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Preface to ”Laser Cooling of Solids: Novel Advances

and Applications”

Cooling or refrigeration is a physical process in which a substance is maintained at a temperature

below that of its surroundings. It has a long history and dates back thousands of years when

people used ice and snow in order to preserve their food. Laser cooling of solids is a research area

investigating the interaction of light with condensed matter resulting in the cooling of solids. It is

based on anti-Stokes fluorescence discovered at the beginning of the 20th century. This book brings

together the latest achievements and applications of laser cooling solids, including heat mitigation

in high power lasers (Chapter 1), synthesis and laser cooling of 10%Yb3+:LiLuF4 crystals (Chapter 2),

characterization of the properties of rare-earth-doped crystals for laser cooling (Chapter 3), quantum

interference in laser cooling of solids (Chapter 4). The use of Bloch–Redfield equations to model laser

cooling are considered in Chapter 5. It is hoped that continuous progress in the laser cooling of solids

will soon result in the development of new optical refrigerating devices for different applications.

Galina Nemova

Editor
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Editorial for the Special Issue: “Laser Cooling of Solids: Novel
Advances and Applications”

Galina Nemova

Polytechnique Montréal, 2500 ch. de Polytechnique, Montréal, QC H3T 1J4, Canada; galina.nemova@videotron.ca

Laser cooling, or refrigeration, is a physical process in which a substance is maintained
at a temperature below that of its surroundings. The process dates back thousands of years
to when people attempted to preserve their food using ice and snow placed in holes in
the ground or in cold cellars. In the 19th century, scientists liquefied the permanent gases
and brought cryogenics into existence. In 1929, Pringsheim proposed to use anti-Stokes
fluorescence to cool sodium vapor [1]. In his “theoretical” experiment, the sodium vapor in
“Dewar 1” was pumped with a filtered sodium vapor lamp in order to excite electrons from
the 2S1/2 ground state to the first 2P1/2 excited state (Figure 1). Inelastic collisions in the gas
(thermalization) excite some electrons to 2P3/2 excited state. The excited electrons relax to
the ground state with resonant and anti-Stokes fluorescence, thus removing energy from the
system and causing its refrigeration. This fluorescence has to be quenched by nonradiative
relaxation with heat generation in “Dewar 2” filled with the mixture of sodium vapor
and nitrogen.

 

Figure 1. Pringsheim’s experiment.

In 1960, the first laser was demonstrated. This groundbreaking scientific achievement
has revolutionized optical cooling with anti-Stokes fluorescence. In 1995, optical cooling
with anti-stokes fluorescence was demonstrated for a rare-earth-doped solid pumped with
a laser [2]; thus, laser cooling of solids with anti-Stokes fluorescence was born. In this first
experiment, a high-purity ytterbium (Yb3+)-doped fluorozirconate ZrF4-BaF2-LaF3-AlF3-
NaF-PbF2 (ZBLANP) glass sample was cooled down to only 0.3 K below room temperature.
In the last two decades, laser cooling of solids progressed rapidly.

This Special Issue presents the latest advances in laser cooling of solids and its appli-
cations in different scientific fields.

The replacement of flash-lamps by laser-diode pumping for solid-state lasers has
improved the laser technology. Compared to flash-lamp pumps, the use of laser diodes has
led to significant benefits in efficiency, simplicity, compactness, reliability and cost. At the
same time, the thermal problem has come into existence for high power lasers. Indeed, in
the majority of lasers, heat generated inside the laser medium is an unavoidable product of
the lasing process. Different approaches including fiber lasers and thin-disk lasers were
developed in order to mitigate heat in lasers. The idea of radiation-balanced (athermal)
lasers operating without detrimental heating of laser medium was presented by Nemova
G. in review [3]. This new design of optically pumped rare-earth-doped solid-state lasers
is based on the principle of anti-Stokes fluorescence cooling of the laser medium. The

Appl. Sci. 2022, 12, 7951. https://doi.org/10.3390/app12157951 https://www.mdpi.com/journal/applsci1
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review is devoted to the history and progress on radiation-balanced lasers with a special
focus on rare-earth-doped lasers. Four main designs of athermal lasers including radiation-
balanced bulk and fiber lasers, radiation-balanced disk lasers, and athermal microlasers
have been considered.

Dobretsova E.A. et al. [4] describe synthesis and laser cooling of 10%Yb3+:LiLuF4
crystals. The 10%Yb3+:LiLuF4 (Yb:LLF) crystals have been synthesized through a safe
and scalable polyethylene glycol (PEG)-assisted hydrothermal method. The influence of
reaction temperature, time, fluoride source, and precursor amount on the shape and size
of the Yb:LLF crystals are discussed in the paper. Laser cooling to more than 15 K below
room temperature in air and 5 K in deionized water under 1020 nm diode laser excitation
have been demonstrated at a laser power of 50 mW.

New methods for the rapid cooling of solids with increased efficiency have been
analyzed and demonstrated experimentally by Andre L.B. et al. [5]. The advances offered
by optical saturation, dipole-allowed transitions, and quantum interference for improved
laser cooling of solids have been comprehensively discussed in this paper.

Murphy, C. et al. [6] review the derivation of the Bloch-Redfield equation for a quan-
tum system coupled to a reservoir, and its extension, using counting fields to calculate
heat current. They use the full form of this equation, which makes only weak-coupling
and Markovian approximations, to calculate the cooling power for a simple model of
laser cooling.

Two parameters, namely, the external quantum efficiency ηext and the background
absorption coefficient αb, are important for assessing the laser cooling grade of the rare-
earth-doped materials. A promising method for measuring of these crucial parameters has
been presented by Duan X. et al. [7]. After calibration, the temperature resolution of the
thermal camera was better than 0.1 K.

To conclude, this Special Issue, “Laser Cooling of Solids: Novel Advances and Ap-
plications”, includes research and review papers that present the latest achievements on
the subject. The data presented may be of great interest for a better understanding and
application of the laser cooling of solids based on anti-Stokes fluorescence.

Funding: This research received no external funding.

Conflicts of Interest: The author declares no conflict of interest.
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Abstract: The review of history and progress on radiation-balanced (athermal) lasers is presented
with a special focus on rare earth (RE)-doped lasers. In the majority of lasers, heat generated inside
the laser medium is an unavoidable product of the lasing process. Radiation-balanced lasers can
provide lasing without detrimental heating of laser medium. This new approach to the design
of optically pumped RE-doped solid-state lasers is provided by balancing the spontaneous and
stimulated emission within the laser medium. It is based on the principle of anti-Stokes fluorescence
cooling of RE-doped low-phonon solids. The theoretical description of the operation of radiation-
balanced lasers based on the set of coupled rate equations is presented and discussed. It is shown
that, for athermal operation, the value of the pump wavelength of the laser must exceed the value
of the mean fluorescence wavelength of the RE laser active ions doped in the laser medium. The
improved purity of host crystals and better control of the transverse intensity profile will result in
improved performance of the radiation-balanced laser. Recent experimental achievements in the
development of radiation-balanced RE-doped bulk lasers, fibre lasers, disk lasers, and microlasers
are reviewed and discussed.

Keywords: radiation-balanced lasers; athermal lasers; solid-state lasers; laser cooling of solids; rare
earth-doped materials

1. Introduction

The replacement of flash lamps by laser-diode pumping for solid-state lasers has
brought a very important breakthrough in the laser technology, in particular for high-
power lasers [1,2]. Compared to flash-lamp pumps, laser diodes have led to a significant
benefit in efficiency, simplicity, compactness, reliability, and cost. At the same time the
thermal problem has come into existence for high power lasers. Special care concerning
thermal management is necessary to develop efficient high-power lasers.

To solve the thermal problem, the classical rod solid-state laser medium design has
been replaced by new approaches including fibre lasers, slab lasers, and thin-disk lasers.
The very high surface-to-volume ratio and optical guidance have provided tremendous
progress in the power scalability of high-power lasers.

The benefit of using a rare earth (RE)-doped single-mode optical fibre as a laser
medium was realized by Snitzer in 1961 [3]. In this paper, the use of fibres as dielectric
waveguides to provide a resonant structure for an optical maser operating in the 0.6 μm
wavelength region was proposed. In the mid-1980s, research of single-mode optical fibre
lasers was carried out very intensively [4–7]. A decade later, fibre structures with large
mode areas based on multimode optical fibres were proposed to solve the problem [8].
The schemes, in which the amplification takes place in an RE-doped fibre cladding, have
been proposed as a solution of the problem as well [9]. Unfortunately, even these schemes
are limited by thermal lensing if a high-quality beam is required. Water cooling is not
suitable for fibres with limited chemical stability, such as fluoride fibres. Lowering of
the dopant concentration and increasing the length of the fibre makes cooling easier, but
increases the chance of nonlinear effects including stimulated Brillouin scattering (SBS)

Appl. Sci. 2021, 11, 7539. https://doi.org/10.3390/app11167539 https://www.mdpi.com/journal/applsci3
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and stimulated Raman scattering (SRS), which result in depletion of the amplified signal in
ion-doped lasers.

In 1972, Martin and Chernock [10] proposed a new approach to the development of
solid-state lasers. It is based on the idea of propagating laser beams in a direction that
averages the temperature gradients in the gain medium [11]. The laser beam is injected
into the slab so that it will allow the beam to make multiple total internal reflections from
the polished sides as it propagates down the slab.

In 1991, Giesen et al. proposed to power a scale Yb3+:YAG laser using a thin-disk laser
design. The first thin-disk laser was demonstrated in 1994 [12,13]. The core concept of
the thin-disk lasers is the use of a thin, disk-shaped active medium that is cooled through
one of the flat faces of the disk. The cooled face is used as a mirror of the resonator.
This face cooling minimizes the transversal temperature gradient, as well as the phase
distortion transversal to the direction of the beam propagation, providing a laser beam of
outstanding quality.

In 1999, Bowman [14] proposed a radiation-balanced (athermal) RE-doped bulk laser,
which operates without internal heating. In this laser, all photons generated in the laser
cycle are annihilated with the cooling cycle, that is, the heat generated from stimulated
emission is offset by cooling from anti-Stokes emission. Athermal lasers, which are free
from all thermal effects, provide a tremendous potential for an increase in the output power,
maintaining a high-quality output laser beam. Beginning in 1999, several kinds of radiation-
balanced lasers, including fibre lasers, disk lasers, and microlasers, have been proposed and
developed. Some of these lasers have been discussed in [15], while others are considered in
this review. Thermal lensing arising in traditional lasers from the quantum-defect heating
is briefly discussed in Section 2. Section 3 is devoted to the theory of radiation-balanced
lasing. Recent achievements in the development of radiation-balanced RE-doped bulk
lasers, fibre lasers, disk lasers, and microlasers are presented in Section 4.

2. Laser Heat Management

Most materials are not optically active. They simply convert absorbed laser power
directly into heat. If αa is an absorption coefficient describing the absorption process and
IL is the laser intensity, the absorbed power density is equal to αa IL. This is not the case
for laser media, which are optically active. The laser performance is based on efficient
reemitting of absorbed pump light. The amount of heat generated in a laser depends on
the pump power and the emission spectra.

It is well known that population inversion is a necessary condition for lasing. It is
impossible to reach the population inversion in a two-level system. Three or four level
schemes are required. As a result, the reradiated light is normally red-shifted relative to
the pump (Figure 1).

Figure 1. Energy levels and relevant excitation and decay processes for (a) three-level and (b) four-
level lasers.

By this means, every emitted laser photon contributes a fraction of its energy,

ηQD = 1 − ωL/ωP, (1)

to heating the laser material through phonon generation. Here ηQD is the quantum defect,
ωP and ωL are the frequencies of the pump and laser photons, respectively.
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A study of thermal effects in a crystal requires the calculation of the temperature field
at each point of the crystal. This can be achieved with the heat equation. For analytical
solutions to the heat equation to be obtained, some assumptions must be imposed on
the laser system. Let us suppose that the pump profile is axisymmetric, and the thermal
conductivity of the laser medium does not depend on temperature and can be considered
as a constant. In this case, the heat equation has the form [16]:

1
r

∂

∂r

(
r

∂T
∂r

)
+

∂2T
∂r2 = − Q

Kc
, (2)

where T is the temperature, r is the radial coordinate of a point inside the laser medium
(see insert in Figure 2), Kc is the thermal conductivity, and Q is the thermal power.

Figure 2. Normalized temperature distribution in a plane perpendicular to the z-axis for a laser
medium pumped by a top-hat-profile laser beam. Inset is the laser medium with the radius R.

In a vast majority of laser schemes, the pump beam profile can be described by a super-
Gaussian function. The general solution of the heat Equation (2) for a super-Gaussian beam
of any order, as well as for Gaussian and top-hat pump beams, can be found in [17–20]. As
one can see in these solutions, heat generated in the laser’s interior produces a temperature
rise in the center of the laser medium relative to its edge. As an example, normalized
temperature distribution for a laser crystal pumped by a top-hat-profile pump beam is
presented in Figure 2.

The temperature rise in the laser medium produces several undesirable effects. It
reduces the lifetime of the laser active ions and increases losses. The temperature gradient
causes the strain distribution inside the laser medium. The strain-induced modification of
the refractive index results in depolarization and degradation in beam quality. It limits the
average laser output power [21]. All these effects are known as thermal lensing. They are
particularly important in the case of high-power lasers. The very high temperature rise
can even melt or burn the laser medium (thermal damage). In most laser structures, beam
quality degradation limits laser power below thermal damage.

As mentioned earlier, the problem of laser power scaling can be solved by reducing or
eliminating the heat generated during the optical pumping and lasing process using optical
cooling by anti-Stokes fluorescence within the laser medium to balance the heat generated
by the Stokes shifted stimulated emission. The theory of this approach is considered in the
next section.

3. Theory of Radiation-Balanced Lasing

In this part of the paper, I develop a model permitting to investigate the fundamental
limitations of laser thermal performances. Let us consider a quasi-three-level material in
which radiative losses dominate at room temperature emission and absorption spectra
overlap near the lasing wavelength. This requirement is a critical material characteristic for
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a potential radiation-balanced laser. Indeed, there must be a sufficiently strong absorption
in the spectral region near the lasing wavelength to allow effective coupling of the pump.

As one can see in Equation (1) as the frequency of the pump, ωP, approaches the
frequency of the laser signal, ωL, the quantum defect reduces, and the heat power generated
by spontaneous emission reduces, too. A minimum value for the laser quantum defect can
be estimated as kBT/�ωP. It corresponds to the least amount of heat power generated by
the stimulated emission providing laser operation. Let us take into account spontaneous
fluorescence. Its power cannot be neglected unless the average stimulated emission rate far
exceeds the rate of spontaneous emission. Spontaneous fluorescence of the laser medium
can contribute significantly to radiation power flow. In certain situations, it can lead to
cooling which can compensate for the laser induced heating.

3.1. Pringsheim’s Cooling

The idea to remove the thermal energy from a system optically using anti-Stokes
fluorescence was first proposed by Pringsheim in 1929 [22]. In 1995, laser cooling with
anti-Stokes fluorescence was demonstrated for RE-doped solids [23]. In this first proof-of-
principle experiment, a high-purity ytterbium (Yb3+)-doped fluorozirconate ZrF4–BaF2–
LaF3–AlF3–NaF–PbF2 (ZBLANP) glass sample was cooled down to only 0.3 K below
room temperature.

Each energy level of the RE ions doped into the crystal or glass host splits into a set of
sublevels as a result of the Stark effect. These sets of sublevels are known as Stark level
manifolds. In order to realize cooling with anti-Stokes fluorescence in an RE-doped sample,
electrons must be excited from the top of the ground manifold to the bottom of the excited
manifold of the RE ions. This implies that the pump wavelength, λP = 2πc/ωP, must be
in the long wavelength tail of the absorption spectrum. After thermalization accompanied
by phonon absorption, anti-Stokes fluorescence photons remove energy from the system
(Figure 3).

Figure 3. Energy levels and relevant excitation and decay processes for the laser-cooled RE-doped
sample. ωP and ωF are the pump and the mean fluorescence frequencies, respectively.

The efficiency of laser cooling can be estimated as a difference between the energy of
the mean fluorescence photon, �ωF, and the energy of the pump photon, �ωP, normalized
by the energy of the pump photon [24]:

ηcool =
�ωF − �ωP

�ωP
=

λP
λF

− 1, (3)

where ωP and λP are the frequency and the wavelength of the pump photon, respectively.

λF =
2πc
ωF

=

∫
λIF(λ)dλ∫
IF(λ)dλ

, (4)

where λF and ωF are the mean fluorescence wavelength and the mean fluorescence fre-
quency, respectively. IF(λ) is the fluorescence intensity at the wavelength λ.
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3.2. Athermal Lasing

As already mentioned, in 1999, Bowman [14] suggested to use cooling with anti-Stokes
fluorescence to suppress heat generated in RE-doped solid-state lasers. He developed a new
solid-state bulk laser design without internal heat generation called a radiation-balanced
or athermal laser. The processes of lasing and anti-Stokes cooling in athermal lasers occur
in the same system of RE ions. In 2001, Andrianov and Samartsev proposed a scheme in
which lasing occurs in one system of ions (Nd3+), while anti-Stokes cooling takes place in
another system of ions (Yb3+) doped in the KY3F10 laser host [25].

3.2.1. Athermal Lasing in Ideal Systems

Let us consider the basic concepts of a radiation-balanced (athermal) laser. A solid-
state laser of this type can be often referred to as a quasi-three-level laser. The population of
each sublevel within a manifold is described by Boltzmann occupation factors. We assume
that transitions between these sublevels are purely nonradiative transitions, provided by
phonon absorption and emission. This process takes place on a picosecond timescale and is
known as thermalization. Let us consider an isotropic laser medium with the total density
of the active ions NT . Optical transitions can occur between the ground manifold and the
first excited manifolds, giving rise to overlapping, thermally broadened absorption and
emission spectra. These spectra are characterized by absorption, σa(λ, T), and emission,
σe(λ, T), cross sections, respectively. They depend on a wavelength, λ, and a temperature,
T. For radiation-balanced operation of a laser, the mean fluorescence frequency and the
pump and laser frequencies must satisfy the following relation: ωF > ωP > ωL (Figure 4).
In this case, the system includes two cycles: the laser cycle and the cooling cycle. The
laser cycle includes the pump and laser photons at the frequencies ωP and ωL, respectively.
It is accompanied by phonon generation. The cooling cycle can be considered as a cycle
including the pump photon and the mean fluorescence photon at the frequencies ωP and
ωF, respectively. It is accompanied by phonon absorption.

Figure 4. Energy diagram of an Yb3+-doped radiation-balanced laser. ωP and ωL are the pump and
laser frequencies, respectively. ωF is the mean fluorescence frequency.

We assume that a bandgap between the excited and ground manifolds is large com-
pared to the energies of the phonons. As a result, the transitions between the excited
and ground manifolds are purely radiative. We also assume the absence of excited-state
absorption, energy transfer, radiative trapping, and background absorption. In this case,
the rate equation takes the form:

dN2

dt
= WP − WL − N2

τR
, (5)

N1 + N2 = NT , (6)

7
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where N1 is the population of the ground manifold and N2 is the population of the excited
manifold. The last term in Equation (5) describes the total spontaneous decay rate of the
upper manifold. WP is a pump rate, and WL is the stimulated emission rate:

WP =
IP

�ωP

[
NTσP

a − N2

(
σP

a + σP
e

)]
, (7)

WL =
IL

�ωL

[
N2

(
σL

a + σL
e

)
− NTσL

a

]
. (8)

Here IP and IL are the intensities of the pump beam and the laser signal, respec-
tively. σP

a,e and σL
a,e are the absorption (a) and emission (e) cross sections at the pump (P)

wavelength, λP, and at the laser (L) wavelength, λL, respectively.
Following the law of conservation of energy, one can estimate heat generated in the

laser medium. Indeed, the difference between the absorbed power density and the emitted
power density must be equal to the local generated heat power density:

Pheat = �ωPWP − �ωLWL − �ωF
N2

τR
(9)

Substituting Equations (5)–(8) into Equation (9), one can calculate the heat power
density generated at any point of the laser medium. Equation (9) for heat power density
includes both the pump, IP, and laser, IL, intensities in the laser medium.

If the laser system is in a steady state, dN2/dt = 0, Equation (5) takes the form

WP = WL +
N2

τR
(10)

Let us find the relation between the pump and laser beam intensities IP and IL
providing athermal operation of the laser, Pheat = 0. In this case, Equation (9) becomes

�ωPWP = �ωLWL + �ωF
N2

τR
(11)

The change in the laser signal intensity along the length of the laser medium can be
described by the well-known equation

dIL
dz

=
[(

σL
a + σL

e

)
N2 − σL

a NT

]
IL, (12)

where z is the coordinate along the length of the laser medium (see Insert in Figure 2).
Substituting Equations (7)–(11) into Equation (12), one can obtain the equation, which
describes the laser signal at any point, z, along the length of the laser medium

iL(0)
iL(z)

exp(iL(z)− iL(0)) = exp
(

σL
a NTz

)
, (13)

where iL(z) = IL(z)/Isat
L , and Isat

L = �ωL
τ(σL

a +σL
e )

(
ωF−ωP
ωP−ωL

)
is the saturation intensity of the

laser signal. To keep the radiation balance at each point in the laser medium, the pump
intensity must be distributed properly along the length of the laser medium following the
relation obtained from Equations (10) and (11)

iP(z) =
σL

a
(
σP

a + σP
e
)
iL(z)

(σP
a σL

e − σL
a σP

e )iL(z)− σP
a (σ

L
a + σL

e )
, (14)

where iP(z) = IP(z)/Isat
P , and Isat

P = �ωP
τ(σP

a +σP
e )

(
ωF −ωL
ωP −ωL

)
is the saturation intensity of the

pump signal. As one can see in Equation (14), athermal laser operation requires careful
control of the pump intensity distribution along the laser medium. Any deviation from
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this distribution will result to heating or cooling in some parts of the laser medium, which
can be estimated with Equation (9). Since iP(z) > 0, one can see in Equation (14) that
there is a minimum value of laser signal intensity in the laser cavity that can undergo
athermal amplification:

Imin
L =

�ωlσ
a
p

τR (σP
a σL

e − σL
a σP

e )

(
ωF − ωP
ωP − ωL

)
(15)

A comprehensive theory of the radiation-balanced (athermal) RE-doped bulk solid-
state laser was developed in [14]. In [26], it was enhanced for the radiation-balanced
(athermal) RE-doped fibre amplifiers.

3.2.2. Athermal Lasing in Real Systems

In the above section, perfect laser materials were considered, which are free from
background absorption and are optically thin. Let us consider more realistic laser systems
taking into account quenching, radiative trapping, and background absorption. These
effects are present in all laser systems. Quenching of the laser excitation could occur
through electron–phonon deactivation and through ion–ion energy transfer [27]. As a
result, the radiative lifetime of an RE ion, τR, must be replaced by a fluorescence lifetime,
τF. Energy transfer losses can be arranged with a characteristic quenching lifetime, τQ [27].
Radiation trapping occurs as a result of fluorescence reabsorption and its reflection from the
sample boundaries. It can complicate the modeling of the laser systems. Radiation trapping
can be taken into account with the effective values for mean fluorescence wavelength, λ̃F,
and lifetimes τ̃F, τ̃Q. These values can be obtained experimentally. For example, for an
optically thin Yb3+:KGW sample with the Yb3+ ion concentration NT = 2.2 × 1020 cm−3

the mean fluorescence wavelength and the fluorescence lifetime are λF = 997 nm and
τF = 0.275 ms, respectively. For the 2 mm × 8 mm, Yb3+:KGW sample fluorescent trapping
increases these values to λ̃F = 1011 nm and τ̃F = 0.75 ms. The rate equation for the
radiation trapped system has the form

dN2

dt
=

IP
�ωP

(
NTσP

a − N2

(
σP

a + σP
e

))
+

IL
�ωL

(
NTσL

a − N2

(
σL

a + σL
e

))
− N2

τ̃F
− N2

2
NT τ̃Q

(16)

It must be used to simulate heat generated with the quantum defect. Unavoidable im-
purities in the laser host material result in background absorption, which can be described
by the background absorption coefficient αB(λ). Even small background absorption can
significantly deteriorate the laser cooling process. The heat power density generated in the
laser by quenching can be described as

PQ
heat = �ωPNT Ñ2

(
1
τF

− 1
τR

+
Ñ2

τ̃Q

)
, (17)

where

Ñ2 ≈ N2

NT

(
1 +

(1 − τR/τ̃F)− N2τR/
(

NT τ̃Q
)

ĨP + ĨL + τR/τ̃F

)
, (18)

and

ĨP,L = IP,L

τR

(
σP,L

a + σP,L
e

)
�ωP,L

. (19)

The heat power density caused by background absorption has the form

Pa
heat =

�

τR

(
ĩPωPαB(λP)

σP
a + σP

e
+

ĩLωLαB(λL)

σL
a + σL

e

)
, (20)
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where ĩP,L = IP,L/ ĨP,L. These values must be added to the heat power density generated
with the quantum defect if one wants to simulate the heat power density generated by
different effects in the realistic laser system.

Summarizing the theory of radiation-balanced lasing, it is important to emphasize
that laser materials suitable to radiation-balanced lasing must have two widely separated
sets of discreet energy levels (manifolds) such that nonradiative transitions between them
are unlikely. They also must have negligible background absorption. A properly arranged
reliable pump system, the shape of a laser gain medium, and material selection criteria can
result in little or no heat generation within solid-state lasers.

4. Development of Radiation-Balanced Lasers

The thermodynamics of radiation-balanced lasers has been discussed both qualita-
tively and quantitatively from the point of view of the first and second laws by Mungan [28].
The Carnot efficiency has been derived for optical amplification from consideration of
the radiative transport of energy and entropy. It has been shown that the highest Carnot
efficiencies can be reached only when the system is pumped into saturation. Indeed, the
energy of a collection of photons of fixed mean frequency and angular divergence scales
linearly with the number of photons. The entropy of the set depends on the number and
on the energy distribution of the photons. As the number of photons in the pump beam
increases, the entropy that the beam carries per photon decreases since it becomes more
sharply peaked. As the fluorescence intensity increases, the entropy decreases, but it does
not decrease as rapidly as does the pump beam, because the spontaneously emitted light is
less intense, broader in bandwidth, and distributed over a larger range of solid angles than
is the pump radiation.

As one can see from the theory developed in the previous part of the paper, a detailed
balance of the stimulated and spontaneous emission at each point of the laser medium
can provide a solid-state laser that generates no internal heat. Unfortunately, there are
two serious problems associated with the practical development of radiation-balanced
amplifiers and lasers: the precise control of the pump power and almost linear growth of the
amplified signal (Figure 5). The linear growth of the power of the amplified signal requires
an enormous increase in the length of the active medium for very high output power. The
athermal bulk or fibre laser requires precision control of the pump power at each point
along the length laser medium. This is not a simple problem, especially in the case of a fibre
amplifier or laser. The sensitivity and stability of a radiation-balanced laser to perturbations
in the field parameters and temperature have been analyzed in [29]. As one can see in [29],
fluctuations in the gain set limits on the variability of the pump wavelength. A pump
stability of ±1 nm was suggested for an Yb:KGW laser. An active wavelength stabilization
scheme based on techniques for spatial mode matching was presented in [29]. A dynamic
control to the laser system based on the pump wavelength shift was proposed. It permits
to minimize the sensitivity of the athermal laser to ambient temperature fluctuations. The
idea to use tapered reflectance mirrors to flatten the transverse laser profile and to improve
optical efficiency was considered in [29].
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Figure 5. Dependence of the signal and pump powers from the length of the athermal fibre amplifier
for three different input signal powers: (1) 25 W, (2) 30 W, and (3) 40 W [26].

4.1. Athermal Bulk Lasers

Since the first experimental observation in 1995, laser cooling of solids has been real-
ized with Yb3+, Er3+, Tm3+, and Ho3+ ions doped in a wide variety of low phonon glasses
and crystals. Yb3+ ions are the most promising RE ions for laser cooling applications. They
have only one excited manifold, so that Yb3+ ions are free from excited state absorption,
which can be a source of multi-phonon decay resulting in undesirable heat generation in
the system.

Experiments devoted to radiation-balanced lasers began at the Naval Research Lab-
oratory (NRL) in 1999 [30]. New materials for laser cooling were investigated. In 2002,
the first athermal bulk laser was experimentally demonstrated with an Yb3+:KGd(WO4)2
crystal [31]. The laser design based on direct diode pumping of Yb3+:KGd(WO4)2 crystals
was developed further in [32].

Successful laser systems are based on high-quality materials. YAG and fused silica
are the best choice. They have the highest optical quality and lowest losses. In 2010, the
Yb3+:YAG laser rods with Yb3+ concentrations of 1%, 2%, 3%, and 5% were investigated.

The scheme of the radiation-balanced laser based on the Yb3+:YAG laser rod is pre-
sented in Figure 6. High power pumping with fibre lasers at 1030 nm produced a near
diffraction limited laser at 1050 nm. The mean fluorescent wavelength for Yb3+:YAG
is 1010 nm. Lower thermal loading and better beam quality were reached with the 2%
Yb3+:YAG rod. The average power of up to 200 W of output with a beam quality of
M2 = 1.2 was demonstrated without significant thermal loading or thermo-optic distor-
tions [33]. A typical thermal image of the Yb3+:YAG rod inside the athermal laser is
presented in Figure 7. Thermal loads were reduced to below 0.01% relative to the laser
output power. As one can see in Figure 7, fluorescence for the laser rod heats the mirror
on the left. The thermally insulated laser rod is almost not heated. Its temperature is very
close to the ambient temperature.
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Figure 6. Athermal laser: (a) Stable Yb3+:YAG resonator. (b) Ytterbium fibre laser pump array
propagation shown without the target laser rod [34].

Figure 7. Yb3+:YAG rod inside the laser. This image was captured after 10 s of lasing at 70 W with an
ambient temperature of 22 °C. The color scale corresponds to ∓ 5 °C as shown on right. Fluorescence
from the laser rod heats the mount for the pump injection mirror on left [33].

To improve laser performance, the laser rod was replaced with a slab composed
of Yb3+:YAG and sapphire (Figure 8) [34]. As one can see in Figure 8, a single 2 mm ×
110 mm 3% Yb3+:YAG sample was fusion-bonded to a sapphire plate along its length.
The sapphire plate provides a refractive index mismatch of 0.07, significantly reducing
fluorescence trapping and providing guiding of the pump at the wavelength 1030 nm. The
sapphire bond permitted to reduce the fluorescence lifetime from 2 ms to 1.25 ms. Using
this laser design, 1 W of heat for every kilowatt of output laser power was realized.

4.2. Athermal Disk Lasers

In 2000, an Yb3+:KGW laser disk was edge-pumped with radially focused laser diode
bars (Figure 9a) [34]. It generated up to 490 W. This was the first system with heat loading
below the laser quantum defect.
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Figure 8. Radiation-balanced laser gain element constructed from a tapered 110 mm 3% Yb3+:YAG
slab fusion-bonded to a 2 mm × 20 mm sapphire plate. The sapphire plate provides a refractive index
mismatch of 0.07. This allows for guiding of the 1030 nm pump lasers while significantly reducing
fluorescent trapping. The gold-plated mount and fused silica pins were designed to avoid radiative
heating of the fixture [34].

Figure 9. Yb3+:KGW disk lasers. (a) Edge-pumped Yb3+:KGW disk laser with a laser quantum
defect of 4.8%. (b) Thin-disk athermal laser system. Ip

(1), Ip
(2), Ip

(3), Ip
(4), and Ip

(5) are the pump
intensities, IL

out is the intensity of the output laser signal. The violet arrows around the disks illustrate
anti-Stokes fluorescence [35].
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In 2014, a thin-disk athermal laser system was proposed and theoretically analysed [35].
This scheme, consisting of a sequence of thin disks, can provide high flexibility, which is
key for athermal laser operation (Figure 9b). Yb3+:KGW laser disks were considered in [35].
The sequence of thin disks provides precise control of the pump intensity on each disk. It
allows the control of the pump intensity almost locally; that is, almost at each point along
all laser gain medium. In addition, the generic design of the laser module allows easy
scaling to higher powers. The concentration of the ions, as well as the thickness, can be
changed from one disk to another.

In 2019, the radiation-balanced Yb3+:YAG disk laser was experimentally demonstrated
in an intracavity pumping geometry (Figure 10) [36]. An optically pumped vertical-external-
cavity surface-emitting laser (VECSEL) was used to enhance the pump absorption. The
broad tunability and good beam quality of VECSELs provided additional parametrical
freedom (Figure 10).

Figure 10. Schematic of the intracavity-pumped radiation-balanced disk laser setup. On the right,
the mounting of the 5%-doped Yb3+:YAG disk of 0.5 mm thick and 4 mm × 5 mm cross section is
shown where it is glued onto two bare fibres, which are in turn supported by a glass slide to reduce
the heat load [36].

The thermal images of the mounted laser disk at room temperature after 30 min at
radiation-balanced condition are presented in Figure 11. Darker shades represent lower
temperatures. Recorded thermal images of the unpumped laser disk at room temperatures,
and under pump, are shown in Figures 11a and 11b, respectively. Figure 11c illustrates
the temperature dynamics of the radiation-balanced process. The temperature profile of
the laser disk was monitored with a thermal camera (Nanocore 640, L3 Communications
Corporation, Garland, TX, USA) with 0.05 K resolution as the VECSEL power was varied.
As one can see in Figure 11c, net cooling takes place from the very beginning, that is, as
soon as the pump diode is turned on. Indeed, the VECSEL and the fluorescence emission
process start immediately. The lasing process with the Yb3+:YAG disk takes some time
to initiate. It warms up the laser disk. About 10% power fluctuation was observed in
the first 5 min of the experiment. The radiation balancing condition was realized with
57 W of incident pump power at 808 nm, or 32 W of absorbed power. About 1 W output
power radiation balance was obtained. A temperature difference of ∼2 K was observed
between the centre and the edge of the disk of 4 mm × 5 mm cross section as a result of
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Gaussian radial intensity distribution of the modes. Beam shaping can be used to mitigate
this temperature difference.

Figure 11. The thermal images of the laser disk; (a) is the unpumped laser disk at room temperature.
The red lines represent the outline of the disk; (b) is the laser pumped disk. (c) The line-integrated
time-evolution of the temperature change along the white dashed line in (a). The VECSEL cavity is
unblocked at 1 min [36].

Recently, Yb3+:YLF and Yb3+:LLF laser disks have been investigated in external mul-
tipass pumping schemes (Figure 12) [37,38]. Compared to intracavity pumping, external
multipass pumping offers higher control on pump spot size and mode-matching conditions.
LLF is an isomorph of YLF. They have very similar thermo-optics properties. The Yb3+:YLF
and Yb3+:LLF laser disks with the Yb3+ concentration of 10%, 1 mm thick, and 5 mm diame-
ter were pumped at the wavelength 1020 nm corresponding to the lowest energy transition
between ground and excited manifolds of Yb3+ ions. This wavelength is convenient for the
system cooling. Laser emission was observed around 1050 nm. The linear laser cavity is
constituted by mirrors M1 and M3, both with 10 cm radius of curvature (Figure 12a). A
hole in the center of the M2 mirror allows propagation of the laser mode. The input laser
beam was focused near the focal point of M1 and M2, and thus collimated after reflection
of M2 and focused again after reflection on M1. A tilted window at Brewster’s angle was
used to shift the beam towards the center of M2. After several roundtrips between M1 and
M2, the pump is eventually scattered out by the sidewalls of the window. The sample was
placed at the middle point of M1 and M2. Radiation-balanced operation at about 1 W out-
put power was achieved with the Yb3+:YLF disk. Radiation-balanced laser operation was
observed at about 200 mW output power with the Yb3+:LLF laser disk (Figure 12b). It was
shown that large transversal thermal gradients are expected in beam area for high-power
(kW) radiation-balanced laser operations that require mitigation techniques.

15



Appl. Sci. 2021, 11, 7539

Figure 12. Schematic of laser cavity and multipass pumping for (a) the Yb3+:YLF laser disk and for (b) the Yb3+:LLF laser
disk [38].

4.3. Athermal Fibre Lasers

As previously noted, in radiation-balanced lasers and amplifiers, the radiated energy
increases only linearly with the length of the active medium. This requires a long active
medium, which is undesirable. To overcome the problem, lasers and amplifiers with a
cooler made from RE ions and integrated in the body of the device have been proposed
and theoretically investigated by Nemova and Kashyap [39–41].

As one can see in Figure 13a, the properly distributed Yb3+ ions pumped at the
wavelength 1015 nm with a cooling pump power Pp

cool work as an integrated cooler,
compensating for the heat generated inside the active medium due to the quantum defect
in the Raman lasers or amplifiers. In this scheme, the lasing action is separated from
the cooling process. Such separation of actions provides flexibility in the laser design. It
permits one to maintain the exponential growth of the amplified signal along the length of
the laser medium.

Figure 13. Fibre lasers with an integrated cooler. (a) Athermal Raman fibre laser. Two curves in the core illustrate the
distribution of Yb3+ ions providing cooling. (b) Athermal Yb3+-doped fibre laser with the Tm3+-doped cladding. Two
curves in the cladding illustrate the distribution of Tm3+ ions providing cooling. The dashed arrows illustrate anti-Stokes
fluorescence [41].

Figure 13b illustrates an athermal Yb3+-doped fibre laser, in which the heating is
caused by Stokes-shifted stimulated emission generated during the lasing process. In this
scheme, the lasing process takes place in the Yb3+-doped fibre core. The cooling process
takes place in the Tm3+-doped fibre cladding pumped at a wavelength of 1900 nm, that
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is, in the long-wavelength tail of the Tm3+ absorption spectrum. Here, the Tm3+ ions play
the role of an integrated cooler. The distribution of the RE ions in the integrated cooler is
properly arranged in both schemes to provide complete compensation for the heat in the
case of fixed laser pump power, Pp. The dashed arrows in Figure 13 illustrate anti-Stokes
fluorescence. A deviation in the laser input pump power causes a small deviation in
complete compensation of the temperature along the length of the laser medium. However,
this deviation in the temperature is small in comparison with the peak temperature change
without cooling. It can be partially compensated for by a change in the cooling pump
power, Pp

cool.
The temperature distribution inside a double-cladding optical fibre laser or amplifier

was theoretically investigated by Mafi [42]. It has been shown that heat generation in
the cladding due to the parasitic absorption of the high-power pump must be taken into
account in modern high-power fibre lasers and amplifiers, where the quantum defect is
lowered, or when the amplifier operates in a nearly radiation-balanced regime, or for
radiation-balanced lasers. The developed approach permits one to interpolate between
the case where the quantum defect heating is dominant and when the parasitic absorption
heating is comparable in size or is the dominant source of heating.

4.3.1. Athermal ZBLAN Fibre Lasers

An ytterbium-doped ZrF4–BaF2–LaF3–AlF3–NaF (ZBLAN) optical fibre was experi-
mentally investigated to extract its laser cooling related parameters [43]. It has been shown
that the Yb3+:ZBLAN fibre is a viable laser-cooling medium for radiation-balanced lasers
and amplifiers. A comparison between a conventional Yb3+:ZBLAN fibre laser pumped
at 975 nm wavelength and an athermal Yb3+:ZBLAN fibre laser pumped at 1030 nm was
made [43]. They are presented in Figure 14. The output laser signal in both lasers was
assumed to be 3 W in power at the wavelength 1070 nm. Both systems were optimized
for maximum efficiency. As one can see in Figure 14, the temperature rise in both designs
is comparable, while the athermal laser required a 20-fold larger pump power, making
the athermal laser design totally unpractical. The authors of [43] attributed the problem
to the relatively large value of the background absorption of the pump. They considered
the problem of the background absorption in [44]. Following their simulations, a 10-fold
reduction in the background absorption can reduce the heating in the athermal laser design
significantly, rendering the athermal laser viable. These results are presented in Figure 14.

In 2021, the first observation of anti-Stokes cooling of Yb3+:ZBLAN fibres, in which
both the core and the cladding were doped with Yb3+ to increase the number of Yb3+ ions
contributing to cooling, was announced [45]. It is worth mentioning that laser cooling of
the core-doped Yb3+:ZBLAN fibres was demonstrated previously in a vacuum [46] and
at atmospheric pressure [47,48]. The main goal of [45] was to provide an experimental
validation of the concept of cooling a fibre more aggressively by doping its cladding with
a cooling ion and pumping the cladding, which was proposed by Nemova and Kashyap
in [39]. The performances of three fibre designs were compared. One of these fibres was a
conventional large-core multimode fibre. Two others were cladding-doped fibres. One of
these two cladding-doped fibres had a double-D shape, and the other had an octagonal
cladding. Both shapes were designed to induce greater mode mixing (Figure 15). The
pump light from a 1025.5 nm fibre-pigtailed semiconductor laser was launched into the
Yb3+:ZBLAN fibre under test. The temperature change of a fibre was measured with a
custom slow-light FBG sensor with a sub-mK resolution [49].
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Figure 14. (a) Propagation of the forward pump (FW pump), backward pump (BW pump), forward signal (FW signal),
backward signal (BW signal), and temperature rise along the fibre for a conventional fibre laser pumped at 975 nm.
(b) Similar graph for the athermal laser operation pumped at 1030 nm. In (a,b) on the left, the background absorption is
4.278 × 10−2 m−1. In (a,b) on the right, a 10-fold reduction is shown in the background absorption [43,44].

Figure 15. Cross section of the multimode Yb-doped ZBLAN fibres used in [45]: (a) conventional
multimode fibre, (b) double-D cladding-doped fibre, and (c) cladding-doped fibre with an octagonal
inner cladding [45].

The conventional multimode fibre (Figure 15a) with relatively poor mode mixing
due to its symmetrical core was used to illustrate the importance of mode mixing. The
maximum measured temperature change observed in this fibre under 1025.5 nm pumping
was −0.65 K for 584 mW of pump power at the location of the sensor.

In order to improve mode mixing, a second fibre with a double-D cladding doped with
Yb3+ was fabricated (Figure 15b). The largest temperature change recorded for this fibre
was −78 mK for a pump power of 240 mW. The efficiency (temperature change divided by
pump power) was higher (~3 times) than in the conventional multimode fibre.

The third Yb3+:ZBLAN fibre, which had an octagonal cladding, was designed specifi-
cally to improve the mode filling of the cladding (Figure 15c). This fibre design permits
the mode to fill a noticeably larger portion of the cladding. The temperature change of
−1.3 K was reached with the maximum available pump power of 3 W. To improve this
value, the fibre was pumped with the pump power of 15 W at the wavelength 1040 nm.
The temperature change of −2 K was reached.

The fibre with a double-D cladding (Figure 15b) did not perform as well as the fibre
with an octagonal inner cladding (Figure 15c), largely due to limited mode mixing, which
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resulted in only a small fraction of the ions in the cladding being excited and contributing
to the refrigeration process. An octagonal inner cladding of the fibre (Figure 15c) permitted
to increase mode mixing and excite the cladding more uniformly. As a result, greater
cooling was observed with this fibre.

4.3.2. Athermal Silica Fibre Lasers

Most commercial fibre lasers are made of silica, due to silica’s low loss and durability.
Laser powers as high as 10 kW have been achieved with a silica fibre laser [50]. However,
crystals and fluoride-based samples are widely used hosts for laser cooling with anti-Stokes
fluorescence. Relative to silica, fluorides have fairly high loss and brittleness, that is, they
can undergo sudden structural failure instead of plastic deformation. As a result, the
highest power achieved with a ZBLAN laser is only 50 W [51].

In 2019, laser cooling with anti-Stokes fluorescence was demonstrated in two separate
silica samples: a silica fibre [52] and a bulk silica preform [53]. These results were break-
throughs for development of silica-based athermal lasers. In [54], several influential factors
on laser cooling with anti-Stokes fluorescence in silica fibres were investigated. The cooling
performances of six Yb3+-doped silica fibres with various dopant and codopant concen-
trations, OH− loss, and core dimensions were compared. It was shown that silica can
accommodate unexpectedly high Yb3+ concentrations without suffering from quenching,
in spite of its high phonon energy. Cooling a fibre with high 2.52 wt.% Yb3+ concentration
was enabled by reducing the absorptive loss below 5 dB/km and codoping the fibre with
2.0 wt.% Al, leading to a record-breaking critical quenching concentration, 30% higher than
the previous reported. A temperature change of −70 mK was observed at atmospheric
pressure for 170 mW/m of pump power absorbed at 1040 nm.

In 2021, the first radiation-balanced silica fibre amplifier was demonstrated. An Yb3+-
doped silica fibre served as an active medium [55]. The core diameter of the silica fibre was
21 μm. Its numerical aperture was 0.13. The Yb3+ concentration was 2.52 wt.%. The fibre
was codoped with 2.00 wt.% Al to reduce concentration quenching. The wavelength of
the pump was 1040 nm and the signal wavelength was 1064 nm. The mean fluorescence
wavelength of Yb3+ was 1003.9 nm and the radiative and quenching lifetimes were 765 μs
and 38 ms, respectively. The Yb3+ critical quenching concentration was 21.0 wt.%. The
absorptive loss of the fibre was 18 dB/km. The temporal trace of the temperature change
in this fibre amplifier is illustrated in Figure 16. At time t = 0 s, the pump was turned
on. The temperature of the fibre decreased ∼130 mK below room temperature. After 15 s,
the seed signal was turned on. The temperature of the fibre increased, reaching a new
steady-state value of ∼110 mK below room temperature. The temperature change of the
fibre amplifier was defined as the difference between the average temperature in the first
5 s, when both the pump and signal were off, and the average temperature in the last 5 s
after both had been turned on. Each measurement was repeated three times and averaged.
Measured temperature change versus position along the fibre amplifier is presented in
Figure 17. The solid curves in Figure 17 are simulation results obtained using the model of
a radiation-balanced fibre laser described in [56]. In [55], it was shown that light can be
coherently amplified with a gain approaching 20 dB and generating no net internal heating.
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Figure 16. Measured temporal trace of the temperature change in the Yb3+-doped silica fibre as the
1040 nm pump and 1064 nm seed are sequentially turned on, launching 1.64 W and 3 mW in the fibre
core, respectively [55].

Figure 17. Measured temperature change versus position along the fibre amplifier, and simulated dependencies using the
model based on [55]: for (a–c) a 2.74 m, and (d) a 4.35 m amplifier fibre [55].

4.3.3. Athermal Fibre Lasers with Optically Active Composite Cladding Materials

The idea to use composite materials, such as glass–ceramic, for laser cooling with anti-
Stokes fluorescence was proposed by Nemova and Kashyap in 2012 [57,58]. They proposed
to use Tm3+-doped oxy-fluoride glass–ceramic to combine the low phonon energy of the
Tm3+ doped fluoride nanocrystals with the promising mechanical and chemical properties
of the oxide glass. In such a structure, Tm3+-doped nanocrystals serve as optically active
sources of cooling.

Recently, the idea to use composite materials for optical cooling was experimentally
developed and applied to fibre lasers by Xia et al. [59,60]. As a proof of principle, they
demonstrated laser cooling of an YLF/polymer composite cladding material using far-field
excitation [60]. As one can see in Figure 18a, a cladding-etched bare glass fibre with YLF
crystals attached to it using a layer of commercially available fluoropolymer CYTOP with
an ultra-low NIR absorption coefficient was illuminated perpendicularly in the far field
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with a 1020 nm continuous wave laser focused onto a crystal at a range of irradiances up to
1 MW/cm2. The pump laser at the wavelength 1020 nm excites electrons from energy level
E4 to energy level E5. After thermalization accompanied by phonon absorption in the 3F5/2
manifold, electrons undergo transition to the 3F7/2 manifold, and the fluorescence spectrum
arises (Figure 18b). The fluorescence spectra were recorded with a spectrometer (Ocean
Optics, NIR512, Midland, ON, Canada). A 1000 nm short-pass filter (Thorlabs, FESH1000,
Newton, MA, USA) was used to filter the laser line. Ten spectra, collected for 100 ms
each, were averaged to obtain the final fluorescence spectrum. The temperature-calibrated
fluorescence spectra were obtained using a cryostat (Janis, ST500, Westerville, OH, USA) in
which the sample temperature was maintained at various points from 300 K to 350 K by
a temperature controller (Lake Shore, 335, Westerville, OH, USA) with resolution 0.01 K.
Fluorescence spectra were normalized to the peak at 960 nm. P1 and P2 are electronic
transitions E6−E2 and E5−E2/E3, respectively. The integrated intensity ratio of P1 and
P2 peaks is temperature dependent following a Boltzmann distribution (Figure 18c). The
integration ranges for P1 and P2 are from 952 nm to 968 nm and from 986 nm to 1000 nm,
respectively. It was shown that the temperature of the Yb3+:YLF crystal decreases by 6.6 K
(Figure 18c). At each laser irradiance, a mean P1/P2 ratio was obtained by averaging six
measurements, and the error bars represent one standard deviation, which are smaller than
1% of the mean values.

Figure 18. (a) Optical microscope image of Yb3+:YLF microcrystals on an etched fibre. (b) Yb3+:YLF fluorescence spectra
at various laser irradiances, normalized to the P1 peak. At higher irradiance the P2 peak increases in intensity. (c) The
integrated intensity ratio of P1 and P2 peaks with the corresponding calibrated temperature at each laser irradiance [60].

In [60], Xia et al. proposed and theoretically analyzed the fibre laser with two claddings
(Figure 19). One of these claddings (the inner one) is composed of glass with Yb3+:YLF
nanocrystals. It covers the Yb3+-doped fibre glass core. The outer cladding is made of the
same glass as the inner cladding, but without Yb3+:YLF nanocrystals. The authors of this
paper expect that the optically pumped Yb3+:YLF nanocrystals in the inner cladding will
lower the local temperature through anti-Stokes fluorescence. They proposed to reduce
Rayleigh scattering by index matching the composite host material with the index of
YLF. Their model shows a significant temperature decrease of 19 K when the Yb3+:YLF
nanocrystals within the composite cladding have a volume fraction of 10%.
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Figure 19. (a) The core of the fibre is Yb3+-doped glass. The inner region of the cladding (yellow) is
composed of glass and YLF nanocrystals, and the outer region of the cladding (blue) is made of the
same glass as the inner cladding region, but with no Yb3+:YLF. (b) The fibre cross section [60].

4.4. Athermal Spherical Microlasers

Microlasers fabricated from upconverting nanoparticles (UCNP) coupled to whisper-
ing gallery mode (WGM) microresonators were demonstrated in [61,62]. They can exhibit
continuous wave anti-Stokes lasing useful for tracking cells, environmental sensing, and
coherent stimulation of biological activity. Continuous-wave anti-Stokes lasing with laser
thresholds as low as 1.7 ± 0.7 kW/cm2 was achieved.

The radiation-balanced version of the spherical microlaser was proposed in [63].
As one can see in Figure 20a, in this athermal microlaser the monolayer of UCNPs is
deposited on the surface of the microsphere. This monolayer consists of two different
UCNPs: Yb3+-doped β-NaYF4 UCNPs, which are responsible for optical refrigeration, and
Yb3+/Er3+/Tm3+-codoped β-NaYF4 UCNPs, which serve as solid-state gain media. In
this scheme, the cooling power and the stimulated emission are provided by UCNPs with
different compositions operating at the same pump wavelength.

Figure 20. Schematics of (a) a radiation-balanced microlaser and (b) a 3D composite laser refrigeration
microsphere [63].

The authors of [63] also proposed to use Yb3+-doped UCNPs distributed throughout
the entire volume of the microsphere for its optical cooling (Figure 20b). The athermal
operation of microsphere lasers has not been demonstrated yet.

5. Conclusions

The presented work gives an overview of the latest achievements in a very promising
and intensively developing area of laser physics known as radiation-balanced or athermal
lasers. It is shown that the radiation balance can be maintained using optical refrigeration
based on anti-Stokes fluorescence in the system of RE ions doped in a low-phonon host
material. Optical refrigeration is the only solid-state technology that can cool to cryogenic
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temperatures. A basic model describing the operation of radiation-balanced lasers has
been presented and discussed. The analytic expressions describing radiation-balanced
laser operation were obtained using the set of coupled rate equations. The requirements for
radiation balance predict that the characteristics of a radiation-balanced laser are affected
by cavity parameters and fundamental material properties. The pump wavelength is the
most sensitive parameter. To attain optical refrigeration in the laser, the pump wavelength
must exceed the mean fluorescence wavelength.

At the present time, athermal lasers follow four main designs: radiation-balanced
bulk and fibre lasers, radiation-balanced disk lasers, and athermal microlasers. All four
designs considered in this review are very promising for different applications. Anti-Stokes
cooling of RE-doped bulk, fibre, and disk lasers have been experimentally demonstrated.
Both experiments and calculations indicate that improving the purity of host crystals will
result into improving athermal laser performance. The development of new RE-doped
low-phonon materials can facilitate the realization of athermal lasers and accelerate their
commercialisation. Recently, Nakayama et al. [64,65] proposed to use Yb3+-doped yttrium
aluminum perovskite (YAP) as an active medium of radiation-balanced lasers. YAP has
properties that are similar to those of YAG, but it possesses a phonon energy

(
620 cm−1)

that is lower than that of YAG
(
865 cm−1). This lower phonon energy is a source of higher

quantum efficiency. It has been shown that the small-signal gain of athermal laser materials
utilizing an f − f transition of RE ions can be controlled by engineering the surrounding
crystal fields of the RE dopant.

The further average power scaling requires better control of the beam intensity profile.
Recently, athermal laser operation with mode-mismatched Gaussian and super-Gaussian
beams was analyzed by Sheik-Bahae and Yang [66]. As one can see in [66], in a disk geome-
try, beam-area scaling to high-power operations can be accompanied by large transverse
temperature gradients. These undesirable gradients can be countered by pump beam
shaping and/or employing longer gain media.

Considering four main designs of radiation-balanced lasers, I believe that athermal
disk lasers will be the first commercially available radiation-balanced lasers in the coming
years. Indeed, the disk shape of a gain medium provides significant freedom in the control
of pump power distribution, which is a key element for athermal operation of the laser.
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Featured Application: A safe and scalable method is reported for the synthesis of rare earth doped

lithium fluorides that allows for much larger bulk syntheses of these materials that would be

challenging when using more hazardous reagents.

Abstract: Rare earth doped lithium fluorides are a class of materials with a wide variety of optical
applications, but the hazardous reagents used in their synthesis often restrict the amount of product
that can be created at one time. In this work, 10%Yb3+:LiLuF4 (Yb:LLF) crystals have been synthesized
through a safe and scalable polyethylene glycol (PEG)-assisted hydrothermal method. A combination
of X-ray diffraction (XRD) analysis, scanning electron microscopy (SEM), and photoluminescence
(PL) measurements were used to characterize the obtained materials. The influence of reaction
temperature, time, fluoride source, and precursor amount on the shape and size of the Yb:LLF
crystals are also discussed. Calibrated PL spectra of Yb3+ ions show laser cooling to more than 15 K
below room temperature in air and 5 K in deionized water under 1020 nm diode laser excitation
measured at a laser power of 50 mW.

Keywords: laser refrigeration; hydrothermal synthesis; crystal growth; ratiometric thermometry

1. Introduction

Rare earth lithium fluorides (RELiF4) with a scheelite structure are widely used in
various fields such as theranostics [1], long-term in vivo bioimaging [2,3], photothermal
therapy [4–6], ratiometric temperature sensing [7], transparent volumetric displays [8,9],
multi-level anti-counterfeiting applications [10], photocatalysis [11], photovoltaics [12], scin-
tillating materials [13], and refrigeration through laser radiation [14–20]. These materials
also show promise for solid-state laser applications [21].

Recently, it has been demonstrated that low-cost, low-temperature hydrothermal
processing can be used to grow YLiF4 [17], NaYF4 [22], KLuF4 [23], and LiLuF4 [24]
crystals that are capable of solid-state laser refrigeration. However, the use of ammonium
bifluoride inhibits the production of large amounts of these materials due to the danger of
hydrofluoric acid formation in solution, which can then form gaseous hydrogen fluoride
during the autoclave portion of the synthesis. Using polyethylene glycol (PEG) in place of
NH4HF2 helps improve the solubility of lithium ions while also reducing potential hazards
posed by the use of ammonium bifluoride and, as a result, makes this method safer and
more scalable.
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Appl. Sci. 2022, 12, 774

Due to the complexity of hydrothermal systems, various internal and external factors
can fundamentally affect the purity, crystal structure, morphology, and physical properties
of the obtained materials. For example, it has been shown that LiOH concentration is the
key factor responsible for the shape evolution and phase control of RELiF4 nanocrystals at
selected temperatures [25]. It has also been shown that the use of EDTA as a chelating agent
in the reaction is essential to obtain highly crystalline and smooth Er3+:LiYbF4 microparti-
cles [26]. Most importantly, these hydrothermal materials show more efficient luminescence
with further heat treatment. Higher reaction temperatures and prolonged reaction times
have been shown to facilitate the formation of more stable LiYbF4 microcrystals [27]. The
substitution of Li+ in Na(1–x)LixReF4 not only causes a phase transition but also induces
variation in the morphology, size, and luminescent properties of the final microcrystals [28].
Taking these observations into consideration, parameters other than the fluoride source,
such as temperature, precursor amount, and reaction length, must be carefully controlled
and examined to determine their effect on the final crystal.

In this work, we report a method for PEG-assisted hydrothermal synthesis of Yb3+-
doped lithium lutetium fluoride (Yb:LLF) microcrystals and discuss the influence of
various factors on the growth of the Yb:LLF microcrystals and their ability to undergo
laser refrigeration.

2. Materials and Methods

Synthesis of 10%Yb3+:LiLuF4. The reagents used in this synthesis are identical to
those used in a similar synthesis in previous work [24].

The following synthesis (Figure 1) is a slight modification of previous work [17]. In
contrast to the referenced procedure, yttrium nitrate (Lu(NO3)) and ytterbium nitrate
(Yb(NO3)) of 99.999% purity were used as purchased from Sigma-Aldrich. The nitrate
powders were dissolved in Millipore deionized (DI) water to achieve a stock concentration
of the respective nitrates. Additionally, nitric acid (HNO3) and ammonium bifluoride
(NH4HF2) were not used in this synthesis. Lithium fluoride (LiF) and polyethylene glycol
(PEG, Mn = 4000) were used directly without any purification. For this synthesis, 28.8 mL
of 0.5 M Lu(NO3)3 and 3.2 mL of 0.5 M Yb(NO3)3 were mixed with 16 mmol of EDTA and
30 mmol of LiOH in 20 mL of Millipore DI water at 50 ◦C while stirring for 30 min to form
solution A. Subsequently, 64 mmol of LiF were dissolved in 30 mL of 10 wt.% PEG Millipore
DI water solution at room temperature while stirring for 1 h to form solution B. Solutions
A and B were mixed together while stirring for 30 min to form a homogeneous white
suspension, which was transferred to a 2-L Teflon-lined autoclave and heated to 180 ◦C for
24 h. After the autoclave cooled to room temperature, the Yb:LLF particles were recovered
by centrifuging and washing with ethanol and Millipore DI water three times. The final
white powder was obtained by calcining at 300 ◦C for 2 h in air, which was determined to be
the ideal temperature for calcination via XRD and SEM (Figures S1 and S2). The theoretical
yield was 4.120 g of Yb:LLF. The actual yield was 2.0 g, for a yield percentage of 48.5%

Multiple variations of this base synthesis were performed to examine the effects of
different variables on the crystals. In some experiments, the reagent amounts were reduced
by a factor of 4. Other syntheses were performed at temperatures other than 180 ◦C,
including 100, 120, 130, 200, and 220 ◦C for 24 h. The effect of time on the synthesis was
also examined, with data from some syntheses collected at 3 h, 5 h, and 14 h, as well as the
standard 24 h time point.

Characterization. Scanning electron microscopy (SEM) images were taken on an FEI
Sirion XL30 SEM at an accelerating voltage of 15 keV. Powder X-ray diffraction (XRD)
patterns were obtained on the Bruker F8 Focus Powder XRD with Cu K-α (40 kV, 40 mA)
irradiation (λ = 0.154 nm). The 2θ angle of the XRD data was 16◦ to 93◦, and the scanning
rate was 0.36◦ s−1. PL spectra were registered following a method outlined in previous
work [24].
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Figure 1. Schematic of the base PEG-assisted hydrothermal synthesis of Yb:LLF microcrystals.

When collecting photoluminescence spectra, Yb:LLF crystals were attached to optical
fibers for the sake of thermal isolation. The crystals were then optically excited in air using
a 1020 nm diode laser with irradiances ranging from 0.08 to 1 MW/cm2. Temperatures
were calibrated for individual Yb:LLF grains using an optical cryostat. Temperatures were
scanned from 300 to 400 K with a low laser irradiance of 0.04 MW/cm2 to minimize any
photothermal effects caused by optical excitation. Cold Brownian motion data were col-
lected using a home-built optical trapping setup and following a procedure from previous
work [17].

3. Results

Scanning electron microscopy (SEM) of two different Yb:LLF crystals are shown in
Figure 2a. In the first case (Figure 2a), the Yb:LLF crystals have been synthesized through
an NH4HF2-assisted hydrothermal method [17,24]. They have a tetragonal bipyramidal
morphology with a dominating (101) surface. The Yb:LLF crystals synthesized through the
PEG-assisted hydrothermal method (Figure 2b) have two dominating surfaces: (101) and
(112), respectively, which was predicted in Littleford’s works [29,30] for a yttrium lithium
fluoride (YLF) crystal. Figure S3 also shows the room-temperature FTIR spectra of the
Yb:LLF crystals obtained at different conditions. The weak peaks in the FTIR spectra can
be attributed to atmospheric water and carbon dioxide adsorbed on the optical elements
of the spectrometer and on the samples, and the absence of strong bands in the range of
1000–4000 cm−1 implies that there is no residual PEG and minimal oxyfluorides on the
surface of the crystals regardless of synthesis method.

X-ray diffraction analysis confirms that crystals from both syntheses adopt a tetrag-
onal scheelite structure (ICDD number 04-002-3255) with space group I41/a (Figure 2c).
Comparison of the two X-ray diffraction spectra of Yb:LLF (Figure 2c) corresponding to
NH4HF2- (blue) and PEG-assisted (red) syntheses gives different ratios of I(101):I(112),
which correlates with the morphology of the Yb:LLF crystals. Stereographic projections
of crystal facets related to the most intensive XRD peaks are shown in Figure 2d (inset) as
red circles.

Crystals grown using the base PEG-assisted synthesis described previously were
subjected to photoluminescence (PL) measurements to examine the cooling abilities of the
crystals grown via this new method. Crystals grown via the base synthesis method were
used due to the method’s ability to consistently produce pure single crystals with only one
phase. This avoids issues caused by parasitic energy transfer or luminescence quenching
due to impurities, maximizing the laser cooling power of the crystals. The PL spectra
obtained at different 1020 nm laser powers are shown in Figure 3a. Changes in the ratio of
the integrated emission bands R1 and R2 (and their respective intensities in a.u., I1, and
I2), which stem from transitions between energy states E6-E1 and E5-E2,3, respectively, are
directly correlated to a change in the crystal temperature through a Boltzmann distribution
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(Figure 3b). Ratiometric spectral measurements were used to calibrate temperature in
which ln(I1/I2) varies linearly with 1/T (calibration shown in Figure S4). The decrease
in the logarithmic ratio of I1 to I2 with increasing irradiance reflects a decrease in the
internal lattice temperature of approximately 15 K below room temperature (Figure 3b).
Analogous laser cooling trends (approximately 5 K below room temperature) were observed
for individual Yb:LLF grains optically trapped in water (Figure 3c). These values are
comparable to cooling temperatures Yb:LLF crystals obtained via the NH4HF2-assisted
synthesis. [24] Additionally, these crystals exhibit much greater cooling capability than 5%-
Yb doped LLF crystals grown via the Czochralski process but do not cool to the cryogenic
temperatures reached by Czochralski-grown Yb:YLF crystals [15,31].

 

Figure 2. Characterization of Yb:LLF crystals. Scanning electron microscope images of faceted
Yb:LLF particles synthesized with NH4HF2- (a) and PEG-assisted (b) hydrothermal syntheses. Scale
bar = 5 μm. Types of facets are indicated in parentheses. (c) Schematic of a Scheelite crystal structure
of Yb:LLF with I41/a space group symmetry. (d) Powder XRD pattern of Yb:LLF crystals follow-
ing NH4HF2- (blue) and PEG-assisted (red) hydrothermal synthesis, indicating a Scheelite crystal
structure. Inset: stereographic projections of crystal facets related to the most intensive XRD peaks.

Reducing the concentration of reagents by a factor of four leads to the synthesis of
significantly smaller crystals. The low concentration synthesis produced crystals around
5 μm in size, whereas the standard synthesis could produce crystals as large as 20 μm.
Although their size is greatly changed, the morphology of the crystals remains the same
regardless of the reagent concentration. The (112) plane remains clearly visible on both sets
of crystals (Figure S5).

XRD data from a range of experimental temperatures spanning from 100 ◦C to 200 ◦C
are shown in Figure 4. At lower temperatures, a variety of side products can be seen in
the XRD data, including LuF3 and LiLuO2. Unreacted or undissolved LiF can also be seen
in many of the XRD patterns. A stable, single phase of Yb:LLF is not reached after 24 h
unless the standard reaction temperature of 180 ◦C or above is used. Additionally, the size
of the formed crystals also increases with reaction temperature, which can be seen in SEM
images (Figure S6). Reaction time also plays a factor in the generation of a single, stable
Yb:LLF phase. At lower time points, the XRD data shows mostly unreacted LiF and little
to no evidence of the Yb:LLF crystals. After 14 h, a significant Yb:LLF phase can be seen,
and only traces of LiF remain (Figure S7). SEM also shows that increasing the length of
the synthesis causes the crystal facets and morphology to be more well-defined and fully
formed (Figure S8).
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Figure 3. Laser cooling of Yb:LLF crystals. (a) PL spectra of the Yb:LLF crystal on a SiO2 optical fiber
in air under 1020 nm diode laser excitation measured at different irradiances. (b) Cryostat calibration
of PL spectra of the Yb:LLF crystal on a SiO2 optical fiber in air under 1020 nm diode laser excitation
measured at different irradiances. (c) Laser refrigeration of the Yb:LLF crystal in deionized water
measured via cold Brownian motion analysis at different irradiances.

 

Figure 4. Powder XRD pattern of crystals following PEG-assisted hydrothermal synthesis at: (a) 100 ◦C,
(b) 120 ◦C, (c) 130 ◦C, (d) 150 ◦C, (e) 180 ◦C, and (f) 200 ◦C, for 24 h.

4. Discussion

The fluoride source and inclusion of PEG clearly affect the morphology of the Yb:LLF
crystals. The (112) planes seen in all crystals synthesized via the PEG-assisted method indi-
cate that the PEG lowers the surface energy of that plane, changing the Wulff construction
of the crystal and allowing it to form during the hydrothermal synthesis. In spite of this
additional plane, the stoichiometric 1:1:4 product is formed, as confirmed by XRD. This is
of particular interest as other RELiF4 materials, such as NaYF4, do not form a stoichiometric
phase. [32] Additionally, this extra plane does not impact the crystals’ cooling abilities,
which are comparable to those shown by crystals formed using the ammonium bifluoride
synthesis. It can then be concluded that this synthesis method is not only effective, but a
safe and scalable alternative to the ammonium bifluoride synthesis when attempting to
synthesize large amounts of Yb:LLF crystals. This synthesis generates high amounts of
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product while avoiding the hazards of hydrofluoric acid formation and hydrogen fluoride
gas generation.

Compared to the fluoride source, the temperature and length of the reaction do not
significantly impact crystal morphology but, instead, are key factors in forming a pure and
highly crystalline Yb:LLF phase, as well as impacting the size of the crystals formed. The
number of precursors remaining in solution at shorter time points, specifically undissolved
or unreacted LiF, could be eliminated by allowing the reaction to proceed for longer times,
further improving the yield of the reaction. The size of the crystals can also be controlled
by the concentration of precursors in an aqueous solution. By combining the size control
demonstrated by changing the reaction temperature and the size control demonstrated by
the precursor concentrations, it could be possible to finely control the size of the crystals.

5. Conclusions

Yb:LLF crystals with a scheelite structure (space group I41/a) have been synthesized
through a safe and scalable PEG-assisted hydrothermal approach. We show that size and
morphology can be finely controlled by changing reaction conditions such as temperature,
time, fluoride source, and precursor amount. The results show that higher temperature
and prolonged reaction time facilitate the formation of more stable LiLuF4 crystals. The
substitution of PEG for NH4HF2 changes the morphology of the product, as shown by the
appearance of crystal facets (101) and (112) in the PEG-assisted crystals. The average size
of the crystals can be controlled by the concentration of precursors in an aqueous solution.
We demonstrate solid-state laser refrigeration of the Yb:LLF crystals using a focused near-
infrared laser excitation source (λ = 1020 nm). A calibrated ratiometric Boltzmann analysis
of the Yb3+ luminescence reveals laser cooling in air by more than 15 K below room
temperature and in water by more than 5 K below room temperature.

Supplementary Materials: The following supporting information can be downloaded at: https:
//www.mdpi.com/article/10.3390/app12020774/s1, Figure S1: Scanning electron microscope images
of crystals following PEG-assisted hydrothermal synthesis at: (a) 100 ◦C (scale bar is 1 μm), (b) 120 ◦C
(scale bar is 1 μm), (c) 130 ◦C (scale bar is 1 μm), (d) 180 ◦C (scale bar is 2 μm), (e) 200 ◦C (scale
bar is 2 μm) and (f) 220 ◦C (scale bar is 5 μm), for 24 h, Figure S2: Powder XRD pattern of crystals
following PEG-assisted hydrothermal synthesis at 130 ◦C for: (a) 3 h, (b) 5 h, (c) 14 h, (d) 24 h,
Figure S3: Scanning electron microscope images of crystals following PEG-assisted hydrothermal
synthesis at 130 ◦C for: (a) 3 h (scale bar is 1 μm), (b) 5 h (500 nm), (c) 14 h (1 μm), (d) 24 h (1 μm),
Figure S4: Temperature-calibrated PL spectra of Yb3+:LLF, Figure S5: ATR-FTIR spectra of Yb3+:LLF
synthesized under following conditions: (a) at 130 ◦C for 14 h; (b) at 150 ◦C for 5 h; (c) at 200 ◦C for
24 h; (d) at 200 ◦C for 72 h; (e) at 220 ◦C for 5 h; (f) at 220 ◦C for 48 h, Figure S6: Powder XRD pattern
of crystals following PEG-assisted hydrothermal synthesis at 220 ◦C for 2 h (a) without calcination
and calcination at: (b) 300 ◦C, (c) 500 ◦C, (d) 600 ◦C, Figure S7: Scanning electron microscope images
of crystals following PEG-assisted hydrothermal synthesis at 220 ◦C for 2 h (a) without calcination
and calcination at: (b) 300 ◦C, (c) 500 ◦C h, (d) 600 ◦C. Scale bar is 1 μm, Figure S8: Scanning electron
microscope images of LLF crystals following PEG-assisted hydrothermal synthesis at 200 ◦C for 24 h.
(a) RE nitrate precursor amount is 4 mmol. Scale bar is 5 μm. (b) RE nitrate precursor amount is
16 mmol. Scale bar is 20 μm.
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Abstract: We present a method for calibrating a commercial thermal camera adopted to accurately
measure the temperature change of the sample in a laser-induced temperature modulation spectrum
(LITMoS) test, which is adopted for measuring two crucial parameters of the external quantum
efficiency ηext and the background absorption coefficient αb for assessing the laser cooling grade
of the rare-earth-doped materials. After calibration, the temperature resolution of the calibrated
thermal camera is better than 0.1 K. For the cooling grade Czochralski-grown 5% Yb3+:LuLiF4 crystal,
the corresponding values of ηext and αb are LITMoS = measured to be ηext = 99.4 (±0.1)% and
αb = 1.5 (±0.1)× 10−4 cm−1, respectively.

Keywords: laser cooling; optical cooling; fluoride crystal

1. Introduction

Optical cooling of solids is based on the anti-Stokes fluorescence principle, in which the
average wavelength of fluorescence (λ f ) emitted by a transparent solid is shorter than the
wavelength of the coherent light (λ) for excitation [1,2]. The extra energy of the fluorescence
over the excitation light comes from the kinetic energy of the lattice vibrations in the sub-
strate [3]. The kinetic energy of the lattice vibrations is continuously pumped away, causing a
temperature drop of the substrate until the cooling effect is balanced by the heating effect [4–7].
Optical cooling of solids is effective for developing both the cryogenic optical refrigerator of
free vibration with high reliability and radiation-balanced lasers (RBLs) of no gain medium
heating from quantum defects and non-radiative attenuation [8–14].

R. Epstein and co-workers first demonstrated the anti-Stokes fluorescence cooling con-
cept on the 1 wt.% Yb3+-doped ZBLANP fluoride glass in 1995 [1]. Since then, researchers
have focused on exploring new promising potential materials for cryogenic optical cooling.
So far, net cooling by laser has been demonstrated not only in a variety of rare-earth-doped
(Yb3+-, Tm3+-, Er3+- and Ho3+-) bulk and nano crystals [2,15–31], but also in glassy materi-
als [32–34] and semiconductors of nano structure [35–37]. Among all the crystals tested,
fluoride crystals have exhibited the best cooling performances [38–40]. The Yb3+/Tm3+

co-doped LiYF4 crystal has been cooled to a record temperature of 87 K [41] and the Yb3+

doped LuLiF4 crystal has the potential to be cooled to 89 K [29]. Recently, the Yb3+ doped
fibers (such as ZBLAN and silica fibers) have been attracting researchers as the platform for
RBLs. Especially, the fibers can be further improved in purity and doped with modifiers
to increase the Yb ion solubility [42,43]. Demonstration of RBLs and radiation-balanced
amplifiers based on the fiber platform has also been reported [14,44,45].

M. Sheik-Bahae and R. Epstein developed a four-level model in theory to describe
the laser-cooling processes of rare-earth-doped hosts with four parameters: the exter-
nal quantum efficiency ηext, the resonant absorption coefficient αr(λ, T), the background
absorption coefficient αb and the mean fluorescence wavelengths λ f (T) being derived
for characterizing their cooling performances [7]. Accurate characterization of the laser
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cooling properties in both theory and experiment is very important for determining high-
cooling-grade materials [46–48]. The external quantum efficiency ηext and the background
absorption coefficient αb are two crucial parameters for assessing the laser cooling grade
of a material. The laser-induced temperature modulation spectrum (LITMoS) method has
been developed to accurately measure these two parameters [48]. The laser-cooling limits
of both rare-earth doped fluoride glass of ZBLAN(P) and fluoride crystal of LiYF4 were
accurately predicted from their corresponding “cooling windows” obtained with the help
of the LITMoS method [41,42,48–50]. For instance, the minimum achievable temperature
(MAT) of the Yb3+-doped LiYF4 crystal was predicted to be as low as 60 K, which is lower
than the temperature of liquid nitrogen [41,51,52]. However, the MAT of the Yb3+-doped
ZBLAN glass was estimated to be only about 200 K [33]. Recently, a Yb3+/Tm3+ co-doped
LiYF4 crystal picked up by LITMoS test was used to cool a Fourier Transform Infrared
detector (HgCdTe) down to 135 K [53,54].

Here we adopt the LITMoS method at room temperature to accurately characterize
a sample material in its external quantum efficiency ηext and background absorption
coefficient αb, two crucial laser-cooling parameters for assessing its corresponding cooling
grade. The accuracy of the characterization depends on the precise measurement in situ of
the laser-induced temperature change of the sample. A well-calibrated thermal camera is
adopted to contactlessly measure the temperature of the sample in the LITMoS test. The
calibration of the thermal camera is described in detail with a temperature resolution better
than 0.1 K. The cooling window of a Czochralski-grown 5% Yb3+:LuLiF4 crystal of size
2 × 2 × 5 mm3 is deduced from the LITMoS-measured cooling parameters. Corresponding
results indicate that this crystal sample can be potentially cooled to about 110 K.

2. LITMoS Test Theory

The cooling efficiency ηc(λ, T) is used to deduce the cooling grade of the material and
expresses as [36]:

ηc(λ, T) = 1 − ηext
αr(λ, T)

αr(λ, T) + αb

λ

λ f (T)
(1)

where ηext is the external quantum efficiency, and αr(λ, T) and αb are the resonance ab-
sorption coefficient and the background absorption coefficient, respectively. The four
parameters ηext, αb, λ f (T) and αr(λ, T) in Equation (1) describe the optical cooling grade of
the sample. It is necessary to precisely measure the four parameters above to calculate the
wavelength- and temperature-dependent cooling efficiency contour map (cooling window).

The effect of various thermal loads on the sample can be expressed as:

Cv
dT
dt

= −ηcPabs +
εs Asσ

1 + χ

(
Ta

4 − Ts
4
)
+ ASkh(Ta − Ts) +

Nkl Al
dl

(Ta − Ts) (2)

In the right side of the equation, the first term represents the heat extracted from the
anti-Stokes cooling. The second term represents the radiative heat load from the ambience.
The third and fourth terms represent the convective and conductive heat loads on the
sample, respectively. σ = 5.67 × 10−8 W/mm2K4 is the Stefan-Boltzmann constant and
χ = (1 − εa)εs AS/εa Aa. Here Ta,s, Aa,s and εa,s are the temperature, the surface area and
the thermal emissivity, respectively. Subscripts a and s denote the ambience and the sample.
N is the number of contacting points with the length dl of support, the area Al of the contact
points and the conductivity kl of support. kh is the convective heat transfer coefficient of
the surrounding. Cv = cvρV is the heat capacity, where ρ, cv and V are specifically the heat,
density and volume of the sample, respectively.

The last two terms in Equation (2) represent the convective heat load and the con-
ductive heat load on the samples, respectively. Their contributions can be neglected for a
sample supported by two optical fibers of 100 μm diameters inside the high vacuum cavity.
Since the cavity surface area Aa is much larger than the sample surface area As, the influence
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of χ can be neglected. For the case of the small temperature change ΔT(Ta − Ts ≤ 5 K),
Equation (2) is simplified as [46].

Cv
dT
dt

≈ −ηcPabs − 4εs AsσTa
3(Ts − Ta) (3)

The experimentally measured cooling efficiency ηc(λ)
exp under steady-state (dT/dt = 0)

condition can be expressed as Equation (4).

ηc(λ)
exp = Krad·ΔT/Pabs(λ) (4)

where Krad = 4εs AsσTa
3 and Pabs(λ) ∝ k

∫
S(λ)dλ. Here, k and S(λ) are the scaling factor

and the fluorescence spectrum, respectively. The cooling efficiency of the sample ηc(λ)
exp

can be obtained by precisely measuring the sample temperature change ΔT as a function of
the pump wavelength λ and the absorption power. To accurately measure the laser-induced
temperature change ΔT, a special experimental set-up has been designed to minimize the
sample’s external thermal load and a calibrated thermal imaging camera is used to precisely
monitor the sample temperature in real time.

With the measured values of the average fluorescence wavelength of the sample
λ f (T) and the resonance absorption coefficient αr(λ, T), the external quantum efficiency
ηext and the background absorption coefficient αb can be obtained by fitting the cooling
efficiency ηc(λ)

exp measured in the experiment utilizing Equation (1). Two zero-crossing
wavelengths can be observed throughout the crystal temperature change. The external
quantum efficiency ηext is determined by the ratio of the average fluorescence wavelength
λ f to the first zero-crossing wavelength λcross1 [46]. The second crossing wavelength λcross2
helps solve the background absorption coefficient αb on the basis of Equation (1) with the
measured parameters of ηext, λ f (T) and αr(λ, T).

3. Experimental Set-Up

A schematic diagram of the experimental set-up for LITMoS testing is shown in
Figure 1. A tunable fiber laser with a wavelength range of 1010–1080 nm is used to pump
the 5% Yb3+-doped LuLiF4 crystal with size of 2 × 2 × 5 mm3. The sample is placed in
the vacuum chamber of 10−5 Pa. The pump laser beam is collected by beam dump after
passing through the sample. A calibrated thermal camera (FLIR A300) equipped with
100 μm macro lens is used to measure the temperature change ΔT of the sample in real time.
A spectrometer (Ocean Optics Maya 2000Pro-NIR, Dunedin, FL, USA) is used to measure
the fluorescence spectra and the absorption power Pabs(λ) of the sample. The cooling
efficiency ηc(λ)

exp of the sample at the different pump wavelength λ can be acquired by
precisely measuring ΔT and Pabs(λ).

Figure 2 shows the picture of devices for the LITMoS test and the thermal camera
calibration. The picture of the thermal camera and the cooling grade testing chamber
(CGTC) is shown in Figure 2a. The infrared camera is used for non-contact temperature
measurement in the LITMoS test. The camera’s detector contains a focal plane array of
uncooled micro-radiometric thermometers (320 × 240 pixels) and a spectral response range
of 7.5–13 μm. The BK7 glass windows (25 mm diameter) for pump laser are AR coated
at a wavelength of 1 μm. The other pair of BaF2 windows (25 mm diameter) is used for
the sample temperature measurement with the thermal camera. The temperature of the
CGTC can be adjusted in the range of 276–308 K with an accuracy of ±0.05 K by the chiller.
The interior of the CGTC is shown in Figure 2b. There are two copper blocks with a slit in
the middle for accommodating a reference sample identical in size to the cooling one. A
TEC is contact-fixed to the copper clamp for varying the sample temperature. A K-type
thermocouple with very thin strings is connected to the copper clamp for temperature
measurement. A low-evaporation silicone grease is used on all contact surfaces for good
thermal conductivity. These electronic devices are wired to the outside of the CGTC through
connectors on the sealed cap. The temperature of the reference sample, which is embedded
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in the sample holder, can be controlled by adjusting the current of the TEC and measured
by the thermal camera at the same time. Figure 2c shows the side view of the CGTC.

 

Figure 1. The schematic of the LITMoS test set-up.

 

Figure 2. The photograph of the LITMoS test set-up and the thermal camera calibration. (a) The
cooling grade testing chamber with the water chiller and the thermal camera (FIRE A300). (b) The
interior of the cooling grade testing chamber (top view). The TEC and copper clam, including the
reference sample (inside the area of the red dash box). (c) The interior of the cooling grade testing
chamber (side view).
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It is difficult to directly measure the temperature change of the sample in the CGTC
using thermal camera imaging because the sample has low thermal emissivity and is
transparent at thermal wavelengths. In order to identify the proportional relationship
between pixel brightness and temperature change of the sample, it is necessary to vary the
temperature of the sample inside the CGTC and acquire its thermal images accordingly. The
micro-radiometer technology is based on the principle that the change in pixel resistivity
is proportional to the energy of the infrared radiation absorbed by the detector. After
calibration, one can deduce the temperature of the emitting source from the pixel intensity
variation of the output images. The thermal camera outputs an 8-bit depth grayscale image
with intensity values between 0 (black) and 255 (white) for each pixel in the photo. By
calibrating the proportional relationship between pixel intensity and temperature, the
change of the target temperature within the thermal image region can be inferred from the
change of the pixel intensity. To measure the change in the sample temperature in real time,
the thermal image of the sample is recorded for a sufficiently long time (30–50 min) while
the ambient temperature is kept constant.

In order to minimize the fluctuations, the pixel intensity values of the specified area,
as shown by the red dash line box in the thermal image in Figure 3a, are summed and
averaged. It is important to specify the temperature scale range of the thermal image, such
as 288–302 K for our case here, and establish the mapping relationship between temperature
and pixel intensity. The pixel intensity at the lowest temperature of 288 K is 0, and the pixel
intensity at the highest temperature of 302 K is 255. The dependence relationship of the
reference sample temperature in the copper clamp on the TEC current is affected by both
the background pressure of the vacuum and the temperature of the CGTC, as shown in
Figure 3b. To minimize the effect of background pressure, the CGTC is maintained in a
high vacuum of ~10−5 Pa during the whole process of the experiment.

The pixel intensities of the thermal image of the reference sample (LuLiF4 crystal)
are measured with the temperature of the surrounding CGTC being 295 K and 293 K,
respectively. The temperature scale range of the thermal image is chosen from 288 K to
302 K, as shown in Figure 3c. The black and red dots correspond to results for the cases
of the CGTC temperature being 295 K and 293 K, respectively. Although the slopes of
the two fitting lines are almost the same, the absolute pixel intensities of the reference
sample are different for the same sample temperature. Therefore, the temperature of the
surrounding CGTC should be kept constant during the whole process of the LITMoS test.

Figure 3d shows the relationship between the measured pixel intensity variation Δpixel
(Δpixel = P − PR) of the thermal image and the temperature variation ΔT(ΔT = T − TR)
of the sample. Here, PR indicates the pixel intensity of the thermal image at the reference
temperature of TR, which is the same as the surrounding CGTC temperature (295 K). The
red dots correspond to the case with the temperature scale range of the thermal images
being 288–302 K. The red solid line is a linear fit of the measured results. For |ΔT| ≤ 5 K,
the relationship between Δpixel and ΔT is rather linear. As the value of |ΔT| grows,
the relationship deviates more from being linear. Therefore, the variation of the sample
temperature |ΔT| is kept at no more than 5 K in our LITMoS test. The slope of the linear
fit, ΔT/Δpixel, defines the calibration factor, which is 0.07736 for the case here and used
for later determination of the sample temperature variation from the pixel intensity of the
thermal image.
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Figure 3. The calibration of the thermal camera. (a) The side view of the thermal image of the CGTC
through the BaF2 windows. The red dash area on the surface of the sample is used for calculating the
average pixel intensity. (b) The variation in the reference crystal temperature with TEC current for
three cases. (c) Calibrating the relationship between the pixel values of the sample thermal image and
its temperature. (d) The relationship between the pixel value changes of the sample thermal image
and its temperature.

4. Results and Discussions

Under the irradiation of the 1015 nm pump laser, the 5% Yb3+-doped LuLiF4 crystal
is optically cooled. With the decrease in the sample temperature the pixel intensities of
thermal images are reduced, as shown in Figure 4a. The sample temperature reaches a
steady state after 20 min of irradiation. The averaged pixel intensities decrease from 158
to 102.1, corresponding to a pixel intensity drop of 55.9 and a sample temperature drop
of about 4.3 K. When the pump wavelength is changed to 1080 nm, the 5% Yb3+-doped
LuLiF4 crystal is optically heated. The sample reaches a steady state in temperature after
20 min of irradiation. With the increase in the sample temperature, the pixel intensities
of thermal images are enhanced, as shown in Figure 4b. The averaged pixel intensities
increase from 161.8 to 206, corresponding to a pixel intensity rise of 44.2 and a sample
temperature rise of about 3.4 K.
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Figure 4. The LITMoS test of the 5% Yb3+:LuLiF4 crystal. (a) The pixel intensity changes of the
thermal camera at 1015 nm pumping. The inset is the thermal image of the sample. (b) The pixel
intensity changes of the thermal camera at 1080 nm pumping. The inset is the thermal image of the
sample. (c) The measured ηc(λ)

exp as shown by blue dots and model fitting of Equation (1) with the
parameters of ηext = 99.4(±0.1)% and αb = 1.5(±0.1)× 10−4 cm−1 as shown by the red solid curve.
(d) The cooling window of 5% Yb3+:LuLiF4 crystal. The blue region and the red region correspond to
cooling and heating, respectively.

Similar experimental studies were also performed in other pump wavelengths in the
range of 1010 nm and 1080 nm. The temperature changes of the crystal at each pump
wavelength were extracted from thermal images following the above-mentioned image-
processing procedure, which involves both spatial and temporal averaging. The CGTC
temperature was kept at a constant value of 22 ◦C during the experiment. The absorbed
power Pabs(λ) ∝ k

∫
S(λ)dλ at each pump wavelength λ was calculated from the photo-

luminescence excitation spectroscopy measurement technique. The measured cooling effi-
ciency ηc(λ)

exp for each pump wavelength was fitted with Equation (1). The corresponding
results are shown in Figure 4c. The external quantum efficiency ηext = 99.4(±0.1)% and the
background absorption coefficient αb = 1.5(±0.1)× 10−4 cm−1 are acquired accordingly.
The net cooling of the sample is observed between the first zero-crossing wavelength λcross1
= 1005 nm and the second crossing wavelength λcross2 = 1065 nm. The filled blue region
between λcross1 and λcross2 represents the cooling area.

A “cooling window” capable of predicting the optical cooling potential of the sample
can be calculated according to the cooling parameters of the crystal, such as ηext, αb, αr and
λ f measured in experiment. Figure 4d shows the “cooling window” of the 5% Yb3+:LuLiF4
crystal under our study. The dash line separating the blue area of cooling and red area of
heating indicates the points where the cooling efficiency is equal to zero. From Figure 4d
one can see that the global MAT of the crystal can reach ~110 K at 1020 nm by maximizing
the power absorption of the pump laser (astigmatic Herriot cavity [55,56]) and minimizing
heat loads from the environment [46,49,50].

The cooling performance of a sample strongly depends on its cooling parameters, such
as ηext and αb etc. In a previous work, a temperature drop of ~2.2 K was reported in a
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Czochralski-grown bulk 5% Yb3+-doped LuLiF4 under 1025 nm pump laser of 220 mW with
the corresponding parameters ηext = 99.0 (±0.1), αb = 1.3 (±0.2)× 10−3 cm−1 [57]. Later,
a Czochralski-grown bulk 5% Yb3+-doped LuLiF4 of better purity was cooled to 117.3 K
under 1020 nm pump laser of 33 W with estimated cooling parameters being ηext = 99.4%
and αb = 4.5 × 10−4 cm−1 [29] Recently, a Bridgman-grown 5% Yb3+-doped LuLiF4 was
cooled to ~195 K under 1020 nm pump laser of 45 W with ηext = 98.9 (±0.1)% and
αb = 3.3 (±0.2)× 10−4 cm−1 [58]. Based on the cooling window from the LITMoS test, the
crystal sample under current study can be potentially cooled to ~110 K under 1020 nm pump
laser with its measured parameters ηext = 99.4 (±0.1)% and αb = 1.5 (±0.1)× 10−4 cm−1.
In a recent report working with 5% Yb, Tm co-doped LiYF4 crystal, A. Volpi et al. found that
when the sample temperature decreased from 300 K to 100 K, the corresponding background
absorption αb dropped more than an order of magnitude [41]. This study indicated that the
background absorption αb does not remain constant but changes dramatically during the
cooling process. As an isomorph of the LiYF4 crystal, the LuLiF4 crystal displays similar
optical behavior [57–60]. Considering the reduction in αb with decreasing temperature [41],
one can expect that the 5% Yb3+:LuLiF4 crystal under our study can be potentially cooled
to even lower temperatures than 110 K.

5. Conclusions

The LITMoS test has been adopted here to measure the laser-cooling properties of
the 5% Yb3+:LuLiF4 crystal placed inside a special cooling-grade test chamber at room
temperature. With a carefully calibrated thermal camera (temperature resolution < 0.1 K),
the external quantum efficiency ηext and the background absorption coefficient αb of the
sample were accurately measured to be ηext = 99.4 (±0.1)% and αb = 1.5 (±0.1) ×
10−4 cm−1, respectively. The cooling window of the sample was deduced from the LITMoS
measured parameters and indicates a global MAT of ~110 K. Our study shows that the 5%
Yb3+:LuLiF4 crystal is of excellent laser-cooling grade for applications in cryogenic optical
coolers and RBLs.
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Abstract: New methods for the rapid cooling of solids with increased efficiency are analyzed and
demonstrated experimentally. The advances offered by optical saturation, dipole-allowed transitions,
and quantum interference for improved laser cooling of solids are highlighted.
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1. Introduction

Optical refrigeration was first achieved using laser-induced anti-Stokes fluorescent
(ASF) emission in Yb3+:ZBLANP glass in 1995 [1]. Since then, advances in experimental
methods and the purification of materials have led to the optical cooling of numerous
crystals [2], the reduction of attainable temperatures to the cryogenic range [3], the first
optical cryocooler [4], and self-cooling or radiation-balanced lasers (RBLs) [5–7]. However,
unintended impurities incorporated during sample preparation are still a key limitation
to applications of ASF cooling [8]. Saturation of the absorption and reduction in the
associated heating caused by background impurities can overcome this limitation under
certain conditions. Hence, it is important to understand and characterize such nonlinear
effects. In this study, the enhancement of laser cooling due to differential absorption
saturation is analyzed and observed by two experimental methods. We also note that the
cooling rate is limited by the excited state emission rate of coolant ions as the excited state
lifetime determines the number of absorption/emission cycles each ion can undergo per
unit time during ASF cooling. Electric-dipole-allowed (ED) transitions have very short
upper state lifetimes; so, they can be cycled more rapidly for faster cooling. However,
allowed transitions suffer from configuration relaxation and often mediate excited state
absorption, both of which contribute to the internal heating of the sample. Consequently,
while laser cooling on such transitions has been investigated previously [9], net cooling by
this approach has not been reported until now. Finally, quantum interference has not been
investigated for possible applications in laser cooling. In this paper, Fano resonance and
induced transparency are analyzed for their potential to mediate self-cooled lasing without
inversion in a 3-level system with two allowed transitions, modeled after trivalent Cerium.

Several advances are discussed here that enable cooling to lower minimum temper-
atures or more rapid cooling than has been possible to date with optical refrigeration
based on anti-Stokes fluorescence (ASF). The first topic to be analyzed is optical saturation,
relevant to attaining lower minimum temperatures by ASF cooling. As the laser cooling of
solids is the only known method for refrigeration in space below the thermo-electric limit,
any improvements in its capabilities will be important for future technology. Increased
cooling efficiency through saturation is also demonstrated experimentally in Yb:LiYF3
near room temperature. Optical refrigeration of Ti:Al2O3 on the allowed 2E-2T2 transition
is realized for the first time in a crystal with an exceptionally high figure of merit. This
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result demonstrates that cooling on electric-dipole transitions is possible in a bulk solid
and should enable more rapid cooling than can be achieved with ASF cooling on forbidden
transitions of rare-earth ions. This advance should facilitate the development of imaging
arrays with an improved signal-to-noise performance at cryogenic temperatures for sensing
applications in outer space. In addition, it should encourage the development of new meth-
ods of cooling solids, such as Raman cooling. Analysis of the potential role of quantum
interference in self-cooled lasers is also presented. Specific conditions are identified to
enable self-cooled lasing without inversion in a Ce:LiCaAlF6 laser.

2. Theory

In prior experimental research, the forbidden transitions of trivalent rare-earth ions
such as Yb3+ were employed to demonstrate ASF cooling in insulating crystals and glasses.
While many proposals have been advanced to diversify the possible approaches for cooling
and to extend the results to a wider class of materials [10–16], no alternatives to net cooling
by anti-Stokes fluorescence have emerged. This failure has impeded the application of laser
cooling to the refrigeration of semiconductor circuitry for sensors in space, although an ASF
cryocooler for this type of application has been reported [4]. Better speed and efficiency
of cooling would be highly advantageous for practical applications. In the following
subsections, theoretical advances are described that address the need for the improved
performance of optical refrigeration based on anti-Stokes fluorescence cooling through
optical saturation and the use of electric-dipole-allowed transitions. The experimental
realizations of these proposals are presented in Section 3.

2.1. Improved Cooling Efficiency Using Optical Saturation

The intensity dependence of the absorption coefficients of cooling ions and background
impurities can be exploited to improve the cooling efficiency of ASF cooling. The following
analysis of differential absorption saturation reveals its impact on laser cooling efficiency
when background impurities saturate more easily than cooling ions.

The coolant ions and the background impurities are modeled as 2-level systems [13],
with N1, N′

1 representing the number of ground state ions and impurities per unit volume.
N2, N′

2 represent the density of the excited state species, respectively. Absent any internal
laser field, the rate equation for the upper state population of the coolant ions is

dN2

dt
=

Ipλp

hc
·[σa
(
λp, T

)
N1 − σe

(
λp, T

)
N2
]− N2

τf
. (1)

For unintended impurities, it is

dN′
2

dt
=

σ′ Ipλp

hc
·[N′

1 − N′
2
]− N′

2
τ′ . (2)

Ip and λp denote the intensity and wavelength of the pump light. σa and σa are cross-
sections for absorption and emission. τf and τ′ are the excited state decay times of the
coolant and impurity ions. In this model, the equation for heating power per unit volume
is simply

H = Ip
[
σa
(
λp, T

)
N1 − σe

(
λp, T

)
N2
]− ηe

hc
λ f

N2

τr
+ σ′ Ip

[
N′

1 − N′
2
]
. (3)

Because there is no internal laser field to consider in refrigeration with a single pump beam,
the population differences for the system under continuous illumination are given by the
steady-state solutions of Equations (1) and (2). These expressions are

ΔN ≡ N1 − N2 =
NT

Ip
Isat

+ 1
(4)
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and

ΔN′ ≡ N′
1 − N′

2 =
N′

T
Ip

I′sat
+ 1

. (5)

In these expressions, we have defined the saturation intensities [17] for the coolant and
impurity ions, given by

Isat =
hc

λpτf
[
σa
(
λp, T

)
+ σe

(
λp, T

)] and I′sat =
hc

2σ′τ′λp
.

The total numbers of coolant and impurity species per unit volume are

NT = N1 + N2 (6)

and
N′

T = N′
1 + N′

2. (7)

The steady-state heating power/volume obtained from Equation (3) is

H = Ip
[
σa
(
λp, T

)
ΔN + σ′ΔN′]·[1 − σa

(
λp, T

)
ΔN

σa
(
λp, T

)
ΔN + σ′ΔN′ ηext

λp

λ f

]
. (8)

The final expression for cooling power in the presence of the optical saturation of the active
ions and background impurities is therefore

Pc = −Pabs

[
1 − σa

(
λp, T

)
ΔN

σa
(
λp, T

)
ΔN + σ′ΔN′ ηext

λp

λ f

]
. (9)

The cooling efficiency ηc may be derived from Equation (9) as the ratio of the cooling power,
Pc, to absorbed power, Pabs. This yields

ηc =
Pc

Pabs
= ηext

λ

λ f

[
1

1 + αb(I)/αr(I)

]
− 1. (10)

Here, the external quantum efficiency ηext is the product of the fluorescence escape efficiency
ηe and the internal quantum efficiency ηQE given by the ratio of the fluorescence and
radiative lifetimes of the upper state. λ and I are the wavelength and intensity of the
pump laser. The polarization-averaged mean fluorescence wavelength λ f is determined
from emission spectra. The absorption coefficients of the coolant ions, αr, and background
impurities, αb, were assumed to be intensity-dependent. The form of this dependence [17]
was taken to be α(I) = α(0)/(1 + I/Isat), where the saturation intensity Isat was assigned
the values Ir or Ib for the coolant or background impurity ions, respectively.

The saturation intensity of the coolant ions varies with wavelength through its depen-
dence on absorption and emission cross-sections. It is defined by the expression

Ir =
hc

λτf [σa(λ) + σe(λ)]
, (11)

where τf is the fluorescence lifetime. The effective absorption cross-section σa(λ) was
measured directly with a spectrophotometer (SHIMADZU UV-3600) and corrected for
instrument response. The effective emission cross-section σe(λ) was then calculated using
the McCumber relation [18]. This procedure ensured that the multiple Stark levels of Yb3+

and the Boltzmann population distribution among them were taken into account. Figure 1
displays the effective absorption and emission cross-sections of the 10% Yb:YLF crystal
studied in our experiments and shows the position of the polarization-averaged mean
fluorescence wavelength at 997.6 nm. Based on these cross-sections and a literature value
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for the Yb3+ fluorescence lifetime of 2.2 ms [19], the theoretical saturation intensity of
the Yb3+ coolant ions was determined using Equation (11) and plotted as the continuous
curve in Figure 2 versus wavelength. Surmising that an impurity such as Fe3+ is the
main source of background absorption [9] and that it has a broadband spectrum centered
around 1 micron [20], the saturation intensity Ib of the background may be presumed to be
only weakly dependent on wavelength over the range of our experiments. With this one
assumption, the experimental value of Ib can be estimated using the empirical approach
outlined next and illustrated as a dashed line in Figure 2.

Figure 1. Absorption and emission cross-sections plot for E||c in 10% Yb3+:LiYF4. The blue curve is
the effective absorption cross-section measured by a spectrophotometer, and the red is the effective
emission cross-section calculated using the McCumber theory. The dashed vertical line indicates the
polarization averaged mean fluorescence wavelength, 997.6 nm.

Figure 2. Theoretical saturation intensities versus wavelength. The blue curve shows the wavelength-
dependent saturation intensity Ir of Yb3+ (from Equation (11)). The dashed line shows an arbi-
trary, constant saturation intensity level Ib of the background impurities. The plot illustrates an
intersection point at λcr = 1010 nm on the low energy side of the Yb3+ absorption band, where
Ib = Ir(λcr) = 3 × 104 W/cm2. The experimental determination of Ib, the intersection at λcr is deter-
mined by the wavelength where cooling efficiency curves recorded at different intensities intersect.
At λcr, the wavelength-dependent saturation intensities are equal.
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Figure 3 presents a theoretical plot of the cooling efficiencies given by Equation (10)
at two pump intensities, namely I = 3 × 102 W/cm2 and I = 3 × 104 W/cm2. The first
thing to notice is that at long wavelengths (>1 μm), the cooling efficiency increases at
the higher pump intensity because the background impurities are easier to saturate than
Yb3+ near their own broad resonance. Such long wavelengths are highly detuned from
the absorption peak of Yb3+ (Figure 2). Naturally, saturation of the background reduces
parasitic heating, leading to a significantly higher cooling efficiency in the long wavelength
range. Closer to the absorption resonances of Yb3+, at wavelengths of less than ~1 μm,
the saturation intensity of the coolant ions drops, falling to a value below that of the
background because the detuning is small. This raises the heat load and lowers the cooling
efficiency at short wavelengths. Between these opposing trends, there is an intersection
point in the plots versus wavelength of the saturation intensities (Figure 2) on the “red” side
of the Yb3+ absorption band. The same is true of the intensity-dependent cooling efficiency
plot (Figure 3). In Figure 3, this crossing point can be seen around 1010 nm, identifying
a wavelength λcr, where the saturation intensities of the coolant ion and the background
impurities are equal. The efficiency curves for all the input intensities cross at λcr, so the
cooling efficiency is intensity-independent there. As the experimental saturation intensity
of the background impurities equals that of Yb3+ at λcr, it can be determined by inserting
λcr into Equation (11), yielding the result Ib = Ir(λcr).

Figure 3. Theoretical cooling efficiency plotted using Equation (10) for two different pump intensities.
The red and blue curves are the cooling efficiencies predicted at high and low intensity, respectively.
For an arbitrary background saturation intensity of 3 × 104 W/cm2, note that the high intensity
curve intersects the low intensity one at 1010 nm, and the cooling efficiency grows to exceed its low
intensity value at long wavelengths in the cooling range. For both plots, the absorption coefficient of
background impurities was taken to be 1× 10−3 cm−1 and the external quantum efficiency was unity.

2.2. Electric-Dipole-Allowed Transitions for Rapid Cooling

The efficiency of laser cooling by the ASF method is independent of the transition
rate of the coolant atoms. This is clear because the upper state lifetime of these atoms is
absent from Equation (10). On the other hand, the number of transitions per unit time does
determine the speed of cooling. Hence, the transition rate of coolant atoms has an important
impact on how quickly bulk systems can be cooled with light. This is confirmed in the
expression for heating power density H, where the cooling term (second term on the right
side of Equation (3) depends on the upper state radiative lifetime τr. From this equation, it
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is evident that the net heating or cooling power varies with the transition rate of the coolant
atoms and improves significantly when the radiative lifetime on allowed transitions is
short. Another way to think about the cooling term is that N2/τr is proportional to the
absorption cross-section. A medium 2, therefore, improves on the cooling power density of
a medium 1 by the factor τr1/τr2 = σ2/σ1, making it advantageous to use electric-dipole-
allowed transitions for laser cooling, rather than forbidden transitions, because of their
larger cross-sections. As most ED transitions have upper state decay times of less than
100 ns and forbidden transitions have lifetimes of ~1 ms, the cooling power can theoretically
be increased by a factor of roughly 104 by using allowed transitions. Thus, this could result
in a substantial improvement of the cool-down times.

Despite the high transition rate afforded by dipole-allowed transitions in solids, they
normally incur heating due to non-radiative configuration relaxation. The mechanism is
illustrated in Figure 4. The polarizability of excited state orbitals on allowed transitions in
solids is susceptible to interactions with neighboring atoms. This shifts the minimum of
the excited state potential to a greater distance from the nucleus than that of the ground
state. According to the Franck–Condon principle, the absorption transition takes place
rapidly enough so that the configuration coordinate Q does not change. Thus, the electron
undergoes a vertical transition in Figure 4. which places it far from the equilibrium point at
the bottom of the excited state well. This necessitates relaxation to the potential minimum,
which is shifted to a larger value of the configuration coordinate Q. This relaxation, and
a similar one that follows the vertical radiative transition to the ground state potential, is
mediated by the emission of the vibrational quanta of the atomic cluster, consisting of the
atom itself together with its neighbors in its coordination sphere. Fortunately, the emission
of phonons and consequent heating that takes place during configuration relaxation can be
mitigated to achieve net cooling in the same way as for systems with forbidden transitions,
such as Yb3+. Theoretically, one simply tunes the pump wavelength to a value exceeding
the average Stokes-shifted emission wavelength of the coolant species. In Section 3.2, this
strategy is shown to work on an ED transition in Ti3+:Al2O3.

Figure 4. Potential energy curves for the ground state (E1) and the excited state (E2) of an atom in
a solid. The vertical blue and red arrows depict fast dipole-allowed transitions upward to E2 and
downward to E1, respectively, followed by configuration relaxation (black arrows). Because optical
transitions take place vertically according to the Franck–Condon Principle, the system is pushed
far from equilibrium. The difference in energy between the absorption and emission transitions,
known as the Stokes shift, is particularly large in systems that undergo configuration relaxation. The
relaxation process is mediated by phonon emission, which causes heating. The Gaussian-shaped
curves illustrate the distribution of energy due to the optical interaction.
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In the context of laser cooling, one thing which differentiates optical from acoustic
phonons is their higher frequency and the limited number of allowed modes determined
by crystal symmetry. Transitions involving optical modes have narrow linewidths and are
well-defined in frequency. Hence, they exhibit quantum effects more readily than acoustic
modes, which have a continuous density of states versus frequency. One consequence of
this is illustrated in Figure 5, where the red arrow indicates excitation from the lowest
sub-level of a vibrational ladder in the ground state (v = 1) to the lowest sub-level of the
excited state (v’ = 0).

Figure 5. Quantized anti-Stokes luminescence in a 2-level system with electric-dipole-allowed
transitions between ground and excited state vibrational sub-levels. The red arrow is a v = 1 to
v’ = 0 absorption transition. The blue arrow is a v’ = 0 to v = 0 emission transition that contributes to
cooling by avoiding configuration relaxation.

Such a transition avoids configuration relaxation because it takes place at a wavelength
longer than the mean fluorescence wavelength. When this is the case, the quanta of the
incident field have less energy than required to generate both the electronic transition and
a phonon. Absorption is followed by anti-Stokes emission, shown as the downward blue
arrow connecting v’ = 0 to v = 0. The red and blue transitions jointly remove a vibrational
quantum of the mode in question, thereby contributing to refrigeration. Other quantized
absorption transitions are possible at longer wavelengths from the occupied sub-levels
of other modes and other electronic sub-levels of the ground state. Figure 6 depicts a
more detailed picture of the vibrational and electronic sub-levels of the 2T2 ground state of
Ti3+:Al2O3 [21,22].

The absorptive transitions that contribute to cooling were all assumed to terminate
in the lowest v’ = 0 sub-level of the electronic excited state. This is necessary to avoid the
generation of optical phonons. Because of the common final state, the cooling resonances
are distinguishable by their initial states alone and form a discrete spectrum as a function
of wavelength because all the electronic and optical mode energies exceed ~400 cm−1 and
have low damping parameters [21].
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Figure 6. Energies of the sub-levels of the ground state of Ti:Al2O3 (to scale). The three 2Au electronic
levels are labeled 0, 1, 2 in order of increasing energy, following Ref. [22]. The four vibrational
sub-levels labeled a, b, c, d correspond to four allowed modes for π-polarization [21]. Only singly
excited vibrational sub-levels are shown for each mode in association with each electronic state as
only the first vibrational level is significantly populated at room temperature.

2.3. Quantum Interference for Self-Cooled Lasing without Inversion

In this section, Fano resonance mediated by excited state mixing and electromag-
netically induced transparency (without any state mixing) are investigated in the system
depicted in Figure 7, modeled after Ce3+ ions in the host crystal LiCaAlF6. The Ce3+ dopant
ions are characterized by having two allowed transitions, from states 1 to 2 and from 2 to 3.
These are located in the ultraviolet spectral region. The transition from 1 to 3 is assumed to
be forbidden by the usual rule of Laporte, and the lifetime of state 3 is correspondingly long.

Figure 7. 3-level system with dipole-allowed transitions between states 1 and 2 and between states 2
and 3. State 3 is assumed to be metastable. The frequency of incident light is ω.

Two types of quantum interference can manifest themselves in 3-level systems driven
by a single pump wave. If there is no mixing between the two excited states of the system,
quantum interference is found to produce induced transparency on the 12 transition above
a threshold corresponding to the optical saturation of the transition. If the two excited states
are mixed or coupled by a configuration interaction of strength V for example, transparency
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appears due to Fano resonance on the 13 transition. Interestingly, in each of these cases,
gain appears even though the populations of states 1 and 3 always exceed that of state 2,
and no special tuning requirement needs to be met [23]. Thus, lasing without inversion
takes place at all frequencies close to either ω12 or ω13 depending on whether there is
significant excited state mixing or not. In addition, the 12 transition in particular has gain
over a range of red-detuned frequencies near the ω12 resonance. Therefore, self-cooled
lasing without inversion may be possible.

To examine the behavior of this system, when irradiated by a single pump wave of
frequency ω tuned near the 12 transition frequency, the imaginary part of the susceptibility
must be calculated. To do this, one can determine the density matrix elements ρij between
states i and j in the expression [23]

χ′′ (ω) = Im
{(

2N
ε0E0

)(
μ12ρ̃21 + μ13ρ̃

(−)
31 + μ31ρ̃

(−)
13 + μ32ρ̃23

)}
. (12)

Optical absorption is proportional to χ′′ (ω). Hence, when the expression in
Equation (12) is evaluated, the absorption and gain spectra can be plotted. When the
optical frequency is close to ω12 or ω13, the rotating wave approximation (RWA) can
be made for the corresponding off-diagonal matrix elements, but not for the 13 transi-
tion. This accounts for the co- and counter-rotating terms (ρ̃(−)

31 and ρ̃
(−)
13 , respectively) in

Equation (12). To plot the response near the 13 transition frequency, the RWA can be applied
to the 13 transition but not to the other two. These requirements arise because of the rela-
tive placement of the levels assumed in Figure 7, which reflect those of Ce3+. Steady-state
expressions for the various matrix elements obtained by third-order perturbation theory
are given in Appendix A. The absorption spectra showing the effects of the two types of
quantum interference described above are presented in Section 3.

3. Methods and Results

3.1. Improved Cooling via Saturation of Background Absorption in Yb:LiYF4

Laser cooling was investigated in a crystal of 10% Yb3+:YLF, and its efficiency was
measured by two different methods, namely Differential Luminescence Thermometry
(DLT) and Thermal Lens Spectroscopy (TLS). The Yb3+:YLF sample had dimensions of
3.4 × 5.1 × 5.6 mm3 and was supported by an aerogel disk (Classic Silica Disk, Aerogel
Technologies) to minimize the conductive thermal load. A tunable Ti:Sapphire laser (M
Squared SolsTiS) was used as the excitation source. To study the intensity dependence,
the pump beam radius at the sample was varied by using different focal length lenses and
measuring the spot size with a beam profiler (Thorlabs BC106-VIS). When the pump beam
was introduced into the sample, temperature changes and thermal lensing were measured
by the DLT and TLS methods, respectively. Cooling efficiency was then computed based
on these measurements and found to be intensity-dependent.

3.1.1. Differential Luminescence Thermometry (DLT)

DLT was employed to deduce the crystal temperature from variations of the fluores-
cence line shape [3]. The infrared fluorescence was collected with a multimode optical fiber
(Ocean Optics QP600-2-VIS-NIR; NA = 0.4) connected to a 0.25 m grating spectrometer
(Oriel 74100) equipped with a CCD detector (Andor DU491A-1.7). The difference between
the measurement and the reference was spectrally integrated to calculate the DLT signals,
which were pre-calibrated by the direct heating or cooling of the sample using a tempera-
ture controller (Quantum Northwest Flash 300) with an accuracy of ±0.01 K. A thermal
camera (FLIR A655sc) was used to monitor the crystal surface temperature and cross-check
the temperature measured by DLT [24]. Figures 8 and 9 plot the crystal temperature change
versus the time measured by DLT at wavelengths of 1015 nm and 920 nm, showing the
representative signals for the cooling and heating ranges.
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Figure 8. Temperature vs time after the cooling beam is introduced into the Yb:YLF sample. Data
were obtained by the DLT method with pump power of 0.8 W at λ = 1015 nm. At this wavelength,
the sample cools. A linear fit to the temperature change during the first minute had a slope of
−2.11 × 10−3 K/s (inset).

Figure 9. Temperature change versus time based on DLT measurements in Yb:YLF with pump power
of 0.8 W at λ = 920 nm. At this wavelength, the sample heats. A linear fit to the temperature change
for the initial excursion in temperature of ΔT = 1 K had a slope of 3.48 × 10−2 K/s (inset).
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The cooling efficiency can be computed directly from the temperature evolution
measurements. Assuming a crystal of thermal emissivity ε and a surface area Asur f enclosed
by a blackbody, the thermal balance equation relating the various contributions to heating
power at a crystal temperature of T [25,26] is:

cM
dT
dt

= −ηcPabs + Asur f εσB

(
T4

0 − T4
)
+

(
hc Asur f + k

A
L

)
(T0 − T), (13)

where σB, T0, hc, k, A, and L are the Stefan–Boltzmann constant, environmental tempera-
ture, convective heat transfer coefficient, thermal conductivity of the link, cross-sectional
area, and sample length, respectively. The specific heat c of 10% Yb:YLF is 0.79 J/(g K) at
room temperature [27]. The crystal mass (M = 0.408 g) was determined using a precision
balance (QUINTIX213-1S) with an accuracy of 0.001 g.

The first term on the right side of Equation (13) is the laser-induced heat density. The
second term is the power exchange between the crystal and its surroundings through
blackbody radiation. The last term is the conductive heat load, which takes into account
the contact with the air and sample support. The blackbody radiation and conductive heat
load depend on the temperature difference between the crystal and the environment. As
indicated by the data of Figures 8 and 9, the temperature change is linear at very short
times, reflecting the negligible difference between T and T0 in the second and third terms on
the right of Equation (13). During the first minute after the pump beam enters the sample,
only the first term on the right of Equation (13) is responsible for the temperature changes
of the crystal. This term is numerically equal to the cooling power; so, the cooling power
can be determined directly from the initial slope of the sample temperature versus time. At
long times, the difference between T and T0 increases. Consequently, the last two terms
in Equation (13) become significant, and the temperature dependence on time becomes
nonlinear. By restricting the data analysis to the early times (or to temperature excursions
dT < 1 K) and the measuring power absorbed by the sample, the blackbody radiation
and conduction terms can be ignored, permitting the cooling efficiency to be determined
directly from Equation (13) in a simple way.

When the second and third terms on the right side of Equation (13) can be ignored, the
thermal balance equation reduces to ηc = P−1

abs cMdT/dt. The temperature derivative with
time can then be determined by applying a linear fit to the data (for temperature changes of
less than 1 Kelvin or at times of less than 1 min, whichever occurs first). Examples of such
fits are plotted in the insets of Figures 8 and 9. By measuring the injected, reflected, and
transmitted pump power, the absorbed power can also be determined. Thus, the cooling
efficiency can be measured directly from the temperature evolution measurements.

3.1.2. Thermal Lens Spectroscopy (TLS)

TLS was used to measure the thermal lensing signal by probing the refractive index
variation of the crystal induced by a pump beam. The tunable Ti:Sapphire laser was used
to pump the crystal and, by chopping its beam, synchronous detection was enabled. In
general, two lensing effects are induced by the pump—a fast transient from photoinduced
population transfer between the ground and excited states and a slower transient from
thermal diffusion. Both of these lensing effects change the refractive index of the crystal and
must be accurately modeled to account for their separate contributions [27,28]. The TLS
signal was obtained by measuring the intensity variation of a co-propagating He-Ne probe
laser (Melles Griot 25-LHP-991-249), which sensed the crystal refractive index changes.
Two normalized TLS signals and fits accounting for population and thermal effects [29]
are shown in Figure 10. These best fits provided quantitative values for the thermal lens
strength and the corresponding cooling efficiency ηc derived from it.
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Figure 10. Normalized TLS signal versus time at 1015 nm and 930 nm, showing cooling and heating
results in Yb:YLF, respectively. Black circles are the measured TLS signal, and red curves are best fits
that account for population and thermal effects.

The cooling efficiency determined at different intensities is plotted versus wavelength
in Figures 11 and 12, based on the TLS and DLT data, respectively. The measured pump
radii and intensities are shown in Table 1. The main result to note is a steepening of the
cooling efficiency curve over most of the range as intensity is increased. This behavior arises
from the different variations of the saturation intensity of the coolant and the impurity ions
versus the wavelength, as discussed further below and in Ref. [30]. This effect, referred
to here as differential absorption saturation, was observed in both the DLT and the TLS
experiments and can be explained using the analysis of Section 2.1.

Figure 11. Experimentally determined cooling efficiencies versus wavelength from TLS measure-
ments in Yb:YLF at high and low intensities. Input powers in the range 50–530 mW focused to the
tabulated spot sizes, and the resulting intensities are listed in Table 1. A host parameter value of
Θ = 1.4 W−1 was used for analysis at all intensities. For low and high intensity data, the external
quantum efficiency and the background absorption coefficient determined from fitting the data to
Equation (10) were ηext = 1.01 ± 0.02 and αb = (4 ± 2)× 10−3 cm−1.
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Figure 12. Experimentally determined cooling efficiencies versus wavelength from DLT measure-
ments in Yb:YLF at high and low intensities. The pump power was 0.8 W for all the measurements,
and beam size was varied to reach the intensities shown in Table 1.

Table 1. Pump beam radius (half-width at 1/e2 intensity) and intensity values used for the measure-
ments presented in Figures 11 and 12. Entries indicate the small variations of intensity at multiple
wavelengths for each intensity category.

Beam Radius (μm) Intensity (W/cm2)

DLT High 32.4–39.3 (1.6–2.4) × 104

DLT Low 284–318 (2.0–3.3) × 102

TLS High 316–364 (1.1–1.3) × 103

TLS Low 316–364 (1.1–1.3) × 102

The experimental cooling efficiency data coalesce at 1000 nm. There, all the curves
pass through the same point, as predicted by the theory of Section 2. At such a crossing
point, the cooling efficiency is clearly independent of intensity, indicating the saturation
intensity of the background equals the saturation intensity of the coolant ions, which is
∼2.6 × 104 W/cm2. At longer wavelengths in the cooling range, a significantly higher
cooling efficiency is observed at high pump intensity in both sets of data. The results
are therefore consistent with a saturation intensity for background impurities that is less
than that of the coolant ions, leading to reduced parasitic heating and higher cooling
efficiency. At wavelengths shorter than 1000 nm, closer to the main absorption peak of
Yb3+, the cooling efficiency drops at high intensity, consistent with a drop in the Yb3+

saturation intensity as resonance is approached. The separation of the experimental curves
is somewhat larger than the theoretical efficiency curves of Figure 3. In the short wavelength
range, this may be attributable to the easy saturation of Yb3+, which would maintain the
maximum population density in the excited state, thereby enhancing the well-known energy
transfer from Ytterbium to other rare-earth ions such as Erbium [31,32]. The characteristic
green upconversion emission of Erbium was in fact visible to the eye. Enhanced energy
transfer to the Erbium present as an unintended impurity would elevate the heating load,
leading to a lower cooling efficiency at high intensity.

3.2. Laser Cooling on an Electric-Dipole-Allowed Transition in Ti:Al2O3

A Ti3+:Al2O3 sample (GT Advanced Technologies) was grown using the heat exchange
method (HEM) known to produce high-quality crystals with exceptionally high figures of
merit. In this material, the figure of merit (FOM) is defined as the ratio of the absorption
coefficients at two specific wavelengths (α532nm/α800nm) and is used as a measure of crystal
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quality and laser performance. The GTAT sample had a quoted FOM of 844 and was
Brewster-cut with the dimensions of 4 × 5 × 20 mm3. The normalized absorption and
emission spectra of this sample are shown in Figure 13. Two other laser-grade samples
with lower FOMs were included in the cooling tests.

Figure 13. Normalized absorption (blue), π-polarized emission (orange), and σ-polarized emission
(green) spectra of Ti3+:Al2O3 (GTAT sample). Dashed vertical lines indicate the calculated mean
fluorescent wavelengths (MFW) for emission spectra.

Thermal lens spectroscopy (TLS) in a mode-mismatched configuration [28] was used
to investigate the thermal characteristics of the three sapphire samples for pump light tuned
close to the absorption peak of Ti3+ and in the absorption tail. An experimental approach
that corrects for intensity variations of the pump laser [33] was applied in experiments
on Yb:YLF but not in the GTAT sapphire sample because weak fluorescence prevented
any reliable correction. A weak helium-neon laser (λp = 633 nm) was used as the probe
laser. A test was performed with a thermal camera to ensure that the probe power was low
enough to avoid any detectable heating. The GTAT sample was first pumped with 532 nm
light (Coherent Verdi V6) to show heating. The TLS transient signal for this excitation
wavelength (Figure 14a) shows the positive slope expected for a material with ds/dT > 0
with increasing temperature. To pump at red-detuned wavelengths in the absorption
tail, the tunable Ti:Sapphire laser was used. For some wavelengths longer than the mean
fluorescence wavelength, the slope of the TLS signal then became negative, as shown in
Figure 14b, which was indicative of sample cooling within the pumping region. Using the
known material parameters and the measured experimental values, in both cases, the data
fit very well with TLS theory. The TLS signals in the other samples showed only positive
sloping curves, such as that in Figure 14a, at all wavelengths.

Interestingly, the cooling behavior at wavelengths longer than the mean fluorescence
wavelength was not uniform. Instead, sharp resonances were observed at which heating
abruptly switched to cooling. This behavior is shown as TLS signals with negative polarity
at discrete wavelengths in Figure 15, consistent with the discussion of Section 2.2 and
Figure 5. In the case of well-defined local or host optical phonons, the cooling transitions
should be discrete. The spectrum of infrared-active modes is well-known for sapphire [21],
but the frequencies of local modes exhibiting site-dependent perturbations with respect
to host modes are not. Nevertheless, the cooling resonances observed in Figure 15a,b are
well accounted for by assignments that assume four mildly perturbed sites for Ti3+ ions in
sapphire, as listed in Tables 2 and 3.

58



Appl. Sci. 2022, 12, 953

  
(a) (b) 

Figure 14. TLS transient signals for excitation wavelengths in the (a) absorptive (heating) and
(b) emissive (cooling) spectral ranges in 0.02% Ti3+:Al2O3. Black circles are the measured TLS signal,
and red curves are best fits that account for only thermal effects.

(a) 

(b) 

Figure 15. TLS signal versus wavelength in Ti:Al2O3 for (a) π-polarization and (b) σ-polarization.
Positive signals correspond to heating; negative signals correspond to net cooling of the sample.
Wavelength tuning was not continuous but proceeded in ~0.3 nm steps.
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Table 2. Assignments of cooling resonances in Ti:Al2O3 for π-polarization (mean fluorescence
wavelength 760 nm). Wavenumbers for observed and calculated resonances are subtracted for
comparison in the last column on the right. The average discrepancy is given in the bottom row.

λobs (nm) kobs (cm−1) Initial Level Site kcalc (cm−1) kobs − kcalc (cm−1)

812.55 12,306.93 (2A(0), vd) 3 12,276.79 −30.14
817.68 12,229.72 (2A(0), vd) 4 12,276.79 47.07
822.85 12,152.88 (2A(1), v = 0) 1 11,957.89 −194.99
827.43 12,085.61 (2A(1), v = 0) 2 11,957.89 −127.72
829.41 12,056.76 (2A(1), v = 0) 3 11,957.89 −98.87
831.39 12,028.05 (2A(1), v = 0) 4 11,957.89 −70.15
906.92 11,026.33 (2A(1), vd) 2 11,076.89 50.56
930.47 10,747.26 (2A(1), vd) 3 11,076.89 329.64
937.19 10,670.19 (2A(1), vd) 4 11,076.89 406.70
944.04 10,592.77 (2A(2), v = 0) 1 10,547.89 −44.88
950.08 10,525.43 (2A(2), v = 0) 2 10,547.89 22.47
953.61 10,486.47 (2A(2), v = 0) 3 10,547.89 61.43
955.36 10,467.26 (2A(2), v = 0) 4 10,547.89 80.64
958.87 10,428.94 (2A(2), va) 1 10,149.89 −279.05
961.51 10,400.31 (2A(2), va) 2 10,149.89 −250.41

Average: −1.21

Table 3. Assignments of cooling resonances in Ti:Al2O3 for σ-polarization (mean fluorescence
wavelength 763 nm). Wavenumbers for observed and calculated resonances are subtracted for
comparison in the last column on the right. The average discrepancy is given in the bottom row.

λobs (nm) kobs (cm−1) Initial Level Site kcalc (cm−1) kobs − kcalc (cm−1)

815.80 12,257.91 (2A(0), vd) 4 12,199.56 −58.35
832.14 12,017.21 (2A(1), v = 0) 4 11,906.16 −111.05
899.11 11,122.11 (2A(1), vd) 1 10,999.56 −122.55
906.95 11,025.97 (2A(1), vd) 2 10,999.56 −26.41
928.00 10,775.86 (2A(1), vd) 3 10,999.56 223.70
933.84 10,708.47 (2A(1), vd) 4 10,999.56 291.09
944.03 10,592.88 (2A(2), v = 0) 1 10,496.16 −96.72
950.08 10,525.43 (2A(2), v = 0) 2 10,496.16 −29.27
954.42 10,477.57 (2A(2), v = 0) 3 10,496.16 18.59
957.90 10,439.50 (2A(2), v = 0) 4 10,496.16 56.66

Average: 13.24

Although the observed resonances were grouped into sets of four perturbed site
transitions for the purpose of making transition assignments, the tabulations were based
purely on unperturbed host vibrational modes and electronic splitting of the ground state.
Absorption transitions at wavelengths on the low energy side of the mean fluorescence
wavelength 760 nm were calculated by subtracting the vibrational mode frequencies [21]
or electronic splitting [22] (in cm−1) for the listed transitions from the mean fluorescence
wavenumber 13,158 cm−1 (π-polarization only). The mean fluorescence wavelength for
σ-polarization was 763 nm. Despite the lack of information from the literature on site
perturbations, agreement between the observed and the calculated resonant wavelengths
in the tables was found to be remarkably good. The width of the resonances was close
to the step-size tuning of the laser, consistent with the low damping parameters of the
optical modes in sapphire [21]. The number of observed cooling resonances in the range of
750–790 nm also decreased when the optical polarization was rotated from π to σ, consistent
with higher losses from the impurity background absorption for σ-polarization [34]. This
quenching of resonances in σ-polarization was therefore ascribed to increased background
heating over much of the spectral range.

60



Appl. Sci. 2022, 12, 953

3.3. Fano Resonance and Induced Transparency in Laser Cooling

The 3-level system of Ce3+ can be viewed either as a Λ-system or a V-system with
a large detuning from at least one of the three transitions. The validity of these two
perspectives explains why two forms of quantum interference are possible in this system,
namely Fano resonance [35] and induced transparency [36,37]. The former requires mixing
of the two distinct excited states by some interaction (V-picture), and the latter does not
(Λ-picture). The two features that result from interference are the negative peaks displayed
in the plots of Figure 16a,b respectively, which display results calculated from Equation
(12) using input parameters [38] that specialize the problem to Ce3+: LiCaAlF6.

 
(a) (b) 

Figure 16. Plots of optical absorption versus frequency in a 3-level system modeled after
Ce3+:LiCaAlF6 showing (a) a gain feature on the low frequency transition at ω13 for an intensity of
I = 0.5 × 108 W/m2 and coupling parameter V/� = 108 rad/s and (b) the two short wavelength
transitions of Ce3+ at low-, medium-, and high-intensity, with V = 0. Negative absorption indicates
gain without population inversion as the populations of states 1 and 3 exceed that of state 2 at all
intensities. The shaded spectral region at red detunings within a linewidth of the ω12 transition
illustrates the range over which self-cooled LWI may be possible.

In Figure 16a, the coupling frequency was assumed to have a value of V/� = 108 rad/s.
This is considerably less than known optical dephasing and decay parameters of triva-
lent Ce ions in LiCaAlF6 [37]: Γ12 = 1012 rad/s, Γ23 = 1012 rad/s, γ12 = 3.3 × 107 s−1,
γ13 = 1.0 × 104 s−1, and γ23 = 1.1 × 107 s−1. In Figure 16b, its value was set to
V/� = 0 rad/s. The negative absorption (gain) peak in Figure 16a disappeared when the
coupling frequency was set equal to zero. In addition, this feature was found to appear at
arbitrary intensity of the pump wave. This identifies it as a Fano resonance that results in
gain when the system is pumped at frequency ω13. At the low pump intensity assumed
in the plot ( I∼108 W/m2) it may also readily be confirmed that the upper state 3 of the
transition is less populated than the ground state 1, showing that lasing without inversion
can take place under these circumstances. For example, the steady-state solution for the
ratio of populations in states 2 and 3 is ρ22/ρ33 = γ13/γ12, which is always small when
state 3 is metastable. Near the ω12 resonance in Figure 16b, negative absorption (gain) is
also induced, but only above a threshold value of pump intensity. The apparent need to
meet a threshold requirement for the appearance of gain, in this case, indicates an induced
transparency origin of the interference.

Figure 17 presents the theoretical cooling efficiency of Ce3+ ions in the wavelength
range where the absorption and emission curves overlap. Net cooling is possible from
293–310 nm on the red side of the ω12 resonance when the quantum efficiency is one. This
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range encroaches on the shaded region of Figure 16b, where lasing without inversion can
take place. Hence, self-cooled lasing without inversion may be possible in this system.
While no experiments have been performed to date to test this prediction, this intriguing
possibility indicates that quantum interference could play a role in future schemes for the
laser cooling of solids.

Figure 17. Plot of theoretical cooling efficiency versus pump wavelength of Ce3+ ions in LiCaAlF6

obtained from Equation (10) Cooling curves are shown for three different values of external quantum
efficiency, assuming a background impurity absorption coefficient of αb = 1 × 10−5 cm−1. Peak
cooling efficiency occurs at 305 nm but extends from 293–310 nm for unity quantum efficiency.

4. Discussion

Laser cooling efficiencies in 10% Yb:YLF, measured with the DLT and TLS methods at
various intensities and wavelengths, were in satisfactory mutual agreement. Absorption
saturation of the background impurity was observed at high pump intensity, leading to a
significantly higher cooling efficiency, as predicted by the differential absorption saturation
theory. A method for measuring the saturation intensity of background impurities was
devised based on identifying the cross-over point in the intensity-dependent cooling
efficiency plot. Our experiments were in close agreement with analysis incorporating
saturation effects, revealing that because background absorption can be reduced at high
pump intensity, higher pump power reduced parasitic heating and enhanced cooling
efficiency. This finding may allow the attainment of lower minimum temperatures and will
promote the use of cooling materials that are not well developed and suffer from higher
background impurity levels, such as KYW [24]. In addition, this result should enable laser
refrigeration of some impure materials that could not be cooled previously at all.

The method used to determine the saturation intensity of background absorption
consisted of systematic measurements of laser cooling efficiency by Differential Lumines-
cence Thermometry (DLT) and Thermal Lens Spectroscopy (TLS) versus wavelength and
incident intensity. The slope of cooling efficiency versus wavelength exhibited an intensity
dependence with a common intersection point at λ = 1000 nm in the 10% Yb3+:YLF sample,
indicating that at this wavelength, the saturation intensities of the coolant ions and back-
ground impurities had the same value (∼2.6 × 104 W/cm2). For wavelengths longer than
1000 nm, higher pump intensities improved the cooling efficiency significantly, agreeing
well with the differential saturation model using the measured saturation intensities.

Although major efforts have been made to improve crystal purity in hosts such as YLF
to reach low temperatures by conventional ASF, the present results on improved cooling
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efficiency through optical saturation establish a new route for lowering the minimum
achievable temperatures below those previously possible at a given background absorption
level. However, it should be noted that room temperature measurements are insufficient to
predict outcomes at cryogenic temperatures. The absorption coefficients of coolant ions and
background impurities decrease with temperature [39], resulting in temperature-dependent
saturation intensities. It is only in the case when the background absorption saturates
first, at an intensity lower than the coolant ions, that lower minimum temperatures can be
realized by increasing pump intensity.

The intensity dependence of the cooling efficiency observed in this work is surprising
because the saturation intensity of the background impurity absorption is unexpectedly low.
This result must stem from a dominant impurity of particular valence and site symmetry.
Iron is thought to be the main source of background absorption in Yb:YLF crystals [40].
This impurity is likely a substituent at the trivalent sites (Y3+) in YLF, which would render
it predominantly trivalent. It is therefore of possible interest to note that trivalent iron in a
material such as Fe:YAG has a low-energy excited state transition from 6A1g to 4T1g, which
is forbidden by both spin and parity selection rules [41]. Associated with the forbidden
transition is a long-lived excited state with a fluorescence lifetime of 170 μs [42], making
the transition easy to saturate. The resonance wavelength of this forbidden transition
is 903 nm in YAG, with an absorption cross-section of ~1.2 × 10−20 cm2 at 1000 nm [19].
Unfortunately, the emission cross-section in YAG and both the absorption and emission
cross-sections in LiYF4 are currently unknown. However, based on the spectroscopy of
Fe:YAG, it is reasonable to surmise that the background saturation intensity of trivalent iron
in LiYF4 could be extremely low in the same wavelength range. Using solely the value of the
cross-section given above, the absorption saturation intensity of Fe3+ is estimated to be 20%
lower than that of Yb3+ at 1000 nm, which is in quite good agreement with the experimental
background saturation intensity reported here (albeit in a different material). For iron in
other valence states, such as Fe2+ or Fe4+ ions, the transition near 1000 nm is allowed [43].
This would lead to a short-lived excited state and a much higher saturation intensity
compared with Fe3+. Thus, the divalent and tetravalent ions would not be expected to
saturate at the low intensity measured in our experiments. However, these valence states
may be less prevalent in YLF than the trivalent state. Hence, one could reasonably conclude
that iron impurities may saturate easily and that the cooling efficiency should improve
substantially if a sizeable fraction of background impurities become non-absorbing. The
properties of trivalent iron seem consistent with the low-absorption saturation intensity
determined in our experiments.

Of course, a low value of background saturation intensity could arise from impuri-
ties other than iron. Several elements are significantly correlated with the background
absorption in crystalline Yb:YLF [40], such as vanadium and chromium. Some of these ele-
ments could also lead to a low ionic saturation intensity near 1000 nm. For example, when
the transition metal chromium is in the quadrivalent state in a YAG host, the saturation
intensity of Cr4+ is estimated to be only 10% of Yb3+ at 1000 nm [44]. Consequently, the
absorption of a variety of background ionic species could saturate similarly at relatively low
intensities, contributing to the overall reduction in parasitic heating and enhanced cooling
at elevated pump powers. Although we cannot state for certain what impurities contribute
to heightened efficiency with increasing pump intensity in Yb:YLF, it seems evident that
the dominant transition metal ion and others present in this crystal have properties that are
consistent with the low saturation intensity we determined at λcr = 1000 nm.

Our TLS experiments also indicate that laser cooling can take place on dipole-allowed
transitions. The curves in Figures 10 and 14, which show heating and cooling at wave-
lengths shorter and longer than the mean fluorescence wavelengths of the correspond-
ing ions, respectively, are qualitatively the same for Yb3+:LiYF4 (dipole-forbidden) and
Ti3+:Al2O3 (dipole-allowed). The cooling behavior observed in Ti3+:Al2O3 reveals that
configuration relaxation can be avoided by tuning to wavelengths longer than the mean
fluorescence wavelength. This wavelength condition also determines the cooling range of
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rare-earth ions such as Yb3+. However, the allowed transition of Ti3+ has a much faster
decay rate; so, faster cool-down times could be enabled for semiconductor sensor circuitry
grown on Ti3+:Al2O3 substrates and cooled optically to cryogenic temperatures. Sapphire is
an excellent substrate for GaN, AlxGa1-xN or InxGa1-xN, and ZnO epitaxy [21,45,46]; so, if
cooling were to be demonstrated with laser diodes, the improved performance of imaging
arrays in outer space could be achieved in the near future.

In view of the general agreement between calculated and observed wavelengths in
Tables 2 and 3, it can be concluded that the discrete resonances in cooling response in
Ti:Al2O3 (Figure 15) arise from absorptions on all-electronic transitions or optical phonon
sidebands. The discrepancies between the calculated and observed wavenumbers were less
than ∼400 cm−1 in all cases (<3%) and better than 1.2 cm−1 (<0.01%) on average for fifteen
π resonances and 60 cm−1 (<5.6%) on average for ten σ resonances. Experimentally, more
resonances were observed for π- than σ-polarization, even though σ-polarization excites
more optical modes in sapphire [21]. Whether or not a particular absorption transition gives
rise to observable cooling in Ti3+:Al2O3 seems to be dictated by the level of background
impurity absorption. The background absorption coefficient for σ-polarization has a peak
in the 750–790 nm range, with a value nearly twice that for π-polarization [34]. So, more
resonances may be observed in this range for π- than for σ-polarization despite the greater
number of infrared active Eu modes [21]. The relative efficiencies of cooling transitions also
depend on the occupation of the various levels in question, determined by the Boltzmann
distribution, and the nature of the transitions, which in general is of mixed electronic and
vibrational character. Due to these complexities, initial and final states were assigned
to each resonance, but no attempt was made to analyze the relative intensities of the
cooling resonances.

Because the dipole-allowed transition of Ti3+ has proven useful in this work for the
laser cooling of sapphire, the analysis of quantum interference in the 3-level system of Ce3+,
which has two such transitions, acquires heightened interest. Trivalent Cerium can undergo
quantum interference effects of several kinds. This was evident from the calculations in
Figure 16a,b, where gain was induced on the two dipole-allowed absorption transitions
by a single incident pump wave. Both figures indicate that lasing without inversion can
take place on these transitions as the two lower states are always more occupied than the
upper level (given that state 3 is long-lived in Ce3+). Gain on the 13 transition in Figure 16a
is due to Fano resonance as it has no threshold and requires the mixing of the excited states
(V 	= 0). Gain on the 12 transition in Figure 16b is induced only at high pump powers and
does not require excited state mixing (V = 0). Hence, quantum interference that originates
in two distinct ways is possible in this system. At the same time, laser cooling can be
sustained theoretically on the red side of the transition at ω13. Therefore, the intriguing
possibility emerges of accomplishing self-cooled lasing without inversion in materials with
allowed transitions such as Ce3+:LiCaAlF6.

5. Conclusions

Steady-state analysis of ASF laser cooling revealed that improved cooling efficiency
becomes possible at elevated pump intensities whenever the saturation intensity of the back-
ground absorption is less than that of the coolant ions. Experimental results
(Figures 11 and 12) showed that this situation obtains at wavelengths longer than 1000 nm
in 10% Yb:LiYF4. In this crystal, the saturation intensity of the background absorption was
determined experimentally to be Ib ∼2.6 × 104 W/cm2, a value low enough to be reached
with the continuous-wave excitation used in our experiments. Above this intensity, the
cooling efficiency doubled at 1035 nm when input power was increased to the maximum
available. This affirmed that in some materials, ASF cooling efficiency could improve with
higher pump intensity.

Cooling of bulk sapphire doped with Ti3+ ions was also demonstrated on the allowed
2E→2T2 transition of the dopant. The polarity of the TLS signals reversed when the wave-
length of excitation was tuned from near resonance at 532 nm to wavelengths longer than
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the mean fluorescence value. The use of Brewster-cut sapphire that was highly purified
and lightly doped was essential to minimize losses from the crystal coatings and parasitic
absorptions from valence-modified titanium pairs or iron impurities [47–49]. Samples
with FOM values less than 800 did not show net laser cooling at any wavelength. Hence,
although configuration relaxation on allowed transitions normally contributes to strong
heating in optical interactions, cooling is achievable in high-quality Ti3+:Al2O3 at long
wavelengths in the absorption tail. Cooling in sapphire occurred at discrete absorption
resonances which were assigned to electronic transitions and optical phonon sidebands.
This behavior differed from cooling on forbidden transitions in rare-earth systems where
continuous tuning is observed due to the continuous density of states spectrum for the
acoustic phonons which mediate refrigeration. Overall, the present results provide acceler-
ated cooling to lower minimum temperatures based on electric-dipole-allowed transitions
and optical saturation. These findings should enable Raman cooling, self-cooled lasing
without inversion, and other advancements of the field.
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Appendix A

In this Appendix, with reference to the 3-level system of Figure 7 in the text, density
matrix theory is applied to calculate the third-order susceptibility of Ce3+ at the pump
frequency ω. Two limits are considered to simplify the calculation by choosing frequen-
cies with small detunings from the transition at ω12 or the transition at ω13, respectively.
This permits the rotating wave approximation (RWA) to be made for off-diagonal ma-
trix elements corresponding to transitions at small detunings from the optical frequency.
Transitions with large detunings must retain non-rotating wave terms, which make the
calculation more cumbersome.

Explicit results are presented only for the case of optical frequencies close to ω12. In
this limit, the RWA is appropriate for the 12 and 23 transitions but not the 13 transition.
Hence, the interaction Hamiltonian has the form

V =
{(

Ṽ(1)
12 eiωt + Ṽ(1)

32 eiωt + Ṽ(1+)
13 eiωt + Ṽ(1−)

13 e−iωt
)
+ c.c.

}
+ Ṽ(0)

32

=
{(

− �Ω12
2 eiωt − �Ω32

2 eiωt − �Ω13
2 eiωt − �Ω13

2

)
+ c.c.

}
+ Ṽ(0)

32 ,
(A1)

where Ṽ(0)
32 is a static mixing interaction of states 2 and 3, and the Rabi frequencies of the

optical interaction terms between states i and j are defined by Ωij ≡ μijE0/�. The equation
of motion for the density matrix is

i�
.
ρ = [(H0 + V), ρ]. (A2)

Because the 13 transition is forbidden, the dipole moment is negligible compared to
moments on the allowed interactions with small detunings. Hence, we set V13 ≈ 0 and
have the following equations for individual matrix elements:

i�
.
ρ11 = (V12ρ21 − ρ12V21) + i�γ21ρ22 + i�γ31ρ33 (A3)
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i�
.
ρ22 = −(V12ρ21 − ρ12V21)− (V32ρ23 − ρ32V23)− i�γ21ρ22 − i�γ23ρ22 (A4)

i�
.
ρ33 = (V32ρ23 − ρ32V23) + i�γ23ρ22 − i�γ31ρ33 (A5)

.
ρ12 = iω12ρ12 +

1
i�

V12(ρ22 − ρ11)− 1
i�

ρ13V32 − Γ21ρ12 (A6)

.
ρ13 = iω13ρ13 +

1
i�
(V12ρ23 − ρ12V23)− Γ31ρ13 (A7)

.
ρ23 = −iω32ρ23 +

1
i�

V23(ρ33 − ρ22) +
1
i�

V21ρ13 − Γ32ρ23 (A8)

ρji = ρ∗ij. (A9)

As the RWA is not valid on the 13 transition in the present case, the off-diagonal term
ρ31 must include positive and negative frequency terms. Thus, we assume that

ρ13 = ρ̃
(+)
13 eiωt + ρ̃

(−)
13 e−iωt → .

ρ13 = iωρ̃
(+)
13 eiωt − iωρ̃

(−)
13 e−iωt (A10)

ρ31 = ρ̃
(+)
31 eiωt + ρ̃

(−)
31 e−iωt → .

ρ31 = iωρ̃
(+)
31 eiωt − iωρ̃

(−)
31 e−iωt. (A11)

The tilde in these expressions indicates a slowly varying amplitude (whose time derivative
may be set to zero). The other coherences in the system have simpler forms and obey the
RWA. Thus, we can write

ρ12 = ρ̃12eiωt → .
ρ12 = iωρ̃12eiωt (A12)

ρ32 = ρ̃32eiωt → .
ρ32 = iωρ̃32eiωt. (A13)

Using standard perturbation theory [16], the following results are found for the first-
order density matrix elements:

ρ̃
(1)
12 =

(Ω12/2)(Δ13 + iΓ31)−
(

V(0)
32 /�

)
(Ω13/2)

(Δ12 + iΓ12)(Δ13 + iΓ31)−
∣∣∣(V(0)

23 /�
)∣∣∣2 (A14)

ρ̃
(1+)
13 =

(Ω13/2)(Δ12 + iΓ21)− (Ω12/2)
(

V(0)
23 /�

)
(Δ12 + iΓ21)(Δ13 + iΓ31)−

∣∣∣(V(0)
23 /�

)∣∣∣2 (A15)

ρ̃
(1−)
31 =

[
ρ̃
(1+)
13

]∗
=

(Ω31/2)(Δ12 − iΓ21)− (Ω21/2)
(

V(0)
32 /�

)
(Δ12 − iΓ21)(Δ13 − iΓ31)−

∣∣∣(V(0)
23 /�

)∣∣∣2 (A16)

ρ̃
(1−)
13 =

(Ω13/2)(Δ12 + iΓ21)− (Ω12/2)
(

V(0)
23 /�

)
(Δ12 + iΓ21)([ω13 + ω) + iΓ31)−

∣∣∣(V(0)
23 /�

)∣∣∣2 (A17)

ρ̃
(1+)
31 =

[
ρ̃
(1−)
13

]∗
=

(Ω31/2)(Δ12 − iΓ21)− (Ω21/2)
(

V(0)
32 /�

)
(Δ12 − iΓ21)([ω13 + ω]− iΓ31)−

∣∣∣(V(0)
23 /�

)∣∣∣2 (A18)

ρ̃
(1)
32 = ρ̃

(1)∗
23 = 0. (A19)

All coherences are zero in the second-order. The results for populations however are

ρ
(2)
11 = −ρ

(2)
22 − ρ

(2)
33 (A20)
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ρ
(2)
22 =

1
γ2

⎧⎪⎨⎪⎩ −i|Ω21/2|2
(Δ12 − iΓ21)

+
i(Ω12/2)

(
V(0)

23 /�
)

(Δ12 − iΓ21)

⎧⎪⎨⎪⎩
(Ω31/2)(Δ12 − iΓ12)− (Ω21/2)

(
V(0)

32 /�
)

(Δ12 − iΓ12)(Δ13 − iΓ31)−
∣∣∣(V(0)

23 /�
)∣∣∣2

⎫⎪⎬⎪⎭+ . . .

. . . +
i|Ω12/2|2

(Δ12 + iΓ21)
−

i(Ω21/2)
(

V(0)
32 /�

)
(Δ12 + iΓ21)

⎧⎪⎨⎪⎩
(Ω13/2)(Δ12 + iΓ12)− (Ω12/2)

(
V(0)

23 /�
)

(Δ12 + iΓ12)(Δ13 + iΓ31)−
∣∣∣(V(0)

23 /�
)∣∣∣2

⎫⎪⎬⎪⎭
⎫⎪⎬⎪⎭ (A21)

ρ
(2)
33 =

1
γ31

{
1
i�

(
V(1+)

31 ρ
(1−)
13 − ρ

(1−)
31 V(1+)

13

)
+

1
i�

(
V(1−)

31 ρ
(1+)
13 − ρ

(1+)
31 V(1−)

13

)
+ γ23ρ

(2)
22

}
. (A22)

Finally, in third-order, only the coherences are needed to find the nonlinear polarization of
the medium. These off-diagonal elements are

ρ̃
(3)
12 =

(Ω12/2)
(Δ12 + iΓ21)

(
ρ
(2)
11 − ρ

(2)
22

)
−
(

V(0)
32 /�

)
(Δ12 + iΓ21)

ρ̃
(3)
13 (A23)

ρ̃
(3+)
13 =

(Ω13/2)
(Δ13 + iΓ31)

(
ρ
(2)
11 − ρ

(2)
33

)
−

ρ̃
(3)
12

(
V(0)

23 /�
)

(Δ13 + iΓ31)
(A24)

ρ̃
(3−)
13 =

(Ω∗
13/2)

(ω13 + ω + iΓ31)

(
ρ
(2)
11 − ρ

(2)
33

)
(A25)

ρ̃
(3)
23 =

(Ω∗
32/2)

(Δ32 − iΓ32)

(
ρ
(2)
33 − ρ

(2)
22

)
. (A26)

Taking the contributions from various orders into account, the off-diagonal elements are

ρ̃21 = ρ̃
(1)
21 + ρ̃

(3)
21 (A27)

ρ̃
(+)
13 = ρ̃

(1+)
13 + ρ̃

(3+)
13 (A28)

ρ̃
(−)
13 = ρ̃

(1−)
13 + ρ̃

(3−)
13 (A29)

ρ̃
(−)
31 = ρ̃

(1−)
31 + ρ̃

(3−)
31 =

[
ρ̃
(+)
13

]∗
(A30)

ρ̃
(+)
31 = ρ̃

(1+)
31 + ρ̃

(3+)
31 =

[
ρ̃
(−)
13

]∗
(A31)

ρ̃23 = ρ̃
(3)
23 . (A32)

These results were used to plot the curves in Figure 16b. To plot Figure 16a, the
calculation of this section must be repeated on the assumption that the RWA applies to the
ω13 transition but not the two allowed transitions at frequencies in the neighborhood of the
first system resonance. Input parameters for these calculations were as follows:

V = V(0)
23 /� = 108 rad/s; N = 10 × 1021 m−3; γ21 = 3.3 × 107 s−1; γ23 = 1.1 × 107 s−1;

γ31 = 104 s−1; |μ23|2 = 0.333 × |μ21|2.
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Abstract: Solids can be cooled by driving impurity ions with lasers, allowing them to transfer heat
from the lattice phonons to the electromagnetic surroundings. This exemplifies a quantum thermal
machine, which uses a quantum system as a working medium to transfer heat between reservoirs. We
review the derivation of the Bloch-Redfield equation for a quantum system coupled to a reservoir, and
its extension, using counting fields, to calculate heat currents. We use the full form of this equation,
which makes only the weak-coupling and Markovian approximations, to calculate the cooling power
for a simple model of laser cooling. We compare its predictions with two other time-local master
equations: the secular approximation to the full Bloch-Redfield equation, and the Lindblad form
expected for phonon transitions in the absence of driving. We conclude that the full Bloch-Redfield
equation provides accurate results for the heat current in both the weak- and strong- driving regimes,
whereas the other forms have more limited applicability. Our results support the use of Bloch-Redfield
equations in quantum thermal machines, despite their potential to give unphysical results.

Keywords: quantum thermodynamics; open quantum systems; laser cooling; Bloch-Redfield theory

1. Introduction

Laser cooling [1–3], in both atomic and solid-state systems, is now a well established
technique. In solids, particularly rare-earth-doped glasses, cooling can be achieved by
using anti-Stokes fluorescence of the dopants. It provides an example of a quantum thermal
machine [4–6], in which is a discrete quantum system—in this case, the energy levels of rare
earth ion—is the working medium. This working medium couples to two heat baths and a
source of work, namely the phonon and photon reservoirs and the driving laser, allowing
it to operate as a refrigerator.

Laser cooling is generally modeled using rate equations for the populations of the
levels. This approach can also be used for semiconductors, where the rate equations refer to
the populations of the electron and hole bands. However, such approaches cannot capture
certain effects which, while not expected to be relevant in systems such as rare earths, are
increasingly important in quantum thermodynamics more generally. These include the
role of coherences in determining heat flows, which have been argued to offer enhanced
performances in various quantum thermal machines [7–11]; the effects of strong driving,
which can modify the energy levels through the a.c. Stark effect [12–14], and so impact on
the heat flows [11,15]; and the effects of spectral structure in the heat baths. This last can be
considered in two regimes: for strongly structured baths one can expect non-Markovian
behavior [16–18], whose impact on thermodynamics remains a challenging open topic.
However, the spectral structure can be important even where a Markovian description
remains appropriate [19]. An important practical target for thermodynamic machines is to
maximize their power, and the heat flows to a bath are determined by its spectral density.
Thus to achieve maximum power one must consider the spectral structure of baths, if
there is any on the energy scales of the working medium. Examples of systems where this
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occurs include quantum-dot excitons coupled to acoustic phonons [20], colour centres in
diamond [21,22], and superconducting circuits [23].

These issues can be treated theoretically by studying models of an open quantum
system in which the working medium interacts with its surrounding heat baths. Such
models are tractable in the weak-coupling, Markovian regime, where they lead to time-local
equations of motion such as the Bloch-Redfield equation [24]. Those approaches can be
extended to allow calculations of heat and work in the quantum regime [25]. However, there
are several time-local equations which can be obtained, using reasonable approximations,
from a given model, and these can make differing predictions for the dynamics [26,27].
This problem has been addressed by several groups, who argue that the Bloch-Redfield
equation [10,26,28–33] is useful and indeed accurate, despite its potential pathologies [34].
In this paper, we extend such studies to explore the heat flows in a simple laser cooling
process, with the aim of identifying an approximate time-local equation that can accurately
model them.

In the following, we first review the derivation of the Bloch-Redfield equation for an
open quantum system, and outline its extension to calculate heat flows. We also discuss
two other time-local equations which can be obtained by making further approximations: a
Lindblad form in the energy eigenbasis, obtained by making the secular approximation,
and a Lindblad form in the eigenbasis of the undriven system. We use these forms to
calculate the cooling spectrum, i.e., the cooling power as a function of driving frequency,
in a model of laser cooling. The model allows for strong driving and includes a spectral
structure for the environment. We find that a complete description of the cooling spectrum,
which covers both the weak-driving and strong-driving regimes, can be achieved using
the full Bloch-Redfield equation. We provide further support for the correctness of the
Bloch-Redfield master equation—whose use has been controversial because it does not
guarantee positivity [34], and can lead to behavior inconsistent with thermodynamic
principles [35]—by comparing its predictions to those of an exact numerical method. Our
conclusions support the use of Bloch-Redfield equations to model laser cooling and other
thermodynamic processes [10,30,32,33,36,37].

2. Materials and Methods

2.1. Laser Cooling Model

We consider a simple laser-cooling scheme, depicted in Figure 1, involving an impurity
with two states forming a ground-state manifold, and a single state in an excited-state
manifold. A driving laser of frequency ωl excites the transition from the upper state of the
ground-state manifold to an excited state |e〉 and energy E0 above the top of the ground-
state manifold. We assume this state decays by radiative emission to the ground state.
Crucially, the two states within the ground-state manifold, |gl〉, |gu〉, which are split by an
energy Eman, are coupled by the emission and absorption of lattice phonons.

We will analyze this problem within the standard framework of open quantum systems
theory, separating it into parts corresponding to a ‘system’, one or more baths, and the
interactions between the system and the baths. In our case, the baths are the phonons, and
the continuum of photon modes that give the radiative decay. We describe those aspects
of the model in Section 2.4 below. The system, meanwhile, comprises the states of the
impurity and their interaction with the laser, which can be treated as a classical driving
field [38]. The system Hamiltonian is then (h̄ = 1)

HS = E0|e〉〈e| − Eman|gl〉〈gl |+ Ω cos(ωl t)(|gu〉〈e|+ |e〉〈gu|),

where Ω is the Rabi frequency given by the product of the electric field amplitude of
the driving laser and the dipole moment of the transition, d.E0. The time-dependence
of the driving field can be removed, in the rotating wave approximation, by using a
unitary transformation

U = exp(iωl t|e〉〈e|). (1)
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In this frame the driving field is time-independent, and the Hamiltonian for the
system is

HS =

⎛⎝ −δ Ω/2 0
Ω/2 0 0

0 0 −Eman

⎞⎠. (2)

Here δ = ωl − E0 denotes the driving laser frequency relative to the transition. The
diagonal terms in Equation (2) are the energies of the electronic states, in the rotating
frame. The off-diagonal terms are the coupling between those states produced by the
electric-dipole interaction with the driving field [38]. The coupling between the impurity
states and the lattice phonons is considered in the following, where we discuss master
equations for open quantum systems and specify the system-bath interaction Hamiltonian.

|gl> >Eman
|gu> 0

|e> E0

l

Figure 1. Energy levels of an impurity in a model laser-cooling process. The two states of a ground-
state manifold, |gu〉, and |gl〉, are coupled by the emission and absorption of lattice phonons (vertical
solid lines). Laser driving occurs on the transition from the upper level of the ground-state manifold
to an excited state |e〉 (block arrow). This state decays radiatively to the ground state (wavy arrow).

2.2. Master Equations for Open Quantum Systems

Figure 1 depicts an open quantum system: one which interacts, explicitly or implicitly,
with a wider environment. These interactions lead to an exchange of energy between system
and environment, and dephasing and decoherence effects. Here, we have an environment
comprising the phonons in the host crystal of the impurity and the photons associated with
the radiative decay of the upper level.

The dynamics of an open quantum system can, in certain circumstances, be described
by a time-local master equation for its reduced density matrix [24]. Such equations can
be obtained from microscopic models which consider the environment explicitly in mak-
ing the weak-coupling and Markovian approximations. They are also often postulated
phenomenologically, based on the observation that the most general equation of motion
is one of Lindblad form. However, there are several different forms of equations that can
result from a microscopic model, depending on the details of the approximations made.
The predictions of these forms can, furthermore, differ from those based on phenomeno-
logical Lindblad forms.

These issues have been discussed in previous works [26,28] which suggest that the
full Bloch-Redfield equation—obtained by using the weak-coupling and Markovian ap-
proximations, but without making the secular approximation—gives a good description
of the dynamics. This is in spite of the fact that the Bloch-Redfield equation does not
guarantee that the eigenvalues of the reduced density matrix remain positive [24,34]. For a
system where there are no degeneracies, or near-degeneracies, that issue can be cured by
secularization [34,39], which corresponds to eliminating oscillating terms in the dissipator
that average to zero over time. This leads to a Lindblad form [40,41] with positive rates.
It is, however, a priori invalid for the laser-cooling protocol considered here, where weak
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driving near resonance means we have Ω ≈ 0 and δ ≈ 0, so that two of the eigenstates
of Equation (2), |gu〉 and |e〉, are almost degenerate in the frame where the laser field is
time independent.

A fairly generic form for the Hamiltonian of an open quantum system is

H = HS + HB + HSB (3)

HSB = ∑
k

gkO(bk + b†
k ). (4)

Here HS is the Hamiltonian for the system, HB for its environment, or bath, and
HSB is the system-bath coupling. We consider the common situation in which the bath
comprises a set of harmonic oscillators [24], which we index using a quantity or quantities
labeled r. Note that r denotes the full set of quantum numbers required to label the modes.
The oscillators have frequencies ωr, and ladder operators br and b†

r . The displacement
of the rth bath mode is coupled to the system operator O, with coupling strength gr.
The dissipative effects of the bath depend on its spectral density, J(ω) = ∑r g2

r δ(ω − ωr).
To fix notation we recall the standard procedure for deriving a Bloch-Redfield master

equation [24,42,43]. We work in the interaction picture with respect to HS + HB, so that
O(t) = eiHStOe−iHSt. Note that where necessary we will distinguish operators in the
interaction and Schrödinger pictures as, for example, O(t) and O. From the von Neumann
equation we obtain the form

dρ(t)
dt

= −i[HSB(t), ρ(0)]−
∫ t

0
dt′[HSB(t), [HSB(t′), ρ(t′)]] (5)

where ρ(t) is the full density operator of the system and environment. For weak coupling
to a bath one can replace ρ(t′) ≈ ρS(t′)⊗ ρB(t′) on the right-hand side, where ρS is the
reduced density matrix of the system, and ρB that of the bath. Since the bath is macroscopic
it can be assumed to be unperturbed by the system, and ρB taken to be a thermal state
at inverse temperature β. For a Markovian system one may, furthermore, approximate
ρS(t′) ≈ ρS(t). We can write the coupling operator in the eigenbasis of HS as

O(t) = ∑
ij

ei(Ei−Ej)t〈i|O|j〉|i〉〈j| ≡ ∑
ij

Ôij(t). (6)

Taking the trace of Equation (5) over the environment’s degrees-of-freedom we find

dρS(t)
dt

= ∑
ij

{
Aij[Ôji(t)ρS(t)O(t) + O(t)ρS(t)Ôij(t)

− ρS(t)Ôij(t)O(t)− O(t)Ôji(t)ρS(t)]

−iBij[Ôji(t)ρS(t)O(t)− O(t)ρS(t)Ôij(t)

+ ρS(t)Ôij(t)O(t)− O(t)Ôji(t)ρS(t)]
}

.

(7)

The quantities Aij and Bij are related to the the real-time Green’s functions of the
environment at the transition frequency νij = Ei − Ej connecting levels i and j. The
quantities Aij are associated with dissipation, and are

Aij = π{[n(νij) + 1]J(νij) + n(νji)J(νji)}. (8)

Here n(ν > 0) = 1/(exp(βν)− 1) is the Bose function describing the bath occupation,
and J(ν) = 0 for ν < 0. The first term in Aij corresponds to the creation of a bath quantum
as the system transitions from a state i to j with Ei − Ej > 0, whereas the second corresponds
to the absorption of a bath quantum in the opposite case, Ei − Ej < 0. The quantities Bij are
associated with energy shifts, and are given by the principal value integral

74



Appl. Sci. 2022, 12, 1620

Bij = P
∫

J(ω)
ω + (2n(ω) + 1)(Ei − Ej)

ω2 − (Ei − Ej)2 dω. (9)

Equation (7) can be used directly, but is often further approximated, leading to other
forms of equation-of-motion for an open quantum system. One very common approxima-
tion is to drop the principal value terms proportional to Bij. Another common approxima-
tion is to secularize the equation-of-motion. This is done by decomposing the remaining
coupling operators, O(t), into the energy eigenbasis: O(t) = ∑kl Ôkl(t). Every term in
Equation (7) then involves a product of operators corresponding to two transitions, one
involving the pair of levels i and j, and one involving the pair k, l. If the levels are non-
degenerate these products of operators are, in general, time-dependent in the interaction
picture, and average to zero. The exception is where a transition in one direction is paired
with the same transition in the opposite direction, so that the time-dependence cancels out.
Retaining only those terms the dissipative part of Equation (7) becomes

dρS(t)
dt

= ∑
ij

2Aij

(
Ôji(t)ρS(t)Ôij(t)− 1

2
[ρS(t), Ôij(t)Ôji(t)]+

)
, (10)

where [A, B]+ = AB + BA is an anticommutator. This is of Lindblad form, and therefore
guarantees the positivity of the density operator. It has a straightforward physical interpre-
tation: the environment causes transitions from the system state i to the system state j at
rate 2Aij.

2.3. Heat Flows from Master Equations

The method of full counting statistics [25] allows one to extend the approaches above
so as to compute the heat transferred to the bath. It has been used, often with the sec-
ular approximation [44], to obtain master equations and study heat statistics in various
systems, including driven quantum-dot excitons [11,15], a driven two-level system [45], a
steady-state (absorption) refrigerator [10,30,36], and a two-bath spin-boson model [32,33].
The absorption refrigerator and spin-boson model have been studied using the full Bloch-
Redfield approach, without the secular approximation, which highlights the role of co-
herences [10,30,36]. Here we give an outline of the method and present a complete form
for the full counting-field Bloch-Redfield equation, which we shall use to calculate laser
cooling spectra.

The heat transferred to a bath is, by definition, the change in its energy between two
times. Thus we consider a process involving projective measurements of the bath energy at
two times. We take the initial time to be ti = 0, and suppose that at this time the system and
bath are in a product state, ρS(0)⊗ ρB. We can then consider the probability distribution
of the heat, P(Q, t), which is the probability that the energy measurements of the bath at
times ti and t give results differing by Q. It is convenient also to introduce the characteristic
function of the heat distribution, χ(u, t) =

∫
dQP(Q, t)eiuQ. The variable u is known as the

counting field. (This term should not be taken to imply that heat is necessarily a discrete,
countable quantity. It arises from other uses of the method, such as calculations of the
number of electrons transferred across a tunnel junction [25].).

One can evaluate χ(u, t) by introducing an annotated density operator, ρu(t), such
that χ(u, t) = Tr ρu(t). ρu(t) has a non-unitary time evolution given by

ρu(t) = Uu/2ρu(0)U†
−u/2, (11)

where Uu is related to the normal time-evolution operator, U = e−iHt, by

Uu = eiuHB Ue−iuHB . (12)
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Note the similarity between these phase factors and the factor eiuQ in the definition of
the characteristic function; it is these factors that incorporate the results of the measurements
of the bath energy, HB, into ρu(t). At the initial time the annotated density matrix is given
by ρu(0) = ρ(0).

For a general operator P we define the annotated version Pu = eiuHB Pe−iuHB , which
obeys the Heisenberg-like equation

i
dPu

du
= [Pu, HB].

For the lowering operator appearing in Equation (4) we have bu,k = e−iωkub0,k. Thus,
the time-evolution operators, U±u/2, can be obtained from the standard form, e−iHt, by re-
placing the coupling Hamiltonian, Equation (4), with H±

SB = ∑ gkO(bke∓iωu/2 + b†
k e±iωu/2).

A master equation for the reduced annotated density matrix, ρu,S(t) can now be
obtained, following the steps above. The essential difference is that the von Neumann
equation for ρ(t), in the interaction picture, must be replaced by

dρu(t)
dt

= −i(H+
SBρu(t)− ρu(t)H−

SB). (13)

The result is

dρu,S(t)
dt

= ∑
ij

{
Aij[e

iu(Ei−Ej)(Ôji(t)ρu,S(t)O(t) + O(t)ρu,S(t)Ôij(t))

− ρu,S(t)Ôij(t)O(t)− O(t)Ôji(t)ρ(t)]

−iBij[e
iu(Ei−Ej)(Ôji(t)ρu,S(t)O(t)− O(t)ρu,S(t)Ôij(t))

+ ρu,S(t)Ôij(t)O(t)− O(t)Ôji(t)ρ(t)]
}

.

(14)

This form differs from Equation (7) by the addition of phase factors in the four terms
that cause transitions between the system eigenstates. It can be approximated as discussed
above, by dropping the principal value terms, or by making the secular approximation.

The mean heat is

〈Q〉 =
∫

QP(Q)dQ = −i
dχ

du

∣∣∣∣
u=0

= −i Tr
dρu,S(t)

du

∣∣∣∣
u=0

. (15)

From Equation (14) we find that the heat current is

d〈Q〉
dt

= ∑
ij

{
Aij[(Ei − Ej)Tr(Ôji(t)ρS(t)O(t) + O(t)ρS(t)Ôij(t))]

−iBij[(Ei − Ej)Tr(Ôji(t)ρS(t)O(t)− O(t)ρS(t)Ôij(t))]
}

.

(16)

This can be used to calculate the heat current from the density matrix, ρu=0,S(t) = ρS(t),
obtained by solving the standard Bloch-Redfield Equation (7).

2.4. Master Equations for Laser Cooling

We consider a model in which the system Hamiltonian is given by Equation (2).
We suppose that there is a continuum of phonons responsible for transitions between
the states of the ground-state manifold. This phonon bath will be described by
Equations (3) and (4), with coupling operator O = |gl〉〈gu|+ |gu〉〈gl |. For the spectral den-
sity of this bath, we take the super-Ohmic form with an exponential high-frequency cut-off,
J(ω) = 2α(ω3/ω2

c ) exp(−ω/ωc). We are not targetting a detailed model of a real system,
and this form is chosen largely for illustrative purposes. It may, however, be noted that
it corresponds to that for acoustic phonons coupling to localized impurities such as the
silicon-vacancy center in diamond [22] or a quantum-dot exciton [20]. α is a dimensionless
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measure of the coupling strength, and ωc is a high-frequency cut-off. Such cut-offs arise
from the size of the electronic states and correspond roughly to the phonon frequency at a
wavelength given by that size.

We also consider, in the following, an alternative form of dissipator, of standard
Lindblad form. For a transition caused by a jump operator A, with rate γA, the standard
Lindblad form is

dρS(t)
dt

= γALAρS(t) = γA

(
AρS(t)A† − 1

2
[ρS(t), A† A]+

)
. (17)

Thus the natural phenomenological form, capturing the processes shown in Figure 1,
is to combine two of these dissipative terms, one for phonon absorption, with rate γ+ and
jump operator σ+ = |gu〉〈gl |, and one for phonon emission, with rate γ− and jump operator
σ− = σ†

+ = |gl〉〈gu|. Such a form corresponds to Equation (10) when the eigenstates of HS
are simply |gl〉 and |gu〉, which is resonable for weak driving. This comparison allows us
to identify the appropriate rates, from Equation (8), as γ− = 2π(n(Eman) + 1)J(Eman) and
γ+ = 2πn(Eman)J(Eman).

In addition to the phonon dissipation, our model involves the radiative decay of the
excited state, |e〉 to the ground state |gl〉. We model this as a Lindblad form with jump
operator |gl〉〈e|, and rate γ.

2.5. Exact Methods

As well as results of master equations, we shall present, in the following, calculations
of the heat flows obtained by numerically-exact simulations [46–48] of the model open
quantum system described above. The technique, known as TEMPO, calculates the path
integral for the evolution of an open quantum system, discretizing time into a series of
steps [49]. It uses a matrix-product state representation to efficiently store the augmented
density tensor, which allows it to consider large memory times for the bath [47,48]. Combin-
ing path-integral methods with the counting-field technique [32,46], allows calculations of
the total heat transferred to the phonon bath up to a particular time. Details of the method,
and the associated code, are given in Ref. [46]. We use it to calculate the heat currents to
the phonons by taking the difference of the total heat transferred to the bath between two
times, separated by a single timestep. In these calculations, the dynamics of the system
and the effects of the phonon bath are treated exactly. We do not treat the radiative decay
in this first-principles fashion, but rather include it using the same Lindblad form we use
for the master equation approach. We believe this is appropriate, in as much as the bath
associated with radiative decay has no spectral structure, in contrast with that associated
with the phonons. The TEMPO approach has recently been extended to simulations with
multiple baths [50], which would allow it to treat laser cooling with structured photon
environments, e.g., in optical resonators.

3. Results

The parameters in our model are the energy splitting of the ground-state manifold,
the detuning and Rabi frequency of the driving, the radiative decay rate, γ, the cut-off
frequency, ωc, the dimensionless coupling, α, and the temperature T. We choose the energy
and time units such that Eman = 2. For the remaining parameters we take γ = 0.5, ωc = 1,
α = 0.01, and T = 3. These parameters are not intended to be realistic but are chosen to
allow us to compute the exact solutions with a reasonable effort, and compare the results
of the different master equations. In particular, we choose a large value for the radiative
decay rate, γ, to increase the magnitude of the heat current. It may be noted that for
these parameters the phonon absorption rate, γ+ ≈ 0.14, is comparable to, but smaller
than, the radiative decay rate. This differs from the situation for conventional laser cooling,
appropriate in systems such as rare-earth ions, where the phonon rates are much larger than
those for radiative decay [1], and the electronic populations are very close to equilibrium. It
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implies that, in our case, the heat current will be limited by the driving strength (for weak
driving) or the phonon rate (for strong driving), and not the radiative lifetime.

Figure 2 shows the calculating cooling power as a function of the detuning, δ, for four
different strengths of the driving field. The different curves are computed using the full Bloch-
Redfield equation, (7), the phenomenological Lindblad form, Equation (17), and the secular
Bloch-Redfield equation, (10). Considering first weak driving, in Figure 2a, we see that the Bloch-
Redfield and phenomenological theories agree well, and give a cooling profile that appears to
be Lorentzian, as one would expect. While the secular Bloch-Redfield equation agrees away
from the resonance, we see that it fails close to it, massively overestimating the cooling power.
The secular approximation is, of course, not justified here, because there are near degeneracies in
the Hamiltonian. Nonetheless, the level of disagreement seems surprising, given the agreement
away from resonance.
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Figure 2. Rates of heat absorption from the phonon bath, as a function of the detuning δ = ωl − E0

of the driving laser from resonance, for four different Rabi frequencies. For each Rabi frequency, we
show results computed using the full Bloch-Redfield equation (solid black curve), a phenomeno-
logical Lindblad equation (dashed orange curve), and the Bloch-Redfield equation in the secular
approximation without the principal value terms (dashed black curve). The Rabi frequencies Ω are:
(a) 0.01, (b) 0.1, (c) 0.5, and (d) 1.0.

In the converse, strong-driving region, Figure 2d, all three methods give similar results.
However, there is a noticeable difference on the high-energy side of the transition, with the
phenomenological theory giving, as before, a Lorentzian profile, while the other theories
predict the heat current drops off more rapidly, and indeed switches direction, from cooling
to heating, in the range of detunings shown.

Figure 3 shows the temperature dependence of the cooling power for weak resonant
driving. As noted above, the secular approximation is inappropriate in this regime and
massively overestimates the cooling power. The other theories agree closely and appear
physically reasonable, predicting that the cooling power drops rapidly once the temperature
is lowered below the splitting Eman. This is the expected physical behavior for laser
cooling in a discrete level structure, caused by the vanishing of the phonon occupation
at temperatures much less than Eman. The precise behavior at very low temperatures is
not relevant to laser cooling since it is not expected to operate there. Nonetheless, it may
be noted that, for these parameters, the Bloch-Redfield theory predicts a very small but
negative cooling power, i.e., net heating, at very low temperatures (T < 0.38). However,
this is an approximate theory whose accuracy is not sufficient to discern the true behavior
of the heat current in this regime. Indeed, we find that at these very low temperatures the
theory does not predict a physical density matrix, giving one which has a negative, albeit
very small, eigenvalue.
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Figure 3. Rate of heat absorption from the phonon bath, as a function of temperature, for the different
approaches. Results are shown for weak driving, Ω = 0.1, at resonance, δ = 0. The heat current is
computed using the full Bloch-Redfield equation (solid black curve), the phenomenological Lindblad
equation (dashed orange curve), and the Bloch-Redfield equation in the secular approximation
without the principal value terms (dashed black curve).

In Figure 4 we compare the cooling spectra predicted by the full Bloch-Redfield equa-
tion with those obtained from the exact numerical method [46]. The numerical method sim-
ulates the time-evolution of the open quantum system, using discrete timesteps. For these
simulations, we have taken a timestep dt = 0.05, and computed the heat current, at a time
t = 30.0, from the difference in the heat transfer at two times. The mean heat transfer is
computed by evaluating the annotated reduced density matrix, ρu,S(t), and computing
the finite difference approximation to the derivative in Equation (15) from the values of
Tr ρu,S(t) at u = 0.05 and u = 0.0. The numerical accuracy and convergence of these
simulations involve two further parameters: a maximum number of timesteps retained
in the influence functional, K, and a cut-off parameter controlling the truncation of the
singular-value decompositions. We take K = 100, and use a cut-off of 10−7.
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Figure 4. Heat absorption rates, as a function of the detuning, computed using the full Bloch-Redfield
equation (solid black curves) and a numerically exact method (red squares), for two different Rabi
frequencies. The Rabi frequencies Ω are (a) 0.5 and (b) 1.0.

We see from Figure 4 that the Bloch-Redfield equation is in excellent agreement with
the numerical results. The non-Lorentzian behavior of the cooling profile on the high-
energy side, predicted by the full Bloch-Redfield and secular equations, is present. There is
a slight overestimate of the cooling power in the tails of the profiles, which we believe is
because of the heat current has not yet reached its steady-state value at those small values
of the cooling power.

4. Discussion

Figures 2 and 4 suggest that the full Bloch-Redfield equation gives an accurate account
of the cooling profile, in both the weak- and strong-driving cases. In the weak-driving
case, it agrees with the phenomenological theory, which is well-justified for weak-driving,
while in the strong-driving case it agrees with the secular theory, which is well-justified
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there. Furthermore, it agrees with exact numerical results, in the strong-driving regime
where such simulations are possible. Thus the Bloch-Redfield equation allows a complete
treatment of both regimes, using a single equation. This conclusion is similar to previous
conclusions on the dynamics and thermodynamics of other open quantum systems, where
the Bloch-Redfield equation has similarly been argued to provide the most accurate de-
scription [10,26,28–30]. This is in spite of the possibility that it produces unphysical density
matrices with non-positive eigenvalues. That possibility does not occur in our results,
except at very low temperatures where laser cooling would not, in any case, be expected
to operate.

In previous works, it has been noted that the secular approximation does not allow for
the presence of bath-induced or noise-induced coherence [51] in multilevel systems where
near-degenerate levels have different couplings to the bath [26]. This phenomenon can play
an important role for the heat currents, as has been pointed out previously for quantum
absorption refrigerators [10,30]. Its significance in our case can be seen by comparing the
secular result (where there is no bath-induced coherence) and the Bloch-Redfield result
(where there is) in Figure 2. When δ = 0, Ω = 0 our Hamiltonian has two degenerate
eigenstates, but the form of those eigenstates depends on how the limit is taken: for
δ = 0, Ω 	= 0 they are |±〉 = |gu〉 ± |e〉, but for Ω = 0, δ 	= 0 they are |gu〉 and |e〉. The naive
form of secular approximation in Equation (10) produces a dissipator which populates
the states |+〉 and |−〉, and destroys coherences between them. However, we observe
that the phonon bath couples only to |gu〉 ∝ |+〉 + |−〉, and not to |e〉 ∝ |+〉 − |−〉, so
in the weak-driving case the correct dissipator should affect the population of the first
combination, while leaving that of the second undamped. This means that there are
undamped coherences in the |±〉 basis, which survive in the steady-state [26], and produce
corrections to the heat currents relative to the results of the secular approximation.
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