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The miniaturization of components in mechanical and electronic equipment has been
the driving force for the fast development of micro/nanosystems. Heat and mass transfer
are crucial processes in such systems, and they have attracted great interest in recent years.
Tremendous effort, in terms of theoretical analyses, experimental measurements, numerical
simulation, and practical applications, has been devoted to improve our understanding of
complex heat and mass transfer processes and behaviors in such micro/nanosystems.

This Special Issue is dedicated to showcase recent advances in heat and mass transfer
in micro- and nanosystems, with particular focus on the development of new model and
theory, the employment of new experimental techniques, the adoption of new computa-
tional methods, and the design of novel micro/nanodevices. Thirteen articles have been
published after peer-review evaluations, and these articles cover a wide spectrum of active
research in the frontiers of micro/nanosystems. For example, Hu et al. [ 1] studied the
satellite droplet generation in piezoelectric methods, and found that there are two key
parameters responsible for this phenomenon: the pulse frequency for driving the piezo-
electric transducer tube and the uid ow rate. Optimal operation conditions have also
been proposed to eliminate the satellite droplets for deionized water. In the article by
Song et al. [2], the authors developed a structural design to visualize the evaporation and
condensation processes in the silicon-based ultra-thin loop heat pipe (s-UTLHP), and per-
formed experimental measurements to study the heat transfer mechanism in such devices.
To gain a more accurate thermal measurement for micro uidic devices, Meng et al. [ 3]
proposed the use of a liquid metal to Il the gap space between the temperature sensor
and the micro uidic substrate, and they also tested this concept on a microchennel chip
with gallium. Furthermore, Wang et al. [ 4] developed a disposable micro uidic chip for the
real-time monitoring of sweat rate. This economical and convenient paper-based sticker
has a diameter of 25 mm and a thickness of 0.3 mm, and it can be applied to the skin at
any parts of the body. The chip consists of multiple layers; in particular, the sweat-sensing
layer has an impressed wax micro-channel containing chromogenic agent to show sweat
absorption amount, which can be read directly from the scale lines on the chip surface. The
proposed chip, as a low-cost and convenient wearable device, has potential applications in
the real-time monitoring of sweat loss for bodybuilders, athletes, re ghters, etc.

With the rapid advances in computational technologies, numerical modeling and
simulations have been proven as a valuable complement for studying complex systems
and processes. In this direction, Saghir and Ranman [5] numerically investigated the
thermal and hydraulic performances through minichannels with different pin- n con g-
urations, and their results showed that the wavy pin- n con guration exhibited the best
performance with a high Nusselt number and a low pressure drop. On the other hand,
Jbeili and Zhang [6] examined the convective heat transfer performances of ows through
porous materials, and found that, in addition to the porosity, the aspect ration of the micro-
scopic porous structure and the possible interfacial thermal resistance can also affect the
macroscopic thermal performance of the porous media. For an ef cient evaluation of the
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ow and pressure distributions in a microchannel network, Zhao etal. [ 7] introduced an
electric circuit analogy and applied it to study the effect of microchannel length on the ow
behaviors. Another interesting study is presented by Huang et al. [ 8], where the immersed
boundary method has been combined with the lattice Boltzmann method to study the
trajectory of a neutrally buoyant circular particle in the pulsatile channel ow. The particle
exhibits rich dynamic behaviors which have not been observed in non-pulsatile situations,
and the results could be useful for nanoparticle transport in drug delivery applications.

Nano uids, which are uid suspensions of nanopatrticles, have attracted great atten-
tion from scientists for the enhanced thermal performances, and extensive studies have
been conducted over the past decades. In this Special Issue, several papers have been de-
voted to exploring the thermal enhancement mechanisms of na nofluids in various situations.
Elsafy and Saghir [9] conducted simulations of the convective heat transfer by ¢ onsidering the
nanofluids through straight and wavy microchannels filled  with porous materials, and Wu and
Zhang [1Q] studied the effects of the nanoparticle volume fraction of Al ,Oz-water nanofluids
and the aspect ratio of rectangular microchannels on heat transfer and pumping power con-
sumption for heat sink applications in electronic devices. Moreover, Rasool et al. [11,12] and
Shafig et al. [13] established a mathematical framework to consider the magn etohydrodynamic
flows of nanofluids in Darcy—Forchheimer porous media with  moving boundaries.

The success of this Special Issue is built on the team work of everyone involved. We
would like to thank the authors for contributing their interesting research, and we are
also grateful to the anonymous reviewers for their critical comments which are valuable
for further improving the article quality. Moreover, we should not forget to mention the
help from Drs. Myung-Suk Chun, Khashayar Khoshmanesh, and Kwang-Yong Kim as
Academic Editors, and Ms. Violet Cheng and Mr. Toot Jiang at the journal of ce.

Conicts of Interest: The authors declare no con ict of interest.
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1. Introduction

A simple base uid, for example, water, ethylene glycol, and olil, etc., when upgraded
with the suspension of nanometric metallic strong conductive particles, is termed as
nano uid. Such a formulation suf ciently intensi es the conduction abilities of the base

uid. Numerous applications have been discovered for the so-called nano uids in the
industrial and engineering aspects as well as in bio-medicine. For example, vehicle cooling,
heat exchangers, cooling and transformer cooling, electronic cooling, and many others
are typical and widely used applications of nano uids. These are also applicable in the
medical treatments, especially cancer and tumor treatments, resonance imaging, and
wound treatment, etc., and they are typically dependent on the conductive nature of
nano uids. Choi [ 1] introduced the de nition of nano uid in his experimental work
where he proved that the suspension of nanoparticles in typical uids drastically changes
the thermo-physical properties of the uid. Later on, Buongiorno[ 2] modeled the same
concept in the perspective of convective transport of nano uids. Adding details to the
concept of nano uids, Buongiorno emphasized the fact that the Brownian diffusion and
Thermophoresis are two major slip factors in the transport of nano uids. Afterwards,
several interesting attempts have been reported by renowned researchers of uid mechanics.
For instance, Khan et al. [3] reported convection phenomena in nano uid ow passing a
linear stretching surface using the Keller—Box humerical method for the nal solutions of
the modeled governing problems. An interesting study of Mustafa et al. [ 4] disclosed an
analysis on stagnation spot ow of nano uids involving linear stretched sheet. For more
details on this topic, one can see [5-24] and cross references cited therein.

Flow past a linear as well as nonlinear stretching surface relates the uid mechanics
with several important industrial and engineering setups, such as hot rolling, polymeric ex-
trusion, continuously stretching done in plastic thin Ims, crystal growth, ber production,
and metallic extrusion, etc. Numerous articles are available in the literature that explain
the ow caused by stretching surfaces, whether linear or nonlinear rates. The importance
of linear stretching cannot be neglected but the ow caused by non-linear stretching rates
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have always played a signi cant role in the above mentioned procedures, especially in
polymeric extrusion. In all such scenarios, the work of Cortell [ 25] is considered to be a
pioneer. He considered a viscous uid for studying heat and mass transfer developments
driven by a nonlinear or linear stretching in the sheet. The prescribed wall temperature
and constant wall temperature were both discussed in this study. Vajravelu [ 26] reported a
study on exploration of heat transfer developments in a viscous uid ow past a stretching
sheet surface using power law velocity distribution with nonlinear stretching rate. Rana
and Bhargava [27] reported a study on the uid ow analysis and heat transfer aspects
involving a nonlinear stretching rate in nano uids ow over a sheet.

The type of nano uids governed in the categorical classi cation of non-Newtonian
uids have gained special attention for numerous engineering and industrial applications
based on their extended contributions in nuclear, chemical, metallic, polymeric, and plastic
industries. Shampoos, paints, apple sauce, katchup, as well as different type of oils are
typical genuine examples of non-Newtonian uids. Having extended viscosity, the non-
Newtonian uids are best treated by involving the viscoelastic terms (second grade model),
which is known as sub-categorical classi cation of differential non-Newtonian liquids
related with the normal stress attribute. For a better understanding of this model, one can
read [28—34] and the references cited therein.

The studies mentioned above are either concerned with a linear stretching surface
with effective convective heating or nonlinear stretching sheets without the involvement
of convective conditions together with the Darcy—Forchheimer model. Here, for the rst
time, we involve convective conditions to consider a visco-elastic and strictly incompress-
ible nanoliquid (nano uid) ow bounded by a nonlinear at stretching surface. Firstly,
the model shapes in mathematical form using the famous Navier stokes equations for
incompressible non-Newtonian nano uid. The leading problems are then transformed
into highly nonlinear ordinary problems via suitable transformations. A numerical scheme
is implemented for nding the nal solutions. From now onward, uid means means
incompressible viscoelastic nano uid. The next section will physically justify the existence
of the problem and mathematical expressions with properly de ned boundary conditions.
The rest of the article comprises of the results and discussion, a graphical display, and
concluding remarks.

2. Problem Formulation

In this numerical investigation, we have invoked the convective boundary on the
ow of hano uid passing over a nonlinear ate stretching surface. These conditions are
invoked to balance the temperature difference within the system. The system relies on
Darcy—Forchheimer medium saturated via nano uid over the stretching surface. Cartesian
coordinates are considered to analyze the uid ow. The ow direction is assumed along
positive x direction, whereas no-movement is allowed towards vertical. An induced
magnetic effect is directly invoked to the surface normal direction via MHD; however, a
tiny Reynolds number helps to dismiss the magnetic impact. The nonlinear stretching rate
is taken into account via n as a positive integer, whereas the stretching velocity is assumed
asu = Uy = mx" at the bottom line. However, the velocity diminishes away from the
surface and attains zero value at free surface (4 = 0). The coef cient of heat and mass ux
(hy and hy) are involved in convective boundary conditions. Figure 1 sketches a physical
display.
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Figure 1. Physical model and coordinate system.

The modi ed Navier stokes problems are given below:
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Equations (1), (2), (7), and (8) are known as the governing equations with the follow-
ing boundary conditions, as per the present model,

(8)

u= Uy = an, hl(Tf T) = kﬂ, v =0, hz(Cf C) = DBrE at y= 0, (9)
Ty fly
Tu
U=0.g =0C=C,T=Ty as y! ¥. (10)

In the above governing equations, mis taken as dynamic viscosity, n = m'rs is

known as kinematic viscosity, r ; is taken as density, s is involved for electrical conductivity,
a = K/ (rc)¢iswell known thermal diffusive force, kis typical thermal conductiveness, h; =

hpx%L and hy = hqx”Tl are known as non-uniform heat and mass (transfer) coef cients,
respectively, t is known as the ratio given between the effective nanoparticles heating
capacity versus effective uid heating capacity, Dg, is known for Brownian diffusion, Dty
is thermophoretic factor, and By is magnetic effect. De ning,

1.1 n 1 9f 9—  qf
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Here, g; for i = 1,2 are the convective parameters extracted fromh; = hpan1 and

hy = hqx”T1 known as non-uniform heat transfer coef cient and mass transfer coef cient,
respectively. i is used for inertial frame, M is involved for magnetic impact, | is treated
as porosity, Pr is the typical Prandtl, Leis the well known Lewis number, kg is taken as
viscoelastic parameter, and Nb and Nt Brownian diffusion and thermophoretic factors,
respectively. Mathematically,
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Furthermore, using Rg, = mx"*1/ n, the local tiny Reynolds, the non-dimensional
forms of physical quantities, are given below:

1/2
(Re)”? "2 Tci= (1 300
1/2
(Re) 2 %1 Nu = 1+%1 Rd q40) ,
a7)
yy n+l V2
(Re) ¥2 125 sh= 190),

3. Methodology

RK45 is one of the most frequently used numerical methods for solving IVPs for its
accuracy and ef ciency. The built-in codes involve basic concept of converting Boundary
value problems into the initial value problems and subsequent problems are solved using
a parallel scheme with RK45, such as shooting technique, secant method, etc., using an
appropriate set of initial guesses to approximate the solutions. Herein, the boundary
value problems are converted into initial value problems together with the given boundary
conditions and thereafter, careful selection of initial guess for repeated iterations of the
numerical scheme are chosen to obtain the solutions.

4. Results and Discussion

In this section, we have described the consequences noticed in ow pro les for all
relevant parameters that are involved in leading problems of present nano uid model.
The arguments are comprehended by physical justi cations as to why the variation is
occurred and what consequence is being witnessed. The results are obtained using the
numerical method and the data are graphically plotted in increasing and decreasing curves
to witness the difference. The rst section of the graphs belongs to the velocity pro le,
the second to temperature distribution, and third is related with the concentration of
nanoparticles. In particular, Figure 2 is plotted to see the variation in velocity pro le
against augmented trend of visco-elastic parameter kg. The physical reasoning of the
behavior noted for this parameter is connected with the combination of k; and kinematic
viscosity mhaving an inverse relation with uid viscosity. For larger values of ko, the uid
viscosity shows a decline, and a consequent increasing trend is witnessed in the relative
pro le. The magnetic parameter M that is given in Figure 3 with a relevant variation in
uid motion produces a reduction. Physically, the affect of magnetic eld is always in
anti-directional with the uid ow because of the surface normal bumps. The certain
effect of magnetic eld in the direction normal to the uid ow is, for sure, the reason
behind this trend of decline in uid velocity. The similar trend in velocity pro le can
be gured out for the Forchheimer number K that is given in Figure 4, but this time
the decline is related with a higher friction and retardation offered by porous medium.
The larger the Forchheimer number, the higher the frictional force that is offered to uid
motion and the consequence is a decline in uid velocity. The thermal layer receives
signi cant modi cation in the incremental direction for augmented values of thermal
radiation Ry given in Figure 5. The in uence of thermal radiation eases the way of heat
ux with a more convenient convection and the corresponding pro le receives signi cant
enhancement. Physically, thermal radiation is responsible for the enhancement of the
thermal state of the uid. Elevation in thermal Biot number g; apparently results in a
signi cant increase of the thermal layer and associated boundary layer thickness enhances,
as shown in Figure 6. The heat ux coef cient that is involved in constitution of the said
parameter is a suf cient justi cation for this behavior of thermal pro le. Thermophoresis
and Brownian motion are the two important factors of nano uid ow and boundary layer
phenomenon. By de nition, Brownian motion is an uncertain movement of some particles
(nanoparticles in this case) in the given medium for any time t > 0. The parameters are both
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closed in uential to each other as well as on the ow pro les. Here, the thermophoresis
enforces a stronger thermophoretic push to the given nanopatrticles and the nanoparticles
receive certain inpredictive enhanced motion and, therefore, a disturbance appears and
thermal pro les increase for both of the given factors shown in Figures 7 and 8, respectively.
Figures 9-12 are related with the third important ow pro les, the concentration pro les,
which is solely based on the concentration of nanoparticles. In particular, Figure 9 presents
the display of variation that is noticed in concentration pro le with respect to the elevation

in Schmidt number. Physically, the inverse relationship between Brownian diffusion and
kinematic viscosity is suf cient to justify the reducing trend noticed in concentration pro le
for augmented values of Schmidt number. The solute Biot number is an enhancing factor
the concentration pro le that is given in Figure 10. The coef cient of mass ux involved in
the constitutive expression justi es this variation. An enhancement is noticed for elevated
values of thermophoresis given in Figure 11. A decline can be seen in concentration pro le
for augmented Brownian diffusion parameter given in Figure 12. For sure, the decline is
based on the in-predictive and uncertain uctuation of nanoparticles. Figures 13 and 14
are the contour graphs sketched for both the linear and non-linear case, respectively, while
Figures 15 and 16 are the density graphs. A minor but signi cant difference can be seen in
both the linear and non-linear case settled at n = 1 & 1.5, respectively. Relevant data for
skin-friction, heat, and mass ux numbers are given in Tables 1 and 2, respectively. Skin
friction jumps for larger porosity and a larger Forchheimer number, therefore, declines
the easy movement of uid.The heat ux and mass ux both receive a reduction for the
augmented values of Forchheimer number. Thermal radiation is an enhancing factor for
both of the ux rates. An opposite trend is noticed in both Nusselt and Sherwood numbers
for thermal Biot number. Heat ux enhances, while mass ux reduces with the passage
of time.
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Figure 2. Visco-elastic parameter versus velocity eld.
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For Linear Cast

Figure 13. Contour graph for linear case.
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For non Linear Case
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Figure 14. Contour graph for nonlinear case.
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Table 2. NumeScg datduditwirsed for Nusselt and Sherwood numbers setting n = 1.5kg = 0.1.
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MHD Magnetohydrodynamics

RK45 Runge Kutta 45 method

PDE Partial Differential Equation

ODE Ordinary Differential Equation

u(x,y),v(x,y) velocity components in cartesian coordinates/m s 1
u= mx" Horizontal velocity /m s 1

m constant/s 1

T,C Local temperature and concentration of hanoparticles
Ty Ambient temperature/K

Cy Drag coef cient

K PermeabilityH m !
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s Electric conductivity/(Ohm m) 1

r Density/kg m 3

kq viscoelastic coef cient

a Thermal diffusivisity/m 2s 1

o, Rd Radiation

Nuyx Local Nusselt number

Cs Skin-friction (wall drag force)

Re Local Reynolds number

Le Lewis number

Dg Brownian Diffusion/m 2 s 1

Dt Thermophoretic diffusion/m 2 s 1
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| viscoelastic parameter

Pr Prandtl number
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Nb Brownian diffusion parameter

t Ratio of heat capacity of uid and nanoparticles
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Abstract: This numerical study aims to interpret the impact of non-linear thermal radiation on
magnetohydrodynamic (MHD) Darcy-Forchheimer Casson-Water/Glycerine nano uid ow due

to a rotating disk. Both the single walled, as well as multi walled, Carbon nanotubes (CNT) are
invoked. The nanomaterial, thus formulated, is assumed to be more conductive as compared to
the simple uid. The properties of effective carbon nanotubes are speci ed to tackle the onward
governing equations. The boundary layer formulations are considered. The base uid is assumed to
be non-Newtonian. The numerical analysis is carried out by invoking the numerical Runge Kutta
45 (RK45) method based on the shooting technique. The outcomes have been plotted graphically
for the three major pro les, namely, the radial velocity pro le, the tangential velocity pro le, and
temperature pro le. For skin friction and Nusselt number, the numerical data are plotted graphically.
Major outcomes indicate that the enhanced Forchheimer number results in a decline in radial velocity.
Higher the porosity parameter, the stronger the resistance offered by the medium to the uid ow and
consequent result is seen as a decline in velocity. The Forchheimer number, permeability parameter,
and porosity parameter decrease the tangential velocity eld. The convective boundary results in
enhancement of temperature facing the disk surface as compared to the ambient part. Skin-friction
for larger values of Forchheimer number is found to be increasing. Suf cient literature is provided

in the introduction part of the manuscript to justify the novelty of the present work. The research
greatly impacts in industrial applications of the nano uids, especially in geophysical and geothermal
systems, storage devices, aerospace engineering, and many others.

Keywords: Darcy-Forchheimer theory; carbon nanotubes; nano uid; magnetohydrodynamics; ther-
mal radiation

1. Introduction

The contribution of nanomaterials (Nano uids) in industry and engineering is very
diversi ed. A lot of advantages have been noted by induction of nanomaterials in uid
ow analysis. Pioneered by Choi[ 1], the term nano uid is also named as the nanomaterials
subject to the type of nanoparticles that are used in the formulation procedure. The chore
and basic property of nanomaterials is very important, i.e., enhanced thermal conductivity.
The base uids such as water, ethylene, toluene, and kerosene oil are the most commonly
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used base uids in this regard and there are several related works that have been reported
in the recent past to practically implement the idea of nano uids and nanomaterials. For
instance, some important studies are mentioned in the following lines. Lin et al. [ 2]
reported discussion on the results obtained for MHD Transient Pseudo-Plastic nano uid
ow giving a highlight of the heat transfer properties and the impact of drag force in
this transport. Bai et al. [ 3] analyzed the Brownian diffusion and the thermophoresis in
radiative MHD Maxwell type nano uid ow. They highlighted both the heat and mass
transport phenomena in uid ow procedures and provided suf cient numerical data to
adhere the physical quantities. Madhu et al. [ 4] analyzed the non-Newtonian uid behavior
using the Maxwell model. The important aspect of this study is the consequence of MHD,
as well as thermal radiation, on the ow attributes, especially the drag force component.
Sheikholeslami et al. [5] reported the impact of MHD and radiation on Darcy-type ow

of nanomaterials using controlled volume based nite element method (CVFEM) scheme.
This scheme is more accurate as compared to the conventional analytic methods. Thus,
the results were more precise and accurate for implementation in respective industrial
applications. Williamson nano uid ow using bi-directional stretching surface using
the Brownian diffusion and thermophoresis are the main features of study reported by
Hayat et al. [6] where they discussed three dimensional uid ow analysis. The three
dimensional nano uid convection in natural ow has been reported by Zadietal. [ 7]
The second important aspect of this study is related with studies carried out using disks
and, here, this disk is assumed to be permeable under the de nition of Darcian medium.
Such formulations are highly important in geophysical and geothermal systems, storage
devices, aerospace engineering, crystal growing procedures, medical instruments, and
many food processing techniques that are based on porous mediums. The purpose behind
such formulations is heat and mass transfer analysis by rotating frame. Several studies
are available in literature on such formulations. Turkyilmazoglu and Senel [ 8] reported
signi cant study on viscous nano uid ow bounded by a porous disk using the usual
Van Karman type of transformations. Bddewadt et al. [9] reported boundary layer uid
ow analysis using the rotating frame/disk. This study was used as a base study for
investigation of uid ow analysis using stationary disk by Mustafaetal. [ 10]. The use
of partial slip conditions in nano uid ow bounded by rotating disk under the impact of
MHD is an important study reported by Mustafa [ 11]. Dogonchi et al. [12] interrogated
the impact of heat convection using the magnetic eld effect and shape and size factor
of the used nanoparticles, using a cavity as the core surface. The importance of Casson
material can not be neglected in this research, which is assumed to be a major factor for
uid ow analysis under the present formulation. It has several important applications in
industry, such as metallurgy, food processing, bio-engineering and drilling operations, etc.
The mixing of Casson material with Water-Glycerine, etc., is the base of Casson nano uid.
This so formulated nanomaterial has shear thinning properties, having in nite values
of viscosity even at a zero shearing rate and deformation, below to which there is no
ow. Besides, the importance of a porous (Darcy) medium is yet another very important
phenomenain uid ow analysis. It has received utmost attention in the last few decades.
The ef ciency of the typical energy systems is, therefore, enhanced using such formulations.
Law of Darcy is valid for very small Reynolds number and, therefore, the high speed
ows cannot be dealt under such theories. Therefore, the improvement was genuinely
required which was dealt by Forchheimer [ 13] for high ow rates. Therefore, the combined
Darcy-Forchheimer relation is way more effective to deal with uid ow analysis in porous
medium for moderate ow rates. Several studies have been reported on the signi cance
of Darcy-Forchheimer medium, such as the impact of Cattaneo-Christov model in uid
ow analysis in Darcy-Medium has been reported by Shehzad et al. [ 14]. Bakar et al. [15]
reported boundary layer approximation in stagnation point ow under Darcy-Forchheimer
model of heat and mass ux. Hayat etal. [ 16] reported the signi cance of Cattaneo-Christov
model in Darcy-Forchheimer model using variable thermal conductivity. In their study;,
Chamkha et al. [17] categorically reported the impact of radiation on the nano uid ow
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via wedge using a Darcy type medium. In another article, Chamkha et al. [18] discussed
the signi cance of thermal radiation in the mixed convective nano uid ow having porous
medium. The concept on CNTs was rst revealed in early 1991 leading to extensive
investigations for its not known properties. The micro-level structure of CNT is usually
seen in cylindrical shape rolled from the single sheet called graphite. CNTs are usually
divided into two categories as single wall nanotubes and multi walled nanotubes. For sure,
the multi wall structure is more complicated as compared to single wall nanotubes. In
theoretical uid mechanics, the nanotubes are analyzed by their properties pre-de ned for

a particular problem. Several studies related to the structure and the applications of these
tubes are available in literature. One can read [19-35] and cross reference therein.

Up till now, the literature survey indicates that there is a gap of study in the context of
heat and mass transfer investigation on the Casson-Water/Glycerine nano uids convection
due to radially stretching disk. Therefore, the objective of present investigation is clear
and novel, i.e., to explore the variation imparted by Carbon nanotubes, non-linear thermal
radiation and Darcy-Forchheimer relation on Casson-Water/Glycerine nano uid ow due
to radially stretching disk. These formulations are highly important in geophysical and
geothermal systems, storage devices, aerospace engineering, crystal growing procedures,
medical instruments, and many food processing techniques that are based on a porous
medium to help understand the uid ow, heat transfer, especially the drag force intensity
at the surface, which is in contact with the uid. Numerical scheme is implemented for
nding the solutions of so-formulated problems. The analysis is carried out via graphical
display of the results for various parameters and their impact on the three pro le of
nano uids in boundary layer approximations. Furthermore, the variation in skin-friction
and Nusselt number is noted via graphical display. The article concludes with physical
justi cations and major ndings of the study.

2. Problem Formulation

In this numerical investigation, we include the in uence of non-linear thermal radia-
tion and Carbon nanotubes on viscous incompressible Darcy-Forchheimer nano uid ow
bounded by rotating disk. Thermal convection is analyzed and convective boundary is in-
voked. The porosity factor appears highly under the implementation of Darcy-Forchheimer
model. The formulation is based on two type of materials, i.e., water and glycerine, respec-
tively. The single- and multi-walled carbon nanotubes are considered whose properties
are given in the Table 1. The velocity components are taken as (u, v, w), in the direction of
(r,f,z), respectively. The rotation of disk is assumed at z = 0. One can see the physical
scenario in Figure 1.

Table 1. Thermophysical properties of uid and nanoparticles (for reference see Sheikholeslami et al. [5]).

Base Fluid Nanoparticles
Properties Water Kerosene Glycerin Ethylene Glycol Engine Oil SWCNT MWCNT
Cp (J/kg K) 4179 2090 2427 2430 1910 427 796
r (KG/m 3) 997 783 1259.9 1115 884 2600 1600
k (W/mK) 0.613 0.145 0.286 0.253 0.144 6600 3000
b 10 ° 21 48 65 70 27 44
Pr 6.2 21 6.78 203.63 6450
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Figure 1. Physical model and coordinate system.
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The effective Carbon nanotubes are (see for reference Shaw et al. [36]),
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are Forchheimer number, Prandtl number, nonlinear radiation factor, Suction parameter,
Eckert number, stretching strength parameter, and Biot number, respectively. The physical
quantities are,
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3. Solution Methodology

The numerical RK45 scheme, together with the shooting technique, is implemented
for nal solutions of the problems. In order to gain a clear physical insight, rstly, the above
Equations (11) and (12), along with the boundary conditions (13) and (14), are converted
to an initial value problem and then solved numerically by means of the fourth-order
Runge—Kutta method coupled with the shooting technique, with a systematic estimate of
£920) and q(0) according to the corresponding boundary conditions at f{¥ ) and q(¥)
with the Newton—Raphson shooting technique. In this method, it is necessary to choose
a suitable nite value for h! ¥, sayhy. If the boundary conditions at in nity are not
satis ed, then the numerical routine uses the Newton—Raphson method to calculate the
corrections to the estimated values of f°¢0) and q(0). This process is repeated iteratively
until convergence is achieved to a speci ed accuracy, with order 10-5. Assuming the
governing parameters are as follows,
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then, higher order of governing equations can be written as follows:
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Thus, the above mentioned three equations are used to write down the system of
non linear governing ODEs in the form of a matrix subject to the converted boundary
conditions according to the new parameters, and solved by using the numerical scheme.
The skin friction coef cient and the Nusselt number are also converted accordingly.

4. Results and Discussion

Here in, Casson-water/glycerine MHD Darcy-Forchheimer nano uid ow analysis
subject to a rotating frame is considered. The rate of heat transfer and skin-friction are
analyzed. The graphical display of results gives the impact of various parameters involved
in the ow model on the main pro les of momentum and energy. The numerical RK45
scheme is invoked to obtain the requisite solutions of the governing non-linear ordinary
differential equations. The graphs are sketched from the nal solutions to analyze the
impact of various parameters on uid ow pro les. It is pertinent to note that solid lines
represent the carbon nanotubes—water dilution, while the dashed lines are used for carbon
nanotubes—Glycerine dilute, respectively.

4.1. Radial Velocity

In particular, Figure 2 gives the impact of the Forchheimer number on the momentum
boundary layer in the context of radial velocity eld. The enhanced Forcheimer number
physically relates with more frictional force offered to the uid in the opposite direction of
the movement. Clearly, a decline in both cases, i.e., SWCNTs and MWCNTSs can be seen
in the gure. Figure 3 represents the behavior of velocity pro le subject to variation in
Casson parameter. Both, the solid and dashed lines present a declining trend. Physically,
the elevated Casson parameter means a reduction in yield stress which in turns correspond
to a Newtonian uid, consequently, the uid velocity undergoes a restriction. Figure 4
gives the variation in velocity eld subject to augmented values of porosity factor. The
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larger the porosity parameter, the larger the resistance offered by the medium to the uid
ow and consequent result is decline in velocity. Both the cases behave in similar trends.
The impact of stretching strength parameter on radial velocity is given in Figure 5. The
stronger stretching rate corresponds to declination in the radial component of velocity.
Away from disk, the result is signi cant decline in velocity pro le. Figure 6 corresponds

to the signi cance of permeability parameter (K) in the radial velocity eld. The velocity
pro le shows drastic declination in both cases when the values of K are increased. Larger
values of K correspond to the dense porous matrix, which in turn offers intensive resistance
to the uid ow, and consequently a stronger retardation is faced by the uid movement.

a=0.3,b;=0.6,k=0.3,M;= 05] =0.2,S; =0.5,C
R, =0.5,9; = 1.5,B; = 0.5, Ec = 0.5,
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a=03F =20,k=0.3M;= 05 =0.2,5=0.5,d; =

08\ R,=05,;=15B;= 05 Ec=0F&
Pr=6.2

SWCNT-Water
MWCNT-Water

Pr=26.78
SWCNT-Glycerine= = = =
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Figure 3. Impact of b; on radial velocity.

30



Micromachine021, 12, 605

0.4

a=0.3F =20,k=0.3,M1= 0.5,b;=05,5,=0.5,d; =
R = O.5,C]f =1.5B;= 05 Ec=05

'Pr=6.2
SWCNT-Water
MWCNT-Water

Pr=6.7€
SWCNT-Glycerine= = = =
MWCNT-Glycerine= = = =

a=0.3F, =20,k=0.3,M;= 05,b; =05, =05, =0.
Ry =0.5,0; =1.5,B;= 0.5, EC=0.5p = g2

SWCNT-Water
MWCNT-Water

Pr=6.78
SWCNT-Glycerine= = = =
MWCNT-Glycerine= = = =

Figure 5. Impact of d; on radial velocity.
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Figure 6. Impact of k on radial velocity.

4.2. Tangential Velocity

Impact of various parameters on Tangential velocity profil es is given in Figures 7-11. In
particular, the impact of Casson factor on tangential velocity is given in Figure 7. A larger
Casson factor results in decay of the transport rate. Subsequently, a shrinkage appeared
in the corresponding boundary layer. Physically, the tensile stress appeared because of
the elasticity yields a reduction in uid movement. The stretching strength parameter
results in the decline of the tangential velocity pro le, as given in Figure 8. The impact of
Forchheimer number, permeability parameter, and porosity parameter on the tangential
velocity eld is given in Figures 9—11. In both cases, the larger values of corresponding
parameters are found to be declining factors for the uid velocity and the associated
boundary layer shrinks up to a signi cant level. More resistance is offered to the uid
ow that causes disturbance in the smooth movement and, thereby, the velocity pro le
and associated boundary layer ends up with a reducing trend. The convective condition
involved in the governing equations results in scattered diagrams of thermal pro le at the
boundary.
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Figure 8. Impact of d; on tangential velocity.
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Figure 10. Impact of k on tangential velocity.
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Figure 11. Impact of | on tangential velocity.

4.3. Temperature Field

The impact of various parameters on thermal pro le is given in Figures 12-14. The
impact of g¢ on thermal pro le is given in Figure 12. In both cases, the pro le shows
enhancement for elevated values of the corresponding parameter. A signi cant rise in
thermal pro le is noted for larger values of Biot number. The convective boundary results
in enhancement of temperature facing the disk surface as compared to the ambient uid.
Physically, the trend of justi ed by the convective boundary. Similarly to Biot number,
the enhanced radiation parameter results in more convenience in heat transfer rate and,
therefore, the thermal state of the uid enhances with larger values of radiation factor as
given in Figure 14.
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Figure 12. Impact of g; on temperature eld.
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Figure 13. Impact of B; on temperature eld.
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Figure 14. Impact of Ry on temperature eld.

4.4. Contour and Density Graphs

In Figures 15-22, the contour graphs have been sketched for various values of Casson
parameter and permeability parameters against the single- and multi-walled Carbon
nanotubes—Water/Glycerine dilution. Results are prominent near the surface, as compared
to away from the surface. Figures 23 and 24 are the density graphs for both the SWCNT
and MWCNT based Water/Glycerine nano uid.
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For SWCNT- Water