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Fractional calculus has reshaped science and technology since its first appearance in
a letter received to Gottfried Wilhelm Leibniz from Guil-laume de 'Hopital in the year
1695. The existence of fractional behavior in nature cannot be denied. Any phenomenon
with a pulse, rhythm, or pattern has the potential to be a fractal. The goal of this Special
Issue is to explore new developments in both pure and applied mathematics as a result
of fractional behavior. This assertion is supported by the papers in this Special Issue.
The variety of topics covered here demonstrates the importance of fractional calculus in
various fields and provides adequate coverage to appeal to the interests of each reader. This
Special Issue of Fractal and Fractional was posted in early 2021 with the goal of exploring the
various connections between fractional calculus and its applications in pure and applied
mathematics. Initially, a deadline was set and has been extended to 5 April 2022, in
consideration of the author’s interest. In total, we received 74 submissions. Following a
thorough peer-review process, seventeen of them were eventually published and, keeping
with the original concept of this Special Issue, have now been compiled into this book. The
following are details of the papers published in our Special Issue:

Ali et al. [1] developed a new version of generalized fractional Hadamard and Fejér—
Hadamard-type integral inequalities that can be used to investigate the stability and control
of corresponding fractional dynamic equations.

Fisher’s equation is a precise mathematical result derived from population dynamics
and genetics, specifically chemistry. Rashid et al. [2] used a hybrid technique in conjunction
with a new iterative transform method to solve the nonlinear fractional Fisher model.
Furthermore, while the proposed procedure is highly robust, explicit, and viable for non-
linear fractional PDEgs, it has the potential to be consistently applied to other multifaceted
physical processes.

It is worth noting that the proposed fuzziness approach is to validate the superiority
and dependability of configuring numerical solutions to nonlinear fuzzy fractional partial
differential equations arising in physical and complex structures. As a result, in [3], the
authors evaluate a semi-analytical method in conjunction with a new hybrid fuzzy integral
transform and the Adomian decomposition method using the fuzziness concept known as
the Elzaki Adomian decomposition method (EADM).

In [4], the authors analyzed the solutions of a nonlinear div-curl system with fractional
derivatives of the Riemann-Liouville or Caputo types. To that end, the fractional-order
vector operators of divergence, curl, and gradient were identified as components of the
quaternionic fractional Dirac operator. General solutions to some non-homogeneous div-
curl systems were derived that consider the presence of fractional-order derivatives of the
Riemann-Liouville or Caputo types as one of the most important results of this manuscript.

An integro-differential kinetic equation was derived in [5] by using novel fractional
operators and its solution using weighted generalized Laplace transforms. The weighted
(k,s)-Riemann-Liouville fractional integral and differential operators are defined by the
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authors. The paper includes some specific properties of the operators as well as the
weighted generalized Laplace transform of the new operators.

The models that include vaccination as a control measure are very important. In
light of this, the authors developed and mathematically investigated integer and fractional
models of typhoid fever transmission dynamics in [6]. Several numerical simulations were
run, allowing us to conclude that such diseases may be combated through vaccination
combined with environmental sanitation.

Chemical, electrical, biochemical, geometrical, and meteorological models are exam-
ples of nonlinear models used in science and engineering. The authors of [7] investigated
the global fractal behavior of a new nonlinear three-step method with tenth-order conver-
gence. Basins of attraction consider various types of complex functions. When compared
to other well-known methods, the proposed method achieves the specified tolerance in the
smallest number of iterations while assuming different initial guesses.

The authors investigate the existence results for the hybrid Caputo-Hadamard frac-
tional boundary value problem in [8]. The proposed BVP’s inclusion version with three-
point hybrid Caputo-Hadamard terminal conditions is also considered, and the related
existence results are provided. To accomplish these objectives, Dhage’s well-known fixed-
point theorems for both BVPs are applied. Furthermore, two numerical examples are
presented to validate the analytical findings.

The authors of [9] developed a feedback-control strategy to control the chaos caused
by bifurcation. The proposed model’s fractal dimensions were computed. To further
confirm the complexity and chaotic behavior, the maximum Lyapunov exponents and
phase portraits were depicted. Finally, numerical simulations were presented to validate
the theoretical and analytical results.

Numerical analysis is always necessary to demonstrate the efficacy of proposed
schemes. Keeping this in mind, the authors in [10] concentrated on numerically address-
ing the time fractional Cattaneo equation involving the Caputo-Fabrizio derivative using
spline-based numerical techniques. The main advantage of the schemes is that the approxi-
mation solution is generated as a smooth piecewise continuous function, which allows to
approximate a solution at any point in the domain of interest.

Certain convex and s-convex functions have applications in optimization theory. As a
result, in [11], the authors investigated a variety of mean-type integral inequalities for a
well-known Hilfer fractional derivative. Some identities were also established in order to
infer more interesting mean inequalities. The Caputo fractional derivative consequences
were presented as special cases to their general conclusions.

The authors of [12] proposed a numerical method for solving Caputo fractional-
order differential equations based on the operational matrices of shifted Vieta—Lucas
polynomials (VLPs) (FDEs). A new operational matrix of fractional-order derivatives in
the Caputo sense was derived, which was then used in conjunction with the spectral tau
and spectral collocation methods to reduce the FDEs to a system of algebraic equations.
Numerical examples were provided to demonstrate the accuracy of this method, which
demonstrated that the obtained results agree well with the analytical solutions for both
linear and nonlinear FDEs.

A semi-analytical analysis of the fractional-order non-linear coupled system of Whitham-—
Broer-Kaup equations was presented in [13]. The fractional derivative was considered
in the Caputo—Fabrizio sense. When the analytical and actual solutions are compared,
it is clear that the proposed approaches effectively solve complex nonlinear problems.
Furthermore, the proposed methodologies control and manipulate the obtained numerical
solutions in an extreme manner in a large acceptable region.

The authors of [14] derived some suitable results for extremal solutions to a class of
generalized Caputo-type nonlinear fractional differential equations (FDEs) with nonlinear
boundary conditions (NBCs). The aforementioned outcomes were obtained by employing
the monotone iterative method, which employs the procedure of upper and lower solutions.
There are two sequences of extremal solutions generated, one of which converges to the
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upper solution and the other to the corresponding lower solution. The method does not
require any prior discretization or collocation to generate the aforementioned upper and
lower solution sequences.

Q-calculus is a non-trivial and useful generalization of calculus. The authors of [15]
presented two new identities involving g-Riemann-Liouville fractional integrals. New
g-fractional estimates of trapezoidal-like inequalities were derived using these identities as
auxiliary results, in essence of the class of generalized exponential convex functions.

The definition and applicability of new families of polynomials generating function
and operational representations are always of great interest. The authors of [16] used oper-
ational techniques to investigate a new type of polynomial, specifically the Gould-Hopper—
Laguerre-Sheffer matrix polynomials. Furthermore, these particular matrix polynomials
were interpreted in terms of quasi-monomiality. The integral transform was used to investi-
gate the properties of the extended versions of the Gould-Hopper-Laguerre-Sheffer matrix
polynomials. There were also examples of how these results apply to specific members of
the matrix polynomial family.

Laplace transform of the Riemann zeta function using its distributional representation
was computed, which played a critical role in applying the operators of generalized frac-
tional calculus to this well-studied function [17]. As a result, as special cases, similar new
images can be obtained using various other popular fractional transforms. The Riemann
zeta function was used to formulate and solve a new fractional kinetic equation. Following
that, a new relationship involving the Laplace transform of the Riemann zeta function and
the Fox-Wright function was investigated, which significantly simplified the results.

To summarize, this special selection covers the scope of ongoing activities in the
context of fractional calculus by presenting alternative perspectives, viable methods, new
derivatives, and strategies to solve practical issues. As editors, we presume that this will be
followed by a set of Special Issues and texts to further investigate this theme.

As the guest editors of this Special Issue, we would like to take this opportunity
to thank all of the reviewers, editorial board members, and editors who assisted us in
perfecting the content of this volume. We would also like to thank Ms. Cecile Zheng from
the journal office for her prompt assistance across the Special Issue management process.

All author contributions to this Special Issue are greatly acknowledged with thanks.
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Abstract: The relation of special functions with fractional integral transforms has a great influence
on modern science and research. For example, an old special function, namely, the Mittag—Leffler
function, became the queen of fractional calculus because its image under the Laplace transform
is known to a large audience only in this century. By taking motivation from these facts, we use
distributional representation of the Riemann zeta function to compute its Laplace transform, which
has played a fundamental role in applying the operators of generalized fractional calculus to this
well-studied function. Hence, similar new images under various other popular fractional transforms
can be obtained as special cases. A new fractional kinetic equation involving the Riemann zeta
function is formulated and solved. Thereafter, a new relation involving the Laplace transform of
the Riemann zeta function and the Fox-Wright function is explored, which proved to significantly
simplify the results. Various new distributional properties are also derived.

Keywords: delta function; Riemann zeta-function; fractional transforms; Fox-Wright-function;
generalized fractional kinetic equation

1. Introduction

In general, the Riemann zeta function and its generalizations have always been of
fundamental importance [1-10] due to their widespread applications. For instance, the
role of the Riemann zeta function is vital in fractal geometry for studying the complex
dimensions of fractal strings [1]. More recently, new representations of special functions are
discussed [10-21] in terms of the complex delta function [22,23]. In this article, we use a dis-
tributional representation [10], Equation (33), of the Riemann zeta function to obtain further
new results. On the one hand, several fractional calculus images involving the Riemann
zeta function are obtained under multiple E-K fractional operators, and on the other hand,
a non-integer-order kinetic equation including the Riemann zeta function is formulated
and solved. The Laplace transform of the Riemann zeta function is computed using its
distributional representation, which played a fundamental role in accomplishing the goals
of this research. Several new properties and results for this function are also discussed.

Calculation of the images of special functions using the fractional calculus operators
has emerged as a popular subject in the data of various newly published papers [24-26].
This number is rising regularly, and such research has commented [24] further in mention-
ing Kiryakova’s unified approach. Taking a cue from these facts, the author has followed
the recommendation of [24] and obtained fractional calculus images involving the Riemann
zeta function and its simpler cases using the unified approach [24-28]. The Marichev—
Saigo—Maeda (M-5-M) operators and the Saigo, Erdélyi—Kober, and Riemann-Liouville
(R-L) fractional operators for m =3, m =2, m = 1, respectively, are discussed as special
cases of generalized fractional calculus operators (namely, multiple E-K operators of the
multiplicity m). It is recommended in the conclusion section of [24] to examine whether the
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special function can be formulated as a general function, namely, the Fox-Wright function
p‘l’q, then to use a general result such as [24] and Theorem 3 and 4 therein. It can be
observed that it is not possible to apply these theorems for the Riemann zeta function
using its classical representations, as already mentioned (see [24], p. 2). It is important to
note that the results obtained in this research are completely verifiable with these general
results. The corresponding fractional derivatives in the Riemann-Liouville and Caputo
sense, as discussed in [24] (p. 9, Definition 6; and p. 17, Theorem 4), can now be used for
the Laplace transform of the Riemann zeta function and also straightforwardly using its
new representation.

The remaining paper is organized as follows: Necessary preliminaries related to
the family of the Fox-H function and the generalized fractional integrals (multiple E-K
operators) form part of Section 2. Section 3.1 contains fractional calculus images involving
the Riemann zeta-function. The next Section 3.2, is devoted to the formulation and solution
of a non-integer-order kinetic equation containing the Riemann zeta-function. Further new
properties and results involving the Reimann zeta function are discussed in Section 3.3.
The conclusion is given in Section 4. Related special cases of generalized fractional integrals
(multiple E-K operators) are listed in Appendix A.

Hence, in order to achieve our purpose, let us first go through the basic definitions
and preliminaries in the subsequent section.

2. Materials and Methods

Throughout this article, C and R represent the set of complex and real numbers. The
real part of any complex number is denoted by &, Z; denotes a set of negative integers
containing 0, and RT symbolizes the set containing positive reals.

The Riemann zeta function is a classical function investigated by Riemann [2], de-
fined as

1
nS

e

{(s) == (s =o0+it;R(s) > 1). 1)

n=1

With the exception of a simple pole at s = 1, the meromorphic continuation of this
function extends it to the entire complex s-plane. As shown in [2] (p. 13, Equation (2.1.1)),
this function satisfies the following result (also known as Riemann’s Functional Equation):

I(s) =271 (1 —5)¢(1 —s), %)

where I'(s) represents the gamma function [3,4] (a generalization of the factorial). The
Riemann zeta function has simple zeros at negative even integers that are its trivial zeros.
The remaining zeros of the zeta function are known as its nontrivial zeros, which are
symmetrically placed on the line ®(s) = 1/2. This unproved fact is also famously known
as the “Riemann Hypothesis”. Several authors have investigated and analyzed different
generalizations of the zeta function. It has different integral representations, for example [2],
s—1
g(s) = ﬁ 000 L,tf,ldt} (%(S) > 1)/'
{(s):= %) f0°° L,ll — %]tsfldt; (0<R(s) < 1); (3)

()= raa o £t (R(s) > 0).

For more details about the zeta function, the interested reader is referred to the
references [4-9] and the cited bibliographies therein. More recently, the distributional
representation of different special functions has been discussed in [10-20]. In this article,
for R(s) > 1, the following representation [10], Equation (33),

) —(n 1
r(s)g(s) =2 ¥ ((lifl))

n,I=0

S(s+1) 4)
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is the main focus to achieve the purpose of the current research. For similar studies, the
interested reader is referred to [10-20]. For any suitable function f and the number w, the
delta function is a famous generalized function (distribution) defined by [22,23]:

(6(s —w), p(s)) = p(w); 6(—s) =0d(s); 6(ws) = %, where w # 0. (5)

It has several interesting properties, such as the following (see [22,23]):

S(s+1) = f Q 5 (s); (6)
p=0 P
0(z—c)*0(z) =0(z—c);
60 (z—c)x8(z) = 80 (z — c).,
(E(s@(z—v) * fé(Z—v)> — ¥ 3 o0 -0) @)
i=0 i=0 i=0j=0

Furthermore, the Laplace transform of an arbitrary function ¢(t) is defined by [23]
(Chapter 8):

els) = Lle(t) 5] = [ e ()t R(s) > ®

and we will also use [23] (p. 227):

L{(s(’)(z);g} =g €)

The generalized fractional integrals, namely (multiple) E-K operators of multiplicity
m, are defined by [24] (p. 8, Equation (18)):

_ 1 1\"
st g o] (7O EA), }

(10)
=271 5 £(&) Hhm

where ;s are concerned with the order of integration, 7,’s are weights, and B’s are
additional parameters. Hp' is the H-function defined in the subsequent paragraph. The
limits of integration (0, 1) and (0, z) in the above equation can be changed to (0, ) using
the fact that H,'ZZ[S,I vanishes for || > 1 (To avoid prolonging this section, the special cases
of (10) in relation to the results of this article are given in Appendix A). However, the
corresponding multiple (m-tuple) Erdélyi-Kober fractional derivative of the R-L type of
multi-order 6 = (6, > 0, ..., d > 0) is defined by [24] (p. 9):

1 m
<“rk+'7k+ ﬁk ﬁk> }dv a1

5 — 1
D(ﬁk),m (f(z)) = D;7 I(’Yk+z)k ),(11k—0k ) f(Z)DV// f(ZU’ HmO 1

(Bk ),m m,m

where Dy, is a polynomial of variable Z( ) of degree 171 + ... + #m, given by

- m ’77 1 d o [5k] + 1,6, ¢ Z
D'?ny:l <‘B dz+l)/r+]> Mk = { 5k;5k€Z (12)
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and the corresponding multiple (m-tuple) Erdélyi-Kober fractional derivative of the Caputo
type is given as (see [24] (p. 9) and references therein):

(VRO (56)

(R f(z) = 17O b, £(2). (13)

(Bl )m
The action of the E-K operators on the power function yields [24] (p. 9; Equation (27)):

14
0. (0K m I'{vi+1+ B
A2y =11 <),,zf’; (=Bl + 7] < pid > Ok =1,...,m. (14)
i=1 F(’yi+5i+1+E>
The integrand of (10) involves the Fox H-function defined by [24] (p. 3; see also [25,29]),
which is given here in its integral and series form as follows:

mmn _ rmn (ai/ Ai) _ rmn (111, Al)r ceey (uir Ai)
i I"(b,-+Bl-5§ [T, T(1—a;—Ajs) 25 ds,

(15)
1
2 T a T(1=b=Bjs ) TI, 1 T (a+4)5)

where m, n,p, and garerelatedas1 < m < q;0<n < p, A; >0(i=1, -, p);
Bi>0(j=1,,9),a€C(i=1,p)beC(j=1, - ,q);andﬁisanapp’;'opriate
Mellin-Barnes type of contour that separates the singularities of {I'( bj +B ]-5) }j:I from
the singularities of {T'( 1 —a; — Ajs) }].:1.
tion [4], and when all A, = B; = 1, then the H-function becomes the Meijer G-function [24]
(p4; see also [25,29]):

"' Here, I'(z) denotes the familiar gamma func-

[l

L H (a1, A1), ., (2, Ay) } _ g ar( b aBmne r( 1-a —Am)
PA (bl, Bl)r- s (b]‘, B]‘) m=0 H?:WHF( 1-— b/- 7Bjm) ]_[,’.):Hll"( a; +im) mn
1,..., (a,1)
Hm,n |:Z (ﬂll s 7 ir _ Gm,n z
P E| (by,1),., (bj,1) &

The basic Fox-Wright function denoted by , ¥ ; is defined and related to the H-function:

(16)

ay..., 4
bi,..., b

pq,q|: (”i/ Ai) ;Z:l _ 2 Hler(”iJrAim) zZm le‘ |:—Z

(bj, B)) 2o T T (b4 Bym) mE T patl

(17ﬂ],A1),..., (17111', Al) :|
(0,1), (1= by, By),..., ((1—1b;,B;)

q p 17)
aeRT(i=1,...,p);BeRT(j=1,...,4);1+ ¥, Bi— ¥ A; >0
i=1 j=1

and contains the hypergeometric and other important functions as [24] (p. 4; see also [25,29]):

—cw |, A=aul).., (1-a;l)
(a;, 1) . pa+1 0,(1—=by,1),..., (1-1b;,1)
) _ a | I(ay)..I(a) . ,
_qu b] ;Z m (llj>0,b]'9éZO).
Furthermore, many other special functions studied in the literature are connected with
this class of special functions. For example, the Mittag—Leffler function [30] of parameters
1,2, and 3 is related with the abovementioned special functions as follows:

(18)

. 1 1—m,1
Elpo) = £ i = | () o2 =] 000 )
o 1,1 1
E;ﬁ(z) =Eep(2) = L 1y =111 { ((,3/0‘; ’ } = Hy, {’Z (0,1),((1 —Ba) }'
B = B = E =] ) oz | =1l (0 10
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Furthermore, (s); is the Pochhammer symbols defined in terms of the gamma function
as follows:

_TI'(s+p) 1(p=0,s€ C\{0})
)= "5 7{s(s+l)...(sik71)(p:k€ N;s € C). @9

Furthermore, it is important to mention that if any function can be expressed in the
form of the Fox-Wright function, then the generalized (multiple E-K) fractional integrals
and derivatives involving this function can be obtained directly using the general results

of [24], Theorem 3:
_ " -
m s P ay, & P’ 7+1+L,L
15;31,;("”{2%%[ (e, )y ;Azy]} el e (ag )}, (7 B .Bk)l Az .
' (b, Bt (bx, B, <7k+5k+1+§7,%>1 @

(6k>0, v¢>-1,B>0,k=1,...,m A u>0,A#0)
and [24], Theorem 4:

8 )t (@i, @), (me+ G+ 1+ £ 4

Ky, (ok a;, a ir Xi)p

D >{ZCPYI‘7{ ((b’. [5’_))% ;Az?‘” =2 i ¥oim S M ﬁf)l Al S (@2
17 F1 (bl’ﬁ])l’ (’yk +1+ B E)

Unless otherwise stated, the conditions of parameters will remain similar to this
Section 2 and references therein.

1 4

3. Results
3.1. Fractional Integrals and Derivatives Formulae Involving the Riemann Zeta-Function

The following lemma has significant importance for the application of Equations (21)
and (22).

Lemma 1. Prove that the following result involving the Fox-Wright function holds true:

zniowo[ B ‘f(nJrl)e“’} -y MO‘PO{ - ‘lw]. 23)

n=0

Proof . First of all, let us use (6) in (4) to get the following form:

o (—(m+ 1))’(1)’75(;;)

I(s)C(s)=2m ) Iipi (s)- (24)
n,l,p=0
Then, by applying the Laplace transform to (24), and by making use of (9), we are led
to the following:

) o 1 14 oS _ 1 _
L(I(s){(s);w) =27 Z er’ =2 MOYO{ ‘lw}. (25)

n,l,p=0 l!p! n,1=0 I o

Lp .
From (25), it can be further noticed that
L(T(s){(s);w) = 2+ =21 Y exp(—(r+1)e¥) =21 ) O‘FO{ B ‘ —(n+ 1)6“’}. (26)
exp(e) =1 5 =0 -

From (25) and (26), the required result follows. [

Theorem 1. The multiple E-K fractional transform of the Riemann zeta function is given by:
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) x=1 1\"
(vi+1+ ),
—1

(k) (0k) x—1 . — x—1 bt i _ w
Ligiym (WX IL{L(s)¢(s);w}) = 2mx Eom‘f’m (“r‘ o1 1oL i),ﬂ (r+1)e @)
! ! /31 / ﬁi 1
[—Bc(1+70)] < p;dx > 0k =1,...,m.
Proof. Let us first consider multiple E-K's fractional transform using (25):
(TR)(0) [ x—1 o) = g0 [y g (1) (m)”
Lk m (“’X L{F(S)C(S),w}) = Iy m <w7‘ 27rn 12,7:0 - WP, (28

exchanging the summation and integration,

(V) (Ok) [ e , _ (=m0 [ A
o (" 1L{F(S)g(s)""})7271,11;0 ot L (o), )

and then using (14) yields

+p-1
(7K),(8k) (- x—1 ) _ o ey o (e pix—1
g (LT ()i0)) 2nn,l§:0 & = w

(30)
lw

m
s 41 L‘lll
:27‘[(‘;)(*1 Z Mmqu (’YZ+ + i fz)l m ,
ni=0 = (7i+5i+1+7‘ﬁ—j,§)l

which, after using Lemma 1, leads to the required result. [J

Remark 1. Hence the result (30) is completely verifiable with ([24], Theorem 3) in view of (25).
Similarly, the generalized fractional derivatives involving the Riemann zeta function can be obtained
using the methodology of theorem 1 or by using directly (22) and (25) as follows:

lw:|
(31)

1

w
mo [eS) JFJ +1+L’L
DOOI er(Pe)g(eyz)) —2me 5 Oy, (rvsie i o),
’ = <7k+1+ﬁ7/5)

1

m
T+ +1+ 45,4
< P /S’ﬁ,l)l —(n+1)e?

(7k+1+§,§)1

[ee)
=27z Y ¥
n=0

Continuing in this way, we obtain the following Table 1 of fractional integrals and
derivatives formulae involving the Riemann zeta function by following the methodol-
ogy of Theorem 1 and using Equations (27), (30), and (31), respectively. (As already
mentioned in Section 2, the definitions of the Marichev-Saigo-Maeda, Saigo, Erdélyi—
Kober, and Riemann-Liouville (R-L) fractional operators and their relation to (10) for
m =3, m=2, m =1, respectively, are given in Appendix A; see also [31-34]).

Table 1. Fractional integrals and derivatives formulae involving Riemann zeta-function.

m=3 Marichev-Saigo-Maeda fractional integrals and derivatives [31-34]

[ (LT ()2(s);w)) =

“nem 1§ 1) x+6—m—-mn'—121 Kk+r'-n.1)
2t ta—n-m'-1 ¥ (x 1 —(n+1)ev
n§o3 e+ (X+o—m—-m"1) X+6—1"—m (n+1)

10
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Table 1. Cont.

m=3 Marichev-Saigo-Maeda fractional integrals and derivatives [31-34]
R (@I ) ()0} =
00 Y ! ! Y
-1 5w | I=x=d+m+m’-1) (I-x+m+7r'-6-1) T=x=7-1 | _ (1w
i L2 (1-x-1) A-xtm+m' +mtn =5-1) (Q-xtm-m-1 | OV
’ ’ ! ! Y
pron' v 8 a1y 2wl Y ¥ 1) X=72+71,1) X +rem’ +72"=6,1) | _ 1)ew
o (@ LME)Ee); ) = 2me n; =) =d+m++nll)  (x—o+m +11,1) (n+1)
DI (LT (5)¢ (5); w)) =
- T=x+71) (7 -x-n+n1) (I-x-—m-m'+6-1)
2k—ly® (I—Xx+m2 2 2T 71 —mn-m _ 1)ew
et s 3[ (1—x1) A=x-n' 4701 (A=x+8-m'—m-m-1 | T
m=2 Saigo fractional integrals and derivatives [31-34]

R @ L)) = 2mar o B[ 1) Wem ) | gge]

U] = 2moen £ MREEY (Bt Th e

DLz =2 Eaval (s BT | o]

DAL Eg(sw) =2 B (L ATTE D (TR e

X+0-72,1) (1-x-1)
m=1 Erdélyi-Kober, Riemann-Liouville (R-L) fractional integrals and derivatives [31-34]
8 (ox— -1 +7,1 )
e uroese) =2t £ (X370 -]

o)) =2t £ (1500 [-ere]

DY LT e)2(eh )y =2mot ! £ [ (2 EA | g e

DT {0 IL(T(8){(s); ) } = 271 ¥ %3 { Gaxtarosy ‘ —(n+ 1)ew]
n=0

I-=x+7-1
K (@ EE ) = 2morts B (W0 e

1 (X L{T ()4 (s); w}) = 2ot +o-1 él‘h[ “62’(}“_’5” ' - (n+1)e“’]

D, {er ML) =2max 0 B | (XD | e

D? {wXL(T(s){(s); ) } = 2maX~1-0 201?1[ (< X;ll’f) ‘7(n+1)e“’]

Remark 2. It is mentionable that the succeeding result involving the products of a large class of
special functions is because of (26) and (27):

(7k+5k+1_5i ﬁ)f

fO exp H‘:lem w m dw
) ’y —+ 1— 1
—wt Y W, ( ¢ o ﬁ ) —(n+1)ev
n=0

(n+ a1 F)

Remark 3. Using the principle of mathematical induction for (23), it can be proved that

> (a;, A;) > n+1)) (a;, A;)
nZ:OPYIq (b, B) e } EO I V?{”{(b],B/) 'l“’} (33)

11
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3.2. Formulation of Fractional Kinetic Equation Involving Riemann Zeta-Function

The use of non-integer operators has emerged recently in the different disciplines of
engineering and the physical sciences [35-40]. For instance, the fractional kinetic equation
is important to investigate the theory of gases, aerodynamics, and astrophysics [41-48].
By reviewing the literature, it is found that the fractional kinetic equation comprising the
Riemann zeta function is not formulated. The main purpose of this section is to formulate
and solve this problem.

The change in the rates of production using subsequent kinetic equations to analyze
the reaction and destruction is described in [41]:

de

ap = —aler) +p(er), (34)

where ¢; is given by ¢/(t*) = e(t —t*),t* > 0. Further to this ¢ = ¢(f) = change in
reaction, d = d(e) = change in destruction, and p = p(e) = change in production. The
following is obtainable by ignoring the spatial fluctuation and inhomogeneity of €(t) with
the concentration of species, ¢;(t = 0) = ep:

de;
i —cje(t). (35)
Next, ignoring subscript j and integrating (35) yields

e(t) —ep=—c IO__&e(t),
The non-integer-order kinetic equation is due to [41]:

e(t) —egp = —c518+£(t), (36)

where Ig " 6 > 01is the Riemann-Liouville fractional integral, ¢ is a constant, and its Laplace

transform is given by
L{ I{Ls(t);w} = w % (w). (37)

Following to Haubold and Mathai [41], we next formulate and solve the fractional
kinetic equation so that for any integrable function f(f), we have

e(t) — f(t)eo = —d° I, e(t). (38)

In light of this discussion, the fractional kinetic equation involving the Riemann zeta
function is formulated and solved in Theorem 2. This becomes possible only due to the
Reimann zeta-function’s new representation involving the delta function; otherwise, the
Laplace transform is not found before the w.r.t variable s (see [49]).

Theorem 2. For 6 > 0, the solution of a given fractional kinetic equation containing the Riemann
zeta function is o
£(t) — ol (DG(t) = —d° I, e(t) (©9)

oy & o))

Ip!
1l,p=0 Itp!

e(t) Eﬁ,,p(fdété). (40)

Proof. Applying Laplace’s transformation to (39) and making use of (25) as well as
(37) gives

_ S (—(n+1)'(0)” w\ b
S(w)_zmon,z,z,,;:oTwL<E) e(w). (41)

12
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Therefore, we have

wy = (1) ()
e(w) {1 + (= } = 271¢g WP, (42)
( d ) " lg:—o Ip!
and
n+1)) - -5
_27-[&0”1;01'7}7' g{ ( ) } . (43)
By considering 6m — p > 0;6 > 0 and using L™ {w %t} = ) the inverse Laplace
transform of (43) is given by
= (D)) (O (d)”
e(t) = 2meg T e SR - (44)
; 1);70 Itp! m-’; I'(ém—p)

Lastly, making use of (19) in the above equation (44) provides the solution as stated in
(39) and (40). O

Remark 4. It can be noted that the solution methodology of Theorem 2 is in line with the existing
methods [41-48], and, as expected, the reaction rate €(t) contains the Mittag—Leffler function
governed by the non-integer parameter 8. Furthermore, the sum over the coefficients in (40) is
well-defined and can be computed as follows:

i (—(n+1))l<%)p _ 1 . )

N n,l,p=0 l!p! exp (e%) -1

Tomico i _ 1 : —
szewlse,}i%c(t) = ST and }1_r)r(1)C(t) =0.

3.3. Further New Properties of the Riemann Zeta function as a Distribution

The Dirac delta function is a linear functional, which transforms each function to its
value at zero. Hence, using (4), we have

/ o T (s)ds =27 3 (GURR) R f ”“)) o(—1), (46)

i
seC nl=0 8

or, for a real t, using (24), we have

[ ot =2x o SO 500 o0y o 3 EOEIIO" i) )

Ip! Ip!
R n,l,p=0 l.p. n,l,p=0 l.p.

and from the above equations it follows that the most properties that hold for the delta
function will also hold for the Riemann zeta-function. It can be noted that the sum over the
co-efficient in (46) and (47) is finite and well-defined, as well as rapidly decreasing. This
sum also defines a new transform named the zeta transform, and the following formulae
given in Table 2 and many others can be obtained using it.

Table 2. Zeta Transform.

Function Zeta Transform
t 2
“ e T
smat MG (5557+)

13
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Table 2. Cont.

Function Zeta Transform
cosat RE(”P@%)
Ea(s) 27'[n;§; i O e (1
Ky (s) [McDonald function [4]] 2 § (*("l?rl))’ Ko(—1)

n,l=0

7,0
Hyy

C

(net+de+1- é%)l
("yk +1- E’E)1 n,1=0

11y
o 5 G ol (me+ e+ ﬁk'@)l
1 1 I / ( +]_i L)
Tk B’ Bx )1

The purpose of the remaining section is to enlist the new properties of the Riemann zeta
function as a distribution by following the concepts and methodology of [23] (Chapter 7,
pp. 199-207), which is achieved due to the zeta function’s new representations (4) and
(24) in terms of the delta function. First note that the frequently used test functions [22,23]
are of either compact support, or they are rapidly decreasing as well as infinitely differen-
tiable. These domains of test functions are commonly denoted by D and S, respectively,
and their codomains are the spaces D’ and &’ (also known as their dual spaces). Actually,
D and D are not closed w.r.t Fourier transforms, but S and S’ are closed. Another space
of test functions is denoted by Z, which is the space of the analytic and its entire functions.
Hence, Fourier transforms of the elements of D’ to belong to Z’, which is dual to Z, and
Fourier transforms of the elements of —Z into D [22,23]. Therefore, the Fourier transform as
well as its inverse are continuous linear functionals from D/ to Z’ ([23], p. 203). Since the
complex delta function is an element of Z’, from (4), it is therefore obvious that I'(s){(s) is
also an element of Z’. In light of this discussion, the following theorem follows.

Theorem 3. Suppose f is a distribution of bounded support; then,

FL‘(y) . 1;5} = FIFGII()0) (18)

exp(er) —

Proof. Because I'(s){(s) € Z’ and F; F ! are continuous linear functionals from D’ to Z'.
Further, we have [14], Equation (42):

Lx\p/(zjﬁyl” =T(s){(s); (s = o +iT). (49)

V2me™

! ap(@ )T is an element of D’ being a Fourier transform of an element of space
Z'. Hence, the proof of the result (48) is complete using ([23], p. 206, Theorem 7.9.1). [J

Therefore

Example 1. Consider a function f with bounded support defined by

_ 1 i<t
f(y)—{o =1 (50)

Then, according to Theorem 3,

f{f(y)*m} _fv(y)}s}f{m;s} = %

14
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yields a valuable consequence of distributional representation.

Continuing in this way, we can apply the elements of distributions to the Riemann zeta
function using its distributional representation (4) and (24). Some of these are listed below
in Table 3, and it is mentionable that the proof of all these properties simply follows from the
properties of the delta function and are therefore omitted. Here, we restrict these over the
space of complex analytic functions p(s)eZ, as defined in [22,23], but these properties may
hold for a large space of test functions, and it is supposed that ¢;, v, and c; are constants.

Table 3. Properties of Riemann Zeta function as a distribution.

addition with an arbitrary distribution f (T (s)C(s) + f, o(s)) = (T(s)L(s), p(s) + f, p(s))
multiplication with an arbitrary constant c; (e1T'(8)Z(s), p(s)) = (I (s)Z(s), cr0(s))
shifting by an arbitrary complex constant (L(s =15 = 7). 9(s)) = (F(5)Z(s), p(s + 7))

transposition (I(=5)0(=s),0(5)) = ({I'(s)(s), p(—5))
multiplication of the independent variable with
o fve cometant ey (F(@9)2(@rs), o(s)) = (F$)2(s), Lo (2))
distributional differentiation <d5k( (8)4(8)), p(s)) = ;ﬁ;o (7(]41!“))[ (*1),{6{”{(*[)
distributional Fourier transform (FIL(5)E(s)] p(s)) = (L(s)8(s), Flpl(s))
duality property of Fourier transform (FIL()Z(s)], Flo(s)]y = 2rI(s)¢(s), p(—s))
i dent . (FILE)E6)], Flp@)]) = (FIL($)8(s)], Flo(s)]) =

Parseval’s identity of Fourier transform 2 (@) (@)], @) = R(s)

differentiation property of Fourier transform <.7:[;f:k(1"(s)(f(s))} Lo(s)) = ((=it)"T(s)Z(s), Flp(s))
Taylor series (s +e)itls+en)ols)) = (£ ST, 00)
Convolution property ()Tt = f(t)=2m }of W% (f(1)
n,1=0
T(5)q(s) * explas) -

4. Conclusions

The calculation of the images of special functions using the fractional calculus op-
erators has emerged as a popular subject. In this research, we have obtained fractional
calculus images involving Riemann zeta-functions and their simpler cases. Specifications
of these results were discussed for m = 3, m = 2, and m = 1. It is reasonable to verify,
in view of (25), that Theorems 3 and 4 of [24] are applicable, and the main result (27) and
its several special cases are completely verifiable with these theorems. A new fractional
kinetic equation involving the Riemann zeta function was formulated and solved. A newly
obtained representation of the Riemann zeta function and its Laplace transform has played
a crucial role in accomplishing the goals of this research. Certain distributional properties of
the Riemann zeta function and examples were also discussed. We hope that this confluence
of distribution theory and the function of analytic number theory will have far-reaching
applications in the future.
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Appendix A

Related Special Cases to (10)
Case 1: Marichev-Saigo—Maeda fractional integral operator

First of all, let us consider the case m = 3 and further take 1 = f, = f3 = =1in
(10). Then, the kernel of (10) will reduce to a special case of the H-function H3/’g that has the
following relation with the Meijer G-function Gg:g—function and the Appel function (Horn
function) F; ([2], Vol. 1):

t tHom' +7, ¢-né-n xm 61,y / / t x
H33 <7)=G3'° o = =t TR s1- 11 ) (A
33 \x Blxl mm, n-m 1"(25)( ) x !
where

00 !
B(r,m' r2,72,6u0) = Z ——, max(|u],|v]) <1. (A2)

k,1=0 (§)I+m

Hence, due to (Al), for the complex parameters 1,7, 72,72, R (6) > 0, the
Marichev-Saigo-Maeda fractional integral operator of integration (see ([2], Vol. 1) is
also [31-34]) defined as

’ ’ xmn X S 1. ot t X
(1071% T2 f) (x) = m/o (x—t)° 'Ry <71,71/,72, 1,81 - ;;1 - ?>f(t)dt (A3)
and
T’ 2728 _ £ e 01— / /5. x. t
(13 A0 =Ty [, =0 Bz = - L) At (Ad)

Both of the above forms have significant importance. Furthermore, it is now obvious
from (20)—(23) that the Marichev-Saigo-Maeda fractional integral operator is related to
the multiple E-K fractional integral operators as given in (10) for m = 3. The Marichev—
Saigo-Maeda fractional integral operator can also be expressed as a composition of three
commutable classical E-K integrals (see Kiryakova [24,25]) as follows:

Igih’ﬂmz’,é f(x) = I((?:f;)’g*’Yl,’72:72"71’):(’72//72,‘5*72*’YZ’)f(x) _ 11(0,72/)11(5*’71*’71/*72172)11(72/*’71/,5*72*72')f(x) (A5)
Many such representations are found (see Kiryakova [24,25] and cited references)
because of the symmetry of variables 71, ;" and 77, 72" in F5, as well as the symmetry in
the upper and lower rows of the G-function in (A-1). Hence, the following result holds true
in view of (A1)—(A4) and (10) (see also [31-34]).
Lety1, 71,72, 72" € C, w > 0 AR(x) > max{0, R(71+n'+72-9), R(1' — 1)},
R(5) > 0, then

[qrmmas (wrl) _ T +d—mn=—n"=m) I+ -n") sy
v

A6
Fx+7) Tx+06—m—-—1)T(x+6—7"—-7) (A6)
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Similarly, let v, 71,72, 72" € C, w > 0, andif R(6) > 0, R(x) < 1+ min
{R(=72), R(v1+711" — 3), R(71+ 72’ —6)}; then, the following image formula holds
true in view of (A1)—(A4) and (10) (see also [31-34]):

Igl/’n//’yz/’yz//(s (w)(—1> _ FA—x-d0+m+n)Vl-—x+mn+r -Hrd-x-n) WOtx=mn-m'-1 (A7)

FA-x)Ird-x+mn+mn'+r+r -O)rd-x+mn-17)
Case 2: Saigo fractional operator
Next, let us consider the case m = 2 with f; = , = B > 0.; then, the kernel-functions
of (10) reduce to the Gauss function [24]:

sl

11 11
129 o ('Yl +61+1— B B) Y2 +0+1— B > — G20 |:0/3‘ Y1+ 02,72 + 02
22 =22
(m+1-53) (r+1-33) 772 (A8)
12 (1 - ob)o1T021
=B %Jl(’n +82 —71,61;01 + 63,1 — of)

For the purpose of this investigation, let us focus on two fractional integral operators
that are defined for 1, 2,6 € C with x; R() > 0 by Saigo [33], which can also be obtained
by taking 8 = 1; 0 = £ and then o = ¥, also appropriately specifying the other parameter
values 61 + & = J;01 = —1 in (A1) and (A8) (see also [31,32]).

s~ X /X(x_t)H Fr (647, 61— L) f(ae (A9)
0+ T Jo 2 TIe T

and

IR (£0) = 105

where , F1 represents the Gauss hypergeometric function given by (see [34]):

/ (t—x)° "0, (5 +72, 61— %)f(t)dt (A10)
X

)

(D)(r2)k uk
Fi(v, v2ysu) = ), ——~———,
201 ('Yl 2,73 ) ];] (73)]( k!

The Appell function F3 diminishes to ,F; (Gauss hypergeomatric function) and also
contends the following relationships (see [34], p. 301, Equation 9.4):

u| <15 |u| = 1(u # 1), R(y3 — 11 — 72) >0. (A11)

F3(71,6 —71,72,0 — 72, 6;u;0) = yF1(711, 72; 6;u+ v —uv)
and (A12)
F3(0,71,72,72,8) = oF1(71, 725 6:%); F3(71,0,72,72',6) = 2 F1i(m’, 72, 6;y)

Hence, the relation of the Marichev-Saigo-Maeda (A3) and (A4) and the Saigo frac-
tional integral operators (A9) and (A10) is obvious using (31) for y; =0V 7,1 = 0, where
both equations also interrelated with (10) in view of (A1) and (A8). Hence using these facts
for (10) and (A9), we have (see also [31-34]):

5 (o FOr(x+72-=m)  xm-
71720 (L x=1Y — X—r1—1 . —
Iy (w ) Tlx— 72)T(X+f5+’72)w 175,(71, 72, 6 €C;R(S,) > 0,R(x) > max[0, R(y1 — 72)]).  (A13)

Similar to (A13), we have the following right-handed formula (see also [31-34]):

11720 (, x—=1\ — _T=xtDC(ra—x+1)  x—y—1.
- (w )_F(I—X)T("rl+72+5—7(+1)w ’

(A14)
71,72, 6 €CA R(6) >0AR(x) <1+ min[R(y1), R(712)]-

Case 3: Erdelyi-Kober (E-K) and the Riemann—Liouville (R-L) fractional operator
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Let us consider m = 1 in (10); then, the kernel function of (10) becomes

v+, - 5 oBrHB-1(1_ B!
HY o <( 1)/3) — pobIGH, {Gﬁ‘ W;r }: F(((S) ) (A15)
'7!3

and one can obtain the classical fractional operators, namely, the Erdélyi-Kober
(E-K) operators:

£6) = 75

7,0
Ig

-1 N 1
/ o7 (1— o) 1f (zcﬁ)do,(s >0,p>09€cR (A6
0
Further, for 41 = 0,72 = 1, the Saigo operators (A9) and (A10) reduce the other frac-
tional operators, namely, the Erdélyi-Kober integrals defined for complexy,é € C, R(J) > 0,
(see also [31-34]):

—5— x
BT Cf) = (187 £) (x) = W; [ =0 e >0 (A1)

07,0 (8 a7 /°° 61,5

I x)) = (] X)=——~ t—x t t)dt (x >0 A18

0 @) = (B2 ) @) = 7y |, =) fHdt(x>0)  (A18)
It is obvious that (A17) and (A18) are also obtainable from (A16) for specific values of

B=1; o0 =% and then o = . Similarly, the Saigo operators are also related with the E-K

and the Riemann-Liouville (R-L) operators:

7 (F(2) = I CFO) I Cf(x) = 172 (f(x));R(5) > 0 (A19)

Continuing in this way, if 71 = —J, the Saigo operators (A9) and (A10) reduce to
the Riemann-Liouville (R-L) operators (see also [31-34]). The classical left-hand-sided
Riemann-Liouville fractional integrals I3 ., and right-hand-sided Riemann-Liouville frac-
tional integrals 12 of order 6 € C, R(8) > 0 are defined by [7-9]:

BF) = w5 f) =00 >0 (a20)
and ] 1 - i
() = gy [, =07 (x> 0) (A21)

respectively. These are also related to the Weyl transform [7-9]. It can be noted that (A20)
and (A21) are also obtainable from (A16) for specific values of the involved parameters.
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Abstract: The present investigation dealing with a hybrid technique coupled with a new iterative
transform method, namely the iterative Elzaki transform method (IETM), is employed to solve
the nonlinear fractional Fisher’s model. Fisher’s equation is a precise mathematical result that
arose in population dynamics and genetics, specifically in chemistry. The Caputo and Antagana-
Baleanu fractional derivatives in the Caputo sense are used to test the intricacies of this mechanism
numerically. In order to examine the approximate findings of fractional-order Fisher’s type equations,
the IETM solutions are obtained in series representation. Moreover, the stability of the approach was
demonstrated using fixed point theory. Several illustrative cases are described that strongly agree
with the precise solutions. Moreover, tables and graphs are included in order to conceptualize the
influence of the fractional order and on the previous findings. The projected technique illustrates
that only a few terms are sufficient for finding an approximate outcome, which is computationally
appealing and accurate to analyze. Additionally, the offered procedure is highly robust, explicit, and
viable for nonlinear fractional PDEs, but it could be generalized to other complex physical phenomena.

Keywords: Elzaki transform; Caputo fractional derivative; AB-fractional operator; new iterative
transform method; Fisher’s equation

1. Introduction

Researchers from various domains have been interested in fractional differential
equations (FDEs) due to their wide applicability, and they are considered to be a handy
tool for simulating the behaviour of several complex processes that have ramifications
in specified disciplines of the physical sciences. Interestingly, it has boosted tremendous
applications in autocatalytic reactions, anomalous diffusion process, viscoelastic damping,
Maxwell fluid, virology, advection-diffusion process, thermal sciences, kinetics, optics,
hydrodynamics, and epidemic diseases; different fractional calculus formulations are
implemented in FDEs in order to adequately interpret and analyze memory. Numerous
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sorts of definitions and notions of fractional operators have been expounded by individuals
such as Coimbra, Davison, and Essex; Riesz; Riemann and Liouville; Hadamard; Weyl;
Jumarie; Caputo and Fabrizio [1]; Atangana and Baleanu [2]; Griinwald and Letnikov [3];
and Liouville and Caputo [4]. However, the Liouville-Caputo and AB operators are the
best fractional filters.

Several studies have been contemplated on the applications of these operators. For
example, Morales-Delgado [5] proposed a fractional analysis with and without kernel sin-
gularity. The authors of [6] employed AB fractional derivatives for finding the generalized
Casson fluid model. Atangana and Alkahtani [7] used the Caputo-Fabrizio derivative for
the analysis of groundwater flowing within a confined aquifer. Kumar et al. [8] consid-
ered the approximate-analytical solution of the regularized long-wave model by using the
AB-fractional operator. Singh et al. [9] use the Mittag-Leffler type function to characterize
the kinetics of an AB-fractional operator. The researchers of [10] proposed novel fractional
optimal control problems with non-singular Mittage-Leffler functions as a kernel. More
specifically, the Mittage-Leffler function is far more effective than the power and exponen-
tial functions in expressing physical difficulties. Consequently, the fractional derivative
of the AB operator is well suited to unraveling heterogeneities in substances, structures,
or media of various sizes.

Fractional PDEs have recently become extremely valuable in a variety of fields, includ-
ing stochastic models, ground water flow, bacterial growth rates, astrophysics, and many
more. Generally, PDEs are classified into conservation laws of energy, momentum, or elec-
tric charge (e.g., Fitzhugh-Nagumo equation, Korteweg-de Vties equations, Navier—Stokes
equations, and Kawahara equations). The development of accurate and explicit solutions to
nonlinear PDEs is a challenging task in applied sciences, and it is one of the most promising
and productive research areas. Due to these facts, numerous mathematical methods for con-
figuring approximate solutions have been proposed, such as the Adomian decomposition
method (ADM) [11-13], homotopy perturbation method (HPM) [14,15], Laplace iterative
transform method (LITM) [16], g-homotopy analysis method (q-HAM) [17], Haar wavelet
method (HWM) [18], Lie symmetry analysis (LSA) [19], Chebyshev spectral collocation
method (CSCM) [20], and many more.

Consider the generalized time-fractional Burgers—Fisher equation [18] presented
as follows:
of 0%f

pof _ ot _ b
5 Uax%+6f(1 ) Q)

s
o

where (, 0,0 are parameters and 0 < a < 1. (1) plays a vital role in fluid dynamics models,
heat conduction, elasticity, and capillary-gravity waves. When = 0 and g = 1 (1) are
transformed into a Fisher’s type equation, the derivative in (1) is a Caputo/AB-fractional
derivative of order «.

Specifically, if { = 0 and ¢ = 0 = 1, the generalized time-fractional Fisher’s biological
population diffusion equation [18] is presented as follows:

*f 0%
3 = BT(% + F(f) ()
where f(xi, f) refers the population density and f > 0, x; € R, and F(f) is a contin-
uous nonlinear function fulfilling the following hypothesis: F(0) = F(1) = 0, and
F'(1) <0< F'(0).

Equation (1) transformed into the logistic equation if « = 1, { = 0 and the confluence
of the diffusion equation has the diffusion factor ¢ and the birth rate 6. The coordinates
(x1, f) specified by f(x1, f) provide the state evolution across the spatial-temporal domain.
Fisher’s equation is used in many fields, including chemical kinetics [21], Neolithic transi-
tions [22], branching Brownian motion [23], epidemics and bacteria [24], and many others.
Wazwaz and Gorguis [11] used the ADM to solve Fisher’s equation and demonstrated
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their convergence. Dag et al. [25] contemplated the B-spline Galerkin method for Fisher’s
equation. Bastani and Salkuyeh [26] adopted the compact finite difference approach in as-
sociation with the third-order Runge-Kutta method to obtain Fisher’s equation. For further
investigations into linear and nonlinear Fisher’s equations, see [27,28].

In 2001, Elzaki [29] expounded a new transform in order to facilitate the process of
solving ODEs and PDEs in the time domain. This novel transform is the generalization of
existing transforms (Laplace and Sumudu) that can contribute to in an analogous way to
the Laplace and Sumudu transformations in order to determine the analytical solutions to
the PDEs.

In [30], Daftardar-Gejji and Jafari suggested a new iterative approach (NITM) for
solving functional equations, with the results reported in series form. Decomposing
the nonlinear terms constitutes the foundation for the formulation of an iterative tech-
nique. Jafari et al. [16], first coupled the Laplace transform in the NITM and then they
generated a novel recursive approach, namely ILTM, for obtaining the numerical conse-
quences of FPDEs. Later, this approach has been correlated with different transformations
(e.g., Sumudu transform, Aboodh transform, Elzaki transform, and Mohand transform)
(see [31-34]). This methodology is incredibly pragmatic, and it does not entail the in-
clusion of an unconditioned matrix, convoluted integrals, or infinite series expressions.
This approach avoids the demand for any explicit problematic configurations. NITM has
been employed to solve PDEs in multiple investigations, including the KdV equation [35],
Fornberg-Whitham equation [36], and Klein-Gordon equations [37].

Considering the substantial literature on fractional PDE frameworks, determining
the analytical results of the underlying PDE is not an inexpensive procedure. In this
perspective, we intend to design an appropriate technique for evaluating the numerical
solution to Fisher’s, the generic Fisher equation, and nonlinear diffusion equations of the
Fisher type that depict the complexities of the mechanism under consideration by utilizing
NITM. The Elzaki transform (ET) is merged with the NITM, and the proactive concept
is said to be the iterative Elzaki transform method (IETM). This novel method is applied
to examining fractional-order Fisher’s models. In order to illustrate the capability of the
recommended methodology, the findings of certain experimental examples were analysed.
New strategies are applied to establish the results of the fractional-order and closed form
results. An evaluation of IETM’s convergence and uniqueness is also supplied. We test
the superiority and practicality of the described algorithmic strategies for generating the
analytical results in a numerical simulation leveraging fabricated trajectories inferred from
Fisher’s model. Additionally, other fractional-orders of linear and non-linear PDEs can be
handled by the expounded approach.

2. Preliminaries

In this section, we will discus some basic preliminaries, definitions, and fractional
frameworks of derivatives with power-law and Mittag-Leffler functions in their kernels,
as well as the ET and fractional integrals.

Definition 1 ([35]). The Caputo fractional derivative (CFD) is defined as follows.

P
f%dxl, j—l<a<y,
0

§DY = ¢ To—w) 3)
/]

%f(f), =]

Definition 2 ([2]). The AB fractional derivative in the Caputo sense (ABC) is presented as follows:

f
/ OE [~ U g, @)

ABC g
DE (£(F 1
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where £ € Hi(&,p), & < B,a € [0,1] and N(«) indicates a normalization function as N(«) =
1

N(0) = N(1) =

Definition 3 ([2]). The fractional integral of the ABC-operator is stated as follows.

f
1—a - o a 1
N {0+ 1/ x1)(F— x1)% dx;. ®)

a I (1(D) =

Definition 4 ([29]). A set M containing exponential mapping is presented as follows:

M= {f( ):3z,p1,p

6] < zem, if Fe (<1) x [0,09)] ). ©®)
where z is a finite number, but py, po may be finite or infinite.

Definition 5 ([29,35]). The ET of a given mapping £(F) is stated as follows.

£l

E{£(F)} (w) = U (w) :w/e* £(Ddf, T>0, we [p,pal. @)
0

Definition 6 ([36]). The Elzaki transform of the CED is presented as follows.
IE{ 5Dg(f(z))}(w) = w U (w 2 W2 HE (0), —1<a <. ®)

Definition 7 ([37]). The ET of the ABC fractional derivative operator is presented as follows:

B{ 1201 (1) } @) = i (Y — o), ©

aw* +1—a w
where E{f(F) } (w) = U(w).

3. Application of Caputo-Liouville and ABC Fractional Derivatives to the Non-Linear
Fisher’s Model

In this note, we analyze time fractional Caputo-Liouville and the ABC fractional
derivative operator in order to analyze the non-linear Fisher’s equation [18]. The model
under consideration is presented as follows:

azf(xl, f)

2
ox]

SDE =1 —0(f(x1,E) — )1 —£P(x1, ), p>1, 0<a<1, (10)

which is subject to the following condition.
f(Xl,O) = 0, a< X1 < b. (11)

3.1. Description of IETM

Assume the following nonlinear fractional PDE:
ODIf(x, F) + LE(x1, ) + Nf(x1,F) = F(x1,F), F>0,0<a<1,j—1<a<y €N, (12)
subject to the initial condition

of*
at"(xl'> Gr(x1), ©=0,1,...,m — 1. (13)

where DY = M

while £ and N are hnear and nonlinear terms, and F (x1, ) indicates the source term.

denotes the Caputo or ABC fractional derivative operator with 0 < a < 1,
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By employing the Elzaki transform to (12), we acquire the following.
E[®’D§‘f(x1, Z) + Ef(Xl, iT) +/\7f(x1, Z)} = ]E[]:(Xl, {)} .

By the virtue of the Elzaki differentiation property for the Caputo fractional derivative operator
defined in (6), we have the following.

my—1

E[f(x1, F)] 2 £y (x1,0) ™ = —E[Lf(x1, F) + N(x1, F)] + E[F(x1,F)],
E[f(x1, )] = wzf(xl,O) +W'E[F(x1,F)] — W E[LE(xq,F) + NE(xq,F)]. (14)

Again, in view of the Elzaki differentiation property for the ABC fractional derivative operator
defined in (7), we have the following.

_ aw* +1—a - aw* +1—na_ 4 _ - _

E[f(x1,F)] = w?*f(x1,0) + W]E[]—'(x],t)] - Ta)lE[ﬁf(xl,t) +Nf(xq,)].  (15)
Now, by applying the inverse Elzaki transform to (14) and (15), respectively, we have the

following:
f(xy, ) = B {wzf(xl,o) + W*E[F(x,F)] } —E! {w“]E [L£(x1, F) + NE(xq, )] } (16)

and
- _ aw*+1—a _ i faw*4+1—a_ 4 _ -~ _

f(x,f) =E 1{w2f(x1,0) + WIE[]—'(xl,t)} } —E 1{WE[[E£(X1,1‘) -‘r./\/f(xl,t)] } 17)

The iterative process in terms of power series is prescribed as follows.
f(xi,F) = ) £ (xq,6). (18)
my=0
Moreover, the linear factor can be stated as the following.
£( % D) = ¥ Llt (D). (19)
my=0 my=0
Furthermore, the nonlinear operator N can be decomposed [30] as follows:

n( ¥ £t o) = Nltot0) + £ [8(E ) -8 ("E te,0)|

my= =0

= N(fo) + § Dmu (20)
k=1

where D, = N< Y fe(xq, £ )> —N< Z fie(x1, E ))

Substituting (18)- (20) into (16) and (17) respectively, we will obtain the following
equations:

[}

5 ) = G0a)+E @ BLF, D)}

my=0

my my
_E-1 W [[: £ (xq, ) + N(fo) + ) Dml} } (21)
k=0 k=1
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and

- - qfawt +1—w _
Zof,nl(xlrf) =G(x)+E l{WE[}-(XLtH}

my=

et l—a [ A+ K Y
) {N(a)E[cgfk(xl,tHN(fO)JrKZ]Dml]}.(22)

We mention the following iterative scheme for the Caputo fractional derivative opera-
tor as follows.

£0(x1, 7) — G(x) + E*l{w“E[}'(xl,f)] }
f1(x1, ) _E {w”‘]E [20(x1,B) + X (o0, )] } -
f1(x0, ) = E*l{w“E [Efm1 (x1,F) + Dml] } my >0, my € N.

Analogously, the iterative scheme for the ABC fractional derivative operator is pre-
sented as follows.

fo(x1, ) =G(x) + E‘l{%ﬁﬂfv (x1,D)] }
I _ 1) awitlap| f 7 Y h
foed =5 s La, D + Nt D)] | o
fml+1(X1, f) =E1! {%E[ﬁfml (Xl, E) + Dml] }, my >0, m € N.
Finally, (12) and (13) yield the m;-terms solution in series forms as follows.
f(Xl,f) = fQ(Xl,f) + fl(xl,f) + f3(X1, {) + ...+ fml (Xl, f), m=1,2,... (25)

3.2. Stability Analysis

Let there be a Banach space (Y, ||.||) and V be a self-map of Y. Let X, .1 = h(V, x)
be a specific iterative scheme. Moreover, let F(V), the fixed-point of V, possess at least
one element and that x,, tends to a point g € F(V). Consider a sequence {y,, } such that
{ym} CYande, = HYm+1 —h(V, ym)H. If lgn €™ = 0 implies that lii)n y" =g, then we

m—00 nm—o0

say that the iterative process x,,11 = h(#, x,) is V-stable. Without any loss of generality,
we surmise that {y, } is upper bounded; otherwise convergence cannot be expected. If all
hypotheses fulfilled for x,,11 = Vx;;, which is known as Picard’s iteration, are satisfied,
consequently, the iteration will be V-stable. The following theorem will be presented next.

Theorem 1 ([38]). Consider a Banach space (Y, ||.||) and V a self-map of Y holding the following:

[y =Vl < Klly = W[ +Klly —x

, Vx,y €Y, (26)
where K > 0, k € [0,1), then V is Picard V-stable.

Consider the following sequence, which represents the nonlinear fractional Fisher’s
model as follows:

13 _ 2 7
b (607) = i, ) 4 B | S0 0 S

N(w) Fream il fﬁl(xl/f))] } @)
1
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where ““’g(*p})*”‘ is the fractional Langrange multiplier and #) is a limited variant that

denotes (5?'31 =0.

Theorem 2. Consider T as a self-map stated as follows:

T(fﬂ’l(xll {)) = fm+l (X1/ E)

= fn(xlr Z) + E!

I _
aw®* +1 “IE{ 9%,

Nw) n00.0) | g, ()1 - fﬁz("l'mH =
1

is T-stable in L2(a, b) if {1 + (20t GN(,};)(’“”)B)) (r(ﬂl) +(1- vc))} <e.

Proof. First, we illustrate that T has a fixed point. In order to accomplish this, we examined
the following for all (m,x) € N x N.

£ (x1, ) — £ (xq, F)

lawt+1—a Bfm(xl,) o (1 — B (x: F
T b o ]E{a S OB~ £ m))H
o« _ 2 X n B B
E [“g(x;’”+9fx<x1,t><1f£<x1,t)>H
1

Employing the linearity property of the inverse Elzaki transform yields the following.

£ (x1, F) — fic(xq,T)

02 | £, (x1,F) — £ (x1,F
- [fn(xi )~ )]
ox7

aw®+1—a _f(x
WE B[fm(xl, £) — f(xq, )]
—0[€h (xa, B) — £ (1, mH

HT (fm(x1, 1)) — T(f,((xl,f))| = LR

Utilizing triangular inequality for the norms, we have the following.

([T (£ xl/ )) T(fc(x1, D))
< H xll - fK(xll )|+

1| aewr1—a 02 | £ (x1,F) — £ (x1,F)
+E N?;l) { [ [ 1ax2 v ‘H:|

: (29)
51 s ol ]

-

-

-

1 stoa] | ol ) o) ’H'

Equation (29) can be examined on a case-by-case basis, beginning with the following.

Ho_az[ m(XI/ ) f Xl/

H < 000, (30)
axl
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The following results.

Heﬁ”mJ £ 0, B

Since f,,(x1, F), fx(x1,f) are bounded, there are two different positive constants that
we can obtain K, H such that for all (x1, f), we have the following.

Z@m%m&Mt M%m)fmﬂy 1)

i=0

Hfm(xl,f)

c(x1,D)|| < H, (mx)eNxN. (32)

As a result of combining the triangular inequality with the above inequalities, (31) is
obtained as follows.

He 657 (xy, B) — 67 (x, 7 )}H
< (K +H)P||fm(x1, F) — fi(x1, )| (33)

Now, by combining (31) and (33) into (34), we obtain the following result:

I (£ (x1,) = Tk (x1, 7))

B oo
- [1+(00102+0(1(a)(K+H) ))<r(§t+1)

+U*MHWMMD*MMﬂHG®

with the following.

P+(thTH§de+HWU<H:iD4%1*”>]<®

This establishes the existence of a fixed point for the nonlinear T-self map. As a
consequence, the proof is complete. We also proved that T fulfills the requirements of
Theorem 1. Allow (7) to hold by inserting the following.

" {1 ' <lez+61(\1](;) (KHWS)) (r(zil) w _“)ﬂ’ (35)

This proves that hypothesis of Theorem 1 fulfills the nonlinear mapping T. Thus, all
assumptions in Theorem 1 satisfies the described nonlinear mapping T, and T is Picard’s
T-stable. As a result, the proof of Theorem 2 is complete. [J
4. Evaluation of the Fractional Fisher Model via IETM

This section demonstrate the reliability and preciseness of the projected methodology.

Problem 1. If0 = 1,8 =1, and ¢ = 0 in (10) with fy(xq,0) = 1, then the one dimensional time
fractional Fisher equation is presented as follows.

o f
= = ax%Jrf(lff) (36)

The integer-order solution for the Fisher’s Equation (36) is obtained by using the Taylor’s
series expansion for & = 1 as follows.

1 exp(f)
D =T @
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Case I. First, we formulate Problem 1 by utilizing the Elzaki transform coupled with the
Caputo derivative operator.
By employing the Elzaki transform to (36) with the initial condition, we have the

following.
(3]

The following is the case:

f
= E[ﬁ +f(1— f)]l 37)

1 m—1 et aZf
7 —0X+K __
—E[£(x,D)] - K;O £ (x1,0)w = E[ﬁ +f(1— f)].
equivalently, we have
1 _ - *f
—E[£0x1,1)] = £g) (x1, 0)w? ™" + E[ﬁ +E(1— f)].
Using the inverse Elzaki transform, we have the following.
f(x,F) =y +E! {wﬂm[ﬁ +f(1— f)H

’ Bx% '

Applying the iterative technique described in Section 3.1, we obtain the following.

fo(x1,5) =1, ) ]

fi(x,F) =E! w”‘IE{(fo(xl,f))xlxl +£o(1 ffo)}
=n(l- ’7)1“(;7:-1)'

fz(xl, E) =E! _wm]E{(fl(xl’{))xlxl + fl(l — fl)}-

onc
=n(1-n(1 *Zﬂ)m/

Bl =E B (D), +00-0)]
=n(1-n)(1-6n +6’72)m/
fi(x, /) =E1 -w"‘IE{ (f30x,B)),., +H5(1 f3)}_

t4a
— _ _ _ 2y v
=1 =m =20 A= 120+ 127 gy

Provided that the series form solution is as follows:

£(x1, ) = fo(x0, F) + £ (x0, F) + £2 (31, F) + £3(x1, ) + ...+ fn, (x1, ).

we consequently have
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o 20 3u
(a0 =) gy 1= D0 =20 g - 614 6
FAu
+7(1 =) (1 —27)(1 — 1277 + 12;72)m +...

Case II. Now we formulate Problem 1 by utilizing Elzaki transform coupled with the ABC
derivative operator.
By employing the Elzaki transform to (36) with the initial condition, we have the
following.
o*f 0%f
E[W] - E[ﬁ L1 f)]. (38)
The following is then the case.

o’ f

aw®* +1—u
Bx%

E[f(x1, D] = fo)(x1, 0)0” + —5

E[ +f(1—f)].

Using the inverse Elzaki transform, we have the following.

f(x, ) = + E1 {%E[g—z LE1 - f)H.

Applying the iterative technique described in Section 3.1, we obtain the following
results.

fox, /) =1, ) ]
fi(x, /) =K _"“"WR;E$JE{(fo(><1,f))x1x1 +fo(1 - fo)}_

-t s+ -9
fo(x1,F) =K :%E{(ﬁ(xl,f))x]x] (1 fl)}_

:’/(1"7)(1‘2’7){““2;2“ N L +(1fa)2},

N2 (a) 20+1) T(a+1)
f30x,))  =E' _"“"U‘NJE#E{ (f201, ), +f2(1 - fz)}_
(=) —6n+6y*) [ o3P Pu ;a
N N3(a) {F(3a+1) +30 (1= 0) gy H 31— ) gy (1)),

Provided the series form solution is as follows:
f(Xl, f) = fo(Xl, E) + f] (X1, E) + fz(Xl, f) + f3(X1, f) + ...+ fml (Xl, f)

we consequently have

SR Conk 2 =m0 -2m) [ &P i

foa,f) =+ N(a) {m+(l—rx)}+ N2(a) r(2“+1)+2a(1—a)m+(1_a)2}
n(1—n)(1—6n+652) [ a®F* Pa i

’ N(a) {F(3a+1) +30 (1= @) gy 30— ) gy (1,0‘)3} +o
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For showing the accuracy and compactness of our proposed algorithm (IETM via CFD
and ABC fractional derivatives), we compare our results with [39]. It can be observed from
Table 1 that the present algorithm is very effective and yields accurate results. The absolute
errors of the numerical solution of Fisher’s equation obtained by IETM (CFD and ABC
fractional derivatives) and the exact solutions for Case 1 are depicted in Table 1 and presents
a strong correlation among the proposed technique and rapidly converges to the exact
solution very efficiently in a short admissible domain.

Figure 1 compares the exact and approximate solutions to Problem 1 using the CDF
operator. The absolute error norm in Figure 2 for (36) with the assumptions of 7 =0.05,0 =1,
B =1, and ¢ = 0 ensures the approximation of the numerical results derived by IETM
to the exact solution via the CFD and ABC fractional derivative operators, respectively.
The results of the graphical representation reveal that the model is highly dependent on
fractional order a. The absolute inaccuracy is really small. Two dimensional representations
of graphs via Figure 3 show the strong connection between the exact and approximate
solutions for various fractional orders. Furthermore, Figure3a,b illustrate that the ABC
fractional derivative operator has better harmony than the CFD operator.

Exact Solution

@

Approximate Solution

0.064
0.062 -

0.06 -

< 0.058

~ x 0.056
Gl
0.054

0.052

s 03

(b)
Figure 1. Numerical behavior of exact and approximate solution to the f(xy, f) for Problem 1 when
the parameters are 7 = 0.05,6 =1, =1,and ¢ = 0.
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Table 1. Comparison results with exact (fg) IETM-numerical solutions (fy,,;,) for CFD and ABC fractional derivative
operator of f(xy, f) of Case 1 with absolute errors and the HPM [39] when o = 1, f = 0.01, = 0.05, and ¢ = 0 for various

values of x;.

1 fE fNumiceD SOL. fnumapc SOl |fE — fnumcrp|  |fE — fNumiaBc]  HPM sol. [39]
01  1.009 x 10~! 1.009 x 107! 2.329 x 1071 0 1.319 x 107! 8.999 x 107!
02 2016 x 107! 2.016 x 1071 4,091 x 1071 0 2.017 x 1071 7.987 x 107!
03  3.021 x10°! 3.021 x 107! 5.429 x 107! 0 2408 x 107! 9.210 x 107!
04 4024 x 10! 4.024 x 1071 6.464 x 107! 1.00 x 10~ 1 2.440 x 1071 7.540 x 107!
05 5.025x10°! 5.025 x 107! 7.292 x 107! 3.00 x 10710 2267 x 1071 8.908 x 107!
0.6  6.024 x1071 6.024 x 1071 7.984 x 1071 1.00 x 1010 1.960 x 10~1 9.765 x 1071
07  7.021 x 1071 7.021 x 1071 8.589 x 1071 0 1.568 x 10~1 9.344 x 1071
0.8 8016 x 101 8.016 x 1071 9.131 x 101 3.00 x 10710 1.115 x 101 9.123 x 101
09  9.009 x 10~! 9.009 x 1071 9.609 x 1071 3.00 x 10710 6.000 x 102 9.777 x 1071
1.0 1.000 x 109 1.000 x 100 1.000 x 10° 0 0 1.000 x 100

0.065

0.06

0.055

Absolute error

0.05
0

0.065
0.06

0.055

Absolute error

0.05

(b)
Figure 2. (a) Absolute error plots of f(x,f) for Problem 1 for (a) CFD and (b) ABC when the
parameters are 7 = 0.05,60 =1, =1,and ¢ = 0.
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011

—==='Exact
a=1(CFD)
—— a=1(ABC)

0.1

0.06

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
X1

(b)
Figure 3. Two dimensional representation of f(x;,f) for Problem 1 at different fractional orders

when the parameters are 7 = 0.05,06 = 1,8 = 1, and ¢ = 0. (a) illustrates the comparison view
of CFD and ABC operators with their exact solutions, while (b) shows the two dimensional view

of the exact-approximate solution with different fractional-order in the CFD and ABC fractional
derivative sense.

Problem 2. If 0 = 6,8 = 1 and ¢ = 0 in (10) with f5(x1,0) = m, then the one
dimensional time fractional Fisher equation is presented as follows.

*f 0%

5 = a—x%—i-éf(l—f). (39)

The integer-order solution for the Fisher’s Equation (39) is obtained by using the Taylor’s
series expansion for & = 1 as follows.

1

00 = 0 expioa — 50

Case I First, we formulate Problem 2 by utilizing the Elzaki transform coupled with the
Caputo derivative operator.
Employing the Elzaki transform to (39) with the initial condition, we have the following.

E[%] - E[g—ig +6f(1 — f)} . (40)
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The following results:

L Ee(x ;)]J" ¥ (x o)wszzm{a—zf +6f(1ff)]
Wt 1s = (1) \ X1, ax% .

equivalently, we have

L xg,B)] = £ 0)w?* Eazf 6£(1—f
—E[£0x1,1)] = £g) (x1, 0)w? " + [a—x%+ (1-1).

Using the inverse Elzaki transform, we have the following.
- [ a0

f(xi, ) = 1+ E7 |w*E[ S5 +6£(1- )] |.
oxg

Applying the iterative technique described in Section 3.1, we obtain the following.

_ 1
ot = et
D) =E 0B (fo(x, D), +6f(1—fo)}

10_exp(x1) P _
(i + exp(e) P T 1)’

fz(x1,f) —E! w"‘E{ (f1 (Xl, E))X1X1 + 6f; (1 — f1)}-

_ 50exp(xq)(exp(2x;) —1) P
N (1+exp(x1))? r2a+1)’

B f)  =E o E{(b(x,),, +66b(1- fz)}.
_ _ 750(7exp(x1) — 4exp(2xq) — 1) P
3(1+exp(x1))° I(Ga+1)

Provided the series form solution is the following:

f(Xl, f) = fo(Xl, F) + f](X1,E) + fz(Xl,lT) + f3(X1, f) + ...+ fml (X], f)

we consequently have the following.

f(x, ) _ 1 10exp(x7) © 50 exp(x1)(exp(2x1) — 1) 2
I (1+exp(x1))?  (1+exp(x1))?T(a+1) (1+exp(xq))* r2a+1)
_ 570(7exp(x1) —4exp(2xq) — 1) B n
3(1+exp(x1))° rGa+1)

Case II. Now we formulate Problem 2 by utilizing the Elzaki transform coupled with
an ABC derivative operator.

Employing the Elzaki transform to (39) with the initial condition, we have the following.

o o
E{ﬁ] :E[a—x%—i-&(l —f)] (41)
. , aw* + (1—a) 9% B
B [£0x1, 1] = o) 0x1,0)? + 1= E[ax§ +6£(1-9)].
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By using the inverse Elzaki transform, we have the following.

E[S—ZJref(uf)H.

aw® + (1 —w)

f(x1,F) =y +E! { NG

By applying the iterative technique described in Section 3.1, we obtain the following.

_ 1

ot gt
fi(x, F) =L {M%—(i(“l)—a)E{ (fo(x1, 1)), , +6fo(1— fo)}}

B 10exp(x1) af® .

= N0 FoF T HA )
f0x,F) =R {%S)_’X)E{ (f1(x1,B)), , +6f1(1— fl)}}

_ 50exp(xq)(exp(2x)) — 1) [ a?P _ P _

= R o [ 117 P2y 0]
f3(X],Z) :E_l {Wg(i(:)_“)E{(fz(xl,{))xlxl +6f2(1*f2)}:|

_ 750(7exp(x1) —4exp(2x1) — 1)

3N3(a) (1 + exp(x1))?
X {ﬂ +3a2(1 — tx)i +3a(1 - a)z_ia +(1- oc)ﬂ
I'(3a+1) I(1+2a) I'(1+a) ’

Provided that the series form solution is as follows:
f(Xl, E) = fo(Xl, E) + f] (Xl, {) + fz(xl, lT) + f3(X1, f) + ..+ fml (X], E)

the following consequently results.

_ -~ 1 10exp(x7) af*
D = gt W@ T et Fa T )
50exp(x1)(exp(2x1) — 1) [ 2P« "

N2 (a) (1 + exp(x1))? [F(Za T POy A "‘)2]

_ 750(7exp(x1) —4exp(2x1) — 1)

3N3(a) (1 + exp(x1))®

X P +3a2(1 - ac)i +3a(1— D‘)ZL +(1- “)3] +

T(Ba+1) I'(1+2a) r(l+a)

For showing the accuracy and compactness of our proposed algorithm (IETM via CFD and ABC
fractional derivatives), we compare our results with [39]. It can be observed from Table 2 that the
present algorithm is very effective and yields accurate results. The absolute errors of the numerical
solution of Fisher’s equation obtained by IETM (CFD and ABC fractional derivatives) and the exact
solutions for Case 2 are depicted in Table 2 and presents a strong correlation among the proposed
technique and rapidly converges to the exact solution very efficiently in a short admissible domain.

Figure 4 compares the exact and approximate solutions to Problem 2 by using the CDF operator.
The absolute error norm in Figure 5 for (39) with the assumptions of § = 6, = 1, and ¢ = 0 ensures
the approximation of the numerical results derived by the IETM to the exact solution via the CFD and
ABC fractional derivative operators, respectively. The results of the graphical representation reveal
that the model is highly dependent on fractional order «. The absolute inaccuracy is really small.
Surface and two dimensional representations of graphs via Figure 6 show the strong connection
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between the exact and approximate solutions for various fractional orders. Furthermore, Figure 6a,b
illustrates that the ABC fractional derivative operator has better harmony than the CFD operator.

Table 2. Comparison results with exact (fg) IETM-numerical solutions (fy,,;,) for CFD and ABC fractional derivative
operator of f(xy, f) of Case 2 with absolute errors and the HPM [39] when & = 1, f = 0.01, and ¢ = 0 for various values

of x.

x1 fE fNumicep S0l fnumiaBc S0l |fE — fnumicep|  |fE — fNumiapc]l  HPMsol. [39]
01 2377 x 107! 2.375 x 107! 2432 x 107! 1.394 x 1074 —5.7000 x 10~* 8.387 x 107!
02 2140 x 107! 2138 x 107! 2.159 x 107! 1.119 x 10~* —0.019 x 10~* 9.567 x 107!
03 1917 x 107! 1.915 x 107! 2.000 x 107! 9.68 x 107° —0.083 x 107° 4534 x 107!
0.4 1.709 x 1071 1.708 x 1071 1.888 x 101 7.32 x 1075 —0.179 x 1073 8.887 x 107!
0.5 1.516 x 101 —0.18 x 1075 1.575 x 1071 485 x 107> —0.059 x 1073 7.337 x 1071
06 1339 x 107! 1.338 x 107! 1.958 x 1071 2.35 x 1075 —0.619 x 107> 9.337 x 1071
0.7 1.176 x 1071 1.175 x 1071 1.234 x 1071 485 x107° —0.58 x 107° 7.337 x 1071
0.8  1.029 x 10! 1.029 x 107! 1.416 x 1071 251 x 107° —0.055 x 107> 9.998 x 1071
09 8966 x1072 8971 x 1072 9,516 x 1071 476 x 1075 3.426 x 1075 9.001 x 1071
1.0  7.778 x 1071 7.784 x 107! 9.001 x 100 6.75 x 107° —1.223 x 107> 7.337 x 107!

Exact Solution

Figure 4. Numerical-behavior of exact and approximate solution to the f(xy, f) for Problem 2 when
the parameters are § = 6, =1,and ¢ = 0.
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Figure 5. (a) Absolute-error plots of f(xj,f) for Problem 2 for (a) CFD and (b) ABC when the

parameters are § = 6,8 =1, and ¢ = 0.
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Figure 6. (a) Three-dimensional comparison plot among exact, CFD, and ABC fractional derivative
operators via the IETM (b) Two dimensional representation of f(xj, f) for Problem 2 when the
parameters are § = 6,8 =1, and ¢ = 0.

Problem 3. If = 1,8 = 6, and ¢ = 0 in (10) with fo(x1,0) = ————, then the one
(1+exp(54)13
dimensional time fractional generalized Fisher’s equation is presented as follows.
*f  0%f 6
T e T 42)
The integer-order solution for the Fisher’s Equation (42) is obtained by using the Taylor’s
series expansion for & = 1 as follows.

f(xq,f) = (%)1/3<tanh (%57 2x1> + l)l/s.

Case L. First, we formulate Problem 3 by utilizing the Elzaki transform coupled with the
Caputo derivative operator.
Employing the Elzaki transform to (42) with the initial condition, we have the following.

o f 0%f P
E[ﬁ}fﬂi[ﬁ—i—f(l—f)]. (43)
The following is the case.
lE[f(x n] - mff (x1,0)w? 4F% = E[a—zf +f(1— f6)]
o 1, = (x) \ X1, ax% .

Equivalently, we have the following.

LE [f(Xl f)] =f (Xl 0)(4]2_“ +E [ﬁ + f(l - f6)]
W ' (X1 o '

By using the inverse Elzaki transform, we have the following.

f@1D:—444;L4447+E’ﬂw%{f£+ﬂlfﬁﬂ}
T (exp(3))1 axt

By applying the iterative technique described in Section 3.1, we obtain the following.
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fo(x1, 1) :(Heplw
b0, ) =B @ B (fo0x, D X1X1+f0(1—f8)}—
_sep) ® _
4(1 +exp(Z1))4/3 (e +1)’
f2(x,/) =E1 w"‘IE{ £1(x1, ) xl+f1(1—f(1’)}_
Soexp()(exp(3)—3) B
- 16(1+exp(3;1))7/3 T(2a+1)°
f3(x, ) =E { (x1,) +f2(1—f6)}
125exp(%)(exp(3x1)718exp( 1)+ _9) P

16(1 + exp(331))10/3 L(3a+1)

Provided the series form solution is the following:
f(x1,F) = fo(x1, F) + £1(xq, F) + £2(x1, ) + £3(x1, F) + ...+ £, (X1, F).

the following consequently results.

f(x, ) = 1 5exp(3) P 50exp(Bt)(exp(¥) —3)
v S (texp(Z)B 41 +exp(Z)AT 1) 16(1+exp(B))7/8 TRa+1)
+750exp(—)(exp(3x1) - 18exp(3 )+9) e N
16(1 + exp(331))10/3 I(Ba+1)

Case II. Now we formulate Problem 3 by utilizing the Elzaki transform coupled with an
ABC derivative operator.
Employing the Elzaki transform to (42) with the initial condition, we have the following.

o 2
JE[‘;?} - E[g—i +f(1— fé)]. (44)
E[f(xl, )] —f( )(Xl, )w2+W§(7$)_0‘)E[%+f(l—f6)].

By using the inverse Elzaki transform, we have the following.

o’ f

2
ox3

o ) = 1 1[aw* + (1 —a)
£, 1) (l-i-exp(T]))l/3Jr { N(a)

]E[ +f(lff6)H.

By applying the iterative technique described in Section 3.1, we obtain the following.
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_ 1
fo(x,f) = —(1+exp(T1))1/3'
fl(Xl,f) = ]E_1 {aT(a)_“)]E{(fo(xl,f))xlxl +f0(1 —fg)}:|
B 5exp( 1) af® .
 4N(a )(1Jrexp(3 ))4/3 {F((x—&—l) + )},
fo(x;,f) =E! {%E{(fl(xllf))xlxl +£(1 —f?)}}
50exp(3x1)(exp(37*) 3)[ a2 B fu !
16N2 (o )(1+exp(3x1)) { I(2a+1) (1 a)r(“-f-l) TA-ar),
f3(x;,/) =E {"‘“’ Jr( e { (£20x1,5) 5 +f2(17fg)}}

750 exp(35t 3 ) (exp(3xq) — 18 exp(Sxl )+9)

16N3(a) (1 + exp(35L))10/3
D(3i_’3'x ) 20 T
_tr 1—a)—r 1—
X{F(3a+1) +3 (1 =) p gy (e

Provided the series form solution is as follows:
f(Xl, ) = fo(Xl, ) + f](X1,E) + fz(Xl,lT) + f3(X1, f) + ...+ fml (X], f)

the following consequently results.

5e p(3xl)
£ ! P af®
f(xq, — B
( 1 t) (l+ex (3&))1/3 +4N( )(1+exp(3xl))4/3 r(terl) +(1 04)}
3x
50exp(71)(exp(7) =3) [ 2p n
- 5o T T +2a(1—a)m+(1_a)z]

16N2(a) (1 +exp(

+750 exp(—)(exp(&%xl) —18 exp( )+ 9)

16N3(a) (1 + exp(3"1 ))10/3
a3{3a 3 N . 20 3u(1 N o 1 3
“ITaasn) T gy T30 - gy T _"‘)}Jr"'

Figure 7 compares the exact and approximate solutions to Problem 3 using the CDF
operator. The absolute error norm in Figure 8 for (42) with the assumptionsof 6 =1, = 6,
and ¢ = 0 ensures the approximation of the numerical results derived by the IETM
to the exact solution via the CFD and ABC fractional derivative operators, respectively.
The results of the graphical representation reveal that the model is highly dependent on
fractional order «. The absolute inaccuracy is really small. Surface and two dimensional
representations of graphs via Figure 9 show the strong connection between the exact and
approximate solutions for various fractional orders. Furthermore, Figure 9a,b illustrate
that the ABC fractional derivative operator has better harmony than the CFD operator.
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Exact Solution

Figure 7. Numerical-behavior of exact and approximate solution to the f(xy, f) for Problem 3 when

the parameters are§ = 1,3 = 6, and ¢ = 0.

Absolute Error

Figure 8. Cont.
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Absolute Error

(b)
Figure 8. (a) Absolute-error plots of f(xj,f) for Problem 3 for (a) CFD and (b) ABC when the

parametersared = 1,8 = 6and ¢ = 0.
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Figure 9. (a) Three-dimensional comparison plot among exact, CFD, and ABC fractional derivative
operators via the IETM. (b) Two dimensional representation of f(x;, f) for Problem 3 at different
fractional orders when 6 =1, = 6,and ¢ = 0.

1_ , then the

Problem 4. If0 =1, =1,and 0 < ¢ < 1in (10) with fy(x1,0) = ey
V2 1

(1+exp(
nonlinear diffusion equation of the Fisher’s type is as follows.
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*f 9%
5 = a—2+f(1—f)(f—(p). (45)
The integer-order solution for the the nonlinear diffusion equation of the Fisher’s type (45) is
obtained by using the Taylor’s series expansion for & = 1 as follows.

1

T etV

Case . First, we formulate Problem 4 by utilizing the Elzaki transform coupled with the
Caputo derivative operator.

By employing the Elzaki transform to (45) with the initial condition, we have the
following.

E[%} = E[szi +E(1—f)(f- q))] (46)

The following results.

m—1 2
%E[f(xl,m - );) ) (x1, 0)c0?*HF = [% L1 —f)(f— (p)].

Equivalently, we also have the following.
0%f

1 -
JE[f(Xll B] = f(0)(x1,0)w? —HE[a7

+f(1—f)(f—(p)].
1

By using the inverse Elzaki transform, the following results.

f(x), ) = SRS {w“E[ﬁ —pf+ (¢ +1)f? — f3H
' (1+e><p(—ﬁ)xl) ox '

By applying the iterative technique described in Section 3.1, we obtain the following.

B} 1
fo(x, ) —(1+exp( \[)x1)/
fi(x,f) =E! {w“E{(fO(xl,f))x o T o+ 1 — £ — q)fo}}
(1—2<p)e><p(f) B
2(1+exp(4))? Ta+1)’
f(x, )  =E! {WWE{ (f; (Xlzf))xlxl +(p+1ff — £ - <Pf1}}
~ (1=292ep()(exp(F) 1) pa
B 4(1+exp(— ﬁ))3 r2a+1)’
fa ) =B wB{ (B0 D), + 0+ DB gt}
~ (1-29Pexp( T3 )(exp(V2x) —dexp( ) +1)  pn
B 8(1+exp(ﬁ))4 r(Ba+1)’
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Provided that the series form solution is the following:
f(Xl, ) = fo(Xl, ) + f](Xl,f) + fz(xl,f) + f3(X1, f) + ...+ f”’l (X], 1?)

the following consequently results.

€0 B) 1 N (1-29)exp(—=75) B (1-2¢2exp(~F)(exp(F) —1) po
’ T (I+exp(— f)xl) 2(1+exp(2))? Tla+1) 4(1+exp(22))? r(2a+1)
(1—-2¢)*exp( ) (exp(v2x1) —dexp(F) +1)  pe
- 8(1-+exp(—2))* TGat1)

Case II. We now formulate Problem 4 by utilizing the Elzaki transform coupled with the
ABC derivative operator.
By employing the Elzaki transform to (45) with the initial condition, we have the

following.
£ P2f
E[ﬁ} = E[ax$ +E1—£)(f - 9)]. (47)

aw” —a 2
E[f(x1, ] = f0)(x1,0) 2+$;)E{§—§+f( —H(E-9)]-

By using the inverse Elzaki transform, we have the following.

o°f

aw* +1—a
Bl —¢f+(p+ 1P - }
[ax% ]

fuha:444—i———f+mﬂ{ -

(1 exp(— L)1)

Applying the iterative technique described in Section 3.1, we obtain the following.

folaB) = m
£, (x1,7) ::E*I[gﬂ%%gf;EE{(m(n,ﬂ)mxl+(¢47Uf§7fgfqﬁ0{
- zéz;ﬁiig)z syttt
fo(xi,/) =E {%E{(ﬁ(xl,f))xlxl o+ 1B - — q)fl}}
—2¢)%ex xp(XL) — " Fu
--= igZ<e>ff+ji;<f;E§>§; - {réjil) 200 -0 gy + (-0,
£3(x1, F) :E*F@§%1%ﬂMmﬂkm+W+Ué—€—¢ﬁ}

1—2(p)3exp )(exp(\[x) 4exp( 71)+1)
@0 o
P 3a%(1 P 3u(1 2 B 1 3
x[m+ a( —a)m-ﬁ- a(l—a) m+( —zx)},

Provided that the series form solution is the following:
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£(x1,B) = foOx1, ) + 100, ) + 200, B) + £3(x0, B) + . + iy (31, B).-

the following consequently results.

A o— 1 (1—2¢)exp(5) "
ot = (1+exp(=5)x1) "IN +exp(25))? [T(a Y (- “)]
(1-2¢)? exp("Tl)(exp("Tl) —1) 2P0 o
- ANZ(a)(1 +2€XP(%))23 [F(Za +1) +20(1— “)m +(1- !X)z}
@ —29)>exp( ) (exp(v2x1) — 4exp(5) +1)
8N3 () (1 +exp(%))4
a3 5 P2 , R

X m+30¢ (1—04)@4—30&(1—0{) W-‘-(l—tx) ] 4+ ...

Figure 10 compares the exact and approximate solutions to Problem 4 by using the CDF operator.
The absolute error norm in Figure 11 for (45) with the assumptionsof 6 =1, =1,and 0 < ¢ < 1
ensures the approximation of the numerical results derived by the IETM to the exact solution via the
CFD and ABC fractional derivative operators, respectively. The results of the graphical representation
reveal that the model is highly dependent on fractional order a. The absolute inaccuracy is really small.
Surface and two dimensional representations of graphs via Figure 12 show the strong connection
between the exact and approximate solutions for various fractional orders. Furthermore, Figure 12a,b
illustrate that the ABC fractional derivative operator has better harmony than the CFD operator.

Exact Solution

(a)

(b)
Figure 10. Numerical-behavior of exact and approximate solution to the f(xy, f) for Problem 4 when
the parametersare = 1, = 1,and ¢ = 1/10.
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Figure 11. (a) Absolute-error plots of f(x;, ) for Problem 3 for (textbfa) CFD and (b) ABC when the

parametersare = 1,5 =1, and ¢ = 1/10.

I Exact
[ Ja=1(CFD)
I =1(ABC)
[ =09

Figure 12. Cont.

46



Fractal Fract. 2021, 5, 94

f(Xl7 t_)

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
X1

(b)
Figure 12. (a) Three-dimensional comparison plot among exact, CFD, and ABC fractional derivative
operators via the IETM. (b) Two dimensional representation of f(x;,f) for Problem 4 at different
fractional orders when the parameters are § =1, =1, and ¢ = 1/10.

Remark 1. The integer-order (« = 1) solution of Problem 4 is the following:

1

D vy

which agrees completely with the findings [40], where { = x1 + c1f and ¢y = 21% — \/2¢. It is obvious that

f(—o0) = 0. f(o0) = 1, and hence £({) in this scenario is a wave front traveling from right to left with speed

= zlﬁ —\/2¢. It is worth noting that (45) enables steady travelling wave solutions.

f(xq,f) =1<l+tanh<ix—1+wf)>,

2 2V/2 4
f(xq,f) = %(l+tanh <i%+(¢2;72¢)5>>,
f(x1,) =@+“;74”)(1+mnh<i%+“%z)f)>, (48)

The above is proposed by Khawara and Tanaka [41].

5. Conclusions

In this paper, the new iterative Elzaki transform method is used to efficiently solve the nonlinear
Fisher’s equation by using the Caputo and the AB fractional derivative operators, which possess
a fractional Lagrange multiplier. In addition, the concept of V-stable mapping and the fixed point
theorem demonstrates the stability of the proposed technique in the sense of the AB-fractional
operator. Several illustrative cases were carried out to verify the efficacy and reliability of the
proposed technique. The findings indicate that the ABC fractional derivative is completely accurate
and has a wide spectrum of uses as compared to CFD. In comparison to existing numerical algorithms,
the suggested method has a lower processing complexity. Furthermore, the approach interprets and
regulates the series of solutions, which converge swiftly to the exact solution in a short admissible
domain. In this process, we do not require rectification functionals, stationary constraints, or hefty
integrals since the findings are noise-free, which addresses the drawbacks of earlier techniques.
Furthermore, we believe that this technique will be adopted to contend with other non-linear
fractional order systems of equations that are extremely complex. In the future, we will investigate
a similar problem by utilizing the double Laplace transform and generalized Kudryashov method,
which will be a useful mechanism for solving nonlinear PDEs and other FDEs.
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Abstract: This manuscript assesses a semi-analytical method in connection with a new hybrid fuzzy
integral transform and the Adomian decomposition method via the notion of fuzziness known as the
Elzaki Adomian decomposition method (briefly, EADM). Moreover, we use the aforesaid strategy
to address the time-fractional Fornberg-Whitham equation (FWE) under gH-differentiability by
employing different initial conditions (IC). Several algebraic aspects of the fuzzy Caputo fractional
derivative (CFD) and fuzzy Atangana-Baleanu (AB) fractional derivative operator in the Caputo
sense, with respect to the Elzaki transform, are presented to validate their utilities. Apart from that, a
general algorithm for fuzzy Caputo and AB fractional derivatives in the Caputo sense is proposed.
Some illustrative cases are demonstrated to understand the algorithmic approach of FWE. Taking
into consideration the uncertainty parameter ¢ € [0,1] and various fractional orders, the convergence
and error analysis are reported by graphical representations of FWE that have close harmony with
the closed form solutions. It is worth mentioning that the projected approach to fuzziness is to verify
the supremacy and reliability of configuring numerical solutions to nonlinear fuzzy fractional partial
differential equations arising in physical and complex structures.

Keywords: Elzaki transform; Hukuhara difference; Caputo fractional derivative; Atangana—-Baleanu
fractional derivative operator; Mittag-Leffler kernel; Fornberg-Whitham equation

1. Introduction

Recently, fractional calculus (FC) theory has shown incredible capabilities for describ-
ing the dynamical behavior and memory-related properties of scientific structures and
procedures. Fractional differential equations (FDEs) have been developed by researchers to
investigate and interpret natural phenomena in a variety of domains. FC theory comprises
numerous generalizations in terms of non-local properties of fractional operators, expanded
degree of independence, and maximum information application, and these features only
arise in fractional order processes, not in integer-order mechanisms. Some scholars have
recently investigated a series of innovative mathematical models using distinct local and
non-local fractional derivative operators (see, [1-12]).
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Recently, many innovative fractional derivative operators beyond the singular kernel
have been explored, such as the Mittag-Leffler function [13] and exponential function [14].
In particular, researchers who would like to develop and address a real-life problem
have recommended fractional operators, see [15]. Problems involving these operators can
be solved quickly and reliably because they include a non-singular kernel. Numerical
algorithms can also be conducted conveniently regarding the integral transforms of these
fractional formulations. Many authors have investigated fractional operators, as evidenced
by the references [16,17] and those cited therein.

Modeling uncertain problems with fuzzy set theory is a useful method. As a conse-
quence, fuzzy notions have been employed to model a wide range of natural processes.
Specifically, fuzzy partial differential equations (PDEs) have been exploited in a wide
range of scientific domains, including patteren formation theory, engineering, population
dynamics, control systems, knowledge-based systems, image processing, power engineer-
ing, industrial automation, robotics, consumer electronics, artificial intelligence/expert
systems, management, and operations research. However, the notion of fuzzy set theory
has a strong connection with fractional calculus, due to its crucial aspects in various scien-
tific disciplines [18]. In 1978, Kandel and Byatt [19] contemplated the idea of fuzzy DEs,
then Agarwal et al. [20] were the first to address fuzziness and the Riemann-Liouville
differentiability notion under the Hukuhara differentiability. Fuzzy set theory and FC
incorporate several numerical approaches that enable a more in-depth understanding of
complicated systems while also reducing the amount of computational cost involved in
the solution process. In the case of FPDEs, finding accurate analytical solutions is a diffi-
cult task. To cope with this challenge, several numerical methods have been expounded
to obtain the analytical solutions of PDES and ODEs, such as the Adomian decomposi-
tion method (ADM) [21], g-homotopy analysis method (q-HAM) [22], pseudo spectral
method (PSM) [23], Laguerre wavelets collocation method (LWCM) [24], new Legendre-
Wavelets decomposition method (NLWDM) [25], etc. Fuzzy FPDEs have expanded in
prominence over the last decade as a result of their vast applicability and significance in
analyzing the behavior of complex geometries. Recently, Hoa et al. [26,27] investigated
the gH-differentiability with a Katugampola fractional derivative in the Caputo sense and
employed fuzzy FDEs. Salahshour et al. [28] expounded the H-differentiability with the
Laplace transform to solve the FDEs. Ahmad et al. [29] studied the third order fuzzy dis-
persive PDEs in the Caputo, Caputo-Fabrizio, and Atangana-Baleanu fractional operator
frameworks. Shah et al. [30] presented the evolution of one dimensional fuzzy fractional
PDEs. For more details, see [31-34] and the references cited therein.

Accessing the influence of PDEs for external potential has been extensively applied as
amodel for the evaluation of multiple challenges. The Fornberg—Whitham (FW) model is an
important complex formulation in mathematical physics. The FWE [35,36] is presented as

of 3 f of 0% of of 9*f

AT T R T T T A V24

0]

where the fluid velocity is expressed by f(¢1,9) along with ¢; as the spatial co-ordinate
and ¢ denoting time. In 1978, Fornberg and Whitham [35,36] contemplated a solution
f(¢1,0) = dexp (%1 - %) with an arbitrarily defined constant of «. The FWE has been
discovered to need peakon outcomes as a model for controlling wave heights and wave
break frequency. Recently, various sorts of FWE models in physics have been investigated
by Abidi and Omrani [37], Gupta and Singh [38], Lu [39], Sakar et al. [40], Chen et al. [41],
Yin et al. [42], Zhou and Tian [43], He et al. [44], Fan et al. [45], Jiang and Bi [46].

This research creates a modified fuzzy EADM framework to assess the fuzzy time
fractional FWE. The approximate analytical solutions for various fractional Brownian
movements, as well as standard motion, are derived using the uncertainty parameter in
ICs. Graphically, the diversity of approximate results is illustrated, and the error estimate
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demonstrates the validity of the approximate analytical solutions. In the time fractional
operator form, this equation can be expressed as

ot 3 f of 0% of of 9*f

- RLN LA I LA 2
a0« " asal2 " at, ‘o ‘ot T a0 a2 @

subject to ICs £(¢1,0) = exp (%) and cosh? (%1), and « € (0,1] is the order of the time
fractional derivative. It is remarkable that the exact traveling wave solution of FWE subject
to IC £(¢1,9) = 0.75exp (%%w) has been investigated in [38].

In order to simplify the approach to solving ODEs and PDEs in the time domain,
Tarig Elzaki [47] introduced a new transform known as ET in 2001. This innovative
transform is a refinement of existing transforms (Laplace and Sumudu) that can help
determine the analytical solutions of PDEs in a similar fashion to the Laplace and Sumudu
transformations.

The ADM is a semi-analytical approach to solving linear-nonlinear FDEs by advanta-
geously creating a functional series solution, initially presented by Adomian [48]. Later,
this approach was used with numerous transformations (such as the Sumudu, Aboodh,
Laplace, and Mohand transforms), as shown in [49-58].

Owing to the above propensity, configuring the exact solution of nonlinear fuzzy
fractional PDEs is an ever challenging task. In this paper, our intention is to establish an
efficacious algorithm for generating estimated solutions of fuzzy fractional FWE, the gen-
eral FWE arising in wave breaking subject to uncertainty in IC by EADM that models the
dynamics of the system being analyzed. The EADM is merged with the Elzaki transform
(ET), and the ADM is known as the Elzaki Adomian decomposition method (EADM).
This novel method is applied to examining fractional-order FW models. The findings of
a particular test case are evaluated in terms of showing that the proposed technique is
viable. The findings of the fractional-order with an uncertainty factor are determined by ad-
vanced tools and methods. The convergence analysis for EADM was also briefly discussed.
The FW model was leveraged to generate synthesized trajectories. In a simulation study,
we illustrate the applicability and effectiveness of the offered algorithmic strategies for
determining numerical solutions. Several fuzzy fractional orders of linear and non-linear
PDEs can be addressed using the proposed method.

2. Preliminaries

This section clearly exhibits some major features connected to the stream of fuzzy
(F) set theory and FC, as well as certain key findings about ET. For more details, we refer
to [59].

Definition 1 ([60,61]). We say that Q) : R — [0,1] is a F number, if it holds the subsequent
assumptions:

1. Qvis normal (for some {19 € R; Q(419) = 1);
2. Q)is upper semi continuous;
3. QMU+ (1 —8)6) > (Q(h) ANQ(L)) VY € [0,1], 41,4 € R, ie., Qs convex;
4. c{t € R, Q) > 0} is compact.
Definition 2 ([60]). We say that a F number Q) is a {-level set described as
[Qf = {feR:Q(f) >}, ®)
where { € [0,1] and f € R.

Definition 3 ([60]). The parameterized version of a F number is denoted by [Q(), Q(T)] such
that { € [0, 1] satisfies the subsequent assumptions:

1. Q(Q) is non-decreasing, left continuous, bounded over (0,1] and left continuous at 0.
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2. Q(Q) is non-increasing, right continuous, bounded over (0,1] and right continuous at 0.
3. 90 <9(9):
Moreover, { is known to be a crisp number if Q({) = Q(0) = ¢.

Definition 4 ([59]). For { € [0,1] and x to be a scalar, assume that there are two F numbers
f=(£%), ¢ = (¢, P), then the addition, subtraction and scalar multiplication, respectively, are
stated as B

1 o= (£0)®9) ko) e dQ);

2. ted=(f(g) o) HD)ed?)
. Jxofxeh x>0,

3. XQf{(XQF,x®f)X<0~

Suppose the set D is a domain of F-valued mapping ®. Let us introduce the mappings
o(..2),90(,.0): D— R, Vzeta € [0,1]. These mappings are said to be the left and right
p-level mappings of the map ©.

Definition 5 ([28]). Suppose a F mapping © : E x E + R with two F numbers f = (£, f),
¢ = (¢, @), then the O-distance between fand § is represented as

O(f,¢) = sup [max {|£(2) — ¢(2)|, [(2) — B(0)I}]. @)

¢efo]

Definition 6 ([28]). Consider a F mapping © : D s E, is said to be continuous at (ag, by) € D
if for every € > 0 and there is & > 0 such that

d(©(a,b),0(ag, by)) < €; whenever|a —ag| + |b— by| < 6. 5)
If @ is continuous for each (a,b) € D, we say that © is continuous on D.

Definition 7 ([62]). Let B1, B2 € E, if B3 € E and By = B2 + B3. The H-difference B3 of B and
B2 is denoted as B ©™ By. Observe that B1 ©™ Ba # B1 + (—1)Ba.

Now suppose B1,B2 € E, then p1 © _gHpr = B3 &
@) B3 = (B1(2) — B,(0), B1(2) — B2(2))-

or

(i) B3 = (B1(Z) — B2(), B1(C) — B, (D))

The following Lemma demonstrates the link between the g7{-difference and the Hous-
droff distance.

Lemma 1 ([63]). Forall B1, B, € E, then

d(B1,B2) = sup ||[B1]°© gnlB2)*
celo1]

, (6)

where, for an interval [a, b), the norm is ||[a, b]|| = max {|al, |b|}.

Definition 8 ([64]). Suppose ® : D — E and ({y,8) € D. Then @ is said to be strongly

generalized Hukuhara differentiable on ({o, 9) (gH-differentiable) if 3 an element w € Esuch
that the following holds:

(i) Forall h > 0 of sufficiently small size, the subsequent gH-differences exist:

@(fo +h, 19) (S gy.[@(fo,l?), @(fo,l?) (S g?—{,®(£0 —h, 19)
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and the following limits hold:

. @([o'f‘h, 19) (&) g;L[@(Zo, 19) . @(fo,ﬂ) &) g'HG)(EO —h, 19) 89(60, 0)
lim = lim = .
=0 h 10 h al

(ii)  Forall h > 0 of sufficiently small size, the subsequent gH-differences exist:
O(ly,8) © ¢u® (b +1,09), O(ly —1,0) © ¢3O(Lo, V)
and the following limits hold:

O(lo,9) © ¢u®(bo +1,0) . Oy —1,0)C uO(y, )  0(fy, )
= lim = .
0 —h -0 —h al

Lemma 2 ([65]). Consider that ©:D + E is a continuous F -valued mapping and @((, ) =
(©(4,9,0),0((,9,0)), V¢ € [0,1]. Then

(i) If O(L,0) is (i)-partial differentiable for £ (i.e., © is partial differentiable for ¢ under the
meaning of Definition 8 (i), then

20((,8) _ (a@(z, 9) a@(w))

ol a oL @

(i) If ©((,9) is (i)-partial differentiable for { (i.e., © is partial differentiable for ¢ under the
meaning of Definition 8 (ii)), then

0L, 8) _ (a@(z, 9) 00(¢,8) ) ®)

L4 a oL

Definition 9 ([28]). Assume that a F mapping £ € CF[0,d1] LT[0, d1] is represented in param-
eterized version as f = [£-(8),%;(8)], ¢ € [0,1] and & € (0,dy), then CFD in the F sense is
stated as

[D*(80)], = [D*£(80), D*E(80)], ¢ € (0,Z], ©
where g = [{].
9
[D*£(8)] sl 0/ (6 ta)1-- ld—f(mdzlhz%,
9
ng o— d
[D*t(80)] = {0/ )1t i (ﬁl)delhzﬂo. (10)

2.1. A Fuzzy Elzaki Transform for Fuzzy Caputo Fractional Derivative and a Fuzzy
Atangana—Baleanu Fractional Derivative Operator

Definition 10. Consider f to be continuous F-valued mappzng and assume that exp (22 ) oF{C))
is an improper fuzzy Riemann-integrable on [0, co) and then f exp (22) © £(9)d0 is said to be
the fuzzy Elzaki transform and is described over the set of mappmgs:

M= {f(z?) :3z,p1,p2 > 0, [£(8)] < 2, if 8¢ (—1) x [o,oo)\}. 1)
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where z is a finite number, but py, py may be finite or infinite, then the fuzzy Elzaki transform is
described as
)

E{f(9)} = Q(w) = w /e’ ©H(0)d, 9>0, w e [p1, pal. (12)
o

Remark 1. In (12), f hold the cases of the decreasing diameter £ and the increasing diameter f of
a fuzzy mapping £. Moreover, when w = 1, then the fuzzy Elzaki transform reduces to a Laplace
transform.

The parameterized version of £(9) is defined as

w *%f(ﬂ)d&: w i *%g(ﬂ)dﬁ,w i *%f(ﬂ)dﬁ . (13)
Jrstoms ]ttt
Thus,

E[£(6,0)] = [E[£(8, 0], B[{(8,0)]]. (4

2.2. Some Algebraic Properties of Fuzzy Elzaki Transform
Here, our first result is the following theorem.

Theorem 1. Assune that an integrable fuzzy valued mapping £ (8) and £(9) is the primitive of
£9)(9) on [0, o), then

-1
E [f(q)(ly)] — (é)q oE[f(®)] e Z;)wwa o £%(0). (15)

The first few terms of (15) are represented as follows:

-t

/ 1 7
E[F(9)] = (=) 0 Qw) ew o K0),
E[F'(9)] = (70 Q) ~woF(0) e 0). 16)
Proof. Assume that { € [0,1] is arbitrary, and then we deduce

q—1
(L)CE[®)] o ¥ > 0f)(0)
k=0

1 —1

= (Grosr@e) s Lo 1 om0, o Elie0) s Lot 7 0f0:0).  (17)
w x=0 w x=0

In view of (14), we have

(l)" oE[f@©)] o E wW? =T o §09(0)

w k=0

- (2[f0@:0) B9 0:0) ). as)
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By mathematical induction, (15) holds for ¢ = x and, utilizing (18), we have

E[#©0)] = oE[F®)] o0

= % © {(%)" OE[f(9)] o ngﬂ @ E(0)| © £ (0)

= (1)~ O E[H(9) e Lt ot o). (19
7=0

Consequently, (15) is truewhen g = x + 1. This completes the proof. [I

Our next result is the convolution property of the fuzzy Elzaki transform.

Theorem 2. Assume that two integrable fuzzy-valued mappings t1(9) and £5(9), with their
respective fuzzy Elzaki transforms Q1 (w) and Qo (w), respectively, then

B <) (0)] ot o Qi@ 0 Qulw), )

where the convolution of t1 * £, is defined as
o 9
/f 2 (0 — T)dT = /f — 1) © f(1)dr. (1)
0 0

Proof. Utilizing (13), (20) and (21), we have

4 © 9
{ Yo (9 - T)dT:| =w [ exp( ( Yo (09— T)dT) dr.  (22)
fr / re

Exchanging the order and limit of the integrals, we have

S}

{/ﬂ D)o b8 - T)dr] - w/ (i(r) ®l7exp(f %) ®f2(1977)d19>d7. 23)
0 0 T

Substituting 6 = ¢ — 7, we have

[exp () oo - a0 :/exp(’(g )) o ha(0)a0
T 0
:exp(f 7) @/exp(— —) @k (0)do
0
:exp(—i) @é@Qz(m). (24)

Thus, we conclude

=w 10 Q) (w)®Qi(w). (25)
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Theorem 3. (Inverse fuzzy Elzaki transform.) Consider the mapping £(9) € M and Q(w) to
be the fuzzy Elzaki transform of the mapping £(9), then the inverse transforms E—1 are presented
as follows:
1 ay+1by 1
E7Q(w)] = lim —0© / Q(;) ® exp(dw) O wdw

T byesoo 27TL
a1 —1iby

=Y residues of [ ( ) ® exp(dw) © w} (26)

Adopting the idea of Allahviranloo et al. [66], here, we illustrate the fuzzy Elzaki
transform of Caputo and generalize the Hukuhara derivative o3 Dgf(d).

Theorem 4. Consider an integrable fuzzy-valued mapping o3 Digf £(0) and £(9) is the primitive of
D"‘f( ) defined on [0, 00), then the CFD operator of order w satisfies

« q-1
E[gHD?,’f(ﬂ)] = (%) oE[f9)] e ;)wz"’“’" of0), g—1<a<1. 27)

Proof. By means of Definition 10 and Theorem 2, we have

9
- 1 o
wDSO) =g o [e-0r e zf;(q e
0
1 -
= i) eel (28)
I(q—a)
Again, in view of Definition 10 and Theorem 1, we obtain
- 1 ~
wDSEO) = rEep) @E{M—“—l ® fw)(ﬂ)}
NG ! .
= (;) OE[{(8)] & Y w0 E9)(0). (29)
k=0

Using the fact that { € [0, 1], and the result provided by Salahhshour et al. [67], we have

1@ y -1 .
(=) @E[@)] 6 ¥ v 0i(0)
k=0

(s Bt 3 o) - Eo ). o
This completes the proof. [
Next we illustrate the linearity property of yjr fuzzy Elzaki transform.

Theorem 5. Assume that there are two continuous fuzzy valued-mappings f1(9) and f,(9) with
real constants ¢y and c,,, then

E[cl oh(®)@no fz(ﬂ)] -6 E[El(ﬂ)} T @]EFZ(&)]. 31)
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Proof. Consider ¢ € [0, 1] to be arbitrarily fixed. Then, by means of (13), we have
. i 7 , —9
Efc 0h(®) @0 f(8)] w/ @ ©h(8) © 0 h(9) Oexp (—-)do
0
w/cl’)fl(ﬂ) Oexp (— )dﬁ@w/czofz( ) @exp ( ﬂ)d(‘}
:(chw/fl )@exp (— )dz‘}) <c2(\w/f1 (8) ®exp (— )dﬁ)
:cl®( /fl %;0) Jexp( dﬂw/fl(l?§0exp( )dz?)

® cz@< / (8;0) @exp (— d&w/fz(ﬂ§ Oexp (— )d&)
0

= OE[H(®)] + 0 0E[B(0)], (32)
This completes the proof. [

Definition 11. Consider f € CF[0,d1] NLE[0,d1] such that £(8) = [£(9,(),£(9,)], ¢ € [0,1],
then the Elzaki transform of fuzzy CFD of order a € (0, 1] is described as follows:

E[(D*(8))] = [E[D*£(9,0)], E[D*E(8,0)]], (33)
where
ED66,0)] = BIE0,0)] - z £ (L), w e (q-1,q),
E[D"#(9,¢)] = fE[f (8,0)] - Zf (b, we(qg—1,q. (34

Definition 12. Consider f(¢) € (0, T) and « € [0,1], then the ath-order variable Atangana—
Baleanu derivative under (i)—gH differentiability of f in the Caputo sense is stated as

[4PCD8 0, f(00:0)] = [4PCDY) 0, (80:0), AB°D) oy f(90:0)], Ce 01), (@39)

where

N —(0-6)
APEDY_onf(90:0) = “ { £l —gn () E ["‘(70(1)],1(1} o=ty
=%

ABC%%H%;@:M[ fzi%g;{(fl)Ea[M]d&Lid, (36)

where N () denotes the normalize function that equals 1 when « is assumed to be 0 and 1. Further-
more, we suppose that type (i)—gH exists.  So here is no need to consider (ii)—

8H differentiability.
Yauvaz and Abdeljawad [68] defined the ABC fractional derivative operator in the

Elzaki sense. Furthermore, we extend the idea of a fuzzy ABC fractional derivative in the
Elzaki transform sense as follows:
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Definition 13. Consider f € CF[0,dy] NILF[0, d1] such that £(8) = [£(9,), £(8,0)], { € [0,1],
then the Elzaki transform of fuzzy ABC of order o € [0, 1] is described as follows:

E[(ABCDf(8))] = [E[ABCD£(9, )], E[*B<DF(8,0)]], (37)
where

o) - N0 [BOD )

S P U LT (39)

3. Proposed Algorithm

Here, the general methodology of obtaining the numerical results of one-dimensional
fractional FWE involving the CFD and ABC fractional derivative operator in the fuzzy ET
is investigated.

The parameterized version of (2) is presented as

am £(41,8;0) = BZZM £(41,8; C) a[ (6,6 C) +1(6,8; C) (41119 Z)
—i(ﬂl,ﬂ;g)a[ﬁ(ﬂl,ﬂ, o)+ i( 1.9 g) 3[2 £(41,9;0),

£(64,0) = g(fllg),

S k(00,8:0) = 53558(0,8:0) — B, 0;0) +1(81, 8:0) (00, 8:0)
7f(€1,19 C)ag (51,19 C) +3ag f( . C)agz (51,19,@,

£(61,0) = 8(41;0).

Employing ET on both sides of the first preceding case of (39) by utilizing the fuzzy
CFD, we have

(39)

a3 8 2°
E[f(01,8:0)] = [wa SE(01,0,0) — S7-(01, ) + (0,8 g)—§ (01,8:0)

4((1,19,-@%;@1,0;@ RO (7o) )

902”

subject to the IC £(¢1,0) = g(¢1), we have

q-1 83 a
B0, 8:0)] = ) £ (i w1 = E{aﬂaﬂ (61,8;0) — ((1,19 0) +1(6,0; C) aeg (51119/'5)
k=0
(01,88 3981, 6:0) +339-£(01,0:0) 2 (M 0]
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or, accordingly, we have

3 33
Bl 0:0] = «s(0h:0) + B | (6, 00) - if(w 0+ 56,8, z;)—s (1,80
1

7£(‘€1/l9/' g) %i(el,ﬂ; g) (élr19 é) afz (é1,l9 g)

(41)

Again, applying ET on both sides of the first preceding case of (39) by utilizing the fuzzy

ABC fractional derivative, we have

aw® - 3
Bl 0] =altnd) + (M E St 60 - st 00)

PS
a£3

a 92
(El,l? g) (glll9 g) (El, ; g) @i(f],l’, g) ag (‘61119 g) aéz (glll9 g)

The unknown series solution is expressed as

£(41,9;0) = Z (61,8;0),

and the nonlinear terms are decomposed as
3

Ni(0,8:0) =), A6, 8,0) = £(0, 9 é)a€3 (01,8;0),
q=0
No(0,8:0) =Y B,(41,87) = £(€1,0;C)ﬁ£(€1,0; ),
q=0 g
) 9 2
No(O,08) = LCy(0,6:0) = 5ot( 50) T8, 050,
q=0
where A, B, and C, are known to be the Adomian polynomial are presented as

A=0

1 d1 >
By = g {/W(ZA%(&,&Q))L ,

=0

e b E i)

Now, (41) and (42), respectively, can be expressed as

1 d =
a s (Frans)]

(=)

B s - s £ () £ (o),

=0
3 A0, 0:0) — 1 By(6,850)+3 Y- (6,830

q=0 q=0 q=0

and

61

(42)

(43)

(44)

(45)

(46)
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£5(01,9;0)
£(61,9,0)

£2 (Elf v; g)

fq+1 (Elf 19; g)

iO(ello; g)
£(61,9;0)

iz(ell 19! g)

f,11(01,9;0)

2 ) e +1—a ad 83 s
+ iA (01,8;0) — i B,(61,8;0) +3 qu(&,ﬁ;g)} (47)
q=0 q=0 q=0

Applying the inverse ET on (46) and comparing terms by terms on both sides, we have
=E! [wzg(él;g)],
d

~E™ [wE[( 5 Za G0 8:0) — (5780, 6:0)) + 40,80 = Bi(6,8:0)

+3C; (Zl,ﬂ;g)H,
=E! {waJE[(a;zw,(&,ﬂ C)) (a(zli(él,ﬂ; é))2 + Ay (01,9,0) — By (01, ;0)

430,90,

3

= [ (250 :0)), ~ (57,60 8:0)) + Ay(00,0:0) = By (41020
+3¢,(0,8,0)]|

Again, applying the inverse ET on (47) and comparing terms by terms on both sides,
we have

=E ' [’g(t:0)],
— g1 {(awoj\;i)f"‘)E[(aéazzﬂf(h,ﬂ 5)) <ae £(01,9; g))o + Ao (01, 8;0)

~Bo(1,9;0) +3C(01,9;0) | }

“E KWLJ\;F(;)_ aﬁ[(aeﬁawwl’ﬁ Q) (aii ft 8 g))l A, 0)

~B1(,0:0) + 311, :0)] |,

o (et +1—a 0° d
= (5 Bl gt 00), - (st 00), + Ayt 00)
B, (1,:0)+ 3, (6,0:0)] |
Hence, the required series solution is expressed as

£(41,8;0) = £o(6, 0;0) + £1.(61, 8;0) + ... (48)
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Repeating the same procedure for the upper case of (39). Therefore, we mention the
solution in the parameterized version as follows:

{ (61,8:0) = £o(£1,8;0) + £1 (61, 8:0) + @9)

(glr19 g) - fo(flrl9 g) (Elr19 g)

4. Test Examples and Their Physical Interpretation

In this note, we demonstrate the series solutions with the aid of EADM concerning
different initial conditions by employing fuzzy Caputo and ABC fractional derivative
operators, respectively.
Firstly, we surmise the FW model (2) by considering EADM.

Problem 1. Assume the one-dimension fuzzy fractional FW model with fuzzy ICs is represented

as follows:
0" 3 E) 3
819‘1 (El,ﬂ g) 8(2819 (ell19 g) (glll9 g) @f(el,ﬂ g) a£3 (61/19 g)
2
S04, :0) © -0, 0:0) & S F(61,0:0) 0 s f(0.00),
F(6,0) = (0) © exp (%), 50)

where %({) = [&(g),x(g)} =1[0—1,1—7]for ¢ € [0,1] is a fuzzy number.

Proof. The parameterized version of the problem (50) is expressed as follows

319“ (fl,ﬂ é) 852319 (61119 g) (61119 g) + f(glll9 g) (fllﬂ g)
7£(‘€1/ 79; g) aly i(elr 19/ g) + m,(ﬁ, 79/ g) aéz f(elr 19 é)

f(fl, ) = x(0) e, (3),

k0, 8;0) = 342819 (01, 0;0) — 53-E(01,8;0) + E(01, 8; Q% (01,8;0)
—F(01, 0;0) 5780, 8:0) + 2 8(0,8:0) 31, 80,

£(1,0) = x(0) exp ().

Case L. (For the fuzzy Caputo fractional derivative)

Here, we obtain the EADM solution for the first case of (51) by using the fuzzy Caputo

fractional derivative operator.
Taking into consideration the procedure described in Section 3, we have

(61

q—1

—E[f(¢1,9;0)] - Zof o (1; Qw4 F"

3
St 050) — S £(61,0:0) + K61, 0:0) S (0, 830)
l

~6(60,0,0) -0, 050) + 50-8(60,030) 2 6(61,0,0) .

o63~

Simple computations result in

3
£(01,0;0) = (C—l)eXP( )+E! £(01,9;0) = if(él 90 +£(0,8:0) 57 (/1 %,0)

F]
W*'E
[aﬁa&

86, 00) 57801, 850) + S (01,00 m,ﬂ;o” (52)
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Let us surmise the infinite sum £(¢1, 9;{) = ozo: gq(fl, %;0), (1=0,1,2,...) accompanying
0

it with (45) and affirming the non-linearity. Therefore, (52) takes the form

« , o “

L4000 =@ -Dexp(5)+E [q;([za&fmu) ,;)( £(1,0:0)
+L4- iﬁwai@]] (5)
7=0 9=0 7=0

The first few Adomian polynomials are

. foafa fo, 1=0,
Aq(fﬁQ ioazsil +f137,3f0r =1
3
ilaBT\;EZ +£1§7?£1 +i2§7?f , 4=2,

3 fo37-f0, 1=0,
B, (fazl f) 5 agl fi+1f 351 fy, g 781,
bisnk +honh +honto =2,

9 ¢ 0% _
- %foﬁfo, q=0,
G (Eiﬁi) ={anfose 9 26 + anfi b o, 1=1, (54)
1 9 ¢ 0% _
aglfl M%fz + a[1f1 M%Q + %fzﬂfo, qg=2.

then (53) simplifies to

f(6,60 =@ Dep(),
bty =5 o D), (2a600), 15
-1 by
:7TQXP<71)F(0¢+1)'
3
b0 —E B[ (5ht0,00), - (40,00), + - B+ 30|
‘1
_ —(@-1 4, 9t (é'*) 82
~ s EXP(E])r(za) exp (5 )F(2a+1)
£3(00,8:0) :Eﬁ{wm[(a;w (6,8:0)), - (ai (0,8:0)), + BZ+3C2H
(=) by, 92 (-1 £, 9 (7-1) 1 93
R (El)r(safl)+ 3 eXp(zl)r(a)_ 8 eXp(il)r(aaH)'

By implementing a similar technique, the remaining terms of f, (g > 4) of the EADM
solution can be simply determined. Furthermore, when the 1terat1ve process expands,
the accuracy of the obtained solution improves dramatically, and the deduced solution
moves closer to the precise result. Finally, we have come up with the following answers in
a series form

£(61,9,0) = £o(01,0,0) +£,(61,9,0) +£,(61,8,0) +
such that

i(ell 191 C) = &)(glrﬁ g) (Elrﬂ g) (erﬂ g)
£(41,9,0)  =10(01,8,0) +£1(01,0,0) + f1(41,9,0) +

FA
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Consequently, we have

£0,0,0) = -1exp (71) - g Lexp (h) r(aﬂln

C-1 ¢ 19“' Q-1 b, o
s CX‘O(J)r(m)+ 1 EXP(%>F(2£X+1)

€-1 A ()] R A (! by o™
) EXP( )1"30(71 g () e T s Yoo (5 2 T
( (3a) ( )
-9 Gy o2t (1-9) hy, o
5 Ot T Q) ey
(1, 0 i P2 (1-7 0.8 (1-Q) A o
exp ( 1)1_(3“71) e p(%)l"(&v) - exp (= )m (55)

Case II. (For the fuzzy Atangana-Baleanu Caputo fractional derivative)

Here, we obtain the EADM solution for the first case of (51) by the using fuzzy ABC
fractional derivative operator.

Taking into consideration the procedure described in Section 3, we have

o2 ) aw*+1—a ? )
E[i(gllﬂ/ g)] =w i(K)(gllg) + < N(zx) >]E|: Zzaﬁf(gllﬂ g) g (élr19 g)

0 ]
+£(41,8; €)73 (01, 9;0) — £(41, 8; G) (fl,ﬂ 0+ 7f(£lr C) (fl,ﬂ €)]
i
Simple computations result in
[ZEre

(0,00 = (c—1>exp(%) +5! [(%)E[aa 60,80~ o861,

(M@) <4 MH(AM)—f(hﬂm—f(wc)a[z (M@H (56)

Let us surmise the infinite sum £(¢1, 9;{) = % fq(fl, 9;0), (9 =0,1,2,...) accompanying
0

it with (45) and affirming the non-linearity. Therefore, (52) takes the form

i 60,00 =@ Dep()
e )
+fa-Eseate)| &7
4=0 q=0 7=0
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Utilizing the Adomian polynomials described in (54), then (57) simplifies to

b

fo(61,8;0) =(E-Dexp(5)
£1(61,8;0) Z]E”Kmi\;(:%)ﬁ[ azzaof(“’ﬁg) %%““’”Dﬁﬂ’&*%u
= 2/\/(11 )[r“ "‘)]’
(6, 9:0) :Efl{(wi\;;%) azzaﬂf“l’ 8:0), - (az ([1’195))1*Al’§1+3glu
_ 8;\52 D exp (4 ["‘;‘gil 1)%+a%+(1ﬂm]
+(g exp [riﬁjl +2(1 a)%ﬂlﬂx)z],
G698 =E° {(Wﬁii) azzaw“”“» (az ([1’195))2+AZ’§2+3Q2H
fay — B — e + 226 -2l
32N3 exp { —24%(1 ﬁ;m; (1= @) gl + (1= a)(7 - 60) Fiy
1201 - w)(1 - 2q),

By implementing a similar technique, the remaining terms of f, (g > 3) of the EADM
solution can be simply determined. Furthermore, when the iterative process expands,
the accuracy of the obtained solution improves dramatically, and the deduced solution
moves closer to the precise result. Finally, we have come up with the following answers in
a series form

i(fll 19/ g) = EO([llﬂ/ g) +£l (lll 19/ g) +£l ([1/ 19/ é) +

such that

i(ellﬂlg) :&)(61,19 C) (‘61179 é) +fl(‘€1rl9 é)
I:(411 4, C) I: (glr 0, g) (Elr 0, g) + fl(glr 0, g)

Consequently, we have

. £ -1 14 o
(6,00 =@-Dep (- fN—(a)exp (71) [ﬁ +-)
1) 20211 1 ﬂa 1 ta 9% +<] B
8'\/z a) [ F(a) T(a+1) “ }
1) Z Zlk o 5
a)exp [ NeTEs)) +20(1 — nx)r(a+1)+(lfa)}
€-1 el - B - i 20265 - 20) iy
-1 L 2 w2 1
" P ()X -0 B (-0 a0 - g e
+2(1—a)(1 - 24)
- 0 ) 9@
Ha,00) = (-Dew(3) - gree () [ﬁ + m%
1-9 4 [a0> 1 9! 9
et () e eV e 0]
1-29 G [_a?6™ ) y 9 2
N °Xp(7){r(za+1) +2 =)y T }
i — A~ e T2 6 -2k
3(1/\/*%)) o (2) x 21— B (- a1 - e ) 4 (58)

+2(1 —a)(1 —2a)
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In this analysis, Figure 1 demonstrates the insight into the influence of multiple layer
surface plots for Problem 1 correlated with the CFD and Elzaki transform in the fuzzy sense.
It is worth mentioning that the profile identifies the variation in the mapping f(¢1, 9; {) on
space co-ordinate {1 with respect to & and uncertainty parameter { € [0,1].

The graph illustrates that as, time progresses, the mapping f(¢1, 9; {) will also increase.

e The effect of the proposed methodology on the mapping f(¢1,9; () is displayed in
Figure 2a for the varying fractional orders « = 1,0.85,0.75,0.55 by considering CFD
operator. It exhibits a relatively small increase in the mapping f(¢1, 9;{) with the
decrease in f(¢1,9;0).

e The profile graph of Figure 2b demonstrates the lower and upper solution of varying
uncertainty when the fractional order is assumed to be & = 0.2 by proposing CFD
operator. It emphasizes a relatively small variation in the mapping £(¢1, 9; {) with the
increase in f(¢1,9;7).

e The effect of the proposed methodology on the mapping (¢, ¢;{) is displayed in
Figure 3a for the varying fractional orders « = 1,0.85,0.75,0.55 by considering the ABC
fractional derivative operator. It exhibits a relatively small increase in the mapping
£(¢1, ;) with the decrease in £(¢1, 9; ).

e The Profile graph of Figure 3b demonstrates the lower and upper solutions of varying
uncertainty when the fractional order is assumed to be & = 0.2 by proposing the
ABC fractional derivative operator. It emphasizes a relatively small variation in the
mapping £(¢1,9; ) with the increase in f(¢1,9; ).

e  Figure 4 demonstrates the comparison analysis between the CFD operator and the
ABC fractional derivative operator for varying fractional order with uncertainty
i € [0,1], exhibits that lower the solution profile for the ABC fractional operator has
strong ties with the upper solution as compared to the CFD operator.

e  Figure 5 shows the comparison analysis between (f(¢1, 9;{) and the exact solution),
(£(¢1,8; ) and exact solution), respectively, for three dimensional error plots by con-
sidering the CFD operator.

Furthermore, the offered approach does not provide a unique solution but will aid
scientists in selecting the best approximate solution. It is remarkable that the fuzzy ABC
fractional derivative operator has better performance than the CFD operators, because the
curves have a strong harmony with the integer-order graph in the ABC operator case.

C_Jfata-1
B ot o= 1

B o o — 085
B E of o =085
i f af o = 0.75
. Jfata=075
ol o= 0.55
B ol o =055

f(fla 19, C)

Figure 1. A three-dimensional surface plot indicates the lower and upper solution f(¢1,9,7)
taking into consideration the fuzzy Caputo fractional derivative operator for Problem 1 when
a =1,0.85,0.75,0.55 with uncertainty ¢ € [0,1].
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2 . ; ; ; ; ; ; ; ;
15
1
fata=1
—_ fata=1
05 4
~ fata=085
= Ll fata=085 |
g fata=0.75
« fata=0.75
o5k fata=055 |
fat a =0.55
A ]
150 4
0 02 04 06 08 1 12 14 16 18 2

<
=
< ° fatC=1 [
B fat¢=1
0.2 fat (=085 ]
fat (=085
o4l fat¢=075
fat (=075
s fat (=055 ]
‘ ‘ ‘ ‘ ‘ fat (=055, |
0 0.2 0.4 0.6 0.8 1 1.2 1.4 16 18 2
4
(b)

Figure 2. (a) A two-dimensional plot indicates the lower and upper solution f(¢7, 9, ) taking into con-
sideration the fuzzy Caputo fractional derivative operator for Problem 1 when a = 1,0.85,0.75,0.55
with uncertainty { € [0,1]. (b) A two-dimensional plot indicates the lower and upper solution
f(¢1,0,{) taking into consideration the fuzzy Caputo fractional derivative operator for Problem 1
when ¢ = 1,0.85,0.75,0.55 with the fractional order a« = 0.2.

3 os5F fata=1 1

ES fata=1

5ol fata=085 |

Ei fata=085
o5k fata=0.75 1
: e f at o = 0.75

Figure 3. Cont.
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f(fl«,l?»o

-0.1

-0.2

04k

0.4 F

02

0.1

(b)

fat¢=1 R
fat¢=1
fat (=085 f
fat¢=085
fat (=075 g
fat¢=0.75

1.2 1.4 1.6 1.8 2

Figure 3. (a) A two-dimensional plot indicates the lower and upper solution f(¢1, 9, () taking into
consideration the ABC fractional derivative operator for Problem 1 when « = 1,0.85,0.75,0.55
with uncertainty € [0,1]. (b) A two-dimensional plot indicates the lower and upper solution
£(01,9,0) taking into consideration the ABC fractional derivative operator for Problem 1 when
¢ =1,0.85,0.75,0.55 with fractional order &« = 0.2.

N

[ JfatCFD
Bl ot CFD
B o ABC
It ot ABC

Figure 4. A comparison three-dimensional plot indicates the lower and upper solution f(¢1,9,)
taking into consideration the fuzzy Caputo and fuzzy ABC fractional derivative operators for
Problem 1 when ¢ = 0.2 with fractional order a = 0.85.
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o=
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(b)
Figure 5. (a) A three-dimensional absolute error plot indicates the lower and exact solution (Remark 2)
of f(¢1,9,{) taking into consideration the fuzzy Caputo fractional derivative operator for Problem 1
when & = 0.85 with uncertainty { € [0,1]. (b)A three-dimensional absolute error plot indicates
the upper and exact solution (Remark 2) of f({1,9, () taking into consideration the fuzzy Caputo
fractional derivative operator for Problem 1 when & = 0.85 with uncertainty ¢ € [0,1].

Remark 2. When x({) = x({) = 1 along with « = 1, then both solutions of Problem 1 converge
to the integer-order solution £({1,9) = exp <%1 - %)
Problem 2. Assume the one-dimension fuzzy fractional FW model with fuzzy ICs is represented
as follows:

93

SHOGD) = 2o H,0,0) © o T (0, 0:0) 010,80 0 a H(00,0:0)

819“ 862819

ok, 0:0) © if(fm 0@ 3 H0,80 0 %f(w; 0,
F(1,0) = 2(0) © cosh? (1), 9)

where ¥(7) = [x(2),x(Q)] = [Z — 1,1 =] for ¢ € [0,1] is a fuzzy number.
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Proof. The parameterized version of the problem (50) is expressed as follows

ag« £(01,8;0) = ayZag £(61, 8; g) ((1,19 C) +1(4,8; C) a[3 £(41,8;7)
7f(£1,19 C) aly f([l,ﬁ é) + af (51,19 C) a[Z f([l,ﬂ é)

£(01,0) = x() cosh?® (%),

Skt 8;0) = ym(mﬂa ﬂ%0®+ﬂhﬁ0%(%&0
*f(fhl%@agl £(01,8,0) + m (glfﬂ/C)afzf(le’ ),

£(01,0) = %(2) cosh? ().

Case 1. (For the fuzzy Caputo fractional derivative)

Here, we obtain the EADM solution for the first case of (51) by using the fuzzy CFD operator.
Taking into consideration the procedure described in Section 3, we have

(60)

q—1
SB[, 850) - L fg (0w
k=0
? 8 °
= E|55t(00 :8) — 5rf(0,00) + (61, 0:0) (0,0
)
50, 50) (01, 0,0 + 5786, 00) 01, 8:0) |

Simple computations result in

£(6,,8;0) = <g,1>msh2(f)+1a

J >
E[ [zaﬂf“l %;0) — %i(éllﬂ;é) +i<41,19;5)w£(41,19;§)

~(0,8,0) - £(01,6:0) + 5 f</1t9§a€2f(hl9gH. (61)

Let us surmise the infinite sum (41, 9;{) = OZO‘, £, (1, 9; ) accompanying it with (45) and
q=0

affirming the non-linearity. Therefore, (63) takes the form

00 [ 00 BS 00 9

Laod  =@-new (a7 |wB| T (eee0) - T (6000),
+i&7izwfgﬂ (©)
q=0 q=0 =

Utilizing the Adomian polynomials described in (54), then (64) simplifies to
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fo(e,8:0) = @-1(5+ %h (1)),

f(a,00) =B [ B[ (5o, 0:0), - (570, 5:0) Ao~ B+ 36|

FRTre
B by
=3¢~ sinh (?) T(a+1)

?
f2(01,8;0) =E! w“E{(a£28ﬂ7(€1,0 g)) (a?lﬂgl'ﬂ"@)l + A - B, +3Q1H
=t Lt 242(7—1) Lo
= 128 (¢~ Vsinh () 7 1008 M)ty
¥ d
60,60 = *{w”ﬂ(mﬁ(&,ﬁ;@))z (yf(rzl,w))zwz—ﬁﬁsgzﬂ
1
I S (e S B R 242(7 — 1) ly, 0
T 512 Smh(i)r(,xﬂ) 2048 Sh(i)r(zaﬂ)
7986(¢ —1) . 4y, O
VT Smh(?)r(3a+1)’

By implementing a similar technique, the remaining terms of £, (g > 4) of EADM
solution can be simply determined. Furthermore, when the iterative process expands,
the accuracy of the obtained solution improves dramatically, and the deduced solution
moves closer to the precise result. Finally, we have come up with the following answers in
a series form

£(01,9,0) = £5(€1,9,0) + £,(01,9,0) +£,(41,0,0) +
such that

i(ell 9, g) = ﬁ)(glr 0, é) (er 0, é) + fl(glr 0, é)
f(611 19/ g) f (fll 19 g) (El, 19 g) + fl(gll 19 g)

Consequently, we have

¢ ¢ @
£(01,9,0) = (é—l)(%+%cosh (%)) - %(é—l)sinh (%)ﬁ
363(¢—1) O 7986(C—1) b, 9®
1024 (2) T(2a+1) iz () rEary T
] o ¢ @
0,00 =01-¢ (7 7cosh< ))—E (1-0)si nh(%)%
363(1— ) 0, o 7986(1—) . by, 0%
T 0 OSh(?)r(zwrl) T o132 oM (?)r(3a+1) +

Case II. (For the fuzzy Atangana-Baleanu Caputo fractional derivative)

Here, we obtain the EADM solution for the first case of (51) by using the fuzzy ABC
fractional derivative operator.

Taking into consideration the procedure described in Section 3, we have

““’““*“) [a £(61,:0) — 59-£(0,030)

Elf(0,0:0)] = @t (i) + ( o B st

(0,00 0 (M@)—f(wo—f(wo (0,650 Zt(61,8,0)|

BIZ
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Simple computations result in

0,00 =@ et () 4B [(%)E[aﬁwm 00~ e t(0,0:0)

+£(01,9; C)*f(fl 8;0) — £(61,8; C)*f(fl %) + a (51 o C)

7 wieo0]| 6

Let us surmise the infinite sum £(¢,8;0) = T £,(¢1,8;{) accompanying it with (45) and
0

affirming the non-linearity. Therefore, (63) takes the form

Loeed =@ nesd (§)+E7 | (TR [ (i e0e0),
*i(aé £<41M)) iAqffﬁ,JMfgq”‘ (64)
7=0 7=0 7=0 7=0

Utilizing the Adomian polynomials described in (54), then (64) simplifies to

fo(f1,8;0) =(- (* 7cosh(?1))
aeey = (H)s)( aézw, 40, = (5786, 5:0) + Ao~ B+ 360
11 0 A
:7§(§*l)bmh(i)[m+(1,m}
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By implementing a similar technique, the remaining terms of f, (9 > 4) of the EADM
solution can be simply determined. Furthermore, when the iterative process expands,
the accuracy of the obtained solution improves dramatically, and the deduced solution
moves closer to the precise result. Finally, we have come up with the following answers in
a series form

i(flrﬂr é) = iO(glf v, 6) +£l (fl/ v, g) +£l (Elr v, C) +

such that

i(éll 19/ g) = &)(Elrﬁ g) (El,ﬂ g) (El,ﬂ g)
£(41,9,0)  =10(01,8,0) +£1(01,0,0) + f1(41,9,0) +
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Consequently, we have

(0,80 =(C- )(% n %Cosh (%)) - %(gf 1)sinh (%1) [r(ziin +a 711)]
. 2920 s
3,631(524 Y cosh (%) [r(;al: Ry ey G ”‘)2]
7986(¢ —1) . . ad g 8% 0
15 sinh (3) {F(Bzx+1) +3(1 ~ ey TR0 7“)21"(0(+1)
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— /2920 X
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7986(1—-¢) ., ! ady ! 92« I
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+(1ﬂx)3] R

In this analysis, Figure 6 demonstrates the insight into the influence of multiple-layer

surface plots for Problem 2 correlated with the CFD and Elzaki transform in the fuzzy sense.
It is worth mentioning that the profile identifies the variation in the mapping f(¢1, 9; () on
space co-ordinate ¢, with respect to ¢ and the uncertainty parameter ¢ € [0, 1].

The graph illustrates that, as time progresses, the mapping f(¢1, 9; {) will also increase.

The effect of the proposed methodology on the mapping f(¢1,9; ) is displayed in
Figure 7a for the varying fractional-orders « = 1,0.85,0.75,0.55 by the considering
CFD operator. It exhibits a relatively small increase in the mapping f(¢1, 9; {) with the
decrease in f(¢1,9; 7).

The profile graph of Figure 7b demonstrates the lower and upper solution of varying
uncertainty when the fractional order is assumed to be « = 0.2 by proposing the CFD
operator. It emphasizes a relatively small variation in the mapping £(¢1, 9; {) with the
increase in f(¢1,9; 7).

The effect of the proposed methodology on the mapping f(¢1,9; () is displayed in
Figure 8a for the varying fractional orders & = 1,0.85,0.75,0.55 by considering ABC
fractional derivative operator. It exhibits a relatively small increase in the mapping
£(¢1, ;) with the decrease in f(¢1, 8; 7).

The profile graph of Figure 8b demonstrates the lower and upper solutions of varying
uncertainty when the fractional order is assumed to be &« = 0.2 by proposing the
ABC fractional derivative operator. It emphasizes a relatively small variation in the
mapping £({1, 9; {) with the increase in ({1, 9; ).

Figure 9 demonstrates the comparison analysis between CFD operator and ABC
fractional derivative operator for varying fractional order with uncertainty « € [0, 1],
exhibits that the lower solution profile for ABC fractional operator has strong ties with
the upper solution as compared to the CFD operator.

Figure 10 shows the comparison analysis between (f(¢1, 9; {) and the exact solution),
(£(¢1,9; ) and the exact solution), respectively, for three dimensional error plots by
considering the CFD operator.

Furthermore, the offered approach does not provide a unique solution but will aid

scientists in selecting the best approximate solution. It is remarkable that the fuzzy ABC
fractional derivative operator has better performance than the CFD operators, because the
curves have a strong harmony with the integer-order graph in the ABC operator case.

74



Fractal Fract. 2021, 5, 113

10 4 [ fata=1
S oo=1
I of o= 085
af =085

S af o= 0.75
Cfata=075

f(ela 197 C)

Figure 6. A three-dimensional surface plot indicates the lower and upper solution f(¢1,9,()
taking into consideration the fuzzy Caputo fractional derivative operator for Problem 2 when
a =1,0.85,0.75,0.55 with uncertainty ¢ € [0,1].
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Figure 7. (a) A two-dimensional plot indicates the lower and upper solution f(¢1, 9, ) taking into con-
sideration the fuzzy Caputo fractional derivative operator for Problem 2 when a = 1,0.85,0.75,0.55
with uncertainty € [0,1]. (b) A two-dimensional plot indicates the lower and upper solution
f(¢1,0,{) taking into consideration the fuzzy Caputo fractional derivative operator for Problem 2

when ¢ = 1,0.85,0.75,0.55 with the fractional order a« = 0.2.
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Figure 8. (a) A two-dimensional plot indicates the lower and upper solution f(¢1, 9, () taking into
consideration the fuzzy ABC fractional derivative operator for Problem 2 when « = 1,0.85,0.75, 0.55
with uncertainty € [0,1]. (b) A two-dimensional plot indicates the lower and upper solution
f(¢1,0,) taking into consideration the fuzzy ABC fractional derivative operator for Problem 2 when
{ =1,0.85,0.75,0.55 with the fractional order « = 0.2.
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Figure 9. A comparison three-dimensional plot indicates the lower and upper solution (¢, 9,7),
taking into consideration the fuzzy Caputo and fuzzy ABC fractional derivative operators for
Problem 2 when ¢ = 0.2 with the fractional order a = 0.85.

77



Fractal Fract. 2021, 5,113

f at CFD

Absolute error

f at CFD

©

»
o
L

Absolute error
5 0w

L

\

=)

2

9 13 0

(b)
Figure 10. (a) A three-dimensional absolute error plot indicates the lower and exact solution
(Remark 3) of f(¢1,9,{) taking into consideration the fuzzy Caputo fractional derivative opera-
tor for Problem 2 when a = 0.85 with uncertainty ¢ € [0,1]. (b)A three-dimensional absolute error
plot indicates the upper and exact solution (Remark 3) of f({1, 9, (), taking into consideration the
fuzzy Caputo fractional derivative operator for Problem 2 when & = 0.85 with uncertainty ¢ € [0,1].

Remark 3. When x({) = x({) = 1 along with « = 1, then both solutions of Problem 2 converge

to the integer-order solution £(¢1, 9) = cosh? (% — %).

5. Conclusions

The paper has demonstrated families of approximate solutions to the FWE under
gH — (i) differentiability taking into consideration the Elzaki and ADM. Fractional opera-
tors (Caputo and ABC) describing fuzzy characteristics have been separately discussed.
The fuzzy solutions of FWE proposed for such flows are characterized by EADM. Nev-
ertheless, the crisp operators are unable to simulate any physical mechanism in an un-
predictable setting. Therefore, fuzzy operators are a preferable means to describe the
physical phenomenon in such a scenario. Specifically, we illustrated two test examples of
the evolutionary method to gain deeper insight into the exact-approximate solutions to
validate the projected technique to attain a parametric solution for each case of the fuzzy
(Caputo and ABC) fractional derivative operator. It has been demonstrated that the solution
graphs predict the fuzzy solution since they satisfy the fuzzy number conditions. As for
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applications of this framework, the convergence and error analysis can be predicated by
the simulation study that specified that fractional-order plots have a strong correlation with
the evolutionary trajectories of FWE. It has also been shown that fuzzy EADM represents
two solutions, which often leads to an advantage in selecting the best one possible for a
governing model. As a consequence, the fuzzy theory connected with FC allows a model
to improve performance in an uncertain domain. In the future, we will investigate a similar
problem by defining the Henstock integrals (fuzzy integrals in the sense of Lebesgue) at
infinite intervals [69,70].
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Abstract: In this work, we investigate analytically the solutions of a nonlinear div-curl system with
fractional derivatives of the Riemann-Liouville or Caputo types. To this end, the fractional-order
vector operators of divergence, curl and gradient are identified as components of the fractional
Dirac operator in quaternionic form. As one of the most important results of this manuscript, we
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Teodorescu transform is presented in this work, and we employ some properties of its component
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theorem in fractional space. Additionally, right inverses of the fractional-order curl, divergence and
gradient vector operators are obtained using Riemann-Liouville and Caputo fractional operators.
Finally, some consequences of these results are provided as applications at the end of this work.
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1. Introduction

From an analytical point of view, the literature offers a wide range of reports that
focus on the extension of integer-order methods and results for the fractional case. From a
more particular point of view, the fractional generalization of the classical vector calculus
operators (that is, the gradient, divergence, curl and Laplacian operators) has been also
an active topic of research, which has been developed from different approaches. Some
of the first attempts to extend these operators to the fractional scenario are described
in [1,2] using the Nishimoto fractional derivative. These operators were used later on
in [3] to provide a physical interpretation for the fractional advection-dispersion equation
for flow in heterogeneous porous media. In 2008, Vasily E. Tarasov described different
approaches to formulate a fractional form of vector calculus with physical applications
in [4] (see also references therein). More recently, a new generalization of the Helmholtz
decomposition theorem for both fractional time and space was proposed in [5,6] using
the discrete Griinwald-Letnikov fractional derivative. Another related work is [7], where
the authors investigate the dynamic creation of fractionalized half-quantum vortices in
Bose-Einstein condensates of sodium atoms.

In this work, we consider fractional derivatives of the Riemann-Liouville and the
Caputo types and provide extensions of the definitions of the main differential operators
from vector calculus using these fractional operators. In such a way, we present fractional
forms of the divergence, the rotational and the gradient operators. Moreover, we also con-
sider generalized forms of the Dirac and the Laplace operators using fractional derivatives.
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Our goal in this work is to extend quaternionic analysis to consider fractional forms of
the classical differential operators. Analogues of the properties satisfied by the classical
operators will be mathematically established in this work. For instance, we will show that

RLDZ‘+ [w] = —RE divl, @ +RL grad’, wo +RL curly, @, (1)

DY [w] = —C divi, @ +C grad?, wy + curl’, @. )

In other words, when we apply the fractional Dirac operator to a quaternion valued
function w = wy + @, this expression can be decomposed in terms of a fractional divergence,
a fractional gradient and a fractional rotational operator. Based on this, we will also
provide explicit expressions of general weak solutions for some fractional forms of the
div-curl system, considering various analytical hypotheses. More precisely, we will prove
that if we restrict ourselves to the class of functions with fractional divergence zero and
whose Riemann-Liouville fractional integral has zero normal trace, then the fractional
Teodorescu transform represents a solution of the above-mentioned div-curl systems (see
Theorems 2 and 3).

This manuscript is organized as follows. In Section 2, we recall some important defini-
tions from the literature, including those of the left and right Riemann-Liouville fractional
derivatives, the left and right Caputo fractional derivatives and the two-parameter Mittag—
Leffler function. A useful characterization of the functions with summable fractional
derivatives is also recalled. In Section 2.2, the Riemann-Liouville and the Caputo Dirac and
Laplace operators are introduced. Moreover, some fundamental solutions for the fractional
Dirac operators are recalled in Section 2.3. In Section 3, we introduce fractional extensions
of the divergence, rotational and gradient differential operators. Some properties among
these operators are established, and a useful factorization theorem for the fractional Laplace
operators is proven. It is worth mentioning that this factorization is not new; however, we
were able to derive it only using the identities preserving the fractional gradient, diver-
gence and rotational operators. Among the most important results, we establish that the
fractional Teodorescu transform is a right inverse of the fractional Dirac operator under
suitable analytical conditions, and we prove a fractional form of the Divergence Theorem.

Section 4 is devoted to establishing the existence of weak solutions for Riemann—
Liouville and Caputo fractional div-curl systems. The explicit form of the operators
involved in the solution, as well as some of their properties, allow the solution to be re-
expressed as the sum of the fractional gradient of a scalar potential plus a fractional curl of
a vector potential; we can say that our solutions preserve a Helmholtz-type decomposition
(see Propositions 6 and 7). As a consequence, right inverses of the fractional rotational and
divergence operators are provided in a subclass of the fractional divergence-free vector
fields. In turn, Section 5 provides some consequences of the factorization results proven
in Section 2 to the construction of fractional hyper-conjugate pairs. A theorem providing
necessary and sufficient conditions for the existence of Caputo fractional hyper-conjugate
pairs is proven in this stage, along with a result of the existence of a right inverse for the
fractional gradient. Finally, this manuscript closes with a section of concluding remarks.

2. Background
2.1. Fractional Calculus

The present section is devoted to recalling some useful definitions from fractional
calculus. Throughout, we assume that 2,b,a € R satisfy « > 0 and a < b. Meanwhile,
we suppose that f : R — R is a sufficiently smooth function, with the property that f is
identically equal to zero outside of the interval [a, b].

Definition 1. The left and right Riemann-Liouville fractional integrals of f of order a with

respect to the interval [a,b] (whenever they exist) are the functions 1%, [f] and Ij_[f], defined,
respectively, by (see [8])
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O e =L R )
BUAW = i [ et x<b "

Let m = [a] +1 € Z. The left Riemann-Liouville and the left Caputo fractional
derivatives of order a with respect to the interval [a, b] are, respectively, defined as follows:

RLDE,[f](x) = D" I [f](x) = ﬁddxﬂ; /ax (XJZS% dt, x>a, (5
"X (m)
D2, [f](x) = "~“D"[f](x) = r(ml_ ) / o f t)a(_tznﬂ dt, x>a. 6)

Finally, we define the right Riemann-Liouville and the right Caputo fractional derivatives
of order o with respect to the point a, respectively, as the functions

(t _ x)oc m+1

D [0 = DA = e [ I x<n @
(m)
D)) = B0 = p s [T xcn

For the sake of convenience, we will employ the notation D}, when we present
properties satisfied by both fractional derivatives R*D?, and D%, . Throughout, we let
1%, (L1) denote the class of all functions f that are represented by the fractional integral (3)
of some integrable function, i.e., f = I%, [g], for some g € L1(a,b). Using this notation, the
following result provides a characterization of these functions.

Theorem 1 (Samko et al. [9]). Let & > 0and m = [a] + 1. Then, the function f belongs to
1% (L) ifand only i I\ *[f] € AC™([a, b]),and (I\" Dk(a) = 0, foreach k € {0,1,...,m —1}.

Definition 2. If (I7\°" [FN®(a) = 0, for each k € {0,1...,m — 1}, then it follows that
&) (a) = 0 holds, for each k € {0,...,m — 1} (see [8,9]). In light of this fact, we will say that f
has a summable fractional derivative D%, [f] of order a on [a, b] if I\ *[f] € AC"(a, b]).

In the following discussion, suppose that « > 0, f admits a summable fractional
derivative of order « > 0 on [a,b], and let m = [«] + 1. Then, the following composition
rules are satisfied:

m—1 (X _ a)zx—kfl

I“+RLD'X+ x) = x) — I"f:'x m—k—1 a), 9

o Do [fl(x) = f(x) L Tw-n (IS )"+ (a) )
a Cu m=l £ a) k

I8 DG [f](x) = f(x) = ) T (x —a)". (10)

On the other hand, we know that both fractional derivatives R Dg. and CDL‘;‘+ satisfy
the one-sided invertibility property D%, I% [f] = f. It is worth noting that this identity

is a particular case of the property D%, I 5 Af] = D:T/S [f], which holds for each a, p € R
satisfying « > 8 > 0.

It is important to recall also that the following semi-group property for the composition
of fractional derivatives is not generally satisfied:

D, CDE, [f] = °DF Dy, [f] = DL PIf]. (11
However, if ) (a) = 0fork =0,1,...,max{[«] +1,[] + 1} — 1, then (11) does hold;

see Section 2.2.6 [8]. An analogous condition for the semi-group property in the context
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of the Riemann-Liouville derivative is found in Section 2.3.6 [8]. Finally, the following
relation between the Riemann-Liouville and Caputo fractional derivatives is valid:

CDe, [f)(x) = RD2, g D1](a). (12)

uc—i—l)

Definition 3 (Gorenflo et al. [10]). Let u,v € R be such that y > 0. We define the two-
parameter Mittag—Leffler function E,, , : C — C with parameters p and v in terms of the following
power series:

E , VzeC. 13)
w2 nZ%)F ;m+1/)

2.2. Fractional Quaternionic Analysis

In this section, we will mention some recent results in fractional Clifford analysis.
The Dirac operator in Clifford analysis, also known as the Moisil-Teodorescu differential
operator, represents the cornerstone of the analysis in higher dimensions. A remarkable
number of systems of differential equations have been analyzed using this operator or
a perturbation of it, and the monographs [11-13] of the authors Giirlebeck and Sprofiig
contain many examples of the applications that have been made over the years. See also [14],
where the authors introduced the fractional Dirac operator with Caputo derivatives as well
as the basic tool of a fractional function theory in more dimensions.

More precisely, this section is devoted to the collection of some recent results of the
authors Ferreira et al. [15-17], by whom fundamental solutions of the fractional Laplacian
were found, where the derivatives are of Riemann-Liouville and Caputo types, as well as
of the fractional Dirac operators.

For the remainder, let a;, b; € R satisfy a; < b;, for each i = 1,2, 3. We will suppose
that ) = H?:l(al-, b;) is a bounded open rectangular domain in R3, and let & = (a1, a0, 03),
witha; € (0,1], foralli =1,2,3.

Definition 4 (Ferreira et al. [15-17]). The fractional Riemann-Liouville and fractional
Caputo Dirac operators are represented by "'D%, and CD;“M respectively, and they are defined as

3 1+a;

RLD2+ = Z €i RLax,,za,- ’ (14)
i=1
3 1+a;

DY =Y 0.7, (15)

Il
-

14a;
Here, Rlax 2 and oy, are, respectively, the Riemann—Liowville and the Caputo fractional

derivative operators of order (1 + ;) /2 with respect to the variable x; € (a;, b;), for eachi =1,2,3.
We define the fractional Laplace operators REA%, and REA%,, respectively, by

3
ano =Y Mo, (16)

3
1+a;
“Afe =Y “Onal 17)
=1

where RLE)HA’ and CE)HA’ are, respectively, the Riemann-Liouville and Caputo fractional derivatives

of order 1 + w; with respect to the variable x; € (a;, b;), for eachi =1,2,3.

2.3. Fundamental Solutions

The purpose of this subsection is to determine fundamental solutions for the fractional
Dirac operator and use their properties in the investigation of the solutions of fractional
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div-curl systems. Beforehand, it is worth recalling that a family of fundamental solu-
tions for the fractional Laplace operators "A%, and ©A%,, and a family of fundamental
solutions for the fractional Dirac operators RLD2‘+ and €D, , were obtained in [15,16] for
the Riemann-Liouville and Caputo case, respectively. In the case of Riemann-Liouville
fractional operators, the authors employed some properties of the Mittag—Leffler function
and the Laplace transform in two dimensions.

We will begin this section by recalling some relevant results derived in [15]. To this end,

let u be an eigenfunction of the fractional Laplace operator, i.e., suppose that RLA”‘+ u=Au
1+a1

RLa 2 n in
14 1

the variable x;, and that it belongs to I 1+“’ (L) in the variables x; and x3. In what follows,

for some A € C, and assume that 1(X) admits a summable fractional derivative

we will consider the following 1ntegra1 and differential conditions of Cauchy type:

1—
folxa, x3) = 1ﬂ1+ “u)(aq, x2, x3),

fi(xg, x3) = 9"

xp,a1

(18)
[u] (a1, x2, x3).

Lemma 1 (Ferreira et al. [15,17]). A family of eigenfunctions of the fractional Laplace operator
REAY, is given by the function
2\ _ a—1 _ _ 1+ay (RLyl4+a2 | RL l+4x3 _
up(¥) = (x1 —a) E1+1x1,1x1( (x1—a1) ( Dpar T ra /\))fo(xz, x3)

+(x1 = a1)" Etga 140 (_(xl —ap)tt (RLa}C::zf + RLaHas - A))fl(XZr-’CS)-

x3,85

19)

Meanwhile, a family of fundamental solutions of the fractional Dirac operator RED, s
obtained by considering A = 0 in (19). More precisely, this family of solutions is given by

Reer. (%) = =MDy [uo) (%), (20)
where u is a fundamental solution ofRLAZ‘+, ie.,

(%) = (x1 = a1)" 7y g (= (r1 —a) ¥ (RO + K107 ) ) fo(xa, )

X,

1 1
+ (01 = 31)" By 1y (—(xl —ap)ttm (RLBJSZ + RLax+M))f1(x2r x3).

@1

Here, fo and fy satisfy the conditions (18).

Let v be an eigenfunction of the fractional Laplace operator, i.e., suppose that CA”‘+ v = Av,

1+A1
for some A € C. Assume that v(¥) admits a summable fractional derivative RLB 2 ot in
the variable x1, and that it belongs to I 1+e; (L1) in the variables x; and x3. By Theorem 1,

v(xq,az,x3) = v(x1,x2,a3) = 0. In What follows, we will consider the following Cauchy
conditions:

{gO(XZ’ X3) = v(ulerI x3)/ (22)

81(x2,x3) = v, (a1, %2, x3).

As a consequence, go(a2, x3) = go(x2,a3) = g1(a2,x3) = g1(x2,a3) = 0.
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Lemma 2 (Ferreira et al. [16,17]). A family of eigenfunctions for the fractional Laplace operator
CAR, is given by the function

0A(X) = Eryap0 <_(x1 —ay)ttm <Cal+a2 e A>>80(X2, x3)

xp,a5 x3,03

(23)

1 1
+ (21— a1)E1qa 2 <—(x1 —ap)'tt (Cax;:: + Ca,;:,? - )\) )81(962, x3).
Meanwhile, a family of fundamental solutions of the fractional Dirac operator “D*, is obtained
by considering A = 0 in (23). More precisely, this family of solutions is given by

€&r () = =Dy [vo] (%), (24)

where vy is a fundamental solution of CA;‘;M ie.,

0() = Eringa (o = o)t (0102 4 00 ) (o )

25)

(1= vz (1 =)o (0L 01 ) Yoo ),
2 X3,03

where go(x2, x3) and g1(x2, x3) satisfy (22).

3. Fractional Vector Calculus

For the remainder of this section, we will study the fractional divergence, gradient and
rotational operators as parts of a decomposition of the fractional Dirac operator in three
dimensions. More precisely, recall that if w = wg + @ is a quaternionic-valued function,
then the following decomposition in quaternionic form is satisfied:

Dw = — div @ + grad wy + curl @. (26)

Here, D = Z?:l e;0; is the classical Dirac operator, which is also called the Moisil—
Teodorescu differential operator. For more details about quaternionic analysis, see [11,18,19].
Our goal in this section is to provide an extension of this decomposition (27) using fractional
operators of the Riemann-Liouville and Caputo types.

Letw = wy + Z?:l e;w; be a quaternionic-valued function in AC(Q2), whose scalar
part is denoted by Sc[w] = wq and its vector part by Vec[w] = @& = Z?:l e;w;. Then, the
action of the operator RLDZ‘; on w reduces to

Dy [« Zel e 0]
RLo 5 RL 57
- Z ax,%a, [w1 Eel x,za, wO] +el< xz ay [WS] axf,aa [wz]> @7

i=1

fRicy Liay Liay
te < ooy [wl] RLaxfal [w;,]) +es <RLaX1z,a1 [wa] - RLaXZZ,az [wﬂ) -

The above decomposition of Equation (27) originates a fractional version of the classi-
cal divergence, rotational and gradient differential operators from vector calculus. These
operators are, respectively, the scalar component of (27), the vector term acting over @ and
the vector term of the equation acting over wy. These facts are the motivation to analyze
the following fractional differential operators.
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Definition 5. Define the fractional divergence, curl and gradient operators in the Riemann—
Liouville sense by

3 1t
REdive, @ =Y Mo Z [wi), (28)
i=1
RL Ltag RL Ltag RL Loy
curld, @ = ¢ ( v [w3] L9y [wz]> +e ( Oy (1] = 9 %y [w3}> (29)

RLA—22 RL A2
T €3< AnT [ws] —RL 9yt [wﬂ>,

3
RL grad), [wo] = Ee, RLax,fuz [wo]. (30)
i=1

It is important to point out that the fractional operators (28)-(30) reduce, respectively,
to the classical div, curl, and grad operators from vector calculus when a; = 1, for each
i =1,2,3. Moreover, if a* > 0 and a; = a*, for each i = 1,2, 3, then the above fractional
operators coincide with the divergence, curl and gradient operators defined in [1,2] up to a
constant factor. See also [4] and references therein for a historic account of the efforts to
formulate a fractional form of vector calculus. Unlike the classical vector calculus operators,
these fractional operators are non-local. Consequently, the fractional divergence, curl and
gradient depend on the domain Q).

Notice now that (27) can be rewritten as the following decomposition

RLDZQ [w] = —R-dive, @ +7F grad®. wy +8F curl?, @. (31)

Since the specific form of the Riemann-Liouville fractional derivative does not affect
the above decomposition, we analogously obtain the following decomposition in terms of
Caputo fractional derivatives:

CD;‘+ [w] = € divl, @ +¢ grady wo +¢ curl), @. (32)

Here, the operators c lea+, curl?, and c grad’, are defined as in (28)—(30), respec-
tively, using Caputo fractional derivatives instead of Riemann-Liouville operators.
We define now a class of functions in AC!(Q) where we can apply the semi-group

property (11).

Definition 6. We set Z* (Q) = {f € ACHQ): f(ay, x2,x3) = f(x1,a2,%3) = f(x1,%2,0a3)
=0}.

Proposition 1. If f = fy+ f € Z% (Q), then

() Rbdiv® REcurl®, [f] =0,
(ii) curl”‘ RLgradl. [fo] =0,
(iii) RE dlv”‘ RLgradg, [fo] = REAY. [fol,
(iv) REgrad® REdiv®, [f] — curl“ RL curl?, [f] = REAY [ 7.
Moreover, the identities (i)—-(iv) also hold for the Caputo fractional operators.

Proof. The results readily follow from the identities

RLax,,Zu, RLax, a, RL(—’}(,J,raﬂ:x vi=1,2,3. (33)
- 1+ e
RLax,,Zn, RLax]/za] RLax],za RLB’C,,HI Vi/j = l, 2, 3r (34)

which are trivially satisfied in Z%, (Q). The identities with Caputo fractional operators are
established in a similar fashion. [
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Similar identities using Caputo fractional derivatives were proven in [4] when all
the orders of the fractional derivatives are equal, i.e., when there exists a* > 0 such that
«; = a*, for each i = 1,2,3. On the other hand, a direct consequence of Proposition 1 is
that the fractional Dirac operator R-D%_ factorizes the fractional Laplace operator RFA%, . A
more general factorization for functions taking values in Cly3 was proven in Section 4 [16].
In light of these remarks, the following result is a direct consequence of Proposition 1.

Corollary 1. If f = fy+ f € Z%(Q), then the following factorizations of the fractional Laplace
operators are satisfied:

RLA§+ [ﬂ — _I{LDZ(*I{LDZ* [f], (35)

“AG:[f] = —D. Dy [£]- (36)

We turn our attention now to the right Caputo fractional Dirac operator, which is

given by the expression
1+a;

3
Dy =Y e 2 (37)
i=1

x,-,bl’

The following fractional Stokes formula was proven in Theorem 10 [17]:
LD @5 @)+ b (D3 () ) d = [ @ @idsyli @) @9

1-g;
Here, we require that f,h € AC'(Q) NAC(Q) and I% [f] = X3, I > [f]. Itis worth

noting here that the operator “Df  acts on the right, while "'DY, acts on the left. Intuitively,

the last formula shows that the left Riemann-Liouville and right Caputo fractional Dirac

operators act by ‘intertwining’ to obtain the fractional analogue of the Stokes formula.
The following result is a fractional form of the well-known Divergence Theorem.

Proposition 2 (Fractional Divergence Theorem). If f e ACY(Q) NAC(Q), then
R @ i = [ n(@) - 15 A1) dsy, 39)
memm@wzéﬂmmmmm%. (40)
Proof. Taking i = 1 in (38) and using that [I]CDZ’;‘, = 0 yields that
J s @ = [ n(@)1 7)) dsy. @)

Due to the decomposition (31) and because I}, LF] is purely vectorial, we can readily
calculate their scalar and vector parts, respectively. As a consequence, we readily achieve
formulas (39) and (40), respectively. [J

Proposition 3. Let f € Z8(Q), c0 € AC(Q) and 0 < a; < 1, forall i = 1,2,3. Then, the
following identities hold:

M divh feof] = f -
: fl=fx

L grady [co], (42)

L curl®, [co RE orad?, [co). (43)

1+aq
2

Proof. We will only calculate RLax [fico] using integration by parts and Leibniz’ rule,

+
14
1+ap 14ag
the determination of RLBX * . [fico] and RLaX ? +[fico] being similar. Beforehand, note that
2,0, 3,03
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m; =1, foralli = 1,2,3. Recall now that Dg+ is a left inverse of Izl;+ ; and by hypothesis
fi(ay, x2,x3) =0, forall i = 1,2, 3. Tt follows then that

. 9 1 Y fi(t, x2,x3)co(t, X2, X3)
RLav 2” [fl 0](x) ax e fl( ) ( Bq dr
10(1) Jm (x1— 1)
9 = a g [
= 5 ik, [CO}(t,xz,x3)] ol | e g 2y w
F) 1-ag 1oy
= (fz(XLXz,x;:,)I : [CO](x1/x2:x3)> — 1y ool aqui
= AN, e (7).
Tta; l+m7
Analogously, *0_ 2+[flc0] = flRLax2+[c0] foreachj = 2,3and i = 1,2,3. As
a consequence, "
RLdive, [eof] = ZRLBX ﬁ [cofi] = Z f,RLE) 7 1 [co = f-RLgrad®, [co). (45)

This establishes the first identity of the conclusion. The proof of the second equation
is analogous. [

Before closing this section, it is natural to compare qualitatively the results obtained in
traditional vector calculus against those in the fractional case. In classical vector calculus,
the following product rules are satisfied:

div(cof) = f - grad cg + co div £, (46)
curl(vpf) = f x grad ¢y + co curl f. (47)

On the other hand, in the fully fractional case considered in Proposition 3, when we
restrict f to the class of functions Z% (Q), the first part of these identities is also satisfied,
except that the second terms on the right-hand sides of (46) and (47) are not present
anymore. Notice that it is not difficult to construct a family of functions belonging to
Z& (Q), for instance Fx) = (x1 —a1) 7 (x2 — ap) 72 (x3 — a3)13g(x) for all § € AC'(Q)) and
v; > 0foralli =1,2,3.

4. Fractional Div-Curl Systems
4.1. Properties of the Fractional Teodorescu Transform

As a derivation of the fractional Borel-Pompeiu formula [17], the authors defined
the Caputo-type Teodorescu transform in a very similar way to the following definition,
the difference being that the kernel is now a fundamental solution of the fractional Dirac
operator defined in (20).

Definition 7. Let X = (x1, xp, x3) with x; > a;, foralli = 1,2, 3. Define the Riemann-Liouville
and Caputo fractional Teodorescu transform by

ST [l (7) = [ R (F+a ()i, )
CT®, [w] (%) = /O Cet (F+a— §)w(7) di. 49)
Here, we follow the nomenclature and conventions of Lemma 1. Moreover, the derivatives

RLS;’Q = —RLDZ‘+ [uo] and Cé‘;ﬂ = —CDZ‘+ [vo] that appear in the kernel of (48) and (49), re-
specrively, are with respect to the variable X.
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In the following, it will be convenient to employ the translation operator, which is
defined by Tzf () = f(J+ Z). Similarly, we will use the reflection operator given by
Ryf(#) = f(—¥). An important relation between D%, and 7y is

KD g+ [Tof1(X) = NDLL[f1(Z +96), (50)

where the derivative is taken with respect to the variable ¥. The proof is analogous to
Theorem 11 [17], which is for the Caputo case, but we will give it here for completeness.

Proposition 4. Let a; € (0,1), for each i = 1,2,3, and let a* = minj<;<3{w;}. The fractional
Teodorescu transform RETY, is a right inverse of the fractional Dirac operator RvDY, in LP(Q), for

all p € Rsatisfying1 < p <

1—a*

Proof. Observe firstly that the fundamental solution ®-£%, (¥) of the fractional Dirac oper-
ator RLD; is defined only for x; > a;, for each i = 1,2, 3. Moreover, it satisfies the iden-
tity RLD8 RLEY (%) = §(X — a) or, equivalently, REA? [u](X) = —RLDY REDA [u4](%) =
J(X — a). In the following, the derivatives RLD% and "LD?, are with respect to the variable
¥. Using (50) with 6 = a — i/ yields

RDL T [w0](7) = [ MDgRER (%40 — (i) 7
= = [ 905 (Tamg (D5 0] (7)) )0 (d)
- [ 7 RLD;uRLD;u o) (0)) () dy G

Ta—g0(X — a)w(y) dy

which we wished to prove. [

In the following, we will employ a key decomposition of the classical Teodorescu
operator used in [20-23] for different kinds of bounded or unbounded domains in R3. For
the fractional version, we denote the component operators of the fractional Teodorescu
transform as follows:

— « ¢ —
RLTS, [ + @) 1= RVT2 o [@] + R T g [wo] +RE T [@). (52)

The first term on the right-hand side of Equation (52) is the scalar part, while the last
two summands represent the vector part, and it has been split into two components for the
sake of convenience. These three terms are given by

BT []() = = [ e (F =) - 5(7) d7, 53)
BT [0 (%) = /ORLE;&(ﬂ a = §)wo(¥) 4y, (34)
KT @)(%) = [N (F+a - 7) x @) di. 59)

We will see later in Corollary 2 how some of these component operators themselves
represent right inverse operators of the fractional divergence and rotational operators,
under certain conditions. Moreover, R- T;ﬁ, as a good generalization of the classical Teodor-
escu operator in quaternionic analysis, preserves many of its properties. To this end, we

use the above decomposition (52), R-T% [g] = RLTy L [g] +R" T, .[g], to see necessary
and sufficient conditions to guarantee that both its scalar part and its vector part belong
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to the kernel of the fractional Laplacian ®*A%, . In order to apply the factorization of
Corollary 1 to the fractional Teodorescu transform, we will need to guarantee that the
condition RFTY, [g] € 2%, (Q)) can be satisfied.

Proposition 5. If RLT% [§] € Z%, (Q), then the following hold for the fractional Teodorescu

transform RET%,[g]:

(i)  The scalar part of ' T, (8], *“T¢, 1 (8], belongs to the kernel of “ A% if and only if ** divg..
g§=0.

(ii) The vector part of RLT*, [g], RL?”‘

2aJr

], belongs to the kernel of REA%, if and only if
REcurls, g =0.
Moreover, the statements (i) and (ii) also hold for the Caputo fractional Teodorescu transform.

Proof. Using the factorization in Corollary 1, Proposition 4 and the decomposition (31), it
readily follows that

RLA RS, [g] = KD RLDE KLY [g) R dive g Meurll. g (56)
Taking its scalar part or vector part, respectively, we obtain the desired result. [

4.2. Riemann—Liouville System

In the following, we will study a fractional form of the classical div-curl system and
construct its solution. More precisely, we fix the domain ), and consider the fractional system

RL divg+ W= 80,

RL L3 o3 (57)
curll, @ =g,

where g € LF(Q,R) and § € LP(Q,R3), for some 1 < p < 2/(1 — a*). Notice that if

the solution is such that @ € Z%, (Q), then § satisfies RL divg+ §=0,1ie., gis a ‘fractional

divergence-free’ vector field. Let fy € AC(Q). The following relations will be fundamental

in the sequel:

fgrady, [fo] (0 — ) = =" grad{,_,)- [TeRy[fol) (7).
Cgradg: [fol (0 -7) = — grad(efu)—mRy[foH( ). (58)

Here, the derivatives are taken with respect to the variable . In the sequel and for
the sake of convenience, we will employ Ker to denote the kernel of operators. As in the
previous section, we will let Q0 = IT?_, (a;, b;) be a bounded open rectangular domain in R®,
and assume that a = (a1, ap, a3), with a; € (0,1), for each i = 1,2, 3. Using this notation,
we have the following result.

Theorem 2. Let g = g9+ 3 € LP(Q) with 1 < p < 2/(1 — a*). If Rdiv’. [g] = 0 and the
normal trace of 1%, [g] vanishes, then a general weak solution of the fractional Riemann—Liouville
div-curl system (57) is given by

@ = KT [gol + F T, [g] + grad [, (59)
where h € Ker(REAY, ) N 2%, (Q) is an arbitrary scalar function.

Proof. By Proposition 4 and the decomposition (31), the fractional Teodorescu transform
RETY [—go + §] is a quaternionic solution of the system (57). To obtain a pure-vector
solution, note that the decomposition (52) yields
w —
N BT (8] M T o] + ™ T 8] (60)

A

wr—80+8 =
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Taking h(7) = Tz Ryuo(y) and f(7) = §(¥) in the Stokes formula (38) (all deriva-
tives with respect to the variable i) and letting ug be a fundamental solution of R-A%, given
in Lemma 1, we obtain

[ TeraRaluol @) 312+ 18] dsy

(61)
= [ (- 1TesaReluol Dy ) DF@) + TrraRyluol (1) D3 [815)) 5

Calculate the scalar part of (61) and use the hypotheses —Sc D%, [g] = R-divy, [§] =0
in Qand I%, [§]| - 7 = 0 on 9Q) to reach

| Cerads [TeaRyluol| ) - 3(7) i = 0. ©)

By differentiating now under the integral sign and using the traditional Leibniz’ rule,
we readily obtain the following fundamental relation:

fgrady, o[uo] (¥ +a - §) = =" grady, j[uo) (¥ +a - 7). (63)

Here, the second sub-index indicates whether we are taking derivatives with respect
to the variable ¥ or . Recall that R-€% = —Rlgrady), .[uo] with respect to the variable .
On the other hand, due to 1y € Z, (Q2) and relations (12), (63) and (58), we obtain

RLES (40— ) = grade gluol (¥4 — ) = — gradt [ To Ryluoll(@). (69

However, we know that RL€ &, (X+a—) is only defined when x; > y;, foralli = 1,2,3.
As a consequence, we can readily replace the operator © gradj; - by © gradf in (62). Finally,
by employing (64) and (62), we readily reach

T G0 = - [ e e ) g0 =0, 0, )
This means that RLT;ﬂ 3] =& 1 +[go] + B ?2”‘”+ ]is purely vectorial and, moreover,

(Kb divi +R curl® )R TY [—g0 + 8] = *DYRETY [—g0 + 8] = —g0 + & (66)

=

Setting the scalar and vector parts equal to each other, we obtain that ®-T% [g] =

—RC liﬁ [g0] + RL?Z"‘ﬁ [g] is a solution of the fractional div-curl system (57). Finally,
the fact that the solution is not unique is a consequence of the identities (ii) and (iii) of
Proposition 1. [

In the limit «; — 17, the fractional div-curl system (57) reduces to the well-known
integer-order system from vector calculus, and the hypothesis R div®, [§] = 0 reduces to the

l—a

evident requirement that § be a divergence-free vector field. Moreover, I | 2 [uog) — uog.

This means that it is sufficient to require that § has zero normal trace. Takmg go=0or
g = 0in (57), we readily obtain

Corollary 2. Under the same assumptions of Theorem 2, Rt ?zof,ﬁ is a right inverse operator of

o
RL curl?, in the class of functions considered in Theorem 2. Meanwhile, =Xt ?1,11* is always a right

inverse operator of R divh, in LP(Q)).
Another important analogy with the classical vector calculus is that the solution of the

non-linear fractional system (57) also admits a Helmholtz-type fractional decomposition
as follows.
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Proposition 6. Under the same assumptions of Theorem 2, the general weak solution of the
fractional Riemann—Liouville div-curl system (57) admits a fractional Helmholtz decomposition
as follows

o =Rgradt @o—curll g, inQ, (67)

where the scalar potential ¢o and the vector potential § are given by
0@ = [ TeeaRyluol ()30 7, §E) = [ TeraRgluol ()  §5) 7
Proof. Due to R'EY, = —R grady, [ug] and by relation (58), we can write

KT g0l (7) = [ grads Tey o Ryluol (Dgol@) d7,

RL 7 a

S @ = [ M gradt T Ryl @) x §(7) .

Finally, since the fractional gradient involved in the above re-expressions of the

u
component operators "t T, and K- ?2’"# is taken with respect to the variable ¥, we
readily obtain (67). O

4.3. Caputo System

For the corresponding fractional div-curl system in the sense of Caputo derivatives, we
will follow the same approach as that used with the Riemann-Liouville div-curl system (57).
Let us consider the system
(68)

—

¢ divy, @ = go,

Ceurl®, & =§,
where gg € LP(Q,R) and § € LP(Q,R3), for some 1 < p < 2/(1 — p*). The cornerstone
in our analysis will be again the fractional Teodorescu transform associated with Caputo
derivatives, which means that its kernel is a fundamental solution of the fractional Dirac
operator “D*, . As in the case of the Riemann-Liouville fractional Teodorescu operator, we
define the decomposition

o
Ty, [wo + @) := OTg o [@] 4+ © T g [wo] + © T3, [, (69)

where CT&a+ ,C ?{TN and © ?zof,ﬁ are given by (53), (54) and (55), respectively, but using now
the Caputo kernel “£%, in the integrand, instead of the Riemann-Liouville kernel *-£%, .

Analogously to the proof of Theorem 2, it follows that CT;"+ [—g0 + §] is a quaternionic
solution of the fractional div-curl system (68). This is a direct consequence of the fact that
CT;ﬂ is a right inverse of CDZ‘+ in LP(see [17], Theorem 11). Apply the decomposition (69)
to the quaternion-valued function § = go + §, where go and § are the known data provided
by the fractional div-curl system (68). In this way, we notice that

CT%, [~go+§] = CT2 1+ [§] — C T [g0] + S T4 8):

To obtain a purely vectorial solution, we will impose suitable conditions over §in order
to guarantee that the scalar part of “T% [—go + §] vanishes in (), i.e., that CT(’;‘,ﬂ L[g]=0is
satisfied in (). We will see that the fractional divergence-free functions of the Riemann—
Liouville type, whose Riemann-Liouville fractional integral has zero normal trace, belong
to the kernel of the operator CT(’;‘W, in the same way as seen in Theorem 2 for the operator

RETX . Nevertheless, the upcoming proof is relatively more straightforward.

95



Fractal Fract. 2021, 5, 117

Theorem 3. Let g = go+ ¢ € LF(Q) with 1 < p < 2/(1 —a*). IfREdiv5, [3] = 0 and the
normal trace of I, [§] vanishes, then a general weak solution of the fractional Caputo div-curl
system (68) is given by

9
® =~ Ty [g0] + T 8]+ gradty. 1], 70)
where h € Ker(“A%, ) N Z%, (Q) is an arbitrary scalar function.

—

Proof. It suffices to prove that T ,[g] = 0 in Q, in light of the previous discussion.
Take h(§) = TzyaRyvo(Y) and f(§) = () in the Stokes formula (38), and let vy be the
fundamental solution of CAZ‘+ (25). It follows that

L TosaRalonl 7313 (5] sy

1)
= [ ((~1TaRgloolI°D3- ) DFD) + TraRylool ) D3 [813)) .
Taking now the scalar part of (71) and using the hypotheses, we readily obtain
| Ceradi [TesaRslool| ) - 3(3) i = 0. 72)
As a consequence of (58), we reach “€% (¥ +a — §) = —Cgrad}- [T¢aRy[vo]] ()

However, we know that CSﬂ”ﬂ (¥ + a — §) is only defined for x; > y;, forall i = 1,2,3. This
implies that we can replace the operator € gradj_ with © grad}- in (72). It is easy to see
then that

Ty [{(%) = - [ CenE+a-7)-FDd7=0, inQ, 73)

whence the conclusion readily follows. [

Corollary 3. Under the same assumptions of Theorem 3, C?z”‘a+ is a right inverse operator of

. . . . o . . .
Ccurly, in the class of functions considered in Theorem 3. Moreover, —Cﬁ,ﬁ is a right inverse
operator of € div%, in LP(Q).

Analogously to the Riemann-Liouville case, the fractional Caputo div-curl system
(68) also admits a fractional Helmholtz decomposition, but now the potential is in terms of
vg defined in (25), which is a fundamental solution of the fractional Laplace operator of
Caputo type.

Proposition 7. Under the same assumptions of Theorem 3, the general weak solution of the
fractional Caputo div-curl system (68) admits a fractional Helmholtz decomposition as follows

@ = Cgrad® o —Ccurll ¢, inQ, (74)
where the scalar potential g and the vector potential i are given by
90(®) = [ TeraRelool D20 7, §(3) = [ TeraRylool @) x §5) 7

Proof. The proof is analogous to that of Proposition 6 for the Riemann-Liouville case. [

5. Application

Let Q = IT?_, (a;, b;) be as in the previous sections, and assume 0 < «; < 1, for all
i =1,2,3. The present section provides some consequences of the factorization provided
by Corollary 1 to the construction of fractional hyper-conjugate pairs. In addition, we
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X1,4

14aq
Ca 2+A
107

o et T Lig L
o [f1(x) ="0 21+<Ia1+2 [AlCenaz,a3) + 17 [fo) (31, 22,83) + L2 [fs}(xllxz,x3)>

will give an explicit expression of a right inverse of the fractional gradient of Caputo type
considering different derivative orders.

Definition 8. Let w = wy + @ € AC(Q). We say that (wo, @) is a Riemann—Liouville fractional

hyper-conjugate pair if w € Ker(RD%,). Analogously, (wo, @) is a Caputo fractional hyper-
conjugate pair if w € Ker(“D%,).

The following result is a straightforward consequence of the factorization of the
fractional Laplace operator in the class Z, (Q0) provided by Corollary 1. For this reason,
we omit the proof.

Corollary 4. Let w = Y3_w;, and suppose that w € Ker(RED2, ) N Z%, (Q) (respectively,
w € Ker(“D%, ) N Z2.(Q)). Then, w; € Ker(REAY, ) (respectively, w; € Ker(CA2,)), for all
i=0,1,23.

By Definition 8, it is obvious that (wp, @) forms a Riemann-Liouville fractional hyper-
conjugate pair if and only if the following fractional div-curl system is satisfied:

RLdiv®, @ =0,
R]

—

Leurly, @ = —Rt grad®, wp. (75)
Similarly, (wg, @) is a Caputo fractional hyper-conjugate pair if and only if

Cdiv%, @ =0,

€ curl®, @=—Cgrad®, wy. (76)

The above systems (75) and (76) can be considered fractional generalizations of the
Moisil-Teodorescu system studied for the first time in [24].

Let us define the following integral operator in terms of the Riemann-Liouville frac-
Lo
tional integrals Iaif as

14aq Tta 14ag

§+[ﬂ(f):IulT[fl](xl,az,ug)+I[12+Tz[fz}(x1,x2,a3)+11;U3](x1,x2,x3). (77)

As the following result shows, it turns out that A%, behaves as a right-inverse operator

of € grady, in the class of functions satisfying © curl}, f = 0. For this reason, A, is called
the fractional anti-gradient operator.

Proposition 8. IfC curl®, f = 0, then  grad®. A%, [f] = f.

Proof. Using the characterization of Caputo fractional hyper-conjugate pairs given under
Corollary 4 and differentiating under the integral sign, we readily obtain

X,

(78)

T+ay 1 a 1+4ag

Ttag  I4ag ltag | 14ay
= filx1,a2,03) + 1 Cax 2ol xo,a3) +1 2 Cax 2+ 1fa] (21, x2, x3).
2 149 3 14

Now, by hypothesis € curl’+ f = 0 or, equivalently, the following identities are satisfied:

o2 Cy g2 c 2 Cayyt oyt Carr?
axz/ﬂz [fS] - axs/ﬂs [fZ] = axewﬂa Ul] - axwh US] = ax]ﬂh [fZ] - aer”Z [fl] =0. (79

Substituting (79) into (78) and using the composition rule (10), it follows that
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€a

T+a

7 «
o\
xp,af A

[F)(

=

X

) = fi(x1,a0,a3) + f1(x1,x2,a3) — f1(x1,a2,a3) + fi(x1, %2, x3) — f1(x1,x2,83) = f1(%). (80)

-

1+a;
Analogously, one can establish that Ca)?ﬂ? A% [fI(X) = fi(X), for i = 2,3. The conclu-

sion readily follows now. [I

The next proposition shows that the fractional anti-gradient operator AZ‘+ allows us
to construct a Caputo fractional hyper-conjugate pair wg when @ € Ker(“A%, ) is known
beforehand. The proposition is clearly a generalization of [20], Proposition 2.1.

Proposition 9. Let @ € Ker(“A%,) N 2% (Q). A necessary and sufficient condition for the
existence of a Caputo fractional hyper-conjugate pair of @ is that © div%, @ = 0. In that case, there
is wo such that w = wy + @ € Ker(°D%,).

Proof. The necessity is clear due to the characterization of Caputo fractional hyper-
conjugate pairs provided by (76). Suppose now that € div, @ = 0. By Proposition 1(iv), it
follows that © curlZﬁ c curlﬂﬁ @ = 0. On the other hand, Proposition 8 ensures that

Cgradt, A%, [Ceurl?, @] =C curl’, @. (81)
The conclusion of this result follows from (76) if we let wy = — A%, [Ccurlf, @]. O

6. Conclusions

In this work, we extend some results from vector calculus to the fractional case—for
instance, the space fractional Helmholtz Decomposition Theorem provided by Propositions 6 and 7.
The key tools used are the decompositions of the fractional Teodorescu transform in the
Riemann-Liouville case (52) and in the Caputo case (69) as well as various properties asso-
ciated with these fractional operators, which are thoroughly established in this manuscript.
To this end, we consider fractional derivatives in the senses of Riemann-Liouville and
Caputo, and we analyze fractional forms of various integer-order differential operators,
including the divergence, the rotational, the gradient, the Dirac and the Laplace operators.
As the most important result, we prove an existence theorem for the solutions of a div-curl
system, considering fractional differential operators of the Riemann-Liouville and Caputo
types (see Theorems 2 and 3). Other important generalizations of well-known theorems
from vector calculus are proven in this way. More precisely, we present fractional versions
of the classical Divergence and Stokes Theorems for vector fields (see Proposition 2). Fur-
thermore, we focus on the construction of fractional hyper-conjugate pairs, which represent
a fractional generalization of the well-known Moisil-Teodorescu system in quaternionic
analysis. Finally, we note that we are also able to provide an explicit expression for an
inverse of the fractional gradient operator when we restrict ourselves to vector fields whose
fractional rotational is zero, when we consider fractional derivatives of the Caputo type
(see Proposition 8).
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Abstract: In this article, we establish the weighted (k, s)-Riemann-Liouville fractional integral and
differential operators. Some certain properties of the operators and the weighted generalized Laplace
transform of the new operators are part of the paper. The article consists of Chebyshev-type inequalities
involving a weighted fractional integral. We propose an integro-differential kinetic equation using the
novel fractional operators and find its solution by applying weighted generalized Laplace transforms.

Keywords: weighted (k, s) fractional integral operator; weighted (k, s) fractional derivative; weighted
generalized Laplace transform; fractional kinetic equation

1. Introduction

Fractional calculus history dates back to the 17th century, when the derivative of order
« = 1/2 was defined by Leibnitz in 1695. Fractional calculus has gained broad significance
in the last few decades due to its applications in various fields of science and engineering.
The Tautocrone problem can be solved using fractional calculus, as shown by Abel [1].
It also has applications in group theory, field theory, polymers, continuum mechanics,
wave theory, quantum mechanics, biophysics, spectroscopy, Lie theory, and in several
other fields [2-6]. Despite the fact that this calculus is ancient, it has gained attention
over the last few decades because of the interesting results derived when this calculus is
applied to the models of some real-world problems [7-14]. The fact that there are various
fractional operators is what makes fractional calculus special. Thus, any scientist working
on modeling real global phenomena can choose the operator that best suits the model.

The Riemann-Liouville, Griinwald-Letnikov, and Caputo and Hadamard defini-
tions [7,15,16] are some of the most well-known definitions of fractional operators, such
that their formulations include single-kernel integrals, and they are used to explore and an-
alyze memory effect problems, for example [17]. The fractional derivatives are represented
by the fractional integrals [7,10,15,18] in fractional calculus. There are several varieties of
fractional integrals, of which two have been studied extensively for their applications. The
first one is the Riemann-Liouville fractional integral defined for parameter g € R* by

GLNE = g [ €= 0P gt 0,50,
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inspired by Cauchy’s integral formula

./f it /at] dty - - /ﬂtH dty = ﬁ /f(gf Dl (t)dt,

well-defined for n € N. The second is Hadamard's fractional integral, which is defined by
Hadamard [19]

0h0)©) = 15 [ o1 %, g0

and is derived by the following integral:

Sdty hdty bvdt, 1 8 et
L L s

We start by recalling some related results and notions.

Definition 1 ([20]). The integral form of the k-gamma function is defined by

=5}

(o) = /@""le#d@, R(w) > 0.

0
Clearly, T () = limy_,q T () and Ty (a) = k%*l"(%).

Definition 2. Let R(«a), R(B) > 0and k > 0, where we have the following k-beta function

1 1 a1 ﬁ,]
Bk(zx,ﬁ):E/O 11— 1) e

()T (B)

Note that the relation between Ty and By functions is given by By («, ) = N

The (k, s)-Riemann-Liouville fractional integral (RLFI) [21] is given in the following
definition.

Definition 3. Suppose ¢ € Cla, b], then (k,s)-RLFI of order « is defined by

-t s
0@ =Sl e e eenm, celnt, @

a

where o,k > 0and s € R\{—1}.

Definition 4 ([22]). Suppose ¢ is a continuous function on [0,00) and s, € R*. Then for all
0<t< <o

(198900 = o @y [ - )

nk—a
1

Flo(t)dt, )

where n = (&) 4+ 1 and k > 0, is called a weighted (k, s)-Riemann Liouville fractional derivative,
provided it exists.

102



Fractal Fract. 2021, 5, 118

Definition 5 ([23]). Let ¢, ¢ € [a, c0) be a real valued function such that (&) is continuous and
¢'(&) > 0on [a,00). The generalized weighted Laplace transform of ¢ with weight function w
defined on [a, o) is given by

L {o(0} () = [ e VOV (x)p(x)y! (1dx, o

Ja

holds for all values of u.

Theorem 1 ([23]). The generalized weighted Laplace transform of D}, ¢ exists and is given by
n—1
SY{DL@} (1) = u"SY{P(E)}(u) — Y w0 (a).
k=0

Definition 6 ([23]). The generalized weighted convolution of ¢ and v is defined by

w -1 g ~1
(@ h)(¢) =w (5)/a w(¥(Y(0) +¥(a) —¥(1)))

X O(FTH(H(E) +¥(a) —F(1))w(H)h()Y (H)dt.
2. Weighted (k, s)-Riemann Liouville Fractional Operators

In the present section, we define the weighted (k, s)-Riemann Liouville fractional
operators and discuss some of their properties.

Definition 7. Let ¢ be a continuous function on [a, b]. Then, the weighted (k,s)-RLFI of order o
is defined by

S~ o (s+l)1_%w71(‘:) ¢ s s -1y
(Ra+ w®)(6) = T(“)/a (@ — ) Yw(t)p(t)dt, & € [a,b],  (4)

where a,k > 0, w(§) # 0ands € R\{-1}.

Remark 1. It should be noted that this integral operator covers many fractional integral operators.
(i) If we choose w(¢) =1, we obtain (k,s)-RLFI [21].

(ii)  If we choose s = 0 and w({) = 1, k-RLFI is obtained [24].

(iti) Fork=1,s = 0and w({) = 1, it gives RLFI [7].

(iv) Fors — —1" and w(&) = 1, it is converted to the k-Hadamard fractional integral [25].

The following modification of Definition 4 is required to prove the claimed results.
Definition 8. The (k,s)-Riemann Liouville fractional derivative is defined as follows:

Let ¢ be a continuous function on [0,c0) and s € R\{—1}. Then forall0 <t < § < co

k-1 a—r;{k+k d [ nk—a
<i©2‘+(p)(é)=%@*5?¢>”/ﬁ, @ =TT e (),

where n = [a] +1 and o,k > 0, is called the (k,s)-Riemann Liouville fractional derivative,
provided it exists.

103



Fractal Fract. 2021, 5, 118

Definition 9. Let ¢ be a continuous function on [0,00),s € R\{—1}, n = [a] +1, a,k > 0 and
w(&) #0. Then forall0 < t < & < o0

(2% @)@ = w () (kg™ Sdg)"W(é‘) GInE ) (1), (5)
where iﬁ;’fz’)" is a weighted (k,s)-RLFL.
It can also be written as
k" 1(5 + 1)zx nk+kw_1(§) -
(28 w0@) = e B ety
x [F@ - gt ©

Remark 2. It is worth mentioning that many other derivative operators can be represented as
special cases of (6).

(i) Ifw(&) = 1is chosen, we obtain the (k, s)-Riemann-Liouville fractional derivative [22].

(ii) Lets = 0and w() = 1, where it gives the k-Riemann-Liouville fractional derivative [26].
(iti) Fork =1,5 = 0and w(¢) = 1, it reduces to the Riemann-Liouville fractional derivative [27].
(iv) It reduces to the k-Hadamard fractional derivative for s — —1, w(&) = 1[25].

Next, we present the space where the weighted (k, s)-Riemann-Liouville fractional
integrals are bounded.

Definition 10. Let ¢ be a function defined on [a, b]. The space X!, (a,b),1 < p < oo is the space
of all Lebesgue measurable functions for which || ¢ || x1, < 00, where
b 1
lolg=[c+1 [ 1w@e@ I &d]’, 1<p<e
w(f) #0,s € Rand

I ¢ lIxs= esssupa<e<p | w()@(Z) |< co.

Noted that ¢ € X/)(a, b)  w(&)g(€)(¢°)7 € Ly(a,b) for1 < p < coand ¢ € X (a, b)
© w()e(¢) € Loo(a, b).

Theorem 2. Let o« > 0,k > 0,1 < p < coand ¢ € Xf)(a,b). Then iﬁﬁg L9 18 bounded in
X! (a,b) and

(s+ 1)—%(bs+1 us+1)%
I 3% 9 1 < CESY ol -

Proof. For1 < p < oo, we have

L (s+ 1) Fw (&)
7 35+ 09 llxr [5“/‘ O

é 1
X/ﬂ §s+1 t<+1 —71ts (P(f)dt‘pésdé}p

— (Sk-;:(ﬁ)*% [/u /j(cﬁl - ts+1)%flts dt‘ gsdg]% ”
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Substituting &+ = v and #**+1 = u on the right side of (7), we obtain

pst+1

: _ > |
Hk Ja+ w® ”XZ - ka(a) st

By using Minkowski’s inequality, we have

v a 1 1 H
/ (v—u)t Lw(u=1)p(u) du‘ dv]p
a

s+1

SJrl bs+1 as+1 o S L 1
HNZ‘tw(PHxﬁ,ﬁ%/am [ |- wt et gurhnyao] )

bs+l
- (s+1)7* /
- k]"k( ) a5+l

Applying Holder’s inequality, we obtain
N (s +1)°F
I35 0 It < gy o

)
b’“ s+1 (F-Dp+1, 4 1
* Ua,ﬂ (%)’du} !,

1 1

s+1 _ )\ (F-1p+1
a)(u.s{])q)(usﬂ) [%

1
P
(F—Dp+1 ] d

s+1
b 1 1

1
w(us1)p(us) pdu] ?

where = + = = 1. Further,

141
poa

~ s+1*% 1
% 35+ @ lIxp, < /‘w t s+1)dty

b‘“ +1 _ ——1)p+1 1 1
[AH’ (bs—fbierl )”du]"

(erl) %(strl as+1)

ka( ) ” [ ”X”
(S 4 1) (bs+1 o us+l)%
= rk(ﬂt+l) ”(P”Xf]

For p = co, we obtain

(s + 1)—%(bs+l 7115*1)%
E 9l -

|0 @33 w0@|= CESY
Hence, we obtain the desired result. [

Theorem 3. Let ¢ be a continuous function on [0,00) and s € R\{—1} and w({) # 0, n =
[a] + 1. Then forall 0 < a < &, we obtain

190,030+, ®)(&) = 9(8),

where o, k > 0.
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Proof. Consider

K00+ 0 (1344, 9) (€)

N CE o L (P B
N KTy (nk — o) (¢ dé) k

4
< [HE =y () (35 ) )y

o (s+1)“ L ( ) s nyn s s "kk’“f s
*W(é (:) k / (éﬂ—yﬂ) 1yw(y)

(s+1) Fw (&) v, . T
) T(“)/a e A L OOk

-+ 1w 1)

_\wwrTh) W AS) s nyn
KT (a)Ty(nk — ) (& dC) K
84 84 a«_ nk «_
« /u Fw(t)g(t) [/t (o1 — ) R (@l sty -1y ]/] dt. ®)
By substituting z = ﬁ on the right side of (8), we obtain

Dy+ w(k3a+,w(P)(':)
_ D" )(é 5
KT ()Ty(nk —a) 7 dE

/étsw(t) (t)(gfs“7ts+1)"’1[/5(172)’*1() ] a

R Ve (3 @
k2T ()T(nk — o) 7 dg

x / ©E (B (1) (@ — £ KBy (@, nk — a)]dt

1-n,,-1
- e @ e [ Pamen e - ey ar

s+ 0 @) o d
knT (n) ( az

)Wkﬂ

X

)ﬂkn

g—s )nkn /aé isw(t)(p(t)(l§5+1 _ts+1)n—1dtl

which gives
iggﬂw (iagﬂwq))('g) = (P(g)
The inverse property is proved. [

Corollary 1. Let ¢ be a continuous function on [0,00) and s € R\{—1} and w(Z) # 0,
m=[B]+1,n=[a]+1 Thenforall0 <a < ¢

08 LGP L 0)(@) = GNP 9) (@),
where a, B,k > 0.

Corollary 2. (Semi-group property) Let ¢ be a continuous function on [0,00) and s € R\{—1},
w(@) #0,n=1[a]+1,m=[B]+1and a + B < nk. Then forall 0 < a < ¢

108 (08, L)@ = G5 9)(@),

where a, B,k > 0.
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Proof. By using Definition 9, we have

98 LGP0 0@ = T @k C)” W@ GG L,9)@)

d
dg

@ ) 0@ IR @G )GILL).

By using Theorem 3, we have
00,600, 00) = @ @K ) @GN,

L)L) gl ),

dag
which implies
108 (08 L)@ = GOLF 9)(@),

which is the required result. [

Corollary 3 (Commutative property). Let ¢ be a continuous function on [0,00) and a, p € RT,
w(8) #0ands € R\{—1}. Then forall0 < a < ¢

108 (08 0@ =9 (D8 L9 (©)

Corollary 4 (Linearity property). Let ¢ be a continuous function on [0,00), k,a € R,
w(g) #0ands € R\{—1}. Then forall0 <a < ¢

K90+ [ W(8) + 1h(8)] = Dgv () + MiD: LH(E),
wheren € Nand n = [a] + 1.

Theorem 4. Let ¢ be a continuous function on [a,b], k > 0, w(Z) # 0and s € R\{—-1}

190 B (@) =5 38 L0 Le(@) =3 30 e(e),

foralla, B> 0and ¢ € [a,b].
Proof. By using Definition 7 and Dirichlet’s formula, we obtain

198 3 0]

e e A L Y

KTy (a)
-4 1 g .
- B ) [ e tralp)
B
. [% [ e
k a
s TF w ! ¢
_ W/ Tw(1)e(7)
« /‘:(gsﬂ _ t”l)rl(t”l _ TS“)%*ltsdtdr. ©
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g:tif:l on the right side of (9), we obtain

By substituting y =

RN RTI(9)
(s+ 1 Fw @)

k2T ()T (B)
(st _ sty -1
<[ et
s 17#“)71 ‘: at
- %‘i‘ﬁ)(g)/a (@ = ) e p(r)dr
= 3000,

The proof is completed. [

Theorem 5. Let o, B, k > 0, w(&) # 0and s € R\{—1}. Then we have

R - 5 r R N
i‘5§+w[w I(C)@H—l —as+1)k 1] _ «(B)(& i ) (5)’
’ (s+ D)iT(a+p)
where Ty denotes the k-Gamma function.
Proof. By using Definition 7, we obtain
s~ P -1 s+1 _ s+1 E_q
1P [ @@ — ) E
— (S + 1)17%“]71(5) /§(§s+1 _ ts+1)%71ts
kT (a) a
X (7~ a ) o (D (t)g(t)dt. (10)
By substituting y = g::%;i]] on the right side of (10), we obtain
s~B ~1 s+l _ _s+1y -1
2P, o @@ — e E
_ )T @ et T
B kT (ac)
1 a1, B 4
X/O (I =y)F(m)*dy
—a . atp
B (S+1)T(§a+1 _as+1)771w—1 )
- krk(ﬂé) kBk(a/ :3)
_LAET —a )T o)
(s+1)iT(a+p) '
This completes the proof. [J
Corollary 5. Let k > 0, w(¢) # 0and s € R\{—1}. Then, we have
s+ _ gs+1yF 24,1
5 e @) = & L {8 )

(s+1)FT(x + B)
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Remark 3. Taking w(¢) = 1 in Theorem 5 and Corollary 5, we obtain results of [21].

Remark 4. If we choose s = 0, k = 1 and w(g) = 1 in Theorem 5 and Corollary 5, we obtain

results for Riemann Liouville.

3. Some New Chebyshev Inequalities Involving Weighted (k, s)-RLFI

Weighted (k, s)-RLFI formulations of Chebyshev-type inequalities are as follows:

Theorem 6. Let ¢ and  be two synchronous functions on [0, 00). Then for all t > a > 0 and the

weighted function w(¢) # 0, the following inequalities for weighted (k, s)-RLFI hold:

A~ 1 A~ ~
War wP¥(t) 2 oy (1)idﬁ+,w¢(t),idi‘+,w¢(t)
k

and
% Low(DRb, (1) 535 vt (1)
190 L P(B330, () 535 (D50 o),

%

where a, > 0.

Proof. Since ¢ and 1 are synchronous on [0,00), for all &,y > 0, we have

(@(@) — W) (W() —p(y) >0
P& +eWyy) > e(@)y(y) + ew)y(E)-

(12)

(13)

(14)

1-4 o
Both sides of (14) are multiplied by (1) "kl (51 — @ E1w(E)& and integrating

KT ()
w.r.t { over (a,t), we obtain

(s+ 1) " kw l(t) rt e
VO / (FH =09 (§)9(8)dg

1-% -1 t N
R e RO B SR e

(s+ 1) Fw ()

> IP(V)W /;(ts+1 — N EIEw(E) (8)dE

(s+ D) Fw1(n

ol TR [t - e R,

which gives

W o) + e P(W)idh (1) = P(W)iJas o @(1) + @(W)iTos LW (1)-
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1-& «
Both sides of (15) are multiplied by % (511 — )i w(y)y® and integrating

w.r.t y over (a,t), we obtain

o s+ 1)1k L) gt a_q
idutmw(t)%/a (E =y Y w(y)dy

1-%,,—1 t K
B T L LY

1-%,,—-1 ot N
20T ettty

-8 1 ¢ .
e G L O Y

This can be written as

Iiﬁz*,w(mp(t)lsc‘?g*,w(l) +Is< Jﬁ*,w(plp(t)ijgﬂw(l)
Zi 35+,w¢(t)i32+,ww(t) +7{ Jﬁ*,wq)(t)ijgﬂwlp(t)' (16)

On simplification, we obtain

i:‘g*,w (Plp(t)lscjg*,w (1) 2 2i35+,w¢(t)zjg+,w¢(t)/

which can be written as

1
S~ £ > s u¢+ ts~a+ ).
k3a+,¢u(Plp( ) = 232¢+’w(1)k3a ,w(P( )k"‘a ,wlp( )

This completes the proof of (12).
(s+1)" éw’l(t)
KT ()

Both sides of (16) are multiplied by (rH1 — y”l)g’lw(y)ys and inte-

grating w.r.t y over (a,t), we obtain

1—% -1 t
;‘N’g‘,w(mp(t)%/u (ts+1 7ys+1)§71ysw(y)dy

1-f 1 t
#390E [e —)Ey p) pwetdy

(s + 1)1 Fwo1(p)

> f o) TR [ e gy
£ -1

which gives

W0 Low(DRb, (1) 538 et (1)
>4 3%, @050, () +1 3% (05 ().

The proof of (13) is done. [
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Theorem 7. Let ¢ and ¢ be two synchronous functions on [0,00) and h(t) > 0. Then for all

t > a > 0, the following inequality holds:

S PR B
(s+ 1)1 kT (B +K) /
w 1(@) (B us+1)%72i35’+ LOVR(E)

>5 3% oh(DRE. (D) +7 3% Wh(D3IE.  o(b)
3 I L ew(t) =1 3L ew (3, h(t)
0% @ (DRE, Ph(t) +5 3% L W(DFIE, L oh(h),

where o, B > 0 and w(§) # 0.

(17)

Proof. Since the function ¢ and ¥ are synchronous on [0,00), i > 0, for all a, § > 0,

we have
(@(8) = o) (W (&) — ¢ (¥)) (h(Z) + h(y)) = 0.
This gives
P(Q)P()h(E) + o) ¢(y)h(y)
= 9@)¢WhE) + W) (Oh(E) — ) $(y)h(E)

—9(@)P(Oh(y) + o) W)h(y) + o) p(E)h(y).

s+ Fu 1)

(18)

Both sides of (18) are multiplied by 75— (51 — é”l)%*lw(é)(}“ and integrating

w.r.t ¢ over (a,t), we obtain

1-% -1 ¢ .
% [ = e 0@ e@w(@)h(e)de

(S+1)17%w71(t) t s s &—1xs
R e G S R G

1-% -1 t R
290 S S [T e g +

S 1=f 1 " a
o) N [ - e trep@nei
(s+1)1*%w’1(t) t s s &_1xs
R e N S L KRG

1—% —1 t N
e el NG S B RO GHOL:

S 1-F 1 a
sy S P - emipo@e@

]7% -1 t o
woln L [ e - e ire@pee
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B
1B
After multiplying both sides of (19) by % (1 — st £ ~lw(y)y® and integrat-

ing w.r.t y over (a,t), we obtain

K0t PPt )s~f+ LT @) M)+ 35 [0 OV, 9ph(t)
2k ot wPh (i3 a+w P() +5 T gt )k3f+wfp(f) ke (i, PP(E)
530 PRI () 538 @RI, Wh(E) +5 38 (530, oh(t),

which implies

w—](g) (ts+1 s+1)5 2 + (Plllh( )
(s+ 1) Fry (B +k) “
e L e 10

(s+ 1) ry(a +k)
>3 38 o h (30, p(8) 4538 ph(D3E, () =3 3%, h(D3EL ey(t)
3% PR (RAE, (8 5 3% (0335, h(t) 45 3% w(B)5AEL k(D).

a*w

Hence, the result is proved. O

Corollary 6. Let ¢ and i be two synchronous functions on [0,c0] and h > 0. Then for all
t > a > 0, the following inequality holds:

e e LR B S U0

2k Jat 0P (OiTar W (1) i ot P ()i w9(1) =k Jav H(D)iJa1 99 (8), (20)
where a, B > 0 and w(§) # 0.
Proof. If we replace f§ to a in Theorem 7, we obtain the result (20). O
Theorem 8. Let ¢ 1 and h be three monotonic functions defined on [0, 0o] and satisfying the following

(9(8) — W))W (&) = ¥(¥)(h(E) — h(y)) = 0.

Then for all t > a > 0, the following inequality holds:

- ;(5’ (B — ) R23, ouh(t)
(s + 1) Ty (B+K)
1( ) s+1 _ s+1\2-2s~p h
TG+ —%r( )“ R
>3 3% L @h(D530. (1) + 538, yh(t );squo( £ — 3% wh(t)iﬁf+,w¢¢(t)

)it
e PP (Di dﬁ/w h(E) =535 (D30 Wh(E) =538 (D535, @h(h).
where o, p > 0 and w() # 0.

Proof. Use the same argument as in the proof of Theorem 7. [
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Theorem 9. Let ¢ and  be defined on [0,00]. Then forallt > a > 0w(¢) # 0, a, B > 0, the
following inequalities for weighted (k,s)-RLFI hold:

71(6) (ts+1 s+1)é72i3a+ w(P ( )
(s+ 1) kry(g+5)

-1
(S+1)177§i)(a+k) (t5+1 b+1)—7253ﬁ 4,2( )

> 230 9t )k3a+ o9 1)

and
W0 LD WP 13 PR (D) > 235 Lev(D33 Lew(t) (22)

Proof. Since (9(&) — $(1))* > 0 and (¢(&)(y) — p(4)$(£))* > 0 using the same argu-
ment as the proof in Theorem 7, we obtain (22) and (21). O

Corollary 7. We have

wil(g) s+1 _ s+1\§—2[s~a 2 S~ 2
e s L AL AR ORe S AC)
> 2538 (DR (D) (23)
and
PRl € P Rl NS P L (3 (24)

Proof. If we replace § to a in Theorem 9, we obtain the inequalities (23) and (24). O

Remark 5. If we set w(¢) = 1 in Theorems 6=9, then we obtain the inequalities of Theorems
3.1,3.2,3.4, and 3.5, respectively, given in [21].

Theorem 10. Let ¢ : R — R with ¢(¢ ] t)dt, forall & > a > 0,s € R\{—1}.
Then o > k > 0and w(¢) # 0, we have
1 _ _
Pk 0(2) = ket wl@ H&e(@)]- (25)

Proof. By using Definition 7 and the Dirichlet’s formula, we have

Wi o0 (0)9(0)]

D@ [t iyttt

= VA ) /g e e L N O OOl
(s+ 1)k

Fwl . .
W@ ./ag(ési»l _ ts+l)?*1ts[/a ubq’(u)w(u)du]dt

_ (54’1]2;;(?:)71(6) /f” p(u)w(u [/ §s+1 t<+1)——1tsdt}du

/5(55“ — w5k w (i) o(u)du
= ki3a+ w(P(g)

Hence, we obtained the desired result. [
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4. The Weighted Laplace Transform of the Weighted Fractional Operators

In this section, we apply the weighted laplace transformation to the new fractional
operators. For this purpose we need to substitute () = ¢*+1 on the right side of (3), where
we have

oM = 6+1) [ e amrgnat, (26)
Ja
which holds for all values of u.

Proposition 1.

G @@ e = T, w0
uk
Proof. By using (26), we have
o 1 @@ = a1} (w)
=(s+1) / T emu(E =) (e _ gt s, @7)

By substituting ¢ = (&1 — a**1) on the right side of (27), we obtain
w{w—l( )(§s+1 _ s+l)%—1}(u)

_/ uttk
£-1
7ut ut K u
*/ %—1 u

= —a e‘”t(ut) Ludt,
uk Jo

which gives the required result. [

Theorem 11. Let ¢ be a piecewise continuous function on each interval [a, | and of weighted
p-exponential order. Then

S (G )0 H00) = ((s-+ k) 725 (0(2)) o),
where k > 0, w(¢) # 0,5 € R\{—1}.
Proof. By using Definitions 6 and 7 and Proposition 1, we have
G2 )@}
- gL “)’”@ [ -t g w)

kT
_ (S"rl 3 { §s+1 _ts+1)%71 *cl;)) ¢(g)}(u)
:—(S,;kl()f :,f{w*@)(c”lft”l)%*l}(u) ${9(@) ()
_ (s+1)"kT(%
VOR % w{ &) (u
= (s + 1)uk) x5 {o(8) } (u). (28)

This proves the claimed result. [
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Theorem 12. The Laplace transform of the weighted (k, s)-Riemann Liouville derivative is given by

{00 @) (D)} (1)
(s+1)*7 (ku)t £ {(p ) H(u)
n—1
K" Z yh—m= 1( ﬁn+az)x(l)) ( ) (29)
m=0

Proof. By using Definition 9, Theorems 1 and 11, we obtain

GLGD% w9) ()} ()
= S )W G ) (0} )
:k"uﬂsw{(is:ﬁ;(px )})
K z;u" "G Sp)ia®)
2 {e(@) )
K 2 WG ()

= (s 1) (k) £ {p(@) Hw)

n—1

7kn2un m— lsnﬁjqj) ( +)’

= (uk)"((s + 1)uk)"

which gives the required series solution. [

5. Fractional Kinetic Differ-Integral Equation

The fractional differential equations are significant in the field of applied science
and have gained interest in dynamic systems, physics, and engineering. In the previous
decade, the fractional kinetic equation has gained interest due to the discovery of its
relationship with the CTRW theory [28]. The kinetic equations are essential in natural
sciences and mathematical physics that explain the continuation of motion of the material.
The generalized weighted fractional kinetic equation and its solution related to novel
operators are discussed in this section. Consider the fractional kinetic equation given by

a(i5 ,N) (1) = Nog(t) =bG3G. ,N)(1), ¢ € L'[0,0), (30)
with initial condition
w(0)(FGE SN)(0) =d, d >0, (31
wherea > 0,a,b € R(a #0),k>0,n=[§] =1
Theorem 13. The solution of (30) with initial condition (31) is
a (s + 1)/5+(1+n)k

N(E) = do (1) Y O Tararpm®

m=0

. a+(atp)n
s+1 us+1)7k

+% Y (s + DFF Ikt ) (32)
m=0
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Proof. Applying the modified weighted Laplace transform on both side of (30), we obtain

AP { (D% o N) (D} () — L5 {No@ (1) }(u) = bEG{(GI. ,N) (1)} (w).

Using Theorems 11 and 12, we obtain

als +1) 7% (k) £ {N (1) } () — kao(0) 3%, N)(0) — N {(1)} ()
= b(s + 1) F (uk) T LGN (D)} (u)

J€5AN(1)} = akd + Noy{o(t) }(u)

@

>\~\

(s+1)" Tk(ku)
(s + 1) T (ku)
(s+1)*”%k(ku)*%
+[ T

§AN(D) = akd] o]

)
k

fb(s+1)*ﬂ E
X NoZy{ ()} (u)-

) #| < 1, we obtain

Taking | &(
${N(t)} :[kd[(s-i-l)*ﬂ%k(ku)*%] +a*1NO[(S+1)7“T*k(ku),%H

L (
n=0
:kd[(erl)JTk () 3 (D)
n=0

[(s+1)""F (ku)~F]

(a—k+B)n a+/i)n

V's+1)7 E (k) Egy{e()}(u)

X

b _ (a—k+B)n (aﬁS)n
Il
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(k)
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a~ N,

+
S)

X
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Q|

3
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Applying inverse Laplace transform, we obtain

(a—k)(n+1)+np

N(t) = dw 2 (r) i (g) %w(és“ —a*th

(a+p)n+a
ﬁﬁ—l

V(s + )G ) ).

The proof of the result is completed. [J
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6. Conclusions and Discussion

Fractional calculus is currently one of the most widely debated topics. In the present
article, we introduced the weighted versions of the (k, s)-RLF operators. We then inves-
tigated and examined their properties and found the weighted Laplace transform of the
new operators. Significantly, these operators reduce to notable fractional operators in the
literature. Other fractional operators, such as the Riemann-Liouville fractional operators
and Hadamard fractional operators, show up as special cases of these weighted fractional
operators with specific choices of weighted functions and operator functions. We have
developed the Chebyshev inequalities by involving the introduced fractional integral oper-
ator. We developed a fractional kinetic equation and the weighted Laplace transform used
to find the solution of the said model. The presented results motivate scientists to stimulate
more work in such directions.
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Abstract: In this work, we formulate and mathematically study integer and fractional models of
typhoid fever transmission dynamics. The models include vaccination as a control measure. After
recalling some preliminary results for the integer model (determination of the epidemiological
threshold denoted by R, asymptotic stability of the equilibrium point without disease whenever
Re < 1, the existence of an equilibrium point with disease whenever R, > 1), we replace the integer
derivative with the Caputo derivative. We perform a stability analysis of the disease-free equilibrium
and prove the existence and uniqueness of the solution of the fractional model using fixed point
theory. We construct the numerical scheme and prove its stability. Simulation results show that when
the fractional-order # decreases, the peak of infected humans is delayed. To reduce the proliferation
of the disease, mass vaccination combined with environmental sanitation is recommended. We
then extend the previous model by replacing the mass action incidences with standard incidences.
We compute the corresponding epidemiological threshold denoted by R, and ensure the uniform
stability of the disease-free equilibrium, for both new models, when R¢. < 1. A new calibration
of the new model is conducted with real data of Mbandjock, Cameroon, to estimate R¢. = 1.4348.
We finally perform several numerical simulations that permit us to conclude that such diseases can
possibly be tackled through vaccination combined with environmental sanitation.

Keywords: typhoid fever disease; vaccination; model calibration; Caputo derivative; asymptotic
stability; fixed point theory

MSC: 26A33; 93D20; 47H10; 93E24; 92D30

1. Introduction

Typhoid fever, caused by a salmonella bacterium (Salmonella typhi), is a tropical
disease transmitted by the ingestion of food or/and water contaminated with feces. It
is most prevalent in countries located below the equator, in Southeast Asia, and in the
Indian subcontinent, where hygiene conditions are poor [1,2]. The principal symptoms of
typhoid fever are insomnia, fever, generalized fatigue, headaches, stomach ache, anorexia,
constipation or diarrhea, and vomiting. These symptoms can last several weeks. Without
effective treatment, typhoid fever can lead to death. According to the World Health
Organization (WHO), the number of cases of typhoid fever is estimated to be between
11 and 21 million, with 128,000 to 161,000 deaths annually due to the severity of the
disease [1,2]. Vaccination, sanitary measures, and hygiene measures are the best ways to
prevent the spread of the disease [2].
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Since the work of Sir Ronald Ross on malaria [3], mathematical tools such as dif-
ferential equations have usually been used to understand and describe the dynamics of
infectious diseases [4-12]. In [7], the authors proposed a SVII:R that takes into account
some control mechanisms (treatment, education campaigns, and vaccination). Quarantin-
ing the infected individuals and their treatment are the main control measures studied
in [8]. The author used optimal control methods to conclude that the outbreak can be
eliminated or controlled if the control strategies are combined to their highest levels. The
same conclusions are given in [10,11]. Recently, Olumuyiwa James et al. [9] formulated and
studied an optimal control model for typhoid fever that takes into account both indirect
and direct transmission. They compared various proposed strategies using numerical
simulations and concluded that the disease burden can be controlled if all the available
control measures are combined.

Very recently, many authors have proposed fractional-order models in mathematical
epidemiology (ref. [13]), ecology (ref. [14]), plant epidemiology (refs. [15,16]), and psychol-
ogy (ref. [17]). Indeed, the necessity of the use of fractional derivatives in epidemiology,
for example, comes from the fact that these operators have many properties, such as their
different types of kernels and the crossover behavior in the model, which can only be de-
scribed using these operators. Moreover, any real data that have zigzag dynamics (mostly
many) that cannot be projected by an integer-order derivative can be solved by a fractional
model more clearly.

The principal disadvantage of models with integer derivatives is that they do not
permit the definition of memory effects. Replacing integer derivatives with fractional
derivatives makes it possible to remedy this problem. Indeed, they offer different ways
to forecast data by varying the fractional-order parameter [12,18,19]. Several fractional
operators have been defined so far. The most popular are the fractional operators of Caputo,
the fractional Caputo-Fabrizio operator, and the fractional operator of Atangana-Baleanu.
Each operator explores the dynamics of the studied phenomenon differently, thus helping
us to predict more variations in the evolution of the phenomenon. The advantages and
disadvantages of each fractional operator and their application domains can be found
in [20-22].

To the best of our knowledge, there are few mathematical works on typhoid fever using
fractional operators [6,12]. In [12], the authors used the Caputo-Fabrizio operator to extend
the model proposed in [23]. They provided existence, uniqueness, and stability criteria
for the proposed fractional-order typhoid model. More recently, Abboubakar et al. [6]
formulated a SIR-B-type compartmental model with both integer and Caputo derivatives.
The only control measure was vaccination. They computed the control reproduction
number, R, and performed stability analysis of the disease-free equilibrium point for both
models. The present contributions are listed as follows:

1.  Using a fractional derivative in place of an integer derivative, as used in our previous
model [5], we formulate a new model. To prove the existence and uniqueness of
the solutions, we use fixed point theory. The corresponding numerical scheme is
obtained through the Adams-Bashforth-Moulton method [24,25]. The stability of this
numerical scheme is also proven. Finally, several numerical simulations are carried
out from the real values of parameters estimated with real data of Mbandjock, in
Cameroon (see [5]).

2. Secondly, we extend the previous models by replacing the mass action incidence
law with the standard incidence law. For these new models, we compute the corre-
sponding control reproduction number, R, and ensure the uniform stability of the
equilibrium point without disease. As in [6], model parameters are estimated. With
these new parameter values, we finally perform several numerical simulations that
permit us to compare the quantitative dynamics of the two types of models.

The rest of the work is organized as follows. We devote Section 2 to preliminary defini-
tions of the fractional derivative in the sense of Caputo and useful results. Formulation of
the models with mass incidence law and standard incidence, as well as their mathematical
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analysis (computation of control reproduction numbers, asymptotic stability analysis of
the disease-free equilibrium, existence as well as the uniqueness of solutions, construction
of the numerical scheme with its stability), is also described in this section. The calibration
of the model with standard incidences and several numerical results is given in Section 3.
We end the paper with a discussion and conclusions.

2. Materials and Methods
2.1. Useful Definitions and Results

For over ten years, fractional derivatives have captured the attention of researchers,
who use these fractional operators to model physical, chemical, and biological processes.
One can cite the dynamics of transmissible diseases [26-28]. Before the formulation of the
fractional models, it is important to recall their definition, as well as two results that will be
used later in the fractional model analysis.

Definition 1. Let f € C1 1, and we have the following relation:

pesey = | H v=reN
T ﬁfg (t—0) O WA, —14r<v<r,reN,

)

which represents the Caputo derivative of f.
Lemma 1. Assume that x,Q,h,Y > 0, kh < Ywithk € N, and

_ (m—q)X_1 g=12,...,m—1,
Yam =1 0 g > m.

Let Zgj( Yom
If

eg| =0fork>m>1.

m—1
‘em| < Qh* Z Yq/m|eq‘ + |770|/ m=1,2,...k
q=1
then
\ek| < ./\/l|770|, ke {1,2,...}

where M € R does not depend on h and k.

Lemma 2. If0 < x < land d € N, then there exist positive constants Wy 1 and W, > only
dependent on x, such that

L+vX =V < W (1+v)E T and (24 v)X T =21+ v 4wt < W (1 +v)x L

2.2. Model Dynamics with Mass Action Incidence Law
2.2.1. Model Formulation in ODE Sense and Its Analysis

In a previous work [5], we formulated and analyzed a new mathematical model for the
transmission dynamics of typhoid fever with application to the town of Mbandjock, in the
central region of Cameroon. The model is divided into seven compartments: susceptible
individuals S(t), vaccinated individuals V (t), infected individuals in latent stage E(t),
infected individuals without any sign of the disease C(t), symptomatic infected individuals
I(t), recovered individuals R(t), and the density of bacteria in the environment B(t).
Each individual in each compartment naturally dies at a rate ;. Susceptible humans
are recruited at a constant rate Aj. The population in compartment S;, decreases either
by vaccination at a rate &, or by infection at an incidence rate vB(t)S(t), where v is the
contact rate. We denote by 6 the rate at which vaccinated individuals lose their immunity.
The vaccine efficacy is denoted by e. The compartment E of latent individuals, which
include infected susceptible individuals and vaccinated individuals, progresses either to
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the carriers compartment C at a rate 471 or to the compartment I at the rate (1 — g)7.
Asymptomatic individuals become symptomatic at the rate (1 — p)v, or recover at the
rate py;. d denotes the disease-induced death rate of symptomatic individuals. Recovered
individuals become susceptible at a rate a. With this brief description, the mathematical
formulation of the model studied in [5] is presented as follows:

S(t) = Ay, — (ky +vB(t))S(t) + 0V (t) + aR(t), (2a)
V(t) = —[k2+ (1 —e)vB(H)]V(t) +ES(t), (2b)
E(t) = —ksE(t) +v[V(t) + S(t)]B(t) (20)
C(t) = qmE(t) — ksC(t), (2d)
I(t) = i E(t) 4+ p172C(t) — [ks + o]I(t), (2¢)
R(t) = p1aC(t) + oI(t) — keR(t), (2f)
B(t) = pcC(t) + pil(t) — puB(1), (28)

where ky = ¢+ pp, ko = 0+ pp, ks = v1+un ka = pp+ 72, ks = 6+ pp, ke = a+ py,
n=-1+eq=1—¢q,p1 = —p+l,k7:k1k2—9(§:yh(k2+(§) >0,kg =ks+o0.
Model (2) is defined in the following set:

W= {(S,V,E,C,I,R,B)/ €R,:N=V4+S+CH+E+I+R<B< M},
P Hnto
in which a dynamical system is defined, and where N denotes the human population.
Without disease, model (2) has the following equilibrium: Qy = (S, Vp,0,0,0,0, 0)/,
where Sg = Apko/ (pp(ka +¢)) and Vo = ApZ/ (up(ka + ¢)). Using the same approach
developed in [29], we obtain the control reproduction number given by

R — VAl + mE)mi[peq (o +ks) + pilka(l =) +724(1 = p))] 3)
‘ pppinkska(ko + &) (0 + ks) '

Considering the model without vaccination, R is equal to the basic reproduction number:

Ro = [ Am [Peq(o +ks) + pi(ka(1 —q) +729(1 = p))] @
topnkska(o +ks)
Thus, it follows that
(ky 4 78)
Re =Ry —=.
TN e +9)
(ky + 7€)

Since 7t¢ = (1 —€)¢ < &, we have 2t 0) < 1, which means that R, < Ry. This proves
2

that mass vaccination is a useful tool that can be used to effectively tackle this kind of
tropical disease.
For typhoid model (2) in the ODE sense, the following results were proven in [5].

Proposition 1 ([5]). For model (2), Qq is locally and globally asymptotically stable in W if R, < 1
and unstable if R > 1.
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Proposition 2 ([5]). Let us define the following coefficients:

ay = REGKIKE 12 (E + k)2
X (unme(ks +oq) + 'YZ.”hkS(‘X +71) + M1r20(1 = pg)ks + (5 + (& + 72 + 11)Hnlunks),
= —REIGKKGH7 (& + ko) * 11 Akt (kaqr + 12p19) (RZ — R}),

ag = — Vi unNikskakeks (kg1 + v2p19)* (7€ + k2)*(E + ko) (R2 — 1).

Model (2) with the integer derivative either has (1) only one endemic equilibrium whenever (ag <

0 <= Rc > 1) or(a; < 0and ag = 0 or a — 4azag = 0), (2) two endemic equilibrium points if
(ag >0 (Re<1),a; <0 (Re > Ry) and a% — 4ayap > 0), or (3) no equilibrium otherwise.

Theorem 1 ([5]). Model (2) exhibits a supercritical bifurcation at R. = 1, which implies that
whenever R > 1, the endemic equilibrium is locally asymptotically stable.

Remark 1. Proposition 1 combined with Theorem 1 implies that Proposition 2 (iii) will never hold
true for model (2). Thus, the condition R. < 1 is sufficient to eradicate the disease.

2.2.2. Fractional-Order Typhoid Model

The following model is obtained when we replace the integer derivative operator
in (2) with the non-integer operator in the Caputo sense.

oDIS(t) = Ay — (ky + vB(£))S(t) + OV (t) + aR(t), (5a)
GDIV(E) = —[ka + (1 —e)vB()]V () +ES(1), (5b)
LDVE(t) = —ksE(t) + v[mV () + S(1)]B(t), (50)
GDIC(t) = qmE(t) — kiC(t), (5d)
SDVI(t) = mE(t) + p172C(t) — ks + 0]1(1), (5¢)
GDIR(t) = p7aC(t) + o1(t) — keR(t), (5)
GDIB(t) = peC(t) + pil (1) — upB(1). (58)
with S(0) > 0, V(0) > 0, B(0) > 0, E(0) >0, 1(0) > 0, C(0) >0, and R(0) >0

Asymptotic Stability of the Disease-Free Equilibrium

Before investigating the stability of the disease-free equilibrium point, we consider
the fractional-order system (5) as follows:

LDIx(H) = F(x(1)), ®)

where x({) € R7, F € R” x R7, 0 < 57 < 1. The characteristic equation of the matrix F
evaluated at any equilibrium (see [30]) is given by

det(s(I — (1) F) — yF) = 0. %
For the fractional model (5), the asymptotic stability of Q is claimed in the following result.

Theorem 2. The disease-free equilibrium Qq is uniformly asymptotically stable if R. < 1, and
unstable otherwise.
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Proof. The Jacobian matrix of system (5) evaluated at the disease—free equilibrium Qy is

given by
“k 6 0 0 0 w —uSy
(: *kz 0 0 0 0 *VTCV()
0 0 —k3 O 0 0 v(So+ V) L
J(Q)=] 0 0 qn —k 0 0 0 = < ]1 ]2 >
0 0 gm p12 —(ks+o) O 0 2
0 0 0 Y2 o —ke 0
0 0 0 Pe pi 0 —Hp
where J; = < gl sz >’ o = ( 8 8 8 g 7]/1;_[5‘(}0 ), J3 = Ogsx2, and
—k3 0 0 0 I/(SO + 7TVO)
a7 7k4 0 0 0
Jai=| aim 2 —(ks+o) O 0
0 pr o —ke 0
0 Pe pi 0 — b

The characteristic Equation (7) of the typhoid fractional model (5) becomes

o e R e @
det(s(Ts — (1 —1)Js) —1Ja) =0,
which is equivalent to

ars? +a1s+ag =0,

([0~ ks + 1] kon (s + 457 4+ 252 4 sy 44) =g, ©

where ay = (1 —1)%k7 + (1 —n)(ky +k2) +1, a1 = 25(1 — 1)ks +17(ky + k2), ap = n%ky,

As = 11ikskakspiy (1ko + q1pi + peq) (1 — RE)
+ 113y lksks (kspeq + pry2piq) + kska(gikap; + pryapig) + kaksko]
+ 13y (ksko + kako + ksko) + 111kopty

+ (((W%ks +’712)k4 +niks + ’71)k3 + (7712k3 +771)k4 +11ks + 1)k9,

Ar = {akskakskopyln + 3utkaksiunakap: + Sudykskapkspeq } (1 - R2)
+3yinkskapuy (qikap; + pryapiq) + 3nikskspy[kspeq + pryapig)
+ 21kakopuyny + (2n1k3 + 1)kopyi + 3ytkakskopyn -+ 2171kskopipiy
+ (((3n3ks + 20 )ka + 20ks + 1) ks + (2yaks + ks + ks ) kor,
Ay = [6ﬂ%k3k4ksk9#h’72 + 3imkskakspipn® (peq + 01 Pi)} (1-RY)
+ 3y [kakgpy (kspeq + prv2piq) + kaksko (1 + k3) + kakapty (q1kapi + prv2pi)]
+ (kgkg + kks -+ kks + kspty + kapuy, + kapip ) kory?,
Az = i’ kskaks[4kor + q1p; + peq) (1 - RY)
+ (1 + k3)kakskor® + kapyp* {ksq(kspe + p1y2pi) + kapi(qika + pr729)},
kg

Ay = (1 - R?)v“kshksub [91kapi + Kspeq + pry2piql,

andy; =1—1.
Since both coefficients of the first equation of (9) are positive, it follows that the real
parts of the solution of (9) are negative. From the second equation of (9), we have that
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51 = ke is one solution, and the other solutions are the root of
[(1—7)ke+1]

T(s) := Ass* + Ays® + Aps® + Azs + Ay. Note that Ay > 0 <= R, < 1,and R, < 1 =
(A1 >0,A2 >0,A3 >0, and As > 0). Then, it follows that, if R, < 1, then the disease-
free equilibrium Q) is asymptotically stable whenever the following Routh-Hurwitz

A1Az _ & > 0and A1A2A3 ATA4
A2

criteria — —15% — =3 > 0 are satisfied for polynomial 7 (s) .

For umform stability, we usse the Lyapunov function:
M(E,C,1,B) = by E(t) + byC(t) + bsI(t) + byB(t), (10)

where by = 1, by = ks (kspc + pip172)/ [kapigiv1 + qy1(kspe + pip172)], and by = kskap;/

(kapiqiv1 + 71 (kspe + pip172)] and by = kskaks/ [kapiqiy1 + 971 (kspe + pip172)]-
The fractional derivative of M is given by

GDJM(E,C,1,B) < {DJEby +§ D]Cby +§ D] Ibs +§ D]Bb,
= by (VB[S + V] —k3E) +ba(q71E — ksC) +bz(q171E + p172C — kgI)
+bs(pcC+ pil —upB)
<b; (VB [50 + HVO] - ksE) +b2(q71E — k4C) +b3(q171 E + p172C — ks1)
+ba(pcC+ pil — pyB)
= b1vB(S° + 7V?) — biksE + bag1 E — boksC + baqiiE + bap112C
—bskgl +byp.C +byp;l —bau,B
=byvB (50 + 7TV0> —bappB + (bag171 +b2g71 — biks)E
+ (bape +b3p172 — baks)C + (bap; — bsks)I

_ pokska (ks + o) (r2-1)B.
pimimika + 971 (p1piva + pe(ks +0))

Thus, %D?M(E, C,I,B) < 0 whenever R, < 1, and %D?M(E, C,I,B) =0 if and only if

R =1or B({) = 0. Setting B = 0in (5), we obtain S = Sy, V = Vp,and E=C =1=R = 0.

Thus, tlim(S(t),V(t),E(t),C(t),I(t),R(t))' — (S0, 4,0,0,0,0,0)’ := Qp. Consequently,
—00

by [31] (Theorem 2.5), it follows that if R, < 1, then Qj is uniformly asymptotically stable
inw. O

Existence and Uniqueness Analysis

Before describing the existence and uniqueness of solutions for the fractional model
using the fixed point theorem, we define 7 as a Banach space of continuous functions
defined on an interval P with the norm

i=7
X=X,
=

where X = (S,V,E,C,I,R,B), | X; ||=sup{|X;(t)| : t € P}, and T = M(P) x M(P) x
M(P) x M(P) x M(P) x M(P) x M(P).
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Let us write system (5) as follows:

“DYS(t) = Hy(t,S),

CDV(t) =Hy(t, V),

CDJE(t) = Hs(t,E),

€DJC(t) = Hy(t,C) an
“DII(t) = Hs(t, I)

“DJR(t) = Hg(t,R)

“D!B(t) = Hy(t, B)

Application of the Caputo fractional integral operator permits us to reduce (11) to the
following system:

=50+ = [ [/ (1= 0 (e S|

V)4V = [ [ (- 7 Hale V|

~ B+ E() = | [/t Hle, By

~ €O+ = | [ (1= 97 (e O | 1)
~10)+1(0) = | [ (6= € His(e, Die] s

~RO)+R() = | [ (1= 0" MHele R

= B(0)+ B() = | [/t " Hile R

with0 <7 < 1.

Now, we will provide the Lipschitz conditions fulfilled by H;, fori = 1,2,...,7, as
well as the contraction conditions. In the following theorem, we only provide the condition
for Hy, the rest being similar.

Theorem 3. The kernel Hy satisfies the Lipschitz and contraction conditions provided that
0<wvky+k <1.

Proof. For S, we proceed as below:

[ Hi(t,S) = Hi(t,S1) || =|l =vB(S = S1) —k1(S = S1) ||
=[vB+Fk || (S(t) = S1(1)) |l
<\l viez + k1 ||| S(t) = Sa(t) ||
where «7 is the upper bound of the function B(t). Now, setting Wy = viy + kq, we

finally obtain
I Hi (£, S) —Hi(t,S1) [[< Wr || S(t) = S(t) |, (13)

which provide the Lipschitz condition. If, additionally, we canhave 0 < W; = vy +k; < 1,
then the contraction is also obtained.
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As in the case of Hy, it is easy to obtain the Lipschitz condition for the other kernels.
Thus, we have

| Ho(t,C) — Ha(t,Cy
[ Hs(t, E) — Hs(t, Eq
| Hy(t,C) — Hy(t,Cy

[ Hs(t,I) — Hs(t, I
[ He(t, R) — He(t, Ry
| H7(t, B) — Hy(t, By

W [| V() = V(t) ],
Ws || E() = E(t1) I,
Wy || C(t) = C(t) |,
Ws || 1(t) = I(t1) I,

We || R(t) = R(t1) I,
Wy || B(t) = B(t) || -

(14)

INININ N N IN

O
Recursively, Equation (12) can be rewritten as follows:

(1) = 5(0) = s [ (1= 0" (6 S,

Vo) = V(0) = ﬁ
Ea(t) = EO) = 15 [ (=7 Ha(e Evoa)i,

ﬁ /Ot(t —¢)T "Hy(g, Cy1)dg, (15)
1(t) — 1(0) = %ﬂ) [ =07 Hs(c 1,

~R(0) = %}7) [ e (e Ry 1),

By (t) — B(0) — ﬁ /Ot(t — )1 Hy (¢, By _1)de.

/ot(t — )" "Hy(g, V,_1)dg,
Cu(t) = C(0) =
Ry (t)

By determing, in a recursive manner, the difference between the successive terms of (11),
we obtain

P1a(t) = Su(t) — Sy (1) = %,7) / {(t— )T (Hi(g, Su1) — Hi(6, Su_2))de,

Pou(t) = Va(t) = Vioa(t) = ﬁ /Ot(t — )1 Y(Ha(¢, Vu_1) — Ha(c, Vy—p))dc,
¢3n(t) = En(t) - En—l(t) = %’7) '/Ot(t - g)’?71 (H3(€/ En—l) - HS(gr En—Z))dgf

Pan(t) = Cult) — s (1) = %,7) / (= ) (Hy(e, Cut) — Hale, Cua))d,  (16)

Poult) = 1) ~ () = 5 [0 1 (Bs(6 o) — Hile, iz

n) Jo
on(t) = Ra(8) = Rua(8) = s | (£ = €)1 (Ho(, Rur) — Ho(c, Ry_2))dc,
Pru(t) = Bu(t) — By (1) = ﬁ / {(t— &) (Hy (6, Byr) — Hy(c, By_a))de,

with So(t) = 5(0), Vo(t) = V(0), Eo(t) = E(0), Co(t) = C(0), Io(t) = 1(0), Ro(f) = R(0),
and By(t) = B(0).
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The norm of ¢, (t) gives

191 0) =1 $(6) = S01(0) | =1 = [ (6= 7 (B, 5-1) — Ha (e, S,2))c |

()
1
()
With the Lipschitz condition (13), we obtain
1 t -1
910(6) 1=1 $2(5) = Sua(8) I s [ (6= €7 1 S = Suc2 s
Thus, we have

90 1 W [ =7 () | s

By proceeding in a similar way, we obtain, for the other ¢;,(t),i =2,...,7,

I920(0) 1< W [ =97 [ par1©) 1
t

193 1 g [ (€= 7 1)) 11 e,

I930(6) 1< 5 [ =€ () 1

I950(0) 1< W =97 L psn-1(©) 1

I 9en(0) 1< W [ =97 | - 1() 1

I970(6) 15 s [ 0= 1 1) 1 .

Each nth term of the state variables of (5) is given by

Su(t) = ?::1 Prib), Va(t) = é or(8), En(t) = é Pai(h),
Cult) = é Pua(t), Lo (1) = é (8, R (1) = )::1 Pei(t),
By(t) = i Pr;(t).

II
—_

< g = 0 B (e S0 1) — (e S 2))e |

17)

(18)

(19)

(20)

@1

The following result guarantees that the solution of the fractional model (5) is unique.

Theorem 4. Ifthefollowing inequulity holds,
71 xXTW; <1 f i
r( ) 1 7 01 1/2/~~~/:/

then the solution of the fractional model (5), for t € [0, T}, is unique.
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Proof. With Equation (13), inequalities (19) and (20), combined with a recursive technique,
we obtain:

| () 1111 So(2) | [%;)”} 1 92a(8) <] Wolt) | [&)W} ,

I'(y
1m0 11 Ea) | |5 ]  pan(®) I<0 Co) | |t
n " (23)
1) 11 00 1[50 1 ) < Rl 0[]
I 9n(8) 11 o) | | 01| -

Therefore, the above sequences satisfy lgn | $in(t) |— 0,7 =1,2,...,7. The triangle
n—o0
inequality applied to (23) permits us to obtain

ktn . gntl _ gktntl
I Skin(®) =Sult) < Y Zh =g,
j= — 4
j=n+1
kn . zntl _ gktnt+l
I Viern(t) = Va(t) 1< Z Z]2 = %,
j=n+1 2
ktn . gntl _ gktntl
| Egn(t) —Ea(t) |< Y. Zh = %,
j= — 43
j=n+1
k+n j ZZH _ Zli+n+1
Il Chpn(t) = Cu(t) I< E zZ, = e (24)
£ 1-2,
j=n+1
ktn o gntl _ gktntl
[ Ten() = Lu(t) < Y ZL = %
j=n+1 5
k+n X Zn+l _ Zk+n+1
H Rk+n(t) - Rn(t) HS Z Z]() = ¥,
- 1-Z
j=n+1
k+n . Z;l+l _ Z;l+k+1
H Bk+n(t) - Bn(t) HS Z Z]7 = 7z
j= —Z7
j=n+1
with bW, < 1and Z ( ! wx17>nl Lo o
T(n) I 1=\ 7" ,=12,...,7.
XU)) ()

Therefore, Sy, Vi, Ey, Cy, In, Ry, and By, are uniformly convergent Cauchy sequences
(see [32]). With n — oo, it follows that the limit of these sequences represents the unique
solution to model (5). O

Numerical Scheme of the Fractional Model and Its Stability Analysis

Several methods have been developed to construct numerical schemes for fractional
models. One can cite, among others, the Implicit Quadrature method [24], the Approximate
Mittag-Leffler method [33], the Predictor Corrector method [34], and the Adams-Bashforth—
Moulton method [25]. The choice of the method depends on several factors, such as the
amount of information treated [35] and the accuracy order [36]. The numerical scheme
proposed in this work is constructed using the Adams-Bashforth-Moulton method.

Let us consider the following general form of a fractional differential equation [37]:

{D?<p(t) =h(tg(t), 0<t<T,

pD0) = @b, 1=0,1,2,...,n—1,wheren = [1], 25)
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which is equivalent to
1 1
n— l t

= T+ g fy - O @) o)

Fory € [0,1],0 <t < T and setting x = T/N and t,, = mx, form =0,1,2,...,N €
7., the solution of the fractional model is

«l
Sl+m = SO+W<A]1+UR1+'”+9 1+m (VB1+m+k1) 1+m>

Kl m
+ W ;)ﬂj,ler (Ah + 1’]R] + 9V] — (VBJ + kl)sj)/

o
Vigm =Vo+ =53 1"(77 +2) (CSf+m - [( —e)vBl,, +k2] 1+m>
R CE)] (11 +2) Z Bjdm (55 [(1—€)vB; +k] V/)f

xl
E1+m - EO Tt 2) 1“(;7 —+ 2) (VBl+m {Sler + 7TV1+m} k3E1+m>

'l d
+ W jg(:)llj,prm <VB]' [S] -+ 7'(VJ — k3E]'> , 7)

m
Y aem (q'YlEj - k4cj> .
=0

Crom=Cot - (Bl —kyc? )4
1+m — “0 F(17+2) qv 1+m 4“1 1m F(17+2)

'l v v
Liyim=1I+ W (‘71'7151+m +p112C,, — ks + 0] 1+m>

xh m
+ T(y+2) Z”J1+m(¢71’7115 +p172C; — [ks + 0]l >

x' x'
_ 14 14 P §
Ritm =Ro+ T(y+2) (p'YZCler + gll+m - k6R1+m> ooy (,7 +2) Ll] 1+m <P'YZC + UI kéRf)’

K P p p 'l
Brom = Bo+ T(y+2) PeCrpm + Pilim = HoBryy ) + T +2) /;J aj1vm | peCi+ pil; — ppB;j |,
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where
1 m
St =S50+ ) Y bjm (Ah + 1R +60V; — (vB; + k1)5f>'
=0
1 m
Verm =W+ W Z bj,1+m (CS] 1 — 6 VB + kz} )
1
Ef ., =Eo+—— ) mem (vB [Sj + Vj] — k3E; >
1
Cf,=Cot ) Z bi1em (‘771E k4Cj> , (28)
=0
p 1 ¢
Liw=1l+ ) Y bj,1+m( nmEj+ p172Cj — ks + 17]1]-),
=0
P 1 ¢
R1+m =Ro + W Z bj,1+n1 (p'YZC + UI k6Rj>/
=0
p 1 m
By, =Bo+ T(y) ;)herm( Cj+pil; — Vij>,
=
and

(2—j+m)tt —2(m—j+ D)+ (—j+m) 1 1<j<m,

w1 (g ), =0,
Aj1+m =
1, j=14m,

17
mﬁm:%«m+vﬁv—m—ﬂﬂm§f§m

We then claim the following result.

Theorem 5. Under some conditions, the above numerical scheme (see Equations (27) and (28))
is stable.

Proof. Let S, S]*(] =0,...,14+m)and 51+m

Sj, and S1 s Tespectively. By using Equations (19) and (28), the following perturbation
equatlons are obtained:

(m =0,...,N —1) be perturbations of S,

St =St T Z bji+m(G1(t), S;+ S7) — Gi(t;, S))), (29)
* * Kl p P p
Slym =Sp+ m(gl(tl+nzrsl+m +S14m) — G1(t11m S14))
«l m (30)
*
+ m ];] aj11m(G1(t), S;+ S]‘ ) = Gi(t;, S)))-
The Lipschitz condition permits us to obtain
. KM
[S74m] SfPO"‘W( 1+m|+):“]1+m\5 |> (31)
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where ¢y = oina {‘ 5+ K(WM'Z’”()) IS5 } From [32] (Equation (3.18)), it follows that
|Sl+m| O + 2 b] 1+m |S ‘ (32)
here ©) = 551+ Xm0 6 U Substituting |27, | from Equation (32) int
where ofoinax [S§|+ ()\ [ - u51u1ng|1+m| rom Equation (32) into

Equation (31) gives

. KM M X
|51+m| §Q0+ ( (7Zb11+m‘5 ‘+Z”]1+m|s ‘>

1+2)\I() o =
S0t F ey i M 1tm + i 1em ) 1S7] (33)
> 7]_‘_2 = 1—(7 ] +m j+m j
KTMCp o ™
<ot o2 Y (41— )L sE,
< Qo+ (7//"’_2) ]:1(m+ ]) | ]|

KVM”Ier,Ier
My t2) o0
Thanks to Lemma 2, we have that C; » > 0 and depends only on 77, and  is assumed
to be small enough. A direct application of Lemma 1 implies [S7_,,| < Cao. The proof for
the other variables is obtained in the same way. This ends the proof. [J

where g9 = max{¢o +

2.3. Model Dynamics with the Standard Incidence Law

In this section, we extend model (2) by replacing the mass action incidence law with
the standard incidence law, and considering direct transmission (human to human). The
new typhoid fever transmission dynamics model is thus presented as follows:

S(t) = Ay +0V(t) +aR(t) —kiS(t) — ﬁ(IN—:t? (t) - V%S(t), (34a)
. (C+1) B(t)

V(t) = {k2+nﬁ N() +7 VKB )}v(t) +&S(t), (34b)
Et) = { (€ E)I) +vB(l:)(2 K} (V(t) +S(t)) — ksE(t), (34c)
C(t) = qmE(t) — kC(1), (34d)
I(t) = i E(t) + p172C(t) — ksl(t), (34e)
R(t) = p12C(t) + o1(t) — keR(t), (34f)
B(t) = pcC(t) + pil (t) — ppB(t), (34g)

where f is the direct transmission rate, and K represents the half-saturation constant.

132



Fractal Fract. 2021, 5, 149

The corresponding fractional model is given by

CDIS(t) = Ay + OV (E) + aR(t) — ki S(E) — B (IN+(§) S(t) — V%S(t), (35a)
“D{V(t)=— {kz + 7B (INJES) v i(;)(t)} V(t)+ES(t), (35b)
CDJE(t) = {5 (I;(:):) +g f(;)(t)} (RV(t) +5(£)) — kE(H), (350)
£DYC() = qmE(t) — kuC(t), (35d)
GDII(t) = mE(t) + p172C(t) — ksl (1), (35¢)
DIR(t) = p7aC(t) + o 1(t) — keR(t), (356)
DVB(t) = peC(t) + pil (t) — mpB(1). (358)

Without loss of generality, it is evident that the new model (34) (resp. (35)) is also
defined in W.

Model (34) has the same disease-free equilibrium as model system (2). Using the same
approach developed in [29], we define the next-generation matrix of model system (34) as

HopimB | Hop  Hop

Ry Noksks Noks  Noks Ry
NGM = 0 0 0
0 0 0 0
P172pi Pc Pi
Rs Tk th & O

where Ry =

H k
0B [ (1720 + q1ka) ] +peq),

H(]V
JRy=—7—,Rs =
Nokaks [ kg T K Kok
and Hy = So + V).
Thus, the control reproduction number of model (34), which is the spectral radius of

NGM, is given by
Ry + (/R +4R4Rs
Rev=———F— (36)

The following result is a direct consequence of Theorem 2 in [29] (see Appendix A for
the proof).

11 [Pi(p1729 + 91ke)
kg

Proposition 3. For model (34) (resp. (35)), Qp is locally asymptotically stable in W if Rex < 1
and unstable if Re,e > 1.

Theorem 6. For the new typhoid model (34) (resp. (35)), the disease-free equilibrium Qy is globally
asymptotically stable if R, < 1 and unstable otherwise.

Proof. See Appendix B. [

3. Results
3.1. Numerical Results of the Fractional Model with Mass Action Incidence Law

We perform several simulations with the parameter values listed in Table 1.

Table 1. Parameter values of (2) taken from [5].

Parameter Value Parameter Value Parameter Value
Ay 1 Uy 0.149990 v 3.2618 x 10~°
T 0.2145 € 0.9495 1) 0.1499
72 0.1498 ¢ 0.3221 I 0.49992
o 0.0834 0 0.0833 Re 2.4750
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The step size is k = 108, the initial time is T = 0, and the final time is T > 0. We
begin by showing the impact of fractional order on the dynamics of the disease. To this
aim, the fractional-order parameter varies between 7 = 1 and 7 = 0.5.

Figure 1 displays the impact of the Caputo fractional operator on the model dynamics.
For different values of the fractional-order parameter 7, the infected state profiles are drawn.
From Figure 1, it follows that when the fractional order # decreases, the solutions of our
fractional model (5) have different behaviors. Indeed, when the fractional order decreases,
the number of infected humans in latent, carrier, and symptomatic states increases. This
is the same for the compartment B. This phenomenon was also observed in a malaria
fractional model studied by [38]. It is important to note that for 7 = 1, the solutions of the
fractional model converge to the solutions of the integer model.

150

7=1
— =09
—0s8
100 —07
c — 0.6
—— 05
50
0
[] 20 40 60 80 100 [ 20 40 60 80 100
Time (Months) Time (Months)
80 2000

1500

1000

500

[] 20 40 60 80 100 [] 20 40 60 80 100
Time (Months) Time (Months)

Figure 1. Simulation results showing the fractional dynamics on the infected state variable profiles
for different values of the fractional-order parameter 7.

To evaluate the impact of vaccination on typhoid fever transmission dynamics, we
fix the vaccine efficacy at € = 70% while the vaccine coverage parameter varies between
¢ =0%and ¢ =90% (¢ € {0.90,0.50,0.20,0}), with different values of the fractional-order
7 (1 € {1,0.90,0.80,0.70,0.60,0.50}). The results are displayed in Figures 2-5.

3000
—
2500 | =09
—=0.8
2000 . 11=0.7
— =06
E 1500 7=0.5
1000
100
500
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0 20 40 60 80 100 0 20 40 60 80 100
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4
1000 3 X10

800

1 600

400

200

[ 20 40 60 80 100 [ 20 40 60 80 100
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Figure 2. Simulation results showing the infected state variable profiles without vaccination (¢ = 0).
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Figure 3. Simulation results showing the infected state variable profiles when the vaccination
coverage = 20% with different values of the fractional order.
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Figure 4. Simulation results showing the infected state variable profiles when the vaccination
coverage ¢ = 50% with different values of the fractional order.
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Figure 5. Cont.
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Figure 5. Simulation results showing the infected state variable profiles when the vaccination
coverage ¢ = 90% with different values of the fractional order.

Without vaccination coverage ¢ = 0 (Figure 2), the peak delayed phenomenon is
observable. Indeed, for 7 = 1, the peak date corresponds to T = 45 months, with
approximately 3000 infected individuals in the latent stage, 400 asymptomatic individ-
uals, 950 symptomatic individuals, and 26,000 free salmonella in the environment. This
peak date is delayed when the fractional-order parameter 77 decreases. Thus, the peak
dates are beyond T = 45 months. From Figures 3-5, we note that this peak date is
forward delayed beyond T = 45 months whenever the fractional-order parameter 77 de-
creases. Moreover, the number of infected individuals decreases with the decrease in the
fractional-order parameter.

Now, in addition to vaccination, we consider environmental sanitation. To this aim,
the bacterial decay rate y;, is modified to yp := yp, + w, where w € {0,0.1,0.2.0.3,0.4}
represents the additional decay rate of free salmonella due to environmental sanitation [6].
The vaccination coverage is fixed at § = 32.21% as reported in Table 1. From Figures 6-9, it
is evident that mass vaccination combined with environmental sanitation has a positive
impact, reducing the disease burden.

150

— =0
— =01
—w=0.2
100 —=0.3
c w=0.4

50

0 5 10 15 20 25 0 5 10 15 20 25
Time (Months) Time (Months)

80 2000

60 1500

40 1000

20 500

0 5 10 15 20 25 0 5 10 15 20 25
Time (Months) Time (Months)

Figure 6. Simulation results showing the infected state variable profiles when vaccination is combined
with environmental sanitation, for fractional order = 1.
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Figure 7. Simulation results showing the infected state variable profiles when vaccination is combined
with environmental sanitation, for fractional order # = 0.90.
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Figure 8. Simulation results showing the infected state variable profiles when vaccination is combined
with environmental sanitation, for fractional order 1 = 0.80.
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Figure 9. Simulation results showing the infected state variable profiles when vaccination is combined
with environmental sanitation, for fractional order # = 0.70.

3.2. Numerical Results of the Fractional Model with Standard Incidence Law

To simulate the new fractional model (35), we use the parameter values listed in Table 2.
Note that the new typhoid model has been calibrated using real data from Mbandjock,
Cameroon (see [5,6]). In Figure 10, panel (a) shows the cumulative typhoid cases versus fitted
confirmed cases (infectious individuals tested positive), which is equal to (1 — q)y1E(t) +
(1 — p)72C(t), while panel (b) presents the cumulative estimated cases for the next year.
The following fractions are used as initial conditions S(0) = 20,950/32,000, V(0) = 20/32,000,
E(0) =200/32,000, C(0) = 150/32,000, I(0)=60/32,000, R(0)=1/32,000, and
B(0) = 500/10°. The relative change is 7 = 1.83 x 1077 and the function tolerance is equal
to 107°.

Table 2. Estimated parameter values of the new typhoid model (35).

Parameter Values Source Parameter Values Source
Ay 3 Fitted Up 0.0015 Fitted
Y1 0.1512 Fitted € 0.9497 Fitted
Y2 0.3039 Fitted ¢ 0.1538 Fitted
) 0.1382 Fitted B 0.60 Fitted
v 0.00050 Fitted K 995.7957 Fitted
o 0.4992 Fitted Rex 1.4348 Estimated

600

500

IS
=]
S

Confirmed case per month
8 8
8 3

0 L L L L L
0 2 4 6 8 10 12

Time (months)

(@)

Figure 10. Cont.

138



Fractal Fract. 2021, 5, 149

700

600

B o
o =]
t=] =]

Estimated new cases per month
w
(=]
5

0 1 1 1 1
0 5 10 15 20 25

Time (months) (b)

Figure 10. Parameter estimation and forecasting of cumulative new cases of typhoid fever in
Mbandjock, Cameroon, from 1 July 2019 to 31 August 2020, for the new model (35). Red bullets
denote real data (see [5,6]). The fitted model is represented with the blue line, and new forecasted
cases are represented by the dotted line.

First, we observe the general dynamics of the new fractional model. The results are
displayed in Figure 11. As for the case of the fractional model with mass incidence law (5),
Figure 11 reveals that when the fractional order 7 decreases, the solutions of our fractional
model (35) have different behaviors. The number of typhoid cases decreases and the peak
is delayed when the fractional order decreases.
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Figure 11. Simulation results showing the fractional dynamics on the infected state variable profiles
for different values of the fractional-order parameter 7.

Vaccination coverage impact is studied numerically. From Figures 12-15, it follows that
the more ¢ increases, the fewer individuals are infected. This shows that mass vaccination
plays a important role in reducing the spread of the disease.
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Figure 12. Simulation results showing the infected state variable profiles when the vaccination
coverage ¢ = 0% with different values of the fractional order.
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Figure 13. Simulation results showing the infected state variable profiles when the vaccination
coverage ¢ = 20% with different values of the fractional order.
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Figure 14. Simulation results showing the infected state variable profiles when the vaccination
coverage { = 50% with different values of the fractional order.

5 x10°
I
\ —
4 e 720,95
— =0.90
—=0.85
c —— =0.80
3 7=0.75 /
2 \%——é
0 1
0 10 20 30 40 50 0 10 20 30 40 50
Time (Months) Time (Months)

B ¥

0.6 e 720,80

7=0.75
0.4
0.2
0 L]

0 10 20 30 40 50 0 10 20 30 40 50
Time (Months) Time (Months)

Figure 15. Simulation results showing the infected state variable profiles when the vaccination
coverage ¢ = 90% with different values of the fractional order.

4. Discussion and Conclusions

In this work, we extended our previous SVEIR-B compartmental model [5] by replac-
ing the integer derivative with fractional derivatives, to evaluate the memory effect on the
transmission dynamics of typhoid fever. We began by recalling some previous results on
the integer model (the control reproduction number R, existence and stability of equilib-
rium points). In order to describe the non-local character as well as long-term memory
effects in the typhoid fever transmission dynamics, we replaced the integer derivative
with the fractional derivative in the Caputo sense and studied the asymptotic stability of
the disease-free equilibrium. Using fixed point theory, we proved the existence as well as
the uniqueness of the solutions of the fractional model. We used the Adams—Bashforth
method to construct the numerical scheme of the proposed fractional model. We then
established the stability of this proposed numerical scheme. We simulated our fractional
model using the Adams-Bashforth-Moulton scheme implemented by [39]. Using parame-
ter values for Mbandjock, a city in the central region of Cameroon, we simulates the model
by varying the fractional-order parameter, the vaccination coverage, and the bacterial
decay rate. Apart from the fact that the solutions of the fractional model converged to
the solutions of the integer model when the fractional-order approached one (17 = 1), the
simulation results showed that the expected date of the disease peak was forward delayed
when the fractional-order parameter decreased. In addition, combining vaccination with
environmental sanitation can permit a considerable reduction in the disease’s spread.
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We then extended the previous models by replacing the mass action incidence law
with the standard incidence. The analysis of the models showed that the disease-free
equilibrium is also globally asymptotically stable whenever the corresponding reproduc-
tion number R is less than one. Due to the complexity of the newly proposed models,
we could not prove the existence and uniqueness of the endemic equilibrium. However,
numerical simulations showed that it is possible that the new typhoid fever models permit
a unique endemic equilibrium that is globally stable whenever R, > 1, and no equi-
librium otherwise. We also found that, from a quantitative point of view, the disease
burden was overestimated with the models the with mass incidence law compared to the
one with the standard incidence law. Indeed, for the models with mass incidence, the
control reproduction number was estimated at 2.4750, while the one with the standard
incidence was estimated at 1.4348. This was in accordance with our previous work in
which we considered the standard incidence law. In [6], the control reproduction number
was estimated at 1.3722. As for the models with mass action incidences, we observed a
delay in the disease peaks whenever the fractional-order derivative decreased.

It was observed that mass vaccination can overcome this disease. In fact, if the means
are put in place to finance and implement vaccination campaigns in rural areas, it is possible
to eradicate typhoid fever. Moreover, these vaccination campaigns must be accompanied
by awareness campaigns among the population in order to combat this type of disease, as
well as instructing citizens on ways to protect their environment against the proliferation
of salmonella.

Our main contribution in this paper consisted in the formulation, using both integer
and fractional derivatives, of new transmission dynamics typhoid fever models that in-
corporate the standard incidence rates and mass vaccination. The values of the control
reproductive number differ from the model with mass action incidence and those with
the standard incidences. Indeed, for the model with mass action incidences, R, = 2.4750,
while, for those with standard incidences, R« = 1.4348. This proves that mass action
incidence overestimates the disease burden.
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Appendix A. Proof of Proposition 3
Proof. The Jacobian matrix of (34) (resp. (35)) evaluated at the disease-free equilibrium Qg

is given by
k60 - - .
R S —2% —¥§' 0 -
H H H
Jom—| 0 0 ROWW 0 R g g
(Qo) = 0 0 79 —ky 0 0 0 " \T T’
0 0 gm pr2 -k O 0
0 0 0 Y2 o —k¢ 0
0 0 0 Pe pi 0 —m
ks HT? HTOOﬁ 0 v
k6 19 ~k¢ 0 0 O
where J; = ( : —kz)' Js=|mm pir2 —ks 0O o |
0 pr o -k O

0 pc pi 0 -

T = (0 _aWp_ awp 0 W), and J3 = Ogsx2. The eigenvalues of J(Qp)

No No K
are those of J; and J;. It is evident that the eigenvalues of [J; have negative real
parts. Indeed, the characteristic polynomial of J; is 7 (x) = det(J; — xI) = x% + (k; +
ka)x + k7. Since all its coefficients are positive, it follows that all its roots have negative
real parts. A trivial eigenvalue of J; is x = —k¢. The others are the roots of the fol-
lowing polynomial: Z(x) = x* + a;x® 4+ a2x? + azx + ag, with a1 = yp + ks + kg + k3,
ag = k3k4k8]/lb(l - R:)(R? — R+ 1),

1
“mn=-—"
27 ksq + p172q + q1ks
+ksk3q + ksk3q + kskaksq(1 — Ry) + p17v2kaksq + p1y2ksksq + p1y2kskaq + qrkakspiy

[kgybq + kaksppq + ksksppq + p1yakspnq + p1yvakapeqg + pryv2kapeq

+ 1k, + qukskape, + q1K3ks + qukakaks (1 — Ry) + qiksk ],
and
1 X
((P172ks + p373) pi + (K3 + prv2ks) pe)g? + ((91kaks + 2p1g17v2ka) pi + qrkakspe)g + 43Kk3pi
x [((((P172k4 + P1712k3)kg + (1 = R1)prv2ks + pv3)ka + pivaks)ks + pivakska)y

az =

+(1 = Ry)p172kskakg + (1 — R1)pivakskaks) pi + Kipc)g®
+(Kapi + (q1kskikspuy (1 —-RZ, + Rch*) + qikgkgpy + (1 — Ry)qrkskakgpy + (1 — Ra)q1kskikg) pe)q

+(qrkskikspp (1 — Re) (1 — Ry + Rex) + qikikspp + qrkskymy, + (1 — Rl)q%k3kik8)l7i]~
K] = {ks(l — RC*)(l — R] + RC*) + P12 (1 — Rg* + R1R5*> }k3k4kg]/lb
+ (ks + k3) (ks + p1v2)kgmy + (1 — Ry) (ks + p172)kakakg
Ko = (kg + p172)q1kskakspy (1 - R4+ Rch*)

+ (1= Ry)p1yagikskakspy + (1 — Ry)qiks + 2p17241)kikspy + 2p17v2q1kski g
+ q1kikguy + q1kskiks(1 — Ry) (ks + 2p172)
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It is clear that a; is always positive, and a;, i € {2,3,4} are positive if R, < 1. Indeed, it is

important to note that
Rex <1= Ry <1, (A1)

which implies that K; > 0 and K; > 0.

Thus, all coefficients of the polynomial Z(x) are always positive whenever R, < 1. It
follows that, if R¢« < 1, then the disease-free equilibrium is locally asymptotically stable
if and only if the following conditions hold (because of the length of the expressions, we
omit them here):

ayay —asz >0 and ayapas — a%a4 — a% > 0. (A2)

This ends the proof. [

It remains now to prove the corresponding result for the new fractional model (35).
To this aim, let us define the following equation:

det[r(I = (1-7)T(Q0)) = 1T (Qo)] =0, (A3)
which is the characteristic equation of
k8 0 S 2 S
V(]BJH V(]BJT[ Vovrt
¢ —k O —x 0 A
T Hy
0 0 ks N N 0 7
JQI=| 0 0 qmg —k 0 0 0
0 0 gm pr2 ks 0 0
0 0 0 mp o ~ke O
0 0 0 25 pi 0 —Hp

From [4,30], it follows that Qy is asymptotically stable, for the new fractional model, if
all solutions of (A3) have negative real parts.

Setting D := [r(I—(l—iy)j(Qo))—ino]:( = 54 ),with

Ogsx2
(mki1+1)r +kiy —mrd —nd
D] and
—mr§—ng  (mka+1)r+kay
ke lreky g e e g s
—mmaqr —mnq ('11k4+1)7+k4’7 0 0 0
Dy=| —mqpmr =gy —mprvar —pivan - (ks +1)r +ksy 0 0
0 —1Y2pr = V200 e — o (111ke +1)r + ke1y 0
0 —mper = per] —Ipir = pi 0 (mpp +)r + ppy

it follows that the solutions of (A3) are the solutions of det(D;) = 0 and det(Dy) = 0. From
the Proof of Theorem 2, it follows that the solutions of det(D;) = 0 have negative real parts.

It thus remains to show that the same is true for det(Dy) = 0. Note thatr = — p :81 1
1Ks
is a solution of det(Dy) = 0. The others are the solutions of det(D}) = 0, where
(mks +1)r + ksy Homﬁr Hoﬁ’? 7%}:7]{1})57 _ Hﬁ]ﬁ” _ HoIi7<1W _ %
Dy:=| ~mar =i (’71k4 +1)r+ k4’7 0 0
—mqanr —qnn —mpiver —piva o (ks +1)r +ksy 0
0 —per = per] —mpir —qpi - (py + D)1+ ppn

After some straightforward algebraic computations, we obtain that
det(Df) =0 <= r* + i I e s S 0, (A4)
* Ay A Ay A

where
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+ (3(ks + k3)kg + ((3(1 — Ry)ks + 3p1v2)ks + 3p172k3)kG + 3p172kskaks)uy + 3(1 — Ry)kskakg + 3(1 — Ry) pry2kskakd) pery®
+ (23 + (2kg + 2k + 2p172)KG + (2P172ks + 2p172k3)Ks )ty + (24 + 2K3)kg + (2 — 2Ry )k3 + 2p172)ka + 2p172K3 )k

+ 2p172kskaks)pen? + (I + pryaks)py + kg + (ks + ks + p172)kG + (prvaks + pryaks)ks) pen)q?

+ ((((—4q1kskikg — 8pra1v2kskiks )y RE, + (4R1q1kskikg + 8Ryp1q172kskiks) iy Rex
+ (4 — 4R1)qrksk3kg + (8 — 8R1) prgrv2kskiks )y )n*
+ ((—3qukskakg — 3p1q172kskaks) iy R2, + (3R1q1k3kakg + 3Ry p1q172kskaks )ty Rex
+ ((391K3 + 3q1kska)kg + (((3 = 3R1)q1ks + 6p19172)kf + (6 — 3R1)p14172kska)ks + 6p1q172kakd) 1y + (3 — 3Ry)q1kskikg
+ (6 — 6R1) p11 72k3kiks )1 + ((2q1kak§ + (29165 + (2q1k3 + 4p19172)ka ks + 4p1a172k5 + 4p1g172Kkska) iy
+ (20155 + 2q1k3ka) kg + (((2 = 2R1)q1ks + 4p19172)k] + (4 — 2R1) pra1v2kska)ks + 4p1q172ksky)
+ ((q1ksks + 2p1917v2k) pty + q1kakd + (9155 + (q1k3 + 2p19172)ka ks + 2p19172K5 + 2p1q172kska) ) p;
+4(1— Ry + RiRe — RE)qikskikgppper
+ (—3q1kakikspyRE, + 3Ryqrkskkspiy Rex + ((3q1K] + (3 — 3Ry )qrkska k3 + 3q1kakiks )y + (3 — 3Ry )grkakikg) pery®
+ ((291kakd + (2q1K7 + 2q1ksk)ks )y + (291K3 + (2 — 2Ry )q1ksks )k + 291kskiks) pery®
+ (qrkakspup + qikak§ + (1K + qikska)ks)perr)q
+ ((—4qkskikspy RE, + 4R1qikakikspy Res + (4 — 4Ry )qrkskikspy )
+ (=3qtkskikspp RZ + 3R1gikskikspup Rex + ((3q7K3 + (3 — 3R1)q7kaki)ks + 3q7kaki)up + (3 — 3R1)qikskiks )
+ ((2q7K3ks + 2q7K3 + 2q3kskd)y + (24763 + (2 — 2Ry )qikski ks + 2q3ksky)n” + (q3Kgpy + qrkks + q7k3 + q1kskd)n) pi,
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= ((((—6p172ksksks — 6pTv3kakaks) iy RE + (6R1p172kakaks + 6R1 piy3kskaks) iy Re
+ ((6 = 6Ry) p1y2kskakf + (6 — 6Ry) pivskakaks)puy) i + (((3p1v2ks + 3p172ks k3

+ (((3=3Ry)p1712ks + 3p775)ks + 3pi7aks ks + 3pT13kaka) iy + (3 — 3R1) p1y2kskaks + (3 — 3R1) pio3kskaks)n’

+ ((p172kg + (P172ks + p172ks + piv3)ks + piviks + pIvaks) iy + (p1v2ks + p1y2ks)kg

+ (((1 = R1)prm2ks + prv3)ka + pivaka)ks + prvakska)y®) pi

+ ((—6kskskd — 6!’17zk3k4k2)ﬂb73 + (6R1kskykd + 6Ryp172kskakg) pyRex + (6 — 6Ry ) (kskakg + p1yokakak§) py) pery’*
+ ((=3kskak§ — 3p172kskaks )y RE, + (3R1kskak§ + 3Ry pry2kskaks)ppRe

+ ((3ky +3k3)k3 + (((3 = 3R1)ks +3p172)ks + 3p172k3 )K§ + 3p172kskaks)y + 3(1 — Ri)kskakg (ks + p172)) pery®

+ (kg + (kg + ks + p172)k3 + prva(ka + ka)ks) py + (ks + k3)kg + (((1 = R )ks + p1y2)ka + pry2ks)kg + pryakskaks) pen®) g
+ ((((—6q1kskikg — 12p1q172kskiks) iy RE + (6R191kskihg + 12R p1g172kskiks) iy Res

+ (6 — 6R1)qrkskikg + (12 — 12Ry) pra1 v2kskiks) pp )t

+((— 3q1k3k4k3 3p1q172kskaks) iy RE, + (3R1q1k3kakg + 3Ry p1g172kskaks) s Re

+ ((3q1Kk% +3q1k3ka) i + (((3 — 3R1)q1ks + 6p19172)k% + (6 — 3Rq) p1172ksks)ks + 6p19172k3k3) p

+ (3= 3Ry)q1k3kikg + (6 — 6R1) p1a1v2kakiks)n®

+ ((qrkaks + (9155 + (q1K3 + 2p149172)ka ks + 2p19172k5 + 2p1q172kska) iy + (9153 + qrkaka) kG

+ (1 = Ry)quks + 2p1q172)K5 + (2 — Ry) p1g17v2kska)ks + 2p19172ksk3)n?) pi

+ (—6q1k3k2k3 1, R2, + 6R1q1k3k3k3 iy Rex + (6 — 6R ) qrksk3k3my) per

+ (—3q1kskikspy R2, + 3Ry q1kskiks iy Rex + ((301K5 + (3 — 3Ry )q1ksks kg + 3q1kskiks)pp + (3 — 3Ry)q1kskikg) pery®
+ ((q1kakd + (91K3 + grkska)ks)py + (q1k5 + (1 = Ry)qrksks)K3 + q1kskiks)pen®)q

+ ((—6q7kskikspy RE, + 6Ry qikskikspy Rex + (6 — 6R1)q%k3kiks#h)774

+ (—3q7kskkspy R2, + 3R1ﬂ%k3k2ksllb73c* + ((397K3 + (3 — 3Ry )qiksky ks + 3qikskd) iy + (3 — 3Ry )qikskiks )y

+ ((qikiks + q1k3 + qtkaki)uy + (g3k3 + (1 — Ri)gikski)ks + qtkaky)®) pie

It is possible to show that all the above coefficients are positive whenever R, < 1.
Then, it follows that, if R. < 1, then the disease-free equilibrium Qy is asymptotically stable

. . . A2A A2
whenever the following Routh-Hurwitz criteria, AX?Z — %; > 0and % — 55,
5 5 5

5
are satisfied for polynomial det(D}). (Given the heaviness of these coefficients, we do not
present the Routh-Hurwitz conditions here.)

Appendix B. Proof of Theorem 6
Let us rewrite system (34) as

dE
E| (o oo
31 —|ma k0 0 C | -NGV,ECLRB), (A5
nm piv2 —ks 0 I
gk 0 pe pi —m)\B
at
H Hy H
ﬁ(C+I)<ﬁ0—N)+VB<?—K7+B)
where N'(S,V,E,C,I,R,B) = 0
0
0
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InW,H =S+nV < Hy = Sg+ niVj for t > 0; thus, N'(S,V,E,C,I,R,B) > Opa.
Note that Proposition 3 ensures that the following matrix
H H H
ks RPN
J(Qy=|ma ks €0
nr pir2 —ks 0
0 pepi

has all its eigenvalues with negative real parts. It follows that from the comparison
theorem [40], (E,C,I,B) — (0,0,0,0) and (S,V,R) — (So, Vp,0) as t —» +oo. Thus,
(S,V,E,C,I,R,B) — Qo = (S0, V),0,0,0,0,0) as t — +o0. We finally conclude that the
disease—free equilibrium is globally asymptotically stable in W if R, < 1.
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Abstract: There is an increasing demand for numerical methods to obtain accurate approximate
solutions for nonlinear models based upon polynomials and transcendental equations under both
single and multivariate variables. Keeping in mind the high demand within the scientific literature,
we attempt to devise a new nonlinear three-step method with tenth-order convergence while using
six functional evaluations (three functions and three first-order derivatives) per iteration. The method
has an efficiency index of about 1.4678, which is higher than most optimal methods. Convergence
analysis for single and systems of nonlinear equations is also carried out. The same is verified
with the approximated computational order of convergence in the absence of an exact solution.
To observe the global fractal behavior of the proposed method, different types of complex functions
are considered under basins of attraction. When compared with various well-known methods, it
is observed that the proposed method achieves prespecified tolerance in the minimum number of
iterations while assuming different initial guesses. Nonlinear models include those employed in
science and engineering, including chemical, electrical, biochemical, geometrical, and meteorological
models.

Keywords: nonlinear models; efficiency index; computational cost; Halley’s method; basin of
attraction; computational order of convergence

MSC: 65H04; 68W05

1. Introduction

The study of iterative methods for solving nonlinear equations and systems appears
to be a very important area in theory and practice. Such problems appear not only in
applied mathematics but also in many branches of science including engineering (design
of an electric circuit), physics (pipe friction), chemistry (greenhouse gases and rainwater),
biology (steady-state of Lotka—Volterra system), fluid dynamics (combined conductive—
radiative heat transfer), environmental engineering (oxygen level in a river downstream
from a sewage discharge), finance (option pricing), and many more. The study of nonlinear
models is a vital area of research in numerical analysis. Interesting applications in pure
and applied sciences can be studied in the general construction of the nonlinear equations
expressed in the form g(x) = 0. Due to their significance, several iterative methods have
been devised under certain situations since it is near to impossible to obtain exact solutions
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of models that are nonlinear in nature. These iterative methods have been constructed
using different existing methods such as Taylor expansion, the perturbation method, the
homotopy perturbation method, Adomian decomposition method, quadrature formula,
multi-point iterative methods, the Steffensen-type methods adapted to multidimensional
cases, and the variational iteration method. For detailed information, see [1-8]. Among
existing iterative methods, the optimal methods are considered those that satisfy the
condition for an order of convergence of 261, where k stands for the number of function
evaluations per iteration as suggested in [9]. In this way, Newton’s classical method

— _ g(xn)
Xn4+1 = Xn §'(xn)

have been made to improve the efficiency of Newton’s classical method in past and recent
research, as can be seen in [10-15] and most of the references cited therein.

is the optimal method with quadratic convergence. Various attempts

2. Materials and Methods

In a general form, the uni-variate nonlinear equation can be expressed as g(x) = 0,
where x is the desired quantity. It is extremely difficult to solve the nonlinear equation
to find the value of x. Therefore, we attempt to devise a new, highly convergent iterative
method to obtain an accurate approximate x that could yield the smallest possible error
in the numerical solution. Before we continue with a discussion and derivation of the
proposed method, we present some of the methods that are frequently used in the available
literature. Later, we use these methods to compare the results obtained under these
methods and the results obtained via the method we plan to propose.

2.1. Some Existing Methods

The iterative method ,called the Newton Rahpson method NR; [1,16,17] with quadratic
convergence, is shown below and uses two function evaluations: one for the function g(x)
itself and 1 for the first derivative ¢’(x):

g(xn)
X =X, — ,n=20,1,2,..., 1
n+1 n g/(xn) ( )

where ¢’(x,) # 0.

In [2], the authors proposed an iterative method with fifth-order convergence as
abbreviated by MHMs. The method requires four function evaluations per iteration: two
for the function itself and two first derivatives. The computational steps for the two-step
method MH M5 is described below:

X
Yn= Xn — gg,((xy:l))/
=0,12,..., 2
ey g S #3800 gl) @
58'(yn) — &' (xn) "' (xu)’

where ¢'(x,) # 0and 5¢' (y) # §'(xn)-

An efficient three-step iterative method with sixth-order convergence is proposed
in [3]. This method is the combination of two different methods from [1,18] with second
and third-order convergence, respectively. The method requires five function evaluations:
three evaluations of the function itself and two evaluations of the first-order derivative per
iteration. We represent the method as HMs. The computational steps of the method can be
described as follows:

8(xn)
n= Xn — ’
Y g’((xn))
Zn:yn*gg,g/n), n=20,12..., ®)
n
_ . 8(yn) +8(zn)
T )
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The three-step method with eighth-order convergence as denoted by WOs is proposed
in [19]. The method requires four function evaluations: three evaluations of the function
itself and one evaluation of the first-order derivative per iteration. The computational steps
of WQOg can be described as follows:

_ g(xn)

st ATUAES (AL

— 8\Xn) =8\ Xn 8Wn —
I ) dg(e) — Og(ug) Ol @
o= S Sl o S sl

g(xn)” 4g(xn) — 118 (yn) gyn) "

The iterative method with ninth-order convergence can be seen in [20]. The method
requires five function evaluations: three evaluations of function itself and two evalua-
tions of the first-order derivative per iteration. This method is abbreviated as NMg. The
computational steps of the method are described as follows:

_ . 8xw)

R

o 8(yn) 21 8(yn .

= [H(g(xn)”g(yn)’ OL2e ©

(g(yn)) +2g( )} 8(zn)

Xp+1= Zn — [1 +2 g(xn) g(yn) g (yn)

The predictor—corrector modified Householder’s method with tenth order conver-
gence, as denoted by MHjy, is proposed in [21]. The method is free from the second
derivative and requires only five function evaluations per iteration: three evaluations of
the function itself and two evaluations of the first-order derivative. The computational
steps of MHjg can be described as

o g(xn)
Yn= Xp g/((xn)), B
=y — W) _ & Yn)ZUYn n=012,... 6
Zn=Yn gl(yn) 2g,3(yn) L2, (6)
Xn+1= Zn — 8(2n)
g[ZYl/]/n] + (Zn - ]/n)g[zmyn/yn]

where

[38(3(11) —8(yn) _0

P(yn)=g"(yn) = g (yn) — 8’ (x)],

Xn — Yn Xn — Yn
_ 8(zn) — g(yn)
8lzn, ynl= T @)
g[zn Yn yn}: g[zn,y”] *g/(yn)‘
— Y

2.2. Proposed Iterative Method

There are many recent research studies wherein researchers have presented modified
iterative methods to solve nonlinear models of the form g(x) = 0. In some of these meth-
ods, modification is based on the idea of combining two existing methods to develop a
new method with a better order of convergence. After being motivated by such an idea
as observed in [3,22-24], we have developed a new method with tenth-order convergence
via the blending of two different iterative methods with second (Newton method) and
fifth-order (modified Halley method) convergence as given in [1,2], respectively. We recom-
mended the higher-order convergent method of the convergence order 2 x 5 = 10. The
choice of the methods in the present work is suitable because the resultant iterative method
with tenth order convergence uses only 6 function evaluations (3 function evaluations and
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three evaluations of the first-order derivative) per iteration. It may be noted that the choice
of blending of methods is extremely important to avoid extra function evaluations that
could bring additional computational cost, as can be seen in [25,26]. Hence, the proposed
iterative method not only confirms higher-order convergence but also employs fewer
function evaluations, as can be described by the following proposed three-step method

abbreviated as PMg:
g(xn)
=X, — ,
T g )
_ oy 8n)
n= Yn g/(y )/ n=2012,..., (8)
8'(zn)

The proposed iterative three-step method given in (8) is discussed in the flowchart
presented in Figure 1.

Define
(o | g, 50

Compute
gl = Zil =
(g’<z1>+sg'<y1>> ( 8(zD) )
5¢'(z1)=g'(y1) ) \ 8'(y1)

E=x1-x0

Figure 1. Flowchart of the proposed three-step method given in (8).
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Furthermore, the efficiency index e is also computed for the proposed iterative method
as 101/¢ s 1.4678, whereas it would generally be shown as 10"/ 3141%) for n > 1. The
following Table 1 and the Figure 2 can be consulted for the computation and comparison
of all iterative methods taken for comparison in the present research work. Although
the function evaluations (FV) of PMj in the Table 1 seem to be more than some of the
methods under consideration, to achieve the desired accuracy regarding the performance
of the latter under different initial guesses (IG), the number of iterations (N) and CPU time
(seconds) are better than most of the methods. This discussion is presented in Section 5.

Table 1. Comparison of efficiency indices for methods under consideration.

Method Order FV EI New Function Evaluations per Iteration for n > 1.
PMy 10 6 14678 x 10° 3(n 4 n?)
MHj 10 5 15849 x 10° 31 + 2n?
NMo 9 5 15518 x 10° 31 + 21>
WOg 8 4 1.6818 x 10° 3n + n?
HMg 6 5  1.4310 x 10° 31 + 2n?
MHMs 5 4 14953 x 10° 2(n+n?)
NR, 2 2 1.4142 x 10° n+n?

0 5 10 . 15
dimension (1 < n < 15)

Figure 2. Behavior of efficiency index of various iterative methods for increasing dimensions of the
nonlinear problem.

3. Convergence Analysis

This section has been devoted to the proof of local convergence analysis for the
proposed tenth-order method under both scalar and vector (systems) cases. Single and
multivariate Taylor’s series expansion have been used to obtain the required order of local
convergence. It is worth noting that the convergence analysis is addressed in a similar
manner to many other existing articles, and the main interest in developing higher-order
methods is of the academic type. Even if higher-order methods are more complicated, the
efficiency can be measured, and this is why we have included the CPU time, as found
in Section 5. The theorems stated below are later used for the theoretical analysis of the
convergence.
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Theorem 1. (Single real variable Taylor’s series expansion): Suppose that r > 1 is an integer and
further suppose that g : R — R is an r-times differentiable function at some finite point x € R.
Then, there exists the following expression:

$0) = 8(a) + 8/ @0+ 8" (@0 ++ gD (@8, + Re(x), ©

where R, (x) is the remainder term, whose integral form is

Rofon) = [ gy ) - 10)

Theorem 2. (Multivariable Taylor’s series expansion): Suppose that G : P C R" — R" is an
r-times Frechet differentiable system of functions in a convex set P C R"; then, for any x and
k € R" the equation given below is true:

k2 k3 krfl 1
G(x +k) = G(x) +kG'(x) + 5, G"(x) + ac;“(x) +..+ Tc< J(x)+R,, (11)

where ||Ry|| < X supy_, 1 ||G) (x + k)| || [k||” and G (x)k7 = (... (G'D (x)k).1.)k € R™.

3.1. Convergence under Scalar Case

In this subsection, we theoretically prove the local order of convergence for PMyg.

Theorem 3. Suppose that o« € P is the required simple root for a differentiable function g : P C
R — R within an open real interval P. Then, the proposed three-step numerical method (8)
possesses tenth-order convergence, and the asymptotic error term is given by

_ 8"7(“) / meoy 1) 10 11
€511 = J00ag (e (028 (08" (@) = 352w )] + Ol (12)

Proof. Suppose a is the root of g(x,), where x,, is the nth approximation for the root by the
proposed method (8), and €y, = x, — a is the error term in variable x at the nth iteration

step. Employing the single real variable Taylor’s series given in the theorem (1) for g(x,)
around &, we obtain

1
8n) = (Wex, + 58" (@), + O(€, ). (13)

Similarly, using the Taylor’s series for 1/¢’(x,) around &, we obtain

R
Multiplying (13) and (14), we obtain
- L (G- farons o
Now, substituting (15) in the first step of (8), we obtain
§"(@) 5 1 1ol " 3 4
€0 = Sy o T gy (8 W80 — 8 (@) €2, + Ofel,), (16)

where €, = y, — . Using the Taylor’s series (1) for g(y,) around &, we obtain

1
8yn) = g'(Wey, + 5;8" (W)ef, + O(ey,)- 17)
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Similarly, using the Taylor’s series for % (1y ) around &, we obtain
n
1 1 g 1 g0 8" . 3
= - €y, + - e, +0(e; ). 18
o " F@ g g (g2~ ag) 0@ 09
Multiplying (17) and (18), we obtain
gn) _  §'w) 5 | (8") ¢\ 3 4
g/(yn) = €y Zg/(lx) Eyn <2g’2(a) Zg/(/x) )E.‘/n + O(eyn ) 19)
Now, substituting (19) in the second step of (8), we obtain
€. — g//(‘x) €2 1 ( /(0() ///(“)7 //2(0‘)>€3 +0(€4 ) (20)
Zn 2¢'(a) ¥ T 2¢7(a) 8&\x)g 8 Yn Y )
where €, = z, — «. Using the Taylor’s series (1) for g(z,) around a, we obtain
1
8(z) = §'(Wez, + 38" (0)eZ, + O(€3,). @1)
Using the Taylor’s series (1) for ¢’(y») around &, we obtain
1
g'(yn) = §'(0) +8" @)ey, + 58" (@)e, + O(ey,)- (22)
Using the Taylor’s series (1) for §’(z,) around &, we obtain
1
§'(zn) = g'(a) + 8" (W)ez, + 58" ()€, + +0(e3,). (23)

1
Expanding the Taylor series —————— and using Equations (22) and (23), we
p g y 5/ (2n) — & (yn) g Eq (22) and (23)

obtain

L)+ g F@ (Y (g’”(a) N g/%c))e; B (m 5g”2<a>>€2

5¢(zn) — &' (yn) 8'(w) 28'(a)  487(a) 28'(a)  4g%() ) (24)
3¢ () 3
~ 2g(a) W T O
Finally, substituting (24) in the third step of (8) and using Equations (16), (18), (20) and
(21), we obtain
A g//7(0‘) <52g/(“)g///(a) 735g//2(04))€10 + 0(611). 25)
n+1 40968’/9 (lx) Xn Xn

Hence, the tenth-order convergence of the proposed method PM; given by (8) for
g(x) =0is proved. O

3.2. Convergence under Vector Case

This subsection extends the proof for the tenth-order convergence of the proposed
method PM;g given in (8) regarding solving the system of nonlinear functions G(x) = 0,
where G = [g1(x), g2(%), ..., gn(x)] from R" to R". For the system of nonlinear functions,
PM)j can be described as follows:
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Y, =% — G'(x) 1G(x),
=Yy = G'n) Gy n=012,.... (26)
Xpi1= 20— [56/(z) = €'(y,)|  |€(z0) +3C'(y,)] |6 (y,) 1G(z)|.

We present the following theorem to obtain the asymptotic error term and the order
of convergence for PMj.

Theorem 4. Let the function G : P" C R" — R" be sufficiently differentiable in a convex set
P" containing the zero a of G(x). Let us consider that G'(x) is continuous and nonsingular in
«. Then, the solution x obtained by using proposed three-step method P My converging to a has
tenth-order convergence, if an initial guess x is chosen close to w.

Proof. Suppose that €x, = ||x, — «||. Now, using the Taylor series described in the
Theorem (2) for G(x;), we obtain

1
G(xn) = G’ (&) €x, + EG"(oc)ex% +O(ex3). (27)
Similarly, using the Taylor’s series for G’(x;) around &, we obtain
1
G'(xy) = G' (&) + G” () ex, + EG'"(u)ex% + O(ed). (28)

Employing the Taylor’s series for the inverted Jacobian matrix G’(x,,) ! around &, we
obtain

G (x) ' =G ()1 — G () 1G" () €xy+
&) 1[G W (W) 26 (W) W]ed + Oed).
Multiplying (27) and (29), we obtain
G’ (xn) T G(xn) = €xy — 2G' (0) T'G" (0)exs + [2G™(2) T'G"* (1) — 2G (2) T'G" (1) ] €xs + Olexy).  (30)
Now, substituting (30) in the first step of (26), we obtain
ey, =2G'(0) T1G" (w)exs +2G™ () TG (@) G (&) — G ()] €xs + Olexy). (31)

Similarly, employing the Taylor series for G(y,,) and G’(y,,) about «, and also for the
inverted Jacobian matrix G’ (y,) “1in the second step of (26), we obtain

€zn =2G(a) T1G" (w)ey% +2G"% () 1[G (1) G (v) — G"*(a)]e,> + Oley}).  (32)

Using the Taylor series for G’(z,) and G’(y,) around &, we obtain the following:
1
G'(zn) = G'(a) + G" (w) ez, + EG”I(“)Qﬁ +0(ez), (33)

G (yn) = G/ (@) + G" (@)ey, + 1 G (&)e] + Oley). (34)

Using the above two equations and the inverted Jacobian matrix for [5G’(z,) —
’ -1 .
G’(yu)] ~, we obtain

[5G (za) = G'(y)] ' [G'(2) +3G ()] =1- G'(8) 'G" (w)ez, — 26" (&) ' G (w)ezi+
G'(w) " G" (w)ey, + [2G () ' G (w) + 4G (x) G (x)]e,2 + 4G (w) 156" (w)e> (35)
- 2G'2(u)713G”2(a)eynem +0O(ed).
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Finally, substituting (35) and other required expansions in the third step of (26), we
obtain

€zp41 = ﬁc*(«)’l(;’”(a) [52G’ (&) G" (&) — 35G"%(a)]e: 10 + O(ezl).  (36)
Hence, the tenth-order convergence of the proposed method PM;q given by (26) for a
non-linear system of equations G(x) = 0is proved. [

3.3. Computational Estimation of the Convergence Order

When a new iterative method is proposed to compute an approximate solution for
g(x) = 0, in order to verify its theoretical local order of convergence, one needs to use
a parameter called the Computational Order of Convergence (COC). However, this is
possible only when we have information about the exact root a for g(x) = 0. Thus, the
following parameters can alternatively be employed under some constraints as described
below.

Approximated Computational Order of Convergence [27]:

log|€n/en71|
ACOC= —S———, €, =X, — X1, n>4. 37
loglen_1/ens|’ " " ! ©7)

Computational Order of Convergence [28]:

log|€n /€1

COC = T = = s
log|€—1/€n—2|

€E=x,—a, n>3. (38)

Extrapolated Computational Order of Convergence [29]:

log|én/éy-1]

ECOC=-————- é=x,—0a,, n=>>5, (39)
10816 1/én 2]
where )
X
Ky = X — (22;7”2/ PXn = Xpg1 — Xn.

Petkovic Computational Order of Convergence [30]:

log\aq\ ~ f(xn)
PCOC= ———, € = , n>2. 40
l0gen 1]’ " Flon) (40)

All of the above formulas can be used to test the convergence order, but in the present
study, ACOC as given by (37) is used since the number of iterations taken by the method
PMjy (8) is at least four in various numerically tested problems, as discussed in Section 5.
Additionally, this is the best-known approach employed in most of the recently conducted
research studies to verify the theoretical order of convergence.

4. Basins of Attraction

The stability of solutions (roots) for the nonlinear function g(z) = 0 using an iterative
method can be analyzed with the help of a concept called the basins of attraction. Basins of
attractions are phase-planes that demonstrate iterations employed by the iterative method,
which can assume different choices for the initial guess zg. Such 2D regions are esthetically
so beautiful that their applications are not only found in applied mathematics, but also
people working in fields such as architecture, arts, and design also use the concept to obtain
pleasing designs. Many other fields of applications for these basins can be seen in [31-36]
and most of the references cited therein. It may be noted that linear models do not depict
such dynamically eye-catching behavior, whereas the non-linearity results in features
such as those seen herein under the proposed iterative method PM;y. MATLAB’s built-in
routines, including contour, colormap, and color bar, are utilized to obtain the basins of
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attraction in the present study. In this connection, a squared region R on [—4,4] x [—4,4]
containing 2000 by 2000 mesh points is selected for the selected functions in complex form.
Some of these complex-valued functions are taken as follows for the illustration of the
regions by the proposed method.

Example 1.

P(z)=2842°—4, P(z)=2"—-1, P3(z)=2°—-1, m
Py(z) = cos(z) +cos(2z) +z, DPs5(z) =exp(z) —z, Pg(z) = cosh(z) —1. 1)
To maintain diversity, different kinds of functions including polynomials and tran-
scendental functions are used. The regions are achieved with a tolerance of ¢ = 1072 and a
maximum number of iterations allowed of n = 12. As can be seen in Figures 3-8, for the
Example (1), the maximum number of iterations is needed by initial guesses that reside
near boundaries of the regions, whereas if zj lies within the neighborhood of the required
solution, the proposed method PM;( does not require as many iterations as those needed
by most of the methods found in the literature. The average time required to produce
the dynamical planes shown in Figures 3-8 is stored in the Table 2. As expected, the
complex functions that have exponential and hyperbolic components are computationally
expensive.

4

12*n3

(a) iteration colouring (b) basins of attraction

Figure 3. The polynomiographs by the proposed method PM; for P; (z).

=11

2*7l3

273

(a) iteration colouring (b) basins of attraction

Figure 4. The polynomiographs by the proposed method PM; for P;(z).
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(a) iteration colouring

Figure 5. The polynomiographs by the proposed method PM; for P3(z).

(a) iteration colouring

Figure 6. The basins of attractions by the proposed method PMj for Py(z).

11

(a) iteration colouring

Figure 7. The basins of attractions by the proposed method PMj for P5(z).
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(a) iteration colouring

Figure 8. The basins of attractions by the proposed method PMj for Pg(z).
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Table 2. Execution time in seconds required by PMy for each Pi(z),i =1,2,...,6.

P1(z) Pz(z) P3(Z) P4(Z) P5(Z) PG(Z)
767413 s 570.103 s 289.626 s 537.531s 782.588 s 730.300 s

5. Numerical Experiments with Discussion

Various types of test problems are considered from different sources including [3,19,22].
The approximate solutions x* up to 50 decimal places are shown against each test func-
tion. The error tolerance |ey| = |xy — x*] to stop the number of iterations is set to 1072,
whereas the precision is chosen to be as large as 4000, and N shows the total number of
iterations taken by the method to achieve the required tolerance. In addition, physically
applicable nonlinear models such as the Van der Waals equation, the Shockley ideally
diode electric circuit model, the conversion of substances in a batch reactor, and the Lorenz
equations in meteorology are taken into consideration to demonstrate the applicability of
the proposed method PM;jj. Obtained numerical results are tabulated for further anal-
ysis. Each table contains different initial guesses, numbers of iterations required by a
method to achieve the preset error tolerance, function evaluations needed for each method,

1 -
approximated computational orders of convergence | ACOC = loglen/ena|_ where
l0glen—1/€n2]

€1 = Xn — X,_1, absolute errors, absolute values of functions at the last iteration, and the
execution (CPU) time in seconds.

For the test problem 2 (g7 (x)), two initial guesses are chosen for simulations, as can be
seen in Table 3. For the initial guess xo = 1.5, it is observed that the minimum number of
iterations is taken by the methods PM;y and WOg to achieve the error tolerance; however,
the smallest error is given by PM;y while consuming an equivalent amount of CPU time.
The method NR; takes the maximum number of iterations at x; = 1.5. Under the second
initial guess xo = 2.0, although many methods including PM; take the equal number of
iterations to achieve € = 10729 the smallest absolute error and thus smallest absolute
functional value is achieved by PM;y. This shows that if an initial guess lying near to the
solution of g(x) = 0 is passed to PMjy, then the method yields the smallest error.

For the test problem 2 (g2 (x)), two initial guesses are chosen for simulations as can be
seen in Table 4. One of them is taken far away from the approximate solution of the quintic
equation g»(x). For xg = —3.8, the smallest possible absolute error is yielded by WOs, but
at the cost of the maximum number of iterations and largest amount of CPU time. Next
comes HMg with an absolute error of 9.2097 x 107%7% and greater time efficiency, but it
requires one more iteration when compared with PMj, which achieves an absolute error
of 1.9515 x 107572 with only four iterations while consuming a reasonable amount of CPU
time. When an initial guess lying near to the root is chosen, the method N Mg achieves the
smallest error, but it requires one extra iteration when compared with PM;y and WOsg. The
most expensive methods (in terms of N, FV, and CPU time) for this particular test problem
seem to be WOg and NR;.

For the transcendental problem 2 (g3(x)), two initial guesses are chosen for simula-
tions, as can be seen in Table 5. Under both of the initial guesses, the maximum numbers
of function evaluations are taken by HMj followed by PM; to achieve the desired error
tolerance. The smallest absolute functional values are obtained with HMg and PM;y,
where NR; seems to be the most expensive method in terms of the number of iterations.
Although the method MH;y consumes the fewest number of CPU seconds, its ACOC is
only eight, contradicting the theoretical order of convergence found in [21].

For the transcendental problem 2 (g4(x)), two initial guesses are chosen for simulations
as can be seen in Table 6. One of the guesses is taken far away from the approximate
solution of g4(x). Under both initial guesses, it is observed that the method MHMs5
takes the fewest iterations, fewest function evaluations, and fewest CPU seconds with
unsatisfactory absolute errors under xo = —9.5. The method WOg diverges for the second
initial guess xg = —9.5, whereas NR; is the most expensive method concerning N and
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FV, in particular. The proposed method PM;( performs reasonably well under the initial
guesses and does not diverge under any situation.

For the test problem 2 (g5(x)), three initial guesses are chosen for simulations as can
be seen in Table 7. Two of the guesses lie far away from the approximate root of g5(x). It
is easy to observe that the method PM;, performs better than other methods, even when
the initial guesses are not near to the approximate root, since the number of iterations to
attain the required accuracy is the smallest with PM;jj. Once again, the most expensive
method regarding N and FV proves to be NRy, whereas WOg does not succeed towards the
desired root when the initial guesses are assumed to be away from the root. The absolute
error achieved by PM;y with xg = 2.9 is the smallest when compared with the results of
other methods.

Example 2.

g1(x) = x> —10,

X* & 2.15443469003188372175929356651935049525934494219210),

g2(x) = x° + x — 10000,

X* ~ 6.30877712997268909476757177178305911337755805821110),
X .

§(x) = 5 —sin(x),

X* ~ 1.89549426703398094714403573809360169175134662738540,

(42)

g4(x) = xexp(x?) — sin®(x) + 3 cos(x) +5,

x* ~ —1.20764782713091892700941675835608409776023581894950,
g5(x) = exp™™¥) —x 41,

x* & 2.63066414792790363397532705235059856858473195473320.

Table 3. Numerical results for problem 2: g1 (x).

Method IG N FV ACOC le] |f(xn)| CPU
PMyg 15 4 24 10 43384 x 1047 1 x 107398 1.6 x 1072
2.0 4 24 10 7.3775 x 101117 7.7598 x 10~ 11164 2.1720 x 10°
MHjg 1.5 5 25 8 6.1001 x 10~1501 6 x 107399 32 x 1072
2.0 4 20 8 8.7875 x 10338 7.6607 x 1074298 1.3391 x 10!
NMy 1.5 5 25 9 1.3799 x 101487 6 x 107399 1.6 x 1072
2.0 4 20 9 2.5853 x 107772 6 x 107399 1.6 x 1072
WOsg 1.5 4 16 7.9999 x 100 3.7895 x 1020 5.4086 x 107199 1.6 x 1072
2.0 4 16 8 2.2967 x 107676 1 x 10739 1.6 x 1072
HMs 15 5 25 6 4.6527 x 1074% 6.0868 x 10~2973 3.1 x 1072
2.0 4 20 6 2.7077 x 10230 2.3643 x 1071378 2.66 x 1071
MHMs 15 5 20 5 2.5498 x 10~2%1 3.4832 x 1071454 3.1 x 1072
2.0 5 20 5 2.7042 x 107743 4.6736 x 1073714 1.2180 x 109
NR, 1.5 10 20 2 47719 x 10221 1.4717 x 10~440 3.1 x 1072
2.0 9 18 2 45282 x 107288 1.3253 x 107574 3.1 x 1072
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Table 4. Data using fixed step-size problem 2: g»(x).

Method IG N FV ACOC le] |f(xn)] CPU
PMyy -3.8 4 24 10 1.9515 x 107572 0 3.1 x 1072
8.8 4 24 9.9999 x 10° 1.7260 x 10~ 6.0030 x 10~27¢9 3.1 x 1072
MHjq —3.8 4 20 8 4.4858 x 10276 1.2527 x 102202 32 x 1072
8.8 5 25 8 1.1988 x 10~10 0 3.1 x 1072
NMy -3.8 4 20 9 1.3626 x 107350 5.8823 x 103149 3.1 x 1072
8.8 5 25 9 3.4812 x 101362 0 1.5 x 1072
WOsg —3.8 11 44 8 24211 x 1079 0 9.4 x 1072
8.8 4 16 8.0239 x 10° 1.7219 x 107242 1.1652 x 1071938 32 x 1072
HM;g -3.8 5 25 6 9.2097 x 10~670 0 3.1 x 1072
8.8 5 25 6 5.0406 x 10303 8.3149 x 1071813 3.1 x 1072
MHMs -3.8 5 20 5 8.1401 x 1027 2.1439 x 10~ 147 32 x 1072
8.8 5 20 5 1.3486 x 10~22 2.6761 x 10~ 1103 3.1 x 1072
NR, -3.8 10 20 2 2.1403 x 1022 1.1503 x 10580 32 x 1072
8.8 11 22 2 6.8822 x 107280 1.1893 x 107> 1.6 x 1072
Table 5. Numerical results for problem 2: g3(x).
Method IG N FV ACOC le| |£(xn)] CPU
PMy 35 4 24 10 1.3985 x 10340 3 x 104000 1.41 x 107!
2.5 4 24 10 9.4449 x 10003 3 x 104000 141 x 101
MHjg 35 4 20 8 4.4067 x 10724 1.1093 x 101948 9.4 x 1072
2.5 4 20 8 7.5796 x 10-277 8.4971 x 102211 9.4 x 1072
NMy 35 4 20 9 1.9811 x 107398 4.6535 x 102771 2.81 x 107!
2.5 4 20 9 3.3116 x 10366 4.7431 x 10731 14 x 1071
WOs 35 5 20 8 5.0436 x 107122 3 x 104000 2.66 x 107!
2.5 4 16 8 6.6531 x 10270 1.4143 x 102155 2.18 x 107!
HM;g 35 5 25 6 3.9257 x 107963 3.8877 x 107376 1.41 x 101
2.5 5 25 6 7.7054 x 10742 5 x 104000 1.56 x 10!
MHMs 35 5 20 5 9.1683 x 107320 1.7296 x 10~157 1.25 x 10!
2.5 5 20 5 1.4187 x 10~412 1.5343 x 102061 1.25 x 101
NR, 35 10 20 2 5.1202 x 102 1.2423 x 107577 9.3 x 102
2.5 10 20 2 45680 x 10321 9.8883 x 1042 1.09 x 107!
Table 6. Numerical results for problem 2: g4(x) with * showing the divergence of the method.
1% 8 g g
Method IG N FV ACOC le| |£(xn)] CPU
PMy —45 10 60 10 41220 x 10~ 8 x 10739 438 x 107!
-9.5 30 180 10 1.0834 x 1073% 1.0796 x 103527 1.39 x 10°
MHjyg —45 12 60 8 5.5553 x 10552 8 x 1073 5.62 x 107!
-9.5 39 195 8 1.0488 x 10763 8 x 1073 1.8590 x 10°
NMy —4.5 12 60 9 4.4565 x 101467 8 x 10739 9.69 x 107!
-9.5 37 185 9.0001 x 10° 6.8 x 10722 40517 x 1071997 3.3590 x 10°
WOg —45 17 68 8 2.3107 x 101507 8 x 1073 1.5940 x 100
-95 200* 800  9.5356 x 107! 2.0883 x 1072 9.0918 x 10+72 1.9266 x 10!
HMs —45 13 65 6 1.0498 x 1028 4.1588 x 101456 547 x 107!
-95 43 215 6 3.9815 x 10-%7 1.2374 x 10713% 1.8910 x 10°
MHMs —45 7 28 5 2.1606 x 10978 8 x 107399 2.34 x 107!
-9.5 17 68 5 3.1372 x 10~%%8 41824 x 101186 5.62 x 107!
NR; —45 30 60 2 1.4030 x 10~ 6.0043 x 10485 4.84 x 107!
-95 101 202 2 6.9221 x 1026 1.4616 x 10744 1.5620 x 10°
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Table 7. Numerical results for problem 2: g5(x).

Method 1G N FV ACOC le] [f(xn)] CPU
PMy 29 4 24 10 3.0523 x 1071325 0 1.57 x 1071
-37 5 30 10 3.1294 x 1071405 0 219 x 107!
7.4 6 36 10 1.2713 x 1045 0 25 x 1071
MHy 29 4 20 8 3.3060 x 107632 0 9.4 x 1072
-37 9 45 8 7.1797 x 10~378 4.0342 x 1073023 297 x 107!
7.4 22 110 8 5.3293 x 107202 3.7179 x 10-1616 7.81 x 1071
NM, 29 4 20 9 3.6544 x 10815 0 25 x 1071
-37 5 25 9 22115 x 10563 0 3.13 x 107!
7.4 failed - - -
WOg 29 4 16 8.7376 x 107540 0 1.87 x 1071
—3.7 failed - - - - -
7.4 failed - - - -
HMg 29 4 20 6 2.1574 x 107305 3.1362 x 1071833 1.41 x 1071
-37 6 30 6 3.8865 x 10904 0 1.72 x 1071
74 12 60 6 3.3038 x 107311 4.0442 x 1071868 422 x 1071
MHMs5 29 5 20 5 4.0088 x 107716 5.2603 x 103580 1.1 x 107!
-37 8 32 5 7.1662 x 107833 0 297 x 1071
7.4 8 32 5 2.16 x 107326 2.3890 x 1071631 219 x 1071
NR, 2.9 9 18 2 42361 x 107377 3.9782 x 10774 94 x 1072
-37 11 22 2 4.9340 x 10262 5.3970 x 107524 313 x 107!
74 16 32 2 1.0369 x 10370 2.3835 x 107741 2.66 x 107!
Example 3. Volume from Van der Waals” Equation [37].
The Van der Waals equation is represented by the following model:
anz
(P+ W)(V—bn) = nRT. (43)

After some simplifications, one obtains the following polynomial of nonlinear form:
g(V) = PV® — n(RT + bP)V? + n?aV — nab. (44)

The Van der Waals equation of state was formulated in 1873, with two constants 2 and
b (Van der Waals constants) determined from the behavior of a substance at the critical
point. The equation is based on two effects, which are the molecular size and attractive
force between the molecules. The model (43) is a modified version of the ideal gas equation
V = RT/nP, where n shows the number of moles, R stands for the universal gas constant
(0.0820578), T is the absolute temperature, V shows the volume, and P denotes the absolute
pressure. If V = 1.4 moles of benzene vapor form under P = 40 atm with 2 = 18 and
b = 0.1154, then one has

g1(V) = 40V3 — 95.26535116V2 + 35.28V — 5.6998368. (45)
The approximate solution up to 50 dp is given as:
V* = 1.9707842194070294114471303720868563598618121603538.

Being cubic, the Equation (45) certainly possesses one real root. Here, we aim to show
the performance of PM;y on this model. Therefore, the model is numerically solved by
PM;j and the other six methods chosen for comparison. It can be observed in Table 8 that
PM; achieves the smallest possible error € along with functional values nearest to 0 in a
reasonable amount of time, irrespective of the initial guesses.
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Table 8. Numerical results for problem 3.

Method 1G N FV ACOC le] [f(xn)] CPU
PMy 2.0 4 24 10 46111 x 1071485 1.3 x 107397 47 x 1072
103 6 36 10 1.6261 x 101641 1.1 x 1073997 6.2 x 1072
MHj, 2.0 4 20 8 1.5202 x 10726 1.1 x 1073997 1.6 x 1072
103 6 30 8 6.2361 x 107305 22532 x 1072431 1.6 x 1072
NMy 2.0 4 20 9 1.0867 x 101015 1.3 x 1073997 1.6 x 1072
103 6 30 9 9.6289 x 10~479 1.3 x 1073997 32 x 1072
WOg 2 4 16 8 3.9765 x 10833 1.1 x 1073997 1.6 x 1072
10.3 6 24 8 4.8401 x 10769 1.1 x 1073997 47 x 1072
HMg 2.0 4 20 6 9.3310 x 10731 2.9554 x 1071858 1.6 x 1072
103 7 35 6 1.3806 x 107532 3.1008 x 1073189 1.6 x 1072
MHMs 2.0 4 16 5 1.6172 x 10~201 8.3557 x 101003 0
10.3 7 28 5 7.9826 x 10804 1.1 x 1073997 0
NR, 2.0 9 18 2 1.7818 x 107383 44839 x 107764 0
103 15 30 2 1.1910 x 1027 2.0034 x 107540 1.6 x 1072

Example 4. The Shockley Ideally Diode Electric Circuit Model.
The Shockley diode model giving the voltage going through the diode Vp is represented by the
following equation:

J= ]S(EXP(VD/HVT) — 1),

where Jg stands for the saturation current, n is the emission coefficient, Vr is the thermal voltage,
and | is the diode current. Using the Kirchhoff's second law (Vg + Vp = Vs) and Ohm’s law
(V = JR), a root-finding model can be found. The final structure for the model would be as follows:

Vs = ]R+nVT1n(l +1). (46)
Js
Assuming values of parameters Vs, R, n, Vr, |s from [38], we obtain the following equation
that is nonlinear in the variable |:

g(J) =14In(J+1)+0.1] - 0.5. (47)
The approximate solution of the above equation correct to 50 dp is as follows:

J* = 0.38997719839007758658645353264634118996836946243662.

Table 9 presents numerical simulations for (47) with two different initial conditions
of 0.5 and 1.8, under which the smallest absolute error seems to lie under the column
of the proposed method PMj. Further analysis can easily be conducted by the careful
examination of the results tabulated therein.

Example 5. Conversion of Species within a Chemical Reactor [39].
The following nonlinear equation arises in chemical engineering during the conversion of
species in a chemical reactor:

X

g = 0.4(1—x)

0.4 —0.5x

~5In ( ) 1445977, (48)

where x stands for the fractional conversion of the species; thus, it must lie in (0,1). The approximate
solution of the above equation correct to 50 dp is as follows:

x* & 0.75739624625375387945964129792914529342795578042081.
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Table 9. Numerical results for problem 4.

Method 1G N FV ACOC le] [f(xn)] CPU
PMy 0.5 4 24 10 7.2498 x 101614 2 x 104000 7.8 x 1072
1.8 4 24 10 1.1065 x 10661 2 x 1074000 7.8 x 1072
MHj 0.5 4 20 8 5.7732 x 107741 2 x 104000 3.1 x 1072
1.8 4 20 8.0001 x 10° 1.3446 x 10~210 5.0780 x 1071683 3.1 x 1072
NMgy 0.5 4 20 9 1.7171 x 101088 2 x 1074000 47 x 1072
1.8 4 20 9 5.9947 x 107330 8.3091 x 10-2968 47 x 1072
WOy 0.5 4 16 8 3.2491 x 10~712 2 x 1074000 6.2 x 1072
1.8 4 16 8.0001 x 109 8.3705 x 10212 3.1312 x 1071692 6.3 x 1072
HM, 0.5 4 20 6 1.1747 x 107390 2.1830 x 101802 3.1 x 1072
1.8 5 25 6 6.2470 x 10744 4.9378 x 1072662 47 x 1072
MHMs 0.5 5 20 5 29184 x 107855 2 x 1074000 1.6 x 1072
1.8 5 20 5 3.7051 x 107207 1.9490 x 101034 1.6 x 1072
NR, 0.5 9 18 2 1.3 x 10~371 6.1228 x 10~743 1.5 x 1072
1.8 10 20 2 % 10° 1.1395 x 10201 4.7044 x 10403 32 x 1072

Numerical results can be found in Table 10, where it is shown that PM; has outper-
formed all other methods in terms of the absolute errors under consideration under two
different initial conditions.
Table 10. Numerical results for problem 5.

Method 1G N FV ACOC le] [f(xn)] CPU
PMyg 0.71 5 30 10 2.5434 x 107163 4 x 10739 1.25 x 107!
076 4 24 10 5.0617 x 1071424 1 x 107398 9.4 x 1072
MHj 0.71 5 25 8 5.1147 x 107640 4 x 107399 6.2 x 1072
076 4 20 8 6.3350 x 10769 4 x 107399 47 x 1072
NMy 0.71 5 25 9 3.8480 x 1075 1 x 1073998 7.8 x 1072
076 4 20 9 4.0774 x 107981 4 x 107399 47 x 1072
WOg 0.71 5 20 8 3.3478 x 10758 1.3 x 1073998 1.56 x 1071
0.76 4 16 8 1.3297 x 10~6% 2 x 1073% 6.3 x 1072
HM, 0.71 6 30 6 5.4957 x 10618 4.4077 x 107369 6.3 x 1072
0.76 4 20 6 9.3504 x 107288 1.0692 x 101714 47 x 1072
MHMs 0.71 6 24 5 2.0592 x 10216 2.9538 x 101072 47 x 1072
0.76 5 20 5 42638 x 107834 4 x 107399 3.1 x 1072
NR, 071 12 24 2 5.5571 x 107216 3.9060 x 107428 47 x 1072
076 9 18 2 5.3583 x 1073% 3.6316 x 107708 32 x 1072

Example 6. The Two-Dimensional Bratu Model [40].

subject to the following boundary conditions

u
ox?2

22U
dy

—— +Aexp(U) =0, x,y € D=1[0,1] x [0,1],

U(x,y) =0x,y €D.
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The two-dimensional Bratu system has two bifurcated exact solutions for A < A¢, a unique
solution for A = A, and no solutions for A > A.. The exact solution to (49) is determined as
follows:

()

U(x,y) =2In [C"Sh(i) cosh((x — 3)(y — 3)6) }

cosh((x — 18 cosh((y — 1))
where 0 is an undetermined constant satisfying the boundary conditions and assumed to be the
solution of (49). Using the procedure described in [41], one obtains
62 = A cosh? (Q) (52)
4
. L . . dA e .
Differentiating (52) with respect to 6 and setting i 0, the critical value A, satisfies
1 0y . 0
0= 1/\5 cosh <Z) sinh <Z> (53)
By eliminating A from (52) and (53), we have the value of 6. for the critical A. satisfying
0. 6.
i coth (Z)’ (54)

and 0, = 4.798714561. We then obtain A, = 7.027661438 from (53). Numerical simulations
performed in Table 11 show that the proposed three-step method takes a smaller number of iterations
and produces considerably smaller absolute errors with a reasonable amount of CPU time.

Table 11. Numerical results for problem 6.

Method IG N FV ACOC le]| |f(xn)| CPU
PM;g 4.0 4 24 10 3.9 x 101086 0 1.41 x 1071
15.5 4 24 10 1.9074 x 10553 0 219 x 107!
MHjg 4.0 4 20 8 5.2357 x 10755 0 1.09 x 1071
15.5 4 20 8 3.6499 x 10277 6.3171 x 1072220 1.09 x 1071
NM, 4.0 4 20 9 43486 x 107847 0 6.3 x 1072
155 4 20 9 2.3344 x 107332 1.9566 x 10~29%4 6.3 x 1072
WOg 4.0 4 16 7.9999 x 109 1.4375 x 107487 1.6570 x 1073902 1.09 x 1071
155 5 20 8 5.7605 x 101311 0 9.4 x 1072
HMs 4.0 4 20 6 1.4310 x 10221 3.9699 x 1071331 1.25 x 1071
155 5 25 6 2.0883 x 107638 3.8348 x 1073832 1.25 x 1071
MHMs 4.0 5 20 5 8.6954 x 10758 47414 x 10~225 9.4 x 1072
155 5 20 5 5.0264 x 107265 3.06 x 101326 9.4 x 1072
NR, 4.0 9 18 2 57111 x 107278 1.0742 x 1055 7.8 x 1072
155 10 20 2 1.2645 x 10281 5.2661 x 107564 1.09 x 1071

Now, we consider five different kinds of nonlinear multidimensional equations and
numerically solve them with PMg, HMg, MHs, and NR; since the methods MHjy, NMy,
and WOg were either divergent or not applicable on systems of nonlinear equations. For
the systems considered, various types of initial guesses are used, and for comparison
purposes, the approximate solution and the normed error € = ||x;4+1 — X4 || having the
same tolerance 1072% and CPU time are taken into consideration. It can be observed in
Tables 12-16 that the smallest possible absolute error is achieved only with the proposed
method—that is, PM;p—in a reasonably affordable time period.
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Example 7. The nonlinear system of two equations from [3,41] is given as:

x1 +exp(xz) — cos(xz) =0,
3x1 — xp —sin(x1) = 0.

(55)

The exact solution of the system (55) is x = [0,0)'. The numerical results for this system are

shown in Table 12 under the proposed P Mg and other three methods.

Table 12. Numerical results for problem 7.

N [x1,0, x2,0] T [21, x2] T le] CPU
PMyg -1.0,1.0 5.0151 x 1074003 1,0030 x 104002 7.7834 x 1073318 0
HMg - 1.2648 x 107228725096 x 102287 9.9330 x 107382 1.4 x 107!
MHs - 4.6720 x 10798,9.8372 x 107968 5.2359 x 107194 1.5 x 1072
NR, - 1.2203 x 10711, 2.4406 x 10~ 6.0505 x 10706 47 x 1072
PMyy -1.9,1.8 5.0151 x 1074093, 1,0030 x 104002 7.0614 x 1071865 32 x 1072
HMg - 5.4937 x 10712%5,1,0987 x 101224 1.2688 x 107204 6.2 x 1072
MHs - 2.1088 x 1075, 4.4402 x 10~ 2.8177 x 10112 6.2 x 1072
NR, - 6.9588 x 10797, 1.3916 x 100 1.4445 x 109 46 x 1072
PMyy 25,-23 1.9407 x 1074002 38815 x 104002 43934 x 1073428 1.6 x 1072
HMg - 1.2918 x 1074090 25836 x 104000 1.8909 x 10~691 63 x 1072
MHs - 2.8427 x 10795, 59858 x 10795 1.8873 x 1071 62 x 1072
NR, - 8.2443 x 1071°,1.6489 x 1014 1.5727 x 10~% 4.7 x 1072
PM; 89,55 3.9204 x 10-1989,8.3019 x 101989 2.1886 x 10199 7.8 x 1072
HMg - 3.6432 x 1073,7.2864 x 10~ 5.4995 x 10~16 9.3 x 1072
MHs - 5.6511 x 10779,1.1901 x 10~%° 2.1654 x 10714 1.41 x 1071
NR, - 2.7716 x 1071,5.1674 x 1071 7.9930 x 1071 47 x 1072
PMyg 1.9,6.5 1.5819 x 101006 33499 5 101006 3.9880 x 10101 7.8 x 1072
HMg - 5.9575 x 107%*,1.1915 x 10~ % 8.7617 x 10708 9.4 x 1072
MHs - 9.8552 x 10736, 2.0743 x 10735 1.5268 x 10797 1.8700 x 101
NR, - 6.7641 x 10~1,1.3228 x 10° 1.0621 x 10° 46 x 1072
PMyg 0.1,0.1 9.2473 x 1074002 18495 x 104001 0 0
HMg - 49611 x 1074902 99222 % 104002 2.4509 x 101479 7.8 x 1072
MHs - 1.8099 x 103702 3.8109 x 103702 6.8648 x 107741 47 x 1072
NR, - 2.8142 x 1073, 5.6283 x 103 9.1883 x 10~20 47 x 1072

3x1 — cos(xpx3) —1/2 =0,

x2 —81(xp +0.1)% 4 sin(x3) + 1.06 = 0,
exp(—x1x2) +20x3 + (10m/3 - 1) =0,

where its approximate solution up to 50 dp is shown below:

Example 8. Another nonlinear system of three equations taken from [42] is shown below:

(56)

0.49814468458949119126228211413809456132099782481239

X =

0

(57)

—0.52882597757338745562224205210357569604547206124467
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Table 13. Numerical results for problem 8.

Method [XL(), X2,0, X3I[)] T [xl, X2, x3] T |€| CPU
PMyg 1.1,1.1, -1.1 5x 1071, —1.4199 x 1074901 52360 x 10~} 3.6961 x 107541 46 x 1072
HM, - 5 x 1071,5.9801 x 10~%45, —5.2360 x 10~} 2.1352 x 10775 47 x 1072
MHs - 5 x 1071,3.9207 x 107162, —52360 x 10~! 2.4120 x 1040 7.8 x 1072
NR, - 5.0001 x 1071,9.5530 x 1079, —5.2357 x 10! 1.3842 x 102 1.5 x 1072
PMyy 33,21, -2.1 5 x 1071, —4.5590 x 107294, —5.2360 x 10! 2.9346 x 107362 6.3 x 1072
HM;g - 5% 1071,2.1651 x 107257, —5.2360 x 101 3.8835 x 104 47 x 1072
MHs - 5 x 1071, —=7.2199 x 107131, —5.2360 x 10! 5.4152 x 10733 9.3 x 1072
NR, - 5.0007 x 1071,7.6756 x 1079, —5.2340 x 10! 3.9888 x 1072 3.1 x 1072
PMyp -1.3,1.1, -0.1 5x 1071, —8.2172 x 1074901 52360 x 10~} 1.1159 x 10! 6.3 x 1072
HM, - 5 x 1071,1.2373 x 107456, —5.2360 x 10~! 24102 x 10777 46 x 1072
MHs - 5 x 1071,3.9887 x 107168, —52360 x 101 7.6082 x 10~42 47 x 1072
NR, - 5.0001 x 1071, 8.3811 x 10794, —5.2358 x 101 1.2961 x 102 1.6 x 1072
PMyy 1.9,4.1,0.1 5 x 1071, —4.6794 x 1071318, _52360 x 10~! 4.8484 x 10164 6.3 x 1072
HMg - 5 x 1071,3.4949 x 107117, —5.2360 x 10! 9.0619 x 10721 47 x 1072
MHs - 5 x 1071, —5.3226e—56, —5.2360 x 10~ 1.0093 x 1012 47 x 1072
NR, - 5.0048 x 1071, 55684 x 1072, —5.2215 x 10~} 1.1923 x 107! 3.1 x 1072
PMyy 65,22, 3.3 5 x 1071, —7.0328e-2659, —5.2360 x 10~} 1.3210 x 107331 6.3 x 1072
HMg - 5 x 1071, 6.7653 x 107230, —5.2360 x 10~! 1.4849 x 10~%0 47 x 1072
MHs - 5 x 1071, —3.4190 x 1078, —5.2360 x 10~} 3.6270 x 102+ 1.1 x 107!
NR, - 5.0009 x 1071, 1.0418 x 1072, —5.2333 x 107! 46778 x 1072 3.2 x 1072
PMyy 3.5,3.7, —2.3 5 x 1071, —9.2310 x 1071487, —5.2360 x 10~! 3.8829 x 107185 6.3 x 1072
HM;g - 5% 1071,2.4238 x 107131, —5.2360 x 10! 39573 x 10~ 6.3 x 1072
MHs - 5x 1071, —1.2128 x 1071, —5.2360 x 10~} 3.6152 x 10714 1.41 x 1071
NR, - 5.0039 x 10~1,4.4303 x 1072, —5.2244 x 1071 1.0395 x 1071 3.1 x 102

Example 9. A three-dimensional nonlinear system is taken from [3] as given below:
dradrd-1=0,
Zx% + x% —4x3 =0, (58)
3x2 —4x3 +x3 =0,
where its approximate solution up to 50 dp is as follows:
0.69828860997151390091867421225192307770469334334732
x ~ |0.62852429796021380638277617781675123954652671431496 | . (59)

0.34256418968956943776230136116401106884202074401616

The numerical results for the system (58) are shown in Table 14.
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Table 14. Numerical results for problem 9.

Method [x1,0, 2,0, x3,0] T [x1, %2, x3]T le] CPU
PMyg 0.5,0.5,0.5 6.9829 x 1071,6.2852 x 1071, 3.4256 x 10~! 1 x 104000 0
HM, - 6.9829 x 1071, 6.2852 x 1071, 3.4256 x 107! 3.8739 x 10864 0
MHs - 6.9829 x 1071,6.2852 x 1071, 3.4256 x 10~! 6.0191 x 107527 1.5 x 1072
NR, - 6.9829 x 1071, 6.2852 x 10~1,3.4256 x 10~ 3.8598 x 1012 1.5 x 1072
PMyy 1.0,1.0,1.0 6.9829 x 1071, 6.2852 x 1071, 3.4256 x 107! 1 x 1074000 0
HMg - 6.9829 x 1071, 6.2852 x 10~1,3.4256 x 1071, 41436 x 1075% 1.6 x 1072
MHs - 6.9829 x 1071, 6.2852 x 1071,3.4256 x 1071, 3.5513 x 10269 0
NR, - 6.9829 x 1071, 6.2852 x 10~1,3.4256 x 1071, 1.1136 x 10~% 0
PMig 258,32,6.1 6.9829 x 1071, 6.2852 x 1071, 3.4256 x 107! 7.0153 x 10~8% 0
HM, - 6.9829 x 1071, 6.2852 x 1071, 3.4256 x 107! 1.4280 x 10103 0
MHjs - 6.9829 x 1071,6.2852 x 1071, 3.4256 x 10~! 6.9270 x 1033 0
NR, - 6.9929 x 1071, 6.2876 x 1071, 3.4257 x 10~! 3.7312 x 1072 0
PMyg 5.1,4.2,1.1 6.9829 x 1071,6.2852 x 1071, 3.4256 x 107! 4.8091 x 10~ 119 0
HM, - 6.9829 x 1071, 6.2852 x 1071, 3.4256 x 107! 8.9729 x 10126 0
MHs - 6.9829 x 1071, 6.2852 x 1071, 3.4256 x 107! 6.3425 x 10768 0
NR, - 6.9851 x 1071, 6.2861 x 1071, 3.4256 x 107! 1.7731 x 102 0
PMyg 5.1,4.2,-1.1 6.9829 x 1071, 6.2852 x 1071, 3.4256 x 10! 1.1175 x 10174 0
HM, - 6.9829 x 1071, 6.2852 x 101, 3.4256 x 107! 2.7993 x 10719 0
MHs - 43060 x 10°, —9.1902 x 10—, —2.7461 x 10° 2.4533 x 10° 0
NR, - 1.0879 x 109, 8.0413 x 1071, 5.3209 x 107! 7.7974 x 1071 0
PMyg 10.2,14.7,11.1 6.9829 x 1071, 6.2852 x 1071, 3.4256 x 107! 2.9425 x 107319 0
HM, - 6.9829 x 1071, 6.2852 x 1071, 3.4256 x 107! 2.8736 x 10734 0
MHs - 6.9829 x 1071,6.2852 x 1071, 3.4256 x 10! 1.1693 x 10~ 1.6 x 1072
NR, - 7.5545 x 1071, 7.3493 x 1071, 3.4367 x 107! 3.7993 x 107! 0

Example 10. (Catenary curve and the ellipse ([43], p. 83)):

Given below is a nonlinear system of two equations that describe trajectories for the catenary
and the ellipse, respectively. We are interested in finding their intersection point that lies in the first
quadrant of the cartesian plane. The system has been solved under the proposed P My method and
other methods under consideration. The performance of each method is shown in Table 15, whereas
an approximate solution up to 50 dp of the system (60) is shown in comparison to the system.

Xy — %(exp(xl/Z) +exp(—x /2)) =0,

9x% 4 25x3 — 225 = 0.

Approximate solution:

Y~ 3.0311553917189839536524964478460650851937092065081
7 |2.3858656535628857281228809627652263081419323345176
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Table 15. Numerical results for problem 10 with * showing the divergence of the method.

Method [xllo, xzrg] T [xl, xz] T |E| CPU
PMyy 93,86 3.0312 x 10°,2.3859 x 10° 8.4435 x 107523 3.1 x 1072
HM;g - - 3.1353 x 10778 46 % 1072
MHs - - 1.4228 x 10~40 3.1 x 1072
NR, - - 2.1386 x 1071 1.6 x 1072
PMyg %? 3.0312 x 10Y,2.3859 x 10° 1.4738 x 107275 47 x 1072
HMs, - - 8.2367 x 10731 1.6 x 1072
MHs - - 1.8199 x 1017 3.1 x 1072
NR, - - 1.0020 x 10° 1.6 x 1072
PM;y  4.6,3.6 3.0312 x 109, 2.3859 x 109 1.7497 x 10~2436 3.1 x 1072
HM, - - 2.4449 x 107528 3.1 x 1072
MHs - - 1.3516 x 107167 1.6 x 1072
NR, - - 2.0398 x 10797 1.6 x 1072
PMyg ii'g' 3.0312 x 109, 2.3859 x 109 8.0467 x 10~58 3.1 x 1072
HM, - - 3.8892 x 1004 32 x 1072
MHjs - - 1.1246 x 1079 3.1 x 1072
NR» - 6.6073 x 100, —1.1486 x 10° 2.5508 x 100 * 1.6 x 1072
PMyy 29,19 3.0312 x 109, 2.3859 x 109 0 3.1 x 1072
HM, - - 1.1004 x 101156 3.1 x 1072
MHjs - - 5.7581 x 10307 3.1 x 1072
NR, - - 3.1421 x 107 1° 0
PMyp 12? 3.0312 x 10°,2.3859 x 10° 5.3262 x 10737 9.4 x 1072
HM, - - 7.9396 x 10~5* 9.3 x 1072
MHs - - 1.6306 x 1028 6.2 x 1072
NR» - - 5.0395 x 10~1 3.1 x 1072

Example 11. Steady-State Lorenz Equations ([44], p. 816).

In this problem, we consider a system developed by Edward Lorenz, who was an American
meteorologist studying atmospheric convection around the Earth’s surface. Lorenz’s nonlinear
system is a set of three ordinary differential equations, as given below:

X1(t)
% (t)
x3(t)

=x(b—x3) —x2,

(62)

In order to study the steady-state behavior of the system (62), we take x1(t) = x(t) =
¥3(t) =0and a = —1,b = 2,c = 3 to obtain the following nonlinear algebraic system:

x1—x =0,
2x1 — X1X3 — Xp = 0,
X1Xp — SX3 =0.

(63)

The approximate solution for the system (63) correct to 50 dp is given as

1.7320508075688772935274463415058723669428052538104
x ~ |1.7320508075688772935274463415058723669428052538104 | .

(64)

The nonlinear steady-state system (63) has been numerically solved in Table 16.
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Table 16. Numerical results for problem 11 with * showing the divergence of the method.

Method [xll(], xZ,(], X3,0] T [.‘X1, X2, X3] T |€| CPU
PMyy —2.5,-35,-15 1.7321,1.7321, 1 3.1099 x 10736 1.5 x 1072
HMg - 1.7321,1.7321, 1 3.8304 x 1072 1.6 x 1072
MH;s - -1.7321, -1.7321, 1 8.8956 x 10708 * 0
NR; - - 11129 x 1071 0
PMy -1.0,-1.0,2.0 —1.7321, -1.7321, 1 2%‘1,717165 0
HMg - - 25855 x 107138 1.6 x 1072
MHs - - 2.6805 x 1077 0
NR, - - 2.8563 x 10704 0
PMy —3.9,-33,-6.2 1.7321,1.7321,1 52666 x 1078 1.6 x 1072
HMg - - 5.8363 x 10797 0
MHs - - 1.0692 x 1079 1.5 x 1072
NR» - 1.9410, 1.9410, 1.1534 5.5426 x 1071 * 0
PMig 1,1,2 1.7321,1.7321, 1 jﬁﬂf@ 1.6 x 1072
HMg - - 2.5855 x 107138 0
MHjs - - 26805 x 10777 1.6 x 1072
NR; - - 2.8563 x 10~ 0
PMyg 5.9,3.3,6.2 1.7321,1.7321, 1 59770 x 107811 1.6 x 1072
HM, - - 40516 x 107136 15x 102
MHs - - 5.5239 x 1062 0
NR, - - 1.4635 x 1072 0
PMig 24,3.0,1.0 1.7321,1.7321, 1 0 0
HMs - - 1.8162 x 10811 0
MHs - - 52175 x 10743 1.6 x 1072
NR, - - 42917 x 10711 0

6. Concluding Remarks

This research study is based on devising a new, highly effective three-step iterative
method with tenth-order convergence. The convergence is proved theoretically via Taylor’s
series expansion for single and multi-variable nonlinear equations, and the approximate
computational order of convergence confirms such findings. Thus, the proposed method
PM, is applicable not only to single nonlinear equations but also to nonlinear systems.
Moreover, dynamical aspects of PM; are also explored with basins of attraction that show
quite esthetic phase plane diagrams when applied to complex-valued functions, thereby
proving the stability of the method when initial guesses are taken within the vicinity of the
underlying nonlinear model. Finally, different types of nonlinear equations and systems,
including those used in physical and natural sciences, are chosen to be tested with PM;,
and with various well-known optimal and non-optimal methods in the sense of King—
Traub. In most of the cases, PM; is found to have better results, particularly when it comes
to the number of iterations N to achieve required accuracy, ACOC, absolute error, and
absolute functional value. It is also worthwhile to note that the proposed method always
converges, irrespective of whether the initial guess passed to it lies near to or away from
the approximate solution. Hence, PMj is a competitive iterative method with tenth-order
convergence for solving nonlinear equations and systems.

We understand that methods of very high order are only of academic interest since
approximations to the solutions of very high accuracy are not needed in practice. On the
other hand, such methods are, to some extent, complicated and do not offer much of an
increase in computational efficiency. Moreover, the method proposed in this article lies in
the family of methods without memory, requiring the evaluation of three Jacobian matrices,
and thereby becomes computationally expensive. To avoid computational complexity,
we will propose, in future studies, a modification of the proposed method by replacing
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the first-order derivative with a suitable finite-difference approximation. In addition, the
proposed method will also be analyzed for its semi-local convergence.
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Abstract: In this work, we explore the existence results for the hybrid Caputo-Hadamard fractional
boundary value problem (CH-FBVP). The inclusion version of the proposed BVP with a three-point
hybrid Caputo-Hadamard terminal conditions is also considered and the related existence results are
provided. To achieve these goals, we utilize the well-known fixed point theorems attributed to Dhage
for both BVPs. Moreover, we present two numerical examples to validate our analytical findings.

Keywords: Caputo—-Hadamard fractional derivative; thermostat modeling; Caputo-Hadamard
fractional integral; hybrid Caputo-Hadamard fractional differential equation and inclusion

1. Introduction

Fractional differential equations are utilized for mathematical modeling of real life
problems. Scientists working in various fields of science are encouraged to improve the
explanation of their findings by including more accurate knowledge into their problems. In
this regard, they are employing a variety of mathematical methods in their models in which
fractional order derivatives are very beneficial. Differential equations of a fractional order
provide more accurate information than standard differential equations in mathematical
modeling of many scientific situations. In these days, differential equations of a fractional
order have been constantly utilized in chemistry, biophysics, control theory, mechanics,
image processing, polymer rheology, aerodynamics, etc. [1,2].

In recent years, many researchers have been attracted by fractional hybrid differential
equations and inclusions with terminal conditions [3—6]. Moreover, in various fields,
there are several efforts on the Caputo-Hadamard derivative of fractional order and its
implementations [7-15].

In 2010, a new class of differential models named hybrid differential equations (HDEs)
was formulated by Dhage and Lakshmikantham [16]. Moreover, they investigated proper-
ties of this type of a differential equation’s solution. Zhao et al. [17] generalized Dhage’s
effort and investigated the related HDEs of fractional order. In 2012, a fractional hybrid
problem with two-point terminal conditions was presented by Sun et al. [18]

{ Y {g(;g@»} Tw(ls(t) =0, (e&=01,we1,2],

s(0) =s(1) =0.

They obtained some existence results by using a fixed point theorem presented by
Dhage in Banach algebra with Lipschitz and mixed Caratheodory conditions. In 2015, the
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existence criteria for the solutions of the hybrid Caputo problem with terminal conditions
was studied by Hilal and Kajouni [19]

0[] +wlts@) =0, tee=D1,
& _i'_Zﬂ =C
Yos0)) T Fgmsmy T @

where, w € (0,1),y,z,c € Rwithy+z#0andg: ExR — R\ Oandw: E xR — RN

are continuous functions. Baleanu et al. [20] studied the existence criteria and significance
of the solution for a new kind of hybrid inclusion problem of fractional order,

Cyw S(E) o ofu
o (g(f,s(ﬁ)),%gls(ﬁ),,.., %S’S(f))> € Q(t,5(6),30s(0), ..., 3Ts(e)), e [0,1]

equipped with boundary conditions s(0) = s{j and s(1) = s}, where, w € (1,2], %g and @Y
symbolize the Riemann-Liouville fractional integral operator of order g € {py, q;} C (0,00)
fork=1,...,tandj=1,2,...,uand a fractional Caputo derivative of order w, respectively.
In 2006, a thermostat model enclosed at ¢ = 0 with a restrainer at { = 1 was studied by
Infante and Webb [21],

IN

{ $"(0) +v(£,5(0)) 0<e<1,

=0,
s'(0) =0, ts'(1) +5(0) =0,

where, { € [0,1] is a real constant and 7 > 0 is a positive number. The thermostat includes
or excludes heat based on the temperature exposed by the sensor at { = { by using this
second order approach. They applied a fixed point criteria on Hammerstein integral
equations to obtain the existence results for the above BVP. A fractional order problem was
presented by Nieto and Pimentel [22],

Cops() +v(t,s(6) =0, (eo,1],
$'(0) =0, TDFs(1) +5(0) =0,

where, { € [0,1], T > 0is any positive real number and “D¥ represents the fractional
Caputo derivative of order w € (1,2]. It is noticeable that a thermostat is a main component
which plays an important role in physical systems to maintain its temperature near a
required set-point, which motivated many researchers to study the various models of
thermostat systems. In 2020, Baleanu et al. [4] constructed the following Caputo fractional
hybrid problem for thermostat model,

o & v(L,s =

supplemented with the hybrid terminal conditions,

{Q(g(i(s@)))

0§ (g )‘ + (s |, =0

where, w € (1,2], w —1 € (0,1], ® = 4, Tis any positive real number, ¢ € [0,1] and C@g
is the fractional Caputo derivative of order € {w, w — 1}. Furthermore, v: £ x 8 — R
and g: £ x ® — RN\ {0} are continuous functions. Moreover, they studied the related
hybrid Caputo inclusion model of a fractional order for a thermostat system, as given below:

%(%) ca(ts(t), teE=[01],
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supplemented with three-point hybrid Caputo terminal conditions,
s(6) —
{Q(gu,s(z))) =0 O .
Cpyw—1 s s(¢ _
<8 (qrstm ) oy + (k) ’z:g 0

where, @: £ X R — Z(R) is a multi-valued map. Motivated by the previous studies, we
construct the following hybrid CH-FBVP for thermostat model

CH:DZiuJr <

_ s s(0) = ]
oty ) Fatso =0 el <1>

supplemented with the three-point hybrid terminal conditions,

9(%) )471 =0
o). S @)
{ teHop! (%) \zze * <8<‘/(f<)‘>)) ’H -

where, w € (1,2, w—1 € (0,1],9 = %,T € Rt € [1,¢] and CH:o;u is the fractional
Caputo-Hadamard derivative of order &« € {w,w — 1}. Moreover, 7: £ x R — R and
g: EX R — RN\ {0} are continuous functions. Moreover, we study the related hybrid
Caputo-Hadamard fractional inclusion boundary value problem (CH-FIBVP) for thermo-
stat system as given below:

CHopuw, (%) cw(ls(l), Le&=1[1¢ ®3)

supplemented with three-point hybrid Caputo-Hadamard boundary conditions

9(%))5:1 =0
{TCH©§U+1(<§'(Z,(S%>(_E+ (g(%f&)))’y:g =0, “)

where, @: [1,¢] x R — Z(R) is a multi-valued map.

The main motivation behind this work is that there are no research manuscripts based
on the authors” knowledge on the problems involving Caputo-Hadamard hybrid fractional
boundary conditions. Furthermore, the proposed structure is expressed in a unique and
broad manner, allowing us to explore certain specific cases previously addressed (see for
example [4]). Here, we establish certain analytical criteria to validate the suggested novel
existence results of hybrid Caputo-Hadamard fractional differential problems. The method
used to accomplish the goals is based on Dhage’s fixed point result.

The following structure is used to arrange the current manuscript. In Section 2, we
collected the basic concepts regarding Caputo—Hadamard fractional operators and some
requisite notions which are related to multi-valued mappings. In Section 3, we present
the existence of a solution to both problems utilizing Dhage’s analytical criteria. Section 4
presents two numerical examples to demonstrate the applicability of our analytical conclu-
sions. The concluding remarks are addressed in Section 5.

2. Preliminaries

In this section, we present some basic definitions and notations utilized in the proof
of the main results. Let w > 0 and suppose that the function s: (a,b) — R is integrable.
Fractional Caputo-Hadamard integral of a function s € C((a,b), R) of order w is presented
by CHG0, (s(¢)) = s(¢) and

L ($(0) = 1 j () st &

X
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whenever the RHS integral exists. Keep in mind that for each w;, w, € R, the follow-
ing equality
CHGDL CHG: (5(1)) = CHGIH (1))

CH%wl 1n€ wy _ r(w2+1) lné wy+wy
\ " a T(w;+wa+1)\ a

for £ > a. It is noticeable that for w, = 0 [2], the above equation reduces to

holds true and

chgoy L (¢ w1v15>a
T T +1)\ a) '

Now, assume B = [w] +1orw € [ —1,B). For a real-valued continuous function
s defined on (a,b), the fractional Caputo—-Hadamard derivative of order w is defined

as follows: ,
CHw B 1 d p ‘ (B—w-1) dx
oL () = =) (%4 / I’ s(x) <

a

whenever the RHS integral exists [17]. Assuming s € AC}{([a,b]) and f—1 < w < B, a
general solution for the Caputo-Hadamard differential equation ¥ DY (s(£)) = 01is of the

N
form s(¢) = Zf;é dy (ln %) ,and we have

CHow CH ¢ A% Al
Ry CO;’Q(S(K)):s([)—i-do—i-dl(lnE) +d2(lng> +...+dﬂ,,1<ln5> ,

where, do, dy, ..., dg_ are real constants and = [w] 41 [23].

In the sequel, we assume (N, ||.| ;) a normed space, collection of all subsets of NV,
all compact subsets of N, all convex subsets of NV, all bounded subsets of A/, all closed
subsets of N by Z(N'), Zeyp(N), Zeox(N), Zpng(N'), Zeis(N'), respectively. Moreover, the
following notions from [24,25] are essential:

e If for each 0 € N, the set @(c) has convex values, then we say that the set-valued
map @ is convex.

e The set-valued map @ is said to be an upper semi-continuous map if for every c* €
N, @(c*) belongs to Z.s(N') and for every open set O with @(¢*) C O, there is a
neighborhood U of 0 such that @(U;) C O.

e The set-valued map @: N — Z(N) has a fixed point ¢* € N if 0* € @(c*). The
collection of all fixed points of @ is represented by Y (@).

e Assume (N, dy) to be a metric space. For each Fy, F, € Z(N'), the Pompeiu-Hausdorff
metric PHy: Z(N) x Z(N') — R U {oo} is defined as

PHy(Fy, F2) = max{ sup dn (a1, F2), sup dn(Fi,a2)},

mek aeF

where, dr(Fi,a2) = inf, cp, dpr(a1,a2) and dpr(ay, Fo) = inf,,ep, d (a1, az).

e Theset-valued map @: N — Zys(N) is said to be Lipschitzian if PH, (@(07), @(02)) <
m*d (01, 02) holds for every 0y,05 € N, where m* > 0 is a Lipschitz constant. If
0 < m* < 1, then we say that the Lipschitz map is a contractive map.

e We say that @: [1,e] — Z.s(R) is measurable if the function ¢ — dy(r,@({)) is
measurable V r € .

e The graph of @: N' — Z.;5(T) is defined by Graph(@) = {(01,02) € N x T:s* €
@(0)}. It is noticeable that the graph of @ is said to be closed if for every arbitrary
sequence {s,},>1 € N and {0y },>1 € T with's, — sp,0n — 0p and 0, € @(sy),
we obtain 0y € @(sg). If @: N — Zs(T) is an upper semi-continuous map, then
Graph(@) C N x T is a closed set.
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* A set-valued map @ is completely continuous operator if the @ (M) is relatively
compact YM € Z,;(N). Furthermore, we assume that by the complete continuity
assumption, the map @ has a closed graph. Then, the multi-valued map @ is upper
semi-continuous.

e The set-valued map @: [1,e] x ® — Z(R) has a Caratheodory property if the function
o — @({,0) is upper semi-continuous V¢ € [1,¢] and the function { — @(¢,0) is
measurable for every ¢ € . Furthermore, A Caratheodory multi-valued mapping
@: [1,e] x R — Z(R) has L!-Caratheodory property if for every s > 0 there exists
0s € L§e+([l,e]) provided that

@4, 0)] = sup {[p|: p € @(¢,0)} <65(¢)
le(le]

forall ¢ € [1,¢] and for every |o| <'s.
e The selections of @ at o € Cy([1,¢]) are represented by

(6€L)00 = {v e Ly ([Le]): v(l) € @(¢, (L)), VL € [1,e]}.

It is known that (5€£),+ # ¢ forall o € Cxr([1,¢]) whenever dim N < cc.

We now state fixed point results due to Dhage and a closed graph theorem, which will be
used to prove the existence results of our proposed problems.

Theorem 1 ([26]). Assume a Banach space N'. For almost all A € R, assume an open ball v, (0)
and its closure U, (0). Suppose that 01: N — N and 65: T, (0) — N are two operators that meet
the properties listed

1. 0y isa Lipschitzian map so that m* is a Lipschitz constant;

2. 6 is completely continuous;

3. m*A* <1, where N* = ||62(01(0)) || xr = sup{||62l|lar: I €TA(0)}.

Then either

(i) The operator equation 0100,¢ = { has a solution contained in T, (0) or;

(ii)  There exists 0* € N with ||9*||xr = A so that wo6,9*0,0* = ¢* for some wy € (0,1).

Theorem 2 ([27]). Assume a separable Banach space N, an L'-Caratheodory multi-valued
function @: [1,e] x N' = Lempeox(N') and a linear continuous function A: L3([1,e]) —
Cn([1,e]). Then, Ao ((6€L)w: Car([1,e]) = Zemp,cox(Car([1,¢])) is an operator belonging
to Car([1,€]) x Car([1,€]) defined by o — (Ao (S€L)w)(0) = AM(SEL)w,r) and has a closed
graph property.

Theorem 3 ([28]). Assume the Banach space N'. Consider that there is a single-valued map
01: N — N and a multi-valued map 02: N' = Temp,cox(N') satisfying the following properties:

1. 6y is a Lipschitzian map so that m* is a Lipschitz constant;
2. 0y has compactness and an upper-semi continuity property;
3. 2m*AF < Twith A* = ||6(N)]].

Then either

(i) there exists a solution contained in N for the inclusion { € 61£0,1 or;
(ii)  theset O = {0 € N|wod* € 010%0,0%, wy > 1} is an unbounded set.

3. Main Results

Here, we assume A" = Cg([1,¢]) to be a Banach space with the standard norm,
lIsllar = sup{[s(€)]: € € [1,e]}.
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Lemma 1. Consider oy € N. The hybrid CH-FBVP,

CHpyw s() )
D <7 +9(£) =0, fLe(le,we(l,2], 5)
v (st ) <1 Lewe (1,2) (
supplemented with the three-point hybrid Caputo—Hadamard terminal conditions
s(0) >
D s =0,
(8(5,5(5)) =1

=0, (6)

o (%) ’£:e ' <%) e

has a solution sy, iff so is a solution for the Caputo—Hadamard integral equation,

s(0) = (05 [rlj( ) —+r/v &

¢ -1
1 7 \" dx
+W/ <ln ;) y(x) x] . (7)
1
Proof. Assume that hybrid Equation (5) has a solution sy . Then, by utilizing the equal-
ity, % = CHNl" Y(€) + ¢o + ¢1In(€), where ¢y and ¢; € R, the homogeneous

Equation (5) has general solution given below:

¢ w—1
so(0) = g(6so() [—r(lw) J(n3) rwE e ln(f)} S

1

Applying ordinary derivative © = % on (8), we get

<>/<>
i ()

Using the first condition given in (6), we get ¢c; = 0. Now, by applying
both sides of (8), we have

l
CHw—1
ot () -0

:>TCH©710:1<ﬂ>L_ :—-r/b'y(x)@.
=¢ 1

CH@;&;—l on

8(ts0(0))

~ (i)

£ w—1
=( B _F(lw)1/<]n g) v(x) d% + ¢o-
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Using the second condition given in (6), we obtain

co = T/e'y(x) ‘%x + F(lw)/g(h’l€>101'y(x) ﬂ
1 1

x
Now, by using the values of ¢y and ¢; in (8), we obtain

This implies that the fractional integral Equation (7) has a unique solution sy. In the
reverse order, it is easy to see that if the fractional integral Equation (7) has a solution sy,
then s satisfies the fractional hybrid CH-FBVP (5) and (6). O

Now, we provide the existence result for the solution of problem (1) and (2).

Theorem 4. Suppose that g € C([1,e] x R, R\ {0}) and 5 € C([1,¢] x R, R) and
(81) there exists bounded function k: [1,e] — R such that Vs1,s, € R, we have

lg(€,51) — g(£,52)| < k(€)[s1(€) —s2(¢)]

forall sy,sp € Rand £ € [1,¢],
(8) there exists a continuous increasing map M: [0,00) — (0, 00) and a continuous map
h:[1,e] = R such that

[7(€,s)| <h(E)M([|s|]), V€€ [1,e]and s € R, )
(S3) there exits a number € € R such that

G*AH* M(]ls]])

T am M)’ (10)
where, G* = supyc(y ) [8(€,0)], H* = supyey o [R(£)], k* = supycpy o [k(£)| and
P S 119 at

Fw+1) T(w+1)
IfK*A*H* M(||s]|) < 1, then the hybrid CH-FBVP, (1)—~(2) has unique solution.

Proof. Assume a closed ball 77.(0): = {s € N: ||s||x- < €} in the Banach space A/, where
€ meets the inequality (10). By utilizing fractional integral Equation (7) and Lemma 1, we

define two operators A, A : 71.(0) — N by (Ays)(¢) = g(¢,s(¢)) and

Obviously, s € NV is a solution for the fractional hybrid BVP (1) and (2) and satisfies
the operator equation A;5.45s = s. By utilizing the conditions of Theorem 1, we show that
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a solution exists. First, we show that the operator A; is a Lipschitzian map on normed
algebra N having constant k* = supyy ) [k(€))].
Let s1,5, € N. By using assumption (S7), we get

[(A151)(€) — (A1s2) (0)] = [8(£,51(£)) — g (£, 52(€))] < k(€)]s1(£) — 52(€)]

for all 51,55 € Ji(0). This means that A; is a Lipschitzian map on 77, (0) having a Lipschitz
constant k*. Now, we show the complete continuity of the operator A, on ji,(0). Firstly, it
is required to check that the map A5 is continuous on 7. (0). Assume {s, } is a sequence in
the closed ball 77, (0) with s, — s, where s € 7,.(0).

As we know 7 is continuous on [1,¢] x R, we conclude that lim, e 77(¢,5,(£)) =
7(¢,s(¢)). With the help of the Lebesgue dominated convergence theorem, we get

n—oo

14
. 1 A d
Tim (Aps)(6) = — / (1“5) lim 7(x, 0 (x))
1
e

1 w—1 ) dx
+l/r w) <h‘;> Jim 7 (x, s(x)) =
= (As)(£), VL€ [1e]

Thus, Azs;, — Azs and so A; is a continuous operator on 7_(0). Now, we check the
uniform boundedness of the operator A, on 7, (0). By assumption (S;), we get

J4 w—1 ;
()01 = [ 7 (n5) " Jim e st 54 Ji e s0)1
1 1
4 w—1
[t () e §
< %h(x)M(HSH) + th(x)M(||s]|) + %h(xw(lls\\)
= M [ gy + 7+ s

V£ e [l,e]ands € 7 (0). By taking supremum over [1,¢], we have

[[Azs|l < H*M([s[) A%,
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where, A* is given in (11). This implies that in normed algebra N/, the set A,(7.(0)) is
uniformly bounded. The equi-continuity of the operator .4, is now being explored. For
this purpose, we suppose {1, > € [1,e] with {; < ¢ . Then, we have

b

/%(l —)wi]w,s(x))d;"
4 w—1

[ () s
1

b
< H M) L/(@(m’@w - gy I e )
0}

X
b

|(A2s) (£2) = (Azs)(€1)| =

It is noticeable that the RHS of the above inequality approaches zero independent of
s € 11,(0) as £1 — £,. Thus, the operator .4, is equi-continuous. By utilizing the Arzela—

Ascoli theorem, it is inferred that A5 is completely continuous on s € 7.(0)
Now, by utilizing (S3), we have

My = [[A2((0)) v = sup{|Azs| : s € 7.(0)}

— H M |5y + T ity
= HM(s]) 2"

Setting [* =

k*, we get MjI* < 1. So, one of the condition (i) or (ii) in Theorem 1 is

satisfied. For any v € (0, 1), assume that s satisfies the operator equation, s = v.4;.A;s so
that ||s|| = € and we have

Is(0)| = I(Als)( )(A28) ()] = vig(l,s(£))]

e ¢
+r / 1(es(0)] d— J iy (0 s() ")
1

< (k( )s(O)+ G ATH* M([ls]])
< (KfIsll + G ATH M([Is]))-
Soe < % which is inconsistent with (10). This implies that the condition

(i7) of Theorem 1 is not possible. Hence, the condition (i) in Theorem 1 is satisfied and the
fractional hybrid problem (1) and (2) has a solution. [
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From the above theorem, we conclude that the solution of the hybrid Caputo-Hadamard
fractional differential equation exists provided that the stated conditions hold.

Now, we provide our main results related to hybrid CH-FIBVP for the thermostat
model (3) and (4).

Definition 1. We call the function s € ACsx([1, e]) a solution set for hybrid CH-FIBVP, (3) and (4)
whenever there exists an integrable function v € L1([1,e], R) with v(£) € @(£,5(¢)) VY £ € [1,¢],

such that
—0, <CHpu! (&) e (%)

s(0) -
® (g(f,sw))) 3(0.s(0) =0

(=

(=1

and

Theorem 5. Assume that
(Sy) there is a bounded function k: [1,e] — R such that ¥V s1,s5 € Rand £ € [1, ], we get

g(€,51(0)) = &(£,52(0))| < k(€)[51(¢) = s2(0)],

(Ss) the compact and convex-valued multi-function @: [Le] x R — Tgpeo(R) is L1-
Caratheodary,
(Ss) there exits a positive function p € LY([1,¢], RY) such that

[@(€,5)[l = sup{[o]: v € @(£,5(£))} < p(£)

e
Vs e R almostV L e [1,e]and ||p| ;s = /|p(x)\dx,
1
(Sy) there is a number & € R such that

GNPl

e T T T (12)
L= kA% pll o2

where G* = supycpy .1 [§(4,0)], k* = supyepy o [k(0)| and A™ is as given in (11). Then, hybrid
CH-FIBVP (3) and (4) has at least one solution whenever k* A*||p|| ;1 < %
Proof. Consider an operator K: N — Z(N') defined by

K(s) ={weN:w(l) =ki({) forall1 < <e},

where

¢ w—
+r(1w).1/<lni> ]v(x) d;),v € (6eg),.
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Note that the solution for hybrid CH-FIBVP (3) and (4) is a fixed point of the map K.
Define a single-valued function, A;: N' — N by (A;s)(£) = g(¢,s(¢)) and the set-valued
map, Ay: N' — Z(N) by

(Azs)(0) = {p e N: p(£) = ka(0) forall £ € [1,e]},

where

Note that (s) = AjsAps. We prove that A; and A, satisfy the assumptions of
Theorem 3. Using (S4) and by a comparable conclusion in Theorem 4, A; is Lipschitz on NV.
We can now see that the multi-valued function A; has convex values. Assume s1,s, € Ajps.
Then, select v, v, € (GGS)Q,S such that fori = 1,2, we have

< )wilv(x)d—xwt‘r/g (x)d%
1
1 j( )“ )dx Vie L.
1

For every constant g € (0,1), we get

si(0) = (

w

H\N

4 w—1
10+ (=)0 =~ [ (105) lgon + (1= gpoae) &
1

Ve € [1,e]. As we know that @ is convex-valued, (6€¢L),,  has convex values and so

qui(0) + (1 = q)va(0) € (6€L), VL € [1,e]. So that Ays is a convex set for all s € V. To

check the complete continuity of the operator Ay, we must verify that A, (N) is uniformly

bounded and an equi-continuous set. For this reason, we prove that A, mapped all

bounded sets into bounded subsets of the space N. For a number €* € R, assume a

bounded ball v} = {s € N: |[s|y < €*}. For every s € v and ¢ € Ajys, a function
€ (6¢L), , exists such that

VO =~ i / ()" o % e o0 &
1 1

¢ w
+rlw)l/<1ni) o(x )‘i" Vie el
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Then, we get

’ <1w>j (l“g)Wl”(") 5
1

(Ing)™
= {F(erl) T(w+1) +T} llpll

=Pl

where, A* is as given in (11). Thus, [¢(¢)] < A*||p||,1 and this implies that A (N) is
a uniformly bounded set. We now see how the operator A; mapped bounded sets onto
equi-continuous sets. Let s € v} and ¢ € Ajs. We select v € (G€L),, , so that

yo) = —rlw)/[ (mé)b%lv(x) ‘%" + T/Ev(x) ‘%"
1 1

4 w—
+ F(lmi/<1n %) o) & e

9~ 90| < |55 | (m%)wilm 2 -/ (m%)“” (1%
1 1
B éu)f ( E*Z)w_l %5 r(lmj(m@)w_l“")?

X

2 nﬁ w—1 _ nbzu—l x
/<[<l 2) §1 2) 1)p(x)d

It is noticeable that the RHS of the above inequalities goes to 0 independent of s € v
as {1 — (. By utilizing the Arzela—Ascoli theorem, the operator A,: C([1,¢],R) —
Z(C([1,¢e],R)) has the complete continuity property. We can now check that A, has a
closed graph which means that due to the complete continuity of A;, the operator A, is
upper semi-continuous. In this way, we assume that s,, € v} and ¢, € Ajs,, are such that

188



Fractal Fract. 2022, 6,17

sy — s* and ¢, — ¢*. We claim that p* € Aps*. For each n > 1 and ¢, € Ajs;, choose
oy € (6CL),  such that

l e
1 dx ' dx
P T(w) /(ln ) v (x) o + T./ v (x) -
1 1
1 4 w—1
] (n5) o
1
It is enough to check that a function v* € (6€£),, . exists such that
l e
1 vl dx dx
VO~ i) (n3) v [rwf

<ln§>w*10 (x )d—x Ve e [1,e].

2 vee,el

u

+

—
J
T t—

(w)
Assume that the continuous linear operator,

Y: LY([1,e],R) = N =C([1,¢], R)

is defined by
Y(0)(€) = s(f) = — r(lw)l/[<1“ 9%10(@ ’%x + jv(x) dx
; .
+r(1w).1/(h‘i> o) e

so that

l[n(€) — 9™ ()| =

as n — 0. Thus, by utilizing Theorem 2, we go to the conclusion that the operator Y o
(6€L),,s, hasa closed graph. As we know that ¢, € ((6€L£), ) and s, — s*, there exists
v* € (6€L), . such that

() = ! / ZW1vxd—x Ev*xd—x
P )1/( 2 (>x+rl/ (x)

(w X

11;( >7H )d?", Ve e [1,e].

Thus, p* € Aps* and so A, has a closed graph. Thus, A; is upper semi-continuous.
Moreover, by using the hypothesis, the operator A, has compact values. This implies that
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Aj is an upper semi-continuous and compact operator. Now, by using condition (Se),
we obtain

= A2 (V)| = sup{| Azs| : s € '}

1 (lné’)
Tw+1) + T+ Tw+1) 2l

= &%pll g

Setting * = k*, we get My{* < %, and thus the assumptions of Theorem 3 are satisfied
for Ay and Aj. Thus, one of the conditions (i) or (ii) holds. We prove that the condition
(ii) is not possible. By using Theorem 3 and the assumption (S7), consider thats € O
with [[s|| = &. Then, vs({) € A;s(€)Azs({) for each v > 1. Choose a related function

€ (6¢g), . Then, Vv > 1, we get

< (s +G*>[ o

<j<m )]

< (Ke+ G A Ipll g1, Ve € [1,e].

’_J‘
H\N
>
R~
N————

g
i
N
=
2
.
=5
+
=
2
.
=5

So s
eGPl
T 1=k AH Pl
According to condition (11), we can see that the condition (ii) of Theorem 3 is not

possible. Thus, s € A;sAps. Hence, it is satisfied that @ has a fixed point and so that the
hybrid CH-FIBVP (3) and (4) has a solution. [

We conclude from the above result that the solution for the hybrid Caputo-Hadamard
fractional differential inclusion exists provided that the stated conditions hold.
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4. Examples

Now, we provide numerical examples to demonstrate our theoretical findings.

Example 1. Consider hybrid CH-FBVP (1) and (2). Choose w = 1.5, w —1 = 0.5, { = 1.8 and
T = 0.1. Assume that the continuous maps g: [1,e] x R — R/{0} and y: [1,e] x R — R are

defined by

2
AsOF | 5 with 6+ = sup |g(6,0)] =

8(Ls(0)) = 6+ 15(0)] tef1e

and
in2(ZL) sin
(Z s(ﬁ)) Usi (210)050 (s(f))

Now, put k(£) = £ and h({) = % Then, hybrid CH-FBVP takes the form

CHn15 s(0) Csin® (5 (0))sin(s(0)) _
;7 ( O 15 + 1000 =0, (Lele]) (13)
6-+]s(0)]
supplemented with the three-point hybrid terminal conditions
ash +5/ |y
CHH05 s(£) s(£) _
6+[s(0)] =e 6+s(0)] (=18
Then, we get k* = supqcy k()] = 2.7, H* = supyey g [h(6)] = <) ~

0.0021, M(|[s]]) = 1 and A* ~ 1.1915. Then, k*A*H* M(||s]|) ~ 0.0068 < 1. Choose
¢ > 0.0126. The hybrid CH-FBVP (13) and (14) has a solution according to Theorem 4. The
graphical illustration of the inequality (9) in assumption Sy of Theorem 4 is given in Figure 1.

Figures 2 and 3 depict the graphs of the functions 1 and g, respectively.

s{l)

0.0020 -
hil)

1, s(l
0.0015L [l sty |

0.0010

0.0005

15 2.0 2.5

Figure 1. Graphical illustration of inequality (9).
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CH@%.E (

Figure 3. The graph of g(1,s(1)).

Example 2. Let w = 1.6, w —1 = 0.6, { = 1.89, T = 1.75 and a continuous map g: [1,e| x
R\{0} defined by g(¢,5(¢)) = (sin S5 +0.008 with G* = sup,. 1, ; [(£,0)| = 0.008. Define
a multi-valued map @: [1,e] x ® — Z(RN) by

B s(£)] | cos s(£)[*
@(ts(0)) = {4(|5(4)\ 1) T 0% 50 4 [cos (09

in the proposed hybrid CH-FBVP (3) and (4), then the hybrid CH-FIBVP takes the form,

+ 1.5}

“(0) s(0) Jcos s(0)
tsin Tl +0.008> < |+ 0 5 s st +15) (€< ) w9

supplemented with three-point hybrid terminal conditions,

=0. (16)
(=1.89

+
(1.75)“H20¢ 75’5@ + 75[(@
Csins8 +0.008)|,_,  \£sin % +0.008
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Then k* A*||p|| ;1 =~ 0.2146 < L. So we have & > 0.0971. Hence, hybrid CH-FIBVP (15) and (16)
has at least one solution according to Theorem 5.

5. Concluding Remarks

Fractional differential equations and inclusions can be used to model the many real-
world problems. In this paper, we look at two new hybrid Caputo-Hadamard FBVP
classes with three-point hybrid Caputo-Hadamard terminal conditions. Using Dhage’s
fixed point theorems, we investigated the essential requirements for the existence and
uniqueness of solutions to both problems. Our results are natural extensions of the hybrid
Caputo fractional model of a thermostat along with hybrid boundary conditions due to
Baleanu et al. [4]. Furthermore, we provided numerical examples to support the validity
of our findings. The Caputo-Hadamard fractional derivative can be used to prove the
existence of solutions for more sophisticated FDEs and FDIs utilizing the fixed point theory
and functional analysis.

Author Contributions: Conceptualization, M.Y. and A.H.; methodology, S.M. and A.H.; validation,
R.G., AH,; formal analysis, M.Y., R.G. and A.H.; investigation, A.H.; writing—original draft prepa-
ration, S.M.; writing—review and editing, M.Y., R.G. and A.H.; supervision, R.G. and A.H.; project
administration, R.G.; funding acquisition, R.G. All authors have read and agreed to the published
version of the manuscript.

Funding: This research received no external funding.
Institutional Review Board Statement: Not applicable.
Informed Consent Statement: Not applicable.

Data Availability Statement: No data were used.

Conflicts of Interest: The authors declare no conflict of interest.

Abbreviations
The following abbreviations are used in this manuscript:

CHry
CHj

Caputo-Hadamard Fractional Derivative

Caputo-Hadamard Fractional Integral

CH-FBVP  Caputo-Hadamard Fractional Boundary Value Problem
CH-FIBVP  Caputo-Hadamard Fractional Inclusion Boundary Value Problem

N Normed Space
Z(N) Set of all Subsets of N/
PHy Pompeiu-Hausdorff metric

(6€¢L)y,s  Selections of w at &

1. Hilfer, R. Application of Fractional Calculus in Physics; World Scientific: Singapore, 2000.
2. Kilbas, A.A,; Srivastava, H.M.; Rujillo, ].J. Theory and Applications of Fractional Diferential Equations; Elsevier: Amsterdam, The

Netherlands, 2006.

3. Mohammadi, H.; Rezapour, S. Two existence results for nonlinear fractional diferential equations by using fixed point theory on
ordered gauge spaces. J. Adv. Math. Stud. 2013, 6, 154-158.

193



Fractal Fract. 2022, 6,17

10.
11.
12.
13.
14.
15.
16.
17.
18.
19.
20.
21.
22.
23.
24.
25.
26.
27.

28.

Baleanu, D.; Etemad, S.; Rezapour, S. A hybrid Caputo fractional modeling for thermostat with hybrid boundary value conditions.
Bound. Value Probl. 2020, 2020, 64. [CrossRef]

Baleanu, D.; Nazemi, S.Z.; Rezapour, S. Attractivity for a k-dimensional system of fractional functional diferential equations
and global attractivity for a k-dimensional system of nonlinear fractional diferential equations. J. Inequal. Appl. 2014, 2014, 31.
[CrossRef]

Baleanu, D.; Nazemi, S.Z.; Rezapour, S. The existence of solution for a k-dimensional system of multi-term fractional integro-
diferential equations with anti-periodic boundary value problems. Abstr. Appl. Anal. 2014, 2014, 896871. [CrossRef]

Wang, G.; Ren, X.; Zhang, L.; Ahmad, B. Explicit iteration and unique positive solution for a Caputo-Caputo-Hadamard fractional
turbulent fow model. IEEE Access 2019, 7, 109833-109839. [CrossRef]

Wang, G.; Pei, K.; Chen, Y.Q. Stability analysis of nonlinear Caputo-Hadamard fractional diferential system. ]. Franklin Inst.
2019, 356, 6538-6546. [CrossRef]

Wang, G.; Pei, K.; Agarwal, R.P.; Zhang, L.; Ahmad, B. Nonlocal Caputo-Hadamard fractional boundary value problem with
Caputo-Hadamard integral and discrete boundary conditions on a half-line. J. Comput. Appl. Math. 2018, 343, 230-239. [CrossRef]
Pei, K.; Wang, G.; Sun, Y. Successive iterations and positive extremal solutions for a Caputo-Hadamard type fractional integro-
diferential equations on infnite domain. Appl. Math. Comput. 2017, 312, 158-168.

Abbas, S.; Benchohra, M.; Hamani, S.; Henderson, J. Upper and lower solutions method for Caputo-Hadamard fractional
differential inclusions. Math. Moravica 2019, 23, 107-118. [CrossRef]

Benchohra, M.; Graef, ].R.; Guerraiche, N.; Hamani, S. Nonlinear boundary value problems for fractional differential inclusions
with Caputo-Hadamard derivatives on the half line. AIMS Math. 2016, 6, 6278-6292. [CrossRef]

Hamani, S.; Henderson, J. Boundary value problems for fractional differential inclusions with nonlocal conditions. Mediterr. ].
Math. 2016, 13, 967-979. [CrossRef]

Benhamidaa, W.; Hamania, S.; Hendersonb, J. Boundary Value Problems For Caputo-Hadamard fractional differential equations.
Adv. Theory Nonlinear Anal. Its Appl. 2018, 2, 138-145.

Benchohra, M.; Hamani, S.; Zhou, Y. Oscillation and nonoscillation for Caputo-Hadamard impulsive fractional differential
inclusions. Adv. Differ. Equations 2019, 2019, 74. [CrossRef]

Dhage, B.C.; Lakshmikantham, V. Basic results on hybrid diferential equation. Nonlinear Anal. Hybrid Syst. 2010, 4, 414-424
[CrossRef]

Zhao, Y.; Sun, S.; Han, Z.; Li, Q. Theory of fractional hybrid diferential equations. Comput. Math. Appl. 2011, 62, 1312-1324.
[CrossRef]

Sun, S.; Zhao, Y.; Han, Z.; Li, Y. The existence of solutions for boundary value problem of fractional hybrid differential equations.
Commun. Nonlinear Sci. Numer. Simul. 2012, 17, 4961-4967. [CrossRef]

Hilal, K.; Kajouni, A. Boundary value problems for hybrid diferential equations with fractional order. Adv. Differ. Equations 2015,
2015, 183. [CrossRef]

Baleanu, D.; Hedayati, V.; Rezapour, S.; Al Qurashi, M.M. On two fractional diferential inclusions. SpringerPlus 2016, 5, 882.
[CrossRef] [PubMed]

Infante, G.; Webb, J. Loss of positivity in a nonlinear scalar heat equation. Nonlinear Differ. Equ. Appl. 2006, 13, 249-261. [CrossRef]
Nieto, J.J.; Pimentel, J. Positive solutions of a fractional thermostat model. Bound. Value Probl. 2013, 2013, 5. [CrossRef]

Miller, K.S.; Ross, B. An Introduction to Fractional Calculus and Fractional Diferential Equations; Wiley: New York, NY, USA, 1993.
Deimling, K. Multi-Valued Diferential Equations; de Gruyter: Berlin, Germany, 1992.

Aubin, J.; Cellina, A. Diferential Inclusions: Set-Valued Maps and Viability Theory; Springer: Berlin, Germany, 1984.

Dhage, B.C. Nonlinear functional boundary value problems involving Carathedory. Kyungpook Math. ]. 2006, 46, 427-441.
Lasota, A.; Opial, Z. An application of the Kakutani—Ky Fan theorem in the theory of ordinary diferential equations. Bull. Acad.
Pol. Sci. Set. Sci. Math. Astronom. Phys. 1965, 13, 781-786.

Dhage, B.C. Existence results for neutral functional diferential inclusions in Banach algebras. Nonlinear Anal. 2006, 64, 1290-1306.
[CrossRef]

194



t

[

fractal and fractional

Article

Discretization, Bifurcation, and Control for a Class of
Predator-Prey Interactions

Asifa Tassaddiq "*, Muhammad Sajjad Shabbir 2, Qamar Din ? and Humera Naaz !

Citation: Tassaddiq, A.; Shabbir, M.S.;
Din, Q.; Naaz, H. Discretization,
Bifurcation, and Control for a Class of
Predator-Prey Interactions. Fractal
Fract. 2022, 6, 31. https://doi.org/
10.3390/ fractalfract6010031

Academic Editor: Tassos C. Bountis

Received: 30 November 2021
Accepted: 27 December 2021
Published: 6 January 2022

Publisher’s Note: MDPI stays neutral
with regard to jurisdictional claims in
published maps and institutional affil-

iations.

Copyright: © 2022 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses /by /
4.0/).

Department of Basic Sciences and Humanities, College of Computer and Information Sciences,
Majmaah University, Al-Majmaah 11952, Saudi Arabia; h.naaz@mu.edu.sa

Department of Mathematics, University of the Poonch Rawalakot, Azad Kashmir 12350, Pakistan;
sajjadmust@gmail.com (M.S.S.); qamar.sms@gmail.com (Q.D.)

*  Correspondence: a.tassaddiq@mu.edu.sa

Abstract: The present study focuses on the dynamical aspects of a discrete-time Leslie-Gower
predator-prey model accompanied by a Holling type III functional response. Discretization is
conducted by applying a piecewise constant argument method of differential equations. Moreover,
boundedness, existence, uniqueness, and a local stability analysis of biologically feasible equilibria
were investigated. By implementing the center manifold theorem and bifurcation theory, our study
reveals that the given system undergoes period-doubling and Neimark-Sacker bifurcation around the
interior equilibrium point. By contrast, chaotic attractors ensure chaos. To avoid these unpredictable
situations, we establish a feedback-control strategy to control the chaos created under the influence of
bifurcation. The fractal dimensions of the proposed model are calculated. The maximum Lyapunov
exponents and phase portraits are depicted to further confirm the complexity and chaotic behavior.
Finally, numerical simulations are presented to confirm the theoretical and analytical findings.

Keywords: prey-predator model; boundedness; period-doubling bifurcation; Neimark-Sacker bifur-
cation; hybrid control; fractal dimensions

1. Introduction

predator-prey models have a wide range of applications in ecological and biological
fields. Although various fundamental aspects of the nonlinear dynamics of predator-
prey population models related to continuous dynamical systems have been studied,
the characteristics of discrete dynamical systems remain comparatively unknown. A
discrete dynamical structure possesses a solitary dynamical nature as compared to a
continuous system. There are several critical and practical problems in daily life that can
be characterized with the help of a discrete dynamical system. To consider the analytical
aspects of a solution that is difficult to calculate, various schemes can be implemented to
discretize a continuous system and discuss the numerical solution. Therefore, detailed
critical inspections of discrete-time dynamical systems have contributed immensely to
various fields such as engineering, physics, chemistry, and mathematics. There have been
numerous studies conducted that are related to the dynamics of predator-prey models.

Chen et al. [1] applied the Euler scheme and center manifold theorem to a ratio-
dependent prey-predator model and scrutinized the dynamic characteristics of the model.
Ghaziani et al. [2] studied a prey-predator system with a Holling functional response
and discussed the resonance and bifurcation analyses. Jana [3] found extremely powerful
dynamical conditions through numerical and theoretical investigations of discrete-time
prey-predator models, such as stability conditions, flip, and hopf-bifurcation. Misra et al. [4]
studied a predator-prey model based on age predation and discussed the dynamic behav-
ior of the models. Zhang et al. [5] presented a biological economic system related to
the predator-prey model of a differential algebraic system by applying a new normal
form. Hu and Cao [6] investigated the Holling and Leslie type predator-prey model and
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discussed a chaos and bifurcation analysis. Wang and Li [7] proposed a lemma that is
extremely meaningful for discussing the stability and bifurcation of the systems. The fun-
damental finding in the dynamics of prey-predator species is the classical Lotka-Volterra
prey-predator model, which exhibits unrealistic behavior (see, Murdoch et al. [8]). To
remove such unrealistic behavior, Holling introduced three different types of functional
responses (see, Holling [9]). Rosenzweig and MacArthur [10] implemented a functional
response to modify the predator-prey model. An investigation into population interaction
focused on the continuous dynamical system of two species [11-13]. By contrast, a recent
study led to the discrete dynamical system becoming more suitable than a continuous
version when the population is non-overlapping (e.g., see, Jing et al. [14], Liu et al. [15],
Lopez-Ruiz and Fournier-Prunaret [16], Neubert and Kot [17]). Furthermore, multiple
existing studies related to the dynamics of predator-prey models are described in [18-26].
In [27], the Holling type-III functional response was introduced in both populations (prey
and predator). The stability conditions around biologically suitable equilibria were further
discussed. Diagrams of the phase portraits, bifurcation, and time series were plotted. It was
shown that the system is sensitive to the initial conditions, which means that the system
is chaotic. A two-dimensional continuous model with a Holling-III functional response
in both prey and predator was presented [28]. Furthermore, Euler’s scheme was used to
discretize the model and study the complex behavior of the system. Elettreby et al. [29]
discussed a discrete-time prey-predator model with predator and prey populations having
Holling type I and III functional responses, respectively. Moreover, they described a fasci-
nating dynamical nature of the model, including stability, bifurcation, and chaos, which
ensure the rich dynamics of discrete-time models.

In this study, we evaluate the specific prey —predator model discussed by Murray [30]:

dx x axy

at *x{’(l 1)~ sz}'

d h

a% =ys (1 — %) ,
where x(t) and y(t) denote the densities of prey and predator species at any time ¢, respec-
tively; the carrying capacity of prey in the absence of predatorisk,andr, b, a, s, and h
are positive constants. Moreover, the carrying capacity is proportional to the prey pop-
ulation size and population of prey attacked by predators, as specified by the Holling
type III functional response. He and Lai [31] examined the bifurcation and chaos control
of the discrete-time version of model (1) by implementing Euler’s forward scheme with
step size h as the bifurcation parameter. The numerical results in [31] show that period-
doubling bifurcation occurs when a large step size is considered in Euler’s method; this
fact contravenes the precision of the numerical method for discretization. To overcome this
deficiency, the following discretization method was implemented. Considering the regular
time interval for the average growth rate in both populations, by resorting to piecewise

constant arguments for solving nonlinear differential equations, system (1) can then be
rewritten as follows:

0]

x(t) dt k b2 + x|t
1 ody(t) hy(t]
s =0 )

1 dx(h) :Hl @) ax[t]y]t] ]
@
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where the integer part of ¢ is given by [t| within the interval 0 < t < 1. In addition, by
integrating system (1) for t € [n: n+1], (n =0,1,2,...), we have the following system:

x(t) =xp exp({r(l — %) — %} (t— n)),

" )
y(t) =yu exp< {s(l - ")} (t— n))
Xn
Applying t — n 4 1, we obtain the following prey-predator system:
x ax
X1 =Xp €Xp (r(l - 7") - _:]3/;12)’
n

©

h
Yn+1 =Yn €Xp <s (1 — ﬂ) ) .
Xn

The key contributions and findings of the current study are as follows for model (4):

e  The existence and uniqueness of biologically feasible equilibria and their stability
analysis are discussed.
e Our findings indicate that model (4) undergoes periodic doubling as well as a Neimark-

Sacker bifurcation at its unique positive equilibrium.

e The direction and existance criteria for both types of bifurcation are examined under
interior equilibrium.
e A hybrid control strategy is applied to control the chaos in model (4).

The remainder of this paper is organized as follows. After presenting some related
preliminaries in Section 2, the boundedness of the steady state is analyzed in Section 3. In
Section 4, the dynamics of system (4), including the existence of equilibria and local stability,
are presented. Section 5 describes an investigation of the birfurcation analysis at the interior
fixed point of system (4). In Section 6, we study a hybrid control method to control the
chaos. The fractal dimensions are calculated in Section 7. Finally, numerical simulations
are provided in Section 8 to verify our analytical approach. Conclusions related to these
results are presented in Section 9 and the future directions are providing in Section 10.

Furthermore, a detailed investigation of some charismatic population models and their
qualitative behavior are provided (see, Din and Din et al. [18-26] and the references therein).

2. Preliminaries

Definition 1. ([32]) A point x*is said to be a fixed point of the map for an equilibrium point if

fx*) = 2

Theorem 1. ([32]) Let f : I — I bea continuous map, where I = [a, ] is a closed interval inR.
Then, f has a fixed point.

Theorem 2. ([32]) Let f : I = [a, b] — R bea continuous map such that f(I) > I. Then, f
has a fixed point in I.

Definition 2. ([32]) Let f : I — I bea map and x* be a fixed point of f, where I is an interval

in the set of real numbers R. Then, the following conditions hold true:

1. x* is said to be stable if for any € > 0, there exists § > 0 such that for all xo € I with
|xo — x*| < 8 we have |f"(xg) — x*| < eforalln € ZT. Otherwise, the fixed point x* is
unstable.

2. x*issaid to be attractive if 1 > 0 exists, such that |xg — x*| < n implies lijn f"(xp) = x*.

n—o0
x* is asymptotically stable if it is both stable and attractive. If in (2), § = oo, then x* is said
to be globally asymptotically stable.
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Definition 3. ([32]) A fixed point x* of a map f is said to be hyperbolic if | f'(x*)| = 1. Otherwise,
it is non-hyperbolic.

Theorem 3. ([32]) Let x* be a hyperbolic fixed point of a map f, where f is continuously differen-
tiable at x*. The following statements hold true:

1. If|f'(x*)| <1, then x* is asymptotically stable.
2. If|f'(x*)| > 1, then x* is unstable.

3. Boundedness

The boundedness of system (4) is based on the following Remark.

Remark 1. ([25]) Assuming that xo > 0 for every x; and x;11 < xpexp(A[l — Bx;]) for every
t € [t1,00], where B > 0 is constant. Then,

. 1
nlgrQlQSupxt < B exp(A—1)

Using Remark 1, we state the following theorem for the uniform boundedness of
system (4).

Theorem 4. Any positive solution (xy,y,) of model (4) is uniformly bounded.
Proof. Assuming that (x,, y,) is any positive solution of system (4), we then have

X1 < x,,exp(r(l - %)), foralln =0,1,2,....

Let xg > 0. Using Remark 1, we obtain the following result.

. k _
nlgr{}oSupxn < p exp(r—1) =1. (5)

Furthermore, from the second part of system (4), we obtain the following:

h
)

Let yp > 0. Applying Remark 1, we obtain the following result:

lim Supy, < l—l(s -1)=1 (6)

n—00 sh

Thus, it follows that lim,,coSup(xy,y,) < I, where I = max{l;,l}. The proof is
completed. [J

4. Existence of a Positive Fixed Point and Local Stability

To explore the existence of a fixed point of model (4), suppose that (x, y) is any arbitrary
fixed point of (4). Then, (x, y) must satisfy the following algebraic system of equations:

X =x exp(r(lf %) - bzaj_iyxz)

ren( ).

Then, (7) has a boundary equilibrium point (k,0). In addition, we also explore the
existence and uniqueness of the solution of system (4) because the positive fixed points

@)
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are not in a closed form. For this purpose, the following computation, using Theorem 4,
exhibits the existence and uniqueness of the solution to model (4).

Theorem 5. There exists a unique positive steady-state(xx, y«) € [0, 11] X [0, Ip] of system (4).

Proof. To attain the fixed point by solving system (7), we have

-9 = 2% ®
x = yh.
Suppose that

HXZ

(1%
) =r(1- )~
forall x € [0, I1]. Then, we can see that F(0) =r > 0 and

_ aexp(2(r —1))k? exp(r—1)
Fh) = ety T\ T <0
h(b + ,72)"

foralla, b, s, r, k, and h > 0. Hence, there exists at least one root of F(x) = 0, for
x € [0, ]. In addition,
r 2ab%x

ko n(? +22)

forall x € [0, I1]. Therefore, the system (4) has a unique positive fixed point (x., y«) €
[O, 11] X [0, 12]

Initially, we explored the stability analysis of the boundary equilibrium (k,0). The
Jacobian matrix Fj evaluated at (k, 0), is expressed as

1y _ Ka_
Fi(k,0) = " Tee |,
0  exp(s)

and the characteristic equation computed at (k,0) is given by

F(y) =1 = (1 =7 +exp(s))y + (1~ r) exp(s)

Hence, F(17) = 0 has two roots, namely, 77; = exp(s) and 1, = 1 — r. In addition, (k,0)
is the source if 7 > 2, and is the saddle point if 0 < r < 2. Next, we explored the stability
analysis of the fixed points. To investigate the stability of the equilibria, we calculated the
Jacobian Fj of system (4) at any point (x,y) as follows:

b1y b2 }

F(x,y) = [ e

The characteristic polynomial of Fj at (x,y) is given by

R(y) = #* = Tiy + Dy, )

where
Ty = (by1 + b2),

and
D1 = b11bay — bioboy

The following Lemma is extremely useful to examine the stability of the equilibria. [
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Lemma 1. Let R(y7) = n? — Tyn + Dy and R(1) > 0. Moreover, 111,17 are the roots of equation
R(n) = 0, and thus

(i) |jm|<1&|p| <1< R(-1)>0and D; < 1;

(i) |m| <1& 2| > 1or(Jm| > 1and 2] < 1) & R(—-1) <0;

(iii) |m| >1& || >1< R(=1) > 0and D; > 1;

(iv) m=-1&|p|#1 e R(-1)=0and T; #0,2;

(v) 11 and 1 are complex and |n1| = 1 and |np| = 1 < T2 — 4Dy < 0and Dy = 1.

Because 77 and 17, are the eigenvalues of (9), the following topological results are
obtained.

The equilibrium (x,y) is known as a sink if |5;] < 1 and || < 1, which is locally
asymptotically stable, and as a source if |17;| > 1and |#,| > 1; thus, the nature of the source
is always unstable. Moreover, the equilibrium point (x, y) is always known as the saddle
pointif |71| < 1and [72] > 1 or (|71| > 1 and 12| < 1). In the case of a non-hyperbolic
equilibrium (x,y), either 11| = 1 or |2| = 1.

Our next aim is to discuss the local stability of the unique positive equilibrium (x., y)
of system (4). Let (9) be the characteristic polynomial of the variational matrix evaluated at
(x4, Y+), such that

X4 TXx sd

T = (2777075)) and D; = <17770>(175)+7

axs Y« (bzfxz)
(P4+2)’

stability of system (4) around (x,y+) by stating the following proposition.

where () = and @ = 22 Thus, by applying Lemma 1, we discuss the local

242"

Proposition 1. The interior equilibrium point (x.,y) of system (4) satisfies the following results:
(i) The interior equilibrium(x., ) is stable iff:

TXs

Xy " g
k

—Q—s‘<‘l+<1— : ~0)(1-5) -

7

-

X«

¥+(175)<1

—QM>]
(ii)  The positive fixed point (x«,y+) is a saddle point if and only if

[2fri* 707s]2>4{(175)(1f”]ﬁ* 7Q)+%},

and
(iii)  The interior fixed point (x+,y) is non-hyperbolic if and only if

‘2f’£*fos’=‘1+(1f%fQ)(1fs)+% (10)
" (1f"*fo)(1fs)+@:1 and (27@7075‘<2. 1)
k I k

To explore the local stability criteria for (x.,y.) of model (4), we have the following
theorem:

Theorem 6. If neither (10) nor (11) is satisfied, then the positive steady-state (x., 1) of system (4)
is locally asymptotically stable if and only if the following condition is satisfied.
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X4
k

X4
k

—Q)(1—s)+£<2

2- h

—0-s[ <1+ (1-
5. Bifurcation Analysis

In this section, we discuss the period-doubling and Neimark-Sacker bifurcations of
system (4) around the interior equilibrium. Initially, we explored the period-doubling

bifurcation at a positive fixed point (x.,y«) of system (4). To study the period-doubling
bifurcation, assume that le > 4D, that is,

(2—ri*—0—s)>4{(1—ri*—0)(1—s)+§} (12)

and T7 + Dy + 1 = 0. It then follows that

 2h(rx. — (2—-Q)k)
ST Ok +rx) + k(@ —2h) (13)

Then, 771 = —1and p # 1if

TXs s®
(1- : 7Q>(175)+77€il. (14)

Consider the map Tpg = {(a,b,k,r,s) € R%. for which (12)~(14) are thus satisfied.
Then, the equilibrium (x,, y«) of system (4) sustains period-doubling bifurcation whenever
the parameters deviate within the small neighborhood of Tpg. Thus, system (4) along with
parameters (a,b,k,r,s1) € Tpp, can be written as follows:

r(1-§)- gy
<x>—> e L (15)
y el 1-3)
The following perturbation of system (15) can be obtained by taking 5 as a bifurcation
parameter:
-5
(x)ﬁ e (16)
Y yel1+9)(1-%)

where |5| << 1 denotes the least perturbation parameter. Assuming that N = x — x,,
P =y — y., system (16) is reduced to the following form:

<§>%<$ %)(ﬁ)*(ﬁﬁ?%) 17)

£1(N, P,5) = by3N? + biyNP + bsP? + ;N3 + a;N2P + asNP2 + a,P3 + o((|N| +|P| + \§|)4),
f2(N, P,5) = byzN? + byy NP + bosP? + d; N° 4 dyN?P + d3NP? + d,P®
415N + o P + 372 + c4PNP + c57N? + 7P 4 ¢772 N + cgs*P + g7 + O ((\N| +|P| + |§\)4)

Here,

Whereas the descriptions and computations of the involved coefficients are given in
Appendix A.
The canonical form of (17) at s; = 0 can be obtained by assuming the following map:

N _ b12 blZ u
<P>_<—1—bn ’Iz—bn)<v>' 8
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The normal form of system (17) under translation (18) can be expressed as

(2)= (0" 5)(0)+ () @

the descriptions and computations of the involved functions and parameters leading to the
following expression are provided in Appendix B.

7 ou? n2+1 17

3 20\ 2
F21=<%375+<%37§)> =B+t
(0,0)

[ PF L 10FPF _ c(l4byy) _ by
Fl = (m + 297 02 = —
(0,0)

Hence, we arrive at the following conclusions based on the aforementioned calculations.

Theorem 7. There exists a period-doubling bifurcation at (x.,y+) of system (4), whenever Fy # 0
and r deviates within a small neighboring point of s1. In addition, if F, > 0, (F < 0), the orbit is
period-2 stable (unstable).

Next, we investigated the Neimark-Sacker bifurcation around (x, ) of system (4).
For identical results, we referred to the studies by Din [24,25], Shabbir et al. [20], and Jing
et al. [14]. Furthermore, the equilibrium point moves around the close invariant curve,
owing to the Neimark-Sacker bifurcation. To explore the Neimark-Sacker bifurcation, we
find the conditions for which (x4, y) is a non-hyperbolic point with a complex conjugate
root of the characteristic equation of the unit modulus. Thus, if the following results hold
true, then R (77) = 0 has two complex conjugate roots with a unit modulus.

- (Y k+rx,)h
TR(Qk+rxs) + k(O —h)
and -
-2 -a-s| <2
k
Consider
(Qk+rx.)h X

TNS:{(a,b,k,r,s)eRi:s= and |2 7Qfs)<2}.

h(Qk+rx,) +k(®—h)

Assuming that s, = %, the fixed point (x.,y+) ensures the Neimark-
Sacker bifurcation when the parameters fluctuate in the least neighborhood of Tys. Thus,

system (4) along with parameters (a, b, k, 2, s) can be expressed as follows:

=)=y
<">a o) (20)
v yesz(lfi)
The following perturbation of system (20) can be obtained by taking s as the bifurcation
parameter, i.e.,
=)=t
( x ) | xe b 1:, @1)
y yels2t9)(1-%)

where [5| << 1 denotes the least perturbation. Assuming that N = x —x., P =y —ys,
then system (21) takes the following modified form:

(5 )= (o )5 ) (8w ) @)
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where
91(N, P) = bisN2 + bysNP + bysP? + aN® + a;N2P + agNP? + a4 P® + o((\N| +|P|+ |ﬂ)4),
82(N, P) = by3N? + bpuNP + bosP? + d N3 + doaN2P + d3NP? + dyP° + O (IN| + |P| + [7])*).

Here, by1, b12, ba1, b, b1z, bia, bis, a1, az, az, ay, bz, bys, bos, dy, da, d3, and dy, are
defined in (17) by replacing s; by s, + 5. Let

7* = Ti(8)n + D1(5) =0, 23)
be the characteristic equation of the variational matrix of (22) evaluated at (0,0), where

L) = (2= 5" -0 (2+5)) and Di(§) = (1—%70)(17(52+g)+@

axyYs (bzfxi)
(R+a2)?
11 and 77, are the complex conjugate roots of (23), it follows that

2
where () = and ® = %. Because (a,b,k,1,52) € Tns, |11] = |#2| such that

Ti(s i
i = 12(715 4D, (3) - T2(3)

We then obtain

|m|:nza/zm(@)(”’vfg(@)~ (e

2/ ((Q—Dk+rx)(s— 1)h+ P ks

Moreover, Ty (0) = (2 — 5= — Q —s5) # 0, —1. Because (a,b,k,,5,) € Tys, it follows
that —2 < T;(0) = ( — % 70752) < 2. Thus, we have 77", 175" # 1forallm =1, 2, 3, 4
ats = 0, for T;(0) # 0,—1,£2. Hence, for s = 0, zeros of (23) do not belong to the
intersection of the unit circle with coordinate axes if the following condition is satisfied:

2707527&”;*,3707527&% (24)
The canonical form of (22) at § = 0 can be obtained by taking v = Tléo),

6 = 1,/4D;(0) — T?(0) and assuming

(7)= (3 2)(5) &

Using transformation (25), we obtain the following canonical form of system (22):

(2)=(3 7))+ (us) (26)

where
R e TR TGS TR THAS T TR (AR
g(u,0) = (7(7 ;f:;)al - %>N3 + (L ;f;l;)”z - ‘%) N2P
(e (T - e
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120 5 120 )

(r=bhis b\ 4
+< bod =) P2+ 0((ul + [o])*)

N =apuand <P = (y—byy)u— v

n <(’Y*b11)b14 _ @)NP—',- (('Y*bll)lu - 14)133

Owing to the aforementioned computation, we state a nonzero real number

_ 2
L:= < —Re <(11_2’71)’72§20§11> - 1\Cl1|2—|§oz|2 + Re(ﬂzCn)])
mn 2

c=0

where,

in = %[ﬁu + oo+ (B + Beo) .
602 = % [J?uu *]?m; - 2§uz; + i(§uu - §m; + quv)]
620 = %[fuu - ﬁ:v + zguv + i(guu *'ng - zfuv)]r

17~ ~ ~ ~ [~ ~ ~ ~
Co1 = 16 {fuuu +fum) + Suuo + oo + 1<guuu + Quvo _fuuv _fvvv>] .

Ultimately, we deduced the following conclusions for the direction and existence of
the Neimark-Sacker bifurcation, based on the aforementioned calculation:

Theorem 8. There exists a Neimark-Sacker bifurcation around (x.,y) whenever s deviates wtihin

the neighborhood of sy = % In addition, if L < 0 (L > 0), then an attracting (or

repelling) invariant closed curve fluctuates in the range (X, yx) fors > s, (or s < sp).

6. Chaos Control

In this section, we implement the hybrid control method for controlling the chaos
caused by the period-doubling bifurcation and for controlling the Neimark-Sacker bifur-
cation in (4). Such strategies have been discussed elsewhere in [21,33-37]. We assume the
following controlled system corresponding to model (4):

B Xn aXpYn
Xp41 =€Xy €Xp (r (1 — ?) T x”2> +(1—¢€)xy,

h
Yn+1 =€Yn €Xp (s <l — %)) + (1 —€)yn,

n

(27)

where 0 < € < 1. Furthermore, both types of bifurcations can be controlled by choosing
an appropriate value of parameter €. The controlled system (27) and the original system
(4) have the same equilibrium point; the Jacobian matrix of the controlled system (27) at
(x4, +) is expressed by

€s 1—es

{1—%—60 —e® }

Consequently, the necessary and sufficient condition for local stability around (x, i)
of the controlled system (27) yields the following result.

Theorem 9. The interior fixed point (x.,y+) of (27) is locally asymptotically stable if

XX,

k

ErX,

2= k

750)(1fes)+£<2.

7807€S‘<1+<17 i
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7. Fractal Dimension

The fractal dimension that describes the strange attractors of discrete-time models is

defined as follows [38,39]:

Tk

j=1"m

ol
where #1, %2, . R are Lyapunov exponents, and m is the largest integer such that
Titi k2 0 and EPT £ <0 For the discrete-time model (4), the fractal dimension takes
the following form:

@g:m+

Lt
[,
Furthermore, for the values of parameters a, b, r, k, h, and s, the two Lyapunov expo-
nents F; and F, are computed numerically. If b = 3.3, a =08, r =13, h=27, and k=138,
then F; and F; corresponding to the values of the bifurcation (period-doubling) parameter
s from the chaotic region, with the help of Mathematica software, are shown in Table 1.

D,=1 foy>0> 8,

Table 1. Fractal dimension of model (4).

Values of s 1st Lyapunov Exponents F; 2nd Lyapunov Exponents F, Fractal Dimension De
2.85 0.08462596943938297 —1.1368798813345231 1.0744370366903186
2.90 0.22741225178613755 —1.2160641186798002 1.187006793714976

3.0 0.31895100399320747 —1.0790255038850196 1.2955917194216706
3.1 0.22493177216760443 —1.244489487648406 1.1807422034497348
3.2 0.4025124673527987 —1.1944261491614452 1.3369923436751492
3.3 0.3894200849244259 —1.2328810276916689 1.3158618521801246
3.4 0.47745428811163265 —1.2528556268034083 1.3810928233844715
35 0.47582043180971084 —1.2925566246939908 1.3681234715131803

The strange attractors for fixed parametric values illustrate that the discrete model (4)
has a complex dynamical behavior as parameter s increases by s > 2.1894756175566834.
Similarly, for the Neimark-Sacker bifurcation, the Lyapunov exponents and fractal di-
mension can be calculated for the values of parameter s from the chaotic region, that is,
s = 1.66, 1.68, 1.89, and so on. The strange attractors corresponding to these values are
also shown in Figure 1. In particular, Figure 1g,h,k below, demonstrate that the discrete
time model (4) has a complex dynamical nature when parameter s > 1.3874082082631611.
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(k) @

Figure 1. (a)s = 1.34, (b)s = 1.3811, (c) s = 1.3874082082631611, (d) s = 143, (e)s = 1.607,
(f)s = 1625 (g)s = 166, (h)s = 168, (i)s = 1735 (j)s = 1.83, (k)s = 189,
1)s 1.99. (a)-(1) Phase portraits of system (4) for different values of s € [1,2] with
b =17,a = 2.26,r=24,h=1.8,and k = 1.4 under the initial conditions xo = 1.0219, yp = 0.567721.

8. Numerical Simulation

This section verifies the aforementioned theoretical discussion. The first example is
related to the existence and direction of the Neimark-Sacker bifurcation. The second exam-
ple shows that for a suitable choice of parameters, system (4) undergoes period-doubling
bifurcation. Moreover, to confirm the control of flip and Neimark-Sacker bifurcation, we
provide two examples for different choices of parameters defined in Tpg and Tyss.

Example 1. Let b = 1.7, a = 2.26, r = 2.4, h = 1.8, k = 1.4, s € [1,1.8], and initial conditions

(x0,y0) = (1.0219,0.567721). Then, both species undergo a Neimark-Sacker bifurcation, as shown
in Figure 2. To confirm the chaotic behavior of model (4) MLE is shown in Figure 2c.
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Figure 2. Bifurcation diagrams and maximum Lypunov exponents (MLE) for system (4) with para-
metric values b = 1.7, a = 2.26, r = 2.4, h = 1.8, k = 1.4, and s € [1,1.8] and initial conditions
(x0,y0) = (1.0219,0.567721): (a) bifurcation for x,, (b) bifurcation for y,, and (c) MLE.

Furthermore, Figure 1a-1 shows the interesting behavior of system (4). Figure 1f-1
shows the chaotic behavior of system (4). Assuming that b = 1.7, we have a positive
fixed point (x.,y«) = (1.165750001, 0.6476388892), which loses stability and undergoes
a Neimark-Sacker bifurcation. Thus, for the aforementioned parameters, we have the
following control system:

2.4-1.714285714 x,~2.26 5"
Xp+1 =€ Xp€ w289 4 (1 —€)xy,

_ Yn
Vi1 =€ ynelﬁ 2.70 B 4 (1 _ e)yn.

(28)

It can be clearly observed that the controlled system (28) has a unique positive equilib-
rium point (x.,yx) = (1.165750001, 0.6476388892), which is similar to the original system
(4). In addition, the Jacobian at equilibrium (x.,y.) = (1.165750001, 0.6476388892) has the
following form:

—2.143126283 e +1  —0.7228285706 €
0.8333333325 € —1.500000000 € +1 |°

Example 2. Assuming the parameters b = 3.3,a = 0.8,r = 1.3,h = 2.7,k = 1.8, and
s € 2, 3.5, and the initial conditions (xo,yo) = (1.74693,0.647013), both species then undergo
period-doubling bifurcation when the bifurcation parameter passes through s = 2.1894756175566834,
as shown in Figure 3. In particular this fact is obvious in Figure 3a,b. Moreover, to confirm the
chaotic behavior of model (4) MLE is shown in Figure 3c.
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Figure 3. Bifurcation ~diagrams and MLE for system (4) with parameters

b =33 a = 08 r = 13, h = 27, k =185 € 2, 3], and (xp,19) = (1.74693,0.647013):
(a) period-doubling bifurcation for x;;, (b) period-doubling bifurcation for 1, and (c) MLE.

Furthermore, if s = 2.4, then the equilibrium point (x, y«) = (1.712924751, 0.6344165743)
loses its stability and undergoes periodic doubling (see Figure 4).
Thus, for the aforementioned parameters, we present the following control system:
_ Y, — Xnyn
- xnel‘s 0.7222222203 3, ~08 T30 | (1= e)xn,

eug I
Yug1 =€ yne2.4 6.48 B 4 (1 _ e)yn/

(29)

The fixed point (x.,y.) = (1.712924751, 0.6344165743) was preserved in the case
of a controlled system (29). Furthermore, the variational matrix of the aforementioned
controlled system computed at a fixed point (x,y.) = (1.712924751, 0.6344165743) is
given by

—1.273304693 e +1 —0.1697967362 €
0.8888888882 € —2.399999999 € + 1
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Figure 4. (a) Bifurcation diagrams of x;, for controlled system (28), (b) bifurcation diagrams of y,, for
controlled system (28), (c) bifurcation diagrams of x;, for controlled system (30), and (d) bifurcation
diagrams of v, for controlled system (30).

The characteristic polynomial of the aforementioned Jacobian matrix is given by
12 + (3.673304692 € — 27 + 3.206861694 > — 3.673304692 € 4 1 = 0.

According to Lemma 1, the control system is locally asymptotically stable, if 0 < € <
0.8910230450195268 and bifurcation is controlled for 0 < e < 0.8910230450195268 (see
Figure 4c,d).

Finally, some local implications of the MLE diagrams, shown in Figures 1c and 2c for
the Neimark-Sacker bifurcation and period-doubling bifurcation, respectively, are plotted
in Figure 5a,b, respectively. It has also been verified that the system undergoes Neimark-
Sacker bifurcation at s = 1.3874082082631611, where the phase portrait at this point shows
a closed invariant curve, as already shown in Figure 4c.
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Figure 5. (a) Local implication for the Neimark-Sacker bifurcation and (b) local implication for
period-doubling bifurcation.

9. Concluding Remarks

In this study, we examined the qualitative and dynamical analyses of a discrete-time
predator-prey model. Piecewise constant arguments have been applied to achieve the
discrete-time counterpart of a continuous model. Thus, a comprehensive analysis of model
(4) was presented. In particular, we investigated the boundedness, local stability of the
boundary, and positive equilibrium points, which seem to present more challenging cases
of Euler’s discretization scheme in [31]. Moreover, it was proved that the population
sustains both period-doubling bifurcation and Neimark-Sacker bifurcation near the interior
equilibrium. The parametric conditions were obtained for the direction and existence of
both types of bifurcations using the theory of bifurcation and center manifold theorem.
Moreover, the chaotic attractors shown in Figure 5 ensures chaos in the system. To control
the chaotic behavior of system (4), a hybrid control method was implemented. Hence, by
applying a control strategy, both types of bifurcations can be controlled for a maximum
range of control parameters. We also presented the fractal dimension of model (4), which
characterizes the strange attractors provided in Figure 5 thereby illustrating the complexity
and rich dynamics of discrete model (4). Finally, numerical simulations were conducted to
verify the analytical and theoretical approaches.

10. Future Direction

Our future research will include the Leslie-Gower predator-prey model with the
functional response of Holling type-II. In this case, we aim to conduct stability, bifurcation,
and chaos-control analyses of the model. A comparison of both functional responses will
be conducted in a future study.
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Appendix A
by =1+x.By, bip=— 25 by = by =1—s), b5 = 22
11 *D1, U12 [ 21 7 V22 1, Y15 2(b2+xi)2
2 2
_ 1 1 2 _ x*(ﬂx*Blfb Bzfx*Bz+a)
biz = By + 3%:y«B3 + 5By, b1y = — e ’
461222 1o
- 1102 x*ay*(b —6b x*+x*) 1 1 3
a1 = Y«Bs + EBl + W + fx*y*BsB1 + gx*Blz
%
_ Blax* _ 1x2y.Bsa 1 x%Ba
a, = By — +2x*BS 2 P2 + x«B1B2 222’
2 2 2 4.3
1 X5 x5 Boa 1 x 3 Bya? 1 xia
R e B
2 (b2+xz)2 P 2 (42)? S8 ()Y
hs1y? (hsyy.—2 hs1ys (2, —h
bys = sy ( ;;Z o)y, = vl 9;»«3 S194)
H %
b sy (hs1ys—2x:) dy = hs1y? (6x3 —6hs x.y.+h2s3y? )
25 = 2x2 ’ 1= 6x0 ’
gy = _ syl —dx) (hsyya—x) 4 _ hsy (202 —dhsyx.y.+h%s3y?)
2 = 2x2 /43 = 2x} !
h2s3 (hs1y.— 3x*) hy2 ((14s1)xx—hsyys)
dy = — 6x3 = X3 4
(x2=h(2+s1) %y +h2s1y2)
2= 2 ’
hys (2(1+s1),\'37}151(44»51)x*y*+hzs%y%)
3 = = ’
o hy? (2(1+s1)xffhs] (4+s1)x*y*+hzs%y§)
€4 =~ 2x3 4
- h(2(1+sl)x§7hsl(4+sl)x*y*+h25%yz)
C5 = — 2x§ .

« 27?( bzfxz) Zax*(3b )
here By = — (7 + ")) g, By = ,By=y.B
where B (k + (b2+x5)2 , b2 (b2+x3)2' 3 (7 ix ) 4 = Y«D3.

Appendix B

e =y — (bis(p—bn) _ by 2 [ bu b1a(b11—112)
flw,0,5) = ( b12(1+;72) 5 )N? = (17 + s )NP

2 + )P~ (e + Saes )V
- (132 B NP - (Hvz + G NP
(1 + )P 4N — 7P - (8NP — (AN — 1P 4O (Ju] + [o] + [5)*),
S0 = (5 - SRR ¢ (45 e
+(1+'72 b112+h11+1-r/z ) (Zizllt-h:l;; +'72>N3
+ (e + v ) NP+ (i + i ) NP
+(gfz((11+f;173 1 )P3 + 7SN + 13,5P + 15, SNP + 1+r/25N2 + 1 P2+ O((|”| + o[ + \§|)4),

where N = blz(u + ZJ) and P = (—1 — bll)u + (1’]2 — bn)v
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t

th =

Thus, the approximation of the center manifold W¢(0,0,0) of (19) within the neighbor-
hood of 5 = 0 evaluated at the origin can be expressed as

W<(0,0,0) = { (10,51 € R*) = Mss? + Mosu + nnyui® + (Olu, |31 )*},

where
2 (b | (Libyy)bys byy  (Libyy)byg 2( b5 (14b11)bys
_ bu(””ZJr bip(l+m) ) (L+bu)biz 757, + byp(1+1) 4 (o) ri, * b1a(1+12)
1= =2 (146 1)*'72;) 1= 4
_ C(I+4by1)—cibip —
M, = 2ty oabe o,

Consequently, the restricted map to center manifold W¢(0, 0, 0) is expressed as follows:
E- 2 2 2 3 4
fu = —u+ it + tpus + tau”s + taus” + tsu” + (Olul, |s1])
where
_ 2 (b bis(bii—1m2) ) _ 2( b b15(b11—1p2)
1= b12(1+2’372 + b1p(1+112) ) (1+b1r) (Hz’sh + b12(1+12) )

by ) bia(bi—
+(1+ b11)512<1f§2 + %),

—  oU+bi) _ cbp
2 i+l Nt+1’

_ (12—b11)b13 b 2 cabip(1+b11) _ cabrp? (12—b11)b1a b ca(ip—b1) My
fs = 2( bip(p+1) 7722431>b12M2 T 1;1231 + ( bia(p+1) ’72%:{1)1712(172 = bu)Mz — o+l
(b11=172)b14 b cs(1+by1) (br1—12)b15 b o bpM
+ (G + gy ) raMa(1 -+ bry) — S0 2 (SIS - Jh ) 1+ biy) (72 — bro) M2 — G,
— (2—b11)bis b3 2 (2 —bi1) Mp
ta = ( bia(pp+1) 772+1)b12 M; - n+1
(2=b11)b1a b c1bpM.
+( G — o7 ) bra (2 — by Ms — a2
(b —12)b b
2 (GG + ) (L o) (2 — b ) Ms
(b11—112)b14 b
+ <W + ,72%&1 ) b1aMs(1, +,b11)
_ (12 —b11)b1a b,
ts = (W - Uz%ﬁ1>b12Ml (112 = bn1)
(b11b11 —172) b14 b,
+ <W + ;723}1 ) blZMl (1 + bll)
(b1 —12)as d 3
+( bia(12+1) + ’72+1) (1+bn)
(b —m)bis b
+2 (W + ,72%&1) (1 + bn)(?]z - bn)MI
(p=bi)biz _ by 2
+2 ( b1a(12+1) ’72+1)b12 M
+lp=bn)a _ ds 2 (p=bn)m _ dy 3
< B (12+1) '72+1>b12(1 +bi)”+ (‘blz(wl) '72+1)b12
(br1—12)az d 2
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Abstract: This study focuses on numerically addressing the time fractional Cattaneo equation involv-
ing Caputo-Fabrizio derivative using spline-based numerical techniques. The splines used are the
cubic B-splines, trigonometric cubic B-splines and extended cubic B-splines. The space derivative
is approximated using B-splines basis functions, Caputo-Fabrizio derivative is discretized, using
a finite difference approach. The techniques are also put through a stability analysis to verify that
the errors do not pile up. The proposed scheme’s convergence analysis is also explored. The key
advantage of the schemes is that the approximation solution is produced as a smooth piecewise
continuous function, allowing us to approximate a solution at any place in the domain of interest. A
numerical study is performed using various splines, and the outcomes are compared to demonstrate
the efficiency of the proposed schemes.

Keywords: cubic B-splines; trigonometric cubic B-splines; extended cubic B-splines; Caputo—Fabrizio
derivative; Cattaneo equation

1. Introduction

The time fractional Cattaneo differential equation (TFCDE) under consideration is [1]

00(5,t)  CF ma (s, b)
5 Ta Div(s,t) = s +g(s,t), @
with initial conditions
0(s,0) = ¢(s),
0<s<IL, 2
A == @

and the boundary conditions,

{ 0(0,£) = fi(t),
o(L,t) = fa(t),

where (s,t) € A = [0,L] x [0,T], 1 < a <2, g € C[0,T], and f1(t), f2(t), ¢(s), ¥ (s) are
known functions. Moreover, ¥ ®%0(s, t) is the Caputo-Fabrizio derivative given by

>0, (3)

ﬂ“‘z /a~r v (s, x)exp|o(t — x)]dx,

SFoto(s,f) = 5
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For mathematical modeling of real-world problems, fractional differential equations
are often used. Scientists in a variety of fields are pushed to improve the interpretations of
their findings by utilizing the fractional order derivatives, which are particularly useful. In
mathematical modeling of many scientific situations, fractional order differential equations
provide more accurate information than regular differential equations. Fractional deriva-
tives are used to describe a variety of physical phenomena [2]. This is owing to the fact that
fractional operators assess both global and local properties when analyzing system evolu-
tion. In addition, integer-order calculus can sometimes contradict the experimental results;
therefore, non-integer order derivatives may be preferable [3]. It is difficult to determine
the solution to fractional differential equations (FDEs). As a result, a numerical method
must be used to obtain the solution to these partial differential equations. To tackle these
problems numerically, many approaches have been developed and extended. The existence
of solution of FDEs can be seen in [4]. Diethelm et al. presented the predictor-corrector
method [5] for the numerical solution of FDEs. Meerschaert and Tadjern [6] developed a
finite difference method for a fractional advection—-dispersion equation. The homotopy
analysis method [7] for the fractional initial value problem was developed by Hashim et
al. An eigenvector expansion method for motion containing fractional derivatives was
presented by Suarez and Shokooh [8].

When compared to the finite difference approach, other spectral methods, such as the
operational matrix method, are particularly popular since they provide good accuracy and
take less time to compute. This method works well with fractional ordinary differential
equations (ODEs), fractional partial differential equations (PDEs), and variable order PDEs.
Jafari et al. [9] gave applications of Legendre wavelets in solving FDEs numerically. The
Haar wavelet operational matrix of fractional order integration and its applications in
solving fractional order differential equations can be seen in [10]. Chebyshev wavelets [11]
were used by Yuanlu for solving a nonlinear fractional order differential equation. Li and
Sun [12] developed a generalized block pulse operational matrix method for the solution of
FDEs. Obidat [13] used Legendre polynomials to approximate the solution of nonlinear
FDEs. Genocchi polynomials [14] were used by Araci to find numerical solutions of FDEs.
Grbz and Sezer [15] solved a class of initial and boundary value problems arising in science
and engineering using Laguerre polynomials. Caputo and Fabrizio proposed one of the
most recent fractional order derivatives. For more applications of this new derivative and
the related work, the reader is referred to [1,16-29].

In comparison to polynomials, the B-splines based collocation methods provide a good
approximation rate, are computationally quick, numerically consistent, and have second-
order continuity. To obtain numerical solutions to differential equations, multiple numerical
approaches based on various forms of B-splines functions were recently utilized. Inspired
by the popularity of spline approaches in finding numerical solutions of fractional partial
differential equations, various splines-based numerical techniques have been developed for
the numerical solution of the Cattaneo equation involving the Caputo-Fabrizio derivative.
The main motivation behind this work is that to the authors” knowledge, this equation
has not been solved using the B-splines basis functions. In the current work, B-splines
are used to approximate the space derivative, while the Caputo—Fabrizio derivative is
approximated using finite differences. Moreover, the presented schemes are tested for
stability and convergence analysis.

2. Numerical Schemes

In this section, the cubic B-splines, extended cubic B-splines and the trigonometric
cubic B-splines are used to develop numerical techniques for the numerical solution of time
fractional Cattaneo equation (TFCE) (1).

2.1. Numerical Scheme Based on Cubic B-Splines

Lett = % and h = ﬁ be the step length in space and time direction, respectively. Set
tm = mT,s; = jh, where the positive integers, N and M, are used. The knots 8 divide the
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solution domain A equally into M equal subintervals [s;,s;41],j = 0,1,..., M — 1, where
a=sy<s1 <---<spy =>b. The approximate solution V (s, t) to the exact solution v(s, t)
in the following form is acquired by our scheme for solving (1)

M+1

=) Gl 4)

j=-1

where C;(t) are unknowns to be found, and B;(s) [30] are cubic B-splines basis (CuBS)
functions given by

(s —s;), s € [s,5j11]
3 +3h%(s —sj 1)
1 +3h(s —5j41)* = 3(s —sj41)%, 5 € [sj41,5)12]
B](S) = s I/ +3h2(5j+3 - S) (5)
+3h(sj13 —5)* = 3(sj11 —5)°, s € [sj12,5)13]
(sj+a—5)°, S € [sj13,5j+4]
0, otherwise.

Here, B;_1(s), Bj(s) and B;1(s) are survived due to the local support characteristic of
the cubic B-splines so that the approximation v}-" at the grid point (s;, t,) at the mth time
level is given as

j+1
o(sj, t") = 2 Ciy (t)Buw(s (6)
w=j—1

The time-dependent unknowns C]’-” (t) are found using the specified initial and bound-

ary conditions as well as the collocation conditions on B;(s). As a result, the approximation

v}” and its required derivatives are

v]’" = alC 1+ aZC + alcj’ﬂ_l,

(U}n)s - 7b1C] 1 + bl ]+1r (7)

(v/’-”) 55 = ch "L+ c2C + C1C]+1,
where a; = %, ay = %, b = ﬁ, 0 = h%, and ¢, = fh%.Letgz {g":0<m< N}
be the collection of grid functions on a uniform mesh of the interval [0, T| such that

ag" = % A discrete approximation to {¥®%u(s, t) at (s, tm+%) can be obtained

as [1]
SFDtu(si,t 1) = #(M 50’”*17i(M -M Yoot — M ¢-)+R’”+% )
0 ~t9jrtyyl (l*lX)T 00t = m—1 m—1+1)0t0j myj i

where,

1-— 1-—
Mj = exp(5— T]) —exp(5— (] +1), ©)
and

1
IR 2| = O(<?).
Lemma 1 ([1]). From the definition ofM]- in (9), we have M; >0 and Mj1 <M, Vi < m.

Lemma 2 ([1]). Suppose that v(t) € c;*;;*([o, L] x [0, T)), then

0<M;<Ct
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1
a—1)T

and
0 S M] — Mj+1 S CTM]

Now, we employ the Caputo-Fabrizio fractional derivative and CuBS to establish
the numerical scheme for solving (1). Using CuBS and the approximation given in (8),
we obtain

m
(Modio ™ = Y (Myy—g = My 141)80) = Mintpj) = (071 )ss + g7+ + R, (10)
1=1

where R"*1 = O(1? + h?). Thus, by ignoring R”*! and using the discretization (") =
7;/'."“ 77);_»1
T

, we have

M 1
1 0 1 1 1—
(@ =™ = o)+ S0 o) = Y Mt = M) =] )

— My) = (& = 1) (0] )gs + (& = 1)7g" 1.

Rearranging the above equation, we obtain
UU?H—l - y(v;’l+1) = U—U + = Z m—1 — My I+1)(U§ - Zi ) + MmljJ/ + ng-H 11)

whereo = (a —1+ =2 ) and y = (« — 1)7. Using the CuBS approximation (7) in (11), we
obtain
My +mC T+ ClEt = 1sClty a4 1sCly
1 m
+ = Z m—1 — My l+1)[(ﬂ1C]l‘71 +112C]" +'11C]l'+1)

—(m cZ 140G+ e D] + Mu + g™, (12)
where 11 = 0ay — jcy, 12 = 0ay — ucy, 13 = oay ,and 14 = 0ap. In matrix notation, the
above equation is expressed as

1 m
A C"H = A0 4 Bi(~ Y (My—g = My 1) (C' = C"71)) + My ¥4 4G,
=

where the matrices A1, Ay, By, ¥ and G are

(1 m m 0 ... 0]
0 m m m :
A= o
0 111 112 171 0
LO ... 0 m m2 mld
(73 nma n3 0 ... 0]
0 75 na m3 -
Ap = : o o
0 173 1’]4 173 0
L0 ... 0 w3 14 13
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ay dy mMm 0 0
0 ap day ap
By =] . -,
0 ap ay @ 0
0 0 ap dp @M
— [yqym+1l m+1 m+17T
¥=[wg ™ et et
and
— [om+1 m+1 m+17T
G=[g" & g

The above system gives (M + 1) equations in (M + 3) unknowns. For a unique
solution, two additional linear equations are necessary. For this purpose, the boundary
conditions are utilized as

{ a1 C" 4 apCIHY 4 0y C Y = i (bga), 1)

ulC}\”Atll + (12C;\”A+1 + lllcxﬂ;ll = fZ(tm+1)~

By combining Equations (12) and (13), we have (M + 3) x (M + 3), a system of linear
equations which can be solved uniquely.

2.2. Initial State
First of all, it is essential to find the initial vector C° = [Cgl, Cg, , CRA, CR/[ +l}
to initiate the iteration procedure. This vector is obtained from initial conditions as

o =¢(s0),
? =¢(s)), j=0,123,...,M,
/

M = ¢’ (sm)-

[

Thus, (M + 3) x (M + 3) a system of linear equations results, and this system can be
written in matrix notation as

A3C0 = By,
where the matrices A3, C? and B, are
b 0 b 0O ... 0
ay a aq 0 ... 0
Ay = 0 m a a - ’
: t. t. t. . t. O
0 0 a a m
0 0 —-b 0 b

7

T
CO= [ & e ]
and

By=[¢/(s0), ¢(s0) .- dsma) ¢'(sm)] -
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2.3. Numerical Scheme Based on Extended Cubic B-Splines

A cubic B-spline of degree four with a free parameter 7 is called an extended cubic
B-spline. This kind of cubic B-spline was introduced by Han and Liu in 2003. We follow the
same notations for the time and space discretizations that we used before. The extended
cubic B-spline (ECuBS) basis functions, B;}(s, 17) are given by

4n(1—1n)(s —s;)> +3n(s —s)*, s € [sj,5j41]
(4 —)h* + 1213 (s — 534.1) + 6h*(2 + 1) (s — 5711)°
1 —12h(s = sj41)° = 3n(s — sj:1)*%, $ € [sj41,5j+2]
oap ) 4 M+ 1213 (sj15 — 5) + 6% (2 +17) (5143 — 5)? (14)
—12h(sj43 —5)> = 3n(s41 — )%, s € [sj12,5j13]
4h(1 =) (sj1a —5)> +3n(sj1a —5)*, S € [5j13,5j14]
0, otherwise,

where 17 € [—8,1]. Here, B;{l(s),B}l( s) and B#, ,(s) are survived due to local support

j+1
characteristic of the cubic B-splines so that the approximation v}” at the grid point (s, i)

at mth time level is given as
j+1
o(sj, t") = U]m =) Cr(t)BL (s, 7). (15)
w=j—1

The time-dependent unknowns Cj'-" (t) are found using the specified initial and bound-
ary conditions as well as the collocation conditions on Bj(s). As a result, the approximation
v}” and its required derivatives are

o = w C +a}zC + w1 C"

Y j+1
(v]'") fwg,C"’ + cu4C + wgC”fH, (16)
( )55 = w5C’” 1 -+ w6C + (U5C]+1,

where wy = 427—4'7, wy = 81+2" , w3 = 21h' wy =0, ws = 22% and wg = —2;7? By following

the same procedure as was done for cubic B-splines and using the ECuBS approximation
given in (16), we obtain the following approximation to the solution of (1)

’75(3;”5rl + 776@"+1 + ﬂsc;'fﬁl =n7Cy +nsCj" +117Cf44

+ = Z m—1 — My l+1)[(wlcjl'—1+(U2C]l‘+wlcj+l)
—(w C’ 1+w2C’ 1+w1C]I+%)]+Mml[7]+Hgm+l 17

where, 175 = cwy — pws, 116 = oWy — pws, 7 = Cwy and g = owy. In matrix notation, the
above Equation (17) is expressed as

m

1 _
AyCMT = AsC 4 By( ) (Myyg = Myy111)(C' = C71)) + My ¥4 4G,
Z_l
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where the matrices A4, A5 and B are

_1’]5 7]6 1’]5 0 e 07
0 5 ns 15 :
A4 = E .. . . . . . . O ’
0 ... 75 16 15 O
LO ... 0 5 76 75l
_177 e n7 0 N 07
0 7 ns n7 :
As=1: ol
0 N 177 1’]8 1]7 0
L 0 e 0 H7  ng N7l
and
w, wy w; 0 ... 0
0 w1 Wy wq
By =
0 L. W1 Wp o wq 0
0 ... 0 w wy w

The above system gives (M + 1) equations in (M + 3) unknowns. For a unique
solution, two additional linear equations are necessary. From the boundary conditions, we
obtain the required equations as follows

{wlcml+1 + w4+ w0 L = £ (bya1), (18)

m+1 m+1 m+1
w1 Cyty + ™ + W1CM+1 = faltms1)-

By combining Equations (17) and (18), we have (M + 3) x (M + 3), a system of linear
equations, which can be solved uniquely.

2.4. Numerical Scheme Based on Trigonometric Cubic B-Splines

We follow the same notations for the time and space discretizations used before. The
trigonometric cubic B-spline (TCuBS) basis functions are given by [31]

13(51')/ s € [S]',Sj+1)
TBY(s) = 1(s;) (I(sj)m(sj42) +m(sj+3)L(sj1)) +m(sj1a)*(sj11), 8 € [sj11,5142) 19)
] . . . . . N2 (s: : .
m(sja) (L(sjr1)m(sjr3) +m(sj4a)l(sj42)) +1(s))m*(sj13), s € [sj42,543)
m3(5j+4)/ s € [Sj+3/ S]‘+4),

where [(s;) = sin(?),m(sj) = sin(?) and p = sin(’z—’) sin(h) sin(%).

Here, TB;:l (s), TB?(S) and TB;.1 1 (s) are survived due to the local support character-
istic of the trigonometric cubic B-splines so that the approximation v} at the grid point
(8j,tm) at mth time level is given as

o(sj, t") = o = CI'(£)TB2 (s). (20)
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The time-dependent unknowns C]T” (t) are found using the specified initial and bound-

ary conditions as well as the collocation conditions on B;(s). As a result, the approximation

v}" and its required derivatives are

o' = GG + 0o G +§1C+1,
(v]")s = =C3C"y + LuCty +85CTL, (1)
(©]")ss = €5C]m 1+ 86C" +85C1,

where
0= csc(h)csc(%) sin?(4),
G = 1+2cos( )’
a=1% CSC(%)
Ca=0,
34+9cos(h
G5 = 4cos( ()> _4COS(%),
o 3cot? (1)
G = 2+4cos%h)

By following the same procedure as was done for cubic B-splines and using the
approximation (8) in (1), we obtain

1 m
‘77)}““ - Z‘(U]m“)ss =oof' + b Y (Mg — Mm—l+1)(”§ - U ") + Mgy + ?‘gmH (22)
=1

where o = (a — 14 22 ) and y = (« — 1)7. Using the CuTBS approximation given in (21),
we obtain the followmg approximation to the solution of (1)

1oCI 3+ 0G4 moCl = Gl y + 72+ Gl

1 m
+ - Z My 131)[(G1C)y + 52Cf +81Cjq)
- (acZ 1+ GG + GG+ Mty + pg) (23)

where 179 = 0¢1 — 13, 110 = 02 — 4, 111 = 01, and 7712 = 0{p. In matrix notation, (23)
is expressed as
1 m
A7C"H = AsC™ + Bs(— ) (Mt = Myy—11)(C' = C'71)) + My¥ 4 G,
=1

where the matrices Ay, Ag and Bs are

M9 M0 M9 0o ... 0

0 1 no M :
A7 = R ool

0 - 7]9 1710 179 0

0o ... 0 M9 M0 M9
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mi 2 a0 ... 0
0 nu1 M2 :
Ag = e . 0l
0 ... 1 2 ma O
0 ... 0 w1 m2 M
and
v & &1 0 ... 0
0 &1 & & o
Bs=|. . . .

0 ... &1 & & 0
0 ... 00 & & &

The above system gives (M + 1) equations in (M + 3) unknowns. For a unique
solution, two additional linear equations are necessary. From the boundary conditions, we
obtained these equations as follows

LMt + LG + Lt = filtug), 24
QCHTL + 0T + QO = faltw).

By combining Equations (23) and (24), we have (M + 3) x (M + 3), a system of linear
equations, which can be solved uniquely.

2.5. Stability Analysis

This section deals with stability analysis of the scheme based on cubic B-splines. The
stability analysis of the schemes based on extended and cubic trigonometric B-splines can
be carried out by a similar argument. We use the Fourier method to study the stability
analysis of the scheme. Let V0 be the perturbation vector of initial values V0 and V™,
1 < m < N — 1 be the approximate solution of the scheme (12). The error vector 6" is
defined as

M=v" V" 0<m<N-1, (25)
where,

v v, v Vi)

o= v, VL
and

(5]m = V]m - V]m = [5{"[ 5?! tees (5;\'/1171}?

Define the grid functions as follows:
h h
o, sji— 5 <s<sj+,
sy =4" 2 n h2
0, OgsgiorL7§<s<L.

We can expand 0" (s) into Fourier series as

() = Y (1) exp( 2

|=—c0

),

where, .
_1 m —12mls
(1) = L/O 8" (s) exp(—— )ds.
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Denoting
o = (97 (5) Pas)?,
and using the Parseval’s equality,
L o
Jy 18" Pds = 3 (0

we obtain
6™ (s) 1> = Z [ (D).

We can expand 67" into Fourier series, and because the difference equations are linear,
we can analyze the behavior of total error by tracking the behavior of an arbitrary nth
component. Based on the above analysis, we can suppose that the solution of (11) has the

following form
6" = dw exp(Iosjh), (26)

where 05 = ZT”l,I = +/—1. Substituting the above expression into (11), we obtain
1
(@) = p(OH) = LMyt = My 151)8(8") + 0 (8"). @7)
I=1

Using the CuBS approximation given in (7) and Equation (26) in the above equation,
we obtain

dyi1(0(ay exp(—Iosh) + az + ay exp(Losh) — p(cy exp(—Iosh) + ca + c1 exp(Iosh)))

(Mmfl — Mm,]Jr])(Std] (ﬂl EXP(*IU'Sh) +ay+ag EXP(IU'Sh)) +ody (111 exp(flash))

™=

1
+ a + ay exp(Iosh)),

= dyi1(0(az + a1 (2cos(osh)) — p(ca + ¢1(2cos(osh)))

m
= Z(Mm—l — Mm—l-%—l)&tdl (ﬂz +m (2 COS((TSh)) + O'dm(llz +a (2 COS(Ush)),

which, on further simplification, reduces to

d :;ﬁ(M My (A L T <M1, (28)
m+1 o—qr = m—1 m—I+1 T o—pur ms L > > ’

cp+2¢1 cos(osh) )

where, r = (112+2a1 cos(osh) /*

Definition 1 ([32,33]). A scheme is called stable if there exists a positive number C, independent

of j and m such that
v —vr < clve = v,

where V" and V" are the exact solutions of the difference scheme and its perturbed equation,
respectively.

Theorem 1. Suppose that dy,, (1 < m < N — 1) are defined by (28), then for « € (1,2), we have

ldw| < (14+2CT)"|dg], m=1,2,...,M—1.
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Proof. We use the mathematical induction for proof. For m = 1, we have from (28),
] = |——ldo] < (1+2C7)ldo].
o—ur
Now, suppose that
|dw| < (1+2CT)"|do|, m=1,2,...,M—2.

Then, by using Lemmas 1 and 2, we obtain

m
‘dm+1| < T—pr = E' dl dl 1 ‘dm|
Ct o
= Uﬁyr\(dm —do)| + m|dm|
< %(1 +2CT)"|dg| < (1+2CT)" 1 dy).

This completes the proof. O
Theorem 2. The scheme (12) is unconditionally stable for « € (1,2).

Proof. By using Theorem 1, Parseval’s equality and mt < T, we obtain
v = Vg, = ): ldm (D12

< (1+2Ct)™" Z o (1))

|=—00
= (1+2C0)*™(I8°(1) |3,
< exp(4Ctm)||V° - \70||122.

so that
y 0 70
[V™ = V™), < exp(2VCT)[[V7 = V7|1,

which means that the scheme is unconditionally stable. [

3. Convergence Analysis

The convergence of the scheme based on cubic B-splines is presented in this section.
The convergence analysis of the extended and cubic trigonometric B-splines based nu-
merical scheme follows accordingly. Let e’” = U’” — V’” 1<j<M-1,1<m<N-1
and

1 I m
e = (el ey, .. e ),

R" = (RIYRY,..., Rl ), 0<m<N-1
From Equation (11) and R]’.'”rl = O(7? + h?) and noting that e? =0, we have
m

y(e}ﬂﬂ)“ =) (Mg~ Mm7[+1)(5t3;‘ +oef' + R;”'H. (29)
1=1

0.671+1

Define the functions
h h
e]’»”, si—5<s<sj+5, 1<j<M-1,
e"(s) = 2 h2
0,0gsgiorL—§<s§L.
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and L L
R’»”,s]v77<s§sj+—, 1<j<M-1,
R™(s) = J Zh hZ
0,0§s§§0rL—2<s§L.

We expand the above functions into Fourier series expansions as

Y En(l)exp

l*—oo
Z )\ exp 12715
l=—c0
where,
1 —I2nls
Em(l) =1 / s)exp L ds,
1 —I27ls
_ L d
=1 / s) exp s,

Applying Parseval’s equalities,
L ) M-1 )
m _ m
Jy e @) s = X e, and

t 2 S 2
/0 [R™(s)[[%ds =} MR}
j=1
to the above expression, we have
el = E2 o len (I, 0
IR™Z = L2 [Am (D).

Now, we suppose that

e = &y explosih,
{ [ = mexp 31)

R;" = Amexp!®it,
where 05 = ZT”l Substituting relations (31) in Equation (29).

Ent[o(ar exp"® 070"ty exp! " tay exp!® D) — (e exp! ="

+ e exp!®M ¢y expl (D] = Z( w1 — My 111)0¢81[ag exp!osU=Dh
=1

+ apexpsl LS explm j+1) " 4 0@ oy exp10<(J Dh 4 g, exp"“( Dh

+ay exp UV LA,y exp! U D gy exp!® 0P 4 gy exp!®0HDR),
= Cmr1lo(az + 2aq cos(osh)) — p(ca + 2¢1 cos(osh))]

= Z m_1 — M, _ l+1)(5t§l(u2 + 2a1 COS(O’sh)) + a;‘m(az + 2m COS(lTsh))

+ )\m+1(ﬂ2 + 2aq cos(osh)).
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The above expression is further simplified as

B 1 m él - (.:Ifl g
Cmy1 = ml;(Mm—l = My141)( T )+ (0 —pr) b

1
m)\mﬂr 1<m<M-1 (32)

+

Theorem 3. Let Gy, be the solution of (32), then, there is a positive constant C such that
[Em| <CA+1)"Aq|, m=0,...,N—1.

Proof. We use the mathematical induction to prove this claim. For m = 1, we have
from (32)

)\1
< < ( +T .
|§1|_|U yr" (1 )|/\1|

Assume that
[Em| <CA4+T)"A|, m=0,...,N—2.

Now by using the convergence of the series on the RHS of (30), we know that there
exists a constant C; such that

[Am| < Cot|Aq|, m=1,...,N—1

From (32), we have

m+1

o — WZIC[ G- 1|+ |§m|+‘a ‘m"
CT m

= Zm1%HUFMM+\”W

o pr o —ur

|§m+1‘ >~

=Ct(14+ )™M |+ Ct(1 4 )" A1 ] + Cot|A]
< (147",
|

Theorem 4. The scheme (12) is convergent, and the order of convergence is O(7? + h?).

Proof. By Theorem 3, Equation (30) and mt < T, we have

le™ |7, = E IEnMI? < 3 C2A+ o> A M)

— 2 2 12
=C 1+ ™R
< CZC%EZmT(TZ + h2)2
S C/Z(T2 +I’l2)2.

This completes the proof. [

4. Numerical Findings and Discussion

The efficiency and the validity of the suggested methodologies are confirmed in this
part using various test problems by utilizing the L, and L error norms. The numerical
results obtained by the proposed schemes are compared. Mathematica 12 was used to
obtain the numerical and graphical results.
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V(s,05) =

Vs, 1) =

Example 1. Consider the time fractional Cattaneo equation,

(s, t)
9%s

Jv(s, t)
ot

+8F fo(s,t) = +3(s,1), 1<a<2,

with initial constraint,
0(s,0) =0, v4(s,0) =0,5 >0,

and with boundary constraint,

0(0,t) =0, v(1,t) =0, 0<t<1.

The corresponding source term is

1- 41 2
) N

2—« 9 9 )-

g(s,t)=2(1— sz)s%6 [t+ 04171(1 —exp(
The analytic solution of the given problem is v(s, t) = >(1 — s2)s%. The suggested
schemes are implemented on the aforementioned problem to obtain the numerical re-
sults. The errors obtained by the schemes are compared with each other in Tables 1-3.
Figure 1 presents an efficient comparison of approximate and exact solutions at various
times. Figure 2 exhibits the 2D error profile. The 3D comparison between the exact and
approximate solutions is depicted in Figure 3. The approximate solution using the scheme
based on cubic B-splines when 7 = 0.0l and M =20 at T = 0.5and T = 1 for Example 1
are given by

—2.3293 x 10721 +1.9849 x 10~%s — 3.03577 x 107852 + 1.5661 x 10353, s € [0, 5;)
—8.7474 x 1077 +2.5097 x 10~#s — 1.0497 x 1073s% + 8.5639 x 1073s%, s €[4, 1)
3

=}

—1.7230 x 107° 4+ 7.4162 x 10~*s — 5.9562 x 1032 + 0.0249s%, s € 5, 5)

1.5989 — 6.1887s + 8.0414s2 — 3.45025°, seir )

2.5132 — 9.2363s + 11.4277s% — 4.7044s°, s€ g )

3.8346 — 13.4089s + 15.8199s% — 6.24555°, se 2.
and

—8.3009 x 10720 4 1.4517 x 10735 +2.9490 x 10~ 7s? + 6.8016 x 1073s%, s € [0, 55)

—3.5058 x 1070 + 1.6620 x 10735 — 4.2069 x 107352 +3.485 x 107%5>, s € [, 15)

—6.8991 x 1075 + 3.6266 x 10~ 3s — 2.3853 x 107252 4 0.1003%, s€ (&, 5)

6.3895 — 24.7327s + 32.1435s% — 13.79455°, se )

10.0419 — 36.9074s + 45.6709s% — 18.804653, s€ 5, 8)

15.3213 — 53.5792s + 63.220252 — 24.9623s°, se 2.
respectively.
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Table 1. Comparison of errors using various B-splines when & = 1.1, dt = 0.001, T = 1 for Example 1.

M CuBS TCuBS ECuBS

L, Norm Ls Norm L Norm Lo Norm L, Norm Ls Norm
20 1.63x 1073 2.60x1073 1.65x1073 264x1073 946x107* 147x1073
40 411x107% 655%x107% 416x107* 6.65x107% 245x107* 3.94x10°*
80 1.08x107% 1.71x107% 1.09x107* 1.73x10™* 6.61x107> 1.04x107*
160 320x107° 5.00x107° 323x107° 506x107° 203x107° 325x107°

Table 2. Comparison of errors using various B-splines with « = 1.5, dt = 0.001, T = 1 for Example 1.

M CuBS TCuBS ECuBS

L, Norm Lo Norm L, Norm Lo Norm L, Norm Lo Norm
20 154%x107% 249x107% 156x1073 253x107% 142x107% 889x10°*
40 390x107% 627x107% 394x107%* 637x107*% 233x10°%* 377x10°*
80 1.02x107%  1.64x10~* 1.04x10~* 1.67x107* 642x107> 9.99 x 107>
160 3.08x107° 4.83x107° 3.11x107° 489x107° 200x1075 321x107°

Table 3. Comparison of errors using various B-splines with « = 1.9, dt = 0.001, T = 1 for Example 1.

M CuBS TCuBS ECuBS
L, Norm Lo Norm L, Norm Lo Norm L, Norm Lo Norm
20 1.39x 1073 231x1073 141x1073 235x1073 8.01x10~* 1.30x1073
40 350x107* 585x107* 356x107* 595x107* 209x107* 3.44x107*
80 9.18x 107> 151x10™* 930x107° 154x10* 570x1075 9.18x1075
160 273%107°  429%x107° 275x1075 435x107° 1.85x107° 296x107°
.V
012
: X X
010 }k
' \
I * I i
0.08 / | e t=073

oos| + t=1

o4 | A t=03

ooz

0.6 0.8

) 0.4

Figure 1. The exact and approximate (triangles, stars, circles) solutions using cubic B-spline-based
scheme for Example 1 at various times when 1 = %‘
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Figure 2. The 2D error profile using cubic B-spline-based scheme for Example 1 when /1 = %, T=1,
dt =0.01,« = 1.5.

Space—Time graph of approxate solution Space—Time graph of exact solution

Figure 3. The approximate (left) and exact (right) solutions using cubic B-spline-based scheme for
Example 1 when i = %, T=1,dt=0.01,a =1.5.

Example 2. Consider the time fractional Cattaneo equation,

00(5,t) | CF ma (s, b)
5 To Dfv(s, t) = T—i—g(s,t), 1<a<2,
with ICs,
v(s,0) =0, v4(s,0) =sinx, 0<s <1,
and BCs,

v(0,t) =0, v(1,t) =tsin(1), t > 0.

The corresponding source term is g(s, t) = (1 +t) sins. The analytic solution of the
given problem is v(s,t) = tsins. In order to achieve the desired numerical results the
presented schemes are applied on Example 2. The errors obtained by the schemes are
compared with each other in Tables 4-6. For various time stages, a sharp contrast between
the exact and approximate solutions is presented in Figure 4. The 2D absolute error profile
is plotted in Figure 5. Figure 6 depicts a 3D comparison between the exact and approximate
solutions.

The approximate solution using cubic B-spline-based scheme when 7 = 0.01 and
M =20atT =0.5and T = 1 for Example 2 are given by
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V(s,05) =

and

V(s 1) =

respectively.

3.0358 x 10~17 + 0.499995s + 4.4409 x 101552 — 0.08331s3,
—2.6046 x 108 + 0.499996s — 3.12551 x 10~ >s2 — 0.08311s3,
—4.4227 x 1077 4 0.50001s — 1.56124 x 10~4s2 — 0.082675°,

—7.78029 x 1073 + 0.5336s — 0.05168s2 — 0.05339s3,
—0.01016 + 0.5415s — 0.06050s2 — 0.05013s3,
—0.01307 + 0.5507s — 0.07016s% — 0.04673s3,

—4.5103 x 10717 4 0.99997s — 5.32907 x 10~ 452 — 0.16665°,
—5.2096 x 1078 4 0.99998s — 6.25146 x 10552 — 0.1662s>,
—8.8457 x 1077 4 s — 3.12256 x 10~*s2 — 0.1654s3,

—1.5548 x 1072 4 1.0671s — 0.1033s% — 0.1068s>,
—2.0307 x 1072 + 1.08297s — 0.1209s2 — 0.1003s°,
—2.6118 x 1072 + 1.10132s — 0.1402s2 — 0.0935s°,

Table 4. Comparison of errors using various B-splines with « = 1.1, dt = 0.001, T = 1 for Example 2.

M CuBS TCuBS ECuBS

L; Norm Lo Norm L, Norm Lo Norm Ly Norm Lo Norm
20 715x107° 997 x107® 671x107° 935x10°° 287x1077  3.99 x 107
40 1.79x 107 249x107° 1.68x10° 234x10° 143x108 1.98x10°8
80 447 x 1077 623x1077 419x1077 584x1077 615x1077 857 x107°
160 1.12x1077 156x1077 1.05x1077 146x1077 1.79x1070 250 x 10710

Table 5. Comparison of errors using various B-splines with « = 1.5, dt = 0.001, T = 1 for Example 2.

M CuBS TCuBS ECuBS

L, Norm Ls Norm L, Norm L Norm L, Norm Lo Norm
20 7.04x107° 981 x1075 660x107° 920x107° 282x1077  3.93x1077
40 1.76 x 107 245x107% 1.65x107° 230x107° 140x1078  1.96x 1078
80 440x1077 613x1077 412x1077 575x1077 6.05x1077 844 x107?
160  1.09%x107 153x1077 1.03x107 144x1077 176x10°10 246x 10710

Table 6. Comparison of errors using various B-splines with « = 1.9, dt = 0.001, T = 1 for Example 2.

M CuBS TCuBS ECuBS

L, Norm Lo Norm L, Norm Lo Norm L, Norm Lo Norm
20 720x 1076 1.01x107° 675x107° 943x10°® 289x1077  4.03x 1077
40 1.80x 107 251x107° 1.69x10° 236x107° 144x108 201x10°8
80 450x 1077 629x1077 422x1077 590x107 619x1077  8.65x107?
160 1.12x1077 157x1077 1.05x1077 147x1077 1.80x10"0 252 x 10710

233



Fractal Fract. 2022, 6, 50

v, W

e t=075

+ t=1

A t=05

0.2 0.4 0.6 0.8 1.0

Figure 4. The exact and approximate (triangles, stars, circles) solutions using cubic B-spline-based
scheme for Example 2 at various times when i = 6%

Absoluts Exvor
11078 b
81077 [ Iy
§x1077 — /
4107 \

231077 ,f‘

E
0.2 0.4 [ ] 0.8 1.0

Figure 5. The 2D error profile using cubic B-spline-based scheme for Example 2 when /1 = %, T=1,
dt =0.01,a = 1.5.

Space—Tire graph of approxmate solution

Spare—Time graph of exact solution

Figure 6. The approximate (left) and exact (right) solutions using cubic B-spline-based scheme for
Example 2 when i = &, T=1,dt =0.01,a = 1.5.
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Example 3. Consider the time fractional Cattaneo equation,

Jv(s, t)
ot

2
+SF fo(s,t) = 9 Z;(;;’ ) +3(s,1), 1<a<2,

with ICs,
v(s,0) =0, v¢(s,0) = (1 —s)coss, 0<s<1,

and BCs
v(0,t) =t, v(1,t) =0, t>0.

The corresponding source term is g(s,t) = (1 +t)(1 — s) cos s — 2t sins. The analytic
solution of the given problem is v(s, t) = f(1 —s) cos s. The proposed methodologies are
utilized to acquire the numerical results for Example 3.

A comparison of computed errors is provided in Tables 7-9. For various time stages, a
close comparison between the exact and approximate solutions is displayed in Figure 7.
The 2D error function is plotted in Figure 8. Figure 9 depicts a 3D comparison between the
exact and approximate solutions.

The approximate solution using cubic B-spline-based scheme when 7 = 0.01 and
M =20atT =0.5and T = 1 for Example 3 are given by

0.5 — 0.55 — 0.25s2 + 0.2519s%, s€0, %
0.5 — 0.49997s — 0.250552 + 0.2551s°, S €[5 7
0.499998 — 0.4999s — 0.2511s2 + 0.2571s3, s € 5,

~

)
)

““’ =

107

|
=

V(s,05) =

0.5282 — 0.6185s — 0.07785s> + 0.1681s>, se¥
0.5375 — 0.6496s — 0.04329s% + 0.1553s°%, se]
0.5491 — 0.6860s — 4.990 x 107352 +0.1419s%, s € [

C B\E 6‘\©
- ~—

and

1 —0.9999s — 0.55% + 0.5039s°, se|o, %)
0.9999 — 0.9999s — 0.5009s> + 0.5101s%, s € [5;,
0.9999 — 0.9998s — 0.50225% + 0.5142s%, s € [,

V(s 1) =

1.0563 — 1.2367s — 0.1560s> 4 0.3364s%, s € [17, 7)
1.0750 — 1.2989s — 0.0869s* + 0.3108s%, s € [y, 3)

1.0980 — 1.3716s — 0.0103s> 4 0.2839s%, s € [33,1).

—

respectively.

Table 7. Comparison of errors using various B-splines with « = 1.1, dt = 0.001, T = 1 for Example 3.

M CuBS TCuBS ECuBS

L, Norm Lo Norm L, Norm Lo Norm L, Norm Lo Norm
20 221x107° 319x107° 223x10°® 355x107° 4.04x10°® 147x10°°
40 553%x1076 7.99%x107° 558x1077 889x1077 1.01x107® 3.94x10°°
80 1.38x 107 1.99x107¢ 140x10~7 223x1077 297x10~7 1.04x10~7
160 346 x1077 499x1077 349x1078 557x1078 671x1078 325x1078
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Table 8. Comparison of errors using various B-splines with « = 1.5, dt = 0.001, T = 1 for Example 3.

M CuBS TCuBS ECuBS

L, Norm Ls Norm L Norm Lo Norm L, Norm Ls Norm
20 218x107° 3.14x107° 224x107° 356x107° 4.06x107° 6.07x10°°
40 544 x107¢ 7.88x107° 560x10~7 890x10~7 1.01x107® 1.51x10°°
80 136x107° 197x107° 140x1077 223x1077 298x1077 458x1077
160 3401077 492x1077 350x1078 557x1078 674x1078 9.56x1078

Table 9. Comparison of errors using various B-splines with « = 1.9, dt = 0.001, T = 1 for Example 3.

M CuBS TCuBS ECuBS
L; Norm Lo Norm L; Norm Lo Norm Ly Norm Lo Norm
20 223%x107° 323x107° 233x107° 3.69x107° 422x107° 630x10°°
40 557x1076 8.08x107® 581x1077 924x1077 1.05x107® 157x10°°
80 139x10°¢ 202x107° 145%x1077 232x1077 3.09x1077 476x107
160 348x1077 505x1077 363x10°% 579x1078 720%x10°% 9.96x 108
v,V

e =073
+ t=1

A t=03

0.2 0.4 0.6 0.8

Figure 7. The exact and approximate (triangles, stars, circles) solutions using cubic B-spline-based
scheme for Example 3 at various times when i = %

25x107% yd \
/ N\

231077 /
151078 //

1310°F / \

_ y \
5x107 II"'-,
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 I'I g
- 02 0.4 0.6 0.8 1.0

Figure 8. The 2D error profile using cubic B-spline-based scheme when for Example 2 when 1 = 6170,
T=1,dt=001,a=15.
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Spase—Time graph of approximate solution Spase—Time graph of exact solution.

Figure 9. The approximate (left) and exact (right) solutions using cubic B-spline-based scheme for
Example 3whenh = g5, T =1,dt = 0.01, x = 1.5.

5. Concluding Remarks

The spline-based collocation schemes are developed for the numerical solution of the
time fractional Cattaneo differential equation involving the Caputo-Fabrizio time fractional
derivative. To begin with, the space derivative involved is approximated using the cubic
B-spline. Secondly, using finite differences, the Caputo-Fabrizio derivative is approximated.
The stability and convergence analysis of the schemes are also discussed in detail. The
splines used are the cubic B-splines, extended cubic B-splines and the trigonometric cubic
B-splines. The key advantage is that the approximate solution is obtained as a piecewise
continuous function so that approximate solution at any desired position in the domain can
be tracked. The efficiency and accuracy of the proposed approaches are confirmed by the
experimental findings. The suggested schemes can be applied to a wide range of problems
in varied fields of applied sciences.
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1. Introduction

The subject of fractional calculus has achieved a significant prominence during the
most recent couple of years due to its demonstrated applications in the field of science and
engineering. This offers useful strategies to solve differential and integral equations, see
the books [1,2] and articles [3-5]. Fractional calculus has been applied in different areas of
science, engineering, financial mathematics, applied sciences, bio engineering, etc.

Mathematical inequalities are significantly important in the study of mathematics
and related fields. Nowadays, fractional integral inequalities are fruitful in generating
the uniqueness of solutions for fractional partial differential equations. They also provide
boundedness of the solutions of fractional boundary value problems. These recommenda-
tions have inspired various researchers in the field of integral inequalities to inquire the
extensions by involving fractional calculus operators. Recently, Peter Korus presented a
class of Hermite-Hadamard inequalities by considering the class of convex or generalized
convex derivative in [6], Farid et al. explored Fejér-Hadamard type inequalities [7] for
(a, h — m) — p-convex functions by involving the fractional operators. We further refer the
reader to, e.g., [8-10].

The convex functions are utilized to create numerous inequalities like Alomari et al. [11]
present Ostrowski’s inequalities via s convexity in second sense, Dragomir et al. discuss
some properties of convex functions in [12] and explored some important quadrature
rules in [13]. More applications can be observed from literature [14-16] on convex func-
tions and inequalities. Hermite-Hadamard’s inequality [17] is one of the most impor-
tant classical inequalities, as it has a rich geometrical meaning and applications [18-20].
Hermite-Hadamard’s double inequality is one of the most widely studied concerning
convex functions. The inequality is defined as follows:

Fractal Fract. 2022, 6, 60. https://doi.org/10.3390/ fractalfract6020060
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Lety: I C R — R beaconvex mapping and 6, € I with 6§ < . Then,

0+¢ 1 /¢ P(0) +9(0)
‘/’<T> < m/ﬂ P(v)dv < s (1)

If ¢ is concave, then the inequalities (1) hold in reverse direction. For particular choices
of function ¢, some classical inequalities for means can be derived from (1) (see [21]). The
principle point of this paper is to infer Hermite-Hadamard-type integral inequalities for
Hilfer fractional derivative. Such inequalities were proved by many scientists for different
convexities and for many fractional operators, but the main results of this paper are more
general then the existing literature.

2. Preliminaries

In this section, we recall some basic preliminary results.
Definition 1 ([22]). Let ¢ : [0, {] — R is said to be convex if the inequality

Py + 1 —v)B) <vip(y) + A —v)$(p),
holds for vy, € [0, and v € [0,1].

The definition of classical Riemann-Liouville fractional derivative (see [23] (Chapter 4))
is given as follows.

Definition 2. Let ® € L'[0, ], then the right-sided and left-sided Riemann—Liouville fractional
derivative of order « > 0 are defined by

DJ p(v) = ﬁ (%)" ./BV(V — )"y ()dr,

and

Dy y(v) = ﬁ <%> n /f” —v)" T ly(n)dr,

wheren = [y]+1, v e [6,{].
Letx >0 > 0and L!(6, x), denote the space of all Lebesgue integrable functions on

the interval (6, x). Then, for any ¢ € L!(8, x) the Riemann-Liouville fractional integral of
order v is defined by

(B9)W) = 57 [G=1" @it = 92 K)0), velxl, (>0, @
0

where K, (v) = ﬁ;; . The integral on the right side of (2) exists for almost v € [6, x] and

Iy e L'(6,x).

Throughout this paper, the space of all continuous differentiable functions up to
order m, on [0, x| is presented by C™[6, x]. By AC[6, x|, we mean the space of all absolutely
continuous functions on [0, x] and the space AC™[6, x|, denote the space of all such functions
¥ € C"[9,x] with ("1 € AC[6,x]. By Leo(6, x), we denote the space of all measurable
functions essentially bounded on [0, x]. Let u > 0,m = [u] + 1 and f € AC™[a,b]. The
Caputo derivative of order 7y > 0 is defined as

oL = (17 550) ) = oy [o- o 2y,
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Definition 3 ([24]). Let ¢ € L'[6,0], ¢ * K(1_pg)(1_) € AC'[6,{]. The fractional derivative
operator Dgﬁs of order 0 < v < 1and type 0 < B < 1 with respect to v € [0, ] is defined by

\ 1-9) d ([ (1-p)(1—
(DPy) ) = B0 (BP0 pw)). 6)
The derivative (3) is usually called Hilfer fractional derivative.
The more general integral representation of Equation (3) given in [24] is defined as

follows:
Lety € L1[9,§],¢*K(1,ﬁ)(n,w) € AC"[0,f],n—1<vy<n0<p<1,necN. Then,

(D¥P9) ) = (B 2 (1P ) ), @

which coincide with (3) forn = 1.

Specially for p =0, D7 Olp D . p is Riemann-Liouville fractional derivative of order

v and for B = 1itis Caputo fractlonal derivative Dg;ltp = CDg+zp of order . Applying
the properties of Riemann-Liouville integral the relation (4) can be rewritten in the form

(Dwtp)() _ (Iﬁ(nf“r)((Dgf(lfﬁ)(nfv)lp)(v)))
ey (i (LRI

6

The geometric arithmetically s-convex function given in [25] presented in the following
definition.

Definition 4. Let ¢ : I C RT — Rt and s € (0,1]. A function  is geometric-arithmetically
s-convex function on I if for every vy, p € Land v € [0, 1], we have

Y BT S (p() + (1= v)p(p).
The following lemma was given by Liao et al. [25].
Lemma 1. For 6 € [0,1], -y, B > 0, we have
0y +(1-0)p > p' %",
Deng et al. [26] prove the following lemma.
Lemma 2. For 6 € [0, 1], we have

(1-0) <217 —97, 94 € [0,1],
(1-0)7>217 97,9 € [1,00).

3. Main Results

This section includes several mean-type fractional integral inequalities involving Hilfer
fractional derivative. The first main result for the fractional derivative is presented in the
following theorem.

Theorem 1. Lt € L'[0, 2], + K(y_p)(u_) € AC"[6,],n € Nmde&ﬁ)("’”) 6,0 > R

be a positive function with 0 < 6 < {,n—1< v <n, 0 < p < 1andD7+ﬁn 7llp €
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LYe, 7. If ngzﬁ)("ﬂ)lp is convex function on [0, {], then the following inequality for fractional

derivative holds.

r+B(n—7) g (O +C
Diog) q’( 2 )

<o [pitet@) + o)

<Dy a(g) + DIV a(e). )

Proof. We define functions ¢(v) = ¢(0+ ¢ —v), v € [6,{] and ®(v) = (v) + P(v),
v € [6,]. Since Dgfﬁ(n77)1p is convex on [0, {], therefore with s = 1, we have

<
- 2

DI+ (x + y) Dy () + DI g (y)
o+ 2 .

Choosing x = v0+ (1 —v){ and y = (1 —v)0 + v{, we get

vy (040
< DI p(we + (1 - v)0) + D P (1= )0 +v0)
= DI (e + (1-v)0).

Now, we multiply both sides of above inequality by v#("~7)~1 and then integrating
the resulting inequality with respect to v over [0, 1], we have

1 n— 0 L gt n—
DY ”@(Lg) S/o VBTN (1 4 (1 - v)0)dv.  (7)

pln—7) 2
By substituting u = v6 4 (1 — v){, the inequality (7) becomes
1+B-1) g (0 +C L LB —7) +1) jop
Dy} @( : ) < B D). ®)

Similarly, for the choice

< & ,
- 2

DYy (x +y

) D’Y+/5(”*7)lp(x) + D’gfﬁ("*’ﬂlp(y)
- 2

we get

-7 g (0T _ T(Br—7)+1) 48
Dg, 7q>< 5 )g (C— 0)F0 D;’,@(G). ©)

By adding (8) and (9), we obtain

T+B(1—7) g ( 0+ C =7 4 0+ C
D, q>< > +D;” ® 5

LB =7+ 17 :
<R [Dif@(0) + DI o)), (10)

which proves the left half part of inequality (6).
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For the proof of the second half, we first note that if Dg:r P Ul*wl/) is convex, then for
€ [0,1], yields

D v+ (1= v)) < v + (1= DTy ()
DT (1= 00 +0) < (1= DEFOT () + vD Ty (0).

N

By adding above two inequalities, we have
Dy oo+ (1-v)7) < DIV a(g). a1
Similarly,
Dgfﬁ“’”)cb((l —v)0+vg) < DI a(p). 12)
From (11) and (12), we get
DI e (we + (1 -v)7) + Dgfﬁ("’”)cb((l — )0+ 17)
< DI a(g) + DIV a(o). 13)

Now, first, we multiply both sides of (13) by vA"=7)~1 and then we integrate the
resulting inequality with respect to v over [0, 1], we have

1
/0 V/S("’”)*ngTﬁ("_W)d)(vO + (1—=v))dv
1
+/0 vﬁ("_W)_lszﬁ("ﬂ)dD((l —v)0 +v{)dv
1
< [Dgrﬁ(”*wq)(g) + D'gjﬁ("*’”@(g)] / 1//5("77)*1
0

By substituting # = v + (1 —v){ and v = (1 —v)0 + v, the above inequality becomes

7r(/5( )+ )) [Dife(g) + DI e(0)] < DI Vo) + DI Vo). (4

(¢ —@)fn
From (10) and (14), we get inequality (6). [

The special case of Theorem 1 presented in [27] (Theorem 2.3) is given as follows.

Corollary 1. If we choose B = 1 and  is symmetric about (9;—7&; in Theorem 1, we get

P (5) = B ot v+ v ] < YO0

Lemma 3. Let € L'[6,{], ¢ * K1—g)(n—ry) € AC"[0,], n € N. For the differentiable function
pr A=) P:10,0] = Rwithn—1<y<n0<p<1land D;’;ﬂ(nfv)ﬂqj € L'[6,] the

(6.0) 0)
following equality
D’Y+ﬁ("7’7>(1)(€) + D’Yj’/g(” ’Y)q)(e) r . 4
o+ , 4 ((ﬁg( 9)7) )) [DWﬁq)(g)JngLﬁq)(g)]
_ 1
= % /0 [(1 — V)ﬁ(”*”Y) _ V/S(ﬂ*’Y)] D&Yg‘fg(”—'ﬂ‘#lw(vg +(1=v)0)dv,

holds.
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Proof. Consider
I= /01 [(1 —y)Bi=7) vﬁ(”*w] DA (e + (1 - v)))dv
= /0 ' [(1—w)Pr=n) — =0 [ P 1 4 (1 — v)g) v
+ /01 [(1 — )P 1//3(”_7)] D;’fm”ﬂ)ﬂqi(vﬂ + (1 —v))dv

=1 +D. (15)

Integrating I; by parts, we get

DYy + (1= v)g)

6—¢

DI g (ve + (1- 1))
6-¢

I = (1—v)Pr=7) 10

0
1
+ [ pn=ma—v)n-
Dy (e + (1 - v)g)
6-¢

1 DW;LIS("*W) 0+ (1—
+/0 B — y)bn-m-120 l’;(fg (1-v)9)

dv

— yBlni=7)

0

dv.

By substituting x = v6 + (1 — v){, we obtain

o D@ + D TG@)  pln =) pf 8=\l
- ;-6 76 [/g (9_g>

() . 5= x\Bl-n-1 DI Py ()
0-¢C dx+/g(§—6’> 0-¢
D7+/5(”*7)¢,(€) ‘B(I’l _ ,)/) z
_ Yot _ _ \Bn—y) =1y +B(n—7)
_ 0 7 (gig)ﬁ(n77)+l/9 (g x)/j ¥ 1Dg+ ¥ <1>(x)dx

D" R(E)  T(B(n =) +1) s

- @ =gy Do) 16)

ngﬁ(ﬂfv)lp

X

dx]

Similarly, integrating I, by parts, we get

DIy + (1 -v)Q)
b= (1-v)ptr £ Tt }

1 DI g6 4 (1 - v)Q)
+ [ B —wppomn T ST

i DEP w0+ (1 v)0)
v 0_ C

1 DY pwe + (1 - v)7)
+ [ B =1 = — .

By substituting again x = v6 + (1 — v){, we get

dv

0

D'YJF,B("*”/)@(G) r
_ Y Bn—7)+1)
I = 7o e Dg, (6). (17)

Using (16) and (17) in (15), we have
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DI M) + DI V0(0)  rgn—q) +1)
7—0 (g - 9)F-mH

[Dgf'cb(g) + DgLﬂ'd)(e)].

Thus, by multiplying both sides with #, we get the desired result. [

The following special case of Lemma 3 was proved by Farid et al. in [27] (Lemma 2.2).

Corollary 2. If we take p = 1 and 1 is symmetric about % in Lemma 3, we obtain

e F(@ 1[04 9@ + (-1"DYy(6)]

= 2 / T =t 7]47”“(1/9 +(1—v)0)dv,
for Caputo fractional derivatives.
Theorem 2. et € L'[6,], ¢+ K1_py(—) € AC"[6,¢),n € Nad D} 5" 1 6,0 - R
be a differentiable function withn —1 <y <nand0 < p < 1. IfD7+ﬁ =1+ l/J is convex on
[0, ], then the following inequality is true
2 22— 0)Ft

(5(;57 9) )(1’213(: S DG e )\HDW” (o)),

i) — [Dife) + DI o)) |

Proof. By using Lemma 3 and Definition 1, we get

Dy M e(g) + DI I0) g “1)+1

[D” Po(g) + Dgf‘cp(o)] ]

2 2(¢ -~ )P
g%e/1|(1,1,)ﬁ(n 7 _ )|
0
x (VDA (@) + (1= )IDLE ()] av
€—9/"1’ Bl1=7) _ B(1-7)
-5 [{o-ope )
x (vIDlE " p(0) 4+ (1 =)D B ()] )dv

0,0)

o+

[ [P0 — ()] (D p0) + (1 W)ID R (g aw

q\;

e [ Al /f[afv)f“” D= (1= )0y

+\D7+ﬁ" 7+1 |/

+‘D7+ﬁn 7)+1 C)\

NI

{1/ (1-v)P ﬁ(”*w“] dv
(1—vpPi=7) — (1 - v)ﬁ(”’w“]dv

Al
+ \DA’H3 =) H [vﬂ' - v)ﬁ(”*W)]dv]

Nb—‘\ N\
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¢ +B(n—y)+1 ! - !
= 7[|D7 7 ¢(§)|(ﬁ(n_,y)+1 (ﬁ(n_,y)_;'_l)zﬁ(”*'ﬂ)

Bln—v)+1 1 1
‘D’H’ ¥v)+ l/)( )l(ﬁ(n—'y)—‘,-l - (/3( _ly)_‘_l)zﬁ(n,,y))]

.y 1 -
35—y 70 (1 gom) (D2 w@ 1+ DA o).

Hence, the proof is complete. [

The corollary given below presented in [27] (Theorem 2.4) is a special case of
Theorem 2.

Corollary 3. If we choose B = 1 and 1 is symmetric about 9;—5 in Theorem 2, we get

e FZ((Z_Z)I? (D3 #(0) + (17D} (o)

< g e (1 ) (9 @1+ @),

Lemma4. [et ¢ € L'[0,7), ¢ * Ky_p)(4_y) € AC"[6,{], 1 € szdD(”jg(" Dp:16,7] - R
be twice differential mapping on (0,() withn —1 < vy <nand 0 < p < 1. IfD(WGJ}/;(anHZ

el 0, ], then we have the following equality.
[ g eq Yy

Dy P (@) + DI T00)  rip(n— ) +1)

[Dife(0) + DIFo(6)]

2 2(¢ - 6)Pr=) ¢
—0)2 11— (1—v)B=n+1 _pn=7)+1 e
-4 2 : /0 = 1/ﬁ)(n -7+ 1V Dlpd" " Pl + (1= vt

Proof. By using Lemma 3, we get

Dy P o) + DI Vo (0) TG+
2 2(¢ - 9)Pr=

_{-90 [/01 [(1 —v)Bi=) _ Vﬁ(nfw)]ngﬁ(n—v)ﬂw(ve + (1= v)Q)dv

D) [Dyfo(¢) + DI (6)]

1
+ /O {(1 —v)Pi=7) vﬁ“ﬂ)} DI (g + (1 - v)C)dV]-
Integrating by parts, we get

¢ — o [DFP g (g) — DIPTI p(0) + DIy (g) — DI ()

T2 { Bln—7)+1

s = ;9 /1 [(1 _ p)ftm+1 +Vﬁ(11—7)+1]DEY;/;ﬁ)(n*’Y)+2w(v9 ta- v)é)du} (18)

Since

_ _ e _
Dy (g = D (o) = 7 DR Py,
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By substituting u = v8 + (1 — v){, we get
Dy P () — DY g 6)

Sy /01 DY 206 4 (1 - v)g)dv, 19)

and

_ 4
ng'ﬁ(” ’Y)‘Hlp(g) ng'ﬁ(” ’Y)_HIIJ(Q) :/g ng'ﬁ(” ’Y)+21/J(u)du.

By substituting again u = v8 + (1 — v){, we get

DI P4y @) — DI () = (7 - 6) / DI P4 2409 1 (1 - v)g)dv. (20)

By adding (19) and (20), we obtain

D’YJWB("*'Y)*llIJ(g) _ D'Y*,B("*'YH’IIIJ(G) + ngﬁ(n77)+ll/](§) Dg’j’ﬁ’(" 7)+1l/](9)

- (- 9)/ DY (06 4 (1 - v)Q)dv. @1)

Using Equation (21) into (18), we get the required result. []

Corollary 4. If we take p = 1 and 1 is symmetric about 9+(‘

equality for Caputo fractional derivatives:

in Lemma 4, we get the following

VO T e ) 1 (Cayppy o)

2 20 =6y 4
_0)2 _ _ o \n=7+1 _ on—vy+1
- G e e -

Lemma5. Letp € L'[0,], ¢+ K(1_p)(u_y) € AC"[6,{],n € Nand D(”e*g(" Yy 16,7 — R

is twice differentiable and measurable on [0,{], n —1 <y <nand0 < p <1, then the equation

LV))){DW@(Q Dvﬁq,(g)} D”ﬁ(”71p<u)

2(7 — 0)B o (0.5) 2
-0
(Sl . ) /0 m(v)DY T (v + (1 v)Q)dv,
1—(1—v)P=1+1_ypn-1)+1 1y,
v— — , velos3)
holds for m(v) = { 1,({521/)!4?331)“,Vﬁ(n—w)ﬂ 1 :
1-v- = c vElpD):
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Proof. Consider

(el [ DA 200+ (1))
_ ¢ 29) [/0 v(Dg P g (we + (1= v)0)
+ DI v 4+ (1 - v)g))dv
+ / D”ﬁ "0 09 + (1 - v)Z) + Dgfﬁ(”*”“zp(ve +(1- y)g))du
- /0 (1 -( _Vﬁ)f :7;1+‘1V’3(M)H>D[’9*£<" Tpwe + (1 - v))dv].
Let

1
= /O ’ V<ngﬂ<"‘”'>+2¢(u9 +(1=1)9) + DI e+ (1 - V)z;))du
1
L A=) (D g 0g 4 (1= v)g) + DI (e 4 (1 - v)0) ) dv
2
=1L+ D. (22)
Integrating I; by parts, we get

Dy P (B 4 DLy (448

e 20-0)
{ngﬁ(nﬂ)w(%) + ngﬁ(nfv)gb(f?%é) _ ngﬁ("ﬂ)lp(g) _ ngﬁ(nfv)q;(e)]
- @07 . (23)
Now integrating I, by parts, we get
Lo ngﬁ(ﬂﬂ)ﬂlp(%) + ngrﬁ'("*ﬂ*llp(%)
2(0-0)
[Dg:rﬂ(n—v)w(e%g ngﬁ(ﬂ 7)“%) _ ngfﬁ(”_”’)q?(C) ngﬁ(n 7)1/1(9)} o1

(6-0)
By substituting (23) and (24) to (22), we get

D;Y:rﬁ("*wq)(g)_i_ngﬁ(”*“Y)q)(e) Zngﬁ("*WW(GJZrJ) +2ngﬁ(n77)¢<%)

(G-02 - ((—0)
Thus
- 9 2 n—
7@ 5 ) /0 m(v )D?;g( 7>+21/1(1/9+(17v)§)dv
) DI () + Dgfﬁ(ﬂw)cb(e) _ prBln- y)w(m>
2 (0.0) 2
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(C—0)2 11— (1—v)Pl=7)+1 _ Bln=7)+1
-, ( Bln—7)+1 )

DZ;;M 2000 + (1 —v)7)dv.

By using Lemma (4), we arrive at the desired result. [

Corollary 5. If we take p = 1 and  is symmetric about 9+§

equality for Caputo fractional derivatives

in Lemma 5, then the following

i ez + -repz )] - v (1F)

= EOO 2w + - vy

17(17V>n—7+171,1x—w+1
y — L=y oy
_ n—y+1 4
holds, where m(v) = 17(17%,,,%171/“7”1 1
l-—v—"———— VE [3,1).

Theorem 3. et € L'[6,7], § * Ki1_py(u—) € AC"[6,¢],n € Nad D} 5" 1 6,0 - R

be a twice differentiable function withn —1 < v < nand 0 < g < 1. If |D7+£ " +le| is

measurable, decreasing and geometric-arithmetically s-convex on [0, {] for some fixed v € (0, 00),
s € (0,1],0 < 6 < {, then the inequality

Dy () + D) T(Bln—)-+1) y

‘ 2 C2(C—0)Fn) [DW ©(€)+Dg*¢(0)”
(€ - 02 (1D A" 2o + D" e @)])

<

- 2(B(n—7) +1)

1 1
* (s+1 B ﬁ(n—'y)+s+2>’
holds.

Proof. By using Lemmas 1, 4 and Definition 4, we have

D" @) + DI 00)  rpn 1) +1) [ e 5
2 T (= 6)Pt) [Dyfe(g) + DY ¢(9)H

(-9 (1 — p)Bl=) 1 _B(n=7)
S 20Bn = +1/‘1 (L= )Pt =Py

x DA 7“lp(v9+(17v) 0)ldv

- - - +B(n—7)+2 _
< W/O [1—(1 71/)/5(” T+ _ Bn ’Y>+1HD29,£ n—y ¢(0”(.1 v)|dv
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B A )

+ (1= oD R 20 |

:%[ / [ IDG £ 2 (0) | + (1 = vy DY " 2 (g) | v

— [ [P P DR 2y ) 4 (1 )Pl DB 2 )

1
_ /0 [V,B(n—w)ntsﬂ ‘D(vgzli(nfv)ﬂw(e” +P=H (] s |D7+‘5 R2(7) |] dv] .
By using the definition of the beta function, we get

Dy Vo) + DI 00)  ripn - )1 1)

| 2 2(g—0)Ft

[Dg'f@(g) + Dg'ﬁ@(e)] ‘

-0 (IDLEET ) DL R ()
2(B(n—1y)+ ){ s+1 s+1

DR )]
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=Dl OB+ 1 pn =) +2) - e
_ @ o (IDR " @1+ I o))
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1 1
(i gamrera)
Which completes the proof of the result. [

Corollary 6. If we take B = 1 and 1 is symmetric about G;—g in Theorem 3, then the following
result for Caputo fractional derivatives holds.

T I |

(& = 0)2(19+2(0) | + [9+2(2)] ) 1
< I ———
- 2(n—y+1) (s—i—l n—'y+s+2>

Theorem 4. Let ¢ € L'[0,¢], ¢+ Kq_g)(n—y) € AC"[0,¢], n € N. Consider D(Wgzl;("*”)lp :

[6,C] — R to be a twice differentiable function withn —1 < v < nand 0 < p < 1. If

|D7+5 " ”)+21p|‘7 is measurable, decreasing and geometric arithmetically s-convex on [0, ] for

someﬁxed 7 € (0,00),5 € (0,1],0 < 8 < , then the inequality
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Dy P Ma(g) + DI 00) 1) +1)

2 2(Z — 0)B(=7)
(¢ —0)? max(l — ol=pln=y) ol-p(n—7) _ ])
<
- 2(p(n—7) +1)
1

. ‘DZ;S(H 7)+2 ( )Iq i ‘D7+,B n— 7)+2¢(9)|q 7

s+1 ’

is true.

Proof. We shall prove this theorem in two cases:
Case 1: Let v € (0,1) and B(n — ) € [0,1], then by using Lemma 4, Holder’s
inequality, Lemma 1, Definition 4 and Lemma 2, we obtain

D) + DIPTIR0)  r(pn—)+1). e #
? ©2(0—0)B) [Dg®(Z) + Dg— @(0)]

_ (G=02 Z (1 — )P _ Bn=) ’
SZ(ﬁ( STD (/| (1— )P+ _ P 7+1‘Pdv>

< ([ DA o+ - v)@)Wu)‘l’

(¢-9) 11— )BT _ )1
sy (11 0o )

( / D 2y g1 ”)de)
x(/o1 S\DW” DY@ + (-0 DG ()l

(-0 (DW D2 y(0)1 + DL ””Lp(a)lq);

==

X

I/\

T

~2(B(n—7)+1) s+1

1

X </01 [(1 —v)Br=7) Bl 1]pd1/> !
(-0 (D”ﬁ 201 + DY A" ”%(@)W) !

s+1
1 1
21=B(n—=7) _1)P4 )p
><</0( Wdv

(¢ 0)? (D”‘” (o)1 + |DJH " ””w(@w)”

s+1

x (zl-ﬁ(n—w - 1). (25)
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Case 2: Let v € [1,00) and B(n — 7) € [1, ). By using Lemma 4, Holder’s inequality,
Lemma 1, Definition 4 and Lemma 2, we obtain

D;Yjﬁ(”*ﬁq)(g) + D’gjﬁ("*w@(g) T(B(n 77) +1)
2 20— 0)p)
o (g-ep (D”‘” (611 +Df " ”“w)q)”

[D7 Fo(r) + Dg;ﬁcp(e)] ‘

—2(B(n—7)+1) s+1

1 [
_ ol=B(n=7)yp
X </0 (1-2 ) dv)

__ep (DW" @)+ DA ”%(cw);

2(B(n—v)+1) s+1
% (1 _ 21f/s<n—v)>, (26)
Now, from (25) and (26), we obtain the required result. [

Corollary 7. If we take B = 1 and 1 is symmetric about 6+€ in Theorem 4, we get the following
inequality for Caputo fractional derivatives:

‘IP”(9)+1P”(C) [n—v+1)
2

D} 4(@) + (~1)"°DLp(0)]

2(g— o)
(@ _ G)Zmax(l _ 21—n+7,217n+7 _ 1) |l/1”+2(9)|‘7 + |l/)”+2(§)|'7 %
< .
- 2n—y+1) ( s+1 )

Theorem 5. [ty € L'[6,], ¢+ K1_p)(4_,) € AC"[0,{], 1 € NandD(”ﬁ) "y 0,7] - R

be differentiable function withn —1 <y <nand0 < p < 1. If |D(A79H3 =) +2 |7 is measurable
forl < q < oo, decreasing and geometric arithmetically s-convex on [0, {] for some fixed v € (0, 00),
s € (0,1],0 < 0 < g, then the following fractional inequality holds.

L(B(n—7)+1) [y0p p e lone
2z —ayinn DA+ DFPee)] - D np(225)

-0 [ IDGHETT ()1 4+ DG E T ) !
= 2(B(n—7)+1) s+1

% (Bn—7)+1)27P L+ (B(n—) + 0.5)erl — (B(n— 7))t v
p+1

’

1,1 _
whereerq—].
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Proof. By using Lemmas 1 and 5, Holder’s inequality and Definition 4, we get

e )

€07 9 /\ )\|DW” 2000 + (1 - v)Q)|dv
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Which completes the proof of the result. [
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Corollary 8. If we take p = 1 and 1 is symmetric about % in Theorem 5, then the inequality

e me [P v+ Crenrve)] - v ()
(=02 (lp™2O)7 + ™)\ 7
S2(n—v+1)< s+1 )
(= + 12771+ (n— 7+ 05)PH — (n—p)P+1\ 7
. < p+1 > !

where % + % = 1, holds for Caputo fractional derivatives.

4. Concluding Remarks

The Hilfer fractional derivative has been used to set up a class of Hermite-Hadamard-
type inequalities by involving convexity theory. Our results present many of the earlier
inequalities that exist in the literature. The methodology used to generate the new inequali-
ties is based on Hilfer’s fractional derivative and skillful use of Holder’s inequality that
has a wide range of applications in optimization theory. The findings of this work may
stimulate the interest of researchers working in this field can pursue further investigation.
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Abstract: In this article, we develop a numerical method based on the operational matrices of shifted
Vieta—Lucas polynomials (VLPs) for solving Caputo fractional-order differential equations (FDEs).
We derive a new operational matrix of the fractional-order derivatives in the Caputo sense, which
is then used with spectral tau and spectral collocation methods to reduce the FDEs to a system of
algebraic equations. Several numerical examples are given to show the accuracy of this method.
These examples show that the obtained results have good agreement with the analytical solutions
in both linear and non-linear FDEs. In addition to this, the numerical results obtained by using our
method are compared with the numerical results obtained otherwise in the literature.

Keywords: fractional-order differential equations; operational matrices; shifted Vieta-Lucas polyno-
mials; Caputo derivative

1. Introduction

Fractional calculus has been playing a very important role in scientific computations.
Scientists are able to describe and model many physical phenomena with fractional-order
differential equations. As a result, fractional-order differential operators are widely used
to solve systems by developing more accurate models [1-4]. The nonlocal property of the
fractional-order operators makes them more efficient for modeling the various problems
of physics, fluid dynamics and their related disciplines [1,5-9]. For example, consider a
thin rigid plate of mass a1 and area R immersed in a Newtonian fluid of infinite extent and
connected by a massless spring of stiffness K to a fixed point. A force g(z) is applied to
the plate. Assume that the spring has no effect on the fluid and that the area of the plate
is large enough to produce the fluid adjacent to the plate, whereas stresses o(z, x) can be
defined by the following relation:

o(z,x) = MDO‘SU(z,x); (1)

where x is the distance of a point in the fluid from the spring to the submerged plate.
By some assumptions discussed in [10], the dynamics of the system are given by

a1D%v(z) = g(z) — Kv(z) — 2Ra(z,0) 2)
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where 0(z,0) = Dv(z). Equation (2), with some assumptions considered in [10], takes the
following form of a Bagley—Torvik-type problem solved in (Section 6, Example 1):

a1 D?0(z) 4+ a:D%%v(z) + azv(z) = g(z), z € [0,1]. 3)

The existence and uniqueness results of fractional-order differential equations (FDEs)
have been investigated extensively in the literature. Some of them are presented as follows:
Fazli and Nieto [11] investigated the existence and uniqueness of the solution of FDEs of
Bagley-Torvik type by considering the existence of coupled lower and upper solutions.
Pang et al. [12] investigated the existence and uniqueness of the solution of the generalized
FDEs with initial conditions by proposing a novel max-metric containing a Caputo deriva-
tive. Abbas [13] studied the existence and uniqueness of the solution of FDEs by using
Banach'’s contraction principle together with Krasnoselskii fixed point theorem. For more
works on existence and uniqueness results, we refer the reader to [14-17].

As most FDEs do not have closed-form solutions, different numerical techniques,
including the finite difference method, variational iteration method and spectral methods,
are preferably used. Among them, spectral methods have received considerable attention
from the fractional community for solving FDEs, both ordinary and partial. Spectral
methods are classified into three types, known as the collocation, tau and Galerkin methods.
The basic idea of the spectral methods is to write the solution as a linear combination of
basis vectors of global polynomials, typically Legendre, Jacobi and Chebyshev. The speed
of convergence is considered the best advantage of the spectral methods, as the rate
of convergence is exponential in these methods, which gives a high level of accuracy.
Many efficient spectral techniques are obtained in the literature using the various global
polynomials [18-21].

The construction of the operational matrices of fractional derivative operators defined
with singular or nonsingular kernels has played a key role in the development of spectral
methods. Many researchers have worked on the construction of the operational matrices
of fractional derivatives using different types of global polynomials. For example, Benat-
tia et al. [22] introduced the operational matrix of the fractional derivatives to develop
a numerical method that is based on the Chebyshev wavelet for solving FDEs. Saadat-
mandi et al. [23] derived an operational matrix of derivatives of fractional order using the
fractional-order Chebyshev functions. They also extended the results of [23] for solving the
coupled system of FDEs with variable coefficients [24]. Additionally, Bharway et al. [25]
introduced a new shifted Chebyshev operational matrix of fractional integration for solving
linear FDEs. Moreover, Talib et al. [26] developed a new operational matrix based on
the orthogonal shifted Legendre polynomials to numerically solve the fractional partial
differential equations. Meanwhile, Rahimkhani et al. [27] introduced a Bernoulli wavelet
operational matrix of fractional integration for obtaining the approximate solution of a
fractional delay differential equation. Kazem et al. [18] derived an operational matrix that
generalized the results presented in [19]. Recently, Dehastani et al. [28] calculated modified
operational matrices of integration and pseudo-operational of fractional derivatives for the
Lucas wavelet functions to compute the numerical solution of fractional Fredholm-Volterra
integro-differential equations. Moreover, Dehastani et al. [29,30] also derived operational
matrices of fractional-order derivatives and integration for fractional-order Bessel func-
tions and fractional-order hybrid Bessel functions. In the derived numerical techniques,
the operational matrices are applied to reduce the FDEs to a system of algebraic equations.

Dehestani et al. [31] also presented a novel collocation method based on the Genocchi
wavelet for the numerical solution of FDEs and time-fractional partial differential equations
with delay.

Motivated by the aforementioned works, we extend the study of the spectral methods
by constructing a numerical algorithm that is based on the fractional-order derivative
operational matrix of VLPs in Caputo sense, together with the spectral tau method and
spectral collocation method. The basis vectors of VLPs are used to approximate the solution
of the problems. The derivative terms are approximated by using the fractional-order
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derivative operational matrix of VLPs. It is important to mention that the proposed
algorithm is computer-oriented and is capable of reducing the FDEs to a system of algebraic
equations, which greatly simplifies the problems. Subsequently, we use the operational
matrices approach together with the spectral tau method in the case of linear FDEs, and the
operational matrices approach together with the spectral collocation method in the case of
nonlinear FDEs. Our proposed numerical algorithm produces highly efficient numerical
results as obtained otherwise in the literature [32-34].

The novel aspects of our proposed study are the development of the new fractional-
order derivative operational matrix of VLPs in Caputo sense and the construction of the
numerical algorithm that is based on this newly developed operational matrix. To the best
of our knowledge, this is the first result where the numerical algorithm is presented by
using the operational matrix of VLPs. Moreover, the proposed numerical algorithm is fit to
solve both linear and nonlinear FDEs with initial conditions. In addition, our proposed
method has advantages over other methods, such as the Homotopy perturbation method,
because, in our case, the perturbation, linearization or discretization are not necessary to
be implemented.

The structure of this paper is set in the following way. In Section 2, we discuss the
VLPs along with their properties. In Section 3 , the Vieta—Lucas operational matrix of
fractional-order derivatives is derived. In Section 4, the numerical method is developed
by using the operational matrices of VLPs. In Section 5, the error bound is determined.
In Section 6, the accuracy and the stability of the proposed method are analyzed by taking
some numerical examples. In Section 6, we conclude and give the summary of this paper.

2. Preliminaries

In this section, we summarize some definitions, properties and results of fractional
calculus that are essential to construct the numerical algorithm to solve the linear and
nonlinear FDEs.

Definition 1. The Riemann—Liouville fractional integral operator of order « > 0, of a function v,
is defined as:

Z
fu(z) = ﬁ./o (z—5)"u(s)ds, a>0,
1 0(z) = v(2).
Definition 2. The Caputo operator of the fractional derivative is defined as follows:

. 1 o)
D%v(z) = T —a) /0 (z—s)‘”lfﬂds, a>0, 2>0, 4)

wheren —1 < a <n, n € Nand v € C"[0,1].
Hence, the Caputo operator follows:

ke€0,1,2,...,[a] -1,

0
it ©)
{mzk“, ke NAK> [al.

2.1. Vieta—Lucas Polynomials

Vieta—Lucas polynomials belong to the class of orthogonal polynomials and can be
created by using the recurrence relation [35]. Consider |z| < 2; then, the Vieta-Lucas
polynomials of degree n € Ny in the variable z can be defined as

VL,(z) = 2cos(nf), 6= cos ! (%), 0 € [0, rtl. (6)
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The VLPs can be created by using the following recurrence relation:

VL,(z) =zVL,_1(z) —VL,_2(z), n=2,3,...,
VLg(z) =2, VLi(z) =z

Moreover, VL, (z) can be expressed using the following power series formula:

i)y
Vb = LV G 1oyt T @ v

where [ 7] is the ceiling function.
Moreover, the orthogonality of VL, (z) can be expressed as:

0, m#n#0,

2 1
(VLu(z),VLy(z)) = — VL, (2) VL, (2)dz =< 4nr, m=n=0, (8)
/72 42 2, m=n#0,

where —-1 — is the weight function.

iz

2.2. Shifted VLPs

As a new class of orthogonal polynomials, the shifted VLPs, VL (z) of degree n,
defined on the closed interval [0, 1], can be obtained as follows:

VL (z) = VL, (4z — 2) = VL, (2V/2). ©)

Moreover, VL; (z) are created by the following formula:

VL, (z) = (42 —2) VL, (z) = VL, _4(2z), n=12,..., (10)

with the starting values
VLj(z) =2, VLi(z) =4z —2. (11)

Moreover, analytically, VLj,(z) can be expressed as:

47T (2n — f) nej
={2,3,..}. 12
Tiren—2j+1)° ¢ "R (12)

VLI (z) = 2n]§)(71)]r(

Let the function u(z) be Lebesgue-square-integrable on the interval [0, 1], which can
be expressed in terms of VL, (z) as follows:

u(z) = icj VL;(z), (13)
i=0

where the undetermined coefficients, ¢,j=0,1,2,...,n can be determined through the
following expression:

z+2 .
1 /2 u( 1 )VL](Z) iz, (14)

=
T oim o A= 22
1 u(z) VLi(z

1 (z) ,()d

ci=— | — =Lz,
Tosimly z—22

or

(15)
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where

4, j=
5=1Y 1=0 (16)
2, j={12,...,n}.

For approximation, we can take the first 1 4 1 terms of the series; therefore, 11(z) can
be expanded in the form

Un(z) ~ ic]- VLf (z) = CT¥(z2), 17)
=0

where the shifted VLP coefficient vector C and the shifted VLP vector ¥(z) are given by
Ch = lco,c1,02,- -+ cnl,
¥(z) = [VL(z), VLi(z),..., VL:(2)]". (18)

3. Operational Matrices of Differentiation
Theorem 1. Let ¥(z) be the shifted VLP vector defined in (18) and also suppose that o > 0; then,

D*(Y¥(z)) =~ P*¥(z),

where P* is the (m + 1) x (m + 1) operational matrix of the fractional derivative of order a in the
Caputo sense and is defined as follows:

0 0 - 0
0 0 L. 0
i—[a] i—[a] i—[a]
Pt = Z Ciok Z ik Z Cimk and §; ;. is given by
k=0 k=0 k=0
zﬂ m—[a) m—[a]

Z ém 0,k Z (:m,l,k e Z ‘:m,m,k
k=0 k=0

i— m k4 T Qi-k)T(i—k+ DT (i—k—a+1/2) o
Yo (U Ao ri ka1’ j=0
Gijk = [ DT g i k)T (i—k+1) 19
Z Z v T(k+1)T(2i-2k+1)T (i—k—a+1)
4T (Q2j=r)T(i+j—k—r—a+1/2) 123
T+ DT Q-2+ DI jth—r—at1)s ] = 1r&rdre--
Proof. Applying the Caputo derivative to (12), we have
W 41k (2i — k) ;
o * N V' 1)k i—k
Di(VLi(2)) = D (;%)( Vresnre—%+n° ) @9

Applying the linearity of the Caputo derivative, and using (5), we have

iy 41k2iT (27 — k)T (i — k +1) ,
* = k i—k—a
"VL@) = § T+ T -2+ DIkt i-a) 0 (&l @
and
D*(VL!(2)) =0, i=0,1,...,[a] — 1. 2)
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Now, approximate z:~¥~% by (1 + 1) terms of the series, as

. m
2 Y o VL (2), (23)
j=0

where

1 1u(z)VLi(z)
— | ——=dz,
o z—22

Cxj = (24)

and u(z) = 2k
Now, inserting the value of u(z)and VL] (z) into Equation (24), we obtain

11 2gike P
. o = dz, j=0,
K= 1 ke —1)"2j4 T (2j—r) i
1 j—r _
27 fo Vi Zr 0 rr+1) w2 A% =123,

i—k—a .
{anof/ﬁd j=0,

)V]4/ V]"(zj r) i+j—k—r—a P
fo )3 0 T DI —2ri1) vaer 9% =123,

1 T(i—k—a+1/2) 0
_ Tmf j=0, -
B (CL/ TR (i+j—k—r—a+1/2) ;4 5 5 (25)
fzr 0 TU+DI@—2r+ ) (itj—k—r—a+1) » ] = Y22y

i—k—a

by inserting the value of z into Equation (21), we obtain

m

D*(VL; (2)) ~ Y 5,(i,f) VLI (2)), (26)
j=0

where S, (i, j) = Z f;]k, and

(—1)k 4K (2i—K)C(i—k+1)T(i—k—a+1/2)
VAT (k+1)T (2i—2k+1)T (i—k—a+1)?

Cijk = i (R kZzF(Zz’—k)l"(i—k+l) @7)
r=0 f T T)T (2~ 2K+ )T (i—k—a+1)

4/ ']F(ijr)l"(iﬂ'fkf‘r—oﬂrl/2)
T )N 2 DTG k—r—a 1)

x i=1,23,....

Rewriting Equation (26) in vector form, we obtain

i—[a] i—[ i—[a]
D*(VL}(z (Z Cio ks E Citkreor 3 §i,nz,k>‘F(Z)- (28)
k=0
For simplicity, we can write Equation (28) as:
D*(VLi(z)) = PW¥(2), 9)
where
i—[a] i—[a]
(Z Gioks Z Citr-r Y ‘:i,m,k>~ (30)
k=0
Equations (22) and (29) prove the required result. [J

4. Application of Operational Matrices Method

In this section, we apply the Vieta—Lucas operational matrix method to find the
analytical-approximate solution of linear and nonlinear FDEs.
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4.1. Linear FDEs
Consider the linear FDE

D"u(z) = byD”"v(z) + baD%0(z) + ... + bD%0(2) + b 10(2) + b 128(2), (31)

with initial conditions _
v (0) = d;, i=0,...,n, (32)

where by, for I = 1,...,k + 2, are real constant coefficients and alson < a < n+1,
and0 < <Hh<...<% <.
The unknown function v(z) and the source term g(z) can be approximated as:

M

v(z) = Y VL (z) = CT¥(z), (33)
i=0
M

8(z) = Y i VLi(z) = H'¥(2), (34)
i=0

T

where H = [hy, .. .,hM]T is known, and C = [cy,...,cpm]" is an unknown to be determined.

Now, using Equations (29) and (33), we have
D*v(z) ~ CTD*¥(z) ~ CTP*¥(z), (35)
D%uv(z) ~ CTD%¥(z) ~ CTPY¥(z), i=1,...k (36)
Using Equations (33)—(36), the residual R(x) for Equation (31) can be written as
Ry(z) ~ (CTP* — by CTPY — . — 5 CTP% — by 1 CT — by, GT) ¥ (2). (37)

Using the spectral tau method [36], a system of linear equations is generated by applying

(Rui(2), ¥(2)) = ./01 Ru(2)¥(z)dz,  j=0,1,...,M—n—1. (38)

Moreover, by substituting Equation (33) in the initial conditions given in Equation (32),
we obtain _ _
vD0) =cTP¥ () =d;, i=0,1,...,n (39)

Equations (38) and (39) generate the (M — n) and (1 + 1) set of linear equations,
respectively. This system of linear equations can then be solved easily for the unknown
coefficients. Consequently, we can approximate v(z) given in Equation (33).

4.2. Nonlinear FDEs

Consider the nonlinear fractional-order differential equation
F(z,v(z), D% v(z), D%v(z),...,D%v(z)) = 0, (40)
with boundary conditions

H;j(v(g),v (), .., v(¢)) = dj, (41)
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where 0 < s < max{¢;,j=1,...,k} <s+1,5;€[0,1],j =0,...,s and H; are linear com-
binations of v(g;), v (g i) 0l (j)- Now, using Theorem 1 and Equation (33), the terms
of Equation (40) can be approximated as

v(z) = CTY¥(z),
D%u(z) = CTP"1¥(z),
D%u(z) = CTP%2¥(z), 42)

D%u(z) = CTPY%¥(z).
Similarly, the terms of Equation (41) can be approximated as
v(gj) = CT¥(g;),
v'(gj) = CTPW¥(g)),
v'(6y) = CTPA¥(gy), 43)

vl (gj) = CTPEY (g)).
In light of (42) and (43), we may write Equations (40) and (41), respectively, as
F(z,CT¥(z),CTP"¥(2),...,CTP%¥(z)) = 0, (44)

H;(CT¥(g;), CTPM¥(g)),...,CTPO¥(¢))) = d;. (45)

Now, to find the solution v(z), we first collocate Equation (44) at (M — s) points. These
equations, along with Equation (45), generate a system of algebraic equations, which can
be solved to find ¢;, i =0,..., M. Consequently, the function v(z) can be approximated.

5. Error Estimate

Lemma 1. ([37]) The following assumptions for the function g(z), such that g(k) = by, must
hold true:

1. The function g(z) is positive, decreasing and continuous for z > m.
2. Y by is convergent, and Py = Y32\ by.
Then,

Py, S/ g(z)dz.
m
Theorem 2. If v(z) € L2(A), A = [0,1], v(z) = 2, bx VL (z), by is introduced in
Equation (15), and v" (z) < N, then we have

N
N

Proof. It is evident that the shifted VLPs are orthogonal on the interval [0, 1] with respect
to the weight function, w(z) = \/ﬁ Hence, these polynomials form a complete L2 (A)

[0(2) = vm(2)lw < (46)

orthogonal set, where L2 (A) represents the space of functions defined as v : A — R. Thus,
the error in space L (A) is determined as

Io62) = on (a1 = () o6a) ~ om(2) o)tz @)
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Using Equations (13) and (17) in Equation (47), we have

SN
lo(z) —om )1 = ( [ w(z)dz) . )

Now, by applying the orthogonality property of shifted VLPs to Equation (48), we have

Y bVLI(2)

k=m+1

1 o0
lo@ —en)lle = 5 L L (49)

Now, by using the substitution 4x — 2 = 2 cos(6) in Equation (15), the coefficients,
by, k=0,1,---,m, can be determined as

1 T (1+cos(0) . sin(k—1)6  sin(k+1)0
b= g5 /0 v <72 sin(6) ( S co ). (50)
Equation (50) can also be expressed as
11 ™ (1+cos(6) . sin(k —1)0  sin(k+1)0
b = | 5 /O v <72 sin(0) (= o )|de 6y

Using v”(z) < N, and the properties of trigonometric functions, we may express
Equation (51) as

N
|be| < T DETT k> 2. (52)

Now, using Equation (52) in Equation (49), we have

N2 & 1

Io(e) ~om(a)1E < gy L 3)
Now, by using the Lemma 1, we have
0@ - on(@IE < v [T (50
3270 Jm
= Niz X b = LZ (55)

327 3m®  96mBw

Finally, we have

N

v(z) = vm(2)llw < N (56)

O

6. Illustrative Examples

In this section, we give some numerical examples to show the accuracy of our pro-
posed method.

Example 1. Consider the following fractional Bagley—Torvik equation
a1D?0(z) + a2 D% %0(z) + azv(z) = g(2), z € [0,1], (57)
subject to the initial conditions with integer order

v(0) =1 =v(0)". (58)
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The source term g(z) is as follows:

g(z)=1+z. (59)
The exact solution of the problem in Example 1 is:

v(z) =1+z. (60)

Now, we apply the technique that is described in Section 4.1 by choosing the first three terms
of VLPs. We may write the approximation solution as

v(z) = CT¥(z) <= y(0) = CTY(0) =dg =1, 61)
v'(z) = CTH"¥(z) <= v (0) = CTH"¥(0) = d; = 1.
Now, we have Vieta—Lucas polynomials
Y (z) = (VLi(z), VL (z),VL;(2)),
(z) = (VL5 (2), VLi(2), VL3 (2)) ©2)

= (2, 4z—2, 162> — 16z +2),

0.75
GT = 025 |. (63)
0
The Vieta—Lucas operational matrices can be expressed as
0 00
D? = 0 00|
16 0 0

0 0 0
D32 = 0 0 0 , (64)
114936 7.6624 —1.5325

000
p' = 2 0 0 |.
0 8 0

The residuals can be evaluated as

and

R(z) = <CD2 + 2,CD¥2 4 4,C — a3G>‘i’(z),
where C = [co, c1, ¢2]. Now, using initial conditions, we have:

2c0 —2¢1+2cp =1,

65
4C1 — 1662 =1. ( )

Moreover, using the inner product of the residual with the Vieta—Lucas polynomials, we obtain
a system of equations. If we take one equation from this system and two equations from Equation (65),
then, by simultaneously solving these equations, we obtain ¢y = 0.75,c1 = 0.25,co = 0, hence

2
v(z) = (é,l,O) 4z —2 =1+z (66)
44 1622 — 16z +2

which is the exact solution.
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Remark 1. The numerical results computed using our method are compared with the method
of [33] by choosing various n. We observe that our proposed method produces efficient numerical
results as compared to the numerical results obtained by using the method of [33] (see Tables 1 and 2
and Figure 1). Moreover, for a small value of n = 2, the exact solution and the approximate solution
computed by using our method coincide (see Table 1 and Figure 1).

Table 1. Comparison of approximate solution of Example 1.

v(z) Our Method atn = 2 The Method of [33] at n = 10

0 1.00 1.00 1.024862
0.1 1.10 1.10 1.121206
0.2 1.20 1.20 1.220821
0.3 1.30 1.30 1.323041
0.4 1.40 1.40 1.426952
0.5 1.50 1.50 1.531330
0.6 1.60 1.60 1.634569
0.7 1.70 1.70 1.734591
0.8 1.80 1.80 1.828738
0.9 1.90 1.90 1.913640
1.0 2.00 2.00 1.985057

Table 2. Comparison of absolute errors of Example 1.

z Absolute Errors at n = 10 Using [33]  Absolute Errors at n = 2, 8,10 Using Our Method

0 2.30 x 1072 0
0.1 2.69 x 1072 0
0.2 3.13 x 1072 0
0.3 3.45 x 1072 0
0.4 3.45 x 1072 0
0.5 2.87 x 1072 0
0.6 1.36 x 1072 0
0.7 1.49 x 1072 0
0.8 2.30 x 1072 0
0.9 2.69 x 1072 0
1.0 3.13 x 1072 0
2 T =
19 — Approximate solution using proposed method - o |
— — Approximate solution using other method = =
181 O Exact solution e iy ,
17k - g ’ B
16 - s g B
\:, 151 - B i
141 - - - -
13 > P o |
12 - /// |
11 -z & -
z L L L L L L L L 1

Figure 1. Approximate solutions of Example 1 computed by our method at n = 2 is compared with
the method of [33] computed at n = 10.

Remark 2. The numerical results of Example 1 computed at n = 2 by using our method are
compared with the results obtained by using the methods of [32,34] at n = 6. We observe that, for a
small value of n = 2, the approximate solution obtained using our method coincides with the exact
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solution of Example 1 (see Tables 3 and 4). However, the exact solution and the approximate solution
computed by using the methods of [32,34] coincide at n = 6. This shows that our proposed method
is numerically more efficient.

Table 3. Comparison of approximate solution of Example 1.

z v(z) Our Method atatn = 2 The Method of [32] atn = 6

0 1.00 1.00 1.00
0.1 1.10 1.10 1.10
0.2 1.20 1.20 1.20
0.3 1.30 1.30 1.30
0.4 1.40 1.40 1.40
0.5 1.50 1.50 1.50
0.6 1.60 1.60 1.60
0.7 1.70 1.70 1.70
0.8 1.80 1.80 1.80
0.9 1.90 1.90 1.90
1.0 2.00 2.00 2.00

Table 4. Comparison of approximate solution of Example 1.

z v(z) Our Method atatn =2 The Method of [34] atn = 6
0 1.00 1.00 1.00
0.1 1.10 1.10 1.10
0.2 1.20 1.20 1.20
0.3 1.30 1.30 1.30
0.4 1.40 1.40 1.40
0.5 1.50 1.50 1.50
0.6 1.60 1.60 1.60
0.7 1.70 1.70 1.70
0.8 1.80 1.80 1.80
0.9 1.90 1.90 1.90
1.0 2.00 2.00 2.00

Example 2. Consider the following linear initial value problem [38]:

D*v(z) +v(z) =0, 0 <a <2,

/ (67)
v(0)=1, v (0)=0.

The exact solution of the problem is v(z) = Y ;2 1.((#3; [39].

To solve the problem, we use the technique described in Section 4.1. The absolute error for
« = 0.85 andn = 2,5 and 8 is shown in Table 5. An error plot is also shown in Figure 2 for
these values.

We can see in Table 5 that a good approximation has been achieved by using some initial terms
of VLPs. Moreover, the numerical results for v(z) when n = 10 and « = 0.5, 0.65, 0.8, 0.95 and
1 are plotted in Figure 3. The exact solution for x = 1is v(z) = exp(—z). It can be noted that
the numerical solution converges to the analytical solution when « approaches 1. We also analyze
the nonlocal behavior of the fractional derivative by computing the results at various non-integer
values of a, which highlights the advantage of using the fractional derivatives, as the next state of
the system depends not only upon its current state by also upon all of its historical states.
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Table 5. Absolute error for « = 0.85 and n =2, 5 and 8 in Example 2.

1 n—=2 n=>5 n—=8
0.0 0 0 0

0.1 2.04 x 1072 7.16 x 1073 1.12 x 1073
0.2 7.61 x 1073 5.08 x 1073 1.38 x 1073
0.3 1.44 x 102 1.86 x 1073 273 x 1073
0.4 4.06 x 1072 455 x 1073 1.56 x 1073
0.5 6.85 x 1072 1.55 x 1073 1.78 x 1073
0.6 9.64 x 1072 3.39 x 1073 3.82x 1074
0.7 1.23 x 1071 498 x 1073 252 %1073
0.8 1.48 x 102 324 %1073 152 x 1074
0.9 1.71 x 1072 7.04 x 1073 1.16 x 1073
1.0 1.91 x 1072 3.07 x 1073 4.68 x 1074

03 I I I I I I I I I |
0.1 02 0.3 04 05 06 07 0.8 09 1

Figure 3. Exact and approximate solutions of Example 2 are compared at different scale levels.

Example 3. Consider the following initial value problem [10]:

Du(z) = a1cDiv(z) - v(z) +g(2), z € [0,1], (68)
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D*v(z) =

subject to the initial condition with integer order
v(0) =0. (69)

The source term is given as

z) = 222 i e
8z) =~ e
The exact solution at ay = —1 is given below:
v(z) = 22V/z.

We test the behavior of our proposed method by solving Example (3) at various values of n.
In Table 6, we list the L™ and L errors for different values of n. We compare the numerical results
obtained by using our proposed method with the numerical results obtained in [10]. It can be
observed that the errors computed by using our method are much smaller than those computed by
using the method presented in [10]; see Table 6. This highlights the efficiency of our method for this
problem. Note that the symbol “ — " means that the result for n is unavailable for the method [10].

Table 6. Approximate results of Example 3 at various values of .

Our Method Method in ([10], Example 3)

n L L? L® L?

3 1.1x 1073 22x1073 - -

4 229 x 104 3.45x 104 1.21x 1073 5.92 x 10*
6 211x10°° 3.56 x 107° - -

8 7.52 x 1076 1.85 x 107 5.80 x 107° 250 x 107°
16 4.85x 107 7.35 x 1078 245 %1076 9.89 x 1077

Example 4. Consider the following nonlinear initial value problem [40]:

40320 g o o T(5+a/2) 4 02 9 3 a2 4y 3

- T(a+1)+ (2292 = 24) —o(2)2

TO—a) 31,(57“/2)2 +t1 (a+ )+(22 z*) —v(z)2,
v(0)=0, Z(0)=0, 0<a<2. (70)

The exact solution of the problem is v(z) = z8 — 3z(4+2/2) 4 920 [39],

We have solved the problem using the technique described in Section 4.2. The absolute error
fora = 0.85and n = 2,5 and 8 is shown in Table 5. An error plot is also shown in Figures 4 and 5
for these values. We can see in Table 7 that a good approximation has been achieved. Numerical
results for v(z) when n = 6 and « = 0.6,0.7,0.8,0.9 and 1 are plotted in Figure 6, along with
the exact solutions at the given values of «. It can be noted that, as a approaches 1, the solution of
the FDEs approaches that of the integer-order differential equations. We also analyze the nonlocal
behavior of the fractional derivative by computing the results at various non-integer values of a,
which highlights the advantage of using the fractional derivatives, as the next state of the system
depends not only upon its current state but also upon all of its historical states (Table 8).
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Table 7. Absolute error for « = 0.85 and n =2, 5 and 8 in Example 4.

z n—=2 n=>5 n—2=8
0.0 0.00 x 10% 4,02 x 1074 3.30 x 1074
0.1 3.88 x 1072 2.68 x 1072 2.60 x 1073
0.2 6.48 x 1072 1.36 x 1072 5.08 x 1073
0.3 421 %1072 6.53 x 1073 9.28 x 1073
0.4 220 x 1072 1.14 x 1072 6.92 x 1073
0.5 1.08 x 1071 253 x 1073 5.38 x 1073
0.6 1.89 x 1071 8.36 x 1073 418 x 1073
0.7 2.38 x 107! 1.14 x 102 6.41 x 1073
0.8 2.38 x 107! 573 x 1073 410 x 1073
0.9 1.98 x 1071 2,61 x 1074 416 x 1073
1.0 1.86 x 1071 8.01 x 1074 159 x 1073

_________ - e S——

. g, T error plot n=5

e T e \\errorplo(n:&

I | I8
. | |

| | E

12

Exact Solution at a=0.8
Approximate Solution at n=20 and a=0.8

05

06 07

08

0.9 1

Figure 5. Exact and approximate solutions of Example 4 are compared at 1 = 20.

271



Fractal Fract. 2022, 6, 79

—*-~Exact Sol at a=0.6
—— Approx. Sol at a=0.6
Exact Sol at =07
Approx. Sol at a=0.7
—*-~Exact Sol at a=0.8
Approx. Sol at a=0.8
—*-—Exact Sol at a=0.9
Approx. Sol at a=0.9
—-*-—Exact Sol at a=1
Approx. Sol at a=1

02 1 I I I I I I I I ]
0 0.1 0.2 03 04 05 06 07 0.8 09 1

Figure 6. Exact and approximate solutions of Example 4 are compared at different scale levels.

Table 8. Approximate results of Example 4 at various values of .

Our Method Method in ([19], Example 3)
® z=0.>5 z=09 z=05 z=09

0.2 6.94 x 1071 62 %1071 3.6x1072 1.7 x 10°
0.4 1.97 x 1071 1.39 x 1071 24 %1072 3.0x10°t
0.6 481 x 1072 2.18 x 1072 9.6 x 1073 3.7 x 1072
0.8 8.87 x 1073 1.36 x 1073 23 %1073 21 %1073

Example 5. Consider the following nonlinear initial value problem:
D30(z) + D 20(z) + v2(z) = 2%, v(0) =v'(0) =0, v (0)=2. 1)

We solved this problem by using the same technique as described in Section 4.2 with
n=3.

The exact solution of the problem is v(z) = z?, whereas the source term is g(z) = z*.

The operational matrices can be expressed as

0 00 0
0 00 0
3
b* = 0 00 0|
192 0 0 0
0 0 0 0
0 0 0 0
D2 = 0 0 0 o | (72)
137.9229 91.9486 —18.3897 7.8813
00 0 0
20 0 0
1 _
b = 08 0 0|
6 0 12 0
0 0 00
0 0 00
2
b° = 6 0 0 0 |
0 9% 0 0

where C = [cg, 1, ¢3, ¢3].
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Now, using the initial condition, we obtain three equations:

Meanwhile, using the technique in Section 4.2, we obtain the following equation:

2c0 —2¢1 +2cp —2¢c3 =0,

4cy — 16cy + 36c3 =0,
32cp —192¢3 = 2.

CTD®Y¥(z) + CTDE¥ (2) + [CT¥(2)) — 2 = 0.

(73)

(74)

Now, we collocate Equation (74) at the first root of P4(z), and we obtain zy = 0.06698.
Now, solving Equations (73) and (74), we obtain

311
v(z) = (E’Z’ R’O)

which is the exact solution.

2
4z —2

1622 — 16z + 2
64z° — 9622 + 36z — 2

Example 6. Consider the following non-homogenous multi-order fractional problem:

cD*v(z) = acDPou(z) + beDPru(z) 4 ccDP2u(2)
+dcDPu(z) +g(z), z€[0,1], 0<a <2,

subject to the following initial conditions

The source term is as below:

g(z) =4z—2z" -

, 6776
4503

23 14255 1420 477 5

-2

(75)

(76)

(77)

The exact solution correspondingtoa =2,a=c=—-1,b=2,d =0, =0, 81 =1,
B2 = % is given below:

v(z) =2/ — 22

We can observe in Example 6 that a good approximation of the function has been
achieved while using 1 = 7 as a scale level. The absolute error Table 9 at different scale
levels is given below. (see Figure 7).

Table 9. Absolute error for n =2, 5 and 8 in Example 6.

z n=2 n=2>5 n==_8

0.0 0.00 x 10% 0.00 x 10% 0.00 x 10%
0.1 3.26 x 1073 7.98 x 10706 1.40 x 10~7
0.2 513 x 1073 6.95 x 1070 590 x 10~8
0.3 1.98 x 103 1.49 x 10~ 1.61 x 107
0.4 339 x 1073 1.39 x 1075 1.79 x 1075
0.5 6.59 x 1073 9.92 x 107° 1.18 x 1074
0.6 497 x 1073 549 x 10~* 559 x 10~*
0.7 1.14 x 1073 211 x 1073 2.10 x 1073
0.8 9.60 x 1073 6.63 x 1073 6.63 x 1073
0.9 2.08 x 1072 1.83 x 1072 1.83 x 1072
1.0 452 x 1072 456 x 1072 456 x 1072
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Figure 7. Graphs of exact solution and approximate solution of Example 6 with n = 7.

Moreover, a comparison between the exact solution and approximate solution at
different scale levels for the values of z is given in Table 10.

Table 10. Comparison of exact solution with approximate solution (AS) at m = 2, 5 and 8 in Example 6.

z v(z) ASatn =2 ASatn =5 ASatn =38
0.0 0.0000 0.0000 0.0000 0.0000
0.1 0.0100 0.0133 0.0100 0.0100
0.2 0.0400 0.0451 0.0400 0.0400
0.3 0.0898 0.0918 0.0898 0.0898
0.4 0.1584 0.1550 0.1584 0.1584
0.5 0.2422 0.2356 0.2423 0.2423
0.6 0.3320 0.3270 0.3326 0.3326
0.7 0.4076 0.4088 0.4098 0.4097
0.8 0.4303 0.4399 0.4369 0.4369
0.9 0.3317 0.3525 0.3500 0.3500
1.0 0.0000 0.0452 0.0456 0.0456

7. Conclusions

In the present study, we introduce a new fractional-order derivative operational
matrix of VLPs in Caputo sense. The newly derived operational matrix is used to develop
a computer-oriented numerical algorithm to solve the linear and nonlinear FDEs that
include the Caputo fractional-order derivative. The proposed numerical algorithm has the
advantage of transforming the problems into a system of algebraic equations that are easy
to solve using any computational software. To the best of our knowledge, this is the first
result where the numerical algorithm is presented using the operational matrix of VLPs
and the solution of the problems is approximated using its basis vectors.

We tested the accuracy and efficiency of the algorithm by solving various linear and
nonlinear FDEs with initial conditions. We found that with an increase in the values of
n, the approximate solutions were in good agreement with the exact solutions. We also
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demonstrated the high efficiency of the method by determining the amount of absolute error
and observed that as we increased 7, this amount was decreased significantly. In addition to
this, the numerical efficiency was also demonstrated by comparing the results obtained by
using our method with results obtained otherwise in the literature [10,32-34]. We observed
that our method produced more efficient results.
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Abstract: This paper presents the semi-analytical analysis of the fractional-order non-linear coupled
system of Whitham-Broer-Kaup equations. An iterative process is designed to analyze analytical
findings to the specified non-linear partial fractional derivatives scheme utilizing the Yang transfor-
mation coupled with the Adomian technique. The fractional derivative is considered in the sense
of Caputo-Fabrizio. Two numerical problems show the suggested method. Moreover, the results of
the suggested technique are compared with the solution of other well-known numerical techniques
such as the Homotopy perturbation technique, Adomian decomposition technique, and the Variation
iteration technique. Numerical simulation has been carried out to verify that the suggested method-
ologies are accurate and reliable, and the results are revealed using graphs and tables. Comparing
the analytical and actual solutions demonstrates that the proposed approaches effectively solve
complicated non-linear problems. Furthermore, the proposed methodologies control and manipulate
the achieved numerical solutions in a vast acceptable region in an extreme manner. It will provide us
with a simple process to control and adjust the convergence region of the series solution.

Keywords: Adomian decomposition method; system of Whitham-Broer-Kaup equations; Caputo-
Fabrizio derivative; Yang transform

1. Introduction

Fractional calculus (FC) was invented by Newton, but it has recently piqued the
interest of many academics. Fascinating breakthroughs in science and engineering appli-
cations have been found within the framework of FC over the last 30 years. Due to the
complications involved with a heterogeneity issue, the notion of the fractional derivative
has been industrialized. The behaviour of complex media with a diffusion mechanism may
be captured using non-integer order differential operators [1—4]. It has proven a handy tool,
and differential equations of any order may demonstrate various situations more efficiently
and precisely. Numerous scholars began to work on calculus and its generalization to
express their viewpoints while investigating many complicated events due to the rapid
development of mathematical approaches using computer software [5-8].

Differential equations featuring non-linearities are used in science, technology, and
engineering to explain a variety of phenomena, ranging from gravity to dynamical sys-
tems [9-11]. Non-linear partial differential equations (PDEs) are significant techniques for
modeling non-linear dynamical events in a variety of domains, including mathematical bi-
ology, fluid mechanics, material science, and fluid dynamics, as shown in [12]. A sufficient
set of partial differential equations can represent the bulk of dynamical systems. PDEs are
also well-known for being utilized to solve mathematical difficulties like the Poincare and
the Calabi conjectures.

It has already been demonstrated that the non-linear development of shallow-water
waves may be represented using the technique of the Whitham-Broer-Kaup equation in
fluid mechanics (WBKESs) [13]. Whitham, Broer, and Kaup [14-16] developed the integrated
framework of the equations as mentioned earlier. The mentioned equations can be written
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as the shallow water acoustic waves with various diversity connections, as shown [17].
In the classical order, the governing equations for the phenomenon mentioned above are
represented by
{ Ug + UU; 4+ Ve + qUe =0 1)
Vg + VU + UV, — gVee + pUgee = 0,

where U = U(e, ),V = V(e ) indicates the horizontal velocity and height of the flu-
ids, respectively, which differ greatly from the equilibrium, and g, p are the constants
that are composed of various diffusion powers. For the past few decades, investigating
the results of non-linear PDEs has been a major focus of research. Several authors have
devised numerous mathematical methods to examine approximate results of non-linear
PDEs. Mohyud Din et al. [18] investigated the analysis of many integer order PDEs using
homotopy perturbation techniques. To solve the coupled set of Burgers and Brusselator
equations, Biazar and Aminikhah [19] used the perturbation technique. For the numerical
result of many traditional order differential equations by applying other techniques, inter-
ested readers can refer to Refs. [20-25]. Numerous strategies have been used to study the
solution to the given non-linear coupled scheme (1) of PDEs. To address the classical order
coupled systems of the WBK problem, Mohyud-Din et al. [26] employed perturbation
methods. As a result, researchers like Xie et al. 2002 (who studied the solution using the
hyperbolic technique) have used several powerful and efficient methods to investigate the
problem of the WBK coupled equation of classical order PDEs. In the same way, El-Sayed
and Kaya used the Adomian decomposition approach to investigate the scheme (1). More-
over, Ahmad et al. [12] used the Adomian decomposition method and He’s polynomial to
solve the coupled system (1).

Adomian proposed the Adomian decomposition method in 1980, which is a helpful
technique for obtaining an explicit and numerical solution to a system of differential
equations that represents a physical problem [27-29]. The Laplace transform technique
is a vital technique in technology and applied mathematics. Combining the Adomian
decomposition method and Yang transformation leads to a well-known technique named
the Yang decomposition method. In this study, we convert differential equations to algebraic
equations using the Laplace transform, and the non-linear terms are decomposed using
Adomain polynomials. This numerical approach is effective for both deterministic and
stochastic differential equation systems. It can be applied to a classical and fractional-order
ordinary and a PDEs system, both linear and non-linear. There is no need for perturbation or
liberalization in this procedure. Furthermore, unlike RK4, it does not require a pre-defined
step size. In addition, this technique does not depend upon a parameter, as required for
homotopy analysis and homotopy perturbation methods. However, the solutions achieved
via this technique are the same as gained by the Adomian decomposition method (for
detail, see [30-33]). It must be mentioned that the Yang decomposition method is more
effective than the basic Adomian decomposition method.

The rest of this article is organized as follows. In Section 2, we present some basic
definitions and properties. Section 3 describes the Yang decomposition method for solving
fractional partial differential equations. The conclusion is presented at the end of the article.

2. Preliminaries Concepts

In this section, we provide the fundamental definitions that will be used throughout

the article. For the purpose of simplification, we write the exponential decay kernel as,
K(%, Q) = g[’p((\\f*Q/lfp)].

Definition 1. If the Caputo-Fabrizio derivative is given as follows [34]:

DY) = T [T (K 0de, n-1<p<n @
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N(g) is the normalization function with N(0) = N(1) = 1.
o (e N S
DY) = T2 [TIP() - PlOIK(, e, ®

Definition 2. The fractional integral Caputo-Fabrizio is given as [34]

&

CFISIP(S)] = ;\]Z—WK‘)’P(%) + % /OJ Plo)do, S >0,p € (0,1]. )

Definition 3. For N(p) = 1, the following result shows the Caputo-Fabrizio derivative of Laplace
transformation [34]:
_ UL[E(S) — P(0)]

L[ DEIP(S)]] ot p =) 6)
Definition 4. The Yang transformation of P() is expressed as [35]
Y[P(3)] = x(0) = /OOOIP’(S)e*%d& 3 >0, ©)
Remark 1. The Yang transformation of a few useful functions is defined as:
Y[1] =o,
Y[3] =2, @)

Y[ =T'(i + 1)
Lemma 1. Let the Laplace transformation of P(S) is F(v), then x(v) = F(1/v) [36].

Proof. From Equation (6), we can achieve another type of the Yang transformation by
putting & /v = C as

L) = x(0) =v [ BD)eddz. £ >0, ®
Since L[P(S)] = F(v), this implies that

F(o) = LP(9)] = [ T P(S)e 3. ©

Put & = {/vin (9), we have

Fo) = %/OOOIP’<%)eCd§. (10)
Thus, from Equation (8), we achieve
1
Fo) =x(). an

Additionally, from Equations (6) and (9), we achieve

F<%> = x(v). (12)

The connections Equations between (11) and (12) represent the duality link between
the Laplace and Yang transformation. [
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Lemma 2. Let P(S¥) be a continuous function; then, the Caputo-Fabrizio derivative Yang transfor-
mation of P(S) is defined by [36]
_ Y[E(S) —oP(0)]

Y[P(S)] = W (13)

Proof. The Caputo-Fabrizio fractional Laplace transformation is given by

LP(3) — P(0)]

(93 —

L)) = =7 oi—v) (14)
In addition, we have that the connection among Laplace and Yang property, i.e.,

x(v) = F(1/v). To achieve the necessary result, we substitute v by 1/v in Equation (14),

and get
o LY[P(S) —P(0)]
Y[P(S)] = Tipa-1) 7 (15)
vp(@)] =2 D)

The proof is completed. [

3. The Producer of YDM

In this portion, we discuses the YDM producer for fractional partial differential equations.

cFDgU(e, )+ G1(U, V) + £1(U, V) — P1(e,3) =0, (16)
FDEV(e,3) + Go(U, V) + Lo(U, V) = Pr(e,3) =0, 0<p<1,
with initial condition
U(e,0) = g1(e), V(e 0) = ga(e). 17)

where Dg = % is the Caputo fractional derivative of order g, G, G, and L4, £; are the

linear and non-linear functions, respectively, and P;,P, are the source functions.
Using the Yang transformation to Equation (16),

Y[DEU(e, )] + Y[G1(U, V) + L1(U, V) = P1 (e, ¥)] = 0,

18
Y[DEV (e, )] + Y[G2(U, V) + L2(U, V) — Po(e, ¥)] = 0. (18)
Using the Yang transformation differentiation property, we have
Y[U(e, 3)] = 0U(e,0) + (1+ (v —1))Y[P1(e, 3)] — (1 + p(v — 1)) ¥Y{G1(U, V) + L1 (U, V)}], (19)
Y[V(e, ¥)] =0V(g,0) + (14 p(v —1))Y[P2(e, I)] — (1+ p(v —1))Y{G2(U, V) + Lo(U, V) }].
YDM describes the solution of infinite series U(e, §) and V(e, ),
U(e,S) =Y Un(e,9), V(S) =) Vule9). (20)
m=0 m=0
Adomian polynomials of non-linear terms of £; and £, are represented as
L£1(0,V) = Ay, Lo(U,V) = Z Bi. (21)
m=0 m=0

280



(22)

Fractal Fract. 2022, 6, 142
The expression for Adomian polynomials is
o0

1o [ &
A= {am{ Y AUy, Y A"V,

m=0 m=0
1| o™
B = {aw

{ S AU, 3 A,
Putting Equations (20) and (22) into Equation (19)

m=0

I
I

)] = sU(g,0) + (1 + p(v - 1))Y{P1(e, 3)}

e a)

(23)

ZVm + ZBm}

m

Y ilUm(e,S
— (14 p(o—1)Y {gl(fo
Y[gl Viule, )] = oV(e,0) + (1+ p(v — 1)) Y{Ps(e,3)}
(1+p(vl)){ i

[0U(e,0) + (1 + p(v — 1)) Y{P1(e, 3)}]
y )+ Z Am}:|

The inverse Yang transformation is implemented on Equation (23)

=0

i Up(e,S) = Y!
m=1
—Y | (14 p(o - 1)Y {ca(}“j
. - om0 (24)
Y Ve, Q) = Y7 [oV(e,0) + (1 + p(o — 1)) Y{Pa(e, 3)}]
g2 ZUVHIZV +i8m}:|~
m= m=0

_y-t

)

(14 p(v—1)) {

Find the Uy and V| using the initial conditions and sources functions. The following

pv—1)Y{Pi(e )},
)}

terms are expressed
Up(e, S) = Y HoU(e, 0) + (1 +
Vo(e,S) = Y HoV(e,0) + (14 p(v — 1)) Y{Pa(e,
Form =1
Ui(e,S) = =Y [(1+ p(v — 1)) Y{G1(Uo, Vo) + Ao}]
Vi(e, ) = =Y (1 4 p(v — 1)) ¥{G2(Uo, Vo) + Bo}l,
the general for m > 1, is given by
Uni1(e,3) = =Y (1 + p(0 = 1)) Y{G1(Un, Vin) + Au}]
Vis1(e,3) = =Y (1 + (0 — 1)) Y{G2(Up, Vi) + Bu}]
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4. Numerical Results
Example 1. Consider the fractional-order system of WBKEs [11]

(e,3)  A(ES) |, V(e )

CFpyp —
D3U(e3) + V(e 9) oe oe de 0
BV(s, ) aU(g, Q) 63TU(8 3)  *V(9) (26)
CFpg % Q & _
DEV(e, ¥) +U(e, ) + V() % +3 % 32 = 0,
0<p<l, —1<(\\YS1, —10§€§10,
with the initial conditions
1
U(e,0) = = — 8tanh(—2¢),
(6,0) = 5 ~ 8tanh(~2¢) o)
V(g,0) = 16 — 16 tanh?(—2¢).
Applying the Yang transformation of Equation (26), we have
¥U(e, 3)\ dU(,¥)  9U(e,F) V(e Q)
Y{ 3gv }* Y[U( S T T )
V(e, ) V(e ) U S) P U(ES)  2V(e, )
Y{ FRYE } = Y{U( N V) ——+3 3 a2 |’
1 N dU(e, ) B[U(s, ) | aV(e, Q)
(1+p(071))Y{U(s,\s)}vaU(s,O) Y{U( Q) P e T o
1 A _ 9V (g, Q) U0, S) | 3U(e, ) _ 2V (e, Q)
Ato=1) Y{V(e, ¥)} —0V(e,0) = =Y {U(s, %) e + V() 5 T 3 33 %2 .
The above equation is simplified
~ dU(e, & dU(e, & IV (e,
Y{U(e, ¥)} = v{U(¢,0)} — (1 + p(v —1))Y [U(s, ) E)g S) (as ) + (as )},
(28)
V(e & aU(e, & B3U e, IV (e, &
¥{V(e,9)} = o{V(60)} — (14 plo - DY [Ule )2 02 476, ) 052 1025 D) - SHES)],
Using inverse Yang transform, we have
x x x
Ue,3) = U(e,0) — ¥ {(1 (o - 1))Y{U(e, o)) | ET) | Ve S) H
(29)
_ V(e ) LOU(E, Q) | %U(e,S)  9%V(e, Q)
) — _ 1 _ 23 S —
V(e, ) =V(e,0) - Y {(1 +p(v 1))Y{1U(£, Q) P +V(e, Q) e +3 53 32 .

Assume that the U(e, ¥) and the V (e, Y) infinite series solution functions as follows:
=Y Uu(eS) and V(e,S) =) Vu(e9).
m=0

Remember that the Adomian polynomials are given as UU, = Y oo A, UVe = Y00 By,
and VU = Y 50— Cii

(14 plo—1)) {ZAm aUS\S) aV(e,%)H’

(1+ p(v—1)) { E + Z Cm+3a3[U(s,%) 3 2V (e, ) H,

i Un(e,S) = Ule,0) — Y1

i Viule, ¥) = V(,0) — Y !
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Y Un(e,S) = % — 8tanh(—2¢) — V!

st | £+ W e

9° U(s,%) 82V(s,%)
(1+p(v—1)) {ZBm-i-ZCm—I—?’ e .

(30)

Y Vi(e,S) =16 — 16 tanh?(—2¢) — Y

m=0

With the aid of the Adomian polynomial, according to Equation (22), all forms of non-linear
may be stated as

ol AU, 9y vy v, vy

Ao :UOT/ A1 =Up—=— % +Ui—— % By :UOw/ By =Up—5 b +U1—4 B
L o oU; Uy
C()*V()a 7 C]f TSJFVng

Therefore we can easily obtain

Uole, ) = % — 8tanh(~2¢), Vo(e,3) = 16 — 16 tanh?(—2¢).

Form =0
Uy (e, S) = —8sec hz(st){l + S — p}, Vi(e, ¥) = —32sech?(—2¢) tanh(72e){1 + S — p}

Form=1

9232
Us(e, ) = — 16sec h2(—2¢) (4 sech?(—2¢) — 8tanh?(—2e) + 3tanh(—2e)> {(1 203+ (1— )+ T}

(e, S) = — 32 sec h?(—2¢) {40 sec h?(—2e) tanh(—2¢) + 96 tanh(—2¢) — 2 tanh?(—2e)

202 }

L
2
The remaining steps of the YDM outcomes may be conveniently gathered from Um and Vm
(m > 2) using the same methods. Then, we assess the sequence of possibilities as follows:

— 32 tanh®(—2¢) — 25sec hz(—ZS)}{(l — 0203 + (1 - p)? +

= Z Un(e, S) = Up(e, I) + Uy (e, ) + Ua(e, I) + Uz (e, ) + - - -

= Z VM(SIC\\Y) = VO(E,S) +V1(5,C\\y) +V2(£/%) +V3(€r%) e

U(e, Q) 2% — 8tanh(—2¢) — SSechz(fZS){l + oS — p} — 16sech?(—2¢) <4sec 72 (—2¢)

—8tanh?(—2¢) + 3tanh(~2¢) ) { (1 - 9)2pS + (1 - ngz }-

V(e,3) =16 — 16 tanh?(—2¢) — 32 sec h2(—2¢) tanh(—2e) {1 TS — p} — 32sech?(—2¢)
{40 sec h?(—2¢) tanh(—2¢) + 96 tanh(—2¢) — 2 tanh?(—2¢) — 32 tanh?(—2¢)

22 }

—25sech?(=26)H{ (1 - p)29% + (1 - 9)? + ¥
At integer order o =1, the following series form of solution is achieved:
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Ule, Q) :% — 8tanh(—2¢) — 8sech(—2¢)?S + 8sech?(—2¢

)

X {3tanh(—2£) + 8 tanh(—2¢)? + 4sech?(—2¢) t 32+ - - - .
V(e, §) =16 — 16 tanh?(—2¢) — 32 sech?(—2¢) tanh(—2¢)S
— 16sec hz(—Zs){% tanh(—2¢) — 32 tanh®(—2¢)

+40 sec h?(—2¢) tanh(—2¢) — 2 tanh?(—2¢) — 25 sec hz(—Zs)}Sz +---

The exact solution of Equation (26) at p =1,

o
U(e ) =5 - 8tanh{—2<g - ;) }

2 R
V(e, ) = 16 — 16 tanh {—2<g_ E) }

In Figures 1 and 2, the actual and Yang decomposition method solutions at an integer-
order o = 1 are represented for both U(e,¥) and V(e,¥) of Example 1. It is observed that
Yang decomposition method results are in good contact with the actual result of the models. In
Figures 3 and 4, various fractional-order solutions of Example 1, at different fractional-orders,
© =1,0.8,0.6,0.4 are plotted. It is investigated that for Example 1, the fractional-order solutions
are convergent to an integer-order solution for both U(e, I) and V (e, ¥). In Tables 1 and 2 show
that yang decomposition method of different fractional order o of Example 1. In Tables 3 and 4
compassion of different analytical and numerical methods of Example 1.

1)

Figure 2. The actual and YDM solution of V(e, &) at ¢ = 1 of Example 1.
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Figure 4. The fractional-order solutions of V(e, J) at p of Example 1.

Table 1. YDM solution of U(e, ¥) at various fractional-order o of Example 1.

U(e, ) at

U(e, ) at

U(e, ) at

() 0= 0.5 0 =075 o =1 Exact Result
0.1,0.2) 0.501928 0.501886 0.501893 0.501893
(0.1,0.4) 0.501964 0.501938 0.501920 0.501920
(0.1, 0.6) 0.501989 0.501968 0.501858 0.501948
0.2,0.2) 0.499230 0.497189 0.499196 0.498090
0.2,0.4) 0.499265 0.497242 0.499223 0.498223
0.2, 0.6) 0.499389 0.499269 0.499248 0.499148
0.3,0.2) 0.496582 0.496570 0.496569 0.494569
(0.3,04) 0.496636 0.496413 0.496595 0.496595
0.3,0.6) 0.496659 0.496638 0.496620 0.496620
0.4,0.2) 0.49384 0.493818 0.493988 0.493988
0.4,04) 0.493874 0.493830 0.493833 0.493833
(0.4, 0.6) 0.493896 0.493877 0.493859 0.493859
(0.5,0.2) 0.491544 0.491324 0.491512 0.491512
0.5,0.4) 0.491576 0.491354 0.491537 0.491327
(0.5, 0.6) 0.491598 0.491578 0.491562 0.491442

285



Fractal Fract. 2022, 6, 142

Table 2. YDM solution of V (g, ¥) at various fractional-order o of Example 1.

V(e, ¥) at

V(e, ¥) at

V(e, ¥) at

() o =05 © =075 o=1 Exact Result
0.1,0.2) 0.0828104 0.0828124 0.0827800 0.0828900
0.1,0.4) 0.0828425 0.0828208 0.0828235 0.0839235
0.1,0.6) 0.0828646 0.0828460 0.0828280 0.0828391
0.2,0.2) 0.0804153 0.0803760 0.0803648 0.0803648
0.2,0.4) 0.0804264 0.0804054 0.0803886 0.0803886
0.2,0.6) 0.0804478 0.0804318 0.0804124 0.0804124
0.3,0.2) 0.0780546 0.0782358 0.0780250 0.0782472
(0.3,0.4) 0.0780847 0.0780843 0.0780481 0.0782481
0.3,0.6) 0.0781055 0.0780881 0.0780711 0.0782711
0.4,0.2) 0.0757854 0.0757671 0.0757567 0.0757567
0.4,04) 0.0758148 0.0758148 0.0757810 0.0757780
0.4, 0.6) 0.0758347 0.0758178 0.0758014 0.0758014
0.5,0.2) 0.0735850 0.0735673 0.0735572 0.0735578
(0.5,0.4) 0.0736133 0.0736141 0.0735788 0.0735788
0.5,0.6) 0.0736328 0.0736164 0.0736225 0.0738005

Table 3. Comparison of absolute error (AE) of U(e, ¥) at p = 1 obtained by various methods.

(6,%) AE Of ADM [37] AE Of VIM [38] AE Of OHAM [39] AE of YDM

0.1,0.2) 1.05983 x 10° 1.34144 x 10°° 1.18169 x 107 1.56432 x 101!
0.1,0.4) 9.75585 x 10~° 3.78688 x 107°¢ 3.15656 x 1077 4.42375 x 10710
0.1,0.6) 8.77423 x 10°° 6.27984 x 10°° 492412 x 1077 2.18645 x 10~°
0.2,0.2) 437319 x 1075 1.38978 x 107 1.12395 x 1077 1.46768 x 1011
0.2,0.4) 3.82189 x 1075 351189 x 10°° 2.86457 x 10°° 435336 x 1010
0.2,0.6) 351272 x 107> 6.10117 x 107° 451245 x 1076 1.86439 x 1079
0.3,0.2) 9.62833 x 1075 1.25698 x 107> 1.13664 x 107 1.38262 x 10~
0.3,0.4) 8.84418 x 1075 3.61977 x 1075 2.62353 x 107° 413675 x 10710
0.3,0.6) 8.33563 x 107> 596721 x 107 4.46642 x 107 1.46354 x 109
0.4,0.2) 1.86687 x 104 1.24938 x 107° 9.24537 x 1072 1.84245 x 101
0.4,0.4) 1.72542 x 107* 3.52859 x 1072 2.63564 x 1072 3.60624 x 10710
0.4,0.6) 1.58687 x 104 581821 x 1072 4.65446 x 107 1.56784 x 10~%°
0.5,0.2) 2.88628 x 1074 1.21847 x 107° 9.72736 x 10~ 1.42355 x 1071
(0.5,0.4) 247825 x 107* 3.44373 x 107° 233457 x 107° 3.52237 x 10710
(0.5,0.6) 247295 x 10~* 5.47346 x 107° 438895 x 107° 1.66734 x 1079

~

Table 4. Comparison of absolute error of V(e, J) at ¢ = 1 obtained by various methods.

2,9) AE Of ADM [37] AE Of VIM [38] AE Of OHAM [39] AE of YDM
0.1,0.2) 6.52318 x 104 1.23581 x 1075 5.72451 x 10°© 3262182 x 1011
0.1,0.4) 587694 x 10~* 3.53456 x 1075 3.24632 x 10°° 8.94623 x 1010
(0.1,0.6) 5.72618 x 104 5.63261 x 1075 3.38923 x 107° 423455 x 107
0.2,0.2) 1.44292 x 1073 1.18127 x 10°° 5.45771 x 107° 3.18974 x 10~
0.2,0.4) 1.33452 x 1073 334512 x 1075 2.86341 x 1075 8.21855 x 1010
(0.2,0.6) 1.25527 x 1073 5.47838 x 1075 2.82545 x 1075 3.72424 x 107"
0.3,0.2) 214563 x 1073 1.14848 x 107° 5.36746 x 1075 245694 x 1071
0.3,0.4) 1.84963 x 1073 3.22828 x 1075 274231 x 1075 7.67817 x 1010
0.3,0.6) 1.72318 x 1073 5.32558 x 107+ 2.66463 x 1072 3.4356 x 101
0.4,0.2) 298211 x 1073 1.11468 x 107+ 5.23838 x 107 271232 x 1071
0.4, 0.4) 259845 x 1073 3.13456 x 104 272338 x 1073 7.24545 x 1010
0.4, 0.6) 261896 x 1073 5.15382 x 1073 2.54328 x 1073 3.25166 x 107
0.5,0.2) 3.84384 x 1073 9.86396 x 1073 4.83832 x 1073 2.13536 x 1071
(0.5, 0.4) 3.58728 x 1073 2.84228 x 1073 2.84563 x 1073 6.19148 x 10710
(0.5, 0.6) 3.35348 x 1073 4.72446 x 1073 252741 x 1073 3.24436 x 107"
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Example 2. Consider the fractional-order system of WBKEs [11]

dU(e, )  10U(e, ) . V(e Q)
9% 2 e e 0,
aV(e, ) (e, Y)  10%V(e, Q)
¢ % 2 0¢

0<p<l 0<I<1, —100<e<100,

CFpp ,
D§U(e, 3) + U(e, )

(32)

FDEV(e, 3) + U(e, Q) +V(e, Q) =0,

with the initial conditions
U(e,0) = & — k coth[x(e + 0)], 33
V(e,0) = —x*cosech?[x(e + )]

Applying the Yang transformation of Equation (32), we have

(P} - ol o e, 00, )

V(e 3 V(e U S)  12V(e, S
{7} = v ;g B i bt

dU(e, Q) L1 N
de 2 oe de
E)V( ) aU(e,¥) 1 BZV(S,S)}
5 .

Y{U(e, )} — oU(e, 0) = —Y | U(e, ) 19U(e 3) W(E'g)},

+ V(e Q)

Y{V(e, 3)} - 0V(e,0) = —Y|U(e, 3) o)

The above equation is simplified

Y{U(e,3)} = o{U(e,0)} — (1 + p(o — 1))¥ _w(s,%)aw(;f) + %aw(;g’%) + av(;’%)},

aV(e, Q) aU(eS) 1 ?V(e, Q)
d¢ de 2 02 '

(34)

Y{V(e, )} =v{V(,0)} — (14 p(v—1))Y _U(e,%) + V(e Q)

Using inverse Yang transform, we have

U(e,S) = U(e,0) — Y1 {(1 + oo — 1))Y{[U(s, 3) aU(;S’ S) %wg‘;’ S, Wg‘;’ %) H

WD) |y ) 2VED) 1 E)ZV(sz, ) H .

(35)

V(e,¥) = V(e,0) —Y ! {(1 +p(v— 1))Y{[U(s, Q) e % 32 o

Assume that the infinite series solution functions U(e, ) and V (e, ) are as follows:

U(e,S) = Y Un(e,Q), and V(e,S) =) Vu(e9).
m=0 m=0

Remember that UUe = Y 17 A, UVe = Y0 By and VU = Y0 Cyyy are the Adomian
polynomials

Z[Um 6,3) =U(g,0) = Y| (1+ p(v—1)) {ZAm+1aU(€ )+BV(as€,§)H/

192V(e, 9)
(1+@U*1 {ZB’”+ZC"’2852H’

Z Vin(e,S) = V(e,0) — Y !
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i Up(e, ) = ¢ — xcothlx(e +6)] — YL 5 o P

1+ p(v— l))Y{ i A+ 19U(e, ) N V(e ) H,
(36)

Y Vin(e,S) = —xcosech®[x(e + 0)] — Y

(1+@<v—1>)Y{ Y But Y Cu— ;”’a(;)H

With the aid of the Adomian polynomial according to Equation (22), all forms of non-linear
may be stated as

_ .90 _ . 9U1 ol - A v,
Ao =Tp % 7 A1 =Ty % +U1T£ , By _UOT , B —UoTﬁ +U173/3 ,
U, JdU U,
C():V()io, Cq :VoilJeriO.
de de de

Hence, one can easily obtain
Up(e, I) = & — xcoth[k(e +0)], Vo(e,F) = —x>cosech?[x(e + 6)].
Form =0
Uy (e, ) = —&xPcosech®[i(e + 0)] {1 + oS — g)},

Vi(e, S) = —&r?cosech?[k(e + 0)] coth[k(e + 9)]{1 + P — ga}

Form =1
4 2 2 3, 3P(1—p)? | 9’97
Un(e, ) = éx*cosech?[i(e + 0)]{28x{ (1 = )28 + (1 — p)° + = 4 2L
232 )
— (3eoth?([x(e +0)] = 1)){ (1 = 9)203 + (1 - )+ *— 1],
Va(e, 3) = [2§K5cosech2[x(£ +0)]] |:§KCOSQCh2(3 COthz([K(S +0)] — 1)){(1 —0)23pS + (1—p)° + M
3Q3 K 2 2 K Q3 2332
+ @3! } 2% COS?EZ‘J i"g‘rgéi‘)’m Y 22 coth(3cosech? ([ (e + 6)] — D){(1- )20+ (1- 9)? + pz}} .

The remaining steps of the YDM results may be conveniently gathered from Uy, and V,,
(m > 2) using the same procedure. The alternative series can then be assessed as follows:

U(e,S) = ) Unl(e,S) =Up(e,S) + Ur(e, S) + Ua(e, ) + Us(e, ) + - -«
m=0

V(e,S) =Y V(e S) = Vole,3) + Vi(e,3) + Va(e, ) + V3 (e, S) + - - - .
m=0

Ule, ) = & — xcoth[x(e + )] — ex’cosech?[x(e +0)) {1+ o3 — o}

2 _ 2 33
+ gxteosech?[n(e + )] {220 (20 + 1) { (1 - )85 + (1 — o) + UL OT L 7
202

— (3coth®([x(e +0)] = 1){ (1 - )23 + (1 - p) + T} | -

V(e,S) = —x2cosech®[x(e + 0)] — Ex2cosech?[x (e + )] coth[x (¢ + 6)] {1 + S — p}

+ [28k5cosech? [k (e + 6)]] [CKcosechz(?)cothz([K(e +0)] — 1)){(1 — )33+ (1— ) + 3p°(1 2_ ) + p:\ﬁ}
cosech? coth? 33 2q2
2 r(zﬂt;‘rg;fi?”) "~ 2 coth(3cosech?([x(e +6)] ~ 1){ (1~ )20% + (1 - p)* + ¥ }} L
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We achieve the following series solution at integer order o = 1,x = 0.1, { = 0.005, 6 = 10,
defined by

U(e, ) =0.005 — 0.1 coth(0.1¢ + 10) — 0.0005cosech?(0.1e + 10)S + 5 x 10~ cosech? (0.1 + 10)0.00333
—05 (3 coth?(0.1e + 10) — 1.) ) 32,

V(e, ¥) = — 0.01cosech?(0.1e 4+ 10) — 0.000010cosech?(0.1¢ + 10) x coth(0.1e 4+ 10)S 4 1.0 x 10~ cosech?(0.1¢ + 10)
x [8.3 % 10-533cosech?(0.1¢ + 10) (3 coth(0.1e + 10) — 1) — 32 coth(0.1e + 10) (3cosech2(0.1s +10) — 1)

+1.6 x 107433 cosech?(0.1e + 10) coth (0.1e + 10)].

The exact result of Equation (32) at o = 1 and taking ¢ = 0.005, 6 = 10 and x = 0.1.

Ule, §) == ¢ — kcoth[x(e + 6 — £J)],

R
V(e, ¥) = —K2cosech®[k(e + 6 — £J)]. &7

In Figures 5 and 6, the actual and Yang decomposition method solutions at an integer-
order p = 1 are represented for both U(e, ¥) and V(e, ) of Example 1. It is observed that
Yang decomposition method results are in good contact with the actual result of the models. In
Figures 7 and 8, various fractional-order solutions of Example 2, at different fractional-orders,
¢ =1,0.8,0.6,0.4 are plotted. It is investigated that for Example 2, the fractional-order solutions
are convergent to an integer-order solution for both U(e, I) and V (e, ¥). In Tables 5 and 6 show
that yang decomposition method of different fractional order o of Example 2.

Figure 6. The actual and YDM solution of V(¢, ¥) at ¢ = 1 of Example 2.
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Figure 8. The fractional-order solutions of V (¢, $) at o of Example 2.

Table 5. YDM solution of U(e, ¥) at different fractional-order p of Example 2.

U(e, ) at U(e, ) at U(e, ) at

(&%) 0 =05 0 = 0.75 =1 Exact Result
0.1,0.2) 0.500726 0.500684 0.500671 0.500761
0.1,0.4) 0.500742 0.500738 0.500720 0.500720
(0.1, 0.6) 0.500767 0.500746 0.500726 0.500826
0.2,0.2) 0.497230 0.497187 0.498174 0.498074
0.2,0.4) 0.497243 0.497221 0.497453 0.498121
0.2,0.6) 0.496267 0.497047 0.497248 0.498128
0.3,0.2) 0.494382 0.494360 0.494347 0.495447
0.3,0.4) 0.494414 0.494411 0.494373 0.495473
0.3,0.6) 0.494437 0.494418 0.494400 0.49540
0.4,0.2) 0.491920 0.491818 0.492786 0.492886
0.4,04) 0.491852 0.491831 0.492810 0.492911
0.4,0.6) 0.491874 0.491855 0.491993 0.492937
0.5,0.2) 0.491322 0.491322 0.490312 0.490410
0.5,0.4) 0.491354 0.491332 0.490315 0.490415

0.5,0.6) 0.491278 0.491358 0.490342 0.490440
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Table 6. YDM solution of V (g, ¥) at different fractional-order p of Example 2.

V(e, ¥) at V(e, ¥) at V(e, ) at

() o =05 0 = 0.75 o=1 Exact Result
0.1,0.2) 0.0939215 0.0939015 0.09389 0.09389
0.1,0.4) 0.0939536 0.0939319 0.0939146 0.0939146
0.1, 0.6) 0.0939757 0.0939571 0.0939391 0.0939391
0.2,0.2) 0.0915064 0.091487 0.0914759 0.0914759
0.2,0.4) 0.0915375 0.0915165 0.0914997 0.0914997
0.2,0.6) 0.0915589 0.0915409 0.0915235 0.0915235
0.3,0.2) 0.0891657 0.0891469 0.0891361 0.0891361
(0.3,0.4) 0.0891958 0.0891754 0.0891592 0.0891592
0.3,0.6) 0.0892166 0.0891992 0.0891822 0.0891822
04,0.2) 0.0868965 0.0868782 0.0868678 0.0868678
0.4,04) 0.0869257 0.0869059 0.0868901 0.08688901
0.4, 0.6) 0.0869458 0.0869289 0.0869125 0.0869125
0.5,0.2) 0.0846961 0.0846784 0.0846683 0.0846683
0.5,0.4) 0.0847244 0.0847052 0.0846899 0.0846899
0.5,0.6) 0.0847439 0.0847275 0.0847116 0.0847116

5. Conclusions

This research applies the Yang decomposition method to a fractional-order non-linear
Whitham-Broer-Kaup equations system. The suggested approach has been thoroughly
researched for fractional-order systems of linear and non-linear differential equations. The
numerical results show that the approach is accurate and effective in achieving numerical
solutions for non-linear fractional partial differential equations. The proposed methodology
is an effective and convenient tool for evaluating numerical solutions to non-linear coupled
systems of fractional PDEs compared to previous analytical techniques. Furthermore, the
proposed scheme is easy and intuitive, requiring less computing time to solve additional
fractional-order partial differential equations.
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Abstract: The aim of this research work is to derive some appropriate results for extremal solutions to
a class of generalized Caputo-type nonlinear fractional differential equations (FDEs) under nonlinear
boundary conditions (NBCs). The aforesaid results are derived by using the monotone iterative
method, which exercises the procedure of upper and lower solutions. Two sequences of extremal
solutions are generated in which one converges to the upper and the other to the corresponding
lower solution. The method does not need any prior discretization or collocation for generating the
aforesaid two sequences for upper and lower solutions. Further, the aforesaid techniques produce
a fruitful combination of upper and lower solutions. To demonstrate our results, we provide some
pertinent examples.

Keywords: ¢-Caputo derivative; extremal solutions; monotone iterative method; sequences

1. Introduction

Over the last few decades, fractional calculus has attracted the attention of many
researchers in the community of science and technology. This is because of its significant
applications in different fields of science and engineering such as mathematics, physics,
chemistry, biology, economics, finance, rheology, etc. (for more details, see [1-3]). Further,
the most important applications of fractional calculus can be found in the description of
memory and hereditary processes. The mentioned processes can be more nicely explained
by the concept of fractional-order derivatives as compared to traditional ones. Keeping their
importance in mind, researchers have given much attention to the use of fractional-order
derivatives and integrals in the mathematical modeling of real-world processes instead
of classical derivatives and integrals. In this regard, several monographs, and plenty of
papers and books have been published, in which various kinds of important results and
applications have been reported. Some of these can be found in [4-7]. Nevertheless, the
application of the aforesaid area has been traced out just in the last two decades. This is due
to the progress in the area of chaos that revealed refined relationships with the concepts of
fractional calculus. In addition, in recent times, the application of the theory of fractional
calculus to robotics has opened promising aspects for future developments, where in
these robots, joint-level control is usually planted by using PID-like schemes with position
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feedback. For instance, one famous machine using the fractional PD* controller is known
as the Hexapod robot (see [8]). Further, some important applications of fractional calculus
can be found about the dynamics in the trajectory control of redundant manipulators,
where fractional-order derivatives have a more precise appearance than classical ones
(see [9]). Further, the fractional derivative is a global operator that preserves greater
degrees of freedom as compared to integer-order derivative, because a classical derivative
with integer-order is a local operator. It is estimated that the fractional-order derivative
operation contains some types of boundary conditions that involve information on the
function further out. Some researchers have proved that fractional-order derivatives play
a significant role in electrochemical analysis to elucidate the mechanistic behavior of the
concentration of a substrate at the electrode surface to the current. Some researchers have
proved that fractional-order modelers of contaminant flow in heterogeneous porous media
involving fractional derivatives are more powerful than classical ones (see [10]). It should
be kept in mind that fractional-order derivative operation of a function produces a complete
spectrum or accumulation, which preserves the corresponding integer-order counterpart
as a special case.

It is interesting that fractional-order derivatives have not yet been uniquely defined.
Various renowned mathematicians have given their own definitions. Among the said
definitions, some of them have gained much more popularity and proper attention from
researchers, such as Riemann-Liouville (RL), Caputo, Hilfer, Caputo-Hadamard, Caputo—
Katugampola, etc. It is interesting that aside from the aforesaid operators various other
variants that contain singular kernels have been introduced recently. Hence the frac-
tional differential operators have been divided into two classes including singular and
non-singular. Here we state that this partition is not bad but provides a great degree of
freedom in the choice of operator for the description of a particular phenomenon. It is
remarkable that nearly all mentioned operators preserve memory in their respective kernels.
Further, the two partitions of singular and non-singular kernels have their own benefits
and drawbacks.

We remark that Hilfer-type fractional calculus unifies the aforesaid definitions. It is
important that 9-Hilfer operators constitute a wide class of fractional derivatives (FDs). In
this respect, some frequent results involving #-FDs have been reported in [11-13]. How-
ever, various strategies exist in the literature to handle such types of problems of FDEs
for computation of their solutions. Numerous tools and theories have been established
so far. Iterative techniques of various kinds have key importance to investigate the afore-
mentioned area. Among them are the monotone iterative algorithm, along with the upper
and lower solutions method [14,15], fixed-point technique [16-18], and coincidence degree
theory [19,20]. In particular, the monotone iterative method together with the technique
of upper and lower solutions is an advantageous and effective tool for the existence as
well as the approximation of solutions for nonlinear problems. In this regard, very useful
results have been published so far. Among the iterative techniques, those introduced by
Ladde, Lakshmikantham, and Vatsala [21] in 1985 for nonlinear differential equations have
gained proper attention. Therefore, monotone iterative techniques associated with upper
and lower solutions have been extensively used for nonlinear partial differential equations
in the last few decades. In this regard, plenty of work has been published to date; a few
can be found in [22-25]. Proposals have been made for classical differential equations for
the first time [14,15,26-29]. In addition, the aforesaid techniques have been widely used
to deal with FDEs subject to initial and boundary conditions. Some significant results
can be found in [25,30-37]. We demonstrate that the said method is well known because
it not only produces constructive proof for existence theorems but it also yields various
comparison results, which are powerful tools to investigate the qualitative properties of
solutions. Further, the sequence of iterations has useful behavior in the computation of
numerical solutions to various boundary value and initial boundary value problems of
classical as well FDEs. In addition, the method of upper and lower solutions is very useful

296



Fractal Fract. 2022, 6, 146

for the construction of Lyapunov functions. Construction of such functions is increasingly
used to derive various stability theories in dynamical systems.

Motivated by the work cited above, and particularly by the work in [31], we determine
the existence criteria of extremal solutions for the following ¢-Caputo-type FDE in a Caputo
sense with NBCs

{fmﬁm =F(5,¢(¢)), ¢ €] = [a,1], O

G(¢(a),9(b)) =0,

where 0 <v <1, C]D)Zf is the d-fractional operator of order v in the Caputo sense and this
is investigated. Further, F € C(J x R,R), G € C(R?,R).

The considered problem (1) in the current article includes a wide range of nonlinear
FDEs involving the standard Caputo operator (for #(g) = ¢), Caputo-Hadamard (for
9(c) = logg), and Caputo-Katugampola (for ¢(¢) = ¢P, p > 0). Further, fractional
operators have been listed in Almeida [11] for further applications. Further, results acquired
in the current article include the results of Franco et al. [26] ifa — 0, 8(¢) — g, and v =1
as a special case.

In this regard, we also point out some recent and similar findings that used operators
on many fractional problems; see [38—40]. To the best of our knowledge in this regard, no
one has considered the monotone iterative procedure to obtain the existence of extremal
solutions involving a ¢-Caputo derivative subject to NBCs. Therefore, motivated by the
aforesaid gap, we have conducted this study.

The rest of this article is organized as follows. In Section 2, we insert some basic
definitions and important results. Section 3 is devoted to studying the existence of extremal
solutions for (1). In Section 4, we give two appropriate examples to highlight the feasibility
of our abstract results.

2. Basic Results

Some fundamental results about the #-Caputo derivative and integral that are needed
throughout this work are given below.

The function ¢ € C(J, R) is non-decreasing differentiable with argument 0 < ¢'(¢), at
every point of J.

Definition 1 ([6,11]). The 9-RL fractional integral of order v > 0 for an integrable function
¢: ] — Ris given by

I2(6) = 55 [ #6006~ 09 ple)ds, 6 >

Definition 2 ([11]). Let ¢,¢ € C"(J,R). The 9-RL derivative of fractional order of a function ¢
withn —1 < v < nis given by

;0 _ A 4 n—v;o
Da+¢(g) = (ﬂ/@)) H,ﬁ P(c)

_ 1 Dy tore "(s — 9V (s
- o (a5 ) [ e - e e
wheren = [v] +1(n € N), and Dy = %A

Definition 3 ([11]). Let 8,¢ € C"(J,R). The 9-Caputo derivative of fractional order of function
pwithn —1 < v < nis defined by

DP(c) = 1"l (c),

where (pl[;l](g) = (ﬁ;)rlcp(g), n=[]+1forv¢g Nandn=vforveN
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One has

o5 (c) , ifveN

Lemma 1 ([11]). Let v, u > 0, and ¢ € C(J,R), for every ¢ €]
”DZ‘”HZP (6) = ¢(¢),

1
2. TPDPe(c) = p(c) —¢p(a), 0<v<1,

3. I (0(e) - 0(»1))%‘1 s (9(c) — O(a))r+v T,
4

5

D (8(g) — O(a))F ' = {;V)v)(ﬁ(g)—ﬁ(u))l’—V—ll

DY (8(g) — 8(a))k =0, Yk <n €N.

Definition 4 ([7]). One- and two-parameter Mittag—Leffler functions (MLFs) are recalled as

) k

kzol"vk—&-l (zeR, v>0),
and

) k

z
E, ,(z) = ————, v,u>0andz € R,
1/,14( ) ]cg()r(Vk+V) "
respectively. Clearly Eq 1(z) = Eq(z) = exp(z).
Further properties of MLFs are given below.

Lemma 2 ([41]). Letv € (0,1) and z € R, one has

1. E,;andE,, are non-negative.
2. Eyi(z) SLEu(2) < 1y, foranyz <O0.

For further analysis, we recall the following Lemma [31] as:

Lemma 3 ([31] (Lemma 4)). Let v € (0,1], A € Rand h € C(J,R), then, the linear version

{CD‘MJ( ¢) +Adp(c) = h(c), g€
¢(a) = ¢a,

has a unique solution that is described as
¢(6) = a1 (—A(D(c) — 8(a))")
+ [T 06006~ 0(5)" 1B (-A(B(6) — 6(:)))h(s)ds,
where Ky, (+) is the two-parametric MLF defined earlier.
The given comparison results comprise a central rule in the following analysis.

Lemma 4 ([31] (Lemma 5)). Let v € (0,1], and A € R, if v € C(J,R) obey the given relation

{ Dy(c) > ~Av(c), ¢ € (ab],
v(a) >0,

then y(g) > 0, forall ¢ € J.
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3. Main Results

Here, key findings are established about the ¢-Caputo FDEs (1). We develop two
monotone iterative sequences for upper and lower solutions, respectively.

Definition 5. The function ¢ € C(J,R) such that CDZ;“? ¢ exists and is continuous on ] and is

known to be a solution of the problem (1). Further, ¢ gives the statistics of the equation EDZf) ¢(g) =
F(c, ¢(g)), for each ¢ € J and the NBCs

G(¢(a), 9(b)) = 0.
Subsequently, we mention the definitions of extremal solutions of ¢-Caputo FDEs (1).

Definition 6. The mapping ¢o € C(J,R) is known as lower solution (1), if it satisfies

{CDZ?%@) < Flc, fu(c)), 1€ (a,b],
G(¢o(a),¢o(b)) < 0.

An upper solution @y € C(J,R) of the problem (1) can be defined in a similar way by reversing
the above inequality.

Now to move forward, we will introduce the following conditions:

Hypothesis 1. There exist ¢po and @ as lower and upper solutions of problem (1) in C(J,R)
respectively, with ¢o(g) < @o(g),¢ € J.

Hypothesis 2. There exists a constant A > 0 with
Foy) =Flg,x) =2 =Aly =x) forgo(¢) <x <y < @o(¢),¢ €].

Hypothesis 3. There exist constants ¢ > 0 and d > 0 with ¢o(a) < g < upy < @p(a),
$o(b) < vy < vy < @o(b), such that

G(ug,v2) — G(ug,v1) < c(ug —uy) —d(va —v1),
Now, we shall apply the monotonous method to prove our key findings.
Theorem 1. Let F : ] x R — R be continuous. Assume that Hypotheses 1-3 hold. Then there
exist two monotone iterative sequences {¢y } and {@, }, which are converging uniformly on J to the
extremal solutions of (1) in the sector [¢o, Do), where

[0, @0] = {z € CULR) : go(c) < z(¢) <a@nlg), ¢}

Proof. First, for any ¢o(¢), @o(¢) € C(J,R) and A > 0, we consider the following FDEs

{”DthPm(g) =F(g, () — AMeur1(s) —¢pnu(g)), c€]J, ©
Pur1(a) = ¢n(a) — %G(‘Pn(’l)r%(b))r
and
{sz?wnH(g) =F(g,@n(5)) — M@us1(5) — @u(c)), ¢EJ, o
@y41 (a) = (Dn(a) - %G(‘Dﬂ (a)rwn(b))r
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According to Lemma 3, one can deduce that (2) and (3) preserve at most one solution
in C(J,R). Thus we have

Put1(g) = (%(ﬂ) - 1G(%(ﬂ)r(Pn(b)))H*im(f)t(ﬂ(f;) = 8(a))")

+[oe ()" Eu (~A(8(6) = 9(5))") (F(5, hu(5)) + Adu(s))ds, ¢ €],
Bui(s) = (wn( )~ L6(@0(a), @0(1)) ) Bua (~A(8(6) — 8(a))")
R (5))" v (~A(8(6) — 9(5))") (F(s, @n(s)) + A (s))ds, 6 € .

For appropriateness, the proof will be divided into a number of steps.
Step 1: The sequences ¢, (g), @,(¢)(n > 1) are lower and upper solutions of (1),
correspondingly. Moreover, we assume

Po(c) < 1(g) < < Pulg) <+  <@nlg) < - <wi(g) Sanlg) ¢€J.  (4)
Firstly, we show that
Po() < ¢1(g) < @1(g) <@olg), ¢

Set 7(¢) = ¢1(¢) — ¢o(g). From (2) and Definition 6, we obtain

D (g) = CDUP (¢) — Do (c)
> TF(g, ¢0(c)) — AM¢1(g) — Pols)) — Flg ¢ols))
= —M( )-

Again, since y(a) = —1G(¢o(a), ¢o(b)) > 0, 7(¢) > 0, for ¢ € J due to Lemma 4.

Thus, ¢o(c) < ¢1(c)-
Similarly, we can find that @;(g) < @o(g), ¢ €].
Now, let v(¢) = @1(¢) — ¢1(¢). Using (2) and (3) together with Hypotheses 2 and 3,

we obtain
D2 (g) = F(c,@0(c)) — F(c, ¢o(c)) — A(@1(c) — @o(c)) + A(¢1(5) — ¢o(c))
> —A(@o(g) = ¢olg)) — A(@1(5) — @o(g)) +A(¢1(5) — do(s))

Since

we obtain ¢;(¢) < @1(g), ¢ € J due to Lemma 4.
Secondly, we show that ¢y (¢), @1 (g) are extremum solutions of (1). Since ¢ and @q

are lower and upper solutions of (1), by Hypotheses 2 and 3, we obtain
D r(e) =F(c o(e)) = M) — pole)) < F(g,1(c)),

and

G(go(a), ¢o(b)) +c(¢1(a) — go(a)) — d(¢1(b) — 9o (b))

G(¢1(a), ¢1(b)) <
= —d(¢1(b) — Po(b))
<

o
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Therefore, ¢;(g) is a lower solution of (1). Analogously, it is obvious that @1 (g) is an
upper solution of (1).

Through the above debates and induction, we can show that ¢, (¢), @, (g), (n > 1) are
lower and upper solutions of (1), respectively, and the assumption (4) is true.

Step 2: ¢, — ¢ and 0, — @.

First, we prove that {¢, } is uniformly bounded. By considering supposition Hypothesis 2,
we may write

F(c, ¢o(g)) +Ago(s) < F(g, Pn(s)) +Apn(s) < F(g @o(c)) +Awo(g), ¢ €]

(6, #n(6)) = F(g, Polc)) + M (g) — ¢o(c))
(6, @0(5)) —F(5,¢0(5)) + Al@o(g) — do(c))-

Hence, we obtain

IF (g, ¢u(6)) = F (g do(c)) +A(gnl) = do(e))] < [F(g, @0(c)) = F(g, dolc))
+M@o(g) = ole))l-

Thus

1T (g, ¢n(5)) + Apn(g)| < [F(g, ¢uls)) —F (g, do(s)) + APu(s) — Polc))l
+[F(g, do(s)) + Ado(s)]
< |F(g @0(g)) — Flg, ¢o(g)) + Al@o(s) — ¢o(s))]
+ [F(g, do(s)) + Ado(s)]
< 2|F(g, ¢o(s)) + Ado(e)| + T (g, @o(g)) + Ao (g)]-

Since ¢, I are continuous on J, we can see a constant M independent of n with

IF(c,n(c)) + Adu(c)| < 1 ®
Furthermore, from Hypothesis 3, we can obtain
#ola) = ZC(po(a), 4o(b)) < Pua) — LG(gu(a), 4a(b) < @o(a) — ~C(@0(a), @0 (b)),
0= ¢u(a) — 9ola) — = (G(gu(a), $u(0)) — G(g(a), do(0))
< @0(a) ~ g0(a) ~ - (G(@0(a), @0(8)) ~ G(go(a), 9o(b)).

Hence, we obtain

#0(0) = o(a) = L (G(0(0) 0u0)) ~ Glw(a), u(8) | <

@0(a) = o(@) ~ L (E(@0(a),@0(0)) - Glen(a) o)

<

fola) = () ()| -+ | 0(a) — (a0, (6|
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Thus

2a(0) = 16(u(0) s 0)| <

#0(6) = o(a) = L (G(9u) () ~ G pu(a), o (6)|

+

fola) = LG (0(@), o (6)

<2

(@) = L6 (9o(a), (6] + [o0e) ~ 6 (@0(a), @0(0)]

Since ¢, @y and G are continuous functions, we can find a constant K independent of
n, such that

$u(0) = 160 (a), n(8))| < K. ©

Moreover, by (2) and (3) we have

Pns1(5)| = |¢n(a) — %G(%(ﬂ)/%(b)) Ey1(=A(8() - 8(a))")

+ [F(5)(8(0) = 0(6)) B (~A(8(6) — 8(6))") [F(5, () + A ()]s, € € .

Using Lemma 2 along with (5) and (6), we obtain
[#ria(0)] = Ko+ s [ 0(5)(000) — 0(6)as

M(8(b) — 8(a))"

SR =7

Hence, {¢,} is uniformly bounded in C(J, R). With same argument one can deduce
that {@, } is uniformly bounded.

It is necessary to derive that the sequences {¢, } and {®, } are equi-continuous on J.
To do this, choosing 61,62 € J, with g1 < ¢2. By (5) and (6) and Lemma 2, we have

|Pn41(62) = Pur1(61)] < |¢n(a) — %G(tpn(ﬂ),%(b)) By (—A(8(s2) — 8(a))") —

Ey1(—=A(8(g1) — 8(a))")|
N /Gl ¥ (s)[(8(¢1) — 9(s))" 1 — (8(g2) — 19(5))%1]

F (s, ¢u(s)) + A (s)|ds

W)
s [ OB (s g, 6))+ A0 s

< K[Ey1 (-A(8(62) = 8(@))") — Bua (~A(8(c1) — 9(a))")]
+ F gy 0e2) 0l

By the continuity of E, 1 (—A(8(¢) — 9(a))") on ], the right-hand-side of the preceding
inequality approaches zero, when ¢1 — ¢o. This implies that {¢,,(¢)} is equi-continuous
on J. Likewise, we can demonstrate that {@,(g)} is equi-continuous. Hence, by using
Ascoli-Arzelas theorem, the sequence ¢y, () — ¢*(g) and @y, (g) — @*(g) as k — oo.
Hence the aforesaid relation combined under the monotonicity of sequences {¢,(¢)} and
{@n(c)} yields

lim ¢u(c) = ¢°(c) and  lim @, (1) = @*(c),

n—o0

uniformly on ¢ € J and the limit functions ¢*, @* satisfy (1).
Step 3: ¢* and @* are maximal and minimal solutions of (1) in [¢p, @).
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Let z € [¢o, @p] be any solution of (1). Suppose that
on(c) < z(¢) < @ulg), ¢e€J, forsomen € N*. (7)

Setting v(¢) = z(g) — ¢u+1(c). It follows that

CDZ?'Y( )= ( (Q)) (gr‘f’n( )) /\(47n+1(€) 7¢n(€))
> —A(z(6) = ¢u(g)) +A(Pn+1(6) — ¢u(c))
—A(g).

Furthermore

$uy1(a) = pn(a) -

that is
v(a) = 0.

In view of Lemma 4, we obtain y(g) > 0, ¢ € J, which implies
Pnr1(g) <2(¢), ¢ €.

Utilizing the same procedure, we can derive that
2(¢) < @ny1(6), ¢ €.

Hence,
Pnt1(6) <z(6) < @nta(), ¢ €.

Hence (7) is satisfied on J for all n € N*. Employing n — co on (7) from either side,
one has
¢ <z< "

This confirms that ¢*, @* are the extremal solutions of (1) in [¢g, @g]. O

4. Illustrative Problems

This section includes some test problems for the illustration of our main results.
Example 1. Consider the 9-Caputo FDE (1) with
v=05a=1 b=e¢, %) =Ing. (8)

In order to justify that Theorem 1 is valid, we take

{ (6, 9(c)) =1—¢*(c) +2y/Ing, forge[Le],
G(p(1),¢(e)) = p(1) — 1.

Without difficulty, we can infer that

¢o(c) =1, @o(g) =1+ +/Ing,

)
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are lower and upper solutions of (1), respectively. It is apparent that ¢o(c) < @o(g), for ¢ € [1,¢].
In addition, for ¢y(¢) < x <y < @o(g), we have

F(c,y) —F(¢,x) > —4(y —x), ¢ € [Lel]

Hence the Hypothesis 2 holds with A = 4. Further, if ¢o(1) < ug < up < @o(1), po(e) <
v < vy < @(e), we have

G(uz,v2) — G(ug,v1) < (up — uq).

Therefore, Hypothesis 3 holds with ¢ = 1 and d = 0. An application of Theorem 1 shows that
the problem (1) with the data (8) and (9) has extremal solutions in the region ¢y, @g]. Moreover,
the monotone iterative sequences { ¢y fnen, {@n fnen can be acquired by

—0.5
¢n+1(g) = ]EOEJ <—4\/]I17§> + /1(; (11’1 g) ]EO.S,O.5 <_4 In g) (10)

X(lf¢n()+zf+4¢n())srn>0

c —05
@n11(6) = Eos1 <*4 m%) +/1 (hlg) Eos,05 (*4 1n§)

(1)
x (1—@2(s) +2\/m+4(on(s))%, n>0.
Example 2. Consider the following Caputo FDE
{CDM(@ =sin(¢(c)) — ¢(c), ¢ € [0,1], -
0.59(0) — 39(0)¢(1) = 0

Note that problem (12) is a particular case of problem (1), where

v=05a=0b=1 0() =g,

{ (6,9(6)) =sin(9(c) — ¢(c), €],

G(¢(0),9(1)) = 0.5¢(0) — 3¢(0)¢(1)

\/G, it is easy to verify that ¢o,@g are lower and upper
)

@o(g), for ¢ € [0,1]. Therefore, Hypothesis 1 of
y < @ (g) we have

Taking ¢o(g) = 0 and @o(g) =
solutions of (12), respectively, and ¢y (g
Theorem 1 holds. However, if ¢pp(g) < x <

F(g,y) —F(g,x) > —2(y —x), ¢€[0,1].

Hence Hypothesis 2 holds with A = 2, and if ¢o(0) < w1 < up < @9(0), po(1) < v1 <
vy < wq(1), we have
G(uz,v2) — G(ug,v1) < (up — uq).

Therefore, Hypothesis 3 holds with ¢ = 1 and d = 0. According to Theorem 1, there
exist monotone iterative sequences {¢, } and {@, } that are uniformly converging to ¢* and @*,
respectively, and ¢*, @* are the extremal solutions in [Py, @o) of problem (12).

Example 3. Consider the following 9-Caputo FDE

{CDSE"%@ = VT4 1 —sin(e —1) +sin9()) ~9(c), ¢ €0,

$(0) = ezjﬁ‘l’(l)-
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Comparing the above problem with problem (1), we obtain
v=05a=0b=1, 8() = &%,
and

{F(gch(g) = EVeE -1+ —1—sin(e* — 1) +sin(¢(c)) — ¢(c), c€]J,
G($(0),¢(1)) = 9(0) — zF5-9(1).

One can verify that ¢(g) = €% — 1 is an exact solution of the problem (1). Moreover, taking
$o(g) = 0and @o(g) = 2 — 1+ 27, it is easy to verify that o, @g are lower and upper solutions
of (13), respectively, and ¢po(g) < @o(g), for ¢ € [0,1]. Therefore, Hypothesis 1 of Theorem 1 holds.
However, if po(g) < x <y < @p(¢) we have

F(g,y) —F(g,x) > —2(y —x), ¢€[0,1].

Hence Hypothesis 2 holds with A = 2, and if ¢o(0) < w1 < up < @9(0), po(1) < v1 <
vy < wq(1), we have

21

G(u,v2) — G(ug,v1) < (up —uy) — 2 1121

(vg — 7).

Therefore, Hypothesis 3 holds withc = 1and d = 82721’12”. According to Theorem 1, there
exist monotone iterative sequences { ¢y, } and {@, } that are uniformly converging to ¢* and @*,

respectively, and ¢*, @* are the extremal solutions in [Py, @o)] of problem (13).

5. Conclusions

We have established sufficient results by using monotone iterative techniques together
with upper and lower solutions for a class of boundary value problem involving a general-
ized form of Caputo derivative of fractional order. By using the mentioned tool, we have
established fruitful combinations between lower and upper solutions. Further, the said
method has the ability to produce two sequences of upper and lower solutions, respectively.
For the construction of the aforesaid sequences this method does not need any kind of
discretization or collocation like other methods usually require. The two sequences we have
generated are of a monotonic type with increasing and decreasing behaviors, respectively.
Moreover, the sequence that is monotonically decreasing converges to its lower bound.
However, the other one that is monotonically increasing is converging to its upper bound.
The bounds for upper and lower solutions have also been investigated for their uniqueness
using Banach contraction theorem. For the justification of our results, we have provided
some examples. Overall we have concluded that the proposed procedure is a powerful and
efficient tool to study various classes of FDEs for their extremal solutions. In future this
technique can be applied to investigate those classes of FDEs involving non-singular-type
derivatives under boundary conditions for upper and lower solution. In addition, the
mentioned tool can be applied to investigate fractal-fractional-type problems corresponding
to boundary conditions. Overall we have concluded that the monotone iterative technique
of applied analysis is a powerful technique for dealing with various kinds of problems
involving different types of fractional-order operators.
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1. Introduction

A set € C R is said to be convex, if
(I—v)x+vyekt

forallx,y € €and v € [0, 1].
A function .Z : C — R is said to be convex, if

F((1=vx+vy) < (1-v)F(x)+vF(y)

forallx,y € Cand v € [0, 1].

The classical concepts of convexity are simple but have many applications in different
fields of pure and applied sciences. For example, they play a significant role in the theory
of optimization, mathematical economics, operations research, etc. In recent years, the
classical concepts of convexity have been extended and generalized in different directions
using novel and innovative ideas. It has been observed that these new generalizations
of classical convexity enjoy some nice properties which classical convexity has. Recently,
Cortez et al. [1] presented a new generalization of convexity class as follows:

Definition 1 ([1]). Let p,A > 0and 0 = (0(0),...,0(k),...) be a bounded sequence of positive
real numbers. A non-empty set J is said to be generalized convex, if

@1+ TR\ o(@r—@1) €7

forall @y, @, € Jand T € [0,1].
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Here, R, »,(z) is the Raina’s function and is defined as:
[o¢]
k)
R _ ROO),0(W) ey _ o k
pAo(2) =Ro (2) ];] Tlok+A) -7

where p,A >0, z| < R, 0 ={0(0),0(1),...,0(k),...} is a bounded sequence of positive real
o0
numbers and '(n) = [ x"~le~*dx is the gamma function. For details, see [2].

0
Cortez et al. [1] also defined the class of generalized convex functions as:

Definition 2 ([1]). Let p,A > 0and 0 = (0(0),...,0(k),...) be a bounded sequence of positive
real numbers. A function F : 7 — R is said to be generalized convex, if

F (@1 + 1R\, 0(@2 —@1)) < (1—1).F (@1) + 1.7 (@2)
forall @1, @7 € Jand t € [0,1].
Awan et al. [3] introduced the class of exponential convex functions as:

Definition 3 ([3]). A function .7 : C — R is said to be exponentially convex, if

F((1=v)x+vy) < (17v)ei((:2() +V€i((3al)'

forallx,y € Cand v € [0,1].

Besides its applications, the theory of convexity has also played a dynamic role in
developing the theory of inequalities. A wide class of inequalities is just a direct conse-
quence of the applications of the convexity property of the functions. Hermite-Hadamard’s
inequality, also known as trapezium-like inequality, is one of the most studied results. It
reads as:

Let.# : 1 C R — R be a convex function, then

w2
y<®1+®2>< 1 Jﬁ(x)dxgy(wl)—i_y(@].
2 Dy — @1 2
@1

For some recent developments related to Hermite-Hadamard’s inequality and its
applications, see [4].

In recent years, several new techniques have been used to obtain new versions of
Hermite-Hadamard’s inequality. For instance, Sarikaya et al. [5] utilized the concepts
of fractional calculus and obtained the fractional analogues of Hermite-Hadamard’s in-
equality. Alp et al. [6] obtained quantum analogue of Hermite-Hadamard’s inequality.
Awan et al. [3] obtained a new refinement of Hermite-Hadamard’s inequality using the
class of exponentially convex functions. Cortez et al. [1] obtained Hermite-Hadamard’s
inequality using the class of generalized convex functions. Kunt and Aljasem [7] obtained
fractional quantum versions of Hermite-Hadamard type of inequalities. Noor et al. [8]
obtained some more quantum estimates for Hermite-Hadamard inequalities using the class
of convex functions. Sudsutad [9] obtained various new quantum integral inequalities for
convex functions. Zhang et al. [10] obtained a new generalized quantum-integral identity
and obtained new g-integral inequalities via (x, m)-convexity property of the functions.

The main motivation of this article is to obtain two new identities involving q-Riemann-
Liouville fractional integrals. Using these identities as auxiliary results, we derive some
new q-fractional estimates of trapezoidal-like inequalities, essentially using the class of
generalized exponential convex functions. We hope that the ideas and techniques of this
article will inspire interested readers working in this field.
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2. Preliminaries

In this section, we recall some previously known concepts and results.
The following concept of q-derivative was introduced and studied in [11].

Definition 4 ([11]). For a continuous function .7 : [@1, @] — R the q-derivative of .7 at
x € [@1, @3] is defined as:

F(x)— F(qx+ (1—q)@1)
(1-q)x—@1)

@ D7 (x) = , X # ®1. (1)

The g-definite integral is defined as:

Definition 5 ([11]). Let .7 : [@1, @3] — R be a continuous function. Then the q-definite integral
on [@1, @y is defined as:

| FWedgy=1-ax-o1) ) a"F(@"x+ 1 -qMa), @

1 n=0

forx € [@1, @3]
Interesting additional details of the following concepts can be found in [9,12].

1—
mlq = 1_qq ,

meR. 3)

The g-analogue of power function is defined as, if y € R, then

(r—m)) —rYH reatmo @

r—qYtnm’
The g-gamma function is defined as:

(-0

W’ vE R/{O, 71, *2,.. } (5)

rq(V] =

For any s, v > 0, the g-beta function is defined as:

1
Bq(s,v) :Ju(s’”(lfqu)(vfl)dqu, (6)
0
wnd Ty (s)Tg(v)
_ 1al8)1qlVv
Bq(s,v) = m.

The g-Pochhammer symbol is defined as:

k—1
(m;qo=1, and (m;q=]](1—q"m) @)
n=0
for k € NU{oo}.
Theorem 1 ([13]). Suppose A, € R, then
Ay
XD _ (1, ®)

m
q—1- (q"%;q)
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uniformly on {x € C : x| < 1}, if u > N, A+ u > 1, and uniformly on compact subset of
{x € C: x| <1,x # 1} for other choices of i and A.

The g-shifting operator is defined as:
@ Pg(m) = gm+ (1 —-q)@;. (C)]
For any positive integer k, one has:
2, 05(M) = 2,08 ! (o,0q(m)), o,®(m)=m. (10)
The following properties for g-shifting operator hold:

Theorem 2 ([9,12]). For any v, m € R and for all positive integers k, j, one has:

L 0fm)= o 0gm);

2. 0,00, @)(m)) = o, P} o, @E(M)) = o, @5 (m);
3. Oq(@1) = @1,

4. (Dg(m) k(m ®1);

5 m-— mlmk( )f(l—q)(m—wﬂ;

6. ( )= m oy g(l), for m #£0;

7. @ ®q(m) — o, ®X(r) = q(m— o, @K 1(r)).

The power of g-shifting operator is defined as:

—_m\ —o) R Rt Dl
@, (T )q (r—m1) n| IO - Qld)wr“( X yeR. (11)

Theorem 3 ([9,12]). Foranyvy,r,m € R, r # @1 and k € N, one has:

k _
L oy(r—m) :(r-ml)k(‘lg’;;q)k;
N N e M R )
! E no 1= Fatanty (=stavia)
3 el @ @5 = (- oy L

Definition 6 ([9,12]). Let o > 0 and .% be a continuous function on [@1, @,). Then the Riemann—
Liouville-type fractional quantum integral is given by ( a,llgﬁz J(v) = F(v)and

(S0 = (oI F N0 = 0y [ 16— 0@ 0 oy
q
DO § gn g, x0T F (0,05, (12
q n=

where « > 0 and x € [@1, @7].

3. Results and Discussions

In this section, we will discuss our main results. First of all we define the class of
generalized exponential convex functions.
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Definition 7. Let p,A > 0and 0 = (0(0),...,0(k),...) be a bounded sequence of positive real
numbers. A function F :J — R is said to be generalized exponential convex, if

F(@1) | _F(w2)

x® x®
Xt X2

F(@1+ R 0(@2—@1)) < (1—1)
forall @y, @y €3, 1€ (0,1 andx > 1.

Note that if we take « = 0 or x = 1, then the class of generalized exponential convex
functions reduces to the class of generalized convex functions introduced and studied in [1].
If we take x = exp, then we have the class of exponentially convex functions involving
Raina’s function. This class is defined as:

Definition 8. Let p,A > 0and 0 = (0(0),...,0(k),...) be a bounded sequence of positive real
numbers. A function & : I — R is said to be generalized exponential convex, if

7 (@1) 7 (@)

F (@1 + TR o(@2—@1)) < (1*T)exp(o@l) exp o2

forall @, @ € Jand T € [0,1].

Now, we derive our auxiliary results. Before we proceed, for the sake of simplicity, we
consider Q = [@1, @1 + Rp,)\,g(a)z —1)]and Q° = (@1, @1 + :Rp,?\,(r(a)Z —@1)).

Lemma 1. Let 7 : Q — R be a continuous function and o > 0. If o,Dq.7 is q-integrable on
Q°, then

rq((fol) ([OCJFqul)y(@l)TLy(@lﬁL:Rp,)\,c(@Z*@l))

(@,]q ) @1+ Rp 0@ —@1)) —

Rono(®2—@1) oo+ 1]q
1
R @ — @
= MJ([erlqo(l = 0@q(V)§Y =1) ;D (@1 + VR r 0@~ @1)) 0dg V- (13)
[“+1]q

Proof. It suffices to show that

1

R D) — @
Ro2o®2 20U [ (41001 - 0@q(MIE ~1) 0,Dg (@1 + ¥R 0(@2 — @1)odgy

[CX—F 1]q
01— 0@q(v){™ @, DgZ (@1 + VR r o (@2 — @1)) gdgV

= Rp0(@2—@1)

Roo(@2—@1)
[0(+1}q

mquzg‘\(ﬁn + Vpr,?\,U(QZ — 1)) Odqv

O @

_ 8, -8, (14)

Now,
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81 =

Ropo(@2—@1) | 01— 0@q(v){™ 0, DgZ (@1 + VR o(@2 — @1)) 0dgV

o(1— o@q (v)\® F(@1+ VR p,o(@2 — @1)) = F (@1 + qVRp A o (@2 — @1))
e (1—=q)Rpao(@—@1)V

Rp,)\,G(QZ - (Dl) Odqv

o O

1
() F (@1 + VR 5 (@2 — @1))
—qj o(1— @ () 2
0

odqv

1
() F (@1 + qVRy o (@2 — @1))
,TJ o1 — 4Dy (v o
0

Oqu

i ol pon (1)) Z (@14 00F ()R (@2 — 1))

n=0 a q 0@3(1)

_ i n (17 (DnJrl(l))(o‘) g((ol+CI0<D§(1)RP,)\,G(@2,®1)>
n:oq 0 0%q q U6

r > n+1.
ZO (q(ngnJr/?;:;;oog[(ml + qn:Rp/?\,c(fDZ - @1))
n—

& (q““'q)oo ar n+1
- Z (qoﬁ»nﬁqu) 7 (@1 +q Rp,)\,U(QZ - (01))
0 Q) oo
& atny (4"5d) n
Z (1- q ) (q“*“l;q)ooy(a)l +q pr,)\,cr(a)Z - @1))

0
o] n+2.,
— 3 (=g s 7 (@1 + 4" Rp o (@2 — @1))

e g n

0 4 q) 00 F (a)l + q :Rp,)\,cr(QZ - (Dl))

S ("2 n+1

- ZO (th+n+1}q)wg(ml + q :R{JJ\,U(@Z - a)l))

n+1

I\/lg:

(@""5q) o0
z “Jrnmy(@l +q R, o(@2 — @1))

o) n+2.
- Z q"+2 (é&m#ﬁl{}o 53&‘(@1 + qn+1yp,%,o(@2 - 6)1))
n:O /! fo o]

; 1.
19590 g0 4 s (@2 — 1)) — F (@)

(9% Qo

=

=

n+1.
> qo‘+“ﬁz?(@1 +q " Rpp,0(@2 — @1))

3

n+1

0

© .
-2 qnﬁy(a)l +q" Rpp,o(@2 —@1))
(@1+Rpp0(@2—@1)) — F(@1)

& ox+n (q““‘q)oo a n
> e (@1+q"Rppo(@2— @1))

q
0
_ S Clianr | P n
-2q mc/ (@1+q j{p,k,u(@’Z*@l))
1.

I ﬂf@?ﬁﬁﬁ(@l +Roro(@2—@1)) |
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0 n+1 )
F(@1)+(1—q an (Hn F(@1+q"Rpr, 0(@2— @1))
n=0
0 n+l
=—F(@1) + gl an 2 ooy(@ﬁq Rono(@2—@1))
n=0
lodqlg ()
(@ )Jrﬁ"‘ (@ —@1)

n+1.
@, @1)ﬁ=g(ml +q"Ror,0(@2— ﬁ71))>

p?\(r G’z—@l) i Qe

n=0

g (oc+ 1)
p}\g(@ wl)

—7 (@
—F(@)+ =4
=—Z

@) — @) — n+l,
P?\G 2 — @1) Z “Crx*ﬂ@b@l)ﬁﬂ\(@l JFanpJ\,U(@Zml)))
n=0 ’
flat1) (1—qRp (@2 — @1) &
-7 (@ o "o (@R @ — @
(@1)+ Rx o (@2 a)l)< Tq() nZ:oq @ (@1 p Ao (@2 1))

—1
~ @ (@1 + Rpp o @2~ @)V (2,05 @1+ Rpp ol@2 — @1))))

Tqloe+1)
=—F (@)
RoA, (@2 —@1)
G>1+’Rp)\cr(®z @1)
—1
o1 (@1 + Rpr o(@2— @1) — @, Pq(V)S " F(V) @,dgv
]
Tq(oc+1)
~F (@) + o (@, JEF) (@1 + Rp p o (@2 — @1)).
Rg‘;\g(@zfﬁh) g P

Similarly, we have

Rono(@—@1)

1
= eRE T J 0 Dg T (@1 + ¥Ry p 0@ — 1)) pdqV
0
1
_ Rono(@—@1) Jf(wl +VRp A, o(@2 —@1)) = F (@1 4+ qVRp o (@2 — @1)) odov
loc+1lq ) (1=q)Rpp,0(@2—@1)V d
1
B 1 Jﬁ(wl +VRo\,o(@2 — @1)) d
= odqv
(1—q)[cx+1]q0 v
1
1 Ja@’(fbl +qVRp 2, o(@2 — @1)) d
_ odqv
(1—q)[06+1]q0 v
[o¢] o0
= O(+l q Z a)l +qnpr,)\,c(@27 @1)) - Z cg(’\(ﬁ)l +qn+1pr,)\lU(G)2 — G)]))
n= n=0
_ F(@1+Rp 0@ — @) — F(@1)

[ +1]q

Using the equalities (15) and (16) in (14), we obtain the desired result. [
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Corollary 1. Under the assumptions of Lemma 1, if we choose « = 1, then

D1+Rp a0 (@2—@1)

1 q7 (@1) + F (@1 + Rpa,0(@2 — @1))
e P — F (V) @, dqV — -
Rool@—@1) @1 1+q
@1
Rprol )7
Wy — @
= BRI B0 (1~ (1+4)v) 0, Do F (@1 + ¥R 00(@2 — @1))odg: (7)
0

Lemma 2. Let .7 : Q — R be a continuous function and o > 0. If o,Dq.7 is q-integrable on
Q°, then the following equality holds:

ﬂ<([a+1]q—1)®1+(®1 +939,)\,a(®2—@1))>7 Tq(ac+1)

(@Jg Z ) @1+ Rpa0(@2—@1))
[(X+Hq :Rg,)\'g(®27ml) a)]Iq 1 p,A,olW2 1
[act1]g (@)
[ (1= 01 = @q(v)§) @, DgF (@1 + VR p 0@~ @1)) odgv
:Rp,A,U(®27®1) 0 1 () (18)
+ { (—0(1—=®g(¥)q"™") @, Dg-F (@1 + YRy p o (@2 — @1)) odgV
[t T]q
1
[oc+1]q
Proof. LetS3 = [ &,DgZ(@1+ VRpa o(@2—@1))odqV. Then
: 0
[t T]q
S3 = [ @, Dq7 (@1 +VRp A o(@2 — @1)) odgV
0
1
o t1]q
_ J F(@1+VRpp,o(@2—@1)) = F (@1 + qVRp A o (D2 — D1)) d
J (1=q)Rp (@2 —@1)V
1
[act1lg
B 1 -[ F (@1 +VRp A (@2 —@1)) d
= 0dqV
(1—q)Rp (@2 —@1) ) v
1
[o+1]q
1 J F(@1+ qVRp p,o(@2 — @1)) d
odqVv
(17‘])329,)\,6(@27@1) 0 v
1 i ny(ml‘i’ [afl]qup,A,c(ZDZ*@l))
= q n
Ropol@2 —@1)la+1q =, [Oiiuq
P qn+1
B 1 i . T (GM + oty R (@2~ ®1)>
Rp,)\,o‘(OZ —@1)[x+ 1]q gt [(xilkl]q
:; iﬂ @1+ qn Ror (@ — @) *i? ®1+L+1R Aol(@ —@1)
Roo(@2—@1) | = [+ 1]~ P = [+ 1] P
1 +1llg—1D@1+ (@1 +R @Dy — @
_ {(9/7(([06 lg— D@1 + (@1 oA o(@2 1)))_3(6)1)]. (19)
R, o(@r—@1) loc+1g
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By (15), we have
1
81 =Rpr (@ [o 1— 0®@q( mlD F (@1 + VR \ o(@2 —@1)) 0dqV
0
Mgl +1)
=—F (@) + RS, (@2 — 1) (@,Jq F) @1+ Rpp,0(@2—@1)). (20)

Using the equalities (19) and (20), we have

1
[at+1]g

[ (1= 0= 4(v))§) @, DgF (@1 + VRo 0 (@2 — 1)) odg
Rono(@2—@1) 0

1
+ [ (1= 0g(V)LY 0, DgZ (@1 + VR o (@2 — @1)) odgV
1

[ @ DqZ (@14 VRpo(@2 — @1)) 0dqVv
=Rp,o(@ —@1)

_o

— [ 01 = g5 @, DgF (@1 +VRop (@2 — 1)) 0dgqV
0

1 (la+1]lg—1) @1+ (@1+Rp a0 (@2—D1)) -
Rpro(@—@1) [3’7( : [o+1]q : ) _<?(a)l)]

Tq(ox+1)
| —m —=9(®1)+W(®1]q 7) (@1 +:Rp7\cr(®2_wl)):|

B g[(([owr lg— D@1+ (@1 +Rp a0 (@2 — GDl)]) o Tyle+1)
o [oc+ 1]q ng(,)\/U(GJZ — ™1

=Rpao(@—®@1)

] (@,]qF)([@1+Rp,o(@D2—@1)).
This completes the proof. [

Corollary 2. Under the assumptions of Lemma 2, if we take & = 1, then the following result holds:

@1+Rp Ao (@2—®1)

(14 q)@1 +Rp 5,0 (@2 — @1) 1
g( 1+q  Ropol@2—@1) FV) @dqv
@1
%
J v F(@1+VRpa,0(@2 —@1)) 0dqV
0

=qRp0(@2 —@1) (21)

1
+ f (v—%) 1 DgZ (@1 + VR r0(@2 — 1)) odgV
1
1

Theorem 4. Let 7 : O — R be a continuous function and o« > 0 and &, Dq.7 be g-integrable
on Q°. If | @, Dq.7| is generalized exponential convex on Q, then

Tqla+1) oo ([ +1]q = 1) F(@1) + F (@1 + Rp a0 (@2 — @1))
W(@llqg)(@l+:Rp,?\,0‘(®2_@1))_ ot 1l
Ropo(@2—@1) |2 DgF (@1) \alD 7 (@)l
[oe+ l]q (A1 X*®1 +tA X X®2 ’ (22)
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where

1
Ar = [+ 1lgo(1 = 00 IE ~ 111 = v) odg,
0

and

1
A, = ﬂ[m 1q0(1— o®q(v) — 1‘V0dqv.
0

Proof. Using the Lemma (17), property of modulus and the generalized exponential con-
vexity of | o, Dqﬂl, we have

_ Roro(@—@1)

loc +1q |@DqZ (@2)|

1
\1 («)
2 [l Tlqo(1 = 0®@q(v)§™) = 1[vodqv
0

~ Rpaol@— 601)(\@]Dq-' (@ )‘A . | @, DgZ (@2)
lo+ g X&®1 1 @2

Tqlec+1) ([ +1]q = 1) F(@1) + F (@1 +Rpp,0(@2 — @1))
q o 9 PA,
- F@+R @Dy —@1)) —
Rg‘;\c(@z—wﬂ(@llq @1+ R o(@2 — @1)) PRSI
2 1
")
< M‘;Jri ﬂ o+ 1101 — oPq(v))} ]—1) mquﬁ(wl+vap,)\,U(a)2—®1))‘0dqv
0
1
Rp?\c W) — |G> Dq ( )‘ o Dq/(QZH
< O(+l ﬂ[“*‘lqo 1—0(1)(1( ) —1‘|: 1XO‘®1 +v 1ch®2 Oqu
0
1
| @ Dg
{ =1 qm ‘[OéJrl]qo(l*o‘I’ (v ))(Ex)*ll(l*\/)odqv

Az),

which completes the proof. [

Corollary 3. Under the assumptions of Theorem 4, if we choose « = 1, then we have

@1+Rp 0 (@2—@1)

v 7 R _
1 Lg(:('\/)mldq\/qu(ml)+:/(ml+ pAo(@2—@1))

Roo(@2—@1) 1+q
w1
2 aT 74
q Rp,?\,U(QZ_a’l) *‘Q]Dq«/(ml)l *‘Q]DqJ(QZ)l
(1+q)* M e AT e ) @)
where
A q+3q3+2q*
17 1iq+q?
and
. 1+4q+q?
27 1+q+g?

Theorem 5. Let .7 : QO — R be a continuous function and « > 0 and &, Dq.F be q-integrable
on Q°. If | o, Dq.Z|" is generalized exponential convex on Q for v > 1and p~' + 171 =1, then
the following inequality holds:
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Iq(a+1) ([a+1lg—1)F (@1) + F (@1 +Rp A o(@ —@1))
q o d PA0
F)@+R @Dy —@1)) —
918‘,;\,0(@2—@1)(@1](1 J @1+ Rpp,0(@2—@1)) ot 1
1
| ;D }(Q] T
gzp,A,U(mz_ml)A% Loy DeZ (@)1 N +| 0, DgF (@2)" o
= [+ 1lq 3 1+q ’
where
1
P
As = H[ochl}qg(l — 0®q(v){ —1|" odgv.
0
Proof. Using Lemma (17), Holder’s integral inequality and generalized exponential con-
vexity of | o, Dg-Z|", we have
Il +1) ([ +1lqg—1).7 (@1) + F (@1 + Rp A o (@2 — @1))
k! d PO
—_— F) (@ +R @Dy —@1)) —
RS, (@2— 1) (@,]q F) @1+ Rpp0(@2 1)) o+ 1l
? 1
)
< Tonel® —21) ﬂ o+ Tqo(1 = 0@g(V)§™ = 1|l 0, DgF (@1 +VRo,p,0(@2 — @1))0dqv
(XJF ]q )
R 1 /1 T
Wy, — @ P
< ""‘(’H"’H L (“aﬂqoloqn (v ))fl“)fl) odqv) (Jlaquﬂ(wﬁva,A,a(wzle)I‘”odqv)
q 0 0
X b
Rorol@2 —@1) Jlac+ 11 0(1— 0@q(v))§*) ~1[" od
ot 1 < o+ 1qo(1— 0@q(v))q odqVv
) 1
‘G) Dq/(wl” |®1Dq9(®2)‘r
X (] ST J(l—v) Odqv"'ixo@z Jvodqv
0 0
1
. v 3 |2,Pa (@17 12yPg# (@2)I 7 *
_ NpAc @2 — 0 - () 4|P X1 x*®2
= (“[cxﬂ]qo(l 0P} 1‘ Odqv) e ,
0

which completes the proof. [

Corollary 4. Under the assumptions of Theorem 5, if we choose « = 1, then we have

D1+Rp a0 (@2—@1)

q7 (@1) + F (@1 +Rp a,o(@2 — @1))
1+q

1
Roo(@2—@1)

F(v) mldqv—

@1

i

| @ DgZ (@1)| 7 ;
ke e DgF (@)

1
AP , 25
? 1+q (25)

qup,)\,c(iDZ - ﬁ)l)
(1+4q)
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where

1

A} = Jll — (14 q)vIP odgv.
0

Theorem 6. Let .7 : Q — R be a continuous function and o« > 0 and @, Dq.7 be q-integrable
on Q°. If | o, DqF " is generalized exponential convex on Q for v > 1, then the following
inequality holds:

Mgl +1) ([ +1]q = 1) F(@1) + F (@1 +Rp a0 (@2 — @1))
q o 9 PA,
B F)(@d1+R @y —@1)) —
RS, (@2 — 1) (@] 7 ) (@14 Rppo(@2—@1)) ot 1g
1
. pr,?\,G(QZ*@l)Alf— |®1Dq</(®l)| A \mqu (@2)I"\ "
[oc+1]q 4 X! X~®2 ’

(26)

where A1, Ay are given in Theorem 4 and Ay is given as:

1
A4:JMa+1hou;70®qhqg“Wf1Odqm
0

Proof. Using Lemma (17), the power mean integral inequality and generalized exponential
convexity of | o, Dq#|", we have

Mgl +1) o (e +1q —1)F (@1) + F (@1 +Rp a0 (@2 — @1))
ﬁg;;g;jgﬁ%@J¢?N®1+Rmxd®zf®ﬂ)f ot 1y ‘

1
R (@p —@1)
T H[ourl]qo(lf 00g(M)E = 1]l 0, DgF (@1 +¥Ro,p,0(@2 — @1))l0dg v
q
0

1 -3
R (@y —@1)
q
0
1

1
x (“[cx+1]q0(1 — 0@q(VIE = 1|12, DgF (@1 +VRo 0 (@2 wl))rodqv)
0

-3
Ro,o(@2 ()
< M(J’[a+l]q0(l 0Qq (v ) 1’0dqv)
1 T
N DgF Dq.F
X (ﬂ[oc-s—l]qo(l— o(Dq(V])é 1 ‘[% 1-v)+ “7’)(‘1(7&5” V} odqv)
0

1—1

T

1
Roro - *
< % (J|[o¢+1]qg(1 oth(V))é )1|odqv>
q
0

Eﬁ%égfifj(a+1qd1fo®ﬂ N§ =11 =) odgv

|0, Dy (@2)]
AJQ———Lf(a+1qM170®4 D6 —1|vodgy

’

1

R @) — @ 1 Dy 7 (@1)|" DgZ (@) "\ T

_ Rorol@ l)Ai Al\m 7 (@1)] +A3‘m1 q-7 (@2
[oc+ 1] xo@1 X@2

which completes the proof. O
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Corollary 5. Under the assumptions of Theorem 6, if we choose « = 1, then we have

D1+Rp a0 (@2—@1)
1 q.7 (@1) + F (@1 4+ Rp »,0(@2 — @1))

e P — F (V) @, dqV —
Roro(@2—@1) @1 1+q

@1

< qRp 0 (@2 — @1)

1
\a]Dqﬁ(Col)lr+A*|@1Dq=ff(ﬁ>z)\r *, @)
(1+4q)

x1—1 *
Ay (Al XX®@1 2 Y X@2
where A}, Aj are already defined in Corollary 3 and

Ar_2a+ai+qt
4P

Theorem 7. Let 7 : QO — R be a continuous function and o« > 0 and &, Dq.7 be g-integrable
on Q°. If | @, Dq.7| is generalized exponential convex on Q, then

¢<([a+1]q—1)®1+(®1+5Rp,>\,o(ﬁ>2—@1))> Tq(a+1)

F _

loc+1]q Rorol@2—®1)
\ a)qu«?(@z)l}

X X®2

(@,Jq F) @1+ Rpp0(D2 — 1))

| @, Dg 7 (@1)l
X*®1

< Rp ), o(@r —@1) {(As +A7) +(Ag + Ag) (28)

where

Proof. Using Lemma (21) and the generalized exponential convexity of | o, Dq-7#|, we have
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Fq(oc+l]

< Rp, 0@ —@1)

<R o(@2—@1)

= :RP,A,O'((DZ - Q])

a(([cx+ lg—D@1+ (@1 +Rp 0 (@2 — G’l)])
7 R

ot 1l g,}w(a)z_ml)(mllgg)(®1+9{p/)\,c(®2*®1))

J
Toc+1Tq

I 1= o1 = g (V)M 0, DgF (@1 + VRpr o (@2 — @1)) odgqV
0

1
+ = 01— g (V)Y |0, DgZ (@1 + VR a0 (@2 — 1))l odqV
ﬁ
ﬁ
«+1q mDﬂ
[ 1= o1 = ) 1 =) RS 4] 0, Do 7 (@2l odgv
1
Dy 7 (
+ [ 1= 01— g DIV~ ¥) @, Dy F (@1) + v o dgy
m}ruq
ﬁ 1
|0, D (@) | ¢
e | L o= @q()g I = V)edgvt [ 1= 01— @q(v))gI(1 - ) odgv
0 Ta11q
ﬁ
Lo DeZ (@)l |7
e 2T = 01— @g()E v odgv + f = 01— @g(v))§ v odgv
0 ety
This completes the proof. [

Corollary 6. Under the assumptions of Theorem 7, if we set « = 1, then we have the following

inequality
@1+ Rp a0 (@2—®@1)
(@1 Ropo(@—@1) 1 ' F(v) ooy
1+4 Roao(@—@1) @
@1
ARopo(@2—@1) [l DgF (@)l 2 |2, Dq 7 (@)
Shrar@ i oo CRCF2EDTRGG )

Theorem 8. Let 7 : Q — R be a continuous function and o« > 0 and &, Dq.F be q-integrable
on Q°. If | @, DqF " is generalized exponential convex on Q, then the following inequality holds
forpt4rl=1:

([a+1}q—1)m1+(w1+Rm(a>z—a>1))> a(o+1)
y( A, _ (0, J%Z) (@1 + Ror (@2 — D1))
‘ [+ 1] RS o(@2 —@1) @1)q pAC
1
| 0D Z (@1)I7 / (1+q) [a+1]q—1 | @ DqZ (@2)|T 1 T
P 179 9 11
< Rpao(@2—@1) A9< X1 ((1+q]([a+1Jq12>+ Xz ((qu””q)z)
S Np Aol — W1

. (29)

1
+A% |mqu.¢(®1)|T(i_(1+q)[o¢+]]q71> | @,Dg7 (@zw( 1 ] ) v
10 (14+q) ([ex+1]q)?

x*®1 1+q  (1+q)(let+1]q)? X &®2 T+q
where
1
[o+1lq
o= | 1ot -0g (] odgy
0
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and

Aqo =

|— 01— @q(v){™ [ odgV-

|

[a+1]g

Proof. Using Lemma (21), Holder’s inequality and the generalized exponential convexity

of | o, Dq.7

7|7, we have

([ +1g =D @1 + (@1 + Rp 0 (@2 — @1)) Tqloe+1)
F - - 7))@ +R D) — @
‘ ( loe+ g ) R (g = op) @7 (@1 Rool(@2 = @1)
[ =01 —dg(v) HGJ]Dq (@1 + VR, 0(@2 —@1))[odgV
<Rp/7\,o'(®27®l) 0 1 ()
+ [ 1= 01— ®g())g" | @, Dg.F (@1 + YRy p, 0 (@2 — @1))| 0dqY
L [aﬂll]q
1
1
[oc+1]

q
[1—o(1— ch(V)

< Rpao(@2—@1)

1§ odgv

1
!

[o+T]q

| G)1qu?(m1 + 'Vpr,)\,G(QZ - (Dl))lr qu‘V

1

| 1= 0= @g(v) P odgy I 1o DgZ (@1 +VRox o(@2 — 1)) odgV
L g TatTlq
1 -
1 P
[at+1]g ()
g 1—o(1—Dq(v))q [P odgv
| 1
[oc+1] 0(+1J
| @, DqZ (@) 4 | @, DqZ (@) B
= quz [ (1=v)od VJF% [ vodgv
0 0
< Rpao(@2—@1) 1
0 () ’
+ { [—o(1=@g(v))q [P odqv
[t T]q
1
Dg.7 LI Do v 1
“Dl qu(@gml)‘ J- (1—V)0dq\/+‘®l qucw(za)ZH J- Voqu
L [al]]q [D(l]]q a
- 1 l
latlq (@) P
(o4
1= o(1—=Dg())g" '[P odqv
0
1
X(\mquf'r’(m)\T((1+q)[a+1] )+\91in9‘(@21“< 1 ) v
X*®1 (14q) ([ec41] )2 x*®2 (14q) ([ee4-1] )2
:Rp,)\,o‘(m27®1) 1 4
P
1
| T 1= 0= 0g(v)EP odgy
. 0 q q 0%q
To+lg
1
% \mquk*(‘}(@MT( q (1+q) [ac+1]q 1)+\m1Dq3’(@2)\T<L 1 ) v
L x*®1 T+q (1+q) ([ec+1] ] X *®2 1+q (14q) ([ec41] ]
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This completes the proof. O

Corollary 7. Under the assumptions of Theorem 8, if we set o« = 1, then

@1+Rp Ao (@2—@D1)

(1+Q)®1+3{pxu(@2*®1)> 1
F s — F (v dgv
< 1+q Roao(@2—@1) V) @1dg
w1
1
o1 (1o DgZ(@1)|" [ q®+2q | 0, DgZ (@2)|" 1 v
< _
< qRppo(@2 —@1) A9P( Xo@1 1+q?° + XX®2 (1+q?
1
v L 1oDgZ (@7 (¢ +q? — | @, Dq-7 (@2)|" [ q> +2 v
+Amp<“’1 et (q a 3q>+ e (q ‘l)) : (30)
X (1+q) X (1+9)
where
’ T (I+qPt(1—qrt)
and

* ! 1 P
Alo = J L <a 7\/) Odqv‘
T+q

Theorem 9. Let .7 : QO — R be a continuous function and « > 0 and g, Dq.7 be g-integrable
on Q°. If | @, DqF ", v > 1 is generalized exponential convex on Q, then

(@,Jq F) @1+ Rpao(@2—@1))

?<([a+1]qfl)co1+(a>1 +Rp,x,o(fozfa>1))>_ Tq(ac+1)
‘ [+ 1q R\ o(@2—@1)
1

1-1[ . |oyDgF (@)
Ag [As 21 quz 2+ A

Imquf(wz)Ir
XD(CDZ
=Rp,o(@ —@1) : .
1—+ | @, Dq.7 (@1)] | @, D
+A50 [Ay = +As

1
qﬁ(mz]\r] v

Xy

where

q
Ag = J 1= 01— @q(v))§™ |odqv
and

Al = 11— o(1— g(v)§lodgv.

1

[o+1]q

Proof. Using Lemma (21), power mean integral inequality and the generalized exponential
convexity of | ;Dq.7|", we have
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(lc+1lg =1 @1 + (@1 + Rp A, 0 (@2 — @1)) Tqlac+1) o
‘;( loc+1]q )_Rﬁ‘,x,g(mz,mumlq9>(m1+ozp,h,g(a>2—a>m

< Rpa,o(@2—@1)

< Rpa,o(@—@1)

< Rpa,o(@—@1)

=Rpa0(@—@1)

I 01— @) | 0, DgZ (@1 + VR a0 (@2 — @1))|0dgv
0
1

+ | = 01— ®q(v)§™ Nl @, DgZ (@1 + YRy a0 (@2 — @1))lodgv
Ta+1lq
1 17% 1
Tetla ()
[ 1= o= @3 lodgv

1
[ 1= 01— @) @, DgZ (@1 + YRy a0 (@2 — @1))| gdqv

1
Ta+1lq

11
1
T = o= @g(v)E Tedgv
Talq
1
f (o) '
{ [=0(1=®@q(v))q 'll @, DqgF (@1 + VR, Ao (@2 — @1))|" 0dqV
Ta g J
1 1*% ]
Ta+11q ()
[ =01 @q(v)i* lodgv
T llJ lr
g T 7 T
| @,DqF (@3)] | ©,DqF (@,)]
| \1—0(1—¢q(v)5“‘)l[(1—v) STy ]odqv
1-1
1
T o= @g(v)§™ Todgv
Tlnq
1
1 T T
| @,DgF (@1)] | @,DqF (@32)]
] \—dl—%(v))&“’\[(l—v) SLEACTIANIVE LT AL ]odqv
To+H11q i
. 1-1
a+lq ((X]
[1— (1= Dq(v)){* [odgv
T ll] T ll] ‘?
|, DgF (@) 7 714 |0, DgF (@) 7 11
TRl ] = 01— @g(v)E 1A= V) odgv + FEEGEEL [ 1= (1= ©g(v)§* v edgv
0
11
1
T 01— (v Todgv
ety
1
|0, DgZ (@)} o DgF (@) 7}
Lo lEIL [ = 0= @g (v 11— V) dgv + LI BT (1 @g(v))§™ [V odgv
1
TaHTgq Ta g

This completes the proof. [J

Corollary 8. Under the assumptions of Theorem 9, if we set o« =1, then
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D1+Rp a0 (@2—@1)

y<(1+‘1)®1 + R, 0@ —@1) 1

— F (v dgv
1+4 > Rono(@2—@1) Madg

@1
1

1 ‘wqu«f”"(wl)lr< a’+q ) leDq«?‘(wz)IT< 1 >>
< qR _
q p,A,o(G)z @1)<(1+q)3) < @1 (1+q+q2) + @2 (1+q+q2)

1
N |0, DgZ (@)|" (q? +q—1 +\wquﬁ(wz)lr 2 v
X l+q+q X2 1+q+q?

4. Conclusions

We have introduced the class of generalized exponential convex functions involving
Raina’s function. We have derived two new identities involving g-Riemann-Liouville
fractional integrals. Using these identities, as auxiliary results, we have derived several
new (-fractional estimates of trapezoidal-like inequalities, essentially using the class of
generalized exponential convex functions. We hope that the ideas within this paper will
inspire interested readers. The results of this paper can be extended by using other classes
of convexity, for instance by using the exponential preinvexity property of the functions.
One can also extend these results using the concepts of post-quantum calculus, which
is an interesting problem for future research. It is worth mentioning here that many
inequalities e.g., Lipschitz, Holders, Minkowski, etc., are used to solve the control problems
and stability analysis for dynamical systems; for details, see [14-19]. So it can also be an
interesting problem for future research to use the inequalities obtained in this paper to
solve physical problems.
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Abstract: The main goal of this article is to explore a new type of polynomials, specifically the Gould-
Hopper-Laguerre-Sheffer matrix polynomials, through operational techniques. The generating
function and operational representations for this new family of polynomials will be established.
In addition, these specific matrix polynomials are interpreted in terms of quasi-monomiality. The
extended versions of the Gould-Hopper-Laguerre-Sheffer matrix polynomials are introduced, and
their characteristics are explored using the integral transform. Further, examples of how these results
apply to specific members of the matrix polynomial family are shown.

Keywords: Gould-Hopper-Laguerre-Sheffer matrix polynomials; quasi-monomiality; umbral calculus;
fractional calculus; Euler’s integral of gamma functions; beta function; generalized hypergeometric
series; operational methods

MSC: 05A40; 08A40; 26A33; 33B10; 33C45; 33C50; 44A20

1. Introduction and Preliminaries

Significant discoveries in the theory of group representation, statistics, quadrature and
interpolation, scattering theory, imaging of medicine, and splines have led to the develop-
ment of matrix polynomials and special matrix functions. Numerous disciplines of mathe-
matics and engineering make use of special matrix polynomials (see, for
example, [1,2], and the citations included therein). For instance, many mathematicians
investigate and explore special matrix polynomials.

The Sheffer sequences [3] are used extensively in mathematics, theoretical physics,
theory of approximation, and various different mathematical disciplines. Roman [4] natu-
rally discusses the Sheffer polynomials” properties in the context of contemporary classical
umbral calculus. The Sheffer polynomials are given as follows (see [4], p. 17): Set p(7) and
q(T) power series, which are formally given as follows:

) _L_[
p(t) =Y p 7 (pe €C, L €Z>p; po=0, p1 #0), (1a)
= v
and . )
T
q(r) =Y q 7 (e €C e 90 #0), (1b)
- &

which are referred to as delta series and invertible series, respectively. Here and elsewhere,
let C, R, and Z be, respectively, the sets of complex numbers, real numbers, and integers. Let

]Egér, ]E<5, ]Ezg, and ]E>ér

be the sets of numbers in IE less than or equal to ¢, less than ¢, greater than or equal to ¢,
and greater than ¢, respectively, for some ¢ € R, where E is either Z or R.
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With each pairing of an invertible series q(7) and a delta series p(7), there is a unique
sequence s;(z) of polynomials that satisfies the conditions of orthogonality (consult [4], p. 17):

(a(0) p(0)[se(@)) = éric (LK € Zso), @

where 6, is the Kronecker delta function defined by 6y, =1 (¢ = k) and 6y = 0 (£ # k).
The operator (- | -) is unchanged from [4], Chapter 2.

Remark 1. The sequence sy(z) satisfying (2) is called the Sheffer sequence for (q(t), p(t)), or
s¢(=) is Sheffer for (g(t), p(T)), which is usually denoted as s;(z) ~ (q(7), p(7)). Remain aware
that q(t) and p(T) should be an invertible series and a delta series, respectively.
There are two forms of Sheffer sequences worth noting:
(i) Ifse(z) ~ (1,p(7)), the si(z) is said to be the associated sequence for p(T), or s;(z) is
associated with p(7);
(i) Ifsg(z) ~ (q(7),T), the sy(z) is said to be the Appell sequence for q(t), or s;(z) is Appell
for q(7) (see [4], p. 17; see also [5]).
If sy(=) is Sheffer for (q(T), p(T)), the Sheffer sequence s;(z) is generated by depending solely on
the series q() and p(T). To emphasize this dependence, in [5], the s¢(z) was represented by |, ,5().

Amid various Sheffer sequences’ characterizations, the following generating function
is recalled (consult, for instance, [4], p. 18): The sequence s, (=) is Sheffer for (4(7), p(7)) if
and only if:

1

q(p(7))

for every zin C, where f(7) = p~!(7) is the inverse of composition of p(T).

The particular polynomials of two variables are significant in view of an appli-
cation. In addition, these polynomials facilitate the derivation of numerous valuable
identities and aid in the introduction of new families of particular polynomials; see, for
instance, [6-9]. The Laguerre-Sheffer polynomials s/ (z, y) are generated by the following
function (consult [10]):

TP = Sk((E)
¢ p(r)zk_zo . £k (3)

o !
ey ol el @) = st o

for all z, y in C, where Cy(z7) denotes the Oth-order Bessel-Tricomi function, which pos-
sesses the subsequent operational law:

olga) = 3 TG exp-enz 1), 6
k=0 :
where
D1y = 5 (ne Bp). ©
Generally,
D5 p(@)} = 1 ) (a= 0 pa, )

where I' is the well-known Gamma function (consult, for example, [11], Section 1.1), which
is a left-sided Riemann-Liouville fractional integral of order ¢ € C (R(¢) > 0) (see, for
example, [12], Chapter 2). For some recent applications for geometric analysis, one may
consult, for example, [13,14].

As in Remark 1, the case q(7) = 1 and the case p(7) = T of the Laguerre-Sheffer poly-
nomials 1s/(z, y) in (4) are called, respectively, the Laguerre-associated Sheffer sequence
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and the Laguerre-Appell sequence, and denoted, respectively, by 1s,(x,y) and [ Ay(z, y)
(consult [15]).

Remark 2. For x € Z, let C*** indicate the set of all x by x matrices whose entries are in
C. Let 0(B) be the set of all eigenvalues of B € C***, which is said to be the spectrum of B.
For B € C***, let a(B) := max{R(w) |w € o(B)} and B(B) := min{R(w) |w € ¢(B)}. If
B(B) > 0, that is, R(w) > 0 for all w € o (B), the matrix B is referred to as positive stable.

For B € C**¥, its 2-norm is denoted by:

HB” = sup ”BPHZ,
5P ez
where for any vector p € C*, ||p[l2 = (o p)l/z is the Euclidean norm of p. Here p™ indicates the
Hermitian matrix of p.

If p(w) and q(w) are holomorphic functions of the variable w € C, which are defined in an open
set A of the plane C, and R is a matrix in C*** such that o(R) C A, then from the matrix functional
calculus’s characteristics ([16], p. 558), one finds that f(R) g(R) = g(R) f(R). Therefore, if Q
in C*** is another matrix with 0(Q) C A, such that RQ = QR, then f(R)g(Q) = ¢(Q)f(R)
(consult, for instance, [17,18]).

As the reciprocal of the Gamma function indicated by T~ (w) = 1/T (w) is an entire function of
the variable w € C, for any R in C***, the functional calculus of Riesz-Dunford reveals that the image
of T™1(w) acting on R, symbolized by T~1(R), is a well-defined matrix (consult [16], Chapter 7).

Recently, the matrix polynomials of Gould-Hopper (GHMaP) g (z, y; C, E) were intro-
duced by virtue of the subsequent generating function (consult [19]):

00 Tﬂ
Z gﬁ(a:, y; C'E)W = exp(21v2C) exp(E y"rl). (8)
n=0 :

Here C, E are matrices in C*** (x € Z~¢) such that C is positive stable and an ¢ € Z~.
Consider the principal branch of wh = exp (% log w) defined on the domain A := C\ (—co, 0].

Then, as in Remark 2, v/C is well-defined if o(C ) C A
The polynomials gfl (z,y; C, E) are specified to be the series

(V2C)"~'FEF itk

Y] [’71] n!
gn(z, 4 C,E) :Igmm ©)

As aresult of the idea of monomiality, the majority of the features of generalized and con-
ventional polynomials have been demonstrated to be readily derivable within a framework
of operations. The monomiality principle is underpinned by Steffensen’s [20] introduction of
the idea of poweroid. Following that, Dattoli [21] reconstructed and elaborated the idea of
monomiality (consult, for instance, [22]).

As per the monomiality principle, there are two operators M and P that operate on a
polynomial set {q(z) }scz_,, termed the multiplicative and derivative operators, respec-
tively. Then the polynomial set {;(z)}¢c7., is said to be quasi-monomial if it satisfies:

M{ge(2)} = qeia(e), Plae(@)} = Lagra(2), qo(z) = 1. (10)
One easily finds from (10) that
MP{qc(2)} = £ 4s(=), (11)
and L
PM{ge(2z)} = (£+1) q¢(=). (12)
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A Weyl group structure of the operators M and P is shown by the relation
of commutation:
[P,N] := PN — NP =1, (13)

where 1 is the identity operator.
As aresult of M" acting on gy (@), we may deduce the g, ():

g (z) = N"{qo()}. (14)

The matrix polynomials of Gould-Hopper g, (z, y;C, E) are quasi-monomial with
regard to the subsequent derivative and multiplicative operators [23]:

By = (vV2C)7'D,, (15)
and ‘
Mg = 2v/2C + (Ey(v2C)~(“"DL 1, (16)

respectively, where D, := %.

The generalization Fg (¢, B € Z>0) of the hypergeometric series is given by (consult,
for instance, [11], Section 1.5):

G|, :i Mwﬁ
Vi« Vg5 =0 (Vl)n"'(vﬁ)ﬂ n: (17)

«Fp(p, o) pas v1, ..., vp W),

where (¢), indicates the Pochhammer symbol (for ¢, 17 € C) defined by

(@), = TEtD) {1 (=0 geC\{oh, o

(9 @41 (E+n—=1) (y=n€lsy; {cC).

Here it is assumed that (0)p := 1, an empty product as 1, and that the variable w,
the parameters of numerators /4, ..., 4u, and the parameters of denominators v, ..., vg
are supposed to get complex values, provided that

(V]‘EC\ZS(),']':L...,’B). (19)
Recall the well-known generalized binomial theorem (consult, for example, [24], p. 34):
0 k
1-2"=Y (”%z @eC; e <1). 20)
k=0 :

Recall the familiar beta function (consult, for instance, [11], p. 8):

/O DA e (minfR(E), R(p)) > 0)

T(5)T(n)
NG

Here we introduce the Gould-Hopper-Laguerre-Sheffer matrix polynomials (GHLSMaP),
which are denoted by ¢ Lsf; (z,y, 2,C, E), by convoluting the Laguerre-Sheffer polynomi-
als 15,(z, y) with the Gould-Hopper matrix polynomials gl (z,y;C,E). The polynomials
15 (z,y, 2, C, E) are generated as in the following definition.

B(g, 1) = (21)

(& 1€ C\ Z<o).

Definition 1. The Gould-Hopper-Laguerre-Sheffer matrix polynomials gLsf1 (z,y, 2,C,E) are gen-
erated by the following function:
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1

q(p~(1))
Tﬂ

(o)
= Z gLsf,(m, %, % CE)—.
= n!

Fle,y 5 CE)(r) : = exp 220y (1) + Ey(p () o ()

(22)

Here and in the sequel, the functions p, q, Co are as in (4); the matrices C, E are as in (8), (9),
or (16); the variables z, y, z € C.

In addition, to emphasize the invertible series q and the delta series p, whenever necessary, the
following notation is used:

gLsfl(m,y, z,C,E) = Lsﬁ(m,y, z;C,E). (23)

9.8
Further,
gsﬁ(m, y;,C E) = gLsfl(:z:, y,0,C,E) (24)

is called the Gould-Hopper-Sheffer matrix polynomials.

Remark 3. First we show how to derive the generating function in (22). In (4), replacing y by the
multiplicative operator Mg in (16), and z by 2, we obtain

1 _
FO) =iy Col( ()

X exp Km@ p(t) + LEy(v2C) "D p~1 (1) Dﬁ1> {1}} . =
Recall the Crofton-type identity (see, for instance, [25], p. 12; see also [26]:
f(mMA%){l} = exp (A%) {f(@)}, (26)
with f usually being an analytic function. Setting £ =1 gives:
f<m+)\>{1} —exp <A£){f(m)}. @7)

Using (25) in (26), we get

F(t) = mCo(zP’l(r))exp <Ey(\/f)€D£> {exp(a:\/ip’l(r)) } (28)

By performing the operation in (28), with the aid of (32), we can readily find that F(T) is
identical to the F(z, y, z,C, E)(T) in (22).

Second, as in (ii), Remark 1, setting p(t) = p~1(7) = T in (22), we get the generating function
for the Gould-Hopper-Laguerre-Appell matrix polynomials (GHLAMaP) g1.C(z,y, 2 C, E) in [27].

Using Euler’s integral for the Gamma function I (consult, for instance, Section 1.1 in [11],
p- 218 in [24]), we get

b= /0 T e gy (min{R(), R(B)} > 0). (29)

Dattoli et al. [28] used (29) to obtain the following operator:

(zx - ;) PR % J) e e () d
1

- (30)
=t /0 u/ e f (x + u) du,
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for the second equality of which (27) is employed.
The following definition introduces the extended matrix polynomials of
Gould-Hopper-Laguerre-Sheffer (EGHLSMaP), which are indicated by ¢ Lsﬁlv(:c, v,z C, E;1).

Definition 2. Let R(17) > 0and R(v) > 0. Then the extended Gould-Hopper-Laguerre-Sheffer
matrix polynomials g Lsfw (z,y, 2, C,E; ) are defined by

et \ 7Y
g15h, (2,9, 2C En) = (q—yE(x/E) laam[) {Lsn(z,m\/f)}. (31)

In this article, we aim to introduce the Gould-Hopper-Laguerre-Sheffer matrix polyno-
mials via the use of a generating function. For these newly presented matrix polynomials,
we investigate quasi-monomial features and related operational principles. We also explore
the extended form of these novel hybrid special matrix polynomials and their properties
using an integral transform. Finally, we provide many instances to demonstrate how the
results presented here may be used.

2. Gould-Hopper-Laguerre-Sheffer Matrix Polynomials
The following lemma provides an easily-derivable operational identity.

Lemma 1. Let ¢ and 1 be constants independent of x. Also let £ € Z>¢. Then:

exp C@ {em}:exp(anrCW'). (32)
In particular,
d
exp<§ %> {"®} =exp(nz+En). (33)
Proof.
k
d* z - ék a' z z - 611[
exp<§w> {1} = z 7 me” = lg ( k!) :exp(rjac-i-giyé).
|

The following theorem shows that the Gould-Hopper-Laguerre-Sheffer matrix polyno-
mials g1.54 (2,9, 2 C, E) may be obtained by performing a suitable differential operation on
the Laguerre-Sheffer polynomials 1 s, (x, i) in (4) with some suitable substitutions of z and y.

Theorem 1. The following identity holds true:

—
gLsf,(m, y,2,C,E) = exp (yE(\/ZC) Di) {Lsn<z, :c\/ZC)}. (34)
Proof. Replacing z and y by z and zv/2C, respectively, in (4), we get
1 -1 -1 _v L
Wco(zp (T)) exp(:z:\/ZCp (T)) = n;OLsn(z, mVZC)E. (35)
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—L
Performing the operation exp {yE (\/ 2C ) Dﬁ} on both sides of (35), we obtain

5 exp[vE (v2C) ™ DL {150 (w200}

n=0

= oy Co(a7 @) e ok (v2E) " pi] fexp (v (@)} @9

=Y asn(zy%CE)—,
n=0 n

for the second equality of which (22) and (32) are used. Finally, matching the coefficients of
7" on the first and last power series in (36) gives the identity (34). O

Theorem 2. The Gould-Hopper-Laguerre-Sheffer matrix polynomials g1 5% (z,y, z;C, E) are opera-
tionally represented by the Gould-Hopper-Sheffer matrix polynomials gs',(z, y; C, E):

gish(2,y, 2 C,E) = exp[ 1(¢ZC)’le] {ssh(z5,CE)}. 37
Proof. From (22) and (24), we have
14
Xp | -1
o ())ep[¢ b <>+Ey(p ©)’]

- ZELS (z,y;C, E)
n=0

(38)

R -1
Performing the following operation exp {ngl (\/ 2C ) Dm} on each side of (38), and

using (5) and (33), in the same way as in the argument of Theorem 1, one may find the
desired identity (37). O

The following theorem reveals the quasi-monomial principle of the matrix polynomials
of Gould-Hopper-Laguerre-Sheffer g1 5!, (z, y, 2;C, E).

Theorem 3. The matrix polynomials gLsﬁ(m, y, z; C, E) gratify the following quasi-monomiality,
with respect to the operators of multiplication and differentiation:

i —(ev2C-D; (-1 _ 7 ((V20)7'Da)

1 (39)
“ (V20 1Da)
and
Pys = P((\/TC) 71Dz>, (40)
respectively.

Proof. Performing derivatives on each side of the first and second members in (22) about
z, k times, we derive

(V26" D) {F(e 5CE)0)} = (47(0)) Flau 5 CE) (1) (ke Zoo).  @D)
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In particular,
((@)71 D”) {F(z,y,%CE) (1)} = p'(v) F(z,3,%C,E)(7). (42)
Applying (41) to the series in (1a), we find
é%((xzﬁcrl Dm)k{P(m, v, %CE)(1)} = ;%(p—l(r))km% v %C,E) (D)},
which implies

p((v20) ™ D2) {F(z, 4,2 E)()} = p(p (1)) {2,y 2 C, E)(7)}

(43)
=1F(z,y,2CE)(1).
Then, utilizing the identity (43) in (22), we get
y p((\/ZC)_l Da)g1sh(3, 9, €, E)
"~ (44)
00 ’ Tn
; 1(z,y,2C, E)( —r

Now, identifying the coefficients of 7" on each side of (44), in view of (10), may prove
the derivative operator (40).
Next, in view of (5), we have

d -1 _d 1y A1 (1) -t -1
—Co(a7' (1)) = exp(—p T MD;){1} = = (p71(@)) D' o2 (7). (49)
Then, taking (45) into account, differentiating (22) about 7, we get

H

(o]
E Lsn+1 z,y, 2,C, E)i’l

B 1 i1 a1 4(rTN(D)
= ) G@M@(VTC) (=Dpt-t_p1— ‘M) (46)

> T

X Z gLsﬁ(m, y,2,C,E) —

n=0 n

Finally, applying (42) to (46), in view of (10), we can prove the multiplicative
operator (39). O

Remark 4. If p(7) is a delta series, then p'(T) is an invertible series. Therefore, the reciprocal
1/p' (p~1(7)) is well-defined in (46). O

Combining the multiplicative operator in (39) and the derivative operator in (40), such
as (11)—(14), we can provide several matrix differential equations for the matrix polynomials
of Gould-Hopper-Laguerre-Sheffer z1 s, (z, y, z; C, E). One uses (11) to illustrate one of them
in the next theorem, whose proof is simple and overlooked.

Theorem 4. The following differential equation holds true:

{( V2C — D, + (Ey(v2C) (VD! 7(VZ0)1D,) w
p((v2C)'D,)
p«mm} (e s CE) =0
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The polynomials g5 (z, y, 2; C, E) may yield numerous particular matrix polynomials
as special cases, some of which are offered in Table 1.

Table 1. Particular cases of the polynomials g Ls,ﬁ (z,y,2C,E).

S. Values of the Relation between Name of the Special Generating Functions
No. Indices and g LSf, (z,9,2C,E) Matrix Polynomials
Variables and Its Special Case
I (=2 g152(2,9,2,C,E) 3-Variable Hermite- W exp ((zp’l (1)v2C+ Ey(p~ (7)) )
= yrsn(z,y,2CE) Laguerre-Sheffer matrix xCo(zp (1)) = oi wisn(zy 5CE)Y ke

polynomials
(3VHLSMaP)

1I. z2=0 2155(2,9,0;C,E) Gould-Hopper-Sheffer-

= g5y L(z,y,C, E)

matrix polynomials

(GHSMaP)

1
a1 e"P(
= Z gS,.l(:B,y,C E
0

1(1)VC + Ey(p (7))
)i

. (=r—1,

gL sy (z,y,O C, E)

Generalized Chebyshev-

sy e (ap (VA + Ey(p () )

z2=0 =ysh(z,y;C,E) Sheffer matrix - of; ush(z, 4, C, E)TT",
n=0 i
polynomials (GCSMaP)
V. (=2, g152(2,9,0;C,E) Hermite Kampé de q(p*ll(r)) exp (wp—l (T)v/2C + Ey(p~! (T))Z)
z=0 = ysn(z, 4, C E) Fériet-Sheffer matrix = Of: wsn(2,y;C E) S
n=0
polynomials
(HKdJFSMaP)
V. z=0,z—y 155(y,D;1,0;C,E) Generalized Laguerre- W Co ( z(p~ )/)
y— D! =154(e, 4, C,E) Sheffer matrix X exp (yp’l (T)v2 ) ; sh(z,y;CE) S

polynomials (GLSMaP)

VL z=—-D!

e1sh(—Dz 1,4 CE)

= (grsn(z v, C,E)

2-Variable generalized

Laguerre type Sheffer
matrix

polynomials
(2VgLtSMaP)

7 Co (a1 (1V2C) exp (Ey(p

= 20 (Lsn(z, 4 C E) I
P

-1 (T))/)

VIL y=0,2z—g

zT—Y

154 (,0,2,C,E)
= 1sn(z,y,C)

Laguerre-Sheffer

matrix polynomials

(LSaMP)

it Coler™! (1) exp (w7 (1)V2C)
= ZO L5n(z, y}C),TTV!X

n=

Remark 5. For the particular matrix polynomials demonstrated in Table 1, we may offer some
properties corresponding to those in Theorems 1—4.

We may get a variety of outcomes that correspond to the above-presented results by varying
the invertible series q(T) and the delta series p(T). As in Remark 1, the following corollaries give
the corresponding results to those in Theorems 3 and 4 for the associated and Appell polynomials.

Associated Polynomials

Corollary 1. The associated polynomials | ¢ 185(2,y, 2,C,E) satisfy the following quasi-
monomiality with regard to the operators of multiplication and differentiation:

M= (:z:\/ZC —-D;'+ éEy(\/ZC)’“’l)D’;’l) !

7 (V20)1D,) @

[1p]
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N —1
and B = p((\/zc) Dm>, (49)

respectively.

Corollary 2. The associated polynomials [Lp]gLsﬁ(m, y,2,C,E) satisfy the following
differential equation:

{(1@ — D, + (Ey(v20)IDL 1)
(50)

X 7)) - n} []'p]gLSﬁ(w, v,z C,E) =0.
T

Appell Polynomials

C(')roll'ary 3. The Appell polynomials o)1) g.Lsﬁ. (zy 2 C, E) g(atify the following quasi- mononti-
ality with respect to the operators of multiplication and differentiation:

lg(0)7]

1 . —(av2C—Ds e 1((V20)7IDs)
MgL5—< V2C — D! + (Ey(v2C) "V pit (/20 1D.) (51)

and

P (\E) “'p., (52)

() " ELs =

respectively.

Corollary 4. The Appell polynomials [q<T),T]gLst(:c, y,z,C,E) gratify the following
differential equation:

2/2C - D' () Hq’((\/f)le)>
{ (v ostarsm o - T -

x V2C) Dy — n}[qngsf,(z, vy, 2 C,E) =0.

3. Extended Gould-Hopper-Laguerre-Sheffer Matrix Polynomials

Fractional calculus is a well-established theory that is extensively employed in a broad
variety of fields of science, engineering, and mathematics today. The use of integral trans-
forms and operational procedures to new families of special polynomials is a reasonably
effective technique (consult, for instance, [28]).

This section provides some properties for the extended Gould-Hopper-Laguerre-
Sheffer matrix polynomials in (31).

Theorem 5. Let R(1) > 0 and R(v) > 0. Then the following integral representation for the
extended Gould-Hopper-Laguerre-Sheffer matrix polynomials ¢ Lsfw (z,y, 2,C, E; ) holds true:

eL5u, (2,9, 2 C,Einp)
1

= m/o el gLsﬁ(m, yt, z,C, E) dt.

(54)

Proof. Let L be the left-sided member of (54). Using (29) and (31), we have
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1 e e ot
= — —ntr—1 K
L F(v)/o e 't exp<yEt(\/f) a#’) {Lsn(z,w@)}dt -
- ﬁ /000 e M g rsl(zyt, 2,C E) dt,

the second equality of which follows from (34). [

The following theorem gives the generating function of the EGHLSMaP.

Theorem 6. The following function generates the extended Gould-Hopper-Laguerre-Sheffer matrix
polynomials g1s., ,(z,y, 2 C,E;n):

xp(zv/2Cp =1 (u))Co(2p~ L (u ad u”
SR (1 BT~ ey BB 69

Additionally, the following differential-recursive relation holds true:

0 ,
% gLsfw(m, y,2z,C En)=—v gLsﬁ/H](m, y,2,C,E; ). (57)

Proof. Multiplying each member of (54) by Ly’l—',’ and adding over 7, one derives

u}‘l

o0
Y esiu (29,2 C En)—
=0 n:

o (58)
= Z b /oo e Mt st (3,4t 2, C E)gdt
=T Jo E O T
Using (22) in the integrand of the right-sided member of (58) gives
n

E gLsn,v(ml y,2,C,E; 7])*|
n=0 n

_ Col(a(p~" (u))") exp(2v2Cp~ (1)) /"" ol Ev( ) Y1 gy
q(p~"(u))T(v) 0 '
the right member of which, upon using (29), leads to the left-sided member of (56).
Differentiating each member of (56) about 77, one may get (57). O

The following theorem reveals that the EGHLSMaP g Lsf,,l, (z,9, 2C,E;n) is an exten-
sion of the GHLSMaP gLsﬁ (z,y,2C,E).

Theorem 7. The following identities hold true:

exp(2v2Cp ! (u))Co(zp~" (1)) PN
- 1Fi(v; 1 Ey(p™ (u))
q(p=t(u)) ( ) 59)

e A un
= 2gLsﬁ,v(f“/Dy],Z;C,E;l){l}?;
n=0 !
e15n(2,9, %, C,E) = g5y (2. Dy !, 5 C E 1) {1} (60)

Proof. Takingy =1land y = D; Lin (56), we get

(@I @) Colep™ W) (1 1)
G(y;t) = 2P q(pfl(u))o (17EDy1(p 1(u))*) 1. (61

Using (20), we obtain
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(1-E0y 0 "ar= 1 G ()" D)
& W By (p ()" (62)
B n;o (1), n!

=1h (V; 1 Ey(rfl(u))“),

for the second and third equalities of which (6) and (17) are employed, respectively.
Now, setting the last expression of (62) in (61), in view of (56), we obtain (59).
Noting

, B ‘
1 (153 Eup0)) = ep(Ey(p 1)),
we find that the resulting G(#;1) is the generating function of the Gould-Hopper-Laguerre-
Sheffer matrix polynomials g Lsﬁ (z,y, z,C, E) in (22). We therefore have

n

0 Al ut & u
gLSnJ(f"rDy ,z;C,E;l){l}m = 2 gLsy,(:c,y,z;C,E);,
A !

e

n=0

which, upon equating the coefficients of 1", yields (60).
The identity (60) may be obtained as follows: Combining (31) and (34) gives

A —L ¢
gLSfL(iﬂr 4,2 C,E) = (1 - Dy_lE(\/ 2C> Dﬁ) exp (yE<\/2f) Di)

x {grsha(@ Dy, % CE1) }.

As in (62), we find

O

Remark 6. As in (i), Remark 1, the Laguerre-Sheffer polynomials 1 s, (z, y) reduce to the Laguerre-
Appell polynomials 1 Ay (z,y) (see [15]). Additionally, taking p~'(u) = u in the generating
Equation (56), we can get the generalized Gould-Hopper-Laguerre-Appell matrix polynomials
gLA{,/U(m, y,2,C, E; i) (see [27]).

The following theorem reveals the quasi-monomial principle of the extended Gould-
Hopper-Laguerre-Sheffer matrix polynomials ¢ Lsﬁl,, (z,y,2C E;n).

Theorem 8. The matrix polynomials g Lsf,,v (z,y, 2 C, E; ) satisfy the following quasi-monomiality
with regard to the operators of multiplication and differentiation:

. (2 oAl —(0-1) (=1 _ Mw)
M,,s, ( V2C D, EEy(\/f) D,D, q((\/27C)’1Dz) 63)

—_

and

ﬁgl,sV = P<(@>71D2>/ (64)

respectively. Here Dy := a%-
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Proof. From Theorem 3, we have

(wf_ ;1 4 PEy(v/30)-(-DpLt - q'((m)”””))

q9((v2C)~1Dy)

. (65)
14 14
X ————————518,(x,9,2C,E) =518 z,v,2,C,E),
p,((\/f)_lD$)gL n( Y ) gL 74+1( Y, )
and ,
p((\/ZC) Dm>gLs,[7(m,y,z;C,E):ngLsfFl(m,y,z;C,E). (66)

Replacing y by yt in each member of (66), multiplying both members of the resultant

identity by ﬁe’”ttv’l, and integrating each member of the last resultant identity with

respect to t from 0 to oo, with the aid of (54), one obtains

-1
P((V 2C) Dm> {gLSﬁ,v(w, v #%CEn) | = ngis, 1,(a,y 5 CEn),

which proves (64).
Furthermore, replacing y by yt in both sides of (65), multiplying both members of the
1

resultant identity by me””t”’l, and integrating both sides of the last resulting identity

with respect to t from 0 to oo, with the help of (54) and (57), one can derive

Mgst{gLSﬁ,v(mf ¥ 2C, Eﬂ?)} = g15n410(% 9,2 C E;7p).
This proves (63). [

As in Theorem 4, using the results in Theorem 8, a differential equation for the
extended Gould-Hopper-Laguerre-Sheffer matrix polynomials g Lsfw (z,y, 2 C, E;n) can be
given in Theorem 9.

Theorem 9. The following differential equation holds true:

2/2C— D, - “e-np. pr1 1 ((V20)"Ds)
{( V2C - D, ! — (Ey(v/2C) D, D} 7(v20) D2 o
p((vV2C)'Dy)

X W - n}gLsf;’V(m, y,2,C,E;n) =0.
T

As in Table 1, Table 2 includes certain particular cases of the extended Gould-Hopper-
Laguerre-Sheffer matrix polynomials & Lsf,/v(:z, y, z;C, E; 1), among numerous ones.

Table 2. Special cases of the EGHLSMaP gLsf,,V(a:, y,z,C,E;1).

S. Values of the Indices Name of the Hybrid Special Polynomials Generating Function
No. and Variables

~1 -1
I (=2 3-Variable extended Hermite-Laguerre-Sheffer exp((ap (1) V2C)Co( Z(uv))

a(p= ) (1-Ey(p~'(0))?)
matrix polynomials (3VEHLSMaP) = L Hisny (29,2 CEn)%
n=|
-1

1L z=10 Extended Gould-Hopper-Sheffer-matrix exp(ep_!(1)V2C)

9(p~1 () (1-Ey(p1(w)")"
polynomials (EGHSMaP) =X gsfw(z, y,C,E,n) ;—T

n=
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Table 2. Cont.

S. Values of the Indices Name of the Hybrid Special Polynomials Generating Function
No. and Variables
P —1
m.  (=r-1, Extended generalized Chebyshev-Sheffer exp((ep ! (1)v2C) v
0 w) (n—Ey(p—))
z=0 matrix polynomials (EGCSMaP) Z ushv(z,9,C,E, V])L,
I\A (=2, Extended Hermite Kampé de Fériet- exp(ap! (1)v2C) -
9y~ < ) (1—Ey(p— (0))%)
z=0 Sheffer matrix polynomials (EHKdFSMaP) Z wsny(z, y;C,E, 1) T—',’
n=0
V. z=0,z— Extended generalized Laguerre-Sheffer Cﬂ( (r200) )
CoT e 8 8 i (u))(v W2Cp 1)
y— D! matrix polynomials (EGLSMaP) ): Ls,, (2, y,CEn) L’,’
n=0
P -1
VL. z=-Djl, 2-Variable extended generalized Laguerre Cofzp”! (1) 2C) N7
9(p~ () (1—Es(p~' ())")
z=0 type Sheffer matrix polynomials 2VEgLtSMaP) = Y. 1 rsnv(z,y;C E, 1) %
n=0
VIL. y=0,z—g, Extended Laguerre-Sheffer CU(EP?I(” )
a(p () ) (n-yv2Cp~' (u))"
z—y matrix polynomials (ELSaMP) Z Lsny(z,y,Cn) oy gl

Remark 7. As in (i), Remark 1, if q(t) = 1, the Laguerre-Sheffer polynomials 1s,(x,y) reduce to
the Laguerre-associated Sheffer polynomials | , 15 (x, y). The extended Gould-Hopper-Laguerre-Sheffer

matrix polynomials gLsﬁ (29,2, C,E;n) reduce to the extended Gould-Hopper-Laguerre-associated
Sheffer matrix polynomials (EGHLASMaP) , ¢ Lsn (2,9, 2,C, E;n). The following corollary contains
the results for EGHLASMaP corresponding to those in Theorems 5-9. [

Corollary 5. (i) Let R(17) > 0and R(v) > 0

1 © g v—
[1,p]gL5;[1,y(ﬂ’3,y, Z;CrE;U) = W/O e Mu! 1[ »8L5n ('7: yu, z,C, E) du. (68)

(ii) The polynomials , g Lsh (2,9, 2,C, E; ) are generated by means of the following function:

/a~. —1 -1 o n
exp(:zu)Z({:;J (;;()pcfl((zf))z(}lﬁ)) =) [1,p]gL5ﬁ,v(m, v, 2,C, Eﬁ?)%- (69)
- n=0 .
Additionally, the following differential-recursive relation holds true:
9
% [1,,;]gLS£,v(mr y,2,C E; 77) = 7V[1,p]gLsf1,v+1 (:l:, ¥, 2 C, E; 7]) (70)

(iii) The matrix polynomials , g Lsﬁ (2, v, 2, C, E; 1) gratify quasi-monomiality with regard to
the following operators of multlplzcatzon and differentiation:

/ 1
- —(e-1) A
1 Mgss, =(ov/2C = D~ 1Ey(v20) "Dy )p/((\/f)*lDz) 1)
and
. —\ 1
[Ln]PgLS”:p<( 2C) Dz)' (72)
respectively.
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(iv) The following differential equation holds true:

{ (mm —D;' — tEy(v/2C)~ VD, D/i71>
((v2C)~1D,) (73)
* ;J/((T)JDZ) B n}[l,p]gLsfl,v(m/ y,2,C, E,U) =0.

4. Remarks and Further Particular Cases

The 1 F; in (59), which is called the confluent hypergeometric function or Kummer’s
function, is an important and useful particular case of 4Fg in (17). It also has various
other notations (consult, for instance, [11], p. 70). For properties and identities of 1 Fj,
one may consult the monograph [29]. In this regard, in view of (59), one may offer a vari-
ety of identities for the ¢ Lsf,/v (z, D; 1,2 CE1) {1}. In order to give a demonstration, the 1 F;
in (59) has the following integral representation (consult, for instance, [11], p. 70,
Equation (46)):

1 (v 1 Ey(p ™t (w))

! Lt Ey(p ') ) dy (0 <R 1 7
— o e ee(B(p ) )i 0<R0) <1,
Further, using (35) and (59), with the aid of (21) and (74), one may readily get the
following identity:

0 A-1 . .
gLy (% Dy 7,z C E;1){1}

(75)

Bl
- kZ: ﬁ (E9)* 0y LSn—0k (2, 2V 2C).
—o (& ’k)!

The hybrid matrix polynomials introduced in Sections 2 and 3, besides the demon-
strated particular cases, may produce numerous other particular cases as well as corre-
sponding properties. In this section, we combine the findings from Sections 2 and 3 with
several well-known (or classical) polynomials to derive some related identities.

(@) The Hermite polynomials H,(z), which are generated by the following function
(consult, for example, [30]):

) "
exp2eTr —7%) = Y Hy() -+ (76)
n=0 :
belongs to the Sheffer family by choosing
a@) = p(r) =5, and pl(r) =20 77)

in (3).

For these choices of (7) and p(t) in (22) and (56), the GHLSMaP ;s (x,y,z; C, E)
and the EGHLSMaP g Lsfw (z,y, 2 C,E;n) are called (denoted) as the matrix polyno-
mials of Gould-Hopper-Laguerre-Hermite (GHLHMaP) g1 HY (z, y, 2;C, E) and the
extended matrix polynomials of Gould-Hopper-Laguerre-Hermite (EGHLHMaP)
gLHﬁ,V (z,y,2,C, E; 1), respectively.

Some identities corresponding to those in Sections 2 and 3 are recorded in
Tables 3 and 4.
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Table 3. Results for the GHLHMaP ¢ H. (<, y, z;C, E).

Results Expressions

Generating function:  exp (Z:ET\/ZC + Ey(21)¢ — Tz) Co(227) = ¥ g Hl(2,y,%C, E)%

n=0
—1
c s . ~ A (E 1 /2C)" D,
Multiplicative and M, = (a:\/ 2C- D1+ (\/Tc)yufn 788# - ( 2) )2,

derivative operators: P .g=-——

) -t -1
Differential equation: ((a:\/ 2C — D;l + (Ey o m) (\/ ZC) Dy — n)

(+/2C)(-1) 9z’ 1 2
XgLHﬁ(z, y,2,C,E) =0.

Table 4. Results for the EGHLHMaP g1 HY (2, y, % C, E; ).

Results Expressions
. . 227v/2C) Cy (22T ® ) "
Generating function: 7&2&&7@()2;;5; ) — 20 gLHfm/(z, v,z C En) 5.
n=
-1
R 5 _ 51 (E o vaC) D,
Multiplicative and MgLHv = <a:\/2C -D;" — (\/i)l{rfn ST — ( 2) >2,

- N (v2©) 'D.
derivative operators: Py, = 35—

-1
. . . A ( : V2C) D, -1
Differential equation: <<z\/2C -D;'+ (\/2%%71) M;’; T — ( 2) > (\/ZC) Dy — n>
xgLHS (2,9, 2, C, E;a) = 0.

(b) The truncated exponential polynomials e, (z), which are generated by the following
function (consult, for example, [31], p. 596, Equation (4); see also [32]):

T o) P
= Laeh 79
n=0 :

belong to the Sheffer family by choosing (7) = 1%; and p(t) = 7. Asin (a), the
GHLSMaP gs4(z,y, 2 C,E) and EGHLSMaP 45!, ,(z,y, 2 C,E;7) are called (de-
noted) as the Gould-Hopper-Laguerre-truncated exponential matrix polynomials
(GHLTEMaP) ¢ LefT (z,y, 2,C, E) and extended Gould-Hopper-Laguerre-truncated ex-
ponential matrix polynomials (EGHLTEMaP) ¢ Lef,/v(:z, y, 2,C, E; 17), respectively. As in
(a), their properties are recorded in Tables 5 and 6.

Table 5. Results for the GHLTEMaP g el (2, y, 2; C, E).

Results Expressions

) p 1
Generating function: ]%r exp (a:t\/ 2C+ Eyt‘/) Co(zt) = ¥ greh(z,y,2CE)L.
n=0 i

e - N .
Multiplicative and M,,e = 2v2C — D'+ (\/2%% 5 aazf,]. - ]7(\/%)71[) ,

-1
derivative operators: P,e= (\/ ZC) Dg.

(V200 9T 1-(v20) 1D,

Differential equation: ((z\/ 2Dyl thy ot +> (v2C)~'D, — n)
XgLef,(:r,, y,2,C,E) =0.
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Table 6. Results for the EGHLTEMaP gLef,,V(z, y,2,C E; ).

Results Expressions
. Lo 1 exp(wﬁ)CMzu) i n
Generating function: L i L Z gLl (%9, C Ea)l.

Multiplicative and

derivative operators:

MgLer =zv2C — D;

1

_ Ey _ 1
(\/zcw 1 anaz”l 1-(v20)~1D;”

Py = (V2C) Da.

Differential equation:

(Ey 3t
(v2C)(=1) 9ada!—1

(CEas et V.

xgreh,(z,y 2 C Ea)=0.

(©

The Mittag-Leffler polynomials M;(z), which are the member of associated Sheffer
family and defined as follows (see [4]):

1+ T
(1—7) ZM" n

by choosing 4(7) = 1 and p(7) = eT+1 As in (a), the GHLASMaP g; 5t (2, vy, 2,C, E)
and the EGHLASMaP ¢!, (2, 2 C, E; 17) are called (denoted) as the Gould-Hopper-
Laguerre-Mittag-Leffler matrix polynomials (GHLMLMaP) ¢ LM,ﬁ(a;, y, 2;C,E) and the
extended Gould-Hopper-Laguerre-Mittag-Leffler matrix polynomials (EGHLMLMaP)
g LMfl,,,(:c, v, z,C, E; 17), respectively. As in (a) or (b), their properties are recorded in

(79)

Tables 7 and 8.

Table 7. Results for the GHLMLMaP LM,ﬁ (z,y,2C,E).

Results

Expressions

Generating function:

exp(mm(w)rmm(%) Jeo(=m(E2))

= Z gL Mi(z,y,2,C, E) 5.

n=0

Multiplicative and

derivative operators:

) (v20)"1Ds 4 q ?
0 — (=5 D1 T ERG +1)
Mm = 2v2C-D," + (v2C)(1) 9zT 2 (V20 1Dz
P V) De_q

gtM = (V20 1Dz 41"

Differential equation:

A1 (E a1 2(v2C) 1Dz _q
<<ZV 20-D 4 (\/f)%fn o '> T, ">
XgLMf;(m,y, zC,E)=0.

Table 8. Results for the EGHLMLMaP g M., ,(,y, % C, E; 7).

Results Expressions
. . ex ln lﬂ V2C)Co( zIn lj—: © n
Generating function: p(zin( (ﬂ E)yln@)“u)(z)‘ () ngogLMﬁ,v(zr v,z C En)k
V0102 1)
e ~ _ A (E o (U +1)
Multiplicative and M, m, = <:z:\/2C - - (\/Tc)lg"*) aaw,1> 7SV TD;

o(V20)"1Da_q

derivative operators: PSL M, = ST
Differential equation: z/2C— D! — (Ey 9 B "
9 ’ 2 (V20) (1) aada’ 1 ) 3 (Va0 1Da

XgLMfw(m, y,2C, E;n) =0.

Numerous necessary and sufficient properties for Sheffer sequences, accordingly,
associated sequences and Appell sequences have been developed (see [4], pp. 17-28). In
addition to the identities in Corollaries 3 and 4, here, we record several identities for the
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References

Appell polynomials | ¢ 155 (2,9, 2, C, E) in the following corollary, without their proofs
(see [4], pp. 26-28).

Corollary 6. The following identities hold true:
(@)
NG|
o glSh (@Y 5 C,E) = q((x/ZC) D$> {z"}. (80)

(b)
. ;C,E
[,,(T),T]gLsn(ml + x, Y, 2L, )

" n ) . @)
Z <k) Wr),r‘gLSﬁfk(ml/yr 2 C,E) (foz) .
k=0
(c) (Conjugate representation)
[a(0),7] EQLSPZZ (:B, x C, E)
(82)

-£ () (02 ") ]2

5. Conclusions and Posing a Problem

The authors introduced a new class of polynomials, the Gould-Hopper-Laguerre-Sheffer
matrix polynomials, using operational approaches. This new family’s generating function
and operational representations were then constructed. They are also understood in terms
of quasi-monomiality. The authors also extended Gould-Hopper-Laguerre-Sheffer matrix
polynomials and explored their characteristics using the integral transform. There were other
instances for individual members of the aforementioned matrix polynomial family.

It should be highlighted that the polynomials presented and studied in this article are
regarded to be novel, primarily because they cannot be obtained by modifying previously
published findings and identities, as far as we have researched. Also, the new polynomials
and their identities are potentially useful, particularly in light of the tables” demonstrations
of some of their special instances.

Posing a problem: Provide some new instances (which are nonexistent from the
literature) for those novel polynomials, such as Gould-Hopper matrix polynomials and
Gould-Hopper-Laguerre-Sheffer matrix polynomials.
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N o U oe W

Abstract: In this article, we established a new version of generalized fractional Hadamard and
Fejér-Hadamard type integral inequalities. A fractional integral operator (FIO) with a non-singular
function (multi-index Bessel function) as its kernel and monotone increasing functions is utilized to
obtain the new version of such fractional inequalities. Our derived results are a generalized form of
several proven inequalities already existing in the literature. The proven inequalities are useful for
studying the stability and control of corresponding fractional dynamic equations.

Keywords: bessel function; harmonically convex function; non-singular function involving kernel
fractional operator; harmonically convex function; Hadamard inequality; Fejér-Hadamard inequality

MSC: 2010: 33C10; 11K70; 33B20; 52A41; 05B20; 26D07

1. Introduction

In the present era, fractional integral operators involving inequalities are widely
derived by [1-4]. These fractional integral operators of any arbitrary real or complex order
involve a different type of kernel. The field of fractional calculus has gained considerable
importance among mathematicians and scientists due to its wide applications in sciences,
engineering, and many other fields [5-9]. Hadamard and Fejér-Hadamard type inequalities
have been discussed for many functions using different fractional operators with different
kernels. Abbas and Farid [10] proposed the Hadamard and Fejér-Hadamard type integral
inequalities for harmonically convex functions using the two-sided generalized fractional
integral operator. Farid et al. [11,12] discussed these results in generalized form with
an extended generalized Mittag-Leffler function. Hadamard and Fejér-Hadamard type
inequalities are widely studied by the researchers [12-19]. The objective of this paper is
to derive Hadamard, Fejér—-Hadamard, and some other related type inequalities for the
harmonically convex function via a generalized fractional operator with a nonsingular
function as its kernel, which involves a multi-index Bessel function. For a recent related
weighted fractional generalized approach, we refer to [20].

Hermite-Hadamard inequality and Fejér-Hadamard inequality are given by

Fractal Fract. 2021, 5, 54. https:/ /doi.org/10.3390/fractalfract5020054
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Theorem 1 ([21-23]). The inequality derived on the interval I = [u,v] C R called Hermite
Hadamard inequality is given by

o5 < f o 20300

@
where u,v € I, withu # vand p : I — R is a convex function.
Theorem 2 ([21,24,25]). The Fejér-Hadamard inequality is defined for a convex function p : I —

R and for a function y : I — R, which is non-negative, integrable, and symmetric about “52,
defined by

15 frwew (oo PO [ riga

u

where u,v € I, with u # v.
Definition 1 ([21,26]). A function p : [u,v] — R is said to be convex if

pltx+ (1= 1y] < to(x) + (1= Dp(y) )
holds for all x,y € [u,v] and t € [0,1].

Definition 2 ([21,22]). Let I be an interval of nonzero real numbers. Then a function p : [ — R
is said to be harmonically convex if

uv

”[m} < tp(v) + (1= t)p(u) @
holds for all u,v € Iand t € [0,1].

Definition 3 ([21,27]). A function p : [u,v] — R where I C R contains nonzero real numbers is
said to be harmonically symmetric about 52 if

P[H :P[#] ®

t € u,v]
Definition 4 ([28,29]). The Pochammer’s symbol is defined for s € N as

(1, fors=0,u #0,
(V)S_{ up+1)---(p+s—1), fors>1, ©)

where p € C.

Definition 5 ([30]). The generalized multi-index Bessel function defined by Choi et al. as follows;

I(Z/)m,,\ t) _ (/\)VS (71‘)5, (7)
s=0 (1) TT T(yjs + 7+ 1)

=

j=1

where Yjs Tj,A €eC,j=123"--mRA)> 0,%(17) > -1, % %(’yj) > max(0: R(c) — 1),

c>0.
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We define the following generalized fractional integral with a nonsingular function
(generalized multi-index Bessel function) as a kernel.

Definition 6. The generalized fractional integral operators (left and right-sided) containing the
multi-index Bessel function in its kernel are, respectively, defined by

(Zale) @) = [z =m0 ez - M)l ®)
and

(7o) @) = [t =2y e = 2y, ©)

m

wherey;, T, A,g € C,j=1,23---mR(A) > 0,R(1;) > —1, & R(yj) > max(0: RN(c) - 1),
j=1

o>0andp € L{u, 0|, t € [u,0)].

Remark 1. 1. Ifwe put ¢ = 0, m = 1 and replace T; by 7T; — 1, it reduces to left and right-sided
Riemann—Liouville fractional integral operator.

2. Main Results

In this section, we present Hadamard, and Fejér—-Hadamard type inequalities for
harmonically convex functions by employing the new generalized fractional integral
operators with a multi-index Bessel function as its kernel. We also establish a new version
of inequalities by expressing the generalized fractional integral operator as the sum of two
fractional integrals.

Theorem 3. Let 0,1 : [a,b] = R, (0 < a < b, range(y) C [a,b]) be functions such that

0 € Ly[a,b] is a positive and harmonically convex function and 1 is differentiable and strictly
increasing on [a,bl, then for the integral operators defined in Definition 6, we have

a)p(b i)
9(4;2(% iwgé(g)) (707 <)W)> 1) (ﬁ)
—2{{%77}; k 9°”}( (b))HyAZ];(m 9""}(4;%)]

%
<] M ] ((qmj;;’"}ﬂ) 1) (ﬁ), (10)

where p(x) = L forall x € [}, 1].

Proof. If 6 is harmonically convex on [a,b], for every x,y € [a,b], the following inequal-
ity holds

POPW) \ _ () + 0 ()
o <>+1,v<y>)S 2 ' 1

P(@)(b) @)
7 and 90 =

Now, taking $(x) = 5730 tyy(a P@) + (- 090) |

tion (11), we have

29(a)p(b) b) (
%(5m+9) <Gt a-m@) T G@ - em)
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By multiplying by (1 — ¢)° J] "’A (g (1 —1t)") and then integrating over [0, 1], we get

2@9(E) \ [y _ o ,.
20y ) Jy 1~ O -
< [l aa-om {e(titt)

2¢(a)y(b) 1 (15,5)m 1
29<w(a>+¢<b>>[gu)¢,g,,>] T (5w)
o(=0)° ! Tty b)
—Z (s1) (7]s+r,+1){/ (-1 ]H]9<tlp(b)+(1— a
" P(@)p(b)
+/ (-7 (w() <1—t)¢(b)>‘“}'

Solving the integrals involved in right side of inequality (13) by making substitution

1 = —lp(u)l’b(b) in first integral and — = $(a)y(b) in the secon
u " (D) + (- p(a) T rstintegraland s = (1 fyp(p) " e second

integral, we have

9< 2¢p(a)y(b) >y(7i/'ff>m 1<ﬁ>

9(@) +90) ) rotit gl

1 (t)m 1 ) (Vi) ( 1 )}
< |g i go + 70 g . 14
<3| I RN T ) AV E M TN T 9

To obtain the second part of the inequality, the harmonic convexity of 8, we have the

following relation
Y@ () P@)p()
"(t¢(b)+(1 4)1,}(@) “’(tzp(a) i 7t>¢<b>) <Ol +8(p(t)- - (5)

Multiplying by (1 — t)TIJ 7’ " l(C (1 —#)7) and integrating over [0, 1] in Equation (15)

we have

/0( )J7 (C(l—f)”e(tw(b)ﬂl—t)¢(a)>dt
O Y(@)p(b)
e -Gt g )

('Y//Tj)m 1
< [otvta) +owen] 7,770 . (W) 16)

Solving the integrals involved in the left side of inequality (16) by making substitution
1 p(a)p(b) L p(a)p(b) - -
—=——"7122 _ _infirstintegral and — = in the second inte-
u )+ (1-19(0) B T () + (119 ()
gral, we obtain
1 ('Y] />m < 1 >:|
- 0on () + A sty
9(4]01 )+9(lp(b)) ('Y/ ])m 1
< —_— ey .
< [ Tttt \ @) “

Combining (14) and (17), we get the desired result. [
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Corollary 1. If (x) = % in Theorem 3 then the following inequality holds

(5] (7 ) ()
5%{ Azlc/ 1 90”(5)*‘%(3];()’” 90”(%”

0 +0(} T
{ &) (b)MyA(,ZJ,éf()zwl) (%) 18

Now, we derive the following Lemma before giving the next result.

Lemmal. Let 6,9 : [a,b] — R,0 < a < b,range(y) C [a, b] be functions such that 0 is positive,
0 € Lq[a,b], and 1 is differentiable and strictly increasing. If 0 is a harmonically convex function

1 1
on [a,b] and satisfies 0 —— ) = 0 (—) , we have
s () I —

(1) m _ 1 imm 1 (%) 1
Tty >)+9°’*(¢( )) 2[%05( e 9°"(¢(b)> ‘%ag(%)ﬁ"”(q}(a))
9(%@)”,

1
6o —, 19
i H (G )

where pu(x) =1, vx €[}, 1].

Proof. Consider

('erT])m 1 )
y}‘/”'g;(w(lm oo (1/1(”)

HORIG Pla) — 9()
Putting u = ﬁ + ﬁ — ¢(x) and using 9<lp(1x)) = 9(m) in
Equation (20), we have
T 0on(i) = Tl eon (g ) ey
By the addition of gﬁ{’g’(%ﬁo o (k7 ) in Equation (21) on both sides, we have the

required result. [

Theorem 4. Let 0,,7 : [a,b] — R, (O < a < b,range(y),range(n) C [a, b]) be functions
such that @ € Ly[a, b] is a positive function, ¢ is a differentiable and strictly increasing function and
. . . . 1 — 1 .

1 is nonnegative and integrable and satisfies 1 (T(x)) n (7%_*_%)_#}(” ), then the following

inequality holds

u ( ] /YYX ]',T/’m
o (glw())”qﬁg( ) ’7°”((¢(1 )))*‘%(,Z,gx)%) ”°”<¢(lb)>]
i 1 jr T
< |7 (Zu)u, ) 9’7"”((4;(1;)))+9A,a,g;<+,>+9’7°” (1p(a)))] 22)

< (SO venlit) A o )
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where p(x) = L, vx e [},1],0n0u=(00op)(yon).
Proof. By using the harmonic convexity of 6, we have

29(@)y(b) Y(@)yp(b) Y@y ()
(g 90) < G+ a-mvw) P Gara-mm) @

- (mn v b . ‘
By multiplying by(1 — )] EZ]7)),",’U @ =67y (%) in Equation (23)

and then integrating over the closed interval [0, 1], we have

() b o e - (et

¥(o) + 90 MoEs= ok
1 :
< ‘/0 (1- t)Tj]EWj)M(g(l - f)”)ﬂ(%) (24)
p(a)y(b) p(a)y(b)

< (s amvw) (s a=gvm))

20@p0) \ & (Mol L e @)
(o) + w(>)§<s'>n;"1r<v]s+y+1>/ =0T E + (- g

& s(=0)° TS P(a)p(b)
SZ s')]’[] T (7,s+T]+1)U (1= ”(t¢(b)+(1—t)zp(u))

@) e P@()
Xe(tlp(b)ﬂl—t)w(a))d”/o =07 G+ (- g

% in second integrals occurring at right side and % = ___plapl)

p(a)p(b)
<+ -0y ) @
By making a substitution of - % in the first integral and l/z(lx) =

in the integral occurring at left side of inequality (25) and using 7 (L> =1 (

p(x)
we have
2 (a)lp(b) ('Y/T/)m 1 (%TJ)W 1
ot 90 i 74 (@) * 2sia 74 G 26)
(’7} T/)m 1 > ('Y/ T])"I 1
= [%auﬁ)*g”"”(w(b)) *%mﬁwe”o”(lp(a) ]

Now, we take

P(a)p(b) a
e(tzp(b) T(1- t)1p(u)> +9(tl[](ﬂ) T(1- t)lp(b)) <0(p(a) +0(p(0). @7
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p(a)y(b)

W) + (1= 09 ) in Equation (27) and

By multiplying (1 — t)T/] () 'M(g(l — )" )n(
then integrating over [0, 1], we get
. o p@u) P)y(e)
/ A=0e €=0" (rs a= fy)° (e (o)

]%m\ — P(a)y(b) (a)y(b)
+/ g €O =0 (et ) (e G ) @

< (9(¢(ﬂ)) + 9(1/’(17))) /0.1(1 - t)Tj]E’Ty]/)):lf (g(l - t)yj)ﬂ(tlp(b)lpia()lwﬁb%w(a))dt'

Solving the integrals involved in left side of inequality (28) by making substitution

p(a)p(b) p(a)y(b)

l = ——— /"~ _ in the first integral and = —— 7"~/ in the sec-
u  tp(b) + (1 —t)y(a) @9 (8) & p(x)  tpa) + (1 —H)y(b)
. P(a)yp . . . . . .
ond integral and — = ————7"———— in the integral on the right side of the inequalit
B T ) + (- Dyl & & ety

and using 1 (ﬁ) =7 (m), we have
(vj)m 1 (7j)m
[%,a,g,(w AL <¢(b)) T T ity 01 V(qz(u) )] 9
0(y(a)) +0(¢(0))\ - (ritm 1 (i G 1
< o
< ( 2 )‘%v@(ﬁﬁ”"”(w(@)* Amﬁ)f’“”(w))

Combining (26) and (29), we have the required result. [

Theorem 5. Let 6, : [a,b] — R, (0 < a < b,range(y) C [a,b]) be functions, such that
0 € Li[a,b] is a positive and harmonically convex function and  is differentiable and strictly
increasing, then the following inequality holds for the operators defined in Definition 6

M (jsTj)m 1
"o+ o) Trncitose) D Gm)

< Sl s, 00 ) + (7, g 00 G @O
< (DO 70 D
where ju(x) = Lvx € [1,1]
Proof. We have
20 24)(11)1,0(17))_9( W(a)p(b) o ¥(a)y(b) y 1)
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By multiplying (1 — )" J] 7’ i (g (1 —1)") on both sides and then integrating over

[%, |, we get
24’(11 y(b) By :
) o) / (=BT (= 1)t
! T ( j)m,A i 1/’(“)#’“’) ‘/J(”)‘P( )
< /; (=07 @07 ){9(t¢( - t)(,b(a)) +9(t1p(u) - t)tp(b))}dt
2p@9) 2 (Nes(-0) "1 g

(oa) + 9®) 2 GO, Mo + 57 1) s

(Mos(=0)° g H@U0)

Z GOTT T(rs + 1 +1) [/ =07 (577 1 - g
e P(@)(®)

+ [la—poror >e(t¢(u)+(1_t)w(b))dt]. (32)

1
2

Solving the integrals involved in the right side of inequality (32) by making a sub-

stitution of 1 M in the first integral and 1 Min
u tp(b) + (1= t)p(a) v tpla) + (1= 1y(b)

the second integral as well as in the integral occurring at the left side of inequality (32),

we have

@+ p#) Doscizze - (Gm)
('erTf)m ('Y/rTj>m 1
7 0ok () iy o () @

29 (a)p(b)

2O 20 ()
|

L(Y@)+y(b)
A& ity
To obtain the second part of inequality, the harmonic convexity of 6 gives the follow-

ing relation

P(@)p(b) P(@)p(0)
(w7 a-9@) (@ + (- pp@) < @@ +o0E). G

Multiplying by (1 — t)Tf]EZ_f))m”‘ (¢(1—t)7) and integrating over [}, 1], we get
] m,oc

1 2 (1ma P(a)p(b
Jy =i e =0 (g 0 = g )
1 T; ( j)m,A f lp(a)tp(b)
+ J, =0 e = me (et )
(7jT)m 1
< (G(IIJ(Q)) + G(I/J(b)))%ﬂ’g/( x[zi‘(;n(){;)r;l’((bh)UJrl(lP(a) ) (35)

Simplify the integrals involved in the left side of inequality (35) by making a substitu-
tionof 1 = % in the first integral and 1 = % in the second integral,
we have

HEAINEC ) R C))
< [w]%lg]( XZ’(I’)Vl(ﬁ)'

Jp(b)

(36)

Combining (33) and (36), we have the result. [
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Remark 2. 1. If ¢(x) = x, m = 1, ¢ = 0 and 7 is replaced by T; — 1, it reduces to the result
produced by Mehmet et al. [31]

o(20) < T () (1%, won(p) + 17, 00m(})) < HE00)

a+b 217 —a oib

where p(x) = 1vx € [},1]

Lemma 2. Let 6,4 : [a,b] — R, (0 < a < b,range(yp) C [a, b]) be functions such that 6 > 0,
0 € Lq[a,b], and  is differentiable and strictly increasing. If 0 is a harmonically convex function

1 1
on [a,b] and satisfies 6 —— ) =0 , we have
(75,5)m
y 175
Avg(zwwm o”(t[) )
_1 (v,r, m 1 (v T,>m 1
=317, Ao gL °”(¢(b))+‘7A o Bt <1p a))]
(/) 1
=77 0 — 37
e RATD “
where u(x) =1, Vx e [%, 1.
Proof. Consider
('Y; T/)m 0o 1
)
ﬁ !P(lﬂ) —u T (’Y/')m)\ 1/1(111) —u 7
o) [ T _ L] J @ me (é[ 1 774] )(9 op)udu. (38)
2@y®) ¢la) (D) yla)  p(b)
1 1 1
Substituting u = —— + —~ — (x) and using 0( — ) =0
& p(a) — y(b) ) & (l,li x)) <ﬁ+%f¢(x)>
in Equation (38), we have
(WJ/Tj)m 1 o ('Yj ])m 1
’%,a,¢;<*§$&§$§,ﬁ’§>+9°” (w(a)) = 7ol wicon) OO (zp(b))' 9
By the addition of ?(7] ’() w901 Oou (l[](lu) ) in Equation (39) on both sides, we have
2¢(a)y(b)

the required result. [

Theorem 6. Let 0,¢,1 : [a,b] — R, (0 < a < b,range(y), range(n) C |a, b])befunctions

such that 0 € Lq[a, ] is a positive function,  is a differentiable, strictly increasing function and

1 is nonnegative and integrable and satisfies 1 (ﬁ) =7 (W), then the following
Pla) o)

inequality holds for the operators defined in Definition 6.

() (s 1o () + T, 120 (5]

) zw
< [Frmihsam, O1° "(w ) +9<§33i -9”0%‘(@)} )
= (6( e )) Pt )))[‘%(%grl()g;m sy 11° M(WJ)) +9A<%;,()MM ) e ”(lp(la))]'

2¢(a)p(b)

where p(x) = 1,vx e [%,%],9170]4 = (0ou)(nop).
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Proof. By the harmonic convexity of 6, we have

29(a)p(b) p@)p(b) p@)p(b)
Garren) < Gora-ma) FGora-mwe) @

By multiplying (1 —#)7], 7’ (1= 1))y (%) in the Equation (41)

and then integrating over the closed interval [4,1], we have

20@P0) \ [ o P@)p(b)
205 1907) Jy 100 €=M (G

1 T\ i) mA b
< /1 1- )/](”) A =n")y (M)
(a)p(b) pla)p(b)
(et * (s g )

0

2p(a)p(0) NesCOF e pag)
(o) + <Q§@w1rmwm+né“t>”“w@+u4mww

s ) (_é)s 1 _ TGS ¢(“)1P(b)
=T s~>r1/1rms+r]+1> U =57 ”(np( T+ 9@
ot ey HDDO)
O + (- o >)"“+/ =9 90 + (- 09(a)

w<u>w<b
e g “2)

p(a)y(b) . N 1
W)+ (1090 in the first integral and e

in the second integrals occurring at the right side and

x 0(

1
By substituting -

_$@gd)
tp(a) + (1= £)y(b)
1_ p(a)p(b)

u ) + (1= t)y(a)

in the integral occurring at left side of inequality (42), we have

Yy (b) . Vg (b) . (43)
Vi 7/)71 (’7/ T])ﬂ
%0§¥ML4 oo ”Qw(»)+ s A ”Q¢<»>]

29(a)p()

)+
9( 2y(a)p(b) )y(%‘ffj)m . ( 1 )+g(% W UOM(L)
p(a) + 9p0))  neaessn) TGy ) T g -1y 0)
[ (

2¢(a)y(b)

Now, we take

P(a)y(b) P(a)y(b)
9<tlp(b) T- t)w(a)) +9(ttp(a) T -0y

) S 00@) o). @y

By multiplying (1 — ¢) ] %)M(C(l - t)”)ﬁ(tlp(b
then integrating over [3, 1], we get
/ N R e e L0 <bf‘<”1’“f(ff¢<a>>>d*

( 4
i, N lP(ﬂ P(b) P(a)y(b)
/ (1-1) ’17> =" (g = t)¢(a))9(t¢(a)+(1—t)¢(b))"” (45)

| p(@)p(b)
=" (55 (1 - D)

p ) in Equation (44) and

< (0(g(a)) +0p(e) [, 1—t/1”"%5
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Solving the integrals involved in left side of inequality (45) by making substitution

1 Y(a)p(b) p(a)y(b)

— = —— /"~ _ in the first integral and L = ———~ 7"~/ in the sec-

u  tp(b) + (1 —t)y(a) & P(x)  tp(a) + (1= H)p(b)

ond integral and % = M% in the integral on the right side of the inequality
P(a)y(b)

1
and using the above lemma and the condition — = —————~""~~"—— we have
& u rp(b) +(1-Hp(a)

(Vi) 1 (1 T)m 1
I oz ez O7° i w(b») [t T Al ( (@) )]

" 29p(a)y(b) 2¢(a)y(b)
0(p(a)) +6((0))\ 5(vi7m 1
< T e tlaeun) 11
( 2 ) /\,a,@;(%)*ﬂ V((lp(u)))
5 (7[:7/')”1 o 1 (46)
iz " (o)

Combining (43) and (46), we have the required result. [

3. Conclusion Remarks

In this article, we established Hadamard and Fejér-Hadamard type inequalities via
a new generation of the generalized fractional integral operators (8) and (9) with a non-
singular function (multi-index Bessel function) as its kernel for harmonically convex func-
tions. It is concluded that many classical inequalities cited in the literature can be easily
derived by employing certain conditions on generalized fractional integral operators (8)
and (9). We believe that our formulated inequalities will be useful to investigate the stability
of certain fractional controlled systems.
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