to their enrichment in silica, kaolin, iron, and
alumina. In this regard, the nanocrystalline aluminosilicates are one of the most promising
nanocomposites synthesized starting from CA through the alkaline treatment method.
Their main applications are in fields such as wastewater treatment, agriculture system, and
antioxidants, although their use is being evaluated in the medical field applications, espe-
cially in drug delivery and delivery systems, bone engineering, biosensors, hemodialysis
and intestinal therapies [9]. In addition, Salah et al. investigated the production of carbon
nanotubes (CNTs) using ultrasonicated CA, obtained by the heavy oil combustion from
water desalination plants, as precursors and catalysts [10,11]. These authors also reported
on the preparation of carbon nanoparticles (CNPs) using the ball milling technique [12].
These CNPs were useful for various applications, including fillers in epoxy composites,
additives in lubricant oil, gas adsorption, etc. [12,13]. Schlatter et al. also investigated
the use of carbon black, derived from the combustion of heavy petroleum products, in
inkjet printing for the production of electronic devices [14]. However, to the best author’s
knowledge, no evidence has been reported so far regarding the reuse of CA, derived
by power plants for domestic and public use, and/or its use for the development of 3D
printing materials.

In this study, an original and green procedure to produce water-based solutions
containing nanometric recycled carbon particles is proposed. CA, used in this work, is
produced by the wooden biomass pyro-gasification plant CMD ECO20. These plants and
processes are applied in the production of electric power and heat for domestic and small
public facilities. Overall CA production can be estimated in ~1 kg/h (5 wt % of biomass
introduced into the plant) [15]. Similar to coal ashes reported in [9–13], biomass ashes are
a multi-component system of powder material [16]. Nevertheless, they show contents of
Ag, Au, B, Be, Cd, Cr, Cu, Mn, Ni, Rb, Se and Zn, which are higher than the respective
Clarke values (worldwide average contents) for coal ashes [16], making them particularly
attractive for applications, such as, production of construction materials and sorbents, but
also synthesis and production of minerals, ceramics and others. Hence, the CMD CA were,
first, characterized by means of several techniques, including microcomputed tomography
(microCT), differential scanning calorimetry (DSC), scanning electron microscopy (SEM),
energy-dispersive X-ray (EDX) spectrometry, thermogravimetric analysis (TGA), wide-
angle X-ray diffraction (WAXD) and Fourier-transform infrared (FTIR) spectroscopy, in
order to identify their composition, size, morphology and material properties. The ashes
are then treated by various techniques in order to reach a nanometric size, as requested
by the typical applications. The dispersion obtained is finally characterized by dynamic
light scattering (DLS). In conclusion, a possible application for the obtained carbon-based
water solution as an ink component for Aerosol Jet® Printing (AJ®P) is proposed. AJ®P
is a nozzle-based additive manufacturing technology of the direct writing family, aiming
at the production of fine features on a wide range of substrates. Originally developed for
the manufacture of electronic circuits, AJ®P has been investigated for a range of applica-
tions, including active and passive electronic components, actuators, sensors, as well as a
variety of selective chemical and biological responses [17]. The use of water-based solu-
tions containing carbon nanomaterials, such as carbon nanotubes [18], [19,20], graphene
oxide [21] and graphene [22], for AJ®P is known in the literature. However, to the best of
the author’s knowledge, recycled carbon nanoparticles aqueous inks have never been using
before in AJ®P.

2. Materials and Methods
2.1. Generation of the Byproduct (CA)

Carbon-based ashes (CA) are the byproduct of the biomass pyro-gasification plant
CMD ECO20, developed by the company Costruzioni Motori Diesel S.p.A. (CMD) to
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produce electric power and heat, starting from woodchips waste. The CMD ECO20 plant is
an integrated system combining a downdraft gasifier, a spark-ignition internal combustion
engine (ICE), an electric generator and syngas cleaning devices. This system processes
wooden biomass of G30 size (1.50 to 3.00 cm) and max at 20% of humidity. It can produce
electricity and heat up to 20 kWe and 40 kWth, and it is a computerized machine managed
at every level of operation [23] and used in domestic and consumer applications. CA are
collected and recovered from the dust collector downstream of the plant.

2.2. Characterization of the Byproduct (CA)

The properties of the CA were characterized under various aspects. The ashes collected
from the downstream of the plant will be referred to as neat CA. The thermal conductivity
of the neat CA was calculated by means of a differential scanning calorimetry (DSC)
(Mettler Toledo, Columbus, OH, USA) by using a sensor material (indium), whose melting
temperature was 156.6 ◦C. A neat CA sample was placed into an aluminum crucible, and
the indium sensor was put on up the sample. A single scan from 25 ◦C to 250 ◦C at a heating
rate of 10 ◦C/min in a nitrogen atmosphere was performed on at least three samples. By
considering the method of Flynn and Levin [24], the slopes of the indium and sample
endothermic peaks were calculated in order to determine the resistance of the sample (Rs)
as follows:

Rs = R′ − R (1)

where R is the thermal resistance between calorimeter and indium, R′ is the thermal
resistance between calorimeter and indium with the sample. The thermal conductivity (k)
is determined by Equation (2):

k =
L

A
(

R′ − R
) =

L
A Rs

(2)

where L is the sample height, A is the contact area between sample and sensor material.
The porosity of the neat CA was estimated by means of a pycnometer according

to Equation (3):

ρ =
m
V

(3)

where the m is the mass of the sample and V is the volume calculated according to
Equation (4):

V =
(mw + ms)− mws

ρw
(4)

where mw is the mass of the water inside the pycnometer, ms is the dried weight of the
sample, mws is the mass of the system when the sample is immersed in the water, and ρw
is the density of water (1 g/cm3).

The microcomputed tomography (microCT) was performed to evaluate the porosity
of the neat CA by using a Bruker SkyScan 1172 (Bruker Corporation, Billerica, MA, USA).
The following microCT settings were identified for proper scanning of samples, based on
their X-ray attenuation capacity: (a) the X-ray source was powered at 50 kV and 200 µA;
(b) a 0.5 mm Al filter was used; (c) for the detection of porosity, the pixel size was set at
10 µm; (d) the exposure time was 600 ms, with a 2 × 2 binning; (e) samples were rotated
360◦, with a rotation step of 0.4◦. After reconstruction with NRecon software, DataViewer
was used to visualize the 3D sections of the samples in the XY, XZ and YZ planes. The
reconstructed grayscale images of the samples were then analyzed with CTAn software
to quantify the porosity after selection of a volume of interest (a cylindrical Volume of
Interest-VOI with 5.3 mm diameter and 1 mm height) and appropriate thresholding.

In order to further characterize the neat carbon-based ashes, they were initially reduced
in rough powder by using a milling mortar. The ashes treated by milling mortar will be
referred to as mortar-milled CA.
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The morphology of the mortar milled CA was investigated by scanning microscopy
(SEM) using a Zeiss scanning electron microscope Evo40 (Carl Zeiss Microscopy, LLC,
White Plains, NY, USA). The elemental analysis of the particles was performed by energy-
dispersive X-ray (EDX) spectroscopy using a Bruker, XFlash detector 5010 (Bruker Corpo-
ration, Billerica, MA, USA).

Thermogravimetric analysis (TGA) of the mortar milled CA was carried out using
a TGA TA instrument SDT Q600 (TA Instruments, New Castle, DE, USA).to confirm the
elemental composition. About 10 mg of powder samples were heated in an alumina holder
under a nitrogen atmosphere from 20 to 900 ◦C at a heating rate of 10 ◦C/min.

The structure of the mortar milled CA was obtained by wide-angle X-ray diffrac-
tion (WAXD) using an automatic Bruker D2 Phaser diffractometer (Bruker Corporation,
Billerica, MA, USA), in reflection mode, at 35 KV and 40 mA, using nickel-filtered Cu-K
radiation (1.5418 Å).

The chemical nature of the functional groups was studied by Fourier-transform in-
frared (FTIR) spectroscopy of the mortar milled CA using a BRUKER Vertex70 spectrometer
(Bruker Corporation, Billerica, MA, USA) equipped with a deuterated triglycine sulfate
(DTGS) detector and a KBr beam splitter, at a resolution of 2.0 cm−1. The frequency scale
was calibrated to 0.01 cm−1 using a He–Ne laser. In total, 32 scans were signal averaged to
reduce the noise, and the spectrum of the ashes was collected using KBr pellets.

2.3. Preparation and Characterization of the Aqueous Solution Containing
CA-Based Nanoproducts

After the characterization of the CA as raw material (both before and after the mortar
milling treatment), the work aimed at reducing the carbon-based ashes to nanometer size
in an aqueous solution and investigating their potential for target applications. For this
purpose, multistep reduction size processes were developed, monitoring the size and
the distribution of the treated CA ashes by multi-angle laser scattering (MALS) (CILAS
1190 particles size analyzer) (CPS Us, Inc., Madison, WI, USA) and by dynamic light scat-
tering (DLS Zetasizer-Malvern) (Malvern Panalytical Ltd, Malvern, UK). In this work, the
reduction processes are divided into two principal methods, labeled hereafter, as method
I and method II. The ball milling was carried out in an aluminous porcelain jar (1.5 L),
using alumina balls in an ambient atmosphere; the mechanical milling was performed
in a horizontal oscillatory mill MMS-Ball Mill (M.M.S.2 S.r.l, Nonantola (Modena), Italy),
operating at 40 Hz.

The first method, method I, has involved different steps. First of all, the mortar
milled CA ashes were dispersed in water. Second, this water-based suspension was ball
milled and centrifugated. Finally, the supernatant of the treated CA/water dispersion
was sonicated. Based on the results of method I, a second procedure, method II, was
proposed in order to reduce the time of the process, improve the efficiency of the size
reduction and increase the yield of the process. Therefore, according to method II, the
mortar-milled CA were first, dry ball-milled for 24 h and successively dispersed in water
and ball-milled for a strongly reduced time (498 h and 24 h, for method I and method II,
respectively). After this, a sonication step of the water-CA dispersion was added before the
centrifugation step. The time of each step of both methods was established after several
experimental measurements of the CA size, as well as the time necessary to obtain the
maximum size reduction of the ashes by using the methodology proposed for each step.
In detail, the duration of each processing step was identified based on the minimum time
necessary to obtain the maximum reduction in size, where the minimum time is identified
when two consecutive measurements gave constant size values. In method II, similar
micrometric values have been reached in advance compared to method I, significantly
reducing the time of treatment. A schematic list of each step of both methods is reported as
follows: According to method I, after mortar milling, the CA were dispersed in water and
reduced by means of the following protocol:
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A. Wet ball milling for 498 h (CA in water: 50 g/L);
B. Centrifuge at 10,000 rpm for 20 min;
C. Sonication of the supernatant for 5 h (by ultrasonic bath CP104) (CA in water:

3 g/L).

According to method II, after mortar milling, the CA were treated by means of the
following protocol:

A. Dry ball milling for 24 h;
B. Wet ball milling for 24 h (CA in water: 50 g/L);
C. Sonication for 32 h (by Diagenode Bioruptor Plus sonication device);
D. Centrifuge at 10,000 rpm for 20 min;
E. Sonication of the supernatant for 5 h (by ultrasonic bath CP104) (CA in water:

4 g/L).

3. Results

The neat CA collected by the CMD plant (inset of Figure 1a) are rough and porous
particles of irregular shape. The thermal conductivity was measured by DSC analysis
(Figure 1a), and it was equal to 0.292 ± 0.003 W/mK. Those values are in line with the
ones reported in the literature [25] related to the thermal conductivity of carbon black
(0.2–0.3 W/mK), which is widely used as a thermal insulator. From pycnometer measure-
ments, the density was estimated as 0.3 g/cm3 via Equation (3), and the rough surface was
also evinced by microCT analyses (Figure 1b); finally, the quantitative microCT 3D analysis
(Figure 1b) revealed an overall porosity of 51.17%.

 
 
 

 
 
 
 
 

 

μ

Figure 1. (a) Calorimetric curves of thermal conductivity measurements and (b) microCT images of neat carbon-based
ashes (CA) sample.

Figure 2a–d reports the results on morphological inspection and composition analysis
of the milled carbon-based ashes (CA) obtained as a waste product from pyro-gasification
of woodchip after initial mortar milling treatment.

The morphological data acquired by scanning electron microscopy (SEM) (Figure 2a)
shows particles/fragments with an elongated shape and a minimum average long size of
about 80 µm. It is to note that this type of ashes is larger in size than the mortar milled
ashes, obtained from previous research conducted by the authors on a different innovative
green waste reported in [23], also generated by the CMD plant.
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Figure 2. (a) SEM image, (b) EDX mapping, (c) TGA plot whit arrows indicating steps of weight losses and (d) EDX data of
the carbon-based ashes after mortar milling (mortar milled CA).

The elements analysis performed through the energy-dispersive X-ray (EDX) equip-
ment (Figure 2b) shows that the most abundant element of the CA is carbon, which is
present in a percentage of about 77%. Several other atomic elements can also be observed at
different concentrations. The most plentiful elements (>1%), besides carbon, are O, Ca and
K. Small amounts (<1%) of Al, Fe, Mg, Na, P, S and Si are also present on the ashes surface.
The elements characterization evidenced a composition of the ashes from pyro-gasification
of woodchips remarkably close to the ashes from pyro-gasification of innovative green
waste used in [26] despite the different initial waste products.

The variety of the mortar milled CA composition was further confirmed by thermo-
gravimetric analyses. Indeed, the TGA curve reported in Figure 2c entails several weight
loss steps due to the variety of the neat CA composition. In particular, the first step of
about 12%, ranging from room temperature to about 100 ◦C, is attributed to the removal of
the molecularly adsorbed water. A second step (about 3%) between 100 ◦C and 200 ◦C, is
originated from the removal of the thermally labile oxygen-containing functional groups.
Another step of about 2% ranging from 580 to about 700 ◦C, can be due to the decomposi-
tion of CaCO3 [27]. A residual weight of about 75% is observed at 900 ◦C showing that the
main component of the ashes is carbon, as also confirmed by the EDX data.

The structural and spectroscopic analysis of mortar milled ashes were made by wide-
angle X-ray diffraction (WAXD) and Fourier-transform infrared (FTIR) spectroscopy, as
reported in Figure 3a,b, respectively.
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(a) (b) 

Figure 3. (a) X-ray diffraction and (b) FTIR spectroscopy of the mortar milled CA ashes.

The spectra in Figure 3a show several crystalline peaks, which can be attributed to
calcium carbonate (CaCO3) and calcium oxide (CaO), and the typical peak of graphite
at 2θ = 26.5◦ [28]. The diffractometric results are confirmed by FTIR spectra of Figure 3b,
where the principal bands related to calcite (1420, 874, 710 cm−1), but also magnesium
carbonate (1440, 1375 cm−1), silicates (1260–800 cm−1 stretching and 500 cm−1 bending)
and phosphates (around 1030 cm−1), detected in traces by WAXD, were identified by spec-
troscopic analysis as reported in [29] for biomass ashes. Moreover, the peak at 3400 cm−1

associated with the O-H stretching of the absorbed water confirms the TGA results.
The reduction of particle size of mortar-milled CA for both methods, method I and

method II, was evaluated in each phase at regular intervals of time. The results obtained in
the first phases of the methods (phase A for method I and phases A, B, C for method II) are
reported in Figure 4.

As evidenced by the graphs in Figure 4, the granulometric size of the CA was different
for methods I and II. In fact, just after 24 h of dry ball milling (phase A of method II—
Figure 4b), the cumulative values at 10%, 50% and 90% of the distributions were lower
than the values recorded after 48 h of wet ball milling of method I (Figure 4a). After 48 h
(24 h dry ball milling +24 h wet ball milling, i.e., phase A+B in method II), the treated CA
particles reached values close to those treated after 186 h by wet ball milling in method I.
The same trend was visible throughout the entire curve. In addition, the size of the reduced
particles obtained via the steps of Figure 4 are comparable, being the mean diameters equal
to (2.03 ± 0.17) µm in method I and (2.28 ± 0.08) µm in method II. Nevertheless, method II
presents a great advantage in terms of efficiency, reaching comparable resulted to method I
in a fraction of time (about 1/6). At this stage, however, none of the two procedures was
able to reach a satisfactory quantity of nanometric particles, as from the typical request
of industrial applications based on carbon powders. Hence, an additional reducing step
was introduced, and the CA treated by methods I and II of Figure 4 were centrifuged at
1000 rpm for 20 min (phase B of method I and phase D of method II, Section 2.3). The
results of the granulometric analysis of the supernatants taken after centrifuge are reported
in Table 1.
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Figure 4. (a) Multi-angle laser scattering (MALS) data of the reduced CA during phase A of method I; (b) MALS data of the
reduced CA during phases A, B and C of method II.

Table 1. Granulometric data of the supernatants were obtained from both methods I and II after centrifuge.

Samples
Cumulative Value at 10%

of the Granulometric
Distribution (µm)

Cumulative Value at 50%
of the Granulometric

Distribution (µm)

Cumulative Value at 90%
of the Granulometric

Distribution (µm)

Mean
Diameter

(µm)

CA reduced by method I 0.20 ± 0.05 0.96 ± 0.04 1.79 ± 0.09 1.00 ± 0.03
CA reduced by method II 0.10 ± 0.02 0.61 ± 0.28 1.48 ± 0.23 0.69 ± 0.16

Despite the very small size achieved, the majority of the particles were still of microm-
eter size (90% cumulative value, Table 1). The supernatants were then again treated and
subjected to sonication for 5 h in an ultrasonic bath (phases C and E of method I and method
II, respectively). It was observed that sonication caused aggregation of the CA particles
obtained from method I, changing the esthetical aspect of the solution also at the naked
eye (Figure 5a). Instead, the dispersion obtained with treated CA derived from method II
appeared stable and homogeneous, revealing particles with a diameter of (331.3 ± 188.7)
nm at 98.4% of the distribution, as recorded by means of DLS analysis (Figure 5b). The
method II procedure was then revealed to be a simple, ecological, and efficient method
able to reduce the carbon ashes from pyro-gasification of wooden biomass to nanometer
size particles, dispersed in water in an average concentration of 0.4 wt %. Starting from
these preliminary results, method II was selected as the most efficient procedure to obtain
aqueous dispersions based on nanometric CA ashes. A representation of the identified
optimal procedure (method II) of this paper, step-by-step, along with the granulometric
distribution of each phase, is reported in Figure 5b.

Method II, developed in this paper, demonstrated to be able not only to obtain several
liters of the water-based dispersions but also to produce dispersions with a reproducible
nanometric size. In addition, the nano-based dispersion, obtained by using method II, was
also revealed to be stable over time, as demonstrated by the images in Figure 6.
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As a provisional study, two inks containing a commercial poly(3,4-ethylenedio-
xythiophene)-poly(styrenesulfonate) (PEDOT:PSS) water-based ink (Orgacon® IJ 1005,
Agfa, Mortsel, Antwerpen, Belgium and nano-CA water-based dispersion, obtained by
the selected method II, were prepared with nano-CA concentrations of 0.05% and 0.1%
wt/VPEDOT:PSS, respectively. The two inks (each one of ~1 mL) were successfully ultrasoni-
cally atomized (Figure 7a) in an AJ®P setup (Optomec, 300s system).

(a) 

Figure 5. Cont.
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(b) 

Figure 5. Diagrams of the (a) rejected method I and of the (b) method II, developed as best practice for the nanometric
reduction of carbon ashes generated by pyro-gasification of woodchips and corresponding granulometric analysis.

78



Nanomaterials 2021, 11, 577

 
Figure 6. The appearance of Costruzioni Motori Diesel S.p.A. (CMD)-nanoCA-based water dispersion,
obtained by method II, after (a) 0, (b) 30 and (c) 90 days.

 

Figure 7. (a) Ultrasonic atomization in AJ®P setup and (b) pattern samples printed onto glass slides
of poly(3,4-ethylenedioxythiophene)-poly(styrenesulfonate) (PEDOT:PSS) and nano-CA water-based
dispersion with nano-CA concentrations of 0.1% wt/VPEDOT:PSS.

4. Discussion

The neat carbon-based ashes (CA) used in this study are produced by the CMD ECO20
plant. This system uses wooden biomass as fuel to provide energy efficiency and environ-
mental benefits by reducing the consumption of fossil fuels and associated greenhouse
gas emissions [15]. It finds application in the production of heat and electric power for
domestic and public use. The byproduct is a porous, rough carbon ash particle of irregular
shape (Figure 1), which was found to have low thermal conductivity (<0.3 W/mK), similar
to one of the carbons black, despite the carbon nature. The result is most likely due to
the high porosity of the particle collected by the plant. In particular, the density and
overall porosity of the neat CA particles of this work were here estimated by pycnometer
measurements and microCT analysis, like 0.3 g/cm3 and 51.17%, respectively. As reported
by Wall et al. [30], the thermal conductivity of ash deposits depends in fact not only on
the chemical composition, where magnesium or siliceous oxides decrease or increase the
thermal conductivity, respectively, but also on the physical state and texture, and the tem-
perature of the deposit. The high porosity of the ashes could be ascribed to the down to few
mbar pressures reached during the sintering process. The lack of suitable conditions can, in
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fact, promote a possible gas production causing the formation of a highly porous structure,
as come about to intercalated graphite after the expansion process. Some of the authors
studied in previous work [31] how the fast heating at 700 ◦C for 2 min of the intercalated
graphite promoted the formation of a worm-like shape and highly porous microstructure
due to the sulfuric acid decomposition and to the formation of intercalated galleries.

The neat CA particles were then pretreated via mortar milling and characterized under
various aspects. In particular, the mortar milled ashes composition was found to be very
similar to the ones obtained by the CMD plant with different biomass in input, while the
size was found to be larger since although both have a lignocellulosic nature, they differ
in shape and size, and it is known in the literature that the biomass combustion ashes
keep the same morphology of the starting biomass [16], affecting the result obtained by
hand milling.

The mortar-milled CA were then further treated to nanometer size, and an original
and green procedure to reduce their dimensions was developed (method II) by using
various techniques, such as ball milling and sonication, and water-based solutions. Method
II was selected among the two procedures explored, as it presents several advantages.
The most important advantage is the possibility to obtain stable and reproducible water
dispersed nanometric CA-based inks in a shorter time, compared to the time required
by method I. This is possible thanks to the initial dry phase, in which the particle size is
drastically reduced already within the first 24 h. A further advantage is the possibility to
produce carbon-based nanoparticles dispersed in a green solvent (water). In fact, these can
be used for many potential industrial applications, or at least for easier, more economic, and
more ecological disposal of the nanometric ashes, compared to the neat wastes. Method
II was, hence used to produce large amounts (about 5 L) of nanometric water-based
dispersions that will be investigated for different potential applications. However, the
yield of the method II process is still too low, and this aspect requires further studies.
A possible improvement of the proposed methodology could be obtained by using a
cryomilling technique by milling the starting mortar milled powders within LN2 with
milling balls forming a slurry during milling. This process has been successfully applied
in the literature to reduce the dimensions of thermoplastic polymers, and it is known as
“cryogenic attrition” [32]. This approach will be tested in a further paper.

Although a low concentration of carbon nanoparticles in aqueous solution (0.4 wt %)
could be obtained, by the selected optimal method, method II, these innovative water-based
dispersions of nanometric CA can attract considerable attention as material candidates
for potential applications in additive manufacturing (AM) or coating technologies and in
the sequestration of carbon dioxide by aqueous carbonation [33]. The main features of
the proposed CA refer to (i) a particle size around 300 nm for a total of ~98%, (ii) a high
presence of carbon (~77%), and (iii) a thermal conductivity like carbon black.

In the context of AM, nanoscale CA dispersions may have a competitive advantage
as water-based fillers for the formulation of inks in different printing techniques, such
as direct writing (DW) inkjet printing (viscosity range (10–20) mPas, particle size limited
by the nozzle diameter, usually ≤200 nm), AJ®P (viscosity range (1–1000) mPas, particle
size ≤0.5 µm) and syringe extrusion-based (viscosity range usually (100–104) Pas, particle
size-dependent by the nozzle, usually ≤100 µm) printing [34].

Inks and film coatings, such as organic polymers or ceramics, are indeed widely used
in printed electronics (PE) and in the semiconductor industry for conductive circuits (e.g.,
sensors, thin-film transistors, etc.). Moreover, the embedment of CA nanoparticles into
hydrogel-based compositions, such as soft biomaterials or polymers, may increase the
mechanical rigidity of the overall structure over time. This property may be useful in
biomedical and tissue engineering applications, such as scaffold development for in vitro
or in vivo studies.

In this study, two inks, composed of a poly(3,4-ethylenedioxythiophene)-poly(styrene-
sulfonate) (PEDOT:PSS) water-based ink (Orgacon® IJ 1005, Agfa, BE) and nanometric CA
water-based dispersion with nano-CA concentrations of 0.05% and 0.1% wt/VPEDOT:PSS
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were, finally, prepared, in order to verify the potential applications of the nanometric waste
ashes. The two CA-based inks were, even, successfully ultrasonically atomized by using an
AJ®P setup (Figure 7a). In both cases, homogenous and stable atomization was achieved at
power atomization, P = 45 V. Subsequently, pattern samples (squared shape 8 × 8 mm, with
serpentine filling) (Figure 7b) were printed onto glass slides (Superfrost®, VWR, Leuven,
Belgium at platen temperature 60 ◦C, printing speed 15 mm/s, carrier and sheath gases
flow 30 sccm, and a number of layers equal to 5, 10 and 20. No visual differences in the mist
generated were detected over the printing period, demonstrating the stability of the inks.
A post-sintering process was implemented in a thermal oven (Heraeus, Hanau, Germany
at 150 ◦C for 45 min. Evaluation of sample properties in terms of print quality, thermal and
electrical conductivity is currently ongoing. Therefore, future studies will be towards a
more comprehensive evaluation of CA performance towards the target application.

In both cases, excellent adhesion on the desired substrate, high-frequency stability,
high permittivity, and good biocompatibility (for biomedical purposes) is required.

In addition, a green application, such as the sequestration of CO2 in aqueous carbona-
tion, will be investigated. The increasing CO2 concentration in the Earth’s atmosphere is
indeed one of the main causes of global warming. Therefore, a technology that could con-
tribute to reducing carbon dioxide emissions is the ex situ mineral sequestration (controlled
industrial reactors) of CO2 [33].

5. Conclusions

In this manuscript, carbon-based ashes (CA) obtained as a waste product from pyro-
gasification of woodchip were characterized by several techniques and treated to reduction
to nanometer size for exploitation in industrial applications. The thermal conductivity
measurements of the neat CA showed values similar to carbon black, widely used as a ther-
mal insulator, while the microCT analysis highlighted an overall porosity of 51.17%. The
scanning electron microscopy (SEM) of the mortar milled CA showed particles/fragments
with an elongated shape and a minimum average long size of about 80 µm. The energy-
dispersive X-ray (EDX) spectroscopy also demonstrated that the most abundant element of
mortar milled CA is carbon, present in a percentage of about 77%, and the most plentiful
elements (>1%), besides carbon, are O, Ca and K. Moreover, the thermogravimetric analysis
(TGA) highlighted the presence of several weight losses steps due to the variety of carbon
ashes composition: in particular, a residual weight of about 75% at 900 ◦C, ascribed to the
main component of the ashes, which is carbon, as also confirmed by EDX data. Finally, the
wide-angle X-ray diffraction (WAXD) revealed several crystalline peaks attributed to cal-
cium carbonate and calcium oxide and the typical peak of graphite. These diffractometric
results were then confirmed by FTIR spectra.

Afterward, nanometric CA water-based dispersions were obtained by means of an
innovative multistep reduction size process in order to propose a potential industrial
application for the nanomaterials, obtained from carbon waste ashes, as inks for additive
manufacturing (AM) techniques, such as nozzle-based direct writing (DW) AJ®P.
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Abstract: Cove-edged graphene nanoribbons (CGNR) are a class of nanoribbons with asymmetric
edges composed of alternating hexagons and have remarkable electronic properties. Although
CGNRs have attractive size-dependent electronic properties their mechanical properties have not
been well understood. In practical applications, the mechanical properties such as tensile strength,
ductility and fracture toughness play an important role, especially during device fabrication and
operation. This work aims to fill a gap in the understanding of the mechanical behaviour of CGNRs
by studying the edge and size effects on the mechanical response by using molecular dynamic
simulations. Pristine graphene structures are rarely found in applications. Therefore, this study also
examines the effects of topological defects on the mechanical behaviour of CGNR. Ductility and
fracture patterns of CGNR with divacancy and topological defects are studied. The results reveal that
the CGNR become stronger and slightly more ductile as the width increases in contrast to normal
zigzag GNR. Furthermore, the mechanical response of defective CGNRs show complex dependency
on the defect configuration and distribution, while the direction of the fracture propagation has a
complex dependency on the defect configuration and position. The results also confirm the possibility
of topological design of graphene to tailor properties through the manipulation of defect types,
orientation, and density and defect networks.

Keywords: cove-edges; defects; fracture; graphene; molecular dynamics; strength

1. Introduction

Graphene nanoribbons [1,2] (GNR) are narrow stripes of graphene with widths normally less
than 10 nm. The GNR configuration has two important structural parameters: the width and the edge
patterns. The most common edges observed experimentally [2–5] are the armchair and zigzag edges,
as shown in Figure 1. GNR with a controllable design of the width and edges can open bandgaps [4],
which change its electronic properties [6,7] making them promising for the development of new
nanoelectronic devices [8–10]. However, several studies [11] show that the GNR applicability is directly
related to its types of edges and width. The control of these structural parameters is a challenging
task during the synthesis process. To date, the bottom-up synthesis [7] of GNR is considered the most
appropriate approach to produce GNR structures with controllable width and smooth edges [12,13].
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This advance in the synthesis process gives GNR the potential to be used in the development of
GNR-based nanoelectronics [14].

 

–

–

–
–

–

Figure 1. Types of edges in graphene nanoribbon.

Recently, bottom-up synthesis of graphene allowed a configuration of GNR with cove-typed
edges [2]. Cove-edged graphene nanoribbons (CGNRs) are a class of nanoribbons with asymmetric
edges composed of a repetition of hexagons and vacancies, as shown in green in Figure 1. The cove-typed
edges were observed along the zigzag GNR (ZGNR). Since their synthesis, they have been used in
several interesting studies involving electronic [15–17] and chemical [18,19] applications.

The armchair (ar) and zigzag (zz) edges are the most investigated types by both theoretical
and experimental approaches. Several studies using molecular dynamics (MD) simulations [20–24],
atomic-scale finite element method [25] and experimental measurements [26,27] have been used to
investigate the mechanical properties of GNR along the ar and zz directions. A study of the electronic
properties of zigzag graphene nanoribbons with constructed edges representing pentagonal and
heptagonal defects has been presented by Pincak et al. [28], whereas the effects of edge vacancies on
the electronic properties of zigzag nanoribbons have been addressed by Smotlacha and Pincak [29].
Although the electronic properties of CGNR have been extensively studied [2,15], little attention has
been paid to its mechanical properties, which are also very important in device design, fabrication
and operation.

Defects cannot be avoided during the synthesis process of GNR; consequently, the applicability
of graphene-based materials is also related to the presence of defects. In some cases, defects are
introduced into the lattice intentionally, to obtain attractive properties. For example, defects such
as Stone–Wales (SW) [30], 5-8-5 [31], extended line of defects (ELD) [32] and nanopores have been
introduced in GNR to enhance electronic [27,33–35] and thermal properties [36]. On the other hand,
the presence of defects reduces the mechanical strength of GNR [14,31,37], which is prejudicial for the
integrity of the structures. Therefore, it is essential to study the effects of defects and edges on the
mechanical properties of GNR to support the development of strong GNR-based devices.

Several studies [20,22] using MD simulations have been used to study the mechanical properties
and the fracture patterns of the defective ar and oz. GNR (AGNR and ZGNR, respectively).
Results [20] show that topological defects such as Stone–Wales can be introduced into the GNR
without compromising the stiffness, whereas the ultimate stress is reduced. Studies [27] also show
that defects make GNR more flexible. Moreover, the mechanical properties of GNR with disordered
edges [38] and graphene nanowiggles [39] have been studied in details. In regarding to CGNRs,
their pristine form showed to possess remarkable electronic properties just by controlling the width and
the edges shape. However, studies involving their mechanical properties in the presence of topological
and vacancy defects are still missing.

This paper investigates the key mechanical properties of pristine and defective CGNR. It is
carried out using MD simulations based on the adaptive intermolecular reactive bond order (AIREBO)
potential. Firstly, the mechanical properties of CGNR considering different sizes of width and length
are presented. Second, the effects of three different edges configurations on the mechanical response
of CGNR are examined. Third, the effect of the presence of topological and vacancy defects on the
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mechanical response of CGNR is studied. Finally, the effects of the density of divacancy and the
combination of vacancy and SW1 defects on the mechanical properties of CGNR are investigated.
The present study therefore provides good insight about the mechanical properties of CGNR, which are
important in device design and fabrication while enabling device designers to exploit their remarkable
electronic properties.

2. Methodology

This study is carried out through MD simulations based on the AIREBO potential [40] using
the LAMMPS package [41]. AIREBO potential has been successfully used to model graphene-based
nanostructures as well as predict fracture patterns [24,42]. This potential is formed by the sum of three
different potentials as presented in Equation (1) [40],

EAIREBO =
1
2

∑

a

∑

b,a


E

REBO
ab

+ E
LJ
ab
+

∑

c,a,b

∑

d,a,b,c

Etors
cabd


 (1)

where the indices a, b, c and d refer to individual atoms; EREBO
ab

is the reactive empirical bond order
(REBO) potential [43], which represents the energy stored in the bond between the atoms a and b;
E

LJ
ab

is the Lennard-Jones potential, which considers the non-bonded interactions between atoms and
Etors

cabd
includes the energy from torsional interactions between atoms. In addition, EAIREBO requires a

value for the cut-off radii, which is set to 2.0 Å based on the previous studies [24,42].
Figure 2 shows a schematic of cove-edged graphene nanoribbon. The parameter NW corresponds

to the number of carbon–carbon dimer lines along the ribbon width (y direction), while the parameter
NL corresponds to the number of carbon–carbon dimer lines along the ribbon length (x direction).
This convention is in concordance with previous studies [18,44,45]. The NW and NL parameters define
the CGNR size. The example in Figure 2 corresponds to NW = 4 and NL = 20. The parameter nH
corresponds to the distance between the hexagons at cove-typed edges. For example, 3H means that
three hexagons are missing; this parameter is used to represent the cove configuration of the edges.
To study the mechanical response of a CGNR, the periodic boundary conditions are considered in the
x-direction. Uniaxial tension tests are simulated along the zigzag direction by applying strain at a rate of
0.001 ps−1 in the x-direction. All molecular dynamics (MD) simulations are carried out at temperature
of 1 K with temperature controlled by the Nose-Hoover thermostat. This thermostat has been widely
used for carbon systems and is known to yield stable and efficient computations [20–22,24,37,40,44].
The timestep was 0.5 fs and a uniaxial tension was applied after the system was relaxed at zero pressure
through isothermal–isobaric ensemble (NPT).

𝐸𝐴𝐼𝑅𝐸𝐵𝑂 = 12∑∑[𝐸𝑎𝑏𝑅𝐸𝐵𝑂 + 𝐸𝑎𝑏𝐿𝐽 + ∑ ∑ 𝐸𝑐𝑎𝑏𝑑𝑡𝑜𝑟𝑠𝑑≠𝑎,𝑏,𝑐𝑐≠𝑎,𝑏 ]𝑏≠𝑎𝑎 𝐸𝑎𝑏𝑅𝐸𝐵𝑂 𝐸𝑎𝑏𝐿𝐽𝐸𝑐𝑎𝑏𝑑𝑡𝑜𝑟𝑠 𝐸𝐴𝐼𝑅𝐸𝐵𝑂
–

–

−

–
–

–
–

Figure 2. Schematic of cove-edged graphene nanoribbons (CGNR) with the definition of parameters
NL (number of carbon–carbon dimer lines along the ribbon length (x direction)), NW (number of
carbon–carbon dimer lines along the ribbon width (y direction)) and nH (distance between the hexagons
at cove-typed edges).
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The results are presented in the form of stress–strain diagrams. The strain measure is defined by
the displacement, ∆Lx, divided by the original mesh length L0

x:

εx =
∆Lx

L0
x

(2)

where x represents the Cartesian coordinate axis, ∆Lx = Lx −L0
x, and Lx is the actual length of the CGNR.

The stress values are obtained by averaging virial stress, σxy of each carbon atom, expressed
by [46]

σxy =
1
V

∑

α




1
2

N∑

β=1

(
R
β
x −Rαx

)
F
αβ
y −mαvαx vαy


 (3)

where the indices x and y denote the Cartesian coordinate axes; V is the volume used for the stress
calculation considering the thickness as 3.4 Å; R

β
x is the location of atom β along the x axis; Rαx is the

location of atom α along the x axis; F
αβ
y is the force acting on atom α due to its interaction with the

neighbours β in the y direction; mα is the mass of atom αand vαx and vαy are the velocities of atom α
along the x and y directions, respectively.

3. Results and Discussion

3.1. Validation of MD Simulation

To validate the numerical model, the stress–strain curves of a pristine bulk graphene sheet under
uniaxial tension are compared with the values presented in the literature. A pristine graphene sheet
with dimensions of 48.9 Å × 48.4 Å was considered. Figure 3 shows the stress–strain curves along
the ar and zz directions. The ultimate tensile strength obtained from MD simulations was 92 GPa and
115 GPa and the fracture strain was 0.16 and 0.28 along the ar and zz directions, respectively. The MD
results along the zz direction agreed well with the experimental [47] results for the fracture stress
and fracture strain, which were 130 ± 10 and 0.25, respectively. Moreover, these results were also in
agreement with the MD simulation results presented in the literature, ranging from 83 to 137 GPa and
0.12 to 0.27 along the ar direction, and 98 to 138 GPa and 0.12 to 0.28 along the zz direction [48,49].

–∆𝐿𝑥 𝐿𝑥0𝜀𝑥 = ∆𝐿𝑥𝐿𝑥0 ∆𝐿𝑥 = 𝐿𝑥 − 𝐿𝑥0 𝐿𝑥𝜎𝑥𝑦 𝜎𝑥𝑦 = 1𝑉 ∑ [12 ∑(𝑅𝑥𝛽 − 𝑅𝑥𝛼)𝑁
𝛽=1 𝐹𝑦𝛼𝛽 − 𝑚𝛼𝑣𝑥𝛼𝑣𝑦𝛼]𝛼

𝑅𝑥𝛽 𝛽 𝑅𝑥𝛼𝛼 𝐹𝑦𝛼𝛽 𝛼𝛽 𝑚𝛼 𝛼and 𝑣𝑥𝛼 𝑣𝑦𝛼 𝛼

–

–

–Figure 3. Stress–strain curves of pristine graphene sheet under uniaxial tension along ar and zz directions.
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3.2. Size Effects on Mechanical Response of CGNR

In this section, we focused on the mechanical response of CGNR under uniaxial tension loading
considering four different values NL and NW. The CGNR samples have the distance between the
hexagons equal to 2H.

Figure 4 presents the size effects on the mechanical response of CGNR in a form of stress–strain
curves. Figure 4a shows the stress–strain curves with fixed width of NW = 4, and length varying
from NL = 20–68. The mechanical response of CGNR shows hardly any dependency on the length as
the periodic boundary conditions were used in the length direction. Such behaviour also confirms
the validity and correct physical response of the MD model of CGNR. Moreover, this behaviour was
similar to the response previously observed for AGNR and ZGNR [21].

–
–

–

–

 

(a) NW = 4. (b) NL = 56. 

Figure 4. Size effects on the mechanical response of CGNR (2H).

Figure 4b shows the stress–strain curves with a fixed length of NL = 56, and width (NW) varying
from 4 to 12. Here, the mechanical response of CGNR shows interesting behaviour with changing
widths; CGNR became stronger and more ductile as the width increased. It is due to the edge effects
that become significant with decreasing NW and bond breaking becomes easier along the width
direction after the first bond breaks. It should be noted that strength and fracture strain of nanoribbons
shown in Figure 4 were smaller than the ultimate strength and fracture strain of a pristine sheet shown
in Figure 3. However, as NW increased the strain-curve tended to approach the response of a pristine
sheet. Comparing pristine zigzag graphene sheet and CGNR with NW = 12 the ultimate tensile
strength was 115 GPa and 97 GPa and the failure strain was 0.28 and 0.24, respectively.

Moreover, the mechanical response of CGNR with varying widths was different from the response
previously observed for AGNR and ZGNR. Chu et al. [21] and Damasceno et al. [25] concluded that
AGNR shows little size dependency with width whereas the size dependency with width is higher
in the case of ZGNR. However, both authors [21,25] showed that in the case of the ZGNR as the
width increased the ultimate strength and the failure strain decreased. Moreover, other studies also
concluded that the ultimate strength is larger as the width is decreased [38,39], while the fracture
strain is increased. Therefore, we can conclude that ZGNR with cove-typed edges becomes stronger as
the width increases, as well as increase its fracture strain in contrast to the behaviour presented by
the ZGNR in the literature. This behaviour is relevant to the design of CGNR devices as the lower
mechanical strength and ductility could have a direct effect on the device operation and reliability.
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3.3. Edge Effects on the Mechanical Response of CGNR

The results presented in Figure 4 show that the edges played a different role on the mechanical
response of CGNR when compared to the effect of edges on the response of AGNR and ZGNR. In this
regard, it is important to examine how the behaviour observed in Figure 4 depended on the cove-edge
configuration shown in Figure 2 (i.e., the distance between the hexagons). Therefore, in the next
example, we investigated the influence of parameter nH by comparing the results for 1H and 3H.
For each parameter nH, the CGNR length was fixed with NL = 56 and the width (NW) varies from 4 to
8. These two configurations were called Cove II and Cove III as shown in Figure 5a,b, respectively.
In addition, we investigated the influence of higher values of the parameter nH by considering CGNRs
with NL = 56 and NW = 4 and NW = 8.

–

–

–

n ≥ 3

  

(a) Cove II (b) Cove III 

1H 3H 

Figure 5. Schematic of CGNR corresponding to (a) 1H and (b) 3H.

The mechanical response of the Cove II and Cove III models is presented in Figure 6. Comparing to
Figure 4b, the stress–strain curves shown in Figure 6 also demonstrated that as the width increased
the CGNR became stiffer irrespective of the nH value but no change in ductility was observed for the
lowest value of nH (i.e., Cove II). In the case of Cove III, the stress–strain curves shown in Figure 6b
were very close to the curves shown in Figure 4b indicating that the spacing between the hexagons in
the cove-edge was not a significant factor in the mechanical response. It is also noted that strength
values in Figure 6a were also not substantially different (10%) from the strength values corresponding
to 2H and 3H configurations. Moreover, the same behaviour was observed for higher values of nH,
as presented in Figure 6c, where dashed lines corresponded to the stress–strain curves of CGNR with
width NW = 4 and solid lines with width NW = 8. In both cases, the ultimate fracture stress remained
the same for different nH, while the failure strain was slightly increased with increasing n. It could be
concluded that, for a given width NW, CGNR presents an almost constant characteristic mechanical
behaviour when the distance between the hexagons at the edge were at least spaced by three hexagons,
i.e., n ≥ 3.

–

–

–

n ≥ 3

 

(a) Cove II (b) Cove III 

Figure 6. Cont.

90



Nanomaterials 2020, 10, 1422

 
(c) Variation with nH 

–

–

–

Figure 6. Stress–strain curves of (a) Cove II, (b) Cove III and (c) for different nH values.

To further investigate the effect of the cove-edge geometry, the next example considers a mixed
cove-edge configuration with one side identical to the Cove II edge geometry while the opposite
edge is represented by the Cove III geometry. The mechanical response of this CGNR is shown in
Figure 7. The stress–strain curves shown in Figure 7 show similar behaviour to the curves shown in
Figures 4b and 6b; as the width increased the CGNR became stiffer but the variation of ductility with
width was negligible. An important observation from Figures 4, 6 and 7 is that the mechanical strength
of CGNR showed a minor dependence on the cove-edge configuration with strength and ductility
showing less than 15% variation.

 

 

St
re

ss
 (G

Pa
)

Figure 7. Stress–strain curves of CGNR with mixed edges.

3.4. Topological and Vacancy Defects in CGNR

In this section, the effects of the topological and vacancy defects on the mechanical behaviour of
CGNR were presented. The topological defects break the symmetry of the hexagonal lattice, while the
sp2 covalent bonds were maintained. The vacancy defects were obtained by removing atoms from the
lattice and as a result the sp2 covalent bonds around the defects were not maintained. The topological
and vacancy defects considered in this study are shown in Figure 8. Figure 8a shows a divacancy (DV)
defect obtained by removing two atoms from the center of the lattice. Figure 8b–d shows topological
defects known as 5-8-5, 555-777 and 5555-6-7777. Figure 8e,f shows the Stone–Wales defects commonly
identified as SW1 and SW2. To study the effect of defects on the mechanical behaviour of CGNR, each
defect shown in Figure 8 was placed at the centre of a CGNR with geometry defined by NL = 56 and
NW = 8. In all MD simulations, the cove-type edges had hexagons spaced at 2H, and the length of a
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standard carbon–carbon bond was considered initially as 1.396 Å. Note that initial bond lengths were
different for certain bonds and rotated carbon–carbon bonds associated with topological defects.

–
–

–
–

   

(a) DV (b) 5-8-5 (c) 555-777 

   

(d) 5555-6-7777 (e) SW1 (f) SW2 

Figure 8. Topological and vacancy defects embedded in CGNR.

Figure 9 shows the mechanical response of CGNR under uniaxial tension loading. The stiffness
(elastic modulus) of CGNR shows minor influence of defects and gradually became nonlinear as the
strain increased beyond 5%. However, all types of defects had a significant effect on the ultimate
strength and ductility of CGNR when compared to a pristine CGNR of identical size. For a pristine
CGNR, the ultimate tensile strength was 90.6 GPa and the fracture strain was 0.23. Reductions
in strength and fracture strain were highest for the 5-8-5, DV and 555-777 defects followed by the
5555-6-7777, SW2 and SW1. The SW1 configuration was mechanically stronger compared to all other
defects. Here, it is interesting to note that the same behaviour was observed for the zigzag graphene
with the SW1 defect [50]. Compared to a pristine CGNR, the strength was reduced from 90.6 to
75.7 GPa and the failure strain from 0.23 to 0.15 for a SW1 defect, whereas for a 5-8-5 defect the strength
reduced to 61.8 GPa and the strain to 0.12. For a better understanding of the behaviour presented
in Figure 9, it is useful to discuss the fracture patterns observed in the Visual Molecular Dynamics
package [51] during the MD simulations. Firstly, we discussed the fracture patterns of the defects with
higher ultimate stress, which correspond to the defects SW1, SW2 and 5555-6-7777.

Figure 10 shows a pictorial representation of the atomic structure of the CGNR with selected
defects obtained from the Visual Molecular Dynamics (VMD) package [51] just prior to the failure
point shown in Figure 9. It should be noted that this figure does not show the actual bond lengths
but only a visualization of the atoms and bonds that are involved in the failure. Therefore, the red
broken lines illustrate the broken bonds of the system, but they do not represent the actual bond
lengths. Such representations are commonly used in molecular simulations to illustrate failure patterns,
etc., e.g., [22,46]. It is observed that the defects SW1 (Figure 10a) and 5555-6-7777 (Figure 10c) have a
horizontal plane of symmetry and two pentagons at the front of the defects. In both cases, only the
bonds of four hexagons and two heptagons get stretched and eventually break. However, for a SW1
defect the fracture runs through the two heptagons sparing the pentagons at the fronts as shown
in Figure 10d and the bonds shared by the heptagon–heptagon and the heptagon–hexagon were
the first to break. For a 5555-6-7777 defect, the fracture does not cut across the defect but involve
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only the two heptagons on the right side of the defect and the hexagons above and below them as
shown in Figure 10f. Here again, the fracture initiates at the bonds shared by heptagon–heptagon and
heptagon–hexagon cells. It is interesting to note that the bonds of the central hexagon and none of
the pentagons were broken at the failure point. The SW2 defect is like a SW1 defect in terms of the
atomic structure of the defective cells but it does not have a horizontal plane of symmetry. As a result,
the fracture cuts through five hexagons, two pentagons and one heptagon. The fracture starts on the
bonds shared by the pentagon–heptagon and pentagon–hexagon cells. It seems out of the three defects
shown in Figure 10, SW1 has the minimum number of defective cells and together with its symmetry
make it the strongest and most stretchable configuration followed by SW2 and 5555-6-7777, which has
a higher number of defective cells.

– –

–
–

– –

–Figure 9. Stress–strain curves for the defects: DV, 5-8-5, 555-777, 5555-6-7777, SW1, and SW2 defects.

SW1 SW2 5555-6-7777 
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Figure 10. Failure patterns and related atoms and bonds of SW1, SW2 and 555-6-777 defects.

The defects shown in Figure 11a–c had similar fracture propagation as in Figure 10. Here again,
the red broken lines illustrate the broken bonds of the system, but they do not represent the actual
bond lengths. Fracture propagates through both sides turning to the left side reaching the edges in the
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interval between of the hexagons. For the 5-8-5 defect, the fracture started on the bonds shared by
the pentagon–octagon and the pentagon–hexagon and these bonds aligned with the loading direction
relatively easily. In the case of the DV defect, the fracture started on the bonds shared by the vacancy
and the hexagons. It obviously had the least resistance to failure as only six bonds were involved,
and they aligned easily with the loading direction. The fracture in the 555-777 defect started on the
bonds shared by the pentagon–heptagon and pentagon–hexagon. It is interesting to note that in the
case of the 555-777 defect, the fracture could start on the bonds shared by the heptagon–heptagon
and heptagon–hexagon as in the case of SW1 and 5555-6-7777 defects. However, due to the atomic
configuration of the 555-777 defect the fracture started at different bonds. However, its strength and
fracture strains were quite close to the values of 5555-6-7777 defect and slightly higher than the DV
and 5-8-5 defects.

) ε = 0 ε = 0 ε = 0

ε = 0.154 ε ε

–

– –
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–

–

5-8-5 DV 555-777 

   
(a) ε = 0 (b) ε = 0 (c) ε = 0 

3 

1 

2 

4 

5 

6 

7 

1 

2 

3 

4 

5 

1 

2 

3 

4 

5 

6 

7 

   

(d) ε = 0.116 (e) ε = 0.115 (f) ε = 0.121 

– –

–

1 

2 

4 

5 

6 

7 

3 

1 

2 

3 

4 

5 

1 

2 

5 

6 

7 

3 

4 

Figure 11. Failure patterns and related atoms and bonds of 5-8-5, DV and 555-777 defects.

Our results revealed that the mechanical response of defective CGNR had a complex dependency
on the defect configuration. Highest fracture stress and failure strain were observed for the cases
where the fracture started on the bonds shared by heptagon–heptagon and heptagon–hexagon and
the number of defective cells was fewer as in the case of SW1, SW2 and 5555-6-7777. Lower fracture
stress and failure strain were observed for the cases where the bonds easily aligned parallel to the
loading direction during the initial stages of stretching such as in vacancies and pentagon–octagon
bonds. Moreover, studies have shown that the bond breaking mechanism is influenced by the amount
of covalent bond loading distribution and the corresponding stretching that occurs due to the atom
lattice deformation pattern. A discussion on this aspect can be found in Babicheva et al. [52].

3.5. Vacancy Effects on the Mechanical Response of CGNR

One of the most common defects in the GNR [53] is caused by atomic vacancies.
Several studies [22,36,54] have examined the effects of vacancies, such as divacancy (DV) and other
vacancy configurations, on the mechanical and electronic properties of GNR along the ar and zz

directions. In this section, we extended the single DV defect study presented in the preceding section
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to examine the mechanical response of a defective CGNR containing a single DV defect with different
orientations and multiple DV defects. In addition, we examined the possibility of topological design of
CGNR for strength enhancement by combining the DV and SW1 defects, as well as the manipulation
of the fracture pattern using these defects. Figure 12 shows six configuration of CGNR with single and
multiple DV defects. These configurations are labelled as DV1, DV2, DV3, DV4, DV5 and DV6.

  
(a) DV1 (b) DV2  

  

(c) DV3 (d) DV4 

  

(e) DV5 (f) DV6 

Figure 12. Geometry of CGNR with single and multiple DV defects.

The stress–strain curves of CGNR with single and multiple DV defects, shown in Figure 12,
are depicted in Figure 13. Figure 14 compares the fracture patterns of DV 1 and DV 2 defects. It is
observed that CGNR with inclined DV defects (DV2, DV4 and DV6) were stronger and more ductile
compared to the ribbons with vertical DV defects (DV1, DV3 and DV5). It is also interesting to note
that DV 1 had the lowest strength and fracture strain (61.8 GPa and 0.116) followed by DV3 and
DV5. In general, the addition of more defects tended to increase the strength slightly and results
in a noticeable improvement in ductility. For example, DV6 had the highest strength and ductility
(73.9 GPa and 0.165) compared to other five configurations. This observation supported the emerging
idea of topological design of 2D materials by manipulating defects to tailor properties.

–

 

–

–

Figure 13. Stress–strain curves of CGNR with single and multiple defects.
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(a) ε = 0.116 (b) ε = 0.148 

– –

Figure 14. Failure patterns and related atoms and bonds of DV1 and DV2 defects.

In the next example, the influence of a network of simple defects was examined to further
explore the emerging idea of topological design of 2D materials. We considered a CGNR with a set of
inclined DV defects (DV6 configuration in Figure 12 and added SW1 defects to examine the response
of the resulting CGNR. Four configurations of CGNR were considered as shown in Figure 15a–d.
The mechanical response of these configurations was presented in Figure 15e. The results revealed an
interesting behaviour with the combination of the defects. The ultimate strength practically remained
the same as the number of SW1 increased, whereas the fracture strain had a noticeable increase.
Therefore, it is concluded that the combination of inclined DV and SW1 defects could increase the
mechanical flexibility without compromising the stiffness of CGNR.

ε = 0.116 ε = 0.148

  
(a) Configuration 1 (b) Configuration 2 

  
(c) Configuration 3 (d) Configuration 4 

 
(e) 

– –Figure 15. Configuration of CGNR (a–d) with defect combinations and (e) corresponding
stress–strain curves.
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4. Conclusions

We investigated the effects of edges, size and defects on the mechanical response of CGNRs
by using molecular dynamics simulations. The results revealed that the CGNRs were generally
mechanically weaker and less ductile than pristine zigzag graphene. The variation of strength and
ductility with ribbon width of CGNR was qualitatively different from a ZGNR. The cove-edge geometry
characterized by the distance between the adjacent hexagons shows a relatively minor influence (<15%)
on strength and ductility. The mechanical response of defective CGNRs shows complex dependency on
the defect configuration, while the fracture pattern was strongly influenced by the defect configuration,
position and orientation. The SW1 and SW2 defects were superior to other traditional defects and the DV
defects had the lowest strength and fracture strain. It is shown that a change in the orientation of a DV
defect could result in a substantial increase in the strength and fracture strain. The presence of multiple
DV defects can improve both strength and fracture strain while addition of SW1 defects in between
DV defects can improve ductility without compromising strength. The results obtained in this study
support the idea of topological design of 2D materials using defects to tailor mechanical properties.
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Abstract: Cellulose nanofiber (CNF) has been accepted as a valid nanofiller that can improve
the mechanical properties of composite materials by mechanical and chemical methods. The purpose
of this work is to numerically and experimentally evaluate the mechanical behavior of CNF-reinforced
polymer composites under tensile loading. Finite element analysis (FEA) was conducted using a model
for the representative volume element of CNF/epoxy composites to determine the effective Young’s
modulus and the stress state within the composites. The possible random orientation of the CNFs
was considered in the finite element model. Tensile tests were also conducted on the CNF/epoxy
composites to identify the effect of CNFs on their tensile behavior. The numerical findings were
then correlated with the test results. The present randomly oriented CNF/epoxy composite model
provides a means for exploring the property interactions across different length scales.

Keywords: multi-scale mechanics; finite element analysis; material testing; cellulose nanofiber;
polymer composites; tensile modulus

1. Introduction

Cellulose nanofiber (CNF) has been accepted as a valid nanofiller that can improve the mechanical
properties of composite materials by both mechanical and chemical methods [1–4]. Nishino et al. [5]
determined that the elastic modulus of natural cellulose in the longitudinal direction was 138 GPa.
Blefdzki et al. [6] proposed that the ultimate tensile strength of cellulose is estimated to be 17.8 GPa,
which is seven times higher than that of steel. Sain and Oksman [7] studied the mechanical properties
of CNF to design CNF-reinforced composite materials. Chirayil et al. [8] and Ansari et al. [9] showed
that the mechanical properties of CNF-dispersed polymer composites increased compared with those
of pure polymer. However, it was reported that an agglomeration of CNF in the matrix, poor adhesion,
and water uptake decreased the mechanical properties. Kurita et al. [10] investigated the flexural
properties of the CNF-dispersed epoxy layer inserted into woven glass fiber-reinforced polymer (GFRP)
composite laminates. They indicated that the flexural strength increases, whereas the flexural modulus
is almost constant when inserting two CNF/epoxy interface layers. Xie et al. [11] prepared extremely
low CNF-reinforced epoxy matrix composites and tried to understand the strengthening mechanism
of the CNF/epoxy composite through a three-point flexural test and finite element analysis (FEA).
They proposed the possibility that CNF behaves as an auxiliary agent to enhance the structure of epoxy
molecules and not as a reinforcing fiber in the epoxy matrix.

Prediction of the stress and strain requires a detailed FEA. The finite element method is regarded
as an important tool in the design and analysis of composite materials, and some finite element works
on the modeling of composite materials have been presented by our group [12–14].
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In this paper, the tensile behavior of CNF-reinforced polymer composites is investigated. A finite
element model that considered the randomly oriented CNF in the polymer was developed, and FEA
was performed for the composites with randomly oriented CNFs. Tensile tests were then carried out
on the CNF/epoxy composites. The stress–strain curve and Young’s modulus for the CNF-reinforced
polymer composites were then discussed in detail.

2. Numerical Procedure

2.1. Definition of Representative Volume Element

In this study, ANSYS Multiphysics code (ver. 11.0) was used to perform a three-dimensional FEA.
Figure 1 shows the representative volume element (RVE) of the CNF-reinforced polymer composites.
As shown in Figure 1a, the RVE was created such that the CNF was embedded in the center of
the polymer matrix. The Cartesian coordinate system o-xyz was defined such that the x-axis was in
the longitudinal direction, and the y- and z-axes were in the transverse plane of the RVE. Lf and Lm

represent the length of the CNF and matrix, respectively. The superscript f represents the fiber, and m
denotes the matrix. df is the diameter of the CNF. Wm and Tm are the width and thickness of the matrix,
respectively. Here, Tm was set to be equal to Wm so that the cross-section yz-plane is square. The CNF
aspect ratio Lf/df was assumed to be equal to the matrix aspect ratio Lm/Wm [15], and the relationship
between Wm and CNF volume fraction Vf was given by the following equation:

Vf =
π

4

(
df

Wm

)3

(1)

The CNF and matrix were assumed to have isotropic elastic properties, and the constitutive
equation can be written as




εδxx

εδyy

εδzz

2εδyz

2εδzx

2εδxy




=




1/Eδ −νδ/Eδ −νδ/Eδ 0 0 0
−νδ/Eδ 1/Eδ −νδ/Eδ 0 0 0
−νδ/Eδ −νδ/Eδ 1/Eδ 0 0 0

0 0 0 1/Gδ 0 0
0 0 0 0 1/Gδ 0
0 0 0 0 0 1/Gδ







σδxx

σδyy

σδzz

σδyz
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σδxy




(δ = m, f) (2)

where εδ
i j

and σδ
i j

are the strain and stress components (i, j = x, y, z), Eδ is the Young’s modulus, Gδ is

the shear modulus, and νδ is the Poisson’s ratio.
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Figure 1. Cont.
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Figure 1. (a) Representative volume element (RVE) of cellulose nanofiber (CNF)-reinforced epoxy
composite. (b) One-eighth finite element model of RVE for CNF-reinforced epoxy composite.

2.2. Finite Element Analysis of Representative Volume Element

The RVE of CNF-reinforced polymer composites can be assumed to be transversely isotropic
with the plane of isotropy being the yz-plane (see Figure 1). The solution obtained from the analysis
of the RVE is equivalent to the solution of unidirectional, uniformly dispersed, CNF-reinforced
polymer composites. So, for the transversely isotropic RVE, there are five independent elastic
properties: longitudinal Young’s modulus Er

l , transverse Young’s modulus Er
t , longitudinal Poisson’s

ratio νr
lt, transverse Poisson’s ratio νr

tt, and longitudinal shear modulus Gr
lt = Gr

tl. The superscript

r denotes the RVE. In addition, transverse shear modulus Gr
tt is calculated by Gr

tt = Er
t /2

(
1 + νr

tt

)
.

Then, the longitudinal Young’s modulus Er
l and Poisson’s ratio νr

lt, transverse Young’s modulus Er
t

and Poisson’s ratio νr
tt, and longitudinal shear modulus Gr

lt = Gr
tl can be obtained from the FEA of

the RVE under longitudinal normal, transverse normal, and longitudinal shear loadings, respectively.
The appropriate constraints on the RVE under various loads have been determined by Sun

and Vaidya [16]. For longitudinal and transverse normal loading, one-eighth of the RVE (0 ≤ x ≤
Lm/2, 0 ≤ y ≤ Wm/2, 0 ≤ z ≤ Wm/2) was considered, as shown in Figure 1b. The displacement
boundary conditions for the RVE under normal load in the longitudinal x-direction are [17]

uδx(0, y, z) = 0
um

x (Lm/2, y, z) = u∗x

}
0 ≤ y ≤Wm/2, 0 ≤ z ≤Wm/2 (δ = m, f) (3)

uδy(x, 0, z) = 0
um

y (x, Wm/2, z) = u0
y

}
0 ≤ x ≤ Lm/2, 0 ≤ z ≤Wm/2 (δ = m, f) (4)

uδz(x, y, 0) = 0
um

z (x, y, Wm/2) = u0
z

}
0 ≤ x ≤ Lm/2, 0 ≤ y ≤Wm/2 (δ = m, f) (5)

where uδx, uδy, and uδz are the displacement components in the x-, y-, and z- directions, respectively; u∗x
is the applied uniform displacement in the x-direction; and u0

y and u0
z are the uniform displacements in

the y- and z-directions. The uniform displacements in the y- and z-directions are determined from
the condition that resultant stresses at y = Wm/2 plane and z = Wm/2 plane are zero, respectively.
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The longitudinal Young’s modulus Er
l = Er

x and Poisson’s ratio νr
lt = νr

xy = νr
xz are given by

the following equations [16]:

Er
x =

σ∗xx

u∗x/(Lm/2)
(6)

νr
xy = −

u0
y/(Wm/2)

u∗x/(Lm/2)
(7)

where σ∗xx is the mechanical mean stress on the x = Lm/2 plane of the RVE. The mechanical mean
stress σ∗xx is obtained as follows [16,17]

σ∗xx =

∫ Wm/2
0

∫ Wm/2
0 σm

xx(L
m/2, y, z)dydz

(Wm/2)2 (8)

Transverse normal loading can be simulated by applying the uniform displacement in the y- or
z-direction. An analysis procedure like that used for the case of longitudinal normal loading can be
employed for the case of transverse normal loading, and the transverse Young’s modulus Er

t = Er
y = Er

z

and Poisson’s ratio νr
tt = νr

yz = ν
r
zy can be obtained.

For longitudinal shear loading, a whole RVE (−Lm/2 ≤ x ≤ Lm/2,−Wm/2 ≤ y ≤
Wm/2,−Wm/2 ≤ z ≤ Wm/2) was considered. The displacement boundary conditions for the RVE
under longitudinal shear load are [17]

um
x (x, y,−Wm/2) = 0

um
y (x, y,−Wm/2) = 0

um
z (x, y,−Wm/2) = 0

um
x (x, y, Wm/2) = u∗x

um
y (x, y, Wm/2) = 0

um
z (x, y, Wm/2) = 0



−Lm/2 ≤ x ≤ Lm/2, −Wm/2 ≤ y ≤Wm/2 (9)

In addition, the points on the x = −Lm/2 and x = Lm/2 planes with the same y- and z-coordinates
need to be constrained to have the same displacements in all three directions as follows [16]:

um
x (−Lm/2, y, z) = um

x (Lm/2, y, z)

um
y (−Lm/2, y, z) = um

y (L
m/2, y, z)

um
z (−Lm/2, y, z) = um

z (Lm/2, y, z)


−Wm/2 ≤ y ≤Wm/2, −Wm/2 ≤ z ≤Wm/2 (10)

The longitudinal shear modulus Gr
lt = Gr

tl = Gr
zx is given by [16]

Gr
zx =

σ∗zx

u∗x/Wm (11)

The mechanical mean stress σ∗zx is obtained by [16,17]

σ∗zx =

∫ Wm/2
−Wm/2

∫ Lm/2
−Lm/2 σ

m
zx(x, y, Wm/2)dxdy

LmWm (12)

In the analysis, the interface between the CNF and matrix was assumed to be perfectly bonding.
The eight-node, three-dimensional solid elements were employed to mesh the RVE. The RVE model
under longitudinal and transverse normal loadings consisted of 62,736 nodes and 1400 elements,
while the model for longitudinal shear loading had 229,869 nodes and 55,680 elements.
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2.3. Definition of Randomly Oriented CNF-reinforced Composite

Figure 2a shows the image of the polymer composite with randomly oriented CNF in the FEA.
The global Cartesian coordinate system O-XYZ and the local Cartesian coordinate systems o-xyz for
the composite are shown. To create a model of randomly oriented CNF-reinforced polymer composite,
the mechanical properties of the RVE denoted by the superscript r were applied to each element,
and all local coordinate systems were rotated randomly for the global coordinate system, as shown in
Figure 2b, although the geometries of the element and unit cell are different. This random rotation of
each element coordinate system was conducted based on the following equation:




x

y

z



=




cosϕ 0 sinϕ
0 1 0

− sinϕ 0 cosϕ







1 0 0
0 cosω − sinω
0 sinω cosω







cosθ − sinθ 0
sinθ cosθ 0

0 0 1







x0

y0

z0




(13)

where (x0, y0, z0) represents the initial axes before rotation. The initial orientation of the local
coordinate systems was the same as that of the global coordinate system, and ω, ϕ, and θ are
the Euler angles indicating the orientation of the local coordinates (x, y, z) with respect to the global
coordinates (X, Y, Z). Furthermore, these were generated from random numbers for each element.
By using the above definition, it could be possible to simulate randomly oriented CNF-reinforced
polymer composites.

The polymer composite with randomly oriented transversely isotropic RVEs (randomly oriented
CNFs) is isotropic material [18]. Hence, the constitutive equation for the composite can be written in
the following form:




εc
XX
εc

YY
εc

ZZ
2εc

YZ
2εc

ZX
2εc

XY




=




1/Ec −νc/Ec −νc/Ec 0 0 0
−νc/Ec 1/Ec −νc/Ec 0 0 0
−νc/Ec −νc/Ec 1/Ec 0 0 0

0 0 0 1/Gc 0 0
0 0 0 0 1/Gc 0
0 0 0 0 0 1/Gc







σc
XX
σc

YY
σc

ZZ
σc

YZ
σc

ZX
σc

XY




(14)

where the superscript c represents the composite. The mechanical properties of the composites
denoted by the superscript c were obtained using the mechanical properties of the RVE denoted by
the superscript r.

2.4. Finite Element Analysis of Randomly Oriented CNF-reinforced Composite Specimen

We performed the FEA by using a one-eighth model of a JIS K 7164 tensile specimen, as shown
in Figure 3. The global Cartesian coordinate system O-XYZ was employed, and the local coordinate
system o-xyz was defined (not shown here) and rotated randomly. Lc = 215 mm represents the total
length; Lc

1 = 60 mm and Lc
2 = 44.3 mm are the lengths of the reduced section and the grip section,

respectively; Wc
1 = 45 mm and Wc

2 = 25 mm are the widths of the reduced section and the grip section,
respectively; Tc = 2 mm is the total thickness; and rc = 60 mm represents the curvature radius.

The boundary conditions are represented by the following equations:

uc
X(0, Y, Z) = 0 (15)

uc
Z(X, Y, 0) = 0 (16)

uc
X(L

c/2, Y, Z) = u∗∗X (17)

where uc
X

, uc
Y

, uc
Z

represent the displacement components in X-, Y-, and Z- directions, and u∗∗
X

denotes
the applied displacement.

105



Nanomaterials 2020, 10, 700

 

ቆݖݕݔቇ = ൭ cos ߮ 0 sin ߮0 1 0− sin ߮ 0 cos ߮൱ ൭1 0 00 cos ߱ − sin ߱0 sin ߱ cos ߱ ൱ ൭cos ߠ − sin ߠ 0sin ߠ cos ߠ 00 0 1൱ ൭ݔ଴ݕ଴ݖ଴൱
,଴ݔ)	 ,଴ݕ (଴ݖ 	߱, ߮,	 ,ݔ	ߠ ,ݕ ,ܺ)	ݖ ܻ, ܼ)

ۈۉ
ۇۈۈ

௑௒ୡߝ௓௑ୡ2ߝ௒௓ୡ2ߝ௓௓ୡ2ߝ௒௒ୡߝ௑௑ୡߝ ۋی
ۊۋۋ =

ۈۉ
ۇۈ

ୡܧ/1 ୡܧ/ୡߥ− ୡܧ/ୡߥ− 0 0 ୡܧ/ୡߥ−0 ୡܧ/1 ୡܧ/ୡߥ− 0 0 ୡܧ/ୡߥ−0 ୡܧ/ୡߥ− ୡܧ/1 0 0 00 0 0 ୡܩ/1 0 00 0 0 0 ୡܩ/1 00 0 0 0 0 ۋیୡܩ/1
ۊۋ

ۈۉ
ۇۈۈ

௑௒ୡߪ௓௑ୡߪ௒௓ୡߪ௓௓ୡߪ௒௒ୡߪ௑௑ୡߪ ۋی
ۊۋۋ

c

 

(a) 

 

 

(b) 
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Figure 2. Image of (a) the polymer composite with randomly oriented CNF in the FEA and (b)
the rotation of coordinates.

For the finite element model, the eight-node, three-dimensional solid elements were employed.
The model consisted of 3141 nodes and 6800 elements.

From the FEA, the stress and strain of the tensile specimens were obtained by averaging these
values of the nodes in the reduced section surface (0 ≤ X ≤ Lc

1/2, 0 ≤ Y ≤ Wc
1/2, Z = Tc/2)

because the calculated solutions were different for each node due to the model of randomly oriented
CNF-reinforced polymer composites. Additionally, to simulate the randomness of the solutions,
an FEA was performed for each three times under the same conditions. Finally, the Young’s modulus
Ec obtained from the FEA was compared with the experimental results.
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Figure 3. One-eighth finite element model of tensile specimen.

3. Experimental Procedure

In this work, nanocomposites consisting of an epoxy matrix filled with dry CNFs were considered.
The diameters of the dry CNFs ranged from 25 to 50 nm, whereas their lengths were between 5
and 50 µm. The processing concept for CNF/epoxy composite is summarized in Figure 4. The fabricated
composite samples contained CNF concentrations of 0.73, 2.2, and 3.7 vol %. Neat epoxy samples were
also prepared.

Tensile tests were conducted on the CNF/epoxy composite specimen following JIS K 7164,
and the stress–strain curves were measured. The stress was determined by dividing the load by
the cross-sectional area of the narrow section. Test specimen dimensions are shown in Figure 3. At least
five tests were performed under each condition.
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Figure 4. Schematic illustration of the preparation route for CNF/epoxy composite specimen.
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4. Results and Discussion

4.1. Parameters of Representative Volume Element

The Young’s modulus of the CNF is Ef = 138 GPa [7]. The Poisson’s ratio νf was assumed to be
equal to that of carbon nanotube and hence νf = 0.2 [17]. On the other hand, the Young’s modulus
Em = 3.23 GPa and Poisson’s ratio νm = 0.34 of the neat epoxy were obtained from the tensile tests.

Figure 5 gives the scanning electron microscopy (SEM) images of the surface for the 3.7 vol % and of
fracture surface for the 0.73 vol % CNF/epoxy composite specimen. It was found that the agglomerated
CNF clusters were almost uniformly dispersed in the epoxy matrix. The fracture of CNF clusters
was observed on the fracture surface of CNF/epoxy composites without disentwining. This result
indicates that the applied load was transferred to CNF clusters and that CNF clusters contributed
to enhance the epoxy resin matrix during the tensile test. The CNF in the epoxy matrix tended to
be agglomerated, and the apparent aspect ratio became small. From this image, the aspect ratio
Lf/df = Lm/Wm = 7.5 was assumed, taking Lf and df as the length and diameter of the agglomerated
CNF cluster. For an aspect ratio above 50, the predicted Young’s modulus is almost independent of
the aspect ratio [17]. For simplicity here, the agglomerated CNF clusters were assumed to be isotropic
and to have the same Young’s modulus and Poisson’s ratio as the CNF.

 

୤ܮ ݀୤ ୫ܮ ܹ୫ ୤ܮ ݀୤

 

 
 

௑௑ୡߪ
ܸ୤ 	 	୤/݀୤ܮ

Figure 5. SEM images of (a) the surface for the 3.7 vol % CNF/epoxy composite, (b) the surface for
the 3.7 vol % CNF/epoxy composite (high resolution), and (c) the fracture surface for the 0.73 vol %
CNF/epoxy composite.

4.2. CNF/epoxy Composite Analysis

Figure 6 shows the measured and calculated stresses as a function of the measured strain for
the neat epoxy and 2.2 vol % CNF/epoxy composite. Dotted lines indicate the measured data.
Dashed lines are the calculated normal stress in the X-direction at a chosen point (X = Y = 0 mm
and Z = Tc/2 = 1 mm here) from a linear elastic FEA. Each measured curve exhibits the linear initial
region, and the calculated curves agree with the measured data very well. In the later loading stage,
nonlinearity of the curve exists. This is due to the material nonlinearity. In order to determine
the nonlinear stress–strain response numerically, the uniaxial stress–strain behavior, for example, based
on Ref. [18] must be represented. More details can be found in our previous works on elastic-plastic
finite element modeling [14,19], which is out of scope of the current work. Figure 6 also shows
the calculated result for the 2.2 vol % CNF/epoxy composite from the multi-scale FEA (see solid line).
It is interesting to note that the stress obtained from the multi-scale FEA was larger than that obtained
from the linear FEA. It is anticipated that unexpected high stress is generated in the composite due to
the inhomogeneity of the material. The predicted tensile stress σc

XX
distributions obtained from the (a)

linear FEA and (b) multi-scale FEA of the randomly oriented CNF/epoxy composite with the CNF
volume fraction Vf of 2.2 vol % and the aspect ratio Lf/df = 7.5 under normal strain of 0.015 are shown
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in Figure 7. From Figure 7a, the uniform stress distribution was generated at the reduced section from
the linear FEA. On the other hand, from Figure 7b, it was found that the non-uniform stress distribution
was generated at the reduced section from the multi-scale FEA. The results indicate that if the CNFs
were randomly dispersed and completely bonded to the epoxy matrix, the stress of the CNF/epoxy
composite would be higher. In other words, the linear analysis may underestimate the stress.

 

 

Figure 6. Predicted and experimental stress–strain curves for the neat epoxy and CNF/epoxy composite.

 

 

Figure 7. Predicted tensile stress σc
XX

distributions of randomly oriented CNF/epoxy composite under
the tensile strain of 0.015 obtained from (a) linear FEA and (b) multi-scale FEA. The volume fraction is
2.2 vol %, and the aspect ratio is 7.5.
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Figure 8 shows the measured and predicted Young’s modulus for the neat epoxy, the 2.2 vol %
CNF/epoxy composite, and the 3.7 vol % CNF/epoxy composite. The randomness of the solutions
was confirmed for each CNF volume fraction in the composites. For the neat epoxy, the predicted
Young’s modulus agreed with the measured data. On the other hand, the predicted Young’s moduli
for the CNF/epoxy composites were larger than the measured data. Additionally, although the results
are not shown here, when a CNF aspect ratio of 50 was used, the predicted Young’s modulus for
the 3.7 vol % CNF/epoxy composite became approximately Ec = 4.65 GPa. The predicted Young’s
modulus Ec tends to increase as the CNF volume fraction and aspect ratio increase. This implies that
the dispersion of the agglomerated CNF cluster with a high spectral ratio, even in randomly oriented
CNF/epoxy composites, increases the Young’s modulus.

 

 

Figure 8. Predicted and experimental Young’s modulus for neat epoxy and CNF/epoxy composites.

Table 1 presents a comparison of the measured Young’s modulus of the present CNF/epoxy
nanocomposite with other nanocomposites from the literature. Although dry CNFs were agglomerated
in the epoxy matrix, these CNFs seem to tend to increase the Young’s modulus of the epoxy matrix as
much as they do other nanomaterials [20–23], except for aligned multi-walled CNT [24]. On the other
hand, the flexural modulus was significantly increased by the extremely low CNF slurry addition [11].
This increment cannot be explained by the theories for discontinuous fiber-reinforced composites.
Therefore, it seems that the CNF slurry behaves not as a reinforcing fiber in the epoxy matrix but as
an auxiliary agent to enhance the structure of the epoxy molecule.

Figure 9 shows the distribution of predicted tensile stress σδxx at y = 0 plane for the RVE of
the composite with the CNF volume fraction Vf of 3.7 vol % and the aspect ratio Lf/df = 7.5 and 50
under the applied tensile stress of 1 MPa. The stress gradients were confirmed, and the stress increased
and became constant toward the center of the CNF. It was found that the stress at the center of the RVE
for Lf/df = 50 was larger than that of Lf/df = 7.5.

There are many methods to estimate the overall mechanical and physical properties of
composites [17,23,24]. In the present work, we assume the perfect bonding between the CNF
and epoxy matrix because of its simplicity and use the three-dimensional finite element method. In fact,
a weak boundary exists (see Figure 4). Additional modeling is required for a full interpretation of
the mechanical and physical properties of CNF/epoxy composites. The main achievements of this
research include the development of a finite element model that can be easily extended to complex
problems (e.g., CNF-reinforced polymer composites with interfacial layers, CNF-reinforced polymer
composites with slip at interfaces).
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Table 1. Comparison of the Young’s modulus of epoxy matrix nanocomposites.

Nanomaterial Content
Modulus

(GPa)
Increase Rate

(%)

Dry CNF

0 3.23

This study0.73 vol % 3.30 2.1
2.2 vol % 3.54 10
3.7 vol % 3.85 19

Silica

0 2.96

[20]

2.5 vol % 3.20 8.1
4.9 vol % 3.42 16
7.1 vol % 3.57 21
9.6 vol % 3.60 22
13.4 vol % 3.85 30

CNT

0 2.90

[21]0.1 wt.% 3.01 3.8
0.2 wt.% 3.11 7.2
0.3 wt.% 3.26 12

Aligned CNT

0 2.5

[24]4.5 vol % 19 660
8.4 vol % 32 1180
21.4 vol % 50 1900

0 2.69
[22]Graphene (GP) 4.0 wt.% 2.89 7.4

Surface-modified GP 4.0 wt.% 3.27 22

Clay
0 3.53

[23]2.0 wt.% 3.58 1.4
5.0 wt.% 3.66 3.7

CNF slurry

0 2.20 *

[11]0 2.20 * 26
0.25 vol % 3.67 * 67
0.74 vol % 2.84 * 29

* Flexural modulus.

 

௫௫ఋߪ 	୤/݀୤ܮ
	୤/݀୤ܮ 	୤/݀୤ܮ	

 

Figure 9. Predicted tensile stress distribution of CNF in RVE with 0.073 vol % under the applied tensile
stress of 1 MPa. The aspect ratios are (a) 7.5 and (b) 50, respectively.
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5. Conclusions

In this paper, we studied the tensile behavior of CNF/epoxy composites by performing multi-scale
FEA and tensile tests. It was shown that by increasing CNF content, the Young’s modulus increases.
It was also found that agglomeration of CNF decreases the aspect ratio of CNF and decreases
the Young’s modulus. A correlation, obtained between the numerical and experimental results for
the Young’s moduli of the CNF/epoxy composites under tension, revealed that unexpected high stress
is generated in CNF/epoxy composites due to the inhomogeneity, and the inhomogeneity tends to
increase the Young’s modulus. The results from this study offer some basic insights into the reinforcing
mechanisms in CNF/epoxy composites under tension. These will enable the design of multifunctional
nanocomposite materials based on CNF for advanced engineering applications.

All conclusions are based on the numerical predictions for CNF/epoxy composites with perfect
bonding between the CNF and epoxy matrix. Some nanocomposites indicate the presence of weak
boundaries. This is a challenging research area, and sooner or later, some progress will be made.
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Abstract: The buckling behavior of functionally graded carbon nanotube reinforced composite
conical shells (FG-CNTRC-CSs) is here investigated by means of the first order shear deformation
theory (FSDT), under a combined axial/lateral or axial/hydrostatic loading condition. Two types
of CNTRC-CSs are considered herein, namely, a uniform distribution or a functionally graded
(FG) distribution of reinforcement, with a linear variation of the mechanical properties throughout
the thickness. The basic equations of the problem are here derived and solved in a closed form,
using the Galerkin procedure, to determine the critical combined loading for the selected structure.
First, we check for the reliability of the proposed formulation and the accuracy of results with respect
to the available literature. It follows a systematic investigation aimed at checking the sensitivity of
the structural response to the geometry, the proportional loading parameter, the type of distribution,
and volume fraction of CNTs.

Keywords: nanocomposites; buckling; FG-CNTRC; truncated cone; critical combined loads

1. Introduction

Conical shells are well known to play a key role in many applications, including aviation, rocket
and space technology, shipbuilding and automotive, energy and chemical engineering, as well as
industrial constructions. In such contexts, carbon nanotubes (CNTs) have increasingly attracted
the attention of engineers and designers for optimization purposes, due to their important physical,
chemical, and mechanical properties. The shell structures reinforced with CNTs, indeed, are lightweight
and resistant to corrosion and feature a high specific strength, with an overall simplification in their
manufacturing, transportation, and installation processes.

In many engineering and building structures, shells are subjected to a simultaneous action
of different loads, such as a combined compressive force and external pressure, which can affect
significantly their global stability, as observed in the pioneering works [1–5], within a parametric study
of the buckling response for homogeneous composite cylindrical and conical shells subjected to a
combined loading (CL). Among the novel class of composite functionally graded materials (FGMs),
the first studies on the buckling response of FGM-based shells subjected to a CL can be found in [6]
and [7], for cylindrical and conical shells, as well as in [8–14] for different shell geometries and
boundary conditions, while considering different theoretical approaches. Moreover, the increased
development of nanotechnology has induced a large adoption of nano-scale materials, e.g., CNTs,
in many engineering systems and devices, discovered experimentally by Iijima [15] in 1991 during
the production of fullerene by arc discharge evaporation. It is known from the literature, indeed,
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that the generation of CNTs is strictly related to the creation and evaporation of fullerene, which is
decomposed into graphene to yield different types of CNTs. The tubes obtained by graphite with
the arc-evaporation process become hollow pipes when the graphite layer, i.e., graphene, turns into
a cylindrical shape [16,17]. Improving the properties of materials through a reinforcement phase is
one of the most relevant topics in modern materials science (metamaterials, heterogeneous materials,
architectured materials etc.) [18–20]. The outstanding mechanical, electrical, and thermal properties of
FG CNTs make them very attractive for many current and future engineering applications, more than
conventional carbon fiber reinforced composites [21–23]. The modern technology has also allowed a
combined use of FGMs and CNTs in various structural elements, which is reflected in the introduction
of a great number of advanced theoretical and numerical methods to solve even more complicated
problems, with a special focus on mesh-free methods [24–32].

Among the available literature, the formulation and solution of the buckling and postbuckling
problems of carbon nanotube reinforced composite (CNTRC)-cylindrical shells under a CL, was
introduced for the first time by Shen and Xiang [33], followed by Sahmani et al. [34] for composite
nanoshells, including the effect of surface stresses at large displacements, and by the instability study
in [35] for rotating FG-CNTRC-cylindrical shells. In the literature, however, many works focusing
on the buckling behavior of FG-CNTRC-shells consider the separate action of axial or lateral loads,
see [36–44], whereas limited attention has been paid, up to date, to a CL condition. This aspect is
considered in the present work for FG-CNTRC-conical shells, whose problem is solved in a closed
form through the Galerkin method. A systematic study is performed to evaluate the sensitivity of
the buckling response to the geometry, loading condition, distribution, and volume fraction of the
reinforcing CNTs, which could be of great interest for design purposes.

The paper is structured as follows: in Section 2 we present the basic formulation of the problem,
whose governing equations are presented in Section 3, and solved in closed form in Section 4. The
numerical results from the parametric investigation are analyzed in Section 5, while the concluding
remarks are discussed in Section 6.

2. Formulation of the Problem

Let us consider an FG-CNTRC truncated conical shell, with length L, half-vertex angle γ, end
radii R1 and R2 (with R1 < R2), and thickness h, as schematically depicted in Figure 1, along
with the displacement components u, v, and w of an arbitrary point at the reference surface. The
FG-CNTRC-conical shells (CSs) are subjected to a combined axial compression and uniform external
pressures, as follows:

Nx0 = −Tax − 0.5xP1 tanγ, Nθ0 = −xP2 tanγ, Nxθ0 = 0 (1)

where Nx0, Nθ0, Nxθ0 are the membrane forces for null initial moments, Tax is the axial compression,
and P j( j = 1, 2) stands for the uniform external pressures.

If the external pressures in Figure 1 consider only the lateral pressure, it is Tax = P1 = 0 and
P2 = PL, whereas for a hydrostatic pressure, it is assumed Tax = 0 and P1 = P2 = PH.

In the following formulation, we consider the volume fraction of CNTs and matrix, denoted by
VCN and Vm, respectively, with normal and shear elastic properties ECN

11 , ECN
22 , GCN

12 , for CNTs, and Em,
Gm, for the matrix, and efficiency parameters η j( j = 1, 2, 3) for CNTs. Thus, the mechanical properties
of CNTRC-CSs can be expressed, according to an improved mixture rule [33], as follows:

E11 = η1VCNECN
11 + VmEm, η2

E22
=

VCN

ECN
22

+ Vm
Em , η3

G12
=

VCN

GCN
12

+ Vm
Gm , G13 = G12, G23 = 1.2G12

(2)
where the volume fraction of CNTs and matrix are related as VCN + Vm = 1.
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Figure 1. The functionally graded carbon nanotube reinforced composite conical shell (FG-CNTRC-CS)
subjected to a combined loading (CL).

The volume fraction of the FG-CNTRC-CS is assumed as follows:

VCN = (1− 2z)V∗
CN

for FG−V

VCN = (1 + 2z)V∗
CN

for FG−Λ

VCN = 4
∣∣∣z
∣∣∣V∗

CN
for FG−X, z = z/h

(3)

where V∗
CN

is the volume fraction of the CNT, expressed as

V∗CN =
wCN

wCN + (ρCN/ρm) − (ρCN/ρm)wCN
(4)

whereby the mass fraction of CNTs is denoted by wCN, and the density of CNTs and matrix are defined
as ρCN and ρm, respectively. In our case, for a uniform distribution (UD)-CNTRC-CSs, it is VCN = V∗

CN
.

The Poisson’s ratio is defined as
µ12 = V∗CNµ

CN
12 + Vmµ

m (5)

The topologies of UD- and FG-CNTRC-CSs are shown in Figure 2.
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Figure 2. Configurations of uniform distribution (UD)-CNTRC-CSs and three types of FG-CNTRC-CSs.
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3. The Governing Equations

Based on the first order shear deformation theory (FSDT), the constitutive stress–strain relations
for FG-CNTRC-CSs are expressed as follows:




τx

τθ
τxz

τθz

τxθ




=




E11(z) E12(z) 0 0 0
E21(z) E22(z) 0 0 0

0 0 E44(z) 0 0
0 0 0 E55(z) 0
0 0 0 0 E66(z)







εx

εθ
γxz

γθz

γxθ




(6)

where τi j(i, j = x,θ, z), ε j j( j = x,θ), and γi j(i, j = x,θ, z) are the stress and strain tensors of
FG-CNTRC-CSs, respectively, and the coefficients Ei j(z), (i, j = 1, 2, 6) are defined as

E11(z) =
E11(z)

1−µ12µ21
, E22(z) =

E22(z)
1−µ12µ21(z)

E12(z) =
µ21E11(z)
1−µ12µ21

=
µ12E22(z)
1−µ12µ21

= E21(z),

E44(z) = G23(z), E55(z) = G13(z), E66(z) = G12(z)

(7)

The shear stresses of FG-CNTRC-CSs vary throughout the thickness direction as follows [45,46]:

τz = 0, τxz =
du1(z)

dz ϕ1(x,θ), τθz =
du2(z)

dz ϕ2(x,θ) (8)

whereϕ1(x,θ) andϕ2(x,θ) are the rotations of the reference surface about the θ and x axes, respectively,
and u1(z) and u2(z) refer to the shear stress shape functions.

By combining Equations (6) and (8), we get the following strain relationships:




εx

εθ

γxθ




=




ex − z∂
2w
∂x2 + F1(z)

∂ϕ1
∂x

eθ − z
(

1
x2
∂2w
∂α2 + 1

x
∂w
∂x

)
+ F2(z)

1
x
∂ϕ2
∂α

γ0xθ − 2z
(

1
x
∂2w
∂x∂α −

1
x2
∂w
∂α

)
+ F1(z)

1
x
∂ϕ1
∂α + F2(z)

∂ϕ2
∂x




(9)

where α = θ sinγ and ex, eθ, γ0xθ stand for the strain components at the reference surface, and F1(z),
F2(z) are defined as

F1(z) =
z∫

0

1
E55(z)

du1
dz dz, F2(z) =

z∫

0

1
E44(z)

du1
dz dz (10)

The internal actions can be defined in approximate form as follows [46–48]:

(
Ni j, Qi, Mi j

)
=

h/2∫

−h/2

(
τi j, τiz, zτi j

)
dz, (i, j = x,θ) (11)

By introducing the Airy stress function (Φ) satisfying [45,47], Equation (11) becomes as follows:

(Nx, Nθ, Nxθ) = h

[
1
x

(
1
x

∂2

∂α2 +
∂

∂x

)
,
∂2

∂x2 ,−1
x

(
∂2

∂x∂α
− 1

x

∂

∂α

)]
Φ (12)

By using Equations (6), (9), (11), and (12), we obtain the expressions for force, moment, and strain
components in the reference surface, which are then substituted in the stability and compatibility
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equations [45,47] to obtain the following governing differential equations for FG-CNTRC-CSs under a
CL, with independent parameters Φ, w, ϕ1, ϕ2, i.e.,

L11Φ + L12w + L13ϕ1 + L14ϕ2 = 0

L21Φ + L22w + L23ϕ1 + L24ϕ2 = 0

L31Φ + L32w + L33ϕ1 + L34ϕ2 = 0

L41Φ + L42w + L43ϕ1 + L44ϕ2 = 0

(13)

where Li j(i, j = 1, 2, 3, 4) are differential operators, whose details are described in Appendix A.

4. Solution Procedure

The approximating functions for conical shells with free supports are assumed as

Φ = Φx2e(a+1)xsin(n1x
)
cos(n2α), w = weaxsin(n1x

)
cos(n2α),

ϕ1 = ϕ1eaxcos(n1x
)
cos(n2α), ϕ2 = ϕ2eaxsin(n1x

)
sin(n2α)

(14)

where Φ, w, ϕ1, ϕ2 are the unknown constants, a is an unknown coefficient to be determined with
the enforcement of the minimum conditions for combined buckling loads, x = ln

(
x
x2

)
, n1 = mπ

x0
,

n2 = n
sinγ , x0 = ln

(
x2
x1

)
, with m and n the wave numbers.

By introducing Equation (14) into Equation (13), and by some manipulation and integration, we
determine the nontrivial solution by enforcing

det(ci j) = 0 (15)

where ci j(i, j = 1, 2, . . . , 4) are the matrix coefficients, as defined in Appendix B.
Equation (15) can be rewritten in expanded form as follows:

c41Γ1 −
(
TaxcT + P1cP1 + P2cP2

)
Γ2 + c43Γ3 + c44Γ4 = 0 (16)

where cT is the axial load parameter, cP1 and cP2 are the external pressure parameters, whose expression
are given in Appendix B, while parameters Γ j( j = 1, 2, 3, 4) are defined as

Γ1 = −

∣∣∣∣∣∣∣∣∣

c12 c13 c14

c22 c23 c24

c32 c33 c34

∣∣∣∣∣∣∣∣∣
, Γ2 =

∣∣∣∣∣∣∣∣∣

c11 c13 c14

c21 c23 c24

c31 c33 c34

∣∣∣∣∣∣∣∣∣
, Γ3 = −

∣∣∣∣∣∣∣∣∣

c11 c12 c14

c21 c22 c24

c31 c32 c34

∣∣∣∣∣∣∣∣∣
, Γ4 =

∣∣∣∣∣∣∣∣∣

c11 c12 c13

c21 c22 c23

c31 c32 c33

∣∣∣∣∣∣∣∣∣
(17)

For FG-CNTRC-CSs under an axial load, it is P1 = P2 = 0, while Taxcr
1SDT

is defined as follows:

Taxcr
1SDT =

c41Γ1 + c43Γ3 + c44Γ4

Γ2EchcT
(18)

Differently, for FG-CNTRC-CSs under a uniform lateral pressure, it is Tax = P1 = 0; P2 = PL,
whereas the expression for PLcr

1SDT
based on the FSDT is as follows:

PLcr
1SDT =

c41Γ1 + c43Γ3 + c44Γ4

Γ2EccPL

(19)
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For FG-CNTRC-CSs under a uniform hydrostatic pressure, it is Tax = 0, P1 = P2 = PH, and
PHcr

1SDT
is defined as

PHcr
1SDT =

c41Γ1 + c43Γ3 + c44Γ4

Γ2EccPH
(20)

where cPH is a parameter depending on the hydrostatic pressure, as defined in Appendix B.
For a combined axial load/lateral pressure, and a combined axial load/hydrostatic pressure acting

on an FG-CNTRC-CS based on the FSDT, the following relation can be used [47]:

T1

Taxcr
1SDT

+
P1L

PLcr
1SDT

= 1 (21)

and
T1

Taxcr
1SDT

+
P1H

PHcr
1SDT

= 1 (22)

where
T1 = T/Ech, P1L = PL/Ec, P1H = PH/Ec (23)

Under the assumptions T1 = ηP1L and T1 = ηP1H, in Equations (21) and (22), we get the
following expressions:

PLcbcr
1SDT =

Taxcr
1SDT

PLcr
1SDT

ηPLcr
1SDT

+ Taxcr
1SDT

(24)

and

PHcbcr
1SDT =

Taxcr
1SDT

PHcr
1SDT

ηPHcr
1SDT

+ Taxcr
1SDT

(25)

where η ≥ 0 is the dimensionless load-proportional parameter.
From Equations (24) and (25), we obtained the expressions for the critical loads Taxcr

1CST
, PLcr

1CST
,

PHcr
1CST

, PLcbcr
1CST

, PHcbcr
1CST

, while neglecting the shear strains.

5. Results and Discussion

5.1. Introduction

In this section, a poly methyl methacrylate (PMMA) reinforced with (10,10) armchair Single Walled
CNTs (SWCNTs) was considered for the numerical investigation. The effective material properties
of CNTs and PMMA matrix are reported in Table 1 (see [46]), along with the efficiency parameters
for three volume fractions of CNTs. The shear stress quadratic shape functions are distributed as
u1(z) = u2(z) = z − 4z3/3h2 [46]. The critical CL values for FG-CNTRC-CSs are determined for
different magnitudes of a, within a coupled stress theory (CST) context, in order to check for the effect
of the FSDT on the critical loading condition. After a systematic numerical computation, it is found
that for freely supported FG-CNTRC-CSs, the critical values of a CL were reached for a = 2.4.

Table 1. Properties of CNTs and matrix.

CWCNT Matrix (PMMA)

Geometrical properties L̃ = 9.26 nm, r̃ = 0.68 nm, h̃ = 0.067 nm

Material properties
ECN

11 = 5.6466 TPa, ECN
22 = 7.0800 TPa

GCN
12 = 1.9445 TPa,
µCN

12 = 0.175;ρCN = 1400 kg/m3

Em = 2.5 Pa,
µm = 0.34,

ρm = 1150 kg/m3

CNT efficiency parameter
η1 = 0.137, η2 = 1.022, η3 = 0.715 for V∗

CN
= 0.12;

η1 = 0.142, η2 = 1.626, η3 = 1.138 for V∗
CN

= 0.17;
η1 = 0.141, η2 = 1.585, η3 = 1.109 for V∗

CN
= 0.28.
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5.2. Comparative Evaluation

As a first comparative check, the critical lateral pressure, axial load, and combined load of shear
deformable CNTRC-CYLSs with an FG-X profile is evaluated as in [33]. The CNTRC-CS reverts to a
CNTRC-CYLS, when γ tends to zero. The CNTRC-CYLS has radius r and length L1 with the following
geometrical properties: r/h = 30, h = 2 mm, and L1 =

√
300rh, whereas the material properties are

assumed as in Table 1, for T = 300 K, see [33]. The magnitudes of the critical loading for CNTRC-CYLSs
were obtained for a = 0. Based on Table 2, a good agreement between our results and predictions by
Shen and Xiang [33] is observable for the critical lateral pressure, axial load, and CL.

Table 2. Comparative response of shear deformable CNTRC-CYLSs with the FG-X profile under a
separate or combined axial load and lateral pressure.

T
axcr

SDT
(MPa) P

Lcr

SDT
(MPa)

P
Lcbcr

SDT
(MPa)

η = 750 η = 140

V∗
CN

Shen and Xiang [33]

0.12 118.848 0.285 0.112 0.218

0.17 196.376 0.484 0.190 0.370

0.28 247.781 0.616 0.242 0.470

Present study

0.12 117.840 0.281 0.111 0.2181

0.17 197.515 0.479 0.188 0.3711

0.28 247.062 0.613 0.2414 0.4756

In Table 3, the values of PLcr
SDT

of FG-CNTRC-CSs with different profiles and half-vertex angles are
compared with results by [37], based on the GDQ method. A FG-CNTRC is considered for V∗

CN
= 0.17,

L =
√

300R1h, R1/h = 100, and h = 1 mm. Based on Table 3, the correspondence between our
values of PLcr

SDT
and predictions by Jam and Kiani [37], verifies the consistency of our formulation.

Table 3. Comparative response of shear deformable CNTRC-CSs with the different profiles under
lateral pressure for a different half-vertex angle.

P
Lcr

SDT
(in kPa), (ncr)

γ 10◦ 20◦ 30◦

Jam and Kiani [37]

UD 31.11(8) 24.31(9) 19.00(9)

FG-X 34.53(8) 27.24(9) 21.38(9)

FG-V 32.41(8) 25.19(9) 19.52(10)

Present study
UD 31.01(8) 23.91(9) 18.23(10)

FG-X 34.38(8) 26.69(9) 20.49(10)

FG-V 32.40 (8) 24.97 (9) 19.77 (10)

5.3. Analysis of Combined Buckling Loads

In what follows, we analyze the sensitivity of the critical loading to FG profiles, volume fractions

of CNT, and FSDT formulation, by considering the ratios 100%× Pcbcr
FG−CN

−Pcbcr
UD

Pcbcr
UD

and 100%× Pcbcr
1CST
−Pcbcr

1SDT

Pcbcr
1CST

.

One of the main parameters affecting a critical CL is represented by the load-proportional parameter.
In Figures 3 and 4, we plot the variations of PLcbcr

1SDT
, PLcbcr

1CST
, as shown in Figure 3, PHcbcr

1SDT
and PHcbcr

1CST
, as

shown in Figure 4, vs. the dimensionless load-proportional parameter η, for UD- and FG-CNTRCs.
Based on both figures, for all profiles, the magnitudes of the critical CL decrease for an increasing
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dimensionless load-proportional parameter η. This sensitivity is more pronounced for a FG−Λ profile,
compared to a FG-V or FG-X profile. The strong influence of the FG profiles, VCN, and shear strains on
the critical CLs depends on the dimensionless load-proportional parameter.

 

 

 

1 1
*

η

1 1
*

η

Figure 3. Variation of PLcbcr
1SDT

and PLcbcr
1CST

for UD- and FG-CNTRC-CSs with different V∗
CN

and
load-proportional parameter η.
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*

 

1 1
*

η

Figure 4. Variation of PHcbcr
1SDT

and PHcbcr
1CST

for UD- and FG-CNTRC-CSs with a different V∗
CN

and
load-proportional parameter η.
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A pronounced sensitivity of PLcbcr
1SDT

and PHcbcr
1SDT

to the FG-CNTRC types, was noticed for η ranging
between 100 and 800, whereas a certain influence was observed in a horizontal sense, as η > 800, for
a fixed V∗

CN
. This last phenomenon can be explained by the fact that, for large values of η, the axial

load prevails over the external pressure. For a fixed value of V∗
CN

= 0.12, the effect of a FG profile
(i.e., FG-V, FG −Λ, FG-X, respectively) on the PLcbcr

1SDT
is estimated as (−10%), (−14.9%), (+14.4%) for

η = 100; (−17%), (−21.4%), (+21.8%) for η = 800; (−17.04%), (−21.4%), (+21.9%) for η = 1000. Compared
to a uniform distribution (UD), the highest sensitivity of PLcbcr

1SDT
is noticed for V∗

CN
= 0.28 in the FG-X

profile, whereby a FG-V type distribution features the lowest sensitivity for the same fixed value of
V∗

CN
= 0.28.

A small influence of the shear strain is observable for an increasing value of η and a FG-X profile.
This influence continues to decrease by almost 2%–3%, for a FG-V and FG−Λ profile with different
V∗

CN
, while reaching the lowest percentage at V∗

CN
= 0.17 for a FG−Λ profile.

Table 4 summarizes the variation of the critical CLs, based on a FSDT and CST, for a FG-V and
FG-X profile, and different R1/h ratios. The geometrical data for numerical computations are provided
in the same table. Please note that the critical CL decreases monotonically, along with a gradual
increase of the circumferential wave numbers, for an increased value of R1/h.

An irregular effect of the FG-V and FG-X profile on the PLcbcr
1SDT

and PHcbcr
1SDT

is observed with R1/h, for
a fixed V∗

CN
. When the dimensionless R1/h ratio increases from 30 up to 90, the influence of an FG-V

profile on the CL values tends to decrease, whereas the effect of a FG-X profile on the CL increases,
for an increasing value of R1/h from 30 to 70. After this value, the effect decreases slightly. The shear
strains reduce significantly the influence of FG-V and FG-X profiles on both CLs. For example, the
effect of a FG-V profile on PLcbcr

1SDT
is less pronounced than PLcbcr

1CST
by about 3%–12%. This difference

becomes meaningful and varies from 3% up to 23% for a FG-X profile, depending on the selected
R1/h ratio. Note that the highest FG effect on the PLcbcr

1SDT
occurs for a FG-X profile (+35.47%), at R1/h=

90 and V∗
CN
= 0.28, while the lowest effect (−11.69%) is found for a FG-V profile, at R1/h = 90 and

V∗
CN
= 0.17. These effects are more pronounced for a combined axial load and hydrostatic pressure

(PHcbcr
1SDT

), compared to a combined axial load and lateral pressure (PLcbcr
1SDT

). The influence of the shear
strain on PLcbcr

1SDT
for an FG-X and FG-V profile decreases for each fixed value of V∗

CN
, and remains

significant for an increased value of R1/h up to 90. A similar sensitivity to the shear strain was observed
for PHcbcr

1SDT
, but was less pronounced than the one for PLcbcr

1SDT
. The highest shear strain effect on PLcbcr

1SDT
is

observed for an FG-X profile (-52.8%), at R1/h = 30 and V∗
CN
= 0.28, whereas the lowest shear strain

influence on PHcbcr
1SDT

is noticed for an FG-V profile (+1.54%), at R1/h = 70 and V∗
CN
= 0.28. An increased

value of V∗
CN

yields an irregular effect of the shear strains on the critical CL.
The variation of the critical CL for UD- and FG-CNTRC-CSs with different profiles is plotted in

Figures 5 and 6, vs. γ. It seems that the critical value of the CL decreases for an increased value of γ.
As γ increases from 15◦ to 60◦, the effect of FG-V and FG-X distributions on the critical magnitude of
the CL decreases slightly, whereby it decreases rapidly as γ > 60◦ for all values of V∗

CN
. Furthermore,

the effect of CNT distribution on PLcbcr
1SDT

and PHcbcr
1SDT

maintains almost the same for different γ. The
shear strain effect on the critical CL depends on the selected CNT profile, especially for a FG-X profile.
A remarkable shear strain influence of (+55.56%) on the critical value of the CL occurs at V∗

CN
= 0.28

and γ = 75◦.
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Table 4. Variation of the critical CLs for UD- and FG-CNTRC-CSs based on first order shear deformation
theory (FSDT) and coupled stress theory (CST) with different V∗

CN
and R1/h ratios. L/R1 = 0.5,

γ = 30
◦
, η = 500.

V
*
CN

R1/h Types P
cbLcr

1SDT
(ncr) P

cbLcr

1CST
(ncr) P

cbHcr

1SDT
(ncr) P

cbHcr

1CST
(ncr)

0.12

30
UD 178.227(8) 273.320(7) 172.051(8) 263.619(6)

FGV-V 149.371(7) 196.380(5) 144.088(7) 189.196(5)

FGV-X 215.601(9) 393.913(8) 208.297(9) 380.032(7)

50
UD 83.296(9) 96.267(9) 78.996(9) 91.297(9)

FGV-V 68.684(8) 72.655(8) 65.013(8) 68.772(8)

FGV-X 107.856(10) 134.647(10) 102.492(10) 127.951(10)

70
UD 44.157(11) 46.897(11) 41.493(11) 44.068(11)

FGV-V 37.515(10) 37.035(10) 35.124(9) 34.636(9)

FGV-X 57.660(12) 63.714(12) 54.360(12) 60.067(12)

90
UD 26.050(12) 26.743(12) 24.320(12) 24.967(12)

FGV-V 22.882(11) 21.902(11) 21.266(11) 20.355(11)

FGV-X 33.770(13) 35.488(13) 31.663(13) 33.274(13)

0.17

30
UD 277.753(7) 403.421(6) 267.928(7) 388.892(6)

FGV-D 216.472(7) 285.441(6) 208.815(7) 275.161(6)

FGV-X 337.997(8) 582.930(7) 326.283(8) 562.312(7)

50
UD 127.380(9) 144.108(9) 120.804(9) 136.614(8)

FGV-V 104.824(8) 108.979(8) 99.222(8) 103.074(7)

FGV-X 166.556(10) 202.672(9) 157.999(9) 192.209(9)

70
UD 67.718(10) 71.100(10) 63.421(10) 66.589(10)

FGV-V 57.633(9) 56.330(9) 53.797(9) 52.580(9)

FGV-X 89.216(11) 97.309(11) 83.834(11) 91.439(11)

90
UD 40.167(12) 40.992(12) 37.468(11) 38.204(11)

FGV-V 35.470(11) 33.809(11) 32.965(11) 31.366(10)

FGV-X 52.637(13) 54.879(13) 49.194(12) 51.292(12)

0.28

30
UD 379.351(8) 632.214(7) 366.204(8) 609.852(7)

FGV-V 319.603(7) 446.857(6) 308.298(7) 430.763(6)

FGV-X 437.545(9) 927.004(8) 422.721(9) 894.878(8)

50
UD 182.000(10) 218.225(10) 172.950(10) 207.373(10)

FGV-V 148.010(9) 162.024(8) 140.108(8) 153.364(8)

FGV-X 234.684(10) 314.925(11) 223.013(10) 299.268(10)

70
UD 96.385(12) 104.268(12) 90.694(11) 98.163(11)

FGV-V 79.650(10) 80.897(10) 74.597(10) 75.765(10)

FGV-X 128.856(12) 148.054(12) 121.480(12) 139.579(12)

90
UD 56.322(13) 58.452(13) 52.808(13) 54.805(13)

FGV-V 47.930(12) 47.203(11) 44.628(11) 43.870(11)

FGV-X 76.299(13) 82.031(14) 71.538(13) 76.978(13)
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Figure 5. Variation of CCLs for UD- and FG-CNTRC-CSs based on the FSDT with a different V∗
CN

and
half-vertex angle γ, η = 500.
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Figure 6. Variation of CCLs for UD- and FG-CNTRC-CSs based on the CST with a different V∗
CN

and
half-vertex angle γ, η = 500.

6. Conclusions

The buckling of FG-CNTRC-CSs subjected to a combined loading was here studied based on a
combined Donnell-type shell theory and FSDT. The FG-CNTRC-CS properties were assumed to vary
gradually in the thickness direction with a linear distribution of the volume fraction VCN of CNTs. The
governing equations were converted into algebraic equations using the Galerkin procedure, and the
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analytical expression for the critical value of the combined loading was found. The solutions were
compared successfully with results in the open literature, thus confirming the accuracy of the proposed
formulation. A novel buckling analysis was, thus, performed for both a uniform distribution and FG
distribution of CNTs, while determining the effect of the volume fraction and shell geometry on the
critical value of the combined loading condition, as useful for practical engineering applications.
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Appendix A

More details for Li j(i, j = 1, 2, . . . , 4) differential operators are here defined as follows:

L11 = t12h ∂
4

∂x4 +
(t11−t31)h

x2
∂4

∂x2∂α2 +
(3t31−3t11−t21)h

x3
∂3

∂x∂α2 +
(t11−t22+t12)h

x
∂3

∂x3 ,

+
(t22−t11−t12−t21)h

x2
∂2

∂x2 +
3(t21+t11−t31)h

x4
∂2

∂α2 +
2t21h

x3
∂
∂x ,

L12 = −t13
∂4

∂x4 −
t14+t32

x2
∂4

∂x2∂α2 +
3t14+3t32+t24

x3
∂3

∂x∂α2 −
t13+t14−t23

x
∂3

∂x3 ,

+
t13+t14−t23+t24

x2
∂2

∂ x2 −
3(t14+t24+t32)

x4
∂2

∂α2 −
2t24
x3
∂
∂x ,

L13 = t15
∂3

∂x3 +
t15−t25

x
∂2

∂x2 +
t35
x2

∂3

∂x∂α2 − F3
∂
∂x −

t15−t25
x2

∂
∂x −

t35
x3
∂2

∂α2 ,

L14 =
t38+t18

x
∂3

∂x2∂α
− t28+t18+t38

x2
∂2

∂x∂α +
2t28
x3
∂
∂α ,

(A1)

L21 = t21h

x3
∂4

∂α4 +
(t22−t31)h

x
∂4

∂x2∂α2 +
t21h

x2
∂3

∂x∂α2 ,

L22 = − t32+t23
x

∂4

∂x2∂α2 −
t24
x3
∂4

∂α4 −
t24
x2

∂3

∂x∂α2 ,

L23 = t25+t35
x

∂3

∂x∂α2 +
t35
x2
∂2

∂α2 ,

L24 = t38
∂3

∂x2∂α
+ 2t38

x
∂2

∂x∂α +
t28
x2
∂3

∂α3 − F4
∂
∂α ,

(A2)

L31 =
q11h

x4
∂4

∂α4 +
(2q31+q21+q12)h

x2
∂4

∂x2∂α2 −
2(q31+q21)h

x3
∂3

∂x ∂α2 ,

+
2(q31+q21+q11)h

x4
∂2

∂α2 +
q11h

x3
∂
∂x −

q11h

x2
∂2

∂x2 +
(q21+2q22−q12)h

x
∂3

∂x3 + q22h ∂
4

∂x4 ,

L32 = − q14
x4
∂4

∂α4 +
2q32−q13−q24

x2
∂4

∂x2∂α2 +
2(q24−q32)

x3
∂3

∂x∂α2 +
2(q32−q24−q14)

x4
∂2

∂α2 ,

− q14
x3
∂
∂x +

(
q14
x2 +

cotγ
x

)
∂2

∂x2 +
q13−q24−2q23

x
∂3

∂x3 − q23
∂4

∂x4 ,

L33 =
2q35+q15

x2
∂3

∂x∂α2 + q25
∂3

∂x3 +
2q25−q15

x
∂2

∂x2 ,

L34 =
q18
x3
∂3

∂α3 +
2q38+q28

x
∂3

∂x2∂α
+

2q38−q18
x2

∂2

∂x∂α +
q18
x3
∂
∂α ,

(A3)

L41 = h
x tanγ

∂2

∂x2 , L42 = −x tanγ
[
P1
∂2

∂x2 + P2
(

1
x
∂2

∂α2 +
∂
∂x

)]
,

L43 = F3
(
∂
∂x + 1

x

)
, L44 = F4

x
∂
∂α .

(A4)
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where F3 = F4 = f
(

h
2

)
− f

(
− h

2

)
and the following definitions are assumed:

t11 = k1
11q11 + k1

12q21, t12 = k1
11q12 + k1

12q21, t13 = k1
11q13 + k1

12q23 + k2
11

t14 = k1
11q14 + k1

12q24 + k2
12, t15 = k1

11q15 + k1
12q25 + k1

15, t18 = k1
11q18 + k1

12q28 + k1
18,

t21 = k1
11q11 + k1

22q21, t22 = k1
22q12 + k1

12q22, t23 = k1
21q13 + k1

22q23 + k1
21,

t24 = k1
22q14 + k1

22q24 + k2
22, t25 = k1

21q15 + k1
22q25 + k1

25, t28 = k1
21q18 + k1

22q28 + k1
28,

t31 = k1
66q31, t32 = k1

66q32 + 2k2
66, t35 = k1

35 − k1
66q35, t38 = k1

38 − k1
66q38,

q11 =
k0

22
Π

; q12 = − k0
12
Π

, q13 =
k0

12k1
21−k1

11k0
22

Π
, q14 =

k0
12k1

22−k1
12k0

22
Π

,

q15 =
k0

25k0
12−k0

15k0
22

Π
, q18 =

k0
28k0

12−k0
18k0

22
Π

, q21 = − k0
21
Π

; q22 =
k0

11
Π

,

q23 =
k1

11k0
21−k1

21k0
11

Π
, q24 =

k1
12k0

21−k1
22k0

11
Π

, q25 =
k0

15k0
21−k0

25k0
11

Π
, q31 = 1

k0
66

,

q28 =
k0

18k0
21−k0

28k0
11

Π
, Π = k0

11k0
22 − k0

12k0
21, q32 = − 2k1

66
k0

66
, q35 =

k0
35

k0
66

, q38 =
k0

38
k0

66

(A5)

with

ki
11 =

h/2∫

−h/2
E11(z)z

idz, ki
12 =

h/2∫

−h/2
E12(z)z

idz =
h/2∫

−h/2
E21(z)z

idz = ki
21,

ki
22 =

h/2∫

−h/2
E22(z)z

idz, ki
66 =

h/2∫

−h/2
E66(z)z

idz, i = 0, 1, 2.

k
i1
15 =

h/2∫

−h/2
zi1F1(z)E11(z)dz, k

i1
18 =

h/2∫

−h/2
zi1F2(z)E12(z)dz,

k
i1
25 =

h/2∫

−h/2
zi1 F1(z)E21(z)dz, k

i1
28 =

h/2∫

−h/2
zi1F2(z)E22(z)dz,

k
i1
35 =

h/2∫

−h/2
zi1 F1(z)E66(z)dz, k

i1
38 =

h/2∫

−h/2
zi1F2(z)E66(z)dz, i1 = 0, 1.

(A6)

Appendix B

The parameters ci j(i, j = 1, 2, 3, 4) are defined as follows:

c11 = −n2
1ϑa−0.5

4x3
2

{
t12

[
3(a− 1)(a + 1)3 + 2n2

1(a + 4)(a + 1) − n4
1

]
−(t11 − t31)n

2
2

(
a2 − a− 2 + n2

1

)}

−n2
1ϑa−0.5

8x3
2

{
3(2t31 + t21 − 3t11)n

2
2 + (t11 − 5t12 − t22)

[
(a + 1)2(4a− 5) + n2

1(4a + 7)
]

+2(7t12 + 4t22 − 4t11 − t21)
[(

a2 − a− 2
)
+ n2

1

]
− 9(t11 − t12 − t22 + t21)

}

c12 = −n2
1ϑa−1

4x4
2

{
t13

[
(4− 3a)a3 −

(
2a(a + 2) − n2

1

)
n2

1

]
+ (t14 + t32)n

2
2

[
a(a− 2) + n2

1

]

+(4t14 + 4t32 + t24)n
2
2 + (t23 + 5t13 − t14)

(
2a3 + 2an2

1 − 3a2 + n2
1

)

+(4t14 − 4t23 − 7t13 + t24)
[
a(a− 2) + n2

1

]
− 3(t14 + t24 + t32)n

2
2 − 3(t23 + t13 − t14 − t24)

}

c13 = n1ϑa−0.5
8x3

2

{
t35

[
(2a− 1)a + 2n2

1

]
n2

2 − t15
[
(2a− 1)a3 + 3an2

1 − 2n4
1

]
+

(
n2

1 − a2 + 2a3 + 2an2
1

)

×(2t15 + t25) − 2t25
[
(2a− 1)a + 2n2

1

]}
− n1ϑa−0.5

8x3
2

{
−F3

[
a(1 + 2a) + 2n2

1

]
x2

2 + t35(2a + 1)n2
2

}

c14 =
n2n2

1ϑa−0.5

8x3
2

{
2(t38 + t18)

[
(1− a)a− n2

1

]
− 2t18 + 3t28 − 2t38

}

(A7)
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c21 =
n2

2n2
1ϑa

4x2
2

[
t21n2

2 + (t22 − t31)
(
a2 − 1 + n2

1

)
− t31 + t22 − t21

]

c22 =
n2

1n2
2ϑa−0.5

8x3
2

{
2(t32 + t23)

[
(a− 1)a + n2

1

]
+ 2t24n2

2 + t32 + t23 − t24
}

c23 = n1n2
2

{
(t25+t35)[(2a−1)a+2n2

1]ϑa−0.5

8x3
2

+ at35ϑa

4x2
2

}

c24 = −n2
1n2
4

{
[t38(n2

1+a2)+t28n2
2]ϑa

x2
2

+ F4ϑa+1

}

(A8)

c31 =
n2

1ϑa

4x3
2

{
q11n4

2 + (q31 + q21 + q12)n
2
2

(
a2 − 1 + n2

1

)
+ (2q31 + 3q21 + q12)n

2
2

−(q31 + 2q21 + 2q11)n
2
2 + q22

[
n4

1 − (a + 1)3(3a− 1) − 2(a + 3)(a + 1)n2
1

]

+(4q22 + q12 − q21)
(
2n2

1a− 1 + 3a2 + 3n2
1 + 2a3

)

−(5q22 + 3q12 − 3q21 − q11)
(
n2

1 + a2 − 1
)
+ 2(q11 + q21 − q22 − q12)

}

c32 = −n2
1ϑa−0.5

8x4
2

{
−2q14n4

2 + 2(q32 − q13 − q24)
(
a2 − a + n2

1

)
− (q13 − 2q32 + 3q24)n

2
2

−2(q32 − 2q24 − 2q14)n
2
2 − 2q23

[
(2− 3a)a3 − 2n2

1a(a + 1) + n4
1

]

−(q13 − q24 + 4q23)
(
4a3 − 3a2 + 4n2

1a + n2
1

)
− 2(q14 − 3q13 + 3q24 − 5q23)

(
a2 − a + n2

1

)

+(q14 − 3q13 + 3q24 − 5q23)
}
+

n2
1(a

2+n2
1)ϑa cotγ

4x3
2

c33 =
(a2+n2

1)n1ϑa

4x3
2

[
(q35 + q15)n

2
2 − q25

(
a2 − n2

1

)
− (q25 + q15)a− q15

]

c34 =
n2

1ϑa

4x3
2

[
q18n2 − q18n3

2 − (q38 + q28)n2
(
n2

1 + a2
)]

(A9)

c41 = − (a2+n2
1)n2

1ϑa cotγ

4x2
2

c42 = −P1cP1 − P2cP2

c43 = −n1ϑa+0.5
4x2

{
F3

[
(a + 0.5)a + n2

1

]
+ F4(a + 0.5)

}

c44 =
F4n2

1n2ϑa+0.5
4x2

(A10)

with
cP1 = −n2

1(2n2
1+2a2+2a−1)ϑa+0.5

8x2 cotγ ,

cP2 = − (2n2
2+1)n2

1ϑa+0.5
8x2cotγ

cPH = cP1 + cP2 = − [2n2
1+2a2+2a+1+4n2

2]n
2
1ϑa+0.5

16x2cotγ

(A11)
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Abstract: In the present investigation, the buckling behavior of Euler–Bernoulli nanobeam, which is
placed in an electro-magnetic field, is investigated in the framework of Eringen’s nonlocal theory.
Critical buckling load for all the classical boundary conditions such as “Pined–Pined (P-P),
Clamped–Pined (C-P), Clamped–Clamped (C-C), and Clamped-Free (C-F)” are obtained using
shifted Chebyshev polynomials-based Rayleigh-Ritz method. The main advantage of the shifted
Chebyshev polynomials is that it does not make the system ill-conditioning with the higher number
of terms in the approximation due to the orthogonality of the functions. Validation and convergence
studies of the model have been carried out for different cases. Also, a closed-form solution has
been obtained for the “Pined–Pined (P-P)” boundary condition using Navier’s technique, and the
numerical results obtained for the “Pined–Pined (P-P)” boundary condition are validated with a
closed-form solution. Further, the effects of various scaling parameters on the critical buckling load
have been explored, and new results are presented as Figures and Tables. Finally, buckling mode
shapes are also plotted to show the sensitiveness of the critical buckling load.

Keywords: buckling; electromagnetic field; nanobeam; shifted chebyshev polynomial; rayleigh-ritz method

1. Introduction

In recent decades, with the advent of technological advancement, small-scale structures like
nanoclock, nano-oscillator, nanosensor, NEMS (Nano-Electro-Mechanica System), and so forth have
found tremendous attention due to their various applications. In this scenario, the study of dynamical
behaviors of nanostructures is important and a need of the hour. Due to the small size of nanostructures,
experimental analysis of such structures is always challenging and difficult as it requires enormous
experimental efforts. Moreover, classical mechanics or continuum mechanics fail to address the nonlocal
effect also. In this regard, nonlocal continuum theories were recently found to be useful for the modeling
of micro- and nanosized structures. Various researchers developed different nonlocal or nonclassical
continuum theories to assimilate the small-scale effect, such as strain gradient theory [1], couple stress
theory [2], micropolar theory [3], nonlocal elasticity theory [4], and so on. Out of all these theories,
nonlocal elasticity theory of Eringen has been broadly used for the dynamic analysis of nanostructures.
Few studies regarding the vibration and buckling of beam, membrane, and nanostructures such as
nanobeam, nanotube, nanoribbon, and so forth can be found in [5–14].

Wang et al. [15] studied buckling behavior of micro- and nanorods/tubes with the help of
Timoshenko beam theory, where small-scale effect was addressed by using the nonlocal elasticity
theory of Eringen. Emam [16] incorporated nonlocal elasticity theory to analyze the buckling and
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the postbuckling response of nanobeams analytically. Yu et al. [17] used nonlocal thermo-elasticity
theory to study buckling behavior of Euler–Bernoulli nanobeam with nonuniform temperature
distribution. Nejad et al. [18] employed a generalized differential quadrature method to undertake
the buckling analysis of the nanobeams made of two-directional functionally graded materials
(FGM) using nonlocal elasticity theory. Dai et al. [19] analytically studied the prebuckling and
postbuckling behavior of nonlocal nanobeams subjected to the axial and longitudinal magnetic
forces. Bakhshi Khaniki and Hosseini-Hashemi [20] implemented nonlocal strain gradient theory to
investigate the buckling behavior of Euler–Bernoulli beam, considering different types of cross-section
variation using the generalized differential quadrature method. Yu et al. [21] proposed a three
characteristic-lengths-featured size-dependent gradient-beam model by incorporating the modified
nonlocal theory and Euler–Bernoulli beam theory. He implemented the weighted residual approach to
solve the six-order differential equation to investigate the buckling behaviors. Malikan [22] used a
refined beam theory to investigate the buckling behavior of SWCNT (Single Walled carbon NanoTube)
using Navier’s method. Here, unidirectional load is applied on the SWCNT. Buckling analysis of FG
(Fanctionally Graded) nanobeam was studied in [23] analytically with the help of Navier’s method
under the framework of first-order shear deformation beam theory. Malikan et al. investigated the
transient response [24] of nanotube for a simply supported boundary condition using Kelvin–Voigt
viscoelasticity model with nonlocal strain gradient theory. An investigation regarding damped forced
vibration of SWCNTs using a shear deformation beam theory subjected to viscoelastic foundation and
thermal environment can be found in [25]. Some other notable studies can be seen in [26–30]

As per the present authors’ knowledge, the buckling behavior of the Euler–Bernoulli nanobeam
placed in an electro-magnetic field using shifted Chebyshev polynomials Rayleigh-Ritz method has
been studied for the first time for “Pined–Pined (P-P), Clamped–Pined (C-P), Clamped–Clamped
(C-C), and Clamped-Free (C-F)” boundary conditions. Euler–Bernoulli nanobeam is combined with
Hamilton’s principle to derive the governing equation. Also, a closed-form solution for the Pined–Pined
(P-P) boundary condition has been obtained by using the Navier’s technique. Critical buckling load
for all the classical boundary conditions were obtained and a parametric study has been carried out to
comprehend the effects of various scaling parameters on the critical buckling load through graphical
and tabular results. Further, buckling mode shapes for different boundary conditions were drawn to
show the sensitivity towards various scaling parameters.

2. Proposed Model for Electromagnetic Nanobeam

In this study, the nanobeam with length L and diameter d is placed in an electromagnetic field
with the electric field intensity as E and the magnetic flux density as B. The schematic diagram for
continuum model of the nanobeam is shown in Figure 1. Then, by Ohm’s law, the current density (J)

of the system due to the induced current (because of Lorentz force) is given as [31]

J = σ0(E +w0 × B) = σ0(E +w0 × µ0H) (1)

where σ0 is the electrical conductivity, µ0 is the magnetic permeability of free space, and H is the
magnetic field strength. By neglecting the electric field intensity, the nanobeam experiences a magnetic
force or Pondermotive force which is denoted by fem and can be expressed as [31]

fem = J × B = σ0(E +w0 × µ0H) × µ0H = σ0µ
2
0H2w0 (2)
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Figure 1. Schematic continuum model of the nanobeam placed in electromagnetic field.

According to Euler–Bernoulli beam theory, the displacement field at any point may be stated
as [32]

u1(x, z, t) = −z
∂w0 (x, t)

∂x
(3a)

u3(x, z, t) = w0 (x, t) (3b)

Here, u1 and u3 represent displacements along x and z directions, respectively, and w0 (x, t)

denotes the transverse displacement of the point on the mid-plane of the beam. The strain-displacement
relation may be expressed as

εxx = −z
∂2w0 (x, t)

∂x2 (4)

Under the framework of Euler–Bernoulli nanobeam, the variation of strain energy (δU) and the
variation of work done by external force (δWe) are presented as

δU =

L∫

0

∫

A

σxxδεxxdA dx =

L∫

0

[
−Mxx

∂2δw0

∂x2

]
dx, (5)

δWe =

L∫

0

[
P

(
dw0

dx

)(
dδw0

dx

)
+ σ0µ

2
0H2w0δw0

]
dx, (6)

where σxx is the normal stress, εxx is the normal strain, and Mxx =
∫

A

σxx z dA is the bending moment of

nanobeam. The Hamilton’s principle for the conservative system is stated as

δ
∏

=

t∫

0

δ (We + U) dt, (7)
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Substituting Equations (5)–(7) and setting δ
∏

= 0, we have

δ
∏

=
t∫

0

L∫

0

[
P

(
dw0
dx

)(
dδw0

dx

)
+ σ0µ

2
0H2w0δw0 −Mxx

∂2δw0
∂x2

]
dxdt

=
t∫

0

L∫

0

[
−P

(
d2w0
dx2

)
δw0 + σ0µ

2
0H2w0δw0 +

∂2Mxx

∂x2 δw0

]
dxdt

(8)

The equation of motion for buckling behavior can be obtained as

d2Mxx

dx2 + σ0µ
2
0H2w0 = P

d2w0

dx2 (9)

For an isotropic nonlocal beam, the nonlocal elasticity theory of Eringen can be expressed as [4]

(
1− µ ∂

2

∂x2

)
σxx = Eεxx (10)

whereµ = (e0a)2 is the nonlocal parameter, E is Young’s modulus. Here e0 and a denote material constant
and internal characteristic length, respectively. Multiplying Equation (10) by zdA and integrating over
A, the nonlocal constitutive relation for Euler–Bernoulli nanobeam may be expressed as

Mxx − µ
d2Mxx

dx2 = −EI
d2w0

dx2 (11)

where I =
∫

A

z2dA, is the second moment of area. Using Equation (9) in Equation (11) and rearranging,

the nonlocal bending moment can be obtained as

Mxx = −EI
d2w0

dx2 + µP
d2w0

dx2 − µσ0µ
2
0H2w0 (12)

Equating the nonlocal strain energy with work done by an external force, we obtain

−
L∫

0

(
−EI

d2w0

dx2 + µP
d2w0

dx2 − µσ0µ
2
0H2w0

)
d2w0

dx2 dx =

L∫

0


P

(
dw0

dx

)2

+ σ0µ
2
0H2w2

0


 dx (13)

Substituting Equation (12) in Equation (9), we obtain the governing equation of motion as

− EI
d4w0

dx4
+ µP

d4w0

dx4
− µσ0µ

2
0H2 d2w0

dx2 + σ0µ
2
0H2w0 = p

d2w0

dx2 (14)

Let us define the following nondimensional parameters

X = x
L = nondimensional spatial coordinate

W = w0
L = nondimensional transverse displacement

P̂ = PL2

EI = dimensionless frequency parameter

α = e0α
L = dimensionless nonlocal parameter

H2
a =

σ0µ
2
0H2L4

EI = dimensionless Hartmann parameter.

Incorporating the above nondimensional parameters in Equations (13) and (14), we have

1∫

0



(
d2W

dX2

)2

+ α2H2
a

(
W

d2W

dX2

)
−H2

a W2

 dX = P̂

1∫

0



(
dW

dX

)2

+ α2
(

d2W

dX2

)2
dX (15)
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d4W

dX4
+ α2H2

a
d2W

dX2 −H2
a W = P̂

(
α2 d4W

dX4
− d2W

dX2

)
(16)

3. Solution Methodology

3.1. Shifted Chebyshev Polynomials-Based Rayleigh-Ritz Method

Chebyshev polynomials of the first kind (Cn(X)) are a sequence of orthogonal polynomials with
X ∈ [−1 1], and few terms of the sequence are defined as

C0(X) = 1

C1(X) = X (17)

Cn(X) = 2XCn−1(X) −Cn−2(X), n = 2, 3, . . .

In order to solve Equation (12), Rayleigh-Ritz method is implemented along with Chebyshev
polynomials of the first kind as shape function. For more details about the Rayleigh-Ritz method,
one may refer to the books [33,34]. The main advantages of using Chebyshev polynomials over
algebraic polynomials

(
1, X, X2, X3, . . .Xn

)
are the orthogonal properties of Chebyshev polynomials,

which reduce the computational effort, and for the higher value of n (n > 10), the system avoids
ill-conditioning. Since the domain of the nanobeam lies in [0 1], the Chebyshev polynomials must be
reduced to shifted Chebyshev polynomials of the first kind (C∗n(X)) with X ∈ [0 1]. This is achieved
by transforming X 7→ 2X − 1 , and there exists a one-to-one correspondence between [0 1] and [−1 1].
Accordingly, the first few terms of shifted Chebyshev polynomials of the first kind (C∗n(X)) can be
written as, (where C∗n(X) = Cn(2X − 1))

C∗0(X) = 1

C∗1(X) = 2X − 1 (18)

C∗n(X) = 2(2X − 1)C∗n−1(X) −C∗n−2(X), n = 2, 3, . . .

The transverse displacement function (W(X)) as per the Rayleigh-Ritz method can now be
expressed as

W(X) = Xp(1−X)q
N∑

i=1

aiC
∗
i−1(X) (19)

where a′
i
s are unknowns, C∗

i−1 are the shifted Chebyshev polynomials of the index i− 1, N is the number
of terms required to obtain the result with the anticipated accuracy, p and q are the exponents which
decide the boundary conditions, as given in Table 1.

Table 1. Values of p and q for different boundary conditions [33,34].

Boundary Conditions p q

P-P 1 1
C-P 2 1
C-C 2 2
C-F 2 0

Replacing Equation (19) into Equation (15), and minimizing the buckling load parameter with
respect to the coefficients of the admissible functions (i.e., ai′s, i = 1, 2, 3 . . .N ), we obtain the
generalized eigenvalue problem as

[K] {A} = P̂ [B] {A} (20)
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where A = [a1 a2 a3 . . . aN]
T, [K] is the stiffness matrix and [B] is the buckling matrix, which are

presented as

K(i, j) =

1∫

0

(
2C∗i

′′C∗j
′′ + α2H2

a C∗i
′′C∗j + α

2H2
a C∗i C

∗
j
′′ − 2H2

a C∗i C
∗
j

)
dX, i, j = 1, 2, 3, . . .N

B(i, j) =

1∫

0

(
2C∗i
′C∗j
′ + 2α2C∗i

′′C∗j
′′
)

dX, i, j = 1, 2, 3, . . .N.

3.2. Closed-Form Solution for P-P Boundary Condition Using Navier’s Technique

Navier’s technique has been employed to find a closed-form solution for the Pined–Pined (P-P)
boundary condition. As per the Navier’s technique, the transverse displacement (W) may be expressed
as [23–25]

W =
∞∑

n=1

Wn sin(nπX) eiωnt (21)

In which Wn, and ωn are the displacement and frequency of the beam. Now, by substituting
Equation (21) in Equation (16), the buckling load P̂ for Pined–Pined (P-P) boundary condition is
calculated as

P̂n =
(nπ)4 − α2H2

a (nπ)
2 −H2

a

α2(nπ)4 + (nπ)2
(22)

4. Numerical Results and Discussion

Shifted Chebyshev polynomials-based Rayleigh-Ritz method has been employed to convert
Equation (15) into the generalized eigenvalue problem given in Equation (20). MATLAB codes have
been utilized to solve the generalized eigenvalue problem and to compute the critical buckling load
parameter. Likewise, Navier’s technique has been adopted to find a closed-form solution for the P-P
boundary condition, which is demonstrated in Equation (22). In this regard, the following parameters
are taken from [15] for computation purpose

E = 1 Tpa, d = 1 nm, and L = 10 nm.

4.1. Validation

Results of the present model were authenticated by two ways, firstly, by matching with the
numerical results given by Wang et al. (2006) for “P-P, C-P, C-C, and C-F” boundary conditions and
secondly, Pined–Pined results were compared with the closed-form solution obtained by Navier’s
technique. For this purpose, the Hartmann parameter (Ha) in the present model was taken as zero,
and the critical buckling load parameters (Pcr) for “P-P, C-P, C-C, and C-F” boundary conditions
were taken into investigation. Comparisons of critical buckling load (Pcr) are presented in Table 2.
Similarly, Table 3 illustrates the comparison of the P-P boundary condition with the Navier’s results,
with E = 1 TPa, d = 1 nm, L = 10 nm, and Ha = 1. From these comparisons, it is evident that the
critical buckling loads of the present model are on a par with [15] in the particular case and with
Navier’s solution for the P-P boundary condition.
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Table 2. Comparison of “Critical buckling load” (Pcr) in nN with [15] for L
d = 10.

(a) Comparison of P-P and C-P boundary conditions

e0a P-P C-P

Present [15] Present [15]

0 4.8447 4.8447 9.9155 9.9155
0.5 4.7281 4.7281 9.4349 9.4349
1 4.4095 4.4095 8.2461 8.2461

1.5 3.9644 3.9644 6.8151 6.8151
2 3.4735 3.4735 5.4830 5.4830

(b) Comparison of C-C and C-F boundary conditions

e0a C-C C-F

Present [15] Present [15]

0 19.3790 19.3790 1.2112 1.2112
0.5 17.6381 17.6381 1.2037 1.2037
1 13.8939 13.8939 1.1820 1.1820

1.5 10.2630 10.2630 1.1475 1.1475
2 7.5137 7.5137 1.1024 1.1024

Table 3. Comparison of “Critical buckling load” (Pcr) in nN with Navier’s closed-form solution for P-P
boundary condition.

e0a Present (R-R) Navier’s Solution

0 4.7950 4.7950
0.5 4.6783 4.6783
1 4.3598 4.3598

1.5 3.9146 3.9146
2 3.4237 3.4237

2.5 2.9467 2.9467
3 2.5160 2.5160

3.5 2.1434 2.1434
4 1.8287 1.8287

4.2. Convergence

A convergence study has been performed to know the number of terms needed to obtain the
results of critical buckling load parameters (Pcr) and verify the present model using the Rayleigh-Ritz
method. In this regard, Ha = 1, L = 10, and e0a = 1 were taken for computation purpose. Both the
tabular and graphical results were noted for “P-P, C-P, C-C, and C-F” boundary conditions, which are
demonstrated in Table 4 and Figure 2, respectively. The C-F boundary condition is converging faster
with N = 5, whereas other edges such as P-P, C-P, and C-C take N = 7 for acquiring the desired accuracy.
These results revealed that both the model and the results are useful regarding the present investigation.

Table 4. Effect of no. of terms (N) on critical buckling load (Pcr) with Ha = 1, L = 10, and e0a = 1.

N P-P C-P C-C C-F

2 5.211151 8.452577 14.486540 1.100703
3 4.362030 8.240579 13.869377 1.094818
4 4.362029 8.209547 13.869177 1.094614
5 4.359792 8.208410 13.863597 1.094613
6 4.359790 8.208342 13.863594 1.094613
7 4.359791 8.208341 13.863584 1.094613
8 4.359791 8.208341 13.863584 1.094613
9 4.359791 8.208341 13.863584 1.094613
10 4.359791 8.208341 13.863584 1.094613
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Figure 2. No. of terms (N) vs. critical buckling load (Pcr) with Ha = 1, L = 10, and e0a = 1.

4.3. Influence of Small Scale Parameter

This subsection is dedicated to investigating the influence of a small scale parameter (e0a) on
critical buckling load parameters and the critical buckling load ratio. The four frequently used
boundary conditions such as “P-P, C-P, C-C, and C-F” were taken into consideration with N = 7,
L = 10, and Ha = 2. Tabular and graphical results are illustrated in Table 4 and Figures 2 and 3 for
different e0a (0, 0.5, 1, 1.5, 2, 2.5, 3, 3.5, 4, 4.5, 5). Table 5 and Figure 3 represent the variation of small
scale parameter (e0a) on critical buckling load, whereas Figure 4 demonstrates the variation of small
scale parameter (e0a) on the critical buckling load ratio. The critical buckling load ratio may be defined
as the ratio of critical buckling load calculated using nonlocal theory and classical theory (e0a = 0).
This critical buckling load ratio acts as an index to estimate the influence of the small scale parameter
(e0a) qualitatively on buckling load. From Table 5 and Figure 3, it is observed that critical buckling
load is decreasing with an increase in small scale parameter (e0a), and this decline is more in case of
the C-C boundary condition. From Figure 4, it may also be noted that the influence of the small scale
parameter is comparatively more in C-C edge and less in C-F edge.

Table 5. Effect of small scale parameter (e0a) on critical buckling load (Pcr) in nN with N = 7, L = 10,
and Ha = 2.

e0a P-P C-P C-C C-F

0 4.645787 9.748924 19.229661 0.840199
0.5 4.529126 9.275797 17.497785 0.836210
1 4.210584 8.094859 13.772744 0.824504

1.5 3.765433 6.673148 10.160354 0.805815
2 3.274518 5.349719 7.425368 0.781223

2.5 2.797456 4.255716 5.510414 0.751973
3 2.366762 3.397759 4.184610 0.719306

3.5 1.994208 2.737457 3.253694 0.684313
4 1.679487 2.230108 2.585265 0.647847

4.5 1.416723 1.837632 2.093720 0.610487
5 1.198278 1.530786 1.723927 0.572534
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Figure 4. Small scale parameter (e0a) vs. critical buckling load ratio.

4.4. Influence of Aspect Ratio

The objective of this subsection is to study the impact of aspect ratio (L/d) on the critical buckling
load (Pcr) with “P-P, C-P, C-C, and C-F” boundary conditions for different L/d (5, 10, 15, 20, 25, 30,
35, 40, 45, 50). The effect of aspect ratio has been reported in Table 6 and Figure 5 for N = 7, e0a = 1,
and Ha = 2, which are respectively. From this study, it is essential to note that the critical buckling load
decreases with an increase in aspect ratio (L/d). This decrease is more consequential for the lower
value of aspect ratio.
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Table 6. Effect of aspect ratio (L/d) on critical buckling load (Pcr) in nN with N = 7, e0a = 1, and Ha = 2.

L/d P-P C-P C-C C-F

5 13.098075 21.398879 29.701473 3.124893
10 4.210584 8.094859 13.772744 0.824504
15 1.974312 3.972494 7.267483 0.370283
20 1.132281 2.318949 4.374446 0.209052
25 0.731275 1.510526 2.893474 0.134022
30 0.510359 1.059208 2.046611 0.093157
35 0.376087 0.782797 1.520631 0.068481
40 0.288505 0.601638 1.172838 0.052449
45 0.228261 0.476628 0.931406 0.041452
50 0.185069 0.386801 0.757197 0.033582
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Figure 5. Variation of (L/d) with (Pcr) for N = 7, e0a = 1, and Ha = 2.

4.5. Influence of Hartmann Parameter

For the designing of electromagnetic devices, proper knowledge about the effect of electric
and magnetic fields on critical buckling load is necessary as it greatly influences the lifespan of
electromagnetic devices. In this regard, the effect of Hartmann parameter (Ha) on the critical buckling
load (Pcr) has been studied in this subsection for different values of Ha (0, 1, 1.5, 2, 2.5, 3, 3.5). Table 7
and Figure 6 represent the results for the variation of critical buckling load with Hartmann parameter
(Ha) for “P-P, C-P, C-C, and C-F” boundary conditions. From these results, we may note that the critical
buckling load decreases with increase in Hartmann parameter, but this drop in critical buckling load is
very slow.

Table 7. Effect of Hartmann parameter (Ha) on critical buckling load (Pcr) in nN with N = 7, e0a = 1,
and L = 10.

Ha P-P C-P C-C C-F

0 4.409527 8.246144 13.893850 1.182017
0.5 4.397093 8.236694 13.886284 1.160290
1 4.359791 8.208341 13.863584 1.094613

1.5 4.297621 8.161070 13.825741 0.983502
2 4.210584 8.094859 13.772744 0.824504

2.5 4.098678 8.009677 13.704575 0.614226
3 3.961904 7.905484 13.621213 0.348424

3.5 3.800262 7.782236 13.522631 0.022134
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Figure 6. Response of (Ha) on (Pcr) for N = 7, e0a = 1, and L = 10.

5. Buckling Mode Shape

Buckling is the state of instability of structures that leads to structural failure. In this circumstance,
the buckling mode shape has a vital role in predicting the instability. In this regard, buckling mode
shapes were plotted with Ha = 0.5 and L = 10 for different e0a (0.5, 1, 1.5, 2). Figures 7–10
show the buckling mode shapes for “P-P, C-P, C-C, and C-F” boundary conditions, respectively.
From these figures, one may witness the sensitiveness of buckling mode shapes towards scaling
parameters. Also, these mode shapes help to predict the mechanical health and lifespan of several
electromechanical devices.
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Figure 7. Buckling mode shape for P-P boundary condition with Ha = 0.5 and L = 10.
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Figure 9. Buckling mode shape for C-C boundary condition with Ha = 0.5 and L = 10.
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Figure 10. Buckling mode shape for C-F boundary condition with Ha = 0.5 and L = 10.

6. Concluding Remarks

The buckling behavior of Electromagnetic nanobeam is investigated in the combined framework
of Euler–Bernoulli beam theory and Eringen’s nonlocal theory. Critical buckling load parameters
were obtained using shifted Chebyshev polynomials-based Rayleigh-Ritz method for all the classical
boundary conditions such as “Pined–Pined (P-P), Clamped–Pined (C-P), Clamped–Clamped (C-C),
and Clamped-Free (C-F)”. The C-F boundary condition converges faster with N = 5, whereas other
boundary conditions such as P-P, C-P, and C-C require N = 7 for achieving convergence to the desired
accuracy. Critical buckling load parameters decrease with an increase in small scale parameter, and this
decline is more in case of the C-C boundary condition. It may also be noted that the influence of small
scale parameter is comparatively more in C-C edge and less in C-F edge. It is interesting to note that the
critical buckling load decreases with an increase in aspect ratio. This decrease is more consequential for
the lower values of aspect ratio. We may note that the critical buckling load decreases with an increase
in Hartmann parameter, but this drop in critical buckling load is prolonged. The C-C nanobeam
possesses the highest critical buckling load, whereas the C-F nanobeam possesses the lowest.
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Abstract: Evaluating the mechanical ability of nanofibrous membranes during processing and end
uses in tissue engineering is important. We propose a geometric model to predict the uniaxial
behavior of randomly oriented nanofibrous membrane based on the structural characteristics and
tensile properties of single nanofibers. Five types of silk fibroin (SF)/poly(ε-caprolactone) (PCL)
nanofibers were prepared with different mixture ratios via an electrospinning process. Stress–strain
responses of single nanofibers and nanofibrous membranes were tested. We confirmed that PCL
improves the flexibility and ductility of SF/PCL composite membranes. The applicability of the
analytical model was verified by comparison between modeling prediction and experimental data.
Experimental stress was a little lower than the modeling results because the membranes were not
ideally uniform, the nanofibers were not ideally straight, and some nanofibers in the membranes
were not effectively loaded.

Keywords: electrospinning; nanofibrous membrane; geometric modeling; uniaxial tensile

1. Introduction

Electrospinning is an inexpensive and simple method that is broadly applicable for the controllable
production of ultrafine continuous fibers with a high surface-to-volume ratio and high porosity.
The tuning and controlling of these properties are often crucial for advanced biomedical applications
like wound dressings [1,2], scaffold engineering [3,4], drug delivery devices [5], medical implants [6],
and more [7,8].

Among the numerous materials suitable for tissue engineering, silk fibroin (SF) obtained from
Bombyx mori silkworms is one of the most widely implemented as a scaffold material for tissue
engineering due to its excellent biocompatibility and low immune reaction [9,10]. However, SF fibrous
membranes fabricated via electrospinning are brittle due to the formation of a crystalline β-sheet
secondary structure. This drawback limits the application of electrospun SF in tissue engineering [11].
Methods of improving SF mechanical performance include blending with other synthetic polymers
such as polyethylene oxide (PEO) [12], poly(ε-caprolactone) (PCL) [13], polylactic acid (PLA) [14],
polyglycolic acid (PGA) [15], and their copolymers [16,17]. The resulting nanocomposites possess
the characteristics of the initial constituents, including the excellent mechanical properties of the
polymers and the biocompatibility of SF [18]. SF is often combined with a biodegradable PCL given its
outstanding strength and elasticity [19]. One example is preparation of electrospun SF/PCL nanofibrous
scaffolds using formic acid (FA) [20] and 1,1,1,3,3,3-hexafluoro-2-propanol (HFIP) [19,21]. Applications
of SF/PLC composites include regeneration skin [11], heart [22], bone [23] and vascular tissues [24].
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Understanding the mechanics of nanofibrous membranes is important when evaluating their
mechanical properties at various structural levels both during processing and use for final applications.
Many researchers have tested the mechanical properties of polymer nanofibers and membranes.
Ko et al. [25] obtained elastic moduli of carbon nanotube (CNT)/polyacrylonitrile (PAN) nanofibers
using the atomic force microscopy (AFM) bending technique. Tan et al. [26] collected tensile strength
data for a single electrospun PEO nanofiber using a mobile optical microscope stage coupled with a
piezoresistive AFM tip. In another study, the tensile properties of a single-strand PCL electrospun
ultrafine fiber were tested using a nano tensile instrument [27]. Lin et al. [28] reported a method based
on a stream of air to determine the mechanical properties of electrospun fibers. Other researchers
tested tensile properties of nanofibrous membranes [29–33]. The classical methods developed by
Petterson [34] and Hearle and Stevenson [35] based on the mechanics of a nonwoven mat are still
beneficial for understanding the mechanical properties of nanofibrous membranes. Yin et al. [36]
analyzed how the properties of single nanofibers affect corresponding nanofibrous membrane.

Several analytical [37,38], semi-analytical [39,40] and numerical [41,42] methods have been
adopted to predict the tensile properties of electrostatic textiles. However, these methods require a
relatively complicated calculation. As the main factors affecting the mechanical properties of fibrous
membranes are the micro-structure and single fiber properties of fibrous membranes, in this study we
established the uniaxial tensile force relationship between single fibers and fibrous membranes using
micro-mechanical analysis. Tensile mechanical properties of single fibers were correlated with those of
fibrous membranes through a simple mechanical relationship model and the accuracy of the model
was analyzed.

In this paper, a geometric modeling analysis is proposed to predict the uniaxial behaviors of
randomly oriented nanofibrous membranes. For this purpose, we used the tensile and structural
characteristics of single fibers and nanofibrous membrane, respectively. Five types of SF/PCL nanofibers
with different mixture ratios were prepared via an electrospinning process. The stress–strain responses
of single nanofibers from these nanofibrous membranes were tested for further use in the model. The
applicability of the analytical model was examined by a comparison between the modeling prediction
result and the experimental data.

2. Modeling Analysis

2.1. Assumptions

Firstly, the nanofibers in electrospun membrane were simplified as continuous and straight
filaments. The membrane consisted of layers of randomly oriented nanofibers in the in-plane direction,
as shown in Figure 1. Secondly, we excluded the interlayer effect. Nanofibers were deposited and
randomly overlapped, ideally in sequence, during the whole electrospinning progress. No in-plane
adhesion among fibers was considered. Therefore, the mechanical response of every nanofiber was
assumed to be independent. Thirdly, time-dependent properties were not considered. The stretching
speed was controlled to ensure that the specimens were under quasi-static tensile (0.002 s−1). Neither
the strain rate effect nor the stress relaxation were considered.
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Figure 1. Schematic diagram of electrospun nanofiber membrane.

2.2. Derivation

The membrane consists of layers of randomly oriented nanofibers. Many intersections exist where
fibers meet. As shown in Figure 2, a circle is used to represent a unit intersection of the membrane, and
some randomly-oriented fibers pass through the center of the circle with the same length 2 r0. Every
fiber has its own angle (θ) of inclination. If a stretch along the y axis is applied, the circle becomes an
ellipse after tensile stretching. Then, the angle of inclination (θ) becomes θ′ and the length of fiber (2 r0)
becomes 2 r′. The stretch of the inclined fiber is coordinated with the deformation of the whole circle.
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Figure 2. Changing of fiber’s orientation under stretch.

Therefore, the strain of the membrane is described as follows:

ε =
r′sinθ′ − r0sinθ

r′sinθ′
(1)

Due to the large deformation during stretch progress, the instant θ′ is obtained by

θ′ = arctan
(1 + ε)sinθ

vcosθ
(2)

where v is the shrinkage coefficients of fiber membranes, v = εx
εy

. The deformed fibers are preferentially
distributed along the stretching direction and fibrous membranes shrink horizontally. During tensile
deformation, the shrinkage coefficient v of fibrous membranes is critical to the analysis of the
deformation of nanofibers. Based on Petterson [43], since fibers are rearranged when stretching and
the probability density function of the orientation distribution of fibers is difficult to calculate, the
deformation calculation of single fibers is complicated. Therefore, it is feasible to determine the
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deformation of fibers by measuring and calculating the longitudinal and transverse deformations of
fibers during stretching.

The force in the single fiber along the y axis by the applied loading is described as follows:

fy =
π

4
d2σ f sinθ′ fy =

π

4
d2σ f sinθ′ (3)

where d is the diameter of the fiber and σ f is the axial stress along the fiber’s orientation. However, since
the diameters of nanofibers are not uniform, the stress–strain data obtained from the single nanofiber
tests should not be used directly to predict the mechanical behaviors of membranes. Therefore, the
mathematical fitting, as shown in Figure 3 and Table 1, was applied to obtain stable results from the
test data.
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− −

− −

− −

− −
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π
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Figure 3. Typical stress–strain response of single nanofiber and its fitting equation.

Table 1. Parameters obtained from the fitting of single nanofibers.

Type a a b a c a
R2 b

SF/PCL = 100/0 27.207 −3.297 1.006 × 10−4 0.984
SF/PCL = 75/25 22.669 −2.810 2.663 × 10−4 0.976
SF/PCL = 50/50 26.576 −4.313 1.290 × 10−3 0.975
SF/PCL = 25/75 12.569 −1.802 5.822 × 10−4 0.949
SF/PCL = 0/100 17.130 −3.219 8.120 × 10−3 0.975

a The fitting equation parameters for typical stress–strain response of single nanofiber were obtained from Supporting
Information Figure 3. b Coefficient of determination.

Then the harmonic stress σ f is based on the variation in the diameters of the nanofibers in
membrane as follows:

σ f =
1
2
(1 +

d

D
)[a− b ln(ε+ c)] (4)

where a, b, and c are fitting parameters, and D is the harmonic average of the diameters of the nanofibers.
The fibers in the membrane are randomly oriented. Therefore, the integral algorithm was used to
obtain the average force fy along the y axis from every fiber with oriented angle from 0 to π/2 as follows:

fy =
2
π

∫ π
2

0
fyd(θ) (5)

Finally, the total force Fy along the y axis from all fibers is described as

Fy = n fy (6)
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n =
2V(1− p)

r0πD2 (7)

where n is the amount of fibers in unit volume V and p is the porosity of the electrospun membrane.

3. Materials and Methods

3.1. Materials

SF/PLC spinning dope solution was prepared using regenerated SF sponge and PCL (with
molecular weight of ~80,000 g·mol−1, Guanghua Weiye Co., Ltd., Shenzhen, China). Other materials
(Na2CO3, CaCl2 and 99% methanol) were obtained from Hangzhou Gaojing Fine Chemicals Co.,
Ltd. (Hangzhou, China). Formic acid (FA. 98.0% pure) was purchased from Shanghai Lingfeng
Chemical Reagent Co., Ltd. (Shanghai, China). All materials were used as received without any
additional treatment.

3.2. Preparation of Stock SF Sponge

Silk cocoons were boiled in 0.05 vol% Na2CO3 solution for 30 min, after which they were rinsed
with distilled water and dried at 40 ◦C overnight. After that, these degummed silk threads were
placed into a 1:8:2 mixture (by moles of CaCl2, H2O, and EtOH) at 75 ◦C for 5 min. After the silk
threads dissolved, they were dialyzed using a cellulose 12–14 kDa tubing. Distilled water was used as
counter-solution. Dialysis lasted for 3 days. The resulting aqueous SF solution was removed from the
dialysis tubing, filtered and freeze dried. The resulting materials were regenerated SF sponges, which
were stored in a desiccator prior to their use.

3.3. Preparation of SF/PCL Solutions

Mixtures containing regenerated SF sponges and PCL at 100/0, 75/25, 50/50, 25/75, and 0/100
weight ratios were dissolved in 18 wt % FA solution and maintained at room temperature for 2 h. After
that, the mixtures were stirred for 3 h.

3.4. Preparation of SF/PCL Nanofibrous Membranes

A syringe with a stainless-steel needle (22 G) containing 10 mL of spinning dope solution was
placed into a special pump. Electrospinning conditions were 0.6 mL·h−1 feed rate and 15 kV voltage
applied between the needle tip and an aluminum sheet collector located 10 cm away from the needle
and mounted on the vertical metal mesh surface. Relative humidity was maintained below 50%
during electrospinning.

3.5. Morphology of the Prepared Nanofibrous Membranes

Nanofiber morphologies were characterized by a Carl Zeiss (Oberkochen, Germany) field emission
scanning electron microscopy (FE-SEM) instrument operated at 3 kV accelerated voltage. A thin gold
layer was sputtered on the fibers to improve their conductivity. The average diameter was calculated
based on 100 measurements of different fibers, which were recorded using Image-Pro Plus 6.2 software
(ICube, Crofton, MD, USA) using FE-SEM images. Micrographs and diameters of nanofibers from five
different kinds of membranes are presented in Figure 4 and Table 2, respectively.
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Figure 4. Field emission (FE)-SEM micrographs of the five different types of electrospun membranes:
(a) WSF:WPCL = 100:0, (b) WSF:WPCL = 75:25, (c) WSF:WPCL = 50:50, (d) WSF:WPCL = 25:75, and
(e) WSF:WPCL = 0:100; and (f) average diameter of nanofibers.

Table 2. Nanofiber diameters in membranes.

Type
Arithmetic Average

Diameter (nm)
Root-Mean-Square

Diameter (nm)
Harmonic Average of

Diameter (nm)

SF/PCL = 100/0 85.87 91.29 79.49
SF/PCL = 75/25 70.52 76.12 62.96
SF/PCL = 50/50 63.76 71.91 57.11
SF/PCL = 25/75 76.56 80.41 70.54
SF/PCL = 0/100 99.37 110.18 88.62

3.6. Tensile Test for Single Nanofiber and Nanofibrous Membranes

Stress along the axial of a single nanofiber was tested using a nano-mechanical stretching system
(Agilent UTM T150, Santa Clara, CA, USA), which provides excellent mechanical characterization at
the nano-scale due to its unique actuating transducer that is capable of generating tensile force load on
individual fibers by electromagnetic actuation combined with a precise capacitive gauge (Figure 5).

The uniaxial stress–strain curve of the nanofibrous membranes were tested using the KES-G1
tensile system (Kato-Tech Company, Kyoto, Japan) as shown in Figure 6. Specimens were fixed by
two overlap-pasted frames composed of paper to avoid incline and torsion. Before testing, the left
and right arms of the paper frames were cut to avoid affecting the stretching of the specimen during
tensile testing.
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Figure 5. Tensile testing system for single nanofibers.

 

 

Figure 6. Tensile testing system for nanofibrous membranes.

4. Results and Discussion

Figure 7 demonstrates the typical deformative characteristics of nanofibrous membranes under
uniaxial tensile testing. Membranes were stretched until fracture occurred. We observed that the
rectangle specimen was forced into a dog-bone shape due to tension in the membrane before fracture.
The specimen catastrophically failed with a triangular cracking area from the edge of the membrane,
which indicated the ductile deformation of nanofibers in the membrane.

Figure 8 shows the uniaxial stress–strain curves of the five different types of SF/PCL membranes.
Post-fracture behaviors were not retained for all curves. We found that the strain of membranes
increased with increasing PCL content in nanofibers. This indicates that PCL helped to improve the
flexibility and ductility of the composite membranes, and that the membranes’ strengths were not
obviously affected. These properties are critical for materials used for engineering of vascular and
skin tissues.

By comparing the modeling prediction and experimental data, we found that the analytical
model is somewhat applicable. The proposed modeling prediction demonstrated similarity to the

153



Nanomaterials 2019, 9, 1149

testing results, showing that the mechanical behaviors of membranes could be predicted based on
their structural characteristics and the properties of single nanofibers. However, the experimentally
recorded stress values were a little lower than the modeling values. The morphology of the membranes
could explain this difference. Firstly, the nanofibrous membranes were not ideally uniform, which
could lead to the existence of some weak regions. Secondly, nanofibers were not ideally straight,
which could lead to a slow initial increase in stress due to the adjustment of the nanofibers themselves.
Thirdly, some nanofibers in membranes were potentially not loaded during tensile process.

 

 

Figure 7. Typical deformation characteristics of nanofibrous membrane with the progress of
stress–strain response under uniaxial tensile testing: (a) morphology changes of nanofibrous membranes,
(b) stress–strain curves of nanofibrous membranes.
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Figure 8. Results of the modeling analysis and experimental tests: (a) WSF:WPCL = 100:0, (b) WSF:WPCL

= 75:25, (c) WSF:WPCL = 50:50, (d) WSF:WPCL = 25:75, and (e) WSF:WPCL = 0:100 membranes.

5. Conclusions

SF/PCL nanofibrous membranes were produced using an electrospinning technique using formic
acid. The presence of PCL helped to improve the flexibility and ductility of the membrane without
compromising the strength.

In this study, we proposed a geometric modeling analysis based on the tensile properties of
single fibers and the structural characteristics of nanofibrous membranes. The applicability of the
analytical model was verified by a comparison between the model prediction and experimental data.
The experimentally recorded stress level was a little lower than the modeling results for three reasons:
(1) the nanofibrous membranes were not ideally uniform, (2) the nanofibers were not ideally straight,
and (3) some nanofibers in the membranes were not effectively loaded.
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Abstract: Synthesized nanotwinned cubic boron nitride (nt-cBN) and nanotwinned diamond
(nt-diamond) exhibit extremely high hardness and excellent stability, in which nanotwinned structure
plays a crucial role. Here we reveal by first-principles calculations a strengthening mechanism
of detwinning, which is induced by partial slip on a glide-set plane. We found that continuous
partial slip in the nanotwinned structure under large shear strain can effectively delay the structural
graphitization and promote the phase transition from twin structure to cubic structure, which helps
to increase the maximum strain range and peak stress. Moreover, ab initio molecular dynamics
simulation reveals a stabilization mechanism for nanotwin. These results can help us to understand
the unprecedented strength and stability arising from the twin boundaries.

Keywords: nanotwin; detwinning; extreme hardness; excellent stability

1. Introduction

Diamond and zinc blende structured materials are the important members in the family of
superhard materials, among which diamond and cubic boron nitride (cBN) are the most prominent
representatives. These strong covalent bond solids are indispensable to fundamental scientific research
and technological applications in many fields [1–8]. With the development of synthesis technology
at nanoscale, more and more attention has been paid to nanocrystalline (NC) superhard materials
as well as their outstanding mechanical properties [9–13]. It has been found that grain size plays a
decisive role in the strength of materials [14–16]. For example, the strength of NC Cu increases with the
decrease of grain size, and reaches the maximum at the critical size (d = 19.3 nm), followed by softening
with the further decrease of grain size [17]. Similar phenomena have also been observed in covalently
bonded materials, for example, at room temperature the Knoop hardness of an NC diamond with
grain size of 10–20 nm is about 130 GPa, much higher than that of single crystal diamond, which is
about 70–90 GPa [18,19], and the strength of NC cBN increases with the decrease of grain size d [20,21],
following the famous Hall-Petch relationship [15,22].

Recent studies [23] showed that nanotwinned cBN (nt-cBN) and nanotwinned diamond
(nt-diamond) exhibit extremely high mechanical and thermal properties compared with their single
crystal counterparts. The Vickers hardness of nt-cBN with an average twin thickness of λ = 3.8 nm
reaches 95–108 GPa, which even exceeds that of a single crystal diamond (90 GPa) [23]. This high
hardness was attributed to the existence of high-density nanotwins [24]. On the other hand,
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the onset oxidation temperature of nt-cBN is also about 200 ◦C higher than that of single cBN
crystal. The corresponding studies [23,25] challenge the general understanding of the properties
of materials at nanoscale. It has been shown that, in nanotwinned metals [26–28], the appropriate
thickness and distribution of twins play significant roles in the improvements of the physical and
mechanical properties of metals, including strength, hardness, and thermal stability. However, it has
been shown in many studies that the strengthening/weakening mechanisms between nt-metals and
nt-cBN are obviously different [24,29,30]. At present, the role of nanotwins in the enhancement of
the mechanical properties of strong covalent bond solids remains controversial [31,32] and needs to
be clarified.

In this work, the mechanisms for the enhancement of mechanical properties and stability of
nt-cBN under continuous shear strain are investigated using first-principles calculations. The paper is
organized as follows: the calculation details are briefly introduced in the following section, followed
by the presentation of the results calculated and the corresponding discussions, and some conclusions
are drawn and shown in the last section.

2. Methods

In this work, the stability and mechanical properties of materials are described by the stress-strain
relationships, twin boundary energies (TBEs) and ab initio molecular dynamics (MD) simulations,
respectively. All simulations are performed using the Vienna ab initio simulation package (VASP)
code based on the density functional theory (DFT) with the generalized gradient approximation of
Perdew-Burke-Ernzerh of version [33] for the exchange-correlation energy and a plane-wave basis
set [34]. The projector augmented wave (PAW) method describes the electron-ion interaction [35],
in which 2s22p1, 2s22p2, and 2s22p3 are the valence electrons for B, C, and N atoms, respectively.
An energy cutoff of 500 eV and Monkhorst-Pack k-point grids [36] of 5 × 7 × 3 are used for the
calculation of the differences in the total energy and stress response of perfect crystal and twin structure.
The convergence criterion is that the total energy of the system and the force on each of the atoms are
less than 1 × 10−4 eV and 0.001 eV/Å, respectively.

We utilize standard ab initio MD simulations as implemented in the VASP code to observe insights
into the equilibrium structure of diamond and cBN at a given temperature. The setting accuracy
of calculation parameters is consistent with that of the basic properties of the above DFT energy
calculation. Moreover, in the intermediate period, a micro-canonical ensemble (NVE) is simulated.
A supercell containing 96 atoms is employed to avoid artifacts associated with constraints imposed
by finite-sized unit cells [37]. In addition, the parameters related to the simulation time are set to
3 femtoseconds (fs) per time step and the maximum ionic step is 1500.

To obtain the failure shear stress, we apply a shear strain component on a crystal cell along the
prescribed orientation, while relaxing the other five strain components, and deform the periodic model
until it fails [7,38–40]. To determine the lowest energy path during deformation, we calculate the
generalized stacking fault energy (GSFE) surface, also called γ-surface, which describes the energy
variation between that of the perfect crystal and that of the half-crystal shift d on the crystallographic
plane prescribed [41]. For example, to obtain the γ-surface of the (111) plane of cBN, we divide the
plane of cBN into 525 grids along the [112] and [110] directions, calculate the difference between the
energy of the perfect crystal and that with the origin of the upper-half shifted by the distance to
each grid.

3. Results and Discussions

3.1. Excellent Stability of Nanotwinned Structure

Figure 1 shows schematically the atomic arrangement of perfect crystal and twin of cBN. In order
to measure the stability of the twin structure, we calculate the twin boundary energy (TBE), which
represents the energy variation between the perfect crystal and twin structure of per unit area.
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The smaller the TBE, the better the stability of the twin structure [38]. The TBEs of cBN and diamond
are calculated and listed in Table 1, where one can see that the TBEs of cBN and diamond are 81.72
and 101.69 mJ/m2, respectively. Moreover, the total energy of crystalline cBN and that of twined cBN
are basically the same, so are those of diamond. The above information indicates that twin structure
should be as stable as its single crystal for cBN and diamond. However, the extremely high GSFE
may limit the formation of the twin structure in cBN. The recent report [23,25] of nt-cBN converted
from cBN nano-onions with high-density defects under high temperatures and pressures solves this
synthetic problem.

 

− −
− −

Figure 1. Atomic arrangement of cubic boron nitride (cBN) and twin cBN: (a) cBN, with two
non-equivalent (111) planes, corresponding respectively to narrowly spaced atomic layer (glide-set)
indicated by red line, and widely spaced atomic layer (shuffle-set) by blue line [42]. (b) nanotwinned
cubic boron nitride (nt-cBN) with red lines as twin boundary (TBs).

Table 1. Calculated total energies and TBEs of cBN and diamond.

Total Energy (ev)
TBE (mJ/m2)

Perfect Crystal Twin

cBN −836.29 −835.83 81.72
Diamond −872.62 −872.06 101.69

To reveal the contribution of the nanotwinned structure to the unusual thermal stability of the
strong covalent bond solid, ab initio MD simulations were carried out. We have qualitatively compared
the thermal stability of diamond and nt-diamond at T = 1500 K. Results of our ab initio MD simulations
are presented as structural snapshots of diamond and nt-diamond at T = 1500 K in Figure 2a,b.
In addition, the Supplementary Movies S1 and S2 respectively describe ab initio molecular dynamics
simulations of diamond and nt-diamond at T = 1500 K in the front view. We adopted a covalent bond
cutoff radius of 1.5 Å for diamond and nt-diamond. As shown in Figure 2a,b, some C–C bonds of the
diamond are broken while the C–C bonds of nt-diamond are basically intact. It is obvious that the
structural change of nt-diamond is less than that of the diamond, indicating the twin structure does
contribute to the stability of the diamond, which verifies the conclusion of the experiment. It should be
noted that structural change refers to the difference between a new structure and the original structure.
In parallel, the twin structure does not contribute significantly to the thermal stability of cBN, which
may be related to the superior thermal stability of cBN itself [43,44]. Figure 2c,d, and Supplementary
Movies S3 and S4 give more information.
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Figure 2. (a) and (b) are snapshots of ab initio molecular dynamics simulations depicting structural
changes in diamond and nt-diamond at T = 1500 K. Corresponding snapshots of cBN and nt-cBN at
T = 2000 K are shown in (c) and (d). The solid purple line represents unit cell.

It has been reported in the previous studies [45,46] that the (111) cleavage plane clearly dominates
the fracture of cBN or diamond. The γ-surfaces in cBN for glide-set and shuffle-set planes are
calculated for the determination of the lowest energy path during deformation, as shown in Figure 3a,b,

respectively. It can be seen that the lowest energy path of a0
6 [112] (a0 = 3.625

o
A, representing the

lattice constant) for glide-set and shuffle-set planes, where the peak of the path is defined as the energy
barrier (γU). Then, the GSFE curves for glide-set and shuffle-set planes in (111)<112> slip system are
extracted and shown in Figure 4a, where the γUg on the glide-set plane is 3.72 J/m2, which is smaller
than that on the shuffle-set plane (6.85 J/m2), indicating that the slip of cBN should be dominated by
the partial slip on the glide-set plane, which coincides with the conclusion that the stacking fault has
been observed experimentally [47], as shown in Figure 3c–f. In order to understand more clearly the
stacking faults in the experiment, the atomic configurations of several key structural points have been
revealed. As shown in Figure 4b, the stacking sequence of the (111) planes of cBN can be expressed as
AαBβCγAαBβCγ . . . . The upper part of the model is rigidly displaced along the [112] direction on the
glide-set plane. Figure 4c shows the atomic configuration when normalized displacement is equal to
a0
12 [112], which is unstable, corresponding to the unstable GSFE of γUg. When normalized displacement
is equal to a0

6 [112], as shown in Figure 4d, the stacking sequences becomes AαBβCαBβCγAα . . . ,
indicating the occurrence of a stacking fault. At this moment, the GSFE is at the valley bottom (γIg),
which implies a metastable state. Therefore, the existence of a local nanotwined structure is also
demonstrated by the principle of minimum energy.
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γ γ γ
γ

Figure 3. γ-surface and stacking fault region of cBN. (a) γ-surface of glide-set plane and (b) γ-surface
of shuffle-set plane, with γU denoting energy barrier, red arrows indicating lowest energy path,
respectively, (c–f) stacking fault region in cBN observed in experiment. Reproduced with permission
from [47], copyright AIP Publishing, 2016.

 

γ γ γ
γ

Figure 4. (a) Calculated GSFE curves for cBN in (111)<112> slip system, where γUg and γUs denote
energy barrier on glide-set and shuffle-set planes, respectively. Atomic configurations corresponding
to three key structures in (111)<112> slip system: (b) initial configuration, (c) unstable configuration,
and (d) metastable configuration, where light-yellow regions correspond to the stacking fault region.
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3.2. Detwinning Mechanism of nt-cBN

Figure 5 shows the shear stress-strain (σ-ε) and energy-strain (E-ε) curves of nt-cBN during
shear straining along the (111)[112] direction, where both the curves exhibit a distinct zigzag feature.
This zigzag feature is significantly different from cBN, as reported previously [48], fails directly during
the shear straining due to graphitization. It can be seen in Figure 5 that σ and E increase quickly as the
applied shear strain increases from ε0 = 0 to ε1 = 0.23 when the stress reaches 62.1 GPa, which is slightly
smaller than the stress (67.2 GPa) before the graphitization of cBN subjected to shear deformation
along the easy shear direction. When the strain increases from ε1 = 0.23 to ε2 = 0.24, the stress and
total energy fall sharply. In order to clarify the cause of the zigzag manner, we extract the atomic
configurations at some key points, as shown in Figure 6. It can be found that the root cause of this
phenomenon is atomic reconfiguration induced by partial slip on the glide-set plane, in which the
old chemical bond B1-N1-B2 is broken, and a new chemical bond B2-N1-B3 is formed, as shown in
Figure 6a,b.

 

σ ε ε σ ε

[112] [112 ] 

[112]
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ε
σ
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Figure 5. Calculated σ-ε and E-ε curves of nt-cBN subjected to shear straining and unloading, σ-ε
curves of cBN sheared along (111)[112] easy shear direction and (111)[112] hard shear direction also
provided for comparison.
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Figure 6. (a) to (f) are typical atomic configurations of nt-cBN sheared along (111)[112] easy shear
direction during 0.23 ≤ ε ≤ 0.60, respectively, with upper and lower halves corresponding to easy- and
hard-shear directions in (a).
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The formation of the new metastable structures (Figure 6b) can further resist deformation induced
by the further shear strain. From ε2 = 0.24 to ε3 = 0.43, σ increases from the valley of 3.7 GPa to
the peak of 65.8 GPa. Then, the same atomic reconfiguration occurs in the layer C′, resulting in the
break of the chemical bond B7-N3-B8, and the formation of chemical bond B8-N3-B9, as shown in
Figure 6c,d. This process will be repeated during the shear straining until all the atomic layers in
the easy shear direction are transformed into that in the hard shear direction, and, correspondingly,
the sequence of the layers would change from ...ABC|C’B’A’... [Figure 6a] to ABCABC... [Figure 6e]
when the detwinning of nt-cBN by partial slip is finished. The further increase of strain would induce
the deformation along the hard shear direction of the cBN, as shown in Figure 6e, and at ε5 = 0.59 the
ultimate stress reaches 87.2 GPa, which is almost equal to the graphitization stress (87.4 GPa) of cBN
along the hard shear direction, as shown in Figure 5. Lattice instability occurs as ε ≥ ε6 = 0.60, leading
to graphite-like layered structures, as shown in Figure 6f.

The above process describes accurately the one-to-one correspondence between σ (or E) and
atomic reconfiguration. In general, such kind of detwinning mechanism can lead to an unprecedented
increase in intragranular deformation resistance for nt-cBN. More detailed information on the atomic
reconfiguration during the deformation of cBN and nt-cBN are shown in Supplementary Movies
S5–S7. Supplementary Movies S5 and S6 show the structural changes along the easy and hard shear
directions of cBN subjected to shear deformations, respectively, where one can see that cBN fails directly
by graphitization, which is consistent with the previous report [47]. By contrast, the detwinning
mechanism of nt-cBN by partial slip on the glide-set plane is shown in Supplementary Movie S7,
where the continuous partial slip can effectively delay the structural graphitization, contributing to the
remarkable increases of the maximum strain and intragranular deformation resistance.

To verify the fascinating phase transition from nt-cBN to cBN, we unload the stress from ε4 = 0.44
by decreasing the strain until σ = 0, as shown in Figure 5. After unloading, the lattice vectors of
the cell are along the [112], [110] and [112] directions, which are exactly identical with those of the
perfect crystal cBN cell, indicating the nt-cBN has been completely detwinned. Figure 7 shows the
comparison between the atomic structure of relaxed cBN at zero stress and that of detwinned nt-cBN
after unloading, where there are two findings. First, the positions of the atoms in the two structures
overlap completely, second, the angle between lattice vectors [112] and [112] is approximately 70.55◦,
which is consistent with the experimental observations [47], as shown in Figure 3f.

 

[
112 ]

[112 ]

[112 ]

Figure 7. Comparison between atomic structure of relaxed cBN at zero stress and that of detwinned
cBN after unloading.
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4. Summary

We reported a detwinning mechanism for nt-cBN, which may result in extremely high hardness,
which can describe accurately the one-to-one correspondence between the stress or the total energy and
the atomic reconfiguration of nt-cBN subjected to shear straining. The atomic layers in the easy shear
direction can be shifted into the hard shear direction by partial slip, which also leads to the decrease
of the stress and total energy of the system and formation a new stable structure. This characteristic
should be conducive to the stability of the structure undergoing lager shear strain. Moreover, the twin
boundary energies of nt-diamond and nt-cBN are very low, which indicates that the twin structure
is as stable as its single crystal counterparts. The excellent thermal stability of nt-diamond and
nt-cBN has also been systematically studied by ab initio molecular dynamics (MD) simulations and
a stabilization mechanism for nanotwin was revealed. These results can not only account for the
unprecedented hardness and excellent stability of nanotwinned structure but offer novel insights into
the deformation-induced structural transformation as well. It can also extend our understanding of
the deformation mechanism of nanostructured strong covalent materials, which would be useful in
guiding the design of ultrahard materials.

Supplementary Materials: The following are available online at http://www.mdpi.com/2079-4991/9/8/1117/s1,
Movie S1. Ab initio molecular dynamics simulations under T = 1500 K for diamond in front view. Movie S2.
Ab initio molecular dynamics simulations under T = 1500 K for nt-diamond in front view. Movie S3. Ab initio
molecular dynamics simulations under T = 2000 K for cBN in front view. Movie S4. Ab initio molecular dynamics
simulations under T = 2000 K for nt-cBN in front view. Movie S5. Single crystal cBN undergoes lattice instability
along easy (111)[112] shear direction, resulting in well-known graphitization. Movie S6. Single crystal cBN
undergoes lattice instability along hard (111)[112] shear direction, resulting in well-known graphitization. Movie
S7. Typical phase transition from twin (nt-cBN) to cube (cBN) by partial slip on the glide-set plane, and further
loading along the hard (111)[112] shear direction may eventually results in structural graphitization.
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