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1. Introduction and Scope

Fatigue and fracture are pivotal issues in structural integrity. This area of research
has attracted much attention over the last years, especially in regard to the main failure
mechanisms, the understanding of which is pivotal to developing more durable and
more reliable components. Modern numerical methods have been a strong ally in the
improvement of current methodologies to assess the integrity of safety-critical components.
Moreover, the permanent tendency to shorten time-to-market periods and to reduce overall
costs faced by current industry is an additional ingredient for developing alternative
simulation approaches because they allow high efficiency at the lowest possible cost. This
Special Issue aims to focus on the new trends in computation methods to address fatigue
and fracture problems. In this volume, seven papers addressing different research topics
have been collected.

2. Contributions

The finite element method plays a key role in the numerical simulation of fatigue
and fracture. Alshoaibi and Fageehi [1] developed an adaptive FEM-based approach
for simulating the crack advance and the fatigue life in rectangular cross-section plates
subjected to tension and bending. The numerical models considered a spider web mesh
centred at the crack tip, and the stress intensity factors were computed using displacement
extrapolation methods. Li and Xie [2], also basing their research on the finite element
method, developed an algorithm to optimize the tooth surface contact stress in spur gears,
considering tooth profile deviations, meshing errors, and lead crowning modifications. The
problem was addressed using a three-dimensional model of one of the engaged teeth, by
combining an optimized area of high refinement level with a non-refined area connected
via multi-point constraint.

The analysis of critical engineering components by combining the finite element
method with advanced fatigue methods was another line of research. Concli et al. [3]
developed a critical-plane approach in conjunction with three-dimensional FEM models
to study the early crack propagation stage in teeth subjected to bending fatigue. The
models, created from extruded meshes and capable of accounting for boundary effects,
allowed the determination of crack direction and the critical region associated with the
crack nucleation. Sánchez et al. [4] determined the load-bearing capacity of tubular beams
made of aluminium by applying the theory of critical distances and linear-elastic two-
dimensional finite element models. The proposed methodology has been successfully
validated for cantilever beams with circumferential U-shaped notches, leading to errors in
the predicted load-bearing capacity lower than ±20%.

Computational tools can play an important role in optimization problems. The paper
by Khan et al. [5] presents a simulation-based optimization methodology for mold design
and the prediction of reliability in mechanical components with minimum level of casting
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defects. The reliability was computed using classical strength–stress models and probability
distribution functions. Woo et al. [6] proposed a parametric accelerated life testing approach
to improve the fatigue life of mechanical components subjected to impact loading. The
concept was tested in a domestic refrigerator hinge kit system, leading to a new design and
an extended fatigue life. These promising results make the proposed parametric accelerated
life testing approach applicable to metallic parts of other machines, namely cams, gears,
crankshafts, and dies, to mention just a few.

In the context of fatigue crack propagation, the extended finite element method (XFEM)
allows the alleviation of the shortcomings of the finite element method, namely with regard
to the modelling of cracks and material interfaces. These advantages were explored by
Fageehi [7], who studied the fatigue crack growth under mixed-mode loading in modified
four-point bending beams and cracked plates with three holes. The fatigue assessment
was conducted using fracture mechanics, stress-life methods, and strain-life methods. The
proposed methodology was capable of simulating the crack paths, calculating the mixed-
mode stress intensity factors at the crack front, and estimating the fatigue life for different
geometrical configurations.

3. Conclusions and Outlook

The present Special Issue is aimed at collecting original contributions on the new trends
in computation methods, which address fatigue and fracture problems. Seven papers were
selected to cover a wide variety of current trends and applications. The topics addressed
demonstrate that the finite element method remains a powerful technique in this field.
However, other advanced tools are immerging, such as the extended finite element method
or the meshless methods. In addition, the topics collected demonstrate the richness and
the potential of current computational methods to deal with complex fatigue and fracture
problems from different perspectives, namely the simulation of crack propagation in gears,
the prediction of crack paths in notched plates, the calculation of critical loads in notched
components subjected to different loading histories, the improvement of mold design and
minimization of casting defects, and the development of advanced mechanical systems
subjected impact loading. However, since numerical simulation of fatigue and fracture
phenomena involves a myriad of problems, there are still open challenges that need to be
addressed in order to translate scientific research into practical and daily life applications.
In this context, guested edited by the same team, a new Special Issue entitled “Numerical
Methods Applied to Fatigue and Fracture Phenomena” (https://www.mdpi.com/journal/
metals/special_issues/numerical_fatigue_fracture) will be launched in Metals, to collect
and disseminate the future advances in these areas.

Conflicts of Interest: The authors declare no conflict of interest.
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Abstract: The finite element method (FEM) is a widely used technique in research, including but not
restricted to the growth of cracks in engineering applications. However, failure to use fine meshes
poses problems in modeling the singular stress field around the crack tip in the singular element
region. This work aims at using the original source code program by Visual FORTRAN language
to predict the crack propagation and fatigue lifetime using the adaptive dens mesh finite element
method. This developed program involves the adaptive mesh generator according to the advancing
front method as well as both the pre-processing and post-processing for the crack growth simulation
under linear elastic fracture mechanics theory. The stress state at a crack tip is characterized by the
stress intensity factor associated with the rate of crack growth. The quarter-point singular elements
are constructed around the crack tip to accurately represent the singularity of this region. Under
linear elastic fracture mechanics (LEFM) with an assumption in various configurations, the Paris
law model was employed to evaluate mixed-mode fatigue life for two specimens under constant
amplitude loading. The framework includes a progressive analysis of the stress intensity factors
(SIFs), the direction of crack growth, and the estimation of fatigue life. The results of the analysis are
consistent with other experimental and numerical studies in the literature for the prediction of the
fatigue crack growth trajectories as well as the calculation of stress intensity factors.

Keywords: LEFM; mesh density; mixed mode stress intensity factors; fatigue crack growth; FEM

1. Introduction

The finite element method (FEM) is definitely the most common and effective analyt-
ical technique for analyzing the behavior of a wide variety of engineering and physical
issues. One of the essential uses of FEM is the study of crack propagation. The propagation
of the crack reduces components’ ability to resist the external load and eventually break the
components. Analyzing fatigue crack growth is necessary to ensure the stability of struc-
tures subjected to cyclic loading. Cracks begin due to the presence of plastic strain caused
by cyclic tension, and they grow due to the tensile stress. However, compressive loads
do not lead to fatigue cracks due to the local tensile stress [1]. A variety of software has
been developed for general purposes for finite elements, verified and calibrated through
the years and now available on request, the most well-known being three-dimensional,
such as ANSYS [2], ABAQUS [3], NASTRAN, FRANC3D, and COMSOL. In addition, there
are numerous 2D simulation software for crack propagation simulation, e.g., NASGRO,
AFGROW, FRANC2D, and FASTRAN. Many researchers have also developed an effective
method for estimation of fatigue breakage growth in 2D linear elastic structures with multi-
mode loading [4–7]. Determining the accurate stress intensity factor of a cracked structure
in LEFM is very crucial in accessing the integrity of the crack, especially if the calculation is
carried out using the finite element technique with extremely fine mesh. The propagation
of the crack can be simulated at the highest accuracy by increasing the mesh density, as
well as estimating the stress intensity factors accurately. In addition, very fine mesh around
the crack tip is needed for precise prediction of SIFs using a nodal displacement technique

Metals 2021, 11, 98. https://doi.org/10.3390/met11010098 https://www.mdpi.com/journal/metals3
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such as the displacement extrapolation technique (DET). The DET requires configuration
of special elements in the vicinity of the crack tip, by correctly representing the stress field
singularity at the crack tip. These special elements, known as singular elements, need to be
constructed in a rosette formation around every crack tip. Very small-size elements can
be optimally created around the crack tip with the use of an adaptive mesh refinement
scheme. Generating overall fine mesh leads to greater computational time. This procedure
was reduced by using the adaptive mesh strategy, which increases the mesh only on the
required areas. The adaptive mesh refinement scheme is another method to generate the
optimal mesh in a very efficient way. Many studies on mesh refinement problems and
related errors in computing SIFs using the FEM were conducted [8,9]. Another study [10]
was been performed to clarify the effect of the in-plane and out-of-plane constraints on
the ductile fracture with different crack sizes, specimen thicknesses, and span lengths.
They concluded that the lower in-plane and out-of-plane constraint levels introduce higher
fracture properties. It is more challenging to combine the extreme fine mesh generation
with the adaptive scheme and solve the stiffness equation matrix. The benefits sought
here are both faster execution time and the ability to process larger problems. In order to
simulate 2D cracks under mixed mode loading, the current developed software code is
formulated to allow the researcher to estimate the fatigue life and crack trajectory using the
automated adaptive mesh finite element [11–15]. This software was created in 2004 and
continues to include several features for the simulation of two-dimensional fatigue crack
growth under LEFM assumptions [12,16–21]. The use of commercial software for engineers
is not appropriate in at least two aspects: First, the basic algorithm that lies behind it is not
fully understood, and second, the execution is completely apprehended throughout the
programming ability. Commercial software can be used to model crack propagation as
well, but such software is very expensive and can hardly get the source code to develop it.

2. Developed Program Framework

The code that was developed is a simulation software to assess the 2D crack propa-
gation process under LEFM conditions. This software predicts the growth of quasi-static
crack growth in 2D components using the finite element method, taking into account
the mechanical parameters of the fracture. Four essential features for the adaptive mesh
finite element (FE) analysis are used for the crack direction simulation, namely, the mesh
optimization algorithm, the crack criteria, the criterion of direction, and the methodology
of crack propagation. The mesh refining can be controlled by the characteristic scale of
each element predicted, based on the current error estimator. An incremental principle
with the von Mises yield criterion is applied to this initial model. The solution errors are
computed after each load stage is over. The incremental analysis is interrupted when the
error exceeds a specified cumulative error at some stage and a new FE plan is generated.
The program automatically configures the mesh with a new mesh refinement. After it is
generated, the solution variables (displacement, stresses, strains, etc.) are transferred from
the old mesh to the new mesh. The analysis is then resumed and progresses until the errors
are again higher than the pre-decided amount.

In order to examine the start of the crack growth, the crack growth criterion is em-
ployed. The LEFM typically utilizes SIFs as a fracture criterion. Various techniques of
estimating the path of a crack are used, such as the maximum circumferential stress theory,
theory of maximum energy release, and theory of minimum energy density. At any stage
of crack propagation, a FE model is defined. This model is given in the first step as an
input for the modeling. The algorithm output is then generated via the models in the
subsequent steps. At each stage, as the crack grows, the geometry elements are deleted and
reconstructed using an adaptive technique and updated for the next propagation process.
Figure 1 demonstrates the simulation procedure used to model quasi-static crack growth.
The main steps of this procedure are explained in detail by [11,14].
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Figure 1. General flow chart of the quasi-static crack growth program.

2.1. Displacement Extrapolation Technique (DET)

The DET is based on the nodal displacement around the crack tip. The construction
of quarter-point elements around the crack tip is generally needed for this procedure.
Generally, the existence of the quarter-point element is essential in order to correctly
represent the linear elastic singularity (1/

√
r) for stresses and strains at the crack tip. The

polynomial isoparametrically representative of the singularity is typically obtained by
moving the mid-side nodes adjacent to the crack tip to a quarter-length edge closer to the
crack tip. Crack tip elements based on this method were separately suggested by [22,23]. In
this study, the natural triangle–quarter-point element was selected as the type of crack-tip
element and its configuration follows the schematic formation of the rosette around the
crack-tip, as seen in Figure 2.
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Figure 2. A quarter-point singular element around the tip of the crack.

For the calculation of stress intensity factors, the displacement extrapolation method [24]
was used as follows:

KI =
E

3(1 + ν)(1 + κ)

√
2π

L

[
4(v′b − v′d)− (v′c − v′e)

2

]
(1)

KII =
E

3(1 + ν)(1 + κ)

√
2π

L

[
4(u′

b − u′
d)− (u′

c − u′
e)

2

]
(2)

where E is the modulus of elasticity, ν is the Poisson’s ratio, κ is the elastic parameter
defined by

κ =

⎧⎨
⎩

3 − 4ν for plane strain

(3−ν)
(1+ν)

for plane stress
(3)

and L is the quarter-point element length. The u′ and v′ are the displacement components
in the x’ and y’ directions, respectively. The subscriptions represent their position, as seen
in Figure 2.

2.2. Adaptive Mesh Refinement

To minimize expected errors after a finite element solution has been achieved, an
adaptive mesh refinement technique is used. The method of adaptive mesh refinement
measures the mesh’s adequacy and refines the mesh wherever the estimated error is large.
Until user-definable error tolerance is reached, the system iterates the mesh refinement
and solution. Because the precision of the solution depends on these tolerance limits, it
is important for the use of adaptive mesh generators to provide a good understanding of
the FEM in an effective manner. The method is referred to as adaptive since at all times
the process relies on previous results. The adaptive remeshing method was carried out
on the basis of the posteriori stress error standard scheme to achieve the optimum mesh
from [16]. The software adopted a frontal solver that is an effective direct solver used to
solve a linear equation system. In h-type adaptive mesh refinement, the major point is to
obtain the ratio of element normal stress error to the average normal stress error for the
entire domain, which is also known as the relative stress norm error, and a new size can
be predicted from this ratio for the refinement method. The mesh size is defined in the
procedure of each element as:

he =
√

2Ae (4)
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where Ae is the area of the triangle element. The norm stress error for each element is
defined by

‖e‖2
e =

∫
Ωe

(σ−σ∗)T
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=
∫
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⎛
⎜⎜⎝
⎧⎪⎪⎨
⎪⎪⎩

σx
σy
τxy
σz

⎫⎪⎪⎬
⎪⎪⎭−

⎧⎪⎪⎨
⎪⎪⎩

σ∗
x

σ∗
y

τ∗
xy

σ∗
z

⎫⎪⎪⎬
⎪⎪⎭

⎞
⎟⎟⎠

T⎛
⎜⎜⎝
⎧⎪⎪⎨
⎪⎪⎩

σx
σy
τxy
σz

⎫⎪⎪⎬
⎪⎪⎭−

⎧⎪⎪⎨
⎪⎪⎩

σ∗
x

σ∗
y

τ∗
xy

σ∗
z

⎫⎪⎪⎬
⎪⎪⎭

⎞
⎟⎟⎠dΩ

(5)

whereas the average norm stress error for the whole domain is

‖ê‖2 = 1
m

m
∑

e=1

∫
Ωe

σTσdΩ

= 1
m

m
∑

e=1

∫
Ωe
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(6)

where m indicates the total number of elements in the whole domain and σ∗ is the smoothed
stress vector. In the finite element treatment the integration with the isoparametric triangu-
lar element is converted by the summation of quadratures following the Radau rules [25]
as follows:
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where WP is a weighting factor and is Je is the Jacobian matrix.
Similarly,
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where te is the element thickness for a plane stress condition and te = 1 for a plane strain
condition. Therefore, the relative stress norm error ζe for each item is considerably less
than some identified value [26]. Thus,

ζe =
‖e‖e
‖ê‖ ≤ ζ (9)

And the relative stress error level of the new element is defined as permissible error as

εe =
‖e‖e
ζ‖ê‖ ≤ 1 (10)
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This implies that any element with εe > 1 must be optimized and the new mesh size
must be predicted. The asymptotic convergence rate criteria are used, which assumed

‖e‖e ∝ hp
e (11)

where p is the approximation of the polynomial order. In the analysis, p = 2 is used for the
approximation of finite elements as a quadratic polynomial. The predicted sizes of the new
element are stated as follows:

hN =
1√
εe

he (12)

where he is the old element size and p is the order of the interpolation shape function.
Convergence of the mesh is dependent of the size of the new element, which defines

how many elements in a model are required to ensure that the results of an analysis are not
affected by changing the mesh size. System response (stress, deformation) converge with
decreasing element size to a repeatable solution. Further refinement of the mesh does not
affect results because the model and its results are now independent of the mesh.

The present mesh is known as the new background mesh and the advancing front
method is replicated according to the amount of mesh refinements set by the user.

The mesh optimization is used in the final stage of the mesh generation in order to
enhance the shape of the elements. The topological structure of the mesh is fixed in the
process of mesh smoothing, i.e., the element’s nodal connections are not changed, but the
inner nodes are repositioned to create triangles with much improved shapes. The most
effective computational smoothing algorithm is the well-known Laplacian smoothing [27],
which repositions the inner node created by its neighboring nodes at the center of the
polygon. The new position of an internal node i is computed as

(xi, yi) =
1

Nn

N

∑
j=1

(
xj, yj

)
(13)

where Nn is the number of nodes linked to node i. The mesh smoothing process consists of
several iterations.

2.3. Crack Growth Analysis

The direction of the crack path under linear elastic conditions must be computed
to facilitate crack propagation simulation. The maximum circumferential stress theory
states that for isotropic materials under mixed loading mode the crack grows in a direction
normal to a maximum tangential tensile stress. The tangential stress is estimated in polar
coordinates as

σθ =
1√
2πr

cos
θ

2

[
KI cos2 θ

2
− 3

2
KII sin θ

]
(14)

The direction normal to the tangential maximum stress can be obtained by resolving
dσθ/dθ = 0 for θ. The nontrivial solution is determined by

KI sin θ + KII(3 cos θ − 1) = 0 (15)

which can be solved as

θ = ± cos−1

⎧⎨
⎩

3K2
I I + KI

√
K2

I + 8K2
I I

K2
I + 9K2

I I

⎫⎬
⎭ (16)

The sign of θ must be opposite the sign of KII to ensure the optimal opening stress
associated with the crack direction [28]. Figure 3 illustrated the two possibilities of the
crack growth direction.
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IIK  Positive IIK  Negative 

Figure 3. Sign of the crack growth angle.

In the case of fatigue crack growth, the resulting stress intensity range at each crack
tip must exceed the stress intensity threshold, specified as

ΔKth = f Δσth
√

πa (17)

where f is a geometrical and loading function and Δσth is the stress range limit. According
to Equation (17), the crack is not propagated if Δσ < Δσth. This equation was practically
modified by using another parameter known as the equivalent stress intensity factor range,
ΔKIeq. Therefore, if ΔKIeq > ΔKth, this indicates commencement of fatigue crack growth.
This parameter is set to

ΔKIeq = ΔKI cos3(θ/2)− 3ΔKII cos2(θ/2) sin(θ/2) (18)

In the modified equation of the Paris law, Tanaka [20] derived an innovative law
known as the power law for determining crack growth in response to fatigue with the
equivalent stress intensity factor (ΔKeq) as

da
dN

= C(ΔKeq)
m (19)

where a is the length of the crack, N is the number of cycles, C is the Paris constant
(mm/cycle), and m is the Paris exponent.

The total number of fatigue lifecycles can be calculated using Equation (19) for an
increase in crack length as

Δa∫
0

da
C(ΔKeq)

m =

ΔN∫
0

dN = ΔN (20)

3. Numerical Results and Discussion

3.1. Two Internal Non-Colinear Cracks

For this geometry, there were two internal, parallel, non-colinear, and non-angled
cracks in a rectangular specimen with dimensions (90 mm/180 mm). The initial crack
length was a = 10 mm for both cracks. As seen in Figure 4a, this geometry was subjected
to acyclic tension (σmax = 160 N/mm, σmin = 0) at the upper end and restricted at the
bottom side. The distance between the two tips was 15 mm in the horizontal direction
and 5 mm in the vertical direction. The adaptive dense mesh is shown in Figure 4b. The
selected material was aluminum, which has the material properties shown in Table 1.
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(a) (b) 

Figure 4. (a) Problem statement for two internal non-colinear cracks (all dimensions in mm) and (b)
adaptive mesh for the specimen.

Table 1. Material properties of aluminum.

Property Value in Metric Unit

Modulus of elasticity, E 74 GPa
Poisson’s ratio, υ 0.3

Fracture toughness, KIC 60 MPa
√

m
Threshold stress intensity factor, Kth 4 MPa

√
m

Paris law coefficient, C 2.087136 × 10−13

Paris law exponent m 3.32

This specimen contained four crack tips, which made it interesting to observe the in-
teraction between cracks and to further explore the performance of the developed software
in the simulation of multiple cracks.

The predicted crack growth is shown in Figure 5a, which closely resembled the
experimental result of Tu and Cai (1993), as illustrated in Figure 5c. These predicted crack
growth trajectories were also in agreement with the numerical results obtained by [29]
using the linear smoothed extended finite element method, which was compared to the
numerical results reported by [5] using a meshless method with enriched weight functions,
as shown in Figure 5b.
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(a) (b) (c) 

Figure 5. (a) Crack propagation simulation for the two internal non-colinear cracks specimen, (b) the numerical results
of [29], with permission from Elsevier 2019, and (c) the experimental results [30].

Figure 6 compares stress intensity factors in tips A and B along the crack length with
the result from the meshless finite element [5]. Actually, the crack length values were the
cumulative crack increment in tips A and B, starting at 10 mm in each stage, which was the
original crack length. Only the upper right slip result was selected in the graph. The figure
shows good agreement for the comparison results. The deviation of KA

I at a crack length of
27 mm above was attributable to the contact with the opposite crack trajectories.

 
Figure 6. SIFs versus crack length comparison between the present study and the results of [5] for
the two internal non-colinear crack specimens.
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Both cracks demonstrated in the beginning a pure mode I of approximately the same
SIF values. After that, the mode II of the SIF increased at tip A above that of tip B while
the second mode of SIFs became negative at A, thus making the crack path curve towards
the other break. Eventually the second mode of the SIFs at A tended to decrease as crack
tip A moved closer when the first mode at B increased continually. Finally, the equivalent
mode I of the SIF at B exceeded the fracture toughness and unstable fracture occurred at
crack tip B. The fatigue life of the structure was evaluated as 6840 cycles, which was in
good agreement with the results obtained by [5] using a meshless method, as shown in
Figure 7, as well as with the numerical results obtained by [29].

Figure 7. Comparison for the fatigue lifecycles for the two internal non-colinear cracks.

3.2. PMMA Beam Specimen

The PMMA beam geometry offers a benchmark evaluation based on the numerical and
experimental work of [31]. The beams were made of polymethyl methacrylate (PMMA), which
is a standard material option for crack path investigations as it is relatively homogeneous
and exhibits brittle fracture behavior at room temperature. The specimen was under a cyclic
point load and acted on the top mid-span position with a value of 4.448 kN. The properties
of the materials were taken as modulus of elasticity, E = 205 GPa, yield stress σy = 516 MPa,
threshold stress intensity factor Δkth = 80 MPa

√
mm, ΔKIC = 730 MPa

√
mm, Paris law

coefficient, C = 1.2 × 10−11, Paris law exponent m = 3, and Poisson’s ratio ν = 0.3. The
thickness of the specimen was 12.7 mm and there were two different configurations depending
on the initial crack length (a) and its position (b), as shown in Table 2. The specimen’s geometry
and the initial adaptive dens mesh are shown in Figure 8.

Table 2. Configurations of the PMMA specimen.

Specimen a b

Case I 25.4 152.4
Case II 38.1 127
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Figure 8. Problem statement for the PMMA specimen (dimensions in mm) and initial adaptive
dens mesh.

3.2.1. Case I

The simulated crack growth for this specimen moved between the bottom and mid-
hole and reached the mid-hole on the right side. It presented a significant increase in the
KII component of the shear stress intensity factor across the cracks, which forced the step-
sizes of the crack to be shortened. The findings of the crack trajectory during propagation
were excellently consistent with the experimental results of the crack trajectory [32], the
numerical results obtained by [33] using A polygonal extended finite element method
(XFEM) with numerical integration for linear elastic fracture mechanics, the XFEM results
using ABAQUS software obtained by obtained by [34], and with the numerical results
using the coupled extended meshfree–smoothed meshfree method presented by [35], as
shown in Figure 9a–e, respectively. The maximum principal stress distribution is shown in
Figure 10.
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(a) (b) (c) (d) (e) 

Figure 9. Final crack growth path for case I: (a) present study, (b) experimental results [32], (c) [33] with permission of
Elsevier 2019, (d) [34] with permission of Elsevier 2018, and (e) [35] with permission of Elsevier 2020.

 

Figure 10. Maximum principal stress distribution of case I for the PMMA specimen.

The results of this simulation were compared with those from XFEM using the smooth
nodal stress technique by Peng et al. 2017, as shown in Figure 11, with good agreement. It
was found that as the crack approached the hole, the SIFs appeared to change to a greater
amplitude. The predicted fatigue life for this specimen was compared to the analytical
results calculated by [36] using Paris and Walker models, as shown in Figure 12, with good
agreement.

3.2.2. Case II

According to Table 2, the differences between this case and the previous case were the
initial crack length and its position from the mid-span, which were 38.1 mm and 127 mm,
respectively. The crack moved above the lower hole in this specimen and stopped at the
central hole from the left. The results of the crack trajectory during propagation were
excellently close to the experimental results of the crack trajectory obtained by [32], XFEM
results using ABAQUS software obtained by [34], as well as the numerical results obtained
by [35] using the coupled extended meshfree–smoothed meshfree method, as shown in
Figure 13a–d, respectively. The distribution of the von Mises stress is shown in Figure 14.
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Figure 11. Non-dimensional stress intensity factors for case I of the PMMA specimen.

Figure 12. Predicted crack growth path for case I of the PMMA specimen.
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(a) (b) (c) (d) 

Figure 13. Final crack growth path for case I: (a) present study, (b) experimental results [32], (c) [34]
with permission of Elsevier 2018, and (e) [35] with permission of Elsevier 2020.

 

Figure 14. Von Mises stress distribution of case II for the PMMA specimen.

The findings of the study for the dimensionless stress factor were compared with
those achieved in XFEM with the smooth nodal stress system [37], as seen in Figure 15,
with identical results.

Figure 15. Comparison of the dimensionless stress intensity factors for case II for the PMMA specimen.
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4. Conclusions

The results of the developed program simulation were compared with experimental
and numerical data for the two internal non-colinear cracks and the three-point bending
beam with three holes with two different configurations. The developed program combines
the adaptive mesh refinement with increasing mesh density in the required area only in
order to reduce the computational time while increasing the solution accuracy. The norm
stress error is taken as a posterior estimator for the h-type adaptive refinement. With
this series of simulations, the capability of the developed program was demonstrated to
accurately predict the crack path trajectory, stress intensity factors, and fatigue life under
constant amplitude loading. In these simulation sequences, holes act as a crack stopper
and attract a crack trajectory to growth. Such findings support that the algorithm can be
used to identify crack-stopping holes used in damage tolerance designs.
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Abstract: Based on the three-dimensional (3D) finite element method (FEM) and Taguchi method (TM),
this paper analyzes the tooth surface contact stress (TSCS) of spur gears with three different influence
factors: tooth profile deviations (TPD), meshing errors (ME) and lead crowning modifications (LCM),
especially researching and analyzing the interactions between TPD, ME and LCM and their degree of
influence on the TSCS. In this paper, firstly, a 3D FEM model of one pair of engaged teeth is modeled
and the mesh of the contact area is refined by FEM software. In the model, the refined area mesh and
the non-refined area mesh are connected by multi-point constraint (MPC); at the same time, in order
to save the time of the FEM solution on the premise of ensuring the solution’s accuracy, the reasonable
size of the refined area is studied and confirmed. Secondly, the TSCS analyses of gears with one
single influence factor (other factors are all ideal) are carried out. By inputting the values of different
levels of one single factor into the FEM model, especially using the real measurement data of TPD,
and conducting the TSCS analysis under different torques, the influence degree of one single factor
on TSCS is discussed by comparing the ideal model, and it is found that when the influence factors
exist alone, each factor has a great influence on the TSCS. Finally, through TM, an orthogonal test is
designed for the three influence factors. According to the test results, the interactions between the
influence factors and the influence degree of the factors on the TSCS are analyzed when the three
factors exist on the gear at the same time, and it is found that the TPD has the greatest influence
on the TSCS, followed by the lead crowning modified quantity. The ME is relatively much small,
and there is obvious interaction between ME and LCM. In addition, the optimal combination of factor
levels is determined, and compared with the original combination of a gear factory, we see that the
contact fatigue performance of the gear with the optimal combination is much better. The research of
this paper has a certain reference significance for the control of TPD, ME and LCM when machining
and assembling the gears.

Keywords: finite element method; Taguchi method; tooth surface contact stress; tooth profile
deviations; meshing errors; lead crowning modifications

1. Introduction

Gear transmission is the most important and widely used transmission in mechanical transmission.
In particular, long-life precision gears are widely used in mechanical transmission systems with high
reliability requirements, such as wind turbine gearboxes [1] and aero engines [2]. As the requirements
for long-life precision gears are increasing, the requirements of machining accuracy, assembly accuracy
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and gear tooth modification are also growing, and these factors have a great influence on the tooth
surface contact stress (TSCS) of gears.

At present, the main calculation methods of the TSCS include certain international standards
such as ISO [3,4]. Most of these standard calculations are based on experience and some experimental
results. However, when there are different tooth profile deviations (TPD), meshing errors (ME) and lead
crowning modifications (LCM) on the tooth surface, since the influence coefficient in the calculation
formula is derived from research results and field experience, and the determination of some coefficients
is affected by many factors, it is difficult to determine the value of the influence coefficients. In addition,
the interaction between each influence coefficient is not reflected in the formula. Therefore, the above
methods cannot perform accurate calculations [5]. Therefore, it is very important to accurately analyze
and calculate the TSCS of gears with the above influence factors, especially when the three factors exist
at the same time.

At present, there are a lot of studies on the influence of TPD, ME and LCM on gear performance.
Sennba [6] studied the influence of LCM gears and gear shaft misalignment on TSCS and tooth root
bending stress through a large number of tests as early as 1974. Ottewill et al. [7] derived an equation
of motion incorporating an error function and losses at the mesh interface to study the effect of
TPD on the rattling of idling gears. They compared the theoretical and experimental trajectories by
way of time domain plots as well as via contour plots, and for most profile error functions, good
agreement was achieved between the model and experimental data. The results showed that the
TPD weakened the contact strength and bending strength of gears, and intensified the vibration and
noise of gears [7]. Ma et al. [8] introduced a method to analyze the dynamic load of the planetary
gears in the gearbox of a PT6 turboprop engine, and a rigorous dynamic analysis, which included
the effects of nonlinear tooth stiffnesses, ring gear flexibility, gear errors and misalignments, was
necessary to determine dynamic tooth loads and the load sharing among the planets. The results were
presented from sample calculations for a typical gear stage [8]. Bodas et al. [9] used an advanced
contact mechanics model of a planetary gear set to study the effects of a series of manufacturing and
assembly errors on the load distribution between planetary gears. Three different groups of errors were
considered: (i) time-invariant, assembly-independent errors, (ii) time-invariant, assembly-dependent
errors, and (iii) time-varying, assembly-dependent errors. With such errors present, the planet load
sharing characteristics of an n-planet system (n = 3 to 6) were investigated for different piloting
configurations under both static and dynamic conditions [9]. In view of the shortcomings of traditional
analysis methods (the complicated integral equations make it difficult to instantly obtain proper results
for some tooth flanks distorted by heat treatment, and the repetition calculation may not converge,
especially in light load conditions), Miyosh et al. [10] proposed a new composite analysis method
which can quickly calculate the contact load distribution on the tooth surface of helical gears under
any load condition. Although a large number of scholars have carried out experimental research and
theoretical research, these studies have not put forward a method or model that can efficiently and
accurately calculate the tooth stress when the above three factors exist at the same time, especially for
the influence of these factors on the TSCS when there are different levels of these factors.

In recent years, more and more scholars have used the finite element method (FEM) to model
gears, and then conduct the simulation and analysis of the gear performance, and confirm that the FEM
is a very effective method for the simulation analysis of gears. Li [5] has used the FEM to calculate the
TSCS and the tooth root stress with manufacturing errors, tooth profile modifications and assembly
errors. By comparing the test results of other scholars and their own test results, it was found that the
calculation results of the FEM including ME and LCM are relatively consistent with the test results,
which indicates the accuracy of the FEM. It also was found that TPD, ME and LCM exert great effects
on the TSCS of the gears. The TSCS and the tooth root stress of the same pair of gears were also
calculated by ISO (International Organization for Standardization) and JGMA (Japan Gear Manufacture
Association) standards for comparing with the FEM results, and the accuracy and efficiency of the
finite element model have been verified [5]. However, the scholar only studied the influence of a
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single influence factor on TSCS under a single torque load through the finite element method, and
did not study the influence of different levels of influence factors on the TSCS under different torques.
In addition, although the scholar conducted a simple finite element analysis when all factors existed
at the same time, the influence degree of each factor on the TSCS and the interaction between the
factors have not been studied and analyzed. Wang et al. [11] used the FEM to analyze the TSCS and
transmission error of the gears with tooth profile errors, and the results showed that mesh stiffness
decreases and loaded transmission error and the maximum tooth contact stress grow when increasing
the tooth lead crown relief. Lin et al. [12] used the FEM to model the machining errors, assembly errors
and tooth modifications of the gear transmission system to obtain the static transmission error, so as to
analyze the coupled transmission error of a helical gear system. Although there are a lot of FEM studies
on the performance of gears with different influencing factors, the main highlight is the influence of
one single factor on TSCS, and this does not consider the interaction between various factors, especially
the influence of these factors on the gear performance when they exist at the same time.

In addition, most studies often only study the influence of one single precision grade of TPD
on gear performance, or assume that the distribution form of TPD on the tooth surface is a sine
function, which does not represent the influence of the actual TPD of different precision grades on the
gear performance.

When researching the interaction of various factors and the influence degree of various factors on
TSCS when they exist at the same time, this paper uses the Taguchi method (TM). The TM has been
widely used for the design and analysis of various engineering fields, such as gear manufacturing
processes [13], chemical industry [14], soil [15] and energy [16], and it has been demonstrated to be a
powerful tool due to its simplicity and robustness [17]. Through the TM, within the specified level
range, the optimal level combination of influence factors can also be obtained to determine the optimal
TPD grade, ME and LCM quantity in order to obtain a relatively minimum TSCS.

In summary, compared with the experimental method and theoretical method, the FEM can obtain
the TSCS more effectively, accurately and intuitively, such that a 3D FEM model of one pair of engaged
teeth is modeled and the mesh of the contact area is refined by FEM software in this paper. Then,
by inputting the values of different levels of one single factor into the FEM model, especially using the
real measurement data of TPD, and conducting the TSCS analysis under different torques, the influence
degree of one single factor on TSCS is discussed by comparing the ideal model. In view of the fact that
other scholars rarely study the degree of influence of each factor on TSCS and the interaction between
them when all factors exist at the same time, in this paper, through the TM, the interactions between the
influence factors and the influence degree of the factors on the TSCS are studied when the three factors
exist on the gear at the same time, and the optimal combination of factor levels can also be obtained.

The general analysis steps of this paper are shown in Figure 1.
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Figure 1. The general analysis steps.

2. FEM Modeling

2.1. Determination of Gear Engagement Position

In this paper, a pair of gears with the same parameters are selected for engagement. The basic
size parameters of the gears are shown in Table 1. Through calculation, the coincidence degree of
the engaged gear is 1.56 so there are engagement positions of a single pair of teeth in the entire
engagement circle.

Table 1. The basic size parameters of the gears.

Normal
Modulus

Tooth
Number

Pressure
Angle

Addendum
Coefficient

Clearance
Coefficient

Helix
Angle

Tooth
Width

Modification
Coefficient

Poisson
Ratio

Elastic
Modulus

2 mm 20 20◦ 1 0.25 0◦ 5 mm 0 0.25 2.07 × 105 MPa

As it can be seen from the literature [18] and Figure 2, for ideal gears, when the engagement
positions are single-pair tooth contact positions (positions 16–27), the single pair of teeth bears all
the applied load, that is to say, for one period of tooth engagement, the maximum TSCS occurs in
the positions 16–27. As such, this paper defines the engagement position of the TSCS analysis at the
position of the gear pitch circle, and the TPD, ME and LCM of the tooth surface are input and adjusted
based on this engagement position, so as to research and analyze the influence of different factors on
the TSCS.
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Figure 2. The load-sharing ratios of the ideal gears.

2.2. Multi-Point Constraint (MPC)

When the gears are engaged, the stress field gradient near the contact line is very large. The contact
area needs high-density mesh to capture the contact state. The smaller the element size of the FEM
model is, the smaller the stress difference between the elements is, and the higher the solution accuracy
of the model is, but the longer the solution time of the model is. In order to balance the contradiction
between solution accuracy and solution time, it is necessary to determine a reasonable mesh density
transition boundary.

In order to ensure the solution accuracy of the FEM, it is necessary to refine the mesh of the contact
area. In this paper, MPC is used to connect the refined mesh with the non-refined mesh. As shown in
Figure 3, the orange part is the refined area of the tooth mesh. Partial FEM parameters are shown in
Table 2.

 

Figure 3. The refined area of the tooth mesh.

Table 2. The finite element method (FEM) parameters.

Type of Main Elements Contact Surface Element Target Surface Element Friction Coefficient Material Density

Solid185 Conta173 Targe170 0.1 7.8 × 10−9 t/mm3
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MPC, that is, multi-point constraint, establishes a multi-point constraint relationship. Through MPC,
different meshes can be connected. If the geometry is not connected in the topology, different geometric
parts can be meshed respectively, and then the FEM models can be connected with the MPC. A simple
example is shown in Figure 4; Figure 4a shows the MPC connection of refined mesh and non-refined
mesh, while Figure 4b shows no MPC connection and the entire mesh has been refined. Both models
are solved using SHELL181 element, in which the shell element thickness is 0.01 m, the elastic modulus
E = 2.1 × 105 MPa, and the Poisson’s ratio μ = 0.3. Figure 4c shows the loading type and boundary
conditions, and the two models have the same type of boundary conditions and linear pressure loads,
in which the linear pressure is 10 N/m. Figure 4d,e show the analysis results of FEM, and the maximum
stress on both models is 6.63 MPa. According to the stress nephogram and solution results, for the FEM
model of MPC connection, when the size of the refined area is large enough, that is to say, when the
distance between the MPC connection position and the stress analysis position is far enough, the solution
results are basically consistent with the results of the entire refined mesh model. Therefore, in this paper,
the mesh of the refined area and non-refined area is connected by the MPC, and in order to save the time
of FEM analysis, and at the same time ensure the accuracy of the solution, the optimal size of the refined
area will be studied and analyzed to determine the mesh transition boundary position.

   

(a) MPC connection (b) Consistent mesh 
(c) Loading type, boundary 

conditions 

  

(d) MPC connection: SMAX = 6.63 MPa (e) Consistent mesh: SMAX = 6.63 MPa 

Figure 4. Multi-point constraint (MPC) connection.

2.3. Determination of Mesh Transition Boundary Position

2.3.1. Hertz Contact Theory

In order to determine the optimal position of the mesh transition boundary, it is necessary to
establish different-sized refined areas to verify the accuracy of the model. The engagement of involute
cylindrical gears is similar to the contact between two cylinders, so the accuracy of the FEM solution
can be verified by Hertz contact theory [19]. Figure 5 is a Hertz contact model, where F is the normal
force applied, σHmax is the maximum contact stress on the contact surface, b is the half width of the
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contact zone, a is the contact length, and ρ1 and ρ2 are the curvature radius of the two cylinders.
σHmax and b can be calculated by Equations (1) and (2).

σHmax =

√√√√√√√ F
π× a

×
(

1
ρ1

+ 1
ρ2

)
(

1−μ2
1

E1
+

1−μ2
2

E2

) (1)

b =

√√√√√√√
4× F
π× a

×

(
1−μ2

1
E1

+
1−μ2

2
E2

)
(

1
ρ1

+ 1
ρ2

) (2)

Figure 5. Hertz contact model.

In Equations (1) and (2), μ1 and μ2 are the Poisson’s ratio of the materials of cylinder 1 and
cylinder 2, and E1 and E2 are the elastic modulus of the materials of cylinder 1 and cylinder 2. Treat the
cylindrical contact as the engaged contact of two gear teeth; a is equivalent to the tooth width, and F is
equivalent to the normal force of the tooth surface contact. In Equations (3)–(5), Ft is the circumferential
force produced by torque, α is the pressure angle, and d1 and d2 are the diameters of the pitch circles.

F =
Ft

cosα
=

2× T
d1 × cosα

(3)

ρ1 =
d1 × sinα

2
(4)

ρ2 =
d2 × sinα

2
(5)

The maximum torque T applied to the engaged gear is defined as 25 N·m. Combining Equations (1)–(5),
the TSCS of the engaged gear is calculated to be 1653.75 MPa, and the half width of the contact zone is
0.10 mm. The TSCS has basically reached the contact fatigue limit of carburized alloy steel gears with
high material quality and heat treatment quality. Therefore, in this paper, the maximum torque applied to
the gears will not exceed 25 N·m. If the size of the refined area determined under this torque can meet the
solution accuracy, the solution accuracy can also be guaranteed when the torque is less than 25 N·m.
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2.3.2. Determination of Mesh Transition Boundary Position

As shown in Figure 6, take the length of b as the basic unit of the refined area size, and set the
MPC boundary of the contact area as w× h. Firstly, set w× h as 8b× 8b to refine the mesh, and the FEM
model of a pair of ideal teeth is shown in Figure 7.

Figure 6. MPC boundary.

 

Figure 7. Finite element method (FEM) model.

Apply a torque of 25 Nm to the FEM model and conduct FEM solution. The Von Mises stress
nephogram is shown in Figure 8. It can be seen from Figure 8 that the stress gradient of the gear at
the engagement position is very large, but the stress decreases sharply at a certain distance from the
maximum stress position, and at a position less than 4b below the tooth surface, the stress gradient is
very gentle. Therefore, when the size of the refined area is w× h = 8b× 8b, the influence of the MPC on
the solution accuracy of the model can be ignored. It can be seen from Figure 9 that the maximum
TSCS solved by the FEM model is 1676.23 MPa, and the relative error is only 1.36% when compared
with the 1653.75 MPa calculated by the Hertz contact theory.
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Figure 8. The Von Mises stress nephogram of solution result.

 

Figure 9. The maximum tooth surface contact stress (TSCS) solved by the FEM model.

When the size of the refined area is w× h = 8b× 8b, the solution accuracy meets the requirements,
so the size of the refined area is further reduced. Figure 10 shows the Von Mises stress nephograms
corresponding to the refined areas of different sizes, and Table 3 is the corresponding maximum
TSCS. It can be seen from Figure 10 and Table 3 that when w × h = 4b × 4b and w × h = 4b × 3b,
the stress gradients at the MPC connection position are relatively gentle, and the errors between the
maximum TSCS and that calculated by the Hertz contact theory are within 2.5%, the solution accuracy
of the model still meets the requirements. With a further reduction in the size of the refined area,
when w × h = 4b × 2b and w × h = 3b × 4b, the stress gradients at the MPC connection position are
relatively large, and the errors between the maximum TSCS and that calculated by the Hertz contact
theory are also relatively large.
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(a)  (b)  

  
(c)  (d)  

Figure 10. The Von Mises stress nephogram of solution result.

Table 3. The maximum tooth surface contact stress (TSCS) in refined areas of different sizes.

w×h The Maximum TSCS (MPa) The Errors of TSCS Time (min)

Hertz contact theory 1653.75
8b× 8b 1676.23 1.36% 75
4b× 4b 1682.93 1.76% 9
4b× 3b 1693.59 2.41% 6
4b× 2b 1754.98 6.12% 4
3b× 4b 1712.73 3.57% 6

In addition, the solution time shows that the larger the size of the refined area, the longer the
solution time, especially when the solution time of w × h = 8b × 8b is more than 10 times that of
w× h = 4b× 3b, so if the full tooth mesh is refined, the calculation time will be much longer.

In conclusion, for the TSCS analysis of the ideal gear researched in this paper, the reasonable size
of the refined area should be at least w× h = 4b× 3b, but the TSCS values of the gears with TPD, ME
or LCM are much larger than that of the ideal gear. Therefore, according to the Hertz contact theory,
assuming that the maximum TSCS of the gear with influence factors is 1.5 times that of the ideal gear,
the contact half-width should also be increased by 1.5 times, as should the half-width of the contact
zone b. Therefore, when analyzing the TSCS of the gears with influence factors, the reasonable size of
the refined area should be at least w× h = 6b× 4.5b = 0.60 mm× 0.45 mm.
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In addition, referring to the calculation method of TSCS in ISO6336 [3,4], the accuracy of FEM can
be further verified. According to Equation (6) and Table 4, the TSCS of the gear is 1657.28 MPa, and the
TSCS error between the w× h = 4b× 3b and Equation (6) is only 2.19%.

σH = ZDZHZEZεZβ

√
Ft

d1b
u + 1

u

√
KAKγKVKHβKHα (6)

Table 4. Meanings of the symbols used in Equation (6).

Symbol Description Value

σH Contact stress (MPa) 1657.28
ZD Single pair tooth contact factors for the wheel 1.0
ZH Zone factor 2.5
ZE Elasticity factor 187.5
Zε Contact ratio factor 1.0
Zβ Helix angle factor 1.0
Ft Tangential force at the working pitch circle (N) 1250
d1 Diameter (mm) 40
b Face width (mm) 5
u Gear ratio 1.0

KA Application factor 1.0
Kγ Mesh load factor 1.0
KV Dynamic factor 1.0
KHβ Face load factor 1.0
KHα Transverse load factor 1.0

3. TSCS Analysis of Gear with TPD, ME or LCM

3.1. TSCS Analysis of Gear with TPD

All actual manufactured gears have TPD. According to the definition of TPD in the ISO 1328-1:2013
standard [20], TPD refers to the amount of actual tooth profile deviating from the designed tooth
profile, which is calculated in the end plane and perpendicular to the involute tooth profile. According
to the gear precision grade, gear module and pitch circle diameter, the range of the total TPD value
under the precision grade is specified in the ISO standard [20].

Figure 11 shows the node distribution form of the tooth surface refined area. Each node on the
tooth surface of the area is numbered, then the corresponding TPD is input to each node, and these
TPD values come from the measured data of the gear factory. Figure 12 shows the tooth surface state
after inputting the measured TPD of a grade 4 precision gear, and the unevenness of the tooth surface
can be vaguely seen from the figure. We enlarged the tooth surface (shadow part) of the refined area in
Figure 12, and show the enlarged effect in Figure 13. In Figure 13, the X axis direction is the direction
from tooth root to tooth top, the Y axis direction is the direction of the tooth width, and the Z axis
represents the TPD value. After enlarging the refined area, it can be clearly seen that the tooth surface
is uneven.

 

Figure 11. The node distribution form of the tooth surface’s refined area.
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Figure 12. The tooth surface state after inputting the measured tooth profile deviations (TPD).

 

Figure 13. The enlarged effect of the tooth surface refined area with TPD.

This paper also proposes a method to obtain the TPD of other precision grade gears when the
TPD value of the grade 4 precision gear is known. As shown in Table 5, according to the range of the
total TPD value of each precision grade gear, it is considered that:

fni : f4i = Fn : F4 (7)

where Fn is the upper limit value of the total TPD value of the grade n precision gear, and fni is the
actual TPD value of each node of the grade n precision gear (i is the node number), so the TPDs of the
refined areas of other precision grade gears can be obtained by Equation (7).

Table 5. The total tooth profile deviations (TPD) value of each grade precision gear.

Pitch Circle
Diameter (mm)

Module
(mm)

Precision Grade

0 1 2 3 4 5 6 7

20 < d ≤ 50 0.5 ≤m ≤ 2 0.9
μm

1.2
μm

1.8
μm

2.5
μm

3.5
μm

5.0
μm

7.0
μm

10.0
μm

In this paper, the FEM contact analyses for grade 2, 4 and 6 precision gears with only TPD are
carried out, respectively. Figure 14 is the result of the FEM solution when the torque is 10 Nm, and,
from Figure 14a to Figure 14d, shows the TSCS nephograms of ideal gear, grade 2 precision gear,
grade 4 precision gear and grade 6 precision gear. It can be seen that the TSCS with TPD presents
irregular distribution on the tooth surface, and with the reduction of gear precision, the gradient of the
local TSCS increases gradually, and the maximum TSCS also increases accordingly.
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(a) Ideal gear 

 
(b) Grade 2 precision gear 

 
(c) Grade 4 precision gear 

 
(d) Grade 6 precision gear 

Figure 14. The TSCS nephograms of different precision grades of gears.

In this paper, the FEM contact analysis is conducted under different torques for different precision
grades of gears, and the results of the maximum TSCS are compared as shown in Table 6 and Figure 15.
It can be seen that the influence of TPD on the TSCS is very large, and the difference between the
maximum TSCS corresponding to the different precision grades is large. At the same time, it is found
that with the increase in applied load, the ratio of the maximum TSCS of each precision grade gear to
the ideal gear gradually decreases.

Table 6. The results of the maximum TSCS under different torques. Unit: MPa.

Precision
Grades

Torques (N·m)

8
Comparison with

Ideal Gears
10

Comparison with
Ideal Gears

12
Comparison with

Ideal Gears
14

Comparison with
Ideal Gears

Ideal 937.19 - 1063.94 - 1166.77 - 1260.01 -
2 1270.99 35.62% 1409.09 32.44% 1527.70 30.93% 1627.02 29.13%
4 1635.07 74.47% 1775.86 66.91% 1902.75 63.08% 2015.56 59.96%
6 2294.29 144.81% 2485.38 133.60% 2627.90 125.23% 2770.99 119.91%
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Figure 15. The results of the maximum TSCS under different torques.

3.2. TSCS Analysis of Gear with ME

In this paper, the ME is divided into two directions, and the ME in all directions can be decomposed
into these two directions. As shown in Figure 16, point A and point C are the absolute center points of
the two engaged gears. When the two gears are in the ideal engaged state, a 3D rectangular coordinate
system is established with point A as the origin, where the AC direction is the X axis direction, the AB
direction is the Y axis direction (which is the axial direction of gear 1), the Z axis direction is the radial
direction of gear 1, plane V is the plane composed of the Y axis and Z axis, and plane S is the plane
composed of the X axis and Y axis. Then, the first kind of ME is the rotation error around the Z axis in
the S plane, and the amount of meshing error is <BAB2, which is <a, and the second kind of ME is the
rotation error around the X axis in the V plane, and the amount of ME is <BAB1, which is <b.

Figure 16. Definitions of meshing errors (ME).

According to the actual measurement data from the gear factory, most of the range of the <a value
is 0.1–0.7◦, and most of the range of the <b value is 0.02–0.15◦. Taking the counterclockwise rotation
direction as the positive direction, selecting 0.2◦, 0.4◦ and 0.6◦ for <a respectively, and conducting
the gear FEM contact analysis under the applied torque of 10 N·m, the analysis results are shown in
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Figure 17. Then, selecting −0.04◦, −0.08◦ and −0.12◦ for <b, respectively, and conducting the gear FEM
contact analysis under the applied torque of 10 N·m, the analysis results are shown in Figure 18.

 

(a) <  

 
(b) <  

 
(c) <  

Figure 17. The TSCS nephograms of <a = 0.2◦, <a = 0.4◦ and <a = 0.6◦.

 
(a) <  

 
(b) <  

 
(c) <  

Figure 18. The TSCS nephograms of <b = −0.04◦, <b = −0.08◦ and <b = −0.12◦.

In Figure 17, from Figure 17a to Figure 17c are shown the TSCS nephograms of<a = 0.2◦, <a = 0.4◦
and <a = 0.6◦. It can be seen that the TSCS with an ME of <a is concentrated on the left side of the
tooth surface, and with the increase in <a value, the gradient of the local TSCS increases gradually,
and the maximum TSCS also increases accordingly.
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In a similar situation, as can be seen from Figure 18, from Figure 18a to Figure 18c are the TSCS
nephograms of <b = −0.04◦, <b = −0.08◦ and <b = −0.12◦. It can be seen that the TSCS with the ME of
<b is concentrated on the right side of the tooth surface, and with the increase in <b value, the gradient
of the local TSCS increases gradually, and the maximum TSCS also increases accordingly.

In addition, it can be seen from the figures that the TSCS of gears with an ME of <a is concentrated
on the left side of the tooth surface, while the TSCS of gears with an ME of <b is concentrated on
the right side of the tooth surface. There should be some interaction between the two kinds of ME,
which needs further study.

In this paper, the FEM contact analysis is conducted under different torques for gears with different
ME, and the results of the maximum TSCS are compared as shown in Table 7 and Figure 19. It can be
seen that the influence of ME on the TSCS is very large, and the difference between the maximum TSCS
corresponding to the different ME values is large. Within the set range for the ME value, the influence
degree of <a is relatively greater. At the same time, it is found that with the increase in applied load,
the ratio of the maximum TSCS of each gear a different ME to the ideal gear gradually decreases.

Table 7. The results of the maximum TSCS under different torques. Unit: MPa.

ME (◦)
Torques (N·m)

8
Comparison with

Ideal Gears
10

Comparison with
Ideal Gears

12
Comparison with

Ideal Gears
14

Comparison with
Ideal Gears

Ideal 937.19 - 1063.94 - 1166.77 - 1260.01 -
a = 0.2 1266.82 35.17% 1343.96 26.32% 1412.22 21.04% 1499.08 18.97%
a = 0.4 1530.68 63.33% 1615.63 51.85% 1692.28 45.04% 1755.10 39.29%
a = 0.6 1769.67 88.83% 1853.45 74.21% 1949.32 67.07% 2049.15 62.63%

b = −0.04 1081.01 15.35% 1182.92 11.18% 1233.93 5.76% 1314.95 4.36%
b = −0.08 1283.69 36.97% 1399.51 31.54% 1489.06 27.62% 1518.91 24.54%
b = −0.12 1431.54 52.75% 1520.48 42.91% 1588.72 36.16% 1664.76 32.12%

 

Figure 19. The results of the maximum TSCS under different torques.

3.3. TSCS Analysis of Gear with LCM

The purpose of the LCM is to ensure that when the gears are at the maximum inclination, the teeth
engaged with each other do not have an edge point contact (tangent but not intersecting), so as to
reduce edge contact.

It should be admitted that there is a certain load concentration phenomenon on the tooth surface
with LCM, so the LCM should meet the most basic requirements as follows: first, when the gear tooth
has the maximum inclination, the gear tooth shall not have the edge embedding phenomenon; second,
when the gear tooth does not incline or has a certain inclination, the gear tooth shall have the minimum
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load concentration, that is, the lead crowning radius should be the largest (the LCM quantity is the
smallest).

According to the ISO standard [4], the LCM mainly considers the ME of the original gear, and the
formula is as follows:

C = 0.5 × Fβxcv (8)

where Fβxcv is the original equivalent misalignment for the determination of the crowning height.
According to the range of ME set in this paper, the LCM quantities are taken as 3.5 μm, 7 μm and
10.5 μm, respectively, for the FEM contact analysis.

Figure 20 shows the LCM of the tooth surface, where a is the tooth width, l = 0.5× a, C is the
LCM quantity, and the lead crowning radius is:

R =
l2

2×C
(9)

Adjust the tooth surface nodes to input the LCM to the FEM model. Then, the calculation formula
of the modification quantity of node i is:

Ci = C×
(

li
l

)2

(10)

where li is the distance from the node numbered i to the center line of the tooth width.

Figure 20. The lead crowning modifications (LCM) of the tooth surface.

In this paper, selecting 3.5 μm, 7 μm and 10.5 μm for the LCM quantities, respectively,
and conducting the gear FEM contact analysis under the applied torque of 10 N·m, the analysis
results are shown in Figure 21.

In Figure 21, from Figure 21a to Figure 21c are shown the TSCS nephograms of C = 3.5 μm,
C = 7 μm and C = 10.5 μm. It can be seen that the TSCS with LCM presents stress the concentration
phenomenon in the center of the tooth surface, and with the increase in LCM quantity, the gradient of
the local TSCS increases gradually, and the maximum TSCS also increases accordingly.

In this paper, the FEM contact analysis is conducted under different torques for gears with different
LCM quantities, and the results of the maximum TSCS are compared as shown in Table 8 and Figure 22.
It can be seen that the influence of LCM on the TSCS is very large. At the same time, it is found that
with the increase in applied load, the ratio of the maximum TSCS of each gear with different ME to the
ideal gear gradually decreases.
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(a)  

 
(b)  

 
(c)  

Figure 21. The TSCS nephograms of C = 3.5 μm, C = 7 μm and C = 10.5 μm.

Table 8. The results of the maximum TSCS under different torques. Unit: MPa.

LCM
Quantity (μm)

Torques (N·m)

8
Comparison with

Ideal Gears
10

Comparison with
Ideal Gears

12
Comparison with

Ideal Gears
14

Comparison with
Ideal Gears

Ideal 937.19 - 1063.94 - 1166.77 - 1260.01 -

2 1285.64 37.18% 1394.60 31.08% 1495.83 28.20% 1587.48 25.99%

4 1444.08 54.09% 1559.23 46.55% 1668.85 43.03% 1754.07 39.21%

6 1541.64 64.50% 1660.51 56.07% 1768.54 51.58% 1851.27 46.93%

 
Figure 22. The results of the maximum TSCS under different torques.

The object of the above FEM contact analysis results is a pair of engaged teeth with only LCM and
no ME. However, as we all know, in the actual gear engagement process, this must be accompanied by
ME and TPD, and the lead crowning machining is also an essential process of gear machining. This is
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because the LCM can effectively reduce the stress concentration at the edge point caused by the ME
and the TPD; therefore, there must be an interaction between these factors, which needs further study.

4. Analysis of the Influence of TPD, ME and LCM on TSCS by TM

According to the content of the third chapter, it can be found that when the TPD, ME and LCM
exist separately, the influence on the TSCS is relatively large. However, when the above three factors
exist in the gear at the same time, due to the interaction between the factors, the influence degree on
the contact stress is not a simple superposition.

This chapter mainly studies the interaction between these three factors, and the influence degree
of each factor on the TSCS when the above three factors exist at the same time. As a powerful tool,
the Taguchi method can effectively study the above problems, and its steps are shown in Figure 23.

 
Figure 23. The steps of the Taguchi method (TM).

4.1. Preparations before the Tests

Problem description: When there are three influence factors of TPD, ME and LCM at the same
time for a certain type of gear, one must research the influence degree of each factor on the TSCS and
the interaction between them, and then determine the optimal combination of factor levels, so as to
reduce the TSCS as much as possible.

Quality characteristic and ideal function: Take the maximum TSCS as the quality characteristic.
The smaller the maximum TSCS is, the better.

Control factors: The above three factors are the control factors of the Taguchi method. For the TPD,
it is divided into three levels (grade 2 precision, grade 4 precision and grade 6 precision). For the ME,
<a is divided into three levels (0.2◦, 0.4◦ and 0.6◦), and <b is divided into three levels (−0.04◦, −0.08◦
and −0.12◦). For the LCM, it is divided into three levels (C = 3.5 μm, C = 7 μm and C = 10.5 μm).
The control factor levels are shown in Table 9.
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Table 9. The levels of control factors.

Control Factors TPD <a <b LCM

Level 1 Grade 2 0.2◦ −0.04◦ 3.5 μm
Level 2 Grade 4 0.4◦ −0.08◦ 7 μm
Level 3 Grade 6 0.6◦ −0.12◦ 10.5 μm

Test design: According to Table 9, the next step is to establish an orthogonal test table to record
the test data, and the corresponding FEM simulation model is established according to the orthogonal
test table. In this paper, Minitab is used to generate the orthogonal test table. There are two kinds of
test tables with four factors and three levels. One has nine groups of tests, and the other has 27 groups
of tests. Because we want not only to get the optimal combination of the factor levels, but also to
research the interaction between various factors, 27 groups of tests are selected. The test table is shown
in Table 10.

Table 10. The orthogonal test table.

Serial Number Tooth Profile Precision Grade <b (◦) <a (◦) Lead Crowning (μm)

1 Grade 2 −0.04 0.2 3.5
2 Grade 2 −0.04 0.4 7.0
3 Grade 2 −0.04 0.6 10.5
4 Grade 4 −0.08 0.2 3.5
5 Grade 4 −0.08 0.4 7.0
6 Grade 4 −0.08 0.6 10.5
7 Grade 6 −0.12 0.2 3.5
8 Grade 6 −0.12 0.4 7.0
9 Grade 6 −0.12 0.6 10.5
10 Grade 4 −0.12 0.2 7.0
11 Grade 4 −0.12 0.4 10.5
12 Grade 4 −0.12 0.6 3.5
13 Grade 6 −0.04 0.2 7.0
14 Grade 6 −0.04 0.4 10.5
15 Grade 6 −0.04 0.6 3.5
16 Grade 2 −0.08 0.2 7.0
17 Grade 2 −0.08 0.4 10.5
18 Grade 2 −0.08 0.6 3.5
19 Grade 6 −0.08 0.2 10.5
20 Grade 6 −0.08 0.4 3.5
21 Grade 6 −0.08 0.6 7.0
22 Grade 2 −0.12 0.2 10.5
23 Grade 2 −0.12 0.4 3.5
24 Grade 2 −0.12 0.6 7.0
25 Grade 4 −0.04 0.2 10.5
26 Grade 4 −0.04 0.4 3.5
27 Grade 4 −0.04 0.6 7.0

4.2. Analysis of FEM Simulation Results

According to Table 9, 27 FEM simulation models with different factor level combinations are
established and solved.

Figure 24 is the TSCS nephogram of the first FEM model in Table 10, and compared with the
TSCS nephogram with only one single influence factor, it has the characteristics of irregularity of TPD,
an edge stress concentration of ME and a central stress concentration of LCM. Table 11 shows the
results of 27 FEM simulation tests.
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Figure 24. The TSCS nephogram of the first FEM model.

Table 11. The maximum TSCS of 27 FEM simulation tests.

Serial Number Maximum TSCS (MPa) Serial Number Maximum TSCS (MPa) Serial Number Maximum TSCS (MPa)

1 1680.91 10 2272.12 19 3888.53
2 1854.25 11 2459.15 20 3070.89
3 1931.67 12 2135.32 21 3636.82
4 2118.22 13 3719.14 22 1962.06
5 2322.13 14 3819.85 23 1683.50
6 2420.97 15 3229.20 24 1850.24
7 3102.55 16 1907.33 25 2454.60
8 3753.72 17 1999.51 26 2177.90
9 3861.61 18 1806.02 27 2297.35

Minitab (17.1.0, Minitab, LLC, State College, PA, USA) was used to analyze the test results.
The Minitab response tables for signal to noise (SN) ratios and means are shown in Table 12. From the
table, whether it is the SN ratios response table or the mean response table, it can be seen that the TPD
has the greatest influence on the TSCS, followed by the LCM; the <b and <a are relatively much smaller.

Table 12. The Minitab response tables for signal to noise (SN) ratios and means.

Level
Tooth Profile Accuracy <b (◦) <a (◦) Lead Crowning (μm)

SN Ratios Means SN Ratios Means SN Ratios Means SN Ratios Means

1 −65.34 1853 −67.85 2574 −67.83 2567 −67.09 2334
2 −67.20 2295 −67.89 2574 −67.85 2571 −68.01 2624
3 −71.01 3565 −67.81 2564 −67.87 2574 −68.45 2755

Delta 5.66 1712 0.08 10 0.04 7 1.36 421
Rank 1 3 4 2

The main effects plots for SN ratios and means are shown in Figure 25. From the Figure 25a,b,
within the set value range, it can be seen that the influence degree of TPD on the TSCS is much greater
than that of LCM, and the influence degree of LCM is much greater than that of ME. The influence
degree of the two kind of ME is very small, and the difference is not big. In addition, it can be seen that
when the precision grade changes from 4 to 6, it has a great influence on the TSCS; when changing from
2 to 4, the influence degree is significantly reduced. Similarly, for the LCM, when the LCM quantity
changes from 3.5 μm to 7 μm, the influence degree is also slightly larger.

4.3. The Interaction between TPD, ME and LCM

The interaction between different factors can be obtained through Minitab. Figure 26 shows the
interaction plot for means between the TPD and other factors. The nonparallel lines in the interaction
plot indicate the interaction degree between the TPD and other factors. If the three lines are completely
parallel, it means that there is no interaction between them; on the contrary, the more nonparallel the
three lines, the greater the interaction degree between them.
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(a) The main effects plots for signal to noise (SN) ratios. 

 
(b) The main effects plots for means. 

Figure 25. The main effects plots for signal to noise (SN) ratios and means.
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(a) The interaction plot for means between TPD 

and < .
(b) The interaction plot for means between 

TPD and < . 

 
(c) The interaction plot for means between TPD and LCM. 

Figure 26. The interaction plot for means between the TPD and other factors.

As can be seen from Figure 26a,b, there is basically no interaction between the TPD and the ME,
and from Figure 26c, there is a certain interaction between the TPD and the LCM, but the interaction
degree is not significant.

Figure 27a,b show the interaction plots for means between the LCM and the ME, and Figure 27c
shows the interaction plot for means between <a and <b. From Figure 27a, it can be seen that there is an
obvious interaction between the LCM and the <a; in particular, when the <a changes from 0.4◦ to 0.6◦,
the interaction degree is more significant. From Figure 27b, it can be seen that there is also an obvious
interaction between the LCM and the <b. Therefore, there is an obvious interaction between the LCM
and the overall ME. From Figure 27c, it can be seen that the interaction degree between meshing errors
<a and <b is very significant, even though the influence degree of these two kinds of ME on the TSCS is
very small.
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(a) The interaction plot for means between <  

and LCM. 
(b) The interaction plot for means between <  

and LCM. 

 
(c) The interaction plot for means between <  and < . 

Figure 27. The interaction plot for means.

It can be known from the third chapter that when the <a and <b exist alone, they have a great
influence on the TSCS. However, when all the influence factors exist, because of the obvious interaction
between them, the influence degree of the <a and <b on the TSCS becomes very small.

In addition, in order to further verify the importance of LCM for the engaged gears with ME, two
FEM simulation models are established. The two models have the same precision grade of TPD (grade
2), <a (0.2◦) and <b (−0.04◦), but the first model does not have the LCM, and the second model has
an LCM of 3.5 um. The TSCS analysis of the two models is carried out, and Figure 28a is the stress
nephogram of the first model, while Figure 28b is the stress nephogram of the second model. Through
comparison, it can be found that the LCM can effectively alleviate the edge stress concentration caused
by ME, and the maximum TSCS of the model with LCM is significantly smaller than that without LCM.
This also demonstrates that there is an obvious interaction between LCM and ME.
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(a) The model without LCM. 

 

(b) The model with LCM.  

Figure 28. The TSCS nephogram.

4.4. Determining the Optimal Combination of Influence Factor Levels

The maximum TSCS of each combination of factor levels can also be predicted by the Minitab.
As shown in Figure 29, the approximate maximum TSCS corresponding to the combination of different
factor levels can be obtained by inputting the level of each factor.

 

Figure 29. The Taguchi results are predicted by Minitab.

It can be seen from Figure 25 that the TPD grade is 2 and the LCM quantity is 3.5 μm in the optimal
combination of factor levels. Then, the prediction results of partial combinations are shown in Table 13.
It can be seen from Table 13 that when the TPD grade is 2 and the LCM quantity is 3.5 μm, the ME has
little effect on the maximum TSCS, and the maximum TSCS range is 1605.57–1622.67 MPa. Therefore,
it is sufficient to control the <a and <b of ME within the specified range. However, in conclusion, it is
determined that the optimal combination of factor levels is grade 2 for the TPD, −0.12◦ for the <b, 0.2◦
for the <a, and 3.5 μm for the LCM quantity.
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Table 13. The prediction results of different combinations.

Table <b (◦) <a (◦) LCM (μm) TSCS (MPa)

2

−0.04
0.2

3.5

1614.97
0.4 1618.91
0.6 1622.06

−0.08
0.2 1615.59
0.4 1619.53
0.6 1622.67

−0.12
0.2 1605.57
0.4 1609.51
0.6 1612.66

4.5. Comparative Analysis of Different Combinations of Factor Levels

According to the original process requirements of precision gear manufacturing in a gear factory,
the TPD, <a, <b and LCM are required to be controlled at grade 4, 0.4◦, −0.08◦ and 3.5 μm, respectively,
and the maximum TSCS of the original combination of factor levels is 2062.00 MPa, which is 28.43%
larger than the 1605.57 MPa of the optimal combination.

In order to better show the influence of the TSCS on the gear fatigue life, according to the contact
fatigue SN curve (Figure 30) and the corresponding curve equation (Equation (11)) provided by the
gear factory, the gear fatigue life corresponding to different TSCS can be obtained.

lgσ = −0.0908lgN + 3.8767 (11)

According to Equation (11), when the σ = 1605.57 MPa, the corresponding fatigue life
N = 2.46 × 107, while when the maximum TSCS is 2062 MPa, the corresponding fatigue life
N = 1.5 × 106. It can be found that the gear contact fatigue life of the optimal combination of factor
levels is much longer than that of the original combination.

In addition, when the minimum fatigue life of the gear is required to be 1 × 107, the maximum
acceptable TSCS is 1743 MPa, as calculated by Equation (11). Therefore, only when the TPD is grade 2
and the LCM is 3.5 μm can the fatigue life meet the requirements. It also shows that the contact fatigue
performance of the optimal combination of factor levels is better than that of the original combination.

 

Figure 30. The contact fatigue SN curve.

44



Metals 2020, 10, 1370

5. Conclusions

Based on the 3D-FEM and TM, this paper has analyzed the TSCS of spur gears with three different
influence factors: TPD, ME and LCM. In particular, it has analyzed the interactions between PD,
ME and LCM, and their influence degrees on the TSCS. Throughout the full paper, there are several
conclusions that need to be summarized, as follows:

(1) In this paper, a 3D-FEM model of one pair of engaged teeth has been modeled and the mesh
of the contact area has been refined by FEM software. In the model, the refined area mesh and
the non-refined area mesh were connected by Multi-point constraint (MPC). At the same time,
in order to save the time of the FEM solution on the premise of ensuring the accuracy of model
analysis, the reasonable size of the refined area has been researched and confirmed;

(2) In this paper, the FEM contact models of gears have been established and solved according to the
three influence factors of TPD, ME and LCM, respectively. It is found that when there is only one
single influence factor, the influence factor has a great influence on the TSCS. Compared with the
ideal gear, the maximum TSCS of the gear with TPD can reach 2.45 times of that of the ideal gear,
the maximum TSCS of the gear with ME can reach 1.88 times of that of the ideal gear, and the
maximum TSCS of the gear with LCM can reach 1.65 times of that of the ideal gear;

(3) In this paper, the Taguchi method has been used to research the influence degree of each factor
on the TSCS when three factors exist at the same time. It is found that the TPD has the greatest
influence on the TSCS, as the mean difference in TSCS between different grades of TPD can reach
1712 MPa. This is followed by the LCM, as the mean difference in TSCS between different LCM
values can reach 421 MPa. The influence degree of ME is very limited, as the mean differences in
TSCS value between different <a and <b are only 7 MPa and 10 MPa, respectively;

(4) In this paper, the interactions between the influence factors have been researched, and it is found
that the interactions between the TPD and other factors are not obvious, while the interactions
between the LCM, <a and <b are very obvious, especially the interaction between the two kinds
of ME. In addition, it has been verified that the LCM can effectively alleviate the phenomenon of
the edge stress concentration of TSCS caused by ME. From Figure 28, it can be found that the
maximum TSCS value of the gear with LCM is 11.73% less than that of the gear without LCM;

(5) According to the type of gear researched in this paper, through the TM, the optimal combination
of control factor levels has been determined, as follows: grade 2 for the TPD, −0.12◦ for the <b,
0.2◦ for the <a, and 3.5 μm for the LCM quantity. The gear contact fatigue life of the optimal
combination of factor levels is much longer than that of the original combination;

(6) For other types of gears and different influence factors, the research method and analysis process
of this paper have certain reference value.
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Abbreviations

3D Three-dimensional
FEM Finite element method
LCM Lead crowning modifications
ME Meshing errors
MPC Multi-point constraint
TM Taguchi method
TPD Tooth profile deviations
TSCS Tooth surface contact stress
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Abstract: Mechanical components, such as gears, are usually subjected to variable loads that induce
multiaxial non-proportional stress states, which in turn can lead to failure due to fatigue. However,
the material properties are usually available in the forms of bending or shear fatigue limits. Multiaxial
fatigue criteria can be used to bridge the gap between the available data and the actual loading
conditions. However, different criteria could lead to different results. The main goal of this paper is
to evaluate the accuracy of different criteria applied to real mechanical components. With respect
to this, five different criteria based on the critical plane concept (i.e., Findley, Matake, McDiarmid,
Papadopoulos, and Susmel) have been investigated. These criteria were selected because they
not only assess the level of damage, but also predict the direction of crack propagation just after
nucleation. Therefore, measurements (crack position and direction) on different fractured gear
samples tested via Single Tooth Bending Fatigue (STBF) tests on two gear geometries were used as
reference. The STBF configuration was numerically simulated via Finite Elements (FE) analyses. The
results of FE were elaborated based on the above-mentioned criteria. The numerical results were
compared with the experimental ones. The result of the comparison showed that all the fatigue
criteria agree in identifying the most critical point. The Findley and Papadopulus criteria proved to
be the most accurate in estimating the level of damage. The Susmel criterion turns out to be the most
conservative one. With respect to the identification of the direction of early propagation of the crack,
the Findley criterion revealed the most appropriate.

Keywords: gears; Single Tooth Bending Fatigue; STBF; Finite Element Model; FEM; material
characterization; multiaxial fatigue; critical plane

1. Introduction

In mechanical systems, gears are widely used components to transmit torque and mo-
tion (i.e., mechanical power) between non-coaxial shafts [1]. Due to their working principle
(i.e., meshing of conjugate profiles), teeth are subject to various damage mechanisms that
can lead to the failure of the entire mechanical system [2,3]. Wear, scuffing, and (micro)
pitting in the teeth flank are just a few examples of failure modes that, in turn, can be
attributable to high contact pressures and/or insufficient lubrication [4–8]. However, Tooth
(root) Bending Fatigue (TBF) is the most dangerous one [9,10].

TBF leads to the nucleation and propagation of a crack in the Tooth Root Radius (ρ f P)
due to the varying stress induced by tooth bending during meshing [11,12]. Therefore, a
fundamental aspect to be considered while designing gears is the capability to withstand
cyclic bending loads [13]. With this respect, different standards support the gear design to
avoid TBF failures, e.g., ISO 6336-3 [14,15] and ANSI/AGMA [16]. The above-mentioned
standards support gear design through the determination of Tooth Bending Strength (TBS).
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According to the Method B of ISO 6336-3 [15], the maximum stress σF at the ρ f P due to pure
bending has to not exceed the permissible bending stress σFP that, in turn, is proportional
to the material strength σFlim, i.e., a material property usually determined through Single
Tooth Bending Fatigue (STBF) tests [17–20].

In STBF tests, teeth belonging to a gear sample made of the material to be characterized
are loaded with two pulsating, competing, parallel, and discordant forces applied through
two anvils (having parallel faces) mounted on a universal (fatigue) testing machine [21,22].
Exploiting the Wildhaber property [1], these forces are applied perpendicularly to two tooth
flanks, resulting in tangent to the base circle [23]. STBF tests are interrupted if a tooth fails
or if it withstands the run-out condition (106–108) cycles [24–28]. The statistical elaboration
of failures and run-outs (the load levels are defined with the staircase approach [29,30])
leads to the determination of the load-carrying capacity [20]. The methods for translating
this load into stresses acting at the ρ f P (i.e., σFlim) can be different: (1) through the reverse
application of the standard (e.g., [31–34]), (2) by means of experimental measures (e.g.,
exploiting strain gauges [35]), (3) via Finite Element (FE) simulations (e.g., [36–39]).

With respect to the FE simulations, on the one hand, they allow us to obtain relevant
information on the principal stresses in the ρ f P, for each loading condition. On the other
hand, results of FE simulation have to be further elaborated to estimate the fatigue behavior
of a specific gear design [40,41]. In other words, numerical simulations of STBF tests
and further data elaboration based on fatigue criteria using material data obtained via
standard tests (i.e., torsion, bending and traction quasi-static and fatigue tests on standard
specimens) seems to be a valuable alternative to long experimental campaigns.

In recent studies, the authors pointed out that the FE simulation results of the STBF
configuration can be analyzed and elaborated via different fatigue criteria based on the
critical plane approach [41–43]. These allow for evaluating the criticality of each point
along the ρ f P. Moreover, it permits to individuate the potential propagation direction of
the crack after nucleation. Nevertheless, it has been observed that different fatigue criteria
could lead to different results in terms of TBS and/or crack propagation direction [42].

The goal of the present paper is to evaluate the most appropriate fatigue criteria for
characterizing the fatigue behavior in terms of the individuation of the nucleation point
and the determination of the direction of early propagation of the crack in real mechanical
components characterized by non-proportional multiaxial states of stress. This stress state,
i.e., any state of time varying stress where the orientation of the principal axes changes
with respect to a reference system integral with the studied component, can be found
in gears [38]. In this respect, STBF tests described in [35,38–40] have been numerically
reproduced and the FE results have been analyzed through different fatigue criteria based
on the critical plane, i.e., Findley [44], Matake [45], McDiarmid [46], Papadopoulos [47],
and Susmel et al. [48]. The outcomes of the elaboration have been compared with the
cracks observed in the above-mentioned experimental campaigns [35,38–40].

The present paper is organized as follows. In Section 2, the mathematical elaboration
of a generic time-dependent stress tensor σ(t) according to different fatigue criteria is
presented. In Section 3, FE modeling, numerical data processing, and experimental data
acquisition are shown. Comparison of numerical and experimental results are presented in
Section 4. Discussions and conclusion can be found in Section 5.

2. Background: Mathematical Modeling of Fatigue Criteria Based on the Critical Plane

In the present section, the mathematical modeling is presented of the main fatigue
criteria based on critical plane (i.e., Findley [44], Matake [45], McDiarmid [46], Papadopou-
los [47], and Susmel et al. [48]). Each fatigue criterion starts from the time-dependent stress
tensor σ(t) (Equation (1)) referred to the point whose fatigue behavior has to be evaluated.

σ(t) =

⎡
⎣ σxx(t) τxy(t) τxz(t)

τyx(t) σyy(t) τyz(t)
τzx(t) τzy(t) σzz(t)

⎤
⎦ (1)
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More specifically, a generic plane (including the point to be evaluated) can be defined
by means of its normal vector n that, in turn, can be defined according with its spherical
coordinates (ϕn, ϑn) with respect to a generic reference system (Figure 1).

 

Figure 1. Components of Pn(ϕn, ϑn, t) on the plane n(ϕn, ϑn).

According to Equation (2), it is possible to calculate the stress vector Pn acting on the
afore-mentioned plane; the vector can, in turn, be decomposed into a normal component
σn and into a tangential component τn (Figure 1).

Pn(ϕn, ϑn, t) = σ(t) n(ϕn, ϑn) (2)

On the one hand, σn (which can be calculated through Equation (3)) presents a fixed
direction and a time-dependent modulus. On the other hand, τn has a time-dependent
modulus and direction. Therefore, τn has to be further decomposed into its components
along the u and v directions (Figure 2). The unitary vectors n, u, v are defined as in
Equation (4). In Equation (5), τn is defined.

σn(ϕn, ϑn, t) = nT(ϕn, ϑn)σ(t) n(ϕn, ϑn) (3)

u(ϕn, ϑn) =

⎡
⎣ − sin ϑn

cos ϕn
0

⎤
⎦v(ϕn, ϑn) =

⎡
⎣ − cos ϑn cos ϕn

− cos ϑn sin ϕn
sin θn

⎤
⎦; n(ϕn, ϑn) =

⎡
⎣ sin ϑn cos ϕn

sin ϑn sin ϕn
cos ϑn

⎤
⎦ (4)

τn(ϕn, ϑn, t) = uT(ϕn, ϑn)σ(t)u(ϕn, ϑn) + vT(ϕn, ϑn)σ(t)v(ϕn, ϑn) (5)

 
Figure 2. u and v on the plane n(ϕn, ϑn) and definition of the curve Γn.

It is worth noting that, for periodic stresses (having a period T), the point of the arrow
of the vector Pn describes a closed tridimensional curve. Consequently, τn describes a
closed curve in the plane (Figure 2). In the Figure, this curve is indicated as Γn. On the
one hand, the normal stress σn ranges from a minimum σn,min to a maximum σn,max value
(Figure 2). Therefore, it is possible to define the value of the alternating stress (acting on
the plane having normal n) as σn,a defined according to Equation (6). On the other hand, to
define the value of alternate tangential stress τn,a (acting on the plane having normal n),
literature reports different methods. The most diffused one is the Minimum Circumscribed

51



Metals 2021, 11, 1871

Circle (MCC) (Equation (7)) [49]. Considering that the curve Γn is representative of the
tangential stresses acting on the studied plane during the entire loading cycle, the MCC
method suggests determining τn,a as the radius of the smallest circle that can entirely
contain the curve Γn (Figure 3).

σn,a = max
T

{σn(t)} − min
T

{σn(t)} = σn,max − σn,min (6)

τn,a = MCC
T

{τn(t)} (7)

 
Figure 3. Minimum Circumscribed Circle (MCC) method.

By varying the spherical coordinates (ϕn, ϑn) systematically, it is possible to define
a series of different planes passing through the point to be evaluated. For each plane
it is possible to calculate the related stress parameters, i.e., τn,a, σn,min, σn,max, and σn,a.
Based on these stress parameters, it is possible to individuate the critical plane having
specific spherical coordinates (ϕc, ϑc). According to the Matake, the Susmel et al., the
Papadopoulos, and the McDiarmid criteria, the critical plane is defined as the plane that
displays the maximum value of τn,a (Equation (8)).

(ϕC, ϑC) → max
ϕ,ϑ

{τn,a(ϕ, ϑ)} (8)

Conversely, according to the Findley criterion, the critical plane is defined as the plane
that presents the maximum value of the damage parameter (DP) defined as in Equation (9).
This is a function of the alternating tangential stress (τn,a) and the maximum stress reached
in a cycle (σn,max). Therefore, the Findley criterion could lead to a critical plane having a
different orientation with respect to the critical plane according to the other fatigue criteria.

(ϕC, ϑC) → max
ϕ,ϑ

⎧⎨
⎩τn,a(ϕ, ϑ) +

2rτ/σ − 1

2
(√

rτ/σ − r2
τ/σ

)σn,max(ϕ, ϑ)

⎫⎬
⎭ (9)

where rτ/σ is the ration between the material fatigue limit at symmetrical alternating
torsional loading (τf ) and material fatigue limit at symmetrical alternating bending loading
(σf ) as in Equation (10). It is worth noticing that these material properties can be estimated
through simple fatigue tests.

rτ/σ = τf /σf (10)

Once the critical plane (ϕc, ϑc) has been identified, the various criteria require that the
damage parameter on this plane be calculated. In the present paper, the stress parameters
related with the critical plane are labeled with the subscript c, i.e., τc,a, σc,max, σc,a.

The various criteria differ on how the damage parameter (DP) is calculated. Accord-
ing to Findley, the damage parameter (DPFindley) is defined as in Equation (11). According
to the Matake criteria, the DPMatake is affected by the alternating (tangential) stress σc,a
(τc,a) (Equation (12)). The Susmel et al. criteria requires calculating the damage param-
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eter (DPSusmel et al.) according to Equation (13). With respect to the criteria proposed by
McDiarmid, it is necessary to consider the ultimate tensile stress σR (Equation (14)).

DPFindley = τc,a +
2rτ/σ − 1

2
(√

rτ/σ − r2
τ/σ

)σc,max (11)

DPMatake = τc,a + (2rτ/σ − 1)σc,a (12)

DPSusmel et al. = τc,a +

(
τf −

σf

2

)
σc,max

τc,a
(13)

DPMcDiarmid = τc,a +
τf

2σR
σc,max (14)

To implement the Papadopoulos’ criteria, it is important to define the maximum
octahedral stress σh,max (in the time window T). It can be calculated through Equation (15),
where σO is a vector with the principal stresses, i.e., the stresses that, for the same time
instant t, satisfies Equation (16). I is the identity matrix. The DPPapadopoulos can be calculated
according to Equation (17).

σh,max = max
T

{
1
3 ∑

i=1,2,3
σOi

}
(15)

det
∣∣∣∣σ(t)− σO

=
I
∣∣∣∣ = 0 (16)

DPPapadopoulos = τc,a +

(
3
2
(2rτ/σ − 1)

)
σh,max (17)

Eventually, each fatigue criteria (based on critical plane) state that the component
works safely as long as the value of the damage parameter, in each point, is below a specific
threshold. Therefore, it is possible to calculate a safety factor (SF) (for each criterion
and in each position) which formulation depends on the implemented criterion. For
example, SFFindlay is defined in Equation (18). In Equations (19)–(22) the SF for the Matake,
Susmel et al., McDiarmid, and Papadopoulos criteria can be found, respectively. SF > 1
means that the analyzed stress state has not reached the critical value according to the
studied criterion (and vice versa for SF < 1).

SFFindlay =

τf

2
(√

rτ/σ−r2
τ/σ

)
DPFindley

(18)

SFMatake =
τf

DPMatake
(19)

SFSusmel et al. =
τf

DPSusmel et al.
(20)

SFMcDiarmid =
τf

DPMcDiarmid
(21)

SFPapadopoulos =
τf

DPPapadopoulos
(22)

3. Materials and Methods

In the present paper, two different gear-samples geometries subjected to STBF loading
have been modeled by means of Finite Element Model (FEM). In Table 1, the geometrical
parameters of the gears are reported. The above-mentioned gears were studied experimen-
tally in [38,40]. The authors have collected experimental images of cracks in several teeth
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(related to the study conducted in [38,40]) in which failure by TBF occurred. Through these
images, it has been possible to extrapolate the position of the nucleation point of the cracks
in the teeth root region and the direction (angle) of early propagation (Section 3.1). FEM re-
sults have been elaborated through critical plane criteria to characterize the crack behavior
in the ρ f P (Section 3.2). The numerical and experimental results have been compared in
Section 4.

Table 1. Geometrical parameters of the simulated gears—Gear A [38], Gear B [40].

Description Symbol Unit Gear A Gear B

Normal module mn mm 3.77301 2.2
Normal pressure angle αn

◦ 22.5 17
Number of teeth z - 32 30
Face width b mm 15 20
Profile shift coefficient x - 0.0681 0.25
Dedendum coefficient h∗f P - 1.3153 1.675
Root radius factor ρ∗f P - 0.36 0.368
Addendum coefficient h∗aP - 1.1595 1.361

3.1. Individuation of Cracks Characteristic through Experimental Images

The crack propagation just after nucleation can be characterized by the two parameters
χ and β (Figure 4). Using these coordinates, it has been assumed that the early propagation
plane is always perpendicular to the view in Figure 4.

Figure 4. Cracks characteristics (χ, β) in experimental tests.

• χ is a linear coordinate along the ρ f P. This coordinate can take any value from 0 (i.e.,
lower point in the radius at the foot) to 1 (i.e., connection point between the ρ f P and
tooth flank). Through χ, it is possible to define the position of each nucleation point.

• β is the angle between the tooth axis and crack direction in its early propagation.

In Figure 4, χ and β are reported for generic cracks (highlighted in red) in Gear A and
Gear B. In the figure, the point in which χ assumes its minimum and its maximum value
are indicated.

In Figures 5 and 6, experimental images on which χ and β have been identified are
shown. More specifically, Figure 5 shows six images of different teeth belonging to Gear A.
The same, referred to as Gear B, is shown in Figure 6.
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Figure 5. Individuation of cracks characteristics (χ, β) in experimental tests performed on Gear A.

In the figures, the yellow dashed line represents the tooth profile (before the test) while
the red solid line represents the direction of early propagation of the crack. It is worth
noting that while in Gear B the crack always led to the complete detachment of the tooth,
as far as Gear A is concerned, the tests were interrupted when the crack was detected via
the variation of the stiffness of the system (even if it did not lead to the complete breakage
of the tooth). Therefore, in some images of Gear A, the crack is of limited size and is hidden
by the red line, which, however, represents its initial propagation direction.

With respect to Gear A (Figure 5), all the cracks nucleated in 0.382 ≤ χ ≤ 0.775 having
a direction 54.5◦ ≤ β ≤ 65◦. With respect to Gear B (Figure 6), all the cracks nucleated in
0.550 ≤ χ ≤ 0.664 having a direction 42◦ ≤ β ≤ 51.5◦. It is interesting to notice that, for
Gear A, three cracks nucleated in the proximity of χ = 0.400, while the other three cracks
nucleated in different points. The latter cracks may be nucleated at different locations due
to micro defects in the material. Moreover, in Gear B, the nucleation points have a lower
dispersion, but are located in the proximity of the end of the grinding zone where, most
likely, a micro notch has formed between the root radius and the beginning of the involute
tooth profile.

3.2. Numerical Elaboration Aimed to Characterize Cracks within Tooth Root Radius

The FEM has been set up into the open-source software, Salome-Meca/Code_Aster.
In Figures 7 and 8, it is possible to see the STBF test modeling for Gear A and Gear B,
respectively. In the present study, 3D simulations have been performed to also consider the
boundary effects.
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Figure 6. Individuation of cracks characteristics (χ, β) in experimental tests performed on Gear B.

 

Figure 7. Finite Element Model of the STBF of Gear A.
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Figure 8. Finite Element Model of the STBF of Gear B.

To reduce the computational effort, only a quarter of each gear has been modeled
exploiting symmetries. More specifically, on the one hand, half of the face width has been
modeled. On the other hand, gears are symmetric on a plane parallel to the contact-face of
the anvil and positioned at half of the Wildhaber distance (yellow line in Figures 7 and 8).

The models have been created through extruded meshes. Linear elements having
typical isotropic steel properties have been used i.e., a Young modulus equal to 205,000 MPa
and a Poisson’s ratio of 0.3. In each model, hexahedral elements have been exploited to
model the loaded tooth while TRIA6 elements, i.e., triangular base prisms, have been
used to model the remaining volume of the gear. The mesh density has been increased in
the loaded tooth after a sensitivity analysis. More specifically, the mesh density has been
increased by 10% until the results of the simulations present a variation of less than 1%.
The final models have the mesh characteristics listed in Table 2.

Table 2. Mesh characteristics of the simulated gears.

Characteristics Unit Gear A Gear B

Total nodes # 75,824 214,160
Hexahedral elements # 54,000 156,690
TRIA6 elements # 27,855 83,205
Element in the half-face width # 15 15
Nodes in the tooth flank # 480 800
Nodes in the tooth root radius # 496 816

Non-linear simulations have been performed to simulate the contact between the
anvil and the tooth flank for each gear. While the analyses are non-linear due to the
contacts, the state of stress never exceeded the yielding. In Figures 7 and 8, the contact
faces are indicated with green lines and the theoretical contact point is indicated with a
green circle. It is located in the intersection between the horizontal line tangent to the base
circle (represented in the figures) and the tooth flank. With respect to Gear A, a pulsating
compressive force varying sinusoidally from a minimum value of 3700 kN to a maximum
value of 37,000 kN has been applied to the anvil. With respect to Gear B, the minimum and
maximum value of the force applied result 1498 kN and 14,980 kN, respectively. Through
the above-mentioned loading configuration, taking into consideration the symmetries
exploited, it has been possible to replicate the experimental conditions, i.e., ratio between
the minimum and maximum force of 0.1 (applied in the experimentation). Those levels of
force are the loads that averagely lead to a failure in 106 cycles.
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The stress tensor σ(t) was extracted for both gears in the most critical areas where
fracture is expected to nucleate, i.e., within the ρ f P (nodes highlighted with the red line in
Figures 7 and 8). At this point, the approaches presented in Section 2 have been applied by
defining the material properties (σf , τf , σR). In particular, Gear A has been manufactured
with VAR 9310 having a bending fatigue limit σf = 1400 MPa, a torsional fatigue limit
τf = 1100 MPa, and an ultimate tensile strength σR = 2700 MPa. On the other hand, Gear
B has been manufactured through 20MnCr5 having σf = 516 MPa, τf = 303 MPa, and
σR = 1028 MPa.

Therefore, for each gear and for each point within the ρ f P, it has been possible to
elaborate the stress tensor σ(t) implementing the different fatigue criteria presented in the
previous section. In the present paper, the studied points are the nodes of the computational
grid belonging to the ρ f P. This choice was made in order to avoid the need of interpolation.
The workflow followed is graphically explained in Figure 9. For each gear, the workflow
is structured with four FOR loops. The innermost one analyses data for each simulated
time step (in these cases T = 40). The FOR loops on ϑ and ϕ aim to discretize the space by
defining the direction of different planes varying by 0.5◦ each cycle (from 0◦ to 180◦). The
FOR loop on the nodes within the ρ f P i.e., Nmax = 31 for Gear A and Nmax = 51 for Gear B,
aims to study the most critical positions. Indeed, for each node N(θc ϕc), belonging to the
symmetry section of the tooth (i.e., the most critical), the critical plane has been individuated
through the presented framework. This allowed for achieving a twofold objective. First,
it allows us to calculate the damage parameters for each node and each criteria (through
Equations (11)–(14) and (17)). Therefore, it has been possible to calculate SF for each node
and each criteria (Equations (18)–(22)) (green boxes in Figure 9). In this way, it has been
possible to estimate the differences between nodes in terms of criticality. Moreover, the
most critical node according to the different criteria implemented has been established.
Second, it has allowed us to identify the direction of the crack propagation (at least in in the
proximity of the studied nodes) if it nucleates in any of them (by differentiating between
the various fatigue criteria) (blue boxes in Figure 9).

The above-mentioned direction of the critical plane corresponds to the direction of
early propagation of the crack after nucleation (evaluated for each node and each criterion).
In addition, SF is representative of the criticality of the node (according to the criteria
in question). The combination of these two results, i.e., direction of critical plane and
SF, allowed for obtaining an overview of possible crack propagation scenarios in the ρ f P
according to the various criteria. These results have been compared with the experimental
ones in terms of crack positions and paths observed after performing STBF tests. The
comparison has allowed for assessing the effectiveness of each criterion to correctly predict
the failure.
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Figure 9. Framework to elaborate the time-dependent stress tensor on each node implementing
different fatigue criteria.

4. Results

As mentioned in the previous section, numerical and experimental results have been
compared. On the one hand, in STBF specimens, it has been possible to identify both the
point where the crack nucleated and the direction of crack propagation for each tooth that
failed during the test. On the other hand, through the elaboration of numerical results, for
each node within the ρ f P it has been possible to evaluate the damage parameter (it indicates
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the criticality of the node in question) and the direction of the critical plane (it indicates the
direction of the initial crack propagation if the crack nucleates in the studied node).

The comparison has allowed for assessing the effectiveness of each criterion to cor-
rectly predict the failure. More specifically, each criterion has been evaluated based on its
attitude to:

1. Provide a SF consistent with the experimental measurements, i.e., how the SF is close
to 1 since the simulated loading condition, according to the experimental results,
should lead to a maximum tensile stress σF equal to the permissible bending one σFP;

2. Identify the actual critical node, i.e., how close the numerically identified critical node
is to the crack nucleation point obtained through experimental tests;

3. Determine the actual crack direction, i.e., how the numerically calculated critical plane
direction (at the node closest to nucleation point) is similar to the experimentally
observed crack propagation direction.

In Table 3, the minimum SF calculated according with the investigated criteria and
the relative node location is reported for the two gears. With respect to the parameter χ,
all the criteria show a congruence in identifying the critical node (χ = 0.400 for Gear A
and χ = 0.435 for Gear B). In addition, it is interesting to highlight that, according to the
standard [14], the critical node should be located in χ = 0.508 for Gear A and χ = 0.430
for Gear B (the standard [14] defines the critical point as the point of the fillet tangent to a
straight line having 30◦ inclination with respect to the axis of the tooth). Therefore, on the
one hand, numerical results lead to individuate the critical node in the same position of the
standard for Gear B and in a different position for Gear A. On the other hand, experimental
results show a greater variability in the nucleation point that, in turn, are not in agreement
with the standard in either case but in very good agreement with the numerical results for
Gear A.

Table 3. Minimum SF calculated through different fatigue criteria and associated critical node
location χ.

Gear SFFindley(χ) SFMatake(χ) SFSusmel(χ) SFPapadopoulos(χ) SFMcDiarmid(χ)

A 1.08(0.400) 1.96(0.400) 0.79(0.400) 1.13(0.400) 2.14(0.400)
B 0.98(0.435) 1.23(0.435) 0.94(0.435) 0.95(0.435) 1.08(0.435)

With respect to the value of SF, in Table 3 it emerges that the implementation of the
Findley criterion leads to values of SF closer to the unity for both the gears. Comparable
values emerge even when implementing the Papadopoulos criterion. Moreover, while for
Gear B all SF values are close to unity (ranges from 0.94 to 1.23), for Gear A Matake and
McDiarmid criteria lead to very high values of SF i.e., 1.96 and 2.14, respectively. In both
the cases it is possible to assert that the Susmel criteria is the most conservative one.

In Figures 10 and 11, experimental and numerical results are graphically compared.
Figure 10 is related to the ρ f P of Gear A, Figure 11 concerns the ρ f P of Gear B. In particular,
for each of the criteria investigated, the direction of the critical plane calculated in different
nodes of the fillet are shown through blue lines. The length of the segments is proportional
to the damage parameter. The thicker blue line represents the critical plane having the
higher damage parameter. The red lines represent the experimental results and have length
as if it was a critical plane having a unit SF. For each criterion, only the ρ f P and the tooth
axis have been reported. The results can be represented graphically in 2D since the critical
planes are all perpendicular to the views in the figures.
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Figure 10. Direction of the critical planes according to the different criteria studied at different nodes
for Gear A. Numerical results in blue (segment length proportional to the damage parameter) and
experimental results in red (segment length proportional to the damage parameter that lead to a
unitary SF).

Figure 11. Direction of the critical planes according to the different criteria studied at different nodes
for Gear B. Numerical results in blue (segment length proportional to the damage parameter) and
experimental results in red (segment length proportional to the damage parameter that lead to a
unitary SF).

61



Metals 2021, 11, 1871

Naturally, the direction of the critical planes only varies between Findley and the other
criteria, which, in turn, identify the critical plane in the same way. What changes between
the various criteria is the value of the damage parameter associated with each node and,
therefore, the length of the blue segments.

With respect to Gear A, it is possible to notice that most of the experimentally measured
cracks are located in the proximity of the most critical node (i.e., the intersection between
the thickest blue line and the radius). However, only the Findley criterion is capable of
identifying, with very good approximation, the direction of early propagation of the crack.
In addition, Findley’s criterion also allows for identifying the direction of cracks even when
these nucleate in different positions of the radius, i.e., χ = 0.576, χ = 0.574, χ = 0.775
(most likely due to minor manufacturing or material defects in those positions).

The other criteria lead to very different angles with respect to the ones observed
experimentally, e.g., 59◦ difference between the plane with the maximum τc,a and the crack
observed in its proximity. Therefore, the Findley criterion is the criterion that better models
crack nucleation (and early propagation) at the ρ f P of Gear A.

With respect to Gear B, most of the experimentally observed cracks are not in the
proximity of the most critical plane calculated numerically. However, also in this case, the
Findley criterion is capable of better estimating the crack propagation direction within
the whole ρ f P. Indeed, the other criteria suffer from errors ranging from 15◦ to 25◦ while
Findley approximates the direction with an error of less than 5◦.

5. Discussion and Conclusions

In the present paper, a methodological approach for implementing five different
fatigue criteria based on the critical plane is presented. This relies on the elaboration
of the stress tensor σ(t) calculated via FE simulations on specific nodes modeling the
ρF in STBF loading condition. With the aim of evaluating the accuracy of the different
criteria, two different gear geometries have been studied. In both cases, the gears had
been experimentally tested and, therefore, it has been possible to obtain the force values
leading to the permissible stress, the crack nucleation points, and the crack propagation
(just after nucleation) directions in multiple tests. Therefore, the numerical results have
been compared with the experimental ones in terms of: (1) capability of the criteria to
provide a SF equal to one; (2) identify the actual critical node; and (3) determine the actual
crack direction.

With respect to the point (1), Findley and Papadopoulos are the criteria that lead
to the expected outcome most effective in both gears. The Matake criterion leads to
overestimating the material strength in both the gears. The Susmel et al. criterion tends
to underestimate the material properties and, therefore, it results in being a conservative
criterion. The McDiarmid criterion leads to two different results in the two gears, i.e., in
Gear B the value of SF is close to unity while it is more than double for Gear A. This may
be due to the high tensile strength of the Gear A material that, in turn, it is considered in
the formulation of the damage parameter according to McDiarmid. Eventually, in terms of
the point (1), the Findley and Papadopoulos criteria are the most appropriate ones to be
applied on gears for estimating fatigue behavior.

With respect to the point (2), all criteria agree in identifying the most critical node in
both gear geometries. However, the comparison with experimental results shows that in
Gear A, numerical results correctly identify the nucleation point of the crack, while in Gear
B, the nucleation point is not accurately identified. Nevertheless, the numerical results of
Gear B agree with the standard [14]. In addition, it is worth noting that some cracks in
Gear A are located in different points, probably due to micro defects of the material or in
the manufacturing process, while in Gear B all the cracks nucleate in the proximity of the
end of the grinding zone between the ρ f P and the tooth flank. Moreover, it is possible to
notice that the difference in the damage parameter between neighboring nodes is relatively
low (less than 3% of difference in the proximity of the most critical node). Therefore, it
is possible to state that about 25% of the studied area is subject to a damage parameter
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above 90% of the maximum damage parameter. Eventually, it is possible to assert that the
experimental cracks occur in different positions due to phenomena related to micro-defects
that, in turn, were not reproduced with the present FE modeling.

With respect to the point (3), Findley’s criterion is undoubtedly the most appropriate
for identifying the direction of crack propagation in each possible nucleation point of both
the studied gears. Therefore, it is possible to assert that the crack propagation direction
at the ρ f P does not follow the plane of maximum alternating shear stress but the plane of
maximum damage parameter according to Findley. Indeed, all experimentally identified
cracks follow a direction relevant to that indicated by the implementation of Findley’s
criterion. This result could open the door to the development of new fatigue criteria based
on the critical plane for the study of gear. Indeed, an interesting future research direction
would be to formulate and/or verify criteria defining the critical plane by the damage
parameter (as currently done by Findley’s criterion) and, therefore, taking into account also
the stress normal to the critical plane for its definition.

Eventually, it is worth noting that the method proposed in this paper has a general va-
lidity since it models three-dimensional geometries. However, in the specific case studied in
this article, two-dimensional models could also be used to speed up the simulations. In this
case, to implement the elaboration of the stress history, it would have been possible to use
cylindrical coordinates by setting an angle constant consistent with the simulated model.
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Abbreviations

Nomenclature
TBF Tooth Bending Fatigue
TBS Tooth Bending Strength
STBF Single Tooth Bending Fatigue
FE Finite Element
MCC Minimum Circumscribed Circle
DP Damage Parameter
ρ f P Tooth Root Radius
σF Maximum tensile stress
σFP Permissible bending stress
σFlim Material strength
σ(t) Stress tensor history
Pn Stress exerting on a plane defined by a normal vector n
ϕn, ϑn Spherical coordinates of the plane defined by a normal vector n
σn Stress component normal to the plane defined by a normal vector n
τn Stress component tangential to the plane defined by a normal vector n
σn,min Minimum value assumed by σn
σn,max Maximum value assumed by σn
Γn Curve determined by τn along the time
τn,a Alternating tangential stress on the plane defined by a normal vector n
τn,m Average tangential stress on the plane defined by a normal vector n
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σc,max Maximum stress component normal to the critical plane
τc,a Alternating tangential stress on the critical plane
σf Material fatigue limit at symmetrical alternating bending loading
τf Material fatigue limit at symmetrical alternating torsional loading
rτ/σ Ratio between τf and σf
SF Safety Factor
χ Linear coordinate along the fillet in the tooth root radius
β Angle between the tooth axis and crack direction
T Time period in a loading cycle
Nmax Number of nodes modeling the tooth root radius
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Abstract: This paper validates a methodology for the estimation of critical loads in tubular beams
containing notch-type defects. The methodology is particularized for the case of Al6060-T66 tubular
cantilever beams containing U-shaped notches. It consists in obtaining the stress field at the notch tip
using finite element analysis (FEA) and the subsequent application of the theory of critical distances
(TCD) to derive the corresponding critical load (or load-bearing capacity). The results demonstrate
that this methodology provides satisfactory predictions of fracture loads.

Keywords: critical load; fracture; tubular cantilever beam; U-notch; theory of critical distances

1. Introduction

Tubular sections are widely used in engineering applications such as transport systems (e.g., tubes,
pipelines), naval and aeronautical engineering, offshore equipment, or lifting systems (e.g., cranes),
among others. These structural solutions have been demonstrated to have great strength against
different types of loading conditions such as torsion, compression, or multiaxial bending. In addition,
their specific shape has proved to be an adequate solution for structures exposed to wind, water,
or wave loads, and they are less prone to corrosion processes, as they do not tend to generate local
accumulations of water. With all this, it is of great importance from an engineering perspective to be
able to estimate the critical loads of this kind of structures, especially when they contain defects.

In the field of structural integrity, the analysis of defects plays an important role in ensuring
the safety of structural components. Structural integrity procedures (e.g., [1–3]) are able to evaluate
components containing cracks, combining fracture and plastic collapse analyses. However, in many
cases, the structures present defects with finite radii on the tip. These defects are generally named
notches, and if they are assessed as crack-like defects using standard methodologies (traditionally based
on fracture mechanics [4,5]), the results tend to be over-conservative. This is caused by the fact that
notches generate more relaxed stress fields at their tip (when compared to those generated by cracks).
Apparently, the material develops a higher fracture resistance (usually referred to as the apparent
fracture toughness) than that developed in cracked conditions (fracture toughness). Therefore, it is
necessary to provide structural assessment methodologies that are capable of taking the notch effect
into account, providing accurate predictions of the resulting critical loads. Different works (e.g., [6–11])
dealing with the structural integrity of tubular sections may be found in literature, although failure
processes (e.g., plastic collapse, buckling) and defect types (e.g., cracks, cutouts) are different to those
considered in this work.

In this sense, when dealing with notch assessments, there are two main types of criteria: the global
criterion (based on the use of a notch stress intensity factor, analogously to ordinary fracture mechanics),
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and local criteria (based on the study of stress or strain fields around the notch tip). Among the latter,
the theory of critical distances (TCD) stands out, and its applicability in fracture assessments has been
widely reported in the literature for a variety of materials (such as polymers [12,13], metals [14,15],
composites [16], or ceramics [17,18]). Moreover, the TCD has also been validated to analyze phenomena
such as fatigue [19] or environmentally assisted cracking [20] and has been applied to different length
scales [19,21,22].

The TCD is actually a group of methodologies initially proposed in the mid-twentieth century
by Neuber [23] and Peterson [24] to predict the fatigue behavior of structural components containing
notches. All these methodologies have in common the use of two additional parameters: a material
length parameter called the critical distance (L), which is defined by Equation (1), and a material
strength parameter named the inherent strength (σ0). In fracture analysis, both parameters are directly
related with the material fracture resistance (Kmat) through Equation (1).

L =
1
π

(
Kmat

σ0

)2

(1)

For brittle materials (e.g., ceramics) or quasi-brittle materials (e.g., many fiber-reinforced
composites), the inherent material strength is equal or very close to the corresponding ultimate
tensile strength (σu). Otherwise, σ0 tends to be higher than σu, with this tendency being more
pronounced as long as plasticity is developed in the vicinity of the notch. In such cases, σo has to be
determined (calibrated) through experimental tests of specimens containing notches with different
radii, or through a combination of experimental tests and finite element (FE) modeling.

Within the different approaches proposed by the TCD, the point method (PM) stands out for
its simplicity, and provides similar results to other TCD methodologies, such as the line method,
the area method, or the volume method, among others [19]. According to the PM criterion, fracture
occurs when the stress equates the inherent strength, σ0, at a distance equal to L/2 from the defect tip.
The mathematical expression is given by Equation (2):

σ
(L

2

)
= σ0 (2)

Thus, the PM allows the fracture behavior of notched components to be analyzed by simply
knowing L together with the (linear elastic) stress field at the notch tip. The evolution of FE tools
allows the stress distribution at a stress concentrator to be more easily determined, something that
has allowed extensive validation of the TCD methodologies [19]. However, this validation has been
strongly focused on fracture mechanics notched specimens (e.g., CT and single edge notched bend
(SENB) samples). In this context, this paper attempts to validate the application of the TCD (coupled
with FE analyses) on a larger scale in real structural components (in this case, tubular cantilever beams
containing U-notches).

With all of this, Section 2 presents the material and methods, Section 3 gathers the results obtained
experimentally and through the TCD-FE analysis, together with the corresponding discussion, and
Section 4 summarizes the main conclusions.

2. Materials and Methods

2.1. Materials

The material employed in the present study is a 6060-T66 aluminum alloy. It belongs to the wrought
aluminum–magnesium–silicon alloys (6xxx series), and it has been additionally solution heat-treated
and artificially aged (T66). This alloy is especially optimized for extrusion processes and develops
good tensile strength. It has remarkable corrosion resistance and good weldability. It is commonly
used in engineering applications (e.g., railway, automotive industry, building construction, etc.).

68



Metals 2020, 10, 1395

In order to carry out the experimental program, four 1.8 m long tubular beams were employed.
Two of them had an outer diameter of 312 mm and 6 mm thickness, with the other two beams having
an outer diameter of 260 mm and 5 mm thickness. Table 1 gathers the nominal chemical composition
of this aluminum alloy [25].

Table 1. Chemical composition (nominal) of Al6060-T66 [25].

Si Fe Cu Mn Mg Cr Zn Ti Al

0.30–0.60 0.10–0.30 ≤0.10 ≤0.10 0.35–0.60 ≤0.05 ≤0.15 ≤0.10 balance

2.2. Methods

The present study proposes a methodology for the analysis of tubular cantilever beams containing
(circumferential) through thickness U-notches by applying the TCD. This requires completing
experimental tests and FE simulations.

Regarding the experimental program, three of the tubes mentioned above were conducted to
failure through bending tests, but previously both fracture and tensile tests were performed in order to
characterize the material. Fracture and tensile specimens were machined from the remnant fourth tube
(with an outer diameter of 260 mm and 5 mm thickness).

Three tensile tests were conducted according to the ASTM E8M standard [26]. Figure 1 shows the
dimensions of the samples that were machined in the longitudinal direction. The tests were carried out
with a loading rate of 5 mm/min.

Figure 1. Tensile test specimens. Dimensions in mm.

Subsequently, the fracture behavior of AL6060-T66 was characterized. A total of nine SENB
specimens were tested following ASTM E1820 [27]. Three specimens for each notch radii were obtained
in LC orientation: the opening stresses act in the longitudinal direction of the pipe, and the defect
propagates circumferentially. The notch radii considered in this work are 0 mm (crack-like defect),
1 mm, and 2 mm. Notches of finite radius (1 mm and 2 mm) were obtained by machining, whereas
crack-like defects were generated by fatigue pre-cracking according to ASTM E1820. Figure 2 shows a
schematic of the specimen used in the fracture characterization. It can be noticed that the width is
slightly smaller than the tube thickness due to the need to have prismatic samples. The loading rate
was 10 mm/min.

Figure 2. Schematic of fracture single edge notched bend (SENB) specimens. Dimensions in mm.
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To conclude with the experimental works, the remnant three tubular cantilever beams were
prepared to be tested. Through-thickness circumferential U-notches were machined at a distance of
approximately 350 mm from one of the tube ends. In order to obtain a fixed support, the same tube
end was introduced 330 mm in reinforced concrete. Figure 3 shows an image of the experimental
setup, Figure 4 represents a schematic of the notched tubular cantilever beams, and Table 2 gathers the
geometry of both the tubes and the notches.

 
Figure 3. Experimental setup.

Figure 4. Schematic of the tubular cantilever beams containing a U-notch close to the fixed support.

Table 2. Geometrical parameters of the tubes and their corresponding U-notch: Ø, outer diameter; B,
tube thickness; D, distance from concrete support to notched section; L, distance from applied load to
notched section; 2a, defect length; ρ, defect radius. Dimensions in mm.

Tube Material Ø B D L 2a ρ

AL1 AL6060-T66 312 6.0 30.4 1451 27.2 0.8
AL2 AL6060-T66 312 6.0 27.0 1448 27.2 1.5
AL3 AL6060-T66 260 5.0 21. 1452 45.3 0.8
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In order to obtain the experimental critical loads (load-bearing capacity), the tubes were set up in
the testing bench, ensuring that the solid concrete block was totally fixed with screws avoiding any
kind of movement. A single vertical load was applied at the free edge with a testing rate of 10 mm/min,
while a calibrated laser comparator measured the resulting deflection.

As explained above, the application of the PM requires the stress field around the defect tip to be
determined. With this aim, FE analyses were carried out. The simulations were performed in linear
elastic conditions using the finite element software ANSYS 19.2 (Ansys Inc, Canonsburg, PA, USA)
both in the SENB specimens and the cantilever beams.

The simulation of the SENB specimens (Figure 5a) was performed using a structured mesh
composed by 20-node hexahedron elements, as shown in Figure 5b. The area surrounding the notch
tip was discretized using a much finer mesh, because of the higher stress gradient generated in that
zone. For each notch radius, the stress–distance curves were finally obtained in the middle line of the
fracture section and for the corresponding average value of the critical loads. The stresses used in
the analyses are the corresponding maximum principal stresses, which, in these particular structural
conditions, act in the longitudinal direction of the tubular beams.

 
(a) (b) 

Figure 5. Geometry of the model used in finite element (FE) simulations, showing the middle line on
the fracture section (a) and the generated mesh (b).

Once the stress–distance curves for each notch radius were determined, the PM was applied to
calibrate the material parameters. When PM is used, it is sufficient to obtain the cutoff point between
the different curves, which theoretically corresponds to the coordinates (L/2, σo), as shown in Figure 6.

Figure 6. Obtaining theory of critical distances (TCD) parameters using the stress–distance curves.
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Finally, the three cantilever tubular beams were modeled (see an example in Figure 7). Again,
a structured mesh composed by 20-node hexahedron elements was used. The notch region was
partitioned in order to generate a refined mesh, also ensuring 20 elements along the tube thickness.
The simulation was performed with just a half of the tube because of the symmetry conditions, applying
the load at the free end of each beam. The part of the tube fixed in the concrete block had all the
movements restricted, and the points of the tube located in the symmetry plane could only have
displacements in such a plane. Here, it is important to notice that the critical load of the complete
tubular beam is twice the critical load of the model. A path was created on each tube, starting
at the notch root, at half of the tube thickness and along the circumferential direction. Thus, the
stress–distance curve (along the corresponding path) was obtained for each tube under the load being
applied. Finally, the estimated critical load (or load-bearing capacity) was that for which Equation (2)
was satisfied.

 
(a) (b) 

Figure 7. (a) Mesh employed in the FEA (finite element analysis) of the tubular beams; (b) detail of the
notch tip.

3. Results

The main tensile properties of the Al6060-T66 being used are gathered in Table 3, with E being the
Young’s modulus, σ0.2 being the proof strength, σu being the ultimate tensile strength, and εmax being
the strain under maximum load.

Table 3. Mechanical properties (mean and standard deviation).

Material E (MPa) σ0.2 (MPa) σu (MPa) εmax (%)

AL 6060 70,750 ± 554 215.0 ± 1.7 264.4 ± 1.8 11.60 ± 0.31

Table 4 presents the experimental results of the fracture tests, with Figure 8 showing some
representative examples of the experimental load–displacement curves obtained for each notch radius.
Here, it is important to notice that the fracture resistance values obtained are high, even in cracked
conditions. In this sense, Equation (3) provides a criterion to estimate the onset of the plane stress
conditions [19], with B being the thickness and σy being the yield stress (the proof stress for the material
being analyzed here). It is straightforward to derive that plane stress conditions are achieved for
fracture resistance values above 26.7 MPam1/2, approximately, so all the SENB specimens being tested
are under plane stress conditions, explaining the high values of fracture resistance obtained here.
This is also important to justify the scarce influence of the election of the tube selected for tensile and
fracture characterization. As long as the two possible thicknesses (5 mm vs. 6 mm) generate fully
plane stress conditions, the influence of this dimension on the resulting fracture resistance may be
considered to be negligible.

KPlane Stress = σY(πB)1/2 (3)
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Table 4. Experimental results obtained in SENB specimens. KN
mat in cracked specimens correspond to

the material fracture toughness Kmat.

Material Specimen ρ (mm)
Defect Length

(mm)
Critical Load

(N)
KN

mat
(MPa·m1/2)

AL6060-T66

0-1 0 4.23 1208.8 51.89
0-2 4.62 1341.6 59.42
1-1 1 5.00 1235.8 96.53
1-2 5.00 1236.2 92.62
1-3 5.00 1226.7 103.56
2-1 2 5.00 1296.1 125.49
2-2 5.00 1259.2 116.47
2-3 5.00 1259.2 130.03
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Figure 8. Load–displacement curves of some of the fracture tests.

The load–displacement curves of the structural tests performed on the notched cantilever beams
are shown in Figure 9, while the corresponding values of the critical load (in terms of the experimental
load-bearing capacity, LBCexp) are presented in Table 5.

Figure 9. Load–displacement curves of the different tubular beam.
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Table 5. Values of L and σo obtained from calibration, together with the experimental and the estimated
values of load-bearing capacity (LBC).

Tube L (mm) σo (MPa) LBCexp (kN) LBCest (kN)

AL1
0.22 920

72.65 76.67
AL2 72.75 87.62
AL3 42.86 39.15

Concerning the FE simulations, the stress–distance curves obtained in the fracture section of the
SENB specimens are shown in Figure 10. When the PM is applied in more than two geometries, and
the number of tests is limited, it can be observed that the different curves do not necessarily cross
each other at the same point, as shown in Figure 6. Following the PM, and considering the inherent
scatter of fracture processes, a much larger number of specimens per notch radius would be needed to
obtain a single crossing point. For this reason, the material parameters, gathered in Table 5, have been
obtained in this work as the average of the different cutoff points, the essential assumption of the PM
being reasonably fulfilled. Analogously, Figure 11 shows the stress–distance curves corresponding to
the different tubular beams when a load of 1 N is applied in the free edge.

Figure 10. Stress–distance curves at critical load in SENB specimens. The solid circles correspond to
the cutoff points.

Figure 11. Stress–distance curves in tubular beams when applying a unit load (1 N) at the free end.
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Once the experimental results and the FE modeling have been presented, Table 5 also shows the
estimations of the load-bearing capacity (LBCest) for each tube.

Figure 12 compares the experimental results and the corresponding TCD-FE estimations, showing
acceptable predictions of the load-bearing capacity. All the results are basically in the ±20% scatter
band, which is generally accepted in fracture research [19,28–30], with an average overestimation of
the LBC of +5.7%. This is also understandable, taking into consideration that this approach does not
include any safety factor, something commonly used in structural integrity assessments. It can be
noticed that the maximum deviation (+20%) occurs in the tube with the largest notch radii (ρ = 1.5 mm),
which has the more pronounced nonlinear behavior (see Figure 9). It seems that although the TCD
compensates nonlinearities with the calibration process (through σ0 values larger than σu), the resulting
LBC estimations may lose accuracy when the material’s nonlinear behavior becomes more developed.
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Figure 12. Comparison between the experimental results (LBCexp) and the resulting estimations (LBCest).

4. Conclusions

In this paper, a methodology for the estimation of critical loads in tubular beams containing
U-notches has been validated. The methodology is based on the application of the theory of
critical distances (TCD) through the point method (PM) and finite element (FE) linear elastic
simulations. The methodology has been validated in three Al6060-T66 cantilever beams containing
circumferential through thickness U-notches, providing specific validation beyond that reported in
fracture mechanics specimens.

Tensile and fracture tests allowed the corresponding material mechanical properties to be estimated,
and the combination of fracture tests on notched SENB specimens and FE analyses allowed the material
critical distance and inherent strength to be calibrated.

With all this, FE simulations of the notched cantilever beams were performed, determining the
estimations of the critical loads (or load-bearing capacities) as those loads for which the PM criterion
was fulfilled.

The predicted critical loads represent acceptable estimations of the experimental critical loads,
almost within the typical accepted scatter band for fracture processes (± 20%), and with an average
overestimation of + 5.7% (without any use of safety factors). The largest deviation (+ 20.4%) was
observed in the beam developing the most evident nonlinear behavior, thus being further away from
the initial linear elastic nature of the TCD, which makes it harder to compensate by the calibration
process of the material critical distance.

The methodology may be applied to other structural components containing any kind of notches.
However, further validation is required to establish general conclusions about its accuracy.
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Abstract: The quality and performance of steel castings is always a concern due to porosities formed
during solidification of the melt. Nowadays, computational tools are playing a pivotal role in
analyzing such defects, followed by their minimization through mold design optimization. Even if
the castings are produced with defects in a permissible range, it is important to examine their service
life and performance with those defects in a virtual domain using simulation software. This paper
aims to develop a methodology with a similar idea of simulation-based optimization of mold design
and predictions of life and reliability of components manufactured with minimized casting defects,
especially porosities. The cast parts are standard fatigue specimens which are produced through
an optimized multi-cavity mold. X-ray imaging is done to determine the soundness of cast parts.
Experimental work includes load-controlled fatigue testing under fully reversed condition. The
fatigue life of specimens is also simulated and compared with the experimental results. The classical
strength-stress model is used to determine the reliability of cast parts through which a safe-load
induced stress of steel castings is determined. Finally, probability distributions are fit to the reliability
results to develop the reliability models. It is found that porosities can be minimized significantly in
the mold design phase using casting simulations. Nevertheless, some porosities are bound to exist,
which must be included in realistic estimation of fatigue life and reliability of cast parts.

Keywords: metal casting; mold design; simulation; optimization; fatigue life; reliability

1. Introduction

Steel casting is widely used for components with high requirements regarding strength,
toughness, and wear resistance [1]. Due to a large variety of grades available for steel, it
is convenient to adjust the properties such as strength and hardness, corrosion and wear
resistance, and operating temperatures. The key advantage of casting steel is obtaining
a near net shape product with almost any level of intricacy. However, steel tends to
form pores during solidification, which must be considered during the mold design. It is
essential to include suitable gate geometries and feeders to minimize shrinkage porosities,
as well as a proper venting system for resulting gases, to minimize gas porosities. These
porosities often pose challenges in quality, life and reliability of steel castings while in
service. Hence, these porosities must be included in realistic fatigue life and reliability
estimates of steel castings.

The advancements in computational tools have led to the visualization of both the
casting process and performance in a completely virtual domain. In pursuit of a robust
mold design, it allows a shift from the conventional trial-and-error approach to a mod-
ern proof-of-concept approach which makes the process faster, more efficient and less
expensive [2]. The simulation-based optimization is a relatively new idea for developing
a robust mold design [3–7]. Demler et al. used casting simulation software to determine
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suitable casting parameters and to predict porosity in components of a drive train made of
low alloy steel [4]. Simulation results suggested a suitable casting temperature of 1680 ◦C
together with a casting time of 10 s. The exact locations of feeders are also identified using
simulations to ensure proper filling of the molten metal in critical areas of the casting cavity.
Lei et al. studied the optimization of the casting system of turbocharger castings using
MAGMASoft [5]. The castings originally produced in the foundry are found with defects
such as air entrapment, shrinkage and micro-shrinkage, etc. The causes of such defects are
first identified using casting simulations, followed by mold design and process parameter
optimization. In this regard, the geometry of the sprue and sprue base is significantly modi-
fied, and the pouring time is reduced. This resulted in a steadier flow of the melt within the
mold together with a faster filling time. It is reported that the defected casting rate dropped
from 20% to 10% using simulation-based modified casting system. Sunanda et al. studied
the sand casting optimization of a medium carbon steel pulley using Procast software [6].
The main problem is a very heated central region of the pulley casting during solidification
leading to hotspots and shrinkage porosity. The issue is addressed by modifying dimen-
sions of sprue, risers and even the ingates in the casting system. Kumar et al. optimized
the gating system of a rotary adapter produced by an investment casting process [7]. The
casting process is simulated using Procast. Various parameters are considered such as air,
flow length, foreign metal entrapment, in gate velocity and gating ratio. The results for each
simulation run are examined in terms of in gate entry velocity, fraction solid, shrinkage
porosity, etc. Finally, an optimized gating system is developed, simulated and found free
from the defects.

A holistic approach is to include the defects, particularly porosities, predicted in cast-
ing simulations while determining the service life and reliability. Efforts have been made
in the past towards such integration [8–11]. Sheikh et al. studied the effect of mold design
optimization on fatigue life and reliability of cast parts [8]. Casting simulations are used
to minimize porosity in cast parts followed by their life prediction and reliability assess-
ment through finite element simulations. A comparison of simulation and experimental
results validated the developed methodology and its application to any cast metal/alloy.
Schmiedel et al. investigated the fatigue life of cast 42CrMo4 steel in the range from high
to very high cycle fatigue [9]. The most detrimental defect in cast state is found to be
microshrinkage. A short crack growth model based on considerations of Miller is adapted
to examine the fatigue life by using the experimental fatigue data and fracture morphology.

This paper presents an integrated approach of utilizing simulations and experiments
to estimate fatigue life and reliability of steel castings. Unlike the conventional method
of drawing specimens from already cast plates, rods, blocks or even actual castings, the
fatigue specimens are considered to be simple cast parts. A multi-cavity initial mold design
is developed, simulated and optimized to produce specimens with minimum porosity.
The specimens are cast using an optimized mold design for mechanical testing. Next,
fatigue life of specimens is simulated using ABAQUS and the results are compared with
experimental results to validate the model. Reliability computations are done using a Stress-
Strength model which considers both strength and stress as variables. Finally, probability
distributions are fit to the reliability results to develop the reliability models. A graphical
representation of the methodology used in this study is presented in Figure 1.
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Figure 1. Methodology to estimate fatigue life and reliability of steel cast specimens.

2. Materials

The selected material for this work is ASTM A216 WCB steel due to its widespread
use in casting industry. It offers a good mix of strength and ductility, making it suitable
to be employed in casting of engineering components. The chemical composition and
mechanical properties at room temperature for this steel alloy are provided in Table 1. In
addition to the cast material, the selected mold material for this work is Furan sand, which
is a chemically bonded sand and does not require baking of the mold. Furan sand molds are
compact and provide numerous advantages such as accuracy in casting size, clear outline
of casting, smooth surface, good appearance quality, and compact microstructure. Table 2
lists the important properties of the mold material.

Table 1. ASTM A216 WCB steel material specification.

Chemical Composition (Wt.%)

Fe C Mn Si P S Ni Cr Mo Cu

96.2 0.3 1 0.6 0.035 0.35 0.5 0.5 0.2 0.3

Mechanical Properties (at room temperature as per ASTM A216)

Yield Strength (MPa) Tensile Strength (MPa) Elongation (%)

248 485 22

Table 2. Mold Material Specification.

Mold Material Furan

Base Materials Silica Sand
Binder Furan
Water Content 0%
Initial Temperature 20 ◦C

Erosion Properties

Reference Velocity 3 m/s
Reference Time 6 s

Sand Inclusion Parameters

Sand grain diameter 240 μm
Sand grain density 2650 kg/m3
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3. MAGMASoft Simulations for Casting Specimens

A usual practice in mechanical characterization of metal castings is extracting the
specimens from plates, blocks, rods or even actual cast parts. This approach is reasonable
when the properties and behavior of actual castings need to be determined under static and
dynamic loading. The process-oriented nature of this work demands considering fatigue
specimens shown in Figure 2 as a simple cast part. Therefore, a mold is initially designed
and simulated to understand filling and solidification behavior and defect predictions,
followed by its optimization to minimize porosities.

Figure 2. Fatigue specimen geometry (All dimensions are in mm).

Casting simulations are set up in MAGMASoft using different perspectives within
the software. To begin with, casting layout, i.e., assembly of components, such as pouring
basin, sprue, runner, gates, casting, risers, etc., is either drawn or imported from a CAD
software in the Geometry perspective. A mold is also created in the same perspective.
Next, the casting layout and mold is discretized using Mesh perspective. Following mesh
generation, material (cast alloy and mold) properties and process parameters are defined
using the Definition perspective. If needed, Optimization perspective can be used to set
criteria for autonomous optimization of casting layout. The required results are defined,
and simulation settings are done using the Simulation perspective. At the end of the
simulation, the results are viewed in the Results perspective. A flow chart of the simulation
sequence in MAGMASoft is presented in Figure 3.

Figure 3. Simulation sequence in MAGMASoft.
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The optimized mold designs for casting fatigue specimens are developed as follows:

(a) Initial Mold Design: This mold design requires theoretical calculations, casting stan-
dards, design expertise of foundrymen and daily foundry practices.

(b) Casting Simulation of Initial Mold Design: The resulting mold from (a) is simulated
for filling and solidification behavior, stress distribution and porosity prediction in
specimens using MAGMASoft.

(c) Optimized Mold Design: Based on the results obtained in (b), the mold design is
carefully optimized for casting layout and/or process parameters. It is important
to set the objectives of this optimization, for example, yield maximization, defect
minimization, residual stress minimization, etc. In this study, the main objective is set
as porosity minimization.

The details of mold design optimization are presented in the following sub-sections.

3.1. Initial Mold Design

The initial mold design is modeled in SOLIDWORKS as shown in Figure 4. It is a
multi-cavity mold with sprue-runner configuration, where, instead of choking each casting
separately, a single choke is used in the runner area. Casting simulations are done using
MAGMASoft. The casting layout is divided into 1,975,320 volume elements using a cubical
mesh. MAGMASoft offers a full range of material properties and heat transfer settings
as an input to simulations [12]. The pouring temperature is set to be 1630 ◦C whereas the
mold is assumed to be at room temperature, i.e., 20 ◦C. Pouring time is defined as 15 s.
With these simulation settings, the feeding effectivity calculated by the software is ~30%.
From a results perspective, it is decided to run simulations for filling and solidification
sequence, residual stress distribution, and magnitude and locations of porosities.

Figure 4. Initial mold design for casting fatigue specimens.

Figure 5a depicts the temperature profile of the mold after pouring. As expected,
solidification continues with a drop in temperature of the melt. It can be observed that
solidification began with the test section of the specimens and all specimens are solidified
at 50% solidification as shown in Figure 5b. The solidification time is recorded to be 8 min
with risers being the last region to solidify in the mold. The distribution of residual stresses
is presented in Figure 5c where stresses are concentrated in the test section of the specimens.
The maximum residual stress at ejection is about 50 MPa, which is a typical magnitude of
residual stress in steel castings [13].
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Figure 5. (a) Temperature profile within the mold at 50% solidification, (b) Percentage fraction solid
at 50% solidification, and (c) Residual stresses distribution.

In terms of porosity, the X-ray view shown in Figure 6a revealed only one specimen to
be pore-free. However, significant porosity is observed in specimens 4, 6, 7 and 8 as shown
in Figure 6. Despite the porosity being observed in the grips of test specimens, it had to
be minimized for the reason that these specimens are simple cast products. Microporosity
is distributed throughout the casting layout with a maximum microporosity to be ~4% as
shown in Figure 6b. Figure 6c shows the total porosity in the specimens which is found to
be nearly the same in all specimens and could be minimized with a better mold design.

Figure 6. X-ray views of (a) porosity, (b) microporosity and (c) total porosity in simulated cast
specimens using initial mold design.

3.2. Optimized Mold Design

The optimization problem is to obtain high quality casting nearly free from defects
especially porosity. The objective function is to minimize porosity in castings (test spec-
imens in this case) so that they have a mechanical performance similar to their sound
counterparts. The design variables are elements of gating and runner system (Shape and
size of sprue, choking, runner geometry and shape, addition of exothermic sleeves, etc.)
and the constraints are cast and mold material, melting and pouring temperatures. The
new mold design includes changes such as removal of choke from the sprue, choke at
the beginning of runner bar, and use of exothermic sleeves. The new casting layout, as
shown in Figure 7 is divided into 1,989,414 elements. The simulation settings are kept the
same as already discussed earlier. Once again, simulation results indicated temperature
gradient in specimens as shown in Figure 8a, and the risers are found to solidify at the end
as shown in Figure 8b. It took 16 min for complete solidification using this mold design.
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Residual stresses in specimens are shown in Figure 8c which are reduced from ~50 MPa
to ~30 MPa. Once again, the X-ray view of the software, as shown in Figure 9, enabled
analysis of the simulated porosity, microporosity, and total porosity in specimens. It can be
observed that nearly the same porosity is predicted in all specimens as shown in Figure 9a.
The connections between runner and specimens are found to be pore-free in the new mold
design. Some microporosity is observed, which is uniformly distributed in the specimens
as shown in Figure 9b. Total porosity is found to be identical and reduced in all specimens
as compared to the total porosity shown in Figure 6c.

Figure 7. Optimized mold design for casting fatigue specimens.

Figure 8. (a) Temperature profile within the mold at 50% solidification, (b) Percentage fraction solid
at 50% solidification, and (c) Residual stresses in specimens at ejection.

Figure 9. X-ray views of (a) porosity, (b) microporosity and (c) total porosity in simulated cast
specimens using optimized mold design.

4. Casting and Mechanical Testing

The preparation of a mold requires a pattern which is an exact replica of the part
to be cast. A wooden pattern of the optimized casting layout is developed as shown in
Figure 10a to compact sand around it thereby forming a mold. The resulting sand mold
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is shown in Figure 10b. In order to avoid direct interaction of molten metal with the
mold material, a dense layer of zirconium-based coating is applied to the mold surface.
Mold properties evaluation revealed a compression strength of 18 kg/cm2 and a scratch
hardness of 28–29. The pouring temperature is set to 1590–1600 ◦C for which steel is
melted in an induction furnace which offers ease of operation, high quality of products,
better metallurgical functions, and lower oxidation losses. The steel is deoxidized using
Aluminum in the ladle prior to pouring into the mold. It is ensured to perform casting at
similar conditions which are used in the simulations. Figure 10c shows the entire casting
just after the removal of mold. As mentioned earlier, the specimens are considered as
simple cast parts which are obtained after removing pouring basin, sprue, runner bar,
and risers. The specimens are then annealed at 920 ◦C, held for half an hour, and cooled
in furnace. Specimens after heat treatment are machined to final dimensions as per the
ASTM E-466 standard [14]. The quality and surface finish of the specimens is enhanced
during machining.

Figure 10. (a) Pattern, (b) Sand mold and (c) Cast Specimens prior to cleaning and finishing.

The quality of cast specimens is evaluated using radiographic examination. The results
of X-ray imaging are presented in Figure 11. Some porosity is revealed within the test
section of specimens which is observed as difference in appearance of grips and the test
section as shown in Figure 11. However, the distribution of porosity from one specimen to
another is not much different.

Figure 11. X-ray imaging of steel fatigue specimens.

The fatigue testing is done as per the ASTM E-466 standard [14]. The experimental
setup is presented in Figure 12. Fully revered conditions where R = −1 is used to test all
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specimens under cyclic loading. The frequency of testing is set to be 5 Hz for all specimens.
Fatigue testing is done until fracture for all specimens except for runout condition which
is 106 cycles in this study. A careful selection of stress amplitude has led to the testing of
six specimens for finite life and one for the infinite life. Table 3 lists the stress amplitude
selected and number of cycles to failure for each specimen. Figure 13 depicts the SN curve
developed as a results of fatigue testing of steel specimens.

Figure 12. Experimental setup for fatigue testing.

Table 3. Experimental results for fatigue testing of specimens.

Specimen ID Stress Applied for Test (MPa) Frequency (Hz) Fatigue Life (Cycles)

S1′ 326 5 62
S2′ 244 5 6545
S3′ 204 5 20,561
S4′ 163 5 56,893
S5′ 122 5 145,089
S6′ 81 5 535,564
S7′ 41 5 3,061,195

Figure 13. S-N curve for cast steel specimens.
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5. Fatigue Simulations and Life Prediction

5.1. Simulation Procedure

Fatigue testing is simulated by doing (a) finite element elastic stress using the load
in experimental fatigue testing and (b) fatigue life prediction using multi-axial strain-life
approach using stress fields predicted in (a). The results of porosity from MAGMASoft
are mapped to Finite Element Analysis (FEA) nodes using MAGMAlink. MAGMAlink
allows user to import and export results to and from other softwares into and out of
MAGMASoft. The translation and rotation features enable FEA mesh to accurately overlay
the MAGMASoft model. FEA mesh is developed in ABAQUS prior to stress simulation.
MAGMAlink provides the magnitude of nodal porosity which has to be integrated in
ABAQUS. The node sets and nodal porosity data are included in the ABAQUS input file
which contains all commands, boundary conditions, and properties required to run the
stress simulation. A comparison of experimental and simulation results ensures competency
of the model in predicting the fatigue life prediction.

The element type used for fatigue simulations is an eight-node linear brick element
(C3D8R). The boundary conditions are set to replicate the actual testing conditions. The
specimen is held fixed from one end and a uniformly distributed load, reflecting the actual
loading condition for each specimen, is applied to the other end as shown in Figure 14a.
Mesh sensitivity analysis confirmed a 1 mm node spacing suitable for all simulations. The
resulting mesh is shown in Figure 14b. The finite element model developed with these
specifications consist of 83,433 elements, 90,373 nodes and 345,546 variables.

Figure 14. (a) Boundary conditions and (b) Meshed specimen with 1 mm node spacing.

The simulation results are imported to Fe-safe software [15] which is used to predict
lives of specimens. Tension and compression steps of fully reversed loading, i.e., R = 1 are
taken into consideration while calculating the fatigue life. The material properties used
for life prediction are summarized in Table 4. The inputs required by the software are
material properties and loading cycle. Stress-strain conversion takes place within Fe-safe
by utilizing the elastic modulus of pore-free steel. The recommended algorithm by Fe-safe
for predicting fatigue life of steel is Brown–Miller algorithm with Morrow mean stress
correction [15].
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Table 4. ASTM A216 WCB Steel Monotonic and Cyclic Properties [1,16].

ASTM A216 WCB Monotonic Properties

Ultimate Tensile Strength, σUTS (MPa) 620
Yield Strength, σy (MPa) 355
Modulus of Elasticity, E0 (MPa) 198,000
Percentage Elongation, %EL - 32.5
Fracture strength, σf (MPa) 293

ASTM A216 WCB Cyclic Properties

Fatigue Strength, S f (MPa) 141
S f /σUTS 0.227
Cyclic Strain Hardening Coefficient, K′ (MPa) 1558
Cyclic Strain Hardening Exponent, n′ 0.295
Fatigue Strength Coefficient, σf

′ (MPa) 1015
Fatigue Strength Exponent, b −0.136
Fatigue Ductility Coefficient, ε f

′ 0.195
Fatigue Ductility Exponent, c −0.435

5.2. Brown–Miller Analysis

The Brown–Miller algorithm conservative approach for fatigue life prediction, using
planes perpendicular to the surface and at 45 degrees to the surface. It uses a critical plane
analysis to estimate the fatigue life in reversals to failure, 2Nf , by solving the following
equation [15] at each node.

Δγmax
2

+
Δεn

2
= 1.65

σ′f
E

(2Nf)
b + 1.75 ε′f(2Nf)

c (1)

With Morrow mean stress correction, Equation (1) is modified to

Δγmax
2

+
Δεn

2
= 1.65

( σ′f − σm)

E
(2Nf)

b + 1.75 ε′f(2Nf)
c (2)

where Δγmax
2 is the maximum shear strain amplitude, Δεn

2 is the strain amplitude normal
to the shear stress plane, σm is the mean stress, σ′f is the fatigue strength coefficient, b is
the fatigue strength exponent, ε′f is the fatigue ductility coefficient, and c is the fatigue
ductility exponent.

The critical plane analysis is used to compute the strain tensor at a FE node having
three direct and three shear components. The strain tensor is then resolved onto a number
of planes, where, at each place the damage associated with the strain is evaluated. The
plane resulted with maximum damage is used in strain-life computations. For a Cartesian
x − y − z coordinate system, the unique planes can be defined by the orientation the normal
of the plane surface makes with respect to the coordinate system [17]. This orientation can
be defined by an angle from x-axis toward the y-axis, and another angle from the z-axis
toward the x − y plane [15]. Fe-safe searched for the critical plane having worst damage in
10-degree increments over the 180-degree range of the first angle and 90-degree range of
the second angle. The strains are projected to the calculation plane using direction cosines.

5.3. Results of Fatigue Life Simulations

Figure 15 shows the simulated stress field in porous specimens, S1′ through S7′, using
ABAQUS and the fatigue life predicted by Fe-safe. The scale used for fatigue life is
Log10 life, i.e., 1 million cycles are represented by 6 on this scale. As mentioned earlier, a
node spacing of 1 mm is found to show good agreement between the measured and the
predicted fatigue lives. A complex stress field is developed due to porosity upon loading
each specimen. It is observed that area with stress concentrations experienced the shortest
lives. Moreover, for each specimen, the least number of cycles to failure is predicted on the
surface. This shortest life predicted is considered to be the fatigue life for that specimen. A
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summary of simulated stress, measured and predicted fatigue life for each specimens, is
presented in Table 5.

Figure 15. ABAQUS stress analysis and fatigue life prediction from Fe-safe.
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Table 5. Summary of simulated and experimental results of fatigue testing for steel specimens.

Specimen ID
Simulated Stress

(MPa)
Measured Fatigue

Life (Cycles)
Simulated Fatigue

Life (Cycle)

S1′ 469.32 62 630
S2′ 364.43 6545 9115
S3′ 289.68 20,561 24,219
S4′ 235.20 56,893 62,983
S5′ 173.66 145,089 259,682
S6′ 116.41 535,564 2,133,921
S7′ 57.50 3,061,195 7,421,449

The experimental and simulated S-N curve are presented in Figure 16. Simulation
results shows two specimens to experience the infinite life where the predicted number of
cycles to failure are beyond the runout condition, i.e., 106 cycles. For a better understanding
of experimental and simulated results, the measured and simulated lives for all specimens
are compared in Figure 17. A line of perfect correspondence is provided in the figure to
determine if a prediction is non-conservative (above the line) or conservative (below the
line). It can be observed that six out of seven specimens are within a factor of 10 of the test
results, which can be considered as a good agreement in fatigue life prediction [18]. The
specimen S1′ is found to have a relatively bad agreement since the predicted fatigue life is
slightly more than the factor of 10 of the test result. In general, the overall results for fatigue
life prediction are encouraging, however, the overall nature of predictions are found to be
non-conservative in steel specimens.

Figure 16. Simulated and experimental S-N curve for steel specimens.
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Figure 17. Measured and predicted fatigue lives of steel specimens.

6. Reliability Analysis

6.1. Strength-Stress Model and Reliability Calculations

The reliability of an engineering product deals with the undesirable events or failures
during its service life. It can be precisely defined as the reliability of a part is the probability
that, when operated under defined set of conditions, the part will perform its intended
function adequately for a specified interval of time [19]. It is an established fact that
apparently identical parts operating under similar conditions fail at different points in time.
This brings about a need to describe failure phenomena in probabilistic terms and therefore,
fundamental aspects of reliability heavily rely on concepts from probability.

The classic strength-limited design suggests the strength should be greater than the
stress. A design factor is always added to cover the uncertainties. If strength and stress
distributions are known, the reliability of a part can be determined using interference theory
presented in [8]. For a strength-limited design, let the density function for the strength is f1
and that for stress is f2, the reliability function will be a joint probability function, where

P(S > σ) = P[S − σ > 0] = R

R =
∫ ∞
−∞ f1 (S)

[∫ ∞
S f2 (σ)dσ

]
dS

(3)

where, S is the significant strength and σ is the significant load-induced stress. The task
for a given design is to ensure that S > σ. Based on fatigue life of specimens obtained at
different stress levels in Section 5, the reliability of cast specimens is estimated using this
model in this work.

Reliability computations are done for two scenarios: (i) Time-independent load-
induced stress and (ii) Time-dependent load-induced stress. Four different load-induced
stress values are selected based on the expected loading conditions on steel castings, i.e.,
79 MPa, 87 Mpa, 96 Mpa and 104 Mpa. FE-safe combines the variability in both material
fatigue strength and applied loading (if any), to calculate the probability of failure for a
specified life. For time-independent load-induced stress case, the reliability computations
are based on normally distributed stress and Weibull distributed strength. The details of
failure rate calculations are presented in [8].

The reliability analysis for time-dependent load-induced stress provides a more con-
servative estimate of component performance during service life. The strength-stress
interference theory is also applicable for this scenario, but load-induced stress cannot be
modeled through normal distribution. For this reason, Fe-safe could not be used for relia-
bility computations in this case. Instead, analytical methods proposed by Samar et al. [20]
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are used, which models both the strength and the stress through Weibull distribution. The
probability density function of strength S and stress σ distributions are given by:

f1(S) =
βS
θS

(
S
θS

)βS−1
. exp

(
− S
θS

)βS

(4)

f2(σ) =
βσ

θσ

(
σ

θσ

)βσ−1
. exp

(
− σ

θσ

)βσ

(5)

And the resultant reliability function is similar to Equation (3). The change in load-
induced stress with time can be modeled through Rayleigh distribution, which is a special
case of Weibull distribution with shape parameter β equal to 2. If βS = 2βσ, then the
reliability analysis is based on Weibull distributed strength and Rayleigh distributed load-
induced stress [8]. Using the results presented by Samar et al. [20] and with βS = 2βσ, the
reliability function is given by

R = P(S > σ) =
θS

θσ

√
π. exp

(
1
4

(
θS

θσ

)2
)

.
{

1 −φ

[
1√
2

.
(
θS

θσ

)]}
(6)

Hence, the reliability can be estimated against the ratio of scale parameters, i.e., θS
θσ

for

the targeted lives. Here, the θS
θσ

ratio is approximated to be similar to that of the S
σ ratios

for the targeted lives.

6.2. Reliability Results

Figures 18–21 depicts the reliability curves for steel specimens with load-induced
stress values 79 MPa, 87 MPa, 96 MPa and 104 MPa, respectively. In each of these figures,
the reliability of the cast parts is presented with a 0% and 5% variability in the load-induced
stress. It can be observed that a 5% variability in load has not significantly affected the
component’s reliability. This could be due to the fact that the software derives an equivalent
loading for non-constant amplitude loadings. However, the component reliability for the
same targeted life decreases with increasing load induced stress. Moreover, the effect of
Weibull shape parameter β is also analyzed and presented. Previously, it is reported that
the coefficient of variation in hardness and strength of the specimens is very less [1], which
suggests a higher value of β to be more realistic. Therefore, reliability is computed at
various values of β, i.e., 3–5 and 10. The higher the value of β, the components will be
more reliable for the same targeted lives as shown in Figures 18–21.

A summary of reliability computations for steel is presented in Figure 22. The plot
indicates the reliability of components for the runout conditions used in fatigue life pre-
diction, i.e., 106 cycles against the load induced stress. A region of safe loading is defined
based on how many components survive at a particular load. It is noted that, independent
of β, more than 86% components survive for the infinite life at a load-induced stress of
85 MPa. However, this is a conservative estimate of safe loading on component to allow
for possible variations in component strength, which is represented by β in reliability
calculations. From experience, it is readily accepted that apparently same components fail
at different points of time during service life. Therefore, in a strength-limited design, it is
appropriate to consider such variations in reliability computations. Nevertheless, if such
variations are assured to be at a minimum, the use of a higher value of β is more realistic,
which in this case resulted in a reliability of more than 95% at a load induced stress of
95 MPa in Figure 22. Hence, with the optimized mold design and a higher β = 10, it is
reasonable to infer a safe load-induced stress up to 95 Mpa.
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Figure 18. Reliability results with a load-induced stress of 79 MPa.

Figure 19. Reliability results with a load-induced stress of 87 MPa.
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Figure 20. Reliability results with a load-induced stress of 96 MPa.

Figure 21. Reliability results with a load-induced stress of 104 MPa.
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Figure 22. Summary of reliability results for cast steel.

Figure 23 shows the reliability results for time-dependent load induced stress based on
Equation (6). Here, a plot of reliability of component versus the ratio of scale parameters,
i.e., θS

θσ
in Weibull distribution is made to evaluate the results. It is evident from Figure 23

that the reliability of a component increases with increasing design factor. If the material’s
strength S is four times the mean load-induced stress σ, the parts result in ~90% reliability
which reduces to 54.5% when S = σ. It should be noted that the results in Figure 23 are valid
for βS = 2βσ which suggests that the strength is Weibull distributed and load-induced
stress is Rayleigh distributed.

Figure 23. Reliability results for time-dependent load-induced stress.

6.3. Distribution Fitting to Reliability Results

The reliability results presented above can be used to determine reliability models
by fitting probability distributions to these estimates. In this regard, log-normal distribu-
tion and Weibull distribution for the 79 MPa stress with 5% variability in load are used.
The distribution fitting includes linearizing the reliability function, plotting of linearized
reliability function, and finally estimating the distribution parameters. The log-normal
distribution parameters are μ and σ, whereas, the Weibull distribution parameters are β

and θ. For brevity, the procedure to obtain fitted models is introduced here briefly and the
details are presented elsewhere [8]. The results for log-normal distribution and Weibull
distribution fitted to reliability estimates are presented in Figures 24 and 25, respectively.
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The equations of fitted models are also included to determine the distribution parameters,
which are summarized in Tables 6 and 7.

Figure 24. Log-Normal distribution fitted to reliability estimates with load-induced stress 79 MPa.

Figure 25. Weibull distribution fitted to reliability estimates with load-induced stress 79 MPa.

Table 6. Log-normal distribution parameters fitted to reliability estimates.

Weibull Shape Parameter for
Reliability Estimate

Log-Normal Distribution Parameters

μ σ

β = 3 17.19 2.84
β = 4 17.50 2.50
β = 5 17.72 2.27
β = 10 18.91 1.93
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Table 7. Weibull distribution parameters fitted to reliability estimates.

Weibull Shape Parameter for
Reliability Estimate

Weibull Distribution Parameters

β θ

β = 3 0.876 15,464,922
β = 4 1.116 13,564,126
β = 5 1.357 12,178,806
β = 10 2.082 100,931,406

7. Conclusions and Future Work

This study presents a method for determining the fatigue life and reliability of ASTM
A 216 WCB steel castings using advanced simulations tools. For simplicity, standard fatigue
specimens are produced with an optimized and robust mold design. The life and reliability
are predicted taking into consideration the porosities, which are minimized, yet exist to
some extent in the specimens produced with optimized mold design. The key conclusions
are as follows:

� Casting simulation softwares such as MAGMASoft are capable of examining the
effects of several factors such as temperature of molten metal, pouring time and
velocity, gating and runner design, riser design, and mold configurations on the
quality of castings.

� Testing of cast standard specimens is a practical approach to validate the quality of
castings produced using simulation-based optimized mold designs.

� The simulations done in this work utilizes the porosity fractions which are defined
over a volume that is large compared to microscopic pore geometry. The good
agreement between measured and simulated fatigue lives confirms the adequate
mesh used in life prediction with integrated porosity. Nevertheless, it can be expected
that stress concentration around very small shrinkage pores can be modeled better
with further mesh refinement, which consequently will require longer simulation time
and more powerful computational facilities.

� The classical strength-stress interference theory provides realistic estimates reliability.
It is concluded that the reliability for infinite life drops down with increasing load-
induced stress. The overall results suggest 95 MPa as a safe stress to survive the cast
steel parts for an infinite life.

� The methodology presented in this work can be applied to real cast parts. Besides
cast steels, the methodology is deemed robust in cradle to grave analysis of cast parts
produced with almost any alloy.
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Abstract: This paper develops parametric accelerated life testing (ALT) as a systematic reliability
method to produce the reliability quantitative (RQ) specifications—mission cycle—for recognizing
missing design defects in mechanical products as applying the accelerated load, expressed as the
inverse of stress ratio, R. Parametric ALT is a way to enhance the prediction of fatigue failure for
mechanical systems subjected to repeated impact loading. It incorporates: (1) A parametric ALT plan
formed on the system BX lifetime, (2) a fatigue failure and design, (3) customized ALTs with design
alternatives, and (4) an assessment of whether the last design(s) of the system fulfills the objective
BX lifetime. A BX life concept with a generalized life-stress model and a sample size equation are
suggested. A domestic refrigerator hinge kit system (HKS), which was a newly designed mechanical
product, was used to illustrate the methodology. The HKS was subjected to repeated impact loading
resulting in failure of the HKS in the field. To conduct ALTs, a force and momentum balance was
utilized on the HKS. A straightforward impact loading of the HKS in closing the refrigerator door
was examined. At the first ALT, the housing of the HKS failed. As an action plan, the hinge kit
housing was modified by attaching inside supporting ribs to the HKS to provide sufficient mechanical
strength against its loading. At the second ALT, the torsional shaft in the HKS made with austenitic
ductile iron (18 wt% Ni) failed. The cracked torsional shaft for the 2nd ALTs came from its insufficient
rounding, which failed due to repeated stress. As an action plan, to have sufficient material strength
for the repetitive impact loads, the torsional shaft was reshaped to give it more rounding from
R0.5 mm to R2.0 mm. After these modifications, there were no problems at the third ALT. The lifetime
of the HKS in the domestic refrigerator was assured to be B1 life 10 years.

Keywords: fatigue failure; design flaws; mechanical system; parametric ALT; hinge kit system

1. Introduction

Because of the competitiveness in the global market, manufacturers must continually
innovate and improve their products. Often, this involves new technologies and design
features for the product that must be quickly delivered to the marketplace. However,
without sufficient testing or anticipation of how the features may be used or misused,
the introduction of these new features may increase failures of the product in the field
and negatively impact the company’s image. These added attributes are often requested
or desired by consumers, and companies strive to include these features in new design
specifications for the product. The features for the newly designed mechanical product may
not be evaluated entirely before being introduced into the market. Thus, any defects may
only show themselves as performance issues once the product is in the marketplace. Relia-
bility quantitative (RQ) specifications using proper methodology should be included and
evaluated in the product design that meets its expected life before it will be released [1–4].
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Mechanical systems such as automobiles, airplanes, and refrigerators [5] convert
forms of energy to achieve a specific function (movement of the automobile or airplane
and cooling for the refrigerator). The energy conversion requires forces and movement
of components, which eventually produce the desired functions with multiple system
mechanisms. In the process, mechanical systems are typically subjected to repeated loads.
Most mechanical products are made of multi-module structures. If the modules are properly
designed and assembled, mechanical systems can work properly and perform their planned
functions. For example, in utilizing the vapor-compression refrigeration cycle, a domestic
refrigerator is used to cool or freeze food. The refrigerator evaporator provides cooled air
to both the refrigerator and freezer sections. A refrigerator has multiple subsystems—Door,
cabinet, drawers and shelves, control system, compressor, motor, water supplying device,
heat exchangers, and other various components. The total number of parts might be as
high as 2000. The product lifetime is targeted to have no less than a B20 life 10 years.
As a refrigerator consists of 8 to 10 modules (see Figure 1a) and each module may contain
as many as 100 components, the lifetime target of each module needs to have a B1 life of
10 years. The product lifetime of the system is determined by the module with the shortest
life, which is module #3 in Figure 1b.

 
(a) Classification of multi-module refrigerator 

 
(b) Product lifetime LB and failure rate s 

Figure 1. Product lifetime with multi-modules decided by newly designed module (a) Classification of multi-module
refrigerator; (b) Product lifetime LB and failure rate λs.

To avoid the failure of a mechanical system in the field [6,7], it should be designed to
robustly endure or survive whatever usage conditions the customers subject the system.
Design faults should be recognized and altered by statistical methodology [8] or reliability
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testing [9] before a commercially manufactured goods is released. However, the statistical
methodology and subsequent testing may require large numbers of computations for an
optimum solution but may not identify the ultimate failures that may occur in the field
by consumers. If there are design faults that cause an inadequacy of strength (or stiffness)
when a system is subjected to repeat loading, the system will fail before its expected lifetime
due to fatigue failure. American Society for Testing and Materials (ASTM) procedures
typically require large samples, skilled personnel, testing apparatus arranged by data
acquisition systems, etc. Thus, discovering possible mechanical failures such as fatigue
can involve time-consuming and costly testing procedures [10–13]. To recognize these
limitations, there have been numerous attempts to systematically evolve fatigue testing [14].
It is difficult to estimate the lifetime cycles of problematic parts in multi-module products
where failures rarely occur in the field due to design flaws.

An alternative method, based on reliability block diagrams [15], is where the accel-
erated life testing (ALT) could be scrutinized [16–24]. It includes test planning for the
product, failure mechanics, accelerated procedures, sample size equation, etc. Elsayed [25]
categorized physics/statistics, statistical, and physics/experimental-based models for as-
sessment. Meeker [26] proposed numerous feasible recommendations to organize an ALT.
Carrying out an ALT [27,28] requires numerous concepts such as the BX life for the product
test plan based on reliability engineering, a life-stress model, sample size equation, and frac-
ture mechanics [29–32] because failure may occur suddenly from the frail components in a
system. Contemporary experimental methods may fail to reproduce the design defects.
These methods may evaluate insufficient part samples in multi-module products and may
not identify the failure(s) that actually happen in the marketplace.

To implement the optimal design of a mechanical system, engineers have relied
on traditional design approaches such as strength of materials [33]. A recent fracture
mechanics study proposed that the crucial elements might be fracture toughness as an
alternative of strength as an applicable material property. As quantum mechanics has been
used in electronic technology, designers have identified system failures from micro-void
coalescence (MVC) and noted a great number of metallic alloys or numerous engineering
plastics [34]. To determine the failure phenomena of a mechanical system, a better life-
stress model might be combined with the traditional design approaches and applicable
methodology of identifying the failure of electronic parts due to small cracks or pre-
existing defects. This approach would not be feasible to model using current finite element
methods (FEMs) [35].

To better identify product failures in the marketplace, there is another engineering
perspective that incorporates the FEM [36]. Many engineers believe that rare system failures
might be evaluated by: (1) Mathematical modeling utilizing Newtonian or Lagrangian
techniques; (2) obtaining the system stress/strain from the time response for (dynamic)
loads; (3) making use of the rain-flow counting method for von-Mises stress [37,38]; and (4)
approximating system damage by Palmgren–Miner’s rule [39]. Nevertheless, utilizing a
systematic method that can give closed-form, precise solutions would involve utilizing
numerous assumptions that might not identify multi-module system failures, due to
material defects such as micro-voids and contacts when subjected to loads.

This study introduces a parametric ALT as a systematic reliability method that can
generate the RQ specifications such as mission time for identifying and modifying the
design faults of newly designed mechanical systems. It incorporates: (1) An ALT plan
formed on system BX lifetime, (2) a load examination for ALT, (3) customized ALTs with
the alterations, and (4) an assessment of whether the last design(s) of the system fulfills the
objective BX lifetime. A newly designed hinge kit system (HKS) in a domestic refrigerator
subjected to repeated impact loading is provided as an example.
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2. Parametric ALT for Mechanical System

2.1. Definition of BX lifetime for Putting a Whole Parametric ALT Plan

To carry out a parametric ALT, the BX life as a measure of system lifetime is required.
The BX life, LB, can be explained as the elapsed time at which X percent of a collection of a
selected product might have failed. Otherwise, ‘BX life Y years’ is a good expression for
product lifetime that helps to satisfactorily decide the cumulative failure rate of a product
and respond to field circumstances. For instance, if the lifetime of a product has a B20 life
of 10 years, then 20% of the population might have been unsuccessful in achieving one’s
goal for 10 years of the working period.

Reliability might be explained as the system’s ability to work under specified con-
ditions for a stated period of time [40]. Product reliability, as shown in Figure 2, is often
illustrated with the “bathtub curve” that is composed of three sections [41]. First, there is
a declining failure rate in the earlier product life (β < 1). Secondly, there is a constant
failure rate (β = 1) in the middle of the product’s life. Lastly, there is a growing failure
rate at the end of the product life (β > 1). If a manufacturer produces a product whose
failure rate follows the bathtub curve, it might have difficulties achieving success in the
marketplace because of shorted lifetime and large failure rates due to design faults in the
early product life. Manufacturers need to enhance the product design by increasing its
reliability targets to (1) eliminate untimely failures, (2) lessen random failures over the
product lifetime, and (3) lengthen system lifetime. As the design of a mechanical product
improves, its failure rate in the marketplace should decease and the product lifetime should
be extended. For such circumstances, the conventional bathtub curve might be changed to
a straight line in Figure 2.

Figure 2. Bathtub curve and straight line.

The failure rate on the bathtub (or straight line) can be defined as

λ =
f
R

=
dF/dt

R
=

(1 − R)′

R
=

−R′

R
(1)

where λ is the failure rate, f is the failure density function, R is reliability, and F is unrelia-
bility.

If Equation (1) is integrated over time, we can obtain the X% cumulative failure F(LB)
at BX life, LB. That is, ∫

λdt = − ln R (2)
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That is to say, it can be expressed as:

A = 〈λ〉 · LB =
∫ LB

0
λ(t) · dt = − ln R(LB) = − ln(1 − F) ∼= F(LB) (3)

where LB is the BX life, A is the area that can be obtained from the multiplication of failure
rate, λ, and BX life, LB.

Consequently, if a product failure follows an exponential distribution, the reliability
of a mechanical product can be defined as:

R(LB) = 1 − F(LB) = e−λLB ∼= 1 − λLB (4)

Equation (4) is relevant for when there are less than approximately 20% of the cumula-
tive failures for the system [42]. The mechanical system could be improved by obtaining
the objective product lifetime, LB, and failure rate, λ, after optimally identifying the market
failure by parametric ALT and modifying the problematic design (or material) of structures
(Figure 3).

Figure 3. Parameter diagram of hinge kit system (HKS) (example).

In seeking to improve the lifetime target of a mechanical system through an ALT
examination, there are three potential product modules: (1) An altered module, (2) a newly
designed module, and (3) an alike module to the previous design base on demand in the
marketplace. The newly designed HKS in the refrigerator examined here as a case study
was a new module that had design faults that had to be rectified because customers asked
for replacements with a new one because the product failed during its expected lifetime.

The new module B from the market data shown in Table 1 had a failure rate of 0.24%
per year and a B1 life of 4.2 years. To answer customer requests, a new lifetime target for
the HKS was set to have B1 life 10 years with a cumulative failure rate of one percent.

2.2. Failure Mechanics and Accelerated Testing for Design

Mechanical systems typically move energy and power from one location to another
through mechanical mechanisms. If there is a design fault in the structure that causes
an inadequate strength (or stiffness) when the loads are exerted, the mechanical system
may suddenly fail before its anticipated lifetime. Fatigue due to design flaws can be
characterized by two factors: (1) the stress due to loads on the structure and (2) the type of
materials (or shape) used in the product. In reproducing the system failure by a parametric
ALT, a designer could optimally design components with proper shapes and materials.
The product could sustain repetitive loads over its lifetime so that it could achieve the
targeted reliability (Figure 4).
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Table 1. Whole ALT plan of mechanical system such as modules in a refrigerator.

Modules

Market Data Expected Reliability Targeted Reliability

Yearly
Failure

Rate,
%/Year

BX Life,
Year

Yearly Failure Rate, %/Year
BX Life,

Year

Yearly
Failure

Rate,
%/Year

BX Life, Year

A 0.35 2.9 Similar ×1 0.35 2.9 0.10 10(BX = 1.0)
B 0.24 4.2 New ×5 1.20 0.83 0.10 10(BX = 1.0)
C 0.30 3.3 Similar ×1 0.30 3.33 0.10 10(BX = 1.0)
D 0.31 3.2 Modified ×2 0.62 1.61 0.10 10(BX = 1.0)
E 0.15 6.7 Modified ×2 0.30 3.33 0.10 10(BX = 1.0)

Others 0.50 10.0 Similar ×1 0.50 10.0 0.50 10(BX = 5.0)
Product 1.9 2.9 - - 3.27 0.83 1.00 10(BX = 10)

Figure 4. Fatigue failure on the product produced by (random) repeated load and design flaws.

The most important issue for a reliability test is how quickly the possible failure
mode might be obtained. A failure model must be derived and its associated coefficients
determined. The life-stress (LS) model also incorporates stresses and reaction parameters.
The generalized life-stress (LS) model [1,43,44] might thus be defined as

TF = A[sinh(aS)]−1 exp
(

Ea

kT

)
(5)

The sine hyperbolic expression [sinh(aS)]−1 in Equation (5) can be expressed as:

1. (S)−1 in Equation (5) has a little linear effect at first,
2. (S)−n in Equation (5) has what is regarded as a medium effect, and

3.
(
eaS)−1 in Equation (5) is big in the end.

An ALT is normally performed in the medium range, and Equation (5) might be
defined as

TF = A(S)−n exp
(

Ea

kT

)
(6)

As the stress of a mechanical system may not be easy to measure during testing,
Equation (6) must be redefined. When the power is defined as the multiplication of flows
and effort, stresses may come from effort in a multi-port system (Table 2) [45].

106



Metals 2021, 11, 139

Table 2. Power definition in a multi-port system.

System Effort, e(t) Flow, f(t)

Mechanical translation Force, F(t) Velocity, V(t)
Mechanical rotation Torque, τ(t) Angular velocity, ω(t)
Compressor, Pump Pressure difference, ΔP(t) Volume flow rate, Q(t)

Electric Voltage, V(t) Current, i(t)
Magnetic Magneto-motive force, em Magnetic flux, ϕ

Stress is a physical quantity that indicates the internal forces that adjacent particles of
a continual material apply on each other. For a mechanical system, because stress comes
from effort, Equation (6) might be redefined as

TF = A(S)−n exp
(

Ea

kT

)
= B(e)−λ exp

(
Ea

kT

)
(7)

where A and B are constants
To derive the acceleration factor (AF) that can mainly enfluence the assessment of

fatigue strength in product, expressed as the inverse of the stress ratio, R (=σmin/σmax),
from Equation (7), AF might be expressed as the proportion between the adequate elevated
stress amounts and normal working conditions. AF might be altered to incorporate the
effort ideas:

AF =

(
S1

S0

)n[Ea

k

(
1
T0

− 1
T1

)]
=

(
e1

e0

)λ[Ea

k

(
1
T0

− 1
T1

)]
(8)

2.3. Parametric ALT of Mechanical Systems

To obtain the mission cycle of ALTs from the objective BX lifetime on the experi-
ment scheme in Table 1, the sample size formulation integrated with the AF should be
obtained [1]. Until now, numerous methodologies have been suggested to decide sample
size. The Weibayes model for Weibull analysis is a popularly recognized method of ex-
amining reliability data. However, it is hard to directly use because of the mathematical
complication. The whole cases as failures (r ≥ 1) and no failures (r = 0) need to be separated.
Consequently, it is possible to acquire a comprehensible sample size equation that might
provide the mission cycle after proper assumptions.

In choosing the model parameters to maximize the likelihood function, the maximum
likelihood estimation (MLE) statistic is a widespread way of approximating the parameters
of a model. The characteristic life ηMLE can be expressed as:

η
β
MLE =

n

∑
i=1

tβ
i
r

(9)

where ηMLE is the maximum likelihood estimate of the characteristic life, n is the total
number of samples, ti is the test duration for each sample, and r is the number of failures.

If the number of failures is r ≥ 1 and the confidence level is 100(1 − α), the characteristic
life, ηα, can be approximated from Equation (9),

η
β
α =

2r
χ2

α(2r + 2)
× η

β
MLE =

2
χ2

α(2r + 2)
×

n

∑
i=1

tβ
i forr ≥ 1 (10)

where χ2
α() is the chi-square distribution when the p-value is α.
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Assuming there are no number of failures, ln (1/α) is mathematically identical to the

chi-square value, χ2
α(2)
2 [46]. In other words,

p − value : α =
∫ ∝

χ2
α(2)

(
e− x

2 x
ν
2 −1

2
ν
2 Γ
(

ν
2
)
)

dx =
∫ ∝

2 ln α−1

(
e− x

2 x
ν
2 −1

2
ν
2 Γ
(

ν
2
)
)

dxforx ≥ 0 (11)

where Γ is the gamma function and ν is the shape parameter
For r = 0, the characteristic life ηα from Equation (10) can be defined as:

η
β
α =

2
χ2

α(2)
×

n

∑
i=1

tβ
i =

1
ln 1

α

×
n

∑
i=1

tβ
i (12)

As Equation (10) is proved for all cases r ≥ 0, characteristic life, ηα, can be expressed
as follows:

η
β
α =

2
χ2

α(2r + 2)
×

n

∑
i=1

tβ
i forr ≥ 0 (13)

If the logarithm in the Weilbull distribution is taken, the connection between charac-
teristic life and BX life, LB, can be defined as:

Lβ
B =

(
ln

1
1 − x

)
× ηβ (14)

If the approximated characteristic life of the p-value α, ηα, in Equation (13), is changed
into Equation (17), we obtain the BX life formulation:

Lβ
B =

(
ln

1
1 − x

)
× 2

χ2
α(2r + 2)

×
n

∑
i=1

tβ
i (15)

As nearly all life testing commonly has inadequate samples to approximate the lifetime
for the assigned number of failures that might be less than that of the sample size, the plan
testing time can begin as:

nhβ ≥ ∑ tβ
i ≥ (n − r)× hβ (16)

If Equation (16) is exchanged with Equation (15), the BX life equation can be rede-
fined as:

Lβ
B
∼=
(

ln
1

1 − x

)
× 2

χ2
α(2r + 2)

· nhβ ≥
(

ln
1

1 − x

)
× 2

χ2
α(2r + 2)

× (n − r)hβ ≥ L∗β
B (17)

If Equation (17) is rearranged, the sample size formulation with the failure numbers
can be defined as:

n ≥ χχ2
α(2r + 2)

2
× 1(

ln 1
1−x

) ×
(

L∗
B

h

)β

+ r (18)

Because χ2
α(2r+2)

2
∼= (r + 1) for α = 0.6 and ln(1 − x)−1 = x + x2

2 + x3

3 + · · · ∼= x, the
sample size Equation (21) can be simply close to:

n ≥ (r + 1)× 1
x
×
(

L∗
B

h

)β

+ r (19)

where the sample size equation can be restated as n ~ (failure numbers + 1)·(1/cumulative
failure rate)·((target lifetime/(plan testing time)) ˆ β + r.

If Equation (8) is attached to the plan testing time h, Equation (19) can replaced as:

n ≥ (r + 1)× 1
x
×
(

L∗
B

AF · ha

)β

+ r (20)
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If the lifetime target of a mechanical system such as the HKS in a domestic refrigerator
is assigned to be B1 life 10 years, the mission cycles might be attained for an assigned set of
samples subjected to the food loading. In ALTs, the design flaws of the new product might
be recognized to fulfill the lifetime target [47–49].

2.4. Case Study—Reliability Design of a Newly Designed HKS in Domestic Refrigerator

When a consumer operates a refrigerator door, they want to comfortably close the
door. A new HKS was designed for the refrigerator (see Figure 5) to enhance the ease of
opening and closing the door for the consumer. When opening/closing the door, the HKS
was subjected to repeated impact loads over the lifetime of the domestic refrigerator.
To endure the loads of the HKS, new metals—standard austenitic ductile iron (18 wt%
Ni)—for the torsional shaft were a key metal component [50] used. Due to their cheap
cost as well as outstanding workability, ductile cast irons have been utilized for numerous
mechanical parts. They have fine monotonic strength and high ductility compared to
malleable cast irons and gray cast irons. The fatigue strength of ductile cast irons is
comparatively lower than those of the steels and alloys with the identical quantity of
monotonic strength because of their distinctive microstructure holding graphite particles
and casting defects [51]. The fatigue strength of a ductile cast iron in the current HKS
design was evaluated through parametric ALT.

 
(a) (b) 

Figure 5. A domestic refrigerator (a) and HKS (b) and its parts: (1) kit cover, (3) support, (4) torsional shaft (cast iron),
(5) spring, and (6) kit housing (high-impact polystyrene, HIPS).

The HKS shown in Figure 5b consisted of a kit cover, torsional shaft (ductile iron),
spring, and kit housing. To suitably work its function for a product lifetime, the HKS
should be designed to endure the working circumstances subjected to it by the customers
who utilize the refrigerator. In the Korean domestic market, the representative customer
opened and closed the refrigerator door from three to ten times per day. Stocking food in
the refrigerator had some repeated working procedures: (1) Open the door of refrigerator,
(2) put the food into it, and then (3) close it. The HKS had different mechanical impact
loadings when the customer utilized it.

The HKS in the marketplace had been fracturing, causing customers to demand the
refrigerator be replaced. As subject to repeated impact stresses in using the refrigerator
door, it was determined that the problematic HKS originated from several design defects.
Market data also indicated that the returned products had crucial design problems on the
structure, including stress risers—sharp corner angles and thin ribs. These design defects

109



Metals 2021, 11, 139

prohibited the HKS from enduring the repeated impact loads during the openings/closings
and resulted in a crack that propagated to its end. The HKS was originally designed to
endure repeated impact loading under customer working conditions (Figure 6).

 

Figure 6. Damaged HKS in field after use.

When customers operated the refrigerator door, they could take out and put in food.
Relying on the end-user working conditions, the HKS experienced repeated impact loading
in the process. To correctly work the HKS, many mechanical structural parts in the HKS
assembly needed to be designed robustly. As the concentrated stress in the mechanical sys-
tem was revealed at stress raisers such as sharp corner angles, it was crucial to demonstrate
these design flaws experimentally. As a result, engineers could then modify the design.

As seen in Figure 7, from the functional design ideas of a mechanical HKS, we knew
that the impact force on the HKS came from the door weight. That is, the moment balance
around HKS can be stated as

M0 = Wdoor × R (21)

(21) = T0 = F0 × R (22)

where b is distance from the HKS to the center of gravity (CG) of the door.

 

Figure 7. Functional design ideas of a mechanical HKS.
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To increase the impact on the HKS, additional accelerated weight was added. The mo-
ment balance around the HKS with an accelerated weight can be stated as

M1 = M0 + MA = Wdoor × b + MA × a (23)

(23) = T1 = F1 × R (24)

where a is distance from the HKS to the accelerated weight
Because the time to failure depended on the impact force due to moment, the impact

was controlled during the accelerated life testing. Under the same working conditions,
the life-stress model (LS model) in Equation (7) can be restated as

TF = A(S)−n = AT−λ = A(F × R)−λ = B(F)−λ (25)

where A and B are constant
Therefore, the AF in Equation (8) can be restated as

AF =

(
S1

S0

)n
=

(
T1

T0

)λ

=

(
F1

F0

)λ

(26)

For a refrigerator including the HKS, the environmental (or working) customer condi-
tions were roughly 0–43 ◦C with a relative humidity varying from 0 to 95%, and 0.2–0.24 g
of acceleration. As previously mentioned, the number of openings/closings of the HKS
per day varied from 3 to 10 times. With a design criterion of a product lifetime for 10 years,
L∗

B, the HKS has 36,500 usage cycles in the worst case.
Under a lifetime target—B1 life 10 years—if the number of lifetime cycles L∗

B and
AF are computed for the assigned sample size, the actual mission cycles, ha, might be
acquired from Equation (20). Then, the ALT equipment can be made and performed in
accordance with the working course of the HKS. Through parameter ALTs, the design
missing parameters (or design flaws) for the new mechanical system can be identified.

The greatest impact force due to the door weight exerted by the customer in utilizing
the refrigerator, F1, was 1.1 kN. To determine the stress level for ALT, we used the step-stress
life test that can assess the lifetime under constant used-condition for various accelerated
weights [52]. As the stress level to a different level was changed, the failure times of the
HKS at a particular stress level was observed. Finally, for an ALT with an accelerated
weight, we determined that the exerted impact force, F2, was 2.76 kN. With a cumulative
damage exponent, λ, of 2, the AF was 6.3 from Equation (26). To obtain the missing design
parameters of a newly designed HKS, a lifetime target should be more than B1 life 10 years.
If the shape parameter β was 2.0, the number of test cycles computed from Equation (20)
would be 23,000 cycles for 6 sample units. If the parametric ALT failed less than once for
23,000 cycles, the lifetime for the HKS would be assured to be B1 life 10 years (Figure 8).

The control console was used to run the testing apparatus—the number of test cycles,
beginning or ending the equipment, etc. As the start knob on the controller console gave
the starting signal, the straight hand-shaped arms clasped and raised the refrigerator door.
When the door was shut, it was exerted to the HKS with the greatest mechanical impact
force due to the accelerated load (2.76 kN).
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(a) 

 
(b) 

Figure 8. ALT (a) equipment; (b) duty cycles of repeated impact load F.

3. Results and Discussion

In the 1st ALT, the housing of the HKS failed at 3000 cycles. Figure 9 shows the
failed product from the marketplace and the 1st ALT. Upon carefully observing the failure
locations from the marketplace and the first ALT, it was found that the failures were around
the housing and its support in the HKS structure as a consequence of high impact stress.

Figure 10 provides a graphical presentation of the 1st ALT results and the failure
data from the field shown on the Weibull plot. As the two patterns had similar slopes on
the plot, each loading state of the 1st ALT and the field over the product lifetime were
alike under the operational conditions of customers. Thus, it should be expected that
the test samples will fail like those in the field. For the shape parameter, β, the final
shape parameter from the chart was affirmed to be 2.0, compared with the estimated
value—2.0. Based on both test results in the Weibull plot, the parametric ALT was effective
because it identified the design flaws that were accountable for the field failures. In other
words, as substantiated by two items—the visual representation in the pictures and similar
slopes in the Weibull plot—these systematic methods were well-founded in identifying the
problematic designs that accounted for the failures from the field. These failures decided
the product (refrigerator’s) lifetime.
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Figure 9. Failed HKS from the marketplace and in the first ALT: (a) Failed product after first ALT; (b) product with crack
in field.

Figure 10. Market data and outcomes of 1st ALT on Weibull plot.

Due to the design defect of no support in the high-stress areas, the repeated impact
loading in conjunction with this structural defect may have produced fracturing of the
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HKS housing. This design defect can be altered by adding the support ribs, C1 (Figure 11).
Stress analysis, which can be combined with fatigue analysis and parametric ALT, was car-
ried out by using a finite element analysis (FEA). When the HKS was fixed against the
wall (or surface) as the boundary conditions, the straightforward impact loads, as seen
in Figure 7, were applied. Using materials and processing conditions similar to those of
the finished HKS, the constitutive properties of the materials such as HIPS (HKS housing)
were determined. The maximum stresses for the old and new designs were estimated
separately. Based on these results, the appropriateness of the current designs for the HKS
housing was evaluated. After modifying the new designs to improve the design against
fatigue, the estimated stress concentrations in the HKS housing decreased from 21.2 to
15.0 MPa using the FEM analysis. It was expected that this new design should be effective
in reducing fatigue failure of the HKS housing when subjected to repeated load under the
consumer usage conditions.

(a) (b) 

Figure 11. Failed HKS housing in the first ALT: (a) Its root cause; (b) design modifications.

With the confirmed shape parameter β of 2.0, the real mission cycles computed from
Equation (20) were 23,000 cycles for the six sample units. If the HKS failed at less than once
for 23,000 cycles, its lifetime would be assured to be B1 life 10 years. As seen in Figure 12,
in the second ALT, from the outside corner, the torsional shaft in the HKS that was made of
ductile iron failed at 12,000 cycles. Such ductile cast iron accounts for a major family of
metals that are extensively used for gears, automobile crankshafts, dies, and numerous
machine parts because of its good machinability, fatigue strength, and high modulus of
elasticity. They have a mass fraction (%) as follows: Carbon (3.0–3.7), silicon (1.2–2.3),
manganese (0.25), magnesium (0.07), phosphorus (0.03) [53].
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(a) 

 
(b) 

Figure 12. Root cause and design modification of cracked torsional shaft (cast iron) in the second ALT: (a) Root cause;
(b) design modification.

When closely examining the product failure in the 2nd ALT, the torsional shaft in the
HKS had insufficient strength to endure the repeated impact loading of the opening/closing
of the door. When subjected to repeated impact loads, the stress amplification of mechanical
components such as the torsional shaft in the HKS not only occurred at minute defects or
cracks on a microscopic level of material but could also happen in stress concentrations
such as in sharp corners, fillets, holes, and notches on the macroscopic range that are
normally explained as stress raisers. For example, the stress concentration at the sharp-
edged corners depended on fillet radius [54]. To improve the design, the torsional shaft
was altered by giving it more rounding from R0.5 mm to R2.0 mm, C2 (Figure 12).

For the HKS upgrade, the design basis of new samples was determined to be more
than the lifetime target—B1 life 10 years. To confirm the design of the HKS, a 3rd ALT was
performed. As the affirmed value, β, on the Weibull plot was 2.0, for the lifetime target—B1
life 10 years—the actual mission cycles in Equation (20) were 23,000 for the six-sample
size. In the third ALT, there were no design issues in the HKS until the experiment reached
23,000 cycles. It was therefore concluded that the altered design parameters obtained from
the 1st and 2nd ALTs were successful.

Table 3 provides a summary of the ALT results. With the alternative designs, the HKS
was assured to have a lifetime target—B1 life 10 years. That is, we knew that the product
would have 99% reliability (or 1% unreliability) for 10 years with a yearly failure rate
of 0.1%.
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Table 3. Results of ALTs.

Parametric ALT
1st ALT 2nd ALT 3rd ALT

Initial Design Second Design Last Design

In 23,000 cycles, there are no
problems in the HKS

3000 cycles: 2/6 Fracture
(HKS Housing)

12,000 cycles: 4/6 crack
(Torsional Shaft)

23,000 cycles:6/6 OK
41,000 cycles:6/6 OK

HKS Structure

  

-

Action plans C1: No → 2 support ribs
C2: R0.5mm → R2.0mm

Roundness corner of torsional
shaft

-

4. Conclusions

A systematic reliability method was proposed for a new mechanical system such as
an HKS in refrigerators. It incorporated: (1) A parametric ALT plan formed on product BX
lifetime, (2) a load examination for ALT, (3) customized ALTs with the design alterations,
and (4) an assessment of whether the last design(s) of the product fulfilled the objective BX
lifetime. Testing was conducted to subject the HKS in the domestic refrigerator to repeated
impact loading.

In the first ALT, the HKS housing had insufficient strength for repeated impact loading
and cracked. As an action plan, these flaws in the HKS were corrected by adding supporting
ribs. In the second ALT, the torsional shaft made of ductile iron cracked. Due to its good
machinability, fatigue strength, and high modulus of elasticity, iron is widely used in
machine components. To improve its strength for impact loading, the torsional shaft was
altered by increasing the corner roundness.

With these altered design parameters, in the third ALT, there were no design issues.
The altered design parameters were assured to satisfy the lifetime need of the HKS—B1 life
10 years. With the examination of returned products from the marketplace, laboratory load
evaluations and testing, and parametric ALTs with design modifications, the design flaws
were identified and remedied to create a robust design with a remarkably lengthy lifetime.
This parametric ALT is also recommended to be applied to other metals that can be used in
the numerous machine parts such as cam, gears, automobile crankshafts, and dies [55–59].
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Abbreviations

BX time that is an accumulated failure rate of X%: durability index
Ea activation energy, eV
e effort
f flow
F impact force, kN
F(t) unreliability
h testing cycles (or cycles)
h*J nondimensional testing cycles, h∗ = h/LB ≥ 1junction equation
k Boltzmann’s constant, 8.62 × 10−5 eV/deg
LBM target BX life and x = 0.01X, on the condition that x ≤ 0.2 moment

around the hinge kit system, kN× m
N number of test samples
Q amount of energy absorbed or released during the reaction. For the

semiconductor total number of dopants per unit area
RRr radius of the hinge kit system, mratio for minmum stress to maximum stress

in stress cycle, σmin/σmaxfailed numbers
S stress
TTti torque around the hinge kit system, kN· mtemperature, Ktest time for each sample
TF time to failure
X accumulated failure rate, %
xWAWdoor x = 0.01X, on condition that x ≤ 0.2.accelerator weight, kgdoor weight, kg
Greek symbols
ξ electrical field applied
η characteristic life
λχ2α cumulative damage exponent in Palmgren–Miner’s rulechi-square

distribution confidence level
Superscripts
β shape parameter in Weibull distribution

n stress dependence, n = −
[

∂ ln(Tf )

∂ ln(S)

]
T

Subscripts
0 normal stress conditions
1 accelerated stress conditions
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Abstract: This paper presents computational modeling of a crack growth path under mixed-mode
loadings in linear elastic materials and investigates the influence of a hole on both fatigue crack
propagation and fatigue life when subjected to constant amplitude loading conditions. Though the
crack propagation is inevitable, the simulation specified the crack propagation path such that the
critical structure domain was not exceeded. ANSYS Mechanical APDL 19.2 was introduced with the
aid of a new feature in ANSYS: Smart Crack growth technology. It predicts the propagation direction
and subsequent fatigue life for structural components using the extended finite element method
(XFEM). The Paris law model was used to evaluate the mixed-mode fatigue life for both a modified
four-point bending beam and a cracked plate with three holes under the linear elastic fracture
mechanics (LEFM) assumption. Precise estimates of the stress intensity factors (SIFs), the trajectory of
crack growth, and the fatigue life by an incremental crack propagation analysis were recorded. The
findings of this analysis are confirmed in published works in terms of crack propagation trajectories
under mixed-mode loading conditions.

Keywords: XFEM; ANSYS mechanical; smart crack growth; stress intensity factors; LEFM; fatigue
life prediction

1. Introduction

Since the end of the Second World War, the failure of materials under stresses even
lower than the yield stresses has gained significant attention [1]. Ensuring the stability
of critical structures while establishing their safe working condition is vital. In most
industries, the accurate estimation of both crack path and fatigue life are crucial in terms
of reliability. In various applications, such as aerospace manufacturing and the aviation
industry, experimental studies are necessary for fatigue analysis, but, because of high
costs, precise computational methods are required for crack propagation analysis to predict
the direction of crack growth and fatigue lifetime in both static and dynamic loading
conditions [2]. The failure is related to (a) the presence of flaws such as interfaces and
cracks, and (b) the nature of fluctuating loads. Cracks tend to initiate and propagate when
subjected to fluctuating loads until a point when the structure does not bear the load that
contributes to complete failure. These cracks are considered fatigue cracks and the expected
life is one of the major parameters to determine the safety of the structure. This is computed
by adding the number of loading cycles required to nucleate the fatigue cracks that lead
to failure. The calculation of the growth rate of the cracks is usually based on the relation
between the range of the stress intensity factors (SIFs) and the cracks’ geometry.

The extended finite element method (XFEM) is an alternate way to predict the SIFs
using computational methods. In general, the initiation and propagation of cracks must
be associated to the SIFs in a complicated state [3–6]. The extended finite element method
proposed by Belytschko and Black in 1999 [7] has been widely used in recent studies. It is
based on the standard finite element framework and uses a special displacement feature to
allow discontinuities to occur, overcoming the need to re-mesh continuously throughout
the crack tip expansion process. To evaluate the SIFs, XFEM was used to perform crack
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growth analysis without updating the mesh [8]. Extensive work was undertaken to develop
efficient models to evaluate the fatigue crack growth (FCG) and fatigue life in order to
overcome fatigue failures. There are several proposed experimental models, but they
become prohibitive both in terms of cost and time. An effective way to reduce the laboratory
work, time, and costs is to incorporate a simulation methodology that involves numerical
analysis and use of the ANSYS APDL.19.2 extended finite element method. Many fatigue
crack problems identified in the literature to date use different computational approaches
in simulating simple and complex two- and three-dimensional geometries [2,9–15].

This work used the ANSYS APDL 19.2 XFEM to precisely predict the mixed-mode
stress intensity factors along with the associated fatigue life for a modified four-point
bending beam and a cracked plate with three holes. In particular, three methods have been
widely used to illustrate the fatigue assessment of materials: the fracture mechanics method
developed by Paris and Erdogan [16], the strain-life method independently proposed by
Coffin [17], and the stress-life (SN) method proposed by Wöhler [18]. The first approach,
by which the crack tip can be described separately by the SIFs, was employed in this study
for predicting fatigue life. The second approach is suitable in the lower cycle fatigue range,
whereas the third, SN approach estimates the time spent to initiate and grow a crack until
the component breaks into parts, which requires stress results from a linear static analysis.
The main motivation for this work was to make a significant contribution to the use of
ANSYS as an alternative tool for simulating fatigue crack propagation problems during
mixed-mode loading and to monitor the trajectory of crack growth in cases of the presence
of holes in the geometry.

2. Mixed-Mode Fatigue Life Evaluation Procedure Using ANSYS

ANSYS (version 19.2, Ansys, Inc., Canonsburg, PA, USA), can model three kinds of
cracks: arbitrary, semi-elliptical, and pre-meshed. The pre-meshed crack method requires a
crack front employed by the Smart Crack growth analysis tool, whereby the stress intensity
factor is the criterion of failure. The node sets that were rendered were distributed to the
front, top, and bottom of the crack. The latest feature presented in ANSYS is the Smart
Crack growth mesh-based tetrahedron, which adds the pre-meshed crack requirement after
completion, enabling the selection of the type of crack growth. The sphere of influence
process can be used in refining the mesh around the crack tip about the geometric edge
that passes through the thickness. The geometric regions to be described are the crack tip,
the crack top, and the bottom surfaces of the crack; each of these regions is associated with
a node set to be used for analysis. The ANSYS software considered mixed-mode loading
where the maximum circumferential stress criterion was implemented. The following are
the formulas for the direction angle of crack propagation in ANSYS [19,20]:

θ = cos−1

⎛
⎝3K2

I I + KI

√
K2

I + 8K2
I I

K2
I + 9K2

I I

⎞
⎠ (1)

where KI = max KI during cyclic loading and KII = max KII during cyclic loading.
In ANSYS Mechanical APDL 19.2, by using XFEM, crack growth simulation was

restricted to region II of the typical fatigue crack growth graph, which can be represented as:

da
dN

= C(ΔKeq)
m (2)

From Equation (2), fatigue lifecycles may be predicted for crack increments as:

Δa∫
0

da
C(ΔKeq)

m =

ΔN∫
0

dN = ΔN (3)

The equivalent range of the stress intensity factor formula is determined as follows [19]:
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ΔKeq =
1
2

cos
θ

2
[(ΔKI(1 + cos θ))− 3ΔKII sin θ] (4)

where ΔKI = the stress intensity factor range in mode I loading and ΔKII = the stress
intensity factor range in mode II loading.

Based on numerical analysis, there are many methods formulated for evaluating the
stress intensity factors. The interaction integral technique is usually the most accurate
method that has the ability of estimating KI and KII separately. ANSYS proposes two meth-
ods for computing SIFs: the displacement extrapolation method (DEM) and the interaction
integral method (IIM). The second method was adopted because it is numerically easier to
implement and has better precision with fewer mesh requirements. This approach uses the
domain integral approach [21] where an auxiliary field is used to separate KI from KII, as
this ability is missing in the domain integral itself. The energy release rate in terms of the
mixed-mode stress intensity factors KI, KII, and KIII was proposed as [21,22]:

J(s) =
K2

I + K2
I I

E∗ +
1 + ν

E
K2

I I I E∗ =

⎡
⎣ E

(1 − ν2)
Plane strain

E Plane stress
(5)

The superimposed state Equation (5) becomes:

JS(s) =
1

E∗
[
(KI + Kaux

I )2 + (KII + Kaux
II )2

]
+

1 + ν

E
(KIII + Kaux

II I )
2

= J(s) + Jaux(s) + I(s)

I(s) =
1

E∗ (2KIKaux
I + 2KIIKaux

I I ) +
1 + ν

E
(2KIIIKaux

I I I )

(6)

Here, superscript (S) denotes the superimposed state; J(s) is the domain integral for
the actual state; Jaux(s) is the domain integral for the auxiliary state; and I(s) is an integral
with interacting actual and auxiliary terms.

By setting Kaux
I = 1 and Kaux

II = Kaux
II I = 0, Equation (6) yields:

KI =
E∗

2
I(s) (7)

By setting Kaux
II = 1 and Kaux

I = Kaux
II I = 0, and selecting Kaux

II I = 1, Kaux
I = Kaux

II = 0
gives the relationships between KII and KIII:

KII =
E∗

2
I(s) (8)

KIII = μ I(s) (9)

where E and μ are the modulus of elasticity and the modulus of rigidity, respectively.

3. Numerical Results and Discussion

3.1. Modified Four-Point Bending Beam

This case corresponds to a single cracked beam with a hole, loaded in the upper
two points and constrained in the lower two points, i.e., a modified four-point bending
specimen as shown in Figure 1. This refers to a problem of plane strain that was solved
numerically in [23,24]. The geometry is 125 × 30 × 10 mm3 in size, and the hole radius,
R = 5.2 mm, was located 9.3 mm from the left of the original crack and 14.8 mm above
it. This specimen was simulated under fatigue loading with a constant amplitude load
ratio, R= 0.1, and the quantity of the applied loads were P = 100 N. The initial mesh of this
geometry is shown in Figure 2. The material for this specimen was cold-rolled SAE 1020
steel with the following properties as shown in Table 1:
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Figure 1. Geometry of the four-point bending beam (dimensions in mm).

Figure 2. Initial mesh of the four-point bending beam.

Table 1. Materials properties for cold-rolled SAE 1020 steel.

Property Value in Metric Units

Modulus of elasticity, E 205 GPa
Poisson’s ratio, υ 0.333
Yield strength, σy 491 MPa

Threshold stress intensity factor, Kth 11.6 MPa
√

m
Paris’ law coefficient, C C = 4.5 × 10−10

Paris’ law exponent, m 2.1

The predicted crack growth trajectory was smooth and identical to the experimental
path predicted by [23] and can be further compared to the predicted trajectories obtained
using other numerical methods, such as the finite element method based on local Lepp–
Delaunay mesh refinement used in [24], the finite element with configurational forces
used in [25], and the coupled extended meshfree–smoothed meshfree method used in [26],
as shown in Figure 3a–e, respectively. In the initial period, the crack grew with a small
increment when the crack tip was relatively far from the hole. The crack growth direction
changed with a large angle and gradually affected the hole with the crack proceeding.
Figure 4 illustrates six different steps of the crack growth represented in the von Mises
stress distribution, whereas the three-dimensional distribution of the von Mises stress
distribution with and without deformation is shown with a legend in Figure 5.
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Figure 3. Comparison of the crack growth trajectory for the four-point bending beam; (a) present study; (b) experimental
observation reproduced from [23] with permission from Elsevier 2003; (c) numerical reproduced from [24] with permission
from Elsevier 2010; (d) numerical reproduced from [25] with permission from Elsevier 2017; (e) numerical reproduced
from [26] with permission from Elsevier 2020.

Figure 4. From top to bottom, six different steps of crack growth for the four-point bending beam.
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Figure 5. Von Mises stress distribution for the last step of the crack growth with and without deformation.

The distribution of the maximum principal stress is shown in Figure 6 with enlarge-
ment of the crack tip area.

Figure 6. Maximum principal stress distribution.

For fatigue life evaluation, the SIFs are the important criterion. For a normal four-point
bending beam, various handbooks may include analytical calculations of the SIFs. For
the regular four-point bending beam without a hole the SIFs solution is formulated
as follows [27]:

KI = f (a/W)
6P(s − r)

√
πa

W2t
(10)

where KI is the first mode of SIFs, f (a/W) refers to the dimensionless SIF, W is the beam
width, t is beam thickness, P is load applied, s and r are the distances defined in Figure 1,
and a is the length of the crack. The dimensionless regular stress intensity factor for the
point bending beam without holes was formulated as [27]:
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f (a/W) =
1.1215

(1 − a
W

)
(3/2)

[
5
8
− 5

12
(a/W) +

1
8
(a/W)2 + 5(a/W)2(1 − a

W
)

6
+

3
8

exp(−6.1342(a/W)/(1 − a
W

)

]
(11)

The presence of a hole created a curved crack trajectory in this modified geometry,
hence, Equation (11) was no longer valid as a consequence of the curved crack direction.
ANSYS can obtain accurate expected f (a/W) values rather than manual solutions for the
regular four-point bending beam specimen. In order to achieve the dimensionless stress
factor f (a/W), mode I SIFs (KI) were obtained from ANSYS and substituted into Equation
(11). Fitting the fifth-degree polynomial into the stress intensity factors for the modified
four-point bending beam gave the following equation:

f (a/W) = 12.116(a/W) − 88.937(a/W)2 + 336.46(a/W)3 − 595.59(a/W)4 + 417.66(a/W)5 + 0.4287 (12)

A generalized linear regression method facilitates usage of the formula, which displays
SIFs as a function of both the relevant crack and contact parameters, easing assessment
of crack growth behavior. For the modified four-point beam specimen used in the above
analysis, the numerical dimensionless SIFs were compared with the analytical solution
in Equation (11) for the standard beam without a hole, as well as with the dimension-
less SIF values calculated by [14] applying the boundary element method (BEM) with
BemCracker2D (BC2D) software as shown in Figure 7.

Figure 7. Dimensionless stress intensity factors for the standard and modified four-point bending beams.

The predicted values of both modes of stress intensity factors, i.e., KI and KII are shown
below in Figure 8. As seen in this figure, the crack started to grow in a straight line as the
first mode of stress intensity factors dominated the crack growth direction. When the crack
direction was influenced by the presence of the hole, the crack grew toward the hole and
changed its direction, increasing the values of the second mode of stress intensity factors.
The predicted fatigue life according to the number of cycles was compared, as shown in
Figure 9, to the experimental results performed by [14] alongside the numerical results for
the same authors with two software programs: Vida and BemCracker2D. According to
this figure, there was a strong correlation between the present study’s result and the Vida
software compared to that of the BemCracker2D. According to Figure 8, the bimodality
ratio (KII/KI) was not zero. The direction of the crack was dominated by KI at the beginning
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of the crack growth since the KII values were small compared to the KI values. After that, as
the second mode of stress intensity factors, KII was increased gradually up to a maximum
value of 21 MPa(mm)1/2, leading to a change in the direction of the crack toward the hole.

Figure 8. Predicted values of the stress intensity factors.

Figure 9. Comparison for fatigue life of the modified four-point bending beam.
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3.2. Cracked Plate with Three Holes

Consider a 120 mm × 65 mm × 16 mm rectangular plate with two 13 mm diameter
holes near both ends and a 20 mm hole near the middle of the plate, as seen in Figure 10.
At the middle of the plate is an initial edge crack of 10 mm. The plate was made from
aluminum 7075-T6, with the material properties shown in Table 2, and the amount of the
fatigue load was P = 20 kN with a stress ratio R = 0.1. Linear elastic material behavior
was assumed. The initial XFEM ANSYS model with an eight-node tetrahedron mesh is
shown in Figure 10b. The size of the mesh element was set as 1 mm, creating a mesh of
581,980 nodes and 398,566 elements.

Figure 10. (a) Description geometry of the cracked plate with three holes (dimensions in mm); (b) initial mesh.

Table 2. Materials properties for aluminum 7075-T6.

Property Value in Metric Units

Modulus of elasticity, E 71.7 GPa
Poisson’s ratio, υ 0.33
Yield strength, σy 469 MPa

Ultimate strength, σu 538 MPa
Fracture toughness of KIC 938.25 MPa mm0.5

Paris’ law coefficient, C 5.27 × 10−10

Paris’ law exponent, m 2.947

The crack path growth simulated with ANSYS software was compared, and had strong
agreement, with both experimental and numerical results from ABAQUS software obtained
by [28] as well as with numerical results performed by [29] using XFEM with a controllable
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crack propagation strategy, as seen in Figure 11a–d, respectively. The distribution of the
maximum principal stress, the von Mises stress, and the equivalent strain are shown in
Figures 12–14, respectively.

Figure 11. Comparison of crack growth trajectory; (a) present study; (b) experimental observation reproduced from [28]
with permission from Elsevier 2009; (c) numerical reproduced from [28] with permission from Elsevier 2009; (d) numerical
reproduced from [29] with permission from Elsevier 2018.

Figure 12. The maximum principal stress distribution.
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Figure 13. The equivalent von Mises stress distribution.

Figure 14. The equivalent elastic strain distribution.

The maximum value of the von Mises stress was in the last step of the crack growth,
in which the area around the crack tip is known as a plastic zone. In this area, the behavior
of the material is plastic. The plastic zone is created when the stress goes from minimum
to maximum values and is called uploading. The plastic zone is plastically elongated in
the loading direction. It becomes longer than it was before. As a consequence, the zone is
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loaded in compression during unloading and reversed plasticity occurs. As pointed out by
Rice [30], reversed plasticity requires a local stress increment in the reserved direction in
the order of twice the yield stress.

The predicted values of the two modes of stress intensity factors, i.e., KI and KII, are
shown in Figures 15 and 16, respectively. As shown in Figure 14, the crack starts to grow in
a straight direction, indicating the domination of KI followed by a curved direction with an
increasing negative value of the second mode, KII, that results in the crack growing toward
the hole.

Figure 15. Predicted values of the first mode of stress intensity factors.

Figure 16. Predicted values of the second mode of stress intensity factors.
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4. Conclusions

The crack propagation direction can be specified by simulation techniques such as
implementing ANSYS software and ensuring the critical domain of the structure is not
exceeded. In order to demonstrate the accuracy and to reveal the merits of the implemen-
tation, various numerical examples of crack growth were solved. Different issues were
addressed through these examples, such as the effect of hole position on the trajectory of
crack growth, mixed-mode stress intensity factors, fatigue lifecycles, and various stress
distributions. Depending on the location of the crack, the presence of a hole in the geometry
affects the crack and deflects it in the hole’s direction, so the crack changes or even passes
through the hole and grows until the hole is missing. The validation of the software results
were revealed by consistent comparisons with the numerical results of crack propagation
by ANSYS and the experimental results.
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